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Abstract
Deep Neural Networks (DNNs) with a large number of outputs are ubiquitous for
Artificial Intelligence (AI). For example, Large Language Models (LLMs) generate
sentences from a vocabulary of hundreds of thousands of output tokens. Crucially, the
output layer of these models typically receives as input a dense feature representation
having far fewer dimensions than the output. We call such an output layer a bottle-
necked classifier. It is known that bottlenecked classifiers reduce the expressivity of
DNNs (Yang et al., 2018) and that in theory some outputs may be impossible to pre-
dict (Demeter et al., 2020), but there have been no concrete examples of this situation
in the literature due to the lack of precise tools and terminology. This thesis fills this
gap. We demonstrate examples where bottlenecked classifiers cause DNNs to have
outputs that are impossible to predict irrespective of the input. We name such outputs
unargmaxable and introduce tools to detect them in LLMs and multi-label classifiers.
But detection can only get us so far, the impact of this thesis is in showing that we
can prevent them in the presence of domain knowledge. By imposing structure on
bottlenecked classifiers we guarantee that all outputs consistent with our domain
knowledge are argmaxable.
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Lay summary
Imagine slicing a pizza three times through its center. How many slices do you get?
“How is this relevant to Artificial Intelligence (AI)?”, I hear you ask. Well, current
successful AI models, like ChatGPT, work by encoding inputs, such as text and images,
into a virtual space. This virtual space is continuous, but the decisions our models
need to make, such as the next words ChatGPT generates, are discrete. In order to
make decisions, current models slice this virtual space, like a pizza, i.e. in half through
its center, and add a specific topping to half of it. For example, ChatGPT adds ham to
one half, mozzarella to another and pineapple to the third half. How many slices did
you get? 6? Marina is vegan, lactose intolerant and hates pineapple. Of the 6 slices, is
there a slice with toppings she can eat? In this thesis, we show that current AI models
do not always combine the toppings in the way we like: there are pizza slices we want
that do not exist. We do so by providing tools to check the topping combinations of
these high dimensional pizzas and show how to make sure that all slices with toppings
that satisfy our preferences exist.
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0.1 How to Navigate this Thesis

Maybe you should demonstrate this idea with an example.

—Adam Lopez a

aCredits to Janie for this perfect example of Adam.

This thesis is expository in nature; we will give connections between disparate
models via a unifying geometric lens. We will summarise the high level picture and
we will provide a lot of examples. We signpost such sections as below.

SIGN A First Definition

Def. 0.1.1. This is a definition.

INFO-CIRCLE A First Property

Property 0.0. This is a property.

BOLT A First Proposition

Proposition 0.0. This is a proposition: a mathematical fact that follows from a

bigger result/theorem.

PUZZLE-PIECE A First Lemma

Lemma 0.0. This is a lemma: a mathematical fact that has a proof and is derived

to assist towards proving a theorem.

BOMB A First Theorem

Thm. 0.0. This is a theorem: a non-trivial mathematical fact that has a proof.

Gamepad Example 0: A First Example

This is an example.

Python A Code Example

This is a Python 3.8 code example.

Dribbble A First Linear Programme (LP)

This is a LP: an optimisation problem we use to detect (un)argmaxable outputs.
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� Rabbit Hole: A non-trivial research project

This is an idea that seems interesting but may need a significant time investment.

RECEIPT Summary

At the end of key sections we will recapitulate the most important takeaways.

0.2 Notation

Fundamentals

We define [n] to mean the set of numbers from 1 to n: {1,2, . . . ,n}.
(

n
k

)
is the binomial

coefficient and represents the number of ways we can choose k elements from a set
of n elements. We will work in Rn.

Matrices and Vectors

We use capitalised boldface to represent matrices, e.g. W, boldface for vectors, e.g.
w, and normal font, e.g. w, for scalars. We represent the transpose of W ∈ Rn×d

as W> ∈ Rd×n. We represent the inverse of W ∈ Rn×n as W−1 ∈ Rn×n. We use
detW to denote the determinant of a matrix.

Indexing Matrices and Vectors We index vectors and matrices using subscripts,
i.e. wi is the ith element of w, wi is the ith row of W and w·i is its ith column.

Common Matrices and Vectors We use 1n and 0n to represent the vector of
n ones and n zeroes, respectively. When the dimension of the vector is clear from
context, we may drop the subscript. In is the n × n identity matrix. Its rows and
columns are ei and e·i, i ∈ [n], respectively. These are known as the standard basis
vectors in linear algebra and as one-hot vectors in Machine Learning (ML).

Mean of Matrices and Vectors We denote the mean of a vector, x ∈ Rn, as
x = 1

n

∑n
i=1 xi. For a matrix, W ∈ Rn×d, we define the column mean matrix,

Wcol = 1
n1n1>

nW and the row mean matrix, Wrow = 1
dW1d1>

d .
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Slicing Vectors We introduce notation to represent a slice of a vector, i.e. a subset
of elements with contiguous indices. We use s = wa:b to mean s = [wa,wa+1, . . . ,wb]>.
If we omit a we start at index 1, and if we omit b we end at the last index.

Indexing Subsets of Matrices and Vectors We can also select parts of vectors and
matrices by choosing indices that need not be contiguous. In such a case, we assume the
indices are ordered in increasing order. We define a submatrix AI,J of A as the matrix
formed by choosing the rows indexed by the set I and the columns indexed by the
set J . In a similar vein, WI denotes the submatrix formed by selecting only the rows
indexed by I , and W:,J denotes the submatrix formed by selecting only the columns
indexed by J . We use W−i as shorthand for W with row i dropped, i.e. W−i = WI

where I = {j : j ∈ [n], j 6= i} and n is the number of rows. Correspondingly, W:,−i is
shorthand for W with column i dropped.

Concatenation We denote matrix concatenation using brackets. I.e. concatenating
the columns of A ∈ Rn×a and B ∈ Rn×b gives us C = [A B], where C ∈ Rn×(a+b).
Concatenating rows of the matrix works analogously, and we denote it as follows. For

A ∈ Ra×d and B ∈ Rb×d, we get C =
A

B

 , C ∈ R(a+b)×d.

Norms We represent the Euclidean norm (l2 norm) of a vector w as ‖w‖2 =
√

w>w =
√∑

i w2
i .

Matrix Parametrised Objects Consider a matrix W ∈ Rn×d, n ≥ d.1 We proceed
to interpret the matrix in the following ways.

• H (W) = the hyperplane arrangement defined by W. Each row of the matrix
defines a normal vector.

• A(W) = the regions formed by H (W). These are the subset of orthants in
Rn that are intersected by the columnspace of W. The regions are known as
chambers in Hyperplane Arrangements (Aguiar et al., 2017) and topes in the
Oriented Matroids literature (Björner et al., 1999).

1I apologise to mathematicians for making this a tall matrix, but in Machine Learning (ML) we write
y = Wx and not y = W>x.
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Sets

We denote sets using capitalised non-bold fonts, e.g. set S. We denote the cardinality
of a set, S, using |S|, so for example |[n]| = n. We use

([n]
k

)
to define the set of

cardinality k subsets of [n], i.e.
([n]

k

)
= {I ⊂ [n] : |I| = k}.

Expressions

We use the Iverson bracket, [ ], to evaluate an expression to 0 or 1. For example,
y · [(y mod 2) = 1] ,y ∈ N, produces y when y is odd and zero otherwise.

Outputs

We use y to represent a single output and Y to represent the set of all possible outputs.
We also introduce notation to unify the connection between outputs in Multi-Class
Classification (MCC) and Multi-Label Classification (MLC) and their representations
used when we discuss argmaxability.

• MCC

– We use to represent categories.

– We use to represent rankings of the categories.

• MLC

– We use to represent subsets, i.e. label assignments.

We use the notation with shapes above to help the outputs adhere semantically to
their related polytopes and hyperplane arrangements.

Polytopes

We represent polytopes with shapes and use a subscript to represent their affine
dimension. We introduce notation for the Simplex, d, the Permutohedron, d, and
the Cube, d.
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Hyperplane Arrangements

We introduce notation for the Boolean Arrangement, d, the Braid Arrangement, d

and the Voronoi Tesselation, d. We note that d is not technically a hyperplane
arrangement, but it is closely related to d, as we show in Section 2.4.3.





1 Introduction
Unargmaxable; adjective; Impossible to rank as the best.

This parrot was the best, it was da bomb, the cream of the crop,

the greatest thing since sliced bread, the bee’s knees, the ant’s pants,

the cat’s pyjamas, the fox’s socks, the flea’s eyebrows, the dog’s bollocks.

Unfortunately, it is now unargmaxable.

— Adaptation of The Dead Parrot Sketch, Monty Python.

Deep Neural Networks (DNNs) are the bee’s knees. They have brought incredible
advances to challenging problems that until recently seemed out of reach for practical
applications: they can accurately translate text across multiple languages, caption
images, convert speech to text and text to speech, generate functional code and
solve problems that have an enormous search space, such as playing games like Go
and predicting how proteins can be folded. Most models for the above applications
have a very large number of outputs. To name a famous example, Large Language
Models (LLMs) 1 such as GPT 3.5 generate text by predicting one output token at a
time from a vocabulary of ≈100,000 tokens.

The key to these advances has been scale, both of the training data and the model
parameters, which have grown by stacking more and more layers into DNNs. But
the inherent complexity that comes with scale has shrouded our understanding and
created the misconception that DNNs are always expressive enough to predict all
possible outputs. In this thesis, we show that contemporary DNNs that have a large
number of outputs (see Table 1.1) are bottlenecked in expressivity by their last layer. As
a result, perhaps surprisingly, DNNs have outputs that can provably never be predicted

for any input to the last layer.
1We use the term LLM liberally. A LM is Large (L) if it has been pretrained on a large number of

tokens, e.g. more than 1 billion tokens (Rogers et al., 2024). As such, BERT and GPT qualify as LLMs.

33
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LLM
# Input # Output

Source
Features d Vocabulary Size n

LLaMa 2 4096 32,000 Touvron et al. (2023)
OLMo 4096 50,304 Groeneveld et al. (2024)
GPT-3.5 Turbo 4096 100,276 Carlini et al. (2024) and Finlayson et al. (2024)
Command-R 8192 256,000 Huggingface

Table 1.1: We compare the number of input features (d) to the number of output tokens

(n) for LLMs released circa 2024. As can be seen, d � n across all models, i.e. the output

layers of LLMs are bottlenecked classifiers. In fact, d was not released for GPT-3.5, but it

was reverse-engineered by Carlini et al. (2024) and Finlayson et al. (2024) by exploiting the

constraints of bottlenecked classifiers.

Promise of this thesis By reading this thesis you will understand why a DNN
output layer that has more outputs than inputs (see Fig. 1.1) limits the expressivity of
the whole DNN. We call such an output layer a bottlenecked classifier (Yang et al.,
2018) for reasons we will explain in Section 3.3. A bottlenecked classifier introduces
geometric constraints that make some outputs impossible to predict (Cover, 1965;
Cover, 1967; Demeter et al., 2020). This thesis will equip you with tools to detect such
problematic outputs and methods to prevent them.

Motivation While less expressive than fully-parametrised classifiers, bottlenecked
classifiers are ubiquitous as they provide an attractive trade-off between expressivity
and efficiency. As such, they are used in all recent LLMs (see Table 1.1) and in many
multi-label classifiers used for document classification. But what if I told you that your

gazillion parameter DNN classifier can never predict a given output? What if your DNN

needs to predict that output when deployed in the real world? 2 Would this worry you?
2In our experiments we show that there exist test set examples that can never be predicted.

Th
e
catsaton

the
—

LLM
Feature

Encoder

Bottlenecked
Classifier

Inputs(d)

O
utputs(n)

Figure 1.1: Example LLM architecture. LLMs

have a Bottlenecked Output Layer (d < n).

https://huggingface.co/CohereForAI/c4ai-command-r-v01


1.1. Problem: Unargmaxable Outputs 35

Figure 1.2: Problem: Unargmaxable categories . A multi-class classifier with 4 outputs,

c1, c2, c3, and c4, and 2 inputs x1,x2. On the right, we plot the probability of each category

for all x1,x2 ∈ R. On the left, we color each input according to the category with the largest

probability. While c1, c2 and c3 surface as regions, c4 does not. Category c4 is unargmaxable:

there is no input in feature space for which c4 has the largest probability. We will use to

recall this problem/plot. We will revisit it in the next two chapters as we add more nuance and

uncover when and why unargmaxable categories arise (Figs. 2.6, 2.16 and 3.12).

1.1 Problem: Unargmaxable Outputs

Multi-Class Classification (MCC)

We illustrate such a problematic case in Fig. 1.2. We consider a multi-class classifier
where each input is assigned a single category from a vocabulary. For example,
consider a classifier that takes as input a news article and classifies it into one of the
categories : c1=health, c2=sport, c3=entertainment and c4=politics. We encode the
news article using a DNN text encoder, such as BERT (Devlin et al., 2019), and keep
the two most salient features, x1 and x2.

As can be seen in Fig. 1.2, we have a bottlenecked output layer, since we have 4
output categories but only 2 inputs. On the right, we see the probability assigned
to each category for any point (x1,x2) ∈ R2 in the input space. On the left, we see
the input space of the classifier coloured according to the category that is assigned
the largest probability. We see a consequence of the bottleneck: there is no position
in the input space for which category c4 is assigned the largest probability. We call
such outputs that cannot be predicted for any input unargmaxable. As we will
see in Section 3.5, unargmaxable categories may arise in classifiers that have a large
number of categories, but this can be avoided, as we will explain in Chapter 5.
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Figure 1.3: Problem: Unargmaxable label assignments . A multi-label classifier with 8
outputs and 2 inputs x1,x2. As before, on the right we plot the probability of each output for

all x1,x2 ∈ R. On the left, we color the inputs according to which of the 8 label assignments is

assigned the largest probability. As can be seen, label assignments c2 and c7 are unargmaxable.

Crucially, for this bottlenecked classifier it is impossible to find parameters that make all 8
label assignments argmaxable, 2 of them must be unargmaxable. We will gradually understand

why this must be the case as we revisit this plot in (Figs. 2.7, 2.15 and 3.11).

Multi-Label Classification (MLC)

On the other hand, some modelling choices make unargmaxable outputs unavoidable.
Consider a multi-label classifier which assigns to each input multiple labels from a
large label vocabulary of size n. For example, let us downscale and adapt our previous
text classification example. Suppose the multi-label classifier takes as input a news
article, but instead of assigning a single category, it labels it with any subset of n = 3
labels: l1=health, l2=sport, l3=entertainment. We represent the outputs of the classifier
using n binary labels: for each label we use a ++ if the label is assigned and a −−

otherwise. For example, a news article could be about both health and sport, but not
entertainment. We represent such an output as l1 = ++ , l2= ++ and l3= −− , or ++++−−

for short. We call each such complete specification of labels a label assignment.
In general, there are 2n possible label assignments in total, i.e. { ++ , −− }n, so 8 label
assignments for our example.

In this scenario, if we construct each binary classifier to have fewer than n input
features, unargmaxable outputs must exist (see Section 3.5). By must exist, we mean
that irrespective of which parameters our neural network converges to during training,
a subset of label assignments will be unargmaxable. We illustrate this in the example
of Fig. 1.3, where we can see that 2 out of 8 label assignments are unargmaxable.
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We encourage the reader to verify that irrespective of how we draw the 3 straight
lines through the origin to separate out the label assignments, we can only form
6 regions; there will always be 2 unargmaxable label assignments. We invite the
sceptical reader to convince themselves by dragging the arrows on the left side of the
following interactive visualisation: https://viz.unargmaxable.ai/duality/.

1.1.1 Practical Repercussions

Until now, we have discussed the problem of unargmaxability on toy examples to assist
exposition. But unargmaxability is not a toy problem: we now highlight the impact of
unargmaxability on applications with two examples from real models/datasets.

Unargmaxable Tokens in Machine Translation (MT)

We begin with an example that arises in publicly available models (Tiedemann, 2020)
that translate between languages (Section 4.2). In this example, the categories are
the vocabulary tokens of the target language. Such Language Models (LMs) have
many more outputs than inputs, e.g. the number of vocabulary tokens is in the tens of
thousands but the number of inputs to the last layer are in the hundreds. As such, some
output vocabulary tokens may be impossible to predict. In Chapter 4, we demonstrate
that this is the case with some released MT models. There is a Bulgarian to English
MT model for which the subword erecti is unargmaxable and an English to Russian
model for which the subword Предварительны is unargmaxable. The subword can
be inflected to form Предварительный, which means “preliminary”.

While having unargmaxable tokens may not drastically impact model performance,
their presence can be a big problem. Firstly, while LLMs can paraphrase sentences
or use an alternative tokenisation to sidestep unargmaxable tokens, there are cases
where this may not as easy, e.g. consider the case of names and identifiers. Secondly,
unargmaxable tokens in LLMs are an open door for adversarial attacks (Aghakhani
et al., 2021; Zhu et al., 2019). In fact, the tokens need not even be unargmaxable
for us to have safety concerns, it suffices for the tokens to be undertrained (Geiping
et al., 2024). It has been shown that inputting under-trained tokens can make LLMs
behave in undesirable ways and their output can deteriorate to gibberish at best and
to offensive or harmful at worst (Geiping et al., 2024; Rumbelow et al., 2023). Thirdly,
the presence of unargmaxable tokens means we are wasting parameters and compute
on tokens that can rarely be predicted (Land et al., 2024).

https://viz.unargmaxable.ai/duality/
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Next, we turn to multi-label classification where having unargmaxable outputs
can be even more problematic. This is because in addition to the above considerations,
unargmaxable outputs directly impact model generalisation: we will show that models
can have unargmaxable test set examples.

Unargmaxable Label Assignments in Multi-Label Classification

Unspecified septicemia
Lymphosarcoma and…
Anemia, unspecified
Influenza…
Cellulitis and…
Rash…
Sepsis
Viral pneumonia…

...

Clinical
Document

+
+
+
+
+
+
+
−
−

Figure 1.4: The above label assignment is

unargmaxable; it can never be assigned to

any input document for this model.

Wenow turn to amodel which assigns each
document multiple labels from a large label
vocabulary (Section 4.1). More specifically,
we consider a model that tags clinical doc-
uments with findings and diagnoses. As
such, unargmaxable outputs are a safety
concern, since a model may misdiagnose
a patient because a given combination of
findings is unargmaxable. If this model is
used for decision making, such mistakes
can directly affect the health of patients.

To highlight this problem in a real world scenario, we trained a model on a clinical
dataset and analysed its parameters. In Fig. 1.4, we illustrate a set of labels from the
test set of the dataset that cannot be assigned to any clinical document by this model.
This is a fundamental drawback for such a safety-critical domain.

1.1.2 So What?

Unargmaxable outputs can impact our models in multiple ways.

1. Generalisation. Unargmaxable outputs hinder the generalisation ability of
our model. While an output may be improbable at training time, there is no
guarantee that we will not observe it at test time. Models with unargmaxable
outputs cannot be robust to distribution shifts which make some rare/unseen
outputs more frequent.

2. Fairness. Unargmaxable outputs directly impact model fairness, since certain
model outputs, further from being underrepresented, may not be represented
at all. As a result, underrepresented groups may find no representation in the
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outputs of such models (Menon et al., 2021a). Moreover, harmful biases in our
data may be propagated and further exacerbated by our model (Hooker, 2021).

3. Safety. Unargmaxable outputs are a weakness that leave our models vulnerable
to adversarial attacks. One can even create adversarial attacks that specifically
exploit unargmaxability (Aghakhani et al., 2021; Zhu et al., 2019).

4. Trustworthiness. Choosing a bottlenecked output layer is an architectural
modelling choice that can lead to unargmaxable outputs. This is counter-intuitive
and we assume the majority of ML practitioners is not aware of this problem.
As such, we believe that architectural modelling choices should be explicitly
mentioned as assumptions 3 so that they can be taken into account. Without
knowledge of the assumption, unargmaxability can be an unintended conse-
quence. Since unargmaxable outputs are surprising both to end users and to
ML practitioners, this can lead to loss of trust in systems.

Why have we not noticed unargmaxable outputs? While bottlenecked classifiers
have been shown to be less expressive (Yang et al., 2018), and it is theoretically known
that this loss in expressivity can make some outputs impossible to predict (Cover,
1965; Cover, 1967; Demeter et al., 2020), as far as we are aware, we are the first to
unambiguously demonstrate the existence of unargmaxable outputs in practice. But
models with unargmaxable outputs can be severely limited, why have we not noticed

this empirically?

First of all, since we mostly train our models using maximum likelihood estimation,
it is unlikely that the most frequent outputs would be unargmaxable. Moreover, as
we will see in our experiments, unargmaxable outputs are more likely to exist when
we shrink the dimensionality of the last layer (e.g. when it is in the tens or low
hundreds), which is rarely the case anymore. Lastly, when unargmaxable outputs
exist, we will not easily notice their existence. This is because when training DNNs,
we have a methodological blindspot: we treat the dimensionality of the layers as
a hyperparameter to be chosen by maximising a target metric on a held out set of
examples. Under such treatment, we will tend to increase the dimensionality until we
get diminishing returns. If a large percentage of needed outputs are unargmaxable,
we will notice this in our metrics and scale the model since this will improve our
performance. On the other hand, if a smaller percentage of outputs is unargmaxable,

3For example, similar to how conditional independence assumptions are usually mentioned.
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these can go undetected by commonly used metrics, since these are often insensitive
to long tail phenomena. For example, for F1 score in MLC, it would be hard to notice
unargmaxable label assignments, since F1 would give credit for partially correct
assignments. We would need to use exact match as a metric to notice. 4

Can scale solve argmaxability? Scaling up the dimensionality of the last layer
may help for engineering purposes, but not for the purpose of this thesis. The reason
we reject scaling as an approach is because:

• We want to understand the problem; scaling the model just sweeps the problem
under the rug of high dimensions.5

• While scaling the model may make unargmaxable outputs less likely, we obtain
no guarantees that we have solved the problem for training examples, let alone
for test set examples. Although we could verify our model for some examples
of interest using the tools we shall develop in Chapter 4, there are too many
outputs to verify all of them. Moreover, if we provide no guarantees, our model
is left vulnerable to adversarial attacks (Aghakhani et al., 2021; Zhu et al., 2019).

• Even if scaling the model solved unargmaxability, scaling is not always possible.
We may need to compress the model to run it on limited hardware. Alternatively,
the set of outputs may be so large that we are forced to use a small number of
input features due to computational constraints.

• Most importantly, we reject scaling because in this thesis we will provide a
better solution. As alluded to earlier, in Chapter 5 we will show how we can
solve this problem with guarantees in a way that is also amenable to scaling.

1.1.3 Scope: Bottlenecked Output Layers

We have introduced the problem of unargmaxability and seen practical issues that can
arise as a consequence. We now more precisely define which output layers we will
focus on and where these are used.

4Presumably, unargmaxability would be an even more serious issue in the early 2000s, when Maxent
classifiers and feature engineering were common. However, as we alluded to in the introduction, it is
mostly with deep learning that models have become accurate enough for us to focus on such limitations.
When models were less expressive there were more pressing issues to be solved.

5OpenAI’s core values at the time of writing (early 2024) mention: “When in doubt, scale it up”.

https://web.archive.org/web/20231107011749/https://openai.com/careers/
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Our unargmaxability results hold for DNNs that have linear output layers. For
such models, we can think of the model as consisting of two parts; a) a complex
non-linear feature encoder, followed by b) a linear classifier.

SIGN Bottlenecked Classifier

Def. 1.1.1. We say that a neural network output layer is a bottlenecked clas-
sifier if it is a linear classifier that has more outputs than inputs.

We use W to refer to a bottlenecked classifier (Section 3.3.1). Bottlenecked classi-
fiers are ubiquitous in DNNs. They are the go-to output layer for many models, such
as LLMs, MT models and more generally, models for problems with structured outputs,
e.g. clinical coding systems that tag documents with multiple findings.

1.2 Claim of this Thesis

Claim of this thesis
Bottlenecked classifiers may have unargmaxable outputs, but such

outputs can be detected and prevented.

1.3 Outline and Contributions

In Chapter 2, we introduce the main characters of our thesis: i) the outputs of the
classifiers we discussed in this chapter, and ii) the matrix W. We ask: Which outputs
are argmaxable/unargmaxable for a given W? We build the answer gradually by
introducing geometric representations for the outputs. We show that W constrains
these representations, making some outputs unargmaxable, and illustrate that in
some scenarios there may be unargmaxable outputs while in others there must be
unargmaxable outputs. To answer our question, we distil the output representations
to discrete objects called sign vectors, and answer the question of unargmaxability
generally, but abstractly, via the framework of Oriented Matroids (Björner et al., 1999).

In Chapter 3, we ground what we learned to the case of DNNs, i.e. we explain how
W arises as an architectural choice in the output layers of neural networks (Section 3.3).
We introduce the term “unargmaxability” to precisely define this phenomenon and
revisit the question of which outputs may/must be unargmaxable for MLC and MCC
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in this more concrete setting. We then explain how unargmaxability arises as a
consequence of the reduced expressivity of bottlenecked classifiers.

In Chapter 4, we ask: do unargmaxable outputs exist for models used in
practice? In order to answer this question, we introduce algorithms for detecting
unargmaxable outputs for MCC and MLC. We then use these to show that unargmax-
able outputs do indeed exist; we show that multi-label classifiers trained with a narrow
bottleneck have unargmaxable test set examples (Section 4.1) and find tokens that can
never be predicted in released MT models (Section 4.2).

In Chapter 5, we ask: can we prevent the unargmaxable outputs we found in Chap-
ter 4? That is, can we parametrise output layers such that all outputs of interest
are argmaxable by construction? We answer affirmatively for the case of sparse
outputs in MLC, by showing how to reparametrise the output layer such that all such
outputs are argmaxable (Section 5.1). We then move on to MCC and show how to
guarantee that all top-k rankings of categories are argmaxable (Section 5.2). Lastly,
we discuss a rule of thumb for choosing the number of features of an output layer.

Finally, in Chapter 6, we conclude that unargmaxability is an understudied problem
that can impact DNNs in practice. Bottlenecked classifiers are intrinsically unreli-
able and can hinder the generalisation of our DNNs, but this need not be the case.
We can prevent unargmaxable outputs by imposing structure on the parameters of
bottlenecked classifiers: we can align unargmaxability constraints with known con-
straints in our datasets. However, we highlight a pressing limitation that arises from
our research: the problem of hyperplane overcrowding. We conclude the thesis by
elaborating on this limitation and discussing future directions.

Summary of Publications This thesis expands on the following two papers:

• (Paper 1) “Low-Rank Softmax Can Have Unargmaxable Classes in Theory but
Rarely in Practice” (ACL 2022).

• (Paper 2) “Taming the Sigmoid Bottleneck: Provably Argmaxable Sparse Multi-
Label Classification” (AAAI 2024).

We reframe the content of both papers in terms of detecting unargmaxable outputs
and preventing them (see Table 1.2). To achieve this, we include novel background
material (Chapter 2 and Sections 3.4 and 3.5) which unifies both papers from a broader
perspective. We also include novel unpublishedmaterial, i.e. we showhow to guarantee
that all k-top rankings of categories in MCC are argmaxable (bottom right of Table 1.2).
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Main Chapters of the Thesis

Unargmaxable Outputs

Detect Prevent
Multi-Label Classification Section 4.1 (Paper 1) Section 5.1 (Paper 2)
Multi-Class Classification Section 4.2 (Paper 2) Section 5.2 (New)

Table 1.2: We summarise the contributions of the main chapters of the thesis and how that

aligns with the published papers the thesis is based on. In Chapter 4 we expand on the

first column, i.e. we show how to detect unargmaxable outputs and we empirically find

unargmaxable outputs in MLC and MCC models. In Chapter 5, we expand on the second

column and show how to provide guarantees that all target outputs are argmaxable, subject to

a sparsity assumption on the outputs of MLC and a top-k ranking assumption on the outputs

of MCC.

Contributions

Code In this thesis we introduced code and tools to detect unargmaxable outputs
for MLC and MCC. We have made these publicly available:

• https://github.com/andreasgrv/unargmaxable

• https://github.com/andreasgrv/sigmoid-bottleneck

Our tools have been used by Brody et al. (2023) to check for “unselectable” keys in
attention mechanisms.

Interactive Visualisations As an additional contribution, we have endeavoured to
make the thesis accessible by providing interactive visualisations of the problem and
main concepts of the thesis. We tabulate the links to the visualisations in Fig. 1.5.

https://github.com/andreasgrv/unargmaxable
https://github.com/andreasgrv/sigmoid-bottleneck
https://demo.unargmaxable.ai/
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Decision Boundaries of a Softmax Bottleneck Chebyshev Balls
Hyperplane Arrangement/Zonotope Duality Alternating Polytope
Barycentric Subdivision of the Simplex Permutation Representations
Permutohedron Tiling of 3D Space Slicing the Braid Arrangement

Figure 1.5: Interactive visualisations that demonstrate the problem of unargmaxable outputs

and introduce the concepts we need in this thesis in a an accessible way.

We close this chapter by restating the main contributions of the thesis.

RECEIPT Summary of Contributions

• We define (un)argmaxability and answer which outputs are (un)argmax-
able for a bottlenecked classifier via the theory of Oriented Matroids.

• We introduce tools to unambiguously detect unargmaxable outputs in
MLC and MCC and demonstrate that unargmaxable outputs exist for
models used in practice.

• We demonstrate via experiments that we can prevent unargmaxable
outputs in MLC under minor sparsity assumptions on the outputs and
show how to guarantee that all top-k rankings are argmaxable for MCC.

• We introduce a rule of thumb for choosing the number of feature dimen-
sions d for bottlenecked classifiers: if we want to predict all subsets of
r ≤ k labels in MLC or all top-k rankings of categories in MCC, we should
choose d > 2k +1.

• Lastly, we identify the limitation of hyperplane overcrowding which is
an important challenge to overcome if we want to compress linear output
layers of DNNs.

https://viz.unargmaxable.ai/softmax/
https://viz.unargmaxable.ai/chebyshev/
https://viz.unargmaxable.ai/duality/
https://viz.unargmaxable.ai/alternating/
https://viz.unargmaxable.ai/barycentric/
https://viz.unargmaxable.ai/permutations/
https://viz.unargmaxable.ai/permutohedron-tiling/
https://viz.unargmaxable.ai/braid-slice/
https://viz.unargmaxable.ai/softmax
https://viz.unargmaxable.ai/chebyshev/
https://viz.unargmaxable.ai/duality
https://viz.unargmaxable.ai/alternating
https://viz.unargmaxable.ai/barycentric/
https://viz.unargmaxable.ai/permutations
https://viz.unargmaxable.ai/permutohedron-tiling/
https://viz.unargmaxable.ai/braid-slice/


2 Argmaxability

If you are not too ambitious, it can be a pleasure to realize that you have discovered

something previously known, because at least you know you were on the right track.

—I. M. Gel’fand

In Chapter 1, we witnessed a crime: we saw examples of MCC and MLC that had
outputs that were unargmaxable. We alluded to the culprit: a bottlenecked classifier,
which we represent by a matrix W (see Section 3.3). However, we have not yet
discussed how or why the crime occurred. In this section, we begin to unravel the
crime by sketching a more nuanced picture of its main characters:

• The potential victims: the outputs of the classifiers we consider.

• The culprit: the matrix W that restricts the outputs, making some unargmaxable.

We ask: Which outputs are argmaxable/unargmaxable for a given W? The
answer is: the covectors/vectors of the Oriented Matroid associated with W. Another
crime has just been committed; the author threw jargon at you without introducing it.
But this was not out of disrespect, it was to illustrate that most of this mathematical
language is quite opaque and means very little without the right representations.
Our goal throughout the chapter is to build our notation, jargon, representations and
intuition such that this result makes sense when we next encounter it at the end of
this chapter. Then, when we have connected argmaxability to properties of W, we
will connect W to neural networks in the next chapter.

45
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This chapter gives an accessible exposition to themathematical concepts introduced
in Björner et al. (1999), Stanley (2004), and Ziegler (1995). We need these to understand
the problem of unargmaxable outputs. Below are some further pointers if you want to
read about these subjects in more detail.

• In this thesis we interpret the parameters of a linear classifier as vertices of a
polytope, P . See Ziegler (1995, Chapter 0) for examples of general polytopes
which are relevant when discussing MCC and Ziegler (1995, Chapter 7.3) for
zonotopes, which are relevant for MLC. If we partition feature space according
to which outputs are the argmax of the linear classifier, we obtain the normal
fan of P (Ziegler, 1995, Chapter 7).

• The regions of the normal fan we are interested in are intersections of halfspaces.
As such, they are regions of hyperplane arrangements. For more details on
hyperplane arrangements, see Stanley (2004) and Federico Ardila’s excellent
online lectures.

• The properties we need for argmaxability can be abstracted away to properties
of sign vectors. Such structures on sign vectors are called oriented matroids,
see Ziegler (1995, Chapter 6) and Björner et al. (1999).

2.1 Output Representations

The examples of outputs that are unargmaxable for MCC and MLC differ. In this
section, we sketch a rudimentary picture of them and their differences. As we ad-
vance our story further in this chapter, we add nuance to our main characters by
introducing more representations for them. Outputs arise as vertices of polytopes
(in Section 2.3) and as regions of hyperplane arrangements (in Section 2.4). Once we
understand these representations, we distil them into a more abstract representation:
sign vectors (in Section 2.5.1) —which is the essential representation for understanding
argmaxability. Since we work with probabilistic classifiers, we will also explain how
our representations are the support of probability distributions (in Section 2.6). After
explaining these representations, we will be ready to move on to Chapter 3 and see
when unargmaxable outputs arise in bottlenecked classifiers.

While outputs can be a very broad set of objects, for the purposes of this thesis we
will only need three particular outputs: Categories, Rankings and Subsets.

https://fardila.com/Clase/Polytopes/polytopes.html
https://fardila.com/Clase/Polytopes/polytopes.html
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2.1.1 Categories

InMCC the outputs are categories. Since wewill focus on LLMs andMT, the instances
we will often be working with will be vocabulary tokens of a LLM or a MT model.
We use to represent categories to foreshadow the connection of categories to the
vertices of the simplex (Definition 2.3.1) and regions of the Voronoi Tesselation
(Definition 2.4.9).

2.1.2 Rankings

In MCC, we can also think of rankings of the categories. Imagine ordering the tokens
of a LLM according to the probability assigned to each token by the model. Geometric
representations for rankings are the vertices of the permutohedron (Definition 2.3.2)
and the regions of the Braid Arrangement (Definition 2.4.8).

For this thesis, rankings are synonymous with permutations. A permutation,
σσσ, defined on a set of n elements is an ordering of the elements and is defined as a
bijection from [n] to [n]. Namely, σσσ is a function σ(i) = j, i, j ∈ [n] that is one to
one and onto. We define Sn to be the set of all possible permutations of n elements.
Sn = {σσσ : {1,2,3, . . . ,n} ↔ {1,2,3, . . . ,n}}.

2.1.3 Subsets

In MLC the outputs are subsets, i.e. the subset of labels from the label vocabulary that
we assign to the input. We call each subset of assigned labels a label assignment.
Geometric representations for subsets are the vertices of the cube (Definition 2.3.3)
and the regions of the Boolean Hyperplane arrangement (Definition 2.4.7).

We now switch gears for the next two sections to introduce prerequisites for the
more nuanced representations of outputs that follow: polytopes (Section 2.3) and
hyperplane arrangements (Section 2.4).

2.2 Linear Dependencies

Waitress: (…) You can’t have egg bacon span and sausage without the span.

Wife (shrieks): I don’t like span!

Vikings (singing): Span span span span. Lovely span! Wonderful span!

—Adaptation of the Spam Sketch, Monty Python

https://en.wikipedia.org/wiki/Spam_(Monty_Python_sketch)


48 Chapter 2. Argmaxability

In the next two sections we develop concepts we need in order to introduce the
more nuanced realisations of ourmain characters and their connection to argmaxability.
We will discuss the outputs that can be produced by W from two perspectives:

• Hulls and spans: the outputs that W can express.

• Linear dependencies: the constraints which limit the outputs W can express.

2.2.1 Spans and Hulls

We begin by building spaces of outputs by defining operations on collections of vectors.
We assume the reader is familiar with the notions of vector spaces and subspaces,
see Strang (2016, Section 3.1). We intend any operation, f , we define for a collection of
vectors to hold equivalently for matrices; i.e. we interpret the matrix as the collection
of column vectors in the matrix. E.g. f(V) = f(v·1,v·2, . . . ,v·d), where V ∈ Rn×d

and v·i ∈ Rn is a column vector. We will sometimes need to apply operations on the
row vectors, in which case we use f(V>) = f(v1,v2, . . . ,vd).

When we define the operation with two arguments, we mean the operation applied
using the specific second argument. When we omit the second argument, we mean
that we apply the operation to all valid second arguments to construct a space, also
known as the hull. We will introduce the following pairs of operations / hulls:

• Linear combinations → linear hulls (also known as subspaces),

• Affine combinations → affine hulls (also known as affine subspaces),

• Convex combinations → convex hulls (also known as (bounded) Polytopes)

As we will see, Affine and Convex combinations differ from Linear combinations
by applying additional constraints to the coefficients.

Linear Combination

Linear Combination Wedefine a linear combination of a set of vectorsv·1,v·2, . . . ,v·d
using coefficients c ∈ Rd as:

linear(V,c) =
d∑

i=1
civ·i, ci ∈ R (2.1)
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Linear Hull Given a set of vectors in Rd, we can express any vector in the subspace
as the sum of the v·i scaled by real valued coefficients ci. We obtain the linear hull
of V ∈ Rn×d:

linear(V) =
d∑

i=1
civ·i, ∀ci ∈ R (2.2)

= Vc, ∀c ∈ Rd (2.3)

Intuitively, 0, 1, 2, . . . , (d − 1) dimensional subspaces in Rd are the origin, lines
through the origin, planes through the origin, . . ., and hyperplanes through the origin.

Affine Combination

Affine Combination Wedefine an affine combination of a set of vectorsv·1,v·2, . . . ,v·d
using coefficients c ∈ Rd :∑d

i=1 ci = 1 as:

affine(V,c) =
d∑

i=1
civ·i ci ∈ R :

d∑
i=1

ci = 1 (2.4)

Affine Combination = Linear Combination with Vector Offset We note that
in neural network layers it is common to think of an affine layer as a linear layer with
a bias, i.e. a vector offset. To be consistent with the literature, we will therefore write
the affine hull in this form. Below we show how to rewrite an affine combination of d

vectors as a linear combination of d−1 vectors plus a vector offset.
Gamepad Example 1: Affine = Linear with Vector Offset

Note that due to the constraint
∑d

i=1 ci = 1, we can eliminate cd by writing it
as cd = 1−∑d−1

i=1 ci. By doing so, we can rewrite an affine form as a linear form
plus a vector offset v·d. So we have:

affine(V,c) =
d∑

i=1
civ·i, ci ∈ R :

d∑
i=1

ci = 1 (2.5)

=
d−1∑
i=1

civ·i + cdv·d, ci ∈ R :
d∑

i=1
ci = 1 (2.6)

=
d−1∑
i=1

civ·i +
1−

d−1∑
i=1

ci

v·d, ci ∈ R (2.7)

=
d−1∑
i=1

ci (v·i −v·d)︸ ︷︷ ︸
linear

+ v·d︸︷︷︸
offset

, ci ∈ R (2.8)
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Affine Hull An affine subspace is a linear subspace that is offset by a vector so that
it does not go through the origin. We construct the affine hull of V ∈ Rn×d, where
V′ = V:,−d:

affine(V) =
d−1∑
i=1

civ·i +v·d, ∀ci ∈ R (2.9)

= V′c+v·d, ∀c ∈ Rd−1 (2.10)

Intuitively, 0, 1, 2, . . . , (d−1) dimensional affine subspaces in Rd are points, lines,
planes . . . and hyperplanes, respectively.

Convex Combination

Convex Combination Wedefine a convex combination of a set of vectorsv·1,v·2, . . . ,v·d
using coefficients c ∈ Rd : ci ≥ 0,

∑d
i=1 ci = 1 as:

conv(V,c) =
d∑

i=1
civ·i ci ∈ R :

d∑
i=1

ci = 1, ci ≥ 0 (2.11)

Convex Hull We use convex combinations to build polytopes (Section 2.3). We
define a polytope in terms of its extreme points. These extreme points form a boundary
that encloses all other points. We capture this intuition formally by defining a polytope
as the convex hull of its vertices.
SIGN Convex Hull

Def. 2.2.1. The convex hull of V ∈ Rn×d is:

conv(V) =
d∑

i=1
civ·i, ∀ci :

d∑
i=1

ci = 1, ci ≥ 0 (2.12)

It will be important to differentiate between points that are on the convex hull,
i.e. on the boundary, versus points that are internal to the convex hull, which we say
are in the relative interior.
SIGN Relative Interior

Def. 2.2.2. The relative interior of a convex set, C ⊂ Rd, is:

relint(C) = {x ∈ C : ∀y ∈ C, y 6= x ∃z ∈ C : x ∈ (y,z)} (2.13)

where (y,z) is the line segment from y to z excluding the endpoints.
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We illustrate everything we have introduced so far in Fig. 2.1 for V = I3, where ei

is the unit vector for dimension i.

x

y

z

e1

e2

e3

a

b

c

affine(I3)

conv(I3)

Figure 2.1: Illustration of all hulls we introduced for V = I3 in R3. The linear hull, linear(I3),
is all of R3. The affine hull, affine(I3), is the 2D plane (truncated for visualisation). The convex

hull, conv(I3), is the triangle . Point a is on the affine hull. Point b is on the convex hull.

Point c in the relative interior of the convex hull.

2.2.2 Linear Dependence, Spans and Rank

In Section 3.2 we will ask: how expressive is a bottlenecked classifier W? In order
to answer this we need concepts from linear algebra, such as linear dependence, and
the span and rank of a matrix. As we will see, the culprit behind W are geometric
constraints that arise from projecting a high dimensional space to a low dimensional
one or vice-versa. These constraints have the form of linear dependencies that are
introduced between the inputs and outputs and restrict which outputs W can express.

SIGN Linear Dependence

Def. 2.2.3. A set of d vectors w·1, w·2, . . . , w·d is linearly dependent iff

∃c ∈ Rd, c 6= 0 :
d∑

i=1
ciw·i = 0 (2.14)

The vectors are linearly independent if they are not linearly dependent.

We can capture the coefficients of all linear dependencies at once by introducing
the nullspace of W.



52 Chapter 2. Argmaxability

SIGN Nullspace of a Matrix

Def. 2.2.4. Given a matrix W ∈ Rn×d, the nullspace is the vector space of all
coefficients that form linear dependencies of the columns of W:

nullspace(W) =
{
x ∈ Rd : Wx = 0

}
(2.15)

Span and Rank of a Matrix

On the other hand, to measure how expressive W is, we check the space of outputs
that can be produced. We note that the span and affine span, which we introduce, are
equivalent to the linear hull and affine hull (Section 2.2.1), respectively. We use the
span and affine span notation since they are more widely used in the literature and are
semantically more closely associated to the concept of outputs that are “reachable”.

SIGN Span of a Matrix

Def. 2.2.5. The span of a matrix W ∈ Rn×d is the subspace produced by taking
all possible linear combinations (see Section 2.2.1) of its columns.

span(W) =
d∑

i=1
ciw·i, ∀ci ∈ R (2.16)

We say that a sequence of vectors spans Rn if any point in Rn can be produced
as a linear combination of the vectors.

SIGN Affine Span of a Matrix

Def. 2.2.6. The affine span of a matrix W ∈ Rn×d is the subspace produced by
taking all possible affine combinations (see Section 2.2.1) of its columns.

aff (W) =
d∑

i=1
ciw·i, ∀ci ∈ R :

d∑
i=1

ci = 1 (2.17)

SIGN Basis of a Subspace

Def. 2.2.7. A set of vectors, B, are a basis for a subspace if they span the
subspace and are linearly independent. We say that a basis is orthonormal, if
every pair of basis vectors, (u,v) ∈ B, is orthogonal (u>v = 0), and all basis
vectors, u ∈ B, have Euclidean norm 1, i.e. ‖u‖2 = 1.
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Gamepad Example 2: The Unit Vectors Span Rn

We usually coordinatise Rn via the unit vectors ei in the standard basis.

e1 =



1
0
0
...

0


, e2 =



0
1
0
...

0


, e3 =



0
0
1
...

0


, . . . , en =



0
0
0
...

1


(2.18)

It will be useful to have a name for the number of vectors in a basis for a given
subspace; this is the dimension of the subspace.

SIGN Dimension of a Subspace

Def. 2.2.8. The dimension of a subspace, dim(span(W)), is the number of
vectors in a basis for that subspace, span(W).

SIGN Dimension of an Affine Subspace

Def. 2.2.9. The dimension of an affine subspace, dim(aff (W)) is the dimension
of the linear subspace that is being offset by a vector.

For example, in Fig. 2.1 we saw span(I3) which spanned all of R3, and hence had
dim(span(I3)) = 3, and aff (I3) which was an affine plane, and so dim(aff (I3)) = 2.

SIGN Rank of a Matrix

Def. 2.2.10. The rank of a matrix is the dimension of span(W). The rank
measures how expressive the linear map is.

Gamepad Example 3: Square Matrix with Rank 1

Let’s form a matrix W ∈ Rn×n using n duplicates of the same row, w1. You
can see that this matrix is degenerate: it does not really behave like a n × n

matrix, since we could replace any calculation using W by n copies of a single
dot product using w1. Any two rows are linearly dependent since taking the
difference between any two rows gives us the zero vector. This matrix has rank
1 —it is as expressive as having a single vector.
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2.2.3 Fine Measures of Linear Dependence

We saw that the rank of a matrix captures its largest subset of linearly independent
vectors. While the rank quantifies which outputs can be expressed by W, it is not
granular enough to determine how many outputs are argmaxable. This is because
when W is a tall matrix, i.e. W ∈ Rn×d, d < n, the rank only captures the largest
number of linearly independent rows, but ignores additional information about subsets
of rows that may be dependent. There are matrices with the same rank that have a
different number of argmaxable outputs. In order for two matrices A ∈ Rn×d and
B ∈ Rn×d to have the same number of argmaxable outputs, we require them to be in
general position.

Vectors in General Position

For methods that count the number of argmaxable outputs (Cover, 1965; Cover, 1967),
we will require that the rows of the matrix are in general position. This assumption
is generally reasonable when discussing neural network parameters, since randomly
initialised matrices are in general position and we can assume that any square block
of the matrix never becomes exactly linearly dependent (see Example 5).

Since we only need d vectors to form a basis for Rd, any d+1 vectors in Rd must
be linearly dependent. We say that a set of vectors are in general position in Rd if any
k-subset of them, k ≤ d, is no more linearly dependent than it needs to be. That is,
for Rd, d ≥ k, no k = 2 vectors lie on a line through the origin , no k = 3 vectors lie
on a plane through the origin, no d vectors lie in a d − 1 subspace. Algebraically, it
means that a d×d matrix formed by stacking any d out of the n vectors together has
non-zero determinant.

SIGN General Position

Def. 2.2.11. We say that n vectors are in general position in Rd if all subsets
of d or fewer vectors are linearly independent (Cover, 1965).

Gamepad Example 4: Matrix not in General Position

Consider the matrix in Fig. 2.2. Its rank is 2, but its rows are not in general
position since the last two rows are linearly dependent. Perturbing w2 or w3

does not change the rank of W, but it does change the number of regions.
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0 0.5
0.25 0.3
0.5 0.6




W w1
w2

w3

1 ++−−−−

2 −−−−−−
−−++++ 3

++++++ 4

Figure 2.2: Example of 3 vectors in R2 which are not in general position. Left: The vectors

stacked in the rows of W. Right: We sketch the vectors in R2 to highlight that w2 and w3 are

linearly dependent. We also plot the lines perpendicular to the vectors: they split R2 into the

4 numbered regions. Vectors in general position would produce 6 regions (see Section 2.4.4).

Gamepad Example 5: Random Parameters are in General Position

We often initialise neural network classifiers by sampling a matrix W ∈
Rn×d, d < n at random as n d-dimensional samples of a normal distribution.
For any d×d submatrix sampled this way to have rank r < d, we would need
all rows or columns to fall in a d − 1 dimensional subspace (e.g. a line in R2).
However, this almost never happens. Therefore, any d rows of W are almost
surely independent and the rows of W are almost surely in general position.

More generally, in order to understand which outputs are unargmaxable, we
need to look at the linear (in)dependence of subsets of rows of W. To access this
more fine-grained information, we introduce minors: we look at determinants of
square blocks within a matrix. We will need minors to introduce the Totally Positive
Grassmanian, which is the structure of matrices we require to guarantee sparse outputs
are argmaxable in Section 5.1.

Determinants

In order to define the determinant of a n×n matrix, we define the inversion and sign
of a permutation.
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Inversion of a Permutation The number of inversions of a permutation I(σ) is
the number of pairs of elements that are mapped “out of order” by the permutation

I(σ) =
∑

i∈[n]

∑
j∈[n], j 6=i

[i < j, σ(i) > σ(j)] (2.19)

Sign of a Permutation A permutation is odd if it has an odd number of inversions
and even if it has an even number of inversions. The sign of a permutation is:

sgn(σ) =


1, I(σ) = 2k

−1 I(σ) = 2k +1
k ∈ Z≥0 (2.20)

SIGN Determinant

Def. 2.2.12. The determinant of a square matrix A ∈ Rn×n, n ∈ Z : n ≥ 1 is:

detA =
∑

σ∈Sn

sgn(σ)
n∏

i=1
Ai,σ(i) (2.21)

where Sn is the group of permutations (Section 2.1.2).

We note that if detW = 0, the vectors in W are linearly dependent.

Minors A minor of a matrix W ∈ Rn×d, ∆I,J (W), is the determinant of a square
submatrix of W formed by deleting the rows not in I and the columns not in J .1 It is
helpful to define the size of minors: a k-minor is the determinant of a k ×k submatrix,
e.g. |I| = |J | = k, 1 ≤ k ≤ d. For example, for a n×d matrix with d < n, we compute
a k minor by deleting n−k rows and d−k columns from the matrix and taking the
determinant of this submatrix.
SIGN Maximal Minor

Def. 2.2.13. Amaximalminor of amatrixW ∈Rn×d, d < n is the determinant
of one of its d×d submatrices:

∆I (W) = ∆I,J (W) , |I| = d, J = [d] (2.22)

We note that if W is in general position, then all its maximal minors must be
non-zero. We use the Vandermonde matrix in Example 6 to illustrate.

1This is equivalent to selecting the rows and columns based on the indices with the indices sorted
in increasing order.
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Gamepad Example 6: Vn,d is in General Position

Consider a Vandermonde Matrix Vn,d, d < n:

Vn,d =



1 t1 t2
1 . . . td

1

1 t2 t2
2 . . . td

2
...

...
... . . . ...

1 tn t2
n . . . td

n

 , 0 < ti < tj , ∀i, j ∈ [n] : i < j (2.23)

Its rows are in general position: any subset of d rows that respects the total
order on the ti is Vd,d, and its determinant is known (Kalman, 1984) to be:

detVI =
∏

i,j∈I :i<j

(tj − ti), I =
(

[n]
d

)
(2.24)

which is non-zero given that tj 6= ti.

Grassmanians

One of the main characters of this thesis is the matrix W, which represents a bot-
tlenecked classifier. As we will see, defining which outputs are argmaxable for W
is invariant to the choice of a basis for W; in fact it is invariant to any perturbation
that leaves the sign of the maximal minors of W unchanged. 2 As such, we introduce
concepts to define subspaces and families of subspaces that have the same argmaxable
outputs. To this end:

1. We define families of matrices that span the same subspace (Grassmanian).

2. We define families of subspaces we will use in Chapter 5 to obtain our argmaxa-
bility guarantees (Totally Positive Grassmanian). Matrix representatives of
these subspaces have maximal minors that are non-zero and have the same sign.

Grassmanian The Grassmanian, Grn,d, is the set of all d-dimensional subspaces of
Rn. As such, any rank d matrix, W ∈ Rn×d, with 1 ≤ d ≤ n, is a representative of an
element of Grn,d.

2This is because the sign of the maximal minors of W define what is called the Chirotope of
W (Björner et al., 1999, Definition 3.5.3). The Chirotope is an alternative axiomatisation of Oriented Ma-
troids (Björner et al., 1999, Theorem 3.5.5), and the Oriented Matroid defined by the linear dependencies
in W specifies which outputs are argmaxable, as we will discuss in Section 2.5.3.
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SIGN Grassmanian

Def. 2.2.14.
Grn,d =

{
span(W) : W ∈ Rn×d, dim(span(W)) = d

}
(2.25)

We note that matrices that differ by a change of basis are representatives of the
same element of Grn,d. 3 For more details on the Grassmanian from an optimisation
lens, see Absil et al. (2008, Section 3.4.4).

Next we subdivide the elements of the Grassmanian into subsets of subspaces by
considering the sign of the maximal minors of their representatives.

Gamepad Example 7: General Position and the Grassmanian

Consider the subset of the Grassmanian for which all maximal minors are
non-zero: {

span(W) ∈ Grn,d : ∆I (W) 6= 0, I ∈
(

[n]
d

)}
(2.26)

Note that this is equivalent to claiming that the vectors are in general position:
any k ≤ d rows are linearly independent.

Totally Positive Grassmanian We write Gr+
n,d for the totally positive Grassmanian,

the set of d-dimensional subspaces ofRn for which any representative, W, hasmaximal
minors that are non-zero and agree in sign (Karp, 2017, Section 1).

SIGN Totally Positive Grassmanian

Def. 2.2.15.
Gr+

n,d =
{

span(W) ∈ Grn,d : ∆I (W)∆J (W) > 0, I,J ∈
(

[n]
d

)}
(2.27)

See also Postnikov (2006, Definition 3.1). 4 In Example 6, we saw that the de-
terminants of all submatrices of the Vandermonde matrix Vn,d are positive, hence
span

(
Vn,d

)
∈ Gr+

n,d. In Chapter 5 we will see that the truncated Discrete Fourier
Transform matrix is also a representative of an element in Gr+.

3This would be clearer if we had defined the Grassmanian by introducing an equivalence relation
on matrices, i.e. W ∼ W′ ⇐⇒ span(W) = span(W′), and defined the Grassmanian as a quotient
set (or even a quotient manifold), as done in Absil et al. (2008, Section 3.4.4). However, we elide these
details since the notation creates a barrier to entry and does not aid our exposition.

4Postnikov’s definition restricts maximal minors to be positive but also constrains column operations
to matrices having positive determinant.
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2.3 Polytopes

I call our world Flatland, not because we call it so, but to make its nature

clearer to you, my happy readers, who are privileged to live in Space.

—Edwin Abbott Abbott, Flatland: A Romance of Many Dimensions

In Section 2.1, we introduced the outputs of our classifiers: categories , rankings
and subsets . We now see where this notation stems from. We introduce polytopes,

representations that will help us analyse outputs of bottlenecked classifiers. More
specifically, we represent each output as a vertex of a polytope and show how the
vertices behave under projections introduced by W.

• Categories arise as vertices of the Simplex d (Section 2.3.1).

• Rankings arise as vertices of the Permutohedron d (Section 2.3.2).

• Subsets arise as vertices of the Cube d (Section 2.3.3).

But first, some notation. Affine subspaces of dimension 0, 1, 2, . . . , d−1 in Rd are
points, lines, planes, … and hyperplanes, respectively. Extreme points of polytopes of
corresponding dimensionality are 0-faces, 1-faces, 2-faces, … and (d−1)-faces which
we call vertices, edges, faces, … and facets, see (Ziegler, 1995, Chapter 2).

We use P as a general variable for a polytope. For a polytope P ⊂ Rd, we write
verts(P ) = P ∈ Rn×d to extract its vertices as a matrix which contains its n vertices
in the rows. We focus on the vertex representation for polytopes, i.e. the polytope is
the convex hull (Definition 2.2.1) of its vertices, P = conv(verts(P )).

Some polytopes are special for this thesis since they provide representations for
the outputs of interest. We highlight their connections throughout the thesis by
representing them using their 2D shape and a subscript which represents their affine
dimension, dim(aff (verts(P ))) (see Definition 2.2.9). The special polytopes are the
Simplex, d, the Permutohedron, d, and the Cube, d. The first two arise in the
context of MCC for which the outputs are categories, and the latter for MLC where
the outputs are label assignments.
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2.3.1 Simplex

Each vertex of d represents a cate-
gory; one out of d+1 categories.

SIGN Simplex d

Def. 2.3.1.

d = conv(Id+1) (2.28)

Python

def simplex(d):

return np.eye(d+1)

Listing 1: verts
(

d

)
.

Figure 2.3: 3 and its shadow in 2D.

2.3.2 Permutohedron

Each vertex of d represents a permu-
tation/ranking of d+1 elements. a

SIGN Permutohedron d

Def. 2.3.2.

d = conv(σσσ ∈ Sd+1) (2.29)

aBoth d and d have vertices that sum
to a constant, 1 and

∑d
i i, respectively.

Figure 2.4: 3 and its shadow in 2D.

Python

def permutohedron(d):

P = [list(r) for r in itertools.permutations(range(d+1))]

return P

Listing 2: verts
(

d

)
.
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2.3.3 Cube

Each vertex of d represents a subset
of d elements.

SIGN Cube d

Def. 2.3.3.

d = conv
(
{1,−1}d

)
(2.30)

Figure 2.5: 3 and its shadow in 2D.
Python

def cube(d):

C = [list(r) for r in itertools.product([-1, 1], repeat=d)]

return C

Listing 3: verts
(

d

)
.

2.3.4 Shadows: Projecting Polytopes to Lower Dimensions

We now use shadows of polytopes to foreshadow how unargmaxability arises.5 We
do so to build some intuition about how W interacts with the output representations,
namely the vertices of the polytopes.

In the figures above, we illustrated the shadows of 3, 3 and 3. The shadows
are 2D representations of the 3D objects, but they have lost a lot of information about
their 3D source! For example, if you count the vertices of the shadow of the cube
in Fig. 2.5, you will notice that only 6 of the 8 vertices of 3 surface in the shadow,
2 are killed by the projection. This is not by chance, in Fig. 2.7 we rotate the cube
and always seem to only be able to represent 6/8 vertices in the shadow. Déjà vu?
Remember Fig. 1.3? In Fig. 2.6 we see that for there are projections that retain all
vertices, but sometimes we do lose one vertex. Déjà vu again? Remember Fig. 1.2?

Shadows are a simple analogy for the constraints that arise from low dimensional
projections. The vertices of the polytope represent outputs we want to predict, but

5Caveat: the shadow analogy is alluring but not 100% accurate. For a shadow to be a linear projection
we would need a perfectly flat surface and a light source that has parallel light beams.
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Figure 2.6: Projections of may kill some of its vertices . We orient 3 in 4 different ways

and plot its shadow. In the left two subfigures the projection kills a vertex of 3 and only 3/4
vertices survive in the shadow, while in the other two all vertices survive.

Figure 2.7: Projections of must kill some of its vertices . We orient 3 in 4 different ways

and plot its shadow. As can be seen, in all cases only 6/8 vertices of 3 survive in the shadow.

W projects them to lower dimensions and we are forced to work with these shadows
instead. As we will see in Section 3.5.2, vertices that are killed in the shadow (i.e. fall
in the relative interior) are unargmaxable. We will see these shadows again, but first
we need more tools.

We now make projections precise in terms of the matrix, W, so that we can
easily analyse argmaxability in Section 3.5.2. We highlight that this usage of the term
projection is distinct and less restricted than that often used in Linear Algebra, e.g.
see (Strang, 2016, Chapter 4.2). In Linear Algebra, projection matrices are square,
symmetric and idempotent. At a high-level, projection matrices project points onto a
subspace, but retain the ambient dimension. In contrast, our use of the term projection
follows the polytopes literature (Björner et al., 1999, p. 50, 2.2) and is less strict: a
projection maps a higher dimensional space to a lower dimensional one and we “forget”
about the higher dimensional space after the projection.
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SIGN Polytope Projection (Shadows)

Def. 2.3.4. Consider a polytope P with n vertices in Rd, represented as P =
conv(verts(P )) , verts(P ) = P ∈Rn×z , and a projection W inRz×d that maps
Rz → Rd, d ≤ z. We define the projection of P by W as:

P (P,W) = conv(verts(P ))W = conv(PW) (2.31)

We note that the last step, conv(verts(P ))W = conv(PW), follows from the
fact that a convex combination is a linear operation, so the order of application of the
convex combination and the linear transformation by W can be swapped. Next we
specifically discuss projections of and .
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Figure 2.8: Example illustrating that polytopes are projections of the simplex. In (a) we show

the simplex 3 as a polytope (below) and as a matrix of vertices, I4 = verts
(

3
)
(above).

In (b), we see that projecting 3 by matrix A (above) gives us a polygon, retaining all 4
vertices (below). However, in (c) the projection by B kills the purple vertex that falls in the

relative interior of the triangle. As we will see in Section 3.5, the category corresponding to

the purple vertex in Fig. 2.8(c) is unargmaxable .

All polytopes are projections of the simplex Consider an arbitrary polytope
P and its matrix of vertices P = verts(P ) , P ∈ Rn×d. It may seem trivial to write
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P = InP, but there is an elegant interpretation of this (Ziegler, 1995, Example 0.9).

conv(verts(P )) = conv(P) (2.32)

= conv(InP) (2.33)

= conv(verts( n−1)P) (2.34)

= P ( n−1,P) (2.35)

So any polytope, P , with n vertices can be thought of as a projection of n−1, i.e. P
maps the simplex to P . We illustrate this fact with two example projections, A and
B in Fig. 2.8. For the following sections, we assume all projections map to a lower
dimensional space, i.e. W ∈ Rz×d, d < z.

Projections of the Simplex May Lose Vertices

What does this tell us about vertices lost in the projection of simplices? Well, the
shadow does not have to lose vertices —think of a polygon, conv(P) , P ∈ Rn×2 —all
n vertices can survive in R2. However, it is possible that vertices are indeed killed by
the projection. We illustrate both cases in Figs. 2.6 and 2.8. We conclude that vertices
of the simplex may be killed by a projection. However, as we discuss next, projections
of the cube must lose vertices.

Projections of the Cube Must Lose Vertices

In Fig. 2.7, we made a visual argument for the fact that projections of n to Rd, d < n

must kill vertices. We illustrated the shadow for 4 different projections of 3, i.e.
P ( 3,W) with 4 different projections W ∈ R3×2. As can be seen, the shadows in
R2 in all 4 cases only have 6 of the vertices.

While we have seen evidence of the pattern, we will not show that any projection
of the cube must lose vertices, just yet. We ask the kind reader to suspend any
disbelief until Section 2.5.3, where we explain that the pattern holds in general via the
connection to Oriented Matroids.

Families of projections that must lose vertices are important in terms of argmaxa-
bility, so we name them and introduce them more formally in the next section.
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2.3.5 Zonotopes

Projections of the cube are a subfamily of polytopes known as zonotopes (Ziegler,
1995, Section 7.2). They are so named because the faces parallel to any row of the
projection forms a zone that wraps around the polytope (Eppstein, 1996).

SIGN Zonotope

Def. 2.3.5. A zonotope, Z ⊂ Rd, is a projection of n defined by the projection
W ∈ Rn×d:

Z = P ( n,W) (2.36)

We also introduce the shorthand Z (W) , W ∈ Rn×d:

Z (W) = P ( n,W) (2.37)

Since a zonotope is a projection of the cube, we identify each of its vertices using
the corresponding coordinates from the vertex that was pulled down from the cube,
i.e. {+1,−1}n. This is the sign vector representation of each vertex (Section 2.5.1).

Gamepad Example 8: d is a Zonotope

d = Z (Bd) (2.38)

= P
(

(d
2),Bd

)
(2.39)

where the projection Bd ∈ R(d
2)×d is the Braid Matrix (see Eq. (2.52)). See

also Ziegler (1995, Example 7.15).

RECEIPT Summary

• Outputs of MLC and MCC correspond to vertices of polytopes.

• Zonotopes are projections of cubes.

• W projects polytopes to lower dimensions.

• W must kill vertices of zonotopes.

• W may kill vertices of the simplex.

More on Polytopes See the Summary in Section 2.4.4 for pointers to the results on
polytope projections. Excellent resources to learn more about polytopes are Ziegler
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(1995) and Federico Ardila’s lectures on polytopes.

2.4 Hyperplane Arrangements

In Figs. 1.2 and 1.3, we saw examples of decision boundaries of classifiers, i.e. regions
in feature space where the output of a classifier changes. In this section, we learn a lot
more about decision boundaries from our friends in combinatorics. Linear decision
boundaries are a well studied object in combinatorics, but they come under a different
name: hyperplane arrangements.

As with polytopes, some hyperplane arrangements have special status in this
thesis. These arrangements partition Euclidean space into regions (Definition 2.4.6)
that are representations for the outputs of our classifiers.

• Subsets arise as regions of the Boolean Arrangement (Section 2.4.1).

• Rankings arise as regions of the Braid Arrangement (Section 2.4.2).

• Categories arise as regions of the Voronoi Tesselation (Section 2.4.3).

But before we dive into explaining those hyperplane arrangements, we introduce
hyperplanes, halfspaces and intersections of halfspaces (Boyd et al., 2004, Section
2.2.1). We note that in what follows, the right-hand side is in bold because these are
elements of a sign vector and not because the result is a vector. See Definition 2.5.1
for the definition of the sign() function.

SIGN Hyperplane

Def. 2.4.1. A hyperplane, H, in Rd is an affine subspace of dimension d−1.
The hyperplane has one degree of freedom removed by specifying a constraint:
a normal vector w ∈ Rd to which it is perpendicular. If the hyperplane is
linear, we define it in terms of its normal vector alone as H (w).

H (w) =
{
x ∈ Rd : sign

(
w>x

)
= 00

}
(2.40)

If the hyperplane is affine, we offset the hyperplane by b in the direction of w:

H (w, b) =
{
x ∈ Rd : sign

(
w>x − b

)
= 00

}
(2.41)

https://fardila.com/Clase/Polytopes/polytopes.html
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w1

H
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H
+ (w

1)

(a) Hyperplane H (w1) splits R2 in two halfspaces.

w1

w2

w3

++++−−

H
+ (w

1)

H +
(w

2 )

H
−

(w
3)

(b) An intersection of halfspaces.

Figure 2.9: Left: We define a hyperplane, H (w1), via its normal vector, w1. InR2 a hyperplane

is a line x ∈ R2 : w1
>x = 0. H (w1) splits R2 into two halfspaces, H+ (w1) which is on the

side w1 points to, and H− (w1), which is the other halfspace. Right: We denote an intersection

of halfspaces by using a sign vector. Here ++++−− is short for H+ (w3)∩H+ (w2)∩H− (w3).

SIGN Halfspace

Def. 2.4.2. A hyperplane H (w, b) , w ∈ Rd, splits Rd into two halfspaces. The
positive halfspace, H+ (w, b), and the negative halfspace, H− (w, b):

H+ (w, b) =
{
x ∈ Rd : sign

(
w>x − b

)
= ++

}
(2.42)

H− (w, b) =
{
x ∈ Rd : sign

(
w>x − b

)
= −−

}
(2.43)

If b = 0, we write H+ (w) and H− (w), respectively.

We illustrate a hyperplane and its corresponding halfspaces in Fig. 2.9(a).

SIGN Halfspace Intersection

Def. 2.4.3.
Hs (W,b) =

⋂
i∈[n]

Hsi (wi, bi) (2.44)

=
{
x ∈ Rn : sign

(
w>

i x − bi

)
= si, i ∈ [n]

}
(2.45)

We illustrate an intersection of halfspaces and its sign vector representation
in Fig. 2.9(b).
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SIGN Orthant

Def. 2.4.4. Consider Rn and the n coordinate hyperplanes, H (ei) , i ∈ [n]. The
hyperplanes partition Rn into 2n orthants. Each orthant, Os, is the intersection
of n halfspaces: where s = { ++ , −− }n is a sign vector telling us whether we
take H+ (ei) or H− (ei):

Os =
{
x ∈ Rn : sign

(
e>

i x
)

= si, i ∈ [n]
}

(2.46)

where ei, i ∈ [n] is the standard basis for Rn (Example 2), i.e. e>
i x = xi.

Sign quantisation gives us the orthant We note that since e>
i x = xi, we have:

sign(x) = s ∈ { ++ , −− }n ⇐⇒ x ∈ Os (2.47)

i.e. we can identify which orthant of Rn a point falls in by taking the sign of its n

coordinates. If the sign vector has zero entries, it is on the boundary of an orthant, e.g.
x is on one or more axis-aligned hyperplanes.

x

y

z

e1

(a) We add H (e1).

x

y

z

e1

e2

(b) We add H (e2).

x

y

z

e1

e2

e3

(c) We add H (e3).

Figure 2.10: How to construct a hyperplane arrangement, one hyperplane at a time. We start

on the left with H (e1), the plane perpendicular to the normal vector e1. We incrementally

add H (e2) and H (e3). The arrangement we have constructed on the right may seem familiar,

the 8 regions are the orthants of R3. Note: The planes extend to infinity, we truncate them for

visualisation purposes.
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SIGN Hyperplane Arrangement

Def. 2.4.5. A real hyperplane arrangement, A, is defined as a set of n

hyperplanes in Rd, A = {H1,H2, . . . ,Hn}.

Following our notation above using normal vectors, we use the matrix
normals(A) = W ∈ Rn×d to define a specific hyperplane arrangement:

H (W) = {H (w1) ,H (w2) , . . . ,H (wn)} (2.48)

The set of regions R defined by a hyperplane arrangement A are the connected
components X of Euclidean space Rd left when we remove the hyperplanes of A,
namely X = Rd −⋃

H∈A H. Each region is defined by an intersection of halfspaces.
Given an ordering of the hyperplanes that define the halfspaces, we can represent the
region using its sign vector. The sign vector has as many elements as the number of
hyperplanes in the arrangement, and each sign denotes which side of the hyperplane
the region is on (see also Aguiar et al. (2017, Section 1.4.1)).

SIGN Hyperplane Arrangement Region

Def. 2.4.6. We define a region of a hyperplane arrangement H (W) as the
intersection of halfspaces with normal vectors defined by W ∈ Rn×d and the
orientation of the halfspaces by the sign vector s ∈ { ++ , −− }n.

Rs (W) = Hs (W) (2.49)

We represent the set of all regions of an arrangement as R(W), i.e. we omit s:

R(W) =
{
Rs (W) ∀s ∈ { ++ , −− }n : Hs (W) 6= ∅

}
(2.50)

As we alluded to earlier, the decision boundaries of linear classifiers give rise to
hyperplane arrangements. We now introduce two hyperplane arrangements. The
Boolean Arrangement, , which arises when we consider decision boundaries in
MLC. And the Braid Arrangement, , which arises when we consider the decision
boundaries in MCC.

2.4.1 Boolean Arrangement

The Boolean Arrangement, n, consists of the n coordinate hyperplanes. Namely,
the normal vectors which define it are the unit vectors H (In). n and splits Rn into
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(a) 3. (b) 3. (c) 3 inside 3.

Figure 2.11: The Boolean Hyperplane Arrangement 3. We superimpose 3 over 3 to

illustrate the correspondence between subsets, vertices of 3 and regions of 3. As can be

seen, 3 has 23 = 8 regions, since each vertex of 3 falls in one region.

2n regions, the orthants of Rn. It is of interest to us since it gives us the decision
boundaries for MLC: each region corresponds to a label assignment.

SIGN Boolean Arrangement n

Def. 2.4.7.

n = H (In) , In ∈ Rn×n (2.51)

where In is the n×n identity matrix.

2.4.2 Braid Arrangement

Before we define the Braid Hyperplane arrangement, we introduce the braid matrix,
the matrix of normal vectors that define it.

The Braid Matrix Bn

The braid matrix is the incidence matrix of a directed fully connected graph.
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(a) 3. (b) 3. (c) 3 inside 3.

Figure 2.12: The Braid Hyperplane Arrangement 3. We superimpose 3 over 3 to

illustrate the correspondence between rankings, vertices of 3 and regions of 3. As can be

seen, 3 has 4! = 24 regions, since each vertex of 3 falls in one region.

The braid matrix, Bn ∈ R(n
2)×n, is:

Bn =



e1 −e2

e1 −e3
...

e2 −e3
...

ei −ej


, i, j ∈ [n], i < j

(2.52)
where ei is the standard unit vector.

Python

def braid(n):

W = np.eye(n)

N = math.comb(n, 2)

B = np.zeros((N, n))

combs = combinations(range(n), 2)

for a, (i,j) in enumerate(combs):

B[a] = W[i] - W[j]

return B

Listing 4: Building the Braid Matrix Bn.

SIGN Braid Arrangement n

Def. 2.4.8.

n = H (Bn) , Bn ∈ R(n
2)×n (2.53)

where Bn is the braid matrix Eq. (2.52).

The Braid Arrangement (Aguiar et al., 2017, Section 6.3), n, is a hyperplane
arrangement that arises when we consider decision boundaries in multi-class classifi-
cation. This is because it partitions space into n! regions which correspond to rankings
of n+1 elements (see Fig. 2.12).
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(a) 3 (b) 3 (c) 3 inside 3.

Figure 2.13: The Voronoi tesselation 3. We superimpose 3 over 3 to illustrate the

correspondence between categories, vertices of 3 and regions of 3. As can be seen, 3

has 4 regions; each vertex of 3 falls in one region.

2.4.3 Voronoi Tesselation

The Voronoi tesselation, , arises as the decision boundaries in MCC (Hess et al.,
2020, Theorem 1).6 Each region of n corresponds to the set of inputs inRn for which
a target category is assigned the largest score. As such, it is straightforward to see
that each region of n is a union of regions of n: the regions that rank a given
class above all others.

SIGN Voronoi Tesselation n

Def. 2.4.9.

n =
⋃

i∈[n]

 ⋂
j∈[n], j 6=i

H+ (ei −ej)
 (2.54)

We note that similar to how is not a zonotope, the Voronoi tesselation is not
a hyperplane arrangement: the regions cannot be formed by hyperplanes without
truncating some of them.

2.4.4 Slicing: Restricting Arrangements to Lower Dimensions

Wenow build intuition about howW interacts with the output representations, namely
the regions of the hyperplane arrangements. We saw that n gives us the regions
for MLC with n labels and n gives us the regions for MCC with n categories via

n. However, in ML we do not use In as an output layer, we usually learn a matrix

6This is true when W ∈ Rn×n is square and full rank.
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a) 3 b) Intersect by span(W) c) P
(

3,W
)

, ∈ R2

a) 3 b) Intersect by span(W) c) P
(

3,W
)

, ∈ R2

W ∈Rn×d, d < n. We now explain how this matrix W affects the decision boundaries:
it restricts the corresponding hyperplane arrangement to a subspace. As a result of
the restriction, some of the regions of the hyperplane arrangement are lost.

The restriction operation intersects a hyperplane arrangement with span(W).
Restriction is equivalent to projecting the normals of the hyperplanes, as we did for
vertices in Definition 2.3.4, see also Björner et al. (1999, p. 12, d).

SIGN Hyperplane Arrangement Restriction

Def. 2.4.10. Consider a hyperplane arrangement A represented as
normals(A) = A ∈ Rn×z , and a matrix W in Rz×d that maps Rz → Rd, d ≤ z.
We define the restriction of A by W as:

P (A,W) = normals(A)W = AW (2.55)

Intuitively, if span(W) is a hyperplane and we restrict d to it, the hyperplane
“slices” the orthants, as in Section 2.4.4. If the subspace is lower dimensional, span(W)
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Figure 2.15: Restricting must kill regions . We restrict 3 to span(W) for four different

choices of W and show the intersection. In all four subfigures only 6/8 regions survive.

“stabs” the orthants (imagine a 1d ray stabbing the orthants inR3). Only the intersected
orthants arise as regions in the restricted arrangement.

As we can see from Example 9 and 10, both P
(

n,W
)
and P

(
n,W

)
can be

interpreted as intersecting orthants, of Rn and R(n
2), respectively.

Gamepad Example 9: H (W) , W ∈ Rn×d is a Restriction of n

H (W) = H (InW) (2.56)

= P
(

n,W
)

(2.57)

Gamepad Example 10: d is a Restriction of (n
2)

n = H (Bn) (2.58)

= H
(

I(n
2)Bn

)
(2.59)

= P
(

(n
2),Bn

)
(2.60)

Therefore, P
(

n,W
)

= P
(

(n
2),BnW

)
.
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Restrictions of Hyperplane Arrangements Must Lose Regions

This statement is analogous to the one about projections of Zonotopes: W must kill
vertices of Zonotopes, and it must also kill regions of Hyperplane Arrangements. We
see this in Fig. 2.15, where we see a reincarnation of Fig. 1.3 , and once again we can
only represent 6/8 regions.

Restrictions of the Voronoi Tesselation May Lose Regions

As we mentioned earlier, n is not a hyperplane arrangement, but its regions are
formed as a union of regions from n. Therefore, for a region of to be killed by
W, all corresponding regions of must be killed. This does not always happen, as
we show in Fig. 2.16, which is a reincarnation of Fig. 1.2 . Therefore, once again
analogously to the polytope case, we say that W may kill regions of .

Figure 2.16: Restricting may kill regions . We restrict 4 to span(W) for four different

choices of W and show the intersection. In the left two subfigures the restriction kills a region

and only 3/4 regions survive, while in the subfigures on the right all regions survive.

Number of Regions

As we have seen, restricted arrangements lose regions when compared to unrestricted
ones. Aswewill explain in Section 2.5.1, these lost regions correspond to unargmaxable
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outputs. It is therefore natural to ask: howmany of the outputs can we represent when
we have an arrangement restricted by W? The answer to this question corresponds
to counting the number of regions of P (A,W).

We discuss the number of regions of P
(

,W
)
and P

(
,W

)
under the as-

sumption that W ∈ Rn×d is in general position (see Definition 2.2.11). For a more
general solution for counting regions in arrangements we point to Zaslavsky’s PhD
thesis (Zaslavsky, 1975).

Counting the Regions of the Restricted Boolean Arrangement

We are specifically interested in the number of regions of P
(

n,W
)
, since as we

will see in Chapter 5, these correspond to the number of argmaxable label assign-
ments (Definition 3.4.5) in MLC. For n, we have the following result (Cover, 1965),
see MacKay (2003, Chapter 40) for a clear exposition of this result.

BOMB Number of Regions of H (W)

Thm. 2.1. (Cover, 1965, Thm 2) If W ∈ Rn×d is in general position, the number
of regions of H (W) is:

|R(W)| = 2
∑d−1

d′=0

(
n−1

d′

)
(2.61)

We note that the number of regions above depends only on n and d, and as long as
W is in general position, R(W) is agnostic to the exact value of W. There is also a
corresponding theorem for the number of vertices of a projected zonotope (Z. Zhang
et al., 2019, Theorem 3.3).

Counting the Regions of the Restricted Braid Arrangement

The number of regions of P
(

n,W
)
correspond to the number of argmaxable

rankings of categories in MCC. We will not need this result in this thesis, but there
is also a closed form solution for computing this (Cover, 1967), see Appendix A.1 for
more details.
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Summary

RECEIPT Summary

• Decision boundaries of linear classifiers correspond to hyperplane ar-
rangements.

• Outputs of MLC and MCC correspond to regions in hyperplane arrange-
ments.

• W restricts hyperplane arrangements and kills some regions.

• W must kill regions of hyperplane arrangements.

• W may kill regions of Voronoi tesselations.

• Regions of hyperplane arrangements correspond to intersected orthants.

More Details For the correspondence between hyperplane arrangements and zono-
topes, see Ziegler (1995, Theorem 7.16). Restricting hyperplane arrangements to
low-rank W (Ziegler, 1995, Lemma 7.11) must kill regions of the hyperplane arrange-
ment (Cover, 1965). Correspondingly, projecting a zonotope by W must kill some of
its vertices (L. Zhang et al., 2018, Theorem 3.3). While a Voronoi Tesselation is not
a hyperplane arrangement, the Voronoi Tesselation is a coarsening of the fan of the
braid hyperplane arrangement: combine the regions which correspond to rankings
which rank the target category above all others. The region of the Voronoi Tesselation
is killed only if all corresponding regions of the braid arrangement are killed, therefore
W may kill regions of the Voronoi Tesselation. The corresponding statement for the
simplex comes from identifying the normal fan of the standard simplex as the Voronoi
Tesselation.

More on Hyperplane Arrangements Excellent resources to learn more about hy-
perplane arrangements are Stanley (2004) and Federico Ardila’s lectures on polytopes
(see Lecture 34 onwards). Connections of the Boolean Arrangement to ML can be
found in MacKay (2003, Chapter 40). For those who prefer a more gentle introduction
via a hands on approach, Sagemath (Stein et al., 2019) contains implementations of
many hyperplane arrangements and functions that we found useful when learning
this material.

https://fardila.com/Clase/Polytopes/polytopes.html
https://fardila.com/Clase/Polytopes/polytopes.html
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2.5 Sign Vectors: The Atoms of Argmaxability

To distill the “combinatorial essence”, we use the sign function.

—Günter Ziegler

We discussed two representations of outputs, vertices of polytopes (Section 2.3)
and regions of hyperplane arrangements (Section 2.4). As we saw, W comes into
the picture as a projection of the vertices (Definition 2.3.4) or the normal vectors
(Definition 2.4.10), respectively. As a result of the projection, zonotopes lose vertices
and hyperplane arrangements lose regions. We now use a bit of abstraction to distil
what matters for argmaxability from both representations: sign vectors. As we will
see, the fine-grained linear dependence structure of W (Section 2.2.3) tells us which
sign vectors are lost. By mapping sign vectors onto output representations, we can
then explain which outputs are argmaxable for a given bottlenecked classifier, W.

2.5.1 Sign Vectors

In order to understand which outputs become unargmaxable due to a bottlenecked
classifier, W, we need to represent outputs in a way that is compatible. The correct
granularity for understanding argmaxability is at the level of atoms called sign vectors.
For our current purposes, we think of sign vectors as a discrete representation for a
vector x ∈ Rn. We discretise the vector x by summarising each coordinate using its
sign, as defined below.

SIGN Sign Vector

Def. 2.5.1. A sign vector of length n is: ( ++ , −− , 00 )n, where we assume the
outputs are ordered (we will encode the ordering using a fixed order of colours,
e.g. ++++++++++ , −− 00 ++−−++ ). We construct sign vectors from vectors in Rn by
quantising them via the sign() function:

sign(x) =


++ , if x > 0

−− , if x < 0

00 , if x = 0

(2.62)

We will slightly abuse notation and apply the sign function to vectors x, by which
we mean that we apply the function element-wise.



2.5. Sign Vectors: The Atoms of Argmaxability 79

Gamepad Example 11: Sign Vector

z =
[
1.5 −2.1 0 .2

]>
sign(z) =

[
++ −− 00 ++

]>

Sign Vectors in Computations We note that an entry of zero in a sign vector, 00 ,
is not to be confused with a vector of zeroes - this will be clear from context. We abuse
the notation of sign vectors so that we can use them directly in computations when
the context is clear. The numerical interpretation is the obvious one, 00 is 0 and we
interpret ++ as +1 and −− as −1. For example, ++−− 00 ++ is equivalent to (1,−1,0,1)>.

2.5.2 Partial Order on Sign Vectors

By introducing sign vectors we have defined the atoms, i.e. the vocabulary of our
discrete space. However, we have not yet defined the structures we can build with
these sign vectors. To assist with this, we define a partial order on sign vectors; i.e.
we define what the operators < and > mean when applied to sign vectors. The partial
order will allow us to refer to groups of sign vectors by specifying a given inequality,
e.g. as we will see, x ≤ 00 ++++ implies x ∈ { 00 ++++ , ++++++ , −−++++ }.

SIGN Partial Order on Sign Vectors

Def. 2.5.2. For each element of the sign vector we define ++ > 00 and −− > 00

with ++ and −− being incomparable. We break comparisons between sign
vectors into element-wise comparisons.

00

−− ++

Figure 2.17: Partial Order on Sign Vectors.

For example, given the partial order, we have 00 ++++ < ++++++ and 00 ++++ < −−++++ ,
but ++++++ and −−++++ are incomparable.

While the above comparisons may seem abstract, they capture the semantics of
face inclusion in zonotopes and hyperplane arrangements.
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• For zonotopes, the faces consist of vertices, edges, …, facets and the whole
zonotope. The partial order tells us which faces are included in which other
faces. E.g. the vertices (0-faces) of an edge (1-face) are included in the edge.

• For hyperplane arrangements, the faces consist of regions (i.e. intersections
of halfspaces), intersections of halfspaces restricted to a single hyperplane, …,
the origin 7. E.g. the regions (d-faces) include rays ((d − 1)-faces), which are
restrictions of halfspaces to a hyperplane.

We illustrate the partial order of sign vectors as interpreted for zonotopes and
hyperplane arrangements in Fig. 2.18. As can be seen in Fig. 2.18(a), for the zonotope
example we mentioned above, 00 ++++ represents the edge that joins the vertices rep-
resented by −−++++ and ++++++ . As such, our comparison x ≤ 00 ++++ encodes that x
matches either the edge or its vertices. The partial order encodes reverse inclusion for
the faces of the zonotope.

On the other hand, for hyperplane arrangements, as can be seen in Fig. 2.18(b),
00 ++++ corresponds to H (w1) ∩ H+ (w2) ∩ H+ (w3), i.e. the intersection the hyper-
plane and two halfspaces. As such, our comparison x ≤ 00 ++++ encodes ++++++ ∪
−−++++ ∪ 00 ++++ , i.e. the union of the two regions and their shared boundary. The
partial order encodes inclusion of the faces of the hyperplane arrangement.

We will use the partial order to define when certain outputs are unargmaxable.
In Section 3.5, the sign vectors we will be thinking of will correspond to a) orthants
of Rn or b) vertices of n. The partial order will allow us to talk about composing
such primitives. In particular, we will use the partial order to define the argmaxable
regions in MCC, since they are unions of regions of .

2.5.3 Representable Sign Vectors

Although oriented matroids need some amount of new notation and

terminology, there is little magic involved: just don’t be scared of names.

—Günter M. Ziegler

We now get to the core question regarding argmaxability. Given a matrix W ∈
Rn×d, d < n, which sign vectors canwe represent andwhich ones dowe lose? Oriented
Matroids (Björner et al., 1999) give us the answer, it is a beautiful theory that distils

7We assume the hyperplane arrangement is central, i.e. that all hyperplanes intersect at the origin.
This is true for the output layers we discuss when we do not use a bias term.
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++++++

−−++++

−−−−++ −−−−−−

++−−−−

++++−−++++ 00

00 ++++

−− 00 ++

−−−− 00

00 −−−−

++ 00 −−

00 00 00

(a) Zonotope defined by w1,w2,w3. The sign
at position i tells us how wi contributes to the
result, where ++ means only wi contributes,
−− means only−wi contributes, and 00 means
the whole line segment (wi,−wi) contributes.
Each maximal sign vector is a vertex with sign
vectors lower in the partial order represent-
ing edges and 00 00 00 representing the whole
zonotope.

w1w2

w3

++++++

−−++++

−−−−++ −−−−−−

++−−−−

++++−−

++++ 00

00 ++++

−− 00 ++

−−−− 00

00 −−−−

++ 00 −−

00 00 00

(b)Hyperplane Arrangement defined by the
normal vectors w1,w2,w3. The sign at posi-
tion i specifies whether we are above, below
or on the ith hyperplane in the direction of the
normal vector. The maximal sign vectors are
intersections of halfspaces, with sign vectors
lower in the partial order being halfspace inter-
sections restricted to hyperplanes and 00 00 00
representing the origin.

++++++ ++++−− ++−−−− −−−−−− −−−−++ −−++++

++++ 00 ++ 00 −− 00 −−−− −−−− 00 −− 00 ++ 00 ++++

00 00 00

Figure 2.18: Example of partial order on sign vectors constructed by considering vectors

w1,w2,w3. The partial order captures face inclusion for the Zonotope (Fig. 2.18(a)) and the

corresponding Hyperplane Arrangement (Fig. 2.18(b)), but for the Zonotope the order is

reversed, i.e. higher-dimensional faces are lower in the partial order. E.g. for the Zonotope,

the vertices ++++++ and ++++−− are included in the edge ++++ 00 , and therefore ++++ 00 is lower

than the vertices ++++++ and ++++−− in the partial order. For the Hyperplane Arrangement, the

region ++++++ includes both ++++ 00 and 00 ++++ (faces of Hyperplane Arrangements include

their boundary, see Ziegler (1995, Chapter 7.1)), so ++++++ is higher in the partial order.
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the essence of the linear dependencies in W. It partitions sign vectors into two sets,
the vectors and the covectors. For our purposes, it tells us that when we can represent
the covectors, we cannot represent the vectors, and vice-versa. Introducing Oriented
Matroids in detail is out of scope for this thesis, but we briefly introduce vectors and
covectors to answer which outputs are argmaxable/unargmaxable for a given matrix
W. In terms of the previous sections, this makes precise our points about zonotopes
losing vertices under projections and hyperplane arrangements losing regions under
restriction.

Covectors of Oriented Matroids

The covectors are the sign vectors which distil the possible output values of f(x) =
Wx, W ∈ Rn×d.

SIGN Covectors

Def. 2.5.3. The Covectors, V∗ (W), of the Oriented Matroid associated with W
are:

V∗ (W) =
{
sign(z), z = Wx ∀x ∈ Rd

}
(2.63)

As we will discuss in Section 3.3, a bottlenecked classifier computes z = Wx.
As such, the covectors correspond to the atoms that construct argmaxable outputs
(see Section 3.4).

Vectors of Oriented Matroids

The vectors are the sign vectors that distil the linear dependencies (Definition 2.2.3)
in W ∈ Rn×d.
SIGN Vectors

Def. 2.5.4. The Vectors, V (W), of the Oriented Matroid associated with W are:

V (W) =
{
sign(z), z ∈ Rn : W>z = 0

}
(2.64)

These correspond to atoms that are unargmaxable. They are the regions of the
hyperplane arrangement that we lost under restriction and the vertices of the zonotopes
that we lost under projection.

To summarise, Oriented Matroids provide a framework for answering one of the
main questions of our thesis: Which outputs are (un)argmaxable for W? The answer
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is: the (vectors) covectors of the Oriented Matroid defined by W.

Repercussions of Connection to Oriented Matroids

What are the repercussions of this connection of argmaxability to Oriented Matroids?

By linking argmaxability to Oriented Matroids we can take advantage of any
algorithm developments in OrientedMatroids and apply them to our problem. Morever,
we inherit hardness results from Oriented Matroids which we can translate to the
problem of argmaxability. For example, an important problem in Neurosymbolic AI
is to guarantee that outputs of interest can be predicted (or, conversely, that invalid
outputs cannot be predicted) (Ahmed et al., 2022; Giunchiglia et al., 2022; Krieken
et al., 2024; Manhaeve et al., 2018). We could express such outputs as covectors of an
Oriented Matroid and ask: Given the set of covectors, what is a W for which these
are indeed covectors of the underlying Oriented Matroid? Through the connection to
Oriented Matroids, we validate our suspicion that this problem is hard in general. This
problem is known as the realisability problem for Oriented Matroids, and we know it
is NP-Hard (Mnev, 1988; Shor, 1990).

Another insight obtained from the connection, is that we can detect unargmaxable
outputs by computing linear dependencies in W ∈ Rn×d, d < n. However, even if W
is in general position, for large n and d there are too many linear dependencies (i.e.(

n
d+1

)
of them) for us to exhaustively enumerate them. Moreover, we are not aware of

a way to guide such a search for outputs we may want to check.8 In Chapter 4 we will
use a targeted approach. For a target output, we check whether it is argmaxable by
detecting whether the corresponding region in the hyperplane arrangement survives
the restriction by W. Maybe unsurprisingly, as we will see, we can solve this problem
via Linear Programming.

So, given W, we can check whether a sign vector is a covector. But how do
the covectors map to outputs? In other words, how do we know which outputs are
argmaxable? We now show how to decompose output representations into sign
vectors so that we can decide whether an output is argmaxable based on whether
certain sign vectors are covectors. We start from subsets since they are the easiest to
explain.

8Although, if we do try to guide such a search, we may be reinventing the simplex algorithm from
Linear Programming.
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2.5.4 Subsets as Sign Vectors y

Consider a set of n labels, Y and form a subset S ⊆ Y . To encode a subset as a sign
vector, set yi = ++ if the element is in the subset, and yi = −− if it is not.

y =



s(1)
s(2)
...

s(n)

 , i ∈ [n], s(i) =


++ if Yi ∈ S

−− if Yi /∈ S
(2.65)

2.5.5 Rankings as Sign Vectors y

We encode a ranking as a sign vector by considering all pairwise comparisons of
elements in a particular order. Consider a set of n categories. Let σ = (σ1,σ2, . . . ,σn)
be the permutation that gives our target ranking, r. The sign vector is y is:

y =



s(1,2)
s(1,3)

...
s(2,3)

...
s(i, j)


, i, j ∈ [n], i < j, s(i, j) =


++ if σi > σj

−− else
(2.66)

2.5.6 Categories as Sign Vectors y

Consider a set of n categories and a target category c. The sign vector for a category is
given by all rankings which rank the category with index c above all other categories:

y =



s(1,2)
s(1,3)

...
s(2,3)

...
s(i, j)


, i, j ∈ [n], i < j, s(i, j) =


++ if i = c

−− if j = c

00 else

(2.67)
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Figure 2.19: Correspondence between the 6 rankings (vertices of 3) and the category (repre-

sented by the vertex of 3).

2.5.7 Atomic and Compound Outputs

In Section 3.5, we show that a consequence of a bottlenecked classifier is that some
outputs may be unargmaxable while others must be unargmaxable. To explain this
difference, we introduce two families of outputs.

Atomic Outputs We use atomic here to mean in the indivisible sense: sign vectors
cannot be further broken down.

SIGN Atomic Output

Def. 2.5.5. An atomic output corresponds to a single sign vector.

Since for any bottlenecked classifier some sign vectors are unargmaxable, some
atomic outputs must be unargmaxable. As such, label assignments and rankings are
atomic outputs.

Compound Outputs On the other hand, compound outputs are built from multiple
sign vectors.

SIGN Compound Output

Def. 2.5.6. A compound output comprises multiple sign vectors.

For example, a category in MCC consists of all rankings that rank the target
category above all others. This means that compound outputs have redundancy when
it comes to unargmaxability: we would need all sign vectors comprising this output
to be unargmaxable for the compound output to be unargmaxable. We therefore say
that for a low-rank classifier some compound outputs may be unargmaxable.



86 Chapter 2. Argmaxability

2.6 Probability Distributions

Ok, so we have an answer of 1000±30 thanks to Mr. Binomial,

the inventor of the distribution that bears his name.

— David J. C. Mackay, Introduction to Information Theory

Here we define the discrete probability distributions we will need in order to model
MCC and MLC. A more explicit mapping can be seen below:

• Binary Classification (MLC, n = 1 or MCC, n = 2 ) → Bernoulli distribution

• MLC with n labels → Joint distribution of n Bernoulli distributions

• MCC with n > 2 categories → Categorical distribution over n categories

In Chapter 4 we will use DNNs to estimate the parameters from data.

We assume the reader is comfortable with random variables and probability theory
and refer the reader to Bertsekas et al. (2008) for a refresher. To define a discrete
random variable we need two things: a) the set of possible values this random variable
can take, i.e. the support of the distribution and b) the probability of each value, i.e.
the Probability Mass Function (PMF).

2.6.1 Bernoulli Distribution

Support We use a Bernoulli random variable to model an event that has two possible
outcomes. As such, the support is { ++ , −− }, say success ( ++ ) and failure ( −− ).

PMF In order to define the PMF for the Bernoulli, we need to define a single
parameter, θ, the probability of success.

P (y;θ) =


θ if y = ++

1− θ if y = −−
(2.68)

2.6.2 Distribution of Multiple Bernoulli

Support For the support we combine n Bernoulli random variables y1,y2, . . . ,yn.
Since each yi takes a value from { ++ , −− }, the support is { ++ , −− }n.

https://www.youtube.com/watch?v=BCiZc0n6COY&t=971s
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PMF For our analysis in Section 3.3.3, we will assume the yi are independent 9. We
therefore only need n parameters. We concatenate the individual parameters into a
vector, i.e. θθθ = [θ1;θ2; . . . ;θn]. Given that the yi are independent, we get the following
joint PMF:

P (y;θθθ) =
∏
i

θi [yi = ++ ]+ (1− θi) [yi = −− ] (2.69)

where [] is the Iverson bracket (see Section 0.2).

Geometric Interpretation The parameters θθθ of n Bernoullis live in n.10

2.6.3 Categorical Distribution

Support In MCC, our goal is to choose from a set of categories {c1, c2, . . . , cn}.

PMF We define the PMF of a categorical distribution over n outcomes via n − 1
parameters, θθθ:

P (y;θθθ) =



θ1 if y = c1

θ2 if y = c2
...

θn−1 if y = cn−1

1−∑n−1
i=1 θi if y = cn

(2.70)

Geometric Interpretation The parameters θθθ of a categorical distribution live in

n−1, also known as the probability simplex.

9In the neural network models, this will be conditional independence given the input features.
10The cube is offset by 1 and scaled by 1

2





3 Argmaxability in Neural Networks

In this chapter, we reframe argmaxability in the context of Deep Neural Networks
(DNNs). To see the connection, we decompose DNNs into an encoder and output
layer (Section 3.1) and introduce the output layers used for MCC andMLC (Section 3.2).
We identify the culprit of unargmaxable outputs, the matrix W, as the parameters
of the output layer of DNNs. As we will see, W arises when we make the output
layer a bottlenecked classifier (Section 3.3). However, the constraints imposed by W
differ depending on whether W is used for MCC or MLC. We therefore formalise the
(un)argmaxability problem for MCC and MLC (Section 3.4) and explain under which
scenarios we may have unargmaxable outputs and when we must have unargmaxable
outputs (Section 3.5).

3.1 Deep Neural Networks (DNNs)

3.1.1 Encoder and Output Layer Perspective

Text/Im
ages

D
eep

Feature
Encoder

Log-Linear
O
utputLayer

Feature
Space

O
utput

Figure 3.1: DNNs comprise an expressive

encoder followed by a log-linear classifier.

In this thesis, we break down DNNs concep-
tually into two parts: i) a feature encoder
and ii) an output layer (see Fig. 3.1). We
focus on models that have log-linear out-
put layers. We think of these as log-linear
classifiers applied to dense feature vectors
produced by DNNs. This view unifies 2000s
ML with DNNs: DNNs benefit from replacing feature engineering with an expressive
feature encoder (Goldberg, 2015) that is learned in tandem with the output layer.

89
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Encoder

When we say encoder in this thesis, we mean feature encoder. The feature encoder
is a function, typically a DNN, that maps any input data, e.g. some text or an image,
to a feature vector. For example, consider BERT (Devlin et al., 2019) and ResNet (He
et al., 2016) as feature encoders for text and images, respectively. Feature vectors are
outputs of the encoder and inputs to the output layer. In what follows, we think of

feature vectors as inputs, since we will focus on the output layer.

Idealised Encoder Assumption

In this thesis we do not analyse the feature encoder; for our purposes we assume it is
fully expressive; i.e. if the encoder produces d features, we assume it can yield any
feature vector in Rd. We study constraints on predictions that arise solely from the
output layer. As such, the outputs that we find to be unargmaxable in our work are

unargmaxable irrespective of the choice of feature encoder.

It is easy to miss that DNNs can be shackled by constraints present in log-linear
layers. This is because DNNs are associated with highly expressive non-linear models.
Feature encoders now comprise multiple layers interspersed with non-linearities, they
have a huge number of parameters and in the case of sequence prediction, can encode
very long contexts. However, even for LLMs, the output layer is still a bottlenecked

log-linear classifier (see Table 1.1). It is important to analyse the output layer, since
any constraints it imposes apply to the whole model, irrespective of the complexity of
the feature encoder. From now on we focus on this log-linear output layer.

3.2 Log-Linear Classifiers

Linear classifiers score each output as a linear function of their inputs. Herein, we
focus on log-linear classifiers. These are linear classifiers in log space, i.e. linear scoring
functions followed by an activation function which has an exponential form.

A log-linear classifier comprises two parts:

1. a parametrisation (Section 3.2.1) and

2. an activation function (Sections 3.2.2 and 3.2.3).
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3.2.1 Parametrisation

Linear
O
utputLayer

InputFeatures

O
utputs

Figure 3.2: We focus on the

output layer.

Consider a log-linear classifier with d inputs and n out-
puts, i.e. one that maps input feature vectors x ∈ Rd to
outputs z ∈ Rn. We represent the parameters of the log-
linear classifier compactly by using a matrix W ∈ Rn×d.
As such, W defines the linear map f :Rd →Rn, z = Wx.
We say that a log-linear classifier is fully-parametrised
if it has n = d, i.e. W is a square matrix. We focus
on fully-parametrised classifiers for now and postpone
discussion of bottlenecked parametrisations that have
d < n to Section 3.3.1.

Now that we have elaborated on the parametrisation of log-linear classifiers, we
introduce the activation functions that follow the linear map to complete the classifier.
These activations differ depending on the type of classifier. For MCC, the outputs are
mutually exclusive, so we use a softmax activation function to form a softmax layer.
For MLC, each label can be active independently, so we apply the sigmoid activation
function element-wise to form a sigmoid layer. 1

3.2.2 Softmax Layer: Multi-Class Classification

A linear layer with a softmax activation is used when we want to do MCC, i.e. we
want to score n mutually exclusive categories. The softmax2 operation squashes the
activations of an unconstrained neural network such that they form a categorical
probability distribution (Section 2.6.3). We call the inputs to softmax, i.e. the vector
z ∈ Rn, the logits. In MCC, we want to estimate the parameters of a categorical
distribution over n outputs. Softmax does this by mapping the logits z ∈ Rn to the
parameters of the categorical. As we saw in (see Section 2.6.3), this is the simplex

n−1, so in keeping with our mnemonic shape notation, we define softmax as σ ().

1We apply the function to each element of the input vector.
2We note that softmax is a misnomer. Softargmax would be semantically correct, since the operator

corresponds to an argmax which is smoothed via the entropy (Blondel et al., 2019).
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SIGN Softmax, σ ()

Def. 3.2.1. We can describe the output at element i of softmax as a function:

σ (z)i = ezi∑
j ezj

(3.1)

where e is the base of the natural logarithm.

Partition Function Z The sum in the denominator of softmax is the normalisation
constant needed to scale the outputs into a probability distribution. We call the
denominator the partition function and represent it as Z =∑

j ezj .

Geometric Interpretation Geometrically, we can think of softmax as mapping the
logits Rn → relint( n−1), where n−1 is the probability simplex (Definition 2.3.1),
see also Amos (2019, Section 2.4.4). As we saw in Section 2.6.3, the resulting categorical
distributions live in the simplex, we illustrate it in Fig. 3.3.

(0,1)

(1,0)

(0,1,0)

(1,0,0)

(0,0,1)

(0,1,0,0)

(1,0,0,0)

(0,0,1,0)(0,0,0,1)

Figure 3.3: Softmax, σ (), maps logits inRn to the interior of n−1. Above: n for n = 1,2,3:
from left to right. Each vertex of the simplex represents a category. We colour-code the vertices

to distinguish between the categories they represent.

We now complete the description of our softmax layer by introducing notation for
it in terms of its parameters W ∈ Rn×d and an optional bias term b ∈ Rn.

SIGN Softmax Layer BSL

Def. 3.2.2. A softmax layer with n categories and d input features is a map,
BSL () : Rd → n−1, parametrised by W ∈ Rn×d and optionally a bias term
b ∈ Rn. We write:

P (y | x) = BSL (x ;W,b) (3.2)

= σ (Wx +b) (3.3)
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We use BSL as short for bottlenecked classifiers, since in all parts of the thesis
after (Section 3.3) we will be discussing either Bottlenecked Softmax Layers or Bottle-
necked Sigmoid Layers; both BSLs. When we need to distinguish between the two,
we will include a subscript, e.g. we use BSL for a bottlenecked softmax.

Next, we define properties of softmax we will need in order to

1. elaborate on the expressivity of a softmax layer.

2. define (un)argmaxable outputs and derive how to detect them for a BSL .

Softmax Properties

INFO-CIRCLE Softmax is Invariant to Constant Offset

Property 3.1. Adding any constant to the logits of softmax does not change
the obtained probabilities. That is, for any constant c, we have:

σ (Wx + c1) = σ (Wx) (3.4)

Derivation. Property 3.1 holds because the constant offset cancels, as we elaborate
below for i ∈ [n]:

σ (Wx + c1)i = ew>
i x+c∑

j ew>
j x+c

(3.5)

= ��e
cew>

i x

��e
c∑

j ew>
j x

(3.6)

= σ (Wx)i (3.7)

INFO-CIRCLE Softmax has n−1 Free Variables

Property 3.2. Consider a fully-parametrised softmax classifier over n cate-
gories. Intuitively, although a softmax classifier has n outputs, the fact that
the probabilities must sum to one means that we only need n−1 parameters.
Parametrisation-wise, we only need n−1 columns in W, i.e. W ∈ Rn×(n−1).

Derivation. We can show the above as a consequence of Property 3.1. To do so, our
goal is to isolate the constant offset contribution which gets cancelled by softmax. We
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can do so if we pick an orthonormal basis for Rn (Definition 2.2.7) for which one of
the columns is constant, i.e. 1√

n
1n, as below:

B =
[

1√
n

1n B:,−1

]
∈ Rn×n (3.8)

where the brackets denote matrix concatenation and B:,−1 is the remainder of matrix
B after dropping the first column (see Section 0.2 for details on notation). We have:

σ (Bx) = σ

(
B:,−1x2: +

x1√
n

1
)

= σ
(
B:,−1x2:

)
(3.9)

where the last step follows from Property 3.1 and tells us that dropping the constant
column in B does not change the result. We note that the term B:,−1x2: cannot have any
contribution to the constant, because the columns of B:,−1 are orthogonal to 1n. By a
change of basis argument, we see that W need not have more than n−1 columns.

INFO-CIRCLE Softmax is Invariant to Column Mean Centering of W

Property 3.3.
σ
((

W −Wcol
)

x
)

= σ (Wx) (3.10)

where Wcol = 1
n1n1>

nW is the matrix of column means of W.

We will need this property to define the softmax bottleneck (Definition 3.3.2).

Derivation. To see why Property 3.3 holds, let us first introduce three results we will
need for our main point. We have:

Wcol = 1
n

1n1>
nW (3.11)

We can therefore write the column mean centered version of W, Wc, as:

Wc = W −Wcol ⇐⇒ (3.12)

W = Wcol +Wc (3.13)

We can therefore decompose Wx as:

Wx =
(
Wcol +Wc

)
x (3.14)

= Wcolx +Wcx (3.15)
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Now, the idea is to isolate the contribution of Wx to the constant offset that will
get cancelled by the softmax operation, as per Property 3.1. To this end, we reformulate
our softmax layer, σ (Wx), in terms of an orthonormal basis, B, which includes the
constant offset direction as the first column and where B:,−1 is the remainder of matrix
B after dropping the first column:

B =
[

1√
n

1n B:,−1

]
∈ Rn×n (3.16)

We have:

Wx = BB>Wx B is orthonormal: BB> = In (3.17)

=
(

1√
n

1n
1√
n

1>
n +B:,−1B>

:,−1

)
Wx BB> =

n∑
i=1

b·ib>
i (3.18)

=
(1

n
1n1>

nW
)

x +B:,−1B>
:,−1Wx from Eq. (3.11) (3.19)

= Wcolx +B:,−1B>
:,−1Wx (3.20)

Therefore, by combining Eq. (3.15) and Eq. (3.20), we have:

Wcolx +Wcx = Wcolx +B:,−1B>
:,−1Wx ⇐⇒ (3.21)

Wcx = B:,−1B>
:,−1Wx (3.22)

We can now show our result:

σ (Wx) = σ

1
n

1n 1>
nWx︸ ︷︷ ︸
scalar

+B:,−1B>
:,−1Wx

 from Eq. (3.19) (3.23)

= σ
(
B:,−1B>

:,−1Wx
)

apply Property 3.1 (3.24)

= σ (Wcx) from Eq. (3.22) (3.25)

= σ
((

W −Wcol
)

x
)

from Eq. (3.12) (3.26)

Softmax is an Order Preserving Map As we have seen, the output probabilities
are formed by exponentiating the logits and renormalising. Therefore, softmax is an
order preserving map: if its arguments are ranked in order of magnitude, the softmax
probabilities also have this ranking. We will use this property in Section 3.4.

SIGN Order Preserving Map

Def. 3.2.3. A map f : z ∈ Rn → Rn is order preserving if:

z1 ≤ z2 ≤ . . . ≤ zn ⇐⇒ f(z)1 ≤ f(z)2 ≤ . . . ≤ f(z)n (3.27)
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INFO-CIRCLE Softmax is an Order Preserving Map

Property 3.4.
σ (z)a ≤ σ (z)b ≤ . . . ≤ σ (z)n ⇐⇒ Eq. (3.1) (3.28)

eza

Z
≤ ezb

Z
≤ . . . ≤ ezn

Z
⇐⇒ Z > 0 (3.29)

eza ≤ ezb ≤ . . . ≤ ezn ⇐⇒ log is increasing f (3.30)

za ≤ zb ≤ . . . ≤ zn (3.31)

For a more general derivation, see Blondel et al. (2019, Proposition 1, Point 2).

Propagating Argmax through Softmax We now use the above property to
propagate argmax (Definition 3.4.1) through softmax to its arguments.

argmax
y∈Y

σ (z) = argmax
y∈Y

z (3.32)

3.2.3 Sigmoid Layer: Multi-Label Classification

A linear layer with a sigmoid activation is used for binary or MLC, i.e. when we want
to score n labels which can be active independently. The sigmoid function squashes
each individual output of a neural network such that it forms a probability distribution
over two possible outcomes.

SIGN Sigmoid, σ ()

Def. 3.2.4. The sigmoid function is:

σ (z) = 1
1+ e−z

(3.33)

In this case, the output for each label is the parameter of a Bernoulli distribution.
We will think of the whole layer as predicting the parameters of n independent
Bernoulli distributions (see Section 2.6.2).

Geometric Interpretation Geometrically, we can think of the sigmoid functions of
the sigmoid classifier as mapping the logits Rn → relint( n), see also Amos (2019,
Section 2.4.4). We illustrate this mapping in Fig. 3.4. We note that n is offset by 1
and scaled by 1

2 .
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Figure 3.4: Applying the sigmoid function, σ (), element-wise to logits in Rn projects them to

the interior of n, as we saw in Section 2.6.2. We illustrate n for n = 1,2,3.

We now complete the description of our sigmoid layer by introducing notation for
it in terms of its parameters W ∈ Rn×d and an optional bias term b ∈ Rn.

SIGN Sigmoid Layer BSL

Def. 3.2.5. A sigmoid layer with n labels and d input features is a map,
BSL () : Rd → n, parametrised by W ∈ Rn×d and optionally a bias term
b ∈ Rn. We write:

P (y | x) = BSL (x ;W,b) (3.34)

= σ (Wx +b) (3.35)

When we want to talk about a general bottlenecked classifier, we will say BSL,
without specifying the subscript.

BSL s are used as output layers in many neural MLC models. Examples include
MLC problems such as fine-grained entity typing (Choi et al., 2018), protein function
prediction (Kulmanov et al., 2019), clinical coding (Mullenbach et al., 2018) and multi-
label image classification (Baruch et al., 2020).

Sigmoid Properties

INFO-CIRCLE Sigmoid is an Order Preserving Map

Property 3.5. A sigmoid layer is also an order preserving map, like softmax
(see Eq. (3.28)). This is because the sigmoid function is strictly increasing, i.e.

x1 ≤ x2 ⇐⇒ σ (x1) ≤ σ (x2) (3.36)

and a sigmoid layer applies a sigmoid activation elementwise to each output.
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To summarise, we have discussed the activation functions that together with
the parametrisation, form complete MCC and MLC classifiers. We note that despite
these activation functions being non-linear, the decision boundaries of the classifier,
i.e. the locations in feature space where the decision changes, are linear. As such,
their decisions can be analysed as we saw in Section 2.4. We now briefly discuss the
expressivity of the parametrisation of these classifiers.

3.2.4 Expressivity of Fully-Parametrised Classifiers

As we will see in Section 3.3.1, some parametrisations lead to classifiers that are
less expressive. But less expressive compared to what? To make this precise, we
define the concept of a fully-expressive parametrisation. When we say that a clas-
sifier has reduced expressivity, we are implicitly comparing it to a fully-expressive
parametrisation.

The ideas we need build on linear algebra concepts we defined in Section 2.2. We
begin with the idea of a reachable output.

SIGN Reachable Output

Def. 3.2.6. An output z is reachable for a matrix W if:

∃x : z = Wx (3.37)

i.e. z is reachable if the system of linear equations Wx = z has at least one
solution. This is true when z ∈ span(W) (Definition 2.2.5).

We use reachability to define what we mean by a fully-expressive parametrisation.

SIGN Fully-Expressive Parametrisation

Def. 3.2.7. We say that a parametrisation with n outputs is fully-expressive if
all outputs in Rn are reachable, i.e. rank(W) = n (Definition 2.2.10).

We note that it is insufficient for a classifier to be fully-parametrised for it to
be fully-expressive, as the matrix we learn via gradient descent may have rank less
than n. While the tools we develop in this thesis can be used to study the low-rank
case, we focus on bottlenecked parametrisations which are guaranteed to reduce the
expressivity of our classifier.
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3.3 Bottlenecked Classifiers (BSLs)

Bottlenecked Classifiers (BSLs) are log-linear classifiers that have more outputs than
inputs (Definition 1.1.1). We call such classifiers bottlenecked because if we illustrate
the map from fewer inputs to more outputs we get a bottleneck shape, as shown
in Fig. 3.5.

W

Feature
Space

O
utput

Figure 3.5: We focus on the output

layer parametrisation, W, which is

often bottlenecked (a tall matrix).

Motivation BSLs are generally desirable, since
they have a reduced number of trainable parameters
and are computationally more efficient than fully-
parametrised log-linear classifiers. However, while
desirable, as we make the bottleneck narrower, we
restrict the class of functions the classifier can rep-
resent, thus reducing its expressivity, as was high-
lighted in (Yang et al., 2018). In this thesis, we
quantify this loss of expressivity from a discrete
perspective by defining unargmaxable outputs: out-
puts that cannot be produced by this restricted family of functions. Understanding
what outputs are argmaxable for BSLs is important, not only because such classifiers
are widely used in ML, but more importantly because they are the last layer of many
of the latest models, such as LLMs.

In what follows we will see two examples of BSLs: the BSL , which is used in
MCC tasks and is the output layer of LLMs (Carlini et al., 2024; Devlin et al., 2019;
Finlayson et al., 2024; Groeneveld et al., 2024; Touvron et al., 2023), and the BSL ,
which is used in MLC tasks such as Clinical Coding (Mullenbach et al., 2018). Below
we elaborate on the parametrisation of BSLs (Section 3.3.1).

3.3.1 Bottlenecked Parametrisation

We say that a parametrisation of a log-linear layer is bottlenecked when W has more
rows that columns, i.e. the classifier has more outputs than inputs. More concretely,
bottlenecked output layers compute z = Wx where x ∈ Rd is the input, z ∈ Rn

is the output and W ∈ Rn×d, d < n. Importantly, bottlenecked parametrisations
necessarily restrict the rank of the matrix W to be at most d. As a result, a bottle-
necked classifier has reduced expressivity compared to a fully-expressive classifier.
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Figure 3.6: Output space of a bottlenecked

classifier with d = 2 and n = 3. Outputs z
are restricted to be on span(W), the grey 2D

subspace in 3D. The example green points on

the subspace are reachable, but the red ones

are not. We make points large and truncate

the subspace to a box to aid visualisation.

We illustrate the reduced expressivity of a
bottlenecked parametrisation in Fig. 3.6. A
fully-expressive parametrisation would be
able to represent any point in Rn. On the
other hand, the outputs z are constrained
to a d-dimensional subspace of Rn, i.e.
z ∈ span(W). This makes most outputs
unreachable (Definition 3.2.6) (see example
points in red). The loss in expressivity in-
creases as we make d smaller, e.g. if we had
d = 1 in Fig. 3.6, z would be constrained to
a line in 3D. We can quantify the loss in ex-
pressivity to a first degree by looking at the
rank of W. Next, we briefly introduce the
more general case of low-rank parametri-
sations to make the idea of a bottlenecked
parametrisation sharper.

Low-Rank Matrices For our work,
when we say that a matrix with n rows

and d columns is low-rank, we mean that it has rank r, r ≤ n − 1. 3 We use this
definition such that bottlenecked parametrisations are considered low-rank even when
they have rank d. The motivation for this is that the rank of the output layer matrix
may have been larger if the classifier was fully-parametrised: it is a design choice
to use a bottlenecked parametrisation in neural network architectures. Rectangular
matrices, e.g. W ∈ Rn×d, d < n, must have rank at most d by construction.

Low-Rank Parametrisation

We say that a parametrisation is low-rank if its parametrisation is a low-rank matrix.
As such, all bottlenecked parametrisations are low-rank parametrisations, but not vice-
versa: a fully-parametrised classifier may be low-rank due to initialisation or as a result
of training. We frame the thesis in terms of bottlenecked parametrisations and not low-
rank parametrisations specifically because we will not look into such initialisation or

3This is in contrast to linear algebra, where a rectangular matrix is considered low-rank if its rank
is strictly smaller than min(n,d).
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training details. We focus on limitations that arise due to the architectural decision of
introducing a bottleneck, i.e. we will not explicitly look at the rank of W. Nevertheless,
everything we will discuss in terms of reachable outputs and (un)argmaxable outputs
for bottlenecked parametrisations, also apply for low-rank parametrisations. We call
a classifier that has a low-rank parametrisation a low-rank classifier.

3.3.2 Pros and Cons of Low-Rank Parametrisations

Linear classifiers with Low-Rank Parametrisations (LRPs) are extremely common
in DNNs. Their ubiquity is motivated by conventional wisdom which suggests that
LRPs provide a desirable trade-off between expressivity and computational efficiency.
In fact, LRPs are sometimes deemed unavoidable, due to computational limitations.
Moreover, LRPs match our assumptions and empirical observations about real-world
data: while data is high dimensional, it is often highly compressible to low-dimensional
representations, e.g. word embeddings (Mikolov et al., 2013). Before diving into details,
we survey the perspectives on LRPs and argue for their pros and cons.

Arguments for Low-Rank Parametrisations (LRPs)

LRPs are Computationally Appealing This is because low-rank layers are com-

putationally appealing, both because they require less memory CPU/GPU cycles as
well as because they reduce the number of trainable parameters in models. For this
reason, low-rank parametrisations have been used to approximate full-rank log-linear
layers in neural networks (Savostianova et al., 2023) and are ubiquitous for model
compression/distillation (Kim et al., 2016a).

Low-rank constraints commonly exist as bottlenecks in neural network hidden
layers, e.g. autoencoders (Hinton et al., 1994) and projection heads in multi-head
transformers (Bhojanapalli et al., 2020) among others. While bottlenecks make a
model less expressive by restricting the functions it can represent, they are desirable
both computationally (Papadimitriou et al., 2021), since they require less memory
and computation than full-rank layers, and as a form of inductive bias, since data is
assumed to approximately lie in a low dimensional manifold (McInnes et al., 2018).

For example, Sainath et al. (2013) used a low-rank factorisation of the softmax layer
to reduce the number of parameters in their speech recognition system by 30 – 50%
with no increase in word-error-rate, evidencing that the loss in expressivity does not
always impact metrics that are not particularly sensitive to long tail effects.
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LRPs match our Assumptions For many applications the data is assumed to be
on or close to a low-dimensional manifold (McInnes et al., 2018) and thus low-rank
representations suffice to approximate the data well. We highlight a caveat here, that
a low-rank manifold need not be linear, so this assumption does not motivate LRPs of
output layers we use in practice, but it does motivate LRPs deeper in the network.

LRPs Work Excellently in Practice Perhaps the most important argument, is that
low-rank parametrisations have served us well and work well in practice. In Table 1.1
we saw how all the latest LLMs that have enabled applications thought impossible
until now are all constrained by LRPs.

While it is easy to show that LRPs are problematic in theory, it is much harder to
delineate the consequences of this in practice. LRPs have many side-effects which
are not yet well understood. With this caveat in mind, we discuss some limitations of
LRPs and some potential consequences.

Arguments Against LRPs

LRPs are Less Expressive LRPs are not as expressive as full-rank models (Ganea
et al., 2019; Yang et al., 2018). This means that the approximations can sometimes be
far off. For example, DNNs struggle at approximating examples in the long tail (Horn
et al., 2017; Kang et al., 2020; Menon et al., 2021b). More importantly, we cannot easily

quantify the loss in expressivity. For example, for the softmax bottleneck case, we can
set Singular Value Decomposition (SVD)-style bounds on Mean Squared Error (Ganea
et al., 2019) but we are not aware of similar bounds in terms of KL-divergence.

LRPs Produce Badly Calibrated Classifiers Neural network models that output
probabilities are generally badly calibrated (Guo et al., 2017; Jiang et al., 2021). A model
is calibrated when it is not over or under confident, i.e. the probability it assigns to a
given output is consistent with the empirical counts of that output. In Section 3.3.3
we will see how LRPs constrain probability distributions: apart from prediction it is
reasonable to assume that such constraints hinder calibration.

LRPs have Side-Effects They have other obscure side-effects: in LLMs, low-rank
output layers oversmooth the probabilities of tokens (Demeter et al., 2020). Finlayson
et al. (2023) argue that this is the reason truncation sampling (Fan et al., 2018; Hewitt
et al., 2022; Holtzman et al., 2020) is effective for generating tokens from LLMs:
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truncating the distribution drops artefacts introduced by the BSL. Kuian et al. (2019)
has previously argued that this is due to issues with calibration, which can be partly
attributed to the output layer being low-rank.

LRPs can create Unargmaxable Outputs This is our core focus and contribution.

3.3.3 Expressivity of BSLs

In Section 3.2.1, we discussed the expressivity of a parametrisation. We now make
this concept sharper for softmax and sigmoid classifiers; we ask: what does it mean for

the corresponding classifier to be fully expressive?

Intuitively, a fully expressive classifier should be able to produce any target prob-
ability distribution over the outputs. This requirement leads to a slightly different
result for softmax and sigmoid classifiers, because softmax classifiers have one fewer
free variable due to Property 3.2. As we will see, softmax layers with n categories can
be fully expressive with a W having rank n−1, while sigmoid layers require rank n.
While this difference will not be important for our experiments, as we will consider
BSLs having d � n, we clarify this difference here to avoid confusion when we discuss
argmaxability in low-dimensional examples in Section 3.5.

Fully-Expressive Softmax Classifiers

SIGN Fully-Expressive Softmax Classifier

Def. 3.3.1. We say that a softmax classifier is fully-expressive if it can represent
any categorical distribution over n outputs, i.e. it can represent any point in the
(n−1)-simplex:

∀z ∈ relint( n−1) ∃x ∈ Rd : z = σ (Wx) (3.38)

We note that due to Property 3.2, a softmax classifier having d = (n−1) can still
be fully expressive, as long as 1n /∈ span(W).

Bottlenecked Softmax Layer When a softmax classifier is not fully-expressive,
we say that we have a Bottlenecked Softmax Layer (BSL ) (Yang et al., 2018). We
note that Yang et al. (2018) defined the softmax bottleneck in terms of the rank of the
matrix of target log-probabilities. In contrast, our definition assumes that the target
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log-probabilities can be any point in the simplex and our softmax layer is bottlenecked
if there are any categorical distributions that cannot be represented.

SIGN Bottlenecked Softmax Layer BSL

Def. 3.3.2. Consider a softmax classifier parametrised by W ∈ Rn×d. We say
that the softmax classifier is a softmax bottleneck if rank

(
W −Wcol

)
< n−1,

i.e. if the rank of W after column mean centering is less than n−1.

A softmax classifier with d < n−1 must be a softmax bottleneck.

Gamepad Example 12: Why Column Mean Centering Matters

In Definition 3.3.2, we relied on the rank of W after column mean centering.
To justify why we apply column mean centering, consider the softmax layer:

σ (Wx) , W =
[

1√
n

1n W:,−1

]
∈ Rn×d, d = n−1 (3.39)

Given the above specification for W, it is possible that rank(W) = n − 1, so
if we build our criterion based on the rank of W, this softmax layer would be
fully expressive. However, we know that any constant offset component of W
is cancelled by softmax (Property 3.1). For this reason, we apply column mean
centering to remove the constant component that gets cancelled by softmax.
By doing so, in our case, we have that:

rank
(
Wcol

)
= n−2 (3.40)

since after column mean centering, the constant column becomes 0n. Therefore,
for this choice of W, σ (Wx) is a softmax bottleneck.

As we saw earlier, BSLs constrain the logits to be in a d-dimensional subspace,
this means that the categorical distributions produced by BSLs are also constrained.
In Fig. 3.7, we illustrate the categorical distributions that can be produced for a particu-
lar BSL(x ;W) having W ∈ R4×2. As can be seen, we can only represent a 2D surface
within 3. In Section 3.5, we highlight the discrete version of this constraint: due to
the BSL some rankings of the categories must be unargmaxable and some categories
may be unargmaxable. We now discuss the sigmoid case.
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Figure 3.7: BSL has categorical distributions that cannot be represented. We plot some

of the softmax activations of reachable logits for a BSL with n = 4 and d = 2. As can be

seen, we can only represent a 2D surface within the probability simplex: most parameters

of the categorical distribution cannot be represented. For a full interactive demo see https:

//viz.unargmaxable.ai/softmax/.

Fully-Expressive Sigmoid Classifiers

SIGN Fully-Expressive Sigmoid Classifier

Def. 3.3.3. We say that a sigmoid classifier is fully-expressive if it can represent
the parameters of any joint distribution of n independent Bernoulli random
variables. As we saw in Section 3.2.3, geometrically this means we can represent
any point in n.

∀z ∈ relint( n) ∃x ∈ Rd : z = σ (Wx) (3.41)

Bottlenecked Sigmoid Layer When a sigmoid classifier is not fully-expressive,
we say we have a BSL .

SIGN Bottlenecked Sigmoid Layer (BSL )

Def. 3.3.4. Consider a sigmoid classifier parametrised by W ∈ Rn×d. We say
that the sigmoid classifier is a sigmoid bottleneck if rank(W) < n.

A sigmoid classifier with d < n must be a sigmoid bottleneck.

As a consequence of using a BSL , as we will see in the next section, some label
assignments must be unargmaxable.

https://viz.unargmaxable.ai/softmax/
https://viz.unargmaxable.ai/softmax/
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Figure 3.8: BSL has independent Bernoulli distributions that cannot be represented. We

plot the sigmoid activations of the reachable logits for a BSL with n = 3 and d = 2. For the
vertices of 3, we represent 0 with −− and 1 with ++ . As can be seen, we can only represent

a 2D surface within the cube: most parameters for a joint distribution over 3 independent

Bernoulli variables cannot be represented.

3.4 Argmaxability

Perhaps, instead of the most efficient paths, we should be looking for the most

pleasant, or the greenest, or the most surprising, or the most beautiful.

—Federico Ardila, “CAT(0) Geometry, Robots, and Society”.

We now precisely define argmaxability and elaborate on why bottlenecked classi-
fiers have outputs that cannot be predicted for any input despite having non-linear
activation functions. We begin by introducing the general case of unargmaxable out-
puts for a probabilistic classifier and consider more specifically the case of log-linear
probabilistic classifiers. We introduce MCC and MLC as more specific cases of such
log-linear classifiers and define what outputs are (un)argmaxable for them.

Notation for Argmax Prediction Before we dive deeper, we introduce some
notation. We will need to define two components for a classifier: 1. a scoring function
to score outputs of interest; 2. a definition of the outputs of interest.

Score Functions We think of classifiers as functions f that score a set of outputs
y ∈ Y . In general, the family of score functions can be as general as we like. However,
in this work we will focus on functions that assign probabilities to outputs, and in
particular log-linear classifiers.
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Outputs The score function is applied to a set of outputs of interest, Y . We focus
here on categories, rankings and subsets (Section 2.1). We assume the outputs are
countable; we can therefore assign each output a unique integer index. In what follows,
we use the index to succinctly define the argmax using the output’s index i without
necessarily referring to the complete output yi. Later on we will also refer to an output
using its sign vector, as we introduced in Section 2.5.1.

Argmax Prediction Given a score function f and a set of outputs of interest, how
do we make decisions? A common decision rule is to choose the highest scoring
output, i.e. the argmax, which we define next.

SIGN Argmax

Def. 3.4.1. Consider a score function f that scores a set of candidate outputs
Y = {y1,y2, . . . ,yn}. The argmax of f is:

argmax
y∈Y

f(y) = {i ∈ [n] : f(yi) ≥ f(yj), ∀j ∈ [n], i 6= j} . (3.42)

Gamepad Example 13: Argmax

f (y) 1 5 3 0
y 0 1 2 3

The maximum is 5, the argmax is {1}.

Gamepad Example 14: Argmax with a Tie

f(y) 1 5 3 5
y 0 1 2 3

The maximum is 5, the argmax is {1, 3}.

Argmaxability Informally, an output is argmaxable for a score function if we can
find an input for which the output is assigned the largest score. We will also talk about
sets of outputs being argmaxable, in which case we mean that each output of the set
is argmaxable.

3.4.1 Argmaxability for a Probabilistic Model

We have so far introduced argmaxability for a general family of score functions. We
now focus on probabilistic models.
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For probabilistic models, the scores are probabilities, i.e. we have f(y) = P (y | x).
In this thesis we ask: which outputs are argmaxable for a given probabilistic model?
We will answer this question specifically for log-linear models, but we first need to
define what it means for an output to be argmaxable.

Since we have already defined the argmax function, you may think we have already
defined (un)argmaxable outputs, i.e. they are simply the outputs that can be produced
as the result of the argmax operation. However, things are slightly trickier. We need to
give special consideration to ties, i.e. to the case where multiple outputs are assigned
the maximum score and are tied as the argmax.

For a probabilistic classifier which conditions on an input, x, and outputs a proba-
bility for each target output, y, we define (un)argmaxable outputs as follows:

SIGN Argmaxability

Def. 3.4.2. An output y∗ is (un)argmaxable if:

(@)∃x : argmax
y∈Y

P (y | x) = {y∗} (3.43)

We note that in the above definition we do not just check whether there exists an
x such that y∗ is a member of the argmaxable set. Instead, we take the target set to be
the single element set, {y∗}, in order to explicitly avoid the case of ties.

To see why we need to avoid ties, consider the case where the output is a uniform
distribution, i.e. P (y | x) = 1

|Y| . Note that according to Definition 3.4.1, all outputs
are the argmax for the uniform distribution. Therefore, if we allowed ties in the
definition of argmaxable outputs, we would end up with the problem that all outputs
are argmaxable if our model can produce the uniform distribution. This would be a
problem for two reasons:

1. our definition of argmaxable outputs would become vacuous for many models of
interest, becausemostmodels we consider can represent the uniform distribution
over all outputs.

2. our definition would not be able to distinguish between outputs that are always
tied and outputs that may be tied for some inputs but can also be assigned the
largest score independently.

We will elaborate further on the implications of our definition with concrete examples
in Section 3.4.2.
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We now have a definition of argmaxability that is precise. However, we cannot
say much about which outputs are argmaxable unless we elaborate on our model’s
parametrisation. We therefore follow our feature encoder / classifier decomposition
from Section 3.1.1. We now see that outputs can be unargmaxable for two reasons:

1. The classifier W is such that there is no x such that we can predict y∗.

2. The feature encoder imposes restrictions on x making it impossible to produce
the x needed such that y∗ can be predicted.

In Section 3.1.1 we explained that we are making the fully-expressive encoder
assumption. As such, we drop the second case and focus on constraints imposed by
the classifier alone.

3.4.2 Argmaxability for a Linear Classifier

In order to understand argmaxability for a log-linear classifier, we need to understand
argmaxability for a linear classifier, which we now introduce. Consider a linear
function f(y) = Wx which scores each output y as f(y) = w>

y x, where wy is the
classification vector for output y.

When considering argmaxability, it is helpful to think of the above as a function
of x. From this perspective, we are asking if there exists a linear functional, x, such
that wy is the argmax. We plot this interpretation in Fig. 3.9.

Connection to Linear Programming We note that in its new role, x is reminiscent
of the cost vector of a LP:

maximise x>w (3.44)

subject to Aw ≤ b (3.45)

where A and b are the halfspace constraints defining the valid w. The difference is
that our matrix W is a vertex representation of a polytope of valid w, as opposed to a
halfspace representation, as is common in LPs. If the wy are vertices of P = conv(W),
then we can construct A and b such that they are the halfspace description of P . But
note that if some wy is interior to P , it cannot be a solution of the LP. In other words,
we know from Linear Programming (Dantzig et al., 1954), that if a solution to the LP
exists, it will be found at a vertex/face of P ; interior points are unargmaxable. In fact,
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Figure 3.9: Interpretation of output activations as a function of x. On the left we have the

matrix W which defines our linear model f(y) = Wx. On the right we plot how the function

f(x) = w>
y x changes for a given x. Each gray line perpendicular to x is a level set of the

linear function, i.e. any w on the same line produces the same output, with lines further in

the direction of x producing a larger output. As can be seen, for x in the middle figure, w4

produces the largest activation, so argmaxy∈Y w>
y x = {4}. On the other hand, for the x on

the right, we have a tie, i.e. argmaxy∈Y w>
y x = {1,4}.

if we group together the x ∈ Rd that have the same argmax, we partition Rd into
regions depending on which vertex/face of P is the argmax.4

The regions where a vertex is the argmax is an intersection of halfspaces (see
also Section 3.4.3). Therefore, our definition of (un)argmaxable outputs directly corre-
sponds to detecting non-empty intersections of halfspaces. We will show how to detect
such non-empty intersections of halfspaces using LPs, e.g. see Eqs. (4.2) and (4.9).

Examples for Linear Classifiers

In this section we provide a few examples of (un)argmaxable outputs. We use them to
build intuition and justify why we require the argmax to be a single element set in
our definition of (un)argmaxable outputs.

Gamepad Example 15: Setting W = 0

If we set W = 0, all outputs are unargmaxable. This is because
argmaxy∈Y Wx = argmaxy∈Y 0 = {y : y ∈ Y} for all x. As such, there is no
x such that the argmax is the set containing an individual output.

4This is known as the normal fan of a polytope (see Ziegler (1995, Example 7.3)).
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Gamepad Example 16: The Problem with Tied Outputs

Consider the cases where there exists an x for which all scores of the linear
function are tied. In equations, ∃x : f(y) = Wx = c. For such anx, we have that
argmaxy∈Y Wx = argmaxy∈Y c = {y : y ∈ Y}. Examples where tied outputs
can be produced include:

• Choosing x = 0.

• Setting W : Wi,j = c ∀i, j, c ∈ R.

• Setting W such that the columns of W are linearly dependent.

If we allowed for ties in the definition of (un)argmaxable outputs, all outputs
would be argmaxable for the above situations. Moreover, allowing the case
x = 0 would imply that all outputs are argmaxable irrespective of W.

Gamepad Example 17: Example with Subset of Outputs Tied

Another way of getting tied outputs is when we have the same representation
for different outputs. Consider W with a subset of the rows repeated. For
example, consider the case where rows 1 and 4 are identical, like in the figure
below. The outputs that have the same parametrisation are unargmaxable.

0 0.5
−0.3 0
0.1 −0.4
0 0.5


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W
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Note that because w1 = w4, the scores for outputs y = 1 and y = 4 are tied
for all x. Therefore, outputs y = 1 and y = 4 are unargmaxable, because the
resulting argmax can never be the single element set {1} or {4}.
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3.4.3 Argmaxability for a Log-Linear Classifier

Although log-linear classifiers are not linear, their argmaxable outputs depend only
on W. 5 This is because, as we show next, we can ignore the non-linear activation
functions because of their strictly increasing property. This means that we can analyse
log-linear classifiers using our understanding from the previous section.

Passing Argmax Through Non-Linearity Recall that for log-linear classifiers we
have f(y) = σ(g(y)), where σ is a logistic type function like softmax (σ (), Defini-
tion 3.2.1) or sigmoid (σ (), Definition 3.2.4), and g(y) = w>

y x is the linear function
that scores output y given input features x. As we saw in Eqs. (3.28) and (3.36), both
softmax and element-wise sigmoid are order preserving. Since order preserving maps
do not change the locations of the maxima of their arguments, they propagate argmax
to their arguments. That is, since f is order preserving, we have:

argmax
y∈Y

f (g(y)) = argmax
y∈Y

g(y) (3.46)

For example, for softmax, using Eq. (3.32), we have:

{y∗} = argmax
y∈Y

P (y | x) (3.47)

= argmax
y∈Y

σ (Wx)y (3.48)

= argmax
y∈Y

(Wx)y (3.49)

= argmax
y∈Y

w>
y x (3.50)

As such, if we want to compute the argmax of a log-linear classifier, f , for an input, x,
we are effectively taking an argmax over the linear functionals defined by wy .

Polytope View: Interior Outputs are Unargmaxable

BOLT Argmaxability (Polytope)

Proposition 3.1. Consider a softmax classifier P (y | x) = σ (Wx)y . An output

y∗ is (un)argmaxable if:

wy∗(∈) /∈ conv
({

wy, y ∈ Y \{y∗}
})

(3.51)

5More precisely, as we saw in Section 3.5.1, we need not know the basis; knowing span(W) suffices.
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Given the matrix W, form a polytope PY\{y∗} by computing the convex hull
(Definition 2.2.1) of W−y∗, i.e. the convex hull of the rows of W, excluding the row
which corresponds to y∗. If wy∗ is in PY\{y∗}, y∗ is unargmaxable (Dantzig et al.,
1954).

Hyperplanes View: Unintersected Orthants are Unargmaxable

BOLT Argmaxability (Hyperplanes)

Proposition 3.2. Consider a softmax classifier P (y | x) = σ (Wx)y . An output

represented by sign vector y∗ is (un)argmaxable if:

(@)∃x : sign(BWx) ≥ y∗ (3.52)

As we showed in Section 2.4.3, while for MCC the region where an output is
assigned the largest probability is not an orthant, we can always form the region
by joining orthants. The orthants correspond to rankings of the outputs; applying
matrix B to W subdivides into the regions of which correspond to rankings
(see Section 2.4.2). We then compare sign vectors using Definition 2.5.2 to join the
needed orthants together.

Criteria From the examples above, we extrapolate to the bigger picture in Table 3.1.
In the third column, we encode the fact that if the projection of a polytope by W kills
a vertex, the corresponding output is unargmaxable. In the fourth column, we encode
the fact that if the restriction of by W kills all needed orthants, the corresponding
output is unargmaxable. We only need one set of criteria to proceed, and we focus on
the hyperplane criteria, as we explain next.

Hyperplane Criteria

In what follows, we elaborate on the hyperplane criteria in Table 3.1 . We focus on
the hyperplanes perspective, because:

1. The polytope criteria, while intuitive, are not efficient to work with (other than
in the case of multi-class classification), since for the rankings and subsets there
are n! and 2n vertices correspondingly.

2. If we have an affine layer that has a bias vector, it is more easily interpretable
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Task Output
Unargmaxability Criterion

Exists
Polytope Hyperplanes

Multi-Class
category w

y
∈ conv

(
(IW)

−y

)
@x : sign(BWx) ≥ y may

ranking w
y

∈ conv
(
(PW)

−y

)
@x : sign(BWx) = y must

Multi-Label subset wy ∈ conv
(
(CW)

−y

)
@x : sign(Wx) = y must

Table 3.1: Criteria for unargmaxable categories, y , rankings, y , and label assignments,

y , for a BSL, W. I = verts
( )

, C = verts
( )

and P = verts
( )

(Section 2.3) and B is

the braid matrix (Section 2.4.2) which defines (Definition 2.4.8). We highlight that the ≥
comparison is the partial order between sign vectors (Definition 2.5.2). We use equality for y
and y , because these are maximal elements.

in the hyperplanes perspective, since the bias term acts like an offset to the
hyperplanes, as we discuss in Section 3.5.3.

3. Moreover, with the hyperplane criteria we get insights into the feature space.
For example, we can get an estimate of how robust to noise a specific class is by
detecting how large the argmaxable region is.

We now use the hyperplane criteria and define (un)argmaxability for MCC and MLC.

3.4.4 Argmaxability for Multi-class Classification

For MCC with n categories, our outputs are Y = [n]. We compute P (y | x) =
σ (Wx) (Definition 3.2.2). By making Definition 3.4.2 specific to MCC we get:

SIGN Argmaxability (Category)

Def. 3.4.3. A category y∗ is (un)argmaxable if:

(@)∃x : argmax
y∈Y

σ (Wx)y = {y∗} (3.53)

As we showed in Section 2.4.3, the region of where the target category is
argmaxable is the union of all regions of that rank the target category above all
others. The region exists if:

∃x : sign(BWx) ≥ y (3.54)
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where y is the sign vector given in Eq. (2.67). 6 Next we define when a ranking of
the categories is argmaxable.

Argmaxable Rankings

In this case, our outputs are all rankings on n elements, Y = Sn (see Section 2.1.2). In
this case, the sign vector y (Eq. (2.66)) defines the region that W needs to intersect.
The region exists when:

∃x : sign(BWx) = y (3.55)

where y is given in Eq. (2.66).

3.4.5 Argmaxability for Multi-label Classification

For MLC with n labels, our outputs are label assignments, Y = { −− , ++ }n. We assume
conditional independence for each binary classifier given the input; i.e. this is a BSL
parametrised by W, as we described in Definition 3.2.5. By making Definition 3.4.2
specific to MLC, we obtain:

SIGN Argmaxability (Multi-Label)

Def. 3.4.4. A label assignment y∗ is (un)argmaxable if:

(@)∃x : argmax
y∈Y

n∏
i=1

σ
(
yiw>

i x
)

= {y∗} (3.56)

For MLC with independence assumptions, argmax is equivalent to taking the sign
of the activation.
SIGN Argmaxability (Multi-Label, Independence Assumptions)

Def. 3.4.5. A label assignment y∗ is argmaxable for a classifier W if there
exists an input x for which thresholding the output probabilities using the
decision rule sign

(
P (yi = + | x)− 1

2

)
produces yi.a.

y∗ is argmaxable ⇐⇒ ∃x : sign(Wx) = y∗ (3.57)
aDue to monotonicity of sigmoid σ (a) > 1

2 ⇐⇒ a > 0.

In terms of sign vectors, y (Eq. (2.65)) defines the region that W needs to intersect.
The region exists when:

∃x : sign(Wx) = y (3.58)
6In the LP (Eq. (4.9)) we drop the constraints that have a 00 sign vector coefficient.
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RECEIPT Summary

• We defined (un)argmaxability.

• We introduced the (un)argmaxability criteria for unargmaxable categories,
rankings and subsets.

Halfspace intersection problems can be solved via LPs. We will revisit the above
in Chapter 4, where we will implement the LPs and show that BSLs cause DNNs used
in practice to have unargmaxable outputs. In the next section, we revisit when there
may and when there must be unargmaxable outputs due to BSLs in MCC and MLC.

3.5 Low-Rank Constraints

Figure 3.10: The Hyperplane Arrangement view and Polytope view for a BSL (x ;W). We

look at W ∈ R3×2 from two perspectives. On the left, we illustrate P
(

3,W
)
: W restricts

the outputs to a 2D subspace; this subspace intersects 6/8 orthants, the regions of 3 in

R3. On the right, we illustrate P
(

3,W
)
: W projects 3 to R2. We number the vertices

3 to identify them in the projection and colour the ones that survive on the boundary of

the projection yellow. As we saw in Section 2.5, the vertices of the cube that survive on the

boundary of the projection are the same as the intersected orthants, and correspond to the

argmaxable label assignments.

In this section, we consolidate our findings from Chapter 2 and Section 3.4 and
apply them to BSLs which we will use for MLC and MCC. We revisit Figs. 1.2 and 1.3
to visualise unargmaxability from both views:
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1. the hyperplane arrangement view H (W)

2. the polytope view Z (W)

Importantly, we further highlight the distinction between whether the classifier may

have unargmaxable outputs and whether the classifier must have unargmaxable
outputs.

View
Hyperplanes H (W) Polytope Z (W)

Rd → Rn Rn → Rd

wi normal vector of hyperplane generator of zonotope
Operation restriction projection
Constraint unreachable outputs linear dependencies
Sign vectors orthants n vertices of n

Argmaxable orthant intersected vertex on convex hull
Unargmaxable orthant not intersected vertex interior to convex hull

Table 3.2: Connections between the two views for a BSL, W ∈ Rn×d, d < n.

3.5.1 Hyperplane Arrangement View H (W)

A BSL imposes constraints because it can only represent a d-dimensional subspace of
Rn, making some outputs unreachable. More concretely, we think of the mapping as
Rd → Rn. The layer computes:

z = Wx, W ∈ Rn×d (3.59)

where x ∈ Rd is the input, i.e. the feature vector, and z ∈ Rn is the output, i.e. the
logits. As we saw in Fig. 3.6, since x ∈ Rd, z is constrained to be in span(W).

Intersected Orthants As we saw in Section 2.4.4, W restricts to a subspace,
and therefore only a small number of the orthants in Rn can be intersected. We
illustrate this in Fig. 3.11: each intersected orthant in Rn appears as a region in Rd.
We identify the intersected orthants by their corresponding sign vectors.



118 Chapter 3. Argmaxability in Neural Networks

a) Orthants of R3 b) span(W) Intersects Orthants

−0.49 0.68
−0.66 −0.69
0.61 −0.24




W

c) Parametrisation

w1

w2

w3

++++−−
−−−−++

++−−++

−−++−−

++−−−−

−−++++

d) Sign Vectors

Figure 3.11: a) The label assignments as defined by 3. b) Only the grey 2D subspace,

span(W), is reachable. The regions formed in the subspace correspond to the orthants that

are intersected; we can only intersect 6/8 orthants of R3. c) The matrix W which defines

span(W). d) The argmaxable label assignments correspond to the intersected orthants; we

represent them by sign vectors. Note that ++++++ and −−−−−− are not intersected and are

therefore unargmaxable, similarly to the case of . See also https://viz.unargmaxable.ai/

braid-slice.

Sign Vectors: Identifying Intersected Orthants We can identify the orthant’s
sign vector by checking which side of each hyperplane in Rd the region is (as we
did in Fig. 2.9(a)). More concretely, in Fig. 3.11 we have colour coded the rows of W.
Each wi defines a hyperplane separating R2 into regions, which we identify via sign
vectors. An entry of the sign vector is 00 if the point is on the hyperplane, ++ if the
point is in the halfspace on the side of the normal vector and −− if it is in the opposite
halfspace. For example, ++−−−− is on the side of w1 and opposite sides of w2 and w3,

https://viz.unargmaxable.ai/braid-slice
https://viz.unargmaxable.ai/braid-slice
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while ++ 00 −− is the section of the blue hyperplane separating ++++−− from ++−−−− . More
specifically, it is the section of the blue hyperplane in the positive halfspace of the red
and the negative halfspace of the green hyperplane. In general, for any point x we
can obtain the orthant by computing y = sign(Wx).

Multi-Label Classification

BSLs must have Unargmaxable Label Assignments As we saw in Section 2.5.7,
label assignments are atomic outputs. Therefore, since there are always orthants that
cannot be intersected, BSLs must have unargmaxable label assignments.

Multi-Class Classification

We now revisit the BSL example from Fig. 1.2. The region where each class has the
largest probability is a region of (Section 2.4.3). Without loss of generality, we can
decompose any such region into rankings, i.e. regions of , as shown in Fig. 3.12.
The region where a target category is argmaxable is the union of regions that rank it
above all others.

Figure 3.12: We revisit the BSL from Fig. 1.2 . The regions of are a union of the

regions of which rank the target category above all others. We illustrate this more clearly

in Fig. 3.13. c4 is unargmaxable because all regions of ranking c4 above c1, c2 and c3 are

unargmaxable.

BSLs must have Unargmaxable Rankings We illustrate the rankings in-
Fig. 3.13. We represent each ranking by a stack of coloured disks having the largest
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value at the top and the smallest at the bottom. 7 Since is a hyperplane arrangement,
restricting it to W must kill regions. Since rankings are atomic outputs, BSLs must
have unargmaxable rankings.8 We show this in Fig. 3.13, where only 12/24 rankings
are argmaxable.

BSLs may have Unargmaxable Categories In order for a target category to be
unargmaxable, all rankings that rank that target category above all other categories
must be unargmaxable. This is possible, as we illustrated in Fig. 3.13, but it is not
necessary. Categories are compound outputs, so BSLs may have unargmaxable
categories.

3.5.2 Polytope View Z (W)

We now switch to the polytope perspective: BSLs introduce linear dependencies by
projecting a high dimensional space to a lower one, i.e. Rn → Rd. We have:

x = W>z, W ∈ Rn×d (3.60)

Here z ∈ Rn is the input and x ∈ Rd is the output, i.e. the projection.

Sign Vectors: Identifying Vertices of the Cube We previously introduced the
correspondence between the orthants ofRn and sign vectors. We now use sign vectors
to identify vertices of n in Rn. To see the correspondence, center n at the origin
and orient it such that each vertex falls in the relative interior of an orthant. Read off
the sign vector of each vertex from its corresponding orthant. 9 We now revisit our
earlier claims about BSLs and BSLs with polytope visualisations of the same facts.

Multi-Label Classification

BSL must have Unargmaxable Label Assignments In Fig. 3.14, we see the
polytope version of Fig. 3.11. Note that the orthants ++++++ and −−−−−− which could

7The sign vectors y are the signs of
(4

2
)

= 6 pairwise comparisons which define the ranking; we
replace the sign vectors with the corresponding rankings for ease of exposition.

8We note that we are abusing the term “unargmaxable ranking” here to mean that a ranking cannot
be realised (e.g. the ranking cannot be produced by argsort). We make this choice to avoid introducing
more jargon, in addition to the fact that we are not considering probabilistic models over permutations,
where the concept of rankings that cannot be scored above all others would be useful.

9This suffices for our current discussion, the more general situation arises by building a zonotope
from a set of basis vectors using the Minkowski sum with positive and negative weights.
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Figure 3.13: BSL for d = 2 and n = 4 classes. In this plot, every point in 2D is an example

feature vector and is coloured according to which class is assigned the largest probability.

The feature vectors that fall in each region produce class probabilities that have a particular

ranking. We represent each ranking by a stack of disks of colours, one disk per class, with

the argmax being at the top of the stack. As can be seen, only 12/24 rankings of the 4 classes

are argmaxable. In this case, all rankings that rank class d above the remaining classes are

unargmaxable, so class d is unargmaxable. See https://viz.unargmaxable.ai/softmax for the

interactive plot, where you can drag and drop the vectors to change the decision boundaries.

not be intersected in Fig. 3.11 are now vertices of the cube that are in the relative
interior of the hexagon. Hence they are unargmaxable, as we saw in Section 3.4.

Multi-Class Classification

Without loss of generality, we can decompose the representation of each category into
a more granular representation. Instead of having a vertex per category, we introduce
a vertex per ranking of the categories. We form , which is a projection of from
R(n

2) to Rn (Example 8). As such, we can analyse all cases as sign vectors: we first
project to and then project to Rd using W, and check which rankings of the
categories survive on the boundary.

https://viz.unargmaxable.ai/softmax
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Figure 3.14: W (not drawn in the figure, see Section 3.5.1) projects Y = verts
(

3
)
toR2, intro-

ducing linear dependencies. y1 and y8 are interior to the convex hull, and hence unargmaxable.

BSLs must have Unargmaxable Rankings In Fig. 3.15 we see the projection of
, which has a vertex per ranking of the 4 categories. As can be seen, only 12/24

vertices remain on the convex hull of the projection, analogously to Fig. 3.12.

BSLs may have Unargmaxable Categories We illustrate this in two cases:
a) in Fig. 3.16 we see this directly, i.e. the vertex for the category is interior to the
convex hull of the remaining categories, hence it is unargmaxable. b) in Fig. 3.15, this
corresponds to the fact that all the vertices of the permutohedron that rank the target
category above all other categories are interior to the convex hull.

RECEIPT Summary

• Multi-class classifiers may have unargmaxable categories.

• Multi-class classifiers must have unargmaxable rankings.

• Multi-label classifiers must have unargmaxable label assignments
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(a) Permutohedron in R3. (b) Convex Hull of projected vertices in R2.

Figure 3.15: Projecting 3 to R2. The vertices are coloured according to the argmax. The

vertices that rank c4 above all others are all internal to the convex hull, and hence those

rankings and c4 are unargmaxable (see Proposition 3.1).

Figure 3.16: We revisit the BSL from Fig. 1.2. The representation for c4 is interior to the

convex hull of the remaining category representations. Therefore c4 is unargmaxable.

3.5.3 Affine Parametrisation

So far we have focussed on BSL(x ;W), i.e. BSLs that do not have a bias term. But
what happens if we have an affine parametrisation, BSL(x ;W, b)?

Visually, the bias term offsets the span(W) in the direction of b. Instead of
restricting to a subspace, P

(
n,W

)
, we restrict to an affine subspace. We illustrate

the restriction of for BSL (x ;W) (left) and BSL (x ;W, b) (right) in Fig. 3.17.

Argmaxability-wise, not much changes: adding a bias term is less expressive than
increasing the number of features by one. This is because we can embed d-affine space
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(a) Input space b = 0 (b) Output space b = 0 (c) Input space b 6= 0 (d) Output space b 6= 0

Figure 3.17: Effect of bias term b on argmaxable permutations. Left: BSL (x ;W). Right:

BSL (x ;W, b). Having a bias term offsets the grey plane and allows it to avoid the origin.

This increases the number of regions by creating bounded regions seen in subfigures c and d.

in d+1 linear space by fixing one of the input features to 1. For W ∈ Rn×d, we have:

Wx +b =
[
W b

]x
1

 (3.61)

= W′x′ W′ ∈ Rn×(d+1) (3.62)

In terms of the LPs, we note that the change is straightforward, we can either
implement the above constraint, or add the coefficients of the bias term to the inequal-
ities. We will explicitly do the latter for MCC, see Eq. (4.9). For MLC, we will not use
a bias term in Eq. (4.2), but we include it in the derivation in Appendix A.3.

In the next chapter we put our tools to use and detect unargmaxable outputs in
classifiers used for MLC and MCC.



4 Detecting Argmaxability

In Section 3.5 we showed that:

• Bottlenecked Multi-label Classifiers, BSLs

– must have unargmaxable label assignments.

• Bottlenecked Multi-class Classifiers, BSLs

– may have unargmaxable categories.

– must have unargmaxable rankings.

If our DNNs have unargmaxable outputs which are needed for our applications,
this is an important problem. The presence of unargmaxable outputs would imply
that the last layer of our expressive DNNs is hindering their generalisation capability.
Importantly, unargmaxable outputs have further ramifications for the fairness, safety
and reliability of our DNNs, as we explained in Section 1.1.2. But do unargmaxable

outputs impact DNNs in practice? Are there any outputs which we need for our
applications which end up being unargmaxable?

To answer this question, we fill a gap in the literature and build exact tools to
detect unargmaxable outputs and use them to verify BSLs used for MLC (Section 4.1)
and MCC (Section 4.2).

While we saw that unargmaxable outputs are related to LPs in Section 3.4, we
have not yet provided a concrete implementation. In this chapter,

125
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1. we construct detection algorithms by implementing these LPs.

2. we apply the detection algorithms to models to show that unargmaxable outputs
exist in practice.

Two versions of the LP We introduce two LPs to detect:

• unargmaxable label assignments in MLC (Eq. (4.2)) and

• unargmaxable categories in MCC (Eq. (4.9))

As we argued in Section 3.4.3, we will rely on the hyperplane view, since it allows us
to get more insights about the feature space. More specifically, we use the Chebyshev
LP, which also estimates how large the argmaxable region is, if it exists.

Framing Experiments for MLC and MCC In what follows, we detect unargmax-
able outputs for MLC and MCC models. Due to differences in the tasks and models,
our approaches differ methodologically.

For MLC (Section 4.1), unargmaxable label assignments are only a problem if our
application requires those label assignments. As such, we check whether the train,
validation and test sets of well known MLC tasks can be predicted. Since there are
fewer released models for MLC, and it is common that bespoke models are needed
for each problem, we fine-tune MLC models on three widely used datasets. More
specifically, we train models for varied bottleneck widths, in order to assess the impact
of the bottleneck dimension on argmaxability.

On the other hand, for MCC (Section 4.2), we scrutinise text generation models
(e.g. MT models and LLMs). Since text generation models can be used in a variety of
downstream tasks where all vocabulary tokens may be needed, it is vital to show that
all tokens can be generated. We will therefore limit our analysis to investigating if the
tokens in the vocabulary can be produced for publicly released models when using
argmax prediction, without considering specific test sets.

4.1 Multi-Label Classification

Sigmoid output layers are widely used in MLC tasks, in which multiple labels can be
assigned to any input. Such sigmoid classifiers (Section 3.2.3) are simple to implement:
just append a linear layer with sigmoid activations to your neural feature encoder of
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choice. They are widely used in neural MLC with thousands of output labels; applica-
tions include clinical coding (Mullenbach et al., 2018), image classification (Baruch
et al., 2020), fine-grained entity typing (Choi et al., 2018) and protein function predic-
tion (Kulmanov et al., 2019). Moreover, they are the default for MLC in frameworks
such as Scikit-learn (Pedregosa et al., 2011) and Keras (Paul et al., 2014).

However, there has been little analysis on the effect of using bottlenecked parametri-
sations for such models. While previous work has shown that BSLs are restricted
in expressivity, they focused only on MCC (Ganea et al., 2019; Yang et al., 2018) and
not MLC. But for MCC, as we will see in Section 4.2, the consequences are relatively
minor: classes can be unargmaxable in theory (Demeter et al., 2020) but rarely are in
practice (Grivas et al., 2022).

Contributions Our contribution here is to highlight that for BSLs the conse-
quences are much more pronounced. As we saw in Section 2.4.4, BSLs must have an
exponentially large number of unargmaxable label assignments, and as we will show
here, unargmaxable label assignments do exist in practice.

To this end, we check the consequences of a BSL empirically. We train text classi-
fication and image classification models where we vary the bottleneck dimensionality
in order to observe at what dimensionality we get unargmaxable validation and test
set outputs. Since we build the output layer from scratch, we avoid the use of a bias
term to avoid the nuisance of adjusting the LP to the affine case.

Notation We consider a MLC model that predicts a complete label assignment
y ∈ { ++ , −− }n for a label vocabulary of size n, and where each yi ∈ { ++ , −− } denotes
if a single label is active ( ++ ) or inactive ( −− ).

Bottlenecked Sigmoid Layer (BSL)

A linear sigmoid layer takes as input a feature vectorx ∈Rd and predictsy ∈ { ++ , −− }n

by assuming that all labels are independent given x.1 The idea is that a powerful feature
encoder (Section 3.1.1) does the “heavy lifting” and projects inputs to meaningful
embeddings in Rd such that they can be easily separated by n different hyperplanes.
When n is large, due to computational constraints it is popular to realise such a layer

1To bemore precise, ourMLC loss function need not be motivated from an independence assumption,
it would hold even if we chose to ignore the dependencies and fit the marginal label probabilities.
However, we maintain this phrasing here for backwards compatibility with the paper.
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−−−−−−

−−−−++

−−++++

++−−−−

++++−−

++++++

Figure 4.1: n = 3 binary classifiers with d = 2 dimensional input features. We include the balls

found by the Chebyshev LP for each argmaxable label assignment. When d � n, most balls

will have a tiny radius.

as a BSL , which is parametrised by a bottlenecked W ∈ Rn×d and associates with
each label the probability:

P (yi | x) =


σ (w>

i x) if yi = ++

1−σ (w>
i x) otherwise

(4.1)

Here, σ () is the logistic sigmoid function and wi is the weight vector of the i-th
classifier (hyperplane), i.e. the ith row of W. Note that all wi see the same shared
x. We focus on such a setup and discuss its limitations because it is the default in
mainstream ML libraries such as scikit-learn (Pedregosa et al., 2011) and is largely
used as a simple classifier (Baruch et al., 2020; Kulmanov et al., 2019; Mullenbach
et al., 2018). We denote the whole multi-label classifier by the parametrisation of its
last layer, e.g., we will say “a classifier W”, as our analysis is agnostic to the feature
encoder, as discussed in Section 3.1.1.

4.1.1 Detecting Unargmaxable Label Assignments

Given a bottlenecked classifier, W, we want to verify if a set of L label assignments of
interest {y(l)}L

l=1 is (un)argmaxable. These labels can belong to a held out set, as in our
experiments (Section 4.1.2), and help quantify the generalisability and trustworthiness
of the given classifier, as we would expect it to be able to predict all L outputs.

A simple strategy is to verify the argmaxability of each y(l). For that, we use a
Chebyshev Linear Programme (LP), which also gives us a proxy for the size of a region,
as we explain next. The LP aims to find the Chebyshev center (Boyd et al., 2004, p.
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417) of the region encoded by y(l): the center of the largest ball of radius ε that can be
embedded within it (see Fig. 4.1 and https://viz.unargmaxable.ai/chebyshev/ for a
3D visualisation of the regions and Chebyshev balls). As a constrained optimization
problem (see derivation in Appendix A.3), we solve:

Dribbble Label Assignment LP

maximise ε (4.2)

subject to −yiwi
>x + ε‖wi‖2 ≤ 0, i ∈ [n] (4.3)

−104 ≤ xj ≤ 104, j ∈ [d] (4.4)

ε > eps (4.5)

where we abuse notation and yi ∈ {+1,−1}. We constrain each entry of x in a
bounded region, since the Chebyshev center is not defined otherwise. We do not expect
this constraint to significantly affect our conclusions, since neural network activations
are also bounded in magnitude (see our analysis for softmax in Appendix A.5). If the
LP is feasible it returns the maximum radius ε and we verify that y is argmaxable.
Note that we add an additional constraint, ε > eps, where eps is within the numerical
accuracy the LP solver can operate.2

Limits of Argmaxability Detection: Hyperplane Overcrowding

While we have defined argmaxability in absolute terms (Section 3.4), in practice it can
only be verified up to some numerical precision: y could be argmaxable, but an LP
may not be able to detect this if the neighbourhood around all representative x is tiny.

Such tiny neighbourhoods are indeed formed when we have many hyperplanes, in
a problem we intuitively call hyperplane overcrowding. As we saw in Section 2.4.4,
partitioning feature space with many hyperplanes creates an exponentially large
number of regions. As a result, a fixed volume in feature space must be split into tiny
shards. We illustrate a low-dimensional version of this problem in Fig. 4.2.

Hyperplane overcrowding can be a problem in two ways: a) detecting tiny regions
is challenging due to the finite numerical precision of LPs and b) while the existence
of a region suggests argmaxability, if the region is tiny, a neural network encoder
is unlikely to be able to produce activations that fall within that region, making the
corresponding output very hard to predict in practice.

2We use eps = 10−8 since Gurobi Optimization (2021) has a minimum tolerance of 10−9.

https://viz.unargmaxable.ai/chebyshev/
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Figure 4.2: The problem of hyperplane overcrowding: as we progressively partition the

output space with more and more hyperplanes (top left to bottom right) the regions become

smaller and smaller. Outputs that correspond to small regions become hard for a neural

network to predict with a large margin, if at all. In the extreme case, the regions become too

small to detect within the numerical accuracy of a LP.

To quantify how often the regions become very small, we introduce the concept of
ε-argmaxability, so that we also keep track of regions that are argmaxable with at least
some margin ε. The margin we use is the radius ε of a ball that fits within the region
of the hyperplane arrangement (Eq. (4.2)). Intuitively, ε-argmaxability characterises
robustly argmaxable label assignments.

SIGN Epsilon Argmaxability

Def. 4.1.1. A label assignment y is εεε-argmaxable for a classifier W if it is
argmaxable under the presence of any noise vector δδδ of magnitude ‖δδδ‖2 ≤ ε:

y is ε-argmaxable ⇐⇒ ∀δδδ, ‖δδδ‖2 ≤ ε, ∃x : sign(W(x + δδδ)) = y.

Our Chebyshev LP is able to verify ε-argmaxability, and therefore argmaxability,
as the first implies the second. Note, however, that the reverse is not true. Although
verifying that a classifier is able to argmax a certain set of labels is of extreme impor-
tance, verification can be computationally expensive, as LPs become intractable as we
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MLC Dataset n k N encoder modality

MIMIC-III 8921 80 44k CNN (e=500) text

BioASQ task A 20000 50 100k BERT (e=768) text

OpenImagesV6 8933 50 108k TResnet (e=2432) images

Table 4.1: Statistics of the three MLC datasets we run experiments on, together with the feature

encoder used for each dataset and its embedding dimensionality (e). We choose these datasets

because we want a scenario where it is possible to make all outputs argmaxable even with

a bottlenecked classifier. These datasets provide such a scenario, because despite having a

very large label vocabulary (n), the number of active labels is bounded by k. As we will see

in Section 5.1, there exists an output layer that guarantees that all k-active label assignments

are argmaxable, so we verify BSLs make all k-active label assignments argmaxable by default.

scale n, d and L. In Section 5.1 we will see a way around this difficulty: we devise a
classifier which guarantees that all labels of interest are argmaxable by design. BSLs,
on the other hand, can have unargmaxable outputs, so we use the Chebyshev LP to
scrutinise them after training them for various bottleneck widths on three datasets.

4.1.2 Experiments

In the experiments that follow we train a BSL and analyse how making a BSL nar-
rower (i.e. shrinking the feature dimensionality) impacts the argmaxability of label
assignments. We ask: Do BSLs have unargmaxable labels in practice? As we will see,
when we shrink the feature dimensionality of a BSL to the low hundreds, there exist
label assignments from the validation and test set examples that are unargmaxable.

BSL Output Layer

We now define the BSL Layer that is unconstrained and does not guarantee argmaxa-
bility of k-active outputs. We postpone the discussion of our DFT layer, which does,
to the next chapter.

In our experiments we want to study the effect of varying the bottleneck width
irrespective of the embedding dimensionality of the encoder which varies across
datasets and models. As such, we introduce an affine projection layer (parametrised by
P and b) between the feature encoder and the linear classifier (parametrised by W).
For simplicity, we do not include bias terms for the classifiers. We compute the logits
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z ∈ Rn from the encoder activation e ∈ Re as:

z = Wx, x = Pe+b (4.6)

For the BSL, the projection layer maps from e, the dimensionality of the encoder
embeddings, to d, the feature dimensionality using P ∈ Re×d and bias b ∈ Rd. This is
followed by the bottlenecked classifier W ∈ Rn×d.

Datasets

We work with three datasets, MIMIC-III, BioASQ Task A and OpenImages v6. We sum-
marise their important attributes in Table 4.1. See Appendix A.6 for details on dataset
construction and more dataset statistics. We use these datasets because they have
been widely used in the literature and are a good test bed for argmaxability in MLC.
This is because, a) they have thousands of output labels, so even if we use hundreds
of features we will still have a bottlenecked classifier, and b) they have a bounded
number of active labels, k, which is less than 100 for all three datasets. The latter
constraint means that for these datasets it is possible to not have any unargmaxable
outputs, even with a bottlenecked classifier, as we will show in Section 5.1. We now
introduce our datasets in more detail.

Clinical Coding (MIMIC-III)

Unspecified septicemia
Lymphosarcoma and…
Anemia, unspecified
Influenza…
Cellulitis and…
Rash…
Sepsis
Viral pneumonia…

...

Clinical
Document

+
+
+
+
+
+
+
−
−

Figure 1.4: The above label assignment is

unargmaxable; it can never be assigned

to any input document for this model.

We start with MIMIC-III (Johnson et al., 2016)
where the task is clinical coding. The goal
is to tag each clinical note with a set of rel-
evant ICD-9 codes which describe findings,
recall Fig. 1.4 (reprinted) from Chapter 1. For
this task, we retrain the CNN encoder model
defined in Mullenbach et al. (2018) which has
n = 8921 and e = 500. We vary the sigmoid
bottleneck width d by altering the projection
layer. We follow Mullenbach et al. (2018) and

train on 47723 examples and the dev and test set comprise 1631 and 3372 examples,
respectively. We use the same word embeddings, preprocessed data, data splits, metrics
(Prec@8) and hyperparameters reported in the paper (Mullenbach et al., 2018). We



4.1. Multi-Label Classification 133

only change the learning rate of the Adam optimiser to 0.001, as this improves results
(as also found by Edin et al. (2023)).

Semantic Indexing (BioASQ Task A)

Next, we focus on the 2021 BioASQ semantic indexing challenge (Krithara et al., 2023;
Nentidis et al., 2021; Tsatsaronis et al., 2015). For this task, we are given PubMed
abstracts and asked to predict a set of relevant MeSH headings3 for each article.
We create dataset splits (see Appendix A.6.2 for details) with n = 20000, making
sure that all individual labels occur in both the train and test sets. We do so to
avoid claiming a label assignment is unargmaxable when in fact it would be hard to
predict the individual labels that constitute it. We use k = 50 as this is the maximum
number of active labels per example for this dataset by construction. We finetune
PubMedBERT (Gu et al., 2021), a domain specific uncased BERT (Devlin et al., 2019)
encoder that has been pretrained on PubMed abstracts and has e = 768. We use early
stopping with a patience of 10 on the validation cross-entropy loss.

Image MLC (OpenImages v6)

We use the OpenImages v6 dataset (Kuznetsova et al., 2020) where the goal is to tag
each image with objects that appear in it. Similar to the BioASQ case, we choose the
label vocabulary n = 8933 such that all examples in the train, validation and test set
are covered. We pick k = 50 since the training data has at most 45 active labels per
example. We finetune the TResnet (Ridnik et al., 2020) with e = 2432 that Baruch et al.
(2020) pretrained for MLC on this dataset. We use early stopping with a patience of
10 on the validation cross-entropy loss.

Argmaxability Metrics

We now introduce two fine-grained measurements of argmaxability, eps-argmaxability
and 1-argmaxability. We discuss a few additional insights in the results section below.

eps-argmaxable This is the estimate of argmaxability we can get at the precision
of our LP, which is eps=10−8. This roughly means that we can only detect regions
which can contain a ball with a radius that is larger than 10−8.

3https://www.nlm.nih.gov/mesh/meshhome.html

https://www.nlm.nih.gov/mesh/meshhome.html
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1-argmaxable As we discussed in Section 4.1.1, some label assignments may be
ε-argmaxable with a very small ε, which makes it hard to predict them in practice. To
get a better estimate for the number of such cases, we also report 1-argmaxability, i.e.
argmaxable regions that have a radius greater than 1. This is helpful since any label
assignments with ε < 1, while argmaxable, are unlikely to be predicted in practice by
the models we use. For example, we found that predicted label assignments for most
models had regions of radius ε > 100.

Interestingly, for BSLs, if an output is eps-argmaxable it is also 1-argmaxable.
We will therefore not encounter 1-argmaxability again until the next chapter, where
we will use it to contrast the behaviour of BSLs and the layer that we introduce
in Section 5.1, in order to highlight that it is not enough to have outputs that are
argmaxable; they need to be argmaxable with a reasonable margin.

Results
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Figure 4.3: We use the LP to verify the BSL on the test sets of three datasets. We plot the

percentage of test set examples that are argmaxable (y-axis) as we vary d, the number of

trainable dimensions in the BSL (x-axis). We plot the mean and std (shaded) over 3 runs with

different random seeds. As can be seen, BSLs have unargmaxable label assignments when d is

small enough (i.e. < 200).

BSL: Unargmaxable outputs. We use the LP to verify the BSL on the test
sets. As can be seen in Fig. 4.3, for d > 200 all the examples in the test set are
argmaxable for the BSL. However, as we reduce d, the number of unargmaxable label
assignments increases for all datasets. More specifically, we first get unargmaxable
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outputs at d = 200 for MIMIC-III. Analogous considerations can be drawn for BioASQ
and OpenImages (Fig. 5.6(a)). We tabulate the precise number of argmaxable label
assignments on the datasets in Table 4.2. As such, we conclude that unargmaxability
can indeed be an issue when we have hyperplane overcrowding and d is not large
enough. Note that for a BSL one can never determine a d that always guarantees all
label configurations of interest to be argmaxable: even an exhaustive verification on
all test samples does not imply that future unseen configurations will be argmaxable.

d MIMIC-III BioASQ OpenImages v6

25 229 880 2758
50 1515 6498 8439
100 3137 9951 9997
200 3370 10000 10000
400 3371 10000 10000

Table 4.2: Median number of eps-argmaxable label assignments over 3 random seeds on

the test set of each dataset, as we vary d, the number of trainable dimensions of the BSL.

We use orange to highlight the presence of unargmaxable label assignments and green to

signal that the whole test set is argmaxable. Takeaway: BSL layers have unargmaxable label

assignments starting from d = 200. We do not report 1-argmaxable label assignments here

since the numbers are almost the same, we will discuss these in Table 5.1 in the next chapter.

4.2 Multi-Class Classification

We now turn from detecting unargmaxable label assignments in MLC to detecting
unargmaxable categories in MCC. More precisely, we will consider publicly available
LLMs andMTmodels and ask: Do unargmaxable vocabulary tokens exist in large models

used in practice?

Demeter et al. (2020) showed that a softmax bottlenecked LM “steals” probability
from rare words when contrasted to the probabilities assigned by a smoothed n-gram
LM. More specifically, they proved that a category is unargmaxable if its softmax
weight vector is interior to the convex hull of the remaining weight vectors. They
proposed an algorithm to detect unargmaxable tokens and provided evidence of their
existence in small LMs, but their proposed algorithm provided no guarantees and they
were unable to test large LMs.
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Contributions Our contribution in this section is three-fold.

1. we introduce terminology to disentangle the idea of unargmaxability from the
more general question of loss in expressivity due to a BSL .

2. we introduce a detection algorithm for unargmaxable categories that is unam-
biguous and also works when we have a softmax bias term.

3. we test 7 LLMs and 143 MT models. Out of those, we find that 13 of the MT
models exhibit unargmaxable tokens.

4.2.1 Detecting Unargmaxable Tokens

We now introduce an algorithm to detect unargmaxable categories (i.e. tokens) in
LLMs and MTmodels. The algorithm combines an incomplete algorithm, for efficiency,
with an exact algorithm for correctness, see Fig. 4.4(c).

We consider a MCC problem with n categories, i.e. n is the vocabulary size of a
LLM or MT model. Given a bottlenecked softmax layer parametrised by W ∈ Rn×d

and b ∈ Rn, are there any categories that are unargmaxable? We first describe a
slow, but exact algorithm to answer this question, and then introduce the incomplete
algorithm that we can use to get a faster answer in some cases.

Exact Algorithm

An exact algorithm will either prove category ct is argmaxable by returning a feasible
point x : argmax(Wx +b) = ct or it will prove ct is unargmaxable by verifying no
such point exists.

As we discussed in Section 3.4.4, to check if a region exists that ranks ct above all
others, we need to find an input x ∈ Rd that satisfies the following constraints:

P (ci | x) < P (ct | x), ∀i ∈ [n] : i 6= t, t ∈ [n] (4.7)

Each of the above constraints is equivalent to restricting x to a halfspace (Defini-
tion 2.4.2). Hence, if all above inequalities are enforced, x is restricted to an intersection
of halfspaces (Definition 2.4.3).

(wci −wct)>x +(bci − bct) < 0

∀i ∈ [n] : i 6= t, t ∈ [n]
(4.8)
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If the intersection of halfspaces is empty, there is no x for which category ct can
be ranked above all others; hence ct is unargmaxable. We can find a point in an
intersection of halfspaces via linear programming, albeit we found this algorithm to
be slow in practice for n > 1000.

Chebyshev Center Linear Programme As in Section 4.1, we introduce a Cheby-
shev LP. However, this time we detect unargmaxable categories, in our case tokens of
a LM or MT system for a BSL parametrised by W ∈ Rn×d and b ∈ Rn.

Dribbble Category LP

maximise r

subject to w>
i x + bi + r‖wi‖2 ≤ 0, i ∈ [n−1] (4.9)

−100 ≤ xj ≤ 100, j ∈ [d] (4.10)

r > eps (4.11)

Where wi = wci −wct are rows of the braid matrix Eq. (2.52) and bi = bci −bct , ∀i ∈
[n] : ci 6= ct, and eps is 10−8. We further constrain x to guarantee the regions are
bounded, since the Chebyshev center is not defined otherwise. This constraint also
captures the fact that neural network activations are not arbitrarily large, as we verified
for feature encoders in Appendix A.5.

If the above linear programme is feasible, we know that category ct is argmaxable
and we also get a lower bound on the volume of the region for which it is solvable
by inspecting r. On the other hand, if the linear programme is infeasible, ct is not
eps-argmaxable.

We note a few differences between this LP and our LP for MLC (Eq. (4.2)). For
categories we did not notice any regions become extremely small, mostly because
the Voronoi Tesselation P

(
n,W

)
has n regions at most. On the other hand, for

label assignments, P
(

n,W
)
has an exponentially large number of regions, which

means they can be much smaller. Therefore, for the MLC we used the larger bound
−104 ≤ xi ≤ 104, since this made the balls larger and allowed us to detect regions
with smaller radii.

Approximate Algorithm

The exact algorithm was too slow to run for the whole vocabulary. In order to avoid
running the exact algorithm for every single vocabulary item, we developed an in-
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: Braid Reflect
Data: Category index ct,

x ∈ Rd,
W ∈ Rn×d, b ∈ Rn

1 ci = argmax(Wx +b)
2 w = (wct −wci)>

3 b = bct − bci

4 w′ = w
‖w‖2

5 d = w′>x
6 x = x −2(d+ b

‖w‖2
)w′

(b) Approximate Algorithm: Move x to
region where P (ct) > P (ci).

Input: W, b, ct

Approximate

Algorithm

Exact

Algorithm

ct = potentially
unargmaxable

ct = argmaxablect = unargmaxable

found

not

foun
d

feasible
not

feasible

(c) Combined detection algorithm.

Figure 4.4: Left: Braid Reflect Algorithm: an approximate algorithm used to detect whether

category ct is argmaxable. Right: How we combine approximate and exact algorithms to get

a complete algorithm. We first run the approximate algorithm, which quickly proves most

vocabulary tokens are argmaxable. If it fails to find a solution in N steps, we rely on the exact

algorithm to either find a solution or prove there is no solution, meaning ct is unargmaxable.

complete algorithm (Kautz et al., 2009) with a one-sided error, which can quickly rule
out most tokens, leaving only a small number to be checked by the exact algorithm.
It proves that ct is argmaxable by finding an input x for which ct has the largest
activation. Unlike the exact algorithm, if no solution exists it cannot prove that the
token is unargmaxable. Hence, we terminate our search after a predetermined num-
ber of steps. We denote any tokens not shown to be argmaxable by the approximate
algorithm as potentially unargmaxable and we run the exact algorithm on them.
An illustration of the way we combine the exact and approximate algorithms to decide
whether category ct is argmaxable can be seen in Figure 4.4(c).

Braid Reflect The idea behind this approximate algorithm is to use the Braid
Hyperplane Arrangement (Definition 2.4.8) as a map to guide us towards a point x for
which ct has the largest activation.

To show that category ct is argmaxable, it suffices to find an input x for which the
largest probability is assigned to ct. Empirically we found this to be easy for most
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categories.
We begin by interpreting the actual weight vector as the candidate input x = w>

ct
.

We do so since the dot product of two vectors is larger when the two vectors point
in the same direction.4 While the magnitude of the vectors affects the dot product,
we found the above initialisation worked well empirically. When ct is not the argmax
for x and ci is instead, Relation 4.8 for ci and ct will have the wrong sign. The sign of
this relation defines which side of the Braid hyperplane for ci and ct we are on. To
correct the sign, we construct the normal vector and offset of the Braid hyperplane
(Lines 2,3 in Fig. 4.4(b)), compute the distance of x from it (Line 5), and reflect x across
it (Line 6).5 We repeat the above operation until either ct is the argmax or we have
used up our budget of N steps.

4.2.2 Experiments

In this section we use the combined algorithm from Figure 4.4(c) to search models for
unargmaxable tokens. In contrast to the previous section where we limited our analysis
to specific test sets, here we exhaustively check that all tokens in the vocabulary of
our target models can be produced. This is because text generation models can be
used in a variety of downstream tasks where all vocabulary tokens may be needed, so
it is vital to show that all tokens can be generated.

Moreover, we do not train models from scratch here since a) there is a plethora of
models which are publicly available and widely used, and b) we want to check a large
variety of models and training this many models would be too expensive.

We test 7 LMs and 143 MT models. We find that unargmaxable tokens occur in
13 MT models, but these are mostly infrequent and noisy vocabulary tokens. We
therefore do not expect such tokens to affect translation quality per se.

We also find that nearly all vocabulary tokens of LMs and student MT models can
be verified with less than N = 10 steps of the approximate algorithm. In contrast,
other MT models need thousands of steps and also rely on the exact algorithm. In this
sense, models that need fewer steps are easier to verify: the search problem for their
arrangement of softmax weights is easier.

Throughout the following experiments we assumed the softmax inputs were
bounded in magnitude for all dimensions −100 ≤ xi ≤ 100. Even though the outputs
are not theoretically bounded, they are practically bounded since neural network

4a>b = ‖a‖2 ‖b‖2 cosθ is maximised for θ = 0
5The reflection operation without the offset is the Householder transformation (Householder, 1958).
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feature encoders cannot produce arbitrarily large activations and some regions may be
unreachable6. For the approximate algorithm, we search for a solution with a patience
of N = 2500 steps and resort to the exact algorithm if the approximate method fails or
returns a point outside the aforementioned bounds. We use Gurobi (Gurobi Optimiza-
tion, 2021) as the linear programme solver. We accessed the model parameters either
via NumPy (Harris et al., 2020) or PyTorch (Paszke et al., 2019). The experiments took
3 days to run on an AMD 3900X 12-core CPU using 10 threads and 64Gb of RAM.

Language Models (0/7 Unargmaxable)

We checked 7 widely used LMs for unargmaxable tokens. While some of these models
such as BERT (Devlin et al., 2019) are not directly used for generation, large LMs are
used via prompting (F. Liu et al., 2021) for few shot learning. A prompt model obviates
the need for a separate classifier by rephrasing a classification task as slot filling given
a task specific template. Prompt approaches commonly choose the answer for the slot
by argmaxing the softmax distribution obtained by a LM. Hence we verify that there
are no answers that are unargmaxable.

BERT (Devlin et al., 2019), RoBERTa (Y. Liu et al., 2019), XLM-RoBERTa (Conneau
et al., 2020) and GPT2 (Radford et al., 2019) did not exhibit any unargmaxable tokens
and can be assessed without resorting to the exact algorithm. Moreover, the LMs were
very easy to verify with the approximate algorithm requiring less than 1.2 steps per
token on average.

Machine Translation (13/143 Unargmaxable)

In the case of MT models, the feature encoder comprises the whole encoder-decoder
network excluding the last layer of the decoder. We first focus on models which we
found to have unargmaxable tokens and then briefly describe models that did not. A
summary of the results and characteristics of the models we checked can be seen in
Table 4.3. More detailed results can be found in Tables A.1, A.3, A.4 and A.5 in the
Appendix.

Helsinki NLP OPUS (13/32 Unargmaxable). The 32 models we use for this
subset of experiments are MT models released through Hugging Face (Wolf et al.,
2020). We use models introduced in Tiedemann et al. (2020). These models are trained

6The validity of our assumption is only relevant for models we find to be bounded. We therefore
verified that −100 ≤ x ≤ 100 holds for two of them, see Appendix A.5.

7https://github.com/browsermt/students

https://github.com/browsermt/students
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model source Helsinki FAIR Edinburgh Bergamot

unargmaxable 13/32 0/4 0/82 0/25
dataset OPUS WMT’19 WMT’17 multiple7

architecture Transf Transf LSTM Transf
feature dim d 512 1024 500,512 256,512,1024
softmax bias 3 7 3 3

tied embeds enc+dec+out dec+out dec+out enc+dec+out

Table 4.3: Number of models having unargmaxable tokens for the MT models we verified. We

tabulate the ratios of models that have unargmaxable tokens. For example, in the first column

we show that 13 out of the 32 models we checked had unargmaxable tokens.

on subsets of OPUS. All models are transformer models trained using Marian (Junczys-
Dowmunt et al., 2018). They include a bias term, have a tied encoder and decoder and
d = 512.

Unargmaxable tokens, if present, will affect generation in the target language.
We therefore restrict our analysis to the target language vocabulary. To facilitate
this, we inspect translation models for which the source and target languages have
different scripts. We explore 32 models with source and target pairs amongst Arabic
(ar), Hebrew (he), English (en), German (de), French(fr), Spanish (es), Finnish (fi), Polish
(pl), Greek (el), Russian (ru), Bulgarian (bg), Korean (ko) and Japanese (ja). We rely on
the script to disambiguate between source and target language and discard irrelevant
tokens from other languages. We also ignore vocabulary tokens containing digits and
punctuation.

In Figure 4.5 we can see the number of Byte Pair Encoding (BPE; Sennrich et al.,
2016) tokens that were unargmaxable for these models, sorted in decreasing order. As
can be seen, all tokens are argmaxable for 19/32 language pairs. For the remaining
13 languages, while there can be quite a few unargmaxable tokens, most would not be
expected to affect translation quality.

Out of the set of 427 unique unargmaxable BPE tokens, 307/476 are single char-
acter subword tokens and only 2 are word stem BPE segments: erecti (bg-en) and
Предварительны (en-ru) which means “preliminary” in Russian. The rest include
the <unk> token and noisy subword unicode tokens such as ќЌЌќ, ὶῖῖ and ἀὐῇ.

On closer inspection of the SentencePiece tokeniser we found that both Предва-

рительны and erecti come up as tokenisation alternatives that make them rare and
irregular. We found that the Предварительны token was rare since it is capitalised
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Figure 4.5: 13/32 HelsinkiNLP models have unargmaxable tokens.

and only occurs once, while another occurrence was caused by a BPE segmentation
corner case due to Unicode token variation of Предварительны-e. Other mentions
having Предварительны as a substring were split differently. In a similar vein, we
found that the erecti token occurred due to BPE corner cases for erecti-0-n, erecti-lis-),
erecti-l, erecti-. and erecti-cle many of which are misspellings or rare word forms
from clinical text. As such, the impact of these tokens being unargmaxable is small
since there are alternative ones the MT model can prefer over them which could even
correct spelling mistakes.

FAIR WMT’19 (0/4 Unargmaxable). We checked 4 FAIR models (en-ru, ru-en,
en-de, de-en) submitted to WMT’19 (Ng et al., 2019). These transformer models have
d = 1024 and do not employ a softmax bias term.

None of the FAIR models were found to have unargmaxable tokens, but for some
tokens we had to rely on the exact algorithm to show this.

Edinburgh WMT’17 (0/82 Unargmaxable). These WMT’17 submissions (Sen-
nrich et al., 2017) were ensembles of left-to-right trained models (l2r) and right-to-left
trained models (r2l). These were LSTMs trained with Nematus using d = 500 or
d = 512 and softmax weights tied with the decoder input embeddings. The models
include a bias term.

None of the models have unargmaxable tokens. However, we found that models
that comprise an ensemble varied a lot in how easy it was to show that the vocabulary
was argmaxable, despite them differing solely in the random seed used for weight
initialisation. As an example, zh-en.l2r(1) had 8 tokens that needed to be verified
with the exact algorithm, zh-en.l2r(2) had 3 and zh-en.l2r(3) had 366. This highlights
that random initialisation alone is enough to lead to very different arrangements of
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softmax weights.
Bergamot (0/25 Unargmaxable). The Bergamot project8 model repository con-

tains both large transformer-base and transformer-big teacher models, as well as small
knowledge distilled (Kim et al., 2016b) student models. Student models have d = 256
(tiny) or d = 512 (base), while teacher models have d = 1024. Interestingly, we find
that it is easier to show that student models are argmaxable when compared to teacher
models, despite student models having softmax weights 1/2 or 1/4 the dimensions of
the teacher model.

4.2.3 Discussion

We conclude from our experiments that BSLs can have unargmaxable tokens, but

this rarely occurs in practice for tokens that would lead to irrecoverable errors in the
MT models we checked. A limitation of our conclusions is that beam search is usually
preferred over greedy decoding for MT models used in practice. We leave the question
of how unargmaxable tokens impact beam search for future work.

It is challenging to make exact claims about what can cause tokens to be unargmax-
able because the models we tested varied in so many ways. However, we outline some
general trends below.

Infrequent Tokens Are the Victims The most general observation is that the
tokens that are more likely to be unargmaxable or are hard to prove to be argmaxable
are the infrequent ones. This can be seen in Figures 4.6 and 4.7, where the x-axis
contains the vocabulary of the models sorted left to right by increasing frequency.
Each dot on the y-axis represents the number of steps needed to check whether a
token is argmaxable or not using the approximate algorithm. As can be seen, the
values to the right are generally much higher than those to the left.

This result is in line with previous work that highlights the limitations of the
softmax layer when modelling rare words for LMs (Chen et al., 2016; Labeau et al.,
2019) and MT (Nguyen et al., 2017; Raunak et al., 2020) and infrequent classes for
image classification (Kang et al., 2020).

Some Models are Easier to Verify than Others Aswe havementioned previously,
our approximate algorithm attempts to prove a class is not bounded by searching for
an input as proof and giving up after a predetermined number of steps. We interpret

8https://browser.mt

https://browser.mt
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the number of steps needed as a measure of how hard it is to prove that a class is
unbounded when this is the case. We found that for the LMs and student MT models,
the vocabularies can be shown to be argmaxable with one step of the approximate
algorithm on average. On the other hand, for Helsinki NLP and FAIR MT models more
than 10 steps were needed, as we show in Fig. 4.7.

To put the above observations into context, we also check the behaviour of our
algorithms on randomly initialised parameters. If we initialise a softmax layer of n =
10000 classes using a uniform distribution U(−1,1) we do not expect unargmaxable
tokens to exist after d = 30 (see Figure A.6 in the Appendix). Moreover, any randomly
initialised parameters can be checked using the approximate algorithm with fewer
steps as we increase d.

From this perspective, it is surprising that student models were easier to show to be
argmaxable than the teacher models, despite the softmax weight dimensionality of the
student models being much lower (256 for tiny, versus 1024 for teacher). This shows
that effective neural MT models do not need to be hard to verify, but nevertheless
neural models trained on the original data can converge to arrangement of weights
that are hard to verify.
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Figure 4.6: Some models of an ensemble are harder to verify than others. On the x-axis we

have an entry per vocabulary token with the tokens sorted from most frequent (left) to least

frequent (right). On the y-axis, we plot a blue dot at the number of iterations it took to show

the token is argmaxable using the approximate algorithm, and a purple dot if the token is

argmaxable but the approximate algorithm failed. We plot these values for three models

of an ensemble, where each model differs only by the random seed used for initialising the

model parameters. As can be seen, the right-most figure has 366 vocabulary tokens that are

argmaxable but the approximate algorithm fails to find a solution, compared to 8 and 3 for the

other two models.
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(a) Student models are easy to verify, as can be seen from the small number of iterations (y-axis)
needed to show that all tokens are argmaxable.

(b) Teacher models are harder to verify than student models. This can be seen on the y-axis where
we need a much larger number of iterations than for the student models.

Figure 4.7: Student models are easier to verify than teacher models. On the x-axis we have an

entry per vocabulary token. We plot a blue dot on the y-axis at the number of iterations it

took to show the token is argmaxable using the approximate algorithm. We plot the values

for 4 student models in the top subplot and 5 teacher models in the bottom subplots, where

the teacher student pairs have the same name. As can be seen by the smaller values on the

y-axis, student models are easier to verify. This is surprising given that student models have

narrower bottlenecks.
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4.3 Conclusions

We began this chapter by asking: Do unargmaxable outputs impact DNNs in practice?

Tools for Verifying BSLs

To answer this question, we have filled a gap in the literature by introducing tools
to detect unargmaxable outputs in BSLs and released our code so that others can
also verify their models. Having tools to verify BSLs is important, because although
verifying a large set of models gives us some intuition about how often unargmaxable
outputs occur, we cannot draw certain conclusions about other models. For example,
even though we did not find unargmaxable tokens in LLMs, we cannot be sure that
future LLMs, or the same architectures with different fine-tuned parameters, will not
have unargmaxable tokens. As we saw in Fig. 4.6, even models that vary only by
initialisation can be harder to verify than others. Moreover, we cannot simply rely on
random matrix theory (Donoho et al., 2006), since for a random W with large enough
d the probability of having unargmaxable outputs should be very close to zero (see
also Fig. A.6). However, we showed that training W via stochastic gradient descent
does produce W that have unargmaxable outputs in MT models and MLC models, as
we discuss further next.

BSLs can cause Unargmaxable Outputs

Returning to our question, our experiments (Sections 4.1.2 and 4.2.2) confirm that
unargmaxable outputs are not only a problem in theory, they can also occur in practice
and they can impact outputs needed for our applications.

For MLC, the result is more pronounced, since BSLs have unargmaxable test set
examples when we make the bottleneck narrow. For example, the BSL we trained
on MIMIC-III has more than 200 unargmaxable test set label assignments when
d = 100 (Table 4.2). In real world terms, there are more than 200 clinical reports that
our model would be unable to label with the correct findings.

On the other hand, for MCC, while none of the LLMs had unargmaxable tokens,
some MT models did. However, this does not occur as often as for MLC in our
experiments and the tokens affected are unlikely to be needed for our applications, as
they are both noisy and rare, as we discuss next.
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BSLs Impact Infrequent Outputs

Both for MLC and MCC, we note that the victims of unargmaxability are the outputs
that are in the long tail.

For MLC, the unargmaxable label assignments have a large number of active labels.
These are rare in the following sense: the more we increase the number of active labels
in an assignment, the less likely it is that we have observed large subsets of those
labels together in the data.

For MCC, similarly, unargmaxable tokens were infrequent but also noisy tokens.
The two longest tokens arised from tokenisation corner cases while shorter ones were
noisy tokens that should not create discernible differences in translation quality.

BSLs Hinder the Generalisation of DNNs

We conclude that while BSLs mostly seem to do the right thing, they are intrinsically
unreliable. When we make BSLs narrow enough, they can cause unargmaxable out-
puts making our DNNs unable to generalise. Importantly, this means our DNNs are
restricted irrespective of the expressivity of their feature encoder. As such, practition-
ers should be aware that choosing the feature dimension of a BSL is not an innocuous
hyperparameter search: by reducing the rank of W they are potentially harming their
DNNs by making some outputs impossible to predict.

In the next chapter (Chapter 5), we showhow tomake BSLs reliable by guaranteeing
that all outputs needed for our application are argmaxable by construction.



5 Guaranteeing Argmaxability

John Conway: 196883, that’s the dimension of the space it lives in.

Interviewer: It seems so arbitrary.

John Conway: Ooh no, it’s not arbitrary, hah, no, it’s got to be 196883
[pauses], yes, 47×59×71.

—John Horton Conway, on the Monster Set

In Chapter 4 we saw that BSLs are intrinsically unreliable: they can have unargmax-
able outputs, hindering the generalisation capabilities of our DNNs. In this chapter
we show how to prevent this problem by aligning the unargmaxability constraints of
BSLs to the constraints of the application at hand.

As we showed in Section 3.5, BSLs must have unargmaxable label assignments
and BSLs must have unargmaxable rankings. Therefore, for applications where
all such outputs are candidates, some must be unargmaxable. However, for most
applications we have domain knowledge which constrains the outputs to a smaller
set of candidates. For example, in MLC, inputs are rarely assigned more than k labels.
In such a scenario, we can make a BSL reliable by guaranteeing that the argmaxable
outputs subsume all candidates.

We cannot obtain such guarantees if we learn W without imposing additional
constraints. This is because it is intractable to compute which outputs are argmaxable
for a general W. In Section 4.2 we got away with exhaustively checking all categories
because there were only n of them. However, for label assignments and rankings of
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categories this is intractable, since they grow exponentially as we increase n.

We address the unreliability of general BSLs by imposing structure on W such
that all candidates are argmaxable by construction. We show how we can do this for
MLC and MCC under realistic assumptions about which outputs are candidates for
our application of interest.

For MLC (Section 5.1), we assume that the label assignments are sparse, an as-
sumption which holds for many MLC datasets (Section 5.1.1). We explain the criteria
for W and introduce the DFT layer which guarantees that all sparse label assignments
are argmaxable (Section 5.1.2). We train models on three MLC datasets (Section 5.1.3),
and show that contrary to general BSLs which have unargmaxable test set examples
when the bottleneck is narrow, our DFT layers do not. In addition, our DFT layer
obtains better or comparable F1-score performance while training faster and using up
to 50% fewer trainable parameters.

For MCC (Section 5.2), we assume that the rankings of categories are subsumed
by the top-k rankings. We then show how to guarantee that all top-k rankings are
argmaxable, building off our result for MLC.

As an additional contribution, we close this chapter by discussing a rule of thumb
for choosing the dimensionality of a BSL.

5.1 Multi-label Classification

As alluded to above, we now show how to construct a BSL which guarantees that
all needed label assignments are argmaxable by construction. To achieve this, we rely
on the following sparsity assumption.

5.1.1 The Sparsity Assumption (k-active Label Assignments)

In order to impose our guarantees, we assume label assignments are sparse; i.e. we
assume that there is an upper bound, k, on the number of labels that are active (i.e.
assigned to each input).

The sparsity assumption is natural for MLC. It is common for label assignments in
real-world MLC datasets to be sparse (Babbar et al., 2019); it is unlikely an image will
contain more than k objects or that a clinical document will be assigned more than k

clinical codes, where k ≈ O(logn) is a dataset dependent upper bound on the number
of active labels (Jain et al., 2019). Moreover, even when there are many competing
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Figure 5.1: For MLC datasets, the majority of label assignments are sparse. We plot the

histogram of the number of active labels on the training sets of MIMIC-III, BioASQ and

OpenImages MLC datasets, left to right. On the x-axis we plot the number of active labels,

k, and on the y-axis we have the number of label assignments in the data that have k active

labels. As can be seen, most label assignments are sparse: if we limited the dataset to k ≤ 20,
we would retain most of the dataset. However, all three datasets have a long tail of less sparse

label assignments (large k). MIMIC-III has the longest tail, i.e. k ≤ 80.

labels for a given input, we are motivated to keep the label assignments sparse: we
use labels to summarise the input, and we also want to keep annotation manageable.
Tagging an input with hundreds of labels from a label vocabulary of thousands would
be a daunting task.

As a result, for most MLC tasks, the number of active labels k is bounded (Jain et al.,
2019), either empirically (e.g. k=80 for MIMIC-III) or by construction (e.g. k=50 for
BioASQ (Tsatsaronis et al., 2015)). In Fig. 5.1 we illustrate a histogram of the number
of active labels for the three datasets we introduced in Section 4.1.2. As can be seen,
the majority of label assignments are sparse, but there is a long tail of examples that
can have quite a large number of active labels (e.g. k = 80 for MIMIC-III).

The sparsity assumption restricts the candidate outputs for our MLC task. This is
vital, since it enables our BSL to guarantee that all candidate outputs are argmaxable.
In our experiments, we choose which k to enforce our guarantees for based on the
statistics of the dataset.

5.1.2 Guaranteeing Argmaxable k-active Label Assignments

Before we introduce our guarantees we introduce the argmaxable label assignments.

Argmaxable Label Assignments

As we saw in Section 2.4.4, a BSL W ∈ Rn×d and d < n must have unargmaxable label
assignments. The question is, out of the 2n label assignments, y, how many can a BSL
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Figure 5.2: We log-plot which percentage of the 21000 label combinations is argmaxable for a

BSL with n = 1000 labels as we decrease the feature dimensionality d (right to left). When

d � n we can represent exponentially fewer outputs. We split the y-axis and use two different

log scales to highlight how small the percentage becomes as d gets smaller.

actually represent? We define the set of argmaxable label assignments for a classifier
W as:

A(W) = {sign(Wx) ∀x ∈ Rd} (5.1)

As we saw in Fig. 3.11, the set above is the set of orthants intersected by the span of
W. If W is in general position (Definition 2.2.11), we can exactly count the number
of argmaxable label assignments, |A(W)|, as we saw in Section 2.4.4.

BOMB Number of Argmaxable Label Assignments

Thm. 5.1. (Cover, 1965, Thm 2) If W is in general position, the number of
argmaxable label assignments is:

|A(W)| = 2
∑d−1

d′=0

(
n−1

d′

)
. (5.2)

It follows that i) the number of argmaxable label assignments depends only on n

and d, not the specific W, and ii) most label assignments will be unargmaxable for
d � n as Eq. (5.2) indicates an exponential growth (see Fig. 5.2). The above argument
is similar to that made when defining the VC-Dimension (V. N. Vapnik et al., 1971) of
a linear classifier. However, VC-Dimension, like our reasoning above, is agnostic to
the precise W. Conversely, we now focus on a specific classifier W and ask: can we
modify W to guarantee that a specific set of label assignments is argmaxable?
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DFT Layers for k-Active MLC

Designing a BSL with d < n that guarantees argmaxability for all 2n possible label
assignments is impossible, according to Theorem 5.1. However, as we saw in Sec-
tion 5.1.1, for most MLC datasets the label assignments are sparse; only a handful of
labels are active for any given example. As such, herein we choose an upper bound, k,
on the number of active labels for each dataset and show how to modify the parametri-
sation of a BSL so that any k-active label assignment is guaranteed to be argmaxable.
We first define sufficient criteria by specifying a broad family of parametrisations for
which our result holds: the weight matrix should have at least 2k +1 input features
and all its maximal minors (Definition 2.2.13) should be non-zero and have the same
sign. Next, we specify an implementation satisfying these criteria, the Discrete Fourier
Transform (DFT) layer, which is computationally appealing and is accurate in practice.

k-Active Label Assignments We now show how to guarantee that all k-active
outputs are argmaxable by imposing structure on the parametrisation, W, of a BSL.
We first formalise what a k-active label combination is below.
SIGN Number of Active Labels

Def. 5.1.1. For a label assignment y on n labels we define act(y) to be the
number of active labels in y, i.e:

act(y) =
∑n

i=1 [yi = ++ ] (5.3)

where [ ] is the Iverson Bracket (see Section 0.2). As an example, we have
act( −−−−−−−−−− ) = 0 and act( ++−−−−++−− ) = 2.

SIGN k-Active Label Assignments

Def. 5.1.2. The k-active assignments on n labels are:

An,k = {y ∈ { ++ , −− }n : act(y) ≤ k} (5.4)

For example, the MIMIC-III dataset (Johnson et al., 2016; Mullenbach et al., 2018)
has n = 8921 labels, but no example has more than 80 active labels. We now show
how to guarantee that all label assignments in An,k are argmaxable.

k-Active Argmaxability Guarantees Our goal in this section is to prove The-
orem 5.4. It states that a general criterion for guaranteeing all k-active labels are
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argmaxable is that the weight matrix W ∈ Rn×d, d ≥ 2k +1 that parametrises the BSL
has maximal minors that agree in sign and are non-zero. As such, we next introduce
maximal minors and the family of matrices with the above property. We prove our
result by showing that the argmaxable label assignments for this family of matrices
are “2k-alternating” and that these subsume the k-active ones.

A maximal minor ∆I of a n×d matrix, n > d, is the determinant of any d×d

submatrix formed by deleting the n−d rows not indexed by I (see Section 0.2 for more
details on notation). For example, in Fig. 5.3(a), all maximal minors are positive. We
say that a matrix W ∈ Rn×d is a representative of an element of Gr+

n,d if its maximal
minors are non-zero and agree in sign (see Definition 2.2.15). To prove Theorem 5.4,
we use the following facts known about k-alternating outputs.

SIGN Number of Sign Changes

Def. 5.1.3. For a label assignment y on n labels we define alt(y) to be the
number of sign changes encountered when reading the sequence of labels from
left to right, i.e:

alt(y) =
n−1∑
i=1

[yi 6= yi+1] (5.5)

Note that we do not compare the signs of the first and last label. As an example,
we have alt( ++++−−−−−− ) = 1 and alt( ++++−−++−− ) = 3.

SIGN k-Alternating Label Assignments

Def. 5.1.4. The k-alternating assignments on n labels are:

Vn,k = {y ∈ { ++ , −− }n : alt(y) ≤ k} (5.6)

PUZZLE-PIECE k-Active Implies 2k-Alternating

Lemma 5.1.
y ∈ An,k =⇒ y ∈ Vn,2k (5.7)

Proof. We can construct any k-active y of length n from the all inactive y by flipping
all signs after any of the n−1 positions between labels. We need at most 2k distinct
flips. E.g., we can produce −−++−−−− with 2 flips: −−−−−−−− → −−++++++ → −−++−−−− .

We are almost ready to obtain our criteria for the argmaxability of An,k. However,
we need to arrive to them via theorems about argmaxability of Vn,2k. We will combine



5.1. Multi-label Classification 155

a counting argument on the number of regions from Theorem 5.1, Lemma 5.1 and the
following result on alternating y from Gantmakher et al. (1961) via Karp (2017).

∆{1,2} = .7

∆{1,3} = 1.

∆{1,4} = .5

∆{2,3} = .5

∆{2,4} = .6

∆{3,4} = .5

1.0 0.0

0.5 0.7

0.0 1.0
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2
)
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4,2.

w1

w2

w3

w4

(b) Correspondence of W and
geometric picture: each nor-
mal vector is a row of W.
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++−−−−−−

++++−−−−
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(c) The Argmaxable label as-
signments are the 1-alternating
vectors, A(W) = V4,1.

Figure 5.3: Visual evidence of Theorem 5.3. a) We construct a BSL having n = 4 labels and

d = 2 features parametrised by W ∈ R4×2 such that all maximal minors are positive, i.e.

span(W) ∈ Gr+
n=4,d=2. (b) The rows of the matrix are binary classifiers, we demarcate the

decision boundaries for each classifier using a dashed line. (c) We assign each region a sign

vector corresponding to which labels the BSL would flag as active for an input falling in that

region. As per Theorem 5.3, exactly the (d−1) = 1-alternating outputs are argmaxable. More

generally, for d = 2k +1, all k-active outputs are argmaxable (see Fig. 5.4).

BOMB Maximal Minors and Alternating Label Assignments

Thm. 5.2. (Gantmakher et al., 1961) see (Karp, 2017, Theorem 1.1). If all maximal
minors of W ∈Rn×d are non-zero and have the same sign, all label assignments
y computed as y = sign(Wx), x ∈ Rd are d−1 alternating.

span(W) ∈ Gr+
n,d =⇒ alt(y) ≤ d−1 (5.8)

But are there any label assignments having alt(y) ≤ d−1 that are unargmaxable?
Via a counting argument we can show that this is not the case.

BOMB Argmaxable k-Alternating Label Assignments Guarantees

Thm. 5.3. For W : span(W) ∈ Gr+
n,d the argmaxable label assignments are the

(d−1)-alternating vectors.

span(W) ∈ Gr+
n,d =⇒ A(W) = Vn,d−1 (5.9)

See Appendix A.8.1 for the proof and Fig. 5.3 for a visual confirmation that
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span(W) ∈ Gr+
4,2 makes the 1-alternating y argmaxable. We can now state our

main result.

BOMB Argmaxable k-Active Label Assignments Guarantees

Thm. 5.4. Consider a BSL parametrised by W : span(W) ∈ Gr+
n,2k+1 which

predicts label assignments using argmax prediction, y = sign(Wx). All k-
active label assignments are argmaxable: An,k ⊂ A(W).

Proof. FromTheorem 5.3, forW such that span(W) ∈ Gr+
n,2k+1 the set of 2k-alternating

label assignments Vn,2k is argmaxable. Then, from Lemma 5.1, we have An,k ⊆ Vn,2k =
A(W), and therefore all k-active labels are argmaxable.

Observation: The Order of the Label Vocabulary Matters We note that for our
results above, we have assumed that the vocabulary of labels is ordered in a particular
way, i.e. the order of the rows of W matters. This is because the number of sign
changes in a sign vector clearly depends on the order of the rows. That being said,
the k-active labels would still be argmaxable if we permuted the rows of any W that
meets our criteria. This is so because permutations of the rows cannot change the
number of active labels.

� Rabbit Hole: Vocabulary Order

Can we choose a better ordering of the vocabulary based on properties of W
and the dataset of labels at hand? We highlight that this question is especially
interesting for ε-argmaxability: the DFT layers we will introduce next can only
model low-frequency signals, so they cannot model sudden changes between
neighbouring labels. Because of this limitation, it would make sense to order
the vocabulary such that labels that are frequently active or inactive together
are neighbouring. Idea: Encode label co-occurrence information on a graph
that has the labels as nodes and edge weights that depend on some metric of
label co-occurrence. Obtain an order of the vocabulary (i.e. a Hamiltonian on
the graph) by solving a Travelling Salesman Problem on the graph.

In summary, we have showed that if span(W) ∈ Gr+
n,2k+1, all k-active outputs are

argmaxable, but we have not given a concrete implementation. We next introduce the
DFT layer, a practical and computationally appealing member of the Gr+

n,2k+1 family.
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DFT Layers We now engineer a BSL which satisfies Theorem 5.4. We satisfy the
criteria by parametrising the BSL with the Discrete Fourier Transform (DFT) matrix.
While any parametrisation of a BSL that satisfies the criteria of the previous section is
suitable, the DFT is especially appealing because:

1. we can reduce the number of learnable parameters as the DFT matrix is fixed. 1

2. we can compute the activation of the DFT Layer in O(n logn) time via the
Fast Fourier Transform (see Appendix A.10) instead of a more expensive O(nd)
generic low-rank matrix-vector product.

We next describe a truncated DFT matrix and show that it provides the k-active
guarantees we seek. For k-active guarantees, we need d = 2k + 1, so we truncate
frequencies larger than k to obtain WDFT

n,2k+1, as shown below:

WDFT
n,2k+1 =



1√
n

√
2
n cos t1

√
2
n sin t1 · · ·

√
2
n coskt1

√
2
n sinkt1

1√
n

√
2
n cos t2

√
2
n sin t2 · · ·

√
2
n coskt2

√
2
n sinkt2

...
...

... . . . ...
...

1√
n

√
2
n cos tn

√
2
n sin tn · · ·

√
2
n cosktn

√
2
n sinktn

 ,

ti = 2π(i−1)
n

, i ∈ [n] (5.10)

Parsing the DFT Matrix We can parse the matrix from Eq. (5.10) more easily
if we break it down column-wise. The first column on the left is constant and is
the offset term of the DFT, sometimes called the DC term in signal processing. The
next columns come in pairs of sines and cosines of a given frequency k, where the
frequency increases from left to right, i.e. column 2k +1 has frequency k. The constant
multipliers 1√

n
in front of the DC column and

√
2
n in front of the sines and cosines

ensure that the columns are orthonormal.

Pytorch Implementation Implementation-wise, we can efficiently compute the
output of the DFT layer in pytorch by using the ifft operation. To do so, we use
the norm='ortho' option. However, this operation scales all columns by 1√

n
. In our

implementation, we therefore scale the inputs xi, i = 2, . . . ,2k +1 by
√

2. Since the
ifft operation is defined on complex numbers, we also need to encode x as a vector
of complex numbers. See our code and Appendix A.10 for more details.

1In early experiments learning the ti of the DFT matrix (Eq. (5.10)) had little impact on the results.

https://github.com/andreasgrv/sigmoid-bottleneck/blob/main/spmlbl/components.py#L116
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Figure 5.4: Decision boundaries for DFT output layer with d = 3 and n = 3,4,5, from left to

right. As a result of Theorem 5.4, all 1-active label assignments are argmaxable. The large

central region corresponds to y with no active labels and the n regions surrounding it have a

single active label, as we illustrate on 3 on the left.

The Truncated DFT Matrices Satisfy Our Criteria Now that we have introduced
the form of the DFT matrix and explained how to compute its outputs, we show that
it satisfies our criteria.

BOLT Truncated DFT Matrices Satisfy the Criteria

Proposition 5.1. A truncated DFT matrix satisfies span
(
WDFT

n,2k+1
)

∈ Gr+
n,2k+1.

We need to show that the maximal minors of WDFT
n,2k+1 are non-zero and agree in

sign. See Appendix A.8.2 for a proof. As a visual confirmation of the result for k = 1,
we illustrate the decision boundaries of WDFT

n,3 in Fig. 5.4. As expected, you can find a
region corresponding to any 1-active label assignment.

Problem: Regions can become too small. While in practice we could use the
fixed DFT Layer as defined above and rely on an expressive feature encoder to do the
heavy lifting, if the number of labels, n, is much greater than the number of features,
2k +1, it becomes hard to classify some label assignments with large confidence. This
is due to the hyperplane overcrowding problem (Section 4.1.1): segmenting a low
dimensional space with verymany hyperplanes induces regions that become arbitrarily
small shards. In argmaxability terms, if we fix an ε and increase the number of labels,
all k-active labels remain argmaxable but increasingly more are not ε-argmaxable, see
left side of Fig. 5.5. This is a problem, since for successful training and generalisation,
we need our encoder to successfully map points to the regions that correspond to the
target y, and this cannot happen if the regions are too small.
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Figure 5.5: Slack variables can alleviate hyperplane overcrowding. Left: As we increase n,

the number of labels (and hence hyperplanes) for the DFT Layer, the radii of the regions

shrink due to hyperplane overcrowding, making them harder to predict in practice. Right:

Adding slack variables ameliorates this problem. We plot ε-argmaxability (Definition 4.1.1),

measured here for the 1% of labels that have radius less than that plotted. For the DFT Layer,

i.e. W = WDFT
n,2k+1, all k-active label assignments are argmaxable, but as we increase n, some

(see k ≥ 3) cannot be detected at the precision of the LP (10−8). Adding 16 randomly initialised

slack columns, i.e. W =
[
WDFT

n,2k+1 S
]
, makes the regions ε-argmaxable with larger ε.

While hyperplane overcrowding is a problem for any classifier W, we found that
DFT layers are more susceptible to it than general BSLs (see Appendix A.9 for a more
detailed explanation).

Solution: Slack variables. A practical way to deal with small regions is to increase
the dimensionality of the features by adding learnable slack variables, see Fig. 5.5.
Crucially, when doing so we retain our argmaxability guarantees, as we show below.

BOLT Adding Slack Variables Maintains Argmaxability

Proposition 5.2. Assume a label assignment y is argmaxable for a classifier

W ∈ Rn×d. Consider increasing the dimensionality of the features of the classifier

W by adding s more randomly initialised slack columns S ∈ Rn×s. Then y is also

argmaxable in W′ =
[
W S

]
, W′ ∈ Rn×(d+s).

Proof. Consider the input feature vector for W′, x′ =
 x
xs

 , x ∈ Rd, xs ∈ Rs. Set
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xs = 0. Then notice that y = sign
[W S

]x
0

 = sign(Wx) is equivalent to the

original classifier, so if y is argmaxable in W it is also argmaxable in W′ by setting
xs to zero.

As such, we propose the DFT layer, with (2k + 1) × n fixed parameters which
enforce argmaxability and s×n learnable parameters which give it flexibility.

5.1.3 Experiments

We now empirically evaluate the DFT layer and the BSL layer we introduced in Sec-
tion 4.1 on three MLC datasets. In Section 4.1.1 we saw that a narrow BSL does indeed
have unargmaxable test set label assignments. Here we answer the following research
questions: RQ1) Can DFT layers guarantee that the k-active label assignments are
argmaxable in practice? RQ2) What is the trade-off between performance and the
number of trainable parameters? RQ3) Do we get any speed up in training time due to
the DFT? To answer these questions, we use the datasets we introduced in Section 4.1.2.
To answer our research questions above, we introduce the setup of the DFT layer.

DFT Output Layer

We compare the two MLC output layers we use, the general BSL Layer which we
introduced in Section 4.1.2 that is unconstrained and does not guarantee argmaxability
of k-active outputs, and our DFT layer which does by construction.

While both classifiers W have the same number of learnable parameters for both
output layers, their parametrisations differ.

For the DFT, we first pick the maximum number of active labels, k, depending on
the statistics of the dataset. We then set the number of slack dimensions to be d so we
can directly compare to the BSL. As such, we also need to adapt the dimensions of the
linear projection layer, P, which maps the embeddings, e, of the feature encoder, to
the features of the classifier, as per Eq. (4.6). We therefore set P ∈ Re×(2k+1+d) and
b ∈ R(2k+1+d), since we include 2k +1 more features to the classifier. The learnable
parameters of the classifier comprise d slack columns.

Conceptually, and for the purposes of checking the classifier with our LP, we
construct the classifier by concatenating the fixed DFT matrix to the slack columns, i.e.
W =

[
WDFT

n,2k+1 S
]
, W ∈ Rn×(2k+1+d). In practice, however, we compute the logits
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z efficiently using the Fast Fourier Transform: z = FFT(x:2k+1) + Sx2k+2: (see Ap-
pendix A.10).

Computational Cost of DFT Compared to the BSL, the cost of the DFT layer with
n labels is:

1. an additional cheap O(n logn) matrix vector multiplication

2. an additional e× (2k +1) trainable parameters in the projection layer

However, for models with large n, we can easily offset the increase in parameters if
we want, by modestly shrinking the slack d of the DFT output layer. For example,
the MIMIC-III CNN models (Mullenbach et al., 2018) have n = 8921 and e = 500. For
k = 80, a DFT adds 500×161 parameters to the projection layer. We could offset this
by decreasing d in the output layer by only d500×161

8921 e = 10. In the results section we
show that DFT layers obtain better performance with lower d than BSLs, and as such
can be more parameter efficient.

Faster Training of DFT For the DFT, we introduce an initialisation trick to speed
up training. We exploit that a) WDFT is known and fixed and b) the outputs are
k-active. Since the outputs are k-active, we would prefer to assign a probability k

n

to all labels when we start training. To achieve this, we can exploit the fact that
the first column of WDFT is 1√

n
and initialise the bias vector of the projection layer

to be [
√

n logit( k
n),0, . . . ,0], where the logit function is the inverse of sigmoid. This

way, assuming logits are close to zero when we begin training, the model will assign
probability ≈ k

n to each label instead of ≈ 1
2 .

2 A similar bias initialisation idea for
MLC was discussed in (Schultheis et al., 2022), but it was not used in a neural network.

Results

RQ1) DFT: Argmaxability. We showed that the DFT layer guarantees argmaxa-
bility in theory. As can be seen in Fig. 5.6(a), it also works in practice. Crucially, these
guarantees also apply to unseen k-active label assignments; this would be impossible
to enforce with BSLs, as discussed.

2We note that we may obtain better initialisation results by including a bias term that captures the
marginal probability of each individual label. However, our point is that by knowing that W contains
a constant column vector, we can initialise the output layer sensibly even without adding a bias term.
This is not possible without the addition of a bias term if W is randomly initialised.
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(a) Our DFT layer does not suffer from unargmaxable test examples. BSLs cannot provide
any such guarantees.
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(b) Our DFT layer is more parameter efficient. F1 is overall better than the BSL, so we can
match BSL’s F1 with fewer trainable parameters (smaller d).

Figure 5.6: Comparison of BSL and our DFT output layer on three MLC datasets. We vary,

d, the number of trainable dimensions and plot the mean and std (shaded) over 3 runs with

different random seeds. Left: We use the LP to verify the output layers on the test sets. When

d < 200 a large percentage of label configurations becomes unargmaxable for the BSL, in

contrast to our DFT. Right: Performance in F1@8 or F1@10 (left axis) in terms of the number

of trainable parameters (right axis, dashed lines). Our DFT is better (d ≤ 200) or comparable to

the BSL (MIMIC-III, d > 200). We can therefore retain a high F1@k score for DFT even if we

reduce the number of trainable parameters by making the bottleneck narrower. For example,

on BioASQ we can surpass the F1@10 of the BSL that has d = 200 with a DFT of d = 100,
which has about 50% fewer trainable parameters.



5.1. Multi-label Classification 163

We note, however, that there is a limit to how far we can shrink the dimensionality
in practice. When we shrink the bottleneck to d = 25, a handful of outputs become
eps-unargmaxable (Section 4.1.2) even for the DFT layer. We illustrate these outputs
for the BioASQ task in Table 5.2. Out of these, one example was found to be infeasible,
while for the remaining ones numerical difficulties were encountered by the LP, i.e.
Gurobi returned status 12: “Operation terminated due to unrecoverable numerical

difficulties”. The above issues are likely caused because of dimensionality pressures,
the label assignments are ε-argmaxable but with a very small ε that cannot be detected
with the precision of current LPs (we use eps=10−8, as we discussed in Section 4.1.2).
This highlights the importance of our proofs, since our results would be tricky to
verify using empirical methods alone. Guaranteeing ε-argmaxability with a large ε is
important future work, since while we showed that our current solution of adding
slack variables works in practice, if we increase the pressure on the bottleneck by
making d small enough, we can still run into ε-argmaxability issues.

Lastly, we note that the behaviour of BSLs in terms of eps-argmaxability and
ε-argmaxability is quite different when compared to DFT. This can be seen for all 3
datasets in Tables 5.1 and 5.2. For BSLs, if a label combination is argmaxable, it is very
often also ε-argmaxable. On the other hand, for the DFT some label assignments are
argmaxable but are not ε-argmaxable, highlighting that the regions do indeed exist,
but they can shrink quite a bit in size due to the reduced dimensionality.

RQ2) Parameter Efficiency. In addition to the argmaxability guarantees, the
DFT layer outperforms the BSL layer by a wide margin for small d, as we illustrate
in Fig. 5.6(b). This allows us to match the performance of the BSL using a DFT
with smaller d and hence fewer trainable parameters. As can be seen, in some cases
DFT layers obtain better or comparable performance with up to 50% fewer trainable
parameters.

RQ3) Faster Training. Lastly, a benefit of DFT layers is that they converge faster
than BSLs due to the initialisation trick (Section 5.1.3). We focus on themost demanding
datasets, BioASQ andOpenImages v6. In Fig. 5.7, we show how the training loss evolves
over time. Meanwhile, in Fig. 5.8 we compare the number of hours it took for the BSL
and DFT models to converge on BioASQ and OpenImages v6. Both figures show that
the DFT layer leads to faster convergence, as it starts training with a lower loss due to
the initialisation trick and maintains its lead over the BSL throughout training.
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MIMIC-III

split d
# eps-Argmaxable 1-Argmaxable

BSL DFT BSL DFT

dev 25 128 1631 128 1572

50 781 1631 781 1625

100 1533 1631 1533 1631

200 1631 1631 1631 1631

500 1631 1631 1631 1631

test 25 229 3371 229 3216

50 1515 3371 1515 3356

100 3137 3371 3137 3370

200 3370 3371 3370 3371

500 3371 3371 3371 3371

Table 5.1: Median number of eps-argmaxable and 1-argmaxable label assignments over 3

random seeds on the dev and test sets of MIMIC-III. Takeaway: BSL layers have unargmaxable

labels for d < 200 but it does not have to be this way. DFT layers resolve this problem and

make all examples argmaxable. Nevertheless, when slack dimensionality is very small, the

regions can be too small to detect with the precision of the LP.

d

BioASQ OpenImages v6

# eps-Argmaxable # 1-Argmaxable # eps-Argmaxable # 1-Argmaxable

BSL DFT BSL DFT BSL DFT BSL DFT

25 880 9995 879 8174 2758 10000 2757 9981

50 6498 10000 6483 9925 8439 10000 8435 10000

100 9951 10000 9950 10000 9997 10000 9997 10000

200 10000 10000 10000 10000 10000 10000 10000 10000

400 10000 10000 10000 10000 10000 10000 10000 10000

Table 5.2: Median number of eps-argmaxable and 1-argmaxable label assignments over 3

random seeds on the test set for the BioASQ and OpenImages v6 datasets.
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Figure 5.7: Comparison of BSL and DFT for d = 100, in terms of the training cross entropy

loss (y-axis, log scale) as training evolves (x-axis). Due to the initialisation trick, the DFT starts

training at a lower loss and converges faster.

Figure 5.8: Comparison of BSL and DFT in terms of training time (in hours) to convergence.

As can be seen, the DFT converges about 25% faster.
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5.2 Multi-class Classification

We now turn to BSLs . As we saw in Section 3.5, for the MCC case there must be
unargmaxable rankings. Similarly to the MLC case, we discuss how to choose a family
of W such that any top-k ranking of categories is argmaxable.

We begin with categories, which we can interpret as top-1 rankings, and then
discuss the more general case of top-k rankings, which subsume the former.

5.2.1 Guaranteeing Argmaxable Categories

Guaranteeing that all categories are argmaxable is relatively straightforward, as men-
tioned in (Demeter et al., 2020). All categories are argmaxable if all rows of W are
vertices of a polytope. To guarantee that all rows of W ∈ Rn×d are on the convex hull,
we can inscribe them on a d-sphere. We achieve this by normalising all row vectors
by dividing them by their euclidean norm. Once the rows are on the unit sphere, we
can also scale the radius of the sphere by multiplying W by any positive constant.

However, we note that this straightforward solution cannot describe all polytopes,
since there exist polytopes that cannot be inscribed on a sphere (Doolittle et al.,
2020; Manecke et al., 2022). Therefore, this proposed solution, while elegantly simple,
restricts the expressivity of W to a subset of polytopes, i.e. the inscribable ones.

We now turn to our result for top-k rankings of categories. Since argmaxable
categories are equivalent to top-1 rankings, our result below subsumes the above,
while also not restricting the set of polytopes to the inscribable ones.

5.2.2 Guaranteeing Argmaxable Top-k Rankings

We now show how to build a BSL for which all top-k rankings of categories are
argmaxable. We build off our results in Section 5.1. Recall Theorem 5.4.

BOMB Argmaxable k-Active Label Assignments Guarantees

Thm. 5.4. Consider a BSL parametrised by W : span(W) ∈ Gr+
n,2k+1 which

predicts label assignments using argmax prediction, y = sign(Wx). All k-
active label assignments are argmaxable: An,k ⊂ A(W).

We can adapt our k-active MLC result to rankings of categories in MCC.
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BOLT Argmaxable Top-k Ranking Guarantees

Proposition 5.3. Consider a BSL parametrised by W′ : span(W′) ∈ Gr+
n,2k+1.

If W′ = [W c1] , c ∈ R, then if we use W ∈ Rn×2k as a softmax classifier, all

top-k rankings of the categories are argmaxable.

Proof. If W′ = [W c1] , c ∈ R, we can write:

sign
(
z′
)

= sign
(
W′x′

)
(5.11)

= sign
[W c1

] x′
:2k

x′
2k+1

 (5.12)

= sign(Wx − t) set t = −cx′
2k+1 (5.13)

= sign(z− t) set z = Wx (5.14)

We interpret the above as follows: z = Wx is a vector of scores for each category
and t ∈ R is a threshold. The model can encode any t ∈ R by changing the value of
feature x′

2k+1. Now, since span(W′) ∈ Gr+
n,2k+1, from Theorem 5.4 we know that the

k-active outputs are argmaxable. This means that ∃t such that we can isolate any
k subset of categories from the remaining ones. To do so, these k categories must
have had the top-k scores in z; i.e. even if we dropped the constant column from W′,
these k categories would have the top-k scores for W. Moreover, since all r-subsets
are argmaxable for r ≤ k, this implies that all top-k rankings of the categories are
argmaxable for W.

An example W′ that fulfills the above criteria is the DFT matrix Eq. (5.10). There-
fore, we could set W to be W′ with the constant column removed, and all top-k
rankings would be argmaxable. Recall also that including the constant column would
have no effect on the output of softmax, as we showed in Property 3.1.

5.3 Conclusions

Multi-Label Classification

BSLs are intrinsically unreliable: they must have unargmaxable label assignments and
can therefore hinder the generalisation capabilities of our DNNs. However, we showed
that this need not be the case. We have shown that if our candidate label assignments
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are sparse, then we can still build a BSL which guarantees that all candidate outputs
are argmaxable. We introduced the DFT layer, which in addition to the guarantees,
allows us to match the performance of a general BSL while training faster and using
up to 50% fewer trainable parameters.

However, while introducing the guarantees, we ran into the practical problem of
hyperplane overcrowding (Section 4.1.1): we need outputs to be argmaxable with a
sizeable margin in order for them to be predicted in practice by a DNN. Guaranteeing
a lower bound on this margin is an interesting direction for future work.

Multi-Class Classification

In our search for parametrisations of output layers that come with argmaxability
guarantees, we found a lower bound on the dimensionality needed to guarantee k-
active labels are argmaxable. We then showed how to transfer our results over to
MCC. We described a BSL that guarantees that all top-k rankings of categories are
argmaxable. However, unlike the MLC case, we have not verified our MCC results
empirically, we leave this to future work.

A Rule of Thumb for Choosing d

When engineering neural networks, we mostly treat the number of feature dimensions
of the last layer of our DNN as a hyperparameter to be chosen empirically by cross-
validation. But can we make an informed guess for d given prior knowledge about
our dataset? What is a reasonable choice for d?

In this chapter we built a deeper understanding of what happens whenwe constrain
W to low dimensions. For a BSL W ∈ Rn×d, we showed that:

• For MLC, all k-active label assignments can be argmaxable when d ≥ 2k +1.

• For MCC, all top-k rankings of categories can be argmaxable when d ≥ 2k.

We interpret the above results as a rule of thumb for selecting d: If we have prior
knowledge about our data telling us that we need these families of outputs, we should
make d at least as large as specified above.

We still need to inform our choice of d by experiments, since due to the problem
of hyperplane overcrowding Section 4.1.1, we will likely need to increase d to make
all regions argmaxable by a large enough margin. But the insights we have built in
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this chapter give us a ballpark. Another direction for future work is to quantify how
much we need to increase d to guarantee that all candidate outputs are argmaxable by
a sizeable margin.

Conjectures We close this chapter with the following two conjectures. The di-
mensions we provided our guarantees for are the lowest possible; i.e. there exists no
W ∈ Rn×d such that:

1. all k-active label assignments are argmaxable when d < 2k +1.

2. all top-k rankings of categories are argmaxable when d < 2k.
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Therefore neural networks are not well-controlled learning machines.

Nevertheless, in many practical applications, neural networks demonstrate good results.

—Vladimir Vapnik, Statistical learning theory.

Algorithms like LSTM and RNN may work in practice. But do they work in theory?

In particular, can they learn all the syntactic stuff in the long tail (…) ?

—Mark Steedman, “The Lost Combinator”

In this thesis, we introduced the concept of unargmaxability: an understudied limi-
tation of DNNs that makes some outputs impossible to predict. Wemade argmaxability
precise by introducing terminology (Section 3.4) and understood the phenomenon in
depth by connecting it to fundamental concepts in geometry and combinatorics (Chap-
ter 2). We used our understanding to highlight that although recent models, such as
LLMs, are extremely expressive, they are restricted by their output layer, which is a
BSL (Section 3.3).

In Chapter 4, we showed that BSLs are intrinsically unreliable and can hinder the
generalisation capabilities of our otherwise extremely expressive DNNs. To show this,
we introduced tools to detect unargmaxable outputs in MLC and MCC models. We
used our tools to show that BSLs have unargmaxable outputs in practice, especially
when we make the bottleneck narrow by reducing the number of features. While

171
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we showed that unargmaxable outputs are in the long tail, their presence hinders
the generalisation and trustworthiness of our DNNs and makes them vulnerable to
adversarial attacks.

In Chapter 5, we reparametrised the output layer to prevent unargmaxable label
assignments for MLC under mild assumptions about our data (sparsity). We showed
via experiments that we can indeed prevent unargmaxable outputs and explained
why enforcing structure on W is the only way to guarantee that our classifier is not
hindering our DNN.

6.1 Conclusions

Unargmaxable outputs are a problem in theory, but are they a problem in practice? We
believe the answer is: it depends.

If you are a researcher working on long tail classification, extreme classification,
model compression/distillation, quantisation, retrieval that leverages dot products, AI
safety or robustness against adversarial attacks, we believe that unargmaxable outputs
can be a problem you will face in practice. In such cases, understanding argmaxability
is important, since it can motivate alternative architectures that circumvent such
weaknesses and provide insights on how to make your models more robust.

If you are a practitioner applying models to various tasks, we believe it is prudent
to be aware that unargmaxability can happen, so that you can diagnose and debug your
model if you have unexpected results. However, we would not expect argmaxability
to impact metrics that are mostly influenced by the most frequent outputs.

We now summarise our findings below.

Detecting Unargmaxability

We can unambiguously detect unargmaxable classes up to a tolerance which depends
on the numerical precision of the LP solver we have available. Unargmaxability is
definitely a problem worth investigating if we have a low-dimensional bottleneck.
This is crucial, for example, if we work on model distillation or quantisation. While
empirically we find that unargmaxable outputs become rare as we increase the dimen-
sionality of BSLs, we have no guarantees that the problem goes away. By insisting on
guaranteeing argmaxability and pushing the dimensionality of the bottleneck to the
limit, we became aware of useful structured representations like the Totally Positive
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Grassmanian and noticed the problem of hyperplane overcrowding. We believe the
latter is an important limitation to investigate, there may be many more outputs that
are unargmaxable in practice, either because the regions that correspond to the output
are too small or because our idealised encoder hypothesis is wrong (Section 3.1.1).

Unargmaxability in MLC

More specifically, we saw that a BSL used for MLC must have unargmaxable label
assignments (Section 3.5). However, we showed that in many cases we can align
the unargmaxability constraints with the constraints present in our datasets. Many
MLC datasets used in practice have sparse label assignments, i.e. all outputs have at
most k active labels assigned. Under this mild sparsity assumption (Section 5.1.1),
we introduced criteria which guarantee that unargmaxable label assignments do not
occur if we have a BSL with at least d = 2k + 1 features (Section 5.1.2). We then
introduced the DFT layer, which works in practice (Section 5.1.3), up to the limitation
of epsilon argmaxability. Our method also allows us to compress the output layer
dimensionality and obtain comparable performance to a standard sigmoid layer while
speeding up training and using up to 50% fewer trainable parameters.

Unargmaxability in MCC

For MCC we showed that a BSL may have unargmaxable categories, but this does
not happen often in LLMs and MT models used in practice Section 4.2.

We also saw that unargmaxable categories are straightforward to prevent. Even
with a BSL having d = 2, we can avert unargmaxable categories by normalising the
output layer weights (see Section 5.2.1).

On the other hand, a BSL must have unargmaxable rankings (Section 3.5). How-
ever, we showed that we can guarantee all top-k rankings of the categories are argmax-
able if we have a BSL with 2k dimensions Section 5.2.2.

6.2 Limitations

The Idealised Encoder Assumption. In this thesis, we have shown how con-
straints imposed by a BSL make some outputs unargmaxable. For our guarantees
we introduced in Chapter 5, we assume we have a fully-expressive encoder that can
construct any feature representation (see Section 3.1.1). However, it is likely that
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DNN encoders introduce constraints on which feature vectors can be produced. For
example, Chiang et al. (2024) ask whether the BSL restricts an LM such that it cannot
produce the distributions of a more complex model, in this case the bottlenecked LM
model augmented with a non-parametric memory (Khandelwal et al., 2020). They
claim that in fact BSLs can represent output distributions that are similar, in terms of
KL divergence, to those produced by the mixture. This suggests that the BSL restriction
is not enough to account for why augmenting a model with a non-parametric memory
can achieve lower perplexity on next token prediction. An alternative explanation is
that there may be feature vectors that are unreachable by the feature encoder.

We conjecture that there may be even more outputs that cannot be predicted due
to constraints imposed by the encoder, constraints encountered during training, and
noise present in our datasets. We have seen some such evidence in the case of glitch
tokens, which are empirically hard to predict (Rumbelow et al., 2023).1

The Sparsity Assumption In Chapter 5, we relied on an assumption that the labels
in MLC are sparse (Section 5.1.1). The sparsity assumption is realistic for most MLC
tasks that rely on human annotation, because for large label vocabularies having
outputs with hundreds of labels becomes a daunting annotation task. However, for
datasets that are either automatically annotated or are structured prediction tasks that
have been cast as MLC, this assumption may not hold.

Numerical Precision While the detection methods we have introduced are formal,
they have accuracy limitations due to numerical limitations present in current state
of the art LP solvers. We note that this limitation, while frustrating in practice, is
unlikely to be important. This is because outputs that cannot be detected with a LP
would be impossible to predict in practice anyway, as we discussed in Section 4.1.2.

6.3 Future Work

A research project is never completed, merely abandoned.

—Paul Valéry ∩ Adam Lopez

1We have checked some of these glitch tokens and they are argmaxable.
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6.3.1 Robustly Breaking the Softmax Bottleneck

As we make the softmax bottleneck narrower, the argmaxable regions get smaller
(Fig. 5.5), making label assignments harder to predict robustly. While we showed
that adding slack dimensions makes the regions larger, we do not get guarantees that
all regions we need are large enough to be found by the encoder. This highlights
an important research direction: Can we parametrise output layers in a way that
guarantees ε-argmaxability for large ε?

6.3.2 Breaking the Bottleneck via Compressed Sensing

Consider a LLM that has n output tokens and 2k-dimensional features and suppose all
needed distributions over the vocabulary are sparse, i.e. the probability distributions
over the vocabulary have at most k non-zero probabilities. While it is impossible for a
BSL to produce such a distribution directly, if our output layer is parametrised by the
Cyclic Polytope in Rn×2k, we can obtain any k-sparse distribution exactly by using a
Linear Programme (Donoho et al., 2005). This technique is more generally known as
Compressed Sensing (Donoho, 2006) (see (Hastie et al., 2015, Chapter 10)). Donoho
et al. (2006) give a bound on the dimensionality needed such that any k-sparse vector
can be recovered via such an LP. Interestingly, we can also use Lasso regression to get
a good approximation, Wainwright (2009) discusses the dimensionality needed such
that Lasso retrieves the correct support of the k-sparse vector.

6.3.3 The Totally Positive Grassmanian

As we saw in Chapter 5, constraining W to be on the Totally Positive Grassmanian,
Gr+ (Definition 2.2.15), is a sensible constraint, both for MLC andMCC. We conjecture
that the structure of Gr+ exists in subsets of our neural network parameters learned
via gradient descent. Proving this is true and detecting such subsets of parameters
may be interesting for two reasons:

• If it occurs often, we are wasting compute fitting these parameters. We could
start training our network with a subset of parameters already on Gr+ and learn
slack parameters or an adaptor for fine-tuning.

• If we can detect subsets of parameters having Gr+ structure, we may be able to
use this information as an argmaxability certificate.
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Another relevant direction here is an open question we introduced in Section 5.1.
There, we outlined the criteria needed for all k-active labels to be argmaxable ( Sec-
tion 5.1.2). The DFT matrix (Eq. (5.10)) satisfied these criteria, so we picked it due
to its alluring properties. But the DFT matrix is just one point on Gr+. Do we gain
anything if we parametrise W such that it can be any point on Gr+?.



A Appendix

A.1 # Regions in Hyperplane Arrangements

Counting the Regions of the Restricted Braid Arrangement

The number of feasible permutations is invariant to specific choices of W and b
(Cover, 1967; Smith, 2014) and only depends on the dimensionality of the softmax
inputs d, the number of categories n and whether we specify a bias term b not in
the columnspace of W. Namely, the cardinality of the set of feasible permutations
does not change, but the members of the set do — they depend on the specific values
in W and b. There exists a recurrence formula to obtain the number of feasible
permutations for a particular n and d (Good et al., 1977; Kamiya et al., 2005). See
our code https://github.com/andreasgrv/unargmaxable and the relations in Smith
(2014) for more details.

Softmax with no Bias Term The number of feasible permutations as a function
of n and d when we have a softmax with no bias term can be seen in Table A.1. When
d ≥ n−1 all permutations corresponding to ways of ranking n categories are feasible
(table cells with d = n−1 are highlighted in bold). However, as we make the softmax
bottleneck narrower, we can represent less permutations, as can be seen from the
numbers reported below the diagonal.

Softmax with Bias Term The number of feasible permutations as a function of n

and d when we have a softmax with a bias term is larger as can be seen in Table A.2.
As we saw in Figure 3.17, this is because a bias term can offset the representable
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https://github.com/andreasgrv/unargmaxable
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Bottleneck dimensionality d

1 2 3 4 5 6 7 8 9 10

#
Ca

te
go

ri
es

n
2 2 2 2 2 2 2 2 2 2 2
3 2 6 6 6 6 6 6 6 6 6
4 2 12 24 24 24 24 24 24 24 24
5 2 20 72 120 120 120 120 120 120 120
6 2 30 172 480 720 720 720 720 720 720
7 2 42 352 1512 3600 5040 5040 5040 5040 5040
8 2 56 646 3976 14184 30240 40320 40320 40320 40320
9 2 72 1094 9144 45992 143712 282240 362880 362880 362880
10 2 90 1742 18990 128288 557640 1575648 2903040 3628800 3628800

Table A.1: Number of permutation regions defined by a bottlenecked softmax layer σ (Wx)
with no bias term. When d ≥ n − 1 all permutations corresponding to ways of ranking n

classes are feasible. 12 in italics corresponds to the number of regions shown in the left

Subfigure of Figure 3.17. https://oeis.org/A071223.

linear subspace to an affine subspace which can intersect more regions of the Braid
Arrangement.

A.2 Sigmoid Bottlenecks are Softmax Bottlenecks

Here we show that a sigmoid layer parametrised by W ∈ Rn×d can be rewritten as
a softmax layer parametrised by A ∈ R2n×d, where A = CW, and C ∈ {0,1}2n×n

comprises the vertices of the n-cube. More concretely, we show:

P (y | x) =
n∏

i=1
P (yi | x)︸ ︷︷ ︸
sigmoid
factorised

=
n∏

i=1
σ
(
yiw>

i x
)

= σ (Ax)
k︸ ︷︷ ︸

softmax
bottleneck

(A.1)

where k =∑n
i=1 2i−1 · [yi = 1], i.e. k indexes the probability of each y.

A.2.1 Notation

We have n binary labels leading to 2n possible label assignments y = {−1,+1}n.
We assume feature vectors x are in Rd. In order to compute P (y | x), we assume
conditional independence of each yi given x and get:

P (y | x) =
n∏

i=1
P (yi | x) =

n∏
i=1

σ
(
yiw>

i x
)

https://oeis.org/A071223
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Bottleneck dimensionality d

1 2 3 4 5 6 7 8 9 10

#
Ca

te
go

ri
es

n

2 2 2 2 2 2 2 2 2 2 2
3 4 6 6 6 6 6 6 6 6 6
4 7 18 24 24 24 24 24 24 24 24
5 11 46 96 120 120 120 120 120 120 120
6 16 101 326 600 720 720 720 720 720 720
7 22 197 932 2556 4320 5040 5040 5040 5040 5040
8 29 351 2311 9080 22212 35280 40320 40320 40320 40320
9 37 583 5119 27568 94852 212976 322560 362880 362880 362880
10 46 916 10366 73639 342964 1066644 2239344 3265920 3628800 3628800

Table A.2: Number of permutation regions defined by a bottlenecked softmax layer

σ (Wx +b). When d ≥ n − 1 all permutations corresponding to ways of ranking n cat-

egories are feasible. 18 in italics corresponds to the number of regions shown in the right

Subfigure of Figure 3.17.

To reduce clutter we will use zi to denote the ith logit, i.e. zi = w>
i x. We now show

how to rewrite the sigmoid layer as a softmax layer.

A.2.2 Matching the Sigmoid and Softmax Partition Functions

It is instructive to identify the partition function of the large softmax layer that is
formed when we construct the product of sigmoid terms. Note that the denominator
below for both P (yi = 1 | x) and P (yi = −1 | x) is the same.

P (yi = 1 | x) = ezi

1+ ezi
(A.2)

P (yi = −1 | x) = 1− ezi

1+ ezi
(A.3)

= 1+ ezi

1+ ezi
− ezi

1+ ezi
(A.4)

= 1
1+ ezi

(A.5)

Therefore, when we expand the product
∏n

i=1 P (yi | x) for any assignment y ∈
{−1,1}n the denominator will be the same term Z =∏n

i=1(1+ ezi). To see this more
clearly, see the example below for n=2:

P (y1 = 1,y2 = 1 | x) = ez1

1+ ez1

ez2

1+ ez2
= ez1+z2

Z
= e(w1+w2)>x

Z
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P (y1 = 1,y2 = −1 | x) = ez1

1+ ez1

1
1+ ez2

= ez1

Z

P (y1 = −1,y2 = 1 | x) = 1
1+ ez1

ez2

1+ ez2
= ez2

Z

P (y1 = −1,y2 = −1 | x) = 1
1+ ez1

1
1+ ez2

= 1
Z

Now, note that the above is equivalent to σ (Ax) where:

A =


w1 +w2

w1

w2

0

 (A.6)

and

Z = (1+ ez1)(1+ ez2) = 1+ ez1 + ez2 + ez1+z2 (A.7)

A.2.3 Equivalent Softmax Parameters A = CW

More generally, we have A ∈ R2n×d where each row ai of A is ai =∑
i:yi=1 wi. Or

equivalently, A = CW, where C = verts( n) is the matrix comprising the vertices
of the n-cube in 0-1 format (see Definition 2.3.3).

A.3 Derivation of Linear Programmes

A.3.1 MCC

There are two ways to check if a category is argmaxable: a) Check that the halfspace
intersections of all rankings that rank the target category above the rest is not empty
and b) Check that the representation of the category is not internal to the convex hull
of the remaining representations.

We already gave the halfspace intersection LP in Eq. (4.9). Here we elaborate on
the convex hull version.

Point Interior to Convex Hull

We want to check whether a point p ∈ conv(W). This is true if we can write p as a
convex combination (Section 2.2.1) of the wi, i ∈ [n]. We can use a LP to check if this
is possible. We search for x, the coefficients of the convex combination. Therefore,
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x ∈ Rn and C ∈ Rn×(d+1), d ∈ Rd+1. The additional feature dimension comes from
the convex combination constraint

∑
i xi = 1, which we also highlight in orange in

the matrix.

C =



1 w1,1 w1,2 . . . w1,d

1 w2,1 w2,2 . . . w2,d
...

...
... . . . ...

1 wn,1 wn,2 . . . wn,d

 d =



1
p1

p2
...

pd


(A.8)

Dribbble Point in Convex Hull LP

maximise c>x (A.9)

subject to C>x = d (A.10)

x > 0 (A.11)

A.3.2 MLC

In order to check whether a label assignment y is argmaxable, we need to check
whether there exists an input x which can be assigned such a y. For this to be possible,
there must be an input x for which the dot product with the corresponding binary
classifier wi agrees in sign with yi; i.e. w>

i x > 0 for yi = + and w>
i x < 0 for yi = −.

From this perspective, each wi and the corresponding sign of the label yi define a
halfspace and we are checking if the intersection of halfspaces (Definition 2.4.3) exists
(or not).

A.3.3 Halfspace Constraints

Below we derive the constraints we want to encode for the Linear Programme. More
precisely, if the intersection of halfspaces exists we also want to find the largest
margin ε‖wi‖2 for which this is true (Chebyshev LP). In the case yi = + we want
the dot product to be positive even if we subtract the margin ε‖wi‖2. With the same
motivation for yi = −, we get the constraints LP (yi):

LP (yi) =


w>

i x − ε‖wi‖2 ≥ 0 for yi = +

w>
i x + ε‖wi‖2 ≤ 0 for yi = −

(A.12)
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We can rewrite the yi = + case by multiplying by −1:

w>
i x − ε‖wi‖2 ≥ 0 =⇒ (A.13)

−w>
i x + ε‖wi‖2 ≤ 0 (A.14)

and succinctly combine both cases:

−yiw>
i x + ε‖wi‖2 ≤ 0 (A.15)

where we abuse notation and assume yi takes values +1 and −1 correspondingly.

A.3.4 Box Constraints

In order for the Chebyshev center to be defined, we need to bound the magnitude of
each dimension of x. As such, we assume the activations x are independently bounded
to have magnitude less than 104, i.e. we have box constraints:

−104 ≤ xj ≤ 104, 1 ≤ j ≤ d (A.16)

A.3.5 LP Sensitivity

In theory, the constraint for the margin of the Chebyshev LP is that ε must be positive.
However, Gurobi has a sensitivity limit of 10−9, so we set eps = 10−8 and obtain:

ε > eps (A.17)

A.3.6 Summary

We combine all the above to get the optimisation problem:

maximise ε (A.18)

subject to −yiw>
i x + ε‖wi‖2 ≤ 0, 1 ≤ i ≤ n (A.19)

−104 ≤ xj ≤ 104, 1 ≤ j ≤ d, ε > eps (A.20)

A.3.7 Matrix Format

We need to find the radius of the largest ball that fits in the intersection of halfspaces.
We assign the radius variable to x1, and the centroid of the ball to x2:d+2. The centroid
has d+1 dimensions, since we have a bias term. Therefore, x ∈Rd+2 and the inequality
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constraints are A ∈ Rn×(d+2), b ∈ Rn. In order to make the last column of A a bias
term, we also need the equality constraint C ∈ R1×(d+2), d ∈ R which sets xd+2 = 1.
Lastly, the cost vector c only takes x0 into account, as we want to maximise the radius.

A =



‖w1‖2 w1,1 w1,2 . . . w1,d b1

‖w2‖2 w2,1 w2,2 . . . w2,d b2
...

...
... . . . ...

...
‖wn‖2 wn,1 wn,2 . . . wn,d bn

 b =



−ε

−ε
...

−ε

−ε


(A.21)

C =
[
0 0 0 . . . 0 1

]
d =

[
1
]

(A.22)

c =
[
1 0 0 . . . 0

]
(A.23)

Dribbble Chebyshev LP in Matrix Format

maximise c>x (A.24)

subject to Ax ≤ b (A.25)

Cx = d (A.26)

eps ≤ x1 (A.27)

−104 ≤ xj ≤ 104, 2 ≤ j ≤ d+2 (A.28)
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A.4 Unargmaxable Token Search Results

model
# potentially
unargmaxable

# unargmaxable

opus-mt-ja-en 109 2
opus-mt-ru-en 90 159
opus-mt-bg-en 93 53
opus-mt-ja-en(2) 14 0
opus-mt-ar-en 40 184
opus-mt-en-el 75 42
opus-mt-de-el 115 6
opus-mt-ar-el 41 0
opus-mt-es-el 67 32
opus-mt-fi-el 57 8
opus-mt-ar-he 3 0
opus-mt-de-he 4 0
opus-mt-es-he 3 0
opus-mt-fr-he 1 0
opus-mt-fi-he 7 0
opus-mt-ja-he 0 0
opus-mt-en-ar 21 2
opus-mt-el-ar 12 0
opus-mt-es-ar 17 1
opus-mt-fr-ar 17 0
opus-mt-he-ar 7 0
opus-mt-it-ar 8 0
opus-mt-ja-ar 4 0
opus-mt-pl-ar 52 0
opus-mt-ru-ar 8 0
opus-mt-en-ru 98 34
opus-mt-es-ru 42 18
opus-mt-fi-ru 1 0
opus-mt-fr-ru 34 43
opus-mt-he-ru 5 0
opus-mt-ja-ru 13 0
opus-mt-ko-ru 2 0

Figure A.1: Results for Helsinki NLP OPUS

models. For 13/32 models some infrequent

tokens were found to be unargmaxable.

model
# potentially
unargmaxable

# unargmaxable

bert-base-cased 0 0
bert-base-uncased 0 0
roberta-base 0 0
roberta-large 0 0
xlm-roberta-base 0 0
xlm-roberta-large 0 0
gpt2 0 0

Figure A.2: Results for LMs. No tokens were

found to be unargmaxable.

model
# potentially
unargmaxable

# unargmaxable

facebook/wmt19-en-ru 5 0
facebook/wmt19-ru-en 64 0
facebook/wmt19-de-en 173 0
facebook/wmt19-en-de 184 0

Figure A.3: Results for FAIRWMT’19models.

No tokens were found to be unargmaxable.

Figures: potentially unargmaxable is the

number of tokens that the approximate al-

gorithm failed to prove were argmaxable.

unargmaxable is the number of unargmax-

able tokens according to the exact algorithm.
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model
# potentially
unargmaxable

# unargmaxable

cs-en.student.base 0 0
es-en.teacher.bigx2(1) 0 0
es-en.teacher.bigx2(2) 0 0
en-es.teacher.bigx2(1) 0 0
en-es.teacher.bigx2(2) 0 0
et-en.teacher.bigx2(1) 2 0
et-en.teacher.bigx2(2) 1 0
en-et.teacher.bigx2(1) 1 0
en-et.teacher.bigx2(2) 1 0
nb-en.teacher.base 0 0
nn-en.teacher.base 0 0
is-en.teacher.base 0 0
cs-en.student.base 0 0
cs-en.student.tiny11 0 0
en-cs.student.base 0 0
en-cs.student.tiny11 0 0
en-de.student.base 0 0
en-de.student.tiny11 0 0
es-en.student.tiny11 0 0
en-es.student.tiny11 0 0
et-en.student.tiny11 0 0
en-et.student.tiny11 0 0
is-en.student.tiny11 0 0
nb-en.student.tiny11 0 0
nn-en.student.tiny11 0 0

Figure A.4: Results for Bergamot models.

No tokens were found to be unargmaxable.

Interestingly, student models were much

easier to prove argmaxable than teacher

models, despite student model Softmax

weights being lower dimensional.

Figures: potentially unargmaxable is

the number of tokens that the approximate

algorithm failed to prove were argmax-

able. unargmaxable is the number of

unargmaxable tokens according to the ex-

act algorithm.

model
# potentially
unargmaxable

# unargmaxable

en-cs.l2r(1-4) ≤ 2 0
en-cs.r2l(1-4) ≤ 1 0
cs-en.l2r(1-4) ≤ 2 0
cs-en.r2l(1-4) 0 0
en-de.l2r(1-4) ≤ 1 0
en-de.r2l(1-4) ≤ 2 0
de-en.l2r(1-4) ≤ 2 0
de-en.r2l(1-4) 0 0
en-ru.l2r(1-4) 0 0
ru-en.l2r(1-4) 0 0
ru-en.r2l(1-4) 0 0
en-tr.l2r(1-4) ≤ 5 0
en-tr.r2l(1-4) ≤ 4 0
lv-en.l2r(1-4) 0 0
lv-en.r2l(1-4) ≤ 1 0
tr-en.l2r(1) 2 0
tr-en.l2r(2) 8 0
tr-en.l2r(3) 6 0
tr-en.l2r(4) 2 0
tr-en.r2l(1) 4 0
tr-en.r2l(2) 0 0
tr-en.r2l(3) 6 0
tr-en.r2l(4) 4 0
en-zh.l2r(1) 3 0
en-zh.l2r(2) 3 0
en-zh.l2r(3) 14 0
en-zh.l2r(4) 1 0
en-zh.r2l(1) 2 0
en-zh.r2l(2) 0 0
en-zh.r2l(3) 7 0
en-zh.r2l(4) 7 0
zh-en.l2r(1) 8 0
zh-en.l2r(2) 3 0
zh-en.l2r(3) 366 0
zh-en.r2l(1-3) ≤ 3 0

Figure A.5: Results for Edinburgh WMT’17

submission (ensemble) models. r2l and l2r

refer to training direction, with l2r denoting

training left to right and r2l right to left. The

models were ensembles, hence there are more

than one model per language pair and direc-

tion. When all models per language pair and

direction have less than 5 counts, we sum-

marise all models with a single row, e.g. (1-4).
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Figure A.6: Unargmaxable tokens become extremely unlikely in random matrices of large

dimensions. On the x-axis, we assign each of the 10000 categories of softmax an index. On the

y-axis we plot a blue dot for the number of iterations of the approximate algorithm needed

to show the corresponding token is argmaxable, or a red dot at the top if it is unargmaxable.

The softmax weights, W ∈ Rn×dim, and bias term, b ∈ Rn , are initialised using a uniform

U(−1,1) distribution. As can be seen by the decreasing number of red dots in the plots from

top left to bottom right, unargmaxable tokens are less unlikely to occur as we increase dim.

Moreover, the braid reflect approximate algorithm fails less and needs fewer iterations to find

an input that proves a token is argmaxable. For example, for the bottom right two figures most

tokens are shown to be argmaxable with 1 or 0 iterations.

A.5 Activation Range of Softmax Layer Inputs

Neural network activations are bounded in magnitude in practice, since larger acti-
vations can lead to larger gradients and instability during training. In this work, we
made the assumption that the softmax layer inputs x are bounded within a range
for all dimensions: −100 ≤ x ≤ 100. Below we provide some supporting empirical
evidence that this assumption is reasonable.

We checked this assumption on 2 Helsinki NLP OPUS models for en-ru and bg-en,
which were found to have unargmaxable tokens. We took 10 million sentence pairs
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from OPUS as released in Tiedemann (2020) for the corresponding language pairs
and input them to the corresponding models, decoding using the gold translations.
We then recorded the range of the minimum and maximum activation for the softmax
layer inputs.

Since our assumption is that all 512 dimensions are bounded between −100 and
100, we focus on the range of the minimum and maximum activation for each output
token across all dimensions. We therefore calculate a 99 percentile for the min and
max activation per token across all dimensions as well as the overall min and max
activations overall. The results can be seen in Table A.3, from which we can see that
for these two models our assumption holds for all activations produces for 10 million
sentences and the percentiles show that more than 99% of the extreme values fall
within the [−50,50] range.

model min range max range min max

bg-en [−37.5,−9.4] [12.1,40.3] −57.47 58.87
en-ru [−41.6,−9.9] [10.9,36.4] −95.4 94.4

Table A.3: Range of activations for softmax inputs as calculated on 10 million sentence pairs

from OPUS. Ranges are 99 percentiles and min and max are the largest activation across all

dimensions for all sentences.

A.6 Reproducibility

A.6.1 Dataset Access and Preprocessing

MIMIC-III

While de-identified, the MIMIC-III dataset (Johnson et al., 2016) contains sensitive and
detailed information on the clinical care of patients. As such, permission to access this
dataset needs to be requested, as explained here.1 We used the same preprocessing,
setup and train, validation and test splits as (Mullenbach et al., 2018). See their github
repository for more details.

1https://mimic.mit.edu/docs/gettingstarted/

https://mimic.mit.edu/docs/gettingstarted/
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BioASQ Task A 2021

The BioASQ Task A dataset (Nentidis et al., 2021; Tsatsaronis et al., 2015) is available
after registering for the task on the BioASQ website.2 We created dataset splits which
cover n =20k labels using a 1m subset of the 2021 BioASQ task A dataset. We construct
train, validation and test splits by sampling examples, making sure that all individual
labels (not label combinations) occur in both the train and test sets. We encode the
concatenation of the journal, title and abstract as text input. Due to the context size
limitation of BERT, we truncate the input to the first 512 subwords. See our code for
more details.

OpenImages v6

The OpenImages v6 dataset (Kuznetsova et al., 2020) can be accessed from the project
website.3 We downloaded the images from CVDF, which was linked from the website.
Since the dataset is very large, we only used N = 108228 images, these had hashes
that started with 1 and were available as a single zip download from CVDF. Since the
validation and test sets are also large, we validate and test on the first 5k examples
of the validation set and the first 10k examples of the test set, correspondingly. For
preprocessing, we simply reshape all images to 448x448, as done in Baruch et al. (2020).

A.6.2 Dataset Statistics

We tabulate the sizes of the dataset splits in Table A.4.

A.6.3 Hyperparameters

In order to study the sensitivity of our methods to random initialisation we ran all
experiments three times, once per random seed in (0, 1, 2). We train all models using
binary crossentropy loss. We summarise all hyperparameters in Table A.4. We use
early stopping for all models with a patience of 10. The stopping criterion is Prec@8
for MIMIC-III and Validation Loss for BioASQ and OpenImages.

2http://participants-area.bioasq.org/
3https://storage.googleapis.com/openimages/web/index.html

http://participants-area.bioasq.org/
https://storage.googleapis.com/openimages/web/index.html
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Datasets
MIMIC-III BioASQ task A OpenImagesV6

n 8921 20000 8933

d 25-400 25-400 25-400

encoder CNN PubmedBERT T-Resnet-L

pretrained no yes yes

encoder dim e 500 768 2432

lr (encoder) 0.001 0.00005 0.0001

lr (classifier) 0.001 0.001 0.001

batch size 16 32 64

patience 10 10 10

eval every 1 epoch 500 steps 250 steps

criterion P@8 Valid loss Valid loss

# train 44k 100k 108k

# valid 1.6k 5k 5k

# test 3.3k 10k 10k

Table A.4: MLC dataset attributes and model hyperparameters.

A.6.4 Training Resources and Train time

We train and evaluate our models on GPUs. For the MIMIC-III dataset we used a
NVIDIA 3090 GPU that has 24Gb of RAM and for the remaining two datasets we used
an NVIDIA RTX A6000 which has 48Gb of RAM. The experiments took about two
weeks of compute. More specifically, the MIMIC-III runs took 9 hours, the OpenImages
runs took 85 hours and the BioASQ runs took 188 hours. We verified our models using
the LP on CPU on a cluster with an AMD EPYC 7452 32-Core Processor and 500GB of
RAM. We parallelised verification by running the LP for each label in parallel to others
of the same model. With this setup and running on 50 threads the verification of 10k
examples takes from between 20 minutes to 3 hours, depending on the dimensionality
(slower for large d).

A.7 The Cyclic Polytope

To prove Proposition 5.1 in the next section, we leverage the theorem in Cordovil et al.
(2000), who present their result in terms of the homogenisation of the Cyclic Polytope.
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Here, we highlight the equivalence of the homogenisation of the Cyclic Polytope to a
DFT matrix with total order constraints on the ti. We will need this to make claims
about the maximal minors of the DFT matrix.

The Cyclic Polytope We start with the standard definition. The Cn,d with n vertices
in Rd is defined as the convex hull of n > d distinct points on the moment curve in
Rd (Ziegler, 1995, Example 0.6, p.11). The moment curve is a map m(t) : R 7→ Rd

defined as:

Cn,d =conv(m(t1),m(t2), . . . ,m(tn)) (A.29)

where m(t) =



t

t2

...
td

 , t1 < t2 < .. . < tn (A.30)

Homogenisation In order to study the affine dependencies of a point configuration
in Rd (e.g. the face structure of a polytope), it is convenient to map them to linear
dependencies of a vector configuration in Rd+1 and study those instead. This can
be done via homogenisation: we map points in Rd to vectors in Rd+1 by appending
an extra dimension and fixing it to 1 (Ziegler, 1995, Section 6.2), i.e. hom : Rd →

Rd+1, hom(x) =
1

x

. To abide by earlier notation, we stack the vertices of the

Cyclic Polytope in the rows of the matrix. For the standard Cyclic Polytope on the
moment curve we get a Vandermonde matrix:

Cn,d =



t1 t2
1 · · · td

1

t2 t2
2 · · · td

2
...

... . . . ...
tn t2

n · · · td
n

 (A.31)

hom
(
Cn,d

)
=



1 t1 t2
1 · · · td

1

1 t2 t2
2 · · · td

2
...

...
... . . . ...

1 tn t2
n · · · td

n

 (A.32)

Trigonometric Cyclic Polytope Instead of the moment curve, Gale (1963) used
the trigonometric moment curve to construct the Cyclic Polytope, see also Donoho
et al. (2005, Section 3). We note that its homogenisation is the truncated DFT matrix:
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Cn,2k =



cos t1 sin t1 · · · coskt1 sinkt1

cos t2 sin t2 · · · coskt2 sinkt2
...

... . . . ...
cos tn sin tn · · · cosktn sinktn

 (A.33)

hom
(
Cn,2k

)
=



1 cos t1 sin t1 · · · coskt1 sinkt1

1 cos t2 sin t2 · · · coskt2 sinkt2
...

...
... . . . ...

1 cos tn sin tn · · · cosktn sinktn


ti = 2π(i−1)

n
, i ∈ [n] (A.34)

Cyclic Polytopes can be thought of as projections of the simplex that retain as
much of the low-dimensional faces as possible given the available dimensionality.
That is, if we stack the vertices of the polytope in the rows of a matrix and think of
the matrix as a projection matrix, as we did in Section 3.5.2, the projection is such that
if we project a high-dimensional polytope, a lot of its low-dimensional faces “survive”
the projection (Donoho et al., 2006, Section 1.2). Thinking of the cyclic polytope itself
as the projection of the standard simplex:

• In R2 all vertices of the simplex survive.

• In R4 all edges of the simplex survive.

• In R6 all faces of the simplex survive.

• More generally, in R2d all d-faces survive.

We will make use of this alluring property in Chapter 5 to guarantee specific subsets
or rankings are argmaxable.

A.8 Proofs

A.8.1 Theorem 5.3

We show that for a classifier W ∈ Gr+
n,d the argmaxable label assignments are the (d−

1)-alternating vectors. We prove Theorem 5.3 by invoking Theorem 5.2 to guarantee
that any sign vector has at most d−1 sign changes. We then use a counting argument
to show that the number of argmaxable sign vectors is the same as the number of
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alternating sign vectors, and as such the argmaxable sign vectors are exactly the
(d−1)-alternating vectors.

Proof. Since W ∈ Gr+
n,d, all maximal minors are non-zero and hence the rows of W

are in general position (Definition 2.2.11). By invoking Theorem 5.1, the number of
argmaxable label assignments is |A(W)| = 2∑d−1

d′=0

(
n−1
d′

)
. Note that this is exactly

the number of (d − 1)-alternating label assignments
∣∣∣Vn,d−1

∣∣∣, as we elaborate next.
The binomial coefficient comes from choosing d′ out of the n−1 positions between
labels to flip the sign and we sum over all possible number of sign changes up to
d−1. For each alternating y, we can produce another by flipping all signs, hence the
leading multiplier 2. Now, from Theorem 5.2, none of the label assignments can have
more than d−1 sign changes; hence they must be exactly the (d−1)-alternating label
assignments: A(W) = Vn,d−1.

A.8.2 Proof of Proposition 5.1

We now show that the maximal minors of the DFT matrix are non-zero and have the
same sign. In fact, we show this is true more generally for any matrix with rows that
are homogenised vertices of an even dimensional Cyclic Polytope.

Proof. The DFT matrix corresponds to the homogenisation of the vertices of a Cyclic
Polytope (Cordovil et al., 2000; Gale, 1963), see Appendix A.7, where the vertices of
the Cyclic Polytope are in 2k dimensions before being homogenised. Cyclic Polytopes
in 2k dimensions (even dimension) are rigid4: their face structure determines their
geometric structure (Cordovil et al., 2000, Theorem 5.1). Their geometric structure
is that of a Uniform Alternating Oriented Matroid 5. Any matrix realisation of a
Uniform Alternating Oriented Matroid has maximal minors that agree in sign and are
non-zero (Cordovil et al., 2000; Sturmfels, 1988, Proposition 3.1), see chirotope repre-
sentation of Oriented Matroids (Björner et al., 1999, Section 9.4). Any normalisation of
the DFT matrix obtained by scaling columns using non-zero scalars does not alter the
columnspace of the matrix, and hence the oriented matroid structure is unchanged:
the orthants intersected by the columnspace are the same.

4See (Ziegler, 1995, Section 6.6) for more details on rigidity, and Example 6.3 for a polytope that is
not rigid.

5By this we mean that the matrix obtained by the homogenisation of any Cyclic Polytope has the
structure of the Uniform Alternating Oriented Matroid.
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A.9 Why DFT Regions Become Very Small

As we saw in Fig. 5.5, while we can provide guarantees that all k-active label assign-
ments are argmaxable, they may not be epsilon argmaxable (i.e. argmaxable with a
large margin). This is because, due to hyperplane overcrowding (Section 4.1.1), the
regions may become too small to detect via our LP from Chapter 4.

Here we provide some thoughts on why the DFT regions become small when
d � n. For a matrix W to be in Gr+

n,d, all its maximal minors have to be non-zero and
have the same sign. Let us assume they are all positive. For the matrix to “robustly”
have this structure, the maximal minors should be large; the larger they are the more
the row vectors will have to change before some become collinear and make one
of the maximal minors zero. We note that the maximal minors are affected by both
the angles between the vectors and the Euclidean norm of the vectors. As such, one
consideration is whether some vectors are more sensitive to perturbations due to their
norm, e.g. row vectors having a small norm would generally be more sensitive to
perturbations than row vectors that have a large norm. However, for the DFT matrix,
we can ignore the effect of norms because the norm of any row vector is the same.

a) Row vectors of the DFT matrix have equal l2 norm. We can show (see Ap-
pendix A.9.1) that all row vectors wi of W ∈Rn×(2k+1), k ∈N,k ≥ 1 have norm given
by:

‖wi‖2 =
√

2k +1
n

(A.35)

b) Maximal minor constraints for orthonormal matrices. In addition, the trun-
cated DFT matrix is also an orthonormal matrix (its columns are pairwise orthogonal
and have norm 1). An orthonormal matrix M ∈ Rn×d, d < n with maximal minors ∆I

indexed by d-subsets of rows, has the property that the sum of squares of its maximal
minors is 1: ∑

I∈([n]
d )

(∆I(M))2 = 1 (A.36)

The above follows from the Cauchy-Binet formula (see Appendix A.9.2). Therefore,
we have a bound of 1 on the sum of squares of maximal minors. Since there are

(
n
d

)
maximal minors, a lot of them will have to become very small in magnitude as we
increase n while keeping d fixed, i.e. d << n. As we saw in a), the magnitude of all
row vectors is equal. Therefore, the only way to have small maximal minors is to have
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small angles between the vectors, which in turn forces many regions to be small (i.e.
narrow wedges).

A.9.1 Derivation of a)

Recall a row w ∈ R2k+1, k ∈ N, k ≥ 1 of the DFT matrix:

w =
[

1√
n

√
2
n cos t

√
2
n sin t · · ·

√
2
n coskt

√
2
n sinkt

]
(A.37)

Using Eq. (A.37), we compute the Euclidean norm:

‖w‖2 =

√√√√√2k+1∑
j=1

(wj)2 (A.38)

=

√√√√√(w1)2 +
2k∑

j=1
(wj+1)2 (A.39)

=

√√√√√( 1√
n

)2
+

k∑
k′=1

√2
n

2 (
(sink′t)2 +(cosk′t)2) (A.40)

=

√√√√√1
n

+ 2
n

k∑
k′=1

1 (A.41)

=
√

2k +1
n

(A.42)

A.9.2 Derivation of b)

The Cauchy-Binet formula (Pinkus, 2009, page 2) expresses the determinant of a
product of two rectangular matrices det(AB) with A ∈ Rd×n, B ∈ Rn×d in terms of
a sum of maximal minors ∆ of A and B:∑

I∈([n]
d )

∆I(A)∆I(B) = det(AB) (A.43)

Note that for an orthonormal matrix M ∈ Rn×d, if we set A = M> and B = M,
we get: ∑

I∈([n]
d )

∆I(M>)∆I(M) = det
(
M>M

)
=⇒

∑
I∈([n]

d )
(∆I(M))2 = det(I) = 1

(A.44)

where the bolded I is the identity matrix.
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A.10 DFT Layer as FFT

We can use the FFT to speed up computations, as we will show that computing the
logits z is equivalent to computing the truncated inverse DFT of the input x, if we
reinterpret the vector x that has 2k + 1 entries as the coefficients of k + 1 complex
numbers. Let us start from the inverse DFT, that computes the complex signal in the
time domain from the frequency domain. We use n′,d′ and k′ as variables to avoid
confusion with n,d and k, which we have already defined as constants in the thesis.
Denote the complex frequency component for frequency k′ by Xk′ and the signal at
time n′ by xn′ , we have:

xn′ =
n−1∑
k′=0

Xk′

[
cos

(
2πn′

n
k′
)

+ isin
(

2πn′

n
k′
)]

(A.45)

We take the real part of the iDFT, to obtain:

xn′ =
n−1∑
k′=0

Xk′
[
cos

(
k′tn′

)
+ isin

(
k′tn′

)]

=
n−1∑
k′=0

(ak′ + ibk′)
[
cos

(
k′tn′

)
+ isin

(
k′tn′

)]

=
n−1∑
k′=0

[
ak′ cos

(
k′tn′

)
− bk′ sin

(
k′tn′

)]

If we truncate the iDFT to the first k frequencies, we get:

xn′ =
k∑

k′=0

[
ak′ cos

(
k′tn′

)
− bk′ sin

(
k′tn′

)]
We will now match the coefficients ak′ and bk′ to corresponding elements in x. In
the equations for simplicity we do not include scaling factors to make the columns
orthonormal, see the code for details. From the earlier computation of Wx, we rewrite
the logits z as below:

zn′ = w>
n′x (A.46)

= x1 +
k∑

k′=1

[
x2k′ cos

(
k′tn

)
+x2k′+1 sin

(
k′tn

)]
(A.47)

From which we see that we can write the DFT layer as a truncated Inverse DFT by
matching the coefficients of the sines and cosines: x1 = a0, x2k′ = ak′ and x2k′+1 =
−bk′ . See also our code test_dft_equivalence.py. From this perspective, this parama-
trisation is a low-pass filter.

https://github.com/andreasgrv/sigmoid-bottleneck/blob/main/tests/test_dft_equivalence.py
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