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A complete system of concomitants for two quadratics
in n variables is a system of concomitents, in terms of which
every rational integral concomitant of the two guadratics
may be expressed rationally and integrally. ’'ne existence
of such a finite complete system is a particular case of
Gordan's tneorem.l There are tihnree possible types of
complete systems;

s X}

1) G =G(a,r,ul,ub,...u“_‘

(
(

[ -

oo

) H :H(a_,r,xl,xz,...Xu_lgxu),

€

) K= Kla,r,m, T ,...7,_;,%),

where each contains co-eflicients a, r ol tne two guadratic
ground forms, u, denote plane co-ordinates, X and X; denote
point co-ordinates, ana'ﬂa denote general line co=-ordinates
(See part I. § 1). From a geometrical point o view thne
K system is the most important but also it is tihie largest

and most difficult to determine, This system K is known

for the cases n=2,° n==5,o and n=4,% The number of

Hootnote 1. Grace and Young. Algebra of Invariants, chap 6,

Footnote

oo
L]

Grace and Young, Loc, cit, page: 161,

W
H

Footnote Grace and Young. Leoc, cit pages =80-286,
Footnote 4. Turnbull, The simuktaneous system of two
quadratic quaternary forms., Proceedings of the London
Mathematical Society, Ser, 2, Vol, 18, Parts 1 and 2,

For brevity we shall refer to this paper as Turnbull's

paper,



irreducible concomitants for the cases n=g, nz3, and ns4
are respectively 6, 20 and 1lZ<. Wnen n—==2 or &, the
system is strictly irreducible and tihus tne complete system
in tnese two cases is also tre minimum system.l

The G system has been aetermiueaf and in a joint paper
by H. W, Turnbull and the author, to be published shortly
in the Proceedings of the Hoyal Society of mainburgh, a
complete system is found, winen the co-ordinates L (or pi)
are decomnosed into their components Uy and x,

In this paper we are interested in tne K system and,
tnough no comnlete system is determined in the _enersal case,
a distinct sten is made in that direction, If every con-
comitant of thne two guadratics may be expressed 5 a product
of symbolic factors, where eacn symbol occurs an even number
of times in eachn product and distinguishing marks on egui-
valent symbols may be neglected, the totality of such factors
is said to form a prenared system for tne two quadratics.

In part I we determine & prepared system, in terms of which
every concomitant of the two quadratics, if multiplied by a

sulitable invariant factor, may be expressed, This prepared

Footnote 1, Van de Waerden, Amsterdam Ak, Versl,, (1923),
138-147,

Footnote 2, H, W, Turnbull, The irreducible concomitants
of two quadratics in n variables, Trans. Cam., Phil, Soc.,

Vol,XXI, No VII, pp 197-240, July 1909,

AT AT



system is comparatively simple and consists of 2P.1 factors,
In bbtaining a prepared system, in terms of which every
concomitant can ve expressed, without being multiplied by
an invariant factor, new more complicated bracket factors
must be introduced, when nzg 4, The number of such new
bracket factors is 1, 8, and 52 for the cases n=4, O, and

6 respectively.

The method used in attacking this problem shows the
important role played by the n gquadratic &ovariants oi the
two ground forms and in fact the prepared system, determined
in part I, involves no symbols apart from those representing
the n quadratic covariants,

In part II the complete K system for two quadratics
in two, three and four variables is determined, Though the
results are not new, the method oi obtaining them is simple
and straightforward and so justifies thne inclusion of this
section, In part III the prepared system for two guad-
ratics in five variables is determined and a complete list
of several tynes of irreducible concomitants is round? In
part IV the prepared system for two guadratics in six variabnles

is obtained,

Footnote 1, The idea of trying toc express all ccncomitants

of two quadratics in terms of tue symbols of tuhe n quadratic
covariants was suggested by a naper of H., W, Turnbull. The

invariant theory oi thne quaternary quadratic complex, Proc,

Roy. Soc, Hdin,, Vol.XLVII, PartI,pp 70-91., 1927.

Footnote 2, The prepared system for the case of Tive variables
nas also been determined by W, Saddler but has not been
published. The results obtained here agree witn nis.
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Part I.

General theory for two quadratics

in n variables,

Co-ordinate systeus,

Notation,

Determination of a prepared systen,
Identities,

Principle of duality,

Incompleteness of the prepared system,



(u)::ul ML

1
denote a set of n independent variables auad suppose that
(u) represents hyperplane co-ordinates in a space of n - 1

dimensions., If

b )= () Gids (0

1 i g)aeenenes(uy)

are n sets of cogredient variables, such that the sets

(ui) are linearly independent, we have an n-rowed sguare

natrix
u=llu? J|
+
such that the determinant of U is different from zero; i,e.
D:,UI-‘F O (l)

A complete co-ordinate system for this space of n - 1 dimeasions

is given by

TT:(ulu.‘_lovtur) r:l,z,cniln-l’
I‘ =~
where ﬁ; denotes the set of n! determinants formed

r! (n-7))
from the first r columns of U,

If
X==foll
1 .
is the n-rowed square matrix where x% is the cofactor of
Sean :
a+l=J 5, D, then by Jacobi's Ratio Theorem
n+l-i
i — nIr+l=-n
T, = (ugaame) =D (%)X, 00Xp-1)
- r+l-1
=D Pr-tse :
where P ig the set of _ _n1 determinants formed from
o 6 R of) B

the first n-r columns of X,



1
Hence we have the two dual co-ordinate systems:

(u):ﬂi - Db-npllnlr
S=1il

(ul ug ):TT; =D Pp-z»
-1

(U.lll ...u‘il—.'é): Niwcs = D P-d!

and finally

[x]=p?L,

S R Notation.

Let
L) . )
f:a“ :bcl -—_'C * " e 80
N (2)
= r P4
e o == :t T
g x x x L 5
be the symbolic forms of two quadratics in n variables, where
L ] ,
a :‘;Ea,xl .
X - ésp iy

Further let Ai::Bizzci denote a matrix of n rows and i
columns formed by i equivalent symbols of f, and Ri::Siz T;
a matrix of n rows and i columns formed by i equivalent
symbols of g, We then say that Ai or Ri is of currency

e If, also, Xk denotes a matrix of n rows and k coluuns
formed by k sets of variables cogredient with (x), and UK

a similar matrix formed by k sets of cogredient variables,

each contragredient to the set (x), we may denote the or-

Footriote l. For a more detailed account of dual co-ordinate

systems, see Turnbull, Determinants, latrices and Invariants,

Page 86 ,



dinary determinantal bracket factor by,
(AiRjUk) oo o Ak s, AX 0, )20, X G
We shall however reqguire other types of bracket factors;
I, Coumpound Inner Products, II, Generalised Outer Products,

I1I,Generalised Compound Imnner Products,

I. Compound Inner Products,

The compound inner product
S5 e
(AiR,j l 'Xi-:-J) itj2n , iZo,jzo (3)
is a determinant of i+j rows and columns and is eqgual to

}axby......r s

Z w
: 2:a-xbyU...0.rzsw ) (4)
where
Ai:ab....
RoSrEo s
J
Xi+j XY e BN h
For example
ax a
(abjxy):l y’
b.. b
3

:axby-bxay .

The determinantal permutetion indicated by Z* in (4) is
often written

. - L4 -

axbynuoﬁrzsw f ]
or

aib‘)}....ri‘f.sﬁf ’
where the dots mean that the letters beneath them must be

permuted in every possible way, a change in sign being made

with each transposition, If  i+j=u in (3),
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(AiRJ'X“) =59 R, ]Jcl

and if i+j= 1, this ianer product reduces to the ordinary
simple (alx): a . Since the inner product (3) is a determin-
ant, it may be expanded by Laplacian developments in various
ways. In fact,

(AiRJ_IXiYJ) = (Ail.’i(i)(RJ'].EJ),

aglx) (R 1Y)
where again the dots indicate a series of ( itj} Terus
obtained by iderchanging the symbols of A; wita those of R,
in every possible way(or else those of X, with those of YJ).
Unce again each interchange is accompanied by a change of
sign. For example,
(abe| xyz) = (abxy) (cla),
= (ab Jxy) (c)z) - (ac Ixy) (b]2)- (cb |xy) (alz).

It should be noted, that the dot notation does not mean
that symbols ap_.earing in the same bracket factor should be

interchanged,

llore over
Al
(4 Ryl mpedos 25 VAR T ), (5)

n=1ir=j
II. Generalised Outer Products,

The generslised outfer product
: 4] = k=i+j~-n 6
(AiRj]}ik) itj zn, k=iHj (6)

is defined as

(B n=Jj J ’Xk

. : : i
where B, JCK::Ai and the dots indicate a series of ()

Footnote, 1 See Turnbull. Loc. cit, Pages 43 sq,.



terms. By the elementary fundamental identities,

(3, )G %) = (a5, (1)

where TR =R,
kK n-1i J

The simplest type of such a factor is

It . X - JL Ei a-' l""‘; 3 L] ’I]' l i
3 l-l o

III. CGeneralised Compound Inner Products.

If for brevity in (7) we denote (A:R

n+l—ix)

=

symbolically by ix’ we can form a third type of factor, a

generslised compound inner product, which is defined in a

manner analogous to the definition of a compound inner prod-

uct, The generalised cecmpound inner product
(dsack]3yseez)

is a determinant of m rows and colwans, where m is tiae

number of symbols i,j,..3Ke It is equal to
(id eeek ) = 3 dyeeenk ,
= i}c{J Ocvnlkz',‘ .
§ 3. Determination of a Prenared System,

By the fundsmental theorem of invgriants, every
concomitant qbf the two quadratics (2) can be represented as
a sum of terms, where each term is a product of factors of
the types (dldg""dn)’ (didz;..dirk_i), and d., togetner
with D, and each symbol d represents a symbol of f or g and
must occur exactly twice in every product, But by (5)

n=-1 =
D (dldz...dn) = I.X[dldz...dn),

11



— )
- (dld«'"dn"“)’ (8)
anlc
lJ."i_l ' ( )
() - & aade 19 Ve 9
D tald‘;..diﬂn_i) (cll 3 i pl)

Eence if M be any such term of T,

DkH_—.K (L.0)
where K is a roduct of factors of tune types oa the right of
equations (8) and (9) and k is the total number of variables
xy distinct from x, which occur in M, We now prove:

Lemma I, If X has the eguivalent svmbols a,b,..,cC,

i in aumber, convolved together as A. -in the same factor,
L

the complenentary symbols a,b,.,,C aopearing in XK may also

be convolved tognether as Ai.
Since every factor,occcurring in K, is a compound

inner product, we may write

K=2 (af;)ad ..c .
As a,b,..,c are equivalent symbols, by permutiag themn deter-
minantally we get

1K= Z (A |X,) (AilYi)ﬁ,
where Y, = (XFeu ) This proves the lemma,
we apuly the lemmahuccessively for the cases i=n, n-1, etc
and finally have the result

Lemma II, The concomitant XK is zero,or else it can be

expressed as a sum of terms, where each term is a product

of factors of the two types (AilYi), (Rj,YJ) and each symbol

Ai' R‘j occurs exactly twice in each product,

Further, if K has the factor (A ]X ) or (R X)) ,

12
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K has the invariant factor (An'XH)“ or {Rulxujb , or else
is zero, since there are only a sets of variables (x). Ia
either case we say that K is reducible.
Now two gquadratics in n variables have the nHl
iavariants
(A.R )~ 120,1,.0.,0 (11)
1 n-i
which form a complete system of invariants, . aad n
quadratic covariants;
the two original quadratics ai and Tr% ,
and the n=-<£
(Aiﬁnﬂ_i;)“ - L TR, | (12)
defined by (7). ~

Let us denote the quadratic covariants symbolic-

ally by 1‘ aind n for a; and ri respectively, and by

1x for (A. Rn+l— % o) ol R £ Y (W We require the follow-
ing lemma:

Lemma III, The generalised inner oroduct

(1,31 L+4,..,1+k,X )

...L+£ -4
= 7T (a. B ;}A“ Ryp1ei |Eeed)

=i i+K a+l=-1

together with aduitional terms,

For, if s2o0 and Aiﬂs =A Ay,
(A‘Ru-l)( K 1-5Uu i+s-k )

""(B]_ s S 1= 1)(A1+,.£ 11-1-1{)

. :
Footaote. Turnbull, Loc,cit, page 304,

Footnote,® Turnbull and Williamson, The mininun system

of two guadratics in n variables, Proc, Koy, Soc, Edin,

Vol., 45, Part 2, 1924-25, pp 149-165,



g . -

| f_é(:ai- 5= tUs-p—r,Rn- i) ({Li—f.'c( . tv U=i=K=1 )
o i i)(Ai+KUn-i-K?

+Z/{‘-(Bi- 5= tUs-f—tRﬂ"' i) (Ai+jg+ tVnei-k-1t)
where Ai+KBt:'Ai+K+¢

— 5 T 5 "
jigtdi-sASRu-i)\Ai+ﬂ-5Ju-i-k+s)

s /
+g;%Bi—b-tAs+thn“i)(Ai+ﬁ-sUn-i—K+aJ'
In all but the first term the currency of Ai nas been iacreas-

ed at the ewmpense of the currency of B;_o, which is less
than or equal to that of A., By (5) we may change the

variables throughout and write

» .

(A8 JINBLE . TE(B. B T % 5 o1 )

mod increased currersncy,

We use = to denote equal to)except for terms which may be
neglected, We proceed to prove lemma III by induction
assuming its truth for the value k, Hence

TN L1 [PCNIRESS o' £ o 2
J :E""' = ixkid) - -1
:§ ot ARy j(Ai—an-f-l—i) (B iR i-ic) (cp1 P 1 Eiye)
where the bar over tne B’s is used in place of a dot,
j-: (:-f-,&--f (X 5 .
%ﬂ‘(AJRn'J)}(Ai-lRm—l—i)( 1-1ArrRanimk) B [ X )
by (13)
b =lth—t

_:é]:{. (A.j Rn—-j ﬁ(gi_an-‘rl-i) (A;‘HkRn_ i-k) (glc-i-k:. ’X.'&-l-‘c.;)

mod increased curreancy of Rn*l-i by transferring Aiﬂfmom

by

the second to the third factor,

=<tk 2 :
§” (AJRH-J )B(Bi'lRﬂ"‘l'i) (Bk-f;d Pﬁﬂ-'a) :

=&

In addition

(1,3+1)xy) = (A, Ry 5.)(B;8, ;) (8B |xy)

i=-1
- e : . e o 2 HRE =t
Footnote 1, 4215 a numerical constant ( L J.
Footnote 2, For a more detailed explanation of the liean-

ing of "increased currency" see nage 17,

14



) (B, | =)

by putting k=o in the previcus work, Hence the proof

- ™
= (Aisn-i)(Bi-l“n-iﬁi

by induction is complete except when i=l or n, But, if i=1,
VZrrc koo

the term (Ai-an+l-i)Adﬂ?:b¥!an otherwise similar proof
(‘_L,:g,_..,k'.’é{k)‘:‘{Jf(AiRn_ij(Akl}(k), (14)
and e
(n,n-1,...,n-k+1) aé]j (RiA“_i)}(RK %) . (15)

Though not necessary at this stage,it is important to notice

for future applications tnat the terms neglected in lewma ITI

nave all had their currency ragised,

It follows from lemma III that, if K be multipliea

& =Ky
by the invariant factor 2} (A;R,_4)° for every factor
=7 =L

(Akka)(Ak]Yk) occurring in it and by J;Z(Rian_in for
every factor (Rklxk)(RKIYK) occurring in it, and if I denote
this total invariant factor, IK can be expressed as a swi of
terms, where each term is a product of factors of the types
(1,2,..,klxk) and (n,n-l,...,n—k+l]Xk). What we have done
is te replace each symbol a,b,..,r,8,.. oOccurring in K by
a symbol i occurring in IK, We can therefore convolve the
‘Variables back again exactly as they were originally con=-
volved in K and have tne final result:

The concomitant IK = 2N, where N is a product of

I
factors of the type (i,,j,..,kl,bm) and each symbol 1,j,.0,K
|

must occur exactly twice in each product.

But each N ::EIiGi, where Ii is an invariant factor con~

posed of powers of Dj = (AJ.RH_J-JE, and G; is a concomitant

T e m = st 3]
footnote 1, the symbols 1,j,k etc, are not necessarily
successive integers,

15
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involviig the sywbols Ai, Rj couvolved in nairs, Hence, if
we determine the complete system for the G;, we have deter-
mined a system in terms of which every coacomitant of the
two quadratics, if multiplied by an invarianat Tactor, com~

posed oI powers of Di,i::l,..,n, caii be expressed,

Order in which the concomitants Gi are considered,
'vwn!r()u
Let/"—i Jdenote tne e of pairs of symbols Aj
2

occurring in Gi and V& i the nunmber of symbcls Rj
?

occurring in Gi' We consider Gl before Gz’ if Gi is of less

total degree in the coefficients of the two quadratics (2).

But, if G, and Gg are of the same degree in the coefficients

1
of the two quadratics, we consider Gl before G_, if
. ) = K ZEL1,8; 6 ;0=1%1,
f’(.l,l'f'k /f‘i’l-f'k » ] ?
l,l‘f’.k d,l‘f‘l{
and
i VAR &
s 2k 1 '3 T
. R N
or

% S B . T

1.1 A <

In other words, G, is considered before G, if the currency

1
of Gl is greater than the curreacy of G, .

That this is a legitimate procedure follows from the
fact, that each Gi may be treated as a concomitant K and may
therefore be expressed in terms of the symbols i,j,..,k, in
which the symbols A, R, convolved in G, will also be con-
volved, For a similur rewson, if in G; a new convolution

of symbols A or R is made, the complementary symbols may



also be couvolved together. Finally, if A, or R 6 appears in

P
i» Ay

G or R® is a factor of G; and G; is said to be reducible.
As a direct conseqguence of the order ia which

the concomitants Gi are considered, we may use formulae

(14) and (15), in determining the G;, since in lemma III

the neglected terms are all of greater currency.

Bracket Factors with egquivalent symbols,

i i @denote a convolution of symbols 1,j,..K
and é a similar convolution, while no symbol i occurs
in é equivalent to a symbol j occurring in C and no symbocl

bt
in § is a sybol successive to one in ® , We may write

(6¢p) = (65) E5)
without disturbing tne invariant factors Di' which may have
been introduced by (14) and (15)., Hence in considering
factors with equivalent sftgols we need only consider factors
of the one type

(i,i+1,...i4k,t,8,..,m]X),
where

&% s m =itk
If the symbols t, s, m are not successive integers, we may
break the factor up again into a series of products of factors
without disturbing the invariant factors D;. Tnerefore
dll factors involving equivalent symbols may be reduced to
the type

T ={d,idl, . 0., ok, t, 4], c0., t+a]X)

i=t, i+k= t+s,



where of course the variasbles p have been decomposed,

Writing for i its value (A;R ) we see that T involves
1 n4+l-1i

a convolution of
k+l +s+1 = k+s42
equivalent symbols a. Since Aj, is the syrivol A of great-
est currency appearing in T and since ncne of the symbols
R have been disturbed, if
k+s+e Zi+k,
the currency of the resulting G; has been increased,

Hence, according to our scheme of order, G

5 is reducible,

it Gg contain the factor T, in which s+2 >1i. We now con=-

sider the case, in which st2< i,

If I denote the invariant factors , which appear in T by

lemma III,

T =1 (Ai_ 1R

=I (B

n+l—i)(Bt-lsn+1—t)(Ak+lBS+l'Xk+b+b)

s+lAi—z—sRn+l-i)(Bt-lsn+l—t)(Ak+8+blxk+s+z)
mod. increased currency, since i-12Z s+l, by (13).

But n+l-iZn+1-t and by transferring B from the first

s+l

to the second factoxywe displace some of S 41-¢ and so
increase the currency of Rp+l-i . This proof fails ,

ThE =l L0) that e 1f 18 o i =1, But in this case
s+2 21, since s is not negative, Therefore in every case,

if G.l contain a factor T involving equivalent symbols, Gy

is reducible,

/

: ; s sl
Since i = = (ll } = 0 we & remove
x y -y ‘}S J"}r) —r 2 C‘-.Y

distincuishing marks on the equivalent symbols i, for when

1 and 1 are interchanged the invariant factors will not be
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disturbed, We have now proved the theorem:

Theorem I, Every concomitant K of the two guadratics (&)

is reducible cr elge, if multiplied by an invarisnt factor,

< : = 3
composed of powers of (AiRn_.) y 321,28, e¢s0-1, is @ giin of

i £ Sl

terms, where each term is a Adi product of the symbolic

factors ix, (ijlpz). (ijklPS)a--oos (ijk-o-mlpu_l)

(ijk,..n), where i,j,k,m=1,2,,,,n, and each symbol i occurs

an even number of times in each product and no eguivalent

symbols occur in the same factor, If the concomitent K is

X ) y : : 1
reducible, K= IK, where I is an invarisnt factor composed

(5 . '
of powers of (An)d and (Rﬂ)° and K is not reducible.

Since the variables are now convolved back again
into the form pj’ we may replace the variables p by the
variables Tl , thus removing the powere or D, with which
we originally multiplied the concomitants,. In fact,
since tne co-ordinates are homogeneous, it is immaterial
which set of variables is used, as long as the variables are
properly coanvolved, Henceforward we shall drop the variables
and write (ij) for (ij ﬂa), (ijk) for (i.jki’?s) etc,

§ 4. Identities.

If ;m’ Jm’ Kﬁ etc denote convolutions of m symbols

1,J,kKye0s the following identities exist,

(IiJ,ij) (IiJI’MI).l i+Jj+k Z i+r+m
EtIlJJ+r k-1 ) (1 Krmm) krr, (16)

i j+r b i

=0 ker,



For, if the variables are tacen as gy, in transferring JI_
to the first factor we cannot turn out any of the variables,
since otherwise the second factor would be zero,

i 111)J i+j+k=i+r+m-1

EE(IiJj+rKK—r)(IiKrMm)+{I£{}+rKk~nJinKr-lML); kor-1,

(IiJj+r)(IiKr_le) k=r-1, (17)

(IiJij)(I.J i

1}

0 ker-1,

\h

The two terms in this idemtity occur, because one of the
variables in the first factor can be displaced, Cther id-
entities exist, when itj+k <« ivr+m-1, but they disturb the
prover ccnvolution of the variables., These identities (16)
and (17) are true whether the variables p or # are used,

8.5z Principle of Duality.

Let X be & concomitant77fij..kJ. Then, if
i/,j/,..,k’ are the symbols complementary to i,j,..,k,le,
- - - -/ -/ / - |
if (ij..k)(i"§ ..k )each of tne symbols 1,2,..,n once and
onlg once, (ij..k) and (ij..K) are said to be dual factors.

/
With this notation 77(13..k)7711fj'..k )invelves all the
symbols 1,2,..,n exactly m times if there are m factors in K,
If m is even , all the symbols occur an even number of times
TT‘././ o ;

and therefore (i J ..k )is also a concomitant, But, if
m is odd (123..H)771f i +.k') is a concomitant. Hence
from a concomitant K we can form a dual concomitant by writ-
ing the dual factor of each factor in K and multiplying by

the factor (123,.,n), if the number of factors in K is odd,

1

Footnote, Turnbull, Loc, cit, Pages Yz sq.

Al



21

1f we consider identity (16) and write the dual of each

factor in it, we get,

X

(me,7,) (19 K, ) = (T3 (195, . ),

J+i
where (TMmJJ+rKin)::(lE...nJ, end this identity inter-
changes exactly the same symbols as did tne original one,

Similarily there is an identity dual to (17) acting on the

same symbols as (17). Hence we have the important
lemna:
Lemma IV, Corresponding to any identitv there is & dual

identity overating on the same symbols,

Since, if 1 and jJ are successive integers and ij is convolved
an even number of times in a concomitant, an identity separat-
ing i and j cannot be used wilbhout disturbing the invariant

factors, we must now prove a further lemma,

’
Lemma V, If K and K are dual concomitants, the symbols

i and J are convolved an even or and odd nuwaber of times in

s
K according as they are convolved an even or an odd number of

times in K,

Let the symbol i occur alone in m factors of K,
" n n J " " noop W i
" w gyfhbols i,j occur together in t factors of K,
" neither of the symbols i or j occur in g factors
of K;
Then the total number of factors in K is
mir+t+g=s.

Since t+m and t+r are both even,
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s+t =qfm+t+r i,
=q wmod 2,
or
g-t=s mod 2.
Hence
t=q mod 2 , if s 1is even,

g+l mod 2, if sfis odd,

]

But, if s is even, g is the number of factoers in K,containw
ing both i and j, while, if s is odd, g+l is the number of
factors in K containing both i and j, since , if s is odd,
in determining K’ from K we introduce.the Pactor {12..n)

Accordingly, this proves our lemma,

§ 6. Incompleteness of the Prepsared System,

We should like to determine a prepared system,
in terms of which every concomitant can be expressed, without
being multiplied by an invariant factor, To do this, we
must see, if ever in convolving the variables to give the
factors (ij..k) we have broken up coavolutions of successive
symbols, We shall find in parts II and III that this is the
case for n >3, and that accordingly we must introduce other
more complicated factor types. With the introduction of
these new factor types, once we have found a complete system
for the concomitants multiplied by invariant factors, we may
remove the invariant factors from each concomitent and so
obtain the actual complete system, provided that no identity
is used, which disturbs a conveoclution of two successive symbols,

if that convolution occurs an even number of times in a
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concomitant, These new factor types are of the nature

e t) Bewom) {0, , M. ) s o5e Baun)s

or.in other wordscombinations of simpler bracket factors,

in which successive symbols aee imylicitly convolved,

The dual of such a facterfis obtained by takxing the duals of the
component bracket factors and permuting the some symbols,
Accordingly, if one of these new factor types is counted

as equivalent to q simple factors, where g is the number of
component factors in the new factor type, the dual of a con-
comitant K centaining such a factor can be written down

as in § 4. Further the introduction of these new factor
types does not vitiate the proof of lemma V, siuce any

symbols implicitly convelved in K will also be implicitly con-
volved in K,. Hence from & list of irreducible concomitants
we can immediately write down a list of the dual irreducible
concomitants. (see part II §4 ,part III §z ).

Since the concomitants f and g enter symmetrically
into the discussicn, the actual labour of determining the
irreducible concomitants can be shortened still further,

Two factors, concomitants or identities are said to be
similar, if the first can be derived frow the second by
writing n+l-i for every symbol i that occurs, From the
symnetry mentioned abovefit follows immediately that if a

concomitant is reducible so is the concomitant similar to it,



e

e

e L]

e

<4

Part II.

Applications of the general theory
to two quadratics

in two, three and four variables,

The complete system for two guadratics in two variables,
The complete system for two quadrgtics in three variables,
he complete system for two quadratics in four variables,
New type of bracket factor,

Determination of the complete system,

Special reductions.,



§ X, Complete System for two quadratics in =z variables,

In this case n=x and we require two variables, only
one of which occurs explicitly. It is obvious that the
prepared system coasists of the three siuple factors:

= R 4 12l = \a3) .
lx a-x! e x? ( ) ( )

Tne complete system then coansists of six forms:

turee invariaants (4.)%, (Rz)a, (ar)b;
~
; bk e : p
toree covariants 17, 2, (ld)lxax .

Inpddition there is the actual concomitant of the field
D = (uv). x

§ 24 Cecmplete system for two guadratics in 3 variables.

In this case n =3 and we require two co-ordinates
x and u = (xy). The prepared system consists of the six

simple factors:

Ex: T3
2, = (ARx) = (E;I,R)‘E)x
(1z) = (aR) (Au)

(32) =

(ra) (Ru),
(13) = (arn
(aR)

(
¥s
(123) = (aR) (Ar),

where A and R are written for AL and R;?. respectively.

= : e .
Footnote ~, Weitzenbock, Invariantentheorie. Chap 2

pages 4< and 43,

e
&



The complete system consists of <0 forms:

= : sk “.

four invariants (Aﬁ) oo fpe)=,  BalI®e o AR
x .‘J' ' ‘ P o 0 -

four covariants L. d;, 3% (123)1,2.3 ;

)&, {13)=, (23)(31)(2e);

a2

four contravariants (12)<, (2
eight mixed forms,;

two linear in u and X (laS)(k&)lx, (le)(lz)ﬁx,

three linear in u,quadratic in x (ij)i,dx ,

three linear in Xx,quadratic iqb (lLS)(ij)(ik)ix,
where i,j,k=1,2,3. In addition there is the actual con-
comitant of the field D =(uvw).

The actual concomitants are obtained from the above
list by dropping the invariant factors, e,g.
(23)2 = (rA)® (Ru)®

gives the actual concomitant (Ru)b. .

Determination of the compnlete system,

No new types of bracket factors are necesaary,
since the only chance of 12 or 25 being separated would be
in the formation of the factor (123). But, as in (1z3)

both 12 and 23 are convolved, no invariant factor would be

disturbed, Accordingly the prepared system is that guoted
above,
Covariants. If (123) does not occur, the only possibilities

are the squares of the factor i, that is if, 1i=1,%,3,

If (123) occurs, the only possibility is (123)1,2, 3,

Contravariants. By the principle of duality we obtain the

1k
Footnote, Weitzenbock, Loc, cit, chap.2,§ 16,page 61.

26



contravariants immediately from the list of covariants,

iiixed Concomitaats, If the factor (1lz3) does not occur,

by asdalogy with binary foriis the only possibilities are
the three forums (ij)ixjx > 3 oi= 1,29 .
From tnese we get¢ the dual forus

(123) (ki) (ki)k,  1,j,k=1,2,3 .
If the factor (lz3) occurs, we may have the forms

(143)(35J1X,

(lcb)(al)3x,

(123) (13)2,
of which the last can be expressed in terms of the other two.
It is obvious that tnree u factors caniot occur, since tnen
we would have tne co:ucomitant

(123) (12) (23) (31)1,2:3%

and this has the concomitant factor (lSJlxsx. Hence we
nave obtained the complete list of irreducible concomitaats,

§ & Two guadratics in four variables,

List A, The prepared system,

Lo ds Al B () 6o

X X x?
(lz):raf(Ap). (23):r(ARJ(ﬁPp) (AR)éf(ﬁép)
(45)2I'd(Rp}, (14) = (arp),

(13) = (aRap) :1; (asp), (42) = (rA{op),
(135):'-af(AR)ud, (432) = -qj(AR)%F,
(124) = gﬂ(Aru), (431) = r, (Rau),
(1234)= -%p(AR)qx, (12,43)= %o{t(ARux),

where A, « , R'f » are written for A,, Az, R, Ry respeéctively,

2



List B.
5 iavariants
5 covariants
5 contravariants

16 complexes

19 mixed forms

containiang x and u

14 mixed forms

containing X and p

14 mixed forms

containing u and p

44 mixed forms con-

taining X,p and u

<8

The 1lz2g unreduced forums,

d & &

& 17, AR &z, I
B
i 4, 1z :,4):Lx,<.}L Ao

ij) (k) (ki) 4,
(1234)(14) (23),

)

(
ijk)© 4, (1234)(123)(234)(1<4)(134).

i) 6, (

4

1224) (12) (34),

(

(

( )
(1234) (ij
(1<34)
( (
(

j) (ik) (im). 4
<34 (1h3) (1354)(¢34)1x,
ijk) 1Jm)(1km) 4,
ijk)i o1 4 ' 4,

(lmé)(uk)(ljm)ixjx 6,
(12,43)%, (1234) (12,43),
(12,43) (124) (134)1_4_.

(23033, 6,
(15;54)(21)(14J1x3x

(1534)(33)1x4x,

(1234) (23) (34)1,3,, + and three similar
(1234) (34)1 2, forus,

(1234) (12) (23)(34)2 2 5.
(1234) (ijk) (ijm) (i) 6, (123)(234)(14),
(134) (342) (12),

(1234 ) (122)(134) (1<) (23), + and three
(1234) (123) (134) (14) (43), similar forms,
(124) (134) (12) (14) (34).

(123) (12)3,, (123)20)1y, (1x4)(1x)4,,
(134)(1&)2x, (1334)(1a3)(4l)lx,

(1234)(124)(54)4x, (1334)(1&5)(43)3x,

(1224) (124) (32)2,, (123)(23)(14)2,,



<9

aind nine similar forus,

(143)(35)(12)4

(1jk) (13) (ik)di_, 1z,

(1234) (124) (14) (34)1,,

(1234) (123) (=3) (34 )=y,

(1234) (1<4) (12) (¢3)1 n and five

1234) (234) (42) (21)4 - similar forms,
(43)=,

(

(1234) (124) (24) (43
(12,43) (1<) (34),
(la,43)(ld4)(34)4# and a similar form,

In this list 1i,j,k,m take the values 1,<2,3,4, The number

appearing on the right of a concomitant is the number of

distinct concomitants of that type, A similar form wmeans a

form in which the symbols 1,4 and 2,3 are iaterchanged,

The actual complete system is obtained by removing from

each form any invariant factor , which may appear, Feg example,

ﬁi(Ap)d:

we therefore drop the factor a and take (Ap)z_as the unreduced

(12)5:

form,

+ Gordan in the Mathematische Annalen, Bd,.56,

Footnote,
determined a complete system of 580 forms, Turnbull in

the proceedings of the London Mathematical 8ociety, Ser.z,
Vol, 18, Parts 1 and 2, pages 69-93, reduced the system to

125 forms, Throughout we shall refer to this paper briefly

as Turnbull's paper,
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§ 4, New type of bracket factor,
When n=4, there are threetypes of co-ordinates
X, pP=Xy, U=xXyz. In forming the variable u, tnat is in
conveolving x, y 2 together , we wight have at some stage,
(12 |xy) (34 |x2)
where X,y,2 are to be convolved tozether to give u, But the
invariasnt factor r, will be disturbed in Writi%%
(la]ny(Eélxz)::(lzé)Sx = (123)4s,

Hence we reguire the new bracket factor,

(12,43) = (ldﬁ) —(154)¢
— dqu(ARux),
f’ r}‘(.fusu.) = a.fa(bRu) .
In the factor (1lz,4%) both li and 43 are convolved. (see
part: I, §46 ).
§ 5, Determination of the couplete system,

Covariants and contravariants.

The covariants must be

e
iy 121,2,3,4, and (1254)1,2.5.4.,

and we obtain the contravarialtis
(kjm)® k,j,m=l,2,3,4, (1z34)(234)(134) (124) (123),

from the oovariants by tne principle of duality.

Complexes,
The only factors which may occur are the six
(ij) factors and (1=34). If the factor (12%4) does not

occur, the problem of determining the irreducible complexes

is strictly anslogous to that of binary forms, and accord-

Footnote 1, See appendix A pa_e 1lz,

L]
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ingly the result 1is,
the six guadratic complexes (i3)=,
the four cubic complexes (ij) (k) ei),
If the factor (lz34) occurs and the form is a guadratic
complex, there are tihree possible cases,

(1x24) (1) (34),

(1234) (23) (14),

(1234)(13) (24),
and of these the third is expressible in terms of the other
two, If the form is a cublic complex, it must be bne of the
four (1234) (ij) (ik) (im) i,j.km=1,834,
The only other possibility is

(1234) (12) (=3) (34) (41) (13) (=4)

and this is obviously reducible,

Identities, For a complete discussion we require the
identities:
(34)1x = (21)4, +(14)z,, (1)
(24)3, = (23)4, +(34)z2,, - (2)
(13)ey =uA2)8, +(25) 1, (3)
(13)4x = (14)3x +(43)1,, (4)

together with the dual identities
(13)(324) = (43) (322)F (23] (334)i ete,
(24) (13) = (21)(43) +(23)(14), (5)
(1&5)4X.:(154)3x+(145)2i%(453)lx. (6)
Also from the definitiou of (12,43,
(12,43) ::(134)5x¢ (423)4,,

-:(154)zx5 (234)1,,
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we deduce four other identities,
(13) (1z,43) = (13) [(134)= - (234)1,],
(134) (23)1,+(134) (12) 3~ (134) (< 3)1y-(43) (231)1,

]

:-.(134)(1:/4)5},__-(43)(;31}1x ‘ (8)
By the principle of duality,
(24) (12,43) = (124) (34)zx-(=21) (234)4,. (9)
Also,
(23) (12,48) = (28)[(134)2,-(234)1],
= (234) (13)2, +(43) (1 54)5
- (224) (18)2,~ (43) (123)z,
::(1*)(354)3xf (41) (14 ) (10)
By tne principle of duality,
(14) (12,43) = (34)(124)1 - (12)(143)z,. (11)
These identities are all obtained in Turnbull's paper,
but the first six are simply particular cases of identity ( 16)
part I and so require no proof,

Reductions., If we regard (24) and (13) as the most

complicated factors, it follows from identities (1)-(7] that

(4)(13)= 0 5 (13) (234) = 0 (a)
(Ra)l. =0 ; (13 )(aééJwO. (p)
(z4)3, = 0 ) (13) (124)= (c)
(13)4, =0 - (24) (1c3)=0 (d)
(13)2, = 0 \ (24) (134)=0 (e)
&4Mx%ﬁ50 r (13) (134) (1=3)u=0, (f)
(13)1,3 M= ; (24) (234) (124)M =0, (g)
(14)1,4 M= g, (23) (123) (234) =0, (h)



[$x]
ex

(124) (12)a M =0, (84) (1.3)3.M = 0, (i)
(431) (45)133-:: =0, (12) (234)4 M = 0©, ()
The notation K= O means that the factors in K can be expressed
in simpler forms, or in Gther words that K is eguivalent to
another product of factors, which has alréady been considered,
The formulae (f) to (j)are true, because each product of
factors has an actual concomitent factor, Further
(125)4}{1& =0, if 34 is convolved an ocidfnumber cf times
in M, . (k)
For,under these circumstences, there is the concomitant
factor W, r,.r, .
Similarily,
(234)1xh£,=_0, if M contains 12 convolved an odd number
of times, (1)
Fovr the same reasocns,
(234) (1z)2 = 0, (123) (34)3,=0. (n)
In writing out & list of concomitants, the mark R (a)
after & concomitant will mean that it is reducible by (a);
R by 3x(lz4) will mean that it is reducible by the identity,
which transfers the three from 3, to the bracket factor (124).

Mixed concomitants containing uw and x, but not thne factor

12.43)
If only one u factor occur, since (123),(432) and
(1z4),(431) are similar factors, we need only consider the

four types,



(L,o)lxz:X -
(1434)(1¢3)
(124)1 zx4x,
(1 ad4)(1a4)sx R,
The last of these is equivalent to {labé)ﬂia,éb)+(lz&f@9
If two u fectors occur, we need only consider the types,
(123)(124), (123){(134), (123)(=234), (124)(134). These
give thie concomitants,

(1= )(144)3 4_ R by squaring (6),

(123) (184)2 4. R by 2,(134),

(123) (234)1,4, R (m),

(124) (134 )2x%, R by 3,(124),

(1234) (123) (124)1,2,

(1234)(123) (134)1,3,,

(1234) (123) (23 ) 35

(1234)(154)(134)1 4
If tuheee factors u occur, we need only gg£¢ consider the
case in which there are three x factors, since the concom~
itants with three u factors and one x factor are the duals
of those with one u factor and theee x factors, Therefore
we have the types,

(1234) (123) (124) (184)2,3 4, R by (124)3, and (k),

(1234) (123) (234) (1<4)1 3.4, R (m)
We are accordingly left with,

(1234) (123)4,  and (1=34)(432)1_,

(ijk)ixjxkx 4, and the duals (ijk)(ijm)(imk)i_ 4,

(1234) (ijk) (ijm)iydx 6.



The concomitants containing the factor (1x,4%) will be treat-
ed later,

Mixed concomitants conteining p, v and x ,but not the factor

(l=,43).

It follows immedistely from (&) tuat any concomit-
ant containing six p factors is reducible, Hence a con-
coriitant may contain at most five p factors, and the cnly
possible type of such a conconitant is,

(12)(23) (34) (13) (14)M.

By (v),(c),{(d), and (e) M may not contain 4x,ax,(543)or
(421). Further 3 may not ocour oy Sx(lé)nor may (341)
by (23)(341), Hence Il must contain 1, or (1z3) or both,
fhe symbols cannot now be pairea off, anu so a coacomitant
may contain at most four p factors,

Since (13)(24) may not occur together, the possibilities
for four p factors are,

(12) (23) (34) (41),

(13) (34) (32) (=1),

(13) (32) (=1) (14),

(13) (34) (41) (<3),
togetner with similar and dual products, We consider
each possibility in turn,

(12)(23)(34) (41)M,

If M is non-existent, the form is reducible by

analogy witn binary types. If (£3) is not convolved

an odd number of times in M, the form has tne factor

—

(AR)(ﬁp)(Rp) and so is reducible,



There are two cases to be considered,

Case I. I does not contain the factor (1£34).

M cannot contain only x factors or by duality
only u factors, since we are dealing with a self-dual prod-
uct of p-factors, If I contains one u factor, it must be
(123) with 125 or the similar produat and the form has the
factor (34)(41)5xlx. If M contains two u factors M must be
(123) (124)3.4, or the similar form,
(123) (134)2_ 4, or the similar form.
The first of these has tne factor (34)3;4x, and
the second Z (1lz)(23)(34)(42)(123)(134)1 .4,
whnich has the factor (34)(154)lx.
If three u factors occurfin i, only lx may occur and by dual-
ity such a form is reducible.

Case 2. M does contain the factor (1z234),

Since 23 is nowcenvolved in I the only possibil-
itieghre,
(1234) (1<) (23) (34) (41) (124)3, R by (41)3x and (h),

(123)(234)zx§ R (W),

pe
(124) (124)1,4, R (n),
(J.zz:s)(1*44)(2:54)13{:5}(4}L R (L),
{13) (34) (32) (1),

As in the previous case, 23 must be convolved an

even number of tinmes, By (b),(c),(d) and (e), the factors
(<34), (124), 2 and 4, may not appear in il, Hence we have

the possibilities,



(1:5)(34)(33)(31)(1&)1}{3}{3}{ R (g),
(3..-<;5)(134):ax4Ji R (e),

(1234)(134)2. R (e).

X
(13) (32) (21) (14)K,

The factors (342), (421), 2, end 4, may not appear
in M, as in the previous case, nor may 3. by (14)34.
Hence the only possible x factor is lx and this yields,
(13) (38) (21) (14) (1234) (123)1_ R by (3z)1,.

(13) (34) (41) (23)M,

Agalin 1. 1s tkhe only x factor , wnich may occur
in M, anda the resulting form is,
(13) (34) (41) (23) (122)1, R by (34)1,.
Accordingly a concemitant may contain at most three p factors,

The possibilities for three p factors are,

(12) (23) (34),
(41)(12) (23),
(13) (32) (=1),
(=1)(13) (34),
(23) (31) (14),
(31) (3=) (34),

together with dual and similar products, We consider each
possibility ia turn,

{12) (23).(34) .

This is a self similar productand also <3 must be con-

volved an even aunber of times, Hence we must consider,

(12) (x3) (34)2,3 4 x R by (34)3,4,,



(1a)(zs)(54)(1g5)(134)1x5x R by (34)1, and (j),
(1@3)(134)1sz R (i),
(123)(134)(1;4)4K B (5},
(1554)(124)1x4x;x R (j),

(1234) (124)(134)= T,
(lb54)(124)(lb5)(254)3x R (i)
(1234) (123) (234)1 2,345 R (k),
(1:234)3 8 .
X X
The dual of T is
(34)(41)(1b)5x61’
which is reducible by analogy with binary forms, and so

by the principnle of duality T is also reducible,

(41) (12) (23)u,

By (h) the products 1.4, (123) (234) may not appear
in M, Also, since
(23) (124) = (21)(3z4)+ (24) (123),
M cannot contain the product (1z4)(231) and similarily K
cunnot contain the product (134)(<234). Hence we must consider
(41) (12) (23) (1=4)1, 2.5 R by (3)1,,
(134)1x R by (23)(134) and (m),
(e34)z. R (3),
(123) (134)2, 5 R by (134)2,,
(124) (134)2,4_ R (i),
(1224) (123)3 R by (41)3; and (k),
( )

1234) (1z4)4, R (i),



(1334)(41){13)(z3)(l34)3x3x41 R by (41)3,

(1a4)(134)1x3x R by (41)3and (1),

(154)(z34)axsx R by (23)2494,

1.2, R by (41)z..

(13) (32) (21)u,

By (v), (e), (d), ana (e), M cannot contain
the factors (1z4), (234), 4., and 2,, nor by (g) and (f)
the products 1x3x and (134)(123). Accordingly we are left
with
(13) (32) (<1)
alone,

(21) (13) (34)M,

Since the factor (13) occurs, the same factors
are prohibited as in tne previous case, Further =23 must
be convolved an even number oI times, and so we have no
concomitants of this type.
Since the factor (13) also occurs in the two remaining types,
(23) (31) (14) anda (31)(32)(34),it is easy to show that no
irreducible concomitants arise from them,
We are tnerefore left with,
12) (23) (34) (1224)3_2_,
54
13)(32) (21),

(12)
(34) (14) (12) (124) (134),
(13)
(42) (41) (43) (1234),
(43) (31) (14),

(21) (24) (23) (1234),

together with similar forus, 0f these oanly the first two



are aew,
Lﬂdetermiuinb the concomitants, wihicn contain two or
less » factors, we first consider those cofitaining x but not

u factors,

Concomitants containing p and x factors,

If the factor (1234) does not appear, by analogy with
binary forms we nave only tie six concomitants

(i e 1.4 2052, 3, 4,
But, if (1234) does appear, the concomitants with one p
facter are, by (b), (¢), (d), and (e),

(1;54}(1@)3341,

(1234) (23)1 4 ,

X

(1<34) (14)4,3, R by (14)2, and (c),
together with similar forus,
If two p factors occur we have,

(1234) (1: )(@3)5 4
(1234) (12) (34),
(1334)(14)(14)1 e
(23) (14),

together with similar forus, The complete list of

(1234)

concomitants involving both p and x factors is thus seen to
be that given in list B, By the prineiple of duality
the mixed concomitants containing p and u can be written down,

Coacomitants containing one n factor , with x and u factors,

Since x and u are dual co-ordinates, we need only

consider three types of p factoer,



(12), (=3), (13)
pccurring alone, Let us consider esch in
RS We have the possible forms,

(12)(1;53)3x

(134)4x,
(dé-’—‘l iR () ,
(134 ) x;xgx R by (134)2, and (m),

(123) (124)3,4, R (i),

(

(123) (134)1.4, R (k),
(¢64)¢ 4. R4y (k),
(

(123)
(124) (124) x’
(124) (234)2,3_ R (J),

(134) (234) Already considered,
(133)(154)(;34) R (m),
(1;43)(124)(134)2X R by (134)24 and (m),
(123) (1234) (234)1,2,3,
5:-(125)(12,4:5)(234)1;x R by factors,
(124) (134) (<34)1 2 4 R b =
(133)(134)(134)(234)3x4x Re{t)
(1234) (12) (123)1,2,45x R by (12)1x2x,
(124)1x2x_sx R by (12)1x2x,
(154)1x,
(234)2x,
(123) (124) already consideeed,
(123)(134)2x3x,
(123) (234)1,3, R (m),



4z

(1334)(12)(124)(134)2x4x R [1)s
(124) (234)1,4, R (i),
(134) (234)1,2.5. 4, R by (134)1,3.4,,
(123) (124) (134)1,3,4, R (i),
(123) (124) (234)2,3,4, R (i),
Those concomitants with #ALf4A three u factors and one x
factor are the duals of those with one u factor and three
X factors and so do not require to be considered , Neither
do those containing four u factors need to be considered,
(23)M, By (n) M cannot contain the product (123)(=34),
and (23)(1z4)(123) reduces to the previous case, Since
(23) is a self similar factor we need only consider,
(23$(125)1x,
(124)3,1,4,, R mod (12,43),
(123) (134)3,4, R (k),
(124) (134) already considered,
(1234) (23) (123)4, 2.3 R Dby (23)243y,
(124)2x, _
(123)(134)1x2x R mod (12,43) since 23 is con-
volved an odd number of times,
(134)(13411x2x5x4x R by (23)(134),
(13)M, It is easily shown by identities (b), (c), (a),
(e), (£), (g), that there are no irreducible concomitants

of this type.

We are accordingly left with,



(12) (123)3x,
(12) (124)4}{,

(12) (124) (134)1x3 R,

X
(z&)(lb&)lx,
(23) (1234 )24)2,,
together with duals and similar forms, Gf these
(12) (124) (134)1, 3, = (12) (12,43) (134)1x
and as the latter appears in list B we may take the
former as reducible, Each form in the list above yields
three other forms , and so we have siﬁteen forms linear in

p,X and u,

Two p factors, With dual and similar products, all that

need be considered are,
(12) (34), (12)(z3), €=3)(14), (12)(13), (34)(23), (=3)(13).

(12) (34)M, In M 23 nmust not be convolved an odd number

of times, and by (i) and (j) the products (124)4,, (le)Sx,
(431)lx and (431)2x are prohibited, Hence we have only the
single concomitant of this type,

(12) (34) (J.zzjr);%X R mod (1%,43).

{12) (23)M, As before, (1z24)4y and (234)2, are prohib-

ited and so is (123)(234) by (h). In addition (123)(124) azua
(234) (134) cannot occur by (23)(124) and (23)(134).
Accordingly we have the types,

(12) (23) (123)2,

(12) (23) (134)4_,

(12) (23) (123) (134)1,3,2x4x R by (134)1,3.4,,

43



(12) (23) (124) (134)1 2 K by (134)z,
(1) (23) (1<4) (234) already considered,
(12) (23) (1234) (123)1 3 4 R by (23)4
X X x =S
(12431 ,
X
(134)1x2x§x R vy (23)(134) and (g),
(234)3,,
(123) (134) already considered,

(23) (14)M, As before the product (123)(234) is

prohibited and so is (124)(123) by (23)(124) and similarily
the product (134)(<34). Since (23)(14) is a aelf similar
product we need only consider the types,

(23) (14) (123)4,

(23) (14)(124)3,, R to above moé (12,83)(23),

(23) (14 )(155)(134)1 5, R by (23) (134},

(
(
(23) (14) (124) (134)1, 4, R (n),
(28 f1 4)(1&34)(123)lx3X§x R by (23)2.5_,
(23) (14) (1234) (124)1,2,4., R ¢h),
(23) (14) (1234) (123) (134)2,4x R Dby (23)(134) and (d),
(23) (14) (1234) (124 ) (134)243x R by (23)(134) and (e).
In the remaining cases, since (13) occurs, 2o 4x' (234),(124),
and the products 1.3, (134) (123) are prohibited. 1t is now
an easy matter to snow , that the possible concomitants of
these types are,

(12) (13) (123)1,

(12) (13) (1234) (134) 3,

(13) (34) (143)3,



(
(
(

13)(54)(1334)(135)1x,
13) (3 )(143)3 >

13) (32 )(1534)\1.54)1x R by (3z2)(134).

We are accordingly left wita,

(
(
(12
(12
(23
(
(
(13
(1
(

12) (23) (123)2 X

12) (23) (134)4 =4

23) (1234)124)1 ,

43)(1434)(534)3x,
14)(123)4

12) (13 )(14011 :

12) 1234) (134)3x

)

) (

) (

(

(13)

) (

3)(34) 1¢34)(1¢3J1x,
(

(
34)(134)3 <

(

(

13) (3<) (123)3 -

together with dual and similar forms,

This list includes 12 of type (ijk)(ij)(ik)iJL «

(12) (23) (134)4, yields the three other forums,
(34) (14) (123)2, R,

(34)(3;»,)(1;:4)1x R,

(12) (14)(254)5x R,

(32) 14)(123)4x yvields the similar form,

(
(32) (14) (432)1_
(A )(dS)(ldSé)(ldQ)l yields the three other forms,
(34) (14) (1224) (234)3_ R,
(34) (23) (1234) (134)4,
(12) (14) (12 )(125)a R,
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(12) (23) (1¢34J(254)3x yielas the three other forus,
(34) (14) (1234) (124)1 ,
(34) (23 )(1354)(143)ax,
(12) (14) (1234) (134)4,
(12) (13) (1234) (134)3 4» Yields the similar form,
(43) (42) (1234) (421)2_,
(13) 54)(1454)(1¢é)1 yields thne similar form,
(42) (21) (1234) (zoéj4x.
The concomitants marked R in the above list are equivalent
to others in the list, Xor,
(54)(14)(155)2 = (34)(12)(123)4 —+(34;(g4)(145J1
= (34) (24) (128)1_ by (k),
= (34)(23) (124)1, + (34)(12) (423)1
= (34)(23) (1=4)1, by (m),
and similarily;
(21) (41) (432)3, = (21)(32) (432)44.
But also,
(34)(33)(134)1 = (31)
= (21
+(14)
= (=1

where tine term (14)(23)(12,43) has the factor (AR)(ARux)

(23)(124)4 f+(14j(25)(1z4)3x,
) (23) (134)4, +(41) (23) (123)44
(=3)(124)3,,

1) (=3 (134)4x—r(14)(33)(1z,45),

and so is reducible, In addition,
(34)(14)(1354)(234)3X = (34) (13) (1234) (234)4,,
=(34)(23) (1234) (154)4:;'
Similarily we may consider (12)(14)(1234)(123)2, to be

Teducible,



Concomitants containing the factor (lz,43),

If we consider a concomitant M involving the factor
(12,43) to be reducible, when (12,43) can be expressed in
terms of factors (ijk]mx, any irreducible ccncomitant M
nmust have (12) and (23) convolved an even number of times,
(formulae €7) ).

Obviously M may be,

(12,43) (1234),

(12,43)2.
If M = (1x,43)(1234), 23 must be convolved an even number oi
times in M, for otherwise M would have tie the factor
(AR) (ARux) . It follows immediately that,if M does not
contain the varisble p nor the factor (l<34), there are oaly
two possibilities for I,

(12,43) (123) (234)3_2_,

(12,43)(124)(134)1x4x,
where in the first 12,23,54 are all convolved twice and in
the second 12 and 34 are convolved twice, If M =(1l234)N,
25 must be convolved once in N for it cannot be convolved
three times, Hence N contains (123) or (234) and N

23(125)(124)3x4x or the similar product,

(123) [(123)a ~ (12,43)4,] vy (7),
and accordingly M is reducible,
By formulae (8)- (11),M is reducible if it contain (13),
(24),(23) or (14), and so if two p factors occur in M, they

must be (1lz) and (34). In this case we get only the one



concomitant,

(12,43) (12) (34),

If only one p factor occur, we may consider it to be (12)
and so %4 must be convolved a second time and we have,

(12,43)(13)(341)1 ;

(1=,43) (1234) (12) (231)3_,

(12,43) (1234) (12) (234 ) (341) (124)1Xax4x R (1),
together with similar forms, The complete list of con-
comitants involving (1z,43) is,

(12,43)%,

(12,43) (1234),

(13,45)(1¢3J(za4)3xgl, R

(12,43) (12 )(154)1x%{,

(12,43) (12)(34),

(12,43) (1z4) (34)4_,

(13,43)(134)(13)1x,

(13,43)(1;34)(351)(1z)sx, R

(13,43)(1234)(334)(34)2x, R,

§ 6. Special reductions,

The concomitants above, which are marked K,
appear in Turnbull's list but are reducible, In fact,
(12,43)(234)2x is always reducible, for after removing the
invarisnt factors,

(12,45)(234)2 = (ARux)u (Afx),

=2(aRu) b u [é e P]

Here each term has a concomitant factor . bi or b b-ad-.

=T

48



49

A similar reduction aclds for (1z,43)(123)3.. It is
interesting to note that the duals of these products do not
reduce, In this reduction we have broken up our symbols
&y €tc. and 0 canidot use our priaciple of duality, No
other concomitants seem to reduce by this method, but an
exactly similar identity applies in the case of five variables,
part 11L, § 6,

This completes the determination ol the unreauced
concomitants 122 in number, which together witn the concomit-
gnt D form a complete system for two guadratics in four

Lt <
variables,

Footnote, 1. Note on the Simultaneous System of Two
Quadratic Quaternary Forms, Journal of the London
Mathematical Society, Volume 4, Part 3, pages 18z-183,
Footnote 2, In a paper entitled "The Couplete System of
Two Quaternary Quadratics", Amer, Jour, Math, Vol,LI, No 4,
October 1929, pages 565-576, I have determined this system
of 122 forms, In this paper Theorem I of part I is proved

only for the case when nz- 4,
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Part III,

Applications of the general theory

to two quadratics in five variables,

The prepared system,

Complete list

Determination

Determination

Determinatiorn

Determination

Determination

of irreducible concomitants of
several types,

of thne prepared system,

of the irreducible covariants

and contragvariants,

oI tne irreducible complexes,

of the mixed concomitants
containing u and X,

of the mixed concomitants

containing P and X,



il 5 =r_,
X X X X
o (Af?){l:a/,bx, = (Reax) = I';‘ 8. ;
5 = (ASRE)X) = (é.f:l-'tb) ¢ s
Tg)e= af(AP),

84) =z, (RP) ,

13):(34«5359) (5 bl{ )4acP),

53) = (rA:,.)RBP) = [a.‘t;}‘ta) (rcp),

14 = (aR«P) = z, (asP),

52) = (rArP) = elf (rf)P) :

15) = (axP),

(25) = (4K, ) (AzpP) = (ARa)a?,U?cfP)
43) :(R&B)(RSGP) = (RA:j)g( (stP)
24 ) = (A{aRo{P) = é}a ;d (bsP),

1. Prenared system,

124)= a, (ARap) = a.f T, (asp),
542) =1 (RA{Jp) =¥ ai{o(Rbp) ;

o

541) = r_(Rap),
143) = (RA;) (aR;dp) -(RA--)r;((aét'p).
529) = (AR, ) (vhgpp) = ARy, (rbep),
135) = (a4 R.rp) = (abR, ) (acrp),

)

234) = (ARy) (RA, (qu): (AR;) (RAz)

2, (bedp),

/J

X




(1234) = s (Aho) (HA;ﬁ) u

o?

P
(5432) = rd(RAb) (ARo)u(, .
[1235) = af(AR;j) (Abruj g
(5431) = rd(RAb) (Byau) ,
(1254) = afra‘ (ARu) ,

(12345) = a ,(AR:) (mb)rq A

/:h
(12,54) :1}{(254) =(125)4,,
oy a{oI‘d (ARpx) = a{ora a..x(bﬂp) s

= a,r, 6, (ArD),
(12,43) =1_(243) = (124)3,,
-_-af[RAb} (Aﬁaapx) .
= a, (RAz)a. T, (DStD),

r
::af

(Ra, ) T,8, (AtD),
(04,25) =5_(423) =(542)3_,

= ro{(AR:ﬁ) (RA;jpr) 5
|°(éf;JEp).
F(ch)a
(123,543) — (£3) (1543) = (43) (1235),

= 1, (ARz)rya

:rd(ARb)axb

= a.f,(ARB)rd (RAz) (Ab.R:D.Pu) :
= af(ARS)q,(RAthﬁéP)(éR%u).
= &, (AR;)x, (RA, ) (rsP) (agu),
(123,154) — (12) (1543) =(14) (1235),
(

(
= a.r(ARb) . (asP) (Ab.i:u) .

A.R;j)x‘;( (A aRPu),
AR

= [, .
= o, (AR )z, (a0F) (aRSu),

top



(543,513)::(54)(5125}::(55)(543i),

]

Hi(Rﬁa)a (R;rAPu),

F
gd(Rﬂs)aF[féP)(rAfu),

i

1

Qj(RAq)aPFrB%%(Rﬁéu),
(12,543) =1, (5432) = 3,(5412),

—

-—arqi(RAs)(RSAux),
— ) rd(RAb)éx(Rbﬁu),
% r (Raz)t, (TsAu),
(54,123) =5, (1234) = 3, (iz54),
r a (Aﬁb)(AsBux},
=LA (ARb)fx(Aééu)'
{faP(AHb)éx(éBRu).
In the above A, R, « ,f , have been written for Az' Ra, Ay,
R, respectively and Azab, Aszabc, R=rs, Ky=rst.

N2 Complete list of irreducible concomitants of several

-

types,
6 invariants: (a«)<, (ap)z, (Aﬁﬁ)z, (RAb)d, rd)d ﬁp)
6 covariants: 5 guadratics i; 1=1,2,5,4,5,
1 quintic (12245)1 2.8 4.5 4
s B B I

6 contravariants: 5 quadratics (ijkm)® i,j,m,k =1,2,3,4,5,

1 quintic  (1234)(1235)(1245) (2345) (2345),

<0 complexes containing the variable P:

10 quadratics (ij)z,

10 cubdes (1i)CiE)(El)y, 1,0 :k=21,2,3,4,5;
20 complexes containing the variable p:

10 quadratics (ijk)da



10 cubics (12345) (ijk) (ijm) (ijn).
44 mixed forms containing u and x:

5 of orders 1 in u and 1 in x,

(13345)(1254)5x and a similar form,

(13345;(1345)3x,

(12345) (54,123) and a similar form,

O of orders 1 in u and 4 in X,

(ijkm)iqugxmx.

5 of orders 4 in u and 1 in X,

(12345)(minJ(mijn)(miﬁn)[mjkn)mx.

10 of orders 2 in u and 3 in X,

(12345)(ijkm)(ijkn)ixjxkx.

10 of crders 3 in u and 2 in X,

(mnkj) (mnij) (mnik)mxnx,

2 of orders 3 in u and 3 in X,

(13345)(1245)(1345)(254b)1xgx5x,

and a similar form,

2 of orders 3 in u and 4 in X,
(12,543) (1245) (1345)1,4,5y,
and a similar form,
4 of orders 4 in u and & in X,
(12,542) (12345) (1234) (1245) (1345)1,4,,
(12,543)(12545)(1255)(1245)(1345)1x5x,
and two similar forms,
1 of orders 5 in u and 4 in X,

(12,543)(54,125)(1235)(1245)(1&45)1x§x.

o4



67 mixed forms containing P snd X:
10 of orders 1 in P and 2 in X,
(13)id,
4 of ordees 1 in P and 3 in Xx,
(12345) (12)3 BB
(14345)(25)1k5x4x two

5 of orders 2 in P and 1 in Xx,

(12345) (23

similar forms,

)(45)1X and a similar form,

(12345) (43) (15)2_ and a similar form,
x 5

(12345) (12) (45)3

5 of orders 2 in P and & in x,
(12345)(31)(15)1x3x4x and
(15345}(13)(25)2x4xpx and
(1254b)(z3)(54)3x1x5x.

20 of orders 3 in P and 1 in x,
(1&345;(14)(14;(15)3 and
(12345) (21) (23) ( b)4 and

(12345) (31) (32)

2
) (34)5,
4

(12345) (12) (13) 5)1 and

(12345) (12) (15) 45)1 and

o

(

(

(
(12345) (14) (15) (23)1, and
(12345) (21) (23) (54)2, and

(

(12345) (24) (23) bljz and

) (
(12345) (25) (21) (43)2 , and
(12345) (34) ( 55)(21_3x and
( (3

12345) (34) (32 }(15)5x.

similar

similar

similar

similar

similar
similar
similar
similar
similar
similar

gsimilar

form,

form,

form,

form,

form,
form,
form,
form,
form,
form,

form,



2 of orders 5 in P and 3 in x,
(l'c,C‘S‘ﬂLE})(iS‘G:}(2:32)(4.‘3)1;{5}{4:x and a similar form,

18 of orders 4 in P and 3 in x,
{lzﬁébj{ij)(ik)(im){in)ix, 5
(12345)(13}(15)(5z)(34)1, and a similar form,

(12345) (14) (12) (43) (45 J and a similar form,
(12345) (15) (12 (53 [.‘34)1

(12345) (21) (23) (14 ) (15)2,,and a similar form,
(12345) (<4) (21) (43) (4D5)z, and a similar form,
(12345) (31) (34) (12) (1 ) nd a similar form,
(1L2345) (32 (34j(alj(zbjsx and a similar form,

1l of orders 4 in P and 3 in X,
(12345) (12) (23) (34) (45)2_3.4..
2 of orders 5 in P and 1 in X,
(12345) (31) (14) (23) (34) (45)1, and a similar form,
67 mixed forms containing p and u:

These forms are tne duals of the mixed forms
ccntaining P and u and can be written down immediztely,
For example from the & forms

(12345) (1j) (ik) (im) (in)i_,
we obtain tne 5 dual forms

(kmn) (jmn) (jkn) (jkm) (jkmn).

In tne above list i,j,k,m,n take the values 1,2,3,4,0,

with tne understanding that in any form i,j,k,m,n are all

distinct,

06
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y %, Determination of the prevared system,

If n=b, there are six iavariants

< < 5 A2 . 2 2 <

ad’ &(o, (Ahb) ] (RAO) 2 I'd, rro;
and five quadratic covariants

B o nf a8 o° —— N

15, 25, 35 4. 5:;' (Part I, § 3.)
By tiheorem I every coancomitant , multiplied by a suitable
invariant factor , can be expressed in terms of the symbolic
factors

i

< (33}, (ijk), (ijim), (12346), i,j,k,m=1,2,3,4,5,

We must now determine, if ever in forming these bracket
factors we have disturbed an invariant factor, whéoh appears
wnen lg, <&, 34, or 40 are convolved together, Uriginally
we have five variables x,y,z,t,w, which are to be convolved
as
A = (xyztw),

u =xyzt,

P =-Xya,

P =xy,

P Sy L5
Since the only factor involving A is (12345) and since
12, 23, 34, 45 are all convolved in this, no invariant
factor has been disturbed in forming it, When all the
variables w have been convolved to form A, we are left
to consider 4-factors, S-factorﬁhnd <-factors, where an
i-factor is a factor invelving i symbols, We may neglect

all 4-factors,as the variables then can only be xyzt=u,
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Let us now coansider tane possible cases, in which x, y, z, t
may be counvolved to form u, If one of these variables
occur in a 3-factor, we may assuwae that taree of them occur
in this 3-factor, for
(ijk]xyé)(rsﬁz)
:r(ijgflxyzt)(sh)-+terms in whicn tz are convolved
together, and
(ijk|xyz) (rs]ta)
:(ijkf[xyzt)(é’z)+ terms in which yzt are convolved

togetner,
Hence we must consider tane cases when,
(a) Three variables occur in a 3-factor and the fourta

occurs in another 3-factor,
(b) Three variables occur in a 3-factor and the fourth

occurs in a 2-factor,
Case (a) gives the possibility,

(ijkn[u) (im)s7),
and case (b)

(ijknu) (@[3),
Where 5,7:may be any of x,y,2,t,
In (a) and (b), neither of m, n is the same as any of i,
j,k or else no convolution of successive integers is disturb-
ed, At first sight it would appear that (ijﬁf|u)(ﬁ|§)(ﬁ/7)
is a possibility, arising from three Z-factors, but i,j,k,
r,m,n, must all be distinct, which is impossible and so this

type cannot occur, But if the variable t does not appear,
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we might have the single aew tyone
(e)  (ijk|p) (m[s)
arising from two 2-factors,
We now write the factors for simplicity wihnout the variables,
since no confusion can arise, There are no further types
of factors, as we shall see,
Type (a) cannot occur wita an other u factor, as
(ijkn) (imrs),
(ijkn) (imrs)t
are the only possibilities., In thelfirst rs cannot contain
i, m or n, and so must be jk,. But by the fundamental .iden-
tities tnis is iwmpossible, In the sgecond case ncne of r,s,t
can be i, therefore two of them must be either ij or nm and
in either case no invariasnt factor is disturbed, Further since
(ijkn) (imr) = (ijkr) (imn) + (ijk) (inmr)
by identity (17) part I, type (a) cannot occur with a furtaer
p factor, Hence type (a) gives solejyy the new factor type,
(ijkn) (im).
Similarily it may be snown that type (b) cannot occur with a
further u or » factor, Type (c) cannot occur with another
p factor, for
(ijk) (Am)= (ijm) (nk) +(ij) (kam) by (19). part I,
and in both terms on the right ij and nk are convolved,
There are three other possible cases to consider,
(ijkn) (ma) form (b) and a l-factor,
(ijkﬁ)thé)(ﬁcde), from two (b)factors,

(ijk) (mab) from two (c) factors,
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Of taese, the first reduces to type (a) since a=one of ijk;
the tnird gives nothing new, since one of ab must be i oxf;
the second 1is more easily treated later,
In type (a), m,n must be consecutive integers and so must :
i,J. Hence we have

1435)( ):-(133 154),

3315)(34),.(143 543),

In tyne m,n must be consecutlve 11tegers and so we have,

(
(
(543%) [52) = (543,512).
(o)
1 (4345)

zx(5145),

éx(4125),

5_(4321).
But

zx(3145)::%x(324?) +—(3214)5x,

ff5x(3214),

since in (3245) ovoth 23 and 45 are convolved,
Similarily

5x(4135) 2 (4325).
Accordingly type (b) yields only two new factor types,
1_(5432) = (12,543),

éx(lzsé) (54,123).
In type (c¢) both i,j and m,k must be successive integers
and so we have,
ix(£43) = (12,43),

5x(423) = (54,23),

Footnote 1 See apnendix A page 1lZ.
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1x(zb4J = {18.54),
If a new type of factor arises from two (D)
factors , it must Dbe
4)(&34o;(b$al)

1234) (45) (5321)

I

»

11

(2
(
(1454)( )(33&1)
(

il

1254) (3 )(5321)
and so 1s expressible in terms of simpler factors,
We thus have the eight new factor ty;ea; three of type (a),
three of type (c) and threepfftype (b). The factors of type
(c) are the duals of those of type (a), while the factors of
type (b) are self dual,

Now ,since,with the-adaition oif these new factor
types, no invariant factors, which were originally introduced

in part I §

3

b, have been disturbed, we can work with the
symbols i, j etc and at tne end remove all actual invariant
factors and obtain the actual irreducible concomitants, pro-
vided that no identity is used 4§ Ag4d, which breaks up success-
ive integers convolved an even number of times, An alter-
native method is to use as a prepared system the factors

(AP), for (12) etec. This prepared system was actually

found by Dr, Wm,., Saddler, but has never been published,

He determined the prepared system by methods analogous to

those used by Professor Turabull in his paper on two gquadratics
in four variables, To find any of the irreducible con-

comitants by this method is cumbersome, as all identities



have to be worked out in aetail and in addition the ten
symbols a,r,A,R,AS,Rb,a,f, must be paired off ianstesad of tune
five symbols 1,2,5,4,5, fnis, together with the great
simplification of the identities, more than compensates

for the addition of the extra factor (1lz%45) and the fact,
that the identities cannoct be anplied blindly,

§ 4. Determination of the irreducible covariants and

contravariaats,

The factors wnichkh may occur in a covariaant are the
five iX factors and (1234b), Thelirreducible covariaits
are traen six in nwaber;

tne five quadratics i;,
and the quintic  (12345)1.2.3.4.5..
By duality the contravariants are six in number;
the five quadratics (Kmnj)a,
and the gquintic (1234) (1235) (1245) (1345) (2345) .

& - By Determination of the irreducible complexes.

The possible factors, which may occur, are
the 10 factors (ij) and (12345). But, as a product of
(12345) by factors of the type (ij) always involves an
odd number of symbols, tke factor (12345) cannot appear in
such a concomitant, Since the factors (ij) are strictly
analogous to simple bracket factors of binary forms, we
have only 20 possible complexes,

the 10 quadratic complezes (ij)z,
and the 10 cubic complexes (ij)(jk)(ki),

for a product of four or more factors (ij) is reducible,



In fact,

(1) (k) = (ik) (jm) + (kj) (im),

(1j) (kn) = (ik) (Jn)+ (kj) (in).
By multiplying these two Bquations together and neglecting
the terms, which involve a factor squared, we have

(ni) (ik) (kj) (jm) + (mi) (ik) (k§) (jn) =0,
or

2(ni) (ik) (kj) (jm) +(j1i) (ik) (kj) (mn) = 0,

by apolying the identity (mi)(jn) to-the second term,
But, as (ji)(ik)(kj) is itself a concomitant,

(ni) (ik)(kj) (jm) is reducible.
By the principle of duality we see that there are only 20
irreducible complexes involving the variable p,

tne ten quadratic complexes (ijk)b,

and the ten cubic complexes (12345) (ijk)(ijm)(ijn).

o

§ 6., Determination of the mixed concomitants containing

u and X,

Reductions. since (1z,543) =1, (5432) =3_(5412),

any concomitant containing the factor (12,543) is reducible,
if 12 or both of 34,45 are convolved an odd number of times,
In addition such a £A4£6F concomitant has a factor (AHBJ(ARbux)

if 23 is coanvolved an odd number of times, (a)

Yootnote 1, Grace and Young., Algebra of Invariants, Chap.XV,

Page 322,
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Further,
(12,543) :éx(éélz) )
=3, (5412) - b, (3412),
= 5}{(5413) - (54,123).
Hence,
= (12,543) (54,123)

(12,543) (1204)3_
(b)

0 by (a).

il

There also exists a reduction similar to that of part II,§ 8,
(12,543) (5432)2)1-—.:0. (e)
For neglecting the invariant factors we have,
(A.Raux) (A/Jx)ur,:a(aﬁbu)bx!_a b - a bf]u/o,
and each term on the rignt nas a factor bﬁ or b u bx. Once

again the dual product ie not reducible,

loreover,
(1334)53{1&50,
if 45 is convolved an odd number of times in M, and (d)

(2545)1XM':‘0,
if 12 is convolved an gr¥éxd odd number of times in I,

Since,
(12,043) = (5432)1, - (5431)z,

by squaring this identity
(6432) (5431)1425 = O, (e)
If now we consider (5432) as simpler than (5431),

(5431)23{1& = 0,
if 23 is convolved an odd number of times in I, (f)

Again by squaring the identity



(12,5435) - (34:51)5x = (6231)4,~ (5421)3
we have,

(5231) (5421)4,3, = 0 by (a). (e)
In the above reductions we may replace each factor by its
similar factor and in most cases obtain a new reduct ion,
We now consider the possible forms in the following order,
first those without the factor (12,543) and in ascending
order in u, then those with one factor (12,543) and finally
those with both the factors (12,543). and (54,123).. We only
write down one of each pair of forms,which are similar, and
those forms which are reducible are marked R, The method
of reduction in each case is indicated shortly at the side,

No factor (12,543).

One u factor, We have the five concomitants
(1jkm)iJ k.,
and the types
(12545)(1334)5x,
(12345)(1235)4X Bl
(12345) (1245)3 .

Two u factors, We have tne types

(1234) (1235)4,5, R (e),
(1234) (1245)3,5 R (d4),
'(1234) (2345)1.5, R (d),
(1234) (1345)2_5, R (d) and (£);
(1235) (1245) 3, R (&),
(1235) (1345)2,4, R (f) and (a),
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and the ten
(12545)(ijkm)(ijkn)ixjxkx.
Three u factors,
We have the ten
(mnjk) (mnij) (mnik)mxnx,
the duals of the previous case and the types
(13545)(1245)(1545](3345)1xzx31,
(12:545)(1234)(1335)(1345):&2{4}{5x R (1),
(12345)(1423)(1435)(1455)2X§xpx R (4),
(15345)(1b23)(lba&)(1534)2x3x4x R by (1524)3,
(12345)(2514)(3315)(2545)1x4xbx R (d),
(12545)(2415)(2413)(2435)1x3x§3 R (d).
Four u factors, We have the types
(3.234)(3315)(1245)(1345)2x§x4x5x R (e),
(1234) (1225) (1245) (2345)1.3.4.5, R (a),
(1234)(1253)(1345)(2345)1}{33{4}(5x Ri(£),
and tne five
(12345) (1jkm) (ijkn) (ijun) (ikan)i,
the duals of the concomitants with one u and four x factors,
Five u factors, Bither no x factors or five x factors
occur, The 1irst has been already considered and the second

is reducible,

One factor (12,543). We have the simple forms

(12345) (12,543),
z <
(12,543)°,

together with two similar forms,
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gne u factor, By using reduction (a) we see that there is

only one possibility,
(12,543)1245)3x R (b),

Two u factors, We have the tyves
(13,543)(1354)(2345)2 S 4. R (e),
(12,543) (1235) (2345)5,3.2, R (c),
(12,543)(1345)(1545)1 4 5

s i i ol
(12, 543)(1&345)(1245)(1534)3 T
(12,543) (12345) (1245) (1235)3, R (f) mod (12, 545)(54 123)
(12,543) (b1234.)(2345) (1345)1. 2, R (f) mod (12, 545) :
Three u factors, We have the types
(12,543) (1234) (1235) (1245)344xbx R mod (12,543)(54,123),
(12,543) (1234) (2345) (1345)1,2.6. R mod (1z,543)%,
(12,543) (12345) (1234) (123 b)(3345)2x31 2 el
(12,543) (l“°45)(1234)(ld4b)(1345)1x4x
(12,543) (12345) (1235) (1245) (1345)1,54.
The only possibility with four u factors is
(12,543) (12345) (1345) (2345) (1234) (1235)1,2,4,5,,
and this is reducible mod (12,543)%,
There is no possibility with five u factors, There are thus
six irreducible concomitants containing one factor of type
(12,543), the three in the list above and three siwilar forms,
It is important to notice that each oI these six is irreduc-

ible but that their duals reduce by (c).

Both factors (12,543) and (54,123).

If both the factors (12,543) and (54,123) appear in a

concomitant, since 12, 54, 23, and 34 must all be convolved



ain even number of times, there are very few possibilities
and finally we are left with
(12,543) (54,123) (1235) (1245) (1345)1 1.5,

and its dual

(15,543)(54,123)(1z345)(1234)(3345sz;x4x R (c).

en

T Determination of the mixed concomitants containing

P and X,

Reductions. If we consider the P factors in the ordexr of

simplicity,
(12), (54), (=3), (24),
(15),
(14). (52), (13), (53),
(24),

by identities of the type (ij)k EEO, we see that

2, cannot occur with (13) or (53),
4 . . W (B%) . ex (13),
S 2 8 (24), (n)
1 g ' v (2a) ox (28),
5 " " ¥ (42) or.(41),

Further by identities of the type (ij)(im)g'o, we see that
the products

(13) (=4),

(63) (24),
(13) (52),
(63) (14), (1)
(1 5)

4)(25)(15),
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(24) (14) (15),

(42) (b2) (51),

(14) (=4) (25),
are reducible, The concomitant

(13)(35)(51L)M= 0 (J)
also, since (13)(35)(51) is an actual concomitant containing
no invariant factors,
We first consider those concomitants which do not contain
the factor (12345),

No factor (12345). In this case the only irreducible

concomitants that appear are the 10 mixed concomitants
(13943,

This follows as a result of the analogyv with binary forms

(see § 5).

Forms containing the factor (12345), If the factor (12345)

appears in a concomitant M, M must contain five x factors,
three x factors, or one x faétor, since the number of
symbols in a P factor is even, Five x factors cannot occur
in M, for in that case the symbols appearing in the P factors
must be paired off, Accordingly M contains at least one
factor (ij), in which i,j are not successive integers, and
as a result the concomitant factor (ij)ixjx.

By considering list (i), we see that there can be
no irreducible concomitants involving eight or more P fact-
ors, But if seven P factors occur and (24) occurs,

(13) and (53) cannot appear nor can any ofthe products,
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(14) (25) (15),
(24) (15) (14),
(24)(51) (%),
(24) (14) (29),
aid so in this case seven P factors canunot occur, But , if

(<4) does not occur, the products

(13) (52),
(63) (14),
(13) (35) (52),
(14) (25) (15),
(13)(35)(51)
are prohibited, Hence the only possible from involviag

seven P factors is

(12) (23) (34) (45) (25) (15) (35)M,
or tine similar form, Since lxmust occur among the x factors
in M, this form is reducible by (h). Hence there are no
irreducible concomitants containing seven P factors,

We shall now consider the remasining concomitants

in ascending order in P, Since (12), (54); (13), (53);
(23), (43); (25), (41); are similar factors and (15), (24)
self similar factors,we need write down only one of every
two similar forms,
One P factor, There is only one type

(12345) (1] )k me ng,
but all concomitants of this type are equivalent to

(12345) (12)3,4,5,,
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(12545)(33}114X5x,
and two similar forms by reductions (h).
Iwo P factors,one x factor, There is only one type
(12345) (1j) (km)n .
If we let n=1,2,3 in succession and use reductions (h), we
are left with,
(12345)(25)(45)1x,
(12345)(43}(15)2x,
(12345) (12) (45)3
and two similar forms,
Two P factors, three x fectors, There is only one type
(12345) (ij) (ik)m n_3_.
Since
(12545)(13)(ik)mxpx; =_.=-(12545)(ij)(im)1cxnxix etc.,
if i,k are not successive integers, by letting i =1,2,3
in turn we see that all concomitants of this type reduce to
(12345)(12)(15)2xax4x,
(12345) (21) (23)2,4,54,
(12345) (32) (34)3,1.5.,
and two similar forms,
Three P factors, one x factor, There is only one type
(12345) (1j) (ik) (im) 1,
(12345) (1) (ik) (mn)i_.
The concomitants of the first type reduce by reductions (h) to
(12345) (12) (14) (15)3_,
(12345) (21) (23) (25)4_,

(12345) (31) (32) (34)5%?



and two similar forums, For,since the form
355(14345)(*11[54;(34)5_
= (12345) (35) (34) (3<)1 —+ (12345) (15) (32) (34)3,
= ¥+Z,
and the form Z apnears in tne list of irreducible forms of
the second type, we may neglect Y the form similar to X,
The concomitants of the second type are equivalent to
(12345)(12)(13)(45)1x,
(12345)(12)(15)(43}1x,
(12345)(14)(15)(23)1x,
(12345) (21) (23) (54)=
(12345) (24) (23) (01)2,,
(12345) (25) (23) li)2 R,

(12345) (34) (35) (21)3_,

(
(
(12345) (25) (21) (43)2,
(21
(12345) (34} (32) (15)3_,

and seven similar forms, The form marked R reduces by
the identity (25)(14)=0.
Three P factors, three x factors, There is only one type
(12345) (mj) (§1) (ik)i,j, n,.
In this i,j; i,k; j,m must all be successive integers, or
else the form reduces by the identities
(ij)ne=0, (ik)j =0, (Jm)i,s 0,
Accordingly we we are left with
(12345) (34) (32) (45)1_3_4_,
and the similar form

(12345) (32) (34) (21)543,2.
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Four P factors ,one x factor, There are two tynes
(12345) (1j) (ik) (im) (in)i_, 5
(12345) (1j) (ik) (jm) (jn)iy.
The first type yields five concomitants, In the second
type, if i=l and j=2, one oi (24) or (25) must occur and so
the form is reducible, If i=l and j=3, (35) cannot occur
and so we have thne possible lorm
(12345) (13) (15) (32) (34)1
If i=1 and j= 4, (42) canunot occur and if i=1 and j= 5,
(62) cannot occur and so we have the two forms
(12345) (14) (12) (43) (45)1
(12345) (15) (12) (53) (54)1,
the second of which is equivalent to its similar form,

By a similar treatment for the cases i=2 and 3,we have :

as a final list of concomitants of the second type

(12345) (13) (15) (32) (34)1,,

(12345) (14) (12) (43) (45)1 e

(12345) (15) (12) (5 3)(54)1 == its similar form,
(12345) (21) (23) (48) (15)2,,

(12345) (24) (21) (43) (45)2_

(12345) (31) (34) (12) (15)3_,

(12345) (32) (34) (21) (25) 34,

and six similar forms,
Four P factors, three x factors, There are three types
(12345) (mn) (13) (Jk) (ki)i_J k.,

(12345) (mi) (13) (§k) (kn) i, d ko
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(12345) (mn) (nj) (jk) (kn)i_j k .
XXX

The first type is not possible,since all of i,j; j.k; k,i
cannot be successive integers and so the concomitant resolves
into factors. In the second type m,i; i,j; Jj,k; k,n
must be successive integers and so we have only the one
irreducible form

(12345) (12) (23) (34) (45)2;:3;:4;6
In the third type, n,j; Jj,k; kX,n must z2ll be successive in-
tegers and this is impossible,
Five P factors and onex factor, There is only one type

(12345) (1) (ik) (mj) (jk) (kn) i.
In such a concomitant , by identities of the type (ji)ixf:o,
we see that;j,k must be successive integers;
that, iﬂk n are not successive integers, ij-must be;
that, if m,j are not successive integers, i,k must be,
Since j,k are successive integers, both i,j and m,j
cannot be successive integers, If i,j are successive integers,
it follows then that i,k must be successive integers, But
this is impossible,since i,j; J,k; k,i_cannot all be success-
ive integers. Therefore i,j must not be successive integers
and so k;n must be successive integers,  Since k,j are also
successive integers, i,k cannot be successive integers and so
m,j must be, As a result we have only two concomitants
of this type

(12345) (13) (14) (23) (34) (45)1x,

and the similar form



[lbééb)(53)(52)(45)(3@)(21)1y.
Five P factors and three x factors, There are four types
1_545 ..1 . I :‘ - -
(12 )(lJ‘(Jk)(kn)(nl)(m1)1XJ1Fh-
(15545)(in)(nkj(km)(mi)(mn)ixjyk

<

(12345) (13) (Jk) (ki) (ni) (in)i j X,

(12345) (km) (mj) (jk) (mi) (in)i_j k_,
In the first type 1i,j; Jj,k; k,m; n, i must all be successive
integers, which is impossible and similarily the last two
types are also impossible, In the second type, if m, n
are not successive integers, the form is reducible by the
identity (ﬁﬁ)ix O's Therefore both of k,m and m, i cannot
be successive integers, Further either i,n oyk,m must be
successive integers and also one of the pairs n,k and m,i,
If i,n are successive integers, m,i cannot be, since m,n
are successive integers, and therefore n,k must be successive
integers while kia cannot be, Hence the form has the factor
(km)(mi)kxix. If i,n are not successive integers, k,m must
be and so mji cannot be successive integers, But, since one
of the pairs n,k and m,i must be successive integers, u, k
must be successive integers., Hence k,m; m,n; n,k must all
be successive integers and this is impossible, According-
ly there are no irreducible concomitants coataining five P
factors and three x factors,
Six P factors and orex factor, There are two types

(12345) (jk) (jm) (§n) (km) (kn) (nm) i _,

(12345) (§1) (ik) (mj) (jk) (kam) (nm)1_.
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Of these two types we needonly consider the secoud, for,
gince one of k,m; Xx,n; n,m cannot be successive integers,
L]

we can apply an identity of the type (ﬁﬁ)ixe.o to the first

DE, In the

Ny

type and reduce it to two forms oi the second ty

second type we see that k,j must be successive integers,

that either m,j or i,k must be successive integers and that

‘either m,k or i,j must be successive integers. But it is

impossible for this to be the case, since the product

of (kj) with one of both pairs (mk),(ij) and (mj), (ik)

consists of three factors with a symbol in common or

else is of the type (ij) (jk) (ki).

Six P factors and three X factors: There are two types
(12545)(im)(mj)(jk)(knJ(niJ(mn)iqukx,
(12345)(iJJ(Jm)(mk)(ki)(mi)(inlixjxkx.

In the first type, m,j; Jj,k; k ,n must be successive integers.

Accordingly m,n cannot be successive integers and thne form

reduces by (mn)ix. In the second type .m,i; m,j; m,k

must all be successive integers and this is impossible,

Hence there are no irreducible coincoumitants countaining six

P factors, We have already shnown that there are no irred-

uéible concomitants with more tuan six P factors and so the

list given in § 2 is complete,
By the principle of duality we can write down the

irreducible concomitants involvimg p and u,

The determination of the concomitants containing P

and x has not been attempted. The 1list of irreducible forms

Footnote 1, Tnere is a third possible tvpe

(12345) (im) (mj) (jn) (i) (mk) (kn)i.j-k. bat this tvie re-

3 R A s i ' S B 3. e g s
duces to the Iirst type by identitiss of the type ({i)k = 0,
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would be considerably longer but could be obtained by the
methods that we have used, Since the complete system

for the case of four variables contains 122 forms, we should
expect to obtain at least 700 or 800 forms in the complete
system for two quadratics in five variables, as the labour
involved in the latter case is at least five times as heavy

as that ol tne former,
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Part IV,

Applications of tne general theory

to two quadratics in six variables,

The prepared system,
Summary of results,

Determination of the prepared system,
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y 1. The prepared system,

There are five sets of variables
X,
LEXY,
PoXyz,
p=xXyzt,
u— xyztw,
The invariant factors are the six
(ad), a[o ] {A.BRB)' (AéR),- ro) (r/"
where A, R,d , and f? are written for A;::’ h.d, ‘b‘b and Rg
respectively.

There are six x factors of the type ix;

rs)t_, I

3
4, = (A4R5x) = (abcRn)d :(AQ =
5

=(Roex) = (abcdR)e r;ts-
6 "_'.I‘x. |
There are fifteen Q factors of the type (ij);
(12) =p (AQ),
(65) =z, (RQ),
(13) = (aA5R,Q) = (abB,) (adq),
(64) = (rRzA,Q) = (féA4) (rtq),
(14) = (ah,R4Q) = (&bCR,) (adq),
(63) = (rRyAzQ) = (rstaz) (rkq),
(15) = (aRxQ) =T (asq),



(62)

I

(rqu) = é.f,(rl;Q),

(16) :'(arQ),

(23) = (aR,) (A;PQ) = (AR, af(bCQ)

(54) = (RA.,;)(Rborq) =(RA4 r (stQ),
(

(34) = (AgR;) (A.R4Q) = (AR,) (aBR,) (&dg),
(24) = (A}DA4Réq) (4,r8) (btq)
(53) = (ReR4ALQ) = (R aD) (8cq)

(bsq).

e s
o
cx
(@5) = A;qu,)

\m'

T
o
There are fifeée D

@

n p factors of the type (ijxm), the
duals of the fifteen Q factors, For brevity in the remain-
der of the list a product of invariant factors has been
indicated by I, If 12 is conwolved, I includes a,, if 23,
(AR‘*) etc. and in any particular case the value of I may
be written down immediately,

(6543) = I(Rép),

(1234) = I(A4p),

(6542) = I(RBAfo Rnbp)a 5

(1235) = I\ASchp) = I(Assp) ? o

(6523) = I(RA Fp) £ Iéf(Rﬁép),

1264) = I(ARgzap) = IX (Astp),
: = = Ia bd ’
6234 ) I(I'A4)op) a’.{o(r-(-:.p)

= I(aRg#p) = Ir, (astkp),

2345) = I(wpp) =1 (bedep),

(

(

(1543)

( a

(1654 ) :'.I(a.R D), f

(6123) = I(

(1365) — (aASRQRp),.I(abR ) (acRp),
I(

(6412) =
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(1346) = I(aA R, rp) = I(rs4,) (akirp),
(1265) = I(ARp).
There are twenty P factors of the type (ijk);
(123) '::I(A:,)P),

(654) = 1(3:513),

(124) = I(AA,R,P) ::I(Aé:r"s)(AfP),
(6563) = I(RR4A-P) = I(R ab) (RcP),
(125) = I(ARoP) :Ii‘a‘ (AsP),

(652) = I(RA!DP) = Is_ (ROP),

(

(

(134) = I(aA4R4P) = I(é.BR ) (aédPp),

643) =I(rRA,P) = I(2s4 ) (rtkp),
135) = (aAgR,RaP) = (abR )I;_(aéé'P),
642) = (rH5A4A(>P) = (rsAtk)é.'f(rf‘t_)P),
136) = (aAzR,rP) = (abR,) (aérP),
641) = (rRzA aP) = (vsa,)(rtaP),
I(aRaP) =IT (astP),

623) = I(rAsrnP) o Ia'.(o(rbcP),

o
(3]
S
1}

(AJP) =Ia::.a (f)(::dP),
543) = I(R,P) = Ir, (stkp),

254) = I(Af:deP) = I (bstPp),

r

L,
523) = I(RdAsrP) = Ird a{a (sbecP),

There are six u factors, the duals of the six x
factors, of the type (ijkm);
(12345) = aF(AR4) (43R5 ) (RA,) @ u),
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(65432) = (RA )(ﬁ A, ) (R A) fu)
(1lx346) = aF(AR4)(A5R5)( 4T ru),
(65431)

i

r(Ra,) (RA;) (R au),

(12365)

1

afo(AR )I‘ (ARU-) ’
(65412) = ;N( %F(R Au),
There is one factor of the type (ijkmnt),
(123456) = aF(ARé)(ABRs)(A4R)GXr).
There are three factors involving u and x;
(13,6543)‘::1x(26543) = - 6,(12543),
::I(AR4ux),

:'Iax(bRéuJ;

(65,1234) ::éx(51334):: - 1,(65234),
= I(RAéux);
= 17 (8A4u);

(123,664) = 1_(23654) = 6, (12354),

= I(AzRzux),
:;Iax(bcﬁsu);
There are eight factors involving Q and u;
(123,1654) = (12) (31654) = (16) (12354),
::I(ASaRSQu),
I(abQJ(éaR3u);
(654,6123) = (65) (46123) = (61)(65423),
I

]

R,rABQu),

1

(
(rsQ)(irA,u)°

=1
(165,1234) = (16) (51234) = - (13) (6524),
=I(aRA Qu),
(ar

=I(ar )(BA4u);



(612,6543) = (61)(265.3) = - (64) (1253),
= I(rARLLC;U.),
(r&q) (bRyu);

I
(265,1234) = (26) (51234) = - (23) (65124),
I

(512,6643) = (51) (£6643) = - (54) (12653),
= I(RotARQQu),
= I(RxaQ) (bR, u);
(123,6543) = 113) (£6543) = (63) (21543),
= I(AZJRQQU.),
= I(ééQJ[BRéu);
(654,1234) = (64)(51234) = (14)(56234),
:I(RsﬂéQuJ,
:I(I“f"%) (éA‘;u).
There are six factors involving P and u;
(1265,‘6543) = (i65)(26543) = (465)(21655),
:‘I(ARRéPu), '
:I(éh?)(t;héu);

(6512,1234) = (612)(51<34) = (312)(56124),

I

I(RAA4Pu),
= I(zAP) (sAju);

(1236,6543) = (136) (£6543) = (536)(12643),
= I(AzrR Pu),

— 1(acrp) ("6].-‘{411);
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(6541,1234) ::(641)(51534) =:(é41)(65154),

(1234 ,6543)

(1236,6541)

There are sixteen

(123,654)

(126,543)

(651,234)

(123,154)

(654,623)

—

—_—

—_—

—_—

::I(RaaﬂéPu),

— I(féaP)(éAéu);

C (134) (£6543) ::(554)(1a645),
= I(Ay RQPU.) ;

= I(2¢dP) (bRyu);

= (126) (36541) = (156) (36241),
= I(A5rR,oaPu) 7

= I(éﬁrP)(éRBau).

factors involving p and Q;

(12) (3654) = (65) (1234),

=k (ABRbQP) ’

I(abQ) (GRzp);

= (16)(£643) = (56) (2143),
I(Arﬁngp).

I(arg) (bR¢19)
(61) (5234) = (21) (5634),

= I(Raﬂéf’QP) )

:;I(faq)(éa4fp):
= (12) (3164) = (15) (1234),

—

—
A,

I(AzaRAQp),
I(abq)(éaRap);

= I(aBQ) (Gastp)L, ;

—

1

N

(65) (4623) = (62) (6543),
I(RyTAzpQp),
I(rsq)(trAzpan),

1(rsQ) (trbép)a,;

/D
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(654,61%)

(134,165)

(643,61%2)

(£34,265)

(543,512) =

(123,543)

= (13) (2165) = (15) (1236),

I(A,aRqp),
= I(acq) (bakp),

=g I(af%)(kbép);

= (64) (561%) = (62) (6541),

= I(RyTAQD),

= I(rsq) (trap),

= - I(rag)(R;bp);

= (13) (4165) =(16)(4135),

= I(aA R, aRqp),

= I(arg)(aA R, sp);

= (64) (3612) = (61) (364%),

= I(rAéRérAQpJ,

= I(réQl(rAéRéﬁp);

— (23) (4265) = (26) (2345),
(A PAPRGD),

= (ch)(dAfRn)a ,
(beq) (dAbp)a, &, ;

=T

PP
(54) (3512) = (bl)(543d)
I

"

(R o{RatAQ,p) -
I(5tQ) (kRxAp)y,,
1(5tq) (ksAp)z, T ;

H

H

(13) (2543) :.(53)(3145),

I

=14 RédQD)
= I(acq) (bR™p ) ;
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(654,234) = (64) (5234) = (24) (5654),
:]IRsAQFQp),
=I(rtg) ('sAq{opJ;

(123,365) =(13)(2365) = (63) (1235),

::I(AaAbhéﬁng,

H

I{acq) (vALRsRp),
= I(rAbrtqw.J (Aasp);
(6b4,41x) = (64)(b4l2) = (14) (6542,
=7 (HbRoA&AQp) z
= I(éﬂbAéQ)(Réﬂp),
(12,34,60) = (1236) (45) = (143 ) (25)
— I(AA R/ RQp),
= I(AcTp) (dsQ) (abRy).

There are eight factors involving p and X;

(12 ,543) :.1x(3545) = 4X(1553),

=F (A.Réqpx) 5

Ia!.x('k‘)R‘kdp);
(65,234) —6_(5234) =3 (6b24),
X
=I(RA pr} 2
= Ir (8A, af )3
(12,346) :;lx(5346) = 4x(1236),
==I(AA4R4rpx),
= Iax(bAqukrp);
(65,431) :;é (5431) = 3_(6541),
= I(RR A4apx)

bes Irx(aR4A4ap) ;

= (1536) (24),
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(1z,654) =1 _(2654) = (1264)5_,
::I(A.Rbpxj’

= Ta dep; -

"
(65,123) = 6, (5123) = _(6613),
= I(RA;px),
= Ifx(éAbD);
(23,654) =3 _(3654) = 5x(2564),
= I(AéerPXJ ,
= Iéa.f Bx(éRbp');
(54,123) :éx(élaaj = 2_(6413),
= I(RSXAépx),
= 3:1;, éx(tA;jp).
There are six factors involviang P and
(12,34) = 1,(234) = 4_(123),
= I(AAéRéPx),
bA,R,P);

= Iax(

(65,43) = 6}{(543): 3}((604),

N

I (RRQAéPx),

i

Irx( sR4A4P) :

(12,65) = lx(‘a65) = bx(lzb),
= I(ARPx),

Ia_(bRP);

(23,54) = 2x(354) = 4x(2.55),

I

1

1

I(Ay f;dePx) 5

= I'.ar, b, (cRzaP);

87



(1z,54) = 1_(254) = 4,(125),

= I(ARAPx),

= Ia_(0bRAP);

@t
(65,23) =6 (523) = 3 (526),
X x
::I(RAbFPx),

= Ii‘x(S-A:sf’PJ.

There is one factor involving p,X and Xx;
’

(12,34,65) = (1236)4. 6 = (1436)2x5X = (1456)2.

(o

= I(A A R Rpxx),
= I(Acrp){ab'q)dxsx.
fnere is one factor involving §,u and u;
(1265,6543,1234) = (16) (26543) (51£34),
= I(ARQRA4Quu),
= I(éfQ)(bRéuJ[éAéu).
There is one factor invoelving P and P;
s : : ; = - :
(12,34,65) = (123)(465) = {(143)(265) = (126)(435),
:fI(AAéR4RPP),
= I(acP) (dRP) (abR,).
There are two factors involving P, u and X;
(123,6543,65) = (163) (26543)5_,
= I(arcP)(bRéu)sx;
(654,1234,1c) = (614) (v1zd4)e _,

= I(RyA APux),

)

I(zatP) (sa,u)b .

88



89

In finuing tue values of I in the above list symbols
separated by a cowmna are noct to be counted as convolved;

thus in (12,34) the value of I is g

f

(AbRQ) ,and in
(12,34,65) is aF(Abﬂa)qx.
Throughout we have writteu,

A= 2ab, Ab: abe, ..*:s.4 = abed,

R=rs, R3= rst, R, = rstk,

In the definitions of tne bracket factors, it is
sometiues necessary to use previous definitions; for
example,

(12, 34) = Iax(bAéﬂ4 ),
Ia_(abR, ) (bedP)
by the definition of (134),

TS Summaryv of results,

The prepared system thus consists of 115 factors,
0f thess 63 are simple factors;
6 x factors of type ix,
duals
6 u factors of type (jkmnt)
15 q factors of type (ij),
duals
15 p factors of type (kant),
20 P factors of type (ijk),
1 factor (123456);
47 are linear in two sets of variables;

3 u,x factors of type ix(jkmnt),

8 Q,u factors of type (iJ) (imntk),
] ) duals

8 p,x factors of type (mntl'cJJX
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6 P,u factors of type (ijk)(ijtmm),
. duals
6 P,x factors of tyne (mnt)k

-
5 n,q factors of type (ij)(imnt},
12 p,q factors of type (ij)(&imn},
1 p,q factor (1235)(45);

1 is quadratic in the variable P; (125)(465)-

1 is quadratic in x and linear in p; (laég) g
duals

1 is quadratic in u and linear in Q; [ée;(laabe)(lzs45)-

Do

are linear in the three variables P,u and X;
(iESJ(é6b43)5x, _
. duals
(04¢JL14346)1
These factors illustrate very clearly how the principle
of duality apnlies to the non-simple bracket factors., (See
Part I § 6). Corresponding to every non-simple factor is
a dual factor formed by taking the duals of the component
factors and permﬁtine tne same symbols, for example,
1_(234) yields the dual factor (23456) (156). A factor may
ol course be self dusl, as is the case with (lzé)(iﬁ5).

o

S Determination Fof the prepared system.

When n=6, there are six sets of cogredient var-
iables which we may take as &«,yv,z,t,w,k. These variables
must be convolved to give,

(xyztwk) = 4

(xyztw) = u,

(xyzt) =
(xyz) =P,
[y ) =



Hence by theorem I, Part I, we have the 63 simple factors
given in § 2, We must now determine, if ever in forming
the simnle factors (ij) etc we have broken up a convolution
of successive integers, tnus disturbing the invariant factors
introduced in § 3, Part I, Since the only factor involving
all six variables is (123456), and in this 12,23,34,45,56
are all convolved, it follows thnat no invariant factor is
disturbed in forming & ., Let us consider tae Tormation
of the factors involving the variable u first of =zll.
For simplicity we csll a factor contalning m symbols an
m-factor, If one of the variables x,y,z,t,w, convolved to
form u, appear in a four-factor, we may take four of these
variables as a pearing ir that factor, Ior

(ijkr]xyz%)(mn wy) = (ijkr‘i&wt)(mn'éy)-f(ijﬂrﬁ]u)ﬁy.
Proceeding in tiiis manner, we see that we lose nothing by
assuning that four of tne variables occur in tne four-factor,
We have thnen to consider tne cases, in which the fii'th
variable occurs in & two-factor, a three-factor or a four-
factor, I'ne case with tne fifth variable in a one-factor
obviously does not reqguire to be considered, If the four-
factor is (ijkr|xyzt) or more snortly (ijkr), the two-factor
cannot contain any of the symbols i,j,k,r,; the thnree-factor
can have at most one and the four-factor at most two oi the
symbels i,j,k,r, for otherwise in the formation of u no
invariant factors would be disturbed, Since there are only

six possible values for i,j,k,r, we must consider,



(ijkrn)m,
(ijkrn) (im),
(ijkrn) (ijm),
wnere i,j,k,xn,m are all distinct and we have rot written in
tie variables,
If none of tne variables,convolved to form u, oceur in
a four-factor, one may occur in s taree-factor, In tnis
case, as belfore, we may sssume tnat tiaree of tue varisbles
forming u occur ian tnis factor and we have to coasiaer the
cases,
(a) Three variables in one tureelfactor, two in anotner,
(b) ‘Three variables in one turee Factor, one in each of
two tanree-factors,
(c) Three variables in one tuaree-factor, one in anothner
tnree-factor, one in a two-factor,
(d) Three variables in one three-factor, one in each of
two two-factors,
In case (a) the same symbol cannot appear in both three-
factors, and accordingly we have tine sole possibility
(ijkrm)n,
In case (b) we have
(ijkra) (mn) (be),
whére no two of i,j,k are the same as two of r,m,n or of

a,b,c nor two of a,b,c are the same as two of r,m,n, For,

if rmn =ijn, (b) beconmes



aid here ijn are still convolved, The rest follows frowm the
fact that we might have started with the factor (rmn) or

(abec) in place of (ijk).

In case (c) we nave (ijkra)(ma)b,
where ijkrmn must involve at least five distinct symbols,
But neitner of a,b can be tne same as one of i,j,k or the same
as one of r,m,n and hence this tyne is impossible,
In case (d) we nave (ijkra)mb, where r,m and a,b are distinct
from i,j,k. If abz-rm , this type. is obviously reducible
aid so0 we must consider the case

(ijkrr)mn = (ijkar)mr + (ijuar)k r

and each term on the right reduces to simpler bracket fact-

The further case, in whicn only two-factors can occur,
is easily seen to be impossible.

If the variable w does not occur but the variable
t does, 1e if thie variable p appears but not the variable u,
and one of the taree variables convolved to Torm p eceur in
a three-factor, three of them may be considered to occur in
that factor, Hence we have the types,

(ijkr) (mn) from two three-factors,

(ijkr){im) from two three-factors,

(ijkr)m from one taree-factor and one two-factor,

But, if no three—factogbccur, we have the type

(ijkm)f n from three two-factors,

If no variables w or t occur, but z occurs, we have
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the single type
[iik)x &
We have thus tihe following types to counsider,

ijkrm)n

5

1Jxrd)(1n

(
(
Ge [ijkerm) (ija),
(i xrm)n
(ijkra) (im) (ja),
F. (ijkr)(mn),
G. {ijkr)(im),
H. (ijkr)m,
I, (ijkm)f @,
J. (ijk)m,
We now consider thiese types in deétail,
Type A. ! In A, mn must be successive integers and so we
have the types,
1(£3456),
5(31456) = 6(12345) + 1(32456),
3(41256) = 1(23456) + 6(12345),
4(51236) = 3(45612) —+ 6(51234),
5(61234),
We are accordingly left with only two of this type,
1(£3456) and 5(61234),
if we include type D, For example the term 1(32456),
on the right of é(élébﬁ) can be neglected, since (32456)

has 32,45,56 all convolved,

Hootnote 1, Dee appendix A page 112,

=
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Type B, In type B m,n must be successive integers a.uu'by
letting 1z1,2,3 in turn we have the possibilities,
(12) (14563),
(13) (12564) = (15) (12346),
(1&)(1a365)§z(12)(14563),
) (2346),

23) (21564) = (25) (12346),

(15
(
(;4)(31365)5’(b6)(al&4b),
(25) (21346),
(64)(3456i},
(34) (32165) = (32) (34561),

(35) (32146) = (32) (34561),
together with similar types, These types reduce as indic-

ated above to the eight,

(12) (14563), (es)(esaldJ,

(15) (12346), (62) (65431),

(25) (21346), 52) (56431),

(31) (34562), (46)(43215).
Type C, In type C, m,n must be successive integers and
so must k,r, Accordingly m,n and k,r may have the fellow-

ing values,
m,i =12 k,r=d54 0r 4,007 3,63
m,n=2,9; k,r=4,5 or §,6;
m,n=3,4; Xk, r=05,6,

From these values we get six types,

(i56)(5654£),
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(163) (6345%) ,
(134) (34562) ,
(216) (16453),
(214) (14563),
(412) (12563) .
Type D, Since r,m,n and i,j,k must be successive integers,

there is only one factor oi this type,

Type H, oince

-—

(ijkrn) (im) (j@) = (ijkrm) (if) (j7@) + (ijmra) (ik) (j&),

n

(ijurd) (ik) (i) mod factors already
considered,

we may interchange the rdles of ijk and imr and similarily

the roles oif ijk and jmn, If we consider tine factors

ijk, imr, jmn in turn as the foundation for the u factor, we

see tnat ijk, imr, jmn must all be sets ol three successive

integers, They must be chosen from 123, <34, 345, 406

and any three oi these include two sets with two symbols the

same, Accordingly a factor of type E would simplify,
Type F, In this type a2t least two of i,j,k and at least

two of r,m,n must be successive integers and so we have the

possible cases,

(1z54)(56),
(1243) (56) = (1245) (36),
(1253) (46) = (1253) (46) = (1345) (62),

(1263) (45) = (1345) (62),



(1342) (56) = (1345) (26) = (1563) (42) = (1662) (34),
(1452) (36) = (14523 (36) = (1x34) (56),
= (1234) (56) - (1236) (45),
(1662) (34) = (2345) (16),
These factors reduce as inaicated above to the three,
(1234) (56),
(3452) (61),
(4325) (16).

ype G. In this type, m,n must be successive integers

-3

and so must j,k. We let 1 =1,2,3 in turn and so get tue
six factors,
(12) (1345),
(1£) (1356),
(13) (1456),
(23) (2456) ,
(31) (3245),
(31) (3256),
and six similar factors making twelve in all,
Type H, In this type, r,m must be successive integers
and so must at least two of 1i,J,k. We accordingly have,
1(2345),
1(2%46)
1(2356) = 6(1235),

3145) = (1235)4,

()

<
<

(
1(2456),

(

(3156) = (1236)5,
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2(54&6),
3(4126) = 1i(346)
3(4125) = 1(2345),
5(4156) = 6(1345),
3(4356) = é(aséé),
and similar factors, but these reduce as indicated above
to the four factors,
i(éééo),
1(2346),
1(2456),
2 (3456),
and four similar factors,
Tvpe I, In this type, i,j; k,r; m,n must all be pairs of
successive integers and umust all be distinct and so we have
only the one possibility
(1235)4 6,
Type J, In this type 1i,j ana k,m must both be pairs of
successive integers and so we have the types,
1(234),

1(245),

Further u factors, Since tynes F,G,H,I, and J only arise

when no variable u is present, we need only consider types A,
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B, C, and D in the formation of new u factors, Let us
first consider C= (ijkrm)(ija|Y).
If one of the variables of Y is to be convolved to form
a variable u, and nore of the components of this u occur
in a four-factor, tnen all three variables in Y may be taken
as forming part of u, Thus we have the possibilities, 1

(ijkrm) (ijnab),

(ijkrm) (ijnab),

(ijkrm) (ijdab)ec,

(ijxrm) (ijnab).
In the first case abFij or m ogh and so must be xr, By
the fundsmental identities this reduces, Similarily the
second and thne fourtihn obviously reduce; for example tne
second

= (ijkra) (ijaab),

vhicn is a factor of the types already considered multiplied
by the simple factor (ijmab)., In the third case, none of
a,b,c is i or j; hence two of them are m,n or k,r and if
ab=mn, e=ik, We have then tine type

(ijkrm) (ijnmr)n,
which is reducible. Since in C k,r and n,m are interchange-
able iais type reduces 1in every case, The only other case.
to be: considered is that, in which one of the variables of u
appears in a Tour-factor. We thus have

(ijkrm)(ij)(ﬁabcd).

This is obviously reducible, if abcd includes ij. Let now

Footanote 1. The symbolse,—,x over a letter mean thatu

the letter below belongs to a coavolution of letters even
though the other members of the convolution are omitted,
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abcd involve i but aot j, then , since K,r and m,n are inter-
changeable in C, (ijkrm)(ij) (fimnr) is typical. But this
is equivalent to

(ijkrm) (in) (jimar),
which is a product of factor types already coasidered, Ve
are left to consider

(ijkrm) (ij) (Amnkr),

I

(ijkra) (in) (Jmnkr),
anu tnis latter cau be obtained irom two A factors and ap-
pears in the consideration of tne @ factors,
We now consider type B =(ijkrm)(in|Y), If one of the
component variables ol Y is convolved into u, we have the
types,

(ijkrﬁ)i(ﬁabcd),

(ijﬂrﬁ)(iﬁabc),

(ijkrﬁ)(iﬁéfé)(abcdé}.
The first two are obviously reuucibie to simpler types and
the last, formed from two B factors, is also reducible, IFor
afi, m, or n and g0 a=Jj, X or r,; and

(ijkrm).(inafs) (abcde)

= (ijkrf) (inams) (abedé) + (ijkrs) (inafm) (abcdé).
Bacn of the last two terms hnas a simple bracket factor as
an actual factor and hence this type is also reducible,
Since,in the formation of new u factors, A and D can only
occur with simnle factors of the tyve (ij), (ijk)etc. it is

easily seen that A and D do not give rise to any new u factors,
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Thue there are no new u factors,

New p factors, Iype C cannot occur with a p factor ; for

(ijkrm) (ijhs) = (ijkrs) (ijmm) + (ijkr)(ijams),
py identity (17) Part I, Thus C yields only six factors
of tne type (ijkrmu)(ijnP).
Turther type B cannct occur with a p factor, for

(ijkrm) (inab)
is reducible by identity (17), where a and b appear from
factors of types A, D, F, G, H, or 1, Also

(ijkrm) (inab)
is reducible, since &,b = two of J X5 T We are lef't to
consider

(ijkrm) (inab) (cdef),
arising from a B and an H factor, But this is impossible,
gince i cannot be one of a,b,c or one of dgse,f, since a,b,c
gnd d,e,f are interchangeable, If on the other hend one
of the components oi u occur in a three-factor, we have the
type,

(ijkrm)i(nabe),
where abc cannot involve i or both of m,n, If a=m, we have
(ijkrm)i(hokr) = (ijkem)i (nmkr),

and this latter is reducible, being the product of (ijkrm)

and i(mmkr) = k(mmir)., Hence abc =jkr and

(ijkrm)i(njkr) = (ijkr)i(anjkr),
where the latter is a product of two simpler factor types.
Tyoe k‘:(ijxi)(mﬁ) cannot ocecur with a p factor, for as

before



(ijﬁi)(ﬁﬁab}, or
(ijkf}(mﬁéﬁ)
are becth reducible, and
(ijkr) (lnab) (cdef),
from two ¥ factors is impdéssible, since two of a,b,c cannot
be tne same as two of y,m,n or two of i,j,k. Hence we must
comnsider
(ijkr) (nabe)m,
In this a,b,c cannot contain two of r,m,n and must therefore
contain two of i,j,k, which is impossible,
Pype G cannot appear with a G faector, for the types
(ijkr) (imsa), and
(ijkr) (imsa)
are reducible by identity (17),Part I, In the type
(ijkr) (imag) (abed),
formed from two G factors, a is distinct from i, r,m, j and

k and must tnerefore be equal to n, Similarily i is not

equal to any of a,b,c,d,e, Accordingly we must consider

(ijk?) (imnm) (nrjk)
= (ijkr) (imnr) (nmjk),
which is reducible, and
(ijkr) (imnT) (nkmj)

(ijkn) (imrT) (nkmj) + (ijkT) (imnr) (nkmj),

M

and this is reducible, unless n,r,k are successive 1integers,

Similarily i,j,k; i,m,r; n,m,j must all be sets of successive
integers and on trial this is seen to be impossible, We have
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still to consider tne type
(ijkr) (thabe)i,
waere a,b,c cannot contain i or both of r,m or bota of
J.,K, since r,m and j,k are interchangesble in G, Hence we
have
(ijkr) (mnjr)i,
and this type is reducible, if i,m,n; or i,j,k are not suc-
cessive integers, But
(ijkr) (mnjr)iz (ijka) (Mrjf)i, .
and this latter is reducible, unless n,r are successive
integers, Similarily j,r must be successive integers,
Since tne only type of G factor now is
(3124) (35),
n=6 and accordingly n,j,r cannot be successive integers,
Since factors of the types A, F, H, and I can only apppear
with factors of the type (ij), (ijk), or with factors in
which the symbols are not convolved, it is easy to show
that no new p factors arise from considering them, We take
type H as an illustration, In the type
(ijkr) (mabe)
a,b,c cannot include r or m and must be i,j,k or i,j,n, But
(ijkr{) (mijk) =0, and
(ijkr) (mijn) = (ijkn) (nrij),
where n is still convolved with i and j. The only other
possible types are

(ijkr) (mabs), and
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(ijkr) (mabe),
both of which are obvicusly reducible, Accordingly there
are no new p factors introduced,

£

New P factors, The types F and G cannot occur with a P

factor, for

(ijkr) (ims) = (ijks) (imr) + (ijk) (imsr)
and no convelutions oif successive symbols have been dist-
urbed, A similar prooi nolds for the type F. Accordingly
F yields only taree factors of the type (ijkrp)(mng), and G
twelve of tne type (ijkrp)(img).

If type B occur with a further P factor, it may occur

with a single symbol, thus yielding

(ijkrm) (ina),
wnere a is not equal to i, m, or n, and so reduces to type C,
But B may occur witn a simple two-factor giving the type
(ijkrm) (ina)b,

where neither of a,b is equal to i or one of n,m, since

= e

(ijkrm) (ina)b = (ijk) (rimna)b.
Therefore we may take
(ijkrm) (inj)k
as typical, But this reduces to
(ijkrm) (knj)1i,
unless i,n,m are successive integers. From the list of
B factors we have only four possible types,
(31456) (124)5,

(31456) (129)6,



(34562) (314)5,

Oy

(54b62)(5i')

(&2

Of these, the first is equivalent to
(145) (12364)5,
= (145) (12245 )6 + (145) (12564)3,
= (145) (12564)3,
which is reducible; similarily the second is reducible; the
tnird is equivalent to
(345) (31264)5,
= (545) (4561%)3,
and is reducible; the fourtt 1is eguivalent to
(345) (31£56)6,

(356) (12456)3,

"

but is not reducible, since 3,4, which was originally con-
volved, is no longer convolved, Thus we have tuae new
factor type

(3456) (315)6,
aud the similar factor type, This type need not be consid-
ered farther, for, if the extra variable appear ian a P
factor, it is obviously reducible excent in tine case

(34562) (315) (6ij),
where i,j are successive integers, But neither of i, J
can be 5 or 3, and so ij must be 12, and

(34562) (315) (612)

(3462) (312) (561),

which is reducible. Further
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(315) (6a) = (31a)(65) + (31)(65a),
aud so0,if the exira variable is convelved to form §, no new
factor type is owntained.

If a new P factor is formed from two B factors we have
the general type,

(ijkrm) (abcde) (ina)f.
Tnis type is reducible unless i,n,m and a,e,f are noth sets
of successive integers and also if these two sets coincide,

From the list of B factors we sée tnat we must consider

O

(126) (14563) (63x14)

2

(125) (43216) (14563)4,

(312) (3456%2) (43216)5.

Of these, the first is equivalent to

—

. x

(126) (14563) (63214)5 + (123) (14563) (66214)5,
= (126) (14563) (123,456) + (123) (14563) (65421)6,
=(126) (14563) (123,456) ;
similarily the second and tie third are reducible,
We now consider tne possibility of & new factor type formed
by a B factor and one other factor of the types A, D, etc in
tarn;,
Types A aud B. B =(ijkrm)(in), A = (abcde)f.
In such a factor, e,f is not the same as m,n, nor is one of
e, £ equal to i, If e-m,, we have
(ijkrm) (ijkmm) (Tin),
= (Timnj) (ixr) (ijknm) :
= (rimnj)(irk)(ijkmn),

and tae last of these is reducibvle, Hence e,f=j,k and we
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must consiaer
(ijkrm) (inmrj) (ink).
but there is only one type oi A factor and g0, from the list

of B factors, we are leit witn

H

(23456) (165) (63214),
(35456)(1456£j(655),
(

(23456) (14562) (631,

1]

(23456) (14562) (631),

il

and
(23456) (43215) (461),
= (23406) (43%) (46511),
= (13456) (432) (4651%),
both of which are reducible,
Types B and D, B =(ijkrm)(in), D =(abcde)f.
Since abc and def are ianterchangeable in D, i may be taken
equal to e, and-we have tne type
(ijkrm) (inf) (abeid),
and this is of the type A, B and has already been considered,
Types B and H, H.:(cdeﬁ}é. We have the factor type
(ijkrm) (inad) (bed€),
which reduces as beiore , if either of a,b is one ogﬁ,m,n.

Fartner, since

)

(ina) (bcde) (iba) (ncde) + (inab) (cde),
this type reduces, unless i,m,n are consecutive integers
and also if i is equal to one of c,d,e, Accerdaingly i=1,

and we have

(fabed) (féa) (bede),
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= (fabcd)(bea)kfcaejf-(fabc&)(féab)(cde},
and poth teriws on the right are products of siupler factor
tyoes.
Iynes B and I, I= (abce)d f.
nis tyne is not nossible, since ab, cd, and ef are inter-
changeable in I and neither of c¢,d can equal i in B,
Tynes B and J, J::(bcd)é " :
As in previous cases i,n,m must be consecutive integers
and none of a,b,c,d can belcng to inm.and this is impossible,
P factors iunvolving type A and not b,

If A occurs with an ordinary itwo-Iactor,the result-
ing factor is obviocusly reducible, The only other possibility
is

(ijkrm) (nap),
= (ijxré)(mnﬁ) +-(ijkr€)(mné)-f (ijﬁ)(fmné%),
= (ijk) (runab).
Accordingly, if a,b arise from two other A factorg, this type
is reducible, since tnere are only two distinct A factors,
lhus there is no new P factor formed by three A factors,
Further, siance in A mn=12 or 56, the combination of an A
factor, an F factor and any other factor cannot occur,
Moreover, since
(ijkr) (mts) = (ijk)(rmts) = (ijkt)(rms) + (ijks) (mtr),
any factor formed from factors of types A, H, I, or J is
reducbile, Similarily type D cannot appear witn types H,

I orJ, If D occur witn anmprdinary two-factor, we have



109

(ijkrm) (nmj),
ana this is ol tyne C. We must now consider the types
H, I, and J with ordinary simople factors (ab). In type
}i:(ijxf)(ﬁab), neither of a,b is equal to oune of r,m and
S0 wWe nave

(ijkr.) (nab) = (ijk) (rwab) + (ijka) (rwb),
whicn is reducible, since at least one of a,b is the same as
one of 1, Je. Since neitner of k,r in I can egqual one of a,b
and since k,r; m,1, i,j are interchangeable in I, the factor
I witn tne simple factor (ab) is impossible but the type
J and tne simole factor (ab) yields tane new type

(1jx) (mab) = (123) (456).
The only type,whnich we have neglected,is

(1jlam) (rila) ,
and this 1s reducible, IHor

(ijka) (rfis) = (ijkr) (mna) + (ijka)(fmn) + (ijk) (mnra),

ana each term on tne ri ht has at least one less broken

convolution,
New Q fectors, Type J cannot occur with a new ¢ factor,
for

(ijk) (ma) = (ija) (kn) + (i]) (mka).

Two factors of the typne A yield the new factor type
(12345) (61) (£3456).

fhe only possibility from one A factor and oane D factor is
(12345) (61) (23496) ,

= (12345) (66) (12345),
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(IJ)(Eébaé)(lzsééJ,

I

(12) (34456) (123586),

1]

= (14) (32456) (12356),

and this last is reducible,

From A and H we have tane type
(ijkrm) (na) (bede),
= (ijkrn) (nabe) (de),

= (ijkra) (mnbe) (de),

where we have neglected terms which are reducible, From

the first identity we see that neither of n,m can be the
same as one of a,b and from the second, that neither of a,b
can be the same as one of i,j,k,r, bBut this is impossible

and so the type reduces,

Since in I i,j; X,r; m,n are interchangeable, no new factor

arises from A and I,
¥rom two D factors we have the type
(12345) (66) (12345),
= (12345) (1236 Jiyzw) (456]xyt),
= 0, by
the convolution of 4,5,6 in the first factor,
From D and H we have thne possibility
(ijkrid) (nd) (bede) ,
= (ijkrn) (nabc) (de).
This latter is reducible if a and b appear among r,m,n or
among i,j,k, Accordingly a,b=3,4 and cde is of the type

126 or 126, Therefore a,b and c,d can be interchanged and



since cd =1lx, tnis new factor reduces,
Similarily tne combinations of D with I, and H with I are
impossible,
From two H factors we nave the tyone
(ijkr) (ma) (bede),
;.(ijxfjihabé}(éé),

(ijxe) (rmab) (de) + (ijxa) (rmbe) (de).

H

From the first identity we see that neither of a,b is tne

same as one of r,m and therefore one of a,b must equal one

of i,j,k. Accordingly tnis type reduces by the second ié-~

entity,

No new type arises frow two I factors, but the single I

factor yields the new type

(1235) (46).
We have now found all possible cases in whicin a cenvelution
of successive symbols haes been disturbed, The complete
list of factor types is given in § 2, In § 1 these factors
are defined in terms of the symbols a, r, A, R, etc, and if
thhe factors I are removed, we are left with a prepared
gystem similar to that used by Turnbull in his paper on

Quaternary GQuadratic Forms,
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Appendix A,

At far

E iR

st sight 1t might appear that other factors

of the tyne (ij,«xm) should be introduced, But

(ij,km)= (ijk)m. - (iim)k.
v.9 S

Ji. = (ikm)3 .

A A

= (Jjkn
If k,m are not successive integers, the factor (ij,im)
can be expressed in terms of the simple factors (ijk),
(ijm),m. and K, o without disturbing any iavariaunt Tactors,

e

Thus,if (ij,kxm) is to be retained as a new factor k,m

must be succegsive integers, Similarily i,J must be succ-
essive integers, Furtner if k is a symbol eguivalent to

i or j, the factor (ijk) is reducible and (ij,km)= - (ijm}kh.
But in the factor [i;mj)j,j and m,k are still convelved,
for k is a symbol eguivalent to 1 or j. Hence once again
no ianvariant factors have been disturbed, Accordingly
(12,34) is tne only new factor of this type that must be
introduced.

For similar reasons factors of trne types
(13,245), (125,234),(13,456),etc, do not Tequire to be
intrediced into the prepared system for two quadratics in

o

five and six variables respectively,



