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CHAPTER I. 

Introduction. 

1.01. One of the chief uses of statistical analysis 

of given samples, which are of course assumed 

to be representative in the statistical sense, 

is to draw correct inferences regarding their 

populations. 

Those cases in which we know a 2 rp inri the 

exact distribution of their populations are 

evidently trivial and do not present any such 

statistical problem. 

In some cases, however, knowing nothing 

about the nature of the populations, we may 

attempt to obtain a hypothetical population 

from which the two given samples may reasonably 

be assumed to have been drawn. 

But quite often we may try to know whether 

or not the two given samples can arise from the 

same population when we know only the nature of 

the distribution of their populations without 

our knowing them exactly, for some of the para- 

meters which specify them completely may be 

unknown; that is, when our hypothesis regarding 

the populations is a ncompositeu one. Thus, in 

any particular case we may know that the given 

samples belong to a normal population (say) 

without their means of variances or both - the 

two paramenters which completely specify a 

Normal Universe - being known. 

1.02./ 
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2. 

It is evident that whether the nature of 

the distribution of the populations is known or 

not, in order to get information about them, 

we shall have to estimate some unknown para- 

meters or their functions which would specify 

them (populations) completely, and obtain a test 

criterion which will enable us to say whether 

or not the two given samples belong statistic- 

ally to the same population. 

Fundamentally, therefore, the problem is 

one of estimation of the unknown parameters (or 

their functions) of the populations from the 

given samples and, according to the established 

statistical practice, we shall assert that the 

two samples belong to the same population when 

the estimated values of the parameters of the 

population from the given samples do not differ 

significantly at pre -assigned levels of signif- 

icance. These levels are in general determined 

by the amount of risks we are prepared to take. 

The importance of this type of problem 

cannot be over -estimated. It may be used to 

study a variety of problems of great practical 

value, e.g. "the qualities and quantities of 

manufactured products, yield of agricultural 

techniques, results of different medical treat - 

ments, effects of suggested educational methods 

and/ 
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a and the like". Thus, to take a concrete case, 

we may have two samples of finished goods of 

same kind classified into the same different 

groups according to certain characteristics, 

which can be measured numerically; the question 

arises whether or not the two samples are from 

an identical source of production, i.e. whether 

or not the processes of manufacture of both the 

samples can be assumed to be identical. 

1.04. In view of the importance of the above 

types of problems, we discuss here an equally 

useful and important problem of allied nature, 

namely : 
w *Given two independent sets of 

frequencies classified into the same K frequency 

classes. To develop a test of the hypothesis 

that the two samples may be said to belong to 

the same population, it being assumed that the 

samples are large and the law of distribution 

of the population is known except for certain 

unspecified parameters. 

It is of course inherent in the above 

problem that even when the samples belong to 

different populations the nature of their 

distributions i.e. their mathematical form remains 

the same e.g. if the law of distribution is 

known to be Poissonian (-say) we assume that 

both the samples come from Poissonian populations. 

1.05./ 
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11.05. The problem we have stated above appears at 

first to be one due to Karl Pearson in 1911 but 

the brief outlines of some of the problems of 

allied nature including K.Pearson's, given 

below, will clearly show the distinctive 

character of our problem. We shall further show 

(which is evident otherwise) that Pearson's 

result is a particular case of our general result. 

1.06. K . Pearson's problem of 1911:- 

In a memoir contributed to the Philosophical 

Magazine K. Pearson (1900) dealt with the problem 

of the probability that a given frequency 

distribution was a sample from a known population. 

That investigation was the basis of his treat- 

ment of "goodness of fit" of samples. 

In Biometrika he (1911) stated a problem 

of somewhat different kinds but essentially as 

important in character. 

The problem is as follows: - 

"dya, 
e have two samples and a priori they may be of 

the same population or of different populations, 

we desire to find out what is the probability 

that they are random samples of the same 

population. This population is one however of 

which we have no a priori experience ". 

Pearson proceeds as follows: - 

Let the population from which the two 

samples/ 



5 
samples, if undifferentiated are supposed to 

be drawn be given by the class frequencies 

Sul, . , ,u, , µI/ ) ...lus, the total population 

being M. 

Let the two samples be given by the frequencies 

in the same class as follows : - 

1st.Sample:- fllf2 

2nd.Sample:- fi fc 

Total 
...Efs= N 

The totals N and N' may be equal or unequal. 

Then by detailed analysis which is equivalent 

to reducing the table to a single series of 

g cells he suggested that 
2 N i ( fr - r S 

X2 
-1,77, 

r 
Y_+ 

Y + Y 

With (6-1) degrees of freedom should be our 

criterion to test whether or not the two given 

samples belong to the same population. He also 

suggested that the unknown /`y which measures 

the probability of an observation falling in 

/#N' the rth class be replaced by Y { 

Later on he (1932) modifies this result and 

indicates the error in his assumption of the 

value of J' cited above. He writes, "If we 

try to think over what the 'best hypothesis' 

means in this matter, ought we not to interpret 

them as signifying thoxhypothesis as to r ' s 

which will give the highest probability of 

the/ 
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the two samples being drawn from the same 

population? Surely if we are asking whether 

the two samples are likely to have been drawn 

from some unknown parent population we ought to 

choose for that unknown parent population the 

one that makes the probability P of their 

common sampledom a maximum or the value of 

X2 as small as possible ". 

Then he tries to find the value of P`1,7-5 by 

minimising 
ff 

I 2 

S 
Y 

! L 
2 

y 
- 7 /' V' Ñ N' t 

_i 

5 = G7r. 17" 
where , hr 

r= , 

N 
N iv 

and obtains , 
Y ., Ñ 

- i 
f 

s 
and 1)` s C 

r ¡ ,. r= 

Thus this new solution contradicts his 

results of 1911 which was also obtained by 

E.C.Rhodes in 1924 and J.Neyman and E.S. 

Pearson (jointly) in 1928 by different methods. 

The incompatibility of the two sets of 

solutions given by K.Pearson can be explained 

if we note that the result of 1932 is based 

on/ 



7 
on minimising X2 his suggested test criterion 

only. In order to get the best values of Sys 

we must minimise the whole X2 and not only its 

component which is a measure of the test 

criterion of the hypothesis in question, and 

this gives the same value as suggested by him 

in 1911. His modification of his previous 

result, therefore, does not seem to meet the 

requirements of the problem in view. 

1.07. E.C.Rhodes (1924) discusses the same problem 

and by his "doubletmethod" arrives at the same 

result as obtained by K.Pearson in 1911. 

In this method he considers a multivariate 

normally correlated surface in (2s) variates for 

each of his two samples consist of the same (S -r 

categories and he finds the chance of obtaining 

the required samples as the volume of the sur -. 

face outside the limiting contour. This volume 

measures the chance that in two samples of 

totals of n and m observations respectively, 

classified into the same (54-1) categories we 

should get the two observed samples or other 

distributions occurring together which are 

less likely. 

After certain transformation the integral 

measure/ 
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measure of the volume reduces to 

--Zxzxzs-i 
x 

J` x x S" c.x _ 
z 

where the limiting contour reduces to 

---- ---- 
-7- 

A2_= S 
S+ 

1 

rfy 
h, 

,` 
r- 

+ l 
L 

r_r n,hY kr1- r J 

en the basis that the two samples are from the 

same population. 

Thus he too obtains X2 with s degrees of 

freedom as the test criterion and 
r 

) St I 
r ' 

as the values of/ which minimise the total 

J.Neyman and E.S.Pearson in their joint 

paper (1928) take up the above problem of K. 

Pearson as an illustration of the applicability 

of the method of likelihood im drawing statisti- 

cal inferences. 

They assumed two samples classified into 

the same K Categories with nY and nzr 

observations in the Yrcategory of the first and 

the second sample respectively. Then after some 

analysis they arrive at the same test criterion 

and/ 



9. 

and the same values of /tel except for notational 

differences. 

In the problem discussed above the population'. 

is assumed to be a discrete one but a similar 

problem has been discussed when the population 

is supposed to be continuous. 

William R.Thompson (1938) in the second 

part of his paper discusses a criterion for 

testing whether or not the two samples belong 

to the same population when nothing is known 

about the distribution functions of the variates 

except that they are continuous. 

A. Wald and J. Wolfotitz (1940) in their 

joint paper discuss the problem of W.R.Thompson 

cited above. They improve the result of Thompson' 

and suggest a test criterion which not only 

enables us to discriminate whether or not both 

the samples belong to the same population but 

is also consistent in the sense that the probab- 

ility of rejecting the null hypothesis if it is 

false approaches unity as the number of observ- 

ations in the sample tends to infinity. 

W.J.Dixon (1940) discusses the same problem. 

The assumption about the distribution functions 

of the variates involved is the same, namely 

that they are continuous.. He obtains a different 

criterion/ 
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criterion and indicates its relation to the 

criterion of Wald and WolfoUJtitz. 

1.10. In all these solutions stated above it hast 

been assumed that the nature of the distributions 

is either not known or we are not interested 

in it. But when the nature of the distribution¡ 

is known the above solutions for discrete and 

continuous cases will not meet the requirement% 

of the problem. 

In practice generally the discrete case 

is more i, >!portant. In the solution of K. 

Pearson an attempt is made to classify the 

population by means of class categories and 

thus the /`ys (r 1, 2, ... ,$) may be 

regarded as the s parameters which would 

specify a population. Of these s parameters 

only (s - i) are independent as = l 

Y_1 

The significant difference between the two 

estimated values of ``y$ (Vfr= 12 ...s) 
from the two samples will mean that the two 

samples do not belong to the same population. 

Hence when no other relevant information is 

available this method may be looked upon as a 

good approximation but quite often from á 

priori or other considerations we may be able 

to specify the nature of the distribution i.e. 

the/ 
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the mathematical form of the population and in 

such cases it will not be correct to say that the 

insignificant difference between the estimated 

N.5 values of (yr = 1,2, ... ,$) from the 

two samples means that the samples come from 

the same population. 

For let the first sample be from the 

population whose distribution law is 

(x; Q, (42, e) (47) 

and that the second is from the population with 

distribution law as 

' d 
2 - - - 6124 X 

(4 ) 

2 i , 

then we have 

- J«x; oil )6321- Am -)d-x. 

VS being the limits of different groups and 

6- denotes the probability of an observation 

of the j 1 sample falling in the Y'-group. 

It is thus clear that in this case it is not 

correct to assert that the two populations are 

identical only if by = k2.,, for all Y s. 

The populations can be said to be identical only 

when the respective estimated 81s are equal or 

their differences are insignificant. 



CHANTER II. 

2.01. Some di ;ression on the X2 distribution :- 

The 1.2 :p 1 ÿ an important role in the 

theory of statistical inferences, as a large 

number of test criteria are finally made to 

depend on it. We shall therefore refer to some 

of its salient features and its relation to 

"Likelihood ". 

Prior to 1922 a good deal of confusion 

prevailed in the application of X2 test criterion 

on the goodness of fit . R.A. Fisher (1922 ) 

showed that for a correct application of the 

formula of x2 as a measure of goodness of fit, 

the term n l which occurs in it in the general 

case must not be confused with n ', the number of 

cells of the table but that it must be taken as 

one more than the degrees of freedom of the 

table. Thus if we have a contingency table with 

r rows and c columns, then he suggested that 

our n' must be equal to (r - 1) (e - 1) * 1 

and not equal to re, the number of cells in the 

given table. 

He also showed that the -X2 test criterion 

suggested by Pearson and stated above (.10'°0 ) 

could be easily obtained by treating the table 

as a contingency table having (s - 1) degrees of i 

freedom. 

This/ 



This modification in ni solved much of 

the confusion then prevalent and it also solved 

the so called failure of X2 test on the data 

of Yule and Greenwood given in their joint 

paper in l915. 

About the same time Fisher (1922) also put 

forward his technique of maximal likelihood in 

a form which can be readily utilised in 

statistical analysis. Notwithstanding its own 

limitations the method provides more powerful 

tools for statistical analysis than the method 

of moments. 

He showed there that 

L- 2 
&s a first approximation under certain condition, 

namely, when the deviation of an observed 

frequency in any class from its expected value 

is small compared to its expected value and L 

differs by a constant from the logarithm of 

the likelihood with sign changed. 

"In these cases, therefore, where X1 is a 

valid measure of departure of the sample from 

expectation it is equal to 2L, in all other 

cases the approximation fails and L itself must 

be used". It also follows from this that the 

Maximum likelihood estimates of the parameters 

minimise/ 
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minimise l2. Thus the method of maximum like- 

lihood not only covers cases where X2 is 

applicable but also those where X2 is not 

applicable. 

Fisher (1923 -25) further showed that the 

method of optimum likelihood yields the estimate 

of parameters which are consistent, efficient 

and also sufficient if sufficient solutions 

exist. 

quite often the expression of X2 contains 

the unknown parameters of the law of distribution 

or their functions and the result remains 

indeterminate unless these unknowns can be re- 

placed by their estimated values in terms of the 

observations at our disposal. Fisher (1924) 

showed that if we take an efficient estimate of 

a parameter and substitute it in the calculated 

expression of IF we get back a X.2 distribution 

but with a loss of one degree of freedom, Thus 

if the expression of X2 contains many parameters 

and if we substitute in it their efficient 

estimates from the data we shall get back X2 

distribution with loss of degrees of freedom 

equal to the number of parameters estimated. 

This result is very fundamental indeed, 

especially in problems of significance tests. 

He has also shown in the same paper that 

if/ 
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if inefficient estimates of parameters are used 

in the expression of2 then in general the new 
calculated value of X2 does not follow the usual 

x2 distribution and hence will not enable us to 

draw readily any useful statistical inferences. 

This result thus brings into great relief 

the utility of the method of maximum likelihood 

in providing estimates of parameters which 

satisfy the criterion of efficiency. 

2.02. The Use of "Likelihood" method in the field of 

Statistical inference:- 

The method of testing statistical hypotheses 

was first developed by J.Neyman and E.S.Pearson 

(1928,1932 -33). 

The method essentially consists in select- 

ing a rule of rejecting the hypothesis in 

question whenever the sample point E lies within 

a certain region ( (say), called "critical 

region" of the sample space W. The sample 

point E is assumed to be denoted,n - dimensional 

sample space úr by its n co- ordinates the data 

of observations X1, x2.1- - 

x 
- 

o(i 

The probability PfE E44)! Ho r 
of rejecting the hypothesis Ho when it is true 

is called the size of the corresponding critical 

region/ 
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region CO on which the test is based. The 

expression Pi-E0-0)1-1°1 means the 

probability of the point E lying in the region 

W on the hypothesis Ho. 

It is clear that in all statistical 

inferences two types of errors are involved. 

(i) The error of the first kind i.e. rejecting the 

hypothesis when it is true. 

i) The error of the second kind which consists in 

accepting the hypothesis when it is false. 

The error of the first kind can always be 

controlled and the error of the second kind must 

be mini c_um i.e. our failure to reject the 

hypothesis Ho when an alternative hypothesis 

H is true should be minimum. 
I 

The probability P E ¿ w / H of 

rejecting the hypothesis Ho when an alternative 

H is true is called the power of the test with 

respect to H and it must be maximum if we want 

to minimise the error of the second kind. It 

has been shown that in general ho = k on 

the boundary of the region of rejection 

(critical region) where it 0-2 Pk-C42/1-41 and 

Íf} and K isa 

positive constant. 

This region within the boundary of W 

controls error of first kind and mininiúses that 

of/ 
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of the second. 

It has been further proved that when the 

maximum likelihood estimate of the parameter 

is substituted in the relation `^o _ k we 

get the best critical regions, if they exist, 

for testing hypotheses. 

In all these above discussions we assume 

that there is only one parameter in the law of 

distribution i.e. the hypothesis is.a "composite" 

one with "one degree of freedom ". 

Further by applying the method of maximum 

likelihood Neyman and Pearson have suggested 

a method for obtaining functions of observations 

for testing what are called composite statistical 

hypothesis with various degrees of freedom. 

The procedure is as follows: - 

A population K is assumed in which a variate K 

( X may be a vector with each component rep- 

resenting variate) has a distribution function 

f (X; el 6121 'ds ) which depends on s 

parameterses . 

A siple hypothesis is one in which the 

us are specified. Considering ICs as fixed we 

examine the variation in A according to the 
unspecified parameters 6,, Oz , - - ', er (say) 

which form a set W(say) . Let ,k0(max) be 

the maximum value of ho for such variations. 

Similarly/ 
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Similarly ifs_ is the class of admissible 

alternatives, H, let JA C--a- max) be the 

maximum value of the likelihood for variations 

in all the values of oy $ , (r7=1,2',--- 9). 

Let 

then this %` is called the likelihood ratio and 

it obviously lies between o and 1. 

A possible criterion for accepting Ho is 

to take the critical region as consisting of 

those points for which ) <-C (say) a constant 

and Q is determined by relation to a probability 

level 04 from the sampling distribution of it 

which evidently is independent of the unknown 

parameters. 

It also follows from above that if all the 

parameters are specified by a certain hypothesis 

and the alternative hypothesis is that they 

(parameters) are different then /*-o ( max) -poi 

on the first hypothesis and`i( --max) will be 

the maximum value of the likelihood obtained by 

maximising it for variations in all parameters 

involved. 

This method is of great value and this 

further shows the importance of the method of 

likelihood in the field of statistical inference.; 

It is quite interesting to visualise 

r' composite "/ 
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"composite" and "simple" hypothesis geometrically. 

It is evident that .11_ may be represented 

as a region in S dimensional space of the 

G's in particular it may be the whole of $ 

dimensional space. For any subset w of-4 -. 

we denote by Hw the hypothesis that the para- 

meter point lies in w. If w consists of a 

single point Hw is called the simple hypothesis 

otherwise H, is a "composite" hypothesis. 

(, -For further details reference may be made to 

the' paper of A . Wald (1943) . ) . 

Incidentally it may be mentioned that the 

problem of testing hypotheses or of estimation 

are particular cases of the more general problem 

of statistical inference which, following A. 

Wald (1942), may be put as follows : - 

Let S be a system of sub- classes of the 

class --fZ -. of distribution functions. For each 

element -d of S consider the hypothesis HV 

which states that the uhknown distribution F 

is an element of .4f ; denote by Hs the 

system of all such hypothesis, the problem 

is/ 
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is to decide by means of a sample which element 

of Hs should be accepted. If S consists 

of two exclusive sub- classes only which 

together cover the whole -IL then the general 

problem becomes a problem of testing hypothesis 

If S consists of all elements of -fL- 

then the problem reduces to estimation of 

parameters involved for the hypothesis 

corresponding to each element of ...11- L means 

specifying a s.< t of values of the parameters 

and that thus is the problem of estimation. 

On the other hand if S consists of 

three sub -classes then the problem reduces 

to the "trile:«ma" of Wald and is a problem 

distinct from estimation or testing the 

hypothesis. Such a situation may arise in 

Practice in the case of a manufacturer who 

wants to keep the quality of his product 

between two limits and wants to test it 

by sampling. It is of course assumed that 

the/ 
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the quality in question is measurable and 

can be represented by a real number. 



ol 
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CHAPTER III. 

In this Chapter we shall indicate the 

possibility of application of a method due to 

S .S.Wilks to discuss our problem as enunciated 

in 1.04 namely:- - 

Given two independent samples classified 

according to the same K categories and the 

nature of the distribution law, to obtain the 

criterion for testing whether the samples may 

be assumed to belong to the same population. 

S.S. Wilke (1938) discusses the large 

sample distribution of the likelihood ratio/ 

for testing composite hypotheses and proves 

that if a population with a variate ) is 

distributed according to the probability 

function f (xí; 61, 412, ... eh) such that the 

optimum estimates Ai of ®i, (i m 1,2, ... h) 

exist which are distributed in large samples 

according to multivariate normally correlated 

surface then when the hypothesis H is true that 

ei = eoi, (i = m+l, m +2, ... h), the distribution 

0 J 
of - 2 A is except for terms of order 

distributed like X2 with (h - m) degrees of 

freedom; n being the number of observations in 

the sample. 

Here 
1)6) (©n) where Pr., 

is/ 
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is the maximum value of the probability of 

obtaining the sample point ö, on the basis of 

given hypothesis and P (4) is its maximum 

value when there is no restrictions on the 

values of A's. When the maximum values do not 

exist we replace them by their least upper 

bounds. 

Let our two independent samples be as 

follows:- 

Samples 

,.-. 

First Sample yt, 

r 
ir 

Sec .Sample ' -yt 2, 

Limits of class frequencies 

Total 

From the table it is evident that 

N j () = I 2-) 

7L 

and 

n..(2 (c=1z k) 
, 

K I -n _ ,K N 2 
¿_, 

Let t j Z, 6,0 ozi) - 

tc- laws of distribution and pli and p2z be the 

probabilities of an observation falling in the 

ith/ 
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category of the first and the second sample 

re spectively. 
£+r 

(x; 
Thus 

{' 9 e1 z 
8l s> or.,t 

rl 

r 
1y 

) 

( \O/ - - 

e, l (lt, ,, > > 

= (-44) 
, 

/^ (' a.0 S . 

and similarly 
/ _2c- = ( ) k 

Then P the probability of obtaining the samples 

is given by 

/Y! Az 
f)_- 

1 

l 
c_, 

'%7/C 112. 

hc: 

Hence k 
_ P- r,,.--- (,i L_ n. 

( ) 

To estimate the parameters of the two samples 

we have the following set of equations, 

éL _ © 

A.n d -DI-. 0 

The simultaneous solutions of each set of s 

equations in (3) will give the optimum values 

Ó1j and 82j, (j = 1, 2, ... s) respectively. 

Assuming/ 

(3 ) 



Assuming that 
//24.' 
r: and Zz , (i = 1,2, ... k) 

can be expanded by Taylor's theorem, we have 

Similarly 

co-nc,t - 
(o,) o, j 

,1 i 2 E (0' / d 44> D a 4 

j. á a44 

(approximately) 
(since pli = f li ) 

[[5 2 l fZC di 4k2t - c + L 2J J) a Ozi J )=r / 

Here the expression 

(approximately) 
(since pli = f 2i ) 

means: 

we differentiate log fli with respect to Ol. 
J 

and then replace all the parameters by their 

optimum estimates. A similar meaning holds for 

other such expressions. 

Therefore 

S 5 Z. -t Z ZZ 2) _ ,-, , J L.= z ,_, 

(approximately) - 

where/ 
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where 

C _ -E/ ^ítz 1 _ ` 

a ád 
E den.otinE mathematical expectation, and 

A lj = 
®lj 

-. 
®lj 

, 1';-- 
1 

and Z2j ®2j - 02) r2, (j, h 74 1,?, . . s) . 

Thus Z.Zkt Z2)- i4)1 
Z ) . ` . 

P CnwyE' -e. 

The value of the constant can be readily seen 

to be equal to 

Hence 

e, 2- e 

77- )4 

Z 

It may be noted that Uli j and C`jh1 are both 

positive definite matrice d. 

Thus we assume the existence of functions 

®1j , 
4, , Et, - -- 71114 

and 
02j n21, 

... ,nck), (j _ 1, 2, s) such 

that their joint distribution is given by (5) . 

For detailed conditions under which ®'s exist 

which are distributed according to (5) reference 

may be made to a paper by J.L. Looir (1934) . 

1\rowj 
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Now 4tIc.4t/ 
(z.n_ )S 

l+ 0 _ - (6) 

where it is assumed that Np and N2 both are of 

the same order as N and the values of eij and 92j 

which maximize (5) are obtained independently from 

the two sets of equations namely: - 
-al 2- 0.4 z z za,} p_,, 

and 
--ò)(2)-4_1 

Z, +z EC z2}PO 
) 2 

-, a dz _ 2 
I c, I a 62 J 

respectively, (j 1,2, ... s) (A) 

Since Cijh -0(1) and 02jh = 0(1) and since ICljh, O 

and /C2jhIO, we find from (A) that the values of 

Ali and e2j, (j 1, 2, s) which maximise P 

differ from elj and e2j, (j l,2, .... s) 

respectively by terms of order I 

(Ni, N2 being of the same order as N) . 

Again under the hypothesis that the two population 

are identical i.e. when 

(j 1,2, ... s) 

®2j = ( say), 



We get 

vljh 

and 

= C2jh 

27. 

(j,h - 1,2, .... s) 

ICff, 2 
.,C 1 (z 

.4 
zz 

2-) 2) -e 
C27.)s 

Now we must find Oils which maximise (7) 

For this we have 

-) ff.) a 
0e. 

S) 

This gives 

6rni, 

1 0 _ s) - - -- (B) 

neglecting terms of the type 
-J C4 

Hence 

e, CoN) 

-a- 11- C1).4 
`Z) 

2.i.4 
+Zzj Z-t IC I 

(2, > 
s 

4iere L's are subject to restrictions (B) 

Then 

e,(° ") 
fl_(0,v) 

where K z / l 
K 

C. - CZ ' Z-+ J 2- > 

is large k 1-- d 

Therefore/ 

and when l 



Therefore 

- 1'67 = 2 c, t Z z, - Z) Z) - - -- (9) 

But the expression on the right of (9) is a 

quadratic form in 2s variates subject to s 

linear constraints given by (B); hence it can 

be expressed as K2 with s degrees of freedom. 

The ®.Is (j . 1,2, ... s) can be calculated in 
J 

terms of known quantities from (B) . 

Thus theoretically, - 2 logy will behave as A2 

with s d.f. (degrees of freedom) and will serve 

as our criterion to test whether or not the 

two samples belong to the sanie population. In 

practice this method seems to be difficult, and 

in the following pages alternative methods of 

approach are discussed. They appear to be 

simple and easy to apply within their own 

li_Litations. 
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CHAPTER IV . 

4.01. In this Chapter we discuss our problem as 

stated in the preceding chapter. We start with 

the case when the law of distribution of the 

populations contains only one parameter and then 

extend it to the case of several parameters. 

4.02. Case of one parameter: - 

Let our two independent samples classified 

into the same k different categories be the ones 

assumed in 13.02. 

To simplify writing let us put, 

nil = Number of observations of the jth sample 

belonging to the ith class frequency 

Lj - total number of observations in the jth 

sample 

Pii a probability of an observation of the jth 

sample falling in the ith class frequency 

I (Xj 
®j) = the assumed law of distribution of the 

ith sample, G. being the unknown para- 

meter. 

As we are dealing with two observed samples 

classified into the same K categories, suffixes 

j and i will run over j = 1,2 and i = 1, 2, ... k 

Thus we have 
L 

n 
i 

n ( i _ 1,2, ... k). 
ji 

j-i 
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k 

1 , ( j = ]..,2) ) K 
= N n 

1 
' _ YL 

4 J = J` C= 
(lt/ 

and p = (K 3 B) ) t- 
J i ¡e 

_ Pii (Ga) (say) (j - 1,2 i = 1,2, ... k) 

(1) 

Hence pli = (g1) p . a p (82) (i = 1, 2, . . 

It is clear that 

Hie -1 (j = 1, 2). 

The probability P of drawing the two samples 

given by 

P 
)= 

1,11j K 
r !] 

. .» 
TrCnJ9 

( z1 

If Nj and nj i (j = 1,2 i = 1, 2, ... k) be both 

large when our samples are large we make use 

of Stirling approximation to factorials namely 

27ß 
(Yv 
774-: 

Making use of this approximation in (2) we get 



i.e. 

Let 

a rid 

P = Cons 

N yo 

7)c 

31. 

`, . Pri - 
- - (4) 

J J E. 

(f 
`` 

III; 
` - li 

From (3) with the help of (4) we get 

log P - constant 

If 

r () 
j=i 1,-.-31 

- + /F 
L 

e t Ji 

k), 

be large then 17 will be small 
J 

compared with this for different values of i 

and j: and so expanding the logarithm in the 

above expression we get 

log P - con st 

- 
. 

Z 
4 --(4..°417)4) 

0- +i 1 
i JE J 

But/ 

- ) ¿ jt 
J 

00)-,91- o 



But 
J 

JL 

Hence the expression (5) becomes 

loi. P - Const --Z '.a 'IAA-- 4 -1, Z/ 
) 1i 

t 

It is of course assumed that the order of 1 . 

(j = 1,2) is the same. 

Thus to this approximation we have 

P Const . --. 2 - - , .... (6) 

Therefore from (6) it follows that correct to the 

order -17-s---/-7- (j = 1,2), 
")ji, 

(j =1,2, i=1,2, ..ik) 
are independent normal variates each with zero r e n 

and unit variance. 

Let xji ji -Tjpiy(j a 1,2, i a 1,2, ... k) 

.. .(7) 

then it f ollows from the above trx t thé Xj i s are 

independent normal variates with zero means and 

variances 1i.pji is 

i .e. X¿ H , (j - 1, 2, i = 1,2, ... k) are 

the squares of independent standard normal 

variates. 
Thus finally we have i 

Xic 
P Const -. i w ii 

Therefore/ 



Therefore 

Now 

33. 

t 

cd,ti,,ç - 
) c 

= C ( j = 1,2 ) give the optimum 

solutions of 9j (j = 1,2) respectively i.e. 
0 gives the solution of G and = 0 

give the solution of G2. Let these equations when 
V v 

solved independently give Si and & as the values 

of 01 and 62 respectively. 
Then 

aaJj (j -1,2 ) (9) 

But by Taylor's theorem 

(,) t;). _ 67. ) 
2eß e. 

approximately ( j = 1,2 ) (l0) . 

From (1C) with the help of (9) we get 

8j - 9; - B. zL (j = 1,2) ..(11) 
4?- 

But But from (8) neglecting terras proportional to 

0(1.- ¡ ( j = 1,2) we get 

(kie 
óo c J Aft. 

At 1117 
(j = 1,2) ....(12) 

. J C 

)t 

where/ 
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where 
Pf.Jl 

^ dJ 
Substituting (12) in (il) we have 

v . 

9j - 
NI' 

. W'¿ XiL (j - 1,2) ... (13) 

where Wj 
i =. 

hp: C 

From the two equa ions of (13) we get by sub- 

traction 
) V V K xii CJ / (8l-82) (61 S (W Ñ- 2c Nz. 

C-- I 

(14) 

If 61 92 = 8 (say), then jali - 2i = kJ. (say) 

(i = 1, 2, ... k) . 

and hence Qli = (02i = 64. ( say ) for all i. 

Under this hypothesis Ho i .e . when the samples! 

belong to the same population, (14) becomes 
v v 

c' ` N 1 N 2 

Ñ Ñz 
(using (7) )...(15)', 

V V 
Evidently (81 - 82) is a normal variate with zero 

v y 
mean and variance Var (6 - 

2 
) = Var (61) -f- 

Var (6#2). 

But Var (6j) =-- 

Therefore under the hypothesis H0 using (12) 

(j . 1,2) ... (lb)I 

we/ 



we obtain from (16) 

Var(C,) 
J 

also 

"i 

s5 

It is thus clear that k81 - 6L 

Var (6Z ).Var (9 

with./ d.f on the hypothesis Ho. 

From (15) and (17a) we have 

v N 

(Ol - g2) / (IC 
t,' h i i 

also from (17) we get 

Var (61 ).Uc.r (F2) _ ( t Ñ J i c' 

L 

1,2) ...(17) 

1, 2, ...ñ) .. (17aß 

behaves as X 

Therefore 
v v 2 

(81 - @G) 
¡ - -' 
hc 

%1,ì 
C--, N2 

Va71TA )+Var(6r2) i H= 1 N,i-N1 ( 
/ 

Z 

and hence our criterion to test whether or not thè 

samples belong to the same population is given 

by the expression (18) which behaves as (2tii 
where 120.) means A2 with one degree of freedom. 

4.03./ 



36 . 

4.03. The same criterion is obtained by the method 

of likelihood. 

Proceeding as before we have frpm (6) above 

2 
2 L- Const -2:2('9) ) ( j - 1, 2, i = 1,2,...k) 

` / (A) 

As usual to estimate C1 and G- we have - C 
?8 andZ = 0 respectively, 

From these two equations we obtain to the same 

approximation as before the following two 

conditions respectively 
i 

/VI 
/)L = 0 (j - - 1, 2) 

also identically we have 

h' /) c = 0, (j = 1,2) 

Thus 21' (j _ 1,2) are two independent 

quadratic forms each subject to two independent 

linear constraints. 

The linear constraints for the two quadratic 

forms can be written as 

h = 7jt. =o 
_ 

Tn/ 

...(B) 
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In view of these restrictions 

ti y 
1. 1jc , (j = 1,2) become 

7j( 
2- 2 Z t / -- i< - 

) 
(j 1,') ..... .. (o) 

C 

Thus 

Const - 7,¿ -ß-y2) ...(D) 
j 

where stands for likelihood on the hypothesis 
r 

H that the two samples do not belong to the 

same population. On the hypothesis Ho the t 
quadratic expression. .T¿ is subject to the 

linear constraints Liven by 

Xi = O (j = 1,2) 

and 41(- L = O i . e . 174, Y1 
2- ° 

...(E) 
The last condition can be written in the standard 

forth as 

= O 

Hence under the hypothesis Hai 2L/4 can be 

, 
. 

written as 2L 
7).ß+ 

g .- 
J 

Thus from (D) and (F) by subtraction we get 

(LRL»z .yCYi) ) N,-FNL j 
l z 

`I, _ Nt.. ._.- 

N+NZ //" 

i 

2. 2 
S i nc e -- y, yZ 

y+ Iz / GrpTi yi+V^2y2. N,N - 
N14442_ 
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i.e. - 2 log (likelihood ratio) 

yz ._-..-- -------- -- 
/7,72_ 

NZJ 

But on the hypothesie HO we have 

Yr yZ _ _.r. - 
_------ Yr vv2 

(a) 

(let, f 11/1 

N N2 

.(using (4) and (B) ) 

and since Yj (j . 1,2) are standard normal 

variates it follows that n +L nLZ 

- 2 log(likelihood ratio) - z 
(4-1- (;k) hi 

behaves as x2 with 1 d.f., a result which agrees 

with one obtained before in 4.02. 

In both the methods discussed above the re' 

can be calculated by substituting the estii,,ted 

value of l obtained on the basis of H0 i.e. 

when 9l - 02 = Q. 

In this case the equation for estimating 9 is 

given by 



i.e. 

i .e. 

39. 

hie 
( 
x = o 

-- - 
G 

1(711i. " + i1)_ 
c' 

i.e. 

/ because I Hc = O. 

(r1,1i -Y1i` o 

N2)1,.4_ O 

T 

Y 
This equation gives the optimum value 8 of G 

which is to be substituted in the expressions 

for j and/ ,(i = 1,2, ... K) to obtain the 

values of tirs and their differential coefficients. 

4.04. Aliter (for the second method) : - 

As before 

L 

z 

Covvrf- 
N h1 

To get the optimum estimate of 81 and 92 irae 

have the equations 

also 

Let 

C'Q. 

z ) .L 

t 

0 

17;14:-. 

.i o \) t/Z) 

then the above equations become 

1 



become 

Again put 

40 

Z o 
J 

/7/4-. z) _O 

1/"/ 
`--- zl i - 

J 

-E 
) 

^ X /7"77 ) 

C)-;z)--- lìi) 

Since Var (jc/) _ ()1,2. ; c=l, Z, k) 
' 

it follows that 
Var (xi) ï 

Var (i)) = i, 
Coy (- tjX- O 

The quadratic fo raï for 

EL- 

whore V. 
J 

J 

Y. and P. _ 

It follows that V = f? 

The/ 

is 

- (F') 

El o 

O -- 
1: ¿ 
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The cuadratic forms (iv) reduce to 

2 z 

x) 
z 

, 
N 

1 
fj 

Therefore 

(j = 1,2) ....(V) 

Z x2- 

21- 
t - 

) ). 1¡ 'hi 

ahen the samples come from the same population 

i.e. under the hypothesis H0 we have 

Pl =P2 -P (say) 

where 
P 

o 

and in addition to 
. 

- o , (j w 1:2) we have the 

condition 8 0 i.e. X1-1-X2 = 0 

Also Var (X1 +4.2) = Var (X1) -fr Var (X2) 

= ( i+2 ) 

Therefore as before 

2 

Z +4: `X+x11 

2.L Const- 7g. t 

C 

. . (vii) 

. ) 
¡ 

c hi 

Subtracting (vii) from (vi) we get 

X Z X2 
Z 

(X 

l 
2 

~ (11-10- 
L H- -1-71--- 7\--1 Ñ /-71---/-P/2_ EC,. ! z 

2 

' NF 
'174 



Thus 

42. 

- 2 log (likelihood ratio) = 

/c iL,i 42( 
Z -(_ 
: kc 

and hence our test criterion is the same as before. 

!4.05. Let us apply the foregoing result to the 

Binomial, Poissonian, Exponential and Normal 

cases. 

1. Binomial law : - 

This evidently is a case of one 

parameter and is a discrete distribution. 

Let the Observations in the (k l) class categories 

of two,independent samples, be as follows : - 

Samples Class Categories 
Total No 

success 
i 

.success ...successes. 
r 

. 

k 
successes 

First 
Sample n10 nil ... nlr ... nik N1 

Second 
Sample n20 n21 ' n2r ' n2k N2 

The probability of an observation falling 

in the (rtl)th group (i.e. group of r successes) 
K r K- Y 

is given by Cr h , where is the 

probability of a success and +f = 1. 

Thus in this case, referring to our results 

of one parameter case discussed above, we find 

that/ 



that 0 _ 

1Y 
being the 

43. 

Y g/k-Y 
Y 

y 
/f- 

probability of 

(j 
. 1,2), Obi 

success in the jth 

sample and 
io 

= 1 - 

Our equations determining j, (j 1,2) are given 

by 

where 

'Put 

INJy 
yC a ¡ -i,z - (t) 

Y-o 
)Y J 

NJ 
k ht Y 

CY 
hy 

JJ 

hrG, y ? -,,2) at- 
C J 

Therefore equations (A) become 

(VKi5}(i jr 
Y.o H 

K y K-Y cy ) 
(j = 

= G 

1,2) 

k Y K ' .- Cr J ,o 
Y Hj J 

because 
C 

ì: Cr 
Y qqK-Y 

Y-o r j v) 

( v k- v 

since Y Cy % j 
the equations (Al) reduces' to 

Therefore/ 

)-,z) (41) 

K`j= 0, (j 1,L) 



Therefore 

44 

A..r 
Y--__------ 

j k Nj 

we have seen that 

_ l,?}.. ( ) 

Therefore 
k rZ k 6-2:. Yhy Z 1Y L _ 

y_o ``r r=o ``1Y 
y,- Y e<-Y 

E (fY 
r"° 6 

y k-Y Z k r K-+ 

! C hr 9¡k-Y 
i , Ec l, f, Y hj ̀ Ìi1 

..-Z 
Y 

Y % vl r 
`` e.): 

. i - k 
{^ L r) (kkj) + k) 

k) +Ki K- 

C ) 
Y Zk 

-r 
kf--k¡ 

r C )^ l 

The best estiraated value of let on the hypothesis 

ei;i,ren by 

k rk-r j 
n to 11 (ta) C ^ 1/ O - - - rr 2rJ, Y 

U y_ a 

because/ 



4 

because in this case %lI C 
y k Y 

* 

hl =h2 = h (say) 
Thus (D) becomes 

= O IC evi-i- NZ J ¡^ \ 
Y 

Therefore 

i i i1C: c. 

Ot, r z Y) 

/N Y 

NfN2) k 

According to our final result obtained in 

4.02 (18) our test criterion for the hypothesis 

HO in this case is given by the expression 

V 

Y Kh 
r_o 1^`''' NI 

Y o 

K 

lev 

n-2 y 

NN2_ 

L 

(1- ÷ NI Nz 

11, 

Y Nz N/ 

2 

X Z , ' . j . (E) 
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We note that k in the denominator is one less 

than the number of categories and h' and I, 

a t ) are given by (DI). 

Hence if this is significant at 5% or 1% level o 

significance we reject our hypothesis. 

This result (E) appears to be new and may be 

looked upon as a generalisation of the well known 

result for a 2 x 2 contingency table which 

follows as a particular case. 

For let us put k = 1, then the table reduces 

to the form 

no success - success Total 

I Sample n10 nil Ill 

II Sample n20 n21 N2 

and the expression (E) becomes 

(11.11 7ti rhio/1'2.0 01-70-/- Tilil- 
2.a 

2t 

(1.110-01,1)019(A-a- 2Awii-t- 2.) 

and it behaves as j2 with 1 d.f. - a familiar 

form. 

Poissonicin Law (case of one parameter): - 

Let the observations of two independent 

samples in the same (k +1) categories be the 

sanie as assumed in the Binorninal case. In this 

case the (k-f-1)th category may be looked upon 

as/ 
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as including the case of k or more successes. 

The probability of an observation of the j th 

sample falling in the (Yii)th group i.e. group of 

r successes is given by _6) v 
e> o 1, 2-) 
ri 

where 8j is the parameter of the j th sample. 
_p r 

Thus pj .Q e,1' 
(). = , Z9 

y, 

When we assume the hypothesis Ha we have 

Dlr = P2r - Pr (say) 
6 r where pr -2 91 if 81= 82= 8 (say) 

Now.log pr = -8 r log e-i-Const. 

Therefore SI = -1+ 
hr 

Hence K / y ryi - - r`Y - - /NI( I.J. . 

o rY 

Also k 2 (/Y)J.. 2 
l' 

Y-U by Y 2. _f BY / _ _ - ß 
C --l _ ( 

remembering that k -0 oY -d r 
,Q, ® -. y Y l 

V= ' 
and 

K 

Y2.ëeeY 944z 
y.0 y! 

making/ 
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J1aking the necessary substitutions in- '4.02 (18), 

our test criterion in this case reduces to 

_ 
y, 

r N} -Cc) 
Yr.-0 ( /uz 

and this follows the X2 distribution with 1 d.f. 
In the expression (a) above I is to be replaced 

V 
by its optimum estimate 6 given by the equation 

-§ 4.03 (i) which in this case reduces to 

Y ( nat.) 
= 0 

Y 

i.e. Ni +Nz ....(D} 
Substituting this value of 6 in (a) we have the 

expression 
k n .- 2 r 

K c.. N 
2 r_o 

lY ZY 
Y o 

- - - CE) 

and it behaves as XZ with i d.f. Z, 

The expression (E) can be written as N'NZ(m' Mz) (E' 

K 

Y1JY 
where M, = r-e o = 1, 2) . 

N. 

This result (E) or(El) is evident otherwise, for 
the best estimate of parameters for the two 

samples are their respective means M1 and M2 

and as such their difference can certainly be a 

measure of the validity or otherwise of the 

hypothesis/ 
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hypothesis H. 
Exponential Law:- (case of one parameter) 

The law of distribution of X given by 

f(x) = e oc 
QC. 

is called the Exponential law, where X70 and 

of is an unknown parameter (positiVe of course), 

to be determined from the observations at our 

disposal. It is clear that a variate under this 
law may be regarded as being distributed in a 2 
population with two degrees of freedom. 

Let the two independent samples classified into 

the same k different categories be the same as 

in S-3.02. 

Let the interval of the ith category be from - to /tz+i , la being small (i 

Thus in this case we have 

atk 
_ 

s . i . 

i 2.; 2 - l - - KJ 
/ 

04 

th 
Where 01(j is the parameter of the j sample. 

But on the hypothesis Ho let oli = az =o( (say) 

and pli = p21 - pi (say) where 

pi e for all i . 

Thence/ 
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Thence ,h. _ (i = 1, 2, 
cAz oC 

l- 

a and 
C G. (2(2- 

K 

remembering that °( I 

oC 

Following 4.03 (I), the equation for the 

estimation of o. is given by 

i.e. 

02 Z,) (\ n l-}- n2 / 
} 

= 

1I M fiN2.1712 _ 
rv, -o- NZ 

where N( _ I "' ) (j = 1,2) iyJ 

and R' i s thus the mean of the combined samples. 

Making use of (i) and (ii) in our test criterion 

4.02 (18), it reduces to 

11+ N2 
"1"2 M - 1112 2 

M 

and this is x2 [l . 

Thus expression (iii) is our test criterion under 

the assumed exponential law. 

4./ 

ci) 

- 0 ) 
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4. Normal Law:- (case of one parameter) . 

Let the nature of the law of distribution be 
, 

7 where G is an 
ALT/ 

unknown parameter to be determined from the 

samples in question. 

Let the two independent samples classified into 

the same k different categories be the same 

as those assukpd in the preceding case. 

Let the intervals of different categories be 

also identical. 

Then in this case we have f _) 
,- z vCx. 

, 2 (`_ 

- """ Cli;10)1- 
. (jit;) 

pji 

Where ®j is the parameter of the jth sample. 

But if they come from the same population let 

01 _ 02 = 0 (say), then 
= pli = pi (say) 

and pi = Q. 

From this it follows that 

O 

and 

because 

h4: 

for all i. 

Z 

z 1 
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Also the equation for the optimum estimate of 

is given by 

('C- e >(11+ "2i) = G 

Hence 

where M. 

N1Ni1-- ïv21/12 (ii) 
N1÷ N2 

11j N 
t J =1,2). 

With proper substitutions our test criterion 
reduces to 

i.e. 

NL 

1V1 N2 2 I' 
and this behaves as Arll 



CHAPTER V. 

I. Case of two larameters:- 
Let us take the case of two parameters, i.e. it is 
assumed that the minimum number of parameters 

necessary to specify the distribution law is two. 

Also let our two given independent samples be the 

same as in 3.02. 

Let 
I (x5 0i, j be the assumed law of distri- 

bution of the jth sample, Ì), cfri being the two 

unknown parameters involved. 

As before let 

= n - N 

where (t, 
jPji = (4; ej 

(15s)64t 

(;=)/2..; 
¿?,2;" k) 

the notations having the same meaning as in 

3.02 and in #4.02. 

5.01. First method : - 
; As in 4.02 (8) we have 

XL 
2L._. Const.-- 

. 

c Ni hje 

Now/ 

(z) 



) 

----, -------- x 
. C -a o). 

"U. 
f7 i ` --a 

. 

( h ) s - - .-v -i. fz 
Z ' ̀  7,7 B. i , ak ¡kit ...-- - -- f --- e. ' 

N 
e /`.p: -3 6y) 'D Pi 

1 ' 2 - - _ nl %, . 

) je (y'» 
neglecting terins proportional to G --- 

V N 

Thus to get the optimum values of and 15. 

we must have 

14- 
= o, 

9J 

and their values 

p (j = 1,2) 

and 7.6 . must satisfy these 

ç3) 

equations simultaneously i.e. 

(---"Dej) 

and olio 

and so 

- _ - 
) C ! 

1') ' '.z) 

are functions of 



and so 

(L\ 
78 v v' e, 

)6j .,15. 

From (5) in view of (4) we get 

Z 
75)')(6.-t) --- 

j-- "" (4t- " / J 
l 

From (6) we get 

J .. a 

9'1 

A 

J 

'L'c:).;:; 

(j= 1,2)', 

_ (7) 

where A7. 1 is the reciprocal matrix of Aj and 

A 

(6) 

(s) 



 Ja Z 

i Ojc Z 
HJ . 

P. (say) .... (8) 

ç 
-=i' a 

(w) hz 

kj- 1- 

c hji cfrj r. 

(using (3) ). 

I n the above solution vire assume that Aj (j = 1,2) 

is non -singular, Je also assume that 

7 for all j and hence P. is 

symmetrical i.e. P = P. 

is evident that N. is scalar. 

( j a 1,2 ). It 

From two equations of (7) we have by subtraction 

[(O-)-(GrOz) g, , -, -aL _ 2_ 92_ 
'DL.. 

-- I' N 1 9B 
i N`i 

7f 
' - 1, N P-' 4). 2 ) fop j - 

C / 
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Now on the hypothesis Ho we have 81= 82= 9 (say) 

and f1 =76p _ 1)( say) and hence 

Therefore 

P = P 

A 1::'P 

1 ` 
et--1-1 

c e e ! 
e H, 

h4 
-b9s, 

Pi Q Pi ( say) 

I COki. 
CiNi 

("Dh:lZ 
TAi "DcJ 

P (say) (-10) 

xj' 

(using (3) ) 

Thus subject to hypothesis Ha (9) can be written 

because of (10) and. (11) as 

áH` (XstX 
-- ®z l h N N Z 

x _ Z` Ñ N z ) C 

P 



 P) 

( since Kl` 
Na. 

...712 
aa j N 442- 

( \ h,à _ niÇ_ N ' 
N Z 

XZc' zc' 

Transposing (12) and remembering that Pi = P 

we get 

j___ I^ nit 
ì 6 Ni 

, 

ehi 

0,1 ) y.. A-. 

\-W') 
, 

V 
Y 

Since (61 - 82) a,nd C 1 
- *2) are normal 

variates to discuss their joint distribution we 

take the quadratic form 
V V 

L 

kl.el - e2 <11 l - 2 V- 
e 

v (14 ) b 

Where = variance matrix of (91 - 82 and 

C 1 cP2) 

2 (ev -g2 ¡¡v var `81-8 
ll` 

v V V 

elli V1,., (t412) 
(4)1 

- f2) var 01 - ct2 

_) 

P .-(a) 

(15) 
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But Var (91 - 2 = Var 41) Var (2 ) 
y 

v v 

1T C0 (4r11. (4r11. - 4+2) 1 - CQv' O 1 431.»C4m7 02 g2) 
vl, 

11 ZTaz(71 - 42 = Var (41)1- Var C21 

Thus (15) can be written as 

V = (is) 

where Vj is the variance matrix of Q, Pi (j = 1,2) 

Also 
Vj 

N 
e 

2 
a1 

_ H c 

íV 

N 

Ch:H"± 
- __-- 

¡2 l 
Ni t ``ji --a ei Lit! 

_) j {j=1 i 2, 

N)- 

-{ 
19. 

Therefore (16) becomes V = Z Ñ J 

And/ 

.. (18) 
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And on the hypothesis Ho this (18) can be written 

as 

V - (N +r12 ) p 
-1 

1 because than we have P1 s P2 = P 

Therefore 

V_i _ (19) 

In view of (12), (13) and (19) we can write the 

expression (14) as 

C+ N1 7f`c n n- 

Ni i `(76B>\ 
Z 

Z NI N 

Thus our test criterion in this case reduces to 

(20) where P is given by (10) and this clearly 

behaves as X2 with 2 d.f. and may be written 

as 
l2 X27 

5.02. Second Method:- 

Let us approach the same problem by the method . 

of likelihood. We shall see that the result 

given by this method agrees with the one obtained 

by the first method. 

As/ 
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As before we have 

2 
Xi 1 

2L ..- Const - L J NJ1j: 

where the symbols have the same meaning as 
in the preceding discussion. 

Thue for obtaining the optimum estimate of 

(j = 1,2) 

we have the two sets of equations. 

7cL 
O and ôe J 

These reduce to 

(4)) X _ o 
e aJ 

H _ a 

e hie 
_!__ 

- 

-0 (j 1,2) 

(j - 1,2)..(ii) 

and in addition we have identically 

Let us put 

Then/ 

IXJ¡ -o 

Zj i - Xji/fihj( 

(j = 

( = 1,2; i = 1,2, ...k) (iii) 



Then 

2 L 10.11 

60. 

(ii) and (ii'); can be written as 

2 

Const 2; -- - c 

/_ (i^jc: 
óo) 

-acty 
_o 

Z _ o 
and . d. 

Further 4.et 

Okje: 

V X - âa vrj 

Y . 11 --`- ( -- Z) c. 
e " ; 

a i,j(7 
Z)(. 

(i = 1,2)..(v) 

1,2)..(ví) 

Tt is clear from the above relations that tj is 

orthogonal to Xj and Yi and that Xj Yj ti 

are normal variates for all values of j. 

The / 
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The quadratic form for t. Xj Yj is given by 

[t. Xj 
Yjj Uj' X ) 

Yf 

Where U. variance matrix of t. X.. ,Y. 

---, 

o N 

o 

E z 

F4Y 

o 

(aj_1,11(N__2!_,1 

J C ?6)/ a j J 

1,2)..(vii) 

Therefore expression (vii) can be written as 

t 7- 
. - 
_ 1 X. Y P. 

N t 
iJ j 

J 
[XJ 
Y (j = 
j 

where Pj is the same as in 0) of the preceding 

Section. 

Thus in view of the restrictions on Zj i given 

by (V), we can write 

Nj 

and/ 

ZJ t Gt.o 
is/ 

&SW 
y; P X 

y 
1 



and the ref ore 

. z +IL , I, % O 1) S t ^ ,_, --- 
x1 j ì , j N 

p : ' [ ' ̀ ) . ] 
J 

....(ix) 

But when the samples are assumed to come 

from the same population (i.e. on the hypothesis 

H0), we must have Al = Q2 = 9 (say) and 

101 - = (say) and therefore 

Pli = P21 = pi (say) and Pl = P2 - P (say); 

p i s and Pis having the same meaning as in the 

preceding section. 

Thus on the hypothesis Ho we get instead of two 

sets of equations as in (ii) only one set, 

namely , ))(2.i. =0 
--- ()x.+21Í_() ¡..¿ Óez 

)"Lt;:: E ! ( ``' ` X. -+ h:, z 

i.e. X. X = O and Y1 -f- Y2 = 0 (because of (vi) ) . 

Of/ 
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Of course in addition to these two we have 

the conditions~ 

t.1= O, and t2 = 0 

Thus on the hypothesis Ho we have 

2 2- 

2 L . - z z Nj 
NJ 

-}- i 
Fi+X2- 

N1+NZ 

for in this case the variance matrix of txz 
0,7tat y, + y2 to (Air-v/40 P 

From (ix) and (xi) by subtraction we get 

L 
E4o tt, N C ÿ'1 r 

yr x, y 1 P + L ;111 L 

-1 

1%;Fx2 
Y,-rYz. P 

N,-1-NZ 

i .Ç 
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i.e. --2 log (likelihood ratio) 

But on the hypothesis Ho we have 

and 

n, 

.4,1 n,,(: 

4°°1C1/ y yZ - i 

1.1"''' 

_X_l 

~y _ . (x iii) 
Y YZ 

c 

(Ñ, N 
..- 777 

n,¿ 712 4: 

N,! Z 

Making use of these relations the expression 

on the right hand side of (Xiii) becomes 

(t)(7';'+;H h' 
( á Ñ,-14N 

' ó`t YI i yLZ c - - - 
N, N 

< < 

a/ì hii, riù 
f 

N 2 
.404 

and/ 

P! 
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and this behaves as X2 with 2 d.f . i .e . as 

X f 2l and this agrees with the final result 
obtained by the first method. 

In the final result we have to substitute 
the values of pi 's and their differential co- 

efficients in terms of observations at our 

disposal. 
Here the values of .pi and its e, for all i ' s are 

determined by esti :,rating the values of G and 41) 

on the hypothesis H0. 

The equations for estimating 8 and 4. are 

ai1u. 

and / 

1. 
+)(2-) +)(2-) +)(2-) 

("b°A0L) 

1 (4) +X 2 = O 

c X 

E (?Lte) (yL/i 4-n,) O 

6/ \ / 
i h¿ 

er%. c -t- 
nZ 
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and their estimated values Q and t must satisfy 

the two equations in (XV) simultaneously. 

Thus all the quantities involved in (xiv) 

can be determined in terms of known quantities 

i.e. data of the two samples. 

Of course in any particular case it may not 

be easy and straightforward. As a matter of fact 

it may be a very difficult affair indeed. In 

these cases the method of approximation available 

in the solution of maximal likelihood equations 

will enable us to approximate to true value. 

This method is indicated. by k.6.koshal(1933) and 

F. Garwood (1941) . 

thus clear that the method is available 

in all cases where optimum solutions of the para- 

meters can be obtained 

II. Oase of several Parameters: - 

The case of two parameters discussed above 

can easily be extended to one involving several 

parameters. In all that follows we assume that 

the minimum number of independent parameters 

necessary to specify the law of distribution is 

S where S k -1; k being the number of 

different categories into which each of the two 

given samples is classified. 

The / 
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The significance of this restriction on the 

number of independent parameters will become 

clear later on when we discuss the various 

degrees of freedom of our test criterion involved 

in the solution of the problem. 

Let cfrè (x; ej l 
) 

9j22 .... 8 s) be the assumed 

law of distribution of the jth Sample; 

(4J 
(r - 1, 2, ....$) being its s unknown 

paramet ers. 

5.03. First iMM,.ethod: - 
As before we have 

z 

_ xJ . 
2L -- C o ns t . - ------ J` 

the various symbols involved having the same 

meaning. 

Now 

'-01. - x - _ kp 1y 

K (?ive ``J `" 

L 
and ---- = _ 

`j 

neglecting/ 

()=1,2j ri`Y 2, s) 

(2 



67. 

neElectinE terms proportional to 0 et----d-- , j 

Also to esti late 
Qi r 

we solve the following 
J 

set ofSeruwtions simultaneously. 

G (j = 1,2; r = 1,2 ...s 

Y 
Their estimated value G. 

Jr 
equations ( ) i.e. 

will satisfy the 

----)v= 0 foi all j and 
-D13 

r .... (4). 
V 

Thus 61r and 82r for all r will be the 

solutions of the set of equations 

L 
and of the set 

. (3) 

(r s 1, ....$)r_espectively. 

By Taylor's theorem we have 

(approximately) - 

C)-1,2; Y=%21 S> 

(r) 
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Hence from (5) with the help of (3) we get 

z 6 - (6) 

J _ 
8J r 

Ci 

Before proceeding further vie explain some 

matrix notations which will simplify writing 

lengthy and complicated expressions. 

The matrix Cajrj (r = 1,2, s) for 

fixed j denotes a column matrix with elements 

obtained by giving different possible values to 

r in the expression A. , 

r 
and 

Ca,. rJ as 

usual denotes the transposed of the matrix COL 
jr 

and is thus a row matrix. Different values to j. 

will mean different such column and row matrices 

respectively. 

Thus 

(r.=i,? ---s) w 

[&)J'(v='/V) r 

and {&j J 

ajt 

jr: ,,t; y7.),z-- S) 

js] 

stands for/ 



(3 puv 

SU r:aÌil / T = 

(s. 

z s(N9 '5 fti 

= (s .... c-, cT= vu1) 

s 

RI T 

OsTV 

LzTuc.e1 
snu, 

zapio TO xt.z4V??T a.zenhs aaa.OUap 

= .z `at) pu'e ( pas; Tg. OT 

", T = c, 
'T. = 

pU fT1 

dT''TzrJrtS 

OsTV 

A T? q.'uüI 

paSOCxsuL.z 9i.7A. SOT uTau suo a.u.T .T_TT,T..rTci 

Cs...z¡I=it) 
.isTrgettc4Xs 

[" Z] -r-1,412 
FA 

l 
J 

6J 
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With these explanations we have from (6) 

ry 
G* 

ra -I r 

J 

Aere 

(j = 1,2; r = 1,2,...$) 

-. -(7) 

(m,r,= 1,2,...$) 

In the result (7) we assume that Aj is non- 

singular. We also assume that 

'Da -del D r 

Thus A. is a symmetrical matrix. 

;Vith the help of (2) we have 

= .P . 

AJ J J 

where Pj 

( j = 1, 2) (6) 

" FL 
Air) 

Evidently Pi 

Thus/ 

is also syetrical i.e. r4 m 

(j 7.: 1,2). 

P. 
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Thus (7) can be written, in view of (8), as 

Cé - 6,A ,! 

J 

(j=4,z.;y-,,2,- 
Jr 

J /V J 7)9)1 r 

From the two sets of equations of (9) we have 

by subtraction 

._o:),) -(e,Y-BLr = f L-á [691:y > N¡ 

N2 Z/ L. `''" ir 

aar N 

PrZ 1 Zc.aBZr NZ 

(using 2) . 

CY _ 1 z; S) 

(1o) 

On the hypothesis Ho we have Sir = 
G2r 

= 9r (say) 

_ 1,2, ....$) 
and/ 
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and therefore pli = p2i ' pi (say) ( i = 1,2,...k) 

and thence Pl _ P2 = P (say). 

Thus on the hypothesis Ho, (10) becomes, using 

5 (1), 

Celr - e21] 

where P 

= 
P 

( 1_1_71_.:\ a n1 _n,2 _ 
C IN ey N, ,JZ 

(;,2,- . S) 
- 

.. J 

= ` 
ó ,,,,,Y-_,,Z... , -_-- 

dr °a eri. 

To study the joint distribution of 64, - é 

(r = 1, 2, s) 

we obtain the quadratic form in these s normal 

variates namely 

lr 
- 

Y / -I 

fz' 1/7 9 92rÌ " 2j 

(r = 1,2, s) (12) 

Where V is the variance matrix of the variates 

involved. 

It/ 
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It is clear that V = V1-f. V2 . (13) 

where V is the variance matrix of G. jr 
( j = 1,2; r _ 1, 2, .... 5 ) 

j -I 
Fÿe also note that Vj - OA 

(j = 1,2) 

r 

- P (on the hypothesis 
141 Ha ).-(14) 

Where PA) means the matrix obtained by 

replacing the elements of the matrix Ai by their 
expected values. 

Thus f rom (13) and (14) we get 

z -r 

V = L?. j- 

(on the hypothesis 
Ho ). 

Hence/ 



Hence (j*j1 P on the hypothesis 

H (16) 

Therefore the quadratic form (12) igd.th the 

help of (11) and (16) can be written on the 

hypothesis Ho as 

n-z 
N,82- [Z.1_0_9( , nr, 

IaI- ì 1., r ``ì a y/ K Ni t. 
Y= , i, - 5) - - -- (IÌ) 

and this behaves as X2 with s .d .f . i.e. 

as X 2 

If this value of X.2 is significant at the usual 

51G or 10% level then our hypothesis is con- 

tradicted i.e. the samples do not belong to 

the same population and the parameters of the 

populations can be estimated from the appropriate 

sets of equations namely (3). 

The values of pi's and their differential 

coefficients involved in (17) can be obtained 

by esti_lating er ( r = 1, 2, ....$) from the 

following equations obtained on the hypothesis 

Ho namely/ 



5.04. 

namely 

75. 

k / aO x+ xL = a Cy s 
1 ¡. \óe 

i.e. 

= f y 
`^ 

O felt" QV) 

Y )` 
G= t Ó / 

These s equations (18) must be solved 

simultaneously to get the values of ®l's and 

these must be substituted in the appropriate 

expressions of pi's and their d.c .'s. 

The same limitations exist as were stated 

previously in the two parameters case regarding 

the general applicability of the method. 

Second kLethod: 

As before 

2 L Const.--- 2 XJ-`_... -- (Ì) 
1 K. je 

where the symbols have their former implications. 

To get the optimum estimates of Gil. and 82r 

(r = 1,2, ...$) 

i.e./ 
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i.e.of4;.(j = 1,2; r = 1,2 s) we solve Jr 

independently the two sets of s eouations 

each namely 

-DL 

02. 

11 ( 1,p, 

"-D Jr 

= 0 (r = 1,2, . s) and 

= o ( r 1,2, s) 

- - X 
171"-ic: 

also 

(j - 1,2; r 

= 0 

Let us a,Eain put = Zjl 
X .) 

(j = 1,2; i = 

(iii) 

then it is clear that Zji ( j = 1,2) are 

independent normal variates with zero mean and 

variances-N.(j = 1,2) for all its. 

I n/ 
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In vielA of (iii), (ii) becomes 

(ìz. 'c 

Ìv 

Jc zjì _ c 

and (i) becomes 2 
2L . 

2 
Const -- 

. 

Further let 

(i,Yi12;S) 

-=lzJì X,, {tie ôAir 

fr, Z.1 . 

Evidently/ 

())2, Yi,2,9 
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Evidently the Xjr's (r = 1,2 ...$) are each 

orthogonal to tj for all j (j = 1,2) 

The quadratic form for Xjr and tj (j = 1,2;r = 1,2, ..$) 

is Cj Xj1 ....XJ.j V, 
- 

X 
(j 1,2) '(vii) 

J+ 

xjg 

where Vj is the variance matrix of the variates 

involved. 

But Var X ) s 1:1 1. I CIA.P: )2- 
jr 

h 
Jì pfr 

Var ( t ) = Nj 

Co v (Xjr, tj ) = 

Call' (Xjm, Xj 

Therefore 

Vj 

Hence/ 

: NH 

) 

= 

1 O 

(D±--P-2 
c Gjc -(9)1/ 

- 

TT 

l' . 

r 
/ 

C»je 
m lr 

C)=z 1 m - S yf 

, 
r=l ?'" 

O 

H+. /ke j i 
í78' OIS e 11 

O Cs 1 ..- ' i t7 c 2 ---- `ìt eis) 
c 
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Hence (vii) can be written as 

.. . 
_, Z) --- 

+ pi, x;s] 
(trio 

' ' ' 

N NJ 

where P. is the same as in Y5.03 (8) 

In view of the restrictions on Zvi ' s given by 

(iv), (v) can be written with the help of (viii) 

as 
k z 1 2 

Cortot - - E Ñ 
H, "7- J' Jr/ j 

{z . )5:4 P' x' __.. 
G, -f-- ,y 

. 

J Xs 

On the hypothesis Ho we have Sir = 432r = 8r (say) 

(r - 1,2, ....$) 

and therefore pli = p21 = pi (say) (i = 1,2, ..k) 

and/ 



80. 

and hence P1 _ P2 P (saY) 

sar'e as in 5.03 (11) . 

Also instead of 2S equations 

and 

wher^ P is the 

-D+- L-- 
8iv 

o ( r _ 1, 2, . . ..> ) 

we get only e equations 

= 0 

- lJ (r = 1y2, ..$) 

....(x) 

in addition to two equations t1 = CJ _ 

Ec.u^.tion (x) can be written as 

f a, x E' aH2 x o 
%`i i c ir) /i e hzi BZr) zi 

. .e . )(Iv + xlY = 0 

tY,Z" s) 

(Y=1,21 S) 

äow the quadratic form for tl, t2 andCX4.7 ir) 

n 
(r _ i, c.., ...$) 

can b e written a s before c%, s/ 



;7,E. 

ZT _t2.- 

( -t- 1*-1+XZ) 

Alf 

where V = 

¡ 1'... 
/ 

1X/.5+X2.$) Y 
(x/ /-t-x2) 

(x,s >is) 

variance matrix of the variates 

(x,-t- Xz.y/ 

= iúl Pl * "2 P2 7 

as in 5.03 (8) 

for all r 

Pis being the same 

("1 N2) p on the hypothesis H. 

In view of (xi) we wrote (v) as follows:- 

2- f? 
¡ j _ "i!)- ¡ . l -O - E 2 

Z 

iv 

-1 
(X1; 2) 

ßx1tx) . - (xSs Ì . 

N,tNL ; 
(X/St XIS) 

From/ 

--- Or,i0 
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n,nd (di.i) we have by subtraction 

-z 

WWI 
, 

N,-fNz. 

-2 (Lye-LH):-..: 

Eut 

{(x÷),). 

Therefore 

x)s P 
x¡s 

(xstXt' 7 P %% 

( %,s+is) 

CXs Xts) 
N, n/Z 

/ fiì hii h2c 
C 

6r Ñ Nz 

Cyif 2-I 
' s) 

_ 
, - 4,f_ 

- 2 lag (likelihood ratio) z-_-_ 6.,7; 
tÑ2. 



úke 1(n: ft, a% \131.1i, yt ! 

ae, / ̀ Ñ ;Z / aesl N, Ñ21n- r 
hee/Chii_.ti 

. 
N Nz } 

/ a ¡¡ 
t as`n, z 

N v 

and this behaves as XLs) and thus this 
result, our test criterion, agrees Pith the 

result .# 5.03 (17) . 

Here as before the s G's will be determined from 

the same set of s equations as in f5.03 (18) 

and substituted in pi's and their differential 
coefficients to obtain their estimates from 

the two samples. 

If this value of )12CJ is significant at the 

usual levels of significance, our hypothesis 

Ho Ls rejected and in this case the optimum 

estimates of 2 S A's will be obtained from 

equations (ii) above. 

5.05/ 
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84. 

On partitions and degrees of freedom of X2 

Let us now analyse the degrees of freedom of 

X2 into separate components and account for the 

total degrees of freedom. 

If the law of distribution assumed is definitelÿ 

known, i.e. if all the parameters involved in 

the law of distribution are specified, in other' 

words, if the hypothesis is a simple one, we 

can easily test whether or not the given law 

fits the data well. For this purpose it is 

merely necessary to calculate 

z Z 

C Nr !`rì A43, 2 C 

where the symbols have the same meaning as 

above, subject to requisite linear constraints 

i.e. /X.. o and 

one for each respectively. 

Thus 2 

f (Zx) ` Xr) x-z- Ñ N2-1"2, N 

will each behave as 

Hence/ 
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Hence for a proper fit these values must no be 

significant at the usual levels or any other 

assigned levels of significance of 
Z2 with 

(k -1) d.f. 

If they are significant, the law assumed is a 

poor fit to the data and therefore the inferences 

drawn on this basis are bound to be unreliable. 

In general, however, the hypothesis is not a 

simple one, i.e. the nature of the law of 

distribution assumed is known except for certain 

unspecified parameters, which too are to be 

determined from the data of the two independent 

samples at our disposal. In other words our 

hypothesis is in general a composite one with 

various "degrees" of freedom ". 

In such cases the estimation of parameters from 

the first sample (say) puts further linear 

restrictions on Xii's which are already subject 

to one linear constraint namely E Xli = O. 

A similar position exists for the 
XZi' . 

In the case of one parameter we get the 
2 

expression 21 X2¿- subject to two linear 

C 

restrictions, (i) E K, 

and/ 

= O. 



and (ii) %,c 
x, 

Aie 
2 

'I' I.Au s 
N,6`,e 

O. 

can be expressed as 

X2 
2 . Similarly 2c, can 
[c-2 I Nz fZt: 

be expressed as X2 . These values of V- 2] 
ñ. must not be significant at the usual 

1k -22 
levels. 
Assuming then that in a particular case it is 
so, the problem that naturally arises is- whether 

or not they (the two independent samples) come 

from the same population, i .e . whether or not the 

two values the parameters from the 

two given samples are significantly different. 
This is tested by the expression obtained as 

the measure of our test criterion in the 

discussion of the case of one parameter and 

is X.2 . 

It 
is(1) 

also clear that when the two samples 

emanate from the same population containing 

one parameter, we can express - 2L -l' Const . 
Ho 

as X.2 
(2k-3) 

This total degrees of freedom (2k -3) can be split; 

up into (k -2) d.f. for the first sample, 

(k - 2) d.f. for the second sample as a measure 

of/ 
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of their goodness of fit to the law of d.istri- 
bution assumed and 1 d.f. for the comparison 

of the estimated values of the parameter from 

the two samples. 

Thus X2 -- Z ( 12k -3] I Ík_21 2 
X r -2, Z 

2 
where 

1 
X2 Lk-2 means the component of X( r.. 

which measures the goodness of fit of the first 
sample to the hypothesis stipulated and X2 

2 &-2J 

is a similar measure for the second sample and 
ata measures the criterion whether or not the 

samples belong to the same copulation. Tbus none 

of these components must be significant if our 

conclusions are to be valid.. 

Also 

- 2Lua -f- 

L 
Z ti xI 

x/l 
Const = 

/4)/"Ni, 
- N ¡N g, Ca)t N 

C i`` ae 

.. E 2c +L 2- 

f --- Nt h N2 
NL C``a\d ä) 

- x2 _ - - (/1 

because we have shown in ..4.04(8) that 

_ 



2 xC1 = x 
,-)'*1 ( N i Z h -âe l 

Z 
(X1-4-x0 

(N,*r4L) z , 
e h ao 

The first expression within brackets on the 

R.h.S. of (A) is N41. and the second expression 
1 Ck -2, 

within bracket is 
2 

2 xCk -2] . 

Similar partition of into into components which 

measure the goodness of fit as well as the 

criterion of the samples belonging to the same 

population is available even in the general 

case of s parameters. 

In t:izi s general case we can express 4 

-2L 1-- Oonst as X as follows: - 
Ho L2k -s -2) 

- 2L 
Ho 

-F Const . 

x 4 L- x XS P' X I - N ' ¿ N' 
1 Li 

- - CX2I .is P 
. 

142- 
N1- t N2 

L 
- - - (f3 .t- -X[s ] 

where/ 
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where x is the same as in 5.03 (17) . 

This reduction follows from the fact that 

(+x)]P'j14) 
I Xt i' ' s : 

N,+Nt. . 

(xsst)i.$) 

As before the first expression 'within curled 

bracket on the R.H.S. of (8) measures 

goodness of fit of the law of distribution 

assumed to the first sample and is denoted by 

Similarly the second expression within curled 

bracket of (8) measures goodness of fit to 

the second sample and is denoted by 2x[k -s -Ij. 

Thus in the general case also we have 

2 
- 

2 
2x[k -s -17 + Xz 

°`[2k- s-2.) 
- 1xx -jg -1 

CSC 

(0) 

Of course all these X2 components must not be 

significant at the usual levels of significance 

if/ 
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if the law of distribution assumed is to be 

valid and if the two samples belong to the same 

population. 

Logically, therefore, we must first test the 

significance of A and Z 
1 &-s-11 2 tk -s -1] 

before we test C , for we must make sure 
s 

that the law of distribution assumed is a 

reasonable fit to the data before we can say 

that the two given samples come from the same 

a s saved population. 

In practice we may calculate )(a 
[s] 

if it is significant we can assert that the two 

first and 

samples do not belong to the same population. 

If, however, it is not significant we may 

assume that the given samples emanate from 

the same population, but in this case we may 

further confirm it by calculating the necessary 

X to measure the goodness of fit of theory 

to data. If it seems to satisfy the criterion 

of good or reliable fit we may safely assert 

that the two given samples have come from the 

same population whose law of distribution is 

the one assumed. 

It is also clear that (k -s -1) must be positive 

i.e. k - s -1 7/0 i.e. S k i 

and this explains the restrictions imposed on 

the/ 
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the number of unknown independent parameters 

in the law of distribution, if the samples are 

to be specified into the same k given categories. 

If we further want to get a measure of goodness . 

of fit of the observed data to the law of 

distribution from the same analysis we must 

have the necessary X.2 with at least 1 d.f. 

i.e.. in the general case 

k=-s -1 7/ I i.e. ; k -2. 

Thus if we do not want to have a criterion 

of goodness of fit we can take (k -l) inde- 

pendent unspecified parameters in the law of 

distribution, it being of course assumed that 

into 

same k given categories. 

In the above discussion it is also assumed 

that N1 and N2 the total number of obser- 

vations in the two samples are also fixed. 

Hence from above considerations it is better 

to have at most (k -2) unknown independent 

parameters in the law of distribution if 

the number of class categories is k for then 

it will in addition enable us to test the 

assumed goodness of fit of the data to the s sum e 

law of distribution of the population. 

5.06./ 



5.06. 
92. 

It was mentioned in §1.05 that the result 

of K. Pearson (1911) can be deduced as a 

particular case of our general result (17) in 

5.03. 

This we prove as follows:- 

As stated in 4 1.10 if we regard pi l s (i = 1, 2, ...K, 

as our unknown parameters then the result of 

K.Pearson follows immediately from § 5.03 (17) . 

For when Q. = pi (i = 1, 2, .....k ) we get 

n h-Z ^ n ì (Id": - 
h¿ a® Ñ /.124 ht N "IL 7 

k) 

Also in this case 

P r 

a diagonal matrix. 

Therefore P 

Thus/ 

k'k 

h 
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Thus our criterion reduces to 

N..NZ-- 

mcf-NZ 

2 
Cn,c' 11-Lt. 

N, Z 
k 

)2 
Ca- 

N, l42- Ñ` -- `/ 
N NZ¿=rh z 

and since 

k 
E = 1 There are only =r 

(k -1) independent pi's and thus (1) behaves 

as X2 and the values of pi's follow from 
(k -1) 

the equations "DL 

k- 
where pk -- E ^¿ 

i . e . `i- XZc XI k2- k o) 
e ~ k 

hk 

kdd.i nE¡ 

(i _ 102,...k -1) 

( : C th)-I (1J+k)=o ; 
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Adding all such (k - 1) relations we get 

k k- + n- k i Nc-"tik) I ¿ 

h .} «+2`/ - K+nk) j. 
¿., 

, k+11-z k 

Nr-tNZ 

Therefore from (2) we get pi = 
YL, ¿ -/- n- Li 

-I-NZ 

(i = 1,2,...k-1 

and this is the value of pi (i = 1,2,....k) 

which was suggested by K.Pearson and confirmed 

by k.C.Rbodes (1924) and J.Neyman and E.S. 

Pearson (1928) by other methods. 

It is thus clear that Pearson's result is a 

particular case of our general result. Further 

Pearson's method cannot provide a criterion of 

goodness of fit as we take (k -1) parameters 

to specify the population and this we have 

already seen is the maximum number we can have 

if our population is classified into k categories. 
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