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INTRODUCTION

The whole subject of current algebra is extremely vast, and
80 in this dissertation we are necessarily concerned with only a
small part of it. In Chapter I, we discuss the basic ideas of
current algebra emphasising the point that the existence of the
algebra does not necessarily imply invariance under the correspond-
ing group. " We also consider some of the weaker areas of the
underlying theory. In the next three chapters, we review one
type of application and present further applications of the same
type. In fact, we consider sum rules for axial-vector coupling
constants for baryons in Chapter II, and for mesons in Chapter III.
We also consider the problem of using physical or degenerate masses
in various supermultiplets. In Chapter IV, we examine the un-
pPleasant problem of magnetic moments, and come to the conclusion
that the best thing we can say about it is that there are no in-
congistencies, In Chapter V, worried by the extremely short
lifetime of the 3,3-resonance, we consider the role of unstable
particles in sum-rules, In the final chapter we examine, in a
most rigorous fashion, the definition and domain of the 'charge'
operator. Finally, in Appendices A-E we give some results which
would not fit elegantly in the text, and which we refer to from

time to time.
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CHAPTER I

THE BASIC IDEAS OF CURRENT ALGEBRA

In the last few years, we have witnessed some important
advances in the theory of elementary particles. Ambitious
classification schemes have been suggested for the hadrons,
starting in 1961 with SU(3) and culminating in 1964 with
nonrelativistic SU(6). Attempts to find higher symmetries,
and in particular, relativistic extensions™ of SU(6), have so
far failed. Indeed, a series of 'impossibility' theorems
(of which the most famous is O'Raifeartaigh's theorem) points
to the fact that it is impossible to combine an internal
symmetry group with the Poincare group in anything more than a
trivial way, e.g« by a direct product.

It was soon realized that SU(3) and SU(6) were badly
broken symmetries, and that many of the additional assumptions
that went into, for example, the mass formula, could only be

Justified a posteriori. To eliminate the shortcomings of

symmetry groups, the method of current algebra was proposed.

The original idea was that, in nature, there might exist a set
of currents which would form a closed algebra. Although this
algebra was isomorphic to the Lie algebra of some symmetiry group,
it was hoped that the mere existence of the algebra would not
imply the invariance of nature under the corresponding group.
While such ideas were first hinted at in 1961-62, it was not
until 1965 that the possible applications of current algebra

became clear, Since then, many hundreds of papers have been

*
For example, the U(6,6) theory of Salam et al.
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written on the subject. It would therefore be gquite impossible,
in the short space of one chapter, to trace the whole history

and all the applications of current algebra*. Our aim in this
chapter is twofold. First, we shall review the hopes and
failures of the underlyihg ideas of current algebra, and secondly,

we shall fix the notation for the succeeding chapters.

1. Currents and Charges.

The concept of a current is certainly not new to us. It
is, for example, the quantity Ju(x) appearing in the interaction
Lagrangian of charged particles with the electromagnetic field
L= Ju(x)AM(x). In the context of the eightfold way, we are

familiar with the electric current density

el _ .3 1 .8
JH- = JIJ--'-VSJH»

and the weak hadron current

Ju = cose (J& + iJi ) + 8ine (Jt + iJS)

Now, if we have any current density Ju(x). the charge @
associated with it is the quantity defined by the invariant

integral
Qo) = /dcru(x') JH(x') (1.1)
o(x)

Since we have

‘g%{% = diJu(x) )

*
See’ for example, Ref. (8).
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local conservation of the current implies that the integral,

Bqe. (1), is independent of the surface o(x), so that
Q = ./rdjx Jo(x) (1.2)

In fact, we will use this definition, that the charge is the
space integral of the current density, whether or not the current
is conserved.

The original idea(l’z)

was that by turning off various
symmetry breaking interactions, we could have conserved vector
currents® ‘U’&(x) whose space integrals gave the generators of

sU(3), namely

V(1) = F(t) = - 1/&3:: V2 (x)

Since the charges F™ (t) satisfy the equal-time commutation

relation,
[F*(t), PP(t)] = 1 £9BY wY(1)

the current densities might satisfy
[V 32082, VBl t)] = 22763 (xmp) V(201 (1.3)

However, such an equal-time commutation relation is not unique.
We could include other singular terms on the r.h.s. of Eqg. (3),
for example, derivatives of the delta function, For the moment
we shall ignore this possibility, although we shall come back to

thece Schwinger terms in Section 5.

®E o0 roughout this dissertation, we shall use the notation

s V3T 3 &, to denote the tensor character (under
the Lorentz group) of the current density, and S,V,T,A,P
the corresponding charge.
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2. U(12) current algebra and its subalgebras.

It was suggested(3’20) that instead of making inspired
guesses, we could derive the equal-time commutation relations
for current densities from a simple quark model. In such a

model, the currents and charges are given by

Q= -1/a3x§g(x) = &x y*(x) v, % ¥(x) (1)

with §3(x) = T(x) 5, A" ¥(x) (1.5)

where a = Ojeeey8 is the U(3) internal symmetry index, and
A = 1,40e916 refers to the appropriate Dirac matrix. Altogether
there are 1Ll currents of the form é?i(x). For future reference

we give Wgs. (4 and 5) in tabular form,

U TA Ya

8 -1 B

P Ys 1pyg
Vi Yy (15a4)
A, Yi¥s (ygs03)
Ty3 %3 €4 3xP%
To1 %1 18rg0y

~ _ _ w
where B = iyo, Gy = Y4¥or O3 = YoYgYi® o,-u.v =% [‘Yuﬂ’v]

with all the Dirac matrices Hermitian except Yo = -y; and

+
0" = ""o-ij .

ij
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If we assume that the guarks obey Fermi statistics*, we can

use the anticommutation relations for fermions to show that

[9 R CIVEII B(YB’y)]xowo

% & (x-y) (1f°'BYSY({YA,Y31,\,x)

= dﬁ‘ﬁr’ﬁ T( [YA’TB‘B’X)
where 9 %(y,,x) = ¢ (x) v, A% y(x) (146)

When we take the equal-time commutators of all the currents in
Eq. (6) we find that we obtain a closed algebra, isomorphic to
the Lie algebra of the compact group U(12), It is convenient
to use the notation QA(yA) for the generators of the group.
In the following chapters, we shall be concerned with a few
subgroups of U(12). These are
(i) statiec U(6), generated by Vo(l) and Ai(ol)
(ii) Collinear U(6) = U(6),s generated by V_ (1), Az(o;),
T,4(B80,) and sz(Boy)
(11i) Collinear U(3) ® U(3) = Collinear W(3)*f generated by
+
V(1) £ a (o)
(iv) Chiral U(3) ® U(3) = Chiral W(3), generated by Vo(l)tAo(-(S)

In fact, there are 7 different W(3) subalgebras of U(12)
although only the two given above seem to have any physical
significance.

" According to S. Coleman ('discussion' at the 1966 Ettore

Hadopana SUPISToaghesth. FhenBesaibility ShoRareRketighics
statistics ultimately reduces to either Bose or Fermi
statistics.

We also use the notation 8SW(3) = SU(3) ® 3U(3).
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3+ The use of current commutation relations.

It was not until 1965 that a technigue was suggeated(u’ll)

for ovtaining useful information from equal-time commutation
relations, We start with the equal-time commutator of two

charges,

[Qus Qg ] = 1 Cpps 9

and sandwich this between two one-particle states. A 'complete!
set of states® is then inserted in the commutator, giving a sunm

rule of the form

2. <algyln><njag| B>
n

- = <a|Qgin><Xnlq,) B>
n

= 1 Cppg {alQylB> (1.7)

If the charge 0 comes from a conserved current, the matrix
elements have a simple kinematical structure. However, if the
symmetry is broken, we must introduce an unknown renormalization
factor g 1in the definition of the matrix element. The sum-
rule, Eqe. (7), enables us to determine g. Because of the
importance of this, it is worth spending a moment to sec how
renormalization and symmetry breaking are connected. Let us
take the example of electromagnetic interactions in SU(2). We

consider the commutator

[1*) 17] = 21, (1.8)

* In practice, we make an approximation to this. See section

L and also Chapter II.
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When the electromagnetic interaction is switched off, the SU(2)

symmetry is exact, so that

<p!1 1% n> = 6(p-n)

Now when the electromagnetic interaction is turned on, a

renormalization effect occurs so that
<pl ¥ n> =g &(p-n) (1.9)

By taking the equal-time commutator Eq. (8) between proton states,
inserting a complete set of states and isolating the neutron

contribution, we find that
(1-¢%) 8(p'-p) =

> <p' B 1o D< alH Ip> e HY

atn (Ep|-Em)(Ea-EP)

4 5 2
But, H™ = ej/d x J;(x) A (x)
80 that
2
(1-g%) §(p'-p) = 0(e?) (1.10)
In fact, this is just the Ademollo-Gatto theorem(g), which states
that the renormalization is a second order effect in symmetry
breaking. In Chapters II and IIT we shall actually be concerned

with the renormalization effects due to weak interactions, however

we shall be dealing with sum rules like Eq. (10).

L Coleman's Figst_gheorem(5).

During the period before Coleman's theorem appeared, current

algebra enjoyed a secure position among elementary particle



.

theories. The main advantage of using current algebra instead
of a symmetry group for investigating hadron systematics, is
that we do not have to assume invariance under an obviously
broken symmetry.

Earlier in thie chapter we mentioned the idea of saturating
a commutator with a complete set of states. Now, from a com-
putational point of wview this is quite prohibitive. Instead,
we suppose that some dynamical mechanism®™ is present, which
means that, in practice, the charge operators use up approximately
all their strength in taking one-particle states into other one~
particle states beloncing to a reasonably small set of low-lying
states. In the jargon of the time, this was described by saying
that, there is little or no "eakage'from the set of low-lying
states.

Coleman's Theorem shows that if there is no leakage from the
hybrid collinear group, then the Hamiltonian is invariant under
this group. Now this is just the sort of situation that current
algebra was trving to avoid. Happily, as it turns out, Coleman's
Theorem is not relevant tomost applications of current algebra.

As we shall see later (Ch., II, Sec. 6) the use of the infinite

momentum limit enables us to overcome this difficulty.

5e Schwinger terms.

When we consider the commutator
[3.(x), 3,)] =0 (1.11)

which is based on the naive gquark model that we have been using

®  This is analogous to the spurion model of octet dominance.,
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so far, it is easy to see that a contradiction arises. Eq. (11)

implies that [J g, | =0 so that

0’60

ol [34s 18, 3,] 10> = <ol [JO,[H, Joﬂ loY
& % Ea,<0| 3, a.>' 2 = 0

This situation is gquite unphysical, since the operator JO will
in general have nonvanishing matrix elements between the vacuum
and other states of positive energy.

Schwinger(7) has shown that we get this paradoxical situation
because the currents, which are bilinear in the quark fields, are
not well-defined as products of singular field operators at a
coincident point. It is therefore necessary to define the
current as a singular limit of the fields, Instead of, for

example,

Xy (x) = ¢"(x) o7 ¥(x) (1.12)

we must define

CZi(x) = Lim " (x-¢) o y(x+g) (1.13)

£—>0

where the limiting procedure is to be performed symmetrically in
spaces In the naive guark model, i.es from Eq., (12), we would

get the equal-time commutation relation
[Gy(x), ajmjxo:yo = 1oy 4y Ce(®) 8 (zp)

On the other hand, if we use the singular limiting procedure we

get



o
[Gas )] 4 oy = tegge Culx) SaD)

ie Lim CXA(x).g Y?# 63(511) +eeee{0ther singular terms).

_E;r-’)O
(1.14)

4
W=

13k

If we are working with charges, the Schwinger terms (i.e. anything
more singular than the ordinary delta function) vanish on
integration, and we have no problems, If, however, we intend to
use charge-current or current-current commutation relations, we
must examine the sum-rule very carefully when Schwinger terms are
present, and try to eliminate them by a suitable symmetrization

procedure.,

6. Applications of current algebra.

There are basically three types of sum-rules that can be
derived from current algebra, These are (i) the Dashen,
Gell-Mann, Iece sum-rules, (ii) the superconvergence relations,
and (iii) the spectral sum-rules. In this dissertation we shall
only be concerned with the first type. Here, we take matrix
elements of the equal-time current commutation relations between
one-particle states, and obtain sum rules when we saturate the
commutator with a complete set of states. By this method, we
are able to calculate such things as renormalized coupling
constants and magnetic moments.

The second type, the superconvergence relations, are directly
concerned with scattering amplitudes, the dispersion relations
these amplitudes satisfy, and their convergence properties. The

third type, the spectral sum-rules, are the latest advance in
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current algebra, since they have only appeared within the last
few months, So far, these have yielded sum=-rules for the
spectral functions, on the basis of chiral SU(3) ® SU(3) current

algebras,
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CHAPTER II

BARYON SYSTEMS

In Chapter I we pointed out that the current algebra
technique was proposed as an alternative method for obtaining
higher symmetry results without actually having to assume
invariance under the full symmetry group associated with the
algebra. We shall now consider the derivation of the
renormalized axial-vector coupling constant in leptonic baryon
decays, using the SU(6) current algebra, and various subalgebras
with appropriate kinematical restrictions., 1In sections (1) - (3)
we discuss the results of Lee, Ryan, and Gerstein, but omit most
of the details of their calculations, as we shall give the
explicit derivation of a sum rule, based on chiral sU(2) & SU(2),

in section (L)¢ In the remaining sections of this chapter we
examine some of the difficulties connected with the sum rules,

1. The SU(6) current algebra.

The method, of obtaining SU(6) results from current commutators,
was first proposed by Lee(ll). The space integfals of the time
component of the wvector current, and the space components of the

axial=-vector current

v._rcl), (t) wio £ /dBXUE (X) (Where a = 0, .--,8
A (t) = - :1:/(13::«57.‘1L (x) and 1 = 1,2,3)

are assumed to generate an algebra which is isomorphic to the Lie

algebra of the U(6) group, at equal times. In particular, the
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equal-time commutator of two Ai is

[‘;,Ajjuié “B‘fv‘gafiaijka“‘ﬁ‘f;x{{ (2.1)

2
where erBo = \/-3- 60«(3

By taking the matrix element of Hq. (1) between ¥' baryon

octet states of zero momentum, we obtain
= Sy A 1+ A =sp
C,y<% mlAi{CYXCY{A}S{é5>" [ pE—

=1 8, tMY(Yra | v >+ 1eijka7‘””<%ﬁ+a/A;}1Za+e> (2.2)

A complete set of states is inserted in the commutator, and
the summation is carried out over C and vy, the SU(3)-
dimensionality and magnetic quantum number, The summation
also involves an integration over masses, but it is assumed
that the integral is highly convergent, and may be replaced
by a sum over a few low lying states. We define GB and

Ga as the coupling constants (or form factors at zero momentum
transfer) of the decay %' octet—=>%" octet + ¢ + ¥ , with
symmetric and antisymmetric coupling of the two octets.

Similarly, we define ¢* as the coupling constant for the

4

+
transition process % decuplet _7% oetet + & + V .

If we assume that only the 1,5" octet contributes to the
intermediate state summation in Eq. (2), we obtain a set of

six equations



-15=

2 _ 3.2 _ /5 . _1.\/.‘2

Ga 5GS - \/Z.Gs Gs - 2Y 3
2 2

Ga GB = 0 Ga + GB = 3

2 2 . 32

Gs = 0 Ga = % GS

which are obviously inconsistent. This means that our saturation
assumption is an extremely bad approximation. In other words,
the axial-vector charge must connect the %f octet to more states
than just the %ﬁ octet. For this reason, we now suppose that
both the %f octet and %+ decuplet contribute to the summation.

Eqes (2) then yields the unique solution

2 *
GE=B,GB=\/§andG=2

or, in the more usual form

3 8 _
andf._nga_

These are exactly the SU(6) resulta(l2).

In deriving these results, no use was made of SU(6) invariance;
in fact, only SU(3) invariance was assumed. However, the fact
that the 5" oetet and.%+ decuplet saturate the sum rule, to the
extent that we reproduce the experimentally incorrect SU(6)
results, means that these states form an irreducible representation
(namely the 56) of the U(6) algebra, but not necessarily of the

group.
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2+ The sU(L) current algebra.

In the previous calculation by Lee, it was necessary to
assume SU(3) invariance. However, Ryan(13'lu) has been able
to show that one gets essentially the same SU(6) results, if
the internal symmetry is reduced from SU(3) to SU(2).

We now consider the commutator algebra SU(L), which is
just the non-strange subalgebra of SU(6). In particular, the

commutation relation between two axial-vector charges is
a B] ~ oy oY 1 aB ,0
[Ai » A5 [ = 1Sij P VY + Hey gy 68 a2 (2.3)

where the intermal symmetry indices a, f now run over 1,2,3.
By analogy with the SU(6) sum rule which was saturated by the
I+Re 56, we would expect to saturate the SU(L) sum rule with

the corresponding I.R., namely the 20-representation of SU(L).
This representation just contains the nucleon N, and the 3,3

resonance N¥(1236), The coupling constants are defined as

N|AJIND ~ @

N| AL N ~ g

N¥| AT N> . 6q
Ly <N-!¢l A‘?:IN*> o g*

| af )W~ 6y

In the usual manner, we take the matrix element of ZEq. (3)
between zero momentum states. However, to obtain a sufficient
number of equations, to determine the five coupling constants,
we must take the matrix element first between N and N, then n*
and N, and finally between w* and N*. This produces six

equations



2 8,2 2 8.2 _
¢ -9ty =t TeFhE
1.8 L af
G =50, 3G, =26y,

which have the unique solution

=X a = +1
=43 G = = 3
Giu = 2 g=g"=1

Thus the SU(L) current algebra is able to reproduce the SU(6)
result G = 5/3 except for an ambiguity in the sign, which
we discuss in section (7).

Two pointe are worth commenting on at this stages:

Using the SU(6) algebra, we only have to take the matrix
element of the commutator between 3 octet states. Whereas,
for the SU(L) algebra, we have to go to much greater lengths,
and take the matrix element between three different combinations
of states, to extract essentially the same information. This
is due to the fact that a greater number of channels (dictated
by the internal symmetry) is available in the SU(6) case, In
su(3), the ecurrent octet can couple to the A" octet through
1, 8,5 84s 10, I0 and 27, whereas in SU(2), the current triplet
and nucleon doublet can only couple throush 1 ® % = %@ % "

The second point is that if we try to saturate Eg. (3)
with only the nucleon states, we do, in fact, get a solution,
namely G2 =1 and g = 1, In the SU(6) case, when we tried

to do this, we ended up with an inconsistent set of equations.



~18-

At first sight, there appears to be something wrong here. In
going from the SU(6)- to the SU(L)=-sum rule we are just
restricting ourselves to the nonstrange subspace. Consequently,
we might expect the %? baryon states to give an inconsistent set
of equations in both cases. The reason why this does not happen
can be seen if we consider the spin-unitary spin content of the

irreducible representations used in saturating the sum rules,

For su(ly) —> su(a)I ® SU(E)J
I —> (3,9

and for 8SU(6) —>» 8U(3) @SU(Z)J

6—> (8,5 @ (10,9

Therefore, saturating the SU(L) sum rule with the nucleon states
alone is equivalent to saturating it with the I.R. L of SU(L).

(Il is contained in the decomposition of L® L ® L, and is
therefore a suitable representation for the nuclcons). However,
for the SU(6) case, the " baryon octet, which forms the (8,%)
representation of SU(3) ® SU(Q)J, corresponds to a l6-dimensional
representation of SU(6), and this is certainly not an irreducible
representation of the algebra. Consequently, the reason why we
get a solution of the SU(L)=, but not of the SU(6)-sum rule, is
that the A" baryons themselves form an I.R. in SU(L) but not in

®  We are using the hybrid notation of dimensionality for the

SU(3) representation, but the (iso)spin eigenvalue for SU(2),
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SU(6)e Actually, if we assign "unphysical" nucleon states to
the (3,%) representation of SU(3) ® SU(2); i.e. the 6-dimensional
representation of SU(6), we can saturate the SU(6)=sum rule with
these states alone, In this case we get the expected result

that G =1 and g = 1.

3+ The Chiral SU(3) ¢ SU(3) algebras

Gerstein's sum rule(15) obtained from the chiral SW(3) algebra,
gives the usual result that G = .9 5/3. However, the actual calcula-
tion appears to be very different from the SU(6) and SU(L) cases,
First, we must use states of infinite momentum in the z-direction
and secondly, we assign particles, of definite helicity, to
representations of the collinear SW(3) algebra* rather than the
chiral algebra., This is because of the equivalence of SU(6)
matrix elements at rest, and collinear or chiral SW(3) matrix
elements at infinite momentum, as we shall see in section (5)e

The chiral SW(3) algebra is generated, at equal-times, by
vg () & A% (t) with o = 1,eeey8¢ As usual, we consider the

commutator of the axial-vector charges

[ 430 45 | = 129P0 9% (241)

but take its matrix element between %f octet states, moving in
the z-~direction. The time component of the axisl-vector charge
“(t) is a helicity conserving operator, and so, if we take the

%? octet and % decuplet as our "complete" set of states, only

their helicity ! components will give a nonvanishing contribution

. The collinear group we are referring to here is generated by

Vo % AZ s Which explains why we have chosen the z-direction

for the motion of the particles,



to the matrix element. What we are really doing, is assigning

+
the 5" octet and % decuplet to the representation™

(10.1)1.65? (64,3)y @ (3’6)_l @® (1.10)_1 of the
2 2 2 2

collinear SW(3) algebra, and using just the (6,3) @ (3,6)
representation to saturate the sum rule.

We obtain the solution for G by taking the matrix element
of Eq. (L) between Y octet states, and letting their momentum
tend to infinity in the z-direction, In addition, as a
consistency check, we can take the matrix element between 5"
octet and %T decuplet states, and between.%+ decuplet states,

It turns out that altogether we have a set of seven completely
consistent equations with the unique solution G = - 5/3 In
carrying out these additional calculations, we require a knowledge
of the elements of the SU(3) crossing matrix (uE)BII(B,Ta,S,S)Iu'E').
These are given in Table I of Appendix B, as they have not been

tabulated elsewhere.

Lo The chiral SU(2) 30 SU(2) algebra.

The use of a chiral algebra, in deriving sum rules, has one
great advantage. As we are forced to take the infinite momentum
limit, we can remove the mass degeneracy between the baryon octet
and the haryon decuplet, which is normally assumed. We shall
now present a sum rule(16) based on chiral sSW(2), explicitly
putting in the nondegenerate masses m and n* for the nucleon

N and the 3,3-resonance ¥,

®  The subscripts £ 1 and % % refer to the eigenvalue of Ag =J,

i.e. the helicity.
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In a gquark model, the space integrals, of the time components
of the vector and axial-vector current densities, define the

operators

vo(t)

I

J/rdsx ¢+(X)l%; y(x)
16 = [ Px it vy G v

(where o =1, 2, 3)

which close under commutation at ecqual times, to give an algebra

isomorphic to the chiral SW(2) algebra. To show that it is, in

fact, the chiral SW(2) algebra, rather than some other algebra

with six elements, we define the left- and right-handed chirality

operators

ve(t) = a3(t)
2

L D C TR T

Fz(t) =

We then see that
[ ¥y, #E(s) |
ERCIREDY,

[%(e), #Ee) ]

In performing the calculation, it is more convenient to

]

12PY FI(t)

1
o

1e*PY FY(t)

work in the nonhermitian spherical basis. The spherical vectors

F“, with p = 21 and O, are given in terms of the usual
Cartesian vectors F“, by FH = ez F*, The elements of the
transformation matrix 'e' are tabulated by Lee(17). In the
spherical basis, the charge operators satisfy the equal-time

commutation relations
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[vg ’ A‘;] = - \/2(% i i) AY (2.6)
[, v )= - \/2(71L " 3) v ) (247)

We denote the momentum eigenstates of the N and N* by
’% a pj) and !%‘a p:> where 'o' is the isospin index
(in the spherical basis) and 'p' the L-momentum. The
coupling constants are defined by

5t | ag | 300

= 6 (2'_2) 5-0 u(R )1Y0T5U.(2) G’ll ‘3 % a (2.8&)

L' | g [ go0 2

132
- Sp'-p) | z“‘; T, (2")u(p) 6y ( 3 A 5) (2480)
o]

<%ap') Ag | %80 >

* <l R
= 53(1)_!_2) I_ﬁ_; %(21)11'07511“(2) G’-IJ-I- ( g A 5 ) (2.8¢)
pO

The scale of the matrix elements is determined by the solution

of Eqe (7), namely
{ op'| VY | $6p Y

1, 2
= 6 (p'-p) %2(3 v 3) (2498)

We use the notation my m, m3

coefficients. (See Appendix C).

” for the SU(2) Clebsch-Gordan
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 ap'l VY| Zep
= 62(p'=p) A(Ti /Bv a.) (249b)

We first take the matrix element of Eq. (5) between N and
N and insert N and N* with momentum k, as the intermediate
states., Here we are assigning the helicity +!5 states of the
N and N* to the (1,’/‘,;)% representation of the collinear sw(2)
group. In fact, the 20-representation of SU(L) reduces under

the collinear subgroup SW(2) to

2= (30; ® (Ly); ® G, ® (0,3 5
2 2 2 2

ZY;/?}:(%@' | A} | 2y > Gy | 4% | $pp >
R Z/ask@up';Ag;gkngmg;%sw
- (A== p)

& - %i&)(gip v | 30 >

Using the definitions (8) and (9), and integrating over d3k,

we obtain

P 1,31 1 4
2 2“2
u(B)iYo~r511 (2)T%( (E)1T0Y5u(1’-) Gl]. (=1) (a.-?k ) B ‘()
o

P 143 (1 . 2)
mm 2
* D_pg o u(E)u (2)11 (E)u(E) Glli- (""J-)?L /g_k 3) B .?
- (A =>p)
% 5 L
- - /3 22 3) 'gv 3) (p)u(p) (2.10)

We now perform two manipulations:
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(i) We multiply both sides of Eq. (10) by

2 2
J 1 1 J
(2 : )( ) (-1)2=F
o = m' A p onm'

and sum over a, B, Ay it and m's Using the orthogonality and

symmetry properties of the Clebsch-Cordan coefficients, we can

write the product of four C-C coefficients as an SU(2) crossing
matrix (J']BII(JI, Tos T3 th’J). Details of this are given
in Appendix C.

(ii) We sum over the helicities of the intermediate states i.e.
insert projection operatorsﬁ. In order to obtain 2 covariant

ecguation we then take the limit p, = @

Ege (10) then becomes

Wpulp) ¢2; (1--1)7) 2 (F8;1(3s 1, 5 D]

2
N %(;i*) Awue) 6, A=(-1T) b (Fler (3 10 30 V(I

= = 3 &5, W(p)u(p)

which yields, on evaluating the crossing matrices™
2
u o .2 8 [mem™ g . _

Similarly, taking the matrix element of Hgs (5) between N and
*

N gives ;
* See Appendix A,
£

The values of the crossing matrices are given in Tables I-III

of Appendix C,
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In performing the calculation, there is one point that may cause
confusion, In defining the coupling constants, we made use of
the Wigner-Eckart theorem. Consequently, Glu defined by
Ege. (8b) is proportional to the reduced matrix element
(3] A1) | £).  1If the order of the N and N* states is

reversed, we must note that
(2l 3 = - V2 G a) 2).

Finally, when we take the matrix element of Eq. (5) between w*

and N we obtain

2
X
P(e) o beh- e
vyl
Gﬁh“'}.‘? (2.1l)

In taking this final matrix element we have to make use of one
unusual property of the Rarita-Schwinger wave functionﬂ, namely

that
W)@ (p) =0  for g0 = £ 3

2
P
(;% -11) 5031 for o,o' = £ %

|
wino

Egs. (11-1L) then give the unigue solution

G%J.:% ’ Gﬁu?%,?

2
]
and G%u 2 39:-*
m+m

Using the scale factor G, = 3%2 from Bqe. (92a), we get the mors

familiar result

+
G=C‘L11/G’W " '%

®  See Eqe (AJ1h)
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Allowing for the physical masses of N and u*  does nothing

b

and G* =

<

to G, and in fact makes o slightly worse. An estimate
of the value of G* based on experimental =N cross sections

(18)

and the P.C.A.Ce hypothesis has been made by Adler and

Weisberger(lg) giving 6" = 181 3 0%, On the other hand,
this sum rule gives ¥ =16 if m=n* and G* = 1°8

if m = 938 and m* = 1236,

D The relation between the various algebras.

It is hardly surprising that SU(6)-current algebra
reproduces SU(6) results. On the other hand, it seems quite
remarkable that the chiral SW(2) algebré can give the same
results, particularly as it is not a subgroup of SU(6). It
is also interesting to note that the states we saturate the
- 8W(2)=-sum rule with, almost certainly do not form an
irreducible representation of the chiral group. It seems
doubtful anyway, whether nature exhibits any trace of inva-
riance under the chiral symmetry (which is only exact in the
case of vanishing mass}) It has been suggested(zo) that the
most likely assignment for the baryon octet, in the chiral
group, would be (3,3)@® (3,3), but even this is not very
appealing as it introduces the problems of parity doublets and
the ninth baryon. Inany case, this representation is quite
disjoint® from (10,1) @ (1,10) to which the baryon decuplet
might belong.

However, when we study the matrix elements in more detail,

® This would mean the vanishing of the transition matrix

element (N |A_ | ¥*> .
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we see a natural link between all the algebras that have been

used. Using 7©qe (A+16) we find for the nucleons, that

{305 | 2o 22> = -’-E-—i Up,) o, u(p,) Fy(o?)

and

(o) ay ko, > = Wp,) oy u(p,) Fy(a?)

so that

ol ol o, = Bl o ) B> (2,19

i.e., the matrix elements of the chiral and collinear algebras

become equal in the limit of infinite momentum. A similar

argument holds for the N*. When we consider the transition

matrix element between N and N*, a difficulty arises. We

can express the matrix element in the usual covariant form
1
CHENE DA
P(p') ] Pr(a®)ey, + 1Fy(aPDayr, + Fi(a®)e a, + Py (a®)ey a¥a, ¢ u(p)
2 LR % AR TAGY 382 /9,9 L AV u _B
and with the help of Egs. (A.15-20) this gives

B, | A) 22,

- P 2y (™ 2
{20 | 42] 302 uotpzwpz)fﬁ PalaEmingle ’Jz

In the limit P, > @, the transition matrix elements of the

"

T, (p,)u(p,)] 7y (s (n*m)¥y(a®) |

chiral and collinear algebras are indeed equal. However, we
notice that for the physical situation of m*Z m s the matrix

element does not have a unique form, but depends on two form
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factors. In deriving the SW(2)-sum rule, we make the assumption
that due to an angular-momentum barrier, all derivative couplings
are absent., This means that only the term Fl(qg) will be
present. The fact that this procedure makes the value of the
transition coupling constant G* ~ F,(0) slightly worse, could
mean that the derivative coupling is present. However, it is
most unlikely that any experiment will ever clarify this point.
Finally, using the boost matrix, Eqe. (A.6) we can show that

{Pg| Ao Pyp= Izil(g [4,]2 (2,16)

i.e. the matrix element of the chiral algebra at infinite momentum
is equivalent to the matrix element of the collinear subgroup of
SU(6) at zero momentum. Eqgse. (15-16) thus show the complete
equivalence of the matrix elements of 8U(6), chiral SW(2) and

collinear SW(2) in the appropriate momentum limits.

6o The intermediate states.

The axial-vector current is not conserved, and can therefore
connect the vacuum to particle-antiparticle pairs*. In addition
to the one-particle intermediate states (Fige. 1) in the matrix
element ( N|A'| N> N}AIN>> » Wwe should expect three-particle
intermediate states (Figs 2) i.e. N ]A'| N(Nﬁ)XN(Nﬁ)[A/N) £ 0

At zero momentum there is no such difficulty unless we allow

massless particles.
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Fig. A

Fig. 2a Fig. 2b

In the infinite momentum limit Figs. 2a and 2b correspond to
intermediate states of infinite mass., This can easily be seen,

if we consider the invariant mass of the intermediate state

2 _ 2 2 2. .2
M __(E-u-Ei) -p" =m" + E] + 2EE,~>»>® as p-»®

where Ei = energy of the pair

and E,m = energy and mass of the one-particle state.

The fact that such particles have never been observed is perhaps

a good enough reason for neglecting these diagrams. Gell-Mann(zl)
has pointed out that neglecting these infinite mass states is

equivalent to assuming unsubtracted dispersion relations. Actually,
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as long as we are dealing with a commutator, completely disconnected
diagrams (Fig. 2a) will always vanish, since they are symmetric in
A and A'. Finally, we note that the Z-diagrams (Fig. 2b) will
vanish since the particle-antiparticle pair which has negative
parity (due to momentum conservation) cannot be connected to the

vacuum through the axial-vector current, which has positive parity.

7« G=conjugation.

We noticed, in deriving G = 5/3 from the various current
algebras, that only SU(6) was able to determine the sign. In the
context of SU(L), Ryan(lj’lh) has shown that the ambiguity in the
sign arises from the inability of the SU(L) operators to ‘'see! any
difference between a particle and its conjugate. In other words,
we will get two solutions, since the N and n* may be assigned
to either the 20- or 20~ representation of SU(L).

To see what happens in the case of SW(3), we must examine the
properties of the G-conjugation operator. For an arbitrary
internal symmetry group SU(n) we can define(za) the G-conjugation
oPerator as G = C.R where C is the "generalized charge'-conjugation
operator and R is a generalized rotation in the n-dimensional
unitary spin space. Specializing this to the SU(3) case, the

action of C and R on the vector and axial-vector currents is given

by
c vt o™t e(“) ve ocvlot e ay® (no summation)
c a% g1 2 (@) o C A% c™L = A% where o = 1,e0048
and
RQ* R = - ela) Q% RQ° RL = @° where @ = V or A

According to the usua1(23) convention
e(a) = +1’ fOI‘ a = 1’ 5’ LL, 6’ 8

=-1,f01'(1.=2, 5’?



«3l=
Consequently, under G-conjugation

o -1 0

-1 o ¢ A6 = A

1
|
>

¢ A% @

v e v, g v? o™ o = ¥°

Applying these results to the various groups, we find that
G-conjugation is an inner automorphism of 8SU(2), SW(2) and SU(L),
an outer automorphism of SU(3) and SW(3), but that it is not an
automorphism of SU(6). This means that énly sU(6) will be able

to unambiguously fix the sign of the coupling constant.

8. Concluding Remarks.

The main thing we have seen in this chapter is that a variety
of current algebras lead to the same results of SU(6). However,
one feature is not entirely satisfactory. In saturating the
sum rules, we assume that the only states with quantum numbers
(1,92) = (%,%") are the nucleons. A priori we would not expect
this, and in any case, the intermediate states need not be on the
mass shell, If we make allowance for this, we find that instead

of the usual result G2 = 25/9, we now have

0" & %??FQ = %? (2.17)

where :?sz is the contribution, from all energies, of (%,%")
states, other than the nucleon. Of course, the current algebra
sum rules cannot say anything about the individual wvalues of F
and G without making additional assumptions. Since, from
experiment, G2 = 128, we would expect that :?]Fe = 1*4, which
is quite a sizeable contribution. For the sake of clarity, we

have oversimplified things here, by only considering a continuun

of (%,") states. We would, of course, also expect to have
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contributions from other (%, % ) states.

(18) and Weisberger(lg) have, in fact, carried out such

Adler
a programs, They consider the matrix element of the commutator
[A;, A;_J between proton states. By isolating the neutron con-
tribution to the intermediate state, they are left with an integral
over the L-momentum of all the other states with cuantum numbers
(1,%") ana (%,-%+). It is then possible to relate the quantities
in the continuum integral to =N total éross sections, by using
the P.C.A.C. hypothesis, Adler uses a model which considers the
scattering of zero mass pions off protons, and shows that the
off-mass-~shell corrections are small, This gives him the result
G =124 s 0«03, On the other hand, Weisberger uses a dispersion
theoretic method to obtain the result G = 1le16. One interesting
point that arises from these calculations is that with the N*
alone in the integral, the value of G is ~ 1lelL, It is the
contribution of other (%,%") states that depresses the value
to ~ 1¢2, which qualitatively we would have expected from Eq.(17).
We have not made any mention, so far, of magnetic moments,
As several important problems occur here, we will devote Chapter IV

to a discussion of magnetic moment sum rules.
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CHAPTER III

MESON_SYSTEMS

Following the success of current algebra predictions for

(32) obtained analogous

baryons, Fayyazuddin, Riazuddin and Razmi
results for the vector and pseudoscalar mesons using the SU(6)
algebra of currents. We now wish to show that similar results
can be obtained from the SU(L), chiral SW(3), and chiral SW(2)
current algebras. As the method of calculation is very similar
to the example we gave previously (Ch.II, Sec.lt), we shall not
repeat it in detail here. Values of the SU(2) crossing matrices,
used in these calculations, are however given in Tables IV and V
of Appendix C. We shall 1limit our discussion to the essential
points of difference. These are (i) the assignment of mesons

to supermultiplets, (ii) the vanishing of matrix elements, due

to charge conjugation invariance and helicity conservation,

(ii1i) the role of positive parity mesons, (iv) the form of the
interaction, and (v) nondegenerate masses and form factors at
zero and infinite momentum.

Once again, we wish to emphasize an important distinction
between SU(L) matrix elements at rest, and chiral SW(3) or 3W(2)
matrix elements at infinite momentum. When we expand the matrix
element, in the usual covariant way in terms of form factors
Fi(q2)§ s We have in mind that we ultimately want to determine
the SU(6) coupling constants, i.e. Fl(o). If the matrix element

is taken between states of physically different mass, we are in

qa 1is the momentum transfer.
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trouble unless we either go to infinite momentum, or assume
degenerate masses when we are at finite (or zero) momentum, as

otherwise, q2 £ O,

1. Meson sum rule from SU(L) current algebra.

The pseudoscalar (P) and vector (V) mesons belong to the
1@® 15 representation of SU(L), and this reduces under
su(z)I & su(e)J to (0,0) ® (1,0) ® (0,1) @ (1,1)e In fact,
due to the charge conjugation properties of the matrix elements
(assuming invariance under the internal symmetry group SU(2)I),
the pseudoscalar singlet, belonging to the l-representation, is
not coupled to any member of the l5-representation. We shall,
therefore, try to saturate the sum rule with a vector meson
isotriplet (Vs) and an isosinglet (VO), and a pseudoscalar
meson isotriplet (P3).
We define the coupling constants, for the meson states at

rest, as

A i 1 0
<V°]A1 ’V35> = 1V3 £,,(c"xe)y ((3 A O

. 11 1
CPPafa | V28> =F5 B, o /B A a/

where 'm' 1is the average mass of the pseudoscalar and vector

il

mesons, belonging to the l5-representation.

The overall scale is determined by
1 1 1

3 v 5, _ + (
LV V2 |V D= 2¢".e - a)

Other matrix elements for examyple <fv3al A? |V38:> y vanish in
the limit of exact SU(2) symmetry because of charge conjugation
invariance.

Taking the matrix element of the SU(L) commutator, Eg. (2.3),
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between V3 states at rest, we ultimately get two equations which

have the unique solution

2
2 2 2
f,o = 1 and h, = /E)

To check the consistency of these results, we can also take the

3 states at rest, and this finally gives

matrix element between P

the same value for hA'
The results we have derived are just those obtained by Razmi

et a1(32) from the SU(6) algebra of currents. Although the 5U(6)-

sum rule gives the wvalue fA = 1, for the axial vector coupling

constant in the decay V->V + e + v, the sSU(L4)-sum rule gives

fA = Qe In fact, there is no inconsistency here, since the vectorl

mesons, in the decay /0°—>/0+ + e + ;, are only coupled to the

vector component of the lepton current. The reason why fA is

nonvanishing in the SU(6) case is due to the occurrence of decays

o} % - -
such as dp > x** 4+ e+ ¥V and K*t—e»K“+ + € + Ve

2., Meson sum rule from chiral SW(3) current algebra.

e have seen previously how, in deriving chiral algebra sum
rules, we assign particles of definite helicity, to representations
of the collinear subgroup of SU(6).

Under the reduction
8U(6) —=8U(3) ®8U(3) 411

we find for the mesons that

35 —> (353) .7 @ (8,1)y ® (1,1) @ (1,8)y @ (3,3)

This means that the helicity O components of the vector meson
octet (VB), plus einglet (VO), and the pseudoscalar meson octet
(P8) belong to the representation (8,1) @ (1,1) & (1,8). Also,

the helicity L components of the vector mesons belong to the



w56

representation (3,3) ® (3,3).

Making use of the charge-conjugation properties* of the matrix
elements, and also the fact that matrix elements, taken between
certain helicity eigenstates, vanish (as we shall see in section
i), we can define the coupling constants for the nonvanishing

matrix elements as*§E

P ap ALV D, =

. 888, .
_‘?____(_«13_:_3, 21 j% £ (B y as) £ (p') x g(p)er (3.1a)
Jhpopg_ | |

GO p | A% VO P Dast

63 ” 8 g8 81 P
Jin ) \/31 ., (B " 0)5; (') x &(p).p (341Db)
PoPg

(2% ap |45 V0 B 2y

3¢ 0 8 8 8
§ (R'=p) V3 mm' hA (B k G‘a) EQ(R) (3e1e)

where m = mean mass of the vector meson nonet = 855 MeV.

mean mass of the pseudoscalar meson octet = 368 MeV,

s ]
a}
£
a-
]

As usual, by solving the vector commutator equation, we find

that the overall scale is given by

See Appendix D.

®%® Dhe index N is the helicity of the states., Both states must
have the same helicity as Ao in a helicity conserving
operator,
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P [V Ve A=0,1 =

8 (p' -B) (888
\/‘u ‘/ By a

First, we take the matrix element of Eq. (2.4) between

)2}90 en(2) () (3.14)

v8 states (with helicity = 1), and this gives two equations

2 2

Secondly, we take the matrix element between P8 states, and

obtain one more equation

2
hA = _h"l' .

mm

Thus, the chiral SW(3) sum rule gives the solution £, = z 1,

1l and h = L/mm', There are two points to notice about

AO
this:

Once again, due to the outer automorphism (G-conjugation),
the chiral SW(3) algebra is unable to fix the sign of £y4
whereas the SU(6) algebra gives it to be positive.

The second point is that when we put in non-degenerate
masses m and m' for the vector and pseudoscalar mesons, only
the value of h, is altered. As we shall see below, this
makes an 'unbelievable' improvement on the value of hA compared
with experiment. Unfortunately, due to the fact that the vector
mesons decay by strong interactions, we cannot compare the coupling
constants directly with experimental values. However, we can use
the following round-about method to compare the theoretical pre-
dictions with experimentally measurable quantities. The

Goldberger-Treiman relations for the V and P mesons are



hA mm* ( )
F = - Re28
x V6 g/omc
/8 fA.
Pow. SR - (342D)
J8 £
; ST - (3.2¢)
x " T Eoyn
The physical w and @ mesons are linear combinations(35) of

wl and (08 ’ i.c.
(w ) ( cose sine ( wy
g = -sine cose w8) (3.3)

where cose x\/

wilro

Using Eqs. (2,3) we obtain

gpm = 0 (30’-1-8-)
g2

LUt o iy (3.b)
2
%pxx

Finally, from the Gell-Mann, Sharp, Wagner model(3™) fop the
®w —>3%x decay, the known P — 2r decay rate, and Eq.(l4b), we
find the partial width | (w—>3%) = 106 %= 59 MeV®. Had we
used degenerate masses, or the 8U(6)-sum rule, we would have

obtained [ (w—>3n) = 6+2 £ 3.5 MeV®, These results are to be

It is rather difficult to make a realistic estimate of the
error here, The Goldberger-Treiman relations hold to
about 10°/0, and the Gell-Mann, Sharp, Wagner model to
about 25°/0. If there is a conspiracy of errors, we gan,
at worst, expect a discrepancy of 56°/0 in the theoretical
partial width. However it is more likely that the errors
will cancel out to some extent.
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compared with the experimental value(35) of 107 4 15 MeV.
Because of the possibility of large theoretical errors, we should,
perhaps, not become too excited with the 'accurate' prediction of
the SW(3)=-sum rule. If, however, we believe in this result, it
suggests that our implicit assumption? of minimal coupling for

the mesons, is guite near the truth.

3. Meson sum rule from chiral SW(2) current algebra.

The mesons belonging to the l5-representation of su(L) are
assigned to representations of the collinear group sw(2), as

follows

Vfl ® V_(:l 2 (%t%)-’_l @ (%01/2)_1

(e}
vy ~ (0,0),

v ® P2~ (1,00, @ (0,1),

Here, the only nonvanishing matrix elements of the axial-vector

charge operator are
0 3
W | Ky | 9200 1 ~ Py
3
<P3)Aolv - SUPS

The definitions here are essentially the same as Eq. (1), except
that the numerical factors are different, to allow for the ratio
of 8U(2) to SU(3) Clebsch-Gordan coefficients.

Taking the matrix element of Eq. (2.4) between either po

or V> states (with A = 0) gives the same result, namely

®  This point will be discussed further in section L.



L0~

and taking the matrix element between V3 states (with A = 1)

gives

2
fao = 1

To compare these results with experiment, we again make use of

the Goldberger-Treiman relations to obtain

2 2
g g
e (345)

where in the SW(2) case we have
m = mean mass of vector meson quartet
= 777 MeV.*®

m' = mean mass of pseudoscalar meson triplet

138 MeV .,

At the 8U(2) level, there is no way of knowing whether the vector
singlet is w or £ or a linear combination of them. For
simplicity we assume that w 1is the singlet. Then, from the
Gell-Mann, Sharp, Wagner model, and Eq. (5) we obtain

I"(w—éan) = 1o T 58 MeV which is in excellent agreement
with the experimental value [ = 10+7 p-A 15 MeVe. If, however,
we use degenerate masses for the vector and pseudoscalar mesons,
we get the rather poor result that | g 27 > le5 MeV, As we
said in the previous section, this strongly suggests that the

mesons are, in fact, minimally coupled.

" We are assuming that the singlet vector meson is the w(783).



~l4l=

Le The form of the meson vertex.

In general, we can express the matrix elements of the axial

vector charge as
' A
{vp'm| AY | vpm > =

“-;(R') {Fl(qz) VAN B # FQ(QQ) SHVAN a
+ Fs(qz) gf‘-ﬁlv qG. PB q“} ev(B) 03 (R"”E) (3.6)

where P=p+ p' and g=p - p'
ton ¥ l
<:Pp m' | A" | me:> =
2
iﬂl(qz) g™ + Hy(a”) ot

- H3(q2) ph q“} eu(;e) 03(2'-2) (347)

In deriving the sum rules we have made the assumption that fA
and fAO are proportional to Fl(o), and that hA is proportional
to Hl(o). This is certainly true for f, and f,,, if the
vector mesons all have the same mass, However, in the case of

h,, as we shall sec¢ below, this assumption is equivalent to

A
saying that the term in H3 is absent due to an angular momentum

barrier.

From the covariant expansions, Egs. (6,7) we find that

{vp'm) A | Vem > = F,(0) £'(p) x &(p)s B (3.8)
o't | ay | Vo> —> T1(0) + B0 (2D o) (309)

as p, —> @
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<ﬁ@'m ,AZ {mej) = Fl(o) eHVen e;(g) ev(g) Pn (3.10)

{pp'n' | A, | Vpm > —> {ﬁl(o) !§:I + HB(O)(mzum'z{;so(R) (3,11)

as pz—-—? @

There are three points to notice here, when we make use of the
explicit form of the polarization vectors, Eas. (A.9-11).
(1) Both matrix elements

LY IRy 1V >y ant (V)4 1V 3 g

o o
vanish, since el(pz) =0 = az(pz).

(ii) As we go to the limit P, = ©,

(VPZI Azl VPZ> A=1 = <vpz IAQ} sz> A=1
and

Pp, | Ayl VB, > — (P, | A | VD>

80 that the matrix elements of the chiral and collinear algebras
are the same, at infinite momentum.

(iii) From Egs. (9 & 11) we see that, to obtain a unique solution
from the sum rule when m £ m', we must eliminate the term in H3.
Otherwise, we will be solving one equation for Hf, Hl H3 and Hg

so that no unique solution will be forthcoming.,. The only
Jjustification for leaving out the term in H3, and presumably also
Hg, is that an angular momentum barrier effectively damps the terms

with derivative coupling. In other words, we are assuming a

minimal coupling for the PVA vertex.
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5 The role of positive parity mesons.

One of the main features, of current algebra, is the ability
of the generators, of the algebra, to map states of one representation
(of the corresponding group), onto states of some other representation,
Of course, the generators of a group can only take states of one
representation into states of the same representation. It is, there-—
fore, worth considering what contribution, if any, the positive parity
mesons make to the sum rule. There are basically two ways in which
we can incorporate the positive parity mesons in our current algebra
scheme., These are (i) the orbital excitation model, and (ii) the

SU(6) model,

(1) The sU(6) ® 0(3) models:

In this model, the mesons are considered as bound states of a
quark and an antiguark with orbital angular momentum £. The O
and 1° mesons are assigned to the multiplet 35 (¢ = 0), and the o*
and 17 mesons to the 357(¢ = 1). The 0(3) group, here, is

generated by L, where
+ o 2
L, = -1j/d3x a” (x) (x Rl ) 55/) a(x) (3412)

From Eq. (12) it can easily be seen that the axial-vector operators,
of our various current algebras, have the seclection rule At = 0.
This means that the positive and negative parity mesons are de-
coupled in the sum rule, so that we will get two completely inde-
prendant sets of eguations. One set Jjust gives the usual results
for the 0~ and 1  mesons. The (-excitation model therefore

forbids the transition of positive to negative parity mesons, i.c.
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M+—7La M~ + e + Ve It also leaves unchanged, the value of the

axial-vector coupling constants for the 0 and 1  mesons.

(ii) The SU(6) ouark models

The smallest number of quarks required to form a positive
parity multiplet is four, i.e. qgaq , which contains 1+, 35+,
189", 280", €07 and 405" The 'known' positive parity mesons
are few(Bs), and at present it is impossible to say, with any
conviction, which representations they belcng t0. However, wé
may have a scalar octet consisting of nv(1050), xv(1003) and
KA(1800) and also an axial-vector octet consisting of D(1285),
£1(1080) and K,(1320). |

Y
* and 1 mesons

Assuming, for the moment that the O
belong to the 35+—representation of SU(6), we find the following
nonvanishing matrix elements for the chiral SW(3) algcebra. (We
give this in tabular form, indicating the type of coupling, the

helicity, and the coupling constant).

Matrix Type of Coupling

Element Coupling A Constant
<valel.v8> D 1 L,

0 8
v PSR P 1 1 By

8 8
<P IAOW > F 0 h,
<A8le:v8> 7 0,1 g,
<SB{A0]P8) D 0 g5

8 8
<AT)AIA > D 1 g3
<a%ia 148> 1 1 g30

8 8
<s |A 1 A7 > D 0 g,
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The other matrix elements vanish for the usual reasons of charge-
conjugation invariance, spin and parity conservation, and helicity
conservation,

Taking the matrix element of the chiral SW(3) commutator
Bqe (2.4) between all possible combinations of states, we get
eight different (although not all independant) equations. Of
course, we also gelt many trivial equations like O = O, In
deriving these relations, we have assumed, for simplicity, a

degenerate mass 'm' for all the mesons, Rearranging the equations,

we obtain
20f§+1‘5§f§0=3m2h§_
£ = Ly
SR TERE
AL i
ggo-%zhi
2

Although these eqguations are compatible with the usual solution
2

£, = 1= fﬁo and hi = u/mz, unfortunately this solution is not
unique. However, we have been able to determine the g's in terms
of one parameter h, (which we are probably justified in taking
as u/mz, as this gives good agreement with experiment). In the
future, when more experimental data becomes available on positive
parity mesons, it should be possible to test these results by
using the analogous of the Goldberger-Treiman relations and the

Cell=Mann, Sharp, Wagner model,
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Another likely assignment of the positive parity mesons, is
to the 189+ multiplet, since this also contains ot mesons. Under
the reduction SU(6)->8U(3) @3U(2); we find that
189 ~>(1,1) @ (8,1) ® (27,1) ® 2(8,3) ® (10,3) ® (10,3) & (1,5) ®
(8,5)« In other words, the "189" contains the following states!

SO, SB, 827

J’\S’ ,A.%, Alo, Alo

TO, TB

where S,A and T are the 0+, 1* ana 2* mesons, and the super-
script refers to the SU(3) multiplicity. With so many unobserved
particles here, and in fact, many unknown quantum numbers in the
case of the observed particles, it seems futile to try to obtain

a sum rule for the coupling constants,. A priori, there is no
reason why, for example, the two 1* octets should not have
opposite charge conjugation properties, This, of course,
inereases the number of nonvanishing matrix elements, In fact,
we tried to obtain a solution for eighteen nonvanishing coupling
constants (with certain assumptions about the charge-conjugation),
but we simply ended up with a vast ﬁumber of inconsistent equations!
Possibly, by a method of trial and error, one ﬁight hit on the
'right' charge-conjugation properties of the various multiplets,
to give a unique solution.

There is one important conclusion to be drawn from the 4iff-
erence between the 8SU(6) & 0(3) model, and the pure SU(6) model.
As the current algebra predictions, based on particle assignments,
are quite different for the two models, we should be able to reject
one model in favour of the other. Intuitively, it seems most

unlikely that there should be an absence of coupling of positive
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to negative parity mesons by the axial-vector component of the
lepton current. If, by using indirect experimental evidence,
this turns out to be the case, we can probably reject the
t-excitation modele. However, the physical particles may
actually be mixtures of multigquark bound states, and orbitally

excited quark-antiquark states,
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CHAPTER IV

MAGNETIC MOMENTS

The problem of magnetic moments is one of the less respec-
table areas of current algebra. When we consider the commutator
of two first-order moment operators, e.g. Mﬁ = —i}/d3x xif%(x),
we generate second-order moments, It soon becomes clear that
the algebra of moments is not closed. We simply generate higher
and higher order moments until we have an infinite parameter
algebra. Now this in itself is not worrying. What should
worry us, however, is the realization that without any additional
assumptions, the matrix elements of all the moment operators
vanish. We shall see in the following sections how this problem

can be overcome.,

le su(6) and the Pauli Interaction.

Invoking the well established® principle of minimal electro-
magnetic coupling, the quark-photon interaction Lagrangian is
given by

(x) = e 3%4(x) aA(x) (L.1)
int H

¢ is the electromagnetic current of the quarks, and

e
where Ju .
A“ the electromagnetic field. When the electromagnetic field

is just a constant magnetic field H, then we have A = 'A(H x x),

so that the interaction energy becomes

*
At least for electrons.
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% eJ/ABx Ha.oxxI%(x)

i

int
eM . H (La2)

]

where J)) is the magnetic moment operator. Explicitly using

the quark model, we have

$=% €4 4k /de %y v (x) Y 5%% %A y(x) (La3)
Now this leads to the following commutation relationss:

[J}’l‘}i' : ()hgj a i f@%}j + £ 1 2OPYRY 4 P 4 ey N (Lolt)

where Q, R and N are associated with second-order moments by

ng /d.sx (%— 6‘13 x° - xixj)‘?f’g(x)

Rﬂ.

/a3x 2® 9 5 ()

N% = -/53x X, X o A *(x)

Indeed, @ 1is the electric quadrupole moment operator, and R

the mean sguare charge radius operator.
[Aisﬂh§]==.ieijkdaeﬁ¢]§ + %i.eijkf“BY Px Cig(x)
" 1d”'6“f/ &3x(8; yz0 ¥ (x)-x, Y Y(x)) (1a5)

When we take the matrix elements of either Eg.(l4) or Eg.(5)
between static baryon states belonging to the Eérrepresentation
of sU(6), all the matrix elements vanish. This is a most

(11)

alarming situation. However, Lee and Ryan(lu) have shown

that there is a simple explanation for it. If we consider how
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the various operators in Eqs. (L4 and 5) transform under the
orbital angular momentum group 0(3)5, we see that they are
all ¢ =1 operators, except for Ai which has ¢ = 0. Now
if the baryons belong to the 2§(£ = 0) representation of
SU(6)  0(3) then clearly the matrix elements of all ¢ =1
operators between these ¢ = O states must vanish. A priori,
however, there is no reason why the baryons (i.e. qaq states)
should have { = 0, 80 let us consider the problem of angular
momentum in more detail. The total angular momentum operator

in the rest frame, J, is given by

I =1L + 8 (1146)

where L 1is the orbital angular momentum, and S is the total
spin of the quarks, Whereas J 1is the spin of the physical
particle, and is therefore independent of any quark model, the
operators I, and § refer to the motions of the gquarks within
the particle. To clarify our notation, we see that in a pure

quark model /

L, = -1/d3x vt (x) (x-é%; = y—%) (%) (Lta7)
8, = /d3x ¥ x) % o, ¥(x) (Le8)
(o]

so that S = A is just one of the generators of the SU(6)
algebra. If we are not in the rest frame, we will choose the
z-direction to define the various "helicities". We shall
denote the eigenvalues of Jys L, and S, by A, £ and s
respectively. By definition, the matrix element of J

between nucleon states at rest is

<na, | N> =u"hoju (Le9)
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and previously we defined

<NIA?IN> =gu" 1/2.0'111 (L4e10)

In Chapter II, we obtained the solution g = 1. Thus,
Kase (6,8,9 and 10) imply that

Ly | N> N3, W = (W sy ) N>

= 0

+
A similar argument holds for the JP = é states. Thus, our

method of demanding that the sum rule should be saturated by the
56-representation of SU(6) requires, for consistency, that all
these states should have ¢ = O,

Having seen why the matrix elements of the moment operators
vanish, we must now consider how the magnetic moment operator can
be modified to give non-trivial results. Ryan(l3) has suggested
that if the quark-photon interaction is not, in fact, minimal,
but also includes a Pauli type of coupling*, then we would have

Ling = © 35 (%) A%(x) + % e i 150 (x) PV (x) (Le11)

el
where Fw(x) = auﬂv(x) - avAu(x) and T, in the electro-
magnetic tensor current. If the electromagnetic field is a
constant magnetic field H, then A =% (H x x) and Fip = H3,

F23 = Hl’ F31 = H2. The interaction energy now becomes

H?ﬁt % e/&3x Hex x 3%¢(x) + evaBx Her®4(x)

=6‘2}ltl{'

where T 1is defined by Tij = €43k Ty

® This would be present if the quarks possessed an intrinsie

anomalous magnetic moment Ko
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The modifield magnetic moment operator is therefore

Jﬁ]i 1 Eijkf; xxjifk(x) + u]&3x'7' (%) (Lel3)
We now find that its commutator with Ai is
I:A ,0205] dO“BYmY + ui 6 £8y g
+ %1 £ 51 £2PY 3% kaig(x)
-— 1}% i dq‘BY/dBX(éij Xe :L_PY(X) - xjvE(X)) (Ll—.lll-)

where 8% = -ifa3x v (%) Yo h A% y(x)

We actually only nced to retain the first two terms of this
- commutator expression as the other terms are all ¢ = 1 operators,
We take the matrix element of Eg. (1L4) between nucleon states,
and after the usﬁal procedure, we obtain the unique solution
w(p)/u(n) = - 3/2, which is just the SU(6) result(lg). It is
clear from the expression for‘ﬂﬂ in the interaction energy,
Ege (12), that we are dealing with the total magnetic moment. We
remember that the SU(6) symmetry prediction required the additional
assumption that the magnetic moments were 'total', rather than
'anomalous'.‘
If we use the SU(l), rather than the SU(6) current algebra,’
we get (as we have come to expect) two solutions, which depend

on the sign of ¢ = GA/GV, namely,

w(p)/u(n) = (1 +36) = -%1fe.=+%
(L -3) = = % if G = = %

Thus we have seen that by endowing the quarks with an anomalous

magnetic moment, we can obtain excellent results. If the quarks



-H3-

are merely mathematical fictions, it may not matter what additional
properties we impose on them. However, if the quarks turn out to

be real, we may have a different story, although it is possible

that by the time their magnetic moments are measured, current algebra

will have become another historical curiosity.

2. Chiral SU(3) ;0 SU(3) and Configuration Mixing.

The SU(6) current algebra gives rise to a total magnetic moment
operator of the form N = /Eﬁx X x U(x) + eoey Bqe (13)s The
chiral SW(3) algebra does not possess the operator //£3x Zi(x) and
80 we may wonder how we are going to be able to determine magnetic

moments here. However, when we consider the electric dipole moment

operator(39),
_120' = —1/(.‘1311'. X ZF g(X) (Ll015)

and define

+
Dj; = -1 /&% (3-‘;'7'%1) (x) (11416)
and
Q 3 ;.
D, = Dt + 75 Di (Lel7)

its expectation value at infinite momentum (or zero momentum trans-
fer) gives the anomalous magnetic moment. Making the usual ex-
pansion in terms of invariants, with the notation of Drell and

(LO)

Zachariasen y it is easy to see that

{By s 2, =®|D) By, p, = 00> =V2F,(0) = V2 u*(B) (L:.18)

where p'(B) is the anomalous magnetic moment of the baryon
Bys Wwith helicity A,

Wle must now examine the transformation properties of the
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electric dipole moment operator, in the infinite momentum frame,
with the view to seeing what matrix elements (if any) vanish,
First, from Eqe« (15) we see that Q? transforms like
(1,8) @ (8,1) wunder the chiral SW(3) algebra. Secondly, we
want to see what angular momentum properties D+ has. The
angular momentum operator for the physical part;cles in the
infinite momentum™ frame, J', is obtained by performing a
pure Lorentz transformation on J, the spin operator in the

rest frame,

g' = exp(iK,2) J exp(-iK £) (Lel9)
so that
r _ gt
Jx = Jx cosh & Ky sinh &
J& = Jy cosh £ + K sinh &
t
J g = Jz
where einh £ = ILim R ,
P, —> 00 m
z
Po
and cosh g = Lim = 4
b, = 00

and where J and K are the infinitessimal generators of

rotation and translation. We then see, from Egs. (16 and 19)
that
i @] _ + 50 L4420
(92 098 ] = %2 Mol
a ] - tpo o2
and [TLZ " DtL) = Dt (4e21)
#

Without any loss of generality we choose P, = .
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so that Di has the seleetion rules Zkh.: 1 ana [&t o p

Once again, it is clear that matrix elements of D+, between
£ = 0 states, must vanish. B
To get round this difficulty, several authors have independ-

ently suggested that we should allow a certain admixture of

t £ 0 states, In other words, the physical baryon states
must transform reducibly under chiral SW(3). We shall now
briefly consider the merits (or}otherwise) of the various con-
figuration mixing schemes. We use the notation

]N£> ® }(&,b)s, et) (® see to mean that a nucleon, with
helicity A belongs to the (a,b)—representation of collinear
SW(3) with spin and orbital angular momentum s and £.

Cerstein and Lee(ul) have proposed that
[My> = cos & [(6,3)yy 0)@® sin ogcos a[(353)_y 1
@ sin a|(8,1), » %,—o>}(lr,.22a)

where o 1s arbitrary, and
¥ - }(6.3)% ' 0> (14+22b)

On the one hand, this scheme has the disadvantage of introducing
two free parameters, © and a. The third parameter*, g, 1is
actually related to o, since the coefficients cos a and sin a
are nothing but Clebsch-Cordan coefficients. On the other hand,
it has the advantage of not requiring the reducible representation

of collinear SW(3) to form a complete representation of SU(G)W,

This reminds one of the remark attributed by Lipkin'2) o a
famous physicist of an earlier generation. "Give me three

parameters and I can fit an elephant - with four I can make
him wiggle his trunk".
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the hybrid collinear group*.
Harari(uB) has proposed that

{N1é> = cos @ ’(6.3)%, 0> @ sin 95 %1(5.3)1/2; 0>
<[2(3.3) s 1>/7 (Lre238)

and

1Niz> 5.,(633)%: 0> (L.23Db)

This scheme has the same advantage as the previous one, that we
do not have to assume that W-spin is a well conserved quantity.
There are no obvious disadvantages in this case.

(Lk)

The final mixing scheme, proposed by Catto et al. seems
to be very seriously wrong. This scheme is based on the
assumption that the N and N* states (which form the 56~
representation of SU(6) at rest) will completely occupy the
56-representation of SU(G)W, when they are moving in the
z-direction. With this scheme, good results are obtained for
the axial-vector coupling constants, but disastrous results
appear for the magnetic moments, for example p'(n) = 0., We
will consequently ignore their configuration mixing scheme in
the ensuing discussion.

We now consider the commutator of the electric dipole

moment operator with the axial-vector charge,

[Ag, Di;} " -./é3x (35%1 ) 2P (RY(x) (Lo2h)

-
This is the group generated by Vo(l), A (0,), sz(Bo;),

sz(Boi), thus commuting with the Lorentz transformation in
the z-direction. It is to be compared with the static
suU(6) group, generated by V(1) and Al(9) s
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From this commutator, we obtain
& :
By py = @ |[25, DF J)Byy 0, = @> =0 (125)

since the matrix element of the operator on the r.h.s. of
Eqe (24) must vanish, By saturating the commutator in
Boe (25) with a discrete set of states defined by either
Bge (22) or Eqe. (23) we obtain sum rules for the anomalous
magnetic moments, transition moments, and the axial-vector
coupling constant. Since we have given the details of
similar calculations, ad nauseam, in Chapters II and III,
we will not repeat the procedure here, but only quote the
results. Using the transformation properties of Di to
eliminate some of the matrix elements, we finally obtain
(for both the Gerstein-lLee and Harari models),

#

u* cos 8 = J2 u'(p) (L4e26)

and u'(p) = = n'(n) (Le27)

where u* is the transition moment between the nucleon and
the 3,3-resonance. Before we say anything about these
results, let us note that we can also take the matrix element
of the commutator lfhg ’ Ag;] between baryon states. Using

the same configuration mixing models, we will obtain

2

G = % (4 cos® & + 1)

Now, if we require that ¢ takes on its experimental value of
1+18, instead of the usual SU(6) or current algebra value of
5/3, we will find that © = 37°.

With 6 = 37°, and the experimental value p'(n) = =191,
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Egs. (26 and 27) imply that u'(p) = 1°91 and u* = 3,40, to be
compared with the experimental values p'(p) = 1+79 and
p¥* = 3+36 L 0,05%.

If we had used the chiral SW(2) algebra, instead of SW(3),
we would only have obtained Eaq. (26). The other relation,
Eqe (27), depends on the D/F ratio, so that we need the full
sU(3) internal symmetry. This can be seen by looking at the
sU(3) Clebsch-Gordan series; both D= and F-type coupling con-
tribute to un'(p), whereas only D-type coupling contributes to
n'(n).

It is an interesting feature of these results that they
are quite stable to various representation admixtures. In
the Gerstein-Lee model, due to the arbitrariness of o, we
have effectively an infinite number of configuration mixing
schemes. However, if we are prepared to accept the quark
model in which all baryons consist of qgq states, then
o= 3/2 is the only possible value.

To conclude this section, let us consider the validity of
configuration mixing. It has been shown(ue), that the
assignment of hadrons to a mixture of representations implies
the existence of a one-particle subspace containing more than
the observable particles. This is in complete analogy to the
problem of configuration mixing in the shell-model of the
(47)

nucleus Here, an approximate Hamiltonian is introduced,
and by diagonalizing a submatrix, good results are obtained
for the low lying states. However, the higher eigenstates,
rredicted by this approximate Hamiltonian, do not, in general,
correspond to any physical levels, i.e. we have a subspace con-

taining unphysical, as well as physics states. We have seen a

" This has been estimated by Dalitz and Sutherlandﬁhq)
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clear example of this situation arising in current algebra.

The Gatto-model predicts the correct values for the zero order
moments, but the first order moments it predicts, do not
correspond to the physical ones., One further analogy between
current algebra and the shell-model, is that the experimental
results can be explained by many different choices of possible
configurations. In the context of the shell-model, Flowers(ua)
came to the conclusion that the task of determining the amount
of the respective admixtures was "prohibitively tedious". It

certainly looks as if the same remarks apply to current algebra,

3. Final Remarks.

We have seen that current algebra has been able to 'save
face' by introducing Pauli moments for SU(6), and configuration
mixing for chiral SW(3). However, these procedures seem quite
arbitrary. It may turn out, in the course of time, that there
is some truth in these ad hoc remedies, but it is unlikely that
we will be able to offer any appraisal of this situation until
a complete dynamical theory of the quark structure of elementary
particles is achieved, At present, therefore, the best that
can be said is that current algebra is not inconsistent with

magnetic moment results.,
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CHAPTER V

UNSTABLE STATES

In Chapters II-IV the sum-rules we derived were all based
on the assumption that the particles are completely stable as
far as strong and electromagnetic interactions are concerned.

Now this is obviously far from the truth. For example, although
the proton is completely stable and the neutron almost stable

(T =101 % 0-03.10-3 secs.), the N¥(1236) has the extremely
short life-time of /T = 0+548 £ 0+009.10"27 secs. The

probability, that leptonic decays of the n*

will never be
observed, is guite irrelevant from the theoretical point of

view. However, it would seem most remarkable if no difference

is made to the sum-rules when we allow for the extreme instability
of the N¥, When we derived the baryon sum rules we had to deal

with quantities like \/ajx d3y<fleA(x)}kﬁ>{liB(y)lp'j>

In section 1. we shall see that when the intermediate state, of
momentum k, is completely stable, we get momentum conserving

delta functions, &(p-p') é>(k-p). However, when the inter-
mediate state is no longer stable, we get a smeared-out delta
function in k, in fact, Ss(gfg') fe(ErE)- The astonishing
conclusion we are then forced to come to is that there is ab-
solutely no difference between stable and unstable states, as

far as the baryon sum rules are concerned. In section 2. we

adopt a phenomenologieal approach. With some slight Jjustification,
we ignore the results of section 1, and show that we can associate

an instability factor .31 s Where 0 < 3 < 1, with unstable
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intermediate states. This is gquite compatible with the algebra,

and gives excellent agreement with experiment.

l. Theoretical Approach to Unstable Intermediate States.

The essential, physical content of the quantity
<:pIJA(x)]kf)(ik]JB(y)}p';> is the followings a local operator
J(y) is applied to the initial momentum eigenstate fp[) taking

it into another momentum eigenstate {E> M Then, a second local
operator J(x), at, in general, a different space-time point

x #y, is applied to k> taking it into the final state D>
The guestion immediately arises - what happens if the intermediate
state is unstable, so that, having been created at the point 'y',
it decays before it can reach the point 'x' ? There is one point
of difficulty here, As we are dealing with momentum eigenstates,
the localization of such states is not compatible with their having
exactly determined momenta (due to the Uncertainty Principle).

. Strictly speaking, we shall have to compromise and deal with wave
packets of finite extension. However, as we can make the distaﬁce
between x and y greater than the extension of the wave vpacket,
we can effectively ignore this complication.

At an early stoege in the derivation of the baryon sum-rule

we considered a quantity of the form
I = /d3x Sy (o) [T,(x), 3(v)] [»">
3 (3, o Hpo~pL)¥,
[Pz $(pp") e {p) [7,(2), 3500)] ] p*> (5.1)

Il

where 2z = X = ¥y The equal-time limit will ultimately be given

by putting Z, = O Inserting intermediate states of momentum

k, and integrating over their 3-momentum, Eq. (1) becomes
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I = /d3:~: @’z 8 (p-p') ei(po—pc’ Yo
- {ei(k-P)z (DIJA(O);L;>< k]JB(o))p'>

(5.42)
__ei(p‘_k)z <P\JB(O)’k>< k]JA(O)l p->)?

In the conventional manner, when the intermediate state is stable,
the djz integration is over an infinite volume. This just
gives a delta function, 53(5-2), so that when we finally
integrate over d3k, the only contribution from the integrand
occurs at Xk = D.

When the intermediate state is unstable, we have to deal
with Eq. (2) in a different manner.

Define T, = mean-life (in the rest frame of the particle).

TaW
T il 2y mean-life of particle moving with momentum k.

m
2

W, = K/E+m~ = energy.

v = yu)k = velocity.

Thus, the maximum position the unstablc particle can get to before
it decays, is given by 2 = v T . In other words, the variable
'z' in RBqe (2) is restricted by the inequality

£ T

|2) < —F—

We are therefore carrying out the d3z integration over a finite

|ElTo

m

volume, in faet a sphere of radius e =
We shall digress, for a moment, to consider the properties

of the funetion fa(k) defined by



£ (k) = -51‘;[ ax elr¥ (543)

Obviously, in the limit e-> ®, this is Just the Dirac delta
function. However, for finite e we see, on integration,

that

£ (k) = SREX (541)

4 )é(k)
which looks like

/_““"‘\._ —
==

oo,
e N N e

FIG, 1

It is not difficult to find the following properties of fe(k):

(1) Height of main peak = £ _(0) = £

.
(1i) width of main peak (at £ _(k) = 0) = %
(111) Height of 12% subsidiary peak = - 2&
3

+@
(1v) [ax £ (k) =1

Unfortunately fe(k) cannot be integrated in closed form for
finite limits of integration.

We now return to Eqe. (2)e For simplicity, we shall work
in a two-dimensional space-time. It is trivial to extend this
to the four-dimensional space, but the resulting expressions

are not so 'transparent', as we have to use spherical coordinates.

R
Integrating Bq. (2) over the finite range z < '-tno we obtain
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i 1( '
I = j ax §(p-p') e O 00 £ (k-p)

=00

{ei(% ° % (pl7,(0)] x> k[TH(0)] P>

i(k -p!)
Lo o0l {2 135(0)) & X< kIJA(o)Jp')f

k| T,

where ¢ = -

When we take the equal-time limit, the exponentials in z, &0
out . The exponential in ¥y, occurs in each term of the
commutator eguation and thus cancels out. Essentially what

we are left with is

+Q0 _
Is= [ dk F(p,p',k) fe(k‘p)
-0
g il (x-p) 1) T,
=3 Te=p) F(p,p',k) sin m (5¢5)
-0

When we specify the particular sum rule we are considering,
F(p,p'sk) ic a well known function, i.e., we are just expressing
the matrix elements in terms of Dirac spinors etc., whose explicit
momentum dependence is given in Appendix A. For example, in our

chiral SW(2) sum-rule, F(p,p',k) is of the form

F(pyp'sk) =

E(p)(al+a2k0+a k +aukk0+a k%K otagkks +a7k3)u(p ) (5.6)
where the a's are combinations of the Dirac matrices, masses,

and numerical factors. If we insert this expression in Eq. (5),

and carry out a suitable contour integration, we get the unexpected
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result that
I = F(P!P‘sk=P) (57)

Because of the importance of this result, it is worth
demonstrating briefly the method of integration, and the con-
vergence properties of the integrals. Taking a general
k-dependent term, kn, from the expansion Eq. (6), we must
evaluate the integral

®
dk T

/ (k=p) k" sin((k-p) [k[A) where A = _mg

-0

Al

a
- ke / N R LI COT
-0

This is easily carried out if we choose the contours Cl and

respectively, for the two terms of this integral, as showni

The contribution from the upper (or lower) semicircle vanishes,

when the radius tends to infinity, i.e. for the upper half plane

o

ie
im f 1do R+l e1(n.+1)9 e1(Re -~p)RA _

R->m Reig - D

O+e¢
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Re=g
' 2_1ie.
=Lim[ 1 @0 R® &1M@ glR7OA _ o
RAbmo+€
2_1ie 2 2
since RM.elR @A _ on -R7sineh _iR"coseA

—> 0 as R—>o00 (where sine >0).

The result we have obtained, Eaqe. (7), is interesting in two
wWaysa First, from the physical point of view, we see that the
matrix element is not affected in any way when the intermediate
state becomes unstable. Secondly, from a mathematical point
of view, the ﬁseudo-delta function, fe(k), os some of the
properties of the Dirac delta function, when we consider it
under an infinite integral*. It might, therefore, be useful
to consider the application of this function to other problems
in physicse. For example, we might consider a field theory in
which the canonical commutation relations were given in terms
of pseudo-delta functions. Such considerations are, however,

outside the scope of this dissertation,

2. Phenomenological Approach to the Problem of Unstable States,

Perhaps we should warn against taking the results of this
section too seriously, as we saw, in the previous section, that
the lifetime of the intermediate state plays no role in the
sum-rule. However, we have seen, in other applic.a'l::i.on:smE of
current algebra, how the "eorrect" experimental results can be
obtained by disregarding certain contradictory features of the

theory. In fact, it generally turns out that after a careful

See Appendix E.

% vor example, the configuration mixing, and "no-leakage"

assumptions.
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reformulation and reinterpretation of the theory, there is no
discrepancy between the current algebra technigue, and the
underlying theory. With this reservation in mind, we now
consider an ad hoc modification to the chiral SW(2) sum-rule.

Intuitively, we might expect that whenever we have a
matrix element <prJIk:>{ k]J!p';> with the intermediate
state unstable, we should make the replacement
x> k| —> F[kX ¥/ . We call F the instability factor,
which has the property that =1 for completely stable
states, and F =0 for completely unstable states (i.e. van-
ishing 1lifetime). The result of section 1 suggests that F = 1
everywhere except where the particle's lifetime is zero, when
E?: O However, we will assume that E? is a smooth function
of the lifetime, so that in general 0 < I =1,

We repeat the derivation of the chiral SW(2) sum rule

(Ch. II, Secs L) for helicity ! states, making the replacements
MO ¥ —> F IO v/

18>< §) —= £)a>< n)

This gives us three equations

which have the unique solution
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2 1 2 I
614 =(3'Z + 2M —-:-2-) e (548)
18M 1
E? (;9- ) 100+ 8112 363)
2 [f o2 1
6y, _(55 -l Ef%z (5.10)

Thus, the idea of damping the effect of the unstable intermediate
state is, at least, compatible with the algebra. Since the
nucleons are stable (compared with the N> ) we shall assume

that ;{ = 1+ Then, as usual, G = GA/Gv is given by

= (LwaFu?) . —22 (5411)

25+ 21

Using the experimental values of G and M as input data, we
find that ‘E} =2 025 R 0+03. We can then predict the value of
the transition coupling constant ¢* to be 1¢5, This is to
be compared with the experimental value of 1°1 L 0¢1 and the
original current algebra prediction of 1+6,

There is one other way in which the role of the instability
factor can be tested. Matsuda(36) has obtained a sum rule for
the isovector charge radius of the nucleon. If we repeat his
calculation, putting in the instability factor, we obtain

‘ 2 ‘ 2

§ o> - dgale " 2w (5.2

where d(p) and p(n) are the anomalous magnetic moments of

the proton and neutron, and © 1is the configuration mixing

angle®, This expression is just the same as Matsuda's result

e See Chapter IV.
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when /= 1. Putting in the experimental values ﬁ(p) = 179,
u(n) = = 1+91, & = 37° and J = 0°25 we find that

ne (r?> =021

This is much closer to the experimental value(37) of 0°+27 than
Matsuda's original value of O-+llL.

Having seen the usefulness of the instability factor from a
purely phenomenological point of view, it would be interesting
to see what functional form it might have. From the well known
exponential decay law, we might expect that F= e"t/t . However,
to be more in keeping with the result of* section 1, it is possible

that the instability feactor has the form
F= ({t=TVa  qy=2 (5.13)

The constant 'a' is the fundamental unit of time. Wheeler(Ba)
has suggested that space has a granular structure, with a "smallest
possible distance' of ~ 10-33cm. If we accept that velocity is

bounded at e ﬁiB.lolocm/sec., then there is a corresponding "least
10-43

sece The parameter 't' has yet to be ex~

plained, but for the moment we will assume that t ~ 10"235ec.,

time", o =z %

i.es the order of magnitude of the lifetime of strongly decaying
particles. With these values of a and t, the graph of the

instability factor, Eg. (13), is shown in Fig. 2
F A

Fig. 2,
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It is, interesting to note that by letting t—=0 and a -—0,
we can, in fact, reproduce the result of section 1 with this
function.

The question still remains - what is the meaning of the
parameter t 9 From Egse. (11 and 13) we can compute the values
of Q} and G for various values of t, using the experimental
lifetime of the %, T = 04548 £ «009.10"%sec. The results

are given in the following table.

t=T F e
:v<10",'L3 sec
=0 100 0.329 1.24L0
=0 4090 0.321 1.233%
=0 ,080 0.313 1.227
=0 .070 0305 1.221
=0 060 0.296 1,215
=0 <050 0.288 1.209
-0 «0LO 0.280 1.202
-0 030 0.273 1.196
=0 4,020 04265 1.190
-0 4010 0+257 1.184
0,000 04250 1.179
0010 0.2L2 1.173
0,020 04235 1,167
0.030 0.228 1:161
0 +.0L0O 0.221 1.155
04050 0.214 1,150
0.060 04207 lo1lly
0070 0200 1.139
0.080 04193 1.134
04080 0.187 1.128
0,100 0.181 1l.123%

The strange feature of these results is that the experimental
value of G occurs at the point t = T , within experimental
errors. This is surely more than just a remarkable coincidence.,
We might hope to show that t has some kinematical significance,
namely the time taeken by a light signal to cross a finite
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interaction volume. However, the result of section 1 seems to
rule out this possibility. On the other hand there may be some
unknown dynamical mechanism at work, which is characterized by
the parameter +, and which somehow constrains t to be van-

ishingly close to the lifetime T .

3 Conclusions

In this chapter we have presented two apparently contradictory
results. The first, based on a fairly rigorous argument, shows
that the instability of particles makes no difference to the sum-
rule. The second, based on an ad hoc procedure, shows at least,
that a damping factor can be introduced consistently with the
algebra,. It may even hint at some underlying dynamical mechanism,
if we are prepared to accept the particular function that was
chosen for the instability factor. The dilemma however remains -
how do we reconcile the two results? To this, there seems t0 be

no obvious answer.
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CHAPTER VI

THE DOMAIN OF THE CHARGE OPERATOR

- -

In all the previous chapters, we have naively assumed that

the charge operator

Qu = ‘{d:x ju(x) (641)

is a perfectly meaningful gquantity, whether or not the current
is locally conserved, Now, it turns out that when we have a
locally conserved current, there is not too much trouble in
giving meaning to the formal definition, Eqe (1)« However,
when we try to work with nonconserved currents, great diffi-
culty arises, in fact it is impossible to accomodate the charge
(associated with a noﬁconserved current) in Hilbert space.

With certain reservations, this does not, however, destroy the
whole idea of current algebra.

We shall now consider some well known theorems on current
algebra, and then proceed to prove certain additionsl results.
The 'proofs' of some of the theorems often leave much to be
desired, and so we shall repeat them in a fair amount of detail
in order to peoint out the possible loopholes,

To make the proofs mathematically readable, we have kept
verbal explanation to a minimum, However, the discussion of
each proof follows immediately after the proof in a series of
notes which are referred to by circled numbers, €.g. (i), in

the text of each proof.
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Theorem 1., Coleman's Second Theorem: ‘.

"Phe invariance of the vacuum is the invariance of the

world". Stated symbolically this is,
if q(t) = /rd3x jo(x)

then Q[0) =0 = & (x) =0
u

Il
o

and 1iQ = [Q,H;}

Proof'$

If /rdjx jo(x)ld? = O(®C§), then for an arbitrary state /n>

of zero 3-momentum,

{n] /d}x jo(x)f(3>

Performing the T.orentz transformation U(;), and using the

]
o

translational invariance of the vacuum,
fdz’x () u(x)3,(8)0™(x) )0y =0 or/d3x {n]j ()] 0> =0,
Hence, n|j ()l 0) = 0 which is equivalent to

< a ;lu(x)l0> =0 (642)

It is one of the fundamental axioms of guantum mechanics that
Egs (2) should be true in any Lorentz frame. By applying a
Lorentz transformation to /n> sy We can obtain a complete set

of states on the left, so that
= 18> <fn]a“ju(x)}d> =0 = a”ju(x)(QD =0

But, any local operator that annihilates the vacuum, is itself

identically zero(zz Therefore,
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oM ju(x) = 0
which means thatcg)
10 = [q,H] = 0.

Notes:

GB It is assumed that the vacuum is unique, i.e. we have no
massless particles in the theory.

G§ The existence of this integral has only been proved for a
dense set of quasilocal states on the left, see Theorem 5.
The states [n}? are momentum eigenstates rather than
quasilocal states. However, Dell'Antonio(hg) has shown
that the proof can in fact be carried out in this case.

This well known result follows from the Federbush-Johnson

&

argument(5o) or from 'Theorem L-3' of Streater and
Wightman(55). Recently, however, a counter-example has
been given(sl) where ((x)]/0Y = 0 does not imply that
y(x) = 0, We are inclined to believe that this situation
is pathological, since the {(x) are infinite-component
fields which lead to a theory without crossing symmetry.
CE) Strictly speaking, all we can conclude from the local

conservation law

5“ j“(x) =0

is that

aO/de 1o(x) = f;]_(x).dg’
s

By making the additional assumption that the surface term
falls off rapidly at infinity, we get the global conservation
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law, This assumption implies that we have a detailed

knowledge of the interaction.

To avoid writing syllogistic tongue-twisters let us say
that roughly speaking, the outcome of this theorem is that if
the vacuum is invariant under the group generated byJ/d;xjo(x),
then the Hamiltonian itself is an invariant of the group. The
guestion as to whether the vacuum is in the domain of Q will

be taken up later.

Theorem 2 The Fabri-Picasso Theorem(sz).

Ir =‘/6;x jo(x) exists as a weak 1limit® and auju(x) £ 0,
then the wvacuum cannot be in the domain of 0 .

Proof &

Since @ is translationally invariant (in x), so is /Q>
Now, Q| Q) =/Qx<MJ(xHO>
= [adx )i (1)) o>
which is either zero or infinity.
If (Q]a) = @, then |Q> ¢ K @
If Q)

implies that o" ju(x) =

O, then [@> =0 = Q|0> , but from Theorem 1 this

so, if " j (x) # 0, Q cannot be defined on the vacuum,

Notes?

(;} The result of this theorem is true if we restrict the states

to Hilbert space. In principle, there is no reason why we

™
See Theorenm 5.
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should not enlarge this space to include vectors of infinite
norm., Katz(53) has, in fact, shown that this can be accomplished

by using a rigged Hilbert space.

Theorem 3. The Fabri-Picasso-Strocchi Theqyem(Bh).

If Q =‘/h:x jo(x) exists as a weak limit and o ju(x) £ 0,
then @ 1is not a self-adjoint operator inig( N

ProafsCD

If Q 1is self-adjoint* then eDLQ exists<é? The stateCz)
eihQ}d> is translationally invariant, so that

eiRQIOf) = eilq{0>>, where q 1is a real number,
Then, by Stone's Theorem, Q[0 = q[0> .
Now,<<olju(x)lq> = 0, 80 that in particular,
fd3x<0[30(x)]0> =0, 1.6.<0/aJ0> =0

Hence, q = O, But from Theorem 1,

I

a/®> =0

contradicts the original assumption.

/ﬁjx jo(x)}q> implies that o" Ju(x) = 0, which

Hence ot £ q.

Notes!

@D This 'proof', given by Fabri, Picasso and Strocchi is
entirely fallacious if we accept the result of Theorem 2,
that @ 1is not defined on the vacuunm, We shall later
prove this result by a different method, (see Theorem 7),

so there seems to be no doubt of its wvalidity.

® We use this in the technical sense to distinguish it from a
hermitian operator.
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(g) This follows from the spectral theorem.
0
(3 1If Q 1is not defined on the vacuum then neither is ei?e,
Since we are dealing with a continuous group of transforma-

i\Q

tions, the derivatives of e should also exist, so

that, for example, eilquI0> should be defined.

We shall now, briefly consider two very important theorems
by Schroer and Stichel which tell us how we are to understand
the formal definition of the charge operator, Ege. (1). The
proof's of these theorems are based on the usual® axioms of
quantum field theory, and are quite rigorous, unlike the 'proofs'
of the previous theorems. Consequently, we shall merely quote
the results. First, however, some explanation is required in
order to understand these theorems,

The problem we are mainly concerned with in this chapter
is the definition of the charge operator @ in terms of the
local current operator J“(x). Between quasilocal states, the

matrix element of ju(x)

B 3,0 (4D

is a smooth, rapidly decreasing function in x. The quasilocal

states are defined by
|85 = [@Bxy00n@Prf(zys 00 omg)A(z)) - oAlR,)) O (6.3)

where A(E) is the local field, and fé?‘fj, the space of
infinitely differentiable functions which, together with their

derivatives, approach zero at infinity faster than any power of

* For the ideas of axiomatic quantum field theory, functional

analysis and Hilbert spaces we have relied heavily upon
Refs. (55) = (59)« In general, we shall not make any further
reference to these 'standard' works.
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the Euclidean distance. Under these conditions, the integral

[ @13,

always exists. This is true whether or not ju(x) is locally
conserved.

When o ju(x) = 0, it is possible to define the charge
Q= Lim j . (f,,f,) (64)
R—@ oOR™T

i.ee an operator limit exists for the sequence of unbounded
operators jo(fR,fT). The test functions f, and f, are

space- and time-smearing functions
£, < D (R3)
fo < D (R)
in fact,
fo(x) =1 if x| < R
=0 if |x] > R

fT(t) 2 0, supp fT(t)C [- Ty T] ,/dt fT(t) =1

The content of the following two theorems, is just giving

a meaning to the operator limit in Eq. (L).

Theorem L. Schroer ang_Stiche;(so).

Q = R%izn jo(fR,fT) does not exist as a strong limit, i.e.

0] 35(Eqaty) d(Epaty) 0> —= oR®

as R—> o, where C # 0, unless ju(x) = 0.
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Theorem 5. Schroer and Stichel(so).
Q@ = Lim jo(fR,fT) exists in a weak sense on a dense

R— 00

set of quasilocal states, i.e.
{B13o(£peTp) |0>—> 0 as R—>oo where | > is defined by
18> = (d3x n(x) B(x)/0D> (6.5)
n(x)e <D R3) (646)

Dy (R?) = [n(x)s 50D 5 1an +n(x) = of " (6.7

r— 00
B(x) = U(x) B U™ (x) (648)

B = quasilocal operator, defined as in Eq. (3).

The implications of these two theorems is the following.
As long as the cﬁrrent is locally conserved, the charge operator
can be defined as a weak limit, for a dense set of quasilocal
states. In fact, the linear form Lim <f5\jo(fR',fT))O> is
zero, and therefore bounded. Howe%ngoif oM ju(x) £ 0,
this linear form is unbounded in |@#> and so we cannot define
the charge associated with a nonconserved current, within the
realms of Hilbert space.

S50 far, all these theorems have pointed to the conclusion

that Q|0> , and therefore le)ﬁx are not normalizable states,

" q¢3 is the space of infinitely differentiable functions with
compact support.

e /s> are all normalizable states obtained by applying creation

operators to the vacuum and smearing with suitable integrable
functions.
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when the current is not conserved. In the usual context, this
means that J 1is not a well defined operator. We are, of course,
familiar with non-normalizable states in cguantum mechanics, e€.g.
plane waves. However, it is generally asserted that the ‘'physical’
states of our system must be normalizable. For exanmple, by
introducing square-integrable smearing functions our plane waves
become normalizable wave packets.

There seems to be no reason why we should not use states of
infinite norm, It is merely our prejudice and unfamiliarity
with working outside Hilbert space that prevents this®, Indeed,
Katz(55) has shown that in a rigged Hilberﬁ space, the charge
operator can be perfectly well defined even if the current is not
locally conserved. Inspired by Katz's work, we have been able
to prove two further theorems. Consequently, and also because
the idea of a rigged Hilbert space requires some explanation, we

shall first give a concise survey of the essential results of his

paper,
We define,
J( = a separable Hilbert space
JU = the algebra of observables, consisting of

self-adjoint, not necessarily bounded operators
From the Hellinger-Toeplitz theorem™we see that the domain of
Ay D@ ) satisfies

D(OL) = - 3’ = ‘9’( ] (609)

where :; is assumed to be dense in J%‘, and F =<§{ iff

» I am indebted to Dr. David Judge for this remark,

#x See, for example, Ref. (58),
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A is bounded VA<=dl . In fact,
NI < F < H

There are two things we must immediately consider, (1) the
topology on -+ , and (ii) the dual space of 7 .

(i) The action of unbounded operators A < Ol on 7 is not
continuous in the topology of H » 1s0, if d‘i € F , then
4;—> 0 ind =% Ad; —> 0 in 3 , It is therefore necessary
to define a finer topology on F so that all operators A <
are continuous, Convergence in this finer topology means that

d;—~0 inJ = Ad;— 0 in¥ , VAc=@

(ii) We denote the dual space of F by F', and the elements
of F'ovyade ', Then, for each die T , there exists a

continuous linear form (or functional) on :—_? s namely
l(di) = (d" di)

which is continuous in the sense that d,—> 0 in I = (d',di)—‘ro
in FY,

We now have the relation that

FeHae G (6410)

This triplet of spaces is called a rigged Hilbert space.

The next step is the most vital part of the whole argument.
So far A < 0l has only been defined on = s, & Space generally
smaller than the whole Hilbert space 9{ , Because of the
relation between ' and F, we can extend the definition of
all A <0 to F' by defining,

(Ad', 4) = (a', AQ)

The continuity of A on U—of‘ course means that Ad' is continuous

in 3"-
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Having defined our space, the states are now defined as
ja> = [&’x £(x) B(x)]0> (6.11)

mere  £(x)<] (R), (6412)

and B(x) =/d3xl...d3xm g(;c_l-g_c_,...gm-;c_) A(x) A(_:gl)....&(gm) (6413)

where A(x) are the local fields, and g(&l,...%)éj(@Bm)
Now ]d>~—=;» 0 in \}iff r(x) or g(x)—> 0 in\_/’.
The scalar produect of two of these states is,

Cola) = [@x &Py £1(x) £,(x)0)By (%) By(X) [0

Since <O’Bl(_35) Bz(x))0> is a rapidly decreasing distribution
in (z-y)s, the scalar product is still well defined when
fl(gg)g f' instead of f . (f'. which is the dual space
of f s 1s the space of tempered diatributions)*. Through the
scalar product, we can therefore define the states of the dual
space as -

o Jaty = [a3x £1(x) B(z)/0>
whe re £ (x) = ' (R3)

and B(x) is still defined by Eq. (13)
Now, |a'>—> 0 in F ' iff £'(x)>0 inJ' or g(x)=0 in T .

Since the constant 1 belongs to ', the state

J> = /d:”x B(x) /0>

is defined in J '. The state | Q> so defined is just the

® The aistribution <O )B (x) B ( )\0\/ decreascs exponentially at

infinity, whereas x) = :f has, at most, polynomial growth
of finite order.
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analogue of the state of Fabri and Picasso, (Theorem 2). Thus,
in a rigged Hilbert space, the charge operator for a nonconserved
current can be well defined. This completes our discussion of

Katz's results,. We now present two further theorems,

Theorem 6.

The vacuum does not belong to \;L.

Proof 3

The space > is defined in Eqge (10)e If the vacuum
0> «F , and [d") & F' 1is given by

la> = [d3x £(z) B(x)]0>

where f£'(x)e /' (R3) ana B(x) is the
quasilocal operator defined by Eq. (13),
then, from the property of the rigged Hilbert space,

La' o> = /d3x £'(x) {o[B(x) 0>
should exist Y/ ]d'> < J'. However the vacuum expectation

value < 0|[B(x)) O> is a constant, (by translational invariance),

and f'< /', so that the integral generally does not exist.

Hence, | 0> & Fe

Theorem 7.

The vacuum does not belong to X ,

Proof s

The states |[bO& "X are defined as in Hq. (5) by
[5> = [a’x n(x) B(x)|0>

where  h(x) < Dy (R7)
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and B(x) is again defined by Eqes (13).
The states |b'> of the dual space X' are
[ = dx n'(x) B(x)/ 0>

where W'(x) = D} (R 3)

If ]O>é X » and [6'*>& X' then (as in Theorem 6), the scalar
product

D =[d3x h'(x) <o|B(x)|0>
should exist '/ J'b'><~:— X'

Once again, the vacuum expectation value is a constant, and since
h* <D ', the integral does not generally exist. Hence,
0> & K

In Theorem 5, the charge operator (, associated with a
locally conserved current, was defined on a dense set of quasi-
local states which span the space X . Now, we have seen from
Theorem 7 that the space )C does not include the vacuum. This
means that for a comnserved current, the domain of @ is.JLL)TK ’
where /. is the vacuum, and for a nonconserved current, the domain
is just jx . This is also the result of Theorem 2, However,
when we enlarge the space, the domain of Q 18 L U F s Whether
or not the current is conserved,

In conclusion, let us recapitulate what has been said in this
chapter. Theorem 1 shows that if the vacuum transforms like a
singlet under the charge-algebra, then the current must be locally
conserved. However, local conservation does not necessarily
imply global conservation. Theorems 2, L4, 5 and 7 are concerned
with the definition and the domain of the charge operator, and
show that with states restricted to Hilbert space, the charge can
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only be defined when the current is conserved. Katz's work and
Theorem 6 show the possibility of defining the charge whether or
not the current is conserved, provided we work in a ripged Hilbert
space. It therefore seems that there is nothing wrong with the
usual manipulations of current algebra if the states we use are
taken from the dense set of quasilocal states. The one-particle

states are certainly of this form(so).
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APPENDIX A

HIGHER SPIN WAVE FUNCTIONS

In this section we indicate the notation and list some of
the basic properties of the Dirac, Proca and Rarita-Schwinger
wave functions that have been used in the text. We also give
a method for constructing helicity eigenstates for arbitrary
spin.

The metric used throughout this dissertation is

8. = (=1ly+1lp+1ly+1) » and the Dirac matrices satisfy

wy diag
{Yus Yvi = 2guv

l. Integral spin = n.

We write the boson wave function as ﬂi i (x) or
1'.0 n
83 " (2). The upper index denotes the spin-component, and
10'. n

is suppressed when no ambiguity can arise. The lower indices

are the Lorentz indices u = 0,1,2,3.

(3 -n°) ¢ (x) =0

Fil e .l.l,n

with the subsidiary conditions

1 = =
o ﬁl.tv...'_o ﬂu!lv.-- = 2
o--llioolﬂ.j.o. "‘“’j."ui"'
2 2
Alternatively, (p° + m®) ¢ (p) = 0
uloco“.m
with p“e =0 etc.
HV eee

Normalizations
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g Lesel] YVeoak s

Projection operator;

ZF }T]t‘f,uoa =97]€.0.
UV essse LY e e e

where © 1is the spin projection operator defined by Fronsdal(2u).

In particular, the spin-l1 projection operator is
wf P,P, 2)
Sk, (2) 6,(R) =g, - Lt (As

P

2., Half-integral spin = (n + %).

The fermion wave functions are written as w:u
l.l.

(p)e The upper index, again denoting the spin-component,

un(x) or

a5
f].lllc B -I.ln
is suppressed whenever possible. The lower index a 1is the Dirac

spinor index and b, are the Lorentz indices.,

Pa o -
(v 3, m) w“ul"'”n(X) = 0

with the subsidiary conditions

V) L e =
Y ll!C(.[.chot =0 L8 9 wauv... =0
v =y ; -
G-'"‘ui"‘“'j“' aaollf-jooluiooo VEIIJ-H-V--- = 0
Alternativel ip - = = yM
ernatively (i - m) udul'..un(g) 0, where % = v D,
with puu =0 etc,
ALY e e o
Normalization$
v nNE =r 8 -
g“’ eee8 ua.;.l.-.-'l'} uﬂ.v...E - 61'5 (A.B)

Projection operator:
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Zu@uv.-. uB - QIJ:Volt 2m B

We give below the explicit form of the projection operators

used in the text.

spin - 3 ¢ S u(p(p) - &° ()
spin - 3 @ Su,(p)F,(p) = 1 (p) £2 (4.5)

with

Il

(v, Y+pPP +D, Yy oDY,,)
Duv(g) - L 2

1 b P‘,
3 {3‘%1} ik _Iljr T Yy T 02

3« Construction of helicity eigenstates for any spin.

Let u:(o) and EE(O) describe the spin-% and spin-l

rest states, when spin is gquantized in the z-~direction.

OCOHO

and ¢'1(0) = (0,8), €3(0) = (0,85), €5-(0) = (0,8%)

where we have chosen the right-~handed orthonormal triad
a.+ia,
a; = (1,0,0), 8, = (0,1,0), 85 = (0,0,1) and defined g = -%7§2£

By applying the usual boost and rotation matrices(25) to the

rest states, we obtain heliclty eigenstates for arbitrary momentum,
w¥(p) = >1_.(p) D% (#,6,-8) u%(0)
o R = a.B L 801 i B
8 1 o7
ef(p) = STY () DL,(8,0,-8) €J(0)
where P, = (po, psine cos@d, psine sind, pcose)

For the spinor representation the boost matrix is



B
by
L(p) = ﬁﬁ (4.6)

so that u(p) = L(p) u(0)

Written out explicitly the helicity eigenstates are

| % e
+1/é CcOo8 7
v (p) = M(p) (eiﬂsin 1 9) i
ho) {cgs %he )
D +M elﬁsin e
1
u;é(g) = N(p) (-e'iﬂsin Y% 0)
cos % o (448)
b (—e-iﬂsin % e
D+ cos b @
D _+m
with the normalization factor N(p) = gm )
0
e+1(2) = % eiﬁ . cosecosd =i sind (A9)
" cos®singd +i cosd
- s8inG
D v/
el(p) = = - ( sinGcosd ) (A410)
" . ginosind
cose
-l 1 -ig ( 0
e (p) = S e cosocosd +i sind (Ae11)
u ' e "\ cosesing -i cosf# )
- 5in6

The construction of helicity eigenstates for spin - % is
readily accomplished by coupling the spin - % and spin - 1 helicity
eipgenstates with the appropriate Clebsch-Gordan coefficients. By
successively coupling in spin - 1 we can bulild up helicity eigen-
states for any desired half-integral spin. (Actually, a similar
procedure of coupling spin - 1 with itself will produce arbitrary

integral spin helicity cigenstates which satisfy the Proca equation).
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In general, for spin - (n+!%), the helicity eigenstates are

n-;/a 1 n+1é) o

2 - A
“a.wa...un(ﬂ) " rm( o A s “wuz...”n-lf-‘l) Eu.n(-E) (4.12)

where n = integc».

This type of coupling of the helicity eigenstates with
Clebsch=Cordan coefficients ensures that the resulting state is
also a helicity eigenstate, Furthermore, it is straightforward
to show that this resulting state satisfies the Rarita-Schwinger
equation and the subsidiary conditions.

For the particular case of spin - % we obtain

2
11;5 (p) = u;lfé(n) E:;l(P.)
s
Wy (2 = /‘%‘ uf‘%(ﬁ) 8;1(.'2) + j% ufé(.p) en(R)

1 (A13)

“-E (p) = /‘%’ u,f’é(n) 8;'1(2) + \/"32- ujé(g) eo(2)

From this explicit representation it is easy to show that

y =r s _ "y
gu uau u., = Ong for r,s = = 59 =5
P 2
-p 8 2 o) + 1
o Yo = 3 QFF -1 Ouis for r,s8 = - 3
t 3
= 0 forrs==- % (A1)

We also give a few useful identities relating the Dirac and
Rarita-Schwinger wave functions, Omitting the spinor indices,

and taking p' =p but m' A m we obtain

,(p') v5 u(p) = ?ﬁ?ﬁg ,(p') ivsyo ul(p) (Ael5)



=

Wp) v, w(p) = 2= Wp) { 18, v,} u(p) (A.16)

where e 7 represents any of the sixteen Dirac matrices.

u(p)y, ulp) = igﬁ‘ﬁ(p) u(p) (A417)
u,(p')y, ulp) = r§i§§7 u,(p')u(p) + E%;;§9 v, (p")ivyyoulp)
u,(p,) = \/é l;%‘ u(p,) (A+19)
u,(p,) = \/% ;é u(p,) (A+20)

(A.18)
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APPENDIX B

SU(3) CLEBSCH-CORDAN COEFFICIENTS

The SU(3) C=C coefficients have been tabulated by lcNamee

(26). In this appendix we give their standard

and Chilton
properties, in the notation of de Swart(27). In the third
section we define the crossing matrix and calculate some

additional crossing matrices that are needed in the text.

1. Orthogonalitye.

=~  /iq Ho M By e B s
= 12*)(12,"%5 5 .6

1V2 \ vy Vo V Vy Vo V pie' Cyy vy

By Mo b By Ho U
% 2Y)(}|Y) =6 ié t

Y vy Vo ¥ vy VoV vivy VoV)
2. Symmetry.
(“1 by B ( ; hp By Py
vy Vo V3 = Sy\Byskasily, Vo ¥V V3
f_l} Po Bz B
- 11 1 M3 Moy
= ‘92(1-1-1!”2!“%) ( 1) ({ug -
_ 17372
, : ( My Mo “57)
= Ex(yaktosit
The phase factors £qs 52, and 53 are tabulated by de Swart(27).



B Crossing Matrices.

(U- E: T}( BII(M]_!uz’p'S’“-u) { E Tl')
Z(_l)vz"‘%(“l Mo o)/ B by He 1 H3 B n'| [ B2 My ME 4
fng e vy Vo V Vg V), v Vq=v3z V v' =Va V), '

The elements of the crossing matrices (u&n | BII(8,8,8,8)( w'e'n')
and (p | BH(8,10,8,1O) | u'2') have been tabulated by de Swart(zg).
Unfortunately, there are no tables for the crossing matrix

(nz | BII(B,T5,8,8)| 1'2') and so these had to be calculated by
hand, by summing the SU(3) Clebsch-Gordan coefficients, It is
important to note that a careful choice of the magnetic guantum

numbers does much to simplify an otherwise unpleasant computation.
Table I - The elements (pgtsII(S,TE,B,S)!u'E') of the crossing matrix.

uta'
10 8a 8S
1 2 vo
™ 2 5 | 3
L E
- L
B, /2 0 J3
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APPENDIX C

Su(2) CLEBSCH-CORDAN COEFFICIENTS

In this appendix we give a summary of the usual properties
of the SU(2) Clebsch-Gordan coefficients. (See for example
Hose(zg) and Edmonds(so)). As this dissertation is primarily
concerned with internal symmetry, we shall standardize the

Clebsch-Gordan notation and write the su(2) and SU(3) C=G co=
e 1-12”

efficients in the same way, namely Jl 32 /)and {/vl vy v
In SU(2) this notation is generally used for the 3-] symbols.
However, we do not use 3-j symbols anywhere in this dissertation.
In the final section we define the SU(2) crossing matrix as
the analogue of de Swart's SU(3) crossing matrix, and calculate

certain elements which are used in our various sum rules,

1. Orthogonality.

]
iiié (‘ "#"3 e $ S
L] = 1 [}
m, m J3J3 m3m3

8

172 1 2 3 e | 23
:E%; J1 2 J} Jl J2 J3 S— 8_
] | = | ]
dglty | By Wy By /| Wy M By mymy MMy
J, 32 J3
Note that i = 0 unless m1 + m2 = m3

B g Wy
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2 Symmetry e«
(Ji J, J3 ) (-1)J1+J2~33 (Jé Iy J3]
m1 m,, m3 m, My m3
%
_ Jl-m1 (23 +1‘) Jl J3 J2
= (-1) —
2 ml-mj-m2
N R I | Ta dg b
=(_1)1 2° 3 172 3\
e o

3« Crossing Matrices.

We define the SU(2) crossing matrix as

1 (J2+m2)-(33+m3) SERPS) JBJMJ Iy J3J' JgJuJ'
B {2J+lj;§§%£-l) m.m/\ m,m m m.m' m,m m'
e i o e e e o

M pom !

In order to facilitate computation, we use the orthogonality
and symmetry properties of the Clebsch«~Cordan coefficients to
relate the crossing matrix to either the 6~j symbols or the Racah

W=coeff'icients. We thus obtain
(J ' BII (leJziJB’Ju)‘ J' )

T+d V4T w3 3.8, 3
(23'+1)(-1) 273 5, 12 '%
3, 359

1

]
J+d " +d +Jb_+2J2

(29'+1)(-1)

W(Jl,Jz,Jj,Ju;J,J‘)

Formulae for evaluating the 6-j symbels have been given by Edmonds

and the Racah We-coefficients have been computer—tabulated¥ by

(30)

*  on page 189 of tlcse tables the entry for W(g, 1, %, 15 7 1)

should read + 26352313 instead of -263523%13,
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We give below some of the crossing matrix elements.

(31)

96~

Table I - Values of (JIBII(%’

1, ":"'2". 1)(a")

J'
0 1
3 -3 =
J ' 1
v -/% 3

Pable II - Values of (J[BII(%, 1, %, 1)(3")

JI
1 2
RIEERE:
2| | Y&

Table IIT - Values of (J[B; (2 1, 2 1)[J")

I
0 1 2

) % _%? V10 Tj%&
2| 2| |




0 T

Table IV - Values of (J(gy (1, 1, 1, 1)/a")

o
o | 1
0%1%
AR

Table V

/%

(117 (25 1, 2, 1)[2)

I

(1B (2, 1, 0, 1)(2)

[
s
Whn
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APPENDIX D

CHARGE-CONJUGATION

As Gell-Mann(QB) has shown, every octet that goes into itself
under charge-conjugation has a characteristic number € « %1
This is the charge-~conjugation guantum number of its 1, 3, L, 6
and 8 components (in the hermitian Cartesian basis). The charge-
conjugation gquantum number of its 2, 5 and 7 components is then

- ﬁ . Thus, a self-conjugate meson octet transforms under

charge-conjugation like

My —7 Ce(i) My (no summation)

whe re e(i) =+ 1, for 1 =1, 3, L4, 6, 8

= - 1, otherwise.
For the observed particles we have t?v = =1, and tfp = C% = C; = +1,

Since a matrix element is an invariant, we shall find that
invariance under charge-conjugation imposes certain restrictions
on the type of coupling allowed. It is easier to see this if we
take a specific example. Consider the matrix element of an axial-
vector current octet between pseudoscalar and vector meson octet
states. In principle, we can have both F-~ and D-type coupling,

i.e,
<v|alep> ~ v, Ay Py (£540 + A4 5)

However, under charge-conjugation we find that®

*  We are assuming that the vector and axial-vector currents arec

purely first class, This means that ffv = = 1 and fl =+ 1,
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V| Al PO—> =~ Vi Ay Py e(1) o(3) (k) (fijk + dijk)
=Vy Ay P (£ 40 = 444

Consequently, the term in "d" must be absent.
In general, we can show that the matrix elementciAnT}JBfB8t>
will vanish unless it satisfies the condition

= G fBr3 (8, 8, Ny)

8

where £ a

g

- 1, for Ny

+ 1, for Ny

1’ 88’ 27.

Similarly, for SU(2), the matrix element of the isotriplet
current (Al 3°| B> vanishes unless
1+I

.. -1
Cymw G ()

A

where I 1is the total isospin.
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APPENDIX E

PROPERTIES OF THE PSEUDO DELTA FUNCTION

The pseudo delta function is defined by

£

1 ikx _ sin ek -
fe(k) = 5= / dx e e - (Eel)

.

In the limit e&-—>wm, fp(k}~4* 6tk), the Dirac delta functiomn.

By integrating round semicircular contours in the upper and

lower half planes we find that

o0
/ ax £, (k) = 1 (E.2)
-00

By using similar contours, we can show that
@©
/ ak k" £ _(k-p) = p° (Es3)
-00

where n = positive integer.

It is important to note that this is only true because the limits
of integration are infinite. In this respect, fE(k) does
differ from the Dirac delta function which satisfies the relation

D+A
f dk kn 6-(1{-—1:)) == pn (Eo’—l-)
pP-A
where A > O is a small quantity.
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Similarly, we can show that

£.(-k) = £ (k) (E45)

and
k fe(k) = 0 (E+6)
One further difference between fe(k) and &(k) 1is the following
1
fs(ak) = = fac(k) where o > O (Bae7)

whereas

§(ak) = % 8§(k) where a > O (E.8)

Of course Eqes (7) just reduces to Eg. (8) when e—> oo.

Other properties, including the graph, of the pseudo delta

function have already been given in Chapter V,
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