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Contribution to the Theory of Diffusion in Cases and 

1. Introduction. 
'Ale theory of diffusion in gases has- been approached 

in two diffev::nt ways in the -oast. The first is by 

me-ano of the old free path theory initiated. by Maxwell 

Boltmannt imprw.sed by Tait. Meyer. Jeans and others 
-17hieh though unable to give exact quantitative results 
oAng to the a-ssumption that .molecules after collision 
are clistributed in the Maxviellian type in non,uni form 

provides a simple vivid oicture of the comlex 

molecular transport phenomena in gases. The :ace cad 

one 'due to Chapman end 'Ensicog is to fine, the deviation 
from the Maxwellian velocity distribution in a non- 

uniform gas by solving Maxwell and 13oltzmanats 

Collision equation. This has been successful in most 

respects for gases tlt low density* but the generali- 
zation for the condensed phase leads to almost insur- 
mountable difficulties. In. part i of the present 
:aper.,, the phenomenon of diffusion is examined in the 
light of the theory of 3rownian motion, it is found 

that the coefficient of self-diffusion in gases can be 

rigorously calculated by treating the molecules as 
'Brownian particles. The same method applied to 
mutual difusion in mixtures reveals on the one hand 

the entirely different natures of self-diffusion and 

mutsa) .iiffusion, and on the other the inherently 
ap.L-Jroximativ&T nature of the free path theory and the 
necessity 
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neoessiy. of Elaborating the riGorous theory in order 

to obtain exact quantitative results. In the theory 

o tieownian mo .,ion, the displ e.cement of a Brownian 

artiole in an interval At during which a large 

number of collisions is suffered by the earticle with 

the sureo-anAng molecules, is taken as a purely random, 

;;rooese, i.e., there is assumed to be no correlation 

between the suc..tceosive dieelacements in ou.cceesive 

intervals At . The probability law -governing the 

reaultant displacement in a large number of such 

intervals At can be obtained from the probability 
laws governing caeh individual step by Markoff ts 

Method. it i then shown that the ratio of the mean 

square displacement (A2T to the correspond-ing 

interval At is independent of the time inteaNal 

chosen provided it is long anolidi to contain a large 

number of collisions. .1he constant ratio is obviously 

physical property of the medium in Ithieh the particle 
moves. The relation of this constant to molecular 

data is not eonsidered in the theory of Brownian 

motion; such a relation can be obtained only if we 

can follow the motion of the particle within the inter- 
val At in greater detail. 

Following the spirit of the theory of Brownian 

motion wo fix attention on a particular molecule and, 

try to determine how the probability of finding such 

a molecule at a definite position becomes blurred 

with time, as the particle disperses and drifts in 
the if 
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the medium, mhioh may consist of molecules of the 

same kind as well as other kinds _The "rate of 

dispersion" of this probability measured by 

depends far any given molecule on the locel physical 

parameters i.e. , the number densities of the different 

kinds of molecules present, the temperatare etc., 

while the "rate of drift" measured by (°53' ,t- depends,. 

in addition to the above mentioned parameters also on 

their gradients. If the medium is in equilibrium, 

t61% alone represents the self-diffusion. In a 

non-equilibrium medium t519 contributes an addition- 

al part to the diffusion velocity. 'axis consideration 

applies to liquids as well as to,gases. In the 

gaseous region it is found that the calculation of the 

second part requires the velocity distribution in 

a nonuniform state; the ordinary free path theory 

without finding the deviation from Maxwellian velocity 

distribution, has only taken the first part into 

account in a 0=04 way, hence no exact results can be 

expected. This again suggests that in the liquid 

ropion a qualitative theory may be built on the first 

part (4617:t only, corresponding to the free path theory 

in the gas region. This is indicated. in the last 

section in part I. 

3y taking advantage of the simplified features in a 

gas---low density, binary encounters and the hypothesis 

of molecular chaos, it has bmn found possible to 

follow statistically the future course of a given 

molecule / 



molecule for as many successive free flights as one 

pleases. In a non« -uniform as Maxwell and Boltz- 

marn's equation holds at each encounter between any 

two successive free flights,. In the liquid region 

the mechanism of rni .°ation of molecules is very 

different the molecules instead of travelling along 

free paths hava to evade or overcome certain potential 

barriers bef cre .lifting to adjacent sites.. It 

seems possible by considering the fluctuation of the 

potential barrier round agiven molecule due to the 

nearest neighbours, to calculate the rate of escape 

of this molecule te adjacent sites.. 

The co :nolusion reached in the gas region in part I 

also indicates that in the liquid region the strict 

theory of diffusion will require finding the local 

velocity distribution in a non-uniform 1101 44 or the 

rate of drift 
(a 
% due to the presence of gradients 

of densities, temperatures etc-. This is deslt with 

in Part II of the present paper where the method 

initiated by Born and Green is followed. Intogrc 

differentiel equations for determining the velocity 

distribution in a non -- uniform li:-uid mixture are 

derived corresponding to Maxwell and Boltzmann' s 

collision equation in the gas theory. In the last 

section of part II f omal expressions are given for 

the coefficients of viscosity and thermal conduction 

as well as the coefficients of ordinary and thermal 

diffusion 
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diffusion from quite general considerations. A 

practical method of solution is proposed and discussed. 
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Part I. Diffusion and Brownian Motion. 

I. 1. Diffusion and tramition probability. 

The transport of molecular properties ,in a norp. 

uniform fluid proceeds in two different ways. The 

first way is by means of the migration of moleodleS 

from one place to another carrying with. then the 

local properties - the densities, the mass velocity 

and the temperature; this may be called the kinetic( 

part of the transport process. The second way, 

called the potential part of the transport- process is 

due to the action of the intermolecular forces. 

Diffusion is decidedly the simplest of all the trans- 

port crocesses, as it involves only the transfer of 

number densities. to the nature of the 

.process, one can further classify diffusion into the 

following two types. The first is self-diffusion, 

arising from the thermal, agitation of the molecules. 

It is always in action Whether the fluid is a alma° 

one or a mixture, uniform or non-uniform. The second. 

is diffusion arising from the =1-homogeneity of the 

physical parameters inside the fluid such as the 

number densities trk) the temperature (T) the mass 

motion velocity (u) and the potentials due to an ex- 

ternal force field (EL), the suffix L being used to 

denote a property pertaining to a particular component 

of the mixttre considered. Though in a simple theory 

one can express diffusion of the second category in 

terms / 
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terms of self-diffusion as is the case with the free 

iath theory in gases, the analysis of the present 

vapor shove that fmch p.rocedure can not give exact 

quantitative re sul ts. 
In all cases the calculation of diffusion coeffi- 

cients can be made from one ,,robability function i.e., 
the transition probability ti(2.c,4'25, 4, A4 ) defined as the 

probability that a molecule of the cri. kind at x at 
time t will uffer a displacement AX in time At. 11: 

depends on x, t through the local parameters A.*. 

and their space gradients. The time 

interval At is suspoEed to be macroscopically small so 

that the mean square displaoement suffered by the 

particle is also mall by rnacroscouical standards, but 

at the same timo it must be 'large compared to the 
intervals between individual collisions in the ease of 

gaseous diffusion, and. in liquid cliffusion it can be 

Id.entified in a rouda way with the mean life of a 

Ina coule ixi one site. In both cases the velocity of 

the molecule at the end. of the interval At is no 

longer correlated with that at the beginning of 4t. 
We are then ju...:t..1,.-eied in taking the displacements in 
successive intervals At to be independent of each other. 

In fact for the purpose of oalculating the co- 
efficient of diffusion* we do not need the whole of 
the transition ,probability , but only its first 
and second moments ( (tu), (4e ). 'de shcll in the 
first / 
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first place consider the case of ruie self-rsiffusion 
in a Uniform fluid. The transition pro bábil ity %1- 

oan be a function of AX and At only and it must be 

even in oX for reasons of symmetry. Let r1 
<<) 

{ 
x, t) 

be the probability of finding any particular Mole- 

cule at t in x, d x, t hen om can express the probability 
wtstributior of .a 4ven molecule at time tfait in 
tr:saf that ae t;ul.e a,t time t azcl. the 

transition .rCtl.b.l i + ( px, 44 ) e. 

( x, } te.E ) -ox, T 14x,et) d(ax) (1 -1) 
the integration being extended over all values of 
Equation. (1 - 1) can be expanded on aacotant of our 

assumption that At is small. 
+ etat,'L6l(é"0 t O 44_ 01. 

{y¿5(ö,#)-nxj Ft"(/.k) (43c- 44:44 r(y(2E.f9 +U(ox)(a,obd(az) 

= re) X E) itz. nc'(x }) 

J 

(°t, '47)(4?-01- d 66254. + 0 020Y. 

kncrirg that i s normalized and even in ( 41.) i.e. 
S ÿ' (al,né') 4 (QS) _ 

1 

(ax, it) (sx) ,((ax) = o ( odd ) 

( ÿ. (ex,at") Ott `i'(óx,nt)(4ïSjl4(aX0 = (43.,).. 

where the bars are used. to dentato averaging wi th the 

we idlt function + . 

If (46), is taken to be of the same order as .at, 
we can neglect t)(°V- and O (ae tmd oli tain 

_ re t) 

2) 

(1- 3) 

comparing t7ith the sttan:.ard form of the equation of 

diffusion we see that Lao offielextt of self-diffusion 
Ds 1 S 

(nx,1 
S 

6 4 t - ( 1 -4) 
It is well laiovzt that this ratio is independent of 

At/ J 



At provided that it fulfills the condition we imposed 

on. i t before. We notice further that thi s ratio is 
independent of the particular mol ecule Vie have _chosen 

same i.e. every molecule has the ttendency to disperse 

among the rest. 
It may be pare-nthetically noted_ that the transition 

probability oan be found in this ease to be 

(AL+14z 
) s) (4 4D: 

for sufficient large At by assuming the validity of 

the ordinary equation of diffusion 

(1 - 5) 

a a ETehtz,0 = (1 - 6) 

The form of 4- in (1 - 5) is consistent with our 

assugiption made about the order of macpitude of A t 
and elcy- . Thus under this assumption the ordinary 
equation of diffusion (1 - 6) and the transition 
1.)robability (1- 5) 00,11 be obtained from each otter. 

Jo next consider diffusion in a non-uniform binary 

i317.ture in which the physical parameters x.c ( kenc,rti,Ez) 

vary smoothly i2). space. Fixing our attention first 
on a particular molecule i say the ctt, of the first 
kind, we examine the machanism by thich it migrates 

in a medium which consists of two ififfore-nt kinds of 
molecules and -which itself changes in space and time. 

is here also a function of and tt As before 

we know from continuity considerations- that the 

probability density ( Z.7 t-) satisfies the relation. 
, 

(2(2-66-, 

where / 
t-, A I-) -co( cq4x4 7) 



where the subscript 1 iu use(3 to indicate quantities 
ncrta.inf.ng to molecules of the first kind. 

Expanding both vi d=y s of ( l, - 7) as before, not,i oim 
'L,h ou~ d be expanded too, we obtain 

rt. c K/ ) t f 0 LAO ( 
= - zx 'l n ̀ , ( ` ) ( 4 1 9 , i +-2.1 á = n`'( x ) (ax t) + ù (G. 6z 'Is . l¡2 3 

if we neglect terms of hie-r order than 4.t- 

let 
p6), 4 , , ( K, atti f, o0 4)1 L{(ae = Y, dt 

(QY p t, s Ì t, / xx e E p 4(s.3) ) ax "`MMM') 
cR 

equation (1 - g) becomes 

t nl')(x,)r) = - 

4 

I-L ,"(r,t-J/ + 2ht C z. I et, at, t--)o1,J 

and 

(1 9 

1 ï ̀ ' f y 'J 

Since 4'1 depends on the apace gradients at 2-,t 

the same holds for q, ; we may therefore expand 

with ro37eCt to the c7adiGitsg thus: 

, 

1 o(l = 3 - ! + U ( `P) p( _ ? 
(d125);2(d125);214+. (d125);214+. 

ax ) 

As terms of higher order than. the second in the 

gradients on the R.H. S. of (1 - s. ú) will be neglected, 

we require for terms involving at MO-at the first 
order cxaäie.nts and for d, only- the first term in 
(1 - 11) . Liquation (1 - 10) can be 

rewritten in the form 

,'( ñl)e=`,0.6) t 3 it '4 (1 - 121 

Hence from the equation of continuity for nf' we 

find the local flow -,.`,'(x,t-) 3.-t- of the probability 

densi ty In-(8.) ( x, 

Yi(.`) u = nt," (e,t-) , - i d (, (2'10 o(( ) 13) 

:= r 



!l 
Up to the present, we have only considered the 

tia:obabi3ity of finding .a .particular molecule at a 

gl.vc.n. position. To relate it with the local partial 
don: it,y , (x,k) of molecules of the first kin.d, we 

imagine that at some 4ven instant when the mixture is. 
a7. re ady in its normal state, the Ae's are known 

thou;.out the fluid and in 41articula.r, the position of 
all the molecules are exactly Imam.; the transition 
probability of oath molecule is found. by treating the 
rest as a medium, with .1, s known everywhere. At any 

later instant t, the probability of finding the vol.unui 

element x,aX to be occupied by any molecule of the first 
kind must be equal to the sum of the probability that 
it is occupied by each of the molecules of the 

first kind, i. e. 
N, 

t) = L`,' (. t) (1 a 14) 
Y=-1 

Beeidr s, t, depend. may on x t aad arc 

independent of which molecules of the first kind is 
chosen for consideratic+n. The tcata,l local flow of 

molecules of the first kind is 
Y r, 1 4.(1`) - 1 fr. I ) - ) 3 

of which a part is due to local masa velocity u and 

the rest i s the interdiffusion velocity k; Hence 

- ' -) 
- 4.f?/ 

i 
3 

thcrf 

ß, _ H 

i'r0ceed.ing 

1 á lh °l1) 

aa1 d1 ant 
DX' 3 K, ?X 

- 16) 
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Prooeeding in the same way, we obtain for molecules 
of the second kind 

¡ , aa,. et, agi,. ee 
z 3 ax 3 w, a=` , (1 iB ) 

where ß1 , and tin have analogous meanings. 

The mutual diffusion velocity ( ) follows 
from (I - ï 6) and (1 -- 18) 

áLw4_,(1) 
19) - 

It ie seen that the mutual ii fusion velocity 
consists of three terms. Apart from the difference 
( 

_, ,i ) of the first moments of 4 and. tk. divided by 

the time interval Vt ich is oha acterietic of non- 

uniform fluide, there is the part due to the gradient 
of the difference of the second moments ( are- d,, ) of 4-, 

and le di vi cde d by the time interval and the part due 

to the presence of a density gradients. One can see 

at this point that without knowing the deviation from 

the I.1exwellian velocity distribution in a non- uniform 

fluid. cue can at most approximate to the real diffusion 
velocity by the second. and third. term in (1 19) , and 

this is that the otc free path theory have intended to 

do, thous .t the persistence of motion, i.e. the tendency 

of a molecule to continue its etate of motion after 
ool_liseion has never been properly tetcn care of. in 
the next section a, and ot, are calculated. by following 

the molecule for a large number of successive flights; 
thus the correlation between the motions between 

successive encounters is rigorously taken into account. 

The 
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The c cond . and third term in (1 -19 ) with d, and a, thus 
ctzl ated would represent the upper limit that one 

can expect for the diffusion velocity without finding 
the true velocity disir3 but ß.on in non-uniform gases. 
By making the saine assumptions, a oorre spondiam theory' 

for dif:usivn in liquids is indicated in (1 - 5). 
In the fbl1.Qwing we shall give the formal expression 

of the coefficient of ordinary diffusion ( Do ) and of 

thermal diffusion (DT ) in terms of ' d, d oc, ' 
As ' and 3?. ' are linear in the dients, so are 

and only the components in the directi.on of ', X and X 
are of interest in the present ca cuá.ationt we write 

/ àh ah, p a x (3, p, ax 

ad, 
= D_ aa+,, . 

4_ a IA, at, 4 a_r c,.4, 

a25 a,., as r 
with similar expressions for and 

('L - 20) 
a01,. 
ax 

In order to scicct the part of the diffusion due to 

the presence of a pressure .{;rac'=.ient, we transform the 

g.'adi s r + aT 
x a x u., d ax a= ax ax r 

-7<hil e p p, f p2 is the to tal pressure. 
a e, 
a* 

ox 

I ah,_ i a -. - C ra.1 k, 77ç ., X J, Vt. s h 4- 

5± ar ap 
ö'r,, + d? r7y,,,, üx t7T 

a , 
(l ° 21) 

Xt 
áx Hence we can express in terms of á, ax áx 

d Lk. ac, a a dT 
DY` vx th, Cax ax) x ` 

ah, tiáp ae, -apar d a p 
Òx - art, áK i ax ûT aX n,j,,,}-a,,i)J 

In the experimental observation of diffusion in 

fluids the pressure is usually kept constant, thus one 

can take LP= o in (1 - 22) 
bUbst itu tinj 
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substituting (1 - 22) in (l. - 20) we have 

7' 
PI"( (- (3`a) ffe) òi à., 

' dt 
+ K 3 hs3'1) Tl ôT 

p )a Sax 
t 

r,l Lat.P) ac,,n - 
19-P 

Where 

.8- 
a 

faa, 
T 

.. ap 1 àr -p aTJ ax 

with similar expressiflr3.s for f1 and aas 
ax 

2.) 

24) 

i4,uation (1 ,- 19) beoote8 after inserting the foz: 
expre s s i ons of p,/, .9: a x' and aá. 

v= 

" _,;_= li'r!')-(`- 1 a% 1i..d t ae, .6p t ak, 3 àh,.) Slr+, a+i n;artix 

f ¡ 
(1 - 25) 

-3 !,c(-a4-á+.9-)lac_ °I 
l 

Comparing with the uszml definition. of the coeff. 
of ordinary c3iffusicn D and thermal diffusion Dr 

sy 
D a 

v ç., Dr a-r 
_ 

, i =- l c r- T J 
we obtain fi na.F 1.y 

r, r,t i ad ,-a, p) G.°/: 
a-F - + ñ. . o 

° .e.p 3 z 
-jm 

r`, (9(44-( -ez a+.r 

n.1. 
T-C+4. .er) - TaT ]Ca: 0,) 

A. F. 
3)T 

1 
!a - ,,` el?-03)i 

", 
ef; 

In a dilute &a s 

Po 

- 

(1 - 26) 

-hkT =.t,.kr vie have 
+i dr+ , u' c3, o, c+i 

3 K, ,,z) r k )+1 +(r ) 

3 ,'i _TdT)(aÌftl(`,(r'! `31)+11s(t',t+í4), 
1 

t (, - (31 (Z T P ) 

(1 - 30) 



L - 2. 3tatistias of motion of gls molecules. 

In the present section it will be shown that one 

can actually follow the oath of a single molecule 

statistically, assuming the real velocity distribution 
of the medium as a func lion of x and t to be known. 

Ile shall take advantage of the particularly simple 

feature in gases of low or moderate density by virtue 
of ;`Mich the molecules spend most of their tine almost 

free, °rom the influence of thc rest so that a :fairly 

well defined straight free path is no ; in fact 
at .T.P the mean free path is usually about several 

1handred times as long as the diameters of the molecules. 

Thereby the assumption of molecular chaos ana. binary 

encounters are justified. ied. 

Strictly speaking one can define rigorously the free 

path only l'or rigid spheres. In any general. force law 

the total cross section calculated classically is 
a¿; ays infinite due to the beak interaction of the 

distant mol ecuLes vhile in quantum theory it is finite. 
For the present purpose wo may cut off the interaction 

bcyonc a reasonable distance with negligible error and 

it can thon be sb.ovin that the final results 04 ,01, etc., 

are practi sally indo pendent o the rango of interaction 

which we have chosen at the beginning so lone, as it is 

not too short. 
. wo basic probability functions used in the present 

section will bc defined first. 
(1) / 
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(1) je( Pc, 
L 

) ct = pEobability that a mole- 

cUle at x of velocity ec') at time t will have suffered 
a collision in t,e(t. 

(2) 2C( P, ) d = fr = --- probability that a 

molecule at x of velocity r" tlt time t will have been 

deflected into V'', ci.V4) in t_ecit. 

It will be sho1 n. in the appendix that both ), and, 

2( can be calculated for any force law with finite 
range* 

It is obvious from the definition that ,e is obtain- 

able from )e i.e. 
Jet. V), ar, x 1:1; - ) 

Both 11.4 and X depend only on the instantaneous 

velocity of the selected molecule at time t and 

not on its history; it does not matter how long the 

molecule has travelled with that velocity e before 

reaching x at t. In a gas in equilibrium )4 and X 

arc independent of x and t; fr is a function of 1;1 

only and X of In, tj and e only, e being the angle 

between V9 and 

In dealing with a series of successive flights i.e. 

motions between encounters, we shall de note by tz,x(')4 

the time, position and velocity vector at the 

beginning of the flight and by lI t --kij the time 

interval between the tt andpe encounter where the 

zte encounter occurs at the beginning of the Co, flight. 

In particular 1--,c1-1 is the time of the Lti.. flight. 

We / 



1 {! 

;';=E fir. t find the probability that a molecule at 
xi') with velocity V' at time t, will travel freely 

for TZ and suffer a collision in -11,,a17-... 3.,enote 

thi s probability by ( ̀ ; ';t T )a-ci c;rt h ave 

l,x.tz)dztz=f I 'o ?';t,zJdt}J`'C`xe;t,ldr, - 32) 

where the first factor on the R.H.S. gives the 

probability that it will not collide before 

and the second factor the probability that it will 

collide in -c1,, std.. 

Dividing both sides of the above equation by 

30.1 t) and differentiating with respect to 

T2 we obtain 
d ( l `; X`: t4, T L) l - w( I? 1e? t r 

Hence after integration we have 

Tr( ct"x)Q°-;X¿'+rt,FïJdï 

using the initial condition 

W( t', X "J Z, v / = ){ / r. 
We notice here that -the probability that a mol eoule 

of velocity }"' at x''! t, will travel frscly for an 

interval not less than 1;4. without collision is 
to 

according i(1 - 32) 

1 
Tiz 

.("; 
- l o `; ?``'+`'zf,+r14L 

e (1 - 34) 

770 now proceed. to consider the etatietic,s of a complete 

flight. (:üy a complete flight is meant the flight 

of 
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of a mole cu3 e between two suee es aive coll i s-1, onc, The 

correct deinition of free path sla.ous.d be based on this 
concept. One secs clearly at this 'ooi.nt tho differ- 
once between Msaswoi`i's free path which is in accord 

with the present definition and '2a.it's free path which 

is not). 
., et + W ( 19, 25'`3 tr ;cp.. ) c( V) d x(" dZit, be the ,.irobabi's.i. ty 

of finding a molecule at X'`), 42.," at time t with its 
:velocity in 1;d11`'' which travels freely for 'G1 and 

suffers a collision in -cm, dlr,, . tte have simply 

vu; C r x'; t, Ts) AIN x`"4Ty,,=- fiie;r: t)cv-Lta`;t,=¡,lá°d?`di,.(l - 35) . 

where .,cto; V5,t,1 is the density in phase: rapace for a 

sirigïe molecule at t';r' at tcmt t, 
We notice here that among the molecules to be 

found in x' d x°J at t, with velocity in P9,dVo cyme are 

just being deflected into 0; AV" but by far the large 

majority of them have already ac:lu.iac°cd a velocity in 

V;d qi" before t, _:)as;.ing merely through 0,4110 at t, 

It would be incorrect to identify the avérag:: flight 

of the above act of molecules after t, with the free 

path of a single molecule and this is just `iait's free 

path Fr in the direction of V 

-tz7; x`i rozd c1-qi 

T 
W i go xc';4-,,tj ``y ( `` d-Cc1 i 

ch for equilibrium state becomes 

`' k r _ ( -C - 
where the bar denotes the average with respect to the 

11mxwell.ian velo city distribution. 

In/ 
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In order to determine the real mean free path one 

has to select from the above set of molecules those 

vvlich are just starting their new free path at t, at. 

51'his can be done by raking use of the function X 

The probability of finding at +, .a, molecule in X'; dx`'' 

with velocity in is deflected into r;d' " 

in At i4 f,(r0;' ''t.)ar'deXLYN, `''x', "ti)a!t1'dt, 

Hcnoc the 1)robability that a molecule with any velocity 

in x": de' at k, i:3 deflected into .1`;dß'" in ti. 4 , Le 

`mod{, r 4. (Le, `,k. )X I " V', x` tt,) 
Q r . 

It can be shown that in ,eases in equilibrium the above 

probability reduces to . x`'; ;yt,) / ( ", x t,) aI ̀ 2' d a'" dF. 

and in gases rThi ch are not in equilibrium it rc duce s 
` á t, )1 ¿ t tO M(Y`:eiEf /4 t ̀í)±r' . : ) 4(,c",c(E, 

That this is correct in the equilibrium state can be 

inferred from the principle of detailed balancing. 

For according to this principle, to every type of 

collision there exists the inverse type occurring with 

equal frequency exactly undoing the effect of the first. 
We therefore conclude that the probability of finding 

a nolc cute of any velocity at t` in ? I><`, which is 

deflected into i''' dY`' in {`,dt` is equal to e 

probability of finding a molecule in x ",dxf' at t, with 

velocity in f`29, d el which is deflected into a motion 

with any velocity in t,,at,, i.e., 
dr) d t, f s-`;' %C( vv. )t`.' ff ) 

= 4 ( 25" , ti) }^ ( 10? { ) d f`1) a xt' 4 E 
f / ` 

For / 

:-6} 
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For the non-equilibrium state the distribution 
function f, ci°aange s with time so that the set of mole- 

cules in x`; de" with velocity in i`; dr increases in 
tiro dt, :.4. the amount (at +s`"`4") f, C`t X` tl) ds ") _ 1 

02.i.oh is just the extra term :_ivt-n above. 

An alternative proof which may clarify the situation 
further is as follows: 

7:: et P, a1", t/ ) at,d de°dzLbe the probabili yy of 

f in6ing a mois cule with any velocity at rv. de at t. 

which is deflected into r'', d'E(') in tl, dtl travels 

freely for TIL snÉk collides in z,Ldr,L . Then it is 
seen that the number of the set of molecules 

w (;"; tl, T/L) dX.vdI`uect,2 must be equal to the integrated 

sum for all values of to < t, of the number of molecules 

starting at P, de, 
2S( 

1 = 
25(9 Yi r ) with velocity in 

passing through x",,d;.s`'' at tl dt, and arrivine at 

x0'; dx`'' at t,att ( The subscript G is used to 

indicate events prior to the instant "LI ). Therefore 

d °d 'd 
J 

P CV) Q to ° `; xo t t ) s<r QF`,dVc, 
I 1 1 l 1 i IL ta 1 

the integration is to be carried out over all t, 

If the time intervals arc counted from ts we can re- 

place d ó áTol a,, d dT, by drl,,Lt, a-4 dfL respectively. 

Thus 

eíedfdtZ P lri; X`t j,lycEL ,tz- cox., 171,2) 51; 
Fc+ fi4t-,i,t: ch., (rL) Q1``'d x94t-a. 

`.11.he vol urae elements a40a,..4ax'és,n. be chosen equéd. 

After differentiating b th sides with respect to T72 

we obtain 
-P4; L xlu4}'stLZ" 

pr} i {f(r;"rt,.t,7ijH'; xt) 
Hence 
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E nee 

P,( V''' 6.`" ' ( 4 a J~ +re.`,t)dT(1 = i(').-t,) ry 
t,) 

By definition and (1 - 3? ) we have 
(.1`.°', el >c ti ) á t1A) 

=_- d f °(`"°lt 
) 

P,( 3`, tzi,) C111 (a. - 3$ ) 

= d r ) t46" , Cd" ( i!",2..';,) F 
- 
A, E- D. á n) x ; t, ) 

which is the relation to be proved. 

It should. be added that equation (1 - 38) is merely' 

another form of the Maxwell cto Baltz ann's equation. 
For using (i - 31 ) we hE-.ve 

(á ..`,.á f(X,., v!; ax,v , i - , t 
(1 -39 ) 

X`;'t ) x ( ;°'- X, t, r ( " x° x( ;'`yt, ) (°' . , - = 

Having obtained. F, (;n; in (1 - 37) we can 

d..-:fine the real free path QM for the direction V5 as 
J1P(rj -C.) 

- 37) 

174 I( P,l ; x' t, ça) d`s;`' 4 

Pm the equilibrium state it becomes the usual 

ìaxwellian free path .QM 

= 

where the bars de note the average with respect to the 

Maxwellian velocity distribution. 
The extension from a single flidat to a series of 

successive flights is i:zunediatc. For two steps we 

defino p(+x`r,,T,a x;ti(3) ciircU''áf,-tyg}a dZ_a as the 

probability of finding at t, in 6"! ax"' with any velocity 

which is dcfl.eoted into i.` ; dy% in t,, ats travei s freely 

fc,r an interval z, , is defl.ected again into `: `iV`'' 

in tL, dt, travel s freely for another interva.l. :3 

and / 



a,nd finally collides in `3 dt,3 Then we can 

mite 
(IL:' 25L'411-1,1;2- 

cli X t T 4 K`'' _t `' e , -,>_ 2;) clti 4 Qti dT3 
a á ¡ = (J'tl`¡ xrvtl) }1-Yju/vlf'1T(nx`; t) c(L<<u4rNa( _ 

t.t1:dcs o, t xl-. ,, L, to d dtti 
; (1 - 40) tt ) dt /u( )1l>;tjldTi3 

, 

where the first factor gives the probability of finding 

a molecule at _^', 4.50 . with velocity in r", q" r °ta i W ng- 

its free path in t,dtl , the second factor gives the 

probabii.ity, that it will travel freely for 7,2 , be 

deflected. into ?`2', 4e' in t,at, and the last factor 
tr4ves the probability that it will travel again for 

ti,,; and suffer a collision in T,,3 ,dT,3 

By making u.Je of the properties of x (1 -31), (i - a3) 

it can be shown that 
iÍ P:(-ls)d dri3 = P.l 

P( 1 L-) d1!9 dt = p, o.) , 

where pl(a)and Pz l,l=) are u3ed to denote p, 

and p11';!`: t. ; r;' xl;'t,cj) rC spe etiVC:z y. 

Jitlilarly the probability function for N successive 

flights can be written down as 

--; txMI{-N, 44,NM )cla"'40 dt, - - - e/QtntTvH.. 
r, 

= (1.Z N) dgcvc(Vr'dir, '- dv( dtw dN,+vt1 

_ 
.1lj,(p9x"} ) + 

á 
+ r. ) -( " "; t,/ A_`''ds"'dt ,-' ' ót . , 

, 

w N M 

rtiZN 

1 

1 L(l +rdt 
41) 

f 2 lk( Tft+r dT 14.i) 
X 

64-1) 

- - ' Y} 

?" d.4 S /(iiwztdc} 
42. 

o fIYINH 

lis expecste:d the following .e:ls.tiana are automatically 

satisfied by PN (I,Z ... N) 

fl c --N-1 
1 

PN (1.1- ...N) fttlN' drd,N+. ( 1 ,à ) 

II d t 
1 - PN-1 ( 2., 3 .. . ,v ) 

cJr / 



J 
or more generally 

J.. f dV) .. . d tv- llr) alS' 4 Y .. a T 

(rto. , , ( s-r3L ). 
For the equilibrium state PN reduces to 

`''d e`0 at, --- d&at-N atKN+1 
N-t 

= { h(t')d(ia,) deá41ydt} -1 -M(IT++ 
t ifi) ìH) 

,W 

XL l; ) á a tr+l 

-/ rN.NH 
)(t 

11 

NiNir 1 ~N,lJ+1 

(1 -42 ) 

I. - 3. Self diffusion in gases 

Having found PN(1 t...N) 3n (1 -42) for agas in equili- 
brium, cell calculate the mean time of flight ak 

and mean square 6i.splacement fraxjz for any numberNof 

sue ce salve i ;ht s. To e onfoî-m with the co nditf on 

i.aposed on at in I. - 1, we choose a large number of 
flights so that (4's)ldt appraachcs a plateau value. 

It e': n be shown that 

Gt Tì,:+1> = N< Ti,_ , % 
/4(V 

( 43) 

Ah ere 
¡ .. v) = J H ,., (,) avid )-0) - "4-q1" ) 4-0) ( .`") 

n is the number density, the square bracket <) 

used to de no te the average. with respect to PN 

To p rove (1 - 43 ) we have to calculate ( -r; 4, > 

(1-1r, f-/f 

P`L 1z ..)T,;r, ddt,L---d/")dT,ìtl 
C{1 ) 

Pí ('A...0 de" arm -- 

- fP) X())-., x(-1,t) 
k') 

dC) r1/21 "AO 
1 

- 

r+(L) J,l( .r 

and 

using (1 - 42) and (1 - 26) , and x(Ix -) = x c tri 0) 
The mean displacement ( 'tc -.,)> obviously venishcs 

by / 
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by symmetry. the mean square displacement Of ff) 
will next be shown to be 

axi -\` , ='µfx N, '^')Ht +(N_t)[[ .1(12_4 
) E'yd "d t, 

+(N -$ ') )tTX(,3) i,J fi'4 » taJ 

where the first term insi to the bracket represent the 
main contribution from each individual step., the 

second term represents the contribution fron the 
correlation between two suzcessive steps- the third 
term from the correlation between two steps separated 
by one flight, eta.. Physically it is clear that such 

correlation decreases rapidly for each step, and the 

above series is therefore a ra,.:iily convergent one. 

To prove (1 - 44) e tir.° ite 
N N-+ (( 

t-1 
Ti,ìa,l) Cit'Jrì+ii) 1- Z ZF/6r)Tr;rnìrZ> / c, (-, 

+. / -. ,.w +i,c+3 

So using (1 - 42) and (1 - 36) we have 

1lfT _ 
J...f P l)a...jltCft)Lác4r1---1`)da'f, 

\ ,tr, 
1 z...C) ri _ - cl e7 tr tH 

= 2 J t'Jl á 
M(,) o'N "4^t'1 

. 

IF* \ J_.? (Is...ì+ks-'-1+Kl,'. l.a 
T- r +K ., 1çck+l 1 fit,itk+1 _ _ +,e,1++ea// 

1-1 P{+k(cz +t d`cfT.._á`rwd,rw,ìrtFt 

- ` J i x( y . 
X (Ci K-11, i+K) l) L i+k)44 ìilc) e IyrhJ AV) 

+V1 XC!L) - X(k,kF1) uJ lr+a) 1... 
d10...dv(`+,) r) - - - , 041 ) 

The above expression will give for 1 . I .. the 

second, third, - term in (1 - 4.5). Egvation (1 -444 

follows therefore i`rctp (1 - 45). For large the 

ratio of the moan square displacement to the mean time 

of travel is therefore 
dr, F ) 1:42 :ail a) 

l)tv 
IrLQdpaJ 

*Il¡ =1) X(") X(s3) lnh.r3' dtfidtlt).11.(3) i.-'l 
J41., f. e-)J" (3) - Hence / - 

(3 - 46) 
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Hence the coeff. of seif diffusion is 
es./1 S 6 .At 

S I -'` dí + 
+0I xt v.,. 

124 
3 h ,Nf) . +o.!?7 - 

}f IJ 
foi 4.01rJ( i3j d"'dFt'j;.., ( 

1 
h fro, )4 } 

. 
- 4i' ) 

The above calculation refers to pure self- diffusion 
in an equilibrium as consisting of only or kind of 
molecules. The extension to an equilibrium gas mix- 

ture is immediate. Consider a binary e,as mixture in 
equilibrium. Let w, o..d n,, be the number densities of the 
two kinds of molecules, f, )( f,(1H))a,.d f<<(=i,(' Ì be the 

densities in molecular phase spaces, ,r, (c) (. ).., (?,)) ) 

ahd r,k.y,z05)be the total collision frequencies of a 

molecule of the first kind with velocity f;`' and of a 

molecule of the second kind 7.itb. ve.ocity 51" respec- 
tively. Je shall have 

= M CC/ + . 
(1 - 48) 

where () represents collì.ion between molecules of 

the first kind and I.,,,á, between molecules of the first 
kind t.nd second. kind. 

Using the same type of subscript, we have for the 

deflection probability ?( 

,Y,) ( 4; ,74.1) tl - 49 ) 

We c!.:n then write for the coeff. of self-diffusion 
of the first kind of molecules among the rest D,S as 

L 

Djs - 3 J 
(4 

_t di Í -KI ?,U:) t`) `'IL) (, hvJ r r, A[g i /.tiCU , 

+Jif 
X,()2..) x1(23J 

, In / 
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In order to see the meaning of the various terms 

in (1 - 47 ) more clearly, we shell rewrite it as 

follows. Let s&zc,c+( = :2`" equation (1 - 45) 

becomes 

QqS 11A)s, _ `..e+1', 4 `2 e'& R` +15 -(ù.t`") + 

= N($(V'j }lN_1)(.2,<. -2() 4N -2 (2.Q °; ,Q(0'` +... 

using the results of /ca? calculation after (1 - 5)//. 

Hence for large N we have 

S 
6 °r <T.,> c 4`')'> C r ' bl ) 

Equation (1 - 51) shows clearly that the various 

terms of the series merely take into account the effect 

of the ocrsistenoe of motion on the rate of diffusion 

in a rigorous manner. 

To see that the value of P5 is not appreciably 

changed by choosing different ranges of interaction 

for any general force law between mol ecul es when the 

chosen range is not too Short, we rewrite (1 - 51) in 

the form 

(4.6.2)' ! 
Cs 

'. c / .eo, íjJ 5_ 
L 

i `: , e ... 
6 (2.) c,eos), C-e"")' (1 - 52) 

Increasing the range of interaction will tend to 

reduce the length of free path and m& an time of free 

flight but leave their ratio, the average speed almost 

unchanged. its is approximately the factor 
<T't> 

in (1 - 52). .gis to the series inside the bracket in 

(1 - 52) its sum is almost constant for sufficient 

long range of interaction, though the rate of con - 

vergence / 
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convergence does dc.pend on this choice of rame of 

3ntora^iosa. The exact nature of convergence can noti 

be discussed until ,u and x have been calculated for 

some particular force law, but qualitatively- one cals. 

r.7CL that as we increase the range of interaction, the 

l'x.rst term tende to decrease, but then a small angular 

deflection between successivo flights- become-3 more 

Drobabi.e, hence th4 second torn increases, -etc.. A 

convenient limit for the range of interaction can be 

set up as follows: it-must be larger- than 2 to-3 

times the molecular diameter found for exer:iZ o from 

'measurements of the seyond. virial coefficient in gasvs, 

rad it must not csxtenci up to cz distance cürai:o.rable with 

the average distance between the mol QcUles corresponding 

to the density of the gas- c3Cir.slCt,eFed. .o.°mu:.a. - 47) 

is valid so long as those two limits do not come close 

to oach other Which is always so f.n eases. choosing 

a high upper limai to the rance of interaction Will 

-;ive very :?.i:;htly more accurate results, but this lS 

entirely offsct by +,,he aL4wncee of convergence of the 

aeries. 

I. -4. Crdinary and the.cr7al diffusion in gas mixtures. 

It has been found possible in i. - I to expresa the 

mutual diffusion velocity in non-uniform fluids in terms 

of the first and second moments of certain transition 

_xobabil i tie s. It has oleo been shown in I. .. 2 that 

in non-uniform gases onc c;:-n follow the future course 

cf / 



of a chosen mol.ecu3.g .rcvided the velocity d3.stwi but ion 

of the mc;di:tm is knovn. Our etati.ati.es of motion is 
seen to be based on the Y.nov-iedge of the velocity. disúri- 
:;utton th.row out the medium-. The frutual diffusion 
velocity aeo or v.i,ng to 11 - 25 ) with 4'1 and .1's 

calculated from PN (i - 41) : haul. â te, and as sh cr: n 

in Appendix II is inde=ed egs*ril- to that oa,lcul.ated 

directly front ite velocity distribution i.e. 
/f,/( 

r%) rdii +i/ Ti oy. 'n 
1 

wia.crc S; a,) uMa fí(lz) are the deviations from the 

riaxwell.ian velocity distribution duc to the presence 

of the gradients of densities, temperature, eta., of 

molecules of the first and second kind respectively. 
Nevertheless the present calculation shows the 

intrinsically diffcrent natures of self-diffusion on 

the one hand and. mut:ual diffusi.on on the other# the 

fermer x.s simi.ly a kind of Brownian motion, while the 

latter is entirely 3ausmd by the non-uniformity of the 
physical parameters. Though in non-uniform gas 

mixtures, self-diffusion 3till goes o:'1, it has no 

effect on the mutual diffusion velocity which can be 

pictured as set up by forces arising fron. the lnsal 

gradients of deaz.:ity, temperature etc. In order to 

obtain an exact value of mutual diffusion velocity it 
is indispensable to find the 1 o cal deviation from 

Maxwel.lia_'. velocity distribution consistont with the 

to cal gradi ents of the phyci cal parameters. 

tnen / 



ashen the (3's are neglected in (1 - 25), the 

remaining part is seen to correspond to the free path 

theory. Thou4.1 the present theory Which tails account 

of the persistence of successive flights rigorously is 

tauch more refined than the old free path theory, they 

are both based on the same approximate assumption that 

molecules which collide during each element of time 

have a distribution after collisonn of theïlian 
type. Mutual diffusion though entirely different 

from self-diffusion in nature can be approximately 

expressed in terms of self -diffusion. equation {i-25) 

becomes when the ,S's are neglected 

k- ffar4 1 4aWs. i{ óT a fp(, an, azaTs1 - -z - _ l a,, a" ar ar/°- °t lti, ax a_ /} 
(1 - 54) 

With the aid of this equation, bath ordinary and 

thermal diffusion receive simple explanations. The 

d, and 4,. ap ee ling in (1 - 54) measure the tendency 

to diffuse for the two kinds of molecules. A: situai. 

diffusion can be seen from (1 - 54) to arise in t' o 

ways. First, the number of mole cules diffusing in 

one direction is not.equal to that in the opposite 

dir eti on, and second, the tendency for diffusion 

varies in different ways with ee ee L ee T for the two 

kinds of molecules. 'quations (1 - 29) (1 - =O) 

become, 'hen the are are neglected 

aY Do_ - ) ( 3' a ia,- ) +n- n1 ) 

d i -55) 
1+ r., + 

ntti, - TT J 
L 

''has 1,p consists of contributions of both of the 

two / 
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two types described above under constant temperature 

and pressure, ?Nile D,. arises oariiy from tht second 

typo under con tant pressure. It may be mentioned 

here that the old froe path theory does not give rise 

to thermal diffusion because there only the First 

effect is taken into account) Neyerts diffusion co- 

efficient corresponds to 

0 11 C.'. + r ) (l - 56 -) 

r th 1 a explanation of them diffusion considering 
only single free path Corr cponds to the second equa- 

Úion in (1 - 55). 

It should be mentioned that for as mixtures in 

which one component is comparatively rare:, equation 

U. - bJ) would give &,rood results. his suggests that 

a corresponding approximate theory exists in the 

liquid re lon which can be obtained without any know - 

ledge of the deviation from Maxweïlian velocity 

distribution. 

I. - 5. Approximate theory of diffusion in liquids. 

The recent development of the liquid state based 

on the analogue between the liquid and solid state 

reveals that the heat motion of molecules in liquida 

at temijeraturc not far from the crystalisation point 

may be regarded as of a vibration -diffusion type with 

u much mox43 pronounced diffusion component than in the 

case of solids. . ach molecule after pvrformiiag a 

more or loss large number of oscillations about the 

same / 
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same equilibrium nositS.on jumps to a new equilibrium 

position at adistance b of the sama order of magni- 

tude as the disaaa..nee between the neighbouring molecules. 

The average time 'e of staying in the mole equilibrium 

:;osi. ti©n is usually .large comp,tired to the period of 

oscillation. The velocity of the molecule at the 

end of T can hardly be correlated with that at tb.e 

bcginnin of T. We can thertfora conveniently 

identify this mean life r with the time interval e{ 

used in I. - l. 

'ach elementary shift of the equilibrium position 

can be analyzed into two stages, first- the eva) oratian. 

cf the atom from its ínítial equilibrium position to 

an intermediate one, connected with a certain increase 

of its potential ( better free) energy -w , and secondly 

the condensation from this position into a new equili- 

brium position Where it is surrounded, at least 

partially, Iv new neighbours among Wh i. ch the re 8u? t i. ng 

extra kinetic energy of the given molecule is dis- 

tributed so that it can no longer get bae3: into its 

original posi} ion. Working with this picture of heat 

motion, the problem of self-diffusion has been quali- 

tatively sawed as summarized. in Frenkel 's Kinetic 

Theory of 1,iquids. We Shall quote the results and 

apply them to the case of mutual diffusion. 

The mean life ti can be expressed as 

17 1; r 5 7 ) 

Where / 



:where -r0 being of the arder of si;13 see., can be 

fief.lentified with the period of free oscillate/on. i_he 

coefficient of self-diffusion Ds is then 
--%-r 

he form of 'cilia equation has been verified. By 

colisideAng the chant" of free energy in the formation 
of holes and interstitial atoms, it is ahem_ that 

ithere-ao is the setivation energy, K the bulk modulus, 

cc the coefficient of thermal expansion, ve the 

average volume °coupled by each molecule for 13.0, b 

a constant. For small pressure # the term 

involving p can be neglcoted. ilquation - 581 

then becomes 

-ebc- :D5 - vie" 

where ke b 

o apply the results of self-diffusion. in liquids 
we have to consider self-diffusion in a liquid mixture. 

In dilute solution the activation energy of molecules 

of th-: solute is almost equal to that of molecules of 

the solvent as found experimentally. In a mixture 

where the number densities of the aomponents are com- 

parable, the activation energy of each component must 

be a function et e. and ibis function has 

not been determined elsewhere nor shall we take it up 

here. All that can be said is that from the date of 

self-diffusion in an equilibrium mixture, one can 

esti .ate / 



c:stimate the Coefficient of mutual edffusiQ:n of the 

same mixture. In particular thermal diffusion in 
dilute solution can be roughly estimated as follows 

l d, y 
d; _ L'/T t`!S94..T 

7- T z = R e. ti .. 60 ) 
ói 1 

y TnTz/fer_ t w 
.42. 

'th E:t meaning of the quantities appearing in this 
o quati on is the same as in (1. - 59 ) with ßuff ix es i 
and 2 to denote quantities of the solute and solvent 

molecules respectively. 
From (1 - 28) we have, neglecting the rs 

% P%-a. _ n+ T P a 1 

3 
ej. t .F} ._ T òT 

7t4 shall take A, ,/4L and A1G as almost independent 

of e mp (za ture as found experimentally and .801-4j.,.,-.1-co,--4,.) 

K, 
Ú.s ,.i, -) o Hence 

á 
DT f p P 'io 1 `A_A r (1-62) 

DT is seen to be propo.etiona. to The difference of 
self-diffusion coefficient of the solute and solvent. 

A better estimation of mutual diffusion in liquids 
could be obtained if more about the self- diffusion in 
equilibrium were known. 
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Part II« Kinét.ce .,.heory of Liquid Mixtures. 

Ii - 1. Notation and definitions. 

Consider an assembly of two (Afferent kinds of 

molecules of `:{?tal number Id occupying aotaÿ volume V. 

Let V, 1ï2 be the nz:.taberú of molecules of the first and. 

ec?oortu kind :nape ctively and. rtt, rn2 their mcl ecuâ.ar 

masses. Of these h[ = II,+ 112 molecules) one can 

choose any A, of the first kind and any 41 u.f the 

second zdnd for special consideration. 

;:et the velocity and acceleration of a *tâ.olecule of 

the first kind at the position x;' be de:notGd, by 5,6' 

and ');:4' respectively. To abbreviate* we shall use 

X, 3, and 11 to denote all the position velocity and 

acceleration vectors of the Al molecules and. xZ, Et 

%1d 1, those ok the ßi,, molecules. The volume 

t- 
elements TT TT dX;`' Z" will be :;.anoten Ay chxti4 

L 

and IT Tt 4.1) a °' by 

Next a set of rnul ti pl e di atri buti on fune *1 ons 

symmetrized with respect to mol ecu:Le s of the same kind 

will be defined. The cfist#ibtztioxz function 

= n. ti,,,L ( t, X x,.) is defined such that r.$0,... d Xti.ti, 

io the probability of finding the volume elements 

occupied by any 4; molecules of the 

first kind and the volume elements 4.(:'-) by any 

k molecules of the second kind simultaneously at 

time t. _ 4,,,p-.2_,./30,,,/,.) is defined suet' 

that 4L6. 4 x dE is the probability of finding 

the / 
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the volume elements ."' (- ,,2...) occupied by any 

molecules of the first kind with velocities in 
(, ..1 k,) and XJ,cl4) ',a... t J occupied by 

arJ molecules of the second kind with velocities in 
dz' (y _,,: h) simultaneously at time t. One 

can ';:roceed to define acceleration distribution 
func ti ors 9at = y f X, x, , L 

. 
, pZ) and distribution 

functions of still higher order in a precisely similar 
way. 

It follows from the above definitions that 

J kti,. (4?ti,ti-. nk1,2 

I9h1""1 d , _ 
tiz 

(2 - 1) 

+1 H cí xh`+4 ) 

inc the quotient l ' ) represents the 
},ro ù abil i ty of finding a molecule of the first kind 

at X;`'' ~') eixoa +0 knowing that Jx,,,Z is occupied 

by 4, ,no? ccu ?.es of the first kind and 4, of the second 

kind, one has 

K`11í, ),, QJ`1,,,41) , ) 
similarly 

j fti,+, 1,,, d1a, ,F) 
£,)fa,l, - (2 - 3) 

By repeating the above process it can be shown that 

J tti, oc 

JJ}ti. 

N, NtI 

) 

N,1 hid 
xi,+z Q1, _ _ 

U.{ -41)! l NL-bti)! 
Ì 

(2 -4) 

When one of h,, h vanishes and the other equals to 

one, we shall use single index notation i.e. r1.,, 

will 
fo, 
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will be replaced by n, respectively. In accord- 

ance with the usual notation , nz are the number 

densities and 4,, j- the velocity distribution functions 
of the two kinds- of molecules normalized. with respect 
to their number densities. i' he total number density 

n, and. the total mass density e are 

where 

P - 

e. C, 

' rt. - 2. 1. 

II - 2. The equation of continuity and. the equation 
of motion. 

The probability that the volume element Lei; c( xL,`' is 
occupied by any molecule of the first kind at time t 
is equal to the inteated sum over all velocities of 
the probability of the same molecule having velocity 

in ,f``1 dy" 
-1 - and position in (2.5.)-- "'dt) , a (25`,6- ;" d't) 

at time f t-if). The same consideration applies also 

to each of the others in the set . , Thus 

we have 

5-ti,,,2.k.t-ôt, óE, xzéE 5, i,.) d s"t- -ti,tilt, X. xa.). 

-Z:panding in powers of á't and. using ( 2- 1) vre 

obtain 

or 

lt a at (5k á 
} a 

ñ, 
X<) + 2dxti) ,,M a 

o 

At 
K`,, + 2. 

where 

/ 
() 

h 1, ) + Z ákf) [ hti.Mti uh.ì+; _ o 
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S``) d 

J 

kti.hz h,. 
) C ll,)a 

t2 .. 7 

is the average vgl o ci ty of a molecule of 

the first kind at K;`:;66:, in the set- h., h1 Whose 

4)ositions are specified. By introducing the convective 

time derivative d defined by 

d á s l) . á hl ) { G-. uif,i d,t4i, + Z K:, axtil 
cc.l 

equation (2 - 6) can be rewritten in the form 

á .i cJ SS' uLt. S' ) 

KM,1,, (G x`/I,h, t G xt/ u4+,h,) _° 

In a si.ailar way one can derive 
w, 1.... ò, / 1``)xt, f 2 1:'á xÑ ))ti,ti. á hA, Z 

i , _.I --2. ::.1 

f,, 4i i u, 
+ 2 -- )' -titi )+ á,'if,0 %- 

cel t .° 4-'1 2 

wif.si.'`, 

l 

J 
1 

/l`, d 
4i. 1,, 

with a similar expression for :1tik.. 

(2 - 9) 

(2 - 10) 

(2 - 11) 

In the 

following we shall reserve , k for indicating 

quantities pertaining to the first kind of molecules 

and j, for the second kind of molecules. 

11,``t: is the avcrage acceleration of a molecule 

of the first kind, at .?0, dz.`' in the set h., hL whose 

positions and velocities arc specified. ..his 

acceleration can als() be iven a simple explicit 

expression / 



expression if we asumme that the intermolecular forces 
are central and depend only on the distances between 

the mass centres of the molecules. Let ` "k'_ 
, (l`' X,kt) 

be the mutual otentia1 energy of two molecules of the 

first kind, ÿ7'e'= 4 ((xi'. x4`j) that of two molecules of the 
second kind and 4A = y- (le:1 Xun that of two molecules 

of different kinds. We may also consider the %hole 

assembly to be in an external force field oonservative 

or otherwise and denote by F``' = F``' X``, t) the force 
exerted on a molecule of the first kind at at at 
time t. .:et w(N) be the total interval .- otential 
energy, then 

wuN) - I,(No + latN,) + CN,_N,) 

where 

i' (No 1 

l.k) 

N'N) _ i. %frl`J) 
jci -- J' 

Nz 
Ùk1 

, 2 A,. ( Nz ) 1. z sie,, 

If we know the position of all the 

(2 - 12) 

(2 - 

LT molecules at 

t, then the acceleration of a given molecule of the 

first kind at K,`' ).s 

, 

d x 

F`" / 

If we know only the positions of the set IN, h, at 

time t, the acceleration of a molecule of the first 
kind at x;`, belonging to the set ti., h,, consists of 

two parts; the first part is the sum cf the inter- 
molecular forces du_ to the rest of the set ti.,h% and 

the external force 

average 

Fi``) and the second ¡hart is the 



average force due to the set ( N1-k, ), (N1-112) whclse 

positions are unknown. Hence 
,^ a rnr í + J ,4 t, ti;+ 

--.-1 t , X,,, -F I - rq "'*' h, a-' .:ti+ /,,+, 
-f / 

(r 

the A, ò x, - -1 

fi h hs~' Cy +') ti tf : ) 1+ 4ti.x:., h a x d : a1: 

11 

Where 

Wt,) c (,) tiL) f10+.,4%) 
h, 

2 L ti-q) .,(1 
/¡ 

r.k=1 
\1 ̀ ». ) - w hz - Z Z. 1-t`)) 

(2 - 15) 

,. 16) 

The meaning of the integral s in the second bracket 

in (2 - 15) is clear, for irzsta.nce, the integrand of 

the first integral mrazas the ,probability that the 
1. k*') 

molecule at X;`) ,.fill suffer a force -a, due to a 

molecule G.t x;a'"; with velocity in `a c ' 
knowing that the vol element s tX,w are o c;upied. 

by a set h, , ht with velocity in d M,h1 Similar 

expression for 12,),,L can be =7rit tcn down. 

Substituting ( 2-?5 j in ( 2- 10) we obtain the 

equation of :uo tion 
J a ;? ;, á !a wti) C a", ,a"y 

;`' f y 'anL) .M,' l Ò t" 11.) 
+ - FZ 

-1 

(1 N * 

) 

a 

á 
P I d., 

U/ 
ì 

+/ 
/ 

2 w 1?} 

( (¡`(( ç 431i, hi") a 1 a`'M') é 
O( %Y11d4*1) ,1)\ 1.l Ó 'aTi, ` a`; 'd? ,) h"'+-k -L _Z 

II - 3. The equations of conservation of m.onentum 
and energy. 

Let 1°1(t, i``' be any molecular property er- 

teining to a molecule of the first kind at 2.;`' with 

velocity Y1u' may be a scaler, a vector or a 

tensor. Liult:iplying ( 2 e-17) by (10.``'afh),,and intergrating 
over / 



over all the velocities, we shall show that-for 
_ ;V4':.)_! and ?(.1 a))2 the equation of contituity, of con- 

scrvation of momentum and energy wil"'. follow. 

For f``'' _ , we obtaiia. exactly ( 2 - 6) after 
integration. For to-4,,"we obtain 

4-Pá f ÷ a,-ik,4". t içl ` (2 w 18) 

whore 

rte) - _ 
l" /` 

a AO) , b 
`N, J 1 )"the t h, 

a ± if 
I 

4~ f) 
- 

J 

j( 
, 
tin 

( 2 - 19) 
I 

, titi, ó- C 
:C4 4L. D71.» 

The meaning of L. is similar to qi,1,1,, except 

that in the caso of Yh`j,,, our information concerning 

the set h,,ti is limited to a knowl. dge of their 
;,ositions only. From ( 2 - G) and. ( 2 - 8) it follows 

that 

ay``',,:3i,.+,,)=h,, `iy {aKt ,l, `ti,a`+..M,uti .+ti { 2 - `' - 
dt t -, F 

Compering ( w - 19) with ( 2 - 20), we have 

4t(rk uM.¿)+ / a f<(`'' 
'1-41h.. 
tiL, 1y )t = h,, 

LJhCre 

lk ) .n V`K ) VL<) { Y C1 K, I JM.h -i,.h, -Km, ,.1i -4.fy 

(-4-`4 " - i. ' V') 

L. 
3h ti.hL -y 

EtL°ljfi we obtain 
(' / 

d4 ``,, )+ ;,' K¡;¡ti + 
á , 
;;;104 kJl.f - a tJhti 

(2 21. )! 

(2 - 22) 

where 
1tikJ CK, u1 

= r f,tiz V.a, a 1- ltk> 

=rt.11=i. 
. J 

([ - 24) 
L 
h,a =MhV.1.ly 

K```' et c. are the ;£21era}..?:ld. I;i net ics gres:ute -ti.. 
tensors / 
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tensors AJ f{ir the S'..t s of molecules h, 

IktrttLe2' if we define L6.61/4 

10' -''` 

etc.. 
by the equa ti ons 

1 ( ael n`_, tia ° T 4"4d Xlt.' 1 
` Ô x au'+ 

LXt, ' Ì.:,I , = ,,,,, C Ca,a,.+ a,,..,.+1)R+) 
j 

,. a?L', -L / , 
with similar cxor-s,.irns defining !`-ti;; k, `ti,, equations 
(2 - 21), (2 - 23) can be written in ike 

d 4; I r 3 tK" á p 1i1 ) 
d tt - ti.ati + 5- e, 1 7 = F lLI lw,, u-,,1 + axw a, Ir,+, -r 
c(. 

I ?" t r , á ', 
J 

dt l - -,. ) *,h. ~, acL, -Jt.l,z Fib 

where 
ut) ltc..") Ck c KI,,Ñ,t =l,d, cte. . 

form 

i (2 - 25) 

( 2 - 26 ) 

The total pressure tensors ftk. etc. for the sets of 

molecules ht, hz etc.. are seen to consist of two Darts, 

the kinetic part etß. and the potential part _g. ) 

etc. ari:ing from intermolecular forces. 
For = i ( ;`'1 =ve obtain i C 

a w1 !1) T 

l hi..1.,,(uJ.. +,/ + ,,.1, i i 1f (%ktw f ti.x, I 2 ' I d 
, 

t?.k 

a z 
+ i; d%z)'= h u ( 2 - 27 ) 

(, +,«+) 

u u ) , % i la,'t-,+,h`--'/ n`', H n2 ̀ +1 D` -i ,'tih ?ha,h+, 

where 
3 k,, .T+ = J 

defines the gener&.ized teme. erature of a mol ecule of 

the first kind at x;`, in the set 4, sifter 

some transformation equation (2 - 27) can be rewritten 

in the form 
j 3 rtti w,`, K ̀ 

,,,+ 
_ 'f,, l,,,- 1 ,,,fii 

-4 

where / 

A. :y 
+tU a ) â .a.) 

;+,.w { 4iD; a, +, ,. 
_./.l,hik) ( 

I"t1 `'~àh` 'l`i., i..'ti? d,sH) 
2 - 29) 



wh: re 

IK iJ hal 1 vL) 1. ``L 
.Lf,11y j 1,L Lt,LJ 

416,kß 

14.4._ 

The external force F-to:' which affects only the mass 

.otion velocity and the internal forces due to the 

rest of the set ti. ti, do not enter into (2 - 29) as 

one would expect. By strict analogy with the gas 

theory we see that the vectors ti,y; w.`h.¡ are the 

generalized kinetic thermal energy flx connected with 

a molecule of the first kind at x;1 cc6.;'' in the set k,,h,,, 

An equation similar to (2 - 29) can be written for the 

rate of chango of 17,, , the generalized temperature 

of .mo? ecule of the second kind at XI), axu in 

the set ti,, k .. To find the cornes ..onding equation 

for the internal _ atentiel energy we write 3:4,,; for 

the internal potential energy of a iolecúle of the 

first kind at ,gip, agi in the set 

j(2-3() 

ti i 2 li tJ 1 
`P(" 

) 
K-1 

y 
iy4,,ryh,lL,k,e) diti.+cJ+l i hr+ 1...+1) 

h+,a ' 
_ i i . i h 

( Ga - ,Ji ) 

where the factor Z signifies that the mutual potential 

energy i8 shared by each 

Using ( 2 - 6 ) and ( 2 - 8), we have 

YL lKc l 
d etJ 

,r{,. f K Ki' Ry,d, 
j --vj'9 

< 

- N*, h,1'(-;,,k- 
t4:1 

tir 
)db,+, ) vhdnc, 1. 

12 
-1 

where 

( 2 - 32) 



'..1h .,-,-...1 ` c 

xc, .4, _ z ni.1,2 4¡- . ', k) 

i, Ja , -- 1 

t j_ `¡ (,yt1) (43 
- 4 I 

íot`I t1/44i 

2 J -t-, k -if¡t¡ ,a 1,,t - ñ,4{, b,: Z tAa(yi) á 
j<< 

d i4,4'4./1) 

S d f y, +2 `dc` f J" A,al'y,M uti¡ih u+Kh %,`H+fn?i(y_iyti,,*i %dC°iJ : 

dà (t. -ì 1 l AL k(Q) - (c) 
) 
' 

2. - -Mw-tih* ' h 

4. {J - ^a /L.;4,+1) +u(.3 le) aaLk:4.+f) (,+) z *'`- .,+L+{ 4;r.z+! 2400' ax, dxL 
1 á 

{r m) ufizh Lîxs, t+,4 (h*,,L t n{, . el (°i(«`) 
-62 

.:..z: equation similar to ( 2 - 32) cm be tvritten down 

for the rote of change of s1;,,,y the internal potential 
energy of a molecule of the second kind at xz", (14') 

in the set . h, o n adding (2 - 2 9) and. (2 - 32 ) 

we obtain 
at t ht. -1- r f C ,, 27A (4)) u.,1- K) , 

-j-{`,(Q 
( , (=4.+1 .)-u,., +axt, ,tilt c 

t"hcre 

2 KT..pk, 4- ,.,, 
(Ki) 

Y h, hz + M.l.,, 
(' ) 

,,,,, 
ti.ti, 

By analogy 

we SOC hAs. 

a molecule of 

", t (and. 

parts, the 
(K.! 1^. . 

h..6y 

to the 

t 

(2-44) 

) 

equations of ordinary i,.ycsßdynaFvies 

is the total energy flux connected with 
due 4o molecules of Fhe 4iesd- kind 

the first kind at x;`) de 
L 

in the set 

similarly for L " two 

kinetic part t(;:,;t and the potential part 

The total internal energy E also consists 

of two parts, the kinetic Dart ? kr;k; and the potential 

part _1.4!). . The terms (!G'a ,)`.4, etc. in 
(2 - 34) represent the dissipation of me chant cal energy 

into heat due to internal friction. 
II / 
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II - 4. The equilibrium Zoluti on. 

In the equilibrium state çti,= must holds 

equation ( 2 - 17 ) becomes 

1 

04 
dx, t -vi..d,i,d, w, a:57(1.2,0)04.4.. ôi¡1ì .,. 

-Z 
¡1 ?; ll f l'ax¡" a}MiJx(=, ji,J4,M,,,t J,..fY(Er.4/ 

4i I C 4 

¡ 

9 ( ( 
iTti tid h ( , 

ax=) qi ,.M 
(¡kH/ 

} 2 -2 

Prom `tatistica:l mechanics it is novai that the 

solution of the above equation must be of the form _ // . s a a / ) _ 'lz,k-r (2-r) 2xr f ;Tr ( +; tij T (,i(,1ZS ( 2 

where -r ) is the equilibrium temperature 

of the assembly. 

After substitution from ( 2 - 37 ) in ( 2 - 36) we 

obtain 
+''4.. a-oylaJ i11 

f 
v`,« a al(4144) ¡ C,,44J 

i ö'x°, kTaX`' J F,l fl ~ e{`h,H){-f'4h.kFi ó` á,í. v<<t -' a x; , -E k-r- inec, 

4- 
a,, +n+,.ti. gra(al N r., 2 ;*+:'W4'4°,4,40.07 x:' ( - F1JE 1¡ y %f,4 ) CH, k. l' _o ë x J kcT á x / z ;J e. E -EVti. kT s 

6ince n+.h is independent of vh` (;), and 11:54i the 

above equation can be separated. For A, _ , ° Ni 

we have 

\ 
aW( ') 0:9 4- á`' KT Xc, N. ) 

f/KN.!us-í- aA(N_ ( , i --N ax kT 1, axl3, a J ' L -. 
The intergra'bility of the above equation requires 

F``' F!', , ti to be conservative. 



 J 

Fi`'= 
- E(N) 

' L;" Fi)) aEiN) 
' -a = - - ' 

EiN) = E,040 + 

f 
E2 ( Nz) 

(2 - 39) 
N. 

E 1(N ) E`1 ( Zc« a, _ 
E2(Ny)=2 E(2.3)( x') e,. -Y - 

We can similarly define the total potential energy 

in the external force field for a act of molecules 

Integrating ( w - '68) ye obtain 

Qo nN, 

where ? 

_ 
e.xp{-kT( ',qN)tE. (ni ) 

_ CW(ra) + E(nU) 
1. 

N.i NL) 
2 44N". 

By means (2 - 2), equation ( 2 

(2 -40) 

(2 -41) 

40) gives 

{c,-(w(N)+E(N)) °i1.NL (NrN,) 

- kT k(1 
( 

-kT( ra(n) t EM-) otn.Mti 
(N,-4.)! 04,-1% )! " J2 ` d 4k. I.,. 

- 42) 

II - 5. Reduction of the molecular conservation 

equations to ordinary dydrodymacica1 equations. 

In an assembly consisting of only one kind of mole - 

cules, the generalized definitions of kinetic pressure, 

',emperature and thermal flux reduce for 4=1 in each 

ease to their respective ordinary definitions. This 

is not so in a mixture There the generalized definitions 

of the above quantities reduce for A,-1,k4.=. to 

quantities referring to the first kind of molecules 

only which can not be directly observed. 'fiat one 

directly 



directly observes in a mixture instead of the above 

mentioned quantities are the average properties con- 

tributed by e. small groUp of moi.eoules of various 

types in a small time interval. We ean nevertheless 

find connections between these two sots of quantities 

so that either of them can be expressed in texms of 

the other. 

`;.here ere two different average veioflities in a 

mixture i.e. the directly- observable mass velocity 

from Which the peculiar velocities ties (or therml velo- 

cities). and therefore the kinetic pressr.:rG, temperature 

and thermal flux in a mixture are defined, and the 

number velocity le.K used in Connection with the ärapts- 

ort of molecular properties, 

v.= f, =If 4' et. t'-1y 

P 

71}z c r e 

t l - 1&,1 i, Y+,. 51i 

`I- J ' aia = 
_z 

and I, stand. for (e; );.,`';k), 

and l',o respectively. 

Let K T nhd be the kinetic pressure, temperature 

and thermal flux in a mixture. Aheac are defined as 

, ,-4.3) 

( 2 `4) 

C': }/ 

K='J 4- 24 4-z VyVy "Ya. IS 1fa. ir = i' ( ,y lv + 
J 

(- v,1,,v - 3k(h,+,tT, 
d 

L' I d` ~ at", F 7-1 f Tt d1 Vi ol V* 

where f 

= 44.1 , 
(2 - `x 

4 

c 45) 



where 

V1. 

as 
Gv1Gi 

47. 

y 
-- 

_ = , 
(2 -46) 

are the partial kinetic pressure and the 

thermal flux of the molecules of the first kind, Tr 

the pa3.'t,$.al wefüïìf3ratilre auch tftat i,kT is the 

average heat energy for each d.egre,,:, of freedom of a 
molecule- of the first kind. K ._ aNd T, have 

meanings for the second type of molecules. 

On the other hand we obtain from (2 - 224, (2 - 28 j 

and (2 ,. 30) for ñ=1 tii= 
v v iG = MI -1 -10 '4- -Y. 

4k-r- 1. Zk lo - . Y 0110 

1lesn 
l o = Y- o -Vt 

, 

47}. 

with similar equations for 15.0, -r01 a.ol . 

From the definitions given above it can be diewn 

that 

VI 

K 
+1S01 

° 1 . i-1 _ Ko 
Pi "t1 

I r7..L4ï/ =o , 
3 
2w1`T = zkCIT1tH,4z. 1 i0,0'.+ 

_ = 1^114 ti _ i^IO+ `"01 + e + ,k/ 1 _y+ kTLti_I { hzKi 

where 

1 r = Iy =i. i 
Qith these relations between 

2- 49) 

ó,T., 4.." and 14-1oT/óenlo 

etc., it can be shown that the equation of continuity 

(2 6), the equation of conservation of momentum (2 -2b) 

rind / 
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and of thermal. ons:rw (2 - 29) reduce for k'= 41=0 

or ti, = c, to equations similar in form to the 

corresponding equations in a gas mixture. (c.f. Chapmtan 

. Covaing, Liathemavioal theory of non-uniform gases 

1 939). 2h ese are 
á a 

ar ( 

a - ax ( h IS) -5-;< ( "1-6 ) 

- -= äR 
u ' k,o f Y 

, - 
_ - p_, K - K.á 1A á .ç {- p ( l r { (',?2 ) - 

) mT = Tf -r7,'(h,"tyz'iz)_ w`k't`={fi'"`/ 3K 
, 

P,Y, + - )- (fd ) z 

where 

P Yi = ' F, , dx¡t ` tr. xt;t=KF 'L, 

-II) d4, 

rill- stands for rt k A", =, t ) 

(2. - 

and E, for 

) 

e s, ; t), F;' . If we interchange the two Mol ecul es 

concerned, we obtain rr, and -ri 
To compare the equations in (.2 - 50) with the 

corresponding equations for gas mixtures, we notice 

that the pert played by the divergence of the potentiel 
pressure corresponds the rate of change of momentum of 

a uolecule in a gas mixture due to collision with other 

molecules. The condition that the total moments of 

the molecules in a small volume element be unaltered by 

collisions among them - the consequence of binary 

encounter and the hypothesis of molecular chaos is no 

longer satisfied in vhe general case but the rate of 

change / 



change of momentum. is represented by th:.., quantity 
. e 4---a. . i 1 

- x; 

'IJ 4i ibd2ilf7Gi2"y i [.íá'óiá2i11{ 
±IT,Lly} 

" , t a' aZ. 
which does not vanish owin.g to the interaction at a 

large number cf molecules other than those at tne 

poin.t considored 

Similarly the pert pl.ayacl by the ;potent3al tramapor* 

of thermal vncrgy corresponds to the rate of change ßf! 

! 

Í 

thermal energy of a given mol ecul e due to col.l i si on 

with other molecules. The condition that the total 

energy of the molecules in a small volume element be 

unaltered by collisions among them - again a cone 

sequence of binary encounters and the hypothesis of 

molecular chaos is no longer satisfied in the general 

case, but the rate of change of energy is represented 

by the quantity 

-{(\<'./ + L'i.x'La) -(S OZ) 
., J " 

which i:.Ues not vanish owing to the interaction of a 

large number of molecules other than those at the 

point considered. 

II - 6 . Method of - '.xpansi on 

The equation of motion (2 r- 17) as it stands 

possesses solutions far too general for our purpose. 

'i'}E nolution which we require is the so-called normal 

solution describable in terms of certain parameters 

vilich deviates but slightly from the Maxwellian dis- 

tribution. We shall therefore divide ;ß.4y into 

}tarts / 



parts 
¡ 

Tti,ñ, } Jh.h; ... 
2 - 52) 

0 

such that ti,ti the zeroth approximation to , is 
that equilibrium solution for a homogeneous fluid with 

s rQp erl y ch o sen- constant parameters X.e wh ic h fits b e st 
the rear 4-", in the region considered, ati the 
dß.ff eronoc of +he first ß.iat.roxisaat ion to i,i,L fr 
is the correction for a non-uniform fluid with properly 
chosen constant L;radients of the parameters to fit 
the real f, , ,etc._ A naturar., and convenient battle 

for choosing a2 , 

aX` 
etc., is to identify them with 

the values at the centre of gravity of the set of 

molecules , , 1 . Hence we postulate 

x6:1) , v`''. l a }u a á '` 
°> -- 

ç,' 
} h,ht ' . .i , -2 ' lb< dliX , ÒK dK ) ï 1t'3 

vhere the capital F is usez, to denote the new functional 
de n fence . 

By separating quantities of different order in 4 
we have 

CC 
, 

rh,,1- Fh tiz = Fh,l+, + Fh,ñ * Fit + . . (2-52 }8 

:here Fh,h, dues not involve any 6radicnt, 

involves .r radiente to the first order and first degree, 

involves gradients of the first order to the 

second degree or the second order to the first degree, 

etc.. 
_.8 to the selection of parameters adequate for s. 

complete f 



complote specification of the macroscopic state of a 

liquid mixture, it can be said that since a drap of 
liquid mixture is but an ensemble of (Afferent kinds 

of mole cules, besides their intrinsic oroljErtios such 

as the molecular masses } and the potential 
functions between pairs of molecules ( 42,, ,* ), o.e 

can further specify the average numbers .of molecules 

,:,er unit volurn.t- .ßf each kind ( , n ) their average 

momentum ), average kinetic energy relative to their 
contre of mass (T) and the pote.-ntia3. energy of each 

?:And of molecules. in the external force field ( EI, EZ ; 
Hence aß in ( 2 -52) represent the values of ,-,, ns , 
T E , ,s.Ylt?. EZ at the mass centra 

of the set 4, 

X 24: .n. x r) + rnZ X z J 
- ( ̂ , n+, t- Ai r"i ) 

The assumption that intermolecular forces are 

central and expressible as functions of the distance 

between the mass centres of the pair of molecules 

concerned. szzgcest s that x;' , Xi" appear in Fh, hL only 

in the combination 

5 = x cJ SL'c) x(i) , 

r(4..K,_ ktk) z, kg) if/ i4i x(i) 
8.k'<C3. -, - - x, r: - x2 - 

kturther Fh,ti, must be symmetrical 

with respect to r cK, 
mad to re2) i. e, Kith, is 

unaltered by interchanging two molecules of the same 

kind.. In consequence, we have 
a .k d Ft,, dFh,. 

a,-1 
aFi 

i 
ti F 

z 
r-s 

-17 1 

,á w 

)( 

a, 

) 

d eal y( so) +as-a)= o 

The dependence of on ,t and t is implicit in 

xß-, áx+t etc../ 



``, -41 
-"w) 
-z 

Cÿi", iJi.i'r 

aQ involve; u., the dependence of F,h, ox: 

w ' 
can be made in terms of _v,¡`= i 1_ _ and 

L'q;t3ation ( 2 - 52 ) can therefore be written 
in the form 

L t.k Ve) .141; i áz a ̀  r Y h.h, I 
.z 

3 ) ox ac ò v ( 2 

:::he above consideration holds as well for all 
quantities derivable from Fh,h such as `(,.,,,vi,,hL,,,=h.w 

etc.. L et e.. dc note any one of them* we hava 

fk, Ri SLJ% (i ¡j le ò`iK 
5-k , 

0 + + L`"{._. 

where e,° does not contain any space gradients 

C,' contains j to the first degree etc.. 
The space c: aricrt _ 4 a áa 

derivative t e. 

k5 ¡Mil ar way. 

*- i ._ 'J ) 

x 

and the time 

can be expanded in a 

ôc- x _(2 Me dC°1 /- á 
d 

°' . c» aX 

II ( 1 

5 {&th 
° E¢ +.at- d Jj 

de/+ 
a t r 

has to be calculated from (2 - 50 } in the way klown i:tì 

the next section. 

c°, C' in (2 - 54 ) can be expressed in each case 

4- 

in Jc:rms of 



n me ly : 

- f fTh, hs ,, k, 
f/ 
11.h, J 

where 

o 
lo:,) 

(.1'1 (.1'1 ,) .1+ 1 
r T 

, 
, h s 0 K 4 -I,.IL 

t`)G t2) ,4)° 
-11.111, i ='h.i 

t.> > t.;) - 1.411,1v, 

T``' t* ̀ `` L (ko)L ,.a J - 'Lti,k 
-r-61) - f L. )_ 3k T's`a- 3k TC-1;;, 

o 
lw V v.;)p 

4.1%. 
. 4h.11, =11,k, - h.L.,. 

hK Zr. ) ñ.1.y MtMf. 

( 066') C ° (Kt 1 by = 74.1h. 74.1h. -1., 

C`j 
u 

4.1.1, d 

-1. %4,°)1 d,, 

(2 .. 56} 

K) (lCil. 
v,CK) ° J`'' It.. Cra 4!- 

with 

r f,a ... ( 2 (4611:4 r.+,.. Tti,, ) - } a ,., 
corresponding formulae for i;ThU¿ etc.. 

As e depends on .ke at the mass centre of th-e 

sot of molecules h, Mi zh.enovor C is integrated 
over the coordinates of one or more of the molecules 

in the set ti. , ti, it should be expanded inside the 

integral with respect to the new mass centre of the 

reduced set of molecules, for example 
r ti, 

J â x., +,H. 2E, 

+ d + ... f 61441l 

'where 
+, (,,,) 

d1 M+.,, (A,-/-1) , ) IN = 11,4+. +ti,w,,, , 

l x - 4 n.1i'-f / 
J M 1 

(2 - á7) 

t2 - 

square brackets [ J 
are used to show that quaLtities 

in si de / 



ir:?ide it Wend on At at the new mass centre after 

integration. 

II - 7. Expansion of the equation of motion - zeroth 
approximation. 

If we expand each term in the equation of motion 

(2 - 17) according to the rules outlined in the last 

section, we obtain a set of equations of motion for 

Fti ti, F.L etc.. 

..c observe first that all time derivatives vanish 

to the zeroth order ise they involve no term not 

aAtz containing U 

(2 - 17) are 

.'he zeroth order terms in 

o 

C r ̀ `' 2 
. t, ff"). 

á 1F° _ 1,cG 2.2._-)-46) afrs,°a,. 1 c a-woo a +. _1 ax" -a. z)/F,4-M,axi`) a') h^1 j a,7 arï 
ti 

z 
(y t+ +, f ( ¡ 1 l.H (h+-i 1 ,((,. la ,) , 9 . J a'òFi.l,++J ß +. JJ-i ' C r árt 3 

-, y J axc ) a(.i1 h,rhj , --0. d 2 -, . 
IyHI -3. ( 

¡/ a`% a o 
((( 

3A4-9- 4` ! T iiyyjalH`+)1Ja>' á+'fF,.,d1i«)&4't) 
---1 -I 

l 

,e,_,:c the X.& of the above equation reduces to 
`' ,+? ='i dk,,) F43 ,ß,` by virtue of (2 - 54). Equation 

(2 - 5?) is then formally the same as equation (2 - :- 6) 

except for the term involving the external force. 

Our solution F,ti, therefore corresponds to the 

homogeneous equilibrium state in the absence of any 

external force field. :quilibrium under an external 

force field acting with equal intensity on the two 

hinds of molecules is the result of two opposing 

dynamic effects: the drift caused by the external 

force field is balanced by the diffusion velocity due 

to the non -homogeniety of composition and density 

gradients. 



5 5.1. 

gradient s. la e true equilibrium aolu°"rlL}n Fh. is 

- l-n/, ( ) ¡ N ti.)., urkTy .jrleT /_ j X-¡)1+,* 
` e 

6U.bsti tuting equation ( 2 - 60) in ( 2 - 59), we 

obtain after separating as shown in II - 
c quat i C YA 

Nh,n, a;c) 
-a-mt (.) 4 f O 

y,l.:, ñ,+i) 

ò'K,1i w o 4%404) 

Nh.hL 
a (i,1,1H) o 

-F. f Nh J dI1=t1) _. o 
NZ, ii, 

( 2 - 42) shows that r, 1, 
.>:t ;e to z 

¡ W(W 
Nh.hi _. 

J 

kT c1xe':yd~Jdx-áXiN,) 
Qo (N.-;+t)! %`6-htill 'i . 

^'° can only á°`-cn3. cn. r` r) s``' T1 ' ~ h, hs ° - 1 , --1 , - ) 

but not on k, as a constant :notion of the wh6? e 

the t .úiC,t_ 

(2 - 61) 

(2 - ) 

lassembLy can obvigus.y have no efect on 

By means of ( Ñ - ) s wo obtain 
veL_ VLJ ), 

T - TUI;L t e4L 
° 

Nh.6,.T Grtk = , 

(g s) = Nti y1T (3'k ! `=(ti.í.,, _ ° _ ;.).h1_ 

In i.arti cul.a.r for ti or tit- °, h, we have 

N h,í,1 . 

and. rz 

- 63) 

o KI ; K t et. a. c -. o o o 

° T Tc TO L1 htk¡ 1 lyr t^,KT t =n^y o 

The time derivative (W) 

ilew be calculated.. 

- 64 ) 

of the first order m 

(át ) / _ -X c = at )'- - 0-4 `t) 

` -wPK(P._r,/+li.')=-^"- i a Do 
F 

, 
_ 

r 

(T)'= r_L (Ko =+`+ .w - 
/ 



NNW: re 
ka = T ° t (ka I 

dxL,+ 

4'1 

c7Xc' _L 

jj jj ¡ , r1 vLN:oldcL)++w,1J-X)1T`c,r1°(2;) 
a , rl - x; "_er i¡ S1 - r 

x,U r x 
P, 

Ye + 2 ry F- l. 

F= K,Fe J- hs F'1 4 

- 66) 

P`3--6°+GO , 

I 

f sy' c- o- v.. u T ii , 

a z 
Cr- = (` ps.c - d,`,-+' 3 ï T -I) I 

(K141- F- 3 Z- áTr ) 

I = 4,4( ¡ . d ti), 
J 

NÑT d 4J 4 (J UN i)*LNTa d6r )J 
G 

j 
The last thrce equations in (2 -- 66) will be v:_;- 

,re cently. it has to be pointed. out that L0 
I is not 

the whole of the partial potezltial pressure to the 

zeroth order but only part of it, the divergence of the 

x.'est which is chiefly responsible for neutral. diffusion 
in non-uniform fluids is f ENKj 214: , ;' ïhi does 

, 

not vanish because r)Y is riot symmetric with respect' 
to the two different molecules concerned. 'ihe sum 

(N 7+rIr, ) is symmetric v:ith respeßt to the two 

dßff:rclt molecules concerned, hence (N Tf(NAr/ ')S áS1= 0 

,Ind ' 1J e s not contain terms of this type. 
0 .ith the aid of ( 2 - 66), we can i.nvas ti,te ( 4 "h,) 

m 

(á.t. .a,, ) ° and rT w, ) to the zeroth order by 

expanding ( 2 - 6), ( 2 -23) arid . ( 2 .. 29). They are all 
(mnd to vanish. The expansion of (`.G,,) leads to 

quation (:.', - 6?. ). Me ÿl,'1../ :y oe 

ît / 



57. 

usr.t3. ebteii.n tha last three e:: :::ressions in 
thus 

(ó't)1 áNí.,+. { Í'áîN°.4, 
ay, D ö'. 

o ='"Nh .c,, ' i á - 47 "-) 
a { .t' áLT -3ks"`kT .`= t' 

(2 - 66) 

/ )/ a, ̂̀kti,`t:`_, ) ; l.w,,`=1,i 1 _. ¡y°, K 
, J 

+ Ç ` a,,` Nti1 121.)6 

(x , NS a r , ) a 
px ô+. ax . 6 a d.1 N".l,i 

Combining the above two exprezsi.ons, we find 

-)k,,( d+dÿ) 

f- asp (fhr + +`4(+y)+2 dl')'(/ ̀ bL "f) - a 

For A, 7. i r.-- 0 thc above equation becomes 

1 r 
D ' NeoV2o, vio / =1. Nao ¡u1 -i) 3 T 

where 

r= á a ,,, ,, + 3 T ä T- 

u1 iipì.yil;g ( 2 - 68) by 

d r we obtain 

(2 - 66) 

( ti .. 69 ) 

and i iat e gr a t ing over 

1 ( árN /v_ucy/ , , ,s,' `, 
J t a ( w -b. .-,, d r, -L f 8-41 dr 

_ 
(( 

4, 7: ) 
= -I o' l.bo`)N4o,AL.r)=r Z¡oi -3f k4 ) 

3-rI:'1 

where 

.T.:" c 1 
J Lzo , Á¿` I 

Similarly it can be shown that 
1 ia L 

// 

-.Sa},,,C(o,....w)NL`i °P.L1 at,c-f' 3kr.C4ti)=y1 vXï l 
(/ °' -,, + z, á ó 

1 Y,,.i 11 VT -N , QLf ` Fd/ l = r z, t 1+-'4,,(1:- 
L 

arI ( » 7o)0, 

-J x .'fcTI -")N+,J d') -l. I, ó 
`..r 1+ó,.) If T dó +; T 

Where / 



138. 

Li e 
li) o tU ty d (l r( ¡a. 

71 -i fNlfdxz , I2 =If CHT, dx i r =J lNas 

Vti T, = fI TI dt;' d'f't' 
Adding ( 2 - 70 ) end. ( 2 - 70 ) a together R we obtain 

-(á+ r r 
Renee 

-cr ..kT 

zhere 
a-_ rr 

} (`'kTi- -r T=J 

= , 

5,,1') t (.5,.'f =1t2,/ 

í'he last three relations in 
proved. 

II - 8. 

( 2 .. 66 ) are thus 

5::xpansion of the equation of tnotion. - 
first apprexim.at ion. 

The first order terms of the expansion of ( 2- ) 

are 
df'=C' aVL, ' 

at 
' ( ", o 

4.(aany ? 66. (.37)/1 Tv , y 9.1, 
a r 1a t a T - (a-=) 

0 a^áD1/4 1 ( = _ pa F)- F,s 
aS a.z N, P KT 

,.-ll '' á'=/ ` T -Z1`)- T - 
'whate 

A _ M, vpi + 2 r v i' E ,_ z (tt:) t ^i=) ; .a s , 

M _ "4 1"i 4 C. &,- : , 
o u 

f Ni ? . W) á . %c. f J M.4 titi àNa wf+, 
1 ( N, i aLP') 11 

)..{(2, 
2vc 3+.t a]i a. N4y 

5:14T 

PA. N114. 
DáT,, T - l T ̀ 1463 áx'1t'a. / J t - 

Z 

X2 t -t 

The right hand side of (2 - 17) contributes 
aR jy ...`i `, ar:) + w',, ô xZ a u ? -, f -1 '1 J k=r. 

J 

} 4 - g_r": )a 
j i 

Ra 
á1 4.w 

(+4, 4, ` , h, J v4, LF,,,,,td ä= a ,`] d.¡ 

( )z-f- N J 
a 

' t áke H] dOi 
+) 

Dx; laà r,,.tt a ) 
t 

whore I 



v.., ( 
/ --1 Mt+,, ` 
,++1 '- Y, Mi %l,,+ 

dy M,w,, -2 . 
Combining the above results and rearranging terms, 

¡we obtain for the first order equation of motion of the 

i$et 
Ho... 'o x1r+,,No ,,_j ,3+'? 

M N z. +, r ár 

F Noh rkN? av,h-4 F 3 11 a 
A+L hjyaT kT -277-7 MkTaL ' 

4 aNLiP~PrM }, vx 71 ) 
( 

+ ¢ t 
(L 

'eS''!(2 4-r T 
a 

l r diä xV^, J9aP) i ) +a J s 
I Dtk`/ll,**L'4a.4.(."". 

-:`) r 411 dx ,`lj,p%tk,' d,i4w)d£(tio) 

S 
I { 11(47,:` kLr 

) 6 ì 4 9 
, "xi 00i) m$1. 

- d ale ;, F0,+,1d1,Sts.+1/ dt+) 
!where 

For 1 4 - 1 , -0 equaticin ( 2 - 71 ) becomes 
.f4O , 3a, -1 èi+_ Id. óM,- ) 2 ( ̀ '` r .2-3--t' 

a= c `?` °KT" d.. i *1 1 -1 T kT `-y' h 

+ 
, v, y 

. 

!- ) -v , 3kT-Jax cY 2 KparI _' T 
.. 72) 

-= F1 
SZ aat F dz ; V, 

-4 
1 /¡ a, ( , s 1a á a á Ku' " +N1 

v,cn Jr', Fr + z' t X òa; r - d t 
The R.H.S. after substituting the blown solutions 

_o 
F;.a FIT and preforming integration becomes 

rr "ä a f -,dl -+11',lFuaiiidlt i++ 8S aiOGFt, 2')ci' 
_*° l L i -".` -lQ ìaR Kk (GT 2.yjt .V, 

vr o L,° ¡ vÿ a 
6;14T K.T ai K ` ÿkT 3.Ic Y 1 )x-11 . 

Combining ( 2 - 72) with ( 2 -- 73), we have 

2 « ?3) 

e, r N P, ò.,, 1»y ' x s kT P,. a P áw, 1-, x i 
° lP+-1 1 i,71 al.z y,a.,-¡°t ¡ aLi_ I )jy.ait , p. ill. 

}o ,., ``'+ ,,,, , ä o 
ll 

,.,L_ ° P.P 
±+,kT'3kT 

).`y ]` Q.vl , CkT - 
fy(i.....4....i.r)(274; 

""N'M,-».,)f P, d4 i aL:, v . 
P kC P',r Cz eT I '' ax 

vhere 
= -, ``', d ,d-" 41:4+g e [FT7d d, Z 

a-, as 'á, f 

(2 - 74,) 



where 
Ft = v. 

++1 ., is the difference of aecclere t3.on 

9f the two kinds of molecules in Vie external. field.. 

A similar equation can by symmetry be written down 
0 

for and fT, . Equation (2 - 74) is au exaet 

analogue 0.f the a rresponding equations in Fns theory. 

(c. f. Chapman and Cowling, The Mathematical .the -ory of 

on- uniform gases, 1939). Though equation t2 74) 

is successful in expresaing the rate of change of 

in terms of fto and f, corresponding to the collision 

integral in the gas theory, yet in eortraet to the 

latter where the statistical effect of the predominant 

Mechanism of interaction ( binary encounter) has actually 

been taken into account, it has only formal value as it 

stands. However there are two possible ways of 

solving the problem: the first is to proeoed to equa- 

tions containing more than two molecules in the set 

and use approximations similar to U z cwood's 

for N. , thus closed equations are obtained. The 

complications there involved in a mixture arc likely to 

be considerable. The second and, much moro practical 

approach to the problem consists in transforming the 

RC. H. S. of (2 - 74) to the form of the Maxwell and 

$oitzmann's Collision integral and using the resultant 

force due to molecules surrounding the incoming mole- 

cule as well as the scatterer molecule in calculating 

the trajectory of the ix:ecrning molecule. For instance 

When both the incoming ana scatter molecule are of the 

irst 



first kind the resultant force is (c.f. ( 2 - 61) 

kT4a _ _ a- $ 
Y 

- i 01 it), LiT 
órs/ ? ° 4 

oiL. 
xc2w io ts) 

where, t -s the al4arent potential. The trajectory 

thus calculated would represent the average w1`slaviour 

of a molecule in the vicinity of a given molecule 

though in each individual case the path mi.Rht be very 

different. In a liquid; the aeoumption of binary 

molecular encounter never holds, :ut by using the 

apparent potentials ;), <te., we can take account of 

the influence of the surrounding molecules u,e on the 

velocity distribution of a molecule at a gixEn _Jos%ts.on 
one at a time. The apparent potential 41 has been 

ak r4.:<uln mi-Erw4-6.e5 
worked out for a lit.uid[oonsisting only of one kind of 

ro:e cules in equilibrium by E.A. Rodriquez and A. G. 

Lolelian in the same department. he approximation 

taade in the above p,, ooedure is the negleetion of the 
dependence of the apparent potentials on the velocities 

of the two molecules concerned. Detailed calculation 

and the complete elucidation of this aspect of the 

situation remains to be a subject of further research. 

II - 9. General expressions for the coefficient of 

ordinary and thermal diffusion and of 

viscosity and thermal conduction in liquid 

mixtures. 

he quantities required for calculating the co- 

efficient 



J 

!.:.y fi cient of ordinary and th.ermal diffusion are F' 

and F those for calculating the coefficient of 

viscosity are F F,,' Nio N,T e tic , and for the ct3eift- 

cieiit of thermal conduction 
J 

0y/ Nao,-P - NLOIJe,c 

etc. z'rom quite general cousidra- 

tians the form of the above cpAntt ties can be deter- 

'pained. 

First consider F,' and i : they are linear in 

ax and satisfy the conditions 
, 

et, --- F dvl = o n = SF,.' 

= ' P,.. Hn jF', t %di -b-I+zFi ioV V 

t..,T'+Tz ik1 F/ja ali.i r)á" k 
- , i 

3k ' 1F,° Ì +`JF vd - o 

75) 

r:zioh saya that any further correction to the velocity 

distributions- p-,° aKa F,° shall not alter the values cf 

the local parameters a4 (For the present purliose, 

the presence of an external force field will not be 

considered.) and vi are used for yp and 
vt9 respectively for simplicity. 

hence and F,, arc of the form 

where 

Y . " V 
. 
. z + v -1 r l 'aL 4- c(') 

á k 4 
p C`H vv á 

a-., 4. 0.L) á flL? i'dx 4. ='ä 
11``, y'l v F y f ``, Av. _ ,(.4=(.2-'i3) 

Next / 

r 
( 2 - 76) 

( 2 - 77) 



63. 

Next consider Nzo : it is linear in r7.014R , even 

III 1-1 (_ x l t ' - 41) a n c i cat ies f NLV dr, = o hence 

it must be of the form 
/ 

NZ. O = cY9 
Y r _, 

where Z`a, is a function of r, and X. 

irilaxly, wo "l3ave for mot. 

(µ) 
I`to2 = v z 

rt rti 

(2- 78) 

t - 79) 

N t and r+T, are however net so simple since 

neither of them is even in the relative position vector 

or symmetrical with respect to the two mole cn3. es 

concerned; but the sum ( N T+ N , i$ en, even fanctior,t 

of S ( xÿ - x;' ) e.nd the difference (N/IT -1141 ) an odd 

function of S I Hence 

NtY+-nT Y;, 

= 1/1.1) CI) 

+ =Y)s( +Zy3)S'r 
It fo.Llows from the above equations that 
' o a... cy) aft ii) a T µ) NIT = Y, SI . dZC 

f vi sa é- v., J'òx + );, L'_ ) 'era!!! 

Tit 
111 (iN, ll Ó Kl / a .4 NT _ S2't7x vII S1'X { 1,11 S2 x k 1),(..4) Ssá 

( 2 - 80) 

where 

To find an expression for 112,3u2.1 2o v2. 1 we notice that 
(uw f Jiv) 3.s even in r, and N,., (`-i' - is 

odd in !", , hence 
. 

i`-'io 4- Vi; )" 2 (,`, r; f,).(')' ,11, 3." Z JX 
h) ° f- Ytc rr t3Lari1 2Ka+ J)r,°,+V(3)r,lj. dri Zo, 20 

) 
( 

o 
Nio ,(zcU= 10.26.) 

) N +2 )4 /11 :4-7.4 

k 2 'te rL ..y 
--4 

It 

Ìt2-81) j 

.1 I 

2R 



It fCy.:.lows therefore 
NZ, UZo/,R. Y!1 fJ.eo,rt1, aëx ao -' t 

( 
s)ri 

+(,; yi 4-,s2.(21'7'1),aT 
01. e 0 

--(1)-ro) r) .o,!" e z _rì, 
( f,. - 82) 

Similarly one can write down the expressions for 
;No`)+ 

vti)) and N:) To find an expression for ; , 
N u)T we notice that ir vr Nari vri ) is even 

i2ï SI , and (N r VIr'- Nf1 uTl )) 
?`,'e r.'2LLVL 

o ) o 

N lT ,) IT -(W ',) s, 
(C.1,3) 

odd in s, therefore 

t (-111 5,1-1 )X' ,( cl)? `))5!dNl 
l dK 

443.) S:* 1á? t w(`) a-_ S JY 
E cv11) 51 SszsCr; _1scl)>/iyy. (2 -- 85} 

/ 
S 

I 

NrO 1 

uTi 1 - CAW) sO.)) 11Ì a " , f ,1-10° 
f 5Z ̀ ai I 

( 4.0 } ) 5s_s;. a43/ Si 1 á -r c.o# ) ,. = S1 

+ 
w} S SSL ' + 

c.eir L1°K % SL J 
By similar reasoning we can obtain 

O 

Ntl uTÌ =two SLss.t 1) á..1 "a)si__i wL)Çil ôh.l - dL) ° s -/ âx 
+ (Ga13)5.sif W1651. 11 1 Sj 

i) ó 
/ ) 4 C.J g SSti é W2µ Sÿ .+. S1 

and N1, , r 
S 'o 

that 

(2 .. 84) 

is ot?tainab2e from r)TI Ti by changing 

Further the condition .. o re vim s' 

V )) t r .). N 

N v") o + 
I ir -Ir -I 

).,., L ( 
1.4 

J s WV L 

Ni-, 

dr _ 

is) uTl 

xenoe 

J 0`to /r1dr1 + 
w,, l /T`d r 

1 

P1 4....), y) .' d S 
I 

Concerning / 

y,A. O 

t 
P Y ,J L - 

= o (. =f,i 3) . 

a ,C ,2., 3) 

.:19 
85 

J 
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Concerning u02 =';' eta.,, we ado t the convention 

that for <1=1, 4..° e or the subscript at the 

si nifics the fir:.1t or second molecule in the , 

set, and for ti.-) tiz =) it specifies the type of the 

,molecule concerred,« 

With these generas expressions in hand, it is easy 

'to and the coefficients of all transport processes in 

terms of them. Consider 1if:tusion first: the mutual 

diffusion velocity is 

1 
1 

( 2 - 86) } 1 - K VI VI - S 
FZ 

VL 

nl 
As the coefficients of diffusion are measured under 

constant pressure, it is convenient first to transform 

the gradients ' á"z a rld appearing in. the - a3 

formal expressions for r' and F,' 

according to (1 - 22) with '.p ven by 

Thus 

to 

F(= i" i S2_, le: , x + SL 3) 
io . T 

where 

szcl) -- 
yl o 

``'' 

51.E. - ``!',` ) 
sz =áp/ `", +,1,,'n 

1 
k 

s) ° I-. ' =, lj) . ( 1 ? 
T 47.0 

& _ , , + h1 - 
v 

lf 

ac, al a?- nd 
à.. 

in (2 - 66). 

1-.( lr,) r,,o(rx 1-íf NT+1S) s 

- 87) 

- 88) 

Similar transformation can be, applied to Z' ( w' - 86) 

'becomes then 

f ¢ 
--1 -i - 3 ñ ° 1 j 2 

'1 

+3 f 
1st`1) 

v,LQty. l k 
4 

C7n de r 

ye 
>e 

1 

+1 fin = 
Y 
l2 a 2 a l t - 89) 3 z 

N/A. r' a,, a 
-i ax . 
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Under constant pressure, the term involving á 
in ( 2 - 89) can be rsro . ped. Upon comparing ( 2 - 89) 

with - 26), we find 

y,n' LL1 ° 3 s r,, d-V 
1 4. 

(2 - 90) 
+. T j ¡ ( , ; 

3.ti t J 
Lao) ̂ t 

w d`, - J } 

Rext consider viscosity: the prcssure tensor in the 

presence of lin car gradient 147' is p=p°.,, r :there 

p' is given in (2 - 66 ) and 

k.' -le + ' , 
k / _ 1-1 . 

( F ̀ -', Y, oL vf { w,, f Fi v,. d/.. 
l 

{`"IN(1-1vfdV {k4,frin aV.tiJ 
, 

1- = (-es It air; z a2' -4-'3 h,,++,+i f 5! Nrr 

Sr a ^- a..lNoaa . °=i h,+,zSILO yNrt 

S() 4,6 rad ri + S,,bNi cr,,.Jri d rl t- 2-J491.1) S,3 d5 }' 

Bow the viscosity coefficient). is defined by the 

equation 

91 ) 

PI 

,r floe 

.0412 

4 
Mp -3of fYs (rAr; +4,+ :01)ßi ;47.1 Ifli;-4`)*V .Vds, 

} 
hk _ 

r v: 
vhcre the fist pert is the potential viscosity and the 

second :art iz; the kinetic viscosity, the former plays 

a predominant role in liquid mixtures. 

To calculate the coefficient of thernsl conductivity 

it is necessary to obtain first the ever r flux vc o for 

t`2 - 92) 

(2 - 93) 

. From (2 -:::a), (2 - 48), (2 - 56) 
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Y.11 

, 

-vnro 4.Mti+ikT`int1.4i t (11Aÿ 

= (roi F, ' V,( v, `- Z 
k k 1t i hn ?.`1t //1l, ? k L 1 

} , 1, / 
+y kj (tUi }vZU') I - (2 95) 

,, - ' S2 ` v1 Lv,? 5k. ) lVl+ 
! 

3` ( '' 11 (yl _rkr )afv= c, a 
' :M= x 

t `;' .!'2`;'v'(v; .Skr )v.t 3 ( ,1'1 v,_skr f' 
I , ) (, Midvâx 

, j S kT ` ) J .hvl t>ny '> 

( 2 - 94) 

It has been sho rm (c.f. Chapman and s1owl.3.ngf s book) 

that when dif:cusion is dsrocEeiking there is a kinetic 
heat flow resulting from the flux of ( / +, Lti ) 

m.ti? rcu.i.es 3»..r unit 'Lime relative to th,: mass velocity 
u: each molecule csrrie s on the average a quantity 

Lk-r of heat eneru. The thernal. conductivity 

ctualiymeasured is under the conditions of' constant 

L rewsure and steady composition consiste nt with the 

und form temperature gradient i. e. 

Thus we can elimina á2 in (2 - 95) by 
ti ., U,! _ o_ `/ /y,Z 

Av ( u/ ,/,` e c1 
- atJny oiV2, ar 

(CSn;' '' ,v } .R ` , =- dz 
, z 

I' - L+í ° -1 _ 
i 

1 

the e quationl. 

(2 

Hence equation ( 2 - 35) becomes ( t, z. skr w1 
1"(V 

1 SkT v-zMtvI } (SZ1- )(4v- v.).1..) 
J J s 

" 
(J;t 

1 -k r\ d SkT 

Jnu 2vz 
aY, +1 n, , dkvti1 3 ) 

, d_v J 

, M 

Now the coefficient of kineti c thermal conductivity 

)K is defined by the equation 

I 

dt 

where / 

(2 - 97) 
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where 

pitf_raN Z 

l`ziT)d.vs4ß2,6sz_.i»T%/ 

v2.6vt z..T/_, 31(4' Z, z`L 1-kT) dL) 
.I 1 L Mwl 

= l 
ti 

E )iti; dv, -PO m d,t,,)/llA? i { 1-31i Ñiva.) 

in calculating the potential part of the energy 

flu.x vector ' ; we impo ee at the beginning the con- 

(2 - 98) 

ditif?Ylç3 =o irwt=e . Frai (2 - 33) we have 

D ' i ì µeÓ io,ráYi1tJ NIT V`41K21 á(J Ne2Voz/ 4442.4jNriitdtA ' j 1 
} 

/ L. li~ ,++ }Vs )d 1JiN`IVolit,y`i1Gi' 

L i l, N,T/viT!vtJ) dS + u vI ``) ` z' 71 t -TI+ ,tI ) 

with terms involving :A; and u,, neglected.. Using 

( 2 - SI) to ( 2 - 8.1) we obtain 

6)-4.. 2 ` A a r ( 2 - 99 } 
eh. 3 ax 

where 

[ u : Y, '11.? . r. -tdi rl%1 1 4SR ósVri t ó i; ¢srA 
. 

ra2d rlÿ 

I. lllw1,,+S')esc (.ai -))rás, ( 2^ ' iÜ0 1 

arei ea Can be obtaîri3,.1 from e, through replacing ; 

07 Zo ... and v(3, 13) ,3, 
2o, kj, 3 

ra4 eat ively 

Applying transformation (1 - 22) to (2 - 99) aA4 

dropping terms involving ke_ we obtain 

N _au ¡1 aT 
~. áx ü3 áx , 

where 

'9 -p 
.3'` 7. = a h. ' 

= 9 - e (~+ l9. + ht aY `r3 3 T 

Using / 



Using the relation (2 - 96), we have 

/ } aT ._ U; EOJ 

z;inee the coefficient of po tentïal th Wrmal. conduc- 

tivity xi, is clefiritd by the equation. 

^/- aT 
P a 

hence 

= L ̂ J 3 -E, 

(2 - 102) 

103) 

The coefficient of thermal conductivity X is equal 

to the sum of Np and X, as given by (2 - 10 3) and 

(2 - 98). 

As mentioned in the beginning of i - 1, the trans_ 

:port of molecular properties are made up of two parts, 

i.e., the potential and the kinetic part. It has been 

shoe i in the present section that both and a can be 

resolved into two parts. In the case of diffusion, 
pa and A,- consist only the kinetic part. he 

,problem is completely solved once P,' and F1/ are 

known. she practical method of solution as discussed. 

in the last section snakes possible a rigorous solution 

to the problem of diffusion in liquids. 

I with to express my thanks to Prof. M. Born who has 

suggested this problem to me, for his constant interest 

and encouragement and also to Dr. H.S. Green for many 

helpful suggestions and discussions. 
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Appendix I. Calculation of J and. x for special models. 

Consider a binary tlíxturQ, the velocïti,.s of the 

colliding molecules of the first and second kind before 

collision are denoted by 4" and yi respe-ctively, those 
after collS.sion. by (;' vt) respectively. As the 
collisicn frequency and the deflection probability 
C are independent of the frame of referenQe chosen, 

we shall asoume a frame of reference moving with the 
local mass motion velocity K . Since molecules of 
or e kind may collide either with a. molecule of the 
same kind or one of the' other kind we shall find that 
both /K and x eonsist of two parts (1 - (1 - dg:) 

i.e. 
»,". _ i-40) f /u/2(,) 

".I(IZ) ((Zj f X-11,(12-) 

It is obviously stifß3cient to calculate itAm.n) and 

x,L(IL) Further each of them can be expanded 

X,i.(' 4 A:1( 1 2 ) 4 ) C ( ; ) f 

where the first term represents the contribution from 

42:') and the second term from pertaining to the 

second kind of molecule in the medium. AS » /y,,, ?Ow 
arc not required in.thc i.,resent paper, only 4..,zel 

,c,,,(4 2) will be calculated in the following. 

I.1. Rigid sphere model. 

The collision frequency of rigid spherical Lo1ccui.es 

calculated on the assumption of binary encounter and 

molecular chaos is (riven in most text books on the 

kinet is 
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kinetic theory of gases. (c.f. Chapman and Cowling 

19;;9 ) . The re suit is 
J. o 

2 
L1 i J '1 1 L 

evz E (yl) (1) 
e 

(372. = z0-1+oL) 
bx = I r v/t,l 

J kT 
( + ) y, 

+ (zy- ;L) o e'41'S x 

beinc the molecular diar :-ters of the two 

:inca of molecules and , the molecular nasses, 
To calculate. A, we proceed at first in a similar 

manner as in the calculation of i.e, counting the 
I'hY:ability of the occurrence of a specific type of 

collision but then integrating over all possible types 
of collision for which the chosen molecule is deflected 
into a specific velocity range 2112Ì 0y_(;' after 
coll i si on. Thus one obtains 

A, 
k" babdb- dv`n ( 

) 

Where +:(4 is the Llaxweliian velocity distribution 
of the second type of molecule normalized to its 
number density. 9 =(Z2- `;') is the velocity of a 

molecule in the medium relative to the chosen molecule, 

b db ow is an elementary cross- section or ;'target 

area" in polar coordinates on a plane pas:.ing throui 
the chosen molecule and perpendicular to 1 , b being 

the radius and - the polar angle. The into Tation 

is to be carried out over a region R defined by 
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For binary encounter we haw in genera.:. 

121 442 

+ 
. a jn a) 

s11) k 

= 

where e = i2 " 
( 4) 

is the velocity of the chosen 

molecule after co'1ision relative to its velocity 

before co Llîsion., 14. k "%P , is the unit 
vector in the direction of e . 

For rigid spheres, ''e have in particular 
b = 

9bd 9.`ia,. 44- de- 

k a .a+.qq k 1;--1-1-- 

where dszt, AV... .t. d(- t E is an 

elementary solid angle in the 

direction of K (see Fig. 1) 

equation (1 - 3) becomes then 
?Sui 1 ) avw= ÇfiC9 + 6-52x, 9 

te 

where the relative velocity 9 has 

replaced 1/2 as integration variable. if K is 
taken as the new x -axis the region can be described by 

two conditions. Firstly, e must be inside a .S2k and 

secondly, 9 K = 9, must lie within the limits 

Fig. 1. 

wo 
z"A 

.. 
C + P) Zwi 

Hence 
-1w (etdP tv./ f.. 

o 

/` i+.( a-)á'1, = d i 
1kc 

.9, d5, f (+3..36 4 .YI)) d 5.L 4.) 
2,e ...e -,.., -...0 3 

t=r'rirre y,., 93 are the two components of 3 in the 
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.plane perpendicular to k , 

After performing integration over a.01 we obtain 
( a I- 

[ 1 

( },,, j /..LL) a.V dN,hiól / N^i 1WOZ Çr__ja !,,K 
r C yricT `r',' 

1 '1 
It may be verified that 

Xiii) d i i`'`rt) ju xict elV;) 4-1 La-) r11( L 

as one .7ould expect. 

I. 2 General force law. 

It has been mentioned in I - 2 that for the general 

forcie the classical cross section diverges and the 

co1lieion frequency also diverges due to the weak 

interaction of the distant molecules. Fortunately 

we do not need to consider such weak interaction: a 

proper distance , can always be chosen as the limit 
of the range of interaction. Variation of ; will 

only result in the redistribution of the contribution 

from the successive terms in our final formula for the 

coefficient. of self- diffusion (i - 47) 

,et 4.(y) be the potential energy between two 

mol coulee expressed as a function of the distance 

betue n their centres of 4,ravity. 

WWe can take -) = o for Y > b . Ale expression for 

r,, e) takes the same form as (1 - 1) with replaced 

by It is the function x, vhich takes the actual 

force law inside the distance ro into, account. Je 

shall indicate here how 2ci,,(i ) for the general force law 

can be calculated. it before we have 

X(I 1) dl1 _. J( t Yi') s b d éA f d,2!'1 I. 

_ P = =` k ` P +-P 
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The differential equation of the orbit of relative 
motion in polar coordinates is 

de b 2r) 
dr _ r. M9' 

afa) rz_ b1 J_ 
1 MS' 

where 

is the reduced mass 

e is the polar angle, and Y the 

radius vector as shown in Fig. 2. 

At fk , we have ae - 

aóYißB 

240') 
M9 I - R1 (6) 

f r om which R _ R(6,D c arr. be found. 

At r o 6 n :.se have 0o 50:,»(17-10) 

rid /R 9) ¡Yz á 
Jac e _ M 

r, b ,r1 r1'b1 lr ( b, 9 ) += e o tS r C ,.,, ' J 
ft( boV 

from which 6 -b ( ) can be found. 

2C,zC11)dv_t" trg fv)9 te,,,t,)a IS °1r°t,-t-0(3 

where 

Wl° S+ t°6 
( 

ßtglf ) 

Cg tvo5 
9 blg,r)ia-L5 

i 

J 

2. 

(7) 

_u, _a vN° 2_ -I p> 5:0 aV' 
P 

inside the integral is expressed by 4, _c.e.5" r 81 
9, 

Appendix / 
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Appendix 2. Calculation of a,, .e, for non-uniform 

gas ;:3i .tuses. 
Tho assumption that the physical 'parameters Xji. 

:vary only a:soo thly will be made in the calculation. 
One can always express ).4 in the vicinity of a :-;iven 

point x by means of Taylor's expansion. Vol.' the 

present purpose we shall neglect the presence of 
velocity gradient and assume a constant masa motion 

velocity in the region in which 4,f4x160 is appreciable. 
The velocity distribution functions- of the two kinds 

Of molecules at x, t normalized to their local number 

d.CnsiWies ,t-.l.'r.,c,t) are denote by (-Ii,X,t) and 

. The following abbreviations will be 

used hereafter. 
Tt i243 z Til L¡ le Ill tt % 

/4,^(1% = t i(,) Xl11 t3) r11(c tJL 

'(2-3) r. Ne( ¡t' ¡3j x t ) wl í'v.t' a 

óJue á á ake á 
53v"' n"'a1a 

(9) 

Further if we take the pressure to be constant 

curing diffusion and su4:pose that no external force 

field is present, we find 

x,..= , . 

SY 

:here 

(io) 

t")-= is the peculiar velocity 

of molecules of the second kind on its Cri, £ii ,ht 

relative to the local mass motion velocity 

Both /4 and X at any later stage of the motion of 

the molecule can be expressed in terms of their values 
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at the starting point i.e. 
-I 

J.^ l) = `), f M , Tß, L+i" 1 f'de, e+, 

J`^d0 + c/ 
' l DD /``,e.1t f _ .. 

( C41) f (T r/ . C + d.c0 4 12C44 i (`, f .. 
.Qa, 

)Ct (%, ' +t)i f VQ.1xt(ì, c 0, )4- jÌt 
means of (2 - 3), PN(t,,...N) in (1 - 42) can be 

expressed 
. in term of the values of quantities at the 

starting point e", f, neglecting gradients of the 

second and higher order. The mean time of flight, 

moan displacement and mean square displacement relative 

to a frame moving with _ can be found by simple 

calculations. The mean time of flight is found to 

depend on the direction of the velocity in this flight, 

but as the difference can at most be linear in the 

gradients, it will not affect our final result for 

1 Which is obtained by using the average time 

of flight for all directions in each flight. Although 

such average tires of individual flights are different, 

the difference can again be ignored for the same reason. 

<T4. +,i= +O( 
110). 

where 

/no I = 
S 

4-,ltl, /-`íot °t.vi 
t 

N N 
CI,r+,= 

r_t Awl 
Ale successive mean displacements relative to the 

(13) 

mean mass motion velocity arc 

S P, c V `. ; ol yr. d t. 
! p," a v;' c> 41.)-q2->= 

whore whore / 

(14) 



whore 

f.:_s0 
s 

Pc) a V".0)1 fD/'9 _kw (A1147q-1.5rM10,)4tiif14110, 

f (), l, ) ( ( 
, u P 

- 

A (' ) , C(2. ), 
U 

6 _i 

" 

i 0,24,6y L 

y ̀+a 

,¡CV ', 

J 
)1, 

, 

{ 

1 5 } 

= ¡..e 

U 
1),e)4.704 -vet 

a 
4,'G;H4 

If 2 4f'ä4 

neglecting cru involving thc C3ecfJnd or' higher vo1çr:3 

of 6 Ae Jl - 

Uf3 inng (2 - 7), equation (2 - 6 ) becomes 

e 

( / 1), 

=',) dV''I + 
.(3),`" C fe It) ) ,F; T¡ /t,1aJ, 

Similarly one can cal cu1. ate j.-. 
/ , z -! .ÿl, v_}'1av?' 1 1 )/ 

"Au, 

Hence 

4_ 

1,' ry ) 
v a, 4A416.1 `2' 1 a 

(4'6) (R (16) 
c =1 1 N_fy(fic{ M k L)dwpolv?+ f 

`ïhe mean square displacement when quantities 

involving the gradients are neglected is found to be 

the same as in the equilibrium tate. We have 

therefore 
{N f 4{ 044"-Y14 i(' )gX 

i13+ e41)42.194411.11 =_ , .. 

(17) 

The required expressions- for °4% and , follow 

from ( 2 - 5) , (2 - 8) 

o( = ,(1)i ¡Ylvt l D^ 1 
, 

is ) lv.ief`9F 

fi= 4.' 

and ( 2 -" 9) for large N 

h''C'L_ 

n0 ' 

Vl'`!,l'/ Gv}' (1... 
(18 ) F O I { vu'`',+ `I 

xlil j _ V) 11 )j %. t,l, 1`i 
1 a/, y1(t4, 

By using. ( 2 .. 2) 4?, can be reduced to the form 

9 = = ;432:, C1 J*u,I)oL.?$uI (19) 

3ubstituting (19) in. (1-16) we obtain an identity. 
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