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SUMMARY

In this Thesis the dynamics of multi-span catenary systems are
studied in which all the suspension points are at the same level and the
catenaries are shallow, The dynamics of single span catenaries have
been previously studied by many researchers but the knowledge gained
could be applied to multi-span cases only with difficulty.

It was found that the Rayleigh=-Ritz method could be applied
successfully in the multi-sPah case for finding normal modes and natural
- frequencies provided arbitrary modes were introduced to represent inter-
span coupling. The particular case of equal spans coupled through
suspension arms was examined. Also, the effect of tower flexibilities
on the natural frequencies of a set of equal spans connected between two
towers was investigateds TFor the latter case, flexibility matrices for
inplane and lateral loads needed to be calculated and for this purpose
an approximate procedure for calculating the flexibility matrices of any
tower was devised.

Nonlinear dynamics of single span ends-fixed catenaries were
considered and found‘to be very difficult to analyse. Nonlinear effects
were observed in the laboratory by constructing simp;e models and the
phenomena observed were explained on a physical basis.

A preliminary study of the nonlinear couplings in multi-span

catenary systems was performed and from this it was concluded that nonlinear

couplings were less important than in single span catenaries.
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(i1)

PRINCIPAL NOTATIONS

Important Matrix Symbols

b, Vv,

W Displacement vector (various suffices)
E  Stiffness matrix
P Force vector

Fli Inplane flexibility matrix

G Transposition matrix associated with inplane inertia

matrix (Simpson’s nethod)

I Unit matrix
J Transposition matrix
"M Inertia matrix (various suffices)
Q Transformation matriz associated with inplarsmotion

v Potential energy
T Kinetic energy

SP Modal matrix (verious suffices)

Other

Important Symbolé (scalar)
d ‘ Dip of a catenary
E Young’s modulus of elasticity

T Frequency in Hz

g Acceleration due to gravity

H Horizontal component of cable tension

H; Non-dimensionalised horizontal co—drdinate, hi/B
hi Horizontal point co-ordinate

K tiffness of the elastic band

L

Length of cable, half span of a catenary

(1)



(i)
Length of links comprising an inextensible catenary

Length of suspension arms
Mass of suspension arms

Point mass,‘mass/unit length of the cable

Number of point masses per span

.Non dimensionalised elongation of one elastic band,
r/l

Elongation of one elastic band

See ei
Tan ei

Horizontal displacement at the cable end point

- (various subscripts), normal displacement

deneral vertical deformation of a cable tangehtial
displacenent

Non-dimensionalised vertical co-ordinate, vi/i
Vertical point co-ordinate

VWeight carried by the suspension arm
Non-dimensionalised co-ordinate, %/1

Vertical deflection of the mass on itwo elastic bands

Non-dimensionalised lateral co-ordinate, Zi/l
Lateral point co-ordinate

Angle made by a point on the catenary to the
horizontal

Small parameter



(iii) Suffices
e

v

(iv) Brackets

RN

L J
L1

Gl

(iii)
An eigenvalue, frequency parameter is Saxon and
Cahn’s method, Lagrange multiplier

Circular frequency (rad/sec)

Denotes value at equilibrium
Denotes vertical motion or displacement i.e. D,
denotes vector of vertical displacement.

Vertical symmetrical modes in spans
Vertical antisymmetrical modes in spans

Denotes lateral motion oxr displacement
Denotes horizontal motion or displacement

Denotes transformation i.e. is derived from Dv

Dyg
by omitting one of the elements in the latter.
Denote the element in the ith row and jth column of

the matrix to'which they are attached

Denotes a column vector
Denotes a row vector
Denotes a square matrix or a rectangular matrix

Denotes a diagonal matrix

Transposition is denoted by a "dash" ..

Numbers in [ ] denote references at the back of the

main thesis.



CHAPTER 1 te

INTRODUCTION

"1l SUMMARY OF PREVIOUS WORK

The subject of-oscillating catenaries has been frequently
discussed in the technical literature for the last hundred years. Rohrs,
in the mid-nineteenth century formulated a éet of differential equations
for inplane motions of a single uniform catenary and obtained approximate
- golutions for the case where the catenary was considered ’flat’ [27].
Routh devoted a complete chapter in his famous book "Advanced Rigid\Dynamics"
to the problem of the oscillating suspension chain and formed the following

equations for inplane motions.

2
n(e) &% = 2 (225

>t2 0s Os
>2 3 1nd |
n(s) S—;% = 5—; (7 ;f) - n(s)g r o (141)

&2 . G -

where x(s,t) and y(s,t) are the space coordinates of any point on the chain,
8 is the distance along the chain to this point from the vertex, n(s) is the
mass per unit length of the chain and T(s,t) is the dynamical tension at this
point at time t. '

Routh found (1.1) to be analytically intractable for a uniform chain
and proceeded to solve grtificially for the particular case where the mass

distribution was such that it hung in equilibrium in the form of a cycloid

[28].
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Many approximate solutions to (1.1) have been put forward since

the initial work of Routh. The most notable solutions are those of Saxon
and Cahn [29] and Goodey [10]. Saxon and Cahn formed a fourth order
differential equation in tangential displacement and obtained approximate
solutions by an asymptotic method. Gbodey simplified the Saxon and Cahn’s
procedure by changing the axes of reference in (1.1) to tangent - normal
form and obtained approximate solutions by a modified asymptotic method.
Engineers h;ve long been interested in the statical and
dynamical problems of suspended cables'chiefly because of their wide use in
suspension bridges and electrical power transmission line systems. Sir
Alfred Pugsley was the first to put forward some semi-empirical formulae
for the first three.natural frequencies of a flat uniform suspension chain
which are widely used in suspension bridge and transmiss1on line design [23].
Reissner used the Rayleigh~R1tz method to obtain an approximate solution for
the lowest frequency of an entire sugpension bridge system [26]. Much work
on finite difference technique applied toAcables and bridges was carried out
at thé N.P.L. (National Physical Laboratory) by Frazer and Scruton [8]. Some
recent advancements towards the transmission line oscillation problem ha#e"
| been made by R.A. Sériven of the C.E.R.L. (Central Electricity Research
Laboratory) who succeeded in generaliéing (1.1) to three dimensionsAand
obtained approximate solutioﬁs for the case where-the boﬁndary conditions
involved end relaxations. He also successfully derived the equations for
inplane motion of an elastic catenary but did nbt provide any solution [30,
31,~32]. Hore receﬁtly'Simpson uged the lumped parameter method and found
it very successful.' 39 represented a cable by a series of lumped masses:
connected by weightlessnstrings and used matrix methods for the normal mpde

analysia with the aid of a digital compufer; A . . ' -
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He also successfully generalised his lumped parameter method to the case
of elastic and multi-span catenary systems [35].

Altﬁough nonlinear effects are known to be important in catenary
dynamics, rélatively little work has been done on the subject. Poskitt
formulated a nonlinear equation of motion for large transverse oscillations
of sagging cables and obtained approximate solutions by substituting a
combination of assumed modes [22]. Simpson, [35], described the effect
‘of nonlinear coupling between inplane and lateral modes and compared the
system with the elastic pendulum of Minorsky [20, 21] which can exhibit

autoparametric excitation,

1.2 | OBSERVATIONS AT RED MOSS TEST LINE o

As a resﬁlt of a contract with_the'S.S.E.B. (south of Scotland
Electricity Bdard) the writer spent most of his research period oh problems
concerning the Red Moas Test Line; The line is situated at Douglas Moor,"
Lanarkshire. A profile of the test line is given in Fig. 3.2 vwhile the
assumed test line configuration, which will be used in a later part of this
Thesis (Chapter 3), is represented in Fig. 3.3. It comprises five spans,
erected on 400-KV suspension towers, with anchor towers at each end. The
top and bottom phases of the 275-KV circuit (on the West) are strung with
normally stranded 0.175 sq. inch copper equivalent S.C.A. (steel cured
aluminium) conductor, but the middle phase is strung with smooth bodied
conductor with a copper equivalent of 0.225 sq. inch. Similarly on the
400-KV (on the east) circuit, the top and bottom phases coﬁprise quadruple
bundles of 0.4 sq. inch copper equivalent S.C.A. conductér but the middle
phase is strung with a smooth bodied conducfbr of the same copper equivalent
area. A p}ane view of the experimental line with directions is given in

Figo 1ele - . -«
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Construction of the line was completed in May 1963, although modifications

are continually being made. Thé above specifications of the Test Line were
being extracted from an unspecified C.Ee.R.L. circulation.

On 27th November 1964, vertical galloping of top and bottom
phases of 400-KV and 275-Kf circuits was obsexved af Red Moss. The salient
features of the observations were obtained through private communications

with the S.S.E.B. and are summarised belowe.

a) Oscillation on the top and bottom phases of the 400-KV cifcuit
involved spans 3—4‘and 4-5 in anti—phase wvith an insulator
movement of +45 deg. at tower 4, the insulator moving away from
the rislng span. The numbering of the spans 1s shown in Fig.
1.1,' The middle phase was steady. A double amplltude of 14 to
16 f£t. oﬁ:fhe:top aﬁd bottom phases was estimated. The mode of

vibration was fundamental with a frequency of ;‘I,to -15 HZ.

b) A maximum movement of 2 ft. doﬁble amplitude occured on the
bottom phase, span 3-4 of the 275-KV circuit, with little on the
top phase and none on the mlddle. The movement on span 3-4,
botton phase, was not in the fundamental mode but at a higher
order accompanled by subconductor osclllatlon and including bothT
vertical and ‘horizontal (lateral) components. Movement on the

top phase was of lower order.

Galloping was again obsérved oﬁ fhe twin earth wire of the Red
Moss experimental line on 17th December 1968. The oscillation involved
spans 3-4 and 4-5 with a vertical amplitu&e of #1 ft. and a torsional
amplitude of +45 deg. on span 4=5 and a vertical amplltude of +1 ft. and

torsional amplltude of 0-90 deg. on span 3—4
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Both the vertical and torsional modes were fundamental with a frequency of

4+ HZ., but not in phase, the verfical leading the torsional by less than
half of a cycle.

The writer with Dr. G.T.S. Done and Dr. A.D.S. Barr went to
the site and observed the natural and forced vibration of the Test Line.
To facilitate forcing the line is fitted with a hydraulic exciter (made by
Dowty — Rotol) at tower 4, the exciter being controlled from a controllhut
(see Fig. 1.1) which is situated some 300 £t. from tower 4. The displacement
and force produced at the excitation point were fed back to a pen recorder at
the control hut and visual observation of the conductor movements was made.
A preliminary theoretical ‘calculation for the normal modes and natural
frequencies was performed of which the results are given in Chapter 3. ' In
addition to the normal modes, some unusual oscillations were observed which

are summarised below.

Forcing Frequency Description of Conductor Movements
0.15 HZ. Spans 4~5 and 5-6 are in phase at 0.4 HZ.
. 0.17 HZ, | Spans 3-4, 4-5 are in anti-phase at exciting

frequency and span 2-3 moving at double the
exciting frequency. '.
0,36 HZ. Span 5-6 vibrating first in fundamental and
later span 3-4 building up to fundamental at
0.17 HZ. |

0.39 HZ. . Span 4-5, 5~6 are in phase in fundamental,
span 5-6 having large amplitude, span 3—4 in
fourth fundamental at 0.85 HZ.
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The traces from the pen recorder were observed and in most cases it was
seen that force produced was of double the frequency of the displacement:

at the excited point.

1.3 PURPOSE OF THE PRESENT RESEARCH

The overall problem of galloping can be expressed as a simple

‘block diagram as given below.

Aerodynamic Catenary
excitation dynamics -

Response

The various ﬁodels of aerodynamics excitation vhich have so far been postulated
and used are”given in the succeeding section. The object of the present
research is to study catenaiy dynamics which is still not fully understood.
meanvwhile ignoring models of aerodynamic excitation. The methods of solving
the oscillating catenary problgm, mentioned in section 1.1, have certain
limitations; for example, none of the metﬁods is easily applicable to multi-
span céses.‘ The method of Saxon and Cahn as well as Goodey becomes cumbersome
even when the case of a simple uniform catenary with relaxed ends is
considered [32]. Pugsley’s procedure based on elementary wave theory is not
applicable to multi-span cases. This is because little is known regarding
wave reflection and restitution at thé points of span-interconnection.
Reissner’s Rayleigh-Ritz method is of course applicable to the»multi-span

case, but, as pointed out by Pugsley in [23], the qxpressions become .80 vastly
compiicated that éne may lose insight into the physical problem. The finite
difference technique introduced by Frazer and Scruton, although free from

the above limitations, were never used explicitly to solve for the modes and .

the frequencies of catenaries.
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The Simpson’s lumped parameter method is also free from all the limitations

and applicable to multi-span cases. But, here too, the ultimate matrices
become so large that it does not appear that the method can be conveniently
used to deal with five, six or more spans simply because the total number
of degrees of freedom becomes too great for straightforward solution on a
digital computer. Less cumbersome is the Simpson’s transfer function
method [37], but fhis.is only used for inplane modes. Thus although the
dynamics of the single span are well understood, there is no really

satisfactory method of analysing a multi-span catenary'system.

1.4 SUMMARY OF VARIOUS MODELS OF AERODYNAMIC EXCITATION

There have been many mechanisms of excitation postulated to
explain certain galloping phenomena and it is reasonable to say that this
area of interest has been well investigated. All the models of excitation

which are given below depend basically on an instability mechanism.

Vibration due to sleet [11, 121

Vhen the wind blows past a cable of circular cross-section, it
exerts a mean force on the cable having the same direction as the wind.
In the case where the cross—section of the cable becomes unsymmetric due to
accretion of ice, this will no longer hold true, and an angle will be
included between the direction of the wind and that of the force. 4As a
result there will be a force component normal to the wind (1ift) as well
.a8 thq component in the direction of the wind (drag)._ These 1i£t and 4drag
forées provide a damping term in the equation of motion of the cable normal
to the wind and vwhen this.term becomes negati%e, any vibration, however small,

will be increased in amplitude.
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The condition for negative damping is achieved when the effect of the

negative slope of the lift curve is greater than the damping action due

to the drag. This is also known as "Den-Hartog Instability".

Variation of Separation Points on Helically Wrapped Stranded Cables [30]

Results of Aerodynamic tests (see Davis, Richards and Scriven
[6]) showed the existence of a region of wind speed in which there was a
negative rate of change of drag force with increase of wind speed. - Also
in this region for a yawed wind, a very substantial lift force existed which |
varied rapidly with increase of wind speed, even changing sign. The drag
force characteristics gave rise to a Den-Hartog type instability but this
time in the lateral semnse. Scriven suggested that catenary modes excited
laterally would cause a fluctuating lift force and so excite the inplane.
modes. Since the antisymmetric lateral and inplane modes have nea:ly
equal frequencies for shallow catenaries, then it would appear that
excitation of the inplane antisymmetric modes is at resonance and large
amplitudes can be expected. The characteristics of the 1lift and drag
varia£ions are, of course, associated with the separation phenomena of the

flow over the surface of the conductor [6].

Frozen Raindrops in Twin Power Transmission Lines |§8]

Simpson and Lawson, using quasi-static aerodynamic forces, formed the
equations of motion for a single span catenary oscillating fundamentally
in vertical, lateral and torsional antisymmetric modes. Using an approach
similar to that used in aircraft aerocelasticity they studied the stability
of the three constituent binary systems over a wide range parameter

(including the positioning of an ice ridge on each conductor).
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They showed that flutter leading to large amplitude oscillation occurs

in predominantly vertical modes. This can happen for a certain configuration
of wind speed and incidence, equilibrium configuration of twin line and when
thin ridges of ice in the form of frozen raindrops are present on the

conductors.
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CHAPTER 2

CRITICAL ASSESSMENT OF THE METHODS OF OBTAINING NORMAL
MODES AND NATURAL FREQUENCIES OF SINGLE SPAN FIXED-FIXED
CATENARIES '

2.1 _B_ESUME, OF SAXON AND CAEN’S ASYMPTOTIC METHOD [29]

Consider an inextensible cable of length L suspended from two
fixed points at the same level at a distance a(<L) aparte Let s be the
arc length measured along the cable to a given point from the mid-point
of the cable and x(s,t) and y(s,t) be the space coordinates of this point,
vhere x and y are referred to the lowest joint of the equilibrium catenary
‘ as origin, as shown in Fig. 2.1 . If 7(s,t) is the tension per unit mass
per unit length of the chain, the equations for inplane motioné of the

cable can be writteh as -

d¢x d ,. dx o
> 42 ds s :
2
Y _ 2 (p2X) ., | (2.2)
os Os : .

o
N

To ensure conservation of length during motion, 'the cable is subject to an

equation of constraint given by

2 2 -
@) + (& =1 o (3)

The equations (2.1) - (2.3) are to be solved for small

departures from the equilibrium position.
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Equilibrium Values
To obtain the equations describing the equilibrium catenary,

the time derivatives in (2.1) - (2.3) are set equal to zero.ihen these
static equations are solved and expressed in terms of the angle &( , which
the ,tangent to the catenary at s makes with the x-axis, they yield the

~ following well kmown equations

x/{ = 122 i‘;g‘z?"‘) B (2.4)

gy et e

- T = %tano(o co1so< (2.6)
S = é‘- :ﬁ‘; (2.7)

where o is the value of X at the ends of the cable corresponding to

S = +%'

Small Amplitude Approximation
Assume 8 solution differing little from the équilibrium catenary,

such that

[

x¥ = X, + ?(s,'t)

/

4¥ = T+ 7 (s,¢) f L (2.8)

T = T+ ’t(s,_,t)

where the subscript e refers to the equilibrium values, Substituting (2.8)
into (2.1) = (2.3) and neglecting quadratic terms in the small quantities

? s M and T they find
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2 \
é—g.’ = -é— (T .a-i.‘,'c’ e)
Ot ds % 2s ds

2
d N d N 4y,
— = — (P, —+T—) (2.9)
dt% ds eas+ ds ? ’ '

dx d

s 0s ds 9ds )

Changing the space variable from s to X by use of (2.7) and assuming that

i » " and T are proportional to exp(-iwt),. (2.9) become

as

A%t o coszo( (cos X == 4+ T cos ) (2.10)
dot
, '-)\zr\ = costx e (cos %22 + Tsinx) ' (2.11)
a3 41 .
cosx 32 + sine G5 = O (2.12)
' 2 .

2 L w :

. where AT = (2.13)
2 g tanO(O

Saxon and Cahn now introduce new variables u and v, locally

perpendicular and tangential to the equilibrium catenary as shown in Fig.

2.2, so that
¥ = vcos =usin _
(2.14)
"\ = usgin + u cos
Substituting (2.14) into (2.10) = (2.12) they obtain
N2 ’ ' .
5— V = V Cosx = ucosx = T (2.15)
cos K i
. A 2 - " ‘. ‘ _ ;
>—W = = ucosd +u'sing = u cosk = T+ v sinx (2.16) .
cos A . -

v’ = ’ (2017)



14.

where the primes denote differentiation with respect to X . Elimination
of T from (2.15) = (2017) gives the following fourth order differential

equation for v:

mw

: A
(v + v/ )sine + 3 (v coso + 2v sin k= veosx)=0 (2.18)

cos™™

+ v )cosx = 2(v

The factor A2 is large and so Saxon and Cahn solve (2.18) to

order 1/ 2 by writing
v = Zvn)\-zn' (2.19)

Thus they find

/4, 1At * g/ ) _ %_,0087/4 L, oA+ a/n)

A 7
V=i—X'COS

+ C sinx + D(cosxX + o sino() (2.20)

with four arbitrary constants A, B, C, D and where

cos” ¢ ‘ .
1 o 1 2 3/2 :
g(x) = 5 L O+ 77 ‘tan' Jeos” o de (2.22)

working back for u, they find

1/4& (A + g/r )

1/4, dlat+eh ),

u = A cos + B cos

+ C cosX + Dxeose T (2.23)

Manipulation of their formulae gives

cos7/ 4, sinwy i (Me+2h) 5/4 cos7/ 4 sinwy -1 (xe+g/)\)

q = A(Zéoss/ 4+

~I3 +B(2cos”/ & - oy
A2 A2 .
- cos(:(- D(cosu' 4 sinX cosX ) : (2.24) -
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ﬁnder the requirements that u and v vanish at (= + Ky the
solutions decompose into odd and even pairs which lead immediately to the
following transcendental eq_uatlons for A

0dd modes (u odd about o = O, v even)

5/2,,

tan(Af + g/n ) = 'JT uz::u + Xginx -th(‘x) (2.25)

Even modes (u even about o« = 0, v odd)

cot(AL + g/ ) =—-9°i-—=—/\-k(°¢) (2.26)

If AD>1, for odd and even modes respectively

Af

fl

nK, N= 1,2, soee . C (2027)

AT M+ L), n=1,2,0000 - (2.28)

Expanding (2.25) and (2.26) to order 1/x 2, the explicit

solutioné are:

0dd modes
A= ZE[Y -ﬂﬂ‘“—lz‘l s M= 1,2,0000 (2.29)
(nx) : _
Even modes
| epu e, £  (2.30)
et ()

Equations (2.29) and (2.30) give the explicit expressions for

A and hence by (2.13) the characteristic frequencies of the cable.

“2,2 RESUME OF SIMPSON’S LUMPED PARAMETER METHOD [35]

For small oscillations of a catenary, the inplane and lateral
modes are uncoupled.‘ Hence in analysing the normal modes of vibration of
:a catenary, the motions normal to the vertical plane of equilibrium 2an be

treated separately from the vertical and cross-spén motions.
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The catenary is represented by a system of N lumped masses
connected together by N+1 weightless inextensible links as shown in Fig.
© 23 The span and dip of the lumped-mass catenary are kept equal to
those of the actual catenary. As the links are inextensible, the system
possesses 2N~1 (= 3N = N = 1) degrees of freedom, N-1 in vertical plane
and N in lateral plane. |

. Inplane Motion

Consider the five-mass catenary shown in Fig. 2.4.

Equilibrium Conditions
In the absence of any force other than that due to gravity

the system hangs vertically in equilibrium and the funicular polygon of
Fig. 2.5 is easily drawn. It is clear from Fig. 2.5 that H, the

horizontal component of temsion is constant across fhe span and is given

by

_ bg
E = 3 Tam, (2.31)

Also from Fige 2.5, it is clear that

tanQ3 tan65

teno, = 5% = 3 (2.32)

Link Kinemétics for a General Inplane Displacement

Consider a link between the ith and the jth masses as shown in
Fig. 2.6. In a general displacement hi’ Vi hj and v‘,j of the masses,

~the condition of inextensibility for the link is simply

2

2 . 2 :
(hi - hj + tcosei) + (vi - vy * 531nei) ) (2.33)
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vwhere ! is the length of the link and. ei is the inclination of the link
to the horizontal.

Solving (2.33) for (hi - hj) up to (vi - vj)2

30
_ - sec” 03 2

: (hi - hj) = = 1:a:nei(v:.L vj) = (vi - vj) (2.34)

Vi hi :

_ After non-dimensionalisation by writing V, = =7 end H, = =7 ,(2.34)

becomes
‘ . .-.=,e<=39i 2 '

H; - H = - tano, (V. - va.) -— (v, - vj) (2.35)

Referring to Fig. 2.4, (2.35) holds true for i odd and j = i + 2.
" A similar equation can be obtained for i even and j = i + 2 by replacing Gi

in (2.35) by 180 - 0, to give

3
2]

se
B -Ey = tane, (V, - vj)+

2
where © 0= 91 ’ 62 = 63, o 4= 955 since the system has been assumed symmetrical.

Potential Energy in a General Displacement
Eugations (2.35) and (2.36) may be written for each link comprising

the systein of Fige. 2.4, so that

s 2 \
Hy = = t5 Vs - =3 Ty
55 2
-Hy = =ty (V5= V) =5 (V5 = V5)
| ‘ 5, 2 |
B =Hy = =t (7, =V5) == (V; = Vy) & o (2.31)
‘ 3
- =-% (V1"V2)“'s'12"(v1 "Vz)2
3
H -H, = -t (vz--v‘,')--f",%(v2-v4)2
59
~E, = -tV -2V, )
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where the compatibility relations H 0o = H1 » v o = TLl have been used and
ti = t@Gi, Si = secei.

Adding (2.37) and using (2.32) to give
(v5+v3+v1+v2+v4) + 1471 [ss3v52+s33(v3-v5)2 + s13(v1-v3)2 + 813(?1-\72)2 +
s33(v2-v4)2 + s53v42] = 0 (2.38)
Solution of (2.38) for V, up to second order gives

1

- 30 2,0 3 2 3 2
V, = =(VotV 47 +v4) - [s5 Vs +S; (v3-v5) + S, (v5+2v +V +v4) +

5372 4%, 372
3 2 3 > 32 30 29
+ 8,7 (VotVu 247, )% + S (V=) + 5577,°] | (2.39)

The system has no spring stiffnesses and hence the potential
energy consists wholly of granitational terms. In fact

5 5
V=-mng Zvj_:-mgl Zvi (2.40)

ts1 ey

Substitution of V, from (2.39) in (2.40) gives

1

mng,3
4%,

V= [(Ss/s1 )3ii52 + (83/s1' )3(v3-v5)2 + (V5207472 |
+ (Wga21,47,)% + (33/81 P (7,1, + (Ss/s1 ) v42j (2.41)

In matrix form, the potential energy becomes

V.= ¥D, E D, | (2.42)

with Dy = (Ve Var Vs T, (2.43)
mgls(‘3 — , : :

By = 55— [TOT+ C4Cq +3C,Cq J] (2.44)

1 11 1
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where
-1 1 0 0

0 0 1 -~

Lo o o 1

S 3 3 3 S 3

A= 8055, Gy s’y s
¢, = {1,2,1, 1}

7 =0 o o 1]
o 0 1 o0
o 1 0 o0

1 o o o

‘Kinetic Energy in a General Inplane Displacement

 The kinetic energy is given by |
P4 2ot ek D e B G i i)
where Dy = {Vg Voo Vyy o V]
B = {E B By, B By

From (2.39)and (2.37) the matrix relations are

’DvA =[v]=[1 o o o][v] =c¢ Dy,
V|0 1. 0 of |V
L e e A
o |o o 1 o |,
v Lo o o 1 -

19a
(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)



.

(1] t.[ -
and Dy = |Hg|=t;{ -5 O O 0 0||7Vs . .(2.53)
Hy -2 <3 0 0 0| |V
: 2 -2 4 0 of|vV,
H, o o o0 .3 2|V,
By |0 0o 0o 0o 5]|V,
Through (2.52), (2.53) becomes
Dy = t QDyt (2.54)
where
Q=[5 0o o o0 o1t o0 o 0]l=[-5 o o0 0
2 3 0 0 ol|0 1.w0 O |=2 -3 0 ©
2 =2 =1 0 o=t - -1 - -1 -1 1 1
o 0 O0 3 2{|0 o0 1 o0 0o o0 3 2
o o o o s5/lo o o 1] Lo o o 5

Hence using (2.52) and (2.54) in (2.49) the kinetic energy becomes

2' / 7 0 . 3
To= B bp(@e s by, = g, (2.56)

Using Lagrange’s equations and using the condition for a normal
mode of frequency w the equations of motion for the simple five-mass

catenary can be written as

o by Dy = By Dy (2.57)

The natural modes and frequencies may be obtained by matrix

iteration on g .

e (2.50)
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where )\2 = -1;2

Oncé a frequency, W and its associated vector, Dth, have
been determined, the coordinates Dv:L and DHJ', corresponding to the normal
mode shape, can be obtained by making use of (2.52) and (2.54). Thus

i i L1
Dt =6 DT, D = £Q Dy (2.59)
The whole procedure, applied to the five-mass catenary can be
generalised to any number of N. In fact, for a general system with N

lumped masses (N = 0dd), the necessary matrices are given by

th ={VN’ VN_Z ecece v3 v2 oeece N"3, VN-1} (2.60)
T - [ E ' o v (2.61)
4
o
I
-1 _
S |
3
1 -,
\\1 \\-1
L
O | . =i
L ' T 1y
f< N-1 -
A= [Cws,)?, (Cuez/s, Y eeee (535, (53/s,) G/s)q . (2.62)
C1 ={1, 1’ l\;-.l.° 1, 2, 1, 0':—-.'.'1’ 1} (2063)
_ z >~ -
J = (W-1) x (N-1) transposition matrix T (2.64)



The Lateral HMotions

Fig. 2.7 shows the five-mass catenary of Fif. 2.4 deflected

-(er) .

R

O

geherally in the lateral plane,.
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-

22,

(2.65)

(2.66)

The generalised coordinates are taken

‘as the lateral displacements of the masses from the equilibrium positions.

The vertical displacements of the masses can be expressed in terms of the

~ generalised coordinates as follows -



e

22 7
.
5 215 :
2 - 2
b o L (m )
3 215 213
2 2 2 2 2 2
. zg ) (53 - zs) i} (z1 - 23)- (z1 - 7‘2) ) (z2 - 24)- z, (2.67)
1 415 415 - 411. 411 413 415 :
2 2 '
v o oa_ (2, - 2,)
2 215 213
2
z
v = - ' )
4 215
where li =1 sipei
The potential energy is given by
V = - ng Z Vi (2068)

Through (2.67), (2.68) becomes

V= Eg{525 . 3(25 = 25) . (2, = 3z5) . (zy - 2,) . 3(z, - 2z,) .
: 2
_ 5
] (2.69)
5
Vriting 1; = it,c0s0;1, i =5, 3, 1, (2.69) in matrix form becomes
e . - E
V = zD, E, D, ' (2.70)

mth _ D, = {25, Zzy Zqy Zpy z4} | o ' (2.71)
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and E, = 92‘%1 SgtS3 ~S5 0 0 0 | (2.72)
=S5 S48, =S, o o
0 -s, 25, -5, 0
o 0 =S, 8,45 ~S5
] 0 0 ) S5 s5+s3_

Since the coordinates are taken at the mass points the kinetic

energy is simply given by

.o 5 . L .
m < 2
As
In matrix form (2.73) is written as
«d . .
T = %D, 4,0 , (2.74)
where AZ = ﬁ z (5 x 5 unit matrix) (2.75)

The extensions of (2.71), (2.72) and (2.75) for a general N-mass
system (N = odd) are obvious.
On application of Lagrange’s equations and the condition for

a normal mode of frequency w
E, D, = & A, D (2.76)
z Oz > 47 Dy «16)
-As bvefore the frequencies and modes can be obtained by matrix iteration on
», = ,\zf.)z (2.77)

vhere A 2 - 1—27
%)
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2.% RAYLEICH - RITZ METHOD [3, 19]

It is mentioned earlier in section 1.3 that although the
dynamics of single span fixed-fixed catenary are well understood, there
_is no really satisfactory way of applying this knowiedge to multi-span
systems. It seemed to the author that here was a good case for applying
the Rayleigh-Ritz method to the problem of oscillating catenaries. To
assess the applicability we apply the method first to single span fixed-
fixed catenary.

Let us considgr an inextensible cable suspended from two fixed
points at the same level, distant 2L apart, as shown in Fig. 28. Let
x(s,t), y(s;t), z(s,t) be the spatial coordinates of a point at arc length
s, measured along the cable from the midpoint of the cable as origin and
time t. Let us assumé that the equilibrium shape of the cable, hanging
‘vertically under the influence of gravity omly, is farabolic. Then if m
is the mass per unit length of the cable and'd.is the dip of the catenary

formed by the cable, the static horizontal component of temsiomn, H, is )

given by

_ mglL_ |

Small Amplitude Approximation

Let us perturb the position of the point (xe, Y, 3% e) by small

amount (u, v, w) such that

X = Xe 4+ u
¥ = Ye + v (2079)
2 = Ze + W

where the subscript e refers to the equilibrium values.
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As the cable is assumed inextensible, the geometrical éqnation

ensuring conservation of length during motion is:

&5 @2 @ - | (2.80)

Substituting (2.79) in (2.80) and using equilibrium conditions,
we obtain

@ oz B gD P @ (2.81)

If the catenary is considered flat, ds in (2.81) can well be replaced by

dxe.. Thus we arrive at

2%+ ED%+ @02+ a—+ag§é§ =0 (2.82)

For convenience, the subscript e has been dropped from dyé and dxe in

(2.82). solving (2.82) for %‘é to second order we obtain

du 3 |
Y I -t A )2. X5 (2.83)

For a parabolic catenary, we can write

Rl

_ mex » E |
= = (2.84)

The equation (2.83), through (2.84) becomes )

du _ _mg v _ g (gV)2 e (“’)2 (2.85)

oX H

“Integrating (2.85) between the limits =L and L we obtain

n fvex = £ @0 21( )2 (2.86)

Oﬁa
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As the cable is assumed inelastic, the potential energy is wholly due to

gravity and is given by
R
V = ng J’Lvdx_ (2.87)
Substituting from (2.86) in (2.87)

V=2I()2 2;<>2 (2.88)

Neglecting the small cross-span movements ‘of the cable elements, kinetic

energy is simply

2

L
IR 1 (2.89)
-L -L ‘

1
+3
i

nlg
le

In view of (2.86), the cable is sub;jéct to an equation of constraint

given by
L
[vix = O + o2 (2.90)

From (2.88) - (2.90), it is seen that the inplane and lateral modes
are uncoupled for small oscillations of a catenary and hence they cah be

treated separately from each other.

Inplane lModes
The potential energy is

H t/ov\2

Gz dx (2.91)

“and the kinetic energy

3
n
Nis
e

(2.92)
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' The equation of constraint given by (2.90).
Assuming for v a combination of trigonometric or string modes,

80 called because the mode shapes of elastic string are of this form,

we write
Ix JX 27X 2= 27X
v = V1 cos 2L+v2 smL +V3 cos 21‘+V4 sin T +V5 cos 2L".'
s ONX T= ‘ ' ’
+ V6 sin <= + V7 cos 5T (2.93)

where in (2.93) it is understood that only seven string modes are used.

‘Substituting the assumed series (2.93) in (2.91) we obtain

respectivel&
v=thH 2 4 qv, 2 4 ov,2 41672 + 25V,_2 + 36V.2 4 49V, %)  (2.94)
73 A 4 5 6 7" ¢
' oL (o2 32 52 o2 &2 22 o2
e R REA A A A FaE PR ) (2.95)
V, =Vay +Ve/ =V, = O  (2496)
17 75/5 7 '5/5 T Ty
From (2.94) - (2.96) it is also observed that the assumed
symmetrical and antisymmetrica.lh string modes are uncoupled and can be
- treated separately.
Symmetrical Inplane lodes
=2H 2 2 2
v = 2 (v + 9V, + 257" + 49V, ) | (2.97)
ol 02 22 22 &2
T = B (00747 +00) (2.98)

and the equation of -constraint is given by (2.96).



In matrix form

V=%V E_V, (2.99)
5 o / .
T o= TV MV (2.100)
where v, = {v1, Vg0 Vo Ty } (2.101)
1:2H i o~ ]
Eoe = 3T |1 0 (2.102)
9
25
- I 0 49J.
M, = ub |1 o ] (2.103)
1
(0] 1
- 1.J
From (2.96), we obtain the matrixz relation
v =rv~-r‘/ 2 Y T = v (2.104)
8 _ 1 = 3 5 7 3 st .
Vsl = |1 0 0 AS
VS 0 1 0 V7J
bv7J _0 0 1 i
Performing singular transformations of (2.99) and (2.100) we arrive at
o . (2.105)
vV = %vst Q Evs Q vst = %vst Evst st 24105
P o= $V.QM QV, = V.M .V (2.106)
= 2 st vs “ '8t T st “vst 'st B

29,
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Applying Légrange’s equations and the condition for a normal mode
of frequency w |

Brsg Vs = @ Mygy Vst (2'10_7)

3

Equation (2.107) defines the symmetrical inplane motions of a simple
inextezisible catenary. The frequencies and the mode shapes may be obtained

by matrix iteration on
-1 | 2 '
Brst Myst Vst = A Vst (2.108)

where /\2 =.-1-2
A

If a frequency, W and its associated vector, vSti’ have been
determined, we may use (2.104) to give the actual vector corresponding

to the normal mode shape. Thus we obtaiﬁ
i i . ' ‘
Vs o= QVg (2.109)

Antisymmetrical Inplane Modes

From (2.94) and (2.95) we can write

22H [, 2 2 2 |

Vo= B2 (4,7 + 167,° + 367°) | (2.110)
mL (22 22 22 ,

T = = (vg +7, +V°) (2.111)

In view of the assumed antisymmetrical motions, the comstraint relation

L
J v dx = 0 is automatically satisfied.
-1 .
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In matrix form

. / ) -
V= +V,5 B Vg _ (2.112)
. / -
T o= FV,g Moo Ve : | (2.113)

where EVAS and MVAS are diagonal matrices and are given by

Epys -’212‘—3--1 0 o | (2.114)
4
| O 9.
Mo = mk|1 0 (2.115)
1
..o ".4

Applying Lagrange’s equations, we obtain the equations for inplane

antisymmetrical motions of a simple inextensible catenary.
Myps Vyg + Byag Vas = © ‘ (2.116)

The equation (24116) represents a set of uncoupled equations and applying

the condition for a normal mode of frequency, w, we obtain

w = 3—;—“- H/m . (2.117)

Iﬁ the above application of the Rayleigh-Ritz method we have used
a total of seven string modes-four symmetrical and three antisymmetrical.
In fact, the generalisation to any number of symmetriéal and antisymmetrical

string modes is obvious and self-explanatory from the above procedure.
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Lateral Modes
Referring to (2.88) and (2.89) we obtain respectively for the

potential and the kinetic energy expressions

H L dwy\2
v = &8 L(b_x) ax | | (2.118)
and T = 2 ,r:érzdx ~ (2.119)

Since no first order term in w is involved in (2.86), there is no
equation of constraint like (2.90). Hence (2.118) and (2.119) are
sufficient to define the lateral modes of a simple inextensible catenary.
As Yefore, assuming a linear combination of string modes for w, satisfying

all the geometric boundary conditions, we write

- X s XX nx . 2nx
w = Wjcos 57 + Wysin “T + Wy cos <1 + Wysin &5 (2.120)

Substituting the assumed series (2.120) in (2.118) and (2.120) we

obtain
v = -’Ez—g-(w2+4w2+9w2+1swz) (2.121)
= T8 ‘M4 2 3 4 .

ML 02,062,052 o2 ‘

T o= (w1 + W, + Wy +w4) _ (2.122)
In matrix form
/
V=%V EW - (24123)
' . / .

and | T o= FW,. M W (2.124)

where v, = {¥, ¥, Vs, \-14’} : (2.125)
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and Ez and Mz ara diagonal matrices and are given by

28 [ ]
E, = = | .0 (2.126)_
4
9
0 16
M, = mlx (4 2 4 unit matrix) (2.127)

Applying Lagrange’s equations and the condition for a normal mode

- of frequency, w, we obtain .
' in /H .
W, = E\/; , 1 = 1,2,3 (2.128)

From the above analysis, it is seen the lateral modes and frequencies
‘of a simple fixed-fixed catenary can be very well represented by the

stretched string counterparts.

2.4 COMPARITIVE STUDY OF THE ABOVE THREE METHODS

The method of Saxon and Cahn is not easily applicable to the
multi-span cases, it becomes too mathematically involved even'when the case
of the catenary with relaxed ends is considered. The method is
mathematically sound but complex from the engineers’ point of view. The
acéuracy increases with the increase in mode number or with the increase in
the span/dip ratio. The Simpson’s lumped parameters method, on the other
hand, is easily applicable to the multi-span cases, although the.sizes of

the matrices become very large. The method is very straightforward but

lengthy.
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The accuracy of the results depends oﬁ the number of masses and the type
of mass-distribution used to represent the catenary. The writer’s Rayleigh-
Ritz approach is very simple and straightforward from the Engineers’ points
of view and is easily applicable to multi-span cases (see Chapters 3 and 4).
Although matrices are involved, these are small in size, The accuracy of
the method increases as the dip/span ratio becomes small. ‘Although fhe
method is approximate, the numerical results, compare very favourably with

the experimental results and those of the other methods described.

For the purposes of compafison, the céntre span of the "Severn
Crossing" is taken and the frequencies, obtained from each of the above
three methods and the experiment are given in the Table 1. Perhaps a few
words at this point gbout the Severn crossing would be appropriate.
Although the writer was involved with problems concerning the"Red Hoas Test
Line", the dimensions of the test line were not in possession at the
beginning of this research. The writer gathered the following specifications,

as applied to this calculation, from reference [35].

Specification of Severn Centre Span
5310 ft.

Span
Sag
Mass/unit length of the cable

265 ft.

22850/(5310 x 32.2) *%f/mcﬁ

Experiment on Single Span (Fixed-fixed) Catenary Model

For this purpose a model consisting of 21 masses was built in the

laboratory (for design details see Appendix~F). The resonance tests were

performed by attaching an electromagnetic exciter to one of the end masses.
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The selection of this particular point of excitation was because no nodes
occurred at this point in low-frequency modegs; higher frequency modes
could not be excited anyway. The frequencies for the four lowest inplane
modes obtained from the experiment were scaled by the factor, \/d_n%, where
d - is the dip of the catenary model and these are given in the last column

of Table = 1.



Table I
Mode No. | Saxon and Cahn | Simpson | Rayleigh-Ritz | Experiemental
Hz Hz HZ Hz

1 0.12094 0.12145 0.12319 0.12

2 0.17468 0.17463 0.17609 0.17

3 0.24358 0.24213 0.24639 0.25

4 " 0.30012 0.29637 0.30276 0.31

5 0.36584 0.35748 0.36958 -

6 0.42364 0.40983 0.42734 -

T 0.48801 0.46545 0.49277 -

8 0454652 0.51420 0.55124 | -

9 | 0.61014 0.56389 0.61596 -
10 0.66911 0.60773 |  0.67486 -
11 - 0.73225 0.65083 0.73916 -

12 0.79153 0.68867 0.79803 -
13 0.85435 0.72450 0.86235 -
14 0.91387 0.75543 0.92174 -
15 0.97645 0.78339 0.98554 -
16 1.03614 0.80669 1.04499 -
17 1.09854 0.82629 1.10873 -
18 1.15837 0.89133 1.16750 -
19 1.22062 0.85221 1423193 -
20 1.28057 0.85750 1.29201 -

36.
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CHAPTER 3

NATURAL FREQUENCIES AND NORMAL MODES OF MULTI-SPAN
CATENARY SYSTEMS

It was shown in section 2.3 that the method of Rayleigh—Ritz can
efficiently be applied to the problem of the oscillating single span
fixzed-fixed catenary.. The method will now be employed to deal with the
case of multi-span systems. But before going into the detail of multi-
span systems, it was thought useful to consider ome or two basic catenaries
of which a mﬁlti—span system is comprised; these are given in Appenﬁix-A.
In fact, the equation of motion for the basic catenaries can subsequently -
be applied to construct the equations of motion for the complex multi-gpan

systems.

The analysis discussed in the present section is based on thev
following assumptions:- ‘
' a) cable elasticity effects are insignificant
b) cables are suspended from the same horizontal level
¢) the extremeties of the outermost spans are rigidly fized
d) tower flexibility and inertia effects are negligible

e) catenaries are flat and the equilibrium shapes are parabolic

Three Span System
Consider the three span system shown in Fig. 3.1. Referring to

the fixed-fixed, fixed-free and free-free catenaries (fixed-free and
free~free catenaries are discussed in the Appendix-A), it was demonstrated
that for small oscillations of a catenary, the inplane and lateral modes

are uncouﬁled. -
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This fact will be used in the following analysis since it is convenient to

set up separate equations of motion for the vertical and lateral planes.

3.1 INPLANE MODES

The potential energy in a general inplane displacement can be

written as
Lz v, bv 2
v ( )dx+HJ‘( )mH:( ) ax +
_,_, 2 X 2
+2mg(L1+L2)+Msgu2 +2mg(L'2+L3)+Msg 2 (5.1)
4»1s 12 418 23 ¢

and the kinetic energy takes the form

L L2 L3
m . 2 m . 2 m 2
T = 5f v, dx + T f vodx + S [ v, dx +
2_“ 1 2.2 2 L3 3
M
8 7.2 .2
+g gy + ) | (3.2)

The. equations of constraint ensuring compatibility at the common-span

points are given by

L A
- 28
Uy = gl M
mg L2 :
u23 - u12 = H i, vzd.x } : (303)
ng *
- u23 = E J VBdX J
_L3
Solution by the Ravleigh-Ritz Method 1

The method of Rayleigh-Ritz consists of selecting a trial family of functions
satisfying all the boundary conditions of the problem and constructing a

linear combination of these functionse.
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As in the practical catenary systems, there are very little vertical

movements at the suspension points, we write

vy = V”cos-21-1 +V, zsm.L—- + vy cosL1- + V1451n—L—1- +7, coeL +V 681n2—

_ X . _TX Snx ST
v, = 112100.5;-2—1-‘-2 + szs;urfé- + V cosL + V s:.n—L—z- + stcos-z-fz- + V26 inlL—z- ?(3.4)

3=v31cos:2—i3+vzsmf-+v 0052—-+V s:m——+v coszL—3-+Vssin2—

where in (3.4) it is understood that six modes per span are considered.

If we ‘substitute (3.4) into (3.1) - (3.3), we respectively obtain

v2+4v‘132+9v2 -1-16V2 +2'3V2 +36

=8L

220 ;.2 2 2 2
+ é'f; ('Vz1 + 475, + 9‘V§3 + 16V24 + 25V, + 36\126) +
1:21'1' _g_ 2
* i, s (V21 + 45y + Vg + 165, + 25Vs5 + 36"2 * 23 ' (3.5)

14

mL - |
1 . . .2 . . .
"'é"'(vf1 +vf2+v13+v2 *st*vfs)*

mL

+—22("’21 "'%2*’%3*%4""%5*%6.)*'

and the equations of constraint are -
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< lmel, Vi3, Vs
Yo = —m Ny -5+
4ngl V. V |
U3 =Ty = "'Tnﬁ‘z' (Vy - "%2 + '%2) [ (3.7)
4mg V.
-, = ) R )
By = & V5 -5 +%5) )
omg (L1 + L2) + Mg 2ng (L2 + 13) + M g
where in (3.5), K, = o1, and K = 21

Equations (3.5) - (3.7) imply that the constraining relations (3.3)
being automatically satisfied, the individual span antisymmeiric modes can

exist by themselves and for these modes we obtain

- > ‘ H . N :
fg = 2_;;— E [} i = 1’ 2’ L XX ] (308)

where j = 1, 2, 3 in our present case. On the other hand the inter-span

. coupling occurs through the individual span assumed symmetric modes and

for this case we can write

2
7t H 2 n2H
=-é-iT(v21+9V2 +2W15)+§L—£(v§1+9v§3+25v§5)+

X
naﬂ 2 2 —ld
+ -8—L—3- (V'§4l + 9V33 + 25V25) + @ 12+ 3 Ups A (3.9)

o . Wby | . .
'“‘2 V2 "2 vfs)* ( V§3*V§5)+'§2("§1+v§3*"§5)*

}I 3 . .
+ 50 (), + 523) | (5.10)

and the equations of constraint are still given by (3.7).



" In matriz form (3.9) and (3.10) can reépectively be written as

v o= ’l'Dw;.Eva

ad T =} byl By

where Dy ={Vyys Vy50 Viss Tyos Vors Vozs Vags V350 V]

R
v Sl
9n°H
4L,
- 4 251:23
4L,
X
Pt
4L,

. 2112H
41-2
. 2§1t2H
4L,
K
2

et
4L3

45,

(3.11)
(3.12)

(3.13).

(3.14)
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and iy = | ml, (3.15)

Since the number of coordinates is more than the number of degrees of
freedom, the forms (3.11) and (3.12) cannot directly be applied without some
transformations. To obtain the transformation matrix, we solve (3.7) for

v V., and V., Thus we obtain

110 V21 31
Vg = YJ?'%*% T2 | }
Vyy = v_gz_%é+a2 ('E23-'E12) > (3.16)
V51 .= 2%2""%_5"&3 T3

B

whereai=4mgL s 1=1,2,3
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From (3.16) we obtain the matrix relation

by = (V34 =-13 % 8 ] rv13-- = ¢ (3.1
Vi3 1 0 ©0 O
Vs o 1 o© Vs
T, o o 1 T,
Va1 = Tt e Va3
Vys o 1 0 0
Vos ' o o 1 o0 Vps
T 0 0o o0 1 Ty
| v31 <::> ~83 %% d%' v33
| V33 | 0 1 0 bv35J
V5] | | o o 1] |

- Pransforming (3.11) and (3.12) to the generalised coordinates with

the help of (3.17) we obtain respectively

Ve dm,dneny, = iRy, (a0

3
]

Fig, QBRI = ¥ Dv; Moy Doy - (3.19)

Extensions of (3.18) and (3.19) for any number of individual span symmetric
"hodes are obvious and, apart'from the clerical labour, V and T may be

written for a practical system of any number of spans without difficulty.
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Using Lagrange’s equations and the condition for a normal mode of

frequency, », we obtain the equations for inplane motion for the three

span system

“’ZMVt O = By Doy (3.20)

The matrices MVt and EVt are well conditioned and hence the frequencies
and the modes may be determined in increasing order of magnitude by various .

standard methods.

If a frequency, w5 s and its associated vector, Dﬁi, have been .
determined, we may'use (3.17) to give the coordinates, Dvi, corresponding

to the normal mode shape. Thus

i

ot = Qnmi (3.21)

Finally the natural modes may be calculated through (3.4).

3.2  LATERAL MODES

The potential energy in a general lateral displacement is given

by
v B e B e o B e
. 2mg(L1 :1:2) + Msg . 22 . 2mg(L, + L3) + Mg V232‘ | (5.22)
.?nd the kinetic energy becomes
T = % fL'v'z12dx +% szx-'rzzdx +— f w 2ax +5 BS (w12 + v':232) (3.23)

-L, -L2 -L;
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Solutions by Rayleigh-Ritz and Rauscher Hodes [3]
The method described in the following analysis consists of
selecting a'ccmbination of sinusoidal deformation modes per span and
a linear interpolation function mode for each pair of spans adjacent
to a suspension point. This interpolation function permits the expression
for the deformation in terms of a set of ordinates at specified points.

Rauscher conceived the idea of the interpolation functions as a refinement

of the lumped mass type of analysis, taking the continuous mass distribution

into account but retaining the simplicity of a finite set of ordinates as

a goneralised coordinates. In their simplest form, interpolation functions

are constructed from the deflection curves due to concent:ated loads at

selected points along the system.

To apply the Rayleigh-Ritz method together w:.th the station

functions, ‘we write

. L, +x :
= 1 X . X 3RX . 2TX
.w1 = W, (-—-—-21‘1) + U, cos —2L1 + W, ,sin --L1 + W, 5C08 2%, + VW, ,sin _L1 +

2T ok~ 4
+ w1 5cos oL + W1 6sin T

1 1
W W (-——-L -x)+w o8 - 4 W..sin 2= + W..cos 2X= + V., gin &%
2 T W2 \3p 21°°8 21 22810 7 23°08 71, 24 T
2 2 2 2 2
cos 2= 4 W sin 2% 4+ 7 (L2 bl
+ Vo5 2L, * 26 L, " V23 2,

27X

W
25 2Ly 32 Ls 33 2P3 34 Ly

27X sin I
+ W35°°8 2L3 + I'I.’.ss:m o1,

W

L X
= ¥ (—%‘L'—)-;wmcos&-»w sin 2= 4 W, cos 2% + W, sin &= -
3

(3.24
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Introducing (3.24) in (3.22) and (3.23) we eventually obtain

'n:ZH 2 2 2 2
v = e, (v, +4w12 + W % + 16U, , +25u15 + 36W, ) +
T H 2 2
+ 6L, (w21 + 40, + 9*»123 + 161424 + 2505 N 36W26 )

Pra:t 2 2
+ 81‘3 (u31 + 41:32 + 91433 + 16W34 + 25Uz + 36w36 ) +

| -
Z7 Y12 *7 Y23 T2, Y12 Vo3 (3.25)

m s 2 e 2. e 2. 2 2 & 2 o 2
? = 2[1.1(w11 W W W, +u16)+
+L2(\:1212+I:I IR N R 2+€: 2).,,

22 23 24 25

2 2 w2 +w, 2

- - 2
+ ¥ 54 35."'W36)"'

P 2 .
+ Ly (g™ + Wgp" + ¥y

4L
2
("12 1= W13»/3 * "’12 15/5) *Tx ( Ty oWy = Wyl 23/3 *

+ Wy los /5 + Wpgling st“’zs/s + Wpslps/5) +

4

2L
2
+ =2yl - Vg Hss s + WpgWss s

2 — 2 o e
Y+ cC w12 + Coliys” + =5 w12W23] (3.26)

where in (3.25) and (3.26)

b 'H ' ng(L1 + Lz) +Hg . - ) 2ng(L, +b) +4g ’
=2 » - d
2(L + L2) 2]fs 2 2@2 + L3) 21s
) I ) : .MS
6, = S (L +L) +22,C, = 5 (L, + L) + o=
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From (3.25) and (3.26) it is seen that the individual span assumed

antisymmetric modes can again exist by themselves and for these modes we
get

i [ E . .
fij =-2_L— ; s 1 = 1, 2, XXX

(3.27)
j .

vhere j =1, 2, 3. On the other hand for the coupled individual span
- symmetric modes we obtain. | |

1r2‘H 2 nZH
vV = 8L (w11 +9w13 +25w15)+ (v

2 + 91123 + 254

25 )+
oy, b '
nZH (“31 + 9W33 + 25“352) + 5t 4 St "7232 * 5 Wy (5.28)
- 2

T = Elé—[l.1 (1"1112 + 1:!132 + 611 52) + Lz({q212 + 1:4232 + fizsz) +

1 . - .
55 * V5 ) + -y = Vio¥ys/5 + W s/5) +
4L2 . . ; . :_. 3 -'_' . . -‘_ . - .
Vidlay = Fyo¥az/s * Fallas s + Fpghny = Wpslaz /s + Wagllpsys) +
4 | . R S .
(w23 54 = 23W23 /3 + Wyslss /5) +Cy Wyo" #Cy Wy 4 _5- W 2w23] (3.29)
No reduction relation of the type (3.17) is required in this case because

the number of coordinates is equal to the number of degrees of freedom.

- In matrix form V and T can respectively be ivrittexi as

?
v=-;-1>z E, D, h , (3.30)
T=-’5-i);ﬁ D

2D, ‘ . (3.31)
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whore D, = {Wyqs Wyge Vyge Fon Wags Wags Vags Wz Vg Vg Vg (5.32)

o O0- 0
+H
v o 0
o IE
4L,
0 0 251:2H
4L,
0o 0 0

(3433)
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and 1M =
Z
0 L1 0] -2L1/3“ (::)
0 0] L1 2L1/5n
214 2L, 2L,, -2L, 2L, L
2L/n 33 TR ¢ 2/ 3-’;2- 'g;g' -3-3-
2L 2L
—2 L o o0 2/
T
=21 2L
-2 ' 2/3n
3n 0 L2 0] . |
2L 2L
-2 2/5%
n 0 0 L2 .
L2/3 2L2 -2L2 2L2 c ‘ 213-2143 2L5
T 3 5=n 2 n 5m 5=n
2L
-3 '
p L3 0 0
2L
O 2Ly
3 0 L3 0
2L
—
] = 0 0 1

We have now 'Ehe potential and kinetic energies in quadratic forms
given respectively by(3.30) and (3.31). On application of the Lagrange’s
equations and the condition for a normal mode of frequency, w, we‘obtain
the equations for the lateral symmetrical motion of the three span system ,

as

- . wH D = E D - (3.39)
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The matrices Mz and Ez are wgll conditioned and'hence the frequencies and
modes may be determined by any standard method.

If a frequencj, W and its associated vector, Dzi, are determined,
we can use (3f24), after dropping the antisymmetric modes, to calculate

the natural mode shape corresponding to the frequency, W

3;3 CALCULATION FOR THE RED MOSS TEST LINE

The theory discussed in the previous sections will now be
employed to calculate the natural frequencies and the normal modes of
vibration of the Red Moss Test Line with which the writer was mainly
concerned. - The profile of the actual test line is given in Fig. 3.2,
while the writer’s assumed test line configuration is shown in Fige. 3.3.
The assumptions given at the beginning of the present chapter are
invoi%ed. | |

| The characteristic matrices for the inplane and lateral modes are
shown on separate sheets at the end of this chapter where it is also

understood that dnly two symmetrical modes in each span are considered.

The Pattern of Computation

An outline of the computational procedure is given below -

a)f & Desk Calgulator was used to calculate all the non-standard
data required to specify the matrices for the whole system.
"~ The required information was = |
i) thé length of each span
ii) the dip of one span
iii) the mass per unit length of the cable

iv) the length of one suspension arm
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v) the mass of one suspension arm

b) the stiffness and inertia matrices of the system were formed
by standard Atlas Autocode routines,

c) the inverse of the stiffness matrix was computed and the
dynamical matrix was formed.

d) the eigenvalues and the vectors of the dynamical matrix were

determined by a standard routine.

Comparison of Theory with Experiment
INPLANE MODES:- The natural frequencies of the inplane modes from

‘the numerical analysis together with thosé from the tests performed at
the site are given in Table-2, while the normal mode shapes are shown

‘ separately under an appropriate heading at the end of the present chapter.
Inspection of Table-2 sﬁqws that there is a remarkable agreement between
the calculated and the measured frequencies. The slight discrepancies
may be due to the approximation that the cables are hung from the same
horizontal level or due to the lack of the exact dip/span ratio. The
dip was measured from one tower only and the distancé between towers

was known but for a system in whicﬁ the towers are at differing altitudé,
this information is not enough. Vhat is required, is the knowledge of
all the dips or alternatively, one dip and the relative altitudes of the
suspension points on the toweré. Also due to positioning of the Dowty-
Rotol exciter, some modes in which a node appears at or near the excitation
point, cannot be exciteds These modes which cannot be excited by the
Dowty-Rotol would need to be excited by some other way e.g. by pulling
periodically on a rope tprown over the line at an estimated anti-node (the

third vertical mode was excited in this manner).
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The modes which could be excited without great difficulty and those which
could not are listed in Table-4.

LATERAL MODES:~ The numerical analysis for the lateral modes was

performed in the same way as for the inplane modes and the results are
given in Table-3. No tests wvere performed at the site and hence no

comparison of the calculated results could be made.

Interpolation of Results

Sketches of the normal mode shapes are given under the appropriate
heading at the end of the present chapter in order of increasing natural
frequencies. For the lateral modes, the displacement shown is the lateral
horizontal component and may be readily visualised. Not quite so easy to
visualise'are the inplane modes for vhich the displacement shown is the
verticél component; +this component is satisfactory for describing the
motion in the'ﬁiddle of a span but near the suspension poiﬁts, the
horizontal éomponent of motion predqminates. Thusg, the inplane mode
shapes shown do not adequately picture the insulator moﬁements in the way

the lateral mode shapes do. -



THE CHARACTERISTIC MATRICES FOR THE RED MOSS TEST LINE

INPLANE MODES

Dy = i3 T2 Vo3 25 T35 Usg Va3 Uss Vs §

T

s

4L,

9r°E
41'..1 '
K
1
P
4L,
97K
4L,

P
4L
9r°E
4Ls
3
Pt
4Ly
9r’E
4Ly
4




where K1 =
K2 =
K4 =
mly
M8/4 |
"t
ul,

2mg(L1 + L2) + M g

21
s

2mg(L2 + L3) + M g

21
s

2mg(L3 + L4) + Ms_g

21s

ng(L4 + Ls) + M g

2

?Is/ 4




" Wwhere a.i

= }/3 a4
1 0
0 1
-a,
0
o

= S
4mgI-5_’

i=192’3’4’5

59.



60,

LATERAL MODES

un
Ooﬂ_u, o
N <
O n.u_&o o o O o
o o 9@%40
&
Ooﬂ_% o o
4
Wl o o So ol
o o om_LzJO
<+
09_“ o o
N 73
J_& o o &' o o J_&
o o 9M_L20
=) _
(3}
o]’ o o O
o~
o o &8 o o w.“_.&
Yo
o &4 o
4 <+ |
W e o
I
EZ



61,

AV

-2
=

s
3n

w1
N

=]

o
® %r)_zﬂ

[4Y)
SH LR
2_.n o
qi1° 4
&l_n .%_1_.“ - L2_.u
) 13 (& ] N
- 9, .o
o a % A
= a‘l_ﬂh
2 o .
g !



62.

Table 2
Nﬁ:g:r CalculatedEZFrequencies Experimentaéz Frequencies

1 0.17741 | 0.18
2 0.19921 0.20
3 0.32640 - "0633
4 0.35021 | 0.35
5 0.37130 | -
6 0.38780 . -
7 0.40700 o2
8 0.48442 ' | 0.50
9 0.55081 0.56

10 0.57742 ' 0.58

11 0.75340 : : -

12 0.83340 - -

13 1.12251° - 1.15

14 1424325 1.28




Table 3
Nﬁ%:r Calculated ngequency
1 0.15057
s 0.17087
3 0.17759
4 0.32640
5 0.33369
6 0.35868
7 0.37130
. 0,38780
. o.446T1
10 0.49312
1 0.52662
12 0.55576
13 0.63963
14 0.75340
15 0.78611
16 © 0.83340
17 0.91929
18 1418161
19 1.29820

63,



Table 4
Inplane lModes Lateral Modes
Yes No Yes No
1 - 1 -
2 - 2 . -
- 3 - 3
4 - - 4
- 5 - 5
- 6 - 6
7 - - 7
8 - - 8
9 - ° -
10 - 10 -
- 11 11 -
- 12 12 -
13 - 13 -
14 - - 14
15 -
- 16
17 -
- 18
- 19

Yes

No

can be excited by the Dowty Rotol

cannot be excited by the Dowty Rotol

640'
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1G. 33—ASSUMED TEST LINE CONFIGURATION

—_————l . =

o Quad bundle; weight of asungle conductor is 1008 Ib/t length of—j
_ suspensnon arm is 10ft; weight of a single suspension arm is ;

500 lbs. and two are used at each support point. !
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CHAPTER 4

NATURAL FREQUENCIES AND NORMAL MODES OF SYSTEMS COMPOSED
"~ OF EQUAL SUB-SYSTEMS

4.1 COUPLING OF EQUAL SPANS THROUGH SUSPENSION ARMS

It often happens that equal spans are employed in transmissibn
line systems passing over an open level space and hence the analysis of
the present section was carried out in the research to provide some
information about the coupling effects between the spans of such a system.
The aséumptions mentioned in the previ§us chapter will hold true for the

following analysis.

Three Equal Spans - Inplane Motion

The system t0 be considered is shown in Fig. 4.1, which, when
broken down into subsystems, gives the system of Fig. 4.2, Referring
to the fixed-free and free-free catenaries discussed in Appendix-A, we

can write the equations of motion for the broken system as =

I O1(%] + [& ol[vy]=o0 (4.1)
I 2 B V2
O 1|V, O Es _v3
where vV, = -(Vi1, iz viS‘E 3 i = 1,2,3 (4.2)
g
) Ei = & 1 O (4.3)
g

@) 25
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and I = 3x 3 unit matrix | (4.4)

with d being the dip of one catenary., In (4.1) - (4.4), it is understood
- that only three symmetrical string modes in each span are considered and
that the fixed-free and free-free catenaries are represented by the
stretched string mathematical model. There are however two compatibility
relations which, when applied to (4.1), gives the equations of motion for

-the composite system. These compatibility relations require that

U1R = UéL

(4.5)
U2R = U3L

where the subscript R and L denote respectively the right and left hand
ends of the ith catenary, Equations (4.5) can be expressed as one

equation in the coordinates corresponding to (4.1) which is simply

Vi1 = Viz/s * Vis/s * Vou = Vas/s * Vogy5 + Uy = Vagjn + Vao s = 0 (4.6)

Introducing Lagrange multiplier [1], the equations of motion for

the composite system become ‘ Ve

I o7[¥,] +[& | o] = A a, (4.7) ]
I v, E, > 4,
o I| |V, o Eg| | Vs a5

di = {di'l' di3’ dis} = {10 '1/3’ 1/5}3 i =1,2,3 (408)

Let us write (4.7) as

W + EV = A a | (4.9)
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To solve the equations governing free vibration, we put
v =g/sinmt and A= psinwt (4.10)

where %13 a column vector and p is a sealar. If (4.10) is substituted

in (4.9) and (4.6), we obtain respectively
(E-«I) =pd=0 (4.11)
dg=o0 (4.12)

In partitioned form (4.11) and (4.12) can be written as

E - m2I -d Ll/ = 0 (4013)
d, 0 B ' .
The characteristic equation corresponding to (4.13) becomes
2
E-wI -d| = 0 ‘ (4.14)
a’ of

Expanding (4.14) we arrive at

2 2 2 2 2
d d d d
11 13 15 L2l 35 0
11 13 15 21 “35

Note that the frequency equation (4.15) can also be applied to
systems having differing span lengths and the solutions to. (4.15) can be

obtained by various numerical methods.
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Simplifying (4.15) and using the conditions that

R “’312 4% = 4y’ = d312A
“’132 = “‘232 = “352 d132 = d232 = ‘1332.> (4.16)
o5 = wps = “‘352 &5 = ‘1252 = d352
o5s = @ = “‘;52 45 = dzsz = &5

we obtain
2 2,2 2 2y2 2 2.2 2: 2 2 2 2
(co11 - ) (w13 - ) l(m15 - ) [36.11 (w13 - o) (w15 - o) +

2, 2 2 2 2 2, 2 2 2 2 '
+3d4 (= %) (05" = &%) + 38, 5"(e, " = )(m13 -6)] =0  (4.17)

From (4.17) ve get

(0.)132 - 0.)2)2 = 0
(m1 52 - “’2)2 = 0 (401 9)
and 4, %50 = P)eys - 6 + 4,50y, - P o2 - )
2, 2 2 2 2
+d,5 (w” - )(m13 -u°) = 0 (4.20)

Solving (4.18) = (4.20) we obtain in increasing order of magnitude

w= (.\)11, w11’ w." w13’ w13, (02, w15, w15 rad/sec )



vhere Wigs Wygy Wyo are the subsystem frequencies and since (4.20) is
jdentical to the frequency equation of the fixed-fized catenary, Wy y W,
are the frequencies obtained by considering an ends-fixed catenary of

the same dimensions.

Considering now the Red Moss 1200 ft. span as one of the spans of the
three equal span system we obtain the circular frequencies in increasing

order of magnitude:

w = 1.02583, 1.02583, 2.93453, 3.07748, 3.07748, 3.07748, 5.04532

5.12913, 5.12913 rad/sec.

The sketches of the‘possible mode shapes for repeaéed pairs of frequencies
'are ghown in Fig. 4.6 where it ié'assumed.that deformation occurs only in
two adjacent spghs. For the non-repeated roots the deformation occurs
simultaneously in all the spans considered.

Thﬁs it is observed that the three equal span system possesses
confluent pairs of modes (i.e. modes having the same fréquency). This
indicates the possibility of large energy transferences between the spans,
ags in the case of a Wilberforce spfing [11], when nearl& confluent frequencies
appear in a practical syétem. |

InAthe above analysis, no antisymmetric modes in the spans are
considered because these modes do not cause suspenéion arm movements and

hence there are no inter-span coupling effects.
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4,2 COUPLING OF EQUAL SPANS THROUGH TOVWER FLEXIBILITY

The types of system dealt with in the preceding chapter is
probably most characteristic of multi-span transmission line systems.
In this case, the various spans interact through relatively flexible
couplings in the form of suspension arms. No account of the tower
flexibility had been taken. In this section we take a step forward to
study the interactions of the constituent spans due to the flexibility
of the towers. .The system to be considered is illustratgd in Fig. 4.3,

which, in fact, resembles an actusl transmission line systen.

Inplane Motion
Strain Energy Due to Tower Flexure

We consider the ith. catenary and allow cross-span tower-arm
' 4
movenents hi1 and hiZ as indicated in Fig. 4.9. If the catenary is

symmetrical we can write

= =h = =h

i1 32 3
(4.21)

Considering the right hand side suspension arm of the ith catenary
Fig. 4.5, we can write the forces acting,the horizontal and vertical

directions as follows -

Horizontal : H

Vertical ‘W - % J
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vhere H is the horizontal componént of cable tension and W is the total
static weight carried by the suspension arm. VW will be assumed the same '

for each suspension arm.

Resolving the vertical and horizontal forces on the suspension arm

we obtain for the force along the suspension arm

P. = W +HO

o = ;-3 f Viaz (4.22)

-—

where ei is the inclination pf the suspension arm to the vertical,

Resolving again we obtain the horizontal force at the ith. tower arm

F, = wei‘ (4.23)

‘considering now the geometz;y of the inclined suspension arm we get

ui - hi
0, = =——= . (4.24)
_ S |

with Is = length of the suspension arm.

Equation (4.23) through (4.24) becomes

u, - hi ,
F, = W= . (4.25)
s
hi ui
or Fi + W '1—8- = ‘W T; (4.26)

considering all the catenaries forming the system of Fig. 4.3, we can

write in matrix form

8

(cx]+¥;[mi1>{v} = L&) C (427)
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vhere [I] = 6 x 6 unit matrix

6 x 6 inplane tower flexibility matrixz

[F1,]
{r} = {F1, Fpy F, F4,' Fs Fe §
.{u} = iuw Upy Uzy Wy, Vg, Ug S

An approximate procedure to calculate the flexibility matrices.for

inplane and lateral motions of any tower is given Appendix-B.

From (4.27) we obtain

{Fr} = '¥' ([1] +§I— [mi])'1{u} | (4.28)
or P} = [A]{u} ’ : (4.29)

- Using the conditions (4.21) the strain energy for both towers can

be written as

v, = LR[FLI{F) (4.30)

= Lu[a]'[F1,] (4] {u} (4.31)

= ¥Llul[B]{u} | (4.32)

yhere  [B] = 2 [A]) [71,] [4] (4.53)

Potential Energy in a General Inplane Displacement
Under the conditions (4.21) the total potential energy for the

gystem is -
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L Vv L AV, ’ L v
vo- B b+ U“‘)*"'* G e
4mgl + M g :EE .

vhere bij are the elements of the matrix [B] and Ms is the mass of the

suspension arm. The kinetic energy becomes

L. 2 L. 2

m m
T = 2 {L V1 dx+2 .{L 2 AdX + eecccee + IL vs dx +
- L o ,
S 2 . 2 . 2 )
+7 (u‘l + 8, +. coe + Ug ) | (4.35)

If the cables are assumed inextensible, we have six equations of

constraint given by

Uy = 25/ v;ax, i = 1,2, «es 6 (4.36)

Solution by Rayleigh-Ritz Method
Let us assume for v; & linear combination of symmetricel string modes
and write -

- >4 2nx
v, = V. 1cos oL + V. 3cos 5T, . (4.37)

The antisymmetrical string modes are not considered in (4.37) because
these modes do not cause any tower arm deflection. . Substituting (4.37)

in (4.34) ~ (4.36) we obtain respectively

‘n:zH 2 )

E = ('V” + 9V13 '*?v21 9 3 + sevee +V61 + 9v63

k
1 2 2 2 4 -
+ 5 (U1 + U“,2 + eoe + Ug ). + % E E b 5 U; T, - (4.38)



nL 2 > 2 e 2 . 2 . 2 -
M
S¢o 2 - 2 . 2
+7 (U1 + Uy~ + eee Ug )
‘ _ 2mgL - s
and | U, = <5 (Vi1 vi3/3), i = 1,2, eee 6
4mgL + Msg
where in (4.38), K, = —3——

In matrix form,

where

[E] =

(4.38) - (4.40) can be written as

¥ Lv] [B] {v} +§’- Lol {u} + % Lv] [B]{U}

° M . -
+ 0] [u] {vd + 2 101 {0}

[I{v}

(V] = Uaqs Tige Vage Voge eeee Vg0 Vg3 )

2 o . —
T H |,
|1 o

V3

2) +

82,

(4.39)

- (4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)
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[¥] = nlL x (12 x 12 unit matrix) | (4.46)

[Q] =281 4 o (4.47)

Substituting (4.43) in (4.41) and (4.42) we obtain

v

3 L) [5]{v} + gH{wJ (1 [a] {¥) + + Lv] [ (5] [1{ V)

= +Lvi[E]{v]} e
and T = %LﬁJ[M] {w’r}+§f—8-m [QJ’[QJ{i}' (4.45)
= ¥ V][] {v}
where [Ev] = [E] +K, [Q]'[Q] + [Q]'[B] [q] (4.56)
[g,] = [I-I’]+-I-2,I-§-[Q]I[Q] . | ' (4.51)

Forming Lagrange’s equations from (4.48) and (4.49), the equations
of motion for the system of Fig. 4.3 can easily be obtained and solved by
any matrix method. In a practical system, however, there are very little
horizontal movements at the suspension points of the cables and hence it
is quite reasonable to consider only the fundamental string mode in each

spane.
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For the numerical results the Red Moss 1200 f{. span was considered and
using only the fundamental mode in each 'span the equations of motion were
formed and solved. The results are given in Table - 4.1. The procedure

can be easily applied to the motion in the lateral plane.

‘Frequencies of Six Lowest Modes ( HZ)

Table 4.1
Flexibility Matrix Multiplied by
1 10 100 1000
0.17010 0.47011 . .17027 17047
0.17010 0.17013 17039 217129
0.17010 0.17018 .17081 ATIH
0.17011 0.17024 AT115 17166
0.17012 0.17032 17148 ATITH
0.17022 0.17104 17180 A2

Note that the flexibility matrix is only a crude estimate., However,
even when multiplied by a large scalar, the effect is minimal. Hence
it is concluded that in actual practice the effect of tower flexibility

may probably be neglected.



(1)

FIG. 41—COMPSITE SYSTEM

FIG. 42—BROKEN SYSTEM
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CHAPTER 5

NONLINEAR COUPLING BETWEEN INPLANE AND LATERAL MODES
OF AN INEXTENSIBLE CATENARY

So far only the linear equations of motion of sirngle and multi-span
. catenary systems have been treated and Solved. Probably the assumption
of linearity in the equations of motion is well justified provided that
the motion takes place in the vicinity of the equilibrium position and
line span/&ip ratio is large. But clashing of conductors occurs at large
amplitudes on shallow catenaries and nonlinear effects ére bound to be
important inm%his case. A well known example of nonlinear coupling is
that between the first antisymmetric inplane and lateral modes of the
single span ends fixed catenary. In order to proceed with the study of
-the possible nonlineai coupling between inplane and lateral modes of a
uniform inextensible catenary, we undertake the analysis of the present
chapter and resort to the Simpson’s Lumped Mass Catenary because in this
case nonlinear equations are easily formed. For simplicity it will bel
assumed that the caténary hangs.iq the vertical plane at equilibrium (i.e.:
no steady wind forces)e To form the equations of motion in three- .
dimensions, lot us consider the link as shown in Fig. 5.1 and assume that
the ends of this link undergo displacements (hi’ vi, zi)’(hj’ vj; zj)

measured from the equilibrium position. Then if the link is not extended

or contracted during the general displaceme¢nt, we must have

lcos o, (By—H,) + lsin 0, (V,=¥,) + 4[ (8,8, +'(vi.,.vj)2"+ (2,-2,)%)= o (5:1)
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vhere 1 is the length of the link, Gi is the inclination of the link to

V.
the horizontal at equilibrium and H, = "i/1, 7, = 7

i 57- etc.

Solving (5.1) for (Hi - Hj)’ up to cubic order, we obtain

H, -H, ==t,(V, = V,) s—i-—):(v v.)2 Ei—(z z.)?
4 2
t.8. 5.8, .
i¥i : 3 iV : 2

where ti = ta.nei and Si = secei.

An important deduction, regarding the coupling between the inplane
and lateral modes of the complete catenary, can be made at_this stage, since
the potential emergy of the linear system is composed of quadratic terms,
such as the second order terms of (5.2), there will be no statical coupling
between inplane and lateral modes. Aléo (Hi - Hj) contains no first order
terms in (Zi - Zj) and hence when the kinetic energy function for the linear

system is formed by squaring the linear terms ﬁi’ ﬁi’ 21’ multiplying by the

appropriate mass values and summing, no ziﬁj’ iiﬁj terms are involved.
Therefore it can be concluded that the linear equations of motion of a
catenary, which hangs vertically at equilibrium, will contain no coupling

terms between the inplane and lateral coordinates.

For simplicity, we consider the two-mass catenary shown in Fig. 5.2
and apply (5.2) to each 1in1c. Note that (5.2) holds true for the links
on the left hand side of the line of symmetry . On the right hand side
of the line of symmetry we must change the sign of tanei. Thus for the

links forming the system of Fig. 5.2 we obtain -
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3
s s t.S £,
577 2 5.2 55 _35 %S 2
B = =tV -5V =-3% -~ VW-—7%"V7%
H-H = -y (W, -V =% (2, -32,)2 ?(53)
27 = Z \Va 1 Z \9% 1 .
3 4 2
I T i W R i M B i ML
2 = 192 =2 V2 2 4 2 V2 2 22j

Adding (5.3) to give

32 2 32 2 2 2
'4:1(v1 +v2) +a}{s1 v, + (v2 - v1) + 8,7V, + 5,2, + (z2 - z1) + 8,2, ]+
Y 403 3 2/ o 2. 2y120 |
+ 5 [s1 (v1 +V, ) + S, (v1z1 + Vo2, V)= (5.4)

Solving (5.3) for V, up to cubic order, we obtain

1 2}‘“513 | 3\ 2 2 2
v2=»-v1-ﬁ[{1 *va 2(2 + 5,.7)v, + 8,2, + (2, - 2,)° +

2 2 2\ ‘
+ 5,2, S+ 1:1z~;12(v1z1 - 7,2, )] (5.5)

As the system has no spring stiffnesses the potential energy is

wholli due to gravity and is given by
Vo= aa >, (5.8
Substituting (5.5) in (5.6) we obtain for the potential energy

3 .
2+ S ~
_mgl 1 3y ¢ 2 2 Y- 2
v'ag[é + T, v1}(2(2+s1 ) v, + 512 + (2, = 2,)° +8,2,°1+

2 (0, 2 2
+ 4,8, (7,2, - 7,2,°)] (5.7)
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‘The kinetic energy of the system is given by
| 2 3

T-m12[252'2 Lo . +4s1 (2 +5,”)
-2 1 t

V1 + Z1

o (25,201 +8,)
V1V1 +{ +

1
1 %
2

o - 2s1 (1 + s1) . - 2s1 . . D 3
+ 2,5, } V,Z,Z, + —-——,6-1——- V2,2, - _%'1" (v,2,2, +V,2,2,)] (5.8)
The equations of motion may now be formed by using Lagrange’s equations.

In order to reduce the complexity of problem we transfermto normal
coordinates. The lineq; equations of motion are obtained by keeping only

the second order terms in (5.7) and (5.8). The modal matrix for the

lateral motion is

(¥l =[1 1 ' (5.9)
. . .
If we use the lineér transformation
z = [¥1{5}  (5.10)
The poteﬁtial energy, (5.7) becomes
4 - | 5.2
2(2 +8,7)
.43 31, 2 . 2 . 2 1 3
V= 2t, [2(2 + 5,7)x,“ + 28,y," +'2(2 + 5. )y," + %, 57+
2s, (2 + s13) » 2(+s)(2+ s13) 2 2
+ T %y, + : X7y + 445, 57yl (5a11)

1



2

and the kinetic energy, (5.8), becomes

2 3 3
2 4s,%(2 + 8,7) 4s .
ml 2.2 .2 .2 1 1 .2 1. .
CT=o— 25T v 2y 2y, 4 O T R N
4312(2 + s1) o ) ) o '
+ £ ATt 4%,5,%, (3,5, + v,5,)] (5.12)

For convenience, V1 in (5.11) and (5.12) is replaced by Xy .

Using Lagrange’s equations, the nonlinear equations of motion in

normal coordinates, for the system of Fig. 5.2, can now be written as -
. 2_ - 2 2 2 . 2
£+ Q%+ a3, " + a7, " +agy,” f ey, + a,)_(x,lx1 + &y ) +

+>86(&12 + y1§1) + 37(&2? + yéiz) + as(y1§2 + yéy1 + 2&1&?) =0 .
(5.13)

o 2 .0 LX)
y1 + w1 y1 fb1x1y1 + b2x1y2 + b3x1y1 + b4x1y2 = 0

. 2 ek X3
y2 + w, y2 + c1x1§72 + 02x1y1 + c3x1y2 + c4x1y‘l = 0

Where the natural frequencies of the linear system are éiven by

o g2 + S13) o &5 > g(2 + s1).
1t,S ) 1 t ’ 2 1t

"1>1 T 1

The normal mode shapes corresponding to these frequencies are shown in

éigo 5e5e
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Also 3,2 3 3
3g(2 + S, ) &s, (2 + 5, ) g(2 + s1)(2 + 8, )
a = b = C =
1 2 .2 1 2 1 2
21¢,“ s, 1t, 1t
: 2 2
g2 +5,”) o s,
a, = ——pg— = —— Cn = e
2 21,c12$1 2 1 2 1
g(2 +5)(2 +s,°) ) 5, 5,.%(2 + 5,)
= = e c =
*3 21t, %, 2 3 ¥ 3 2
1 1 . _
_ & - _
8, = /1 b, = 1,8, ¢, = 1,5,
2(2 + 813)'
. 8 =
5 ‘tl
o = oL
6 T,
(2 + S1)
R
L5
8 = S

Some Comments on the Coupled Nonlinear Equations

From (5.13) we can classify the.coupling terms as follows -

(i) statical coupling force in the inplane mode deriving from

the lateral modes of the form yiyj

(ii) dynamical coupling force in the inplane mode deriving from

the lateral modes of the forms &i&j and yi§j

(iii) statical coupling force in the lateral modes deriving from

the inplane mode of the form Y5
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(iv) dynamical coupling force in the lateral modes deriving from
the inplane mode of the form i1yi -
Most of the above couplings are proportional to the factors 1/t12 and j/t

which are very large vwhen the dip/ratio is small. Thus the nonlinear

coupling effects become more prominent in flat than in deep catenaries.

If the system is given an initial lateral displacement and released,
there will be forces proportional to yiyj,'iijj'and yi§5 which will tend
to produce inplane motion. The reéulting inplane motion will have an
amplitude depending on the tuning of the inplane and lateral natural

frequencies. If 6 is small for the system of Fig. 5.2, we get

@, (5.14)

-Hence it would appear that the vertical amplitude resﬁlting from the

second lateral mode will be most significant. As the amplitude in the
excited vertical mode builds up, the lateral amplitﬁde will be decreased,-
since the system is assumed conservative. Also when the vertical amplitude
becomes significant, energy commences to be transferred back to the lateral
modes through coupling (iii) and(iv). Thus the lateral mode builds up

due to forces which are yi-dependent, as in the éase of a ?Mathiéu—Type
Instability". The vertical ﬁotion consequently decays and the status—-quo
is restored, provided no damping forces have acted thfough the processe.

The above reasonings are the same as those of Minorsky’s elastic pendulum

[18, 20, 21].
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If the system is given an initial vertical displacement and reléased,
' there will be no resultant lateral exciting force provided there is no
initial lateral motion.
The above comments will be clear in the following paragraphs whers

(5.13) is given more attention.

Experimental Observation of Nonlinear Coupling Effects

For this purpose, a simple two-mass catenary was built in the
laboratory from 0.011 inch diameter piano wire. A pﬁdtographic view
of this simple system is given in Fig. 5.6. No external excitation was -
arranged in the beginning. The system possesses three degrees of ffeedom
- one vertical and two'lateral. The natural frequencies and the normal
modes were observed which agreed with those of the theoretical calculation.

The following observations were made on this simple experimental model -

(i) the system was given an initial displacement in the vertical mode
and released. The system vibrated vertically in the hatural frequency.

No lateral motion was noticed.

(ii) the system was given an initial displacement in the first lateral
mode and released. The systenm swung.like.a penduium and no vertical motion

seemed to be excited.

(1ii) the system waé'how given an initial displacement in the second
lateral mode and released. The catenary firstly ;ibrated in the second -
lateral mode, gradually exciting the vertical mode. As the anplitude in
_the vertical mode built up, the amplitude of the lateral mode decreased.

‘At one time the motion was purely vertical. Vertical motion was transferred

back to the lateral plane and status-quo was restored.
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Considering one mass only, the motion seemed to follow a pattern as shown
in Fig. 5.3.

The conclusions concerning the coupling and absence of couplipg
between the various modes were confirmed by these simple laboratory tests.
In particular the experimental observations confirmed that strong coupling
exists betwéen the inplane and lateral modes which have nearly equal
frequencies and similar mode shapes. .

Exte;nal excitation was arranged by putting an eléctro-magnet_under
one of the masses. .In addition to the linear resonance, the system
possesse& - subharmonic resonance of order 2 and superharmonic resonance
of order 2. The éxcitation vas in tﬁe vertical plane~and it was thought
that the nonlinearity in the exciter led to superharmonic resonance of

order 2.

Analvtical Methods Applied to (5.13)

The following analytical methods were applied to (5.13) but with

no satisfactory solutions.

(1) Averaging Method [4, 33, 34]

(2) Asymptotic Method [4, 39]

The above methods as applied to (5.13) are given in Appendix-C.

Qualitative Consideration of o1
If the system is giien an initial displécement in one of the

lateral modes, we obtain at the start

y; = Yeoswt, i = 1or2 | | -(5.15)
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Substituting (5.15) into the first of (5.13) we get

. 2
1
3

o

+ 0%x, +a,x° + (z.%, +
x 1 85154 %4

! : ) = F, jc0s20;t - Fyy (5.16)

we will consider (5.16) separately for initial Yy OF ¥ye

Initial Displacement in V,‘

In this case we .obtain

.. 2 2 o . 2
%, + 0%z, +a,x," + as(x1x1' + &y ) = F,qc0820,t = F,, (5.17)
2 2 ' w2/
where F" = (a2 /2 - as)Y1 and _F§1 = 32¥1 /2
Since 0? = $d& (5.18)

we get neither the conditions of linear nor subharmonic resonance in

(5_.17).

Initial Displacement in 22

In this case we get

. 2 2 .e . 2
¥+ Q% +a,x” +ag (::1:c1 +§_%_)=F

12

§052w2t - 3‘22 | (5.19)

_ 2 2 2
where F12 = (a3 /2 - w, a.7)Y2 and F,12 = a3Y2 /2

Since @22:..‘ 92, the right hand side of (5019) is now a periodic
function of frequency nearly equal to 2Q. _Thé condition of subharmonic
;esonance probably exists in this case because of tjhé quadratic stiffness.
In order to elucidate further the phenomenon of subharmonic resonance of

.order 2, we consider a simpler system which contains the essential terms in (5.19).



This is "A mass on two elastic bands" described below.

A Mass on Two Elastic Bands

The system to be considered is shown in Fige 5.4.
of each band in the static equilibrium position. Then if
of each band corresponding to a vertical displacement, x,

must have

(o)

9.

Let 1 be the length -

r is the extension

of the mass we

(1sin6 + 2)2 + (1cos0)® = (1 + r)? (5.20)
or r = Xsin® +'%T (x2 - r2) (5.21)
Non-dimensionalising (5.21) by writing R = r/1 and X = -’15 we obtain
: . 2 2
R = Xsin® + ¥+ (X - R%) (5.22)
Solving (5.22) for R, up to cubic order, we get
2 3
R = Xsiné +‘§— cos20 - %——'sinecosze (5.23)
The potential energy in a displacement, x, is given by
2 2
V = -mgl X +x1° (R° + 2mR ) (5.24)
vhere R = (Bquilibrium extension of each band)/1
_2g
Now T = 2e1n0 (5.25)
ng
Hence R = KToino (5.26)
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~ where Te is the equilibrium tension in each band and K is the stiffness of

each band,
Substituting (5.23) and (5.26) in (5.24) we obtain

A2 B.3 '
V=5X+3% |  (5.27)

where A = 2311126 + mglcos®
tano

and B = 2sinfcos’6 - mglcos 0

The kinetic energy is simply given by

2

T o= B % (5.28)
Applying Lagrange®s equations we get the equation of motion for
undamped free vibration of the system ‘
" 2
X+aX+nx" = 0 - (5.29)
; = gI-(.-s:i.ne + 5——00529 | (5.30)
with & = " " 1sin® *

= 3 (ZE _ 2)sine |

h = 3 ( - a)sin® (5.31)

The equation of motion for undamped forced vibration can be simply written

as

ml

¥a+ax+n = ZE | (5.32)
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Equation (5.32) can now be compared to (5.19) in the context that
x, and x1 1
frequency nearly equal to Za@- In (5.32) let us assume that h is small.

are proportional to x, and £(t) is some periodic function of

In order to obtain the equation in a standard form [18], let us introduce

damping such that the equation of motion becomes

¥ + 2KX + aX + hX° = Feos2wt (5.33)

Let wt = 2, 2K =<§h2, P = hF, with a0, h, K)O small and (5.33) becomes

QZX” + w%ehzx,+ ax’+ th = hFcos22 (5.34)

where the primes denote differentiation with respect to 2. Assuming

XO + hX, + hzxz + eeee (5'35)

X 1

° .
w = wo + hm1 + h (02 + o000 (5'36)
the perturbation solutions are to order 2 in h

@ = a-5n2(2 + BZ)/Ga + {_(hF/Sa)z - 41{29.5% - (5.37)

the amplitude of the subharmonics

T o= @247 = s {C/nA(a - ) 2 {("/30)% - ax%a) 21}2‘ (5.38)

and to.order 1 in h
X = AsinZ + BeosZ + (h‘A‘B/Ba)sin 27 - ( B/3a) {F + (4% - 2)/2} cos 22 =

-<h/a> <A rBy  (5.39)
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or X = (B/2a)Y? + Yeos(z - o,) - (®/68)Pcos(2z + 0,) - (¥/38)cos2z2  (5.40)

where ten O, = %, tan 0, = AB/ $(a® - 52)/2]

The solution is valid only for Y real and positives For Y to be

real we must have
P> 6Ka  (5.41)

For the complete solution and forms of oscillation, the reader is

 referred to [13, 18]

Observation in the Laboratory

To demonstrate experimentally the existenée of the subharmonics of
~ order 2 in the above system, a mass on two elastic bands was taken in the
Laboratory. A photdgraphic view of this simple system is given in Fig. 5.7.
The natural frequency calculated from (5.30) was in good agreement with the »
observed natural frequency. An eleciro-magnet was placed under the mass
and when the system was excited at double the natural frequency, the
resultant motion of the mﬁss was at the natural frequency.

It is demonstrated mathematically and éxperimentally that simple
system having quadratic stiffness‘possesses subharmonic resonance of order

2. Thus we can imply the same thing for the two-mass catenary.

Initial Displacement in xa

If the system of Fig. 5.2 is given an initial displacement in fhe

vertical mode and released we obtain at the start

x, = Xcos@t - (5.42)
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Substituting (5.42) into the last two equations of (5.13) we obtain

Vil + | 0 vy |- TST (o} 'coth | = 0 (5.43)
yé 0 w22 Yo cosQt 0 Yo

Since w, = Q, it would appear that the motion in Yo will be in linear
reéonance, but the magnitude of the forcing will depend on the initial

displacement in the mode Tye

Numerical Solutions of §§.1§2

Recently there has been made available at the E.R.C.C. (Edinburgh
Regional Computing Centre) a conputer package (i.e. program with its own‘
language) called C.S.M.P. (Continuous Systems Modelling Process) for
solving nonlinear differential equations. At first we qonsider (5.13)

as two conétituent binary systems such as

(a) the first lateral and the inplane modes

(b) the second lateral and the inplane modes
Both (a) and (b) were solved for different initial conditions and types
of solution obtained are depicted under an appfopriate headiﬂg at the end
of this Chapter. An attempt was also made to consider ali the'equations
of (5.13) together and the solutions obtained are shown at the back of the
present Chapter under the appropriate heading. The program as applied
to one of the above cases is also given in Appendix-D.

Results demonstrate the physical qualities described above such

as -



(1)

(ii)

there is no vertical mode excited by an initial first lateral

mode.

the vertical mode builds up from an initial second lateral mode
and as the vertical mode builds up in amplitude, the amplitude
of the second lateral mode decreases. Also when the amplitude

of the vertical mode becomes significant, energy commences to

be transferred back to the lateral mode and status-quo is

(1i4)

restored.

there is nd lateral motion resulting from an initial vertical -
mode provided there is no initial displacement in the lateral

Plane .

104,



105

ANNAN\N — Q . AN




. 106

" F1G.5.3

aAML LMY ' LAY

o | o




107

- Vertical mode (Q1)

First lateral mode (‘01)

Second lateral mode(a)z),

F1G. 5.5



Two Hass Catenary Model
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FIGe 5.7
A Mass on Two Elastic Bands
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CHAPTER 6

NONLINEAR COUPLING BETWEEN INPLANE AND LATERAT MODES
OF MULTI-SPAN CATENARIES

In the previous Chapter we discussed qualitatively the nonlinear
couplings between inplane and lateral modes of a singlelspan fixed-fixed
catenaryol The study of single span fixed-fixed catenary is of academic
interest only, because in actual practice a transmission line systenm
alvays consists of more than one span, each span having some freedom at
" ihe ends. 1In the present Chapter we proceed to discuss the nonlinear
effects in multi-span systems and although the following analysis is very
crude, it is thought that this will-providg some information about the
nonlinear couplings in multi-span catenary system.  The procedure outlined
- in the previous Chaptér will again be employed. To begin with, let us
consider a free-free catenary which can be obtained by releasing the ends
of a fixed-fixed catenary. Moreover under certain circumstances it can
be shown that the equations-of motion of a free-frée catenary are identical

to those of the fixed-free catenary.

6.1 SINGLE SPAN FREE~FREE CATENARY

- As in Chapter 5, for simplicity, we consider the two-mass
catenary but this time with the ends released as shown in Fig. é.1° Under -
thé assumptién that the horizontal displacements at the ends are equal and
~ opposite, the potential energy can be written as

2 2
+ (2, - 2)° +

=8l re 3y 2 _v )2 30 2
v_%1 [s1. v, +(v2 v1) + 8,7V, + 5,2,

1%+ %

2 L 4.3 3 2 . 2
EEEAERTARSS t,5,%,7 + £,5,%,2,% + £,5,%,2,°] - (6.1)
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and the kinetic energy becomes

2 . 2
TR
5 (V) = V,)

2
me re 2 o
7 [V + v,

2 1 . < \2
T = + = (V1 + v2) +

t, (V, +V,)
AT USTE S . 3 :
+ > {31 VoV, o+ (0, = V), = ¥,) +8,7V,0, + 5,22, +

o

3 .
- S1 V’2V2 +

. . . . ) . L4 . 3 o
+ (z, - z1)(z2 -%,) + s1z222} + (7, - v2)(s1 v,V

+8,2,2, - s1z2z2)] 3 (6.2)

Applying Lagrange’s method, the linear equations are formed and solved
keeping only the second order terms in (6.1) and (6.2). Let the modal

matrices for the inplane and lateral motions be respectively

R
and (%] = [1 1 ~ | (6.4)
1 -1 '

If we use the'linear transformations

{v}

[%1<=} S (6.5)

and - {2}

NARES ' - (6.6)
the potential energy in normal coordinates becomes

_mgl [, 3. 2 3y 2 2 2
v 2t, [2S1 x, < + 2(2 T S, )x2 + 28,3, + 2(2 + S1)yé +

4, 3 2 2 2 2 :
+ 24,8, %(x,7 + 3%,%,°) + 24,8, (x5, + 2,5, + 2x,7,7,)] | (6.7)
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and the kinetic energy, in normal coordinates, takes the form -

2

r=B 2+ 4,25, 4 282

1

2

. 2 . 2 . 2 P 3 .
Z, +2y1 +2y2 +21:1S“1 x4

’ 3 L » * » . » 3 . 2
+ 2t (2 + 38, )::2x1 X, + 26,8, 5,7, + 2t, (2 + s, )x1 V¥, + 45,5,7x %, +
+ 43,5, 5,7, T, + 4%,5,%,7,7, ] (6.8)

Applying Lagrange®s equations to (6.7) and (6.8), the nonlinear equations

of motion can be written as follows =
o 2 2 2 2 2 e 02
Z, + 0 2r1+a.1(x1 +x2‘)+a.2(y1 +y2)+a3(x1x1+g_%)+
+ a,X.% +a5c2+a(3'72+y3?)+ (°2+ ¥,) = 0
4%2%2 T 85% 61 Y1/ 8\ * Vo¥p

(6.9)

20 2 . X3 .s Ld .
x, + 92 X, + ‘r>1x1x2 + b2y1y2 + b3x2x1 + b4x1x2 + b5x1x2 +

+ by, 3, + y,5, +27,3,) = ©

|
(o]

Fp o+ 0wy + e (= * x,,) + ey, + y212/2)

|
(o]

‘e 2 . ’ ve 4 .e
y2 + w2 y2 + d1 x1y2 + daxzy1 + d3y2x1 + d‘,ry1:s:2

where the natural frequencies of the system are given by
2gS 3 g(2 + S1

’)
1 - Q C i T ©
2\ % = 2 1
) 1t,S, 1t,

, & o &l2+s,)

1t,

2
1

Q

= = mz =
1t, 4(2 +
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and
3gs, * 55, &5, es,
a8y = 2y P91 = ¢y =" d4 ="
1(2 + t, ) 1 1 1
gS12 b g gS12
a, = = c, = t,8 d, = =57
2770 4 t12) 251 2= %5 2 =71
3 2
2t,S t,(2 + 38,°) t.(2 +8,)
_ 255 b o 1 a5 = 1 1
=R t12 3 2512 2
t, (2 + 38,%) , t5,
a, = b, = 2%,8 4, = ==
4 > 4 t12 4 151 4 ”
t (2 + s13)
a- = b. = 2%, 8
5%, . t12 5 154
a, = S5 b, =t
8 244° 67 "/s,
) t1(2>+ S1)
a7 2+t e

1

At this stage, we consider (6.9) as four constituent binary systems such as

(1) first inplane and first lateral mode
(2) first inplane and second lateral mode
(3) second inplane and first lateral mode

(4) second inplane and second lateral mode

(1) First Inplane and First Lateral Mode
) If thé system is given an initiel displacement in the first lateral

mode and released we obtain at the start

Yy = Y1 cosw, t - (6.10)
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Substituting (6.10) into the first equation of (6.9) and remembering

that X, y2 = O in this case, we get

e 2 2 . . 2 '
X, + Q% +ax" + a3(x1x1 +:_:_%_) = 0 (6411)
The right hand side of (6.11) being zero, it is unlikely that the first
vertical mode will be excited by the first lateral mode.

When the initial displacement is in the first vertical mode we obtain

in a similar manner

x, = XqcosQt (6.12)

. 2
and ¥, + 0¥y = X yyc08t = o : (6.13)

2

where c,. =((!291 - 01). Since Q, = w, it is expected that there will be

'Mathieu type’ growth of y1.provided'there is initial y,.

(2) FPirst Inplene and Second Lateral Mode
If the system is given an initial displacement in the second

lateral mode andreleased, we obtain at the start

v, = Y, cos uf (6.14)

Substituting (6.14) into the first equation of .(6.9) and remembering

that Xy ¥y = O in this case we get

2 2 i L 2 .
X, 0+ Q° +a,x "+ a3(x1x1 + &y ) = £, + £,cos2up (6.15)

2
a.Y.
272" 2 2
vhere f1 = - > and f2 = (a7w2 - 2/2)Y2 .
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The x,-motion is forced at frequency 2w2. Since ubﬁ 91 therse is no

1

possibility of x, being at resonance. Similarly when the system is

1
given an initial displacement in xi we get for v, -

e 2 ’
yz + wzyz = O ) (6.16)
Equation (6.16) implies that yp-motion is independent of x, -motion.

" (3) Second Vertical and First Lateral Mode

Remembering that Xy Yy = O in this case we obtain for the

two initiai displacements -~

'= 0 | (6.17)

X + 92 x5
,e 2
Y1 + “)1 Y1 = 0 (6.18)

Equations (6.17) and (6.18) are two uncoupled equations, the solutions

of which depend only on initial conditions.

(4) Second Inplane and Second Lateral Mode

In this case we have Xy ¥y = O. Then following the same

procedure as before we can obtain

2
X, + 2, %, = 0 o (6.19)

P2
Yo + 0, ¥, = O » (6.20)

Equations (6.19) and (6.20) are two uncoupled equations and the solutions
will depend only on initial conditions, Since w2::92, vwhirling motion

of the masses may be expected under certain initial conditions.
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An attempt was also made to obtain a solution t6 (6.9) on a digital .

computer using C.S.M.P. with the above initial conditions in turn; the
graphs of the outputs are given under the appropriate heading at the end of
the present Chapter. " These show that the above gqualitative explanations'
of (6.9) are acceptable. Hence, comparing the results with those of the
previous Chapter, we may conclude that the nonlinear coupling effects are

less important in free~-free or fixed-free than in fixed-fixed catenaries

6.2 ANONLINEAR EFFECTS IN MULTI-SPAN CATENARY SYSTEMS

In practical multi-span systems tﬁe ends -of the constituent

spans are joined together at a series of suspension arms which in turn
are attachéd to the steel towers allowing certain degrees of movement at
the common-span points. Since there is very little vertical movement:
at these points, thé constituent spans'can well be represented by systems
like those shovmn in Fig. 6.i. From this viewpoint an important conclusion
can be made that the nonlinear coupling effects between inplane and lateral
modes are less important in multi-span cateﬁ;ry systems than in single span
(ends fixed) catenaries. On the other hand other nonlinearities of
importance are known to exist as a result of observations in the fieid (see
‘section 1.2) and laboratory (these are discussed briefly below).

A multi-span catenary model having three spans but with scope for
up to ten has been made from 0,011 inch diameter piano wire on which were
fixed 21 masses per span. Each span is nominally 10 ft., but fhis can
be varied; +the mass density and elasticity of the model line are

'fepresentative dimensionally of a full-scale line. (See Chapter 2)e



The Severn Main Span was used as the constituent span. A design
procedure for one of the spans is given in Appendix-F and a photographic
view of the model is shown in Fig. 6.2. It has been mainly used for

observing nonlinear effects which are summarised below -

(a) 2 multi-span system can sustain an oscillation with differing
frequencies in different spans vhen one part of the systenm
receives a single frequency excitation (see also observations

at Red Moss Test Line, Chapter 1).

(b) a multi-span system can also sustain oscillation in different
planes with differing frequencies when one part of the system

receives a single frequency excitation in one plane,

The phenomena observed in (a) and (b) would have been, of course, impossible
if the system were linear. However, these nonlinearities will be discussed
in the next Chapter. At this stage, it seems worthvhile to make a few

comments about the Red Hoss Test Line excitation system.

6.3 COMMENTS ABOUT RED lMOSS TEST LINE EXCITATION SYSTEM

As mentioned earlier in Section 1.2, Chapter 1, the suspension
arm at tower 4 was fitted with a Dowty-Rotol (hydraulic) exciter for which
the displacement given to the catenary was controlled to be sinusoidal.
When the system was excited longitudinélly the traces of force magnitude
from the pen-recorder were of double the frequency of the displacement at
"thé excited point (see Section 1.2). | This vas probably due to the

inherent stiffness nonlinearity in the caténary.
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The origin of this lies in the fact that the vertical load displacement
of a point on a catenary is "hardening" downwards and “"softening" upwards,
which implies that the vertical nonlinear catenary stiffness is unsymmetrical
about the equilibrium position. In fact, from Chapter 5 and an earlier
part of the present Chapter,.it is clear that a simplified equatién of

motion for a vertical normal mode oscillation can be written as

% + 0°x + ax® = P(t) (6.21)

Since we are giving a displacement-excitation of the form
x = A sinwt (6.22)

the first and the second terms of (6.21) cancel each other when (6.22)
is substituted in (6.21) and @ = Q. The last term of (6.21) becomes

a A2(1 + cosZQt)/Z, and hence to satisfy (6.21) we must have
P(t) = ah®(1 + cos2qt)/2 - (6.23)

From (6.23) it is seen that F(t) consists of a unidirectional part and

a periodic part having double the frequency of the input displacement.

This F(%t) is, in fact, provided by the actuator and recorded by the pen-
recorder. Thus itis seen that wﬁen a span is excited by giving sinusoidal
displacement, a force is produced which has double the frequenc& of the
displacement., Iﬁ also implies that an end of the span has 1 x frequency -
displacement and 2 x frequency-force at the suspension point. This leads
-to the fact'that a span vibrétes at 2 x frequency when an adjacent span

receives 1 x frequency excitation.
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In closing up the present section it is suggested that periodic
force input to the catenary system is preferable to displacement
controlled input, although it is envisaged that some difficulty may be

~met in achieving this.
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FIG. 642

Three Span Experimental Model
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CHAPTER 17

7.1 DISCUSSION
A critical survey of the literature has been given and this was

intended to illustrate the previous understanding of the problem. Although
the dynamics of the single span catenary were well understood, there was
no easy way of applying this knowledge to the multi-span catenary systems.
A technique of applying the Rayleigh-Ritz method to the oscillating catenary
problem was developed and successfully applied to the single span catenary
_ using the stretched string modes as some of the arbitrary modes and assuming
that the catenery was shallow (dip/span ratio was small) and inextensible.
Since in practical transmission line.systems, the catenaries are shallow
 and the elasticity has a very slight effect on the modes and frequencies
[35], the assumptions that the catenaries are shallow and inexteﬁsible are
acceptable. Numerical calculations for the inplane modes of single span
catenary were'performed and the results were compared with those obtained
experimentally and by other methods. Since there exists a good agreement,
it is hoped that the method will provide an easy way of calculating the
normal modes and frequencies of shallow catenaries. Also it was shown
that the lateral modes and frequencies of shallow catenaries can be well
represented by the stretchedkizgnterparts.

The method was also successfully applied to the inplane motion of multi-
span eatenary systems using single spen string modes as some of the erbitrany
“modes and introducing appropriate constraints at the span inter-connection
points. A slightly different technique was employed for the motion in the

lateral plane,
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In this case, the single span string modes were used in combination with
YRauscher Hodes" to allow for the extra degrees of freedom at the suspension
points. The natural frequencies and the normal modes were calculated for
motion in both the planes for the Red Moss Test Line and the results for
inplane motion were compared with those of the tests performed at the site.
Coupling of equal spans through suspension arms and flexible towers were
examined. For the latter case the flexibility matrices for inplane and
lateral loads were required to be calculated and to this end an approximate
procedure for calculating the flexibility matrices of any tower was devised.

The problem of nonlineaf dynamics of catenaries was considered and
found to be a very difficult one to analyse. Even simple mathematical
models led to extraordinarily involved equations and computation consumed
- a good deal of computer time. Hence the best approach seemed to be to
explain observed nonlinear effects on a physical basis. A well known example
of nonlinear coupling is thgt between the first antisyﬁmetric inplane and
lateral modes of the single span fixed-fixed catenéry. This was easily
demonstrated in the laboratory by constructing Q model consisting of two
masses suspended on an inextensible string fixed at the two ends, but the
phenomenon was in fact very difficult to analyse mathematically due to the
intractable ﬁature of the nonlinear equations of motion eveﬁ though only
fhree degrees of freedom were considered. Neglecting terms of lesser
importance and with the help of an auxiliary system, the existence of the
subharmonics of order 2 was demonstrated in the single span fixed-fixed
catenary and this was substantiated by the solution from the computer.

As a preliminary to a study of the nonlinear couplings in multi-span
catenary systems, nonlinear equations of motion for the two-mass mathematical

model were formed, but this time with the ends released.
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- A qualitative assessment of the equations of motion was given and it

was concluded from this that the nonlinear coupling between inplane and
lateral modes of a catenary when the catenary is a member of a multi-span
system becomes less important. But at the same time the other nonlinear
effects of adjacent spans oscillating at different frequencies or in -
different plane cannot be neglected. We also observed a system in field
sustaining phenomena which could not be attfibuted to linear system.

The natural frequencies of the linear modes involving large movements in
adjacent spans were always in a 1:1 or 1:2 ratio. Similar observations
vere also made in the laboratory. Now referring to Chapter 4, we saw

that the éyﬁtems composed of equal subsystems possess modes which have
frequencies differing only superficially. ~ The point about nearly equal
frequencies is that normally stringent conditions for galloping are enhanced
by having a rangerf similar modes and frequencies differing only over

a narrow band.

Throughout the whole research, the cable elasticity, bending
gtiffness and other lesser effects have been ignored. In omitting to
consider cable elasticity,we have not incurred significant errors anyway,
because for practical values of Young’s Modulus, only the high frequency
symmetrical modes are affected. ' Also the extent to vhich low frequencies
of long span systems are modified by bending stiffness is totaliy' .
insignificant [35]. -

With regard to cable internal damping, this would be very small in
hthé low frequency modes. This is because, caﬁle distortions are small

in these modes.
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Also observations at Red Moss Test Line show to a small percentage of
critical damping (i.e. 6.25% critical damping in the 5th normal mode).
Thus in the present work we have chosen to ignore cable internal damping.
However, many of the modes involve substantial suspension arm movements.
In these modes, the dégfee of interaction between spans méy be reduced

by adding damping at the suspension arms connecting spans.

7.2 AREAS OF FURTHER STUDIES

Clashing amplitudes are most undesirable in transmission line
systems. Instability models are linear at present and need further
nonlinear theory to také anplitude from small/linear to large/honlinear.
Further analytical studies of the problem of nonlinear dynamics of
catenaries would be useful. Until now most of the mathematics on
nonlinear systems have been concentrated on qhasi-linear cases. Vhile
computer technidues giQe good results they cannot yield the same insight
into the behaviour of a system as an analytical approach, even though mény
results from different initial conditions would be obtained_from the
computer. A knowledge of the effect of changing relative span lengths
would be useful, because field and laboratory observations have in@icated
that nonlinear coupling between spans is dependent on the ratio of natural
frequencies in which adjacent spans have large movements at the common
support point., If this can be elucidated, then calculations would need
to be made on multi-gspan systems in which the span length ratios were
varied in order to study the effect on natural ffequencies. The ultimate
. aim of this woﬁld be to evolve a rule vhich determines the best ratios

of span lengths for attenuation of wind excited oscillations.
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To support the analysis further experiments on multi-span catenaries need
to be performed and nonlinear effects observed together with whatever

measurements can be taken. In closing up, tests on tower flexibilities

‘would be worth further study.
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APPENDIX - A

* CATENARIES WITH VARIOUS END CONDITIONS

A1 FREE-FREE CATENARY

The free-free catenary is a physically unrealisable system which,
despite its apparent impracticability, is an extremely useful building block
for a multi-span catehary system. Unlike simple elastic structures, such
as beams and plates, a catenary cannot exist without the gravity field and
end forces. In view of this it was thought convenient to consider a
catenary with end forces sufficient to maintain its equilibrium shape. The
system to be considered is shown in Fig. A.1.

Referring to section 2.3, we obtain by integrating (2.85) between
the limits ~L and L.
g L L dvy2 w2
w, -, == () - [ vax] - f (=)ax - 'lrf (W)dx (4.1)
2 1 H -L ,L ox
Simplifying (A.1) to give
2~ W =

- By +v,) + 2B !i'v az - % I ( )de -3/ (bw)zdx (402)

Ve may now write

u12 + W,
V1 = 21 (A. 3)
S
u 2 + W 2
2 2 )
and v, = | 218 (4.4)

in (4.2) to give
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w. - u, =282 (u12+u2+1-r12+w2)+—g~vadx-

69 - 1 B (4.5)

vhere in (A.1) - (A.S), u‘l R v1 , 1-11 and u2, Vo w2 represent respectively

the horizontal, vertical and lateral displacements of the cable

corresponding to x = - L and x = L and lS is the length of each suspension

aIme.

The potential energy due to the end forces, H,

L
V. =9-5L'-(u12+w2+u2+w22)-mgfl-vdx+

21<>2 2:<>2 (4.6)

and the potential energy due to the gravity

L e o 2 2 2 .
VG-mg[ vdx+4ls (u1 + vy +u2 +w2) (4.7)
The total Potential energy beconmes
V = VH + VG
2ngl + Mog (w€+w +u2+w2) +
1 2 2
4
S
E 3742 H L w2
t3 0 Gz P (4.8)
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Neglecting the small cross—span movements of the cable elements,

we obtain, the kinetic energy

T =% {t #ax % _rj: #dx + -é-s- (u12 + _v'r‘12+ ﬁ22 +.2) (4.9)
where MS = mass of each suspension arm,
| In view of (A.5), the system is subject to a first order equation
of constraint given by
ng L _ .
uz-u1=H {Lvdx (A.10)

Equations (4.8) and (4.9) through (4.10) inply that the inplane and
lateral modes are uncéupled for small oscillations and can be treated
separately. Moreover these expressions are in suitable forms to enable
the use of the Rayleigh-Ritz method (see Chapter 2, Section 2.3).

Feee
A.2 FIXED-FIXED CATENARY

The catenary is repreéented in the Fig. A.2. The charactéristic
expressions for the fixed-free catenary may be obtained from the corresponding
expreséions 'for the free-free catenary merely by putting the required end
.coordinates to zero for all t. Infa;ct for the catenary of Fig. A.é,
we can write

2ugl + Mg

Ve——5" P44 +- ( )zdx + 35 f (b“)2 (A.11)
4ls 2
M
m [t 2 + B S /.2 .2
T=2_L 2{ ax + 5= (07 +¥°) -‘ (2.12)
and the equation of constraint becomes
—3 jv ax " (Ae13)

-L
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For convenience the suffix has been dropped out from u and w. Here, too,
the inplane and lateral modes are uncoupled and the Rayleigh-Ritz method

can be easily applied.

A.3 COMPARISON WITH THE STRETCHED STRING

va in the case of the free-~free catenary we assume that, in the
inplane motion, the horizontal displacements at the ends of the cable are

equal and opposite we can write

2mgl + M_g L
s° .2  E ARY
V= 7, weg S (%) “ax | (A.14)
M L ‘ o
?=-242 + B dPax - (A.15)
4 2 .
and the equation of constraint becomes
u=28 fL v di (a.16)
T 2H 4L : ‘

If in (A.16), H is large (as is usually the case in flat catenaries) then
u is small and hence the terms involving u> and %> in (4.14) and (4.15)
respectively can be neglected. Then neglecting the first terms of (a.14)

and (A.15) we obtain

" L, ov\2 ;
v=31 ED%x (A.17)A
m - .2
and T=% [ vax (A.18) -
-L

The expressions (4.17) and (A.18) are the familiar expressions for the
stretched string with tension H. Similar arguments are also applied to

the fixed-free catenary.
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To supplement the analysis in the present heading, the 1200 ft. span of
~the Red Moss Test Line was taken and the natural frequencies were calculated
considering it as a fixed-free and free-free catenary. The results

together with the stretched string counterparts are tabulated as given

below -
Mode When used as a When used as a Vhen used as a
Number | fixed-free catenary | free-free catenary | stretched string
Hz Hz . Hz
1 01771 : 0.16683- | 0416320
2 _ 0.48961 | 0.48945 0.48960
3 0.81558 0.81558 0.81600
4 1.1419 1.14191 1.14240
5 1.46829 1.46829 1.46880
6 1.79446 1.79446 - 1,.79520
7 2.12027 2.12027 2.12160
8 2.44611 . 2.44621 2.44799
9 2.77362 2,77%62 C2.77439
10 3.09630 ‘ 3.09630 - 310079

The values in the last column of the abéve Table were obtained
© from standard formulae [2, 19]. It should also be noted that in the
above table, only the frequencies of the symmetrical modes are given.
Calculations were performed foz;jcatenaries using 20 degrees of freedom |

and "string" modes in a Rayleigh~Ritz approach.
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APPENDIX - B

FLEXIBILITY OF TOWERS

Although there are various types of tower-structures, we will use
the one which is commonly employed in transmission line sysfgms. An
actual tower is represented in Fig. B.1. No measured or standard data
being readily available, we had to resort to a crude estimate e.g. the
dimensions were.soaled from a photograph of pylon supplied by the S.S.E.B.

Although only the top part is of standard cells, we assume for simplicity
that the whole tover is all made of similar cells. Such an approximate
tower is repfésented in Fig. B.2 in which the basic cell is assumed to be
a cuboid (paiallel sided) cell and is as shown in Fig. B.3., This cell
igs subject to ‘

\a) shear arisiﬁg from overall tower and arm bending

b) torsion

Both these, shear and torsion, Iead to load inputs as shown’in Fige. Be4e.
Deflections due to bending are neglected as the upright tower members are
much more substantial in cross section than the diagonal megbers. If we
assume that the load is equally shared between the top pqinfs as indicated
in Fig. B.5, we can readily find the éideways deflection of the‘cell.

Referring to Fig. B.6, the load in diagonal member

Pd = P sec © ~ (B.1)

So the deflection (elongation) of the diagonal member

é _ Fat _ Plsec © . (Blz)
T AE T AE ¢
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and the deflection sideways of the frame

%S = écose = % ' (B.3)

Let b/h =r = 1.5 (for the Red Moss towers)

Then

hcosech.

nf1 + (1.5)%

1.8 h : (B.4)

]
]

)

Substituting (B.4) in (B.3) we obtain

1.8 (8.5)

The diagonals are taken to be 4 in. angles x 3/16 in. mild steel,

so that

A = 1.5 in2

2

E 30 z 10° 1bf/in

8

and hence AE 0.45 x 10° 1bf

Substituting the value of AE in the expression for SS we obtain

és_ = 4x10° m (B.6)
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Flexibility of Cell

In Shear:- Referring to Fig. B.7 vwe notice that there are four

frames acting in shear and hence
gs =107 Pch (8.7)
where PS is the total force sideways in the cell.

In Torsion:- In this case, we notice from Fig. B.8 that there are
eight frames acting in torsion. Or in other words, a force of magnitude

T/2b is acting on two triangular frames. Hence by (B.7) we obtain
- -8 Th
és =10 ¢ (B.8)

"From Fig. B.9 we obtain the torsional displacement

é

g -8 Th
6=32=10"3 (B.9)
Since b/h = 1.5,(B.9) becones
-8 T
0 =10 = . (B.10)

CALCULATION OF THE INPLANE AND LATERAL FLEXIBILITY MATRICES
FOR THE RED-MOSS TOWERS

Denoting the loading points on the arms by numerics as indicated in
Fige Bo2, we can calculate the flexibility matrices in the following

mannere.



147.
Flexibility Matrix for Horizontal Longitudinal Loads

Load at (1): Torque = 30 P,l

1
8 .
o 10°° 21
é =10 x2:>:h P, + 30 x ==rx -
11 arm 1°1 2.25 By ver © 30 Py

B

. 2 )
-8 0 10
1070 #y [15 + 335 (g + 75 + 73]

]

1078 £ 736 x P,

7.36 x 100 P

]

1

Note that the arm .cellsl,(nshear have only half the stiffness 'qf tower
cells. Alsoja preliminary check, let us apply a load of 20,000 1bf which
is that given by the span on one side breaking. For this case é“ is

about 1.8 in., which is an acceptable figure.

-6
861="7021x10 P

_ 0 x 40
05 = 1070 B, x L0 (5/8 4 3/10 + 3/12)
= 6.27 X 10‘6 P,
' -6
351 = -6.27 2 107° P,

-8 §0 x 30
531 =10~ P x 45 (3/10 + 3/12)

- 2.20 x 10"6 P,

é -_--2.20x1o’6p

41 1



Load at SZZ :
0

be written as

Torque

40 P,

2 -8
10"8x.12. h P +50___-_+_1_g__
. arm 2 "2

2
1 .
by P
thower 2
B

22 2.25
,
_ 10-8 40 (2.3 .3
=107 P, [20 + F55 (§ + 55 + 53]
- 8.57 x 1070 P 3
. 2
= -837x10°0 P
52 == O _ 2
_ 10-8 40=x30 3 .3
632 =107 Py x 5= (55 + 13)
-6 .
=2.93 x 10 P,
542 ='é32
- Load at MZ ¢ Torque = 30 1"3 .
é : 2 -8 3 :
-8 30" x 10 1
=10 2 % Zh P, + i P
33 arm.3\. 37 2,25 g By over >
_.10"81: [15 M(L.,_i.)]
= 3 *T225 . 10t 12
-6
=2.23 x 107 Py
C(.) =-220x1o"61>
43 ) 3 ;
Hence the

flexibility matrix from erm shear and tower torsion can
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[f]= i 7.36 ] (B.11)
SYM
6.27 805‘7
2.20 2.93 2.35
—2.20 —2.93 —2035 2035
-_6.27 -8-57 "2093 2093 8-57
L-7'21 -6.27 =2.20 2,20 6.27 7.36 ]

Note that we have not taken into account the effect of tower shear
in describing the above flexibility matrix. The extra matrix to be
added to the above matrix is the same as the flexibility matrix for

horizontal latera_l loads which is obtained below.

Flexibility Matrix for Horizontal Lateral Loads

Load at (1) ¢

1
-8
é 11 10 thowerp1

B

-6 .
= 1.46 x 107 P, =861

' 2
-8
é21 =10 ghtowerP1

= 1,06 x 1O~6P1 =6

S 1078 §3 n P
31 = tower 1
B

-6
= 0,66 x 107%, = 841

51

Load at !22 H

: 2
n é -8
' 22 =10 23 h, towerPZ

-6
= 1.06 x 107°8, = 0,

y 3
-8
6 32 = 10 % tower 2

-6 .
= 0. 0 -
0.66 x 1 92_542
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Load atfzz
' A 3
-8
é33 =10 ;E:htower P3
B
b
= 0066 x 10 P3 —543
Hence the lateral flexibility matrix is
£ = [1.46 ] (B.12)
[ 3] s
1.06 1,06
0.66 0,66 0,66
0.66 0.66 0,66 0.66
1.06 1,06 0.66 0.66 1.06
1.46 1.06 0.66 0.66 1.06 1'46.

.

Adding (B.12) to (B.11) we obtain for the inplane flexibility matrix

[£1,]= 882 | s | (B.13)
7.33  9.63

2.86  3.59 3.01
-1.54  =2.27 ~-1.54 3,01

=5.21 =T7.31 =2.27 3459  9.63

-5.75 -5.21 -1.54 2.86 7.33 8.82]



151

FIG, Bel

An Actual Transmission Line Tower
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APPENDIX - C

Analytical Methods Applied to §5.1 22

For convenience we rewrite (5.13) as

v 2 . .

q1 + w1 q1 + b1q1 q3 + b2q2q3 + b3q1 q3 + b4q2q3 = 0

_q2 -+ w2 q2 + °1q2q3 + c2q1 q3 + c3c12q3 + c4q1q3 = 0

2 3 2 2

q3 + u3 q3 + a1q3 + a2q1 + a3q2 + a4q1q2 +

+ aclanis + 4,2/.2) + a(ad, + 4,2) + an(a,d, + 4,°)
giiziz T Azl 62194 1 8r\259, * 4y

+ a (Q121'2 + quil + 2‘.11(.12) =0

4 =¥ U3 = X

q2=y2 . “’3:9

156,

F' (c.1)

In order to facilitate analysis let us 4introduce a small parameter

€, 0L €LL 1. Then the coordinates q; will be taken

9p =>€'Pn B = 1,2,5
Substituting (C.2) in (C.1) we get

[ 2 . ae
By, + w“py + €{byp,ps + byDyPs + bsp By + ¢,p,B5] = O

.o 2 e ..
~ B, 4wy * é{°1p2p3 + C PPz + C3Po Dz + c4p1p3§ =0
2

. 2 2 2 B, + b7
By + ugpe €{agps” + app +agpy + agppy + aglesiy + By) +

(c.2)

> (c.3)

TS .. . 2 oe - 2 .o e e »
+ag(py By + B7) + aq(pyB, + 8,7) + aglp B, + 2By + 28yBy) =0
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Equations (C.3) can be written as
o 2 - » - e .. .e
Py + Wy P + é?n(P1v Pyy P3’ p‘l’ P2’ P3v P11 Py P3) =0
where n=1,2,73 (c.4)

Averaging Method | 33, 2&]

To apply the averaging method, let us rewrite (C.4) as

-1 2.2 2
pn+Snypn=e[é. (Sny -mn)pn-fn],g=1,2,3 (0.5)

) . Sn = -q
and Pn and Qn are positive integers and both prime and y is some positive
parameter. Let Wy be the lowest natural frequency and let J?_,I = Q,l =1.
Then Y is in the neighbourhood of w. Furthermore let us impose the

conditions

P
(B - w?

N £ €,r=1,2,3 (c.6)

Introducing functions An(t) and Spn(t) such that

An(t)cos(sn{t +_(£))

Pp =
(c.7)
p, = = A (t)s ysin(s vt + ¥, (¢)
and using the method of variation of parameters we obtain
i . E -1, 22 2 ' |
A == 5.7 e (Sn Y -, )Anco.'sen - gn]sinen (c.8)
. € 2,2 2 | |
AY = -5y [ (s - w “)A cose - g Jcos, o (c.9)



where o, = (s vt +‘f;(t)), n=1,2, 3
and g = D1cos(63 + 91) + D1cos(e3 - e1) + chos(63 + 62) +
+ chos(63 - 92)

= E1cos(e3 + 92) + E1c08(63 - ez) + E2cos(63 + 91) +

Ny
1

+ Ezcos(e3 - 61)
=¥, -+ f.cos 20, + f_cos 20, + £,cos 20, -+

&3 =14 2 1 3 271y 3

+ :l’,jcos(e1 + 62) + i’6cos(e2 - 61)

? 14 1 4 s :
whex_'e‘Di s, Ei s a.nd,fi s are functions A1, Az, A3 and are given. by

=
!

R e I 55°7°%,)

—A2A3(c - S Yc3) —A1A3(c -3 704)

-
l

P, = %{32A12 + 33A22 + (ay - a5532Y2/2)A32]
Fy= 4y (a2 = 265, °1°) .
F3 = Aéz (33 /2 - 37822\(2)‘

F, = A32 (a1/2 -3 a5332Y2/4)

ALA
172 22

AA , ‘
2.2
-2 {a, - 2 (5, - 53]

158.
(c.10)

(Ce11)
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By (0.8), A1 ’ A2 and i3 are given by

:‘1 =- 4:S1Y (€7 (5,%° - 0") & (°i291 ] i291)] +
. 4i.:1Y . {e;(eB + 26, )-6-1(93 + 26, )ﬂ:(ze1 - 93)_-6-1(291 - 93)§ .
oD { i(e, + 0, + 93)”6-1(91 + 0, + 93)+ei(61 -6, - 93) -
- :i(e1 -6, - 63)+ ei(e1 -6, + 63)-;1(61 -0, + 05) +
N ei(e1 -+ 92- - 93?_9-1»(-91 +0, = 93)§ (0;12)
by = 46827 [ (5,5 - &) 4, CHECIE

c C { i(oy + 262)-e-i(63 + 292)+ei'(292 - 93)_6-1(292 - 93)}-»

41 2" L

2{ i(e, + 92 + 0 )—e-i(e + 6+ 6 )+ e;L(e -9, - e3) )
) e--i(e2 - - 93)%1(62 -0 + 93)_.6-1(92 -0, + 93) N
. ei(e1 + 0, = <93)_e-i(e1 +0, - 93)} (0413)

120, =i20
by =- 4.6537 (&' (33272 - o) ag (e e T

c i i(e, +20,) =-i(e, + 26,)
X CHER S PO PR I

i(e, - 26,) ;i(e -20,) )4 . s:i(e, +26,) -i(e, + 20,)
e 3 1/_ T3 1/ 3 F-{e 3 2! % 2/
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-e

i(e3 - 292)

-i(e, - 20,) i36
+ e -8 3 2j +F4{e E 3

+

i(ey + 6, + 05) ~i(6; + 0, +65) +

2 2
-0

3}+F5{e

i(e3 -0, - 92) ‘-1(93 - 6,- 92)} , F6{65.(93 + 0, - e1)

+ e -

- e1) i(e3 -0, + 91) -i(e3

-i(6, + 6
3 + e -

e N -62+91)}

w0 05y, Ay a5 iy aro given vy

. €
AY == 45,Y (e

é
sy

+ €

-i(e, + 0

+ ©

(e - o

+ e

é
TS,y €

=
4521' By

1(93 - 260, )

+ e

i(e3 -9

+ €

+ e

-1(822

D _{ei(e fze )

1(63 - 291) -5.(03 - 20,)

i(§3 -9

éwz)A (2 +e

-1(9 - 20, ) -
+e

T4 L j.+D2{ei(e1 ¥
-0,)

+ 93) :L(e3 + 0 -

2
+ e

2

+ 91) -i(e3 -0

+o 2

2 +e

(s

1(9 + 26, )

[, {e

io

-i(6, + 20.,)
3 2 +26

o 3

+2
-i( e - 26 )

2% +E,{e

-i(e, -6, +90,) i(e, + 6
+e .3 1+e 3
-i(e, -6, -6,)

2 1
+e 3 }]

5 * 6;) 2

2= 9)

#7202 4

2

-i(e3 + 0

e

2

+ 2e

0 +e3)

1(9 + 6, +e)

_91)

+

> = &)

+

+e

-1(61 + 0
+e

-i(e, + ©
-e 3

2

2

160,

(c.14)

+8,) i(e5-0,-0,) -i(es -6-91)}1

(c.15)

4-93)-4-
-:-61)+

(c.16)
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i26, -i2e

A3% = - Zs'é;? [t (83272'- w32) A, 2+ e P1e 3)] +

i(e,-+20,) -i(e, + 26,)

i6, -i®
1{913+913}+F2{e 3 1+e 3 ! +

i(e3 - 291) ;.(e - 291) 1(e + 26, ) --i(e3 + 292)

+ e » +e 3+n SLe + e +
i(93-262) l(e -2e) e -1393 iB -i0
+ e +e }+F{ + e + e 3-i»e ‘3}'*'
1(9 +0 +e) ~i(e, +6, +0,) i(e, +06, = 06,)
+F{e 2 +e - 1 2 31,9 17 72 3 +
-1(9 +6, =0,)
+e 2 3.}"‘
1(9 +6,-96,) -i(6, +6, -6,) i(6, -0, - 6,)
*Fs{e 2 LA 3 2" " e 1 3,
~i(0, - 6: - 06_) - : '
re 2 1973 | - (can)
Thus it is seen fhat
A =€F (&, &), A5 P10 Wor Yo t)
' n=1,2,3% (c.18)

Aty = éGn(‘A‘l 2 Ao Ago B0 o Yo t)

Following the method of averaging let us introduce new variables a, and ¥,

" such that

b
]
)

n n"" @n(%oao%v.‘lﬁr 9/2’ W;’ t> o :
n=1,2,3, (c.19)

]

i (f/n (run +é§n(a1, 8y &3, ([/1’ ‘f'2’ 9’31 t)‘

where f‘n and én are the indefinite integrals of Fn and Gn reépectively,

excluding those terms that are independent of % in'Fn and G-n’g'

-
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The integration is performed regarding A and‘%& (r=1, 2, 3) as

constants and these quantities are then replaced by the new variables

a s Thea andy (n=1, 2, 3) satisfy the following differential

equations of the first approximation:

én.=:€Mt-{En§

Yq = éMt'{GnB

where the operator Mt operating on a function Q is defined as

T U} I x

(c.20)

(0.21)

(c.22)

The above integration is to be performed with respect to explicitly

occlrring t in Q. Thus the equation of the first approximation becomes

~ .

Since Pn and Qn are arbitrary they can be chosen such that

2.2 2 2 :
s,°v - e = 0()n=1,2,3

Hence | an(]/n =0

Therefore it is seen that

o
i

constant -

constant

o
-€
I

(c.23)

(C.24)

-(c.25)

(c.26)

(c.27)

(c.28)
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Thus, to the first order approximation there is no change in amplitude and
phase angle i.e. the method does not provide any information beyond that

given by the linear theory.

Asymptotic Method

Let us assume that
2 \
Py = 4, cos (w1t - 91) +€Dyq +ED, + oo

. 2 '

el
[\
|

2
A3 cos (to3t - 63) +ép31 + & p32 + o0 J

where A , 8, P 5, B = 1,2,3 3 i=1, 2, eee N are functions of time.
Substituting (0.29) in (0.5) we obtain to order t ‘
X .o - . 2 . ven . * .o 2 2 -
cos ¥ [4,-A, (w,=6,)°] + sin{;[,6, - 24, (0 =6,)] +€B,, + S, Y4 cos P,
2.2 -i 2.2 2 2.2 2
+ 8, “y%ep,, =¢[¢ (S1 Y-, )A1cos(E‘] +é;(S‘l =0, )p11 -
- €b,4,A5c08 ‘{/1 cos ¥ - €b A Azc0s P, cos ¥ ~ Ebgh cos Y
o . 2 . I ee . .
cos q/3[A3-A3(m3-93) ] = €bsh cos Py sin W3[A3e3‘253(%'93)] -

- €b,4,008 P cos ‘f’3[A3-A3 (m3-é3)2] - €b,A,sin P, cos (]/3[53'9'3-233 («3—%)) (c.30)
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oo - 2 R ct es . - o0 2 2
cos QIZ[AZ-Az(wZ-GZ) ] + sin TZ[Azez-ZAz(wz-éz)] +&B,, + S,YA co8 (_Pz

2.2 -1 2.2 2 2 2 2
5 YEP,, =€[ & (82 Y - w, )A2009 S[Jz] + é(S2 Y -w, );p21

+8

- EC A A c08 P,yc08 P = £CpAy Asc0s Pycos Py ~ éc3§2°°s‘f’2 |

cos (y3[2{3-A3£m3-é3)2] - €C5h 008 ¥ 5in W3[A3§3-253(w3-é3)]

 =€C, A cos P, cos 93[.7{3 - A3(w3-é3)2] - ec%\A1 sin, sin 55/3[A3'e'3 - 283(m3-é3)]
(c.31)

cos q/3[l§.3-1-;3(w3-é3)2] + sin 913[A3§3-2A3(m3-é3)] +EPg + 53272&5@3 s

" 5,2 %ps =e[e” (s;’"y2 ~us?)az00s U] + € (33272—%2)1)31

- a1A3ZCOSZQ'/ 3-Ea;A1 2cosZQJ1-ea3A22cos2{P2-ea sAAycos Pocosy,

= € ghy008 Y5008 ol ot (03-05)%] - € aghzo0n W smin (a2 (1s6)]

;é—i;i [A32coszq/3 + (ms-é3)2A3zsin2q/3 - 2854 (b, )sin Pcos {5

- aGA{co; P, cos ¥, [&, -4, (w,-6, )21 . €ach, cos U, sinp, [4,8, -2, (w,~8,)]

- caglh Zeos®ly, + (w5, )8, 2sin’@, - 24,4, (-6, )sin ¥, COS‘I; 1]

- €aqh,cos Y ,cos@ [ .A.Z-AZ (w2-é2)2] =~ taghcos P siny 2[A2§2-2A2 (wz-éz )]

o -€ a.,[f&zzcos;2 p 2+(m2-é2)2A225in2q/ 5 = 2A2A2 (wz-éz)sin Y cos¥,]

-€agh,cos P cos¥ 2[X2-A2(w2-'92)2]- €aghycos Y, sin 2[A2'e'2-2§2 (wz-éz)]
-Eagh,cos ({/zcos !{/1 [X.l A, (w.l -é1 )2]- €agh,cos @2sin (P1 [A1 §1 -2A1 (w1 -61 )]~



=2 & 88[A1

where n =

cos ¢, cos Y, - A (w2-92)A cos (P1 sin P, -A
+((ao1 —é1 )(w2-62 )A1 A,sin LP,‘ sin ?2]

(wt-0) 3 n=1,2,3

165.

(w -9 A s:mll/1 cosqf
(c.32)

(c.33)

Equating the coefficients of cos(Pn and sini?ﬁ forn=1, 2, 3 on both

sides of (

€.30)=(C.32) we obtaip

cos@J1 : Ky - 4 (0 6 )2 + s, 2y A (s
cos(y, + 4, - Az(m‘?-éz)2 + 4, y A2 2 2_
cosy, ¢ A3 - A3(m3- é3)2 + 832y2A3 =‘(532‘72 -
sin, : 4,8, - 24 (v, - 6,) =0

’sinlya 2 4,8, - 24,(u, - 52) =0

sin @y ¢ &85 - 245(a; - 85) = 0

Ve shall not
precisely..

to first order in €.

merely by

ae
'a‘r:O , n=1,2,3
aa
—5%=o , n=1,2,3
. 2 2
dropping terms d Ah/dt , (a%6 /dt) (

- aﬁz) A (C.34)

2y a (c.35)

2

msz) Ay (c.36)
(c.37)
(c.38)

(c.39)

treat the variational equations (C.34) - (C.39) ‘
It is sufficient at this point to obtain solutions correct

Hence we reduce (c.34) - (Cc.39) to

(c.40)

(C.41)

)2 da /at x do /at.



Equations (C.40) and (C.41) imply that to order ore in & , the
amplitudes and phase angles remain constant.

If a solution for Pyq» Pyys Pay is required then the first order
terms in € can be collected and solved from (C.30) - (C,32). Hence as
in the case of averaging method no advance is made over straightforward

linear theory.
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APPENDIX —~ D

DIGITAL COMPUTER PROGRAM FOR SOLVING
NONLINEAR DIFFERERTIAL EQUATIONS

Referring to Chapter 5, we consider (5.13) for numerical solution.

For convenience (5.13) are rewritten as -

s 2 2 2 ; ol 2
(1 + A6x1)x1 AT b AT T AT, T A3,T AT, + AR 4
e A (5.2 43,5, + 85,2 + 7,5,) A (3,5, + 7,5, + 27.3,) =0
A\yy 171/ + 4\, 2Y2 q\T1¥2 + ¥o¥4 172! =
T T Ty i~ (D.’T)
- y1 + B1y1 + Bzx1y1-+ B3x1yé + B4x1yi + B5x1yé =0
¥y *+ C1y2 + 02x1y2 + 03x1y3 + C4x1yé + C5 179 = 0
where the constants Ai’s, Bi’s and Ci’s replace those of the original
equations. At this stage we take an arbitrary system, with length of
link and dip of the catenary equal to 1ft. and 4ft. respectively, and
calculate the constants in (D.1). The values of these constants are

given in the main bpdy of the program.

//MEE006 JOB (0000,,,5), "BORGOHAIN SYS SIM", CLASS =D
/% HOLD #ixx*x#x% MOUNT DISC RCA32Q **ixiwrr* |
//JOBLIB DD DSN=CSMP.SIMLOAD, DIS?:(OLD,PASS), vox:sm:ncgzé
/o UNIT = 2311
//¢ EXEC PGM = DEJCSMP2,TIME=5
‘.~//FT02FOO1 DD SYSOUT=B, DCB = (RECFM<F, BIKSIZE=80)

//FT06FO0L DD SYSOUT=A



//FTOTFOOL DD
//FTOSFOOL DD

//FT13FO0L DD

UNIT=2311, VOL=SER=RCA329, SPACE=(TRX,(40,10))
UNIT=2311, VOL=SER=RCA329, SPACE=(TRK,(40,10))

UNIT=2311, VOL=SER=RCA329, SPACE=(TRX,(40,10)),

// DCB= (RECFM=V, LRECL=200,BLKSIZE=204)

//FTM4FO0L DD

UNIT=2311, VOL=SER=RCA329, SPACE(TRK,(40,10)),

// DCB= (RECFM=V, LRECL=200, BIKSIZE=204)

//FT15FOOL DD
//SYSPRINT DD
//COMPRINT DD
//SYSUT DD
//stsur2 DD
//SYSLIN DD

//SYSLINK DD

DUMMY

SYSOUT=A

SYSOUT=A

UNIT=2311 ,VOL=SER=RCA329,SPACE=(TRK, (40,10))
UNIT=2311,VOL=SER=RCA329,SPACE=(TRK, (40,10))
UNIT=2%11,VOL=SER=RCA329,SPACE=(TRK, (30,10))

DSN=*, SYSLIN,DISP=(0LD,PASS),UNIT=2311,VOL=SER=RCA329

// DD DSN=CSMP.SYMBM(CTLCDS),VOL=SER=RCA329 ,UNIT=23i1
// DISP=(OLD,KEEP)

//SYSLIB DD DSN=CSMP. SII-ELOAD,VOI.:SER:RCA32§,DISP=(OLD,KEEP),
// UNIT=2311

/) DD DSN = SYsi .f‘ORTLIB,DISP:SHR.

//SYSLMOD DD

DSN={NOSET(DEJEXE), UNIT=2311,VOL=SER=RCA329,

// . SPACE=(TRK, (50,201))

//FTO1FOOL DD *

TITLE CATENARY
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X12D0T = =(A1 * X1 + A2 * (X1%%2) 4+ (A3 = AT * Bl — A7 * B2 * X| = AQ * C3 *

X1) * (Y1 % 2) + (A4 — AB % C1 = AB % C2 * X1 = AQ * B3 * X1) *

(Y2 #% 2) + (A5 = AT % B3 *# X1 = A8 % C3 * X1 = A9 * C1 - AQ * C2 *

X1 = AQ * Bl = AQ * B2 * X1) * Y1 * Y2 + A6 * (X1DOT #* 2)/2 + A7 *
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(Y1DOT ** 2) + A8 # (Y2DOT #* 2) + 2 * A9 * Y{DOT # Y2D07)/(1 + A6 *
X1 - (A7 * B4 + A9 * C5)*(Y1 %% 2) = (AB * C4 + AQ * B5)*(Y2 ** 2)

~(AT * B5 + AB * C5 + A9 * C4 + A9 * B4) * Y1 * Y2)

X1DOT = INTGRL (0.0, X12DOT)
X1 = INTGRL (0.0, X1DOT)
Yi12DOT = =(B1 * Y + B2 * X1 * Y{ + B3 * X1 % Y2 + B4-* X12DOT * Y{ +

BS * X12DOT * Y2)
YIDOT = INTGRL (0.0, Y12DOT)
Yt = INTGRL (0.0, Y1DOT)

Y22D0T —(C1 * Y2 + C2 * X1 * Y2 + C3 * X1 % Y1 + C4 * X12D0T * Y2 +

'C5 % X12DOT * Y1)

Y2D0T

= INTGRL (0.0, Y22DOT)
Y2 = INTGRL (0,02, Y2D0T)

PARAM A1 = 362.33862

PARMN A2 = 6528.96484

PARAM A3 = 7T24.67822

PARAM A4 = 2128,00952

PARAM A5 =  32,17400

PARAM A6 =  24,02527

PARAM A7 = 4.00000

PARAM A8 =  11.74597

| PARAM A9 =  0,25000

PARAM Bt = 128.69589

PARAM B2 = 1545.97705

PARAM B3 =  34,31982
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PARAM B4 =  4.26667
PARAM B5 =  0.26667
PARAN C1 = 377.91455
PARAM C2 = 4539.75000
PARAH C3 =  34.31892
PARAM C4 =  12.52903
PARAM C5 =  0.26667

TIMER DELT=0.01, FINTIN=20.0,0UTDEL=0.01
METH RKSFX | |
PRTPLT X1, 11 , Y2
LABEL CATENARY
.END
STOP
END JOB
ro
It is to be noted in the above program that integrations are performed
using Runge-Kutta fixed integral method. The computer prints and plots the

variables X1, Yi and Y2 at the interval 0.01 sec upto the maximum of 20 sec.

~
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APPENDIX - E

NORMAL MODES AND NATURAL FREQUENCIES OF A CATENARY
WITH THREE EXTRA POINT MASSES

The analysis of this section is not of direct relévance but was
carried out at the request of Dr. Rowbottom of the C.E.R.L., Leatherhead.
The point masses represent extraAmasses due to aero-dampers proposed.

The sysfem considered is a twin-conductor transmission'line span having

the following specifications:-

Span/dip = 1000/23
Mass/unit length = 2 x 0.57 lbn/ft.
Discrete mass = 25 1bm each

No. of discrete mass = 3
The system is shown in Fig. E.1.

Assumptions

(1).The linearised equations of motion apply
(2) The cable is suspended from the same horizontal level
- (3) The cabie is inextensible '
(4) There is no bending stiffness in the cable
.(5) Equilibrium shape of the cable remains unchanged when ihe

discrete masses are added.

Theory
. Referring to the Section 2.3, the potential energy,

L
v=Lr (§E)2ax (Ba)
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and the kinetic energy

3
m bt .2 ' .2
T=2{Lvdx+2 Emvm (E.2)

As the cable is assumed inextensible, there is an equation of

constraint given by
. .
-L .

It is to be noted that in the potential energy expression the extra

masses are distributed unifornly along the cable whereas in the kinetic

energy expression they are left as they are placed. Also in (E.2), M

" is the mass of each point masss.
A Rayleigh~Ritz technique will be used by using six arbitrary
sinusoidal deformation modes giving altogether five modes. Thus let

- us write
’ — —' 3 .-— ‘ 2—-~' L. ! .
v = V1cos oL, + V231n T F oeeeeee + V5cos oL+ Vsain T (E.4)

Substituting (E.4) in (E.1) - (E.3) we obtain

nZH 2 2 2 2
Vel (V5 +4v, 4 soee + 25V5" + 36T ) (.5)
Lie 2 22 .2 -2y M 2y & 2 : 2\e 2
.T=%_(V1 + 7,7 4 eee + 757+ T ) + 5 (1 + 2f, )v1 + (1 + 2f; )v5_+
2ye 2 .2 . 2 . 2 R
(1 + 2820, + 28,207 + 21'42v4 v 28,502 + 2(1 + 28, 00,7+

+2(1 + 2f1f5)V1V5 +2(1 + 2f3f5)V3V5 + 45T, VT, + 40,5V T, +

+4£ £V, V] : . " (E.6)
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where £, = cos % | f, = sin /6 )
f; = cos % f, = sin g' L (E.7)
fs = Ccos -:?-12-':- f6 = s8in Eg- ‘
The equation of constraint becomes
v1-;3- +-;£5 =0 A (E.8)

From (E.5) and (E.6) through (E.8) it is observed that symmetrical
and antisymmetrical modes are uncoupled and hence can be treated

separately.

Symmetrical Modes

/
Vg =% Dig Eyg Dyg (E.9)
p.=1D D, (E.10)
s =7 Dyg Myg Dyg .
vhere . DVS = {V1 V3 VS} : (E.11)
2
= |1 T O] g2 E
Es 4L
9
O 25
. | .
Mg = ml 1 o] +M[1 + 2f, 1+26,85 1+ 2f1f5 (E.12)
2
| 1 1+ 20,8, 1+ 20, 1+ 2f 1,
0 1 1+ 2f,f 1+ 26, f. 1 + 2£:2

175 375 5
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and the transformation matrix from (E.8)

V3 1 0 VS
bV5~ bO L

By singular transformation of (E.9) and (E.10) with the help of (E.13)

we oObtain
| / 7 1 /
Vg =¥ Dygy Q Eyg Q Dygy = % Dygy Bygy Dygy (E.14)
- 4 7y . R / . '
Tg = 7 Dygy QMyg Q Dygy = 7 Dygy Myg Dysy (E.15)

Applying Lagrange’s equations to (E.14) and (E.15) the equations

of symmetrical motion can be easily formed and solved.

Anti-symmetrical Modes

Vs =% Dv‘t:.s Byas Dvas (E.16)
g = ¥ Dyug Mg By o (Ba7)
where
SRR ere
Eppg = |1 °© xﬁéﬁ—'
4
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2

My = |1 O]xmL + 21 |2, £,£, £yl (E.19)
2
1 £,£, %, £,
2
o L 56 Isfe  Te

No reducing relation of the type (B.13) is required in this case and hence
applying Lagrange’s equations to (E.16) and (E.17) the equations for

antisymmetrical motion can be easily formed and solved.

Results

Normal mode shapes and natural frequencies of vibration of the
catenary of Fig. E.1 were calculated and compared with those of a catenary
without the masses. The sketches of the approximate normal mode shapes
are shown in Fig. E.2 in increasing order of frequencies. The number on
the left represent frequencies (radians/sec) with the masses and numbers
on the right represent the frequencies without the masses. The normal
mode shapes were not altered appreciabiy when the extra masses wére.
introduced. From Fig. E.2 it can be concluded that the addition of the
discrete masses makes little difference to the natural frequencies and

the normal modes.
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APPENDIX -~ F

DESIGN OF THE CATENARY MODEL

The fixed-fixed catenary model on which the experiments were
performed is shown in Fig. F.1. The model proporfions are those of
the Severn Crossing Mainspan (see Chapter 2). To gain insight into
the design procedure, we perform an elementary dimensional analysis of

the problem of elastic catenary oscillation. We assume that

=t (1,4, 4, p, B &) o (ma)

where L is the span of the catenary; d, the dip; 4, the cross-
sectional area; p, the density of the cable material; E, the Young’s
Modulus of the cable material and g, the acceleration due to gravity.

In the usual mannef we obtain

w2=‘gf1(%9 %2; _Q%_d_) ) - . (F.Z)

Fronm (F.Z) it is seen that m2 o(%: which can also be observed from Chapter
2., Now if a model of the system is built and it is required that this

model should represent accurately any kind of oscillation we must have

&L (+.5)
- = T Fo3
dm »d
A A
__1_1@_2 = -2 ‘ (Fo4)
dm 4a
o) dm _pd .

nmo 2= o (7.5)

td
B
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Using (F.B) in (F.S) we obtain

= - F°
Em E
In another form (F.6) can be written as
B A, B (5.7)
wo oo v
m
vhere W is the total weight of the actual span.
Calculation for the Catenary Model
We choose a model span of 10 ft. By (F.3) the dip of the model
span is given by
Ld -

m L - 5310

Mass and stiffness reguirements need to be satisfied independently.
Hence we adopt the lumped mass catenary and select a 0.011 inch diameter

piano wire on which the lumped masses are to be hung. Then by (F.7)

we obtain
'E AW
’ T 2 .2
where A, = 7 (0,011)< = 0.000095 in
A = 2.23 in2
E = 30x 10% 1p/in?
E = 25.5zx 10° 1b/in®

W = 22850 1lbs. - ‘ , -
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'~ For the above values of Severn Main span the reader is referred to

reference [35]. Substituting the required values in (F.9) we obtain
Wm = 1,145 1lbs

Before determining the size of the masses, we adopt the Lagrangian
type of mass distribution in which the mass of a link is equally divided
and concentrated at the two ends of the link, Also we decide arbitrarily
to represent the catenary by 20 degrees'of freedom in the vertical plane,

In this case we obtain for the weight of each lumped mass

W= 1—;-12—4-5 = 0.0521 1bs.

For the ease of manufacture, the lumped masses were made cylindirical
having a diameter of 0.75 inch. Then the length of cach mags is given

by

X 2 -
7 (0.75)° x 1 x 0,289 = 0.0521

or 1= 0.408 ~13/32 inch

To facilitate fastening of the masses to the piano wire.each mass was
made of two semi-cylindrical halves ﬁith a small groove in one half.
This small groove was provided only to position mass on the piano wire.
The two halves of the mass could be put together with the help of
tightening screws as shown in Fig. F.2.

To determine the length, 1, of the piano wire in between two masses

we use the formulae [35] which are given below
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2)
2, 2
24 :éz (1 +3°¢,9)7°
¢ =2 1 (F.10)
n 2
1
i1 + i 4c12)""r
4,3
: 1 21 ’
and __@._Ef'l'e (F.11)
] ) = Cosi ] v .
41,3

where t, = tan 0, and 6, (i =1, 3 ... 21) are the inclinations of the
portions of the piano wire in between masses (see Chapter 2),

For the multi-spén patenary model (Chapter 6) the proportions of
each span are the same as those of the single span fixed-fixed catenary
(see Mg, 6.2)s A suspension arrangement at the common point of two
adjacent spans was.devised which, shown in Pig. F.3, alloved certain
degrees of freedom at this point. This suspension device also allowed
variation of the.span/dip ratio of the consfituent spans. No attempt

was made to represent dimensionally the mass of the suspension arm.
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