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I U?RODtJCT IO 

It is tno\'lll that H a piece of matte!' be subject 

t o an ext ernal field • an electric moment trl.ll be 

induced within it. 

The el ectric momen t per unit volume • ar the 

polorisstion. ~t any point is related to the fiel d at 

t he ser:le point by the relation 

f (~):: X g. (~ J 

V~hero ~ is the susceptibility of the medium. The 

dielectric constant 1 i s def i ne d by 

Passing fro m t he c scroscopic to the o icroscopi.c 

t sheviour of t he oetter. the electric moment is 

actually the average o£ the separate electric moments 

of the molecules constituting the metter. The 

electric moment of a single moleoule depems on t \liO 

~ 

parameters . namely its polariseb11it y and its 

pertn!lne·nt moment /' • Thus one should be able to 

calculate t he dielectric cona tant 1 i n terms of t h e 

moleoular cons tents ~>< and f • 
Several. attempts have been made to relate the 

dielectric c onstant to the moleoul.!lr constants t>< snd 

p ; t he sitlplest of nbich is the Cleusius- 11osott1 

r elation, 
l..::J ~ ,_11' N K 
1+2. J 

nhere N 1s the number of molecules per unit voluoe . 



The relation is supposed to hol d f or non-polar 

mole cules in the case of steady f ields and f ar any 

molecules in the case of highly alternating fields. 

This relation which g1 ves the same value t>< i n t he 

liquid state as t hat in the vapor s t ate . i s used for 

t he calculation of the polarisability of molecules. 

A simple r elation. i ncluding the perhonen t 

momant f as \iell, is that given by Debye 
z 

£.' " t• N ( tX + ..f. ) , 
ln. j .Jir-r 

where 7' is t he absolute temperature and ,. J ol t zmen ' s 

cons t ant. This relation ohen applied i n t he vapor 

s t ate, i s used to calculat e the permanent mocen t p ; 

but \'lhen a pplied in t he liquid sta te. it does not 

g1. ve the s ame value of f as gi ven i n the vapour 

state. For substances having hi ghly polar molecules. 

t he value of t he permanent momen t calculated in t he 

liquid s tate is much l m1er t hen the actual VDlue • 

namely that celoulated f or the substance in the vapor 

state. 
(5 ) 

Thi s discrepanc y was l a ter explained by Debye 

as due t o strong interaotlo.m betneec the cUpoles. 

Onsegar 0.7) has considered e molecule 1n a 

spherical oevlt;v . replacing the othfr mole<)ules ~Y a 

homogeneous dielectric. In this way he replaced the 

effect of the interaction with t he other molecules by 

the efioct o£ tha 1mege field. Ri a f crmul.e gives 
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values of t he dielectric com tent which are much lower 

t hnn the obs el"Ved ones in tte case of highly polar 

substances. 
(::6) (n) 

Kirkwood and then Er5hlich constructed 

:formulae which depend on the knowledge of the releti ve 

dis tributlon of eny two dipoles. or th e probablli t y 

t bs t t wo dipoles have e certain configuration. 

One object of the pres e nt :paper i s to oomtr u.o t a 

:t'ar'lllule which g1 ves t he dielectric constant in terms 

of the molecular parameters ~ and I' • S ince this 

f ormula will d8}')end on t he 1m<» ledge of the relsti ve 

dis tr1 buti on o:f any t " o dipoles • it will be a very 

useful. mesns of obeck1ng the accuracy of the d1strib: 

-ution fo.notion of the dipoles. calcul.ated by other 

methods. 

A knowledge o:f the distribution f unction of t he 

dipoles can also be used i n csloulating an additional 

svorege potential energy and m add1t1onel specific 

beet due to di pole lnterect1 oil; the effect of di pole 

rotation on the -ray s cntt er1ng ; tho hydr a tion o:f 

s alts end cmny other things. 



I n the ti Y' sJ chapter ~ a . fcrmul.a is obtain6 4 

by o~~idering a big oaYit~ conto!ning many molecules. 

end tm.s ell~lng r or the effect of the dipole inter: 

-eoti ons end the stru.cturoe of t he cry stel concerned. 

This :tr.rmuls. wh ich depends on the knooledge of t he 

distribution of t he dipoles reduces to ~1 ot given b~ 
( ! )} 

KirkWood for cubic e~ystals and neglect of e>< • but 

f or other orys t s l s it hss a fa ctor depending on the 

·str•uoture of the crystal. 

I n the s econd chapter a method for oelcul.eting 

the distribution function of t VlO dipoles is suggested 

by considering t~ t~ o mo1ecuJ.es i n question as in 8 

cavity (or t wo cavities>. finding the energy and t he n 

oelouleting the JrObsbili~ for such 8 distribution. 

using Boltzmen' s law. 

The calculation of such 8 distribution function 

will be carried out far ioe in the third chnpter • a1d 

it will be shown to give a satisf actory vslne far the 

dielectric cons t ant. 

The effect of t hermal vibreti om in crystals has 

not been taken i nto a ccount. It is by no l!lean::; clear 

ho~ver t hot t he t her mal motion ~ill n ot mat erially 

effect the r esults so f ar obtained. and f er this reason 

t his effect will be cons idered in Chapter IV. A 
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f c:rmula applicable t o liquids nill olso be cow i dared 

in the s errs chapter. 

It H~ observed experir::ontslly that t he 

die le ctric c onstant de creases ver y rap idly , almost 

discontinuously , for polar subs t ances s t e lofter 
( r< 

temper oture, usually ooinciden~ or a lit tle lower 

than the melting point of t m s ubs t a nce considered. 

This hes been explained (21) es due to a transfer 

f rom e stete of free rotations of t he dipoles to a 

state where tba dipoles e M i n ordered con f igurations, 

t hat is when e smell number, have a cert ai n confi gur : 

- etion whioh is r~eated t hroughout t he whole aey s tal. 

I t ~es ess mned i n t he f crmulee so fer obtai ned 

t h t t he dipoles ere f r ee to r ot t e . or i n e s t ete o:f 

di s order. In t he lest chapter t he case of ordered 

dipoles will be considered, es well ns t he s t abil ity 

of s uch ordered configura tions . 
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-------------------------------------u----

~~·' FULJJLA ~OR THE DIELECTRIC C 1. ;T.ADT • 

The Effect of the Dipoles Int er actions 

Consi der an as s embly of ti'J mole cul e·s c onfine d 

withi n e spheric al cavity of volwm V , e ouel to 
N"J 
N 

, V~here N i s t he number of moleouJ.e s t:er 

unit volume . The speee outsi de t be cavit y \"11 11 1)8 

treated mecrosoopicslly es a continuous n::e di um of 

dielec tric c onst ant • If the extern al field i n 

t he zmd ium e t o greet d i s t ance from t he cavity be 

E. then t he fie ld ins i de the c avity will be £ / 

given by (l. S. ). 

Let t he oompouen t s of tm f i el d of t he d ipol e 

momen t of a mole cule eati ng on e c olo oule ' 
be 

{ 1.26) 

''J 
where ~ss ' depends on the type of exes t aken and Will 

be gi ven in t ile f i rst epr endix e t the erxl o:f t h is 

chapt er . 

The f i e l d componen ts f,·, acting on a molecu1e '-

ere 
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( 1.27) 

In this eXJiression t he image fiel d • created by the 

ooment s of the molecules confi ned within the c~vity , 

hss been omitted. I n feet, oinoe we ere considering 

e large number of molecul.es i n the cavity , oe shall 

neglect the effect of the liiJJge f ield of t he dipoles 

on the configuration of the confined molecules. 

The components of the electric morsnt of e 

molecUle ~ can be written , followi ng equation (1.11 ) 

in the form 

(1. 28 ) 

El1m1nat1 ng c-'" 's bet e een equations ( 1 . 27) end 

( 1.28) we obtain 

'i J. 
. ,,·, _, 

t' l ~L t\s, rs· = t -f ~ c 
~ +ell,· s' s J 

ar,, if we ere fine 

.. 
~s' Au :: 

H' 
( 1.29) 

then 

22. ~ -;;· i- (JJ c/ 
J . , , jJ' )S, - t. + c'( s 

' 
(1. 30) 

Therefore 

( 1 . 31) 
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where the ms triX \'"'\ 
" 1s the reoixrooal of the 

roo tri:x • The energy W of the dipoles in a 

given configura tion • U1 be defined by 

( 1.32) 

where 

( 1.33) 

ere unit vectors along t h e t hree 

exes of the cryste1. From equations (1. 27) end (1.32 ) 

one obtains 

• 

- w .2..2 VI E' -.!. l_2(~ - )·i ,,;, i- ( d-. 1 (1.34) 
• ,,. 1-4, ~w s' l(J( •·• ss ' j ~s· f, ~. + ~ 

-! 2 2 ~ ,,6·_ ,pi j t".V'- w·, ) 
M " <~' -ts·J'I..s Ts IU' f j " • 

Substituting far the vel ue of ~~ :from equation 

(1.31) we obtein 

(1.35 ) 

to the fir s t po t~ in £' • 

The probability f f or the ocO'urren ce of a 

given confi gur ation is g iven by (1.17). Putting 

( 1.36 } 
,., 

where W is tbe ener gy in the absence of external. 
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11 I I 

f ield end w· i s linear 1n E • Then t h e probabil1 ~-

e i s gi ven by 

(!/ 

f=f;, (t+ k.~) { 1 . 37) 
I 

to t he first poner in E • e bo i ng the probobi11 t y , 
i n the abnenoe of en externel f i el d. 

Substituting f or WvJ from e quation ( 1.35} t?e 

obtain 

(1. 38) 

Because 

') 2 ~i/ 
flsv = rF ss' ( 1.39 ) 

(independent of L ) 

(~ee appendix II et the end of t his Chnpt ar ) • 

---------.e..-:q..,us tlon ( 1.38 J be cocas 

I 

(1. 40) 

J o f f'l r ne hsve neglected tho effect of the 

i c ge field which is not r e presented i n the express: 

-ion for the probabili ty of e given configur t1on 

specified by equat i on ( 1.38) . But when oe pss ::> on to 

f i nd t he everego t otol electric oom nt o£ t he confined 
. 2. 0 moleoules • neoel y the average of ,. fs • we shall 
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v1 
not use the express ion for )4, given by equation 

(1.31). but instead. ue shall use en ex~esaion 

containing on extra term resulting f rom the i~:mge 

field; this will be s hc,tm 1n the follooing . 
(iJ 

I f ~ ar e the component s of t he i !!mge f ield 

acting on a molecule ( 1) VJb ich 1s oreoted by the 

tresenco of t he molecules i ns 1de the oovity . then 

t he total field acting on a molecule L. will be 

given. ins tead of ( l .. ~r7 ). by 

( 1.41) 

~liminet 1ng 
1!1 
~ bet~een (1. 41} and (1.28 ) one 

obtai ns 

( 1.42 ) 

n4 tharefcre 

(I) ~ IJ'i( j. I '{;j.) 
U.S= .£.... (K .f) t 0( Er, t ()( G?..S" 
I. rl'' W ~, • 

( 1.43) 

This differs from equat1 on ( 1.31) by the addition of 

en extra term dae to the 1tm ge f ield . Sunming 

( 1.43 ) over <- • one £1nds 

(1.44) 

By 8 lir.Jiting }rOOeclllre -jr, f ~: Oml be 

shown to be equivalent to t he speoe svcroge of the 
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i Btge f ield i nside the oevity. This :lpnoe overage 

o:f the i mge f ield is shown 1n the third oppendlx 

to be equal to ;A'l f ):!i nd t herefore 

( 1.45 ) 

Using equations {1. 45) , eqll8tion (1.44} becones 

f r::. f;,(:A·' t,~,J~tX £;, )+;41 tlX'Js-~~~ 
-1 I. If, J. t.S 

( 1.46 ) 

For a oubio crystal one has the tensor e quation 

end therefore equation ( 1 . 46) will be 

sielll er to e quation (1.12) \'lhen only one molecule 

nos supposed to be i mide the oovity . 

Jlrom equations (1.40} , ( 1.46) one obtei~s f ar 

the produot f f. rf the f ollot1in3 expression 

( 1.4 '1) 

to t he f irst por.er 1n E' • 
!he nveroge va:L ue i s the Slm of 

over ell the orientations of the molooU1e s . 

Putting 

(1.48) 
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the sumnatlon being taken over all tbe orientations 

o~ t he molecules. and sino e :Z... f ~ fsJ == o t1e 
~ - ··}',. " J 

obta in 

where 

1. /\ - 2 -;;;-,.;· f (.){ S$' - l fs ~" 

Slnoe 
.1. ~ - ,l - _! 

!v"'' J-ls - N f ' 
where f is the polar i s st 1 on , 

then e qua tion ( 1.49) bee-oms 

..1. ?. _ {«-t ; raqx )1 Et, 2{x' t , ] ' 

N s , , l-,$fX1 tl (J .ss · 

But by definition 

p- 2-(t::! ) £. 
I • S ' "tT .SS' .S' l 

then ae obtein 

(1. 49) 

(1.50 ) 

(1.51} 

(1.52 ) 

(1.53) 
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In this equat ion t he symbol t. represents a 

t ensor t hough the suffixes are not cxplioi tly shown 

while is a nunbe:t- t aken to be j f (1./Jss 

a lso f is a number given by z(S.-t) 
ll•-1- I 

For a cub ie crystal .A =- 1 

• 
• i.e. 

a lso Qrs, = Go ~w and therefore ~w = 1;.1,,. 

case 

Renee equation (1.53) becomes for thia s pecial 

l.-1 J: (1.54) 

The evaluation of Q a s Tlill be 

s een in the next chapter, wi~l again depend on an 

i mage field, and so on the dielectric constant. 

Therefore equation (1.54 ). can only be considered a s 

• 

a. ve-rification of t he ca lcula tion of Gc, • or of 

t ho ca lcula t ion of the confi gurational probability of 

the dipoles • and it cannot be used directly to 

calculate • Na turnl.ly t here muot be a value of 

1(1 l7hich satisfies (1.54) but to find such a. val t.le 

is a very lengthy and 1cpracticable ~robloo . 
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APP.Ji.DIX I 

The Tensor ). 

This t ensor \7nS defined by equations (1.26) 

and (1.29) for nnd ,· =;.. respectively. 

It is required no\•r to find an expression for it for 

nny t ype of crystal. 
tA(!'j Let T be t he val ue of t he potentia l a t 

t he position occupi ed by t he molecule ' due to the 

moment of t he molecule , then 

where t he 9 are defined by (1.33 ). 
~,, 

(1.55 ) 

If ~~ · is the distance betrrccn the tv:o c olecules 

considered . t hen 

,tiJ ~ ? (J J i 
'f = - 7 ?x'i ,e, .. ~, 

& / if 
(1.56) 

Substituting for 
).(/) 

from equation (1.26 ) and 

for ~ from (1.56 )• the equation (1.55 ) becomes 

- ~ .f,(Ad ~~· ~:,· = 1: ~ ?~~xrf ( ~.} ;{. J 
"'.-; 11 I ' J 

thon 

(1.57 ) 

Since 

) 

~ 9 l'.i "5 J :i ' 'i fl," - .;. , ,L... X -~ '). yi - l' SS' S' ~ 
0 ( s 



then 

(1.68) 

or 

(l.H) 
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APPENDIX II 

The Tensor ~ 

This tensor was de:tined by e quntion (1.39) 

namely 

\vhich is a ssumed to be independent • 
It is r equired t o prove that 

(1.60 ) 

\Vhere f ( A) is any tensor fUnction ot A • 
f ( .4.) is the same fUnction ot ...(\. 

To do this we start by consider ing f(>.J =- A l., 

) u s ing e quation (1.39) 

By succes s ive pre-multiplication by A one 

obtoins 

t (},.. ):~ . =(A.~ ts' 
and hen ce t he required :fo:mu.W. (1.60 ) :tollows. 

I 



APPEIID IX I I I. 

The Image Fi c1d insi de the CSvitz. 

To f ind t he image f i e1d due to the moment of a 

o o1ecu1e situated at any point inside the srhcrica1 

cavity. ~e sta rt by considering a char ge e 

situated a t a point d istant c < t:t. 
0 • 

froo the 

centr e of the spher i ca l cavity whose radiu s is 

If the potent1n1 inside t he cav i t y is i 
t hat i n t he d ie1ect ric is ~ ~hen 

a .. 

• tmd 

• 

v)1 = o v:.~::: o (1.61) 

and a t t he boundnr,y of the cavity 

'd~ ~ i ~ 
?J"' 6M 

(1.62 ) 

Fro. (1.61) 

Applying t he bmmdary conditions (1.62 ) one 

obta ins 

A = 
"" 

\?her e 

_!_ 
i+ / 

ll1+ I -



~ 
o A 8 X 

/ _ - - - - - _\ - - - -
c X C. 

... 
lj. 

('-~-
r-
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Ther efore t h e ~age potential inside the cavity is 

(1,63 ) 

Si nce 
6D I 2 11'" ' ..... ' J (I')( (~) (~J ~v : S ;<""~' (• X 

) 

~ 

then the image field inside t he cavity is due to 

{i ) a charge - ~· !.:.I 
'- H·l 

a t t he inverse point 

l. r-
( i1) a l ine chnrge of d ensity - ~ !::1. 1 I~ ) 

a.,. e•' J L~:,x 
to x;o~> • ( 1 . 64) 

from 

e no~ consider a dipole ~ a t 1<~ ~. • This 

is equivnlent to a charge -e o.t So a.nd a char ge 

+ e at c! a ~ . t-l l4.. _..,. - e , -

In Fi g . {2 ) oA represents .fu and o A1 

r epr esents ~: , B , B 1 
a rc t he i nver se points 

of A • A 1 r e spect i vely \Vi th r espect to t he 

h ollo\'l sphere . If ~- = t hen ' + ltl4. . k) • e ~.~..- -
The ioage s ystem due to a char ge + e a t A 1 

is ( i) a charge - 0 .. 1- t 
ct 1-rl 

f) 

= -~- .!.::! ..,. ~ 1 _, {r- . lc) c.. I- 8 / 
l'• J.~ I c.,1. ltf - -

( 1i ) a l ine charge from 8' to i~ini ty . The charge 

bot't'leen 

where 

)< 1 and x 1-r ol,x1 is _ ~ J. - I ( 4.: Jc; o{ ,t 1 

tl" lJ. ·tl )t. c/ X' 

0 X' in the figure r epr esents ,-' • 
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Since t hen the l atter i a 

combining t his image systeo of te with t he icage 

syst em of - e a t A we obt ain for t he image systei!l 

due to t he dipole , r emember ing t hnt (_88 / J : :S (II' } 
~l 

and c_X X' J = .5. (jl A' ) 
~ 

• 

( i ) a char ge ~ d~~ ) ~ · t ) 
• 

. 
at 

( ii) li ba f d it I j.::1 ( u?· )f?"" L ) e. ne a r Be o ens · y ~ {!-tl 1: ~ @ · c 
2 

x = 4
• to ,x = ~ 

c. 
from 

(iii) o. dipole - ~~ )~- 2.~ · 1!} t J 

from to (1.65) 

The icage field of t he dipole inside t he cavity 
. 

is t hus given by the field of t he i mage system (1. 65 ) 

which lias outside t he oovi t y . 

The space average val ue o~ the i mage f ield 

crea t ed by the dipole ~ (a t di s t ance '• < a.o from 

the centre) inside the cavity 1s equal to the field 

of the i cage system (1.65) nt t he centre of t he 

cavity . 

The f ield, o.t the centre of t he cavity , of t he 

systec g iven by (1 . 65) can easily be found to be 

(1.66) 
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A I~' Bow i~ there are r v molecules inside the cavity. 

t hen tho average tmage field Df all the molecules 

inside the cavity is 
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. 
TP~ COTIFIGURAr iO!Ult PROBABILITY 

In the at chapter the dielectric const ant vas 

shm -:1 to dcpcn!' on a f'~ ctor Q g iven by equations 

(l . il8) and (1 . 50). In this chapt er a. d.irf~ct 

evaluation of Q from ~hose equations will be 

carried. out . 

Since t he confi~~~tional probability C 
depends on the energy '11•1 of the dipoles in tho 

gi\ren cor..f ig' r ation. the evaluation of Q vrill 

de:9end on a. knm·1ledge of • 
The energy rr a given configurntion ll"tf 1 

is. 

accrodi~ to equations (1 . 35 ) . (1 . 36) expressed by 

(2.1) 

l'lhere .· . ''')~i flL 'J = .! I Q,., - 9 _, , 
Sl' c< lff . I IS (2 . 2 ) 

The sum over states 2 is defined by 

z = h. Y1C(·t-21T 3·~ rt{;.f(} ( 2 . 3 ) 

where the sucmation is over all orientations of the 

d ipoles. Tho t ensor ru. as defined by ( 2 . 2 ) is 

clea.rly .1 
a,3 

multiplied by e function of 

(See (1 . 59) (1 . 13 )) 

Then 

function of 

z 
l'"t 

c.3k T' 

is g iven by 

as defined by (2 . 3 ) is a 

and • ~he tensor 

(2 . 4 ) 



By usillg equation (1.48 ) one obtains 

- z k T' <() z . = tf' p(l}.·, 

Z ()11-{J 1s 1s' 
sr-

and t herefore by use of (1.50) 

Q == _ 2 t-7' 2- 2 .. ·(fb9Z) 
.ss, h~ ,.. ()rz,t_'l v 

r r-s' 
h? 

\Vhich is clearly a function of _L_ 
a1 kt 

~· 

(2 .5) 

and / • 

There is no way of finding ,,~, , bl from equation r.s {; 
(2 . 5 ) or (1.48 ) by evaluat i ng tho sums g iven. These 

sums. ho vcver . can be eval uated tn tho case of 

t hermal vibrations. n ith \7hich we shall deo.l i n the 

fourth chapter. 

Uc t herefore have to use some other approximate 
-.-. 

method to find t'' !.'/. • 
.r J'-- . 

The expression !{' (' does not. hoNever. 

r equire a knowl edge of t he probability of a oonfig: 

-Ul"'ltion of t he whole set of dipoles . but can be 

evaluat ed if the probability of only the ~10 mole : 

-cules concerned is known for ~ configuration . 

This is clear s~ce 

2- bd'~'"eo,·-.t, .) = 2. t'-6J.f1 r-~:.·~·J 
.ft ···.t,. lj fs, () ,.. 1:· 1;. . s f, .. -; ( 2 • '1 ) 

If • 

'J. To evaluate t he probability ~ of t he two 

molecules we adopt t he approximat e met hod of 

replacing t he r est of t he colecules macroscopically 

by a. homogeneous dielectric. The most convenient 

s hape of the internal boundar.y of this diel ectric 

will be consider ed lat er. The steps required for t he 

evaulation of iJ. f are as follo~s . 
0 



o first calc u.l.a~e t he field a cting on the two 

molecules in a given cc!!figuration. 9:h1s field will 

depend on the di el ectric constant. s ince the two 

molcoules concerned l ie 1n the neighbourhood of a 

homogeneous dielectric. We t hen formulate the 

mutual potential ener gy in the same con:tigurntion• 

which will depend on t he induced moment o.s \Tell as 

on the permanent moment . The probability f 'if 
0 

is then found by Boltzman'e law. In this method. 

as well as in the exact method shown at the 

beginninB of t h is chapter, will depend on 

and through the quantities 1 and 

p 

fS · 
The factor 

«*' 
in this met hod will also depend 

on tho dielectric constant. 

The field acting on th~ two moleoules. 

The t \'lo events when the two molecules concerned 

are not first ne1Bhboura , and when t hey are first 

I neighbours , will bo treat ed separately. fJhen the 

t wo molecules are not first ne1ghbours . the internal 

boundary of t he dielectric will be chosen to be ~o 

separate spheres wit h the two ooloaules concerned 

at t heir centres. The volume of each sphere is t aken 

to be eq11al • A method ~ 

successive images will be expla~cd 1n tho first 

appendix to find the field o.t the cent res of the two 



sphor~s of o. dipole )! ut the centre of one of 

t hem. The field inside the sphere 1n which the 

dipole lies i s found to be equal to 

f 
J f- J 
Cl 

( 2 .8) 

and t ho fi eld nt the c~ntre of the other sphere i s 

t he eace as the fi el d of a dipole, 

a t t he centre of t ho first sphere . 

There a r c other terms due to fUrther successive 

image fioldo and oont u tning t he parameter 

wher e c is t he dist ance between the t wo molecules. 

Those terms wer e found ~11, even in tho c~so vrhen 

the t wo oolccules nr e second ne i ghbours , and t here: 

-fore nr e neglected. Now if t he mol ecule at t he 

centre of one of t he t v.ro spher ical cavi t ics has t he 

moment (1/ 

~ and t he molecule at the centre of t ho 

other spher icel cavity has the moment 
lll e. t he·n t h e 

field o.ctillg on the f irst molecule , f ollowing 

equations (2 .8) and (2 .9) i s given by 

If' we writ e t he field 1n tho form 

(2.10) 

(2 .11) 



then from (2.10 ) 

( 2.12) 

(2.13 ) 

lihen t he molecules nro first neighbours , the two 

s pherica l cavities ~rrounding the two molecules will 

overlap; and t hus fol'm a singl e cavity ot volume 

less t han the r equired vo1ume , i.e. 3.. • e mi ght 
N 

t her efore consider t he radius of each of t he over: 

-lApping spheres to be xc vrhere c is t ho dist ance 

bet ween first neighbours, as shown 1n figure (3 ). ln 

t his ca s e t he vol uce of t he cavity would be 
1 z 

~ {Z.X-tl) ('f-X- 1) 
12. 

Equat -l:n.g this to v1e obtain 

( 2 .14) 

which is a cubic equation to determine _L and hence 
X 

the radius XC of each of t he overlapping spheres . 

The evaluation of t he fie l d inside such a 

cavity is , however, found to be ver.y difficult and 

~herofore a cavity in t he f orm of un ellipsoid of 

revolution , wi t h its axis of r evolution passtno through 

t he t tro molecules , will a ctually be considered . The 



equation (2 .14 ) lVill be used to f ix the dimenoions 

of t he cavity . If t he distance between t he foci is 

2 b and the maJor axis is 2 6 uvla. t- t hen the 

volume of tho cavity is 

'~J h3[c~~~-)3- ~/,fj J 
Equa tiDg t his to one obta ins 

( 2 .15 ) 

This equation, although it has fixed t he volume of 

the cavity • has not fixed t he form of the ellipsoid 

of revol ution, since it connects two parameters h 

and e-n J,. j- • 

~e choose the form of the ellipsoid to coincide 

as much as possib l e with the cavity of the tvto over: 

-lapir.Jg spheres whose dimensions are given by 

equation (2.14). 

This method of choosing t he form of the ellipsoid 

may be criticized as not pr ecise; but bea rinG 1n 

mind t hat the i mage fiel d inside the cavity does not 

change appreciably in cha.nging tho shape of t he 

ellipsoid, t his method will be accurate enough . 

The addi t ional or the image field inside t he 

cavi t y creat ed by the pr esence of a dipole ~ • on t he 

line bet ween the :fbci and a t a dist ance 1 c ..:::: 6 

from the centre, will be given in t he second appendix. 
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Tho fi eld a t t he position of tho d ipol e (due 

to the image fiol d of t his dipole a lone ) is f ound to 

be 

( 2. 16) 

and t he image field a t the r os1tion of 

t he othor d ipole (which uas not t aken into a ccaunt) 

i s 

where 

wher (. 

<!-' J X = Q..tuJ.;.Je,(~!.fJ- r{r"';,;.}!; !tu>l.f) 

,., e (tnl.f) 1' ( tcl.f) j 
~ -t J X:~ .sk.41t . rifU;~,~-)('(~r)-~"(tcM} 'efa>U} 

tfu,M) "'~tt-q.'f tcl.f )t S.,:./.,_f &_..'/ tcl.f ) 

2 b is t he distance between the foci ana 

( 2 .l1) 

( 2. 18 ) 

( 2 . 19 ) 

( 2 . 20 ) 

J.h~ftt- 1s t he major axis_, both bo1Il8 detcn)11nod by 

eq~tion ( 2 . 15 ) and t he choice of t he foro of the 

ellipsoid wit h the hel p of (2 . 14). 
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• Q e re Legendre functions and Leecndro ,.... 

a s soci a ted functions respective~. The eval uation of 

t he field thus dc,e~ on t he c omputation of 

infinite series . The numerical oolcu.lation, a s rrill 

be found 1n the next chapter , is not very difficult. 

s i nce only a :fe l:T terms 1n the series given by ( 2 .18 ) 

a nd (2 .19) will be needed . 

Nov1 l et the tv1o moleo.ules, on the axi s of t h e 

ellipsoida l cavity and a t dist ances ..!. c 
2.. 

on both 

sidoo f r om the centre , have momonts /-l•J nnd Jt> • 
(I) t 

~i ting t he field a cting on t he dipole r-. in he 

f orm ( 2.11), t hen the constants ~ . , ~ • /f ~ 

B i n tbnt e quation \'Till be g i ven (u sing equations 

( 2 .16 ), (2 .17), (218 ) aDd (2.19) and taking into 

a ccount the field of 
<.?) 

f-. a.t ~UJ ) by 

J 
( 2 . 21) 
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The LfUtua l Potential Jnergy• 

The field a cting on one of the ~o molecules 

g iven by equation ( 2 . 1~ ) in ve ctor form , can be 

ro- tlr1 tten in the tensor fo:rm 

- « 1;,:: 4- (_t\- 1) ·i /.A.d-~ ( 2 . 23) 
s ).S' .u· I ~ 

(not to be conf~sed with A defined by (1 .59)) 
If t ho axos considered are orthogonal then A will 

bo given by 

whe~ ~ is a unit vector along t he line joining the 

t wo molecules . Onitting t he suffixes .s, s' t hen 

) : (X~) 
- 0 0 

0 
( 2 . 24 ) 

where 
~- 1 +@.:- 1)0 ) ( k A:) } . -
r :: /} + ~- f) ) (It ~ ) (2 . 25 ) 

It was a lready explained in tho firs t chapter 

t hat i f the fiel d a cting on a molecule 
. 

~,. is g iven 

by t he axpr~ssion ( 2 . 23 ) t hen the outual potentia l 

energy is given by 

W= J. 4 2-(~1-- A-J 1 ~ -.,< ,·b i 
ltX (/ ' .u' Ss' I; ~, ( 2 . 26 ) 

In this ca se ";(} hth e only t he t uo va l ues one 

and t wo and so ( 2 . 26) can be written in the form 

I . 



( 2 . 2'1 ) 

It 1s pr oved i n the thil~ appendix t hat 1f A 

is given by ( 2 . 24 ) and {{A) i s any t ensor funct i on 

of A t hen 

II 21 

[f{~)] -=-[f(AJ] "'"i f(~-t~ht tf~-~.J 

(~ on'~=Lf(~Jr'= ff(~-t~)-±rr~-~) j ( 2 . 28 ) 

In par ticular taking f(~) = 0 r - ~- \
0 

then omi ttillg 

suff1%CS s, S' 

.I - ~-1 Y~ ±. r -c -r.t.. - lrl.. • -

The cr~resaian (2 . 27) can then be v.ritten . 

usi ng (2 . 29 ), in tbe fo~ 
0 

t'lhe~ o , (r a re eiven 03 equa.tiOll ( 2 . 25 ). I t is 
0 

p1•ovcd 111 t he :rourth appendix that if' F(~ r) io a 

t ensor f'UllCtion of t he t\ 0 tensors a; and }- £!:1Vcn 

by ( ~ . 25 ) , then 

( 2 . 31) 
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A similar equation holdn for 

Subst ituting in (2 ~30 ) the val ues o'f 

F (~ r) g iven by (2.31) and remembering t hat: 

f., /''jP' J:s f's- =- {jP! ~ J(/~' E ) o.nd 
• "S s , 

...:z:_ 1:"' ha.' S = / tP'. ..,e'J.') t1e obtain for 
.ss' .s fs.- ss- <.+ 

tho fiJW.l f ormula for W 

W = ~ {ffiJ.,AJ{_l'~Ja'Jt{F;fK.€J-ffl.~/~l'l£)~(!~'~f) f 
-+.j {F(A,A)(!~'/a'J-r-(t(B,SJ- r(I7,1J)(J~! ~)(.fCL!£) J ( 2. 32) 

The functions F and F a re given by ( 2 . 2':) ) 
0 0 

on r eplacillg ~ , tr- by the constants A., , f} or 

B., , B • For :f'i:rst neiehbo\U-s ~ , 4 , ~ 

and 15 tn~e g iven by e quations ( 2 . 21) a nd ( 2 . 22} ; 

and for o~her nuighbours t hey arc g iven by equations 

(2 .12 ) and (2 .13 ). 

The Tensor Q • 

Tho t ensor Q • g iven by equation (1.50), 

depends on the average iu'f~· f or any t wo 
s S" 

molecules "'Jd- • I£t .5 (tf) be a unit vector, 

having cocponents f.-:rfl)' a long t he l ine joining 

the ::tolecil.le L to the c olecule cf • 

To eva l uate the t ensor f .' J! we may first 
s .s" 

determine it f or three orthosonal nxes , one a l ong 

the line joining the t wo c olecules o.nd the other two 

perpendicular t o i t. 1le can t hen find it \71th 

r espect to the cryst a l axas by a t ensor transformnt.1on-



let be t he componcl".t s of a 

uni~ vector along the ax2s of t he orthogonal 

set r eferred t o the crystal axes . I:t t1e choose t he 

axes t o be perpendicular to the line 

Joining t he, t wo molecules o.nd the axis r : 3 along 

it , then • The component s of n llllit 

vector s l o!J8 a cryst a l axis s r efer r ed t o t he 

orthogonal s et of axes will then be 

9 wa o giYen by equntion (1. 33). 
1~' 

( 2 . 33) 

The angle bet ween tl"'o crystal axes .s.., .s' is 

t hen 2- A cr h' 
.s S' 

and t herefore 

UsinG equ~tion (2 . 33) one t hen obt a i ns 

- / _ 2. /rr { rr 
~s· - u- s J,. 

where j 1 is the reciprocal of d • 
!.f J!.'i a re the compon ents of _j!.e1 a long the 

c-

orthos onnl axes and are t hose elo~~ t h e 

cryst a l a.xes t hen 

i />-=- ;l_ ! r f.'ei 
I, u-: 1 s v-

and t heref ore 

( 2 . 35 ) 

( 2 . 36 ) 

( 2 . 37 ) 



____,....- ' 

' (!J " ~ This e quation g ives t he tansor ? r.. 
IJ ' , 

r eferred to t he crystal axec i n t erms of tho tensor 

referred to tho crthogonal axes , namely 

t he one a long the line joinil'lg the two molecules 

and the other two p erpendicular to 1 t . In t he 

calcula tion of the tensor (_{'(.'!i 
oo-ordilmtos . 

J!.~~ f(~e U>f, S..:..&.t.:- j. ) VD> 6) 

;;_fi.'= l r~ e'u:,! ') ~&'s-.:-. f/, W>8') 

we use polar 

The expres sion for W g1'\""en by ( 2 . 32) onn 

t bon be ,·~ritten 1n the :forg 

whe~ 

is given by 

'· ' ) ·~i J:,
1

Yl vv is given by (2 . 39 and ~ . , 
q:- I' 

( 2 . 39 ) 

( 2 . 40 ) 

( 2 . 42 ) 

by ( 2 . 38 ). 



:ruttiDg 1'- f' = f 
0 

obta ins 

_....-. 

;..1(•'1/~1 H­e /, = fz U'> (J U:, (/,.: ""z_,_ .,, 
J J r lr 

0 

where 

.AJ.eo frol!l ( 2 . 42 ) 

and intesroting over cj/ one 

(say) 

( :my) ( 2 . 45 ) 

Per£orming tho :Jn.tc{.;rl\ti on ovor (; 'ty u~e of 
0 

the forc!ula 

J,., {x) 1a a ~Aesel function of order ~ 

Aft erwards :for t he integral s over (J () 
1 

, \'IC use 

the foroula 
q-11: 

/}vf(e, 61' ) de de '.: Jl[(re,6'j~ F(~,T-ej., F{.,-~, e')t F(rr-P, T-o')} c/tf rle,. 
0 • 6 .. 

one t hen obt a ins the following expression for 



(2.49) 

J J: ".i (t,flt u/1
1

) ( 2 50) 
K, = ( 1j 1

t ,:.f. (J. tnl ~~j L { (11st'..ls·:..~1 r,:,,St:..(l'tn!t~~>~'t11tl191 • 

• • 

(2. 51) 

Returning to the ob~eot of finding 

r ef erred to the crystai axes . equation ( ~ . 37) becomes , 

by use of equations (2 . 43·). (2 . 44) ruJd ( 2 . 46) 

1P' hi_(/'' e"~ e<:?' t' J J ,z !1t + IJ) f' 111 jjj r
5
• 1~ - s s ~ s e z r K s t 1 r 11" 

l " u ' '" 
( 2 . 52) 

Finally using equation ( 2 . 35 ) one obt~ins t he fOl"ID\_Ua 

ro) e· = ..! . 1 lf.t q_, + 'bl }-(,- i hi ~.;j k.J 
J ~~ 1 r 1f: o ss 1 1 ~ s s 1 ( 2 . 53 ) 

In this expression I( • K; , K; depend on the 

distance bet\7een the t wo molecules but not on the 

'i d direction. \Vhile l<"s ·*;~ depends on tho direction 

of the line Joinillg the two molecules con cerned. 

I:t '-·= d then t/(11 1/~1 r eferred to any r,. !;,.-
orthogonal axes is g iven 

t/'1 h''-' :=' -~~~ s 1 ( 2 . 54) t; r;,. I ] lf"tr 

-.. 
b{''f'' Then by uao of (2 . 37) and (2 . 35) . 1 .J t " 

t o t he crystal axes i s given by 

r ef erred 

( 2 . 55 ) 
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~:re. (J~.u),. (a.u) •• .aan the -117 naJ.•t• ~ . 
b7 UH ~ (1.&0 ). 



APl-'"&IID IX I . 

The interns~ bounnar.y of the dicl cetrio i s 

t wo separete spheres eech of rad i us a. and t he 

d i st ance bet ween their centr es is c .( See f 1g.(4 )). 

It i s r e quired t o :find t he f i eld e.t t ho 

cent r es of t he t wo spheres created by the pr esence 

of a. di ole ~ a t t he centre of one of t hen . 

~e may f i rst find the ! i e l d of a dipol e • 
a t distance c from the centre . i nside and outside 

t he hollow sphel"'C of radiu s a in the following way . 

If there is a char ge e nt diatnnce ( / ~ 1n 

t he diel ectri c , l et " 't; b e t he potential inside t he 

cavity nnd ~ t he potentia l outsi de . Fol.lotring 

t he pr ocedur e 1n the thi rd appendix of t he first 

chapter one obtains 

wher e 
l -ttrl 

8 _ eo. (i -1 ) ['- .X: ] rr.:: _1_ 
"" - ----;;;:;:! H I '11'1- IT ) J..,.. I c 

showing that the f iel d inside the cavi ty is due to 

(1 ) a char ge 2 e rr- at I( : C 

(ii ) n l ine charge of dgnsit y - !I.!! k:.L (~)cr- from 
c 1.--t-1 . ~ 

)(::: c -1-4 /( = cX!J and th~ fiel.d out eide t he cavity 

is du e to (bes ides the f i e l d of the c.~. .. a rge) 

(1 ) a chnrge e~ ~-1 at X ::. 
a..l. -c ~-t- I e. 



(1 i ) n line charge 
( 2 . 57 ) 

Tho :field a t the centre of the sphere can 'be 

easi ly shown t o be the ~e a s ~he field of a chcrge 

( 2 . 58 ) 

If ~hero is a dipole f-{ a t d istance c from t he 

cent ro • one fj.nds 'by t he same method in the third 

appendix of Chapter I t~t the ~ield outside t he 

cav i t y 1s duo t o 

( 1) a dipole ~ ~~ '• [ )!
1
- ~~{ ~ ) ~ 1 

( 1C" ) t..~ fL. 1-J ,( I L ) t ~/ • o. c~rge - ~ l-+l ~ · ~ a >< = ,...., 

(iii ) a l ine dipole of densit y ~ o--r1-t (c.:x )r-f 1 >~~a' a.-)~] ~ l.fii ) a.l -j! +y..; · c -
l 

:from x = o -to x a ~ 

I r-/ a l ine charge of densit y £ 1::.Lfft· ~V~) 
A( i.-t-1 'f.~ .. 

~ 

f rom x =- o -to x = ;!::-
' 

( 2 . 59 ) 
(1v) 

The fi eld a t t ho centre of the sphora . following 

( 2 ,. 5e) 1a t he same o.s t he fiel d of o. dipole 

~ . is a unit vector from t he centre of the 

sphere tc.:ards the dipole. 

(2 . 60 ) 

If ono non considers only t he sphere 1n which 

t he dipole l iea , t hen the fi eld inside is 

( 2 . 61 ) 
( Soe(l . 6)) 



and t ho ficl~ out side is the same as the field o~ n 

dipole 

(2 . 62) 

a t t he position o~ 

Taking ~to a ccount t he second hollo~ s~here , 

t hen t he f iel d a t its centre, a ccordtnB to (2.60), 

( 2 . 62 ), wil~ be t he saoe as t he fiel d of a dipole 

( 2 . 63 ) 

a t x = c 

and t here will be an additional fie l d outsi~e . due t o 

the :follo,·nns sys tem. ( l:sing (2 . s .9), ( 2 . 62)) 

(i) 

(11 ) 

s.t 

e.t 

( 1 i i ) a l ine dipol e of density ~ r 1T, . zf.;;(:; )fft -t~·!J t] 

f r ot1 

(1v ) e. l ine eh!:r g o of densi t y ..c ( 1-t ) · ...L ~ - E)~),._, 
e..t:. i.+l Zi'f'/ (~'l. 

from X = o to x = c..l. ( 2 .64) 
c. 

Taki ng i nto account the i'irs t s phere agu in (in 

tJhich the tlipolc l ies) , then owiDB to t ho image 

system gi ven by ( 2 . 64 ), thel!e Vl111 bo an addi t ional 

field a t the centre of ~ho f~·at sphere given by 

(Us il:Jg ( ~ . 60 ), ( 2 . 62)) 

( 2 . 65 ) 



(4'1) 

le e~m keep on 1n this way 1ndef1n1 tely to find 

t he ~1elda inside the two spheres. For t he Ice 

• the expression 

(2 .65) wns ~ound to ·be, when the two c olecules ar e 

second neighbours 

- {(oooz~)~ -.1 (-o00JZ)/~ · /5)k ( 2 .6G) a - al \..( 

which i s vor:r smnll ecn:r.ared lvith t he expr oss,ion 

( 2.61). For fUrther neighbours it is clear that it 

will be Cl'U ell Sl!laller. vre t hert>:fore neglect the 

fiel ds of ~urther ~eeessive imag e sy~tems and t eke 

t he ex~ression (2 . 61) for t ho fiel~ a t the centre of 

t he ~1rst cavity . nn~ the ~ield nt the centre of t he 

other cavity to be the aame as ·the field of tho 

dipo~e g~ven by ( 2 . 63 ) a t t he cciltre of the first 

sphere. 
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APP..::IIDL1: II. 

The ~ternal boundar.y of the dicl octr1o ~s an 

e l lipsoid · of revolution of major axis (a lone the 

axis of r evolution) 1. 6 &#'>/,./- and the distance 

bet ween the foci i s zh • A dipole ft lies a t 

dist ance r < 1:. froo the centre of the ellipsoid 

and on the liue 3oin1ng the t 't10 foci. I t is 

requ1~ed to find the field a t t he position of the 

dipole and a t a point on the line j oin1D6 the t wo 

f oci a t dist ance c :froo the dipole /!:. ($e e F i g . ( 5 ) ) 

\'le take t h en orthog onal axes t he 

fir~t a long the axis of r evolution , t he second 1n 

t he plo.nc of the dipole r- a.~d the f irst c.xis . The 

c~-ordi.natcs of the dipole a re t hen ( i J ~ , o and 

the co- ordinates of the othe~ po~t nt which we vnnt 

to find the fie l d is (-f, o, u) • 

Uoing orthogoll81 co- ordinat es (_ t- 1 e 1 <f ) 
givon by 

,x, "" b(,q>l.ft.IQI X2 = J,s,:..t.l-¥-t:..e&P<! XJ = bt,:..l.l-$-,:..tls,;..p 

t hen the general potent ial V setiefyin(; 

can bo written in terms of thea~ new co- ordinates 

{ 2 . 6? ) 

whore 



The co- or dinates of the di pole ~ in t ho new g,yotem 

end these of the other point 

(- f ) 0 ' 0 ) wher e • 

If e 1G the d iotance bet11een (_f fl tj. ) ancl ( c1 ti,. f,.) 

t hen ~ 

-L = ..!2..~+J1{G,..(tn.<f )f:(fiJ.<P}!!.fffl'/l(tnf1J-t2 z_~-..--J! ~2df~l.f)f>ftniP/(-r 
R 6 """'" ~::1[(,.,+.-Jf 1 .... ... I ' 

To.king a charge - e 

and a cr~:t.rgc 

at t'":::o 

7:7MP} T71A1>19') f.n "1f> -?!] 
( 2 . 68 ) 

di pole ,nrcs an angle ~ with the dir~ct;on o~ t he 

axis 0 , tL.en 

til s;- IX :: _/>,; • ../. 1- ,. y.;, (J ,. 

1 \':C have 

) a~d to ~1rat power in 

~~:..4,! I 5~ ~ -: 113 S....:o<.. 

ltn d / -- (j .L!_ ../ t 6:> o -r se ,.c,n "" 
( 2 . 69 ) 

The ~eft1ru/ of the di.Polc ft c. t (o I eo) 0 ) is then, by 

use of ~quations ( 2 . 68 ) (2 . 69) givon by 

To find the 1me.ge field inside the cagity , lot the 

r~~t~ ou~side and inside the cavity be (follo~ing 

( 2 . 67 )) 
o.r 'H .... .... ... 

V: 2 2 C Q (U)/J) (.. (t. ~l) cn~J' ? 

~·· i.ift·'t.;nAIJ-t.if(f~J[ ff1P1] tt>""f { ( 2 ,71) 



- 5 

Tho second part in the expr ession for ~ 1o due to 

t ho dipol e ~ o.t (_o 1 e .. , o) end is given by (2 . 70 ); 

tho £1rst psrt is the adaitional or imag e potential 

inside the cavity. Applying the boundary conditions 

v .. = v, at the bou: d!U'Y f :.. t; 1 

one obtai~s 

( 2 . 72) 

Vlhere 

(2 . 73 ) 

.,.. 
Us:i.ng the expr ousion for 8 :fr om (2 . 70 ) we obtc.in 

~ 

(~ .74) 

} ( 2 , 75 ) 

The fi~la comr~nents are g iven by 
_ 1 2_V - I '()V 

b{ t.n~J.f- t.d! ~t- ) bJ/tnJ/·f-tlfid 'JtJ 
Prd .. t e- .:. 71-8 t-:=. o the image field ina1de ~s t;i ven 

tl 

} (2 . 76 ) 

(See Fig . 5) 

and at B = 8 t-=- o 
p 
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o4 

r;~ t ~ .. FL(J'e:ru,H.J ,.~..,-tl) ~? 

~tt1ng the fields a t 

tl 

r espectively. 

t hen 

J 
y - t! ,., - -

1. 
, 

{2 . 77 ) 

X :::- ~ O.S 
I 2. 

(2. · 79) 

( 2 .80 ) 

Usir.&{ equations ( 2 . 74 ) , ( 2 . 76 ) , ( 2 . 77 ). ( 2 . 79 ) and 

( 2 .so ) we :finally obtain 

(c.. .a:> 



1£ ;\ !s o. tense~ .. g iven by 

~-(~IT) 
.:: (r ~ ) ( 2 . 82 ) 

to pro~c th.at if f (A) is ~ tensor function o~ 

t\ , t hen 

[f{AJ]"= [f(AJ]n_ i f(~-t~)t- f f {~ - ?r) 

[f 0.) 1 12
-= [ ~ 0) Y' = t f {~ T Jr) - ~ f ( ~- )") 

SUppose tha t t\ -n-= (~ r~ J <rr,. J ) 
lr (,.,., ) ~ (?t.) 

( 2 . 83 ) 

UuJ.t iplyillS t he tensor ~ r iven by (2 . 82) by t he 
t' 

tens or" given by ( 2 ~83) nc obto.in 

a; (11+1) = 'l1;, ~(?t} + ~ ~(,.,) 
t (?11" 1) = lrb lr(?!) -1- ¥ ~(?'f) 

( 2 . £4) 

El iminating r{-.,) t rom e qua·ti ons ( 2 . 84 ) one 

obta ins 

a; ( -.,+ 2) - 2 <J;" ~ ( '»f t I) +~ ~ ~.t. ) ~ ("' } = o ( 2 , 85 ) 

By c l.imin'lting ~ (~) '\7e o·ote.in a similn.r 

eqwn1on for (f { 'tl) , 

:Futt1J:JG -.,c obta i n from 

( 2 . a5 ) 

( 2 . 86 ) 

giving X= ~ + lf 

The geno~l express i on for ~ { 'h) is t herefore 



, simi larly 

( 2 .87) 

8 • iJ • 8 nre srbit rory constants . 
u 

Dine(; the determinant of J is 
,~ 2 z 

and that of 11 1~ [tf..,JJ - L<rf.,J 7 then 

Also 

th~n ~rom (2 . 80 ) and (2 . 89) 

~ r~J- ?Jf,..J = (~- (r ) -n. 

Ey uso of (2 .89) (2 . 90) e~tion (2 . 07) 

becoces 

h; {") := -1 (!;,~ "tr r+ i&'v- r )~ (_J ?> J" = (rl,..) u 

r r~) = i (6;, _,. r),_ i (~- 'h' J'h- (,1 ~ )'~ (J.,. J Zl 

u~nco t he requirerl :fqrmulo. foJ.lows,. 

APPEND L~ IV . 

The t ensors ~ , K" a re given by 
6 

( 2 . 88 ) 

( 2 . 89 ) 

(2. 90) 

( 2 . 91) 

" ( 2 . 92 ) 6s~Ps~ = Ao ~<' -t ~- A. ) Ji ks/ J 
b;S' = A ~s; T ((3- ~) ks ks' 

he~ A , (j • /J and 8 are eonsto...1ts :llld F !s a unit . , 
vector . I t is r equired to pr ove that if F(t'''i") 

i s any t ensor ftmction of ~·' , c)- then 

( 2 . 93 ) 



ITo first consider t he tcnnor . 
' 

omitting the suffixes . s1 s/ ve bnvo 

Y :: AT lB - A ){F ~) 

"'lf..,= I_ A'"-/l(B - A ) n(~) (kk)ll 
/t;=O 

( 2 . 94) 

.c a l so have 

(Qclc)l.)ss'= ~ l-:s; ~s" Jc"s, k"s. = fcs t-\s, = (!-- ~ ).ss;" 

by successive r e mul·Gi pl icgtion by tt- "} vre obta in 

( 2 .,95 ) 

Substitu.ting from (2.95) into (2.94) t7e obtain 

'Jr 

~ .,= II~ U< 1< J 2 11"-ll (B- ! ) ll/';} 
fl:l 

- A,.,_.(&'"- If")("~ J ( 2 . 96 ) 

Similarly 

( 2 . 9'1) 

~~om ( 2.95). (2 .96) and (2 . 9'1) 

( 2 .98 ) 

hence the required formula (2.93 ) follo~s. 



CTIJ,.FE III 

A PPLICATIOIT TO :iCE . 

The St ructure of the Crystal. 

The positions o~ the oxygen atoms in the 

cryst~l a re known :froi.'l x- ray d i ffraction cxperioents . 

They to~ a hexagonal crystal \11t h four oxyg en atoms 

i n a unit cell. The oxygen atoms l ie 1n planes, 

nol'IlD.l t o t he axi s of t he crysta l ; t .. c distances 

between :.:ruc cessi ve planes a r e ~ and j e.l ternatcl.y 

as shown in Fig. 6; c be ing t he d i s t ance bet ween 

fll'st nciehbours. 

The pos itions of t he a.tOJils in t he I>lanes dratm 

i n b l a ck in Fi g . 6 a r e shown ill b lack in Fi g . 7, 

while t he positions of t he s tOQS i~ tho planes drawn 

1n :red i n Fi g . 5 are shewn i n rod in Fie . 7. 

aro unit ve ctor s a l one 

the l !.nes j oinill6 an nt oo and its :four f irst he ieh : 

-bours t hen 

~·Ss " = - } ( .r-:j s" ) 

which ml3ans t hJ:i.t each oorygen a tom i s syt:Oetrical ly 

surro nded by :rour oxyGen a tolJo . 

If ( a., tt2 a.1 ) a r e the :tu.n.damentc.l ~cranslations 

of the unit cell t hen it is clear f rom Fie;s . 6 an<l 7 

that 

(3 . 2 ) 
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giving the dirr• nsi ons of a unit cell in terns of t he 

cU.stanoe between fir s t ne ighbours. 

Also the tensor J defined by ( 1 . :15 } is 81 ven , 

for t he Ioe orystel, by 

u=(J 
_, 

;) i 

I ( 3 . ·3 ) 

0 

I:t ..r is the volune of e unit cell thEJD 11"'l. is 

given by the determinant 

t-l -!t '-2. 0 
J 3 

~ 
-~c' 11 l 2. t 

-,r= - l. 0 =-Jef )c , or 
J J 

() 0 (tj c.,_ 
') 

...:r ~ L~..[f c3 ( 3 . 4) 
P) 

S i noe t here ere four molecules i n eeab unit cell t hen 

(3.5 } 

where N, a. are deflne d by (1.4 ) . 

'l'be dis t snoe o- H i n t h e stosc molecule is - ?~ /(1 

while the engle H-O- ff is about 1 L9°. It ms been 

easurre d t ha t the hS'dr ogen etor::s Will r etain the ss-e 
(l} ( 2 0 }( 1 8 ) 

relative r ositi ol".s i n Ioe • 
S i noe the engle between the t wo lines joi ni ng sn 

oxygen a toe ond sny t wo of t be four fir 'lt mighbours 

1.e, ne arly the ean:e as the 

en~le 1(- o- If i n the stem:1 t"oleoule . t hen it i s 

l)oss ible geometrically for the molecule to heve a 
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conf i guration si~ilor to t hat i n the gne nit~ the 

t wo hydrogen sto:a l yi ng on t eo lines joi n i ng the 

oxygen o tom of the ss Jrolecule ond 't\"JO of its 

first neighbour-A . 

~here ere (~) = 6 s ncb or i ent sti ons :r or tb e 

molecule. The , ue sti on noo i s \'I he t her the mole cu i.e 

r otates freely in t he solid or e s s ur.es a uoh dei'inite 

restl'ioted orientations. I t nill be sbo\?ll that the 

high dielectric constant of ioe near t he mol ting 

point c en only be explai ned if' the dipol.nr nol ecules 

ere f ree. or nearl3 free to r otate. At lCller tempEr ­

atures w~n t he dielectric constant droT~S to a s rell 

val ue. it rrfJ Y happen tbst tm a! poles restrict their 

roteti ons t o between the six orientatior..s m nti oned 

before. The distribution o~ thB dipol es at sny 

i n<Jtent is tt.n ver:~ p-obebly regtllsr . i.e •• the 

dipoles ere divided into grours . or unit cella . which 

ere similar 1n t heir conflg m-nti ons . 

Exl)arir:entel vslues of the Dielectric Constent. 

uurves for t~ die lectric oom tent o:r ioe. for 

t he lo\Jer frequemies. nre sh~n on the aorro scole 1n 

Jfi gs. un, {9 ) , (10 ) and (11 ) , sho\li DtJ values of t. clue 
t7 ) (1{ } 

t o ~rrere U9244 the In~ernst!onel Cr1t1ool Tables 
( 28 ) ( 2:d 

( 19~9) , wintch ( 193:~ ) , and Smythe s ... d R1 tohoook 

( 1932) , resfle otively. 
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( 16 ) 
phy ( 1 934) has recor ded , f or ¥~ 1 

a value of J. = 1~0 at T= - 1CJ" , t his vnl ue 

decreasi ng graduelly with r ising t omn stures and 

r apidly with f lJ. i ng temperat ures . llis vsl t1.8S 1 ::. 1~-

far #'; Jo end J. =- 1 1 at t:: o 

ere much higher t hsn the ccrresponding 

values due t o clmyth~ and Hit chcock. Dra~ ing curves 

f e ln ting 'the dielectric c om t ent anti t he froquenoy 

( ct zero t e mperoture ) f ar difi'erent author s , one ~,,ould 

exrect by extrapolating to zero ~roque ncy , t he fol l ou­

i ng val ues f ar the d 1e lectrio c -ons t ent at zero temper­

ature and for a s teady f ield. 

~era 1 =- 81 , wintoh f ... ~ 6 , Scyt he and 
( 12} 

Hi toboook h 7'+ • Grani er ( 19~4) ba :J gi ven the hi gh 
( 2 7 } 

LValue .1.~ 1~3 , and We ymsnn (1931) ms g iven t he 

val ue , t he ssnB as t bst of water et zero 

~egree. 

It i s noticed t hat the vel ue g i v e n by ~myth~ ani 

Hitainoook is t he lot-~est of all. It t'Jos explain ed by 

t oo m thot the 1 0\"i values of t he die lectri c c orot ant 

they r ecorded , uer~ due to t he purity of the sample 
(22) 

the y exrerimented upon. It i s shcmn i n their naper 

t hat the ex i ste n ce of s r-ell quantities crf k'C I i n 

wat er 111 r a ise the dielectric constnnt of ice near 

t h e otl ti~ p oint to e r::ucb higher vel ue. 'the higher 

values of the dielectric cons tant reccrded by ot hers 

uey t hen be due t o exis tence of scs l l quantities of 

such i mpurities. 
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( 6 ) 
Darsey ( 1940) has given en empirical e qua tiou 

which ~itted the c~ves given by Smyth nr.d Hitchcock 

for all 1'requenc1es. Par t-= o nnd a s teady f ield it 

giTeS 

2 = 7't·6 (3 .6 ) 

The T.eneor ..A • 

In at" der t o cnlcull~te t he dielectric constant 

o'! toG from eqm~ti on ( 1 . 53 ) . we start y celcu.lnting 

the tensor A epr earing i n t hat e quntion and 

define d by equsti ons ( 1 . 39} and ( l . t>9 ) . 

Putting 

A 2 = o< F4,· ss• fl r ( 3 .'7 ) 

t ben 

' 
( 3 .. J ) 

~ubstituti~ from· (3.7 } , f3 . 8 ) i n (1.39) one obtnin.s 

It is noticed. rei.(ll't:-1~ t o Fig. ( 7 ) , t h t in any 

pl.B ne t here ore a lw ays t lree molecules \lith oo- ordi nates. 

:rhese oo-ordim tes are equidia tent from t he orig i n end 
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at an equsl e.nguJ.e r ael'ers tion 

molecule a 

zy 
3 • For t hree such 

l . 

2 (t/ 
')( = 0 

, ·. J J 

(3 . 10) 

where h is t he di s tance of any of them fro m the origin 

1u the pl ne. 
/')'\ 

If t h ere are Ac olecu.les i n e plsne et en e qual 

dis tsnce fl. from t h e orig in. th en 

{3.11) 

'fhe tens or A defined by { 3 . 7 ) cnn tben be wri t ten 

A " ~1'&. = _! (>( 2. M/ Jl.J~ A = tX 2 ~ ~~ 

J 
It 3 cf JJ rF ~ Rr 

J J 

A, =- Az .. .! A All: An= 0 ( 3 . 12) 
I. I 2. I I 

whe~ mJ · is t he nlll!lber of t:oleoules i n t he pl.one ~· 

et e qual di s t ances "-J · fro m the orig in i n th nt J..one ; 

~ · is tm d i stanc e of tha s et of rnol eoul es from tl's 
~ n 1. t 

orig in of co- ordinates . i . e .. ~ · = ~{ t ~ · 

d i noe , using ( 3 . 12 ) ond ( 3 . 3 ) 

t hen e qtl8 ti on ( 3 . 9 ) becoi:B s 

Li - \ -- 2. " ..... 1A -- 2.~ JJ - n 11 ' 2 " - r...> 
(3. 14 ) 

end t he non- diagonal elez:ants vnnish. 
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B can be writt en 

( 3 . 1?} 

I n t ab l es {2) end {3) the number ""{ of molecules 

t t he ssme di s t ence fro m the origin and ~~ • t he 

s quo r e of their Ms t ene es fro m t he or ig i n i n th e ir 

ple n e are t ab ulated for planes n:nrke d i n black and 

red ( ~ee Fi g . ( ?) ) r esr e otiv el.y . 

In t eble ( 4) /1. ~ , Q1~ ond ~~ are ""J . • J (f J 

tebule tea f ar toolecules in al l pls.oea up t o t~e 

1B4t b ~e1!rest heighboUJ!' s. It is :founl tbot 

( ~.16) 

'l'he quantity !!£_ a ppe aring i n ( 3 . 15) i s gi ven , cl 

lb7 1111e of e quo tion ( 3 . 5) t by 

B/i D(. ot 
2J 

I ()<(. = ~If Nrx = 10 

71 x -
cl ~ ~ ( It() 

Where ot is t he density sw f'/1 too lloleoulrJr ne1ght . 

cr T • 2 '1~ we m ve 

also M : I 8· 0 I s- t 
IX. = · I ~ X I O Z} 

( 3 . 17 ) 

t hen 
{)(.= ( 3 . 18 ) 

S abs tituting f ro m e quat1 m ( 3 . 18 ) snl (3. 16 ) into 

( 3 . 15) one flnol.ly obtoim 

'i3 =- oo 5 (3 . 19) 

to thr ee pl aces ef dee1maJs 



!alale(2) 

-
9~/o& ' a 9~/o~ D CJzf/cz. D 9zl'/o,_ D 9r'/o .. n 

0 I 168 I2 )84 6 648 6 888 I2 

24 6 2I6 6 456 I2 672 I2 936 I2 

72 6 288 6 504 I2 ~44 I2 

96 6 3I2 I2 600 6 864 6 

!able(]) 

9Z'/fi a 9rYo). • 9rYo .. a 9r/o .. D 9r/o .. • 
8 3 I 52 6 344 6 536 6 776 6 

32 3 .200 3 392 9 584 6 800 3 

56 6 224 6 416 6 608 6 824 6 

m4 6 248 6 488 6 632 6 872 6 

.I 
I28 3 296 6 512 3 728 I2 896 6 



!abl.e(4) 

~ il.. (?'t 
~l~ ~)-) ~ ~ t "1. z 1'!!(-f} 1J n 9- ~ 9- ~~ /0 -m {-l+l! ) 

C-7... c'~- (.1 c. +z:) le ~] I(S z. c_2 1. 

1st l 0 9 9 0 

3 8 1 9 

2nd 6 24 0 24 0 

6 8 16 24 

)rd l 0 25 25 - 25 ~.20000 -80 .uoooo 
4'tll 6 24 9 33 6). ~.59851 100:7061) 

3 32 1 33 
5th . 6 32 16 48 0 

6th 6 24 25 49 -78 .'59499 -16.40923 

7th l 8 49 57 27 .40767 ll.;oG7J.9 

6 56 l 57 

8-th 2 0 64 64 -128 .)0518 -l9.06250 

~til 6 72 0 72 360 ;22734 81.84103 

12 56 16 72 

~Oth 6 72 9 81 ~3 .1.€935 10 :6690~-

3 32 49 81 

J.:lth 12 24 64 88 -€24 .13766 -85;89697 

12th 3 8 81 69 -231 .1.3382 -.30.91270 

l.Jth 6 96 0 96 288 3.2.074 31 .. 89439 

14th 6 72 25 97 66 .1.0791 7:1.2221 

15th 6 96 9 105 4.14 ;o8852 )6;6460~ 

6 56 49 105 

6 104 1 105 

l6tll 3 32 81 113 -195 ;t)7367 -14.-36609 

17tll ~ 104 16 120 432 .06339 27.38612 



18th 1 0 121 12 17 .06209 1 .05556 

19th 

20th 

21s t 

22nd 

23rd 

24til 

25th 

26th 

27-th 

28tll 

29th 

30th 

31st 

3Jrd 

34th 

35th 

36th 

6 96 25 121 

3 128 1 129 189 .05291 9 . 99911 

12 72 64 13 - 336 .04636 1-15 . 57730 

6 56 81 l.)7 -318 .04552 -14. 47523 

6 128 16 1 4 268 .04019 11.57409 

6 24 121 145 -654 . 03950 - 25. 83195 

6 8 1 44 152 -840 .03511 -29 . 48971 

0 104 49 153 4€8 . 03454 16.1.6285 

6 ~52 1 153 

l2 96 64 160 - 192 .03088 - 5. 92927 

12 11168 0 168 1728 .02734 47 .23574 

12 152 16 168 

1 1 0 169 169 -169 .02693 - 4. 55161 

6 32 144 176 -768 .02433 -18.68874 

12 168 9 1'77 945 .02399 22 • .S7244 

3 128 49 ~77 

6 104 81 185 -174 .02148 - 3 .73783 

6 24 169 193 -744 .01932 -14.37735 

6 72 121 193 

12 168 25 193 

12 56 144 200~1392 . 01768 - 24. 60736 

6 152 49 201 459 .01746 8 .013JO 

3 200 1 201 

3 !128 81 209 - 51 .01584 :- . 80762 

6 2L6 0 216 1152 .U1458 16 .80031 

6 1200 1 16 216 



I 
! ! 

fl· l· ,( -9~fet~~ (3fr~ rglf~-l~~) I 9~f.t~l1."J .n 9 c% 9 c..% • 9cz ft7 If' z. <- t'Z. 2. 

37t)l 6 96 l.21 217 -438 . 01442 - 6 .3143<> 

J8ta 6 216 9 225 1260 .01)17 16 . 59256 

6 224 1 225 

39th 24 168 64 232 480 :o122o 5.85494 

40th 3 a. 225 233 -693 .01207 - - 8.)6264 

6 152 61 ?-33 

41s t 12 224 16 240 1152 . 01121 ~2 .9J.oool 
42nd 6 72 1.6·9 2Al -300 . 01109 - · 3.)2721 

6 216 25 241 I 
43rd 12 104 144 248 1-1104 .Ol.032 -11•"39825 

4-1th 3 200 49 249 891 . 01022 9.10709 

6 248 l 249 

45th 2 0 256 256 -512 .00954 - 4.88279 

46th 3 32 225 257 -627 .00944 - 5.92151 

47th 12 248 16 264 1296 . 0088J 11.~4446 

48th 6 96 P-69 265 -726 . 00875 - 6.35069 

49th 6 128 ~44 272 -480 JI00820 - 3.93384 

50th 6 224 49 273 378 •. 0081.2 ),.06962 

51st 12 24 256 280 1-2400 .00762 -18.29424 

12 216 64 280 

52nd 6 56 225 281 r-112? . 00756 - 8 . 49938 

3 200 81 281 

53rd 6 288 0 288 864 .00710 6.1)812 

54th 12 168 121 289 - 444 . 0070 4 - ).12709 

55th 12 152 144 ~96 -816 .• 00663 - 5.41326 

56th 6 28"8 9 297 ~287 . 00658 8 . 46614 

3 8 289 297 

6 248 49 297 

6 296 1 2_q7 



]1.1.. .l ill, 1. 'l 

t 3! l> t O It -nt:{-t:,. ~ j 2 CJ:?! (- f + 11-) n 9~ 9 ~~ 9£'1. 9 '!!ff+l!J t7 rr> 2 cz 2 
• ,C1. Z. 

57th 6 224 81 305 186 .0061 6 l.l 4489 

58th 12 3l.2 0 3l.2 3456 .00582 20 ;'09975 

12 296 16 Jl2 

59th 6 288 25 313 714 .00577C 4.11942 

60th 12 312 9 ) 21 945 ;t)0542 5.11878 

3 32 289 321 

61s t 12 72 256 328 ~2640 . 00513 -1J.54927 

62nd 6 104 225 329 -780 .00509 - ).97285 

6 248 81 329 . 
6Jrd 12 168 169 3J7 474 .00480 2.27354 

6 2J.6 121 337 

l.2 312 25 337 

64tla. 6 200 1.44- 344 - 264 .'00456 - 1.20284 

65th 6 56 289 345 54 .00452 . 24426 

6 296 49 345 

6 34-4 l 345 

66th 12 96 256 352 ~1536 . 00430 - 6.60741 

~2 288 64 )52 

67th 3 ].28 225 353 - 483 .00427 - 2.06304 

68th 12 344 1.6 360 1872 .00407 7.61286 

69th l <> .361 36l. -361 .00404 - 1,. 45793 

70tlL 12 224 144 ) 68 -384 .00385 - 1.47813 

71s t 24 3~2 64 376 2208 .U0365 8.05434 

72nd 6 152 225 377 - 492 .00362 - 1.76286 

6 296 81 377 

73r d 6 384 0 384 1152 . 00346 ).,98684 

74t h 6 24 361 385 -2460 .00344 - 8. 45822 

I 6 216 169 385 



h,_ il. c__'l. 1 1. 

cfr~ fi~3[-r+~) 
2 "l. 

n 9 ~ ... 9 ~'l. 9 t:2 g'!!flt~ 2 ~1-f+~) 
(.1 z.. cz 2. 

75th 12 248 144 392 -240 .00329 ~ .78886 

76th 6 )84 9 393 2~69 .OOJ27 7.08395 

6 104 289 393 

6 ) 44 49 393 

9 392 l 393 

i77tJl 6 8 400 408 864 ';00297 2;56962 

18 392 16 408 

78th 6 288 J.2l 409 ll40 ;\)0296 3.36973 

6 )04 25 4-09 

7~h 3 128 289 417 567 ;1)()282 1.59679 

6 416 l J,J.7 

80ta 24 168 256 424 - 4J.28 ;o0270 -11.15138 

Slot 3 200 225 425 l.7l. ~00269 645922 

6 344 8l 425 

82n4 6 32 400 432 0 

12 416 16 432 

8)rd 6 72 361 433 -15~0 . 00256 - ).92170 

12 )12 121 433 

84th 12 296 1 44 440 ¢8 ;Q0246 .11.8~0 

85th l. 0 441 4-41. -396 ';t"J0245 - .96961 

6 152 289 4(.1 

9 392 49 441 

86th 12 384 64 448 1536 ~0235 ).61574 

87-th 6 224 225 449 - 678 .00234 - 1.58713 

88th 12 456 0 456 -1728 .00225 - 3.8916.3 

12 56 400 166 

89th 6 96 )61 457 -2028 .00224 - 4.54231 

6 288 169 457 
I 



I 
I t gt. z 1. 1 c./J~ ,_g't,t 1ft+ 71:) ~· z 1. n 9 .n: • 9 R . ~~{-ftt-) ~;fe+1) 'L (.L (J- ~7 ~- 2. 

90th 6 24 44J. 455 l 008 ~00214 2 .l.6l.86 

12 456 9 465 

6 416 49 465 

9lst 12 216 256 472 -1776 :00207 - 3.66939 

92nd 6 248 225 4~13 431 .00206 .~8579 

9 392 81. 473 

93rd 12 312 169 481 2280 :00197 4.49388 

12 456 25 48~ 

9""th l.2 J 44 1 44 ~88 336 1.00190 .63870 

95th 3 200 289 489 89.1 ;ool89 1.68506 

6 488 l 489 

96th 6 416 8J. 497 762 -;o<)l82 1.38379 

9Tfoh 12 504 0 504 384 r.oo175 .o73.l8 

12 104 40rJ 504 

12 488 16 504 

98th 6 384. 121 505 426 . 00174 " . 7"4333 

99th 6 72 44l. 513 1C9 .'*0016 8 .31709 

12 504 9 513 

6 2:24 289 51.} 

3 512 ~ 513 

l Ooth 24 456 54 520 3936 .1)0162 6.38340 

lOlst 6 296 225 521 - 462 . 00161 - .74567 

1Ci2nd 6 128 400 528 - 576 .00156 - .. 8991 4 

6 512 16 528 

~03rd 12 168 361 529 -600 .n o155 - . 93222 

12 504 25 529 

104tla. 18 192 1 44 536 936 ,. 00150 1.40ns 



}l.'l.. I,. t 8.2. 1. 'l. cfrs- It 1 1.,_ 

CJ~(-t+~) 9Jf-lt~) !E tr!!: (-t t (}) n. 9 (. .... 9z;.. 9 c"~ , li7 ~)- L c.z l. 

rtv51;h 6 96 441 537 - 21,1 .00150 - ).21897 

3 8 529 537 

6 248 289 537 

6 486 49 537 

6 536 1 ~ ~31 

l05th 12 ~aa 25o 544 -1344 ~00145 - 1 .. 94-119 

l 07th ..... -, 
"·"- P-52 400 ;t52 - 664 .vvJ.4o - :L ."20t>92 

12 536 l.G ~52 

Jlt8t)l 6 384 169 ~53 138 •. jf>l39 .l£tl90 

l C9th 12. 416 144 560 768 .00~35 ~.U3488 

llOtll 3 32 52S ~51 - 9~8 .vOl34 - 1 . 2)-150 

3 512 49 561. 

~llth 24 3l.2 256 568 2ll2 . 001.30 2 .7468"/ 

24 504 64 568 

1l2tlt 6 344 225 569 660 ;()012·9 .85457 

6 438 8J. 569 

ll3'tll 2 0 576 57Ci -ll52 .v Jl.25 - ~ .4 .:}-t)$0 

U 4tlt 6 2l.6 36l. 577 - 234 .00125 1- ..zga;g 

12 456 l2l. 57"! 

U5th 6 56 529 :Je;; 1- 792 .col2l. 1- .. 95682 

6 !296 289 -a-') ~ 

6 536 49 585 

6 584 1 585 
J I 6 ilt 3 51.2 81 5'}3 5"16 . 00117 · 61310 
J.l7th 12 24 576 600 1-)455 .GGll) - 3 .9~910 

6 600 0 6 00 

6 200 400 6GO 

12 584 16 600 



I 
~ p2. Rz. l 1. JKJ5" !!4~~(-Ct-1) 12. 1:!!(-t~~) n .9 .:1 • 9 £.1. • 9 cl. • 9i1-t+V lc- 'rz-7 R~ 2 c1. 2. 

118th 12 168 441 609 - 720 ."00109 - .78667 

6 600 9 609 

6 608 J. 609 

ll9th 9 392 225 6.17 861 :00106 . 91.0~1 

6 536 8J. 61"'/ 

l,2(ftj)l 12 224 .roo 524 0 

:&.2 608 J.6 624 

12J.st :12 456 ~69 625 J9)0 . 00102 4 .02432 

~2 504 ll-21. 625 
,. 

600 25 62; v 

122nd 1.2 438 144 632 1200 .000996 l.l.9.5u8 

l23rd 3 8 625 633 -2019 1;000992 - 2.06237 

6 104 529 633 

6 344 289 63) 

6 584 49 633 

6 632 l. 633 

1241ih 12 )84 256 64C - 168 .: J.)Q965 - .'(4120 

l.25th 6 416 225 b?l - 102 . 00096l - .09i~05 

126-tll 12 72 ;76 648 -4248 .000936 - 3 . 97400 

6 648 0 648 

12 248 400 o4a 
12 632 16 648 

l27tla. 6 288 361 6 49 -1302 /)00932 -1. 21333 

128th 6 512 144 656 672 . 000901 .--sOTll 

129th 6 216 441 657 -1800 ;o00904 -1. 62684 

6 648 9 657 

3 32 625· 657 

3 126 529 657 
- - --



"!.. 

. n 0 ~ _, (. .... 

~_)(; h l 2 60 

;l.Jlat 6 5E$4 

l)2Dd 12 96 

~2 672 

133r d [l.2 312 

lG 50 4 

6 E4a 

l 34ta 1!.2 5~6 

l.35th l~ 672 

6 !)6 

6 152 

9 392 

6 632 

136tll 6 608 

l.37th ~ 296 

!l.)8th 12 672 

1.)9-~h 6 416 

l 40th 24 t156 

~2 6 48 

l.41S t G 48~ 

G ,.. .. ? 
V.)•• 

1~nd 6 600 

l'~)rd P-2 5U4 

l 44'th 1 0 

6 2ea 

6 104 

3 200 

~2 728 

9 c. 

b 

8 

4 

l 

6 

0 

57 

)6 

l G 9 
,. 
c.. 

.. . 
J. 't 

62 

52 

28 

9 

5 

9 

9 

9 

.1 

0 

4 

8 

40 

2 

28 9 

2~ 6 

6 • ·• 
22 

c , ... 
12 

14 

72 

l 

4 

9 

J. 44 

62 

52 

5 

9 

:L 

i- '3zJ~+f) I~/' 
If 3 1. A-.. 

~~r-e+~~) 9- (z (0 1l.l: (-f-t-) 
(!1 27 I(S 2-

-
6t.>4 2332 .uooaso 2 . 49273 

~G ' ~266 t-000077 l.llOl 6 - 3390 

672 -2304 ~00854 -1.96808 

672 

673 3.30 ~000851 .28086 

G73 

G73 

6DC 1.488 1~00829 1.23400 

6Gl. -1611 ~C0826 -l.JJ1l7 - 5487 

631 

6el 

68l. 

681. 

689 1338 ~00803 1.07375 

69G -3072 ~00783 -4. 40384 - 7221 

697 3732 ;J0\1180 2.30934 - 3489 
7 r.; ,i_. - 4~G .oor;r, 17 ?8 3r:~"'t' ... . ; ...., ;,J 

7J.2 2448 . '.)00739 l.&Jg81 

712 

71: 152.? ~{'" 0737 1.1:?273 - 3 

7- ~ 

721 1074 ~eU00716 .76941 

726 1776 . 000699 1 . 24196 

729 ..-2880 f-0(,~697 - 2 .00707 - 33 

729 

7:9 

729 

729 



L f ~1. ll (~rs- tl ,,J (-£1-!!.) [l• l ILl. 
n 91!:. 9 ~ 9 '-"' • 9zJ-eti) '1~(-l+ -) 

e- ]f{S" L F- cz 2 

14~~· 24 6'12 64 736 6S28 .000681 4.44230 6495 

146'tll 3 ~].2 225 '73'7 93 . u00678 .063Cif 

147th 24 168 576 '144 -1728 .000662 -1.14445 4860 

12 744 0 '744 .... 

12 ) 44 400 '144 

a4 7~8 16 744 

l 48tla. G j84 361 'l 45 -1014 . 000660 - .66934 )846 

l 49th 1 2 608 J.4·~ ' [!)). l.S20 .0()0645 1 .. 4: .):!2.1 5766 

l50tll ~ 24 '129 '153 -7533 . ::u0643 -4. 84.146 - 1767 

l2 312 441 '153 

~ 744 9 •t:.J 

3 128 625 '753 

6 224 529 753 

151st 2 4. 5CJ4 2~6 7GO - 96 .OJ0528 - .06029 

l52nd 6 536 225 'l61 ;2~8 • 000626 .~61~1 . 

l5Jrd 6 600 l.69 '(69 61.68 .0006.10 ).76125 4563 

6 648 .121 ?63 ' 

l.S fJ44 .2§ 7G9 

l54'ih ll 6j~ ~44 77o 2<J64 . 010596 1 .2j{J35 6627 

l.~5th 6 l~~ 625 't Tl l.08 .')~0594 . 0 &41 .. , 

0 248 ?Z9 .. {~/1 

6 4ea 289 777 

1 2 7 28 49 777 

6 776 1 777 

156th 12 ~16 576 792 -9504 ;Q00567 -5.)8402 - 2769 

6 6 784 792 

18 392 400 792 

12 776 16 792 I - -- .... - - --- - -- -- --- - --- - -- -- - - -
I 



h ... l R,_ 'Z. '1 <!!r, IQ 't~Jr-c+ ~) '~ft+~) .n 9 £.1. 9c...._ 9 c2. g~(-tt~) ~7 1(5" z. Lcl. z. 

l~7th 12 672 1.21 793 258) . 0')0565 1. 1,~693 - 189 

158th 6 72 729 801 - 3060 .'000~51 -1.5851.4 - 3249 

3 512 289 eo1 

3 800 1 801 

159th ~4 7 44 64 808 7392 .000539 3.98355 4143 

].60th 6 584 2?5 809 3798 .000537 2.04029 7941 

12 7~8 lll 8(}9 

l.l5lst 6 32 784 RJ_6 - 4608 ."000526 -2.42243 3333 

12 416 ?00 P.16 

6 8~0 16 816 

162nd J2 456 ) hl R!7 - 666 . 000524 - .)4905 2667 

6 ?48 1A9 817 

153rd 6 96 729 825 - -5067 1·;"0\)0!)12 -2.59177 - 2400 

6 384 ~~ .!1 825 

3 200 625 325 

6 2:)6 529 625 

6 '336 259 ~25 

6 776 49 82·5 

6 e24 1 625 

164th 6 61)8 225 oJJ 474 . r.I()0499 .2)667 

165th l.? ~6 764. 340 l-4320 .U00 489 -2.ll248 - 6246 

12 e24 16 840 

165th 1 0 84l 841 ll.6) . 000488 .56G36 

12 672 169 841 

167th 6 224 625 '349 -2025 . 0~047/; - .96?10 - 7108 

3 aoo 49 849 

l68th l2 600 256 856 528 .OOJ467 . 24631 



~ I t fl l 1. c_Jf rs- o't.,t 3{-l !tJ ~ 2 ' 
~ gCi ~g c4 9 - <)~·tt~) ;:-- - -t - 'i(,~!-tt }) 

• Cl.. • 2.. 7 !f.'S" z 

1o9th 6 6)2 225 8371 2338 1· '"100465 1.J.l u6o - 4192 

6 776 8J. 8~7 

1.70t h 12 288 576 864 -2592 ;oo0456 - 1 .18ll7 - 6784 

6 8 4 0 8o4 

17l.st 6 2l 84l 8o5 - 3270 ._tJOU454 -1 . 48589 -10054 

12 5o4 36l eG:; 
. 

12 7 44 121 ~ ~~; o .. 

172.au 24. 12 8 1 4.4 872 5280 ;o\)04d5 2 •. 13l 7'l - 4,774 

173:rd 6 864 9 0 1..) ~r'Q6 --,.., .t•~'·:J4~4 y-~ "''4 • ( ~ .!. 

I v 2 413 625 873 

6 34:.:. !129 t · .. r 
V l ~ 

6 584 289 873 

6 824 4~ 8'7) 

G 872. :. lb?J 

17 41iil 3 800 82 88~ 957 .000~3~~ • .11:'43 1- 162~ 
l 'T5th 24 3. ' J J.c. 576 8dtl f-10368 . 000 426 -o~t . 412o2 -11989 
~ 12 8()6 (j ~JG 

1 2 104 ·rB4 838 

J2 4tr· l j 4-00 8Uil 

12 87~ 16 "' '"-u •:>u 

176tll 6 864 ~5 369 2 442 .&Jv424 1.03638 - 9547 

l77th 6 608 289 897 - 2304 . 000415 - .9561.6 -11851 

6 89G l 897 

1 2 15~ 72') B97 

12 4~6 441 897 

12 8Utl 9 897 

l78t h 12 64e 256 90 4 8.U .000407 . ))211 -11035 



r h. ... l ~ 

~~l+i) 3te )5" ~~t 41/~(-(H:. J Z~Jtf-t}fJ l1 9 ~~ 9(1: • 9~ (c- ~7~ 2 

' l79tll 6 824 8l 905 ~98G . OC0406 . 801.)12 - 9049 

l80th 6 128 •t84 912 0 

6 !)12 400 9l~ 

12 B96 16 912 

l8lst 6 72 341 9l.3 2634 . OOOJ9'f 1.04570 - 64a 

l2 744 lG9 913 

~2 GIJ8 2) 913 

1S2nd 12 776 l 44 920 292lS .~-.~OJ90 1.14046 - 3487 
:L83rd 6 296 G25 921 -337~ .000389 - l • .s~ll9 - 6862 

9 392 529 921 

G G32 239 Y21 

6 872 49 :):21 

l84th 124 c>72 2;)6 ,9.28 63JG .000381 2 . 41528 - 526 
1..2 8 64 6 't- 't .Z8 

-
-14.63309 

.6X~l:apoJ.a.tLlg for z:~ fl~f) 
we obtair, 

.. o, -

• -14.4326 

2 



-62-

The Lutual Potential Miergy. 

The f ield ecting on one o:f the t wo :firs t nei gh­

bour s , iool uded inside e cavity oi' t be form of an 

ellipsoid of revolution. is given by equation (2.11) 

whe~ A , B 
0 C> • s nd 13 el)rearing in t ha t equst-

ion ~regiven by (2.21 ) eil4 (.2 . 22 ). The dimensions 

of too elli'PSOid of revolu:ti on aro aetar m1nod by the 

distanc e between t he f ool ~~> s .n4 the major axis· 

: these ere ~elated by equ.eti on ( ~ .15) . 

It is required t ha t tm ellips oid should coincide as 

nearly es possible with a cavity of tno ovorlarpfng 

SDheres nb ose d1rrens1ons a re given by { 2 . 14 } 

S ubstituting i n equa tion ( 2.14) 

given by { 3 . 5) .. one fl.lld s t b3t 

A":. · 7111 ) (3 . 20 } 

wh 1oh determines the rsdi us x c. of each 01' t he over -

lapping s p heres . 

Putting norJ c (f) 1.-1- = - . · > ' · 2 , I · J J / · y ~ · · · 

re8l)e ct1vel.y. It 1s founl the t for cr.>J.f- ;. 1 - J t he 

el11}1S oid will coincide as nem-ly e s po3s1. ble ~·. ith 

the cavity of the t oo overlappi ng sphoros . Thi s 1s 

clearly shOin in iig.(l2) . 

~·or t oftf = t - 3 

( 3.21) 



+ 
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In Tobl o (o ) vslu~s L~ 

G,..f~j.f) J ci.fUJI.f ) 1 ({11(~1.f) 

for c,or.>l. f = I· ~ ore t Gb ulsted f cr --n" I to ,., = I o 

In Table ( 6 ) th ose for 7;./ (h) ore given D~ iJI~-&;O·z1J] 
(!) 

I n tabl e ( 7 } t he v&ues o:f (_i - 1) ~ , o.-1 J ,{ 

ere t ebulsted f or t.tr.> l. f = I · 'S • 
rlnell y t n Teb le ( a ) values of 

c 1t.. J i0 '(.1:.. )jz& _ _!._ 
f>)C'+l) 'l.. Zh f> 1-X 

"' ,... 
"1( ) ftp' ( ( Jj2 ~/ _j_ -;;1 tnt i (,... a ~ !- }[!.!) 

ond 

are t cbUlflted , W!1ng far~ the vol.ue given by ( 3 .6 } 

The velues of /} • 8 • 1J • 8 ere then 
I> ~ 

l 

A ::. 1?5 - £$:. (tfo)- ) -=. · ~272 
<: J cl 

13 = - 2~ - ~ ( ~ o r ~- ) = - · !'r 2. z 
c "1 cl 

usi ng the val ua of given by ( 3 .18) 

The mut u.el p oten tial ene.r w 1s exr.rossed by 

( 2 . 39} t1b~ ~ • L. • f1 arc s ivec by ( 2 . 40 ) om 

( 2 . 29). Using the veloos r rov1ded by ( 3 . :>2 ) one 

obt n1m 

F ( 8 8 ) - F ( /J A ) == • oll 3' s-
.. • • (1 

F ( IJ" 11 J = .o-4-232 F(~ 13 ) =- ·2l8C?6 (3. 23) 

Ta ltlng 

then for 



~ble(5) -

"' ( l41J./·) . ~ II I 

fi!.f~H·) • 
I 

!\ , P{tdr) P ( c.nlr.r) • (1 (t11M·, - Q) (.#)h/•) 
"' ... .... it< 

l l .J l. o. . )2397 . 66562 4.20080 

'I ... 2 . 035 3.9 ). .12253 .47736 2;86419 

j ~ 5A' 5 -. ...,.._ ll .l7~ 1~.5 .04949 -5- "9 .~ ~~ 1.81401 

.! 6 . 53'-938 28 .u97 ~ 81-.225 .02070 .1:;091. 1.09329 

s· J2 . t!.;307 69.971.t ~ 277 .7775 .008El4 .OG:i69 ;63579~ ... 
6 24 .~3571 15~ .6 ~U.3 850 .91081 ,.00383 . 03363 . 359728 

7 !7 . 837C7 )8; .03~7 24Jl. .63 ~5 .C01G6 • - r 92 ··"'' .J.98605 

8 95 . ,398; 6 aaa .2.·93 662G . 44GG . 0007 0 . 006'71 .105873 

9 l.9" 7"•., ,, .... ~- :=~ 2vv~ .a.~.:.. 1.7446.873 .00024 .'"OC502 . 050542 

l 0 387 .724) 4- .. - 9' ~~t> ••" .. 44755.858 ~.00003 . 00410 .010472 

~a.b:&.G(G) 

I.:: p ( .l..) ' -'..: 'r~ I· I 

... llo 
, _ ll. ;.. (a) n. I,: zb) n • zr~J 

~ 

1 l. I - l..33798J 7 1.3909474 9 1 .8355375 

2 1.602897 5 - 2.409817 fj 2-;9948891 10 -1.257233 

3 .641066 6 -.1.227062 
.I 

- (S-1} X X') -{l-1) X. x" n -(!-1) ... n -(j-1) ... I ... 
l 1 . 287898 1 . 634600 6 1 .'1781J6 1 . '796?8? I 

~ 1 . 491910 1 . 644621 7 1 .790141 1.832318 
• 

j 1 , 617132 1 . 686489 8 1. . 7 44276 1 . 913794 

4 1 . 694~77 1 .'12897? 9 1 . ?05426 2 . 2928?8 

? 1 . 7 4?147 1 . '16?2~1 lO . 911113 18 . 6148b7 i 
-1 



Tab1e(8) 

n 1-X • 1-X~, ~ te' ' fz ~J~'t6.lt(,~~ !~1je~/..)}(g; ... ~~~n ... l il> ~ ~ 1-~ e' t; ~ 1-X. 1!. 

1 1.017499 1.022209 1.830350 1.5499598 . 4482965 

2 1.020271 1 .022345 7 ._837800 . 9383733 . 4625345 

3 1.021972 1.022914 1.755157 .0388441 .0239940 

4 1.023024 ,1.023492 9.830040 .0438135 .0304458 

5 1.023711 11.023984 38.973901 .0362747 .0270371 

6 1.024159 1.024410 ;11.942339 .0023663 .0018418 

7 1.024323 1.024896 17.706210 .00075934 . 00060032 

8 1.023699 1.026003 . 93.030073 .000894l.l . 00066696 

9 1.020454 1.031153 39.056477 .00009477 .00004840 

0 l 1.012379 1.252920 20 .251820 .00001465 .00000161 



{3.25) 

Therfcre frol!l ( i1.23 ) . ( 3 . 25 } anl ( ~ .40 } 

The Tensor Q • 
The everege lt't""' i s given b y ( 2 . 53) , ( 2 . 55 ) 

s s:' 

for c''fi . ,_· .., ; re,P'ctively; 1-r;, , ~ snd 

~ eppeeri DB in equett on ( 2 .53) ere exnressed b3 

( 2 . 49) ( 2 . 50 ) end . (2 . 51 ). The evaluation of the 

double integralS aver 8 , 8 ' betVJeen the liir.its 

0=<>-->_'1"·, 9 ':·- 'J o• will be e f fected ntlt:lerlcolly .by 

di vid i ng the renl)e bet\1een the t wo llntts i nto 

1nter'vols; the difference betr.een the 

unper end lor:er 11m1 t of both e • e' f<r eech i nter­

vel: is 1 0 de~oes. 

~he vnlues of the integrands a t the m1ddl.e of each 

I interval .ere t nbulet ed i n Table ( 9). Thel"e '11"8 '1 

diagonal intervals (11 =- &" J end 2J< 3b =- 7< non-

cliegon el eleJIBnt o (o =I= & ") • •rho volue 3 or If'., tr; • 
h;_ are f ound '00 be 

t he n 

K:. = cr /" .-6.)26 · ert 
K, .,. cr l .~ 1 :~.t-1 · Ls­

- Kz = ( 1
[/ JJ'f·21 

(3.27) 

/-'(, 1' fr'.,_ = . 73 6 78 ( 3 . 28) 
K 

2 \ 'd I n Tnblt) ( 4) it is noticed ttet n aver rJ. .rs, 



Taltl.e ( 9) 

e ~- e' L ulife UG6
1 

• M · ·e1 _ s .... es..,. • 1 ') Y:J(cd8tUJa uo~{L«$16tl'8~ iJ{LI1ll8tQg} ~ (Ch"'G-t- We') 
e 

5 5 12 .17tsl4 .01810 1.75080 97243 . .17364 

5 15 11.80815 • 05372 1 .69841 67171 • .18297 

5 25 ll.07936 .06772 1.59995 32410 . . 20191 

5 35 10.01363 .11906 1.46729 11167 . . 2) 055 

5 4!) 8 .64422 .14677 J. . 31645 28)9 . . 26808 

5 55 7 .01176 .1700) 1 .16560 555 . . )ll74 

5 65 5 .16638 .18812 1 .03295 88 . .)5596 

5 75 3 .16394 .20050 .93449 12 . . )9279 

5 85 1.06540 .20678 . 8821. 2 . l .41391 

15 15 11 . 44934 .15954 l. .64603 46920 . .19281 
I 

15 25 10 .74275 • 26050 1 . 54757123147 • . 21276 

15 35 9 .70962 .35355 1 . 41491 8238 . . 24295 

15 45 8 .38149
1 . 43586 1 .26406 2183 .1 .28251 
I I 

15 55 6 .79872 . 50492 1 .ll)21 448 . .32850 

15 65 5.00943 . 55865 1 . 98056 75 . .37510 

15 75 ) .06785 . 59540 .8821 ll . . 41391 

15 85 1 .03313 . 61405 .82971 2 . l .43617 

25 25 110 .07961 . 42538 1 . 44911 ll926 . . 23478 

25 35 9 .11029 . 57730 1 .31645 4524. .26808 

25 45 7 . 86425 .7ll72 1 .16560 1299. .3ll74 

25 55 6 . 37916 .82449 1.03.475 295 . .36250 

25 65 4.70019 .91220 .8821 55 • . 41391 

25 75 2 . 87850 .97222 • 78364 9 . . 45674 

25 85 .96932 1 .00268 .73125 2 . 
I 

1 .48130 
-



I 
-

I I o . e 
- -
35 35 

35 ;15 

35 55 

35 G? 

35 75 

35 85 

4!:> 451 
45 5~ 

I 

45 65 I 

45 75 

45 85 

55 55 

55 65 

55 7~ 

55 85 

65 65 
I 

65 75 

65.185 
7~ 75 1 
75 85 

85 85 

' 
I 

t8/flit U>l.u') I I 
-~ (u,~-rtla} . Cbl{l-ld (4J)sJ(f..Jd~ t.. fl:"l& ~;~ e -/1~Q~8 e 

- - -
8 . 23423 • 78)52 ,1 .18)80 

'7 .10796 .96593 11 .03295 

5 .76572 1 .11899 . 8 t$2J. I 
4;24A24 1 .~)805 1 • 74945 

2 .60166 1 . 31948 1 . 65099 

. 87606 1 . )6082 . 59860 l 
6 .135"/0 1 .19080 . 8821 

' 
• 73125 1 4.9-1703 1.37949 i 

I 

).66719 1.52627 I . 5986o 1 
I 

2 .24579 1.62666 , . 5oo1 4 1 

, '""'9 • I ;>..;.:; 1 . £)7765 . • .i47 75 . 

4 .0)717 1.59808 . 58040 

2 .97459 1.76810 . 4~775 

1.82169 1 . 88442 . 34929 . 

. 61345 1.94)46 . 29691 

2.19179 1.95622 . )2?09 

1 .)422~ 2 .08492 . 21663 

. 45208 2 .15025 .16425 
. 

. 82206 2 . 22206 .11818 

• 27684 2 . 29169 . 06579 

.09)25 2 .36350 . 01340 

1884. 

6ll . 

160. 

35 . 

7. 

1. 

231 . ! 

73. 

20 . 

5 . 

1. 

28 . 

10 . 

3 • . 

1 . 

5 . 

2 . 

1. 1. 1 
·1. I 
l . I 

.)06ll. 

• .35596 

. 41391 

. tt.7263 

. 52153 

. 54958 

. 4~391 

. 481)0 

. 54958 

.&0644 

. 63905 

. 55968 

.6J90G 

.70520 

.74310 

.72973 

.80523 

.84353 

, . ~8854 

0 .93633 

I 

I 

0 1• 98_66_a_, -;... 



Ta•le{9)con1. 

I I ~ I Z, f<j 7'Mrd 'if I .. Te.Jra.n~{ ~~ I I,fij7't.l "'" cf 
0 D ~(H~~t/ -{(l{~s,J) k;, K, -11; 

I 5 5 ~ .00008 . 00905 128.29 127.31 .01 

5 15 1.00072 .02687 277.44 266 .96 .17 

5 25 1.00192 .04-)90 241 .-50 218 .04 .39 

5 J~ 1 .003~' .05964 129 .16 105 . 40 . 38 

5 4~ 11 .00!})9 .07358 47 .16 33 . 22 . 21 

5 55 '1.00724 . 08532 1 2 . 44 7.11 .oa 
5 65 11.00887 . 09448 2 . 50 J . • 05 .. 02 

5 ,75 11 .01007 .10075 . 40 .10 0 . 

5 85 11.01072 .10394 • 07 o • o. 
1.5 15 l. . 00637 .08002 609 .87 569 .02 ].25 . 
15 25 11.0J.704 .13136 ?47 . !.S6 I 479 . 61 7.74 

15 35 1.0)149 .17955 ) 06 . 47 I 242.49 7.92 . 
15 45 1.04806 . 22)15 ll8 .29 80 .79 4 . ~n~ 

15 55 11.06476 .26068 33 . 22 13.41 1 .72 

15 65 1.07956 . 290) 6 1 7 .12 2 .91 . 45 

15 7~ 1 .09061 .31109 i :1 . 24 . )1 .09 

15 85 1 .09651 . 32172 2' ' • :> . 01 .02 

25 25 1.04575 . 21754 522 .97 429.57 19 . 43 

25 35 1.08507 .)0084 319.00 236 . 82 21.1.4 

25 145 1.1)070 ! 
' 

.)7887 1]6 . 83 87 .69 1) .70 

25 55 1 .17730 . 44828 4) . 58 22 . 66 5 . 7t.J 

25 165 1.21910 . 50588 10.6) 4.07 1.69 

25 75 1.25064 .54585 2 .10 . 49 .)7 

25 85 1.26758 .56704 .51 .02 .10 l 



]_ 
f) / •l(11~s...B) 

_ . , 1 I,.. ft.J7'() .,tf cf- l b. k J ra ·t~d 'f Itotft J r t>. -,..d a( 
- J, (t1>t.IJ,.,Q K f(. - 112 I I) J q I 

35 35 1.15947 . 42260 219 .99 ~47 . 62 26.)8 
I 

35 45 1.24721 . 54152 ll0.02 63 .72 19.3"/ 

35 5 ~ 1 . 3384o l· . (,5176 41.65 l9 . 57 9 .53 

35 6? 1 . 421~0 .74545 12 . 22 ~ . ~3 3-33 

35 75 1.4e497 . 8141.2 3 . 00 . 64 .91 

35 85 1.51938 . 85054 . 48 .03 .15 

45 45 1 .)8718 . 70736 66 . 32 33 .16 16.91 

45 55 1.53541 . 86745 31.25 12 . 67 10 .z3 

45 65 1.67286 1.00808 11 .78 3 . 52 4. 55 

.15 75 1 .77929 1 .11369 3 .69 . 67 , . 58 

45 85 1 . 83751 1 .17065 . 8) .05 .:;7 

5~ 55 1.74790 1.08275 18 . 38 6 .05 6 . 50 

~5 65 1.94818 1.27756 9 . 24 2 . 24 4.50 

55 75 2 .18534 1.42711 ).52 .52 1.39 

.55 a; 2.19198 1.50867 l.Jj . (>1 .75 

6~ 6~ 2 .21135 1.52683 6 . 63 1.18 3.76 

65 75 2 . 42014 1 .. 72130 3.41 .)7 2 ' I ' I ·-'" 
6:; 85 2.53606 .1 . &2842 1.911 . 0 7 1. . 26 

75 1t:> 2. 67180 1.95)27 I 2 . 21 .J 5 1.51 

75 85 2 .81~24 2 . 08192 2 . 53 u. 1 . 80 

85 85 .2.96675 2. 22298 I 2 .91 o. 2 .16 I 
I 
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f irst neighbours . v nishes. i.e. 

( 3 . 29 ) 

· nher e unit vector 

along the line joining the ool ccules t.. , cJ.. • Then 

't . . t 

""5 'l ~.-'] - it- - / 
....c- k,.. -- ~ · s s" cf ::. 1 J S S' 

(3 . 30 ) 

P.('' A.t' 
~umm1l16 r over f irst nei Bb.bours ~1 ng eqoo t-

s s, 

i on ( ~ . 30 ) ono obtains 

( 3 . 31 } 

For fur ther r.ei ghbour s II,. , 8(1 • II , /) are 

given by (2.12) and ( 2 .13 ). ~ in~ . far 1oe, A ia 

ver y onsll we ~ey . neglect its s qvs r a and higher 

po t;ers • end so 

F ( Ao A ) = 11 ) f' ( ~ fl) = 8 = - 2 II / +h e 't\ 

- t1:: _j_.!._ L 
f! ~ t'f t 3k T' 

L -= - 2 H 

whe~ R is t he di<J t nnc& o:f t he J"''ol e cu.le cous i dered 

fro c the r ole oule token a s cr t g i n • 

• teg l ecting seccnd and highor roocr a of f1 i n 

t he do uble i ntegrals r or Fr;, , K,. 

I( -- ( 

f( rie obtein 
l. 

( 3 . 33 ) 
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~here fore ?.''' hJ..' i'or seco nd on:l higher neighbours 
J '5-

r;ill be g iven by ' ( f rom (2. . ?3)) 

_j_ (/'t.t). '_ ~ __.£. ( - ! 1::-. cj t:'i') ( ~ . 34 ) 
fl. t: S' - -(ZJ~Jl· iJ·Jjr/' ~~ -- J .f I ' 

n eu.ecb~ i ng . ao(\ordi ng to ( 3 . 29) thnt t~ s um on 

t he rig ht hand side oi' ( 3 . ~) vsniobes f'ar f 1.rct 

no1..ghboars . i t i s seen tha t the s um of t he left he.n d 

side f or aeoo rxl a nd furt rer n.ei ghbour:- s ts 

) ( 3 . 35) 

usi nR the def i niti on of A g1 ven by ( 1.39 ) , 

c 1 . 59 ) . 

Combining ( o . 31 ) , ( ~ . 35) one ~in lly obtei ns 

Ex})r essi ng 

0= J [1-t Jr tr;fh"i. 1 0 .3 #-'(, 
(3 . 37 } 

s = 
~ _x 

" ~t+•l P( ~T' 
( 3 . 38) 

then 

( 3 . 39) 



By use of ( 3 .6 ) . (3.25) end (3.281 one obteins 

G" = r 3 t 5 7 o 
S = ·136o~7 

d 

( 3 . 4 0 ) 

To cal ca.ls te 'th~ dielectric com tent from equation 

( 1.53) •• errres s it in the farm 

whe~ F'(A.) is a :funoti on of r;he tens or A , t hen 

~u-t = J ,[. F {A ) 
.] 2.5-t-1 

31 
0 

The non cUll gonal elements crf the tensor A and 

thereftre of i vanish . 

~inoe Li.,, = t-r 8 

ta:tn we oen exrr ess 

a : ,_ 2 8 
JJ 

!£:' = . ~ [F (A ) ] 
J z..r +t A. : t • 

: - :!~~ , la~ F (Ll) ]Lt.,· 8 

(S e e ( 3 . 14) 

(3 . 43) 

f 3 .44) 

Equn ti ons ( 3. 44) csn be express ed i n the :form 

( 3 . 45) 
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4 ~ _ ~ r-L -t <---;t4f! .L. a -f _, ../!...t s] 8 C3. 46 ) 
2. i()-+ I L (!-;! f}l (! -~f) l tJ.Jk T 6 (! -;1f!) Ph7' 0 

S ubs,itutill3 rrom ( 3. 45) i nto ( 3 . 46) one obtains 

- ~ .: __!.._ [:JfJ -1) _,.j?(io-1-~) ]+ _!_· · _f}_ · ~ ~ 
J3 (!-(!f) • · f_ jSf) tJ.3kT 2.IoT/ 

( :1 . 4 7) 

Putting 

If = .zo&t 
( 3 . 4 8 ) L = II· s--a glt 

.:Jt1t:7' { 

and substituting fer Qc. froo ( 3 . 4 t ) . equati on 

( ~. -1:5) b cco n:cs 

I ·Si 7SJ()l_ 19Cf·3]ols 2
0

- I · 'ttl.2. = o 

giving 

Also from ( 3 . 40} (~.47 } {3. 48 ) etAJ ( 3 . 19 ) 

- Ll =-· • ~2 

.By u.se of equa tions ( 3 . 43} ( 3 . 49) sm ~ 3. 50 ) we 

finally obtvin 

thb non-diagonal elerents vani sh. 

One noticeD fro m t his r esul t ob~oined the 

follt~wing; 

( 3 . 49) 

( 3 . 50 ) 

Olld 

(i ) The dielectric constant along the exis is sorne~het 

bigger than t ha t f'er-pendioula- to t he ex1s ; i n spite 

of t m :fact t ha t the r esuJ..t ... c:f sll the oxreri~mnt s 

available do not dis t:i~llUish betneen t he vel ues s1 ong 



t ile axiS !lDd t hos e perpendi c ul to the axiS . 

(11 ) The value of the dielectric c onstant celculeted 

i s higher tbl'1n th t given by t he most &oc nrato ex ­

,er1UBnt s . or.d ~h icb ..:e used t o cal cula te the tens er 

Q • Thi s ~&Y be explei ned by our esaucr tion 

t hat t he ~:oleov.l.ea i n i ce a re f ree to r otate . ~hare 

rmy be 3 0 tro res triot.ion on t he rot sti oJ'l3 of the 

mol ecules which wi l l looer t he d 1el ec t r i o constant .• 

Res tric t ed Rot s t1 ons . 

I r). tbi.D soctt on ne s~ll. oomidor ony molecule 

i n t ho ico crys tal to hew only 6 dofini te ori entat­

i ons . The r otati on of the .oo~ecules bot \'feen 'these 

crient nt i ons cen e i ther beppen i n an or der ly \ ey , 

tha t 1s . a t a ny i ns tant the ~le cule s Pr e divided 

i r.at o grours wi t..h s i mi l £1: conf1gurat1 orJ3 . cr i n .o dis ­

orderly wa y . The f ar n:cr case i s the mare probable 

end will bo d e elt ith i rl tte l ost Cr.apter . The 

latter ca se ~ill be treated i n t h i s Obept er . just to 

show t h t it Vii 11 n ot. give 'the expected high diel ect r t.c 

co:cstert nemo t he tool ting pein t . 

I f § , ( s = 11 z1 31 't) are unit vectors along t he 

four l i ne s joi ni ng s mol e cule to its f our f i r s t 

me :fghbours ; then a uni t vector along the dipole has 

one of the 6 val ues 

(3 . 52) 



The cosine of t m engle between such o dipole end 

eit her I 

V3 
. 
• end ~ith tho ot t- er 

~wo lines it m ~s en a ngle \'llhce e cosi ne is - I 

VJ 
Three or t he six v ectors given by e qus t i on ( 3. 52) 

by use of ( 3.1) • are mutually per pendiotllDr e;:d 

or posite t o the other t Jree. 

ff be stx states of' t~· molecule ~ill be l abelled 

so t hn t the d 1 re cti on 

i s oppos ite to t he d i rection r:r • Tha s e ctntee ore 

s hov: n in Fi g . ( 13} f or the middle mol e cu1e end one of 

t he upper three molecule~.- ( By upper three \'; O rre en 

tho se i n red ple~ e in Fi g. 6 ) . I n r i g. ~ ) t h&y are 

shown for t he mi ddle molecule end t he loner nolecule . 

\1e cons ider the mutual potentiel e lll!tr gy 

between t he m1 ddle molecnl e i n s t ote ,. and one o~ tt:s 

:first rei fJl bOut'S in state 
, 

rr- • I t i s cleor t h£t 

v'(./ .:- ~ / 
~ /!') (7-

s o t hat \, e need onl y wr i te down th e 

energy tensor for • Usi ng t m ex-pres s -

ion fer vv given by e qunti on ( 2 . 39} . we mey write 

- ~~/= 
kT' 

The term oonteini ng ~ hos been omitted slnoe 

c.,r.}·r; = J f or- Ell orie nt eti ons of t he rnol ooule . 
:1 

;ror the mi ddle molecul e end one of t he upy;er tlree 

t 
_, 

-;) 
J 

I 

- I 1 tr.> i cr..~ .= j J ( 3 . 54) 

l I 

J J 



3 
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enl for the mid dl o und too lo\-:er molecules 

-1 -)) 3 

Cll) 0 c~8 '.= -1 _I (3. 55) 
J J 

_ I I 

3 -1 

·The tens w a W' , W 
1 

f or en u..rpe r . end t he lota er 

molecules respectively c an then bo writ t en . fol l owi ng 

equettons (~. 53) ( 3 . 54} ana ! 3 . 55) 

1 L-t l H , - 1 L + J M >- .1 L + .J f1 
.l J J J J J 

- v.l::. -1L -t1t1 1L-tlf1 1 L 111 
1\T' 3 3 , J 1 7 3 - 3 

( ~ . 56 ) 

-jL-+]11> jL-j M) }L-t j 11 

-l L+ ~ M, -1 L-.1 t1 , - 1 L-1 11 
"3 3 J J l 3 ( 3 . 57) I 

- vJ = -lL-J M, -.l. L-tlM,-JL-.LH 
k-r J ) J J 3 J 

-~L-l M) -{ L -1 11, -1 L +~ 11 
.. J .s J l J 

lustog fer 'the -m-obe b1lit 3 Dolt 'ltiJH1 's expression ( 1.17 ) 

we may \'trite the JZ'Obebility tens c:rs l 1 ('
1 carres-pond­

~ng t o the energy tensors vJ • W' 1ll t he form. 

f,, f,l f,l f..- f.t ~ 
ez. f,, e~ r:i" f,- t:T. 
~l. f,c C:, ex C:z P,, 

f,r f.i e! f,, f/-z. f,l. 

f,~ f:r f,z f:z. f, f,i 
e,; ~z. e, Prl r:i ~ 

(3 .58) 
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Where. using fer L, t1 the values g ive n by ( 3 . 26) 

( 3 .60) 

16 e' -::.~coo~ ,, (3. 61} 

3t e' ':. . ooot4-
tz. 

- · 
rre no w comidcr t he averQgc l'' t , V4h&re f is t he & J 3 
comnonent elo.QJ tho e:.:i.S ~ t ho ico ol·;ystel , for the 

m1d dle oole cule am one of t he uprcr three col c(!ules 

It t_i ... -J I>,_ [ 6 e . ..,. k' t:z + " f/z - 6 r;, - ~ r; 2 - " f/z. 1 
l l 

= i l [s ( f,- er ) + 2 ( f,,.- f:z- ) J ( 3 . 62) 

e nd for tho middle and lower mole cules 

,;, t-' -:::. J /,l [- b ~:- 12 f,: -t C f,; 7 tZ f,~ ] 
.1 3 

= 2 f'l [(~~-e.: J -r :t (e;r --P,: ) J (3. 63 } 

::> w:JDi ng f.C! ' f!' over t he f our fir s~ ceigh boars 1:ben 
J l 

Ne glecting !/' y.' 
J !] for further neighbours , we oo t ain, 



. I 

by use of e quati om ( 3 .6·0} ( 3 .61) end ( 3 .64 ) 

c, _,- J' 
Q .. ~1 -~f. .. fi,~&j~ ;::- -) Cflii ? ( 3 . 65) 

..>ubs t it utlng f er th i s val ua of Qo i r. ( 3 . 45 ) 

ne obt a i n 

l· 'l 378 i.2 - 2 - oJo~- l .. - f-L,.J'2.'l.. = l:f-0 · 9o7ft. lo 

g ·v i ng 

( 3 .66 ) 

whloh i s r:1uch 1 ower than t he v til ue \ e m ed r or t.he 

oel ou, _a t i on of L • f1 • .oom el y 
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CHA.PrE R lV • 

AN EXPRESSION FOR TH:;: COIDWLA.TIOIJ COZFFICD:nT Q. m 

LIOUI DS AlJD T1IB EFFECT OF THElUL\L VIBRAT I OifS nr SOLIDS . 

An Expression of ~o for IAouids. 
- ·-

~he positions of the mo~ecules , in the l iquid 

stat e , oro neither fixed nor confined t o certain 

volumes . A single o ol e cule \rill be assumed to have 

t he same probability of occupying a~ pooition 

throughout the liqu id. 

The tensor 1..c•i /.'/ • def ined by equat ion ( 2 . 53 ) 
s .f" 

(t/ rlill thon depend on t he sir.ru.l. t tmeous posi tiona .£ • 
vJ.' "" of the tVTo mole cuJ.e s '-i rJ. 1n question. 

'?he tensor Q will then be G.ef'ined by 

N<·'Q <= .L N(., r . -t .z I rr 'tci e'l(~ ~/ J c?{ ,t (!~~/ 
W J Sj •;J" J J IS ' (4 .1) 

(usi ng orthogonal axes ) 

~'lhere 

'' ) 
IV i s 

is t he pr obability t ha t two mol ec:ml eo ~. ·1 1- occupy 

~ posi tiona ~ 1 ~ s icu1tnneously. Since both f1 

and t1 fi depend on the dif fe rence .5 - ..1/ • t hen, 
"'w 

integrc.ti:ng over )! in (4 .1 ), r ctlecbor ing that 
(•J 

the vol~c oo6upiea by N colecul es is 

obtain 

(4 . 3 ) 



Substituting f er ci/f:l } f.ron (2 . 53). the integral 1n 

( 4 . 3) beconss 

! {I K .. j - (!<t- 1 ~<;_ )l::sk.']e'J.(I\.)1\tdAIR 
~ R;, H ' 11, 2 K., • 

: .,l SJ\, f(K~~) e '~-rA.J ~~.l e~ IL 

.·.rit1ng 

/ .. 
er"-> " ~ c;' /llJ 

'I 

( 4 . 4) 

far t he rroba b111ty t het any t wo moleouJ.~ s be f'c.UPd 

sinn.1~teneously nt distanc~ A c"PSrt . ti'1en b3' u.se o:f 

(4.5) and ( 4 . 4) eqcn tion {4.3) be eon:es 

(4.6 ) 

Si noe tbe liquid 13 is otro,ia .e T'ut 

nnl t oo d 1oloc1:ri o oonatant ti i 11 bn g i vsn b!"' oqoo ti on 

( 1.54 ) ohol'~ Q, i s given by ( 4 .6 ) . 

~ • fr; • end H;_ are f uncti o.os of ll. srJd er e 

given f ar lst neig hbour s by e,q t1 ore ( 2 . 4 9} ( 2 . 50} 

end ( 2 . 51) . 

1•• r f arther neighbom- s n e s he l l neglect frl+ 11':. 
k'o 

end t heref ore t he integrf!l 1n ( 4 .6 } 111 bDve the 

Ul>Jlilr l i mit n.
1 

• i ns tesd of t:>4J 

The exl r ession .L <r rre f"-) 1\.,_ olA 
/V 

1S tho numb«t' 

of moJ.e c ... les \-:7h1ch l ie betl'lean s pheres It end ft.+ d ll 

rolllt ive to the molecul e a t tha centro of the aphcre; 

calling thiS exproess io.n h1{1t ) ,/11 then 

(4 .7 } 



Let 
II., 

'J- = f "1 ( "'-) dA (4.8 } 
0 

'be the oo-ordinetion nu:ml.. ero , that i~ tho nwribcr o f 

f i rst neighbours , then Qo ay be ven onyr axi c etc1y 

by 

Qo -=- f [ 1-t} (1-f,~ fh ~:A J ( 4 . 9 } 
• 

when? h
0 

is t he v s l ue £cr wbi<;-h M f"'-) is greatest 

or mare correctly given by 

ll, 

It= J f ll.~(ll. ) ol!L 
0 J d 

TherJIII l if1tret1 on.s 1n S olids 

I \ll If x i s the u."ldisturbed po~ition of s oole -
o> 

ou.le ( 1 } i n a cr~stsl 6nd ~ its t hern:al di spl~ce-

mcot, t ilen 1 te position vector wi ll t>e gl. vcn by 

( 4.11) 

" e sssut~ e oerts i n thermal oon:fi gur ati on of t he, 

whole set o'f :nolec ._l es end ]rOceed i n tho ero ~oy 

ea we hove done i n t he secom secti on of Chnp'ter J. 

I r.=: ta e of e qoo tions {1 . 40} en1 (1.43) , \?e have 

( 4 .1~) 

(4 .13) 

The tens or A1 
appearing i n these eqUDtiore derends 

I 
on t he new po s1 tl ens x gi VA n by ( 4- 11 ) -



_,.,_ 

Tho 1trll ge f i a ld 
yJ 
t/Js Viill der e cd o, th e gi ven t her t::.al 

c on f 10 ur r tl on , FJS v.ell s s on t he ccnfi ! nrt.ti o!' of the 

di poles . .r·or .r:.1r t r e rrcc&.uct , end 

eva.,gi ng o7er al l the Ol'ioot t i o!lS of 'the diPOlea 

l6 E1V:l. 1 tho t hcrr.'lel. con:figurction ns it i s . n e obt s i n 

{ 4 .• .!.4} 

Ot h er.- ter m::J llihinl' t7i~l vn.nis h o:ft ar t hor:nal. 

. averagi ng nro ~~ittod . 

';..'hZ> tou:l01~ c/ . dc ii nod 'b:1 ( <: . 2 ) ~ill nloo de r e nd 

on t he oo ,.: posi t 1 olt:1 

If • go :z:oy e.x, nd t ba t en sar- :J " 1-' i n 1 O:J or~ of 

t he ~hermel displr'ce rent s es foll <1? .s 

(4 . 15 ) 

{4 . 16) 

( 4 . 1 '7) 

end t he tens crs 'i. tt.s,, aM define d b:; e qus t i ons 

( 1.29). ( 1 . 59 ) , C 2 . 5c3 ) (2 . 55) md { 4 . 2 J. 

~ho t om ars ctl'- 1
' ) (_,f' CJ! ).,-I) npr e m-1 rl6 ! n 

e qODtion (4 . 14 ) oen bo expanded , wi T. h t he help of 

( 4 .15) end (4.16 ) i n fi rst ond seoonl potver s of the 

thermal diaplDce~mnts. 

I f is t he mutual poten tial ener gy 



betneen moleoulos i. ana d then t o mut ual oter,tial 

ororgs of the ~hole crystal io 

(4. 18) 

wmro 

( 4 .19 ) 

Tho r:robsbili ty of' tho gtw n t bormal uior:ln co ­

n::ent is 

(-1 . 20) 

whore 

( 4 . 21) 

io t ll:l aetornioont of • 
Follroing equatiom ( :; . ~) ond ( 2 . 5) oo hevo 

- •. -/ . d 
(lfZ) ( 4 . 22) 1< f}lt = -2}\T - · 

4 S' d~<'J 
ss ' 

By n.se of equation (4. ~1} \1e obtsin 

-,.-A. k T' J Z"' . - t T("§-1) ') (4 . 23) tUtU- - -- -
S S'- ~ (}2{/. H ' 

N' H' 

t'Jhore ~-I 1o tho reci t:r ocal of the Jm trix ]; • 
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8 i noo t he average of terms lir~e sr i n the ther c el. 

displace cents vanish a ll! t he averages o:f qm drst ic 

tere s . accordi ng t o (4 . 23) are prop0l" t1 ona l to the 

temperature • \18 may t1rite 

(4.24) 

(4 . 25) 

The tenser ~s- de endS on the s truo t ure of tro 
crystal s t'fOll es on t he farm of t he r otentiol flold 

of s r:olecule . Tho tensor '7. derends i n odd1 t1on on 
Sj" 

the temrorature T. 

oceedi f orn equa t 1 on ( 4.1~ ) i n the sam \'JOY 

as ne hove done in the oecond section of ChD1=ter I. 

we obtain. i n ;te9CJ of ( 1 . 53) . 

(4 . 26 ) 

F at" on is otropio crystal . putting 

(4 . 27 ) 

.1..e -l eoti ,.,o second ar.d hi'"""'er pcmers or ~ "' we ou :>. J ·1, 

one obteim 

(4.28) 

Putti ng 
( 4 . 29) l .:: 

u 
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nhore z_(/J 1s the excess due to the t her z::el mot1 on . 

then 
•C. J I• J ~I 

{ J- J - ~ I.J-t 'l.. - :u. 
~r-r 1 

In the partioulm• case tJhOn / ::o "' 

(4 . 30 ) 

S i nce ~ is i ndependent of T. the lest e qus t1 on 

1s i n ngree1rent t;i t h tile exrEr il.!l)ntal result s of the 

slightly 11nenr i ncrease of ~ \11 tb the temperature. 
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CHAPTER Y. 

THB TRAIO I TIO.N mo:.: ~ ROTA'il .t..J TO P!L.D 

OF FOUR lJ LJJCU..J!;3 I N T.im t>li:LID 

STATE. 

Experimental ~Vidence . 

~be dependence nf t he die l ectrio oons t ont on 
(22} 

temperature for n1trobenzin e • as sho~n i n Fig. ( 16 } 

sh~ s A <Jisconti nu1 ty t t he n:e lting p oint. The 

d11'fere noe be tween t he diel ectric c onstant of tbe 

liquid end t he solid et t~ z:slting point 1c so hi gh 

the t it c annot be ex r :ts i ned b;~ the s lig ht o~nge of 

volur:.e on t t-e transiticn from t he liquid to t he solid 

state. ;:>u.bstonc os ~hich sho." s imi lar be haviour ore 
( 14 )( 24 ) ( 1 4 } ( 26 ) • 

elDI!lonS.. • ec ot one nr d n1 t r ooet hane 

Tbe discontinuity i n t ho d iel ectric com t ont may 
( 2..5 ) 

occur i n the s olid s t ate ns for hydroohlcr i do co1d 
( 14 } . { 2 6 ) 

( lri g . ( 18)) s ud ~:e thyl a l c ohol • 

I Thor o i s nore t han one di s cont1nu1 ty in tho case 
( 24 ) 

of hydrogen sUlphide (Pi g. { 19 )) . :mel fi nally in 
( 6 ) ' ( 22) 

the c ase of wetm- ( Fi g . ( 17) ) . t '.e re is no 

f isconti nuity i n t ho dielectric cons~a~t but it 

decr eases rapidly to o nuch l o\ier va1 ue. 
{.'t) 

Tho spoc1f 1c beat s of fi C:.t o d f~S aha;; corres pond-

i ng transitions a t o trans ition t e mreratur e th e s am as 
( 4) 

t t of t he d1 electric c ons tent • Fer phos nb1ne 
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t her e are tl:ree trsns1 tl om in the solid state. 

Thls elrnpt decrease of tl:e dielectric c onstant, 

either at t be oel ting point cr i n the s olld state • 
( 9 )( 10 )( 19 ) 

was explained es due to e t r ansiti on frcn!l 

free rotations of tm IDOleoules to fixed or1entot1 ons ; 

s:mll rotot1 onel osc111s t 1ons round the <J e fixed 

or1ent ot1 ons occur s i milar to t he t her ms .i vibrations 

of t he molecules . A tbcrou{#l treotne nt o:f the sub j ect 

t'71th regard to the ~erinents end expleneti ens was 
(21 ) 

given by S mythe • 
flO) 

Frenkel , c onsidered [ii t1he ~ 8 is the 

angle of vibration of e di pole, as n c easure of t he 

degree o1· dis order; whe n this at"&eim a oertnin 

value ( .f s ;ay) it pesses to e state of comple te 

dis order (free r ot et1 ons) . Fer a s~ys tem of dipoles 

be uses the mut uol energ~ between the di poles i nstead 

o'f the avar"age field adopted by others . i sys tem of 

lineer dipol es vibrati ng i n one pls ne Yloa treated i n 

his book. 

ue shall adopt the see idee es his . treating 

each d i pole as vibra'ti ng i n t wo d i rrensiom ins teed 

of one. 

The Di electric Cons tout Beltm th o Tram i t ion Point. 

\ e shell cons ider the di p oles bel~·; the transition 

J)01nt es vibrating round certain tr ic ::~t ati om . r egulai'ly 



- 83-

arranged throughout t he crystal. As pointed out by 

Prenkel , t here y be I:lat"e t hsn one of s uob erranJe-

rmnts end t he y y pass fl-o c one ar rargement to 

another. .1e shall only celcul.n t e the electric I:lonent 

far one regu~ar errengei!B nt. The electric moront f or 

several orrsngement s c an t hen be :found easily if we 

know t he rrobab111t;.v o'f ench orrsr:g ennnt . 
'J Let ) ' ( r .: 11 21 3 ) be the oo- ordinn tes o:f1 

(?" 

a u.ni t veotOl" along the di pole referred tO orthogonal 

exes, one (rr ""' 3 ) along ta, st et1 onery erie nt nt1on 

of the d i pole. then 

(5 . 1) 

If we r egard 1 1 then 
.rJJ 1 con 

be written 

cJ1 cl; 1 .1tj~ 
~:: 1- i ~ - i 1 

( 5 . 2) 

t t l-A. nd "- ciJ Xa) up o ~ seco pocor .I.U .x; • 1. • 

r 
Let ~ (c j (s~ ~2;3) be tta co mponents at' o unit 

vect or olong t he axiS r:r- o:f t oo arthogonol set of' s 

moleou.l.e (. • referred t o t te cr ys tal axes . 

~l;lo components of a unit vector , sl.ong the di p ol e. 

referr e d to tba crystel. axes . will ttcn be 

.1. r (t' I 
,x.lrd = 2- ~ f tJ xt'-

s . tr: I <> 2 
~ (I- <t ·, !){'l I , -y v(.ti 

- / 3 ' ,., - ~ 2 I. ( r j X -.! [ (()L- /\ 
- S ( .) If"": I S I?" 2. f ~I rr 

(5. 3 ) 

( 5 . 4) 
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S1ooo the lEUl tel'lt mo1ren't i:n the absence ~ a n 

external :field is zero. then 

(5 . 5 ) 

I ) I I . 
SUbstituti ng for ~ ( 1 . • 1 (t'J \ , (J ) :fE"OI:l ( 5. 3 ) 

I ( 5 . 4) into the expres s i on fa: 111 give n b;y ( 1 . 35) . 

then eq t i ng the linear terms 1n ~ to zero . ~1e 

obtcln 

(5 . &) 

By use of equations {5 . 5 ) ( 5 . 6 ) \'Je obtmn far 

W {Considering only di p olD r 1hteract1ons) t he 

exr r ess i on 

Putti ng 

rx: ~· = _L 2 ('L ~ q J-1 y/ lt~J ((7-fcJ ) 
rrt~- O('Fl't-s'IT f Js' J I 

{5. 8 ) 

( 5. 9) 

then 

(5. 10 } 
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The probability for o give~l confi guroti on is 

givon b;> . , . . 
N 2. •J l l j ( J. J J 

(.=~Z = -V)(b.L J2-2 ~ X X, ---:: ,.\ )( r L 2. '/ IT!I ' ()'<>' ~ tfq- If- r 

deter- minont of 

elll ( t>l1 ) i s t be rec1 pr ocel oi t oo 
!ror., ( 5 . 12 }~ tm averages of 

ven by 

? Z 

elso w by use of {5 . 3} . 

terms l i near in E 1 e ob'tsin 

fiJ ::- - f .2. t_(, ·) :?-,( oll/i, ~ // 
J ~ ct .S f rr I'~ P' 

wherG 

()(') is g1 ven i ns t esd of ( 5. 8 ) , by 

and 

"'"'' . . / 

c). _ _j;_ 2_fq - tJ,tQ. ~ ~"'(cj <,'"{1) 
0(~.,. ,- cxt:T ss,V! 6' Js 

- _t.:. IJ / ( ~A ) 
dt.Jk? ,.,. , 1 

(5. ll) 

i.E! trix 1><. • 
c' J. ' x x / ore 

P'- If-

( 5. 13} 

( 5 . 14) 

( 5 . 15 ) 

~ 5 .16J 



1111; 
2 .!. -j y· p- • ~~~ • c = N..L.,., .. ~ I A ) t (tj .f' I} 
l 

,.~ ~ ,..., t 
rv 

(5.17) 

then 

2. - c,·, = tl~~ 2 IC Lf1 ) .c: 
p ' . '- ; S.S' s .. - Is .. 

(5. 18 ) 

By us e ot' e qua ti ons (1.46 ) snd (5,.18 } om :Jbt ai ns 

{ 5.19) 

'Us··~j the a ef'i niti on (1.52) far 7} VJe obtai n the ten-

a or e<tueti on 

Thi s 

c 
c 

.;t-' A-.2. £ C 
l.-1_ ~ [ I + 
J - zl.·r! lyi/A.-1 1-/f f2t1 

equation i s t oo sae as (1.53 ) 

replllc1 ng the tens or -.£. a 
1111,f:T q 

is indepe ndent of f d1" I 

~·or isotropic solids 

c 
I> 

] (5. 20 ) 

With the tensor 

• From ( 5 .17) 

• 

( 5 . 21) 

Using the feet t hs t the st ationary orientations 

of tm dipoles ore r ogul erly distributed ne may refer 

to a molecule '- by meens of two 'letters A1 k ; t he 

f'i :rst defining the unit cell am the seoo oo a psrtio-

fls (' ~~} ul.er ooleoule i ns 1d e tl:e unit cell. Then -< r<: 

is the same far ell ~ am this will be written 

.fa1(!:.} , elso we nB :l el:T.Iroos 
s 

(5. 22) 
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'~he oond1tions ( 5.5 ) am ( 5 .6 ) ann then be 

(5. 23) 

I f t?z i s the number of di p ole s i n e uni t cell than, 

:tro m ( 5 . 1 7 ) 

~here, s coordi ng t o (5 . 16 ) and {5. 22 ) 

J t s bil11;V .Bel o , t he Tr ans it i on Poin~ . 

In the absence of en externel f i eld , the oo nfi g­

uretionsl ~robeb111ty, instead of ( 5 .11 ) nnd (5 . 12 }, 

i s gi ven by 

z ~ l" (!;_ r )' N'.'; ~ 
L l o< I 

(5 . 27 ) 

I nt e et1 ng eouati ons ( 5 . 26 ) aver all x exc el>t 

(5. 28) 

( 5 . 29) 
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By uno of ( 5 .1~) and (5 . G? ) ,:ne obt ..,i ns 

j .il x''i 
(!'-- ~ , = 

-I) <·c.. 
( ex ll"-P-" 

) 

n.."kl fro ( S . 29) 

xtiJ x('' = (/-r )rro-' 
" (!>-" 

{5 . 31) 

One sooo :trom ( 5 . 30) . ( 5 . 31 ) t .1rt tm tons ar ~tiJ 

aprc n~ i n f 5. ~0) i n the roc1- rootil. af tm 2 J 2. 

t enoor (_ t>Z 1 ) tl.. • ,·, coordi ng to eqoo t1 on { 5 . 28 ) tho 

P'O jc cti ou of uni t ve e tar al ong t he a1 nol o on o 

lane nor ... l to its ototio · ey orient ation heo t.he 

pro bsb1lit y over30boro on t ho ourv-o 

( 5.3~) 

'.i'bi a i s en ol l i 'f)se ar by or bolo oooordl. ng on 

I fo·; I 2 o ( 5 . 33} 

I _.e(i) I , 
cr . si noo /"' ::: / (t£'yc ·; , t he co 'l lti on ( 5. ~3) 

i s oquiv slo nt t o 

'.i'horofarc firs t condit i on for ba~monic os cill t i ons 

roum s t oti on r y or i ont ati 0113 1D 

I c_t>Z' J''' I > CJ ( 5 . 05) 
f or a ll (.. 

If 
(IJ aoi t he oe - rnD j ar o1a - . ::lnar a! • 2. 

ore 

IBXOG roo actively of t he e lli pse r 5 . 32 > [ tr c,·, 1 > " ] • 
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then 

(5 . 36 ) 

is a radius vector f rom the centr e 

of tho ellipse (5 . 32 ) to a point on it. 

Since the e l ement ar,y volume bet~ecn the ellipses 
/!p't /1./(;~ j t2/t'l _JL_ 14,/'j 
,~ and 'f/'o , PI is l/111,; 1 ~ v-t • then 

,,.1 
:Z:,;1 Ill ~~ /1.. ~ (~c·i) _;1 rU ~ q 4/'J 

c. = 11 ' /;1'' 1 I 'l 

/2,~ :::: (-;'/ J 'f -=- 2{ (_ ot 1) c't '/ ~ ( 5 . 37 ) 

is the average of t he squar e of t he project 

- ion of n unit vector a l ong t he dipole on a plam 

normal to i t s st~tionar,y orientation. It is clea r that 

tror a l l • t hen 

(5. 39 ) 

!tor all (' • This 1s a second condition for ha r-

monic oscil l at i ons round the sto.·tionary orientation . 

By use of (5 .16) one can re\vrite the t wo cond1t-

1ons for harmonic oscil lations 
l ((1-l J,.,. I > (:; 

.- hl 
2j(!J -t) ~"< "! ~ --- _L.... 

~1kT 

( 5 . 40 ) 

for a ll c • 
A trnnsition from rota tional oscillations to 

free rota tions will ha ppen at t he tempc~ture ~ 

given by 
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2/([' r · t''- c .A~ , 5.41) 

far too o test / ( ;-t} '' ·; 1n tho U!lit coll. 

It r::ay bo noticed froo ( 5 . 40) that tho b i goor the 

vnl oo of J end tte 1 ro er the t aiJY) r stur o. t~ o care 

otoblo is too ordered co:J.f'i gurst ion o~ too diT'olos . 

'i'he oxner i nsntol oonfirr.n ti on of this result hns 
(21) 

been noti cod by Jeythe • 

Ackna;; l o dgrmnt. 

1 oiJ h to thank ~ ofessor ~. Born i'a? tho 

i nterest ho t ook in too r:.:>or..::Jrntion of thia oor k . 

om far meny helpful crit1c1scs. I should olDo like 

to t ha nk .ur. n.s . Green :for a~niZtoL~co given t o m 

from t1 re to tirre . 

---....... ,. __ 
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