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CHAPTER I.

Introduction.

1.01. One of the chief uses of statistical analysie
of given samples, which are of course assumed
to be representative in the statistical sense,
is to draw correct inferencesregarding their
populations.

Those cases in which we know g priori the
exact distribution of their populations are
evidently trivial and do not present any such
statistical problem.

i In some cases, however, knowing nothing

about the nature of the populations, we may

attempt to obtain a hypothetical population
from which the two given samples way ressonably
be asgumed to have been drawn.

But quite often we may try to know whether
or not the two given samples can arise from the
same population when we know only the nature of
the distribution of their populations without
our knowing them exactly, for some of the pars-
meters which specify them completely may be
unknown; that is, when our hypothesis regarding
the populations is a "composite'" one. Thus, in
any particular case we may know that the given
samples belong to a normal population (say)
without their means of variancee or both - the
two paramenters which cbmpletely specify a

| Normal Universe - being known.

11.02./



1l.02.

%405

2e

It is evident that whether the nature of
the dietribution of the populations is known or
not, in order to get information about then,
we shall have to estimate some unknown para-
meters or their functions which would specify
them (populations) coupletely, and obtain a test
criterion which will enable us to say whether
or not the two given samples belong statistic-
ally to the same population.

Fundamentally, therefore, the problem is
one of estimation of the unknown parameters (or
their functions) of the populations from the
given samples and, according to the established
statistical practice, we shall assert that the
two samples belong to the same population when
the estimated values of the parameters of the
population from the given samples do not differ
significantly at pre-assigned levels of signif-
icance. Thege levels are in general determined
by the amount of risks we are prepared to take.

The importance of this type of problem
cannot be over-estimated. It may be used to
study a variety of problems of great practical
value, e.g. "the qualities and quantities of
manufactured producte, yield of agricultural
techniques, results of different medical treat-
ments, effects of suggested educational methods

and/
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and the like". Thus, to take a concrete case,
we may have two samples of finished goods of
same kind classified into the same different
groups according to certain characteristics,
which can be measured numericslly; the question
arises whether or not the two samples are from

an identical source of production, i.e. whether

or not the processes of manufacture of both the |
samples can be assumed to be identical. !

In view of the importance of the above
types of problems, we discuss here an equally '
useful and important problem of allied nature,
namely :=~ H®Given two independent sets of
frequenciee classified into the same K frequency
classes. To develop a test of the hypothesis |
that the two samples may be said to belong t0 -
the same population, it being assumed that the
gamples are large and the law of distribution
of the population is known except for certain
unspecified parameters.

It is of course inherent in the above .
problem that even when the samples Dbelong to
different populations the nature of their
distributions i.e. their mathematical form remains
the same e.g. if the law of distribution is

known to be Poissonian (say) we assume that

both the samples come from Poissonizn populations.
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4.
The problem we have stated above appears at
first to be one due to Karl Pearson in 1911 but
the brief outlines of some of the problems of
allied nature including K.Peareon's, given '
below, will clearly show the distinctive
character of our problem. We shall further show|
(which is evident otherwise) that Pearson's

result is a particular case of our general result.

K. Pearson's problem of 1911:-

In a memoir contributed to the Philosophical
Magazine K. Pearson (1900) dealt with the problem
of the probability that a given frequency
distribution was a sample from a known populatioq.
That investigation was the basis of his treat- |
ment of "goodness of fit" of samples.

In Biometriks he (1911) stated a problem
of somewhat different kinds but essentislly as
important in character.

The problem is as follows:-

"We have two samples and g_g;ig;; they may be of
the same population or of different populations,i
we desire to find out what is the probability
that they are random samples of the same
population. This population is one however of
which we have no a priori experience'.

Pearson proceeds as follows:-

Let the population from which the two

samples/
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sampleg, 1f undifferentiated are supposed to
be drawn be given by the class frequencies,
P Moo p}‘, ,u. )+ Mg, the total population

being I,

Let the two samples be given by the freguencies

in the esame class as follows:—

Total
lst .Sample:— flifel"' fhlﬂb [Tol= N
o i v 0 lgf N T ‘ :
Lndosa.rnple. fl‘fe =+ 0 f‘f\' % 1. . -! fs - lql

The totals N and N' may be equal or unegual.
Then by detailed analysigs which is equivalent
t0 reducing the table to a single series of

8§ cells he suggested that

/

< f,_f,
ik S{T,ﬁ 'y
Ll vyt 7y

With (S-1) degrees of freedom should be our
criterion to test whether or not the two given
samples belong to the same population. He also
suggested that the unknocwn /\Y which measures
the probablllty of an observation falling in

the zth class be replaced by ;'r 'H‘ N+N"

Later on he (1932) modifies this result and
indicates the error in his assumption of the
value of }}fcited above. He writes, "If we
try to think over what the 'begt hypothesis!
means in this matter, ought we not to interpret
them as signifying theﬂﬁfpothesis as t0 pp's

which will give the highest probability of

the/
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the two samples being drawn from the same
population? BSurely if we are asking whether
the two samples are likely to have been drawn
from some unknown parent population we ought to
choose for that unknown parent population the
one that makes the probability P of their
common sampledom a maximum or the value of
X¢ as emall as possible'.
Then he tries to find the value of ﬁﬁis by

minimising

s :, ;: S
')(1:.1r ;é'{ ('éf B ;;;) 2

s
where Z/‘r” I
=

and obtainse o3 e 5
~ At
S (% :&')

and ‘ryf = lf'i %; (_%é"d é%;/)

Thus this new solution contradicte his

results of 1911 which was also obtained by

E.C.Fhodes in 1924 and J.Neyman and E.S.

Pearson (jointly) in 1928 by different methods.
The incompatibility of the two sets of

solutions given by K.Pearson can be explained

if we note that the result of 1932 is based

on/
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on minimising'X? his suggested test criterion ‘
only. In order to get the best values mfkyk ‘
we must minimise the whole X® gnd not only ite
component which is a measure of the test
criterion of the hypothesis in question, and
this gives the same value as suggested by him

in 1911. His modification of his previous

result, therefore, does not seem to meet the
requirements of the problem in view,. . |
E.C.Rhodes (1924) discusses the same problem
and by his "doubletmethod" arrives at the same
result as obtained by K.Pearson in 1911.

In this method he considers a multivariate
normally correlated surface in (2s) variates for

each of his two samples consist of the same(s‘f'?

categories and he finds the chance of obtaining
the required samples ae& the volume of the sur--
face outside the limiting contour. This volume
measures the chance that in two samples of
totals of n and m observations respectively,
clasgified into the same (S+?) categories we
should get the two observed samples or other
distributions occurring together which are

less likely.

After certain transformation the integral

measure/ !
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measure of the volume reduces to

{‘ 15-’0{x

| S
! dJ4~E§;X yeﬁzt%

where the limiting contour reduces to

Nt (f A (o)

r TVﬁr' mEy

On the basig that the two samples are from the
same population.
Thus he too obtaine X2 with s degrees of

freedom as the teset criterion and

/,\ = +fr (r,,_ 3;':)
Y Ty
a8 the values of/w; which minimise the total

X?.

£.08. J.Neyman and E.S.Pearson in their joint

paper (1928) take up the above problem of K.

Pearson as an illustration of the applicability |

of the method of likelihood im drawing statisti-

cal inferences. I

i They assumed two samples classified into |
| the same K Categories with n, and n, |
observations in the Y[Ecategory of the first and

the second sample respectively. Then after some

- |
analyeis they arrive at the same test criterion |
a-nd.;‘ |
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and the same values of /H:J except for notational
differences. ;

In the problem discussed above the pOpulaﬁoﬂ
is assumed t0 be a discrete one but a similar
problem has been discussed when the population
is supposed to be continuous.

William R.Thompson (1938) in the second
part of his paper discusses a criterion for

testing whether or not the two samples belong

to the same population when nothing is known

about the distribution functions of the variates
except that they are continuous.

A. Wald and J. Wolfouwitz (1940) in their
joint paper discuss the problem of W.R.Thompson
cited above. They improve the result of Thompson
and suggest a test criterion which not only
enables us to discriminate whether or not both
the samples belong to the same population butb
is also consisgtent in the sense that the probab-
ility of rejecting the null hypothesis if it is
false approaches unity as the number of observ-
atione in the sample tends to infinity.

W.J.Dixon (1940) discusses the same problem.
The assumption about the distribution functions

of the variates involved is the same, nawmely

that they are continuous. He obtains a different

criterion/
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criterion and indicates its relation to the

criterion of Wald and Wolfouritz.

In all these solutione stated above it has

been assumed that the nature of the distributio:

is either not known or we are not interested

in it. But when the nature of the distribution

ig known the above solutions for discrete and

continuous cases will not meet the requirementg|

of the problem.

In practice generally the discrete case
is more important. In the solution of X,
Pearson an attempt is mede to claseglfy the
population by means of class categories and
thus the {/\fg (z =12, ... ,8) omway be
regarded as the s parameters which would
specify a population. Of these s parameters
only (s - 1) are independent as :g}"r =/
The significant difference betweeﬁdthe two
estimated values of }‘rg (¥ = 12 ...,8)
from the two sauples will mean that the two
samples do not belong to the same population.
Hence when no other relevant information is
available this method may be looked upon as a
good approximation but guite often from a
priori or other considerations we wmay be able
to specify the nature of the distribution i.e.

the/




1l.

the mathematical form of the population and in '
such cases it will not be correct to say that the
insignificant difference between the estimated
values of /g,’s (y=1,2, ... ,8) from the
two samples means that the samples come from
the same population.

For let the firet sample be from the |

population whose distribution law ig

- A
Jc(xj €, G, ﬂw) ( 7)
and that the second ies from the population with

S e A

distribution law as

} (x‘y 62.!1 6-”"' o

then we have ;

= f;F(X;: GuaGer G
Lf

. s 8
(J=l,;»_5 v=4% ) y

Fyv

L% veing the limits of different groups and
fjr denotes the probability of an observation
of the j 7% sgample falling in the Y‘Egroup.

It is thus clear that in this case it is not
correct to assert that the two populations are
identical only if }A,,:/"” for all v 3.

The populations can be gaid to be identical only

when the respective estimated é's are equal or

their differenceg are insignificant.



CHAPTER II.

2.01. Some digression on the I? distribution :-

The X2 mn important role in the
theory of statistical inferences, as a large
number of test criteria are finally made to
depend on it. We sghall therefore refer to some
of its salient features and its relation to
"Likelihood",

' Prior to 1922 a good deal of confusion
prevailed in the application of X2 test criterion
on the goodness of fit. R.A. Fisher (1922 )
showed that for a correct application of the
formuls of X2 as a measure of goodness of fit,
the term n' which occurs in it in the general
case must not be confused with n', the number of |

i cells of the table but that it must be taken as i

| one more than the degrees of freedom of the :

i table. Thus if we have a contingency table with.

r rowe and ¢ columns, then he suggested that

our n' must be equal to (r - 1) (¢ - 1)+1

and not equal to rc, the number of cells in the i,

given table.

He aleo showed that the X% test criterion
suggested by Pearson and stated above ($/°%)

could be easily obtained by treating the table

as a contingency table having (8 - 1) degrees of |

freedon.

This/
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This modification in n' solved much of
the confusion then prevalent and it also solved |
the so called failure of X? test on the data
of Yule and Greenwood given in their joint
paper in 1915,

About the same time Fisher (1922) also puk
forward his technique of maximal likelihood in

a form which can be readily utilised in

statistical analysis. Notwithstanding its own

limitations the method provides more powerful
tools for statistical analysis than the method
of moments.

He showed there that

L= X

Qs 2 first approximation under certain conditions,
namely, when the deviation of an cobserved
frequency in any class from its expected value

is small compared to its expected value and L ‘
differs by a constant from the logarithm of

the likelihood with sign changed.

"In these cases, therefore, where X% is a

valid measure of departure of the sample from
expectation it is equal to 2L, in all other |
cases the approximation fails and L itself must

be used". It also follows from this that the

maximum likelihood estimates of the parameters

minimise/



"of parameters which are consistent, efficient

13
minimise‘X?. Thus the method of maximum like-

1ihood not only covers cases where X2 is

applicable but also those where X2 is not |
applicable.
Fisher (1923%-25) further showed that the

method of optimum likelihood yields the estimateg

and also sufficient if sufficient solutions

exist.

Quite often the expression of'X? contains
the unknown parameters of the law of distribut104
or their functions and the result remains |
indeterminate unless these unknowns can be re- |
placed by their estimated values in terms of the |
observations at our disposal. Fisher (1924)
showed that if we take an efficient estimate of
a parameter and substitute it in the calculated
expression of X2 we get back a X? distribution
but with a loes of one degree of freedom. Thus
if the expression of X? contains many parameters
and if we substitute in it thelr efficient
estimates from the data we shall get back X@
distribution with loss of degrees of freedom
equal to the number of parameters estimated.

This result is very fundamental indeed,
especially in problems of significance tests.

He has also shown in the same paper that

if/
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‘ a7, ‘
if inefficient estimates of parameters are used |

‘ in the expreesion of'X? then in general the new‘
| calculated value of X2 does not follow the usual
X2 qistribution and hence will not enable us to

|

[

draw readily any useful statistical inferences. |
!

This result thus brings into great relief |

the utility of the method of maximum likelihood |
in providing estimates of parameters which

satisfy the criterion of efficiency.

2.02. The Use of "Likelihood" method in the field of

Statisgtical inference:-

The method of testing statistical hypothes€s

was first developed by J.lleyman and E.S.Pearson
(1928,1932-33). |
The method essentially coneists in select-
ing a rule of rejecting the hypothesis in ‘
guestion whenever the sample point E lies within
a certain region W (say), called "critical
region" of the gample space We The sample

Tlne '

, w
point E is assumed to be denoted n - dimensional

N

sample space W by its n co-ordinates the data

of observations %N, Xy, - ~» %o !

The probability P{E = “’/ H"} Sr ‘

of rejecting the hypothesis H, when it is true
is called the esize of the corresponding critical
|
region/ |
|
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region W on which the test is based. The
expression P{ E(Sw} Ho j means the |
probability of the point E lying in the region
W on the hypothesis Hj.

It ie clear that in all statistical ‘
inferences two typee of errors are involved.
The error of the first kind i.e. rejecting the
hypothesis when it is true.

The errcr of the second kind which consists in
accepting the hypothesis when it is false.

The ecror of the first kind can always be

controlled and the error of the second kind musf
be minimum i.e. our failure to reject the
hypothesis Hy when an alternative hypothesis
H is true should be minimum.

The probability P{E & ("‘J} H} of
rejecting the hypothesis Hy when an a.lternativé

H is true is called the power of the test with

respect to H and it must be maximum if we want |

to minimise the error of the second kind. It |
has been shown that in general /‘o = K on |
the boundary of the region of rejection
(critical region) where N, ~ P{E":“’fﬁoj and
P P{EEUIH} and K is a

positive constant.

This region within the boundary of W
controls error of first kind and minimiises that |

of /
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of the second.

It has been further proved that when the |
maximum likelihood estimate of the parameter
is substituted in the relation /’\o = /" we
get the best critical regions, if they exist, |
for testing hypothesEs. |

In all these above discussions we assume
that there is only one parameter in the law of
distribution i.e. the hypothesis is a “composit%"
one with "one degree of freedou". ‘

Further by applying the method of maximum
likelihood Neyman and Pearson have suggested
a method for obtaining functions of observations
for testing what are called composite statistica?.l
hypothes€s with various degrees of ffeedom. i

The procedure is as follows:-— |
A population K is assumed in which a variate 7('|
( X may be a vector with each component rep-
resenting variate) has a distribution function |
(X5 6y Gy, 1Y ) which depends on & |
parameters &5,

A siuple hypothesis is one in which the
9'; are specified. Considering x’s as fixed we

examine the variation in /ta according to the

unspecified parameters 6,, @2, - - -, Oy (say)
which form a set ®W(say). Let /\a (w wax) be

the meximum value of h, for such variations.

Similarly/ |
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Similarly if—{)~ is the class of adwissible
alternativesy H, let }\C—-ﬂ—max be the
maximum value of the likelihood for variations
in all the values of 6@T5 , (r=12,-- - 5)'
Fo ((@imax)

H (<2 max)

then this '7\ is called the likelihood ratio and

Let
g o

it obviouely lies between o and 1.

A possible criterion for accepting Hy is
to take the critical region as consisting of
those points for which A <C (say) a constant
and C is determined by relation to a probability
level #& from the sampling distribution of A
which evidently is independent of the unknown
parameters.

It also follows from above that if all the
parameters are specified by a certain hypothesis |
and the slternative hypothesis ie that they
(parameters) are different then Ay ( « max)zh,
on the first hypothesis and/\(—-n'max) will be ‘
the meximum value of the likelihood obtained by |
maximising it for variations in all parameters |
involved.

This method is of great value and this !
further shows the importance of the method of

likelihood in the field of statistical inference. |

It is quite interestihg to visualise

"composite"/
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"composite" and "simple" hypothesis geometrically.
It is evident that /- may be represented

as a region in § dimensionai space of the

©'s in particular it may be the whole of §

dimensional space. For any subset w of—-L.

we denote by Hw the hypothesies that the para-

meter point lies in we If w consists of a

single point Hw is called the simple hypothesis

otherwise Hy ie a "composite" hypothesis.

(/FPor further details reference may be made to

the paper of A.Wald (1943). ).

Incidentally it may be mentioned that the
problem of testing hypothesfs or of estimation
are particular cases of the more general problem
of statistical inference which, following A.

Wald (1942), may be put as follows:—

Let S be a system of sub-claseses of the
claes L)L of distribution functions. For each
element 4 of S consider the hypothesis Hy
which states that the unknown distribution F
is an element of 4 ; denote by Hy the

system of all such hypothesés, the problenm

is/
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ig to decide by means of a sample which element
of Hs should be accepted. If 8 consists

of two exclusive sub-clagses only which
together cover the whole—{)l- then the general
problem becomes a problem of testing hypothesis,
If S consists of all elements of —=l—

then the problem reduces to estimation of
parameters involved for the hypothesis
corréesponding to each element e g means
specifying a set of values of the parameters

and that thus is the problem of estimation.

On the other hand if 8 consists of
three sub-classes then the problem reduces
t0 the "trilemma" of Wald and is a problem
distinct from estimation or testing the
hypothesis. guch a situation may arise in
practice in the case of a manufacturer who
wants to keep the guality of his product
between two limite and wants t0 test it
by sampling. It is of course assumed that

the/
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the quality in guestion is measurable and

can be represented by a real number.
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CHAPTER III.

In this Chapter we shall indicate the
possibility of application of a method due to

S.5.Wilks to discuss our problem as enunciated

in -5 1.04 namely:-
Given two independent samples classified
according to the same K categories and the

nature of the distribution law, to obtain the

criterion for testing whether the samples may
be assumed to belong to the same population.
S$.S. Wilks (1938) discusses the large
sample distribution of the likelihood ratioy
for testing composite hypothes€s and proves |
that if a population with a variate W 1is
distributed according to the probability
function £(X; @1, 9>, ... 6,) such that the
optimum estimates €; of &, (i = 1,2, ... h)
exist which are distributed in large samples |
according to multivariate normally correlated ‘
surface then when the hypothesig H is true that |

0; = 0,i, (1 = uH, m+2, ... h), the distribution

/
of - 2li7;\ is except for terms of order
p o |

distributed like X2 with (h - m) degrees of |
freedom; n being the number of observations in |

the sample. I

Here )\; E" (0"’) 5 where Pw(on)
Ea(0)

is/




22 .
is the maximum value of the probability of
obtaining the sample point C%mon the basis of
given hypothesis and Eq_ ( On) is its maximum
value when there is no restrictions on the
values of O's. When the maximun values do not

exist we replace them by their least upper

bounds.
3oz Let our two independent samples be as
follows: -
Limits of class frequencies
Samples
h'll s Q'Qﬂ - - k= Gy Total
Firset Sawmple Tmn Pops DERA IS M i N,
Sec.Sample o e R (I 4 Mok | N2
Total e ke LN SEE \ TR N
From the table it is evident that
K -
= . =2
2 Wi = ANy () ,)
=
z : . K
Mg = i n)‘: ’ (r,:f’?.)- e )
)-_'.!
K
and T n, = N = N,+ Ny
f,-;.'
: -8
Let (% 6> Gu; is ) et (% 6> G )
fe the lows of distribution and P1i and Po; be the

probabilities of an observation falling in the

ith/
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ith category of the first and the second sample
respectively.

(1t

e '{_ B (0 01502, 92 EX-
= f ({i-m (5 G0 Oy ﬂs) (ﬁ“?)
i -‘Et' ("4"2'/

/4 i’
and similarly fo,; = £, Way) , £ '

Then P the probability of obtaining the samples

is given by
K

b Ml TR Ao
Tfnat s}

=

g ey P= e 2 (1w @hﬁ%i@jﬂywm
% el e =0y

—
—
Lu—!

To estimate the parameters of the two samples

we have the following set of equations,

L = ':1’1_}-“5)
53’)—'—0)0 et B
?ié"._ = ().1111/“‘ S)

’Bé%j

ol

The simultaneous solutions of each set of e
equations in (3) will give the optimum values
el s}

eij and égj, (j = 1,2, ... 8) respectively.

Assunming/



24.

Assuming that (0;/\,5 a.nd'{7/\z£ (= 1,8, wov K)

can be expanded by Tavlor's theorem, we have
Ay &£ afgf,.
A?;/\" S St 57-.:.(& 6@}( 26
9»/;%.
g
,( I})[éj" .‘)( 4\ 0;),§£.

(approximate1¥)
(Si'ﬂce pll — fll

&
+4 2
e

tnbﬂm

Similarly
~ N
g b= W+)§(99-@2-) ( %)gv

’HZL.SE% 9) y)(d ’j‘) ’47'-‘ ;;éi

Dt

(approximately)
(since Poj; = f21)

i’_‘i
Here the expression

=) 6)’) ﬁ} ) T means.:

we differentiate log f,, with respect to elj

1i
and then replace all the parameters by their
optimun estimates. A similsar meaning holds for
other such expresgions.

Therefore

£ 3 C..Z.- 72
L= Gnet- 5 {Ei( Tl S
. (approximately) - — (P

where/
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D%u
9“"" 5 (’a 4;) 2)*“5(

E denoting mathematical expectation, and

le = (813 013) V[H

and Z) (023 - 923) ,L..g’ (J h = , . e S).

where

HuE gZZ (cf)‘, 1 !fv c")1"" z/J Zﬂ)j
P = Grot 25

The value of the constant can be readily seen

to be eqgual to T 4
= o G
(2m)*
Hence

75 Gt S
gttt otz

& (o D

2jh
positive definite matrices.

Thus we assume the existence of functions

&, (o o)
and 923 (ngl ..}ngk), (j = 1,2, ... 8) such
that their joint distribution is given by (5).
For detailed conditions under which 345 exist
which are distributed according to (5) reference

may be made to a paper by J.L. Doolr (1934).

Now/



iow EQ_(ON): ML [,4,0( JZ

where it is assumed that NN, and No both are of

the same order asg N and the values of eij and 92j

which maximise (5) are obtained independently from
the two sets of equations namely:-

_L i 'B, l}i} Lo ?C;ﬂv z 2 +‘/"' "J‘ mjf
eie] 28y S * ey 7

and

. C.%4
) ?ch)ﬁ} =37 ’_)_Fﬂizzjzz-lf /741?,5 Yh }g"
-‘if‘“c ey I 9%
/ zj-&} )

regpectively, {J = y2) wvs B) w s cseons e (A)
Since Gljh'o(l) and cEgh - 0(1) and since ‘Olah,$10
and '02jhh£0, we find from (A) that the values of
91j
N
differ from-@1

and 923: R B R s) which maximise P
N

3 and ng, (5 = 3,2, «ous B)

respectively by terme of order L —

v

(N, m, being of the same order as N) .

Again under the hypotheeis that the two populations
are identical i.e. when 913 = 993 =9 5 (say),

(J 51,2, o = s S)

We /
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We get

C1jn = Co4n, (§,B = 1,2, .... s)

and / G . z )
- 2 )2-2;,, U-A (29 7}.‘+zzj‘ 2K

A7)
ow we must find éj 'g which maximise (?)

For this we have

e g il T Y

— _— 7

7%

This gives

z er% (\/’;’: z‘,p_;.\/ﬁ,_ ZZ"):O’ ()':I’?_""-s)- -=- (B)
£

C, -
neglecting terme of the type Eljif: 4
26
)
G J
Hence 'C, ﬁ) -4 )ii Hh (7‘-’,) Gat 2 z.—{)
m)

@here Z's are subject to restrictions (B)

Then A
R(e) |, gt R Y )

Ao

Ni=

where K = ICQ*/ e 15 and when N
[

ie large K= 140 {Fjv)

Therefore/



Therefore

o= 33 G B e )
2.«(077& 2 £etujr Y )

But the expression on the right of (9) is g

quadratic form in 28 variates subject to s

linear constraints given by (B); hence it can |
be expressed as'XF with s degrees of freedom.
|

The Ojls (j = 1,2, ... 8) can be calculated ini
terms of known guantities from (B). '
Thus theoretically, - 2 log) will behave as X2
with e d.f (degrees of freedom) and will serve E
as our criterion to test whether or nof the

two samples belong to the same population. In |
practice this method seems to be difficult, and'
in the following pages alternative methods of |
approach are discussed. They appear to be
gimple and easy to apply within their own

limitations.
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CHAPTER IV.

In this Chapter we discuss our problem as
stated in the preceding chapter. We start with
the case when the law of distribution of the
populations contains only one parameter and then
extend it to the case of several parameters.

Case of one parameter:-

Let our two independent samples classified
into the same k different categories be the ones
assumed in ¥ 3.02.

To simplify writing let us put.

ny3 = Number of observations of the jth sample
belonging to the ith c1ass frequency

N; = total number of observations in the jth

sample

Pji = probability of an observation of the jth

sample falling in the 1% c1ass frequency |

jth sample, 6; being the unknown para-

meter.

CF(X;,QJ.) - the assumed law of distribution of the |

Ae we are dealing with two observed samples'

classified into the same K categories, suffixes

j and i will run over j = l,2 and 1 = 1, 2, ... k

Thus we have

y 5
n, = ani,( i 1,2 o K)o
=il



k
-? )‘_ , j = 1,2) ”
3 = 2 K : .
S e = T
)—." )-_—' 1.."-'-' =l
!.ﬂ
and P., = j x )M
Ji (; 2

= Pyy (85) (say) (j=1,2 i=1,2 ...k)

Hence pll = DPi1i (Gl)i pz‘:m p?—C (92) (l = 1,2,

It is clear tha.tk

SIS ot ) Sy &
The probgbility P of drawing the two samples
given by 2 (N ), (3 Rje
]f 7///~r )
i F

If N and Dy (5 =252 "1 .= E52.) o)l be hoth
large '@when our samples are large we make use

of Stirling approximation to factorials namely
v
/ rn-
el =i V2 (TE;)

Making use of this approximation in (2) we get

L. K)



. TP
i.e. N'/’“i
P= Const ]]ﬂ 77ﬂ —Zﬂll" e 2)
: . S i
)’J]
Let
and 7 o ’ﬂjd"/\ﬁ‘jﬂ)_‘_ - TJ__‘_:._): - (4)
o=
R e

From (3) with the help of (4) we get

log P~ Gonswnt:.:; i’f ( i /ﬁ?( )
- - yeflfenese ) 90750

If “} be large then 77 51 Will be suall
compared with thie for different values of i
and j: and so expanding the logarithm in the

above expression we get

log P - cisi-gz @L+7H 'H)(F =< jt') -pprr)

R

ite

H

But/



5E o

But K -
; ZZ‘ @: (_Z(“); -N)‘/")‘()-_—_o,():r,?)

-

Hence the expression (5) becomes

log P - Const — __;_ 2 72)( 'ﬁ?k_crﬁbrcf ()-f 2)

S
It is of course assumed that the order of Nj
(j = 1,2) is the same.
Thus to this approximation xe have
P = Const. JZ e (6]

Therefore from (6) it follows that correct to the

3 L - i dp .
e (3 =1,2), ) 5as (gt e, tal ) o lE)
. : ; i
are independent normal variates each with zero meen
|
and unit variance.

Let xji ='I"Lj. = quJl,(j w 18w 1,80 s B
A7)

then it follows from the above that the Xj.lrs are|

independent normal variates with zero means and

i N s
variances hjpjl

L
i.e. )1, _

/\,:, shealm A2 4w 1,85 veso k) BT |
the s&mna& squares of independent standard normal|
variates.

Thue finally we have x5
. S s it
PZ= Const 2. e Aﬁéﬁ

Therefore/
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26,

Therefore

r
: ¢ .
ZLE'Z-"*}f'-”"'M—)Z%TvﬁE-‘-' (2)
Now AL

’1§§T =0 (j=121,2) give the optimum

golutiors of Oj (i = 1,2) respectively i.e.

o iR A 2L
= 0 gives the solution of @, and Se. = 0

give the solution of Go. Let these eqguations when

v v
solved independently gilve 91 and @, as the values

[

of 8, and @, respectively.

Then
()_O 3-12) ..... (9)

But by Taylorts theorem

2)7-"—
(1), = (8) +8-5) %5
%/8 - ° /

approxinately 3 =2, ) "osveumanes . (30).

From (10) with the help of (9) we get
v o

RS = - A7 L (4 = 1,2 oo(id)
’39-"

But from (8) neglecting terms proportional %o

/
O(ﬁ): (3 = 1,2) we get

T

- (j=12) ....(12)
L .;,_/V-JZ'_lﬁ# 3
'333-*' J ¢ b



d&)'
Substituting (12) in (11) we have
V
8, -~6.= L Y. X =
J ej" /\9; e )" (3 = 2;2)  ernelX3)

'
where aji - }" I ( )
Iﬂ)“ /‘J(

From the two equafions of (13) we get by sub-

traction
v

v K : L
a g [

If € = 85 = © (say), then Ppyy ="Poi = Py (say)
(E = 0,2, . &),

and hence @y = Wpy = W. (cay ) forall i.
Under this hypothesis HO i.e. when the samples

belong to the same population, (14) becomes

.4 ¥ ‘K(, M‘u.'

My ,...'”'u-
IlLJ (_ IV2¢)

(using (7) )...(15)

v v
Evidently (87 - 65) is a normal variate with zero

. v 3 v
mean and variance Vazr (Gl - 6,) = Var (&) +
v
Var {92).

/

v

But Var (6;) -'-"-*-":,jé'.'i'.'ﬁ (i cm VB ) e s 1 (26)
’?afz‘ |

Therefore under the hypothesis Ho, using (12)

we/



(32,8, . KB)id00e)

: v Y ae
It is thus clear that (91 = Gg) ,
v behaves as K
Vax (6] )4Var (65)

withl d.f on the hypothesis Ho.
From (15) and (17a) we have

4 9 . Myl ’yzlc /‘{t'?-
d- = g 4 (G- m)/f(-;:“)

also from (17) we get

v v y / /{_L
Va.r(@l)*Var(Gg) = (",Q: A_fz.) Z'}’E“)

i
Therefore /\;.'/ " _7_1'_?;‘-_)}
v v .o i ] N2
(91 - ez) < ¢ e (lQ\
= - y = = o
Var(@‘i).;.var(d’z) ol ( s L /
N g c It

and hence our criterion to test whether or not the
saumples belong to the same population is given

by the expression (18) which behaves as ]z[lj
where qu] means ]'?‘ with one degree of freedom.
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The sawme criterion is obtained by the method
of likelihood.

Proceeding as before we have from (6) above

3 2-
2l= Congt -~ 22 "7-C) (3 = 232, 4 = 32, vask)

a5 i)
- o g2 1 A8
As usual to estimate 91 and ©> we have =— =0
&
oL

and = 0 respectively,

082
From these two equations we obtain to the same
approximation ae before the following two

conditions respectively

Z—b};‘z'f =0 (3

e =1, 2)
also identically we have
? V/‘jc' '7).[. = O (J = 13‘?)
T
Thus 27%5¢  (j = 1,2) are two independent
{‘

gquadrstic forms each subject to two independent
linear constraints.

The linear constraints for the two guadratic

forms can be written as

In/



A

In view of these restrictions

i')'))( , {3 =1,2) become
z 18
L% = Xy G2 T2 e v .. ()

C
Thus

ELH,:':-: Const —-i27)¢ + Z (X)-i‘y) ) (D)
where LH stands for 111{9111100& on the hypothesis
H that the two samples do not belong to the
same population. On the hypothesis H, the
quadratic expression}%."])% is subject t0 the
linear constraints given by

X =0 (j=12)

and % = 0 1l.e. y/;;y. i g

The last condition can be written in the standard

form as

Hence under the hypothesis H =~ 2L can be
written as 2L, = Const —22'7?'.-1— I o R A
o™ } ¢ ) :
3% 4

Thus from (D) and (F) by subtraction we get

-2 (L L ),.. 35 NS (Z N)‘b)

- N,NL— —'-_-_
3 N,+N2_

e y 2
ylnece 2
s G "*r’*y)w" ﬂ*ﬁ)

Yo+ = N, N2

1aes)/
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i.e. = 2 log (likelihood ratio)
L
¥ioil R TG AR )
g flﬂ) /_T VN2

N| NL

But on the hypothesie I-l we have

y"—- ’qnl ?}_‘;
%4 Ho )

L M
z ﬁ/ﬁ) ( ’*’z)

(using (4) and (B) ).

o

and since Y; (j = 1,2) are standard normal

J

3
variates it follows that T /At (_nu'. nu’}
: { Pl /\(_ Nl

- 2 log(likelihood ratio) =
‘2
(m )(f 44

behaves as X.z with 1 d.f., a result which agrees

with one obtained before in § 4.02,

x - 5 . )5
In both the methods discussed above the }",;
can be calculated by subsgtituting the estiuated
value of @ obtained on the basie of Ho i.e.
when 89 = G = @,

In thie case the eguation for estimating © is

given by OLL _ 0
A 6

i.e./
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0% 5 f}_‘; (% +*u) =0
L- L8

beBis 1‘} ‘2\7';_ [ni*nﬂ),(ﬂﬁﬂghjzo
: 5 ‘

y 4
because Epec =
<

: (n.ri'f“?—': =0

e

o

.

v
This equation gives the optimum value © of &
which is t0o be substituted in the expressions
/
; - A
for py and /(1 = 1,2, ... K) 4o obtain the

values of bi's and thelir differential coefficients.

liter (for the second method):-

st

As before

2L
2l Cnot- 22 T . ()
‘ e R

To get the optimum estimate of ©; and 65 we

have the equations

Dl 5.0 (@ z_}:.).li.)()t-.:o/<):llz.)
/39) }\)‘L..

also

Let K).L e e K)
Ziy St p T

then the above equations become
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become .
1y
Z —_— Z‘L il &
¢ /z;f J ():ﬂ%)‘“"Lﬁ)
Gin v =
Z VR 2
Again put /
Fic
X: = 2. —— Z‘}r_
L Ry (=v2)-
0 yid
5 A ahn, "
Since Var (2) - N ()-_-; 2=l 2" K)
}L — ) )
it follows that ;2
Var (%) = Ny Z % :
. ¢ = f) 7—)
Var (")) = 1‘;j / ()
Cov (4: X;)= ©
57%)
The quadratic form for _t)‘, X)‘ is

The /
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The quadratic forms (iv) reduce to

= % F
) .
= o o i
4o ("‘“"
| A
Therefore
Crmot- z; 5. z{L—}
= "y : i 1.
2Ly bl B oy * 5 EAROEC

When the samples come from the same populaticn

i.e., under the hypothesis Ho we have

Pl = PE‘ = P (say)
where '
P =

0

and in addition %o t-— 0

ge o

condition -E{- =0 1.e. K1+X2 = 0
(V]

, 1,2) we have the

i

Var (le + Var (XE)

=
(Iq+lo ) Z(__j;
\‘1 £ ¢ /‘:.)

Also Var (Xy+X5)

i

Therefore as before

z?_ Z ?- (x,-!—ij-
s Gonst~ ET AL Iyt
2L, 5 Gonst )Zf'/{:; J (N,mz)z(éﬁ
:

¢

™,

O

Subtracting (vii) from (vi) we &et

(X-I"x:_)
=2 (bH," L)_-- z 76; NL TN+ N
L™

I
A at
=or

S N .
{ ’:(’-};) ('/L"?H’Vz)

- (viii)



S
o
-

Thus

- 2 log (likelihood ratioc) =

& e
- re (-l
' a5 G

and hence our test criterion is the same as before.

4 .05. Let us apply the foregoing result to the
' Binomial, Poissonian, Exponential and Normal
cases.
1. Bincmial law:-
i This evidently is a case of one
parameter and is a discrete distribution.

Let the Observations in the (k+i) class categories

of two,independent samples, be as follows:-

Samples Clase Categories
No 1 T k Total
cbucceeslsuccess| . . . guccesses].. jsuccesges
First
Sanple 0 Nyq |ee- 0y, ¢ied g Ny
Second
Sample ngo ngl ¥ 1121. .o nzk NE

The probability of an observation falling
in the (r+1)%® group (i.e. group of r successes)
: Y K-y ,
is given by EY P v , where jppis the
probability of a success and.,wfey -,

Thus in this case, referring to our results

of one parameter case discussed above, we find

that/ |



that \ = _ + .. ( = 1,2), :
B‘Y G, /") % » J P;
being the probability of success in the jth
gample and cw = 1 = h .

Our equations determining b‘j’ (j = 1,2) are given

by
i f‘)f } (A)
X:, = s d Y=b,2 ) <= -
Y=o /\/Y )Y 2 () )
where K Y K"Y
But }«
/ ~ K Ps ]
/\JY_ - ;‘2‘9“ /A)'Y:' 'Y"k.&). 2 ()-_-:,t)
Ny /\Y A
Therefore equations (A) becoume
B .
(Y“Kh L YVIPER
e N KG (§ = 1,2)
i.e _ K y K-r i
Z(Y"‘r)__, N Zv kY=o, 0m)
! "J‘zj F%
_ n K-y .
because (n‘!r = 1.3. y . &J ) - ;.{}... ﬂ} =0
Since 2;- Y Cy }")' &J' = K}!\)

the equations (A') reduces’ to

f_ Yyn v - 'j‘(l’): 0 5 i3 = 1,2)

Therefore/



Therefore kK
4 i )r
o=
J k A (3% 1580 (B)
we have seen that
”‘)f - l’;’fﬁ
/‘)f /\)' %

There fore

z0 /‘)l’
Y K-Y
i (‘*"“’“’) b
Y=o h
K Y K-Y 4 2+ K Y?/K-I'}

"';:"'i'{;’: ot """”)‘i"c)‘%‘*”,‘f-fr*h
}y %?

[ ikl» +k (kD —LKY‘)("/”))*K "‘)J
o T

I‘)- ?5

The best estimated value of la«on the hypothesisg

Hbis given by

i (-Y:ﬁ";:) 5 (?L”—rhv)_ (Ne'f'N?-) KC’, ;fpm}: o wimw (D)
Y=o I" &

because/
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K k=Y
becguse in this case }’\ = = C Y?/
: : ' S 2r — Y}‘ s

Since

}/‘1 2/\;; = }'\ (say)

Thus (D) becomes

L r(n, Y+%z:)""'(~:*~2-)k =0
Y

Therefore . i; Y(“ft;y-ff?"zr) Y (,b')

/“ T (nﬁqrrvﬁ)l(

According to our final result obtzined in
§ 4.02 (18) our test criterion for the hypothesisg
HO in this case is given by the expression
. v 2
kY= K [ Ty Ty
Y Topr =T (e
W N

—i
Ny
Y=0
__..——--"‘"—'__-_

K (_f__ e

We /
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We note that k in the denomingtor ie one lees
than the number of categories and ﬁ\and q/
( =) - ) are given by (D').
Hence if this ie significant at 5% or 1% level of |
significance we reject our hypothesis.
Thie result (E) appears to be new and may be i
looked upon a& a generalisation of the well known:
result for a 2 x 2 contingency table which |

follows as a particular case.

For let us put k = 1, then the table reduces

to the form

no success |ewe success | Total

I Sample 010 171 Ny

II Sample Nog Noy No

and the expression (E) becomes

P 55
7L-+?1‘)

m)(nsr ) 1) v ) |

and it behaves as‘x_ with 1 d.f., - a famlllar

|
|
form. !

Poisgonidn Law (case of one parameter):- !

Let the observations of two independent
samples in the same (k+1) categories be the
game as assumed in the Binominal case. Ip this
case the (k+l)th category may be looked upon

as/
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ae including the case of k or more successes.
The probability of an observation of the jth
sample falling in the (v#1)tR group i.e. group of

r()-:’/?‘)

r successes is given by __65 6?
2’9
rl

where 6. is the parameter of the jth sample.

-6 Y
. s 7 O -
LhUA By gm0 -—‘-'f-f-* : ():52)

When we ascsume the hypothesis H, we have

P1r = Por = Pp (say)
-Gér

where p, = £ ik if 91= &.= 8 (say)

2

Now log p., = =-@+41 log €+ Const.

T
Ve
Therefore FL = -1+ L
V5% 4
Hence K ’ k Ny Mgy
by (Bt | S fe-RTE-Tu
y=0 pv
/ 'nl‘(_ Naoy gL (A)
= 2"\~ " A,
= 5 7 A
Also K 79, /) Z
> By o Z/ﬂ)/‘
Y=o 5 Y /\f 957 [ . =d (B

remembering that K —0 4"
K "86V 3. Yy € Jg e &
Z e o=l 0o y!
Y=0 2
and
K g . 2 |
3t b = 4+9 |
y=0 y!

making/
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Making the neceseary substitutions irr?ﬁ.OE (18),

our test criterion in thies case reduces to
)i
2y
}j_r( ""—;rz)} Sl 4p o =R
N, Nz '

and this follows the X® distribution with 1 d.f.

In the expression (C) above é ig to be replaced
V

by its optimum estimate @ given by the ecuation

§ 4.0% (I) which in thie case reduces to

2_/_(*5""‘)(111};- nE’r):
i.e. 5 = %Y(n”*n” NptN2 (D)

Substituting this value of @ in (C) we have the

expression

and it behaves as X% with 1 d.f.

The expression (E) can be written as

N M+N,M,
K
2 Yy
where H% = JE&_-Air (7 = 1,2).

: )
Y

This zesult (E) or(E') is evident otherwise, for
the best estimate of parameters for the two

samples are their respective means ﬁll and Mo
L]

and a8 such their difference can certainly be a

measure of the validity or otherwise of the

hypothesis/

z
N:Nz(m.'”"z) o

z
= Iy Np {155 (-J!—JGEiz} z:y( ij - (E)
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hypothesis Hye.

Exponential Law:~ (case of one parameter)

The law of distribution of ¥ given by
— %
f(x) = L o
XK

is called the Exponential law, where X 70 and
O\ is an unknown parameter (positingte of course),
to be determined from the observations at our
disposal. It is clear that a variate under this
law may be regarded as being distributed in a X2
population with two degrees of freedoim.
Let the two independent samples classified into

the same k different categories be the same as

in 5’3.02.
Let the interval of the i®R category be from
’li" "-‘—‘;_— to '{,;f-";{i , A being small (i = 1,2,...K)

Thus in this case we have

.th
Where 9<)° is the parameter of the j sample.

But on the hypothesis H, let of = o(z = (say)
and therefore p,; = Po; = Py (say) where

s
Pi & Ae"( 9 for all i.

S
g —
RN

Thence/ _ |



4./

74
Thence M = "(___ s ol s ) k)
< A% A 3
/‘1‘2- / -== (1)
and 2. L¢ . =
¢ A 2T
£ _4¢
remembering that '?_Q T8 = |
d a-_"]
Following §4.03 (I), the equation for the
estimtion of X ie given by
Z ( {t_“!“ 4
< \oz d)(nlif‘nzi) =0
iDEl { (h . h I
v ’ 1T
e BN =
» N, M, +Nz M Y @?),_-.Ui)
K
Z ("YL"
o «T=1 < )"
where Mj = /Y} ) (j =1,2)

and M ies thus the mean of the combined samples.

Making use of (i) and (ii) in our test criterion

§ 4.02 (18), it reduces to
M+ I \ M /

and this is X8

).

Thus expression (iii) is our test criterion under

the assumed exponential law.
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4. Normal Baw:~ (case of one parameter).
Let the nature of the law of distribution be

' - (x-@)%*

— z,.

where 6 1is an
van z
unknown parameter to be determined from the

samples in cuestion.

Let the two independent samples clasgified into
the same k different categories be the same
as those assuyed in the preceding case.

Let the intervals of different categories be
also identical.

Then in this case we have

—_— "....6’-—— -é.- ()_)r_’c— 9

Where e% is the parameter of the jth sample .

But if they come from the same population let
and p1  » )/3‘

. VE? for all 1.

From this it follows that

:,{‘:__61) G_"’ )

R L. )

and

because
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Also the equation for the optimum estimate of

e ig given by

5 (4= 8)frypr ) -

Hence 5 = Z( (W,(,‘f' )/+N
SO MR, (i1)
N+
, _ oy ey |
where Mj = %L )%\f, y (4 = 1g2).

With proper substitutions our test criterion

4T )

N: NZ.

reduces to




CHAPTER V.

I. Cage of two parameters:-

Let use take the case of two parameters, i.e. it is
assumed that the minimum nunber of parameters
necessary to specify the distribution law is two.
Also let our two given independent samples be the |
same a8 in ?3.02.

Let ‘P(X, Gj, ‘}3) be the assumed law of distri-
bution of the jth sample, Q},ﬂ& being the two
unknown parameters involved.

As before let

e

where

e i x; 6> %) dr
i (9

l¢

AL T

the notations having the same meaning as in

$3.02 and in €4.02.

8) we have

2
2L= Const. — ZZ J ¢ o s o 2)
‘ AR B

Now/



oL Y

26, e\ 06y )70

oL Y x

— Z_L— Jt’) J(_

'3?3 ¢ /\}(. ?f’. g
?-9‘2. E ¢ /‘)L 39-

L e T LI (P‘),\_...-’“.
=aad, . 7 §/"}c 26 /\ 2%
Lo\Z

B e %‘)
T = ) ¢ /\).‘. "3/?,;

neglecting terms proportional to0 O (

()‘:!JZ)
A

5 )
Thus to get the optimum values of Oj and ?j

we must have

2L L :
—_— = 0, — =0 (j =1,2)
€ . a2 :

and their values 9 and cl-b"j must satisfy these

equations simultaneously 1i.e.

(). c0= ()i g i ¥
7)9)‘ 9)<6: ’07"’)‘ 9)73' ()‘zv)z)

?¢> are functions of
J‘



and so

—aL) o 9L)+ g-6)JL (¢V_¢ i
— . v— | 58. Szt =
(39} g% (’09 () ) & "Mt )Bg_éqj.‘
o). (O
_ 6 $-g
(35)3.5 =00 V53"
(approx.)
From (5) in view of (4) we get
I 'b“- b -a’-L __3L
(6 0)2= +(5-% )55~ 75
’aL (J= 132)
! - -
(0 9)3 W-r(? )M' § i i v (6)
From (6) we get
2L
6. -6 __Hf' 26 { _.--£7)
D = ]
v J ‘Ei:
t-9 %

where ﬁE' is the reciprocal matrix of Aj and

A5/



L 29.33 ?ﬁa_l
o oo T ax»,‘.;" a 91‘;)(3!7:)7
j Z—",:;( -55;) T hye 28/ 2%

1

£ f ¢ (_?b_ o8 3—;—2—)
)E-'/*,-‘(:é_éj-) ’09‘3') F e (3?5' -

(using (3) ).
- l'i'j Pj (say) «... (8)

In the above solution we assume that Aj (i = 1,2)

is non-eingular, We also assume that

oL 'a L
'39 '()? ’34;39 7 for all j and hence Pj is
symmetrical i.e. ij =i pj? (w120 It

is evident that iifj is scalar.

From twe equatione of (7) we have by subtraction

9"9')”(9'“9) =4[ %% |- [

’39, 2 ’391_
%) 2 L
(?‘) ‘ib) ‘f’ L ¢, 0,
oot ] _ o't
-E T’J,'a gy Pz "ﬁﬁ'ﬁz_ ()
L2 1 ol
M o) N.. 0@,
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Now on the hypothesis H, we have &= 92 e (say)

and %l ”?Dg =?(SELY) and hence py; = p2i = Pi(say)

Therefore

Dy

: * ! (t)"t oh¢
t /N
Y
? he A
| f:’}:'“ "L %) Twmlse
=P ERE R e b s (10)
Also
- <\ Ny ]
o | S _f_.(?/_"_f. o e
N 28 | T ?‘N B At
1 ek k) 2
Ny g, L5 faq») e

(using (3) ).

Thus subject to hypothesis H, (9) can be written

because of (10) and (11) as

4-6.1= PT25Be (% ’%‘")—]
$- % Z_L,(?lb.s.) _”:L'-L.,”‘JL)J

N N2z




6.

= P—l ‘ /\L (9/\-:.) 'Z’_lfﬁ':_ﬂzt- ) N

ohe Wi L ac,
Z"—"" "a¢ _;4': Ny

\J1

LL /\(—
‘n .
’ 2C
since ot — f-z-'—t = el #’:‘_?—)
’ N,y Ny N

Transposing (12) and remembering that P! = -3

we get

Since (51 - 52) and ( 7{1 - %2) are normsl

variates t0 discuss their joint distribution we

take the guadratic form

[9"1 - ‘}’] V™ [4;6;:} ..... (14)
Whore ¥'e waziauoe mabriz of (8 - 5a) &nd
(4, - 42)
wr (6 - &) Gl - &) (- ¢2)
c..r(el_,, en) (ﬂ -‘f'g) Tar (‘Pl ‘fg) (15)
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v

But Var (9 - eﬁ) = Var 9 )+ Var (e“)
gfe" Gl (B Fle oo 6, Ao )
Var(cf’l - ‘;52) = YVar (évl)i_va,r (4‘;2)

Thue (15) can be written as

V = Vl-lv' VE .................... (16)
ey s . . v L .
Where Vj is the variance matrix of Oj, 7";] 3 o= 1,2)
Also ¥ sy
H oL
Vs = T_E(—a@;) aa »95
r
,_E(?—*;
= E(“Da 28 Ei7

i

o L
rN Z oo (Wyt) N) z}: (9;‘;})(%)

2
W)
W) N Z"".‘.(”}")
N ;;.L_( iy ) ) S\
] 2l /‘Jt ) (Fa% ‘ _J
= (irnall &
b
Z g R
Therefore (16) becomes = 2",'{;; 4 <o L28)
)=

And/
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And on the hypothesis H, this (18) can be written

t= (Nl 2 ) Pe

because then we have Pi' = P, = p

a8

Therefore |
7=l (T}I*'“%v? p an (19)

In view of (12), (13) and (19) we can write the

expression (14) as

o [ CICE) B
s () G,

) 7h|. "u .-‘“ (20)

255 BE

Thus our test criterion in this case reduces to
(20) where P is given by (10) and this clearly

behaves as X? with 2 d.f. and may be written

2e X°[y)

H.02. Becond Method:~

Let us approach the same problem by the method
of likelihood. We shall see that the result
given by this method agrees with the one obtained

by the first method.

As/



B
Ae before we have

z
2L = Const - 2? - fgii“ e )
] 50 ke
where the symbols have the same meaning as
in the preceding discussion.

Thus for obtaining the optimum estimate of

ej, ?bj (j =1,2)

we have the two sets of eguations.

Dl
~—— =0 and Ei&L =0 (j
09 Xy
Thege reduce to

/ ’aﬁjt ) O —0
Z/‘ (ba) J

_/_:'_._('23‘) e (4 = 1,2) e (81)
1 4

and in addition we have identically

3,2)

L X

(j = 1,2)..(i11)

Let us put Zji = Kjf/ﬂ’\;"

Then/
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Then (i), (ii) and (ii)® can be written as

2
2L= Const — L & SJt. s RO
: T i N

It is clear from the above relations that tj is

thogonal to X, and Y. 1Yo ik
orthogona 3 i and that XJ)YJ) ;
are normgl variates for all values of j.

The /
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The quadratic form for +t. X. > Y. is given by

Jdr» ) J
-l +.
[tj X.j Yj] Uj. X)J' (§ = 152)alwii)
Xf
Where Uj = varisnce matrix of tj, Xj’Yj
B Y o 0
L () Ny
2 N gly‘: ( ‘oq,')
/ 'N‘)
2 (% _J-—’“"') ZI"(
T o N ‘-é,-;(ag) '315‘ t % ol

Lj:l,L)‘

Therefore expression (vii) can be written as

iF 1 [x

_,l..+ e Ecj Yj] P, [Y pbde 18] Avias)
J 43

Where Pj is the same as in (8) of the preceding
Section.

Thus in view of the rectrictions on Zji given

by (V), we can write z ¥ 2)1. s

) ¢ TN
52 o585 gL H
)L"ﬁ; j,q) ).hj

and/



o &
oL, == Const = 2. 2 _g‘-_—;-z-,{-,—
ik g & f\j J

eooo(ix)

But when the samples are assuned to come
from the same population (i.e. on the hypotheeis
Hy), we must have 9 = 9, = © (say) and
cf}l =<?2 =P (say) and therefore
pli = Poy = Pj (say) and Pl = P2 = P (say):
p!'s and P's having the same meaning as 1in the
preceding section.

Thus on the hypothesis H, we get instead of two
sets of equations as in (ii) only one set,

namely

3 rac <=0
Py GO T (-a——-——)’(u
o (e 2R 1y
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Of course in addition to these two we have
the conditionee
fo= 0, and t2=O

Thus on the hypothesis H, we have

9 &
2 L :W—ZZ .)"'__,..Z__Z;_
0 g+ b J N

for in this case the variance matrix of ¥, +%*z

and N, +Y, *o (N+N2)P
From (ix) and (xi) by Subtraction we get
1%,
-1 % J
L ]""'"" X )’]P [)’]
--z(LHJ LH:)T“F, [x, )’,}P [" Nz.[ - :

-1 X,*xz ___(xii)
- xt% VJ*”?—]P y, + 2

NI'PN 2



P
o

-~

i.e.=~2 log (likelihood ratio) =

[} ] [ N,
('L'fi?x) [7‘7’" =) %7“1) d (x y;)""(w)

But on the hypothesis H,

X Z——@)(n” ket )

N,
o) (T - T
y W B e N, Nz
s L2 =SRgNTT
N, Ny

lMaking use of these relatione the expression

on the right hand side of (Xiii) becomes

'ﬂn

x
(—-+m) [Z 1%—%“ Z"t G ”Z) ’

-
)("‘;':j:fj) L xiv)
E'L" 29 ( Ny JNzJ}

and/
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and this behaves as'l? with 2 d.f. i.e. as

X%?) and this agrees with the final result

obtained by the first method.

In the final result we have to subsgtitute
the values of pi's and their differential co-
efficients in terms of observations at our
disposal.

Here the values of p; and its %€ for all i's are
determined by estimating the values of © and ¢
on the hypothesis Hy.

The equations for estimating © and 4’ are

Q.é_":- (x,,; "'xzf‘) =0
06
and X. -0
(’ak‘) (}( S & zc
(.

3R E A AR WP
e )E-’l-;;(?a/‘; (i * z‘) -

and/
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and their estimated values 5a.nd ?’ must satisfy
the two equations in (XV) simultaneously.

Thus all the quantities involved in (xiv)
can be determined in terms of known guantities
i.e., data of the two samples.

Of course in any particular case it may not
be easy and straightforward. As a matter of fact
it may be a very difficult affair indeed. 1In
these cases the method of approximstion available
in the solution of maximal likelihood equations
will enable us to approximate to true value.

This method is indicated by R.8.Koshal(1933) and
F. Garwood (1941).

It is thus clear that the method is available

|

in all cases where optimum solubtions of the para-

meters can be obtained

Case of Several Paraueters:-

The case of two parameters discussed above
can easily be extended to one involving several
parameters. In all that follows we assune that
the minimum nuuber of independent parameters
necessary to specify the law of distribution is
S where SL k -1;  k being the number of
different categories into which each of the two
given samples is classified.

The /
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The significance of this restriction on the
number of independent parameters will beCOmé
clear later on when we discues the various
degrees of freedom of our test criterion involved

in the solution of the problem.

Let 95()!,- 6515 @505

law of distribution of

. 9. ) e the assumed

h

the Jt Sample;

un F = 125 sounB)

j1 being its s unknown

parameters.

Firet lethod:~-

As before we have

_I2
}(.

p X
)(j ¢

—+(3)
by Fje

2L =

L]

Const

the various symbols involved having the same

meaning.
Now
oL =5 "”‘)‘) i g
;575; T-‘t'}\
-0
K ) fobye \[ ohse
lL o i ! —— r—
and_?——a—-"",_ae.r "N) _,;Z,,}‘J:. 9 6mm 20

neglecting/
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neglecting terms proportional to O("—L'"

Also to estimate ©.. we solve the following
d

set ofsequations simultaneously.

ok
06)y

i.e. (3 = 1525 @ = 152 <80 L0

ol
o S—

v
Their estimated value @'*r will satisfy the
o

equations (3) i.e.

(?9')v- O for all § 8nd F ses. (4)s

Thus 9 and 9 for all r will be the

solutions of the set of equations

oL DL
,aaw m 0 and of the set ,-5-5-; = ()

(r = 1,2, ....8)respectively.

By Taylor's theorem we have

6 3—2;_1:_——____
oL 1\, 9 2; (”“ 9 ‘D
’aejy Y, 931 /
(approximately) -~~~ ()

(5mtey vepn 9



Before proceeding further we explain some
matrix notations which will simplify writing
lengthy and complicated expressions.

The matrix [@ ,J (s BB, s we g) for
fixed j denotes a column matrix with elements
obtained by giving different possible va.lues to

r in the expression @ and [_ﬁ, J
ix

ususl denotes the transposed of the matrix (:CLJ
and is thus a row matrix, Different values to j
will mean different such column and row matrices
respectively.

Thus

[4)r (v )=

Sfg b -"“7‘5]
a)VJ,(Yz'/zz 5) '—[-0—)”‘ 2

and [le’] (J_ 23 y= g) gtands foxr/
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SRRSO

£hqﬁ} a”“%'[@l;] (v=1,2,---5)

S8imilar interpretations being for the transposed

matrix.

Also [ajl‘] = ED:]I‘] ( j = 1;85 T = 1,2,....8)

means Ea'lr] - [bl:r] and [‘9*21:] e EDEI]

similarly [a for fixed j and (m,T = 1,2, ..s)

juz

denotes a square matrix of order s.

ke [a'jmr} (m, 2 wl, 2, .o B) o

a.
& s
F'aj,, jr i
e 25
Riie b, Bjas - _ )
o . a..
ajs) Ajs2 el
Also [a’jn‘\‘] (j - 132! ﬂl, D == 1,2, ..... B) ‘qea‘ns
[a’lmr] and [aEmr] ity S 1L 8y e 8)

With/



70.

With these explanations we have from (6)

Cvd - 2 03]

A7)
L
Where AJ = ['" W‘J {Hl;r:"—' 192: .. .S)

In the result (7) we assume that Ay is non-

singular. We aleo assume that

_;ﬁ_L____ £ Wl
06,05y 2509

Thus Aj ie a symmetrical matrix.
With the help of (2) we have

A. = N P, T FE R R (8)

Evidently P.

j is also symmetrical i.e. P; - P

J
(J = 1:2)-

Thus/



P,

Thus (7) can be written, in view of (8), ae

v
e, - 2] "'75;.‘ _ag}] (j=1257=1,25)-~@

[}

From the two sets of eguations of (9) we have

by subtraction

1ol
[( 6y~ 6,)- (6 %) = 7 R T2e

(using 2).

. v 1 1g we hax = & = 8 3
On the hypothesis Ho we have er gEr r (say)

(I‘:l,a, ..-.S) /
and/
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and therefore p;, = po; = Py (eay) ( 1 = 3,8,..40)

and thence\ Py = P = P (say).

c -—

Thue on the hypothesis H_, (10) becomes, using

§ 5 (1),

Fu-fg- P A8 (5% )]

(y:,'z'... - (1)
2 (24 ) ) (e )
where P [ ‘Bgm 26r/ |t

| 4
To study the joint distribution of (e';f - 9")
s L O s)
we obtain the quadratic form in these s normal

variates namely
/ - v
v v v
[Glr - ezf] LA 921]

Where V igs the variance matrix of the variates

involved.

T4/



It ig clear that V = V1+ Vz

where Vj is the variance matrix of ©.

(F = 1,25 2 = 2,25 vwua B)

We also note that Vj - [E_' (ﬂ))]

j =1,2)
=i _pr!
-—Afj )
=“'/!7. P (on the hypothesis
7

By )iws(14]

Where [E(A})J means the matrix obtained by

replacing the elements of the matrix Aj by thelir

expected values.

Thus from (13) and (14) we get

2 =
/ z
T =" 3 i .. (15)
Jerdy
! =
= (ﬁ"";\;z_ P (on the hypothesis

Hg ).

Hence/
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—ol o
Hence V =(L, L ‘p
N, Ny on the hypothesis

Hp +--.-(16)

Therefore the quadratic foxm (12) with the
help of (11) and (16) can ve written on the

hypothesgis Ho as

foh) (34000 %) ¥
[z =)0 )]

( Yﬁf 25 -(M)

and this behaves as Xa with s.d.f. 1i.e.

as 12

(=]
If this value of X.a is egignificant at the usual
5% or 10% level then our hypothesis is con-
tradicted i.e. the samples do not belong to
the same pooulation and the parameters of the
populations can be estimated from the appropriate

sets of equations namely (3).

The values of p;'s and their differential

coefficients involved in (17) can be obtained
by estimating Or (2 =1, 2, ecee8) from the
following equations obtained on the hypothesis

H, namely/
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namely

ZK 7":‘ (%}{é)(xfi "'X'zi)-'o , (r=19)

(!

S 1 (2R (o, 4M,)= 0 foradl? ()
2: “';:: Ta"b_l,)(?"lc+ 2.9"036‘(

These s equations (18) must be solved
simultaneously to get the values of 6.'s and
these muet be substituted in the appropriate

expressions of p;'s and their d.c.'s.

The same limitations exist as were gtated
previously in the two parameters case regarding

the general applicability of the method.

5404 « Second lethod:

Ae bhefore x?'
2L = const.—-zz Lo o)
3 ik N)')t

where the symbols have their former implications.

To get the optimum estimates of @1, and &5,
(2 = 1,25 «e8)

i.es/



158, of gjr (e 2,2 2 = 002 ... g) we solve

independently the two sets of & ecuations

each namely

L
%—é’-— = e e L8, deans s)
2y
2L ;
l.2. - - A [ 3 ee e
7’?}7 0 (j = 1,23 r = 1,2 s)
/“c‘
) J
i.e. 5‘:7‘; -55;{ X)L =0
(J =5 132, T = l,r_}, S)
s (2 30)
also % x)'t, = Q (3 = 1,2)

Let us again put Z.: = et

)().C‘
]

then it is clear that 2.. ( j = 1,2) are

ji
independent normal variates with zero mean and

variances 1\1'3 (3 = 1,2) for all i's.

In/
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In view of (iii), (ii) becomes

Z F ( al“j‘c') 'Z).‘. =0

/
5  \26,
¢ /):, JY ()-:’,1). Y'—‘L%""Q
g e O
% /.)‘C It .. (iv)
and (i) becomes 27_
2L = Const. — Z.): .__-_)/_5:—
s - (wv)
Further let
Syl 9 ) Zj
XJy- ¢ V/\)‘ 'bﬂjr

( PR v::,:;-?

colvi)

Evidently/
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Evidently the :{jl"s (r = 1,2 ois 58 are each

orthogonal to tj for all 3 (3 = 1,2)

The guadratic form for Xjr and tJ
-" —
i o N SRS V. t;
E'J 1 Z‘g . r ) (5 e g2 Vi)
X)-'
X
where Vj ig the variance matrix of the variates
involved.
2z
et [ R
But Var (X, ) = I, 2 Ao Rl
2 e\ 26y
Var (¢t ) - ) &
] &

-

4
c..
H

ct
Lo |

]

o

L (3. @@ ) i

(s i)

g
"
i
&)

>~

pL

Therefore A
v, o= 5[ o - - - © ol
.42 L[\ e
g 58 ¢ et I \ '_"'—)( )
0 % K (“'Sé:) : A }l( 28I\ 0Gs

2

3[‘ : ; 'a,‘

...!... V) " s ¢

2 ;~ ‘?69 ) 'ae,,) ,,an,-c( 283
’

-

Hence/
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Hence (vii) can be written as

2z

‘ =1 [ A \ - (viii)
e X F ‘ ’ I, Q=12) -
2 (05 :
j /g,[ J J X

where Pj is the same as in fS.O} (8)

In view of the restrictions on Z;;'s given by

J1

(iv), (v) can be written with the help of (viii)

as
2
2 k b LS 'é
'z-.
: e 9
27, __._.W——);Z; ——— + ¢ -
H, = Fartr R < e Y

2 . =] XJ;’ ks
s _/%f [x)-,- os x)-‘]f)) : Ux)
<

|

On the hypothesis H, we have &;., = 8, = %2 (eay)

(o 1,2, .oves)

i
P
-
na
-
N
h—

and therefore piy = Ppi = Py (say) (i

and/
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and hence Pl = PB = P (say) where P is the

same as in $ 5.03 (11).

Also instead of 2§ equations o= 0

26ir
oL
ar}‘d oaazr: C' (I' _—..l,?, .5)
; L.
we get only s equations ‘El—ﬂ =0 (r =1,2,
06y,

in addition to two equations % = 0O = +t,

Equation (x) can be written as

3/‘;& LA 3/‘2{ -
Z 5z (584 + B (5d) 5e=e

(Y-,-_ s .S)

; = e §
e xli’_’— le =0 (Y—-b?-) )

Now the quadratic form for tl) Go and( Iy zm)

can be written as before ag/
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: ch (x,,+xz,)
x| RO (i %2s)] V .
z 7{5", +[(x"+x ) ) T s

x+>§3)

where V = vyarisnce matrix of the variates

(x”'+ X’—Y) for all T

A O + N, P, , P's being the same

as in $ 5.03 (8)

= (1\_’.1+ NE) P on the hypothesis H,.

In view of (xi) we wrote (v) as follows:-

e[ O L N I

From/



)
7o

oo

From (ix) and (xii) we have by subtraction

wif »
....?—( #o_LH, = Z:,_/’EE(”,SSJ p [xij

Xis

5 (%%,
sl o (x,,+)&,). - (’%s‘”‘;JJ P : )

NN

Al

[ |

*ll X,_,
L ]
X:S

Therefore,

-]
/ /
log (axertnond meio) = (14 ) &, Whore

|
na



5.05./

=[§ he 'Bat)(nn n—,,-; f/&(w, ““} )P
f_?;{;(ﬁ’;.‘)("%: %)

)

i (%) (%) P CR) 0 ““)]

(Y:f,y-,? - (XI¥)

and thie behaves as X[J and thus this
result, our teet criterion, agrees Wwith the
result $ 5.03 (17).

Here as before the s ©'s will be determined frou
the same set of s equations as infE.O} (18)
and substituted in p;'s and their differential
coefficiente to obtain their estimates from

the two samples.

If this wvalue of 12[-8] is significant at the
usgual levels of significance, our hypothesis

Hp is rejected and in this case the 6ptimum
estimates of 28 &'s will be obtained from

equations (ii) above.
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On partitions and degrees of freedom of X?

Let us now analyse the degrees of freedom of
X? into separate components and account for the
total degrees of freedom.

If the law of distribution assumed is definitely
known, i.e. if all the parameters involved in
the law of distribution are specified, in other
words, if the hypothesie is a simple one, we
can easily test whether or not the given law
fite the data well. For this purpose it is

merely necessgary to calculate

P R r
L % e and T Xac
L Nl " L2 N’-/"ZC

where the symbols have the same meaning as

above, subject to requisite linear constraints

(4

e Z)(n-oand chu- = 0,

one for each respectively.

Thus 2 2
e @QQM“C? L (@)

will each behave as X%l 1]

Hence/
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Hence for a proper fit these values must not be
significant at the usval levels or any other
assigned levels of esignificance of‘X?‘with
(k=1) d.f.
If they are significant, the law acsumed is a
poor fit to the data and therefore the inferences
drawn on thig basis are bound to be unreliable. |
In general, however, the hypotheeis is not a
simple one, i.e. the nature of the law of
distribution assumed is known except for certain
unspecified parameters, which too are to be
determined from the data of the two independent
samples at our disposal. In other words our
hypothesis ig in general a coumposite one with
various "degrees" of freedom!'.
In such cases the estimation of parameters from
the firet sample (say) pute further linear
restrictions on X,;'s which are already subject

to one linear constraint mamely & % = g,
[ 8

3
A eimilar position exists for the MXz¢~*

In the case of one parameter we get the

2
expresgion Z; ¥¥£_. subject to two linear
& t7e

restrictions, (i) ¥ ¢ 0.
¢

and/
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and (ii) 5 /-.,’,_- e

¢ A " F Gl
2
Thus Z X can be expressed as
© Nepae
2
x=.
x2'1 3 Similarly Z' L can
ﬁ-"r_] L NZ/‘?-‘:
2
be expressed as X . These values of

k-2)
X%T é) must not be significant at the usual
=

levels.

Assguming then that in a particular case it is

80, the problem that naturally arisee is whether
or not they (the two independent samples) come
from the same population, 1i.e. whether or not the
two values of the parameters estimated from the
two given samples are significantly different.
This is tested by the expression obtained as

the measure of our test criterion in the

discugsion of the case of one parameter and

is X2 _.
ey
It is also clear that when the two samples

emanate from the same population containing

one parameter, we can express - ELH + Const.
o
as X2

(ex-3) ©
This total degrees of freedom (2k-3) can be split
up into (k-2) d.f. for the first sample,
(k - 2) d.f. for the second sample as a measure |

of/
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of their goodness of fit to the law of distri-
bution assumed and 1 d.f. for the comparison
of the estimgpted values of the parameter from
the two eamples.

Thus 1.2 'Xz -] -+ X Xf-l]

(2~ 3:| 2 (k_o]

2
where XL means the component of x[&k-}]'

which measures the goodness of fit of the firet

gsample to the hypothesis stipulated and 12‘_
2 Ec—"ﬂ

is a similar measure for the second sample and
1%1] measures the criterion whether or not the
samples belong to the same population. Thus none
of these couponents must be significant if our

conclueions are to be valid,

y 2
Algo )(z- tr. %
Ho 25 ORREEY © Nobre Ny z- : —b—)l
chi\ 06

¢ Ny he "IJ—Q’S )

because we have shown in -?4.04(8) that

2
x[1]=/



The firet expression within brackets on the

R.H.S. of (4) is X[- _] and +he gecond expression
within bracket is
[K. :.-].

Similar partition of'X?’into components which
megsure the goodness of fit as well as the
criterion of the samples belonging to the same
population is availavle even in the general
case of s parameters.
In this general case wWe can €XpPresg #

2 ; Sl

-ELH <+ Const as x[ékws—%) as follows:

o

- 2LH + Const.

r 5 2 “x,
- X, el '[%ll“xgp !
v ORI N Yus

where/



where 12.) is the same as in § 5.03 (17).

This reduction follows from the fact that

X,
L T 14 r] E""‘“‘] :

Rzs

_t T - ax)[P e

Ny+No
(“'ns‘* zs)

As before the first expresgion within curled
bracket on the R.H.S. of (B) measures
goodness of fit of the law of distribution
asguned to the first sample and is denoted by
11%1:—5—1].

Similarly the second expression within curled
bracket of (B ) measures goodness of fit to

the gecond sample and is denoted by 2126_{_5..1]

Thus in the general case also we have

2 = 2 2 2
x[ak—s—EJ = 11@—5-1] -+ 27‘[3:—3—1] by o]

0f course all these X& components must not be
gsignificant at the usual levels of significance

it/
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if the law of distribution assumed is to be
valid and if the two samples belong to the same
population.
Logically, therefore, we must first test the

e 8 2 2
significance of ix[k_s_i] and éx[k-s-l]

before we test'xg[é], for we must make sure
that the law of distribution assumed is a
reasonable fit to the data before we can say
that the two given samples come from the same
asguped population.

In practice we may calculate'}?th first and

if it is significant we can assert that the two
samples do not belong to the same population.
If, however, it is not significant we may
assume that the given samples emanate from

the same population, but in this case we may
further confirm it by calculating the necessary
X? to measure the goodness of fit of theory

to data. If it seeme to satisfy the criterion
of good or reliable fit we wmay safely ascert
that the two given samplee have come from the
same population whoee law of distribution is

the one assumed.

It is also clear that (k-s-l) must be positive
i b =8=1 70 i.e. $ & =3
and this explains the restrictions imposed on

the/
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the number of unknown independent parasmeters
in the law of distribution, if the saumples are
to be specified into the same k given categories.
If we further want to get a measure of goodness
of fit of the observed data to the law of
distribution from the same gnalysig we aust
have the necessary l? with at least 1 d.f.
i.e. in the general case

k~g~1 7y 1 i.e. § § k-2.
Thus if we do not want to have a criterion
of goodnesg of fit we can take (k-1) inde-
nendent unspecified parametere in the law of
distribution, it being of course assumed that
the samples have been clasegified into the
same k given categories.
In the above discusegion it is also assumed
that Ny and o the total number of obser-
vatione in the two samples are also fixed.
Hence from above considerations it is better
to have at most (k-2) unknown independent
parameters in the law of distribution if
the number of class categories is k for then
it will in addition enable us to test the
goodness of fit of the data to the assumed

law of distrivution of the population.
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-
LJI'

9

It was mentioned in ¥1.05 that the result

of K. Pearson (1911) can be deduced as a

particular case of our general result (17) in

$ 5.03.

This we prove as follows:-—

As stated in ¥ 1.10 if we regard p;'s (i

1,2, - =

as our unknown parameters then the result of

K.Pearson follows immediately from

For when 8, = ‘p
£ =1

Also in this case

= L
I

Ll

a diagonal matrix.

Therefore

Thus/

-

P

i

$5.03 (17).

(i = 1,2, .....k) we get
ERCTE P & TR T
Ny 4% Al Np J»
(£=52)-~ K)
& b
= EEN : 4
r ;
“ha
. X /=
by |
r-*ﬁ s _1
- ’\1 )
L M
L b kk-—

x)
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Thus our criterion reduces 1o

There are only

Kk
and since Z }"‘,; =1
=t

(k-1) independent p;'s and thus (1) vehaves

a8 12‘ and the values of p,'s follow from
k~1) i
the equations 'DL
7Y (i =1,2,...k-1)
K-

where p, = = Z re

=1

. )
i.e. K.L-f'x:_d " Wik +Xk = o, (¢=h% )
he K
. (l = 1,2
R h (71‘“ u)"‘l" ( iK' r.u) ;
.(2)

Adding/
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Adding all such (k - 1) relations we get

k-
P Z!( Wit :.t.) ("u'k"'”" )Z}\.,
1.e. k K
h 2 (%) - ) T = 0

n,k-}'hzx
N’ -+ Nz__

n;a""nlt‘
e . ——

Therefore from (2) we get p; =
N, +N7_

(i = 1,2,...k=1)
and thie is the value of p; (i = 1,2,....k)
which was suggested by K.Pearson and confirmed
by E.C.Rhodes (1924) and J.leyman and E.S.
Pearson (1928) by other methods.

t is thus clear that Pearson's result is a
particular case of our general result. Further
Pearson's method cannot provide a criterion of
goodnese of fit as we take (k-1) parameters
to specify the population and this we have
already seen is the maximum nurnber we can have

if our population ie classified into k categories.
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