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ABSTRACT

Ground-Penetrating Radar (GPR) is a popular non-destructive geophysical
technique with a wide range of diverse applications. Civil engineering, hydro-
geophysics, forensic, glacier geology, human detection and borehole geology are
some of the fields in which GPR has been applied with successful or promising
results. One of the most mainstream applications of GPR is landmine detection.
A lot of methods have been suggested over the years to assist the landmine
detection issue. Metal detectors, trained rats or dogs, chemical methods and
electrical resistivity tomography are –amongst others– some of the suggested
techniques. The non-destructive nature of GPR makes it an attractive choice for
a problem such as demining in which contact to the ground is not allowed. The
main advantage of GPR is its ability to detect both metallic and non-metallic
targets. Furthermore, GPR can provide an insight regarding the nature of the
target (e.g. size, burial depth, type). From the above, it is evident that GPR

can potentially reduce the false alarms emerging from small metallic objects
(e.g. bullets, wires, etc.) usually encountered in battle-fields and industrialised
areas. Combining the robustness of the metal detector with the resolution of
GPR results in a reliable and efficient detection framework which has been
successfully applied in Cambodia and Afghanistan.
Despite the promising, and in some cases impressive results, aspects of

GPR can be further improved in an effort to optimise GPR’s performance and
decrease its limitations. The validation of a GPR system is usually achieved
through the so called Receiver Operation Characteristics (ROC) which depicts
the probability of detection with respect to the false alarm rate. ROC is a
highly nonlinear function which is sensitive to the environment as well as to
the antenna unit.
Landmines are typically small objects, often less than 10 cm diameter, which

are shallow buried, usually in less than 10 cm depth, and sometimes almost
exposed. In order for the landmines to be resolved, high frequency antennas
are essential. The latter are sensitive to soil’s inhomogeneities, rough surface,
water puddles, vegetation and so on. Apart from that, the near field nature of
the problem makes the antenna unit part of the medium which contributes to
the unwanted clutter. The above, outlines the multi-parametric nature of the
problem for which no straightforward approach has yet to be proposed.
Numerical modelling is a practical and solid approach to understand the

physical behaviour of a system. In the case of GPR for landmine detection,
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numerical modelling can be a practical tool for designing and optimising
antennas in synthetic but nonetheless realistic conditions. Apart from that,
evaluation of a processing method only to a specific environment is not a
robust approach and does not provide any evidence for its wider inclusivity and
limitations. However, evaluation in different conditions can become costly and
unpractical. Numerical modelling can tackle this problem by providing data for
a wide range of scenarios. An extensive database of simulated responses, apart
from being a practical testbed, can be also employed as a training set for machine
learning. A multi-variable problem like demining, in order to be addressed using
machine learning, requires a large amount of data. These must equally include
all possible different scenarios i.e. different landmines, in different media with
stochastically varied properties and topography. Additionally, different heights
of the antenna and different depths of the landmines must also be examined.
Numerical modelling seems to be a practical approach to achieve an equally
distributed and coherent dataset like the one briefly described above.
Numerical modelling of GPR for landmine detection has been applied in

the past using generic antennas in simplified and clinical scenarios. This
approach can be used in an educational context just to provide a rough
estimation of GPR’s performance. In the present thesis a realistic numerical
scheme is suggested in which, simplifications are kept to a minimum. The
numerical solver, employed in the suggested numerical scheme, is the Finite-
Difference Time-Domain (FDTD) method. Both the dispersive properties and
the Absorbing Boundary Condition (ABC) are implemented through novel
and accurate techniques. In particular, a novel method which implements an
inclusive susceptibility function is suggested and it is shown that surpasses the
performance of the previous approaches while retaining their computational
efficiency. Furthermore, Perfectly Matched Layer (PML) and more specifically
Convolutional Perfectly Matched Layer (CPML) is implemented through a novel
time-synchronised scheme which it is proven to be more accurate compared to
the traditional CPML with no additional computational requirements.
An accurate numerical solver, although essential, is not the only requirement

for a realistic numerical framework. Accurate implementation of the geometry
and the dielectric properties of the simulated model is highly important,
especially when it comes to high-frequency near-field scenarios such as GPR

for landmine detection. In the suggested numerical scheme, both the soil’s
properties as well as the rough surface are simulated using fractal correlated
noise. It is shown, that fractals can sufficiently represent Earth’s topography
and give rise to semi-variograms often encountered in real soils. Regarding the
dielectric properties of the soils, a semi-analytic function is employed which
relates soil’s dielectric properties to its sand fraction, clay fraction, sand density,
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bulk density and water volumetric fraction. Subsequently, the semi-analytic
function is approximated using a Debye function that can be easily implemented
to FDTD. Vegetation is also implemented to the model using a novel method
which simulates the geometry of vegetation through a stochastic process. The
experimentally-derived dielectric properties of vegetation are approximated
–similarly to soil’s dielectric properties– with a Debye expansion. The antenna
units tested in the numerical scheme are two bow-tie antennas based on
commercially available transducers. Regarding the targets, three landmines are
chosen, namely, PMN, PMA-1 and TS-50. Dummy landmines are used in order
to obtain their geometrical characteristics and comparison between measured
and numerically evaluated traces are used to tune the dielectric properties of
the modelled landmines. Lastly, water puddles are realistically implemented in
the model in an effort to realistically simulate high-saturated scenarios.
The proposed numerical scheme has been employed in order to test and

evaluate widely used post-processing methods. The results clearly illustrate
that post-processing methods are sensitive to the antenna unit as well as the
medium. This highlights the importance of an accurate numerical scheme as a
testbed for evaluating different GPR systems and post-processing approaches
in wide range of scenarios.
Using an equivalent 2D numerical scheme –restricted to 2D due to computa-

tional constrains– preliminary results are given regarding the effectiveness of
Artificial Neural Network (ANN) subject to an adequate and equally distributed
database. The results are promising, showing that ANN can be successfully
employed for detection as well as classification using only a single trace as
input. A basic requirement to do so is a representative training set. This can
be synthetically generated using a realistic numerical framework. The above,
provide solid arguments for further expanding the proposed machine learning
scheme to the more computationally demanding 3D case.
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LAY SUMMARY

Anti-Personnel (AP) landmines are small palm-shaped explosive devices that
are designed to maim or injure their victims. They are typically shallow buried,
no more than 10 cm and in many cases they are almost exposed with only a
small layer of dust covering them. Demining is a process that tries to detect
and disable AP landmines in an non-destructive way while balancing between
safety and efficiency.
Ground-Penetrating Radar (GPR) is a very promising demining method

that has been successfully applied in Afghanistan, Cambodia and so on. The
present thesis focuses on the numerical modelling of GPR for AP landmine
detection. Many aspects related to numerical modelling were investigated and
novel methods have been proposed in order to increase the reliability of the
numerical framework.
Having the ability to generate synthetic but nonetheless realistic data can be a

powerful tool for comparing different antenna units and processing frameworks.
Through this research, strong evidence is provided which indicates that the
performance of GPR is highly sensitive to the environment as well as to the
antenna system.
Lastly, a representative and well-labeled database can be generated using

the proposed numerical framework. Consequently, a question arises if machine
learning can take advantage of this. Through an initial 2D numerical study,
strong evidence is given which supports the premise that using an equally
distributed and representative training set, Artificial Neural Network (ANN) can
be trained and successfully used for both detection and classification purposes.
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1
INTRODUCTION

1.1 motivation and aims of the research

GPR is a widely used non-destructive geophysical technique. GPR has found ap-
plications in a wide range of fields, which vary from locating rebars in concrete
(Buyukozturk, 1998) to glaciology (Blindow et al., 2012) and forensic applica-
tions (Koppenjan et al., 2004). One of the most mainstream GPR’s application
is demining (Daniels, 2006). The main technique which is traditionally used
for landmine detection is the metal detector. The latter, cannot detect plastic
landmines and also is vulnerable to false alarms due to the presence of small
metallic objects (bullets, metal wires and so on) (Kaneko et al., 2014). GPR

has the ability to detect both plastic and metal landmines and also has the
potential to decrease the false alarm rate. Due to the ultra-wide band nature
of GPR, adequate information is retrieved, nonetheless, interpretation of this
information is not straightforward. In addition to that, the small depth which
the landmines are buried, combined with the small size of the targets, requires
the use of high frequency antennas which are constrained to operate within a
small proximity to the ground. The above, increase the unwanted clutter and
make the antenna unit an important part of the problem which contributes to
the scattering field and highly affect the performance of GPR.
Landmines can be found in a variety of environments each of which gives rise

to a diverse set of scattering fields. Processing algorithms as well as antenna
units need to address the problem of diversity i.e. need to perform equally
well in different environments. Otherwise it is necessary to clearly state the
limitations and the applicability of any suggested GPR system.

GPR systems are evaluated in test-fields which are called mine lanes. It has
been reported in the literature that clinical mine lanes can give a false impression
regarding the capabilities of GPR systems which when tested in realistic-complex
environments they often do not achieve the expected performance (Daniels,
2006). Performing experiments in different environments and having control of
the field conditions can become both time-consuming as well as expensive.
Numerical modelling has the potential to overcome these issues. Through

numerical modelling, processing algorithms can be tested in a variety of well
controlled environments. In addition, antenna units can be easily tested and
optimised in a practical and cost-effective manner. Apart from that, large

1



2 introduction

2005 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015
0

10

20

30

40

50

60

70

C
ita
tio
ns

Year

Figure 1: Publications that have cited gprMax (www.gprmax.com) from 2005-2015.

datasets for different types of environments, targets and antennas can be
numerically evaluated and subsequently employed for training purposes in
pattern recognition algorithms like ANN.
Therefore, numerical modelling is considered as a promising tool which can

be used to address issues related to demining. In order to do so, numerical
modelling must realistically simulate all the aspects of the model, namely, the
shallow surface of the soil, the antenna unit, the rough surface, vegetation,
water puddles and landmines. Both the geometry and the dielectric properties
must be realistically implemented into the models. Simplified models with
ideal dipoles over homogenous half-spaces, although they can provide a rough
estimation of the performance of GPR, nonetheless, they can not be used to
validate GPR systems neither assist machine learning.

1.1.1 Numerical modelling for landmine detection using GPR

Numerical modelling has been extensively used by the GPR community in order
to asses the performance of GPR and also as an alternative interpretation tool
(Cassidy, 2007). This is illustrated in Fig. 1 in which the number of publications
that have cited a free GPR numerical simulator gprMax (Giannopoulos, 2005)
(www.gprmax.com) is illustrated. It is evident that the popularity of numerical
modelling increases almost linearly with time. The main reason for that is
the fact that the computational resources needed for an accurate numerical
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Fig. 4. Scattered signals from a conducting prism buried 5 cm under four lossy
ground models with conductivities (a) 0.001 S/m, (b) S/m, (c) 0.1 S/m, and (d)
1.0 S/m.

III. REALISTIC GROUND MODELS

In this section, the shielded GPR configuration introduced in
the previous section is used in the simulations of various sce-
narios involving realistic ground models. In all of the following
simulations, the center frequency of the source is fixed at 500
MHz and the permittivity of the ground is 8 . Conductivity,
heterogeneity, and the surface roughness of the ground are in-
vestigated as parameters affecting the detection of the buried
target.

A. Conductive Ground Models
Onemain difficulty that practical GPR systems face is the hu-

midity of the soil. Since wet soils are lossy, they are modeled by
conductive media in the FDTD method. The conductivity of the
ground affects bothG and S signals. The higher the conductivity,
the larger the reflected signal from the ground-air interface. In
addition to increasing the reflectivity of the interface, higher
conductivity of the ground increases the loss, which, in turn,
diminishes the S signal propagating down and up in the lossy
ground.Moreover, a larger G signal contributes to the longer tail
of the total received signal. All of these effects make it harder to
detect the S signal in the total received signal, and thus, to de-
tect the buried targets in wet soils. However, the more important
impact of the ground conductivity is on the S signal, which is
the signal scattered from the target.
The decay of the S signal in lossy grounds is demonstrated

by four simulations, with results shown in Fig. 4(a)–(d). In
these simulations, conducting prisms of size 5 5 4 cm
are buried 5 cm under lossy ground models with conductivities
0.001 S/m, 0.01 S/m, 0.1 S/m, and 1.0 S/m. Fig. 4(a) and (b)
demonstrate that the conductivity values 0.001 S/m and 0.01

Fig. 5. First heterogeneous ground model, with a conductivity value of
0.01 S/m and a permittivity value of 8 . There are 20 holes on the surface
of the ground. The second ground level contains 25 highly conducting
inhomogeneities and the third level contains 50 scatterers with relatively lower
conductivity values. The target is buried 5 cm deep.

S/m do not cause any major attenuation on the scattered signals.
However, the amplitudes of the scattered signals decrease as
the ground conductivity values increase up to 0.1 S/m and 1.0
S/m, as shown in Fig. 4(c) and (d). Conductivity values below
0.1 S/m may be regarded as low values for GPR scenarios at
this center frequency (500 MHz).

B. Heterogeneous Ground Models

An invariable feature of real-life soils is heterogeneity, which
should be represented in a realistic groundmodel.Without using
the simulation results containing some inhomogeneities altering
the idealized nature of the ground model, it becomes a futile ef-
fort to develop a meaningful detection algorithm that will per-
form well over real-life soils.
An example of a realistic ground model is depicted in Fig. 5.

This model is formed by simulating small scatterers embedded
in the ground. The sizes, locations, and material properties of
these inhomogeneities are determined randomly within preset

Figure 2: Soil’s inhomogeneities (L3), vegetation (L2) and rough surface (L1) modelled
using randomly placed boxes (Gurel and Oguz, 2001).

modelling scheme are now trivially accessible by universities and research
institutes.
A first attempt to model a full GPR scenario was done by Bourgeois and

Smith (1996) and Bourgeois and Smith (1997) in which bowtie and dipole
antennas were simulated using FDTD. The modelled antennas were placed on
top of oil emulsions which they resemblance the dielectric properties of soils.
The effective permittivity of the medium was implemented using a Debye pole.
The modelled scenario was successfully validated using real data. Giannopoulos
(1997) also employed FDTD in order to model GPR scenarios using clinical
homogenous models similar to Bourgeois and Smith (1996) and Bourgeois
and Smith (1997). In the same concept, Giovanneschi et al. (2013) modelled
homogenous media with flat surface in which cylindrical targets were buried
in different depths. The dielectric properties were simulated using a constant
electric permittivity plus a conductive term. The resulting synthetic traces
were subsequently used in order to evaluate the time-frequency transform
for identifying features associated with shallow-buried targets (landmine-like
objects). More complicated targets, which resemblance AP landmines were
modelled by Alawneh (2004) in free space. Simple excitation sources were
employed in an effort to retrieve the characteristic reflectivity of a set of AP

landmines. Ho et al. (2008) used FDTD in order to model accurate models
of landmines (for which, no details were given due to confidentiality issues)
buried in a clinical homogenous soil with flat surface. The dielectric properties
were implemented using a constant permittivity plus a conductive term. A
resistive-loaded dipole was used for their simulations. Although the pair antenna-
landmine was realistically modelled, a homogenous half-space, simulated using
a constant permittivity plus a conductive term is an oversimplification which
can overestimate the performance of GPR. Similar simplified models were
used by Roth et al. (2005) in an effort to validate a deconvolution-based
detection framework. Lopera and Milisavljevic (2007) used FDTD to model
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2D homogenous soils with flat surface. The dielectric properties of soil’s were
calculated using the semi-empirical model suggested by Dobson et al. (1984).
Although the semi-empirical model describes a dispersive electric permittivity
which contains ionic plus dipolar losses, nonetheless Lopera and Milisavljevic
(2007) implemented only the constant part of the real permittivity plus a
conductive term. Clutter in the model was introduced by Gurel and Oguz
(2000, 2001), Oguz and Gurel (2002) and Gurel and Oguz (2003). In their
work soil’s inhomogeneities were implemented using randomly placed boxes.
The rough surface as well as the vegetation were implemented –similar to
soil’s inhomogeneities– using randomly spaced boxes (see Fig. 2). Regarding
the dielectric properties, a constant permittivity plus a conductive term were
implemented to FDTD. Nishimoto et al. (2006) employed FDTD in order to
simulate 2D homogenous models with a rough surface. The roughness of
the surface was modelled using a Gaussian correlation. Simple targets were
used to simulate landmine-like objects. Similar to the previous approaches,
a constant permittivity plus a conductive term were used to simulate the
dielectric properties of the soil.
Gonzalez-Huici et al. (2007) and Gonzalez-Huici (2012) used frequency

domain numerical solvers to simulate a generic antenna and two mine-like
objects buried in a realistically modelled soil. The soil as well as the surface
were modelled using random noise with a given correlation step. Using the
aforementioned numerical scheme, a library of traces was generated which
was subsequently used in an effort to discriminate between AP landmines and
false alarm targets. Although the dielectric properties were simulated using a
constant permittivity plus a conductive term (thus, neglecting the dipolar losses
of soils), nonetheless Gonzalez-Huici et al. (2007) and Gonzalez-Huici (2012)
introduced realistic clutter to the simulations which substantially increased the
reliability of the resulting synthetic data.
Notice that in all the aforementioned modelling frameworks, generic types

of bowtie and dipole antennas, ideal Hertzian dipoles and line sources were
employed. In addition, different types of generic antennas have been investigated
by numerous researchers and their performance were evaluated using numerical
modelling. Namely, spiral antennas (Sato et al., 2005, Van Genderen et al.,
2003), low dielectric conical horns (Teggatz et al., 2005), air-coupled wedge
antennas (Savelyev et al., 2007), Vivaldi (Sato et al., 2003, 2005), horn-fed
bowtie (Youn and Chen, 2005), dielectric rode antennas (Youn and Chen,
2005), vee dipoles (Nuzzo et al., 2014), dielectric-filled TEM horn (Bart et
al., 2000), ridged horn antennas (Panzner et al., 2010) and bowtie antennas
(Gonzalez-Huici et al., 2007, Gonzalez-Huici, 2012, Metwaly, 2007, Tesfamariam,
2013).
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Numerous GPR systems, both handheld (for AP landmine detection) and
arrays (for anti-tank landmine detection) were designed and some of them
are commercially available. Daniels (2004) provides a review of the research
related to GPR systems divided by country of origin. Handheld devices are
primarily used for AP landmine detection and they are usually consist of a GPR

system accompanied by a metal detector. These devices are called dual sensors,
examples of dual sensors are the well-known MINEHOUND and HSTAMID
(Daniels, 2004). Modelling these systems is particularly difficult due to con-
fidentiality constrains and to our knowledge there is no published numerical
framework using commercial systems designed specifically for demining.
The same problems (arising from confidentiality constrains) occur for commer-

cial systems designed for more generic GPR applications, namely, engineering,
forensic, geophysical and so on. Nonetheless, through reverse engineering, suf-
ficiently accurate models of commercial antennas can be achieved (Warren,
2009). The commercial antennas GSSI 1.5 GHz and MALA 1.2 GHz have been
succesfully modelled by Warren and Giannopoulos (2011) and Warren and
Giannopoulos (2012). Although these antennas are not specifically designed for
landmine detection , nonetheless, the high frequency pulses which these systems
employ combined with their ground coupled nature and the fact that they are
easily accessible make them attractive choices for evaluating and demonstrating
the capabilities of an accurate numerical framework for AP landmine detection.

1.1.2 Objectives

The key objectives of the present thesis are outlined as follows:

• Develop software tools which will increase the accuracy of the numerical
solver (in the present case FDTD).

• Create a numerical scheme which will realistically (and in a straightfor-
ward manner) implement soil, rough surface, vegetation, antenna units
and landmines into the model. Both the geometry and the dielectric
properties must be accurately modelled.

• Use the proposed numerical scheme to investigate if antennas and pro-
cessing methods are case sensitive and underline the need for a more
coherent and inclusive evaluation of GPR systems.

• Evaluate the performance of ANN subject to an adequate and complete
training set.
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1.2 thesis structure

The following paragraphs outline the basic structure of the thesis:
Chapter 2: The global AP landmine crisis is described. Graphs and statistics

are given in order to illustrate some aspects of the issue and depict the
magnitude of the problem. Chapter 2 also focuses on the Ottawa treaty and the
effects it had and still has. Lastly, an introduction on the demining techniques
is given with an emphasis on GPR.

Chapter 3: The basic principles of GPR are presented and emphasis is
given on the post-processing techniques applied to raw data. In addition, data
gathering techniques are described and widely used terms in GPR community
(A-Scan, B-Scan, C-Scan etc.) are explained.

Chapter 4: Maxwell’s equations are presented and the physical interpreta-
tion of dielectric properties is given. Chapter 4 also focuses on the dielectric
properties of soils. The dispersive mechanisms within soils are analysed and
the functions which are mainly used to describe the dielectric properties of
soils are outlined.

Chapter 5: The aim of this chapter is to provide a basic background on the
FDTD method. Numerical errors as well as stability conditions are defined and
novel methods to implement dispersive properties and to truncate the grid’s
boundaries are suggested.

Chapter 6: In this chapter, a numerical framework is proposed in order to
simulate GPR for landmine detection. A detailed description of the suggested
scheme is given and simulation results are provided which are subsequently
used to evaluate antennas and processing algorithms.

Chapter 7: A case study is presented in which a numerically evaluated
database is used for ANN training purposes. The training set is synthetically
generated using a (equivalent to the one presented in Chapter 6) 2D numerical
scheme. The purpose of the present study is to investigate the performance of
ANN subject to a representative training set.

Chapter 8: This chapter summarises the thesis outputs and outlines the
suggested future work.



2
THE GLOBAL ANTI -PERSONNEL MINE CRIS IS

The present chapter is a brief introduction on the global AP landmine issue,
focusing on its consequences and the counter-measurements taken to tackle it.
It starts with a historical overview of the use of landmines from World War
I till now. The lack of military utility of AP landmines is discussed and the
importance of it to the Ottawa treaty (officially known as Convention on the
Prohibition of the Use, Stockpiling, Production and Transfer of AP mines and
on their Destruction) is highlighted. Lastly, a general review of the demining
methods is given, focusing on GPR and the reasons why it is considered one of
the most sophisticated and advanced demining techniques.

2.1 introduction

The term "landmine" describes any explosive device buried under the ground
which is designed to kill, maim or destroy enemy targets (pedestrian troops,
vehicles etc.) (Random House Dictionary, 2012). Unexploded Ordnance (UXO)
are explosive weapons which did not explode as they were designed to do so.
The nature of these explosives makes them unstable posing a danger to the
local communities. The difference between UXO’s and landmines is that the
latter are designed and created in order to pose an invisible threat which can
be active for long time after the war. Although anti-vehicle landmines require
excessive pressure (such as the weight of a military vehicle) to explode, AP

landmines can be triggered easily, sometimes even from the weight of small
animals. Because of that, the victims of AP landmines are usually civilians who
are killed or maimed long after the war is over (Cameron et al., 1998). The
vast number of civilians killed or maimed from AP landmines is the reason why
the issue of AP landmines is accounted as a humanitarian crisis known as “The
Anti-Personnel Mine Crisis" (Cameron et al., 1998).
Landmines, were initially employed during World War I. Artillery shells with

exposed fuses were used by the German army as anti-vehicle weapons. These
early improvised devices were replaced after the discovery of TNT which gave
rise to the modern anti-vehicle landmines (Cameron et al., 1998). Modern
anti-vehicles landmines were extensively used during World War II. According
to the US Defence intelligence agency (1992) more than 300 million anti-vehicle

7
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Figure 3: Types of AP landmines produced the last 25 years by country (Cameron et
al., 1998).

landmines were placed during World War II, mostly by the Soviet Union,
Germany and the United states of America.
The first AP landmines were initially used in an effort to protect anti-vehicle

landmines from pedestrian troops. Improvised and handmade mechanisms
which involved grenades and electric fuses were firstly employed during World
War I (Cameron et al., 1998). Later on, AP landmines started to be used on
their own. It is interesting to note that the first independent usage of AP

landmines was to demoralise the enemy. Although never officially admitted,
during World War II it was reported that soldiers used to booby-trap everyday
objects even dead bodies (Cameron et al., 1998) in an attempt to terrorise the
enemy with a practically null military utility.

AP landmines are small and light objects, their diameter varies from 5-15
cm and their average weight is roughly 400 grams. They are typically shallow
buried (less than 10 cm) and can be frequently found exposed due to erosion.
AP landmines are divided into blast and fragmentation landmines. Blast AP

landmines are designed in order to maim the individual who steps on them.
The soil debris, the rock fragments, the melted plastic and the power of the
explosion usually blows off the victim’s leg. In the worst scenario, AP landmines
have the potential to be lethal although they are designed to maim and not kill
the victims. This is done because an injured soldier is proven to be more costly
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Figure 4: AP landmine victims by gender in Africa (LCD3, The World Bank).

for the enemy (Cameron et al., 1998). Fragmentation AP landmines are typically
larger than blast AP landmines with higher metal content which makes them
easier to be detected using metal detectors as well as GPR. They are designed
to fire fragments to different directions creating a killing radius. Both blast and
fragmentation AP landmines can be further divided into subcategories, namely,
scatterable AP landmines (AP landmines that can be scattered from a plane)
and bounding AP landmines (AP landmines that when activated launch of the
ground and explode when they reach approximately one meter height).

AP landmines are simple devices which can be trivially manufactured with a
limited amount of resources (usually 3-5 $ per AP landmine) (Cameron et al.,
1998). This is one of the reasons which explains the extensive production and
usage of AP landmines over the years. The last 25 years more than 350 types
of AP landmines were constructed in 52 different countries (HRW and PHR,
1993). Fig. 3 presents the main manufacturing countries by number of different
AP landmines types. According to the International Committee of the Red
Cross (ICRC), AP landmines kill or maim more than a thousand victims every
month (UN, 1994) (mostly civilians, see Fig. 4). The ICRC estimates that the
last fifty years more damage has been done from AP landmines than nuclear
and chemical weapons combined (ICRC, 1996). As stated by Cameron et al.
(1998), AP landmines are the modern edition of salting the enemy’s soil in
order to poison and pollute the area for a long time after the war. Even a few
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Figure 5: Cleared areas and AP landmine victims in Cambodia from 1999 to 2009
(Cambodian Mine Action Centre, 2014).

number of casualties or exposed landmines can pollute an area for a long time
and give reasons for major population movements as has been demonstrated in
Cambodia, Bosnia and Africa (Cameron et al., 1998). The above facts justify
the fact that AP landmines are accounted as one of the worst cases of global
pollution (Cameron et al., 1998).
The solution to the AP landmine crisis is humanitarian demining, although

it is proven to be a very slow procedure (Acheroy, 2007). As stated by ICRC
(1996), with the current rate of removal, and in the ideal scenario in which
the use of landmines is globally stopped, it would take more than a thousand
years and 33 billion dollars to clear the active minefields. In addition, ten
new landmines are placed for every cleared one (Gooneratne et al., 2004)
and in absolute numbers 2-5 million mines are planted every year (ICRC,
1996). The facts above create the need for faster and more efficient demining
methods. Despite the aforementioned imbalance between cleared and uncleared
minefields, demining can have very positive effects in reducing the number of
AP landmine victims as it is clearly illustrated in Fig. 5 (Cambodian Mine
Action Centre, 2014).
Humanitarian demining has three basic tasks: marking the boundaries of the

affected areas, locating the targets and subsequently disable them. The United
Nations (UN) humanitarian clearance standards are 99.6 %. This means that in
a minefield which consists with 1000 AP landmines it is unacceptable to leave
more than 4 AP landmines on the ground (Cameron et al., 1998). When the
clearance is over, the members of the crew are holding hands and they walk
around the cleared area while local communities are watching (Cameron et al.,
1998).
Humanitarian demining faces many difficulties which emerge from the large

number of different types of AP landmines as well as the large diversity of
the environments in which they can be found. AP landmines can be found
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Iran and Latvia (LCD3, The World Bank).

in deserts, mountain areas, urban environments and so on (Daniels, 2006).
In addition, landmine-affected areas are frequently abandoned for years, this
implies that when demining takes place, usually the area is covered with dense
vegetation. Removing vegetation is risky due to very thin tripwires connected
to explosive devices (Cameron et al., 1998). The thin tripwires are hidden in
vegetation and they are not always visibly detectable. This makes demining
risky and despite the advance of new technologies, one deminer is maimed
or killed for every 1000-2000 AP disabled landmines (Cameron et al., 1998).
Fig. 6 illustrates the injured and killed deminers with respect to the cleared
areas. Decreasing the accidents rate to a minimum while retaining operational
efficiency (with respect to time) is the main goal of the research associated
with demining.

2.2 the anti-landmine movement and the ottawa treaty

From the early 1970s, awareness was started to raise over the fast growing
AP landmine issue. One of the first Non-Government Organisations (NGO)
for humanitarian clearance programs was created in Afghanistan in 1980
by a former British army sergeant. His job was agricultural development
but soon he realised that it was an impossible task due to the heavy AP
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landmine contamination (Cameron et al., 1998). In 1991, the first appeal for
an international ban of the landmines has been done in the US Congress by
a member of the women’s commission on refugee women and children. The
appeal was made after spending months in the refugee camps in Cambodia
which is one of the most landmine-infected countries (due the abuse of AP

landmines during the civil war in 1970) (Cameron et al., 1998). Cambodia’s
landmine problem triggered the Human Rights Watch as well as the Physicians
For Human Rights to call for a global ban of AP landmines in 1991 (Cameron
et al., 1998). Subsequently, the Vietnam Veterans of America Foundation, after
spending time to help the AP landmine victims in Cambodia, they concluded
that the only solution was to ban landmines and they launched a campaign to
do so (Cameron et al., 1998).
The humanitarian consequences of AP landmines (although devastating) were

used primarily in an effort to increase the public image of the anti-landmine
movements and to attract the attention of the media. The main argument
against AP landmines was their military utility combined with the unbalanced
suffering they cause to civilians (Cameron et al., 1998). This was backed up
by The Law of Land Warfare (1956) which states that the civilian casualties
must not be out of proportion compared to the military advantages gained
(Cameron et al., 1998). The International Humanitarian law also prohibits the
use of weapons that cause unnecessary suffer, unbalanced with their military
utility (Cameron et al., 1998). These criteria were used to prohibit the use of
biological and chemical weapons in the biological weapons convention in 1972
(Cameron et al., 1998). The same criteria were used to support the premise
that AP landmines, similar to biological weapons, should be banned.
The limited military utility of the AP landmines was one of the key reasons

for the success of the anti-landmine movement. The main argument in favour
of AP landmines is that they shape the battlefield and force the enemy to
disadvantageous formations (Cameron et al., 1998). However, this is not in
good agreement with experience. During the Gulf War, a wall consisted of
9 million landmines was breached within just two hours (ICRC, 1996). In
addition, there are reported cases of non-humane strategies like moving troops
over minefields in order to rapidly clear them (Cameron et al., 1998). Apart
from that, it has been reported that troops have been frequently trapped inside
their own minefields (Cameron et al., 1998). Based on similar cases to the ones
described above, fifteen former senior military officers signed an open letter to
the USA president which states the lack of military utility of AP landmines and
advise president Clinton to ban the use of them (Letter to President Clinton,
1996).
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In 1997 an organised investigation was committed by the ICRC in order
to validate and analyse the utility of the AP landmines. The investigation is
considered reliable, since 55 military officers from 19 different countries took
part. Their conclusion is clearly and briefly outlined by Cameron et al. (1998):

“No case was found in which the use of anti-personnel mines played major
role in determining the outcome of a conflict; they had little or no effect on the
outcome of hostilities; they had only limited effect on unprotected infantry; and
while these weapons had a marginal tactical value under specific conditions the
effects are very limited and may even be counterproductive" (Cameron et al.,
1998).

The early anti-landmine movements and the growing public exposure led to
the first Ottawa meeting held on 3-5 October of 1996 (Cameron et al., 1998).
The meeting outperformed the expectations with 50 countries signing that
the ban of landmines is a serious issue which should be addressed rapidly
(Cameron et al., 1998). At the end of the meeting the foreign Minister of
Canada Mr. Axworthy challenge the diplomats who attended the meeting, to
meet in Ottawa within a time period of a year with a simple and clear banning
treaty.
The following months, a lot of meetings and campaigns took place in order

to negotiate and raise awareness about the treaty. The most important were
the negotiations in Oslo (Cameron et al., 1998) in which the treaty was very
rigorously and clearly defined (Cameron et al., 1998):

General obligations
1. Each State Party undertakes never under any circumstances:
A) To use anti-personnel mines.
B) To develop, produce, otherwise acquire, stockpile, retain or transfer to
anyone, directly or indirectly, anti-personnel mines.
C) To assist, encourage or induce, in any way, anyone to engage in any
activity prohibited to a State Party under this Convention.
2. Each State Party undertakes to destroy or ensure the destruction of all
anti-personnel mines in accordance with the provisions of this Convention.

After the Oslo negations, on 10 October of 1997, the Nobel price was given
to the International Campaign to Ban Landmines (ICBL) and to the main
co-ordinator Jody Williams (Cameron et al., 1998). The Nobel price increased
the public image and helped towards the following convention in Ottawa in
which the Oslo agreement was going to be signed. In 3 December of 1997 in
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Figure 7: Global mine action funding for 1996-2006 (Landmine Monitor Report, 2007).

Ottawa, 122 countries signed the ban of AP landmines. Later on, more countries
followed and today 162 countries are members of treaty. Although USA, Russia
and China are still no members of the convention, nonetheless the Ottawa
treaty was a humanitarian triumph which clearly marked the beginning of the
end of probably the worst case of global pollution.

2.3 demining methods

In the years followed the Ottawa treaty, funding for mine action was increased
almost linearly with time (Landmine Monitor Report, 2007) as it is illustrated
in Fig. 7. This led to the development of new demining methods and to the
advancement of the already existed ones.
A large number of demining methods have been suggested over the years, the

most common (and the first humanitarian demining method used) is the metal
detector (Acheroy, 2007, Claudio et al., 1998). The drawbacks of the latter are
A) failure to detect plastic landmines (the majority of modern landmines are
almost entirely plastic (UN, 1994)), B) high sensitivity to metal fragments which
increases the false alarm rate (Gooneratne et al., 2004) and C) unreliable in
soils with high metal content (Cameron et al., 1998). Other demining methods
vary from trained dogs, trained rats (APOPO, 2006), chemical methods, nuclear
methods (Acheroy, 2007, Gooneratne et al., 2004), to more geophysical based
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Figure 8: Three different ROC curves are illustrated with increasing performance (blue
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approaches like acoustic/seismic (Gooneratne et al., 2004, Schroder and Scott,
2000) and electrical resistivity techniques (Church et al., 2006, Metwaly, 2007).
The performance of the demining methods is demonstrated through the ROC

curve. The ROC curve expresses the Probability of Detection (POD) with respect
to the Probability of False Alarm (PFA). In other words ROC curve lllustrates
the accuracy of a demining method with respect to its time-efficiency. Fig. 8
illustrates three different ROC curves with increasing performance.
Ground-Penetrating Radar (GPR) is a non-destructive geophysical method

which uses time-varying electromagnetic fields in order to retrieve information
regarding the subsurface’s dielectric properties. GPR has been extensively used
for various applications (Daniels, 2004) and it is a well established geophysical
technique. Regarding landmine detection, GPR combined with metal detector
can reduce the false alarm rate which results to an overall decrease of the time
needed for clearance (Daniels et al., 2014) (see Fig. 9). Dual sensors which
combine both GPR and metal detectors have been developed and successfully
applied in Cambodia and Afghanistan (Daniels et al., 2014, Sato et al., 2007).
The basic advantage of GPR compared with metal detector is its ability

to detect plastic landmines. In addition, GPR retrieves adequate information,
which with the right processing can give us an insight regarding the nature
of the scattering sources (depth, shape, dielectric properties etc.). However,
in complex environments, clutter may mask the landmine’s signature which
makes the interpretation difficult and unreliable. Also rocky environments
as well as minefields with rough surface can increase the false alarm rate
substantially (Daniels et al., 2014).These issues are discussed and analysed in
the next chapters.



3
BASIC PRINCIPLES OF GROUND PENETRATING
RADAR

This chapter is a brief introduction of the basic principles of GPR. The
limitations and capabilities of GPR are mapped and detailed descriptions of
the data-gathering methods are given. In addition, widely used terms in GPR

community (A-Scan, B-Scan, C-Scan etc.) are explained and examples are
provided in order to clarify their utility and importance. Lastly, frequently-used
post-processing methods are discussed and some initial examples are given to
illustrate their effectiveness.

3.1 introduction

GPR is a special case of a more inclusive group which is known as near
surface applied geophysics (Everett, 2013). The term is self-explanatory and
describes a group of geophysical techniques (Electrical Resistivity Tomography
(ERT), Self Potential (SP) method, potential fields methods, GPR, seismic
reflection-refraction etc.) which aim to retrieve information regarding the
distribution of subsurface’s physical properties (electrical resistivity, elastic
parameters, dielectric properties and so on). GPR is used in order to map
the distribution of the dielectric properties –electric permittivity, magnetic
permeability and conductivity– of the subsurface. The interpretation of the
subsurface’s dielectric properties can subsequently reveal the nature of the
buried targets. Although direct imaging of the dielectric properties of the
subsurface is theoretically plausible, and recent advancements have illustrated
the ability to do so (Meles, 2011), the so called full-waveform inversion is
still a computationally expensive approach for which an accurate model of
the antenna unit is essential. These problems leave space for more indirect
methods of interpretation. These have the advantage of practicality and simple
applicability even in real-time problems. Post-processing methods that focus
on retrieving quantitative information regarding the subsurface have been
extensively used for a wide range of applications with satisfactory results
(Daniels, 2004).

GPR has a unique characteristic compared with other geophysical techniques
and that is the diversity of its applications. Traditionally, GPR is used in
engineering (Negri and Quarta, 2012, Pajewski et al., 2013) and security

17
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Figure 1: GPR signal attenuation paths (Cassidy, 2008)

is given by (2.6), which is developed from the solution of a uniform plane wave
propagating in a lossy material (Balanis, 1989).
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where:

c = velocity of light in free-space (299, 792, 458 m/s)

µr = relative permeability (dimensionless)

! = angular frequency (rad/s)

For materials with negligible conductivity, and a permeability close to that
of free-space, the equation for the velocity (2.6) simplifies, and the velocity can
be calculated using only the permittivity of the material.

The depth of penetration or range of a GPR system is primarily governed
by the attenuation of the transmitted wave as it travels from transmitter to
receiver. The attenuation1 ↵ (dB/m) of electromagnetic waves in a material is

1 The attenuation coe�cient is often expressed in Nepers-per-metre (Np/m) but decibels-per-
metre (dB/m) is a much more practical unit for GPR.

Figure 10: The loss mechanisms encountered in GPR (Cassidy, 2008).

applications (landmine detection, forensic etc.) (Daniels, 2004) but it has also
been extensively used for geophysical/geological applications (Bristow, 2004,
Hai et al., 2014, Kowalczyk et al., 2014), planetary exploration (Fa, 2013) and
archeological inspections (Conyers, 1997). This creates a big community which
embraces the scientific fields of electrical engineering, geology, geophysics and
signal processing (Daniels, 2004).
A simplified description of GPR, is that of a typical radar which transmits

an ultra wide-band electromagnetic pulse into the ground in an effort to detect
subsurface dielectric contrasts. The propagation of the pulse into the ground has
direct implications on the limitations and the uniquenesses of GPR compared
with traditional radar. The energy which is reflected from the ground surface
combined with the losses within the ground as well as the geometrical spreading
and the reflected energy from unwanted clutter can substantially reduce the
pulse’s amplitude as it propagates inside the soil (see Fig. 10). These loss
mechanisms reduce the depth range for which GPR can be reliably used. The
depth range is also highly related to the central frequency of the pulse. This
is because the losses within the ground (which are associated mostly with
the water content of the soil) are proportional to the frequency of the pulse.
Using lower frequencies reduces the effects of the loss mechanisms, nonetheless,
lower frequencies do not come without drawbacks. The reflected energy from
targets is proportional to the dielectric contrast between the target and the
medium as well as the size of the target with respect to the wavelength of the
pulse (Balanis, 1989). In other words, lower frequencies can not resolve small
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targets. Therefore, it is evident that as the depth range increases the resolution
decreases.
The frequency range of GPR can theoretically vary from 1 MHz (below 1

MHz the electromagnetic fields can be described by the diffusion equation and
do not act as waves) to 10 GHz (which is the relaxation frequency of water,
this creates extreme losses which make GPR unreliable). For the mainstream
applications of GPR, a frequency range of 10 MHz - 3 GHz is usually employed.

GPR antennas can be both mono-static (when the transmitter and the receiver
are the same antenna) and multi-static (when the transmitter and the receiver
are different antennas). Both of these types can be employed in contact with the
ground or off the ground. In addition, the polarisation of the transmitter can
be parallel (co-polarised) or perpendicular (cross-polarised) to the polarisation
of the receiver.
The antenna units can be furthermore divided into time-domain (the majority

of the commercial GPR systems) and frequency domain antennas. Time-domain
antennas transmit a short pulse (200 ps to 50 ns) with an amplitude between 20-
200 V (Gonzalez-Huici, 2013). The shape of the pulse is typically a derivative
of a Gaussian pulse with a given central frequency and bandwidth. Time-
domain radar is also referred to as Ultra Wide Band (UWB) due to the large
frequency bandwidth of employed pulse. Frequency-domain GPR, also referred
to as Stepped Frequency Carrier Wave (SFCW), transmits a series of discreet
frequencies which are subsequently transformed to time-domain through an
inverse Fourier transform.

3.2 data collection and processing

Three different methods for data collection are mainly applied in GPR surveys.
Namely, the Common Mid-Point Reflection (CMP), the Wide-Angle Reflection-
Refraction (WARR) and the Common Offset (CO) method (Warren, 2009).
The WARR method uses a steady source location while the receivers are

distributed along the survey line (see Fig. 11). WARR is traditionally used for
stratigraphy investigations and it was initially applied to seismic exploration.
The CMP method uses one receiver and one transmitter. The distance between
them is gradually and symmetrically increasing along a common point (see
Fig. 11). CMP enhances the reflection at the common point and it is majorly
used to obtain velocity profiles (Warren, 2009). CMP (similar to WARR) was
primarily used and established in seismic surveys. The main method of data
collection which is applied in mainstream GPR applications (landmine detection,
archaeological investigations etc.) is the CO method.
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Figure 11: A) Wide Angle Refraction method (WARR), B) Common offset method
(CO) and C) Common Mid-Point method (CMP).

CO uses one transmitter and one receiver which are placed right next to
each other (see Fig. 11). CO GPR is usually applied to time domain antennas
(Gonzalez-Huici, 2013) and it is the only method (to our knowledge) employed
for demining purposes. Fig. 12 illustrates how CO GPR is applied to assist
demining. A UWB pulse with a relatively high central frequency (0.5-3 GHz) is
transmitted into the ground. The direct response combined with the reflection
from the ground surface (due to the nature of the problem, the GPR system
cannot be in contact with the ground) is firstly received and subsequently the
response from the target arrives.
The post-processing methods used in GPR differ for each data gathering tech-

nique. Since the CO method is almost exclusively used for landmine detection,
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Figure 12: GPR for landmine detection. An AP landmine TS-50 is placed under the
surface. A), B), C) and D) illustrate different snapshots for increasing time
steps. The response from the target arrives after the ground reflection
combined with the unwanted clutter from the soil’s inhomogeneities.

the following sections will focus on the post-processing methods associated
with it.
The received signal using CO GPR is called A-Scan or A-trace or just trace.

Each individual A-Scan contains information regarding the local area around
the measurement point. Plotting A-Scans from different measurement points
together results to a more inclusive and clear information regarding the sub-
surface. This is called B-Scan and it is presented in Fig. 13. For convenience,
B-Scans are usually illustrated as images. The colour of each pixel is related
with the magnitude of the received signal in the specific time-space coordinates
(see Fig. 14). Another method to illustrate GPR data is to plot the gathered
normalised energy which is defined as

P (x) =
∫∞

0 Eu (x, t)2 dt

max
x

(∫∞
0 Eu (x, t)2 dt

) (3.1)

where u ∈ {x, y, z}, (x, y, z) are the spatial coordinates, t is the time, P (x)
is the normalised energy and Eu is the received electric field. Gathering the
normalised energy in two dimensions (x, y) results to a 2D image known as
C-scan.
Landmine detection using GPR is a unique and highly complicated problem.

The small size of the landmines combined with their shallow depth creates the
need for high frequency pulses in order for the targets to be resolved. High
frequency pulses result to unwanted clutter emerging (primarily) from soil’s
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Figure 13: A B-Scan is consisted of A-Scans plotted with respect to their point of
measurement.

heterogeneities and rough surfaces. In addition, the antenna unit must operate
in a small proximity to the ground which gives rise to ringing noise corrupting
the desired signal. Unwanted clutter combined with losses and ringing noise
decrease the overall signal to noise ratio (noise here is used with a more inclusive
meaning in order to define the unwanted signal i.e., unwanted clutter plus the
error inherent to the antenna system) making detection difficult and in some
cases unreliable.
Different processing approaches have been suggested in an effort to address

demining using GPR. Processing schemes for a specific antenna unit is suggested
by Groenenboom and Yarovoy (2002) and validation in real field conditions is
provided. An adapted ground removal technique is proposed by Brunzell (1999)
in an effort to suppress the irregular clutter emerging from rough surfaces. In
the same context, Merwe and Gupta (2000) suggested an exponential based
approximation of the clutter which is subsequently subtracted from the original
data. Mayordomo and Yarovoy (2008) gives a review of the ground removal
techniques emphasising on high pass filter, moving average removal, ASaS filter
(Wu et al., 2001) and two-sided linear prediction. Principal Components Analy-
sis (PCA) and Singular Value Decomposition (SVD) (Park et al., 2013) have also
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Figure 14: The B-Scan of Fig. 13 illustrated as image and its corresponding normalised
energy.

been proposed in order to eliminate high and low correlation features associated
with the ground bounce and the high frequency clutter. Focusing methods have
been primarily applied for anti-vehicle landmine detection (Daniels, 2008) and
only in detection schemes in which accurate positioning is available (Schofield
et al., 2014). Regarding AP landmine detection, an interesting comparison
between microwave tomographic inversion, F-K migration and back-projection
is given by Gonzalez-Huici et al. (2014).
Next, a brief outline is given of a representative set of processing methods

applied to GPR. These approaches are going to be tested and examined in
synthetically evaluated data in latter chapters. For the sake of completeness,
an introduction on how and why these techniques work is necessary.

3.2.1 Time-Varying Gain

The amplitude of electromagnetic waves is reduced as they propagate inside
the soil. This is the result of A) the geometrical spreading of the energy, B)
the loss mechanisms within the soil and C) the inhomogeneities which reflect a
fraction of the energy back (see Fig. 10). From the above, it is evident that the
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amplitude of the late reflections are going to be orders of magnitude smaller
compared with the early reflections. To overcome this, a time-varying gain is
usually applied prior to any processing technique (Annan, 1999). The term
time-varying gain describes the multiplication of the received signal with a
function defined by the user. The function must increase with time and usually
it converges to an arbitrarily chosen maximum.

3.2.2 Average Removal

Average removal is a very common processing method applied to GPR data. It
is a simple way to subtract the direct wave and the ground reflection by taking
advantage of the correlation these components have along the survey line. Prior
to average removal, it is usual to ensure that the mean of the received signal
over time is equal to zero (3.2). Subsequently the average of all the received
traces are subtracted from the trace of interest (3.3) (Annan, 1999, Cassidy,
2009, Daniels et al., 2014, Kim et al., 2007)

E′(x, t) = E(x, t)− 1
T

T∑
i=1

E(x, i), (3.2)

E′′(x, t) = E′(x, t)− 1
N

N∑
i=1

E′(i, t) (3.3)

where E(x, t) is the received signal, N is the number of traces and T is the
number of time steps.

3.2.3 Singular Value Decomposition (SVD)

SVD is a robust technique which aims to reduce the ringing noise (Kim et al.,
2007, Riaz and Ghafoor, 2013) and to subtract the ground bounce from the
raw data. A superficial interpretation of SVD is that the latter decomposes an
image into different sub-images each of which contains features with gradually
increasing correlation.

SVD states that a 2D matrix (in our case a B-Scan) can be expressed as

E = USVT (3.4)

or alternatively as

E =
w∑
i=1

λiuivi (3.5)
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Figure 15: A B-Scan decomposed into different eigenimages. It is evident that large
eigenvalues correspond to high correlated features (ringing noise, direct
response and ground bounce) of the image while low eigenvalues are related
to low correlated features (targets response and high-frequency clutter).

where U = [u1, u2....uw] and V = [v1, v2....vw] (ui and vi are vectors) are
orthogonal matrices which are called eigenvectors and S is a diagonal matrix
which contains the eigenvalues λ where Si,i = λi and λi > λi+1 (Kreyszig,
1999). The SVD filter keeps a set of eigenvalues while the rest are set to zero.

SVD filter can vary according to the application of interest. Regarding GPR,
a band pass SVD filter is typically employed which sets the large and the
low eigenvalues to zero. The utility of a band pass SVD filter is based on the
fact that large eigenvalues are associated to features with high correlation
while small eigenvalues are related to features with low correlation. This is
illustrated in Fig. 15 in which the large eigenvalues are related to the ringing
noise (plus the direct response and the ground reflection), the third eigenvalue
is related to the response of the target and smaller eigenvalues are associated
with high-frequency clutter.
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3.2.4 Principal Component Analysis (PCA)

PCA is a well-known technique for reducing the dimensionality of the data.
Regarding GPR, PCA can be used to eliminate high correlated features (which
are related to the direct response, the ground reflection and the ringing noise)
as well as low correlated features which are related to high frequency unwanted
clutter. PCA and SVD share the same mathematical concept of eigenimages
(Bostanudin, 2013, Riaz et al., 2013) and as it is illustrated in Fig. 16, both of
them result to similar outputs.
Initially, the average trace is subtracted from the data set

A(x, t) = E(x, t)− 1
T

T∑
i=1

E(x, i). (3.6)

Subsequently the covariance matrix of A(x, t) is evaluated

Cx = 1
T − 1AAT . (3.7)

The eigenvectors of the covariance matrix are calculated through SVD

Cx = USVT . (3.8)

The eigenvector matrix U is then used to transform the averaged data to

Y = UTA. (3.9)

Lastly, the data are reconstructed through

Er = YmA. (3.10)

where Ym is the matrix which contains the preferred eigenvectors. By using a
band pass PCA filter the large and low eigenvectors (associated with the ringing
noise and the high-frequency clutter respectively) are set to zero.

3.2.5 F-K Filter

F-K filter is an annotation for frequency-wavenumber filter. Through F-K
filter the low frequencies and the low wavenumbers which are associated with
the ringing noise, the ground bounce and the direct response, can be filtered
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Figure 16: A comparison between PCA and SVD using four different scenarios. Both of
them filter out 3 dominant eigenvalues (SVD) or eigenvectors (PCA). PCA
and SVD result to similar B-Scans. A quadratic gain is also applied to the
raw data.

out (Cassidy, 2009, Daniels, 2004, Kim et al., 2007, Tesfamariam, 2013). F-
K filtering can be done directly to the F-K domain through a 2D Fourier
transformation (Davies, 1990). A more straightforward and practical way to
apply an F-K high pass filter is by using the following window filter (Davies,
1990)

E′u(i0, j0) = Eu(i0, j0)−
i0+K∑
i=i0−K

j0+K∑
j=j0−K

Eu(i, j)
(2K + 1)2 exp

(
−
(

(i− i0)2

2σ2
x

+ (j − j0)2

2σ2
y

))

(3.11)
where K defines the size of the window and σx, σy are constants related to the
F-K range of the resulting image.
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3.2.6 Adaptive Shifted and Scaled (ASaS) Method

ASaS searches for the optimised reference trace amongst a data pool which, when
shifted and scaled appropriately, resembles the trace of interest. Subsequently,
the optimised (scaled and shifted) reference is subtracted from the trace. This
can be expressed mathematically as

argmin
x0,A,τ

Q∑
q=1

(
Eu(x, ωq)−A · Er,u(x0, ωq)e−jωqτ

)2
(3.12)

where A and τ are the tuned scaling factor and time shift respectively associ-
ated with the optimised reference trace Eu(x0, ωq). The above optimisation is
computationally expensive since it requires global optimisers to deal with the
non-convexity of the present parameter-space. This can be tackled by dividing
the problem into three steps. At the first step, the reference trace is arbitrarily
chosen usually from the neighbourhood close to the trace of interest. This is due
to the fact that searching for the optimised reference, results to a non-smooth
highly random parameter-space which can be treated only by using brute force
approaches (i.e. searching every trace in order to retrieve the optimised one).
Real-time applications like landmine detection don’t have the luxury to use
brute force approaches as they need to be as time-efficient as possible.
After choosing the reference trace, the optimised time shift is evaluated from

(Brunzell, 1999)

argmax
τ

Q∑
q=1

∣∣∣Eu(x, ωq)∗Eu(x0, ωq)e−jωqτ
∣∣∣ . (3.13)

Equation (3.13) is the cross-correlation between the time-shifted reference
and the trace of interest (Eu(x, ωq)∗ corresponds to the complex conjugate of
Eu(x, ωq)). The above optimisation scheme (3.13) is based on the fact that the
cross-correlation between two functions is maximised when the peaks of these
functions are synchronised. After τ is calculated, the optimised weight A is
derived from (Brunzell, 1999)

A =
∑Q
q=1

∣∣Eu(x, ωq)∗Eu(x0, ωq)e−jωqτ
∣∣∑Q

q=1Eu(x, ωq)2
. (3.14)

Equation (3.14) states that the optimised weight A is the one which when
multiplied with the autocorrelation of the reference trace results to the cross-
correlation between the reference trace and the trace of interest.



3.2 data collection and processing 29

ASaS is a two step procedure which solves two optimisation problems as the
reference trace is picked randomly from the near neighbourhood of the trace
of interest. The optimisations are non-linear and are evaluated using global
optimisers (genetic algorithms, particle swarm optimisation etc.).
Here a more efficient approach is proposed that involves only one linear

optimisation. This does not require the use of iterative approaches like global
optimisers neither the use of non-linear inversion. As it was presented above,
the goal of ASaS is to minimise the following function:

argmin
A,τ

Q∑
q=1

(
Eu(x, ωq)−A · Eu(x0, ωq)e−jωqτ

)2
. (3.15)

Instead of (3.15) we choose to minimise a different function which it is possible
to be expressed in a linear form

argmin
A,τ

Q∑
q=1

(
ln (Eu(x, ωq))− ln

(
A · Eu(x0, ωq)e−jωqτ

))2
. (3.16)

Equation (3.16) can be written as

argmin
A,τ

Q∑
q=1

(
ln
(
Eu(x, ωq)
Eu(x0, ωq)

)
− ln (A) + jωqτ

)2

. (3.17)

It is evident that (3.17) is a linear over-determined system which can be
expressed as



1 −jω1

1 −jω2

1 −jω3

.

.

.

1 −jωQ



 ln(A)

τ

 =



ln
(
Eu(x,ω1)
Eu(x0,ω1)

)
ln
(
Eu(x,ω2)
Eu(x0,ω2)

)
ln
(
Eu(x,ω3)
Eu(x0,ω3)

)
.

.

.

ln
(
Eu(x,ωQ)
Eu(x0,ωQ)

)


this can be written using matrix notation as A ·B = C and the solution is
given through the least squares method B =

(
ATA

)−1
ATC.

The suggested approach must be applied to the frequency range of the pulse.
Choosing wider frequency range can result to instabilities.
Fig. 17 and 18 illustrate an example of an AP landmine (PMN) buried inside

a saturated soil (details about the modelling scheme are given in chapter 6). All
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B)

C)

1 m 0.
35

 m

0.25 m

Figure 17: A) The investigated model, B) a slice which reveals the position of the AP
landmine PMN, and C) the resulting B-Scan (raw data).

A)

B)

C)

D)

Figure 18: Different processing approaches applied to the raw data calculated from
the model illustrated in Fig. 17. A) Linear gain and SVD (the 3 dominant
eigenvalues are filtered out), B) linear gain and ASaS, C) linear gain and
F-K filter and D) linear gain and average removal.
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the methods described in this section are tested on this scenario as illustrated
in Fig. 17. As it is shown in Fig. 18, all the aforementioned approaches perform
equally well. This is not always the case. In chapter 6, examples are given that
support the premise that the performance of processing algorithms is highly
related to the environment as well as the antenna unit.





4
MAXWELL ’S EQUATIONS AND DIELECTRIC
PROPERTIES OF MATTER

An overview of the laws governing electromagnetic wave propagation is firstly
presented emphasising on the physical interpretation of the dielectric properties
of matter and in particular on the dielectric properties of water-soil mixtures.
Widely used models for describing the dielectric properties of soils are presented
and a physical explanation of the effects of soil parameters to the overall
dielectric properties is given.

4.1 maxwell’s equations

Every phenomenon which is related with electrodynamics is macroscopically
described by the Lorentz force law and a set of vector equations named
Maxwell’s equations. The latter, combined with the gravitational law and the
law of motion, consist the fundamentals of classical physics (Feynman, 1964).
Maxwell’s equations can be expressed in both differential and integral form
and they are derived as a generalisation from the Ampere’s, Faraday’s and
Gauss law for both magnetic and electric fields.

4.1.1 Ampere’s law

Ampere’s law states that the line integral of the magnetic field around a closed
curve segment is equal to the electric current passing through the surface which
is surrounded by the closed loop (Balanis, 1989)

∮
~H · d~L = I, (4.1)

where I is the electric current intensity (A) and ~H is the magnetic field intensity
(A/m). Replacing the current intensity with the surface integral of the current
density inside the closed loop, yields equation (4.2). Where J is the current
intensity per unit area (A/m2), S is the surface surrounded by the closed
loop and ~n is the unit vector perpendicular to ds. The current density J can
be divided into the conductivity current density ~Jc = σ ~E, the displacement
current density ~Jd = ∂ ~D

∂t and the impressed (artificially added) source current

33
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density ~Js. Where σ is the conductivity (S/m), ~E is the electric field (V/m)
and ~D is the electric flux density (C/m2).

∮
~H · d~L =

∫∫
S

~J · ~nds

=
∫∫
S

(
~Jc + ~Jd + ~Js

)
· ~nds (4.2)

=
∫∫
S

(
σ ~E + ∂ ~D

∂t
+ ~Js

)
· ~nds

Equation (4.2) is the integral form of the first (the order is arbitrarily chosen
based on the order that Maxwell’s equations are usually presented) Maxwell’s
equation. The most commonly used differential form of (4.2) can be derived
using the Stoke’s theorem (Kreyszig, 1999)

∇× ~H = σ ~E + ∂ ~D

∂t
+ ~Js. (4.3)

4.1.2 Faraday’s law

Faraday’s law describes how changes of the magnetic field over time are related
to the resulting electric voltage (Krauss, 1991)

V = − d

dt

∫∫
S

~B · ~nds. (4.4)

Equation (4.4) can be written in a more general form (using V =
∮
~E · d~L) as

∮
~E · d~L = −

∫∫
S

∂ ~B

∂t
· ~nds, (4.5)

where V is the voltage (V) and B is the intensity of the magnetic field (T).
Equation (4.5) is the integral form of the second Maxwell’s equation. Using
the Stoke’s theorem (Kreyszig, 1999) the differential form of equation (4.5) is
derived

∇× ~E = −∂
~B

∂t
. (4.6)
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It is common to add an equivalent magnetic current density (V/m2) (Taflove
and Hagness, 2000) to (4.6) in order to implement magnetic losses and impressed
sources to the model

∇× ~E = −∂
~B

∂t
−Mc = −∂

~B

∂t
−Ms − σ∗Hs, (4.7)

where Ms denotes the magnetic impressed sources and σ∗ stands for the
equivalent magnetic losses (Ω/m) (Taflove and Hagness, 2000). Magnetic
impressed sources imply that magnetic monopoles exist although there are no
experimental evidences to support their existence. Nonetheless, exist or not,
magnetic impressed sources can be seen as artificial-imaginary sources which
are used as a mathematical tool to assist electromagnetic-related problems.

4.1.3 Gauss law for electric fields

Gauss law (or Gauss flux theorem) for electric fields, relates the charge density
with the resulting electric field (Krauss, 1991). Gauss law states that the surface
integral of the electric flux on a closed surface is equal to the total charge
surrounded by that surface

∫∫
S

~D · ds =
∫∫∫
V

ρ dv = Q, (4.8)

where Q is the total charge (C) inside the closed surface S and ρ is the charge
intensity per volume area (C/m3). Applying Gauss vector theorem (Kreyszig,
1999) to (4.8), results to the differential form of the third equation of Maxwell

∇ · ~D = ρ. (4.9)

Gauss law for electric fields is essential in order to derive the conservation of
charge, which all experimental evidence point to. The conservation of charge
states that no charge can be created neither destroyed spontaneously, but must
be transferred from one point to another (Feynman, 1964). This principle was
first stated in writing by Benjamin Franklin, who wrote:

“... it is now discovered and demonstrated, both here and in Europe, that the
electric Fire is a real Element, or Species of Matter, not created by the Friction,
but collected only."

–Benjamin Franklin. June 1747 (Yale University Press, 1961).



36 maxwell’s equations and dielectric properties of matter

The conservation of charge, although its significance, is not part of Maxwell’s
equations. This is because it can be directly derived from them. Taking the
divergence of Ampere’s law in a source free region (4.3) yields

∇ · ∇ × ~H = ∇ · ~Jc +
∂
(
∇ · ~D

)
∂t

. (4.10)

Using (4.9), (4.10) and the fact that the divergence of the curl is always equal
to zero (∇ · ∇ × ~H = 0) results to

∇ · ~Jc = lim
S→0

∫∫
S

~Jc
∆u · ~nds = −∂ρ

∂t
, (4.11)

where ∆u is the volume surrounded by the surface S. Equation (4.11) can be
written as

Q(S, t) = −
∫ t

0

 lim
S→0

∫∫
S

~Jc · ~nds
 dt, (4.12)

notice that the units of ~J are A/m2 or alternative C/(s ·m2). Equation (4.12)
mathematically describes that the gathered charge over time inside an infinites-
imal volume equals with the outgoing charge density minus the ingoing charge
density inside the infinitesimal volume. In other words, changing the charge
density requires movement of charges, no electric charge can be created neither
destroyed spontaneously.

4.1.4 Gauss law for magnetic fields

The Gauss law for magnetics results from the fact that there is no evidence to
support that magnetic monopoles exist. This is expressed mathematically as
(Krauss, 1991)

∫∫
S

~B · ~nds = 0. (4.13)

Applying the Gauss vector theorem to equation (4.13) results to the differential
form of the fourth equation of Maxwell

∇ · ~B = 0. (4.14)
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In the case that magnetic monopoles exist, Gauss law for magnetics must
include the magnetic charge density ρm similar to (4.9)

∇ · ~B = ρm. (4.15)

4.2 dielectric properties

The behaviour of materials under physical laws is related to specific physical
properties which identify and characterise matter. The properties which they
describe the behaviour of the matter under the influence of electric and magnetic
fields are known as dielectric properties. This is an inclusive term which holds
as special cases the electric permittivity, the magnetic permeability and the
electric conductivity. Dielectric properties are of great importance since they
are related to all aspects of classical electrodynamics.

4.2.1 Electric permittivity, magnetic permeability and electric conductivity

The electric permittivity was first introduced by Coulomb (Krauss, 1991) as
a property of matter which "permits" the influence of the static electric force.
Coulomb’s law states

f = 1
4πε

Q1Q2
r2 , (4.16)

where f is the force (N) that two particles apply to each other, Q1 and Q2 are
the charge of the associated particles (C), r is the distance between them (m)
and ε is the electric permittivity of the background medium. From (4.16) it
can be easily derived that the units of ε are C2

Nm2 . For conveniency, the more
simple F/m is used where F = C2

Nm .
To understand what magnetic permeability is, it is convenient to start with

the Biot-Savart law (4.17)

d ~B = µ

4π
~I × d~L
r2 . (4.17)

Equation (4.17) relates the infinitesimal magnetic field dB with the current
I running through an infinitesimal conductor dL, the distance r between the
conductor and the measurement point and a constant µ which is related to the
nature of the background medium.
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The constant µ is called magnetic permeability and from (4.17) can be
derived that the units of µ (given the fact that B use as units Tesla (T) which
is equal to N/(A ·m)) are N/A2.
Electric conductivity is a constant which quantifies how easily electric current

I flows in a material under the influence of an electric field ~E. This is expressed
by Ohm’s law

~Jc = σ ~E. (4.18)

From (4.18) it is derived that the units of conductivity are A/(Vm) but more
commonly S/m is used where S = A/V.
Dielectric properties are incorporated to Maxwell’s equations through the

constitutive equations (Balanis, 1989). Constitutive equations relate the electric
flux density ~D, the magnetic field ~B and the current density ~Jc with the electric
permittivity ε (4.19), the magnetic permeability µ (4.20) and the electric
conductivity σ respectively (4.21).

~D = ε ∗ ~E =
∫ t

0
ε(τ) ~E(t− τ)dτ (4.19)

~B = µ ∗ ~H =
∫ t

0
µ(τ) ~H(t− τ)dτ (4.20)

~Jc = σ ∗ ~E =
∫ t

0
σ(τ) ~E(t− τ)dτ (4.21)

In the special case in which the dielectric properties are frequency indepen-
dent, the convolution operators in (4.19)-(4.21) are transformed to simple
multiplications.
From (4.3), (4.6), (4.19), (4.20), (4.21) and using the relationship jω = L

(
∂
∂t

)
(where L denotes the Fourier transform, j =

√
−1 and ω is the angular frequency

(Kreyszig, 1999)), Maxwell’s equations can be rewritten in frequency domain
as

jω ~Eω

(
ε+ σ

jω

)
= ∇× ~Hω (4.22)

jωµ ~Hω = −∇× ~Eω. (4.23)

The underscore ω denotes that the fields are in frequency domain. Notice that
ε, µ and σ can be real, purely imaginary or complex numbers.
From (4.22) and (4.23) it is evident that the dielectric properties affect all

the phenomena related with classical electrodynamics and not only the static
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cases for which they were initially introduced (4.16), (4.17) and (4.18). In order
to get a clear insight on how dielectric properties affect electromagnetic waves
we first derive the electromagnetic wave equation. Taking the curl of equations
(4.22) and (4.23) leads to

jω

(
ε+ σ

jω

)
∇× ~Eω = ∇×∇× ~Hω (4.24)

jωµ∇× ~Hω = −∇×∇× ~Eω. (4.25)

Substituting (4.22) to (4.25) yields

~Eω
(
jωµσ − ω2µε

)
= −∇×∇× ~Eω. (4.26)

From (4.9) and (4.19) can be easily derived, that for a source-free region∇· ~Eω =
0. Applying this and the vector identity ∇×∇× ~Eω = ∇

(
∇ · ~Eω

)
−∇2 ~Eω to

(4.26) leads to

∇2 ~Eω − γ2 ~Eω = 0. (4.27)

Equation (4.27) is the generic Helmholtz equation. In time domain, (4.27)
expresses the scalar wave equation firstly derived from Jean le Rond d’Alembert
for one dimensional problems and later on generalised for three dimensional
problems by Daniel Bernouli (Speiser, 2008). In the same manner, the scalar
wave equation for magnetic fields is derived

∇2 ~Hω − γ2 ~Hω = 0. (4.28)

The complex constant γ is known as the propagation constant and it is equal
with

γ =
√
jωµ (σ + jωε) = α+ jβ. (4.29)

For convenience, γ is usually expanded into its real (α) and imaginary parts
(β), where

α = ω

√√√√√µε

2

√1 +
(
σ

ωε

)2
− 1

 (4.30)
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β = ω

√√√√√µε

2

√1 +
(
σ

ωε

)2
+ 1

. (4.31)

Solving (4.27) assuming a plane (i.e. ∂Ez∂x = ∂Ez
∂z = 0 and Ex = Ey = 0) and

monochromatic wave yields

Ez(y, t) =
(
A1e

αyejβy +A2e
−αye−jβy

)
ejωt = Ez (y, ω) ejωt, (4.32)

where A1 and A2 are constants and Ez (y, ω) is the solution of (4.27) subject
to the aforementioned assumptions (monochromatic and plane wave). The
solution described in (4.32) is a complex function, which can be expanded into
a summation of a real and imaginary part. From the superposition theorem for
differential equations (Kreyszig, 1999), it is concluded that both the real and
the imaginary part of the complex solution given in (4.32) are (individually)
still valid solutions for (4.27) (for a plane monochromatic wave). Subject to
the conditions described above, a real solution for (4.27) is derived

Ez(y, t) = Re
{(
A1e

αyejβy +A2e
−αye−jβy

)
ejωt

}
= A1e

αycos (ωt+ βy) +A2e
−αycos (ωt− βy) . (4.33)

Equation (4.33) describes a plane monochromatic wave which travels in two
different directions along y axis. The first part of (4.33) describes a wave prop-
agating along −y direction and the second part describes a wave propagating
along +y direction. Using the superposition theorem for differential equations
we can furthermore derive the solution of a plane monochromatic wave traveling
along y direction

Ez(y, t) = A2e
−αycos (ωt− βy) . (4.34)

Fig. 19 illustrates a monochromatic (1 GHz) plane wave inside a material with
σ = 0.001 Sm−1, ε = 15.85 × 10−12 Fm−1 and µ = 4π × 10−7 Am−2. The
simple and elegant form of (4.34) can give us an insight on how dielectric
properties affect the propagation of electromagnetic waves. The velocity of the
electromagnetic waves is defined as the velocity for which a constant phase is
propagating in space (see Fig. 19). Based on that, it can be easily proven that
the velocity of the wave described in (4.34) is equal to
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Figure 19: A monochromatic plane wave propagating inside a medium with σ = 0.001
Sm−1, ε = 15.85 × 10−12 Fm−1 and µ = 4π × 10−7 Am−2. The angular
frequency (ω) is 1 GHz. With solid lines are the fields for three different
time steps (0, 2 and 4 ns) along the y axis. Dots, map an arbitrarily chosen
constant phase and dotted lines illustrate the exponential decay due to the
conductivity of the medium.

v = ω

β
. (4.35)

For σ = 0 using (4.31) and (4.35) leads to

v = 1√
µε
. (4.36)

The units of electric permittivity and magnetic permeability are C2

Nm2 and N
C/s2

respectively. Therefore, it is easy to show that (4.36) has units of velocity m
s .

Equation (4.34) describes a monochromatic plane wave propagating along y
direction. If α 6= 0 then the wave decays along the y direction (see Fig. 19).
If σ 6= 0 and ε, µ are finite non-zero numbers then from (4.30) is derived that
α 6= 0. This implies that conductive media absorb energy which results to the
decay of the electromagnetic waves. The absorbed energy is transformed to
heat which is generated from the current density flowing through conductive
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media (Krauss, 1991). Decay also occurs if the electric permittivity or the
magnetic permeability are complex numbers. This is observable in (4.22) in
which conductivity (σ) can be interpreted as the imaginary part of a more
inclusive complex electric permittivity.
The dielectric properties of free space were experimentally derived and they

are equal with σ = 0, ε = 8.85×10−12 Fm−1 and µ = 4π×10−7 Am−2 (Krauss,
1991). From the above, it is easy to prove that the velocity of electromagnetic
waves (4.36) in vacuum is approximately equal with v = 2.99792 × 108 m/s.
The resulting value resembles the experimentally calculated velocity of light
(Maxwell, 1865). This led Maxwell to comment

“The agreement of the results seems to show that light and magnetism are
affections of the same substance, and that light is an electromagnetic distur-
bance propagated through the field according to electromagnetic laws."

–James, Clerck Maxwell, December 1865 (Maxwell, 1865)

Electrical permittivity and magnetic permeability are usually expressed with
respect to the dielectric properties of free space. When this happens, the terms
"relative" electric permittivity (4.37) and "relative" magnetic permeability (4.38)
are used,

εr = ε

ε0
(4.37)

µr = µ

µ0
, (4.38)

where εr and µr are the relative permittivity and permeability respectively, ε0
and µ0 are the dielectric properties of free space and ε and µ are the dielectric
properties of the material.
Spatial variations of the dielectric properties and more specific spatial vari-

ations of the electric permittivity (since for most dielectric media µ = µ0

(Balanis, 1989)) are directly related with the scattered field. This can be
illustrated by deriving the reflection coefficients of a monochromatic plane
wave propagating into a two-layered medium. Expanding the electric field into
incident, reflected and transmitted fields yields

~Ei = ~x ·Ae−jγ1z (4.39)

~Er = ~x · ΓbAejγ1z (4.40)
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~Et = ~x · T bAe−jγ2z (4.41)

where ~x is the unit vector along the x axis, A is a constant and Γb and T b

are the reflection and the transmission coefficients respectively. Substitute
(4.39)-(4.41) to (4.7) yields

~Hi = ~y · A√
µ1/ε1

e−jγ1z (4.42)

~Hr = −~y · Γb√
µ1/ε1

Aejγ1z (4.43)

~Ht = ~y · T b√
µ2/ε2

Ae−jγ2z (4.44)

where ~y is the unit vector along y axis and ε1, µ1 and ε2, µ2 are the dielectric
properties of the two layers respectively.
Using the boundary conditions of the tangential fields (Balanis, 1989) yields

1 + Γp = T b (4.45)

1√
µ1
ε1

(
1− Γb

)
= 1√

µ2
ε2

T b. (4.46)

Equations (4.45) and (4.46) form a system of equations which results to (Balanis,
1989)

Γb =

√
µ2
ε2
−
√

µ1
ε1√

µ2
ε2

+
√

µ1
ε1

(4.47)

T b =
2
√

µ2
ε2√

µ2
ε2

+
√

µ1
ε1

. (4.48)

From (4.47) and (4.48) is evident that the reflection as well as the transmission
coefficients are highly related to the spatial variations of dielectric properties.
A more inclusive approach not restricted to plane waves to show how dielec-

tric contrasts give rise to scattering fields, is through the so-called split-field
formulation. Split-field formulation divides both the electric and the magnetic
field into two parts, namely, instinct (4.49) and scattering field (4.50)

~Et = ~Ei + ~Esc (4.49)
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~Ht = ~Hi + ~Hsc. (4.50)

Where the subscript t indicates the total field, i the incident field and sc is
the scattered field. The incident field is the field which would occur in an
arbitrarily chosen distribution of dielectric properties. In the present case, a
homogenous distribution is chosen in order to illustrate the effects of dielectric
inhomogeneities. Substituting (4.49) and (4.50) to (4.3) and (4.6) respectively
and furthermore assuming a zero conductivity (for simplicity) yields

∇×
(
~Ei + ~Esc

)
= −µ

∂
(
~Hi + ~Hsc

)
∂t

(4.51)

∇×
(
~Hi + ~Hsc

)
= ε

∂
(
~Ei + ~Esc

)
∂t

. (4.52)

Since the incident field is Maxwellian it is valid to state that

∇× ~Ei = −µi
∂ ~Hi

∂t
(4.53)

∇× ~Hi = εi
∂ ~Ei
∂t

, (4.54)

where µi and εi are the homogenous dielectric properties used to calculate the
incident field. By subtracting the incident from the total field, yields (Luebbers
and Kunz, 1993)

∇× ~Esc = −µ∂
~Hsc

∂t
− (µ− µi)

∂ ~Hi

∂t
= −µ∂

~Hsc

∂t
−Msc (4.55)

∇× ~Hsc = ε
∂ ~Esc
∂t

+ (ε− εi)
~Ei
∂t

= ε
∂ ~Esc
∂t

+ Jsc. (4.56)

From (4.55) and (4.56) it is evident that the scattering field can be expressed as
a Maxwellian field excited by an electric (Js) and a magnetic (Ms) impressed
sources (Balanis, 1989). The aforementioned sources are directly related to the
inhomogeneities since Js = (ε− εi) ~Ei

∂t and Ms = (µ− µi) ~Hi
∂t .
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4.2.2 Linear dispersive media

Dielectric properties may vary with respect to the frequency as well as the
field’s amplitude. According to that, materials can be categorised into four
types (Taflove, 2005):

• Linear : The dielectric properties are constant within the frequency range
of interest and independent with respect to the field’s amplitude.

• Linear dispersive: The dielectric properties vary with respect to the
frequency but not with respect to the field’s amplitude.

• Non-linear : The dielectric properties vary with respect to the field’s
amplitude and they are constant for the frequency range of interest.

• Non-linear dispersive: The dielectric properties are related both to the
frequency as well as the field’s amplitude.

Linear dispersive materials are of great interest due to the fact that materials
like water (Semenov, 1995, Zahn et al., 1986), human tissues (Garrett and
Fear, 2014), meta-materials (Abraham et al., 2003) and soils (Hoekstra and
Delaney, 1974) have a dispersive behaviour for a wide range of frequencies and
a linear behaviour for the usually employed field intensities.
Different dispersion mechanisms give rise to different frequency depended

behaviour. Furthermore, a combination of dispersion mechanisms can lead to
complex dispersive properties, which, as it will be shown in later chapters
are difficult to be implemented into time-domain numerical solvers. The most
important functions used to describe the behaviour of linear dispersive materials
are the Debye, Lorentz, Drude, Havriliak-Negami, and the Jonsher function.

–Debye relaxation

Debye relaxation (Debye, 1929) is described by a complex valued electric
permittivity which is expressed in frequency domain as (Luebbers and Kunz,
1993)

ε = ε∞ + χω (4.57)

χω =
P∑
p=1

εs,p − ε∞
1 + jωt0,p

, (4.58)

where χω is known as the susceptibility function (Balanis, 1989) which describes
the dispersive part of the electric permittivity, εs and ε∞ are the electric
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Figure 20: Both real and imaginary parts of a Debye function with εs = ε0, ε∞ = 15 ·ε0
and t0 = 0.1 ns. The relaxation frequency equals with f0 = 1

2πt0 .

permittivity for zero and infinity frequency respectively and t0 is the relaxation
time. The relaxation frequency (i.e. the frequency for which the imaginary
part as well as the first derivative of the real part ∂Re{ε}

∂ω reach their maximum
value) is directly related to the relaxation time through f0 = 1

2πt0 (see Fig. 20).
The susceptibility function in time domain equals with

χ(t) =
P∑
p=1

εs,p − ε∞
t0,p

e
− t
t0,p . (4.59)

The time domain expression of the electric permittivity does not have any
physical interpretation but nonetheless it is essential for solving Maxwell’s
equations using time-domain numerical solvers. Moreover, the exponential
nature of (4.59) is critical to the implementation of Debye media using FDTD

(Luebbers and Kunz, 1993). Without it, the recursive evaluation of the arising
convolution would require an excessive amount of computational resources.

–Lorentz relaxation

The susceptibility function of Lorentz media is expressed as (Taflove, 2005)

χ(ω) =
P∑
p=1

(εs,p − ε∞)ω2
p

ω2
p + 2jωδp − ω2 , (4.60)
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where ωp is the undamped resonant frequency and δp is the damping coefficient
(Taflove, 2005). Transforming (4.60) to time domain yields

χ(t) =
P∑
p=1

(εs,p − ε∞)ω2
p√

ω2
p − δ2

p

e−δptsin
(
t
√
ω2
p − δ2

p

)
. (4.61)

Equation (4.61) cannot be recursively evaluated using FDTD. One way to
overcome this obstacle is to rewrite (4.61) as

χ(t) =
P∑
p=1

Re

−j (εs,p − ε∞)ω2
p√

ω2
p − δ2

p

e(−δp+j(√ω2
p−δ2

p))t
 . (4.62)

The exponential nature of (4.62) is crucial for the efficient implementation of
Lorentz media using FDTD (Taflove, 2005).

–Drude relaxation

Drude relaxation is expressed in frequency domain as (Luebbers and Kunz,
1993)

χ(ω) =
P∑
p=1

ω2
p

ω (jvc,p − ω) = −
P∑
p=1

(ωp/vc,p)2

1 + j ω
vc,p

+ 1
jω

P∑
p=1

ω2
p

vc,p
, (4.63)

where vc,p is known as the collision frequency (Luebbers and Kunz, 1993), a
term widely used to plasma physics for which the Drude function was initially
introduced. From (4.58) and (4.63), it is evident that a Drude medium can be
expressed as a negative Debye function plus a conductive term. Transforming
(4.63) to time domain yields

χ(t) =
P∑
p=1

ω2
p

vc,p
t−

P∑
p=1

ω2
p

vc,p
e−vc,pt. (4.64)

–Havriliak-Negami relaxation

Havriliak-Negami is an inclusive function which holds as special cases the
Debye, Cole-Cole (Cole K. and Cole R., 1941) and Cole-Davidson relaxation.
It has a similar structure with the Debye model and it was first used to
describe the dielectric properties of polymers (Havriliak and Negami, 1967).
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The frequency domain expression of the Havriliak-Negami function is (Havriliak
and Negami, 1967)

χ(ω) = εs − ε∞
(1 + (jωt0)a)b

, (4.65)

where a and b are constants. If a = b = 1, then (4.65) reduces to Debye medium,
if b = 1 and 0 < a < 1 to Cole-Cole medium and if a = 1 and 0 < b < 1
to Cole-Davidson medium. The time domain response of (4.65) is given by
(Causley and Petropoulos, 2013)

χ(t) = 1
2πj

∫ ζ+j∞

ζ−j∞

(εs − ε∞) est

(1 + (st)a)b
ds. (4.66)

Havriliak-Negami as well as Cole-Cole and Cole-Davidson media cannot be
directly implemented to FDTD. To address this issue, approximations of (4.65)
(usually, a multi-Debye function) are employed. Increasing the approximation’s
order of accuracy results to more computational requirements.

–Jonscher media

Jonscher function was first suggested by Jonscher (1977) and it is widely used
to describe the dielectric properties of concrete (Taoufik et al., 2008) and soils
(Gregoire and Hollender, 2004). The frequency domain expression of Jonscher
function is given by

χ(ω) =
P∑
p=1

Ap

(
ω

ωp

)np−1 (
1− j · cot

(
npπ

2

))
. (4.67)

An interesting property of (4.67) is that the ratio between the imaginary and
the real part of the electric permittivity is constant for all the frequencies. This
characteristic is also encountered in the constant Q-factor approach (or quality
Q-factor) (4.68) (Bano, 2004) which, is also widely used for expressing the
frequency-depended elastic properties of soils (Kjartansson, 1979)

χ(ω) =
P∑
p=1

Ap

(
−j ω

ωp

)np−1

= ε′′

ε′
= 1
Q
. (4.68)

Where Ap and np are constants, ωp is the reference frequency and ε′′ and ε′
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are the imaginary and the real part of the permittivity respectively. The time
domain expression of (4.68) is

χ(t) =
P∑
p=1

Apωp
Γ (1− n) (ωpt)−n , (4.69)

where Γ is the gamma function (Kreyszig, 1999). Similar to Havriliak-Negami,
Jonscher function as well as steady Q-factor cannot be directly implemented
to FDTD. Multi-Debye functions are usually employed in order to approximate
Jonscher function for a given frequency range.

4.2.3 Dielectric properties of soils

A wide range of GPR’s applications focus on sensing and mapping the shallow
subsurface of the Earth, which mostly consists of soil and rocks i.e. Earth
materials. Dielectric properties of Earth materials are of great importance
since they can affect GPR’s performance in various ways: reducing the intensity
of the scattering field, reducing the central frequency of the pulse, which
subsequently results to the decrease of GPR’s resolution and so on. Thus, an
accurate description of soil’s dielectric properties is crucial in order to be able
to predict the performance of GPR and to get an insight on the scattering
mechanisms within the shallow subsurface.
Soil’s dielectric properties is the subject of a continuous research which aims

to clearly define the soil’s dielectric properties with respect to their composition
and structure. Campell and Ulricks (1969) illustrate a sufficient amount of
experimental results in which dry samples of earth materials do not show signs
of dispersive behaviour at microwave frequencies. VonHippel (1954) shows cases
of water-saturated soils with a frequency depended behaviour similar to water.
The cases above gave early indications that water is responsible for the soil’s
dispersive properties (Hoekstra and Delaney, 1974). Later studies (Dobson et
al., 1985) proved with no doubt the aforementioned premise and highlighted
the importance of water for describing the dielectric properties of soils.
Since soil’s dielectric properties are closely related to water, a description

of water’s electric permittivity is crucial for deriving an inclusive formula for
describing the dielectric properties of soils. The Debye model with a single
Debye pole (P = 1 in (4.58)) has been widely used to describe the dielectric
properties of pure water. The Debye relaxation is in good agreement with
experiments, (Kaatze and Uhlendorf, 1981, Liebe et al., 1991) nevertheless,
cases have been reported (Grant et al., 1957) in which pure water behaves like
a Cole-Cole medium (4.65).
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Lane and Saxton (1952) introduced a conductive term to the standard Debye
model in order to include the ionic conductivity resulting from the water’s
salinity

εw = εw,∞ + εw,s − εw,∞
1 + jωtw,0

+ σw
jωε0

, (4.70)

where σw is the conductive term due to the electrolytes, and εw,∞
ε0

= 4.9
(Lane and Saxton, 1952). Klein and Swift (1977) found that εw,s is related to
temperature and they came up with an empirical formula which describes the
temperature-dependent static permittivity of water

εw,s = ε0
(
88.045− 0.4147 · T + 6.295× 10−4T 2 + 1.075× 10−5T 3

)
, (4.71)

where T is the temperature (oC). Equation (4.71) is in good agreement with the
results of Malmberg and Maryott (1956) who experimentally derived a third
order polynomial similar to (4.71) in an effort to describe the temperature-
depentent real part of water’s permittivity for low frequencies. Similar to εw.s,
the relaxation time of water tw,0 also varies with temperature (Phuong Tran et
al., 2012)

tw,0 = 1
2π (1.1109× 10−10 − 3.824× 10−12T

+ 6.938× 10−14T 2 − 5.096× 10−16T 3). (4.72)

The conductive term σw is related with both the temperature and the salinity
of the water and it can be described through the following equations (Stogryn,
1971)

σw (T, S) = σ (25, S) e−∆β (4.73)

∆ = 25− T (4.74)

β = 2.033× 10−2 + 1.266× 10−4∆

+ 2.464× 10−6∆2 − S(1.849× 10−5 (4.75)

− 2.551× 10−7∆ + 2.551× 10−8∆2)
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Figure 21: Relative electric permittivity of water for S = 0 and for temperatures
varying from T = 0− 30 oC.

σ (25, T ) = S(0.182521− 1.46192× 10−3S

+2.09324× 10−5S2 − 1.28205× 10−7S3) (4.76)

where S is the salinity in parts per thousands (ppt) (Klein and Swift, 1977).
Fig. 21 and 22 illustrate the relative permittivity of water for different sets of
temperatures and salinities. From (4.73)-(4.76) yields that salinity affects only
the conductive term (although salinity can marginally affect both εw,s and tw,s
(Klein and Swift, 1977)). Furthermore, using (4.70) is derived that only the
imaginary part of the electric permittivity is salinity-dependent (see Fig. 22).
This behaviour can bee seen also in solis. Sreenivas et al. (1994) conducted

several experiments measuring the permittivity of different saturated soils
while changing their water’s salinity. Their results showed that salinity has
no effects on the real part of the electric permittivity. Their experiments
also demonstrated that salinity is proportional to the imaginary part of the
permittivity for all the soils used in the experiments (Sreenivas et al., 1994).
Soil’s dielectric properties are clearly affected by their water content which is
undoubtely a major parameter but not the only one.
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Figure 22: Imaginary part of the relative electric permittivity of water for T = 25 oC
and for salinities varying from S = 0− 30 ppt.

Birchak et al. (1974) through simple calculations derived a semi-empirical
formula which makes the assumption that the soil is a two-phase medium.
Subsequently, an apparent electric permittivity is calculated through

Ex(z) = Ae−
∫ Z

0 γ(z)dz = Ae−γ
′Z (4.77)

where A is a constant and γ′ is the apparent propagation constant which is
defined as

γ′ = 1
Z

∫ Z

0
γ(z)dz. (4.78)

Assuming a two-phase soil structure (water and soil particles), (4.78) can be
simplified to

γ′ = fsγs + fwγw (4.79)

where γs is the propagation constant of sand particles, γw is the propagation
constant of water and fs and fw are the volumetric fractions of sand particles
and water respectively (fs + fw = 1). A valid simplification for soils is that the



4.2 dielectric properties 53

0.1 1 10 100 1000
0

5

10

15

20

25

R
el

at
iv

e 
pe

rm
itt

iv
ity

 ε,  

Frequency (GHz)

 

 
fw=0
fw=0.1
fw=0.2
fw=0.3
fw=0.4

0.1 1 10 100 1000
0

10

20

30

40

50

60

R
el

at
iv

e 
pe

rm
itt

iv
ity

 ε"

Frequency (GHz)

Figure 23: Dielectric properties calculated using the CRIM model. The soil’s properties
are εs

ε0
= 2.8, T = 25 oC, S = 10 ppt and fw = 0− 0.4 with step 0.1.

magnetic permeability is equal with the magnetic permeability of free space
(Birchak et al., 1974), substituting this to (4.29) and expressing the conductive
term as part of the complex electric permittivity yields

γ = jω
√
µ0ε. (4.80)

Substituting the propagation constants of water and sand particles to (4.79)
yields

√
εm = fs

√
εs + fw

√
εw, (4.81)

where εm is the complex electric permittivity of the soil and εs and εw are the
dielectric properties of sand particles and water respectively (both real and
imaginary parts). Equation (4.81) is known as the Complex Refractive Index
Model (CRIM) model and it was suggested as an improvement to the model
initially proposed by Brown (1956).
Fig. 23 illustrates the dielectric properties calculated using CRIM. The prop-

erties of the soil are εs
ε0

= 2.8, T = 25 oC, S = 10 ppt and fw = 0 − 0.4
with step 0.1. It is evident that the velocity (i.e. the real part of the real
electric permittivity) is dispersive for low frequencies (<1 GHz). This is not in
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Figure 24: Real electric permittivity calculated using CRIM. The soil’s properties are
εs
ε0

= 2.8, T = 25 oC, fw = 0.2 and S = 5− 25 ppt with step equals 5 ppt.

good agreement with early experimental evidences which indicate a frequency
independent velocity for frequencies ranging from 1 MHz to 1 GHz (Davis
and Annan, 1977). Later studies however, show that a low dispersion can
occur in low frequencies (<1 GHz) which can be described using a Cole-Cole
function (Bradford, 2007). Still, the pattern predicted using CRIM is not in
good agreement with the Cole-Cole model. Fig. 24 shows that CRIM predicts a
dependence of the real part of the electric permittivity to the salinity of water
(for frequencies below 1 GHz). This, again is not in good agreement with the
experimental evidences which clearly indicate an independence of the real part
of the permittivity to the salinity of the water (Sreenivas et al., 1994). The
above illustrate the limitations of CRIM when it comes to low frequencies.
Topp et al. (1980) conducted a series of experiments which indicate that the

real electric permittivity of soils –for relatively low frequencies– is practically
indepedent of temperature, salinity of water and soils density. They also
suggested a method with which the real electric permittivity of soils (for
relatively low frequencies) can be calculated. Their method is based on an
experimentally derived formula which associates the real electric permittivity
with soil’s water content

εm(0.01− 1 GHz) = ε0
(
3.03 + 9.3 · fw + 146 · f2

w − 76.7 · f3
w

)
. (4.82)
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Figure 25: Real relative permittivity calculated using CRIM and the method suggested
by Topp et al. (1980). The red area illustrates the range of values of the
real relative permittivity calculated using CRIM for temperatures T=0-40
oC.

Equation (4.82) is used in order to validate CRIM. Fig. 25 shows the real relative
permittivity calculated using both CRIM and the method suggested by Topp et
al. (1980). The soil’s properties are εs

ε0
= 2.8 (typical value for sand particles),

S = 10 ppt and T = 0− 40 oC. The real electric permittivity was calculated
for 0.4 GHz (notice that for that frequency the salinity-dependency of CRIM is
not so dominant). The results using CRIM are in good agreement with (4.82).
In addition, CRIM also predicts a (practical) temperature-independency of the
real part of the permittivity which all the experimental evidences points to
(Topp et al., 1980).

CRIM is a reliable and a straightforward approach for expressing the dielectric
properties of soils based on a simplified, but nonetheless compact physical
basis. In an effort to increase the performance of CRIM, equation (4.81) can be
generalised in a more inclusive form (Shutko and Reutov, 1982)

εm
α =

Q∑
q=1

fqεq
α, (4.83)

where fq is the volumetric fraction of the qith component, εq is its electrical
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Figure 26: Relaxation time of water for different distances from the soil’s particle.

permittivity (Shutko and Reutov, 1982) and α is an experimentally derived
constant (Phuong Tran et al., 2012).
Using (4.83), clay materials as well as air inclusions can be included in the

predicted dielectric properties. Apart from different minerals and textures,
soils contains also water. The dielectric behaviour of that water depends on its
position with respect to soil’s particles. Bound water is the water which occurs
close to the soil’s particle (< 10 number of monomolecular layers of water)
and free water is the water which is relative far from them (> 10 number of
monomolecular layers of water) (Boyarskii et al., 2002). Free water is defined
as the water which is able to move obeying the hydraulic laws (Boyarskii et al.,
2002) in contrast with bound water which is attached to the soil’s particle due
to electric forces acting at the surface of the latter. The dielectric properties
of the bound water depends on how far from the soil’s particle the water is
(Boyarskii et al., 2002). Based on that, and using experimental data, Boyarskii
et al. (2002) suggested a formula which predicts the dielectric properties of
bound water for T = 27 oC. They concluded that only the relaxation time (t0)
changes with respect to the water position and this dependence is expressed
through
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t0(h) = (−4.9648× 1024h2 − 3.0867× 1011ln(h)− 7.5092× 103

h

+ 3.9121× 1018h− 5.2036× 1012)−1, (4.84)

where h is the distance from the soil’s particle counted in cm (also counted in
water molecular layers, the water’s molecular diameter is equal to 2.8× 10−8

cm) and ts is the relaxation time calculated in seconds (Boyarskii et al., 2002).
The physical interpretation of this phenomenon is that the contact of the water
molecules with the free surface of the soil’s particles changes the structure of
water making it behave (regarding its dielectric properties) like a hybrid water-
ice mixture (Trabelsi and Nelson, 2006). Fig. 26 illustrates the dependence of
water’s relaxation time to its distance from the soil’s particle. It is evident that
the relaxation time converges to 7.7 ps at the 10ith molecular distance. The
same relaxation time can be calculated from (4.72) for T = 27 oC which is an
indicator that water which exists beyond the 10ith molecular layer behaves
like free water as it is defined in (4.70)-(4.76). .
Modelling bound water using (4.83) results to a summation of Debye functions.

Each one of them corresponds to a different relaxation time from a different
molecular layer (see Fig. 27). Cole-Cole, Cole-Davidson and the more inclusive
Havriliak-Negami function described in (4.65) are indirect ways to express a
distribution of Debye relaxations (Hill, 1969, Trabelsi and Nelson, 2006). This
is the reason why Cole-Cole models have been extensively used to describe the
dielectric properties of soils (Bradford, 2007, Xiaoxian et al., 2000).
Based on the above, it is evident that in clay environments more Debye

poles are needed to express the dielectric properties of the soil. The reasons for
that lay in the fact that in clay environments, although the porosity is larger
compared to sand, the free water is less due to the small size of the clay grains
(<0.002 mm). This results to a large free surface on which bound water can
occur. In order to validate this, the technique suggested by Giannakis et al.
(2012) is used to approximate Cole-Cole soil functions (experimentally derived
(Bradford, 2007)) with a summation of Debye relaxations. Two Cole-Cole
functions are used to describe the dielectric properties of two soil types, namely,
saturated sand (4.85) and wet clay (4.86) (Bradford, 2007).

εsand = ε0

(
29 + 29− 25.6

1 + (jω · 22.2× 10−9)0.88 + 0.45× 10−3

jωε0

)
(4.85)

εclay = ε0

(
43 + 43− 20.7

1 + (jω · 18.3× 10−9)0.66 + 42.5× 10−3

jωε0

)
(4.86)
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yarskii et al., 2002). The water’s molecular diameter is equal to 2.8× 10−8
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The Cole-Cole functions are used to fit experimental data for frequencies
below 1.2 GHz. Fig. 28 and 29 illustrate the Cole-Cole functions and their
corresponding Debye approximations for saturated sand and wet clay. As
it is predicted, saturated sand can be adequately approximated using less
Debye poles compared with wet clay. Notice that the relaxation time for
both saturated sand (4.85) and wet clay (4.86) is shifted to lower frequencies
compared with the relaxation time of free-water. This is due to the decrease of
relaxation time in bound water as it is described in (4.84) and illustrated in
Fig. 26. In the case of CRIM (4.81) (see Fig. 23), low frequency dispersion is
an artefact with no physical explanation as it can be seen from the derivation
of (4.81) in which a two phase soil is assumed (no bound water is accounted
in the derivation). This is the reason why extending the calculations to even
lower frequencies results to absurd dielectric properties (see Fig. 24).
Based on the above, it can be predicted that packed saturated rocks, in

which bound water occurs, can be modelled using Cole-Cole functions. This
is indeed true for sedimentary rocks like saturated sandstones and carbonate
rocks (Sengwa and Soni, 2006, Taherian et al., 1990). Sedimentary rocks are
successfully modelled also using a Jonscher function (4.67) (Gregoire and
Hollender, 2004), although as it is reported by Taherian et al. (1990) Cole-Cole
is proved to be a more appropriate choice. Apart from that, the fact that
Cole-Cole is directly derived from a distribution of Debye poles, makes it more
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Figure 28: The Cole-Cole dipolar relaxation for saturated sand (4.85) and its multi-pole
Debye approximations using two and three Debye poles. The conductivity
terms for both Cole-Cole and multi-pole Debye relaxations are neglected
since they stay the same in both formulations.

physically representative for describing the effects of bound water to the overall
dielectric properties for both soils and rocks.
For high frequency applications (>0.3 GHz), bound water practically doesn’t

affect the scattering field. Still, bound water can indirectly affect the validity
of the predicted dielectric properties. This happens because bound water is
part of the overall moisture of the soil and in models like CRIM (4.81) it is
assumed that behaves like free water. While this may be a good approximation
for sands (mostly consisted with free water), it fails to predict the dielectric
properties of clays since the majority of the water content in clays consists
with bound water which only affects the lower frequencies.
Dobson et al. (1985) suggested a rigorous formula which defines the dielec-

tric properties of soils for frequencies ranging from 1.4-18 GHz. The soil’s
permittivity suggested by Dobson et al. (1985) is expressed with respect to pa-
rameters for which is not trivial to have knowledge on (free Gouy-layer, bound
Sterm-layer, depolarisation ellipsoid factors etc.). Due to that, Dobson et al.
(1985) proposed a semi-empirical model which relates the dielectric properties
of soils with traditionally used soil’s properties, namely, clay fraction, sand
fraction, water volumetric fraction, density of soil particles and bulk density.
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Figure 29: Similar to Fig. 28 for wet clay (4.86).

This approach underestimates ε′ and overestimates ε′′ for frequencies below 1.4
GHz. In order to overcome that, Peplinski et al. (1995) and Peplinski et al.b
(1995) proposed a correction to the semi-empirical model suggested by Dobson
et al. (1985). The updated semi-empirical model is valid for the frequency
range of 0.3-1.3 GHz. These models are based on (4.83) assuming a three
phase soil which consists of soil particles, water and air inclusions (Dobson et
al., 1985). In contrast with CRIM which uses (4.83) to calculate the complex
dielectric properties (i.e. both real and imaginary parts of permittivity), the
semi-empirical model uses (4.83) to calculate both the real and the imaginary
parts individually.
The semi-empirical model is described in the equations (4.87)-(4.95), where

ε = ε′ − jε′′, j is the imaginary unit
(
j =
√
−1
)
, fw is the water volumetric

fraction, ρs is the sand particles density (g/cm3), ρb is the bulk density of the
soil (g/cm3), εs is the relative permittivity of the sand particles, a = 0.65 is
an experimentally derived constant and S and C are the sand and clay mass
fractions respectively (0 ≤ S,C ≤ 1 and S + C = 1). The complex relative
electric permittivity of the water is εw = ε′w + jε′′w where t0,w = 9.23 ps is the
relaxation time for T = 20 oC, εw,s = 80.1 and εw,∞ = 4.9 are the relative
electrical permittivity of the water for zero and infinity frequency respectively
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(Peplinski et al., 1995). The term σf is a linearly proportional term to the
conductivity σ.

ε′(1.4−18 GHz) =
(

1 + ρb
ρs

(εas − 1) + fβ
′

w ε
′a
w − fw

)1/a
(4.87)

ε′(0.3−1.3 GHz) = 1.15ε′(1.4−18 GHz) − 0.68 (4.88)

ε′′ = f
β′′
a
w

(
ε′′w + σf

ωε0

(ρs − ρb)
ρsfw

)
(4.89)

εs = (1.01 + 0.44ρs)2 − 0.062 (4.90)

β′ = 1.2748− 0.519 · S − 0.152 · C (4.91)

β′′ = 1.33797− 0.603 · S − 0.166 · C (4.92)

εw = εw,∞ + εw,s − εw,∞
1 + jωt0,w

(4.93)

σf(1.4−18 GHz) = −1.645 + 1.939ρb − 2.25622 · S + 1.594 · C (4.94)

σf(0.3−1.3 GHz) = 0.0467 + 0.2204ρb − 0.411 · S + 0.6614 · C. (4.95)

Fig. 30 and 31 illustrate the calculated dielectric properties using the model
suggested by Peplinski et al. (1995) for two different soil types. The properties
of the first soil (Fig. 4.17) are ρs = 2.66 (gr/cm3), ρb = 2 (gr/cm3), S = 0.9
and C = 0.1. The second case is similar with the previous using S = 0.1 and
C = 0.9. It is evident that increasing the clay content results to the decrease
of the real part of the permittivity (i.e. increase of the velocity). This is not
in good agreement with the general experience which expects low velocities
in clay environments. The apparent peculiar result can be explained from the
fact that clay environments (due to the high porosity of clay) have more water
content which results to the decrease of the velocity. Dry clay has equal or less
real part of permittivity compared with dry sand (Daniels, 2004), also due to
the high porosity of clays, dry clays results to a large fraction of air which will
add to the overall increase of the velocity.
Clay fraction, majorly affects the imaginary part of the electric permittivity.

The imaginary part of the electric permittivity consists of two parts, one
which is related with the conductive term and one which is related to the
Debye relaxation due to the dipolar relaxation of the water. Increasing the
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Figure 30: Real and imaginary part of the relative electrical permittivity using the
model suggested by Peplinski et al. (1995). The soil’s parameters are ρs =
2.66 (gr/cm3), ρb = 2 (gr/cm3), S = 0.9, C = 0.1 and for fu = 0− 0.25.

water volumetric fraction results in the increase of the imaginary part (i.e.
the attenuation) and also increases the contribution of the Debye relaxation.
Increasing the clay fraction makes the losses to be primarily related to the
conductive term and decreases the effects of the Debye relaxation. This is
the result of the inability of clays to support free water. Due to that, dipolar
relaxations near the relaxation frequency of the water are shifted to lower
frequencies which are not accounted to the semi-empirical model.
Fig. 32 illustrates a comparison between the calculated real permittivity

using the model suggested by Topp et al. (1980) and the semi-empirical model
for 0.3-1.3 GHz described in (4.87)-(4.95). The soil’s properties are S = 0.1,
C = 0.9, ρb = 1 gr/cm3 and ρs = 2.66 gr/cm3. The calculated permittivities
are in good agreement for clay soils (as it is shown in Fig. 32) but as the
sand fraction increases, the semi-empirical model tends to overestimate the
real permittivity. The approach suggested by Topp et al. (1980) although
its popularity it is independent of the soil’s structure which is not in good
agreement with experimental evidence which point to the opposite direction
(Dobson et al., 1984). That means that the dependence of the semi-empirical
method to the soil structure although it is not in good agreement with Topp et al.
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Figure 31: Similar to Fig. 30 for S = 0.1 and C = 0.9.

(1980) is still a rational conclusion which is backed up by experimental evidence
(Dobson et al., 1984). Nonetheless, increasing the sand fraction (using the
semi-empirical model) results to a linear relationship between the permittivity
and the water content. This is the basic drawback of the semi-empirical model
since measured permittivities don’t show this kind of linear behaviour with
respect to water content (Dobson et al., 1985).
The semi-empirical model is particularly attractive for high frequency ap-

plications. The reasons for that, is the elegant form with which the dielectric
properties of the soils are defined. Readily available properties like sand or clay
fractions are used in order to describe the electric permittivity which is in good
agreement with experimental data for a wide range of frequencies (Peplinski
et al., 1995). The dispersive behaviour resulting from the occurrence of free
water is included in the semi-empirical model while the effects of bound water
(i.e. Cole-Cole behaviour) are neglected since they affect lower frequencies.
Another reason for considering the semi-empirical model an attractive choice
for high frequency applications, is that for the frequency range of 0.5-3 GHz,
the function described in (4.87)-(4.95) can be sufficient approximated with a
single Debye pole (Giannakis et al., 2014). This makes the implementation of
semi-empirical model to FDTD computationally efficient and straightforward.
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Figure 32: Real relative permittivity calculated for 0.4 GHz using the semi-empirical
method (Peplinski et al., 1995) and the method suggested by Topp et al.
(1980). The properties of the soil are, S = 0.1, C = 0.9, ρb = 1 gr/cm3 and
ρs = 2.66 gr/cm3.



5
THE FIN ITE -D IFFERENCE TIME-DOMAIN METHOD

The aim of this chapter is to overview the use of finite differences in developing
the FDTD method as applied to electrodynamics. The numerical errors as well as
the stability conditions of FDTD are presented and analysed. This chapter also
focuses on novel and computationally efficient approaches to model dispersive
media using an inclusive time-domain relaxation function which holds as special
cases the widely used Debye, Drude and Lorentz media. Lastly, PML is explained
and a novel method for implementing it to FDTD is proposed.

5.1 introduction

Maxwell’s equations describes all the macroscopic phenomena related to
electrodynamics. Predicting and modelling the propagation of electromagnetic
waves in any arbitrarily chosen medium requires the solution of Maxwell’s
equations subject to boundary conditions. This is not an easy task and so far,
analytical solutions have been derived only for simple and clinical scenarios
(Hertzian dipole in homogenous space (Balanis, 1989), scattering field of a
circular cylinder (Balanis, 1989), ideal dipole over stratified media (Lambot,
2007, Sommerfeld, 1909)).
For more complex and realistic problems, numerical techniques are employed

in an effort to approximate Maxwell’s equations within the order of accuracy
of the selected method. The scientific field which deals with the numerical
evaluation of Maxwell’s equations is known as computational electrodynamics.
A number of methods have been proposed to address this issue (Sadiku, 2000),
the most widely used are, the Method of Moments (MoM) (Peterson et al., 1998),
the Finite Element Method (FEM) (Jin, 2002), FDTD (Fang, 1989, Gedney,
2011, Giannopoulos, 1997, Luebbers and Kunz, 1993, Taflove, 2005, Taflove
et al., 2013, Yee, 1966), FD implicit techniques (Crank and Nicolson, 1947,
Namiki, 1999), Finite Element Time-Domain (FETD) (Jin, 2002, Lee et al.,
1997, Zhu et al., 2011), the Pseudo-Spectral Time-Domain (PSTD) method
(Liu, 1997) and the Transmission Line Matrix (TLM) method (Giannopoulos,
1997).
All the methods above employ different approximation schemes in an effort

to numerically evaluate Maxwell’s equations. Their common point, is that for
ideally infinite computational resources the numerical solution converges to

65
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the analytical one. Apart from that, each method has its unique characteristics
making them suitable to some problems and not attractive to others. The MoM is
a semi-analytic, frequency domain technique that calculates the current density
which occurs in boundaries between media. Subsequently, the fields emerging
from these currents are analytically calculated. This indicates, that for simple
models having small number of boundaries, and for monochromatic waves, MoM

is very attractive approach. Thats not the case for time-domain applications
dealing with complex geometries with a large number of boundaries. Frequency
domain techniques like FEM (Jin, 2002), are attractive when a small number
of frequencies need to be modelled. Apart from that, the implicit nature of
frequency domain methods requires the storage of large matrices which increases
the Random-Access Memory (RAM) requirements. FETD is a time-domain finite
element approach which has the advantages of the unstructured and adaptive
finite element grid. The drawback of FETD is the need of a large sparse matrix
which increases RAM requirements. This issue can be partly addressed by
using hybrid FDTD-FETD subdomain schemes (Zhu et al., 2011). The PSTD

method evaluates time derivatives using a second order accuracy FD scheme.
The spatial derivatives are calculated using the differentiation theorem of the
Fourier transform (Taflove and Hagness, 2000). PSTD is an attractive method
for modelling time-domain problems but has difficulties modelling PEC and
sharp boundaries with large dielectric contrasts (Taflove and Hagness, 2000).

FDTD method is an inclusive term which describes the synchronisation of
numerically evaluated derivatives in space and time using central FD schemes.
The abbreviation FDTD was first used by Taflove (1980) to describe the method
initially suggested by Yee (1966). The original method proposed by Yee (1966),
uses second order accurate derivatives both in time and space, in order to
explicitly evaluate Maxwell’s equations using a leapfrog approach. Apart from
electrodynamics, FDTD has been successfully applied to a diverse set of fields
like quantum physics (Moxley et al., 2013), hydrodynamics (Neuman and
Richtmyer, 1950) and so on.

FDTD is a fully explicit method which doesn’t require the solution of linear
systems and deals with the problem locally i.e. the calculated fields are described
with respect to the fields around them. This makes the parallelisation of FDTD

efficient (Guo et al., 2012). The time domain nature of FDTD requires only a
simple run to calculate the response for a wide range of frequencies (Taflove and
Hagness, 2000) making it particularly attractive for ultra wide-band problems.
Dispersive as well as nonlinear media can be accurately and efficiently treated
using FDTD. In contrast with PSTD, FDTD can accurately simulate PEC as well
as Perfect Magnetic Conductor (PMC) in a straightforward manner.
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For the reasons above, FDTD is one of the most widely used methodologies for
numerically evaluating Maxwell’s equations. The original paper by Yee (1966)
has more than 3500 citations from a wide range of scientific fields varying
from medical applications (Furse, 2006) to photonics (Kong and Choi, 2009).
Although its popularity, FDTD doesn’t come without drawbacks. The most
important of which, is the constrain of time and spatial discretisation ratio
which is the result of the explicit nature of the method. FD implicit techniques
like the Crank-Nicolson method (Crank and Nicolson, 1947) or the Alternating-
Direction Implicit (ADI) technique (Namiki, 1999), manage to overcome the
issue of stability. Nonetheless, time steps far from the Courant limit (Taflove
and Hagness, 2000), although stable, result to larger numerical errors (Garcia,
2002).
In the present thesis, FDTD is chosen in order to model GPR for AP landmine

detection. The unique characteristics of near field high frequency problems
can be adequately addressed using FDTD. Large electrical structures needed
to be modelled in order to accurate simulate the antenna units, the targets,
soils and so on. FDTD is a very fast and efficient method which is an attractive
choice for computationally heavy problems. GPR is an ultra wide-band time
domain technique and FDTD is particularly attractive for this type of problems.
Regarding the dielectric properties, dispersive media like water and saturated
soils can be accurately and efficiently simulated using FDTD. Soil’s are highly
complex media with stochastic geometry, FDTD is suitable for modelling com-
plex structures with arbitrarily number of boundaries and dielectric contrasts.
In addition, PEC which are crucial for modelling antenna units, AP landmines
and false alarm targets can be efficiently and easily modelled using FDTD.
The above reasons are related with the utility of FDTD and its ability to

address the problems arising in GPR modelling for AP landmine detection. Apart
from this, another reason for choosing FDTD is its simplicity and elegance. The
theoretical foundation of FDTD is easy to grasp and as it is stated by Gedney
(2011) "everyone can FDTD".

5.2 finite differences method

5.2.1 General principles

FD is a numerical method for approximating derivatives of arbitrarily integer
order. FD uses information around the point of interest in order to locally
approximate a given function. The nith (n ∈ Z) derivative of the approximation
is subsequently analytically evaluated (Kunz, 1957).
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For introductory reasons the well known central FD is presented in (5.1). A
superficial interpretation of this equation, states that the infinitesimal small
∂x is approximated by a relatively small but nonetheless finite value (thus the
name "finite differences").

∂f(x)
∂x

= lim
∆x→0

f(x+ ∆x
2 )− f(x− ∆x

2 )
∆x ≈ f(x+ ∆x

2 )− f(x− ∆x
2 )

∆x . (5.1)

Using the Fourier transformation, a more rigorous interpretation of the central
FD scheme in (5.1) can be derived. Using the identities L

(
∂f(x)
∂x

)
= jkf(k),

Lf(x + ∆x) = ejk∆xf(k) and ejk∆x = cos (k∆x) + j · sin (k∆x) (Kreyszig,
1999), equation (5.1) can be expressed in wavenumber domain as

jk ≈ ejk
∆x
2 − e−jk∆x

2

∆x = j
2sin

(
k∆x

2

)
∆x . (5.2)

Where k is the angular wavenumber, j =
√
−1 and L denotes the Fourier

transform.
Equation (5.2) gives an insight on the nature of the approximation. The

accuracy of (5.2) can be rigorously evaluated by expanding sin (k∆x/2) in
terms of Taylor series

jk ≈ jk

1 +
∞∑
i=1

((−1)i
2 )

(
k∆x

2

)2i

(1 + 2i)!

 . (5.3)

From (5.3) it is evident that the approximation error equals with

R(k,∆x) = jk
∞∑
i=1

((−1)i
2 )

(
k∆x

2

)2i

(1 + 2i)! . (5.4)

The error of the central FD is proportional to the wavenumber of the approx-
imated function as well as the discretisation step (∆x). The error is usually
expressed using the big O(x) notation (Knuth, 1998). The big O(x) notation
is defined as ||O(x)|| ≤ ||Cx||, where C is a constant (Knuth, 1998). Based on
that, the error in (5.4) can be simply defined as O(∆x2). Thus, equation (5.1)
can be rewritten (without the need of the approximation symbol) as

∂f(x)
∂x

=
f(x+ ∆x

2 )− f(x− ∆x
2 )

∆x +
∞∑
i=1

O
(
∆x2i

)
. (5.5)

The order of accuracy of FD is defined as the smallest power in which ∆x is
raised in the big O(∆x) notation. This approach is based on the fact that
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usually ∆x < 1. The latter, implies that O (∆xn) > O
(
∆xn+1). From the

above it is evident that O
(
∆x2) is the biggest term of the summation in (5.5).

Thus, using O
(
∆x2) to define the order of accuracy is a valid approach with

which different FD schemes can be compared and analysed.
From (5.5) it is derived that the central FD in (5.5) is a second order

accurate approximation of the first derivative. FD schemes with different order
of accuracy can be derived by employing Taylor series. Taylor series holds as
special cases all the possible polynomials. Thus, Taylor series is an attractive
choice to locally approximate given functions. Apart from that, polynomials
can be easily differentiated using inclusive formulas that can be applied to any
arbitrary order of differentiation (Kopal, 1955).
Taylor series express a given function with respect to its derivatives in a

specific point. Series like the Euler-forward or the Euler-backward as well as
Maclauirin and Stirling series are all special cases of Taylor series.

Euler’s-forward series:

f(x0 + ∆x) = f(x0) + ∂f(x0)
∂x

∆x+ ∂2f(x0)
∂x2

∆x2

2! + ∂3f(x0)
∂x3

∆x3

3! .... (5.6)

Euler’s-backward series:

f(x0−∆x) = f(x0)− ∂f(x0)
∂x

∆x+ ∂2f(x0)
∂x2

∆x2

2! −
∂3f(x0)
∂x3

∆x3

3! .... (5.7)

Series resulting from substracting (5.7) from (5.6):

f(x0 +∆x) = f(x0−∆x)+ ∂f(x0)
∂x

2∆x+ ∂3f(x0)
∂x3

2∆x3

3! + ∂5f(x0)
∂x5

2∆x5

5! .....

(5.8)
Series resulting from averaging (5.7) and (5.6) (Stirling’s series):

f(x0 + ∆x) + f(x0 −∆x)
2 = f(x0)+ ∂2f(x0)

∂x2
∆x2

2! + ∂4f(x0)
∂x4

∆x4

4! ..... (5.9)

From (5.6), (5.7) and (5.8) it is easy to derive three different FD schemes for
approximating the first derivative

Forward difference:

f(x0 + ∆x)− f(x0)
∆x = ∂f(x0)

∂x
+O(∆x). (5.10)
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Backward difference:

f(x0)− f(x0 −∆x)
∆x = ∂f(x0)

∂x
+O(∆x). (5.11)

Central difference:

f(x0 + ∆x)− f(x0 −∆x)
2∆x = ∂f(x0)

∂x
+O(∆x2). (5.12)

Assuming that ∆x < 1, it is evident that the central FD scheme (5.12) is a
better approximation compared with (5.10) and (5.11). Using (5.9), the second
order derivative can be approximated using a second order accurate FD scheme

f(x0 + ∆x)− 2f(x0) + f(x0 −∆x)
∆x2 = ∂2f(x0)

∂x2 +O(∆x2). (5.13)

The above approaches have an educational value in a sense that describe the
main idea of FD. Namely, the approximation of the derivative operation (jk) by
using information near the point of interest. In order to calculate FD schemes for
different order of derivatives with different order of accuracy a more inclusive
and systematic approach is needed.

5.2.2 Inclusive quadrature formula

Stiefel (1963) described a coherent way for calculating FD approximations
of nth derivatives for arbitrary order of accuracy. This technique is based on
Taylor series and results to a linear system of equations from which the FD

coefficients are derived. The method described by Stiefel (1963) is constrained
to positive non-zero n, i.e. can be applied only to derivatives.
Here we present a modified and more inclusive version with which not only the

coefficients for numerical differentiation but also the coefficients for numerical
integration and numerical interpolation are calculated within the same context.
Initially, the function of interest is approximated using a subset of its Taylor
series expansion

f(x) =
∞∑
k=0

αkx
k ≈

N∑
k=0

αkx
k, (5.14)



5.2 finite differences method 71

where αk are constants. From (5.14), it is derived that the nth (n ∈ Z) order
derivative of f(x) is

∂nf(x)
∂xn

≈
N∑
k=0

αkx
k−n

n−1∏
m=0

(k −m)
−2∏

d=n−1
(k − d− 1)−1. (5.15)

Notice that the empty product (i.e. ∏M
n=m for M < m) is equal with one

(Ingham and Vaughan, 1990).
The general quadrature approximation of (5.15) (which holds as special case

the method suggested by Stiefel (1963)) for the point of interest (xu) is equal
by definition to

∂nf(xu)
∂xn

≈
L∑
s=1

bsf(xs). (5.16)

where bs are the FD coefficients. Substituting (5.14) to (5.16) yields

∂nf(xu)
∂xn

≈
L∑
s=1

bs

N∑
k=0

αkx
k
s . (5.17)

Combining (5.15) and (5.17), a system of linear equations is derived

L∑
s=1

bs

N∑
k=0

αkx
k
s ≈

N∑
k=0

αkx
k−n
u

n−1∏
m=0

(k −m)
−2∏

d=n−1
(k − d− 1)−1. (5.18)

If we assume that the remaining terms in (5.14) equal to zero (i.e.∑∞k=N+1 αkx
k =

0) then, the approximation of (5.18) becomes equality. By equating same order
terms, equation (5.14) can be re-written in matrix notation A · b = C as:



α0x0
1 . α0x0

L

α1x1
1 . α1x1

L

α2x2
1 . α2x2

L

.

.

.

αNx
N
1 . αNx

N
L





b1

b2

b3

.

.

.

bL


=



α0x0−n
u

∏n−1
m=0(0−m)∏−2

d=n−1(0− d− 1)−1

α1x1−n
u

∏n−1
m=0(1−m)∏−2

d=n−1(1− d− 1)−1

α2x2−n
u

∏n−1
m=0(2−m)∏−2

d=n−1(2− d− 1)−1

.

.

.

αNx
N−n
u

∏n−1
m=0(N −m)∏−2

d=n−1(N − d− 1)−1



The matrix above can be simplified by eliminating the αk coefficients. This
implies that the coefficients bs which calculate exactly the nth derivative
of a polynomial 1 + x + x2 + x3....xN are also valid for any polynomial
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α0 + α1x+ α2x2 + α3x3....αNx
N . Furthermore, assuming that xu = ∆x and

xs = w(s)∆x, yields



1 1 . 1

w1 w2 . . wL

w2
1 w2

2 . . w2
L

.

.

.

wN1 wN2 . . wNL





b1 ·∆xn

b2 ·∆xn

b3 ·∆xn

.

.

.

bL ·∆xn


=



∏n−1
m=0(0−m)∏−2

d=n−1(0− d− 1)−1∏n−1
m=0(1−m)∏−2

d=n−1(1− d− 1)−1∏n−1
m=0(2−m)∏−2

d=n−1(2− d− 1)−1

.

.

.∏n−1
m=0(N −m)∏−2

d=n−1(N − d)−1



When the order (N) of the polynomial used to approximate the real function
is equal with the number of the FD coefficients (L), then the system is well
determined and an exact solution can be found. When N > L, the system
becomes overdetermined and can be solved using the least squares method
(b =

(
AT A

)−1
AT C), although it is not recommended. For n = 0, the sug-

gested approach is transformed to an inclusive interpolation formula and for
n < 0 to a numerical integration formula. Notice that the calculated coefficients
for n < 0 are used to calculate

∫
f(∆x)dx =

∫∆x
0 f(x)dx. From (5.16) yields

that

∂nf(x)
∂xn

=
∑L
s=1Bsf(xs)

∆xn +R. (5.19)

Where Bs = bs∆xn (the solutions of the well determined linear system) and R
is the error arising from the approximation in (5.14) and it is defined as

R =
∑L
s=1BsF (xs)

∆xn . (5.20)

The function F (x) is the summation of the remaining terms in (5.14)

F (x) =
∞∑

k=N+1
αkx

k. (5.21)

Using the approach explained previously, the FD coefficients of the first deriva-
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Figure 33: The first, second and fourth order of accuracy FD schemes are used to
numerically evaluate the first derivative of f(x). A chirp-like function
(f(x) = sin(x3)) is employed in an effort to illustrate the correlation
between frequency and numerical error (see (5.3)). The discretisation step
equals ∆x = 0.005.

tive for first (5.22), second (5.23) and fourth (5.24) order of accuracy are
derived. An equally spaced grid with length ∆x is chosen.

∂f(xu)
∂x

= f(xu + ∆x)− f(xu)
∆x +O(∆x) (5.22)

∂f(xu)
∂x

= f(xu + ∆x)− f(xu −∆x)
2∆x +O(∆x2) (5.23)

∂f(xu)
∂x

= f(xu − 2∆x)− f(xu + 2∆x)
12∆x (5.24)

+2
3
f(xu + ∆x)− f(xu −∆x)

∆x +O(∆x4).

Fig. 33 illustrates the numerically evaluated derivatives using (5.22), (5.23) and
(5.24). A chirp-like function (f(x) = sin(x3)) is used in order to illustrate how
the accuracy varies with respect to the frequency (see (5.3)). The step is chosen
to be ∆x = 0.005. As it is expected, increasing the order of accuracy decreases
the error between analytically and numerically evaluated derivatives. From the
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above, it is evident that higher order approximations or smaller discretisation
steps result to a wider frequency range for which the approximation can be
considered valid within a predefined order of accuracy.

5.3 fdtd grid

The term "FDTD (nt, ns)" describes a numerical technique that employes
synchronised (both in space and time) numerically evaluated derivatives using
FD. The parenthesis terms indicate the order of accuracy of time (nt) and spatial
(ns) derivatives. The original FDTD described by Yee (1966) is second order in
both space and time i.e. FDTD (2, 2). Regardless of the order of accuracy, the
FDTD grid (i.e. the distribution of the fields both spatially and in time) stays
the same. This is due to the central FD schemes which are necessary in order
for FDTD to sustain its synchronisation. The term synchronisation states that
the electric and the magnetic fields are arranged in a way such as the spatial
and the time derivatives to be numerically evaluated at the same time-space
point. This arrangement is known as the Yee cell.
Fig. 34 illustrates the field’s distribution of a TM mode in an FDTD grid.

Notice that the fields are staggered. This may seem unpractical but it is
crucial in order to explicitly evaluate Maxwell’s equations while retaining
synchronisation. Maxwell’s equations for a TM mode are

∂Hx

∂t
= − 1

µ

∂Ez
∂y

(5.25)

∂Hy

∂t
= 1
µ

∂Ez
∂x

(5.26)

∂Ez
∂t

= 1
ε

(
∂Hy

∂x
− ∂Hx

∂y
− σEz − Jz

)
. (5.27)

Using the field’s distribution illustrated in Fig. 34 and a second order central
FD (5.12), Maxwell’s equations can be approximated as follows

Hy|n+1
i,j+1/2 = Hy|ni,j+1/2 + ∆t

µ∆
(
Ez|n+1/2

i+1/2,j+1/2 − Ez|
n+1/2
i−1/2,j+1/2

)
(5.28)

Hx|n+1
i−1/2,j+1 = Hx|ni−1/2,j+1 + ∆t

µ∆
(
Ez|n+1/2

i−1/2,j+1/2 − Ez|
n+1/2
i−1/2,j+3/2

)
(5.29)

Ez|n+1/2
i−1/2,j+1/2 = Ez|n−1/2

i−1/2,j+1/2 −
∆t
ε

(
σEz|ni−1/2,j+1/2 + Jz|ni−1/2,j+1/2

)

+∆t
ε∆

(
Hx|ni−1/2,j −Hx|ni−1/2,j+1 +Hy|ni,j+1/2 −Hy|ni−1/2,j+1/2

)
(5.30)



5.3 fdtd grid 75

t

x
y

Hy

Hx

Ez

Figure 34: Arrangement of the electric and the magnetic fields for a TM FDTD grid.

where ∆t and ∆ are the time and the spatial steps respectively. The indices
correspond to F |ni,j = F (i∆, j∆, n∆t). From Fig. 34 and (5.30) it is evident
that the values of Ez are evaluated at Ez|n+1/2 for different n. In (5.30) the
term Ez|ni+1/2,j+1/2 is not part of the FDTD grid. Due to that, Ez|ni+1/2,j+1/2 is
approximated by a second order interpolation scheme (which can be derived
using the method described in chapter 3.2.2)

Ez|ni+1/2,j+1/2 =
Ez|n+1/2

i+1/2,j+1/2 + Ez|n−1/2
i+1/2,j+1/2

2 +O
(
∆t2

)
. (5.31)

Substitute (5.31) to (5.30) yields

Ez|n+1/2
i−1/2,j+1/2 = CaEz|n−1/2

i−1/2,j+1/2 − Cb∆ · Jz|ni−1/2,j+1/2

+Cb
(
Hx|ni−1/2,j −Hx|ni−1/2,j+1 +Hy|ni,j+1/2 −Hy|ni−1,j+1/2

)
(5.32)

Ca =
1− σ∆t

2ε
1 + σ∆t

2ε
(5.33)

Cb =
∆t
ε∆

1 + σ∆t
2ε

(5.34)
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Figure 35: Arrangement of the electric and the magnetic fields in a 3D FDTD grid.

From (5.28), (5.29) and (5.32) it is evident that Maxwell’s equations can
be evaluated explicitly (i.e. iteratively), without the need of a simultaneous
solution of equations. Although fields are staggered, their numerically evaluated
derivatives retain their synchronisation. Through this, FDTD elegantly manages
to balance between computational efficiency and accuracy.
In the same manner, FDTD can be trivially expanded to 3D. Fig. 35 illustrates

the arrangement of the fields for a 3D FDTD grid. Notice, that similar to the 2D
case, all the electric fields are evaluated at the same time step while the magnetic
fields are evaluated half time step away. Both the electric and the magnetic
fields are also spatially collocated. Applying a central FD approximation for
the derivatives and a second order interpolation for the conductive term, the
3D FDTD equations are derived (see Appendix A).



5.3 fdtd grid 77

5.3.1 Stability and numerical dispersion

In chapter 5.2.1, the numerical error of FD schemes is rigorously defined. The
order of accuracy is proven to be sensitive to the discretisation step as well as
the frequency of the function. FDTD is a numerical method in which numerically
evaluated time and spatial derivatives interact with each other. Each of these
FD schemes individually, contribute to the overall approximation error of FDTD.
It is convenient to describe the numerical error through the so-called numerical
dispersion i.e. a non-physical dispersion which is the product of numerical
errors (Taflove, 2005).
The numerical dispersion for 1D and 2D can be straightforwardly derived

by expressing FDTD equations to the frequency-wavenumber domain (Taflove,
2005). For the 3D case, Taflove and Brodwin (1975) used the compact form of
Maxwell’s equations which led to a linear system. Setting its determinant to
zero, results to the numerical dispersion relationship of 3D FDTD grids (Taflove,
2005).
We derive the numerical dispersion following a more simple approach which

employs the scalar wave equation (4.27)

∇2Fu − γ2Fu = 0 (5.35)

where F ∈ {H,E} and u ∈ {x, y, z}. Expanding (5.35) and assuming that
σ = 0 yields

∂2Fu
∂x2 + ∂2Fu

∂y2 + ∂2Fu
∂z2 + ω2

c2 Fu = 0 (5.36)

which in wavenumber domain is equal to

−
(
k2
x + k2

y + k2
z

)
Fu + ω2

c2 Fu = 0. (5.37)

FDTD (2,2) uses second order central FD schemes for evaluating the time and
the spatial derivatives. This implies that the following approximations take
place (see equation (5.2))

ω ≈ ejω∆t/2 − e−jω∆t/2

j∆t = 2sin(ω∆t/2)
∆t (5.38)

ku ≈
ejku∆u/2 − e−jku∆u/2

j∆t = 2sin(ku∆u/2)
∆u . (5.39)
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Substituting (5.38) and (5.39) to (5.37) and eliminating Fu yields

sin2 (ω∆t/2)
c2∆t2 = sin2 (kx∆x/2)

∆x2 + sin2 (ky∆y/2)
∆y2 + sin2 (kz∆z/2)

∆z2 . (5.40)

Equation (5.40) describes the numerical dispersion which occurs due to numeri-
cal errors in 3D FDTD (2,2) (Taflove and Brodwin, 1975, Taflove, 2005). By ex-
panding the sin terms in Taylor series, it is easy to prove that limA→0 sin (A) =
A. Applying this to (5.40) and assuming that ∆t = ∂t and ∆u = ∂u yields

c = ω√
k2
x + k2

y + k2
z

. (5.41)

The latter is the analytic relationship between the velocity of the electromag-
netic wave (c), the angular frequency (ω) and the wavenumber (k). When finite
∆u and ∆t are used, numerical errors and instabilities arise.

It is more convenient to express ku in a parametric form. Using the relation-
ship k2 = k2

x + k2
y + k2

z yields

kx = k · cos (θ) cos (φ) (5.42)

ky = k · sin (θ) cos (φ) (5.43)

kz = k · sin (φ) (5.44)

where π
2 < φ < −π

2 is the latitude and 0 < θ < 2π is the longitude of a sphere
with radius k. Substituting (5.42)-(5.44) to (5.40) and assuming a uniform grid
(∆x = ∆y = ∆z = ∆u) yields

∆u2

c2∆t2 sin2 (ω∆t/2) = sin2 (k · cos (θ) cos (φ) ∆u/2) (5.45)

+sin2 (k · sin (θ) cos (φ) ∆u/2) + sin2 (k · sin (φ) ∆u/2) .

Solving (5.45) for ω results to

ω = 2
∆tsin

−1 (ξ) (5.46)

where
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Figure 36: Velocity error of a uniform 3D FDTD (2,2). The time and spatial steps are
related with c∆t

∆u = b√
3 . The ratio νn

νr
is the ratio between the numerical

(νn) and the real (νr) velocity.

ξ = c∆t
∆u (sin2 (k · cos (θ) cos (φ) ∆u/2) (5.47)

+sin2 (k · sin (θ) cos (φ) ∆u/2) + sin2 (k · sin (φ) ∆u/2))1/2.

From (5.46), it is implied that when ξ > 1, ω becomes a complex number
(ω = ωr + jωi). A complex angular frequency results to numerical instabilities
(Taflove, 2005). With the term numerical instability we define the exponential
growth which occurs when a wave travels subject to a complex angular frequency
(F (t, r) = F0eωite−jωrt−jkr). From the above, it is evident that for a uniform
3D FDTD (2,2), the stability condition (the so-called Courant limit) (Gedney,
2011) can be defined as

c∆t
∆u ≤

1√
3
. (5.48)

It is easy to prove that for the 1D case the stability condition is c∆t
∆u ≤ 1 and

for 2D c∆t
∆u ≤ 1√

2 .
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⌫n/⌫r

Figure 37: Numerical anisotropy of a uniform 3D FDTD (2,2). The ratio between the
numerical (νn) and the real (νr) velocity is calculated for different angles.
The time and the spatial step are related with c∆t

∆u = 0.6/
√

3 and N = 10.
The box illustrates the Yee cell.

The 1D FDTD, when using the Courant limit to define the ratio between time
and spatial steps, results to zero numerical errors (Taflove, 2005). This peculiar
result shows that for 1D, the central difference scheme suggested by Yee (Yee,
1966) gives exact and not approximate solutions. Unfortunately, this is limited
only to plane waves (1D) in homogenous media. Complicated structures and
models which require more than one dimension are subjected to numerical
errors, the order of which can be analytically estimated.
Following the approach suggested by Taflove (2005), we choose an arbitrary

frequency and subsequently its corresponding numerical wavenumber is cal-
culated from (5.45). Using this frequency and its numerical wavenumber, the
numerical velocity is calculated. The latter is subsequently compared with
the real velocity in an effort to get an insight on the artefacts arising from
the numerical nature of FDTD. Equation (5.45) can be re-written in the more
convenient form

1
S2 sin2

(
πS

N

)
= sin2 (k · cos (θ) cos (φ) ∆u/2) (5.49)

+sin2 (k · sin (θ) cos (φ) ∆u/2) + sin2 (k · sin (φ) ∆u/2) .
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WhereN = λ0
∆u (i.e. how many steps are used to resolve the reference wavelength

λ0) and S = c∆t/∆u.
Equation (5.49) has closed form solutions only for θ = φ = 0 (Taflove, 2005).

In order to calculate (5.49) for different angles of propagation it is convenient
to state (5.49) as a minimisation problem, namely

argmin
k

|| 1
S2 sin2

(
πS

N

)
− sin2 (k · cos (θ) cos (φ) ∆u/2) (5.50)

−sin2 (k · sin (θ) cos (φ) ∆u/2)− sin2 (k · sin (φ) ∆u/2) ||.

Equation (5.50) can be solved using non-convex optimisation techniques (Horst
et al., 2000) which gives the ability for k to be complex and can overcome
local minima. Complex k occurs when S is smaller than a transition value,
this results to sub-luminal velocities and numerical attenuation (Schneider and
Wagner, 1999, Taflove, 2005).
Fig. 36 illustrates the ratio νn

νr
with respect to N for θ = φ = 0. Where

νn and νr are the numerical and the real velocity respectively. Due to the
stability condition, S = b/

√
3 with b ≤ 1. From Fig. 36 it is evident that the

performance of FDTD is optimised when S is exactly on the Courant limit. In
order to investigate the numerical anisotropy due to numerical errors, equation
(5.50) is minimised for different angles, S = 0.6/

√
3 and for N = 10. Fig. 37

shows that the waves which are normal to the sides of the Yee cell are less
accurate compared to the ones propagating towards the edges.
The main advantage of FDTD is that it can explicitly calculate spatial and

time derivatives which are synchronised in both space and time. The latter is
achieved by using central FD schemes. The original FDTD suggested by Yee
(Yee, 1966) uses a second order central FD to evaluate both space and time
derivatives. Similarly, higher order approximations can be applied, and as
long as these approximations are central FD, the explicit nature as well as the
synchronisation of FDTD will be preserved. The central FD scheme is defined as

∂F (n)
∂u

≈ 1
∆u

M∑
s=1

(
cs,1F

(
n+ s

2

)
− cs,2F

(
n− s

2

))
. (5.51)

The coefficients cs can be found using the method described in chapter (3.2.2).
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Due to symmetry it can be proved that cs1 = cs2 (Kantartzis and Tsiboukis,
2006). Thus, (5.51) can be simplified as

∂F (n)
∂u

≈ 1
∆u

M∑
s=1

cs

(
F

(
n+ s

2

)
− F

(
n− s

2

))
. (5.52)

Using (5.52) and working with the same way as in (5.38) and (5.39) yields

ω ≈
M∑
s=1

2cssin
(
ω∆t

(
2s−1

2

))
∆t (5.53)

ku ≈
M∑
s=1

2cssin
(
ku∆u

(
2s−1

2

))
∆u . (5.54)

Substituting (5.53) and (5.54) to (5.37) results to

 M∑
s=1

cssin
(
ω∆t

(
2s−1

2

))
c∆t

2

=
∑

u∈{x,y,z}

 M∑
s=1

cssin
(
ku∆u

(
2s−1

2

))
∆u

2

. (5.55)

Equation (5.55) is the dispersion relationship for any arbitrary order of accuracy.
From (5.55) it is proven that the stability criteria is sensitive to the order of
accuracy. For FDTD (2,4), the stability criteria is equal to c∆t

∆u ≤
√

36
7 , for FDTD

(4,4) the Courant limit is the same as FDTD (2,2) (Fang, 1989) and so on.
Similarly, the numerical errors as well as the numerical anisotropy change when
different FDTD schemes are employed. Higher order approximations increase
the accuracy at the cost of increasing the computational resources.
In the next sections the implementation of dispersive media into FDTD as

well as the truncation of the FDTD boundaries is discussed. Novel methods
are proposed which are shown to improve upon previous approaches while
retaining computational efficiency. The suggested techniques are second order
accurate in time and can be easily applied to any spatial order of accuracy.

5.4 dispersive materials implementation

FDTD is a very popular numerical technique for solving Maxwell’s equations for
a wide range of different media, including materials with frequency dependent
properties. In a number of applications, single and multi-pole Lorentz, Debye
and Drude functions are widely used because they allow us to simulate the
electric susceptibility of a range of materials amongst them: water (Pieraccini
et al., 2009), human tissues (Clegg and Robinson, 2010, Gabriel, 1996, Ireland
and Abbosh, 2013, Lazebnik et al., 2007) cold plasma (Li et al., 2013, Liu et al.,
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2010), gold (Vial et al., 2005), soils (Atteia and Hussein, 2010, Bergmann et al.,
1998, Giannakis et al., 2012, Matzier, 1998, Teixeira et al., 1998, Uduwawala
et al., 2005, Wang and Oristaglio, 2000) and so on.
Electric susceptibility χ(t) is defined as the function relating the polarisation

density to the electric field by ~P = χ(t) ∗ ~E. In essence, both the real and
the imaginary part of a complex electric permittivity variation are included
in the electric susceptibility function. In this section, for simplicity we define,
in the same way as used by Kelley and Luebbers (1996) and Luebbers et
al. (1990)), the electric susceptibility χ(t) using the definition of electric flux
density as ~D = ε0ε∞ ~E + ε0χ(t) ∗ ~E. In such definition, the effects of any
frequency-independent parts of the medium’s relative permittivity are included
within ε∞ (relative permittivity at infinite frequency).
A number of different methodologies have been suggested for numerically

implementing dispersive materials into the FDTD. The resulting methods can
be roughly divided in three categories: 1) Auxiliary Differential Equation (ADE)
methods (Alsunaidi and Al-Jabr, 2009, Han et al., 2006, Joseph et al., 1991,
Kashiwa and Fukai, 1990, Okoniewski et al., 1997, Takayama and Klaus, 2002),
2) Z-transform methods (Sullivan, 1992, 1994, Weedon and Rappaport, 1997)
and 3) the recursive convolution methods (Chen et al., 1998, Fan and Liu, 2000,
Kelley and Luebbers, 1996, Lin and Thylen, 2009, Liu et al., 2003, Luebbers
et al., 1990, 1991, Luebbers and Hunsberger, 1992, Shibayama et al., 2009,
Siushansian and Vetri, 1997). A systematic review of the methods related
to ADE and recursive convolution are given by Taflove and Hagness (2000)
and Young and Nelson (2001). In addition, an interesting review about the
modelling techniques used to simulate Lorentz media is given by Lin and
Thylen (2009).
Inclusive algorithms, with a uniform implementation for a wide range of

materials, are very attractive especially in situations where materials with dif-
ferent dispersion mechanisms need to be modelled. An inclusive ADE algorithm
for modelling Lorentz, Debye and Drude media is presented by Alsunaidi and
Al-Jabr (2009). The algorithm needs two additional variables to be stored
per pole for both Drude, Lorentz, Debye and conductive term mechanisms. A
more efficient ADE inclusive algorithm which is based on a complex-conjugate
pole-residue method is presented by Han et al. (2006). This uses an inclusive
electric susceptibility function which holds as special cases the Debye, Lorentz
and Drude medium.

PLRC introduced by Kelley and Luebbers (1996) is an efficient method for
dealing with dispersive materials. PLRC assumes that the electric field has
a piecewise linear behaviour and also uses a central FD scheme in order to
calculate the derivative of the polarisation density in time. In other words, it
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implicitly assumes that the polarisation density can be accurately simulated by
a second order polynomial in each time interval. PLRC is a widely used method,
and one of the key reasons for its popularity, is that it is an accurate algorithm
which can simulate materials with an inclusive susceptibility function which
holds as special cases the Lorentz, Debye and Drude media. This makes the
implementation of dispersive materials in FDTD codes easy and practical and at
the same time retains its computational efficiency (Fan and Liu, 2000, Han et al.,
2006). Standard PLRC methodologies require two additional variables for each
Lorentz medium and one additional variable for each Drude or Debye medium.
Complex media like the ones described by the Havriliak-Negami equation can be
approximated by multi-Debye functions (Clegg and Robinson, 2010, Giannakis
et al., 2012) and can be implemented very effectively using PLRC (Kelley et
al., 2007). Also, inclusive algorithms like PLRC and complex-conjugate pole-
residuals method (Han et al., 2006) that can simulate susceptibility functions
which hold as special cases the Debye, Lorentz and Drude relaxations are more
computationally efficient for modelling complex materials like Ag (Han et al.,
2006) and graphene (Lin et al., 2012).
Next, two new novel recursive convolution based methodologies are presented

which in their development make only the assumption that the first time
derivative of the electric field is constant in each time interval – in other words
that the electric field is piecewise linear between time steps – and do not
make any assumptions about the variation in time of the polarisation density.
Instead, an analytical calculation of the polarisation density is used subject to
the assumption that the electric field has a piecewise linear behaviour in each
time interval. As a result of reducing the number of the assumptions made in
the derivation of the recursive algorithm, the proposed methods are found to
be systematically improved compared with PLRC for Debye, Lorentz and Drude
media and at the same time they preserve the main advantages of recursive
convolution techniques.

5.4.1 Polarisation Density Method

Maxwell’s equations for an isotropic, linear, non-magnetic, dispersive medium
are given by

∇× ~H = ε0ε∞
∂ ~E

∂t
+ σ ~E + ε0

N∑
s=1

∂ ~Ps
∂t

(5.56)

∇× ~E = −µ0
∂ ~H

∂t
(5.57)
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~Ps = χs(t) ∗ ~E(t). (5.58)

Where ~Ps is the polarisation density for each dispersive pole and N is the total
number of dispersive poles. The susceptibility function χs(t) used here is an
inclusive function which holds as special cases the Debye, Drude and Lorentz
relaxations (Fan and Liu, 2000)

χs(t) = Re{Wse
Qs·t}. (5.59)

We then define ~Rs to be a complex function having as its real part the polari-
sation density ~Ps

~Rs = Wse
Qs·t ∗ ~E(t). (5.60)

Where Ws and Qs can, in general, be both real and complex numbers; if they
are both real, then ~Rs = ~Ps. For Debye and Drude media both Ws and Qs are
real, while for a Lorentz medium Ws is purely imaginary and Qs is generally a
complex number with both non-zero real and imaginary parts. In the proposed
algorithms Ws can also be complex with both non-zero real and imaginary
parts and Qs could be a purely imaginary or real number (similarly to the
complex-conjugate pole-residue method (Han et al., 2006)).
Equation (5.60) can be written as

~Rs = Ws

t∫
0

eQs·(t−τ) ~E(τ)dτ = Wse
Qs·t

t∫
0

e−Qs·τ ~E(τ)dτ (5.61)

which in discritized form is given by

~R(n+1)∆t
s = Ws e

Qs(n+1)∆t
n∆t∫
0

e−Qs·τ ~E(τ)dτ+

+Wse
Qs(n+1)∆t

(n+1)∆t∫
n∆t

e−Qs·τ ~E(τ)dτ. (5.62)
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Because ~Rn∆t
s = Wse

Qs·n∆t
n∆t∫
0
e−Qsτ ~E(τ)dτ it can be easily shown that (5.62)

can be rewritten as

~R(n+1)∆t
s = eQs·∆t ~Rn∆t

s +Wse
Qs·(n+1)∆t

(n+1)∆t∫
n∆t

e−Qs·τ ~E(τ)dτ. (5.63)

To solve the integral in (5.63), subject to the constrain that the electric field
has a piecewise linear behaviour in each time interval, the integration by parts
rule is applied instead of using the approach suggested by Kelley and Luebbers
(1996). In order to apply the integration by parts rule the integral in (5.63) is
re-written as

(n+1)∆t∫
n∆t

e−Qs·τ ~E(τ)dτ = − 1
Qs

(n+1)∆t∫
n∆t

∂
(
e−Qs·τ

)
∂τ

~E(τ)dτ. (5.64)

Applying the integration by parts rule in the integral of the right hand side
of (5.64) and assuming that the first derivative of the electric field is constant
over each time interval n∆t− (n+ 1)∆t results in

(n+1)∆t∫
n∆t

∂
(
e−Qs·τ

)
∂τ

~E(τ)dτ = e−Qs·τ ~E(τ) |(n+1)∆t
n∆t −∂

~E(τ)
∂τ

(n+1)∆t∫
n∆t

e−Qs·τdτ.

(5.65)
The assumption of the linearity of the electric field, which is directly implied
by the assumption that its first derivative with respect to time is constant, is
consistent with the development of an algorithm that is suited for a general
second order accuracy in time FDTD scheme. The second order of accuracy of
the assumption of linearity is proven in Appendix B.
Substituting (5.65) into (5.64) and subsequently using the result into (5.63)

and employing a central FD to calculate the time derivative of the electric field
in (5.65) results in

~R(n+1)∆t
s = eQs∆t ~Rn∆t

s +As ~E
(n+1)∆t +Bs ~E

n∆t (5.66)

As = −Ws

Qs
− Ws

Q2
s∆t

(
1− eQs∆t

)
(5.67)

Bs = eQs∆t
Ws

Qs
+ Ws

Q2
s∆t

(
1− eQs∆t

)
. (5.68)
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If we assume that the derivative d ~Rs
dt

(n+1/2)∆t
of the polarisation density can

be accurately obtained using a central FD scheme

∂ ~Rs
∂t

(n+1/2)∆t

=
~R

(n+1)∆t
s − ~Rn∆t

s

∆t =
~Rn∆t
s

∆t
(
eQs∆t − 1

)
+As

∆t
~E(n+1)∆t+Bs

∆t
~En∆t

(5.69)
and by further substituting the real part of (5.69) into (5.56) and using a central
FD scheme for the calculation of d ~Edt

(n+1/2)∆t
and a semi-implicit technique for

the calculation of ~E(n+1/2)∆t we arrive at

~E(n+1)∆t = CB

CA
~En∆t − 1

CA
~Φn∆t + 1

CA
∇× ~H(n+1/2)∆t (5.70)

~Φn∆t = ε0
∆t

N∑
s=1

Re{~Rn∆t
s

(
eQs∆t − 1

)
} (5.71)

CA = ε0ε∞
∆t + ε0

∆t

N∑
s=1

Re{As}+ σ

2 (5.72)

CB = ε0ε∞
∆t −

ε0
∆t

N∑
s=1

Re{Bs} −
σ

2 . (5.73)

Equations (5.71), (5.72), (5.73) can be shown to be the same as the coefficients
of the update equation of the electric field (5.70) using PLRC (Kelley and
Luebbers, 1996) (with a semi-implicit scheme to calculate σ ~E(n+1/2)∆t in
(5.56)). From (5.69) it is evident that a central difference scheme is used in
order to calculate the time derivative of the polarisation density. In (5.70) and
(5.71) ~Φn∆t is used as a temporary holding value for the summation containing
the ~Rs

n∆t terms and therefore there is no need for extra memory storage.
In order to improve upon the standard PLRC algorithm instead of using a

central FD scheme as in (5.69), the time derivative of the polarisation density
at the required time instance is calculated analytically. To achieve this (5.63)
is re-written for t = (n+ α)∆t (α ∈ [0 1]) as

~R(n+α)∆t
s = eQs·α∆t ~Rn∆t

s +Ws · eQs·(n+α)∆t
(n+α)∆t∫
n∆t

e−Qs·τ ~E(τ)dτ. (5.74)
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The integral in (5.74) can be calculated using the integration by parts rule
similarly to (5.63). In order to do this (5.74) is cast as

~R(n+α)∆t
s = eQsα∆t ~Rn∆t

s − Ws

Qs
eQs(n+α)∆t

(n+α)∆t∫
n∆t

∂(e−Qsτ)

∂τ
~E(τ)dτ. (5.75)

Therefore, the integral in (5.75) can be obtained by

(n+α)∆t∫
n∆t

∂(e−Qsτ )
∂τ

~E(τ)dτ = e−Qsτ ~E(τ) |(n+α)∆t
n∆t −∂

~E(τ)
∂τ

(n+α)∆t∫
n∆t

e−Qsτdτ.

(5.76)
Because of the assumption of the linearity of the electric field in each time
interval the term e−Qsτ ~E(τ) |(n+α)∆t

n∆t in (5.76) is equal to

e−Qsτ ~E(τ) |(n+α)∆t
n∆t =

e−Qs(n+α)∆t
(
~En∆t +

~E(n+1)∆t − ~En∆t

∆t α∆t
)

−e−Qsn∆t ~En∆t. (5.77)

From (5.75), (5.76) and (5.77) it can be easily shown that ~R(n+α)∆t
s equals

~R(n+α)∆t
s = eQsα∆t ~Rn∆t

s +NAs ~E
(n+1)∆t +NBs ~E

n∆t (5.78)

where

NAs = −Ws

Qs
α− Ws

Q2
s∆t

(
1− eQsα∆t

)
(5.79)

NBs = −Ws

Qs
(1− α) + Ws

Qs
eQsα∆t + Ws

Q2
s∆t

(
1− eQsα∆t

)
. (5.80)

For α = 1, NAs = As and NBs = Bs. The derivative of the polarisation
density at (n+ α)∆t between two time intervals (n = constant and α ∈ [0 1]
) can be written as

∂ ~R
(n+α)∆t
s

∂t
= ∂ ~R

(n+α)∆t
s

∂ (n+ α) ∆t = 1
∆t

∂ ~R
(n+α)∆t
s

∂α
. (5.81)

From equations (5.78), (5.79), (5.80), and (5.81) it can be shown that the
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analytic expression of the derivative ∂ ~R
(n+1/2)∆t
s
∂t , subject to the constrain that

the electric field is piecewise linear in each time interval, equals to

∂ ~R
(n+1/2)∆t
s

∂t
= Qse

Qs
∆t
2 ~Rn∆t

s +

+ 1
∆t

(
∂NAs
∂α

~E(n+1)∆t + ∂NBs
∂α

~En∆t
)
. (5.82)

The derivatives with respect to α in (5.82) can be calculated analytically using
(5.79) and (5.80). Substituting the real part of (5.82) into (5.56) and using
the same discretisation as in (5.70) yields the same equation (5.70) but with
different coefficients

~Φn∆t = ε0

N∑
s=1

Re{QseQs
∆t
2 ~Rn∆t

s } (5.83)

CA = ε0ε∞
∆t + ε0

∆t

N∑
s=1

Re{Ls}+ σ

2 (5.84)

CB = ε0ε∞
∆t −

ε0
∆t

N∑
s=1

Re{Ks} −
σ

2 (5.85)

where

Ls = Ws

Qs

(
eQs

∆t
2 − 1

)
(5.86)

Ks = Ws

Qs

(
1− eQs∆t

2
)

+ ∆t ·Wse
Qs

∆t
2 . (5.87)

The algorithm stores in a temporary memory variable the value of ~En∆t and
then calculates ~E(n+1)∆t from (5.70) using the coefficients given in (5.83),
(5.84), (5.85), ~En∆t and ∇× ~H(n+1/2)∆t. Subsequently ~R

(n+1)∆t
s is calculated

from (5.78) using ~Rn∆t
s , α = 1, the coefficients given in (5.79), (5.80), ~E(n+1)∆t

and the temporary memory variable which stores ~En∆t. ~R(n+1)∆t
s is used to

calculate ~Φ(n+1)∆t from (5.83) which is used for the calculation of ~E(n+2)∆t.
When Ws and Qs are real numbers only one additional memory variable is
needed to be stored, if Ws or Qs are complex numbers one complex variable is
required (i.e. both real and imaginary parts need to be stored). In addition,
an equivalent ADE derivation of this method based on Laplace transformation
is presented in Appendix C.
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Figure 38: Multi-Debye medium. A) Comparison between the numerical (polarisa-
tion density method) and analytical reflection coefficients. B) Comparison
between the numerical (polarisation density method) and the analytical
relative permittivity.

5.4.2 Current density method

In this alternative method the dispersive properties are expressed by using
apparent current density sources. Therefore (5.56) is written as

∇× ~H = ε0ε∞
∂ ~E

∂t
+ σ ~E + ε0

N∑
s=1

~Js (5.88)

where,

~Js = χs(t) ∗
∂ ~E

∂t
. (5.89)

We define ~Ts as a complex function with its real part being the current density
~Js = Re{~Ts}.

~Ts = Wse
Qst ∗ ∂

~E

∂t
. (5.90)

The identity ∂
∂t

(
χs(t) ∗ ~E

)
= χs(t) ∗ ∂ ~E∂t (Poularikas, 1996) illustrates the
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Figure 39: Multi-Debye medium: Error between analytical and numerical reflection
coefficients for TRC, PLRC, Complex-Conjugate (C-C) method, Current
Density (CD) method and Polarisation Density (PD) method.

difference between the polarisation density and the current density method.
In the case of the polarisation density method the convolution between the
electric susceptibility function and the electric field is recursively calculated
and subsequently the derivative – left hand side of the identity – is analytically
obtained. In the case of current density method, the convolution between the
electric susceptibility and the first time derivative of the electric field – right
hand side of the identity – is calculated. Both methods assume that the electric
field is linear between time steps.
In the same way that (5.75) was derived, assuming that the derivative of the

electric field is constant in each time interval it can be shown that

~T (n+α)∆t
s = eQsα∆t ~Tn∆t

s +Wse
Qs(n+α)∆t∂ ~E

(n+1/2)∆t

∂t

(n+α)∆t∫
n∆t

e−Qsτdτ. (5.91)

Using a central difference scheme to calculate the derivative of the electric field
in time, (5.91) becomes

~T (n+α)∆t
s = eQsα∆t ~Tn∆t

s − Ws

Qs

~E(n+1)∆t − ~En∆t

∆t
(
1− eQsα∆t

)
. (5.92)
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Figure 40: Multi-Lorentz medium. A) Comparison between numerical (current density
method) and analytical reflection coefficients. B) Comparison between
numerical (current density method) and analytical relative permittivity.

Substituting (5.92) to (5.89) and subsequently into (5.88) for α = 1
2 and

discretizing as was done in (5.70) yields (5.70) with

~Φn∆t = ε0

N∑
s=1

Re{eQs∆t
2 ~Tn∆t

s } (5.93)

CA = ε0ε∞
∆t −

ε0
∆t

N∑
s=1

Re{Zs}+ σ

2 (5.94)

CB = ε0ε∞
∆t −

ε0
∆t

N∑
s=1

Re{Zs} −
σ

2 (5.95)

where,

Zs = Ws

Qs

(
1− eQs∆t

2
)
. (5.96)

The algorithm works in the same way as the polarisation density method
described previously. To find ~T (n+1)∆t for the next iteration we calculate (5.92)
for α = 1. It is evident that no semi-implicit approximations are used to
calculate ~T (n+1/2)∆t, the current density term is calculated analytically subject
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Figure 41: Multi-Lorentz medium: Error between analytical and numerical reflection
coefficients for TRC, PLRC, Complex-Conjugate (C-C) method, Current
Density (CD) and Polarisation Density (PD).

to the constrain that the electric field has a piece-wise linear behaviour. From
(5.92), (5.93), (5.94), and (5.95) it is evident that one less pre-calculated variable
is needed to be stored compared with PLRC and the polarisation density method.
An alternative ADE interpretation of this algorithm based on a power series
method is given in Appendix D.

5.4.3 Numerical Examples

Debye Relaxation

For a Debye medium the susceptibility function is equal to (Luebbers et al.,
1990)

χs(t) = ∆εs
t0,s

e−t/t0,s (5.97)

where ∆εs = εs − ε∞, εs and ε∞ are the relative permittivity for zero and
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infinite frequency respectively and t0,s is the relaxation time. From (5.59) and
(5.97) it is evident that

Ws = ∆εs
t0,s

(5.98)

Qs = − 1
t0,s

. (5.99)

In order to test the two proposed algorithms, we compare numerically obtained
reflection coefficients to analytical ones from a simple 1D problem of a plane
wave normally incident from vacuum onto a two-pole Debye medium. For the
numerical calculations, an 1D FDTD algorithm was used with ∆x = 0.3 mm and
∆t = 1 ps. The multi-Debye medium characteristics were ε∞ = 3, ∆ε1 = 0.7,
∆ε2 = 0.3, t0,1 = 271 ps, t0,2 = 10.8 ps and σ = 0. Figure 38 presents the
comparison between the analytical and the numerical reflection coefficients
and relative permittivity for the polarisation density method. The analytical
and the numerical results are in excellent agreement showing the accuracy of
the proposed algorithm. Results obtained by the current density method are
almost identical to the ones obtained from the polarisation density method
although the two formulations are not. The polarisation density method is
slightly better by an almost negligible amount.
The two proposed algorithms in this paper are compared with the PLRC

(Kelley and Luebbers, 1996), the complex-conjugate pole-residue method (Han
et al., 2006) and the TRC (Siushansian and Vetri, 1997) method. These are
all algorithms that can implement an inclusive susceptibility function which
holds as special cases the Debye, Lorentz and Drude media relaxations which
make them very attractive for modelling complex materials like graphene (Lin
et al., 2012). An 1D FDTD model, as used previously, is employed to test all
the other methods mentioned above and the errors between the analytical and
the numerical reflection coefficients are shown in Figure 39. The overall errors
for all the methods have the same order of magnitude because all of them are
computationally efficient algorithms with approximately second order accuracy.
Regarding the amplitude error the differences between the methods proposed
in this paper are negligible, for the phase error as shown in Figure 39 the new
methods proposed here performed better when compared to the PLRC, TRC

and complex-conjugate method.
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5.4.4 Lorentz Relaxation

For a Lorentz medium the susceptibility function is equal to (Luebbers and
Hunsberger, 1992)

χs(t) = Re{−jγse(−αs+jβs)t} (5.100)

αs = δs (5.101)

βs =
√
ω2
p,s − δ2

s (5.102)

γs =
ω2
p,s∆εs
βs

(5.103)

where ωp,s is the resonant frequency, δp,s is the damping factor and j =
√
−1.

From (5.59) and (5.100) yields

Ws = −jγs = −j ω
2
p,s∆εs
βs

(5.104)

Qs = −αs + jβs = −δs + j
√
ω2
p,s − δ2

s . (5.105)

To assess the accuracy of the formulations, numerically obtained reflection
coefficients from a plane wave incident from vacuum onto a two-pole Lorentz
medium are compared to the analytical ones. The 1D FDTD parameters are
∆x = 30 pm and ∆t = 0.1 as. The properties of the Lorentz medium are set to
ε∞ = 2, ∆ε1 = 8, ωp.1 = 200π PHz, δp,1 = 0.1 · ωp,1, ∆ε2 = 8, ωp,2 = 300π PHz
and δp,2 = 0.1 · ωp,2. Figure 40 shows the comparison between the analytical
and the numerical reflection coefficients and relative permittivity obtained
using the current density method. The same example is repeated using the
polarisation density, TRC, PLRC and the complex-conjugate method. The errors
are shown in Figure 41. Both the amplitude and the phase related errors are
reduced for the new algorithms with the polarisation density to be slightly
better when compared to the current density method.
Comparisons between reflection coefficients of plane waves incident normally

from vacuum onto a dispersive media have been widely used in the literature
to evaluate the accuracy of different algorithms. This raises the question of
how comprehensive 1D examples are. Therefore, in this section, numerical
and analytical results are compared from a 2D TMz Lorentzian waveguide.
The characteristics of the Lorentz medium inside the waveguide are ε∞ = 2,
∆ε1 = 8, ωp,1 = 200π ps and δp,1 = 0.1 · ωp,1. The FDTD characteristics of the
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Figure 42: Pulse propagating into a Lorentzian waveguide. The contours illustrate the
electric field (Ez).

model are dx = 30 pm and dt = 70.711 zs (Courant limit). The waveguide’s
width is 40 ·∆x. An electric line source is placed in the center of the waveguide
and the excitation pulse is a Gaussian-modulated sinusoidal function with
central frequency 100 PHz and fractional bandwidth equals to 5. The received
field is sampled at a location 5 ·∆x away from the source’s position along x
axis. Figure 42 shows the geometry of the Lorentzian waveguide model and
presents a number of snapshots that illustrate how the pulse is propagating
inside it.
Figure 43 compares the numerical – using the current density method –

and the analytical ~Ez calculated at the receiver position. In order to further
compare the errors between the methods presented here and other approaches
the same test was repeated using polarisation density, PLRC, TRC and the
complex-conjugate method. By summing the absolute values of the differences
between the analytical and numerical results and subsequently normalising
these errors to the maximum error (in this case to the error from complex-
conjugate method), a comparison could be made of the relative performance of
each approach. Figure 44 presents these normalised errors obtained from all the
methods above. The techniques proposed in this section show reduced overall
errors when compared with PLRC, TRC and the complex-conjugate methods.
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sity (CD) and Polarisation Density (PD).

Again, it has been found that the polarisation density method is marginally
better when compared with the current density method.
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Figure 45: Drude medium. A) Comparison between the numerical (polarisation density
method)l and analytical reflection coefficients. B) Comparison between the
numerical (polarisation density method)l and analytical relative permittiv-
ity.

5.4.5 Drude Relaxation

For Drude medium the susceptibility function is equal to (Luebbers and Kunz,
1993)

χs(t) =
ω2
p,s

vc,s

(
1− e−vc,st

)
. (5.106)

From (5.56), (5.59) and (5.106) we derive

σ =
N∑
s=1

ε0ω2
p,s

vc,s
(5.107)

Ws = −ω
2
p,s

vc,s
(5.108)

Qs = −vc,s. (5.109)

Similarly to the previous examples, numerical and analytical reflection coeffi-
cients from a plane wave incident onto a Drude medium are compared. The
properties of the Drude medium are ε∞ = 3, ωp.1 = 57.4π GHz and vc,1 = 200
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Figure 46: Drude medium: Error between analytical and numerical reflection coeffi-
cients for TRC, PLRC, Complex-Conjugate (C-C) method, Current Den-
sity (CD) method and Polarisation Density (PD) method.

GHz. The 1D FDTD parameters are ∆x = 75 µm and ∆t = 0.25 ps. Figure 45
shows the numerical and the analytical reflection coefficients and the numerical
and analytical relative permittivity calculated using the polarisation density
method. The current density method performed equally well. The same numer-
ical test is repeated using TRC, PLRC and the complex-conjugate methods and
the errors are shown in Figure 46. Similarly to the previous results, both the
amplitude and the phase related errors for the Drude medium have been found
to be less for the new proposed algorithms with the polarisation density to
perform again slightly better when compared to the current density method.

5.5 perfectly matched layer

FDTD, regardless of the order of accuracy, lacks information when it comes
to its boundaries. A superficial approach to solve this problem is to assume
a zero field value at the boundaries (PEC or PMC). Choosing a finite value
rather than zero would result to static fields that would mask the time-varying
electromagnetic fields. Assuming a PEC or PMC at the boundaries results to
unnatural reflections which would not occur in open region problems like GPR.
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The most efficient with respect to accuracy approach would be to increase the
size of the grid ideally to infinity in order to delay the unnatural reflections from
the PEC or PMC boundaries. This approach would make FDTD in-practical for
today’s computer standards. The first attempt to find a practical solution to this
problem was made by Mur (1981) and later on, Liao et. al (1984) and Higdom
(1986) suggested different techniques in an effort to efficiently truncate the
boundaries of FDTD. These methodologies are the most famous representatives
of the so-called analytical absorbing boundary conditions. Analytical boundary
conditions try to predict the values of the fields at the boundaries by using
information from the fields inside the grid. The method suggested by Liao et. al
(1984) is an appropriate choice for explaining the nature of analytical absorbing
boundary conditions. The reason for that, is because, as it is explained by
Taflove (2005), Liao’s absorbing boundary condition can be interpreted as a
space and time extrapolation using the Newton’s interpolation formula. In
other words, polynomials are used to approximate the fields inside the grid
and subsequently the aforementioned polynomials are employed in order to
predict the values at the boundaries.

PML was introduced independently by Berenger (1994) and Chew and Wee-
don (1994) and has since become the most used and well known absorbing
boundary condition employed in FDTD. The reasons for that, are that compared
with previous approaches, PML is more accurate (Taflove, 2005), more stable
(Berenger, 2007) and can be efficiently applied to complex media (dispersive,
anisotropic, non-linear) (Gedney, 2011).

PML describes a medium which is theoretically reflection-less for any wave,
regardless of the polarisation or the angle of incident. The parameters of PML

can be chosen such as the electromagnetic wave attenuates inside the PML

region. Using the above characteristics of PML (i.e. reflection-less and lossy)
we can truncate the boundaries of the FDTD grid by using a nith layer PML in
which the fields are going to fade out without giving rise to any reflections.
Different approaches for implementing PML in FDTD grids have been sug-

gested which can be roughly categorised into: split field formulations (Berenger,
1994), Stretched Coordinates Perfectly Matched Layer (SC-PML) (Chew and
Weedon, 1994) and Uniaxial Perfectly Matched Layer (UPML) (Gedney, 1996).
The SC-PML is considered possibly as the most attractive choice for implement-
ing PML. The reasons for that are: that it makes the understanding of PML

easier (Taflove, 2005), it is easier to incorporate it in cylindrical and spherical
coordinate systems (Texeira et al., 1995), through SC-PML more elegant imple-
mentations can be obtained with which the PML is incorporated as a correction
term (Drossaert and Giannopoulos, 2007, Giannopoulos, 2008), dispersive and
lossy media can be trivially treated (Cummer, 2003) and lastly, it increases
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the computational efficiency of Complex Frequency Shifted Perfectly Matched
Layer (CFS-PML) (Roden and Gedney, 2000).
The CFS-PML was first introduced by Kuzuoglu and Mittra (1996) and it

is proven (Becache et al., 2004) that can adequately reduce the late time
reflections which occur when using SC-PML (Abarbanel et al., 2002). It has
been also shown that CFS-PML decreases the numerical reflections related with
the over-absorption of the propagating evanescent waves inside the PML region
(Berenger, 1999, 2000, 2007).

Roden and Gedney (2000) suggested an elegant and computationally efficient
way to implement CFS-PML. This method is based on an SC-PML formulation
and is referred to as the Convolutional Perfectly Matched Layer (CPML). CPML

uses a recursive convolution approach first introduced by Luebbers et al. (1991)
(aimed for implementing dispersive media in FDTD) to evaluate the convolution
between the complex frequency shifted stretching function and the spatial
derivatives of the magnetic and the electric fields. An alternative interpretation
of CPML based on an ADE formulation is presented by Gedney and Zhao (2010),
both of them result to the same equations.
Different methods for evaluating a convolution recursively have been sug-

gested since the first Recursive Convolution (RC) (Luebbers et al., 1991) method
was proposed. PLRC (Kelley and Luebbers, 1996) and TRC (Siushansian and
Vetri, 1997) are considered second order accurate algorithms (Siushansian
and Vetri, 1997) and have been proven more accurate compared to RC for
both dispersive media (Kelley and Luebbers, 1996) and PML (Giannopoulos,
2008) implementations. In contrast to standard RC, as introduced for modelling
dispersive media, in CPML a TRC approach is employed by default. This is the
result of convolving spatial derivatives that are at half a time step apart from
the corresponding fields that are being updated by the FDTD equations. There-
fore, CPML rivals other second order accurate techniques based on recursive
integration (Giannopoulos, 2008), bilinear transform (Zhiansun and Ma, 2012)
and Z-transform (Li and Dai, 2006). As it is stated by Gedney (2011), CPML

is the most robust and efficient method for truncating FDTD grids.
Due to its popularity, CPML is described in the next chapters. A semi-implicit

approach is suggested which increases the accuracy of CPML without further
increasing its computational requirements. Since CPML is a SC-PML, the latter
is employed in order to explain how and why PML is indeed a perfectly matched
layer.
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5.5.1 Theoretical foundations of PML

SC-PML is a highly original technique which was suggested by Chew andWeedon
(1994) and has been shown (Taflove, 2005) that it is a different interpretation
of the split-field PML suggested by Berenger (1994). The basic idea of SC-PML

is that it stretches the spatial coordinates of the grid to the complex plane.
Although the concept sounds difficult to be conceived, nonetheless, SC-PML

manages to make the implementation of PML straightforward and inclusive for
any complex medium (Taflove, 2005).
The stretching coordinates are expressed as (Taflove, 2005)

xst =
∫ x

0
sxdx, yst =

∫ y

0
sydy, zst =

∫ z

0
szdz, (5.110)

which results to

∂

∂xst
= 1
sx

∂

∂x
,

∂

∂yst
= 1
sy

∂

∂y
,

∂

∂zst
= 1
sz

∂

∂z
. (5.111)

Based on (5.110) and (5.111), Maxwell’s equations can be rewritten as

jωε ~Eω = ∇s × ~Hω (5.112)

jωµ ~Hω = −∇s × ~Eω (5.113)

∇s = 1
sx

∂

∂x
~x+ 1

sy

∂

∂y
~y + 1

sz

∂

∂z
~z. (5.114)

Applying the curl operator (using the stretched coordinates) on both sides of
(5.112), results to

jωε∇s × ~Eω = ∇s ×∇s × ~Hω. (5.115)

Substitute (5.113) to (5.115) yields

ω2εµ ~Hω = ∇s ×∇s × ~Hω. (5.116)

The new stretched coordinates must satisfy the Gauss law for both electric
(4.9) and magnetic fields (4.15). If not, magnetic and electric charges would be
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gathered inside PML acting as impressed sources with a continuously increasing
amplitude. Gauss law for magnetics inside PML is expressed (using (5.113)) as

∇s · ~Hω = − 1
jωµ
∇s · ∇s × ~Eω = 0. (5.117)

The divergent of the curl is always zero (Kreyszig, 1999), but notice that
in (5.117) we use the divergence and the curl for the stretched coordinates.
In order for (5.117) to be valid, the divergence of the curl using stretched
coordinates must be equal to zero. Expanding ∇s · ∇s × ~F (~F is an arbitrarily
vector) results

∇s · ∇s × ~F = 1
sx

∂

∂x

(
1
sy

∂Fz
∂y
− 1
sz

∂Fy
∂z

)

− 1
sy

∂

∂y

( 1
sx

∂Fz
∂x
− 1
sz

∂Fx
∂z

)
(5.118)

+ 1
sz

∂

∂z

(
1
sx

∂Fy
∂x
− 1
sy

∂Fx
∂y

)
,

which is equal to zero only if ∂su
∂v = 0, where u, v ∈ {x, y, z} and u 6= v.

Using the constrains implied by (5.118), equation (5.116) and the identity
∇s ×∇s × ~F = ∇s

(
∇s · ~F

)
−∇2

s
~F (Kreyszig, 1999) results to

∇2
s
~Hω + ω2εµ ~Hω = 0. (5.119)

The latter can be expanded to (notice that the Laplacian is applied to a vector
and not a scalar)

∇2
sHω,x + ω2εµHω,x = 0 (5.120)

∇2
sHω,y + ω2εµHω,y = 0 (5.121)

∇2
sHω,z + ω2εµHω,z = 0. (5.122)

Equations (5.120)-(5.122) are valid for the following plane wave solutions

Hω,x = Axe
jωte−jsxγxx−jsyγyy−jszγzz (5.123)

Hω,y = Aye
jωte−jsxγxx−jsyγyy−jszγzz (5.124)
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Hω,z = Aze
jωte−jsxγxx−jsyγyy−jszγzz (5.125)

where Au are constants and γ2 = γ2
x + γ2

y + γ2
z . Substituting (5.123)-(5.125) to

(5.112) yields

Eω,x =
(
Az

γy
ωε
−Ay

γz
ωε

)
ejωte−jsxγxx−jsyγyy−jszγzz (5.126)

Eω,y =
(
Ax

γz
ωε
−Az

γx
ωε

)
ejωte−jsxγxx−jsyγyy−jszγzz (5.127)

Eω,z =
(
Ay

γx
ωε
−Ax

γy
ωε

)
ejωte−jsxγxx−jsyγyy−jszγzz. (5.128)

Equations (5.123)-(5.128) describe an electromagnetic wave traveling inside a
PML medium. A non-PML medium follows the same equations with sx = sy =
sz = 1.
Now we will examine what values of sx, sy and sz give rise to a zero reflection

from a plane interface (oriented at x = 0) formed by a PML and a non-PML

medium. From continuity of the tangential fields (Balanis, 1989) it can be
derived that, in order for the reflection coefficient to be equal to zero and the
transmission coefficient to be equal to one, both the amplitude and the phase
of the fields across the boundary should be equal. Notice that the amplitudes
of the fields in 5.123-5.128 are the same regardless if the medium is PML or
not. Thus, in order for the boundary to be reflection-less the phase between
the two fields should be equal

e−jsxγxx−jsyγyy−jszγzz = e−jγxx−jγyy−jγzz. (5.129)

Equation (5.129) is valid for x = 0 and for every y and z only when sy = sz = 1.
Notice that sx can be any non-zero real or complex number. For sx = sx,r+jsx,i,
equations (5.123)-(5.128) can be rewritten as

Hω,x = Axe
jωte−sx,ixe−jsx,rγxx−jsyγyy−jszγzz (5.130)

Hω,y = Aye
jωte−sx,ixe−jsx,rγxx−jsyγyy−jszγzz (5.131)

Hω,z = Aze
jωte−sx,ixe−jsx,rγxx−jsyγyy−jszγzz (5.132)

Eω,x =
(
Az

γy
ωε
−Ay

γz
ωε

)
ejωte−sx,ixe−jsx,rγxx−jsyγyy−jszγzz (5.133)
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Figure 47: The distribution of su in a PML-FDTD grid.

Eω,y =
(
Ax

γz
ωε
−Az

γx
ωε

)
ejωte−sx,ixe−jsx,rγxx−jsyγyy−jszγzz (5.134)

Eω,z =
(
Ay

γx
ωε
−Ax

γy
ωε

)
ejωte−sx,ixe−jsx,rγxx−jsyγyy−jszγzz. (5.135)

From (5.130)-(5.135), it is evident, that electromagnetic plane waves (regardless
of the angle of incident and polarisation) will attenuate along the x direction
inside the PML region. The aforementioned attenuation combined with the
reflection-less nature of PML is the reasons why PML is an effective approach
for truncating FDTD boundaries.
In order for the reflection coefficients to be zero from a PML-PML planar

interface the following is necessary (similarly as (5.129))

e−js1,xγxx−js1,yγyy−js1,zγzz = e−js2,xγxx−js2,yγyy−js3,yγzz. (5.136)

The latter stands for x = 0 and for every y and z only if s1,y = s2,y, s1,z = s2,z

and for any complex s1,x and s2,x.
Working in the same way for different planar interfaces results to the PML-

FDTD scheme illustrated in Fig. 47. In all the domain the constrains resulting
from the Gauss law (∂su∂v = 0) must be applied to avoid instabilities.
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5.5.2 Semi-implicit CPML

It has been shown, that in some cases, CPML does not perform as well as other
second order PML methods (Giannopoulos, 2008). A closer inspection of the
algorithm reveals that this is not due to the order of accuracy of the numerically
evaluated convolution, but due to the fact that the implemented CFS-PML by
the CPML is not properly synchronized with the main FDTD algorithm.
Here, a new simple semi-implicit scheme is proposed which results to the

synchronisation of CPML with the main FDTD without increasing the com-
putational cost. The effects of the proposed synchronisation to the overall
performance of CPML are shown through 2D and 3D numerical examples.
Maxwell’s equations (in frequency domain) using CFS-PML can be written in

the general form as

jω ~Dω = ∇s × ~Hω (5.137)

jω ~Bω = −∇s × ~Eω (5.138)

∇s = 1
sx

∂

∂x
~x+ 1

sy

∂

∂y
~y + 1

sz

∂

∂z
~z (5.139)

su = κu + σu
αu + jωε0

(5.140)

where κu, σu and αu are constants (u ∈ {x, y, z}) which define the complex
frequency shifted stretching function proposed by Kuzuoglu and Mittra (1996)
(5.140).

Transforming (5.137) and (5.138) to time domain results to

∂ ~D

∂t
= ∇κ × ~H +∇ζ × ~H (5.141)

∂ ~B

∂t
= −∇κ × ~E −∇ζ × ~E (5.142)

∇κ = 1
κx

∂

∂x
~x+ 1

κy

∂

∂y
~y + 1

κz

∂

∂z
~z (5.143)

∇ζ = ζx ∗
∂

∂x
~x+ ζy ∗

∂

∂y
~y + ζz ∗

∂

∂z
~z (5.144)

ζu = − σu
ε0κ2

u

e
−
(

σu
ε0κu

+αu
ε0

)
t
. (5.145)
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For the case of Dx, following the procedure described by Roden and Gedney
(2000) yields

δ∆t

(
Dn+1/2
x
i+ 1

2 ,j,k

)
=

1
ky

Λ∆y

(
Hn+1/2
z
i+ 1

2 ,j,k

)
− 1
kz

Λ∆z

(
Hn+1/2
y
i+ 1

2 ,j,k

)
(5.146)

+
n∑

m=0

(
Zm0,yΛ∆y

(
Hn−m+1/2
z
i+ 1

2 ,j,k

)
− Zm0,zΛ∆z

(
Hn−m+1/2
y
i+ 1

2 ,j,k

))
,

where δ∆t is a second order in time central difference operator (5.147), Λ∆u is
a spatial second order central difference operator (5.148), (5.149) and Zm0,u is
the discrete impulse response of ζu (5.150) (Roden and Gedney, 2000).

δ∆t
(
F tui,j,k

)
=
F
t+ ∆t

2
ui,j,k − F

t−∆t
2

ui,j,k

∆t (5.147)

Λ∆z
(
F tui,j,k

)
=
F tu

i,j,k+ 1
2
− F tu

i,j,k− 1
2

∆z (5.148)

Λ∆y
(
F tui,j,k

)
=
F tu

i,j+ 1
2 ,k
− F tu

i,j− 1
2 ,k

∆y (5.149)

Zm0,u =
(m+1)∆t∫
m∆t

ζu(τ)dτ

= − σu
ε0κ2

u

(m+1)∆t∫
m∆t

e
−
(

σu
ε0κu

+αu
ε0

)
τ
dτ (5.150)

= pue
−
(
σu
κu

+αu
)
m∆t
ε0

pu = σu
σuκu + κ2

uαu

(
e
−
(
σu
κu

+αu
)

∆t
ε0 − 1

)
. (5.151)

The summation in (5.146) is calculated recursively by taking advantage of the
exponential nature of Z0 (Luebbers et al., 1991).
From (5.146) and (5.150) it is evident that the convolution in each time

step takes place from 0 to (n+ 1)∆t. The spatial derivatives are assumed to
be constant at the intervals [n∆t, (n + 1)∆t] and they are equal with the
value they have at (n+ 1/2)∆t. This approach for evaluating recursively the
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convolution is known as TRC (Siushansian and Vetri, 1997) which is more
accurate compared with the first order RC suggested by Luebbers et al. (1991)
and rivals the accuracy (Siushansian and Vetri, 1997) of PLRC (Kelley and
Luebbers, 1996). The drawback of CPML is not the order of accuracy of TRC,
but the fact that the approximated convolution is not synchronised with the
main FDTD algorithm. This is evident in (5.146), in which the time derivative
of the electric flux as well as the spatial derivatives of the magnetic field
are evaluated at (n + 1/2)∆t (using a second order approximation), while
the convolutions arising due to the presence of the PML are evaluated using
TRC which is a second oder approximation (Siushansian and Vetri, 1997) at
(n+ 1)∆t.

From the above, Maxwell’s equations using CPML can be re-written in a
discretised form (using a second order accuracy in time) as

∂ ~D

∂t

n+1/2

= ∇κ × ~Hn+1/2 +
(
∇ζ × ~H

)n+1
(5.152)

∂ ~B

∂t

n+1

= −∇κ × ~En+1 −
(
∇ζ × ~E

)n+3/2
. (5.153)

In order to synchronize both ∇ζ× ~H and ∇ζ× ~E with the main FDTD algorithm
a semi-implicit scheme is used which employes a second order interpolation (in
time) (Taflove, 2005),

∇ζ × ~Hn+1/2 ≈ ∇ζ ×
~Hn +∇ζ × ~Hn+1

2 (5.154)

∇ζ × ~En+1 ≈ ∇ζ ×
~En+1/2 +∇ζ × ~En+3/2

2 . (5.155)

Substituting (5.154) and (5.155) into (5.152) and (5.153) respectively, results
into

∂ ~D

∂t

n+1/2

= ∇κ × ~Hn+1/2 +

(
∇ζ × ~H

)n+1
+
(
∇ζ × ~H

)n
2 (5.156)

∂ ~B

∂t

n+1

= −∇κ × ~En+1 −

(
∇ζ × ~E

)n+3/2
+
(
∇ζ × ~E

)n+1/2

2 (5.157)

The modified CPML saves in temporary variables the values of ∇ζ × ~Hn and
∇ζ× ~En+1/2 and subsequently calculates ∇ζ× ~Hn+1 and ∇ζ× ~En+3/2 according
to Roden and Gedney (2000). The second order semi-implicit approximations
in (5.154), (5.155) can now be trivially calculated and added as correction
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Fig. 1. Model of a y-directed electric current source at the centre of a 40
40 1 mm cell FDTD grid. The computational domain is surrounded by a
PML of thickness . The fields are sampled at points A and B [20, Ch. 7].

where and . The grid was build using
uniform 1-mm square cells and a time step of 0.99 times the
Courant limit was used. As shown in Fig. 1 the electric field is
probed at two locations (A and B) two cells away from the PML
boundary. The error relative to a reference solution—calculated
with a sizeable grid in order to eliminate any influence from the
boundaries—is given by the formula

(35)

The errors from RIPML presented in Fig. 2—calculated from
outputs at points A and B—for a PML size of 10 cells are com-
pared with the errors obtained using an equivalent CPML for-
mulation. The optimum value for the maximum value of was
calculated using the formula suggested in [15, Eq. 5.67] and for
this case and . In Fig. 3 the same errors
are presented but for a PML formulation with with
reverse linear scaling [20, Ch. 7]. The errors are reduced espe-
cially for the corner output point. Finally, Fig. 4 illustrates the
total relative grid error with respect to the grid error obtained by
a grid terminated with only a 1-cell thick PML

(36)

obtained as a sum over all points of the entire test grid and all
time steps for different PML sizes. It is apparent that RIPML
performs very well especially for PML thickness over 5 cells.

B. Three Dimensional Response From a Thin PEC Plate

As illustrated in Fig. 5 the response by an elongated thin
25 100 mm PEC plate due to a Hertzian dipole current source
placed one cell above one of its corners has been computed
in order to evaluate the RIPML performance [20, Ch. 7]. The
FDTD grid was comprised by uniform cells with
and the simulation was run for 2100 iterations with a time-
step . The excitation provided by a -directed
Hertzian dipole had a time signature as given in (34) with

Fig. 2. Error in the field component at points A and B for models terminated
using RIPML and CPML. and .

Fig. 3. Error in the field component at points A and B for models terminated
using RIPML and CPML. and .

Fig. 4. Relative FDTD Grid Error, with respect to the grid error obtained by
1-cell thick PML, for different PML thickness (in cells).

and time delay . The -directed electric field at
the opposite corner from the source’s location and at 1 mm away

Figure 48: A y-directed current source is located at the centre of a 40× 40 TE FDTD
grid. The electric field Ey is probed at A and B points. The spatial step is
∆x = ∆y = 1 mm and the time step is 0.99 times the Courant limit. The
thickness of the PML equals d = 10 mm (Taflove, 2005).

terms in the CPML-FDTD code. From the above it is evident that no additional
variables are needed to be stored compared with the original CPML.

Numerical results

The performance of CPML with the proposed modification is validated through
2D and 3D numerical examples. The numerical experiments are similar to the
ones used by Taflove (2005) and Giannopoulos (2008). The proposed algorithm
i.e. semi-implicit CPML, is compared with the standard CPML in order to
show how the suggested synchronisation affects the overall performance of the
implemented CFS-PML. Semi-implicit CPML is also compared with the RIPML,
which, as it is shown by Giannopoulos (2008) achieves a small increase in
performance with respect to CPML.
In the first example a TE (Hz, Ey, Ex) FDTD is employed. The dimensions

of the model are 40× 40, the discretisation step equals to ∆x = ∆y = 1 mm
(uniform along the grid) and the time step is 0.99 times the Courant limit. A
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Figure 49: Error calculated from (5.159) using CPML, RIPML and semi-implicit CPML.
A and B corresponds to the receiving points illustrated in Fig. 48.

current source is placed at the centre of the grid and the time variation of the
source is equal with (Taflove, 2005)

I(t) = −2 t− t0
tw

e−
(
t− t0

tw

)2
(5.158)

where tw = 26.53 ps and t0 = 4tw. The electric field Ey is sampled at A and
B points (see Fig. 48). The sampled Ey fields are compared to a reference
solution and the error defined in (5.159) is calculated.

Error|ni,j = 20 · log10
||E|ni,j − Eref |ni,j ||

Erefmax |i,j
. (5.159)

Where E|ni,j is the probed electrical field at grid points (i, j) and at n time
step, Eref |ni,j is the reference solution and Erefmax |i,j is the maximum absolute
value of the reference solution.
The thickness of the PML is 10 Yee cells and the optimum value for σmax is

calculated using (Taflove, 2005)

σmax = 0.8(m+ 1)
Z · dl (5.160)

where Z is the impedance of the medium, dl is the discretisation step and
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Fig. 5. Model of z-directed electric current dipole source placed 1 mm
above the corner of a 25 100 mm thin plate. The field component is sam-
pled 1 mm away from the plate’s opposite corner [20, Ch. 7].

Fig. 6. Relative error in at the receiver location computed from the re-
sponses obtained in the test domain using a 10-cell thick RIMPL and a 10-cell
thick CPML.

from the plate was monitored. The field has significant evanes-
cent content due to the presence of the edge singularity [20, Ch.
7] and therefore is an excellent example to test the performance
of CFS-PMLs. The test domain comprised of 51 126 26
cells which included a 10-cell thick PML. The reference so-
lution was obtained using a much larger domain in which 78
free space cells where placed between the scatterer and the PML
boundaries. In the test domain only 3 free space cells where left
between the plate and the PML boundaries. In Fig. 6 the time
dependent error calculated in the same way as the 2D case [i.e.,
using the appropriate form of (35)] is presented for both CPML
and RIPML implementations using a CFS stretching function.
In the CFS stretching function the values of and are scaled
using a third order polynomial scaling with
and (as given by [15, Eq. 5.67]). The value of is
linearly scaled with at the interior PML boundary.
It is clear from Fig. 6 that RIPML performs really well. There
is a modest performance gain when compared to CPML.

In order to investigate if this modest improvement in PML
performance is due to the lower order approximation in the
implementation of the recursive convolution in CPML the same
computations where performed using a convolutional piece-
wise-linear PML implementation. This was obtained using an
analogous procedure with the one described in [16] and taking
into account the development of the piecewise-linear approx-
imation to the recursive integration as exposed in [17]. As it
can be observed in Fig. 7 the error of this convolutional piece-
wise-linear PML (CPLPML) formulation is almost identical to
the one obtained by the RIPML confirming the hypothesis.

Fig. 7. Relative error in at the receiver location computed from the re-
sponses obtained in the test domain using a 10-cell thick RIMPL and a 10-cell
thick CPLPML.

IV. CONCLUSION

The formulation of a CFS-PML using a recursive integration
approach leads to a simple and efficient algorithm that can be
easily introduced into existing FDTD codes. RIPML cast as a
correction to normal FDTD update equations offer more flex-
ibility than when it is cast in a more standard form [18]. The
performance of RIPML is very good and it appears that it is
equivalent to a piecewise-linear convolutional PML implemen-
tation. However, the computational requirements of RIPML are
the same as the ones of the lower order CPML.

APPENDIX

CONVOLUTIONAL PIECEWISE LINEAR PML

For the sake of brevity the complete derivation of the
CPLPML is not presented. According to the CPML formu-
lation the update of the -projection of the Ampere’s Law is
given [16]

(37)

where

(38)

(39)

and
(40)

(41)

Figure 50: A z-directed Hertzian dipole over a PEC plate. The spatial step is ∆x =
∆y = ∆z = 1 mm and the time step is 0.99 times the Courant limit. The
thickness of the PML equals d = 10 mm. Ey is monitored in the opposite
corner of the source’s location, one Yee cell away from the PEC plate
(Taflove, 2005).

m = 3 is the order of the polynomial function which is used to scale σu along
the PML (Taflove, 2005). A constant value κu = 1 is applied along the FDTD

grid. An inverse linear scaling is applied to αu (Taflove, 2005) with αmax = 0.2.
Fig. 49 illustrates the error at the receiving points A and B (see Fig. 48) using
CPML, RIPML and the semi-implicit CPML method. It is evident that there is
an improvement in accuracy using semi-implicit CPML and RIPML compared
with the CPML. The differences regarding the accuracy between RIPML and
semi-implicit CPML are negligible. The main advantage of the proposed semi-
implicit CPML formulation is the simplicity in implementing it into existing
CPML codes.
In the second example the performance of the modified CPML is validated

in the presence of evanescent waves. The dimensions of the 3D domain are
31× 106× 6, the discretisation step is uniform along the domain and equals to
∆x = ∆y = ∆z = 1 mm and the time step is 0.99 times the Courant limit. A
z−directed Hertzian dipole is placed on top of the edge of a 25× 100 mm PEC

plate (Giannopoulos, 2008). The time evolution of the current source is given
by (5.158) with tw = 53 ps and t0 = 4tw (Giannopoulos, 2008). The width of
the PML is 10 Yee cells. The Ey field is probed at the opposite corner from the
source’s location, 1 mm away from the PEC plate (see Fig. 50). The values of
the stretching function are κu = 1 (constant along the PML), σmax is given by
(5.160) with m = 3. A linear function is used to express αu with αmax = 0.24.
Fig. 51 illustrates the error defined in (5.159) using CPML, semi-implicit CPML

and RIPML. It is evident that synchronisation increases the overall performance
of CPML. Again semi-implicit CPML and RIPML exhibit negligible differences
in performance.
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the case study described in Fig. 50.



6
NUMERICAL SCHEME FOR LANDMINE DETECTION

In the present chapter, a novel and realistic numerical framework for landmine
detection using GPR is described. The numerical solver of the scheme is a 3D
FDTD (2,2). Both PML (Giannakis and Giannopoulos, 2015) and dispersive
media (Giannakis et al., 2014) are accurately and efficiently implemented in the
numerical framework. Two detailed models of commercial-based bowtie GPR

transducers are chosen for the simulations. Regarding the buried targets, three
widely employed AP landmines, namely PMA-1, PMN and TS-50 are used. The
validity of the modelled antennas and landmines are tested through comparison
between numerical and real measurements. The modelled AP landmines are
buried in a realistically simulated soil. The geometrical characteristics of the
soil’s inhomogeneity are modelled using fractal correlated noise which gives
rise to Gaussian semivariograms often encountered in the field. Fractals are
also employed in order to simulate the roughness of the soil’s topography.
Regarding the dielectric properties of the soil, a frequency-dependent complex
electrical permittivity is used which relates both the speed and the attenuation
of the electromagnetic waves with the soil’s bulk density, sand particles density,
clay fraction, sand fraction and volumetric water fraction. Debye functions
are employed to approximate the complex electrical permittivity for a given
frequency. Background features like vegetation and water puddles are also
included in the models and it is shown that they can affect the performance of
GPR for frequencies often used in demining (0.5-3 GHz).

6.1 introduction

GPR has a wide range of applications (Daniels, 2004) and it has been extensively
used for landmine detection (Daniels, 2006). The ability to detect plastic
landmines and the greater depth range compared with metal detectors are
some of the reasons why GPR is considered an attractive method for demining
(Daniels, 2006). A better understanding of the scattering mechanisms within the
ground can help us to increase the effectiveness of GPR and map its limitations.
This can be achieved through numerical modelling which can give us an insight
of how soil’s characteristics can influence GPR. Numerical modelling can also
be a practical tool for testing and comparing different antennas and processing
algorithms in a variety of environments. In addition, a realistic numerical

113
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scheme can be also employed for training purposes using machine learning.
A multi-variable problem like demining using GPR, in order to be addressed
using machine learning, requires a large number of data from a diverse set
of scenarios (Giannakis et al., 2015). To our knowledge, the only plausible
approach to obtain a diverse, equally distributed and adequately large dataset
is through a realistic and accurate numerical scheme.
Numerical modelling for GPR is considered to be an alternative interpretation

approach (Cassidy, 2007) and has been widely applied to a variety of GPR

applications, amongst them are, Dense Non Aqueous Phase Liquids (DNAPL)
detection (Carcione, 1996, Wilson et al., 2009), detection of geological targets
like faults and caves (Hu et al., 2012, Ozturk and Drahor, 2010), tunnel
inspections (Xianqi et al., 2009), assessing the location and condition of pipes
(Cassidy and Milligton, 2009), assessing the condition of bridges (Belli et al.,
2009, Diamanti and Giannopoulos, 2011), forensic applications (Hammon et
al., 2000), mineral exploration (Sixin et al., 2011) and airborne GPR (Sixin and
Yanqian, 2011). Regarding landmine detection, generic types of antennas over
simple targets buried in both homogenous and inhomogeneous soils have been
modelled by Gurel and Oguz (2000, 2001), Oguz and Gurel (2002) and Gurel
and Oguz (2003). More advanced and realistic models for both antennas and
targets are employed by Gonzalez-Huici et al. (2007) and Gonzalez-Huici (2012)
in order to simulate and obtain single traces (A-Scans) which were subsequently
used as a reference in an attempt to discriminate between landmines and false
alarm targets.
As stated by Daniels (2006), a lot of antennas were validated in ideal condi-

tions but their performance in real complex environments was found to differ
significantly from the predicted one. Although PD can reach near 100% and
PFA fall to near 0.01% at simple test sites, in realistic conditions, PD can fall
to 50% and PFA can reach to 10% (Daniels, 2006). Based on that, numerical
modelling should be able to simulate the behaviour of GPR in realistic and
appropriately complex environments and not only in clinically simplified ones.
Such simplifications give rise to predictable results which cannot be used to
validate the performance of GPR in realistic conditions.

FDTD for detecting shallow buried targets like landmines has some unique
characteristics emerging from the scale of the model and from the relatively
high frequency content of the employed pulses. Namely, these characteristics
are:

• High losses. This means that the imaginary part of the electrical per-
mittivity which is directly related to the electromagnetic losses is a very
crucial parameter and should neither be neglected nor simply defined.
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• The antenna occupies a relative large volume in the modelled domain.
This means that the antenna is not only related to the characteristics of
the transmitted pulse (directivity, central frequency etc.) but it is also
part of the model which contributes to the measured scattered field.

• Increased sensitivity to background characteristics. This means that
soil inhomogeneity, rough surface, water puddles and vegetation are not
negligible parameters and should be as accurately as possible incorporated
into the models.

One of the most challenging problems regarding the numerical modelling
of GPR is the implementation of the dielectric properties of soils. Simplistic
models with a constant electrical permittivity plus a conductive term cannot
accurately simulate soil’s behaviour for the frequency range employed in demi-
ning. Dielectric properties of soils is a multi-parametric problem and no clear
definition of a function which describes them has yet been derived.
Approximations of the dielectric properties of soils with multi-Debye relax-

ations (Clegg and Robinson, 2010, Giannakis et al., 2012, Kelley et al., 2007)
is the most usual approach for implementing this type of dielectric properties
into FDTD. Numerically evaluated fractional derivatives (Torres et al., 1996)
or Pade approximations (Weedon and Rappaport, 1997) can also be used for
implementing complex dielectric properties. Multi-Debye expansions however
are more computationally efficient because it is straightforward to choose the
frequency range for which the approximation will take place. By reducing the
frequency range to the range of interest, the number of Debye poles needed for
an adequate approximation is decreased which results in an overall decrease of
the computational cost.
A number of authors have used multi-Debye functions to create simple

models of homogenous soils (Atteia and Hussein, 2010, Bergmann et al., 1998,
Carcione and Schoenberg, 2000, Xu and McMechan, 1997). Although these
approaches simulate the dielectric properties of the specific soils correctly,
homogenous models are still an oversimplification. A more inclusive definition
is needed in order to be able to model different types of soils. In this work,
the semi-empirical model described in chapter 4 is used. The semi-empirical
model relates the dielectric properties of the soil with its bulk density, sand
particles density, soil fraction, clay fraction and water volumetric fraction. This
function can be approximated by a multi-Debye expansion and subsequently
implemented into FDTD (Giannakis and Giannopoulos, 2015). By using this
approach, different types of soils with different properties can be incorporated
into the model as well as complex non-clinical media with a realistic statistical
variation of properties like water fraction, clay fraction and so on.
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Rough surface can have a significant effect to the overall performance of GPR

especially when high frequencies are used (Daniels, 2004). Thus, an accurate
numerical scheme should include a realistic representation of soil’s topography.
Fractals can express the earths topography with representative detail (Turcotte,
1987) for a wide range of scales. Due to that, fractal correlated noise (Turcotte,
1992) is chosen to describe the stochastic nature of soil’s surface. Fractal
correlated noise is also employed in an effort to describe soil’s inhomogeneities.
Evidence is given which support the premise that for the scales used in the
current simulations, fractals give rise to semivariograms often encountered in
real soils (Jabro et al., 2010, Rea and Knight, 1998, Rezaur et al., 2002, Yansui
and Mikami, 2004).
Vegetation is a very important feature for the frequencies employed in

demining and should neither be neglected nor simply defined. Both grass
and roots are realistically incorporated into the suggested modelling scheme
and it is shown that they affect the overall performance of GPR. A novel
algorithm is proposed which generates the geometry of both grass and roots
with representative detail into the FDTD model. The suggested algorithm
creates the geometry of vegetation automatically having as inputs statistical
characteristics like grass distribution, maximum height of grass, maximum
depth of roots, standard deviation of the height of grass, standard deviation of
the maximum depth of roots and properties related with the shape of the grass
and roots. Regarding the dielectric properties of vegetation, a multi-Debye
expansion is used to simulate the function suggested by Carlson (1967) and
Tan (1981). This function expresses the complex electrical permittivity of
vegetation with respect to its water weight based fraction. Water puddles are
also incorporated into the numerical scheme in an effort to simulate humid
environments.
Numerical modelling has been widely used for designing and optimising

antennas, from complex antennas (Lee et al., 2004, Uduwawala, 2006) to more
common, like bowties (Bourgeois and Smith, 1996, Caratelli et al., 2009, Klysz
et al., 2004), dipoles (Bourgeois and Smith, 1997), vee dipoles (Montoya and
Smith, 1996), spiral (McFadden and Scott, 2007) and horn antennas (Giannakis
et al., 2014, Giannakis and Giannopoulos, 2014, Turk et al., 2007). FDTD has
been successfully used to model generic types of antennas based on commercial
ones (Klysz et al., 2006, Warren and Giannopoulos, 2011, 2012). Here, two
models of bowtie GPR transducers are used which are based on the geometrical
characteristics of the commercially available antennas GSSI 1.5 GHz and
MALA 1.2 GHz as presented by Warren and Giannopoulos (2011). Both of the
employed GPR antennas are designed mostly for engineering applications but
because of their high frequency content and their availability for simple testing



6.2 soil modelling 117

have been chosen to illustrate the effectiveness of the proposed modelling
framework for AP landmine detection.
The targets which are used in the simulations are accurate representations

of the AP landmines PMA-1, PMN and TS-50. The geometry of the modelled
AP landmines is based on dummy targets. The dielectric properties of the AP

landmines are chosen such as the numerical and the real measurements of the
scattered field in free space to be in good agreement.

6.2 soil modelling

Soil modelling consists of two parts, the first part has to do with the di-
electric properties of the soil and the second deals with the soil’s geometrical
characteristics, i.e. soil’s inhomogeneity and rough surface.

6.2.1 Dielectric properties

The dielectric model chosen for the numerical scheme is the semi-empirical
model initially suggested by Dobson et al. (1985) and later modified by Peplinski
et al. (1995). The semi-empirical model cannot be directly implemented in
FDTD. A Particle Swarm Optimisation (PSO) (Kennedy and Eberhart, 1995)
can be used in order to approximate both the real and the imaginary part of
the dielectric model with a conductive term plus a multi-pole Debye function
(6.1),

εm ≈ ε∞ + σ

jω
+

N∑
p=1

∆εp
1 + jωt0,p

(6.1)

where N is the number of the Debye poles (Giannakis et al., 2014).
In order for FDTD to be stable, ∆εp must be positive and ε∞ ≥ ε0 (Kelley

et al., 2007). By increasing the number of Debye poles, the approximation
becomes more accurate, but for each extra Debye pole three additional variables
for the electric fields are needed to be stored for each FDTD cell with dispersive
dielectric properties. A balance between accuracy and computational cost must
occur in order for the simulations to be both accurate and practical. For the
frequency range of interest (0.5-3 GHz), a single Debye pole is an adequate
approximation as shown in Fig. 52. Accurate approximations for wider range
of frequencies require more Debye poles to be used which subsequently creates
the need for more computational resources.
For the approximations illustrated in Fig. 52, a more practical approach,

which doesn’t employ any iterative optimisation schemes, is used in order to
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Figure 52: The semi-empirical model and the Debye approximations for both real
(red) and imaginary (black) parts for soils with different water volumetric
fractions (fw). The soil’s parameters are S = 0.6, C = 0.4, ρb = 2 gr/cm3

and ρs = 2.66 gr/cm3. The green area illustrates the frequency range of
GPR for landmine detection.

approximate the semi-empirical model (Dobson et al., 1985) with an extended
Debye model (Debye function plus conductive term). The semi-empirical model
is described in (4.87)-(4.95) and can be rewritten in a more simple form as

ε = ε′ − jf
β
′′

a
w ε′′w + f

β
′′

a
w

σf
jωε0

(ρs − ρb)
ρsfw

(6.2)

where ε′ is the real part of the semi-empirical model which is related to the
soil’s properties (4.87)-(4.95). Equation (6.2) is approximated with a single
Debye pole plus a conductive term

ε′ − jf
β
′′

a
w ε′′w + f

β
′′

a
w

σf
jωε0

(ρs − ρb)
ρsfw

≈ εa,∞ + εa,s − εa,∞
1 + jωt0,a

+ σ

jωε0
. (6.3)
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We first approximate the conductive term σ by equating the terms with divisor
1
jω

σ = f
β
′′

a
w σf

ρs − ρb
ρsfw

. (6.4)

From (6.3) and (6.4) it is derived that the Debye function must approximate
only the dipolar mechanisms of the semi-empirical model

ε′ − jf
β
′′

a
w ε′′w ≈ εa,∞ + εa,s − εa,∞

1 + jωt0,a
. (6.5)

By further expanding (6.5), yields

ε′ − jf
β
′′

a
w

ωt0,w (εw,s − εw,∞)
1 + (ωt0,w)2 ≈ ε′a − j

ωt0,a (εa,s − εa,∞)
1 + (ωt0,a)2 . (6.6)

where ε′a is the real part of εa. Equating the imaginary parts of (6.6) yields

f
β
′′

a
w

ωt0,w (εw,s − εw,∞)
1 + (ωt0,w)2 ≈ ωt0,a (εa,s − εa,∞)

1 + (ωt0,a)2 . (6.7)

From Fig. 20 it is evident that the relaxation time t0 is related to the frequency
for which the imaginary part reaches its maximum value. Thus,

t0,w = t0,a (6.8)

is a reasonable choice which is based on the fact that both the semi-empirical
model and its approximation should have maximum imaginary parts at the
same frequencies. Using the assumption t0,w = t0,a, yields

f
β
′′

a
w (εw,s − εw,∞) ≈ εa,s − εa,∞. (6.9)

From Fig. 20 it is derived that εs is the real electrical permittivity for zero
frequency (static permittivity). By assuming that

εa,s = ε′(0), (6.10)

we constrain the semi-empirical model and its approximation to have the same
static permittivity. Since the real part of the semi-empirical model is basically



120 numerical scheme for landmine detection

0 1 2 3 4 5
−4

−3

−2

−1

0

1

2

3

4

5

6

Time (ns)

El
ec

tri
c 

fie
ld

Sand Fraction=0.9, Clay Fraction=0.1

 

 
Constant ε
Constand ε + σ
Debye pole + σ

0 1 2 3 4 5
−4

−3

−2

−1

0

1

2

3

4

5

6

El
ec

tri
c 

fie
ld

Time (ns)

Sand Fraction=0.1, Clay Fraction=0.9

Air/ground
reflection

!
!
!
!
!
!
!
!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!Depth!!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!axis!(mm)!
!
!
!

100

200

300

400

500

600

700

800

900

1000

−6 −4 −2 0 2 4 6

Plastic
Soil

Soil

Air

Figure 53: Resulting simulated traces using two different soils for the 1D model illus-
trated on the top right. In both soil models ρs = 2.66 g/cm3, ρb = 2 g/cm3,
and fw = 0.2. In the right plot S = 0.1, C = 0.9 and in the left S = 0.9,
C = 0.1. Three different approaches are used for both soils to define their
dielectric properties. With black, only a constant electrical permittivity is
used. With blue, a constant electrical permittivity plus a conductive term is
employed and with red, the full model (i.e. a Debye pole with a conductive
term) is implemented.

constant below 3 GHz, by assuming εa,s = ε′(0) we essentially approximate the
real part of the semi-empirical model for frequencies below 3 GHz.
Lastly, from (6.9) and (6.10) it is derived that

εa,∞ = ε′(0)− f
β”
a
w (εw,s − εw,∞) . (6.11)

To summarise, the semi-empirical model can be approximated with an extended
Debye model (6.3) using (6.8), (6.10) and (6.11). Using this approach, the
imaginary part of the semi-empirical model is simulated exactly using the
extended Debye model. The real part is adequately approximated for the
frequencies below 3 GHz.
In order to illustrate the importance of implementing the complete electro-

magnetic losses, a numerical experiment was performed in which a simple 1D
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Figure 54: Electromagnetic losses of a plane wave propagating inside a soil with
ρs = 2.66 g/cm3, ρb = 2 g/cm3, S = 0.5, C = 0.5 and for different
water fractions fw. In the first case the complete dielectric properties are
accounted for, while in the second case only the conductive term is used.

model is simulated using FDTD. The model consists of four layers, namely air,
soil, plastic and soil (see Fig. 53). The excitation source is a Gaussian-modulated
sinusoidal pulse with central frequency 2 GHz and fractional bandwidth equals
to four. The spatial discretisation equals ∆z = 1 mm and the time step equals
to the Courant limit for the 1D FDTD scheme (∆t = 3.3 ps) (Taflove and Hag-
ness, 2000). The relative electrical permittivity of plastic is chosen to be εp = 3.
Regarding the soil, three different scenarios are tested. In the first one, a simple
constant electrical permittivity is implemented without any electromagnetic
losses. In the second one, a conductive term is added and in the third one, a
Debye pole plus a conductive term are employed. Two different types of soils
are tested, in the first case ρs = 2.66 g/cm3, ρb = 2 g/cm3, S = 0.1, C = 0.9
and fw = 0.2. The second case is similar with the previous one with S = 0.9
and C = 0.1. Fig. 53 illustrates that the complete model (Debye pole plus
conductive term) apart from decreasing the amplitude of the pulse, also lowers
the central frequency of the scattering field which subsequently reduces the
ability of the pulse to resolve small targets.
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Figure 55: Fractal surface for different β. The latter is related with the fractal dimension
with β = − (2D − 7), where D is the fractal dimension (Turcotte, 1992).

The effects of soil’s dipolar losses are clearly illustrated in Fig. 54. For low
frequencies the dipolar losses due to water can be neglected since the losses
can be adequately described using only the effects of ionic conductivity. As the
frequency increases, dipolar losses become more dominant. From Fig. 54 it is
evident that for the frequencies employed in demining, dipolar losses is the
main source of electromagnetic losses.
Electromagnetic losses can have a significant effect to the overall signal to

noise ratio as well as to the shape of the target’s scattering field. From the
above it is evident that simple definitions of the loss mechanisms within the
soil using only a conductive term can result to an overestimation of GPR’s
performance. Thus, an accurate implementation of the dielectric properties is
essential for a realistic and coherent numerical modelling scheme which aims
to be used as a testbed for different processing algorithms and as a training
platform for machine learning.
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6.2.2 Geometrical characteristics

Fractals are scale invariant functions which can express the earths topography
for a wide range of scales with sufficient detail (Turcotte, 1987). Fractals
frequently arise in geology and as stated by Huang and Turcotte (1989),
fractals are the reason why everyday objects are used for scale in geological
related pictures. Fractal correlated noise for n dimensions can be generated
through (Giannakis et al., 2016)

F (x1, x2...xn) = F−1

R (k1, k2, ...kn) ·
(

n∑
i=1

k2
i

)−β2 (6.12)

where F is the resulting fractal correlated noise, xi is the ith dimension,
R is the Fourier transform of a nith-dimensional Gaussian noise, ki is the
ith dimension in the wavenumber’s domain, β is a linearly-related term to
the fractal dimension (Turcotte, 1992) and F−1 denotes the inverse Fourier
transform symbol. Fig. 55 illustrates the resulting rough surface using fractal
correlated noise. Decreasing β results to the increase of the roughness of the
soil’s surface.
Semivariogram (6.13) is a geostatistical tool which is used to describe corre-

lation lengths and it is an attractive approach to describe the stochastic nature
of soil’s properties like water fraction, clay fraction and so on (Hillel, 1980)

γ(h) = 1
2V

V∑
i=1
|z(i+ h)− z(i)|2. (6.13)

Where h is the lag distance, z is the investigated property (water fraction, clay
fraction, bulk density etc.) and V is the number of the observations for each lag
length (h). Soil’s properties usually follow exponential, spherical or Gaussian
semivariograms (Jabro et al., 2010, Rezaur et al., 2002, Takahashi et al., 2012,
2014, Yansui and Mikami, 2004). In the proposed numerical framework, a fractal
correlated noise (Turcotte, 1992) is used to describe the stochastic distribution
of soil’s properties. This approach is chosen because as it is stated by Burrough
(1981) and Hillel (1980), a lot of soil-related environmental properties obey
fractal laws. Apart from that, it is shown (see Fig. 57) that the distribution of
an arbitrarily property using 3D fractals results to Gaussian semivariograms
(6.14) (for the scales used for AP landmine detection)

γ(h) = (s− n)
(

1− e
(
− h2
r2w

))
+ n0. (6.14)
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Figure 56: Stochastic distribution of an arbitrarily chosen property of the soil (e.g.
water volumetric fraction, clay fraction, sand density and so on). The rough
surface as well as the soil’s property distribution is created using fractal
correlating noise.
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Figure 57: Calculated semivariogram (dots) and simulated Gaussian semivariogram
(solid line) (6.14) of the arbitrarily chosen property of the soil shown in Fig.
56. The distance h is unit-less and represents the pixels in Fig. 56.

Where s is called sill and it is the value of the semivariogram when h→∞, r
is called range and is the distance in which semivariogram starts to converge
to the sill value, n0 is the value of the semivariogram for h = 0 (nugget) and w
is a constant which is equal with 1/3.
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Figure 58: 2D fractals using different fractal dimensions D. For 2D fractals the fractal
dimension equals with D = 3.5− β

2 (Turcotte, 1992).
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Figure 59: Calculated semivariograms for the fractals shown in Fig. 58.

Fig. 56 illustrates an example of a stochastic soil’s property distribution
(e.g. water volumetric fraction, clay fraction, sand density etc.) and rough
surface created using fractal correlated noise. Fig. 57 shows the simulated
Gaussian and the calculated semivariogram of the model shown in Fig. 56.
A Gaussian semivariogram can simulate the calculated one with sufficiently
accuracy which is an indicator of the reliability of the modelled soil. Changing
the fractal dimension results to a different semivariogram. Fractals are capable
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Figure 60: Modelled vegetation using the proposed method.

of simulating a wide range of Gaussian-like semivariograms, from un-corellated
noise (flat semivariogram with γ(h) 6= 0 where γ ∈ R) to homogenous media
(γ(h) = 0 where γ ∈ R). Fig. 58 illustrates 2D fractals using different fractal
dimensions. Their resulting semivariograms are shown in Fig. 59.

6.3 vegetation modelling

AP landmines are shallow buried targets typically no more than 10 cm and
their diameter is usually 10-20 cm. Therefore, in order for the AP landmines
to be detectable, high frequency antennas are employed (0.5-3 GHz). The use
of high frequency antennas leads to an increased sensitivity to small scale
features such as grass and roots. In order to check the effects of vegetation to
AP landmine detection using GPR, we propose an algorithm which models the
geometry of vegetation using its statistical properties. The proposed algorithm
works as follows:

• A 2D fractal is created and the summation of the fractal values is con-
strained to be equal to one. Each fractal value represents the probability
of a blade of grass to exist in the corresponding coordinates of this value
(xc, yc).
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• For each blade of grass, a maximum height is picked based on a Gaussian
distribution.

• The parametric equations of each blade of grass are (for 0 < t <maximum
height):

x = xc + sx

(
t

bx

)2
(6.15)

y = yc + sy

(
t

by

)2

(6.16)

z = t (6.17)

where sx and sy can be 1 or −1 and they are randomly chosen. The
constants bx and by are random numbers based on a Gaussian distribution.

• For each blade of grass, a root is placed in the same coordinates (xc, yc)
and a maximum depth for the root is picked based on a Gaussian distri-
bution.

• The function which describes the geometry of the roots is a random walk
in x and y coordinates as the depth increases linearly:

xi+1 = xi +Rx (6.18)

yi+1 = yi +Ry (6.19)

zi+1 = zi −∆z (6.20)

where both Rx and Ry are random variables based on a Gaussian distri-
bution and ∆z is the depth discretisation step. The iterative procedure
described in (6.18)-(6.20) continues until z reaches the value of the
maximum depth of the root.

Fig. 60 illustrates the resulting (modelled) vegetation using the proposed
method. Changing the statistical properties of the grass can result to a more
sparse vegetation distribution, more synchronised blade orientation and so on.
Dielectric models of vegetation like leaves of corn (Ulaby and Jedlicka, 1984),

stalks, trunks (El-Rayes and Ulaby, 1987, Ulaby and El-Rayes, 1987) alfalfa
(Shrestha et al., 2007) and conifer trees (Franchois et al., 1998) have been
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Figure 61: Electrical relative permittivity of grass and the Debye approximations for
both real (black) and imaginary (red) parts for different water weight based
fractions (M). The green area illustrates the frequency range employed in
demining (0.5-3 GHz).

reported in the literature. In the present work the formula suggested by Carlson
(1967) (Tan, 1981) is used to describe the dielectric properties of vegetation

ε′g − jε′′g = 1.5 +
(
ε′w
2 − j

ε′′w
3

)
M, (6.21)

where ε′w is the real part of the electrical permittivity of the water, ε′′w is the
imaginary part of water’s permittivity, j is the imaginary unit (j =

√
−1) and

M is the water content based on a weight basis (Tan, 1981).
This function relates the relative electrical permittivity of vegetation to the

water weight based fraction and the dielectric properties of the water (6.21).
The basic drawback of this model is that it is validated only for a single
frequency (8.5 GHz). Extending the model to the frequency range of interest
(0.5 - 3 GHz) results to an electrical permittivity which has a constant real
part and an imaginary part which increases linearly with the frequency. This
seems reasonable but as reported by Tan (1981) the extension of this model to
other frequencies should be checked experimentally.
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Similar to soil modelling, a PSO can be used to simulate equation (6.21)
with a multi-Debye function (6.1). For the frequency range of interest (0.5-3
GHz), a single Debye pole can sufficiently approximate equation (6.21) for
different water weight based fractions (M) as it is shown in Fig. 61. For the
approximations in Fig. 61 a similar approach with the one followed for the
soil’s dielectric properties (6.2)-(6.11) is also employed here. By making the
assumption that both the actual and the predicted dielectric properties have
the same relaxation frequency and static electric permittivity results to a
straightforward and efficient optimisation scheme. The optimised parameters
for the Debye approximation are

t0,g = t0,w (6.22)

εs,g = 1.5 + M · εs,w
2 (6.23)

ε∞,g = εs,g + M · (εs,w − ε∞,w)
3 (6.24)

where t0,g is the relaxation time of grass, t0,w is the relaxation time of water,
εs,g is the static permittivity of grass, εs,w is the static permittivity of water
and ε∞,g and ε∞,w are the real permittivity of grass and water respectively.

6.4 antennas and landmines

A number of antenna units have been suggested to assist in demining and some
of them have already been used in commercial systems. Table 1 shows a list of
GPR systems suggested for demining. Both handheld and vehicle-based systems
have been designed and successfully tested in real conditions. Modelling these
types of antennas is particularly difficult due to confidentiality issues. For
example, we know that the well known HSTAMIDS uses three antennas in a
triangular arrangement (Tabony et al., 2010) but no specific information is
available regarding the type of the antenna, impedance, absorbers and other
important details that are needed in order to build a realistic numerical model
of this transducer.
Apart from the systems outlined in Table 1, numerous antennas, designed

to assist demining have been examined and analysed, namely, spiral antennas
(Sato et al., 2005, Van Genderen et al., 2003), low dielectric conical horns
(Teggatz et al., 2005), air-coupled wedge antennas (Savelyev et al., 2007),
Vivaldi (Sato et al., 2003, 2005), horn-fed bowtie (Youn and Chen, 2005),
dielectric rode antennas (Youn and Chen, 2005), vee dipoles (Nuzzo et al.,
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Country Program Type Maturity

Australia HILDA
RRMNS

H
V

medium
high

Belgium HUDEM H low
Canada ILDP V high

EU

GEODE
LOTOS
DEMINE
MINEREC
HOPE
PICE

V
V
H
H
H
H

low
low
low
low
low
low

France SALMANDER V medium
Germany MMSR V medium
Israel ELTA V high
Japan MEXTSENCION H high
Sweden PICE H medium

UK
MINETECT
DCMC
MCMC

H
H
V

high
medium
medium

USA HSTAMIDS
GSTAMIDS

H
V

high
low

Table 1: GPR systems for landmine detection. V and H stands for vehicle-based and
handheld respectively (Tesfamariam, 2013).

2014), dielectric-filled TEM horn (Bart et al., 2000), ridged horn antennas
(Panzner et al., 2010) and so on. In the same context, bowtie antennas have been
also examined and successfully applied for landmine detection (Gonzalez-Huici
et al., 2007, Gonzalez-Huici, 2012, Metwaly, 2007, Tesfamariam, 2013).
In the present thesis, two commercial based antennas are used to demonstrate

the capabilities of the suggested numerical framework. Commercial antennas
are particularly attractive for demonstration purposes, since they are easily
available and well-known.

The GPR antennas used in the present thesis are bowtie antennas based on
the geometrical characteristics of commercial GPR antennas, namely, the GSSI
1.5 GHz and the MALA 1.2 GHz (Warren and Giannopoulos, 2011, 2012) (see
Fig. 62). Because of the central frequencies used, both of the antennas are
suitable choices for demonstrating issues associated with GPR for AP landmine
detection. The dielectric properties of the antennas as well as the input pulses
and the impedances are chosen based on the Taguchi’s optimisation which tries
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Fig. 9. Modelled antennas, A) 1.5 GHz and B) 1.2 GHz [76].

complete lower part of the victim’s body. The dimensions of
PMA-1 are, height: 30 mm, length: 140 mm, width: 65 mm.
Fig. 10 shows the dummy AP landmine which was used to get
the geometrical characteristics of PMA-1. Fig. 11 illustrates
the modelled AP landmine, the discretisation step used for the
model is 1 mm. Larger discretization steps can be applied in
a straightforward manner with a simple interpolation.

PMN is one of the oldest landmines that are still in use, it
is manufactured in Russia and it is one of the most widely
employed landmines. Similarly with PMA-1, PMN has a
large amount of high explosive (240 g TNT). Because of

Figure 8: Modelled PMA-1 antipersonnel landmine.

12 show that the numerical and the real data are in
very good agreement which validates the model of
the PMA-1 landmine.

2.2 PMN

PMN (or PMN-1) is one of the oldest landmines
that are still in use, it is manufactured in Russia
and it is one of most widely used landmines [25].
Similarly with PMA-1, PMN has a large amount of
high explosive (240 gr. TNT). Because of that the
majority of the victims die or get heavily injured.
PMN is a palm shape cylindrical (but not symmet-
rical) blast antipersonnel landmine. It has a metal
minimum content which make PMN detectable with
metal detector.

Height: 56 mm

Diameter: 112 mm

Explosive charge: 240 g TNT

The modelled PMN is shown in figures 15. Details
about the inner parts of the modelled PMN is shown
in figure 16. The real training PMN which was used
in order to replicate its geometry is shown in figure
14.

The same experiment described for the PMA-1
landmine is replicated for the PMN antipersonnel
landmine. The results are shown in figure 13. As we
can see from figures 12 and 13 the later numerical
reflections are not in good agreement with the real
data. A possible cause for this is that although the
modelled antenna can simulate the directivity of the
real antenna, when the antenna acts as a reflector
(reflected waves from the landmine reflected back
from the antenna to the landmine) the modelled

Figure 9: Real training PMA-1 antipersonnel landmine.
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Figure 13: Numerical and real data for the experiment
described in figures 11, 10. Instead of the
PMA-1 in this example we use the PMN land-
mine. The numerical and real data are in
good agreement.

order to make the demining process more difficult
[6]. Bullets are misinterpreted as landmines which
makes the demining procces slower, especially if the
deminer uses a metal-detector. Appart from that,
bullets (because they are perfect conductors) give
large reflections which can hide a possible landmine
buried among bullets. This problem can be decreased
if the directivity of the antenna is focused, this is
illustrated in the next example. The model is shown
in figure 18, the antenna which was used is the GSSI
1.5 GHz, the landmine is the PMA-1 and the soil
is a homogenous medium with relative permittivity
� = 10 and conductivity σ = 0.01 (saturated sand).
In figures 19 the B-scan of the previous model with
and without bullets is shown. Because no bullet
is direct underneath the antenna the effects of the
bullets on the B-scan are negligible. The signature of
the landmine is not an hyperbola for the same reason
i.e the directivity of the antenna. Only when the
antenna is on top of the landmine the scattered field
is strong enough to effect the B-scan. Figure 20 show
an A-scan of the model with and without bullets,
the antenna in this A-scan was placed on top of the
landmine. The differences are negligible, the A-scan
has almost zero sensitivity for targets not underneath
the antenna. Another B-scan was taken with the
same model with bullets but the antenna was moved
13 cm to the right as shown in Figure 21. Now the
antenna is on top of the back of the landmine and
also on top of one of the bullets. Figure 22 shows
the B-scan in which the scattered field of both the

Figure 14: Real training PMN antipersonnel landmine.
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A) PMN

B) PMA-1

Fig. 10. Dummy landmines, A) PMN, B) PMA-1.

Figure 3: Modelled PMA-1 antipersonnel landmine.
With green colour is normal plastic (� = 2),
with yellow is rubber (� = 6) and with grey is
perfect conductor.

Figure 4: Modelled PMA-1.

Height: 30mm
Length: 140mm
Width: 70mm
Explosive charge: 200g TNT

An accurate model of PMA-1 landmine is shown
in figures 3, 4, 5, 6, 7, 8. A real training PMA-1
landmine was used in order to replicate the geometry
of the landmine which is shown in figure 9.

In order to check the validity of our model we
check the numerical and real data obtained using the
modeled antenna GSSI 1.5 GHz [4]. The PMA-1 was
placed upon a perfect conductor and the antenna was
placed on top of the PMA-1. The distance between
the antenna and the landmine is 11.5 cm. Figure
10 show the experiment set up and figure 11 show
the numerical simulation of the experiment. Figure

Figure 5: Modelled PMA-1antipersonnel landmine.

Figure 6: Modelled PMA-1 antipersonnel landmine.

Figure 7: Modelled PMA-1 antipersonnel landmine.
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Fig. 11. Modelled AP landmine PMA-1. Green is plastic (� = 2.5), grey is
perfect conductor (PEC) and yellow is rubber (� = 6).

that the majority of the victims are aimed or killed. PMN
is a palm shaped cylindrical blast AP landmine. It has a
minimum metal content which can make the PMN detectable
with metal detectors. The dimensions of PMA are, height: 50
mm, diameter: 115 mm. Fig. 10 and 12 show the dummy and
the modelled PMN, the discretization of the model is 1 mm.

The dielectric properties of the modelled landmines are
chosen such as the numerical and the real A-Scans of the
experiment shown in Fig. 13 to be in good agreement. Both
AP landmines are placed over a perfect electrical conductor
(PEC) and the antenna is operated 10 cm above the PEC. In
the present experiment the 1.5 GHz antenna is used instead
of the 1.2 GHz. The reason for that is that higher frequency
content pulse will contain more information about the detailed
parts of the modelled AP landmines. Fig. 14 illustrates that
the numerical and the real normalised A-Scans are in good
agreement which indicates the accuracy of the modelled AP
landmines.

V. SIMULATION RESULTS

For the simulations we use GprMax [19], a free software
which solves Maxwell’s equations by using a second order
(in both space and time) accuracy FDTD method [20]. In all
the simulations the discretisation step is 1 mm and the time
step is equal with the Courant limit for the 3D FDTD scheme
(∆t = 1.925 ps). A small discretisation step increases the

A) 1.5 GHz

B) 1.2 GHz

Figure 62: Modelled antennas, A) 1.5 GHz and B) 1.2 GHz (Warren and Giannopoulos,
2011).

to minimise the error between real and numerical measurements in free space
(Warren, 2009, Warren and Giannopoulos, 2011, 2012).

The targets chosen for the simulations are the AP landmines PMA-1, PMN
and TS-50. All of them are widely used and frequently found in minefields
(Physicians for the Human Rights, 1993).

PMA-1 is a blast AP landmine with minimum metal content. It is manufac-
tured in former Yugoslavia and was used in the Balkan area. Because of the
metal fuse inside PMA-1, it is possible to be detected using metal detector,
but there are also reported types of PMA-1 with plastic fuses. PMA-1 has
200 g of high explosive content (TNT) where the average is 50-100 g, therefore
PMA-1 can destroy the whole foot or even the complete lower part of the
victim’s body. The dimensions of PMA-1 are, height: 30 mm, length: 140 mm,
width: 65 mm. Fig. 63 shows the dummy AP landmine which was used to get
the geometrical characteristics of PMA-1. Fig. 64 illustrates the modelled AP
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Figure 8: Modelled PMA-1 antipersonnel landmine.

12 show that the numerical and the real data are in
very good agreement which validates the model of
the PMA-1 landmine.

2.2 PMN

PMN (or PMN-1) is one of the oldest landmines
that are still in use, it is manufactured in Russia
and it is one of most widely used landmines [25].
Similarly with PMA-1, PMN has a large amount of
high explosive (240 gr. TNT). Because of that the
majority of the victims die or get heavily injured.
PMN is a palm shape cylindrical (but not symmet-
rical) blast antipersonnel landmine. It has a metal
minimum content which make PMN detectable with
metal detector.

Height: 56 mm

Diameter: 112 mm

Explosive charge: 240 g TNT

The modelled PMN is shown in figures 15. Details
about the inner parts of the modelled PMN is shown
in figure 16. The real training PMN which was used
in order to replicate its geometry is shown in figure
14.

The same experiment described for the PMA-1
landmine is replicated for the PMN antipersonnel
landmine. The results are shown in figure 13. As we
can see from figures 12 and 13 the later numerical
reflections are not in good agreement with the real
data. A possible cause for this is that although the
modelled antenna can simulate the directivity of the
real antenna, when the antenna acts as a reflector
(reflected waves from the landmine reflected back
from the antenna to the landmine) the modelled

Figure 9: Real training PMA-1 antipersonnel landmine.
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Figure 13: Numerical and real data for the experiment
described in figures 11, 10. Instead of the
PMA-1 in this example we use the PMN land-
mine. The numerical and real data are in
good agreement.

order to make the demining process more difficult
[6]. Bullets are misinterpreted as landmines which
makes the demining procces slower, especially if the
deminer uses a metal-detector. Appart from that,
bullets (because they are perfect conductors) give
large reflections which can hide a possible landmine
buried among bullets. This problem can be decreased
if the directivity of the antenna is focused, this is
illustrated in the next example. The model is shown
in figure 18, the antenna which was used is the GSSI
1.5 GHz, the landmine is the PMA-1 and the soil
is a homogenous medium with relative permittivity
� = 10 and conductivity σ = 0.01 (saturated sand).
In figures 19 the B-scan of the previous model with
and without bullets is shown. Because no bullet
is direct underneath the antenna the effects of the
bullets on the B-scan are negligible. The signature of
the landmine is not an hyperbola for the same reason
i.e the directivity of the antenna. Only when the
antenna is on top of the landmine the scattered field
is strong enough to effect the B-scan. Figure 20 show
an A-scan of the model with and without bullets,
the antenna in this A-scan was placed on top of the
landmine. The differences are negligible, the A-scan
has almost zero sensitivity for targets not underneath
the antenna. Another B-scan was taken with the
same model with bullets but the antenna was moved
13 cm to the right as shown in Figure 21. Now the
antenna is on top of the back of the landmine and
also on top of one of the bullets. Figure 22 shows
the B-scan in which the scattered field of both the

Figure 14: Real training PMN antipersonnel landmine.
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A) PMN

B) PMA-1

Figure 63: Dummy landmines, A) PMN, B) PMA-1.

Figure 3: Modelled PMA-1 antipersonnel landmine.
With green colour is normal plastic (✏ = 2),
with yellow is rubber (✏ = 6) and with grey is
perfect conductor.

Figure 4: Modelled PMA-1.

Height: 30mm
Length: 140mm
Width: 70mm
Explosive charge: 200g TNT

An accurate model of PMA-1 landmine is shown
in figures 3, 4, 5, 6, 7, 8. A real training PMA-1
landmine was used in order to replicate the geometry
of the landmine which is shown in figure 9.

In order to check the validity of our model we
check the numerical and real data obtained using the
modeled antenna GSSI 1.5 GHz [4]. The PMA-1 was
placed upon a perfect conductor and the antenna was
placed on top of the PMA-1. The distance between
the antenna and the landmine is 11.5 cm. Figure
10 show the experiment set up and figure 11 show
the numerical simulation of the experiment. Figure

Figure 5: Modelled PMA-1antipersonnel landmine.

Figure 6: Modelled PMA-1 antipersonnel landmine.

Figure 7: Modelled PMA-1 antipersonnel landmine.
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Figure 64: Modelled AP landmine PMA-1. Green is plastic (ε = 2.5), grey is PEC and
yellow is rubber (ε = 6).

landmine. The discretisation step used for the model is ∆x = ∆y = ∆z = 1
mm. Larger discretisation step can be applied in a straightforward manner
with a simple interpolation.
PMN is one of the oldest landmines that are still in use (Physicians for the

Human Rights, 1993). It is manufactured in Russia and it is one of the most
widely employed landmines. Similarly to PMA-1, PMN has a large amount of
high explosive (240 g TNT). Because of that, the majority of the victims are
severely injured or killed. PMN is a palm shaped cylindrical blast AP landmine
with minimum metal content. The dimensions of PMN are, height: 50 mm,
diameter: 115 mm. Fig. 63 and 65 show the dummy and the modelled PMN,
the discretisation step of the model is ∆x = ∆y = ∆z = 1 mm.
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Figure 65: Modelled AP landmine PMN. The adapted side parts of the landmine are
shown at the right of the image. The black top of the AP landmine is rubber
(ε = 6), the black pieces on the adapted parts is bakelite (ε = 3.5), shiny
grey is PEC, blue is plastic (ε = 3), the grey parts of the landmine are also
bakelite (ε = 3.5) and the inside of the landmine is rubber (ε = 6).

Modelled Real

Figure 66: Modelled and real AP landmine TS-50. The black is plastic (ε = 5), yellow
is plastic (ε = 4) and inside TNT is rubber (ε = 6).

PEC

1.5 GHz 
antenna

PMA-1

Figure 67: The 1.5 GHz antenna (red box) operates 10 cm above a PEC plate on which
the PMA-1 is placed. The same experiment was also executed using PMN.
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Figure 68: Numerical and measurent normalised A-Scans for the experiment described
in Fig. 67 using both PMA-1 and PMN.

TS-50 is an italian manufactured AP landmine which has 50 g of TNT. Because
of the low explosive content, TS-50 aims to injure the lower part of the legs.
Its design allows TS-50 to operate also upside down. TS-50 has no metal
content. Apart from the metal-free design of TS-50, another reason why it is
hard to detect is its small size and the fact that no significant air gap exists
inside the landmine. The dimensions of TS-50 are, diameter: 90 mm, height:
45 mm. Fig. 66 illustrates the modelled TS-50, the discretisation of the model
is ∆x = ∆y = ∆z = 1 mm.
The geometry of the AP landmines is expressed using polynomials and

parametric equations, for more details see Appendix E. The dielectric properties
of the modelled AP landmines are chosen such as the numerical and the real
A-Scans of the experiment shown in Fig. 67 to be in good agreement. During
the experiment both of the AP landmines are placed over a PEC plate and the
antenna is placed at 10 cm height. The antenna unit chosen for the present
experiment is the 1.5 GHz antenna. The reason for that is that higher frequency
pulse contains more information about the detailed parts of the modelled AP

landmines. Fig. 68 illustrates that the numerical and the measured normalised
A-Scans are in good agreement which indicates that the AP landmines are
realistically represented in the model.
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6.5 simulation results

For the simulations I used a customised version of gprMax (www.gprmax.com)
(Giannopoulos, 2005), a free software which solves Maxwell’s equations by
using a second order (in both space and time) accuracy FDTD method (Yee,
1966). In all the models, the discretisation step is ∆x = ∆y = ∆z = 1 mm
and the time step is set to be equal to the Courant limit for the 3D FDTD

scheme ∆t = 1.925 ps (Taflove and Hagness, 2000). A small discretisation
step increases the computational cost but is essential in order to represent the
geometry of the model with adequate resolution. A small discretisation step
is also needed in order to decrease the unnatural dispersion which occurs to
small wavelengths due to numerical errors inherent to FDTD. Regarding the
absorbing boundary conditions, a PML with 10 cells thickness is applied to all
the simulations.
The computational requirements of the suggested scheme are related to the

model’s size, its dielectric properties and the maximum number of iterations.
Dispersive soils have more computational requirements compared to non-
dispersive media. In that context, a 1000× 400× 300 model consisted entirely
of dispersive media needs approximately 8 gigabyte of RAM. Using 6 processors
and 12 gigabyte of RAM, the evaluation time for such a model is approximately
2 hours per trace (for 2500 iterations). The computational resources required for
these kind of modelling problems are more than a conventional computer can
offer if results are to be obtained in a reasonable time scale. To overcome this
obstacle we have employed the Edinburgh Compute and Data Facility (ECDF),
the cluster computer of The University of Edinburgh. A parallelised version of
gprMax has allowed us to compute complete B-Scans in the same time that is
needed for computing a single A-Scan on a single workstation.

6.5.1 Vegetation

In the present example, the effects of vegetation to the overall performance of
GPR is examined. The model’s dimensions are 1000×250×450 mm, the surface
is relatively smooth, the soil’s properties are ρs = 2.66 g/cm3, ρb = 2 g/cm3,
C = 0.5, S = 0.5 and the water volumetric fraction varies stochastically from
fw = 0−0.25. The height of grass varies from 20 to 130 mm and the roots from
20 to 200 mm. Three different scenarios are tested using both the antennas. In
the first scenario, the water weight based fraction of the vegetation is equal to
M = 0.4 (saturated grass and roots). In the second scenario, the water weight
based fraction is M = 0.1 (dry grass and roots) and in the third scenario
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Figure 69: AP landmines PMN and PMA-1 buried in a complex soil with fw = 0−0.25.
Red colours depict the dry areas while with blue colours saturated areas
are illustrated. The red box is the antenna unit. The axis are in mm.

Figure 70: A slice parallel to the tomography line of the model shown in Fig. 69.

there is no vegetation. Fig. 69 and 70 illustrate the geometry of the model.
The height of the antenna unit is approximately 160 mm above the ground
and 20 mm above the grass. The depth of both landmines is approximately
50− 70 mm. The B-Scan is taken place along the x axis. The moving step of
the antenna is 6 mm which results to a B-Scan consisted of 132 traces. Fig. 71
illustrates snapshots of different time steps using the 1.5 GHz antenna.

Fig. 72 shows the B-Scans and the normalised energy plots using the 1.5
GHz antenna. Only a quadratic gain is applied to the raw data. With and
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0.7$ns$

$
1.2$ns$

$
1.5$ns$

$
2.5$ns$

$
2.9$ns$

$
Figure 71: Snapshots of the model shown in Fig. 69 using the 1.5 GHz antenna. The

fields in each snapshot are normalised so as the fields to be clearly visible.
In the absence of normalisation the fields in the later snapshots would not
be visible due to geometrical spreading of the energy and losses within the
ground.
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Figure 72: B-Scans and normalised energies of the model shown in Fig. 69 with and
without vegetation. The vegetation’s water weight based fraction equals
M = 0.1 and M = 0.4. The 1.5 GHz antenna is used for the simulations. A
quadratic gain is applied to the raw data. The X axis corresponds to the
centre of the antenna unit in each trace.
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Figure 73: Similar with Fig. 72 using different processing scheme. A quadratic gain
and average removal is applied to the raw data.
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Figure 74: Similar with Fig. 72 using different processing scheme. A quadratic gain,
an average removal and ASaS are applied to the raw data.
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Figure 75: Similar with Fig. 72 using different processing scheme. A quadratic gain
and a high frequency filter are applied to the illustrated B-Scans.
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Figure 76: Similar with Fig. 72 using different processing scheme. A quadratic gain
and subsequently an SVD (three dominant eigenvalues are filtered out) are
applied to the illustrated B-Scans.
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Figure 77: Similar with Fig. 72 using different processing scheme. A quadratic gain
and subsequently an SVD (3-6 dominant values are plotted) are applied to
the illustrated B-Scans.
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Figure 78: Similar with Fig. 72 using different processing scheme. A quadratic gain
and subsequently an SVD (4-6 dominant values are plotted) are applied to
the illustrated B-Scans.
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Figure 79: Similar to Fig. 76 using the 1.2 GHz antenna.
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without vegetation both of the AP landmines are not reliably detected. When
no vegetation is present, although high frequency clutter is absent, the fact that
the antenna operates far from the ground makes the target’s scattering fields
“foggy” and weak. In Fig. 73 an average removal is applied to the data in an
effort to remove the direct response and the ground reflection. Average removal
does indeed make the image more readable by removing the direct response
but, nonetheless, the AP landmines are depicted like a layer which is difficult
to be interpreted as target (see Fig. 73 energy plots). In Fig. 74, an average
removal is applied prior to ASaS in order to remove the smooth artefacts like
the apparent layer discussed previously. The resulting B-Scans are readable in
the absent of vegetation, but the performance of ASaS is not adequate when
vegetation is present. Similar results are obtained when an F-K high frequency
filter (see Fig. 75) is applied. The high frequency reflections from the blades of
grass increase the Signal to Noise Ratio (SNR), thus decreases the performance
of GPR.
Next, an SVD filter is applied to the data shown in Fig. 72. In Fig. 76, three

dominant eigenvalues are filtered out in an effort to remove the high correlated
trends of the B-Scan, which includes the direct response and the ground
reflection. The performance of GPR for both with and without vegetation is
adequately good although when the water weight based fraction of vegetation
is high, the B-Scan becomes noisy which consequently results to a noisy energy
plot. In Fig. 77 a by-pass SVD filter is applied, the 3-6 dominant eigenvalues
are plotted in an effort to remove main trends and low correlated features like
the reflections from the vegetation. Both AP landmines are clearly detectable
even when saturated vegetation is present. SVD filtering must be used with
cautious since a wrong range of eigenvalues may result to the elimination of
the target’s signature as it is illustrated in Fig. 78. In the present case, an SVD

filter which keeps the 4-6 dominant eigenvalues results to the elimination of
the PMA-1 signature even when vegetation is absent.
Using a lower frequency antenna results to the decrease of the vegetation’s

scattering field. Nonetheless, a low frequency pulse cannot resolve the AP

landmines, which are relatively small targets. A balance between decreasing
the unwanted reflections and increasing the targets response must be found
for an effective performance. Using the 1.2 GHz antenna model produces
equally unreliable results using, average removal, high frequency filter and ASaS.
Filtering the 3 dominant eigenvalues (see Fig. 79) makes both AP landmines
detectable with and without vegetation. Applying a by-pass SVD by keeping
3-6 dominant eigenvalues – similar to the procedure employed using the 1.5
GHz antenna – does not have major effects on the performance of GPR since



6.5 simulation results 143

Figure 80: PEC cylinders with 3 mm diameter used to simulate hidden tripwires. Two
cases are examined with different tripwire orientation with respect to the
antenna polarisation.

high frequency features are absent due to the lower central frequency of the
antenna.
The present case study shows that the simulated vegetation is not a negligible

feature and it can affect the performance of GPR for the frequency range used for
landmine detection (0.5-3 GHz). Nonetheless, Fig. 76, 77 and 79 illustrate that
GPR has the potential to be effective in grassy environments in which vegetation
removal is not trivial due to tripwires which may be present (Cameron et al.,
1998). From Fig. 76 and 77 is evident that increasing the water based fraction
of the vegetation results in an increase of the background noise. When the
vegetation is completely dry, from (6.21) yields, that the real part of the relative
permittivity of vegetation equals to εg = 1.5. This makes the grass practically
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Figure 81: Resulting B-Scans from the model illustrated in Fig. 80. The tripwire is
placed vertical to the antenna position. A quadratic gain and subsequently
ground removal techniques are applied to the raw data.
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Figure 82: Similar with Fig. 81 with the tripwire being oriented 45o with respect to
the antenna position.
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invisible to GPR assuming that roots with a zero water based fraction is the
result of dry soil which will have relative electrical permittivity close to ε′ = 2.5.
Although SVD seems promising and clearly outperforms average removal,

ASaS and F-K filter (see Fig .77), that is not always the case as it will be
shown in the following section. This raises the issue of the limitations of
processing algorithms and their applicability in diverse scenarios. Accurate
numerical modelling can assist on mapping the limitations of a suggested
antenna-processing couple and evaluating its performance in a wide range of
synthetic, but nonetheless realistic data.

6.5.2 Tripwires hidden in vegetation

As mentioned earlier, hidden tripwires make vegetation-removal time-consuming
and risky (Cameron et al., 1998). In the next example the effectiveness of GPR

for detecting tripwires is examined. Fig. 80 illustrates the present model. The
dimensions are 1000×350×400, the water weight based fraction equalsM = 0.4.
The soil’s properties are ρs = 2.66 g/cm3, ρb = 2 g/cm3, C = 0.5, S = 0.5
and the water volumetric fraction varies stochastically from fw = 0.2 − 0.3
(saturated soil). The 1.5 GHz antenna is employed in the present example. The
tripwires are modelled as PEC cylinders with 3 mm diameter.
Assuming plane wave solutions in the far field, Radzevicius and Daniels

(2000) concluded that small diameter, with respect to the wavelength, PEC

cylinders give larger scattering fields when the polarisation of the antenna
is parallel to the main axis of the cylinder. Their predictions are backed up
by experimental evidences (Radzevicius and Daniels, 2000). In the present
example the results are as they were expected to be. The tripwire which is
placed vertical to the antenna polarisation has larger scattering field which can
be isolated from the background using average removal, high pass filter, ASaS

and SVD (3-6 eigenvalues) (see Fig. 81). When the tripwire is at 45o angle with
respect to the polarisation of the antenna, the resulting scattering field is weak
and cannot be reliably detected using high pass filter and ASaS (see Fig. 82).
From the above it is evident that GPR has the potential to be used for tripwire
detection taking into account the polarisation aspects of the problem.

6.5.3 Soil’s inhomogeneity

In the previous example a case was made about how vegetation can affect and
decrease the performance of GPR. Apart from vegetation, more often encounter
features like soil’s inhomogeneity can also result to false alarm targets and mask
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PMN

TS-50

PMA-1

Figure 83: A complex medium with ρs = 2.66 g/cm3, ρb = 1.5 g/cm3, C = 0.5,
S = 0.5 and water volumetric fraction which varies stochastically from
fw = 0− 0.25. Three AP landmines (PMN, PMA-1 and TS-50) are placed
in the centre of the model (see Fig. 84). The 1.5 GHz antenna is used for
the simulations.

the landmine’s scattering field (Giannakis et al., 2016). Most of the numerical
modelling done so far (Gurel and Oguz, 2000, 2001, 2003, Oguz and Gurel,
2002) as well as real field experiments (Schofield et al., 2014) are taken place
in simplified/clinical models. This overestimates the performance of GPR and
gives a false impression of its abilities and limitations.
The dimensions of the models in this section are 1000 × 250 × 350. The

rough surface as well as soil’s inhomogeneity modelled using fractal correlated
noise. The properties of the soil are ρs = 2.66 g/cm3, ρb = 1.5 g/cm3, C = 0.5,
S = 0.5 and the water volumetric fraction varies from fw = 0 − 0.25. The
antenna used is the 1.5 GHz and it is placed relatively close to the ground.
In the first example, the three AP landmines (PMN, PMA-1 and TS-50) are
placed in shallow depth in the centre of the model (see Fig. 83, 84). Raw
modelled data with an additional quadratic gain (Fig. 85) clearly map the
position of the AP landmines although the reflections from the inhomogeneity
at 800 mm makes the energy based detection less reliable. Applying an average
removal, decreases the energy from the false alarm (see Fig. 86). By further
eliminating high correlated features using an SVD (3 dominant eigenvalues
are filtered out) does not further improve the detection, on the contrary it
decreases the scattering signature of the TS-50 (see Fig. 87). ASaS produces
slightly better results (see Fig. 88) compared to average removal but the most
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effective processing for the present case, as it is illustrated in Fig. 89, is the
F-K high pass filter which seems to effectively decrease the energy from the
false alarm target while preserving the landmine’s signature.
Soil inhomogeneities can potentially mask the landmine’s signature making

the B-Scan difficult to interpret. Fig. 90 illustrate a similar model with the
ones described previously. The AP landmine PMA-1 is buried in shallow depth
in the centre of the model. Soil’s inhomogeneities which occur in the model
result to noisy and “foggy” B-Scans as it is illustrated in Fig. 91. F-K filter,
SVD and ASaS failed to clear the image and enchase the target’s signature.
Fig. 92 shows the last model which will be examined in this section. As it

is illustrated in Fig. 92 no landmine is buried in order to get an insight on
the nature of the false alarms which can occur due to the soil’s inhomogeneity.
The 1.5 GHz antenna model is used for the simulations. The resulting B-Scans
using SVD, high pass filter and ASaS are shown in Fig. 93. A clear response is
visible in the middle of the scan which is the result of the high humidity cluster
shown in Fig. 92. First of all, it is clear – from the present but also from the
previous examples – that not all inhomogeneities result to false alarms. The
gradual change from a dry area to a saturated one results to losses and changes
in the directivity patterns of the antenna but not clear reflections can occur
from these kind of interfaces. Sudden changes in the permittivity and large
size clusters can affect the reflection coefficients of the inhomogeneities. In the
present example sudden changes which occur relatively near the surface results
to a scattering field which might give the impression of an AP landmine.
One main feature of the scattering fields from the AP landmines is the long

tail which follows the main response. This is due to the sharp deterministic
boundaries of the landmines which result to reverberating reflections inside
the landmine and between the surface and the top of the landmine. This long
tail can be enhanced using a quadratic gain and that is the main reason why
it is used and suggested in the present thesis. Scattering fields from soil’s
inhomogeneities do not follow this pattern as it is shown in Fig. 93.
Although long tail reflections from landmines can frequently encountered,

there are cases in which long tail reflections are absent. Absence of reverberating
reflections from landmine’s scattering fields can happen due to various reasons,
the most important of which are

• Large depth of the landmine, which decreases the reverberating reflection
from the landmine-surface.

• Almost exposed landmine, which makes difficult for the pulse to resolve
the gap between the surface and the landmine.
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PMN

TS-50

PMA-1

Figure 84: A slice of the model shown in Fig. 83. Three different scenarios are examined
in which the three AP landmines PMN, PMA-1 and TS-50 are placed in
shallow depth in the centre of the scan.
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Figure 85: B-Scans of the models shown in Fig. 84. Only a quadratic gain is applied
to the raw data.
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Figure 86: Similar with Fig. 85 using the average removal method.
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Figure 87: Similar with Fig. 85 using an SVD filter (3 dominant eigenvalues are filtered
out).
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Figure 88: Similar with Fig. 85 using an ASaS filter.
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Figure 89: Similar with Fig. 85 using a high pass filter.

• Low velocity media, which results to small wavelengths which cannot
clearly resolve the sharp boundaries of the targets.

The present section illustrates how soil’s inhomogeneity can affect the perfor-
mance of GPR. Regarding the processing methods, a high pass filter seems to
surpass the performance of average removal, SVD and ASaS. It is interesting to
note that the performance of F-K filter was rated last in the previous section.
This furthers supports the premise that processing methods are case sensitive
and their performance should be evaluated in a wide range of diverse scenarios.
In addition, as it is clearly illustrated in Fig. 89, different targets result to
different scattering fields. A numerical scheme which aims to provide training
sets for machine learning should be able to predict the signatures of specific
landmines and not generic simplified geometrical objects.

6.5.4 Water puddles

AP landmines can be found in a variety of environments like deserts, urban
environments, jungles and so on (Daniels, 2006). Humid environments with
saturated soils and water puddles is a common case in which AP landmines can
be found e.g. Bosnia, Cambodia etc. (Daniels, 2006). In this section the effects
of water puddles to the overall performance of GPR are going to be examined.
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Figure 90: Buried AP landmine PMA-1 in a stochastically varied soil. The properties
of the soil are ρs = 2.66 g/cm3, ρb = 1.5 g/cm3, C = 0.5, S = 0.5 and
water volumetric fraction which varies from fw = 0− 0.25. The antenna
unit used is the 1.5 GHz.
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Figure 91: B-Scan using the 1.5 GHz antenna of the model shown in Fig. 90. A
high pass filter, ASaS and an SVD (3 dominant eigenvalues are filtered
out) are applied (apart from the quadratic gain). In all three cases the
scattering signature of PMA-1 is masked from the response of the soil’s
inhomogeneities.

Figure 92: A complex medium with no targets buried within it. The properties of the
soil are ρs = 2.66 g/cm3, ρb = 1.5 g/cm3, C = 0.5, S = 0.5 and water
volumetric fraction varies from fw = 0− 0.25. The antenna unit used is the
1.5 GHz.
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Figure 93: B-Scan using the 1.5 GHz antenna of the model shown in Fig. 92. A high
pass filter, ASaS and an SVD (3 dominant eigenvalues are filtered out) are
applied (after the quadratic gain). In all three cases a false alarm occurs
(approximately) in the centre of the scan.

The dimensions of the model are 1000 × 250 × 450 mm, the antennas are
placed close to the ground surface (40 mm) and the AP landmines are buried at
60 mm depth. The soil is a homogenous saturated sand with ρs = 2.66 g/cm3,
ρb = 2 g/cm3, C = 0.5, S = 0.5 and fw = 0.15. Three different scenarios are
examined in which water puddles are gradually increased (see Fig. 94). The
complex relative electric permittivity of the water is a Debye function with
t0,w = 5.8 ps, εw,s = 80.1 and εw,∞ = 4.9 (Peplinski et al., 1995). Notice that
only the dipolar relaxation of the water is employed in the simulations. The
conductive term which is related to free ions (Stogryn, 1971) is neglected.
Water absorbs electromagnetic waves due to its ionic conductivity and its

dipolar relaxation (Debye, 1929, Hill, 1969). Even pure-distilled water absorbs
electromagnetic waves and the absorption is highly proportional to the frequency
of the pulse. Fresh water (drinkable, lakes, rivers etc.) has salinity S < 0.5
ppt (particles per thousands). Using the formula suggested by Stogryn (1971)
(4.73), (4.74), the conductivity of the water can be calculated with respect
to the salinity (ppt) and the temperature. Subsequently we can analytically
evaluate the losses of a monochromatic plane wave propagating inside water
with different salinities. Fig. 95 illustrates the losses with respect to frequency,
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Figure 94: Water puddles with gradually increasing size over a homogenous saturated
sand with fractal rough surface. The soil’s properties are ρs = 2.66 g/cm3,
ρb = 2 g/cm3, C = 0.5, S = 0.5 and fu = 0.15.
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Figure 95: Electromagnetic losses of a monochromatic plane wave propagating inside
water. S stands for salinity (ppt).

for different salinities S, ranging from S = 0−0.5 ppt (T = 20 Co). It is evident
that the predominant loss mechanism, for the range frequencies often used
for landmine detection, is the water’s dipolar relaxation. If high-salinity water
needed to be modelled, the formula suggested by Stogryn (1971) (4.73)-(4.74)
can be used in order to express conductivity with respect to temperature and
particles per thousands (ppt).
Fig. 96-100 illustrate the resulting B-Scans using the 1.5 GHz antenna. In Fig.

96 only a quadratic gain is employed. The rough surface combined with water
puddles make interpretation difficult although indications for the presence of
two targets are readable through B-Scans. Increasing the size of water puddles
further decreases the quality of detection using both B-Scan and energy based
detection. In Fig. 97 the ASaS method is employed in order to decrease the
ringing noise and the ground reflection. Both of the targets are detectable
but nonetheless false alarms are also present due to the inability of ASaS to
successfully remove the ground bounce. Fig. 98 illustrates the resulting B-Scans
using an SVD filter by filtering out the three dominant eigenvalues. Similar
to ASaS, false alarms are present and at the same time PMA-1 has a weak
signature which makes its detection unreliable. Using a high pass filter (Fig.
99) produces similar results. Using an average removal, the most simple and
straightforward approach, results to an easy to interpret and reliable results
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Figure 96: B-Scans of the models shown in Fig. 94 using the 1.5 GHz antenna. “A", “B"
and “C" scenario corresponds to the gradual increase of the water puddles.
A quadratic gain is applied to the raw data. The X axis corresponds to the
center of the antenna unit.
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Figure 97: Similar with Fig. 96 using ASaS method.
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Figure 98: Similar with Fig. 96 using SVD filter (three dominant eigenvalues are filtered
out).

using both B-Scans and energy based detection (as it is illustrated in Fig. 100).
The 1.2 GHz model antenna is proven not effective for the present case study.
The only approach with which the AP landmines are adequately depicted in
the data is by using a high pass filter (see Fig. 101).
The above case study supports the premise that the performance of processing

algorithms are case sensitive and their performance is related to both the
environment and the antenna unit. Due to that, there are cases in which simple
methods like average removal can outperform more sophisticated methods like
ASaS.
Fig. 102 illustrates snapshots for different time steps for the “C" scenario (see

Fig. 94) using the 1.5 GHz antenna. From Fig. 100 and 101 it is evident that
the 1.5 GHz antenna gives more clear results compared to the 1.2 GHz antenna.
The reason for that is because the high frequency content which is essential
in order to get a clear reflection from the AP landmines is rapidly attenuating
inside the water and inside the saturated sand. The 1.2 GHz antenna has a
lower frequency content which manages to pass through the water but it cannot
resolve the AP landmines. The already small high frequency content of the
1.2 GHz antenna is attenuated inside the water. Due to that, the pulse which
finally reaches the AP landmines has a very low central frequency which makes
the AP landmines undetectable. This is the reason why high pass filter works
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Figure 99: Similar with Fig. 96 using a high pass filter.
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Figure 100: Similar with Fig. 96 using an average removal.
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Figure 101: Similar to Fig. 100 using the 1.2 GHz antenna. Instead of average removal
a high pass filter is applied.

better than the average removal using 1.2 GHz antenna (i.e. it enhances the
high frequency content of the B-Scan). On the other hand the 1.5 GHz antenna
has a larger amount of high frequency content which manages to pass through
the water and get a clear reflection from the AP landmines. The reduction of
the central frequency of the pulse due to the water puddles is illustrated in
Fig. 100. In all the scenarios (“A", “B" and “C" ) the early reflections from the
surface have a higher frequency content compared with the later reflections
from the buried targets. As the size of the water puddles increases, the central
frequency of the resulting scattering fields is also decreased. This is also due
to the dipolar losses within the soils which are accurately implemented to the
present numerical framework.
Due to the high dipolar losses of the water, no multi-interference phenomena

neither waveguide effects (Strobach et al., 2013) occur within the water. The
high frequency propagating modes of a thin dielectric slab, like water puddles,
are rapidly attenuating inside water.
Fig. 100 presents an apparently peculiar result. The reflections from the AP

landmines seem to increase in amplitude as the water puddles increase. In
order to explain this, we plot the traces (A-Scans), when the 1.5 GHz antenna
operates over the PMN, for all three scenarios (Fig. 103). An average removal
is applied to the corresponding B-Scans and no gain is applied. From Fig. 103
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Figure 102: Snapshots of the model shown in Fig. 94 for the “C" scenario. The an-
tenna which is used is the 1.5 GHz antenna. The fields in each snapshot
are normalised so as the fields to be clearly visible. In the absence of
normalisation the fields in the later snapshots would not be visible due to
geometrical spreading of the energy and losses within the ground.
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Figure 103: Traces (normalised to "A" scenario) over PMN of all the three scenarios
explained in Fig. 94. An average removal is applied to all the B-Scans
(no gain is applied). It is evident that both the reflections from PMN as
well as the ground reflections (after average removal) are decreasing in
amplitude when the water puddles are increasing.
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Figure 104: The B-Scans shown in Fig. 100 plotted right next to each other using the
same colour scale. It is evident that both the ground bounce as well as
the targets response is decreased as the size of the water puddles increase.
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is evident that the reflections from PMN gets smaller as the water puddles
increase. The same happens for the remains of the ground reflection. Because
of that, although the scattering field from the AP landmines gets smaller, the
contrast between the ground reflection and the scattering field from the targets
is also decreased. This makes the reflections from the AP landmines more
readable in the B-Scans due to the reduced clutter. This is highlighted in Fig.
104 in which the B-Scans shown in Fig. 100 are plotted together using the
same colour scale.
The reason why the average removal works better in the present example, is

because water puddles tend to create a flat surface which is easier to manipulate
using ground removal techniques. Apart from that, the direct wave may couple
with the reflections from the water, which have opposite sign, and reduce the
overall early reflections. Also the central frequency of the pulse which enters
the water puddles is decreased which makes it harder to resolve the roughness
of the surface.

6.5.5 Water puddles and vegetation

In the present section, it is examined how GPR performs in complex environ-
ments. Saturated soils with water puddles as well as vegetation are incorporated
into the model (Fig. 105). The examples resemble tropical-humid environments
in which AP landmines are frequently found e.g. PMN has been extensively used
at the Thai border in heavy-vegetated environments, i.e. jungles (Physicians
for the Human Rights, 1993).
The dimensions of the model are 1000× 250× 450. The modelled B-scans

consist of 132 traces. In all the scenarios, the AP landmine PMA-1 is buried
at approximately 50 mm depth (Fig. 105). The 1.5 GHz antenna is used for
the simulations. The soil’s properties are C = 0.5, S = 0.5, ρs = 2.66 gr/cm3,
ρb = 2 gr/cm3 and the volumetric water fraction varies stochastically from
fw = 0− 0.22. The water weight based fraction of the vegetation equals with
M = 0.4.
In the first scenario, the antenna is placed at approximately 0.15 m above the

ground. No vegetation, neither water puddles exist in this model. A relatively
smooth surface and a stochastic variation of water volumetric fraction are
the only sources of unwanted clutter. The resulting B-Scans are shown in Fig.
106. A quadratic gain is applied to the raw data and subsequently different
processing approaches are used, namely, average removal, high pass filter, ASaS

and SVD (3-6 eigenvalues are plotted). All the methods apart from average
removal perform equally well with the ASaS to over-perform both high pass
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Figure 105: The soils properties are C = 0.5, S = 0.5, ρs = 2.66 gr/cm3, ρb = 2
gr/cm3 and the water volumetric fraction stochastically varies from fw =
0 − 0.22. Water puddles as well as vegetation are implemented to the
model. The 1.5 GHz antenna is used for the simulations.

filter and SVD (see the energy plots in Fig. 106). Fig. 107 shows the B-Scan
when the antenna is placed near the ground at approximately 5 cm. It is evident
that placing the antenna closer to the ground enhances the performance of
GPR using all the aforementioned processing approaches.
In the second scenario water puddles have been added to the model. The

antenna is placed relatively far from the ground. Fig. 108 shows the resulting B-
Scans. The water puddles (t0,w = 5.8 ps, εw,s = 80.1 and εw,∞ = 4.9) decrease
the scattering signature of the AP landmines making the detection impossible
for the present case, the specific antenna and for the processing approaches
used. Placing the antenna closer to the ground, results to equally unreliable
results (see Fig. 109).
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Figure 106: B-scans of the model shown at Fig. 105. No vegetation neither water pud-
dles occur in the model. The antenna (1.5 GHz) is placed at approximately
0.15 m above the ground. An average removal, a high pass filter, ASaS and
SVD (3-6 eigenvalues are plotted) are applied to the data (subject to a
quadratic gain).

In the third scenario, only vegetation without water puddles is implemented
into the model. Again, a quadratic gain and subsequently an average removal,
high pass filter, ASaS and SVD (3-6 eigenvalues are plotted) are applied to the
data. Using ASaS and SVD surpass the performance of average removal and
high pass filter.
In the last scenario both vegetation and water puddles have been added

to the model. The same processing approaches as previously are applied to
the raw modelled data. The resulting B-Scans are heavily corrupted from
high frequency clutter, due to the presence of grass, and ringing noise which
gives the impression of an apparent layer. The ringing noise is due to the
reverberating reflections between the ground and the antenna due to the fact
that the antenna is placed far from the ground. The vegetation corrupts the
ringing noise making it difficult to remove it using ground removal techniques.
In order to further explore the performance of GPR to complex environments,

three additional cases are examined using both modelled antennas (1.5 and
1.2 GHz). In all of the cases, rough surface, water puddles and vegetation are
implemented into the models. The dimensions of the models are 1000×250×450,
the properties of the soil are ρs = 2.66 g/cm3, ρb = 2 g/cm3, C = 0.5, S = 0.5
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Figure 107: Similar to Fig. 106 with the antenna placed approximately 5 cm above
the ground.
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Figure 108: Similar to Fig. 106 adding water puddles.
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Figure 109: Similar to Fig. 108 placing the antenna approximately 5 cm above the
ground.

and the water volumetric fraction varies stochastically from fw = 0− 0.25. The
water weight based fraction of the vegetation equals to M = 0.4. In the first
case, the AP landmine PMA-1 is buried in the centre of the model at 60 mm
depth, in the second case, PMN is buried in the centre of the model also at
60 mm depth and in the the third case, no landmines are buried in order to
investigate the false alarms which may occur (Fig. 112).
Fig. 113 and 114 show the B-Scans and the energy plots using the 1.5 GHz and

the 1.2 GHz antenna models respectively. A quadratic gain and an SVD (four
dominant eigenvalues are filtered out) are applied to the raw modelled data.
Both of the antennas result to noisy and difficult to interpret B-scans. The 1.2
GHz antenna gives indications of PMN and PMA-1 but similar patterns in the
B-Scan can be seen when no landmines are present in the model. This clearly
illustrates the difficulties that GPR has in some truly complex environments.
It is evident from these examples that a numerical scheme that aims to be used
as a testbed for developing GPR antennas and advanced processing methods
should be capable of producing difficult and challenging data sets like the ones
presented in this section.
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Figure 110: Similar to Fig. 106 adding vegetation.
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Figure 111: Similar to Fig. 106 adding vegetation and water puddles.
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Figure 112: Three different complex media with a stochastically varied water volumet-
ric fraction, rough surface, water puddles and vegetation. In “A" case the
AP landmine PMA-1 is buried at the center of the model at approximately
60 mm depth. In “B" scenario, PMN is placed 60 mm (approximately)
beneath the surface and in “C" no landmine is present.
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Figure 113: B-Scans and energy plots using the 1.5 GHz antenna for the cases shown
in Fig. 112. A quadratic gain and subsequently an SVD (four dominant
eigenvalues are filtered out) are applied to the raw data. The X axis
corresponds to the center of the antenna unit.
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Figure 114: Same with Fig. 113 using the 1.2 GHz antenna.



7
NEURAL NETWORKS FOR AP LANDMINE DETECTION
USING GPR

A case study is presented which aims to investigate the applicability of ANN

to AP landmine detection using GPR. An essential requirement of ANN and of
machine learning in general is a complete training set. A complete training
set should include data from all possible scenarios. In the case of GPR for AP

landmine detection, an adequate training set should consist of data from a
diverse set of models with varying topography, soil’s inhomogeneity, landmines,
false alarm targets, heights of the antenna, depths of the landmines and so
on. Previous attempts to apply machine learning for AP landmine detection,
employed limited training sets, thus, they underestimated the capabilities of
ANN. In the present study, a 2D FDTD (2,2) is used as a training platform
for ANN. Although 2D is a simplification, nonetheless, is a computationally
efficient approach for examining the performance of ANN subject to a complete
training set. The results are promising and provide strong support for further
expanding this approach to the more computationally expensive 3D case.

7.1 introduction

Landmine detection using GPR is a unique and highly complicated problem.
The high frequencies employed in GPR for AP landmine detection are rapidly
attenuated in the presence of saturated soils. In addition, high frequency pulses
give rise to unwanted clutter resulting from the soil’s spatial heterogeneities
and the rough surface of the soil. Furthermore, the antenna unit must op-
erate in a small proximity to the ground which results to ringing noise due
to the reverberating reflections between the antenna and the soil’s surface.
Unwanted clutter combined with losses and ringing noise decrease the SNR

making detection difficult and in some cases unreliable.
Different approaches have been suggested in an effort to increase SNR and

consequently the detectability of GPR (see Chapter 3). Here, it is interesting
to mention a recent paper by Schofield et al. (2014), in which, migration is
applied to data received using the well known handheld device MINEHOUND.
The difficulties arising from the fact that no accurate positioning is available
are highlighted. Schofield et al. (2014) suggest modifications in an effort to
overcome these issues. Their approach is applied to anti-tank landmine detec-

171
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tion and not AP. Also, it is interesting to quote a part of their conclusions
which highlights the need for an accurate and inclusive testbed for validating
processing algorithms:

" Further research could include testing this method on more soil types and
types of mine across various sites to improve the reliability of the algorithm.
Also, it would be of interest to introduce clutter in the ground to see how well
the algorithm will distinguish between clutter and the mines" Schofield et al.
(2014).

Demining using GPR can be roughly divided into two categories, handheld GPR

and vehicle based GPR. Handheld devices have been extensively used for AP

landmine detection while vehicle based GPR is primarily focused on anti-tank
landmines (Daniels, 2008). Handheld devices are constrained, primarily due
to technical difficulties, to operate without any accurate positioning system
and to give real-time results while the antenna is moving (Daniels, 2008). It
is apparent that a detection scheme like the one described above is based on
individual A-traces rather than B-Scans or C-Scans:

" Handheld landmine systems are more limited in the signal processing al-
gorithms that can be applied because they usually only have a single transmit-
receive antenna pair compared with vehicle based systems that use arrays of
antennas and with only a few exceptions do not form an image." Daniels (2008).

In that context, extensive research has been done on processing frameworks
which focus on single A-traces:

"Research into target discrimination based on the analysis of A-scans by means
of complex resonances, wavelets, time- frequency characteristics, Neural net-
works, fuzzy sets, Gaussian mixture models, order statistics, template matching,
has been carried out..." Daniels (2008).

In addition to the aforementioned constrains, GPR for AP landmine detec-
tion is a multi-parametric problem. Landmines can be found in deserts, urban
environments, juggles and so on. It has been shown in chapter 6 that GPR’s
performance is case sensitive and no straightforward approach has yet to be
defined. Different targets in different media using different antennas may re-
sult to substantially different results, making the inclusivity of any proposed
processing approach questionable.
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The non-linearity and the large diversity of the demining problem combined
with the need for real time results makes machine learning a promising approach
for both detection and classification (Bishop, 1996).
Azimi-Sadjadi et al. (1992), employed C-Scans measured from a specific

minelane in an effort to train a feedforward neural net. PCA is also employed in
order to reduce the dimensionality of the problem. Further results are given by
Azimi-Sadjadi et al. (1994), in which different methodologies are applied in an
effort to reduce the dimensions of the model and increase its training efficiency.
Plett et al. (1997), used data from a single minelane as a training platform for
ANN. In contrast with Azimi-Sadjadi et al. (1992, 1994), a simple trace is used
in order to retain the applicability of the ANN to handheld devices in which
accurate positioning is not available. B-Scans, after simple post-processing
are used as inputs by Alauddin and Nath (2006), again the training set is
measured at a single minelane. Yang and Bose (2005), proposed a hybrid
complex valued ANN in order to use both the magnitude and the phase of
eleven distinct frequencies (ranging from 0.8-1.2 GHz) as input functions. It
is interesting to note that Yang and Bose (2005), suggests a step by step
classification strategy. The latter, initially isolates targets from background
and subsequently a classification takes place between those targets. Similar to
the previous approaches a single minelane is employed as a training platform.
Labeled data, i.e. data accounted to a known state – presence or absence of a

target – are expensive and not easily available (Haykin, 2009). This is the main
reason why all the approaches discussed above are trained using data from a
single minelane raising doubts about their inclusivity and their generalisation
capabilities. In order to fully explore the potential of ANN to assist AP landmine
detection, the training set must be representative of the whole feature space
and not being biased to specific clinical minelanes. The present study examines
the performance of ANN subject to an adequate and coherent database of
modelled responses. These are synthetically calculated using a 2D FDTD (2,2)
method. Although an ANN trained with a database based on 2D modelled
responses is clearly not applicable to real field cases, nonetheless it can provide
an estimation of the performance of ANN in a diverse set of different scenarios.
The resulting ROC for the suggested ANN are promising, providing good reasons
for support into further expanding this approach to the more computationally
expensive 3D case.
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Figure 115: A classification problem which uses two parameters as inputs (x1 and x2).
The input data are classified into two distinct groups, red and black.

7.2 neural networks for pattern recognition.

A single layer ANN with two inputs (x1 and x2) is going to be described in
order to illustrate how and why ANN can effectively address pattern recognition
problems. Fig. 115 illustrates the present case study. It is evident that the
boundary which separates the two distinct groups is a straight line. The data
which fall under the line are classified as red and the ones above the straight
line are classified as black. For mathematical convenience, the two groups are
defined as zero and one. ANN for pattern recognition in their simplest form can
be stated in mathematical notation as

g (w0 + w1x1 + w2x2) ≈ 1 (7.1)

g (w0 + w1x1 + w2x2) ≈ 0 (7.2)

g (z) = 1
1 + exp (−uz) (7.3)

Equation (7.3) is called the sigmoid function and it is widely used in ANN.
The reason for that is because it is a continuous function which can classify
outputs into two groups, namely zero and one (Bishop, 1996) (see Fig. 116).
Traditionally u = 1. Changing the u value rescales the problem with no
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Figure 116: The sigmoid function for different u (7.3).

significant implication to ANN performance. If z is greater than zero, the
output of the sigmoid function is approximately one otherwise is approximately
zero. Supervised ANN for pattern recognition employ training sets i.e. sets of
input data which correspond to known outputs. Subsequently, an optimisation
is executed which tries to find the best weight vector (w) which minimises the
difference between the actual and the predicted outputs. The weight vector can
then be applied to data with unknown outputs in order to classify them based
on the so-called experience of ANN (Bishop, 1996). From Fig. 115 it can be
shown that the optimised values for the unknowns in (7.1)-(7.3) are w0 = −6,
w1 = 1 and w2 = −10. Using the optimised weight vector, a classification
between red and black can be made based on the input data x1 and x2. Notice
that the line illustrated in Fig. 115 can be expressed as w1 ·x1 = −w2 ·x2−w0.
Based on that, it is evident that a single layer ANN with two inputs tries to
find the optimised line which separates two distinct groups.
The above ANN can only handle classification problems with linear boundaries

(see Fig. 115) (Bishop, 1996). To address non-linear boundaries (see Fig. 117),
more hidden layers and neurones must be added. Adding an extra neurone in
(7.1)-(7.3) results to

g1 (w0,1,1 + w1,1,1x1 + w2,1,1x2) (7.4)

g2 (w0,1,2 + w1,1,2x1 + w2,1,2x2) (7.5)
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Figure 117: A classification problem with no linear boundaries.

y = g3 (w0,2,1 + w1,2,1g1 + w2,2,1g2) (7.6)

If y ≈ 1 then the data are classified as red and when y ≈ 0 as black. The
weights are defined as wi,j,k where i is the input parameter, j is the number of
the layer and k indicates to what neurone the weight is associated with. The
above problem can be represented graphically using neural nets (see Fig. 118).
This type of representation is very popular to the ANN research community due
to the fact that ANN are inspired by human brain and neural nets resembles
brain activity (Haykin, 2009).
Adding a neurone to ANN, results to the introduction of an extra linear

boundary (see Fig. 117). In order to make this more clear, a set of weights and
biasses is derived (bias is the w0, i.e. the weight which is directly implemented to
the sigmoid function and is not applied to any input units) which can sufficiently
classify the problem illustrated in Fig. 117. A set of parameters which can
adequately perform the above classification are w0,1,1 = −6, w1,1,1 = 1, w2,1,1 =
−10, w0,1,2 = 1000, w1,1,2 = 1, w2,1,2 = −40, w0,2,1 = −150, w1,2,1 = 100 and
w2,2,1 = 100. By applying these weights, a logical problem arise. The latter
states that if the inputs x1 and x2 lay above the two lines illustrated in Fig. 117,
then the data are classified as red, otherwise the data are classified as black.
Notice that the weights are associated with the straight lines illustrated in Fig.
117. The straight lines can be expressed as w1,1,1 · x1 = w2,1,1 · x2 + w0,1,1 and
w1,1,2 · x1 = w2,1,2 · x2 +w0,1,2. If the data falls over the two straight lines then
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Figure 118: A two layered ANN with two inputs and two neurones.

both sigmoid functions of the first layer will give as output one. By further
applying the weights of the second layer we basically scale the problem which
now varies from -150 (when data falls under both lines), -50 (when data falls
under one of the lines) and 50 (when both data falls over the two lines). By
applying the last sigmoid function (g3(z)) results to one if the data falls over
the two lines and zero if not.
By introducing more neurones in the second layer, more complex boundaries

(like circles) can be addressed (Bishop, 1996). Nonetheless, cases like the
one illustrated in Fig. 119 can not be treated using two layered ANN. More
hidden layers are required (Bishop, 1996) which subsequently result to a high
dimensional optimisation problem difficult to be addressed due to the high
number of local minima.

7.3 error back-propagation algorithm

The error back-propagation algorithm is an elegant approach to evaluate the
derivatives necessary for the optimisation during the training of the feed forward
ANN. Traditionally, the optimiser is the gradient-descent method, although,
non-linear damped least squares (Levenberg-Marquardt least squares), Scaled
Conjugate Gradiend-descent (SCG) method, Bayessian regularisation as well
as global optimisers are also frequently used (Bishop, 1996, Haykin, 2009).
Here, the error back-propagation algorithm using a gradient-descent method is
described.
Let’s assume a simple feed forward ANN with one layer, one sigmoid neurone

g(z) and an arbitrary number of inputs xi. The error function is then defined
as

E = 1
2 (y − t)2 (7.7)
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Figure 119: A classification problem which requires more than two hidden layers in
order to be addressed (Bishop, 1996).

where t is the desired output and y is the actual output, zero or one. The
fraction 1

2 is used in order to be eliminated after differentiation (Bishop, 1996).
The gradient-descent method tries to minimise (7.7) subject to an initial
randomly selected set of weights and given inputs xi. Iteratively, the weights
are changing until the error (7.7) converges to a minimum. In each iteration
the weights are recalculated according to

wu+1 = wu − β · ∇E (wu) (7.8)

∇E (w) =
[
∂E

∂w1
,
∂E

∂w2
.....

∂E

∂wn

]
(7.9)

where u is the iteration number, β is a constant that defines the optimisation
step and∇E is a vector which points towards the direction with the greatest rate
of increase (Kreyszig, 1999). The error back-propagating algorithm calculates
the derivatives in (7.9) using the chain rule

∂E

∂wi
= ∂E

∂g(z)
∂g(z)
∂z(w)

∂z(w)
∂wi

(7.10)

where

z =
n∑
i=1

wixi. (7.11)
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From (7.11) it is easy to prove that

∂z(w)
∂wi

= xi. (7.12)

The derivative of the sigmoid function g(z) with respect to z equals with

∂g(z)
∂z(w) = exp (−z(w))

(1 + exp (−z(w)))2 = g(z) (1− g(z)) . (7.13)

In order to complete the evaluation of (7.10), the derivative ∂E
∂g(z) needs to be

calculated. The latter is equal with

∂E

∂g(z) = ∂E

∂y
= y − t. (7.14)

Substituting (7.12), (7.13) and (7.14) to (7.10) results to

∂E

∂wi
= (y − t) (1− g(z)) g(z)xi. (7.15)

Using equation (7.15), the gradient vector (7.9) and consequently wu+1 (7.8)
can be evaluated in a straightforward manner. The same approach can be easily
expanded to more complex neural nets with arbitrarily number of layers and
neurones (Bishop, 1996, Haykin, 2009).

7.4 training set

One of the most important aspects of ANN is the training database (Bishop,
1996). To our knowledge, no published work related to demining have ever
focused on the quality of the training set. Limited data can result to a low
resolution feature space. In addition, non-equally distributed (i.e. unbalanced
between the number of data associated with the output patterns) can result to a
low convergence rate and over-trained ANN biased to one pattern. To overcome
this, Plett et al. (1997) replicated the traces associated with landmines in order
to create a balanced training set. This brute approach manages to overcome
issues related with the unbalanced data (low convergence etc.) but still the low
resolution of the feature space remains.
As it is stated by the Hungarian mathematician Cornelius Lanczos

“A lack of information cannot be remedied by mathematical trickery.”
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Figure 120: A classification problem consisted of two classes namely, red and green.
The problem is two dimensional, i.e. has two inputs. Two homocentric
circles draw the boundaries between the two classes. The left images
are the true feature space while the right is the resolved feature space
using different number of training data. An SVM with a Gaussian Kernel
function is used for the present classification. Using limited number of
training data, SVM can accurately classify the training set but can not be
generalised to the whole feature space.
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This is clearly illustrated in Fig. 120 in which different amount of training data
are used in order to classify two classes namely, red and green. In the present
example Support Vector Machines (SVM) using Gaussian Kernel function are
employed for the classification (Haykin, 2009). It is evident that there is no
possible way to address lack of information. A representative training sample is
necessary in order to fully resolve the feature space illustrated in Fig. 120. Re-
garding AP landmine detection, a training set that includes all the realistically
plausible cases must be employed if a reliable and universal detection scheme is
to be developed. A realistic numerical framework can address this problem by
providing a sufficient amount of data resulting from fully controlled scenarios.
The training set employed in the present study is evaluated using a 2D

FDTD (2,2) method (Taflove, 2005). The numerical scheme used here is a 2D
equivalent of the one described in chapter 6. The antenna is simulated as an
ideal line source. The input pulse is a Gaussian modulated sinusoidal source
with central frequency 1.2 GHz and fractional bandwidth equal to three. The
targets used in the simulations are the AP landmines PMA-1 and PMN. Bullets
are also added to the models in an effort to add false alarms and increase the
complexity. Bullets are modelled as PEC objects. The discretisation step of the
FDTD is uniform along the grid with ∆x = ∆z = 1 mm. The time step is equal
to the Courant limit for the 2D case ∆t = 2.357 ps. (Taflove, 2005).
The pre-processed inputs of the ANN are single traces (A-Scans) similar to

Plett et al. (1997). The models dimensions are 350× 350 mm and the source is
placed at the centre of the model with a varying height. The model’s fractal
dimensions of the water’s distribution, the roughness of the surface, the height
of the transmitter, the existence or not of the landmines, the type and the
depth of the landmines – if they are present in the model – and the number
of possible bullets are randomly chosen in an effort to keep the training set
equally distributed while increasing its size. With that approach, a diverse set
of possible models is generated and subsequently is employed as a training
set. The models vary in a realistic context, e.g. the static relative permittivity
varies from ε = 2 − 25 and so on. Fig. 121 and 122 illustrate a sample of
the models used as a training platform for the ANN. The training set consists
of 4000 traces from an equally distributed set of models which cover a wide
aspect of possible scenarios. Notice that the landmines are always placed at
the centre of the model. With that, we avoid the so called outliers (when the
antenna is placed on top of the edge of the landmine) which seems to reduce
the performance of ANN (Plett et al., 1997, Yang and Bose, 2005).
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Figure 121: A sample of the models used to train ANN. The bullets are modelled as
PEC.
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Figure 122: A sample of the models used to train ANN. The bullets are modelled as
PEC.
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7.5 pre-processing

Apart from the quality of the training data, another equally important param-
eter of ANN is the pre-processing. The raw data contain all the information
available, nonetheless, this information is not easily accessible to ANN. Pre-
processing address this problem by making the input data more readable, thus,
increasing the resolution of the feature space.
In the present study, a processing scheme based on deterministic deconvolu-

tion is applied for the classification between PMA-1 and PMN. Initially, the
free-space response is subtracted from the raw data in an effort to eliminate
the direct wave. Subsequently, a deterministic deconvolution is applied with
which the reflectivity of the model is retrieved

R(ω) = D(ω)− F (ω)
F (ω) + e2 = P (ω)

F (ω) + e2 (7.16)

where R is the reflectivity, F is the direct response, D is the raw data, P is the
data after the removal of the direct response and e is a damping factor which
aims to overcome instabilities due to possible divisions by zero (ω indicates
that the operations in (7.16) take place in frequency domain). Lastly, a moving
average filter is employed in order to remove the unnatural high-frequency
content of the reflectivity due to deconvolution artefacts.
The procedure described above is used for the classification between the

AP landmines PMA-1 and PMN. For classification between AP landmines and
non-landmines, it is shown that reflectivity leads to misleading results. Thus,
another pre-processing approach is employed to detect landmines against false
alarm targets. Ten traces which contain information from false alarms (soil’s
inhomogeneity, bullets and rough surface) are randomly selected. Then, the
matrix G = [g1, g2, ... g10] is defined, where gq is the qith randomly selected
trace. Subsequently, we approximate the background clutter with a linear
combination of the randomly selected traces

w =
(
GTG

)−1
GTP (7.17)

Q = P−G ·w (7.18)

where P = [P (1), P (2), ... P (N)]T is the raw data after removing the di-
rect response and w = [w(1), w(2), ... w(10)]T is the weight vector. The
predicted clutter is subsequently subtracted from P. The new trace Q =
[Q(1), Q(2), ... Q(N)]T is the input used to discriminate between AP land-



7.6 neural networks structure 185

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5
−0.5

0
0.5

Time (ns)

D
(t)

Raw data

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5

0
10
20

x 10−4

Time (ns)

R
(t)

Reflectivity

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5
−0.04
−0.02

0
0.02

Time (ns)

P(
t)

After substraction of direct response

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5
−0.03
−0.02
−0.01

0
0.01

Time (ns)

Q
(t)

After background removal

Figure 123: Data collected over a PMN landmine. The first image illustrates the raw
data, in the second image the free-space response is subtracted, in the
third the smoothed reflectivity (see (7.16)) is calculated and in the fourth
the clutter-reduced A-Scan is illustrated (see (7.17) and (7.18)).

mines and false alarms. Fig. 123 illustrates an example of how the raw data
are transformed to reflectivity – for inter landmine classification – and to a
clutter-reduced A-Scan for isolating landmines from false alarms. Notice that
no gain is used in the present framework, since through trial and error it was
found that did not substantially affect the performance of ANN.

7.6 neural networks structure

A three-layered ANN (Bishop, 1996, Jain et al., 1996) structure is used in
the proposed classification scheme. Through trial and error, it was found,
that increasing the complexity of the neural structure did not increase the
performance of ANN. A three-layered ANN, with 50 and 30 neurones respectively,
was found to maximise the performance without introducing unnecessary
complexity which might lead to over fitting (Haykin, 2009). The optimisation
employed in the training process is the scaled conjugate gradient method
(Moller, 1993). The synthetically evaluated dataset is consisted of 4000 different
A-Scans resulting from 4000 different and diverse models. The database is
divided into three parts, 60 % of the data are used for training purposes, 20 %
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Figure 124: ROC curves using 5 %, 10 % , 20 % and 60 % of the data as training set.
The targets of interest are the AP landmines PMN, PMA-1. Scattering
fields from bullets, soil’s inhomogeneity, rough surface etc. are classified as
false alarm targets. A linear combination of ten randomly selected traces
is employed in an effort to decrease the clutter from the input data (after
the direct response is removed).

of the data are used for testing the ANN performance after the training process
and 20 % are used for validation purposes (Bishop, 1996, Haykin, 2009). The
training process is supervised, thus, its up to the user to define the targets of
interest.
A step by step strategy, similar to the one suggested by Yang and Bose

(2005)), is employed in the present classification scheme. Initially, a classification
between AP landmines and false alarms isolates the traces of interest which are
subsequently further examined in an effort to identify the type of the buried
target. Through that, the complexity of the feature space is decreased making
detection and classification more accurate. The ANN used in each step are
supervised accordingly. Fig. 124 and 125 illustrate the ROC curves for each
step. It is evident that increasing the size of the training set while retaining
its inclusivity increases the performance of ANN, especially when classification
between similar targets (PMA-1 and PMN) is to be achieved. The ROC curves
are calculated using the test set, i.e. 20 % of the initial data which were not
used during the training process.
Two 2D case studies are examined in order to illustrate the performance of

the suggested classification scheme. In the first case study (see Fig. 126), both
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Figure 125: ROC curves using 5 %, 10 % , 20 % and 60 % of the data as training set.
The data contains only A-Scans from PMA-1 and PMN buried in a diverse
set of media. The pre-processing consists of a deterministic deconvolution
(7.16) (after the direct response is removed).

the AP landmines PMA-1 and PMN are employed. Bullets are also added in
an effort to increase the complexity of the model. The soil as well as the rough
surface varies stochastically obeying a fractal law (see Chapter 6). The electric
permittivity is a frequency depended function simulated with a conductive term
and a Debye function (Giannakis et al., 2014, Giannakis and Giannopoulos,
2015). The static relative electrical permittivity varies stochastically from
ε = 5 − 25. The classification scheme uses the clutter-reduced responses of
the traces in order to isolate the AP landmines over the false alarm targets.
Subsequently, the traces which are classified as AP landmines are further
examined. The reflectivity of the aforementioned traces is used in order to
identify the type of the AP landmine. In the present examples our objective is to
detect PMA-1. The outputs of the suggested scheme in each trace can be either
zero or one (landmines or no-landmines, PMN or PMA-1), the value 0.9 is
chosen as threshold, the traces which fall below 0.9 are neglected as no targets
of interest. As it is shown in Fig. 126, landmines are successfully detected
against false alarm targets. In addition, the proposed detection framework
proved to be capable of distinguishing between similar targets like PMA-1 and
PMN. Fig. 126 shows that PMA-1 is successfully detected and identified over
false alarms and PMN.
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Figure 122: PMN, PMA-1 and bullets buried in a stochastic medium.

7.4 a 2d case study

In this section a coherent 2D case study is presented in which ANN, trained
as explained in the previous sections, are employed. The model’s dimensions
are 1000 ◊ 300, the discretisation step is 1 mm and the time step is equal with
the Courant limit. The soil’s ’characteristics are S = 0.5, C = 0.5, rs = 2.66
gr/cm3, rb = 1.5 gr/cm3 and fw = 0 ≠ 0.2. Two AP landmines are buried
namely, PMN and PMA-1. Bullets are also implemented as PEC into the model.
Rough surface and soil’s inhomogeneities are simulated using fractal correlated
noise. The pulse is a 1.2 GHz Gaussian modulated pulse with bandwidth equals
to 3 (similar to the one used for the training set in the previous sections). A
B-Scan is calculated with a 5 mm step between each A-trace. Fig. 122 illustrates
the 2D model and Fig. 123 shows the resulting B-Scan after removing the
direct response.

A detection algorithm is suggested which tries to detect PMA-1 specifically.
In other words, the detection algorithm must identify PMA-1 over PMN, bullets
and non-targets. The suggested approach tries to narrow the problem down
by dividing it into three steps. At step one, the targets (PMN, PMA-1 and
bullets) are isolated from the non-targets. Appropriately trained ANN are used
to do so in which all the targets are defined as one and non targets as zero. Fig.
123 illustrates the resulting detection. The second step identifies which of the
targets is a landmine and which is a bullet, the ANN used, are trained using
only data from PMA-1, PMN and bullets, the non-targets (identified in the
previous step) are excluded from the test. At the last step, an identification
takes place between PMN and PMA-1 (see Fig. 124). The ANN used for the
classification is trained only to data with PMN and PMA-1 (no bullets neither
non-targets are used). A median filter is then used to eliminate the unnatural
spikes which might occur. The rational argument for using a median filter is
that spikes are related to very small targets (less than 10 mm) which cannot
be associated with any known landmine, thus spikes are obviously an artefact.

PMA-1PMN

A.

B.

C.

D.

Figure 126: A) A 2D model with a stochastic variation of soil’s properties and rough
surface. Both AP landmines (PMA-1 and PMN) as well as bullets are
buried along the x axis. B) B-Scan after the removal of the direct response
(no gain is applied). C) Classification between landmines and false-alarms
(soil’s inhomogeneity and bullets). Both AP landmines are successfully
detected. D) The traces which were categorised as landmines are further
examined in order to specifically detect PMA-1.

In the second example (see Fig. 127), the AP landmine PMA-1 is buried in a
stochastic medium with static relative permittivity which varies from ε = 5−15
(higher velocity compared with the example illustrated in Fig. 126). Bullets
are also implemented into the model. Again, the suggested detection scheme
successfully detects the buried AP landmines as well as identify their type (in
the present case PMA-1).
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Figure 127: Similar with Fig. 126 using a higher velocity model. The AP landmine
PMA-1 and three bullets are shallow buried along the x axis. Again,
PMA-1 is successfully detected and identified.

7.7 discussion

In the present chapter the potential use of machine learning to assist GPR for
AP landmine detection is presented. The theoretical concepts behind supervised
learning and in particular ANN are outlined and a detection framework is
presented which respects the constrains emerging from the nature of the
problem i.e. no accurate positioning available, real time processing is required
and the detection framework should be effective in a wide range of different
environemnts. In that context, the tuned ANN use a single A-Scan as input
from which the presence and the type of the AP landmine is given as an output
in real time. Due to computational constrains a 2D case study is examined in
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order to explore the capabilities of ANN to detect and classify using a single
A-Scan.
Supervised learning uses given inputs which correspond to known outputs in

order to unravel the underlying relationship between them. Thus, the quality
of the training set is highly important and extra effort should be given on
obtaining an equally distributed, representative and well-labelled data set.
Labelled data are usually expensive and in the case of GPR for landmine
detection the training set should include thousands or data from a diverse
set of different soils with different topography, soil’s properties, depth of the
landmine, height of the antenna, false alarm targets and so on. It is apparent
that obtaining a good quality training set experimentally is a time-consuming
and expensive procedure. This is the reason why previous approaches employed
training sets from limited mine lanes which resulted to overtrained detection
frameworks only applicable to the specific mine lanes (Azimi-Sadjadi et al.,
1992, 1994, Plett et al., 1997, Yang and Bose, 2005). This results from the fact
that the target’s scattering field is highly affected from the soil’s parameters.
For example, larger wavelengths occur in saturated soils which are capable to
resolve the detailed structures of the target in contrast to small wavelengths
which occur in dry soils. In addition, saturated soils result to higher losses
which furthermore decrease the overall SNR. Rough surfaces can substantially
affect the directivity pattern of the antenna and decrease the performance
of the clutter-removal techniques. In the same context, soil’s heterogeneities
can direct the waveform and increase the resulting clutter. All the above are
correlated to each other and affected by the depth of the target as well as the
frequencies used and the height of the antenna (Giannakis et al., 2016). In a
problem as complicated as the one described above, using a limited training set
from a specific soil type, will result to an unreliable detection scheme, since not
adequate information is available in order for machine learning to unravel the
underlying pattern behind the scattering fields emerging from AP landmines.
Numerical modelling can provide an equally distributed, representative la-

belled data set if computational resources are available. As it is presented in
Chapter 6, the medium can be parametrized using the above inputs

• Sand fraction.

• Bulk density of soil.

• Sand particle’s density.

• Type of landmine.

• Burial depth of the landmine.
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• Number of false alarm targets.

• Coordinates of false alarm targets.

• Minimum water volumetric fraction.

• Maximum water volumetric fraction.

• Fractal dimension of water volumetric fraction.

• Maximum absolute deviation of the surface.

• Fractal dimension of soil’s surface (roughness).

The fact that the soil can be parametrized using a limited number of inputs
gives the ability to generate a coherent and representative training set by
randomly varying the inputs above. In the present chapter, it is shown that
ANN subject to a representative training set can both detect and classify in real
time using a single A-Scan. The present detection framework can be applied
to a wide range of realistically possible cases as it is shown in Fig. 124 and
125. The importance of the training set is illustrated in Fig. 124 and 125 in
which the amount of training data are clearly related to the PD and the PFA.
Notice that in Fig. 125 it is shown that ANN can adequately classify between
similar targets (PMN and PMA-1) in a wide range of different environments.
Nonetheless when only 5 % of the data are employed for training purposes the
resulting PD can fall to 0.5 for PFA 0.1.
From the present 2D case study, strong indications are given which support

the premise that a single A-Scan contains adequate information regarding the
presence and the type of the target. Supervised machine learning can be used
in order to teach the system to detect patterns in A-Scans associated with
specific types of AP landmines. To do that, a coherent training set should be
employed in order to resolve the high non-linear feature space of the problem.
This can be achieved by using an accurate and straightforwardly parametrized
numerical framework as presented in Chapter 6.





8
CONCLUS IONS AND RECOMMENDATIONS

The aim of this chapter is to provide an outline of the outputs of each
previous chapter individually and combine them into a coherent summary and
conclusions of the thesis. In addition, recommendations for further research
are also provided.

8.1 conclusions

The main aim of this thesis that was achieved was to develop and present a
realistic numerical scheme for numerical modelling of GPR for AP landmine
detection. The reason for developing such a numerical scheme was to be able
to be employed as a powerful tool for designing antennas, for evaluating the
performance of different processing approaches and for obtaining datasets which
can be subsequently applied for training purposes in machine learning. Once a
detailed numerical modelling approach is developed appropriate simplifications
can be sought at a later stage as they can be introduced only if they are deemed
not to affect the overall model’s performance.

GPR has been widely used for detecting AP landmines and UXO. Different
antennas as well as processing approaches have been suggested through the years.
Validation and mapping the limitations of GPR systems is a time consuming
and expensive procedure which involves tests in mine lanes with different soil
conditions and targets. Numerical modelling can assist to overcome this problem
by providing a practical platform for designing and optimising antennas as well
as testing processing algorithms to a diverse set of media. In order to do so,
the numerical scheme must be accurate and reliable, avoiding simplifications
and superficial approaches.

AP landmines are relatively small (10 cm approximately) shallow-buried (no
more than 10 cm depth) targets. Due to that, the GPR systems employed for
landmine detection use high frequency antennas which are usually operate
within a small proximity to the ground. The above, classify the problem as
a high-frequency near field GPR application. In contrast to civil engineering
applications, AP landmine detection takes place in a large range of diverse
scenarios which include homogenous and inhomogeneous media, soil’s with
rough surface, with or without vegetation, water puddles, different targets in
different depths, different antennas and so on. An inclusive numerical scheme

193
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must be able to implement the aforementioned features as realistically and
accurately as possible and to deal with the issues which arise from the non-
uniqueness of the problem. These issues are:

• Accurate model of the antenna. The antennas operate close to the ground
which means that they contribute to the scattering field and give rise to
ringing noise which must be accurately simulated. Apart from that, an
accurate implementation of the directivity of the antenna is essential for
predicting the performance of different GPR systems.

• Landmines can be buried in a large range of stochastically varied soils.
Accurate simulation of the geometry of the soil is highly important.

• Rough surface reduces the effectiveness of ground removal techniques
which subsequently results to the increase of the PFA. Thus, an accurate
implementation of the roughness of the surface must be included in the
numerical scheme.

• Soil dielectric properties and specifically the electromagnetic losses of the
ground must be accurately implemented. GPR for landmine detection is
a high frequency problem which is affected from the resulting dipolar
relaxation from the water fraction of the soils. The dispersive properties
of the soils must be accurately and fully implemented.

• Features like water puddles and vegetation must be included due to the
high frequency content of the antennas. Vegetation and water puddles
contribute to the scattering field and reduce the performance of GPR.
Thus, it is important these features to be included in a valid and reliable
numerical scheme.

• Each AP landmine has unique features and details which make it differ
from the others. Training sets employed in machine learning algorithms
must accurate simulate the targets characteristics if a classification be-
tween targets is to be achieved.

One of the most important characteristic of the numerical scheme is the nu-
merical solver. Different methods for numerically evaluate Maxwell’s equations
have been suggested and a detailed review is given in Chapter 5. The numerical
solver must deals with issues of GPR for landmine detection, namely,

• The numerical solver must operate in time-domain. Time-domain solvers
are attractive choices for wide-frequency applications like GPR. The main
reason for this, is that all the employed frequencies can be evaluated with
a simple execution.
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• Frequency depended dielectric properties must be accurately imple-
mented.

• Numerical errors must be kept to a minimum and a balance between
accuracy and computational resources is necessary. Numerical artefacts
from the boundaries must be minimised as well.

8.1.1 Computational tools

FDTD was the method of choice in the present thesis. The reasons for that were
discussed in Chapter 5. The most important of them are the time domain nature
of FDTD, its computational efficiency and its ability to implement dispersive
media. The computational tools which were developed in an effort to improve
the performance of FDTD are the following:

• Two novel piecewise linear recursive convolution approaches for imple-
menting dispersive properties in FDTD are proposed (Giannakis and
Giannopoulos, 2014). The suggested methods are proven to be more accu-
rate compared with PLRC, complex-conjugate and TRC with no additional
computational cost.

• A time-synchronised PML is suggested which reduces the errors associated
with the boundary conditions (Giannakis and Giannopoulos, 2015). The
present method increases the accuracy while retaining the computational
efficiency.

All the methods above are not applicable only to GPR applications. Without
any further modification they can be easily applied to any problem related to
numerical modelling using FDTD.

8.1.2 Numerical framework

Using an accurate and powerful numerical solver is not enough for a coherent
and realistic modelling. Implementing both the geometry and the dielectric
properties of the model is highly important and necessary in order for the
numerical scheme to be reliable and valid. The suggested numerical scheme
can be summarised as follows (Giannakis et al., 2014, 2015):

• Fractals are used to model the rough surface since it has been proven that
fractals can simulate Earth’s topography sufficiently for a wide range of
scales. (Turcotte, 1987).
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• Fractals are also used to simulate the distribution of the soil’s properties
and has been proven (see Chapter 6) that give rise to semivariograms
frequently found in the field.

• A semi-empirical model suggested by Peplinski et al. (1995) is used
to describe the dielectric properties of soils. The semi-empirical model
defines the dielectric properties with respect to soil’s characteristics like
sand fraction, clay fraction, water volumetric fraction, sand’s density and
bulk density.

• For the frequency range of interest (0.5-3 GHz), a simple Debye function
can adequately simulate the semi-empirical model. Debye function is
accurately implemented using the novel piecewise linear approaches
explained in Chapter 5 (Giannakis and Giannopoulos, 2014).

• A novel algorithm which builds the geometry of vegetation (both grass and
roots) is suggested. The dielectric properties of vegetation are simulated
with a single Debye pole.

• Water puddles are also included in the model. A single Debye pole is
employed in order to describe the dielectric properties of the fresh water,
a conductive term can be trivially added in case that brackish or salty
water are needed to be modelled.

• Commercial based generic antennas are employed in the simulations
(Warren, 2009).

• Accurate models of AP landmines are included in the suggested numerical
scheme. The modelled targets are validated through comparisons between
measurements and synthetic data.

The above numerical scheme can be used to evaluate processing methods in an
inexpensive and practical manner. In the present thesis, widely used processing
methods have been trialled to a wide range of diverse environments. Average
removal, F-K filter, SVD and ASaS are tested using synthetically calculated
but nonetheless realistic data. The interesting output of this comparison is
that processing algorithms are case sensitive. Hence, there are no "silver-bullet"
approaches which can be applied effectively to all conditions. This raises
the question on how processing methods should be evaluated and makes a
strong positive argument on how numerical modelling can assist on providing
a synthetic, but nonetheless, realistic platform for evaluating and mapping the
limitations of processing approaches.
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8.1.3 Artificial neural networks

Numerical modelling can be used to create large datasets for a wide range of
scenarios. A question arises, if these datasets can be used as training sets for
machine learning. In Chapter 7, strong indications are given which support the
premise that ANN are capable of sufficiently decreasing the PFA, subject to an
adequate and equally distributed data set (Giannakis et al., 2015). A practical
and sustainable way to train ANN is through numerical modelling. The main
obstacles of this approach are the computational demands and the need for an
accurate model of the antenna unit which requires either close collaboration
with GPR system manufacturers or creation and design of bespoke GPR
systems.

8.2 recommendations

The research contacted in the present thesis is part of a continuous effort to
assist AP landmine detection through numerical modelling. Further research
should focus on increasing the reliability of the numerical framework and
subsequently apply it to demining related problems.
Regarding FDTD, higher order schemes can be used in order to increase the

accuracy and the frequency range of the models (Kantartzis and Tsiboukis,
2006). Sub-grids can also be employed when smaller discretisation steps are
locally needed. In addition, when lower frequencies are used (e.g. for anti-vehicle
landmine detection), efficient methods can be applied (Giannakis et al., 2012)
in order to implement the Cole-Cole relaxation mechanisms of the soils (see
Chapter 4).
Apart from FDTD, improvements can be made on the model itself. Vegeta-

tion’s dielectric properties can be improved by employing a more reliable and
inclusive function. This function can be calculated experimentally, similarly to
the procedure used to extract the semi-empirical model (Peplinski et al., 1995).
Regarding the targets, more landmines can be implemented into the numerical
framework in an effort to create a more complete library of targets aimed
to be used for evaluating GPR systems and for training purposes in machine
learning. In addition rusty objects can be modelled using an effective electric
permittivity (Cassidy and Milligton, 2009) in an effort to include false alarm
targets into the models. Muddy water can be also implemented into the model
using a bulk permittivity approximation which will relate the permittivity of
the muddy water to the permittivity of its elements (water, soil) and their
corresponding fraction. Lastly, tilted antennas can be included in the numerical
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framework. Modelling a tilted antenna using FDTD is a challenging task due to
the fact that thin planar PEC surfaces can not be adequately and realistically
resolved in a discretised grid. In addition, due to the fact that the fields are
not collocated, modelling tilted impressed sources as a vector summation is
not theoretically robust and fine tuning is necessary in order to model the
desired excitation source. To overcome the above, the tilted antenna can be
implemented indirectly by rotating the model instead of the antenna.
Although strong indications are given about the capabilities of ANN subject

to an adequate training set, nonetheless, the suggested approach must be
expanded to 3D models and tested in real field conditions. An accurate antenna
model is necessary before moving towards this direction.
Last but not least, all the above must be implemented into a user-friendly

package which can be used by a wide range of researchers without the need for
a strong background to numerical modelling (Warren et al., 2015).
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Yee’s algorithm is applied to Maxwell’s equations, notice that all the fields can
be explicitly evaluated using their previous-step values.
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B
PLRC ORDER OF ACCURACY

PLRC (Kelley and Luebbers, 1996) tries to numerically evaluate the following
integral

∫ (n+1)∆t

n∆t
eQs(t−τ) ~Edτ (B.1)

subject to a linear constrain for the electric field. In the following we preset a
proof about the approximately second order accuracy of this assumption of
linearity:
By applying the integration by parts rule to the convolution yields:

eQ
(n+1)∆t
s

∫ (n+1)∆t

n∆t
e−Qs·τ ~Edτ = −e

Qs(n+1)∆t

Qs

∫ (n+1)∆t

n∆t

∂e−Qsτ

∂τ
~Edτ = (B.2)

= −e
Qs(n+1)∆t

Qs

(
e−Qs·τ ~E|(n+1)∆t

n∆t + 1
Qs

∫ (n+1)∆t

n∆t

∂ ~E

∂τ

∂e−Qsτ

∂τ
dτ

)
= (B.3)

= −
eQs(n+1)∆t

Qs

(
e

−Qs·τ ~E|(n+1)∆t
n∆t +

1
Qs

(
e

−Qsτ ∂
~E

∂τ
|(n+1)∆t
n∆t −

∫ (n+1)∆t

n∆t

∂2 ~E

∂τ2
e

−Qs·τ
dτ

))
= (B.4)

= −
eQs(n+1)∆t

Qs

(
e

−Qs·τ ~E|(n+1)∆t
n∆t +

1
Qs

(
e

−Qsτ ∂
~E

∂τ
|(n+1)∆t
n∆t +

1
Qs

(
e

−Qsτ ∂
2 ~E

∂τ2
|(n+1)∆t
n∆t + ......

)))
.

(B.5)

If we continue with this kind of analysis, the convolution is expressed in higher
order (n) derivatives of the electric field multiplied by terms of the form of 1

Qns
.

Assuming that 1/Qs < 1, (which is the common scenario) the order of accuracy
of the approximation to the convolution can be found by taking the last term
in equation (B.5) as terms with derivatives higher than n > 2 are multiplied
by 1/Qns < 1/Qn−1

s . That means that the errors related with higher order
derivatives (n > 2) of the electric field are of smaller order when compared
with the errors related to the second derivative of the electric field. This is
because they are multiplied with the term 1/Qns where n is the order of the
derivative and 1/Qns < 1/Qn−1

s . So, we assume that the derivatives higher than
the second (n = 2) are zero, i.e. we isolate the term with the higher order of
error assuming a piecewise linear behaviour of the electric field.
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Error ≈ −e
Qs(n+1)∆t

Q2
s

∫ (n+1)∆t

n∆t

∂2 ~E

∂τ2 e
−Qs·τdτ (B.6)

≈ −e
Qs(n+1)∆t

Q3
s

∂2 ~E

∂t2

(
e−Qs(n+1)∆t − e−Qsn∆t

)
(B.7)

≈ − 1
Q3
s

∂2 ~E

∂t2

(
1− eQs∆t

)
(B.8)

By expressing the term
(
1− eQs∆t

)
using a series expansion yields :

Error ≈ 1
Q3
s

∂2 ~E

∂t2

(
(Qs∆t)

1 + (Qs∆t)2

2 + (Qs∆t)3

3! + (Qs∆t)4

4! .....

)
(B.9)

With Qs∆t < 1 (which again is the most common scenario), the terms with
higher order can be neglected.

Error ≈ ∆t
Q2
s

∂2 ~E(t)
∂t2

(B.10)

The term 1/Qs has more or less the same order of magnitude with ∆t (in
most of the applications), so 1/Q2

s usually is smaller than ∆t. So, the order of
accuracy of the convolution is higher than second order but approximately is
considered to be at least a second order accuracy.
The error related with the numerical evaluation of the convolution is related

to the time step (∆t), to the term 1./Qs and to the second derivative ∂2 ~E
∂t2

which in turn are related to the frequency content of the propagating pulse
and the overall resolution of the model.



C
ADE INTERPRETATION OF POLARISATION DENSITY
METHOD

Transforming (5.60) into the frequency domain yields

~Rs(ω) =
−Ws
Qs

1− jω
Qs

~E(ω). (C.1)

Multiplying both sides of (C.1) with 1− jω
Qs

yields

~Rs(ω)− jω

Qs
~Rs(ω) = −Ws

Qs
~E(ω) (C.2)

which on the time domain is equal to

~Rs −
1
Qs

∂ ~Rs
∂t

= −Ws

Qs
~E. (C.3)

We solve this differential equation for each time interval n∆t − (n + 1)∆t
separately assuming that the electric field is a first order polynomial in each
interval. The initial condition for such an ODE is ~Rs = ~Rn∆t

s for a∆t = 0
(α ∈ [0 1]).

So, for each time interval we have

~R(n+α)∆t
s − 1

Qs

∂ ~R
(n+α)∆t
s

∂(α∆t) = −Ws

Qs

(
~En∆t +

~E(n+1)∆t − ~En∆t

∆t α∆t
)
. (C.4)

Taking the Laplace transform of (C.4) yields

~LP
(n+α)∆t
s − 1

Qs

(
S · ~LP (n+α)∆t

s − ~Rn∆t
s

)
== −Ws

Qs

(
~En∆t

S
+
~E(n+1)∆t − ~En∆t

∆t · S2

)
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(C.5)

where ~LP
t

s = L(~Rts), ~Rts = L−1( ~LP ts) and L(∂ ~R
t
s

∂t ) = S · ~LP ts− ~R0
s , where S ∈ C.

Rearranging terms in (C.5) and solving for ~LP
(n+α)∆t
s gives

~LP
(n+a)∆t
s =

~Rn∆t
s

(S −Qs)
+ +Ws

(
~En∆t

S(S −Qs)
+
~E(n+1)∆t − ~En∆t

∆t · S2(S −Qs)

)
. (C.6)

From Laplace transform theory (Poularikas, 1996) we know that

L−1
( 1
S −Qs

)
= eQsα∆t (C.7)

L−1
( 1
S(S −Qs)

)
= − 1

Qs
(1− eQsα∆t) (C.8)

L−1
( 1
S2(S −Qs)

)
= −α∆t

Qs
− 1
Q2
s

(1− eQsα∆t). (C.9)

Transforming (C.6) back to time domain using (C.7), (C.8) and (C.9) we obtain
(5.78). Therefore, one can easily arrive at exactly the same update equations
as presented in section 5.4.1 for the polarisation density method (Giannakis
and Giannopoulos, 2014).



D
ADE INTERPRETATION OF CURRENT DENSITY
METHOD

Transforming (5.90) into the frequency domain yields

~Ts(ω) =
−Ws
Qs

1− jω
Qs

jω ~E(ω). (D.1)

Multiplying both sides of (D.1) with 1− jω
Qs

gives

~Ts(ω)− jω

Qs
~Ts(ω) = −Ws

Qs
jω ~E(ω). (D.2)

By transforming (D.2) to time domain a first order differential equation is
obtained

~Ts −
1
Qs

∂ ~Ts
∂t

= −Ws

Qs

∂ ~E

∂t
. (D.3)

In order to solve this equation subject to the assumption that the derivative
of the electric field is constant in each time interval and without making any
assumptions about the nature of Ts, we use a power series method (Kreyszig,
1999). First we define ~Ts in the interval n∆t− (n+ 1)∆t as an infinity order
polynomial (i.e. a power series)

~Ts =
∞∑
k=0

~vk(α∆t)k (D.4)

where ~vk are vectors and α ∈ [0 1]. Substituting (D.4) to (D.3) yields

∞∑
k=0

~vk(α∆t)k − 1
Qs

∞∑
k=1

k · ~vk(α∆t)k−1 = −Ws

Qs

∂ ~E

∂t
. (D.5)
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Equation (D.5) can be written in a more practical form as

~v0 −
~v1
Qs

+
∞∑
k=1

(α∆t)k
(
~vk −

~vk+1(k + 1)
Qs

)
= −Ws

Qs

∂ ~E

∂t
. (D.6)

This method is applied in each time interval separately so, the right term can
be considered as constant. The initial condition of this differential equation in
each time interval is ~Ts = ~Tn∆t

s for a∆t = 0. From that initial condition and
(D.4) can be easily shown that ~v0 = ~Tn∆t

s .
From (D.6) by equating the coefficients of the same power of a∆t on the left

and right side yields

~v0 −
~v1
Qs

= −Ws

Qs

∂ ~E

∂t
(D.7)

~v1 =
(
Ws

Qs

∂ ~E

∂t
+ ~Tn∆t

s

)
Qs. (D.8)

If we define ~Y =
(
Ws
Qs

∂ ~E
∂t + ~Tn∆t

s

)
then

~v1 = ~Y Qs, (D.9)

−2~v2
Qs

+ ~v1 = 0, ~v2 = ~v1Qs
2 =

~Y Q2
s

2 (D.10)

−3~v3
Qs

+ ~v2 = 0, ~v3 = ~v2Qs
3 = ~v1Q2

s

3! =
~Y Q3

s

3! . (D.11)

Repeating the process in a similar way for all the coefficients we derive the
inclusive formula for k = 1, 2, 3, 4...

~vk =
~Y (Qs)k
k! =

(
Ws

Qs

∂ ~E

∂t
+ ~Tn∆t

s

)
(Qs)k
k! . (D.12)
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Substituting (D.12) to (D.4) and using the initial condition (i.e. v0 = ~Tn∆t
s )

yields

~Ts = ~Tn∆t
s

(
1 +

∞∑
k=1

(Qsα∆t)k
k!

)
+ Ws

Qs

∂ ~E

∂t

∞∑
k=1

(Qsα∆t)k
k! . (D.13)

The Maclaurin series for eQsa∆t is given by

eQsα∆t = 1 +
∞∑
k=1

(Qsα∆t)k
k! . (D.14)

Using (D.14), (D.13) and a central difference scheme for the derivative of the
electrical field in time in (D.13) we derive (5.92). As a result, one can then
easily arrive at exactly the same update equations as presented in section 5.4.2
for the current density density method (Giannakis and Giannopoulos, 2014).
From (D.4), it is clear that no simplifications are made about the order of ~Ts
in the interval n∆t− (n+ 1)∆t.





E
GEOMETRICAL REPRESENTATION OF AP LANDMINES

Polynomials and parametric equations are employed in an effort to mathe-
matically express the geometry of the dummy AP landmines. Subsequently
3D models are constructed based on the aforementioned functions. In all
the models the discretisation step is uniform along the grid and equals to
∆x = ∆y = ∆z = 1 mm.

e.1 pma-1

Initially the main part of PMA-1 is generated (see Fig. 128). The base of the
main core is linearly increasing with height along both X and Y axis. The
relative permittivity of the plastic is equal with ε = 2.5.

clear
clc
close all

% Define the (0 ,0 ,0) -(Cx ,Cy ,Cz) coordinates of the landmine
model

Cx =10;
Cy =10;
Cz =1;

% Define the relative permittivities of plastic and rubber
plast =2.5
wax =6

%For computational efficiency we predefine the 3D grid.
P (1:1:160 ,1:1:70 ,1:1:50) =0;

% Define the X-Y boundaries of the bottom cap of the PMA -1
axx=Cx;
bxx=Cx +130;
ayy=Cy;
byy=Cy +55;
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%As the z increases the X-Y boundaries are linearly
increasing

for z =1:1:25
y =(0.1*(z -1));
ay=ayy -y;
by=byy+y;

x =(0.1*(z -1));
ax=axx -x;
bx=bxx+x;

P(round(ax):1: round(bx),round(ay):1: round(by),Cz+z)=plast;
end �
The same procedure is repeated choosing smaller initial boundaries in order

to fill the inner part of the main core with air (see Fig. 129).

%The boundaries are reduced by 2 mm
axx=Cx +2;
bxx=Cx +130 -2;
ayy=Cy +2;
byy=Cy +55 -2;

% Notice that z starts from 3 mm
for z =3:1:25
y =(0.1*(z -1));
ay=ayy -y;
by=byy+y;

x =(0.1*(z -1));
ax=axx -x;
bx=bxx+x;

P(round(ax):1: round(bx),round(ay):1: round(by),Cz+z)=1;
end �
Subsequently five circular holes are added at the main core. The radius of

the holes are 1.7 mm and they are irregularly placed along the bottom surface
and on the sides of PMA-1 (see Fig. 130). The distance between two points
is calculated by evaluating the norm of their vector difference. For example
the distance between (x1, y1) and (x2, y2) is equal with || ~X1 − ~X2|| where
~X1 = [x1, y1] and ~X2 = [x2, y2].
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% Define the width of the holes
z =1:1:3;
% Define the center (ps) and the radius (Ra) of the first

hole
ps =[7 ,7];
Ra =1.7;

% Generate the first hole

for i =1:1:20
for j =1:1:20
ps 1=[i,j];
if norm(ps - ps1) < Ra;
P(Cx+i,Cy+j,Cz+z)=0;
end
end

end

% Define the center of the second hole (all the holes have
the same radius )

ps =[123 ,48];

for i =115:1:130
for j =30:1:55
ps 1=[i,j];
if norm(ps - ps1) < Ra;
P(Cx+i,Cy+j,Cz+z)=0;
end
end

end

% Define the center of the third hole
ps =[104.5 ,30];

for i =100:1:125
for j =20:1:35
ps 1=[i,j];
if norm(ps - ps1) < Ra;
P(Cx+i,Cy+j,Cz+z)=0;
end
end

end

% Define the centre of the fourth and fifth hole
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ps =[3 ,20];

for z =1:1:30
for i =1:1:50
ps 1=[i z];
if norm(ps -ps1)<Ra
P(Cx+round(i) ,:,Cz+round(z))=0;
end
end

end �
A trapezoidal figure is added to the plastic case (see Fig. 131). Notice that

the air inside the landmine is flagged as one in contrast with the air outside
the landmine which is flagged as zero. This is a practical way to add landmines
to an already modelled medium. When zero is present no changes are applied
to the medium.

ayy =15;
for z=13: -1:1
%The X-Y boundaries of the rectangular shape are linearly

decrease as z increases
ay=ayy + (14-z) *(0.16667) ;
y =(0.1*(z -1));
P(Cx+round (130+y: -1:112+y),Cy+round (27-ay :1:27+ ay) ,...

Cz+z)=plast;

%Fill the rectangular shape with zeros. Zeros is a flag
for leaving the medium as is when adding the landmine
to an already modelled soil

if z <12
ay=(ayy -1) + (14-z) *(0.16667) ;
y =(0.1*(z -1));
P(Cx +3+ round (130+y: -1:112+y),Cy+round (27-ay :1:27+ ay) ,...

Cz+z)=0;
end
end �
NExt, the wax is incorporated into the model (see Fig. 132). The relative

permittivity of the wax equals ε = 6. Subsequently a hollow PEC cylinder
is added inside the wax (see Fig. 133). The PEC is arbitrarily chosen to be
denoted by the number minus two.

% Define the X-Y boundaries of the bottom base of the wax
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axx=Cx +2;
bxx=Cx +130 -2;
ayy=Cy +2;
byy=Cy +55 -2;

%As the z increases the X-Y boundaries are linearly
increasing

for z =3:1:24
y =(0.1*(z -1));
ay=ayy -y;
by=byy+y;

y =(0.1*(z -1));
ax=axx -y;
bx=bxx+y;

P(round(ax):1: Cx+95, round(ay):1: round(by),Cz+z)=wax;
end

% Define the center of the PEC cylinder
ps =[55/2 25/2];

for j =55/2 -10:1:55/2+10
for z =25/2 -10:1:25/2+10
ps 1=[j,z];
% Create the PEC cylinder
if norm(ps1 - ps) <3.5
P(Cx +105: -1:65 , Cy+round(j),Cz+round(z))=-2;
end
%Make the cylinder hollow
if norm(ps1 - ps) <2.5
P(Cx + 130 -25: -1:130 -25 -40 , Cy+ round(j),Cz+round(z))=1;
end

end
end �
With the above code, the bottom part of PMA-1 is completed. For the upper

part, we start by constructing its side parts. Furthermore, two additional holes
are incorporated synchronised with the two side holes of the bottom part (see
Fig. 134).

% Generate the sides of the top part of the landmine
P(Cx +( -4:1:134) ,Cy +( -4:1: -2) ,Cz +(13:1:27) )=plast;
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P(Cx +( -4:1:134) ,Cy +62+( -5:1: -3) ,Cz +(13:1:27) )=plast;
P(Cx +[133 134] , Cy +( -4:1:59) ,Cz +(13:1:27) )=plast;
P(Cx +( -4:1:134) ,Cy +( -4:1:59) ,Cz +[27 28])=plast;

%Add two holes to the side parts
ps =[3 ,20];
for z =1:1:30

for i =1:1:50
ps 1=[i z];

if norm(ps -ps1) <1.7
P(Cx+round(i),Cy +[ -5:1: -3 ,62+( -5:1: -3)],Cz +round(z))=0;
end

end
end �
Next, a firth order polynomial is employed in an effort to mathematically

express the curvy feature illustrated in Fig. 135. The coefficients of the polyno-
mial are given in the following code.

%The polynomial ’s coefficients
coe =[5.554e -16 , -2.336e -12 ,3.695e -09 , -2.707e

-06 ,0.000875 , -0.0703 ,0.5381];

% Realisation of the polynomial
x =1:1:1401;
n= length (coe);
yr=zeros (1 ,1401);
for i=1:n;

yr=yr+coe(i).*x.^(n-i);
end

% Implementation of the polynomial surface into the model
ii =0;
for i =127: -0.01:113;
ii=ii +1;
z=27 -yr(ii);
P(round(Cx+i),Cy +[18:1:37] , Cz+round(z))=plast;
end �
Lastly, the curvy surfaces on the top of PMA-1 are incorporated into the

model (see Fig. 136). The strategy followed in order to do so, is to implement
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a cylinder and add two semi-spheres at each end.

% Implement the curvy surfaces on the top part of PMA -1
PS =[26 ,27.5];
for z =17.5:0.1:37.5;

for i =16:1:36;
PS 1=[i z];

if z >27;
if norm(PS - PS1) <3.5;
P(round(Cx+i),round(Cy +(5:1:51) ),round(Cz+z))=plast;
end

end

if norm(PS - PS1) <2;
P(round(Cx+i),round(Cy +(7:1:48) ),round(Cz+z))=1;
end

end
end

lk =[26 ,27.5 ,54];
for j =44:1:55;

for z =27.5:0.1:37.5;
for i =16:1:36
lk 1=[i,z,j];

if norm(lk - lk1) <3.5;
P(round(Cx+i),round(Cy+j -5) ,round(Cz+z))=plast;
end

if norm(lk - lk1) <2;
P(round(Cx+i),round(Cy+j -5) ,round(Cz+z))=1;
end

end
end

end

lk =[26 ,27.5 ,10];
for j =1:1:10;

for z =27.5:0.1:37.5;
for i =16:1:36
lk 1=[i,z,j];
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if norm(lk - lk1) <3.5;
P(round(Cx+i),round(Cy+j -5) ,round(Cz+z))=plast;
end

if norm(lk - lk1) <2;
P(round(Cx+i),round(Cy+j -5) ,round(Cz+z))=1;
end

end
end

end

PS =[108 ,27.5];
for z =17.5:0.1:37.5;

for i =96:1:116;
PS 1=[i z];

if z >27;
if norm(PS - PS1) <3.5;
P(round(Cx+i),round(Cy +(5:1:51) ),round(Cz+z))=plast;
end

end

if norm(PS - PS1) <2;
P(round(Cx+i),round(Cy +(7:1:48) ),round(Cz+z))=1;
end

end
end

lk =[108 ,27.5 ,54];
for j =44:1:55;

for z =27.5:0.1:37.5;
for i =96:1:116
lk 1=[i,z,j];

if norm(lk - lk1) <3.5;
P(round(Cx+i),round(Cy+j -5) ,round(Cz+z))=plast;
end

if norm(lk - lk1) <2;
P(round(Cx+i),round(Cy+j -5) ,round(Cz+z))=1;
end
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end
end

end

lk =[108 ,27.5 ,10];
for j =1:1:10;

for z =27.5:0.1:37.5;
for i =96:1:116
lk 1=[i,z,j];

if norm(lk - lk1) <3.5;
P(round(Cx+i),round(Cy+j -5) ,round(Cz+z))=plast;
end

if norm(lk - lk1) <2;
P(round(Cx+i),round(Cy+j -5) ,round(Cz+z))=1;
end

end
end

end

PS =[11.5 ,27.5];
for z =17.5:0.1:37.5;

for j =1:1:21.5;
PS 1=[j z];

if z >27;
if norm(PS - PS1) <3.5;
P(round(Cx +(36:1:98) ),round(Cy+j -5) ,round(Cz+z))=plast;
end

end

if norm(PS - PS1) <2;
P(round(Cx +(36:1:98) ),round(Cy+j -5) ,round(Cz+z))=1;
end

end
end

PS =[52.5 ,27.5];
for z =17.5:0.1:37.5;

for j =41:1:62.5;
PS 1=[j z];



220 geometrical representation of ap landmines

if z >27;
if norm(PS - PS1) <3.5;
P(round(Cx +(36:1:98) ),round(Cy+j -5) ,round(Cz+z))=plast;
end

end

if norm(PS - PS1) <2;
P(round(Cx +(36:1:98) ),round(Cy+j -5) ,round(Cz+z))=1;
end

end
end

lk =[36 ,28 ,6.5];
for j =1:1:30;

for z =20:1:40;
for i =26:1:46;
lk 1=[i,z,j];

if norm(lk - lk1) <3.5;
P(round(Cx+i),round(Cy+j),round(Cz+z))=plast;
end

if norm(lk - lk1) <2;
P(round(Cx+i),round(Cy+j),round(Cz+z))=1;
end

end
end

end

lk =[100 ,28 ,6.5];
for j =1:1:30;

for z =20:1:40;
for i =86:1:106;
lk 1=[i,z,j];

if norm(lk - lk1) <3.5;
P(round(Cx+i),round(Cy+j),round(Cz+z))=plast;
end

if norm(lk - lk1) <2;
P(round(Cx+i),round(Cy+j),round(Cz+z))=1;
end
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end
end

end

lk =[36 ,28 ,47.5];
for j =41:1:70

for z =20:1:40
for i =26:1:46
lk 1=[i,z,j];

if norm(lk - lk1) <3.5;
P(round(Cx+i),round(Cy+j),round(Cz+z))=plast;
end

if norm(lk - lk1) <2;
P(round(Cx+i),round(Cy+j),round(Cz+z))=1;
end

end
end

end

lk =[100 ,28 ,47.5];
for j =41:1:70

for z =20:1:40
for i =86:1:106
lk 1=[i,z,j];

if norm(lk - lk1) <3.5;
P(round(Cx+i),round(Cy+j),round(Cz+z))=plast;
end

if norm(lk - lk1) <2.;
P(round(Cx+i),round(Cy+j),round(Cz+z))=1;
end

end
end

end �
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(Cx, Cy, Cz)

Figure 128: Modelling the plastic base of PMA-1, Cx, Cy and Cz denotes the origin
of the PMA-1 (x, y, z).

Figure 129: The inner part of the main core is filled with air.
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Figure 130: Five circular holes (one is not visible) are added to the main plastic core.

Figure 131: A trapezoidal feature is added to the plastic base.
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Figure 132: The wax is illustrated with yellow colour. The relative permittivity of the
wax equals with εw = 6.

Figure 133: A hollow PEC cylinder illustrated with grey colour is added to the model.

Figure 134: The sides of the upper part are implemented to the model. Two holes are
added synchronised with the ones on the bottom part.
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Figure 135: A polynomial surface is used in order to implement the illustrated curvy
feature to the top part of PMA-1.

Figure 136: The complete model of PMA-1.
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e.2 pmn

The main cylinder of PMN is initially generated (see Fig. 137). The cylinder
is filled with wax which resembles TNT with respect to dielectric properties
(ε = 6). The main core is made of plastic (ε = 3.5).

clear
clc
close all

% Define the center of the landmine
or =[60 80 15];
or 2=[ or (1) or (2) ];

% Define the relative electric permittivities
grey =3.5;
wax =6;
b_r=6;
pec =-2;
black =3;
blue =3;

%Pre - define the 3D grid
F 2(1:1:140 ,1:1:165 ,1:1:50) =0;

% Create the main cyllinder which is filled with wax
for i =1:0.5:180

for j =1:0.5:180
P=[i j];
if norm(P-or2) <53.5
F2( round(i),round(j) ,2:45)=grey;
end
if norm(P-or2) <51.5
F2( round(i),round(j) ,35:45) =1;
end
if norm(P-or2) <51.5
F2( round(i),round(j) ,4:35)=wax;
end
end

end �
Next an inner cylinder which passes through the main core of PMN is created

(see Fig. 138). The cylinder is made of plastic (ε = 3) and it is filled with air.
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% Define the center of the inner cylinder
or 2=[ or (1) ,17];
% Generate the inner cylinder and fill it with air
for i =1:0.5:180

for z =4:0.5:35
P=[i,z];
if norm(P-or2) <11
F2( round(i),round(or (2) -54:1:54+ or (2)),round(z))=grey;
end
if norm(P-or2) <=9
F2( round(i),round(or (2) -54:1:54+ or (2)),round(z))=1;
end
end

end �
Subsequently the top part of PMN is created. The top part is made of rubber

(ε = 3) and it is surrounded by a PEC ring.

% Generate the top part of PMN
for i =1:0.5:180

for j =1:0.5:180
P=[i j];
% Generate the main body of the top part
if norm(P-or2) <56 & norm(P-or2) >54;
F2round(i),round(j) ,44: -1:44 -15)=b_r;
end
% Generate the smooth curvy ending on the top
for k=0:2;
if norm(P-or2) <55.5-k
F2( round(i),round(j) ,45+k)=b_r;
end
end
% Surround the rubber part with a PEC ring
if norm(P-or2) <57 & norm(P-or2) >55 ;
% Pec ring - optional to omit
F2( round(i),round(j) ,40: -1:40 -5)=pec;
end
end

end �
PMN has two adapted parts which are placed at each side of the inner

cylinder. The following code generates the geometry of the first one (see Fig.
140).



228 geometrical representation of ap landmines

% Generate the homocentric cyllinders of the first adaptor
for i =1:0.1:180

for z =3:0.1:34
P=[i,z];
if i <100;

if norm(P-or3) <9 & norm(P-or3) >=7 ;
F2( round(i),or 2(2) -54:1: or 2(2) -34, round(z))=black;
end
if norm(P-or3) <=7 & norm(P-or3) >= 6;
F2( round(i),or 2(2) -54:1: or 2(2) -14, round(z))=grey;
end

end
if norm(P-or3) <11.5
F2( round(i),or 2(2) -54: -1: or 2(2) -59, round(z))=blue;
end
end

end

% Generate the curvy surface at the end of the first
adaptor

for j=or 2(2) -59: -0.5: or 2(2) -71
for i=or 2(1) -10:0.5: or 2(1) +10
F2( round(i),round(j) ,17 -2:1:17+2)=blue;
end

end
ii=6
for j=or 2(2) -59: -0.5: or (2) -61

ii=ii -1;
F2(or 2(1) -10:1: or 2(1) +10, round(j) ,17-ii :1:17+ ii)=blue;

end �
Lastly, the second adaptor, referred as the "complex" one, is generated. Simi-

lar to the first adaptor, homocentric cylinders are employed to model the main
parts of the adaptor. In addition, a helix function, expressed parametrically, is
used to simulate the PEC spring.

% Generate the homocentric cylinders of the complex adaptor
for i=or 2(1) -15:0.1: or 2(1) +15

for z =3:0.1:34
PD=[i,z];
if norm(PD -or3) <14
F2( round(i),or 2(2) +56:1: or 2(2) +63, round(z))=blue;
end
if norm(PD -or3) <12
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F2( round(i),or 2(2) +64:1: or 2(2) +81, round(z))=blue;
end
if norm(PD -or3) <10
F2( round(i),or 2(2) +79:1: or 2(2) +81, round(z))=0;
end
if norm(PD -or3) <10 & norm(PD - or3) >9
F2( round(i),or 2(2) +64:1: or 2(2) +78, round(z))=grey;
end
if norm(PD -or3) <9
F2( round(i),or 2(2) +36:1: or 2(2) +56, round(z))=black;
end
if norm(PD -or3) <7
F2( round(i),or 2(2) +36:1: or 2(2) +56, round(z))=grey;
end
if norm(PD -or3) <5
F2( round(i),or 2(2) +36:1: or 2(2) +56, round(z))=grey;
end
if norm(PD -or3) <2
F2( round(i),or 2(2) -7:1: or 2(2) +56, round(z))=pex;
end
end

end

% Create the top part of the complex adaptor
for i=or 2(1) -9:0.1: or 2(1) +9

for z = 17 -2:0.1:17+2
F2( round(i),or 2(2) +56+8+14:1: or 2(2) +56+8+15 , round(z))=0;
end

end
for i=or 2(1) -3:0.1: or 2(1) +3

for z = 10 -1:0.1:10+1
F2( round(i),or 2(2) +56+8+14:1: or 2(2) +56+8+15 , round(z))=0;
end

end
for R =14: -0.01:11;

for th =0:45:360;
xx=R*sind(th);
zz=R*cosd(th);
F2(or 2(1)+round(xx),or 2(2) +65: or 2(2) +78 ,17+ round(zz))...

=blue;
end

end

%Using a parametric representation of a helix to express
the pec spring
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R=4.5;
for t =0:0.5:24*360;

xx=R*cosd(t);
zz=R*sind(t);
yy =(3.2/360) *t;
F2(or 2(1)+round(xx),or 2(2) +56- round(yy) ,17+ round(zz))=pec

end �

Figure 137: The main cylinder of PMN filled with wax.
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Figure 138: The inner cylinder which passes through the main core of PMN.

Figure 139: The top part of PMN is made of rubber and it is surrounded by a PEC
ring.
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Figure 140: The first adapted part of PMN.

Figure 141: The second adapted part of PMN.

Figure 142: Complete model of PMN.
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e.3 ts-50

Firstly, the bottom part of TS-50 is generated. The bottom part of TS-50
consists of a hollow cylindric shape accompanied by twelve wing-like features
distributed equally around the centre of TS-50 (see Fig. 143). Regarding the
dielectric properties, the bottom part consists of plastic (ε = 4) and wax (ε = 6).

clear
clc
close all

% Define the center of the TS -50 (x,y)
center =[50 50];

% Predefine the 3D matrix
HB=zeros (100 ,100 ,40);
HBx=zeros (100 ,100 ,40);

% Define the dielectric properties of TS -50
plastic =4;
plastic _black =5;
wax =6;

% Implement the "wing" shaped features at the bottom of TS
-50

for i =30:30:360;
for k =3:1:19;
RR =((k -2) .*(10^31.8) ) .^(1/20) ;

for R =20:0.05: round(RR) -1;
for ii=i:1:i+2;
x= center (1) + R*sind(ii);
y= center (2) + R*cosd(ii);
HB(round(x),round(y),k)=3;
end

end
end

end

% Generate the main part of the bottom part of TS -50
FB =37.5;
for k =5:1:23

for i =1:1:100;
for j =1:1:100;
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n=[i j];

if norm(n- center ) < FB;
HB(i,j,k)= plastic ;
end

if k>8
if norm(n- center ) < FB -3
HB(i,j,k)=1;
end

end

if k>5
if norm(n- center ) < 33
HB(i,j,k)=wax;
end

end

if k<6
if norm(n- center ) < 18
HB(i,j,k)=0;
end

end
end

end
FB=FB +0.17;

end �
Subsequently the upper part of TS-50 is created. The main core of the upper

part is created similar to the bottom part. In addition a conical shape and the
pressure button are incorporated into the model (see Fig. 144).

%A similar procedure for generating the bottom part of TS
-50 is followed here to generate the upper part.
Subsequently the resulting matrix is flipped upside
down.

FB =37.5;
for i =30:30:360

for k =3:1:19;
RR =((k -2) .*(10^31.8) ) .^(1/20) ;

for R =20:0.05: RR -1;
for ii=i:1:i+2;
x= center (1) + R*sind(ii);
y= center (2) + R*cosd(ii);
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HBx(round(x),round(y),k)= plastic ;
end

end
end

end

for k =7:1:19
for i =1:1:100;

for j =1:1:100;
n=[i j];

if norm(n- center ) < FB;
HBx(i,j,k)= plastic ;
end

if k>8
if norm(n- center ) < FB -6
HBx(i,j,k)=1;
end

end

end
end

FB=FB +0.17;
end

%Here the HBx matrix is flipped upside down
for i =1:1:100;

HV (: ,:)=HBx (:,i ,:);
HBB (:,i ,:)= fliplr (HV);

end
HB=HB+HBB;
clear HBB HV

% Generate the conical shape on the top part of TS -50
RR =36;
for k =34:1:40;
RR=RR -2;

for i =1:0.25:100;
for j =1:0.25:100;
n=[i j];

if norm(n- center )<RR;
HB(round(i),round(j),k:1:k+1)= plastic ;
end

n=[i j];
if k <40



236 geometrical representation of ap landmines

if norm(n- center )<RR -3;
HB(round(i),round(j),k:1:k+1) =1;
end

end
end

end
end

% Create the black pressure buttom of TS -50
RR =25;
for k =38:1:44;
RR=RR -0.5;

for i =1:0.5:100;
for j =1:0.5:100;
n=[i j];

if norm(n- center )<RR;
HB(round(i),round(j),round(k):1: round(k)+1)= plastic _

black;
end

end
end

end �
Lastly, the features occur inside the upper body of the TS-50 are generated

(see Fig. 145). These features are made of plastic and they are simulated using
toruses, cylinders and radial lines. Fig. 146 illustrates the final model of TS-50
after merging the upper and the bottom parts.

% Generate the torus shapes insode TS -50
RR =40;
for i =1:0.5:100;

for j =1:0.5:100;
n=[i j];

if norm(n- center )<RR;
HB(round(i),round(j) ,19:22)= plastic ;
end

n=[i j];
if norm(n- center )<RR -6;
HB(round(i),round(j) ,19:22) =1;
end

end
end
RR =20;
for i =1:0.5:100;

for j =1:0.5:100;
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n=[i j];
if norm(n- center )<RR;
HB(round(i),round(j) ,27: -1:20)= plastic ;
end
if norm(n- center )<RR -3;
HB(round(i),round(j) ,21: -1:20) =1;
end

end
end
RR =35;
for i =1:0.5:100;

for j =1:0.5:100;
n=[i j];

if norm(n- center )<RR;
HB(round(i),round(j) ,27:1:31)= plastic ;
end
if norm(n- center )<RR -12;
HB(round(i),round(j) ,27:1:30) =1;
end

end
end

% Generate the cylindrical legs inside TS -50
R=30;
for i =40:40:360

for ii=i:1:i+1;
x= center (1) + R*sind(i);
y= center (2) + R*cosd(i);
HB(round(x) -1:1: round(x)+1, round(y) -1: round(y)

+1 ,27: -1:23)= plastic ;
end

end

% Create the radial lines inside TS -50
for i =11.25:11.25:360

for ii=i:1:i+1;
for R =20:0.1:25;

x= center (1) + R*sind(ii);
y= center (2) + R*cosd(ii);
HB(round(x),round(y) ,27:1:31)= plastic ;

end
end

end �
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Figure 143: The bottom part of TS-50 filled with wax.
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Figure 144: The upper part of TS-50.

Figure 145: The inner parts of the top body of TS-50.
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Figure 146: The complete model of TS-50 after merging the upper and the bottom
part.
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