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Abstract

In this thesis, we study the well-posedness of the modified and generalized Korteweg-de
Vries equations on the one-dimensional torus. We first consider the complex-valued modified
Korteweg-de Vries equation (mKdV). We observe that the momentum, a formally conserved
quantity of the equation, plays a crucial role in the well-posedness theory. In particular, follow-
ing the method by Guo-Oh (2018), we show the ill-posedness of the complex-valued mKdV, in
the sense of non-existence of solutions, when the momentum is infinite. This result motivates the
introduction of a novel renormalization of the equation, which we propose as the correct model
to study at low regularity. Moreover, we establish the global well-posedness of the renormal-
ized equation in the Fourier-Lebesgue spaces following two approaches: the Fourier restriction
norm method and the recent method by Deng-Nahmod-Yue (2020). Lastly, by imposing a new
notion of finite momentum at low regularity, we show the existence of distributional solutions
to the original equation, with the nonlinearity interpreted in a limiting sense. Regarding the
generalized Korteweg-de Vries equations (gKdV), we present a joint work with N. Kishimoto
(RIMS, Kyoto University) on the well-posedness with Gibbs initial data. To bypass the an-
alytical ill-posedness of gKdV in the Sobolev support of the Gibbs measure, we prove local
well-posedness in the Fourier-Lebesgue spaces. Key ingredients are novel bilinear and trilinear
Strichartz estimates adapted to the Fourier-Lebesgue setting. Finally, by applying Bourgain’s
invariant measure argument (1994), we construct almost sure global-in-time dynamics and show
the invariance of the Gibbs measure for gKdV.
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Lay summary

In this thesis, we study the modified and generalized Korteweg-de Vries equations for periodic
initial data, mKdV and gKdV, respectively. These are examples of nonlinear dispersive partial
differential equations (PDEs), which are used to model wave-like phenomena in various branches
of physics and engineering, such as quantum mechanics, nonlinear optics, plasma physics, water
waves, and atmospheric sciences. Broadly speaking, the solutions of these equations spread out
spatially (disperse) as time evolves.

We aim to answer some questions which are essential in the study of PDEs from both the
theoretical and applied points of view: Does the equation always have a solution for a given
initial condition (existence)? If so, is this the only solution (uniqueness)? If we perturb the
initial condition, does this only lead to a small change to the solution at later times (stability
under perturbations)? We hope to find the roughest set of initial data for which we can positively
answer the above questions. For the complex-valued mKdV equation, we show that we can find
initial data for which the equation does not have solutions (non-existence). We then suggest an
alternative model for which solutions do exist for all times. Regarding the gKdV equations, we
find that a very natural class of solutions exists for all times as long as we ignore a negligible
set of initial data. Moreover, we obtain detailed information on how the solutions behave for
very long times.
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Chapter 1

Introduction

This thesis is concerned with the study of the well-posedness and long-time behavior of nonlinear
dispersive partial differential equations (PDEs). In particular, we focus our attention on the
Cauchy problem for the generalized Korteweg-de Vries equations (gKdV):

(t,z) €R x M, (1.1)
ult:() = Uo,

{@u+@u=i@mﬂ,
where M = R or T = R/(27Z), and k > 2 and integer. Linear dispersive equations have
wave-like solutions whose speed depends on their frequency, which translates into dispersion
in the absence of boundary conditions: wave components with different frequency evolve at
different speeds. This causes the wave to spread spatially as time evolves (see [107, 102, 35] for
more details on dispersive equations). Another classical example of a dispersive equation is the
nonlinear Schrodinger equation (NLS):

10y + Au = +|ul*1u, (1.2)

where k € 2Z + 1. The gKdV and NLS equations are two of the simplest examples of PDEs
combining dispersive and nonlinear effects, and they are widely used in physics and engineering
to describe wave-like phenomena.

The gKdV equations encompass two famous equations: the Korteweg-de Vries (KdV) and
the modified Korteweg-de Vries (mKdV) equations, when k = 2 and k = 3, respectively, whose
study dates back to the 19th century. The KdV equation was proposed by Korteweg and de
Vries in [67], although it appeared earlier in the work of Boussinesq [16], to describe the traveling
waves observed by Scott Russell in 1835 in the Union canal in Edinburgh. Both the KdV and
mKdV equations were derived to model the propagation of gravity waves in shallow water, and
they are strongly related [75, 76]. Since their derivation, the gKdV equations (1.1) have been
used for a wide range of applications, such as water waves, plasma physics, and crystal lattices
(see [67, 108, 30] and references therein). Both KdV and mKdV are known to be completely
integrable [38, 76], and can be solved using inverse scattering/inverse spectral techniques. This
structure does not extend to the gKdV equations (1.1) with k& > 4, and we will instead pursue
a harmonic analytic approach.

A fundamental question in the study of PDEs is that of well-posedness: existence and
uniqueness of solutions, and continuous dependence of solutions on the initial data. We are first
concerned with constructing solutions for short times (local well-posedness) at low regularity.
Due to the wave-like nature of their solutions, Fourier analytic tools are well-suited to the study
of dispersive PDEs. Consequently, the Sobolev spaces H*(M) are a natural choice of spaces
for the initial data. These spaces can be defined through the following norms

”fHHS(R) = |‘<€>Sflf(§)|‘L§(R)v ”fHH“(T) = ||<n>sfwf(n)“gi(z)7

where (-) = (14 -[2)2 denotes the Japanese brackets, and F, the Fourier transform. In the
pursuit of the largest possible space for the initial data, we may have to leave the realm of



the L2?-based spaces. A suitable alternative used in this work is the Fourier-Lebesgue spaces
FL5P(M), s € R, 1 < p < 0o, defined through the following norms

I fllFrsr@®) = ||<§>S]?I(5)HL,£,(R), I fll Loy = ||(n)° Fu f(n)

oz (1.3)

The main approach to study the well-posedness of dispersive PDEs is through perturbative
methods, i.e., to treat the nonlinear solution as a perturbation of the linear solution. We then
focus on studying the Duhamel formulation, which is better suited than the classical formulation
when considering low regularity initial data,

u(t) = S(t)ug £ /01t S(t — )0, (u®) () dt, (1.4)

where S(t) denotes the linear propagator. There are two main difficulties in the study of
the periodic gKdV equations (1.1) with M = T: the lack of linear smoothing coming from
dispersion (when compared with the Euclidean setting M = R), and the loss in regularity
due to the derivative nonlinearity (when compared with NLS (1.2), for example). While the
existence of smooth solutions of NLS follows easily from the algebra property of high regularity
Sobolev spaces, this is not sufficient to control the derivative nonlinearity of gKdV. The first
well-posedness results for the gKdV equation followed from the classical energy method, based
on parabolic regularization; see [8, 7, 96, 59]. This method does not rely on the dispersive nature
of the equation and is therefore suitable for both M = R and T. When pursuing low regularity
well-posedness, harmonic analytic tools have been crucial to exploit dispersion. Oscillatory
integral techniques were used to establish decay estimates, such as those by Strichartz [99], by
exploiting the dispersion of the linear propagator on M = R. These proved useful to study
equations such as NLS, but still insufficient to control the derivative loss of gKdV. This was
overcome through Kato’s observation of a local smoothing effect on R [59, 60] and the maximal
function estimates of Kenig-Ponce-Vega [61]. Due to the oscillatory integral techniques, these
results could not be extended to the periodic setting M = T. This last difficulty was addressed
by Bourgain in [9, 10]. In these works, he introduced Strichartz estimates adapted to the
periodic setting, using analytic number theory. Moreover, he introduced the Fourier restriction
norm method, where the perturbative analysis uses a new class of space-time Sobolev spaces
adapted to the linear solution; the X*?(R x T)-spaces. These spaces are defined through the
following norm

||u||X5>b(R><'JF) = H<893>S<at>b5(_t)u(t)HL%J(RXT) = ||<n>s<T - n3>b}—t,ﬂiu(7—v n)”g%(z)Lg(R)v

and they capture the dispersive nature of the solutions by accounting for the distance between
the space-time Fourier transform of the linear solution (supported on the curve 7 = n?®) and of
the nonlinear one. Analogous spaces were also used successfully when M = R. See Section 1.1.4
for further details.

After establishing local well-posedness for short times, a natural subsequent question is that
of global well-posedness; can we construct unique global-in-time solutions of (1.1) at a given
regularity? Globalization of solutions is often based on conservation laws. A typical contraction
mapping argument, in the subcritical regime, gives a local time of existence that depends on the
size of the initial data. Therefore, if the equation has conserved quantities that control the H*-
norm of the solution, they can be used to extend solutions globally-in-time. As a consequence
of the completely integrable structure of KdV and mKdV, they have an infinite number of
conserved quantities [76]. However, this structure no longer holds for (1.1) with & > 4. In fact,
the only known conserved quantities shared by all equations of the form (1.1) are the following

o mean: [ u(t,z)dx;
e mass: [ u?(t,z)dx;
e energy (Hamiltonian): H (u(t)) = [} (8Iu(t,x))2d:v + o JpuFt(t ) da.

For example, by the conservation of the Hamiltonian, we mean that for solutions u of (1.1) with
sufficient regularity, H (u(t)) = H(uop) for all ¢ € R. In the absence of suitably low regularity



conserved quantities, we must pursue a different strategy, such as the high-low method due
to Bourgain [14], or the I-method (or method of almost conservation laws) due to Colliander-
Keel-Staffilani-Takaoka-Tao, see [27, 28, 29] for example. Another alternative is to exploit
the Hamiltonian structure of (1.1) and the formal invariance of the associated Gibbs measure
to extend solutions globally-in-time. In fact, all the gKdV equations can be understood as
infinite-dimensional Hamiltonian systems with Hamiltonian H:

o0H
dyu = D, =,
ou
where %—IZ denotes the Fréchet derivative. As a consequence, we can pursue the study of the

Gibbs measure p formally defined by
dﬂ w_» Z*lefH(u) du.

In some limited settings, the formal invariance of the Gibbs measure can be used as a substitute
for a conservation law when globalizing solutions. This was the idea proposed by Bourgain in
[11], where he introduced what is now known as Bourgain’s invariant measure argument. The
method relies on exploiting the invariance of the Gibbs measures for the associated finite-
dimensional systems with truncated dynamics to conclude invariance of the Gibbs measure
and global well-posedness for the original one. Moreover, the invariance of the Gibbs measure
informs us of the typical behavior of solutions of (1.1) with initial data in the support of this
measure.

In this thesis, we study the well-posedness of the periodic complex-valued mKdV equation
and of the periodic gKdV equations.

e In Chapter 2, we prove the ill-posedness of the periodic complex-valued mKdV equation
outside H?2 (T) and introduce a new renormalized equation. We then apply the Fourier re-
striction norm method to construct solutions of the renormalized equation outside H = (T)
and pursue the question of recovering solutions of the original mKdV equation. This is
based on the following work:

[23] A. Chapouto, A remark on the well-posedness of the modified KdV equation in the
Fourier-Lebesgue spaces, Discrete Contin. Dyn. Syst. 41 (2021), no. 8, 3915-3950.

e In Chapter 3, we improve the well-posedness of the new renormalized mKdV equation by
applying the method due to Deng-Nahmod-Yue [34]. This is based on the following work:

[24] A. Chapouto, A refined well-posedness result for the modified KdV equation in the
Fourier-Lebesgue spaces, to appear in J. Dynam. Differential Equations.

e In Chapter 4, we follow Bourgain’s invariant measure argument to show almost sure
global well-posedness of the gKdV equations (1.1) with & > 4 and invariance of the Gibbs
measure. This is based on the following joint work with Nobu Kishimoto (RIMS, Kyoto
University):

[25] A. Chapouto, N. Kishimoto, Invariance of the Gibbs measures for the periodic gen-

eralized KdV equations, preprint.

In the remainder of this introduction, we review the literature on the mKdV and the gKdV
equations, and state our main results. Chapters 2-4 are then devoted to the proofs of these
results.

1.1 The complex-valued mKdV equation

Consider the Cauchy problem for the complex-valued modified Korteweg-de Vries equation
(mKdV):

(t,) € R x M. (1.5)
ultZO = Uo,

{atu + Bu = +|u?d,u,



where 4 : R x M — C, and M =R or T. We are interested in studying mKdV (1.5) in the
periodic setting, when M = T, or equivalently, by imposing the periodic boundary condition
on the initial data ug. The complex-valued mKdV equation (1.5) appears as a model for the
dynamical evolution of nonlinear lattices, fluid dynamics, and plasma physics (see [95, 51], for
example). This equation, also known as the mKdV equation of Hirota [55], is a completely
integrable complex-valued generalization of the usual mKdV equation

Oru + O3u = +u?0,u, (1.6)

or equivalently (1.1) with k¥ = 3. Indeed, for real-valued initial data ug, the solutions of (1.5)
are also solutions of (1.6).

In Chapters 2 and 3, we will pursue a harmonic analytic approach to study the well-posedness
of mKdV (1.5) at low regularity. We show that Hz (T) is the largest space (in terms of L?-based
Sobolev spaces) where the periodic complex-valued mKdV equation (1.5) is well-posed, opposed
to its Euclidean and real-valued periodic counterparts, as we see below. The ill-posedness of the
complex-valued mKdV equation outside 3 (T) is closely related to the momentum, a formally
conserved quantity of the equation (1.5). Exploiting the formal conservation of the momentum,
we introduce a new equation, the second renormalized mKdV equation. We establish its local
well-posedness in the Fourier-Lebesgue spaces FL*?(T) (see (1.3)) outside H 2 (T) and propose
this equation as the correct model to study (1.5) at low regularity. Consequently, we narrow the
gap between the analytical ill-posedness of (1.5) outside H 2 (T) and the scaling critical space
Hz (T) (see Section 1.1.1 for a discussion on scaling). Lastly, by introducing a new notion of
finite momentum at low regularity, we extend the conservation of the momentum to the low
regularity setting and construct solutions of the original complex-valued mKdV equation (1.5).

We start by discussing the scaling symmetry of mKdV (1.5) and its heuristic implication on
the well-posedness theory.

1.1.1 Scaling heuristics

The mKdV equation (1.5) when posed on the real line, M = R, satisfies the following scaling
symmetry; let T > 0. If w: [0,7] x R — C is a solution of (1.5) with initial data ug : R — C
then wuy : [0, A73T] x R — C, given by

up(t,x) = (N>, \x), A >0, (1.7)

is also a solution of (1.5) with re-scaled initial data ug x(-) = Aug(A-).

A direct computation shows the following relation between the homogeneous H*(R)-norms
of the scaled and original initial data

sl
HUO,/\”Hs(R) = H)‘UO()")HHS(]R) =z HUOHHS(]R)'

In particular, for sc.i; = —% we see that the HSerit (R)-norm is left invariant under the scaling
(1.7). The index Serit is called the scaling critical Sobolev index and it motivates the following

classification of the Cauchy problem (1.5):

e subcritical: if uy € H 5(R) with s > s, the scaled solution wy has smaller norm and
longer time of existence A™3T, as A — 0. We expect well-posedness in this regime, at
least for short times.

e critical: for ug € Hserit (R), the size of the initial data is unchanged by the scaling. It may
still be possible to establish local well-posedness for small initial data, but this is a more
delicate case.

e supercritical: if ug € H* (R) with s < Seit, the rescaled data has a larger norm than the
original data, but a longer time of existence, which is too good to be true. We expect
ill-posedness in this regime.



We can conduct a similar scaling analysis on the homogeneous Fourier-Lebesgue spaces
. s,
FL”"(R) defined through the norm

£ 2250 ) = IIEFFaf ] o ey

Performing an analogous computation, we have that

sl
||U0,>\||J:'LS~”(R) =\t ||U0||f'L°””(R)~
Therefore, the FL " (R)-norm is left invariant under the scaling (1.7) if s = —%. Moreover, we
see that FL™"(R) scales like H (R) if
1 1
=54 - — . 1.8
o=s+ 572 (1.8)

From the above comparison, we will classify the scaling criticality in the Fourier-Lebesgue spaces

based on the related scaling in Sobolev spaces. For instance, we say that f'LO’p(R) as p — 00
is almost critical, since from (1.8) it scales like H? (R) with o — —1.

Although the scaling (1.7) does not carry to the periodic setting, M = T, the scaling
heuristics is still relevant. It is commonly conjectured that the periodic mKdV equation (1.5)
is well-posed in H?(T) for o > —%. We will see that this conjecture is indeed false for the
complex-valued periodic mKdV equation, motivating our attempt to bridge the regularity gap
in the subcritical regime by focusing our analysis on the Fourier-Lebesgue spaces.

1.1.2 Literature review

On the real line, M = R, the complex-valued mKdV equation (1.5) has been a long standing
topic of interest [61, 62, 42, 45, 50] and its well-posedness is now complete. In a recent break-
through, Harrop-Griffiths, Killip, and Vigan [50] showed the optimal global well-posedness of
(1.5) in H*(R) for s > —% by exploiting the complete integrability of the equation. In the
Fourier-Lebesgue setting, Griinrock [42] showed the local well-posedness of mKdV (1.5) in
FL*>P(R) for s > 0 and 2 < p < 4, which was extended by Griinrock-Vega [45] to s > i and
1 <p<oo.

In the periodic setting, M = T, the real-valued mKdV equation (1.6) has garnered more
attention than its complex-valued counterpart (1.5) [10, 13, 26, 100, 58, 83, 82, 77, 57, 78, 97].
In [10], Bourgain introduced the Fourier restriction norm method and proved the local well-
posedness in H*(T), for s > %, of the first renormalized' mKdV equation (mKdV1)

O+ 0%u = % (Jul® — M(u))dpu, (1.9)

where M(f) = f|f(z)]*dz = 5= [ |f(2)]*dz denotes the mass. The renormalized equation
(1.9) is obtained from mKdV (1.5) through the following gauge transform which exploits the
conservation of mass

Gi[ul(t, ) = u(t,x F M (u(t))t). (1.10)

Note that mKdV1 (1.9) is equivalent to mKdV (1.5) in L?(T) in the following sense; u €
C(R; L*(T)) is a solution of (1.5) if and only if Gy [u] is a solution of (1.9). Bourgain’s well-
posedness result also extends to the complex-valued setting. The failure of C3-continuity of the
solution map [13, 26] below H z (T) implies that we cannot use a contraction mapping argument
to improve the result in [10], hence requiring more robust techniques. See also Proposition 1.1.4
for the failure of local uniform continuity of the solution map in the complex-valued setting.
For the real-valued equation (1.6), Takaoka-Tsutsumi [100] and Nakanishi-Takaoka-
Tsutsumi [82] applied the energy method and proved the local well-posedness of mKdV in

H*(T) for s > 1. In a recent paper [78], Molinet-Pilod-Vento extended this result to the

IThe equation (1.9) is usually referred to as the renormalized mKdV equation. However, we will introduce a
second gauge transform and a second renormalization in Section 1.1.3 which motivates the change in notation.



end-point s = % By exploiting the completely integrable structure of the equation, Kappeler-
Topalov [58] used the inverse spectral method to show existence and uniqueness of solutions of
the real-valued defocusing mKdV (with the + sign in (1.6)) in H*(T), s > 0. The solutions in
[58] are defined as the (unique) limit of approximating smooth solutions. Therefore, the data-
to-solution map extends continuously from smooth solutions to solutions in H*(T). However,
these solutions are not necessarily distributional solutions. See [58, 70, 91, 92] for further details
on this notion of solution.

Using the short-time Fourier restriction norm method, Molinet [77] showed that the solutions
in [58] are indeed distributional solutions and proved the ill-posedness of (1.6) below L*(T) in
the sense of failure of continuity of the solution map (see also [97]). This ill-posedness result
shows the sharpness of the well-posedness theory in the L2-based Sobolev spaces. However, the
scaling analysis in Section 1.1.1 suggests that the local well-posedness should hold in H*(T)
for s > —i. This ill-posedness result motivated the study of (1.6) in alternative function
spaces, namely in the Fourier-Lebesgue spaces FL*P(T). Regarding the local-in-time analysis,
Kappeler-Molnar [57] proved the local well-posedness of the real-valued defocusing mKdV1 in
FL*P(T) for s > 0 and 1 < p < oo (see also [83]). These solutions are defined to be the unique
limit of classical solutions, as those in [58]. In view of the scaling critical regularity, this result
is almost critical, in the scale of the Fourier-Lebesgue spaces. Unlike the L?(T) solutions of
[58, 77], the solutions in [57] are not yet known to satisfy the equation in the distributional
sense.

Now, we turn our attention to the global aspect of the well-posedness of the periodic mKdV
equation. In [10], Bourgain proved global well-posedness of (1.9) in H*(T) for s > 1. For the
real-valued mKdV (1.6), Colliander-Keel-Staffilani-Takaoka-Tao [28] showed the global well-
posedness in H*(T), s > 3, using the J-method. This result was extended to H*(T) for s > 0
for the real-valued defocusing mKdV by Kappeler-Topalov [58], using the complete integrability
of the equation. In [57], Kappeler-Molnar proved global-in-time existence of solutions of the
real-valued mKdV1, (1.9) with small real-valued initial data in FL*?(T), s > 0 and 1 < p < oco.
In a recent paper [63], Killip-Visan-Zhang exploited the completely integrable structure of the
equation and established global-in-time a priori bounds, in the complex-valued setting. These
a priori bounds, combined with the local well-posedness results in [10, 78], yield the global well-
posedness of the real-valued mKdV equation (1.6) in H*(T) for s > 1 and of the complex-valued
mKdV equation (1.5) in H*(T) for s > 1.

In summary, the only local-in-time result which extends to the complex-valued setting on T
is that of Bourgain in [10]. Therefore, the periodic complex-valued mKdV1 (1.9) is only known
to be globally well-posed in H2(T). In the following, we will see that this result is actually
sharp in the scale of the L?-based Sobolev spaces, as the equation is ill-posed at lower regularity.

1.1.3 Main results

Our main goal is to study the low regularity Cauchy problem for the complex-valued periodic
mKdV equation (1.5) with M = T. We find that there is an additional difficulty in the low
regularity complex-valued setting, due to the momentum, a formally conserved quantity of (1.5).

At the level of regularity considered in our work, mKdV (1.5) and mKdV1 (1.9) are equiva-
lent. Therefore, we focus on studying the well-posedness of mKdV1 (1.9), as the results easily
extend to (1.5) through the (inverse) gauge transform G; in (1.10). Omitting time dependence,
the nonlinearity of mKdV1 (1.9) is given by

Fu <|u\281u — u)Opu ) (
= Z znlu(nl)ﬁ( n2)u(ns)

n=ni-+nz+ns,
na+ns3#0

- ¥ i) (na)ilns) = infa) ) + i(Im ]fr uazudx)um), (1.11)

¢ (T123)#0

where ¢(Ti123) = 3(n1+n2)(n1 +n3)(n2+ng) and 123 = (N1, n2,n3). In the real-valued setting,



we have Im(u0,u) = 0 which implies that the last term on the right-hand side of (1.11) is zero.
However, in the complex-valued case, this contribution is not generally zero. We define the
momentum P(u) as follows:

P(u) = Imﬁﬂ@xu dr = Z n|ﬁ(n)\2,

n€e”Z

and rewrite the nonlinearity of mKdV1 (1.9) as
(Jul* = M(w))9pu = NR(u, @, u) + R(u,u, u) + iP(u)u,

with each term defined on the Fourier side through (1.11). For a solution u € C(R; H %(T)),
the momentum P (u(t)) is finite and conserved, but below this regularity it is not clear if it
is finite, let alone conserved. Consequently, a new phenomenon arises in the complex-valued
setting at low regularity, as the nonlinearity (1.11) may be ill-defined. In particular, we see that
the momentum is responsible for the following ill-posedness of mKdV1 (1.9) outside H 2 (T).

Theorem 1.1.1. Let s > % and 2 < p < oo. Suppose that ug € FL>P(T) has infinite

momentum in the sense that

limsup |P(P<nuog)| = o0,
N—o00

where P<n denotes the Dirichlet projection onto the spatial frequencies {|n| < N}. Then, for
any T > 0, there exists no distributional solution u € C([—T, T];]—'L”’(T)) to the complex-
valued mKdV1 equation (1.9) satisfying the following conditions:

(a) U|t:0 = Ugp;

(b) the smooth global solutions {un}nen of mKdV1 (1.9), with un|i=0 = P<nuo, satisfy
uy — u in C([-T,T]; D'(T)).

Remark 1.1.2. (i) The condition (b) in Theorem 1.1.1 is a natural one to impose, as we
would expect “good” solutions to have the property of being well-approximated by the smooth
solutions corresponding to the truncated initial data.

(ii) The momentum is identically zero for real-valued solutions. Therefore, it does not play a
role in the low regularity well-posedness of the real-valued mKdV equation (1.6). Consequently,
the ill-posedness result in Theorem 1.1.1 is a phenomenon specific to the complex-valued mKdV
equation (1.5).

(iii) Since H=(T) C FL2?(T), for 2 < p < oo, Theorem 1.1.1 establishes the ill-posedness of
the complex-valued mKdV1 equation (1.9) outside Hz (T). The proof is based on the argument
for the nonlinear Schrodinger equation by Guo-Oh [48], and the result can also be extended to
ill-posedness in H*(T) for 3 < s < 3; see Remark 1.1.15 for more details. In Remark 1.2 (iii)
in [82], the authors claim that local well-posedness in H*(T) for s > % extends to the complex
solutions of mKdV1 (1.9), which does not seem to be the case.

Motivated by the ill-posedness result in Theorem 1.1.1, we propose an alternative model to
the complex-valued mKdV1 equation (1.9), and hence to the complex-valued mKdV equation
(1.5). Analogously to the first gauge transform G; (1.10), which exploited the conservation of
the mass, we introduce a second gauge transform G, using the conservation of the momentum
to remove the singular contribution iP(u)u from the nonlinearity. Given u € C(R; H 2 (T)), we
define the following invertible gauge transform

Golu](t, x) = eF Pyt 2). (1.12)

The effect of the gauge transform G5 is to remove certain resonant frequency interactions in
the nonlinearity which are responsible for the ill-posedness result in Theorem 1.1.1. If u €
C(R; H%(T)) is a solution of mKdV (1.5), the momentum is finite and conserved P(u(t)) =



P(ugp), and thus the gauge transform Gs is invertible and u solves the original mKdV (1.5) if
and only if Gy o Gy [u] solves the second renormalized mKdV equation (mKdV2):

Opu+ Ou = :I:(\u|25wu—M(u)@xu—iP(u)u). (1.13)

Focusing on the Fourier-Lebesgue spaces, for 1 < p < co and s > 1 — %, the gauge transform
Gs is well-defined in C(R; FL*P(T)) and the equations mKdV1 (1.9) and mKdV2 (1.13) are
equivalent. However, for 2 < p < oo and % <s< 1—%, we have that FL*P(T) < H%(T). Since

outside H2(T) the momentum may be infinite, we cannot make sense of the (inverse) gauge
transform Gs, and thus cannot, in general, convert solutions of mKdV2 (1.13) into solutions of
mKdV1 (1.9).

Although any renormalization is a matter of choice to some degree, we believe that Theo-
rem 1.1.1 provides evidence for our choice of Go; see also Remark 1.1.13. In particular, since
the assumption of infinite momentum of the initial data ug can only hold if ug & H %(’}I‘)7 we
propose mKdV2 (1.13) as the correct model to study the complex-valued mKdV equation (1.5)
outside H %(’]1‘) To further our evidence, we establish the following local well-posedness result
for mKdV?2 (1.13) outside Hz (T).

Theorem 1.1.3. Let s > % and 1 < p < co. Then, mKdV2 (1.13) is locally well-posed in

FL*P(T). Moreover, the data-to-solution map is locally Lipschitz continuous.

The restriction s > % is necessary if we require uniform continuity of the solution map, as
shown by the following proposition.

Proposition 1.1.4. Let s < % and 1 < p < co. The data-to-solution map for mKdV2 (1.13)
fails to be locally uniformly continuous in C’(R; ]-'Ls’p(']I‘)).

Remark 1.1.5. (i) The scaling heuristics in Section 1.1.1 allows us to compare the scaling of
the L2-based Sobolev spaces with the Fourier-Lebesgue spaces. In particular, ]-"'LS’p(R) scales
like H° (R) for o = s+ % - % From these heuristics, we see that the results in Theorem 1.1.3
are at the scale of L?(T). At this time, we do not know how to prove an almost critical result
for (1.13) in FL*P(T) with s = 0 and 1 < p < oo, since Theorem 1.1.3 is sharp with respect
to the method due to Proposition 1.1.4. Without imposing uniform continuous dependence on
the initial data, we expect it to be possible to lower s by combining the method introduced by
Deng-Nahmod-Yue [34] and the energy method in [100, 82, 78].

(ii) To show Theorem 1.1.3 for 1 < p < 4, we apply the Fourier restriction norm method and
the uniqueness holds conditionally in

([T, T); FL*7(T)) 0 X3 (T).

See Definition 1.3.2 for the definition of the X*? space. For 4 < p < oo, we follow the
method introduced by Deng-Nahmod-Yue [34], which is based on constructing solutions u with
a particular structure. As a consequence, uniqueness holds conditionally in a sub-manifold of

1
S, 5
Xp,2fs

determined by the structure imposed on u.

(iii) For the range of (s,p) in Theorem 1.1.3, the mass M (u) is conserved and therefore one
can still establish local well-posedness of mKdV2 (1.13) without removing the term M (u)d,u
from the nonlinearity at the cost of losing the local Lipschitz continuity of the solution map.
In contrast, this renormalization is essential in [57] when taking data in FL%P(T) with 2 <
p < oo, for example. Analogously, the second renormalization introduced by Gs is crucial in

Theorem 1.1.3 when % <s<1and ﬁ < p < co. In the remaining regimes for (s, p), since the

initial data is in H2(T) and the momentum is conserved, the renormalization is only required
to guarantee the local Lipschitz continuity in Theorem 1.1.3. See [35, 52] for analogous proofs,
for example.

(iv) In Sobolev spaces, unconditional uniqueness holds in H*(T) for s > % (see [69, 78]). It
would be of interest to consider the problem of unconditional uniqueness of mKdv2 (1.13) in
the Fourier-Lebesgue spaces. See Section 1.1.4 for more details.



Using the a priori bounds established by Oh-Wang [91], which generalize the result by Killip-
Visan-Zhang [63] to the Fourier-Lebesgue setting, we extend the solutions in Theorem 1.1.3
globally-in-time.

Theorem 1.1.6. The mKdV2 equation (1.13) is globally well-posed in FL*P(T) for s > % and
1<p<oo.

Remark 1.1.7. (i) For real-valued solutions u, the momentum P(u) = 0 which implies that
Galu] = u. Consequently, the previous results on the complex-valued mKdV2 equation (1.13)
in Theorems 1.1.3 and 1.1.6 also apply to the real-valued mKdV1 equation (1.9).

(ii) In [57], Kappeler-Molnar established the global well-posedness of the real-valued defocusing
mKdV equation (1.6) with small initial data. Corollary 1.1.6 extends this result (with limited
range of s) to the focusing case (with ‘=’) and to the large data setting. Furthermore, our
solutions satisfy the Duhamel formulation, establishing that the solutions in FL*?(T) for s >
constructed in [57] are indeed distributional solutions. The solutions constructed in [57] with
initial data in FL*P(T) for 0 < s < % and 1 < p < o0, are not yet known to be distributional
solutions.

(iii) The proof of Theorem 1.1.6 is based on applying the a priori bound by Oh-Wang in [91] to
iterate the local well-posedness argument. However, the estimate requires a restriction on the
regularity s < 1 — %. When % <s<1-— %, Theorem 1.1.6 follows directly from Theorem 1.1.3

and the a priori bound in [91]. When s > 1—%, we combine the a priori bound with a persistence
of regularity argument.

It remains to answer the question of how to recover solutions of mKdV1 (1.9) from those
constructed in Theorem 1.1.6 for mKdV2 (1.13). To that end, for solutions in C'(R; FL*?(T))
for 2 < p < oo and % <s<1-— %, we must endow the momentum with a notion of conditional
convergence at low regularity. Since the momentum is not a sign definite quantity, we want to
exploit the possible cancellation between positive and negative frequencies. This is achieved in
the following definition, by considering symmetric truncations of the momentum.

Definition 1.1.8. Suppose that
P(P<nf) converges as N — oo.

Then, we say that f has finite momentum and denote the limit by P(f).

The following proposition validates our notion of finite momentum as follows; consider initial
data ug ¢ H %(T) with finite momentum in the sense of Definition 1.1.8. Then, not only does
the corresponding solution u of mKdV2 (1.13) have finite momentum but the momentum is
also conserved.

Proposition 1.1.9. Let (s,p) satisfy one of the following conditions: (i) % <s< %, 2<p<
o (i) s > 2,2 < p < oo. In addition, let ug € FL*P(T) with finite momentum in the
sense of Definition 1.1.8 and u € C([fT, TJ; }"LS’Z’(T)) be the corresponding solution of mKdV2

(1.13). Then, we have that
P(PSNU(t)) — P(UO), N — 0.

We denote the limit by P(u(t)) and have that P(u(t)) = P(ug), for each t € [-T,T).

Remark 1.1.10. (i) Proposition 1.1.9 gives an extended notion of conservation of momentum
1

when (s,p) satisfy £ < s < 2 and 1; <p< 5—663’ or % < s < 1and ﬁ < p < oo

2 6

In the remaining cases, i.e., if% <s<land1l <p< i, or s >land 1 < p < oo,
then FL*P(T) C Hz (T) and the momentum is finite to start with, without the need to apply
Proposition 1.1.9. In this regime, our limiting notion of finite momentum agrees with the

classical one.

(ii) In order to show Proposition 1.1.9, we follow the argument by Takaoka-Tsutsumi [100]
and Nakanishi-Takaoka-Tsutsumi [82] (see Lemma 2.5 in [100] and Lemma 3.1 in [82]) and
estimate the difference of momenta at time ¢ € [—T,T] and at the initial time. In particular, we



establish the energy estimate in Proposition 2.5.1, using Strichartz estimates and the normal
form approach.

(iii) In [82], the energy estimate holds in H(T) for o > 3. Taking into account that the Fourier-
Lebesgue spaces L™ (R) scale like H° (R) for o = s+%— 1,2 < p < o0, the condition on (s, p)
in Proposition 1.1.9 agrees with the restriction in [82]. We would like to relax the regularity
constraints to s > 3, to match the local well-posedness of mKdV2 (1.13) (Theorem 1.1.3). In
fact, some contributions in the estimate can be controlled for s > % and 1 < p < 4. In the most

difficult cases, the normal form approach assures that the estimate holds outside H 3 (T), but
it also introduces additional resonances. Consequently, we cannot use the modulations to help
estimate the multiplier, which imposes the condition o > % Nevertheless, these heuristics do
not imply the failure of the estimate for lower regularity, s < % — % and o < %

Before stating our last result, we introduce the following notation for the nonlinearity of
mKdV2 (1.13). We define the following trilinear operator

N(u17U2,U3) = 01 - U - U3 — 3mu1<][

Uy - U3 dx) — (z Im][ Opuq - Ug dx) us.
T T

Thus, the nonlinearity of mKdV2 (1.13) is given by N (u, %, u) and that of mKdV1 (1.9) by
N (u,u,u) + iP(u)u. As a consequence of the conservation of the momentum at low regularity
in Proposition 1.1.9, we have the following result for mKdV1 (1.9).

Theorem 1.1.11. Let (s,p) satisfy one of the following conditions: (i) 3 < s < 2, 2¢<
p < %; (ii) s > %, 2 < p< oo, and ug € FL¥P(T) with finite momentum, in the sense
of Definition 1.1.8. Then, there exist T > 0 and a function v € C([-T,T); FL*P(T)) with

ult=0 = ug such that u is a distributional solution of the following equation:
Opu + OPu = :l:(J\/(u, T,u) + iP(u)u), (1.14)
where P(u) is interpreted as the limit of {P(P<nu)}nen as N — oco.
We conclude this section by stating some further remarks.

Remark 1.1.12. The solution in Theorem 1.1.11 is the unique limit of the sequence {uy} nven
of smooth solutions of mKdV1 (1.9) with truncated initial data un|i=0 = P<nyug. It is of
interest to improve our notion of uniqueness to match that of [58, 57], i.e., to being the unique
limit under any sequence of smooth approximating solutions. Since our interpretation of the
nonlinearity of mKdV1 in (1.14) is tied with the notion of finite momentum in Definition 1.1.8,
one could restrict the latter definition to require convergence of |P(ug,,)| to a unique limit for
any smooth approximating sequence {ug n fnen With ug , — ug in FL*P(T).

Remark 1.1.13. Our choice of gauge transform Gy in (1.12) seems to be the correct one as it
subtracts the right amount of infinity. If we for instance consider the following gauge

g[u](t,x) — ej:i'yP(u)t’
for some parameter v € R, we obtain the following renormalized equation (mKdV.)
du+ Ou=£(N(u,1,u) +i(1 —7)P(u)u). (1.15)

For initial data ug € H? (T), since the momentum is conserved, the two renormalized equations
mKdV2 (1.9) and mKdV,, (1.15) are equivalent. However, for initial data uy € FL*P(T) with
% <s<1and ﬁ < p < 00, we can modify the proof of Theorem 1.1.1 to show non-existence

of solutions of mKdV, (1.15), unless v = 1. This supports our choice for the gauge Go and the
second renormalized mKdV equation (1.13).

Remark 1.1.14. In [11], Bourgain proved the invariance of the Gibbs measure under the flow
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of the real-valued mKdV equation (1.6),

1 1
di ¢ = Z - exp <¢ ifutaa-g ] @u)"’dz) du, (1.16)
4 T 2 T

by establishing the local well-posedness of mKdV (1.5) in H?*(T) N FL*>°(T) for some
5 < % < 81 < 1, which includes the support of (1.16). The invariance of the Gibbs measure
on FL*P(T) follows from the global well-posedness result in the real-valued setting in Theo-
rem 1.1.6, as FL*P(T) with (s — 1)p < —1 includes the support of u (1.16). In the complex-
valued setting, we can consider the question of invariance of the Gibbs measure for (1.5) and
the well-posedness of this equation with randomized initial data. In particular, initial data of
the following form

up(z;w) = gTT(lT) emn
n#0

where {g,, }nen is a family of independent complex-valued standard Gaussian random variables,
i.e., real and imaginary parts are independent Gaussian random variables, with mean 0 and
variance 1. It is known that uo € (), 1 H?*(T) almost surely. Therefore, it is unclear if the
corresponding solutions would satisfy the conservation of the momentum. However, we can
actually show that it is finite. We can rewrite the momentum as follows

P(UO<UJ)> _ Z |gn(w)| _nlg—n(w)| — Z |gn(:))‘ .

n>1 n#0

Therefore, using Isserlis’” Theorem, we have

2
E[9nGngmTm 2E [|gn|? 1
Bl(Pa)?) = Y BTl g o] o5 1o
n,m#0 n#0 n>1
Hence, the momentum P(ug) is finite, almost surely, and we have global well-posedness of
mKdV (1.5) for data ug(w) in the support of the Gibbs measure. Consequently, from Bourgain’s
invariant measure argument, we obtain invariance of the Gibbs measure in (1.16).

Remark 1.1.15. The non-existence result in Theorem 1.1.1 is not particular to the Fourier-
Lebesgue setting and can be extended to other spaces outside H 3 (T). In particular, the same
result holds for initial data in H*(T), % < s < % By adapting the energy method in [82] to
the complex-valued setting, we can show that local well-posedness of mKdV2 (1.13) holds in
H*(T) for % <s< % This is due to the similarity of the nonlinearity of the real-valued mKdV1
equation (1.9) and of the complex-valued mKdV2 equation (1.13). The same estimates hold,
with some additional care required to handle the conjugate term and the lack of symmetry
in the latter nonlinearity. In addition, for any sequence of smooth functions {ug n}nen with
Uo,n, — up in H?(T), the corresponding smooth global solutions {u, }neny of mKdV2 (1.13)
converge to the solution u of mKdV2 (1.13) in C([-T,T]; H*(T)), for some T > 0. If we focus

on the initial data uo € H*(T)\ H2(T) with infinite momentum in the following sense

limsup |P(P<nug)| = oo,
N—o00

we can show that there exists no distributional solution of the complex-valued mKdV1 equation
(1.9) with initial data up and with a good approximation property as in Theorem 1.1.1. This
follows the same argument as in the proof of Theorem 1.1.1, using the local well-posedness of
mKdV2 (1.13) in H*(T), 3 < s < 1.

Remark 1.1.16. The question of local well-posedness in the Fourier-Lebesgue spaces has also
been pursued for the derivative nonlinear Schréodinger equation (DNLS):

i0pu + 02u = 0, (Jul*u), (t,z) e RxT. (1.17)
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This study was initiated by Griinrock-Herr in [44] where they established local well-posedness
of DNLS in FL*?(T) for s > % and 1 < p < 4, using the Fourier restriction norm method.
See also the work of Griirock for (1.17) posed on the real-line [43]. In the periodic setting,
an optimal result was later established by Deng-Nahmod-Yue in [34] through a new method
inspired by the paracontrolled approach due to Gubinelli-Imkeller-Perkowski [46]. As in the
case of mKdV (1.5), the main difficulty in the low regularity well-posedness theory for DNLS
is handling the derivative loss from the nonlinearity. In order to overcome this problem, Herr
[53] introduced the following gauge transform

Glu)(t,z) = e TWED) y (¢ 1),

where Z(u) is the mean zero anti-derivative of |u|? — f; |u[*dz. The gauge transform G removes
the following singular contribution in the nonlinearity

2<Im]iu8$udx>u. (1.18)

In ]—"Lévp(’]l‘), 2 < p < 00, the quantity (1.18) is not well-defined, but the gauge transform G
is continuous and invertible, which allows for the recovery of solutions of DNLS from solutions
of the gauged equation. In our work, to overcome the derivative loss, we introduced a gauge
transform Go which removes the following contribution

—1 ( Im ][ w0, U da;) u.
T

However, in our case, the gauge transform G, depends explicitly on the momentum, which is
not well-defined outside Hz(T). Thus, we cannot freely convert solutions of mKdV?2 (1.13)
to solutions of mKdV1 (1.9), a problem which is new to the complex-valued mKdV equation,
when compared to DNLS. This additional difficulty, not present for DNLS, lead us to the
introduction of a new notion of finite momentum (Definition 1.1.8) and its conservation at low
regularity (Proposition 1.1.9). Only then could we prove existence of solutions of mKdV1 (1.9)
in Theorem 1.1.11.

Remark 1.1.17. In [65], Kishimoto-Tsutsumi studied the nonlinear Schrodinger equation with
third order dispersion and Raman scattering term:

Opu = a1 O2u + i 02u + i |ulPu + Y20, ([u?u) — iTud,(|u?), (t,r) ER x T,

for aj,v;,I' € R, j = 1,2, satisfying I' > 0, a1 # 0 and % ¢ 7. Note that for g = v = 0,

the equation resembles mKdV (1.5), however, this regime is not covered in their analysis. The
last term, the Raman scattering term, is responsible for the ill-posedness of this equation and
can be rewritten as follows

F(ude(|uf*)) (n) = - > i(n1 + n2)t(n1 )u(—nz2)t(ns)
n=ni+ns+ns
(n1+mn2)(n2+n3z)#0

—in ( > |a(n2)|2> u(n) + (Z m2|a(n2)|2> i(n), (1.19)

where u(n) denotes the n-th Fourier coefficient of u. The phase function for this equation is
given by
P(T123) = a1 (n1 4+ ng +n3)® + ag(ny +ng +n3)? — (a1n? + agn?)
+ (a1 (=n2)* + az(n2)?) — (a1n3 + aon3)

2a
= 30&1(711 + TLQ)(TLQ + ng) <’ﬂ3 + ni1 + J),
1

where the last equality holds under the assumption n = n; + no + ns. Therefore, under the
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non-resonant condition % ¢ Z, it follows that ¢(7123) = 0 if and only if (ny +n2)(ne+mns3) = 0.
Consequently, the first term on the right-hand side of (1.19) corresponds to the non-resonant
contribution, analogous to N'R(u,u, u) in our case (see (1.11)). Delving deeper into the Raman
scattering term, note that the last two contributions on the right-hand side of (1.19) can be
written on the physical side as ( f; |u|?dz)8,u and iP(u)u, respectively. In [65], it is this Raman
scattering term that is responsible for the ill-posedness. However, since the momentum is not a
conserved quantity of the equation, it is not possible to remove it by applying a gauge transform.
In our work on mKdV (1.5), the ill-posedness comes only from the momentum term, which
introduces higher and higher oscillations through the gauge transform Gs. The momentum

plays a role in the ill-posedness of both equations, albeit through different mechanisms.

1.1.4 Methods
The Fourier restriction norm method

In Chapter 2, we prove Theorem 1.1.3 using the Fourier restriction norm method for a restricted
range of (s,p): (i) § <s<3and1 <p< z2-;or (i) s> 2 and 1 < p < co. Since for the
endpoint s = %, these conditions impose 1 < p < 4, we will sometimes refer only to the range
s> % and 1 < p < 4 in later discussions.

This method was introduced by Bourgain in [9, 10] to establish the local well-posedness
of dispersive PDEs on the torus, in the low regularity setting. The solutions are constructed
through a contraction mapping argument on a suitably chosen Banach space. Let us focus
on mKdV1 (1.9). We look for solutions of the equivalent integral equation, the Duhamel
formulation:

u(t) = S(t)ug + /0 S(t — N (u,a,u)(t') dt’ =: S(t)ug + DN (u, @, u)(t), (1.20)

where S(t) denotes the linear propagator and D the Duhamel operator. In [9, 10], Bourgain
proposed the use of the so-called Fourier restriction spaces or X *?(R x T)-spaces defined through
the following norm

‘|u||Xb"b(R><T) = H<n>s<7 - n3>bft,z(u)(7-ﬂ n)HZ%(Z)Lz(R)' (1'21)

These spaces appeared earlier in the work of Rauch-Reed [93] and Beals [4] on the wave equation,
but they were first used in the context of local well-posedness by Bourgain in [9, 10] for the
nonlinear Schrédinger equation and the gKdV equations, and by Klainerman-Machedon [66]
for the wave equation. For a survey of these spaces and applications see [39, 101, 102]. In
[42], Griinrock introduced analogous spaces adapted to the Fourier-Lebesgue setting and to the
Fuclidean setting. Here, we focus on the corresponding spaces on T introduced by Griinrock-
Herr in [44]: the X32(R x T)-spaces defined through the following norm

lall gt oery = [0} (7 = 0%) Froa (@) 0)| g 1 gy (1.22)

for 1 < p, ¢ < oo and where the iterated norm is understood as || - [|¢z (zyr2 ) = Il -l L) ez (z)-
Note that if p = ¢ = 2 we have X;:;’(R x T) = X**(R x T) defined in (1.21).

These spaces, defined through (1.21) and (1.22), are well-adapted to the dispersive nature
of the equation, in particular, to the linear equation

3tu + 83’& = 0,

known as the Airy equation. Note that if we take a space-time Fourier transform of the linear
solution, we see that F; , (S(t)uo)(7,n) is supported on the curve 7 = n®. The twisted temporal
weight of the norm in (1.21) is directly related to this curve and heuristically, for b > 0, it
penalizes functions which are far from being a linear solution. Consequently, the X;:g (R x T)-
spaces are particularly suited to look for solutions of (1.20) as nonlinear perturbations of their
linear counterparts.

Since the linear solution can be easily estimated in X;’:S (R x T)-spaces, after a suitable time
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localization (see Lemma 2.1.1), constructing unique local-in-time solutions of mKdV2 reduces
to establishing a nonlinear estimate of the form

3
HDN(UDu2’u3)||X§;2(Rx1r) H |uJHX5 b(RXT) (1.23)

The main difficulty resides in controlling the derivative in the nonlinearity. Since the Duhamel
operator D has smoothing in time but not in space, we want to exploit the multilinear dispersion
by using the modulations, i.e., the weights (1 —n3) in the norm (1.22).

The existence and uniqueness of solutions of mKdV2 (1.13), as well as the local Lipschitz
continuity of the solution map, follow easily from a contraction mapping argument once we
establish (1.23). The restriction on (s, p) in Chapter 2 is imposed by this nonlinear estimate.

The “paracontrolled” approach in [34]

In Chapter 3, we prove Theorem 1.1.3 for s > % and 4 < p < oo using the method introduced
by Deng-Nahmod-Yue in [34] in the context of DNLS (1.17). Due to the failure of the main
nonlinear estimate (1.23) for DNLS when s = % and p > 4 [44], Deng-Nahmod-Yue instead
proposed looking for solutions centered around a suitably chosen object. This structure was
chosen in order to avoid the bad frequency interaction for which the analogue of (1.23) fails. For
mKdV2 (1.13), although we do not know if the nonlinear estimate (1.23) fails, we are unable
to prove it for s = % and 4 < p < 00, leading us to pursue the method in [34].

Motivated by the paracontrolled approach introduced by Gubinelli-Imkeller-Perkowski [46],
we construct solutions u centered around a smoother-in-time function w. Instead of solving the

Duhamel formulation, we will solve a system of equations

{u=w+F(u,w), (1.24)

w = S(t)ug £ DN (u,u,u) — F(u,w),

where F'(u,w) is a nonlinear functional to be determined. Centering solutions around a suitably
chosen function was seen in the context of probabilistic PDEs (with random initial data or
stochastic forcing), for example, in the works of Bourgain [12], Da Prato-Debussche [31], and
Gubinelli-Imkeller-Perkowski [46]. In general, the center w is an explicitly known random object
that introduces smoothing in space in the remainder pieces. The lack of randomness in our
setting forces us to consider a moving center and solve the system (1.24). In particular, the first
equation in (1.24) imposes structure to « = u[w] parametrized by w, while the second finds the
correct w for which u solves the Duhamel formulation (1.20).

The main difficulty in this method is choosing the correct structure for u, or equivalently,
the correct nonlinear functional F'(u,w). This choice, which is not prescribed by the method,
must allow us to solve the first equation for v while avoiding the bad frequency regions for the
nonlinear estimate (1.23). There are three main points in establishing and solving the system
(1.24): (i) choosing the frequency regions of the nonlinear terms in F'(u,w); (ii) modifying the
Duhamel operator to induce smoothing in space; (iii) using the second iteration of the Duhamel
formulation to solve the equation for w.

We first consider (i). In certain regions of the frequency space, the nonlinear estimate (1.23)
holds for any fixed 2 < p < co and some b = 1— and ¢ = co— (see Remark 3.5.4 for more
details). These frequency regions will be included in the equation for w in (1.24), which we hope

to solve for w € X'\ (R x T) C X% (R x T) and u € Xs’z (R x T) C C(R; FL*P(T)). For
the remaining frequency regions, we cannot show the trlhnear estimate (1.23) in X32(Rx T) C

C (R; FLP(T )) regardless of the choice of b and q. T hese contributions should then appear in

F(u,w), in order to be estimated in the weaker Xp _-norm. In addition, we require the terms
in F(u,w) to have a smoother w term associated with the derivative and the largest frequency.
Consequently, F'(u,w) includes terms that essentially look like the following

ZPN8Zw~P<<Nﬂ~P<<Nu, ZPN8$’[U~ (PN@~P<<NU+PNU}~P<<NE), (125)

14



where Py and Py denote the Dirichlet projections onto the spatial frequencies {|n| ~ N}
and {|n| < N}, respectively. These terms can roughly be seen as ‘paracontrolled’ by w (see
[46] for details on paracontrolled distributions).

Unfortunately, the assumptions imposed on F(u,w) and the terms in (1.25) are not yet
enough to show the estimate (1.23) for any p > 4. This leads us to (ii) and to the introduction
of a modified Duhamel operator which not only has smoothing in time but also in space. The
modification is introduced through a time convolution with a smooth function 7 parameterized
by the resonance relation ¢(7123):

/0 S(t =t )n(¢(mizs)(t — 1)) F(t') dt’, (1.26)

where ¢(71123) = n® —n3 —n3 —n3. We then choose F'(u,w) by applying the modified Duhamel

operator in (1.26) to the terms in (1.25). In the frequency support of F(u,w), we have that
|p(M123)| = max(|ni], |nal, |ns|)?. Therefore, the convolution with 7 in (1.26) introduces nega-
tive powers of |(71123)| and consequently smoothing in space, at the cost of reduced smoothing
in time (see Section 3.2 for more details). This smoothing effect allows us to solve the equation
for u through a fixed point argument, for each fixed w € X;:;_ (R x T). Consequently, we ob-
tain a function u = u[w] parameterized by w that is not yet a solution of the mKdV2 equation
(1.13). This will only follow after we have found the correct center w.

Lastly, we address (iii). To solve the equation for w, we use a ‘partial’ iteration of the
Duhamel formulation. For the terms that cannot be estimated directly in the X;S;,’;:(R x T)-
norm, we replace v = u[w] by its equation w + F'(u,w) first in the entries associated with the
derivative and then the largest frequencies. This strategy induces smoothing, by introducing
terms that depend on the modified Duhamel operator (1.26) and more w terms, at the cost of
increasing the multilinearity of the terms being estimated. This strategy resembles the second
iteration method used by Bourgain [13], Oh [87], and Richards [94], for example. In particular,
this leads to new cubic, quintic, and septic terms that we can estimate in the stronger norm
(see Sections 3.3 and 3.5).

In summary, the choice of F'(u, w) requires a delicate balance between being able to solve the
first equation for u, but also inducing sufficient spatial smoothing when using second iteration
to solve the equation for w. This choice allows us to show the relevant estimates for any
2 <p<oo.

1.2 The gKdV equations

We now consider the Cauchy problem for the generalized Korteweg-de Vries equation (gKdV):

{at” + 0w = 20, (), (t,z) R x T, (1.27)

u|t:0 = Uo,

where k > 2 is an integer and v : R x T — R. When k = 2 and k = 3, (1.27) corresponds
to the well-known KdV and mKdV equations, respectively. These two equations are known to
be completely integrable, therefore possessing infinitely many conservation laws, which is no
longer true for (1.27) with & > 4. Our goal is to construct global-in-time solutions for gKdV
(1.27) at low regularity, where there are no suitable conservation laws. We instead pursue a
probabilistic approach introduced by Bourgain in [11], which exploits the Hamiltonian structure
of the equation and the associated Gibbs measure.
The gKdV equation (1.27) can be reformulated as a Hamiltonian system

atu = 315—H,
ou

where %—ZI denotes the Fréchet derivative and the Hamiltonian is given by
H(u) = 1/(f)ggu)z dr + L / uft dz.
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In particular, H(u) is conserved under the dynamics of (1.27). Note that the mean [ udx and
the mass [ T u? dzx are also conserved. Due to the conservation of the mean, we will restrict our
analysis to mean zero initial data.

In view of the Hamiltonian structure of gKdV (1.27), we expect the Gibbs measure
formally defined by

dp=Z"te HW gy = 77 1eFrit b ut e o —3 J(@w)*dz gy, (1.28)

to be invariant under the dynamics of gKdV (1.27). Note that in the above expression, Z is a
normalizing constant. By the invariance of the Gibbs measure, we mean that

p(¥(=t)A) = p(A), (1.29)

for all t € R and measurable A C L?(T), where W(t) : up — u(t) denotes the data-to-solution
map of gKdV (1.27). In [11], Bourgain introduced the idea of exploiting the invariance of
the Gibbs measure p as a substitute for a conservation law. This globalization procedure is
now known as Bourgain’s invariant measure argument. Another interesting consequence of the
invariance property is that it informs of the typical behavior of solutions, such as recurrence
properties, as opposed to that of individual trajectories.

In Chapter 4, we establish the invariance of the Gibbs measure p (1.28) (under suitable
normalization) for the gKdV equations with k& > 4, by following Bourgain’s invariant measure
argument. The main difficulty resides in establishing local well-posedness of gKdV (1.27) in the
support of the Gibbs measure p, which is not readily available in the literature. In fact, due
to the mild ill-posedness of (1.27) in the L2?-based Sobolev spaces which include the support
of p [29], we instead establish local well-posedness in suitable Fourier-Lebesgue spaces. This
completes the program initiated by Bourgain in [11] on the invariance of the Gibbs measure u
in (1.28) (under suitable normalization) for the gKdV equations.

1.2.1 Literature review

The construction of Gibbs measures for Hamiltonian PDEs was initiated by Lebowitz-Rose-
Speer [71] in the context of the nonlinear Schrodinger equation; see also the work of Friedlander
for the wave equation [37]. Since then, this construction has been successfully pursued for other
equations; see [109, 11, 110, 12, 13, 104, 20, 105, 21, 85, 86, 106, 103, 80, 18, 15, 6, 33, 94, 88, 90]
and references therein. The expression in (1.28) is only formal, but it can be made rigorous by
interpreting the Gibbs measure p as a probability measure which is absolutely continuous with
respect to the Gaussian measure p

dp = Zo_le_%h(a”“)zdmdu, (1.30)

with Zy a normalizing constant. The measure p can be seen as the induced probability measure
under the map

w .
90) jina (1.31)

wru(x) =
® g,

nez*

where {gn tnez+, Z* = Z\{0}, is a sequence of complex-valued independent Gaussian random
variables on a probability space (2, F,P), satisfying g_,, = g5, The series in (1.31) is essentially
the Fourier-Wiener series for the Wiener measure p in (1.30); see [5] for further details. Note that
u defined in (1.31) lies in ﬂs<% H*(T) and in ﬂ8<17% FL*P(T) almost surely. Consequently,

the support of p and of p (when well-defined) is included in these sets.

Before discussing its invariance, we first need to construct the Gibbs measure p as a well-
defined probability measure on FL%P(T). In particular, we need the weight e Jput T de
be integrable with respect to the base Gaussian measure p in (1.30). In the defocusing case,
with the ‘4’ sign and when k > 3 is odd in (1.27), it follows from the Sobolev embedding
that p is a well-defined probability measure on FL*P(T) for 1 < p < oo and s < 1 — %.

‘

However, in the non-defocusing case, with the ‘—’ sign or when k& > 2 is even in (1.27), the

quantity eFwt e w7z 35 ymbounded in FL*P(T) and the measure (1.28) is not normalizable.
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To bypass this difficulty, Lebowitz-Rose-Speer [71] introduced a mass cutoff and proposed to
study the following Gibbs measure

dp = Z_lIL{HUHLZSR}G_H(u)du. (1.32)

Lebowitz-Rose-Speer [71] and Bourgain [11] showed that the measure p in (1.32) is normalizable
for 2 < k < 5 and an appropriate choice of R > 0; see Theorem 1.2.1. The normalizability at
the optimal threshold, for k = 5, was recently shown by Oh-Sosoe-Tolomeo [89]. The following
theorem summarizes their findings. See Section 4.3 for further details on the construction of
the non-defocusing Gibbs measure.

Theorem 1.2.1 ([71, 11, 89]). Let k > 2, R > 0, and define F(u) by

F(u) = e:‘:ﬁ<fTuk+1dz]]_{‘|u|‘L2<R}, (133)
where ‘F’ above corresponds to ‘£’ in the equation (1.27). Then, for 1 < g < 0o, we have that

F(u) € L(dp) if one of the following assumptions hold:
(a) 2 <k <4 and any finite R > 0;

(b) k =5 and 0 < R < ||Q||r2r), where Q is the (unique) optimizer for the Gagliardo-
Nirenberg-Sobolev inequality on R with HQH%G(R) = 3||Q'||%2(R). If R = Q| L2w), then we
further impose ¢ = 1.

Lastly, in order to discuss the invariance of the Gibbs measure u, we must first construct
a (globally-in-time) well-defined flow for gKdV (1.27) on the support of u. Before proceeding
further, we recall some known well-posedness results of (1.27). In [10], Bourgain introduced
the Fourier restriction norm method and proved local well-posedness of KdV in L?*(T) which
contains the support of the measure p. Global well-posedness followed immediately due to the
conservation of the mass. Following the same method for mKdV, Bourgain [11] established
its local well-posedness in H*!(T) N FL*>°°(T) for some s; < & < s < 1 which also include
the support of the measure u. Here, FL*P(T) denotes the Fourier-Lebesgue space defined in
(1.3). Unfortunately, the conservation laws of mKdV were not sufficient to globalize solutions.
Instead, Bourgain used a probabilistic argument to construct global-in-time solutions of mKdV.
In the seminal work [11], he exploited the invariance of the finite-dimensional Gibbs measures
corresponding to the truncated dynamics to globalize solutions of mKdV. Moreover, he rigor-
ously established the invariance of the Gibbs measure p for KdV and mKdV. Here, with the
solution map W(t) of (1.27) given at least almost surely with respect to p, invariance of y is
understood as

n((—t)A) = u(A), (1.34)

for any measurable set A C L?(T) and ¢ € R. This approach is known as Bourgain’s invariant
measure argument. The main breakthrough in [11] was the globalization argument, in par-
ticular, using the formal invariance of the Gibbs measure u as a substitute for a conservation
law.

Regarding (1.27) with & > 4, Bourgain [10] proved small data global well-posedness in
H*(T) for s > 2 and local existence of solutions (without uniqueness) for s > 1. These results
were extended to global well-posedness in H*(T) for s > 1 by Staffilani in [98]. In particular,
they studied the following gauged gKdV equation (G-gKdV):

Oy + O2u = 0, (uk - kPO(ukfl)u), (1.35)

where Py denotes the mean Po(f) = £ f dz. The two equations (1.35) and (1.27) are equivalent
in the following sense: w is a solution of (1.27) if and only if v = G[u] is a solution of (1.35),
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where the gauge transform® G = Gy ; is given by

Got[u(t,x) = u(t, rFk /Ot Po(u" (1)) dt’). (1.36)

In [29], Colliander-Keel-Staffilani-Takaoka-Tao established local well-posedness of (1.35) in
H*(T) for s > % and used the I-method to construct global solutions for s > % and k = 4
(see also [56, 3]). In addition, they showed that (1.27) and (1.35) are analytically ill-posed in
H3(T) for s < %, which contains the support of u. In fact, the data-to-solution map fails to
be C*-continuous [13, 26, 29]. As a consequence, one cannot use a contraction mapping argu-
ment to extend the local well-posedness of (1.27) below Hz (T) in the L2-based Sobolev scale.
To bypass this difficulty, when k& = 4, Richards [94] showed almost sure local well-posedness
of (1.27) with the random initial data in (1.31), and proved invariance of the Gibbs measure
under the flow of (1.35). However, this approach is not suitable to treat the cases k > 5 in a
unified manner. Regarding the Gibbs measure for gKdV with k£ > 5, Oh-Richards-Thomann
[88] constructed almost sure global dynamics of gKdV (1.27) (without uniqueness) and proved
the following weaker notion of invariance of u: for every ¢ € R, the law of the random function
u(t) which solves gKdV is given by the Gibbs measure p. The lack of uniqueness of solutions in
[88] is due to the use of a compactness argument; see [1, 19]. Note that the notion of invariance
in [88] is weaker than (1.34) in the sense that the dynamics constructed there do not satisfy
the group property in (1.38).

1.2.2 Main results

Our main goal is to apply Bourgain’s invariant measure argument to construct global-in-time
dynamics of (1.27) and establish the invariance of the Gibbs measure for any k£ > 4. The main
difficulty lies in proving local well-posedness in the support of the Gibbs measure. The lack
of analyticity of the data-to-solution map in (), <1 H*(T) leads us to pursue the question of
well-posedness in the Fourier-Lebesgue spaces FL*P(T) in (1.3). In particular, we establish
deterministic local well-posedness of G-gKdV (1.35) in the Fourier-Lebesgue spaces containing
the support of the Gibbs measure , i.e., FL*P(T) with (s — 1)p < —1.

Theorem 1.2.2. For an integer k > 4 and 2 < p < oo, there exists % < s4(p) < 17% such that

G-gKdV (1.35) is locally well-posed in FL*P(T) for any s > s.(p). Moreover, by inverting the
gauge transform, we also obtain local well-posedness of the gKdV equation (1.27) in FL*P(T).

Remark 1.2.3. We start by clarifying our notion of local well-posedness of G-gKdV (1.35) in
FL*P(T); for any ug € FL*P(T), there exists T = T'(||uo||zLs») > 0 and a unique solution « in

1 ,
X;QZ (T)n X;:?(T) — C([-T,T); FL*P(T)) (see Definition 1.3.2) which satisfies the Duhamel

formulation of (1.35):
t
u(t) = S(t)ug i/ St —t)0; (uF — kPo(u*Mu)(¢) dt', te[-T,T],
0

where S(t) denotes the linear propagator. Moreover, the data-to-solution map @ is (locally Lip-
schitz) continuous. Note that Gy, is a bijection on C([—T,T]; FL*P(T)) with inverse given by

oy (w)(t,x) = u(t,:c tk /0 t Po(uF () dt’).

Consequently, Theorem 1.2.2 asserts the following notion of local well-posedness for the original
gKdV equation (1.27); for any ug € FL>P(T), there exist T' = T'(|luo||zL=») > 0 and a unique

solution u € Gy} (X;é (T) N X;0(T)) € C([-T,T); FL*?(T)) which satisfies the Duhamel

3

formulation (1.4) of (1.27). The same conditional uniqueness applies for the global-in-time

2 Typically, a gauge transform is a transform on the phase space, i.e., acting on spatial functions. However,
G defined in (1.36) is an action on space-time functions. We follow the literature [29, 94, 88] and abuse notation
by referring to it as a gauge transform. We also refer to the transformed equation (1.35) as the gauged equation.
See Remark 1.2.7 (ii) for further discussion.
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results in Theorems 1.2.4 and 1.2.5. The data-to-solution map ¥ of gKdV (1.27) can be defined
as U(t) = Rio (]0}1 o &, where R; denotes the evaluation map at time t. The map U(¢) is
defined on a neighborhood of the origin in FL*P(T) and it is continuous, but not Lipschitz or
uniformly continuous in the FL*P-topology due to the properties of G, 3 Moreover, it satisfies
the group property W (t1 +t2) = U(t2)W(t1) for any t1,t2 € R. See Section 4.4 for more details
on this map.

We prove Theorem 1.2.2 by applying the Fourier restriction norm method adapted to the
Fourier-Lebesgue setting (see Definition 1.3.1). The method reduces to establishing a funda-
mental nonlinear estimate, where the main difficulty lies in controlling the derivative in the
nonlinearity. To overcome this derivative loss, we want to exploit the multilinear dispersion by
analyzing the phase function

3 3 3
—ny—...—nj

o(nyny,...,nE) =n
on the hyperplane n = ny + ... 4+ ng. For KAV (k = 2) and mKdV (k = 3), the corresponding
phase functions ¢ and ¢3 are known to factorize, providing an explicit characterization of the
resonant and nearly-resonant sets, where

(ZSk(n,nl,...,TLk):O and O<|¢k(n,n1,...,nk)|<<max(\n1\,...,|nk|),

respectively. Unfortunately, such factorizations are no longer available for ¢ when k > 4, com-
plicating the study of the resonant and nearly-resonant frequency regions. In fact, the failure
of analyticity of the solution map in H*(T) with s < % in [29] is due to the failure of the cor-
responding nonlinear estimate in these regions where |¢r(n,n1,...,nk)| € max(|nil,...,|ng|)-

To overcome this difficulty, our approach is inspired by the “bilinear + multilinear” strategy
in the work of Colliander-Keel-Staffilani-Takaoka-Tao [28, 29]. Instead of starting by showing a
bilinear estimate, we first pursue a more careful description of the frequency space by compar-
ing ¢r(n,n1,...,n,) with the phase functions ¢z(n,n1,n —ny) and ¢3(n,ni,na,n —ny — na)
associated with KdV and mKdV, respectively. Moreover, we further exploit the multilinear
dispersion in the form of bilinear and trilinear Strichartz estimates, which are the Fourier-
Lebesgue analogues of the periodic L* and LS-Strichartz estimates, respectively. The idea of
multilinearizing periodic Strichartz estimates has also been used in L2-based Sobolev spaces;
see [29] for gKdV, [54] for NLS equation on T3, and [44] for DNLS on T, for example.

Now, let us turn our attention to the global aspect of the well-posedness. Following the
strategy in [11], we start by proving the invariance of the Gibbs measures associated with the
following truncated dynamics

(1.37)
UN|t:0 = Uop,

{6tuN + 8§’uN = iPSNaz ((PSN’LLN)]C — ]{/’Po ((PSNUN)k_l)PSNUN),
where P<y denotes the Dirichlet projection onto frequencies {|n| < N}. Unfortunately, the
Hamiltonian structure of (1.37) is disrupted by the gauge transform. Therefore, the invariance
of the corresponding Gibbs measures does not follow immediately from Liouville’s Theorem. A
similar difficulty was found by Nahmod, Oh, Rey-Bellet, and Staffilani when studying the Gibbs
measure for DNLS in [80]. See Remark 1.2.7 for additional details. As a consequence, we must
establish the conservation of the mass and of the Hamiltonian for (1.37) as well as the invariance
of the finite dimensional Lebesgue measures on P <y L?(T) under the flow of (1.37). Then, using
the invariance of the finite-dimensional Gibbs measures for (1.37), we extend solutions of (1.35)
globally-in-time and also establish the invariance of p under its flow.

Theorem 1.2.4. Assume one of the following conditions:
(a) defocusing case: ‘“+’ sign in (1.27) and k odd;
(b) non-defocusing case: “+’ sign in (1.27) and k = 4, or ‘=’ sign in (1.27) and 3 < k < 5,

with mass 0 < R < [|Q||r2ry if k = 5. Here, Q denotes the (unique) optimizer of the
Gagliardo-Nirenberg-Sobolev inequality on R with HQH%@‘(R) = 3||Q'||%2(R).
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Then, the G-gKdV equation (1.35) is almost surely globally well-posed with respect to
the Gibbs measure. In particular, for 2 < p < oo, there exists a p-measurable set ¥ C
ﬂs<17% FL5P(T) of full u-measure such that for every uy € X, the G-gKdV equation (1.35)
sc1-1 C(R; FL¥(T)).
The obtained solution map ®(t) : uy — u(t) of G-gKdV defined on X is u-measurable and
satisfies the flow property

with initial data ug has a uniquely defined global-in-time solution u € )

<I>(t)2 =3 fO’I’ allt € ]R, (I)(tl + tg) = (b(tg)(b(tl) fO’I’ all t1,ta € R. (138)

Moreover, the Gibbs measure p is invariant under the flow of G-gKdV (1.35) in the sense that
pw(®(—t)A)) = p(A) for any p-measurable set A C ¥ and t € R.

By inverting the gauge transform and exploiting the invariance of the Gibbs measure under
spatial translations, we obtain our main result.

Theorem 1.2.5. Under the assumptions of Theorem 1.2.4, the (original) gKdV equation (1.27)
is almost surely globally well-posed with respect to the Gibbs measure. In particular, for every
ug in the set 3 of full u-measure given in Theorem 1.2.4, the gKdV equation (1.27) with initial
data ug has a uniquely defined global-in-time solution u € ﬂ5<1_% C(R; fLS’p(T)). Moreover,

the obtained solution map ¥ (t) has the same flow property as (1.38), and the Gibbs measure i s
invariant under W(t) in the sense that (1.34) holds for any p-measurable set A C ¥ and t € R.

We complete this section with some further remarks.

Remark 1.2.6. (i) Theorem 1.2.5 extends the result of Richards [94] for & = 4 by showing
invariance of the Gibbs measure under the original dynamics (1.27). Moreover, our work es-
tablishes the first result on the invariance of the Gibbs measure p in the sense of (1.34) for
arbitrarily large values of k > 5, in the defocusing case.

(ii) A weaker notion of invariance of p for k > 5 was established by Oh-Richards-Thomann in
[88]. They constructed almost sure global dynamics for gKdV (1.27), without uniqueness, and
established invariance in the following sense: for any ¢ € R, the law £(u(t)) of the random
variable u(t) which solves (1.27) is given by the Gibbs measure p. They used the compactness
argument in [1, 19], exploiting the invariance of the truncated measures to construct a tight
sequence of space-time measures. Although their result can be easily extended to the Fourier-
Lebesgue spaces in Theorem 1.2.4, we do not know if our solutions coincide with those in [88].
Due to the lack of uniqueness of solutions in [88] and the conditional uniqueness of our result,
we cannot directly compare these solutions.

Remark 1.2.7. (i) In [80], Nahmod, Oh, Rey-Bellet, and Staffilani studied DNLS on the one-
dimensional torus. In particular, they constructed a weighted Wiener measure, invariant under
the gauged dynamics, and established almost sure global well-posedness of DNLS in the support
of said measure. Unlike for gKdV (1.27), local well-posedness in the support of the measure was
already available in [44]. Consequently, the main difficulty arose in the globalization process.
The energy associated to the gauged dynamics was no longer conserved for truncated solutions,
which required an approach reminiscent of the I-method to instead establish almost invariance
of the truncated measures. In our case, the main difficulty lies in establishing the local well-
posedness of G-gKdV (1.35) in the Fourier-Lebesgue spaces that include the support of the
measure, which was readily available for DNLS. Similarly to [80], we also have to prove the
invariance of the finite-dimensional Lebesgue measure with respect to the truncated dynamics
in (1.37). However, unlike in [80], the Hamiltonian is still conserved and we can easily show
invariance of the Gibbs measures associated to (1.37).

(ii) One additional difficulty in establishing invariance of the Gibbs measure p under the flow
of (1.27) was due to the gauge transform. The map Gy, for £ > 4 is a map on space-time
functions. This is a sharp contrast with DNLS, whose more involved gauge transform is well
defined as a map on FL*P(T), allowing the authors in [80] to consider the push-forward of the
measure p by the gauge transform. This topic was further explored for DNLS in a subsequent
work [81]. Here, we bypass the difficulty associated with the gauge transform by exploiting the
invariance of the Gibbs measure under spatial translations.

20



1.3 Notations

Before proceeding to the proof of our main results, we introduce some relevant notation. Let
A < B denote an estimate of the form A < C'B for some constant C' > 0. In addition, A ~ B
denotes A < B and B < A, while A < B denotes A < ¢B for some small constant 0 < € < 1.
We sometimes use S, ~q, < to indicate that the implicit constants depend on a parameter «.
The notations a4 and a— represent a + ¢ and a — € for arbitrarily small € > 0, respectively.

Our conventions for the Fourier transform are as follows. The Fourier transform of wu :
R x T — C with respect to the space variable is given by

1 .
Fru(t,n) = ?/u(t,x)e_”” dx.
T

™

The Fourier transform of v with respect to the time variable is given by

1 ,
Fuu(r,z) = o / u(t, z)e " dt.
R

The space-time Fourier transform is denoted by F; , = FF;. For simplicity, we sometimes drop
the harmless factors of 2. We often use u to denote Fyu, Fru and Fy yu, but it is clear which
one it refers to from context, namely from the use of the spatial and time Fourier variables n
and T, respectively.

Now, we define the spaces of functions mentioned in the previous sections and used through-
out the thesis. Let S(R x T) denote the space of functions v : R x R — C, with u € C*°(R x T)
which satisfy

u(t,x + 2m) = u(t, ), sup  |t*0Pdu(t,x)| < 00, a,f,v € NU{0}.
(t,z)ERXT

We introduce the X*®(R x T) spaces adapted to the Fourier-Lebesgue setting in [42, 44].

Definition 1.3.1. Let s,b € R and 1 < p,q < co. The space X;JS(R x T), abbreviated X;;g, 18
defined as the completion of S(R x T) with respect to the norm

T M G A R TICA] | P H (m)*[[ (7 = 12287, 1) | o o e - (1-39)

When p = g = 2, the X;7g—spaces defined above reduce to the standard X*°-spaces intro-

)

duced by Bourgain in [9, 10] (see also [93, 4, 66]). These spaces satisfy the following embedding
for any 1 < p < o0,

S s 1 1
prg(R x T) — C(R; FL*?(T)) for b > 7= 1— .

When b = %, this embedding fails. For this reason, we introduce the following space
s,b _ ysb 8,b—3
2y =Xy N Xy "

1

Note that Z,> — C(R; FL*P(T)). We will further require the time localized version of the
Fourier restriction spaces.

Definition 1.3.2. Let s,b € R, 1 < p,q < oo, and I C R be an interval. We define the
restriction space X;;Z(I) of all functions w which satisfy

||uHX;:2(I) = inf{““”x;;i} RS X;:g(R x T), vlter = u} < 00,

with the infimum taken over all extensions v of uw. If I = [-T,T] for some 0 < T < 1, we
denote the space by X;JS(T). The spaces Z;’b(I) are defined analogously.
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We introduce the linear propagator for the Airy equation S(t), defined by
T (S(t)u)(t,n) = ™ T(t, n).
The norm in (1.39) can be rewritten using the interaction representation

s b
ull xz0@xr) = 1(92)° (%) S(—t)u(t)||;Lg,p(T)ng,q(R)
= [1402)° " S (~t)u(t) | 1.0 g | gy
For simplicity, we may drop the domains of integration/summation of the norms for X ;:2 (RxT),
H3(M), FL*P(M), ¢P(Z), and LI(T), M =R or T. Also, we often use a subscript to indicate

the variable associated with the norm. Lastly, we use 14 to denote the characteristic function
on the set A.
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Chapter 2

The modified Korteweg-de Vries
equation

In this chapter, we study the first renormalized mKdV equation (mKdV1)
Opu+ O3u = (Jul> — M(u))dyu, (2.1)
and the second renormalized mKdV equation (mKdV2)
Opu+ O3u = |ul*0pu — M (u)dpu — i P(u)u, (2.2)

where the mass and the momentum are formally conserved quantities given by
M) = f If @) o
P() =T f (FOf) @) do = 3 nlFm) ™

nez

We counsider the defocusing equation (‘+’ in (1.5)), as the sign will not play a role in the analysis.
Recall that these two equations are related by the gauge transform

Golu](t, ) = e P Wy (t, ), (2.3)

where the momentum P(u(t)) is not well-defined outside H 2 (T). The first part of this chapter
is devoted to showing the ill-posedness of mKdV1 (2.1) (Theorem 1.1.1) and the well-posedness
of mKdV2 (2.2) (Theorems 1.1.3 and 1.1.6) in FL*P(T) for s > % and a restricted range of p.

In order to prove Theorem 1.1.3, we recall known linear estimates and auxiliary results in
Section 2.1, and show the main nonlinear estimate (Proposition 2.2.1) in Section 2.2. As a
consequence, we establish the local well-posedness of mKdV2 (2.2) for 1 < p < 4 using the
Fourier restriction norm method in Section 2.3 and the ill-posedness of mKdV1 (2.1) for this
restricted range of p. Lastly, combining the a priori bounds of Oh-Wang [91] and a persistence
of regularity argument, we extend the solutions of mKdV2 globally-in-time (Theorem 1.1.6) in
Section 2.4.

In the second part of this chapter, we turn our attention to the problem of recovering
solutions of mKdV1 (2.1) from those of mKdV2 (2.2) outside Hz(T). We first establish the
conservation of momentum at low regularity (Proposition 1.1.9) in Section 2.5, by using the
normal form approach to show a useful energy estimate. Lastly, in Section 2.6, we exploit
the conservation of momentum at low regularity to obtain distributional solutions of mKdV1
(Theorem 1.1.11).

Lastly, in Section 2.7, we prove a lemma from which the mild ill-posedness of (1.5) in
FL*>P(T) for s < % and 1 < p < oo follows, i.e., Proposition 1.1.4.
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2.1 Linear estimates and auxiliary results

In order to establish the local well-posedness of mKdV2 (2.2), we will apply the Fourier restric-
tion norm method in Z, ? (T), for some 0 < T < 1, given by

Zy3(T) = X23(T) N X30(T).

P2

See Definition 1.3.2 for the X52(T) spaces. Recall that ZZ’%(T) — C([-T,T); FL**(T)). We
require the following linear estimates (see [44, Lemma 7.1] for the proof).

Lemma 2.1.1. (i) (Homogeneous linear estimate) Let 1 < p,q < oo and s,b € R, then
||S(t)UOHX;;3(T) S luollFLse,

forany 0 <T < 1.
(ii) (Inhomogeneous linear estimate) Let 1 <p < oo and s € R, then

. SEN .-
2,2 (T) Zp

1,
CA(D)

H /Ot St—tYF{) dt’

forany 0 <T < 1.

The following estimate allows us to gain a small power of the time of existence T, needed
to close the contraction mapping argument (see [102, Lemma 2.11] for the proof).

Lemma 2.1.2. Let —% < <b< % and 1 < p < co. The following holds:

_ !
ol e ry S T el sy

X;5 ()
forany 0 <T < 1.

We will also need the fact that multiplication by a sharp cut-off is a bounded operation in
Xs,b
5o (see [32, Lemma 2.1], for example).

Lemma 2.1.3. Lets>0,0<b< % and fix T > 0. Then, the following estimate holds
<
1802160l g < Nl

We also recall the following well-known tools (see [40, Lemma 4.2] and [79, Lemma 5],
respectively).

Lemma 2.1.4. Let 0 < a < B such that o+ 8 > 1 and € > 0. Then, we have

1 1
<
/R<mfa>a<x7b>ﬁd”““~ @b
where

a+p-1, B<1,
T=ya—¢, ﬂ:]-a
a, g > 1.

Lemma 2.1.5. Let 0 < o, 8 < 1 such that a + 3 > 1. Then, we have

Y e S
ni,na€ZL <n1>a<n2>,3 ~ <n>a+,371’
nit+ne=n

uniformly over n € Z.
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Lastly, we include the periodic LS-Strichartz estimates due to Bourgain [10]
le@)ullps | < llull ot 3+
' X2

where ¢ denotes a smooth time cutoff. Interpolating the estimate above with the Sobolev

inequality X5 3+’ st ¢ L?’m, we have the following

lo(@ulzs. < Nl vy 2.4
' X2

2.2 Nonlinear estimate

In this section, we establish the fundamental trilinear estimates required to show Theorem 1.1.3.
We start by introducing the following multilinear operators, defined on the Fourier side and
omitting time dependence,

FoNR(ur,ug,u))(n) = Y iy @y (n1)T2(na) s (ns),
RPN,
Fu (’R(ul, Us, U3)) (n) = —in1 (n)da(n)us(n),

where 7123 = (n1, 12, n3) and the phase function is given by ¢(7i123) = 3(n1 +n2)(n1 +n3)(n2+
n3). When there is no ambiguity, we will use @ to denote Ti123. Recall from (1.11) that the
nonlinearity of the real-valued mKdV1 equation (2.1) and that of mKdV2 (2.2) can be written
as

N(u,a,u) = NR(u, @, u) + R(u,u, ).

We then establish estimates for the resonant and non-resonant contributions AR and R, re-
spectively.

< s < 3
1<p<oo. Foru; : RxT = C, j = 1,23, the following

Proposition 2.2.1. Let (s,p) satisfy one of the following conditions: (i)
1<p<gziz; (i) s > 32,
estimates hold:

N[—=

7

[NR(u1, us, U3)||Z: —%(T) H e, H “3n) (2.5)
<710 2.

||R(U1,ug,u3)||Z; by S H || H ) (2.6)

for some0<d <1 and any 0 <T < 1.

Proof. Tt suffices to show

INR (i, G2, 03)]

o-h S max (IUkX 3 H Il . 2;)

P
J;ﬁk

3
P ) (L 27)
j=1

||R(ala /&/27 'LL3

for any @, an extension of u; in [T, T], j =1,2,3, and some v > 0. Then, taking an infimum
over all extensions and using Lemma 2.1.2, we get (2.5) and (2.6). For simplicity, denote the
extensions @; by uj, j = 1,2,3, in the remaining of the proof. Let oo = 7 —n?, u = (1,n),
0 =Tj 771?, and My = (Tj,ﬂj), ] = 1,2,3.
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—1
We start by estimating the X;:Q Z_norm of the non-resonant contribution N'R

3

> o[ R )

n=nitnotng, o %o Jj=1

()70

[INR(u1, uz,us3)ll <

Note that og — 01 — 02 — 03 = =3(n1 + n2)(n1 + n3)(ne + n3) = ¢(7) which implies that

6] £ max (03] = O (2.9)

Let |nmin| < [nmed| < |7max| denote the increasing rearrangement of the frequencies ny,na, ns.
We distinguish the following two cases for the phase function ¢(7):

1] ~ [na| ~ [nal,  [#(A)] ~ [Pmax| A A2 and, (2.10)

‘¢(ﬁ)| ~ |nmax‘2>\a (211)

where A\, A\; = min{|n; + na|, |n1 + nsl, |n2 + ns|} and A2 = med{|ny + na|, |n1 + ns|, |n2 + nsl}.
From (2.9), we can use the largest modulation oy,ax to gain powers of the maximum frequency.

Thus, we will consider different cases depending on the value of o, and on which of the
conditions (2.10) or (2.11) holds.

Case 1.1: opax = |09

Let f;(m,n) = (n)*(r—n3)=~¥[0;(r,n)| and note that || f; ill oy vrd=1,2,3. Then,
we have "
s 3
evs| X [ T
men s [6m)|2 TI;= (ny)(oy) 27" 55 o2

(n)#

(n)*[n4 | _ < 3 2>§
1 J T, f 5 )
n:n1+z712+n37 ‘d)(ﬁ)h H?=1 <nj>s 1( n) T—T1£’2+T3j1:[1 ‘ J( ! nj)‘

#(n)#0

S

)
L2

using Holder’s inequality, where

— R 1 %
Ji(r,m) = ( / (<01><U2><U3>)1_2y> =

T=T1+T2+73

from using Lemma 2.1.4 twice and with 0 < v < %. Using Minkowski’s and Holder’s inequalities,
it follows that

(n)* |n1|
— 115 (n; ||L2
n:n1+zng+n3, |¢(n)‘é H] 1 H
$(7)#0

<sup J1 H”fj

(28) <

n

L2

where

, < )*Im v
Ji(n) = . 2.12

n=ni+nz+ns,

#(m)#0
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Since || fillenzz = llu;ll .. it only remains to estimate Ji. If (2.10) holds, then

1
2
Xp,2

—v)

(W] 1

6|2 T (ny) ™ (n1)® =3 (A1) 2 (A2)2

for distinct A1, Ao € {|n1 +nal, [n1 +nal, [n2 +n3|}. We can write \; = [n —nj|, j = 1,2, where
nf,nh are distinct frequencies in {n1,n2,n3}. Since A, A2 < |nq|, we have

1
Ji(n) < - —
n:nlgnrHls, <n1>(287%)p/ <TL - n/1>7 <TL - nl2>7
#(m)#0

b

1
) <1,
~ (n —n} )P (n — pl)(st3)p"

!’ ’ n
ni,my
forsz%1§p<2ors>§—l,2§p<oo. If (2.11) holds, then
4 4 D

] |
“é(ﬁ)ﬁ H?:1<nj>s - <nmin>s<nmed>s>‘%

9

where \ € {‘nmin + nmed|7 |n — Nmin I} IfA= |nmin + nmed|a since |nmin|7 |nrnin + nmed‘ SJ |nmed|7
we have

1
Ji(n) S Z " , I
n=ni+ns+ns, <nmin>ép <nmed>8p <nmin + nmed> 2
$(m)#0

> B <1

Mmin;Mmed <nmin>(s+4)p <nmin + nrned>(s+4)p,

given that s > %, 1<p<2ors> %f%, 2 <p<oo. If A=|n—nmpnl, since |n—nmin|, |[Pmin| S
[med|, the same estimate follows from using Lemma 2.1.5.

Case 1.2: oyax = |0y, 7 € {1,2,3}

Assume that opax = |o1], as a similar argument holds in the remaining cases. Let ¢;(7,n) =
<n>s<7'—n3>l|171(7' n)|, gj(t,n) = (n)*(t — n3> “Yuj(r,n)], j = 2,3, and note that Hgluel’LQ =

[l || and [|lg;llerzz = llugll .1-., 5 = 2,3. Using duality, for gy € ' L2, and Holder’s

s 1

’2
p,2
inequality, we have

(n)*[n4
. < 1 1 3 1_
(2 8) ~ Z Z / / |¢(ﬁ)|§<go>§*1/<nl>s Hj:2<nj>8<o‘j>2 v

noMEM AN AN, T g Yy oy

#(n)#0

1
’2
X ]

3
X go(T,n) H (15,15)

3
(n)*[n4| —
S llgo ()22 TT llgs (my)llzz x Ja(ry,n,m)
~ —\ L 3 7 VANAY)] z s 1oy ’
;n=n1;m+ng, [o@)]> TTj=1 (ny)° j=1
#(n)#0

where

senn=( [ omaeE) St

T1=T—T2—T3
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by two applications of Lemma 2.1.4 with 0 < v < é Using Holder’s inequality, we obtain

3
(2.8) < (sup J1 () llgoll ' o [T N95llen 22
n TSl

with Jj(n) defined in (2.12), which is uniformly bounded by following the same arguments in
the previous case. This concludes the estimate for [|NR(uq,uz, u3)

I 1.
s,— 3
Xp,2

Next, we consider the X;’fl—norm of NR,

Slny > ~
Z / <n<>o.>H|uj(Tjanj)| (2.13)

n=ni+ns+ns, r=T14To+T3 0 j=1

¢ (n)#0

||NR(U1aU2aU3)||X;«;1 S

4 LL

As when estimating (2.8), we will consider different cases depending on the value of opay. If
Omax = |0j|, j € {1,2,3}, then using Cauchy-Schwarz inequality in 7 gives

N 3
(n)*In4| -
3 / T fas (o)
n=ni+ns+ns, =1 ety <O—0> 2 j=1

#(m)#0

(2.13) <

er2

and the estimate follows from Case 1.2. Hence, we can assume that |og| > o], j = 1,2,3,
which implies that |og| ~ |og—01—02—03]|. Let h;(1,n) = <n>5<7—n3>%*2”|ﬁj(7, n)|,7=1,2,3.

Then, using Holder’s inequality with 1 = % + % and ¢ < 2 and Minkowski’s inequality, we have

3
OMIY
(2.13) S Z / L T3 5/ - \iI_2, th(Tjanj)
n=nitnstng, %4 lp(m)|= (00) = Hj=1<nj> (oj)2 j=1 o0 Lt

#(n)#0

3
(n)*[na|
: Z / lo(m)|2 [To_, (n;)(o;)2 Hhﬁ(ij”j) .
o T J=1V A =1 oL
(n)*|ni | &
< 1 J(T ﬁ) ||h(n)|| q
~ )3 3 s A g\ LT )
o o Ty 2L .

$(m) 70

where

Ja(rm) = ( / (<01><U2><;3>)(é21')q/> ' >t

T=T1+T2+73

from two applications of Lemma 2.1.4, for ¢ satisfying é > max (4v, 3 4+ 3v). Using Holder’s
inequality, we have

/ ferd &
(2.13) S (sup J1 ()" [T 12slle e

for Ji defined in (2.12). We know that J] is uniformly bounded in n from Case 1.1 and the
intended estimate follows from Holder’s inequality

—v)

hillenpe = lusll oy a0 S Nl
P,q

N o=

X

p,
given that % < %Jrz/. For fixed 0 < v < %, we choose ¢ = q(v) < 2 satisfying max(4v, % +3v) <
% < 1+ v. This completes the estimate of [|N'R(u1,uz, us)| ye-1.

p,1
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Next, we consider the resonant part R. Since by Cauchy-Schwarz inequality we have

5,7%+ua
p,2

IR(ur, uz, us)ll oot S IR (u, uz, us) |

for any v > 0, (2.7) follows once we show the following estimate

3
HR(uhUz»US)HX;:;%M S H ||Uj||X;,

N

Using Cauchy-Schwarz inequality, we get

3
||R(U17u27u3)||XS,7%+u ,S H / < < > ‘ H |u](7_]’n)|
p,2 j=

T — n3>’_”

L2
T=T1—T2+T3 neT

< ( sup Jy(7,m) n

T,

)
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1
IHIHII (r=n®)27"0;(7,n)|| 2

where

N

wen=( [ ommemm e es) 5

T=T1—T2+T3

by two applications of Lemma 2.1.4, with 0 < v < 1. Since we want (n)®n| < (n)3¢, we must
impose the condition s > % Thus, using Holder’s inequality we get

3
1
(=) S Tl g

u::w

||R(’LL17’U,2,’U,3 57%+V

Xpo

completing the estimate for the resonant contribution.

2.3 Proof of Theorems 1.1.3 and 1.1.1 with 1 <p <4

In order to prove Theorem 1.1.3, we establish that the right-hand side of the Duhamel formu-
lation for mKdV2 (2.2)

u(t) = S(t)uo + /Ot St — N (u,w,u)(t") dt’

1
is a contraction in Z, > (T), for some 0 < T' < 1. We can then show local well-posedness of (2.2)
for the range of (s, p) where the nonlinear estimate holds. In particular, for (s, p) satisfying one
of the following conditions:

<s<

3
or 5> 7 1<p<oo. (2.14)

=~ w

, 1<p<

N =

3 —4s

Note that at the endpoint s = %, we can only cover the range 1 < p < 4.

Proof of Theorem 1.1.3 with (2.14). Let (s, p) satisfying the assumptions in (2.14). Given ug €
FL*P(T), define the solution map I',, as follows

Lo [u](t) := S(t)up + /O St —t" N (u,w,u)(t") dt’.

Let R > 0 and Bg := {u € Z;’%(T) o Jul

< R}. Using Lemma 2.1.1 and Proposition

ol
» 2 (D)
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2.2.1, for some 0 < § < 1, we have

[ITuq (w)] < CilluollFrer + Col|N (u, @ w)| .

zy% (1) zy 3 (1)
< Cilluoll Fror + CsT? |l , 4 (2.15)
X, 5 (T)
for constants C1,Cs,C3 > 0 and 0 < T < 1. Similarly, since N (u,u,u) — N (v,7,v) = N(u —
v,u,u) + N(v,w—v,v) + N(v,0,u — v), we have

[Tug (1) = Ty (V)] (2.16)

oy <O (P, I, Y-l
20 X 3@ XM -

for a constant C4 > and 0 < T' < 1. Choosing R := 2C||ug||Frs» and 0 < T = T(R) < 1 such
that

1 1
C5TR? < 3 and C,T°R? < T

it follows from (2.15) and (2.16) that Ty, is a contraction on the closed ball B C Z;’%(T).

Consequently, I',, has a unique fixed point u =T, (u) € Z;’%(T).

It only remains to show that I'y,, is locally uniformly continuous with respect to the initial
data ug. Let ug,vg € FL*>P(T) and u,v be the respective solutions. Following the same strategy
as for (2.15) and (2.16), with the above assumptions on T', we have that

l[u = vl

P OR O

1
Z;’%(T) < Cillug — vol|FrLer + 5”“ — vl

N o

X2

Using the embedding Z;’% (T) < C([-T,T); FL**(T)), we conclude that

sup [u(t) — v(t)| FLer < 2C1 [luo — voll FLer-
te[—T,T)

Therefore, the data-to-solution map is locally uniformly continuous. This completes the proof
of Theorem 1.1.3 for (s, p) satisfying (2.14).
O

From the local well-posedness of mKdV2 (2.2), we can show the non-existence of solution of
mKdV1 (2.1) for initial data with infinite momentum. The ill-posedness result in Theorem 1.1.1
follows an argument by Guo-Oh [48]. The proof combines the local well-posedness of mKdV2
(Theorem 1.1.3) and the rapid oscillation of the phase depending on the momentum in the
gauge transform Gs in (2.3).

Proof of Theorem 1.1.1 with (2.14). Consider ug y = P<nup and {un}nen the sequence of
smooth global solutions of mKdV1 (2.1) with un|;=¢0 = uo,n for N € N. Suppose that there
exist T > 0 and a solution u € C([~T,T); FL*?(T)) of mKdV1 (2.1) such that:

(a) ult=o0 = uo;
(b) uy = uwin C([-T,T); D'(T)) as N — oco.
For the smooth solutions ux, we have conservation of momentum: P(un(t)) = P(uo,n), t €

[-T,T], N € N. Thus, the gauge transform G, is well-defined and invertible. Let vy := Ga(up),
which is a smooth global solution of mKdV2 (2.2) with initial data ug . Then, by the local

1
well-posedness of mKdV?2 (2.2), there exists T’ = T"(||ug||71s») > 0 such that vy € Z, > (T'),
for some T > T" = T'(|luo||7L=») > 0'. Now, we want to show that {vy}nen converges

From unconditional uniqueness of mKdV2 (2.2) at high regularity, the solutions vy coincide with the
solutions constructed in Theorem 1.1.3 with initial data ug,n. Moreover, there exists T/ = T’ (|luo||rrs.») > 0
such that vy € C([-T",T']; FL*P(T)) for every N € N.
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in C([-T",T"); FL*?(T)). From the local Lipschitz property of the data-to-solution map of
mKdV2 (2.2) in Theorem 1.1.3, it follows that

lov —vnmllorFrer S |lon — va] S llwon —woml|Free — 0

ol
Z, *(T)

as N,M — oo, since {ug n}nen converges in FL*P(T). Consequently, there exists v €
C([-T",T'); FL**(T)) such that vy — v.

Now, we want to exploit the rapid oscillation of the phase introduced by G, to arrive at a
contradiction. Let ¢ € D([-T",7"] x T) be any test function. From the convergence of uy — u
in C([-T,T]; D'(T)), we have that

<uN(t1 ')a QD(t, )>L§ — <u(t7 ')a QO(t, )>L§ as N — oo.

Let F(t) := (u(t,-),»(t,))z2, which is a continuous function supported on [~7",7"]. Then,
F € LY(R) and by the Riemann-Lebesgue lemma

|F(7)] = 0 as |7| = oo. (2.17)

Since limsupy_, o, |P(uo,n)| = 00, there exists a subsequence ug,n; such that [P(ug n;)| — 00.
We therefore focus on the corresponding subsequence {vy;}jen and in its convergence in the
sense of distributions. Namely, we have

‘ / / on, (t, 2)p(t, x) da:dt‘ = ‘ / / e PNty (8, 2)p(t, x) da dt
RJT RJT
~ T,
< |P(Pluos))|+ [ ftu, (6) = e )l Dzt =0
T

as j — o0o. The first term converges to zero as a consequence of (2.17) and the assumption that
|P(uo,n, )| — oo, while the second is a consequence of uy — u in C([-7",7"]; D'(T)). Hence,
{un,}jen converges to zero in the sense of distributions and to v in C([-T",T"]; FL**(T)).
Therefore, v = 0. However, 0 = v(0) = ug, which means that P(ug) must be finite, i.e.,
|P(P<nug)| = |P(uo,n)| converges as N — oo, which contradicts the assumption on the initial
data. O

Remark 2.3.1. Note that at this point, we have only established the local well-posedness of
mKdV2 (2.2) in FL*P(T) with (s,p) satisfying (2.14), and therefore must impose the same
regularity restriction on the ill-posedness of mKdV1 (2.1). The same proof holds for s > % and
4 < p < oo after we have extended Theorem 1.1.3 to this range (see Chapter 3). We therefore
omit the proof of Theorem 1.1.1 for the remaining choices of (s, p).

2.4 Proof of Theorem 1.1.6 for 1 <p <4

In this section, we focus on showing the global well-posedness of mKdV2 (2.2). The following
a priori bounds due to Killip-Vigan-Zhang [63] and Oh-Wang [91] are essential to extending
local-in-time solutions to global ones.

Theorem 2.4.1 ([63, 91]). Let2 <p < oo and 0 < s < 1—% orl1<p<2and0<s<l.
Then, there exist C = C(p) > 0, and v = v(s,p) > 0 such that

lu(®)|FLer < C(1+ [[u(0)|7Ler) " [|w(0) | FLor, (2.18)

for any smooth solutions u to the complex-valued mKdV1 equation (2.1), for any t € R.

We can easily obtain the equivalent a priori bound for solutions of mKdV2 (2.2).
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Corollary 2.4.2. Let2 <p <4 and % <s<1 —% orl <p<2and % < s < 1. Then, there
exist C = C(p) > 0 and v = v(s,p) > 0 such that for any ug € FL*P(T) we have

lull g prow < O+ [luollzres)uoll Frew, (2.19)

where u € C([—T, T];}"LS”’(T)) is the corresponding solution of the complex-valued mKdV2
equation (2.2).

Proof. Let ug € FL*P(T) and consider the corresponding solution « of mKdV2 (2.2) obtained
by Theorem 1.1.3. Consider a smooth approximating sequence {ug n }nen such that ug , — ug in
FL#*P(T). Therefore, the smooth solutions of mKdV2 {u, }nen with initial data u,(0) = ugx
satisfy u,, — wu in C'([—T7 T];]-'Ls’p(']I‘)) from the Lipschitz property of the solution map in
Theorem 1.1.3. Consequently, for fixed ¢ € [T, T, we have the following estimate

HUHLE}?}'LS,p < ||u — ’U,nHL;}OJ:Ls,p + ||un||L,‘}°]-'LS»P
S ||u - unHL%o]:LS,P + ||g271[un]||L%0]:Ls,p
< lu = unllge e + C(1+ Gy uom) 7o) 11Gs w0 mlllFrer,
using the fact that Gy is well-defined for smooth functions and an isometry in

L ([~T,T); FL**(T)), and the a priori bound (2.18). Using the convergence u, — u in
C([-T,T); FL*?(T)) and the isometry property of Go, we conclude that

lullLge Frer < C(1 + [JuollFLer) [[uoll L,

as intended.
O

When 2 < p < o0 and % <s<l-21ori< p < 2and % < s < 1, the global well-posedness
immediately follows from the local well-posedness in Theorem 1.1.3 and the global-in-time
bound (2.19) in Corollary 2.4.2, by iterating the local argument. However, we want to remove
the upper bound on s, using a persistence of regularity argument. Before proving Theorem 1.1.6
for 1 < p < 4, we need to modify the nonlinear estimate in Section 2.2 accordingly.

Corollary 2.4.3. Let s > % and 1 < p < 4. Then, the following estimate holds

N (u, 5, w)|

ot STl oa
» 2(T) X, 3 (1) TX22(T)

Z

for some 0 <d <1 and any 0 <T < 1.

The above estimate follows from Proposition 2.2.1 with s = % and by placing the remaining
s — % derivatives on the factor with the largest frequency. The above corollary also holds if
(s,p) satisfy (2.14), but we are mostly concerned with the endpoint case and will focus only
on the regime s > % and 1 < p < 4. It is now possible to prove Theorem 1.1.6 under these
assumptions.

Proof of Theorem 1.1.6 when 1 < p < 4. If2<p<4and%§s<1—%0r1§p§23nd

% < s < 1, the result follows from iterating Theorem 1.1.3. Now, consider the case when

2<p<4ands>1- % or1<p<2ands>1. Then, uy € FL*?(T) C FL2?(T) and there
exists a unique global solution u € C/(R; TL%’p(T)) of mKdV2 (2.2). Using the a priori bound

11
in Corollary 2.4.2 when running a contraction mapping argument in Z3’?(I), for any interval
I of length T' > 0, imposes a local time of existence

T ~ (1 + |Juo| 7> 0, (2.20)

FLEP
for the resulting solution, for some 6 > 0. Moreover, by choosing I = [tg, to + T, we get

lull 3.3, < Clluto)l (2.21)

(1) FLE
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for some C' > 0. Note that by using the a priori bound, the bounds (2.20) and (2.21) hold
uniformly in ¢y. Using Corollary 2.4.3 and (2.21), it follow that

s 2
Il 2k S Crilluto)llrer + CoT[lulto)ll, 1 ,llu ”xé
for constants C7,Cy > 0. Using the a priori bound, we have
5 2 5 2y 9 1
CoTlulto)ll 4, < C5T(1+ Jluol . 3.0) ol , < 5

where the last inequality holds by possibly refining the choice of 6 in (2.20), for some C3 > 0.
1
Using the embedding Z, 2 (I) < C(I; FL*?(T)), it follows that

sup [[u()]l 7L < 2C1|Julto) || FLen-
tel
Iterating this argument, we obtain

0
sup  u@®)llrzer < (200) F1001720) T g | g,
te[—T*,T*]

for any T* > 0. This shows the global well-posedness of mKdV2 (2.2) in FL*P(T) for 2 < p < 4
andsEl—%orlSpﬁQandle.
O

2.5 Conservation of momentum outside H2(T)

In order to show the conservation of momentum at low regularity (Proposition 1.1.9), we estab-
lish an energy estimate on smooth solutions of the mKdV2 equation (2.2). The main idea is to
use the normal form approach (‘integration by parts in time’) to estimate the difference of the
momentum at time ¢ and at the initial time. The normal form approach was first introduced
by Babin-Ilyin-Titi to study the periodic KdV equation [2], and further developed and applied
to many aspects of the well-posedness theory of dispersive equations, see [69, 35, 47, 70, 64] for
example. Here, we closely follow the argument in [82].

Proposition 2.5.1. Let (s,p) satisfy one of the following conditions: (i) % <s< %, 1<p<

o (i) s > 2,1 < p < oo, and ug € H®(T). Let u be a smooth solution of (2.2) with
u|t—o = ug. Then, the following estimate holds

1
PP = PRoruO)] S 7z (s 1) e + Il + 10l )
p,2 ;2

fort >0, any N € N and 0 < e < 1 small enough, where P>y =1d —P<y.

Proof. Using the Fundamental Theorem of Calculus and the mKdV2 equation (2.2) on the
Fourier side, we have the following

|P(P>Nu(t)) — P(P>NU(O))|

=| > n(ac,n)? - [u(0,n)

In|>N

= QZnRe/ (Ot ,n))a(t',n) dat’

In|>N

2)’

t
= [2Im Z Z nnia(t,ny)a(t’, —ng)u(t', n3)a(t’,n) dt'|.

|n\>N n=ni+nz+ns,
(m)#0
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Let |Pmin] < [nmed| < |max| denote the increasing rearrangement of ny, ne, ng. We will consider
the following 6 cases depending on the relative size of the frequencies:

e Case 1: (1> |nmaXI > |nmed‘ 2 |n1\ or (ii) |nmaX‘ ~ |nmed| > |n1|

Case 2: [nmax| > |n1| > |Mmin|

Case 3: |[n1| ~ |nmed| > |Pmin|

Case 4: (i) [n1] > |[nmed| = |Pmin| = [n1]2 or (ii) [n1] > [nmed| = 71|12 > |Mmin|

Case 5: |nq| ~ |na| ~ |n3]
o Case 6: |n1|% > [Nmed| 2 [Pomin|

In Cases 14, the difference can be estimated directly, while in Cases 56 we will require the
normal form approach.

Cases 14
Let 0 :==7; — n;’, j=1,2,3, and 0y := 7 — n® denote the modulations. The following relation
holds

—00+ 01+ 03 +03=n—n} —nd —nj = o).

In Cases 14, the resonance relation ¢(7) satisfies the following
Inma,x|2A ~ |¢(ﬁ)‘ 5 Omax -—  1Max |0-j|a
7=0,...,3
where A € {|n1 + nal|,|n1 + ng|, |ne + ns|}. Let u; = (15,n5), j =1,...,3, p = (r,n) and
assume that opax = |oo|, as the remaining cases can be handled analogously. In order to
extend the integral from [0, ¢] to the whole real line, we must associate the time-cutoff with one

of the factors. We can always choose one of the three factors which does not have the largest
modulation opyax, for example @(¢,n1). Using Parseval’s identity, we have that

|P(Psnu(t)) — P(Psyu(0))]

2Im / Z Z nny Fi g (l[oyt]u) (p1)a(—p2)u(ps)u(p) dry dro drs

T=T1+T2+T3 [n|>N n:%l("ﬁ‘;igndv
nn ~ -~ ~ ~
S / S Y L ) ) s o) dry i s, (2.22)
T=114To 41y IP|>N N=n1+nz+ns, |¢(n)| ?
#(n)#0

where fi(7,n) = | Pt (Lo, gu) (,m)], Fa(m,n) = [a(r,n)|, f3(r,n) = (r—n3)2|d(r,n)|. We focus
on estimating the spatial multiplier in (2.22).

In Case 1 (i), |¢(0)| ~ [nmax|?|71+Nmed|, while in Case 1 (ii) we have |¢(7)| ~ |nmax|?|Pmed +
Nmax|- Therefore,

[nny | [nn, | 1 3 0— 1
< < |n|7|ni|* < N |nningng|* .
@~ Tl SinlEng® S [nninang|

In Case 2, we see that |¢(0)| ~ |nmax|?|n1|, which implies that

|nn | |nng |

<

1 _ 1
1~ 1 f, ‘77,1‘5 5 NO |nn1nmax|6+'
[6M)[2 " |nmax|na]2

In Case 3, we have |¢(7)| ~ |n1]?|n1 + Nmea|, from which we get

_nnal o < Inl < N0 [nnymumea| 5

@z~ Il
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In Case 4 (i), [¢(7)| ~ |n1|?|"min + Nmed| and we can estimate the multiplier as

[nna|  _ |nna| <

Ellk Sl S

In Case 4 (i), |¢(@)| ~ |n1]2|nmed| = |n1|2. Thus,

In1| < N |nnyngns|5t. (2.23)

|| |nn1|

EOEE

The worst estimate for the multiplier comes from Case 4 (i) in (2.23), where we must associate %
spatial derivatives to each function. Consequently, we can estimate Cases 1-4 by using Holder’s
inequality, L°-Strichartz (2.4) and Lemma 2.1.3, as follows

< na|T < N |nnynmeal 10

1 1
<222>NN0 IDY* S (DH )2 DY il
§N0+|\D3+f1||m \\D3+f2||Le 1D5 fall 1z
2
§4N0+H10ﬂu” ézéfHUH f;%,HUHX§2%
< lull® .4
NOJr x 2
for1§p<ooands>max(%,%f%).

Cases 56
Since P(P>nu(t)) = P(P>nv(t)), where v(t) = S(—t)u(t) stands for the interaction represen-
tation, the difference of momenta can be written as follows, in terms of v,

P(Psyu(t)) — P(P>N( (0))

=—2Im nnie G ) ot —n2)O(t, ns)o(t, n) dt.

0 \n|>Nn n1+nz+n37
7)#£0

Using integration by parts, we obtain

—it' ¢(m)

Im / oY g (%)a(t/,nl)a(t',m)ﬁ(t’,ng)a(t',n) dt’

|n|>N n=ni+n2+ns,
(m)#0

—Re XX I )T )il ) n)

|n|>N n=ni+n2+ns, d)(ﬁ)
¢(m)#0

—9(0,n1)0(0, —n2)v(0, n;;)ﬁ(O,n))

+Re / Sy PR ™ (ot n)o(t!, —na)0(t, na)o(t',n) } dt'.
|n|>N n=ni+nz+ns ¢(n)
#(m)#0

In order to estimate the last term on the right-hand side, we use the equation for v again, sub-
stituting the time derivative by the corresponding resonant and non-resonant nonlinear terms.
Therefore, writing the terms depending on u, we are interested in estimating the following
quantities, omitting the time dependence within the integrals,

nny = ~ =
(t) =Re E § Wnl) (t nl)u(tv 7n2>u(t7n3)u(ta n)v
n|>N n=ni+n2+ns,
vl $(m)#0

35



RO =Im

0 \n|>Nn n1+n2+ns
¢(m)#0

Ry =TIm / S ) ) PF—ne)a(ns)Tn) de'

n|>N n=ni+nz2+ns,

¢(M)#0
nning = =
Ry = Im ¢(L)2u( Da(—no)[@(—n2)2a(ns)a(n) dt’,
0 \n|>Nn n1+n2+m n
B(m)#0
nning =
Rs = Im ¢(L)3u( Da(—ng)i(ns)|@(ns)|?a(n) dt’,
0 \n|>NTL TL1+7L2+7L37 "
o (m)#0

NRg = Im / DS S ) F (-2~ Ama)(—ms) d

[n|>N n=ni+n2+ns3, —n= m1+m2+m3,¢( )
#(n)#0 (m)#0
nnimi = ~ = —~ = ~
NRy =Im Z Z Z ¢(17)1u(—ng)u(ng)u(n)u(ml)u(—mg)u(mg) dt’,
0 |n|>N n=ni+nz+ng, ni=mi+ma+ms, n
$(m)#0 $(m)#0

nnN1my N - = R —
NRy =T / DY 3 1)) )T )
[n|>N n=ni+n2+ns, ng=mi+ma+ms,

P (n)#0 o (Mm)#£0

nnimsi < = = ~ = ~
NR3 = Im/ Z Z Z lﬁ)lU(nl)U(—nz)u(”)u(m1)“(—mz)u(m3)dﬂ
[n|>N n=ni+n2+n3z, ng=mi+ma+ms,

#(m)#0 #(m)#0

where T = (mq,ma, m3) and ¢(M) = 3(my + ma)(m1 + ms)(ms + m3).

e Estimate for B(t)

Case 5: |n1| ~ |na| ~ |ns]

Note that |¢(72)| ~ |n1|A1 A2, where A1, Ao € {|n1 + na|, [n1 + nsl, In2 + n3|}, A1 # A2, Assume
that Ay = |n1 + n3l, A2 = |na + n3|. We will omit the estimate for the remaining choices of
A1, A2, as it follows an analogous approach. Therefore, we have that

[nnq| < 1 -
|3(@)|((n)(n1)(na)(ng)) i+ ~ NOH(ny + ns)(na + ns)

Hence, with g¢(¢t,n) = (n)°|u(t,n)|, using Holder’s inequality and the fact that |n| < |n,l,
j=1,2,3, it follows that

B 1 Z g(t,n1)g(t, —na)g(t,n —ny — na)g(t,n)
N n,ni,ne nin2><nin1><n>4(s_1_)
1
1 g(t,n)”/ v 3
< D
oA (Z (n = na)?"(n = m)” <n>4<8-i->P’> ol
N ()| %L
~ NOJF F L3P
for 1 §p<ooands>max(%—ﬁ,i).

Case 6: |12 > |[nmed| = [Panin
Assume that nmeq = N2, nmin = N3, as the estimate is analogous otherwise. Since |¢(7)| ~
In1|2|ng + n3|, we control the multiplier as follows

|nnq| < 1

[p(m)| ~ (ng +na3)
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Using the fact that |ny| = |ng|, Holder’s inequality, and Lemma 2.1.5, we have

4
7

1 g(t’n?))p/ ! 3
B(t)| < —— E t)|oe
| ( )| ~ NO+ < <TL2 + n3>p/ <n1>sp/ <7’L3>2Sp, <n1 Ty + n3>sp/> ||g< )HZH

ni,n2,ng
1
1 g(t ng)p/ > v
N > 7 lg(®)1I
~ NOT ' 2sp’ n
N <n27n3 <n2 + n3>P <n3> sp

1
S sl

f0r1§p<ooands>%—ﬁ.

e Estimate for R;, j =0,1,2,3
We now focus on estimating Rg. The estimate for the remaining contributions follows by a
similar approach. Let the following notation denote the modulations of the 6 factors

oj=1;—n3, j=1,2,3,

oa=Ti+n® o5=15—n® o05=15+n>
which implies that |¢(7)| = |01 + ... + 06| S maxj—1,..¢|0j|. Assume that |oq| is the largest
modulation. Then, we can associate the time cut-off with the second factor. If another |o;| is

the largest modulation, we can associate the cut-off with the first factor, for example, and the
estimate follows analogously. Note that we can rewrite Ry as follows

Ro = Im lgN N (mm)(n[o,ﬂm<—n2>a<n3>a<n>a(n>a<n>) (0)
6(m)£0

n2n —~ 7 N
=Im / E E Wﬁ;U(Thnl)]:(]l[O,t]u)(_T% —n3)
T+ Are=0 InI>N n:fg(ﬁﬁ-;%rnm

X (73, n3)u(—74,n)0(T5,n)0U(—76,n) dry - - - dT5.

Using the following notation

gi(r,n) = (n)*(r — n®)2[a(r,n),
ga(m,n) = ()*(1 — n®) 3~ | F(Lg.4u) (7, n)|,

we apply Cauchy-Schwarz inequality to obtain the following estimate

2+
Rol S > D e M e
|n\>N n=ni+nz2+ns, |¢(TL)‘2 (<n1><n2><n3>) <TL>
#(m)#0

1
2 2
gi\m, n
< loa()las hoa I ( [ dd) |

)1 (o3)
T1+...+76=0

By applying Lemma 2.1.4, we estimate the last factor on the right-hand side by [|g2(n1)|| 2 and
the problem reduces to showing

(> ||
|§>:N n:m;umg, |6(7)|% ((n1) (na)(ns))® (n)®
)70

x Nlgr(na)llzz g2 (=n2)llzz g1 (ns)ll 2 lgr )17z < Nlgullze e llgzllen e, (2.24)

since [|g1]lerrz S Hu||XS% and [|g2|lem 2 = Hu||Xs , from Lemma 2.1.3 for the second term.
P,2

1_
2
P2
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Case 5: |n1| ~ |na| ~ |ns]
Since [¢p(7)| 2 [n1]A1 A2, for \j = [n —nl|, j = 1,2, and nq,ny € {n1,n2,n3} distinct, we have
the following

24
[l Py 1

@2 ((na) (n2) (n3)) 3+ () 3+ ™ (n—nf)2 (n —np) s

Then, since |n| < |nj|, 7 = 1,2, 3, using Holder’s inequality gives

LHS of (2.24) S lg (I C
of (2.24) < Z, (n — n) 1+ (n — nb) 1+ (n)6(s—1 )P’ ||91||£151L3H92 oLz
n,ny,nh
’ 1
lgr ()7 \ ™
S (Z() gl e llga les o2
o (n)fTa
where the last inequality follows if 1 < p < co and s > max (1% - %a %)

Case 6: |n1]2 > |nmeda| = [Momin]
As before, we can assume without loss of generality that ngeq = no and npmin, = ng. Since
|p(R)| ~ |n1]?In2 + ng| and |n1| ~ |n| > |na| = |ng|, we have

[~ In]**
6@ " (na +ng)

Using Holder’s inequality, it follows that

3
2

8 e

91 H?ng ||92||Z$LL%_‘

3p’
LHS of (2.24) < ( lgs ()11 )

Z <n2 + n3>1+<n2>sp’ <n3>sp’ <n>451”*

n2,n3,n
1
U

3p’
1 Hgl(n)”Lz P
S (Z (ng) 27— Z <n>48p/: ||91||32L3||92||zmg

ns3 n

and the estimate follows if 1 < p < oo and s > % - ﬁ.

e Estimate for N Ry, N'R;
We will omit the estimate for N'R| and focus on N'Rg. Let the following denote the modulations
of the 6 factors
_ 3
Jj —’Tj —’ij, ] = 1,2,3,
04:7'4—m‘;’ (')'5:7'5—771%7 ngTg—mg,

which implies that o1 + 02 + 03 + 04 + 05 + 06 = ¢() + ¢(M). Thus, we will consider two
regions:

3

[p(m)| < l¢(m)
|[p(m)| > [4(n)

+o(m)], (2.25)
+ (). (2.26)
If (2.25) holds, we can use the largest modulation to gain a power of |¢(m)|z. For (2.26), we
have no gain from the largest modulation, so we will use Strichartz estimates and the fact that
|p()| ~ |¢(m)]. Note that we can rewrite N'Rg as follows

NRy = Im / Z Z Z nrmm (1, m1)F (Ljg,qu) (=72, —n2)

n
14 Are=0 In|>N n=nitnotng, —n=mitmatms, (7)
d(m)70 d(m)#0

X ?7(73,”3)5(*74, *ml)a(Tmmz)i(*Tﬁa *ms) dry---drs.
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Consider the case (2.25) and proceed as in the estimate for Rg. Assuming that we can
associate the time cut-off with the second factor, we have

1 [n|** [nymy |
NRg S ot — ——— -1191(n1) ] L2
NRol S s 2. 2 2 I T e !

|n|>N n=ni+n2+nsz, —-n=mi+ma+ms, Jj=1

¢(m)#0 #(m)#0
x [lg2(—n2)l| L2 lg1(n3)|| L2 [91 (—ma) ||l L2 |91 (m2) |2 |91 (—m3) | 2. (2.27)

For simplicity, we can apply Lemma 2.1.3 to obtain ||g2|lr2 < [lg1/z2- In order to control the
multiplier in (2.27), we must take into account the value of ¢(7) and the relation between the
frequencies of the first generation ni,no, ns.

Case 5 and (2.25): |nq| ~ |na| ~ |ng|
If |mq| ~ |me| ~ |mg| and |¢(m)| = |mi|ln + mi|ln + mb|, for some distinct mf,m) €
{m1, ma, ms}, we have

[n]'*[nim | < [n1ngns| 3t mymy it
— — N\l ~ 1 T
lp@)[lp(m)[z " (n—ni)(n—nhH)(n+m])2T(n+mh)z"

for some distinct n},ny € {ny,ng, ng}. Using Holder’s inequality, we get

(2.7) < > llg1(n1)llz2llg1(=n2)lz2 g1 (n3) 22
27) < —— —i_
NOH| L o s, (=) (0 = nb)((n1)(ns)(ng))*~3 P
¢ () #0 "
y 3 g1 (=ma) Iz llgr (m2)l| 2 |91 (=ms) | 22
—n=mi+mo+ms, <n+m/1>%+<n+m/2>%+(<m1><m2><m3>)3_%_ 02
() #0 "
1 1 : g ‘
< 1
¥ NOF Sip( 2 <n—na>1+<n—n’2>1+<n+ma>1+<n+mg>1+> (=t
1,M2,M1,MMy 02 L2
1 6 1 6
S wor lgullez 2 = WHUHX;;Q%’
for 1 < p < oo and s > max (3,2 — %) In the remaining regions of frequency space for

m1, Mo, m3, we have ‘d’(m)‘ Z |mmax|2>\/a for X' € {|mmax + mmed‘7 ‘mmed + mmin|}~ Thus,

Iningng|s+
(n—ny)(n—nh)(N)z

| nym, |

|6(m)[ ()2

<

Since ((mmaxﬂmmed))_%"’ < (mmed>_%_, we can proceed as in the previous case, with
(N)2H (mmed) 3T instead of (n+m/)2 " (n +mj)z+.

Case 6 and (2.25): |n1|2 > |nmed| = [Pmin]

Since we have

[ na| [nans| it

[~ (ng + ng) (mmin) 2+
we can follow the same argument in the previous case, substituting (n — n}){n — n}) by (ns +
n3) (Nmin) 2+, and proceeding as before when estimating |¢(7)).

Now, we must consider (2.26). Since we have |¢p(T)+¢ ()| < |¢(T)|, we can no longer trade
the largest modulation by a 1 power of |¢(m)|. However, we know that [¢(7)| ~ |¢(m)|, which
allows us to trade powers of |¢p(7)| by powers of |¢p(T7)|. Consequently, we focus on estimating
the following multiplier

[ nama|

|[pm)|*|p(m) [

(2.28)
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for some 0 < ae < 1.

Case 5 and (2.26): |ni| ~ |na| ~ |ns|
Choosing o = 0, we have

1 .
(2.28) ~ M < {|n1n2n3m1m2m3 st if my| ~ |ma| ~ |ms]

|p(m)]|

|n1n2n3|%+’ if ‘Qb(m)' 2 |mmax‘2

Let hy(r,n) = <n>%+}"t7m(]l[07t]u) (1,n), ha(r,n) = (n)3T|i(r,n)| and note that we can asso-
ciate the cut-off with any factor. Using Hoélder’s inequality, the Strichartz estimate (2.4) and
Lemma 2.1.3, we get

1
INRol S o lhihdlley, S worWhnllzg, Ihally . S szl .
P

N o

f01"1§p<ooands>max(%,%f%).

Case 6 and (2.26): |n1|% > Nmed| 2 [Pmin|
If |mq| ~ |ma| ~ |mg|, choosing o = 1, gives

[n' |nym; |

(2.28) <

and the result follows from the previous case. Now, assume that |¢(T)| ~ |mmax|?A’ where
N € {|mmax + Mumed|, |Mmed + Mmin|}. We must consider a finer case separation for the second
generation of frequencies. For a = 0, we can estimate the multiplier as follows

1 .
m [nyma |5+ max(jmal, [ms|) 5, if  |ma| S max(|ms|, [ma))
| nama | . 1 e
(2.28) < TV [nymymams| 5+, if |ma|2 < [mmin| < [Mmea| < M
‘mmaX| | | 14 . 1
[nima |, if [Mmin| < [m12 S [Mmea| < [ma]

and use the strategy in the previous case. It only remains to consider the case when |m1|% >
|ma|, |ms|. Consider the following decomposition

mq nny

NRO =Im E E E ( — 1)
0 |n|>N n=ni+nz+ns, T2 + N3 —n=mi+ma+ms, (1 +m3)(n1 + 12)

(@)

»(m)#0

x a(nl)a(—ngr(wﬁ(—ml)a(mQ)ﬁ(—m) dt’

+ Im Z 1

0 \n|>Nn n1+nz+n3,—n mi+ma+ms, n2 + N3
()0 ()0
X U(nq)u(—nz)a(ng)a(—my)a(mse)u(—mg) dt’
= IO + ]IU.
In order to estimate Iy, note that
nny — (n1 4+ n3g)(ny +ng) = nf + (ng +n3)ny — n% —n1(ng + ng) — nang = —nans,
which implies that
nny Ll |nang| [n1 | < L
(n1 + n3)(n1 + no) [(n1 +n3)(n +n2)| ~ |na]> ™ na|

Hence, using Hélder’s inequality and the LS-Strichartz estimate (2.4), we have

1 1
1101 S oz Mo les, S o lboawl oo s Wl - S g lulf,.
P,

N ol
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f0r1§p<ooands>max(%—%,0).

Now, we focus on estimating IIy. First, assume that ny + mq # 0. Then,

6(@) + ¢(m)| = [n® —ni —n3 —n3 —n® —mi —mj —mj|
= [(m +ng +m1)® —nf —ng —mi — (m +ng +m1)® —n3 —mj —mj|
= [3(n1 +m1)(n1 + n3)(ns +ma) + 3(n2 + mz)(n2 + ms)(mz + ms)|
2 Il

since |(ny 4+m1)(n1 +ns)(ns+mq)| = |nq|? and |(ng 4+ ms)(na +ms)(mg +ms)| < |n1|?. Then,
using the largest modulation, we have

I O 1.
6(7) + p(m)|z ~

Proceeding as in (2.27), we first focus on estimating Iy with respect to time

A DD S 3 _ — g1 (n1)ll22

|n|>N n=ni+nz+n3, —n=m;+mz+ms, <n2 + 7’L3> Hj=1(<nj><mj>)
#(m)#0 $(m)#0

X |lgr(=n2)llz2llgr(ns)ll 2 [lgr (=ma)ll L2 [|g2 (m2)l| L2 [lg2 (=ms) [ 2. (2.29)

The estimate follows from the approach in Case 5 and (2.25), since

1 < 1

(ng +n3) [T, ((n)(m;))3+ ™ (n2 + ng) (Mnin)

+ <mmin> %Jr <mmed> %_‘—

Nl=

On the other hand, if n; + m; = 0, we focus on the following quantity

—ny

Iy 7/ Z Z Z +
n n
[n|>N n= n1+n2+n3’ —n= m1+m2+m3 2 3

Inal.Ins|<na| 3, [mal,lms|<|na| 3,
#(m)#0 $(m)#0

X |u(n1)\25(—n2)ﬁ(n3)ﬂ(—n2 —n3 — mg)ﬁ(—mg) dt’.

In order to estimate this quantity, we need further assumptions on the frequencies. Let 0 < e < 1
denote the constant such that |ny|, [ns, ma, |ms| < e|ni|z. We will consider two distinct cases:
(i) |n2 + ns| > €2|n1|2; (i) [ng 4 ng| < e2|ny]2.

If |n2 + n3\ > €2|n1|%, then

ml___
|n2+n3|<n1>§+ NO+

For simplicity, assume that |n3| < |ns| and |ms| < |ms|. Note that to estimate the multiplier we
only used £+ power of |n;|, which leaves us with (n1)=s~ < ({ng)(ms))~ s~ from the relation
between the frequencies. Consequently, following a similar approach to (2.29) to handle the
time integral, with h(7,n) = (n)3(r —n3)2~[@(r, n)|, and using Hélder’s inequality, we obtain

1
Mol S ~or [

> [(=n2)llz2[|h(ns) |12 [|A(=ms) || L2 [|A(=n2 — ng — m3) 12
namgims V0T ((n2)(n3)(m ><nz>+n3+m3>)%+(<nz><ma>)é+

1 1h(=n2)lI72
s T )

ns3,nz2,ms3
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6
S N0+ ||UHX5 2%3

f0r1§p<ooands>max(

ot

).

It remains to estimate the case when (ii) \ng + n3| < &2|ny|7. Under this assumption and
\ng\ Ins| < e|ni|2, it follows that In;| < eln1]2 — |ng +ns| or eln1|2 — |ngy +ns| < In;| < elnq)z,
j = 1,2. For simplicity, let |n3| < |n2| and |m3| < |na + ng + mgs|, as the result follows
from an analogous approach for the remaining cases. We consider the following two regions of
summation

S =

1
37

1
H, = {(ng,ng,,mg) € Z3: |nsl|,|ms| < eln1|2 — |ng + ns,
1
[nal, |n2 + ns + ms| < eni|2, |na +ns| < 52|n1|%}7
Hy = {(n23n3am3) € Zs : ‘n2|7 |Tl3|, |m2|a |n2 +ng +m3| < 5|77,1‘%,

1 1
ng| or Jmz| > elni|? — |ng +n3|, |n2 +na| < e*na|?}.

We first consider the contribution restricted to the region Ha, when |ns| > e|ni|2 — |ng + ns|.
Note that the following holds

Ing| > elni|? — ng + ng| > (e — e2)|na 2.
Therefore, the multiplier can be controlled as follows

|4 1
Ing + nal(n1) 3+ (ng) 57 (ng) 3+~ NOF|ng + ng|'*

The estimate follows from the previous case for s > max (4,3 — %), 1 < p < oo, using (ny +

n3) "1 (ms) "3~ to sum.

Now, consider the contribution localized on the region H;, with the change of variables
nhy = ng + ng,

!
n—n,, .
/ 3 2 i(n — i) ?
[n|>N, N2
1

Ing|<e?ln—nj|2

X (Im Z a(nz)u(ng — nh)a(—msz)u(—nl — m3)> dt'.
[n3|,|ms|

1
<eln—nj|Z —|ng|

Use J to denote the two inner sums. We can decompose J as follows

J =Tm ( > (n3)u(ns — nh)a(—ms)a(—nl — ms)

0<ng,ms<eln—nj| % ~|nj|

+ > U(—nz)u(—nz — ny)u(—mg)a(—ny — ms)
0<ng,ms<eln—nj| 2 ~|n|

+ Z u(nz)u(ns — ny)u(msz)u(—ns + ms)
0<na,ma<eln—njy| 3 —|nj|

+ > U(—ns)u(—ns — nb)a(ms)i(—nl + ms)
0<ng,ms<eln—nj| 2 ~|n|

+ > u(0)u(—nj)u(—ng)u(—nh — ng)

1
0<|ns|<eln—nj|2 —|nh|



+ > U(—nz)u(—ns — ny)u(0)u(—ns)

1
0<|nz|<eln—nhb|2 —|nh|

N a(o)a(n;)am)a(né))

=1Im Z a(n3)u(ns — nb)a(ms)u(—nh +ms)
O<|n3\,\m3|<5\nfn'2\%7|n'2|,
nzyms>0
1 ~ = = ~
=Im (2 Z u(n3)u(ns — nb)a(ms)u(—nh + ms)

1
0<|ns|,|ms|<eln—nj|2 —|nh],
ngmsz>0,n3#ms

+ % Z a(ms3)a(ms — nh)a(nz)u(—nh + n3)

1
0<|ns|,|ms|<e|n—nj|2 —|nh],
ngms>0,n3#ms

- 3 A(na)ii(ns — nb)(ns)a(—n + n3>) 0.

0<|ns|<eln—nj| 3 —|nj|
This completes the estimate for the contribution N'Rg.

e Estimate for N Ry, N R3
In order to control the contributions N Ra, N'R3, we will follow a similar approach to that of
NTRg. Most cases follow an analogous approach, but the estimate is significantly different in
Case 6, when |¢(M)| = |[Mmax|? and (2.26) hold.

In this case, we cannot use the maximum modulation to help estimate the multiplier. How-
ever, we can use the fact that |¢p(7)| ~ |¢(77)| to obtain the following

[ | < [n]'*nym, |
lp(@)[*|p(m)[1 =~ NOF[ng |20 [max |2(1=2)

(2.30)

for some 0 < o < 1. Estimating this multiplier requires more care than for the N'Rq contribu-
tion since we cannot directly compare the sizes of |n| ~ |ni| and |mmpax|. We can estimate the
multiplier as follows

7
8
|nn1m1mmax|%+7 lf |mmin| < |m1| S, |mmax| and a = %7

|n1m1m2m3|i+, if |m| < |mal, |ms| and a =

(2.30) < {

and following the previous arguments, using Holder’s inequality and the LS-Strichartz estimate
(2.4). If [m1| > |mal, |ms|, then

(@) 2 [ |* > [ma [*[ma + ms| ~ |¢(m)]

and from our assumption (2.26), we have |p(m)| > |¢(7) + ¢(Mm)| ~ |$(7)|, which cannot
happen.
O

We can now use the energy estimate in Proposition 2.5.1 to show the conservation of mo-
mentum at low regularity.

Proof of Proposition 1.1.9. Let ugy = P<pmup and ups be the corresponding smooth global
solution of mKdV2 (2.2). Then, using Theorem 1.1.3, there exist a time T' = T'(||ug|| z+») > 0
and a solution u € C([~T,T]; FL*P(T)) of mKdV2 (2.2) such that

upyy —~u in C([-T,T); FL*?(T)), (2.31)

as M — oo. In order to show convergence of {P(P<nu(t))}nen, t € [-T,T], and its conserva-
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tion, we will fix ¢ € [T, T] and prove the following

P(P<yu(t) = lim P(Peyur (b)), (2.32)

N—o00 M—00

If the two equalities hold, we have

lim P(P<yu(t)) = lim P(unm(t)) = 1\/}13100 P(ugn) = ]\/}gnoo P(P<nug) = Pluy),

N—o00 M— o0

using the conservation of momentum for smooth solutions up; and the assumption of finite
momentum of ug, in the sense of Definition 1.1.8.
We start by showing (2.32). Note that, for each fixed N € N,

|P(P<nu)(t) = P(Panun)(t)| < Y [nl[alt, n) — (¢, n)| ([a(t, n)| + @ (t, n)])
[n|<N
p—2
SN |lu—unllerrrer (|ullorrrer + lunmllorrrer),

which implies (2.32) due to (2.31). Now, we want to show (2.33). Since P(P<nun(t)) =
P(up(t)) — P(Psnup(t)), we will focus on showing that the second term goes to zero. Note
that

[P(P>yun (b)) < [P(Psnun(t)) — P(Psnuon)| + [P(Psnuo,n)l- (2.34)
Using Proposition 2.5.1, for some 0 < € < 1, we have

|P(Psnun(t) — PPsnuom)| S N (Juntllgyrpon + ||UM||§<

)

+ [Juar]|®
X

1
2
2

N o=

S, S,
p, P,

S N7 (luollFren + lluollLe),

which shows that lim lim (P(Psyun(t)) — P(Psnuo,a)) = 0. Focusing on the last term

N—o00 M—o00

of (2.34), we have
P(P>NUO,M) = P(P>NP§MUO) = P(PSMuo) — P(PnggMUO)-

For M > N, taking a limit as M — oo first and then N — oo, both terms converge to P(u)
and the result follows.
O

2.6 Construction of solutions of mKdV1 outside H2(T)

Proposition 1.1.9 gives a new interpretation of finite momentum and its conservation at low

regularity. Exploiting this conservation, we can make sense of the nonlinearity of the complex-
. . . . 1

valued mKdV1 equation (2.1) and show the existence of solutions, outside H?z (T).

Proof of Theorem 1.1.11. Let ug € FL*P(T) with finite momentum in the sense of Defini-

tion 1.1.8. Given N € N, let ugy = P<nup and vy be the corresponding smooth global

solution of mKdV2 (2.2). From Theorem 1.1.3 and a persistence of regularity argument, we
1

can show that there exists T = T(|luo zrs»(r)) > 0 and a solution v € Zy?(T) of mKdV2
(2.2) such that

1
vy — v in Zp%(T).

Since {vy}nen are smooth solutions, the conservation of momentum holds and P(vy(t)) =
P(ug ) for all t € R. Let uy := Gy '[un] = eP(m0.v)tyy  which is a smooth global solu-
tion of mKdV1 (2.1) with initial data wyn, N € N. We want to show that the sequence

iP(uo)t 5,3

{un}nen converges to u :=e vin Zp 2 (T). The limit u will be our candidate solution in
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C([-T,T); FL*?(T)). First, we have that

||u1v . u||chLw < ||6iP(uo,N)t(,UN . ”)HchLs,p + || (eiP(’U«O,N)t N eiP(uo)t)vHCTFLW

<|lo~ —vllepFror + T|P(uo,n) — Puo)||lvllcrrrer — 0,

from the mean value theorem, the assumption on the momentum, and the convergence of

1
{vn}Nen. Moreover, u € Z, 2 (T), since

lull_.3. . S (P(uo))

zE iy~ + ||UHX;;?(T) < 0.

1
2
19023

s 1
If we show that the sequence {un}nyen is Cauchy in Z,'2(T%) for some 0 < T, < T, the
convergence to u in this space will follow. For N, M € N, uy and uy; are smooth solutions of
mKdV1 (2.1), thus using Lemma 2.1.1 and Proposition 2.2.1, we have

< Cyluo,n — uo,nllFror + Co (|| Puo,n)un — Puo,ar)un|

ha =earll et PRRTcy
+ HN(UN7UN7UN) —N(UM,UM,UM)| Z;’fé(T))
< Chlluo,n — wo,ml|Frew + C3T°|P(ug,n) — Pluoa)llunll .y o

+OT (Jlunl.y el y 4 P fuy =

1 s, 1 )
2(T) 2 (1) X, 2(T)

for some constants C1,Cs, C3,Cy > 0. By the definition of uy and the continuous dependence
on the initial data for mKdV2 (2.2), for large enough N, we have |juy]| < C(|luwollFrs» +

;1
7y 2 (T)
1), for some C' > 0. Analogously, for large enough N, |P(ug n)| < |P(ug)| + 1. Consequently,

Jun — ”M”z&%m < Chluo,n — wo,m | Frew + COT (|[uol| Frew + 1) Pluo,n) — Plug,ar)|
P

)

2
05T (4cz(||uo||m,p + 1) + (|P(uo)| + 1)) len = il g o

P,

for N, M large enough. Choosing 0 < Ty < T such that

1
CsT3 (4C2 (Juollrzer +1)° + (IP(o)] + 1)) < 3,

it follows that

Jun — unm| 2h gy = 2C luo,N — wo,mllFLew
P

(To)
+ QCCQT(SS(H’U,QH]:Ls,p + 1)‘P<UQ’N) — P<UQ’M)| (235)

By iterating this approach, we can cover the whole interval [—T,T] and the estimate (2.35)
1
holds with 7' instead of Ty. Thus, {un}nyen is a Cauchy sequence in Z, > (T) and uy — u in
1
Zy*(T).

Now, we want to show that u satisfies mKdV1 (2.1) in the sense of distributions, with the
nonlinearity interpreted as
N(u) := N (u,w,u) + iP(ug)u.
Considering the linear part and any test function ¢ € C°([—T,T] x T), it follows that

- 9, +0° 2 <lu— 1 =0
[(u—un, (0 + 02)@)ta| S llu UNHX;E(T) ;

as N — oo, which implies that (9; + 82)un — (9; + 93)u in the sense of distributions. For the
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nonlinearity, using the fact that N(un) = N (un,@n,un) + iP(un)un, it follows that

|(N(un) = N(w), 00| S IN(un, iy, un) — N (u, T, U)Hxs,f%(ﬂ

+ [P(uo,n) = P(uo)l[[un] )+IP(UO)\HUN — ull

o1 N
Xp3 (T X3 (T)
Using the convergence of momentum P(ugn) — P(up) and of {un}nen, it suffices to es-
timate the first term on the right-hand side. We can write N (un,un,un) — N (u, @, u) =
N(un —u,an,un) + N(u, iy — T, un) + N(u, @, uy — u) and using the nonlinear estimate in
Proposition 2.2.1, we have that

2
T)) ’

and the convergence follows from that of {uy}yen. The limit u satisfies the following equation

N e
Iy ) =Nl oy S o =l (ol g+l

N ol
—

Xp,

Oy + O3u = N (u, 1, u) + iP(ug)u,

in the sense of distributions, where P(uq) is interpreted in the sense of Definition 1.1.8.

2.7 Mild ill-posedness in FL*?(T) for s < §

In the following, we show the failure of local uniform continuity of the data-to-solution map
of the complex-valued mKdV (1.5) on bounded sets of FL*P(T), for 1 < p < 0o and s < 3.
Proposition 1.1.4 follows once we estalish the following lemma. The proof follows an argument
by Burq-Gérard-Tzvetkov [17] and Christ-Colliander-Tao [26].

Lemma 2.7.1. Let s < % and 1 < p < oo. Then, there exist two sequences {uon}nen,

{@o,n }nen in C(T) satisfying the following conditions:
1. {uo.ntnens {Gon}tnen are uniformly bounded in FL*P(T);

2. lim ||U0,n — ao,nH]—‘Ls,p = 0,’
n— oo

3. Let uy,, Uy, be the solutions of (2.2) with initial data wo ., o n, respectively. Then, there
exists C > 0 such that

liminf sup ||un(t) — Gn(t)||FLer > C,
n—oo te[fT,T]

for any T > 0.

Proof. Let N € N and a € C. Define u™¢ as follows

_ . 3 2771-2s
UN’a(t,Z‘) = N sael(Nm+N t+|a|*N t),

a smooth solution of (2.2). Given n € N, let ug,, = u¥*1(0) and g, = uN»1+%(0), for some
N,, € N to be chosen later. Then,

luonllFrswe, ltonllFLer S 1,

uniformly in n € N. Moreover,

1

llwon — GonllFrer ~ —.
n

46



1

Let u,, = uN»1, @, = uN»1T% be the solutions corresponding to initial data UQ,n, Uo,n, TESPEC-
tively. Now, considering the difference between the two solutions at time ¢t € R, we have

12 1
Jun(t) = () e 5N (200D (14 ) ’
n

Therefore, the solutions have opposite phases at time t,, > 0 defined as follows

2s5—1
TN

(1+1)2 -1

Since s < %, we can choose N, large enough, such that ¢, < % Consequently, we have

- 1
un(tn) — tn(tn)||FLse ~ 2+ n > 2.

Since t, — 0 as n — oo, the functions constructed satisfy the intended conditions and the
result follows.
O
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Chapter 3

Further study of the modified
Korteweg-de Vries equation

In this chapter, we continue the study of the second renormalized mKdV equation (mKdV2):
Opu + Ou = i(\u|28$u—M(u)8wu—iP(u)u). (3.1)

As in the previous chapter, we focus on the defocusing equation (‘4 in (3.1)), as the sign
will not play a role in the analysis. The main goal of this chapter is to complete the proof of
Theorem 1.1.3, by establishing the local well-posedness of mKdV2 (3.1) in FL*?(T) for s > 1
and 4 < p < oo. In Chapter 2, we established the local well-posedness under the restriction
1 < p < 4, which was imposed by the main nonlinear estimate in Section 2.2, needed to apply
the Fourier restriction norm method. Here, we apply the method introduced by Deng-Nahmod-
Yue [34] to remove this restriction on p. Moreover, we extend the solutions globally-in-time
by combining the a priori estimates of Oh-Wang [91] and a persistence of regularity argument,
completing the proof of Theorem 1.1.6.

In Section 3.1, we start by decomposing the nonlinearity through localization in the fre-
quency space. Moreover we choose the X5 g—spaces used to conduct the analysis, and relevant
auxiliary estimates. One of the key points of this new method is the introduction of a modified
Duhamel operator for which we can explicitly trade smoothing in time for smoothing in space,
without using the time modulations. This new operator G is introduced in Section 3.2, along-
side the remainder part of the Duhamel operator B. Kernel estimates for the operators D, G,
and B are also established here.

After introducing the needed notation, in Section 3.3, we establish a system of equations for
u and w, and prove local well-posedness of (3.1) from solving the equations for u and w, namely
Propositions 3.3.1 and 3.3.2. In Section 3.4, we establish the main nonlinear estimates needed
to solve the equation for u. These are used in Secion 3.6 to obtain u = u[w]. The process of
finding the correct w is more involved. We describe the partial second iteration procedure and
show the relevant estimates in Section 3.5. Lastly, in Section 3.6, we extend these solutions of
mKdV2 (3.1) globally-in-time.

3.1 Nonlinearity, function spaces, and auxiliary results

We start by rewriting the nonlinearity of mKdV2 (3.1). Recall that, omitting time dependence,
the nonlinearity A (u,u, u) has the following spatial Fourier transform

Fo (N (w,u,u))(n) = Z in1(n1)@(ng)i(ns) — inla(n)>a(n),
n=ni+nz+ns,

¢(n123)#0
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where 103 = (n1,n2,n3) and ¢(7123) denotes the phase function

¢(Mioz) = n® — ni —n§ —n3 = 3(n1 + na)(n1 + nz)(n2 +n3),
where the factorization holds if n = ny + ng + n3. We will use ¢ = ¢(T123) if the dependence
on To3 is clear from context. In Chapter 2, we wrote N (u,u,u) = NR(u,u,u) + R(u, u,u).
Here, we refine this decomposition to have

N(u,w,u) = NR>(u,a,u) + N R (u,u,@) + R(u,u, u),
where

-/—"z (NR2(U1,UQ,U3))(TL) = Z inlﬁl(nl)ﬁg(ng)ﬂg(m% (32)
n=ni+nz+ns,

¢(T123)#0,

[n2|>|ns|

Fu (R(ul, U, U3)) (n) = —iniiy (n)aa(n)as(n),

and for SR> we impose |na| > |ng| on the right-hand side of (3.2). Note that NR =
NR> + NR~. We want to further decompose these operators to introduce additional fre-
quency assumptions. Let n; denote the spatial frequency corresponding to u;, j = 1,2,3, in
(3.2), then the sum is taken over the following set

X(n) = {(n1,n2,n3) €Z* : n=ny +ny+mns, [na| > |ns|, d(M23) # 0},

with the stronger assumption |ng| > |ns| for NR~. We can therefore consider the following
subregions of X(n):

Xa(n) = {(n,n2,n3) € X(n) : |n2| < |nal},

Xg(n) = {(n1,n2,n3) € X(n) : |ng| < min(|n|,|n1|) < max(|n|, |n1]) ~ |nal},
Xe(n) = {(n1,n2,n3) € X(n) : |n| < |ng| < |na]},

Xp(n) = {(nl,ng,n3) eX(n): m| < |n3|}

For « € {A,B,C, D}, let NR, >, NR, - denote the restriction of the operators to X, (n).
We can write the non-resonant contributions of the nonlinearity as

N’Rz = N'RAQ +NRB,2 —I—J\/'RCZ +NRD,2
and equivalently for N'R~.. We also introduce the following notation
Xf(n) = {ﬁlgg S X*(TL) : (b(ﬁlgg) = /J} (33)

The following lemma clarifies the relation between the frequencies in the subregions intro-
duced.

Lemma 3.1.1. The sets X.(n), where x € {A, B,C, D}, satisfy the following properties:
@
(ii

n,n2,n3) € Xa(n) = [n3| <|no| < fna| ~ n;

)
) (n1,n2,n3) € Xp(n) = |ns| < |n| < [na| ~ [na| or [ns| < |ni| < |nf ~ [nal;
(iii)
(iv)
)
)

)
)
ni,n2,n3) € Xo(n) = |n| < [n3| < |na| ~ |nal;
) = || S Ins| < [nal;
)

)

ns) € Xp(
1,n2,Nn3) (

ny,ng,n3) € Xp(n
n3) (

)

(v

(vi

ni,n2,n3) € Xa(n) UXp(n)UXc(n) = |¢(123)] = max(|ni|, |na])?;

(
(
(
(
(
(

[SIE

n1,n2,n3) € Xp(n) = |@(f1zs)| Z |nz| and (n)2 |n1| S ((n1)(no)(ns))?.

Remark 3.1.2. Note that the nearly-resonant case when |ni| ~ |n2| ~ |ng| and |¢p(Tr123)| 2

~

max(|n1],|nz|, |ng|) is included in Xp(n). There are other frequency interactions allowed in this
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region which are fully non-resonant, i.e., |¢(7i123)| = max(|ni|, |nal, |ns|)? holds. However, due
to the condition in (vi), the phase function will not play a crucial role when estimating this
contribution.

We want to construct solutions of mKdV2 (3.1) which satisfy the Duhamel formulation
u(t) = S(t)uo + DNR(u, @, u)(t) + DR(u, u,u)(t), (3.4)

for some T' > 0 and [¢|] < T. Let ¢ be a smooth time cutoff with ¢ =1 on [-1,1] and ¢ =0
outside [— ] and pr(-) = p(T~1) for T > 0. Recall that D denotes the Duhamel operator,

DF(t,x) fo (t —t')F(t')dt’ and let D denote its truncated version

DF(t,x) = p(t) - D(p(t') - F(',2))( / St -t F(t', z)dt'.
Equivalently, locally-in-time, we can focus on solving the truncated Duhamel formulation
u(t) = @ - S(t)ug + o1 - DNR(u, 0, u)(t) + o1 - DR(u, u,u)(t), (3.5)

for some 0 < T < 1.

In order to construct solutions of mKdV2 (3.1), we will run a suitable contraction mapping
argument in X *’-spaces adapted to the Fourier-Lebesgue setting (see Definition 1.3.1). In the
following, we introduce the relevant parameters and the spaces involved in the argument. Let
0 < § < 1 be a small parameter to be chosen later, depending on 2 < p < oo. We introduce
the following parameters

by =1— 26, by =1-4,
_ L L
q0*46a CI1*456,
1 1 1 1 1 1
— =245 —=-42 — =_ 436
To 2—'_7 T1 2+ ’ T2 2+3

Note that by < b1, ¢1 < qo, and 12 < r1 < 9. We will conduct our analysis in the following
X;:g—spaces:

Y5 = XA R X T), Vi = XA R X T),
Zy = X3P (R xT), 77 = X3h (R T).

Note that Z§ C Yy C C(R;J—'Ls’p(’]l‘)).
Lastly, we introduce auxiliary results needed for the analysis.

Lemma 3.1.3 (Schur’s test). Let X,Y be measurable spaces, K : X x Y — R a non-negative
Schwartz kernel, and 1 < p,q,r < 0o such that 1 + % = % + % If for some C' > 0 we have

sup / K (2, y)["dy + sup / K ()" de < C7,
zeXJY yeY J X

H/K:cy ) dy

The following lemma allows us to gain a small power of the time of existence T, needed to
close the contraction mapping argument. Note that the second estimate follows from the same
proof of Lemma 2.1.2.

then
<Clflleryy

La(X)

Lemma 3.1.4. Suppose that F' is a smooth space-time function such that F|i—o = 0. Then,
we have the following estimates
vg STO|IF

ler - Fllv; z5 ST°||F|

Y ||SOT : F| Z3s (36)
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forany0<9§g and 0 < T <1.
Proof. We want to estimate the following quantity

ler - Fllxgs = | ) () @r #r B +n®m) (7)

Ere

Both estimates follow once we show

) @r * F(T)llps S T ()2 ()l 1, (3.7)

for f satisfying [ f(7)dr =0,1<§<g<oo,and 0 <b<1< b+ =, In fact, from (3.7), we
have

1_1
o Fllxzs STV 31 Fll, (33)

by choosing f(7) = F(7+n3,n) which satisfies Iz F(r+n3,n)dr = Je F(r,n)dr = 2rF(0,n) =
0, from the assumption on F' at time zero. We get the first estimate in (3.6) by setting
g=ro>r  =Gand b= 4 <1< 1+2§in (3.8), and the second estimate in (3.6) with
q=q>qg=¢b=by=1-206 <1< 1+ 2.54, and Holder’s inequality.

The estimate (3.7) follows once we prove the following

T (B * (Lpysr—1 ) (7 HLq <STima|(r) F()lpas

(T (@1 * Uri<r—1 ) (7)o STT (D F ()l a- (3.9)

Note that the first inequality is equivalent to the following result

1_1
ST a|[fll - (3.10)
L

H /R Ej\izlAPT—l@T(T — N f(N) dA

Since T' < 1 and |T'A| > 1, we have

[ <TT>” (T(r = N))™(TA)®

—~
=
S3

Using Young’s inequality with 1 + % = % + % gives

LHS of (3.10) < H /R (T(r — NP TE(T(r — \)F() dA

, ST (T e | £l -
s

The estimate follows from T'|[(T7)°@(T7)||r: Sp T+ = Ti .
To prove (3.9), using the fact that [, f(7)dr = 0, we note that

B (Lera )7) = [ SVT[RE( - N) = G@n] ar-ToTr) [ fdr (1)
[N <T—1 AN >T-1

For the first contribution in (3.11), we distinguish between the regions {7 : |7| < T~!} and
{T: |7 > Tt} If |7| ST, then (T'7) ~ 1 and we apply the mean value theorem to obtain

TIF BT (r — N) — (T7)] dA < / %m)nmna@(m dx

IA|<T—1
~ TITA -
< oo A)| dA
<108s | ol ax

for some & between T'(7 — A\) and T'r and any a > 0. In the remaining region, if |7| > T—1,
then |T (1 — \)| ~ |T7| ~ [¢], for any £ between T'(r — A\) and T'7, and from the mean value
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theorem, we have

TIFIB(T(r = N) — B(TT)] dA S /RTITMIJ?(/\)II%(E)I dA
Al<T-1

Nl
S [ TINIFN) gtz 102 dx

N T|TA ~
SI°07los [ Gt Tl an

for any a > 0. Combining the two estimates, we obtain the following, for any a > 0,

~ ~ T
TIFS(T(r = X)) = @(TT)[dX < T / ITA[LF(N)]dA.
[IA|l<T—1 IA|<T—1
For the second contribution in (3.11), we have
SRS, —— [ 1700 ax
ST e (e '
(A>T—1 IA|>T-1

Combining the estimates for the two contributions in (3.11), we obtain

T(r)’
(Tr)e

[l min(L, |TA[)(A) |
L

(1) @r * (Ljrj<r-1 £)(7)

~

(M F)l 2,

L3
L1

by using Hélder’s inequality with 1 = % + %. Thus, we have

< Tl—b</<TT>—<a—b>q dT) tgrite </<T>—<a—b>q d7> ey
Le R R

by choosing « > 0 such that (o — b)g > 1, and

-

i
(Tr)e

, by 1 ITAl" o o
i, DN = [ o s [ SR asrrer [opera
T—1<|A| T—1>|)\ T=1>|A|

5 Tbr—l,

given that b > 1— % and b < 1. Combining the two bounds, we obtain the intended power of T'.
O

Remark 3.1.5. Lemma 3.1.4 will only be applied to functions of the form F(t,z) =

fg G(t',x) dt’ which satisfy the assumption F|;—¢9 = 0, namely the Duhamel operator D and
the operators G, B defined in Section 3.2.

We state the well-known divisor counting estimate (see [49, Lemma 315] for the proof).
Lemma 3.1.6. Let n € Z and let d(n) denote the set of divisors of n. Then,
ld(n)] < Ik,
for any e > 0.
We also require the following refined divisor counting estimate.

Lemma 3.1.7 ([34, Lemma 3.4]). (i) Fiz 0 < e < 1, p > 1 and let k,q € Z such that
lg| = |k|° > 0. Then, the number of divisors r € Z of k that satisfy |r — q| < p is at most

O:(p°).
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(ii) Let Ny > Ny > N3 be dyadic numbers, p, and m be positive integers, and consider the
following set
A(m, pu, N1, No, N3) = {(ml,mg,mg) €Z: my+me+mz=m, mi+mi+mi=pu,
(m1 +m2)(m1 + mg)(mg =+ mg) 7& 0, |m]| ~ Nj, ] = 1,2,3}.
Then, |A(n, 1, N1, No, N3)| <o NS, for some 0 < & < 1.
Proof. For the proof of (i), see [34]. To prove (ii), we start by noticing that if (mq,ma,m3) €
A(mhu’a N17N27N3)7 then

m® —pu=m>—m} —mj —mj = 3(my +mz)(m —ma)(m —ms3).

If Ny ~ Ny, then |m| = |m1 +ma +m3| < Ny and |u| = |m$ +m3 +m3| < N3, from which we
conclude that 1 < |m3 — pu| < N3. Using Lemma 3.1.6, we conclude that the number of divisors
m — mo and m — mg of m® — p is bounded by N5, for any £ > 0. Since choosing ms, m3 fixes
my, we obtain

|A(mnu7N17N2aN3)| SE NQE

under the assumption Nj ~ Ny. If instead Ny >> Ny, then |m| ~ |my| > |ma|, |m3 — u| < |m)3,
which implies that 1 < [m3—pu| < |m3—p|3 < |m| for any 0 < & < 3. Since |(m—mg)—m| ~ Ny
and |(m —mg3) — m| ~ N3, from (i), we conclude that

|A(m7/1'7N1aN27N3)‘ ,SE (NQNS)a ~ 228'

This concludes the proof.

Lastly, we fix a Schwartz function 7 satisfying
n(=1) =0, Hi(-1)=-1, (3.12)

where H denotes the Hilbert transform, i.e., principal value convolution with % See Ap-
pendix A.1 for a possible choice of 7.

3.2 Splitting the Duhamel operator and kernel estimates

In this section, we explicitly establish the smoothing-in-time of the Duhamel operator by esti-
mating its kernel. Moreover, we introduce the modified version of the Duhamel operator and
the kernel estimate for the nonlinear contributions localized to X 4(n), Xg(n).

Proposition 3.2.1. The truncated Duhamel operator D has the following space-time Fourier
transform

Fiu(DF)(1,n) = /RK(T —n®, A —n®)F(\ n)dA

where the kernel K is given by the following expression

~

K = =i [ g - N2 =2 g

and satisfies the following estimates

e 5 (e + o ) 7 S Te=y (3.13)

for any a > 0 large enough.
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Proof. We start by calculating the space-time Fourier transform of DF,
t
Fiuo(DF)(r,n) = / o7 = ([ O o B ) ) o
R 0

Using the fact that fo ) dt' =3 [ f(')(sgn(t — t') + sgn(t')) dt’, we have

by ~ 1 ” ~ ;
.7:,5(/ e = (N E(H ) dt’) (n) = o / e otV F(t' n) dt'/ e~ =) gon () dt
0 T JR R

1 i =~ -
+— [ e () F(t' n) sgn(t') dt’ / et g,
4 R R
Consequently, since F;(sgn)(7) = -, we have

n3

—ido(p —n? // (n® — X\ — M)Ml (\,n)dy’ dX,

A [ ety B at o) = [ G- WO

where §g denotes the Dirac delta function. Calculating the convolution with @, we get

Foo(DF)(r.m) = —i /R ( /R Bt n? — NPT "2 —@(r—n’) du> Fon) d),

as intended

It remains to show the estimate on the kernel. In the region {|u| > 1}, using Cauchy-Schwarz
inequality and Lemma 2.1.4, we have

[ s ([ ) (L aeie)

[p|>1

< 1
ROV CEPYAS

BBV, _ 1 | |
/ W R <T>a/R<u—A>a<u> W= e

|pu[>1

for any o > 0. In the region {|u| < 1}, we consider two subregions: {|7] < 1} or {|7| > 1}. If
|7| <1, then (7) ~ 1 and using mean value theorem, where £ is a number between 7 — u and

T, we have
J e O e

[ul<1 ll<1

1 / 1
S dp
(r)* (= X))
lu|<1
S ;a
A (r)e
for any a > 0. If |7| > 1, we once again apply mean value theorem, where ¢ is between 7 —
and 7. Since |u| < 1, we must have || ~ |7| and (u) ~ 1. Therefore, applying mean value
theorem and Lemma 2.1.4, we get

|P(r — ) — ()*102(8)] 1
/\wu A P du~ / 1P — M) irya du§<)\>a<7>a,

lul<1 |ul<1
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for any o > 0. From the estimates for the regions {|u| > 1} and {|p| < 1}, we get

1 1 1
K% (= + )
To show (3.13), note that (1) < (7 — A)(A) and (7 — A) < (7)(\). Thus, for a > 2,

1 1 1 1 1 1
(<T—A>a e )<> S e T et~ iy

We want to split each of the non-resonant contributions DN'R. >, DN'R. - for x € {A, B}
into two components:

DNR.,>=G.>+B,>, DNR,>-=G,-+B,..

The ‘good’ contributions G will depend on the modified Duhamel operator. By introducing
a convolution with a smooth function 7 parameterized by the resonance relation ¢(7123), we
induce sufficient smoothing in space to control the derivative nonlinearity. Consider a Schwartz
function 7 satisfying

n(=1) =0, Hi(-1)=—1,

where H denotes the Hilbert transform, i.e., principal value convolution with %, as chosen in
Section 3.1. We first define the operators G, >, B, > through their spatial Fourier transform

Fu (G (ur, ug, uz)) (t,n)

+ 3
. ’ 3 ~
=o(t) Y ml/ I ((Mras) (t— ) () [ ] @(,my) dt,
n=ni+ns+ns, 0 j=1
M123€X. (),
[n2|>|ns|

Fa (B> (w1, ug,u3)) (t,1)

t 3
= gﬁ(t) Z inl / ei(tit/)n:; []. — n((ﬁ(ﬁlgg) t — t H ﬂ t TLJ
0 j=1

n=ni+nz+ns,
M123€X, (n),
[n2|>[ns|

with equivalent definitions for G, >, B, s imposing the condition |na| > |ng| to the sum.

In the following, we estimate the kernels for the truncated operators when * € {A, B}.

Proposition 3.2.2. Let * € {A,B}. Then, the convolution operators G, >, G, > have the
following space-time Fourier transform

Fio (G, > (u1,u,u3))(7,n)

(>)

3
= Z nl/Kg(T—n3’)\—n37¢(ﬁ123)) / H T],TL] dTl dTQd)\

_ R
n=ni+nz+ns, Jj=1
T123€X4 (), A=TitTatTs

[n2| > |ns]
>
where the kernel Kq is given by the following expression

Ko(r, A, 6) = /R <¢(T — )P - A)%Hﬁ(%) + P(r — )P — )\)é (Z)) dp,
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and satisfies the following estimates

1 1 1 1 1 1
Kol A S _  omin = =
O << ) { >) MG (<¢>’ <r>)’
1 1 1
T R
where « is a large enough positive number and |¢| > 1

Proof. Since the relation between |ns| and |n3| will not play an important role in the proof, we
will use G to denote both G, >, G, . We want to calculate the following

Fio (G*(U’17u27u3))(7—’ Tl)
= Y im [etr-wA( [ S g otman e~ ) Fa ) d

n=ni+nz+ns,
n123€X, (TL)

where F'(t) = ¢(¢) H?Zl u;(t,n;). Note that |¢(Ti123)| > 1 for Ti123 € Xy (n) and denote it by ¢,
for simplicity. Proceeding as in the proof of Proposition 3.2.1, we have

A( O ({1 — 1)) () ) )

0

1 L L
=— [ e’ Pt / et = (p(t — ') sgn(t — t') dt dt’
47T R R
1 o .
+— [ e P(t) sgn(t) / et =1 ((t —t')) dt dt’. (3.15)
47'(' R R

The first contribution in (3.15) equals

3 [ P [Fo) « F () = )| = —iFSua (L),

while the second gives

L [eomerone ({252 —-ra(252)

Consequently, we obtain

Fiw(Gulur, us, ug)) (7,n)

R 1 _ 3 N 1. _n3
= 2w [ m[Fe (P ) b ga( g )
n=ni-+nz+ns,
n123€X,(n)

Since

Foy = [ae-n [ H 7hom5)

A=T1+712+73 77

AT):/RH@(T— / ﬁ (ry,n;)d

A=T1+72+1377

we obtain the intended expression by substituting F(x) and HEF(u).
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It remains to show the kernel estimate. First, note that for a Schwartz function f, we have

lim / f/(f)du‘Jr / "M du.

dp +
e—0 1%

e<|pl<1 e<|pl<1 ln>1

[Hf(E)] < lim

e—0

‘f(éu)f(&)‘
p

Considering the first contribution, using mean value theorem and distinguishing between the
cases [£] <1 and [€] > 1 gives

FE—w— O, _ 1
/ W S e

e<|pl<1

for any o > 0. The second contribution is equal to zero, so it only remains to control the third
one. Using Lemma 2.1.4, it follows that

SE-ml, 1
/ PG

[u|>1

Consequently, the following holds for any Schwartz function f

1

R = GR (3.16)

Since @ is a Schwartz function, using (3.16),

@’Hﬁ@)‘ S % <]lui¢ + 1|u|z|¢zléii> S min <«i> <i>>

Now, considering the kernel and the estimates for H17, Hp, we have the following

[Ka(T, A, ¢)| §/R|<5(T—u)<5(u—’\)|min («;)’Oi))dﬂ

1
+/R<¢>><u—»

Applying Lemma 2.1.4 and Cauchy-Schwarz inequality, we have

I3 /R (r— u)““lw — A)ett i <@¢1>> <1u>)du & ﬁ i (Wl» <i>>

For II, applying Lemma 2.1.4 and Cauchy-Schwarz inequality gives the following estimates

o(r — u)ﬁ(i) ‘du = 1 +1L

1 1
= / @ N WS ey

vs (i) ([ete) <oy

Consequently, T < ﬁ min (@, <i>> For (3.14), we consider different cases max((¢), (\)) 2

max({@), (1)) or max((¢), (A)) < max({¢),(7)). Note that for the latter, max({¢), (7)) = (7)
and (7 — A) ~ (7). The estimate follows by choosing a > 2.

O

Remark 3.2.3. For = € {A,B}, consider the operators DNR. >(ui,uz,ug) and
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G.. > (u1,uz,us), and the kernel estimates in Propositions 3.2.1 and 3.2.2. Then,

n o~
‘]:t,w (DNR*7Z(U17U2,U3))(7—, n)‘ 5 Z / 7__|17_|_TL3>F()\,71123) d\,
n=ni+nz+ns,
T123€X4 (n),
In2|>|ns|

| Ptz (G (w1, us, uz)) (1,n)| S

n=n1tng+ns, (<¢(n1123)>’ (r —1n3>>

T123E€X4(N),
In2|>|ns|

X F\()\,ﬁlgg) d)\7

where F(\,Tijg3) = (|1 (-, m)| * [G2(, n2)| * [@3(-, n3)[)(A). Thus, for the modified Duhamel
operators G, > we can ‘exchange’ the smoothing in time through (7 — n?®) for smoothing in
space through (¢(T123)), unlike the usual Duhamel operator.

Now we estimate the kernel of the remainder ‘bad’ operators B, >,B. >, * € {A, B}. The
assumptions on 7 in (3.12) play an important role in establishing the following kernel estimates.

Proposition 3.2.4. Let x € {A, B}. Then, the convolution operators B, >,B. s have the
following space-time Fourier transform

ft,z (B*, > (u17u27u3))(7—7 n)
>)

3
= > nl/KB (r =13 X =n® ¢(M123)) / Ha (1j,n;) dr1 dra dA,

n=ni+nz+ns,
T123€X, (n), A=T1+72+737
[n2| > |ns|
>)

where the kernel Kg is given by

Ka(rne) = [ PO g0 N du [ ot - it n5Ha(4 )

¢ ¢
+/Rso( P HS(p — A)(ﬁ(;) du,

and satisfies the following estimate

1 Ate) (1 1) (4 (1 1)
Kp(r. 00 < + v () + s ()

for any a > 0 and |¢| > 1.

Proof. Let * € {A, B} and let B, denote both B, > and B, ». By definition, we have that
B. = DN'R, —G.,. Therefore, the kernel Kp is given by Kp(7, A\, ¢) = —iK (1, \) — Kg(7, A\, ¢),
and the intended expression follows from Propositions 3.2.1 and 3.2.2.

We now focus on estimating the kernel, by first rewriting K (7, A, ¢) as

| @t = a)au= N dn= [ o= A);%ﬁ(;) ”

[u|<1 [u|<1

[ e -wptu-n{s - Tua(4) fan+ [ ot - wnete-nza(L) dn
[p]>1

o G
[ >1

211+12+13+I4+I5.
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For 11, mean value theorem gives, for any o > 0,

du du 1
1, < / 1, < + / 1, < .
LIS [ A fraggat—xye © f W ety S ey
<1 lul<1
Using (3.16) and Cauchy-Schwarz inequality gives
|12|§ / adu a+1 a’g ! «@ a’
(N7 — ) (= Aoy ™ (o) (T = A)*(A)
[p|<1
Before estimating I3, note that since H7(—1) = —1 and using mean value theorem, we get
= 3(5)| ~ sl - §a(5))
—— —Hy| = || ~ —|HN(-1) = =Hy| =
’u o "(¢ D = g

1 % (1 + o)
1(¢>Z(u><ﬂ>‘ —1- ¢‘ + Ligy<(u) TR

< o (G )

Using the above estimate, it follows from previous arguments that, for any o > 0,

A+ 9) At+9) o _(A+9) min(l 1>'

Tl S Loz =gy 1O T S e M\

In order to estimate I4, we start by showing a bound for %ﬁ(%) If |¢| 2 |u|, we use the fact
that 77(—1) = 0 and mean value theorem. Otherwise, |¢| < |u| and (i + @) ~ {(u). Tt follows

that
g
¢"<¢>’

S

1

’;77@)‘ S Mmm@‘ﬁ(g) - 77(—1)‘ + 1\¢>\<<w$
sm+@me;W;f.

Using the above estimate and the fact that |[H@(pn — )| < (u—A)~t in (3.16), we have

(T + @) (T +¢) (T+¢) . (1 1>2
Ii SLipysiry g + 1 r S min | —,— | -
TS oz e =5 o< T NmE S T "W W
For the last contribution, for any a > 0, we have

MEIER R P
(=N {w) S

1Ts| S

[pu|>1

This completes the estimate.

We want to further split the operators B, >,B. >, * € {4, B}, to obtain better kernel
estimates. We will split the kernel Kp in two pieces: when we can estimate the multiplier

directly, and when we also need to use omax = max, |7 — ”?| Let Kp = Ko + K where the
J=12,

kernels are defined below

Ko(m, A\, ¢) = Ln>(6) < / (@(7— — ) — @(T))@(;L — )\)i dp — / o(r)e(p — )\)i dﬂ)

[n|<1 [pu[>1
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o~ . 1. /p
- / P(r = 1)@k~ A)E’Hn(a) dp,
|p]<1
Ki(m, )\ ¢) = ]l</\><<<¢)( / (P(r — ) — 3(7)) P — /\)i dpi — / BB — /\)i d,u)
=t [ >1
5 ~ 1 1,
T Liatgy>(r—A) | /1@(7 —po(p — A){H _ (an(g) } du
pl>

N N 1_
+ Ly gys(r—n) (/Rw(f — ) HO(1 — A)(bn(g) du)-

Thus, we have the following estimates for the kernels, for any 0 < o < 1,

1
[Ko(T, A, 0)| < PiFa(gyi—a’ (3.17)
1 At (1 1N
R T A =] () IR

In Section 3.5.1, we will see that the contribution corresponding to the kernel Ky in
B. >,B. > can be easily estimated, due to the explicit smoothing in space (i.e., the nega-
tive power of (¢)). However, in order to estimate the one corresponding to K, we need the
largest modulation op,ax. In particular, from (3.18), we see that

(A =1’ + d(m123)) @

—n3 =03, ¢(fe n
|K+(T ’/\ ,d)( 3))| S <T_>\><T_n3><¢(n123)>1—a7

(3.19)

forany 0 < a <1, since A =71 + 7 + 73 and
3 — 3 3 3 3
A =n" 4+ ¢(M123)| = |11 —nj + 72 —ny + 713 —n3| S jr:nla§<3 175 — 1| = Omax-
Thus, we can use omax in order to estimate the numerator of the second contribution in (3.18),

which motivates splitting the operators depending on which modulation is the largest. In
particular, we have

B.>=Bl,+B., +Bl, +Bl, (3.20)

where BE,Z has kernel Ky and Bi,> has kernel K localized to the region where omax = |0,
j =1,2,3. An analogous decomposition holds for B, .

3.3 System of equations and proof of Theorem 1.1.3 for
4<p<o0

Instead of running a contraction mapping argument on the integral equation (3.5), we will solve

an ordered system of equations. In this section, we establish the relevant equations for v and

w and the main results needed to show Theorem 1.1.3 for 4 < p < oo. For a fixed p with
2 < p < o0, we will first focus on showing local well-posedness in FL*?(T).

Let T' > 0 and fix w € Z3. Then, we consider the following equation for u

u=w+or|[Ga>(w, U u) + Gas(w,u,) + Gp>(w,w,u) + Gp>(w,w,u)]. (3.21)
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We first solve the equation (3.21) obtaining u = u[w], i.e., u parameterized by w.

Proposition 3.3.1. Let s > % and 2 < p < oo. There exist T = T(Az) > 0 and Az =
A3(Az) > 0 such that for any w € Z§ satisfying ||w||zs < Az, there exists a unique u € Yg* with
llullyy < As satisfying (3.21). The mapping w + ulw] is Lipschitz from the Ag-ball of Zy to
the As-ball of Yp.

We establish the above proposition by running a contraction mapping argument in Y;;’. The
argument then reduces to establishing the nonlinear estimates in Section 3.4. We postpone the
proof of Proposition 3.3.1 until Section 3.6. To guarantee that u = u[w], the solution of (3.21),
satisfies the Duhamel formulation (3.5), then w must satisfy the following equation

w = @(t)S(t)uo + ¢r - DR(u U, )

[
[
[
+ or [BB,>(w,@, u) + BB’>(w, w, )] (3.22)
[
[
[
[

In order to solve the above equation, we use a partial second iteration by replacing v = ufw]
by its equation (3.21). The decomposition on the operators DA'R and B, introduced in Sec-
tions 3.1 and 3.2, explicitly identifies which entries have the largest frequencies and the largest
modulations, respectively. This information will guide the second iteration process.

For the terms DN'R, >, DNR, -, * € {C, D}, we replace the equation for u (3.21) from left
to right to obtain only cubic and quintic terms, as in the following example

DNRc > (u,t,u) = DNRe,>(w, T, u)
+ DNRe,> (o1 - Ga,>[w,w,ul,u,u) + DNRe> (o7 - Ga,s[w,u, 1,4, u)
+DNRO>(QDT Gp>[w,w,ul,u )+DNRO>(QDT Gp > [w,w,l, uu)
DNRe,>(w,u,u) = DNR¢,>(w, W, u)
+ DNRe> (w, o1 - Ga>[w, T, u),u) + DNRe>(w, o1 - Ga,s[w,u, U, u)
+DNRe> (w,or - Gp,>[w, w,ul,u) + DNR¢ > (w, o7 - Gp,s[w, w, 1], u),
DNR¢c,>(w,w,u) = DNR¢c,>(w, W, w)
+DNT\’,CZ(w7E,<pT-GAyz[w,ﬂ,u]) +DNRC>(w w, o7 - Gas[w,u u]),
+DNRe,> (w, W, o1 - Gp>[w,w,u]) + DNRe,> (w0, @, o7 - Gp s [w, w, 7).

This strategy prioritizes the entry with the derivative followed by the one with the largest
frequency between the remaining two factors. For DN'R. >, DNR. ~ with x € {A, B}, there
will be no cubic terms after second iteration, due to the differences in (3.22), as seen in the
following

s )
= DNRA,E (or - Ga>w,T,u),Tu) + DNRa> (o1 - Ga,s[w,u,u),u,u)
+ DNRA,Z (QOT ' GB >[w7m7 u’Lﬂv U) + DNRA,Z (@T . GB,>[w7wvﬂ}7ﬂ7 u)7

=DNRg Z(goT -G > |w, T, ul, T, u) +DNRp 2((,0T -Gyasw,u, T, u)
+DNRp Z(SDT -Gp>w,w,ul,u, U) + DN’RBE ((pT . GB7>[w,w,ﬂ],ﬂ, u)
+ DNRp>(w, o1 - Ga>[w, 1, ul,u) + DNRp>(w, o1 - Ga,s[w,u,u],u)

s
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+ DNRp>(w, o1 - Gp>[w, W, ul,u) + DNRp > (w, o1 - G >[w,w,u],u).

For the terms B, >, B, », with * € {A, B}, we split the operators into four pieces Bi7>, B17>,
j=0,1,2,3, as defined in (3.20). The contributions corresponding to j = 0 are easily estimated,
but for j = 1,2, 3 the largest modulation plays an important role in estimating the kernel. If
the j-th entry corresponds to a u or @ term, we replace it with the equation for u (3.21). For
example, we have

Bp > (w,w,u) = B%Z(w,ﬁ, w) + B}gz(w,ﬁ, u) + BQBZ(w,E, u) + B%’Z(w,@, w

~

+ B%Z(w,@, or - Ga>w,T, u]) + B%,z (w,@, or - Gaslw, u,ﬂ)

+ B%’Z(w,ﬂ, or - Gp,>[w,w, u]) + B%’Z(w,ﬂ, or - Gpsw,w,a )

Proceeding as detailed above, we obtain a new equation for w. Due to its length, we have
decided to only include it in Appendix A.2.

Proposition 3.3.2. Let s > % and 2 < p < co. Then, for any ug € FL*>P(T) satisfying
luol|Frsr < Ay, there evist T = T(A1) > 0 and a unique w € Z§ with |[|w| z; < Az satisfying
(3.22), for some Ay = As(Ay1) > 0. The mapping uy — w is Lipschitz from the Ai-ball of
FL*P(T) to the As-ball of Zy.

Remark 3.3.3. (i) In the above proposition, u = u[w] is always understood as being the
solution in Proposition 3.3.1 of equation (3.21).

(ii) In order to show Proposition 3.3.2, we will not run a contraction mapping argument for the
map defined by the right-hand side of (3.22) nor the equation (A.1) included in Appendix A.2.
Some quintic terms in (A.1) require the use of the equation for u (3.21) once again, introducing
new quintic terms but also new septic terms. Given the considerable number of new terms that
this additional step introduces, we have decided to omit them when presenting the equation for
w. The strategy for obtaining the new contributions is described in Section 3.5.2 along with
the estimates needed for both the quintic and septic terms. The terms are given in detail in
Appendix A.3.

Combining Propositions 3.3.1 and 3.3.2, we can now complete the proof of Theorem 1.1.3
by establishing the local well-posedness of mKdV2 (3.1) in FL*P(T) for s > 3 and 4 < p < oo.

Proof of Theorem 1.1.3 for4<p < oc. Let s > 3,4 < p < o0, and ug € FL*P(T). From
Proposition 3.3.1, for any Ay > 0 and w € Z§ with [[w] z; < Aa, there exist T1 = T1(A2) > 0,
Az = A3(Az) > 0, and a unique u = ®;[w] which satisfies

®1[w] = w+ o, [Ga > (w, P1[w], @1[w]) + Ga s (w, D [w], §1[w])
+ Gp>(w,w, @1[w]) + Gp,> (w,w, <I>1[u)])].

For simplicity, let F' denote a multilinear operator such that we can rewrite the above equation
as
O [w] = w+ o, - F(w, ®1[w)]). (3.23)

From Proposition 3.3.1, we also know that the map ®; is Lipschitz continuous from the As-ball
of Z§ to the As-ball of Y{§. We now consider the equation for w. First, we can rewrite (3.22) as

w = p(H)St)uo + o, [DJ\/'(cbl[w}, By [w], B [w]) — F(w, @1[w])]

The operations needed to reach the full equation for w, correspond to substituting certain
instances of ®;[w] above by the right-hand side of (3.23). Therefore, we get that

w = @(t)S(t)up + o1, - G(w7 @y [w], F(w, @1 [w]), F(w,w), F(w, F(@l[w]))), (3.24)

where GG is a multilinear operator with cubic, quintic, and septic terms. Note that the two
equations for w above are equivalent.
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Now let A; > 0 such that |lug||Frs» < Aj. From Proposition 3.3.2, there exists To =
T2(A1) >0, Ay = A3(Ay) > 0, and a unique w = Po[ug] € Z§ with |lw||zs < Az solving (3.24).
Moreover, the map P is Lipschitz continuous from the A;j-ball of FL*P(T) to the As-ball of
Z§.

Let T = min(7y,T>). We want to show that ®; o ®5fug] € Y5 is a solution of mKdV2 (3.1)
in the sense of solving the Duhamel formulation in (3.4) for |t| < T. Using the equivalence
between the w equations above and the fact that ®sfug] is a solution, we have that

Dauo] = ¢(t)S(t)uo + o1 - G(“h @, [w], F(w, @1 [w]), F(w,w), F(w, F(<1>1[w]))>

= (p(t)S(t)Uo + T [DN(‘I’l o @Q[UQ], (I)l o] @Q[UQ], (I)l o (I)Q[UO]) — F((I)Q[UO], (I>1 o] CI)Q[UOD} .
Since @7 o Pafug] solves (3.23) with w = Pyfug], rearranging the above equation, we have

Py 0 Bofug] = Polug] + @1 - F(P2[ug], @1 0 Palug))
= o(t)S(t)uo + o1 - DN (P1 0 Pa[ug), P1 0 Pofug], P1 0 Palug))

which shows that ®; o ®yfug] satisfies the Duhamel formulation (3.5) for mKdV2 (3.1), or
equivalently, (3.4) for |¢|] < T. Lastly, since ®5 is Lipschitz continuous from the Aj-ball of
FL*P(T) to the Ay-ball of Z§, and ®; is Lipschitz continuous from the As-ball of Z§ to the
As-ball of Yy, we conclude that ®; o ®5 is locally Lipschitz continuous from FL*P(T) to
C(R; FL*?(T)). This completes the proof.

O

In the remaining sections, we will use the following notation for simplicity: DN'R. to denote
DNR. >, DNR, >, for x € {A, B,C, D}, G, to denote G, >, G, > for x € {A, B}, and B for
Bi >,BZ;7> for x € {A,B} and j = 0,1,2,3. In the estimates, there is no distinction between
the frequency regions where |ny| > |ns| and |ny| > |ns|, motivating this simplified notation.

3.4 Nonlinear estimates for u

From Lemma 3.1.4, it suffices to estimate the terms in the equation (3.21) in Y, dropping the
factor of ¢r.

Lemma 3.4.1. The following estimates hold

|G a(ur,ug,uz)|| . < Sallusll g
Yl 0 O 0
1G5 (u, uz, us)ll_. < lluall ] ne
Y, O 0 0
Proof. We will prove the above estimates for s = %, since the additional factor (n)s’% on

the left-hand side can be controlled by (nq)*~2 if * = A and (ny)*~2 if * = B, due to the
restrictions on the frequencies.

Using (3.14) and the change of variables 7; — ng’ =0y, j =1,2,3, it follows that

||G*(ulau27u3)‘|ylé

3
5 Z / |n1| 1 / H 7']7 n; | d\
n=ni+ns+ns, T - n123)>§ J=1 !
M123€X.(n) A=T1+72 4737
S > / () | f[ (o +nj,ny)l (3.25)
~ = = uj\g; n n; ) .
nenimeinsg, AT =1 =0 $())(B(M2s)) % ar

M123€X,(n)

63



where ¢ = 01 + 02 + 03. Note that

Am] Al
oman) ]~ g (o ~

Minkowski’s inequality gives

Z () ﬁ [uj(o;4+n3,n;)|
e i, (T = 1% = & + $(M123)) iy R
TzugeX*(n)

(RO |

Y,

P T1
L
01,02,03

Denoting the inner norm by I, we can rewrite the sum as follows

3
Z<T—n31—5’+u>< Z (m)i‘Hﬂj(aj—i—n?,an)

n=ni+nz+ns, j=1
n123 GXf: (n)

I's

)

Lt

for X% (n) in (3.3). Since the following bounds hold uniformly in & and n, for any 7 > 1,

> ! _ <1, / 1 _dr < 1,
S (r—n =g+~ r({T—nP—oc+m" "~

choosing 7 = l—ig, we have % +1= % + é and we can apply Schur’s test (Lemma 3.1.3) to
obtain

1< (3.26)

3
1 ~
> ()2 [ [a(e; +ndng)l
j=1

n=ni+nz+ns,
M123€XE (n)

D T2
Ol

Let Py, denote the projection onto (n) ~ N; and let fi(o,n) = ()2 [ty (o 403, n)|, fi(o,n) =

\FN\juj(a +n3,n)|, j = 2,3. Then, using Minkowski and Holder’s inequalities, we get

1

el (% f[lfj(ojvnj)l”)é

n=ni+nz+ns, j=1
n123€XE (n)

152

N2,N3

o2

If x = A, we have |¢(R123)] < [n1|® ~ |n|?, so we use Lemma 3.1.7 to count the divisors
dy =n —ng,ds =n —ng of u. Since

|d2 —n| = |n2| < Na, |d3 —n| = |ns| < N3
and 1 < |pff < |u|3 < |n|, for any 0 < & < 3, we conclude that there are at most O(N¥)
choices for d;, j = 2,3. Since n is fixed, this determines the choices of ng,n3 and consequently
of ny. If x = B, then |¢(7123)| < |n2]® and we can use the standard divisor counting estimate

in Lemma 3.1.6 to conclude that there are at most O(N§) choices for ng,ng. Consequently,
IXE(n)|] < (NaN3)¢ and we have

ED IS O SNDS li[lfj(oj,nj)l”f

N3,N3 p n=nitno+tng, j=1
m123€XK (n)

S > (N2N3)EH( > (Z]lfﬁ(nms)—#)ﬁ'fj(o’ﬁnj”m)le

N2,N3 n=ni+nz+ns “w

123

P
En

N Z (NaN3)E[[ fullez | f2llem2 M1 3l g2 s

N2,N3
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where we apply Minkowski’s inequality and the fact that ro < 2 < p in the last inequality.
Choosing & < §, we obtain

1 ~ ~
IS {m) 2t (o +n®,n) [l |[(n) Tz (02 + n®, )| 72 (n) s (05 + n®, 1) | 7.

Applying this estimate to (3.26) gives

N
G (ur, w2, ug)ll_y < [[(n) 2T (o +n?,m) |L1£pH|| INCICERUND] [P
1

The estimate follows from Holder and Minkowski’s inequalities, imposing § < ﬁ
O

Remark 3.4.2. The change of variables from 7; to the modulation o; = 7; — n?, j=123,in
(3.25) is needed to guarantee that the quantity

1 1

(r— )\)175 - (r—n3—01—09—03+ ¢(ﬁ123)>175

has an explicit dependence on the phase function ¢(7123) and that when fixing its value,
¢(T123) = w, there is no longer dependence on the variables ni,ng,ng. Thus, one can con-
sider the quantity inside the norm as a convolution operator in u, depending on 7:

1
Z < 1,5F(H7n17n27n3)-
m

T—n3—0)—09—o03+p)

This trick allows us to estimate the norm in 7 and introduce a restriction on the value of the
phase function. This strategy will be used in other estimates.

3.5 Nonlinear estimates for w

Analogously to the previous section, from Lemma 3.1.4, it suffices to estimate the terms in
the equation (3.22) in Z¢, dropping the factor of ¢7. In this section, we show the multilinear
estimates needed to prove Proposition 3.3.2 by a contraction mapping argument. In particular,
we estimate the trilinear and quintilinear operators on the right-hand side of (A.1).

In Section 3.5.1, we focus on the cubic terms in (A.1), namely

DR(u1,u2,u3), DNRc(wi,wa,ws), DNRp(wi,ws,ws),
BY (w1, ug, us), B (w1, u2,us), B (w1, wa,u3), B (w1, us,ws3), (3.27)

BOB(wlaw27u3)7 BlB(w17w27u3)v B2B(w17w2au3)a B%(wlaw27w3)7

where u; € {u,u}, w; € {w,w}, j =1,2,3.
The quintic terms in (A.1) arise from substituting a u entry by a Gy-operator, for # €
{A, B}. First, note that

| Few (o1 - G (ur, uz, ug)) (7, n)|

Tm||o(T (1 = 1))
5 Z /R? u> (n123)> / H |u] T]’nJ ‘ du’ d/’[’

M123€X%(n

w'=71+1o+737

Il Lo
: Z / — ) {@(M123)) / H‘uﬂ(ij i)l dp’ dp

M123€X%(n) W=T1+To47s j=1

|n1| Tia r )l
N Z / (1 — (Y0 (p(Mra3)) / H‘UJ(TW )| dp,

M123€X% (n j=1

W=T1+T2+T3

65



|]:t,x (o1 - Gy (ur,uz,uz)) (T, n)‘

T |[e(T (=7 — p))|
N Z /R2 (6(T123)) / H |u3 5, n5)| dp dp

+
M123€X4 (n M M W=r1+72+737
P> / oy | T )
M123€X% (n W =T1+T2+T3 Jj=1
for any 0 < § < 1, by using Lemma 2.1.4. Since ||@|| y:.» = |lu| ys» for any choice of s,b,p, q,
p,q p,q

we will omit the contributions that depend on G, as they can be estimated analogously. We
first calculate the space-time Fourier transform of the quintic contributions arising from the
DN terms. For example, for * € {A, B,C, D} and # € {A, B}, we have the following estimate

| Fee DNR. (o1 - Glur, uz, us), us, us ) (1,n)|

5
|non1\
/ / 0y — H i(75,m5)] dA,

n123
n045€X (n), A=T14.. +72> j=1
n1236X#(n0)

‘ft,zDNR* (Ulv ("2 i G#['LLQ,’LLS,U4],’LL5)(T7 n)’

< Z / / (T =21 0<|n1n2 ¢(M234)) <+

— R
n105€Xu (n), A=T14... 475 =
Ti234 €X % (no)

| Fe.e DNR (w1, uz, o1 - Gelug, ug, us)) (r,n)|

5
[nins|
s Y || s I o 629
T120€X. (n), A=T1+.. +To J=1
ns4oEX#(no)

i (Tj.m5)| dA,

.::m

for any 0 < 6 < 1. The main difficulty is controlling the spatial multiplier defined as follows

[non| e — _
7, if ipas € Xi(n), M123 € X(no),
4Gag) *
_ nin o _
04(%”0...5) = i 2L , if myps € Xi (n), Tiags € Xy (’17,0)7
|¢‘5(n234|)|
ning e — _
o=, if a0 € Xi(n), Tazas € Xy (no),
|6(T345) #
where Ty 5 = (ng,n1,...,ns5). We will refer to the frequencies in X, (n) as the first generation

of frequencies and those in X4 (ng) as the second when discussing the quintic terms.
In Section 3.5.2, we estimate the contributions for which a(n, 7. 5) < 1, namely
DNR. (1 - Galw, uz, us),us,us),  DNR.(or - Gplwr, ws, us], us, us),
DN Ry (w1, o1 - Galwe, ug, ua],us), DNRy(wi,or - Gplws, ws, ugl, us), (3.29)
DNRp (w1, w2, o1 - Galws, ug, us]), DNRp(wi,ws,or - Gplws, ws, us)),

where x € {A,B,C,D}, # € {B,C,D} and u; € {u,u}, w; € {w,w}, j = 1,...,5. The
estimate for these contributions follows once we control Q(u1, ..., us) defined by its space-time
Fourier transform

ft,z(Q(ulv s 7’[1,5))(7' n

5
- Z / / 017- — p3)i-o H [w;(15,n5)] dX. (3.30)

L W +‘r5 7=l

In Section 3.5.2, we establish an estimate for the standard quintic contribution (3.30) under
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particular assumptions on the frequencies. Not all the quintic contributions in (3.29) are of the
form (3.30), which forces us to use the equation for u once again, introducing new septic terms.
In particular, the following quintic contributions will not be estimated directly

DNRC(wlaw%(PT - Galws, ug,us]), DNRe(wi,ws, o1 - Gplws, wy, us)),

B (w1, o1 - Galws, us, us], us), B (w1, ¢r - Gplwa, w3, ua), ua),

: (3.31)
B3, (w1, u2, o1 - Galws, us, us)), B (w1, us, o1 - Gplws, wa, us)),
B (w1, w2, o1 - Galws, ug, us)), B (w1, w2, o1 - Gplws, wa, us)),

where u; € {u,u}, w; € {w,w}, j =1,...,5. The DN'R¢ contributions are not controlled
by (3.30) and thus need a more refined approach. For the B contributions, not only does the
j-th modulation play an important role, but also the largest modulation of the new functions
in Gg. This is detailed in Section 3.5.3.

3.5.1 Cubic terms

We start by estimating the cubic terms in (3.27).

Lemma 3.5.1. The following estimate holds

DR w1, 2, 5)] 5 ]l sl .

Proof. Using the kernel estimate for D in (3.13) and Young’s inequality, we have

1
||DR(U17’IL2,U3)H s~ / < ‘ul T1,M |H Z T]’ |d)\
(P 1,90
A=T1—T2+T3
3
1
S I RGATTCRO1) § (ORI ICROl
P 770
T=T1—T2+T3 Jj=2 oLy
for § < %. Applying Hoélder’s inequality gives
HDR(Ul,UQ,U:?,” s
1
1 1 1
< sup J(7,n)||[|(n)* (T — ) 22 (7, 1) || o H [(n)= (7 — )2 (r,n) o ||
T,n V4
where
/ d d
J(7,n)"0 :/ . T1 AT2 — <1
R? (1) —n3) 7 (ry — n3> 2 <T — T+ —nd)F
from Lemma 2.1.4. The result follows from Holder’s inequality. O

Remark 3.5.2. As in the estimates in Chapter 2, the resonant contribution is responsible for
the regularity restriction s > % 3, since we require s +1 < 3s < s> %

Lemma 3.5.3. Let x € {C,D}. Then, the following estimate holds

IPNR.(ur, uz, us)ll o S fluall s

1.
2
1 0 0 0

Proof. Let € {C, D}, then Typ3 € X,(n) implies that (n)*|n1| < (n1)2 (ny)*(ns)z. Using
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(3.13), we have

HDNR*(UI;U27U3)|| 7

10

Let f;(o,n) = (n)2(0)°[u;(0 + n®,n)|, j € {1,3}, fa(o,n) = (n)*(0)°[dz(0 + n®,n)l, & =
01 + 02 + 03 and proceed as in (3.25). Using Minkowski’s and Hoélder’s inequalities gives

(n1) % (n2)* (n3) >

m / T (75, m5)1d

A=7y+7ot7s L

P 1 90
n ni+na2+ns, Ly L7

123 E€X, (n)

||DNR*(U1,U27U3)|

</

s
1

3

1
Z (p(M123))° (T — 3 — & + d(M123)) 10 Hfj (o5,m5)

01,02,03 n;nl-ie-%z-(&-gt);;, j=1 5 L0
123 *
|ul® i 5
</ ’Z ( 2 Hlf(m»)w)
~ 0l _m3 _ &5 1-6 VASSVERSY] )
01,02,03 ® <M> <T n U+/L> M123€XE (n) j=1 5 LI0

since from the standard divisor counting estimate (Lemma 3.1.6), we have that |X§ (n)| <. |ul¢,
for any € > 0. Choosing € < § and applying Schur’s test with 1 + qio = % + %, we obtain

S AL S CE)

01,02,03 M123€XE (n) j=1

3
H [PEICADIIAVS

Jj=1

||DNR*(U1,UQ,U3)|

oe

for § < %. Consequently, using Holder’s and Minkowski’s inequalities, it follows that

3
o ST Fion)llpme < lull 4]
=1 3 Zy

||DNR*(H1,UQ,’U,3

O

Remark 3.5.4. (i) The terms DN'R 4, DN'R g cannot be estimated in a similar manner because
(n)2|ny| is not controlled by ({n1)(ns)(ns))z. This motivated the application of the modified
Duhamel operator to introduce smoothing in space needed to control the loss of derivative from
the nonlinearity without using the largest modulation.

(ii) Consider the estimate
3
HDNRD(u17u27u3 % H ||u.]||
Xp.q -

for some b > 0, 2 < ¢ < oo. The region Xp(n) includes the case when |nq| ~ |ng| ~ |ns|,
max, ;| S |o(Ti2s)] < max, In;|?. When attempting to show the above estimate under the
J=1.2, i=1.2,

nearly-resonant assumption, we must impose the conditions

1 1 1
max(l—ﬂ—i——) <b<l,
2q q p

which motivate our choice of b = 1— and ¢ = co— for the definition of the Z§ space.
Lemma 3.5.5. Let x € {A, B}. The following estimates hold

)

\|B94(U17U27U3)HZ15 < ||U1HYDS||U2”Y0% HU3||YO%
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||B(])3(u17u2’u3)‘

g Sl g lleall sl
Proof. 1t suffices to show
1B (s uz, )]y Sl szl y sl

for x € {A, B}, since the intended estimates follow from (n)*~2 < (n1)¥ 2 L, g+ (ng)* 2 1,_p.
Choosing o = 40 in the kernel estimate (3.17), gives

)2 ||
> T—n3 < y1—40 H|u3 75 1)

IBY (w1, ug, uz)|| 1 S

Z? M123)) q
' nn:;lszg?(t?)g’ T1,T2,T3 tn L
3 )2 H
5 <¢(7L123 1 o= \\1—-45 ||’LL] nj ||L1 )

n=ni+nz+ns,
M123€X, (n)

by applying Minkowski’s inequality in the last step and integrating in 7. For 71125 € X,(n), we
have |¢p(Ti123)| ~ max In;|> min |n — ng|, which implies
J=12,

=1,2,3
(n)2lm| (na) 2
* 1-46 ~ N1-85 i _ 1-46°
(6(M123)) jmax {ng)! =% min (n—ne)

Applying Holder and Minkowski’s inequalities, it follows that

1
1B (ur, uz, us)ll s < (supJ(n))* |(n)2u szllugllele

J(n) = E .
N(1=88)p i — o N4y
n=nifratng [ max. {n;) » zg{gﬁm ng) »

Let j,¢ € {1,2,3} denote the indices at which the maximum and minimum in the definition of
J(n) are attained, respectively. If j = ¢, we can use the fact that (n;) > (n;) fori € {1,2 3}\{]}
and sum in n;,n;. If j # ¢, we sum in n;,n,. Thus, J(n) < 1 uniformly in n for § < %. The

intended estimate follows from applying Holder’s inequality in time.
O

Lemma 3.5.6. Let x € {A, B}. Then, the following estimates hold

B (ur, uz, us)l 7 S luwgll oo [T lukllyen, 5 =1,2.3,

k=1

=
fO'f'S > %; (51582753) = (87%55) Zf* = A or (51582753) = ( S, 2) Zf* -
Proof. We will only show the estimate for j = 1 and s = %, as the remaining estimates follow
an analogous proof. The conditions on s;, j = 1,2, 3, follow from the fact that [n| < [ni| when
* = A and |n| < |ng| when * = B. Fix * € {A, B}. From (3.19) with 1 — a = by — ¢ and for
M123 € X, (n) we have
<TL1>% <7_1 _ n3>1736

(=X <q§(n123)> 36<” - W>%

(n)% |ny|(r — 03P | K (7 — n®, ) —n®, ¢(7123)) | S ’

where [n — ng| = minj— 23|n —n;|. Let f(r,n) = (n)z (1, — n3)%=3|% (7, n)|. Then, using
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Minkowski’s and Young’s inequalities, we have

||B1(’LL1,’LL2,U3)HZI%

1 ( 1
S 5+ S s5maa 5] ) 0
n:m-i-znz-'rng, <¢(ﬁl23)>%736<n - nl>% () ’ n & Lo
T123€X4 (n)
1
S Sao)llpa | ] s (ng)les
n:n1+znz+’ﬂ3, <¢(ﬁ123)>%*35<n - nl>% JH2 Y O
n123€X,(n)
Using Hélder’s inequality, we obtain
||B1(u17u27u3)|}21% S (SITILPJ( F||f\|ep1:“1 H [ LL
where
J(n) = 1 1 <1,
(n) = Z (e )’ 01=69) (17 — )P’ (1=33) ~ Z P/ A=68) (1 — )2 (1=38) ~

n=ni+nz+ns N4 ,Ny

for some distinet n;, np € {n1,n9,n3} and § < é. The intended estimate follows from applying
Holder’s inequality.
O

3.5.2 Standard quintic term Q (3.30)

In this section, we focus on estimating the quintic terms in (3.29). Before doing so, we must take
into account the new ‘resonances’ introduced by using the second iteration. For the estimates
to hold, we need the largest frequency to correspond to a w term and to not be in a pairing,
as defined below. Otherwise, we will use the equation for w (3.21), which introduces new
septic terms.

Looking at Q in (3.30) in more detail, note that the sum in (3.30) over n = ny + ... + ns
does not exclude all resonances, i.e., we can have n; +n; = 0 for distinct 4,5 € {1,...,5}. If
this holds, we say that (i, 7) is a pairing.

We will show a general estimate for Q in (3.30), given that one of the following holds:

(i) There are no pairings in (n1,...,ns) and the largest frequency corresponds to a function
in Z§;

(ii) There is one pairing (4,7) and the largest frequency in {|ng| : 1 < k < 5, k # 4,5}
corresponds to a function in Z§;

(iii) There are two pairings and the remaining frequency corresponds to a function in Z§.

Note that if (i), (ii) or (iii) hold, we can always use the largest frequency which is not in a
pairing to control the spatial weight from the norm (n)®. If the contributions do not satisfy
any of the above conditions, then the largest frequency that is not in a pairing corresponds to
a function v and we want to use the equation for u again. This leads to one quintic term that
satisfies the assumptions above and four septic terms, which are easily estimated.

To further clarify, let Q'(u1,...,us) denote a contribution in (3.29), u; € {u,u,w,w}. Let
n; correspond to the spatial Fourier variable of @;, j = 1,...,5. If ny is the largest frequency
that is not in a pairing and u; € {w,w}, then we keep the contribution as is. Otherwise,
up € {u,u} and we will use the equation (3.21) to replace the first entry in Q’. For simplicity,
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assume that u; = u, then we have

Ql(uau27 s 7u5) = Ql(w; Uz, . .- ,’LL5)
+ Q,(QDT : GA,Z[wvﬂv u}vu% cee ,’LL5) + Q/(SDT . GA,>[wa uvﬂ]au2 cee ,’LL5)
+ QI(SDT : GB’Z[U),E, ’LL], Uz, - .- ,U5) + Q/(SDT ' GB,>[w; U}7ﬂ], uz, ... 7“5)'
By carefully examining the frequencies and pairings of the terms in (3.29) and applying the
above modification, we obtain the final equation for w. Due to its length, we have decided to
not include it in full. All the resulting quintic and septic terms arising from (3.29), can be

estimated by the two following propositions. The details on how to apply these estimates are
included in Appendix A.3.

Proposition 3.5.7. Let Q as defined in (3.30) where the first factor has the largest spatial
Fourier frequency which is not in a pairing and with 6 < g. Then, the following estimate holds

HQ(U1;-~-au5)H S llall . H sl 5

Proof.
Case 1: no pairing

Let Py, denote the Dirichlet projection onto (n;) ~ Nj, j =1,...,5, and assume by symmetry
that Ny > ... > Ns. Since there is no pairing we have |n| < |n1]|, therefore using Minkowski’s
inequality gives

1Q(us, - .., us)|

ZfS Z

Nz sNs 7 "

1
Z (tT—m—...— 7)1

n=ni+...+ns
»T5 ! °

5

X (n1)®|uy (11, m1)] H |m(7janj)|

q
02 1,90

j=2
Using the change of variables o; = 75 — n?, j=1,...,5 and Schur’s test (Lemma 3.1.3), we
get
1
ol s X[ | Y e T
Z, N, ngl o Rt <7‘7n — 0] — ...70’54’1,[)(71,7“__5))
5 —_—
x (n1)*[ti1 (o1 + i n)| [ [ P, ulo; +nd,ny)] doy - -dos
j=2 (P o
Z / H fi(oj,n;) )
Ns o, n= n1+ Ans, j=1 et
T (ns)=p
where ¥(n,m1.5) =n®—ni—...—nd, fi(o,n) = (n)*|u1(c +n?n)| and f;(o,n) = |Im(0+
n®,n)|, j =2,...,5. Note that we can trivially restrict u to the following region
A(n,No,...,N5)={p€Z: p=n—(n—ny—...—n5)> —nj —... —nj,

Inj| ~ Nj, j=2,...,5},

which satisfies |A(n, No, ..., N5)| < N3 for fixed n. Thus, by taking a supremum ing, it follows
that

1Q(us, - ., us)|

5
Lica(n,Ny.....N5) Z Hfj(%”j)

71:7117+~~+7’L5, j=1
p(nmy.5)=p

S Y /‘

Na2,...;Ns o,

D pd1
Ll
4oy 05
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5
> I filesm)

n=ni+...+ns, j=1
P(n,mr.. 5)=p

(3.32)

2505

Now, we consider two distinct cases depending on the size of the frequencies.

Subcase 1.1: N3 > Né\/g

Using Cauchy’s inequality with o > 0, omitting the time dependence, we have

5
o IS D2 A (alfa(n) fa(ns)® +a™t fa(na) f5(ns)]?)

n=ni+...+ns, j=1 n=ni+...+ns,
PY(n, w1, 5)=p P(n,m1..5)=p

<Y > afi(m)] fa(nz) f3(ns)|?

n2,n3 (n1,n4,n5)€B(n,n2,n3,1)

+ ) 3 o 1 ()| fa(na) 5 (ns) 2,

n4,n5 (n1,n2,n3)EB(n,n4,ns5,1)
where
B(k‘,k}l,k‘g,u) = {(nl,ng,ng) VAR ny+not+ng=k—ky —ky=:14,
3(ng +n3) (0 —n2)(l —nz) = p— k> + k3 + k3 + 63}

Taking a supremum in ny, we obtain

5
> JIfHm) Sa sup fi(na) D [B(n,na,ns, p)| - |fa(n2) f3(ns)|?

n=ni+...+ns, j=1 ‘”*”ﬂgz\b
P(n,mr...5)=p

n2,n3

+a™t sup  film) D [B(,nayns, )] - | fa(na) f5(ns)].

In—n1| SN2 ng,ns

In order to estimate |B(n, ns, ns, )|, |B(n, n4, ns, 1|, we use Lemma 3.1.7 (i). For the first one,
to count the choices of (11,14, n5) it suffices to count the number of divisors £ —ng4, £—ns5, where
{=mn—ng—ng, of ¢ := 3(na+ns)(n—ng—n3—ng)(n—ng—ng—ns) = 3(na+ns)({—n4)({—ns).
If |n| > |n2|, then
~ ~ =1

9] ~ [(n4 +ns)(n —ng —ng —na)(n—n2 —ng —ns)| S n> = [P < W5 S,
for any € > 0. Otherwise, |n| < |ng| and we have

~ ~ =1

9] ~ (4 +ns5)(n —ny —n3 —na)(n —n2 —nzg —n5)| S [na2f° = [PI° < [P7 < |nal,

for any € > 0. Applying the lemma, the number of divisors dy = n — ny — n3 — ng, ds =

n — ng — n3 — ng satisfying

|dj —n| = |nz +n3 +n;| S Nz, if [n] > |nal,
|dj —no| = |n—ng —n;| < Na, if n] < [nal,

is bounded by N§, for j = 4,5. Thus, |B(n,ns,ns, u)| < N§, for any € > 0. An analogous
approach gives |B(n, ng, ns, 1)| < N5. Consequently, we have

5 5
ST TIH0) N5 sup fi(m) [T Ifillee s

n=ni+...+ns, j=1 [n—n1|<N2
P(n,m1. 5)=p

j=2
by choosing a = (| fallez lfslle2) 4| fallez I fslle2 . Looking at (3.32), since |n — n1| S Na, taking
n n n n ) ~ ’
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a supremum in n; gives

4 4.
Qs S D Ng /
! Na,...,Ns

sup  fi(o1,m1)

HHfJ

oo [n—n1| SN2 05 j=2
15
P
Z vt / (Zmal,m 3 1) 115l
o1,.. [n—n1| SN2 Jj=2

Etlte
Z NQ‘“ ||f1||LlegHHfJ||%.

...,

Using Holder’s and Minkowski’s inequalities, we have

||Q(U1,...,U5)|

SO Nq1+ “(NaN3NyN5)*~
Z Na,...,Ns

H [l yi
It only remains to sum in the dyadic numbers IV;. Using the fact that N3 > Ng‘/g, we have

Z N‘“ TNy NyNs )P~ 7+ < Z (N3 N3N4Ns)~ Nz‘”"f T(NuN5) Pt <1
N, Na,...,Ns5

for § < ﬁ and 26 + 5v/0 — % <0 = 0<Vé< f% + (%) + %, and the estimate follows.

Subcase 1.2: N3 < Ng‘/g

Using Cauchy-Schwarz inequality, we have

5
D | B

n=ni+...+ns, j=1
P(n,m1...5)=p

= > > fi(na) fa(n — ny — ng — ny — ns) f3(ns) fa(na) f5(ns)

n3,n4,m5 ny €C(N,n3,n4,n5,1)

SNs > fs ns)f4(n4)f5(”5)(sup fi(na) fa(n —ny —ng —ny — ns))

n3,n4,Mn5

where

C(n,ng,nq,ns, 1) :==4{n1 €Z: 0 :=ng+ng+ns, || S |n—n1 — 4 < |,
In—mny —£] < Noy, 3(n—£)(ng +0)(n—n1) =p— 03 +n3 +ni +ndl,

for which |C'(n,n3,ng,ns, p)| < N5 for any € > 0 from Lemma 3.1.7 (i). Note that if |n| >
In —ny — £, then 9 := 3(n — £)(ny + £)(n — ny) satisfies [¢)| < |n| and [|F < |)|3 < |n] for
any 0 < e < % Counting the number of choices for n; is equivalent to counting the number of
divisors d = ny + £. Since |d — n| = |n —ny — ¢| < Na, from Lemma 3.1.7, there exist at most
N values for ny. If |n| < |n—ny — €], then || < [n—ny — €3 < N3, so by the standard divisor
counting lemma, there are at most N5 divisors ny +£. Consequently, |C(n, ng, ng, ns, p)| < N5,
for any 0 < e < % Minkowski’s inequality gives the following

SR 0

n=ni+...+ns, j=1
P(nm..5)=p

| s mAlste TN
o5

=3
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Applying the previous estimate to (3.32) and Hélder’s inequality give

||Q(’U,1,...,U5)|

iJ’,g 5
o S N Wl f2llipae TT 1fllezs
1

Na,...,Ns j=3

5
N | (e
0529 0
It only remains to sum in the dyadics Nj:

A 45— L+12vV6(5—2+3V0)

4 451
STONPTTT N NNS T S ST (NgNag) YN s
Na,...,Ns ;

e 4 1 11 6 (1 _ 1 62 (1 _ 1\2 21
1fq*1+(5—;+12\/3(§_;+3\/5) <0 = 0<\/S<—ﬁ(§—5)+\/7(§—;) +
completing the proof for Case 1.

Case 2: one pairing (4,5)

In this case, we have n = nj + ng + n3, ng +ns = 0. Let fi(o,n) = (n)*|u1 (o + n3,n)| and

filo,n) = |Im(a +n3,n)|, j = 2,3. Using Cauchy-Schwarz inequality in ny and proceeding
as in Case 1 gives the following

HQ(U17...,’LL5)|

Z3

<S> / > ﬁfj(aj,nj)

N2,N3 5, n=ni+nz2+nsz j=1
’ P (T123)=p

5
T laklicse

Bl k=4

02,03

3 5
S / Lieannonsy 2, L) T lalee

N2,N3 01,02,03 njb?%22§:/?37 J=1 o k=4
) 3 5
q1 ~
sy a | S s T e, (3.33)
N3,N3 01,62,03 n=ni+nz2+ns, j=1 eﬁzﬁo k=4

¢(M123)=p
where A(n, Na, N3) :={pn € Z: p=n®—(n—ny—n3z)®—ni—nj, [nj| ~N;,j =23}, which
satisfies |A(n, N2, N3)| < N3 uniformly in n.

Subcase 2.1: N2V0 < Ny
Focusing on the inner sum, we apply Cauchy’s inequality, with o > 0, to obtain the following

> Ai(n) fa(ng) fa(ns)

n=ni+nz+ns,
P(M123)=p

Y anmlRmP+Y. Y ot )l

n2 nyE€B(n,na,u1) n3 ni€B(n,ns,u)

where B(n,nj,p) = {n1 € Z : 3(n —n)(n —nj)(n1 +n;) = p}, j = 2,3. Note that
|B(n,n;, 1)| < 2 because the given equation is quadratic in ny, since we know that n —n; # 0,
otherwise we would have another pairing. Thus, taking a supremum in n; and using the fact
that |[n — ni| < Na, we get

3
> I tfitesn) S sup filor,m)(allfa(e2)E + ot fs(0s)17:)

n=ni+na+ns, j=1 [n—n1| SN2
d(M123)=p

3
S osup filon,n) [T 150,

[n—n1|<N2 =2
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by choosing o = || f2(02)|| ;5" | f3(c3) |2 - Using this estimate on Q gives

3 5
2 41 N
0wl £ 3 85 P Milsger (L1502 ) ( TT 1ulore )
j=2 k=4

! N2,N3
1 5
S DN TP (NyNy) 7 _5“+||U1H HH%‘HY%-
i o

The estimate follows from summing in the dyadics.

Subcase 2.2: N;l‘/g > N3
Focusing on the spatial norm on (3.33), we have

> I filesmy)

n=ni+nz+ns, j=1
P(M123)=p

25620

Z( > Alon,m)fao2,n—m ”3)>f3(037”3)

ns3 n1€C(n,n3,p)

~

< ‘

25650

S Zf?, 03,M3 ||supf1(01,n1)f2(ag,n—n1 —n3 ||gza7

ns

where C(n,ng, 1) = {n1 € Z : 3(n —n1)(n — n3)(n1 + ng) = p} satisfies |C(n, ng, p)| < 2, since
n —ng # 0. Substituting this estimate in (3.33) and using Hoélder’s inequality gives

Z+h-i-i+
1, us) .5 D NS N ]IH%H%-

! N2,N3

The estimate follows from summing in the dyadics.

Case 3: two pairings (2,3), (4,5)
Using Minkowski’s and Cauchy-Schwarz inequalities, we get the following

HQ(UL sy J)H s
|M (Ml S () o () o S () s s () o
no na o
5
< Mm@ lss T 15l
j=2

The result follows from Hélder’s inequality.
O

Remark 3.5.8. Note that the above estimate still holds if we include a factor of (n;)¢ in the
multiplier, for some j € {2,...,5} and a small 0 < ¢ < 1.

Proposition 3.5.9. Let Q be defined as in (3.30), with the highest frequency which is not

associated to a pairing corresponding to the first entry, and 6 < g. Then, the following estimates
hold

HQ(QOT'G‘A[Ul,U27U3],U4,...7U7)| s Q(QDT'GA[Ul,UQ,U3]7U4,...,U7)’ s

Z Z

S llwall . HIIUJII 4 (3.34)
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2z |Q(<PT - Gplui, ug, us), ug, . . -3“7) Hzf

S lluzll . H [l vi

1#2

HQ(SOT : G‘B[U17U2,u3]7u4’ e ,’LL7)|

Proof. We will only focus on establishing the estimate for the first term in (3.34), as the same
approach holds for the second term. Similarly, we can establish the second set of estimates by
exchanging the roles of u; and wug. The first term on the left-hand side of (3.34) is controlled
by the following quantity

|n1| /
wi(Ti,m;)| dX
> s T o)

n=ni+..4+n7 A=r1 4ty I=1

, (3.35)
5 L0

with u; substituted by ﬁj, j =1,2,3, for the second term. It suffices to estimate (3.35). Since

(n1,mn2,mn3) € Xa(no) and |ng| = max(|nol, |nal, ..., |n7]), we have
el 1
(6(T0123)) ™ max (n;)! =
7j=1,2
Consider the change of variables 0; = 7, —n3, j = 1,..., 7 and let f;(o,n) = |FN\J.UJ.(J+TL3, n)|,
j=1,...,7. Since |ny + n2 + nz| > 'ralax7|nj| and |ni| ~ |n1 + ng + ng| > 4H%ax7|nj|, ny
J=%- Jj=2,...,

cannot be in a pairing. Moreover, ns + ng # 0. We will consider four cases depending on the
number of pairings.

Case 1: no pairings
Since |n1| > |nj|, j = 2,...,7, using Minkowski’s inequality and Schur’s test (Lemma 3.1.3),
we have

(3.35) Z N1+s/

R7

—1+s
< § /7 7\71
Ni,...,N; /R

7

1
2 (tT—m —...—T7+1/)(n,ﬁ1...7)>1_9jljlfj(aj’nj)

n=ni+...+nr

7
> Il fiten)

5 Lo

b

n=ni+...+n7z, j=1 @ﬁfﬁ,l
Y(n,mr. 7)=p
where 1 (n,m1_7) =n® —n} — ... —n3. Using Holder’s inequality, it follows that

7
(3.35) Z Nlpeammny > [ filos,n)

n=ni+...4n7, j=1 Zﬁ@f}
P(n, . 7)=p
L 7
1+s -
E (N2 -+ N7)u > I #i(e5.m)) ;
n=ni+...+nz, j=1 éﬁeff

Y(n,mr. 7)=p

where
An,Ny,...,No)={p€Z: p=n*—(n—ny—...—n7)® —nj — ... —nd,
|TLj| NNj,j:2,...,7}
which satisfies |A(n, Na, ..., N7)| < Ny -+ Ny, uniformly in n. Focusing on the inner sum and
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omitting the time dependence, we have for a > 0

7
> IIAHm) s> > A > alfo(n2) f3(n3) fa(na) |?

n=ni+...+n7, j=1 M234 M1 nse7
P(n,nr...7)=p €B(n,n1,M234,1)
+Y Y Al) Y e fs(ns) fo(ne) f1(no)
Mse7 N1 M234

€B(n,n1,m567,1)

where

3. _
B(n,ny,ng,n3,n4, 1) = {(ns,n6,n7) € Z° : ns +ng +ny =n—ny —ng —nzg — na,
3.3 .3 3
ng +ng +n3=n’—ni —n3 —n3 —ni—p, |nj|~ Ny, j=4,506}.

Using Lemma 3.1.7 (ii), we have that |B(n, ni,ng, n3, n4, p)|, |B(n,n1,ns,n6,n7, 1)| S Ng ., for
any € > 0 and Noy = max(Na, ..., Ny). In addition, we know that |n — ny| < Nay, giving

7 7
DR ) OO EE N (D DERACHY D | (S

n:nL++n7, j=1 |nfn1|5N2+
P(n,m..7)=p

by choosing a = (|| fallez || f3llez | fallez )~ [ f5llez || follez [ f7 [l ez . Consequently, using Holder’s and
Minkowski’s inequality gives the following

s—14 Lte
>N TTNG (N, N7>q1||f1\|mpHnmm

N1,...,N7 j=1
_l_;'_ l+5 L+ 77774}
> N PTNST(Ngee-Np)utio el . H||ug|| 3
N7

The estimate follows from summing in the dyadics.

Case 2: one pairing
In this case, there is only one pairing involving two frequencies in ng4, ..., n7. Let * = A, assume
without loss of generality that ng + ny = 0, and Ny = max(Na,..., N5). Proceeding as in the
previous case, we have

(3355 Y N L+s

5
E E g (76, ) Ur (7, —N6) H Gy

Ni,...,N5 ne n=ni+...4ns, Zﬁfﬁl
P(n,P1.5)=p
N 5
ST PPAC P D U ues i (N DI | FCICR]
Ni,...,N5 R® n=ni+..+ns, j=1 e{%ﬁo
(n, . 5)=p
where &(n,ﬁlmg,) =nd - nif — .= ng Focusing on the inner sum, we have
> Hfa DY o filn)alfa(na) f5(ns)
n=ni+...+ns, j=1 (n4 ns) m123
Y(n,m1..5)=p €B(n,n4,n5,1)
+ Z Z fi(na)a " f2(ng) f3(ns)|?,
(n2,n3) ni145

€B(n,nz2,n3,u)

where

B(n,n4,ns, 1) = {(nl,ng,ng) €Z%: ni+ny+ns=n—ng—ns,

7



nf+n3+nd =n®—ni—nd—p, |nj| ~Nj, j=1,23}

Using Lemma 3.1.7 (ii), we have |B(n,n4,ns,p)|,|B(n,n2,n3,p)| < N5, for € > 0 small
enough, which implies

5
> I Hm)

n=ni+...4ns, j=1
(n,m. 5)=p

5
|JREE

05 j=2

€
< N5,
P poo
s

sup  fi(n1)

02
n
[n—n1|<Nay

5
14
SNZle TT1lles -
j=2

Consequently,

5
N N _ i+l+€
(3.35) S gl pallzllee s > Ny NG T [ fillzae
Ni,...,N5 j=1

,,,,,

7

_1+L_l+ i_}rl_i_ 1 _1_ 1

St Tl S0 N 70 NG (N Ny N e R
Yo j=2 Yo Ni,...,Ns5

7
< H .
STy | (T

by choosing ¢ < % and § < L

10> needed to sum in the dyadics

1

B e e e N R 111

Z Nl 0o P N2q1 0 2 (N3N4N5)TO P2

Ni,...,N5

< —3+106— 5+ -1+ ~

S D (NiNy) i 5 (Ng Ny N5~ H < 1.
Ni,..,Ns

Case 3: two pairings
We can assume without loss of generality that ns + n5 = ng + ny = 0. Proceeding as before,
with N34 = max(Ns3, Ny) we have

3.35) < NS
e Y [ w

> [tz (72, m2)Ts (5, —n2) 6 (76, 6 )7 (77, =16 )|

N1,N2,N3 na,ne
x oy 1T fiCosm)
q
n=ni+na+ns, je{1,3,4} o
d(M123)=p
1+ =
“ — S a1
SID | QN CIPYID DI IR s i1 (D SRR | QAR
P poo
j€{2,5,6,7} Ni,N3, Ny /R n=ni+nz+na, je{1,3,4} ey

¢(134)=p
Applying Lemma 3.1.7 (ii), we have

> T fiCom)

n=ni+ng+ns, je{1,3,4}
d(M13a)=p

SNse I Wfille

b je{13.4)

for any € > 0. Consequently,

~ ,s%—&-s
(35S I e Y. NTNGTOT] Meloe

7€{2,5,6,7} N1,N3,N4 ke{1,3,4}
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oo =gt ote 111
S . Hllugll YN PUNgL (N3Ny)7o "2

Yo N1,N3,N4
S el H||u]|| 3

assuming that § < ﬁ to sum in the dyadics.

Case 4: three pairings

Assume that ny + ns = ng +ny = ng + ny = 0, then using the weight (7 — \)~'*? for the
L% -norm and Hoélder’s inequality, it follows that

(3.35)

Z / |u1 71,1 )U2 T27n2)u3(73,n3)|
R7

n2,n3,ne

X [a(ra, —n3)us (15, —na)ug (76, 16 )ur (77, —n)|

7
S ) e 2y H [
S llall . HHuJH 3

P
195

2L

nr

3.5.3 Remaining quintic terms

It remains to estimate the terms in (3.31). These terms cannot be written as (3.30) and thus
require a finer analysis. For the B terms, we need to use the modulations. For example,
calculating the space-time Fourier transform of the B2 terms in (3.31), * € {4, B}, we have

’fm (uhuz,sﬁT Gy lus, ug, us)) (7, ”)’

: Lo [ mmllKetr=ntx=n® gt o — B (m — )
n GX*(n), T1+T2+T
n3142~>oex# (no) i;:'rlgi'rii'ro(g
1 3 _
[To—n3|>|A=n3+d(M120)| _ . ( 1 1 )
X min ; 0;(1;5,n;)| do du dX
(10 — pu){p — o) (¢(Miaa5)) (u — n3) H| 3 (75m5)) 2

j=1

< ¥ / / [n1ns|(ro — ng)'

~ _ )\ M3 oy 11—«
M120€X4 (n), A=71 472470, <T ><T n ><¢(n120)>
M345€X 4 (no) o=T3+T4+Ts

Ljry—n3| 2 IA—ns+6(m120)]

. 1 1 5 R
(0 — p)(p — o) — <<¢(n345)>7 = n%}) H [u;(15,m5)| do dp dX

using (3.14) and (3.19), for 0 < o < 1. In order to control the multiplier, we must consider two
cases depending on the modulations of the second generation:

|70 — ng| > |o —nd|, (3.36)

70 — 3] < o — ). (3.37)

If (3.36) holds, then |79 — o| ~ |70 — nd| = |\ — n3 + ¢(M120)| and we can obtain powers of the
resonance relation of the first and the second generations. Using Lemma 2.1.4, we get

]]-|‘rofn[3)|>>|o nd ||Ft1 (uhu?awT G#[U3,u4,u5])(7,n)|
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|TL1’I7,3‘<7'0 — TL3>17Q -
0 = H |t (15, n;)| do dX

> / (T = A7 = 22)(d(M120)) 1~ (b (M3a5)) (0 — 0)1 70 25

— R2
ll120€X*(”)7 A=71+T2+70,
M345€X%(N0)  o=73+74475

for § < a < 1. Since |19 —0o| = |A—n3+@(N120)]|, by setting 0’ = o+ 11 + 72, changing variables

in the inte_grals above, and applying Lemma 2.1.4, we have

1
7 / H|u] Tj,nj)| do dA

/Rz (1= A (A =n? 4+ ¢(M120))*~
A= T1+72+To7]

O=T3+Ta+Ts

1 /]R / ﬁ U (7;,n;5)| do’.

<
™A =1+ ¢(Mig0))* L
o' =11 s I

,<7’—’I’L3>5

< man:Lm)g)

~

Substituting this estimate and using the fact that |¢(7120)]
(1 —n3 4+ ¢(M120))(Pp(M120)), and o = 4§ + 20, gives

2 (w1, ug, o7 - Glus, ug, us)) (7,n)|
jmax <nJ> 99 nyna| 5
H|u3 7j,n;)| do’.

< Y e
~ n120 ,n345)><7. _ n3>1+46 .
o'=T14.t75 7

120 € X4 (N),
345 E€X 4 (no)

If (3.37) holds, we can only gain a power of the resonance relation of the first generation. We
3), but we can no longer use

Liryng>lo—n3||Ft.aB

can use (3.19) to gain a power of (¢(T120)) at the cost of (
(10 — o) to help control this loss, which is why we cannot keep the power of (¢(Ti345)) as before

% (u1,u2, o1 - Galus, ug, us)) (1, n)|
3>17a

Liry—n3|<jo—ni||Fea B
|TL177,3‘<7'0 — Tlo

<

- Z / / (T = M7 = n3){¢(7120)) = (10 — p)(p — o) (p — n)
7120€X.(n), A=T1+T72+70,
M345 €X4 (n0) o=T3+T4+Ts

i(Tj,m;)| dodpdA.

I\Ew

Focusing on the integrals, from Cauchy-Schwarz inequality, Lemma 2.1.4, the fact that |\ —
n? + ¢(M120)| < |70 — nd|, and the change of variables o/ = o + 71 + 72, we get

/ / {ro — ng)' 7 ﬁ (15,n;)| do dpdA
R3 (T =X (10 — p){p — ) {p — nd) =1 7

A=T1+T2+70,
I\1—«
T0 — N,
< o) = H @ (7,n;)| do dX

o=T3+T T5
S_; / / 1—6
R2 < >\>< 0 C > < 0~ 0 j=1

A=T1+T2+70,
0=T3+T4+7T5

5
1
</ / [T 1 (7, ;)| do’ d
~ _ _ -0 _ »3\a—0 VAN ERLA]
2 (r =N =/ (r =)0 L4

o'=1T14...475

3 5

§/ / (6(M120))" (T — 1 H (7,m;)| do,

R (r—0’) j=1
o'=T1+...+75 -
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by choosing a = 26 and using (7 — \) < (7 — n3)(A — n® + d(M120)) (d(M120)). Substituting the
above estimate, we obtain

L7y n3|<lo— n3\|]:tx (U17u2 or - G#[U3,U4,U5])(T n)‘

max5<n3> 9 |n1ns|

5
5 Z / n120 7-_n?)>1 9<T_J/>179 / H TJ’HJ |da

T120€X4(n), o' =114 4rs I=1

345 €X% (no)

From the above calculation and (3.28), the B? and the DN'R¢ terms left to consider, can be
controlled as follows

| Ft.eB% (u1, o1 - Gaeluz, us, ual, us) (7, n)|
5

ar1(n,ny,...,ns) Bi(n,my,...,ns5) N ,

N Z _/ (T — n3)1+46 + (1 —n3)1=0(r — g/)1-0 H|“j(7ja"j)|d0 )
T105€X4(n) ol =T1+...+T5 Jj=1

712346X#(7’L0)

‘]:tz (u13u2790T G#[U3,U4,U/r])(7,n)|
as(n,ny,...,ns) Ba(n,my,...,ns5) N ,
< (1i,m5)| d
= Z /]R (r — n3)1t4s + (r —n3)1-0(r — g/)1-0 1;[1 |u; (75, n5)| do’,
o'=T1+...+757

Mn120€X4 (n),
345 €X% (ng)

| Fee DNRe (u1, uz, o1 - Gaelus, ug, us)) (1,n)|

5
RS AR LT o

m120€Xc(n), o'=T1+... 47157
n345 GX# (no)

where *, # € {A, B} and the spatial multipliers are given by

jgﬁ?fﬁ(”j)%mlnz\ maX5<“J>90|n1n2|
€ T ) e R 7
jif;ﬁ%ﬁ(nﬁ%mms\ [ max n;)%|ning|
ol = Gy o) = T
[n1ns|
Bs(n,my,...,n5) = o))
In the frequency regions where |5;(n,n1,...,n5)| < 1, the corresponding contributions have

the standard quintic form in (3.30). We therefore proceed as in Section 3.5.2. Otherwise, we
can apply the following result.

Proposition 3.5.10. Assume that the frequencies are ordered as follows |ni| > ... > |ns|. If
|ni| ~ |na| > Ins| = |n|, (1,2) not a pairing, and

1+90
ni
ﬁ(nvnlv"'v )S‘ | )
ns|

then the following estimate holds

5
T LD DI e e T= I B | (D

n=ni+...+ns o'=T14.. +7'5j:1

(2 1,30

< leal,

pallusl - (339

O

Z2

Lastly, the B? terms in (3.38) with a; multiplier can be estimated by the following propo-
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sition.

Proposition 3.5.11. Let Q'(u1,...,us) be such that

|]:tz ’Uz1,...,u5)(7'7n)|
max <n]>9‘9 5
& Z Z /5 (n1)(n 3)1+0 H‘UJ 75,nj)| dry - - drs,
n=ny+nz+ng no=ng+nst+ns ’ K 1 3 i

where |nq| > max(|ngl, |n2|) and |ng| > |n4| > |ns|. Then, the following estimate holds

- S max
z, ™~

See Appendix A.4 for further detail on how to estimate these contributions. We complete
this section by showing Propositions 3.5.10 and 3.5.11.

||QI(U1,...,U5)|

y b lleally g llus] )Ilwll luall g llusll -

Proof of Proposition 3.5.10. Due to the 0 loss in the largest frequency when estimating «, we
will distinguish two cases: when |n1|2 < |ns| and when |nq|2 > |ns|.

Case 1: |n1|2 < |ng

Using the notation (n,m1. 5) = nd — ni’ — .= n‘g’ and the change of variables o; = 7; — n?,
j=1,...,5, we start by applying Minkowski’s inequality and Schur’s test (Lemma 3.1.3) to

obtain

LHS of (3.39)

- - uj(oj + nj,ny)l
UsH%:ﬁ—n?»—oerl o n?nﬁ_z;tns’max((ng%(n})%jl:[l I
P(n,nr...5)=p

q
1,90

< >s+ 1490 5 ,\
H (o +n3,ny)|

>

n=ni+...+ns,
Y(nn..5)=p

max((ns), (n))? men

where & = 01 + ...+ 05 and 0 < $. Let fi(o,n) = <n>s|m1(a + n3,n)|, falo,n) =

(n)% [P ayuy(o + n3,n)], and fr(o,n) = [P, u,(o 4+ n3,n)|, k = 3,4,5, where Ny ~ Ny >
N3 > Ny > Ny dyadic numbers with Ny < N2. Omitting the time dependence, using Holder’s
inequality, the standard divisor counting estimate (Lemma 3.1.6), and Minkowski’s inequality,
we have

5
> Il
n=ni+...+ns, j=1
P(n,m. 5)=p

3 1
S st futos) ) IT15 )
j=1

n4,N5 nit+nat+ng=n—ng—ns,
3 3 3 3 3 3
nit+nyt+nzg=n"—ny—ng—p

_ 1
SNYHENGZ || fullen |l follen 1 fallen 1 Fallen 1 s e

Note that we can use the divisor counting estimate because (ny + ns)(n1 + ng)(ns + ng) # 0,
from the assumption that (1,2) is not a pairing and the fact that |ni| ~ |ng| > |ng| which does
not allow (1, 3),(2,3) to be pairings. From this estimate, we get

5
LS of (339) 5 3 NN (Hufjmg)(ankn%)
Ni,...,N5 k=4
3
(Hnujn )(Hnuku ;) (3.40)
=2

1
90N T2
N{"N,

D pq1
oo

_1
5 N?6+EN3 2

o0 e

Z N99+EN N4N5)
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Using the fact that Ny ~ Ny < N2, for £,0 < g and ¢ small enough, the estimate follows from
summing in the dyadic numbers.

Case 2: |n1|2 > |ng

In this case, we need a different approach to control the small power of N; in the multiplier
as well as the e-loss from using the divisor counting estimate. Note that ¥(n,71. 5) = 3(n1 +
n2)(n1 + n3 + ng + ns)(ng + n3 + ng + ns) + 3(ng + ng)(n3 + ns5)(ng + n5). Since

|(n3 + na)(ng +ns)(ng +ns)| S |nal® < |na 2,
|(n1 + n2)(n1 +ng +ng + ns)(nz +n3g +ng + n5)| Z |n1|2,

then [(n, ;1. 5)| = |n1|?. Following the previous strategy, we have

>

n=ni+...4ns maX(<n>7 <n3>)%

<n1>99+%+s

LHS of (3.39) < /

1 . 3
X = — II u;(o; +n5,n;
(T—=n3 -G +(n,m._5)) =07 —n3)0-0 j:1| (5 513l

5120
Thus, in order to control the small powers of (n1), we use the following fact
m? < @(n,m5)) S (1 —n® =3 +¢(n,71.5)) (T = n®){(o1) - (05).

To gain a power of (7 — n3), we impose 6 < g. For (1 —n3 — & + 1 (n,71.5)), when applying
Schur’s test (Lemma 3.1.3), we want to keep ¢ of this quantity. Thus, with 1 + qio =141
we need

0 1 0 é
1-9-°">-=1-2 °

We can obtain a power of (o)® for k = 4,5, given that
1_ 1
o) frllerr S 278 filloa o S 1102 frllen 2o,

given that a+%—5 < % = « < 0, thus we can choose o« = g. Similarly, for (c;)?, j = 1,2,3,
we have

60) fill aen, S W) fillpao g < 1(0) > fill Lo s,

&

for g = g. Combining all of these powers, we get <1/)(n,ﬁ1m5)>*% < N, ? which we use in (3.40)
instead of the condition Ny < N2.

O

Proof of Proposition 3.5.11. We have the following estimate

||Q/(U17~~7U5)|Zf
90 s 5
max; n n ~
o X s e L mn
n=ni+nz+ng no=ng+nast+ns RS T j= L
5
< Z Z M H 17 (nj)| 1
n=ni+nz+ngo no=ng+nqs+ns < j=1

n

Let fi(m,n) = (n)s\lfvl\ul(r,nﬂ and f;(1,n) = (n)ﬂfﬁvj\u](ﬂn)\, j =2,...,5, for dyadic
numbers N;, j = 1,...,5. We have that N; > Ny, N3 > Ny > N5, and we will consider
two cases: |ni| > |ng| or |n1| < |ng|. Assume that |ni| > |ng|. Using Young’s and Holder’s
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inequality, we get

S Il

_ S —
Hm%mﬂmf§§:N?%MMMpMy
1 n=ni+...+ns

Ni,...,N5

_ 11 -3-
S OY 0 NYTH(NeNGN;) RN ? |U1|| H [[wsll v
Ni,...,Ns
It only remains to sum in the dyadics

_1_1
ST NPT NNANG) RN TS ST NSO (NN T (NaNs) T S

~

Ni,...,Ns Ni,...;N5

for 30 < 0 < %. If |n1| < |nsl, then by following the same approach we obtain

_1_ 1 11
L0 N (NaNaNs) N Hnu]n%
Y Ny,...,N:
1 »4V5

||Q/(U1, N 7U5)‘

and we sum in the dyadics using the fact that N3 > Ny > Ny and N3 > Ny > Nj

_1_ 1 )
S ON TP (N NGNs) TR NS S YT (N Ne) T (N3 NN S 1

by choosing 3§ < 0 < %. O

3.6 Solving the system and extending solutions globally
in time

In this section, we use the nonlinear estimates in Section 3.4 to prove Proposition 3.3.1. We can
similarly combine the nonlinear estimates in Section 3.5 to prove Proposition 3.3.2, but we omit
its proof due to the large number of terms involved. In addition, we show how to apply the a
priori estimates in Corollary 2.4.2 to prove global well-posedness of mKdV2 (3.1) in FLP(T)
for s > % and 4 < p < oo, completing the proof of Theorem 1.1.6.

We start by following a contraction mapping argument to construct the solution v = ufw]
of (3.21).

Proof of Proposition 3.5.1. Fix w € Z§ with [|w| zs < A2 and consider the map

Fw(u) =w+ YT [GA,Z(w7ﬂ7 u) + GA7><U), u, ﬂ) + GB7Z(U),@, u) + GB7>(wa w7ﬂ)]a

for some 0 < T' < 1 to be chosen later. Let [lullys < Az, for some Az > 0 to be chosen later.
Using Lemma 3.1.4, Lemma 3.4.1, and the embedding Z5 — Y, we have

IIFw(U)II < lwll,. +01T0(IIGA >(w, Byl . +[Gaz(w w3 .

1 1

+Grz @B .+ [Gas(w,w,T) )

1 1

+a@ﬁ

%WW%+W@§
§@+Q@W@&Mﬁﬁﬁ

for some # > 0 and constants Cy,Cs > 0. By choosing A3 = 245 and CngT93A2 < , we
would obtain that ||, (u)|lys; < As. Note that we can rewrite the condition on T to see that
it only depends on As, i.e., we can choose T satisfying 3C;CoT? A2 < % Analogously, we can
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establish the difference estimate as follows

s

Yl
+ ||GA,>(w,u,ﬂ) - GA7>(w,v,ﬂ)|

ITw() = Tu (@)l . < T (|G (w,T,0) = Gas (w,7,0)|
0

s
1

+ ||GB7Z(U”@7 u) — G&z(w,@,v”

s
1

)

1

+ HGB,>(w7w7ﬂ> - GB’>(U),’LU,E>‘

< O (|| Gz (w7~ 7,0)|

s

Yls + ||GA72(1U,5,U - U)|

+ ||GA,>(w7u - Uaﬂ)|

Yls + HGA,>(wa v, U — 6)“}/15

+ HGB,Z(w,E,u—U)’ . + HGB)>(w,w,u—@)’ YS>
1

1

S CngTHHw\

@l y + 200y
0

2
ZO 0

< 201059 Ay (245 + Ag)|ju — vll, ..

2l )=l

for some # > 0. Choosing T" such that 1OCngT9A§ < %, shows that I',, is a contraction on the
As-ball of Yy

It only remains to show the map w +— u = u[w] is Lipschitz from the Aj-ball in Z§ to the
As-ball in Y. Let wy,ws belong to the As-ball and uj,us the corresponding fixed points of
I, Tw,. Proceeding as before, we obtain

up — Uzllys < ||{wp — wal|ys 1 A> (Wi, ur,ur) — Gy > (we, Uz, ug
[ lvg < lvg +C1T%(]|Gax( ) —Gax>( )

Yy
+ |G (Wi u1, W) — Gz (w2, u2, W) |

+ HGB,Z(wl,WL uy) — GB,z(wmwz,uQH

Yf

v)

< lwy — wa|zg + 2C1C2T? w1 — wa |z llur llve (Ilurllvs + willyg + llwallzs)
+2C1CoT° lug — wallyg llwall zs (Ilua llvg + lluallvs + lwellzs)

S (1 —|— 20102T9A3(2A2 —|— Ag)) H’LU]_ — ’LUQ‘ ZS‘ —|— 20102T9A2(2A3 + A2)||u1 — u2||y03,

+ |G B> (w1, w1,T1) — Gp > (wa, w2, W) |

for some 6 > 0. Choosing T such that 1OCngT9A§ < %, we have that

[ [wr] — Uz[wz]HYOs S lJwr — wa|zg,
showing that the map is locally Lipschitz, as intended. O

A similar proof holds for Proposition 3.3.2, by combining the estimates in Section 3.5 with
the estimate in Lemma 2.1.1 for the linear solution and Lemma 3.1.4 to gain a small power
of T.

It only remains to show that we can extend the solutions of mKdV2 (3.1) with initial data
ug € FL*P(T) for s > % and 4 < p < oo globally in time. As in Section 2.4, we will apply the
a priori bounds by Oh-Wang [91] when % <s<1-— % and a persistence of regularity argument
for higher regularity. As before, we can extend these a priori bounds to non-smooth solutions.

Corollary 3.6.1. Let 4 < p < oo and % <s<1l-— %. There exists C = C(p) > 0 such that for
any ug € FL*P(T) we have

Jullge Fror S (1 + uollFren)d~uoll Frer,

where u € C([—T, T];]—"LS”’(T)) is the corresponding solution of the complex-valued mKdV2
equation (3.1).
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In the following, we include a sketch of the proof of global well-posedness in the high
integrability case.

Proof of Theorem 1.1.6 when 4 < p < co. Let uy € FL*P(T), s > % and 4 < p < oo, and
consider the corresponding solution u of mKdV2 (3.1) obtained by Theorem 1.1.3. For § < 1—7
we can globalize solutions by iterating the local well-posedness argument, since Corollary 3.6. 1
gives a lower bound for the time of existence at each iteration.

Now consider the case when s > 1 — %. Since ug € FL*P(T) C }'L%’Z’(T), there exists a

unique global-in-time solution u € C’(R; ]-'L%’P(T)). Proceeding as in Section 2.4, using the a
priori bound in Corollary 3.6.1 when running the contraction mapping arguments for v and w

on I = [tg,tp + T}, imposes a local time of existence T ~ (1 + ||uo||}_L, ») %, for some a > 0,
and the following bounds
~ E_
[@rull vi S 2||<P1w||ZO% < 20ulto)ll -, 3.0 < 2CA+ lluoll -, 3.0) % uoll 1, 300 (3:41)

for some constants C, C' > 0, where ¢;(t) = @7 (- —to). Note that the above estimate is uniform
in tg. Now we want to establish an estimate similar to that in (3.41) at higher regularity. Using
the nonlinear estimates in Sections 3.4 and 3.5, we have that

[erullyy < llwllg, z; + 0102T0||¢1w||zg||s51u||y01/2(||¢IUHYOI/2 + H@IWHZ;M)’
7z < Csllu(to)l|Frse + ClC4T9(||g51w| ve)

~ ~ 2 ~ ~ 4
X {(H@IUJHZ;/Z + ||<PIU||y01/2) + (||<P1w||zé/2 + HWUHYDI/Z)

|@rwl zz + ||Prul

~ ~ 6
+ (Ierwll 2/ + @rullyare)° }
for some 6 > 0. Using (3.41), we have
I@rullvs < ll@rwlz; + CsTlulto)Il%, 5, I 6rullz,

4 ~
z3 < Csllu(to) | 7rer + CeT? futo)|2. 5, (1 + lutto)ll -, 3.5)" (61wl

|grwl zs +1erully;),
for C5,Cs > 0. Using (3.41), we have
P2 ol <1

FrLa® = 7

= u(to)°,

5T ulto)l%, 5., < CrT?(L+ lluoll -, 4.)

4
CoT?lu(to)I%, 3, (1 + lluto)l -, 3.0)" < CsT? (1 + Jluoll <

l\DM—l

FLZ p> L

where the last inequalities hold by possibly refining the choice of @ when choosing the local
time of existence T'. Substituting these inequalities, we obtain

rullyy <2[|prwlzs and [|@rw|zs < 2C3]|u(to)||FLs»,

from which we conclude that

sup [[u(t) [ Frer < [lPrullyy < 4Cs[ulto)llzre-
te

Since the above estimate holds for any I = [tg,to + T'] uniformly in ¢o, we can iterate the above

argument to conclude that

(+luoll _ 1 )*T"
FL

5P

sup lu(®)||FLer < (4C5)
te[—Tx,Tx]

ol 7rsv

for any 7* > 0. This shows the global well-posedness of mKdV2 (3.1) in FL*?(T) for s > 1
and 4 < p < oo.

OJ
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Chapter 4

The generalized Korteweg-de
Vries equations

In this chapter, we study the Cauchy problem for the periodic generalized Korteweg-de Vries
equation (gKdV):
Opu + O2u = +0, (u"),

(t,x) eR x T, (4.1)
u|t:0 = Uo,

for k > 4. Due to the Hamiltonian structure of gKdV (4.1), we are interested in studying the
corresponding Gibbs measure

1

dp=Z e HW gy = z=1eFrmr fru' e =g [1(0:0)de g, (4.2)

where the Hamiltonian H is given by

1 1

Our goal is to show almost sure global well-posedness of gKdV (4.1) and the invariance of the
Gibbs measure p under the gKdV dynamics, i.e.,

p(¥(=t)A) = p(A)

for all t € R and A C L*(T) measurable, where ¥ denotes the data-to-solution map of (4.1).
To this end, we will apply Bourgain’s invariant measure argument to complete the program
initiated in [11] on the invariance of the Gibbs measures for the gKdV equations. There,
Bourgain focused on the mKdV equation (k = 3 in (4.1)) and exploited the invariance of the
Gibbs measure associated with the truncated dynamics to globalize solutions of the original
equation. The main difficulty resides in showing local well-posedness in the support of the
Gibbs measure p. In the absence of suitable conservation laws, the invariance of the Gibbs
measure is used as a substitute in the globalization argument.

We start by studying the gauged gKdV equation (G-gKdV):
Opu+ u = £, (v — kPo(u*)u), (4.3)

where P denotes the mean Po(f) = f; f(z)dz. The equations (4.1) and (4.3) are related
through the following gauge transform

Glu)(t,z) = u(z; xFk /Ot Py (uf () dt’). (4.4)

In fact, u is a solution of gKdV (4.1) if and only if G[u] is a solution of G-gKdV (4.3). The
effect of the gauge transform (4.4) is to remove certain resonant frequency interactions from the
nonlinearity, allowing us to establish the main nonlinear estimates to obtain local well-posedness

87



through the Fourier-restriction norm method. As in Chapters 2 and 3, we will use the Fourier
restriction spaces adapted to the Fourier-Lebesgue setting:

Zy? =X 2N X)) < C(R; FLVP(T)).

In Section 4.1, we introduce preliminary estimates on the phase function, needed to guide our
case separation for the nonlinear estimates, which are established in Section 4.2. We start by
decomposing our nonlinearity into resonant and non-resonant contributions, based on our anal-
ysis of the phase function. In Section 4.2.1, we prove multilinear Strichartz estimates adapted
to the Fourier-Lebesgue setting, which are essential for the proof of the nonlinear estimates. We
then prove estimates for the resonant and non-resonant contributions (Sections 4.2.2 and 4.2.3,
respectively) from which the local well-posedness of G-gKdV (4.3) follows. From this result
and by inverting the gauge transform, we obtain local well-posedness of gKdV (4.1) for k > 4
in the Fourier-Lebesgue spaces which include the support of the Gibbs measure u, obtaining
Theorem 1.2.2. We omit this proof as it follows the strategy in Section 2.3 for the mKdV
equation.

Section 4.3 is dedicated to Bourgain’s invariant measure argument. We first establish al-
most sure global well-posedness and invariance of the Gibbs measure for G-gKdV (4.3) (Theo-
rem 1.2.4), and then extend this result to the original dynamics (4.1) proving Theorem 1.2.5.
Lastly, in Section 4.4, we establish some results on the gauge transform and the solution map
of gKdV (4.1) which are missing from the literature.

4.1 The phase function

Recall the phase function ¢g(n,ny,...,n5) = n® —n3 — ... — ni, which we will denote by

¢ for simplicity., When k = 2 (KdV) or k& = 3 (mKdV), the phase function restricted to
n =nj + ...+ ng satisfies the following factorizations

(n1 +n2)® —nd —n3 = 3(ny + na)ning, (4.5)
(n1 +n2 +n3)® —nd —nd —n3 = 3(ny +na)(ny +n3)(na +nz).

Unfortunately, such a factorization no longer holds for k > 4. We recall the well-known upper
bound for ¢.

Lemma 4.1.1 ([29, Lemma 4.1]). If [n1| > ... > |ng| and nq + ...+ ng =0, then
I3 + ...+ n3| < |ninans.

In order to exploit the multilinear dispersion to establish the main nonlinear estimates for
the local well-posedness, we want to gain a better understanding of the phase function, and
the above upper bound is insufficient. In particular, we want to identify suitable non-resonant
regions where ¢ is large enough to control the derivative loss in the nonlinearity, while imposing
strong restrictions to the frequencies in the remaining resonant regions. The following lemma
gives us additional information on the phase function ¢.

Lemma 4.1.2. Let k>4, n=ny+...+ni and |ny| > ... > |ng| > 0.
A. If In| ~ |n1]| > |na|, n # n1, then one of the following holds

AL | Pln — | S 9l

A.2. |ni|?n — ny| < [nansngl.
B. If [n1| ~ |na| > |n3|, n # n1, n # na, n1 + ne # 0, then one of the following holds
B.1. [m[?|ng + na| S 101

B.2. "Ill +n2| < |Tl4|
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Proof. We start by proving A. Assume that |n1|*|n — nq| > max(|@|, [n2ngn4|). Using (4.5),
we can rewrite ¢ as follows

¢ =3nni(n—n1)+(n—n1)®—nd—... —ni.

Since [nni(n —ny)| ~ |n1|*|n — n1| and using Lemma 4.1.1, we have
Ini|*n —ni| ~[(n —n1)® —nd — ... = n}| < |ngns| max(|n — nq|, |n4).

From the above estimate, we must have |n1|?|n — ny| < |nansng| which contradicts our initial
assumption. To prove B, assume that |n;|?|ni + na| > |¢| and |n1 + na| = |n4|. Using (4.6),
we can rewrite ¢ as follows

¢ =3mn—n1)(n—n2)(ny +no) + (n3+...+n)* —nj —... —nj.
Since |(n —n1)(n — n2)(n1 + n2)| ~ |n1]?|n1 + na|, using Lemma 4.1.1, we have
In1|?ng +na| ~ [(ns 4+ ... +np)® = n3 — .. —ni| < nsl?nal.

From the above estimate, since |ny + na2| 2 |n4|, we must have |n;| < |n3| which contradicts
out assumptions on the frequencies. O

4.2 Nonlinear estimates

In this section, we state and prove the nonlinear estimates needed to show the local well-
posedness of G-gKdV (4.3) in Theorem 1.1.3. We will establish a nonlinear estimate for the
more general multilinear operator

N(ug, - stm) = Pug ... U )Ozug — Z Po(u;0,u0) H ug, (4.7)
j=1 i=1

i#]
where m = k—1 > 3 and P = Id —Py. Note that +kN(u,...,u) coincides with the non-
linearity of G-gKdV (4.3) and that the quantities subtracted on the right-hand side of (4.7)

effectively remove certain resonant frequency interactions. In fact, the spatial Fourier transform
of M(ug,...,un) at n, omitting time dependence, is given by

Z (1 — l{n:no} — Z ]l{nOJrnjo})Z'noao(no) ce ﬂm(nm).

n=ng+...+nm j=1
nng- Ny, 70

The main difficulty in estimating A (ug,...,u;) lies in controlling the derivative. To
that end, we want to exploit the multilinear dispersion through the phase function ¢ and
use Lemma 4.1.2 to guide our case separation in the nonlinearity. Due to the restrictions in
Lemma 4.1.2, consider the following resonant regions in frequency space:

Ay(n) = {(no,...,nm) € ZM . n=n;}, i=0,...,m,
{(no,...,nm)GZf”“l: n0+’rlg:O}, —j=£L=1,...,m,

where Z, = Z \ {0}. Note that the terms on the right-hand side of (4.7) are localized to Ag
and A_;, j = 1,...,m, respectively. We are further interested in removing the resonances
associated with the sets A;, j = 1,...,m, when defining the non-resonant contribution Nj.
We then decompose the nonlinearity as N' = Ny + R, where the non-resonant and resonant
contributions are respectively defined as

FoNo(uo, . um))(n) = Y Lﬁ, 0o (10) T (nyn), (4.8)

n=no+...+Nm j=—m
nng- Ny, #0
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Fo(R(uo, ..., um))(n) = Z [

n=no+...+nm
nno--"MNm

Z(—l)l‘]l—,—l]l‘ﬂ Aj]inoao(no) -~-ﬂm(nm), (49)
Jec i€t

where J e Cif J={j},j=1,...,m,or J C {—m,...,m} and |J| > 2.
The following proposition states the main nonlinear estimates, from which the local well-
posedness of G-gKdV (4.3) follows.

Proposition 4.2.1. For 2 < p < oo there exists % < se(p) <1-— % such that for any s > s.(p)
the following estimates hold

m
No(ug, ..., u . <7T° will 1,
|| 0( 0 ’ m)|Z; %(T)N JIJOH j‘Z;’é(T)
m
IR (g, - ..y um)| o1 ST llusll o1
"z i J[[O Mz
for some 0 <éd <1 and any 0 <T < 1.
Remark 4.2.2. It will suffice to show the above estimates for vq,...,v, extensions of
U, - - -, Uy, o0 [—T', T]. Consequently, in the remaining of this section we will show the estimates

5,—% 5,3 . . . . s,—1 5,4
in Z,” 2 and Z,?, instead of the time localized versions Z,” 2(T') and Z, 2(T'). Moreover,
we will establish stronger estimates which allow us to gain a small power of T by applying
Lemma 2.1.2.

4.2.1 Bilinear and trilinear Strichartz estimates

In order to show Proposition 4.2.1, we first establish bilinear and trilinear Strichartz estimates
adapted to the Fourier-Lebesgue setting. Recall that Po(f) = fT f dx denotes the mean and
P = Id —Py the projection onto mean zero functions. The following lemma generalizes the
periodic L*-Strichartz of Bourgain in [10] to the Fourier-Lebesgue setting.

1 3;0—2)

Lemma 4.2.3. The following estimate holds for any 2 < p < co and b > max (5, TR

P (Pus - Pus) [ o0 S luall o [luall xos- (4.10)

Proof. The proof is adapted from the standard bilinear argument for p = 2 by Nikolay Tzvetkov
(see [102, Proposition 2.13], for instance). Let M, My > 1 denote dyadic numbers, P, the
projection onto space-time frequencies {(r — n3) ~ M;} and upr, = Payur, vy, = Pagus.
Since

[P (Pus - Pua) | o0 < ME;J 1P (Puas, - Poas) || oo,

it suffices to show that

[P (Pus, - Poas,) || oo € MYM3lun, || yoollvanllxoo- (4.11)

Xz ™
for any b > max (%, 32;2). We assume M; < M, while the same proof applies to the other
case. Using Holder’s inequality, we get

L / N
[P (Buns, - Poa) | oo S || M7 |G )| [[ans | 5 [oaral ] (1.12)

,0
XS,Q Zﬂ,L?_,
for ¢ > 1, where

A(r,n) ={n1 € Z. : 0#3nni(n—mn1) = -7 +n® + O(M>)}.
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. 2
Since ni(n —ny) = f(nl — %) + %, we can rewrite the set above as

3

A(r,n) = {m € Ly : (m 72)2 = %(T*%) +(9(?;]\|{12|)},

then we conclude that there are at most (’)(1 +( %)
the case when |n| > Ms and thus |A(7,n)| < 1. From (4.12) with ¢ = 2 and Young’s inequality,
we have

elements in A(7,n). We first consider

RS o (4.12) $ M} a2« o

=

1
|z;L;

Lo ok ok
A YA e [OYA I
3L

T

l o~
= M |[in,

Hem v H[;Lz’

which implies (4.11), since My < M and 1 < max (3, 321)2) For the case when |n| < My and

-

|A(T,n)| (In\)f we set

(1 1)_{(%4—6,;—}34—8) for 2 < p <6,

q'r (%—%,0) for 6 < p < o0,

with sufficiently small € > 0. Note that

1 1 1 !
- — g+1 g

, —|—q— 1<qg <2<p<r<oo.
p r 2q r 2’

Applying first Holder’s inequality in n, then following the above computation, and using
Holder’s inequality in 7, we have

1 1
RHS of (4.12) < M M}

1 ’ 1 97
20 | |G 19 % | Oas |9 } a
U VAL LY

1 1 %
S My M| [, |7+ a1 ]

4r L2

< MEM;I(IH@Ml

ey ’61\42 HegLLi

1 L
,7\[5,7\[2(1 -~ ~
S My M, HUM1|\zm||sz|\eng~

Since M; < M5 and % 5 t 35 < 2max (%, 31;;2) + 5, we obtain (4.11), from which the estimate

follows. O

We can then establish the following estimate.

Lemma 4.2.4. The following estimate holds for any 2 < p < oo

[P (PurPu)| oy S ol o el (4.13)

;
' 2
X ,2

Proof. Using duality, Holder’s inequality, and (4.10) we obtain

|P(Puy - Pu2)||X0r%+ S sup / Z Uy (71, m1)Us(T2, n2)Us(T3, n3)
’ <1
2,2 llusll 321 = o= 71+72+Taon?7lzjr7LL32;_(?s

< s Juallyos [P(Pus - Pus)lgos
lusll o1 < v 2
X557

S o osup o luaflxoo flurll o3 - flus]
lusll o,1-<

Xo 5

1 0 l_
32 ]
X ,2 Xz
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S luall oz lluzllxopo
p’,2

1
'2
X ,2

as intended. O

Lemma 4.2.5. The following estimate holds for any 1 < p,q < co

Po(uruz)usllxoo S llurll o g+ lluall o1+ llusll o
Xq2 q’,2

cod (4.14)

Proof. By Young’s and Hélder’s inequalities, it follows that

Z / (71, 1)Uz (T2, —n1)U3(73, M)

||P0(u1u2 U3||X0 0 <

™M =ttt &L
S Hm\lxo:% ||u2||X0;0§ ||U3||X07(é
<
ol o gl 3 sl
for any 1 < ¢ < o0. O

The following trilinear estimate can be seen as a multilinear analogue of Bourgain’s LS-
Strichartz in [10] adapted to the Fourier-Lebesgue spaces.

Lemma 4.2.6. Let 2 < p < 00, n; denote the spatial frequency corresponding to u;, j = 1,2, 3,
and assume that (n1 + ng)(n1 + ng)(ne +n3) # 0. We have the following estimate
(4.15)

”“1“2“3Hx°° N ||U1||X0+ 3 1 [luz]] 0% [[usl| X0t
p,2 X5

2 .

Proof. Let ¢ = 3(ny1 + n2)(n1 + n3)(n2 + n3). Note that by using Cauchy-Schwarz inequality
and Lemma 2.1.4, we have

> H

n= 7L1+7L2+7L37_ 1A 7oty I=
3

for any € > 0. Since (x + y) < (x)(y) for any x,y, we have the following

||u1u2u;;||Xg:g =

e;iLz

M\»—l

S )2 (ng, 7;) ,

L2

1
2 rwram

2 12
n=ni+nz+ns L72 L7'3

1 1 1

(n1)%(n2)?(ng)? — (n —ng — ng)??(ng)?" (ns)?? < (ng +n3)(n — na)?(n —nz)?"

for 6 > 0. Letting 0 = 2¢ and using Cauchy-Schwarz inequality, we obtain

3
_H —n3)

M\»—l
N

||u1u2u;;||Xoo < sup uj(ng, ;) ,

L2020 L2 L2

where
Z :
(ng + n3)ie(n — ng)e(n — nz)le(r —nd 4 g)t—=

n2,n3

I(Tv n) =

The estimate follows from Minkowski’s inequality and showing a uniform bound on I(7,n). Let
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a =1 —n? fixed, then we can rewrite I(7,n) and estimate it as follows

1
R S o e e L e e L

nz,n3

-y 1
e G - )@ (6) e+ 3020 - & - )6 )

2n—&1—&2#£0

1
L X e

T#0 (§1,62)
r=(2n—£1—§2)&182

<;W {(&,&) €Z2: r=(2n—& — )6}
r#0

S 3 e
4 1 )
#0 (a4 3r)l—=

from the standard divisor counting estimate (Lemma 3.1.6), for any & > 0. Choosing &’ < 2¢
gives
SR o
)2
4 ;ﬁO ¢(a+ 3r)!
Let a € R. Then we can write a = 3m + b, where m € Z and b € [0, 3). Then, it follows that

1

r#0

_Z )2
7;&0 €3m+3r+b>

1
<
- m§>2 (r)?¢(3m + 3r + b)t—=

- ! + ! - !
n =GB G D s (e

<3+Z 2€m—|—7‘1 e’

since 2lm +1r| >4 > |b| = [3(m + 1) +b| > 3|(m +1)| —|b] > |m + r|. Consequently, from
Lemma 2.1.5, we get I(7,n) < 1 uniformly, from which the estimate follows.
O

Lastly, we include a lemma which will not be required to establish the nonlinear estimates
in Proposition 4.2.1 but which we have established while considering this problem.

Lemma 4.2.7. The following estimates hold for 2 < p < oo and any 0 < &'(g),e < 1

[[urugus|| X0 4+ Smin (Jlug]l oy [luzf 07,||u1|| ol||U2|| 0.1)llusllxo,e
X 3 p’.2

p2 X

IIU1U2U3HXZ;7+E S [luall ollluzllX;)Q; IIU3|\XOE»

where |o3| 2 |o|,|o1], |o2] and (n1 + n2)(ni + ng)(ne + ng) # 0, for o; and n; the modulation
and spatial frequency associated with u;, respectively, j = 1,2, 3.

P’I”OOf. Let fj(Tan) = <T - n3>%|{l\’j(7—7n)|a .] = 172a f3(7—a n) = <T - TL3>€|1’,L\3(7', n)| and g € EgLIL‘IQ'
From the assumption on the modulations, we have 0 # || = |3(n1 + n2)(n1 + n3z)(n2 + n3z)| =
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|o — o1 — 03 — 03] < |os]. Using duality and Cauchy-Schwarz inequality, we have
||7.L1U2’LL3|| J
Xy, et

1 3
< T, N (75,15
DS | et JICEAS

n,n=ni+ns+ns T r=T1+To4T3 <o—>§_8 <O—1>

f3 73»713 2)
S Z / Ve (g —nd + ¢)2 < / fufasl

n,n=n n n
1+n2+ns T3 1,72

D ELABIO> <¢>2E<TS—:L§+¢>125/)%(Z /'f1f292>%

ns T3 ni,n2 ni,n2 T1,T2
)

from Lemma 2.1.4. Choosing 2¢’ = ¢ and with a = 73 — n3, we have

) Z S D Y PR L
i, la—@)ime(e) o = (@ =3r)t=e(r)? ™ & {a = 3r)t==(r)>’
(n1+n2)(n—n1)(n—nq)=r

by applying the standard divisor counting estimate (Lemma 3.1.6), for any 0 < ¢” < 1, which
we will choose to be ¢” < e. Since we can write a = 3m + b for some m € Z and b € [0,3) and
{(a —3r) = (b+3(m — 1)) ~ (m — r), the sum in r converges by applying Lemma 2.1.5. Using
the above estimate and Cauchy-Schwarz inequality, we have

Hu1ugu3|| e NZ/f3< / |flf29|2)2

ni,n2 T1,T2

1
s Sl ||Lz( S 1A )1 o (n2)]122 g + o+ is) )

ni,n2

Sl oyl oy lusll o,
p2 22 2

from Hélder’s and Minkowski’s inequalities. O

4.2.2 Resonant contributions

We start by considering the terms in R (4.9) where J satisfies {0,5} C J, {—j,0} C J or
{=J,3} C J, for some j = 1,...,m. The intended estimate essentially follows from the stronger
estimate in Lemma 4.2.8.

p—2

% - Then the following estimate holds

H / > () Hao(ro, n)i (11, n)] ﬁ 1@ (r.n;)]

Lemma 4.2.8. Let2<p< oo ands>1-—

retot Ty, P2 j=2 gLz
m
<11 i xs 0nxso-  (4:16)
=0 o
Proof. Assume that |ng| > ... > |ny|, without loss of generality. Then |n| < |ng|. Using

Young’s and Holder’s inequalities, we have

=y Hllug )iz

n=na+...4+nm, j=2

LHS of (4.16) < [luoll x=o,[lual o0

74
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’ 1
7/

p
) Juol e H s

1

(n2)?=1(ng)* - - (nm)*

Ssur)( >

n
n=ns+...+nm

[\v]

The estimate follows from Lemma 2.1.5 for s > max(3,1 — 5 - %) =1- % - O

The following lemma establishes an estimate for R in (4.9) when J C {—m, ..., —1}.

Lemma 4.2.9. For2<p<ooands>1-— % — min (1 p=2 1 we have

p’ mp’ 2(m—3)]1m>4)7

H / Z (nY®|nal |80 (10, —n2) U1 (T1, n2)Ua (T2, n2)| ﬁ [u(7j,m;)

n=ng+...+n
T=ToF.cdTrm 24N,

7j=3 L2
m

S H Huijgggmxgﬁ’- (4.17)
j=0

Proof. Assume that |ns| > ... > |n,|, without loss of generality. We will consider two cases:
|na| 2 |ns| and |ng| < |ng|. If |na| 2 |ns|, using Young’s and Hoélder’s inequalities gives

’ 1
1 P —/ m
LHS of (4.17) < sup ( Z Y ) ||U0||Xe 0 H ||u]||X 0.

n
n=ngs+...+nm,

The estimate follows from Lemma 2.1.5 if

1 2
s>1---2—<2 (4.18)
p mp

If |no| < |ng|, then |n| < [ng|. Let v(t,x) = F 1 ((Yuo(t, —)u1(t, -)ua(t,-)). If m = 3, from
Young’s inequality, we have

LHS (4.17)  flo- Duslxoo < lloll xoo sl s
Note that using Young’s inequality in time and Hoélder’s in space, we have

1 _

2
ollxeo < TT 108 (rn)lles s < H [l xs0, (4.19)
7=0

for s > %, 2<p<3ors> % — %, p > 3, which are less restrictive than (4.18). If m > 4 and
ng + ng # 0, we use Young’s inequality to obtain

LHS of (4.17) < ||v P(D%us - us)us - umHng S ||UHX§):?||P(DSU3 . U4)||X2:g H Hu]HX??

The first factor is estimated as in (4.19). For the remaining factors we use the bilinear estimate
(4.10) and Holder’s inequality, and the fact that |n4| > ... > |0y,

m m
1P (D% - ua)ll o0 [T llusllxoo < lusll oy~ lluall o3 - H [[j| 0.0
’ j=5 ’ p,2 2,2 . ’

S HU3H 51 H“4H l——+ 1 H ||u]||X;1‘1’+0

p
p2

The estimate follows if s > %—% and, form > 4,if s > 1— zl) — m If n3 +ny = 0, applying
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Young’s inequality in 7 and Holder’s inequality in n, we have the following

LHS of (4.17) <

144

m

> o)y TT () e (Z(nsfllﬁs(ns)lleHﬂ4(*n3)HL;)
n:nJ2r+n5+ Jj=>5

g,

n3

1
7

m
S (su 700) "ol gzonolial gollall o TT sl

From Hélder’s and Young’s inequalities, we obtain [[v|| yss-1.0 HUOHXS,;)Hu1||Xs,?Hu2||Xs,? and
p,1 P, P, P,

||'U/j||X%,o S gl $+1-140 < ||uj||X;,2 for s > 1— %, j = 3,4. Lastly, from Lemma 2.1.5, if
2,9 P,q ’

5> % and, additionally if s > 1 — % — (ip__f;p when m > 4, we have
J(n) = Z ! g <1
e (n2)3s=1(ns)s - (n)s| ™~
The estimate follows. O

Lastly, we consider R restricted to J = J U(—J_), where J;,J_ C {1,...,m} are disjoint
sets and |J4| > 1. The following lemma estimates the case when J, = {1,...,m}.

Lemma 4.2.10. The following estimate holds for any 1 <p < oo and s >

H / (n)*(m — 1)n| o (70, —(m — 1)n)| ﬁ 1, (r,m)|

Jj=1

T=To+.--+Tm

Proof. Using Young’s inequality in time and taking a supremum in n, we can estimate the
, 1

intended quantity by placing uo in X;:g and the remaining terms in X 53,710 . The estimate

follows for s > % O

For the remaining cases, we fix J; and gather the contributions from J_ C {1,...,m}\ J4.
Appealing to symmetry, let J. = {1,...,¢} for some 1 < ¢ < m—1. Then, the net contribution
can be rewritten as follows

Re(g, -y Upm) = / Z l Z (71)Z+|J7|+11

Ji
r=rot e gy, VTR0 A L C{l41,. m} ( iDl Ai)m ( jEO,Aij)

X inoUo(T0,10) * = * U (T, o)

:(—1)£+1 / Z ]].( J A-)ﬂ( m ae )inoao(’fo,no)”'am(’rm,nm),
=Tt Ty VRO A m 'igl ‘ j:rﬁll -

which is estimated in the following lemma.

Lemma 4.2.11. Let 1< <m—1,2<p< oo, and s >1— L —min (52,22, L), Then,
the following holds

Ny’ Ro(ug, ..., Um)

m
<TI0l .y (4:20)
gLz =0 P

Proof. Fix 1 < ¢ < m — 1 and assume without loss of generality that |nei1] > ... > |ngy|. If
£=1,then0=np+nas+...+nm, no+n; #0for j =2,...,m and |ng| < |n2|. Using Young’s
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inequality, we obtain

LHS of (4.20) < H / (n)°uy (11, n) E noto(70,M0) I | u(ry,ny)
O=no+nz2+...4+nm j=2
no+na#0

P(D*ug - D " Suy) - uz---u

2 L2
T=T0+...+Tm T

Sl e
oo,

m
S Itz g [P (Do - DY) | o H sl oo
=

where (m —2) = % + %. Using the bilinear estimate (4.10) and Hélder’s inequality, we have

m

m
20w D) g TT gy < ool oy ol TT sl
L , ol

S lloll o3 [luz] et HIIU;II 1
p2 p
and we must impose
1 1 -2 1 1 1 -2 1
s>max(7,1—f—p7,1—f——)zl—f—min(L,—) (4.21)
2 p 4p p  2m p 4p " 2m

Now, let 1 < ¢ <m. Then, (1-0O)n=no+ne1+...+nm andno+n; #0for j=0+1,...,m
Assuming that |n| ~ |ng| > |ney1| and using Holder’s and Young’s inequalities, we have

l m
LHSof(4.20)§H / H (i,n > Inolto(ro,ne) [] @j(ri.my)

(1—0)n=no Jj=0+1
+ner1t+..4Anm

5 L2
T=T0+...+Tm ner

L

m
STlhuilyes | 32 ol domo)lee T )y
i=1 I (1—eyn=ng j=t+1 &

+nep1+..Ang,

¢ m
SHUQHX;E(HWHX;:?)( [T lusllyoeo).
p

j=0+1
where o = £= e > 0, since s > e’ for ¢ > 2. The estimate follows from Young’s inequality if
§ > max (% % — “;7)5@), which is less restrictive than
1 2 1 -2
s>max(f,1—f—p—)_1—f—p—
p mp p mp
If |no| < |nes1|, then we proceed as in the case when £ =1,
¢
LHS of (4.20) < [ i | x| (Do - DY ugsn) - ugsa ..um”X&%
i=1

L m
< [P(0%u0- 0 ures) g ( T uls ) ( T Bl )

i=1 j=0+2

where (m—¢—1) = % + m‘; . Using the bilinear estimate (4.10) and Hoélder’s inequality, we

97



obtain

¢ m
LHS of (4.20) < [luo]| ..y Juesa] 15,;(H||ui||xs,o)( II |uj|Xo~o)
XPY2 X502 =1 p,1 i=i42 q,1

Y4 m
S ol oy el gy (T iz ) ( TT sl 230
2 i=1 '

P, p,2 j:Z+2 p,1

. . 1 s (p—2 1 . . < g
and the estimate follows if s > 1 — 5 mln(@7 m), which is less restrictive

than (4.21). O
4.2.3 Non-resonant contributions

In this section, we establish the estimate for the non-resonant contribution Ny in (4.8). Without
loss of generality, we can assume that |ni| > ... > |ny,|. We further split the non-resonant
contribution as follows

NOZN1+N3+...+Nm if m is odd,
No =N1+N3+...—|-Nm_1 if m is even,
where N, for odd 1 < a < m — 1, corresponds to Ny further restricted to the region
Ay(n) = {(no,...,nm) €Z™ ng| > ... > ),
nj+n;11=0,1<j<a—1o0dd,
N + Nat1 7 0}

and A, (n) = {(no, ey M) EZTTE S ng| > > g, nitne = =Nt N1 = O}, for
odd m. We will start by estimating the most difficult contribution Nj. Guided by Lemma 4.1.2,
we will consider the following case separation:

e Case 1: |n| ~ |ng| > |n4|

— Case 1.1: |ng|?|n — no| < |4

— Case 1.2: |ng|?|n — no| < |n1nans|

Case 2: |ng| ~ |n1| > |n2]

— Case 2.1: |ng|?|ng + n1| < |9

— Case 2.2: |ng + n1| < |ns|

Case 3: |ng| ~ |n1] ~ |na| > |ns|

— Case 3.1: |(n — n1)(n —n2)(n1 + n2)| < @]

— Case 3.2: |(n —n1)(n —n2)(n1 + n2)| < |nol?|ns)

Case 4: |n| ~ |n1| > |nal, [n1] > |no| > |ns]

— Case 4.1: |nq]?|n —ny1| < |4

— Case 4.2: |n1]?|n — ny| < |nonans|

Case 5: |ni| ~ |na| > |ng| > |ns]

— Case 5.1: |n1|?|ny + na| < |9
— Case 5.2: |ny + na| < |n3]

Case 6: |ng| < |ns|
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We see that this covers all the cases. First, the frequency region |ng| > |ns| divides into Cases
1,2,3/4,5 according to |ng| ~/< max(|ngl,|n1|), respectively. Then, Lemma 4.1.2 divides each
of Cases 1,2,4,5 into the two subcases mentioned above, while the division of Case 3 is based
on the fact that ¢ = 3(n—n1)(n—n2)(n1+n2)+(no+ns+...+ny,)> —(+ni+...+nd) =
O(|no|*|ns|). We also observe that in Case 3 we have

max(|n —nyl, |n —ngl,[n1 + nal) 2 [nol.

Cases 1.1-5.1:
Let ¢ = 7 — n® and o; =Tj — n?, 7 =0,...,m, denote the modulations. Then, we have the
following upper bound for the resonance relation

|¢| =|o— 00— ... — om| Smax(|o],|ools- -, |om]) = Omaxs

which we can use to gain a power of ¢. First, let oyax = |o|. Using Cauchy-Schwarz inequality
and Lemma 2.1.4, we have

1
(n)*|no| 1 2
||N1(U0,...,Um)”Xs,—1 S _— — —
p.1 n:no;-l-nm <¢)>% e <O'> <0’0>1 e <0m>1
1_
H )2 uj(ng)| L2
=0 144
(n)*[no| 19 1o
S oo e T e a(ng)le (4.22)
n=ng+...4+nm <¢ 2 =0 V24
5,—= .
For the X’y ®-norm, the same approach holds. When opax = |oj| for some j = 0,...,m,
+

_1 _1
since X , 2 C Zs’ 2, it suffices to estimate the XS’ >*_norm of Ni. Using duality and

1
Holder’s 1nequahty, we can estimate the X ’ 2—s_—norm by (4.22) with <UJ>% instead of <0]>
Consequently, it suffices to estimate (4. 22) By using Holder’s inequality, we obtain

)

1
7

(4.22) S sup (T4(m)) " max (nujn mie
n 7=0,....,k zi, X

“w\»a

where
L (n)°[no| g
el =_ 2. ‘<¢>é<no>s<n1>s-

n=no+...+nm

.. <nm>s

and it suffices to bound I4(n) uniformly in n. To this end, we must consider the lower bound
for ¢. In Case 1.1, we have

1
Iyn) S Y > - - <1
N yeeeym <7’l1 +.. .+ nm>7<nl>3p e <nm>3p
by applying Lemma 2.1.5, given that s > 1— % — 5. In Case 2.1, we have |ng| ~ [n1| > |na|.

If |n| < |ng 4 n1|, then

1 1 m
LS Y T S (o ) S

N1yeeesMm

under the following assumption

s>max(1 1—1—i). (4.23)



If |n| > |no + ny|, then |n| ~ |na + ...+ ny| < |n2| and we have

1
Lin)s ) ,
n=ngd ot (0 +11) T (n0) 27 (n3)5P -+ (npy )5’
(x E Ny —L V"<
~ <n0+n1>(8+m)13'<n0>(5+m):0' ~ <n>(5+m)p’ ~

ng,n1

if (4.23) holds. In Case 3.1, |ng| ~ |n1| ~ |n2| > |ns| and at least one of the factors
|(n — n1)(n — na)(n1 + ne)| must be comparable to |ng|. If [ng||n — ni||n — na| < |¢|, we use
Lemma 2.1.5 to obtain

IS > ~ 1p,

nosir om0+ 12 A ) 7 (10— n2) ¥ (n0) 323 (ng) o - ()

< ¥ 1/
~ (n+mng+mns+...+nm)P " ng)f(ng)f - (n,)8 ~

M0,M3;5--,Mm

for 3 = —1-(ms — %)p’ and the estimate follows from Lemma 2.1.5 if (4.23) holds. If |no||ns +

m—1

na|ln —n1| S 9|, then

Ly(n) !
s(n) S — —
o (1 12)F (0= n1) T () 27D (ng)sp' - ()5
1
S T - - <1,
nz,.Z,:nm (n+ no)?' ~1(ng) 5= 2P (ng)s¥" - - ()P

proceeding as in the previous cases by splitting the power of (ny) between the other frequencies.
By exchanging the roles of ny and ny, we obtain the estimate when |ng||n1 + na||n — na| < |4
In Case 4.1, since |n1| > |no| and |¢| = |n1]?|n — n4|, we have

1
Liins Y = <1
NOMN2,eeeym <Tl0 +ng+...+ nm>7<n0>sl)/ <n2>8p/ e <nm>8p/

and the estimate follows from that of Case 1.1, by exchanging the roles of ng and n;. Similarly,
the estimate in Case 5.1 follows Case 2.1 by exchanging the roles of (ng,n1) with (n,ng).

In Cases 1.2-5.2 and Case 6, we can no longer use the largest modulation. However, note
et
that it suffices to control the stronger norm X;:Q 2t
Case 1.2:
Here we have |n| ~ |[ng| > |n1| and |ng|?|n — ng| < |n1nens|, thus we can control the multiplier
as follows

|n1n2n3|é

|n1—|—...+nm\%.

(n)*Inol < (no)®

Using Lemma 4.2.4, we have

IV (uo, - . . ,um)HXs,,;Jr < ||(DPuo) - D3 (P(D%ul . D%ug) D7z uy - ) ||

P2 2 ~ Xﬁ:;%+
1 1 1
< Juol| o3 ||P(D2u1 -D2ug) - D2ug - uy - umH “3o-
X7 X2
Using Holder’s and Young’s inequality (if m > 4), we get
1 1 1
||N1(u0, ... ,um)||X5,,%+ < HUOHXS’% ||P(D2u1 “DZug) - D2ug - uy - “mHX;):;’

p,2 p,2

m
1 1 1
S luoll oy [IP(DF s - D3uz) - D sl oo T lluslxoe,
s ]74 ’

P,2
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where ¢ = p for 2 < p < 4 and q = f— for 4 < p < co. Applying the trilinear estimates
(4.14) or (4.15), we obtain

1

||D%U2 . Po(D%ul ~D%U3)||X0,0 + HD%m Po(D>uy - D%u3)HXO'O
9,2 "
+ ||D%u1 . D%UQ . D%UB]]-QV#OHXU’U

SRIGY +HU1H% plluall gy lusl]

i 1, (4.24)
222 2

X%,%H”QHX%,%HUZ’)HX%E iy

q,2 q,2 q’,
where ¢ = (n1 + n2)(n1 + n3)(ne + n3). Using the fact that |ni| > ... > |n.,|, the estimate
follows from Holder’s inequality if 2 < p < 4 and s > 1 — % - gp%, or 4 < p < oo and
s>1-21_ L

pm’
Case 2.2.
In this case we have |ng| ~ [n1| > |ne| and |ng + n1| < |ng|. Thus, |n| S |ne|, [no + n1 + ns +
..+ 1| S nsl, and we can estimate the multiplier as

(n2)*(no)# (n1) % (ng) *

1 1
(n)?Inol < (n2)*(no)2(n1)2 <
<no—|—n1 +n3—|—...—|—nm>%

Using (4.13) since nng(n — ng) # 0 and applying Young’s inequality, we have
1 1 1 1
[IVT (g, - - - um)]| s—§+~H 2(D2u0~D2u1~D2U3~u4~~um)|| 01+

< ||UQ|| HD%UO~D%U1'D%U3~U4~"umH _
p2

We apply Holder’s inequality and Young’s inequality (if m > 4), to obtain

N (uos - um)ll oy S Nzl oy D30 - D - DR o (T
p,2 P, 2 ] =4 ’
where % >1- l Since (ng 4+ n1)(no + n3)(n1 + n3) # 0, with the last factor nonzero because

|ni| > |ng|, we only need to apply the trilinear estimate (4.15) and the estimate follows from
Case 1.2 exchanging the roles of (ug, u1, us2,us) by (ug, ug, u1, us).

Case 3.2:
Since |ng| ~ |ni| ~ |ng| > |n3| and [(n — n1)(n — n2)(ny + n2)| < |nol?Ina|, for Npm =
min(|n — nql, |n — nal, |n1 + nal), we get

N2 ol < [nol*nsl = Nuin < [nons|?.

If Niin = |01 4 na|, then |ny + ... 4 np| < |01 4 na| + [ns| < |nons|? and we can estimate the
multiplier as follows

(n)*|no| < (n0)*|nana|? [nons| 3 ( >s|n1|é+%|n2\%+%|n3|g
n) |n n ning|2 — = ~ (N,

01~ A0 12 [n1+ ...+ 1,0 0 [n1+...+nml®
where § = f—;+for2<p<4and6—1—f—|— for 4 < p < co. Using (4.13) and Young’s
inequality, we obtain the following

IV (uoy -y um)ll oy S HDSUO . D75(D%+%u1 . D%+%U2 . D%U;g CUg um) H )

X, 2 X‘;:;Tr
< ||UOH ||D%+%ul D3y, 'D%UB'U4"'um|‘X75,O

p2

< ol . 4[| DF g - DEF Ry - D2u3||xooHHujHX
:D2 j=4
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whereq:ffppfor2<p<4andq:oofor4§p<oo,whichsatisﬁesi—% < § and
2 < g < 0. Since ny +ng # 0 and |n1| ~ |na| > |ns|, then (ng + ng2)(n1 + n3)(ng +n3) # 0

and we can apply the trilinear estimate (4.15) to obtain
HD%"'%ul . D%+%U2 . DgU?,HXO,O
q,2
S min(||ul||xéz+g+,%||U2||X§2+g+,%’ \\U1||X§;g+,%HUQHXEJ%,%)Hu3||X§;,%
S ||u1||X%2+g+,% ||U2||X%2+g+,% [Jus|

) 1
o4, 1,
2 2
X2,2

using multilinear interpolation for the last inequality, where » = p for 2 < p < 4 and r = 4 for
4 < p < co. The estimate follows if 2 < p < 4 and

1 . (/p—2 1 1 1 . (/p—2 1
s>1—f—m1n( T )zl—f—mln(i,—),
p 8p " 3p Lp>amp p 8p ~mp

or 4 <p<ooand

o1 1 ,(1 1 1 ) 1 1 ,(1 1)
K ——mmn|—,—,——— | =1——--—min(—,— .
D 4p 3p Ly>amp D 4p" mp

Imein = |n—n1| = |n0+n2++nm|, then

o Inol3 % |na| 3+ % g3
[ng +n2+ ... +np|%

|nons|?
[no +n2+ ... + np?

~ (n1)

1
(n)*Inol < (n1)*Inonz|?

and the estimate follows from the previous argument, exchanging the roles of ug and ;. Simi-
larly, if Nmin = |0 — na| = [ng +n1 + ng + ... + Ny, we can control the multiplier as follows

Ino|2+ % |ny |24 |ng|®
|n0+n1+n3+...+nm|5’

[nons| 3
|n0+n1+n3+...+nm|5

~ (ng)*

1
(n)*Ino| < (n2)®Inona|?

and the estimate follows from the same arguments.

Case 4.2:
Since |n| ~ [n1| > |na|, [n1| > |no| > |ns| and |n1|*|n — ni| < |nonansl, we estimate the
multiplier as follows
|n0n2n3|é
|n0+n2+...+nm|%

The estimate follows the strategy in Case 1.2, exchanging the roles of ug and u;, considering
the cases (ng + na)(ng + n3)(n2 + n3) # 0, and na + n3 = 0, |ng| > |na|, when applying the
trilinear estimates in (4.24).

(n)*Ino| < (n1)®

Case 5.2:
In this case we have |n1| ~ |na| > |no| > |ns| and |n1 + ng| < |ng|. Then, |n| ~ |ngl,
|ny + ... 4+ ny| S ng| and we estimate the multiplier as follows

|TL17127L3|%

1+ ...+ 0,2

(n)®Inol < (no)®

The estimate follows from the approach in Case 1.2, with (ny 4+ n2)(n1 + n3)(ns + n3) # 0.

Case 6:
Let |no| < |n3|. Let us first consider the case when ng + ng = 0. Using Young’s and Hélder’s
inequalities, we obtain the following

X, 2 0,—%+

[N1(uo- - s um)ll ooas S HDH;éuo - D*uy - Po(D? 77 uy - ug) - ug - UmH
p,2

X
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<D g Do | oozl s sl

Using (4.10) and Holder’s inequality, we have

D52y - D < .
1454 w0 Dl % Bl oy oy S ol ]y
Then, the estimate follows from |ng| > ... > |n,| given that s > max(3 — 5,1 — 3 — 52) =

1-— % — 5. If ny + ng # 0, note that \no +ng 4+ ... + nm| S |ne|, so we can estimate the
multiplier as follows

[nonans|2
Ing +no+ ...+ N2

(n)*[nol < (n1)*|nonsl® < (na)®

Then, we can proceed as in Case 1.2, exchanging the roles of (ug, u1,uz2,uz) by (u1,us, us, ug),
and using the fact that (ng + n2)(no + n3)(ne + nz) # 0.
This completes the estimate of N7.

Lastly, we want to estimate A, for odd 3 < oo < m. Note that

No(ug, .. yum) = Po(uruz) - Po(ta—2ta—1)NL (ug, Uay - - - 5 Um),

where
Fr(N(;(UOa-“vum))(tvn) = Z ZnOaO(nO)aoz(noz)am(nm)
n=no+na+...+nm
nng - N 70
Na+nat1#0
For « = m or @« = m — 1, the phase function satisfies |¢| ~ |nnon.,| and |¢p| ~ |(n —

n9)(n — Num—1)(n — nyy)|, respectively. Thus, we can proceed as in Cases 1.1-5.1, follow-
ing the same strategy in time and using Cauchy-Schwarz inequality in space on the terms
Po(ujusz), ..., Po(tug—2uq—1). For 3 < a < m — 2, we follow a case separation analogous to
a =1 by replacing (n1,n2,n3) with (ne, na+1, a+t2). In Cases 1.1-5.1 we follow the strategy
mentioned above. To illustrate the strategy in the remaining cases, consider Case 1.2. Following
the strategy for N7, we have

AT T
m
_1 1 1 1
SH( -D 2< HPO u]uJH))~P(D2ua~D2ua+1)~D2uQ+2~ H uz>H o1,
i=a+3 Xplo
odd
a—2 m
1 1 1
< HUOHX . (HPO(ujuj-l-l)) 'P(D2ua'D2ua+1)'D2ua+2' H Uy 1o
2 j=1 i=at3 X%
odd
m
1 1 1
< uol| 5%(H ||uj|| 114 )’ (D2ug - D2ugy1) - D2ug o - H Uj L
X ,2 P LT X_§0
i=a+3 /2

using Young’s and Cauchy-Schwarz inequalities in the last step. The last term can be estimated
following the same approach as for M.
This completes the estimate for the non-resonant contribution A in Proposition 4.2.1.

4.3 Almost sure global well-posedness and invariance of
the Gibbs measure

In this section, we start by extending the solutions of G-gKdV (4.3) in Theorem 1.2.2 globally-
in-time and show invariance of the Gibbs measure under the dynamics of G-gKdV (4.1). We

103



closely follow the argument in [80]. In addition, we establish the invariance of the Gibbs measure
under the dynamics of the original gKdV equation (4.1).

Recall that (€, F,P) is a probability space and {gn}necz., Z« = Z \ {0}, a sequence of
complex-valued standard Gaussian random variables with g_,, = g,,. We can define the Gaus-
sian measure p as the induced probability measure under the map

w—u(z) = gTT(LT)em"” € n FL*P(T) a.s.,

NELx 5<1,%

or equivalently, as p = P o u~! the push-forward of the map above, with the following density
dp = Z ez fT(a’“)zdu,

with a normalizing constant Z. Further details on the construction of Gaussian measures in
Banach spaces can be found in [41, 68], for example. Before discussing the construction of the
Gibbs measure u, we recall the following tail estimate for p. This lemma follows from the fact
that FL*P(T) is an abstract Wiener space for (s — 1)p < —1 (see [5, 80]) and from Fernique’s
theorem [36]. We also give a direct proof using Chebyshev’s inequality.

Lemma 4.3.1. Let (s,p) satisfy (s —1)p < —1 and K > 0. Then, the following estimate holds
pl[ulFrer > K) < Cem,

for some constants C,c > 0 depending only on s and p.

Proof. Using Chebyshev’s inequality and Minkowski’s integral inequality, we have

p(lull zrew > K) = P(Ju® | prew > K)
< KB [Ju”||%-.0]
< K-9[{n)* Y| gn (@)l Lacey[go

for ¢ > p. Since {gn }nez, are standard Gaussian random variables, we know that
E[lgn|*™] £ C™m! < C™m™

for any m € N, which implies that

1 < (éq%)q.
Oy — K

1
2

P(HUHJ-'LW > K) < (%)q<%)%u<n>s—1

Since p is a probability measure, we may assume K > Cp2, so that we can choose ¢ € 2N

satisfying ¢ > p and

2 éq% 1 8_4K2 €_2K2
e "< <e” — _ <g< ~ .
K C? o2
Then,
p(Hu”}'LSaP > K) <e i< e*COKQ,
for a constant Cy = Cy(s,p) > 0, from which the intended estimate follows. -

Now, we view the Gibbs measure x in (4.2) as a weighted Gaussian measure
d‘LL _ Zfle:Fk#Jrl Iz Uk+1dp(u),

with a normalizing constant Z. In the defocusing case (‘+’ in (4.1)) and for odd k > 3, the
1

measure p is a well-defined probability measure in FL*P(T) for 1 < p < oo and s < 1 — >
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and it is absolutely continuous with respect to p. This follows easily from Sobolev and Hélder’s
inequalities, since

[ullLerr(ry S llull, Slull -1

1 1 .
2RI » T RE(T)

The non-defocusing case is more challenging, i.e., when we have ‘=’ in (4.1) or k > 2 is even.
In this case, Lebowitz-Rose-Speer [71] and Bourgain [11] proposed the introduction of a mass
cutoff and instead studied the following Gibbs measure

_ 1 k41
dpp = 27 gy o <mpe I Edp(u),

for some R > 0. This new measure is known to be normalizable under certain additional
assumptions, as stated in the following theorem, which we restate from Chapter 1.

Theorem 4.3.2 ([71, 11, 89]). Let k > 2, R > 0, and define F(u) by
[ R 7
F(u) = eFrn e L{jul2<R}> (4.25)

where ‘F’ above corresponds to ‘£’ in the equation (1.27). Then, for 1 < g < co, we have that
F(u) € Li(dp) if one of the following assumptions hold:

(a) 2 <k <4 and any finite R > 0;

(b) k=5 and 0 < R < [|Q||r2r), where Q is the (unique) optimizer for the Gagliardo-
Nirenberg-Sobolev inequality on R with HQH%G(R) = 3||Q’||%2(R). If R = ||Q||L2r), then we
further impose ¢ = 1.

Remark 4.3.3. (i) Theorem 4.3.2 was first claimed in [71]. Unfortunately, there was a gap in
the argument for (b) as remarked in [22]. In [11], Bourgain presented a more analytic proof
of Theorem 4.3.2 (a) for any finite R and (b) for small enough R. The optimal threshold
R = ||Q||12(r) for k =5 and ¢ = 1 was only recently established by Oh-Sosoe-Tolomeo in [89].

(ii) The gKdV equations (4.1) and the nonlinear Schrédinger equation (NLS) share a Hamil-
tonian. Consequently, they have the same associated Gibbs measure. An analogue of Theo-
rem 4.3.2 for NLS was also shown in [89]. In fact, the critical threshold k& = 5 is related to the
existence of finite time blow-up solutions of NLS on T due to Ogawa-Tsutsumi [84]. Although
the quintic focusing gKdV equation (4.1) exhibits finite time blow-up solutions on the real line
[72, 74, 73], such a result is not known on T.

(iii) Note that the assumptions in Theorem 1.2.4 (b) follow from those in Theorem 4.3.2 needed
to rigorously construct the Gibbs measure p in the non-defocusing case. In fact, the measure
is not normalizable in the non-defocusing case when k > 5 or when k£ = 5 and R > ||Q| r2(r)
71, 89].

(iv) It follows from Theorem 4.3.2 that, for Fy(u) := F(P<yu) and any 1 < g < oo, the
estimate
| FnlLagap) < C < oo, (4.26)

holds uniformly in N.

For simplicity, we choose to take the ‘—’ sign in the definition of y, as it will not play a role
in the results. Lastly, we state the following known result on the convergence of the truncated
measures puy defined by

dyun (u) = Zy"Fy (u)dp(u),
with Z]?,l a normalization constant.
Lemma 4.3.4. For all 1 < q < 0o, we have

Fn(u) = F(u) in Li(dp) as N — oc.
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Moreover, for all e > 0, there exists Ny € N such that for N > Ny and any measurable set
ACFL¥P(T), for1<p<oo and s <1-— %, the following holds

lun(A) — p(A)] <e.

Proof. We first note that

L ponull e <ry = Lfjull2<ry P28,

as N — oo. From the continuity of the exponential function, it suffices to show that
JrP<nu)*de — [u*T'dz p-a.s. Using Sobolev embedding and Holder’s inequality, the
convergence follows from FL*P(T) < LFTY(T) for s € (1 — 5 - TH’ 1- 1). Since p is a
probability measure, almost sure convergence implies convergence in measure

lim p(|Fn(u) — F(u)| =€) =0, for every £ > 0. (4.27)
N —o00
Fix e > 0 and let Qn . = {u € FL*P(T) : |Fy(u) — F(u)| < §}. Then, we have

I FN = Fllraap) < [(Fn = F)lay Alpa@p) + [(Fy — F)lag, [lLa(ap)

g 1 c
< 5,0(91\/,5)‘1 + (IFN I L2a(dp) + 1 F 1l L2a(dp)) (5 o) 20

€ 1
< 5 + Cp( 5\/’,5)21}

from Holder’s inequality and the uniform bound in (4.26) from Theorem 4.3.2 for any 1 < ¢ < oo.

From (4.27), we see that p(€2%; ) % < 55, for N large enough, proving the intended convergence
of Fiy in Li(dp). Lastly, let Ae FL*P(T) be any measurable set. Then, we have

() — )| = ‘/ <||FN||L1 o ||Fﬁ§f<)dp>) dolu)

as N — oo. O

SIEN = Fllziaey = 0

Consider the following truncated gauged gKdV equation (G-gKdV y)

{8tUN + Eﬁg’uN = k'PgN (aI(PSNUN) . P(PSNuN)k_1>7 (4 28)

uN|t:0 = Ug-

The local well-posedness of (4.28) follows from the proof of Theorem 1.2.2; with the same time
of existence & ~ (1 + |lug||Frs»)”7 as the solution u of (4.3). Moreover, as we see below,
(4.28) is globally well-posed. Note that we can decompose uy into high and low frequencies
UN = Ulow + Unigh, Which solve the following equations

3
O¢unigh + O5Unigh = 0,

atulow + 8julow = kPSN (azulow ' P(ulow)kil)a

allowing us to discuss the two decoupled flows ®yig, and P4y, respectively. The high frequency
part evolves linearly, therefore ®nign(t) = S(t)P>n. We can view the low frequency part as
a finite-dimensional system of nonlinear ODEs on the Fourier coefficients of uy. In fact, for
0 < |n| <N and ¢, =ty (n), we want to solve the following system for ¢ = {c, }o<jnj<n € C*
with c_,, =¢,,

d . .
Zn = indc, +k Z iNoCng ** * Cny_y, = Np(c). (4.29)

n=no+...+nk_1
n#ngo

Since N = {N,, }o<|n|<n is Lipschitz, we can conclude by the Cauchy-Lipschitz theorem that
the system of ODEs is locally well-posed. Furthermore, we can extend these solutions globally-
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in-time since the L2-norm of uy is conserved:

d
gM(UN(t)) = Q/UN(_aguN""kPSN(awPSNUN-P(PSNuN)k_l)) da
T
2
T

- k‘Po P<N’LLN /8 P<N’LLN dr = 0. (430)

Thus, M(uN(t)) = M(ug). In addition, the mass is also conserved for ujoy, M(ulow(t)) =
M(P<nup), and the solution of (4.29) exists globally-in-time, proving that uy extends to a
global solution of (4.28).

We now focus on proving invariance of the Gibbs measure associated with G-KdV y (4.28).
We first decompose the measure p = py ® p3;, where

de = Z e 2 Zo<\n\<N gn H dgn,
0<|n|<N

dpJN = Z&le_%z\nbf\’ lgn|? H dgn,
In|>N

for normalization constants Zy, Zx. Note that pn and py are also probability measures in
FL*>P(T) for s < 1— %. Let jiny denote the finite-dimensional Gibbs measure with density

djin(u) = Zy" Fx(w)dpy (u).

Then, py = iy ® py is the Gibbs measure associated with G-gKdV v (4.28).

Proposition 4.3.5. The finite-dimensional Gibbs measure fin is invariant under the flow ®yyp.
Moreover, the Gibbs measure un is invariant under the flow of G-gKdVy (4.28).

Proof. We follow the strategy in [80]. We start by establishing the invariance of fiy under
the flow of ®joy. The conservation of mass for ujey follows from the calculation in (4.30) by
replacing un by uiew = P<yuny. An analogous straightforward computation establishes the
conservation of the Hamiltonian for wujoy. It remains to show the invariance of the Lebesgue
measure on C?V with respect to the system defined in (4.29). We can rewrite the system as

d d
o = Re (Nn({an,bn})), %bn =Im (Nn({an7 bn})),

where ¢, = a, + itb,. Thus, the invariance of the Lebesgue measure follows from Liouville’s
theorem once we establish that the divergence of the vector field vanishes:

5 (6Re(Nn) N 8Im(Nn)) _o (4.31)

Oan, ob
1<|n|<N

For 1 < |n| < N, we have

ORe(N,,) 0 - k ) o
“oa. = aan(nsanr 5 Z (Wlocno ©Cpy_y — 1M0Cnyg "'anl))

n=no+...+ng—1
n#ng

k—1

= g Z Z (mocno (n—ny) H Cn; — NOCrg0 (N — nj) H cm)

n=no+...4+ng_1 j=1 =1
n#ng 275] 1]

Kk — 1 , o
_kk-1) ST (ingeny ey s — iy )

2
O=no+...+nk_2
n#ng
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= k(k — 1) Re ( Z Z-n[)cno e an2> .

O=no+...+ng_2
n#ng

Similarly, we have

0 Im(N, 0 k . S
y = (ngan + — Z (Z?’locno oo an —+ Znocno e an1>>

n=no+...+ng—1
n#ng

=k(k—1)Re ( Z INOCng - an_2>~

O=no+...+ng_2
n#ng

Since

. k—2
E NOChy =+ Cny_y = /&Uulow “up fdxr =0,
T

O=no+...+nr_2

we conclude (4.31). Lastly, the invariance of uxy = fiy ® px under the flow ®x(t) =
(<I>10W(t), (I)high(t)) follows from that of fiy under the flow of @), and the invariance of Gaussian
measures under rotation. O

Let 2 < p < oo and s, = s4(p) given by Theorem 1.2.2 such that gKdV (4.1) and G-gKdV
(4.3) are locally well-posed in FL*P(T) for s, <s<1— %. The following two lemmas can be
shown through the method in [11] (see also [20, 105, 85, 80]). The proof of Lemma 4.3.6 requires
the tail estimate in Lemma 4.3.1, Theorem 1.2.2, Proposition 4.3.5 and (4.26). Lemma 4.3.7 is
purely deterministic and follows from the local theory for G-gKdV (4.3).

Lemma 4.3.6. Let s, <s<1-— %. Then, there exists Co > 0 (independent of s) and Cs > 0

such that: for all N e N, T>1,0<e< %, A > 1, there exists Q3 (T, e, A) C FL*P(T) such
that:

(a) un (FLSP(T)\ Qy (T, e, A)) < e.
(b) For ug € Q%(T, ¢, A), the solution un of (4.28) satisfies

HuN(t)H]__LW < ACyCs(log %)5, [t] < T.
(¢c) Forug € FL*>P(T), if the solution un of (4.28) satisfies

1
HuN(t)H}_LW < ACs(log %) 2 ¢ LT,
then ug € Q% (T, e, A).
Proof. From Theorem 1.2.2, we know that for ug € FL*P(T) with |lug||rrs» < K, the corre-
sponding solution uy of G-gKdVy (4.28) satisfies
H“N(t)HfLw < GoK,

for |t| < 6 ~ K7, for some 7 > 0, where Cy > 0 does not depend on s. Note also that the
constants can be taken uniformly in N. We want to establish a bound on uy(¢) for all |¢t] < T.
Let [z] denote the integer part of a real number = and define

%]

oymed)= () enGo)({luollrrr < K}).

.t

1
where @y (t) denotes the solution map for (4.28) and K = AC,(log £)? with a constant Cs > 0
to be chosen later.

—
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We start by showing (a). Let Bx = {|luo||rrs» < K}. From the uniqueness of solution of
(4.28) in each time interval [j, (j + 1)d], we see that the solution map is invertible and

[®n(j0)(Br)]” = ®n(56)(Bg).

Consequently,

uNmmmnaAw)—uN< U @NﬁxB%O

from the invariance of pn under the flow of (4.28) in Proposition 4.3.5. From Cauchy-Schwarz
inequality, Lemma 4.3.1, and (4.26), we have

2 2
e KT~ TKYe K,

>~

s c T r c\3
un ([ (T, A))°) < S/BC Fy(u) dp(u) S <[[ENllz2@np(Bi)? S
K

Since log % > log 2 by the assumption, there exists Cs > 0 such that if K > Cs(log %)%, then
TK7Ve oK’ < Te 5K < e, Hence, the above estimate, for K = AC’S(Iog %)% with A > 1 and
such a constant Cy, ensures that py ([ (T, €, A)]°) < €, establishing (a). With the invertibility
of the solution map, (b) is a consequence of the local bound mentioned at the beginning, and

(c) immediately follows from the definition of Q% (T, e, A). O

Lemma 4.3.7. Forany s, < s<o<1— %, T >1, and K > 1, there exists Ny € N such that:

(a) Let N > Ny and uy € C(R; FL7P(T)) be the solution of G-gKdVy (4.28) with initial
data ug € FL7P(T). Assume that |un(t)||rror < K for |t| < T. Then, there exists
1
a unique solution u € C([~T,T); FL*?(T)) N Zp'*(T) of G-gKdV (4.3) with u(0) = ug
satisfying

Ju(t) — Peun(®) 700 < (%) °K, [ <T.
In particular, ||u(t)||Fr-» < 2K for|t| <T.

(b) Let w € C([-T,T); FL7*(T)) N Zg’%(T) be a solution of G-gKdV (4.3) with u(0) = ug
satisfying ||u(t)||Frer < K for [t| < T. Then, for any N > Ny, the solution uy of
G-gKdVy (4.28) with initial data uy satisfies

luft) - Penux®llzor < (2)7°K, | <T.
In particular, |lun (t)||Frsr < 3K for |t] <T.

Proof. We only consider the positive time direction. We start by showing (a). Let N (u) :=
kP (u*~1)0,u. By the local theory, with § ~ (14 K)~7 the solution uy of (4.28) satisfies
CK, 0<j<[%] (4.32)

uxll .y <

o 2 ([36,(7+1)8))

for some C5 > 0. Note that the solution of (4.28) in C([-T,T]; FL*(T)) coincides on each

1
interval [40, (j 4 1)d] with the solution constructed by the iteration argument in Z, 2, and also
that

t

Poyun(t) = St —j6)P<nun(jd) + /5 S(t = tP<vNPoyun(t))dt', t€[j0,(j +1)J]
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for any 0 < j < [X]. We want to construct a solution u of
t
u(t) = S(t — jo)u(jo) + / St —t )N (u(t))dt’,  teljo (j+1)d]
36

for each j = 0,1,...,[%] — 1. This amounts to constructing w(t) := u(t) — P<yun(t), which
solves
t
w(t) = E[w|(t) = St — jo)w(j) +/ St —t" Py N(P<yun)(t)dt’
s
t
+ / S(t — t/){N(’LU + PgNuN) —N(PSNUN)}(t/) dt/. (433)
3s

1 1
By the nonlinear estimates in Z,'> and Z, 2, together with (4.32), we have

1E5[wlll_..4

Zp 2 ([35,(7+1)0])

< C, 0 s,p 060< s, 4 CK) . 503
< Collw(jd)||Frsr + Ch ||w||Zp=%([j57(j+1)5]) T2 ||w\ Z;’é([jé,(jﬂ)a})
+ OIN~ =950 (CL K,

1Z5[w] — E;[@]|

752 (136,(+1)8))

k—1
+ oK) w— |

< 16 (Jlul

+ |||
D)

2y (1j6.G+1)6 257 (138,G+1)3)) 2 s G0

for some Cy > 0, C; = Ci(s,p) > 0, and 0 = 6(s,p) > 0. Therefore, taking smaller § ~
i

(14 K)~7 if necessary (y = kg ), we can show that =; is a contraction on

< 2C’0Hw(j5)||;LS,p + N*(ofs)K}

fwe Z 3 Uo.G+ Do) lwl .y
P )

as long as
lw(jo)l|Frsr < K.

Starting from ||w(0)||zrsr» < N™(“"9) K we obtain the solution w of (4.33) on [jé, (j + 1)d]
with T
lw(( + DO)llrrew < CEHNTEIR, G =01 5] -1,

for some Cy > 0. In particular, the solution can be extended up to t = T if N satisfies
No=5 > (Ca+K)T (> é([)%])
for some C3 = Cs(s,p) > 0. Consequently, for N large enough, we obtain

max ||w(t)||Frer < max CIT'NTO K < eCo(HE)T N=(0=9) ¢,
0<¢<T 0<5<[¥]

CUK—’YST ) :

The estimate follows by further imposing N > Ny where Ny ~ exp (
To establish (b), note that we can also write w(t) as follows

w(t) = Z;[w](t) == S(t — jow(jé) + /5 St —t" Py N(u)(t')dt’

+ /t St —t"P<n{N(u) —N(u—w)}(t')dt'
jo

The estimate then follows from the same arguments as for (a). 0
Remark 4.3.8. We can choose Ny ~ exp (Cf_lT), for example.
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Using Lemma 4.3.6 and Lemma 4.3.7, we establish almost a.s. global well-posedness of the
G-gKdV equation (4.3).

Proposition 4.3.9. Let s, < s<1-— %, T>1,and0<e < % For any A > 1, there exists
N1 = Ni(A) € N such that the set 33 (A) := QF, (T, §, A), with o = L(s+1- %), satisfies:

DR

(a) w(FLP(T)\ 5 (A)) <e;

(b) Forug € X5, .(A), there exists a unique corresponding solution u € C([-T,T); FL**(T))N
Z;’%(T) of G-gKdV (4.3) on [T, T] such that

H’U,(t)H]:LSJJ S 2\/§A0000(10g %>§7 |t‘ S T.
Proof. Lemma 4.3.6 (b) shows that for ug € ¥7 _(A) we have

1, (t) (o)l Frow < ACoCy(log Z1)2,  Jt] < T.

From Lemma 4.3.7 (a), there exists a unique solution u of G-gKdV on [T, T] with u(0) = ug
satisfying

1
Ju(t)||Frer < 24CoC,(log 2L)2, [t| < T,

provided Nj is large enough. The intended estimate follows from log(2z) < 2logx for z > 2.
Note that from Lemma 4.3.4 there exists No € N such that

[ 1Ew(w) = Pa)ldotu) < 5

for N > N,. By taking N; larger so that the previous bound holds, using Lemma 4.3.6 (a) and
the fact that FL>P(T), FL%P(T) have full y-measure, we have

W(FLP(T)\ 57 (A)) < p, (FL7P(T) \ QR (T, 5, A /|FN1 (w)ldp(u) <

which completes the proof. O
We can now show Theorem 1.2.4.

Proof of Theorem 1.2.4. This proof follows the approaches in [105, 80]. We first establish almost
sure global well-posedness of G-gKdV. Define an increasing sequence {s;}jen by s1 = & (s. +
1-— %) and sj41 = 2(s; + 1 — %), which converges to 1 — % as j = 00. Fix 0 < e <1 and let

T; =2, ¢; =27 j €N For X (2") as defined in Proposition 4.3.9, with s = s; and

0 = Sj+1, let
o0 [eS)

Ze = Z%‘ﬁj - m < Z%"Ea‘@k))'

j=1 j=1 k=1
Lastly, let ¥ ={J7, Z1.

First note that £ C (,.,_1 FL*#(T). From Lemma 4.3.6 and Proposition 4.3.9, £ _ €
FL#+1P(T), which implies that

1= ﬂ S . C ﬁ FLuww(T)y () FL*P(T)
’ j=1 <11

The last inclusion follows from the fact that FLSP(T) C FL7P(T) for o < s, and for each fixed
s<1— %, since (s;);en is an increasing sequence converging to 1 — %, there exists j* € N such

that s < s, <1— %. The conclusion for ¥ follows from taking a union over n € N.
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Let uwg € 3. Then, for some n,k € N and for any j € N, we have ug € E%’Ej@k) where
g = 2_]%. Hence, by Proposition 4.3.9, there exists a solution u € C([—Tj,Tj};}'LSJ"p(T)) N
Z;j’%(Tj) of G-gKdV with u(0) = up. By uniqueness of local solutions in Z;’%(T)7 we obtain
a unique global solution u € 1 C(R; FL*P(T)). Moreover, since E%ﬁsj(Zk) is closed in
FL#P(T) and ’

s<1—

oo

= 1
n(25) <Y on((BR L)) <D 27— <
_ =

Jj=1

Therefore, ¥ is p-measurable and £(X¢) < liminf £ = 0.
n—oo

We now establish that ®(¢)X = X for any t € R, where ®(t) : ug — u(t) denotes the solution
map of G-gKdV defined above. Fixing 7 € R, we focus on showing that ®(7)X C X. Note from
this property and the reversibility of the flow, we have that ¥ = ®(—7)[®(7)X] C ®(-7)%,
from which we can conclude the equality of the sets. From the definition of ¥, it suffices to
show that ®(7)X. C X, for each fixed ¢ = %, n € N. In fact, we will establish that if |7] < T
for some ¢ € N, then for every ¢ € N,

@(T)Z%75j C E%,Ei’ for j = max(i 4+ 2, + 1),

from which the intended result follows, since this implies that

oo oo oo
S5 8j(i.0) 5
(). c (e ., <) ®(r)SE ., C (=5,
j=1 i=1 i=1

Let ug € ZsTé)EJ. Then, there exists k € N such that ug € E%’Ej@k). From Proposition 4.3.9,
there exists a solution u(t) of G-gKdV for [t| < T; satisfying

T\ %
[z < @VD2CC,, (log D)E, 1 <,
Note that u,(t) = u(r+t) is a solution of G-gKdV with u,(0) = u(7) = ®(7)ug, which belongs to

1
C([~Tj-1,Tj—1); FL*3P(T)) N Z," 2 (Tj_1), because £ < j—1 and then [t+7| < Tj_1 +T; < Tj.
Since the above estimate holds for u,(t) if [t| < Tj_1, from Lemma 4.3.7 (b), it follows that

||(I)N(t)<I>(T)’LL0||]_-LsJ-71m S (6\/5) 2kCOCS].+1(IOg g)i’ |t‘ S Tj,1,
for any N > Ny. Since 1 < j — 2 and z—” < (%)j/i for 0 < e <1, we get that

1
| @ (D@ (P uollrrocern < (632770 2CoCsy,, (log Z)E, 1] < T,

Consequently, by choosing k € N such that (6+/27/7) QkCOCSj+1 < 2kC and Ni(k) > No,
and applying Lemma 4.3.6 (c), we conclude that ®(7)ug € Z%E(l;) The group property of

Si+1

s 1
®(t) follows from uniqueness of local solutions in Z, 2 (T).

Before showing the invariance of p under the flow map ®(t), we show that ®(t) is p-
measurable for every ¢t € R. It suffices to show the continuity of the map in the topology
induced by FL**P(T). Fix t € R and up € 3. Consider a sequence {ug}ren C X converging
to ug in FL**P(T). Let j € N such that [t < Tj. Then, ug € Z%@J (A) for some ¢ = L and
some A. By Proposition 4.3.9, we have

L
‘SIUP [ (t)uol| Fro» < 2V2ACHCy,,, log (g) f=A
t|<T);

Let T be the local time of existence for data of size 2A in FL**P(T). From the Lipschitz
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continuity of the solution map, we obtain

1@ (t)uo — Bt g k| prerr < CLF]|Jug — o p | rorn,

as long as the right-hand side is bounded by A, which holds for k large enough. Consequently,
by taking k — oo, we conclude that ®(¢t)ug r — ®(t)uo in FL*P(T).

It remains to show the invariance of the Gibbs measure p under the flow ®(¢) of G-
gKdV (4.3). Having established the flow property of ®(t), it suffices to show that for all
G € L' (FL***(T),dp) and t € R, we have

/E G (®(t)u) dpu(u) = /E G ) dp(u). (4.34)

Moreover, it suffices to show (4.34) for G in a dense subset H of L' (FL**?(T),du). In partic-
ular, we choose #H as the set of continuous and bounded functions on FL**P(T). Fix G € H,

t € R and k > 0. We have the following
)| = | Le@ouao - [ e
b

’/ZG(d)(t /G )dp(u
/ZG(<I>() u)dpn (t) — /ZG((I)N(t)U)dMN(U)

+ /E G(@n (1)) dpun (t) - /E G(w)dpn (u)

+] [ Gwdnnw) - [ Gda(w
> )
=I1+4+0I+1II+1V.

From Lemma 4.3.4, we have

(u) F(u)
G(u)dun (u /G Vdu(u /G dp(u) -0, N — o0
/ ||FN||L1 (dp) ||F||L1(dp))

for every bounded measurable function G on FL*?(T). Consequently, since G is bounded and
continuous and ®(t) is measurable, there exists Ny € N such that I +1V < &, for N > Np.
From Proposition 4.3.5, the measure py is invariant under the flow ®y(¢), thus I = 0. It only
remains to estimate II. For 0 < e < %, consider the set X(t,e) = Eii\tl (1) ¢ FL**(T). From
Lemma 4.3.4, there exists N1 € N such that uy(X(t,e)¢) < p(X(t,€)¢) + € for N > Nj. Since
w(X(t,€)¢) < e by Proposition 4.3.9, we see that

/ G(®(t)u)dpun (u) — / G(®n(tu)dun (u)| < 2/|G| L= (u(2(t,e)°) +¢) <
S\Z(t,e) T\Z(t,e)

=

for N > N; and by choosing ¢ < m. In order to estimate the contribution restricted to

Y (t, &), we want to exploit the continuity of G. In particular, we want to use the fact that there
exists 7 > 0 such that if | ®(t)uo — <I>1\z(t)7,tonLsLp < 7, then

|G(D(t)uo) — G(@ N ()uo)| < g (4.35)

Consequently, we want to show that we can choose N large enough such that the difference of
the flows is less than . For ug € ¥ N X(¢, ), from Proposition 4.3.9 and uniqueness, we have

1
[uol|Frear, | ®(s)uollFrees < 2v2C0Cs, (log HH1) 2, |s| <1+t
Then, from Lemma 4.3.7 (b) we have

Hq) Uuo _P<N¢)N C(t,E)N_(SZ_Sl)

uOHfLSl P>
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for any N large enough. Thus, it follows that
H<I>(t)u0 — (I)N(t)UOHJ-‘LSLP < ||(I)(t)7.L0 — PSN(I)N(t)UOHJ:le,p + ||P>N®N(t)u0||_7:[lsl,p
< C(t’a)Nf(sgfm) + Nﬁ(SQ?Sl)HuO”}-LS%I’
< C(t,e)N™02751) <

by choosing N large enough, say N > Na, for some No € N. Consequently, (4.35) holds and we
can estimate the remaining piece of II

‘/mz(t,e) G(®(t)u)dpun () _/ G(@n(t)u)dun(u)| < /ZdMN(U) = g

SNX(t,e)

Combining all the estimates, we obtain

< K.

\ / G(®(t)u)da(u) - / G () du(u)

Since « is arbitrarily small, we obtain (4.34), as intended. O

Before we establish the invariance of the Gibbs measure p under the dynamics of the original
gKdV equation (4.1), we must consider its solution map ¥(¢). We can define the map ¥(t;,12)
for t1,t2 € R as

\I’(tl, tg)’lLQ = [‘b(tz — tl)UO] (.’E + k‘/ ’ Py ((b(t’ — tl)uo)k_l dt/> s

which is a solution of gKdV (4.1) at time to, with initial data ug at time ¢;. Since U(ty,ts) =
U(0,t2 — t1), we can denote the solution map of gKdV (4.1) at time ¢t as ¥(¢) := ¥(0,t). The
following lemma establishes that the solution map W(t) satisfies the group property.

Lemma 4.3.10. For any t,s € R we have that U(t + s) = ¥(t)V(s).
Proof. Let ug € FL*P(T) and t1,t2 € R. From the definition of ¥, we have

\Ii(tl + t2)u0 = [(I)(tl + tg)’LLO} ((E + k /t1+t2 PO((I)(t’)uO)kil dtl) .
0

Using the group property of ® and a change of variables, we obtain
t1
k—1
\I/(tg)\IJ(tl)uO = \I/(tg) |:[(I)(t1)’u,0] (x +k P() (‘I’(t/)UQ) dt/>:|
0
t1

= [®(t + ta)uq] (m + k:/o Po(®(t)uo)" " dt’ + k:/o : Po(D(ty + ' )ug) " dt’)

= [®(t1 + t2)uo] (x +k /()t1+t2 P0(<I>(t’)u0)ZH dt’) ,

which is equal to W(¢1 + t2)ug, establishing the group property of the map. O

We can now establish the intended invariance of the Gibbs measure under the original
flow W(¢).

Proof of Theorem 1.2.5. Let ¥ be the subset of (,_;_1 FL*P(T) constructed in Theorem 1.2.4

and denote by T'(y), for y € T, the spatial translation operator f(z) — f(x—y). Note that ¥ is
invariant under T'(y). Consequently, we can establish the global-in-time dynamics on X for the
gKdV equation (4.1) with the solution map ¥(t) satisfying the flow property in Lemma 4.3.10.

It remains to prove the invariance of the Gibbs measure (4.34).! Let m denote the Haar
measure on T. Fix A C ¥ and ¢t € R. Using the invariance of p under T'(y), the fact that T'(y)

I This argument was suggested by Terence Tao and Rowan Killip.
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and ¥(¢) commute, and Fubini’s Theorem, we have

p(W(0)4) = o [ n(T(-9)¥(-0)4) dm(y)

= //]lA (t)uo) dp(uo) dm(y)
TT/E/TILA [T yﬂFk/otPo(q)(t’)uO)k_ldt')‘W)ua} dm(y) dp(uo).-

From the translation invariance of m, Fubini’s Theorem, and the fact that ®(¢) commutes with
T(y), we have that

p(04) = 3= [ [ 1@ 0u) dmly) dutu)

= 5 [ n(TEnR(=4) dm(y).

Since p is invariant under T'(y) and under the flow map ®(¢) of (4.3) from Theorem 1.2.4, we
get u(WU(—t)A) = p(®(—t)A) = u(A), as intended. O

4.4 Gauge transform

We start by establishing continuity of the (inverse) gauge transform.

Lemma 4.4.1. The (inverse) gauge transform in (4.4) is a continuous map on
C([-T,T); FL*?(T)) given that 1 <p < oo and s > 1 — % -1

Proof. Let w be any function in C([-T,T];FL*P(T)). Consider {um}men C
C([-T,T); FL*?(T)) a sequence converging to u and fix ¢ € [~T,T]. Then,

|Go.c (w(®)) = Go.t (um ()| £pe
_ H n s(eznkjo Po(uF=1(t"))at (t Tl) ”ijo Po(up, " (¢))dt m(tvn))Heg

< 2||Lps v (n)*u(t, n) ||+ u(t) = wn (@)l FLer

: t k—1/41 ’ : t k—1/4/ ’
)z pen [ Ly (e o PoCEENT— ik Jo Poltin )

The first two terms on the right-hand side of the estimate converge to zero as N — oo and
m — oo. Thus, it only remains to consider the last one. Using the mean-value theorem, we
have

H]]_‘n|<N (eink jot Po(uf1(t'))dt’ mkjo Po(uf=1(t"))dt’ ) }Zw < |t|N||uk71 _ ufnil”C’le-
Since FL*P(T) — L*~1(T) for s > 1 — 5 — L=, then the above quantity converges to zero for
each fixed IV, establishing the continuity of Gy . An analogous proof works for Qw . O

Following the argument in [44], we establish the following result for the (inverse) gauge
transform in (4.4).

Proposition 4.4.2. Let 1 <p< oo ands>1— % — ﬁ Then, the (inverse) gauge transform

in (4.4) is not uniformly continuous on arbitrarily small balls of C([~T,T); FL*P(T)) centered
at the origin.

Proof. Let R > 0 and N € N. Define {un ;}nen for j = 1,2 as follows

UN,l(t7-'L') — RN~ s( zNac+e—sz) +N——( iMax +e_iMx>7
un2(t,x) = RNfS(eZN‘r + eﬂN‘r),
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with M = 0 for k even, and M =1 for k odd. Note that

lunillerrrsr S R,

for N large enough, and ||un 2|lcy7Ls» ~ R. Moreover,
1
||UN71 - uN,QHCTFLS,p ~ N k-1 — O’

as N — oo. Using mean value theorem, we obtain

1Go.¢(un.1) — Go,e(un2)llor Frew > TN’ /T (ul i (2) — ul 5 (2) dm"

Calculating [1.(uf ' — u?vjzl) dx, we have

N Z </€— 1) Nfs(k:flfj)fﬁ/eiNm(k—j—2l—1)+iMw(j—2m)'
T

J

Thus, the nonzero contributions correspond to the choices of indices satisfying k — 1 — j = 2I
and M(j —2m) =0, since N > M. Consequently, we see that the quantity is dominated by
the contribution at j = k — 1, therefore

1Go,t(un,1) — Got(un2)llcrrrsr 21,

which does not decay as N — oo. O
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Appendix A

Appendix

A.1 Choice of

We can, for example, choose 7 as follows. Consider another function v satisfying 1 (t) = e*'n(t).
Then, (1) = 7j(7 — 1) and the conditions on 7 impose

$(0) =0,
Hip(0) = —1.

The first one means that 1 is a mean-zero function, i.e.,
9(0) = o= [ w(t) de =0
T or -
R

To understand the second condition, note that

~

Fo(HB() (1) = isgn(t) F (B(r)) (1) = o san(t)i(~1).

Then, from the second condition we have

7; 0 o0
o[ v dt+/w(t) at= [ dt)
- =0
.0
i
:;Amwﬂm
Thus, we have
Y(t) dt = —irm

0
Rewriting these assumptions with respect to n, we get

/e”n(t) dt =0,

R
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/ etn(t) dt = —im.
0

An example of a function ¢ satisfying the conditions above is ¥(t) = — j%te_tz.

A.2 First step of the second iteration process for w

Here we present the equation for w after using second iteration once, following the strategy
described in Section 3.3.

w = p(t)S(t)uo + o1 - DR(u, u,u)

(wuu)+BA>(wuu)+B (w@u)+B?4>(wﬂw))
~(w, uu)+BA>(w u u)+BA>(u) w u)+BA>(u) u,W))

Z(w w u)—|—BB>(w w u)+BB>(w w u)—|—BB>(w w,w))

+ T 'DN’R,QZ +’DN'R,D2 (w,@, or-Ga Z[w,E u])

>,

+ o7(DNR¢,> + DNRp>) (w, 0, o1 - Ga,s[w, u, )

+¢r(DNRc> + DNRp ») (w,w, o7 - Gp >
+¢r(DNRe,> + DNRp ) (w, @, o1 - Gp,>

)
) [
) [
) [
+¢r(DNR¢c,> + DNRps)(w, w, o1 - Ga>|
) [
) [
) [

+¢r(DNRe> + DNRp > (w,w, or-Gas
+or(DNR¢c> + DNRp > (w,w,ng -Gp,>
+¢r(DNR¢,> + DNRps)(w,w, o1 - G >
+ o7 (B4

)

+¢r(DNRa> + DNRp> + DNRc,> + DNRp>)(or - Gas[w, u, 1), U, u)
+¢r(DNRa> + DNRp > + DNRc,> + DNRp>)(¢r - Gp,>[w, W, u],u, u)
+ o7(DNRA> + DNRp> + DNRe,> + DNRp ) (¢r - Gps[w,w, 1,4, u)
+ o7(DNRa> + DNRp > + DNRe> + DNRp.>) (o1 - Gas[w, U, u), u, 7)
+or(DNRA > + DNRp > + DNRes> +DNRp <) (o1 - Ga s [w,u, @, u, 7)
+¢r(DNRa> + DNRp > + DNRc» + DNRp>)(or - Gp > [w, @, u], u, 7)
+¢7(DNR4 > + DNRp s> + DNRe,> + DNRp > (o1 - Gp s [w, w, 1], u, )
+ ¢r(DNRp,> + DNR¢,> + DNRp ) (w, o1 - Ga,>[w, U, ul,u)
+ ¢r(DNRp> + DNRc,> + DNRp>)(w, o1 - Ga,s[w, u, 1], u)
+ o7(DNRp,> + DNRc> + DNRp.>)(w, o7 - Gp > [w, W, u], u)
+ o7(DNRp> + DNRc> + DNRp.>)(w, o7 - Gp s [w, w, ), u)
+ o7(DNRp> + DNRes> + DNRps) (w, o1 - Ga>[w, U, u], 0)
+ ¢7(DNRp> + DNRes + DNRps) (w, o1 - Gas[w, u, 1), 0)
+¢r(DNRp,> + DNR¢c > + D./\/'RD7>)(w, or - Gp,>[w, W, u],ﬂ)
+¢r(DNRp,> + DNR¢,> + DNRps)(w, or - Gp s [w, w,u],u

(

(

(

(

(

(

(

(

7

w yor - Ga>w, T, u],u) —|—B124,2 (w,cpT . GA7>[w,u,ﬂ],u)>

T(B ,2 w,or - Gp,>[w, W, ul, )+B?47Z(w,<pT~GB,>[w,w,ﬂ],u))

+ QOT(B A w cor - Gasw,a, uLﬂ) —|—B2A’> (w,ng . GA,>[w,u,ﬂ]7ﬂ)>
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- Gp,>[w, W, ul, )+BA>(w or - Gp,>w,w, ), )

+
AS)
S

vy
NS
V
kS
AS)

> (w, T, o1 - Gaslw,T,ul) + B s (w,8, o1 - Gaslw,u,

)
)
)
)
)
)
)

+ o7 B337> w,w,cpT-GBVZ[w,ﬁ,u]) —|—BB>(w w,or - Gp s [w,w,a ) (A1)

B < (w,u, o7 - Ga>[w,T,u]) + B o (w,u, o1 - Gas[w,u,

U]
w, T, or - Gp,>[w,W,u) +B134’ (w, @, o1 - Gp>[w,w,u
U]
u

w,@,goT-GAZ[w,H,u])—i—B (wwgoT Ga,>[w,u,u

B%’,Z w,@,ng-GB’Z[w,E,u]) +BB >(w w, o7 - Gp,s[w,w

(B2 (
(B3 (
(B2 (
(B (
+ 7 (Bi,>(va7<PT -Gp > [w,w,u]) + B - (w,u, 07 - Gp > [w,w,
(BE:-(
(S (
(B%(
(BE (

)
+ o7 B%,> waw750T'GA,Z[wvﬂvu])+BB >(w w, T - GA>'U) U, u )
)

A.3 Second step of the second iteration process for w

We recall how to control the contributions in Section 3.5.2. In Proposition 3.5.7, we establish

an estimate which can be applied to these terms given that one of the following conditions is
satisfied:

1. There are no pairings in (nq,...,n;5) and the largest frequency corresponds to a function
in Z§;

2. There is one pairing n; +n; = 0 and the largest frequency in {|ni|: 1 <k <5, k#14,j}
corresponds to a function in Z§;

3. There are two pairings and the remaining frequency corresponds to a functions in Z§.

If the contributions do not satisfy any of the above conditions, then the largest frequency that
is not in a pairing corresponds to a function u and we want to use the equation for u again.
This leads to one quintic term that satisfies the assumptions above and four septic terms. In
the following, we decompose the contributions in (3.29), indicating when it suffices to apply
Proposition 3.5.7 and when we have to substitute a particular term by the equation for u. The

resulting cubic term can be estimated by Proposition 3.5.7 and we apply Proposition 3.5.9 to
the four septic terms.

Let Xp =Xp, UXp, where

Xp, (n) = {(nl,ng,ng) SVARE
Xp,(n) = {(n1,n2,n3) €Z*: n

ni + ng + ns, |TL3| < |n| < |’I’Ll| ~ ‘ng‘},
n+nz +ng, |nal < | < [n| ~ [nol}.

e DN R4 (goT - G glw1, ug, us), ug, us): The frequencies satisfy the following

Ins| < [na| < |nol ~ [n1| ~ [n],
Ina| < |n2| < |nol,

with possible pairings (2,4), (2,5), (3,4), (3,5). Since |n| ~ |n1| and n; is never part of pairing
we can apply Proposition 3.5.7 directly, with w; € Z§.

° DNRA(L,OT . GB[wl,wg,U3],U4,U5)Z If (nl,ng,ng,) S XBl (no), then

na| < |ns| < nol ~ || S |naf ~ |nal,
ns| < [nol,
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so the only pairings are (3,4),(3,5) and |n| < |n1| ~ |n2|, so we can apply Proposition 3.5.7
with wy € ZS If (n17n27n3) S XBQ (’Ilo), then

[na| < [ns| <|no| ~ |nz| ~ |nl,

|TL3| < |Tl1| < ‘no‘,
so the possible pairings are (1,4),(1,5),(3,4),(3,5) and |n| ~ |na|, so we can apply Proposi-
tion 3.5.7 with we € Z§.
e DNRp(¢r - Galwy, ug, ug), ug, us): If (ng,nq,ns5) € Xp, (n), then

Ins| < |n| < |no| ~ |ni| ~ [n4l,
Inz| < [na| < |nol,

so the possible pairings are (1,4),(2,5), (3,5). We proceed as follows:

e (1,4) not a pairing: |n| ~ |n1|, use Proposition 3.5.7 and with w; € Z§;
e (1,4) only pairing: |n| < max(|nzl,|ns|, |ns|) = |n2|, use equation on wus;
e (1,4),(2,5) pairings: n = ng, use equation on us;
e (1,4),(3,5) pairings: n = ng, use equation on us.

Now consider (ng,n4,ns5) € Xp,(n), then

Ins| < |no| ~ n1| < |n| ~ [n4l,
In3| < [na| < |nol,

so the possible pairings are (2,5),(3,5) and |n| ~ |n4|. Since uy & Z§ but n4 is never in a
pairing, it suffices to use the equation on uy4.

° DNRB(apT . GB[wl,wg,U3]7u4,U5): If (no,n4,n5) € Xp, (n), (n1,n2,n3) € Xp, (ng), we have

Ins| < |n| Slnol ~ |na| S [naf ~ [nal,
na| <[nol,
with possible pairings (1,4),(2,4),(3,5). Since |n| < |n1] ~ |na|, and n1,n2 cannot be in a
pairing at the same time, we can use Proposition 3.5.7 and place w; or ws in Z§.
If (ng,n4,mn5) € Xp, (n), (n1,n2,n3) € Xp,(ng), we have
Ins| < |n| S nol ~ [na| ~ |nl,
|n3| < |n1| < |7’L()|7

with possible pairings (2,4), (1,5), (3,5). We proceed as follows:
e (2,4) not a pairing: |n| < |ne| and use Proposition 3.5.7 with we € Z§;

2,4

hd )

only pairing: |n| ~ |n1| and use Proposition 3.5.7 with wy € Z§;

)
(2,4)
(2,4),(1,5) pairings: n = ng and use the equation on us;
(2,4), (3,5) pairings: n = ny and use Proposition 3.5.7 with w; € Z§.
If (ng,ng,n5) € Xp,(n), (n1,n2,n3) € Xp, (ng), then

[ns| < [nol < [nf ~ [nal,

Ins| < |nol < |naf ~ Inal,
so the possible pairings are (1,4),(2,4), (3,5). We proceed as follows:

e (1,4) and (2,4) not a pairing: |n| ~ |n4| and use equation on uy;
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e (1,4) is a pairing: |n| ~ |na| and use Proposition 3.5.7 with ws € Z§;
e (2,4) is a pairing: |n| ~ |ni| and use Proposition 3.5.7 with wy € Z§.
If (no, 714,77/5) € XB2 (n), (’I’Ll,’ng,’ng,) S XBz (no), then

Ins| < [no| ~ |n2| < |nf ~ |n4l,
|n3| < |TL1| < |TL0|,
with possible pairings (1,5), (3,5). Since |n| ~ |n4| and n4 is never in a pairing, we use the
equation on uy.
e DN'R¢ (ng - G alwy, ug, us], uq, U5)5 The frequencies satisfy the following:

In| < |ns| < |no| ~ |n1| ~ |nal,
In3| < [na| < |nol,

with possible pairings (1,4), (2,5), (3,5). We proceed as follows:

o (1,4
1,

is not a pairing: |n| ~ |n1| and use Proposition 3.5.7 with w; € Z§;
* (
* (

(

)
4) only pairing: |n| < |ns| and use equation on us;
1,4),(2,5) pairings: n = ng and use equation on us;
2,

1,4), (3,5) pairings: n = ny and use equation on us.

)

° DNRC(QDT GB w1,w2,u3] U4,ur) If (nl,ng,ng) S XBl ('no)l

In| S Ins| < [nol ~ [na] S |naf ~ |nal,

[ns| < [nol,

with possible pairings (1,4),(2,4),(3,5). Since |n| < |n1| ~ |n2| and ny,ns are never in a
pairing at the same time, we can apply Proposition 3.5.7 and place the function in {wq, ws}
whose frequency is not in a pairing in Z§.

If (n1,n2,n3) € Xp,(no), then:

In| < |ns| < [no| ~ 2| ~ [nal,
[ns| < |n1| < |ngl,

with possible pairings (2,4), (1,5), (3,5). We proceed as follows:
e (2,

not a pairing: |n| < |ng| and use Proposition 3.5.7 with wq € Z§;

2,4

)

o only pairing: |n| < |ns| and use the equation on us;

4)
(2,4)
e (2,4),(1,5) pairings: n = ng and use the equation on ug;
e (2,4),(3,5) pairings: n = n; and use Proposition 3.5.7 with wy € Z§.
(

e DNRp (o1 - Galwy,us, usl, ug, U5) The frequencies satisfy the following:

In3| < [na| < |n1| ~ [nol < Ins| < [nal,

with possible pairings (1,4), (1,5) and |n| < |n4|. Thus, we use the equation on uy.
[ ] 'D./V'RD(QOT . GB[wl,wg,U3],U4,U5): If (nl,nz,n)g S XBl (no):

Ino| < [ns| < |nal,

[ns| < nol S [na| ~ [nal,

with possible pairings (1,4), (1,5),(2,4), (2,5). We proceed as follows:
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e (1,4) and (2,4) are not pairings: |n| < |ng| and we use the equation on uy;
e (1,4) or (2,4) only pairing: |n| < |ns| and we use the equation on us;
e Two pairings: use the equation on us.
If (n1,n9,m4) € Xp,(no):
[ns| < [na] < [nol ~ [n2] S [ns| < [nal,
with possible pairings (2,4), (2,5). We proceed as follows:
e (2,4) is a pairing: |n| < |ns| and use the equation on us;
e (2,5) is a pairing: |n| < |ng| and use the equation on uy.

e DN'Rp (w1,<pT . GA[wg,ug,u4],u5): If (n1,m0,n5) € Xp, (n):

ns| < [n| S lnol ~ [na| ~ [nal,
Ina| < [ns| <[nol,
with pairings (1,2),(3,5), (4,5). We proceed as follows:
e (1,2) not a pairing: |n| < |n1| and we use Proposition 3.5.7 with w, € Z§;
o (1,2) only pairing: |n| < |ns| and use the equation on ws;
e (1,2),(3,5) pairings: n = ny and use the equation on uy;
o (1,2),(4,5) pairings: n = ng and use the equation on us.
If (n1,n0,n5) € Xp,(n):
[ns| < Jma| < [nol ~ [na| ~ Inl,

Ina| < [ns| < |nol,

with pairings (1,3),(1,4), (3,5), (4,5). Since |n| ~ |ng| and ns is not in a pairing, we can use
Proposition 3.5.7 with we € Zg.

e DNRp (w1, o1 - Gplwz, ws, us],us): If (n1,n9,ns), (n2,n3, ny) € Xp, (n):

Ins| < n| < [nol ~ [n1] S |n2f ~ |nal,
[na| < fnol,

with possible pairings (1, 2), (1,3), (4,5). Since |n| < |ny| ~ |na| ~ |n3| and nq, ne, ns are not all
in a pairing at the same time, we apply Proposition 3.5.7 with the term in {w;,ws, w3} which
is not in a pairing placed in Z§. If (n1,n0,n5) € Xp, (n), (n2,n3,n4) € Xp,(no):

Ins| < |n| Slnol ~ In1| ~ |nsl,
[na| < [na| <nol,
with possible pairings (1,3),(2,4),(2,5). We proceed as follows:
e (1,3) not a pairing: |n| < |n1| and we use Proposition 3.5.7 with wy € Z§;
e (1,3) is a pairing but not (2,5): |n| < |nz| and we use Proposition 3.5.7 with wy € Z§;
e If (1,3),(2,5) pairings: n = ny and we use the equation on wuy.
If (n1,n0,n5) € Xp,(n), (n2,n3,n4) € Xp, (no):

ns| <[] < [nf ~ [no| < [na| ~ |nal,
na] < nl,
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with possible pairings (1,2), (1, 3),(4,5). Since ng, ng are not in a pairing at the same time and
|n| ~ |na| ~ |n3|, we can apply Proposition 3.5.7 with ws or w3 in Z§.
If (n1,n0,n5) € Xp,(n), (n2,n3,n4) € Xp,(no):

Ins| < || < [nol ~ |ns| ~ [n],

|ng| < |na| < |ngl,
with possible pairings (1,2), (1,4), (2,5), (4,5). Since |n| ~ |ng| and ng is never in a pairing, we
apply Proposition 3.5.7 with ws € Z§.
e DN R¢ (wl, o1 - Galws, us, ugl, U5): We have the following assumptions:

In| < |ns| < |no| ~ |n1| ~ |nal,
Ing| < |ns| < |nol,

with possible pairings (1,2), (3,5), (4,5). We proceed as follows:
e (1,2) not a pairing: |n| < |n1| and we use Proposition 3.5.7 with wy € Z§;

1,2

° )

only pairing: |n| < |ns| and we use the equation on us;

1,2

)

(1,2)
e (1,2),(3,5) pairings: n = ny and we use the equation on ug;
e (1,2)

,(4,5) pairings: n = ng and we use the equation on us.

° DNRC(w1,<pT GB wQ,IU3,U4] U5) If (’I’Lg,’l’Lg,TL4) S XBl (no):

In| < [ns| < |no| ~ [na] S Iz ~ [ns],
na| < [nol,

with possible pairings (1,2), (1,3), (4,5). We proceed as follows:
e (1,2) and (1,3) are not pairings: |n| < |n1| and we use Proposition 3.5.7 with w, € Z§;
e (1,2) is a pairing: |n| < |ns| and we use Proposition 3.5.7 with w3 € Z§;
e (1,3) is a pairing: |n| < |n2| and we use Proposition 3.5.7 with ws € Z§.

If (ng,n3,n4) € Xp,(no):

In| < ns| < no| ~ |n1] ~ [ns],
4| < |ng| < |nol,

with possible pairings (1, 3), (2, 5), (4,5). We proceed as follows:
e (1,3)
e (1,3)
e (1,3)

e DNRp (w1, o1 - Galwa, us, us), u5): We have the following:

not a pairing: |n| < |n1| and use Proposition 3.5.7 with w, € Z§;
pairing but not (2,5): |n| < |ng| and we can use Proposition 3.5.7 with wy € Z§;
(

,(2,5) are pairings: n = ny4 and we use the equation on uy.

In1| S Ins| <[no| ~ |naf,
Ina| < [ns| <nol,
with possible pairings (1,2), (1,3),(1,4), (2,5),(3,5), (4,5) We proceed as follows:
e (1,2) and (2,5) not pairings: |n| < |n2| and use Proposition 3.5.7 with wq € Z§;
e (1,2) is a pairing but not (2,5): |n| < |n1| = |ns| = [no| = |na| > |n3| > |nal, so ns is not

in a pairing and we use the equation on wus;
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e (2,5) only pairing: |n| < |n1| use Proposition 3.5.7 with wy € Z§;
e (2,5),(1,3) pairings: n = ny and use the equation on uy;

)
)
e (2,5),(1,4) pairings: n = n3 and use the equation on us.

° DNRD wi, o1 * GB[wQ,wg,’U,4] U5) If (n2,n3,n4) S XBl(no):

In1] < Ins| <|nol < Ina| ~ [nsl,

4| <nol,
with possible pairings (1, 2), (1,3),(1,4), (2,5), (3,5), (4,5). We proceed as follows:
e (1,2) and (2,5) not pairings: |n| < |nz2| and use Proposition 3.5.7 with wy € Z§;
e (1,3) and (3,5) not pairings: |n| < |ns| and use Proposition 3.5.7 with ws € Z§;
e (1,2),(3,5) or (1,3),(2,5) pairings: n = n4 and use the equation on uy.
If (n2,n3,n4) € Xp,(no):

In1| < ns| < [nol ~ |nsl,
Ing| < |na| < |nol,

with possible pairings (1,2), (1,3),(1,4),(2,5), (3,5), (4,5). We proceed as follows:
o (1,3)
e (1,3) pairing but not (4,5), (1,4): |n| < |ne| and use Proposition 3.5.7 with we € Z§;
* (1,3),

e (3,5) pairing but not (2,5), (1,2): |n| < max(|ni],|ne|) and use Proposition 3.5.7 with w,
or wp in Zg;

and (3,5) not pairings: |n| < |ng| and use Proposition 3.5.7 with w3 € Z§;

(4,5) or (3,5), (1,4) pairings: n = ny and use Proposition 3.5.7 with ws € Z§;

e (1,3),(2,5) or (3,5), (1,2) pairings: n = ny and use the equation on wuy.

e DNRp (wl, wa, o1 - G alws, ug, u5]): We have the following;:

[na| S lnol ~ [ns| < |nal,

Ins| < [na| <[nol
with possible pairings (1, 3), (1,4), (1, 5), (2,3). We proceed as follows:
e (2,3) not a pairing: |n| < |ng| and use Proposition 3.5.7 with we € Z§;
e (2,3) only pairing: |n| < |n1| and use Proposition 3.5.7 with w; € Z§;
e (2,3),(1,4) pairings: n = n; and use the equation on us;
e (1,5),(2,3) pairings: n = ny and use the equation on uy.

e DNRp(wy, w2, o1 - Gplws, wa, us]): If (n3,n4,n5) € Xp, (no):

In1| <lnol < |nal,

Ins| < |nol S |ns| ~ [nal,
with possible pairings (1, 3), (1,4), (1,5), (2,3), (2,4). We proceed as follows:
e (2,3) and (2,4) not pairings: |n| < |n2| and use Proposition 3.5.7 with wy € Z§;

e (2,3) pairing but not (1,4): |n| < |n4| and use Proposition 3.5.7 with wy € Z§;
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e (2,4) pairing but not (1,3): |n| < |ng| and use Proposition 3.5.7 with w3 € Z§;
e (2,3),(1,4) or (2,4),(1,3) pairings: n = ns and use the equation on us;
If (n3,n4,n5) € Xp,(no):
In1] S Ino| ~ [na| < [nal,
Ins| < [ns| <nol,
with possible pairings (1,4), (1,3), (1,5), (2,4). We proceed as follows:
e (2,4) not a pairing: |n| < |ne| and use Proposition 3.5.7 with we € Z§;
e (2,4) pairing but not (1,3): |n| < |n1| and use Proposition 3.5.7 with wy € Z§;

e (1,3),(2,4) pairings: n = ns and use the equation on us.

A.4 Remaining quintic terms

It remains to consider the terms in (3.31). Looking at the terms in (3.38), we want to determine
the frequency regions where we can apply the standard quintic estimate (Proposition 3.5.7) or
Propositions 3.5.10 or 3.5.11.

We start by considering the terms on the right-hand side of the inequalities in (3.38)
with aq, ae. Note that for *,# € {A, B}, we have

max _(nj)*|nins| max _(n;)%
ai(n,ng,...,ng) = ——- — < —2 o5 € Xa(n),Masgs € Xu(n
1( s 101, ) 5) <¢(TL105><¢)(TL234)> <n1>J212a§<4<nj>’ 105 ( )7 234 #( 0)7

max _(n;)%|nins| max _(n;)%

j=1,..,5 j=1,...,5 _ _
ag(n,nl,...,n5) = , M120 GX*(N),’I’L345 GX#(TL()),

(¢(M120) (P(Ma345)) ™~ mafg(nj) max (1)

due to the lower bounds on the phase functions. Consequently, we can apply Proposition 3.5.11.

Now, we consider the terms on the right-hand side of the inequalities in (3.38) with 81, B2, Ss.

e B (wl, o1 - Galws, us, uq), u5): In this case, we have that

[na| < |na| < |n2| ~ |no| < na| ~ [nl,

which implies that Bi(n,ni,...,n5) < (n2)?. Since ny is not in a pairing, we can apply
Proposition 3.5.7 with w;, € Z;.

e B (wl, o1 - Gplws, ws, U4},u5): In this case, we have that

max (1) |n|

51(”)”‘1)"'7”5) 5

[na 7
In| ~ |n1| > |ng| > |ns| and |ns| ~ max(|ng|, [n2|) > min(|ngl, |n2|) > |n4|. We consider the
following cases:

o [n1] ~ |ng|: then we have |n4| < |no| < |n1| ~ |n2| ~ |n3| ~ |n| and |ns| < |ngl, so
Bi(n,ni,...,n5) < (n1)% ~ (n2)% ~ (n3)%?. Since ny,ny, ng cannot all be in pairings at
the same time, we can apply Proposition 3.5.7 with w; € Z§, for some j € {1, 2, 3}.

o |n1| > |nay|: since Bi(n,ni,...,n5) < (n2) and ny is never in a pairing, we use Proposi-
tion 3.5.7 with w; € Z§.

o [n1] < |ng|: we have |ns| < |no|, [n4| < |nol < |n| ~ |n1| < |n2| ~ |ns|, (2,3) is not a

1496
pairing, 81(n,ny,...,n5) < |n2|~7\“‘ , and we can use Proposition 3.5.10 with wy € Z§ and

1
w1, W3 € 202
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e B3 (whug7 or - GA[wg,U4,u5]): In this case, we have that

Ins| < [na| < |n3| ~ [no| < |na| < |n1| ~ [n],

which implies that Ba2(n,ni,...,n5) < (n3)%?. Since n; is not in a pairing, we can apply

Proposition 3.5.7 with w; € Z§.

e B (wl, ug, o1 - Gplws, wy, u5]): In this case, we have that

\96
;max (n;)™ |ns]

|m1

B2(nan17"'an5)5 3
[n| ~ |n1| > |na| > |no| and |n4| ~ max(|ng|, [ns|) > min(|ngl, |ng|) > |ns|. We consider the
following cases:

(1) ~ (n3)% ~ (ny)®. Since the possible pairings are (1,3),(1,4),(2,5), there is
always one function in w1, u3, u4 which is not in a pairing and we can use Proposition 3.5.7
with w; € Z§ for j € {1, 3,4}.

o |[n1] ~ |n3|: we must have |n1| ~ |ng| ~ |n4| > |no| > |ns| and Ba(n,n1,...,n5) S

o |ny| > |n3|: then |nq| ~ |n| > |n4| 2 |n3| and Ba(n,ny,...,n5) < (n3)%. Since ny is
never in a pairing, we can use Proposition 3.5.7 with w; € Z§.

o |n1| < |n3l: we have |ng| ~ |ng| > |ni| ~ |n| > |na| > |no|l > |ns|, (3,4) is not a
o
pairing, Ba2(n,ny,...,n5) < |"T7‘;1+‘9 , and we can use Proposition 3.5.10 with ws € Z§ and

1
wy, Wy € Z02

o BY (w1, w2, o1 - Galws, wa, us)): In this case, we have

[ns| < [na| < |ng| ~ |no| < min(|nl, [nif) < max(|nl, [n1]) ~ [na,

and Sa(n,ny,...,n5) < (n3)?. Since ny is never in a pairing, we can apply Proposition 3.5.7
with wy € Z§.

e B (wl,wg, or - GB[wg,w4,U5]): In this case, we have

\96
jmax (n;)™ |ns]

max(|nal, [naf)

ﬂg(n,nl, . ,715) ~

[na| ~ max(|n|, [n1[) = min(|n], [n1]) > |no| and |na| ~ max(|nol, [ns[) = min(|nl, [ns[) > |ns|.

o |ng| ~ |n3| ~ |ng| > |ns| or |na| ~ |ng| > |ns| > |ns|: then Bo(n,ny,...,n5) < (n3)° and
since n; is not in a pairing, we can use Proposition 3.5.7 with w; € Z§.

o |ni| ~ |n2| 2 |n| > |ng| and |n3| ~ |n4| > |no| > |nsl:

= |na| ~ |na|: then Ba(n,n1,...,15) < (n1)* ~ (n2)*" ~ (n3)*" ~ (n4)*’, with possi-
ble pairings (1, 3),(1,4), (2,3), (2,4). We cannot have |n| = |ns| under these assump-
tions, thus we cannot have two pairings. Consequently, we can use Proposition 3.5.7
with w; € Z§ for some j € {1,2,3,4}.

— |ng| > |ngl: then Ba(n,ny,...,n5) < (n1)% ~ (n2)% and ny,me are not in any
pairings, so apply Proposition 3.5.7 with ws € Zj.
— |ng| < |nsl: then |ns| ~ |n4l > |no| 2 |n|, (3,4) is not a pairing, and
mg*+2°

Ba(nyny,...,n5) < S Thus, we can apply Proposition 3.5.11 with ws € Z§

1
and wa,wy € Z .
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e DNR¢ (wl, wa, o1 - G Alws, ug, u5]): In this case, we have that

In| $ns| ~ |nol < |na| ~ |nal,
Ins| < |na| < |nsl,

and Bs(n,ny,...,n5) < IZ—;} Since (1,2) is not a pairing, we can apply Proposition 3.5.10 with
1

wy € Zg and we, W3 € Z02

e DNR¢ (wl, Wa, OT GB[w37w4,U5]): In this case, we have that

\96
jmax (n;)™ | |

max(|ns|, [nal) *

Ba(nsna,...,n5) S
1] ~ [n2| > [nol 2 |n| and |ny| ~ max(|nl, [ns]) > min([nol, [ns|) > |ns|.

o |no| ~ |n4| < |n1| ~ |na|: then Bs(n,ni,...,ns5) < 2. Since (1,2) is not a pairing, we

~ [ngl”

1
can use Proposition 3.5.10 with w; € Z; and wa,wy € Z .

o |n5| < |ng| < |ng| ~ |n4l: if |ns| 2 |nil, then B3(n,ni,...,n5) < 1 and ng is not in a
pairing, so we can apply Proposition 3.5.7 with ws € Z§. Otherwise |ng| < |n1| which

~ |ns]

implies |n| < |ng| < |n2| ~ |n1|. Since Bz(n,nq1,...,n5) < [nal and (1,2) is not a pairing,
1

we can apply Proposition 3.5.10 with wy € Z§ and wq, w3 € ZF.
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