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A complete system of concomitants for two quadratics 

in n variables is a system of concomitants, in terms of which 

every rational integral concomitant of the two quadratics 

may be expressed rationally and integrally. The existence 

of such a finite complete system is a particular case of 

Gordan's theorem. 
1 

There are three possible types of 

complete systems; 

(1) G = G(a,r,ul,u ,...uu -,x), 

(2) H = 

(3) K 

where each contains co- efficients a, r of the two quadratic 

ground forms, ui denote plane co- ordinates, x and xi denote 

point co- ordinates, ana 77. denote general line co- ordinates 

(See part i. i). Yroia a geometricl point of view the 

K system is the most important buc also it is trie largest 

and most difficult to determine. This system K is known 

for the cases n=-- 2,2 n= 3,3 and n = 4. The number of 

Footnote 1. Grace and Young. Algebra of Invariants, chap 6. 

Footnote 2. Grace and Young. Loc. cit. page:161. 

Footnote 3. Grace and Young. Loc. cit pages 280 -286. 

Footnote 4. Turnbull. The simultaneous system of two 

quadratic quaternary forms. Proceedings of the London 

Mathematical Society, Sex. 2, Vol. 18, Parts 1 and 2. 

For brevity we shall refer to this paper as Turnbull' s 

paper. 
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irreducible concomitants for the cases n = 2, n= 3, and n.= 4 

are respectively 6, 20 and 122. When n--:=.2 or 3, the 

system is strictly irreducible and thus the complete system 

1 
in these two cases is also trie minimum system. 

The G system has been determined and in a joint paper 

by H. W. Turnbull and the author, to be published shortly 

in the Proceedings of the Royal Society of Edinburgh, a 

complete system is found, when the co- ordinates rri (or pi) 

are decomposed into their components ui and xi. 

In this paper we are interested in the K system and, 

though no complete system is determined in the general case, 

a distinct step is made in that direction. If every con- 

comitant of the two quadratics may be expressed as a product 

of symbolic factors, where each symbol occurs an even number 

of times in each product and distiìuishiü6 marks on equi- 

valent symbols may be neglected, the totality of such factors 

is said to form a prepared system for tiie two quadratics. 

In part I we determine a prepared system, in terms of which 

every concomitant of the two quadratics, if multiplied by a 

suitable invariant factor, may be expressed. This prepared 

Footnote 1. Van de Waerden, Amsterdam Ak. Versl., (1923), 

138 -147. 

Footnote 2. H. W. Turnbull. The irreducible concomitants 

of two quadratics in n variables. Trans. Cam. Phil. Soc., 

Vo1,XXI, No VII, pp 197 -240, July 1909. 
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system is comparatively simple and consists of 2T1 -1 factors. 

In obtaining a prepared system, in terms of which every 

concomitant can be expressed, without being multiplied by 

an invariant factor, new more complicated bracket factors 

must be introduced, when n4. The number of such new 

bracket factors is 1, 8, and 52 for the cases n=4, 5, and 

6 respectively. 

The rlethod used in attacking this problem shows the 

important rôle played by the n quadratic invariants of the 

two ground forms and in fact the prepared system, determined 

in part I, involves no symbols apart from those representing 

the n quadratic covariants.1 

In part II the complete K system for two quadratics 

in two, three and four variables is determined. Though the 

results are not new, the method of obtaining them is simple 

and straightforward and so justifies the inclusion of this 

section. In part III the prepared system for two quad- 

ratios in five variables is determined and a complete list 

of several types of irreducible concomitants is found. In 

part IV the prepared system for two quadratics in six variables 

is obtained. 

Footnote 1. The idea of trying to express all concomitants 
of two quadratics in terms of trie symbols of the n quadratic 
covariants was suggested by a paper. of H. W. Turnbull. The 
invariant theory of the quaternary quadratic complex. Proc. 
Roy. Soc. Edin., Vol.XLVII, Partl,pp 70 -91. 1927, 

Footnote 2. The prepared system for the case of five variables 
has also been determined by W. Saddler but has not been 
published. The results obtained here agree with his. 
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Part 1. 

General theory for two quadratics 

in n variables, 

§ 1. Co-ordinate systems, 

§ 2. Notation, 

§ 3. Determination of a prepared system, 

§ 4. Identities, 

§ 5. Principle of duality. 

§ 6. Incompleteness of the prepared system, 
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C,o-ordinate áy ti teiis. 

Let 

ujl 

denote a set of n independent variables and suppose that 

(u) represents hyperplane co- ordinates in a space of n - 1 

difaensions. If 

(u1) = (u), (u2), (us), , (un) 

are n sets of co6redient variables, such that the sets 

(u.) are linearly independent, we have an n- rowed square 

matrix 

UT= I( u`'. 11 

such that the determinant of U is different from zero; i.e. 

D = IUf t o. (1) 

A complete co- ordinate system for this space of n - 1 dimensions 

is given by 

TT = (u1u2....ur) 
r 

where 7T denotes the set of n1 determinants formed 
r ; (n -r)1 

from the first r columns of U. 

If 

X= tjxi[l 

is the n- rowed square matrix where xi is the cofactor of 

ui141 -j in D, then by Jacobi' s Ratio Theorem 

Tr (u1u. ..ui.) = Dr'-1-"(xl ilpr) 

D 

where 
yon -r 

is the set of n i determinants formed from 
r ! Cri-r) 1 

the first n -r columns of X. 



Hence we have the tvlo dual co- ordinate systems: 

321- npn -1, 
3 -n 

(uluu) T = D pn -2, 

(ulu...u11-)- 

(ulu,. . .un-1) =n-1 

and finally 

fx _Dn-1 

§ . Notation. 

Let 

1 - D- 
- (Xi) (X) 

1 

f =ate =bes =.c 
x x (2) 

x g =r :: s2 -t2 x x x " 
be the symbolic forras of two quadratics in n variables, where 

-h 
a = a xl 
x e=i 

Further let A =B.= Ci denote a matrix of n rows and i 

columns formed by i equivalent symbols of f, and Ri = Si= Ti 

a matrix of n rows and i columns formed by i equivalent 

symbols of g. We then say that Ai or Ri is of currency 

i. If, also, Xk denotes a matrix of n rows and k columns 

formed by k sets of variables cogredient with (x), and Uk 

a similar matrix formed by k sets of cogredient variables, 

each contragredient to the set (x), we may denote the or- 

Footnote 1. For a more detailed account of dual co- ordinate 

systems, see Turnbull. Determinants, Matrices and Invariants. 

Page 86 
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dinary determinantal bracket factor by, 

(A.RjUk), ifj-4 -k =n, i? o, j o, k} o.. 

We shall however require other types of bracket factors; 

I. Compound Inner Products. II. Generalised Outer Products. 

III.Generalised Compound Inner Products. 

I. Compound Inner Products. 

The compound inner product 

(A.R. J X. .) i +j n, i.? o,j z o 

is a determinant of itj rows and columns and is equal to 

¡ab r s 
x Y Z w 

- G±ab rZsT 
, Y 

w ne r e 

R=rs.... 
X. --y....zw 

For example 
a a 

(ab IxY)= h Y 

b b 

= axby-b X . x ÿ 

The determinantal permutation indicated by E_t in (4) is 

often written 
. 

áxbY....rzsw 

or 

a.b....r s. 

where the dots mean that the letters beneath them must be 

(3) 

(4) 

permuted in every possible way, a change in sign being made 

with each transposition. If i +j .n in (3), 
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(riiRj I X11) = (AiRj) Jx 1ß, 

and if 1, this inner product reduces to the ordinary 

simple (a)x)^ ax. Since the inner product (3) is a determin- 

ant, it may be expanded by Laplacian developments in various 

ways. In fact, 

(AiRj 
Ix.Yj) _ 

(AiIXi) (Rj IY. 
), 

(Ail i ) (R. ), 
where again the dots indicate a series of ( i #j) terms 

obtained by iierchanging the symbols of Ai with those of Rj 

i11 every possible way(or else those of Xi with those of 'fa). 

Once again each interchange is accompanied by a change of 

sign. For example, 

(abc,yz)= (abIxy)(c(z), 

_ (ab )xy) (c )z)- (ac Ix y) (bJz)- (cb IxY) (alz). 
It should be noted, that the dot notation does not mean 

that symbols anìlearing in the sarúe bracket factor should be 

interchanged. 

More over 

1 

r1 -i -j -1 
(AR. I,) . ) _ D (A.R17 

i J J n -i 

H. Generalised Outer Products. 

The generalised outer product 

(AiRjJXk) 

is defined as 

it j ? n, k=i+j-n 

where B11_.Ck Ai and the dots indicate a series of (k) 

(5) 

(6) 

Footnote. 1 See Turnbull. Loc. cit. Paps . 43 sq. 
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terms. By the elementary fundamental identities, 

(BR) (Cl x) 
_ (Aisn -i) (TkL-x k) 

where TkSn -i= Rj 
The simplest type of such a factor is 

(AiRn +1 -ix) - (Ai- 1Kìí +i -i)ax i =2,3'..'n 
-1 

(7) 

where Ai = A1_la. 

III. Generalised Compound Inner Products. 

If for brevity in (7) we denote (AiRn41 -ix) 

symbolically by ix, we can form a third type of factor, a 

generalised compound inner product, which is defined in a 

manner analogous to the definition of a compound inner prod- 

uct. The generalised compound inner product 

(ij...kixy...z) 

is a determinant of m rows and columns, where m is the 

number of symbols i,j,..,k. It is equal to 

= i.jy kL 

3. Determination of a Pre-oared System. 

By the fundamental theorem of invariants, every 

concomitant Tpf the two quadratics (2) can be represented as 

a sum of terms, where each term is a product of factors of 

the types (dld....drr) , (dada., edi7T1 -i) and dx, together 

ith D, and each symbol d represents a symbol of f or g and 

must occur exactly twice in every product. But by (5 ) 

Drr -1(d 
1 
d .. , d 

rr 
) 
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(dl d d ...n %K), 
2 

and 
n- í-1 

D ld..d ñ-i) _ (dld2...dil pi) . 

Hence if M be any such term of T, 

k 
D 17K 

where K is a roduct of factors of the types on the right of 

equations (8) and (9) and k is the total number of variables 

xi distinct from x, which occur in M. We now prove: 

Lemma I. If K has the equivalent symbols aib,..,c. 

i in number, convolved toy, ether as Ai . in the same factor, 

the compleaentary symbols a.b, .. , c appearing in K may also 

be convolved toghether as A.. 

Since every factor,occurring in K, is a compound 

inner product, we may write 

K =Z 
(A.Ix 

)axby..czN. 

As a,b, .. , c are equivalent symbols, by permuting them deter- 

minantally we get 

i!K= (Ailx.) (Al I. )N, 

where Yi = (xy..z). This proves the lemma. 

we the lemmalsuccessively for the cases i =n, n -1, etc 

and finally have the result 

Lemma II. The concomitant K is zero,or else it can be 

expressed as a sum of terms, where each term is a product 

of factors of the two types (Ai I Yi) (R ¡Y.) and each symbol 

Ai, Rj occurs exactly twice in each product. 

Further, if K has the factor (Ai X11) or (RnIXn) 
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K has the invariant factor (An f X 1) or (R n IX ) or else 

is zero, since there are only n sets of variables (x) . Iii 

either case we sE.tiy that K is reducible. 

Now two quadratics in n variables have the n-i-1 

invariants 

(A.R )N 1 -0,1,...n 
1 n- 1 

which form a complete syste.ii of invariants, 1 and n 

quadratic covariants; 

the two original quadratics aX and Ili , 

and the n-2 

CAiRri+1- i) i:--2,3,..,n-1 (12 ) 

defined by (7). 

Let us denote the quadratic covariants symbolic- 

ally by lx and nx for aX and rX respectively, and by 

for (A.Ril +1 -ix ) i= 2,3,.,,n -1. We require the follow- 

ing lemma: 

Lemma III. The generalised inner ;)roduct 

ßfá . 
(Ai 

Rn-j (Ai+KRritl- 
together with additional terms. 

Fore if s'- o arid Ai+1{ -AAi, 

(AiKi- i ) (AkBi- sUi- i-i-s-k ) 

` (Li-sUsRn-i) (Ai+kUri-i-k) 
Footnote. Turnbull. Loc.cit. page 304. 

Footnote. Turnbull and Williamson. The minimum system 

of two quadratics in n variables. Proc. Roy. Soc. Edin. 

Vol. 45. Part 2, 1924 -25, pp 149 -165. 
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1--C 6-1-LTl- i ) (AitKBtUrI- ) t= 
(Bi- sJsRY1- i ) (Ai-tkUll- i-k ) 

e71 _s_tUst-tRn-i) (Aitk+tUìi-i-k-t) # 

where A. 
-r xB t A i+ k-tt 

(I3 i- sAsR A n_ i)i+k U -sil- 

+4B. 
- s- tA64-U 11 -i) (Ai +i- sUn- i -k +s). 

In all but the first terni the currency of Ai has been increas- 

ed at the e:ipense of the currency of B1_s, which is less 

than or equal to that of Ai. By (5) we may change the 

variables throughout and write 

(A R ) (A- B IX ) =(B A, R 
) 'A: 1 ) (13 ) 

i n - k i i -s i +ic -s i_s ì -i 1-K -b -4-K -s 

mod increased currency. 

We use _ to denote equal to, except for terms which may oe 

neglected. We proceed to _,rove lemma III by induction 

assuiain6 its truth for tr,e value k. Hence 

(A 
j Rn- j) (Ai- 1Rn +1- 1) (Bi +kRn- i -k) (Akt1 Ixkt2) ' 

where the bar over the B's is used in place of a dot, 

. 1 .(AjRn_ j) (Ai- iRntl -i) (Ei- lAktiRn_i -k) (B +21-kí4) , 

by (13) 

-4t (A . R (B 'ßìl fii _ i) (A i kH ) (Bk-i-- 1X-. ) 
of 41 J n- j i -1 n- i -x 

mod increased currency of Rn -i1 -i by transferring Ai.juom 

the second to the third factor, 
ì - tk 

1n U. 
(A.Rn_ .) (Bi- 1Rntl- .) (k-t t`kt) . 

In addition 

(i,i +ljxy) _ (Ai- 11iì -itl) (Bs11_ ) (abc 

Footnote 1. mis a numerical cc,.staìt ( s) 

Footnote 2. For a more detailed explanation of trie mean- 
ing of "increased currency" see page 17, 
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(Aisn_i) (Bi- iRn- i..tl) (Bjxy) 

by putting k = o in the previous work. Hence the _;roof 

by induction is complete except when i-1 or n. isut, if i =1, 

the term 
(A. 1Rn +1 -i) ̂ arid 

by an otherwise similar proof 

) =JP, (AiRn_JAkJx), (14) 

and 

(RjAï) i- i RkIX.K). (13) 

Though not necessary at this stage,it is important to notice 

for future applications that the terms neglected in lemma III 

have all had their currency raised. 

It follows from le. ,ia III that, if K be multiplied 
4= 

by the invariant factor // (Ai R11_i) for every factor 

(Akl k) (AkIYk) occurring in it and by J(RA11_Y 4 for 

every factor (Rk`Xk)(Rk1Yk) occurring in it, and if I denote 

this total invariant factor, IK can be expressed as a sum of 

terms, where each ter <ti is a product of factors of the types 

(1,2,, and (n,n -1 n- k- #.1Xì). What we have done 

is to replace each symbol a,b,..,r,s,.. occurring in K by 

a symbol i occurring in IK. We can therefore convolve the 

'variables back again exactly as they were originally con- 

volved in K and have the final result: 

The concomitant IK = ;?.-N, where N is a product of 

factors of the type (i,j,..,kJ.b and each symbol i,j,..,k 

must occur exactly twice in each product. 

But each N = I.G. where I. is an invariant factor com- 
1 1' 1 

posed of powere of Di = (AjRn_j , and Gi is a concomitant 

Footnote 1. The symbols i, j ,k etc. are not necessarily 
successive integers. 
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involving the symbols Ai, R. convolved in pairs. Hence, if 

we determine the complete system for the Gi, we have deter- 

mined a system in terms of which every concomitant of the 

two quadratics, if -multi_olied by an invariant factor, com- 

posed of powers of Di i -1, , . , n, can be expressed. 

Order in which the concomitants Gi are considered. 

Lettli,jdenote the Ae of pairs of symbols A. 

occurring in Gi and l,J 
the nimtber of symbols R. 

occurring in Gi -. We consider G1 before G2, if Gi is of less 

total degree in the coefficients of the two quadratics (2). 

But, if G1 and G2 are of the same degree in the coefficients 

of the two quadratics, we consider G1 before G.,, if 

ahd 

k 

/t'61 ,i > y 4: V 
1,i 2,i 

or 

Vl,i , 

,- 
l,i ,i 

In other words, G1 is considered before G2, if the currency 

of G1 is greater than the currency of G2. 

That this is a legitimate procedure follows from the 

fact, that each Gi may be treated as a concomitant K and may 

therefore be expressed in terms of the symbols i,j,..,k, in 

which the symbols Ak, Rm convolved in Gi will also be con- 

volved. For a similar reason, if in Gi a new convolution 

of symbols A or R is made, the complementary symbols may 
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also be convolved to,gethex. Finally, if All or RT1 appears in 

G1, Ai or R is a factor of Gi and Gi is said to be reducible. 

As a direct consequence of the order in which 

the concomitants Gi are considered, we may use formulae 

(14) and (lb), in determining the Gi, since in lemma III 

the neglected terms are all of greater currency. 

Bracket Factors with equivalent symbols. 

If e denote a convolution of symbols i,j,..k 

and (f a similar convolution, while no symbol i occurs 

in equivalent to a symbol j occurring in e and no symbol 

in is a sy,,bol successive to one in a , we may write 

( ©gip) = (oP (gyp 

without disturbing the invariant factors Di, which may have 

been introduced by (14) and (lb). Hence in considering 

factors with equivalent sybols we need only consider factors 

of the one ty--)e 

(i,i +1,...i +k, t,s,.. 

where 

s, mi-k. 

If the symbols t, s, m are not successive integers, we may 

break the factor up again into a series of products of factors 

without disturbing the invariant factors Di. Therefore 

all factors involving equivalent symbols may be reduced to 

the type 

T =(i,i+l, i+k,t,t+l, 

i t, t+s, 
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where of course the variables p have been decomposed. 

Writing for i its value (AR ) we see that T involves 
1 n41- i 

a convolution of 

k +1 -1-s +1 - k-t-s -+2 

equivalent symbols a. Since Ai +k is the sytiaoi A of great- 

est currency apiDearing in T and since none of the symbols 

R have been disturbed, if 

k +st-2 >i +k, 

the currency of the resulting Gi has been increased, 

Hence, according to our scheme of order, Gi is reducible, 

if Gi contain the factor T, in which st2 7 i. We now con- 

sider the case, in which si-2z i. 

If I denote the invariant factors , which a ,)ear in T by 

lemma, III, 

i °` (Ai- 1Rn +l -i) (Bt- 1Sn +1 -t) (Ak+1B +ll Ktsr) 
I (Bs +lAi- - ßn +1- ) (Bt- 1Sn -rl- t) (Akf s +2 ("'k +2 ) 

mod. increased currency, since i -1 s +1, by (13) . 

But n +1 -i ? n -t-1 -t and by transferring B841 from the first 

to the second factoxwe displace some of S, 

increase the currency of Ctrl +l -i . 

and so 

This proof fails , 

if i -1 < 1, that is if ic2 or i = 1. But in this case 

s't2 7i, since s is not negative. Therefore in every case, 

if Gi contain a factor T involving equivalent sywbols, Gi 

is reducible. 

i Since iiy - iX xy) = o , we may remove 

distinguishing marks on the equivalent symbols L, for when 

i and ii are interchanged the invariant factors will not be 



disturbed. We have now proved the theorem: 

Theorem I. Every concomitant K of the two Quadratics (2) 

is reducible or else, if multiplied by an invariant factor, 

composed of powers of (A.R ), i= 1,2...,n -1, is a sum of n -i 

terms where each term is ai product of the symbolic 

factors ix, (ijlp.), (ijklp3),...., 

(ijk...n), where i k m=1 2 . r_ and each s mbol i occurs 

an even number of times in each product and no equivalent 

symbols occur in the same factor. If the concomitant K is 

reducible, K= IK, where I is an invariant factor composed 

of powers of (A T1) and (Rt1) and K is not reducible. 

Since the variables are now convolved back a ;aiiz 

into the form p., we may replace the variables p by the 

variables 77 , thus removing the powere or D, with which 

we originally multiplied the concomitants. In fact, 

since the co- ordinates are homogeneous, it is immaterial 

which set of variables is used, as long as the variables are 

properly convolved. Henceforward we shall drop the variables 

and write (ij) for (ij r), (ijk) for (ijk n) etc. 
§ 4. Identities. 

If Im, Jm, K etc denote convolutions of m symbols 

i,j,k,.., the following identities exist. 

( I J Kk )( I J rM1 i+ j tk '_ i+r+m 

- ( 
I J 

j+rKx-r) ( IiKrXia) k.r, 

_ (IiJjtr) (IlKKIgm) k_r, 

= o k<r. 

(16) 

19 



For, if the variables are ta .en as nr, in trarlsf errinb Jr 

to the first factor we cannot turn out any of the variables, 

since otherwise the second factor would be zero. 

jhk) 
(I iK ) -f (I 

6kt rKk...7_ i r- ll i)) k >r -1, 

(I.J. ,) (I.K. ) k =r -1, (17) 
i +r i l - ice. 

o 

The t.o terms in this identity occur, because one of the 

variables in the first factor can be displaced. Uther id- 

entities exist, when itj t-it z i -r -* u -1, but they disturb the 

proper convolution of the variables. These identities (16) 

and (17) are true whether the variables p or 11 are -used. 

b. Principle of Duality. 

Let K be a concomitant lTij..k). Then, if 

1 

i ,j ,..,k are the symbols complementary to i,j,..,k,ie, 

if (ij..k) (i j ..k )ach of the symbols 1,2,..,n once and 

on1j6 once, (ij..k) and (ij..k) are said to be dual factors. 

Witn this notation 7-7(i.i ..k) Tt(i / j , ..k / )involves all the 

symbols 1,2,..,n exactly ln times if there are m factors in K. 

If rai is even , all the symbols occur an even number of times 

/ 

and therefore (i j ..k ) is also a concomitant. But, if 

in is odd (123..n) (i j ..k ) is a concomitant. Hence 

from a concomitant K we can form a dual concomitant by writ- 

ing the dual factor of each factor in K and multiplying by 

the factor (123..n), if the number of factors in K is odd. 

FootnotF.l Turnbull. Loc. cit. Fases s. 

F U 
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If we consider identity (16) and write the dual of each 

factor in it, we get, 

( ii' 
rai1.) 

(TJj Kri) = (TKrM úi) (TJ j -i.Kk- r )) 

where (T'MmJj} K11Ii) _ (12...n), and this identity inter- 

changes exactly the same symbols as did trie original one. 

Similarily there is an identity dual to (17) acting on the 

same symbols as (17). Hence we have the important 

lemma: 

Lemma IV. Corresponding to any identity there is 6, dual 

identity oueratin on the same symbols. 

Since, if i and j are successive integers and ij is convolved 

an even number of times in a concomitant, an identity separat- 

ing i and j cannot be used wihhout disturbing the invariant 

factors, we must now prove a further lemma. 

Lemma V. If K and K are dual concomitants, the symbols 

i and j are convolved an even or and odd number of times in 
i 

K according as they are convolved an even or au odd number of 

times in K. 

Let the symbol i occur alone in m factors of K, 

11 If ü j U " 11 r u it 

" " syffibols i,j occur together in t factors of K. 

neither of the symbols i or j occur in q factors 

of K. 

Then the total number of factors in K is 

rai +r+tiq =s. 

Since t-tm and tir are both even, 
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or 

Hence 

s ft _ q-f-m-+-t -rr ft, 

¡q mod 2, 

q-t_s mod 2. 

t = q mod 2 , if s is even, 

q +l mod 2, if sjis odd, 
i 

But, if s is even, c, is the number of factors in K contain- 

ing both i and j, while, if s is odd, q-+1 is the number of 

factors in K'containing both i and j, since , if s is odd, 

in determining K' from K we introduce the factor (12..n) . 

Accordingly, this proves our lemma. 

§ 6. Incompleteness of the Prepared System. 

We should like to determine a prepared system, 

in terms of which every concomitant can be expressed, without 

being multiplied by an invariant factor. To do this, we 

must see, if ever in convolving the variables to give the 

factors (ij..k) we have broken up convolutions of successive 

symbols. We shall find in parts II and III that this is the 

case for n 3, and that accordingly we must introduce other 

more complicated factor types. With the introduction of 

these new factor types, once we have found a complete system 

for the concomitants multiplied by invariant factors, we may 

remove the invariant factors from each concomitant and so 

obtain the actual complete system, provided that no identity 

is used, which disturbs a convolution of two successive symbols, 

if that convolution occurs an even number of times in a 
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concomitant. These new factor types are of the nature 

( ij.. t)(k..$)(m...)(i...)....(r...), 

or) in other word;scombinations of simpler bracket factor4 

in which successive symbols are implicitly convolved. 

The dual of such a factor/is obtained by taking the duals of the 

component bracket factors and permuting the same symbols. 

Accordingly, if one of these new factor types is counted 

as equivalent to q simple factors, where q is the number of 

component factors in the new factor type, the dual of a con- 

comitant K cantaining such a factor can be written down 

as in § 4. Further the introduction of these new factor 

types does not vitiate the proof of lemma V, since any 

symbols implicitly convolved in K will also be implicitly con- 

volved in K. Hence frasi a list of irreducible concomitants 

we can immediately write down a list of the dual irreducible 

concomitants. (see part II §4 ,part III §3 ). 

Since the concomitants f and g enter symmetrically 

into the discussion, the actual labour of determining the 

irreducible concomitants can be shortened still further. 

Two factors, concomitants or identities are said to be 

similar, if the first can be derived from the second by 

writing n4-1 -i for every symbol i that occurs. From the 

symmetry mentioned above/it follows immediately that if a 

concomitant is reducible so is the concomitant similar to it. 
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Part II. 

Applications of the general theory 

to two quadratics 

in two, three and four variables. 

1. The complete system for two quadratics in two variables. 

§ 2. The complete system for two quadratics in three variables. 

§ 3. The complete system for two quadratics in four variables. 

§ 4. New type of bracket factor. 

§ 5. Determination of the complete system. 

§ 6. Special reductions. 
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1. Complete System for two quadratics in 2 variables. 

In this case n =z, and we require two variables, only 

one of which occurs explicitly. It is obvious that the 

prepared system consists of the three simple factors: 

lx=a x , 2x =rX, (12) (ar) 

The complete system then consists of six forms: 

three invariants (A2)2, (R )2, (ar); 

three covariants 1x, 2x, (12)1 2 
x X X X 

Inktddition there is the actual concomitant of the field 

D = (uv). 

§ 2. Complete system for two quadratics in 3 variables. 

In this case n3 and we require two co- ordinates 

x and u= (xy). The prepared system consists of the six 

siirirle factors: 

lx = ax, 

3 -r 
x x , 

2x (Aix) (iR) bx, 

(lam) _ (aR) (Au) , 

(32) - (rA)(Ru), 

(13) z (aru) 
, 

(1a3) = (aR) (Ar), 

where A and R are written for A and R2 respectively. 

Footnote 1. Weitzenböck. Invariantentheorie. Ciïw 

pages 42 and 43. 
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The complete system consists of 20 forms: 

four invariants (A3) , (Ar), (aR)', (R3); 

2 
four covariants lx, 2X, 3X, (123)1x2x3x , 

four contravariants (12)2, (23)2, (13)2, (23)(31)(1); 

eight mixed forms; 

two linear in u and x (123)(23)1x, (123)(12)3x, 

three linear in u,quadratic iii x (ij )ixjx , 

three linear in x,quadratic il,u (123) (ij) (ik)ix, 

where i, j ,k = .1,2,3. Iii addition there is the actual con- 

comitant of the field D =(uvw) . 

The actual concomitants are obtained from the above 

list by dropping the invariant factors, 

(23)2 = (rA)2 (Ru)2 

gives the actual concomitant (Ru)2. 

Determination of the complete system. 

No new types of bracket factors are necesaary, 

since the only chance of 12 or 23 being separated would be 

in the formation of the factor (123) . But, as in (123) 

both 12 and 23 are convolved, no invariant factor would be 

disturbed. Accordingly the prepared system is that quoted 

above. 

Covariants. If (iß;3) does not occur, the only posibilities 

are the squares of the factor ix, that is ice, i X1,2,3. 

If (123) occurs, the only possibility is (123)lx2x3x 

Contravariants. By the principle of duality we obtain the 

1 

1 
Footnote. WeitzeiZböck. Loc. cit. chap.2,§ 16,page 61. 



contravariants immediately from the list of covariants. 

Mixed Concomitants. If the factor (123) does not occur, 

by analogy with binary forms the only possibilities are 

the three forms (ij )ijx i, j = 1,2,3 . 

From these we get the dual forms 

(123) (kj) (ki)kx i, j ,k . =1,2,3 . 

If the factor (123) occurs, we may have the forms 

(123)(23)1X, 

(123)(21)3X, 

(123)(13)2X, 

of which the last can be expressed in terms of the other two. 

It is obvious that three u factors cannot occur, since then 

we would have the concomitant 

(123) (12) (23) (31)1x2X3x 

and this has the concomitant factor (13)1X3X. Hence we 

have obtained the complete list of irreducible concomitants. 

3. Two quadratics in four variables. 

List A. The prepared system. 

lx ax, 2x= (Arx) , 3X = (Rax) , 
4x =r 

(lam;) = ar(Ap), (23) _ (AR) (apo) (AR) 
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bciD) 

(43) = rd (Rp) , (14) _ (ar2), 

(13) _ (aRap) _ á (asl)), (42) - (r'Arp), 

(123) _ -ar(AR)u,, (432) _ -r (AR )uP, 

aP(Aru), (431) _ ro( (Rau), 

-a(AR)rot , (12,43)= ar (Akux), 
where A,0( R, p are written for A, A3, R2, R3 respitctively. 
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List B, The 122 unreduced foras. 

5 invariants aá, rte, (AR) 
2 

, a 2 1 r2 

5 covariants ix 4, (1234 )1x2x3x4x. 

5 contravariants (ijk)2 4, (1234)(123)(234).(124)(134). 

16 complexes (ij) 6, (ij) (jk) (ki) 4, 

(1234)(12)(34), (1234)(14)(23), 

(1234)(ij)(ik)(im). 4 

19 mixed forms (1234)(123)4x, (1234)(234)1x, 

containing x and u (ijk) (ijm) (ikm)ix 4, 

(ijk)ixjx 
x 4, 

(1234) (ijk) (ijm)ixjx 6, 

(12,43 )2, (1234)(12,43), 

(12,43)(124)(134)1x4g. 

14 mixed forms (ij )ixjx 6, (1234) (23)1x4x, 

containing x and p (1234)(21)(14)1x3x, 

14 mixed forms 

containing u and p 

(1234) (23) (34)1x3x, 

(1234) (34)1x2x, j 

(1234) (12) (23) (34)2x3x. 

(1234) (ijk) (ijm) (ij) 

(134)(342)(12), 

(1234)(123)(134)(12)(23), 

(1234)(123)(134)(14)(43), 

(124)(134)(12)(14)(34), 

and 

fors, 

6, 

three similar 

(123) (234) (14), 

and three 

similar forms, 

44 mixed forms con- (123) (12)3x, (123)23)1x, (124) (12)4x, 

taining x,p and u (124)(14)2x, (1234)(123)(41)1x, 

(1234)(124)(34)4x, (1234)(123)(43)3x, 

(1234)(124)(32)2x, (123)(23)(14)2x, 
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and nine similar forms, 

(143)(23)(12)4x, 

(ijk)(ij)(i. )ix, 

(1234)(124)(14)(34)1x, 

(1234) (123) (23) (34)2X, 

(1234)(124)(12)(23)1X, and five 

(1234) (234) (42) (21)4x, similar forms, 

(1234)(124)(24)(43)2x, 

(12,43)(12)(34), 

(1,43)(1 4)(34)4 x and a similar form. 

In this list i,j,k,m take the values 1,2,3,4. The number 

appearing on the right of a concomitant is the number of 

distinct concomitants of that type. A similar form means a 

form in which the symbols 1,4 and 2,3 are interchanged. 

The actual complete system is obtained by removing from 

each form any invariant factor , which may appear. Far example, 

(12)= a (Ap): 

we therefore drop the factor a id take (Ap). as the unreduced 

1 

12, 

forra. 

Footnote.l Gordan in the Mathematische Annalen, Bd.56, 

determined a complete system of 580 forms. Turnbull in 

the proceedings of the London Mathematical society, Ser.2, 

Vol. 18, Parts 1 and 2, pages 69 -93, reduced the system to 

125 forms. Throughout we shall refer to this paper briefly 

as Turnbull's paper. 
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§ 4. New type of bracket factor. 

When n =4, there are threetypes of co- ordinates 

x, p = xy, u =xyz. In forming the variable u, that is in 

convolving x, y z together , we might have at some stage, 

(12 Ixÿ) (34 'xi) 

where x,y,z are to be convolved together to give u. But the 

invariant factor rd will be disturbed in writing, 

(12/xy)(34ixz) = (124)3x - (123)4x. 

Hence we require the new bracket factor, 

(12,43) _ (124)3x - (134)2x, 

af d (ARux) 

lC 
d (Asu)rx= _a1r(bRu)áx . 

In the factor (12,43) both 12 ana 43 are convolved. (see 

part I, § 66). 

§ 5. Determination of the co:aplete system. 

Covariants and contravariants. 

The covariants must be 

2 
ix i =1,2,3,4, and (1k,34)1x2x3x4x 

and we obtain the contravariants 

(kjm) k, j ,m_1,2,3,4, (1234)(234)(134)(124)(123), 

from the covariants by the principle of duality. 

Complexes. 

The only factors which may occur are the six 

(ij) factors and (1234). If the factor (1234) does not 

occur, the problem of determining the irreducible complexes 

is strictly analogous to that of binary forms, and accord- 

Footnote 1. See appendix A pace 112. 



ingly the result is, 

the six quadratic com_lexes (ij) <, 

the four cubic complexes (ij)(jk)(ki). 

If the factor (1234) occurs and the form is a quadratic 

complex, there are three _)ossible cases, 

(1234)(12)(34), 

(1234)(23)(14), 

(1234) (13) (w4), 

and of these the third is expressible in terms of the other 

two. If the form is a cubic complex, it must be one of the 

four (1234) (ij) (ik) (im) 

The only other possibility is 

(1234) (12) (23) (34) (41) (13) (24) 

and this is obviously reducible. 

Identities. For a complete discussion we require the 

identitie6: 

(24)1 = (21)4x --(14)2x, 

(24)3x = (23)4x- i-(34)2x, 

(13)2x - (12)3x -+(23)1x, 

(13)4x = (14)3x - 1-(43)lx, 

together with the dual identities 

(13) (324) _ (43)(321)-+(23)(314) etc, 

(24) (1J) -_-(21)(43)4(23)(14), 

(123)4x _ (124)3X (143)2xt-(423)1x. 

Also from the definition of (12,43), 

(12,43) =:(124)3x- (423)4x, 

(134)2x (234)1x. 

(5) 

(6) 

(7) 

31 
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We deduce four other identities. 

(13) (12,43) _ (13) L(134)2X (234)1x7, 

= (134) (23)1x+(134) (14)32 -(134) (23)1 (43) (231)1. 

=7.-_(134)(12)3x-(43)( '31)lx . (b) 

the principle od duality, 

(24) (12,43) = (124) (34)4x-(21)(234)4x. (ÿ) 

Also, 

(23) (12,43) (23)Li(l34)2_(234)l, 

= (234)(13)2x4-(43)(132)2x 

-(234)(13)2x7 (43) (123)2X, 

(12)(234)3x7 (41)(143)2f (10) 

By the principle of- duality, 

(14)(14,43) _ (34)(124)1 x (12)(143)2 x' (11) 

These identities are all obtained in Turribull's paper, 

but the first six are simply particular cases of identity (16) 

part I and so require no proof. 

Reductions. If we regard (24) and (13) as the most 

complicated factors, it follows from identities (1) -(7) that 

(24)(13)= 0 

(2 
.4 
)1 
x 

= 0 

(24)3x = 0 

(13)4_ _ 0 

(13)2_ = 0 

(24)2X44= 0 

(13)1X34 =0 

(14)14_ F. 0 

f 

, 

(13)(234)E-0, (a) 

(13) (234) -0, ( b) 

(13)(124)=0, (c) 

(24) (123) -. 0, (d) 

(24) (134)= 0, (e) 

(13) (134) (123)1ií - ú, (f ) 

(24) (234) (124)1.1a- 0, (b) 

(23) (123) (234)14 -0, (h) 
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(124) (12)4x111: 0, (34)(143)32 _ 0, 

(431) (43)1x111 a 0, (12)(234)4 ° O. 

The notation K = 0 metes that the factors in K can be expressed 

in simpler forms, or in tther words that K is equivalent to 

another product of factors, which has already been considered. 

The formulae (f) to (j)are true, because each product of 

factors has an actual concomitant factor. Further 

(123)424:70, if 34 is convolved an oddjnumber of times 

in M. (k) 

For,under these circumstances, there is the concomitant 

factor ua rXra 

Similarity, 

(234)1 
21 

=0, if M contains 12 convolved an odd number 

of times, (m) 

Furor the same reasons, 

(234) (12)2x= 0, (123) (34)3x=0. (n) 

In writing out a list of concomitants, the mark R (a) 

after a concomitant will mean that it is reducible by (a) ; 

R by 3x(124) will mean that it is reducible by the identity, 

which transfers the three from 3x to the bracket factor (124). 

Mixed concomitants containing u and x, but not the factor 

(12,43). 

If only one u factor occur, since (123),(432) and 

(124),(431) are similar factors, we need only consider the 

four types, 
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(13)1 
x2 x x, 

(1234)(123)4x, 

(124)1 2 4 , 

x x x 

(1234)(124)3x R. 

The last of these is equivalent to (123411 ,4 ) (123)4) 
If two u factors occur, we need only consider trie types, 

(123)(124), (123)(134), (123)(234), (124)(134). These 

give the concomitants, 

(123)(124)3x4x R by squaring (6)', 

(123)(134)2x4x R by 2x(134), 

(123) (234)lx4x R (ra), 

(l4)(134)2 x;5x R by 3, (1 

(1234) (123) (124)1x2x, 

(1234)(123)(134)lx3x, 

(1234)(123)(234)2 3 , 

x x 
(1234)(124)(134)lx4x. 

If three factors u occur, we need only xSM consider the 

case in which there are three x factors, since the concom- 

itants with three u factors and one x factor are the duals 

of those with one u factor and three x factors. Therefore 

we have the types, 

(1234)(123)(124)(134)2x3x4x R by (124)3x and (k), 

(1234)(123) (234) (124)1x3x.4x R (za). 

We are accordingly left with, 

(1234)(123)4x and (1234)(432)1x, 

(ijk) ixjxkx 4, and the duals (ijk) (ijm) (iink) ix 4, 

(1234) (ijk) (ijm)ixjx 6. 
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The concomitants containing the factor (12,43) will be treat- 

ed later. 

ÿiixed concomitants containing -p, u and x ,but not the factor 

(12,43). 

It follows immediately from (a) that any concomit- 

ant containing six p factors is reducible. Hence a con- 

comitant may contain at most five p factors, and the only 

possible type of such a concomitant is, 

(12) (23) (34) (13) (14)Y. 

By (b),(c),(d), and (e) M may not contain 4x,2x,(342)or 

(421). Further 3x may not occur by 3x(14)nor may (341) 

by (23)(341), Hence M must contain lx or (123) or both. 

The symbols cannot now be paired off, and so a concomitant 

may contain at most four p factors. 

Since (13)(24) may not occur together, the possibilities 

for four p factors are, 

(12)(23)(34)(41), 

(13)(34)(32)(21), 

(13)(32)(21)(14), 

(13)(34)(41)(23), 

together with similar and dual prouucts. We consider 

each possibility in turn. 

r 
If M is non- existent, the form is reducible by 

analogy with binary types. If (23) is not convolved 

an odd number of times in M, the form has the factor 

(AR) (Ap) (Rp) and so is reducible. 
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Thel_e are two cases to be considered. 

Case I. M does not contain the factor (1234). 

M cannot contain only x factors or by duality 

only u factors, since we are àealin6 with a self -dual prod- 

uct of p- factors. If M contains one u factor, it must be 

(13) with 1x 2x 3X or the similar product ana the form has the 

factor (34) (41)3xlx. If M contains two u factors M must be 

(123)(124)3X4x or the similar form, 

(123)(134)2x4x or the similar form. 

The first of these has the factor (34)3;;4x, and 

the second E (12)(23)(34)(42)(123)(l34)1x4x, 

which has the factor (34)(134)1x. 

If three u factors occur.n M, only lx may occur and by dual- 

ity such a form is reducible. 

Case 2. M does contain the factor (1234). 

Since 23 is now convolved in M the only possibil- 

itie4la+,re, 

(1234) (12) (23) (34) (41) (124)3x R by (41)3x and (1t)_,, 

(123)(234)2x3x R (h), 

(124)(134)lx4x R (h), 

(123)(124)(234)1x3x4x R (h). 

(13) (34(32) (21)M. 

As in the previous case, 23 must be convolved an 

even number of times. By (b),(c),(d) and (e), the factors 

(234) , (124) , gx and 4x may not appear 
in M. Hence we have 

the possibilities, 
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(13)(34)(32)(.;1)(123)1X x3X R (), 

(123)(134)2x4x R 

(1234)(134)2x R 

(e), 

(e). 

(13)(32)(21)(14)M. 

The factors (342), (421), 2x and 4x may not appear 

in M, as in the previous case, nor may 3x by (14)3x. 

Hence the only possible x factor is lx and this yields, 

(13)(34)(21)(14)(1234)(123)íx R by (32)1x. 

(13)(34)(41)(23)M. 

Again lx is the only x factor , which may occur 

in M, and the resulting form is, 

(13)(34)(41)(23)(123)1 R by (34)1x. 

Accordingly a concomitant may contain at most three p factors. 

The possibilities for three p factors are, 

(12)(23)(34), 

(41)(12)(23), 

(13) (32M1), 

(21)(13)(34), 

(23)(31)(14), 

(31) (32) (34), 

together with dual and similar products. We consider each 

possibility in turn. 

(12)(23)(34). 

This is a self similar product,nd also 23 must be con- 

volved an even number of times. Hence we must consider, 

(12)(23)(34)2x3X4X R by (34)3x4x, 
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(12)(23)(34)(123)(124)lx3x R by (34)1x and (j), 

(123)(134)1x2x R (j), 

(123)(134)(124)4x R (j), 

(1234) (124)1x4x3x R (j), 

(1234)(124)(134); T, 

(1234)(124)(123)(234)3x R (i), 

(1234) (123) (234)1x2x3x4x R (k), 

(1234)3x2x' 

The dual of T is 

(34)(41)(12)3x2x, 

which is reducible by analogy with binary forms, and so 

by the principle of duality T is also reducible. 

(41)(12)(23)2. 

By (h) the products 1 x 4 x' (123) (234) may not appear 

in _;ï. A160, since 

(23) (124) (21) (324) -F (24) (123), 

M cannot contain the product (124)(231) and similarily M 

cannot contain the product (134)(234). Hence we roust consider 

(41) (12) (23) (124)1x2x3x R by (23)lx, 

(134)1x R by (23) (134) and (m), 

(234)2x R (j), 

(123)(134)2x3x R by (134)2X, 

(124)(134)214x R (i), 

(1234)(123)3x R by (41)3x and (k), 

(1234)(124)4x R (i), 
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(1',,;34) (41) (12) (23) (134)2X3x4X R by (41)3X, 

(124) (134)lX3X R by (41)3Xnd (i), 

(124)(234)2X3X R by (23)2x,3X. 

lX2X R by (41)2X. 

(13)(32)(21)M, 

ay (b), (c), d), and (e), M cannot contain 

the factors (124), (234), 4X, and 2x, nor by (g) and (f) 

the products 1X3X and (134)(123). Accordingly we are left 

with 

(13)(32)(21) 

alone. 

(21)(13)(34)M. 

Since the factor (13) occurs, trie same factors 

are prohibited as in the previous case. Further 23 must 

be convolved an even number of times, and so we have no 

concomitants of this type. 

Since the factor (13) also occurs in the two remaining types, 

(23)(31)(14) and (31)(32)(34),it is easy to show that no 

irreducible concomitants arise f rosa them. 

We are therefore left with; 

(12)(23)(34)(l234)3x2X, 

(34)(14)(12)(124)(134), 

(13)(32)(21), 

(42)(41)(43)(1234), 

(43)(31)(14), 

(21) (24) (23) (1,34), 

together with similar fonces, Of these only the first twa 
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are new. 

I determininL, the concomitants, which contain two or 

less p factors, ..e first consider those coiátaining x but not 

u factors. 

Concomitants containing p and x factors. 

If the factor (1234) does not appear, by analogy with 

binary forms we have only taie six concomitants 

(ij)ixjx i,J -1,2, 3, 4. 

But, if (1234) does appear, the concomitants with one p 

factor are, by (b) , (c) , (d) , and (e) , 

(1234) (12)3x4x, 

(1234)(23)1 4 , 

x x 
(1234)(14)4 3x R by (14)2x and (c), 

together with similar forms. 

If two p factors occur we have, 

(1234) (12) (23)2x4x 

(1234)(12)(34), 

(1234)(12)(14)1x3x, 

(1234)(23)(14), 

together with similar forms. The complete list of 

concomitants involving both p and x factors is thus seen to 

be that given in list B. By the principle of duality 

the mixed concomitants containing; p and u can be written down. 

Concomitants containinfr, one p factor , with x and u factors. 

Since x and u are dual co- ordinates, we need only 

consider three t,,,y os of p factor, 



(12) , 
(23), (13) 

occurrin Lie` : C'. t,:l. '_`:r (:'.C,1 j1 

We have the possible forms, 

(12)(123)3x, 

(124)4x, 

(234)1r. .31.. 4 R (r1) 
' 1. 

(1 3 ;ì..,x3x4x R by (134)2x and (m) , 

(123) (124)3x4x R (i), 

(123)(134)1x4 R (x), 

(123)(234)2x4 R by (k), 

(124) (134)1x3x, 

(124) (234)2x3x R (J), 

(134)(234) Already considered, 

(123)(124)(234)1x R (m), 

(123)(124)(134)2 R by (134)2x and (m), 

(123) (134) (234)1x2x3x 

(123)(12,43)(234)1x3x R by factors, 

(124) (134) (234)1x2x4x R (i), 

(13)(124)(134)(z34)34 R (i), 

(1234)(12)(123)1x2x4x R by (12)1x2x, 

(124 )1x2x3x R by (12 )1x2x, 

(134)1x, 

(234) 2x, 

(123)(124) already considered, 

(123) (134)2x3x, 

(123)(234)1x3x R (m), 

41 
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(1234)(12)(124)(134)24 R (i), 

(l24)(234)1x4x R (i), 

(134) (234)1x2x3x4x R by (134)1x3x4x, 

(123)(124)(134)1x3x4x R (i), 

(123)(l24)(234)2x3x4x R (i), 

Those concomitants with X4,4 %i three u factors and one x 

factor are the duals of those with one u factor and three 

x factors and so do not require to be considered , iveither 

do those containing four u factors need to be considered. 

(23)M. By (n) M cannot contain the product (123)(234), 

and (23)(124)(123) reduces to the previous case. Since 

(23) is a self similar factor we need only consider, 

(233)(123)1x, 

(124)3x1x4x, R mod (12,43), 

(123) (134)3x4x R (k), 

(124)(134) already considered, 

(1234) (23)(123)4x x3x R by(23)2x3x, 

(124)2x, 

(123)(134)1x2x R mod (12,43) since 23 is con- 

volved an odd number of times, 

(124)(13411x2x3x4x B by (23)(134), 

(13)M. It is easily shown by identities (b), (c), (d), 

(e), (f), (g), that there are no irreducible concomitants 

of this type. 

We are accordingly left with, 
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(12) (123)3x, 

(12) (124)4x, 

(12)(124)(134)1x3x R, 

(23)(123)ix, 

(23)(1264)(124)2x, 

together with duals and similar forms, Of these 

(12)(124)(134)1x3x ! (12)(12,43)(134)1x 

and as the latter appears in list 3 we may take the 

former as reducible. Each form in the list above yields 

three other forms , and so we have sixteen forms linear in 

p,x and u. 

Two p factors. With dual and similar products, all that 

need be considered are, 

(12)(34), (12)(26), 3)(14), (12)(13), (34)(13), (23)(13). 

(12) (34)M. In hi 23 must not be convolved an odd number 

of times, and by (i) and (j) the products (124)4x, (123)3x, 

(431)1 and (431)2x are prohibited. Hence we have only the 

single concomitant of this type, 

(12)(34)(124)3x R mod (12,43). 

(12) (23)M. As before, (124)4x and (234)2x are prohib- 

ited and so is (123)(234) by (h). In addition (123)(124) JLL 

(234) (134) cannot occur by (23) (124) and (23) (134). 

ccordingly we have the tyj es, 

(12)(23)(123)2x, 

(12) (23) (134)4x, 

(12) (23) (123) (134)1x3x2x4x R by (134)1x3x4x, 



44 

(12)(23)(124)(134)1X2X R by (134)2X, 

(12)(23)(124)(234) already considered, 

(12) (23) (1234) (123)1X3X4X R by (23)4X, 

(23) (14)M. 

(124)1 , 

x 

(134)1x2x3x R by (23) (134) and (s), 

(234) 3x, 

(1` 3)(134) already considered, 

As before the product (123)(234) is 

prohibited and so is (124)(123) by (23)(124) and similarily 

the product (134)(234). Since (23)(14) is a self similar 

product we need only consider the types, 

(23)(14)(123)4X, 

(23) (14) (124)3x, R to above mod (12,43) (23), 

(23)(14)(123)(134)13 R by (23) (134), 

(23)(14)(124)(134)1x4 R (h), 

(23) (14) (1234) (123)1x2x3X R by (23)2x3x, 

(23)(14)(1234)(124)14 R (h), 

(23) (14) (1234) (123) (134)2x4x R by (23) (134) and (d), 

(23)(14)(l234)(124)(134)2x3X R by (23)(134) and (e). 

In the reïaainin , cases, since (13) occurs, 2X, 4x, (234),(124), 

and the products 1x3x, (134)(123) are prohibited. It is now 

an easy matter to snow , that the possible concomitants of 

these types are, 

(12)(13)(123)1x, 

(12)(13)(1234)(134)3X, 

(13)(34)(143)3X, 
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(13)(34)(1234)(123)1X, 

(13)(32)(123)3X, 

(13)(32)(1234)(134)l R by (32) (134). 

We are accordingly left with, 

(12) (23) (123)2X, 

(12) (23) (134)4X, 

(12) (23) (1234)124)1X, 

(12)(23)(1234)(234)3 
x 

, 

x 

(23)(14)(123)4x, 

(12) (13) (123)1X, 

(12)(13)(1234)(134)3x 

(13)(34)(134)3x, 

(13)(34)(1234)(123)1x, 

(13)(32)(123)3X, 

together with dual and similar forms. 

This list includes 12 of type (ijk) (ij) (ik) iX . 

(12) (23) (134)4x yields the three other forms, 

(34)(14)(123)2 h, 

(34)(32)(124)1x R, 

1.z)(14)(234)3x 1, 

(3e) (14) (123)4x yields tiie similar form, 

(32)(14)(432)1x. 

(12)(23)(1234)(124)1 yields trie three other forms, 

(34)(14)(1234)(234)3 R, 

(34) (23) (1234) (134)4x, 

(12)(14)(1234)(123)2x R, 
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(12) (23) (1234) (234)3x yields the three otiler forms, 

(34)(14)(1234)(124)1 , 

(34)(23)(1234)(123)2x, 

(12)(14)(1234)(134)4x, 

(12)(13)(1234)(134)3x, yields the similar form, 

(43)(42)(1234)(421)2x, 

(13)(34)(1234)(123)1X yields the similar form, 

(42)(21)(1234)(234)4X. 

The concomitants marked R in the above list are equivalent 

to others in the list, 2or, 

(34) (14) (123)2x = (34 )(12)(123)4x -1-(34)(24)(123)1X, 

(34) (24) (123)1X by (k), 

(34)(z3)(124)1-+ (34) (12) (423)1x, 

(34) (23) (124)lx by (m), 

and similarily, 

(21)(41)(432)3x = (21)(32)(432)4x. 

dut also, 

(34)(23)(124)íx = (31) (23) (124)4x+ (14) (23) (124)3x, 

(21)(23)(134)4x- (41)(23)(123)4x 

-g-(14) (23) (124)3x, 

(21)(23)(134)4x -í-(l4)(23)(12,43), 

where trie term (14) (23) (12,43) has the factor (AR) (Aux) 

and so is reducible. In addition, 

(34)(14)(l234)(234)3x -(34)(13)(1234)(234)4x, 

37.7.(34)(23)(1234)(134)4x. 

Similarily we may consider (12)(14)(1234)(123)2x to be 

reducible. 
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Concomitants containinb the factor (12,43). 

If we consider a concomitant M involving the factor 

(12,43) to be reducible, when (12,43) can be expressed in 

terms of factors (ijk)mx, any irreducible concomitant M 

must have (12) and (23) convolved an even number of times, 

(formulae (7) ). 

Obviously M may be, 

(1;,43) (1234), 

(12,43)2. 

If M 4 (12,43)(1234), 23 must be convolved an even number of 

times in M, for otherwise M would have the the factor 

(AR)(ARux). It follows immediately that,if M does not 

contain the variable p nor the factor (1234), there are only 

two possibilities for M, 

(12,43)(123)(234)3x2x, 

(12,43)(124)(134)lx4x, 

where in the first 12,23,34 are all convolved tv,.ice and in 

the second 12 and 34 are convolved twice, If 1M = (1234)N, 

23 must be convolved once in N for it cannot be convolved 

three times, Hence N contains (123) or (234) and N 

=(123)(124)34 or trie similar product, 

(123) [(l23)4(l2,434] by (7), 

and accordingly M is reducible. 

By formulae (8)- (11),M is reducible if it contain (13), 

(24),(23) or (14), and so if two p factors occur in I;., they 

must be (12) and (34). In this case we get only the one 
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concomitant, 

(12,43)(12)(34). 

If only one p factor occur, we may consider it to be (12) 

and so 34 must be convolved a second time and we have, 

(12,43)(12)(341)1x, 

(12,43)(1234)(12)(231)3x, 

( 12, 43 )(1234)(12)(234)(341)(124)1x2x 
x R (i), 

together with similar forms. The complete list of con- 

comitants involving (12,43) is, 

(12,43 )2, 

(12,43)(1234), 

(12,43)(123)(234)32, R 

(12,43)(124)(134)1x4x, 

(12,43)(12)(34), 

(12,43)(124)(34)4x, 

(12,43)(134)(12)1x, 

(12,43)(1234)(231)(12)3x, R 

(12,43)(1234)(234)(34)2x, R. 

§ 6. Special reductions. 

The concomitants above, which are marked R, 

appear in Turnbuil's list but are reducible. In fact, 

(12,43)(234)2x is always reducible, for after removing the 

invariant factors, 

(12,43) (234)2x - (ARux)ut (Aáx), 

= 2(aRu)bxu,Earbx - axb,]. 

Here each term has a concomitant factor bx or b bx 
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A similar reduction holds for (12,43)(123)3x. It is 

interesting to note that the duals of these products do not 

reduce. In this reduction we have broken up our symbols 

2X etc. and so cannot use our principle of duality, í\ßo 

other concomitants seem to reduce by this method, but an 

exactly similar identity applies in the case of five variables, 

part III, § 6.1 

This completes the determination of the unreduced 

concomitants 122 in number, which together with the concomit- 

ant D form a complete system for two quadratics in four 

variables. 

Footnote. _i. Note on the Simultaneous System of Two 

Quadratic Quaternary Forms. Journal of the London 

Mathematical Society, Volume 4, Part 3, pages 182 -183. 

Footnote 2. In a paper entitled "T:ze Complete System of 

Two Quaternary Quadratics ", Amer. Jour. Math. Vo1.LI, No 4, 

October 1929, pages 565 -576, I have determined this system 

of 122 forms. In this paper. Theorem I of part I is proved 

only for the case when n. 4. 
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Part III. 

Applications of the general theory 

to two quadratics in five variables. 

1. The prepared system. 

§ 2. Complete list of irreducible concomitants of 

several types. 

§ 3. Determination of the prepared system. 

4. Determination of the irreducible covariants 

and contravariants. 

§ 5. Determination of taie irreducible complexes. 

§ 6. Determination of the mixed concomitants 

containing u and x. 

§ 7. Determination of the mixed concomitants 

containin; P and x. 



1. Pre-oared system. 

l- ax, 

2 _ (Arc' 
x 

3 = (A3RJx) _ (ábR3) c , x x 

5 = r , x x 
4x=(Rdx)= de, 

(12)=-aP(AP), 

(54)= ice (Rp), 

(13) = ( aA3x3x ) _ ( àbR3 ) 4,aCP ) , 

(53) _ (rA3R3P) _ (abR3) (reP) , 

(14 _ (aRap) = rd (aP) , 

(52 ) _ (rAPP) -a (rbP) , 

(15) (s.rP), 

(23) = (Ah3 ) (A3PP) _ (AR3 ) a (bcP) , 

(43) = (RA3) (R3aP) _ (RA3) d (stP) 

(24) _ (ApR°rP) = a (bsP) , 

(123)= aP(AR3) (A3p), 

(543) =rd(RA3)(R3P), 

(124) = (ARocp) _ (Asp) , 

(b4.;) -r (RApp) _ I'd 4 (Rip) , 

(12b) = ar(ArP) , 

(541) -ra(Rap), 
(143) _ (RA3) (aRdp) =(RIV3) á (atp), 
(523) _(AR3) (rA3PP) =(AR3) P (rbcp), 

(135) -(aA3R3rp) =(abR3)(acrp), 

(234) _ (AR3) (RA3) (0(pP) _ (AR3) (RA3)a10 (bdp) 
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(1-,54) = ar(AR3) (RA3)u, 

(5432) = rd(RA3) (ARJ)u, 

(1235)= a(AR3)(A3ru), 

(5431) 7 ra (RA3 ) (23au) , 

(12b4) _ (ARu) , 

(12345) - a (AR3 ) (RA3 ) ra , 

(12,54) - lx(254) =(125)4X, 

ar rot ( ARpx) - P á áX ( bRp ) 

= r,e sX (Ar ) , 

. 

(12,43) _--71.(43) _ (124)3X, 

= a (RA. ) (AR3apx) , 

. _ - 
= a. ( RA3 ) aXra (1;s tp ) , 

= af,(RA3 ) ry.s (Atp) , 

(54,23) -5X(423) _ (542)3X, 

= ra(AR3)(RA3ppX), 
I 

rd (AR3)rxaP(sb_cp , 

= r ( AR3 ) áXbP (Rep) , 

(123,543) -(3) (1543) = (43) (1235), 

= ( AR3 ) ra ( RA3 ) (A3R3Pu) , 

) r ( RA3 ) ( b CID ) ( aR3 u ) , 

a() (AR3)r (RA3) (rsP) (A3 tu) , 

(1 3,154) _ (1;;) (1543) - (14) (1235), 

a. ( AR3 ) r ( A3 aRPu ) , 

a (AR. ) r (aba:') (a.Reu) , 
(c' 

a,r(AR3)r (asP) (A3ru), 
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(543,512) 72(54)(512i) ::(5';)(5431), 

= rd (RAs) of (RS rAPu) , 

= rd (RAS)ar (rsP) (rAtu), 

= rx (RAS)aP (rbP) (R6au), 

(12,543) 1x(5432) = 3.x(6412), 

ra (RAS) (RSAux) , 

aP rd ( RAS) (RS bu) , 

= a d (RA 3) tx(rsAu) 

(b4,123) 5x(1234) = 3x(1254) , 

(ARJ) (A3Rux) , 

M á P(AR6)rx(A3u), 
r aP (AR ex (bRu) . 

In the above A, R, cc ,t) , have been written for A2, R2, A4, 

R4 respectively and A ab, A3,abc, R -rs, R3 =rst. 

S 2. Goimolete list of irreducible concomitants of several 

type 

6 invariants: (aa)2, (ap)2, (AR3)2, (RAS)2, (r002, (rp)2, 

6 covariants: 5 quadratics iX 

1 quintic (12345)1 2 3 4 5, 
x x x x x 

6 contravariants: 5 quadratics (ijkm)2 i,j,m,k -1,2,3,4,5, 

1 quintic (1234)(1235)(1245) (2345)(2345), 

20 complexes containing the variable P: 

10 quadratics (ij) 
2 

, 

10 cubits (ij) (jk) (ki), i,j,k= 1,2,3,4,5. 

20 complexes containing; the variable p: 

10 quadratics (ijk)2, 



54 

10 cubics (12345) (ijk) (ijm) (ijn). 

44 mixed forms contai_:in u and x: 

5 of orders 1 in u ana 1 iii x, 

(12345) (1234)5x and a similar forai, 

(12345) (1245) 3x, 

(12345)(54,123) and a similar form, 

5 of orders 1 in u and 4 in x, 

( i j 
km) 

i xj xkx 
x' 

5 of orders 4 in u and 1 in x,. 

(12345) (mijk) (mijn) (miitn) (mjkn)mx. 

10 of orders 2 in u and 3 in x, 

(12345) (ijkm) (ijkn)ixjxkx. 

10 of orders 3 in u and 2 in x, 

(mnkj) (mnij) (mnik)mxnx, 

2 of orders 3 in u and 3 in x, 

( 12345)(1245)(1345)(234b)1x x 23x, 

and a similar form, 

2 of orders 3 in u and 4 in x, 

(12,543)(1245)(1345)1x4x5x, 

and a similar form. 

4 of orders 4 in u and a in x, 

(12, 543 )(12345)(1234)(1245)(1345)1x4x, 

(12, 543 )(12345)(1235)(1245)(1345)1x5x, 

and two similar forms. 

1 of orders 5 in u and 4 in x, 

(12, 543) (54,123)(1235)(124b)(1345)1x5x. 
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67 mixed forms containing P and x: 

10 of orders 1 in P and 2 in x, 

(ii)ii. 

4 of orders 1 in P and 3 in x, 

(12345)(12)3x4X5x, 

(12345)(23)1X X4X and two similar forms. 

5 of orders 2 in P and 1 in x, 

(12345) (23) (45)íx and a similar form, 

(12345)(43)(15)2x and a similar form, 

(12345) (12) (45)3x. 

5 of orders 2 in P and 3 in x, 

(12345)(21)(15)1x3x4x and a similar form, 

(12345)(12)(23)2x4x5x and a similar form, 

(12345)(23)(34)3x1x5x. 

20 of orders 3 in P and 1 in x, 

(12345)(12)(14)(15)3 
x 

and a similar form, 

(12345)(21)(23)(25)4x and a similar form, 

(12345)(31)(32)(34)5x, 

(12345)(12)(13)(45)1x and a similar form, 

(12345)(12)(15)(43)1x and a similar form, 

(12345)(14)(15)(23)1x and a similar form, 

(12345)(21)(23)(54)2x and a similar form, 

(12345)(24)(23)(51)2 
x 

and a similar form, 

(12345)(25)(21)(43)2x and a similar form, 

(12345) (34) (35) (21)3x and a similar forni, 

(12345) (34) (32) (15)3x. 
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2 of orders 3 in P and 3 in x, 

(12345)(34)(32)(45)1 
x 
3 4X and a similar form. 

18 of orders 4 in P and 3 in x, 

(12345) (ij) (ik) (im) (in)ix, 5 

(12345) (13) (15) (32) (34)lx and a similar forai, 

(12345)(14)(12)(43)(45)1x and a similar form, 

(12345)(15)(12)(53)(54)1x, 

(12345) (21) (23) (14) (15)2x,and a similar form, 

(12345)(24)(21)(43)(45)2x and a similar form, 

(12345)(31)(34)(12)(15)3x and a similar form, 

(12345) (32) (34) (21) (25)3x and a similar form. 

1 of orders 4 in P and 3 in x, 

(12345) (12) (23) (34) (45)2x3x4x. 

2 of orders 5 in P and 1 in x, 

(12345)(31)(14)(23)(34)(45)1x and a similar form. 

67 mixed forms containing p alld u: 

These forms are the duals of the mixed forms 

containing P and u and can be written down immediately. 

For example from the 5 forms 

(12345)(ij)(ik)(im)(in)ix, 

we obtain the 5 dual forms 

(fin) (jmn) (jkn) (jam) (jam). 

In the above list i,j,k,m,n take the values 1,2,3,4,5, 

with the understanding that in any form i,j,k,m,n are all 

distinct. 
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3. Determination of the prepared system. 

If n=5, there are six invariants 

a', a, (AR3)2, (R3)2, r¿, r2, 

and five quadratic covariants 

2 2 2 2 2 
lx, 2x, 3 

x' 
4x, 5 (Part I . § 3.) 

x 
By theorem I every concomitant , multiplied by a suitable 

invariant factor , can be expressed in terms of the symbolic 

factors 

ix, (ij), (ijk), (ijkm), (12345), i,j,k,m = 1,2,3,4,5. 

We must now determine, if ever in forming these bracket 

factors we have disturbed an invariant factor, which ap-oears 

wnen 12, 23, 34, or 4b are convolved together. Originally 

we have live variables x,y,z,t,w, which are to be convolved 

as 

4 = (xyztw), 
u xyzt, 

p =xyz, 

P =xy, 

x . x. 

Since the only factor involving 11 is (12345) and since 

12, 23, 34, 45 are all convolved in this, no invariant 

factor has been disturbed in forming it. When all the 

variables w have been convolved to form A, we are left 

to consider 4- factors, 3- factored 2- factors, where an 

i- factor is a factor involving i symbols. We may neglect 

all 4- factors,as the variables then can only be xrzt= u. 



Let us now consider tae possible cases, in which x, y, z, t 

may be convolved to ford u. If one of these variables 

occur in a 3- factor, we may assume that three of their occur 

in this 3- factor, for 

(ijk 1x) (rs )tZ) 

- (.ijk;. kyzt) (sk) -1-terms in which t-z are convolved 

together, and 

(ijklxy) (rsltz) 

._ (ijkrlxyzt) (slz) -f terms in which yzt are convolved 

together, 

Hence we must consider the cases when, 

(a) Three variables occur in a 3- factor and the fourta 

occurs in another 3- factor, 

(b) Three variables occur in a 3- factor and the fourth 

occurs in a 2- factor. 

Case (a) gives the possibility, 

(ijkrilu) (iìai ), 

and case (b) 

(ijknu) (rrr ¡f) , 

Where 
J 7 

may be any of x,y,z, t, 

In (a) and (b), neither of m, n is the same as any of i, 

j,k or else no convolution of successive integers is disturb- 

ed, At first sight it would appear that (ijkr Iu) (0) (n /7) 

is a possibility, arising from three 2- factors, but i,j,k, 

r,m,n, must all be distinct, which is impossible and so this 

type cannot occur. But if the variable t does not appear, 
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we might have the single new type 

(c) (ijk)p) (riljs) 

arising from two 2- factors. 

We now write the factors for simplicity without the variables, 

since no confusion cari arise. There are no furtner types 

of factors, as we shall see. 

Type (a) cannot occur with an other u factor, as 

(ijkn) (ihrs), 

(ijkn) (i:iirs) t 

are the only possibilities. In the first rs cannot contain 

i, m or n, and so must be jk. But by the fundamental-iden- 

tities this is impossible. In the second case none of r,s,t 

can be i, therefore two of them must be either ij or nm and 

in either case no invariant factor is disturbed. Further since 

(ijkri)(ihr) _(ijkr)(inn) -f (ijic)(ininr) 

by identity (17) part I, type (a) cannot occur with a further 

p factor. Hence type (a) gives soleXy the new factor type, 

(ijkiz) (im). 

Siinilarily it may be shown that type (b) cannot occur with a 

further u or p factor. Type (c) cannot occur with another 

p factor, for 

(ijizg) (nk) +(ij) (knn) by (17V.. part I, 

and in both terris on the right ij and nk are convolved. 

There are three other possible cases to consider, 

(ijkn) (na) ford (b) and a 1- factor, 

(ijkn) (n ) (bode) , from two (b)factors, 

(ijk) (nab) from two (c) factors. 



Of tnese, the first reduces to type (a) since a_one of ijk; 

the third gives nothing new, since one of ab must be i or,4; 

trie second is more easily treated later. 

In type (a), m,n must be consecutive integers and so must 

i,j. Hence we have 

(1235)(14) (123,154), 

(3215.) (34) - (123,543), 

(5431) 15) :2(543,512) . 

In ty-oe (b) m,n must be consecutive integers and so we have, 

1X(2345), 

2X(3145), 

3X(4125), 

5x(321). 

But 

2X(3145) -1X(3245) 4- (3214)5x, 

X(3214), 

since in (3245) both 23 and 45 are convolved. 

Similarily 

3x(4125) E 1X(4325). 

Accordingly type (b) yields only two new factor types, 

1X(5432) (1,543), 

5x(1234) (54,123). 

In type (c) both i,j and ra,11 must be successive integers 

and so we have, 

1X(243) =:(12,43), 

5x(43) _ (54,23) , 

Footnote 1 See a2pendix A L a6e 112. 1 

6u 
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1X(254) _ (12,54). 

If a new type of factor arises from two (b) 

factors , it must be 

(14)(2345)(5321), 

(123Z) (4L)(g321), 

(1254)(5)(3321), 

(1254)(34)(5321), 

and so is expressible in terms of simpler factors. 

We thus have the eight new factor typek] three of type (a), 

three of type (c) and three if/type (b). The factors of type 

(c) are the duals of those of type (a), while the factors of 

type (b) are self dual, 

Now , since,with the-addition of these new factor 

types, no invariant factors, which were originally introduced 

in part I S 3, have been disturbed, we can work with the 

symbols i, j etc and at the end remove all actual invariant 

factors and obtain the actual irreducible concomitants, pro- 

vided that no identity is used 414 lam pt, which breaks up success- 

ive integers convolved an even number of times. An alter- 

native method is to use as a prepared system the factors 

(AP), for (12) etc. This prepared system was actually 

found by Dr. Wtn. Saddler, but has never been published. 

He determined the prepared system by methods analogous to 

those used by Professor Turnbull in his paper on two quadratics 

in four variables, To find any of the irreducible con - 

comitants by this method is cumbersome, as all identities 
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have to be worked out in detail and in addition the ten 

symbols a,r,x,R,A3,R3,oc,p, must be paired off instead of the 

five symbols 1,2,3,4,5. 
(( 

Chis, together with the great 

simplification of the identities, more than compensates 

for the addition of the extra factor (12345) and the fact, 

that the identities cannot be applied blindly. 

4. Determination of the irreducible covariants and 

contravariants. 

The factors which may occur in a covariant are the 

five ix factors and (12345). The irreducible covariants 

are then six in number; 

the five quadratics iX, 

and the quintic (12345)1x2x3x4x5x. 

By duality the oontravariants are six in number; 

the five quadratics (kmnj)2, 

and the quintic (1234)(1235)(1245)(1345)(2345). 

§ 5. Determination of the irreducible complexes. 

The 
-- i)ossible factors, which may occur, are 

the 10 factors (ij) and (12345). But, as a product of 

(12345) by factors of the type (ij) always involves an 

odd- number of symbols, ßúx factor (12345) cannot appear in 

such a concomitant. Since the factors (ij) are strictly 

arialo6ous to simple bracket factors of binary forms, we 

have only 20 possible complexes, 

2 
the 10 quadratic complexes (ij) , 

and the 10 cubic complexes (ij)(jk)(ki), 

for a product of four or more factors (ij) is reducible. 
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In fact, 

(ij) (kia) = (it) (jm) -t (xcj) (im), 

(ij) (kn) _ (ix) (j n) (kj) (in). 

By multiplying these two equations together and neglecting 

the terms, which involve a factor squared, we have 

(ni) (ik) (kj) (jm) -i- (mi) (1k) (kj) (jn) - 0, 

or 

2(ni) (ik) (kj) (jm) -1-(j i) (ik) (kj) (mn) F. 0, 

by a)»lying the identity (mi)(jn) to.the second term. 

iut, as (ji)(ik)(kj) is itself a concomitant, 
1 

(ni) (ik) (kj) (jm) is reducible. 

By the principle of duality we see that there are only 20 

irreducible complexes involving the variable p, 

the ten quadratic complexes (ijk) 
2 

, 

and the ten cubic complexes (12345) (ijk) (ijm) (ijn). 

6. Determination of the mixed concomitants containing 

u and x. 

Reductions. Since (12,543) Elx(5432) _ 3x(5412), 

any concomitant containing the factor (12,543) is reducible, 

if 12 or both of 34,45 are convolved an odd number of times. 

In addition such a f40/4 concomitant has a factor (AR-) (Aß3ux) 

if 23 is convolved an odd number of times. (a) 

Footnote 1. Grace and Young. Algebra of Invariants. Chap.XV. 

Page 322, 



'Further, 

Hence, 

(12,543) 71 3x(5412), 

- 3x(5412) - 5x(3412), 

= 3x(5412) - (54,123). 

,543) (1254)3x = (12,543)(54,123) 

0 by (a). (b) 

There also exists a reduction similar to that of part II,§ 8. 

(12,543) (5432)2x:5.0. 

For neglecting the invariant factors we have, 

(A.R3 ux) (hf) uP -2 (àí3 u) bx Cafbx - axbb ] of , 

and each term on the right has a factor 1:» or bubx. 
again the dual product is not reducible. 

Moreover, 

(1234)5M1 , 0, 

if 45 is convolved an oda nwaber of times in M, and 

4345)1x11 = 0, 

if 12 is convolved an ,erni. odd number of times in M. 

Since, 

(12,543) _ (5432)lx - (5431)2x, 

by squaring this identity 

(5432) (5431) lx2x _ 0. 

If now we consider (5432) as sim ler than (5431), 

(5431)2 M _ 0, 

if 23 is convolved ari odd number of times in M 

Again by squaring the identity 

(c) 

3nce 

(d) 

(e) 

(f) 

54 



(12,543) - (2431)5x = (5231)4x4 (5421)3x, 

we have, 

(5231) (5421)4X3X = 0 by (a). (g) 

In the above reductions we may replace each factor by its 

similar factor and in most cases obtain a new reduct ion. 

We now consider the "possible forms in the following order 

first those without the factor (12,543) and in ascending 

order in u, then those with one factor (12,543) and finally 

those with both the factors (12,543). and (54,123).. We only 

write down one of each pair of forras,which are similar, and 

those forms which are reducible are marked R. The method 

of reduction in each case is indicated shortly at the side. 

No factor (12,543). 

One u factor. We have the five concomitants 

(ij km) i j xkxmx, 
and the types 

(12345)(1234)5X, 

(12345)(1235)4x R (f), 

(12345)(1245)3x. 

Two u factors. We have the types 

(1234)(1235)4xx R (e), 

(1234)(1245)3xox R (d), 

(1234)(2345)lx5x R (d), 

(1234)(1345)2x5x R (d) and (f), 

(1:35) (1245)3x4,, R (g), 

(1235)(l345)2x4x R (f) and (a), 
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and the ten 

(12345) (ijkm) (ijkn)ixix 
x. 

Three u factors. 

We have the ten 

(mnjk)(mnij)(mnik)mxnx, 

the duals of the previoue case and the types 

(12345) (1245) (1345) (2345)1x2x3x, 

(12345) (1234) (1235) (1345)4x4x5x R (f), 

(12345)(1423) (1425) (1435)2x3x5x R (d), 

(12345)(1523) (1524)(1534)2x3x4x R by (1524)3x, 

(12345) (2314) (2315)(2345)1x4xbx R (d), 

(12345) (2415) (2413) (2435)1x3x5X R (d). 

Four u factors. We have the types 

(1234) (2315) (1245) (1345)2x3x4x5x R (e), 

( 1234)(1235)(1245)(2345)1x3X4X5x h (d), 

(1234) (1253) (1345) (2345)1 
x 
2 
x 
4 
x 
5 
x 

R (f), 

and the five 

(12345) (ijkm) (ijkn) (ijmn) (ikmn)ix, 

the duals of the concomitants with one u and four x factors. 

rive u factors. Either no x factors or five x factors 

occur. The first has been already considered and the second 

is reducible. 

One factor (12;,.543). We have the simple forms 

(12345)(12,543), 

(12,543), 

together with two similar forms. 
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One u factor. By using reduction (a) we see that there is 

only one possibility, 

(12,543)(1245)3x R (b). 

Two u factors. We have the types 

(12,543) (1234) (2345)2x3x4x R (c), 

(12,543)(1235)(2345)5x3x2x R (c), 

(12,543)(1245)(1345)1x 45x, 

(12,543)(12345)(1245)(1234)3x5x R (d), 

(12,543)(12345)(1245)(1235)3x4x R (f) mod (12,543) (14,123) 

(12,543)(b1234)(2345)(1345)1 x2x rt (f') mod (1;,543)2, 

Three u factors. We have the types 

( 12,543)(1234)(1235)(1245)3x4x5x R mod (12,543)(54,123), 

(12, 543) (1234) (2345) (1345)1x2x5x R mod (12,543). 

(12, 543 )(12345)(1234)(1235)(2345)2x3x R (c), 

(12, 543 )(12345)(1234)(1245)(1345)1x4x, 

(12, 543 )(12345)(1235)(1245)(1345)1x5x. 

The only possibility with four u factors is 

(12,543)(12345)( 1345 )(2345)(1234)(1235)1x2x4x5x, 

and this is reducible mod (12,543 )2. 

There is no possibility with five u factors. There are thus 

six irreducible concomitants containing one factor of tyre 

(12,543), the three in the list above and three similar forms. 

It is important to notice that each of these six is irreduc- 

ible but that their duals reduce by (c). 

moth factors (12,543) and (54_,123). 

If both the factors (12,543) and (54,123) appear in a 

concomitant, since 12, 54, 23, and 34 must all be convolved 



an even dumber of times, there are very few possibilities 

and finally we are left with 

(12,543) (54,123) (1235) (1245) (1345)lxox, 

and its dual 

(12, 543)( 54 ,123)(12345)(1234)(2345)2x3x4x R (c), 

7. Determination of the mixed concomitants containing 

P and x. 

Reductions. If we consider the P factors in the order of 

simplicity, 

(12), (54), (23), (34), 

(15), 

(14/ : (52), (13), (53), 

(24), 

by identities of the type (ij)k 70, we see that 
x 

4x 

3x 

lx 

5x 

cannot occur witn (13) or (53), 

(53) or (13) , 

(24) , 

(24) or (25), 

(42) or (41). 

(h) 

r 

Further by identities of the type (1,y) (km) = 0, we see that 

the products 

(13) (24) , 

(53) (24) , 

(13) (52), 

(53) (14), 

(14) (25) (15), 

(i) 

68 



6i 

(24) (14) (15), 

(42) (52) (51) , 

(14) (24) (25) 

are reducible. The concomitant 

(13) (35) (51) 0 (J) 

also, since (13)(35)(51) is an actual concomitant containing 

no invariant factors. 

We first consider those concomitants which do not contain 

the factor (12345). 

No factor (12345). In this case the only irreducible 

concolaitants that appear are the 10 mixed concomitants 

(ìj ) ixjx 

This follows as a result of the analogy with binary forms 

(See § 5) . 

Forms containing the factor (12345). If the factor (12345) 

appears in a concomitant M, M must contain five x factors, 

three x factors, or one x factor, since the number of 

symbols in a P factor is even. five x factors cannot occur 

in M, for in that case the symbols appearing in the P factors 

must be paired off. Accordingly M contains at least one 

factor (ij), in which i,j are not successive integers, and 

as a result the concomitant factor (ij)i x j x . 

By considering list (i), we see that there can be 

no irreducible concomitants involving eight or more P fact- 

ors. But if seven P factors occur and (24) occurs, 

(13) and (53) cannot appear nor can any of the products, 



(14)(25)(15), 

(24) (15) (14) 

(24)(51)(52), 

(24) (14) (25), 

and so in this case seven P factors cannot occur. But , if 

(24) does not occur, the products 

(13)(52), 

(53)(14), 

(13) (35) (52) , 

(14)(25)(15), 

(13) (35) (51) 

are prohibited. Hence the only possible from involving 

seven P factors is 

(12) (23) (34) (45) (25) (15) (35)M, 

or tree similar form. Since lx ust occur among the x factors 

in M, this form is reducible by (h). hence there are no 

irreducible concomitants containing seven P factors. 

We shall now consider the remaining concomitants 

in ascending order in P. Since (12), (54); (13), (53); 

(23), (43); (25), (41); are similar factors and (15), (24) 

self similar factors,we need write down only one of every 

two similar forms. 

One P factor. There is only one type 

(12345) (ij )kxrclox, 

but all concomitants of this type are equivalent to 

(12345) (12) 3x4x5x, 
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(12345)(23)1x4x5x, 

and two similar forms by reductions (h), 

Two P factors,one x factor. There is only one type 

(12345) (ij) (kìu) nx. 

If we let n =1,2,3 in succession and use reductions (h), we 

are left with, 

(12345) (23) (45)1x, 

(12345) (43) (15)2x, 

(12345) (12) (45)3x, 

and two similar forms, 

Two P factors, three x factors. There is only one type 

(12345) (ij) (ik)mxnxix' 

Since 

(12345)(ij)(ik)mxnxix =a(12345)(ij)(im)kxnxix etc., 

if i,k are not successive integers, by letting i 7=-1,2,3 

in turn we see that all concomitants of this type reduce to 

(12345)(12)(15)1x3x4x, 

(12345) (21) (ü3)2x4x5x, 

(12345)(32)(34)3x1x5x, 

and two similar forms, 

Three P factors, one x factor. There is only one type 

(12345)(ij)(ik)(im) x, 

(12345)(ii)(ik)(mn)ix. 

The concomitants of the first type reduce by reductions (h) to 

(12345)(12)(14)(15)3x, 

(12345)(21)(23)(25)4x, 

(12345)(31)(32)(34)5x, 
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and two similar forms. J?or, since the form 

X= (12345) (31) (32) (34)áx 

(12645) (35) (34) (32)1x -4 (12345) (15) (32) (34)3x, 

- Y -(- Z, 

ana the form Z ap.oears in trie list of irreducible forms of 

the second type, we may neglect Y the form similar to X. 

The concomitants of the second type are equivalent to 

(12345) (12) (13) (45)1x, 

(12345)(12)(15)(43)1x, 

(12345) (14) (15) (23)1x, 

(12345) (21) (23) (54)2X, 

(12345) (24) (23) (51)2x, 

(12345) (25) (23) (14)2x R, 

(12345)(25)(21)(43)2x, 

(12345)(34)(35)(21)3X, 

(12345)(34)(32)(15)3X, 

and seven similar forms. The form marked R reduces by 

the identity (25)(14)=0. 

Three P factors, three x factors. There is only one type 

(12345) (mj) (j i) (ik) ixjxnx. 

In this i,j; i,k; j,m must ail be successive integers, or 

else the form reduces by the identities 

(ij)nX_ 0, (ik)jx_ 0, (jm)iX_ O. 

Accordingly we we are left with 

(12345)(34)(32)(45)1x3x4x, 

and the similar form 

(12345)(32)(34)(21)5X3x2X. 



Four P factors ,one x factor. There are two types 

(12345) (ii) (ik) (im) (in)ix, 5 

(12345) (ij) (ik) (jüì) (jn)ix. 

The first type yields five concomitants, in the second 

type, if i=1 and j =2 oie o- (24) or (25) M1161; occur and so 

the form is reducible. If i=1 ana j =3, (35) cannot occur 

and so we have the possible form 

(12345)(13)(15)(32)(34)1x. 

If i =1 and j--- 4, (4 cannot occur and if i =1 and j = 5, 

(52) cannot occur and so we have the two forms 

(12345)(14)(12)(43)(45)1x, 

(12345) (15) (12) (53) (54)1x, 

the second of which is equivalent to its similar form, 

By a similar treatment for the cases i = 2 and 3,we have 

as a final list of concomitants of the second type 

(12345) 

(12345) 

(13) 

(14) 

(15) 

(12) 

(32) (34)1x, 

(43) (45)1x, 

(12345) (15) (12) (54)íx its similar form, (53) _ 
(12345) (21) (23) (41) (15)2x, 

(12345) (24) (21) (43) (45)2x, 

(12345) (31) (34) (12) (15)3x, 

(12345) (32) (34) (21) (25)3x, 

and six similar forms, 

Four P factors, three x factors. There are three types 

(12345) (mn) (ij) (jk) (ki)ixjx x, 

(12345) (mi) (ij) (jk) (kn)ixjxkx, 
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(12345) (mn) (nj) (jk) (kn) i j k . 

x x 

The first type is not possible,since all of i,j; j.k; 

cannot be successive integers and so the concomitant resolves 

into factors. In the second type n, i; i,j; j ,k; k,n 

must be successive integers and so we have only the one 

irreducible form 

(12345) (12) (23) (34) (45)2x3x4x. 

In the third type, n,j; j,k; k,n must all be successive in- 

tegers and this is impossible. 

Five P factors and onyx factor. There is only one type 

(12345) (ij) (ik) (mj) (jk) (kn) i., . 

In such a concomitant , by identities of trie type (jk) z = 0, 
x 

we see that; j ,k must be successive integers; 

that, if* n are not successive integers, ij must be; 

that, if m,j are not successive integers, i,k must be. 

Since j,k are successive integers, both i,j and m,j 

cannot be successive integers. If i,j are successive integers, 

it follows then that i,k must be successive integers. But 

this is impossible,since i,j; j,k; s,i cannot all be success- 

ive integers. Therefore i,j must not be successive integers 

and so k,n must be successive integers. Since k,j are also 

successive integers, i,k cannot be successive integers and so 

m,j must be. As a result we have only two concomitants 

of this type 

(12345) (13) (14) (23) (34) (45)1x, 

ana the similar form 
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(12345)(53)(52)(43)(32)(21)1y. 

Five P factors and three x factors. `['here are four types 

( 12345 )(ij)(jk)(kn)(ni)(mn)ixjxkx, 

(12345) (iii) (nk) (kin) (mi) (mn)ixjxkx, 

(12345) (ij) (jk) (ki) (mi) (in) ixjxkk, 

( 12345 )(km)(mj)(jk)(mi)(in)ixjxkx. 

In the first type i,j; j,k; k,m; n, i must all be successive 

integers, which is impossible and similárily the last two 

types are also impossible. In the .second type, if m, n 

are not successive integers, the form is reducible by the 

identity (mn) ix O. Therefore both of k,m and n, i cannot 

be successive integers. Further either i,n ox7k,in must be 

successive integers and also one of the pairs n,k and m,i. 

If i,n are successive integers, m,1 cannot be, since m,n 

are successive integers, and therefore n,k must be successive 

integers while kin cannot be. Hence the form has the factor 

(km) (mi)kxix. If i,n are not successive integers, k,m must 

be and so m,i cannot be successive integers. But, since one 

of the pairs n,k and m,i must be successive integers, n,,}c 

must be successive integers. Hence k,m; m,n; n,k must all 

be successive integers and this is impossible. According- 

ly there are no irreducible concomitants containing five P 

factors and three x factors. 

Six P factors and one x factor. There are two types 

(12345) (jk) (jm) (j n) (km) (kn) (nni) ix, 

(12345) (j i) (ik) (Iaj) (jk) (kin) (run) ix. 
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Of these two types we need only consider the second, for, 

since one of k,m; k,n; n,m cannot be successive integers, 

we can apply an identity of the type (mñ) ix= 0 to the first 

type and reduce it to two forms of the second type. In the 

second type we see that k,j must be successive integers, 

that either m,j or i,k must be successive inteers and that 

'either m,k or i,j must be successive integers. But it is 

impossible for this to be the case, since the product 

of (kj) with one of both pairs (mk) , (i j) and (mj) , (ik) 

consists of three factors with a symbol in common or 

else is of the type (ij) (jk) (ki). 

Six P factors and three x factors. There are two types 

(12345) (im)(mj)(jk)(kn)(ni)(mn)ixjx 
x, 

( 12345) (ij) (jm) (mk) (ki) (mi) (in) ixjx x. 
In the first type, m,j; j,k; k ,n must be successive integers. 

Accordingly m,n cannot be successive integers and the form 

reduces by (mn)ix. In the second type ,m,i; m,j; m,k 

must all be successive integers and this is impossible. 

Hence there are no irreducible concomitants containing six 

P factors. We have already shown that there are no irred- 

ufible concomitants with more tuan six P factors and so the 

list given in § 2 is complete. 

By the principle of duality we can write down the 

irreducible concomitants involviAg p and u. 

The determination of the concomitants containing P 

and x has not been attempted. The list of irreducible forms 

Footnote 1. There is a ti,ird possible type 
(1 345) (im) (mj) (j n) (ni ) (mik) (kn) i_ j xkx but this ty .,e re- 
duces to the first type by identities of the type (it,i)k, _ O. 
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would be considerably longer but could be obtained by the 

methods that we have used. Since the complete system 

for the case of four variables contains 122 forms, we should 

expect to obtain at least 700 or 800 forms in the complete 

system for two quadratics in five variables, as the labour 

involved in the latter case is at least five times as heavy 

as tnat of the former. 



78 

Part IV. 

Applications of the general theory 

to two quadratics in six variables. 

S 1. The prepared system. 

§ 2. Summary of results. 

3. Determination of the prepared system. 
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1. The ,prepared system. 

There are five sets of variables 
X, 

P= xyz, 

p::=xyzt, 

u-_-_ xyztw. 

The invariant factors are the six 

(ad), (air)), (AR4), (A3R3), (A4R); (rd), (r1), 
where A, R,4 , and 

P 
are written for A2, R2, Ab and R5 

respectively. 
There are six x factors of the type ix; 

lx= aX, 

2 x 
I 

= (Apx) _ afbx, 

3x = (AR3x) _ (abR4 ) cx, 

4x = (A 4R3x) ( ab6R3 ) dX ^ (A4rs ) tx, 
5X = (Rom) _ (á.bcdR) ex =rd sx, 

6x _ rX. 

There are fifteen Q factors of the type (ij); 
(12) (AQ) , 

(65) _-=r0( (RQ), 

(13) (aA3R4g1) z (ab84) (acQ), 

(64) _ (rR3A4Q) 

(14) _ (aA4R3Q) r (a1 R3) (aâQ), 

(63) _ (rR4A3Q) _ (rstA3) (rkQ), 

(15) _ (aRaQ) = r (asc ), 
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(62) = (rAPQ) = aP(rbQ), 

(16) _ (arQ), 

(23) : (AR4) 
(A3, Q) = (AR4)4(bcQ), 

(5 4) _ (RA4) (R Q) - (RA4) ó (S tQ) , 

(34) = (A3R3) (A4R4Qt) _ (A3R3) (abR4) (cdQ), 

(24) = (APA4R3Q) = (A4rs) (bt(4), 
(53) - (R°(R4A3Q) - (R4a1;) (scQ1)rc, , 

(25) = (ApRdQ) _ r (bsQ). 

There are fifteen p factors of the type (ijkm), the 

duals of the fifteen Q, factors. For brevity in the remain- 

der of trie list a -product of invariant factors has been 

indicated by I. If 12 is convolved, I includes aP, if 23, 

(AR4) etc. and in any particular case the value I may 

be written down immediately. 

(6543) = I(R4y), 

(1234) = I(A4p), 

(6542) = I(R3App) =I(RJbp)e, 
(1235) ¡ I(A3Rap) = I(A3p)r, 

(6523) = I(RA p) 
I;r(Rbcp), 

(1254) = I(AR3ap) = I (Astp), 

(6234) = I(rA4rp) = I 4(rbcdp), 

(1543) _ I(aR4ap) = I (astkp), 

(2345) = I ((glop) = I Ì (bcdep) , 

(1654) r I(aR3p), 

(6123) . I(rA3p), 

(1365) 7:- I (aA3R4Rp) = I(abR4)(acRp), 

(6412) I(rR3A4Ap)= I(rsA4)(rtAp), 
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(1346) - I(aA4R4rp) = I(rsA4)(aktrp), 
(1265) -I(ARP). 

There are twenty P factors of trie type (i jx) ; 

(123) = I(A3P), 
(654) = I(R3P), 

(124) = I(AA4R3P) -I(A4rs)(AtP), 

(653) = I(RR4A3P) = I(R46,) (l-idP), 

(125) = I(ARo(P) =Id(Asp), 

(652) = I(RAPP) =i6,(1-0:;P), 

(126) I(ArP), 

(651) = I(RaP), 

(134) = I(aA4R4P) = I(abR4)(aedP), 

(643) = I(rR4A4P) - I(rsA4)(rtkP), 
(135) _ (aA3R4RaP) _ (ábR4)4.(aaP), 

(642) = (rR3A4APP) = (rsA4) r(rtbP), 

(136) _ (aA3R4rP) (abR4)(acrP), 

(641) (rR3A4aP) -(rA4)(rtaP), 

(154) ^ I (aRP) Ire (astP) , 

(623) I(rA3rP) I4 (rbcP), 

(234) = I(A4rP) = Ia. (bcdP), 

(543) = I(ReiP) = Iri, (stIP), 

(254) z I(ArR3aP) 

(523) = I(RoA3rP) = â (bcP). 

There are six u factors, the duals of the six x 

factors, of the type (i j km) ; 

(12345) = a P(AR4)(A3R3)(RA4)(cxu), 



(65432) = roe (RA4) (8A) (R4A) (ru), 
(12346) = ar(AR4)(A3R3)(A4ru), 

(65431) = rd( RA4 ) (R6A3 ) (R4au) , 

(12365) = a«(AR4) «(ARu), 

(65412) = rce(RA4) a(13Au). 
There is one factor of the type (ijxnlnt), 

(123456) = ar,(AR4) (A3R3) (A4R) (ar). 
There are three factors involving u and x; 

(12,6543) _ 1x(26543) - - 6X(12543), 

I (AR4ux) , 

I6,X(bR4u) ; 

(65,1234) 6X(51234) - - 1X(65234), 

- I(RA4 ux), 

I r), (sA4u) ; 

(123,654) - 1X(23654) = 6X(12354), 

_. I (A3R3ux) , 

IàX(b6R3u); 

There are eight factors involving Q and u; 

(123,1654) = (12) (31654) _(16)(12354), 

= I (A3aR3Qu) , 

I(abQ)(eaR3u); 

(654,6123) _ (65) (46123) _ (61)(65423), 

= I(R3rA3Qu), 

_ I(rsQ)(trA3u); 

(165,1234) _ (16) (51234) - (13) (6524) 

I(aRA4Qtiu), 

I(arQ)(sA4u); 

, 
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(612,6543) (61) ° - (61) (653) = - (64) (1253), 

= I(rAR4Qu), 

= I(ráQ)(bR4u); 

(265,1234) = (26) (51234) _ - (23) (65124), 

_ I(APRA4Qu), 

= I(APrQ) (sA4u); 

(512,6543) z (51)(26543) - - (54)(12653), 

= I(RaAR4Qu), 

I(RaáQ)(bR4u); 

(123,6543) _-. X13) (6543) (63)(2164'3), 

I( A3 R4 Qu ), 
= I(àCQ)(bR4u); 

(654,1234) =(64)(51234) _ (14)(56234), 

= I(R3A4Qu), 

-I(rtQ)(sA4u). 

There are six factors involving P and u; 

(1265,6543) - (165) (6543) _ (465)(21653), 

- I (A.RR4Pu ) , 

= I ( 114P ) ( ¡Nu) ; 

(6512,1234) _ (612)(51234) _ (312)(56124), 

= I(RAA4Pu), 

= I ( r.AP ) ( sA4u ) ; 

(1236,6543) _ (136)(26543) =(536)(12643), 

=- I(A3rR4Pu), 

= I(àcrP)(bR4u); 
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(6541,1234) = (641) (51234) _ (241) (65134), 

= I ( R3 aA4 Pu ) , 

= I(rtaP)(sA4u); 
(1234,6543) _ (134)(L6543) _ (534)(12643), 

= I(AR4Pu), 

(a.cAp) (bR4u); 

(1236,6541) = (1L)("..;6541) (156) (36241), 

= I(A3rR3aPu), 

= I(abrP)(61{3au). 

There are sixteen factors involvin6 p ana 
. . 

(123,654) _ (L) (3'654) - (65)(1234), 

- I(A3R 3 Qp), 

= T(abq)(eR310); 

(1,6,543) = (16) (2543) = (56) (2143), 

= I ( Ark4a Cy,p ) , 

= I ( àr(26 ) ( bR4arp ) ; 

(651,--34) _ (61) (5234) _ (L) (563), 
= I (RcLA4P ) , 

(rar0 (sA4Pl ); 

(1' 3,154) _ (lú)(3154) (15)(1234), 

= I(A3attá go? ), 

-I(Lbc¿)(èakáp); 

(654,623 (65) (4623) =(62) (6543), 

= I ( R3 rA,.3 PQ,p ) , 

I (rsQ,) (trAJpp) , 

I(rsC) (trbcp)aP., 
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(123,165) _ (15) (165) _ (15)(1236), 

= I(AaRQp), 

= I(aeQ)(baRp), 

= - I(arQ)(A3sp); 

(654,612) -(64)(612) = (6)(6541), 

= I(k3rAQp), 

= I(rsQ)(trAp), 

- I(raQ)(R3bp); 

(134,165) r (13)(4165) -(16)(4135), 

= I ( 2-A4R4aRQp ) , 

= I(arQ)(aA4R4sp); 

(643,610 = (64)(612) = (61)(364k,), 

I ( rA4R4 rAQp ) 

_ , I ( ráQ ). ( rA4R4 bP ) ; 

(234,265) ^ (23) (4265) (26) (2345) , 

= I (A4PAPRQp ) , 

= I ( bc(1 ) ( aArRp ) , 

= I (bcQ) (aAbp) 
jf. aP 

; 

(543,512) -_-_-(54)(512) _ (51)(543), 

- I ( R4a Rot AQp ) , 

= i(átQ) (kRaAp)1'.0( , 

= i(stQ) (k ) ; 

(123,543) _ (13) (543) (3)( 143), 

I (A3R4d Q:p ) , 

=I(ácQ)(bR4ap'' 
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(654,234) _ (64) (234) - (24) (5634), 

= I (k3A41,QD) , 

(123,365) -(13) (2365) - (63) (123), 
l I (A3A3R4RQp) 

_ I (àc4u) (bA3R4Rp) 

= I (rA3R4Q) (A3sp) ; 

(654,412) = (64)(412) _ (14) (6542), 

= I 
( k3R3A4AQp ) 

= I (aR3A4Q) (R31;p), 
(12,34,65) _ (1236) (45) = (143g) (5) _ (1536) 

I(AA4R4RQp), 

= I(Acrp) (dsQ) ( R4), 
There are eight factors involving p and x; 

(12,543) - lX(2543) = 4X(1253), 

= I (AR4apx) , 

= I a.X ( bR4« p ) ; 

(65,234) = 6x(5234) x(654), 
= I(RA4Ppx), 

IrX(sA4r p); 
, 

(12,346) - lx(2346) r- 4x(1236), 

= I (AA4R4rpx) , 

_ I6,Y(1;A4R4rp); 

(65,431) _-_-_6x(.5431) 

= I (RR4A4apx) , 

IrX(sR4A4ap); 
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_ (Ç7`59) 
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(xdÇucÌv) 

I = 

_ ( f9,ç9)X?, 
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= 

_ (2T9)X9 = ( `99) 

((121I9.)x:eI = 
`(xdKv) I = 

`(2T99)x, 

a.zV a.zauT. 

`x9 (ßi9 T) _ (i99V)xT = (7P9 `'T) 

L8 
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(12,54) = .1X(254) = 4'; 125j, 

= I (AR4d Px) , 

= Iitx(bR3aP) ; 

(65,23) = 6x(23) = 3 (56), 
x 

= I(RA6cPx), 

= Irx(sA3PP). 

There is one factor involving pax and x; 

(12,34,65) _ (1236)4x5x = (1436)x5x = (1456)X3X, 

= I (A A4R4Rpxx) , 

= I(Acip)(bR4)dxsX, 

There is one factor involving Q,u and u; 

(1265,6543,1234) -(16)(6543)(51234), 

= I (AR4RA4Quu) , 

= I(àrQ)(bR4u)(sA4u), 

There is one factor involving P and P; 

(12,34,65)" (123)(465) = (i43)(65) _ (126)(435), 

I( 1.R4RPP), 

I(AcP) (dRP) (a,bR4). 

There are two factors involving P, u acid x; 

(123,6543,65) -. (163)(6543)5x, 

= I (A3R4RP;ux), 

I(aiCP)(bR4u)sx; 

(654,1234,12) (614)(51234)2 

I(R3A4APux), 

I(rätP)(iA4u)bx. 



In finàiri6 tyre values of I in the above list symbols 

separated by a comma are not to be counted as convolved; 

thus in (12,34) the value of I is aa(A3R4) ,and in 

(12,34,65) is ar(A3R3) x. 

Throu ,bout we have written, 

A ab, AS= abc, A4 = abcd, 

Ft= rs, R3= rst, R4 = rstk. 

In the definitions of the bracket factors, it is 

sometimes necessary to use previous definitions; for 

example, 

(12,34)-= Iàx(bA4R4P), 

Ix(a17)R4) (bcdP, 

by the definition of (134). 

2. Summary of results. 

The prepared system thus consists of lib factors. 

Of these 63 are simple factors; 

6 x factors of type ix, 
duals 

6 u factors of type (jkmnt) 

lb Q factors of type (ij) , 

duals 
15 p factors of type (kmnt) , 

20 P factors of type (ijk), 

1 factor (123456); 

47 are linear in two sets of variables; 

3 u,x factors of ty9e ix(jrkmnt) , 

8 Q,u factors of type (i3) (irnntlf), 

8 p,x factors of tyi e (mntk) jx 
duals 
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6 P,u factors of type (ijk) (ij tnm) , 

duals 
6 P,x factors of type (Il1nt)k , 

x 

3 p,Q factors of type (iS) (kmnt), 

12 p,Q factors of type (ij) (kimn) , 

1 p,Q factor (1235)(46); 

1 is quadratic in the variable P; (123)(465); 

1 is quadratic in x and linear in p; (1235)4x6 
_ duals 

1 is quadratic in u and linear in Q; (46)(12356)(12345); 

2 are linear in the three variables P,u and x; 

(163)(26543)5 
xl 

(54)(12346)1x. 

These factors illustrate very clearly how the principle 

of duality ap "ïaies to the non -simple bracket factors. (See 

duals 

Part I § () Corresponding to every non- simple factor is 

a dual factor formed by taking the duals of the component 

factors and permuting the same symbols. For example, 

1x(234) yields the dual factor (23456)(156). A factor may 

of course be self dual, as is the case with (123)(465). 

§ 3. Determination lof the prepared system. 

Vhen n=6, there are six sets of cogredient var- 

iables which we may take as a,y,z,t,w,k. These variables 

must be convolved to give, 

(xyztwk) = CS, 

(xyztw) _. u, 

(xyzt) = p, 

(xyz) = P, 
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Hence by theorem I, Part I, we have the 63 simple factors 

given in § 2. We must now determine, if ever in forming 

the sim»le factors (ij) etc we have broken up a convolution 

of successive integers, thus disturbing the invariant factors 

introduced in § 3, Part I. Since the only factor involving 

all six variables is (123456), and in this 12,23,34,45,56 

are all convolved, it follows that no invariant factor is 

disturbed in forming . Let us consider the formation 

of the factors involving the variable u first of all. 

For simplicity we call a factor containing m symbols an 

m- factor. If one of the variables x,y,z,t,w, convolved to 

form u, appear in a four -factor, we may take four of these 

variables as aTTpearing in that factor, For 

(ijkr jxyzt) (mn wy) - (ijkrP,}rwt) (mnl zy) t (ijkrm)u)Ay. 

Proceeding in this manner, we see that we lose nothing by 

assuming that four of the variables occur in the four -factor. 

We have then to consider trie cases, in which the fifth 

variable occurs in a two- factor, a three -factor or a four - 

factor. The case with the fifth variable in a one -factor 

obviously does not require to be considered. If the four - 

factor is (ijkrlxyzt) or more shortly (ijkr), the two- factor 

cannot contain any of the symbols i,j,k,r,; the three-factor 

can have at most one and the four -factor at most two of the 

symbols i,j,k,r, for otherwise in the formation of u no 

invariant factors would be disturbed. Since there are only 

six possible values for i,j,k,r, we must consider, 



(ijkrri)rn, 

(ijkrrí) (irü), 

(ijkrri) Wm.), 

where i,j,k,rn,m are all distinct and we have not written in 

the variables. 

If rione of the variables, convolved to form u, occur in 

a four -factor, one may occur in a three- factor. In this 

case, as before, we may assume that three of the variables 

forming u occur in this factor and we have to consider the 

cases, 

(a) Three variables in one tnree1factor, two in another, 

(b) Three variables in one three factor, one in each of 

two three -factors, 

(c) Three variables in one three- factor, one in another 

three- factor, one in a two- factor, 

(d) Three variables in one three- factor, one in each of 

two two- factors. 

In case (a) the same symbol cannot appear in both three - 

factors, and accordingly we have the sole possibility 

(ijkrm)ri. 

In case (b) we have 

(ijkra)(mn)(bc), 

where no two of i,j,k are the same as two of r,m,n or of 

a,b,c nor two of a,b,c are the same as two of r,m,n. 

if rim =ijn, (b) becomes 

(ijknä) (ij) (bc) 

For, 
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and here ijn are still convolved. The rest follows from the 

fact that we might have started with the factor (rmn) or 

(abc) in place of (ijk) . 

In case (c) we have (ijkr)(mn)b, 

where ijkrmn must involve at least five distinct symbols. 

But neither of a,b can be the same as one of i,j,k or the same 

as one of r,m,n and hence this type is impossible. 

Iri case (d) we have (ijkra)mb, where r,m and a,b are distinct 

from i, j ,k. If ab = rra , this type .is obviously reducible 

and so we must consider the case 

. ._ .. . 

(ijkrr)mn = (ijknr)mr + (ijmnr)k r 

and each term on the right reduces to simpler bracket fact- 

ors, 

The further case, in which only two- factors can occur, 

is easily seen to be impossible. 

If the variable w does not occur but the variable 

t does, ie if trie variable p appears but not the variable u, 

and one of the tnree variables convolved to form p occur in 

a three- factor, three of them may be considered to occur in 

that factor. Hence we have the types, 

(ijkr) (nui) from two three- factors, 

(ijkr) (ira) from two three -#actors, 

(ijkr)zri from one three- factor and one two- factor. 

But, if no three -factor »ccur, we have the type 

(ijkm)r ñ from three two- factors. 

If no variables w or t occur, but z occurs, we have 
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the single type 

(ijk)r 

We have thus the following types to cousicier, 

A. (ijkrm)n, 

B. (i j krm.) (in) , 

C. (ijkrrii) (ijri), 

D. (ijkrm)n, 

E. (ijkrñ)(ii)(jm), 

F. (ijkr) (), 
G. (ijkr) (im), 

H. (ijkr)m, 

I. (ij ci )r ñ, 

J. (ijk)m. 

We now consider these types in dttail. 

Type A. In A, mn must be successive integers and so we 

have tiffe types, 

1(23456), 

Ì(31456) 6(12345) + 1(32456), 

3(4156) = 1(3456) t 6(12345), 

4 (512.36) _ 3(4561`;) -i- 6(51234), 

(61234). 

We are accordingly left with only two of this type, 

1(23456) and ,5(61234), 

if we include type D. For example the term 1(32456), 

on the right of 2(31456) can be neblected, since (32456) 

has 32,45,56 all convolved. 

Footnote 1. See ap:)endix A pa e 112. 



95 

Type B. In type B m,n must be successive integers and by 

letting iz1,2,3 in turn we have the possibilities, 

(12)(14563), 

(13)(12564)= (15)(12346), 

(14) (12365) r (12)(14563), 

(15)(2346), 

(23)(21564)_ (25)(12346), 

(24)(21365)_ (26)(21345), 

(25)(21346), 

(3)(34561), 

(34) (32165) _ (32) (34561), 

(35) (32146) S (32) (34561), 

to,,ether with similar types. These tyrnes reduce as iric±ic- 

ated above to the eight, 

(1)(14563), (65)(63214), 

(15)(12346), (6)(65431), 

(26)(21346), (52)(56431), 

(31)(34562), (46)(43215). 

Type C. In type C, m,n must be successive integers and 

so must k,r. Accordingly m,n and k,r may have the follow - 

ing values, 

m,n X1,2; k,r _3,4 or 4,5 or 5,6; 

m,n =2,3; k,r =4,5 or 5,6; 

m,n= 3,4; k,r-. 5,6. 

From these values we get six types, 

(156)(56342), 
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(163)(634572), 

(134)(3456), 

(7216)(16453), 

(7214)(14563), 

(412) (172563). 

Type D. Since r,m,n and i,j,k must be successive integers, 

there is only one factor of this type, 

(1234)6. 

Type E. ,since 

(ijkrri) (irn) (jm) _ (ijkrm) (iñ) (jm) + (ijmrñ) (ii) (j a), 

(ijmrñ) (ik) (jm) mod factors already 

considered, 

we may interchange the rôles of ijk and imr and sirailái.rily 

the rôles of ijk and jmn. If we consider the factors 

ijk, imr, jmn in turn as the foundation for the u factor, we 

see that ijk, imr, jinn must all be sets of three successive 

integers. They must be chosen from 123, 234, 345, 4b6 

and any three of these include two sets with two symbols the 

same. Accordingly a factor of type E would simplify, 

Type F. In this type at least two of i,j,k and at least 

two of r,m,n roust be successive integers and so we have the 

possible cases, 

(1234)(56), 

(1243) (6) _ (124) (36), 

(1253) (6) (17253) (46) _ (i345)(6), 

(1263)(45) (1345)(672), 
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(l34)(6 ) _ (134) (26) _ (1563) (42) _ (156,) (4) 

(1452)(36) _ (1452)(36) (1234)(56), 

(1234) (56) - (1',36) (45) 

(156) (4) E (2345) (16) . 

These factors reduce as indicated above to the three, 

(1234)(56), 

(345)(61), 

(4325)(16). 

Type G. In this type, m,n must be successive integers 

and so must j,k. We let i =1,2,3 in turn and so get the 

six factors, 

(1)(1345), 

(1)(156), 

(13)(1456), 

()(2ìb6), 

(31)(3245), 

(31)(356), 

and six similar factors making twelve in all. 

Type H. In this type, r,m must be successive integers 

and so must at least two of i,j,k. We accordingly have, 

1(2345) , 

1(;;346) , 

1(2356) E 6(1235), 

1(456) , 

2 (3145) ^ (123)4, 

2 (3156) FE-(1236)5, 
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2(3456), 

3 (4126) = i(;,346), 

3(4125) = i(345), 

3(4156) :716(1345), 

3(.4256) 6(2345), 

and similar factors. But these reduce as indicated above 

to the four factors, 

1(2345) , 

1(346), 

1(2456), 

2(3456), 

and four similar factors. 

Type I. In this type, i,j; k,r; m,n must all be pairs of 

successive intebers and ,must all be distinct and so we have 

only the one possibility 

(125)4 E. 

Type J. In this type i,j and k,m must both be pairs of 

successive integers and so we have the types, 

1(234), 

1(45), 

1(56), 

2(345), 

3(456). 

Further u factors. Since types F,G,H,I, and J only arise 

when no variable u is present, we need only consider types A, 
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B, C, and D in the formation of new u factors. Let us 

first consider Ccrx(ijkrm) (ijrì(Y). 

If one of the variables of Y is to be convolved to forai 

a variable u, and none of the components of this u occur 

in a four -factor, then all three variables in Y may be taken 

as forming part of u. 

( ijkrm) (ijriab), 

( ijkrm) (ijriab), 

(ijkrrn) (ijriäb)c, 

( ijkrm) (ijnáb) . 

In the first case ab 4 i j or iu or1 and so must be kr. By 

the fundamental identities this reduces. Similarily the 

second and the fourth obviously reduce; for example the 

second 

Thus we have the possibilities, 1 

(ijkrá) (ijnrüb), 

which is a factor of the types already considered multiplied 

by the simple factor (ijnmlb). In the third case, none of 

a, b , c is i or j; hence two of them are m,n or k,r and if 

ab = mn, c - lc. We have then the type 

( ijkrm) (ijruñr)ii, 

which is reducible. Since in C k,r and n,m are interchange- 

able ais type reduces in every case. The only other case. 

to be.sonsidered is teat, in which one of tie variables of u 

appears in a four -factor. We thus have 

(ijkrm) (ij) (riabcd). 

This is obviously reducible, if abcd includes ij. Let now 

Footnote I. The symbols -, -,x over a letter mean that 
the letter below belongs to a convolution of letters even 
though the other members of the convolution are omitted. 
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abcd involve i but not j, then , since k,r and m,n are inter- 

changeable in C, (ijkrm.) (i j) (i! jmnr) is typical. But this 

is equivalent to 

(ijkrrñ) (iii) (jimnr), 

which is a product of factor types already considered. We 

are left to consider 

(ijkrrñ) (íj) (ümnkr), 

(ijkrrá) (IA) (jmnkr), 

ana this latter can be obtained from two A factors and ap- 

pears in the consideration of the Q factors. 

We now consider type B = (i j kris) (iñJ Y) . It one of the 

component variables of Y is convolved into u, we have the 

types, 

(ijkrrn)i(nabcd), 

(ijkrm) (inabc), 

(ijkrrri) (inafs) (abcdé). 

The first two are obviously reducible to simpler types and 

the last, formed from two B factors, is also reducible. For 

m, or n and so a= j , k or r, and 

(ijkrni).(iiiafs) (abcdë) 

=14(ijkrf)(inams)(abcdé) + (ijkrs) (inafm) (abcdé). 

Each of the last two terms has a simple bracket factor as 

an actual factor and hence this type is also reducible. 

Since,in the formation of new u factors, A and D can only 

occur with simple factors of the type (ij), (ijk)etc. it is 

easily seen that A and D do not give rise to any new u factors. 



101 

Thus there are no new u factors. 

New D factors. Type C cannot occur with a p factor , for 

(ijkrm) (ijriis) = (ijkrs) (ijnm) + (ijkr) (ijnins), 

by identity (17) Part I. Thus C yields only six factors 

of the type (ijkrmu) (ijr'P). 

Further type B cannot occur with a p factor, 
for 

(ijkrm) (inàb) 

is reducible by identity (17) , where a and b ap_ ear from 

fac tors of types A, D, F, G, H, or I. Also 

(ijkrm) (iriab) 

is reducible, silice a,b two of j,k,r. We are left to 

consider 

(ijkrm) (iriab) (cdef) , 

arising from a B and an H factor. But this is impossible, 

since i cannot be one of a,b,c or one of d,,e,f, since a,b,c 

and d,e,f are interchangeable. If on the other hand one 

of the components of u occur in a three- 
factor, we have the 

ty e, 

(ijkrm) i (rubo) , 

where abc cannot involve i or both of m,n. If arm, we have 

(ijkrrñ)i(nmkr) = (ijkrm)i (ruikr), 

and this latter is reducible, being the product of (ijkrm) 

and i (ruñkr) _ k (nmir) . Hence abc =jkr and 

(ijkrrri)i(rìjkr) _ (ijkr)i(rumjkr'', 

where the latter is a product of two simpler factor types. 

Type I' _ (ijkr) (mn) cannot occur with a p factor, for as 

before 



(ijkr) (mnab), or 

(ijkr) (nri ) 

are both reducible, and 

(ijkr) (mriab) (cdef), 

from two F factors is impassible, since two of ,c cannot 

102 

be the same as two of ç,m,n or two of i,j,k. Hence we must 

consider 

(ijkr) (nabc)m. 

In this a,b,c cannot contain two of r,m,n and must therefore 

contain two of i,j,k, which is impossible. 

Type G cannot appear with a G factor, for the types 

(ijkr) (imsa) , and 

(ijkr) (ima) 

are reducible by identity (l'7) ,Part I. In the type 

(ijkr) (íraaé) (abcd), 

formed from two G factors, a is distinct from i, r,m, , j and 

k and must therefore be equal to n. Similarily i is not 

equal to any of a,b,c,d,e. Accordingly we must consider 

(ijkr) (irhnm) (nrjk) 

(ijkr) (imnr) (nrnjk), 

which is reducible, and 

(ijkr) (imnr) (nkmj ) 

(ijkn) (imrr) (nkmj) -1- (ii kr) (imnr) (nkmj), 

and this is reducible, unless n,r,k are successive integers. 

Similarily i,j,k; i,m,r; n,in, j must all be sets of successive 

integers and on trial this is seen to be impossible. We have 
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still to consider the type 

(ijkr) (zñabc)i, 

where a,b,c cannot contain i or both of r,m or both of 

j,k, since r,rn and j,k are interchangeable in G. Hence we 

have 

(ijkr) (mnjr)i, 

and this type is reducible, if i,m,n; or i,j,i are not suc- 

cessive integers. But 

(ijk) (mnjr)i= (ijkñ) (mrjr)i, 

and this latter is reducible, unless n,r are successive 

integers. Similarily j,r must be successive integers. 

Since the only type of G factor now is 

(3124)(30), 

n=6 and accordingly n, j ,r cannot be successive integers. 

Since factors of the types A, F, H, and I can only apppear 

with factors of the type (i j) , (i jk) or with factors in 

which the symbols are not convolved, it is easy to show 

that no new p factors arise froii considering them. We take 

type H as an illustration. In the type 

(ijkr) (mabc) 

a,b,c cannot include r or m and must be i,j,k or i,j,n. But 

(ijkr) (rnijc) _ 0, ana 

(ijkr) (mijn) 5 (ijkn) (rnrij), 

where n is still convolved with i and j. The only other 

possible types are 

(ijkr) (rilabs), and 
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(ijkr) (faabc), 

both of which are obviously reducible. Accordingly there 

are no new p factors introduced. 

New P factors. The types F ana G cannot occur with a P 

factor, for 

(ijkr) (ims) - (ijks) (m ir) -F (ijk) (imsr) 

and no convolutions of successive symbols have been dist- 

urbed A similar proof holds for the type F. Accordingly 

F yields only three factors of the type (ijkrp) (mn,), and G 

twelve of the type (i j krp) (iMq) . 

If type B occur with a further P factor, it may occur 

with a single symbol, thus yielding 

(ijkrm) (iría), 

where a is not equal to i, m, or n, and so reduces to type C. 

But B may occur witn a simple two- factor giving the type 

(ijkrm) (ilia) b, 

where neither of a,b is equal to i or one of n,m, since 

(ijkrm) (iriá)b (ijk) (rirana)b. 

Therefore we may take 

(ijkrm) (inj )k 

as typical. But this reduces to 

(ijkrrei) (krij)i, 

unless i,n,m are successive integers. From the list of 

B factors we have only four possible types, 

(31456)(124)5, 

(31456)(125)6, 
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(34562)(314), 

(3456)(31:3)J. 

Of these, the first is equivalent to 

(145)(12364)5, 

(14-6)(12345)g -1- (145) (12564)3, 

(145)(1aÿ64)3, 

which is reducible; similarily the second is reducible; trie 

third is equivalent to 

(345)(31264)5, 

(345) (4561)3, 

and is reducible; the fourtL is equivalent to 

(345)(31256)6, 

(356)(1456)3, 

but is not reducible, since 3,4, which was originally con- 

volved, is no longer convolved. Thus we have the new 

factor type 

(3456)(315), 

and the similar factor type. This type need not be consid- 

ered farther, for, if the extra variable appear in a P 

factor, it is obviously reducible except in the case 

(34562) (315) (óij) , 

where i,j are successive integers. But neither of i, j 

can be 5 or 3, and so ij must be 12, and 

(3456)(315)(612) 

(3456 ) (312) (561) , 

which is reducible. 1 ±'urther 
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(31) (6a) = (31a) (6b) + (31)(65a), 

and so, if the extra variable is convolved to form Q, no new 

factor type is obtained. 

If a new P factor is formed from two B factors we have 

the ;eneral type, 

(ijkrni) (abcdé) (ix )f. 

This type is reducible unless i,n,m and a,e,f are 'both sets 

of successive integers and also if these two sets coiiLcic,ie. 

From the list of B factors we see that we must consider 

(126)(14563)(63214)5, 

(15)(43216)(14563)4, 

(314) (34b6) (43216)5. 

Of the first is equivalent to 

(126)(14563)(63214)5 -t (123)(14563)(66214)5, 

(16)(14563)(123,456) + (123)(14563)(65421)6, 

(126) (14563) (123,4b6) ; 

similarily the second ana the third are reducible. 

We now consider the possibility of a new factor type formed 

by a B factor ana one other factor of the types A, D, etc in 

turn, 

Types A and B. B =(ijkrm) (ix ), A= (abcde)f. 

In such a factor, e,f is not the Ranee as m,n, nor is one of 

e, f equal to i. If e. m,/, we have 

(ijkrm) (ijknm) (rin), 

(rimnj) (ikr) (ijkntñ), 

(riiailj) (irk) (ijknm), 

aliu tuie last of these is reducible, Hence e,f= j,k and we 
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must consider 

(ijkrm) (i nmr j) (ink) . 

But there is only one type of A factor ana so., from the list 

of B factors, we are left with 

(3456)(165)(63214), 

(23456)(14562)(631), 

(23456)(14562)(631), 

(k:3456)(14562)(631), 

and 

(34b6)(4321-6)(461), 

(34b6) (432) (46511) , 

(134b6) (43) (46512) , 

both of which are reducible. 

Types B and D. B = (ijkrm) (in) , D = (abcde) f , 

Since abc and def are interchan6eable in D, i may be taken 

equal to e, and -we have the type 

(ijkrm) (irif) (abci), 

and this is óf the type A, B and has already been considered. 

Types B and H. H (cdeb) d. We have the factor type 

(ijkrm) (iriä) (bcdé) , 

which reduces as beibr.e , if either of a,b is one oidi,m,n. 

Farther, since 

(iná) (bcde) _ (iba) (ncde) -1- (inab) (cde) , 

this type reduces, unless i,m,ri are consecutive integers 

and also if i is equal to one of c, d, e. Accordinbly i==f, 

and we have 

(fabcd) (féa) (bcde 
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(fabcd) (bea) (fcde) -t (fabcd) (f éab) (cde) , 

and both terms on the right are products of simpler factor 

tyooes. 

Types B and I. I- (abeê)d f. 

This type is not possible, since ab, cd, and of are inter- 

changeable in I and neither of c,d can equal i in B. 

Types B and J. J= (bcd)a . 

As in previous cases i,n,rnmust be consecutive integers 

and none of a,b, c, d can belong to iron. alla this is im,ossible. 

P factors involving type A and not b. 

If A occurs with an ordinary two -factor, the result- 

ing factor is obviously reducible. The only other possibility 

is 

(ijkrrn) (riab) , 

(ijkra) (mnb) -i- (ijkrb) (rnnä) -1-- (ijk) (rmnàb), 

(ijk) (rmnab) . 

Accordingly, if a,b arise from two other A factors, this type 

is reducible, since there are only two distinct A factors. 

Thus there is no new P factor formed by three A factors. 

Further, since in A mn=12 or 56, the combination of an A 

factor, an F factor and any other factor cannot occur. 

Moreover, since 

(ijkr) (rats) _ (ijk) (rents) -- (ijkt) (rms) f (ijks) (mtr), 

any factor farmed from factors of types A, H, I, or J is 

reducible. Similarily type D cannot appear with types H, 

T or J. If D occur with a/Ordinary two- factor, we have 
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and this of type C. We must now consider the types 

H, I, and J with ordinary simple factors (ab). In type 

H = (ijkr) (mab) , neither of a,b is equal to one of roll and 

so we have 

(ijkr.),(.nab) _ (ijk) (rmab) -t- (ijka) (rab), 

which is reducible, since at least one of a,b is the same as 

one of i, j. Since neither of k,r in I can equal one of a,b 

and since k,r; m,n; i, j' are interchangeable in I, the factor 

I with the simple factor (ab) is Lupossible 'sut the type 

J and the sine ale factor (ab) yields the new type 

(ijk) (nab) .= (123) (456). 

The only type,which we have neglected,is 

(ijkm) (rña) , 

and this is reducible. For 

(ijka) (rira) _ (ijkr) (Erna) (ijka) (flan) -f- (ijk) (mura), 

and each term on the right has at least one less broken 

convolution. 

New Q factors. Type J cannot occur with a new Q factor, 

for 

(ijk) (ria) = (i j a) (krn) -+ (i j) (mka) . 

Two factors of the type A yield the new factor type 

(l234)(61)(3456). 

The only possibility from one A factor and one D factor is 

(1234b) (61) ( 456), 

(12345) (66) (iÈ_,34J) , 
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El (12)(34566)(12345), 

(j) (4456) (123b6) , 

(14)(2456)(12356), 

and this last is reducible. 

From A and H we have the type 

(ijkriñ) (rià) (bcde), 

(ijkrm.) (haba) cd;), 

(ijkr) (mnbc) (de) , 

where we have neglected terms which are reducible. From 

the first identity we see that neither of n,n1 can be the 

same as one of a,b and from the second, that neither of a,b 

can be the same as one of i, j,k,r. But this is impossible 

and so the type reduces. 

Since in I i,j; k,r; m,n are interchangeable, no new factor 

arises froi>. A and I. 

From two D factors we have the type 

(1234.d) (6.6-) (123ZE), 

(12345) (1236 Jxÿzw) (4561xyt) , 

U, by 

the convolution of 4,5,6 in the first factor. 

From D and H we have the possibility 

(ijkrm) (ria) (bcde) , 

(ijkrm) (nabc) (de) . 

This latter is reducible if a and b appear among r,m,n or 

among i, j ,k. Accordingly a, b -3,4 and cde is of the type 

126 or 125. Therefore a,b and c,d can be interchanged and 
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since cd =12, this new factor reduces. 

Similarily the combinations of D with I, and H with I are 

impossible. 

From two H factors we have the type 

(ijkr) (i ) (bcde) , 

(ijkr) (raabc) (de), 

(ijkc) (rmab) (de) + (ijk) (rmbc) (de). 

Frota the first identity we see that neither of a,b is the 

same as one of r,m and therefore one of a,b must equal one 

of i, j ,k. Accordingly titis type reduces by the second id- 

entity. 

No new type arises from two I factors, but the single I 

factor yields the new type 

(1235)(46). 

We have now found all possible cases in which a convolution 

of successive symbols ha ti been disturbed. The complete 

list of factor types is given in 5 2. In S 1 these factors 

are defined in terms of the symbols a, r, A, R, etc, and if 

the factors I are removed, we are left with a prepared 

system similar to that used by Turnbull in his paper on 

Quaternary Quadratic Forms. 
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Appendix A. 

At first s_ i,nt it i iiht appear 
, 

that other factors 

of the type C i j ,.tun) should be introduced. Biot 

(ij ,km) ._ (ijk)m 
ñ 

- (ijln)k. , 

(jk:a)i, - (ikia)j . x 

If k,m are not successive inte,;ers, the factor (ij,.kin) 

cari be expressed i_i terms of the simple factors (ijk), 

(ijiii) ,mx and kx, without disturbinb any invariant factors. 

Thus, if (ij ,km) is to be retained as a new factor k,m 

must be successive integers. Siiailarily i,j must be succ- 

essive inteLers. Further if k is a symbol equivalent to 

i or j, the factor (ijk) is reducible and (ii ,km)c - (ijta)k. 

But in the factor (ijüi), i j and m,k are still convolved, 

for k is a symbol equivalent to i or j. Hence once ac;ain 

no invariant factors have been disturbed. Accordinly 

(l,34) is the only new factor of this type that must be 

introduces. 

For similar reasons, factors of the types 

(13,245), (125,234), (13,456),etc. do. not require to be 

introduced into the prepared system for two quadratics in 

five and six variables respectively. 


