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Concurrency of lines joining vertices of a triangle to
opposite vertices of triangles on its sides.

By A. G. BureEss, M.A., F.R.S.E.

[Extracted from the Proceedings of the Edinburgh Mathematical Sociely,
Vol. XXXIIL, Session 1913-1914.]

A’BC, B'CA, OBA
and let the angles of
B'AC=X, BCA=vw,

(1). Let ABC be the given triangle ;
triangles described externally on its sides,
these triangles be A’BC=p,, A'CB=y,
C'AB=A, CBA=p, (Fig. 1).




in(B
Using normal coordinates, then for AA’, ﬁ = ?EEE’/S,ID(,—-';@,

i y sinn/sin(C+v,)
. the lines AA’, BB, CC are concurrent if

sing/sin(B 4 )  siny, [sin(C+v,)  sindyfsin(A+4;) 1
sinv, fsin(C +v;) ~ sinA,/sin(A +A,)  sing,/sin(B + p,) ’

eg. if p=0,=90-C, n=X24=90-B, v,=p,=90- A,
B _sin(90 - C)/sin(B+90 - C) secB

vy sin(90 — B)/sin(C+90 - B)  secC’

and the lines are concurrent at the orthocentre secA : secB : secC.
(The points A’, B’, C' are the points in which the altitudes inter-
sect the circumcircle of AABC).

(2). If the angles at the vertices be interchanged, e.g. p, and p,,
then AA’, BB/, CC' are concurrent if
sinp/sin(B+p;)  siny/sin(C+w)  sindy/sin(A +4;)
sinv,fsin(C +v,) " sinAyfsin(A +2A;) * sing,/sin(B+p,)

which is the same condition as in (1). Hence if the lines are
concurrent, they are concurrent when the angles are interchanged,
e.g interchanging the angles of example in (1), so that
A'BC=90- A, A'CB=90 - A, ete., then

B sin(90 - A)/sin(B+90-A) cos(C-A)

v sin(90 - A)/sin(C+90— A) cos(A - B)’
and the point of concurrence is cos(B — C):cos(C - A) : cos(A - B),
A, B, C' being the images of the circumcentre in the sides.

(3). If C'BA/, etc., are straight lines, so that p, 4+ p, =180 - B,
ete., and the lines be concurrent, then if the angles be inter-
changed as in (2), the two points of concurrence are isogonals.

e.g. if py=v,=A, »=A=B, A=p,=C, the point of con-
currence is the Lemoine point sinA :sinB:sinC, the points
A, B', C' being the points in which perpendiculars from the circum-
centre O on the sides of the triangle meet the circles round
OBC, OCA, OAB.

Interchanging the angles, so that pw=A=C, »=A,=B,
v,=ps= A, the point of concurrence is the centroid

cosecA : cosecB : cosecC,
the isogonal to the Lemoine point. The lines AA’, BB, CC' are
bisected by the sides of the triangle.
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(4). If py=vi=A+0, n=A=B+0, p=A=C+0,
S B _sin(A+0)sin(B+A+0) sin(BF0)
y sin(A+6)sin(C+A+60) sin(Cx0)’
and the lines are concurrent at the point

sin(A F0) :sin(BF 6) : sin(CF 6).

This point lies on the line joining the Lemoine point sinA:sinB :sinC
to the circumecentre cosA : cosB : cosC, for Zsin(A F f)sin(B - C) =0.

e.g. If 8=0, the point is the Lemoine point, and if 6 =60°, the
points are sin(A F60) : sin(BF60) : sin(CF60), the two Iso-
dynamic points.

(5). If all six angles = 6, the point of concurrence is
cosec(A + 0) : cosec(B + 0) : cosec(C + ), the isogonal to the point
derived in (4) by making p,=v, = A - 6, etec.

e.g. If #=60° the point is the Inner Isogonic point, the
isogonal of one of the Isodynamic points.

(6). If py=py=p, y=vo=v, A,=A;=A, the lines AA’, BB, CC’
are always concurrent, the point being

sinA ) sinp L sinv
sinfA+A) " sin(B+4+p) " sin(C+v)’

eg. If A=90-A, p=90-B, v=90-C, the point of con-
currence is the circumcentre cosA : cosB: cosC, A', B/, C' lying on
the circumecircle of AABC.

If A=90-C, p=90- A, v=90-B, the point is

cosC _ cosA __ cosB
cos(C—A) * cos(A—B) " cos(B-C)

(7). If P be a point within AABC, and if AP, BP, CP be
produced to meet the circumcircles of As BPC, CPA, APB in
A, B, C, py=py vi=v, A=A, and if these angles be A, p, v,
A+p+v=180°, and the .s BPC, CPA, APB in A', B, C,
M=y, =V, Ay=A; and if these angles be A, p, v, A+ p+v=180°
and the ~s BPC, CPA, APB are 180-A, 180 —p, 180 -, for
A'BC=A'PC=CPA=CBA, etc, and BA'C=CPB=CAB=A,
ete., and BPC =180 - A, etec.

e.g. If )L=90—-%—, p=90-

B

5 v=90—%, the point P is the

A :
incentre 1:1:1, and the .s at P are 90 +—, etc.,, A’, B', C' being
the three excentres of AABC.
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If A=A, p=B, v=_C, the point is the orthocentre.

(8). If the lines C'B, B'C be produced to meet in A", A'C, C'A
in BY, A'B, B'A in C", and AA’ BB, CC’' be concurrent, then
AA", BB", CC" are concurrent, for the condition for concurrence
is

sin(B + py)/sing;  sin(C +v))/siny;  sin(A + Ay)/sind,
sin(C + w,)/sinv, " sin(A + A,)/sin), sin(B + u,)/sing,

the same condition as in (1); the point of concurrence is the
isogonal to the point got by interchanging the angles u, and p,, ete.,
as in (2).

eg. If asin (1) py=2,=90-C, »y=0;=90-B, v,=p, =90 - A,
the point of concurrence is sec(B — C):sec(C— A):sec(A — B), the
isogonal to the point cos(B—C):cos(C— A):cos(A—B) derived
in (2) by interchanging the angles.

(9). If A'B'C’ be regarded as the original triangle with triangles
C'BA', A'CB, B'AC' described on the sides, then if the lines
AA’, BB, CC' are concurrent, B'B”, C'C", A’A" are concurrent, the
points A", B”, C” being the points derived as in (8).

(10). Tf g = py=p, ete, the point of concurrence of

AA", BB", CC" is
sin(A + 1) sin(B+p) sin(C+v)
sinA = sinp sinv

and the lines AA”, BB”, CC" are the isogonals of AA’, BB, CC".

eg. If A=C, p=A, v=B, AA’, BB, CC' meet in
sinC  sinA  sinB " % .. sinB sinC sinA
sinB ' sinC  sinA pd Al BB Lo T sinC ~ sinA ' sinB’
the two Brocard points.

If A=p=v=0, AA’, BB, CC meet in cosec(A + 0) : cosec(B + 6)
: cosec(C + #) and AA”, BB", CC” insin(A + 0): sin(B + 6):sin(C + 0),
the same point as was derived in (4) by making p, =v, = A - 0, etc.

(11). If A+p+v=180°, and AA", BB”, CC” meet in P,
BP'CA", ete., are concyelic, for BP'C=A + A, and BA"C=180 - A - A.

Again, BAB'=A + A and BA"B' = BA"C = 180-A -4,
.. BAB'A” and the other five sets of corresponding points are
coneyclic.

eg. If A=p=v=60° P' is the isogonal of the Inner Isogonic
point and BP'C = A + 60.
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(12). Tf the triangles BA'C, CB'A, AC'B be described in-
ternally on the sides, AA, BB, CC' are concurrent if
sinp,/sin(B — p,)  sinvy/sin(C - ) sinAy/sin(A - ;)
sinv,/sin(C — ) " sinAy/sin (A = A,) * sinp,/sin(B — ps) =

As in the case of the external triangles, the lines are con-

current if p, and p, ete, be interchanged, and if p=p=p
vy=v,=v, Ay=A;=A, the lines are always concurrent, the point
being
sinA | sinp . sinv
sin(A-A) ~ sin(B-p) sin(C —v)

Fig. 2.

eg. If p=p;=90-A, n=1n=90-B, A=X=90-0C, the
cosC cosA cosB

oint of concurrence is ——: : :
P cosB cosC cosA

If A+ p+v=180, then as in the case of the external triangles,
A'BPC, ete., are concyclic points, the angles between the lines
AP, BP, CP being A, p, v.

e.g. If A=p=v=060° the point is

cosec(A — 60) : cosec(B — 60) : cosec(C - 60),
the Outer Isogonic point.



6

(13). It CB’, BC'" be produced to meet in A", ete., then if
AA’, BB, CC' be concurrent, so are AA”, BB”, CC", and the point
of concurrence is the isogonal of the point got by interchanging
the angles p, and p, ete., just as in the case of the external
mentioned in (8). A'A", B'B”, C'C" are also concurrent as in (9).
C

=z

B
eg. If py=p,=—, vy=rn,

A
3 A=A = 3 AA', BB, CC' meet

in the point sec%:sec?:secg and AA", BB", CC" in the point

cos% : cas? :cos%. The first point with reference to triangle
A'B'C’ can be shown to be
sin(60 - A/3) sin(60 - B/3)  sin(60 - C/3)

sin(60 4+ A/3) * sin(60+ B/3)  sin(60 +C/3)’

e.g. If all six angles equal the Brocard angle w (Fig. 2), AA’, BB/,
CC’ meet in the point cosec(A — w):cosec(B — w): cosec(C — w), and
AA", BB", CC" in the isogonal point sin(A - w):sin(B - w) :sinC - w),
a point lying on the line joining the Lemoine point to the circum-
centre. The points A’, B, C' and A", B, C” form the Brocard
triangles.
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(14). T (Fig. 3) pm=p=p, n=wv.=v, A=XA=A, and if
A4 p+rv=180° and AA', BB, CC’ meet in P, and AA", BB", CC”
in P’, then as in case of the external triangles mentioned in (10),
the following sets of four points are coneyclic, BP'CA”, CP'AB”,
AP'BC", CAC’A”, CBC'B", ABA'B", ACA'C", BCB'C", BAB'A".

e.g. If A=p=v=260, P'issin(A - 60) :sin(B - 60) : sin(C - 60),
one of the Isodynamic points ; see (4).



Determinants connected with the Periodic Solutions

of Mathieu’s Equation.



[Extracted from the Proceedings of the Edinburgh Mathematical Society,
Vol. XXXIIIL. (Part 2), Session 1914-1915.]

Determinants connected with the Periodic Solutions of
Mathieu’s Equation.

By A. G. BurcEess, Research Student, Edinburgh University
Mathematical Laboratory.

(Read 11th June 1915. Received 28th June 1915.)

§$ 1. Introduction.
Various solutions of Mathieu’s equation,* or the equation of
the elliptic cylinder functions

%+(a+ 16gcos22)y=0

have recently been discussed in an elegant series of papers in these
Proceedings + These papers have dealt with both the periodic and
the quasi-periodic solutions, but the present paper merely considers
determinants which give the infinite series of relations which exist
between a and ¢ when the solutions are purely periodie, 7.e. are the
solutions denoted by Professor Whittaker {

cey (z), ce (z) ... ce, (%)
se; (z) ... se,(z).

The first set of determinants are derived from Lamé’s differential
equation, which is denoted in the Riemann notation by

y=P| 0 & ¢ o
0 0 0 e
e

and the other set by means of G. W. Hill’s method.§

* Liouville’s Journal, sér 2, t. xiii., pp. 137-203.

+ Proceedings of Edinburgh Mathematical Society, Vols. XXXII. and
XXXIIL (Part 1.)

+ Proceedings of the Mathematical Congress, 1912, Vol 1.

§ Hill : Acta Mathematica, Vol. VIIL, pp. 1-36, 1886.
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Afterwards it is shown how the equations which give one set
of determinants can be got from the equations corresponding to
the other set.

§2. By Lamé’s Equation.

Lamé’s equation is
d*y dy
g o . 1 N LI 2.2
% (x—b%) (x c)—dx,z +3 (32 -2V c:-':+fn:)d’:c

-i{n(n+1)z+4} y=0.
Divide throughout by ¢* and make ¢=> =, and also » and 4,

1)
ﬂ&, -

but so that remain ﬁnife, and the equation

i
becomes
0 TV 109 2y %Y o
m(w-—b)ﬁ+._,(.aw—b)dw—(0m+.0)y—-0 (1)

M—fl—ijl-l)andD:-—i.
¢

k C= -
where id

Substituting * cos® z for @, we have

J y
— 95 z Pt e e 2
1t s (62 Gots br") { sin z cos 1o + 2 b* (COS sin z) }

—80%sin® z cos® =

13 (220 LW (0 preostat D)y=o0.

— 2b*sinzcosz) dz

This simplifies t

*z+4 D)y =0,

Comparing this equation with Mathieu’s equation,

+(a+16gcos2z

jn *2)y=0,

we see that they are the same equation, if a—16g=4D and
32¢=456°C. There is no loss of generality in taking 5’=1, in
which case the equation (1) becomes
(-2 +a)y" +3(-22+1)y +(Cax+D)y=0  (2)
where a —16¢g=4D and 32q=40C.

If certain relations exist between (' and D, the solution of
equation (2) can be expressed as a polynomial in @, such as

1Y)
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y=ay+azx+az2®... Now, as the substitution was z=cos’z the
relations between ' and D which give the polynomial solutions of
equation (2) will give relations under which Mathieu’s equation
can be solved in the form y=a,+a,cos’z+a,cos*z ... i.e. the
ce, (z), ce, (z), cey(z) solutions, for these can be expressed in terms
of cos’z.

By repeated differentiation of the simplified form of Lamé’s
equation the following series of equations are obtained :—

(-a*+a)y" +(- z+1)y +(Cz+D)y=0

(-2 +a)y" +(-3e+2)y" +(Ce+D-1)y + Cy =0

(—a*+a)y + (-be+3)y" +(Ce+D-4)y" +2Cy =0

(- +2)y" +(=To+3)y"+(Cx+D-9)y" +3Cy" =0
etc.

- 16
In these equations substitute =0, ¢'=8g¢, D=ﬂ—4-—qa and

eliminate ¥, %, ¥" ..., and the following infinite determinant is
derived.

a—16¢g
B 1 0 0 Ozeuics
S 3 0 -
4
a-16g _,
0 16 - 4 O eorer oy
0 0 T = S W
0 0 0 DI
4
If each row be multiplied by 4, the determinant becomes
a - 16¢ 2 0 0 6
32¢ a—16¢g - 2° 6 0 | e
0 64 a-16g-4° 10 0L =
0 0 96 a-16g-62 14......... =

0 0 0 128¢ a-16qg-8..

.........................................................................
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The leading diagonal shows that when ¢=0, a=0, 22, 42 62 ...,
which is what was to be expected, as the relations between a and ¢
corresponding to the solutions ce,(z), ce, (), ce, (z) ... reduce to
these when ¢=0.

The value of the determinant

dy b O, 0 .. é..1: 0,0

¢ . bi 0 dy a, 1 0

O el T by o 0 doaap b S R
l. 0 0 ¢ a g 0 ~db a

in which the leading diagonals are the same and one of the side
diagonalsis 1, 1, 1 ... provided d,, =b, ¢, ;.
Accordingly the determinant is equivalent to the continuant

a-— 16¢q 1 0 00 s
64q a—16g—2° 1 e
0 384q a—16g—4* Ty = etrye =0 (Cel)
0 0 960q a—16g—6°.. |

I have adopted the notation Cel, Sok' for the determinants
derived, so that they may be easily referred to, ¢ and s signifying
the determinants corresponding to the ce(z) and se(z) functions
respectively, e and o the even and odd suffixes of ce(z) and se(z),
and / and A denoting whether they were derived }r{y means of
Lamé’s equation or Hill’s method.

This determinant as it stands is divergent. It can be made
convergent by dividing each row by certain factors, but our
purpose is to truncate the determinant so as to get approximate
relations between @ and ¢, and as the rows could be multiplied
by these factors again after truncation, the same determinant is
ultimately derived as would be when Cel is truncated directly.*

The determinant (el was truncated to 8 columns and 8 rows.
The method of reversion of series was applied and the relation
corresponding to the ce, (z) solution was found to be

a= -32¢"+224¢" - 22008 564 | §

* This remark applies to all the determinants derived.

+ Cf. Young : Proceedings of Edinburgh Mathematical Society, Vol. XXXIL
Lindsay Ince : Proceedings of Edinburgh Mathematical Society, Vol. XXXIII
(Part 1.)
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In order to get the relation corresponding to ce,(z), a +2° was
substituted for a. On truncating to 5 columns and 5 rows

—=B0 2 _ 6104 .4
a=521¢"- 010 g% ..

]
29

Similarly by substituting a + 4% a+6% ... for a, the relations
between a and g corresponding to ce, (2), ce;(z) ... can be got.

§ 3. Determinant corresponding to ce, (z), ce;(z), ete.

The foregoing suggests that by a different substitution an
equation might be derived from which, by a similar method, the
relations between ¢ and ¢ corresponding to ce, (2), ce;(2) ... might
be got.

ce, (), ce;(2), ... can be expressed in terms of cosz. Accordingly
the substitution x=cosz should give determinants corresponding
to all the ce(z) solutions.

If & = cos z be substituted in Mathieu’s equation, it becomes

(1-2%y" —ay +(a— 16 ¢+ 32¢z?) y=0.
By repeated differentiation and substitution of @ =0, the following
sets of equations are got :(—
Yy’ +(a-169)y=0 ¥ +(a-16¢g-1%y'=0
y"+(a—16g - 2)y" + 649y =0 3" +(a-16g - 3%)y"
Y+ (a - 16 - 4)y + 384gy" =0 y™' + (a— 16g - 5%)y" + 6409y =0

+192¢y'=0

ce, (z), ces(z), ebe., are functions of even powers of cosz; when
cos z=0, ¥, ¥, y" ... are each zero, whereas ce, (2), ce, (z), ete., are
functions of odd powers of cos z, and ¥, ¥", ¥, ¥, ... are each zero
on a like substitution.  Accordingly the first set of equations give
relations corresponding to ce,(z), ce,(z), etc., and the second set
corresponding to ce, (), ce, (2), ete.

The first set gives on elimination the same determinant C'é/,
and the second the determinant

a-16g-1° 1 0 [} S
192¢ a—16g — 3* 1 0 e
0 640q a - 16¢ - 5° B =0 (Col)

0 0 1344¢ a-16¢g-17 ...
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The leading diagonal shows that this corresponds to ce, (z),
ce, (%), ete.  On substituting e+ 1* for @ and truncating to 4 rows
and columns the relation corresponding to ce, (z),

a=-8¢g-8¢"+8¢" ...
was found.

In like manner the relations for ce, (z), ce;(z) ... can be obtained.

§ 4. Determinant corresponding to se, (z), se;(z), ete.

These are functions of sin z, and, accordingly, the substitution
z=sinz will give an equation from which determinants may be
derived corresponding to these solutions and such others as can be
expressed as polynomials in sin z, viz. cg, (2), ce, (2), ete.

The substitution of @ =sin z in Mathieu’s equation gives

(1-a*)y" —zy +(a+16¢g - 32¢a*) y=0.

Now ce, (z), ce,(z) ... can be expressed in terms of even powers
of sinz, whereas se (z), se;(z), ... only involve the odd powers.
Therefore when sinz=0 (i.e. z=0), v, ¥, ... are each zero for
ce, (2), ete.,, and %, ¥, ¥ ... are each zero for se (2), etc. Hence
two determinants are again derived,

a+ 16g 1 0 oy

5 =0
-64¢ a+ 16¢-2° 1 Qi 2t (Cel’) corre-
| 0 —384¢ .a+ 1l6g-4° 1 seesvesa | toonding b6
I 0 0 - 960q a+16g - 6% ... céy (2); ebe
LRl =
and
‘ at+ 1l6g-1* 1 0 07 ahls -0
[ —192 + 16g - 37 1 0 il &
I Oq @ A 64% 160 — 58 ] (Sol’) corre-
' 7 it (i s sponding to
' 0 0 ~1344g a+l16g-T. | ) =
; L (2), ete.

The dash at Cel and Sol signifies that a+ 16 ¢ is the principal
term instead of @ — 16 ¢.

Determinant Cel’ when truncated produced the same relations
as Cel, whereas Sol’, corresponding to se, (z), gave

a=8¢-8¢"-8¢°....
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§5. Determinant corresponding to se,(z), se,(z), ete.

se, (%), se,(z), ete., cannot be expressed as polymonials in
sin z, cos #, sin®z, or cos® z, hence none of the foregoing substitutions
will give the relations corresponding to these solutions, but, as
they can be expressed in terms of sin 2z, sin 4z, ete., if they be
s0,() se,(2)
cos z.  Accordingly, the substitution y=§£ sinz was made in
Mathieu’s equation, and the equation

(1-2)¢8"-8zf+(a-16g-1*+32¢2?) £=0
was derived, in which a=cosz Now, se, (z), se,(z), ete., may also
be expressed in terms of cosz, when divided by sinz, and hence

this equation will give a‘ determinant corresponding to these
solutions as well, The two determinants derived were

divided by sin z, , ete., can be expressed in terms of

a—16g - 1° 1 0 1 ceninnss | =0
64 a—16¢ — 3° 1 0 s (Sel) corre-
0 384q a—16¢g - 5* L anigsme sponding to
0 0 960 a—16g-T°.... | se(z), sez),
! ........... e e e R T R desrrsaraarsans . etc_.
and
| a-16¢g-2° 1 0 (O ey =0
! 1929  a-16g—4* 1 0 . (Sel) corre-
ORI Ri0y a—16—6" 1 ... sponding to
0 0 1344q a-16g -8 ... | se(2), seyz),
I et i L e A A T M e s ete.

Determinant Sol when truncated produced the same relations
as Sol', whereas Sel, corresponding to se, (2), gave

a=-3L¢+42q% ...

§ 6. Notes on the foregoing Determinanis.
Determinants Cel and Col were got from the equation
(1-2a®)y " —ay' +(a-16¢g+32¢a*)y=0,
and C'el’ and Sol’ from the equation
(l-aY)y" —ay' +(a+16¢-32¢g2°)y=0.
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Tt will be noticed that these equations differ only in the sign
of g. As the relations corresponding to ce,(z), ce,(z), etc., were
got from both of these equations, these relations must involve only
even powers of ¢, so that the interchange of the sign of ¢ may
leave them unaltered. This agrees with the values found for g,

a=-32¢"+234¢" ... ete.
Hence determinant C'el = determinant C'el'.

Again, the first of these equations gave determinant Col corre-
sponding to ce (z), ete.,, and the second determinant Sol' corre-
sponding to se, (z), etc. Therefore the relation corresponding to
se, (z) may be got from that corresponding to ce, (z) by changing the
sign of ¢. This agrees with the values found,

ce,(z)=—-8¢—-8¢"+8¢"... and se,(2)=+8¢—-8¢*-8¢"....
Similarly in §5 y=£ cosz might have been substituted, and
the equation
(1-a) &' -3af+(a+1bg-1*-32¢a”) £=0
have been got instead of
(1-a*) &' -3af+(a+16g-1*+32¢a") £=0,

and determinants corresponding to ce, (z), ce,(z), ete., and se,(2),
se, (2), ete., derived. These would be

a+16g - 1* 1 0 s =0
- 64g a+16g —3* 1 04 s (Cal') corve:
0 — 384¢ a+16¢ - 5* | T T soondine to
0 0 =980 - a+lbg=T .| R
! 7 ce, (z), ete.
and
| a+16g—2° 1 0 Qs e =0
-192¢ a+16g-4° 1 () e (Sel’) corre-
0 - 640q a+ 16g — 6° L ......... | sponding to
0 0 -1844g a+16g—8%.... | se(z), sez),
.............................................................. ete.

Hence the relation corresponding to se,(z), se,(z), etc., must
involve only even powers of ¢. This agrees with the relation
found, a= - 18¢°+ 404" ....



It will be noticed that
(1) C'el’ and Col’ have another diagonal — 64 ¢, — 384 g, etc.

Sel’ and Sol’ - - - - —192¢, - 6404, ete.
2) (el and So - - - - > q, ete.

(el and Sol 64¢q, 384

Col and Sel - - - - 192¢q, 640¢, ete.

The coefficients of ¢ are +64(r-1)(27-3) for one set of
determinants, and + 64 (» — 1) (27 - 1) for the other, where 7 is the
number of the row in which the quantity occurs.

$7. Hill's Method.

Assuming for the solution y = X5,e", and substituting

Mathieu’s equation becomes

i (2ni)b, ¢ + (@ +8 g & + 8 g e=2i%) i b, e =0,

N=—t N=—mm

Equating to zero the coefficients of ¢, the relation (which holds
true for all integral values of n)

8¢b,,+[(2ni)*+a]b,+8¢b, ;=0
is obtained.
If in this equation values of n from —w to +w are inserted,
a series of equations is derived, the central ones of which are

8gb s+ (a-4)b,+89b,=0 (n=-2)
8gb .+ (a—2%b_,+8¢b, =0 (n=-1)
8¢b_+ ab, +8¢b =0 (n=0)
8qby + (a—-2%)b, +8¢b, =0 (n=1)
8¢b + (a-4°b; +8¢b; =0 (n=2)

Eliminating the &’s we get the doubly infinite determinant

...... 8¢ a-—-4 8¢ 0 0 ()T

...... 0 8¢ a- 2 8¢ 0 0 s

...... 0 0 8¢ a 8¢ = 0. 50
...... 0 0 0 8¢ a-2* 8q...

...... 0 0 0 0 8¢ a-4
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This infinite determinant of order 27+ 1 can be split up into
two determinants—

a 16g 0 0 (o |

8¢ a-2? 8q 0 Ot .

0 89‘ a—4? Sq O =0 (C’ek)

0 0 8¢ a - 6° 8.

0 0 0 8¢ a-— 8*

and

a4 — 22 8[} 0 0 ......
8¢q a - 4* 8¢ DT
0 8¢ a-6° Seiines =0 (Sek)
0 0 8¢ a-8%.....

Assuming the expansion for ee, (z) and retaining terms up to ¢,
cep(2)=14+(4q-28¢"...)cos 224+ (2¢°-28%¢% . Jcosdz+...
=by+b, €' +b,et ..
+b_ et +h e,

we see that b,=0_,, b,=b_,, etc.

Returning to the equations, substitute these, and the equation
for 2 =0 becomes a b, + 16 ¢ b, =0, while the others become identical
in pairs, t.e. equation for m=# is the same as that for n= —7.

If the &’s be eliminated in the equations, determinant Cek is
derived. If Ceh be truncated to 4 columns and rows,

a= -32¢°+224¢*... corresponding to ce, (2),

the same relation as was derived from Cel.
The leading diagonal, when ¢=0, gives a=2% 4% 67 ... and
hence the values of a corresponding to ce, (z), ce, (z), may be derived.

se, () =sin 2z +(2g-5¢")sindz+}Lg*sinbz+...
=by+ b, et +b,elt +byeft L
+b_ye 4 b _ge i +b_ge 04 .

Hence b,=0, b,= —b_;, by= —b_,, etc..
Substituting in the equations and eliminating the &’s, we derive
determinant Seh. As the leading diagonal is a - 27, e -4 etc,
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this determinant will give the values of a corresponding to
ses(z), se,(z), ete. If it be truncated to 4 columns and rows, and
a+ 2° substituted for a, a= -2 ¢°+3%¢* ..., the value derived
from Sel.

§ 8. Determinants corresponding to ce (z), cey(z), ete., se (z),
se; (), ete.

n=m
Assuming for the solution y = X b, ¢”" 1" and substituting in

Ne——sm

Mathieu’s equation, we find it becomes

i {(gn = 1) .!"}'.‘bn ngH—l}i2+ (a+8ge‘.’i:+sqe—ﬂi=) i b" gifn—-]}i:=0l

If the coeflicients of ¢?"~"* be equated to zero, the relation
(which holds true for all integral values of n)
8gb,  +[{(2n-1)i*+alb,+8qb,,=0
is obtained.
In this equation values of » from n= - to +o are inserted,

and a series of equations is obtained, the central ones of which are

8gb_;+(a-5%)b_,+8qgb_=0 (n=-2)

8¢gb .+ (a-3%b_+8¢qb, =0 (n=-1)
8qb_i+(a-1%b, +8¢b, =0  (n=0)
8¢by +(a-1%b, +8gb, =0 (n=1)
8qby, +(a-3%b, +8¢b; =0 (n=2)

If the b's be eliminated the doubly infinite determinant of order

27 is derived.

...... 8¢ a—5* 8¢ 0 (§

...... 0 3¢ a-3* 8¢ O v

...... 0 0 8¢ a-1° i
...... 0 0 0 8¢ a-1* 8¢g....

...... 0 0 0 0 8¢ a-3°
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This can be broken up into two determinants

a—- 1%+ 8¢ 8¢ 0 Oinns
8¢ a-—3° 8¢ O
l 0 8¢ a—5° 8q ..... =0 (Cok)
| 0 0 8¢ a—T°
| e e e N B e e o
and
| e—1°-8¢ 8¢ 0 0:conin
8q a-3* 3q [ ;
A 1 8¢ a-5 8. =0i(504)
0 0 8¢ a-T°
ee, (z) = cos z +(g—-q*)cos3z+...
=b, e + by et L
+bye = +b_je

Hence by=b,, by=0b_,, b,=b_,, etec.

Substituting in the equations and eliminating the &’s, we derive
determinant Coh. Hence this determinant gives the relation
between @ and ¢ corresponding to ce, (2), cey(z), etc. "When
truncated to 3 columns and rows, a= —8¢ - 8¢+ 8¢°... for ce, (2),
the value found from Clol.

sel(z)=sinz +(q+q”)sin32+...
=b e +b, 4 ..
+byei* o Il o

Hence b= —b,, b_,= — by b_,= —b;, ete.

If these substitutions be made in the equations and the &’s
eliminated, determinant Sok is got. Accordingly this determinant
gives the relation between a and ¢ corresponding to se, (z), se; (),
etc. When truncated to 3 columns and rows, a=8¢—-8¢*-8¢°...
for se, (z), the value found from Sol.

If it be remembered that instead of 8¢ and 8¢ in the two
diagonals 1 and 64 ¢* may be substituted, it will be seen that a
change of sign in ¢ will leave the determinants corresponding to
ce, () and se, (2) unaltered, whereas it will convert the determinant
corresponding to ce, (z) into that of se, (z) and vice versa.
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It may be remarked that in order to get the value of @ correct
to ¢", n+ 1 rows and columns had to be taken in the determinants
derived by the first method, whereas by Hill’'s method n rows and
columns were sufficient, and that the calculations were far easier.

§9. Equivalence of the Equations and Determinants.
In the first method ce, (2) was taken as equal to
A+Beos*z+Ccos'z...
and in the second method equal to
a+bcos2z+ccosdz...
We can therefore, by considering such equations as
cos2z=2cos’z—-1, cosdz=8 cos*z -8 cos’z+1, ete.

get a series of relations connecting 4, B, C, ... with a, b, ¢, ....
Call these relations /. Now in the first method we get linear
equations for 4, B, €, .... Call these equations //. In the second
method we get linear equations for a, b, ¢, .... Let these be
called 771. Equations /71. must be transformable into equations
II. by means of relations 7., and hence the determinants derived
from these equations equivalent.
As an example take Cel and Ceh.

y=A+Bcos’z+C cos*z+ D cos®z + ...

or y=A+ Ba*+Ca'+Daf+... wherex=cosz.
y="A1 y*=0: y”=2}3: y"' =0, ?f"= 240, ¥y =0, :")'\-I‘:T-zo D,
when x=0.

Again, y=0,+2bcos2z+2bycosdz+2h;cosbz...
=by+2b(2cos’z—1)+2b,(8 cos*z—8cos’z+1)
+2b,(32cos®z—-48 cos*z+ 18 cos*z—1) + ...
Y=by—2b,+2b,—2b;+...
y'=8b,—-32b,+72b;—...
Y =384 b,— 2304 b, + ... ete.
The equations from which Ceh was derived were :—

aby+16qb, =0, 8¢gb,+(a—4)b+8¢b,=0,
8¢b+(a—16)b,+8¢b,=0, ete.
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To derive the first equation from which Cel was got, multiply
the first of these equations by 1, the second by — 2, the third by
+2, ete., i.e. by the coeflicients of &, b, b., ... in the relation
connecting them with y. Add these and equate to zero.

(aby+ 16 gb,) — 2 (8 g by+(a - 4) b, +84b,]
2[8gb,+(a—16)b,+8¢gb]+...=0.

Rearranging this equation we have

(a—=16¢)(by—2b,+2b,— ...) + (85, -32b,+ 728, ~...)=0,

i.e. (a-16q)y+y" =0, the first of the equations from which Cel
was got. ;

Again, multiplying the second of the equations by 8, the third
by —32, the fourth by +72, ... ete,, 7.e. by the coefficients of
by, by by, ... in the relation connecting them and %", and adding
and equating to zero, we have

8[8qgby+(a—4)b+8¢b.)-32(8qb,+(a-16)b,+8¢b,]
+72[8qby+(a—-36)b,+8¢d,]—...=0.

Rearranging this equation, it becomes
64q(bo—2b,+2b,-2b;...)+(a—-16¢g—4) (85, - 325,+728,...)=0,
w.e. 64gy+(a-16¢g-4)y"=0, the second of the equations from
which Cel was got.

Continuing in an exactly similar manner we can derive the other
equations from which Cel was got.

Hence the determinant Cel is equivalent to Ceh.
It will be noticed that the multipliers of the equations

ab,+16qb, =0, ete.,

were the coefficients of by, b, ete., in the relations connecting them
and v, y", etc., and that these coeflicients were the coefficients of
cos"z in the expansion of cos 2 nz in terms of cosz, multiplied by
certain factors.

Similarly it can be shown that
Cel' = Ceh, Col = Col' = Coh, Sel = Sel' = Seh, Sol = Sol’ = Soh.
The following table shows the various multipliers to convert

the equations of the second method into the first two equations of
the first method.
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‘When it is remembered that changing the sign of ¢ converts
Cel into Cel', and Sel into Sel’, but Col into Seol’ and Col' into Sol
a glance at the above tables shows that they possess, in addition to
others, the same interesting features. It will be noted, for
example, Cel and Cel' have the same multipliers, differing only in
the sign of every second multiplier, and from the second table that
the alteration is merely the substitution of sine for cosine. The
same applies to Sel and Sel’. But in the case of the odd functions,
Col and Sol’ correspond in this way, and Col’ and Sol. A reference
to the transformation of Ceh into Cel, and the corresponding one
of Ceh into Cel’ at once supplies the reason.

In conclusion, I desire to thank Professor Whittaker, at whose
suggestion this investigation was begun, for much useful advice
during its progress.
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Theorems in connection with lines drawn through a pair
of points parallel and antiparallel to the sides of a
triangle.

By A. G. BuraEess, M. A.

Ficure 4. fi- 20
1. Parallel to sides.

(@) Let O and O’ be two reciprocal points,
@, ¥, %, the 1™ from O on the sides,
&Y%y o e O s
DE(a), FG(S), HI(y) the intercepts made on the sides by lines
drawn parallel to the sides through O ;
D'E(a’), F'G' ('), H'T' (y') similar intercepts for O'.
Then the six triangles
OD'E', O'DE, OF'G', OFG, OH'T, O'HI are equal.
a’:a’:: AODE: AABC or 28, and a.z=2A0DE.
=i—;, ﬁ:i—g; cx.’:i—g—, ete.
Let AO cut BCin M, AO' in M/,
then BM =M'C, BM'=MC (by definition of reciprocal points).
BM :MC =AAOB: AAOC

a

=(z by
BM':M'C=cz 2by.
cz:by i by':ed.

o

ez’ = byy' =a’ax’

a .

But az’'= ﬂ—;éi, ete.
o' =da=Ly =Ly=yz'=y=
But ax'=2A0'DE, etc.
the six triangles are equal.

(b) Since the perpendiculars from the incentre are equal, the
intercepts cut off by parallels through the reciprocal point to the
incentre must be equal.
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Fieure 5. p-20-
2. Antiparallel to sides.

(@) Let O and O be two points, and let the intercepts cut off be
by lines drawn antiparallel to the sides.

AODE is isosceles.

2 — cotODE = cotA.

20
o = 2xcotA, S = 2ycotB, ete.
o' =3x'cot A, ete.
ox' =2za'cotA =a'z or AODE=AO0DE,
By’ =2yycotB=By or AOTFG=A0FG,
vz’ =2zz'cotC =7z or AOHI=A0HT
and the six triangles will be equal if the conditions
aza'cotA = yy'cotB = zz'cotC are fulfilled,
orif ax':yy:z2' :: tanA:tanB:tanC.
In analogy to parallels and antiparallels such a pair of points might
be called antireciprocal points.
1 1 1
" cosA cosB cosC’
and if O’ be the symmedian point &' :%':% :: sinA :sinB:sinC.
Hence for these two points the six triangles are equal.

Now if O be the orthocentre =::2

(b) The intercepts made on the sides by lines drawn antiparallel
to the sides will be equal, if the point through which they are drawn
has its perpendiculars on the sides in the ratio

tanA : tanB : tanC.
If a=f=1y, then wcotA =ycotB =zcotC,
g i s 1
T TYTET C0tA TcotB | cotC
=tanA :tanB : tanC.

Hence such a point might be called antireciprocal point to the
incentre.

On a; nstrumej?;fyt'risect' ny angle.*
By.J4s. N. LER.

* Vide Proc. R.8.E., Vol. XXIV., pp. 7-8.
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Notes on Antireciprocal Points.
By A. G. Burcess, M.A.

[lxtracted [rom the Proceedings of the Edinburgh Mathematical Society,
Vol. XXI., Session 1902-1903.]

Definition. It a, y, z and &, 7, { be the perpendiculars on the
sides BC, CA, AB of the A ABC from points O and O, then
O and O’ are antireciprocal points if a£:yn:2(::tanA : tanB : tanC.

I. CoNSTRUCTION TO FIND A POINT ANTIRECIPROCAL TO O (Fi_g. 4).
Draw through O a line MN antiparallel to BC. ]i:mz (0)'4
perpendicular to AC, and OZ perpendicular to AB. Draw lines
parallel to AB and AC, and at distances from them respectively
equal to YN and MZ, and let them cutin P. Join AP. Find a
similar line BQ, and let AP and BQ cut in O'. 0O’ is the required
point. Let the perpendiculars from O be =, , z and those from 0O,

S; UH f "
7:¢{=MZ: YN

=0Z%/tanOMZ : OY /tanONY
=tanB/OY : tanC/OZ
=tanB/y : tanC/z
yn :z{=tanB :tanC.
Similarly af :z{=tanA :tanC
af:1yn:z{=tanA : tanB : tanC.

O’ is the antireciprocal of O.
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BF
IT. CoNSTRUCTION TO FIND A POINT ANTIRECIPROCAL TO ITSELF (Eig‘ 5).
. 24

Draw AD perpendicular to BC, and produce it to meet the
semicircle described on BC as diameter in E.  Draw lines parallel
to AB and CA, and at distances from them respectively equal to
BE and CE. Let them cutin P. Join AP. Find a similar line
BQ. Let AP and BQ cut in O. O is the required point.

o?:2'=CE?: BE*=CD: BD
=CD/AD : BD/AD
= AD/BD: AD/CD

=tanB: tanC.

Similarly a*: 2 =tanA : tanC
a1 y* 2 =tanA :tanB: tanC
or wf:iyn:z{=tanA :tanB:tanC

where 2=§ y=n,z==_

O is the required point.

@:y:z= vtanA : JwanB : J/tanC
so that the point whose trilinear coordinates are
Jtand, /tanB, | /tanC

is the antireciprocal of itself.

The three triangles formed by drawing through this point lines
antiparallel to the sides of the /A ABC will be equal. The intercepts
cut off on the sides by these antiparallels are proportional to

JeotA, eotB, +eotC.

There are four such points, one internal and three external. Their

coordinates are given by ~/tanA, + JtanB, % JtanC.

Definition. The antireciprocal of a line is the locus of the anti-
reciprocals of all points in the line.
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1. The antireciprocal of a line is a conic passing through the

vertices of the triangle.

Let lx +my+nz=0 be the equation of the line expressed in
trilinear coordinates. Then since x£:y:z(=tanA :tanB:tanC,

the antireciprocal to la:+ my + nz=0 is

ltanA mtanB «tanC
+——=0,

+
¢ 7 ¢
or q{ltan A + {¢mtanB + EyntanC=0. (1)

This represents a conic passing through the vertices of the triangle.

2. The antireciprocal of the circumeirele is the axis of homology
of the triangle and its orthic triangle.

7¢sinA + {£sinB + £ysinC =0 is the equation of the circumecircle.
Its antireciprocal is acosA +yecosB+zcosC=0, and this is the

equation of the said axis of homology.

3. The antireciprocal of a line through a vertex consists of
another line through that same vertex, and the opposite side of the
triangle.

Let Iz 4+my =0 be a line through C.

The equation of its antireciprocal is

néltan A + (EmtanB =0,
or {=0(AB), nltanA + fmtanB =0 (a line through C).

The vertex C is the antireciprocal of any point in the opposite side
AB.

4. The antireciprocal of a tangent to the circumecircle is a conic
touching the line ZacosA =0 at the antireciprocal of the point of
contact of the tangent and the circumcircle.

The condition that Zlz=0 touch the circumecircle =ysinA =0 is
that = A/lsinA =0, and the condition that SxzcosA =0 touch the
conic ZnlltanA =0 is that = v/ltanA . cosA =0, the same condition.

el

3
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If @, y, =z are the coordinates of the point in which ZzcosA =0
touches ZyfltanA =0,
wiyiz = ltanA( /IsinA —msinB - nsinC)
smtanB( - lsin A + msinB — nsinC)
: ntanC ( - IsinA — msinB + nsinC) ;
if & 7, ( are the coordinates of the point in which the line Zlz=0
touches the circumecircle
E:mi¢ = 1J( IsinA —msinB - nsinC)
:1/( = IsinA + msinB — nsinC)
: 1/( = IsinA — msinB + nsinC) ;
and these two are antireciprocals since x€:yy:2(=tanA:tanB:tanC.
The equation of the tangent at C to the conic Zp{ltanA =0 is
ypltanA + EmtanB=0; or yltanA +SmtanB=0 is a tangent to a
series of conics n{ltanA + (SmtanB + SyntanC =0, where = has
different values. DBut ((nitanA + SmtanB)=0 is the antireciprocal
of lx+ my =0, and the antireciprocal of the conic is Iz +my +nz =0,
These lines are concurrent in a point in AB, no matter what =»
may be. Hence, if a number of lines are concurrent in a point in a
side of a triangle, their antireciprocals have a common tangent at
the opposite vertex, namely that part, passing through the vertex,
of the antireciprocal of the line joining the point of concurrence of

the lines to the opposite vertex,

Figure 6. b.70,

5. The antireciprocal of the tangent at a vertex to the circum-

circle consists partly of the line joining the vertex to the point of
concurrence of the opposite side and the line ZxcosA =0.
The tangent at the vertex C is asinB+ysinA=0. The anti-
reciprocal of this line is feosA +jcosB=0 and (=0 (CH; and BA).
Now the lines £cosA +7cosB =0, (=0, Zxcos A = 0(H,H,) are concur-
rent. The side DE of the orthic triangle (wcosA + ycosB — zcosC =0)
also passes through H,.

2L
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6. If three lines passing through the vertices be concurrent, then
their antireciprocals must also be concurrent, for they pass through
the antireciprocal of the point of concurrence of the first three.

For example, the lines joining the vertices to the opposite excentres
pass through the incentre, and the lines joining the vertices to the
antireciprocals of the excentres pass through the antireciprocal
of the incentre. The lines joining the vertices to the opposite
exsymmedian points pass through the insymmedian point, and the
lines joining the vertices to the antireciprocals of the exsymmedian
points pass through the antireciprocal of the insymmedian point,
i.e., the orthocentre. The three antireciprocals of the exsymmedian
points can thus be easily found, for if the points H,, H,, H, be
found, the intersection of BH, and AD gives L,, the antireciprocal
of K,, the exsymmedian point opposite A. The triangles L,L,L,
and ABC form the antireciprocal of triangle K,K,K,. The two
triangles ABC, L,I,L, have a common centre of homology O, and

a common axis of homology H,H,.

7. If O, Ly, L,, I, be the points ( »/tanA, + v/tanB, + +/tanC)

found as in Construction IT., then

! - @ y
the line OCL,is — - —~—=0
°7 JtanA NtanB

; @ Y
L,CL, is +— =0, ete.
' JtanA  JtanB

: . @ y %
The line H.H, is + e+ =0.
1 JtanA  JtanB  /tanC

Each of the lines AOL, AL,L, is with the side opposite the' vertex

through which the line passes, its own antireciprocal. The anti-

reciprocal of
o £ )
JtanA © /tanB © ,/tanC

is (n JtanA + £¢ JtanB + & /tanC=0.
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There are four conics, corresponding to the four points, and each of
the six lines passing through the vertices is a tangent to two of the
conics. Thus each conic touches the other three conics at different
vertices.
The line pax + gy +72 =0 will touch the conic

nltan A + EGmtanB + EgutanC =0
if JpltanA + JgmtanB + /ratanC = 0.
Hence the line /x4 my +nz=0 will touch its own antireciprocal if
I JtanA +m J/tanB + n A/tanC = 0, that is if the line lz + my +nz =
pass through one of the four points

(JftanA, + JtanB, + ,/tanC).
_tanA tanB tanC
SR TR
aftanB — yytanA =0, and 2gtanC — z{tanA =0.

Since @iy

Hence (x, y, 2) is the point of intersection of the polars of (&, 5, )
with respect to two degenerate conics,
a*tanB — y*tanA =0, z*tanC - z*tanA =0,

Since a line corresponds to a conie, and to a point corresponds the
intersection of its polars with respect to two fixed conics, this
quadric transformation is a Beltrami one, for a discussion of the
difference between which and the Hirst transformation see Mr
Charles Tweedie’s paper read before the Royal Society of Edinburgh
on 15th July 1901.

The conics a*tanB — 3*tanA = 0, etc., break up into the lines

JtanA ~ JtanB~ ' jtanA '  /jtanB

or the lines joining the vertices to the points
(JtanA, + /tanB, + /tanC).

=0, ete.,

8. The conic n{ltanA + £(mtanB + fyntanC=0
will be a rectangular hyperbola, if
lsinA + msinB + nsinC =0,



28
%

If the line lz+my+mnz=0 pass through the insymmedian point
(sinA, sinB, sinC), then the condition for a rectangular hyperbola
is fulfilled. Hence the antireciprocals of all lines passing through
the insymmedian point are rectangular hyperbolas. This is other-
wise seen ; for if the line pass through the insymmedian point, its
antireciprocal must pass through the orthocentre, and is therefore a
rectangular hyperbola. In particular, the antireciprocal of the line
joining the orthocentre and insymmedian point is the rectangular
hyperbola passing through the vertices and these two points. Since
five points on it are known, it can easily be drawn by Pascal’s
theorem. (Fig. 7.) [1ge 3.
The coordinates of its centre are
sin(B-C) sin(C-A) sin(A - B)
cosA ' cosB ’ cosC  °

This point lies on the nine-point circle,
The equation of this rectangular hyperbola is
n¢sin2A sin(B - C) + £¢sin2B sin(C - A) + &y sin2Csin(A - B) =0.
The line joining the orthocentre and insymmedian point is
wcos®A sin(B — C) + ycos’B sin(C - A) + zcos*Csin(A — B)=0. ¥
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Figure

(v .,f XYZ 15 Fhe Simmson Line ""'(/‘LB‘-')r and PM . ,ltrhtﬁdt‘ru"?r

fo XYZ. awnd cutbs the sides BC, CA, AB in T, V,W | then
PU. PV.PW = PA.PB.PC= LR> PM.

PM . sinPxm = sin PBA = PA  aud
X 2R

#Rlpm = PA-PB.PC.

PX _ s PRC= £X .
PB R

N

PmM=2R. PA _PB_ Pc _ 2R s PCA. swiPAB. suiPHC.
2R 2R 7R

pM _PM _pm . PA PB_PC . 4RIPM
px._ PY =Pz 2R zR 2R 2R?
2R.PM*= Px.Py. PZ

o LPYG" ancl L PF“X aye rl-ghf'aldgl’fs Px"—,.: PM-PD_.

. Pxl py’: Pz:= Pm°> pu. Pv. Ppwr
PU.PV. PW = pR*Pm. = PA.PB, Pc.
(10 95 PX, PY, PZ, ; PX; PY. PZ, oye lwo sels of Fhree
stracg bl lrnies which meake angle o wifk Fhe scdes of Friangle ABC
lken X, y,2, and X; ¥, 2, are stvaiqgililnes. Lel theu 1uler
secl 1w (.

The ;o”owﬁag sebs of hownls ave roucjdt;_ 1— PBXZ, PX(‘y)
PZAY, Px,cy,, PX,Bz,, PZ,v,A, PX.cy, , PB X22,,PAZ, Y, .

Now [PX,Z, = L.PBZ, = LPX, Z,

PX, X2, are ('Oncych;:. awd s‘:m;farfﬂ scave FZ, @, 2,

aud P! YJ} Q: Y?-

LPQZ =LPX;B =X =LPX,B =LRQZ,
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and LB7x= [ BPx =L %PX—L%X,PB = qo*-a—-£X,Z,B =
LZPZ,— L 2;2,¢ =(¢zZPZ2, -~LZ,PQ =(t2PG.

P2 . ﬁzr;tcudtcu:fm h AB -, P(.J o [u,.»f:cudta-i!ﬂ.# fa AB.

4

Ve Q lies on PM

Ogam LMP Z =q0°— L PBC. and L PZ,¢ = 150°=LPAY = LPRC
9 % Y.

S PM - Ccoo MmPZ = Sin PBC

rPZ

PZ _ sina

PZ'

Pz, Atn PG Z, = S'f-la'd__“

PQ s PLyqQ suin PBC

. : 2

= —":—:"- = Sen 2o ov PG = PM.corec?

M@= PmM.col =
Letk XYZ pueel X, Y,Z, mL, aund X, Y. Zo ' Lo
hew ML, _ toaua LomL, = PM, coba
Mg
LPLJM=q S LPLJQ, = qo‘

.o Qlu;‘g e @, X, X, Qre C""\Clzclt; g the hl:u: P(/]BC) 3 Mhe

Jine P(GX:XI) awvd beerce alse P(@ Y;YZJ ancd P(§ 2129

(i) When o =1 5°
M s the puét,(tm;d‘oqu! s and cf Og:. Fle prltiocewbre 1,
ARC , 0@ s H""CJ"OTC havallel T XYZ-(r-u're XY2 brsects OP)

The loces of q} as P nioves omn Fhe covcle - s given be Fhe eg ualin.

= 2R Limeos - ek 20- <Y

u Il "—fﬂfture t 0 oy frole awd OA as 'm,;fiat-f ’lx;c‘
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The curve has Fhree loogs of drffer;wf‘ s':;,;zs and cawn ea_rr,@ be
braced from Hhe fack Hial 0 15 al nght angles Ts P,

i parteicadar, ABC s equilatenal (so Fhat-01s Fhe
Circuumce nfre ),ﬂ(r locees of ¢ 15 grren lay L= 7\’(0536, a kij._
brochoid with Hivee loshs each 7 whtch i's 15e area one -lwelf 1t
of the cirile,

Fug, 117 .
2.0H PX, PY, PZ, ; PX, PY, PZ, nake angles, withHesdes g ARG
aud PX;, Py, PZ, ; PX, PY, PZ, -~ _ - -- e RS T R
fj' Q” @, ,6 Are Hee buyo cowes[-uudu;g /:o.n-hn;: of@ a sl jé_?k.
fo»w lines X, ¥, 2, ebe., mlercecl-one acothes pescdes cn T,, T,, To, Ty
and 1ilzvsect Fhe Stuasom bie PABQ 1 L, L, Ly L, -

Hiew LPX, @, =LPBA=LPX2Q, . -PXg Xy, T, ave

('Oucych}. 3

S LPT @, =LP§G, <. PTic alaugewlfs thre circinm covcle

o o T @@,

o PT,’,L= P9,. P, = PME Corec?ok,. corecioh,

. PTa = PM. Cmecek,  Comecor,

'-
ftv‘u,'lar‘y PT,, PT'S.’ PTy tqua’ Ha sa e @uM(r'f:y

»

S T;, T;, T3, T lee o3+ acirde which hee Pos cewlrve ana

cuts arlliogonally Mhe coveles T6,6:, @ Gz, T5 9. 62, T2 6, G,

ﬂf’ PL;_ is herherndicalanr fo X,. @,




oLy & Fhenvddle pouwl-of T; Ta .
Similarly Ly, Ly, L, are the nuadle fowds of TG, T h
T:-, Ty and T, Ta are faralle ( XYZ and g Ars faudd-

J-rm-u'l.f" ] T‘n( drclawce liuq,fs pM,Cﬂ(‘d' = Cof"dL

(i) LTeP@r = LT4@2@=LPTa@, =cty=x%, =L@, T2 Ts
" P @, Ty, To are comcyclic

5—“;"]“*'5 P@.T3T; PTu @, T, : P T3@, T. areconcyclec .
The Simsne Line P(APC) (< also Hie Jolltowiicg 3 4 Stmasors Luncs:

P(AY,2,), etc ; P(BZ X.,)etc . P(CXY,) ot

P(@ X Xs) P(@,%:Xy) 2tciete. P(§TiTa), P(GT.T),
P9 %T,), PG, TavT); P(TXX,), P(T: X2 ),
P(T:%X%), P(T X2 X;), otc, ote.

H A, N, Ay, By b four comcylec points ; O, -, Oy the
orltw cewlves of the foeer briangles formed by Fhew. :
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wheeh s alss fhe wad ~fowml-of A, 0, ~—--, Ay 0.

Fig 18.
LfA, - As are honils on acorele whose ceukre /s C;

0“ ———— 0‘,— Fhe orltis cewlres of Hee Jn;e fl'cau-fkj farmcdb\y




aels of Fhvee cnvsecid e verlices of Fhe hewtagomn A, A, A8 As
Q) -— " @5 lhe arltucendves of th fire briavgles fomwd sau
by ome side avd He pppositc vevley ; of By ~----, Bs are the
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A, ~~--~ A5 ; awd [, ——F are e cuwa-froints 4
ChR,-————"~,CFs: (F 1s clea, ltial lta hewteaganr PP ARP
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ovijinel pewlcgne 3 awd f-D 15 Ha corcanucedre of Hics
cyclel fevdapnn, avd S /.aud's triseclion pecl lhat CS =
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§ bewig Hue coukre of hasiology Of Fhe (in swdlar avd
S'lh;l"ax(y— Schualed pewleqgno.

Qqaiw Fhe pewlogon F R F, Fs 0o equal n allregects
fi Ay AP PuBs aud simdlarly stuabed bt ava of £
be the circimcentre , D beseths CE awcti Mo wlre 3 howlsq,
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This last paragraph 1s he one veferved bi 1 Profesoy Coolecge s
“Treafise om Fhe Civele cund Hac Shhere  pak.Thesreslbb.

1 J“Il‘s s tom‘au;cd :u;[;h'cl'Hy 146 an tlabovale Fhepves Aue Ti
Bwrgecs, ‘Tluu eins Conmecled wilh Gudson’s l.u;ef Procecotmags
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eru’fuwgh Malh.Soc. Vol xxv 1906, f 126, >
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