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Abstract

This thesis is divided neatly into four collections of results.

In the first and second parts, we present an implicit Split-Step explicit Euler-type Method
(SSM) for the simulation of McKean-Vlasov Stochastic Differential Equations (MV-SDEs) with
drifts of super-linear growth in space and then super-linear growth in measure and non-constant
Lipschitz diffusion coefficient. In the case that super-linear only happens in space, we prove a
classical 1/2 root mean square error (rMSE) convergence rate, for which other schemes have
competitive results, but in the case that super-linear happens in space and measure ( in convo-
lution form), the SSM has a near-optimal classical (path-space) rMSE rate of 1/2 — € for e > 0
and an optimal rate 1/2 in the non-path-space MSE, for which the result is new and no other
scheme has been proven to work yet. The results are published in [47] and [48].

In the third part, we study a class of MV-SDEs with drifts and diffusions having super-
linear growth in measure and space — the maps have general polynomial form but also satisfy a
certain monotonicity condition. The combination of the drift’s super-linear growth in measure
(by way of a convolution) and the super-linear growth in space and measure of the diffusion
coefficient requires novel technical elements in order to obtain the main results. We establish
wellposedness, propagation of chaos (PoC). Further, we prove the SSM work in this class of
MV-SDEs and attain a rate of 1/2 in the non-path-space MSE, and under further assumptions
on the model parameters, we show an exponential ergodicity property for the numerical scheme.
The result is published in arXiv [49] and submitted to EJP.

In the fourth part, We study a non-Markovian Euler-type scheme with the same compu-
tational cost as the Euler scheme, for the approximation of the ergodic distribution of a one-
dimensional McKean—Vlasov Stochastic Differential Equation (MV-SDE) under an assumption
of strong convexity (finite-time results are also established). Based on a careful analysis of the
variational processes and the backward Kolmogorov equation for the particle system associated
to the MV-SDE, we show that the method attains a higher-order approximation accuracy in
the long-time limit (weak convergence rate is 3/2) than the standard Euler method (of weak
order 1). While we use an interacting particle system (IPS) to approximate the MV-SDE, we
show the convergence rate is independent of the dimension (N) of the IPS and this includes
establishing uniform in time-decay estimates for moments of the IPS, the Kolmogorov equation
and their derivatives. We establish several interesting results on the higher-order variation pro-
cesses of the IPS which are of independent interest. The result will be published. The result
submitted to EJP.

We provide different numerical tests of the theory and results for each part.
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Lay summary

This thesis focuses on Mckean-Vlasov Stochastic Differential Equations (MV-SDEs), which have
become increasingly prevalent due to advancements in computational power in the 21st century.
One of the common ways to study MV-SDEs is to develop the corresponding interacting particle
system and apply Monte Carlo simulation methods.

There are different challenges encountered during simulation such as the divergence of the
traditional Euler method when dealing with MV-SDEs featuring a super-linear growth com-
ponent. Another interesting challenge is to develop a more efficient (better convergence rate
under the same computation) numerical method.

To investigate these challenges, we analyze the MV-SDES with different simulation methods
and demonstrate theoretical results with different numerical examples.
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Chapter 1

Introduction

This thesis study on the numerical analysis and theory of the McKean-Vlasov Stochastic Dif-
ferential Equations (MV-SDEs) mainly in two parts, the first part is on different types of
super-linearity, where we mainly introduce a new favorable numerical method and shows the
convergence in a strong sense. The second part focuses on the weak convergence analysis of
a non-Markovian type numerical scheme for MV-SDEs with strong ergodicity under Lipschitz
parameters, we prove some interesting results by studying the corresponding Fokker—Planck
operators and high-order variation processes.

MV-SDEs differ from standard SDEs by means of the presence of the law of the solution
process in the coefficients and their dynamics are of the following type

dX, = b(t, Xy, X )dt + o (t, Xy, X )dWy,  Xo € LTY(RY). (1.1)

where p;¥ denotes the law of the solution process X at time ¢, W is a multidimensional Brownian
motion, b, o are measurable maps and X is a sufficiently integrable initial condition (in L§* for
m > 2). These equations were introduced by McKean in the sixties [I15] and have been the
target of much research since. There is a rich literature on well-posedness [15, 121, 127, 133]
and we point to the recent summary work [87] highlighting recent developments in regularity
estimates, exponential ergodicity, long time large deviations (also [2,[61]), comparison Theorems
and the Vlasov-Fokker-Plank equations associated to MV-SDEs. One particular element of
interest is the so-called propagation of chaos (PoC) introduced by Kac [93] and further studied
in the MV-SDE literature [100, 10T}, 118, 133]. The PoC phenomena states that an MV-SDE
is the limit of certain weakly interacting particle systems (of standard SDEs) as the system’s
size increases to infinity. Namely, (2.1)) is the limit, as N — oo, of the N-dimensional system
of R%valued interacting particles X*% |

Xy = b(t, Xy M)dt + o (6 XY, AW, XN = X3

with ;" being the empirical measure given as p; " (dz) := + E;\Ll dyinv(de) and 0y is
t t

the Dirac measure at point th ’N, W are independent Brownian motions and with independent
and identically distributed initial conditions X§ across i = 1,---, N. In essence, the law ;X
in R? of is approximated by the empirical average utX’N generated by the (R?)V-system
(a high-dimensional system). This methodology, appealing to the interacting particle system,
includes a well-known quantified speed of convergence result (summarised in Proposition
below) providing a path for a numerical approximation: from X to {X%V}, to {X*N7}, with
XN the numerical approximation of each particle in the SDE system.

It is essential to highlight that although {X®™}; is a high-dimensional SDE and any exist-
ing numerical method a priori applies straightforwardly, all rates and results obtained in this
straightforwardly way depend on the total system’s dimension Nd. The constants then explode
as N increases. Part of the difficulty of the method is to show that such constants, rates, and
results are independent of N albeit depending on d. This step has its non-trivial difficulties
which we discuss further below by drawing on prior work [60, [T03].



1.1 Structure of the thesis

In the following chapters, we will study MV-SDEs under different assumptions, we focus on
numerical study and some intersting properties. We present brief information below, detailed
introductions are provided in each corresponding chapter.

In Chapter [2| we study the MV-SDEs with drifts of superlinear growth in their spatial com-
ponents with other terms that satisfy Lipschitz constraints, this is our starting point of studying
superlinearity, we introduce and analyze the split-step method (SSM) for simulation and show
several examples to verify our theoretical results. The result of this chapter is published in [47].

In Chapter 3] we continue to study the MV-SDEs with drifts of superlinear growth in their
spatial and measure components(of convolution type), the diffusion term satisfies Lipschitz
constraints. This is our second study on superlinearity and we again show the SSM converges
which is the only proven-to-work scheme for this type of MV-SDEs until now. We have tested
several examples in some extreme setups to verify our theoretical results. The result of this
chapter is published in [4§].

In Chapter [4 we provide the study the MV-SDEs with drifts and measure of superlinear
growth in their spatial and measure components (of convolution type), this is the fully extension
of superlinearity based on previous chapter. In this chapter, we first show the well-posedness
results, then we provide the corresponding numerical simulation method using an B&C-method
approach and show a ergodicity result for the numerical method. The result of this chapter is
published in arXiv [49] and submitted to EJP.

In Chapter [5] comparing to the previous study on superlinearity and the strong error of the
numerical method, we study the weak convergence to one-dimensional Lipschitz type MV-SDE
of under an assumption of strong convexity. Based on the Kolmogorov backward equation,
we analyze different types of variation processes and provide interesting techniques on the
summation over different combination of stochastic processes. The result of this chapter is
published in arXiv [50] and submitted to EJP.

1.2 Notation and spaces

Let N={1,2,---} be the set of natural numbers starting at 1 and R denotes the real numbers
where Rt = [0, 00). Also, we denote [a, b] := [a,b] N = {a,--- , b}, for any a,b € N with a < b.
For z,y € R¢ denote the scalar product of vectors by (x,%); and the Euclidean distance of x is
|x| = (Z?Zl x?)l/Q. The indicator function of a set {2 is denoted as 1q. Let Iy : R? — R? be
the identity map. For collections of vectors, let the upper indices denote the distinct vectors,
whereas the lower index is a vector component, i.e., xé denote the j-th component of [-th vector.
For a twice continuously differentiable function f : R¢ — R, we denote by 9., f : R? — R the
partial derivative with respect to the i-th component, and by Vf : R — R? its gradient Vf =
(Our [y, 02, f), and by V2f : RT — R4*? its Hessian. For a multi-index £ = ({1,...,£q) € N¢,
we denote higher-order derivatives as

d f
TgysesTlgd "

The supnorm of f will be denoted by |f|s = supgega | f()].
We introduce over R? the space of probability measures P(R?) and its subset Pa(RY) of
those with finite second moment. The space Py (R?) is Polish under the Wasserstein distance

W (u,v)= inf (/ |x — y|27r(dx,dy)) 5, p, v € Po(RY). (1.2)
well(p,v) R xRd

where II(u, v) is the set of couplings for p and v such that 7 € II(p, v) is a probability measure
on R? x R? such that 7(- x RY) = p and 7(R? x -) = v.

Let our probability space be a completion of (Q,F,F,P) with F = (F,);>¢ carrying an
R!-valued Brownian motion W = (W1, ... W) and generating the probability space’s filtra-
tion, augmented by all P-null sets, and with an additionally sufficiently rich sub o-algebra Fy
independent of W. We denote by E[-] = EF[-] the usual expectation operator with respect to P.



We consider some finite terminal time 7' < oo and use the following notation for spaces
(standard in the (McKean-Vlasov) SDE literature [47, 60]). For 0 < ¢t < T, let L} (R?)

define the space of R%-valued, F;-measurable random variables X, that satisfy E [|X \p]l/ P < 0.

Define S ([0, T]) to be, for m > 1, the space of R? -valued, F.-adapted processes Z, that satisfy
m11l/m

E [supogth | Z:] } < 0.

Throughout the text, constants C, K denote a generic constant positive real number that
may depend on the problem’s data, may change from line to line but is always independent of
the constants h, M, N (associated with the numerical scheme and specified below) but C' may
depend on the terminal time 7' (and other fixed problem data) while K is independent of T'.

1.3  Useful inequalities

Lemma 1.3.1. (Hélder’s inequality). For any real-valued random variables X and Y defined
on the probability space (Q,F,P), we have

Q=

Blxy] < (51xP) (EIv)",

where 1/p+1/q=1, p,q > 0.

Lemma 1.3.2. (Jensen’s inequality). For any real-valued integrable random variables X € R
defined on the probability space (2, F,P) and real-valued convex function f: R — R, we have

fE[X]) <E[f(X)].

Lemma 1.3.3. (Cauchy-Schwarz inequality ). For any real-valued random variables X and Y
defined on the probability space (2, F,P), we have

[EXY]| < VE[X]?] E[Y]?] .
Lemma 1.3.4. (Young’s inequality). For any a,b > 0 with p > 1, we have

b= 1aﬁ + }bp.
p p

ab <

Lemma 1.3.5. (Burkholder-Davis-Gundy inequality). For any 1 < p < 1 there exists some
positive constants C1 p, Cap, such that for all local martingales { M}y with My = 0, we have

C1pE[[(My)P/?] <E[ sup, M, [P72] < CopB[|(M)[P2],
s€|0,t

where (My) denotes the quadratic variation of M.

Lemma 1.3.6. (Gronwall’s inequality). Let T > 0 and let o, 8 and u be real-valued functions
defined on [0,T]. Assume that o and u are continuous and that the negative part of (B is
integrable on every closed and bounded subinterval of [0,T]. If o is non-negative and if u
satisfies the integral inequality

u(t) < B(t) —|—/0 a(s)u(s)ds, Vte[0,T],
then
u(t) < B(t) +/0 a(s)B(s)exp (/S a(r)dr) ds, Vte[0,T].

If we further have that 3 is non-decreasing, then

u(t) < B(t) exp (/Ot a(s)ds) , Vtel0,T).



Chapter 2

Numerical analysis for
McKean-Vlasov SDEs with
super-linear growth drifts in
space

2.1 Introduction

In this chapter, we study MV-SDEs of the following type
AX; = (v(t, Xo, 1) + bt Xeo 155) ) dt + o, X p¥)AWs, - Xo € LP(RY). (2.1)

where ;¥ denotes the law of the solution process X at time ¢, W is a multidimensional Brownian
motion, v,b, o are F-adapted maps and X is a sufficiently integrable initial condition (in L
for m > 2).

The corresponding N-dimensional system of R%-valued interacting particles X%V satisfy

QXN = (ot XN, 0N 4 b, XPN ) )t + o, XPY N )awg, XY = X
(2.2)

with ;" being the empirical measure given as p; " (dz) := + Z;\le dyin(dz) and dyjv is
t t

the Dirac measure at point th ’N, W are independent Brownian motions and with independent
and identically distributed initial conditions X{ across i = 1,---, N.

In this chapter, we focus on the class of MV-SDE with drifts of superlinear growth in their
spatial components [I4, 60} (611 [98] [125], encapsulated in the function v, where b, o are uniformly
Lipschitz (in space and measure), and o is non-constant — this structural Assumption on b, v
is trivial from the theoretical perspective but plays an important role in the numerics. This
class of MV-SDEs appears in several practical models in science, for example, in neuroscience
[9, 27] introduce the mean-field FitzHugh-Nagumo model for a neuron networks in the brain;
[25] discuss individual-based and swarming Cucker-Smale interaction models; and models of
battery electrodes [63] [77]. These equations do not have explicit or closed-form solutions and
numerical approximations are needed. Moreover, standard explicit numerical methods suitable
for the Lipschitz case fail to converge on the superlinear growth setting. This is exemplified
by the ‘particle corruption’ phenomena [60], Section 4.1] for MV-SDE particle system numerics.
This phenomenon is akin to the divergence of SDE schemes in the superlinear growth setting
as highlighted in the seminal work [89].

The numerical approximation of McKean—Vlasov equations in the continuous case was initi-
ated in [29] and has been investigated further in several recent works. We briefly mention a few
on numerical schemes for MV-SDEs under the superlinear setting and in the Brownian frame-



work. Tamed Euler schemes appeared first [60], shortly followed by tamed Milstein schemes
[13, O8] (appeared simultaneously) and Milstein schemes for delay MV-SDEs [14]. In [99] a
tamed scheme is proposed (and a new wellposedness result) for MV-SDE featuring common
noise in the particle system (which does not) and where the diffusion is also allowed to
grow superlinearly. Adaptive time-stepping methods come as an alternative to taming and in
the context of MV-SDE they are proposed in [I125] — these two methods will henceforth be
referred to as the ‘Taming’ and the ‘Adaptive’ algorithm, respectively.

Outside the superlinear setting, [90] discusses computational complexity of MV-SDE algo-
rithms (uniformly Lipschitz drift and constant diffusion coefficient) and we point the reader
there for an in-depth overview on the state of the art in that regard. Numerical approximations
for MV-SDEs with non-Lipschitz conditions in measure and space exist [59] but impose a linear
growth condition on the coefficients. The case of simulating MV-SDEs with discontinuous co-
efficients has been addressed [I04]. An alternative to the empirical measure approximation of
(2.2)) is to use a projection-type estimation of the marginal densities [I8] where the error analysis
requires differentiability of the coefficients. Variance reduction technique have been analysed
for the class of MV-SDE, namely, importance sampling [62], antithetic multilevel Monte Carlo
sampling [14] and antithetic sampling [20]. There also recent progress in the jump-diffusion
setting [6] [123].

For the superlinear growth case described above, we are motivated by an open question left
in [60] regarding implicit-type numerical methods for MV-SDEs. All methods described above
are of explicit time-stepping nature which are known to lose some of the geometric properties of
the original system. For instance, taming destroys the strict dissipativity of the drift map which
then raises questions regarding the stability of the scheme’s output across long time horizons
(see [144]). Implicit methods for MV-SDEs are largely unexplored. The notable exceptions are
[60, 1T10] which are also starting point for this chapter. In [IT0] the authors study MV-SDEs
and associated particle systems with drifts of (symmetric) convolution kernel-type (as in [2])
and constant diffusion coefficient. The theoretical (Bacry-Emery) machinery employed there
yields a critical logarithmic Sobolev inequality estimate that is used to establish a concentration
inequality for their implicit Euler scheme. Assumption-wise, their setting and the setting of
this chapter do not cover each other but agree over a small class. Further, it is unclear how to
extend their methodology to non-constant possibly degenerate diffusion coefficients.

More recently, an implicit method to deal with the superlinear growth was proposed [60] (for
general diffusion coefficients and without a concavity assumption) but convergence was shown
under stronger restrictions than expected: the measure component of the drift is Lipschitz in
Wasserstein-1 metric not just in Wasserstein-2 (plus uniformly bounded measure dependency).
At the core of these difficulties was the use of stopping times arguments which revealed them-
selves difficult to handle with the measure dependency. The critical point is the proof of Lemma
5.12 (p.41) in [60] and the calculations executed in (p.48-49). Lastly, upon inspection of that
proof, we emphasise that general §-methods for SDEs [85] will face the same difficulties.

Our contributions. In this chapter, we revisit the framework of [60] and propose a split-
step numerical scheme inspired by the earlier work [85]. Our contributions can be summarised
as follows,

(I) Main results. We proposed a split-step method (SSM), see (2.5)-(2-6) below, for this
class of MV-SDEs. We prove its convergence and recover the 1/2-convergence rate in
root Mean Square Error (rMSE) under the same general assumptions as Taming [60]
or Adaptive [125]. No differentability or non-degeneracy assumptions are imposed and
stopping-time arguments are fully avoided.

We provide the stability analysis of Mean-square contractivity for the SSM (non-constant
diffusion coefficient). To the best of our knowledge this has not yet been discussed for
MV-SDE schemes in general. The stability of the SSM provides a theoretical foundation
for carrying out simulation with larger timestep and we point to positive results by
way of numerical simulation with the Cucker-Smale flocking model [67] where the SSM
outperforms both Taming [60] and Adaptive [125] algorithms.

In regards to known findings, the SSM here overcomes the limitations of the implicit
method proposed in [60, Section 3.2] and extends its scope of application. In the context



of standard SDE simulation (where the coefficients are independent of the measure),
our results lift the differentiability restriction of [85, Assumption 3.1], allow for time-
dependence and can take advantage of (the possible) concavity of the map v (in (2.1])) -
this is a mild improvement of known SDE results.

(IT) Computational gains. The scheme is designed so that the superlinear term can be split
from the main equation in a way that optimises/minimises the computational cost of the
inversion method (from the implicit component). This flexibility is understood in the
following way: given an MV-SDE it is left to the user to choose which terms form v and
which terms form b in (within restrictions). Moreover, since there is a split v Vs b
the user may decide to add & subtract convenient terms to the drift (see Section [2.3.4]
below; also [32) Eqgs. (37) and (38)]) — this trick allows one to transform a non-dissipative
term x — v(-,x,-) into a dissipative one at the expense of an increase of the Lipschitz
constant of b.

The SSM proposed allows to decouple the measure component making it amenable to a
parallel implementation (e.g., [[12]). Namely, one parallelizes the task of solving N-times
an R%system in opposition to the non-parallelizable task of solving once the RN -system.
The computational gains of the parallel implementations for the SMM are shown to be
on par with Taming [60] and Adaptive [125] algorithms.

(IIT) Comparative study against known literature. We provide a comparative analysis against
the Taming [60] and Adaptive [I25] methods, across parallel and non-parallel implemen-
tations. The numerical study covers four examples of interest, highlighting a different
flavour of these 3 algorithms including stability experiments.

We close this introduction with two comments. The general setting of [14] [60} [61) (O8] 125] is
based on drifts maps (¢, z, u) — E(t, x, 1) and it is this map that satisfies a one-sided Lipschitz
condition in space and a uniform Lipschitz condition in measure. In , we specify b to be
(tyz, 1) — E(t,x,u) = v(t,z, p) + b(t, z, u) where the polynomial growth is fully captured by
v while b remains uniformly Lipschitz in its variables. Separating b into v and b is natural
non-limiting assumption.

Settings outside the scope of this chapter are: non-Lipschitz measure dependency [2, [110],
the superlinear diffusion case of [99] (also [125] Section 3.1]) or jumps [123]. Weak error analysis
is left unaddressed.

Organisation of this chapter In section 2, notations and necessary concepts for this
chapter are given. In Section[2.2.2] we state the SSM, the main Theorem of convergence and the
stability results for the scheme. Section 3 provides several numerical examples for comparison
with other methods. Examples covering the stability analysis in the superlinear case, notably
the Cucker-Smale model, are also given in Section 3. All proofs are postponed to Section 4.
For convenience, [6.1] contains a short description of the Taming and Adaptive algorithms.

2.2 Main results

2.2.1 Framework

We study MV-SDE (2.1)) for m > 1 and we denote the law of X at time ¢ as p;X. Take b,v,0
as measurable functions, v : [0,7] x R? x Py(RY) — R%, b : [0,7] x R? x Py(R?) — R% and
o :[0,T] x R x Py(R?) — R?*!. Throughout the text, we make the following assumption.

Assumption 2.2.1. Assume that v,b and o are 1/2-Hélder continuous in time, uniformly in
x € R? and p € Po(R?). Assume that b,o are uniformly Lipschitz in the sense that there exists
Ly, Ly > 0 such that for all t € [0,T] all x,2' € R? and all p, i’ € Po(RY) we have

[b(t, @, ) = b(t, 2, 1P < Ly(|Jz — '[P+ W (, 1)),

|U(t> €, N) - J(tv IJ; ,LL/)|2 < LO‘(|‘75 - ;L'/|2 + W(Q)(,u'a NI)Q)'



For v, there exist L, € R, Ly >0, ¢ € N and q > 1 such that for all t € [0,T], z,2' € R?, all
p, 1" € Po(RT) we have

(x — 2’ v(t,z, m) —v(t,2', p) < Lylz —a'|?, (One-sided Lipschitz in space),
lo(t,z, 1) —v(t,2’, 1) < Lo(1+ |2]? + |2'|9)|z — 2], (Locally Lipschitz in space),
lo(t, @, ) — v(t,z, 1) > < LiW® (u, )2, (Uniformly Lipschitz in measure).

The structural choice of having a drift b=v+ b with only v containing the superlinear
growth component, as opposed to a single drift map b in the style of [60, [125], is negligible and
its use is discussed in Remark 2.2.7

Immediate well-known properties can be derived from this assumption.

Remark 2.2.2 (Implied properties). Under Assumption :2,2,1, define L, = 1/2 + L, and
Cr = sup,eo,7) [v(t,0,00)[*/2. Let C > 0, then for all t € [0,T], = € R? and p € P2(R?) one
has

<x,v(t,x7/¢)) = <x -0, v(t,x,u) - ’U(LO,M» + <xa U(t,O,/J»
1 1 1
< Lolal® + |ljo(t, 0, m)| < (Lo + 5) |2l + 5lv(,0,p) = v(t,0,80)* + S[v (¢, 0, d0)

- L;
< Cr+ Ly|zf* + 7W<2> (1, 60)%.
where the last step follows using Young’s inequality. Additionally, for ) € {b,o} one has
(w0t o, 0) < C(1+ o + WD (1,60)2)  and it 2,02 < C(1+ 22 + W (1,60)?).

The above assumptions cover a larger range of models as highlighted in Section [2.3] below.
This setting subsumes the standard globally Lipschitz assumptions. For further examples we
point to [25] 611, [76, 111].

Theorem 2.2.3 (Theorem 3.3 in [61]). Let Assumption[2.2.1] hold and suppose we have Xy €
LTV (R?) for some fived m > 2. Then, there evists a unique solution X to the MV-SDE
and it satisfies X € S™([0,T1]).

There exists a constant C € Rt such that

E{ sup |Xt|mj| < C(1+E[]|Xo|™])eT.
t€[0,7)

The interacting particle system approximation. In order to approximate of MV-SDE
(2.1), we build an interacting particle system as follows:

1. For i € [1, N], take XS’N = X{ as independent and identically distributed (i.i.d.) random
initial condition for each particle.

2. Each particle is driven by its own independent Brownian motion W* (all are i.i.d.)
3. We set ;N (dz) == ~ Zjvzl 8y~ (dz) where d, is the Dirac measure at point z € R?
t

and the dynamics of the particle system is given by (2.2)).

Propagation of chaos (PoC).

Below we show a pathwise PoC result to control the difference between the original MV-SDE
and the interacting particle system. For that, we introduce the auxiliary equation system of
non interacting particles

ax; = (w(t, XE, i) 4 b(t, X] ) )dt 4+ o, X], AWy, X = Xi, te0.T]. (23)

This system is just N independent MV-SDEs (each in R?). The X's are independent, we have
pX = ¥ (for all i € [1, N]) where ;¥ is the law of X solution to (2.1)). Under Assumption



we have (see [33] [100] [118] [133])

lim sup E[ sup [ XN — X2 =0
N—=0ooie1,N] Lo<i<T

By showing the following propagation of chaos result, we can connect in a quantifiable
manner the MV-SDE and the interacting particle system.
The proof can be found in [60, Theorem 3.1] (and [60, Proposition 5.1] for the well-posedness

of the particle system (2.2))).

Proposition 2.2.4 (Propagation of chaos). Let Assumption hold and suppose we have
for some m > 2 for all i € [1,N] that X} € LI*(R?). Then there exists a unique solution
{X4NY, to (2:2) in S™([0,T)) and for any 1 < p < m there exists C, € RY such that

sup E[ sup [X;V[P] < Cp(1+ sup E[|Xg"[P). (2.4)
i€[1,N] t€[0,T) i€[1,N]

Moreover, let X* € S™ satisfy [2.3) and assume m > 4. Then, the convergence rate between
MV-SDE (2.3) and the interacting particle system (2.2) is given by

N—1/2 Jifd < 4,
sup E[ sup |Xi — XN)?] < C{ N-1/210g(N) Jif d =4,
iELN] Ost<T N—2/d if d > 4.

Under this result, one can approximate MV-SDEs through particle scheme. Thus, by show-
ing the convergence of the numerical methods to the interacting particle scheme, we can obtain
the convergence rate between a numerical method and the MV-SDE.

Remark 2.2.5 (Optimising the PoC convergence rate). We highlight a result from [57] and
later reviewed in [125] in the context of numerical methods for MV-SDEs. The PoC rate can be
improved for the case d = 4, namely the log(N) term can be omitted (under restrictions). This
holds under the additional constraint of a constant diffusion coefficient o, and a bounded drift
with bounded derivatives. It does not cover the superlinear growth case here, nonetheless, it is
reasonable to expect that the result can be lifted to match the drift condition in this chapter and
a diffusion coefficient that is bounded (and sufficiently smooth).

2.2.2 The split-step method (SSM) for MV-SDEs: convergence and
stability

The numerical scheme proposed in this chapter, and dubbed Split-Step Method (SSM), improves
strongly on the implicit numerical scheme proposed in [60]. It is an enhanced variant of the
split-step backward Euler scheme for standard SDEs [85] Eq. (3.8)-(3.9)] and here further
optimised for the MV-SDE setting.

Define the uniform partition of [0,7] as 7 := {t, := nh : n € [0, M],h := T/M} for a
prescribed M € N. Define recursively the split-step method to approximate (2.2]) as follows:
for i € [1,N] set XoN = X{, then, iteratively over n € [0, M — 1] for all i € [1, N],

Vo = XN+ b (b, YN, goN) (2.5)
Ko = VN b, YN, oMb o, YoM iAW (26)
1 & 1 &
where 20N (dx) : = N Z(;X%,N(dx), ar N (dx) = N Zéyg,*,w(d:r).
J=1 j=1

We state immediately the main convergence result between the continuous time extension
of the scheme (2.5)-(2.6)) and the solution to the MV-SDE ([2.1). The proof is postponed to
Section 2411



Theorem 2.2.6. Let the assumptions of Proposition hold. Let m > 2(q + 1)%, where
q 1s the polynomial growth parameter of Assumption|2.2.1. Take the collection {X;N}”L for
n € [0, M], ¢ € [1,N] generated through the scheme 1} under the timestep constraint
expressed through the one-sided Lipschitz constant L., of v (Assumption see Remark

1+2L,

h>0 and h< i Lif L, > -1,
h >0 Jif Ly < —1.

Then, the following assertions hold. There exists a continuous-time extension, ()A(Z’N)te[o’T] to

the SSM (2.5)-(2.6) (and given in (2.25) below), satisfying (C' > 0 is a constant independent
of N, M but may depend on T,d):

1. Uniformly bounded p moments. Given m > 2p > 1 there exist constant C > 0 such that

sup E[ sup |XZ’N|2P} <C’<1+ sup E“XS’N\%D < 00.
i€[1,N] Lo<t<T i€[1,N]

2. Take (X®N); as the solution of the interacting particle system ([2.2)). Then, scheme (2.5)-
[2.6) converges to X*N with a strong global convergence rate of 1/2 in root mean square
error (rMSE) over [0,T], namely,

N|=

rMSEz\/ sup E{ sup |XZ’N—)A(Z’N\2} < Chz. (2.7)
i€[1,N] 0<t<T

3. Let (X?%); be the solution of the non-interacting particle system (2.3). We have

h+ N—1/2 if d < 4,
sup E[ sup | X} — XZN|2] <C{h+N-"Y2log(N) if d=4,
€N 0sesT h+ N—2/d if d > 4.

We remind the reader about Remark concerning the PoC’s convergence rate.

Remark 2.2.7 (The constraint on L, is soft and removable.). The choice of what v and b are is
left to the user. More precisely, to the drift map B(t,x,,u) =ov(t,z, 1) +b(t,x, 1) one can always
add and subtract a linear term vz (v € R) and set b(t, z, i) = (v(t, x, 1) —vyx)+ (b(t, x, /i)-i-’yl‘).
This means that the one-sided Lipschitz constant L, becomes L, —~ and hence negative if 7y is
sufficiently large.

We show below that this operation is not free of cost. Concretely, there is an implication
in terms of the scheme’s stability since for L, to become negative the Lipschitz constant Ly
increases proportionally. In Section we discuss this in view of a numerical example and
via a mean-square stability result we provide in Theorem for the SSM -,

Lastly, to the best of our knowledge, the SSM scheme 1} 18 not of the usual form
SSM schemes are presented in the literature. Usually there is no structural separation of v+ b
and one sets b = 0. Consequently there is no drift component in (only a diffusion part),
thus a discussion on the benefits/drawbacks of adding/subtracting of a yx-term seems generally
absent.

Remark provides more details on the choice of h. The constraint of L, < —1/2 is not
sharp. In fact, it can be replaced by L, < —¢ for some € € (0,1) at the expense of another
constant growing proportionally to 1/e. We choose for simplicity e = 1/2, see Remark
and the definition of Ev in Remark for further details. This issue is relevant in case one
sets b = 0 as is usual in the SSM literature (and the trick of Remark cannot be applied).

Theorem [2.2.6] shows the strong convergence rate of the SSM is 1/2 (rMSE) which is the
same as Taming [60] and Adaptive [125]. Also, the complexity of the particle system is of order



N? in the worst situation, however, in several examples of section the complexity for the
calculation of the interaction term is of order N.

After the convergence study of Theorem we introduce the notion of mean-square con-
tractivity and study the stability of the SSM —.

Definition 2.2.8 (Mean-square contractivity). Suppose that Xo € LT'(R?) and Zy € LT'(R?)
for some sufficiently large m € N. Take two numerical solutions of the same numerical scheme
Xf;N and Z}lN of with Xé and Zé being i.i.d. copies of Xo and Zy respectively. The
scheme is called mean-square contractive if we have

lim  sup E[|X;N —Z;’N|2] =0.
n*)()oieﬂl,N]]

The next result shows when the SSM is mean-square contractive.

Theorem 2.2.9. Let the assumptions of Theorem [2.2-6| hold.
Assume a further form of the Lipschitz condition of b,o. Namely let Ly, Ly, Ly, L5 > 0 be
such that

|b(t,:c,,u) - b(t,l'/, ,LL/)|2 < Lb|x - :L‘/|2 + LEW(z)(,uﬂN’l)zv
lo(t, @, 1) — o(t,a,1)|* < Lolz — o' P + Le W (u, 1)

for allt €10,T), z,2' € R? and p, i’ € Po(R?). Suppose that Xo € LI (RY) and Zy € LT(R?)
for a sufficiently large m € N, and let Xé and Zé be i.i.d. copies of Xy and Zy respectively.
Set h > 0. Define two families {(XZN, YN} n and {(ZEN,G4*N) Y as the output of
the SSM ([2.5)-(2-6) w.r.t correspond empirical measure pairs {gX ", p¥-NY,, and {pZN, p§N},
with input initial conditions {Xé’N}i and {Zé’N}i respectively.
Then, for any n € N,

swp E[|X0Y = Z2V[] < (148" sup E[1X5N - 257, (2.8)
i€[1,N] i€[1,N]
where
5 (2L, + A+ 1+ L;)+ h(LzA+ B) + h?BL; (2.9)
N 1—h(2L, +1) ’
and A= (2\/Lb+2\/Lg+Lg+L5) B =L+ L. (2.10)

Under the choice of h stated in Theorem the quantity 1 + Bh is always positive. If
L, < =(1+ Lz +A)/2 < —1 and for a sufficient small h then 8 < 0 and thus the SSM is
Mean-square contractive.

The proof of this result is postponed to Section 2.4.2] We illustrate immediately the scope
of our findings with several numerical results. The reasoning behind the specification of the
Lipschitz constants of b and o will become apparent in the examples Section The main
motivation is to account for the contribution of the spatial and measure components separately
as a way to explore the flexibility allowed by the scheme in choosing the drift coefficients v and
b.

The equivalent definition of Mean-square contractivity (Definition for the initial MV-
SDE (2.1) is the so-called Ezponential mean-square stability inequality defined next. We will
make use of this definition in Section 2:3.4] below.

Definition 2.2.10 (Exponential mean-square contractive solutions). Let X, Y be two solutions
to ([2.1)) with initial conditions Xo,Yy € LT (R?) respectively. If X,Y satisfy

E[‘Xt — Ytﬂ < e"tIE“XO - Yolz]

for some real numbern < 0, then the MV-SDE (2.1)) is said to generate exponential mean-square
contractive solutions.
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2.3 Examples of interest

We now illustrate our numerical scheme , through several examples of interest. More-
over, alongside the SSM simulations we also provide a comparative analysis with two other
numerical schemes: Taming [60] and Adaptive timestepping [125] ( the detailed forms are in-
cluded in Section and . For convenience, Section [6.1] contains a brief description of
the algorithms including convergence results and conditions.

Since the exact solution to each example is unknown we use a proxy for the true solution
in order to compute approximation errors. Concretely, we compare SSM/Taming/Adaptive
results with SSM/Taming/Adaptive results at a lower value of timestep h as a proxy (each
method is compared with its own approximation of the true solution but at a much smaller
timestep). Within each example, all the methods will use same Brownian motion paths.

We consider the weak error (k = 1) and the strong error (k = 2) between the true solution
X7 and the approximation Xr as follow

el =fy = -1, o
k= o N\YE (1N i i) F
(E[|XT—XT|D ”(NZ-:1|XT—XT|) :

Our main theorem covers only the strong convergence result, nonetheless, we also present the
weak convergence rate estimation.

We study several examples. The stochastic Ginzburg Landau example is a well-studied
one and it provides a comparison example to other methods. The second example is a multi-
dimensional FitzHugh-Nagumo model of McKean-Vlasov type from neuroscience which shows
that the split-step method can properly deal with the superlinear term in a complex system. For
the first example, we discuss the parallel implementation, for the second example, we discuss
the accuracy w.r.t runtime.

The third example lies outside the scope of our assumptions by featuring a non-Lipschitz
measure dependency, but all the methods still work. Proving the convergence of the method
under this setting is left for future research.

In the last part, we discuss the stability of the SSM as understood by Theorem We
first look at a linear case to compare the conditions for mean-square contractivity between
MV-SDEs and the numerical scheme. Then, the non-linear Ginzburg Landau type equation is
used to illustrate the mean square contractivity for the split-step method. At last, the Cucker-
Smale flocking model (a degenerate MV-SDE) shows the split-step method has better properties
compared to the other methods under larger choices of timestep h.

k=2

Remark 2.3.1 (Parallel implementation). To implement the SSM — in parallel, at
each timestep, we first solve step of the SSM distributed by the cores, then calculate the
empirical measure of the particle system in the first core, and finally the second step of
the SSM is executed also in parallel. To implement Taming and Adaptive (6.2)) in parallel,
at each timestep h one needs to first communicate the empirical measure of the particle system
between different cores and then each core can calculate its particles dynamics independently.

A priori one should expect the taming to be the fastest of the three algorithms. We highlight
that due to the nature of the empirical measure, after each timestep the processors need to
communicate to update the calculation of the empirical measure, this leads to a well-known loss
of parallelization power [2])].

11



2.3.1 Example: the stochastic Ginzburg Landau equation

The first example we consider is the mean-field perturbation of the classic one-dimensional
stochastic Ginzburg Landau equation, namely, for all ¢ € [0, T7,

2
dX; = ((”2) X, — X3+ cIE[Xtht o' X dWy, Xo =0 € R. (2.11)
where in SSM version 1:
5 (U/)2 ,
vtz ) = —x°, b(t,x,p) = 5t +c | zu(dx), o(t,x,u) =o'z, (2.12)
R
in SSM version 2:
3 (0')? /
v(t,z,p) = —z° +c | zplde), b(t,z,p) ="z, oftz,p) =0 (2.13)
R

where o', ¢ are constants.

This equation is a toy one-dimensional MV-SDE that we use for a methodological comparison
analysis. It features in [60, Section 4.1] and [125 Section 4.2], thus a comparison is insightful
under the same choice of coefficients. Namely, we take ¢/ = 1.5, xg =1, ¢c=0.5, T = 1 and
N = 1000 particles. The results are shown in Figure The timestep are h € {107%,2 x
107%,5x107%,1073,...,1071}. The true solution is calculated with h = 10~5 (for each scheme).
We have tested both versions of SSM, and , and both show similar results (we
present only one).

—+— Taming

—e— Split-step

—— Adaptive

+- Parallel Taming

~&-- Parallel Split-step
- Parallel Adaptive

10-1 10°

H
2

10°

Weak Error
Strong Error

Runtime in Seconds

—+— Taming

1073 © =+ Taming

—e— Split-step version 1 i Split-step method 1

—— Split-step version 2 1073 " —=— split-step method 2

—— Adaptive : —e— Adaptive

104 -~ Order 1 - S Order 1 10-2 +
—— Order 0.5 10744 - —— Order 0.5 +
104 1073 1072 107! 1074 1073 1072 107! 1074 1073 1072 107!
Time step Time step Time step
(a) Weak Error (b) Strong Error (rMSE) (c) Algorithm runtime

Figure 2.1: Simulations of the stochastic Ginzburg Landau equation with N = 1000 particles.
(a) Weak error of different methods. (b) Strong error of different methods. (¢) Runtime of
different methods in serial and in parallel.

Taming is implemented with a = 0.5 while Adaptive under the choice h®(z) = hmin(1, |z|~2).
Fig a) shows the Weak error rate of the Taming to roughly be 1/2 where for other methods
it is 1.0. Fig b) shows the rMSE rate of all the methods to be around 1/2 with Taming’s
error being about one-order of magnitude higher than the other two errors (also observed in
[125] Section 4]). The two versions of the SSM have similar behaviour for this model. Fig[2.1fc)
depicts running times of 3 methods (version 1 of the SSM), the top 3 lines are the standard
implementations (non-parallel) and the bottom 3 lines are the parallel implementation with 4
cores.

In both the parallel and non-parallel implementation, Taming is the fastest while the SSM
takes a slightly longer time than the other methods but with a performance comparable to
Adaptive. In a parallel implementation with 4 cores we reach a reduction to nearly 27% in
relation to the non-parallel implementation’s computational time. In this example, to reach
the same strong error level Taming takes nearly 7-times more time than SSM; Adaptive is
similar to SSM.
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2.3.2 Example: the FitzHugh-Nagumo model

This is a three-dimensional (d = 3) MV-SDE (2.1) defined with v : [0,7] x R® — R3, b :
[0,T] x R3 x Po(R3) — R3, 0 : [0,7] x R® x Po(R3) — R3*3 for & = (z1,22,73) € R?, 2 € R
and p®® is the marginal measure in z3,

—(1)°/3 v1 =Ty + 1 = fpo (21 = View)2du™ (2)
u(t,x) = 0 , b(t,x,p) = ;(xl(—li—_ci; bxs) 7
0 Ur Trexp(-A(@i—Vz)) AT

Oext 0 - fRS 07(r1 — View)2dp™ (2)
olt,z,u)=1| 0 0 0 ,
0 032 ({E) 0
Vo oy, 0O 0
To ~ N wo |, 0 Owy 0 s
Yo 0 0 Tyo

where

Tmax(l - 1'3) A
=1 . r T o 12|
752(2) {wsew»w}\/ T exp(-Awn - V) TP T T ey - 12

and I, J, Vieo, Vi, Tinax, I', A, 0cut,07,0a,b, ¢, a,,aq, A are constants.

All the parameters are the same as in [60, Section 4.3] (Vo = 0,wo =1/2,...) — see also [125]
Section 4.4]. The split-structure of the SSM enable us to flexibly deal with the superlinear term
and the Lipschitz terms separately — we make judicious choices regarding v and b and thus we
can optimise the solver of the implicit part. Otherwise, we would have been forced to use a
general purpose solver which is costlier.

T P 107! N —+— Taming
10-1 /,,/’ ) e \ —— Split-step
- . -1 - . —e— Adaptive
10 ) \ P

1072
1072

Weak Error
=
)
1
&
-
Strong Error

Strong Error

-3
1073 s 10

—+— Taming
—— Split-step

—+— Taming
—e— Split-step
—e— Adaptive —e— Adaptive
= Order 1 -~ Order 1
—— Order0.5 | 1g-4] - —— Order 0.5

1074
1074 1073 1072 107! 1074 1073 1072 107! 1071 100 10! 102
Time step Time step Runtime in Seconds
(a) Weak Error (b) Strong Error (rMSE) (c) tMSE w.r.t runtime

Figure 2.2: Simulations of the FitzHugh-Nagumo model with N = 1000 particles. (a) Weak
error of different methods. (b) Strong error of different methods. (c¢) Strong error compare to
different Algorithm runtime.

For the simulation, we take N = 1000, 7' = 2, the time step is taken from h € {107%,2 x
107%,5 x 1074,1073,...,1071} and the true solution is calculated with A = 10~5. Taming is
implemented with o = 1/2 and Adaptive with h®(z) = hmin(1, |z|?/|b(t, z, u)|?). Fig a)
shows the weak error rate of Taming to roughly be 1/2 with other methods being 1.0 (imple-
menting Taming with o = 1 yields a weak convergence rate of order 1.0, we do not present the
result). Fig[2.2b) shows the strong error rate of all the methods to roughly be 1/2, the error of
SSM is an order of magnitude lower than the others. Fig c) shows that, to reach the same
strong error level Taming takes nearly 80-times more time than SSM; Adaptive takes nearly
10-times more time than SSM.
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2.3.3 Example: Polynomial drift (non-Lipschitz measure dependency
but still of one-sided Lipschitz type)

We present an example from [20), Section 3.3] that falls outside the theoretic framework of this
chapter. Take the one-dimensional MV-SDE for ¢ € [0,7] and v € R

dX, = (vxt +E[X)) — XE [|X,]?] )dt + X, dW,,  with X(0) = 20 € R, (2.14)
and set: w(t,z) =yr — x/ lz|?p(dx),  b(t,z,pu) = / zu(dz), o(t,z,p) = .
R R

The dynamics of the interacting particle system (2.2)), for i € [1, N], X®V € R, is

N N
, , 1 , - , ‘ ,
dx;" = [’VXZ’N S D IRAEP DY \Xf’NIQ}dt + XN dwy
j=1 j=1
where (W?); are independent Brownian motions. Take v = —1, T = 1. We have a superlinear

measure component in and none of the schemes is applicable (insofar as existing theo-
retical results allow). If the measure component was fixed (with finite 2nd moment), then, the
drift would satisfy a one-sided Lipschitz condition — the convergence of this type of schemes is
left for future work.

1071 T 107H
5 S
2102 £ 1072
w w
v o
¢ 5
e &
-3 _ _-"
10 —— Taming 1073 —— Taming
—e— Split-step —e— Split-step
—e— Adaptive —— Adaptive
R Order 1 S Order 1
10741 & —— Order 0.5 10-41 —— Order 0.5
104 1073 102 101 10 10- 102 10!
Time step Time step
(a) Weak Error w.r.t Time step (b) Strong Error (rMSE) w.r.t Time step

Figure 2.3: Simulations of the polynomial drift model with N = 1000 particles. (a) Weak error
of different methods. (b) Strong error of different methods.

The results are shown in Figure We take N = 1000, T' = 2 and the timestep is taken
from h € {107%,2 x 107%,5 x 107%,1072,...,1071}. The true solution is calculated under h =
1075, Taming is applied with a = 0.5 while Adaptive under the choice h®(x) = hmin(1, |z|~2).
Figure a) shows the weak error rate of Taming with @ = 0.5 to roughly be 1/2 with other
methods being 1.0. Figure 2.3b) shows strong error rate of all the methods to roughly be 1/2
(as expected).

2.3.4 Stability of the SSM: linear, non-linear and the Cucker-Smale
model case

Recall from Theorem the expression for 8. For the remainder of this section, let

t € [0,T], we define Xo, Zo € LI(R?) and X{, Zi, i € [1, N] as i.i.d. samples from X and Zg

respectively, X and Z:" are defined as in Theorem as outputs of our SSM scheme (2.5

and (with the corresponding initial conditions). If 3 < 0 we then have E[| X5V |?] = 0 as

n — 00.
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Linear case: an Ornstein-Uhlenbeck McKean-Vlasov SDE
For the MV-SDE (see e.g. [20, Section 2.1]), for all ¢ € [0,T] and zo € R

dX, = (pXt + )\E[Xt])dt 0 dWi,  Xo = xo, (2.15)
scti v(t.o.p) = pr, blta) =X [ on(de), oltmm = (2.16)
R

where p, \,n are constants. The first and second moments of X are respectively given by
E [X,] =z exp((p+ \)t) and E [X?] = 23 exp(2(p + A)t) + L (exp(2pt) — 1).

Let X, Z be two solution of with Xy and Zj as initial condition respectively, then by
direct calculation

]E[IXt - Ztlz] = %e%)“)t + 1E[|XO — ZO|2] e2et,

Let p <0 and p+ A < 0 then from Definition [2.2.10] (2.15]) generates exponential mean-square
contractive solutions. The parameters of this example are L, = p, L; = N Li=L,=L, =

Ls = 0. Plugging these into (2.9) and in order to make 8 < 0, we need to choose h satisfying

2p+22+1
oA

hSSm

while in the standard Euler method, we need the following condition on the choice of h¢®¢"

to reach a contraction
Pt
p2 + AQ

pevler < (2.17)

From Definition to let the split-step method — admits mean-square contrac-
tive, h®™ requires p+ A < —1/2, while the Euler method h¢“" requires p+|A| < 0 . Recall the
SDE to generate exponential mean-square contractive solutions need the constraint p + A < 0.
Thus, the condition for a mean-square stable for both numerical solution is slightly stronger
than the condition for the SDE to generate exponential mean-square contractive solutions.
Moreover, for A > —1/4, the Euler method has less restriction on p than the SSM, and for
negative A < —1/4, the SSM has less restriction on p than the Euler method, and both method
has same restriction on p when A = —1/4.

Nonlinear case I: a stochastic Ginzburg Landau type equation

We illustrate the stability of the SSM scheme via the stochastic Ginzburg Landau type equation
(in the style of that in Section [2.3.1]), we consider the following one-dimensional MV-SDE for
all t € [0, 7]

1
dX, = (— gXt - X+ E[Xt]>dt + X AWy, Xo =1, (2.18)
5 1
set:  v(t,x,pu) = —5% zac?’ — vz, b(t,x,p) = / zp(de) +yx for vyeR, o(t,z,p) = .
R

The parameters of this example are L, = —5/2 —~, Ly=L,=1,and Ly = 'yz, Ly=L;=0-
with these parameters it is known [I43] that the system is conservative and the solution satisfies
X; — 0 a.s. ast — oco. Plugging these into the mean-square stability # constant and, when
v = 0, one must have small i in order to make 8 < 0. We now employ the split-step method,
under different choices of h and initial values. Set the number of particles to be N = 1000.

Set v =0, T =3 and Xy, = 1. Figure a) shows that IEHX;NP} decreases to zero under
different values of h (but small). Figure b) shows mean square contraction property between
X and Z highlights an exponential decay (where Z solves for Zy = 5,10,100.)

Fix h = 0.1. Figure c) shows that when v = —12 the scheme performs poorly, and this
follows from the conditions of Theorem not being satisfied. For v € {0,12}, the scheme
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Figure 2.4: Simulations of the stochastic Ginzburg Landau type equation with N = 1000
particles and T = 3.0. (a) shows [0,3] 3 ¢ — E[|X/"|?] under three different timesteps h €
{1072,1073,10*} highlighting mean-square stability. (b) shows the mean square differences
between X,Z when h = 0.01 for fixed Xy = 1, Zy € {5,10,100} and ¢ € [0,7] highlighting
mean-square contractivity.

Highlighting mean-square stability /instability of approximation as map of v under fixed h = 0.1.
(¢) this shows [0,7] 3 ¢ — E[| X" [2] (for T = 15) under three different v € {—12,0,12}. (d)
(top) shows v +— 1 + B(y)h where 8 is given in Theorem and (bottom) [—12,12] 5 v —
E[| XN [?), T =3. As v > 5 the method starts showing an error increase (bottom) which can
be matched to S(y) > 0 (top) and hence loss of stability.

shows contraction as t — oo, but it is much slower for v = 12. Figure d, lower graph)
shows what happens when one shifts “slope from v to b” via the linear term v (see Remark
2.2.7). We have now L, = —y — 5/2, thus, when v € (=5, 5) the figure shows contraction, with
X% Y~ 0 as expected. There is a significant change for v < —10 where the approximation is
not converging to the correct value. For v > 5 and higher (recall that h = 0.1 is fixed) it seems
the contraction is happening (although at a slower pace) but in Figure d, upper graph) one
sees that v — 1+ B(v)h is now above 1.0 which does not guarantee contraction (in the sense
of Theorem [2.2.9))

Figure nd (d) highlight the trade off and care needed between: (i) making L, negative
via v and thus removing the constraint on h imposed in Theorem and, (7)) ensuring the
stability of the scheme as imposed by Theorem [2.2.9
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Nonlinear case II: the two-dimensional Cucker-Smale flocking model

This example (see [67, Section 2]) highlights the stability of the split-step method. It is stable
under larger timestep h by using the implicit step for the superlinear part. The explicit methods
(Taming and Adaptive) fail to have acceptable results at this level of h.

Applied our settings, this is a two-dimensional MV-SDE define under v, b, 0 : [0,T] x R? x
Py(R?) - R? for z = (V,X) € R? |2 € R, iV is the measure of V as:

v@au)(ﬁﬂ)w@au>C*“ﬁﬂﬂ;ﬂw”@ﬁ,duam(fﬁﬂvgﬂw”@v.

where A\, ¢’ are constants. The dynamics of the particle system follows easily
Pyl o
i,N i,N N i,N N i,N i i,N i,N
e R D N 2 Y L

where i € [1, N], V&N, XN € R (W?); are independent Brownian motions.
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750 4 Bin| === ]
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(a) Histogram of V at T' =1 (b) Histogram of V at T'= 2 (c) Strong Error of V/

Figure 2.5: Simulations of the Cucker-Smale type flocking model. (a,b,c) Histogram of V at
different time 7' = 1, 2 of different methods with h = 1073. (d) Strong error of different methods
at T'= 2.

Take A = 2, ¢/ = 4, T = 2. With this choice of parameters the solution process V;
converges to 1 as t — oo [67]. ViV ~ N(1,2) are iid. samples from standard normal
distribution, the timesteps h are h € {1073,2 x 1073,...,107!}, particles N = 1000. The true
solution is calculated under h = 10~%. Taming is run with o = 0.5 and 1 and Adaptive with
h’(z) = hmin(1, |z|72). Figure (a,b) show the distribution of V' at time 7" = 1,2. All
four methods have same initial distribution (and same filtration) nonetheless there is a slight
skew between the final results. Taming with o = 0.5 has a different distribution than hte other
three methods at T' = 1, later, the SSM clusters at a different point than Adaptive and Taming
method with o = 1, but the deviation is very small (< 10~2). Consider the strong error graph
(¢), the two Taming methods fail to have acceptable result with larger timestep; while SSM and
Adaptive are at a similar position. For Adaptive, the error rate is nicely behaved but there is
a jump at h = 0.02. The split-step method error rate decrease is stable as h decreases.

2.3.5 Discussion

We discuss some comparative advantages between the methods starting with generalist com-
ments. All schemes have the same convergence error rate rMSE ~ Chs. Taming is by far the
easiest to implement, with Adaptive the most complex requiring tuning the h® map for each
case (see . The SSM requires an implicit solver and ad-hoc choices of v and b for efficiency.
Taming is the fastest algorithm with SSM and Adaptive running times being comparable with
each other. In the way we presented the SSM: all methods are amenable to an efficient par-
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allel implementation (under the caveat of processor communication [21])); moreover, in view of
Remark the SSM does not have any (real) restriction on the time-stepping although one
solves an implicit method.

From the numerical examples, we see that

1. the strong error of the SSM is consistently one order of magnitude smaller than that of
Taming. Under same choice of timestep, Taming is the fastest with SSM comparable to
Adaptive. However, to reach the same strong error level, SSM takes less computational
time than Adaptive and significantly less than Taming.

2. Compared to Adaptive, the SSM has in general no worse convergence than it and no clear
domination of one over the other emerged. Implementation wise (at the level of comput-
ing the rMSE), to keep the same filtration for different timestep choices, the Brownian
motion paths for Adaptive with function h®(z) is much harder to generate (requiring
sub-simulation from Brownian bridges) than the SSM with a fixed timestep. As a rule
of thumb, Adaptive does on average a double amount of timesteps than SSM or Taming
[125).

3. From the numerical examples and at the level of the strong error, the SSM performs better
than Taming and Adaptive at larger time steps h (via comparative lower errors).

We have not investigated the effect of dimensionality, and we suspect that the running time gap
of Taming between SSM or Adaptive will widen. The SSM we present has the extra advantage
of flexibility in the way of how v and b are chosen. This means that a layer of optimisation
can be added to the implicit solver. Lastly, and partially addressed here with the stability
analysis, do the schemes preserve the finer properties of the underlying dynamics? Are they
geometrically ergodic? Do they preserve oscillatory dynamics, such as amplitudes, frequencies
and phases of oscillations? Even for large time steps? It is known that explicit Euler type
schemes face difficulties in regards to this, with implicit or splitting methods being more stable
[32].

2.4 Proof of the convergence result for the split-step method
(SSM)

Throughout this section Assumption [2.2.1]is assumed to hold for all results.

2.4.1 Proof of the main convergence result, Theorem [2.2.6]

For all auxiliary results next, we assume the conditions of Theorem [2:2.0] are in force and we
thus do not state them.

Preliminary results

As a first step, we state a result that allows us to re-write and as a map of XN
without the presence of the Y*. We present first a new general version of [85, Lemma 3.4]
where the differentiability Assumption is lifted and the maps are allowed to depend on time
(and the measure component).

Lemma 2.4.1. Let v be as in Assumption|2.2.1, Choose h > 0 satisfying 1 — h(2L, +1) > 0.
Then fort € [0,T], ¢,d € R, u € Py(RY) the implicit equation,
with d, p,t fived and ¢ unknown,
c=d+ hv(t,c,p). (2.19)

has a unique solution in c. Define the functions vy, and F}, as

on(t,d, 1) = v(t,Fh(t,d, p,),,u) with [0,T] x RY x Po(RY) S (t,d, 1)  Fu(t,d, p) = c € R%
(2.20)
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We then have for all t € [0,T], z,y € R, p, u®, ¥ € P2(RY) the following four inequalities,

[o(t, z, 1)
¢ <00 T 11 92.21
one ) <5 (221)
2
F _F P 'l 2.22
‘ h(t,x,/.l/) h(tvya:u” —1_2hLv7 ( )
1

xT xr 2
[Fult, @, 1) = Fu(t,y, 1) (lo =yl + Lah (WO (w7 1)), (2:23)

<
~1—h(2L, + 1)

L,
- t —up(t — | —y? 2.24
(x =y, vnlt, @, 1) —vnlt,y, p) < oL, |z —yl". (2.24)
For x;,y; € R4, i € [1,N] and u®, ¥ € Po(R?) being the empirical measures associated
with the collections {x;}i,{yi}:, define the maps

b (t, @i, "o ) = b(t, Fh(t i, ), p ) op (b @y, gt ) = o (8 By (@i, p), g,
N
1
Fp ooy F, y
Where M fowok (dl‘ jZI(SFh(t Zj, #y)(dl‘) o dLU N gth ty;j, Ny) dLU)

then, by, and oy, are satisfy

2
’bh(tv xiath’m’Mw) - bh(t, Yi, MFh,y,uy)
Ly >, 2La h+1 )
<—— =2 ||z —w
= 1-h(2L, + 1) ('xl ™+ ZIIJ vl
2
lah(tv xia/'LFh’z’Mm) — O'h(t, Yi, #F}L,y>uy)

L 2L h+1
< 7o ol E |2

Lastly, vy, — v, by, — b, and o, — o uniformly over the compacts of [0,T] x R x Py(R?) as
h—0t.

We observe that to establish (2.21) one only needs 1—hL, > 0, in other words the condition
1—2hL, > 0 is not sharp for that result Nonetheless, inequalities (2.22)) and (2.24]) are critical
for our work and hence we write one single constraint.

Proof. Existence and uniqueness for can be proved via a strict monotonicity contraction
argument. Namely, fix some ¢ € [0,T], from one defines the operator A : R* — R? as
A(u) = u — hv(t,u, p) for u € RY. Following [142, Definition 25.2 (p.500)], the operator A is
continuous and strongly monotone (uniformly in ¢) under the restrictions A > 0 and 1—hL, > 0.
This follows by directly injecting the one-sided condition of v (from Assumption in the
definition of strongly monotone operator. Finally, from [142, Theorem 26.A (p.557)] we conclude
that the operator A is invertible and the inverse map is Lipschitz continuous. Thus, has
a unique measurable inverse given by Fj, from (2.20). See also [107, (p.2596)].

We now determine the Lipschitz constant of v, and Fj, of ([2.20). For (2.21)), suppose
c,d € R € Py(RY) satisfy ¢ = d + hv(t, ¢, 1) then, from Assumption M

c=d+ h(v(t, ey p) —v(t,d, u)) + ho(t, d, ),
= ‘C - d‘Q = <C - d,’U(t,C, N’) - U(tvdv M)>h + <C - d,’l}(t, d, /U')>h

< hLyle —d|* + (¢ — d,v(t,d, u))h
& (1= hLy,) |c—d]* <|c—d| |v(t,d, )| h.
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Since ¢ = d + hvy(t, d, i), we have by re-arranging the terms and plugging the inequality above

v(t, d, p)

1
t,d =—lc—d| < .
(b, )] = e — d] < S

For (2.22), suppose ci, ¢, dy,do € R, € Pa(RY) satisfy ¢; = dy + hv(t, ¢y, p) and ¢y =
dy + ho(t, ca, p), we have

2
‘Fh(tvdlau)_Fh(tad%M) = |Cl_62|2

= (c1 — ¢g,d1 — do) + <01 —co,v(t e, 1) — v(t,CQ,u)>h

A

1 1
5‘01 - 02|2 + §‘d1 — d2|2 + hLv|Cl — 02‘2.

For (2.23), suppose x,y, 4,9 € RY u® p¥ € P(RY) satisfy & = 2 + ho(t, &, u®),
hv(t, g, n¥). We then have

<>

- ‘Z - g|2 = <"i — YT — y> + <i' - gav(ta:%,.uw) - ’U(t,y7p,y)>h

L. ~ 1 A ~ T x
< §Ifc—y|2+§Ix—y|2+<fc—y,v(t,:c,u ) —vu(t, g, 1 )>h

+ (& = 9, 0(t,9,17) = ot G, 1) Y
cLlia e Lo e L 1 5 l2h 1L~ W (. 92
<5l =P +5le =yl + (Lo + 31 = §Ph + 5 La (W (07, 1))

To prove ([2.24) we use the same notation/identities used to prove Inequality (2.22)) above.
We have that

(i = ds, (dr — d3) + B (ot du, 1) — vn(t, o 1)) )

1 1|dy — do?
=(dy —ds,c1 — 1) < =|dy —do|®* + = ——
(di —d2, 1 Cl>_2\ 1 — da +21—2hLv’
and thus
<d — do, vn(t, d1, 1) — vn(t, d )><L|d — dy?
1 2, Unl\l, A1, 1) — Un(l, d2, {4 =1-2hL, 1 2| -

We now address the Lipschitz property of by, 0. Since they are of the same nature, we
provide only the proof for by, as that for oy, is identical. Let ¢ € [1, N, using the definition of

by, then Assumption followed by ([2.23) we have

2 2
‘bh(tvxhﬂFh'm) - bh(tyi),thwy) S Lb(|Fh(ta T, ‘u:c) - Fh(t7yi7,uy)‘2 =+ (W(Q)(MF’maMFh’y)) )

N
1
< Lb<|Fh(t»$i»Nw) — Fu(t, i, n")* + N > |F(t s, 1) = Fult,y;, Ny)|2)
=1

N
Ly 9  2Lzh+1 9
< o et T2 a2 ).
SToh@2L, + 1) <|zz wil® + =52 les il

j=1

The convergence result in the final statement follows straightforwardly from [85, Lemma 3.4].
This convergence result is applied with fixed N and the parameter of the convergence is h
(not N). One only needs to apply their arguments over [0,7] x R where the measures
i € Po(R?) are taken to be compactly supported on the compact where the family of points
{z;}; is contained.

O
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After having introduced Lemma [2.4.1) we can ﬁnally address the continuous-time extension
of the SSM ([2.5) . as referenced in Theorem The SSM can be written as a continuous
time SDE via hnear interpolation of the iterates, namely, for t € [tn,tni1], i € [1,N], X§ €
L7 (RY):

AXPN = <vh(n(t),X;’(]X), ﬂfj(t)) +bh(n(t),Xi’(tN), ﬁff(t)))dt+oh(n(t), s NN dWY, (2.25)

N
1
where ,uﬁ(t) (dx) =~ Z(Sxié\’) (dx) and ,uN v (dz) NZ (1), waﬂm(t))(dx)'

where k() = sup {tn ity <t, ne [[O,M]]} and i) = ply.

Moment bounds

We now employ the results of Lemma m to establishing a domination of [Y;»*N| by | X%V |,

Lemma 2.4.2. Choose h as in Theorem and recall Cr, Zv as defined in Remark .
Then, |Y,i*N| of [2.5) satisfies for any i € [1,N], n € [0,M — 1],

=~ N
_ g 2L, Lih 1 g 20
YN 12 < | XEN2(1 4 Y h)+ ( >l ,J;N|2> + =T h (2.26)
1—2L,h 1-2L,h \N o 1—2L,h

Remark 2.4.3 (More on the stepsize h). The bound for h is necessary, for example, if
v(t,x, ) = 10z, then the implicit solution gives y = x/(1 — 10h) and one sees that the h < 0.1
condition is critical.

Recall the stepsize constraint on h in Theorem [2.2.0 By inspection of the proof of this
Lemma and the definition of L, in Remark the reader will find that the constraint L, <
—1/2 needed to ensure 1 — hL, > 0 is not sharp and can be replaced by some number ¢ € (0, 1),
i.e., L, < —e. The lack of sharpness arises from the choice of EU in Remark . There
we used the Cauchy-Schwarz inequality where we could have used a Young type inequality from
which the parameter ¢ would have arisen. We choose 1/2 for ease of presentation.

Howewver, through the split-step structure, one can use the “add and subtract a linear compo-
nent” in the drift before the split-step is executed to make L, < 0 and thus remove the constraint

on h — see Section .

Proof. From ({2.5) and Remark for any 4, n and any ¢,, € m we have using Cauchy-Schwarz
and the properties of v that

Vo N2 = (Yt N XN 4 (VN o, Yo i) R

ny tn

N
1. 1, .. ~ L/ 1 .
< Z|yisN2 LD XAN 12 Ly, L,|YinN?2 v( Z XN 2) .

j=1
O

Remark 2.4.4. Under Assumption[2.2.1] and under the choice of h in Theorem[2.2.6, 1/(1 —
2L,h) is bounded above by some constant mdependent of h. We can thus claim that there exist
constants C > 0, CeR depending on L,,Crp, L but independent of h such that from Lemma

m and Lemmam 12.4.2 we have (for any t,xz,y,p)
. . o
Vr(l, T, )| = UL, T, 1), H = ’ + + h— ’ + )
fon(t, 2, )| < Clottz,wl, [V < XYL+ Ch) +he DO 1X0Y P+ Ch
j=1

(x =yt 1) —vopt,y, 0)) < Cle —y?,  |Fult,z,m) — Fi(t,y, p)]* < Clz —yl.

After this remark emphasising the independence of the constants in h, we are in a position
to prove the moment bounds for the output of the SSM.
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Proposition 2.4.5 (Moment bounds of SSM). Choose h as in Theorem [2.2.6, Then, there
exists a constant C € RY such that for any i € [1, N], n € [0, M], for % > p > 1, the output

Xf;N of the scheme (2.5)-(2.6) satisfies,

z‘es[[lll,IJ)V]} E[nes[[%g\/lﬂ |X§N|2p} < C(l - ies[[lll,rl)\/ﬂ E“XS)N‘ZPD -

Proof. Let i € [1,N], n € [0, M — 1] and recall (2.6). Using Assumption Remark
we have by taking squares and applying Young’s inequality:

XN 2 = YoV

+2<Y£’*’N,b(tn,yl*N YN)h—l—U(tn?Yl*N YN)AW1>

. . 12
bty YN iy N )R 0 (b, Yo i ™) AW,

< |XEN2(14 Ch) 4 Ch+ 2|b(ty, YN g N) 202 + 2|0 (t,, Yoo N | aX V)2 (AWE)?

N
Ch Ny _ , _
-SSR 2V ot Vi N YN ) AW )
j=1

=

+2C<1+‘Y1*N2 Z j*NQ)

<XV C(1+ KGNV + Z\XJN 2) (1awi2 + n)
+2<Y;a*vN,o(tn,Y“N YN)AW’>

where we used W® (a}N,50)2 < & Z;\le |Y7*N |2 By backward induction from n+ 1 to zero,
we have (after some snnphﬁcatlon)

T < 1Y 230 (W ot Y i A ) € 3 (JAWEF)

k=0
+ cz (\XZ N2 AW | ) + C’Z (;ZN: |X,{»N|2|AW,§|2) + Czn: (h)
k=0 j=1 k=0
oy (1% R) +C 3 (v Z XPNR).
k=0 k=0 j=1

Taking power p > 2 on both sides, expectations and re-organising the terms, we have (with C,
independent of h, N)

el ] = 00 ([ 7] B[ (07 oty w0 )
(

#B(3 (mwee)) T [ (1 Fawee)) T (3 (15 P))]

WE
M:

(5 () o2l (S5 e i) ol (5515277 ).

There are 8 terms to be estimated, but in essence only 3 arguments are needed. We present
them only for the most complex terms since for the remaining ones it is just a simplification
of the arguments presented. We present them in the form of supremum over n € [0, M — 1].
We start with the last term of the 2nd line: apply Jensen’s inequality twice after scaling the
outer summation and then tower property to take advantage of the conditional independence
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between X,zN and AW}, namely, (recall h = T/M)

LI QA . P 1 Mo X .
Bl o (2 (5 Sk PIawir))] <[5z 32 (5 2150 riawif)ar]
n€l0,M—1] *p—o *Y 5= k=0 j=1
M- N
- h]E[ > Jb; X7 NPP] orv.

We now address the second term in the 1st line. Using Burkholder-Davis-Gundy (BDG)
inequality and Jensen’s inequality as above, the Lipschitz property of o, Jensen’s inequality
and the domination of ¥;"*" by X" in Lemma gives

gl o (X (00 ot i Mang) )|

nel0,M-1] \ =,
- M-—1 ' ' z
<cB| (X (10 ot v ) )|
- k=0

<cE| iMil (1+|Yi’*’N|4+1%|Yj’*’N|4)h : ME
- \M k N~ k

k=0

r M—-1 ) M-—1 1 N
<CE|1+ | > 1N h+ | 5 I 2] ]
L k=0 k=0 = j=1

Finally, we address the last term in the 3rd line of the inequality. The result follows by applying
Jensen’s inequality

e (5 S -2

nel0,M—1] 0

S

i\
E\H

—

— al N2
Js

XX P ]
M—

<hE[
k=0

,_.

=
Mz

| JN2P]T
1

<.
I

Collecting the several inequalities and injecting them back in the initial inequality, we conclude
that

B M-1 M-l N
B[ sw (K] <01+ [P B[ X 15 B[ X 5 3 1R ).
nel0,M—1] k=0 k=0 N j=1
Taking supremum and using that the particles are conditional i.d.d. (for fixed k)
_ M—1
sup E[ sup |X;’N\2p] < C’<1+ sup E[|X6’N\2p} + Z sup IE[ sup |XZ,}N\2P] h).
ic[1,N] ne[o,M] i€[1,N] o i€lL,N]  Lo<n<k

The proof finishes after applying the discrete Gronwall’s inequality to the inequality, and using
that the XS’N are independent and identically distributed (i.i.d). O

We now provide (moment) estimates for the continuous-time extension of the SSM.

Proposition 2.4.6. Choose h as in Theorem , Take (X,f’N)te[O 1) as the map satisfying
(2.25)), i.e., the continuous time extension of the SSM Then, for any for 5 > p > 1, there exist
C eR*:

sup E| sup |)A(Z’N|2p} <C(1+ sup ]E[|X(§’N|2PD < 00. (2.27)
i€[1,N] lo<t<T i€[1,N]
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Proof. Let i € [1, N] and n € [0, M —1]. From (2.25), set t,, + s = ¢, for all t € [0,T],n €
[0, M — 1], then

XN = X0 o (tn, X0V ) s + g (tn, XEN BN )s + on(tn, XEN BN YW Lo — W),
(2.28)

Plugging (2.5) in (2.28) gives
S

A i S
XN =XN0- )+

) YN b, X i )s + on (b, X0 B (W, g = W),

Since s < h, by the Lipschitz conditions on by, and oy, and Lemma [2:4.2] we have

N
Ny . 1 . NP
XN < 0(1 XN A 5 20 KEN A fon(t, X2V NP

Jj=1
2)

N
i 1 > -i,N ~ i i
< O(THIREVP + 3 LI + (e, K57 OV, - W)
j=1

+ ’ah(tan;’N?ﬁg)<WZn+s - thn)

)
Taking supremum over time and expectations on both sides yields

]E{ sup |XZ"N|21’} :E[ sup sup |XZWJL|2P}
0<t<T nef0,M—1] 0<s<h

50 1 al o j i,n
< CE [1 + ne[[f)}lz\lﬁl)—u] {(|X715N|2p + N ; |X£;N|2p) + 1, }] .

) X A . . |2p
where I, is given by I’ := supg<.<p, ‘ah(tn,XﬁN,ﬁg)(W;nJrs — Wi )| . Using the BDG

inequality, Jensen’s inequality, the Lipschitz condition on o), and Proposition [2:4.5] gives

E[1;") < CE[(|on(tn X3, i) *h) "] < CWE[L 4 X0 + Jiﬁjlwwﬁp] <ow.

Take supremum over 4 € [1, N|, then by Proposition it follows that

sup E[ sup |)A(Z’N|2p} < sup E{C(1+ sup |X;’N|2p+0hp)}
i€[1,N]  Lo<i<T i€[1,N] 0<n<M

§C<1+ sup E{|X6’N|2PD < 0.

ie[1,N]
O
The last result in this block concerns incremental (in time) moment bounds of XN,
Proposition 2.4.7. There exists C € R™ such that for any p > 2, with m > (q + 1)p,
sup E| sup |X; — X;(JX)V’ < Cht. (2.29)

i€[1,N] Lo<t<T

Proof. From (2.25)), for all ¢ € [0,T] such that ¢ € [t,,, t,41] set s € [0, k] such that ¢, + s = ¢.
Then

XN = X0V o (tn, X0V AN )s + b (tn, XEN BN Vs + op(te, XN 5N YW — Wi ).
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Thus, we have a constant C), only depending on p such that
XN = XN <O (lon o, XN, )R + Ion (1, X3, ) PR

p)_
Take sup over time and expectations on both sides. Using Assumption [2.2.1] one deals with the
last term with the BDG inequality (using conditional expectations via E[-|F;, ]) and Jensen’s

inequality. From Lemma and Propositions and there exists a positive C
independent of A, N, M such that

+ Jon (tn, XN, 1) PI(W] = W)

sup E[ sup | XN — XZN|p} < C(h? +h= )( sup E[ sup |X;>N|(Q+1)pp < Ch%,
i€[1,N]  Lo<t<T ic[1,N]  Lo<n<m

where g follows from the polynomial growth property of v in Assumption [2.2.1 O

Local errors

After having discussed moment bounds, we now discuss the local error.

Proposition 2.4.8. Let the assumptions of Theorem[2.2.¢ hold. Take the functions v,b,o and
the corresponding functions vy, by, on as defined in Lemma|[2.4. 1]

Then, there exist positive constants Cy, Cy, C3 and ¢' = 2(q+1)?, such that for all t € [0,T],
i € [1,N], z € R%, and the collection {z;};, we have

N
’ 1 /
[on(t, 260 17) = 0tz 0P < (14 [il? + 5 D 1217 ) 2, (2:30)
j=1
N
/ 1 /
[bn(t, 23, =) = b(t, 24, %) |* < Co (1 + |z* + N Z |25 )h27 (2.31)
=1
N
’ ]_ ’
lon(t, zi, pTew) — o (t, 2, 1) < Cs (1 + |z]" + N Z |25 )hz- (2.32)
j=1

where pi* and pfr=1* are the two empirical measures associated with {z;}; and {Fy,(t, z;, 1*) }s
respectively, i.e.,

N

. 1
pide) = & D 0:,(dz), and  plee (dz) = § O (20} (d2).
j=1 j=1

Proof. Recall the estimates given in Lemma m Using the identity Fp(t,z;, %) = 2z +
hop (t, z;, 7)), (2.21]), Assumption 2.2.1] Young’s inequality and Jensen’s inequality, we have

2 2
"Uh(t, Zi)/J'z) - U(t7 iy :uz)‘ = "U(t’ 25 + h’l)h(t, Ziv/’(‘z)a IU’Z> - U(t7 Zi7/’[/z)‘

2
< C'(l + |z + hop(t, zi, u*)|? + \Zi|q> R |on (L, 2, 1°)|?

N
1
< C(1+ |2 4 |20 DR 4 21— E:\zﬂ?q) e s (14 1522+ = 3 151)
j=1
1 N
2(q+1)(a+1) 4 442 1,2
§0(1+\z|q NE, 2] )h

As in Lemma we show only the result for by, as the computation is the same for o, (and
overall very close to that for vp,). Using the definition of by, the Lipschitz property of b and the
definition of jf»=#* | u*, using similar calculations as above, by Young’s inequality and Jensen’s
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inequality, we have

2 2
bt 2oy 172 ) = Bt 20, 107)| |

= b<t, Ey,(t, 2, p° ,th’L“Z) —b(t, z;, 1u*)

IN

2
Ly (W2 on(t, 25, 12))> + (WP (P 17)) )

<L (h |op (t, 25, u° | + — Z|Fh (t, 25, 1 7Zj|2>
] 1

N
< Lb<h2|vh(t,zz, Zh lon(t, 25, 1 )|2).

Applying Inequality (2.21) and the growth in v from Assumption (as in the previous
proof), we have the claim.
O

Proposition 2.4.9. Let the assumptions of Theorem 6| holds with m > 2(q + 1) Let
i € [1,N] and take X to be the solution to the mtemctmg partzcle system (2.2) and let X*N
be the continuous-time extension of the SSM given by (2.25). We then have

sup E[ sup \XZ’Nthi’Nﬂ < Ch.
ie[1,N] Lo<t<T

Proof. Take i € [1,N], t € [0,T]. From and -, both X and X*N have bounded
2p-moments (p > 2). Define the auxiliary quantlty AX7T:= X5N — X0N 1t5’s formula applied
to | XY — XPN12 = |AXE)? yields

t
AX? :2/ (v, XEN ) = on(e(s), i ). AXE ) (2.33)
0
t
2 [ (bl X0V ) = b s(5). KL Y, AXC s (2.34)
t ) . 2
b [ ot 0 ) = o), X )| s (2.35)
0
w2 [ (AXE (s, XY i) = 5 KELY ) )W ). (2:36)

We analyse the components term by term. Namely, for (2.33))
i i,N - i
(v(s, XN, 1) = vn((s), X5, i) AXE)
= (0l XEN, 1) = o, XN i), AXE) 4 (v(s, XN, i) = w(i(s), XY i) AXE)
+ <U(H(S)7 X:(JZ)v ﬂ,{gv(s)) - ’Uh(I{(S), X:gy ﬂffvv(s))v AX2>

From the Assumption take supremum over [0,7] and expectations, by the Young’s in-
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equality, we have

t
]E[ sup / <v(s,X§’N,uév)—v(s,f(;’N?ﬂs)AXZ> ]
0

0<t<T

r t
<kf s [ <v(s,X§’N,uiV)—v(sti’N,uiv)+v(s,X§’N,uiV)—v(s,Xi’N,ﬂiV),AXQdS}
L0<t<T JoO

- ¢
<E| sup / {L IAXE? 4
Lo<t<T Jo

9 2 1 ,
ol K, = ol X5V 0|+ G181 as|

<E| sup / [z, + >|AXZ|2 “W@)(uf,ﬂ?)]ds]
L0<t<T Jo

T ) 1 N )
<CE AXIP+ =) |AX]?)ds|. 2.
<ce| [ (1axi +y 3 I1)as] (2.37)

By the 1/2-Holder regularity in time and the assumption on v, the particles being i.i.d. and
the Cauchy-Schwarz inequality we have

t
]E|: sup / <U(S7 X§7N7 /lsN) - U(I{(S)v X:(]Z)v ﬂfliv(s))) AX;>d8:|
0<t<T Jo
1 g GiN N N N A |? 1 T 12
< 58| [ ot 2N ) = oo, K100 0] + 58] [ Iaxipas]
0
T N
i i N = i, N ,
< Ch+c1EUO ((1 RPN P RN PO XY - X2+ z_: XN _ X S)|2> }
1 T i
+ EU AX;|2ds]
2 0
1 i2 i\N _ $d,N |2
§Ch+2E[/ IAX] d} Z/ | X7 —XH(S)|]ds
T o0, N i, N N
+C/0 \/E{(l“L'X; |2q+|Xn’<s)‘2q) } ['X _XR(SH
1 T i
<Ch+ QE[/ |AX;|2ds} (2.38)
0
where in the last i euaht e used Holder’s inequality on the product term in combination
with Proposition and with m > 2(g+1)? to guarantee the error satisfies E| | XN —

X b N | ] < Ch?. We now make use of Proposition and arguments similar to those above
to deal with the last term of the initial inequality

t
Bl s [ (00000, R0 — (60, K100 ). AXE |

0<t<T
1 r i, N ~N %
< 5B | [lo0s(o), K0, ) = onlslo), X i) + 16X ds
SE[/O C[1+|Xﬁ’( Nz:: (,)Hh ds} +2E[/0 |AX] ds}
1 T ,
< Ch* + E [/ AX;|2ds]. (2.39)
0

where ¢’ defined in Proposition such that m > 2(¢g+1)? = ¢’ as to guarantee E UX;(Z) |q/] <
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C. We now proceed to estimate the b components. Using Young’s inequality, for (2.34)
(b(s, XEN i) = b ((s), X1 T ) AXD)

1 % iWwN ~ 2 1 i
< 3[bls, XEV ) = b(s), X )|+ SlAX

IN

. 2
’b(s,X;’N,uiV) —b(r(s), X, ﬂiv(sﬂ‘

2 .
‘b 8)s Xty fints)) — bu(k(s), X0, Mﬁf(s))‘ +AXI2, (2.40)

For the first term above, the Lipschitz condition on b, (2.22)) and Proposition [2.4.7] yield

2
i i N i, 7, N
‘b(s,XS»N,uﬁ,V) —b(/ﬁ(s),Xﬁ(S),ugf(s))‘ < C’( h+|XEN — H( )|2 NZ|XJN Xfi(s)|2 )

K(s)

N N
) . o 1 . 1
SC(h+|AX;\2+|X;’N—X;’(]:)|2+NE:|AX§|2+N§: IN _ i N \2)
j=1 j=1

and similarly we obtain:

. _ 2
‘U(S’X;’N7Név) —on(k(s), XH(];]) ,uKN(S))’
N
72 i, N 1N N
<Ol hjaxif o XY - X0 ZIAW ROOLCARS N
1, ~ N 2
+2‘ 8), X0y ie)) — on(8(9), X0 ums))‘ : (2.41)

Consider the last term 12.36: , take expectations, using the BDG inequality, Cauchy-Schwarz
inequality and Proposition [2.4.8]

' i i Gi.N ~ i
g, [ (55—t 55 7))
T : . 2 \1
gE[C(/ AXI2 (s, X0V, 1) = on((s), X500 )| ds ) ]
0
T 2 1
<E (f sup |AX[|? C / ‘a(s, XN Ny — oy (k(s), XEN N )‘ ds)2
4 o<t<T 0 K(s)? Ha(s)
, T , 2
E| sup |AX;[ }OE[ [ ot X3 ) = (o), 05 ) s }
0<t<T 0

1

4

2], 1831 ] g [ (Jose) K22 20) = et T )
4 Llo<i<r ¢ 2 0 w(s)? Fr(s) r(s)? Mr(s)

IA

<
T N |
# 8| [ (AN 1R X meu? DN - X ) |
. (2.42)
L ; ’ O A
<sel g, ot | +cm| [ (niaxif + 5 Siaxis) | o

where we used ([2.41)) to reach (2.42)), the last inequality (2.43) follows by Proposition [2.4.6]
and Similarly, for the terms (2.40)) and (2.41]), by Proposition [2.4.8 and similar
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arguments as in ([2.39)), we conclude that

t . .
| sup (2 [ (bs, XV 02) = bn () X100, 7Y, ). AXCE s
0<t<T 0

t ) i _ 2
[ ot X0 = (o). X220, 7)) |
0
T 1 N
< 02 4 — 7|2 . .
_O]E[ /0 (h+|ax]] +Nj§:1:|AXS| ds)} (2.44)

Gathering all inequalities (2.37), (2.38), (2.39)), (2.43) and (2.44)) together, taking supremum
on i, since the particles are i.i.d., we conclude (where h is the leading term)

sup E{ sup \XZ’N—)A(Z’NP}
i€[1,N] +0<t<T

T N
A . 1 , Ny
< sw E| c/ (ho+1XEY = XEN2 4 37 |XIN — XN ds |
ie[1,N] 0 N~

T
< Ch_|_0/ sup E[ sup |XZJV _ X}';N| }ds.
0 i€[1,N] 0<u<s

Gronwall’s lemma delivers the final result. O
Now, the proof of the main theorem is concluded as follow.

Proof of Theorem[2.2.6 In relation to Points 1, 2 and 3 in the theorem’s statement: Point 1
follows from Proposition [2.4.6f Point 2 follows from Proposition the last point follows by
a straightforward combination of Proposition and Proposition [2.4.9 O

2.4.2 Proof of the stability Theorem, Theorem
Proof of Theorem[2.2.9 Let i € [1,N] and n € N. From in Lemma since the

particles are identically distributed, we have

B[V~ - GNP <E [1 —rar Y = NP+ Lo W)ﬂ

1+ Lyh N i
< —E[X“ — 7 }

S TThen, el — 4

By definition of the SSM, one also has (Y;?*N — X)) = hv (t,,, VN, 0N ) and (GioN —
ZiNY = hv (t,, GEoN, 42 N). Thus, from Assumption [2.2.1) for any n, the Cauchy-Schwarz
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inequality yields
E[I1X5 - 203
< E“Yg,*,N . G;‘{*,N|2 + 2<Yni,*,N _ Gz *, N bt Yz *, N YN) b(t, Gz,*,N ~G, N)>h
+ |b tnayi’*’N ﬂY,N) ( n,GZ,*,N’Ng N ‘ h2
|t YN ) = (b, G 5 [P (AW

N
< (1 Loh + Lyh)E[|V,iN = GioN 2] 4 (Loh + L,;hQ)IE[% SOy - G|
.

+2h\/E|:|Y2*N Gz,*,N ]\/ “b myHN AYN)_b( G%*,N’ﬂx,N)|2i|

+2h\/ [|Y’v*,N Gl,*,N }\/ “b tnvG%*anlLZN)_b(tn,Gz,*,N GN)”

< (14 @VIo+2y/I; + Lo + La)h + (Ly + Ly)h? JE[ [V — GV 2],

where we used the tower property of the expectation with F; -conditional expectations to
deal with the Brownian increment term (it holds that E[|AW}|?|F;,] = h after using that all
YN Gi*sN are F; -adapted), the Cauchy-Schwarz inequality and that the particles are
identically distributed.

Taking supremum over i and using (2.23]) yields

swp E[IX0Y = 2N < 1+ h) swp B[IX5Y - 20V,
i€[1,N] 1€[1,N]

where § and « are exactly given by (2.9). A straightforward induction argument leads to

sup E[|X;N - ZA;N|2] <(1+ Bh)n sup ]E“XéN - ZAé’N|2]
i€[1,N] 1€[1,N]

Recall (2.9) for the expressmn for 5. If L, > —(1 4+ Ly + A)/2 then 1 + gh > 1 and
hence lim,,_, (1 + ﬁh) # 0, this implies that the SSM is not Mean-square contractive. On
the other hand, since (1 + Bh) is always positive then when § < 0 and (1 + gh) € (0,1)
& L, < —(14 Lz + A)/2 < —5 with sufficient small & and consequently the SSM is guaranteed
to be Mean-square contractlve

lim sup IE[|X1N 70N 2| < hm (1+ﬁh) sup E[\XSN —ZS’N|2] =0.
N0 ie[1,N] i€[1,N]
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Chapter 3

Numerical analysis for
McKean-Vlasov SDEs with
super-linear growth drifts in
space and interaction

3.1 Introduction

In this chapter, we study the McKean-Vlasov Stochastic Differential Equations (MV-SDEs)
with convolution-type drifts have general dynamics given by

AdX; = (v(X, 1) + b(t, Xo, i) ) dt + o (t, Xp, ¥ )dW:,  Xo € Lg(RD), (3.1)

where v(x,p) = /]Rd f(z —y)u(dy) +u(z,p) with p = Law(X;), (3.2)

where ;X denotes the law of the solution process X at time ¢, W is a Brownian motion in R,
v, f,u,b, o are measurable maps along with a sufficiently integrable initial condition Xj.

The corresponding IPS as an N-dimensional system of R?-valued interacting particles where
each particle is governed by a Stochastic Differential Equation (SDE) is given below.

Let ¢ = 1,--- ;N and consider N particles (XZ’N)te[o,T] with independent and identically
distributed Xé’N = X{ (the initial condition is random, but independent of other particles) and
satisfying the (RY)"-valued SDE

dxp ™ = (0N, oY) + b, XpN ) dt 4+ o (8 XpN AWy, XgN = X¢ e Lyt (RY),
(3.3)

(XN ) = (% 2L Y = XEY)) 4 (XY, i)

(3.4)
N (de) = & SN 6 (da),

where

where 6th,N is the Dirac measure at point X7, {W'};,—; .. y are independent Brownian

motions and L7'(R?%) denotes the usual mth-moment integrable space of R? random variables.

For the IPS class , the limiting class as N — oo are called McKean-Vlasov SDEs and
the passage to the limit operation is known as “Propagation of Chaos”. This class was first
described by McKean [I15], where he introduced the convolution type interaction (the v in
(3.4)). This is a class of Markov processes associated with nonlinear parabolic equations where
the map v in is also called “self-stabilizing”. The IPS underpinning our work —
has been studied widely, from a variety of points of view and as early as [I33] (for a general
survey under global Lipschitz conditions and boundedness).
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An embodiment (among many) for this typology of models is particle motion modelling that
encapsulates three sources of forcing. Namely, the particle moves through a multi-well landscape
potential gradient (the map u and b), the trajectories are affected by a Brownian motion (and
associated diffusion coefficient o), and the convolution self-stabilisation forcing characterises
the influence of a large population of identical particles (under the same laws of motion v and
f) on the particle. In effect, v acts on the particle as an average attractive/repulsive force
exerted on the said particle by a population of similar particles (through the potential f), see
[2, 138] and further examples in [92]. For instance, under certain constraints on f the map
v adds inertia to the particle’s motion, which in turn delays exit times from the domain of
attraction and alters exit locations [2] [61] [83]. The self-stabilisation term in the system induces
in the corresponding Fokker-Plank equation a nonlinear term of the form V[p.V(f x p)] (where
p stands for the processes density while ‘x’ is the usual convolution operator) [37, 38, [92]. The
granular media Fokker-Plank equation from biochemistry is a good example of an equation
featuring this kind of structure [2], 40, 111]. The literature on MV-SDE is growing explosively
with many contributions addressing well-posedness, regularity, ergodicity, nonlinear Fokker-
Planck equations, large deviations [3, [4, [61] [87]. The convolution framework has been given
particular attention as it underpins many settings of interest [40, [82] 1111 [138]. The literature
is even richer under the restriction to a constant diffusion term, o = const, as it gives access
to methodologies based on Langevin-type dynamics but also to the machinery of Functional
inequalities (e.g., log-Sobolev and Poincare inequalities). We point to [82] for a nice overview on
several open problems of interest where f is a singular kernel (and o is a constant): including
Coulomb interaction f(x) = z/|z|?, Bio-Savart law f(z) = z1/|z|?; Cucker-Smale models
f(z) = (1 +|z|?)~® for @ > 0; crystallisation f(z) = |z|7?P — 2|z|~P and take p — oo; 2D
viscous vortex model with f(z) = z/|x|? [72].

Super-linear interaction forces. For the IPS (3.3))-(3.4]) or the MV-SDE ({3.1))-(3.2]), we focus

on the class where the involved functions are not (necessarily) globally Lipschitz functions.
Concretely, the map v is a super-linear growth function in both space and measure component
— we assume that f and u in behave like a general polynomial but also satisfy a one-sided
Lipschitz condition to control for radial growth (the specific details are given in Assumption
below); the maps b and o are assumed globally Lipschitz functions.

From the theoretical point of view, this class is presently well understood. Well-posedness
was generally established in [2]; [84] investigate different properties of the invariant measures
for particles in double-well confining potential and later [I38] investigate the convergence to
stationary states. Large deviations and exit times for such self-stabilising diffusions are estab-
lished in [2[83]. The study of probabilistic properties and parametric inference (under constant
diffusion) for this class is given in [4]. Two recent studies on parametric inference [17, [63] in-
clude numerical studies for the particle interaction ([74] does not) but do not tackle super-linear
growth in the interaction component ([74] does).

To the best of our knowledge and except for [I10], no numerical methods exists for this
class as no general method allows for super-linear growth interaction kernels. For emphasis,
standard SDE results for super-linear growth drifts do not yield convergence results independent
of the number of particles N. In other words, by treating the interacting particle system
as an (R?)N-dimensional SDE known results from SDE numerics with coefficients with super-
linear growth can be applied directly. However, all estimates would depend on the system’s
dimension, Nd, and hence “explode” as N tends to infinity. In this chapter, we introduce new
technical elements to overcome this difficulty, which, to the best of our knowledge, are new.
It’s noteworthy to observe that the direct numerical discretization of the IPS system —
leads to a costly computational cost of O(N?) and hence care is needed.

Many of the current numerical methods in the literature of MV-SDEs rely on the particle
approximation given by the IPS, and the known quantified rate for the propagation of chaos
[2, 411, 10T, 100]: taming [60, O8], time-adaptive [125], Split-Step Methods (SSM) methods in
Chapter [2]- all these contributions allow for super-linear growth in space only. Further notewor-
thy contributions include [6, [16] 18] 29] 54} [62] [75] [0, 137]. Within the existing literature, no
method can deal with a super-linear growth f component; all cited works make the assumption
of a Lipschitz behaviour in g+ v(-, ) (which, in essence, entail that V f is bounded).

Our contribution. The results of this manuscript provide for both the numerical approxi-
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mation of interacting particle SDE systems (3.3)-(3.4)), and McKean—Vlasov SDEs (13.1)-(3.2).

The main contribution of this chapter is the numerical scheme and its convergence analysis.
We extend the SSM algorithm in Chapter [2| to the MV-SDEs and associated particle systems
with drifts featuring super-linear growth in space and measure, and where the diffusion coeffi-
cient satisfies a general Lipschitz condition. The well-posedness result (Theorem below)
and Propagation of Chaos (Proposition below) follow from known literature [2] — in fact,
our Proposition [3.2.5] establishes the well-posedness of the particle system hence closing the
small gap present in [2, Theorem 3.14]. The only existing work tackling this involved set-
ting via a fully implicit scheme is [I10]. They rely on (Bakry-Emery) functional inequalities
methodologies under specific structural assumptions (constant elliptic diffusion, u = b = 0 and
differentiability) that we do not make.

The idea of the SSM is that the implicit step deals with the problematic super-linear growth
part, and the elements passed to the Euler step are better behaved. In Chapter 2| there is only
super-linear growth in the space variables, and the measure component is assumed Lipschitz;
here both space and measure component have super-linear growth. The SSM in Chapter [2]
for a particle i only depended on the elements of particle ¢ (the measure being fixed to the
previous time step); hence one solves N decoupled equations in R%. In this manuscript, the
implicit step for particle ¢ involves the whole system of particles entailing that one needs to
solve one-single system but in (R?)™ and the solution depends on all terms. This change in
the scheme makes it much harder to obtain moment estimates for the scheme. For the setting
of Chapter [2] there were already several competitive schemes present in the literature, e.g.,
taming [60, O8] and time-adaptive [125] and the numerical study there was comparative. For
this work, no alternative numerical scheme exists — see below for further discussion regarding
the implementation of taming for this class.

Results-wise, we provide two convergence results in the strong—errotﬂ sense. For the clas-
sical (path-space) root mean-square error, see Theorem we achieve a nearly-optimal
convergence rate of 1/2 — e with € > 0. The main difficulty, also where one of our main contri-
butions lie, is in establishing higher-order moment bounds for the numerical scheme in a way
that is compatible with the convolution component in or and Ito-type arguments —
see Theorem [3.2.10] We provide a second strong (non-path-space) mean-square error criteria,
see Theorem 3.13|-; that attains the optimal rate 1/2. This 2nd result requires only the higher
moments of the IPS’ solution process and the 2nd-moments of the numerical approximation
[22] (which are easier to obtain). We emphasise that this 2nd notion of strong convergence (see
Theorem is also standard (albeit less) within Monte Carlo literature. It also controls the
variance of the approximation error (simply not in path-space). Hence, it is sufficient for the
many uses one can give to the simulation output — as one would do given any other Monte
Carlo estimators (e.g., confidence intervals). Lastly, we show that with a constant diffusion
coefficient, one attains the higher convergence rate of 1.0 (see Theorem .

We illustrate our findings with extended numerical tests showing agreement with the the-
oretical results and discussing other properties for schemes: periodicity in phase-space, the
impact of the number of particles and numerical rate of Propagation of Chaos, and complexity
versus runtime. For comparison, we implement the taming algorithm [60] for the setting (with-
out proof) and find that in the example with constant diffusion, taming performs similarly to
the SSM. In the non-constant diffusion example, it performs very poorly. This latter finding
raises questions (for future research) if taming is a suitable methodology for this class.

Organisation of this chapter. In Section [3.2] we set the notation and framework. In
Section we state the SSM scheme and the two main convergence results. Section [3.3
provides numerical illustrations (for the granular media model and a double-well model with
non-constant diffusion). All proofs are given in Section

IWe understand a “strong” error metric as a metric that depends on the joint distribution of the true solution
and the numerical approximation. In contrast to the weak error where one needs only the marginals separately.
Theorem @ and showcase two “strong” but different error metrics.
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3.2 Main results

3.2.1 Framework

Let W be an I-dimensional Brownian motion and take the measurable maps v : R? x Py(R?) —
R f:RT - R b:[0,T] x R x Po(R?Y) — R and o : [0,T] x R x Pa(R?) — RIX!. The
MV-SDE of interest for this chapter is Equation (3.1)) (for some m > 1), where u;X denotes the
law of the process X at time ¢, i.e., u* = Po X, '. We make the following assumptions on the
coeflicients.

Assumption 3.2.1. Let b and o 1/2-Hélder continuous in time, uniformly in x € R% and
p € Po(RY). Assume that b,a are uniformly Lipschitz in the sense that there exists Ly, Ly > 0
such that for all t € [0,T) and all x,2' € R? and Yu, i’ € P2(R?) we have that

(A%) [b(t, @, 1) = b(t, 2’ 1) P < Ly (|l = 2’ + W (u, 1')?),

(A7) ot 1) — ot 2l < Lo (Jo = a/[2 + W (, 1')?).

(A") Let u satisfy: there exist L, € R, Ly > 0, Ly > 0, g1 > 0 such that for all t € [0,T],
z, 2’ € R? and Y, i’ € P2(RY), it holds that

(x — 2’ u(z, p) — (@', @) < Lyl — o' (One-sided Lipschitz in space),
[u(z, 1) —u(z', p)| < La(1 + |z|™ + |2'|9) |2 — 2] (Locally Lipschitz in space),
Ju(a, i) — u(z, 1')|? < LaW® (u, 1')? (Lipschitz in measure).

A7) Let f satisfy: there exist Ly € R, L; > 0, go > 0 such that for allt € [0,T], z,z’ € R?,
f f
it holds that

(x—a, f(x) — f(a')) < Lglz — 2|2 (One-sided Lipschitz),
|f(@) = f(@)] < Lyp(1+ []® + [2/]%)]z — 2| (Locally Lipschitz),
fz) = —f(—=), (Odd function).

Assume the normalisatimﬂ f(0) = 0. Lastly, and for convenience, we set ¢ = max{qi,q=} (and
we have ¢ > 0).

The benefits of choosing drift=v 4+ b with b being uniformly Lipschitz are discussed below
in Remark (see also Chapter [2). Certain useful properties can be derived from these
assumptions.

Remark 3.2.2 (Implied properties). Under Assumption take some C' > 0. Then for all
t € (0,7, z,2', 2 € R? and u € Po(R?), since f is a normalised odd function (i.e., f(0) = 0),
we have

(@, f(2)) = {x = 0, f(x) = f(0)) + (, f(0)) < Ly|z[* + [« f(0)| = Ly|a|*.
Also, for the function u, define Ly, = Ly + 1/2, C, = |u(0,00)|?, and thus by Young’s inequality
(&, u(w, 1)) < Cu+ Lufe? + LaW® (u, 60)%,

Ly
(v — o' u(w, 1) — ula', 1)) < Lulw =2/ + W (, )2,

Using the properties of the convolution, v of (3.1) also satisfies a one-sided Lipschitz condition
in space

(@0l ) =o' ) < [ Lylo—a/Puld) + Lule — o' = (Ly+ Lo)la — .
Rd

2This constraint is a soft as the framework allows to easily redefine f as f(z) := f(z)— f(0) with £(0) merged
into b.
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Moreover, for 1 € {b,c}, by Young’s inequality, we have
(@, 9(t, 2, 1)) < OO+ [z + WP (1,60)%)  and  |o(t,z,m)* < O+ |2f* + W (1,60)%).
We first recall a result from [2] establishing well-posedness of the MV-SDE (3.1))-(3.2]).

Theorem 3.2.3 (Theorem 3.5 in [2]). Let Assumption hold and assume for some m >
2(q+1), Xo € LT(RY). Then, there exists a unique solution X to MV-SDE (3.1)) in S™(]0,T7).
For some constant C > 0 (depending on T and m) we have

E[ sup |Xt\m] <1 +E[|X0|m])eCT, for any m € [2,m].
0<t<T

Proof. Our Assumption is a particularisation of [2, Assumption 3.4] and hence our theorem
follows directly from [2, Theorem 3.5]. O

The interacting particle system . As mentioned earlier, the numerical approxima-
tion results in this chapter apply directly if either one’s starting point is the interacting particle
system or if one’s starting point is the MV-SDE (B3.1]). On the latter, one can approximate
the MV-SDE (B.1)) (driven by the Brownian motion W) by the N-dimensional system R¢-valued
interacting particle system given in and approximate it numerically with the gap closed
by the Propagation of Chaos [47, [60] [125].

For completeness we recall the setup of . Let ¢ € [[1,N] and consider N particles
(X“N),e(0,r) with independent and identically distributed (i.i.d.) initial conditions XN =x¢
and satisfying the (R?)V-valued SDE (3.3) (with v given in (3.2))

dxp™ = (o™, ™) b, XPN ) de o (8, XY, AW, XgN = X,

where ;> (dz) == + Zjvzl d i (dx) with 6.~ being the Dirac measure at point X7V and
. t t

W i € [1, N] being independent Brownian motions (also independent of the BM W appearing

in (3.1); with a slight abuse of notation to avoid re-defining the probability space’s filtration).

Remark 3.2.4 (The system through the lens of RV9). We introduce the map V to interpret
(3-3) as one system of equations in RN? instead of N dependent equations each in R%. Namely,

we define v for i € [1, N] given by ,
V=WV, -, Vn): RHYY = RHYN,V; : RHY = RE, V(X)) = o(X5N 5N), (3.5)

and XN = (XLN ... XNNYy € RND yhere each XN solves (3.3)), with the Dirac measure
N
p N (dz) = % Zj:l dxs.v (dz).
For XN YN ¢ RN with corresponding measure ™, u¥"N and letting Assumption M
hold, the function V also satisfies a one-sided Lipschitz condition

(XN -y V() - vE)

N N
_ % ZZ <(Xi,N _ Xj,N) _ (Yi,N _ Yj,N)’f(Xz}N _ Xj’N) _ f(Yi’N _ yj,N)>
i=1j=1

_|_

M=

<Xi,N _ Yi,N’u(Xi,N“uX,N) _ u(yi,N7uX,N) n u(yz’,N,’uX,N) _ u(yi,N’ﬂY,N)>
1

.
Il

1 Lg
(2L} + Ly + 5 + )XY =YN?, Lf = max{0, Ly}

IN

In the last second step we changed the order of summation and used that f is odd.

Propagation of chaos (PoC). In order to show that the particle approximation (3.3))
is of effective use to approximate the MV-SDE (3.1]), we provide a pathwise propagation of
chaos result (convergence as the number of particles increases and with rate). We introduce
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the auxiliary system of non interacting particles
AX7 = (v(X}, ")+ b(t, X2 X)) dt + o (8, X7, pX AW}, Xi=X§, te0,T], (3.6)

which are just (decoupled) MV-SDEs with i.i.d. initial conditions X§. Since the X's are
independent, X = pX for all i (and ;X the law of the solution to with v given as (3.2)).

The Propagation of chaos result (3.8]) follows from [2] Theorem 3.14] under the assumption
that the interacting particle system is well-posed. The first statement of Proposition
establishes the well-posedness of the particle system hence closing the small gap left in [2
Theorem 3.14].

Proposition 3.2.5. Let the assumptions of Theorem hold for some m > 2(q+1). Then,
for alli € [1, N there exists a unique solution X to (3.3) in S™([0,T]) and for any1 <p <m
there exists C' > 0 independent of N (but depending on T and m) such that

sup  sup E[|XZ’N\7’} < C<1+E[|X(')|p]). (3.7)
t€[0,T]€[1,N]

Fori € [1,N], let X* € S™([0,T)) be the solution to (3.€), ensured by Theorem . Suppose
additionally that m > max{2(q+ 1),4}. Then, there exists a constant C > 0 independent of N
(but depending on T and m) such that

N2, d<4
sup  sup E[|X] - XN <C{N-2logN, d=4. (3.8)
i€[1,N] 0<t<T Nd_Ti d> 4

The proof and further details are presented in Appendix This result shows that the
particle scheme will converge to the MV-SDE with a given quantified rate. Therefore, to show
convergence between our numerical scheme and the MV-SDE, we only need to show that the
numerical version of the particle scheme converges to the “true” particle scheme in a way that

is independent of N. We note that the PoC rate can be optimised for the case of constant
diffusion Remark 2.2.5

3.2.2 The scheme for the interacting particle system and main results

The split-step method (SSM) is an extension of Chapter [2| and re-cast accordingly to the setup
here. The critical difficulty arises from the convolution component in v (3.I). This term is
the main hindrance in proving moment bounds. Before continuing recall the definition of V' in
Remark B.2.41 We now introduce the SSM numerical scheme.

Definition 3.2.6 (Definition of the SSM). Let Assumption hold. Define the uniform
partition of [0,T] as w := {t,, := nh :n € [0, M],h := T/M} for a prescribed M € N\ {0}.
Define recursively the SSM approximating as: set Xé’N = X} fori € [1,N]; iteratively
over n € [0, M — 1] for all i € [1,N] (recall Remark|[3.2.4] and the definition of the map V in
B.5))

YTZ(’N:szV-'_hV(Y;)N)’ XT]LV:( ’X'IZ;L’N’..')’ Y;)N:("' vY;’hN"")’ (3.9)
N
. . _ 1
where Yoo N = XON 4 py(y N YN aYN (dg) = N Z Oy (d), (3.10)
j=1
X:;-]i-vl = er’hN + b(tnv er’hNa /lZVN)h + U(tm er’*7N’ ﬂZ’N)AWriL? AW:L = Wtin+1 - Wtin'
(3.11)

The stepsize h is chosen as to belong to the interval (this constraint is soft in the sense of
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Remark

h € (O,min {1, %}) for ¢ defined as ¢ = max {2(Lf +L,) , 4L}r + 2L, +2Lz+ 1, 0}.
(3.12)

In some cases where the original functions f,u might cause trouble to find a suitable choice
of h, and by the Remark below, we can use the addition and subtraction trick to bypass the
constraint, see Remark and Remark for more discussion.

Remark 3.2.7 (The constraint on h in is soft). Our framework allows to change f,u,b
in such a way as to have { =0 in via addztzon and subtraction of linear terms to f,u and
b. Concretely, take 0,v € R and Tedeﬁne fru,b into f,u b as follows: for any t € [0,00),2 €
R¢ € Ps (Rd)

Fla) = @) =0, o0 = ) =30 =0 [ 2@e). and Bt.0) = bt10) + (1 + O)

For judicious choices of 0, it is easy to see that ¢ can be set to be zero (we invite the reader
to carry out the calculations). We remark that this operation increases the Lipschitz constant

ofg.

Recall that the function V satisfies a one-sided Lipschitz condition in X € RV¢ (Remark
, and hence (under ([3.12)) a unique solution ¥,V to as a function of X exists
(details in Lemma [3.4.2). After introducing the discrete scheme, we define its continuous
extension and provide the main convergence results.

Definition 3.2.8 (Continuous extension of the SSM). Under the same choice of h and assump-
tions in Definition|3.2.6, for allt € [t,,t,i1], n € [0,M—1] ,i € [1,N], Xg™ = Xi € LI (RY),
the continuous extension of the SSM is

dX;N = (VN ) 4 b(s(), Y™ i) dt 4 o (s(6), YN al )W), (3.13)

Ndz) : = %Zém,*w(dx), k(t) =sup {t, : t, <t, ne[0,M —1]}, f N = prn,
=1

The next result states our first strong convergence finding. It is a “strong” pointwise (non-
path-space) convergence result that is not in the classical mean-square error form.

Theorem 3.2.9 (Non-path-space mean-square convergence). Let Assumptzon m 1| hold and
choose h as in . Let i € [1,N], take X*N as the solution to and let X“N be the
continuous-time extension of the SSM given by (3.13). If m > 4¢+4 > max{2(q—|—1),4}, where
XS € LpY(RY) and q is as defined in Assumpt then there exists a constant C' > 0
independent of h, N, M (but depending on T and m) such that

sup  sup E[|X;N - XpN?] < Ch (3.14)
ie[1,N] 0<t<T

The proof is presented in Section This result does not need LP-moment bounds of the
scheme for p > 2. It needs only LP-moments of the solution process of and L2-moments for
the scheme [22]. The proof takes advantage of the elegant structure induced by the SSM where
Proposition and are the crucial intermediate results to deal with the convolution
term.

The next moment bound result is necessary for the subsequent uniform convergence result.

Theorem 3.2.10 (Moment bounds). Let the setting of Theorem[3.2.9 hold. Let m > 2 where
Xj e LIY(R?) for alli € [1,N] and let X*N be the continuous- tzme extenszon of the SSM given
by - Let 2p € [2,m)], then there exists a constant C' > 0 independent of h, N, M (but
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depending on T and m) such that

sup  sup IE[|XZ’N|21’] <C(1 +E[|X(‘)|2p]) < 0. (3.15)
i€[1,N] 0<t<T

The proof is presented in Section|3.4.3|and builds around auxiliary Theorem [3.4.7] There, we
expand and (3.60)), and leverage the properties of the SSM scheme stated in Proposition
(.43 and 3.4.4] to deal with the difficult convolution terms.

Next we state the classic mean-square error convergence result.

Theorem 3.2.11 (Classical path-space mean-square convergence). Let the setting of Theorem
hold. Assume there exists some € € (0,1) such that m > max{4q + 4,2 + g + ¢/} >
max{2(q + 1),4} with X} € LI*(R?) for i € [1,N] and q given as in Assumption . Then
there exists a constant C > 0 independent of h, N, M (but depending on T and m) such that

sup E[ sup [XpN - XpN2] < onle (3.16)
ie[1,N] 0<t<T

The proof is presented in Section [3.4.4] For this result we need both the LP-moments of
the scheme and solution process. This in contrast to the proof methodology of Theorem [3.2.9
and the reason we introduce Theorem [3.2.10] as a main result. The nearly optimal error rate
of (1 —¢) is a consequence of the estimation of (product of three unbounded random
variables). The expectation is taken after the supremum and then we use Theorem and
[3-:2.10] - this forces an € sacrifice of the rate. The nearly optimal error rate of (1 —¢) is also the
present best one available even for higher-order differences p > 2 (although we do not present
these calculations). It is still open how to prove (3.15) with the sup, inside the expectation
— the difficulty to be overcome relates to establishing @D of Proposition under higher
moments p > 2 in a way that aligns with carré-du-champs type arguments and the convolution
term (within the style of proof we provide, otherwise new arguments need be found). It remains
an open problem to show when € = 0.

A particular result for granular media equation type models

We recast the earlier results to granular media type models where the diffusion coefficient is
constant and higher convergence rates can be established.

Assumption 3.2.12. Consider the following MV-SDE
AX, = o(Xp, VAt + 0d Wi, Xo € LI'(RY),  v(w, j1) = / F@—yp(dy).  (317)
R

Let f : R? — R? be continuously differentiable satisfying (A7) of Assumption M There exist
Ly, Lyn >0, g €N and g > 1, with q the same as in (AT), such that for all x, 2’ € R?

V@) < Lp(L+|2]7),  |[VF(@) = V@) < L (L[]0 + 277 ]e =o' (3.18)
The function o : [0,T] x R% x Py(R?) — R s a constant matriz.

In the language of the granular media equation, MV-SDE ([3.18]) corresponds to the Fokker-
Plank PDE 0;p = V - [Vp + pVW x p] where VIV = f and p is the probability measure [110].
We have the following results.

Theorem 3.2.13. Let Assumption hold and choose h as in . Let i € [1, N, take
X4N to be the solution to , let X" be the continuous-time extension of the SSM given by
(3.13) and X§ € Ly*(RY). Let m > max{8¢q, 4q + 4} > max{2(q + 1),4} with q as defined in
Assumption |3.2.1%. Then there exist a constant C' > 0 independent of h, N, M (but depending
on T and m) such that

sup  sup E[|X§’N - XZN|2] < Ch*. (3.19)
i€[1,N] 0<t<T
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This result is proved in Section [3.4.5] Supporting simulation results are presented in Section
and confirm the strong root mean square error rate of 1.0.

We note that one can use a proof methodology similar to that used for Theorem to
obtain with the sup, inside the expectation. This would deliver a rate of h?~¢, the key

steps are similar to (3.71))-(3.72).

3.3 Examples of interest

We illustrate the SSM on three numerical examplesﬁ The “true” solution in each case is
unknown and the convergence rates for these examples are calculated in reference to a proxy
solution given by the approximating scheme at a smaller timestep i and higher number of
particles N (particular details are given below). The strong error between the proxy-true
solution X7 and approximation Xr is as follows

Nl

. 1 1 N . o
root Mean-square error (Strong error) = (IE[ | X1 — XT|2]) S (N Z | X7, — X{F\Q) .
j=1

We also consider the path strong error define as follows, for Mh =T ,t, = nh,

D=

N 1 1 X , N
Strong error (Path) = (E[ sup |X¢— Xt|2]> S x (— Z sup |X] — X/ |2)
0<t<T N i=1nelo.M] " "

The propagation of chaos (PoC) rate between different particle systems {)A(;JN’}Z'J where %
denotes the i-th particle and IV; denotes the size of the system,

Ni 1
1 . R
Propagation of chaos error (PoC error) ~ (ﬁ E | XN X%|2) ‘)
[
j=1

Remark 3.3.1 (‘Taming’ algorithm). For comparative purposes we implement the ‘Taming’
algorithm [17, [60] — any convergence analysis of the taming algorithm to the framework of this
manuscript is an open question. Of the many variants of Taming possible, set the terminal
time T with Mh = T, we implement as follows: [q, f(- — y)u(dy) is replaced by [oq f(- —
Y)p(dy) /(1 + M=% [pa f(- = y)u(dy)]), and u is replaced by u/(1 4+ M~“|ul) with the choice
of a =1/2 for non-constant diffusion and oo = 1 for constant diffusion.

Within each example, the error rates of Taming and SSM are computed using the same
Brownian motion paths.
Moreover, for the simulation study below, we fix the algorithmic parameters as follows:

1. For the strong error, the proxy-true solution is calculated with A = 10~* and the approx-
imations are calculated with h € {1073,2 x 1073,...,1071} with N = 1000 at T = 1
and using the same Brownian motion paths. We compare SSM and Taming with the
proxy-true solutions provided by the same algorithm (SSM and Taming) respectively.

2. For the PoC error, the proxy-true solution is calculated with N = 2560 and the approx-
imations are calculated with N € {40,80,...,1280}, with h = 0.001 at 7' = 1 and using
the same Brownian motion paths.

3. The implicit step of the SSM algorithm is solved, in our examples, via a Newton
method iteration. We point the reader to Appendix [6.2.2]for a full discussion. In practice,
2 to 4 Newton iterations are sufficient to ensure that the difference between two consecutive
Newton iterates are not larger than v/h in || - [|so-norm (in RNV?).

Lastly, the symbols N (a, ) denote the normal distribution with mean o € R and variance
B € (0,00).

3Implementation code in Python is available in lhttps:/ github.com/AnandaChen Simulation—of—super—l

[rIeasure)
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3.3.1 Example: the granular media equation

The first example is the granular media Fokker-Plank equation taking the form d;p = V-[Vp+
pVW x p] with W(z) = %|z> and p is the correspondent probability density [40, 110]. In
MV-SDE form we have
dX; = 'U(thug()dt + \/5 dWi,  Xo € Lgn(Rd)’ U(ZL‘,[L) - /d ( - Sign(x - y)|33 - y|2)'u’(dy)v
R
(3.20)

where sign(-) is the standard sign function, u;¥ is the law of the solution process X at time t.
This granular media model has been well studied in [40} [1T0] and is a reference model to showcase
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Figure 3.1: Simulation of the granular media equation with N = 1000 particles. (a) and
(b) show the density map for Taming (blue, left) and SSM (orange, right) with » = 0.01 at times
T = 1,3, 10 seen top-to-bottom and with different initial distribution. (c¢) Strong error (rMSE)
of SSM and Taming with X ~ A(2,16). (d) Strong error (rMSE) of SSM and Taming w.r.t
algorithm with X, ~ N (2,16).(e) Strong error (Path) of SSM and Taming with Xy ~ N(2,16).
(f) PoC error rate in N of SSM and Taming with Xy ~ N(2,9) with perfect overlap of errors.

the numerical approximation. For this specific case, starting from a normal distribution, the
particles concentrate and move around its initial mean value (also its steady state). In Figure
(a) and (b) one sees the evolution of the density map across time T' € {1, 3,10} for two
initial initial distributions N(0,1) and N'(2,4) respectively, and h = 0.01. For this case, both
methods approximate well the solution without any apparent leading difference between Taming
and SSM.

Figure (c) shows strong error of both methods, computed at 7' = 1 across h € {1073, 2 x
1073,...,1071}. The proxy-true solution for each method is taken at h = 10~* and the baseline
slopes for the “order 17 and “order 0.5” convergence rate are provided for comparison. The
estimated rate of both method is 1.0 in accordance to Theorem [3.2.13] (under constant diffusion
coefficient). Figure[3.1] (d) shows strong error v.s algorithm runtime of both methods under the
same set up as in (¢). The SSM perform slightly better than the Taming method.

Figure (e) shows the path type strong error of both method, compare to the results in (c),
the SSM preserve the error rate of near 1.0 and perform better than the Taming method. Figure
(f) shows the PoC error of both methods. The two results coincide since the differences
between two methods are within 0.001. The PoC rates are near 0.5 which is better than the
theoretical result of 1/4 after we take square root in Proposition This result is similar
to [125, Example 4.1], and is explained theoretically by [57, Lemma 5.1] but under stronger
assumptions than ours.
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3.3.2 Example: Double-well model

We consider a limit model of particles under a symmetric double-well confinement. We test a
variant of the model studied in [I38] but change its diffusion coefficient to a non-constant one
(in opposition to the previous example). Concretely, we study the following McKean-Vlasov
equation

1
AX, = (v(Xo, ) + Xo)dt + Xyd Wi, v(w, p) = = 72" + / d—(w—y)%(dy» (3.21)
R

The corresponding Fokker-Plank equation is dyp = V - | V(@) + pVV + pVIW % p|] with
W = 1lz|*, V = {|z|* — 4|z|?, p is the corresponding density map. There are three stable

states {—2,0,2} for this model [138].
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Figure 3.2: Simulation of the Double-Well model with N = 1000 particles. (a) and (b)
show the density map for Taming (blue, left) and SSM (orange, right) with A = 0.01 at times
T = 1,3,10 seen top-to-bottom and with different initial distribution. (c) simulated paths by
Taming (top) and SSM (bottom) with A = 0.01 over ¢ € [0, 3] and with X, ~ A(3,9). (d)
Strong error (rMSE) of SSM and Taming with Xy ~ A (2,4). (e) Strong error (rMSE) of SSM
and Taming w.r.t algorithm Runtime with Xy ~ AN(2,4).

The example of Section was a relatively mild with additive noise and where both meth-
ods performed well. For this double-well model of , the drift includes super-linear growth
components in both space and measure and a non-constant unbounded diffusion coefficient.

In Figure (a) and (b), Taming (blue, left) fails to produce acceptable results of any
type — Figure (c) shows the simulated paths of both methods where it is noteworthy to see
that Taming become unstable while the SSM paths remain stable. In respect to Figure (a)
and (b), the SSM (orange, right) depicts the distribution’s evolution to one of the expected
stable states (x = 2) as time evolves. It is interesting to find out that for the SSM in (a),
where Xy ~ N(0,1), the particles shift from the zero (unstable) steady state to the positive
stable steady state z = 2. However, in (b) with Xy ~ N(3,9), we find that the particles
remain within the basin of attraction of the stable state x = 2. Figure (d) displays under
the same parameter choice for h, T as for the granular media example of Section with
Xo ~ N(2,4) the estimated rate of convergence for the schemes. It shows the taming method
fails to converge (but does not explode). The strong error rate of the SSM is the expected 1/2

41



in-line with Theorem (and Theorem [3.2.11)).

The “order 1”7 and “order 0.5” lines are baselines corresponding to the slope of 1 and 0.5
rate of convergence.

Figure (e) shows that, to reach the same strong error level Taming shall takes far more
(over 100 times) runtime than the SSM.

3.3.3 Example: 2d Van der Pol (VdP) oscillator

We consider the Van der Pol (VdP) model described in [88, Section 4.2 and 4.3], with added
super-linearity in measure and non-constant unbounded diffusion. We study the following MV-
SDE dynamics: set z = (x1,22) € R?, for (3.1)) define the functions f,u,b,o as

4,3

)= =alel, u@) = | 5] o= | P = 0] e

1
171 T2

which satisfy the assumptions of this chapter.

Figure (a) shows the strong error of both methods, the “order 1”7 and “order 0.5” lines
are baselines with the slope of 1 and 0.5 for comparison. The estimated rate of the SSM is
near 0.5 while Taming failed to converge. Figure (b) shows the PoC error of both methods,
Taming failed to converge while the estimated rate of the SSM is near 0.5 (see discussion of
previous Section .

Figure (c) shows the system’s phase-space portraits (i.e., the parametric plot of ¢ —
(X1,4,Xoy) and t — (E[X1.],E[X2.]) over t € [0,20]) of the SSM with respect to different
choices of N € {30,100,500,1000}. The impact of N on the quality of simulation is apparent
as is the ability of the SSM to capture the periodic behaviour of the true dynamics. Figure [3.3]
(d)-(e)-(f)-(g) shows the expectation’s fluctuation (of Figure (c)) and the system’s phase-
space path portraits of the SSM for different choices of N. The trajectory becomes smoother
as N becomes larger and the paths are similar for N > 500.

N=100 — EX]

.0 25 50 7.5 100 125 15.0 17.5 20

00 25 50 75 100 125 150 17.5 20

N=1000 — EXa)
—= EX;] |

4 N=500 — )
- EX]

strong Error

4
2

0

-2

-4

0

4

2

1074+ Taming 0
-2

2
2 0
—— SSM K ~
Order 1 -2r
10731 —— Order 0.5 4 -4
103 10‘,1 ld" 10?2 103 00 25 50 75 10.0 125 15.0 175 20 0.0 25 50 7.5 10.0 125 150 17.5 20
Amount of Particles :
Time step (b) BoC error (c) Expectation paths of SSM w.r.t N
(a) Strong error
3 3 3
N=30 —— Expectation path - - Expectation path - —— Expectation path — — Expectation path
2 Sample Pa[h N=100 Sample path 2 N=500 Sample path N=1000 Sample path
4 Start point 4 Start point 4 Start point 4 Start point

N .

e e

= 0

-4 -2 0 2 4 -4 -2 0 2 a -4 -2 [ 2 a -4 -2 0 2 4

(d) Phase of N =30 (e) Phase of N =100 (f) Phase of N =500 (g) Phase of N = 1000

Figure 3.3: Simulation of the Vdp model with X7 ~ N (0,4), Xo ~ N (—2,4). (a) Strong
error (tMSE) of the SSM and Taming with 7' = 1, N = 1000. (b) PoC error of the SSM
and Taming with T = 1, h = 0.001. (c) the expectation overlays paths for the SSM with
T = 20,h = 0.01 w.r.t different N. (d)-(e)-(f)-(g) the corresponding phase-space portraits in
(¢) with N € {30,100, 500, 1000}

3.3.4 Numerical complexity, discussion and various opens questions

Across the three examples the SSM converged and all examples recovered the theoretical con-
vergence rate (of 1/2 in general, and 1 for the additive noise case). In the latter two examples,
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Taming failed to converge while on the first example the SSM and taming are mostly similar.
The main difference between examples is the diffusion coefficient.

The SSM is robust in respect to small choices of A and N. In all three examples, the SSM
remains convergent for all choices of h (even for h = 0.1) while taming fails to converge at all.
In the Van der Pol (VdP) oscillator example of Section m when comparing across different
particle sizes N, the SSM provides a good approximation for all choices of N (even for N = 30)
and the PoC result is as expected. In general, we found that the runtime of the SSM is nearly
the double of Taming for the same choices of h, but on the other hand, Taming takes over
100-times more runtime to reach the same accuracy as the SSM (if one considers the strong
error against runtime).

Computational costs and open questions for future research

In the context of , assume one wants to simulate an N-particle system over a discretised
finite time-domain with M time points. Since we deal with convolution type operator, the
interaction term need to be computed for every single particle and thus, a standard explicit
Euler scheme incurs a computational cost of O(N2M). Without the convolution component,
the cost is simply O(NM). For the SSM scheme in Definition since it is has an implicit
component there is an additional cost attached to it (more below).

At this level, two strategies can be thought to reduce the complexity. The first is by
controlling the cost of computing the interaction itself, these have been proposed for example
in the projected particle method [I8] or the Random Batch Method (RBM) [92]. To date there
is no general proof of these outside Lipschitz conditions (and constant diffusion coefficient in
the RBM case) for the efficacy of the method, also, it is not clear how to use these methods
in combination with Newton to solve the SSM’s implicit equation (more below). The second
is to better address the competition between the number of particles N, as dictated by the
PoC result Proposition and the time-step parameter M (or 1/h). Our experimental work
estimating the Propagation of chaos rate points to a convergence rate of order 1/2 instead of
the upper bound rate 1/4 guaranteed by in Theorem This result is not surprising
in view of the theoretical result [57, Lemma 5.1]; and numerically in [I25, Example 4.1]. To
the best of our knowledge, no known PoC rate result covers the examples presented here and
Theorem [3.2.5is presently the best known general result.

Solving the implicit step in SSM - Newton’s method

The SSM scheme contains an implicit Equation that needs be solved at each timestep. It
is left to the user to choose the most suitable method for given data and, in all generality, one
needs an approximation scheme to solve (3.9)). Proposition below shows that as long as
said approximation is uniformly controlled within a ball of radius Ch of the true solution, then
the SSM’s convergence rate of Theorem [3.2.9]is preserved.

As mentioned in the initial part of Section we use Newton’s method (assuming extra
differentiability of the involved maps) — see Appendix for details where [I3T], Section 4.3]
is used to guarantee convergence. The computation cost raises from O(N?M) to O(kN2?M),
where k denotes the leading term cost of Newton after  iterations. In practice, we found that
within 2 to 4 iterations (i.e., k < 4) two consecutive Newton iteration are sufficiently close
for the purposes of the scheme’s accuracy: denoting Newton’s j*-iteration by 3/ € RV, then
" — 4" oo < V/h (which is the stop criteria used, see Appendix .

Interacting particle systems like induce a certain structure to the associated Jacobian
matrix when seen through the lens of (R%)". The closed form expressions provided in Appendix
[6-2:2 point to a very sparse Jacobian matrix with a very specific block structure. For instance,
the I' matrix (see Appendix is a symmetric one and is multiplied by h/N making its entries
very small: it stands to reason that I' can be removed from the Jacobian matrix as one solves
the system (provided its entries can be controlled) and thus suggests that an inexact or quasi-
Newton method might be computationally more efficient. In [105], Section 3] the authors review
[130] who address the case of using inexact Newton methods when the equation of interest
is a monotone map, which is indeed our case. The usage of Newton method is not a primary
element of discussion and, as does [105], we point the reader to the comprehensive review [114]
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on practical quasi-Newton methods for nonlinear equations. In conclusion, it remains to explore
how different versions of Newton method for sparse systems can be used as way to reduce its
computational cost but, in light of our study, we found Newton method very fast and efficient
even comparatively with the Explicit Euler taming method in Section

3.4 Proof of split-step method (SSM) for MV-SDEs and
interacting particle systems: convergence and stabil-
ity

The proof appearing in Section depends in no way on Theorem [3.2.10|or its proof (in Sec-
tion [3.4.3)). Nonetheless, Section has a strong complementary effect to fully understanding

the proof in Section [3.4.2

3.4.1 Some properties of the scheme

Recall the SSM scheme of Definition In this section we clarify further the choice of h
and then introduce two critical results arising from the SSM’s structure. Note that throughout
C > 0 is a constant always independent of h, N, M.

Remark 3.4.1 (Choice of h). Let Assumption hold, the constraint on h in (3.12) comes
from (3.24), (3.25) and (3.41) below, where Ly, L,, € R and Ly > 0. Following the notation of

those inequalities, under (3.12)) for ¢ > 0, there exists £ € (0,1) such that h < £/¢ and

1 1 1 1
b ) < *
max{1—2(Lf+Lu)h L~ (4L + 2L, +2Lg + )k 1—(4L;+2Lu+La+1)h} 1—¢

For ¢ =0, the result is trivial and we conclude that there exist constants C1,Cs independent of
h

1 1 1
max{1 —2(Ly + Lu)h’ 1= (4L] + 2L, +2Lg + )k’ 1 — (4L +2Lu+Lﬁ+1)h}
<14 Cih <.

As argued in Remark[3.2.7 the constraint on h can be lifted.

Lemma 3.4.2. Choose h as in ([3.12). Then, given any X € RN? there exists a unique solution
Y e RV to

Y = X +hV(Y). (3.23)

The solution Y is a measurable map of X.

Proof. Recall Remark The proof is an adaptation of the proof Lemma to the RN
case.

O

Proposition 3.4.3 (Differences relationship). Let Assumption hold and choose h as in
(3-12). For any n € [0, M] and Y,V in , there exists some constant C' > 0 such that for
alli, j € [1,N],

1

Yi,*,N _ Yj,*,N 2 < Xi,N _ Xj,N 2_ -
‘n n | —| n n |1—2(Lf+Lu)h

< (14 Ch)|XEN — XIN12 (3.24)
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Proof. Take n € [0, M], i, j € [1, N]. Using Remark and Young’s inequality we have
|Y7§',*,N _ Yy{,*,N|2
_ <Yi,*,N _yisN XN _ ij,N> + <Yi,*,N _yisN (Yz',*,N ﬂY N) (YJ xN MYN) >h
1. . 1 .. L , ,
< IV N YN RN = KON 4 (Ly + LYY = VNP

The argument regarding the uniformity of the constant C' in regards to the parameters h, N, M
follows from Remark B.4.1] O

Proposition 3.4.4 (Summation relationship). Let Assumption hold. Choose h as in

(3.12). For the process in (3.10) there exists a constant C > 0 (independent of h, N, M ) such
that, for all i € [1,N], n € [0, M],

N N
1 , 1 g
¥ > VNP <Ch+ (14 Ch) & > XN (3.25)

=1 i=1

Proof. From (3.11]) we have
N
i Z |Yi,*,N|2 _ i Z <<Yi,*,N Xi,N> + <Yi,*,N U(yi,*,N [LYN)>h>
N ¢ n N n ? n n ’ n I n
1 a1 1
Sy <2IY£’*’N2 5 KAV 4 (Y (VN i) Yh
R )] (3.26)

By Assumption and Young’s inequality, we have

1 N N
ﬁ Z Z <Yni’*’N, f(YTi,*,N _ YT{,*,N)>

i=1 j=1

|
%
1[~]=
1[~]=
/{

YInoN fyiseN YT{7*7N)>

N
< 2N2 ZZL YN — yieN |2 < Z Yo N2, L = max{Ly,0}.
=1 j=1 i=1

Plugging this into (3.26)) and using Remark with A = 4L;f + 2L, + 2Lz + 1, we have

LN
N Z|Yﬁ’*’N\2
i=1

IA
==

(IXl NP4 20 (2L} [V N P 4 Cou 4 LYoV + LaW @ (Y, 60)2))

IA
=l

Sl

N
i, N 2 +1y%,%,N |2 z,*,N 2 + 28 ,*,N 2
(X + 20 (2LF YN 2+ Cy + LY NZM >

1 1 . 1 A 2C,h
< - = X’L,N2 ) - X1N21 u )
_l—AhNg;( W C“h> Nz_:< +h —Ah>+1—Ah>

Remark yields the argument. O]

From Lemma we know a unique solution, Y,V to (3.9) as a function of Xflv exists.

45



We next show that the scheme we proposed in (3.9)-(3.11]) is square integrable.

Proposition 3.4.5 (Second moment bounds of SSM). Let the setting of Theorem hold.
Let m > 2 where XoN e LW(RY) for all i € [1,N], then there exists a constant C > 0
independent of hy N, M (but depending on T') such that

sup  sup E[|X;N|2] + sup sup E[|Y£’*’N|2] < C(l +E[|X6’N|2]) < 00.
1€[1,N] ne[0,M] 1€[1,N] ne[0,M—1]

Proof. Let i € [1,N], n € [0, M — 1], by Assumption from (3.9)-(3.11) and Proposition
since the particles are identically distributed, we have

E[1+ Vo=V <E[1+ | X3N] (1 + Ch).

Similar to Proposition [2.4.5] we have

‘X:LJ]erF < ‘XZ N|2 + C(l + ‘Yz,*,N 2 Z |YJ,*,N 2) (h—|— |AW1| )
j 1
+2<Y£’*’N,U(tn,yﬁ’*’N AYN)AW1>

Taking expectations and summing 1 to both sides, Young’s inequality yields
E[1+|X:N 2] <EQ+ XLV (1 + Ch).
By induction and using that the particles are identically distributed, we conclude that

sup  sup E[1+ |X;N|2] < sup E[1+ |X8’N\Q] 1+ChM <1+ E[|X6’N\Q])60T < 00,
i€[1,N] ne[0,M] i€[1,N]

(3.27)

where we used Mh =T and that the {XSN}i are i.i.d.
The inequality for sup;ci, v SUPpefo,m—1] E[|er’*’N|2] follows using similar argument. [

We provide the following auxiliary proposition to deal with the cross products terms in the
later proofs.

Proposition 3.4.6. Tuke N € N, for all i € [1,N], for any given p € N, sequences {{a;}; :
Zf\;l a; =p, a; € N} and any collection of identically distributed LP-integrable random vari-
ables {X;}; we have

E[f[ 1X;%] <E[|Xy]7].

Proof. Using the notation above, by Young’s inequality, for any 4, j € [1, N] we have

[ X" X1 < | X0 = IX e

+ a;

Thus, by induction and using that the {X;}; are identically distributed, the result follows. O

3.4.2 Proof of Theorem|3.2.9: the pointwise mean-square convergence
result

We provide here the proof of Theorem [3.2.9] Throughout this section, we follow the notation
introduced in Theorem (3 and let Assumptlonuhold h is chosen as in , m > 4q+4,
where m is defined in 1-) and ¢ is defined in Assumption u Note that throughout C>0
is a constant always independent of h, N, M but possibly depending on T" and m.
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Proof. Let i € [1,N], n € [0,M — 1], s € [0,h], t, = nh and p > 2 with m > 4q + 4, using
same notation as in (3.3)), define the following auxiliary process

iN __ o IN i i, N i, N _ i i i
XN = X0V OAXE = XN XNt = b, AW =W W

tn

er,X,N _ X;’N + hU(Yé’X’N,MZ’X’N), NYXN dz) N 25 X, ~(dz).

For all n € [0, M — 1], i € [1,N], r € [0, h], from (3.13)), we have

. . t/”/+’r . .
AXG P = [AXE [ (O ) = oY N s

tn+T

n

J
tnt+r
[ (b X0 ) = YN N s
tn

tn+T . .
/ (bt YN e N) = b(tn, Yoo, o) ) ds
t
[t

I n

n

+ (v (VN XNy — o (VN N ) ) ds

_|_

_|_
tn+r

+ (

5 XoN ) = o (b, Yoo ) ) AW

n

tn+r )
+/ (O_(tn7y7:7X,N’NZX N) (tn,Yl7*’N YN))sz
t

n

Taking expectations on both side, using Jensen’s inequality and 1t0’s isometry, we have
E[lAX] L] <@+n)L+(1+ h)12 + 213 + 214, (3.28)

where the terms Iy, I, I3, I are defines as follows

. t”+r .
_EHAXL%" + / (o(Y, N XNy — o (YN a0 Yds (3.29)
tn
tn+r ) ) 2
+ / (b(ty, Y, XN, XX —b(tn,Y;v*»N,ﬂ,{vN))ds‘ ] (3.30)
tTI,
tntr ) )
=[] [ (00, ) - oy X, i X)) ds (3.31)
tn
tn+T ) ) 2
[ O X ) b OV sl | @)
. 12
1y =E]| / o5, XEN pN) — o, YiXN XN awd ], (339)
tntr . . 12
I :E[/f (0 (tn, ;5N u XNy — (8, YN a2 N)) AW } (3.34)

‘n
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For I, Young’s inequality yields

. ) . ~. 2
I = ]EHX;,N + (Vny’l 4 b(thri,X,Nvﬂzl/,X7N))r _ X;,N (V* iy b(t n’Yz,*,N YN))r’ ]

. Ny . 2
<E[|X5Y - X5N 4 (v - v o+ g)
. 2
R [[plt, YN, 1) bt YN )| 4 ), (3.35)

where V" and V% stand for V,\»* = v(Y,-5N u XNy and Vit = o(YiN a2 respectively.
For the first term of (3.35]), recall the SSM defined in (3.10). We have

2
al
—E KX;;N = XN 4 (VY ) YN N (Y e h)>]
—E [<X:‘,N _ XNy XN y,;‘mN>] +E [<X:;N — XN (Y- v;ﬂ‘)ﬂ (r — h)
]

where we write r(r — h) = —r(h —r) to more clearly illustrate the results in the later content.
Using the relationship that (3.10]) induces, we have

E[| X5 - X0 + (VI - vr)

+ E[<Y;’X’N — YRR (VY- v;ﬂ')ﬂ r—r(h - r)]E[ yYei _yni

V¥ e Y;&X,N _ XZL’N _ (yﬁ’mN _ X:’;N)
We first deduce that

) A ) 12 ) N ) N ) )
B[|X5N = X0 4+ (V= Vi) ] = B[XEY = KNP+ B[(X0Y - XEN v - v 2
2

i ix i i i wi\| T
+ E[<(Yn,X’N - Yn’ ’N) - (Xr;N - Xn’N)’ V’r}/’ - Vn7 >} ﬁ
< E“X%N _ X’TiL,N|2] (1 _ Ch,r) + E“Y,f’X’N _ Y;‘,*,NP] Ch,'r
+E[(Yi N -y vy | (3.36)

where Cj, . = (2hr — r?)/2h2. Also, for the second term of (3.35)), using Assumption and
that the particles are identically distributed
B[ [ota, YN, i XN = bt Vi N,MZN)‘ ]
OR[N — i P WS, )]

N
<R[ = YV 4 CB[ 5 3t — vt < CRIYENY v ),

(3.37)
By Assumption and using Young’s inequality once again
E[[Yg XN — vV 2] < B[(YXoN — v X0V — R0V 4 vY Vet (3.38)

:E[%|Y;’X’N — YN %|X;‘;N = XGNP 4 B[N - v N v v |,
(3.39)

For the last term (3.39)), since the particles are identically distributed, Assumption and
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Remark yield

iv: <Yj XN _yisN yYi V;,j>]

Jj=1

E[<yi,X,N _yisN Vi _ V*z>} {

2 \

Lﬁ i, X,N i, %,IN |2
< wt = E[[yEXN —yisN21 (3,40

Thus, injecting (8.40) back into (3.39) and (8.38), set 'y = 4L} +2L, + Lz + 1, then by Remark

LX,N _ vrix,N |2 1

Plug (3.41) and (3.40) back into (3.36]), (3.37) and (3.35). We then conclude that

L <E[XEN — X5V 211+ Ch). (3.42)

E[X0Y - X5VP] <E[XEY - XEVP](+Ch). (34D)

For I, by Young’s and Jensen’s inequality, we have

tnt+h ) )
BB [ [l ) - o s (3.43)
t

n

tn+h . . 2
b [ o XY ) bt Y, ) s (3.44)
t

n

For (3.43)), from Assumption using Young’s, Jensen’s, and Cauchy-Schwarz inequality
E[[o(XEY, i) —w(vi XN | ]

< CR[[ulXE, i) = (i XN, X |
X

(
+;,§;‘f(

N
SUE[| (1 X5 - XEN [y Ny XNo)

Jj=1

. . . : 2
BV = XY = N -y (3.45)

zla

. . ) ) 2
JXEN < YN (Y -y ]

N
) ] . ' 1 | |
+ CE [(1 + |X;7N|2q + |Y;’X’N|2q)(\X;’N . Y”?X,N‘Q) n N Z |X§’N B YT{vaN|2]

j=1
<C\/E{1+|X;,N|4q+Y;,X,N|4qi| [|X1N XN ] [ Z Xg,N_Y757X,N‘2}
(3.46)
o
Nz\/ [1+|X1N XJN|4q+|Y2XN Y]XN|4q]
X \/IE[|X§’N YN x N YT{"X’N|4] (3.47)
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Using the structure of the SSM, Young’s and Jensen’s inequality, and Proposition [3.4.3| we have
XN — YiXN|2 < | XEN - XEN [P 4 9| XEN — YN, (3.48)

. . . 2
XN = VXN 2 = [y XN, X N)h\

; 2 opz Y 2
< 2fu(V XN, ul N h| Z PN | (3.49)
N
< C(l YN 2042 Z Y XN 2 )hz Ch? Z (1 F YN Yj,X,N|2q+2)
— n N n n
N
< C’(l + |Yz X, N|2q+2 = Z \Yﬂ X, N 2>h2 CN Z (1 + |X:'L,N _ XTJ;,N|2q+2>'
Jj=1 j=1
Similarly, we have
| XN = YN <16 X PN — XON | 4 16| XN — VAN (3.50)

XNy
1 & Cht &
C(l y XN dg+d | = y XN 4) X (1 XN _ xiN 4q+4).
+ [V +N;|n | +—N; + X = X

From (3.3) and using (3.7) (since m > 4¢ + 4) alongside Young’s inequality and Itd’s isometry,
we have

EI:‘X’L,N _ Xi,N|2]

) s . 12
<E ‘ XZN,Mf’N)+b(u,X;’N,qu’N)du+/ o(u, XoN X Nyaw ] < Ch,
tn t”
[‘XZ N XZ N 4
) ) s . 14
< E ‘ / o(XEN XNy ob(u, XEN XN Y du + / o(u, X0N X Nyaw ] < Ch2.
tn tn

Also, using (3.7]), Jensen’s and Young’s inequality (since m > 4q + 4) we have

on X N N on X N . 2 .
E[T (1+|ng —x) |2q+2)] <Ch?, IEHTZ (1+|XZ’ —x) |2q+2)‘ } < Cht.

j=1 j=1

This next argument uses steps similar to those used in (3.59) and (3.60) (appearing in the
proof of Theorem [3.4.7). Since XV has bounded moments via (3.7) (this refers to the true
interacting particle system), we have for any m > p > 2 that

E[JY; %)

< (4PE{]1[XN:|XQNX£;N|”] +4PEH i 1+ X5V 2) ‘ v |+ 1a+em=c
j=1 i=1

Collecting all the terms above, using that the particles are identically distributed, we have

E[| XN -y NP < Ch, E[|XON Y NN <cnr®, E[lY,ONP] <, (3.51)

N
1 . .
EHW<2> (N XN ‘ ] SE[NE x9N — Y3XN] < Ch. (3.52)
2
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Plugging all the above inequalities back into (3.46)) and (3.47)), we conclude that

. A 2
B[ o, ) = oY XNy ] < O (3.53)

We now consider term (3.44]) of I;. By Assumption using (3.51)) and (3.52)

. . 2
B[ |bls, XN 12N) = b, Vi 5N

. , 2
< CE[h+ X5 = VXN 2 4 W@ (N X)) < C, (3.54)

Thus, plugging (3.53] , - ) back into and ( -, we have
I, < Ch3. (3.55)

For I3, by Itd’s isometry, the results in (3.51)) and (3.52]), and using similar argument as in
(13.54)) we have

. 12
fs= ‘/ o5, XN JXN) = r{t, YN, XV ) Yaw| ]
tath ; . 2
SE[/ ‘(U(S,XQ’N,uf’N) — o (tn, YN, MEXN))‘ ds| < on?. (3.56)
tn

Similarly for I, by Itd’s isometry, Proposition|3.4.5] Equation (3.41]) and using similar argument

in (537
bt ' 12
L :EH/ (0t YN N = (b, VN o) ) aw| |
[2%

<E[/tn+h‘(a(tmyé7x7]v PYXNY o, YN, YN))‘Q ds] (3.57)
tn

tnth , ' tnth , -
g/ E[[Y,-5N — vy NP2 ds < (1 + Ch)/ E[|X5N — XN %] ds
t t

n n

<E[|X:N — X5V *]Ch. (3.58)

Plugging (3.42)), (3.55) (3.56]) and (3.58)) back to (3.28]), we have, for all n € [0, M —1], i € [1, N]
and r € [0, h)

E“AXtinH’m
. A 1 . A
<A+ hE[XEN - XENP|(1+Ch) + (1 + E)Ch3 +Ch? +E[| XN — XEN 12| Ch
<E[|XiN — XIN2(1+ Ch) + CRH2.

By backward induction, the discrete Gronwall’s lemma delivers the result of ([3.14]). O

3.4.3 Proof of Theorem [3.2.10: the moment bound result

In this section prove Theorem [3.2.10] and we we follow the notation and assumptions introduced
in Theorem throughout this section.

We first prove a moment bounds result across the timegrid then extend it to the continues
process as stated in Theorem [3.2.10

Theorem 3.4.7 (Moment bounds of SSM). Let the setting of Theorem [3.2.9 hold. Let m > 2
where Xé’N e L (RY) for all i € [1,N] and let XN be the continuous-time extension of the
SSM given by (3.13). Let 2p € [2,m], then there exists a constant C' > 0 independent of hy N, M
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(but depending on T and m) such that

sup  sup ]E[\X;’NFP] + sup sup E[|er’*’N|2p] < C’(l + sup E“Xé’NPp]) < 0.
i€[1,N] ne[0,M] 1€[1,N] ne[0,M —1] i€[1,N]

Proof. The next inequality introduces the quantities H:X"* and HY?. For any i € [I,N], n €
[0, M], by Young’s and Jensen’s inequality

EHX’LN 2p — Hli\[: XZ,N_X],N) iiv: Aj,N 2P:|
N : n n N :1 n
> N — N = n no
E[|y;N[2] < 4p]E[i zN: yisN Yj,*,N‘2p} _’_4pEH7 zN: 4 YN 2)’ } 1= HY>

(3.60)
Using the following results from Proposition and we have HY'? < HX?(1 + Ch),

|Yé,*,N _ er,*,N‘2 < |Xi,N _ Xj,N‘2(1 + Ch)

N N

1 1

N§:1+\Y“’N2 [N§:1+|XJN2}(1+Ch).
j=1 j=1

We now prove that H.;% < HY?(1 4 Ch). For the first element composing H, " '} we have

N
1 ; N i ~
[ Z|Xn+1 Xiﬁlﬂ= [ S| (Y™ bty Y N o, Vi i)

Jj=1

X X ) . N 2P
AW ) = (VAN bl YN BN+ o, ViV, g )aw) [T (3.61)
Introduce the extra (local) notation for G4/, G57™ and G57™ as
Gy =Y N Y N G = bt YN ao N )b = bt YN N ),

Gy = (b, Y N p N YAW — o (b, YION, N ) AW
For a +b+c¢ = 2p, a < 2p, a,b,c € N, by Assumption Young’s inequality, Jensen’s

inequality, Proposition and the fact that the Brownian increments are independent, the
particles are conditionally independent and identically distributed, for (3.61)), we have

N
¢ IR R R AT R i
B[ Y216 16y " PIGE | < E[|YaN 2] Ch < HY#Ch.
Jj=1

Thus, for the first term of Hn 1, we conclude that

N N
1 1 . .
E|~ Z Kol = XENP?| < 9B 5 DN - YESNE] 4 HYPOh. (3.62)
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For the second term of HX’ 11 we have

e[ 0]

=

Set the following (extra local) notation

ZTH

N
. : N 27 |P
S+ (VN bt YN BN o, YN M) AWE) | }

J=1

N

1 .
P = YY),

j—l

P~ Z <2YJ’*’N F oty YIRN G NVAWI o (t,, YI*N, AYN)AWJ>

1

6 =

n

(250N bt VN @V Y+ 20 (b, VN N )AW, bt YN N )R,

‘M2|

J=1

We have once again using similar arguments as before, by Young’s inequality, Jensen’s in-
equality, Proposition that the particles are conditionally independent and identically
distributed, the independence property of the Brownian increments, the Lipschitz property for
b and o, and using the fact that for I; >l > 1, |z|'2 <1+ |z|* we have

E[|G3[*|G2I"1GE ] < E[[Y,p*N|* + 1]Ch < HY?Ch.

Thus, for the second term of H 1, we conclude that

N N
vE[| < ;m HIRENP|] < B+ ; A+ VP[] + mYecn. (3.63)

Plug (3.62) and (3.63) into H Jf we have

N
A p
Hnjﬁ_ZF’E[ §:|Xn+1 Xi’fl|2p}+4p]EH S XN H+1
Jj=1

N

N
1 . .
D S S il 4PEH— YJ*NQH 1+ HYP
<R[ S v ] e wsl| S e [ v
< HYP(1+ Ch).

Thus finally, for all n € [0, M — 1], ¢ € [1, N], by backward induction collecting all the results
above, since m > 2p, where m is defined in (3.1), we have (for some C' > 0 independent of
h,N, M)

E[|X Y] < Hyy < HYP(14 Ch) < HYXP(1+ Ch)? < -+ < HyPeCT
< CE[|XgN*P] + C < oo.

Similar argument yields the result for E[|Y,>*N|?P]. O

Proof of the Theorem [3.2.10]

Proof of the Theorem[3.2.10, Under the same assumptions and notations of Theorem [3.4.7] one
can apply arguments similar to those used in Proposition 2:4.6] to obtain the result. O

The final result of this section concerns the incremental (in time) moment bounds of X%V,
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This result is in preparation for the next section.

Proposition 3.4.8. Under same assumptions and notations of Theorem|3.2.10), there exists a
constant C > 0 independent of hy N, M (but depending on T and m) such that for any p > 2
satisfy m > (q + 1)p, where m is defined in (3.1)), q is defined in Assumption we have

sup  sup E[|X —XZNM < Ch%. (3.64)
i€[1,N] 0<t<T

Proof. Under Assumption [3:2.1] and carefully applying Young’s and Jensen’s inequality, one
can argue similarly as to Proposition and obtain the result (we omit further details). O

3.4.4 Proof of Theorem [3.2.11 the uniform convergence result in
path-space

We now prove Theorem [3.2.11]

Proof of Theorem [3.2.11} Let Assumption “ hold. Let i € [1,N], t € T} suppose m >
max{4g+4,2+q+gq/c}, where X0 € Ly (RY), q is as given in Assumption |3. From and
(3.15)), both process XV and XN have sufficient bounded moments for the followmg proof.

Define AX" := XN — X®N_ [t5’s formula applied to | X[ — XV|2 = |AX?)? yields

t
AXE =2 [ (o™ ) oV ) AXEds (3.65)
t
2 [ (0o, X0V XN~ bl(s), Y L), AXE s (3.66)
0
¢ ' 2
+ / (s, XoN, poN) = a(k(s), ;&;v)N,uf(N))\ ds (3.67)
0
t . .
2 [ (AN (ol X0 0N < oul) VIR AWE). (368)
0

We analyse the above terms one by one and will take supremum over time with expectation.

(XN, ENY = oV ), AXD) (3.69)

K(s) n(s
= (0(X2N, Ny — (XN N AXEY + (o(XEN, p ) — U(Y,;&;N, g{{j) AXH.
For the first term above, by Assumption [3.2.1] and using Remark [3.2.2]

t
5[ s [ <v(X§’N,u§’N)—v(X§’N,ﬂ§ V), AX )ds|
0<t<T Jo

< [ e i [FOCEN = X2N) = f(X0Y = X3V || A X ds]

—l—E{OittlET/Ot <u(XZN poNy — (XN p XN, AX§>ds}

[ [0y

j=1
HE[/ (E |AXZ‘|2+L71§:AXJ'|2)dS}
0 u s 2Nj:1 s :

To deal with (3.70)), using the following notations, for all ,j € [1, NJ,

{(1+|X”V XINja 4 | XN — XJ7N|)|AXl AXJ||AXZ|}ds} (3.70)

G = (14 |XEN = XEV|0 4 XN — XEV|0) and - G = |AX] - AXZ|IAX]
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The combination of G%7* and G§”* makes it difficult to obtain a domination via |AX?[?, we
overcome this by applying Chebyshev’s inequality as follows. The indicator function is denoted
as Lygy. Recall the moment bound results on X, X in and respectively. Now, using
Theorem [3.2.9] Proposition [3.4.6] and Young’s inequality, we have

E[Gy7°GE] = B[ Gy GE* (Liguoe cprey)| +E[GY G (L gparsasy)] (3.71)
<E[MGg™’| + E[L M' 86”7’7756’;”’5} < 2R [MF|AXC?] + hE[|Gy7* |V Gy G
< COh'" + hC(l + E[\XQNPHWE + |X;'7N|2+4+Q/ED < Oh'-e, (3.72)

where for the last inequality, we used that the particles are identically distributed and there
are sufficiently high bounded moments available for the process since m > 2+ ¢ + ¢/e.

Thus, for the first term in and using that the particles are identically distributed, we
conclude that

t T
E[ sup / <U(X;’N,u§’N) —u(XEN N, AX§>ds} < CE{/ |AX;‘2d5:| + Ch*~e.
0<t<T Jo 0
(3.73)

For the second term in (3.69)), under Assumption using Young’s inequality, Jensen’s
inequality, and Proposition [3.4.8 we have

t
B sup [ (oCR ) — o0y ), A ds] (3.74)
0<t<T Jo
7]]4:{ ¢ >i,N ~X,N ixN YNy A xi\g
=E| sup w( X ™) —w(Y (5 (), AXE )ds (3.75)
o<t<T JO
su FXON — XIN YN =yt Ax] 3.76
(]<t£)T/ Z )~ 10 e ) > ] (3.76)

g]E{/ |AX§\2ds} I+ I,
0

For I (given by the domination of (3.75))), by Assumption Young’s inequality and Cauchy-
Schwarz inequality

T
I :LﬁE[/ (1+|XlN\q+|Y,j’*’N| ) XN Y&Z;N\Q}ds

<0/ \/ 1+|X1N|2q+|Y“N|2qH [1X3N — yTN 4] ds,

For I3 (given by the domination of (3.76) after extracting the |AX?| term), by Assumption
Young’s inequality and Cauchy-Schwarz inequality

CL N 2
fZ]E[/ (1+|X1N XJN|q+|Y17*7N—Y'g(7) | )

X (XEN = XIN) = (i = I as

N T
C *, *, o J
S*Z/ \/]E o RN 2 RN 2 i g () R Y - v
N‘*l 0 K(S

By - Assumption 1} Young’s inequality, Jensen’s inequality, since m > 4q + 4, and by
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Theorem we have

E[IX50 — Yy 1] = E[lhe (5" me ()]

4 1*N'A)’N (jh4 al Z*JV 3%, N\ 14

< ChE[Ju(Y, w(s) o (5))] ]+7 E[|f(Y, W Vel ]
Jj=1

N
; 1
iR yirN|detd | Y
<Ch [1 ‘H(S)| NZ' r(s) }

cnt & ‘
+ DS B[+ i =i v - v
j=1
ot Y 4N 4qtd 4
< B[+ < ont
j=1

Using this inequality in combination with Proposition [3.4.8| allows us to conclude that

E[| X3V — Y75V < CIE[|XJ’N IV |XIN — yaN } < CR2. (3.77)

Thus, for injected back in (3.65)), take supremum and expectation, and collecting all the
necessary results above, we reach
t _ T
]E[ sup / <U(X2’N,uév) - U(Y&:’)N,ﬂ:&i\;),Angs} < C’IE[/ |AX§|2ds} + Ch'=.
0<t<T Jo 0
(3.78)

For the second term ([3.66)), the calculation is similar as in Proposition we conclude that

t T
E[ sup <b(s,X§’N, ) = b(a(s) Yo ) Axg>ds] gCh+CE[ |Axg|2ds].
0<t<T
Sts 0 0
(3.79)

Similarly, for the third term (3.67) (these are just Lipschitz terms), we have

T
sup / o5, XY, 125 = o (w(s), Vi 5[ ] < on+ / AXI[2ds].
0<t<7’ 0
(3.80)

Consider the last term ({3.68)) — this is a Lipschitz term and dealt with similarly to Proposition
Using the Burkholder-Davis-Gundy’s, Jensen’s and Cauchy-Schwarz inequality

E[ sup /Ot <AX§,(J(S,X;%N,M§<7N)—U( (), Y2, :(f)))dWlH (3.81)

0<t<T

1 7 T 7 1y%
< [ s [AXE) 4 B[ [ ol X0 5) (w5 ) as |
0<t<T 0

Again, gathering all the above results (3.78), (3.79), (3.80)), and (3.81)), plugging them back into
(3.65)), after taking supremum over ¢ € [0, 7] and expectation, for all i € [1, N] we have

T
E[ sup |AX]|? ] <Ch'"® +C]E[ / sup |AXZ|2ds} + IE[ sup |AX]|?]
0<t<T 0 0<u<s 0<t<T

T
SC’hle—FC/ E[ sup |AX]|* |ds
0

0<u<s

Gronwall’s lemma delivers the final result after taking supremum over i € [1, NJ. O
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3.4.5 Discussion on the granular media type equation

Throughout C' > 0 denotes a constant always independent of h, N, M but possibly depending
on T and m.

Proof of Theorem . Recall the proof of (3.65) in Section[3.4.4] Under Assumption [3.
for all i € [1, N], t € [O T] and using arguments s1m11ar to those of we have

t
AXE = XN = XY = [l ) oV ) s
0

Kk(s) m(s)

BIAX) < 2 [ B[(u0x, ) — o0, ), axt)as 352
0
+2/OtE{<U(X;%N,,1§v ) — o (VN Al ), AX >]ds. (3.83)

For (3.82), arguing as in (3.40), Remark and using that the particles are identically

distributed, we have
E[(o(X0V, V) = o( X0V, iXN), AXD)| < 2LFE[|AXI?]. (3.84)

For (3.83)), it is similar to the above, we have
t _ .
2 /0 E[(o(X2Y, ) = o5V, i), AXE) | ds
== Z / FAXST) — f(AYH), AX;'Hds, (3.85)

where we introduce the following handy notation (recall ((3.10)) and (3.13))
AX,i,j _ Xi,N o Xj,N AYZ] o Yzi*sN YJ(,*iN’
AW = AN+ Gy (s —w(9) + Gty AN = AN + g7,
©,J,8 __ i,%,N YN 7%, N ~Y,N ©,J,8 __ 1 i vl
G — ( VN ) = o)) and Gt = o (W2 = W) = (W8 = Wi))).
(3.86)

We now proceed to estimate (3.85). By the mean value theorem under Assumption [3.2.12} for
(3.85)), there exist p1, p2 € [0, 1] such that

FATH)
» o AXEI
= FANE) VAN (G5 = o) + 637 + [ (Th) = VAN du
Af(’:ﬁj
= FANE) + VAN (657 (s - r(s) + G
+ (VAANY + (G5 (s = v(s) + Gi3) = VAAKE)) (aX - aXy),
FAYS) = F AN + v X (an)
(Vf (ANE + pa(Gi°h)) =V f(Af(SW)> (A;’(;vﬂ Af(gﬂ)

Note that only G1¢ contains the Brownian increments. From the above, there exists
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P1,s, p2.s € [0,1] for all s € [0,T], and by Young’s inequality, we have
t
/ E[(f(aX) — f(aYls), AxL)|ds (3.87)
0

< [(B[(vra) (056 - n-ne) + aig?). axas v o [ Blaxilas @8

.2 L. .2
+c/ V(A% + o107 (s = () + G ) = VAN |aX = A% | Jas
(3.89)
t - 2
+C/O E[|VF(AXE + p2.s(G5R) = VHANE) ‘ AYE = aX[as (3.90)
For the first term of , by Young’s inequality
t
E|(VAAYEN (GG (s — h— k(s)) + G1J®), AXD) |ds 3.91
| E[(vraXy (e () + @), X)) (3.91)
t ) t 2
< c/o ]E“AX;ﬂds—i—C/o E[|VAARGE (s —h—w(s))| ] as (3.92)

t

+/(:]E[<Vf(AX”) GHS AXT — AX,i(s)>]ds+/0 IEKVf(AX”) Gid* AXL >(]ds.)
3.93

For the second term of (3.92)), since m > 4¢q + 2, by Assumption [3.2.12] and Theorem |3.2.10
using calculations similar to those in (3.45)) and Proposition we have

C/ ‘Vf AKX(%] )GyT® (s—h—ﬁ(s))mds

< Ch? / {1 + |XK(S |fa+2 4 \Y;(*)N|4q+2}ds < Ch*.
0

By Jensen’s inequality and calculations close to those for I3 in (3.76)), since m > 4q + 2, we
have

E[|AX] - AX.,[?) =E|| / . (o2 ) oY ) dsﬁ (3.94)

Kk(s) m(s)
<h/( ZE ’f (XN = XPN) = fvs - Y,j(’:;N)’ } ds < Ch*. (3.95)
K(t

Thus, for the first term of (3.93)), by Cauchy-Schwarz inequality and the properties of the
Brownian increment

[ #{(srioz cigr.axi-ax, o

/\/E VAARE) G Py B AX: - AXE ) [P]ds < CR2.

For the second term of (8.93)), since G%J* of (3.86) is conditionally independent of Af(;)j and
AX?

(s) (and contains the Brownian increments), the tower property yields

/Ot EKW(Af@ ) GY° AXL )>]ds ~0. (3.96)
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Thus, plugging the above results back into (3.88)), we conclude that

/Ot ]E[<Vf(Af(’;5j) (Gg”(s —h—K(s)) + G ) AX(§>]ds < COh2. (3.97)

For (3.89)), by Assumption [3.2.12] Cauchy-Schwarz inequality and the properties of the Brow-
nian increment, and the condition m > max{8¢, 4q + 4}

E[’Vf( i 4 p1s(Gy (s = k() + G%)) = V(AN )] }
< CB[| (14 A%+ s (657 (s = () + G 4 (A%

x p1s (G575 (s — k(s)) + G1J°)

}SChQ,
and
E[JAX" — A" < CE[|(G5* (s — n(s)) + G1g")[ '] < con®.

Thus, using Cauchy-Schwarz inequality again and the results above we conclude that

t
[ EIIVAAEE @576 o) + ) — VATPIATH - A% Pas <

K(s) k(s )
(3.98)
For (3.90), recall (3.86]). Similarly to above, by assumption m > 4¢ + 2 and hence
t
K3 s i 2 i.d.54 12
/O IE[ VI (AL + p2,sG7*h) = VF(AL)] |Gg7*hl ]ds < Ch2. (3.99)
Thus, plugging (B:97), (3:98) and (3:99) back into (B.87), yields
/ E[<f(A§’W) — FAYE), AXZ>}ds < Ch? + c/ E[|AX![?]ds. (3.100)
0 0

Plug the above result and (3.84]) back to (3.82)), we conclude that, for all i € [1, N], ¢t € [0, T
t

E[|AX/[?] gc/ E[|AX!|*]ds + Ch>. (3.101)
0

Gronwall’s lemma delivers the final result after taking supremum over i € [1, NJ. O
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Chapter 4

Well-posedness, ergodicity and
numerical analysis for

McKean-Vlasov SDEs with fully
super-linear growth drifts and

diffusion in space and interaction

4.1 Introduction

In this chapter, we analyze a class of McKean—Vlasov Stochastic Differential Equations (MV-
SDEs) having drift and diffusion components of convolution type, akin to the porous media
equation or interaction kernel modelling, which allows for super-linear growth in measure and
space in both coefficients — one may think of the super-linearity as higher-order polynomials
under some additional conditions regulating spatial and measure radial growth. We work with
MV-SDE dynamics of the form

dX; = (v(Xe, i) + b(t, X, X)) dt + (¢, Xp, g )AWy,  Xo € L™(R?), m > 2 (4.1)

where 3 V@ H) = Jga flz —y)p(dy) + u(z, p),
he {o—u,x,u) = () + fou fo( — y)(dy). “2)

Above, 11X denotes the law of the solution process X at time ¢, L™(R%) is the space of JFo-
measurable random variables with finite m-th moments, W is a multidimensional Brownian
motion, u,b,0 and f, f, are measurable maps. Critically, f, f,,u,c are maps of super-linear
growth but not assumed to be differentiable and @ may degenerate. The function u in v allows
to incorporate measure dependencies other than convolution type.

In terms of a modelling perspective in the context of particle dynamics, — model
the dynamics of particle motion where the particle is affected by different sources of forcing.
The map u represents a multi-well gradient potential confining the particle (and the source of
super-linear growth in the spatial component) and the convolution map f contains information
on the forces affecting the particles (attractive, repulsive), see [2, [83] [138]. As argued in [83],
under certain assumptions, v (and f) adds inertia to the particle’s dynamic in turn affecting its
exit time from a domain of attraction (by accelerating or delaying it) and alters exit locations
[2, 6T, [83] (also [56]). To motivate the study of equations with a (nonlinear) convolution term
(foxu)(-) = Jga fo(-—y)u(dy) in the diffusion component, which is the main feature of our work,
we first mention [80]. There, a Cucker—-Smale model incorporating random communication is
rewritten as a Cucker—Smale model with multiplicative noise (the diffusion coefficient has the
form (E[X;] — X;) = [pa(X¢ — y)pe(dy)), which helps to stabilize flocking states as the effect
of the noise diminishes the closer the particles concentrate around their mean; see also [7].
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These works give a clear motivation to analyze convolution type diffusion maps (diffusions
whose strength depends on the density) — also [64] studies a kinetic flocking model with a more
general distance potential (communication rate) function than [80]. In addition, [25] considers
general stochastic systems of interacting particles with Brownian noise to study models for the
collective behavior (swarming) — more particularly, [25] Section 1.2.2] highlights several open-
question model extensions to nonlinear diffusion coeflicients (though beyond the scope of this
chapter). The recent works [20] 0] investigate consensus-based optimization (CBO) methods
for solving high-dimensional nonlinear unconstrained minimization problems. A CBO scheme
updates the particle’s position in an iterative manner to explore the optimization landscape.
There, particles far away from the equilibrium state are expected to exhibit more exploration
(i.e., the noise level should be larger) compared to particles close to it. Inspired by the above
discussed works, we offer a new class of MV-SDEs adding a new element in the diffusion
coefficient by means of a reversion to the population mean expressed through a fully non-
Lipschitz f, * u significantly beyond the linear interaction diffusion coefficients studied in the
mentioned works.

More generally, the motivation to study this class of MV-SDEs and associated interacting
particle systems is to present a unified framework to address wellposedness and establish prop-
erties useful for downstream applications. For instance, from emerging models of mean-field
type in neuroscience [68], understating particle motion and exit times [2, [83] [84] T38|, [141],
parametric inference [I7] (also [53] [74]) is an important consideration. We also point to Section
4 and 5 of [92] for a variety of general interacting systems that are subsumed by our class. Our
results can also be viewed as an addition to the literature on granular media type equations as
studied in [39, [78] [126].

The existence and uniqueness of solutions to MV-SDEs, in a strong and weak sense, has been

extensively studied, see e.g., [35, 43}, [87] [94], 100} 110} 116, 12T, 127, 133] and references therein,
but none cover the setting presented here. To the best of our knowledge, the existence and
uniqueness of strong solutions to equations with super-linear growth in the measure component
of the drift and the diffusion has not been addressed in general. There exist various works
considering super-linearly growing coefficients (in state) but do not incorporate f or f,, see
e.g., [99, 116l T40] and its references. In [2] the authors deal with a super-linear f, f, =0, and
a (unbounded) uniformly Lipschitz continuous o, and derive wellposedness (i.e., existence and
uniqueness of a strong solution) and large deviation results. Further, [I43] allows for a setting
similar to ours but requires upfront strong dissipativity and non-degeneracy. Their aim was
to study ergodicity, nonetheless, it is unclear how to adapt their methodology if working with
the goal of proving wellposedness over [0, 7] under milder conditions. From the initial work [2],
our goal is to develop a general framework to study — in terms of wellposedness (over
[0,T]), with a super-linearly growing ¢ and f,, ergodicity and approximation schemes. Our
contributions.
Our first main contribution concerns wellposedness and propagation of chaos (PoC) results for
the finite time horizon [0, T] case. The critical nontrivial hurdle of this setting is in establishing
LP-moment bounds for p > 2 under the presence of the super-linear growths of f, f, and o
— this issue appears solely due to the simultaneous presence of nonlinearities (in space and
measure) in the drift and diffusion, otherwise techniques like those of [2] or [99] would suffice.
To overcome this hurdle, we introduce a new condition dubbed ‘additional symmetry’, which
is new in the literature (to the best of our knowledge). For a quick perspective, we suggest the
reader glance at Lemma and (in Appendix) and the proof of Theoremto see how
one deals with the convolution terms and to note the importance of the ‘additional symmetry’
condition — a discussion on this latter condition is presented in Remark [£:2.6] We also address a
propagation of chaos result [57, 611 [71], [118], [133] for this class. We show the interacting particle
system, obtained by replacing uX by the system’s N-particle empirical distribution, recovers
the original MV-SDE in the particle limit N — oco. Under a very mild higher-integrability
assumption, a convergence rate is obtained.

The second main contribution of this chapter is a numerical method to approximate (4.1))-
over [0, T via its interacting particle system. Most of our theoretical results are only proven
for the finite time case, but we successfully apply the scheme for the long-term simulation of a
particle system as well. There are presently many studies for numerical methods allowing super-
linear spatial growth of drifts (and diffusions): Euler type methods, e.g., taming [60], time-
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adaptive [125], semi-implicit methods (Chapter , projection methods [18]; Milstein type
methods e.g., [14] [13] [08] 123] with some allowing super-linear o in space. There are variations
on the assumptions, but all these contributions require drifts and diffusions to be globally
Lipschitz continuous in measure (with respect to the Wasserstein distance with quadratic cost).
Two recent contributions [106, [119] allow for weaker continuity conditions than Lipschitz for
the coefficients but require a linear growth in space and measure. Only the results in Chapter
allows for general super-linear growth in f, u but still limits & to satisfy Lipschitz assumptions
— we detail below the differences between Chapter [3| and this manuscript in more detail.

The scheme we propose here belongs to the split-step method (SSM) class as in previous
chapters. We follow the strategy of approximating (in time) the interacting particle system
associated with the MV-SDE and using a quantitative propagation of chaos (PoC) convergence
result, see [29] and [60, [123] 125] for earlier uses of this strategy. From a methodological
point of view, the convergence proof of our numerical scheme is different from any used to
study MV-SDE numerical schemes in the literature; our highly-non-linear setting forces us to
draw on the stochastic C-stability and B-consistency mechanics proposed in [22]. Its use in
the context of numerical schemes for MV-SDEs and interacting particle systems is novel in
the literature — except for the very recent [24] that studies higher order strong scheme for
MV-SDE under non-differentiability conditions using a randomisation method. In [24], the
authors work with generic Lipschitz assumptions and need to change the underpinning error
norms to cope with the complexity arising from the randomization step due to an explicit non-
differentiability assumption on the drift coefficient. Our approach and requirements differ, and
so does the analysis (albeit similar at points). We show that it is possible to work directly with
the concepts of [22] to deal with the interacting particle system, see Sectionf we emphasize
that the main goal of the analysis is to guarantee that core moment estimates are uniformly
independent of the number of particles N of the interacting system (but may depend on the
initial system’s underlying dimension d). As is common in the MV-SDE literature, results from
the SDE numerics literature on super-linear growth do not carry over to the MV-SDE one.

Closest to our work with regards to the SSM in Chapter [3] where the authors propose an
SSM scheme similar to the one here for interacting particle systems that have (with f, =0
and o globally Lipschitz continuous in space and measure) as limit. There they overcome the
barrier of super-linear growth in space and measure for the drift (that [47, [60, 125] do not), but
work with a diffusion component of Lipschitz type; the focus of Chapter [3]is solely the analysis
of the numerical scheme and not wellposedness or ergodicity. Our setting is more involved
those of [47) 48] and requires novel proof techniques — here, drawing from [22], specifically due
to the simultaneous super-linearity in drift and diffusion. In Chapter [3] bounds for higher
order moments of the discrete process obtained by the time-stepping scheme can be developed
by commonly used assumptions like (A%, A?) below. For our situation, the super-linearity
in the diffusion coefficient (in space and measure) is controlled by a drift satisfying a suitable
one-sided Lipschitz condition. However, the simultaneous appearance of nonlinearities in the
diffusion and the nonlinear convolution f * u in the drift causes difficulties. This is the reason
why, for the scheme in this manuscript, only L?-moment bounds were established, and the proof
methodology takes recourse in the stochastic C-stability and B-consistency mechanics of [22]
(which does not require to establish bounds for higher order moments of the SSM). It remains
unclear how to obtain higher moments (even with the help of the new additional symmetry
assumption).

‘We present several numerical examples of interest and for comparison we implement, without
proof, two intuitive versions of taming methods [60, 123]. Our examples show the SSM to
perform very well for the approximation of a solution to on [0,7] in an L?-sense or the
approximation for the ergodic distribution. The numerical results using taming are mixed
but suffice to highlight which version can be expected to converge (theoretically). We show
a surprising numerical divergence finding for taming given the choice of initial condition and
which does not appear when using the SSM  (see our Section — this confirms the SSM
as a stable/robust choice of scheme for this class. The SSM is shown to preserve periodicity
of phase-space. Lastly, we provide a numerical example with the aim of estimating the PoC
rate across dimensions and which highlights a gap in the literature: we observe the rate of
[57, T18] (not applicable to our setting) instead of those in [34] [7T] (which are used to prove our
PoC result). Future research focuses on the study of uniform in-time PoC results and strong

62



convergence rates for the SSM on [0, 00).

We also establish ergodicity result for the SSM, we demonstrate with an example, the study
on invariant distribution of fully super-linear growth type MV-SDEs remains an open challenge
and is left for future investigation.

Organization of this chapter. Section contains: framework, wellposedness results,
the particle approximation and the propagation of chaos statement, and the numerical scheme
alongside associated convergence results. Several numerical examples are provided in Section
[4.3] They cover the non-dissipative case in short and long time horizons; approximation of the
invariant distribution; preservation of periodicity in phase-space and numerical estimation of
PoC rates across dimension. All proofs are postponed to Section [£:4 Generic auxiliary results
are given in the Appendix.

4.2 Main results

4.2.1 Framework

Let v : RY x Po(R?) — R, b: [0,00) x RY x Po(R?Y) — R% and 7 : [0, 00) x RY x Py(R?) — RI*!
be measurable maps. The MV-SDE of interest of this chapter is Equation (for some
m > 2), where p;* denotes the law of the process X at time ¢, i.e., u;¥ =Po X, '. We make
the following assumptions on the coefficients.

Assumption 4.2.1. The functions b and o are 1/2-Hélder continuous in time, uniformly in
r € R and p € Po(R?) and SUDyc(0,00) (10(2,0,00)|+ o (t,0, 80)|) < L, for some constant L > 0.

(A®) Let b be uniformly Lipschitz continuous in the sense that there exists Lg)), LE‘Z’)) >0 and

Lgi)) € R such that for all t € [0,00), z,2' € R? and p, i’ € P2(R?) we have that

2
1b(t, @, 1) = b(t, o, ) * < L (Jo — 22+ (WP (1)),

(w— ' bt p) = b(t. ' 1)) < Lile —a'[* + Lig) (WP (o, )",
where the first Lipschitz condition leads to the second one-sided Lipschitz condition, we
separate these conditions with specific constants for clearer demonstration of the later results
(e.g Theorem|4.2.19).
(A%, A%) Let u,o satisfy: there exist LE}}O_) € R, and LEiL),LgL),LEiyql > 0 such that

for allt € [0,00), z,2" € R and p, 1/ € Po(R?), with m > 2 in (4.1)), we have that

<.’E - xlv u(:v, /1') - ’U,(IE/, :u/)> + 2(m - 1)|U(t7 z, ILL) - U(tv x,v NI)‘Q (43)
1 2 2
< Ligyla = a'[* + L(, (WP (1)),
|U(1’,/L) - U(Z/, /u’)| + ‘O—(tvxnu‘) - O—(tvxlaﬂﬂ (44)
< Ly (1 lal ™ + 12’2 — |

2
Ju(w, 1) = ula, 1) 2 + o (t, 2, 1) — ot 2, 1) < i) (W (, 1)),

(A, Af) Let f, f, satisfy: there exist LE;)),LE?) € R, and LE?),QQ > 0, such that for all
z,2' € R, 2 < p < m, we have that
(x—a', f(z) = f(2")) +2(m = 1)|fo(2) — fo(a")]?
< Lg}))kc — 2'|%,(One-sided Lipschitz, monotonicity condition),
(&) = £+ 1fo@) = fola’) < LD+ Jol® + o)) — o'|, (Locally Lipschitz),
f(z) =—f(-2), (Odd function),

(Jx[P~2 — 2" P2z + o', f(z — o)) < LE?}))(\:EF + |2/ |P), (Additional symmetry).
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Assume the normalizatimﬂ f(0) = f,(0) = 0. Lastly, and for convenience, we set q =
max{qi, g2} > 0.

Remark 4.2.2 (Time dependency for u). To avoid added complexity to an already complex
work, we do not address time-dependence on u. A close inspection of the proof for wellposedness
and convergence of the numerical scheme shows that as long as the time dependence does not
interfere with constraints imposed by Assumption the results will hold. Additionally one
would require a 1/2-Hélder continuity property for the function.

All elements in the above assumption are standard, except the ‘additional symmetry’ re-
striction. The ‘additional symmetry’ is a new type of restriction which we have not found
previously in the literature and we discuss it in more detail at several points in the text, in
particular, in Remark

This condition is trivially satisfied when d = 1 (see (4.5))) or when the function is Lipschitz.
We next provide a non-trivial example in d > 1 for f satisfying the ‘extra symmetry’ condition.

Example 4.2.3. For z € R? define f(z) = —z|x|?. Then, for any p > 2, x,y € R? it holds
that

(2P~ = [ylP=)(z +y, —(x = y)lz —y*) = —(|z["7* = [y~ (|2 ~ y*)|z — y* <0,
and the conclusion follows from the monotonicity of the polynomial function.

Remark 4.2.4 (Implied properties). Let Assumption hold with m > 2. We provide the
following estimates for some positive constant C' which may change line by line, which are
derived using the one-sided Lipschitz condition and Young’s inequality (see Remark for
details). For allt € [0,T], z,2',2 € R? and p, i’ € Po(R?), we have
(@, F(@) +20m = V| fo (@) < L} |2, |b(t z,@)]? < C(L+ |2 + (WP (1,00))%),
(z,u(w, 1)) + (m — 1)|o(t, =, n)|? C(l + |22+ (WP (1, 80))?)
(@ — 2 u(w,p) —u(@', 1)) < Cle — ' + (W(2 (1, 1))?
(z,b(t, z, ) < 0(1 + 2 + (WP (1, 80))),
(& — o/ v, p) — (', ) < (LY, + L) e — o2,

ot < Aot wP +2| [ fole =yt

)
) ,
)

<2(lotta )l + [ 1fole =)l

Let f : R — R be an odd-function satisfying the one-sided Lipschitz condition, then f
satisfies the additional symmetry condition, i.e., for x,y € R,x # y,p > 2, we have

= SO o o)

Clz” + ly[")- (4.5)

(2P~ = [yl =)o +y, fla —y

The following decomposition is crucial for the remaining parts of this chapter

1 This constraint is not restrictive since the framework allows to easily redefine f as f(z) := f(x) — £(0) with
£(0) merged into b.
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forz € RY, m>p>2 puecPn(RY it holds that

/Rd /Rd |z[P~2(z, f(z — y))u(dy)u(dz) = %/Rd /Rd<|x|p—2x P2y, f(x — y)hu(dy)p(da)
=5 [, [ (a2 = o172 + (ol =2y = ). S = ) ()l

= [ [ Gl == )+ K= = ) o+ 9. = ) e
(4.6)
The decomposition in ([&.6) along with (Af, Af") will be used to incorporate the nonlinearity
of fo
4.2.2 Existence and uniqueness of the MV-SDE
Let us start by stating the wellposedness result of MV-SDE (4.1)).

Theorem 4.2.5 (Wellposedness). Let Assumption |4.2.1| hold with m > 2q + 2, then there
exists a unique strong solution X to MV-SDE satisfying the following estimates: For
some constant C' > 0, we have a pointwise estimate

sup E[|Xt|ﬁl] <C (1 +E[|X0|m]) T, for any m € [2,m].
t€[0,T)

The proof of the wellposedness theorem is postponed to Section

Remark 4.2.6 (On the ‘additional symmetry’ restriction). The critical element of the proof
for this result, is the difficulty in establishing (finite) bounds for higher order moments of the
solution process. The ‘additional symmetry’ assumption is a technical condition without which
we were not able to establish LP-moment bounds for p > 2 (and d > 1) — proving L*-moment
bounds or uniqueness of the solution is straightforward and the condition is not needed. The
requirement of ‘additional symmetry’ stems solely from having a super-linearly growing o, fo
and a super-linear growth of the convolution term appearing in the drift. If either of them is
of linear growth (or d = 1), then the ‘additional symmetry’ condition can be removed and the
results hold.

The strategy used in [2] to establish LP-moment bounds, working with Assumption but
with a linearly growing o, is to bound E[|X;|??] via

E[|X,[*] < C(E[| X, — E[X:|*"] + E[|X2]"),

and then noticing that
2 2
E[|X, - E[X,)|"] = / E */ yhe(dy) [ pe(dz)
Rd Rd
< [ [ o= vPPheldym(as) = B[, - ],
Rd JR4

with X an independent copy of X driven by its independent Brownian motion, see Lemma
and Lemma[6.3.9 for extra details. This trick allows to deal with the convolution term, employ-
ing its symmetry, (see Lemma , but does not give control of the super-linear diffusion. To
be precise, Ité’s formula applied to | X — X\Qp forces one to use the polynomial growth condition
on o , which involves higher moments, instead of .

Without the trick described above, and following more classical approaches [123, Theorem
2.1], it is possible to control the super-linear growth of o in space (via ) but it is unclear
how to simultaneously control the super-linear growth of the convolution terms in a tractable
way (the tricks of Lemma and Lemma do not carry over).

All in all, there is competition between the growths of f and o, f, and neither just described
technique is adequate to establish LP-moment estimates. The ‘additional symmetry’ condition
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offsets this difficulty. See details in the proof in Section[{.4.1l Lifting this restriction is left as
an open question.

4.2.3 Particle approximation of the MV-SDE

We now turn to the particle approximation of the MV-SDE with the ultimate goal of establishing
a working numerical scheme for the equation. All results here are only concerned with the finite-
time case.

As in [29, 47, 125], we approximate the MV-SDE (4.1) (driven by the Brownian motion
W) by an interacting particle system, i.e., an N-dimensional system of R%valued interacting
particles. Let ¢ € [1, N] and consider N particles (Xf’N)tE[O7T} with independent and identically
distributed (i.i.d.) initial data X3~ = X} (an independent copy of X;) satisfying the (R%)N-
valued SDE

dX; N = (w(XPN )+ b, XN, M) dt + a5 XN, N awy, XN = X8, (47)

where p;5N (dz) = + Z;VZI 8y~ (dz) with &, being the Dirac measure at z € R, and W*
t
being independent Brownian motions (also independent of the Brownian motion appearing in

@.1)).
We introduce similarly to Remark the auxiliary maps V, and ¥ to view (4.7)) as a
system in RN?,

Lemma 4.2.7 (Properties of the particle system as a system in RV9). Define V : RN? —
RN 3 . [0, 7] x RNd — RNE@XD py V(zN) = (...,v(mi’N,u”E’N),...), and il(t,acN) =
(..ot o™, =N, ) with o = (o8N, NN e RV e [0,T].

Then, under Assumption with m > 2, for any =¥, yN € RN? with corresponding
empirical measures > = % Zjl dpin, and p¥ N = % Z;vzl dyin, the functions V, S also
satisfy a monotonicity condition (see first item of (Af, Afe) in Assumption in RN
(with constants independent of N ).

Proof. From Assumption[4.2.1) Remark and Jensen’s inequality, we deduce, for all 2V, yV €
RNt € [0,T],

02 =1 1562 — (e, y™)P2

N N
SO (N =) — Y ), S =) Y )

((I“N =y N u(@N, o) —u(yt N, p )

+ (m _ 1)|0_(t7xi,N“ua:,N) _ O’(t,yi’N, ’uy,N)‘Z)

m—1 N N
F LS S et — ) — Loy P < Ol
i=1 j=1

where C' > 0 is independent of N.
O

Propagation of chaos (PoC). In order to show that the particle approximation is
effective to approximate the underlying MV-SDE, we present a pathwise propagation of chaos
result (convergence as the number of particles increases). To do so, we introduce the system of
non interacting particles

dX] = (v(X7, ")+ b(t, X, 1)) dt + 7 (t, X7, ps )AW], ¢ € [0,T7], (4.8)

which are (decoupled) MV-SDEs with i.i.d. initial conditions X§ (an independent copy of Xj).
Since the X¥’s are independent, uX = p¥ for all i (and p;X the marginal law of the solution
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to (4.1))). We are interested in the strong error-type metrics for the numerical approximation
and the relevant PoC result for our case is given in the next theorem, the proof is postponed
to Section [4.4]

Theorem 4.2.8 (Propagation of Chaos). Let the Assumptions of Theorem hold for some
m > 2(q+1). Let X* be the solution to ([4.8) in the sense of Theorem |4.2.5. Then, there erists

a unique solution XN to [.7) and for any 1 < p < m there exists C > 0 independent of N
such that

sup  sup E[|Xti’N|p] < C(1+E[|X0|p]).
i€[1,N] t€[0,T]

Moreover, suppose that m > 2(q + 1) and m > 4, then we have the following convergence
result

N2, d<4,
sup  sup E[|X]N — Xj|?] <C{N-2logN, d=4, (4.9)
1€[1,N] t€[0,T] Nﬁd%‘l d> 4.

This result shows that the particle approximation will converge to the MV-SDE with a given
rate. Therefore, to establish convergence of our numerical scheme to the MV-SDE (in a strong
sense), we only need to show that the discrete-time version of the particle system converges to
the “true” particle system.

4.2.4 (-stability and B-consistency for the particle system

Before introducing our numerical scheme and the corresponding strong convergence result, we
first present a definition of C-stability and B-consistency for the particle system. The following
definitions and methodologies are modifications of the original work in [22] 24] tailored to the
present particle system setting. The probability space in this section supports (at least) the N
driving Brownian motions of the particle system and the filtration corresponds to the enlarged
filtration generated by all Brownian motions augmented by a rich enough o-algebra Fj.

Definition 4.2.9. Let h € (0,1) be the stepsize and ¥; : R? x Pa(R?) x [0, T] x (0,1) x Q — R4
for alli € [1, N] be a mapping satisfying the following measurability and integrability condition:
For every t,t+h € [0,T], h € (0,1) and X = (X',...,XN) € L? (0, F, P;RY?) | € Po(R?)
it holds

\I/i(Xia,uvtah) € LZ(Qa*Ft-‘rhaP;Rd)v U= (\Ijla .. a\I/N) (410)

Then, for M € NyMh =T, k € [0,M — 1], t, = kh, we say that a particle system )A(,JCV =
(X;’N, .. ,X,iVN) € RN is generated by the stochastic one-step method (¥, h, &) with initial
condition & = (€1,...,&N) € L2 (Q,}'o,]P’;]RNd), U= (Ty,...,¥N), if

N

a vi, N ~X, ~ X, 1

Xk’_;,_Nl = \Ili(XkNa/‘?Nvtkvh)a Mi(N(dx) = NzaXiN(dx)v
j=1

XN =¢€, ie[1,N].
We call U the one-step map of the method.

Definition 4.2.10. A stochastic one-step method (U, h,§&) is called stochastically C-stable if
there exists a constant C' > 0 and‘a parameter n € (1,00) such that for allt,t+h € [0,T], h >0
and all random variables XZ’N, ZZ’N e L? (Q, Fi, P Rd) , i € [1, N], from identically distributed
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particle systems with their empirical measures ,u;X’N, utZ’N € P2(RY), it holds
]

. . 2
+oE[|(id ~ B[ | A]) (WX, 0N ) = 0z w2 )|

]EH]E[\I%(X?N :u“i(’N 3 h) - \I]i(Zti’NhutZJVatvh) | ‘Ft]

) )

< (1+Ch)E[X]N — ZPN 2] + Ch(W® (N, u2N))2.

Here, and in what follows we denote by (id — E[- | Ft])Y =Y —E[Y | F] the projection of
an Fyyp-measurable random variables Y orthogonal to the conditional expectation E[- | F].

Definition 4.2.11. Let X%V i € [1,N], be the unique strong solution to , with N
being the corresponding empirical measure. A stochastic one-step method (V,h,&) is called
stochastically B-consistent of order v > 0 if there exists a constant C' > 0 such that for all
t,t+he[0,T], h€(0,1), it holds
2

} < Ch27+2,

BRI - Y, ) 7

. . 2
E[|(d — B[ | 7)) (X5 - w0, N, o m)| ] < onrt,

Next, we show the convergence results based on the definitions above.

Lemma 4.2.12. Let (¥, h, €) be a stochastically C-stable one-step method with somen € (1, 00).
For the particle system XV, given by [4.7) with its empirical distribution p~, we have

sup  sup E[\X;’N - X;Nﬂ <7 [EUXS’N — &'
nef0,M] i€[1,N]
M _ . 2
£ s (e rE[ELGY - O w e h) | FT]
el

. . 2
+Cy ]E[ (id = E[ | Fro ,]) (XN — \I/i(X;{"l,uf_’le,tk_l,h))‘ D]

where C,, =1+ (n—1)"1 and X;N denotes the particles generated by (U, h, ), with X;’N =
XN, N = Nty = kh for all k € [0, M].

ty

Theorem 4.2.13. Let the stochastic one-step methpd (‘l’,h, &) be stochastically C-stable and
stochastically B-consistent of order v > 0. If £ = XS’N = XS’N, then there exists a constant C
independent of N, h such that

sup sup E[|X5N — X;N|2] < Ch™,
n€e0,M] i€[1,N]

where X“N denotes the exact solution to ([4.7) and XN s the particle generated by (U, h,€).
In particular, (U, h,§) is strongly convergent of order .

4.2.5 The numerical scheme

The split-step method (SSM) proposed here follows the steps in Chapter [3|and will be re-casted
accordingly. The critical difficulty arises from the simultaneous appearance of the convolution
component in v and the super-linear diffusion coefficient. The presence of both nonlin-
earities is the main hindrance to proving moment bounds of order p > 2 for the numerical
scheme. Therefore, we rely on the C-stability and B-consistency methodology, as this approach
does not require proving moment stability of higher order for the numerical scheme. This is
in stark contrast to the techniques used in Chapter [3| where the time-stepping scheme has
stable moments of higher order (depending on the regularity of the initial data) and strong
convergence rates are proven without employing the C-stability and B-consistency procedure.
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Here, we wish to emphasize that even with the symmetry condition it is unclear how to prove
LP-moment bounds of the numerical scheme for p > 2.

Definition 4.2.14 (Definition of the SSM). Let Assumption hold, let h satisfy (4.14)

and let M € N such that Mh =T'. Define recursively the SSM approzimating of 1.' as: set
XN = X§, fori e [1, NJ; forn € [0,M — 1] and i € [1,N] (recall Lemma |{.2.7), t, = nh,

we have with AW} = W} o Wi
VN = XN L hv(veN), XN = (L XEN ), YN =N ), (4.11)
where YN = XEN 4 py(yieN | gV N(dx) : = Z Oy (dz), (4.12)
j=1
X0 = VioN bt YN g N 4+ T (t,, YN gl N AW (4.13)

The stepsize h satisfies (this constraint is soft, see Remarkfor details)

+r ), 22nF

he (O,min {1, %}) where ¢ = max {2(L(1) o 0

7 +L LY, o}. (4.14)

(uo (uo)

It is immediate to see that (4.11]) or are implicit equations (given Xy he solvability
of Y,V as a unique implicit map of the mput X N is addressed in Remark {4 below. The
choice of h is discussed next.

Remark 4.2.15 (Choice of h). Let Assumption hold (the constraint on h in (4.14) comes
from (4.38), (4.42), (4.43) and (4.34) below) and following the notation of these inequalities,
under (4.14) with ¢ > 0, there exists A € (0,1) such that h < \/{ and

1 1 1
max{ < .
_ oW (1) _ MW+ p 1) (2) } 1-A
1 2(L(f) + L, ))h 1=2Q2L ;" 4 Ly +L(W))h

For { =0, the result is trivial and we conclude that there exists a constant C' independent of h
such that

1 1
max{
oL@ L 1D\ ] _ oo 1D 1™
1= 2(Lij + Ly )b 1=2QRLET + Li) + LE) )k

As argued in Remark[3.2.77, the constraint on h can be lifted.

}§1+Ch.

Remark 4.2.16 (Solvability of the implicit equation (4 ) Recall that the function V (deﬁned
n Lemma satzsﬁes a one-sided Lipschitz condztzon in RN and hence (under (£.14 ) a
unique solution Y,"V to as a function of XN €eTists.

This result follows a well known argument using results on strongly monotone operators [142,
Theorem 26.A (p.557)] and is fully detailed in Lemma . The result is a straightforward
adaptation to the RN case (see proof section,).

After introducing the discrete scheme, we introduce its continuous extension and the main
convergence results.

Definition 4.2.17 (Continuous extension of the SSM). Under the same choice of h and as-
sumptions in Definition |4.2.14), for all t € [ty,tnt1], n € [0,M — 1], t, = nh, i € [1,N],
XN = X§, for Xi in [@&7), the continuous extension of the SSM is
Gi,N _ N AY,N N .Y,N ~Y,N i
dXZ ( (er(:) ) K(t))+b( ( ) Ynl(:) ) n(t ))dt+0( ( ) Ynl(t) ) m(t))tha
1

N
where (XN (dx) == N Z Oy (dz), ﬂg:; = arN,

Jj=1

and k(t) =sup {t, : t, <t, n€ [0,M —1]}.
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Theorem 4.2.18 (Convergence of the SSM). Let the assumptions of Theorem hold.
Assume additionally that n > 1 and m > 4q + 4 > max{2(q + 1),4}, with X} € L™(R?) and q
as defined in Assumption . Choose h as in . Then for the SSM scheme defined in
—, we have the following properties.

1. The SSM is C-stable;
2. The SSM is B-consistent with v = 1/2 in Definition |4.2.11];

3. Fori € [1,N], let XN be the solution to ([L.T)), then there exists a constant C > 0
(independent of N and h) such that

sup  sup E[|X§’N - XZN|2] < Ch.
i€[1,N] t€[0,T)

Lastly, we present a result about long time stability of the numerical scheme proposed as
means to access the invariant distribution of the original MV-SDE by way of simulation. In
other words, we provide sufficient conditions for our scheme to be ergodic as T — oo.

Theorem 4.2.19 (Ergodicity of the SSM). Let the Assumptions of Theore holds.
Suppose that Xo € L™(R?) and Zy € L™(R?) for m > 4q + 4 as in Theorem and let
Xé’N and Zé’N be i.i.d. copies of Xo and Zy respectively, for all i € [1, NJ.

Set h > 0. Fori e [1,N] and n € [1, M], define (XiN, YXNY and (ZEN,Y52N) as the
output of the SSM (| - - (e, x=X,7) corresponding to the empzmcal measure pairs
(5N pYXNY and (2N, gy 2N wzth initial conditions X" and ZEN respectively. Then,
for any n € [1, M],

sup E[|XEN — ZENP2] < (14 6h)" sup E[XgN — 20N,
i€[1,N] i€[1,N]

where we recall the parameters in Assumption [[.2.]]

1)
P+ 2L h
8= T 2L<(”1>) 0 ), — 4L83) + 2L§i{,) + 2Lgi>g) + 2L§§§ + 2LE§’)).
- () (uo) (uo)

Under the choice of h stated in Theorem[[.2.18, the quantity 1+ 8h is always positive. If p1 < 0
and h sufficiently small then 8 < 0.

4.3 Examples of interest

We illustrate the performance of the SSM on several numerical examples. As the “true” solution
of the considered models is unknown, the convergence rates for these examples are calculated
in reference to a proxy solution given by an approximation at a smaller timestep h. The strong
error between the proxy-true solution X1 and approximation Xr is as follows

root Mean-square error (rMSE) = ( [| X7 - Xr|? ) ( Z | X3, — XJT|2)%

We also consider the path type strong error as follows

1 N

~ 3 1 . o
Strong error (path) = (E[ sup | X — Xt|2]) S (— Z sup | X7 — X%\Q)
te[0,7) N =1 n€e0,M]

Nl=
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The propagation of chaos (PoC) rate between different particle systems (XzTN')zz where i de-
notes the i-th particle and N; denotes the size of the system, is measured by

N;

1 . .
Propagation of chaos Error (PoC-Error) =~ (ﬁ Z | XN X%N’“ |2> . (4.15)
!

S

j=1

Above N1 = 2N; and the first half of the N;;4q1 particles use the same Brownian motions
as the whole N; particle system. In this section, the rMSE takes h € {10715 x 1072,2 x
1072,1072,5 x 1072,2 x 1073,1073} with N = 1000, the proxy solution takes h = 10~*. The
PoC takes N € {40, 80, 160, 320, 640, 1280} with A = 1073, the proxy solution takes N = 2560.

Remark 4.3.1 (‘Taming’ algorithm). For comparative purposes, we implement the ‘Taming’
algorithm [{7, [60] — any convergence analysis of the taming algorithm in the framework of
this manuscript is an open question. Of the many possible taming variants, we implement the
following two cases: taming f (and similarly f,) inside the convolution term (‘Taming-in’) and
taming the convolution itself (‘Taming-out’). Concretely, set Mh = T, then f is replaced by

(for a € (0,1])

o Taming-out’s [o. f(- — y)u(dy) is replaced by fou [(- = Yp(dy)/( 1+ M| o (- —
uldy) ).

o ‘Taming-in’: f is replaced by f/(1+ M*|f]).

Note that the proxy solution for the SSM is computed using the SSM and analogously for
the taming schemes. For each example, the error rates of Taming and SSM are computed
using the same Brownian motion paths and same initial data. To avoid confusion later in the
numerical results, we clarify that due to the super-linear convolution kernel, we do not expect
the Taming method to converge. However, under mild initial conditions, it is rare to observe
the divergence, so we test high variance cases to show the Taming method does not work in
general while the SSM works as expected. We remark that the first step of the SSM
requires to solve an implicit equation in RV¢ which is done employing Newton’s method (see
Section for details).

Below, the symbols N (a, 8) denote the normal distribution with mean o € R and variance
B € (0,00), the symbol U(a, b) denotes the uniform distribution over [a, b] for —oco < a < b < 0,
the symbol B(c,p) denotes the binomial distribution for random variables X such that X = 0
with probability p and X = ¢ with probability 1 — p.

4.3.1 Example: Symmetric double-well type model

We consider an extension to the symmetric double-well model [138] of confinement type with
extra super-linearity [128], Section 5] in the diffusion coefficient,

dX; = (v(Xp, 1) + Xp)dt + (X¢ + 1XP)AW,, v(z, p) = —12® +/ —(z— y)g,u(dy). (4.16)
R

The corresponding Fokker-Planck equation is 9;p = V[ V& |z + 122|? + pVV + pVW * p| with
W = 1z|*, V = Llz|* — J|z|?, and p is the corresponding density map. Due to the structure
of the drift term, we expect three cluster states around = € {—2,0, 2}.

The goal of this example is to simulate the interacting particle system associated to
up to 7" = 10 using the three numerical methods available. Figure (a) and (c) show the
evolution of the density map at T' € {1, 3,10}. In (a) with X ~ A(0, 1), all three methods yield
similar results, but (c) shows that with X ~ B(50,0.5), Taming-out (blue, left) and Taming-in
fail to produce acceptable results, while the SSM produces the expected results.

Figure (b) shows the strong convergence of the methods, Taming-out failed to converge.
Taming-in and the SSM converge under all time step choices (all satisfying ) and nearly
attain the 1/2 strong error rate, the error of SSM is one order of magnitude smaller than the
error of Taming-in. Figure (d) shows the path type strong convergence of both methods,
and we observe that Taming-out and Taming-in failed to converge or at least converge with a
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Figure 4.1: Simulation of the double-well model with N = 1000 particles. All schemes
are initialized on the exact same samples. (a) and (c) show the density map for Taming-out
(left), Taming-in (middle) and SSM (right) with h = 0.01 at times T € {1, 3,10} seen top-to-
bottom and with different initial distribution. (b) Strong error (rMSE) of SSM and Taming
with X ~ N (3,9) in log-scale. (d) Strong error (Path) of SSM and Taming with Xy ~ N(3,9)
in log-scale.

very low rate. The SSM converges under all time step choices but the errors are one order of
magnitude greater than the standard strong error.

As mentioned earlier, we do not have any theoretical support for the convergence of the
taming methods. This example shows that a convergence proof for Taming-in might be fea-
sible, possibly, under the caveat of an additional condition on the distribution/support of the
initial condition — this was fully unforeseen. These results for Taming-out are discouraging,
nonetheless, under strong dissipativity Taming-out seems stable (see next example).

4.3.2 Example: Approximating the possible invariant distribution

This example aims to illustrate the long-time simulation for the purpose of approximating the
invariant distribution of the system

dX; = (v(Xe, 1) — Xp)dt + 2(1 — X7)dWs, v(x, p) = —2° —l—/ —(z - y)su(dy). (4.17)
R
The corresponding Fokker-Planck equation is 8;p = V[ V|1 — 22| + pVV + pVIW x p] with
W = %|z|*, V = I|z[* + §|x|?, and p is the corresponding density map. Here, the cluster state
isx=0.

Figure (a) and (c) show the evolution of the particle distribution under different initial
conditions. All three methods produce similar outputs at 7' € {3, 10}, with Taming-out taking
longer to contract and to converge than the other methods under X ~ N(2,16) in (a) and
Xo ~ U(4,12) in (c). The similar results obtained at T' € {3,10} are due to the fact that the
model has an invariant distribution and the initial distribution is compactly supported
around the cluster state x = 0.

Figure (b) illustrates the strong convergence of the three methods: they all converge and
the rates are of order close to 1/2, the SSM outperforms the other two methods by 1 to 2 orders
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Figure 4.2: Approximation of the invariant distribution of ( with N = 1000 particles.
The simulated Brownian motion paths and initial distribution are the same for all schemes.
(a) and (c) show the distribution for Taming-out (left), Taming-in (middle) and SSM (right)
with A = 0.01 at times T € {1, 3,10} seen top-to-bottom and with different initial distribution;
z- and y-scales are fixed. (b) Strong error (rMSE) of SSM and Taming with X, ~ N(2,16).
(d) Expected distance (in log-scale) between particles under different initial distributions with
h = 1073 for the SSM.

°

of magnitude. Figure (d) depicts the expected exponential decay rate for the SSM under
different initial conditions: X; o ~ N(0,1), X2 ~ U(—3,3), X309 ~ N (2,16), X4,0 ~ N(2,100)
(same Brownian motion samples).

4.3.3 Example: Kinetic 2d Van der Pol oscillator and periodic phase-
space

We consider a two-dimensional Van der Pol (VdP) oscillator model with added super-linearity
terms. The VAP model was proposed to describe stable oscillation [88] Section 4.2 and 4.3]
and for a system of many coupled oscillators in the presence of noise the limit model is a MV-
SDE [1]. Here, we build a two-dimensional VdP-type model with mean-field components and
super-diffusivity that features a periodicity of phase-space to show that the SSM preserves the
theoretical periodic behaviour in simulation scenarios — see [32], Section 7.3].

Set © = (z1,72) € R? and define the functions f,u,b,o as

) = —atal?, uo) = | 5 | oo = [ 70 | o = [T 0]y

x

o

where f satisfies (Af).

Figure (a)-(0) show the system’s phase-space portraits (i.e., the parametric plot of ¢ —
(X1, X2,) and t — (E[X7,], E[X2,])) for the three methods with different choices of N.

In the first row of Figure[1.3] (a)-(e) shows the result of the Taming-out method, the system
fails to converge for N > 50. The second row and third row of Figure [£.3] show the result of
Taming-in and the SSM, both methods converge and the trajectory becomes smoother as more
particles are taken. However, there is a big difference on the expectation trajectories of the
SSM and Taming in, the expectation trajectories of the SSM do not cross themselves while the
expectation trajectories of Taming-in always cross themselves, which is not expected since the
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Figure 4.3: Simulation of the Vdp model with a different number of particles and
h=1072 T = 12, X1 ~ N(2,16),X20 ~ N(0,16). (a)(b)(c)(d)(e) are phase portraits
of the Taming-out method with different choices of N. (f)(g)(h)(i)(j) are phase portraits of the
Taming-in method with different choices of N. (k)(1)(m)(n)(o) are phase portraits of the SSM
with different choices of IV.

slope fields of the VAP model are smooth and do not admit the cross. Moreover, comparing
the first few steps in the sample paths, the particles generated by the SSM concentrate to
the expectation path within two steps while the one generated by Taming-in takes about 10
steps. This is because the SSM preserves the super-linear power from the convolution kernel
while the Taming-in turns this power to an asymptotic linear one. Thus, the SSM preserves
more geometric properties than the taming method even though the approximation obtained
via taming may not blow up.

4.3.4 Example: Super-linear growth of measure components in diffu-
sion

This example illustrates the effect of two additional types of measure-nonlinearities included
in the diffusion term; Case 1 corresponds to a convolution term in the diffusion and Case 2 is
a variance-type term (which is beyond the scope of the thesis). Note that the assumptions of
the wellposedness result are not satisfied as the estimate does not hold (but could readily
be achieved by slightly modifying the constants of the coefficients), which indicates that this
bound is not sharp. We consider

AdX; = (v(Xe, 1) + X )dt + (X 4+ X7 + fo (X, 1)) AW, (4.19)
with o(o, ) = ~32° + [ ~(o~ ) uldy),
R

Jo (2= y)zu(dy), Case 1,

e = {fR Jo (v = 2)°p(dy)p(dz), Case 2.
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For Case 1, we have a nonlinear convolution kernel f,(x) = 2% for all + € R. Figure
in particular, subplots (a)-(c), illustrates that the SSM converges, in a pointwise sense, with
strong order 1/2 and recovers reasonable density estimates for different choices of the initial
distribution. Similar behaviour is not observed for different taming approaches which fail to
recover the anticipated strong convergence order of 1/2 and we observe that taming schemes
do not capture the density of the solution well for high-variance initial data. We conducted an
analogous test with v(z, u) = —2%/4 in (d), i.e., we removed the convolution term in the drift,
and our experiments failed, in the sense that the approximate solutions computed by the SSM
did not converge. This supports our theoretical results that a suitable drift compensation for
the nonlinear measure component appearing in the diffusion is indeed needed.

Case 2 corresponds to an example, where the convolution term is again integrated, i.e.,
resembles a variance-type term. We are not aware of an existing result that yields wellposedness
of the underlying MV-SDE including such a term (even without the nonlinear convolution
terms). Further, it is not clear which assumptions would be required for a numerical scheme to
converge in a strong sense. The expected strong convergence order is observed for the SSM in
(e), but no taming approach appears to be a reasonable alternative. We additionally conducted
a numerical experiment for Case 2 with v(z, u) = —2/4, in order to investigate if the variance-
type term requires a compensation term (similar to changed Case 1). We also observed that no
time-stepping scheme (i.e., taming and SSM) seemed to converge (the result is similar to (d)
and we do not present here), which again indicates that the drift’s convolution term can also
help to control variance-type terms in the diffusion.
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Figure 4.4: Approximation of with N = 1000 particles. The simulated Brownian mo-
tion sample paths and initial distribution are the same for all schemes. (a) and (c) show the
distribution for Taming-out (left), Taming-in (middle) and SSM (right) with A = 0.01 at times
T € {1,3,10} seen top-to-bottom and with different initial distribution; z- and y-scales are
fixed. (b), (d) and (e) show the strong error (rMSE) of SSM and Taming with X, ~ N (1,1)
for different cases. The changed Case 1 in (d) is Case 1 with v(x, u) = —23 /4.

4.3.5 Example: Propagation of Chaos rate across dimensions

In this example, we estimate the PoC rate depending on the dimension and compare the findings
to the theoretical upper bounds established in Theorem [4.2.8 For equation (4.1))-(4.2)) we make
the following choices: Let d > 2, z = (z1,...,74) € R? the initial condition X, is a vector
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distributed according to d-independent N (1, 1)-random variables, and

1
f(z) = —x\x|2, u(z) = 3 [ x:%’x§7._. 7$3 }Tv b(t,z,n) =z,
1 +1/4 23 T T4
2 DY
swy=| Mo mAMAm o w (4.20)
1 Ta s mg+1/4 22

This is a toy model with a high-dimensional fully coupled convolution kernel and super-linear dif-
fusion term. We observe in Figurea strong PoC rate, estimated via , of order of roughly
1/2 across dimension d. By the ordinary least squares linear regression, for dimension d €
{2,3,4,6,10}, the corresponding slopes are {slopes;}qs = {—0.55,—-0.57,—0.5,—0.50, —0.49}
and the corresponding R-square measure is {R%}4 = {0.81,0.75,0.92,0.91,0.98}.

5 - 5
fin} I ) I
: U0t .
3 3 2
~ —— Order 0.5 TN
—— Order 0.5 —— Order 0.5 Order 1/7 N
—e— d=2, slope=-0.55 ~e - Order NY2jog(N) —+— d=6, slope=-0.50 %
—=— d=3, slope=-0.57 . —e— d=4, slope=-0.51 —— d=10, slope=-0.49
10? 10° 10? 10° 102 103
Number of Particles Number of Particles Number of Particles
(a) PoC rates for d € {2, 3} (b) PoC rates for d =4 (c) PoC rates for d € {6,10}

Figure 4.5: Estimation of PoC rate for equation — under (4.20) using SSM
— with fixed stepsize h = 1073, T = 1 and number of particles N €
{40, 80, 160, 320, 640, 1280,2560}. In all figures the reference rate 0.5 and the upper bound
rate from Theorem @ are displayed.

These findings are inline with those obtained in the one-dimensional example of [125, Exam-
ple 4.1]. Theorem establishes a strong convergence rate (in terms of number of particles
in a pathwise sense) of order 1/4 for dimensions d < 4 only and these results are smaller than
the upper bounds of PoC in Theorem [4£:2.8] - this highlights a gap in the literature to be ex-
plored in future research. For perspective, at a theoretical level the rate 1/2 in N is not new
under stronger assumptions. This was obtained in [57, Lemma 5.1] or [134] when the drift and
diffusion coefficients are assumed to satisfy strong regularity assumptions. Also in [118] for
linear type MV-SDEs featuring diffusions R? > z + &(x) and drifts with structure of the type
R? 5> z + [pab(z,y)p(dy), and requiring that b,5 are uniformly Lipschitz, the convergence
rate 1/2 in the number of particles is obtained; also in [58].

4.3.6 Discussion

We discuss the advantages of the SSM compared with the taming methods. The SSM converges
under all cases, while the two types of taming failed to converge in some cases. The SSM requires
an implicit solver for the convolution kernel but the running time of the SSM compared to the
taming methods is only 2 to 3 times longer. From the numerical examples, we see that:

1. The two types of strong errors of the SSM are of order 0.5 and consistently outperform
that of the proposed taming schemes. In fact, the taming methods are not even expected
to converge, however, under a mild initial condition, it is hard to observe the divergence.
In the tests with high variance initial distributions, the taming methods diverge while
SSM converges consistently. The SSM preserves convergence for larger time steps h (via
comparative lower errors) and is also suitable for long-time simulation.
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2. The SSM preserves important geometric properties (the concentration speed of the par-
ticles is fast, the expected trajectory coincides with the vector field result), while the
taming methods appear to fail to capture these crucial properties.

3. We applied the SSM to examples, where the diffusion also involves certain nonlinear
measure terms. As long as a suitable monotonicity condition is satisfied the SSM yields
promising results.

4. We perform a PoC rate test across dimensions with non-trivial convolution kernel. The
rate which we observe numerically is better than the one suggested by the PoC results.

4.4 Proof of the main results

4.4.1 Proof of Theorem [4.2.5|: Wellposedness and moment stability

Proof of Theorem[{.2.5. The existence and uniqueness follow from modifications of the method-
ologies used in [2, Theorem 3.5].

Wellposedness. The proof for existence and uniqueness follows along the same lines as the
arguments presented in [2 Theorem 3.5]. We repeat here the main steps for convenience. As
opposed to more classical approaches, the fixed point argument is carried out over a suitable
function space, see [19], instead of a measure space.

To be precise, one considers the function space A, 77,4, for ¢ as in Assumption defined
as the space of continuous functions g : [0,7] x R? — R? x R g(t,z) = (g1(t,2), g2(t, 7))
with g1 : [0,7] x R — R? and g, : [0, 7] x R? — R4 satisfying

lg(t, )|
gl 71,4 == sup <sup < oo, (4.21)
0Tla te[0,T) verd 1+ |z[7t?

and there exists a constant Ly > 0 such that (with m as in Assumption 4.2.1)
(x =y, gq1(t,x) — g1(t,y)) + 2(m — 1D)]g2(t,2) — g2(t,y)|* < Lilz — y/?, (4.22)

for all t € [0,T], z,y € R%. In particular, this implies that there exists a constant Ly > 0 such
that
(@, g1(t, ) +2(m — 1)|g2(t, 2)[* < La(1 +[g(t,0)|* + [x*).

For some K > 0 (chosen below), and a small enough terminal time Ty, we define now
E :={g € Aozy).q: 19ll0,1).q < K}
We claim that there exist choices for Ty and K such that I' : E — E defined by
Tlgl(t, x) = (Tlgh(t, x), Tlgla(t, 2)) := (f * pf (2), fo * pf (2)),
forms a contraction. Here, u9 is the law of the solution to the MV-SDE

dX? = (v(t, X7, pf) + b(t, X7, uf))dt +7(t, X7, pf )AW,,  X§ = Xo € L™(R?)  (4.23)
o(t, z, mu)=g1(t,x) +ulz,p), o(t,x,pu) =0, z,u)+ ge(t, ). (4.24)

The existence of a unique strong solution to (X7 )0, satisfying sup,c(o 7 E[| X7 |™] < C for
some constant C' > 0, is shown in [99] 123].

We first show that there exist 0 < Ty < T and K such that I" indeed maps E onto itself.
Let g € E. First, we observe that for all z,y € R%, t € [0, Tp]

(2~ 3. Vlglh (1) ~ Tlgh (1,)) + 2(m — DIPlgh(t, ) ~ Vlgla (1,
< [ (e =y o =) = £y =)+ 2m = Dol =20 = foly = w]) st ()

< Lijz —y|*.
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Further, we derive, using that (X7);c[o,7) has finite moments of order m > 2(¢ + 1) that there
exist constants C' > 0 and C(g, E[|X0|9"!]) > 0 (depending on the moment bounds of the initial
data, ¢, and the model parameters) such that

|(f * ) (@) + | (fo * 1) (2)] +1
Llglll0.1.q < sup (sup <C(1+ sup E[|X?¢
ITlglllo.roL.q t€[0,To] \ z€Rd 1+ |z|at! ( +€[0,To] “ il D

(4.25)

< C+ CeTo (E[X0|q+1]

To
7 .08 g1 (5 0+ a0 40, 8)[ 44 + (5,0, o)+ s
0
< 0+ (B[N0 + Dol
To
+/ ((5, 0, 80)] " + [u(0, 60)[7+ + [ (5,0, %)Vf“)ds)
0
< O+ CefTo (E[Xo|q+1] + TyKat!

To
+/ (Ib(5,0,30) |97 + [u(0,50)|*™* + |a<s,0,6o)|q“>d8> <K,
0

for a sufficiently small Ty > 0 and the choice K = 2C(1 + e“TE[|X,|?+1]). It remains to show
that the map I' : E — E forms a contraction, i.e., for any g1 = (g1,1,91,2),92 = (92,1, 92,2) € E,
we have

IT[g1] — Tlg2]llj0,70),¢ < cllgr — g2li0, 701,45
for ¢ € (0,1) and a Ty possibly even smaller than chosen above.
An application of Itd’s formula shows for ¢ € [0, Tp]
B - X9 <E|XE - X+ [ 2l X2 p8) — (s, X2 2) s
0
w2 [ B[x - X006, X0 18) — o6, X, )]s
+2 [ [0 - X0 06, X9 1) ~ 6, X8|
<E[X$ - X§7] + / t CE[|x2 — X8| + 2B [|g1,2(5, X2) — g1.5(s, X2)[*] s
+2 /Ot E [<X§1 - X2, g11(5,X7") — g1 (s, X§2)>} ds
= E[(X8 — X2 g1 (5, XE) — gua s, X2 ds
+ 2/(:IE[|91,2(87X§2) - 9272(8,X592)’2:|d8
<E(Xg - XgP)+C [ B[jxe - xo:Pas
0
| [l X8 = g (. X2+ g a5, X) — gua(e, X2

t
<E[|X8 — X8 +c/ E[|xg - xg["]ds
0

t
e / g1 — 9ol 2y ELL + | X222+ ds,
0
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where we used Young’s inequality in the last display. By Gronwall’s Lemma, we have

sup E[|XP" — XP*?] < CTpe™ sup E[L+ | X7 *]||gy — g2 1.0
t€[0,To) t€[0,To]

From the result above, we have

IT[g1] — Tlga]llo,10].q

B tan SR AY. S TG SR AR
t€[0,To] \ z€R? L+ |z[4
E[|X9 — XP|(1+ [ (1 + [XP e + | XP2 |0

<C sup (sup [|t £21(1+ |z )(1+|t|+|t|)])

te[0,Tp] \ z€R4 1+ |x‘q+
<C sup E[|X7 - XP|(1+ X7+ |1X7|7)]

t€[0,To)

1/2 1/2

<c suwp EIXP - XPP) (s B[+ X2+ X207

t€[0,To) te[0,To)

1/2

< (e VA ( s B+ )

t€[0,To]

1/2
X ( sup E {(1 + | X719 + \thZIq)Z} ) g1 — g2ll(0,7),4
tE[O,To]

gc(eCTo\/ﬁ) (1+ sup E[|X9 292 + sup E[|Xf2|2q+2])||gl_QQH[OxTn],Q’
t€[0,To) t€[0,To]

where we used Young’s inequality in the last estimate. Performing similar calculations as above
for the moments of XJ* and X7?, which by assumption exist up to order m > 2q + 2, allows to
deduce that Ty can indeed be chosen small enough such that I' maps FE onto FE is a contraction
operator. We conclude that the sequence (g"),>¢ defined by g"*™! = I'[g"], for g° € E, is a
Cauchy sequence belonging to £ and converges with respect to the || - [/[o,7,],q-norm to g = I'[g]
satisfying (.22). Thus, for all t € [0, Tp], we have

g(t,X{?) = (f * /’Ltg(th)7fU * Mtg(Xiq))

Substituting this into (4.23)), yields and thus (Xi)sef0,1,) With sup,epo 1) E [|X¢]™] < o00.

Our challenge now is to find a solution over the whole interval [0,7]. From the above
analysis, we observe that the implied constants (and therefore the choice of Ty) depend on the
moments of Xy. Therefore, we are not immediately able to deduce the existence of a solution
on [0, T]. We need to ensure that these constants do not explode.

Below, we show pointwise p-th moment estimates for m > p > 2 (the case p = 2 follows
in a straightforward manner from the below arguments where one would use Lemma [6.3.1] and
Lemma [6.3.2] instead of the additional symmetry property. From It6’s formula, Assumption

4.2.1)and Remark |4.2.4] for all ¢ € [0,Tp], we deduce
t t
Xl < Pl +p [ XX o s p [P (s, X))
0 0
t
0 [P bl X)) (4:26)
0
t
plp=1) [ X (lols X OB + [ 1 = )P (a9))as
0
t t
<|Xo|” +C / (141X, + (W 60))" )ds + p / X772 X o, (s, Xy iAW)
0 0
t
+p/ IXSI”‘2(<XS7/ F(Xe = y)ud (dy)) + (p — 1)/ Fo(X, = y) 2 (dy) ) ds.
0 R R4

Taking expectation on both sides, using Assumption in particular (Af, Af7), and Remark
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we derive
E[|X:|"] < E[|Xol"] + C/Ot(l +E[|X,[P])ds
2 7 = ) e e = (@ s
2L e s ) 200 Dl — )P @ (@)
<E[|Xo]"] + c/ot E[|X,[?)ds + Ct.

Gronwall’s lemma yields the pointwise moment estimate,

sup E[|X;|™] < C (1 +1E[|X0|ﬁ]) €T, for any m € [2,m)]. (4.27)
t€[0,To)

Since, we have established a-priori LP-moment bounds, for p € [2,m], (which substitutes
for [2, Proposition 3.13]), we can repeat the arguments from above to establish the existence
of a solution to an arbitrary time interval [0,7]. To be more precise, we first show that we
can choose constants K1,77 > 0 (independent of Ty) such that for Ty + 77 € [0,T] we have

Hr[g]”[To,ToJrTl],q < K, for HgH[To’ToJrTl],q < K. From Equation we get

HF[Q]H[TOaTO“'Tl]yq

1
gc+0e0ﬂ( sup EIX 17 + Tl s
t€[0,To]

To+Th
+/ (lb(s,O,éo)\qH +u(0, 80)]9Tt + 0(5,0750)|q+1>d5>
To

S C + C@CTl < sup E[‘Xt|q+1] + TlKiH_l
t€[0,Ty)

To+T1
+/ (|b(s,0,5o)\q+1 + [u(0, 60) |7t + a(s,O,Jo)I"“)ds)
To

<C+ e <eCT0 (1 + E[|Xo|q+1}) + T K

To+T1
(10,80 ul0, 80 o0 a@l‘ﬁl)‘“)’
To
where we used in the last inequality.

Let now K| = 2C(1 + e“T + e“TE[| X(|7"!]). Then, we choose 77 > 0 (independent of Tp)
small enough such that for any ||g||iz, 7,+7.),¢ < K1, we have ||U[g]|liz, 7,47, < K1. Similary
as above, we can show that the map I' : Fy — E7, where

Ey = {g € A[To,T0+T1],q : ||g||[T0,T0+T1],q < Kl}’

forms a contraction (eventually choosing T; even smaller as above). The argument from above
(choosing K5 etc. as K1) can be repeated to establish the existence of a solution on the time
interval [0, T7.

O

4.4.2 Proof of Theorem [4.2.8: Propagation of chaos

Proof. Due to Lemma and conditions (A%, A%, Af, Afs), we observe that the drift and
diffusion of the interacting particle system (viewed as an SDE in R™V? ) satisfy a monotonicity
condition as in [I13, Section 2] which allow us to deduce that the interacting particle system
has a unique strong solution. Critically, the wellposedness result therein does not yield moment
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estimates that are independent of N, as we interpreted the particle system as one single SDE
in RV?. In the next step, we prove moment bounds independent of N. By Itd’s formula,
Assumption |4.2.1) Remark and Jensen’s inequality, we have, for all t € [0,7], ¢ € [1, NJ,

2<p<m,
t
E[1XVP] < E[IXGN ) + pE| / XEV RN (XN XN 4 (s, XN, V) as
+E] | XV PR (XY (s, X0, V)W) + (s, X0V, X))
<E[IX5NP] + C/Ot E[|X:NP]ds + CT
[ [|X;"Np-2(<szN,v<X;;vN,u§»N>> + (o= Dlo(s, X2V X )P
0

N

N
A DY (X = X 4 (0= D 3 o2 = X3 ) s
=1

<B[XE"P] + 0T +.0 [ BIXEPlas
N t
oo 3 [ B[R - X N - X Jas
j=1"9

N
p(p—1) i,N |p—2 i, N K
’ N ]Zl/o E | XDV P2 | fo(X0N — XD ]ds

AN

N t
LZ-/ E[ X1N|p 2 |X27N|p—2)<X§,N_’_Xg,N’f(X;,N_Xg7N)>]dS
j=1"9

E[|Xg"N ] +C/ [ XN [P]ds + OT.

where we use the following estimate that

] =

S E[IXN XY, XY - X))

<.
I
—

E[(|X0N 20N — XN PN, 0 - X3

<
Il
Ja

] =

E[(| X0V Pm2XEN — | XEN 2 XN | XN 2N

<
Il
—_

Il
N N |
= 11

— [XIVPEXEN, FXEN - X))

Il
N | =

E[IXNP2(XEY — XN, F(XEY - X3V))]

<
Il
-

E[((|XEVP2X0Y — | XN -2 XN ) — (| X3V o2 x i

<
Il
—

_|_
|

— [XEVPEXEN), FXEY - X3 N))]

l\’)\r—t

N
Z |:X1N|p 2 X'LN XJN f(X;‘,Nng,N»}
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SE[(XEN P - XY 4 XN AN - X3V

Jj=1

=

_|_

Taking supremum over ¢ and ¢, shows the claim using Gronwall’s lemma; Jensen’s inequality
yields the estimate for 1 < p < 2.

The estimate is then a consequence of [2, Theorem 3.14], we provides some key differ-
ences here

Using It6’s formula, we have

N t
Y OE[XPY - X[ = 2/ E[(X0Y — X3 o(X0N, ) — v(XE, ) ]ds (4.28)
0

=1
t
+ / E[2(X, — Ya,b(s, XV, 1 5N) — (s, X1, 1))
0

+[o(s, X0, udN) = a(s, X5, )] ds

t N ) ] ) )
g/ S 2E[(XPY = X7 b(s, XEN, XY = b(s, X2, )] ds
0 =1
N t 1 N 1 N
i,N i i,N i, N i j
+2Z/0 E[(XPY - X5 5 D fOY = XP%) = &) f(XE = X]))]ds
i=1 j=1 J=1

Nt , 1 X , , .
+ 22/ B[ - X 5 D f(X - X)) - / FOXT = y)p (dy))] ds
=170 i=1 R

t 1 N . N 1 N . 212
+4Z/O Efl 5 Do Lo = XPN) = 537 fa(XT — X)) s
=1 =1 =1
N t le ) . ] . 2
iy EHN;J%(XZ—X,?)—/W 20X = ) (dy) ] ds

+2Y B[ = XX, ) — (X))
i=1 0
(s, XEN, 12N) = (s, XL p) 2] s

N t
<cy / E[|IXY — Xi] + (WO (4 uoN)2ds
=1

N N _ ‘ 4 | _ | | |
P [ - X - Y - XL XY - (5 D)

i=1 j=1

AL (XN = XPN) = f(XE - D)) ds

[ i\ N 1Y .
7, _ it i gy i X
+2;/0 ERXt Xt, szz:lf(Xt X7) ‘/Rd FXP—y)pl (dy))]ds
Mot & - |
*42/0 EHN;JC"(XZX”/ROZ fo(X{ = )X (dy) |']ds
N t 4
<OY [ BN < XiP)+ 0 2N s
i=1"0

C Nt ; ; 1/2
N, (el )
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N

: (EH > fxi-Xx]) - /R F(Xi - y)uf(dy)ﬁ) Y24 (4.29)

NZZ/ o(X; - X)) /fo (X{ — y)u (dy)|”] ds. (4.30)

Now, to deal with (4.29) and (4.30), we use similar arguments as in [2, Equation 3.25],
consider (4.29)), we have

N
B[ > f(xi—x7) /le—y)us(dy)!]

=1

<.

B = XD = [ 7O = ). 105 = XE) = [ FOX = ) ().

=

-

J,k=1

where for i # j # k, we X}, th , X} are independent and identically distributed, we have

B = XD = [ O =y an). 6 = X = [ 106 = )

/]Rd/ﬂ{d/Rd/]Rd/Rd (@ —y1) = flz = =),

f@—y2) = fz — 22) ) (da) pu (dyr ) () i (dza ) (dza)

—=ter=n) [ ). ) o ) () =0,

So that only the cases j = k£ matters, we have
N ‘ _ A ,
B So =) - [ A0 = )]
j=1

BI£0x = Xt) = [ 16— @] < O,

Il
1>

where we use the Locally Lipschitz Assumption on f with the moment bound results in
Theorem and Theorem Similar arguments works for f, in (4.30). Now, the other
steps follow similarly as in [2, Theorem 3.14] , we have for (4.28))

1 1
E[lxY - Xi]?] < C / E[|XIN = X2 + (WD (X, N 2+—+—)ds,
Z [ Z E[] ]+ WO )+
The estimate (4.9) follows as in [2] Theorem 3.14]. O

4.4.3 Proof of Lemma [4.2.12} Stochastic C'-Stability

The proof shown in this section is an extension of the results for classical SDEs in [22] to the
particle system considered in this chapter.

Proof. For every n € [0, M], we denote the difference of the two particles by
N = XN XN,

By the orthogonality of the conditional expectation it holds
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E[lei™?] = B[ [E[es™ | o]’ + E[[eb —E[ei™ | 7, . (4.31)

iN

The term e

can be expressed as follows

eV = XN LW (X0 b1, h) — W (XN o b, h) — XN

n—1» n—1»

Thus, for the first term in (4.31)), it follows from the inequality (a + b)* = a? + 2ab + b* <
(1+ A7) a®+ (1+h)b? that, we have
]

] . (4.32)

Similarly, for the second term in (4.31]), choose 7 such that 1 < n < (m — 1) in order to use
(4.3) in Assumption (A%, A7), we have

]

<1+ ﬁ)EH (id —E[ | 7, ) (X;’N W (XN N h)) ﬂ

n—1

E[[E[ei™ | 7] [P] < (04 DE[[BIXEY = 0N 00N a1 b) | Fo ]

n—1»

. . 2
+(1+ h)E[ )E[\I}i(X”N N a1, h) — XN | F

|

eiL’N - E[eiL’NLFtn—l:I

n—1»

+n E[|(id = B | 7o, D) (W0 0 b h) = X5 ﬁ : (4.33)

Using the fact XN = U, (X2N 05 1,1 h), and the definition of C-stability for the terms
(4.32), (4.33) ( note that h € (0,1))

(1+ h)E{ ‘E[\Di(Xi’N 2 sty h) — XN | Fio i)

2
n—1°
]
(id = B[ | o, ) (a0 0t ) = X0 ﬁ

< (14 ) (1 + CRIE[Ie ™, 2] + CRE[W (Y, 1)1 ).

+77E[

We then further estimate (4.31)) by

n—1

. . . 2
]E[‘e;iN‘2j| < (1 + %)E[ ’E[XZJN - \Iji(XZ’N :ufj\l[vtn*b h) I ]:tn—l] }
. . 2
+ (U B[ [(d—E [ | R, L)) (5N = 00N 0t )|

+ (1 + CRE[|5N, 2] + CRE[[W® (25N, 51XV 2],

Using the fact that the particles are identically distributed

n—1

N
. 1 j i
E(WE G, i) < 2 SOEIN ] = Eflei 7).
J=1

By induction, with C,, =1+ (n — 1)7!, we have

sup E[|X5N - XpVP] <E[IXGY - €77
nel0,M]

]

M
>+ n ) E[[EXGY - w2 Y e h) | F]
k=1
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+C, ZE[

M N
+ChS BN — %2V + O SO S B[y - V)
k=1 k=1j=1

. . 2
(d=E [ ] £y 1)) (G0 = 0G0 )]

Taking supremum over ¢ € [1, N] and applying the discrete Gronwall’s Lemma yields the result.
O

4.4.4 Proof of Theorem [4.2.13]
Proof. Using Definition [£:2.10} Definition [£.2.11] and the result in Lemma [£:2.12] we obtain

sup sup E[|X,N - )A(;N|2] <7
ne0,M]i€[1,N]

M

BN - X

) ) 2
+3 s ( (1+ ) EE[GN = w (X2 Y e, h) | Fl ][]
o1 €[1,NT]
) 2
+Cy E[|(ia—E[ | Fusi)) (G0N = X Y teoa, )| D]
M
oCT Z( (1 +pt h2+2'y +C h1+2'y) < Ch?,
where in the second last estimate we used Mh = T. O

4.4.5 Proof of Theorem [4.2.18: Convergence of the SSM scheme
The SSM is C-stable

We first need to prove , ie., X;fl € LZ(Q,ft"Jrh,IP’; Rd) for all n € [0,M — 1] and
i € [1,N] glven XiN ¢ L2 (2, ]-'t”, R%), where XN is constructed by the SSM scheme
defined in and - We first prov1de the following useful result for the later proof.

Proposition 4.4.1 (Summation relationship). Let Assumption hold and choose h as in
(4.14]). Then there exists a constant C > 0 such that, for alln € [0, M — 1],

N
NZ|YJ*N2<0h+ (14 Ch) ZX]N (4.34)
Jj=1 Jj=1
Proof. See Proposition O

Proposition 4.4.2 (Second order moment bounds of SSM). Let the setting of Theorem
hold. Then there exists a constant C > 0 independent of h, N, M such that

sup  sup EHX;NP] + sup sup  E[|y;*N]P] <C(1+ E[|X(§V|2])
i€[1,N] ne[0,M] 1€[1,N] ne[0,M—1]
Proof. The proof is similar to Proposition By Assumption [£.2.] Proposition [£:4.1], and

the fact that the particles are identically distributed, we deduce that there exists a constant
C > 0 such that for any ¢ € [1, N], n € [0, M — 1]

2

[ + ‘Yl*N 2] Z 1+|Y7{7*,N|2}
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N
<1+Ch+(1+ Ch)% SCE[XZNP] < 1+ CRE[L+ XV
j=1

From and Jensen’s inequality, we have
[yisN 2 = <Y7, * N Xz N 4 hy(Yi* N“azl/N»
< SV 4 LRI 4 RN, o, gN)),
and hence,
YrN 2 < XGNP+ 2h(VN (YN GYN)), (435)
Also, from and using the result above, we have
XN 2 = VN 4 b(t, YN G N b 5t YN, g ) AW,

Taking expectation on both sides, by Jensen’s inequality, (4.35)), Assumption and Remark

24 we have
E[1+[X5N ]
< (1+ChE[L+|XN?] + hE [2(1/,;‘»*”,@(1“* N OAYNYY 4 (G (t, YN @22 }
< (14 Ch)E[1+ X,V [?] + 2hE {{Yi’*’N w(Y, N, g YNy 4 o (b, Vi, ;&N)ﬂ

+ % Z]ERY;',*,N _ Yg,*,N7f(YT'i,*,N _ Y7{7*’N)> + 2|fU(YTzL',*,N _ er',*,N)‘ﬂ

N
. . 1 4
< (1+ CR)E[1+ X5 ] + CRE[1+ [Yi+ N2 + T2 YN 2]
Jj=1

L Ch ol :
W Z |: Y%*’N _ Yv{’*’N|2:|

N
i, N |2 i%,N |2 i %, N |2
< (1+Ch)E[1 + |X} \]+ChE[1+|Yn Py v |]
<1+ ChE[1+ X5V,

O

Proposition shows that the one-step map of the SSM, ¥ = (¥y,..., Uy) in Definition

Wi (XEN 025N ¢ h) = Xl’+1 is indeed an L?-operator. We now prove the SSM is C-
stable.

Proof of statement 1 in Theorem[{.2.18. We use and ([4.13) to define the mapping ¥ =

(Tq,...,¥y) and consequently to generate the followmg two processes X 5N and Zl N for all
i€ [1, N]] n € [0,M — 1], with the corresponding empirical measures XN a2 N e Py(RY)
and AW} = W} o — W,

Y;HX,N _ X:‘L,N + hU(YZ’X’N,M,{X N)7 /}YX N(dx ~ Z(SY; X,N dx)
=1
R = YN bt YN XN {0, VIO, XN AWS,

N
. 1
YzZN ZZN+}L’U(Y1ZN HYZ N) HJZL’,Z,N(dz) — NZ(SY,{*Z*N(dz)7
j=1

86



Zyth = Yo N 4 b(tn, Yo N jn PN )t (b, Y 2N, g AN AW

Thus, X5, = U;(XEN, 50N ¢, h) and Z0Y, = U, (Z5N, qZN ¢, h). We need to prove

2} (4.36)

H]E (XN N o h) = U (ZEN 02Nt h) | ]

B[ |6d L | A (WY a5 )~ (2N 6N )| | s
S(l—ﬁ-Ch) [|X1N Z2N|2] +ChE[|W(2)( XN7M5N)| }

For the first component (4.36]), using the Lipschitz continuity of b, we get

2
HE (XN AN Ry — W, (20N p AN g h)\ftn]’ ]
= B[N b1, YN BN < YN (1, YN, AN
< (1+Ch)E“Yni,X7N _YJ,Z,Nl ] —|—ChEUW(2 (i AY, XN ﬂZ,Z,N)F].

Due to Remark [£.2.4 and Lemma [4:2.7] we observe
i, X,N i, Z,N |2
‘Yn - Yn |

= (RN YR Y (VR = o5 N

1 . . ~ L
5(D/;;,)(,N _ Y,;’Z’N‘Q + |X77:L,N _ Zz,NlQ)

(YN YEEN (VXN XN ) (VAN AN )

and therefore
‘Yi,X,N _ Yi,Z,N|2
n n
< X 2P RN N, (VNN i)
<IN - 2

Y, X, N) (Yé,Z,N’ﬂ?Z,N»

N
, 4 1 . . , ,
(VNN AN ST (PN YN - AN -y
j=1
RN < YREN (VXN XN ) (VAN GLEN)). (438)

For the second component (4.37)), by Jensen’s inequality, we have

Ny ~s 2
E[|Gd—E[ | 7)) (00N Nt h) = 020N 32Nt )|
= B[ (b, YN SN VAW (b, YN PN AW

< 2RE [0 (ta, Yo XN B N) = o (b, i 2N 2

N
1 . . _ .
o DU (VN YNy g (BN g aNR],
j=1

From Assumption and Remark we derive, for some n > 1,

N
) ) 1 ) ) . )
B[V — YN oS (F N =y XN) — fypaN 2Ny
=1

N

1 ) ) ) .
S S o (VN YN (AN 2]

+nE[N

Jj=1
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1

N N
= 335 2 D E[((Vi N - YN - (v EN _y ),

i=1 j=1

FOGENN YN N ey

N N
oy D0 SB[ (VN < YN - f (VAN AN 2]

N2 &«
i=1 j=1
1 . ,
< g 3 S B[H 03 - v i e
1=15=1
<orW*E YoXoN _yiZN |2 4.39
HE( 2. (4.39)

Collecting the above estimates and using Remark we have

]

HE (XN SN 0 h) = U (ZEN N 4 ) | T

P 2
[ |~ B[ | R (WK 5t h) = G255 )]
<E[|XiY - ZpN[ + AL RV -y (4.40)

20l Y, AN — ot VEN, V)
L OR(YIN Ly AN XN GV XN (Y$7Z7N7ﬂZ,Z,N)>} (1+Ch)

<(1+ ORE[IXEY — ZEV 2] + Ch (B[ViXN — VI2N2) 4 B[O (XN, a1 2))

(4.41)
where we use that the particles are identically distributed and the following inequality
B[V YpoN (VN aYN) (VAN AN
IO (L, Yo XN N ) = (1, Yo 2N 2 2]
< (L) + Loy JE[ V35N = V2N P, (4.42)

Substitute the estimates from above into (4.38)), and take Remark [4.2.15] into account, we get
E[[Yi*N — vE4N 12 < (14 CR)E[|XEN — ZEN ).

Further, we note that

N
1 , , . .
E“W@)( ~Y,X,N MYZ N)| ] < N Z]E[lyg,X,N_YT{,Z,N‘Q] < (1 + Ch)E[lX:l,N . Z;’N|2].
j=1
Substitute these estimates in (4.41]), allowing to deduce the claim. O

The SSM is B-consistent

We first state the following auxiliary results and recall that the constant C is positive and
independent of h, N, M.

Proposition 4.4.3 (Difference relationship). Let Assumption [4.2.1] hold and choose h as in
[@-14). For any n € [0, M], let Y,V defined as in (E.11)-([E12). Then, there exists a constant
C > 0 such that for all i, j € [1, NJ,

1

LN _yisN |2 < Gi,N _ 5,N |2 Ci,N  $4,N |2
;i YN Tl S0 XN = XPN2 < (14 Ch)|XEN — XPN2 (4.43)

(H T Liuo))h
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Proof. See Proposition [3.4.3 O

Now, we state the following moment relationship for the first step of the SSM.

Proposition 4.4.4 (Moment relationship). Let Assumption hold and choose h as in
(4.14), then there exist a constant C' > 0 independent of N, such that for all i € [1,N], n €
[0, M], p > 1 we have

4 1 Y , . 1 < . P
B[V < o5 SOEIXGY - VP B[ S+ XV +1). @4y
e <o (kS 9> ]+

Proof. By Young’s inequality and Jensen’s inequality

N
EUY“’N 2p <E H Z(myz,*w Y],*,N|2+2|Y],*,N‘2>’:|

N
N
Z Yz,*,N ]*N‘Qp 4pEH Z ‘Yj,*,N|2‘ }

Combining Propositions [£.4.3] and allows to conclude the claim.
O

The main goal of this section is to prove that XZ N defined by (4.7) satisfies for all ¢ € [0, T7,
i € [1, N] the following estimates with v = 1/2.

EHE XN - \I/i(XZ’N SN R | ]-'t]‘ ] < CR2*2, (4.45)
E[[Gd—E[ | AD (G i Y | ] < on (4.46)

Proof of statement 2 in Theorem[{.2.18 Recall (4.7)) and the SSM given in (4.11)-(4.13)). Then,
we introduce the following quantities, for all ¢ € [0,T7], 7 € [1, N],

t+h t+h
P G / (06N i) b, XN X)) ds + / (s, XN, XN )W,
t t
(4.47)

YN =X o N N (de) = Z Oypon (), (4.48)
Jj=1

\I}i(Xz7N7 /J“%X’Na tv h)
) t+h . . t+h ) )
=X+ / (0™ )+ (e, YN ) ) ds + / CI(S ARSI
t t

where the last equation is the integration form for the one-step map of SSM. Therefore, the
first term (4.45]) can be estimated by Jensen’s inequality

. 2
]E[ ‘E [t = WX N n) | ]:t]‘ } (4.49)
t+h ) )
<2h E[lo(X2Y, ulN) — oY, 1 M)1?] ds (4.50)
t
t+h ] .
+2h E[|b(s, X2N, uN) = b(t, YN, ™M) ] ds.

t

For the second term (4.46), we get

|

. . 2
(ia —E[ | &]) (X - w3, N em)| | (4.51)
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t+h ) .
<C / E[[a(s, XN, 1mN) =7 (VN )P ds.
t

By Young’s inequality and Jensen’s inequality, Assumption [£:2.1] and Proposition [£:4.3] for
s € [t,t + h], we have

XN = YN <2 XEN - XV 42X v

i i Vi 2h? i . Vil
XPY =Y = o R < S Y IR = Y P 202 (Y ) P
j=1
Ch? i\ N N i\ N 1 & N
< T o (LY NP ) e om (1 VNP TP
j=1 =
Ch? & iN 3,N |2+2 2 iN2g+2 , L o 3. |2
< = D0 (11PN = XDV 4 o2 (14 (YN 4 ST VPN,

I
s

J j=1
Similarly, we have

XN = YN <160 — XV 161X - v

|Xti,N _ Yf’N\4

N N
. Cht . ,
< Ch4(1 + YN et 4 Z N ) = Z (1 XN - Xg’N|4q+4). (4.52)

Using the moment stability of X*¥ (note m > 4q + 4 > max{2(¢ + 1),4}) and Jensen’s
inequality, we get

chr iN 5N 12q+2 2
TZE[<1+|Xt — x| )] < CR2,
j=1
Ch' ¢ N N ez 2
S 1 ) ] <o
j=1
By (4.47) and another application of Jensen’s inequality
E[X0Y - XpM°] <Ch / EfJo(X ™, ™) + blu, X5, ™) P du
t
+C/ E[l(u, XJN, 1oN)?]du < Ch.
t

Similarly, we have
E[|X2N — xPNY] < Con’.

Using the above results and we have sufficient moment bounds for Yti’N from Proposition m
we conclude that

E[X0N — VP < Ch, E[XPN - VY] < on?,
N
E[W® (N, ) Z [X2N =y NP] < O

Thus, for the term (4.50)), taking Assumption into account, following the arguments
in Section Jensen’s inequality, Cauchy-Schwarz inequality and Young’s inequality yield

i N YN
E[Jo(Xe™, uN) = oV w0 )]
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< C\/E[l + 1 x0N 4 4 [y N[ E| XN - YV + CE|I XY — YN P] < Oh
Also, from Assumption [£:2.T] we have

E[[b(s, XIN, u2N) = b(t, YN, 1) P
< C(h+E[IXEN YN + E[[W® (uN, uY)?]) < Ch,

and similarly, from Jensen’s inequality and Remark [£:2.4] we have

E [|5(87 X?N) M§(7N) - E(ta }/ti,N’ MZ',N) |2]

< CE[h+ (14 X5V 4 [yp VP XEN - N2 + Z|XJN vV Pat2| < o,
j 1

Substituting the results above back to and (4.51]), we have

t+h ,
t+h / hds < Ch®,

]EH(id—EHft])(X;ﬁ (XN, oMt h) / hds < Ch?.

E[ B[ - waxi Y, w N, w7

Proof of convergence for the SSM scheme

Proof of statement 3 in Theorem [{.2.18, At last, we will prove the third statement in Theorem
By combining the first two statements and Theorem we first have

sup sup E[|XSN — X;Nﬂ < Ch. (4.53)
nel0,M]i€[1,N]

Now, we extend the strong convergence rate to the continuous time version of the SSM, which
has not been discussed in [22]. In order to extend the result above to the continuous extension
of the SSM, we consider, for all n € [0, M — 1], i € [1,N], r € [0, h],

. . tn+r ) )

XEN, - XN =)X“N X [ O ) <o e (as
tn

b(s, XN, 1u3N) = b(tn, Yo py ™)) ds (4.55)

iN  X,N
s, X p

S

) = ot YN N ) AW (4.56)
n+r )
+ / (05N, u3N) — o(VN AYN)) ds
tn
n+7" )
+/ bt YN gV b(ty, Vi~V pYNY) ds
tn

tn+r )
F [ @ YN ) < e, VN g )aws]
t

n

where V5N = Ytl N N = M}ZN are defined in (4.48]). Taking expectation on both sides and
using Jensen’s inequality, we derive

E[1X:Y, - X001
< CE[|(XEN + o™ N )+ bl Vi, i )y (b, YN o) AW )
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2
— (XEN + (YN g N e 4 bt YN 5N e 4+ G (L, YN G0N AW ) }+Ch,

where AW, . = W{ . — W/ and we remark that the integral terms in (4£.54)-(4.56)) can be
analyzed usmg the results in Section We now consider the followmg dlfferenceb From
and following similar calculations to Section we have

]EH (XZ;N + v(Yé,Nvug,N) ) (Xz N U(yz,*,N YN) )|2}
=E[((x," = X0N) +rAv) (VN =Y N) — (k= r)Av) )]
<E[|xpN - XN 2 L B[N — YN P L+ E[(YEN — YN AV ),

where AVY = (YN yY'N)—o(Yi%N YN By Jensen’s inequality and the results in Section
we conclude that for all n € [0, M — 1], ¢ € [1, N], r € [0, h], we have

UXt +r —XZ +T| ] < C’h—f—CE[\X:’;N _X;,NP]
+ 2B [ (VN = YN (VN ) = (N, i)

+WEWﬁmmWJ&N> ot YN i) ]

N
Z { Y'LN Yz,*,N f(YzN Yg N) f(Yri’*’N _YT{,*,N)>:|

=1
'MZ I

+ 5 DE[If (N = YN = fo (VN = N ]

1

J
< Ch+CE[|X)N — XEN 2] + CE[[Y,2N — v, |?] < Ch,

where we used and E[|Y,>N — VioN2] < (1+ Ch)IEHXz;LN - X;NP]

4.4.6 Proof of Theorem 4.2.19; Ergodicity for the SSM

Proof of Theorem[/.2.19. Using the notations of Theorem and Section and recall-
ing the results in (4.38)) and (4.39), for all < € [1, N], n € [0, M — 1], we have

IE[ |YT§',X,N _ Yi,Z,N|2]
on & XN _ i ZN O XN _ v XN iZ,N j,Z,N
< 5 B[N YN N YR N) - (AN - YN

FE[XEY — ZEN )+ 20 [(1 XN VAN (VN GEXN) (AN EaN)]

<IXN = ZNP + h@LE)T 2Ll + 2L N[V XN — Y AN,

and therefore

1
+2r) 2L )

(uo) (uo)

B[Y N - V2N ] < B[IX4Y - 2V

(4.57)

(D):+
h(4L(f)

Next, we consider
N SN ) . A B ) . )
B[00 — ZEN ] = B[ [YiN b, ViV i XN+, YN, p15oN) AW
_ Y;:’,Z,N _ b(thé,Z,N,‘azZN)h — 5 (t, Y;‘,Z,N7MZZ N AWﬂ }

= ]E[ ‘Y#X’N — YJ’Z’N|2 + |7 Yi»XvN MZX N) F(tn Yi’Z’N MZZN)‘%L]
][l V5N V) = bl YN AN
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F R[N YN, 0, N ) 0, Y, 2N
<E[I%5 - 257

+E[[Y XN - 2N (nar) 4 2Lf) )+ 2r),

% ( +2L3) +2L3)) + 2L )h?),

) (b) (b) (b)

where in the last inequality we used the results above, (4.39) and Cauchy—Schwarz inequality.
Substituting (4.57) into the last inequality yields the result. O
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Chapter 5

Numerical analysis for Langevin
type McKean-Vlasov SDEs on
variation processes and weak
convergence

5.1 Introduction

In this chapter, for ¢ > 0, we consider a class of McKean—Vlasov Stochastic Differential Equa-
tions (MV-SDE), specifically the one-dimensional mean-field Langevin (MFL) equation:

X, g/ot (VU(XS)+VV*MS(XS))ds+0Wt, (5.1)

where p; is the law of X;, 0 € R and £ € LP(Q,R) for some given p > 2 (i.e. the initial
state is an Fp-measurable random variable with finite p-th moments). Following a statistical
physics interpretation [40], the map U : R — R is labelled the confining potential and V' : R —
R the interaction potential. * denotes the usual convolution operator given by (f * u)(-) =
fR f( = y)u(dy) for some given integrable function f : R — R. Of particular interest is
the equation’s stationary distribution p* and specifically how to efficiently generate samples
from it. The latter problem has garnered additional interest due to its role in the study of
training neural networks (via stochastic gradient descent algorithms) in the mean-field regime
61, 52 65, [R6L MII7, 129]. We consider the case where the functions U,V satisfy suitable
regularity and convexity assumptions (Assumption , thus the process described in
admits a unique stationary distribution p* (e.g., [40, 49]) with a well-known implicit form
satisfying

2
o2

(@) cexp (— UG~ / Vi~ y)ut (). (5.2)

The mainstream method to sample from p* is to simulate the weakly-interacting N-particle SDE
system (IPS) that approximates in the mean-field limit. That is, the law of the solution
to is approximated, for some sufficiently large NV, by the empirical distribution associated
with the IPS (XN)is0 == (XN, ..., X;'");50 with components defined for i € {1,..., N} by

, . t . 1 & . . .
XN i /0 (VUEN) + 5 SOVVXEY = X3Y))ds + oW, (5.3)
j=1

where (fi,Wi)ie{l,_“7N} are a collection of i.i.d. copies of (£,W). We briefly review some
important results providing quantitative convergence guarantees for the approximation of (5.1)
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through its IPS. Broadly speaking, the error of approximating by an N-particle system
has been widely studied in the literature of Propagation of Chaos (PoC), stemming from
the seminal works [II8, 133]. In a nutshell, the accuracy of the N-particle approximation
is known to behave like O(1/N) in the squared L?-norm (under Lipschitz type assumptions
on the interaction and confining potentials). These quantitative convergence results are often
referred to as strong PoC [29] 118, [133]. More recently, [I01, Theorem 2.2] shows that the
PoC convergence rate for models of the form (in relative entropy and finite time) can be
improved from O(1/N) to O(1/N?) (under certain smallness conditions), with [I0I, Example
2.8] showing that the rate is optimal. We refer the reader to the introductions of the papers
[1011 102] and review articles [41l, 41] for a holistic discussion on this topic.

When the PoC holds up to T' = oo, e.g., [40, [102], it is called uniform in time PoC — see our
Proposition for a formulation in the strong sense. Uniform in time PoC results for the
model have received significant attention in the last few years; see e.g. [40] (48, [65] 1T02]
and references cited therein.

In the context of quantitative weak PoC results (i.e. the absolute difference between ex-
pectations), we refer to the recent work [42] establishing finite-time higher order weak PoC
results via techniques from differential calculus on the space of measures along with the study
of Kolmogorov backward PDEs written on the Wasserstein space. Also, [81, Theorem 3.1] es-
tablishes a finite-time weak PoC result of rate O(1/N) based on a more classical approach, via
a Talay—Tubaro expansion and an analysis of a Kolmogorov backward PDE associated with the
whole IPS.

Once and a PoC rate is established, the sampling from p* is obtained via dis-
cretization of with a convenient numerical scheme (also called numerical integrator or
sampler). There is a growing body of contributions on the topic of sampling from the (over-
damped) MFL stationary distribution using this method [97, [132]. Although said works provide
a variety of quantitative PoC rate type results (under a variety of conditions), the time dis-
cretization schemes used are all of Euler type — see [132, Theorem 3 and 4] or [97, Section
4] — the final error rates or sampling guarantees encase a leading order 1 dependence on the
time-discretization stepsize. We also mention two recent contributions on unadjusted Hamil-
tonian Monte Carlo for the simulation of the (underdamped or kinetic) MFL [30, BI]. The
main emphasis of the present work is to improve the weak convergence order (to the stationary
distribution) of the standard Euler scheme using a non-Markovian version of it.

We briefly mention some (recent) contributions on numerical schemes for MV-SDEs. The
seminal works [28] [29] investigate the convergence rates of the particle system’s and Euler
scheme’s approximation accuracy of the cumulative distribution (in L'-norm) for the Burger’s
type MV-SDE using density estimates or using a Malliavin calculus approach [§]. In the context
of finite time-horizon simulation there are many recent contributions (e.g., Euler and Milstein
schemes) focusing on the approximation error stemming from the time discretization of the
IPS [13| 23] 48|, 49, [60). Cubature type algorithms, a class of weak approximation algorithms,
for (Stratonovich) MV-SDEs have been proposed in [44] 54, [122]. Lastly, we mention [5] and
its references for numerical methods to approximate MV-SDEs directly fully avoiding the IPS
approach.

Motivation, weak convergence schemes and the non-Markovian Euler scheme for
SDEs. The classical Euler scheme is an easy to implement and ubiquitous method for the
numerical approximation of solutions to SDEs. In the classic overdamped Langevin context,
i.e. if one sets VV =0 in 7 the Euler scheme attains a strong and weak rate O(h) (where h
is the time-discretization stepsize) in either finite or infinite time horizon [120, [124]. Informally,
under certain conditions the Euler scheme’s weak error at time 7' = Mh and stepsize h > 0
(M € N) can be expressed (see, Talay—Tubaru [120, [136]) in the form

Weak Error™" (h; T') = Crh 4+ O(h?) where  lim C7 = Const > 0. (5.4)

T—o0

In [103] (for general dimensions), setting VV'=0 in (5.1) and denoting by X' the numerical
approximation to X, , the following variant of the Euler scheme was analyzed (for any m € N,
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(5.5)

m*

o .
Xippr = Xio, = VUKL ) S (AW + AWy 1) with AWpyy = Wy, = Wi
This scheme is called the Leimkuhler—Matthews method or the non-Markovian Euler scheme

since Xthm , is computed using the current and past Brownian increments, AW, 1 and AW,,.
It is shown in [I03] that (5.4)) holds for T' < oo (with a different C7), but as T'— oo one has

lim Cr =0 = lim Weak Error"onMark-Euler(pmy — 9(p2))

T—o0 T—o0
and thus the non-Markovian Euler scheme is a weak order-2 method as T" — oco. An intuition
behind the result is offered by [I39] through the concept of Postprocessed integrators. There,
is re-written as a two-step method where the second step corrects the O(h) bias of the
first step in such a way that in the long time limit the weak error is O(h?); see [139, Equation

(2.4)].

The focus of this work is to study the non-Markovian Euler scheme in the context of
the overdamped MFL dynamics as way to simulate via a higher-order weak scheme.
As described, the MFL is first approximated by the IPS and then the IPS is time-
discretized using the non-Markovian scheme ([5.5)).

In terms of proof methodologies for weak errors, for either SDEs or MV-SDEs, it is well
known since the seminal work [136], that weak error analysis can be tackled via the Kolmogorov
backward PDE [120, Chap. 2]. This approach for MV-SDEs and the IPS is well-reviewed in
[81] and is the approach we take. An alternative method is the use of Malliavin Calculus
[10, 96, 122] as it offers a path to completely bypass the analysis of the Kolmogorov backward
equation. In addition, we highlight the classic backward error analysis approach drawing on It6-
or Stratonovich—-Taylor expansions [70, 95 [120]. In a different spirit, results showing density
approximations, via Fokker-Plank PDE analysis or Malliavin calculus have been obtained in
[11, 121 28] 29].

The scheme’s convergence results for the MFL class. The main contribution of this
paper is to establish the techniques needed to understand and quantify the weak errors for
the non-Markovian Euler scheme applied to in a way such that the convergence rate is
independent of the number of particles N in the IPS. In terms of the convergence results, for
any T > 0, the weak approximation error for smooth test functions g : RV — R (satisfying

Assumption is defined as
Weak Error := E[g(XY)] ~E[g(X2")],  withT=Mhforh>0,MeN,  (56)

where X2 denotes the solution of (5.3) and X%V " denotes the RN -valued output of M-steps
(T = Mh) of the non-Markovian Euler scheme applied to (5.3) (and explicitly given in (5.13)).
Informally, our main result (Theorem [5.3.8)) states that

|E[g(XY)] — E[g(X}")]| < Co(T)h + Kh/?

5.7
where |Co(T)| < K exp(=XoT) + Kh'/?, 5.7

for some positive constants \g, K independent of h,T, M and N. In other words, the scheme
is uniformly (in the number of particles) of weak order O(h3/?) as T — oo and has standard
weak order O(h) for T < co. We provide an in-depth technical discussion (Remarks and
on the missing h'/? order in the convergence rate when comparing this to the second
order weak convergence result obtained in [103] 139].

A secondary contribution of this work (Proposition below), is the clarification of the
nuance that the higher-order weak convergence of the non-Markovian Euler scheme comes at
the cost of having a uniform in time strong L?-convergence order of O(h'/?). It is lower than
the O(h) strong L?-convergence of the classical Euler scheme.
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Methodology, contributions and existing literature. The main methodology we follow
is an involved variant of the Talay—Tubaro approach to the study of weak convergence [120} 136],
which is also the approach used by [103] (for SDEs) and [42] 8] (to study weak quantitative
PoC over T' < 00). At its core, this method relates the expectations appearing in the definition
of the weak error to a Kolmogorov backward PDE with terminal condition given by the
function g — see the PDE linked to the driving SDE , which in flow form is given
in and written as (X5®) 550, for £ € RY denoting the starting point of the IPS at
time ¢ > 0. This analysis involves establishing certain bounds for the variation processes of the
IPS , or more precisely for the flow process (Xé’m’N)SZtZO. In this regard, our approach is
closest in spirit to that of [81] as we work with Kolmogorov backward PDEs connected to the
full particle system. However, our focus is on the time-discretization analysis uniformly in N
over infinite time as opposed to the weak error analysis in the number of particles [42] [58], [81]
(these works consider T' < co and deal only with the continuous time IPS equation). Our case
has therefore fundamental added complexities in relation to the mentioned works, as we require
estimates which are not only uniform in N but also in time.

Technical challenges. As mentioned, is proved via a Talay—-Tubaro type expansion
which, for the case of the non-Markovian Euler scheme, is an involved collection of terms
arising from Taylor expansions using the Kolmogorov backward equation associated with the
flow equation for the IPS . This expansion has been given in [103, Equation (3.17)] for
SDEs and we recast it to our setting (in Lemma and also in Section and in Appendix
6.4.4). In the following, we highlight several technical elements of our work and point out
crucial differences to |81} [103]:

(i) The terms arising from said Taylor expansions involve up to 6-th order (cross)-derivatives
in the spatial variable of the solution to the Kolmogorov backward PDE (see our As-
sumption and Lemma . Critically, the usual pointwise estimates from PDE
theory e.g. [103] Equation (3.3)] (or [I35][139]), do not directly apply to our case as those
would not be independent of the number of particles. It is not clear how the right-hand
side in [103] Equality (3.3)] depends on the problem’s dimension. Therefore, we derive
suitable new estimates in LP-norm of the solution to the Kolmogorov backward equation
that decay exponentially in time in a non-explosive way in N (see, Lemma for an
intermediate pointwise result and Lemma for the final LP-estimates used to show
the main theorem) — this is in stark contrast to [RI] (in particular their Appendix B)
which establishes pointwise estimates. For clarity, the derivatives of the solution to the
Kolmogorov backward equation are intrinsically linked to certain moment estimates for
variation processes of the IPS’ flow SDE (X! ®%)5; (see Lemma . In order to
control the time dependence of the implied constants for the moment estimates of the
variation processes, a careful analysis of the terms involving the convolution kernel is
needed. Consequently, we are only able to establish the bounds in Lemma [5.5.3] in an
LP-sense. The estimates of Lemma [5.5.3 are obtained in [81] in a pointwise sense but cru-
cially without the exponential time decay component (see RHS of and (5.115)));

their analysis is carried out in finite time for which this issue is not a concern.

Further, our analysis requires to study the time regularity of the solution to the Kol-
mogorov backward PDE, which needs estimates for the differences of the IPS’ flow SDE
process, (X1®N) 5, concretely differences of the form | X5% N — X%V for 0 <t < s <
u.

Lastly, it is noteworthy to highlight that the weak error test function g in (5.6 depends
on the whole IPS (as in [81] but not as in [QO]E[) making the analysis much more involved.

(ii) Before addressing the estimates for the Kolmogorov backward equation, we derive LP-
norm estimates for the wvariation processes of the flow of the IPS (decaying over time
uniformly over N) up to general n-order (although only 6-orders are needed). This is
done in Section Our approach shows a way to analyze the terms arising from the

IThe analysis of the Kolmogorov backward PDE over a single-particle X»~ instead of XN =
(XN .., XNNY on the test function g enables an advantageous simplifying decoupling effect at a later point;
such is not the case here.
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interacting kernel and their recurring contributions across the different orders of the vari-
ation processes and across different particle indices — compare and for the
first order case and check Lemma for general cases. A further crucial component
of the analysis is to establish the correct decay in terms of number of particles across
different orders of variation processes. This, in particular, subsequently allows to control
the growth of the derivatives of the solution to the Kolmogorov backward equation. The
depth of the analysis is well beyond the results of [81] who carry out a related approach
over finite time (or in [58] over the torus over infinite time horizon).

(iii) Regarding the strong convergence analysis of the non-Markovian Euler scheme, the one-
timestep error propagation analysis requires analysing 3 sub-steps of the scheme which
is in contrast to such analysis for the standard Euler scheme (loosely speaking, only 1
sub-step is analyzed) and thus, the analysis is lengthier than usual — see e.g. the proof of

Proposition [5.2.3]

Gaps, conjectures and pathways for further study. Our analysis addresses MFL dy-
namics in R through R¥-valued IPS. It is believed that our results could be established in
the multi-dimensional case d > 1 if the measure dependence in was of the form E[h(X,)]
instead of an interaction kernel. The tools and techniques we have employed to show our
main result do not use measure derivatives (due to the simplicity of the underlying model) or
concentration inequalities. It seems possible, although presently unclear, that drawing on Log-
Sobolev inequalities and related machinery would provide means to lift the technical constraint
in dimension arising from the convolution term. Overall, to establish higher LP-moments for
the variation processes in Section we require the symmetrization trick (in Remark
to deal with (5.25)) and an inequality of the type (|z[P~2z — |y|P=2y) - (z —y) > 0 to hold
— this would not naturally hold in the d > 1 case (this issued is hinted at in Chapter [3| and
appears explicitly in Chapter . A possible alternative methodology to establish our main
result is the postprocessed integrators machinery presented in [I39]. To use it, we benefit from
all the results shown in this work. However, some others would still need to be established, e.g.
one has to derive results that imply Assumption 2.3 or Theorem 4.1 of [I39] in the IPS
setting that remain uniform in the particle number; this is yet to be explored and left for future
research. In addition, it would be interesting to see if techniques from Malliavin calculus could
be used [10, 06, [122], even in the standard SDE context, to establish the weak convergence
results shown in this article. It is interesting to question if the weak results in our manuscript
could be extended to the difference between the densities of and as in [12, Corollary
2.1] (as the diffusion of is uniformly elliptic) — in fact, the question is also pertinent in the
context of standard SDEs itself (do the results of [103], [139] also hold for densities as in [12]).

Further afield and more broadly is if these results could be established under the setting
of common-noise MFL dynamics [108], or in the context of the kinetic/underdamped MFL
[45, [79]. Tt appears to be possible to combine portions of the methodology here with that in
[81] to extend their finite-time weak PoC result to the T' — oo setting. Our work also paves the
way to study stochastic gradient descent convergence [97, [132] but using the non-Markovian
Euler scheme as the update instead of the standard Euler one.

Paper organization. This paper is organized as follows. In Section we state the main
assumptions, introduce the non-Markovian scheme and state basic results regarding wellposed-
ness of the underlying model. In Section we present our weak error expansions based on
the result in [I03]. We state the main technical difficulties when applying the scheme to the
IPS and explain why we cannot reach weak rate of order 2 in the case for classical SDEs. All
proofs of Section and are postponed to the final part of the paper. Section [5.4] contains
the results relating to the analysis of several variation processes, while Section [5.5| contains the
decay estimates for the solution to the Kolmogorov backward equation. Section[5.6]contains the
proof of the weak error result (of Section . An illustrative numerical example is provided
in Section
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5.2 Main results

We consider the following one-dimensional MV-SDE, for ¢t > 0,
t
X, —¢— / (VU(XS) +VV uS(XS))ds oW, (5.8)
0

where 0 € R, and £ € LP(Q,R) for some given p > 2. U : R — R is the confining potential and
V:R % R is the interaction potential, with * denoting the usual convolution operator where
(f = u)( fR dy). We impose the following standard assumptions on U and V.

Assumption 5.2.1. Let U : R — R and V : R — R be twice continuously differentiable
functions with globally Lipschitz continuous gradients. Further suppose that

(1) U is uniformly convex in the sense that there exists A > 0 such that for all z,y € R,
(VU(z) = VU(y)) (x — y) = Nz -y, (5.9)
which implies V2U > \.
(2) V is even (thus VV is odd), and convex, i.e., for all z,y € R,
(VV(2) = VV(y))(x —y) > 0,

and there exists Ky > 0 such that |V?V |y < Ky .

The Interacting particle system (IPS). Define the RV-valued map B as
RN sz = (z1,...,2n5) — B(x) = (Bi(z1,...,2N), ..., Bn(21,...,2N)),

where

BZ(.’B) ZBi(CCh...,J?N) = —VU JL‘Z (510)

an

Let (¢, W?) fori € {1,..., N} bei.i.d. copies of (¢, W) and define the IPS associated with (5.8)
to be

t
XN =4+ | By(xXMN, .. XNNds + oW, (5.11)
0
¢
N=t¢+ / B(XM)ds + oW, (5.12)
0
with solution process (X}¥);>o = (xHN, XtN’N)tzo, where we introduced & = (¢1,..., &)

and (Wt)tZO = (th, ey WtN)tEO-

Preliminary results.

The next proposition collects some basic properties of the MFL equation (5.8) and the IPS
(5.11)).

Proposition 5.2.2. Let Assumption hold and let £ € LP(Q,R) for some p > 2. Then the
following hold:

(1) The MV-SDE (5.8)) and the IPS (5.11) each admit a unique strong solution. There exist
constants k € (0,A) and K > 0 (K, k are independent of t and N ) such that for anyt >0

E[|X:|P] < K(1+E[|¢]Ple ™) and {I}aaxN}EUX;va < K(1+E[[¢[PlePst).
el,...,
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(2) Uniform propagation of chaos (PoC) holds, i.e., there exists K > 0 such that for every
N>1
max__supE[|X] thi’N|2] < 5,
ie{l,....,N} ¢>0 N
where X* is the solution of (5.8)) with (£, W) replaced by (', W?) (i.e., the so-called non-
interacting particle system).

(3) There exists a unique stationary distribution for (5.8) and (5.11), denoted by u* and pu™N-*,
respectively. Moreover, WP (g, u*) — 0 and W (uN, uN*) = 0 as t — oo.

Proof. See Appendix O

5.2.1 The non-Markovian Euler scheme

Let h € (0,1) denote the timestep and take m € {0,..., M — 1} for a given M € N. Inspired
by [103, Equation (1.7)] (also [139]), we introduce the following non-Markovian Euler scheme

m+1

N

XpN = XpN = (VUGN + = SOV = XEN o+ S (AW, + AWL),
j=1

(5.13)

with XZ(’)N’h = Xti(’)N, to approximate the IPS ([5.11)), where we set the time grid points as t,, :=
mh up to some time T":= ¢y = Mh, and the random increments as AWy, =W — W/

with AW{ = 0. In analogy to the IPS, we write for the solution process (thy,:h)me{o,m,M} =
(XI,N,h

tm
The following result establishes some fundamental properties for the non-Markovian Fuler
scheme ((5.13): moment estimates and L?-strong convergence (we were unable to find a proof
in the literature regarding the L2-strong convergence for this scheme (even for SDEs) and we
thus provide it here). Critically, the moment estimates obtained are independent of the time
horizon (i.e., the constant K appearing below is independent of T'). Lastly, as in [103] or [139],

the result holds for a sufficiently small timestep h.

. ,XZV’N’h)mG{OW”M}. We aim to analyze the behaviour of this scheme as T — oo.

? m

Proposition 5.2.3. Let Assumption hold, let & € LP(Q,R) for some p > 2, and let
N, M € N. Then the following statements hold for the process defined in (5.13)).

(1) There exist k, K > 0 (both are independent of h,T, M and N ) such that for any sufficiently
small timestep 0 < h < min{1/2X,1} and m € {0,..., M},

o B[V < KL E[[g]e ).

(2) L%-strong error. There exists K > 0 independent of h,T,M and N such that for any
sufficiently small timestep 0 < h < min{1/2\, 1},

max max E[|XZ’N — XZ’N’h|2] < Kh,
ie{l,...,N} me{0,...,M} m m

where XN and X" are the processes defined in (5.11) and (5.13)) respectively.
Proof. See Appendix O

5.3 The weak error expansion
Before presenting the framework for the weak error analysis and our main result, we require the

following definition which will be helpful to characterize and analyze the higher-order variation
processes.
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Definition 5.3.1. Let n,m, N € N with N > n,m be given integers. Define the set of multi-
indices

vy .= {’y:(fyl,...,fyn):%€{1,...,N}f0ralli€{1,...,77,}},

with TIY == () denoting the empty set. For a subset ¥ C ~, let [§| be its length.

For a given v € TIY | let 4 be a set of length N counting the frequency of each j € {1,..., N}
in v, and define O(y) := {number of non-zero values in 4}. We also use the following two
operations for the multi-indices: for vV € TIN and v € TIN, the difference vV \ ) € Iy
is specified through the counting set (as |3V =133 =N)

34 = fmax(31" — 37,0}, max{3y — 3, 0}},

where k is the number of non-zero elements 27E| H U,
The union is defined by

1
7(1)U7(2) = (7% )7"'777(L )7’Y£ )""’ 7(3)) S Hn—i—m

For two sets of multi-indices, I and 1IN

m?’

with n % m, the union is defined as
oy Juy ={y:v eI ory eI}

The shuffle product (see, [66]) for two multi-indices v*) € TIY and (2 € TIY is denoted by
AW 1w~ We write v ~ 4(2) if m = n and there exists a permutation 7 € S,, such that

(7{1) )Y (1)) ( 7(T2()1) .. ,Wf&)), where S, is the symmetric group on the set {1,..., N}.

P

Example 5.3.2. We present the following examples to make Definition clearer: For
N = 3, we have:

H? = {(1)7 (2)’ (3)}’ Hg = {(17 1)7 (17 2)7 (1’3)7 (27 1)7 (2’ 2)’ (273)’ (3’ 1)7 (3’ 2)5 (373)}'

For N > 3, let (1,1,1) (ice., ¥ = (3,0,...,0), |5 = N), (1,1,2) (i.e., ¥ = (2,1,0,...,0)) ,
(1,2,2) e 0¥ (ie., ¥ =(1,2,0,...,0)). Then we have

O((1,1,1)) =1, 0O((1,1,2)) =2, 0O((1,2,3)) =3.

With regards to the set operations, we present an example for a = (1,2,3,3),8 = (3,5):

a\B=(1,23), olJB=(1,23,335).
In regards to the shuffle product, take for example o = (1,2), 8 = (3), then
awB={(31,2),(1,32),(1,2,3)},

where we understand (1,2,3) ~ (1,3,2) ~ (2,1,3) =~ (2,3,1) = (3,1,2) ~ (3,2,1).
The following summation of the elements in an N x N matriz with elements a;; fori,j €
{1,..., N}, demonstrates the meaning of O(-) in the definition for the case n = 2:

N N
§ :E :aid = E Ayy e = § : Qyy,y0 + E A1,z

i=1j=1 vemy €My ,0(7)=1 ~velly O (v)=2
where we partitioned the summation into diagonal and off-diagonal elements.

For our analysis, we impose the following assumption.

2In this work the difference ~( \7(2) is never used directly, only the quantity @(%U \v(®)) will be used and
thus we require only 44, For practical purposes, one can think of the ~ as being ordered vectors (in increasing

order) — see further Example
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Assumption 5.3.3. Assumption holds. Further, suppose that:

(1) The potentials U,V € C"(R), and all derivatives of VU,V'V are uniformly bounded. (This
in particular implies that VU, V'V are Lipschitz continuous.)

(2) The convezity parameters A\, Ky satisfy A > 7Ky .

(3) Let N € N with N > 6. For anyn € {1,...,6} and (y1,...,7%) =7 € Up_ Y, with
integers v; € {1,..., N}, the function g : RN — R, satisfies |8|7| Jloo = O(N*@(V)),

Toyy 5o Ty
with an tmplied constant independent of N.

(4) The function g and its derivatives up to order n are Lipschitz. (Note that item (3) implies
that the function g and its derivatives up to order n — 1 are Lipschitz.)

Remark 5.3.4. (On point (1) of Assumption : Our analysis has a small reduction regard-
ing the order of regularity when compared to [I03] who require the drift of the underlying model
to be 8-times continuously differentiable. In [103], in an intermediate step, weak convergence
of order O(h) is first established for the non-Markovian Euler scheme (which only requires the
drift to be 6-times continuously differentiable).

The intermediate result is then employed to show weak convergence of a certain term where
the test function involves 2nd order derivatives of the drift and the solution to the Kolmogorov
PDE. In our notation this test function is denoted by L and is precisely defined in below.
Since L already involves second order derivatives (of the potentials), the higher reqularity is
needed. We are not able to show that L possesses sufficient regularity properties (i.e., item (8) in
Assumption to apply the intermediate result concerning the first order weak convergence
and resort to a strong convergence result instead (as a consequence we only derive the weak
convergence rate 1.5 instead of 2); see Remarkfor full details.

Remark 5.3.5 (On point (2) of Assumption [5.3.3). The constraint X > TKy is not sharp and
relates to the need of sufficient convezity as we analyze the n-th order variation processes (for
the process defined in ) For instance, Lemma establishes moment bounds of the
2nd variation processes of and for it we require A > (2 + 1/N)Ky in . For the
moment bounds of the 6-th variation processes (in Lemma m, the requirement ends up being
A> (6+1/N)Ky and we streamline it to A > 7Ky . This is a technical constraint of the anal-
ysis stemming from the interplay between the confinement potential and the interaction kernel
functions and will be made more precise in the proofs of the lemmas. Lastly, this assumption
is not comparable to those in [103] or [139] as neither have interaction kernels; only confining

potentials (see (5.8])).

Remark 5.3.6 (On point (3) of Assumption [5.3.3). Typical examples for g satisfying the above
assumptions would be g(x) = § (% Zfil f(z;)), for some functions f,g : R — R that are
sufficiently often differentiable with bounded derivatives. For instance, consider the case n =3
and let v € Y YUY YTLY for which O(y) =3 (e.g., v = (1,2,3)). Therefore, our assumption
requires |03, .., +.9lco = O(N™3), which is satisfied for regular enough functions g and f. As
a further ezample, consider v = (1,1,3) for which O(y) = 2, and hence, 103, o) 2alloc =
O(N~2). As a last example, if f = id then for any |y|-order derivative, one has automatically

05! gloe = O(N-1).

ToypsesTyy

Weak error. We define the weak error induced by the non-Markovian scheme (see, (5.13]))
approximating the IPS X% (5.11) as follows: Let the test function g : RY — R satisfy As-
sumption [5.3.3] For any 7' > 0, the weak approximation error satisfies

Weak Error := E[g(X:,ZY)] — E[g(XZ,JY’h)]. (5.14)

The Kolmogorov backward equation for the flow and the weak error expansion.
We study the weak error ([5.14)) via an analysis of the Kolmogorov backward equation for the
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stochastic flow equation associated with the dynamics of (5.12)). Concretely, let N € N, & € RY,
and 0 < ¢ < s. Then we introduce X2 = (XbzobLN 0 XLen.NN) Cwhere

X;’xi’i’N :xz'i'/ Bi(XZ’xl’l’N,...,X;’xN’N’N)dU‘FU(WSi _Wti)7 (S {L'“aN}? (515)
t
S
xteN _ g / B(X M) dr + o(W, — W), (5.16)
t

The wellposedness of (5.15)) or (5.16)) under our assumptions is clear. The generator for ([5.16]
is defined by

N
Ly=> B 811+* 203, 00

where B; is the drift term for the i-th particle as in (5.15). Now, for u : [0,7] x RY — R, we
introduce the Kolmogorov backward equation:

Ou+Lyu=0, te€[0,T), uT,z)=gx), (5.17)

for the above test function g : RY — R. Under the above assumptions, the solution of the
above PDE is given by the Feynman-Kac formula [73], [120]:

u(t,z) = E [g(X:,ZYHXZ’N =z,i€{l,...,N}|. (5.18)

To analyze the weak error (5.14]), we need to expand it akin to a Talay-Tubaru expansion
[136] (see also [8T] 120]), but with certain fundamental differences. The following expansion is
shown in [103].

Lemma 5.3.7 (Weak error expansion, Equation (3.17) in [103]). Let Assumption hold.
Then the following expansion of the weak error holds for the processes defined in (5.11)) and
(B-13): for any sufficiently small timestep 0 < h < min{1/2X,1} and m € {0,...,M — 1} for
a given M € N (recall T = tp; = Mh), we have

M-1 M-—1
Elg(XY)] - E[g(X;"™)] = h’E [Z L{tw, XM +E | Y R(tm,xi%] . (5.19)
m=0 m=0

where L : Ry x RN — R is defined via the map u defined in (5.18) and the drifts (B;)ieq1,... N}

z'nas

%[ZB ()0x, u(t, ) +—ZG%B )02, , ult, )
1,j=1 i,5=1
Z 2 o Bi@) 0, ut.@)|, 120, @ RN, (5.20)
i,j=1

and R(-,-) is a collection of remainder terms (discussed and analyzed in Section .

Proof. This expansion is derived and presented in [103, Equation (3.17)] and we do not repro-
duce it here. Our function L given in @[) is denoted as By in [103] (see their Theorem 3.4).
The sum of remainders R(ty,, -) in @ corresponds to the second sum of remainders k37 (¢, -)
in [103, Equation (3.17)] — where the h°7(t,,, -) itself is a linear combination of remainders hr;
for j € {1,...,8} appearing in Equations (3.8), (3.10)—(3.16) in [I03, p7-9]. This derivation is
discussed in more depth in Section [5.6.2] O

We aim to control the growth of L and the remainder R in terms of quantities that do not
grow in N — this is a central technical difference to [I03]. A key point in the growth analysis for
L (and R) is the suitable control of moment bounds for the variation processes of (X1®) >0,
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which will be discussed in the next section. We end this section with this manuscript’s main
result. Its proof is given in Section after establishing a large collection of auxiliary results
in Sections [5.4] and and the appendix.

Theorem 5.3.8. Let Assumption hold, let ¢ € L1°(Q,R) and let 0 < h < min{1/2),1}.
Then the following expansion for the weak error for the processes defined in (5.11) and (5.13)
holds: for any N,M € N (with T = Mh),

Elg(X7)] — E[g(X}")] = Co(T)h + Kh*/?,

T
/ L(t,XtN)dt] ,
0

|Co(T)| < K exp(—AoT) + Kh'/?,

where

CO (T) =E

and

for some positive constants \g, K independent of h,T, M and N.
Proof. This result follows as a consequence of Lemmas [5.6.1] and in Section O

It is clear from the main statement that, as T' — oo, the weak error is of order 3/2 uniformly
in N, and at finite time 7" < oo it is of order 1 uniformly in N. We flag that for standard SDEs
(without concern for uniformity in N), both [103] [139] obtain an error of order h? (as T — o).
This gap in our result is of technical nature (appearing in Section and is detailed in Remark
5.6.2L The assumption that £ € L9(2,R) stems from the analysis of the remainder terms R

appearing in the weak error expansion (5.19)) (see Section [5.6.2). The analysis of the L term
only requires £ € L*(Q,R) (see Section [5.6.1)).

5.4 Analysis of Variation processes

The results for the variation processes established below are key to studying the uniform-
in-N and uniform-in-time decay of the solution to the Kolmogorov backward equation. For
completeness, we state the following lemma regarding wellposedness of the multiple variation
process used throughout this section and drawing from classical SDE theory. The subsequent
results of the section are devoted to establishing LP-estimates of these processes that decay
exponentially in time in a non-explosive way in N.

Lemma 5.4.1. Let Assumptz’on hold, and let N> n < 6 and T > 0. For any z € RV,
and T > s>t >0, let XL®N be defined by (5.15). Then its first n-variation processes given

by (5.21), (5.57), and (5.79) have unique solutions.

Proof. For any fixed N and T > 0, Assumption implies Assumption (A) (p108), condition
(5.12) and condition (5.15) (at any higher-order; see pages 120 and 122, respectively) in [73)].
This suffices to ensure the wellposedness of the first 7 second and higher-order
variation processes via Theorem 5.3 and Theorem 5.4 in [73] (see the comment after the proof
of [73, Theorem 5.5 (p123)] regarding the extension of Theorem 5.4 to higher order derivatives).
Note that the analysis in the later sections of this article is carried out for an arbitrary 7" > 0,
and T' — oo is only considered in the final step; in particular, a wellposedness result for the
variation processes in finite time suffices for our purposes. O

5.4.1 First Variation process

Here and below let T' > 0 be an arbitrary terminal time and let T'> s > ¢t > 0, N € N. The
first variation process of (X1®™) ;>0 defined in (5.15)), is given by

s N

XPriN =5, 5+ / > 0, Bi(XL™N) XN du, (5.21)
=1

104



where §; ; is the usual Kronecker symbol. The subindex z; in Xﬁ:fc;’i’N indicates the pertur-
bation with respect to the j-th component of the initial data & € RY of the flow process
(X5®N)s>120. Note that the processes (X15i%N) >0 (for different indices i, j) are, in gen-
eral, not identically distributed. However, if the starting positions z;, for i € {1,..., N}, are
all sampled from the same distribution, then the ‘diagonal’ elements of (X %) >;>¢ are iden-

tically distributed. (The same argument applies to the off-diagonal ones). This first lemma
accounts for the different behaviours of LP-moments for (5.21]).

Lemma 5.4.2. Let Assumption[5.3.5 hold and let p > 2. Consider the first variation process
(Xgﬁ;:*i’N)i,je{l,wN} defined by (5.21) for T > s >t > 0. Then there exist constants Ay € (0, \)
and K > 0 (both are independent of s,t,T and N ) such that for anyT > s>t >0

N N

t,x;,i,N s—t t,x;,i,N 7)\ s—t
E : “ $,2 ‘p} < Ke~ Ap(s=) and E E.[\XSTJ |P} T -e 1p(s—t)
i=1 i=1,i#j

(5.22)

This lemma and the earlier Remark[5.3.6|highlight the main difficulty faced in this manuscript’s
analysis. The above inequalities suggest that the term i = j delivers the O(1) behaviour while
all other (cross-derivative i # j) elements decay proportionally to the number of particles.
Our analysis throughout this section is involved, as this behaviour needs to be tracked across
higher-order variation processes.

Lastly, since is a linear ODE with random coefficients (bounded in X*®%) and initial
condition §; ; we are able to obtain all LP-moments without imposing further constraints on
the integrability of X 5%V,

Remark 5.4.3 (The ‘symmetrization trick’). We employ a recurring argument in this proof
which we coin as the symmetrization trick. This trick exploits that V2V is an even function.
That is, for any x € R we have V2V (z) = 1(V2V (z) + V2V (-x)).

Proof. Note that in the following proof, the positive constant K is independent of s,t, T, N and
may change line by line. The essence of this proof is the application of 1t6’s formula followed
by standard domination arguments.
Applying Itd’s formula yields for any 4,5 € {1,..., N}
Ap(s— t)E[‘Xt Tyt N|p:|

S,T;

< i, +P/ et
t
(E[Xt znz,N (Z 8wlB Xt x, N)Xz,,:;lj,l,N> |Xt TR N|p—2} + )\EDX)& iy i, Nlp}> u

u (L'J
— i —p / Ap(u—t)
t

(E[XthN (V2U(Xi,zi,z )th,zN>|th,sz—2:|_/\E|:|th7,zN|p:|)du

U, T 5 U,Tj U,Tj U, T 5

. / " Ap(u—t)
t

N N
E |:Xt iyt N (Z % Z awlvv(Xitjwi,i,N _ Xi’xk’k’N)thj;yl’N) ‘Xt J Tyt N|p—2i| du

U,T U5
=1 k=1
s
Ap(u—t
S&',j*P/@p(u )
t
N 1 N
t,x;,i,N - txi,i,N _ t,xg,k,N t,xy,l,N t,x;,i,N|p—2
E|:Xu,7;j ' (Z N Zaxzvv(xu Xu )Xu T )‘Xu z; | :|d’Un
=1 k=1
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where we used ([5.9) of Assumption to obtain
—Xx LN <V2U(X5,wi,i,N)XfL,}%,i,N) < AXLEAN P,

We further note that by the chain rule,

N 1 N

t,x;,i,N t,xp,k,N t,xy,l,N
E E :afblvv Xu ‘ - Xu )Xu,mj
l:1 k=1

U,Tj U,Tj

N
iz Xt,mi,i,N XtacllN)(XtmlzN thllN)
N u

Hence taking summation over i € {1,...
N
>oE|x
{ 1
{ 1

,N} in (5.24)), we have

N N
1 . )
( E N E 83:[VV(XZ@1‘”7N _ X;,Ikyk,N)thLy’iZ,l,N) |Xt7Ii71,N|P*2}

U,Tj
=1 k=1

2\
M=

U, j

Il
—

i =1

Mz

=11

l\D

=1 i=1

N
Z ( Xt rl,17N|p—2Xt,xi,i,N |Xt 0, N‘p—ZXt,rcl,l,N)
u IJ

u,Tj U,T 5 U, T 5

Mz

|:
2
1

i =1

2 t,xi,i,N t,xy,l,N t,x;,i,N t,xy,l,N
-V V(Xu - Xu ! )(Xu,xj - Xu,xl] )>:| > 07

where in ([5.26), we used the inequality (|z|P~2z — |y[P~%y) - (z —

N
t,xi,i,N|p—2 yt,xi,i,N 72 t,xii,N t UL, N t z; ,z N _ ytx,l,N

U, T 5 U,Tj

(5.23)

(5.24)

)]

N
ta:,in 2 txlzN 2 t,xi,i,N t,xy,l,N t,xi,i,N t,xy,l,N
Z( bas XbauiN g2y (xtestN _ xtenlNy(x _ xtan ))}
=1

N N
1 . )
t,xy,l,N |p—2 yt,x;,l,N 2 tx,l,N _ ytxii,N tx,l,N _ ytz;i,N
+E |5 2o (IXim i pe Y vy (X XN ) (XN XN

(5.25)

(5.26)

y) > 0 for all z,y € R and the

fact that V2 V(z ) > 0 for all z € R. In accordance to Remark- we used the symmetrization

trick to derive . Hence, taking summation over i € {1,..., N}, we deduce that

N N
0SR[N < 3 dy =1
i=1 i=1

and consequently for all j € {1,..., N}, we have

N
>_E|[lxis ] <
i=1

e~ p(s—1t)

To prove the claim of the second result in (5.21]), we first derive for any j € {1,...

A1 € (0,A) (using It6’s formula and (5.23)),

N s N
)\ p(s—t) t,x;,i,N|p )\ u—t) tw“sz
1 > E[xi |}§p/ 1= M0 S E[|X N P du
i=1,i#] ¢ i=1,i#]
N
S
,p/ et(u—t) E ’ E[‘XZ,?;LNPD 2X523,2N
¢ i=1,i£j

N N
(Z%Zaﬂvv Xt17’LN thk’kN)thl’lN)}du.
k=1

U, T
=1
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For the last term above, we note that

N

N N
, 1 ,
t,xi,i,N|p—2 yt,x;,i,N - txii,N _ yt,xg,k,N t,xy,l,N
> E[XL VPN (Y D0, V(XD Xpoek ) XLtV |
i=1,i#j =1 " k=1

N N
1 N |p—2 N
=-E|+ Y > (X
=1, =1,

. V2V(ijwi’i’N Xt z,l, N)(Xt it N xrtal, N))} (5.28)

u,Tj; U,Tj
U, 5 U, T 5

N
1 x 7/ - xT; l Z Ly 'L x 2Ly 1 x
_E{N Z (|XZI1] N|p 2 Xt “ N VQV(Xt iyt N Xt 7_]N)(xt i8N Xt 7]N)>:|

N N
S_E[L Z Z ((‘Xt’xi,’i’NV) 2Xtac,,zN |thl,lN|p 2thl,l N)

2N . ’U,,QTJ u (13_7 u IJ u IJ
i=1,i#j 1=1,1#j
V2V (Xt wihN _ xt, xl,lN)(XZ:;;,zN X:iﬂa?:l;l N))} (5.29)
1 N
+ E[ﬁ Z ‘vzv(XfL,zi,z,N Xt Zjsds N)| |Xt iyl N|p 1 |Xt7x:1]7‘7 Nﬂ
i=1 i;éj
X’flji’j‘,j’N
| Xt ijz Np-1 % (5.30)
i=1 z;éj
N K
<e( 3 E[xmt )+ mExr) (551)
i=1,i#j

where in (5.29), we used the symmetrization trick again. follows from Assumption
2) a is a consequence of Young’s inequality, where € is some positive constant
which can be chosen to be arbitrarily small. Note that one can choose ¢, K to be positive
constants (both independent of s, ¢, N) satisfying e € (0, A — A1) for any Ay € (0,\). Thus, we
conclude that

N

)\117 (s—t) Z ]E“X?ii»’i’N'p]
i=1,i#£j .
N
s . K .
<p [fren(oneemn) S E[wim ]+ X Ja
t i=1,i#j
Kp [° ) (u— K
< pAr=A)(u=1) ., <
= Np—l /; € u -~ Np_l(A— )\1)7

where we noted that £ can be chosen to be arbitrarily small, such that A\; + ¢ — A remains

negative (so the summation term can be upper bounded by zero). We used to bound

E[|X557Y P] and then noted that [*e?®1=2®=0dy < 1/p(A — A1) to conclude the result.
Therefore, for all A; € (0, ), we have

N
K
t,xi,t,N *)\ (s—t)
> E[lXin ] < g,
i=1,i#]

O

The following proposition provides L2-estimates for the differences of the processes defined
in (5.21)) with the same initial points, but at different starting times. The results are used in
Section [5.6.1| to establish time-regularity estimates for the derivatives of the function w.
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Proposition 5.4.4. Let Assumption[5.3.3 hold. Consider the first variation process with com-
ponents (Xﬁjij.’i’N)sztzo defined by (5.21)) for i,j € {1,...,N} and assume that the starting
positions x; € L*(2,R) are Fi-measurable random variables that are identically distributed over
alli € {1,...,N}. Then there exist Ay € (0,min{\ — 2Ky, A1}), Az € (0, min{\ — 2Ky, A2}),
and K > 0 (all independent of s,t,T, N ) such that for allT > s>t >0 withs—t <1,

N

SB[k - X V] < Ks - e T, (5.32)
i=1
N ; ; K(s—1t)
S Bl - xgmon] < K8 e 539
i=1,i#j

Proof. Note that in the following proof, the positive constant K is independent of s,t, T, N and
may change line by line.

Part 1: Preliminary manipulations. Similar to the calculations in the proof of Lemma
we derive that (recalling that is an ODE with random coefficients), for all 4,j €
{1,...,N}, T>s>t>0, Az € (0,min{\ — 2Ky, \1}),

2X2(T—s)| yt:xirt, N 38,28, N |2
e |XT,wj XT,I]' |

8,25 stu,z; stu,x;

T—s
iyt 5, %451 t,xi,i,N @iy, N
=|XbziN —X;;;;%NPHAQ/ ePhau| xbrot N sz b N2 gy,
0

T—s
_9 e2ha2u (Xt,ﬂﬁi,iJV _ XS,fﬁmin)

stu,z; stu,T;
0

2 t,xi,i,N t,xi,i,N 2 $,xq,0,N $,zq,4,N
' (v U(XS-"-ZL )XS-"-’ZL,QZJ' -V U(Xs-i-q; )Xs-l-li,zj )du
T—s
) 2X2u Xt»fl?z‘%N qufﬂz‘,in
- € stu,x;  stu,r;
0
1 N
. (N § :VQV(X;fZL’z’N _ X;f;’l’N)(Xt’xi’z’N _ Xtﬂclth)

s+u,x; stu,z;
=1

s+u,mj s+u,mj

N

2 $,4,4,N szl N 824,85, N szl N
SRVt - e (X - X)) du,
=1

Therefore, using (5.9)), we have

62,\2(T—s)|X%Z:i,N _ X;i]zNP (5.34)
T—s
<|XLrebN _ X2meiN 24 9(Mg — A) / e XN — XN 2 du
T—s 0
—r (X - xer) (5.35)
0

2 t,xi i, N\ v 8,24,i,N 2 5,@i,1, N\ v 8,%4,8,N
) (v U(Xs+'; )Xer';,a:j -V U(XSJr’LLL )Xerij,,xj )du
T—s
2 2X2u Xt»1i7i>N XS,Ii,i,N
- € stu,x; T “rstu,x;
0
1 N
2 t,xi,i,N t,xy,l,N t,x;,i,N t,xy,l,N
' ( (N E \% V(Xs+1lt _Xs+u )(XSJrll!«,wj _XSJruﬂ?j )
=1

stu,x; stu,x;

N
. . 1 y y
it )t 1,8, N ,@1,L N 1,8, N ,@,L N
— R )+ (Rips = 5 Do vEV s - et - xapth)) )du,
=1

(5.36)
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where we added and subtract the following auxiliary term:

N
R?i; — N Z [VQV(Xzf;’Z’N _ Xt#vlJ,N)(XéJu%N _ Xé7zl7l,N):| ]

s+u stu,z; stu,z;
=1

The result in ((5.22)) and the fact that the starting positions x; are identically distributed, yield
that for all 4,5 € {1,...,N},i # 4, A1 € (0, )

Bl < ke, B[xInaN|] < gpe (5.37)

Part 2: Establishing (5.32]). We further estimate the term involving V2U, (5.35)): under
Assumption [5.2.1] we have

stu,z; s+u stu,r;

N

t,@;,5,N 8,%4,1,IN 2 t,2i,8,N\ y 8,25, N 2 $,24,8,N\ 3y 8,%4,5,N
Z]E{(Xs—&-u,xj - Xs+u,;cj ) : (v U(Xs-i-u )X -V U(X )X )}
1=1

stu,z; stu,x; stu,x;

< i )\E[’Xt,wi,i,N . Xs,wi,i,N‘ |Xt,:pi7i,N _ Xs7:vi,i,N’ ‘Xs,zi,LN }
>~ s+u s+u
i=1

N N
t,@;,4,N 3Tiyi, N |2 tai,i, N 3iyi, N |4 8,24,5,N |4
<edB[XUEN - XN K Y stfu@ = sl ol b et
i i=1
(5.38)
where we employed Young’s inequality (with constants e, K > 0 independent of s, ¢ and N) and
the Cauchy—Schwarz inequality. We further bound (5.38]) by applying Lemma
al ; P N |2
B33 <> E[|Ixips) - xani )]
i=1

N
+K(s—t)e—”2“< E[‘Xs’zj’j’Nﬂ—i- 3 E[\Xs,wi,i,zv‘ﬂ)

stu,x; stu,x;
i=1,i%j
N _ - ] X
<Y B[N - XV K s — et (e s o 3T o)
=1 i=1,i#j
(5.39)
al ; N |2
<> E “X;f;’;jv — XN } + K(s — t)e v, (5.40)
=1

for some Ay € (0, min{A — 2Ky, A\1}), where we injected the estimate and used that the
processes (X1%4N) 5,50 fori € {1,..., N} are identically distributed (due to the assumption
in on the starting positions x; being identically distributed over ¢ € {1,...,N}) in the
second inequality.

As for the term involving V2V, (5.36]), after taking the expectation and summing over
ie{l,...,N},

N
2 : t,x;,i,N s,x;,i,N
- E|:(X5+u,zj - Xs—i—u,rj )

s+u,x; stu,z;

N
1 taii N _ ytanl Ny gt N _ ytanl Ny pist,
A VIR - X (Y - XU - R

Il
—

1 N N
_ t,x;,i,N 8,28, N t,zy,l,N s,z1,l,N
B _2 ZZE[((XS-S-%%; - Xs+u,xj ) - (Xs+u,a:j - Xs-s-u,xj ))
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tz“zN t,xy,l,N t,xi,i,N t,xy,l,N $,xq,0,N s,x1,l,N
: VZV( s+u 7XS+TZ,L )((Xs+u T 7XS+TL,L xj ) (Xs+u T 7Xs+1lt T ))} <0,
(5.41)

where we once again use the symmetrization trick and that V2V (x) > 0 for all x € R. Similar
to the analysis involving V2U, we obtain

N

2 : t,x;,i,IN s,x;,i,N
E|:(X9+u Tj X9+u »Tj )

i=1

N
; 1
i,t,8 $,Tq,0,N s,x1,l,N $,xq,0,N s,x1,l,N
. (Rs+u - N ZVQ Xeru Xs+7l1 )(X - X0 ))i|

stu,x; s+u,x;
=1
1 N N
t,xi,i,N s,xq,0,N t,xi,i,N t,xy,l,N s,zi,t,N s,xy,l,N

N Z Z KVE[}Xs+u,;cj - Xs—i—u,a:j | |(Xa+u - Xs+u ) — (Xs+u - Xs+u )|

=1 =1

N

S,Tq,4,N swl,lN t,x;,i,N $,xq,0,N —4X2u

XN - XN < e SB[ - Xop NP+ K(s— et (5.42)

where we applied similar calculations as in (5.39) and (5.40). After taking the expectation,
summing over ¢ € {1,..., N}, and injecting our established estimates (5.40), (5.41]) and (5.42]),
we have for an arbitrary small € > 0,

2)\2 —s) t,xi,i,N s,zi,4,N |2
ZE[ XT,:cj XT,acj |

N
< SB[ - XV 4 K-t [ ety
i=1 0

N
2(2 + Ay — \) / DY E[|ij_”; D Gl }du. (5.43)
0 i=1

Further notice that for the first summation term of (5.43)), we obtain

N
Z]E“X‘tz :vl,zN _ XS RTRR N|2}

8,
1=

N
§ 2 t,x;,i,N t,xy,l,N t,xi,i,N t,xy,l,N
H/ v V(XtJru - Xt+u )(Xt+u,93j Xt+u T )

]

2 t,xi,i, Ny yt,@i,0, N
+ VUKL X N ) du

s—t N N
1
<=0 [ (F X SB[V Oty - X X - X
=1 [l=1
N .
+ B[V R X ) au (5.44)
i=1
s—t N
K(4Ky + \) / Z]E XN } (5.45)
< K(s— t)/ e ?Mudy < K(s —t), (5.46)
0

where we used Jensen’s inequality in (5.44)), Assumption in ((5.45) and Lemma with
A1 € (0,)) to establish (5.46]). Consequently, for all j € {1,..., N}, we have (by choosing ¢
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arbitrarily small)
N . .
P YR || Xp N - X VP
i=1

T—s
<K(s—t)+ K(s—1t) / e~ 22Uy
0

T—s

N
+2(2e+ X2 — N) /0 e”Z“ZE[\Xif;’,ZjV — XN
=1

Using fOT_S e~ P2tdy < 1/(2)\g) and (26 + Ag — A) < 0, we deduce that
N . .
S E [|X;f§;fN - XpeiN ﬂ < K (s — t)ePa(T=9), (5.47)
i=1

This concludes the first part of the statement ([5.32)).

Part 8: Establishing (5.33]). Mimicking the estimates in (5.29)—(5.31)), we first establish a
result to deal with the term involving V2V:

WE

E [(Xt,zi,i,N - Xs,zi,i,N)

s+u,z; s+u,z;
i=1,i#j
1 N
2 t,xi,i,N t,xy,l,N t,xi,i,N t,xy,l,N i,t,s
) (N A% V(XS-HZ/, - Xs+u )(Xs—i-&,wj - Xs+u7wj ) - Rs+u):|
=1
1 N
_ t,x;,0,N $,245,0,N t,xy,l,N s,xy,L,N
- _2N Z Z ]E|:((Xs+u,rj - Xs+u,zj ) - (Xs+u,zj - Xs—i—u,mj ))

i=1,i£j 1=1,1#]

2 t,xi,i,N t,xy, LN t,x;,1,N t,x,L,N $,@;,1,N s,x1,l,N
(VRV(XE N - XNy (X — XtV x +x:0i)]

s+u,r; stu,z; stu,x; stu,r;

N
1 t,xi,i,N s,xi,4,N 2 t,x;, i, N t,xi,l,N
- N E |:(Xs+u,:vj - Xeru,wj ) -V V(XSJru — Xs+i¢ )
i=1,i#j
t,@4,8,N txj,5,N $,%4,4,N s,z5,5,N
’ (<X8+u,:rj - Xs+i,wj ) - (Xs+u,wj - Xs+1jt,zj ) ):|
(5.48)
al 1
t,xi,i,N s,xi,t,N t,x;,5,N 8,x5,5,N
< KV Z E{(|Xs+u,rj - Xs+u,xj |> : (N|Xs+u,zj - Xs+u,xj | (549)
i=1,i#j
N K N
2N yr5,ii,N |2 t2 0N 3r8s05,5 N |2
Sf Z E[}Xs-i-u,mj _Xs—i-u,;z:j | :| + N2 Z E|:|X5+:L7Ij —XS+1i,$j | :|7 (550)
=L,i#j i=1,i#]

where we once again used the symmetrization trick in (5.48]), 2) in (5.49) and Young’s
inequality with constants e, K chosen such that ¢ < A in (5.50)). Similarly, we have

N
t,x;,i,N $,Tq,0,N
- § : E[(Xer;,zj _XSJr’L:,,IJ‘ )
i=1,i#]
1 N
i,t,8 2 5,4, N s,x,l,N 8,40, IN s,xy,l,N
. (Reru - N E :V V(Xs+u - Xs+u )(Xs+u,1:j - Xs+u,xj ))}
=1
1 N N
t,xi,i,N $,xi,4,N t,x;,i,N t,xy,l,N $,4q,0,IN s,xy,l,N
S N E KVE“XS-"-;,L,LEJ' - Xs+117wj ’ ‘(Xs-l-'; - Xs+u ) - (XS+£L - Xs+u )’
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'|X51171N7XSEZZN|:|

stu,r; stu,z;

N
1 z: twiN 8,48, N twi,i,N tx"N
is?y s » 3105 s,x;,i,N s,x;,5,N
N K |: S+’(LL,ZL’] Xs+1i T { ‘ Xer; s+u ) (Xervi Xeru )}
i=1,i#j

stu,x; stu,z;

1 & O K(s—1t)
t,x;,8,N $,24,1,N - - u
<N > > (s]E[|X5+M - X0 |]+42 o )
i=1,i#7 1=1,l#j

|XS ,xi,t, N stmj 7j7N|:|

a K(s—1t)
+ 3 (e]E[ng;v;jV Xjf,;’;j\’]}JriNz e—%”) (5.51)
i=Lis
al ; K(s—1t)
<oc( Y E[lxipnY - xpuaN] )+ Se (5.52)
i=1,i%j

where we used the moment bounds established in (5.37) to get (5.51) and applied similar
calculations as in ([5.40)). Taking summation over i,i # j and collecting the estimates in ((5.50))

and (£52)

N N
N S B[N X < 3D Bl - Xt
i=1,i#j i=1,ij
T—s N
2(As + 26 — \) / =Y E“X:j;;N Xff;’;;vﬂdu (5.53)
0 i=1,i#j
_ N T—s
2K [T > K(s—t
S e > mfny - Pans S [ e,
0 i=1,i#j 0

(5.54)

Note that (5.53))< 0 since A3 < A and ¢ can be chosen to be arbitrarily small, so that this term
remains negative. Implementing a crude upper bound (5.47) and using that A3 < Ay (hence the
integrals remain bounded as T gets large), we have

K2%(s—1t) K(s—1t)

.54) < .
(b:59) < N()\g —)\3) 2N(2>\2—)\3)

Joining together the terms and estimates terms, we have

N
62)\3(Tfs) Z |:|Xt mlzN _X;?]iN‘ :|
i=1,i#j
N
K(s—1)
t :v”z N s,xq,8,N |2
< 3 E[IXbmtY - xpme NP+ 22 (5.55)
1=1,i#j

To analyze the summation term in (5.55)), we first provide the following estimate: For all
u>0andie{l,...,N}h
]

N
t,xi,i,N t,xy,l,N t,x;,i,N t,xy,l,N
< Q]E{ N Z VAV(X o = Xt (Xiia, — Xefdla, )

]

§ 2 t,xi,i,N t,xy,l,N t,x;,i,N t,xy,l,N
H \Y% V Xt+u Xt+u ) (XtJru T XtJru x; )

]

2 t,x;,i,N t,xj,j,N t,x;,i,N t,x;,j,N
+ EHV V(Xt+u _Xt+7i ) (Xt+u x; _Xt-i-?i x; )
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N
K b N b, N tx:,0,N tan LNy |2
<% Z E||V2v (Xt - xppet™) (s - xigdf
1=1,l#j
K toms i N t,25,5,N |2
+VE ’Xt-:u;cj - X ]
<K al i N ta;,0,N |2 K _onu
N Z E[ t+u,; | ] +7E[|Xt+uac] | ] < me )

i=1,i#j

where we isolated the | = j term, applied (a + b)? < 2(a? + b?) for a,b € R, before applying
Jensen’s inequality and Assumption Therefore, for the summation term in (5.55)):

N
Z E |:|Xt,a:i,i,N X5 NTRA N|2}
5,%j

S IJ
i=1,ij
s—t 2
t:v”zN t,xy,l,N t,xi,i,N t,xy,l,N
SK(S_t)/ ( Z HZVZ t+u _Xt—HlL ) (‘)(t-‘ruabJ _Xt+1i¢J ) :|
0 i=1,i#j
N
+ 3 B[P I ) ) d
i=1,i#j
s—t N —2X\1u —2\1u K(s— s—t _
e e s—t) DI K(s—1t)
SK(s—t)/ (( )+ )duS/ e Pty < ————,
0 z':;#j N N N 0 N

(5.56)

where we used Lemma in the last line. Consequently, substituting (5.56)) into (5.55)), we

conclude

N
ST E[XEEAN - gV 2] < K(s—1) —ang(r-s)

T,x; — N
i=1,i#j

O

5.4.2 Second Variation process
Let T > s >t >0, N € N. The second variation process of (X% 7N)52t20 is defined, for

i,j€{1,...,N}, as
i, N N AN
Xhreb N — /t ZaﬂB (XL@N) Xt N gy

s N N
/ fﬂz rl/Bi(Xft’%N)XZ’,?J»J’NXZ’,?;’l N . (5'57)

1= 11' 1

The following lemma proceeds the results in Lemma and accounts for the different be-
haviours of LP-moments for the second order variation processes defined in (5.57)), which is
needed in Lemma [5.4.7] and contributes to the analysis in Section [5.6]

Lemma 5.4.5. Let Assumption[5.3.3 hold and let p > 2. Consider the second variation process
(5.57) and assume that the starting positions x; € L*(2,R) are F;-measurable random variables
that are identically distributed over all i € {1,...,N}. Then there exist Ay € (0, min{\ — (2 +
1/N)Ky,As}) and K > 0 (both independent of s,t,T and N) such that for any T > s>t >0
and i € {1,...,N}

N

. K

“ap(s—t ta,i,N o~ Aap(s—t

r| < Ko, > E[IXbsaN ] < e e,
ijk=1, i£j#k

E |:|Xt,m,1,i,1\/'

§,Xq,Lq
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N
T, T, T, K — S—
and Y (B[IXEn AN P] + E[IXEENP] +E[IxEn AN P]) < e e,
i,k=1, i#k

Remark 5.4.6. This lemma continues to highlight the main difficulty faced in this manuscript’s
analysis. The above inequalities suggest that the second-order variation process, wherei = j =k
implies O((i,7,k)) = 1, yields the O(1) behaviour, while all other elements (i.c., the cross-
derwatives with O((i, j,k)) > 2) decay differently with respect to the number of particles. We

refer to Lemma[5.4.7 for a general result.

Proof. Let p > 2 be a given integer. Note that in the following proof, the positive constant K
is independent of s,t,T, N and may change line by line.

Part 1: Preliminary manipulations. For Ay € (0, min{\ — (2+1/N)Ky,As}), we define Iz’sp
forall s >¢>0 as

N
1
27:0 Aa(s—t) t,x;,i,N|p
I ePM (NZ;E“XSLL }
N
N2 S (BIxEN P + E[IXbn N ] + B[ Xz
ik=1, i£k
N
s Y E[xs)). (.59

4,5,k=1, i#j#k

for which we will aim to show that we can upper bound It2, P < K. We start by analysing each of
the second variation processes: For any 4, j,k € {1,..., N}, Ay € (0, min{A—(2+1/N)Ky, As}),
s >t >0, we have that

ep)\4(sft)E {‘Xt J iy, N|p}

S,L;,T

U,Tj,Tk

° Aq(u—t t,x;,i,N
_p/75 ePAa( )Eli(Xux]mk)

N N
1 ) )
t,xi,9,N t,xq,q,N t,xy,l,N t,xq,i,N |p—2
' (ZamLNZVV(Xu _Xu ? )Xu 5T, )‘Xu,xj,mk | du
=

qg=1
9 [ e OO [z Y pdu
t
Ag(u—t t,x;,i,N
+p/t eP a( )IE|:(X“TJ7TI¢>
N N
) (ZZ XtmN)Xt wl,l NXt He v, N)|Xt a:i,i,N|p2:| du
Ty, Ty UL 5,Tk

=11U=1

M+ )ep)\4(u O ['Xt 961‘,71'7N|P} du (5.59)

S
= [ PO (i) - (PO )X ) X
t

~

<p

( U, Tj,Tk
p/ ep)\4 u— t |:(X1t¢ 9;;,7;:) (560)
1 N
. (N Z VV Xt z;,i,N Xt x,l, N)(XZ ?J,zzllzf thl a;z7,7lm127)> |XZ:Z;,21}:/|172} du
=1
b [ O OB[X NP S 15, DK X X

t 1=11=1
(5.61)
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where we used Assumption on the first term to obtain (5.59). In what follows, the last
p.60)

two terms, which we will refer to as the convolution term (5.60|) and the lower order variation
term (5.61]), will be investigated in more detail.

Part 2: Analysis of the convolution term . We analyze the convolution term
by considering five different cases: i =j=k, i#j=k, i=j#k, i=k#jandi#j#k,
where we will see that different methodologies need to be implemented based on the values
O((i, j, k)) of the second variation processes.

Case ¢ = j = k: The convolution term, after summing over all i € {1,..., N}, simplifies
to

N 1 N
- B[ (Iximiy

p— 2Xt i, N) . (VZV(XZ,:Ci,i,N _ Xi’xl’l’N)(Xt iy t, N Xt x,l, N))}

Uy Tq,T4 U, Tq,T5 U, T 54T 5

U, T4 ,T5

N
1
:_N Z E|:<|X1ttmxl1f’va|p ZXZ?CZ’,;fV) (VQV(XtI“ZN thz,l N)thl,z N)]

N
1 . ,
t z,,z,N p—2 yvt,x;,i,N 2 t,x;,i,N t,xy,l,N t zl,l,N
v 2 E[(IXbmiN i) - (VR (e - X x|
il=1, il
K N
\4 t,xq,5,N|p—1 t,x,l,N
il=1, il

<IW_1)§:E[|X5§;;£V ] f: E[IXLai ), (5.63)
1,14

i=1 P i

where we used V2V (x) > 0 for all z € R and Assumption [5.2.1] to derive and (5.63) is a
consequence of Young’s inequality.

Case i # j = k: In this situation, after summing over all i,k € {1,...,N}, i # k and
splitting the summation over [, we derive using the symmetrization trick that

N 1 N
t,x;,i,N|p—2 yvt,x;,i,N
- E IE:|:]\/v E (|Xu Tk, Tk ‘ Xu xk,zk)
i,k=1, i£k =1
2 t,xi,i,N t,xy,l, t,xi,i,N t,xy,l,N
: (v V(Xu ‘ - Xu )(Xu wlk,zk Xu,xk,a:k )):|
1 N
_ § t,x;,i,N|p—2 yvt,x;,i,N t,xy,l,N|p—2 yt,x;,l,N
- _2N E|:(‘Xu Th,Tk | Xu Tk, T |Xu wk,a:k| Xu,wk,a:k
ikl=1, i,l#£k
2 t,xi,i,N t,xy,l, txi,i,N t 'rl,l,N
1 N
t,xi,i,N|p—2 yvt,x;,i,IN
ik=1, i£k
t,xi,i,N t,xk,k,N t,xi,i,N t,xk,
(v Xu ‘ - Xu * )(Xu a:lk,a:k Xu w?mwk )):|
N ‘Xt,fﬁmk,N
t , 4,5, N |p—1 U, Tk, Tk
<Ky > IE[ R L A ] (5.64)
i,k=1, i#£k
N N
Kv<p — 1) K
§ : t,x;,5,N |p \4 § : t,xn,k,N|p
S p E[‘Xu Izk,{rk | :| + prfl E|:|Xu,:ck,zk | ? (5'65)
i,k=1, i#k k=1

where we used V2V (x) > 0 for all z € R and Assumption to derive (5.64). (5.65) is a
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consequence of Young’s inequality.

Cases i =7j # k and i = k # j: These two cases share similar calculations and we show the
first of these. Summing over all 4,k € {1,...,N}, i # k, we have

N 1 N
t,z;,i,N|p—2 yt,z;,i,N
o 2 : ]E|:N z : ( Xu,wka | Xu@'z',wk )
ik=1, i#k =1

) (vzv(XZ,a;,-,uN _ Xz,zhl,N)(Xt,wi,i,N _ Xt7wl,l,N)>:|

U5, Tk U, Tq, Tk

N
1 ) ) )
t,24,6,N |p—2 yt,xi,i, N 2 t,xi,i,N txy,l,N t,xy,l,N
S _N Z E[ ’ <|XU’IZ7;»11¢ ‘ Xu’flfli,zk ) ’ (V V(Xu ’ - Xu )Xu,:L’i,:Ek )H
ikl=1, i#l#£k

N
X't,a:i,z,N p—2 X't,zi,z,N 2 X*t,:c.;,z,N Xt}z Jk,N Xt,a: Jk,N

U,Ti, Tk
i,k=1, i#k

N
Ky p—1 i 1 -
=N (E[IXL’@;:AV ]+ B[l |PD
ikl=1, i£l#£k p
N
L{V b— 1 Tyt 1 Tk
5 2 ( E[\XZ’,;;,;;QV I”} + E[IXZ:;;;’;;NI”D
L T P P
ik=1, i#k
(5.66)
N N
K —1 . K
PO S mlwmiv]ey X (i
p i,k=1, i#£k ik, l=1, i#l#£k
N
K -1 . 1
+5 > (EE[IXmi ] + R[N ), (5.67)
N i,k=1, i#k p p

where once again, we split up the summation over | and repeatedly apply Assumption [5.2.7]
and Young’s inequality to obtain (5.66) and merely rearranging terms yields (5.67)).
Case i # j # k: Summing over all 4,5,k € {1,..., N}, i # j # k, we obtain

N

1 N
t,x;,i,N|p—2 yvt,x;,i,N
- E E |:N E (‘Xu,xz,zk | Xu,zlj,wk )

i,5,k=1, i#j#k =1

) (V2V(Xi,xi,i,N _ XZ,m;,l,N)(Xt,:ri,i,N _ Xt,:cl,l,N))]

U, T5,Tk U, X5,k
1 N
_ § t,@i,i,N|p—2 yt,z;,i, N _ | yt.zi,l,N|p—2 yt,zi,l,N
- IN ]E|:(|Xu,m_7~,:ck | Xu,zj,zk |Xu,mj,xk | Xu,mj,xk
i,9,k,1=1, i#j#k, IF#j#k
2 t,x;,i,N t,xy,l,N t,x;,i,N t,xy,l,N
: (V V(Xu - Xu )(Xu,xj,xk - Xu,zj,zk )
1 N
t,xi,i,N|p—2 yt,x;,i,N
—E{N > (|Xu7z3,xk | qu)
i,5,k=1, i#j#k
2 t,@,%,N t,@5,5,N t,x,5, N t,x;,5,N
: (V V(Xu - Xu ! )(Xu,mj,zk - Xu,xg,mk )):|
1 N
t,x;i,N|p—2 yvt,x;,i,N
—E |:N E <|Xu,xj,mk | Xu,mj,mk ) (568)

i,5,k=1, i#j#k

. (VQ‘/(XZ,TEi,i,N _ XZ,Ik,k,N)(Xt,Ii,i,N _ Xt,zk,k,N)):|

U, Tj,Tk U, Tj,Tk
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N
. _ 1 o
sk S B[ p (X + lxims)] (5.69)
i9.k=1, i£j#k
N
2p—1 4 1
<xe S (B elixmir] o (E[xezae] sl se))
igk=1, itz S P b

(5.70)
N
2K -1 )
< M Z E “Xi’?-’lﬁcﬂp]
» N , ST, Th
i,J,k=1, i#j#k
Ky = El1xt®::3.N|p E||xteekNp 5.71

pr_l Z | U, Tj5,Tk | + | U, Tj5,Tk ‘ N ( N )

Jik=1,j#k
This is once again established via splitting up the sum over [ € {1,..., N} and using the sym-

metrization trick to obtain (5.68) and Assumption to obtain (5.69). Young’s inequality
yields (5.70) before a final rearrangement of terms provides the final inequality (5.71)).

Part 3: Analysis of the lower order variation term (5.61)). Lemma with A; € (A9, N)
implies that there exists K > 0 such that for all 4,5 € {1,...,N},i #j, s >t >0,

N
B[ XtV p) < SR XLkN p] < Ko hsn), (5.72)
k=1
1 ol K
t,xi,i,N|p] __ t,xx,k,N|p Y —Xip(s—t)
E“XS’EJ | ]7N—1 Z E[‘Xsrf ‘ ]SNPe ! 9
k=1, k#j

where for the equality in the second line we used that the starting points x; are identically
distributed. For the lower-order variation terms (5.61)), using Holder’s inequality, we have that
foralli,j,ke{l,...,N}andu>1t >0,

ep)\4(u—t)E|:|Xt,xi,i,N|p 1 Z Z | 2 acl/ Xt x, N)| |XZ,??DZ,17N| ‘Xt ayl N|]

U, Tj, Lk
I=110'=1
N N
u . (p—1)/p . . 1/p
<eMOONIN 2 L Bl (B[IXGE5N )T (B [IX N XtV ] )
=10=1
(p—1)/p
=: ePhalem t)( [ Xy D P (5.73)

For all 4,5,k € {1,...,N}, u>t >0, we defined the following:
Lisgik & t,zi,l,N tzp N p
ik = ZZ 2 Bilse (B[ 16055 P Xz e
N

=11

B; ‘Oo (E [|XZ7,§ZJ-J’N‘QP} E ['XZ:?;’V’NFP} ) 1/2p

HMZ'

CEL Xy,

=103, 2,

Bils (E [Ixtzee] Bxtmee)

U T
t,zi,N |2 tay 1 N 12p] 2P
+ Z |x,,xl/Bi‘OO( [|X i |p} ]E|:|Xuacl1; |pD
V= 11/;&2
1/2p
+ Z |02 o z; Biloo (E [‘XZ?]NIQP} EHXZ?,CZNIQP])
1=1,l#1
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N

N
E § 2 . t,xz;,l,N |2p t,x; ' N
+ |8.'L'1,(L‘Z/B1‘OO (E |:|Xu,ajj | :| IE |:|Xu,xlk
I=1, i#l V=1, i#l

)

where we implemented the Cauchy—Schwarz inequality in the first inequality. Now using As-

sumption [5.3.3]

0(1), i=l=1,
107, 2, Bila = {O(NTY),  i=1#Uori=U#lori#l=1,
0, PiEL#£

and the results in (5.72)) show that there exists K > 0 such that
1, i=j=k,
LR < RKemMWm) SN s kori=k#jori#j=F, (5.74)
N2 itj#k
Having established this general estimate for It{;j’j’k in (5.73), we distinguish the following sce-

narios:

Case 1: i = j = k. We have

U, T4, T tiu

N
Zep,\4(u—t) (E “Xt,m,;,i,N‘pD(p—l)/p L
=1

N
S KepA4(U7t) Z (E |:|Xt,£vi,7;,N

U,T5,Tq
i=1

p])(P—l)/P e—2M(u—t)

N
_ K€(>\4_2A1)(u_t) A Z (E |:|Xt,x1,,i,N

U, T4 ,Ti
=1

p] ) (p—1)/p o(P—DAa(u—1)

N
< Ke(a=2x)(u=t) (N + ePAa(u—t) ZE [|XZ§L25V p] )7 (5.75)
i=1

where we deploy (5.74) to obtain the first inequality. Using Young’s inequality ab < a?/q; +
b% gy with a = (B [|XL0N [P]) 77PN h =1 ) = p/(p-1), g2 = p yields (5.75).

U Tq T

Case 2: i # j = k. We have

N

Z ePa(u—t) (IE [|Xt,wi,i,N|p])(p*1)/P ) Itl,i,k,k
UL, Tk U
i,k=1, i#k
ol 1 K
< e N (E[xps NPT Ser e
i,k=1, i#k
1 N
< Ke()\4*2/\1)(“7t) . (Np_2 + ep)\4(U7t) Z E [|X'zt/,7,§clk,,la’tjly|p] )7 (576)
ik=1, i#k

where we used Young’s inequality ab < a®' /q1+b% /qz with a = (E [| X .24V |P]) (p=1)/p e(P=DAx(u=t)
b=1/N, q =p/(p—1), g2 = p to derive (5.76).
Similar calculations apply to the cases i = j # k and i =k # j:

N
- . -1 i i
> e B iz
ik=1, i#k
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N

— u— 1 uU— Zg,1
< KePa—2n)( t).(mﬂpm DY ]E[lXZ;L,LiVW])v
ik=1, i#k

N _
O G R M

i,j=1, i#j
N

1
< KePa=2)(u=1) (W I N [| XLriiN
i,k=j, i#j

'])

Case 3: i # j # k. We have

N
pxstut) (g [ xteniy o] )77 i
€ U, Tj, T t,u
ivjk=1, i#j#k
N

Aa(u—t t,24,1,N
< el a(u—t) Z (]E [|Xua;] lka
i,5,k=1, i#j#k

|p})(p—1)/:ﬂ . £26_2/\1(u_t)
N

N

< KeMa—221)(u—t) | (W 4+ ePha(u—t) Z E I:‘XZQ;']ZT];CVV)} )7
ig.k=1, i£j#k
(5.77)

where we used Young’s inequality ab < a?' /q;+b%2 /qo with a = (E[| X ?Jf;}f|p])(p_1)/”e(p‘1)’\4(“_t),

b=1/N2, g = p/(p— 1), g2 = p to derive (5-77).

Part 4: Collecting estzma,tes and concluszon Gathering up all the results in 5.77))
and recalling the definition of It7s in (5.58), we have for all Ay € (0, min{\—(2+ l/N)KV7 3}),

]tzf < p/s ( A+ A+ M + Ke()“‘_z’\l)(“_t))lfudu +pK /S e(ra=221)(u=1) 4,
, \ D ;

s K N
o[ 5 2 [\X;gk;w du—|—p/ ZIE | XEoiN| }du
t p i k=1, i#k
s (9, NP3 N .
e[ ( > Efxema]
' L
N
+KyNTE ST (B[IXESEN ]+ B[ IX Y
ik=1, ik
s K N
p [ EENT S (B[] + Bt ] du
t P i,k=1, itk

}))du

Combining the terms above, we further have

27 < p/S ( iy D) Ke@r“l)(“t))ffudu K / SAa=220)(u=1) gy,
’ t p ' t

+/ ( ZE[XZ?L%V}

N
WA (E[|Xiz::;iv|p}+E[Xiz'::’;kNl”D>du
ik=1, ik
N
S Ky i T4 4,0,
ep [ (vt S0 (e[ el ] e [xiz))
t i,k=1, i#£k
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9 N

Fo NS E[Ixmap] Jaw
b ig.k=1, i#j#h

Hence, using Ii P'in (5.58)) to dominate the sums of expectations (in each integral) we have
2,p ’ Ky (Aa—=2X1)(u—t) ) 72:p ° (Aa—2X1) (u—t)
Iy <p (_)\+)\4+2KV+W+K6 )It’udu—i—pK e du.
t t
(5.78)

Recalling that is A4 chosen such that Ay € (0, min{A — (2+ 1/N)Ky,A3}) and 0 < A3 <
A1 < A, which in turn implies Ay — 2\; < 0, we have

PP < oK /s M=) (W=t 2Py 4 pIC /5 ePa—22)(u=t) 4, < K
o t . t -
where for the last inequality, we used Gronwall’s inequality (see Lemma |6.4.6|) with
afs) = pKePM=22M)=H 0 g(g) = pK/ P2y, < pK /(2X; — Ay) and
t

u(s) = I’ in combination with the estimate [," a(s)ds < pK /(2 — As).

,8

5.4.3 The n-Variation process

Let T>s>t>0, N e Nand 1 <n <6 be an integer. Recalling the quantity HT]Y in Definition
the n-variation process of (X5®™N) 5,5 is given for i € {1,..., N}, s > ¢, v € 1Y, by

Xt / (Z‘%B (X=Xt du (5.79)

LrygseesTyp

/Z%B (XN XLmtN  du
Y10 " Yn

+ 3 /Z ax,B X”N))
a,BelUrnZ 1HN
|a|>0, v\(vl)eau-lﬁ

(Xt,:phl,N du,

>I/317~~~,1ﬁ‘m

malww,ma‘al

where a = (a1,...,q)q)), B = (B1,...,B5) with a; € {1,...,N}, and 8; € {1,...,N} for
i€ {l,...,]8]}. To clarify the notation, we present the following examples for n € {2,3}:

{ape U <ol >0, 4\ (o) cawp} ={{a=(0).8=0}},

k=0

when v = (v1,72); for the case n = 3 and setting v = (y1,72,73)

2
{ase UMl ilal >0, 3\ (m) € aw s}

k=0

= {{a=(2%).8=0}. {a = (12).8 = ()} {a = (). 8= (1)} }-
The following lemma is a generalization of Lemma and Lemma which describes

the behaviour of the higher-order variation processes and is needed in the proofs in Section [5.5]
and Section (.6

Lemma 5.4.7. Let the assumptions of Lemma hold and let p > 2 be given. Consider the

v1:71

n-variation process with components (X;jimj,“,’wmﬂ )s>t>0 defined by (5.79) for T > s>t >0,
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n,N €N, v e H,JXH, 1 <n <6. Then for each 1 < n < 6, there exist constants )\(()") e (0,))
and K >0 (both independent of s,t,T and N ) such that for any m € {1,...,n+ 1}, we have

Z E[‘Xtaxﬂ 1, N |p K én)p(sft)'

85Ty Typ g Np(m—1)—
'Yenﬁq,la O(’Y):m

In particular, this implies that, for all v € IIY, |, such that OW)=m, me{l,....n+1}, we
have

|X75:171 71, N |p K efk(()")p(sft)
8,Tnyg rees Loy 4 q =~ 7]\”’("’_1) .

Remark 5.4.8. We take v € IIY, | here in Lemma .' this still corresponds to the highest
order of the derivatives remaining as 6. We add the extra index since 1 corresponds to the
index of the starting position, not an index which corresponds to any derivatives being taken.

Remark 5.4.9. As in Lemma where the constant appearing in the bound of the second
variation process Ay was strictly less than A1 (the constant which arose bounding the first vari-

ation process), we choose )\(()n) such that the sequence )\(()i), i€{l,...,6} is a strictly decreasing

sequence. Note that here, our )\(()1) and )\(()2) subsumes our A1 and A4 in the previous proofs
respectively.

Proof. Note that in the following proof, the positive constant K is independent of s,t, T, N and
may change line by line.

Part 1: Preliminary manipulations. We shall prove this by induction. The result follows
for n =1 and n = 2, from Lemma and Lemma respectively.

Now, suppose that the claim holds for some ny € N, n; < 6, i.e., there exists a sufficiently

small constant /\énl) € (0, ), such that for m € {1,...,ny + 1},
t,, 1, N K a0 ey
ZA ]EDXMJ;,...,%HI |p] < e e, (5.80)
’YEHglJrl, O(v)=m
We need to prove the statement for m € {1,...,n1 + 2}, i.e., there exists some constant

)\énlJrl) c (07/\(”1)) such that

t,z, y1,N K (41
> B, L] < e T e,

0Ptz | = Np(m—1)—m
YEILY L5y O(y)=m

We shall use the induction hypothesis ((5.80) in Part 2.2.
From ([5.79), we have for all v € II;} ,,

Xtvx'yl 71, N
8, Ty yees Ty 42

s N
:/t (300, (XN Xz du
=1

Tz Ty 4o

N
s
_ 2 t,x,N t,xy,l,N
- / 63713"/1 (Xu )Xu xw, Ty 42 du
t
=1

+ / Z (02 B2 (X=))

aBEUkl ny,
|a|>0, 7\(71772)6(1%3

du.

motlv'"fza‘a‘ >w/317~~,1ﬁ‘5‘

(n1+1)

An application of It6’s formula yields for all s > ¢, A >0,

)\(n1+ ) (s— t)E[‘Xt Ty 71N |pi|

SsTyg s 1Ty 4o
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S
(n1+1) t,x N t,x N
_ DA (u—t) 7Ty1 571 p—2 »Tyq 515
= p/t erro E |Xu,x72,..4,x7n1+2| Xuaxwzv"'7x7n1+2
9Ty 42

N
x,N L, N
Y S () ()

aBelpL,my, 1=l
|| >0, 7\(v17vz)6amﬂ

+p /\(“1+1 /S ep)\(()"l+ ) u— t)E[‘Xt g5V, IN |p:| du
t

WsLoygsesTyp 4o

N
t,x,N t,xy,l,N
’ (ZaﬂczB’h (Xu )Xu Ly ee
=1

S
<p / (AL 3)epAd ””(u—ﬂE[|XZ:§1;’,7?’N |p} du (5.81)
i

9T 42

S
(n1+1) t, Ty 51, N — t, 2,71,V
—p [ ”E[|Xu,zzg,..., P (xi L)
t

TYnq 42 o Tyn g 42

Z 2y, t%p% vyt N t,xy, 71, NV vyt N
( v Xu ) (X“’m’vzf“"m’vnfrz Xu,x,y2,...,ac,yn1+2) du

(5.82)
s p)\("1+) Xt 1%,1,’)’1, p—2 Xtvzvla’Yl)N
—-p ; | Uy T gy s ’$7n1+2‘ UsTryg 5Ty 1o
N
t,x,N t,xy,l,N
. 3 S (0B (X5 (xLaty) du.
Tapy s Lo 2 TRy LB
aBelpl, oy, =L b ler| 1 181
|| >0, 7\(71772)€CVUJ[3
(5.83)

The analysis of the convolution term (5.82)) and the lower order variation term (5.83]), mimic
that of the proof of Lemmal[5.4.5]- all arguments are complete generalizations. We present these
for clarity.

For a given p > 2, we define the process I[j;“’p (similar to the term 12 from ([5.58)):

ni+2

D DY CL e D DR F =k o) I

m=1 vENY, 15, O(y)=m

ni1+2
< Z <N<m—1>1’—m Z (-81) + (5.82) + (]5.83[)),

m=1 'Y€H7L1+21 ('Y):

which we now work towards bounding 1]t < K, by separatlng our analysis into that of the

convolution term and the lower order variation term

Part 2.1: Analysis of the convolution term (5.82)). We highlight the main steps that deal

specifically with the convolution term 2) (similar to (5.63)—(5.71) in the proof steps for
n =2). Summing over v € IIY |5, (9(7) m, gives

1 N
Z Z t, Ty 71, N p—2 vt @y 71, N
- E |:N (|Xs,:c,y2, z,Y"1+2 | Xs m72,...,x7n1+2
vend L, O(y)=m =1
2 twwl YNt LN t, @y 71,V _ yta,l,N
(v V( Xs )(X37Iw2,-~»713-y"1+2 X37x72""7£7n1+2)

N
1 t,@ t N
— - ) 717717 p—2 Ty Y15
B T S U [0 e e e
VEMY, 4o, O(M)=m Y€MY, 45, O(y)=m =1
O(N\(m))=m O(Y\(71))=m—1
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. (VQV(X?:C’” 71, N _ X;,xl,l,N)(Xt,l”Yl 1, N _ Xt737l7laN )):| . (585)

37x721-<~7x'yn1+2 s,a:.YQ,...,w’ynlJrQ

To continue from ([5.85)), we need to consider whether or not 7 is a unique index in v, i.e., the
two sums appearing in (5.85)).
Case 1: v, is not a unique index in ~ (i.e., O(7) = O(y\ (71)) = m). Note that this case is

only meaningful for m € {1,...,n;+1}, as y has at most ny +1 different elements (note that v
appears at least twice). Further, we remark that O(vy) = m but O(vy\ (71) U(1)) € {m,m + 1},
and therefore we need to consider X*"N and xtebN separately (in a similar fashion to
(5.63) and (5.67))). Hence, we write
N
E 1 Xt’m” 1, N p—2Xt7w'yl 1N
- Z N Z | S’Ivz*"'>zvn1+2| 83 Tryg Ty 4o
YEILY Lo, O(y)=m =1
O(\(m))=m
2 by 71, N 1, N twyy v, N 1L, N
. (V V(Xs y101 —_ X: k2 )(Xs,zz;..%,mnl“ - X;,;i,2,...,x«,nl+2)):|

1 N N
-y T (x + x )
7€H71:71+27 O(y)=m . =1 R =1,

O(v\(m))=m O\ () U)=m O \(m) U)=m+1

. E |:(|Xt*x"f1 71, N ‘p—ZXt@'yl V1,V )

55Tz Ty 4o 5 Tyg 5Ty 4o
. V2V(Xt73771 LN Xt,zl,l,N)(Xtvﬂcwl 1, N _ xtenhN ) (5 86)
S s 8,1727~~~,I7n1+2 sz"{zv"'vz’\/n1+2 . .

We address each of the inner sums over [ in separately. Concretely: for the first inner
sum, where the summation is over O(v \ (v1) (1)) = m with [ taking values in v\ (71) (as
per the outer summation), we use the symmetrization trick to get and we substitute
the upper indices ;1 — I; and [ — [5 for added clarity. For the second inner sum, where the
summation is over O(y \ (v1)UJ(1)) = m + 1 with [ ¢ ~, we apply Young’s inequality to get
(5.88)). We point out that similar arguments were employed in the estimation of the second
variation process — refer to and for example. We then have,

(5.80)
1 tay, 1, N txy, ol N
- 2 : W&yl p—2 ytZiyHl,
S 2N ]E (‘Xs’x.yl ""’I'Y'rbl+1 | stz’Yl ""’I’Ynl+l

’YEHTI:]1+1a O(v)=m
l1,l2€y
t, 21, ,l2,N p—2 0Ty l2, N

_ |Xs,x,yl,...,acﬂ,n1+1 | X37x717"‘7x7n1+1

t,xyy b, N t,x1y,l2,N

2 t,xyy b, N t,xy,,l2,N
. (V V(Xs 1 — XS 2 )(XS>I’YI""’£’Yn1+1 — Xs’m’Yl’""z’Yn1+1 )):| (587)

K N
v
N2 )
YEMY 42, O()=m =1, B
O ())=m OO\ U)=m+1

(p;lIEHXt,:ml A1,N p] + EEHXt,wul,N
P p

p} ) (5.88)

S:Tyg a1 Typ, o S Tyg s Typ 4o

< M Z ]EHXt’x” 1,N p}

I » 8yToyp 50Ty 1o

761-{71:/1+27 é(’)’):m
O(\(m))=m
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K x
_|_ 7‘/ Z ]EHXtv Y1 71, N

81 Tyg s Tyy ) 4o

p} : (5.89)

’y€H£¥1+2, O(v)=m+1
O\ (11))=m

where ((5.89) follows from the fact V2V (x) > 0 for all x € R (implying that (5.87)) is bounded
above by zero), and an application of Young’s inequality is used to get (5.88)). This will provide
acceptable weights in ((5.94)) below.

Case 2: ~1 is a unique index in v (i.e., O(y) = m, O(y\ (1)) = m —1). Note that
this case is only meaningful for m € {2,...,n1 + 2}, as v has at least 2 distinct elements (at
least one of 7, . .., Vn,+2 has to be different to ;). Further, we remark that O(y) = m but
O(y\ (m)U®@) € {m,m — 1}, and therefore we need to consider xPr N and xteeb N
separately (in a similar fashion to and ) Hence, we write

N
]‘ t,x N t N
- — 11571 p—2 3 Ty 71,
Z E |:N Z <|XS,I’YQ,~.7ZL”Y711+2 | XS’I'Y?""’I'YWLI+2
YEMY, 15, O(y)=m =1
O(\(m))=m—1
2 t,xqyq 71, N . t,xy,l,N t, g Y1, N . tay N
. (V V(Xs Xs )(XS>13“127"~;13’771,1+2 )(s,:b.y2 ..... E’Yn1+2)
N N
_ 1 + E ‘Xt,zvl 71, N |p_2
= N E E E 8:Tygs Ty 4o
VEMY, 1, O(W)=m ~ =1, ) -1,
ON\(m)=m—1  CO\NODU@O)=m  OOG\(Mm)UB)=m-1
1, %y 71, N 2 t, 71, N t,xy,l,N t, @y 71, N b N
. Xs,xw27.."$w"1+2) ’ (V V(XS - XS >(Xs7x“rzv"-axm1+2 - XS,w’sz"~yz'Yn1+2) .
(5.90)

We exploit the symmetrization trick for the summation over O(v\ (1) UJ(1)) = m where [ takes
values out of v\ (71), and Young’s inequality for the summation over O(y\ (y1) J(1)) =m —1

where [ € (v\ (71)) (check (5.65) and (5.71) for example). As before, substitute the new upper
indices (5.90): 1 — 1 and [ — I3 to obtain

1 taiy 1N taiy i, N t,@1y,la, N
_ s Ty b1, p—2 sTly 5b1, _ 1 Tlg b2, p—2
E90) < -5+ Y E|(IX020,,  PRXSE g, L, - 1Xee L
V€, 4y, O()=m-1
llJzé’Y
t, iy ,la, N 2 t,xyy b, N t,x1y,l2,N t,xyy b, N t,x1y,l2,N
xopetl ) (v — X! [C RN e

(5.91)

N
+ Ky > > (5.92)

’YEH2’1+27 O(v)=m =1,
@(’y\(’yl))z'm—l O('Y\(’)’l) (l)):m—l

(p — 1EHXt,wwl N P} L2 EHXt,zL,LN pD
D 85Ty 5Ty Lo pr 83Ty 5Ty Lo
6Kv(p — 1) t, 2~ 71, N P
<M=l oy B[l ]
7€H,J;11+2, @(7):’”7‘
O(\(m))=m—1
GKV t,xy, ,y1,N p
+ 3 B[l L] (5.93)

VGHTZYI 429 O(y)=m—1
O(y\(m))=m—1

where we used V2V (z) > 0 to bound (5.91)) above by 0, then apply Jensen’s inequality to (5.92)
to match the acceptable weights on N in (5.94). The constant 6 arises from the fact that there
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are at most 6 different values for [ € v\ (y1),m < ny +2 < 7 such that O(y\ (m)UW) =
O\ (m)) =m—1.

Combining case 1 and case 2: We inject the established estimates in (5.89)) and ([5.93)) into
(5.85) and consider the summation (5.84)), (noting the inclusion of the N(™~=DP=™ term in the
summand) to obtain

ni+2
1 t,x N t,x N
(m—1)p—m - ) V15 —2 ) V15
3" <N . > B[ (i)
m=1 76Hf¥1+2, @('y):m =1
. 2 2y YNyt LN 1Ty 71, N vyt LN
VV(X X X X )
s i Sz 5Ty 42 STy Typ 4o
6Ky(p—1) Ky 6Kyy\ < . P
(PR X (v 2 sl )
m=1 7€H7]:]1+27 é(’)’):m
1 ni1+2 e 20 1, N P
< Ky (6+N—p) 3 (N< » > E[xmmny D (5.94)
m=1 76H51+27 @("y):m
1 AT gy 4,
:Kv(G—i—N—p)e AT (st L, (5.95)

Part 2.2: Analysis of the lower order variation term (5.83). We provide the following details
on the derivatives of the function B.,,: We notice that, from Assumption for any € RY,

0y, B, = —V2U(1'711\2 - % Zjv:1 VZV('T’Yl - a:j)a 7 =1,
e _%89” Zj:l vv(x’)’l - zj) = %V2V(z’)’1 - 17[), 4t 7é L.

Thus, we have

V2Uloe + 3 2501 V2V oo = O(1), m =1,
02, By loo <410 ooy M=t T (5.96)
and
V3Uloo + 4 00y [V3V ] = O(1),  m=1=1,
¥Vl = O(N ), =140,
|8il,xl/B’Yl|OO < %|VBV|OO :O(N71)7 4! :l,%lv
%|V3V|oo:O(N71)» v #EL=1,
07 7 7& l 7& I
Using this methodology, one can easily establish that for n > 1, n € I
o B = JOWTOmUem), 0mUm) € (1,2}, (597)
Ty geees Ty~ Y110Q O’ O(nU(’yl)) Z 37 .
with an implied constant independent of N, since only tuples of the form (y1,71,-..,7,), where

exactly as in the manner of (5.74)—(5.77), applying our induction hypothesis ([5.80)), we can
establish the existence of positive constants K and « such that

elements take at most two different values yield a non-zero contribution in (5.97)). Proceeding

ni+2

> (N(m—1>P—m > q; <K / e " Ddu + K / e Py,
5 () —m t t

m=1 vely 4, O(y)

(5.98)
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Part 3: Collecting terms and conclusion. By collecting (5.81), (5.95) and (5.98]), we have
that

s
Itﬂ;;—i-l,p SK/ efa(uft
t

" 1 71 —a(u—
+p(/\(() ) _ A+ Ky (6 + Fp)> /t 1—"_1’[)du,—|— K/ ( t)]”l-‘rl,pdu

Using the convexity assumption A > 7Ky, we can conclude the existence of /\ém+1) € (0,A)
such that the term in front of the second integral remains negative. The result follows from
Gronwall’s inequality (as was done in the case n = 2). O

5.5 Decay estimates for the Kolmogorov backward equa-
tion
We establish the following estimates for the derivatives of the solution to the Kolmogorov

backward equation in terms of moments of the variation processes. This will further help us to
apply the results developed in Section to the weak error analysis in Section

Lemma 5.5. 1 Let u be the solution to the Kolmogorov backward equation (5 with g as in
Assumptzon and let T >t > 0,N € N. Then there exists a constant K > O (independent
of t,T,N), such that for any j € {1,...,N} and x € RN

o) < B[+ K5 ).

zlz;éj

Proof. From the definition of w, using [73, Theorem 5.5 in Chapter 5] as in [8I Proposition
B.3], we deduce

|0z, u(t, 9c)|2

- £ 3 @ustacie ) iz )

i=1

N
< ofE[10n, o5 P M [ oB] XD @natxie ™)) - (et

i=1, i#£j
K t.@5,5,N |2 a ta N tas,i,N (|2
< E[IXEIVE] KNS [0 g XY
i=1, i#j
N
K t,zj,5,N |2 K t x,,z N2
Sealle 'FNi;#E[IX sl

where we used Jensen’s inequality and the growth of derivatives of g in Assumption O

The next result, Lemma [5.5.2 generalizes Lemma to derivatives of order 1 < n < 6,
whose proof is involved and relies on carefully applying Jensen’s inequality. The next calcula-
tions aim to clarify that partitioning summations in particular ways before the application of
Jensen’s inequality can yield sharper upper bounds.

For each v = (71,...,7n) € IIYV, let Zs,....vn De a real number. Then applying Jensen’s
inequality directly we have
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2 2 2 1 E 2 N2n E 2 E 2
— n|_- _ n
‘ Lyryeevn =N Nn Ly1yeesyn S Nn |x’)’1»---77n| =N |x'Yla~~7'Yn| .

yeIY yeIy yey yemy

(5.99)

Consider now the specific two-dimensional example of z., ,, = N 1-0(7) (corresponding to a
2 x 2 matrix with diagonal entries 1 and otherwise 1/N). Using (5.99) we have that

N
] > T < N? Z |z ;1% = N2Z|x”|2+N2 > JwigP = N® 4+ N? <2N°
yeny i,j=1 1,j=1,i#j

This estimate is too naive and can be improved, as we can instead consider

9 N N
’ Z Ty vz <2’Zz” +2' Tij §2NZ|J;M|2+2N2 Z |17z',j|2
yemy i,j=1,i#j =1 i,j=1,i#j
2N3(N —
—9N? ¢ % < 4N?,

which is indeed a sharper upper bound.

This argument can be extended to the general n-dimensional case; that is, take =, .. 5, =
N1=0() as the entries of a @], RV-valued n-tensor. Observe that

{7y € IV : O(7) = m}| = O(N™), (5.100)

a result which follows from a simple combinatorial argument: regardless of the length n of ~,
we have m distinct values chosen out of the range {1,..., N}; that is O(N™) possibilities. We
have

n

’ Z Loy, S Kz ‘ Z LyiyeeYn i

:‘Z Z Lot

~EILY m=1 yenV, m=1" Henl,
O(v)=m O(v)=m
n n
SKY N™ D7 oy 0[P SK Y NN KN,
= yen?y, m=1
o)

with K a constant, changing across the inequalities, independent of N but dependent on n
where n < 6. This is also a sharper upper bound than applying Jensen’s inequality directly.
We now state the generalization of Lemma for 1 <n <6.

Lemma 5.5.2. Let u satisfy the Kolmogorov backward equation (5.17)) with g as in Assumption
and let T >t > 0,N € N. Then there exists a constant K > 0 (independent of t,T, N ),
such that for anyn € N1 <n <6,y €I, and z € RN

n o ult,@)?
n . M‘ ¢ 0N 2
,—20(£) e, L,
<K Z Z N™ Z E[ H ‘XT7111,17~~>0¢1',\Q1-| }’
m=0 ZGUZZI ijv, Q... ,a‘@‘EU:' 1 kN’ =1
O(tUy)=0()+m Uiy aimy
(5.101)
where o; = (i1, Qi |o,)) and o € {1,..., N} for j € {1,...,|a;|}. Further, we have

o, b
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IA
=

4

(5.102)

€]
3m—40(¢) E H tiae; b, N
Z N E XT,ai,h-wD‘i,Iai\
m—0 [EULLZI HkN7 al,...,a‘g‘GUQ:1 Hgv =1

Um0 tm Wl apry

i=

Proof. Note that in the following proof, the positive constant K is independent of ¢,7, N and
may change line by line. Before establishing the main results (Part 2 and Part 3), we present
(Part 1) a study for the second derivatives of u (i.e., for the case n = 2) to demonstrate the
approach used and its nuances in regards to estimate (5.101]) of the lemma.
Part 1: Comparing the direct calculation with 1“ the example case n = 2. For all
Jke{l,...,N}, j #k, using [73l Theorem 5.5 in Chapter 5], we have
|07

Tj, Tk

N N N , 2

§ : t,x, N\ yt,zi,i,N 2 :Z 2 t,@,N\ vt,2i,i,N y-t,x;0,3 N
E|: awig(XT )XT,acj,wk :| +E[ 6$i;$i/g(XT )XT,a:j ‘XT,a:;C

=1 i=1¢'=1

u(t, x)|?

< K< B0, g(X 5" M) X555 4 0 g (X5 ) X0 A 2 (5.103)

+ E[ i 8zig(X§zm’N)X;3ij’f;cf] i (5.104)
i=1, i#£j#k

+ (B|02, ., o(X5m )X Y XN 4 0, (X)X N X " (sa09)

+ E[agjMg(X;“’vN)X;f”;;j’NX;QZ’“N +aik7%_g(Xfﬁ”“"N)X?Z’;’k’NX;lZ:j’N} i (5.106)

+ E[ XN: 32, .. 9(XpN )X;f;if’N X;fj;‘ij} i (5.107)
i=1, i£j#k

IEL D (0 a0 XN XN 08, g K

i=1, i£j#k

OB, L (KRR (e g ket (s.108)

2 : 2 t,@,N\ vt,2:,0,N yt,2;0,8" N
+ ’E[ awi,wi/ g(XT )XT7:cj XT;ck
iil=1, jAi#i'#k

2), (5.109)

where the inequality follows simply by separating the summation terms by number of distinct
derivatives of g matching also to the order of decay in IV, and then applying Jensen’s inequality
(but still leaving the square outside the expectations).

Under Assumption on the derivatives of g and observing that (5.104), and
have O(N) terms and that has O(N?) terms in the summand, we apply Jensen’s
inequality once more to get

t@;,j,N
varj s Tk

K s N sty
(5-103) + (5-105) + (5.109) < mIE[|X 2+ XA 2 X N X 2

T@j@k T,xy,

N
K t,ay, kN Z i i’
kR, t,xp,k,N |2 t,x;,i,N vt,z;7,0' ,N |2
+]\TQIE|:|‘X—T,1_7 XT,xk | :| + |:|XT,:L‘_7' ‘X—T,m;C |
i,i/=1, jHi#i'#£k

N
K b2, N t2s i N rtws i N
B0+ EIOD < & Y ]E[|XTZ;?;%|2+|X713J“ XLt ﬂ
i=1, ij£k
K t,2,.5,N t,2;.5,N
BI00) < ~E[1Xp Y Xpm BN 4 | XpehN X 0N 2]
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N
K t,xj,j,N i i jJ
Z EZIVE tyii,N |2 t,xi,5,N yt,@5,5,N |2
5108 S W E|:|XT,$j XT7xk | + |XT,9:]- XT,a:k |
i=1, i#£j#k

t,xk,k,N yt,zi,4,N |2 t,2:,i,N yt,25,k,N |2
+ |XT,a:j XT,a:k | + |XT,a:j XT,wk | .

We now demonstrate how these estimates (5.103))—(5.109)), when combined together, can be
upper bounded by the form given in (5.101)) for n =2, v = (4, k), j # k:

2 2
2, ult. )|
2 A g ,
<K E E N™T—20() Z ]E{ H )X;xzi,éi,zv ]
- s, 1y Qg oy |
m=0 el Jz_ my, a1yeap €U, TIY, i=1
o(Um=0(m+m Uyz‘l oy
1 t,x;,j,N
— 5L 53], 4V |12 t,x,k,N |2
- K(NQE |:|XT,$j,J;k | + lXT7zj7a:k | :|

1 t.;,5,N ta; N to N b N
—|—W]E[|X,1;ZJ;J, |2 |X7—:Z}k7]) ‘2_|_ ‘szjky% |2 |Xillfcjj)]’ |2

1 o
t,nk,N t,x.k,N tag,k,N txn,k,N t,z;,5,N txn,k,N
XN XN 2 | XN 2 XN R] | XN 2 X2

t,x;,5,N t,xg,k,N t,xp,k,N t,xj,k,N t,xp,k, N t,x;,5,N
+|XT?;ka |? |XTQ:Z€, |2+|XTZ)_€,» |? |XT,Q;J,9 |2+‘XTZ:,; ? ‘XT,Z]].] ﬂ

N N
1 t,xq,i,N t,xq,i,N 1 t,x;,5,N t,xq,i,N
DY E[|XT7“;;M 2 4 [ xge i ﬂ D E[\XTZ] 21Xz
1=1,i#j#k 1=1,i#j#k

XN IXEE N P X P X P
+ |X§lj§;:’N|2 |X§l’zj;j’N‘2 + ‘X;",Zl?k,N‘z ‘X;“’jcgci;;i7N|2

+ |Xt7fk-7k7N‘2 ‘Xt7mi7ivN|2 + |X;_:zi»i7N|2 |Xt,mk,k,N|2 + |Xt7mi7ivN|2 |Xt7$k7k7N|2:|
sTj

T,xy T,x; T,xy T,xy T,x;
1 N
t, .0, N t,zi,%,N t, .8, N t,zi,i,N
b D0 B[N X X X
i=1,ij#k
1 N , ,
t,x;,1,IN tyxr,i N tyx, i, N t,xi,i,N
5 2 B[N xR g g |2]). (5.110)

i,i'=1, jEiti £k
Comparing to the results of (5.103)—(5.109)), we can see that (5.110) contains more terms. For

example, consider the term

1=

N
1 t,zi,i,IN |2 t,zi,i,N |2
S 2 E[IXESNE XN
i=1,iF#j#k

tai,i, N2
XT,xj,mk| )

|X;§lk1g|2, so that the sum of the terms (5.103])—(5.109)) is bounded above by ([5.110)), verifying

our result in the case n =2, v = (4, k), j # k.

For the case m = 1,¢ € II¥, we not only take summation over | but also consider

Part 2. The bound . From the above estimates, one can see that the idea is to essen-
tially partition the sums based on the relationship between indices ¢,7', j, k, to keep consistent
orders of N. Having this separation trick in mind, for any v € IIY, 1 < n < 6, we consider
(recall the notation for O(-) and | - | in Definition :

10;

ey ()
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2

B N
t,x,N t,xi,i,N
LN G TagsnTay, T Ao o®Bg)
- %ﬂEUZ;U IT i=1
Y\(711)€aip
[ & -~ ;N ’
m t,x,N [ZETRNTS
<l Y% (o o] Tt ])
L m=1¢ell at,.am€eUr_, HkN,izl
Uity iy
' n 14| ‘ 2
= E E €| tx,N Z H tyxe; Li, N
=|E (ax[17"'7xl|l|g(XT ) XT,(Xiﬁl,...,Ozi,'ai‘
L m=1 ygep_, my, on,ap €U, Y, =1
O(O)=m UL, ainy
(5.111)
n
_ 4 t,x, N
=D SR S (CTRE |
m=0 reUp_, 1y,

O(Un=0(m+m
2

N =
a1,ea €U, Iy, =1

4
UL=‘1 Q=

A t ;N
T kiy
> et

(5.112)

71 L t,x,N

S <8L)1,_4.%g<XT )|
reUp, iy,

O(U»)=0()+m

ngn:NZmE[
m=0

1| 2
tag, 4y, N
Z H ’XTvo‘i,lv-“vo‘i,\ai\
N =1

atseape €Uy T
|€]
Uizy iy

)

2
oM, 9(XN)]

Tey el

kY ¥ vl
m=0 ey, o,
O Uy)=0()+m

12|
Xt’wzi,fi,N
Z l l Ty00i, 15000500 oy |
ar,ap €Upo, TR, =1

[
U‘1=‘1 Q=

A €]
.- i Z Nm—200) g Z H ’X;foﬁivai,w 2 ]’
m=0 )

ZEUZf:l Hlkvv a1,.-470qz|€u',';=1 chvv i=1

O Uy)=0()+m L ey

2
] (5.113)

where in (5.111) and (5.112)), we regroup the summation over all £ € |J,_, IIY based on the
magnitude of O(¢) and O(£|J7). In , we apply Jensen’s inequality to the second sum-
mation where the set {¢ € | J;_, I : O(¢U~) = O(y)+m} has O(N™) terms (£ has m degrees
of freedom), thus we end up with a factor of N™ after calculation. For the last line, we used

Assumption ’8&‘17,”,%“9‘00 = O(N*@(f)) )

Part 8: The bound ([5.102]). One proves ([5.102]) using the same arguments as in Part 2. We
have

O, ut, @)
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4
€| t,x,N
argl, xzwg(XT )

m=0

>

el I,
O(U)=0(v)+m

NSm [

. t l; N
KTPRID
Z H ‘XTvai,lvn-vO"i,\a“

N =
ey €U i, 2 1

)

Uyz‘l Q=7
n A ‘! tae, 0N 4
3m—40(¢) 5Tl ki
<K > N E > Il |
m=0 £eUy -1 IAR e €Uy my, =1
OUr)=0(v)+m Uw a2y

O

Lemma 5.5.3. Let u satisfy the Kolmogorov backward equation with g as in Assumption
@ let T >t>0,N €N and assume that the starting points x; are Fy-measurable random
variables in L*(Q, R) sampled from the same distribution for alli € {1,..., N}. Then there exist
positive constants K, A\g € (0, \) (both are independent of t,T, N ) such that for any 1 <n <6,

v eIy
I:’ Lypsee

I:’ Lyqsee

Proof. Note that in the following proof, the positive constants K, \q are independent of t, TN
and may change line by line. Recall the results and notations in Lemma [5.5.2] after taking the
expectation, we have

|:| x"fl’ 7'7”% t m)|2:|

n Il

)ﬂ < KeM(T—H) N=20(), (5.114)

)ﬂ < Keo(T=) y—10(), (5.115)

<K Z Z Nm—20(0)

m=0 R ZEUZ:RHQ[, a1,
O(U=0(v)+m
n A
<K Z Nm72(9(2)
m=0 el HkNv @1,

N
o €URZ, Iy

el fe ]

T,ouq,1y..ns
i=1

I (e]

i, oy |

¢
U‘L ‘1 =y

>

4 1217Z17N
XT 015

2[¢| Dl/lf\

Sy

N
ooy €URZy I

O(UUm=0()+m UL, aimy
where we employed Holder’s inequality. We have the following estimate for the variation pro-
cesses in the above product:

2| g|} ) 1/1€|

(IE[ ‘Xt,m(i,L,N 214 Dl/\fl < (NO((;)UQ)

Tati 1y s oy

>

N
Bell|, |41

O(B)=0((t:) U i)
e—AgQM(T—t))

E [ ‘Xt,wgl ,B1,N

T7aj32""7w3‘g‘

il

1/14]

< ( K
— A N21(O((t:) U i) —1)
< Ke—Q/\o(T—t)N—Q(@((&)Uai)—l)’

where we used the second and first part of Lemma with p = 2[¢|, m = O((£;) | ) to obtain
the first two inequalities. We now relate the orders (O((¢;) |J ;) —1) from the previous estimate

and O() appearing in (5.114), by first showing that Oy \ 1) < ZW (A(( JU) — 1).
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Concretely, the constraint in the second summation, U _, 0 7y, implies

Il

2 (o Ual—1)=i<( WU (eNeo)U (e 010)) -1)

i=1

Then using the constraint @(ﬁU’y) = @(’y) + m of the first summation we infer

Il

> (0@ i) 1) = 06\ ) = e J7) - O(0) = 0(3) +m - O().

i=1

Hence,

< Ke=2h(T—0) Z Z 2000 251, (O Uai-1)

m=0 eeUpl, my,
O(EUn)=0()+m
n

< Ke 200§ N2m—20(0)-2(0()-0(0)+m) L pe=220(T~1) N—20(0.

m=0

which yields (5.114]), as sought. Similar calculations deliver (5.115)). That is, we have
B0 .., ult. )]

< K Z Z N37n—4(§ ()

m=0 ceUp_, oy,
o(U=0(v)+m

N (C IR

il

U"il =y
< Ke 2o(T—1) Z Z N3m—40(0) N—4z"" (@((ei)uai)—l)
m=0 eelUp, Y,

oUy)=0(v)+m

< Ke—2Mo(T—1) Z NAm—40(0)-4(O(3) -0 () +m) < Ke2o(T—) y—10(3)

m=0

5.6 Weak error expansion and its analysis

For the convenience of the reader, we recall Lemma [5.3.7] which provides an expansion for the

global weak error (5.14) under Assumption u for the processes defined in and -
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as follows:

M-1 M—1
E[g(XJTV)} _E[g(xgvh)} zm«:[z L{tm, XNM)| +E ZR(tm,Xt]ZL’h)], (5.116)
m=0 m=0

where the map L : R, x RY — R is defined via the maps u and (Bi)ieq1,...,N}:

1 o? N 9
5[ Z B;()0r, Bi(@)s,ult. @) + T > o, Bil@)Z, . ult, )
1,j=1 7,j=1
+Z Z 2 o, Bi()0x,ult, m)} (5.117)
1,j=1

The remainder term R(-,-) will later be written as a linear combination of 8 remainder terms,
which we will analyze in Section [5.6.2

5.6.1 Estimates for the leading error term L

We consider the first term in (5.116]) expressed as a telescoping sum:

M—-1 T
hQJE[ 3 L(tm,XtJX;h)] - h]E[/ L(s,XSN)ds] (5.118)
- 0
’ M—1 T
+hy E[/ (L(tm,ij;") - L(s7XéV))ds}, (5.119)
m=0 tm

and derive the following result.

Lemma 5.6.1. Let Assumption hold and let ¢ € L*(),R). Let L be defined in (5.117).
Then there exists a positive constant Ao € (0, \) such that

M-—1
PR 37 Lit, XV)| < KB/ 4 Khe T (5.120)

m=0

Proof. Note that in the following proof, the positive constants K, g are independent of ¢, T, N
and may change line by line. The proof is carried out by analysing (5.118)) and ([5.119) sepa-

rately to reach (5.120]).

Part 1: FEstimating E Let XlN .,XiV’N) = XN ~ pN* where p™N* is the
stationary distribution of the IPS (Vlewed as a RV-valued SDE). Using integration by parts,
we have

]E[L(t,XjV)} :/ L(t, z)p™ (da) = 0.
RN
Hence, we may write
T T
E[/ L(s,XéV)ds} :/ E[L(s xN) - L(s,XjV)}ds
0
/ / (0aL(s, pXN + (1 - p) XY, XjV—XjV>}dpds.

Let X = pXY + (1—p)XY). Using the chain rule, we deduce the following:

N
EK@EL(S,X;YP), xN —vaﬂ - %E 3 (GMBJ'(XS]YP)(“)%Bi(XSJYp)amiu(s,Xﬁ’p)
i,7,k=1
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+ By(XD)02, o Bi(X )00 uls, X2,) + By (XD,)00, Bi(XN)02,,, uls, X2,))

Tj,Tk TiyTk
k,N k,N
(X

[\v]

Zj, Tk Li,Lj Zi,Lj,Tk

N

+ 53 (0 BXN)O2 o uls, XN,) + 00, BUXD)0E, L uls XN,)
Jrk=

) (Xk,N 7Xk,N)

N
3 ((93 Bi(X )0, u(s, XN) + 02, Bi(XN,)02 u<s,X;Yp))

Lj,Ljs Tk Ti )Tk

(xEN Xf’N)]

[ 2
+ \/]E B3 (XN,)02, 4, Bl X,)0s,u(s, X2,

TiyTj, Tk

+\/IE:|8§j,kai(Xé’Yp)8%i’xju(s,Xf\f)ﬂ+ £[[0r, Bi(XN)08, 1, oyuls, X2,)|]

+ \/]E (03, 2, B (X200, X0,)[*] + \/E[ 02,2, Bi(XN)02, o uls, X2 }
(5.121)

where we used the Cauchy—Schwarz inequality. We now work through . As for the
L2-distance to the invariant distribution (the first expectation in the sum), note that in
Lemma implies that for any s > 0 we have E[| XN — X!V |2] < Ke~2}s. The approach
to deal with the remaining seven terms is more or less identical. We inject the estimate
of Lemma [B.5.3 for the derivatives of u and the bounds for the derivatives of B established
in . The inequality below preserves the exact ordering of , and we highlight that
obtaining requires the additional use of the linear growth of B;, the Cauchy—-Schwarz
inequality, the L*-estimates of XV (in Proposition and the L*-estimate for the
derivatives of u (recalling that & € L*(Q,R)); for some positive constant \g € (0, \) chosen
small enough we have

]E[<amL(S’X?,’p)’ XSN_X’iVﬂ

1
< Ko D /o rT—s) ( : :
< e \/eieZHN N (O((r2:73) —1)+(O((11,72)) 1) +1
yells

1 1

+ N(OH)-1)+1 + N(O(71,72))=1)+O((71,73))
1 1

NOM-1)+0((71:72)) i N(O((11,72)~1)+0(7)

(5.122)

+

1 1
* NOM-1+1 * N(@((%ryz))—l)%-@(('n,73)))

1
< KVe2Ase=2o(T—s) Z o0 (5.123)
Y

N
el

< KVe 2se=2o(T—s), (5.124)

where the inequality in (5.123) follows from the fact that O((y1,72)) + O((71,73)) — 1 > O(7)
for any v € I}’ (seen by checking the cases). The final result (5.124) follows from recalling
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(5.100), in turn implying that the summation term in (5.123) is indeed O(1).

To conclude this first part of the proof, we gather our estimates and obtain

T T 1
E[/ L(s,XSN)ds} < K/ / e~ Mo(T=s)e=2As dpds
0 o Jo

Ao T
= Ke*TT/
0

Part 2: Estimating ((5.119). For the term (5.119)), we have

S [ (nt X0 - 23]

Zsds < Ke~#T,

M-—1
= tMHIEI[Lt XNy N
= (tm, X, ") = L(tm, X;) ) |ds (5.125)
m=0 7 tm
M—-1 bt
v / E[L(tm, XN) = L(s, ngn)} ds (5.126)
=0 t'm
1 m+1
+ / (5, X)) — L(s, XN )}ds. (5.127)

tm

Part 2.1: Estimating (5.125) and (5.127)). For (5.125)), similar to the calculations (|5.121))—

(5.124) (in the previous part of the proof), we derive

E{L(tm, XXMM — Lty Xifn)}

1
= / E[(0aL(tm, p X0 + (1= p) X)), X0 = X )] dp
0

N
K i i,N |2 — —t,
< NZ \/er(Ttm)]E“XtinN,h —XtmN| } < KhY/2e 2 o(T=tm+1)/2, (5.128)

where we used Proposition for the strong error rate. Similarly, for (5.127)), we have for
s € [tmytm+1]7

1
E[L(s, X) —L(S,X;V)] :/0 E[<amL(s,ngYn +(1-pxl), xV —Xﬁnﬂdﬂ

K& 2
A (T—s N iN
< ﬁ; \/e Xo(T )E[|Xs — XPN| ]

< K5 — tpe 0T=9)/2 < gp1/2e oI —tms1)/2, (5.129)

where we used Proposition and that h > s — t,,.
Part 2.2: Estimating (5.126)). For the term (5.126]), we get for all m and s € [ty tim41]

E[L(tm,XZD L(s, Xﬁ)]

1 N
—ZE[;;<B (X )0, BAX ) (00,0t X1Y) — 0. XY

+ T 00, BiX ) (02, 4wt X)) = 02, uls, X1Y))

+ 702 o B X)) (D utn, X1Y) — &ciu(s,Xﬁi))]
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2
Dty XN ) — O u(s, XN )H (5.130)

N
<K 3 ¢E[\Bj<xtx,>m<xa>l J<|

+K Z \/ )‘ }E[&%i,z] (s XN ) — 5§i7wju(s,XtIXL)‘2} (5.131)
+KZ\/ 02, ., Bi éi)ﬁ |0t X ) = 005, X )ﬂ (5.132)
1,j=1

We first study the differences of first order derivatives of u in (5.130) and (5.132)), and then
study the difference of second order derivatives of u (5.131]). Collecting these estimates and
using the bounds on the derivatives of B yields the upper bound on . Then we will be
in a position to conclude the main result.

Part 2.2.1: The first order derivative terms. We first derive the following estimate:

E |0 (b, X2%) - Dl X2

N ) . 2
|:) Z { Xtm,:c N) X;“mz’-ij’N o &Ejg(X;’w’N) .X;’Z{’J’N} ‘ :|
= e ’1 m:XtN
N . . 2
< KIE[ ’ E[ S (ijg(XtT””’m’N) XN g (XN X%’,ZZ’J’N)} ’ ]
J=Lii i
2
m,&, N msTiyt, N s,x,N $,xi,4,N
+ KE{ E[ax g(X ) - X; s — 03, 9( X7 ) 'XT,in } ]
:c:Xf\:n
al m XN N tom X2N 5N 5, XN N s, X0V 5NN |2
< KE ’ Z (a"”jg(XT ) X1, = 0z, 9(Xy )'XT’“ ) ‘
j=1,j#i
t XN N o XEN 0N s XN N s XPNGN |2
+KE“61ig(XT ™ )-XTQ T = 0, (X ) Xy ]
(5.133)
ol b, X0, N . X, N XV 6N |2
<KN Y E ‘ (02,907 ) = O, g(X7 ™) ) XL ‘
j=1,j#i
N s, XN N tm, XIN 5N s, XIN 5N\ |2
+ KN Z E[ Oy g( X770 )-(Xﬂ,- = Xy )’ ]
j=1,j#i
+KE“ (B0 (X5 XNy, g(x XNy ) g K }
S iN . s XBN 2
+KE{ | D.9(X N O | ] (5.134)

where we employed the Cauchy—Schwarz and Jensen inequalities, as well as the tower property
for conditional expectations to obtain (5.133)). Inequality (5.134]) follows from a standard re-

arrangement of (5.133)).

An application of Holder’s inequality and Assumption on the function g further yields

N . ; j
K to XN N 5, X7 N GN (4 b X7V 5N 14
(G.134) < \/E[!XT - X7 | } ]EUXT,L; | }
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K tm XN 0N s, X0N N4 to, X5V 0N 4
msg o, ol _ sty 00 mog, ol
T2 E[{XT Xr | } EDXT,a:i | }

K ON G N s, XN i N2
t, )y 1At 10y
+ |:|X " _XT,Iim ’ ]

< (s — tm)e”)‘?(T*s), (5.135)

%=

where we used Lemma with n = 1 (note that Ay can be replaced by A; in this case),
Lemma and Proposition with A2 € (0, min{\ — 2Ky, A1 }) for the final inequality.
Part 2.2.2: The second order derivative terms. Similarly, for the differences of the second

order derivatives of u in (5.131]), applying the tower property of the conditional expectation
once more we have

E[[02, . ultm, X)) = 02,1 uls, X2V’

Ti,Tj

— ]E|: ’ ZE {awkg(X;:ruw;N) Xtmaa;kak N awkg(X;am’N) . XS,$k,k,N:|

T,x;,x; T,x;,x;
k=1

§ tm,x,N tm Tk, k, N tm,,ik/,k,,N
+ |: Tk, :Ck/g XT ) ' XT,ac,i XT,;L‘j

kk'=1
2
kN
Dy 9 XN |
xr= Xﬁn
ol ,,LX N sX N t,,,, N k,N|2
k=1
N XEN kN s, XPN kN s XN N, |2
+ KEH Z (XT X, X5 - XT yLi 5T ) ! 8Tkg(X )’ i| (5137)
k=1
al xN N xN N
m; S,
+ KEH Z ( Zk,ﬂik'g o ) - awk,lk/g(XT fm? ))
kk'=1
o XEN BNt XE N RN |2
T T, " } (5.138)
N !
tm7Xk NkN SXka,N VXIY 7]\/* tm,Xk ’N,k,,N 2
CRE]| S5 (R A
kk'=1
(5.139)
N , ,
tm, X} N KN s, X0 N KN s, XN N s, X0V kN
+ KEH Z (Xvaj ' - XT,th ) : 8xk,wk/g(XT ¢ ) . XT w1 ) :|
kk'=1
(5.140)

We are required to analyze each of the terms ([5.136))—(5.140)) separately. By further applying
Jensen’s inequality and Holder’s inequality, we derive the following estimates for the first two
terms (5.136]) and (5.137)) based on the values of O((, j, k))

(5.136)

N s. XN 4 “N G
< K[| 0,0 ) - 0, 00| e i

Taxlam_]

tm, XN N s, XN N, |4 b, XN G, N
ey o ) .06 el

+ NK i \/ H 02,9(X m X1 N) &ckg(Xs XN N)’?EH tm, XN 6N 4 }

T,xi,x;
k=1,k¢{i.5}
(5.141)
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Now, similar to (|5.135]), an application of Assumption for the function g and then injecting
the bounds from Lemma with n = 2 (note that A¢ can be replaced by A4 in this case) and

Lemma [6.4.2] yield
K o Xp N s, X0 N, ;\ 4,

b B[ o } E[!Xé’?;f;;“ ]

N
K XN BN s XEN N o XN kN
B S e e e R e e
k=1,k${i,j}
1 R 1
B —2Xo(T—5) ,—2A4(T—tm) - -
< K(s—tm)e € (Nz N0G 2 N %:_ ) NQ@((%J'J@)—Q)'

(5.142)

Similarly, for (5.137]), using Proposition we have

zN, s, ,LNZ 4
60 <« 12 (x5 - i) e

T"cl,x] T,xi,x;

o, XPN 5N s, XN 5 N |4
m “1m
+K\/E Tx, T 7XT,£,;,zj ) :|IE|:

,Xf'N,k,N s, XEN BN |4
k=1,k¢{i,j}

N
_ _ 1 1 1
< K(s—ty)e~ 2@ w( S +N §¢: ) (5.143)

g

Oz, g(XSX N)‘ }

00 9( X7 i N)‘ }

N2 . N20((i,5))—2 N20((i,5,k))—2

For ([5.138))—(5.140)), we will make use of the following bound, which follows from exploiting
the Lipschitz property of d;, .,/ g from Assumption and applying Lemma

IE{ tom, XY N s XN N)m K —aro(T—s)

8$kv$k’g(XT o ) - 8xk7xk’g(XT o - W

Hence, similarly to (5.142)—(5.143)), partitioning the sum based on values taken by @((z, g,k K")

(G-138) < K( Z +N Z +N? Z )

R k,k’e{l,...,{\f}, X k,k’e{l,..:N}, X k,k’e{l,..L,N},
O((4,4.k:k")=0((4,5)) O((4,5.kk")=0((4,4))+1 O((i.4,k.K')=0((4,5))+2
i, XN N XN N tm, tm,Xf’*N,k',N‘*
B[ 5 = 0t e N |

< K (s — ty)e 22T =9)gm (T —tm)

1 1
’ Z 20((k, k' 20((5, k) +O((G, k) —2
( TN, N20((k,k") N2(O((4,k)+O((4,k"))—2))
O((i,4,k,k")=0((i,4))
1 1
ut Z N20((kk)) N2(O((i,k)+O((5,k))—2))
k.k'e{1,..,N},
é((ivj»k7k/)):@((i»j))+1
) 1 1
+N Z _ — — (5.144)
N20((k,k")) N2(O((i,k))+0O((4,k"))=2))
kke{l LN},

O((6,3.k:k")=0((4,4))+2
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K(s— tm)€72)\2(Tfs)674)\1(T7tm) 2 1
_ . N™ — 5.145
N20((i,5)) Z , Z N2m ( )
m=0 kK €{1,....N},
O((i,4.k,k")=0((4,5))+m

<

K(s— tm)6*2>\2(T*5)674>\1(T—tm)

< . 5.146

- N20((i,5)) ( )

The term ([5.144)) is derived by applying the Cauchy Schwarz inequality, which then requires
k,N kN 5

the L®-moments of XTIX’m BN and XT IX’"‘ N obtained from Lemma [5.4.2 (that holds

without integrability requirements on th? ”N, XfT ”N since (|5.21]) is a linear ODE with bounded
coefficients starting from either 1 or 0), and noting we can unify the bounds in Lemma as
(note that Ay < A and O((4, k)) is either 0 or 1)

k,N
E[ |X;"“Xtm ,k:,N|8] < _ K €—8>\1(T—tm).
i NB8(O((i,k))—1)

To obtain (|5.145]), we used the following bounds, which can be confirmed by checking cases

20((k, k")) +2(O((i, k) + O((j, k) — 2)

2421+ 0((i,)) ~2) = 20((i. 7)), O((i..k.¥)) = O((i.)).
et 2-2)=622420((05). O((.0k k) = O(.0) + 1. k# K,
B 2+2(2+2_2)_6>2+20((l73))7 O((i7j7k7k/)>20((l,])) 1, k:kl7

142024+2-2) =8> 4+20((ij), O(i,d, k. k) = O(i,)) +2

In (5.146)), we used (5.100) to ensure the summation term in (5.145) is O(1). We establish
bounds for (5.139)) and (5.140)) in a similar fashion and obtain

K (s —ty)e 2M(T=3)

B.139) + (5.140) < 260 : (5.147)

Substituting (5.142))—(5.147) into (5.136)—(5.140) yields

[’ XN) -2, u(s XN)F] < K (s — ty,)e2a(T=2)
Iz,IJ m7 T;i,T; ) tm .

< 2007 (5.148)

Part 2.3: Collectmg the estzmates for (5.130) m Consequently, substituting ({5.135)
and (5.148) into and using the bounds for the derivatives of the function B

in (5.96), we conclude that there exists some constant A\g € (0,A) such that for all m and
S [tm,tmle},

E[L(tm, X1Y) — L(s, X1V

N
<k Y ([t VS —lm (1) VS~ tm o= Na(T—s)
- 5 NOW(i)-1. N NO(4,3)—1 NO((4,5))

A Rl TR PC )
NOWG)-1. N

N
1/2 —>\0(T s 1/2 —Ao(T tm+1)
< Kh'/2e § ey S Kb (5.149)

where once again the final inequality arises from recalling ({5.100]).

Part 8: Concluding the proof. Substituting the results of (5.128)), (5.129)), (5.149) to (5.125)—
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(15.127)), we conclude that

tmtt M—1
Z]E{/ ( (tm, X701) — L(s,XjV))ds} < KR¥? Y e oTtni) < KR/,
t

m m=0

Therefore, for the left-hand side of (5.120)), there exists some positive constants Ag € (0, \), K
such that

M—
{ L(t m,XtNh} < KB3/% + Khe T,

m

._.

m=0

O

Remark 5.6.2 (On losing 1/2 in the rate of convergence). Letting T — oo in (5.120)), and
temporarily ignoring higher-order remainder terms, we have that the weak error is of order 3/2.
In [103)] this term satisfies the bound (with K depending on the dimension N)

M-—1
hQE{ 3" Lltw, XM)| < Kh? 4 Khe 7,

m=0

and thus a weak order of 2 is attained.

The loss of 1/2 in the convergence rate in our estimates occurs in the final step of .
In [103] this term is estimated with the weak error (starting on (5.125)), whilst here, we are
not able to do so. In fact, to recover the missing 1/2-rate by following using the arguments
[103] one would need to show that L in satisfies condition (3) of Assumption[5.5.3 — see
additionally our Remark[5.5. At present, this is an open question.

5.6.2 Analysis of residual terms

A close inspection of the proof of the main result in [T03] shows that there are 8 remainder
terms which need to be analyzed and we do so in the next lemma. We will make use of the
following helpful abbreviation: for m € {0,..., M — 1}, we define using (5.10) and ([5.13))

iNh . xi,Nh i,N,h
AXPNM =X N X!

= (VU Zvv (XEN! = XENM) )t S (AW, + AW, (5.150)

=Bi(XNM)h+ 2 (AW’+AW1 -

Further, we define the continuous extension of szm’h: for all s € [0, 4]

XHNh XJNh)+ AW’>5+ SAWE

tm,

LNh i N i, h
XNt =X (VU

an

(5.151)
X (B + TN TAW
AW, =W, =W, |, form>0. (5.152)

Equivalently, we could write

AXN = x N XN = BX M+ (AW + AW,i1),

tm m41
UAWm’h>
— S

X]:]n]-il-e = Xﬁ;h + (B(XtNm,h) + 2h + §AWm+l,sa
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where AX" = (AX)N L AXY M AW, = (AW, .., AWY) and
AW, s = (AW#L o1 - AWN ) (for m > 0). Instead of dealing with the expression above, we
rewrite the schem_e ina dlfferent way (see [103] p7]). Form € {0,...,M—1} andi € {1,...,N},
with X" = X[V, define

Xpl = XNt 4 o AW, (5.153)

N
-~ oi,Nh | O i 1 -i,N,h | O i _ wiNh_ 9 j
(VU(Xtm + ZAWL) + ;1 YV (XN 4 AW, - XEN -2 AWm))h,
XN = X" 4 AW, + B(X + ZAW,,)h,

tm+1

so that X" = XpNh 4 UAan/Q for all i € {1,...,N} (or X" = X" + 0 AW, /2).

Now, for s €0, h) and m € {1,..., M}, we define the following auxiliary process

Xt = XN AW;n D Gl il (5.154)
~N:h N,h 5 N,h
tm—1+s = X m + AWm7S7 Xt'm 1= Xt,n

where we remark that this form is used in the proof of Lemma [5.6.3 (e.g., in (5.161))). The
moment stability of these auxiliary schemes is discussed in the appendix, see Lemma
We refer the reader to [I39] for different versions of such schemes, coined there ‘postprocessed
schemes’, achieving higher-order weak convergence in the ergodic setting.

Lemma 5.6.3. Let Assumption hold and let ¢ € L*°(Q, R). Then for the remainder term
R in (5.116)), there exists a positive constant K independent of h, T, M and N, such that

M—-1
> R(tm,Xgnfh)l < Kh*/2.

m=0

Proof. Recall that the remainder term 7(t,,, -) (corresponding to our R(t,,,-) in (5.116))) in [103]
Equation (3.17)], itself is given as a linear combination of remainders denoted by h3r;(t,,, )
for i € {1,...,8} appearing in Equations (3.8), (3.10)-(3.16) in [I03, p7-9]. In our case, we
derive bounds for E[R(t,, Xt]:fnh)] < Z§:1 |E[R; ]|, where each R} term corresponds to the
h37;(tm, ) terms (i € {1,...,8}) of [103, p7-9].

It may not be immediately transparent how the h®r;(t,, ) terms correspond to our Rj
terms. We explicitly present the derivations of E[R} ], E[R} ] and E[R{ ], which we feel
encapsulate the techniques and proof methodology. The derivation of the residual terms
Rfm, Rfm, R?W Rzm7 Rt8m7 can be found in Appendix In this proof, let K be a con-
stant independent of m, M, N, T, h which may change from line to line.

Part 1: Recall the AX notation introduced in (5.150). The remainder term h3r; in Equation
(3.8) of [103], p7] is established from the Taylor expansion with Lagrange’s form of the remainder
term. That is, for all m, there exists some p,, € (0,1) such that

E[R] | = K]E{ Z AXJEON L AXE N 95 Wtmir, XN )

Y15--4575 m,pm
yend

where X0 .= Pth],V,[h + (1= ) X1

tm1”

We deal with [E[R} ]| via Holder’s inequality to isolate the AX terms from the derivatives
of u term,

B[R] ]| <K Y \/E“AX?;’N”‘...AX;’;’N’HZ}]E{
ey

2
02 oy Wltmin, X, )| ]

Tyyoe
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< Kh3/? Z e*AO(T*th)N*@("/) < Kh5/2e*)\0(T*tm+1), (5.155)
yeny

which holds for some g € (0,A). We derive using Lemma @to treat the derivatives
of w, while for the AX terms, we use their explicit forms @ and the fact that VU, VV
are of linear growth. In particular, the assumption ¢ € L'°(Q,R), allows to use Proposition
and Proposition to control the L'%-moments of the processes. The moment prop-
erties of the increments extract the leading order h terms; providing the h°/2 leading order.
Note that for R1 we incur a loss of h'/? in the leading term while in [I03] there is no such
loss ~ this issue has already appeared in the proof of Lemma 1l and is discussed in Remark
2| (and Remark [5.3.4)). Critically, [103] has a | - [oc- norm bound for the 5-th derivative of u
Whﬂe here we are only able to bound it in expectation. We are forced to use Holder’s inequality.

Similar to [103, Equation (3.12)], we show how the R} (corresponding to r4(tm,, )h? in
[103, Equation (3.12)]) is generated and give the exact form of E[R{ ]. Expanding out the

increments AXZfL’N’h, i € {1,2,3}, and recall the definition of AW, o5, in (5.152), we have

3 E{AX’Y“N PAXNRA XN 53 u(t XN,h)}
Ty Ty Ty L ety
~yendy
=K Z E{AWJLI,%AW%%AW%B,% 9w, Ty (tm+1vXtNrr:h):| (5.156)
~yendy
+ Kh Z E[37 Nh)AV[/vz%AW;*T . 6%1,%27%3 (th’XN h)} (5.157)
yenl
DY IE[BM(XtNm’h)BW (XVMAW,, 2, (tm+17X§V";h)} (5.158)
~yeny
+ KRS BBy (XN By (XN By (XN 02 0 b, XN (5.159)
~eIry

We first deal with the term (5.156)), by applying an Ito-Taylor expansion (see [95, Section 5.1,
p.163-164]) around Xi::h to obtain

(5.150)
=K Y E[AW], AW 2, AW, 0

Ty1:Tyg,Ty3

Wtmsr, XM (5.160)

m+h
+K Y E /t Ou., (AWW%AWWZ,LAW7 o 02

Tyg 1 Tyz Ty

—N,h
Wt XY >)dwg;]

yellY -
(5.161)
r m+h
—~N.,h
+K Y E /t 07 (AW%%MAW%S%AWJL on 05 oo, Wtmg1, X gy ))dql}.
yemy o -om
(5.162)

One observes that ( m = 0 since for v € TIY, regardless of the value of @(7), there will
always be an odd power of a Brownian increment AW, o;, presented in (5.152)), independent
of the Brownian increment contained in the XtN :h term. The term ([5.162]) however, does not

. . . . ~N,h .
vanish since the AW, o5, term is not independent of X @ because the latter contains the
Brownian increment W, — W;

m*

Applying a further It6-Taylor expansion around XtNm’h7 and splitting the zeroth order term
into the cases O(v) € {1,2} yields

(5.161) =
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N
KhQZE[ Ti,Xq,L5,T; ( m-‘rl’X ):| +Kh2 Z |:a;ll,w@,a:3,a:] (tm+1aXNh):| (5163)

i,7=1, i#j
tm+h
+K Y [ / / (5.164)
yelrdy
—N,h
O o, (AW%B;%AWJ;%AW%%% B ultmin, X gy )) aw;: W%]

K Y [/m+h /ql (5.165)

yend

o3 (AWW%AW“%AIW o O3

—=N,h
1 >%y1Tyg Zyy 7 Tyy Ty (tm+1’ Xl]z )) dgz quvf]’
where the two summation terms in (5.163)) correspond to the second and third summation in
[103] (3.12)] and they do not contribute to the remainder term R} . Similarly for (5.157)), we
have

= Kh Z E[ (XM, (tm+1,X{V";h)} (5.166)
1,j=1
[ [imTh —N,h
+ Kh Z E / 6"’”71 (BVz( )AW’Y32}LAW7’1Y% 2h 8z727z73,a:q,4 (thrl’)(Lh7 ))dWL;yllj|
yemy  -7tm
(5.167)
[ rtmth ) —N,h
+Kh Z E / a:zz,yl,z.“ (B’Yz( )AW’YSZhAWr?; 2h a:v,m,a:.m,:c,Y4 (tm+1’Xq1’ ))dq1:|’
yemy HUtm
(5.168)

where corresponds to the first summation in [I03], (3.12)], thus also does not contribute
to R{ . Leimkuhler et al. isolates and separates the terms (5.163)) and (5.166) from h3ry, since
these terms cleverly cancel with other corresponding lower order terms in the expansion of other
r;’s when everything is summed over.

As for (5.158]), we have

-158) —Kh2< 3 E{B,Yl(X'gnfh)B (XXM AW, (th,XjVW;h)} (5.169)
yendy

m+h
—N,h —N,h ~N,h
s X B[ o, (BB AW 02wt X0 a0

Ty T3Py
~ L
eIy

(5.170)

r m+h
—N,h —N,h
+ Z E /; 8571 1Ty (B% (X(h )B%( )AW;’Y;‘z” 89%27“73 Ty (tm-t,-l,qu )> dq1:| >,

yemmy -vm

(5.171)

where the first term in this expansion (5.169) is zero, following the same reasoning as for (5.160)).
For the residual term Rfm, we have that via direct application of Holder’s inequality, 1t6’s
isometry and Fubini’s Theorem, we have

E[R} ] = (5.159) + (5.162) + (5.164) + (5.165) + (5.167) + (5-168) + (5.170) + (5-171)
< KRS BBy (XM By (XN B (XN 02 L b, XM

tm tm I'Yl 7"1”‘12 7I"r’3
N
vEIly
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N,h

tm+th
3/2 Z 5 <N,
+ Kh /t (E [ 33371 1 Ty1 Ty 5 Tyg 5Ty u(tm'H’ X‘h )
" yeIY

2 1/2
)"
tm+h T Nk 2 1/2
+Kh2</ El | > 0, e ultmin, X)) ]dq1>
tom L ey

toth [ v |2 1/2
2 6 ~ 1V
+Kh < /t E Z arvl Ty1 Py Ty s Tyg Ty ultm1, qu ) ‘ :| dQ1>

~yemndy
tm+h T o ) 12
2 3 —nN,
s [TUE[| X o, (B0t e w0 ] )

~EILY

Ly [ , VRN 1/2
+Kh/ / (E Z Ty 1Ty < ’YQ( )a:c,y Vg s Ty (therqu )) :|> d(h
tm L ’YGHN
4 Kh5/2
tm+h 2 1/2
<o —N,h —N,h
( /t { S o, ( MBS ol X )> ‘ }dql)
m EHN
5/2 tm+h
+ Kh /
t

m

2 1/2
—N,h —N,h ——N,h
Z xvpxn( Z(qu )B%(qu )8372%37%4u(tm+1axq1 )> ‘ }> d(h'
yeIy

¢

As for R?m, recalling the definition of the operator Ly

Lyu= f: (B D+ 02331 . )

i=1

the remainder term r6(t,,,-)h® in [103, Equation (3.14)] (apply £y three times) corresponds to

tm+h rqu q2 Nk
_ E[ / / / (L) *ultmsr, XV dgs dgs dgy ]
tm tm tm
tm+h q2
=[]
tm t"n t"n

(K > B (XN ")By, (X" By, (XN M08

TyprTvygTyg
yenl
h h h
Y 2 (B XL, s X))
yeld

h h
tK Z 8§wz’x7271’v3’m'¥3 (B’h (Xéz )aI’H ( m+1, XN ))
yeny

(tm-i-lv Xg’h)

LyqserTyg

+ K Z A (tm+17X ))d% dgs dg: }
ey ,0(v)<3

Once again, a direct application of Hélder’s inequality and Fubini’s Theorem

tm+h
B[R, ]| < K [
t

m
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(B] | X B0 0B XN (XY e 0 X
yelyy
N,h N,h N,h
Y e, (Bqul B (XYl X5 )
yend

4 N,h N,h
+ Z 8172@“@»9%3@“73 (B71(XQ1 )6Iw1u(tm+1’XQ1 ))

yenl
29\ 1/2
)

6 N,h
+ Z az,yl ..... Ty ( m+17X )
Vel ,O()<3
Part 2: Other remainder terms. We now present the dominations of the other residual
terms, whose explicit expressions can be found in Appendix These, once again, are a
result of applying Holder’s inequality, 1t6’s isometry and Fubini’s Theorem. We have

2 1/2
o)

2 1/2
:| dql ) )

5 —N.h
E : 8171 ..... zvsu(therqu )

—N,h
E : wwl, ,.K76 m+1’X )

~yendy
B[R], ]|
, tm+h T N 2 1/2
2 ~ Vs
S Kh ( / E Z 8r,n <a"c73B’yz( )67572,3:73 (tm+17Xq1 )) :| d(h >
tm - yennd
fmth T —N,h N\ P 1/2
2 2 ~ 1V
e [E|| a (0, BTNl K0 | o)
trm L ey
, tmt+h T , N 2 1/2
+Kh ( / E Z az,yl <B’Yz( )82072 Tyg,Tryg (tm—‘rla‘qu7 )> :| d(h )
b - yeny
tm+h T 2 1/2
2 2 7N,h 2 7N,h
+Kh ( / E Z awwlam‘q (B’Yz(Xq1 )61«,2,w73,x73u(tm+17Xq1 )) :| dﬂh)
tm - yend
tm+h T —Nh 2 1/2
+Kh2(/ E Z ey Wy, X)) ]dq1>
tm - yend

2 1/2
:| dql ) )
2:| )1/2
2 1/2
J )
2 1/2
:| dQ1 ) ;
2 1/2
o)

Z 6 ~N,h
6“Lw17 Mwa tm'H’X )

yenl

()| < k0 3 (2]

~yenny

tm+h
+ Kh? < / [
tm
6 —N,h
E 8$71 YToyp 5Ty 5Ty s Ty g Ty U(tm+1, qu )

tm+h
+ Khz(/ E[
tm ’VEHQ’

[E[R] ]| < KN? " > 8 Wtmyt, X
tm - ton TrypseeTrg m+1, q1

velly ,O(v)e{4,5}

84 ’U,(tm+1,Xt]Vm’h)

Ty19%y2:%vy3:Tyy

—N,h
Z Toypserloyg tm+1’Xq
yelrdy

)
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8

2 1/2
k2 [T PG oL X d /
+ Z Ty sees WSU( m+1, A g ) a1 )

t

FeTY ,0(v)=4

o I 1/2
> 97 1, X)) ‘ ]dql >

yely ,O(v)<3

6 —N,h
‘ Z ar'ylwnsz'ysu(tm+17qu )
Y€ ,0(7)<3

‘ a,BEUr_o IR, O(alUB)=3
la+]8]=5, |8]>2

2 1/2
]dql ) .

Similar to and the proof of Lemma we can use the linear growth of B; in com-
bination with the assumption ¢ € L9(€,R) and the Cauchy—Schwarz inequality to establish
L'%-estimates of the B; (see, Proposition and Lemma which, for instance, are em-
ployed in the estimation of R , R} R} . An application of Lemma allows to control the
moments of derivatives of the solution, u, to the Kolmogorov backward equation. Hence, all
the above expectations are well-defined and bounded by K (h%/2 + h3)e=ro(T=tm+1),

lel Bg, (X)) 017 Wttt XN’h)>

Tagymlay Ty s LB g q1

Part 3: Collecting the estimates. For the eight residual terms Rtlm, ceey Rfm, we have

8
STIE[RL ]| < K(h/2 + h?)e M@ tmsn),
i=1

Combining all of the above estimates, we conclude

M-1 M-1 8 M-1
E[R(tm, X0 < YD E[R] ]| < Y K (12 4 by 2o me) < Kp3/2,
m=0 m=0 i=1 m=0

5.7 Numerical illustration

We illustrate the performance of the non-Markovian Euler scheme (5.13]) with a simple linear
MV-SDE example. Consider the following mean-field equation:

4%, = (a(X — E[X/]) - X, )dt +0dW,, Xo € LI°(Q,R), (5.172)

where a, 0 > 0. Explicit calculations yield E[X;] = E[Xo]e~* and thus this process admits the
following stationary distribution

a+1

w*(z) = Zexp ( - — x2>, (5.173)
o

where Z is the renormalization constant such that [; p*(x)dz = 1. We use the following recipe

to compute errors in the numerical experiments.

1. Choose a large enough domain [a,b] such that (FCdf(b> - FCdf(Cl)) >1—1075, where F,q¢
denotes the cumulative density function (CDF) of the invariant distribution p of (5.173)).

2. Split the domain [a,b] into Npius equally spaced bins and compute the true density in
each bin. These values are denoted (u%r“e)ie{l ,,,,, Npine} and obtained using numerical

integration. Additionally, the first bin and the value p{™® takes the interval (—oo, a] into
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account while the last bin (and the value 3" ) takes the interval [b,00). In this way,

Nj
one has E blnb true =1.

3. We simulate N particles up to time 7" using different time-stepping schemes and compute
an approximation of the density (using a histogram approach) denoted by (15" );c(1,... Nyso}
based on the simulated paths.

4. As in [103], we compute the relative entropy error and the Lo-Error as

Nbins true

Relative Entropy Error = Z ,utrue In ( proxy)

Nbpins
Lo-Error = E |ptrue — PR |2,

5. We also show a PoC result by computing the Lo-Error for different sizes N of particles
with fixed time T and timestep h.

The goal of this simple example is to simulate the IPS associated with up to 7' =9 using
the classical Euler method and the non-Markovian Euler method, respectively, and compare
the results to (5.173)). Following the recipe above, we set the domain as [a, b] = [—1.8,1.8] and
split it into 72 bins.

10° 10°
—— Euler —+— Euler 10-1

10-1 \ —— non-Markovian \ —— non-Markovian N g
10-t NN -

2 \ 1072 \"\‘
10 . S

— . T~
\ —— \\ I N
1073 1072 \\\»ﬂ—.—. — 10-2 N \
1074 \ \ —— Euler .

N

\ 103 \\ 07 non-Markovian
107° \\ ~ o Order 0.5 .
1o 10t 10-5] ~7 Order 1.0 N
2 4 6 8 2 4 6 8 103 104 10° 10° 107
Time Time N
(a) Rel. Entropy Error (b) Lo-Error (¢) PoC (log-)Lo-Error, T =9

Figure 5.1: Simulation of the linear MV-SDE with o« = 0.5,0 = 0.8, N = 107, h = 0.16,
and Xy ~ N(m, 1) (a normal distribution with mean value 7 and variance 1). Both schemes
run on the exact same samples of the initial condition and Brownian increments. (a) Entropy
Error of the Euler method and non-Markovian method in log-scale over time. (b) Le-Error of
the Euler method and non-Markovian method in log-scale over time. (c) Lo-Error in particle
size N of the Euler method and non-Markovian method in log-scale with respect to different
number of particles N at T = 9.

Figure (a) and (b) show that the non-Markovian method (uniformly) outperforms the
Euler method in the approximation of the stationary distribution g in both error metrics and
the difference in performance becomes more evident as time increases. This is expected from
the result in Theorem [5.3.8] since the first order term decays exponentially as T increases.

Figure (c) shows (for a fixed timestep h = 0.04) that the PoC Lo-Error of the non-
Markovian method decays consistently as N increases with a rate of approximately 0.5 (the
expected strong PoC O(1/v/N) rate). The error of the Euler method plateaus for N > 10° as
the error from the time-discretization dominates the particle error; see also Table below for
more information.

Table shows that the non-Markovian method has a significantly better approximation
accuracy compared to the Euler method under different choices of timesteps and model parame-
ters. The Euler method produces larger errors as the timestep increases and the non-Markovian
method yields stable results across all choices for the timestep.

The results in Table show (at fixed timestep h = 0.04) the entropy error and the Lo-
Error of the non-Markovian method decaying as the number of particles N increases. However,
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Entropy Error Lo-error

a o a b N b gy NM Buler NM
0.04 2.33E-04 4.71E-06 2.37E-03 3.56E-04
0.16 3.84E-03 4.33E-06 9.47E-03 3.37E-04
0.24 9.26E-03 4.40E-06 1.47E-02 3.25E-04
0.48 4.31E-02 3.25E-06 3.18E-02 2.92E-04
0.04 1.84E-04 7.85E-06 1.44E-03 3.81E-04
0.16 2.98E-03 5.94E-06 5.88E-03 2.82E-04
0.24 6.84E-03 6.07E-06 9.00E-03 3.19E-04
0.48 3.08E-02 5.72E-06 1.95E-02 3.09E-04

05 08 -18 1.8 72

03 15 =30 3.0 120

Table 5.1: Simulation results for MV-SDE with NV = 107, T = 8.64 and different choices
of parameters using the non-Markovian (NM) Euler and standard Euler method, respectively.
(As for Fig. Xo ~ N (m, 1) and both schemes run on the exact same samples of the initial
condition and Brownian increments.)

the error of the Euler method remains stable for N > 10° (i.e., there is a plateau). Due to
computational limitations, we are not able to show results beyond N > 107. The terminal time
T = 8.64 is chosen for convenience only (due to the smaller timestep h = 0.04).

_ Entropy Error Lo-Error
a o a b N N —ggg NM Buler NM
103 - - 2.89E-02 3.28E-02

10% - - 1.01E-02 1.04E-02
05 08 -—-1.8 1.8 72 10° 8.21E-04 4.83E-04 4.29E-03 3.10E-03
10° 2.74E-04 4.66E-05 2.31E-03 1.26E-03
107 2.33E-04 4.71E-06 2.37E-03 3.56E-04

Table 5.2: Simulation results for MV-SDE (5.172)) with h = 0.04 and T = 8.64 for increasing
numbers of particles N. (As for Fig. Xo ~ N(m,1) and both schemes run on the exact
same samples of the initial condition and Brownian increments.)
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Chapter 6

Appendix

6.1 Auxiliary results of chapter 2

We provide a brief review of Taming [60] and Adaptive time-stepping [125] for superlinear
growth MV-SDEs in the context of the notation set in Section 2.I] and 22} Each method
approximates through the interacting particle system as described next. Table
summarises strong error (rMSE), mentions weak error as an open problem, and stability results.
Both schemes (plus the proposed SSM one) hold under the same conditions: Assumption m
and a sufficiently high integrable initial condition (as in Theorem .

Methods ‘ rMSE ‘ Stability

Taming [60] 0.5 Unknown

Adaptive [125] | 0.5 Unknown
SSM 0.5 | Contraction Theorem [2.2.9|

Table 6.1: Information regarding the different methods. Convergence of Taming [60] and Adap-
tive [125] scheme under the same conditions as Assumption The Root MSE (rMSE) is
the metric presented in . Weak error analysis has not been carried out but experimental
work points in the direction of weak error order 1 for the three methods.

6.1.1 The Taming method
Taming [60] approximates (2.2)) as follows (see also [125] Section 4])

b(ty, XoNM [X.N)
L Mo, X )]

v N, M _ i,N,M
X = Xi

n+1 h + O'(tn, X:L’N’Ma ,L_l’;)z(’N)AWZ

n?

i€ [1,N].

(6.1)

n
eter o € (0,1] is a tuning parameter where setting o = 1/2 delivers a rMSE convergence rate

of order 1/2 while setting o = 1 delivers a rMSE convergence rate of order 1 (for a constant
diffusion o).

where N (dz) = + Zjvzl O gsnn (d), AW, =W =W/ with XM = Xi. The param-

6.1.2 Adaptive time-stepping method
Adaptive [125] approximates as follows for ¢,, € [knh, (k, +1)h), k, € N and

XN = XN bt XN i OB 4 ot XEN BN AW i e [LN].  (6.2)

tnt1
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where fip ' (do) = & S0 Oggvan (de), tugs =ty +hly, AW = W]
X} and for a map h%(z) : R? — [0, h

i v N, M _
o — Wi with X =

hi = min {m()’(g'jv), (kp + 1)k — tn}.

The function h? is specified at each example and is to be understood similarly to the taming
technique. In essence, h? is to be chosen such that |[b(z)h’(x)] is of linear growth. For Adaptive,
one modifies the timestep h in a dynamic fashion to control the growth of b while taming modifies
the drift b to control the growth across the application of the scheme. The rMSE convergence
rate of order 1/2, see [69] or [125].

6.2 Auxiliary results of chapter 3

6.2.1 Well-posedness of the particle system and the PoC in Propo-
sition [3.2.5]

The Propagation of chaos result follows directly from [2, Theorem 3.14]. The gap we
close is the well-posedness result for the interacting particle system and the moment bound
result. Note that throughout C' > 0 is a constant always independent of h, N, M but possibly
depending on T" and m.

Proof of Proposition[3.2.5. We start by interpreting the interacting particle system as a
single SDE in RV, In Remark [3.2.4| we show that, as a system in RV?, the function V (see
(3.5) and (3.2)) satisfies a one-sided Lipschitz condition (as a map in RV9). Thus: (i) the drift
term of the whole system also satisfies one-sided Lipschitz condition as b satisfies a uniformly
Lipschitz condition by (A?); (i) the diffusion coefficient satisfies a Lipschitz condition (by
(A?)). In conclusion, the well-posedness of the interacting particle SDE R¥%-system is ensured
by standard SDE results [I13] Theorem 3.5 (p.58)].

The moment bound result of the RNV?-system that follows from [I13, Theorem 3.5 (p.58)]
does not lead to as the constant appearing on the right-hand side depends on N and
explode as N " oo. Nonetheless, with well-posedness at hand, we are able to improve the
bound and show .

The strategy of the proof is the same as that in Section Forallm >2p > 2 i € [1,N],
t € [0,T], we have

N N
) 1 , . 1 )
E[|XZ’N|2”] :EHNE :(th,N_Xg,N)_’_NE :Xg,N
j=1 j=1

8

N
1 PN i\N |2 1 N 2P
< 4PRE| — Ny N 2p P ‘7 Js )
_4E[N21|Xt X} |}+4E[NZI|Xt 2]
Jj= j=
N
P iN _ xi:N2p el L iN 2P
< PE(|XPN - XxIN) '¢_+4E NZ|Xt 1?1 (6.3)
1£] -
j=1

For the first term in (6.3)), by It&’s formula, for 4, j € [1, N],i # 7,

i,N i\N i,N i\N
N — XN = XN - XN
t
2 [N (0N - N, (XN ) < (X, ) ) ds
0
i
bap [N - VR (00 - XN (s, XN ) — b, XN V) s
0

t
2 XY XV (XY X, (5, XY AW — o5, XY N )W)
0
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t
LD [ = X2 (s, XN ) + oo, X2V, ) s,
0

By Assumption [3 Remark [3.2.2] Jensen’s inequality, Proposition [3.4.6] take expectation
on both side, by the partlcles are identically distributed and Burkholder-Davis-Gundy (BDG)

inequality, we have
t t
E[|x;N X7V %) <E[|1xg"N - X3N] + 0/ E[|XN — XN |?P]ds + 0/ E[| XN [?P]ds.
0 0

For the second term in ([6.3)), similarly, and notice that,

N N

1

NZ XPVP = S IXENR Z/ XIV (XN i) 4 b, XV 2N )ds
j=1 J 1

— |o(s,Xj’ XN 2ds + / s, X7 )dWJ>
S o) NS 5
N . t , t ] ]
Z(|X§’N|2+/ |X§’N\2ds+/ (XIY, o (s, XPN pX N )aw? ) )
j=1 0 0
C N N + ) ]
TZZ/ | X0V — XN |2 ds.
=170

Take power of p on both side and expectations. By Jensen’s inequality, BDG inequality, Propo-
sition Assumption the Lipschitz properties on o, we can conclude with the highest
order up to 2p, we have

1 N i N2 P
EHNZIX? | ‘ ]
Jj=1
coreell S ve [ [ Sree
=1 =t

where we used that the particles are identically distributed to deal with the third term on the
righ-hand side.
Collecting all the above results and using (6.3]) again, we have

N
[|XZN|2p] <E[|X1N XleQp _HEHi |XJN| ‘ ]
]_

<E[X5" — X3V P*] + CE[| XN 7]
! i\ N iN |2 1 < iN2|P
+C/ (E{X;’ el P] +]EH— X7 H)ds.
; | | » N;' \

Gronwall’s lemma delivers the final result after taking supremum over ¢ € [1, N] and ¢ €
[0,T]. O

6.2.2 Solving the implicit equation of the SSM and a deployment of
Newton’s method

In this section we address solving the implicit Equation (3.9) in the SSM. We first present a
general result stating the level of precision on needs to solve (3.9)) such that the final convergence
rate of the SSM method is preserved (e.g., Theorem [3.2.9 and [3.2.11). Proposition is
understood as a requirement of an adequate approximation method. In the subsequent section,
we describe a deployment of Newton’s method as one such method (among many) with the
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simulation results in Section [3.3] showing its efficiency.

Approximation scheme to the SSM

Recall the SSM from Definition For any timestep n € [0, M — 1], for any particle
i € [1,N], define ¥; : RY x RN x [0, T] — R? be the measurable map associating the unique
solution Y,i*N of (3.9) to its data X2V, XV and h, i.e.,

Uy (XEN XN p)y=vyioN 0= (0., Ty). (6.4)

The existence of such a map VU is guaranteed by Lemma (see also Proposition and
for some of its good properties). We next introduce a version SSM of Definition
where the implicit equation is solved approximately only.

Definition 6.2.1 (Approximation scheme to the SSM). We follow the notation of Definition
hold. Denote the approzimation mapping at each SSM step (3.9) as a measurable map
U, : RY x RVY % [0,T] — R The SSM variant is then, corresponding to (3.9)-(3-10): set

YS’N = X{ fori € [1,N]; then for alli € [1,N] and n € [0, M — 1]

N

—ix,N — —~—i,N —N —N —1,N —N,N, _ 1

V. =X X, h), X, = (X, LX), me N (de) = NZ‘S?g*’N(d“”)’ (6.5)
j=1

X =V bt VN E N+ o, VN TN AW, AW =W~ W

(6.6)

where for any i the map ¥; is an approximation to 0, solving (6.4]).

We emphasise that at this point, our assumption is that the maps ¥; can be found. We
discuss how to find them in the next section.

Proposition 6.2.2. Let the assumptions of Theorem hold.  Recall the notation of
Definition lm and (6.2.1). For the ¥; and U; defined in and respectively, if
sup; E[|V;(z;, 7, h) — W;(x;,2,h)|?] < Ch for all x = (z1,...,2y5) € L3A(RN?) and some con-
stant C' (independent of hy N, M but depending on T ), then

sup  sup E[|XV —Y;’Nﬂ < Ch. (6.7)
nel,M] i€[1,N]

The main interpretation is that as long as the implicit Equation (3.9)) is solved approximately
up to an accuracy of size h (the time-step increment) in L2-norm, then the final order of
convergence of the numerical scheme is preserved.

Proof. We proceed by induction since for all ¢ € [1, N], by definition, we have XS’N = YS’N =
X

Step: The initial case. We prove that sup;cpi nj EHX;N - Y;’NP] < Ch. By the assump-
tions of Proposition we have

sup E[[vyV —?ﬁ’*’NP] < sup E[|W;(XE, Xo, h) — Wi(Xg, Xo, h)[?] < Ch.
ie[1,N] i€[1,N]

For all ¢ € [1, N, since function b and o are Lipschitz, by similar arguments in (3.54)),

A —i,N ; 3%, N _ N 2
sup E[ XY -X7V P <0 sup B[N - VR 4 (W@, i) ]

i€[1,N] i€[1,N]
ik, N %N 9
< sup E[Yy™" =Y, )] <Ch. (6.8)
i€[1,N]
Step: The inductive case. For n € [1, M — 1], given sup;cq nj E[|)A(7§N - Y;’NP] < Ch, we

i 4N ..
need to proof sup;cpy nj ]E[\X;fl — X:{+1|2] < Ch, similarly, we first proof the result for the
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first step, from the assumption of Proposition [6.2.2)

sup E[IViV ~ ¥V = sup B[R, X h) = WX, X, )]

i€[1,N] 1€[1,N]

<2 sup (E[Wi(X}, Koo h) = 0K, Ko )]+ E[[93(X,, Koy ) = T(X,, Ko )
i€[1,N]

<2 sup E[Wi(X], X, h) — Bi(X,, X, 0] + 2h. (6.9)
i€[1,N]

Recall the results in Section the arguments in (3.41) are satisfied for all ¢ € [1, N], thus,

sup E[|W;(X7%, X, h) — U4(X, X, ) < sup E[|X7 — X,|*(1+ Ch) < Ch.
i€[1,N] i€[1,N]

Plug the result above into to conclude

sup E[|Y,§’*’N —Vi’*’N
i€[1,N]

*] < Ch.

n

And, by similar argument in , we have

5 -1,
sup E[|X0Y, — X, 4] < Ch.
i€[1,N]

Deploying Newton’s method

We now provide a discussion on using Newton’s method to solve in the scope of the SSM.
We first introduce Newton’s method for high dimensions. Recall the functions V, u, f in ,
(3.5), and the SSM in Definition

For simplicity of presentation, we assume that the function u only depends on the space-
components (this is inline with the numerical examples section) and f has continuous second
order derivative. Fix z € RV for y = (y1,v2,...,yn) € (RY)YN, for the functions V, F : RV¢ —
RY and u, f : R? — R%, we want to find a solution of y — F(y) (given by (3.9)) defined as

N
1
RNdByHF(y)=y—x—hV(y)=0,V=(Vl,Vz,-n,VN),Vi(y)=U(yi)+NZf(yi—yj)-
j=1

For a fixed z € RN’ Lemma ensures that a unique y* exists satisfying F'(y*) = 0. Setting
as initial guess of 4 = x, we denote the x'"-iteration of the Newton method by y* and define
it as

YW=z, yt =y [VF] T (y")F(y"),

where VF stands for the Jacobian matrix of F.
Denoting Ing as the identity matrix in Nd-dimensions, we express the Jacobian of F' in
closed form as

h
[VF)(y) = Inqg — hA(y) + —T(y) where for y = (y1,¥2,...,yn) € (RY)Y we have

N
[Vu(y) -0 EXL Vi -y 0
Ay) = | S : :
[ 0 - Vu(yw) 0 e R L VN — )
(Vi —v1) - V(1 —yn)
I'(y) = : :
Viyn—y1) - VI(yn—yn)
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The matrix A(y) is a block diagonal matrix, and I' is a symmetric matrix since f is odd and
its main diagonal is equal to V f(0). We stop the Newton’s iteration at step x when the error
tolerance rule [y* — ¥ '||oo < V/h is satisfied. We note that since I'(-) is a symmetric matrix
weighted by % which is an order 1/N smaller that Ing and hA(-) one can think of ignoring it
in favour of an approximate Newton’s method.

Theoretical foundation for methodological choices. As mentioned, Lemma [3.4.2] ensures a
unique y* exists solving F'(y*) = 0. Proposition and ensure continuous dependence
of y* on z, and hence assuming h small enough the choice of y° = z as the initial guess for y* in
the Newton method is justified. From [I31, Theorem 4.4], under the extra assumption that F
is twice differentiable with continuous derivatives, we have that the Newton iteration converges
quadratically to the unique solution y*. In fact, given h small enough and complementing with
the trick highlighted in Remark one can show that V in has a strictly negative one-
sided Lipschitz constant and hence VV is strict negative definite matrix (see [I07]) and hence
so is VF — this ensures that VF is nonsingular (also at y*) and thus [I31, Theorem 4.4] applies
guaranteeing convergence.

In the scope of the examples presented in Section [3.3] with the choices above, we found that
the condition ||y* — " |l < V/h is attained within two to four Newton method iterations,
i.e., with k < 4.

6.3 Auxiliary results of chapter 4

We provide the following results of the convolution drift term after integration.

Lemma 6.3.1. Let (Af, Afo) in Assumption hold. Then it holds for any p € Po(RY)
and m > 2

[, (@) + m = DI = )
- /]Rd /Rd (@, f(z =) + (m = V| fo(x — y)I*) p(dz)p(dy)

<L) (| - ) = |nid)2) = L) Var,,

where (- [2) = fya |220(d2), pu(id) i= fpu op(dz) and Var, = (] - ) — |u(id) .
Proof. Using f(0) = f»(0) = 0 and that f is an odd function we have

/Rd/Rd(w’f””_ )) + (m = 1) fo(z = y)*) u(dzx) p(dy)
_/Rd /Rd% v =y, f(z = y)) +2(m = Dlfo(x = y)I*) p(dz)p(dy)
3L [ [ veutmtan = 52 [ [ (o = 2000+ )atautay
_ 1w

_; (f)( (|-|2)—2/dwu(dm)4dyu(dy))

= LE})( | x,u (dx) | ) = LE}))VarH,

IN

where for the inequality we used the monotonicity condition on the convolution kernels and
the symmetry of the double integration in pu. O

Lemma 6.3.2. Let f and f, satisfy conditions (Af, A+) of Assumption . Set L(f) =

max{O,LE}))}. Then, we have

L (=@ — o))+ m = D] @)~ (o 2210t
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<2 [ [ e uPulaoan)
Proof. For any p,v € Py(R%), we compute
L, [ =00 mie) = (7 ) @n(aaiviay
= [ L=t =) = = e o () )
- % [/Rd /Rd /Rd /Rd (x =y, flx—2a") = fly —y)p(da")v(dy) u(dz)v(dy)
[ e v - - y’)>u(dx)V(dy)u(dw')V(dy’)]

/Rd /Rd /Rd /Rd r—a') = (y—v), fx—2") = fly = y")p(dz)v(dy)p(da")v(dy'),

and thus,

/Rd /R (<x—y, (f x ) (@) — (f = )(y) + (m = 1)|(fo * 1) (z) — (fo *V)(y)|2>ﬂ(dx)y(dy)

s [ L L[ (=) = =) s =) = =)

+2(m = V)|fo (@ = ') = fo(y — ) ) u(da’ ) (dy )u(d)v(dy)

<32 [ [ [ e =)= = )P s e utavia)

<2LE”+/ / |z — y|?u(dz)v(dy).

6.4 Auxiliary results of chapter 5

6.4.1 Proof of Proposition [5.2.2]

Proof of Proposition[5.2.9. Assumption [5.2.1] is sufficient to guarantee the existence of the
unique stationary distribution; see [40] (under their Assumption (A’)). The uniform PoC result
follows from [I09, Theorem 1.2]. This addresses the proposition’s last two statements.

The system’s wellposedness (as an SDE in RY) follows [109]. For completeness, we present
a short proof for the moment stability of the IPS, highlighting that the constant K appearing
in the RHS of the inequality is independent of ¢ and N.

Let p > 2. Performing similar calculations as in Section and applying Gronwall’s
inequality, we deduce that there exists some positive constant K independent of N,¢ > 0, such
that for any i # j

E[| XN - XIV P < K < . (6.10)
Employing Itd’s formula, we deduce for any ¢ >0, p > 2 and k € [0, \)
Pt XN P — (g P
t . A A 1 & . A
< [ (R () (- VO YTV < X)) Jere xR
0 :
j=1

t

-1 t ) ) ) )
4 0_2 p(p2 ) / epns|X;,N|p—2ds + a'p/ epHS|X;’N|p_2X;’NdWSZ.
0 0
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Taking expectations on both sides, using the inequality: for ¢ € {1, 2}

aP~ip? < P4 qp + Lb”, for any ¢ > 0 and a,b > 0,

pelP—a)/a
assumption and yields
E et | XN ] — E [1€'7]
< p/ot(lﬁ — ME [P XN |P] ds

¢ KS K ad i, N |p—1 i, N i, N ‘ KS o\ N |p—2
/ep (% SoE[IxeN P Xy — X2 |])ds+K/O PN E [ XINP 2] ds

Jj=1

t t
< p/ (k= A+ e)E [ XN Pl ds + K [ eP™*ds < KeP™,
0 0

for some positive constant K and £ > 0 arbitrarily small. O
We provide the following auxiliary results:

Proposition 6.4.1. Let the assumptions and set up of Proposition [5.2.4 hold and let the IPS
be given as in (5.11). Then there exists K > 0, independent of t,s and N, such that for any
s>t>0, s—t<1

~ max E[|X§’N—XZ’N|2} < K(s—t).

Proof. By It6’s formula and an application of the Cauchy—Schwarz and Jensen inequalities, we
have that for any s > ¢ >0, (s—1t)<1,i€{l,...,N},
]

E[\X;}N X”V| [

S
—VU(XEN) - ZVVX“V X7 )du+a/ dw;
t

_] 1

s N
gK(s—t/ [|VU (X5 ] Z “VV(XZ)N—XZ’N)|2}du+K(s—t)

N:

¥ 2E

gK(s—t)(H/ [|X“V| ]

where we used Proposition in the last estimate. O]

X2V au) < K (s ),

6.4.2 Proof of Proposition

For clarity, we prove each of the proposition’s statements separately. The main argument
requires care as an analysis by cases is needed, but within each case the estimation procedure
is standard.

Proof of Proposition - Statement (1): Moment estimates. For the scheme defined in ((5.13]),

we introduce the following notations for any m € {0,..., M},
piNoh VU(XzNh ZVV XzNh X]Nh) AWzNh AW+ AW
m T 9 2
] 1

(6.11)

Assumption implies that

(Xz N,h Xg’N’h)~( bir,LN,h _ bg'r,lN,h) < _)\‘X’L ,N,h Xj’N’h 2

tm m tm tm ?
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=B < 2AVUOGT - T

2 i N,h &N,k i\N,h N,k
b5 [TV - XEN) - V(X XN
=1
2N+ KX = XV < KX - X,

An inspection of the above inequalities indicates that in order to establish the LP-moments for
Xti;iv’h, we need LP-estimates on the local differences XZNh — XgNh (a term that appears from
the interaction kernel). This proof is split accordingly; Part 1 deals with the latter while Part
2 with the former.

Part 1: Moments of local differences uniformly bounded in time. We first prove that for all
i,j €{1,...,N}, me€{0,...,M},p>2, with p an even number, that E[|X}"V" — X}V p] is

uniformly bounded in time. Note that due to the nature of the scheme, X Z;ﬂ{v’h is not independent

fAWl o , and thus we analyze the different cases as time evolves, i.e., m € {0,1,2} and m > 3

below. (This same procedure will be used in Part 2 of the proof.)

Case: m = 0. For any 4,j € {1,..., N}, we have
B[, = X3N] < KE[IXG P + 1X P = KE [, (6.12)

Case: m = 1. We get

1 ) j ) i ) i j ) j ) %, N,h N,h
‘Xt;NJ _ X},]{NJ |2 _ |Xtc,)NJ + bdN,hh o Xt]C;NJ _ b{),NJ h|2 + |0'AWO _ O'AWé |2
+ Q(XZ(;N)h + bé’N’hh . Xg(;N,h o ng,hh) . ( AWB’ he JAW%N h)
< [ XPNR XN Zonh 4 KB?) 4 o AT — o AT 2
7 7 j ,N,h N,h
Z(Xt(;N,h + bO,N,hh o th(;N,h + b%’N’hh) ( AWE) . JAW% )

Taking the power p/2 and expectation on both sides, we deduce that there exist positive con-
stants K, 1, K} 2, K, k (both are independent of h, T, M and N) such that
E[|x;Nh—xPNMP] <E[|XPYM - XPNMP] (1 - 20 4+ KR2)T

+ (K, 1E[|XZ b XPNP] 4 K, )

+pE[Jo AT, " — AW 2PN = XEN P2 (1 — 20+ Kh2)" ]

< (1 - Ky hE[|XEN" — XPNMP] 4+ K, oh(1 4+ E[|€P73])

< K(h+E[JEF] +E[lg7?]) < Ke (14 E[[g[P]e™"),
where we also used Young’s inequality. Note that in this case (and the case m = 2) the factor

e "t (e7rt2 for m = 2) is only added to make it consistent with the estimates obtained for a
general m.

Case: m = 2. Based on the calculations above, there exist positive constants K, x (both
are independent of h, T, M and N ) such that

E[| X" — X]NVMP] < Kert2(1 4+ E[[¢P]e ). (6.13)

Note that below we will show that the constant on the right-hand side will not blow up as m
increases.

Case: m > 3. More generally, for m > 3, we have

7,N,h

‘XZ;Y]LV,h_XJNhF (1_2)\h+Kh2)‘X’LNh tjerfL|2_|_O_2|AWZNh_AW |2 (6 14)
+ (XN NI, N Ny (G AT AT,
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7‘77
m—1»

Since for m > 3, Xfm]\i | is not independent of AW we further expand X to get

(PN g ooty XN i Nh Y (AT — AT

< (XPNh XN Ny I N, AWl N AT (oA — AT
+ KR XN XN g AW — e AT,

Define the following local quantities: for all 4,j € {1,..., N}

Gy = (L= 20+ KR)[XG00 = XENIP, Gy = oAb — AP
Gm3f2QﬁNh XJNh+ AWﬂNh AW*N% (AﬁﬂNh AW%N%

Gy = 2(B5NEh — VN IR - (AT — o AT
G = 2Kh| XN~ XTIV o AW”” — oA
Using these local quantities, we can express the estimate (6.14]) as follows:
|Xti;,fv’h - th,,’,fv’h| (Gm1 + G:;’LJQ + Giﬁ{:ﬁ + Gi;zj,4 + G:njss)

Now, taking the power of p/2 and expectations on both sides, in combination with Young’s
inequality, we have for some positive constants K, 1, K, 2, K ( both are independent of h, T, M
and N) such that

E[(Gil + Gty + Gyl + Gl + Gl o)™
p/2 p/2 y y o o
> (")l + 6y + G+ G

< E[‘G;ﬁﬂp/g] + pE [|Gf;f;1|p/2_1(Gi’f;2 + Gﬁh{:& + G;’le + G ) + ‘Gw ‘p/Q 2|Gl

]

(6.15)
(R BIXEN = XY+ B[N - XN 4 ).
where we used the fact that
E[(G )Gy + Gily + Gl + Gl )]
< B[jGi PG ]+ 8 (KB — XEVOP) 4 KE[XE - X6 + )
We now further estimate the terms in :
E[(G )" Gyls]

< KRE[|XPN? - XN g Ny N Ay o AN Y e AT P

oA, — o AT
< KRE[| XN = xg N P o AT — e AT
+ KRR XN XN P 4 gpd2

< KRPPE[| XN - X]NI Py kpd/2,

tm—2

Also, note that we have the bound

E[(G)))P/?] < (1-Kh)E E[| XM — XN,

tm—1

In the following, & > 0 (arbitrarily small) and K > 0 (both are independent of h,T, M and
N) will denote positive constants appearing due to the application of Young’s inequality. In
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addition recall that XtWJLV_Z is independent of W{qﬁ’lh. Consequently, we derive

E[(GEI)P271GH,] < (1= KR)E[|XEN! — x PN P26 AT — AW 2]

< (1= KWE[(K +e| XN - X3N0 Py o2 AT AT 2]
< Kh+ B[|XENE - xg N piNhy i Nhy o o AT e AT
2| AT AT
< Kh+eR[|XEND - xPNh P2 AT AN 2] 4 KR/
+ KE[|B5N 8 — b5 N0 b o AT — AT )
+ KE[|o AW,y — s AW [Po? AW, — AW 2

< Kh+ehE[|XpNh — x)NMP)

m—2

Similarly, we have

E[(GL P2 Y (G 5+ GEI )] < Kh+ ehE[| XN — X700

tm—1

+2(1 — KR)E[|XEN — xJNh P2 (x BN xd Ny (AT — e AT

< KE[|o AW, ) — AW, "7 (XN = XENT) - (0aW,5 - oAl )|
+ KE[[XpN] = XENI T AW, - AW - (eAW, N — oaT M)
+ KE[[W; N0 h = N T AW, — AW - (eAW, ) — oA M
+ehE[| XN — XPNMP) 4 Kb+ KR3/?

< KE“ AT — gAY (N - XN (e AT — e AT Nh)}

tm—3 -3

—1,N,h

+ KE[| X0 = PN AW = o AW - (AW, — oA )]

+ehB[| XN — XPNMP] + Kho+ Kh®/?

tnz 1
< Kh+ Kh¥? + ehB[|XPN! — XDV + enB[| XM — X707,
where we expanded the second term in the second inequality, used Young’s inequality and the
fact that thiv_g is independent of Wm]XQh For the last term, we have
E[(Gl,j )p/2—2|Gi,j |2:|
< KB[|X}Nh - xp NPt (| X BN g VB2 G AT o AT

tm—1 tm—2
]

‘O_AHNh_O_AWJNh
< KE[|XPNR - x g N piNhyy i Nhy 4 g AT — o ATE
(|xENE XN g AWZNh—aAWJth)

gKh—l—ehEHXZ;ﬁ’h X)NMP).

tm—2

]Nh 2)

]Nh}p 4

|0AT/VZ N O’AWJ Ao 2]

Hence, there exist positive constants K, 3, K, 4, K, 5 (all independent of h, T, M and N) satis-
tying K, 3 > 2K, 4 (by carefully choosing the constants in Young’s inequality) such that
B[ = X2

tm

< (1 - Kpsh)E[| XM — xR P
4h( [|X1Nh XjNh|p]+EUX1Nh Xg;ji’yp])‘f'K,Sh

tm—2 tm—2 tm—3

< K + Ke* (1 + E[[¢P])e” Kram2Kna)tm/3, (6.16)
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for some constant K (independent of h,T, M and N). In the last estimate, we used Lemma
647 with ¢1 = (1 - Kp3h),ca = Kp 4h,c3 = Kp 4h, C = Kp5h and the moment bounds for the
differences process at {tg, t1,t2} in and . Note that the condition 0 < ¢1+co+ec3 < 1
is satisfied for our choice h € (0, min{1/2A,1}).

We conclude that there exist some positive constants K, x (both independent of h, T, M and
N), such that for all ¢,57 € {1,..., N}, and m >0

E[|x;N" — x)PNMP] < K (1 4+ E[[gP]e"tm). (6.17)

Part 2: Moments are uniformly bounded in time. Let p > 2 be given. We now prove that for all
ie{l,...,N},m >0, E[|XZNh|p] is uniformly bounded in time. As in Part 1, we separately
consider the cases m € {0, 1,2} then m > 3.

Let i € {1,..., N} be arbitrary and set m = 0. Then we have by assumption on the initial
data

E[|xg ") = E[J¢P] < oo

Case 1: m = 1. Due to Assumption and Jensen’s inequality, it follows that

7, 7, 7, =75, 7 i, —1,N,h
|X N,h |2 |X Nh+b Nhh|2+| AW |2+2(Xt(;N’h+b Nhh) ( AWO )
(1*2)\h+Kh2)|X7‘Nh|2+2(X1Nh+bZ’N’hh) ( AWZ)Nh) | AWSNh|
2Kvh i, Nh i.N.h|| i,N,h h2 i,N,h i.N,h
+ N Z ‘Xto - Xgo ||Xt0 Z |Xt0 - Xgo |2'

j=1

Raising to the power p/2 and taking the expectation on both sides above, an application
of (6.17]), Jensen’s inequality and Young’s inequality shows that there exist positive constants
K, 6, % (both independent of h, T, M and N) such that

[IX'L N, h| ] < e“thpﬁ(l + E[|€|p] e—ntl).

Case 2: m = 2. There exist positive constants K, ¢, & (both are independent of h,T, M and
N) such that

E“XZ‘;N,ILF] < emtzKp’6 (1 + E[|£|p]€_“t2).
We will show that the constant on the right-hand side does not blow up as m increases.

Case 3: m > 3. We have

zNh|2 zNh)

+2(XzNh+szhh) (AW

B R D R A TP\ 178
’LNh|2

m—1
zNh)

(1—2)\h+Kh2)\XZ" "2 4 o2 AW +2(X’Nh+b’“h) (AW,

tm—1

; K2h? I
X;,)Nh V Z|X1Nh XgNh|2

tm—1

2K h .
1% Z|X2Nh thr’,f\i’f

11 7
m—1>

Since for m > 3, X}’ I\Z? is not independent of AW we further expand XZMN_? and estimate

(PN o n) - (AT,
—1i,N,h

< RSN AT 4 (XN b Ny AN (AT,

Note that XtNJZ is independent of W{q’ﬁ’lh. Similar to the analysis of the first part, we define
the following local quantities: for all ¢ € {1,..., N},
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b= (1= 2\h + KB XN 2
Gy = AW,

G, 3_2(X1Nh+blNhh+AW’Nh) (A,

i,N,h
mll

i1 = 2h[by “HAW

i 2th iN,h Nk zNh Kh2 zNh i\Nh
ZlXtm, o Sl | b & 5 ZIX - X)L

)

and note that
|XZ Nh|2 (GZ 1T G}, 2t Gin,3 + G’in,4 + Gzn,s)-
Raising to the power p/2 and taking the expectation on both sides, we have
E[(Ghr + g + Gy + Gl + Gl )"
p/2 4
Z( ) [ Gl PN G, + Gl + Gy + G )}
< B[l 2] + PE[(Gr )27 (Gl + G g + Gl + Gl ) + (Gl 1 [P2721 G
02 (K B[ XN + K Bl +E).
Using (6.16)), we obtain the following estimate:

E[(Gr1)* 7 Gy 6]

N
iNhp—2 [ 2Kvh iNh N i KR h? & i,N,h h2
< 4| (P ST X S S - )

m—1
j—l

< h(E[ XN + ZE XN XN

177.1

< ehE[| X)) + Kh(l +E[[¢[P]e Kram2Kpa)tn/3),

The analysis of the other terms works similarly as in the proof of the first part. Hence, we
conclude that there exists positive constants K, 7, K, s, Kp9 (both independent of h, T, M and
N) satisfying K, 7 > 2K, g and e~ (Krs=2Kp ) £ 1 (K, 7 — 2K, g)h > 0 (for sufficiently small
h), such that

E[|X;VMP] < (1 K, hE[| XN

7]+ Ky sh(B[IXE 1]+ E[1X 70 1)

tm—2 tm—3
+ Kpoh(1 +E[|¢P]e™Fra=2Kpa)tm)
< K + K(l —+ IEI:|£‘ })( Kp 7T 2Kp 8) ,/3 _|_ e*(Kp’;;fQKpA)tm/g)’
for some constant K (independent of h, T, M and N). In the last estimate, we used the second

statement in Lemma [6.4.7] with ¢; = (1—-Kpzh),co = Kpsh,cs = Kpsh, ¢4 = prgE“ﬂp]h
s = K, 3 — 2K, 4, C = Kp 9h and the moment bounds at {tg,t1,t2}.

Pmof of Proposition — Statement (2): the L?-strong error. Consider the IPS described in

and recall the aux1hary scheme of (5.153)). For allm € {0,..., M —1} with XZON h XZON,
we deﬁne

m+1

XENh _ iNh (VU(XZ;N’h + %AW;)
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m tm

N
Z (XN, 2 SAW;, = XN~ Awg;))thaijn,

where tp, := mh, T := Mh, and AW}, = W} —W}/ . Recall that Xti;nN’h = XZ;”N’h—f—UAW;/Q.
We compute the difference terms:

N = XN = X0 (6.18)
S (XN (VUY, + Zawy) (6.19)
1 & o .
Ty VY AW’ B EAwgn))h + UAW#L)
+ (Xtm 1 (VU( 4 sz iy (6.20)

N
i N i N Y 7 i
+NZVVXM1+ SAWS, = XEN — ZAWL) )b+ 0 AW,
- (XZNh - (VU(XZ;{WL + %Aan) (6.21)

N
1 A o . o o : :
+ ¥ > OVV(XENt SAW;, — XN EAWTJH))h + UAan)
j=1
= Ry + Ry2.

Note that here we match X’ N with X} ]\ilh instead of X}’ ok,

We estimate the above terms separately and collect all the estimates an the end. For the
first term, taking squares and expectations yields

E[IR;, ]
:EU XN <X; (VU(X“V + AWZ)
a g o . . 2
Z VO, + G - X2, - Sawi))n+oaws ) [

U/ (Vo) - vogN, + Zaws,)

tm—1

N

1 i , 1 i o i : o : 2
+ % ;vv(xsw S A ; VXY, 4 GAW = XY~ 5Aan))ds ’ ]
tm
<on [ E[[VUxiN) - vo g, + Zaw)[*as
tim—1
o [ iEUVV(X"’N = XN =V N+ Zaw, - xpY - Zawg)[? ds]
tns V55 ’ : tme1 T g -

<Kh/tm <1E[|X”V X P B[ I5aw ]
jlvi (B[[x2V - x2¥ | +E[|ZaWi[]) )ds

<xn[” ( mégN}E[|X§’N—Xi’N *] +n)as < &n2,

tm—1
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where we used Jensen’s inequality, the Lipschitz continuity of the potentials and Proposition
Next, we consider the second term R;j Taking squares and expectations, we have that

E[|R;) ]

:EH (x5, = (Vusy, + Zaw)

1 i N % 7N o J
+ 5 §' VY, + SAW, = XEY — ZAWg))h)
- (& = (VUREN - S A+
1 & o o
-i,Nh | 9 i _ 3Nk _ Y J )
% ;_1: VYRV 4 SAW, - XN - ZAW) h)

{|X“V1 el Nh| } hE{(Xf;ﬁl - X@th)

A(VUKEY + Sawg) - VU 2 aw)) |

]

]@XN: [( PN XN (VVREN, + SAwh, - XN, - Zawy)

fﬂL

-V S AW, - XEN - S AW ]

+20%E[|[VU(X[Y, + 5AW,;) - VUGN + Zaw) ]
212 & N T i iN T A
+ 5 ZEUVV(Xt;n_l +SAW, - XY - CAW])
j=1
— VN + Zaw, - PN - Zawg)[?]
<E[|X;Y, - XV - hE [(XZ;N_l - &)

(VUGN + Zawh) - VU + Zaw)) |

tm—1

tm—1

+Kh2—%2ﬂ«:[( PR (e e, + Sawn, - XY - Zaw))
tm tm

TV SAW, - X - Awg;))],

where we used Jensen’s inequality, Propositions and the Statement (1) in Proposition
(23l We further estimate

E[|R2] < (1= M)E[[ X0, = XENMP] + K2 N

2N2
N i g . ; g . i g . . o .
BT, + ZAWL - XDY, = Zawh) — (N Zaw, - XEV - Zaw))
4,j=1

(VY - 2awh - xPY - Zaw))
— V(XN 4 gAW,; — XN gAWT{L))} <(1- Ah)EUALm_lﬂ KR,
with A; ,, as defined in (6.18)). We used the ‘symmetrization trick’ in (5.25) to handle the
convolution term. Note that the positive constant K is independent of h, T, M and N. Hence

forallme {1,...,M — 1}, i € {1,..., N}, there exists a positive constant K such that

E[|im[*] < (0= AE[|Aim 1] + K82
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m—1
—(1- Ah)m]E[|Ai70|2} + KR (1= An) < Kh +
7=0

Kh
)\ 7

where we used E[|A; 0[] < Kh. Recall that Xz;nN’h = XZ:RN’h + AW} /2. Using Statement (1)
in Proposition and (|5.13)), we further have

E[|XiM" - XN = E[|Zawn | < kA and E[|IXENT - XN < K

tm tm tm+1

Collecting the last 3 estimates, we have for all m € {1,...,M — 1}, i € {1,..., N},

B ] — B[ (R X 4 (0 i)

tm+1 tm+1 t7n+1 trn

< K(E[]Ai,mﬂ +E[‘X2,N,h _ xiNh 2} +EDX¢,N,h _ th‘;nzv,th < Kh.

m+1 tma tim41
As K is independent of the critical quantities M and N, maximizing over i and m yields the
final result. O
6.4.3 Auxiliary results

The following statement is an auxiliary result on the differences of SDE starting at different
times (¢ and s with ¢ < s) at the same point « and is used in the proof of Proposition m

Lemma 6.4.2. Let the assumptions and setup of Proposition[5.4.4 hold and let r > s >t > 0,
u > 0 with s—t < 1. Let the starting positions x; € L*(2,R) be F;-measurable random variables
that are identically distributed over all i € {1,...,N}. Let (X1®N)isi50 and (X5®N), 5450
be the solutions of starting from x at time t and s, respectively. Then there exist some
A2 € (0,min{\ — 2Ky, \1}) and K > 0 (both are independent of s,t, N ), such that for any
ie{l,...,N}

Bl - XN < Ks - p2e e

Proof. By It6’s formula, we have, for any s >¢>0,u>0,i€ {1,...,N}
t,x;,i,N s,xi,i,N |4
EUXS—&-u - Xs+u | }

< E“Xt,mi,i,N _ Xs,m,;,i,Nﬂ
>~ s s

u
t,xi,i,N s,24,4,N |2 t,xi,i,N s,xi,4,N t,xi,i,N $,x4q,8,N
- 4/0 E [|Xs+w - Xs+w | (Xs+w - Xs+w ) : ((VU(XS+U} ) - VU(Xs—i-w ))

N
1 i L
(5 oIV = XN - oV - Xs’xl’l’N)))]dw
=1

s+w

< Bl N a(a - (e ) Rv) [URflt x| Jaw
0
Ky o~ [
+ 50 [Cm]xte - x| aw,
1=1"0

where we used Young’s inequality along with Assumption [5.2.1] From the proof of Proposition
(see, equation [5.46), we deduce that E[|X[#4N — X&#etN4] < K(s — ¢)?. Using the
fact that A > 2Ky, we conclude the claim. O

The next statement concerning the second-order variation process is similar to Proposition

which is used in the proof in Lemma [5.6.1

Proposition 6.4.3. Let the assumptions and set up of Lemma [5.4.9 and Proposition
hold. Then there exist some Ay € (0, min{\ — 2Ky, A3}) and K > 0 (both are independent of
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h,T,M and N) such that for allT > s>t>0 (withs—t<1) andiec{l,...,N}

E |:|Xt7:vi,i,N _ xsmii N

2:| < K(S _ t)e—2)\4(T—s)7

Txi,xi T\@i,x;
N
E |Xt717;7i7N _ X57€E7’,»i7N|2 < K(S 7t) —2X4(T—s)
T,xj,xy T,xj,xk — N € ’
i,5,k=1,i£j#k

and

’

< K(s—t)e”2M(T=s),

Tk, ok Txk,zx Tk T.zi,xk T,xk,zi Txk,z;

N
Z ]E“Xt’zi’i’N _ XS’sz‘,i,N|2 + |X;Zii,i,N _ XS’W'L/L-,N'Q + |Xt,xi,i,N _ x 5@t N
ik=1,i%k

Proof. This proof is a combination of the methods used to prove Proposition and Lemma
and we streamline the presentation. For any 4, j,k € {1,..., N}, we have that

| t,xi,t,N 3>1i77;1N‘2

Xt,a?i,i,N _ XS,IL;,’L’,N'Z
T,xj,xk T,z;,xk

8,Tj,T 8,Tj, T

T—s
t,x;, i, N $,@4,1,N 2 t,@;,5,N t,xi,i,N 2 $,%i,1,N 8,%4,1,N
- 2/ (Xs-i-u,wj - Xs-i—u,;vj ) ) (v U(Xs—i-u )Xs—i-u,mj,a:k -V U(Xs+u )Xs-‘ru,mj,wk)du
0

T N

t,xi,i,N S$,xi,t,N 1 2 t,xi,i,N t,xy,l,N t,xi,i,N

- 2/0 (Xs+;,xj,xk - Xs+1bt,mj,xk) : (N E :V V(Xer; - Xs+u )(Xs+;,mj,xk
=1

stu,r;,Tk s+u S+u,r;,Tk S+u,r;,Tk

N
taL N 1 N LN DN LN
— X bTub ) _ E VQV(XS’I”% _ Xiji, ) )(XS@/ ? — X5 ))du
N

=1

T—s N N ,

t,x;,i,N $,Tq,0,N 2 t,x,N tyxy,l,N yt,xp,l' N
- 2A (Xeru,:cj,:vk - Xeru,:cj,:vk) : ( E : E aa:l,zl/ Bl(Xu )Xeru,xj Xs+u,a:;€
I=11=1

N N
2 s,x,N s,21,0,N v-8,2,7,1' N
- E E 8zl,wl/Bi(Xu )Xs-l-u,zj Xs-i—u,a:k du.
=110=1

The remaining steps are similar to those in the proof of Lemma [5.4.5 and Proposition [5.4.4
and we therefore omit a detailed analysis. O

The next statement is a classical result on the stability of SDEs with respect their initial
condition.

Lemma 6.4.4. Let Assumption hold (with A > 0 denoting the convexity parameter) and
let p > 2 be given. Let (X} )i>0, and (YN )i>o0 be generated from with i.3.d. initial states
XgN ~ o YPN ~ v e Py(R), where XY = (XN, XY and YV = (v, v,
Then for any i € {1,...,N}, t > 0, we have

JEUXZ’N - Yf’Nﬂ < e‘”‘tlE[ XN - ngN|2] (6.22)

Furthermore, if Yi¥ ~ uN*, the stationary distribution of (5.11]) (given in Proposition ,
we have

E[[xi - vg N ] = E[|xiY - V] < e B[ XY - YN (6.23)

Proof. This result is classical and we present only a sketch of its proof. By Ito’s formula, we
have

IEIUXZ"N _ Yti,N|2]
<E[|x5" - vy - 2/t E[(X0Y =) - (VU(xEN) = O (v) ) |as
0
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t N

< B[l 3] - [l v Plas- 5 303

' ot B[ (Y = X0Y) = (VI =YY - (VYN - XN - vV N - i) ) fau

t
<E[|xe" - vg || - 2)\/0 E[[ X2 - v~ ] as,

where we used Assumption This estimate allows to deduce the first result ([6.22]).
The second result follows since Y ~ p™V* (and thus Y,V ~ pN>* for any ¢ > 0) and the
one-dimensional marginal distributions of ;N>* are identical. O

Lemma 6.4.5. Let the assumptions and set up of Proposition[5.2.8 hold with £ € LP(),R) for

some given p > 2. Then for the processes defined in (5.151)), (5.153|) and (5.154), respectively,
there exists a constant K > 0 (independent of h, T, M and N ) such that for allm € {0,..., M —

1}

i\ N,h
max  sup E||X;0P
i€{1, N} se(o,h] (X4l

< K(1+E[[¢P]e "),
max  E[|X;pVP] < K (1+E[[¢[P]e "),
K

i€{1 N}

max _ sup E[ |Yz:+}: 7] <

1+ E[|£]P]e " tm).
i€{1,...,N} s¢[0,h) ( [|f\ }6 )

Proof. Using Proposition and taking the definition of the processes in (5.151)) into account,
we have for all m € {0,...,.M — 1}, s€[0,h] and i € {1,..., N},

E[1x}%47) < K (B[IXEV"P) +E[IVU QGNP

N
1 i j i i
+ ¥ SCE[IVV (XNt - XPNM PR + B[ AW P] + E| |AWm+17s|p])
Jj=1

N
, , 1 ,
< KU+ 1) (RG] + B[ VOGN P) + 1 S E[IVUGEN)P] +1)
j=1
< K(1+E[[¢[P]e "),
where we used Jensen’s inequality and the fact that VU, VV are of linear growth (Assumption
5.2.1).

For the second and the last estimate, recall that X;" = X" 4 o AW} /2 and Y;ivfll s =
Xf;nN’h + 0 AW}, /2. We have that for all m € {1,...,M — 1}, s € [0,h) (recall h € (0,1) is
sufficiently small) and ¢ € {1,..., N}, we have

E[1X5""P] < K(E[1X," ]+ E[JAWLP]) < K(1+E[[g[7]e),
E[1X;,"" 7] = E[1X;,"1P] = E[I€],
—1,N,h >i,N,h :
E[1X,, " 1ol] < KE[XDF] + E[|AW,, [F])
K(L+E[JgP]e~rin-re=eh)
K

<
< K(L+E[[gf]e7m).

O

Lemma 6.4.6. (Gronwall’s inequality). Let T > 0 and let o, 8 and u be real-valued functions
defined on [0,T]. Assume that o and u are continuous and that the negative part of (B is
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integrable on every closed and bounded subinterval of [0,T). If a is non-negative and if u
satisfies the integral inequality

then

u(t) < B(t) + /Ot a(s)B(s) exp (/st a(r)dr) ds, Vte[0,T).

If we further have that B is non-decreasing, then

u(t) < B(t) exp (/Ot a(s)ds) . veelo,Tl.

The following auxiliary result is needed in the proof of Proposition

Lemma 6.4.7. Let c1,ca,c3,¢4,¢5 > 0,C > 0 be real constants with ¢1 + co + c3 < 1. Let
(an)nen be a real-valued sequence satisfying ants < c3apiro+Ccotni1+c1a,+C with initial values
0 < ay,a9,a3 < K, for some constant K > 0. Then there exist some constants K1, Ko > 0
(both are independent of n) such that for all n > 4

—(l—c1—co— 3
an < K1 + Koymax{ay, ag, azye”(1-c1—ca—ca)n/3,

Moreover, if ant3 < c3an42+ C2ant1 + c1an + C+cge™ ™ and (c1 +ca+c3) # e, then there
exists constants Kz, K4 > 0 (both are independent of n) such that for alln > 4

an < K3+ K4 max{al,ag,ag}e_(l_cl_cz_%)”/g’.

Proof. By the condition satisfied by the sequence (a;)nen, we deduce for any n > 1

Ant3 < C3Gnt2 + C2an41 + 10, + C < (c1 + ¢2 + c3) max{an, dn+t1, Gnya} + C,
Anta < C3an13 + C2an12 + cran+1 + C < (1 + c2 + ¢3) max{an+1, nt2, g3}t + C
< (c1 + c2 + c3) max { apq1, Anpo, (c1 + c2 + c3) max{an, Ang1, any2} + C} +C
< (e1+ 2 + c3) max{an, Gny1, Anga} + 2C,
Unys < C3Gp4a + C20p43 + Clant2 + C < (c1 + c2 + c3) max{an 42, @ny3, s} +C
< (e1 + ¢ + ¢3) max{an, ani1,aniat + 3C. (6.24)

Hence,
max{an13, Gntd, anis} < (€1 + co + ¢3) max{an, ant1,ania} + 3C.

Consequently, adding @ +csc < 0 on both sides, we observe

2+c3)—1

3C
c1+catces)—1

max{an+37an+47 a'n+5} + (

c1+c2+c maxyQn, a a + .
>~ 1 2 3 nsy Un41, Un42 (Cl Co 03) 1

Further, we derive for n > 1

3C
max{asn4+1,03n+2, A3n+3} + (citeates) —1
< (e14c2 +cg)”(max{a1,a2,a3}+ 3¢ )7
(61+CQ+63) 71
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which implies
3C
1—(01+02+C3)

< e (Imer—ca—cg)n max{ai,as, a3} + K,

max{asn+1,a3n+t2, @3nt3}t < (c1 + c2 + c3)" max{ai, as, a3} +

for some K > 0, where we used the inequality e* > 1+ z, for any £ € R and ¢; + ¢ + ¢3 < 1.
Similarly, for the second claim, using the fact that e=¢5("12) < g=¢s(n+1) < ¢=cn e derive

as in (6.24]):
max{an13, Antd, anis} < (€1 + co + ¢3) max{an, ani1, anio} + 3C + 3cge™ M.

36—c5(nt1)
+ (c1+catc3z)—e™c5

Adding (Cﬁcficg)A on both sides, we observe that

3C 3e—cs(nt1)
c1+ceatez)—1 + (c14+ca+c3)—e ¢

3C 3e~csn
(c14+ca+c3)—1 * (c1 4 co + c3) —6*05)'

max{asn+1, @3n+2, A3nt+3}; + (

<(c1+c+ 03)(ma’X{a3n72; a3n—1,03n} +

Consequently, we have

3C 36—05(n+1)
+ -
Cl+02+63)71 (Cl+02+63)7€ €5
3C n e~ )
(c1+ea+ce3)—1  (c14cates)—e o)’

max{asn41,43n+2,A3n+3} + (

<(c1+cy+ 03)"(max{a1, as,as} +
and therefore

max{a3n+1, a3n+42, 03n+3}
3C 3e7%

< e (merme2=ea)n yaxfay, as, a3} + + 1—emon
- { bE2 3} 17(014’624’03) |(Cl+62+03)76755|< )
< e~ (marme=ca)n max{ay, ag, a3} + Ko,

for some positive constant K. O

6.4.4 Omitted residual terms of Section [5.6.2

In this part, we show the exact expectation form for the residual terms R} , R} R} ,R{ and
R} in Lemma The positive constant K below is independent of h, T, M and N and may
have a different value in each line. For the residual term Rth’ we have

E[RE,]

tm+h ra1 pae 5 Nk
= KE[/ / / E AW;ﬁzh . afﬁ -,Iw2737727%37-”f73u(tm+1’ Xq3 ))dW{;fsl dgs quWls]
tm tm t

™ yelldy

tm+h rar pa2
Z —N,h
+ KE |:/ / / AW;’YS;Q}L ’ ag"fl 7x’Yl 133"{2 7‘7372 135"/3 73373 u (tm—"_l’ XQB )> dq3 dq2 dW(;yl3:| :
tm tm t

™ yelly
For the residual term Rfm, we have

E[R;,]

tm+h g
el
tm t

m
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—_N,h —_N,h ) )
Z AWr’rYi2h ’ 89371 (axvg B'Y2 (XQ2 )aiw’wwgu(t"“rl’ XQZ )) dWJZ dWl;yf:|

N
v€elly

tm+h  rq1
+ KhE [ / /
tm, tT’VL
—N,h

—N,h -
Z AW;LBQh ’ 82 <89”w3 B’Yz (qu )82 u(tm"‘l’ qu )>dQ2 dW¢;13:|

Ty1:Tyy Ty Ty3
~yenndy

tm+h  rq1
+ KhEE |:/ /
t'VYL tm
N,k

, _ —N,h )
Z AWy, - 0 (BW(XQZ )6;27%,%u(tm+1,xqz ))quv; dW(;ls}

~yendy

tm+h q1
+ KhE[ / /
tm tm

, 9 —N,hy 3 <N,k
Z AW;LJQh ’ 8I71 VT oyq (B’YQ (qu )awwz,wm,w%u(t’rn-ﬁ-l’ qu ))dqQ sz;l3:|

~yemdy

tm+h rq1 pq2
[0
tm tm Jim

; <Nk
Z (AW%“,%AW%% Dy W, X)) AW AW AW

~eILY
" REIN L xVh 72 V3
+ AWm72hAWm,2h amn 1Toy1 5Ty s Ty3 5Ty sTys ultme1, X¢13 ) dgs deI'z dW(h
tmt+h g N
E V3 Y& .95 Y Y2
TR |:/ / (AWm*QhAWmQh aﬂ”ﬂ 1Ty Ty Tz 5Ty u(tm‘H’ qu )dq2 thh
V3 Y4 .95 ~N:h Y1
+ AWm,QhAWm,Zh a:v.yl YTy Ly 1Ty 1Ty u(thrla Xq2 )qu2 dg
V3 Y4 6 ~N.h
+ AWmazhAWmﬁzh ' 6“’“/1 7 Typ &g Tyg :Iw37$W4u(tm+1’ XQ2 )dq2 dql) :| .

For the residual term R} , we have

(- e[
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For the residual term R{ , we have

E[R],]
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For the residual term Rf . we have
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