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Contribubtion o the Theory of Diffusion in Gasecs and

253 quids.
I, Introdueiion.

The theory of diffusion in gases has boen approached

in two differcnt weys in the past. The first is by

1

mesns of the old froe peth theory initisted by Maxwell
|

which though unadle to give exsct guantitative resul ts
owing %o the assumpilion that molecules after colli sian'i

Holtzmann, improved by Talt, H_eyei*-. Jeans and others

are distributa'& in the Hexwellian type in non-uni form |
ég;a;sea, provides s simple vivid zicture of the compl ex
!Lmalecular transport phenomens in gases. The secomd II
|one due %o Chapman end Enskog is to Zind the deviaﬁan
trom the Maxwellian veloeity distribution in & non- '
;mzam g8 by solving Maxwell and Boltzmama's
icollision equation. This hes been successful in most
Eraapeets for gascs at low ﬁeﬁsitx; but the generali-
é%tim for the condensed phaese leads $o almost ingure
mountable difficulties: Im part I of he presonm
é‘i}a_pﬂl‘.‘, the phenomenon of diffugion is examined in the
;ltght of the theory of Sromien motion. it is found
thet the coeffieicnt of self-dif’usion in gases can be

rigorously caloulated by treating the molectules as
Breurﬂ.m particles. The same method applied to
mutugl diffusion in mixtures revesls on the one hand
%the entirely @iffercnt natures of self-Qdiffusion and !
mutusl diffusion, end on the other the inherently |
éappro-ximative nature of the free path theory snd the

?neeeasl'by /
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neeessity of elaborating the rigorous theory in order

to obtain ezaet guantitative results. In ke thoory

of Brownisn moiion, the displacement of a Hrowmian ;

parsicie in an intervel At Aauring which a large

|
Emmher of aoilisions is suffered by the paritiele with !

i'bha surrouniing mol ccules, is taken &s a purely ramom!

process, 1.¢., there 1s assumed o be no correlation |
Eb.etwen the successive dieplacements in succesgive
éintemala At The probability law governing the
resulsent displacement in a large number of such
intervals at can be obtained from the probability
|1ana governing cech individusl step by ¥arkoff's

lgm'bhua.. It is then shown that the ratio of the mean é

isqu&m gisplacement @X)- +to the corvesponding time |
dnterval 4t is indopendent of the $ime interval |
?ehown provided it is long emau@l Yo contain a large |
:;number of collisions. The constant raiio is obviously
iq physical property of the medium in which the partiel{h
:movaa. The relation of this constant 1o molecular ‘
@ata is not comsidered in the theory of Brownien |
rnotlrm, such a relatzsn gan be obbained only i we ‘
ean follow the motion of the particle within the in'eera
val 2t in greater detail. i

. Following the spirit of the theory of Brownian !
i
motion we fix sttention on a2 particular molecule and |

try to determine how the probability of finding sueh
a molecule &t a definite position becomes bluxred |
;‘with time, as the particle disperses and drifts in

%bhe /
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gthe medivm, which may consist of mclecules of the
:sama kind as well es other kinds. _The "rate of
dispersion” of this probability me;a.aﬁra&'by (:’_-'-‘)_%{.
‘depends for emy given molecule on the locel physical |
paremeters i.e., the number densities of the differenti
k:lnus of molecules present, the temperature etc., |
#hile the “rate cof ﬁrift" measured by (“5/{- aepenﬁs,
:tn asddition to the above mentioned parsmeters, also on}
their gradients. If the medium is in equilibrium ,
@”9/ + alone ragre:aanta the self-diffusion. iIn a :
[non-equnihrium mediug P-/t. contributes an aaﬁtion-.
al part to the diffusion veloeity. This aonsi&era‘aien
appltea $o liquids as well as %o gases. Ia the
igaaaenn region 4% is found ;hat- the caleculation of tha!
second part ®%, requires the veloeity distribdution in
!'a. non~uniforam state; ¢he ordinary free path theory |
without finding the deviation from Mexwellian veloecity
aistribution, has only taken the first part imto
éaccou;n'b in & crude way, hence no exact results can be
expected. This ageln suggests that in the liquid |
iregion- a qnalitgtivé theory may be built on the first

_z_}s.r'k (“l‘% only, corresponding to the frees psath theory
m the gas region. This is indicated in the last
Eseet.lon in pardé I. ‘
| By taking adventage of the simplified features in s
gaa-—-low density, binary encounters and the hypotheaia
of molecular chaos, it has been found possible to !
follow statistically the future course of & given |
molecule [
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?molecu.le for as many mécaaaﬁe free flighte as one
pleagses. In a non-uniform gas lexwell and Boltze
;mnn-*a eqwtion holds at esch encounter between any
'ltwo successive free flightss In the liguid region
‘the machanism of migration of molecules is very

. aifferent, the molecules instesd of travelling along
-@free paths have to evade or owrcome ceritain potenbial
barriers befare shifting to adjascent sites. It
scoms posgible by considering the fluctuation of the
potentisl barrier round a giwen molecule due to the

nearest neighbours, to caleculate the rate of escepe
ch thi 5 molecule to adjecent sites. _
. The conclusion resched in the gas region in part I
slso indieates that in the 1iguid reglon the strict
theory of iffusion will require finding the loml
velocity distribution in & non-uniferm liquid, or the
rate of drift @9/  due to the presence of gradients
of densities, temperature, ete. This is dealt with
din Pert I1 of the present paper where the method
initiated by Borm and Green is followeds Integro-

@i eferentisl equations for determining the velooity
distribution in & nom~uniform licuid mixture arve
derived corresponding o Mexwell and Boltzmann's
E:31::&.‘“1.15;1.4:;1: gquation in the gas theory. In the last
section of poart II fomml expressions sre given for

the coefficients of viscosity and thermal conduction
a8 well as the coefficients of ordinary and thermal
diffusion /
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diffusion from quite general considerations. 4
:praatieal method of solution is proposed and di scussed
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Part I. Piffusion and Brownisn lMotion.
I. =1, Diffusion snd trassition probability.
The tra#aport of moleculay properties in 2 non-
uniform fluid procceds im two different ways. The
ii-’irat way is by means of the migration of molecules
from one place to anobher carrying with them the
local properties - the densities, the mass velocity
and the temperature; this may be called the kinetio
part of the transport process. The sccond way, |
ealled the potentisl pert of the transport process is.
d:m $o the action of the intermolecular forces.
mffusifm is decidedly  the simplest of all the trans—
port processes, as it involves only the tremsfer of
iFmbar densities. hccording to the nature of the
process, one can further clessify diffusion into the
Pollowing two types. The first is self~di ffusion,
erising from the thermal agitation of the mol ceul es.
It is slweys in action vhether the flwid is & simple

ipne or a mixture, uniform or noneuni form.  The second.
;s diffusion arising from the non-homogeneity of the
pha‘s:ldal parameters inside the fluid such a3 the
m‘ner densities {n.) the temperature (T) the mass
m::ticm veloeity (u) and the patamals due 0 an ex-
temm force field (E.), the suffix: being used to
ﬂenota a property pertaining to a partiocular oompanent
¢f the mixtwe considered. Though in a simple theory
one ¢an express diffusion of the second category in |

terms /
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‘terms of self-diffusion as is the case with the free
‘path theory in geses, the analysis of the pregent
paper shows that such procedure can not give exach
‘guantitative resul ta.

In all cusges the calculation of diffusion coeffi- |
cients can be mede from one probability funetion i.¢9.,
}the trensition probabdbility Y x,ox, ¢, ot ) defined as the
:probability that a molecule of the ik kind at x ab |
time © will suffer & displacement 4x in time s%. ¥
depents on z, t through the local parameters .

{=n;T4,E} and their space gradients. The time |
interval 4% is supposed to be macroscopically small so
that the mean square displacement suffered by the
particle 4s also small by macroseopicel standards, hutl
8% the game time it must be large compared to the :
'mmrvals between individual collisions in the case a:ﬂi_
gaseous diffusion, and in liquid diffusion 1% cam be
'1dentificd in & rough way with the mean 1ife of &

:mol ecule in one gite. In both cases the veloeity of
‘the molecule ab the end of the interval s% is no
.flonger correlated with that at the beginning of a%. |
e are then jJustified in taking the displecements in |
successive intervels At to be independent of each other.
| In faoh for the purpose of ealeculating the co- |
:e-fﬁ.aiant of diffusion, we do not need the whole of

the transition probability ¢, , but only its first

and second moments { @9, @)°). We shell in the
first /
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éfirst place consider the ease of pume gelf-diffusion
m a wniform fiuld. The transition probability ¥
‘ean be a funcbion of ax and 4t only and it must be
‘even in +x for reasons of symmetery. Lebt n'{x,t ) |
'be the probability of finding any pariicular mole- |
loule at ¢ in = 4> then one can express the i:mhability
gigtribution of & given moliecule a2t time t +44% in
terms of that of the same molocule at time ¥ and the
‘transition probadility ¢ { 2%, 4t ). ' |
{2, ttak ) = Jn“’(z—nx ‘) +i4;c_,4t} 4diax) {1 _,]_)
the integration being extondfied over all values of
Eguation {1 - 1} cen b expanded on account of our

‘assumption that at is small.
WO(x4) + abn ) + O et |
= j { (t, (z4) - AX . o h'l\'llz’.{,) 4 ill {4;4;);% a%[{q(!‘-{-) + 0(45)3}\#(‘!9‘*)4(43)

= 5y o g 3 % | nUEfY et sea) des)} + 0 @B*
knowing thet Y is normalized and even im (ox} 1i.e.
(o, ab) dems =) , |
(W (a2, ) @) 4(ax) = 0 | (4 odd) (1 - 2)
Jot (42,48) axax d@)= 3] ¥(or,08) @) aim) = L Ty
where the btars are used to demte averaging with the
weight function ¢ .
If (axy is Saken to be of the game order as at,
we can negleet ()b znd Owj‘anﬁ obtain
| 2 W4 = < _(3_‘2_” S L) {(r - 3)
comparing with the standerd form of the equation of - |
aiffusion we seo thatt?mfﬂcient of self-diffusion
P is
Ds= ¢ {:i)‘ 3 (1 - &)

I% is well known that this ratio is independent of
at/
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| at provided thet it fulfills the conditionm we imposed

on 1% bofore. We notice farther that this retio is
independent of the particular mol ceule we heve chogEn

| same
i.e. every molccoule has the tondeney to disperse

among the resb.
f 1% may be parenthetically noted that the -tran'sit.ierxj
probebility ¢ can be found in this case $o be I
= "——-L-"‘-—' = [AJ'EJ‘L -5 I
Yilaziat) (4D 4{-)54- el { 4D, &k ]I i b
for sufficient lsrge of by assuming the validity of |

the ordinary equetion of aiffusion

2hiz8) =D mrm nixt) . - -6)

The form of ¢ in (1 -« 5) is consistent with owr |
%aamptim_ made about the order of magnitude of 2%
and (3x} + Thus under this sssumption the ordinery
iequa't;mn of diffusion {1 - 6) and the transition
5probah111‘ty ¥ {1« 5) can be obtained from each other.
| We next coneglder diffusion in & non-uniform binary
jmixture in which the physical parameters . (M =n;T w E:)
vary smoothly in spaee. Fixing our astitention first |
on a particular molecule, say the ¢k of the first
kind, we exemine the machanism by vhich it migretes
&n a medium which consists of two @ifferent kinds of
mole cules and which 1tself chenges in space and time.
: Y, is here also a function of x and %, A8 before
iwe know from continuity considerations that the |
probability density r* (rt) csatisfies the relation.

- neren)= [ e, o e ab) B seon t) Ay, (L # T
where /
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where the smbsoript 1 is used %o indicate quantities
perteining to molecules of the first kind. |
Expending both sfdes of {1 -~ 7) as before, notieing
¢ should be cxpanded too, we obtain |
% r\-@cs,t-) at + O (08 I
= - 2y e+ ;ﬁ:-;‘i*[hl."(s,k)(@j+C)(a:azm)'.(l - 8}
If we neglect termg of higher order tham ot and |

let
FE)I -jq’l (..‘—,ﬂ!;{',dt’) g_'k. "{(‘.’_‘J = f' dt

(@ ox), (1L -9
(.‘.‘- w, ‘=j t(l‘;d.?..,(',ai') aAX ax 4(“3)= Q §| At f
equation (1 - 8) becomes

%nﬁ(!;t’)——- = %c(h&ﬂ(,!;"f)ﬁ,) + %%;[hﬁ‘j(r’t_)gl] ‘}. - 10’

3ince Y, depends on the space gradienis at X ¢
the same holds for X ; we may therefore expand 2
vith respeet to the gredients, thus:

f=ddls o(2e " o =L @R 2~ 11?

St
Ag terms of higher order than the second in the
gradients on the R.H.S. of {1 - 10} will be neglected,
we require for B terms involving at most the Tirsd |
ordor gradients snd for & only the first temm In |
{L-11) $4) . Equstion (1 - 10) can be

| rewritten in the form
2n0a0 = - (e B) +T s (e &) (1 -12)
Henoe from the equationm of contimuity for nwe
£ind the losal flow r(x,b) w'(st) of the probability
demsity w’(x% is |
APaP = anf -3 2 (et ), {1 = 13)
Up /
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Up to the present, we have only considered the
probability of finding a particuler molecule at a |

To relate i’s with bhe local partial |

glven position. |

donelty n, (£,+) of molceules of the first kind, we |
éimagins that at some glven instant when the mixture is}
elready i its normel state, the A, 's are Imown |
thoughout the fluid snd in particulsr, the position of
all the moleocules are exactly known; the transition |
probability of cafh moleculs is found by treating the
rest a8 & medium, with /s known everywhere. A% a.ny
Later insteant t, the probability of finding the 1011:&1;3;
element x dx to be occupied by eny molecule of ihe ﬁrait

kind must be equal to the sum of the probability that
it is occupiesd dy cach of the N, molecules of tim :
fizst kind, L.e. =
nely, ©) = %_ CRAP RS
Beaides, o end [, depend. only on X , t and ere
independent of which molecules of the first kind is
chosen for congideretion. The totsl lowml flow of
molecules of the first kind is
s e S

|

|
|

|

of which a part 1s @ue to loosl mess velooity u and

‘the rest is the interdiffusion velocity «/ . Henee
Sl e '3_!-1. o (n ) (1 -16)
Sl |
whore
B = B - = (1-17);

Progceding / |
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Frocceding in the seme way, we obtain for molecules
: i

of the second kind |
wls B =55 5 52 ' {1 ~18)
where B/, o« and n. have analogous meanings.

The mutual diffusion veloeity ( =/-w ) follows

from (1 = 16) and (1 - 18) |
T (R T Y R 1S IR 19)
1% is seen that the mutual 4l Pfusion velocity i
consists of three terma. SBpart from the difference :,
{ B/ -£!) of the first moments of ¢ and ¥, divided hm
the time 1ntcz~va.1. at wvhich is characterintic of non- '
wniform fluide, there is the part due to the graﬁient}
of the @ifference of the second moments { 4~ o, } of ¥ | |
end + divided by the time intervel end the part due
to the presenece of & density gradients. ¢ne can sce |
et this point that without knowing the devietion from I
the Mexwellian veloeity distribution in & non-uniform
fluid one omn at most approximete to the real dimaio?
velocity by the second and third term in (1 - 19), and
thig ia what the olé froe path theory have intended -tal
do, though the persistence of motion, i.e. the tanﬁe_n&}
of a molecule to continue its state of motion after
collisdon has never been properly teken care of. in
the next seetion « and ¥, are c2leulated by following

E‘bhe molecule for a large number of successive flights;

thus the correlation betwoen the motioms between
successive encounters is rigorously taken into 2ccount,
| |
The / |
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The second and third term in (1 ~ 19) with A anda, thus

cal onleted would represent the uwpper 1imit that one
m expect for the diffusion veloecity withoub £inding |
$he true velocity disiribution in non-uniform geses,
By meking the same assumptions, & corresponding thenryl
ifor difrusion in liguids is indicated in {1 « 5).
in the fdollowing we shell give the formal exprogssion
of the coefficient of ordimery diffusion { D, )} and of
thermel diffusion (D) in terms of J'a ¢/ amd .

hs g’ and g are linear in the gradients, so sre = 2

. ox

and only the components in the direction of I 3 and g-}:f
ere of intercst in the prescnt caloulation; we write |

n 2h 2 dha 3) 2
.Ls =R SR S BT I
a_g. 22, 2ma a-ll 2 2T 22 {1 - 20}
= zn: 2n, DX g 2% BT |

iw:l.th similer expressions for p’ and 22 : i
| In order to sclesct tho part of the diffnsixm ae to

the presence of @ prossure gradient, we tremsform the |

gradients 22 YT and T 30 3 Land T shere ¢ -

2x, X ar. R s n,
while p=FR+p 1is the Total pressure. '
F A "\13'\-.( el "I‘ g:‘x neR e RIS
22 - Tm=lh, 5 ) , ,
. *a-n 2p 2T 2 | } (5
P on, 2 =y —
T sgz{‘,*—az ow, ¥ = % .
) 2p 26 2T
Hence we cen express . and 33 im torms of 3L Sa-ds
e

2x

L 2p ¢ = _ !
SR e - Dl e } (1 = 22)
;_ % {' ""‘Sa—rt ‘:i’ a'u :T-F gIJ}/(hEG’,*’”‘hJF

In the experimentel observation of diffusion in

¥

lw

o

ﬂnlda the pressure is ususlly kept constant, thus or;ei
can take 2F<. 1n (1 - 22). |
Substituting /



14, |

substituting {1 - 22) in {1 = 20) we have |
/ "‘-‘(5?-1. - 3t

'E‘ e &p 2hy p:'al) act [pa_ n, E‘ n Fl‘l _.E] aT

el {1 - 20]
2T g (n i?,?::]“ | i
where i

H=nig cnao | (1--243:
with siniler expressions for £ and ?,;‘ : |
Gguetion (L - 19} beoomes after ingerting ihe fum&?.
expressionsof f: 24 and 5’_‘-’}; ‘

ul-u! -——{(P“’ ,."f..-ﬁ“‘ﬁ"’ Yom 3 o) {38 22 )5 |
3 3 o] op i 253

HE D)%, 42k e o “Jf
Comparing with the usual definition of the cosff.

of ordinary diffusion P, and thermal diffusion D,
b:w“’ n" D 2 _ Dy o7

_— e —

|
|
See e aSE s 2 , {1 = 26) |
|

we obtain fineily
e _I_g(.d.—d‘_,p) 4+ % 2p
m 2p. @ % 2P ll o 37’ i

[ ()‘)M‘(F _PCJ }

Py = oo {ﬂ Twruﬁa) T2 | (o)

", "’p") e (g E{‘)JT“hT@QFﬁ}_ (1 - 28)

In & dilutbe gas p=hkT =(r+n kT | wo have |

", =

Do = _{ 3 3" )(4'-4") 3(-51+ "‘1.) _((3'“4. ‘-"J.‘.(P:.’(.la":}} - 39} ‘

% = (3l e bS] g g
+ T( PI 2 } ’ |
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I. - 2. Statistics of m-o‘d.on of gas moleeuies.

| In She prosent section it will be ghown that one
can actually fellow the path of a single molecule ,
statistically, assuning the reel velogity as,ggﬁ_m-;mnl'
of the modiwm as & funchion of x and % to be known.
I;we shall take advaniege of the particularly simple
feature in gases of low or moderate denslty by virtue
b:f-.‘ which the molcculos spend most of their time almost
é:free from the influence of the rest so that a fairly
well defined streight free peth is possible; $n fack
@at H.T.P the mean frce path is nmmﬁ-.abmzt several
Jhandred times a8 long a;s the diameters of the molecules.
!Therehy the agsumption of moleculer chaos and binary
ﬁnammtera are Justified. |

Strictly speaking one can define r&garmalr the free
.:rpath orly for rigid spheres. In any gonorel force 1&#
E*I:&mt total cross seotion calculated classieally is

:E!_.waya infinite Gue Yo the weak intergction of the

;ﬁistants mol ecules while in quantum theory it is £inite.
iE‘or the pregsent purpose we mey cub off the inmaeﬁbk
iheyond a reasonstle distance with negliglble error and
it ean then bo shown thet the finsl results « d. ebo.,
bre practicelly independent of the rangs of imteraction
T;uuh we have chosen af the beglnning so long as it I.a_

not too short.

|
éeetian will be defined first.

(1) / |

'\ Two bagic probability functions used in the present
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(1) u(5, 59 ¢) a¢ =  Dprobability that a molo~ |
cule at X of velocity I° et time t will have suffered
o collision in %, d%.

o (2) X3, 2%, x ¢) ak¥qt = probability that a
molecule at x of veloeity (" at time + will have been
deflected into X%, 4¥® 4in ¢ dt. |

It will be shown in the appendix that both .~ and |
| X ecan be caleulated for any foree law with finite |
renge.

It 1= obvious from the definition that « is owam-'

able from X i.e.

-0 =)

Both » and X depend only on the instantancous

FUsa ) = [ ocCE X0t Jrat D (1 = 31)

é11*:53.1}:15.’5;9' £* of the selected molecule at time t and
not on its history; it does not matter how long the
;knola cule has travelled with that velocity y* before
;i-eaehing x at %. In & gas in equilibrium ,u.and %
ere independent of x and %; . is a funetion of (5
only and X of (¥, (§Y) and o only, 6 boing the angle
between ¥’ and .

Iin dealing with a series of successive flights i.e.
mo-tions between encounters, we shall denole by ¢ i _;}"‘_
the time, position and velocity veotor at the
flbeginning of the ith flight and by T; =t -] the time

interval betwcen the it and i encounter where the
) = .|
k. encounter occurs at the beginning of the . fligib,

In particuler T is the time of the in flighk.
we [
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We first £ind the probability that a mol ecule at
x* with veloeity " at time ¢, will trawel freely
for T, and suffer a eollia'i:nn in T, dG., Denote ‘
this probabilily by W (3"x": 1, )drT,.,we have |

— =3t

W ()26, 6, = 1= T p)ag fa o dn, (L - 32)

=)=
!

vhere the first faetor on the R.H.8. gives the ‘
probability that it will not collide bofore +.= t+T,
and the sccond factor the probebility that 4t will
collide in T, 4T, .

Dividing both sides of the above equation by

| M5 38 %) and differentiating with respeet to
| T.,K we obbain |

YA A e e U |
L mL - T ) = (82 6T |
kS ) I

/“‘ E.ﬂ’a .EF.J *a)
Hence after integration we have ']
2 4 |
W EV D6 T )= (8 Mt szﬁ(it 48, GenidT (1 - 33)
using the inidisl condition

W(EL 2%, 0) = m(g, 26 _ |
W notice heve that the probability that a molecule’ -
of wolocity ¥ ab =9 ¢t will travel frecly for sm |
tuterval ot Lobo $han T, withous smitelenty |

qaeordzng L(l - 32) L

L
= v X gl |
{ = ( u(!"ﬁ -’-‘":'L'uf)it } f ﬁt‘;‘, 7 +§ !‘ fl*t)dt (1 = aé)l

'Efe now proceed to comsider the gbatinstics of a aampletT
£1ight. (By a complete flight is moant the flignt

of / |
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of a molecule botween two successive coliisions. The
correet definition of free path miould be based on tnis
concepb. One seces oleerly at this point the ﬂiffer—'i
ence between Mexwoll's free path which is in sccord |
with the present definition eand Pait's free path whiah
is not}.
et W5 % 6, T, ) di¥ds dT, b0 the probability
of finding a moleeule at x“ 4z at $ice § with its
veloeity in 3£°43° which travels freely for T, and
suffers a collision in T, dG. . ¥ have simply

WY 20t T, A5y, = 5695 QW adag (L - 35)
where £z yv+,) is the density In phase space for a
single molecule ab X8 at time &, |

Woe notice here that among the molecules to be
found in x“d =Y at %, with veloelty in j’d5’some are

Just being defiected into 1" 45" but by far the large
mejority of them have slready acguired & velocity in
| §°45°  before t, »assing merely through xv¥ dxz"at &,
I% would be ingorreet to identify the average flight
of the above sct of molecules after §, with the free
path of & single mol coule and this is just Talt's free
path ¢, in the direction of £’

£ “ Wi (E, 27 7%, Tia) :_l'.! Tia f‘uld?g at, ‘
T (e, T 5T A 4Ty ! |
' i |

vihich for equilibrium state becomes | |

3 ;

£y = |

i1 (f‘(¥“l}) ) |
where the bar denotes the everage with respect to the

Maxwecllian veloeity distribution.

In/
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In order to determine the real mean froc path one
'haa to select from the above gset of moleculeg those
which are just starting thei'-r new f£ree path at t, 4t
This can be done by ézaldng use of the ﬁmctién 2.4
The probabllity of finding at 4, o molecule fn »Vdx™

with veloeity in I d¥" vhich i deflected into _E."’,d‘f“.i
An todbt s £ (V) AETAEY X XY X € ) AEV dk, |
Henoe the probabiiity thet & mclceule with any veloazt&
in x%d=” g ¢, is defleeted into i’jdi“" in t 4% ig ' I
d;ﬂidi‘”&.f £ (2 E0HIX(EO 5% x¥ ¢,) 4§ : !
1% can be shown that in gases in equilibrium the a‘bevaé
| probability reduces to £ (x“57+) PR 256D ax¥dz=" a¢, i
and in gases which are not in equilibrium it roduces
10 (p (5% ) ZeTUp) £ (2956 ) A dsmat, !
That this is correet in the éq,allihrim sgtate can be
inferred from the prineiple of detsiled balsncing. |

for according to this m'ineiple; to every type of

gollision there exists the inverse type occurring with!

equal Zregquency exactly undoing the effect of the fira;it.
We therefore conclude that the probability of finding |
a moleoule of any veloeity at + in z"“,dsm whi-éh is
dofleeted into I74XY in 4 44 is equal to the
probability of finding a molecule in x%ax* ad ¢ with
velogity in E%«¥" which is deflected into a motion

with any veloecity in +,d%, i.¢., __
| dxraxe e[ K(s? 3060 (B FL 2T HIAEY |

= 4598 e p(Pate) AE axvqe, (L= 58)

For /
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For the non-equilibrium stete the distribution
function § changes with time so that the sct of molew
cules in x" dx" with velocity in 3% d¥” inereases in
tige d¢, by the amount (3 +3”~5-§-[.,) £(XY 220 A89 dx gk, |
which is Just the extra term glven above.

in alternative proof which may clarify the eitnaﬁe%x
%111 further is as follows: 2 l

Let B (F, 296 T,)aud?deay, be the probability of |
finding a mols cule with any velocily at xvdz"at ¢ |
which is ﬁ.ef}.eoi;m_‘l into ¥” 4% in + at travels |
freely for T. snd collides in <©. 4% . Then it fs |
scen that the number of the set of molecules
w, (5 29 &, o) deVqy A, must be equal %o the inte_gmte'&.i
sum for all values of t<t of the number of molecules i
gterting at 44 (=" ¥'c)  with veloeity in

| §245"  passing through x*d4s” a8t t 4+ and srriving ab |

T - N L (The subseript o is used to |
indieate events prior to the instant t.). Therefore I

-_—

dx?d50eT,, fP, LESF t.,i‘u} dte = W(5Y %%t ) AT, 474" |
the integration is o be carried out over all &, <% | |

If the time intervals are counted from ¢, we can re=

plece dt, 4T, and 4T, DY dg, dtand dt, rogpeetively. « \
Thus |

o = th, :
dz“"dif"dtzqﬁ(.ﬂ G b T, Toa) 4T, = W ES BT EG £ T, ) A5 !!
F - |
. The volume elements &xanddican e chosen equtl. |
Aftor differentiating both sides with respect %o T,

we obbain i . )
e L el :-0.,G:) = g? 24 ‘;t&--q‘r 2 |
R(E) 828, 00, Gy) = Jg, ™ (0575 2 -fira'zf’v.f“!“wdt} |
—“-%l{ﬁf;‘,"t!rh..t:‘fswf‘ AVnie’ :

Hence /
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P(E* &% 4,5s)

= {3 ERR AT B AT BT 1 @T"““}“ (1 - 37)

By dofinition and {1 - 37) we have
dx®ax”at [ 4 (5% 29 €) x (950294, )45
= A dxvas g P(E" 5% 6, G) T3, (L - 28)

= Adgdgwat, (MEY%x 1,-,}+&¢_§f'1 5%‘) 'F(E_",'x""t-)

which is the relation to be proved.
It should be added that equetion (1 - 38) is merely

another form of the Mexwell & Boltzmanun's equation. |

|
For using (1 = :51) we have i

set ©omn) H(EL 204 .
(5% 2) (1 -29)
=j{"‘ct.’é‘7‘-“ W)X R 204 ) — £ (0 XV ) X (55 "'“} fris |

Having obtained A (3% =% «.50,.) in {1 - 37) we cen
dofine the resl free path ¢, for the dircction 1 as
o Mg e v,

e = ((RCE 294, 6,) 3 ardT,

Far the equilibrium state it becomes the umusl

Haxwellian free path £, |
B |
==z |

n AE) !

where the bars denote the average with respect to the |

Maxwellian veloeity distribution.

The extension from a single flight to & series of i
successive flights 1s immediate. Far Ywo steps we |
define B(£/xV6,T., Bz 5%, Ty) dFdat, dpax dAT,, a8 the \
probebility of finding &b t in x"dx" with any Vﬁlﬂﬂﬁ‘-y

which is deflected into X’ < im ¢.4% travels fredly
e
for an intervel T,  1s deflected sgain into E) 4%

in ¢, d4t, , travels freely for another interval G

and /
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and Pinally coilides in T ATy Then we easn :
write |

th _ih ¢ o u
BE 2046,T, ; ¥% 29 6,TG;) 42 A¥" ak, a8« 4T 5

= { (15" 29 €) +. % ¥ 5;_2_,;-:) £ X0 &) dgag9d ¢, '

:;‘ , 9
= ¢ v dT
faol>anare, wridr g ) ap dt,

G - 1= B
{ {_fo :‘-(f, 2L ¥, £ 4T)dT ;O 20 4, ) i } { 40)!
where the first factor gives the probebility of finding
e molecule at =", ox” with veloeity in I’ 45" starbing

its free path in + 4« , <the sccond factor zives ithe |

probability that it will trevel frecly for T., be
deflected into I 4§ in t. 4%  and the lasbt factor |
gives the probability that it will travel agein for

T,; and suffer & collisiom in T; dT; | ;

By making use of the properties of X (1 =81}, (L-3)

it can be shown that |
{{ P(ie)dEPaT, = RW , |
PO d¥Wds, = AW, |
where R and Ati2) 2re used to denote P (N6 w,)
and Pu(E506 G K00 G) respectivel y.
Similarly the probability funection for N mcce-asivai_
£iights can be written dowm as

T ¥ (7]
R (5 504 Ty - T2, G ) A48, = AEE L

7] N,
IDﬁLI’L---N‘] :,{ES'JAE‘ A ~-- d}-t dty d-c:‘l,r\tﬂ i
g w 9 + v i |
— (}‘{g“:ﬁ:‘ j) + '%'P_r"ssi(u) 'ﬁ(lfj‘? t'.) 6{-:5_ 'dgud.q

a1 Tin By ; Sl
T o5 HE L Fetre) 40 g0 o oo, o s, |
i= i - o i b : -3 = 4 H
%E"“j .Q':-(::wﬁ(i i é‘*gwt: ﬂ*t)dc}i-q',"u |
ks expected the following relations are automatically |

(1 -a)
|

sabtiafied by P, (- w~)

([P, Gavem) ag®us, . = P (tasont)
[P s en) 430 48, = P, (23 2m)

or /
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or morc generally
f= PuCroon) db 459 ... dg dgW dEVdT,,, - d-?__&wd'tumw
— fp‘-—l‘”-l{' THl 4 =, S"’l) % ( Ser Sl ) ‘

For the equilibrium state P reduces to

(L2 een) dx g g g ool ) -
PN A £ i d-_'_f__ dty dtu,nﬂ

N1
= Woivn o ..,u(?‘bl‘;) : ¢ i
{ messxe dgoagy dt.}};l"{ < TXGIE A,

4 i_g*ﬂfﬂ?@.m- (i |

LI

{1 .""*2’5

I. - 3. OSelf diffusion in gages !
Heving found R(,n-n) in (1 -42) for @ gas in equili-
brium, we can calculate the mean time of ﬂigﬁt At :
and mean square displacement (ex)~ for any numblerN,.cf
successive flights. To conforam with the condition |
imposed on at in I. -1, we ehodsa- a large number of
flights so that =34, epproaches & plateau value,
It ean be shown that |
st=( T Tw) = NSTH=N (@ - a3)

where

P = JF '—t? MO AEY | ) = m(30) £ = £(5) and
n is the number density, the square bracket () is
used to demote the average with respeed %o B, . |

To prove {1 - 45) we have to caleulate (T, ),
by o BB T e arta
LA L =

& i+l

§$ood P €) AEVAG - AEY AT i

Pete o1, A ‘ —
e e
o e

SR

=10

ueing (1 - 42) and (1 - 26), and X(») =X (¥ EY)
' The mean displacement ( %(_E‘"ﬁ;m)} obviously vanishos
vy /
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by symmetry. ‘“The mean gquare diaplaoement((%_ﬁ_“"ﬁ,&.b
will next be shown %o be

-(45)1. - ((z E(LC. “J) {Ns ﬁl) :"1 di“"'("q)ﬂ-kl x(1z) F’,f dr‘udim |

: {1 - 44}
*tﬂ-z)sg i’%‘é"’gwdg 4_}:&4;‘54“} '

where the first term ingide the braoket represcnts thel

main contribution from each individusl step, the
gecond term represents the contribution from the
'correlaticn between two sugcessive steps, the third I
term from the correlation between %wo steps separatzd
by one fiight,ete.. Physiecally 1t is clear that such |
correclation decreases rapidly for cach step, and the
aboeve series is therefore a rapidly convergent one.

To prove {1 « 44) we write

(2 Pun))= (0% 2 200 R )

+2 Z< Ew i@*‘- CiH rsﬂ. 3 > i

=1

L
(1 - 45)

So using (1 - 42) and (1 - 36) we have ' !
( G )) _‘(_‘fP‘“" 'J(er,wd Ch ol { A “!M'“'..u
X §oof Pecraini) A¥YdT, - A5 AT,

At o9 BT
S= _[ nk“dg_;

(?!EFWT%TM .‘m)z S Py O 50) F 1, T s AEV4T, - 457, |

Ay ookey |
& i e
§=f By (63 04k) dE%IT, - ﬁ" &1; el

= j {4‘(‘ x(':,t'l'i) * 3¢ Sk, Cek) “"ﬂlf*'“'-’g;“ ‘(zﬁ;u
h../-tu fu) < M (o)

— !, d0) x(12) -+ X (K k41) o, yles) () !
.( f RO R Ga ¥ ¥ df2.ay =)

The above expression will give for k-2 the
second, third, - term in (1 - 45). Hguation (1 =~ %3
follows therefore from (1 - 45). For large N the
retic of the mean square displacement to the mean time

of travel is therefore
TR = y Fui Y x0D ¥ 5 gpe
o 12) X (23) B 5w B g |
1 .‘s-"q#,ra‘;,zf” s e lipn

Hence f
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w
Hence the coeff. of self diffusion is

D = .L@-":-i s '3,'{ I 1) Efﬁ_w + f( ) X0v) < ¢

Y2t v
e at h & TR Mgy T di_’d:é

fo) xX0x (23) ¢m o : .
+ RIS A R LA o LR I RSl BT B ) ) |
{{ et pa) {3,}:- ‘-;- d._'_f d'i ‘_2_:"4----} (l - 4:? }

The above calculation refers to pure self-—-&iffnsisq
in en equilibrium gas consisting of omly om kind of
molecules, The oxtension to an equilibrium gas mix-
ture is immediste., Consider a binary ges mixture im
-equilibrium. Let n, ondn, be the number densitiesof the
two kinds of moleeules, £uff(sane LOLATY) be the
Qonsities in Woir molcouler phAge SPRCES, s i (wh)
and pofa(3%)be the total collision fregquencis of a |
molecule of the first kind with veloeiby ;,“" and ;f a
Lmol ecule of the second kind with velocity 3 respec~ |
tively. e shell have

My = Jay €) v pn(E) - {1 - 48)
where ., represents collision between molecules of
the first kiné end »~.¢ between molecules of the first
kind end second kind. |

Using the same type of subseript, we have for the
deflection probability X

X, (o) = 5 (600) + Xpa (4 v'ﬂ) 3 _ (L - 49} |
| We cen then write for the coeff. of self-diffusion |
of the firsgh kind of molecules among the rest D, as |

o |

Ds = -;-{f.ﬁ. 32 A¥” + ( j‘.:{ 20 f:"_!fqdfde

Ay o = gy pds

#Y %02) x(23) cw ed <3
+([[ #*L X LE37 g PE R i }
ﬂf .y Las) (&) .GJ _Ea -E‘; ‘{.f! - !|

{1 = 50.)

In /
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In order to see the meaning of the various teﬁm
in (1 - 47) more clearly, we shell rewrite it as
follows. et Y97, = 29  cquation (L = 45)
becomes
B = E - Ty« Z (225 6

= (:.i(gw‘) +(N.-l)(2 .;_W-.gf"} +LN—2-J(2 2% 8Py £ oen
ueing the resulis of caloulation after (1L - 45). |

=

£z<2g.}‘§£+u o, :

Henece for large N we have

-t OF @D (el seen
i AN {e*) i (et 3 }.ll = 51-11

Equation (1 - 51) shows clearly that the various
terms of the series nmerely take into sccount the effea*:h
of the persistence of motion on the rate t}f d@iffusion |
in & ngoroné manner.

To sce that the value of D; is not appreciably '
chenged by choosing different ranges of interaction |
for any generel forece law between mol ecules when the |
chosen range is not $oo short, we rewrite {1 - 51) in |

the form
et at ey L gy |
[ Ps= S@ {<~“' 7 eyt T et } : G =8

Increasing the range of interaction will tend to
i-ednee the length of freoe path and mean time of free

flight but leave their ratio, the average speed almost
Qm")* ]
{Te?

in (1 - 52). As to the series inside the bracket in |

unchanged. ‘This is approximately the fastor

{1L - 52) its sum is almost comstant for sufficient
long range of interaction, though the rate of con-

;vergenoe /
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iconvergence does depend on-this.choice of range of
‘interaction. The exsect nsture of convergence can not
Ebe ﬁiscussed until 4 and x have been caleulasted for
gong particular forece law, but quali‘batheiy cne ¢an
see that as we incresse the range of intersction, the
. Pirgt torm tends %o decrease, but then a smell angular
gﬂaeflea-tiqn between successive flighits becomes more
probable, hence the sccond term incroases, ¢ts.. &
;com'eni ent 1imit for the range of intcraciion can be
iset up ag fnllm: it must be larger than 2 to0 3
;ti-mea the moleculsr diameter found for example from
nessnrenontn of e second virisl coefficient in gases
and it must not‘ extend ur %0 a éistance comparable with

is valid so long as those two limits o not come close
-?to cach other vwhich 1= always so in gescs. Choosing |
& high upper limit to the range of interaction will

?give very slightly more accurate results, btut this is
gentiraly‘offae‘b by the slowness of convorgence of the

iseries.

i;I.' - 4, Ordinary end thormal diffusion in gas mixture
It has been found possible in I, = 1 to express the

i-ﬁze average distance between the molecules corresponding
to the denaity of the gas considered. Formals {1 « 47

}

B

|
mutusl diffusion veloeity in non-uniform fluids in terFs-

of the firat and second moments of certain transition
| probabilities. It hes elso beecn shown in I. - 2 that
in nom-uniform gascs one een follow the fubure course §
ot /
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of & chosen molecule provided the veloecity distribut Io:la
Eof the medium 1s kmown, Our etatistios of motion L8 !
'seen o be based on the knowlcépze of the veloeity a‘_i..st?_ﬂ.-
bution throughout the medium. The mmtusl diffusion
!v.eloei.-ty according to (1 - 25) with .ﬁ’s md '
gmlonlatea from B, (1 = 41) should be, and as shown
in Appendix II is indeed cgusl to that caleulated

dlroetly from the loocal velooity distribution f.es
| w/-ule L(£/r08 ay, - 85 4y, {1 - 53)

wheore 4/(3) ond £.(3) are the Geviationsfrom the

:litaxwellian velosity distribution Sue to the gresence
of the gradlients of demsities, temper#tura, eto., of |
molecules of the first and sccond kind respeetively. i
' Hevertheless the present caleulation shows the

|
dntrinsically difforent .naﬁurea of gelf-diffusion on !
the one hend and mutusl @iffuston on the other, the |
i'i‘o.mr is simily & Xind of Brownisn motion, while the
ietter is entirely caused by the non-uniformity of the
phyaioﬂ reramcters. Th’.ougx in non-uniform gas
aixtures, sclf~diffusion still goes om, it has no
effcot on the mubual diffusion veloolty which can be
!ple-tnre-d as set up by forces erising from the losal
;;g'mé.tenta of density, temperature ete. In order to
obtein an exaet value of mutusl diffusion velooity it
is indispensable to find the loecal deviation from |
il!nxwellj.an velocity distribution consistont with the i

local gradients of the physical parameters.
T fhen /
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men the (s are negleeted in {1 - 25), the |
remeining part is seenm to correspond to the free peth
theory. Though the present theory which iakes account

of the persistence of successive Tlights rigorousiy is
;much moxe réefined then the old free path theory, they
are both basod on the same approximate assumption thaté
mole cules which collide during each ¢lement of time |
heve a distribution after collisonn of $he Mexwellian I
type. utusl @iffusion though entirely differemt
from self-diffusion in nature can be spproximetely |
expressed in terms of self-diffusion. Egustion (1*2’55

becma when the ps are neglected |

Biale -2 ,.,,_a_ M BTy )4 22 ge.an.)} 1= 54:5

og'h 0% 2v, 22 DT n, 2%

| With the 214 of this equation, both ordinary and !
?'bhemal aiffusion regeive simple explenations. The |
| d, snd o, appearing in (1 - 54) measure the tendency
o0 aiffuse for the two kinds of molccules. Hutusl
diffusion can be seen from (1 - B54) to arise in two
ways. First, the numbér of molecules diffusing in
one direction is noi equsl So that in the opposite

direetion, and eccond, the tendency for diffusion |
veries in @ f£forent ways with n,n.and T for the two
?:mﬁa of moleeules. Hquations{l -~ 29) (1 - &0}

beeome, whem the p’s are neglected

])a_—__".‘.-.."_‘:.-(.?.-_.ﬁ-)(q‘ b,u(._*i) ] -
{1 - 585}
D_= v;.:».s 1+ h.;l S ey Ta-r } (2~ %) |

fhus D, consists of coniributions of both of the

Etm / |
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!two types ﬁeseribed ebove under constent Hempersture

'and pregsure, while D, arises only from the second

‘type under comstant pressure. It may be mentioned
:jher.e that the old free path theory does not give rise
i‘bo thormal. diffusion because there only the first |
effeet is taken into asccount, licyer's diffusion Gﬁ-
iefﬂatent corresponds to

B e

Firth's explanstion of thornmel diffusion eonsi&ering
oy single frece path esrrmponéa %0 the gecond equa- '
%ion in (1 - 55j. J
| It showld be mentiomed that for gas mixtures in !
?w’nich one component is comparsiively rare, eguation
‘ﬂ - 55) would give good resultvs. This suggests that:
ia sorresponfiing approximate thceory -eﬁ&té in the |
liquid region vhich cem be obteined without eny know= .

‘ Eledge of the deviation from Mexwellian velocity
édistribntion-. |
I. - 5. Approximate theory of diffusion in liquids.
| he recent development of the liguil stete besed
on the anslogue between the 1iquid and sclid sbate |
i*reve&ls that the heat motion of molecules in ligulds
ﬁ temperature not far from the crystalizabtion point
be regarded as of 8 vibration-diffusion type with |
a much more pronounced diffusion component than in the
?easa of solids. Gach molccule after performing &

more or less large number of cseillations about the

same / - |
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seme equilibrium position jumps to a new equilibrium !
;position at a distance § of the same order of magni- :.
;ttﬁa- as the distance between the neighbouring malecula@a..
iThe average time T of steying in the seme equﬂibriumi
?poaition is usually large compared to the pericd of |

%osoﬂlation. The veloeity of the molecule at the
end of T can hardly be correlated with that at the
hegizming af T . %o can therefore conveniently _
identify this mean 1ife v with the time interval a¢
uged in X. = L. '

: Fach elementary shift of the eguilibrium position '
écﬁn be shalyzed into two stages, firast the emparation%
of the atom from its initlsl equilibrium position to |
an intoermediate one, connected with a cértain increase
of its potential (better free) emersy w , eni secondly
the condensation from this position into a new eqmz-—ﬁ:
brium posiiion where it is surrounded, at least |
pertially, by new nelghbours among waich the meu:.tmgi
extra kinetic energy of the pgiven moleoule is dis- |
tributed so that 1% can mo lomger zot back into its |
;original vosition. Working with thies picture of heat
motion, the problem of solf-diffusion has been gusli-
b&tiwlx solwed as sumnerized in Frankﬁl 's Kinctic
';.Eh.eory of Ligquids. Ve shull gquote the results and
?zpply them $o the case o_f mutual diffusion.

The mean life T can be expresgssed as
T =T, e % : {1 -~ 57
where [

Pavt Bl SIS L = 2 UL
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iv&zera T, being of the arder of 16'° sec., can be
identified with the period of free oscillation. The |
écoefﬂ.eient- of self-diffusion D; is then |
| ps:_L.J:__..__ - {1__53,!
' “he form of this eqnation hag been verificd. By |
eonsiaermg the change of free c¢mergy in the farmaﬁaal
ger holes and inlterstitial atoms, it is shown that |
| W= "W, +by(gh-aT)

vihere W, is the activation energy, K the bulk modulus,
& the coefficient of thormasl cxpangion, v the

éavera_ge volume 60&11_;:186. by cach molecule for p=o, b
a constant. For small pre.-sm p the term l
involving p can be megleoted. Houabion (1 - 58) i
‘then becomes

e o
3:"".:?%, e v L - 89)
where ek ;

<

To apply the results of self-diffusion in liquids
we have %o consider eélf-difi’mtm in a iiguid mixture.
In diluse solution i;he' activation energy w2 of malac#lalas
of thcv‘ golute is almost equal Yo that of molecules of |
the solvent as found mpermmly. In a nixture
where the mberlﬂensitiea of the components are coms |
éparable. the activation enorgy of each component must
;’he s function of n, ,n. end T .« This function hes
E;not been determined elsewhere nor shell we take it up |
here. All that can be said is that from the date of
self-diffusion in an equilibrium mixture, one can

estirate / |
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|
estimate the Coefficient of mutusl diffusion of the
!sem mixture. In perticular thermsl diffusion in

dilute solution can be roughly cstimated ss follows

| ~ ES ar {
| oy = L 2y — Al ,ﬁ_ Y “/‘-T =M
i ER e "'!.‘.,e""- = A, e it } {1 - 60}
: p— ;:.z 11 - .

o = = =4 % T A‘.__z.'qa/{.-r

The moaning of the guentities sppearing in this
gaquation is the same a8 in (1 ~ 59) with suffixes 1
a.nd 2 %o denote gquantities of the sclubte and solvent
;molefmlea reapeetively.

From (1 » 28) we have, neglecting the g’

{ -.?- :
2m 53] sy r2fecw ol
|

%e shall take A , A. .an& W,,, a8 almost independent

of tempcrature as found experimentally and A@-():-2(-<)

a8 = -o « Hence

| 2 S

CE s S A B = - 1-62
(e DA Belaea) C S

solf-difiusion ecefficient of the solute and solvent.
A bettor estimation of mutusl diffusion in liquids

cculd be obtained if more about the self-diffusion in |

equilibrium werse known.

; D. is seen tc be proportional to the d&fTerence -oti
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Pert I1. Kixgtic Theory of Liguid lixiurecs.
II - 1. Totation end definitions.

Considor an assembly of two different kivnﬂs_ of

j . !
molecules of fotel number H cccupylng a total volume V.

",et E., N, be the numbers of moloeules of the first snd
segond kind respectively and m,, m, thelr mclscular
;-ams:aes. Of these ¥ = K+ 5§, noleoules, one can
choose any R, of the firsl kind aad any &, of the
second kind for speeisl consideration.

Let the velooity and accelersiion of a molcoule of
tha firet kind st the position x¥ be demoted by :°
I@M. gf’ respeotively. - To abbreviate, we ghall use
| x,, 5, and n, %o demote all tho position velocity and
Eaﬁcelmtion vectors of the X, moleeules and x, ¥

'anﬁ m, those of the ¥, molecules. The volume
clements ‘EJ‘ 1:5 dx9 45 will be Genoted By CE
and T T 4g9 ax? Ny,

Hext @ so¥ of mulitiple distridution funetions
isymmetrized with respeet to molecules of the same kind
will be defined. The distiibution funchion
| Ppn, = N (b 2, %) 18 defined such that . dx,,
19 the probability of finding the wlume elomeubs
i Ayt <o oL x™ cccupied by any 4, molecules of the
first kind end the volume clements d4s0’... «{* by any
| &, molecules of the aocound kind simultancously et
time 4.  Similarly £, = 4.(txx5E5) is defined such
Lthat J—M 42, dE, is the probability of finding

the /
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+the volume clements _5:“,@:‘*(::.;.-.-&.) occupied by any _ |

Imoleeulas of the first kind with velocities in

£9,d8@ (c=nch) , end _x__'ﬂdzfj (s=12h ) Gccupied by

any molecules of the second kind with velocities in

| If’, df¥’ (jz12.--n) simultencously at time t. One |

fean proceed to define acceleration distribution E

functions 9, = 3., (4xxriun)end distribution |

functions of still higher order in a precisely similer

way. |
It follows from the above definitions that |

3

[hn 430 = g, - |
e

I nh, dy R '1'1..1.1

Sinee the quotient

‘\ h-k.fi, h, C‘[-lt(:"ﬂ}

hl.h-.,
probability of finding a molecule of the first kind

) represents the

B 2, dalhitn) knowing thet ox,, 1s occupied |
by ¢, molecules of the firast kind and &£, of the sccond
kind, one has

i ) S 40) P, - t2- 2}
similarly ‘

4 ' 2 - .
I e €.) fis ‘ d

By repeating the above process it can be shown that

Nl N

_ i
(N=h ) (Nt ! : |
} (2 - 4)

Fohs At Y, =t e
JI h."'—; -thhx L.L‘. (N-u.)'_ (N;_"'h.‘_)!

Ih'h.h.. Aa‘—k-‘-—; =

¥hen one of h, h, vanishes and the other equals to ‘

one, we shell use aingle index notation i.€. n,,, f

will / |
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Emri.:'..?.. be replaced by ~.. £ respectively. In accord-
ance with the usual notation ~ n. are the number
;ﬂ.ensi'biea and 4, f, the veloolty distribution functions
jof- the two kinds of molecules normelized with respect
to their number demsities. The total number denaity

n and the totel mass Jensity (¢ are

h:nl.{-n,_ a el f: fl.‘_cx (2 - 5)
wnere
fu = atay F C>"' = ”-i':.ﬂt.

II - 2. The equation of continuity and the equation
ef motion. |

The probability that the volume clememt x\’ «x is }
occupied by eny molecule of the first _k:t.nd et time ¢
is egual %o the inte:grated sum over all velogcities of
the probability of the same mol ccule having velocity
in Y 459 and position in (2 395¢), d(=9-56 st
at time (t-/t), The same comsideoration spplies also

-~

to each of the others in the set . un_ . Thus

i

we have
| fale-tt e8¢, xox ok, 5, 5) 48, = Maa e s )
Expanding in powers of &t and using (2~ 1) we
obtain

i (2 920 o3 5220 ) A a5, <o

or

|
h"'-h-.. + Z aum ('m.\_g“’ )+ z a,‘p; ("m. -"-éh.ha_)-— (2 w 5]

where /
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where
(03] ;
Lehih, hig £A |
> 2« 7 |
o) ) g £ } { S
B = o ) T B A |

@)

~hhy is the average velocity of a molecule oﬁ

the first kind at = dx® in the set h, h, whose

-—l —

positions are specified. By introdueing the convec-tig"m

time derivative a‘% defined by

A us .2 X .2
a6 ¥t +Z"““!"&.3"“'+gi""'-a-’5?. S (2 -

eguation (2 -~ 6) can be rewritten in the form

i “ J
df Mk, + h'h.l.,(z wm t’ Zak“' EE’ =0 (2 ="

In a sinilar way one can derive

by, -
2 f & 02 3 N
at "“"' +(z ?'L’ a‘“"’ +-Z E“' .axg,) hl‘k
ot | u.._,.i" —_—a

iz

1, : b : £y =
2 &, A =5 4)
+ % c’ég&} i ‘ﬁ‘*l\“}'—)},;‘:)-&iz.:fl ag? (ﬁ'l‘._-qh;h,_)- ]
where
. l o
n::b e jl\nh,"'t d.__’? {2 -
Fuk, S L kb

with & similar oxpression for Y., . In the

::rollom.-ng we shall rescrve ¢, k for indicating

quantities peortaining to the first kind of moiecules

;a.n:l J, £ for the second kind of molecules.
|

;posit.tona anfl velceities are speeif led. This
acceleration can slso be given a simple explicii

expression /

of the first kind at = 4=” in the set h h.  whose

8)

':'!]E

10}

11}

S is the average acceleration of & molecule



|
|

?expreaaion if we assume that the intermoleculer forces
;are central and depend only on the distances between
‘the mass centres of the molecules. Leb 6 b ey
be the mutual potentisl energy of two molecules of the
first kind, $9- & (=% thet of two mol scules of the

second kind and ¥ -y (=20} that of two mol ecules |
ior different kinds. %e may also consider the vhole
agsembly to be in an e¢xtermal force field conscrvativel
or otherwlise and dcnote by _Ij-"'“‘" = _F:"’ (x*'¢) the force .
exerted on a molecule of the first kind at x© at |
time . Let W(vmbe the toisl interval potential
Eenergy, then 5 |
| WLN) DN+ B (N + P (NN, {2 -12)
whez:e |
Ny % N, =
g:p' v % t'tm.. Bt 2 AT (2 = 13)
P NNy = > %*“" :
If we know the position of ell the N molecules at |
|_

4, then the acceleration of a given molecule of the
first kind at =2  is

_[]:’:’ e ;'-..( QWLN)_ F\s'l) : (2 = 14)

2%

If we know only the positions of the set ~,6h ab
étime t, the acceleration of a molecule of the first
ékzna. at x“ Dbelonging to the set h,h, consisis of
!-two parts; the first part is the sum of the inter-

moleculer forees due to the rest of the set h, h and

the external foree FY and the second part is the

average / iRk e
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average force due %o the set (N-h ), (N.-h,) whose

positions are unknown. Hence

@ — 1 [eow(ih) ' oh) '
o= 1 == f"“" el { bty b 3¢ htt) (o) :
. { 2 x! } 'U Fon, 228 4 EL {2 - 15)}
o (] Brumer oAt |

where _ [ oxH AEL:‘HJ“.ZE'H}}
Lk) il L:‘] = i:.(kﬁ) + E l"ljh\. ) ' h= ‘“fkl ' i
E.U\a) _= % :%"H“FJ 5 .§;.( h,) = — - 'f"-‘-'k'} “ ta 2y ls,l
PEh) = =4y ' :

i--'| J—l

ihe meening of the integrals in the sccond brackes
in (2 - 15} is clear, for instance, the integrand of
the first integrel mcans the probability that the

: L, hH) I
molecule st ..&“" will suffer a forece aﬁ., dus to & |

molecule ot 3,“““’» Aty with veloeity &n ™ «ybk’

.—p'

. knowing that the volume clements dx,, are ocoupied |
by & set h k. with veloeity im dg,, = Similer
expression for l]f,’,,‘ cen be writton down. |
| Substituting (2 - 15) in (2 - 10) we obtain the |
equation of motion

{& {Z... ht*!"'z.f.:,;m)}{' =1 (225 ,93{,,‘“_2 iffa”f" ;:

> a,‘u‘x ... a “

(T e TETEL S T R

T ok dEW ""n. J‘x‘“ ‘;Iw)hnkd

(T o FE A BT ol

J.J asu: \‘-m g;:

) s (2 - l?)'

II - 3. The eguations of conservation of momentum |
| and cnergy. 5

Let ¥ (¢, =59 ¢“ be eny molecular property per-
taining %o & molocule of the first kind at 9 with |
veloeity ._’étf’, ¢ mey be a scaler, a veetor or a
vemsor. Hultiplylng (2 #-17) by ay,, end intergrating

over [/
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over all the veloeities, we shall show that for ¢%
jf"s and +(I¥) the equetion of contituiiy, of con-
servation of momentum ond energy will follow.

For '(’,“"=l , w6 obtain exactly (2 - 6) after
integration. For ¢ '-f"we ovtain

. h a I
2 & ) E
-;ﬁ(nh.h._!ha.)-"xz:lajlm ah.,!:‘ -‘E-,““_J.b +Z r"{(‘ﬁ'k. ;l-djﬁ-‘x "“‘-M {2 - 18) f

where |
|

(9 =L (290 { "‘*wm,t” 6 gy 280 {2 = 19)
(a = -£) ) 47" :h‘:“" ':ﬁ, q J’““j |

The meaning of Y& is similar to nil.  exoept
that in the case of 2’“‘ our information concerming
the set h k. is limited to a knowledge of their
positions onmly. From {2 ~ 6) and (2 - 8) it follows |
that |

z?{.("h-'-.ﬂa-u)*nm.dt {zaxt'-(hhl. -L—"IuL iu’"za,&("* .,“ém.,_ﬂr.:\} . ‘-2 - 2‘:1)

Compering (2 - 19) with (2 = 20), we have

Gl s (2 kS T K )=, 120 2)
where

*‘L:.:),"' s { K, Yo, Yok, 45, St e e |

K e S ok, h L‘fli.-h.h‘dih.s._‘ - -‘fffff?"—‘*ﬁ. . } {2 = 23)I

Similarly we oblain

| ‘f{.'(“’%-"-'gjh.)"’ ’,&t(?fg.‘&iﬁi-zam k)= et ; 2= 200
where

KO = [ o, Vi, Y A B, |

@ } (2 - 84)5

€ _ @
ﬁ‘hk; = M‘(“f‘hl‘\ xh‘“*-!h\.ﬁ bl?&‘k}

KY? ete. are the generalized kinetie pressure

tensors /
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tensors for the sets of molecules w, h, ete. .
Further if wo define Li. L% by the equations

Z e B) = o (25 [ mnen 2B b

7% r." by Qfﬂ _ 3 2
1€ *J
S0 ) e (45 s
x* b 6’ﬁ"1 .
with sinilar expressions &eﬂning Ilf."_.’.‘ L., equations

{2 = 2L}, (2 - 25) can be written in the form

4 5 f 21 Y
tt-,--m.,w *r B B e S 2 B = B

b } (2 - 25)
d.‘El -b-!-‘u’h.’ +_—‘ {Za-xﬂ; ﬁ.“:: + Z au(.‘l E‘E‘ij‘. } ‘___—E}JJ
where
'fu‘“ K L-Lks) !
i "“ b ete. . {2 - 26)

The total pressure tensors E eto. for the sets of

molecules h, h. cte. are scen to consist of two p&r‘ba,:
the kinetic part K, cte. and the potentisl part L "‘” |
ete., arising from infermolecular forces.

For @©=1(§¥) we obtain

e : hfa. W) o |
B T T A - ER L TRl
ha i
+2'(a%w-fa&,h A e (2 - 27)
JH‘ 4 ] |
{Iaxq, {—‘i‘" ‘k“-—‘ull.) nhﬂ h _é:" ) ra *(‘ '6—}:’ —‘-‘" )mbh" d*::hj
where _
L e T At (2 - 28)

defines the generalized temporature of & molecule of

the first kind at x*' in the set +.. 4 . 4fter

some transformation equation (2 - 27) cen be rewriiien

in the form
— LBk el Rl ey =) |
== I g-) A].N a‘.lb‘h_ﬂl 3 ks t g - 29 )
nﬁ-";"..a-y(u t" “h H;“ Jl’l,\,““m‘ 'L-r‘l.‘_ 5:3‘.3 d.!; : _

viere /



where

ml = (A i L g, J : 4
2 = 30

&c) T I

Dhi, = .('ff-h\.—ﬁ-‘-. (42 A5, |

The externsl force f.“ which affects only the mass ‘
' |
motion velocity end the internsl forces due to the
pest of the set hoh. do not enter into (2 - 29) as

one would expect. By strict snalogy with the gas

theory we sce thet the vectors m.. , % are the

gsneralimed kinetic thermal energy flux connected wi.th
| fa molecule of the first kind at x© 42 in the sot h,,h,_.i

in equation similar to (2 - 29) can be written for the
3 |
rete of change of 7% , the generslized tempersture

of & molecule of the second kind at x?, 4z in

?the get h, h. . To find the corresponding equelion

()

for the internsl potemtisl energy we write I..  for
$he intermal potential emergy of & molecule of the |
first kind at x4z in the set L k.

- >

Lol = B8 2 |
_‘__I_g mﬂ,h‘%’{‘,,ﬁﬂ) dé,l.-n) J—fn" nat hoshat) (2 3 m-!]
3 ) g Iy

vhere the raotor - slgnifies that the mutual potential

energy is shared by each peir.
Using (2 - 6) and (2 - 8), we have

) |
Mhhe j"l{rIa..L.* Z-.,,,w e + ;am LA, |

Sk {2 - 32)
3‘#‘! ) &) M ,

t =§‘n‘th‘ ’ff’ X (E‘:'“" x uL d.'é? + 9 ﬂzﬁ; (-&u, — “I ) d“‘g:l“} »

where /
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2.9 et
Zam i = -—m.;.,i(‘—‘ﬁi;- ko) :fm
'|.
* S h,( —h‘:r:k*‘ 5;,“ LR B ';’Pt(‘: Akt

(-22

IUI

‘i—t" {I n’%*‘:":F“ ( ufn"" b &[‘:L) d"!h‘mj il ( H.:“’H-ktk"a 4!,‘*,;}

:;a‘;‘mﬁsr =4ih, g‘%( a4l ). 5;1‘ I

}
:‘.’J Pty b (. d‘::.'. E;';;,"‘;{ 2 u‘ii;;)‘ -‘d'-‘: &md ::0' “_’ |

Aﬂi “
222 s 15 o0 |
An equation similar %o (2 - 52) cen be written dmm
for the rete of change of I,,,,,‘ the internsl potentiel |
| |

energy of a molecule of the second kind at =& dx® |

in the s8¢t ~ ,h, . On adding {2 -~ 29) and (2 - 32)

we Ohtain |
DR ate s ] ..

| 4-2](( Lo :)—Au. +-a“, ""}""

'where

©) ? u-: (.;

gl _ (2 - 35)
CCREER IR sl
Yihe = by ha ' |

By anslogy Yo the cquations of ordinary hydrodmi;as
we see 47 is the total enerey f':ﬁ. ,c:ffffed aith
a molecule of the first kind at x® 4" | in the sed

(and similarly for 1,“"’ . It consists of twoi

:parts, the kinetic pa:-.'t »i)  and the potentisl pert i
| o The total internal energy E also consists |
of two parts, the kinetie part 2T and the potential
part 9, - The terms Z{KU )k ete. in
(a ~ 34) vepresent the dissipation ¢f mechanieal energr
into heat due to internal friction. |

11 /
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II = 4. The equilibrium solution.
In the equillibrium state % £ =" push hold,

equation {2 = 17) becomes

(_l.j s WU J a‘W{k) 1,,;. 36»#;
( Thba 0*'-"+Z-"-'\éxw by = oy (E Ero ff‘ t: ‘L(Za'xw £ ara;

oS < 2R, ;
q(’,—'iﬁ” l‘" ""1 axw ai":)"&u,h‘ ‘Iéfhﬂ{f_ftb'” {2 =~ 36)
‘a-h_ ,'2“’ ?#th’_
5 S( (J-z J axr-u a;w "" E arxw a;w)ﬁ '-.** leﬂ)

Prom statistical mechanipgs it 1s knowm that the

golution of the above equation must be of the Torm

"“‘"‘*é;_‘r) = Th“F = 38t %’M’;(a-é?)

where TETL =Y ) is the equilibrium temperature
;of the asscmbly.

after substitution from (2 -~ 37) in (2 -~ 86) we
obtain

z Cial) e "\c, g,w{g ) , 3# Ehw) 4
'rxl“’ T la xl‘* = F“) f i h‘a&"i “'—-’&‘ﬁj .( H;:"-;‘—"H;:: é:‘m -5(2:
‘_Z{a}“k‘h. "y, aW{‘!J ‘J) fw a#ﬁ' ﬁnﬂj 0 b 3#"‘\. erj
g Loxg 3.!"’ }" kT 2 ,;in =2 ( T:l-“ uuu “EQ“U

Sinee ny,.,, is independent of g,f“,:_ and Y , the
above equation can be separated. For 4.=N,, & =N, ,

we have

|
7"’%“ PN [TV (N) . {2 B
.~ N « 3 = v .
Eerhie (;‘;@-.—_F.’) =o (c= ta- M) }

A TS PN, N 1 :
w0 o C:Tfr? F )ittt
The intergrability of the above eguation requires

£ Fw to be consorvative.

wet /



Let
| FO= - 2E0

J.
2 x( gl T

ElN) = E (M) + Ea(ruu) f (3 39}
EMN) = i EY (2% : E;cwp); % E".’( =) :

¥e cen similarly define the total potential energy |
in the externmal force field for & set of molecules |

I‘\=L\|+l“. ”

[

Integrating (2 - 38} we obtain

Q. NNy, = e.:p{—;li_(w(n)i- E.(N]} 3 (2 _ 40 ;
vhere :
i 0 5 |
S e t2-a)

N N’,!
By mcans of {2 - 2), equation (2 - 40) gives

|
(Nrt) (Mahy ) |

R = g - "kITI.(IIi@"‘J-I'EIM]) S .

== !z-éz}i

d."_‘l..h‘

_ e—— - W‘J*EM A,
(Nt (o= b, ) (o5l aE

IT - B. Reduction of the molecﬁla-r conservation

= = ECh)

equations to ordinary dy&rodymamiaal equaticnés.
In an agsembly consisting of only one kind of inole-!
cules, the generalized definitions of kinetie preaam-%.
‘temperature and thermel flux reduce for A= in eaah%
cage to their regpeetive ordinary definitions. This i
is not so in & mixture where the genersliged definitions
!of the above guantities reduce for A=1, 4=° %0
guantities referring to the first kind of molecules
;only which can not be dircetly obmerved. What one

directly /
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ﬁirectly observes in a mixture instead of the above
mentioned quantities are the average propertics cone
tributed by & small group of molecules of various
‘types in e smell time intervel. Ve can novertheless
;jfind connections between these two sots of quantlitiss _
80 that either of them can be expressed in iermsz of
éthe cther.

There are two different aversge velocities in &
:mi::ture i.0, the directly observable mass veloeity L |
Prom which the ppoulisr veloeitics (or thermsl velo- |
eities) and therefore the kinetic nressure, tamparaﬁux:p
land thermal flux in a mixture are defined, and the |
mumber VeLooLty 4w uséd in connection with the trana%—
port of melecular properties, |

we R R Y b (2 - 43)

e e Y |

e ~ |

where :
K= ..ﬂ d £ :

= | 2 Edy, D2 = f—ézzdzx | {2 - 44)
f,mond 5 stand for £, (0 5%4), (2 |

: |
and },. respeetively. _
Let k T and = be the kinetic pressure, temperature :

and thermal flux in a mixture. These are defined as '

5 = Ml‘f “'l ¥ 9‘-_!, + HL( ‘.‘_ Yov, o\v, ="E-| T, ‘

2T = 2[4 Wiy, + T fﬁ WAy, = 2e(nEenT)

v amsles) V‘ L o
__—E“I'F‘!‘ 'dgl"’-: ﬁ!‘v‘d-‘{\:t‘l"- -~

where [/
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‘where

{2 «46)

!;g_i"'& 7 -‘-Itgjj,—:'

k, and m, are the pariial kinetle pressure and the
thermal flux of the moloeules of the first kind, T,

the partisl temperature such that i1, is the

FB

average heat cnergy for cach degrec of freedom of &
molecule of the firet kind. K. w», ang T, have similer

l.) —_—a

meanings for the second type of molecules.

0m the other hand we obtain from (2 - 22), (2 - 28)
|

and {2 = 30} £or 4=1, w.,=»

"% — J
=lo by -Fl “io Yo 'L!l'o ’

2 - 47}
%k—rw:' = v 4y I ; }:

e “, e —la

e e

i

with similapr equations for Ea, T, and =

--al =

| From the definitions given above it can be showm
that

: : i
Eor 3 {2 - 48}
= Eones =k +l‘°'*r‘"‘"’l"'(z.“'(“ ;
3 \
T = %k.(m‘l",.+ﬂ;1“.;) 1'-% (ACH + C_(ﬂuj’" ,
=T M eyt g, *’élo"&'r*.ﬁol‘&;*'%"T(.""%'P“t‘—’-{

P
where ‘
| .
| Simiwsiy e {2 - 49);

@ith these relations between T, = and k. T,.m
ete., it can be shown that the equation of continuity |
5{2 - 6), the equation of conservation of momentum {2-26)

and /
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"gnﬂ. of thermsl encrgy (2 = 29) reduce for h:=!, h=o

or h,=o, h,=1 140 equations similar in form to the |
correapeﬁdmg eguations in a gas mixture. {c.f. chapmian
& Coviing, Hathematical mscry of non-uniform geses :
1939). These are '

2 3 3
Fr el "5_;}‘("%--) 2
SR P) ‘
2t =N f""-‘i)—g,_‘,_c (“‘Ei*n,.g_-.,f)
P A e e 11 (2 = 850)
= SE R g Sk e, : |
2 = w2 St b ) :
at& ﬂ":& Pé‘g.‘_'-?""‘%(ﬂ_h*'ﬂ."z) s
) = 2 2 = P
T = ST+ Toglusiermul)- g (ks +5w)
T
F "m[(ﬁ‘_’- = *‘(’-.!x‘“;)'UHJ,.J}_ J '
where !
th s mn G ap (o dsenn 2, |
5 {2« 81)
' ® ‘ :
l = {jh’u:,‘bll (&29 ‘&") dé:) +_(H',1'ojm-‘.5‘l’r "_‘h) £5::'
e stands £or n, (&) xV¢) and < ,E, for

,-:l) »—1

: _.l(z: Ot),E”. If we interchenge the two molecules |
concerned, we obtain ~, and «% |
To compere the equations in (2 - 60) with the

corresponding equations for goas mixtures, we notice |
that the part played by the divergence of the potentia:é.
prossure corresponds the rate of change of momentum af
& molecule in a gas mixture due to collision with other
moleonles. The condition that the total momentum of |
the mol ecules in a amall volume clement be unaltered by
;eollisiona among them =~ the conaequenoe of binary
encounter and the hypothesis of mol ecular chaes is no
longer satisfied in the general case bult the rate df

change /
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'change of momentum iz represented by the guantity

By
{1 Bt T LK s )
WhiGh deoes not ?aniah owing to the interaction at & |

i}.arge number cof molecules other than those at the
;-;" point < considered ..

I Simileriy the part played by the potential iransport
iof thermel ocnergy corresponds to the rate of change of;
thermal encrgy of a given molecule due %o collision
with other molecules. The condition that the total
ianergy of the molecules in & small volume clement be
unsltered by collisions among them - again a con-
seguence of binary encounters and the hypothesis of
{aoleeular chaos is no longer satisfied in the general
goase, but the rate of change of cnergy is represented |
;by the gquantity:

B (Rer) =R L) - (e L)} |
i.whieh does not venish owing to the interaction of &
ﬁ.arge mumber of moleoules other than those ab the
point considered.
|

II - 6. Hethod of HExpansion.

The equation of motion (2 = 17} as it stends l
%mame golutions far too0 gencrel for our purpose.
‘J.'!a solution which we require is the so-called normal
éolution describable in terms of certain paremeters
lm!.eh deviates tmt slizhtly from the Mazwellian disl-
:"hri-bution. we shall therefore divide 4, into
Parts /




504 ;
beris

e ’ o
‘ﬁ,‘k; = fun + fy, + g € {2 - 52}

;such thab 4,,:,,‘ , %he zoroth approximation %o % , ism |
étha’b eguilibrium sclution for e homogemcous fluid w-ﬁ;hi
épmperly choson constant parsmeters X, which fits beaib
the resl €. in the reglon considered, %, the |
difference of the first approximation to f, frum ‘F:.m :
Eia the correction for a non-unifor flvwid with ;zraperlkr
échaaen constant gradients of the parameters 2 to it

51;he real 4, , ete.. A natural and convenlent bagis |

;;:t'.ar choosing ., gf,_‘ ete., is to identify them with
the velues at tvhe cenitre of gravity of the set of
!molem!laa SRR S Hence we postulate

|

O ) ) 6 e e A« :_
;b.h;-_.Fh.h‘('?';:ag)‘j:.:f:))‘A" D%‘l 3__5_'}5 ) é: ﬁ 4 ..-) (2 - 53;,

where the capital F is used to denote the new functional
@e pendence. :
- By separating gquantities of &ifferent order im F,

we have

e =° ' "
s R =B nib R (2 - 52)a

'%whem' F,:,K éoes not involve any gradient, i,
!d.n—vulves cradients to the first order and first degree,
| Fum involves gradients of the first order %o the
5saremmc‘x degree or the second order %o the first :‘wgre«e,'

ete. .
A8 to the selegtion of parameteors adequate for s

:nomplate /



a.'

complete speeification of the macroscople state of a
iliquiﬂ mixture, 1% cen be seid that since & érop of ‘
liguid mixtuwe is but an enseémble of different ¥indm \
of mole eules, besides their intrinsie propertms such |

Eas the moleculey masses (m,, m. ) and $the potentied i
| ; 2 I
functions between palrs of molecules (¢ 4 ,¥ )}, one |

‘can further specify the aversge numbers of molecules |
per unit volume of each kind ( »,,n. ) their average
imomen’cum {« ), average kinetic cnergy r-elat.ivg to ?.-t;-eil‘r
contre of mass {T) and the potentisl emergy of cach
'kiml of molecules in the external foree field (E E, 3:.
Henca re in (2 - B2) regresent the values of g, na, &

' T.E, snd E; at the mass centre 5—(%""“”*?“" ) |
(‘l“‘ln""\_ﬁla_} l

of the set 4,, € |

. The assumpiion thet intermolecular forces are

!central and expregsible as fanctions of the éistanale
ihetween the mass cenitres of the paly cf molecules '

conaerned sugzests that x© ,x¥ appesr in Fus. only |
in the combination r“'= x* ., (IU_ & < ang |
$9 = o x9_ &Y pupther F.., must be symmetrical
;with_. respect to x“ ena to 1YY | t.e. R is
unaltered by interchenging two molecules of the same

E]r:lml. In consequence, we have
aﬁa-.

|
i s :;3».+ 2Fihy _ ;{z 2’1‘3 asm} Z{g axein ¥ a?il f

7 a*‘"

3 P 2 Gn, 25 (2 - 84}
Z '_tm) 4;2 :}J"J‘"Z aoi) a-s.(g:

The dependence of "'-h.u,_ on x and ¢ is implicit in |
Ao, g—g‘ eto., / |




ete. 4As N, invelves u, fthe dependence of Fah oOn

| i 3  can be made in terns of v¥- E¢L . and
| vP= ¥« Equation {2 ~ 52) can therefore be writt&i:m
éin the form |

£ =B n e 0o, B ae maik )
= o RN, el oF, e seon, Jp - s3)e

The above consideration nol Gs ag well fc;z_' gll
quantities derivable from F,,  such as N.W,__,:f,‘,l 'l;";:'k.t"”

=hh, |
ete.. Let < denote any one of them, we have

3058 c_(-rt‘” ungwJ P CRN) Ae e e }\zp\.;“)

.5 .2 -'fa-—xl 2 9%, 083x 4 %y °
— )

=C vt i
razhere ¢° does mot contain any space gradients %2:“)
| &’ contains ¢ to the first degree eto..
. The space gradient 35 - z‘;:—ﬁ‘%% and the time
Epa;e:-z-i.wa!;j.!urae 2= s e 5.%; can be expanded in a
gimilar way .
% =(%3‘-é‘§‘—‘3°+(%:‘~§‘?}-—- |
2('- a% aau)*' {" ‘go*‘_(aa‘?f 3"»@,} s !

where : |
o e CHear |
has to be aalqula-ted from (2 = 50) in the way shown £n|
itha next section. ‘

e, ¢’ in (2 -« 54) can be expressed in each case |

in terms of £} . - nemely:



AN
namely §
ne = [ Hi 45, nln= | £ 43
e hihs I‘N..J hibhgy hihy, = by, )

T i/ S o
_'J..m‘"v h“-'i-l d'.gk.h., 3'*-.. ! e Vil: 4%, Zh.h,

“;,
| h A e T
where v = 0w
t-:" LAl | |
2% Ry —hh, 2 (g = Sﬁy
_ra,c;o: zmng ‘f?qh.., _!_(vu-) ) d ' 5
L RLES 3 k- h'\.h‘_ e 'L )
)
lej = LI‘MJ "h{ll'h. (vtn.,n » 3k .r-ugo |
S, dEum, ,
KugtJO L"'J

=hh. = M, -‘Fh. ...1., |.,_‘_ M dilmh z |
L“‘j / 7/ i O ‘_tj o 3
..if hh, = b, g'éh.ln "'}‘.h‘h. —"HJ\ d'?kﬂ-;,u |

' l ¢ o ©)
riptl & = w4 Wi LGN 48, '

B / = ‘. 3h . K‘ﬂ' Qcﬂu
R = (LR S
Nohuh, M7,
with corresponding formulae fcsr &,.‘,,v e

Ags C depends on )Xo at the mass centre x of the |

i
‘gct of molecules h.h, vwhemever C is integrated

sver the coordinates of one or more of the molecules |
in the g0t k. h, , it should be expanded inside the
intogral with respeet to the new mass centre of the

reduced set of molecules, for example
J-a (":"n"u A U!"‘U .

|

ax“! P, by {2 - 5?)'

e |

= S i‘( {[Nh'"ahn.] + d| ; oK a)t[Nh-u h,,]"‘ f’d}.‘. e
whore : i
= o (M i |
! M-l-m. —") ) M =hmothe, (2 - 58}

e 2 u.) o ..1.J
== ( 2 \,z ‘é") / M
Sguare brackets [ ) are used to show that guantities |

dnside / | :



| 54, |
|

ingide it depend on A, &b the new mass centre afier

integration.

II ~ 7. Expansion of the equation of motion - zercth |
1 approximation. |

If we ¢xpand cach term in the equation of moiiom
{2 = 17) sccording to the rules outlined in the lagh |
section, we obtain a set of equations of motion Zor
| Fiine, Gk ete.. - ‘

We obscrve first that =11 time derivatives vanish
to the zeroth order il.e. they invelve no term not
containing 2—,’-‘5" : The zeroth order tepms in [
(2 - 1?1 are '

) 2 (] o
(Rt T )RA A F 3B S Lz e
—
U
o

aH‘: #H), (et (5, ht) i
2][;:4-: a'fw[’iﬂ*,h\]al% Jﬁi" %JH::;J alb’[ ._,n.ﬂ]"‘h 4}(’:'9 (B = 59)

5“33;’ :r‘»{ﬁ.hw]«i é”‘*) 1_?[[ 2 ETF“'[E:* ,m]“f;w*ﬁ'w ;

| *here the L.H.S. of the above equation reduces to
'I & -ﬁ"'ﬁ-ﬁi-z axp,;) Erine by virtue of (2 - 54) Eqnat:tol:x
(2 = 57) is then formally the seme as equation (2 = 36)
except for the iterm iavolving the externsl force. |
Dur solution K,  therefore corresponds to the |
homogencous eguilibrium gstate in the absence of any

%axtemal force field. fquilibrium under an external

'zoree field acting with equal intensity on the two
cinds of molecuiea is the result of two opposing
ei}rnamic effects: the drift caused by the external
.i_‘.‘oma f£ield ig balanced by the diffusion velocity due
1:;0 the non-homogeniety of composition end density
érﬁﬁlenta. /



S

i,g—:x-'mlienta. The true eguilibrium solustion F;:!\ is |
| 5 |

Fn,™ Nk (i) G emp- {270 zayplh®] (2 = 60)
| Substituting equation (2 - 60) in (2 - 89}, we
obtain efter scparating ss shown in II -~ 4, the typlieal

equation
= K Nh.h-.. WL h) 9#"'"“ J[N,' ] .
+ — o, by dx &\ #H)
(N ‘as“: g .( -——--——-—-Nh = (2 - 61)

__\t(‘.!"laﬂ)
mhe

{2 - 42) shows that NS, must be equal to |
' |
NS ! e ) {2 eai)
l = e k" ,. @"! J MJ L g I’
T Qu (ko (i gﬂ T afTafvattlad |

| N2, —©en only depend on £ rlY VT n andn,
but not o8B « , a8 & counstant zotion of the vhole
;-assc-mh_iy can obviously have no effect on N, . |
| By mcans of (2 = 56), we obvtain

o J‘ . e "
Willew < wil , w —rfo, U5) =y

—-l!l‘l T = ‘ :

(= 2 = 83)

{5 E— k) 9 t
Thar=T = T, B =N Ty L } |
m)) s (€] J |
'—'K‘.t\kn.— Nhk "'TJ;U l ) -':'f:l-l:. =a !:‘n hy |

In particular for h=t, h.=c op h=9, h <! we have
m,f'.:m.lJ H.:ur."'L,. J&‘:-:.i:.,lé.: !

-]-;-d:_ T=-1:n/ L."_Lr="¥\kT:LJ ‘_:-.:_-_:l'l-‘_k.'l"__l 5 ﬁ::’l":'zh}(a = 64“}

The time dertvative (339"  of the first oxder mey
now be celeulated. |
I b ~ o ;

(—a% ——\(’\1 l-‘-) J (?ﬁ_ ’._. -_— % b(l"h, _"_',-) 7

2 data 1
Ll = _wv= lf- yea Lt
=) Wt Tt (f.l'.+t°.n) =—uudy P"‘g+é'f ey

! e
(_&T) = "'L“‘.%T -,i(_-"—'.. 2 ;;5 +4‘"‘¢£) =-us 3 =T - ""T(f‘-a*)

ﬂ!"‘"‘n



(]
E ko ek =neTy

E]

f‘f‘_v\.H-{%~|+I[NW]8'Pd‘u} : |

A7 7

a ?
=il 'j_| a*"[Nm]d&m ‘:'_:;_1 4‘%55,(5“!1'] Az I
Ti=wdlogs s L e 1 {2 - 66)
i
(riear < F- 2L . |
| S =nfin B L= Ltie f
i P°= g%+ L°,
f ]
o

|
|
Pl :
A48, = —onkT S, : ‘
|
I

re (m g tETE )1
. (RT +¥TETD) |

o ] e 9 '

I =;':{*-(I RPN (I PN [ (L P 8% ([ wtat")} |
L} \"\-1_ ) ;

The last three equations in (2 - 668) #ill be proved

| prosestly. It has to be pointed out that L, is not

the whaole of the partisl potentisl pressure to the |

zoroth order but only part of it, the divergence of tha

i
=reat wvhich is chiefly responsible for neutral ﬁiffnﬂia?x

in non-uniform fluids is f[“‘rr] ey P This does |

2%
_not venish because n,; 18 not symmetric with reapect}
o the two different mol scules concerned. The sum
(Nr+nw)  is symmetrie with respeet to ihe two

different molecules coneerned, hence f(N.r *Nr-)—- AS\=0
|

end L° does not contain terams of this type. |

| 7ith the eid of (2 - 66), we can investigete(Srw.)

| (3"91-, S, ) ® and ‘G’;’I?.f‘d‘,)' %0 the zoroth order by .
;expanding {2 - 6), (2 =23) and (2 « 29). They are ali
ihfoun:i to vanish. The cxpansion of Cﬁ% ‘-’::fl-..)a leads ti:
qumtion (2 = 61). The cxpansion of %ﬁf\fk)’ o2y be |
nsed /



57,

used to obtein the last three expressions in (2 = 66} |

'thu.s
( nhh;)/_ L_...) 'aN;.u. GM) 7N,.., +&J/ IR,
= —,—%_-(h.b) a“""“ ab.y) aNﬁ.;.k
+{:‘,% ,“(wk'r et 8 J} 5
%/%’7;3&:'(%« D, )PZ,;-‘}.;,'(M:-—*I‘.J.L,J} = NRu, o2
+Za,ﬂn (PN, VB )+-1’:- 'a‘, (Nak;_%.a. /)
tu. (2 =+ el R d_r)l\h.,;.
Combining the above two expressions, we find
fitndendedrd ol 3= Ry
+ 25 (N BN+ F 0 (N 452 = o

For h=2 _h,=o the ghove egusiion becomes

° ) ! ;
= v dN ‘l_;’ il = .é‘u A7 ; r‘ﬂ |
oY, { w (Y Qi)r =N, = -3,“_‘@’4.1‘,) %Tr {2 - 68)5

T =( o +ndm +3T2—1) (2 ~ 69)

pultiplylag (2 - 68) by ~ ¢ and integrating over
4dr we obbain

-1

P 8 FY 0
3 (g (Mo dy, = L[ [ o,
. {2 - 70}

R A TR
whex-e ' . |

Ti'l = Ak I[N,"nj# dé“'"’ |

Sirmilerly it can be shown thst

-I a,..[(” Low) NG, | A =rj:f" ‘a4 “_ (;;.,,.;,)JT e

(1} ] 'y
Ll o) a2 v Ren ¢ ZE@SEIE < a0)a

| —_f;gg.‘[ty‘:,'-:)“ ]Jg. = 13 ;g*.:‘.a+-—- @' +A.J'— L

whore [



where
I[‘,_J‘I[le]'f’d_[: - “, = J-![NTIJ ¥ d";”, 3 5 -—f["'h,a]'f’ d
U" 1y = ]T '-E’ d}"’ JY"'
2d8ing {2 - 70) end (2 - 70)a together, we obiain

-(6+&) =T

Henoe

2 > 7
I e *’iﬁ(é_-!*ft}g%-I |

| (ﬁ"‘xg’) S S é.u
ivmex'e
|
g = rI T
(neT+ T"“I) :

(T""+ It ))+(_It-: I|t‘-))

the la gt three r¢iations in (2 - 656} are thus

proved. : '

II - 8. fxpansion of the equation of motion -
| firast approximation.

| The first order torms of the expsnsiom of (2 ~ 17) |

:&re ]

' A o RS > T I 552 l

Sy GRS R B8 B« BT R 25 |

3 gNl“‘\. 3 (7S 0 ol e & - .3.....’ .}.. % E i& ; |

é '( (. ‘4) +‘ (ra ) ?qu\-l’( !.".;_‘- ?‘E F_;'I'-F) '-'E_PFI.J.,_ ]l

B Ay RN B3 A i

AT Seardd(FEE ) ok |

wnere ,

Bt el e S s :-,l_-égw.{!s”}" +S () |

SR ey e |
o a

+& ). AN, 7 aNGL Rk '

| {E: 02, e 7 SR = (e -ﬁ){(%' o e dnE |

: ‘ Wi 2
[ -‘l.l'ﬁ Fi“"‘ aT aN""‘-&—.. 9&*}1&2&?“‘ 2 ‘c,*Z("*" F“‘

D
| T i..k. oT ) I

The right hand side of (2 - 17) contributes

2% (h) OF, 2wl Foh
LF IR AT (roez ) B

I. )
CPRTHT L FHE a7 X Ry fubeug

Jh.«) YA
LS L0 2 (b hs st
5 '(I (w 23 25"’ 3?"’) o, c Dx&l ?!“’ P A b *.‘.‘-\.i = J%!Fk "a.“}‘ : Ai(:_

2

\where /



Py A gy \ i

d, = (El!" J_-_):-)) g‘-l. = TR __E‘:"’.'.J .’)- I
Combining the sbove resulis and rcarranging terms,

we obtain for the first oréer equation of motion of the

;Bet 11., :

~F - 2 -f- \—a T o ! x
h.‘{ (;“ Rl g )N“, —( {N a“ih b= ;9 3 o a }_é_“
'E“hl. F;l, E 3 ™ -
M M oL 3T
'I(. %ajﬁ# .. -‘-'k &L ‘-....__.:_r:;_iqa___ (2 ,?1)

':l oh, s k '
+.EL._ _f’— 3 _.ﬁ} zyfl e ?-‘5‘"-3& (-iiam 9 |

1] —3# "‘ _e. J“;, —
+J( R R zzr‘xtclf: .;;w)[ ot 403 50 Jé."“"dé"-‘"

e "!I‘:.« . -
* “ (m ?‘;‘f‘” .v?b) *“J!;. < Z:L 3'1})[&- h 2{ %i(aih.b“tﬂj "{é:.k = J-ZL:;H)
where : X

&, = ; ;
R E=Sa G = Pl |
For h=!, h,=c egusticn {2 = 71] becemes i

| 2h, ) dy & e D .}_ 4 by . 3%
‘ﬂweWgwam‘de"W+4abﬁ=

+.{. |V. N E L e, ._ oT. v+ /™
i’( ket -{ur:r 2 +_r_"‘ kP oT Jox !'*lr-'r( I
Sl AL »’I- N 3 a = 72
= = f 2o ‘,ﬁ..[hu_;:h.g S e Fe ]df‘ct‘}“' ‘ 2)
24 2 1= =3 2-_\_.(_!?_, 03]
"l-‘ o‘.(q ‘)!\U[ :,_- 'g OX JAp ' 'I'.] d d.f

The R.H,.S. aftcr substituting the known solutionsa |

L]

Ei Fir and prefoming integration becomes

_-—“-—t‘ L«pl"}}ﬁ&"’&j“’-- u” N [u'r_)"*"’d?w |

__(_‘o 3).914: g e -V-_,g a
. % o 'r""‘ 2 (2 - 73)
e e
| ﬁ"'_‘:'_r ) |A _‘F’HKT(‘-;E# )—\‘Q

00§bining {2 - 72) with { 2 ~ 78), we have
F‘e (A A J-’Ll l aL; an S 3L7, PLLS
U TB f‘ ( fiom = )}“' ox [% Lo, R am)}"' ‘”‘j]

‘)14-—- v"-‘fc’: See
f ( : hT)HT) ‘3"13_*'?'“ (2 = 74)
+ 0 {((1+— {“"" & ' , ﬂ( l‘l-!
'r:{ merleeT 3 L Shala % fooT t’l:!‘})] o

a‘h (U '
iheee / {“ "3 jw dr, 4.5, '*ff?_";_: ’_,ff‘,'Jd_idj;’}



| 3. .l
|

where '
, o= 139 El t
S v, is the difference of scceleration |

of the two kinde of molecules in the externsl field.
4 sigller equatlon can by syammetry be written down
for §°, £, end ¥, . Equetion {2 - 74) im an exzact
enalogue 0f the corresponding cquations in gas theary.i
5i(c:.f.. Chepman and Cowling, The Mothematieal Theory of
!non-unifnrm gases, 1939). Though cquation {2 -~ 74)

is succesaful in evzpreasing the rate af change of 47

in terma of f a.nﬁ f.,. corresponting to the eollimep
;tnteyal in the gas theory, yet in contrast to the !
;Latter where the gtatistical effect of the gzmﬂomimnt
Lsechaniam of intersction (binery cncounter) has ae‘&miy
;heen talen into account, it hesg only formal velue as it
stands. However there are two possible ways of
Lolv:mg the problem: +the first is %o procced %o equa-
tiana containing more then two molecules in the set

' h, k., and use approximetions similar to Kirkwood's
i‘or h;, , thus closed equations are obtained. The
complicationg there involved in a mixture are likely %o
i?e considerable. The second and much more practical
Ea.ppro&ah tc the problem consists in transforming the
RsH.8, of {2 = 74) to the form of the Maxwell and

Iﬁoltzmm's Collision integral and using the resultant

fome duc to molecules surrcunding the in&oﬁung mole- |
éula a8 well as the scatterer molecule in cslculsiting
'tf.he trajoctory of the incoming molecule. TFor imtaneei
when both the incoming snd seatter molecule are of the '
tiret / |
| i



6l
first kind the resultsnt foroce is (c.f. {2 = 61)

TRRLAL TR
o ok Mo 2 o [nerdt e oY

L Bu.t) N, a-,q a’a)

where % is the apparent potentisl. The irejectory |

ithus calculated would represent the sverage beheviour

of & molecule in the vieinity of & given mol ecule
;*bhaugx in each individusl case the path might be very
!ﬂifferent. In = liquid, the assumption of h.tnary ‘
molecular emaunter never holds, “ut by using the
agp&rent potentiels th ¢to., we ean teke account of

;the influence of the surroundéing molecules upon the

?xelocit-y distribution of a molecule at a given pesition
one at a ime. The apparent potentisl :l-’* has been |

at particular +emperatures

tvorkeﬁ out for & liguid consisting only of one kind of |

mole cules in equilibrium by E.L. Hodrigues and L.G. |}
li&clellm in the same department. The approximation I
nade in the abeve procedure is the neglection of the
dependence of the spparent potentisls on the veloeitieq
of the two molecules concerned. . Detailed 4:;-:».3-.-&::&1&.&15iax.tE
élmd the complete elucidation of this aspeet of the
situation remeing to De & subject of further research.
II - 9.  CGeneral expressions for the coefficient of

|
|

oréinery and thermal diffusion and of
viscosity and thermal conmduction in liguid

| mixtures. |
The quentities required for ealculating the co-
éffieient /



| = ‘
i 62. |
i . |
\efTicient of crdinery and thermal diffusion are £/ |
Bl : =
end £/ +those for caleculating the coefricicnt of ‘

|
viscosity are F’ F./, N, o 'N:-r etc, and for the coeffi- |
cient of thermal conduetion ®’/ K’ N.J ML~ 0 |
INS(uSL o). ebte. From quite general considera~ |

ticns the form of the sbove guantities can be deter- ‘

mined.

| First consider /' end £’ : they are linear in
i .
%‘5,_%“ and satisfy the conditions ‘

: ’
n,"“._ (E °L!t:°) h-u:'.(‘::h.’d‘.‘!'n-:-O

|

J ’
l F'E- = Qe+, = m.f':;’-‘-’. Ay, +VH1-!'F:-!"-°“-V‘3 ) {2 - 75} |
' / ’ vz el a3k oA { B ‘
T/ e en T < SR A2 Dy, 2 (R Dy |

= a1l I . = !
_al:£""'[F' Y ‘“"“t.(";“u‘il’;}_o J |

:;whieh says that any méther gorrcetion to the velocitarl
iﬁd.atribut:lona F,° and F° ghall noi{ alter the valuves of |
the local parameters », (For the present purpose, |
the pregence of an oxternsl force field will mot be
considered. ) iZ and V. are uged for vvw sand
v regpectively for simplicity. l

’

Henmee ¢’ and £’ arc of the form

¥ 4
7% 3 > M T 57
A= % + 070 3 00 < €% L | | (2 - 78)

’
S T o
i > r‘ _\!“a_a‘_ ¢ N Bk +rr?lu‘_‘l_' "i“ﬂ; vV, 22w

| 2

i'!mere |

i
L vty o, [P wrav, = o {#3,%3) e 29}
; w

| Next / : |



63.

Next congider N,. :it is linear in %%"‘ , even
in x (=x"x)") eand sstisfies [n[dr, = hence
it oust be of the form
s v en:Zl (2 - 78)

where ¥ 13 o funetion of 0 and ), |
Similarly, we have for N7 '

Moy = 3 e 2o (2 - 79) I

Ny and Ny, arc howsver not so simple since i
ncither of them ig even in the relstive pogition veo"bo:
or symmetrical with respeet tc the two molecules |
concerned; bub the sum { N.+Nqy ) is an oven funcftio;.z

of 5 (=xx" ) and the difference (N\r -Ny,) &n odd

iﬁmetion of s, . Henece i

! ! @ = i

Nup+Ng = 207 552w |

! L W, on Al Ihs '
Mir = Nr= 2307522« 20, 32 42 @5, 2T

It follows from tho above equations that |

1 L] |
L P S o 32, 3T ) Y
Nyt AT “Vh s Zitax YD + M, Shdps

oz = a“‘*’*}{z«-s&n'

A
7 2 o Pn S} 3"‘-1 (%7} h e
Nyo= s ox *U Stsx ""’*'-—-‘g%“")tﬁ)_sf_s_“é‘!_"‘ ,

where S, -- 3,

To £ind an expression for N, u? we notice thed

3 / {J Z /
N, (US+Y% ) is even iny , and NS, (22 - o) is |

o@d in Y, henece

Nz.o(U"’ + L)l'l,):- 2 U"“ r H}"” Hlb a""
l“' rr c-]}“" "‘_1) i"“...g.({”r'qq-lﬂajf‘ .l.) a-I

e

‘-l
N?.e (-—{ ..UI'J) 2 'l"{b, +2 v?"'wr -

2
%5 s N hN

tﬁ’w,
l;[°

it /



It follows therefore

|

o yyemt ety 9@ 0 o any 2 @ 2 P 5
Noo Yo =i 0% #93 0%)- 32 e (e ewillnd )2 |
. 0‘-‘.:’) "’l.q'i ‘__"(33’ ".-!, 2T ;

) ox (2 -~ 82)

) e / =
| - .hr -\} = L e o
LL‘ % L 'hh"m”&""‘g‘a ““a;é-‘-').

Similarly one cen write down the expressions for

- ! : |
No;(%‘,,’-f- Qj'.f) end . N Y, To £ind an expression for

Ne S we noties that (ol e Ny o is even
ins, , and (NFul? -~y of ) odd im 5, therefore
we have
Ny .'L’f'f:('*"" S5 € olsil) 2 (co“‘ 5 €oISE) i
SR ey o cuge s, f
St ss,-;.i..{, wm' ai._.;_, L{2 - 83)

N‘Id'l E-", :—‘(CA;’ Q‘LS‘_ 1,(45’ Jam-b(hﬁ“'s ’;*‘—J}J a.—) b, ! i

. : |
*(‘o(i) R ,_,131 \) __1' + c,.;i"’ dj'i"“ Sy [ .
S wgﬁ' 3. 5,‘5,_..__5 24 %ﬂl S‘_‘*";“. = J
By similer rcascning we can obtain

: |
NS 07 = (5050 4 ets2 1 )2m @ o8ty oEr )20 i
T =T - ke R 62‘(‘ 237 I"")‘.’-E |
3) o i )
Hel?nd e i) 3T L 0 2u g, {2 - 84)

;I.J /

and Ny Y7 is obtainable from p, v’ by changing
3. %0 3 = Further the condiition u'<o regquires
fhat

= a (U]
--.... N?.O-g;:; “lr -+ —E:JN.’- ..gdtdr -_b

/ |

t-) ll |

ﬂ JNlT ir 45 ¢ ﬂ,J Ny 27 ds ;

| Hence =

| ha, )/ " w2/ - I
.:;J v vrdy, + — Sl e B e e G.=—!,=: 3)

(2 - 85) '.

. i
w o\
PI.(UI 'Sl\d..‘.cl +f‘»\-‘ “,j::- d—;‘-:alt‘:;"bis}'

Conecorning /
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Concerning o'’ U ete., we adopt the convention
‘that for =1, b.=o oF h=zo,h=2 the subseript at the top
right significs the first or second molecule in the i
sot, and for h,=1, h,=) 1t specifies the type of the

imoleculs conecerned.

With these genersl expresgions in hand, it is cusy |

to find the coefficients of all transport processes 1n

-terms ef them. Consider diffusion Pirst: the mutusl|
diffusion velocity is

w/-ul :IE': v, 4y, - g‘::f vidv, (2 = 86}

ket Ny

As the coefficicnis of diffusion are measured under}

constent pressure, it is convenient first %o transferm\

the gradients ‘3;%‘ = i—%‘ a v g appearing in the

. 4 2 2
formel expressions for ' end F’ 'bo_ o, L ana iy
secording to (1 - 22) with P given by p° im (2 - 66).

Thus

F‘,—‘- mq! CAY _;2_‘,“...; P _{U”..--!I;,fpéﬂ "_:J%:‘.— {2 - B?}
where |
o 1) op® o [
(-?‘ ;%1 = '1030;{_3;) {

¢ _1__ ' :
-n'l -A‘Pe('ﬁ“hl + 'ﬁ“"‘:\.) (2 % Ba,

_Q.P’ = trﬂ) e tl B ¢n i’w)
oT

|
A a
= ’ ,
P™ = nkT + {0 nar, ¢ (a2 Hlomman ufu.?rmsd_s_} |
J
Similer transformation cam be aspplied to £’ (2 - 86)

becomes then
(,v il.'g 1

wionl = {0« [0 W | 2 R 89)

—{f—"-‘,’.ﬂ.df +(.01 SN ._II
Under /
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Under constant pressure, the term involving 28
in (2 - 89) can be drorped. Upon eomparing (2 - 89)

with (1 - 26), we find
R =- ;":‘{J v dv n‘:'—"_‘df_‘{\}

s Rl I ‘3___ (3
=T x I.Q AV, - ISZ&—E:.A_\,{,_} :

3

Gani

Hext consider vdscosity: +he pressure tensor in the
presence of lincar gradient 2 is p=p°+p’ vhere
| P’ is given in {2 = 66) and |
g/ = K, 7 Lf
5’ = m(F, Vv, dv, .t.w\,_rF ViXe dVvi

= F‘{ ﬁ; v¥ay, """":-.fﬂﬂ "*“.\4-.-}2; |

’ S % {2 =9}
=it B ' |
:l:.. .-la:r' de_l —;_—;; éig-'f N“. d,g
i1 I
e T ‘(r"a..i Ndy .—-'I- "~ _‘_L‘j--s-l-g.-sk;Nfl d.-s-‘l.

= e o[ et an eaftpstes),

How the viscosity coeffieientf is defined by the |

equation é
pr= < a/u,ii (2 - 92) |
Henee |
M = M+ My |
Mp =§i‘{f '-”do'(;‘of'ﬁd N oAb ey ar, *1;{?'#. e 345,} (2 - 93) !.
R CH (P Y Ay b _ - |

where the first part is the potential viaaosity and the
gscond pert is the kinetic viscosity, the former plays
& predominant role in liguid mixtures. |

To calculate the coefficient of thermal conductivity
it is necessary to obtain first the emergy flux veotor
¢ . From (2-35), (2 - 48), (2 - 56} |

/
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Teuig (2 - 94)

Sﬂt'*\rf L_\!',l.~ S‘ﬁ, ) AV, + :.—“‘Jn‘;’vf(‘lf‘ﬁ'f )gg} 3G, |
a2

i &

My

5y
+ 3 "“T[_n‘f' (% 3‘”’ S5 Yotv + 5 5_3")_ "'('meskr)a(vli;_[.
2 %

'}-'5"7 WA x g )

It has been shown {c.f. Chapmesn and Cowling's book)'
‘that when difiusion is proceeding there is a kinetie i
fheat flow resuliing from the flux of ( nu, +n,,gi) |
molecules per unit tinme ;g'elati.ve t0 the mass velocity |
4 : ecach molecule carries on the average a quentity
| % kT ©f heat energy. The thermal confuetivity |
ectuallymeasured is nnderi--tha conditions of comstent

pressure and steady composition consistent with the

! / o

uniform temperature gradien‘b- if.€. % =e -, ==

Thus we cen eliminate >+ in (2 = 95) by the equation

! | e T, i
Mlathiizo = %f(fn‘,"i'_ AV .-f-J_rz: }’i AV, ):_::'

+() n”'_“'_’ Ay, j.'rz" Va_ dv.,)‘?l}
Hence eguation (2 - 95) becoumes
e e ST

o M 3’";—

(I_d;}\n AV j_n_‘ AV)( J’nm ‘c 2 ng)d‘/ = Jj};l\'-\_ v S'kT)olVJ}

J—Q dl\". J_n” V., oLV) 2my

(2 - %)

How the coefficlent of kineitle thermal conductivity
Ak is defined by the eguation |
{2 - 97)

where /
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where
-..{ CV--—-)J-V"'_j @) ;_(v:. f-kTJdu‘.)
_e(_':tf“t;:v, (= £Th,, R st a.v)§ {2 - 98)

e = ( e AV; "'f.-ﬂ.-l_]-‘—-&'_ J.\l".)/(-[a:?“l dv, -ﬂ—l. - ‘\VL)
In ealculating the potential part of the energy

[ flux veetor »’ , we impose at the begirming the con~

aitions 2L-o, wieuw’se .  From (2 - 33) we have

5'5‘5'-1‘-[53;:. (I Moo U4 d® e (O a o ﬂng,z ' }:if&‘g‘ff@g)}
*%%‘{ (130 N;(u;‘:’fg;;m-,.]lpa%.\,,tuw’ww,m

*’f‘i‘-‘f' i_%.N‘ -‘:‘(el:—""_-’::)dsl Hx E: ng Ny ( ~r|+_.':’ﬂ’d:_‘n}

with terme invoiving «{ ané u! neglected. TUsing

{2 - 81) to (2 - 84) we obtain |
(2 = 99)

where
o= L vile mentlyit ﬂ'd"‘fmm'« m—;ﬂ]rm} |
b (iR w0, Hes z)(_?‘l"sn"f')JS] 45, (2 ~ 1606)

6 ard §, can be obiained from e through replaging

a3 w o) &) 3 3T e 3 3 13
V5, @ Wt o DY v, Wi W’ and Voo N Wy e

raapectively .
Applying transformation (1 - 22) to (2 - 99) and
dropping terms involving %g- we obdain

3

! Akt oT
2= -@F G5,
wh ere
Q apo(eﬂ"es;%]
O; =g, -2 (e +n.8,)
A e ,

Using /
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Using the relation (2 - 96), we have

/ al
ni= =1 @), - ¢ } °L
- { ;=< ®, ox {2 = 101)
i Since the coefficient of potentisl thermel conduc- |
|

Bivity X, 18 defined by the equaiion

R R - 102} |

n 2o 5 : _t2 - 102}
hence
=6 @, (2~ 108}

| The coefficient of thernml conductivity A 1s equal
Eto the sum of %, and X. as givenm by (2 - 103) and
(2 = 98). ol |
. As mentioned in the begimning of I - 1, the trans-
i poxt of molecular properiies are made up of two paris,
|

i.es, the polfential and the kinetic peart. It hes been
|

‘'showm in the present scction that both » and X can bde
:resolved into two parts. In the case of diffusion, |
D, and P, consist only the kinctic part. The

sroblem is campletelfr solved onee K’ and F’ are
known. The practical method of sciution as discussed

éin the last e-ot-ion-mka.a possible a rigorous -solutlon'g
| .

to the problem of diffusion in liquids.

I wish to express my thenks to Prof. M. Born who hag
'suggest'o& this problem to me, for his constant 1nterea.¥
and encoursgement and also to Dr. H.S. Green for many

ihelpm sugesestions and discussions.
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Appendix I. Calculation of a and x for special models.
| Counsider a binary mixture, the velocitics of the !
!colliﬁ.ing molecules of the first and second kind before
icollision are denoted by v’ sand v respeetively, those
after collision by v v¥ respectively. As the
:collision frequeney . and the deflegtion ﬁrobability
!7{ are independent of the frame of refercmce chosgen,
iwe shell assume a frame of refercnece moving with the
gloeal mass mobtion veloelty « . Since molecules of

Eona kind may collide either with a molecule of the

'same kind or one of the other kind we shell find that
both s and x consist of two parts (1 - 48), (1 - 49)
iioeb |

/a,(!),' = /.4“(11 + S 0

[
| .
A = X 02) + X (12)
i
|

|
It is obviously sifficient to caloulate s and
X, 1) » Turther each of them oan be expanded |
= |
|

QIS e T e o

X)) s aeiia) x,';uy £ 1
;where the first term represents the contribution from
| f°  and the second term from £’ pertaining to the
seeond kind of mclecule in ﬁze medium. 4is ,..,j}.,) x:uu

|ar€ not required in the present paper, only ., w)

|
|
 XaG2) will be caleulated in the following. |
1. 1. Rigld sphere model. |

The coliision frequency of riglid spherical molecules
calculated on the assumption of binary encounter and

molecular chaos is given in most eext Dbooks on the

kinetic /



L. |

ikinetic- theory of gases. (c.f. Chapman and Cowling

;1939). “he result is
!

o _(iwET T
2= e ey ) )
!where
d;-a. =J'£(-°.TI+J‘LJ
Y. = ."L“.""._. v ;
- A= 4 } {2) |

- y. = ¥a -~
B(9) = { < ° +6""1-+§L"(¢; RS d‘x}

G and 6, being the molecular dlamcters of the two

i
i

kinds of mclecules and my, w, the molecular maaaes@-

i To caleulate X wo proceed at first in a similar |

Ema.nner as in the caloulation of ~ i.0. counting the
ipz‘*obability of the occcurrence of a speeific type of ;
|
1

ecllision but then integrating over ell poasible typeal

of collision for which the chosen mol ecule is defleeteb.

into a specific velocity range W % after
|

collision. Thus one obteins

-‘X_'“;(\z.)ai- "L;:) = {f 'f':(éf) 9d€ bdbde av? (3)
© 2 .

where +,(¥)) is the Maxwellian velocity distribution
of the second type of molecule normalized to its

(L]

number density. 9 =(%-v) is the veloeity of a
molecule in the medium relative to the chosen molecule,

| bdbole is an el ementary cross-seciion or "target

i :
area" in polar coordinates on s pleme passing through

I}bhe chosen molecule and perpendicuiar to g , b being
| i

the radius and ¢ the peler angle. The integration
h.s to be carried out over a region R defined by
Ry e e wl5 s Wi

For /
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I For binary encounter we have in genersal |

V. (2 ’
! ey (m,-t-lm ) ("'"-- gil’) k
|
Eor |
|
where p = JL 7 is the velociiy of the chosen a

';mlecula after collision prclative to its veloeity

before colligion, ™(=m +wm k= -E/F is the unit

ivect-or in the direction of ¢

For rigid spheres, we have in pearticular =
bi= @ acal |
dbdbde < 2_.5_0‘;’;}'&;4« A4 de |

=3kl do

WHEPe 45y = sy dyde 18 an
ielementary solid angle in the

direction of k (see Fig. 1)

Bquation (1 - 3) becomes then

Ken () A= j]+ (3+V)) 5o 3% dit dg |
where the relative veloeity 9 has |

tr.'e placed v;' as integration varialle. If Kk 1s =
taken as the new x-axis the reglon can be desoribed hyi
!.*hwo conditions. Firstly € muet be ineside 4 = ané.l
%aecondly, 9.k =9, must liec within the limits |

|
|
[
— p. 8. 9, &
2. T

Hence , |
' o {C*' de) 2 Foo

L TR

| ’7(._01—)61_._ 4 52, 6 .,_f 3, o'-s,,( (*&°-(g+g‘:') 49, 49,
|

g

:.w._,e oSy

where 9, 9, are the two components of j in the

plane [/
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'!pla.ne perpendicular to k .
i After performing integration over g, o, we obiain '

| X:._(.“-J qtfz_ .\éfn“ ( wa )'L(:-n) M‘P{ 24:.?[-]“‘ g i KJ } (5)

kT ‘ -\_}lii_ v“"

|
| It may be verified that |
f}f:(:ﬂ) d-_\g‘iu = /...:_u) _(-f-cﬁj Kt:.(n,l ‘Lﬁ;’.___ .{.l:,_j ).s':_( ) I

as one would expect.

I. 2. General foree law. !
It has been mentioned im I - 2 that for the genaralg

foree law the classical eross section diverges and the

collision frequemey s &leo diverges due o the weak

éintemction of the distant molecules. Fortunately

we do not need to consider such weak interaction: a

' proper distanoé w ean aiwaya be chosen as the limit

!of the range of intersetion. Variation of v, will

only result in the redistribution of the contribution :
Efrom the successive terms in our finsl formula for thei:
coefficient of self-diffusion {1 - 47) . |

Let ) be the potential ecnergy between two |
?mulaculea expressed as a function of the distance '
between their centres of gravity. |
: fle can take $0=o for - >v. . ‘The expression fari
[ A, takes the same form es (1 - 1) with @ replaoedl
';by B It igs the functionx which takes the ectual |
:Earce law inside the distance T, into. account. Ve '-
ahal.‘.. indicate here how x () for the general forge law
pan be celculated. As before we have |

hy o)

X2 ayte (£ a) sbdbae aym
R

Pha F R RIS = skeki s Ovde
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i The differentisl equation of the orbit of relative

motion in polay coordinates is
_— = _.b.. [\"" m";'?)_ -8 s

Mg =

; =4
| =2 [(1-328)r- 1 )

S5 =fﬁ%l is the reduced mass
f 6 1is the polar engle, and Y the
redius veetor as shown in Fig. 2.

| a8 ;¥ , we have %};—ﬂ

Hence
a2

2 Py AL
r-fs* SR (6)

f’-from which R=R (b 3)ean be found.

S b
it v, B, wehave o= > (3,) |

\I{enﬂe 24:LrJ = .

: . Yol ——p- Ld}lr))‘r"-—vb"]—t&v':q)[b,ﬂ) _ (7) :
5 ¥ = 8o Smba) [C s ;

i’rom which b=%(3,¥) ean be found.
XS w)av® ﬂ{_l vy 9588 b8, w ab Ig gy ot

) wa“‘“‘f’ b5, ¢) (8}
=t “Kﬁ_MLS g vy B & [adass, |

Mo P";q’

b B o B

where ¥V inside the integrel is expresssd by p=ces 'g‘.

\Appendix /
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|
|
1

Appendix 2.  Caloulation of 4, ﬁ: for non-uniform '-

gas mixtures.

The ssgunption that the physical parameters )\,
iva.ry only smoothly will be made in the celceulation.
?Gne can always oxpress ), in the vielnity of a given
point x by means of Taylor's ezpansion. For the
ipreaent purpose we ghall negleet the pressnee of

fvelocity in the region in which (x4 is apyreaiabla.ﬁ
| {

iiveloeity gradient and assume @& constant mass motiom

‘The veloeity @istribution functions of the two kinds
ibf molecules &% X, t normelized to their local rmmber
%aemit.tes Nz () are dencted by 4(1y,%5%) and
 A(S.,%+) » 'he following sbbreviations will be
used hereafter.

| = I 1 |
| fGah = (5820 ¢), M) = p( 5 ), n (£ £ )= ) ;

F Mt e

’ = el ¢ ¢) _ y 2 o
Ae3d = XCER 80, x8 4), D = g6 0, 42 (9)
2o ke 2 = oded
| i A 4 ot G o #Ag

Parther i1f we teke the pressure to be constent .
during diffusion end suppose that no extornal force’

ficld is present, we find |

S < © 2 |
o 33"’*31")*2_0' av 'Dt -_-..!: ‘;25“'.' t}-oi |

| |
iwhe‘re Xe= v, ma T, S=¥-% is the peculiar velocity

of molecules of the second kind on its ¢rh flight
fmﬁlat-ive to the local mass motion velocity « |
: Both ~ and x at any later stege of the motion of .:
the molecule can be expressed in terma of their values

 /
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ia‘b the starting point i.e. i

T & .2 22 7
)"l""b Flu')p +.£%|( El‘ t'-',"“ éﬂ)+-‘;{-¢'ﬂ ?t-)ﬁ'tql ) sl

. --' |
= A, +EIQ“¢" qtfjl“&)' e (.{11- ,

ea). = s RS 2 o
Kocrss); K‘(‘:"")--f-g(_‘f, g,ﬁ:‘@-;*gmﬁ}xﬁ,wq#"

=X (v on), -l-j%: (Cen D0 (s ), ) o |

By means of (2 - 3}, p(,an) im (L - 42) can be |
!ex;zressea in terms of the values of guaniities at the
fstarting point x% t, | negleoting gradlients of the 1
second and higher order. fThe mean time of ﬂiéht, !
mean displacement and mean square displacement ralativ%a
ito a frame moving with « c¢an be found by simple |
:oaloul-atioaa. The mean time of flight is found o
depend on the direction of the veloelty in this fligh'b!,
lmt a8 the difference can &b most be linear in the |
?gradient-a, it will not affect our finel result for !
;oz., ﬁ,’ which is obtained by using the average time '
of flight for all direcetions in cach Zlight. Klthough
'such average times of individual flishts are differant?,

‘the @ifference can again be ignored for the same reason.

Sy |

<Tt.‘, .‘+|> = — + O ( %%f) {1.2’

, A, __
where :
Toh = o § A, ale, v |

) {13)

s = <?_,-. G oar - '
- | AUJ. i

The succecscive mean displaccments relative %o the

:mean mags motion velocity « sare

I <-£> (Zt'l..q. . “ RPw T, A o vt dt“_
| oy i i )=

f[ p.‘lj d_x:u d.-clq,_ (14)

where /
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where :
Ry = (49, + DY) £, { -f:- MOATD ) 4G g0, +G, B

= A ﬂq —»».w bee ik
(RN w0, £ )(H'Mm A (-izd p‘hy@m ’) {15)
— 1 ‘w o ’D“"T“- :p ‘@"' Tﬂ. ) . -Q'& Df”f‘l"‘ 4-'('),

'ﬁ“! Q'ﬁ l) -2 m — 0 h“"" f‘n""* #{u .
negleeting torms invo;ving the secomd or higher powers
of 2%

°E .

Using (2 - 7), equation {2 - &) becomes
&3t (s (s g o )

Similarly one ecan calculate ('_,,>

<4_€3. % "ﬁ{g 'ﬁ,'a v 4( R”( ‘H'" ) OB
! e J( :D.m(«ﬁl‘],ﬁ ) r"l:l-) o Aﬁf}}
Henee |
: N |
R == &> (16)
= m{ﬂj '5—19 ""’d M N Y %v‘"&vu*{u-—l ((- ﬁ"(fﬂ o l-&"- 't ]!f"' LA ,L.,p)}
The mean square displacement vhen gquantities |

involving the gradients are negleeted is found to be

the same as in the equilibrium ztate. ¥e have

therefore oy _
i {2 € V" x) e {
ex)* = ", /\.,(u{--l’ = 2 (N")ﬂ‘f /"‘P_T_f ﬂ" v, L4 etvak } |

{(17)
The required expressions for < and 3, follow

rrom (2 = 5}, (2 - 8) and (2 - 9) for large H

U —"fl J“'n '('4 ! L
LR e 5 B ey

f"= (s Gt s
By using (2 =~ 2) .E. can be reduced to the form

pl=k [Houome e so By = wlask 2(na) o)

Substituting {19) in {1 -16) we obtain an identity.
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