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INTRODUCTICHN

It is known thet if s plece of matter be subject
to an externsl field, 2n electric moment will be
induced within it,

The electric moment per unit volume, or the
polarisation, =t eny point is related to the field at
the same point by the relation

P(x): x E (%)
where x 1s the susceptibility of the medium. The
dlelectric constent : is defined by

Sz 1+47 X
Fassing from the mecroscopic to the microscopic
tghaviour of the matter, the electric moment is
actuelly the aversge of the separate electric moments
of the molecules constituting the metter. The
electric moment of 2 single molecule depends on two
parame ters, namely its polsrissbility“md its
permonent moment 5 . Thus one should be sble to
calculate the dielectric constant i 4in terms of the
moleculsor constents o~ =and p .

Severel attempts have been mede to relate the
dielectric constent to the molecular constants ~ and

p 3 the simplest of which is the Clsusius-liosotti
relation, ‘

-l em N
242 3

where N 1is the number of molecules per unit volume,
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The relation is supposed to hold for non-polar
molecules in the cese of steady flelds and for any
~ molecules in the case of highly alternsting fields.
This reletion which gives the same value s in the
licuid state &3 that in the vapor state, is used for
the celculation of the polarisability of molecules.
A simple relstion, including the permanent
moment p 8s well, is thet Ziven by Debye

PZ
N (x+ —
( KT ’

i-1

i 5
where 7 is the sbsolute temperature snd x Soltzmen's
constent, This relastion when applied in the vapor
stete, is used to cslculstie the permenent moment p, ;
but when epplied in the liguid state, it does not
give the sesme value of 4 as given in the vapouwr
state. For substances having highly polsr molecules,
the value of the permsnent moment cslculated in the
liquid state is much lower than the actual vslue,
nemely thet cslculated for the substance in the vapor
state.

This discrepancy was leater explained by Dobye(s)
28 due to strong intersctions between the dipoles.

Omagnu”) hes considered & molecule in s
sphericel cavity, replscing the other molecules by s
homogeneous dielectric. In this way he replaced the
effect of the interaction with the other molecules by
the effect of the image field. His farmula gives
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velues of the dielectric constant which are much lower
than the observed ones in the case of highly polar
substances.

Kirklood(ﬂ and then l'r&hlioh(m constructed
formulae which depend on the knowledpge of the relative
distribution of eny two dipoles, or the probasbility
thet two dipoles have a certein configuration.

One object of the ypresent paper is to construct a
formula vhich gives the dielectric constent in terms
of the moleculsr perameters o~ and p o« Since this
formuls will depend on the knowledge of the relative
distribution of any two dipoles, it will be a very
useful mesns of checking the sccuracy of the distrib:
-ution function of the dipoles, calculated by other
methods.

A knowledge of the distribution function of the
dipoles can also be used in csalculsting sn additional
average potentisl energy snd an sdditional specifiec
heat due to dipole internction; the effect of dipole
rotetion on the X-ray scattering; the hydration of

sslts and many other things.

— e



In the firSl chapter - 2 _ formule is obtained
by considering & biz cevity ccntaining meny mclecules,
end tius allowing Yor the effect of the dipole inter:
-actions snd the structure of the crystel concerned.
This formuls, which depends on the knowledge of the
distribution of the dipoles reduces to thet given by
Kirkwoo(:,for cubic crystels snd neglect of o< , but
for other corystels it hss a factor depending on the
structure of the crystel.

In the second chapter a method for calculating
the distribution function of two dipoles is suggested
by considering tle two molecules in question =s in a
cavity (or two cevities), finding the energy and then
coleuleting the yrobsbility for such a distribution,
using Boltzman's law,

The celculation of such a distribution function
will be carried out far ice in the third chepter, and
it will be shown to give a satisfectory value for the
dielectric constant.

The effect of thermal vibretions in crystels has
not been taken into account., It is by no mcans clesar
however thet the thermel motion will not materielly

affect the results so fer obteined, and for this resson

this effect will be considered in Chepter 1V, A
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farmula spplicsble to ligquids will slso be considered
in the seme chapter,

It is observed experimentslly that the
dielectric conatant decrenses very rapidly, 2lmost
discontinuously, for poler snhst_fnoos et a lower
tempernture, ususlly coincidest or s little lower
than the melting point of the substance considered.

(2) a8 due to & transfer

This hes been explained
from a2 state of free rotations of the dipoles to &
stete where the dipoles are in ordered configurations,
thet is when 2 small number, heve a certein configur:
-ntion which is repested throughout the whole crystel.
It wes essumed in the formulse so fer obtasined
thet the dipoles ere free to rotate, or in s state of
disorder. In the lest chspter the csse of ordered
dipoles will be considered, ss well os the stability

of such ordered configuwrsations,
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CHAFTIR I,

A BEW PRMJLA FOR THE DIELECTRIC CONSTART.

The Effeet of the Dipoles Interactions

Consider en assembly of A molecules confined
within » sphericsl cavity of volume | , ecusl to

!

7/’\_;' o Where N is the number of molecules per
unit volume, The space outside the cavity will be
trested mecroscopicslly es s continuous medium of
dielectric constent 2 , If the externsl field in
the medium at a grest distence from the cevity be
E then the field inside the cavity will be £
given by (1l.5).
Let the components of the field of the dipole

moment of a molecule / mcting on s molecule ¢

be
t:}. g'
2 2 WA @ (1u26)
where (\: depends on the type of axes teken snd will

be given in the first eppendix et the end of this

chepter.
The field components £ scting on s molecule ¢

S

are
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’ F J-
F‘: a{ﬁ% 57 .f:‘/“‘ ‘1027)

In this expression the image field, crested by the
moments of the molecules confined within the cavity,
hes been omitted. In fect, since we sre considering
a lerge number of molecules in the cavity, we shall
neglect the effect of the image field of the dipoles
on the configuration of the confined molecules.

The components of the electric moment of a
molecule ¢ esn be written, following equation (1.11)

in the form
+ o K (1.28)

Elimineting f“ between equations (1.27) and

(1.28) we obtain
«) E
O

or, if we define

A - (1.29)
then
Z% "J/*f = /"' « & (1,30)
Therefore
Z(A')v’(fﬂf ) (1.31)

J #5’
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where the matrix X is the reciprocsl of the
metrix ) o The energy W of the dipoles in a
given configurstion will be defined by

~.|"

- "}f, > ‘[F" AN P“)] (1.22)

L y
where
3“, = & '—el' (1033)
e ($=12,3) ere unit vectors slong the three

sxes of the crystel. From equations (1l.27) end (1.32)

one obtains

_W. sz‘,, 53' ZZ‘I\?L P“u‘ .t-u;ul,‘ ? ‘1934)

'- s o 3(;(; PJ*“I P;:) |
or, extonding the second summation over ":& *

v 8y 2 ;7 33

-,;%?;m Efe- 1)
Substituting for the velue of ,é_" from equation

(1.31) we obtain

~W.22 ' -2 229 3)4 K 4 st ? (1.34)

W22 P:"@x‘f' 5. SEe L (1.35)

{20 1 20(0 3¢ ls“-l 3'

to the first pover in E &
The probability P for the occurrence of a
given configurstion is given by (1.17). Putting

J 1)
Wa- wo W (1.36)

where W s the energy in the sbsence of external
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)
field =nd W(' s linesr in E’ . Then the probability
¢ 1is given by

( k ) (1.37)
to the first power in E’ s @ being the probsbility

in the sbsence of =n external field.
Substituting for W' from equation (1.35) we

obtein
r=¢3[r+,,' 228 Fon)E ] (1.38)
Because (;44 )? /1 bl 5 whe ne
As;1= ;Z f]‘:z{ ) (1039)

(independent of ¢ )

(See eppendix II ot the end of this Chapter).

equation (1.38) becomes
e {;[f-f-?_"%ta@ ‘),,- _’:] (1.40)

50 for we have neglected the effect of the
imege field which is not remresented in the express:
-ion for the rrobability of & given configurstion
specified by equation (1.38), But when we pass on to
find the sversge total electric moment of the confined

molecules, nemely the aversge of % /..f’ , Wo shall
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not use the expression for /uf' glven by equation
(1.31), but instesd, we shall use en exmression
conteining sn extre term resulting from the image
field; this will be shcwn in the following.

it 2“ sre the components of the imege field
soting on 2 molecule (i) which is crested by the
mwresence of the molecules inside the cesvity, then
the totel field scting on a molecule . will be

given, instead of (1.27), by
FiErg-222 4l (1.41)

flimineting F° Dbetween (1.41) and (1.28) one
obteins

i r ] ;
S A wEx b £ (1.42)

sf

end there fore S

: v , -
ﬂs,l:d%( L'(f{-ﬂx Es,-ro( t:) (1.43)

This differs from equation (1.31) by the addition of
en extra term dae to the imege fileld, Summing
(1.43) over ¢ , one finds

m Z{_A "65.;ut:+ot5::) (1.44)

B S L 8"’
y & limiting procedure ! yi 5 can be
shown to be equivelent to the spsce average of the
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image field inside the eavity. This space aversage
of the 1mage fileld is ahwn in the third appendix

to be equsl to &,ﬁ,, /u and therefore
y ;
2 = f;f-/a‘, (1.45)

Using equations (1.45), equation (1l.44) becones

2 2 B e pt ZUA, A

Hhat &

-f.-f .ﬁf;:) (= (1446)
For a cubic crystal one has the tensor equation
A= end therefore equation (1.,46) will be
similer to equetion (1.12) when only one molecule
was supposed to be inside the cavity.
From equations (1.,40), (1.46) one obtesins for
the product (o,dl_/*f the following expression

/

¢ B ek : DE. (1.47)
fdzf: os;/s’fA” 12_{} kT J g(jl r]

to the first pover im E’
The aversge vslue )ZF;‘ is the sum of g%/‘f

over all the orientations of the molecules,
Putting

e 7 ¢l 4
3 /:f‘ }%} gl ff‘ (1.48)
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the summation being taken over sll the arientations

of the molecules, =nd since 2 2 P = we
£ J’n'

obteain

L Ik Y2 3@At) E
o 27 2B ) e E200 ) 8] (10a9)
where

po, = (1.50)

Since '
AL

where P 1is the polsrisstion ,

then equation (1.49) becomes

3 -t ’
S ZE e B@AN EL s

But by definition

P: () y (1.52)

LT ‘353

then we obtsin

§-1. 32, _ﬁ_ A
3 2371 !/3, ﬂfx’ ST 7%;]] (1.53)
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In this equation the symbol Z represents a
tensor though the suffixes are not explicitly showm
while s is a number taken to de { = (£3),
also f{ is a number given by ict)

25,41
For a cubic orystal A=/ , dl.es A : 3.
also Qs A, 0 and therefore S _-5J.

Hence equation (1.53) becomes for this special

case

?
&) _ 3,12 3% P
o=’ . . S+

g st R {1.54)

-

The evaluation of Q as will be
geen in the next chapter, will egain depend on an
image field, and so on the dielectric constant.
Therefore equation (1,54) can only be considered as
a verification of the calculation of () , or of
the caleulation of the configurational probability of
the dipoles, and it cannot be used directly to
caleculate J ., DNaturally there must bee value of
S which satisfies (1.,54) but to find such a value

is a very lengthy and impractieable problem.



APPENDIX I

The Tensor A

This tensor was defined by equations (1.26)
and (1.29) for cﬁ#J' and J=¥' respectively.
It is required now to find an expression for it for
any type of crystal.

Iet f“ be the value of the potential at
the position occupied by the molecule ¢ due to the
moment of the molecule J. s then

G1 )
_ ;“’F" (1.55)
where the tﬁ« are defined by (1.33).
If /(’g- is the distance between the two molecules

considered, then

P2 BRI

i/
Substituting for ﬁ& from equation (1,26) and

for ¢U’ from (1.56), the equation (1.55) becomes

i _xogh oty
JZ(A‘; L/ ga}?g,&? (1\})/‘: )
then
J 9 X
ll ) S = — s -
(7 8 aeTox (@) (1,57)
g '
Since
fat 3 x4 xY oA
T T W% ?.rs'  d= s ) g



Mo % a _ 3% 9.4
(3 A )SS' E; $5- P.i- Js ;ll
J

5

Y
<,

X

@57

- o3
R,

Lo

(Y

-

(1.58)

(1.59)
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APPERDIX II

The Tensor -A

This tensor was defined by equation (1.39)

namely

.;"
A’s'= 0% AJS’

which is assumed to0 be inderendent of A
It is required to prove that

f[fm]“j{' = [f (2], (1.60)

where £ ()) is any tensor funetion of ) ,
£(A)  1is the same funetion of _A
To do this we start by considering P Ui

20 ., SIAN-SNA - 2 A

§r g

CA- ),,, ) using equation (1.39)

By successive pre-multiplication by A one
obtains

Z ) Pl )

597

and hence the required formula (1.,60) follows.
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APPERDIX III.

The Image Field inside the Cavity.

To find the image field due to the moment of a
molecule situated at any point inside the spherical
cavity, we start by considering a charge e
situated at a point distant ¢ < &, from the
centre of the spheriecal cavity whose radius is &, .,

If the potential inside the cavity is é » &nd
that in the dieleectric is 4,'5 then

~

1

[ N

=0 Vg=o (1.61)

and at the boundary of the eavity
g 2 ¢ 2%
=6 525 (1.62)

Fron (1.61) ¢ é can be written in the form

§= 255y Rlne) + 2 AN Blins)

Applying the boundary conditions (1.62) one
obtains

) - - s sl y o/
G mfl \ S+1 m+0
where :
o = =



)
(3
Fg

Fa4)

)
a5
Fg
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Therefore the image potential inside the cavity is

o2 &=t 3 (enMart P /wmd)

o0 &;—}
4 if;%’(:‘;?)"” :(j-;l‘} at-C:l’) P{“,‘) (1.63)

Since 5 s
X (4
Gl Y
ar) m+a o X & X

é,
then the image field inside the cavity is due to

(i) a charge - €¢4. i at the inverse point x- 2

o 2t S
(i1) a lin: charge of denaity_.e’ iﬂfﬁqx) from
X= % to x=o o (1.64)

So

We now consider a dipole x at x.¢, . This
is equivalent to a charge -¢ at ¢, and a charge
+e at &actip.,

In Fige (2) o4 represents ¢, and Y 4
reprecents _(_:;' i TR 8/ are the inverse points
of A , A’ respectively with respeet to the
hollow sphere. If ¢, :- ¢, £ then ¢ = ¢+ é@ﬁ)

The image system due to a charge ;¢ at 4’
is (1) a charge - ¢% -/

c‘f S+
=-€8. 1=t o 4
S 17 C,‘ ks Bt B
(1i) a line charge from g’ to infinity, The charge
%
/ Kol R s=l & /
between x’ and «x’+odx’ is Zi;@-uj‘(c;'f'?f)dx

where OX’ in the figure represents ' .
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Since e/x’s ex then the latter is
-2 gl o [
4 G‘"J( ) wdt. @ﬂj ) k) Ax

Combining this image system of +¢ with the image
gsystem of -¢ at 4 we obtain for the image system
due to the dipole, remembering that (88')- .Zx: A1)

' i ’
and (KX)~2."1(/4/’ ) .
(1) a charge ':f:'.@';?:)tf""'b) at X = .:_*f
A=l &Ny
(ii) a line charge zt'::r density 75,‘?.(%*!)’(2.5;) ¢k)
from X = % to Xz o8

3 T o

(111)9.:111;013_3:_1)[,‘ 2k ) k] at Xz =

*

(iv) a line dipole of density - - G*')’(_:) 'Z,, 2 k) K]

from X

1

Ol Lpu
o
o
>
W
3

(1.65)

The image field of the dipole inside the ecavity
is thus given by the field of the image system (1.65)
which lies outside the cavity.

The space average value of the image field
ereated by the dipole ux (at distance ¢, < a, from
the centre) inside the cavity is equal to the field
of the image system (1.65) at the centre of the
cavity.

The field, at the centre of the cavity, of the
asysten given by (1.65) can easily be found to be

oLl g (1.66)
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Now if there are A/ molecules inside the cavity,
then the average image field of all the molecules
inside the cavity is

i £ 1]
a%%/ﬁw:: AE? g /LU (1.67)
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CHAPTER II

THE CONFIGURATIONAL PROBABILITY

In the last chapter the dieleetric constant was
shown to depend on & factor () given by equations
(1.48) and (1,50)s. In this chapter a direct
evaluation of QR from those equations will be
carried out,

Sinee the configurational probability c
depends on the emerzy W° of the dipoles in the
given configuration, the evaluation of (3 will
depend on a Xmowledge of W'

The energy i a given configuration w! is,
aceroding to equations (1,35), (1.36) expressed by

UEY; %Z’“;‘f fo (2.1)
where ; - lf/'
;i = x@" ;’] ')u' (2.2)

The sum over states 7 is defined by
Z=%_”ffm,,, WPl (243)
where the summation is over all orientations of the
dipoles. The temsor U as defined by (2.2) is
elearly £ multiplied by e funection of 48

a3
(see (1.59)(1.13))
Then iz as defined by (2.,3) is a
z
funotzion of ;34;_7 and 4 o The tensor
94 is given b
A . .

?..-Z-=--__L 510'-. '-'W(”T i
2L 2 VI )



29

By using equation (1.48) one obtains
S 08 R Y
= a0 "k & (2.5)
J5

and therefore by use of (1,50)
___z»(‘_r £ .
@u’_ ‘Z‘aﬂ / 72) (2 6)

2

which is clearly a function of L. ema ¢
There is no way of finding ,:v’ from equation
(2.5) or (1.,48) by evaluating the sums given. These
sums, however, can be evaluated in the case of
thermal vibrations, with which we shall deal in the
fourth chapter.

We therefore have to use some other approximate
method to find );f'_ﬂ___.‘

The expression /' "(ﬁw does not, however,
require a lnowledge of the probability of a config:
-urgtion of the whole set of dipoles, but can be
evaluated if the probability of only the two mole:
=cules concerned is kmown for any configuration.

This is clear since
Z_ Fet-£)- 2
_ﬁ,._&gﬁ’(:( ’g’ _’p_f

L4

£re /_@ ) (2an)
To evaluate the probability c* of the two
molecules ¢4, we adopt the approximate method of
replacing the rest of the molecules macroscopically
by a homogeneous dielectrie., The most convenient
shape of the internal boundary of this dieleectriec

will be considered later, The steps required for the

g_'

evaulation of p” are as follows,

o
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We first caleculate the field acting on the two
molecules in a given configuration. This field will
depend on the dielectric constant, sinece the two
molecules concermed lie in the neighbourhood of a
homogeneous dielectric, We then formulate the
mutual potential energy in the same configuration,
which will derend on the induced moment as well as
on the permanent moment, The probability 65(
is then found by Boltzman's law, In this method,
as well as in the exaet method shown at the
beginning of this chapter, Q will depend on p
and o< through the quantities ;%: and /3 .
The factor (3@ in this method will also depend
on the dieleetric constant,

The field acting on the two molecules,

The two events when the two molecules concerned
are not first neighbours, end when they are first
neighbours, will be treated separately, Vhen the
two molecules are not first neighbours, the internal
boundary of the dielectric will be chosen to be two
geparate spheres with the two molecules concerned
at their centres. The volume of each sphere is taken

L= Wa + A method of
gsuccessive imeges will be explained in the first

to be equal

appendix to find the field at the centres of the two
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spheres of a dipole 4« at the centre of one of
them, The field inside the sphere in which the
dipole lies is found to be equal te

% x, (2.8)

ar
and the field at the centre of the other sphere is
the same as the field of a dipole,

£
@‘fﬁf e (249)

at the centre of the first sphere.

There are other terms due to further successive
image fields and containing the parameter §§
where ¢ 1is the distance between the two molecules.
These terms were found small, even in the case when
the two molecules are second neighbours, and there:
-fore are neglected. Now if the moleeule at the
centre of one of the two spherical cavities has the
moment 4’ and the molecule at the centre of the
other spherical cavity has the moment Af' then the
field acting on the first molecule, following
equations (2.8) and (2.9) is given by

Fw _f u, @)
i G‘HJ’ Lt k)k ] (2.10)
If we write the field in the form

‘ (] ! 2 1)
o 2B GAY ke 1 45 (B-R JeEE) £ (2.11)



then from (2.10)

A= B= 1-£f (2.12)
’45(3%57)2 —?; B= -2/ (2,13)

When the molecules are first neighbours, the two
spherical cavities surrounding the two molecules will
overlap; and thus form a single eavity of volume
less than the required volume, i.e. % o« VUe might
therefore consider the radius of each of the over:
=lapping spheres to be x¢ where ¢ is the distance
between first neighbours, as shown in figure(3). In
this case the volume of the cavity would be |

e (2xt1) (4 x1)

3

Equating this to %”-6\- we obtain

A
(H.S'Z%): o (2.14)

S P le 1
3 3243y X
T

which is a cubic equation to determine }L and hence

the radius xc of each of the overlapping spheres.
The evaluation of the field inside such a

cavity is, however, found to be very difficult and

therefore a cavity in the form of an ellipsoid of

revolution, with its axis of revolution passing through

the two molecules, will actually be considered. The
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equation (2,14) will be used to fix the dimensions
of the cavity. If the distance between the foel is
2b and the major axis is 24 wwi? then the
volume of the cavity is - '
T Blewht’ - eohh) ]
Equating this to 7 & one obtains

(@hF P — (k) — 2-.?3_—_ o (2.15)

This equation, although it has fixed the volume of
the cavity, has not fixed the form of the ellipsoid
of revolution, since it commeets two parameters 54
and cphl o

'e choose the form of the ellipsoid to coincide
as much as possible with the cavity of the two over:
-laping spheres whose dimensions are given by
equation (2.14).

This method of choosing the form of the ellipsoid
may be eriticized as not precise; bdut bearing in
mind that the image field inside the cavity does not
change appreciably in changing the shape of the
ellipsoid, this method will be accurate enough,

The additional or the image field inside the
cavity created by the presence of a dipole x« , on the
line between the foci and at a distance [ < 4
from the centre, will be given in the second appendix,
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The field at the position of the dipole (due

to the image field of this dipole alome) is found to
be

(_;/lj-r- :ZQQ‘.:"}_")_E) (2.16,

and the image field at the position of
the other dipole (which was not taken into account)
is

Ch+ Dk )k (2Xx)
where
o G DR Ll %52230 x|
1D Za,}f e+ HOP)F %/_g); = [ (2.18)
¢: L Zeime S MM} g
(D - 2 2/t WRUS)F %{,é;—*fj = } (2.19)

where X O ape given by the equations

@ - Qu(ht) R Lkt~ Q' (10hH) P fewh#) )
P (tnht] G (wAt)
j (2.20)

& 1) XU siakF GZ/W)F(M’)—Q/M:‘}P(mAH
" Bleokt) coht- Qleoht ) 5uhF Q@ eoit )

2 4 is the distance between the foeci and
2bhewhF is the major axis, both being detemmined by
equation (2,15) and the choice of the form of the
ellipsoid with the help of (2.1%4).



e s () ore Iegendre functions and Tegendre
associated functions respectively., The evaluation of
the field thus depends on the computation of
infinite series. The numerical calculation, as will
be found in the next chapter, iz not very diffiecult,
gince only & few terms in the series given by (2.18)
and (2.,19) will de needed.

Now let the two molecules, on the axis of the
ellipsoidal cavity and at distances ;c on both
sides from the centre, have moments " and /f’
Writing the field acting on the dipole 4’ in the
form (2.,11), then the constants 4/ , B , /4 and
B in that equation will be given (using equations
(2.16), (2.17), (218) and (2.19) and taking into
account the field of 4 at u’ )by

2‘-24& P( g_{“"_r} b
i RE P’{mf-f) /- A"" j{ (2.21)

8-/= Zx‘z(ﬂ*z)fp (zs),} Qi) L

BlaH) -2,
o B_ 0 > i Qllwit) L
1= X 6,%(1@”@&)}2 S At

(2.22)

7, z_p_<N el e [wht) 1
8- w3 %ﬁ-)@i-z)i?l(u)} %.F{
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The Mutual Potential ‘mergy.

The field acting on one of the two molecules
given by equation (2,11) in vector form, can be

re=written in the tensor fom

ek 2@-!)“’ i (2.28)
(not to Dbe cor\i‘éseo with A defined by (1.59))
If the axes considered are orthogonal then [ will

be given by
A:."’ A.:= -4, S;‘."'(o—ﬂo)‘.-l&‘ =3ﬁ:’, say
WD ST say

where k is a unit vector along the line joining the
two molecules, Omitting the suffixes 5,5’ ¢then

A= (;-;;;) (2.2¢)

where

= 4+(0B-A)(kr) }
(2.,25)

y= A+ @-A)(kK)

It was already explained in the first chapter
that if the field aeting on a molecule  1is given
by the expression (2.23) then the mutual potential
energy is given by

7
W= ﬁ(dzﬁl(i— 2 /‘ (2.26)

In this case <, have only the two values one
and two and so (2.26) can be written in the form



ng ZU=SECEE 2 (2aen)

It is proved in the third appendix that if )
is given by (2.24) emd {(\) is any tensor funetion
of )\ then

(£ -[F(NT = 1 flgrr) oL £(%-3) f

[F (ML) Lp(35)-4 f15-7) (2.28)

In particular taking (V)= 1<) then omitbing
suffixes S/ 52

(= PYezzg £ = £052) oo
f(z 29)

(- ‘:gﬁ_-_ R o

The expression (2,27 ) can then be written,

using (2.,29), in the form
We £ S (o] PEFE I ZEED] P (2430)

where ¥ , & are given by equation (2.26), It is
proved in the fourth eppendix that if F(3¥Y) 4s a
tensor function of the two temsors ¢ and ) given
by (2.26), then

F(xr)- FIAR)+[FI68)-FIAMN Ge)  (2um1)
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A similar equation holds for /7 (%0).
Substituting in (2.,30) the values of [ />) and
F(%¥) @given by (2.31) and remembering that

%f&lf}&ﬁ}': (f”—’f)é?‘f'_#) and
u) & |, ey { ajy
= pES =gt p) we obtain for

the final formula for W

WL fm)g-"’;,é"’,z)f{f:ﬁ:e)—5/44)1&“"&)3&‘-"&)’)} R

+ 2 [ 1)+ (FIB.8)- FIAD)" £)(#7 ) ]

The functions £ and /£ are given by (2.29)
on replaeing > , ) by the constants / , A or
B s B =« For first neighbours / , 4 o, 04
and A are given by equations (2,21) and (2.22);
arpd for olther neighbours they are given by equations

(2.12) and (2.12).

The Tensor (.

The temsor (} , given by equation (1.50),

depends on the average F’_/E"" ' for any two

molecules .,/ . Iet £ (;) Ve a unit veector,
having components & (F) > along the line joining
the molecale ¢ to the molecule . .

To evaluate the tensor ?? we may first
determine it for three orthogonal axes, one along
the line joining the two molecules and the other two
perpendicular to it., We can then find it with

respect to the erystal axes by a tensor tranasfermation-



==

Iet tfr (s=1,43) be the componenrnts of a
unit vector along the axis o—  of the orthogonal
set referred to the crystal axes. If we choose the
axes o= 1,2 to be perpendicular to the line
Joining the two molecules and the axis o+-3; along
it, then /7= £ . The components of a unit

vector along a crystal axis § referred to the
orthogonal set of axes will then be

47 Z g A Eonn) (2.33)

5 R

3“, was given by equation (1.33),

The angle between two crystal axes s,s is
then = A7 /:;: and therefore
o

9 o EAE A (2454)

L £

Using equation (2,33) one then obtains

;"' o o (2.35)

s o5
where 3- / is the reeciproeal of S
. ( .
If A are the components of _p“along the
47 i
orthogonal axes and ,f“ are those along the
erystal axes then

tH r )
L= 2 A7 (2.36)
and therefore
[ @l}‘ e’ 0 #. 2,37
FH-2 0P e
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This equation gives the tensor W“‘
referred to the crystal axes in terms of the tensor
;‘E“"‘ referred to the orthogonal axes, namely
the one along the line joining the two molecules

and the other two perpemdicular to it. In the
ecaleulation of the temsor g’”ﬁ:ﬂ we use polar
co=-ordinates.,

b b lsiding, scadbd , iwd) Coreh23)
o / / G

F¥ | (52 gty sio'sn ) we’)  (uas) (2.28)

The expression for W given by (2.32) can
then be written in the form

_.*_V_:[r = "_’?/sz-f M29'}+Lf433 mi.‘}.f‘{ﬁfﬁtf“‘:{#‘ﬁ? (2.39)

whene

(I
1]

3
=L [fra8)-fm] L
X -4 F(E.@}_k%_ (2.40)
H'I. ";[( F(ﬁoh)—k‘t'—r‘

Now 4" p¥ 48 given by
L

f(ht’ol} ﬁ} "‘f;&‘f(oy(_’b";pv") ﬁ(‘;;_-)-—; [fﬂ'ﬁ”e Sw@ chdeJ*dtiu (,.41)

where (_4-:-—)‘ H” -;‘3.]’7 ) s~¢ 529 'dede’ Jf df' (2.42)

okl ;,'w

W is given by (2.39) and [’ by (2.28).
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Putting f-p'= ¢ and integrating over ¢' ome
obtains

PO e

g f, == A a_ £ (2.43)
T"’} o) Na7 iy 5
Sd R e B L
Jm:fw: f'zma; fahj'f' (say) (2.45)
where

-2, //[ 5050 cofaxp (Yot o)t L imgeod's Hsno suiolof
il 526" oo do'elf (2.,46)

/\: = 2% f[[rna ooé'u’b.f'g{m%fm”e’}f-L o€ > E ;Hs-.:fs,;e’mgf
w)* b
& P8 58 'dg d6 o ¢ (2.47)

Also from (2,42)

H = 2 ,a,‘f.f-ﬁﬁn’ef 6"t L onGeasé + s g;a;d’m;’(f
C&l"_) ]ff ﬁdﬁ‘l;irdc’dd,ﬂ'i {2.&‘%‘)

Performing the integration over ¢ by use of
the formula

jl!‘mmﬁ ‘_Im“ﬁ‘: zrgl.'Z'(:;k) - 2% Im(")

o

wherne Luifx) is a Bessel function of order
Afterwards for the integrals over ¢ , ¢ ', we use
the formula

["[Fo0) ae det ﬁ%{””’ Ao o B JErcame) [dp ot

one then cbtains the following expression for



-l

W, o Heand H

it Yot ese’) ,
o"./ a:ﬂ(LmimJ’ P {(H“ﬂ’ﬁﬂ')sdasﬁ.gf/,d’
(2.,49)
L 3+ & (iio+ ')
H = / ‘[ sk [linbas) 2 {(m,'..is.;.e')rws:.ua?aﬂw?pda’ (2.50)
T (n'o438°) y 2
hé‘f ﬂ‘”"("‘-‘“"“’)j i I](Hséaas.u)s:;.’osda doede’  (2,51)

Retwrning to the cbject of fimding 4’
referred to the crystal axes, equation (2.37) becomes,
by use of equations (2.43), (2.44) and (2.,456)

— o e z 3 )
/;v'g:((f’q} 4 f)gf‘%+ £ {fr‘% (2.52)

Finally using equation (2.35) ome obtains the formula

—

C) nd ; ~| % (- ’-E ALy
Eﬁfsﬁ%&fy!%%-@%4 (2,53)

In this expression H, , K, , K, depend on the

distance between the two molecules but not on the

direction, while ﬁ;"i;‘f depends on the direction

of the line Jjoining fhe two molecules concerned.
If =) then _EF’ZW referred to any

orthogonal axé¢s is given

/,.«w/b,f-;:},fa é"v-’ (2.54)

e e

Then by use of (2,37) and (2,35), p”f’ referred
3 i

to the erystal axes is given by

Gro Ay -/
AT TN (2.55)

iy
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rr- ean m
& )‘.
(8.55) ors 888
b’ use 0! ‘1-“’; .I
'
u’ .“1
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APPERDIX I

The internal boundary of the dielectric is
two separate spheres esach oé radius QQ and the
distance between their eentres is ¢ «(See Pig.(4)),
It is required to find the field et the
centres of the two spheres created by the presence
of 2 divole M at the centre of one of thenm,
we may first find the field of a dipole '
at distance ¢ from the centre, inside and outside
the hollow sphere of radius a 4in the following way.
If there is a charge ¢€ at distance ¢ >a in
the dieleetric, let é be the potemtial inside the
cavity and yg_ the potential outside. Following
the procedure in the third appendix of the first
chapter one obtains

o of
de 2l VB | g2 O P, e Ay P
4 mze ™ = 2 =
where
2n+
LS i L
s "'“ o ’"*:"] % ot (.t-u)[’ mr} ey

_show:lng that the field inside the cavity is due to

(1) a charge 2€e o &% x-c
(i1i) a line charge of density - %-rf—;f- (f—) from

X=¢ Tt X= o5 and the field outcide the cavity
is due to (besides thé field of the charge)

ea -t .
(1) a charge <2 5 at Be 2
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(1i) 2 line cherge j:" ;_f’l(‘x)

2¢57
from x=0o h x= & : '

The field at the centre of the sphere ecan be
easily shown to be the seme as the field of a charge |

3 =
Zee0 ot x=< (2.58)

If there is a dipole ,' at distance ¢ from the
centre, one finde by the same method in the third
appendix of Chapter I that the field outside the

cavity is due to

(1) =2 dipole Zf H‘[). zga k)_g] at
(’-I) a charge }"i'(k_'f) at x-

-+l
(111) a line dipole of density 5‘;,-(:_;_: K%)?‘A‘-’*’?—‘{ﬂﬂ

from x:= o hx-s}

: : "’k -1
(iv) a line charge of densityf.-: f::f,f/-‘ )( $)

x= 8
%

5 (2,59)
fl'm X= o 1o A= G.{
The field at the centre of the sphere, following
(2,52) is the same as the field of « dipole

39 ﬂf hf- X= e (2-60)
2544 I

& . is a unit vector from the centre of the
sphere tcowards the dipole.
If one now counsiders only the sphere in which
the dipole lies, then the field inside is

“_ﬁg Y- .()3.6].)

(See(l, 6 )
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and the ficld outaside is the same as the field of a
dipole

s 4
TG (2.62)

at the position of M (Xx=c)

Taking into account the second hollow sphere,
then the field at its cemtre, according to (2.60),
(2,62), will be the same as the field of a dipole

3t 3 z
Z5€1 25+1 = @11‘-1)2 A (2063)

gt x=c¢
and there will be an additional field outside, due to
the following system., (Using(2.59), (2.62))

(1) @& dipole ':? é;’ G!ﬂl(’“ 2pake) k) at X & B
(11) e charge -9 4zt ;15 (u-k) " s 2
(111) & linc dipole of demsity 4Ll z—;‘;l <X ) Eptyp-k)E]
from xceo +H Xx= .fz-'-
e =/
(iv) e line cherge of density (H' yo i - ﬁz_)
from x-= o e Xx-= .’.".‘: (2.“)
c
Taking into account the first sphere again (in
which the dipole lies), then owing to the image
system given by (2.64), there will be an additional
field at the centre of the first sphere given by
(Using (2.60), (2.62))
(urr 541) c‘ (- 9’:) (!~*‘§')3 @i+ (st1) &
R (2.65)

)
ey | et



(47)

We can keep on in this way indefinitely to find
the fields inside the two spheres. For the Ice
erystal af 7:-273 4 =746 s the expression
(2,65) was found to be, vhen the two molecules are

second neighbours

~F(ovoz)m—L (ooo3z) (kKK (2.66)
which is very small eompared with the expression

(2,61). For further neighbours it is clear that it
will be much smaller. We therefore neglect the
fields of further snccessive image systems and teke
the exrression (2,61) for the field at the centre of
the first cavity, and the field at the centre of the
other cavity to be the same as the field of the
dipoie given by (2.63) at the centre of the first

sphere,
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APPEIDIX Il,

The internal boundary of the dielectric is an
ellipsoid =~ of revolutiom of major axis (along the
axis of revolution) 24 :milf and the distance
between the foei is 24 , A dipole « 1lies at
disténce £< 4 from the centre of the ellipsoid
and on the line joining the two foei. It is
required to f£ind the field at the position of the
dipole and at a point on the line Joining the two
foci at distance ¢ from the dipole x, (See Fig, (5))

We take then orthogomal axes  x X, A the
firet along the axis of revolution, the second in
the plane of the dipole  and the first eaxis. The
co=ordinates of the dipole are then (5 ,2,?) and
the co-ordinates of the other point at which we want
to £ind the field is (-£, 0,0 ) -

Using orthogonal cowcrdinates (¢, ¢, ¢ )
given by

X, = berhtine X= bsihbeme @@ X= bkl gind simg

then the general potemtizl [ satisfying V= o

can be written in terms of thess new co-ordinstes
XTI i W »r
V{M;‘):%%J@_ Plaoht)t B Q(wht) | T (we) tomd (2.67)

where
- (-X*) ™ L Py=b=)*2 P
T (x)= ( )udx“/’;? i o=

my e BT |
X)= (xyr )2l
QR )R g
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The co=-ordinates of the dipole 4« in the new system
are (o, 6, ;o ) &nd these of the other point

If £ is the distance between (f¢ & ) and (£/47¢g")

530 39) are (#,7-6, , o) where @ - 2-“'1, .

then ~
os X et f 2 o ™ ™

T Vm6) 7ma?) crr otp-51 |
(2.€8)
Taking a charge - e at z=o a- @,
and a charge +e at +-#' -7 then if the

dipole makee an angle ~ with the direetion of the

axis 4 , then

5% ek = rrht 8- 08,

Ko Smocs Akt sma” ard to first power in
,g we have
5 A S St X
i e (2.69)
(e &8 = zptg-fgé A8 X
The P&t&nﬂvf of the dipole . at (o, €, ,0) is them, by
use of equations (2.,68) (2.,69) given by

Ve ie«u) Plwg) [eax {fwkt) Y md J 222 Lg"/mzdz"/mm,{ } (2,70)
= a=a (o kel ,l’/*ﬂ)

To £ind the image field inside the cawgity, let the
Pamﬁaﬁ outside and inside the cavity be (following
(2,67))
oF M M =
I{-ZZ c Q/M}L(an!}mmﬁ

N0 M=

V- ,?t 2' P ki) 1 ;f'@"{mw} T (k] oo om /d

=0 "

f (2,71)
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The second part in the expression for lff is due to
the dipoJ:e u at (e,8,0) and is given by (2,70);
the first part is the additional or image potential
inside the cavity. Applying the boundary conditions

V,= ¥ . 9!/._ 3y at the boundary 7-7
2r
one obtains
g A (oht) ] g
nT P edty (- X7) (2.72)
where
M ~ G
- | 2R P 2%
DX = & 3r EMW } (2.73)
P 2@ 1=t

R

Using the expression for [ <f£rom (2,70) we obiain

-

L _Qmwh) 1 )lcno( =
" plett) Fxo & O Rliea)

AUL gf )',} / S @m+7) O{mo') (3.74)
T Pllmkh) (XY B mnr)

where , R
¢- 'JXl (Q.. 7 Q_)
R t=t,
=i, = e ( Q. R-R'a. ) (2,75)
™ Pkt okt Qesinkt G | -1

The fislﬁ components are given by
Qv =/ vig

W'm' iiate 06 byimkt—d 76
and at e- 8 t-0 the image field inside is given

by
'T:z’.. "] Plind) 21! oo
= Lﬂl (2,76)
E- E_JZ_ » [cn&) 3 (See Fig., 5)

and at 5=5,' E= o
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Fis -émz_' FL md}’!f"_"'g o ¢
B 42 A B e

Putting the fields at  x-¢ , x--% as

F*= QL+ D-E)E ant Fx Cpu+Dfuk)f (2478)

respectively,
then

oz Cu Simet too @ E=—(Ct+D)perct (2-79)

. C h Sime cnf =—((+D )pw>ex (2.80)

Using equations (2.,74), (2.76), (2.,77), (2.,79) and
(2,80) we finally obtain

Co-t> Qllwkt) / 2
B gy IR 0]

>y 2
e X‘”( nt{ )[R (wd)]

¢ Dzif‘aﬁoﬂd } + 1P
o'f > 63 e ’P{(m{f})f Xw J{ (HD }

=y wht)) )7 ! 2 g
Ct+ D= é z. %;mhl}) l__Xt'J@*"z{){E(Cﬁd')}

\cella




APPENDIX III,

If A 1s a temsor given by

1=(F%) (2.82)
to prove that if f'{z\) is eny temsor function of
A , then
[FO)]'=[FNT= 3 f(5+0)¢ § P (%5-08)
[N )L = 4 PlG+x) -3 f(3-7)

& (m ¥
Suppose that /IW:':' 5 (™) ) (2.83)
¥(m) (™)
¥ultiplying the tensor | given by (2,82) by the
R ]
’censozéaiven by (2.83) we obtain

(n+1)= Ly (m)+ r¥(m)
ifnsl) i (2.82)
Y(mt1) = ¥,5(n)+¥¥(m)

Fliminating ¥r(m) from equations (2,84) one
obtains

G(wh2) =2 N (1) +HE =) G () =e  (2.85)

By elinimting ¥(n) we obtain a similar

equation for ¥ (m) .
"

Pat ting ) o< X we obtain from
(2.85)
2 2 ST
X=—2y X+t - =0, (2.86)
giving X=

The general expression for ) [m) is therefore
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Gm)= A&+7)"+ B (%-2)" , sinilarly

¥(m)- A(5+8)+ 8 (74-¥)7
) #.5 ! (2.87)
where 4, , B ¢ # o B are erbitrary constants.

Sinee the determinent of ) is 3‘2—~ ?

¢

) 2 2
and that of A i [&m))"—[> ()] then
L )= [r(m)) = (= 52)" (2,88)
Also Em) +5n) = (+5)" (2.89)

then from (2.88) and (2.89)
Em)~¥)= (5-0)" o

By use of (2.89) (2,90) equation (2,07)

becones
L(n)= 2!@:1‘&.)4:_}2{@;_3’)0«: L()m)n:(()a.)
¥m) = 4 (443"~ 4 (3-8 = (") (1) (2.91)

lience the required formmla follows,

2z

APPENDIX IV.

The temsors ¥ , ¥ are given by

e 8,1 0OK |
U;s,:.- 3%5’ TCg"'ﬂ) ks l‘%f
where¢ 4, § ¢ /A and  are constants and Lk is a unit

vector. It is required to prove that if F()*'y)
is any tensor function of ¥ , ¥  then

{(Frry) 5, = FIAN) S +{F(8B)-FAR) KKy (2.93)
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We first comsider the tensor @ )Ss, ;
onitting the suffixes , s,s” we have
r= A+(B-A)(x¥)

% - X h (2094)
¥ 3 ATE-0)(R) K)

We also have

[&k)l ]SS': 4%;— kS ksn ksn k_S‘ = k.‘; Kj' = (L_ k)_;sf

by suecessive ~re multiplication by (k K) we obtain
n
(k) = (kk) Rz} (2.95)

Substitvting from (2,95) into (2.94) we obtain

o - A
= Bk 2 AT B-1)"G)
= A”-f-(@'"* ﬁ." )(k k) (2,96)

Similarly
»m N
% = A +(6-4")kk) (2,97)

From (2.95). (2096) and (2097)

"= A% (8 8= AN k) (2.98)

©

Hence the required formula (2,93) follows,
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CHAPTER 11X

" APPLICATION TO iCE.

The Structure of the Crystal.

The positions of the oxygen atoms in the
erystal are kmown from Xeyay diffraction experiments.
They form o hexagonal erystal with four oxygen atoms
in a unit cell, The oxygen atomg lie in planes,
normal to the axis of the erystal; the distances
between successive planes are < and § alternately
as shown in Fig. 6; ¢ being the distance between
first neighbours.

The positions of the atoms in the planes drawm
in black in Fig. 6 are shown in black in Fig. 7,
while the positions of the stoms in the planes drawm
in red in Fig, 5§ are showm in red in Fig, 7.

¥ K (521,23, 4) are wnit veetors along
the lines Joining an atom and its four first neigh:
-bours then

bk =~4  (a#sT) (3.,1)
which means that cach oxygen atom is symmetrieally
surrovnded by four oxygen atous,

If (4 4, @,y are the funAamental translations
of the unit cell then it is clear from Figs, 6 and 7

that

Q= az-_-vgc c}.—\%’c (302)
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giving the dirensions of a unit cell in terss of the
distance between first neighbours.

Also the tensor 3 defined by (1.%8) is given,
for the Ice corystal, by

(e
ﬁf(' / o) (3.3
o -

If v is the volure of o unit eell then +° is

C Nie

given by the determinent

2
%t" -:;"C o
2
v'= -gc‘ g:‘ o :.Sé,—z) & > or
64 *
o (o]
9
25

Since there are fouwr molecules in esch unit cell then

3
V3 S -~ 7 a (3.5)

=k
N7 g d

where N, a sre defined by (l.4).

The distance O-# in the steam molecule is -95 4
while the mngle /- J-4 1s sbout 109°. It hms been
essured that the hydrogen atoms will retain the ssre
relative rositions in 1(3(20){18).

Since the sngle between the two lines jJoining an
oxygen etom snd any two of the four first neighbouwrs
is m”(—_{) = /09° 32’ i.e, nearly the came as the
engle #-0-/f 4in the stesm molecule, then it is
possible geometrieslly for the molecule to have 8



-£7-

configuration similer to that in the ges with the
two hydrogen ators lying on two lines Joining the
oxygen stom of the ssme molecule and two of its
first neighbours,

There sre (¥)= ¢  such orientetions for the
molecule, The < uestion now is whether the molecuie
rotates freely in the solid or essumes such definite
restricted orientstions, It will be shown that the
high dielectric constant of ice mesr the melting
point ¢an only be explained if the dipolsr molecules
sre free, or nearly free to rotate. Al lower temper-
etures when the dielectric constent drors to = small
valuve, it ray hsppen that the dipoles restrict their
rotetions to between the six orientations mentioned
before, The distribution of the dipoles at eany
instent is then very probably regulsr, 1.e., the
dipoles ere divided into grours, or unit cells, which

are similar in their configurstions,

Experimental values of the Dielectric Constant.

Curves for the dlelectric comstent of ice, for
the lower frequercies, are shown on the same scele in

rigs. (s)h()w, (10) sand (11), showing values of ¢ due

(12)
to Lrrers (19?4).)«:“ Internstionsl Criticel Tabl?s }
28 2e

(1929 ), wintch {1932), and Smythe and Hitechecoeck
(1932), respectively.
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(16)
lurphy (1924) hes recorded, for v=1  cycle/se)

s value of ::= 150 at t=-9¢ , this value
decreasing graduslly with rising temceratures and
repidly with felling temperatures, His values i- 95
at t:-7/" far v:30 8nd 3-99 8t T=o

for v: /000 sare much higher tian the carresponding
values due to Smytheand Hitcheock. irswing curves
relnting the dielectric constant and the frequency
(et zero tempersture) for different suthors, one would
exrect by extrapolsting to zero frequency, the followe
ing values for the dielectric constant =t zZero temper-
sture snd for 2 steady field,

Errers 3-8 s Winteh £:94 , Smytheand
ditocheock =94 , Granteruz](m%) hes given the high
velue s:153 , ond Woymsnnmﬂ(mal) hes given the
value 5=8¢ o, the same as that of water at zero
degree.

It is noticed thet the velue given by Smythe end
Hitchooek is the lowest of =11, It wes explained by
them thet the low velues of the dlelectric constant
they recorded, were duve to the purity of the ssmple ]
they experimented upon, It is shown in their pam‘gd)
thet the existence of smsll quentities of KC| 1in
water will raise the dielectric constent of ice nesar
the meltinz point to & much higher value. The higher
values of the dielectric constant recorded by others
may then be duve to existence of smmll quantities of

such impurities,
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(6)
_barsey (1940) has given an empirical equation

which fitted the curves given by Smyth ond Hitcheoek
for a1l frequeneies. For 7= @and a steady Tield it

glves

The Tensor A .

In order to caleulste the diolootrils constant
of 1cz Pfrom equetion (1.53), we start by cealculating
the tensor .\ eppeering in thet equetion and
defined by equetions (1.39) and (1.59).

Putting
S x? x¥
Asy. = I mr=ra (3.7)
7/
then
df: K)I % “ %‘ﬂz* /?rg (3.;3]
J

Substituting from (3.7), (3.8) in (1.39) one obteins
(/\ = ’)n, :(Z ”f grzf ﬂJ.‘t‘)&;y‘ 3(6? A)JJ‘ (2.9)

It is noticed, referring to Fig. (7), thet in any

plene there sre slways tiree molecules with co-ordinstes.

(XJ ) X, ) (_X;T.XZJ-_/YE){'_/\:‘_J XI_/Y‘EJ

These co-ordinstes sre equidistant from the origin and
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8t on equal snguler sererstion 27 , For three such

3
molecules
? R R A
: (U] J
Zj X:Lu ,%’g'\;,i(}gi‘zﬂ_&) (3.10)

whenc A is the distence of any of them from the origin
in the rlene,

If there aronoleoulos in a plane 2t an equal
distance h from the arigi_n, then

s (. M ot 2m pt ﬂj)}
0 L AL N 5, Jity B
Z Ak o, x,ﬁ.:(?)},?f (8411)

ey Te. 8

The tensar f defined by (5.7) ean then be written

1

A b -2 %y N awZ%¥
" 2T 3 - 3] ¥
T &
AI:." h2|= -z! h“ An: ﬂu: o (2.12)

whene - is the number of molecules in the plane ﬁ-
et equal distances i from the origin in thest plane;
E:,- is the distence of the set of molecules from tle

T

origin of co-ordiretes, i.e., l?; % %% + }?

Since, using (3.12) end (3.3)

%ﬂ,, o o
Q & )&;'E o ‘%ﬁl[ (o] (3.13)
(o] (o] Agg

then equation (3.9) becomms

.A. - \= AJ'S_%A" = B {5“3)

L

Ay<veohad b 2B (B.14)

and the non-disgonal elerents vanish,



B- 52 (G4 a) (3.15)

In tables (2) end (3) the number m- of molecules

nt the same distence from the origin and ;:; , the

squere of their distences from the origin in their
plane sre tebulsted for plsnes merked in blasck and
red (See Fige. (7)) resrectively.

: 2 (2 t
In teble (4) moe M QJ- and TL’J are

tabulated for wolecules in =211 planes up to the
184th reerest neighbowrs., It is found that

Y 2 2
LL%c’mJ-( -3 k) = 14 (3416)

27

a

The quantity °; seppesring in (8.15) 1s given,

by use of equation (3.5), by

£3
"z.aifNO(=?-v—G -itx-—l"g'

T q g )

where ol is the density emd M the moleculsr welgit.

For T = 273 we have A= .9168
also M= 18 o15¢
i (2.17)
then
A
a= e1s7s (3.18)

Substituting from equetions (3,18) and (3.16) into
(3.15) one finelly obtains

B=. 003 (3.,19)
to three places of decimls



Table(2)

I2

936

672 | I2

T44

12

456

600

216
288
312 | 12

24
72

9‘|5

Table(3)

or/¢’

776

824

9r/e’

536

416

224

32



n 9519018 € ageid) (38) el Al | > 9103
1s% 1 9 9 o
3| 8| 1| 9
2nda | 6| 24| 0|24| O
6| 8|16 24
3¥d | 1| 0| 25| 25 |~ 25 3,20000 |~80300000
4th 6| 24| 9| 33| 63 1.59851 100.70613
3/132| 1| 33 |
S¢n | 6| 32|16 48| © |
6th | 6| 24| 25| 43 - T8 59499 =-46.40923
Teh | 3| 8| 49| 57| 27 .40767 11.00712
6|56 1|57
8tk | 2| O 64| 64 <128  ,30518 ~393706250
9th | 6| 72| O 72| 360 | :22734 81.84103
12| 56| 16| 72
10tk | 6| 72| 9| 81| 63| .16935 10:66904
3| 32| 49 81
11th 12| 24| 64| 88 |-624 | .13766 -85.89697
12tk | 3| 8| 81| 89 231 13382 -30:91270
13tk | 6| 96| O| 96 | 288 .11074 31:89439
14tk | 6| 72| 25| 97 | 66 | 20791 712221
15¢h | 6| 96| 9105 | 414 .08852 36764604
6| 56| 49 (105
6 104 1[105 | ‘
16th | 3| 32 | 81(113 [195 07367 =14.36609
17t (12 104 | 16 (120 | 432 | 06339 | 27.38612




18th

19th
20th
21st
22nd
23rd
24th
25th

26th
2Tth

28th
29th
30th

3ist
32nd

33rd
34th

35th
36th

in .9 Ly .\.9 i 19_'?
ex ct

0 121 121
6| 96 25 121
3128 1129

1

12 72 64 136
6 56 81 137
6 128 16 144

| 6| 24 121 145

}s' 8 144 152

6104 49 153
6152 1153

12 96 64 160

12 168 0 168

12 152 16 168

|1 0169 169
6 32 144 176

12 168 9 177
3‘123 49 277
6 104 81 185
6 24 169 193
6 72 121 193

12 168 25 193

6 152 49 201
3200 1201

6 216 0 216

17 '.06209

189
-336
-318

288
~654
-840

4¢8

-192
1728

~169
-~768
945

12 | 56 144 200-~1392

459 01746 8.01380
.80762
1152 |.01458 | 1680031

s -sgff‘%J l@)‘” {f‘ ")

' «01768 -24.60736

3128 81 209 - 51 |.01584 -

6 200J 16 216 |

1.05556

9.99971
04636 =13.5T730
04552 «14.47523 |
04019 11.57409
03950 -25.83195
03511 ~29.48971
203454 16.16285
|

.05291

.-03088 - 5.92927
|
.02734‘ 47.23574

02693 - 4.55161
202433 -a.a 68874
02399 | 22557244

|

01932 ~14.37735
' I
|

[



Jn B2 ok of lagtt) BT SELAD 2R

8

121 [217 ~438 | .01442 - 6.31430

38th | 6 [216| 9 (225 1260 |.01317 | 16.59256
| 6224 | 1 |225 |

39th 24 (168 | 64 232 480 |.01220 | 5.85494

3| 8225 233 -693 |.01207 - 8,36264

6 152 | 81 233

41st 12 [224 | 16 [240 1152 | .01121 | 12,.91000

42nd | 6| 72 |169 241 =300 | .01109 |- 3.32721
6216 | 25 o |

43rd 12 (104 142 248-1104 | 01032 -11539825

44th | 3 200 | 49 249 891 .01022  9,10709
! 6248 | 1 249

ﬁu}z oa%&%amz;w%ﬂ-uwmi

46th 3| 32 [225 257 =627 | 00944 - 5.92151

4Tth 12 248 | 16 264 1296 | .00883  11.44446
48th | 6| 96 169 265 =726  .00875 = 6.35069
49th 6 128 144 272 -480 .oanOf- 3.93384
50th | 6 224 | 49 273 378 .00812  3.06962
5lst 12 | 24 [256 280~2400 ,00762 |-18,29424
12 1216 | 64 280 |
52nd | 6 | 56 225 281-1125 | 00756 - 8.49938
3 200 | 81 281
53rd 6 288 | O 288 864 | 00710  6,13812

54th 12 168 121 289 =444 | 00704 - 3,12709

55th 12 052 (144 296 =816 | 00663 = 5.81326
56th 6 288 | 9 297 1287 | .00658  8.46614
3| 8 [289 297
6 (248 | 49 297
6 296 | 1 297 | E



In JoZ 1oL [of | antfil)| (IR5T (Sl E) D 2k E)
57th | 6 (224 | 81 305 186 [.00616| 1.14489
58thi12 312 | 0312 3456 |,00582 | 20,09975

12 |296 | 16 312
59th 6 288 25 313 714 (J005T70 4.11942
60th 12 312 | 9321 945 ;00542 5.11878

| 3| 32|289 322
6lst 12 | 72 256 328-2640 | ,00513 |-13.54927
62nd 6 104 225 329 ~780 00509 - 3.97285

6248 81 32J
63rd 12 168 169 337 4T4 00480  2,27354

6 216 (121 337

12312 25 337
64th 6 200,144 344 =264 |.00456 |- 1,20284
65th | 6| 56 289 345 54 00452 | ,24426

| 6296 | 49 345

6344 | 1345
66th 12 | 96 256 352~1536 |.00430 |~ 6.60741

12 288 | 64 352 |
67th | 3 128 225 353 =483 |.00427 |- 2.06304
68th 12 344 16 360 1872 .00407 | 7.61286
69th | 1| 0 |361 361 =361 |.00404 |- 1,45793
70th 12 224 144 368 =384 ‘.00385 - 1,47813
Tist 24 312 64 376 2208 !;00365 8.05434
72nd | 6 152 225 377 =492 |.00362 |- 1.78286

6 296 | 81 377
T3rd | 6 384 0 384 1152 ,00346 3.98684
T4th | 6 | 24 361 3852460 |.00344 |- 8,45822
6 216 169 385




T5th
76th

T7th

E

E g

84th

85th

87th
88th

89th

n o5 ik o€ lanii) A)T Ea(E)
112 (248 (144392 |~ 240 ;00329 - .78886
6384 9393 | 2169 .00327 | 7.08395
6 104 289 393 |
| 6344 49393 | |
1 91392 1393 I
6 8200408 864 00297 2556962
18 392 16 408
6 288 121 409 | 1140 00296 | 3.36973
6 384 25 409 |
3 128 289 41T 567 00282 @ 1.59679
6416 1 M7 | |
24 168 256 424 -4128 ;00270 -11,15138
3 200 225 425 171 (00269 045922
| 6344 81 425
6 32 400 432 0O |
12 416 | 16 432 |
6 72 361 433 <1530 ;00256 - 3,92170
12 312 121 433
12 296 144 240 | 48 700246 ,11820
1| 0|44 441 ~ 396 700245 - 96961
| 6152 289 441 |
9392 49 i"l | ‘ | |
12 384 64 448 1536 00235 3.61574
6 224|225 449 - 678 00234 - 1.58713
12 456 © 456 -1728 00225 - 3.89163
12 | 56 |400-
6 | 96361 45T |-2028 ;00224 - 4.54231
6 [288 |169 457
Gl il e A ‘




£

)

i

2 72 - S e x a1/ p5
n (95 .9§J9§2 3ad) CF)° puint) Pata

90th | 6| 24 441 “455 1008 ,00214| 2.16186
12 (456 9 465
6 416 49 465
9lst 12 216 256 472 -1776 00207 |- 3.66939
92nd | 6 248 225 473 | 431 [.00206|  ,88579
9392 | 81 473
93rd 12 312 163 48L 2280 J00LIT| 4.49388
12 456 | 25 481 |
94th 12 344 144 488 336 t00190|  .63870
95th | 3 200289 489 891 ;00189 | 1.58506

6488| 1 489
96th 6 416 | 81 (497 762;:00182 1.38379
97th 12504 0 504 384 (00175 | 67338
12 (104 |200 504
12 488 16 504 |
98th | 6 (384 121 505 426 00174 | . .T4333
99th | 6| 72 441 513 | 189 00168 31709
12 504 9?513
6224|289 513
3512 1513
100th (24 (456 | 64 520 | 3936 .00162 | 6.38340
10lst 6 296 225 521 |- 462 ,00161 |- ,74567
102nd 6 128 400 528 |- 576 .00156 |- .89914
6512 16528
103rd 12 168 361 529 - 600 00155 |- ,93222
12 504 | 25 529
104th 18392 (144 536 | 936 .00150 | 1,40718




‘t.i. 4 3

In [o% 9L o€ lazah) CE) lmlliE) D )
i&ﬁ'sgﬂulﬁ?Qﬁibmm-3£mm
3| 8 523|537
6 248 289 537
6 488 49 537
6 536 1537
106th (12 288 256 |544 =1344 ;00145 |~ 194719
1074k (32 152 400 |552 |- B854 |00140 |- 1520692
12 536 16 552
168th 6 384 169 (553 | 138 :00139 |  .19190
109th 12 416 144 (560 | 768 [y00135 | 1,03488
110tk | 3 32 329 561 - 918 J00134 |~ 1,23150
3 512 | 43 561
1il%h 24 312 256 (5568 | 2112 |JO0L30 | 2.74657
24 504 64 568
112th | 6 344 225 569 | 660 (300129 | 85457
6 488 | 81 [569
113%h | 2| O 576 (576 [«li52 |WULES |= 1.44680

2160 | 6 26 361 577 = 234 [:00125 |~ 29259
l1254ss 121 (577
135tk | 6 56 529 585 = 732 [L00121 = ,$5682
6 296 289 |585
6 536 | 49 585
o | EISO R
1174k 12 | 24 576 (600 =3455 [;00113 = 3591910
| 6600| 0600
200 400 (660

584 | 16 |600

R oolbk




2

9 4 W2 (0 8) D (3 E)

27 £°

T TR
K lampis) CX)

2.
h
« .9?1 »

118th

115th

120th

121st

122nd
i23rd

124%h
125%h
126th

127th
128th
129th

168 441
600 9
608 | 1
392 225
536 8L
224 300
608 | 16
456 169
504
600 25
438 144
8 625
104 529
|344 289
584 49
632 1
384 256
416 225
72 576
648
248
632
288
512

400

16
361
144
441
648

32
128

625
529

609
609
609
617
617
624
624
625
625
25
632
633
633
€33
633
633
64C
641

648
648
648
649
656
657
657
657
657

- 720

3830

1200
-2079

- 768

- 102 |J000961
648f‘4248i'0°°935

«1302 ,000932

672

-1800 .000904

00109

00106

00102

78667

.91051

4.02432

;Ooegsq 1.19508

000992

< J0G3865

#200307

-2,06237

- {4120
- ,08305
"'3 37 400

=1.21333
50971




150 th

13lst
132nd

133xd

134tk
135%h

136th
137th
138th
139%h
140%h

143st

142nd |

143vd
144%h

648

€72

26

152
392
632
608

416
456
648

632

584

0
6 288
6104
3 |200
12 (728

: 1269

236 |1

i
94;?

54
57¢

361

625
529
28y
49
82

683
681
€8x
(535

296 400 636
6712

25 €57
289 70%
256 (712

64 712

488 |225 713

el (713

600 121 723
1144 728

728 729

441723

625 729
529 |729

935)

2832
1266
-2304

330

c")

000880
WOO08TT
000854

000851

1488 o«

1338
-3072
3732
- 426
2448

1324

1074

1776
-2 080

4V

f900803
2200783
00780
L00oT58
200739

<000737
2000716

LO00699
000697

z7ﬁff’fk)
2.4%8273
1.11016
~1.96808

.28086

1.23400
-14331%7

1.07375
-2 J4038¢4

2.,30%34
-~ 335229
1.80081

1.12273
76941

1.24196
-2 JOOTOT

- 5487

- T221
|- 3489

33




1 ir g i 5 |#3 . a a el gt
In 9L oL 9%.95,{-&2@) (&5 g%(-'ff%) Z‘bﬁfﬂ})

145th |24 |672 | 64 736 | 6528 |;000681 | 4.44230 | 6495
146th 93 |,000678 | .06307
147th 576 ‘744 |-1728 | ;000662 =1.14445 | 4860
744| 0744
344 400 (744
728 | 16 (744
384 [361 (745 -1014 .000660 |- 66934 3846
608 (144 152 | 1920 ;000645 | 1.23821 | 5766
24 729 153 ~7533 |.OU0643 «4.84146 - 1767
312 (441 753
744| 9753 |
128 625 753
529 793
504 256?760 - 96 ;000628 - ;osoasi
536 225 761 | 258 ;000626  ,16151

600 169 769 6168 000610 3.76125 4563
|

n
W

-
2k

(=
N
%}
i
—:
L]
-~

148%h
149%h
150th

151st
152nd
153rd

n44 25 769
632 144 776 | 2064 ,000595 | 1.23035 | 6627
152 (625 777 | 108 ;000594 | .06417
248 529 777
488 289 177
728 | 49 777
776 | 1777
156th (12 (216 (576 792 ~9504 ,000567 ~5.38402 - 2769
6| 8|784 792
18 392 |400 (792
12 |776 | 16 792

154%h
125%th

oRh aoceblBoooRRowbhklkakaoa R EE




1574k
1584h

159%h 2

160th

i6lst

162nd

163rd

164th
165th

166th

167th

168th

O O O O O W OO N

e
N

Pw ol e

; l |
o loL 1o% lonthid) GRS ellrE) Dazihih)
672 121|793 | 2580 000565 | 1.45653 - 189
72 |729 |801 |-3060 000551 |<1.68514 - 3249
512 289 (801
8co | 1 (801
744 | 64 808 | 7392 000539 | 3.98355 4143
584 205 |809 | 3798 |.000537 | 2.04029 7941
728 81 (809
32 (784 816 |-4608 000526 -2.42243 | 3333
416 |200 216
800 | 16 B16
156 361 |BLT - 666 000524 = 34905 = 2667
548 159 817
96 723 825 =5067 ,000512 =2,59177 - 2400
384 71 825 | | |
200 625 325 | |
296 529 825
536 (289 (825
776 | 49 825
P24 | 1 825
608 225 (833 | 474 .000499 | .23667
56 784 (340 =320 ;000489 -2.11248 - 6246
824 16 840 | |
0 841 (841 | 1163 .000488  .56696
672 169 [841 | | |
224 |625 B49 =2025 |/D004T6 |= 96410 - T108
800 | 49 849
600 (256 856 | 528 [J00046T | .24631




1695k
' 6
170th
6
6
12

17lst

172ad
173rd

o 2 K

;
| 6

P

| 6

6

174%a | 3
175tn 24
12

12

12

12
176tk 6
1770 6

KREE o

178th 12

z 1

n

Tie

864
24
S04
744
728
864
248
342
584
824 |
872
i 800
312
866
104
483
872
864
603
896
158 |
456
838
648

!l

N lg?_d?zi L

5 |
y 2 ~5
9of aztrl) ()

G 2
)

3

: 6"_6;{2 225

81

12 2838 576

0
841
364
121

144 €

9
625
229
2389

576

184

49
81

857

854 =2592
854
-3270

5280

8U8~103638

857 23388 | ;000465

000456

200454

SuOGALAR

00444

§57 | 000434

JOU0V426

woud24 |

1.i1066

-1,18117

2,3517L

97524

41543 |

1.03638

- 4774

- 1621
-~11939

- 9547

J000415 - 95616 -11851
|

«000407

+33211 ~11035



27 g

‘n % 1oL (of anéd) oFY g—,;:/f?*) 2O
179tk | 6 824 81 905 1986 :000406 | 80612 - 9049
180th | 6 128 784 912 0O |
| 6 512 400 912
12 896 16 912
i8let 6 72 841 913 2634 000397 1.04570 - G418
12 744 163 913
12 588 25 913
182nd 12 776 144 920 2920 L0U0390  1.14046 - 3487
183rd | 6 296 625 921 |~3375 4000389 |~1.31119 |~ 6862
9 392 529 921
6 632 289 921 |
| 6872 43|21
184th 24 (672 256 (928 | 6336 .000381 | 2.41528 - 526
i 364 | 64 128 | Rt . |
~14.63309
Extrapolating for Z7Z(L+Y) w0,
we obtain
10" py 2 = ~14.4326
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The lutusl Potentisl Energy.

The field =scting on one of the two first neighe-
bours, included hside & cavity of the form of an
ellipsoid of revolution, is given by equation (£.11)
wherr 4 , B .y 4 =nd B apreering in thet equat-
ion sre given by (2.21) =nd (2.22). The dimensions
of the ellipsoid of revolution sre determined by the
disteance between the foei 24 snd the major axis

2bewhF 3 these sre relsted by equation (£.15).
It is required that the ellipsoid should coincide es
nearly s possible with s cavity of two overlapping
spheres whose dimensions sre given by (2.14)

Substituting in equetion (2.14) & - =
given by (3.5}, one finds thet

Ao <3313 5 (5.20)

vthich determines the rsdiuvs xc¢ of emeh of the over-
lapping spheres.

Putting now e GE - e Guln@ g el WG
one obtelns from (2.15) 26 cnkF =.. ) 2.9032¢,2-4330¢,2:1263¢) - -
respectively, It is found that for (mAf=/3 the
ellirsoid will coincide &8s neurly »3 possible with
the ¢avity of the two overlapping spheres. This is
cleerly shown in Fig.(12).
For (ohtf= 13
Z‘-;_ 12202334 f (3.21)

<
Zg T aait

1



T-'rj. (12)



e Lol

In Table (5) values of ff’/fn.(/),[f;mxﬁ),f?(nllj |
@ (woht) ) Q' (wht ), Q" (enkt)
for rhf= /3 sre tsbulated far »-/ to m=/0
In Tsble (6) those for P'(%)  ere given[fgm702)]
In teble (7) the velues of (5-/) ,E‘” ,6-1) X
sro tebulsted for cmhf = /-3 «
Finelly in Tsble (8) velues of

2 !
s )Y s Tk end

4
A DBEFEE xo

are tebulsted, using for 5 the velue given by (%.6)
The velues of 4 ., 6 o /o 5 are then

A= /- f_s (2-611%) = - 8c22

o

-]

B = 1- ‘E‘—f“(ﬁrfs‘g.s‘):'?'r?z
o % 5 (64o5)= 0272

B- -2 - 2% [ oo45)= —- /S22 (B.22)
c [

using the velue of é"‘g given by (2.18)

The mutusl potentisl energy is exrressed by
(2.29) whemr 9 , L , M @mre given by (2.40) smd
(2.29), Using the vslues rrovided by (3.22) one
obtains
' FI6B)- F(AA)= o313s

F(4,P)- 4232 F(BE)=---21806 (8.25)

Texdng A - s 845 x 167° (B.24)



gﬂdﬁ) <

'gﬁdﬂ

y) "Q:‘( mH') 1

QY (mit) o

S W K W
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1.3
24,035
1.5455
6.532938
12,45307
24323511
2783757
95.39856
191.733¢
387.7240

3.

3.9
11,175
28,0875
69.97.44
165.60.3
385.,0357
883.2.:03
2006811
4526.194

81.225
2777775
850,91081
24316375
6620 ,44060
17446.873

.86562
47736
25239
13091
L0569
+03363
01692
<O0871
00502

£4755 :858~.00003

«00430

4.20080
2.86419
1.81401
1.09323
635799
«359723
198605
105873
<0505 42
010472

TabliselG)

.

£(%)

T

2(%)

4 |-1,337981
-2 ,409817
6 |=1,227062

7
8

1.3902474
279948891

10

1.8355375
-1.257233

-G-1) X,

| -(‘-') A:'(1')

_ Table(7)

4 nl

X - X

1,287898
1.491910
1,607132
1,694577
1.745147

1.634600
1.644621
1.686489
1.728975

14763221

o}

1.778136
1.790141
1,744276
1.505426

.911113

1,
1
1
2

118.

796585
.832318
913794
.292858

614887




Table(8)

- l"'xm

. l-x:,

s SedE S

i)

pd

=X,

W & =1 o0 V1 & W N M

-
o

1.017499
1.020271
1.021972
1.023024
1.023711
1.024159
1.024323
1.023699
1.020454
1.012379

1.022209
1.022345
1.022914
1.023492
1.023984
1.024410
1.024896
1.026003
11.031153
1.252920

1.830350
7.837800
1.755157
9.830040
38.973901
11.942339
17.706210
193.030073
39.056477
20.251820

1.5499598
9383733
.0388441
.0438135
0362747
.0023663

00075934

.00089411

00009477

.00001465

.4482965
.4625345
.0239940
.0304458
0270371
.0018418
.00060032
.00066696
.00004840
.00000161
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ST Rzl (Ba25)

Therfare from (5.28), (%.25) and (Z.40)

—%9..8821 L-i3227i% -t-23816 (8.26)

‘The Tensor @
The aversge /;"",b’ is given by (2.53), (£.55)
£

for c‘?é,[ . ¢'=0¢' respectively; A, , /A and

A, appesring in equation (£.,53) mre exrressed by
(2.49) (2.50) end (2.51)s The eveluetion of the
double integrels over 6 , ¢’ |between the limits
6:0>9.", 02— 9o° will be effected numerically by
dividing the range between the two limits into

9x' 9= &/ intervels; the differecnce between the

upper end lower limit of both ¢ , ¢ for esch inter-
vel is 10 desrees,

The veluves of the integrands at the middle of each
interval are tsbulated in Teble (9). There =re ¢
disgonel intervels (6 =97) end 2x36= 72 non-
diegonal elemnts (@ # 6’ )e The valuea of A,, /T,

A, =are found to be
K= (T )" 652689
K= (F ) SI4]- IS (8.27)
— M = (T) 338-2%
then

G e 3.28
W 73678 ( )

In Teble (4) it is noticed thet % A:‘f over



Table(9)

8 b 6 4L w6 et o|-Msin85n0% |y dtr a8 |oh Locetlid (Lunteot) S (7EF ')
5 5/12.176814 .01810 1.75080|97243. 17364
515 11.80815 .05372|1.69841 67171. .18297
5/25/11.07936| .08772|1.59995| 32410, .20101
5/35(10.01383) .11906|1.46729| 11167. .23055
5|45 8.64422| ,14677|1.31645 2839. .26808
5/55| 7.01176| .17003|1.16560 555, 31174
5 65| 5.16638 .18812|1.03295 88, .35596
5/75| 3.16394| .20050| .93449) 12, .39279
585 1.06540 .20678 .8821 2,  1i.4391
15(15(11.44934) .15954|1.64603 46920, .19281
15(25 (1074275 .26050|1.54757| 23147. .21276
15(35| 9.70962 .35355|1.41491| 8238. .24295
15(45| 8.38149 .43586 1.26406| 2183, ,28251
15(55| 6.79872 .5049211.11321 448.} .32850
15(65| 5.00943 .55865 .98056| T5. .37510
15\75| 3.06785 .59540| .8821 | 11, .41391
15(85  1.03313| .61405| .82971 2. 1).43617
25|25 10,07961| .42538|1.44911 11926. .23478
25|35 9.11029| .57730|1.31645| 4524, .26808
25(45| 7.86425| .71172|1.16560| 1299. 31174
2555 | 6.37916| .82449(1.01475| 295. .36250
25|65 | 4,70018| .92220| .8821 | 55, 41391
25|75 2.87850| .97222| .78364| 3. 45674
25(85| .96932|1.00268 73125| 2. 1/.48130




T
35
35 4
35
3565
35

45
45
45
45
45
55
55
55
55
65
65
65
75 75
75 85

85 85

Lt ird’

| 8.23423
| 7.10796
| 5.76572

4,24824
2 460166
87606

| 6413570
) 4,97703
| 3.66729

2.,24579
el )::9

4.03717

2.97459

1.82169
«61345

| 2529179

1.34225
45208
82206
27684
09325

a4 i ¢ la,f
;ﬂnfﬁw )

i :
o HsimbSm -if(h’afuf&j-cbf{iw uﬁMMw}
| .

| .78352 1.18380 1884. .30611

.96593?1.03295§ 61l. «35596
1.11899 .8821  160. 41391
1.23805 .74945  35. 17263
1.31948 .65099 7. 52153
1.36082 59860 1. .54958
1.19080 .8821 @ 231. .41391
1.37949 73125 173. .48130
1.52627 .59860 20, 54958
1.62666 .50014 5. 60644
1.67765 44775 1. 463905
1.53808 .58040 @ 28, +55968
1.76810 44775 1o0. 463906
1.88482 .34929 3. 470520
1.94346 .29691 1. 474310
1.95622 | .31509 | 5. 72973
2.08092 | 22663 2. .80523
2.15025  .16425 | 1. .84853
2.22206 .11818] 2, | 8854
2.29169 | .065T9 1.  0,.93633
2.36350| .01340 1. 04.98669




Takle(9)cont,

> il Ly, Inkgramd of | Tapgrand of | Ingrand o
8 ¢4 T{{HMM)' —{{Wwﬂl o - K T — K
5| 5[1.00008 .oogosi 128.20 | 127.3¢ | .01
515 [1.00072 .02537: 277.44 | 266.96 17
525 (1,00192 04390 20150 | 218,06 .39
5/35(1.00355 | .05964 | 129.26 | 105.40 L
5|45 i:l..00539 07358 47.156 33.22 | 23
5|55 1.00724 | .08532| 12.44 | 7.1 | .08
5165 1.00867 | 00448 2.50 | 1.05 | .02
5!75!1.01007 .10075 .40 30 | o,
585 1,01072 | 10394, .07 | O. { 0.
15|15 11.00637 | 08002 | 609.87 | 569.02 | 3.25
15 25 (1.01704 | 13136 | 547.86 479.61 | T.74
15 35 1.03149 | 17955 306.47 242,49 | T.92
15@45 1.04806 | .22315 | 118.29 | 80.79 | 4.61
15 55 1.06476 | 26063 33.22 | 1d. | 1.2
15 65 1.07956 | .29036 |  7.12 2,01 | .45
15 (75 [1.09061 | .31109 | 1.24 31 .09
15 (85 |1,09651 | .32172 .25 01 02
25 (25 1,04575 | .21754 | 522,97 | 429.57 | 19.43
25135 1.08507 | .30084 | 319.00 |236.82 | z1.44

25 45|1.13070  .37887 | 136.83 87.63 | 13.70

25 55 1.17730 | .44828 | 43.58 = 22,66 575
25 65/1.21910 .50588 10.63 | 4,07 | 1.69
25 75 (1.25064 | .54585  2.10 49 | a7

| {
25 85(1.26758| .56704 .51 | .02 .10




, L | Integrand of i I egrand o L.feﬁramdqf’

6 4 4 bI(Hsmosmb )b, (smosné) "y o A
35(35/1.15947| .42260 | 219.90 | 147.62 26.38
35[45(1.24721 54152 | 110.02 | 63.72 | 19.37
35(55|1.33840| - .65276 | 42.65 | 19.57 9.53
35(65(1.42150| .74545| 12.22 | 4,23 3.33
35(75(1.48497| .81412 3.00 | .64 01
35(65(1.51938| .85054| .8 | 03 15
45 45|1.38718| .T0736 | 66.32 33.16 16,91
25 (55|1.53541| 86745 31.25 12,67 10,2

15 |65|1.67286 1.00803L 11.78 3.52 £.55
25 |75|1.77929(1.11369 |  3.69 .67 1.58
45|85|1.83751|1.17065 | .83 .05 €,
55(55|1,74790(1,08275 | 18.38 6.05 6.50
55|65(1.94818(1.27756 | 9.24 2.24 2.50
55(75|2.10534 |1.42711 | 3.52 52 1.89
55|85|2,19198(1.50867 | 1.33 ; 0 15
69|65 2.21135 1.52683  6.63 | 1.18 3.76
65(75(2.42014(1.72130 | 3.41 .37 2,12
65|85 2.53606 [1.82842 | 1.94 .07 1.26
75(75/2.67180(1.95327 | 2.21 35 1.51
75|85 2.81024(2.08192  2.53 0. 1.80
8585 2.96675 2,22298  2.91 0. 2.16
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first neighbours, venishes, i.e.

¢ (zr; k:.f};?l }: § (3.29)

‘where ﬂ;“? sre the comporents of 2 unit vector

slong the linre joining the molecules < , 0L' « Then

= 53

!J.J

Summing ,b over first neighbours uwing equat-

fon (%5.30) one obtains

2 b H g! (M
p'é/”"/","=§*;§? + 3 )2

3g°

L ot Wy (3431)
7 ( )4,

For further reighbows /4, , B » A . b s=re
given by (2.12) snd (2.,13). Since, for ice, A is
very small we mey.neglect its square snd higher

powers, snd S0

F(0a)-A, FIBR)-B =27, then

Goe H-9E P RS (8.52)
@t 1)° kT

where K’ 18 the distence of the molecule considered
from the molecule tsken &s origin.

lleglecting second and higher powers of /N in
the double integrals for A, , K, , h’z we obtein

o 2l (3.33)

T H, -
7

~ I~
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Therefure e"’ @"' for second and higher neighbours

will be given By ‘(from (2.53))

T

v U & .
e f - (g gVt ) (8.34)

Rerember ing, sccording to {(3.29) that the sum on
the right hend side of (2.24) venishes far first
noighboers, it is seen that the sum of the left hend
side for second snd furtler neighbowrs is

T2 ks = plrg - p
P 4> f( e L-‘F-H} 0(;('7‘[0? &t ()]Is : (B485)

using the definition of A given by (1.39),
(1.59).

Combining -  (2.21), (5.35) one finelly obteins
4 — L it
Q‘ % s ﬁ, })‘rf}‘;ﬁ‘
-=) : e
- 34, [ vlEn] o el

(4

(a&] *%5’['1’# mﬂ"fi] R (A_')gs/

i, 2 @it)'«kT (.36 )
Expressing
= o+ e .
Q= 3 [1++ = ] (B.37)
€ pt
So ) ei-('i)z p(k-"I_‘ ‘3.38)
then

GR) - @ 3. - S (A-1),.. (3.29)

357 0



b
By use of (8.6), (3.25) =nd (3.28) one obteins

@, - 1-131570
S = ~[86087

-

{2440)

To celculate the dielectric comstent from equation
(1.53) we exrress it in the form

350 — 3 e
3

(Be41)

where F(2) is = funetion of the tensor .\ , then

(3.42)

The non disgonel elements of the tensor A sand
therefore of & vanish. |
Sinee A, - /+ B A =-I1-2F (See (3.14)

73
then we cen exyress
G S tas e (5.43)
whene
;3._ ar’ . [;— (A)]A
2= ;:;, {9% Fa)] < 5 (2.44)

Equantions (3,44) cen be exrressed in the form

Tt I Hzﬁ (35., )_L R, (2.45)

3 3 2;-{! d]k’
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yE=EE f Wy (3446)
zs-u [("‘/gﬁ2 ad-£1r)? 3t7@6+(f7zfﬁ) AT ° }8

Substituting from (Z.45) into (3.46) one obteins

~ - [30a- : P 9% (4.47)
B /-"f) Resro e )](/"F} KT 25,41 S,
Putting
ﬁ: . 206 ¢ ;Ef; = //,5‘?3'4’ (3.48)

ond substituting for from (3.40), equation

(e

(5«45) becomes
18 783°% 139376 5~ 1-4122 = @
giving

5= $7.54 (3.49)

Also from (5.,40) (3.47) (3.48) end (3.19)

— A= .42 (3.50)

By use of equstions (3.43) (3.49) and (2.50) we
finally obtuin

0= 5,= 8322 4,=8F-08) (8451)

and
the non-disgonsel elensnts venishe

Une notices from this result obtained the
FelliwWings
(1) The dlelectric constant 2long the exis is somewhat
bigger then thet perpendiculsr to the axis; in spite
of the fact thet the resuites cf all the exreriments
aveilable do not di=tiqpuish between the values along
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the axis and those perpendiculsr to the axis.

(11) The velue of the d@ielectric comstant caiculsted

is higher than thet given by the most sicarats ex=-

pverimnts, ard which we used to cealculaste the tensor
R e This may be explsired by our sssum tion

that the molecules in ice ere free to rotate. There

may be 3oue restriction on the rotaetions of the

molecules which will lower the dielectric constant.

Restricted Rotations.

In this section we shall consider eny melecule
in the ice crystel to heve only 6 definite orientet-
ions, The rotation of the molecules between these
orientations can either hapren in an orderly wey,
that is, at any instent the molecules ere divided
irto groups wita similer configurstions, or in o dis-
orderly way., The forrer case is the mare mr obable
end will be deeslt with in the lest Chepter. The
latter cmse will be treated in this Chepter, Jjust %o
show thet it will not give the expected high dielectric
constent nesr the melting peint.

If & (5:1,2,3,4) sre unit vectors slong the
fowr lines Jjoininz s molecule to its fowr Tfirst
neighbours; then a unit vector along the dipole hss

one of the 6 values

.g.i(?at;‘f‘_k}’) GSFs7) (3.52)
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The cosine of the angle between such & dipole and
either « or f- 1is 73;' ; ond with the other
two lines it mmkes sn sngle vhose cosine is ;?'

Three of the six vectors given by equation (3.52)
by use of (3.,1), are mutuslly perpendiculsr and
orposite to the other tiree.

The six states of the molecule will be 1l=belled

o= (42,3, 7,Z ,3) so that the direction &~
is opposite to the direction »~ <« Those states nre
shown in Fig. (13) for the middle molecule end one of
the uprer three moleculess (By upper three we mesan
those in red plene in Fig. 6). In Fig. (¥) they arve
shown for the middle molecule =nd the lower molecule.

ve consider the mutusl potentisl erergy w.. -
between the middle molecule in state o =nd one of tie
first nelchbowrs instste o . It is clear thet
Wz = v\éﬂ_, S0 thet we need only write down the
energy tensor for ;o' = 12,3 « Using the exrress-

fon for w given by equation (2.29), we may write

—_— =

kT
The term contsining 'Y hms been omitted since
e’ ::.r{ for £11 orientetions of the molecule.

=Yool | (moems’) 4+ M(sinosimeing) , (8e58)

ror the middle molecule and one of the uprer tiree

|
-
1

LSRN

(3.54)

tro§ (ng' = |-

[V S
I
al~

Catl=
et b



Fig.(3) . <

~ \‘} a :
Fig.(14)
3 1
em]
! /\\T/f\vn
Fi9- (15) |
I
E

Y
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and Tor the middle and the lover molecules

P = 1)
) Haat : )
. 3-55
e e
tmf w8 = £ 3 3
_ =¥ =1
7 3 3

The tensora W , W' for an upper, and the lower

molecules respectively can then be written, following
equations (%.58) (3.54) snd [(5.55)

iL.-r-zM;-j'L-ijy-}'L'ij
.-\_A./z 1 A (3 56)
xS 3Lttt LM, (L3 M >
_leij,}!L—_—;M,j'L+§V!
d 4L+3M,-4L -2, -t (3.0}
B TRy I e )
Ep R T e
sl L R e U

Using far the wrobability Beltznan's expression (1.17)
we may write the mrobsbility tensars e,  correspond-
ing to the energy tensors w , W’ in the form,

i)

~ o
,.-,-:-b <o &°
..‘:"b

R
R
S

D P

N

(3.58)

L}

R
[

r

o
oo
52
o D
LR ELRS

ey
;"b-':
:_’-:'?J
igo)

~

-

Ny
D5



P:: f:l efz :;“ e;.‘ ui
A
ezlee ¢ e @ ¢ (8459 )
e €eGr £ €, 8
e 6 6 e, e ¢
' f / r ’

g
™
i)
I
Iy
~
i’i.b

=

where, using far L, M the vslues given by (%.26)

360 =-26488

3€ €6,- = ool8
36 P'lz—m)o 17

AT } (3.60)

‘;16 C: =.0c00S 356; :5705.2?3 ? (2.61)
36 @ = cooll 36 @; = 46784

We now comsider the sverage /&""/:o" ” ‘:‘beref is the
I 3
component elong the axis of the ice crystal, for the

middle molecule and one of the uprer tiree molecules
B 4661864466686+, ]
! 3462 )
= 2p[(6-6 )42 (6-6;) ] } FRebl
and for the middle an@ lower molecules
/ e i 7
R VSO ALI AR AL A
- 2 p[g.-6/ )+ 2 (€€, )] (5.6%)

Summing Ef"’ f:‘ over the fowr first neighbours then

A AR AT AL AR L

Neglecting /fm/:‘b"

for further neighbours, we obisin,
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by use of equations (3.60) (3.61) snd (3.64)

Q-4+ 4 ;’ ﬁ":.37,537 (3.65)

Substituting for this veluve of Q in (2.45)
we obtain

15878 85— 2.0305 &, - 1-4122 = 40.9T4 s,

giving

5,< 27-09 (3466 )

which is much lower than the velue we used far the
caleoulation of L , M , nEmely .~ 746
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CHAPTER IV,

AN EXPRESSION FOR THE CORREIATION COEFFICIENT d. Im

g

LIQUIDS AND THE EFFECT OF THERMAL VIBRATIONS IN SOLIDS.

An Expression of X. _for Iiguids.

The positions of the molecules, in the liguid
state, are neither fixed nor confined to certain
volumes. A single molecule will be assumed to have
the seme probability of oceccupying any position
throughout the liquid.

The tensor m:’ » defined by equation (2.53)
will then depend on the simultaneous positions . ,

X*  of the two molecules el in question.

The temsor (N will then be Gefined by

N Q. .%N““Jr*%// 9% Eex') dnats’ (4.1)
(ueing orthogonal axes)
where o
p ‘?f( PR (4.2)

,N is the total nunber of molecules and C" ( x x°)
is the probability that two molecules ¢/ ‘,{ oceupy
positions 5,5/ simultaneocusly. Sinee both (ng

and ?f: depend on the difference X-A~ , then

integrating over x’  in (4.1), remembering that
the volume cecupied by N’ molecules is % Per
obtain

Qr,,“; ;:' /i"’(&) ﬁ”’(m) olx (4.3)
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Substituting for cﬂ(ﬁ) from (2.,53), the integral in

{4.3) becomes

f[: H::,}:‘ _(L(.'_.zs_ﬁ: )k!qf]f’“l.(ﬂ-) nteln 412
/( fﬂ’)e,;((&) e 7 {4e4)

writing

pln) - f e? (n) (4.5)

for the rrobability that sny two moleculas be found
simulteneocusly ot distance A apart, then by use of
(4.5) 2nd (4.4) equation {4.8) becomes

@o:j' [f*/é/?&%m)frtohjnxdh] (4.6)

Sinee the 1iquid iz isotropic we put A -
and the dielectric constant will be given by equetion
(1.54) whene @, is given by (4.6).

K, » H » 808 K, sre functions of A and are
given for 18t neighbours by equetions (2.49) (2.50)
end (£.51).

For fmrther neighbours we shall neglect *_ﬁ%ﬂ:
end therefore the integrel in (4.6) will have the
uppor 1imdt », , instesd of oo See Fig. (15)).

The exrression /—\l, smEelr)at A is the number
of moiec.les which lie between spheres N =nd A+dn
relstive to the molecule st the centre of the sphere;

calling this exmression m/n) on then
Ry
= 4 [:+/ (f"_i_ﬁht“/é)m{n)om] (4.7)



2,
% = [ m(r) da (4.8)

be the co-ordinetion number, thet is the number of
firet neighbours, them (), may be given svrraximstely
by
H;+ H: }
Q, - ! [f—r}(._l_h_:_. je ] (449

n=h,
whene h 18 the vslue for which =~ /2) 1s grestest

or more carrectly given by

ny

A = A nm(r) dAr (4.30
7

Thermel Vibtretions in Solids

1f X" is the undisturbed position of s mole-
cule (1) in & erystal srd _ft_tm its thermsl disvlace=

ment, then its position vector will be given by

G (4.11)

ve assume 2 certein thermsl configuretion of the
whole set of molecules and yroceed in the same way
as we have done in the second section of Chapter I.
Inctand of equations (1,40) end (1.43), we have

rH a{ > Fur(aA; )J: E:] (4.,12)

Zt/'tu‘ Z({\ ) [ mE ,t X Zj] (4.,13)

The tensor ) sappesring in these equations depends

on the new positions x' given by (4-11)
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The immge field Z;f will deperd on the given therusl
confizurstion, as well ss on the configurstior of the
divoles., Forming tre product f’—f ,“f : s ONd
sveraginz over all the oriemtstions of the dipoles
lesving the thermsl configuretion ss it is, we obtein

Z/a* Z(A”)écfmé’ )fkfﬁ@f g#')" (4014)
Cther terms Which will vanish sfter thermal
.aireraging are omitted.
Phe tensor ¢ ,deflped by (4.2) will alse derend
on the new positions x'  giwven by (4.11)e
we may expand the temsars 4°, 4  in powers of

the thermel displecerents as follous

R i g e
s 10Y 4 9’\.:{‘ 9(‘”' v ‘/: ®
(W) AinZ P2 o 4 (4.15)
A o
(1)’ Z%‘ «u+¢4”ﬂ wia? (4.16)
J.V 3’;\:/ c 2% ?X/g)l'% o

vihere
s e {4.,17)
Fad

L3

end the tenscors /Ls, ’ %::, ara defined by equations
(1.29), (1.59), (2.53) (2.55) mad (4.2),

The temsars (4 ), ()V'¢ ¥) eprescing tn
equetion (4.14) cen de expsnded, with the help of
(4.,15) end (4.16) in first and second powers of the
thermal displacenments,

1 ?ﬁ (/c:‘]') is the mutual potential energy



between molecules < and 0(' then the mutusl potential

energy of the whole erystal is

J’ I-.
22 3P (8.10)
where
l} _ ‘a=¢9 . y
3¢ ?J‘J.?K?- A ‘;‘d-
I : (4.19)
g = 947
Y T g

The urobabﬂ-iw of the given thermal displace-

‘ment. s

£ =j n«)b(i‘ _%7_, } (4,20)

where

Zo [ [eup 132 Tl A ]

o 1
= ”1) (4.21)

%, 1s tie @eterminent of 37
Following equeations (£.3) end (2,5) we heve

ST £
'h‘aﬁ,:_..sz?gv /!iZ) (4.22)
By use of equation (4.21) we obtain
' fr7“(§")”,( (4,23)

T &
/4 ‘2(' = —
£l 3 7
D%I-V’ _C:D:"

where E_{ is the recimrocal of the mptrix B
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Since the sversge of terms liresr in the thermsl
displacements vanish srd the aversages of quadrstic

terms, sccording to (4.285) sre proportional to the
tempersture, we may write

%”) éél )t 3 (4.24)
Z4z FOA%Q), -7, T

The tensar S .

is

(4.25)

derends on the structure of the

crystal os well =s on the form of the potentisl feld
of & molecule.

The tensor ’ZV depends in esddition on
the temprerature T,

Proceedinz from equation (4.,14) in the sam way

es we have dorne in the second section of Cherpter I,
we obtelin, instend of (1.58)

1=l 34e fo2% A% 877 .

3 2.f,+;[/g//f;'(2: 3“7’)7‘:5‘71 (AFAET) (4.26)
¥For an isotropic crystel, putting A

ot 34

5 nnfmﬁwjgﬁfﬁy%urnﬁj i

Nerleeting second srd higher powers of ¢ 5 7
one obteins

o) gLtz 17 Pa.
[T e ; 2547 ;.’.:7'] 211—/ /:f/g/’ “fﬂ’f"/")“ {/g #‘f?']

(4.28)
Putting

(4.29)
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where 27/ 1s the excess due to the thermsl motion,
then

oy

s 2 7
et T 35y |- T Lot 0 fo
3&7(es%h) (e dnid J] 5 5 f?_‘y}" 237 1‘1] (4.30)

In the perticulsr case when f = e
ey ~ (8 er) = =
¢ s (4.981)
3‘)- __.?{."‘1 _.;i r71
K=

Since ¢ 1is independent of T, the last equstion

is in sgreement with the exrerimentsl results of the
slightly linesr incresse of s with the temperature.



CHAPTER V.

THE TRAESITION FROL FREE ROTATIONS T0 FIKED
(RIESTATIORS OF POL&R MOLECUIES IN THE SOLID
STATE..

' Mgmntal Lvidence.

The dependence of the d!(.e lgctric constent on
22
tempersture for nitrobenzine » 88 shown in Fig.(16)
shows s discontinuity ot the melting point, The
difference between the dielectric constant of the
liquid snd the solid et the melting point is so high
that it cennot be expleined by the slight change of
volume on the trensition from the ligquid to the solid
state. Substences which show similsr beheviour are
(14)(24) (14) (26 )e
amronie s, Bcetone ard nitromethane
The discontinuity in the dielectric constant x(ray)
ocewr in the so0lid state o3 for drochlaride secid
(14),(25)
(Fig. (18)) snd methyl elechol .
There is more than one discontinuity in the case

(24)
of hydrogen anlphitfle) ; 2()1’13.(19)). end finelly in

the case of weter 8 (Fig. (17)), trere is no
discontinuity in the dielectric constant but it
decreases rapidly to o much lower value.

The spoecific heats of F/C/ and f/zég;hm corresvonde
ing trensitions st a transition temperature the sare as

that of the dielectric comstent, ¥Far phosrhine
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there are tiree trsnsitions in the solid stzve.

This sbrupt decresase of the dieleectric constant,
either 2t the melting point or in the solid state,

(9)(10i(19)

was explaired as due t = transition from
free rotestions of the molecules to fixed orientations;
small rotationel oscillations round these fixed
orientations occur similsr to the therme. vibrations
of the molecules. A thorough trestrent of the subject
with regard to the experiments snd explenstions was

(21)
given by Sm?the .

10)

Frenkel, considered /& whered is the
engle of vibration of a dipole, 28 a measure of the
degree of disorder; when this stteins a certain
velve ( ¥ say) it pesses to a state of complete
disarder (free rotetions). ror = system of dipoles
he uses the mutusl energy between the dipoles instead
of the sversge field =dopted by others, A system of
linesr dipoles vibrating in one plene was trested in
his book,

we shall adopt the same ides &3 his, tresting
each dipole es vibrating in two dirensions instead

of one.

The Dielectric Constent Below the Trsnsition Point.

we shall consider the dipoles below the transition
point ss vibreting round certain ariestations, regulsPely



-55=-

arranged throughout the erystal. As pointed out by
Frenkel, there ney be more than one of such arrange-~
ments end they may pess from one srrangement to
another. vwe shall only calculate the electric moment
for one regulsr srrengement. The electric moment Tor
seversl srrangements c¢an then be found essily if we
know the yrobebility of esch srrangement,

Let /\:_” (r=1,2,3) be the co-ordinetes of
2 unit vector slong the dipole referred to orthogonal
axes, one (—=3) mnlong the ststionery orientation
of the dipole, then

2

F A e (541)

(il ()

/
Ifweregard X , A ~ as smll then f‘l;(':aan

be written

1 i 7 2 5

/
up to the second pover in ,\;w. /\;(“.
| Let {f?cj (s=42/3) be the components of s unit
vector along the axis o~ of the orthogonal set of s
molecule ( , referred to the crystal axes,
The components of s unit vectar, along the dipole,
referred to the erystal sxes, will then bde

slso
DR S T A LW LA
sl )= 1o L+ Z L e L141 ) x

re’

2 L0 L0 L2 ety 154
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Since the msultent moment in the sbsence of sn
external field is zero, then

> SO i/ O

o G = © (5.5)
Substituting for X (), X)X (j)  from (5.3)
(5.4) into the expression far W/ given by (1.35),

then equeting the linesr terms in W/ to zero, we
obtedin

A
By use of equations (5.5) (5.6) we obtein for

W (Comsidering only dipolsr ihtersctions) the
exrression

W= - 222002 1T L Ll
o< *-/ s8¢ 55

f

2230 g ) L0l i

2 :./ S5¢ o 5 1

i p 220 &) Fleynt 1 0]

(5.7)
Putting
zo/ —f— ; of / r‘ o
M= e (e g I W)
t &
+ L 5 d, =34 NI A (5.8)
¢ V2 ‘-l /[ )7, .
S = L b ) (549)
then
2 ; . . '
W W g g ¢ .0 (5.10)
H"'ﬁ‘*z%g o Kt K
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The probebility for = given configurstion is

given by S el 2
e MR 15 e ""‘_?'_ij
(Z‘prie{"j% e X e 2 (5.11)
R SYPUREE & LA T O TR
: . = Z .J-w’ e T g ‘5‘2)6{.
e rhJ N 2 o g
T S LN W G L =T 1Y
{0\’{ / (al e’ O [
[< | o #e CGNxX2/)  determinent of o«;f,
emd (/) is the recimroesl of the mtriz X o
From (5.12)4 the aversges of K: and zr; Aj:, sre
given by
L
2 X
&t = o P&
Z ik =2 e _ (5.15)

il & o St ar S
Tm ) {,02() -rfz fxf") i ?F {,:f{f)%

T2
5 (5.14)
By use of (5.12jberd (5.18), erd reteining only

terms linesr in £/ we obtsin

=i

/ o it o » ¢/ A'
Plsup > 4(--)5'(«’)4, 47 (5.15)
where

o/ 18 given instesd of (5.8), by
L S -~ 7 v o
o ot Z(ebad) L0674, G (5.16)

ea’ o] 3% .
= e e R

k7 r
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let " .
s i it ~ P
C:_” = _Lu? % Cj I),o:f (i [‘74’ /g’j ‘5.17)
then l
= Z{‘"f: M'ES%(C; A ),‘, £, (5.18)

By use of equetions (1.46) =nd (5.18) one obtains

r -1

Using the definition (1.52) for / we obtain the ten-

sor equation

= A A
i z‘:,i/ [/75//1"/@ e /6’/' ] dcri

This equetion is the same as (1l.53) with the tensor
' replmcing the tansar‘-ﬁ—; R@ . PFrom (5.17)
C 1s indevendent of p or T

Far isotropic solids

£-/= é’-f?/ =+ “'.‘r"“fl" C ‘5.21)

25,/ 2

Using the fact thet the stestionary arientstions
of the dipoles sre regulsrly distridbuted we mesy refer
to & molecule ¢ by mesns of two letters 4 £ ; the
first defining the unit cell and the second a psrtic-
uler molecule inside the unit cell. Then 7 (¢)
is the ssme for 811 #/ ard this will be written

ff’[,é} , 5180 we mey erpress

h
Vo EET
o A (5.22)

3’ §s7
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The conditions (5.5) ard (5.6) ean then be

written !3/’&} =
__[ (34 (.?)
‘)= (5.23)
’S‘C}‘ ; ) {K-} ©

If ~ 4is the number of dipoles in s unit cell thom,
from (5.17)

f

& - L 2SS e () ()

”7 KEks pan”

where, ncoording to (5.16) and (5.22)

EEC o

L) L (¢) (5425)

S’

2zt

J5

Stebility Below the Transition Foint.

In the shsence of =n external field, the config-
urstionsl vrobability, instead of (5.11) snd (5.12),
is given by

2t '
(“Z: -Q/?C/é{“jZZ,OC'J, Ko- Xjfj (5.36)

2 ier) }% (5.27)

(&< [
Integrating egustions (5.26) over 211 x exzcert

X" one obteins

&) 2’ M‘yﬁ{"z SAAN] s

Z {LL } (5.29)
where //5’(’/ is 2x2 determinent of /f
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By use of (5.13) end (5.27) one obteins

7 —Ea
Nk, =i )y, ) (5420)

apd from ‘5.29}
Xt') f” N /f (5.31)

One sees from (5.50),(5.31) thot the temsar &
epye aring in (5.28) is the recirroesl of the 2 /4 2
‘tensor Coe“) According to equation (5.28) the
';rojaotion of & unit vector along the dipole on =
plane normml to its stationsry orlentetion hes the

‘seme probability everywhere on the curwe

/f "" A’" ! (5.32)
ro”

This is an ellipse or hyrerbols according s

17| 2 o (5453)

a, since {/.f'd’/ s
is equivelent to

/COZ'/){". / é - (524 )

Therefare o first condition for hermonic oscilletions

— . , the condition (5.53)
[(Z) ]

round steationery oricntetions is

oAl N (5.35)
for all
if af’ " aj’ sre the semi-major snd —minor

exes respoctively of the ellipse (5.32) [//""/?" ].
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then o)

R - o L

where 2. ( s ) is a radius vector from the centre

(5.26)

of the ellipse (5,32) to a point on it.

Since the elementary volume between the ellipses
/ i/ 7 (/)
o and 2% A" 189 T gy AN 7, then

e
) — s /b(w 0,
Z( /1". = Z @{M 2 za(@ft
¢ o/ L ey !/_f(), %
- @
At = ('/?‘231? - z/@?’)""/% (5437)
Z’:_ is the average of the square of the project

-ion of a unit veetor along the dipole. ¢ on a plawm
nornmal to its stationary orientation, It is clear that

e < I (5.38)
for all [ s then

s
e k= (5.39)
for all ¢ « This is a second condition for hare
monie oscillations round the stationary orientation.
By use of (5.16) one can rewrite the two condit=

jons for harmonic oscillations
(A7) /f ¢ : (5.40)
s B R = .
/( ) / SET

for all ¢ .
A transition from rotational oseillationa to
free rotations will happen at the temperature 7/~

given by



~J0=

] & {__ 2.1
2/(A ] / e -93'('7:
for the grestest /(/-/}d./ in the unit cell.
It my be noticed from (5.40) thet the higher the

(5441)

valoe of 4 ond the lower the tempersture, tho more
stable is the ordered configwration of the dipoles,.
The exverimental corfirmmtion of this result has

{21)
been noticed by Smythe .
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