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Lay Summary

The modelling of natural phenomena with mathematical equations has been widely applied
in all spheres of the natural and social sciences. In particular, partial differential equations
(PDEs) have been utilized to model systems from biology, physics, chemistry, and social science.
Since computer algorithms have been developed to solve a range of complex partial differential
equations, many industrial applications in engineering, medical sciences, and chemical systems
have been able to predict quantities of interest via numerical solutions of PDE models.

The PDEs of interest in this thesis primarily describe a system of interacting ‘particles’. Such
a formulation is able to describe several systems including swarming and flocking of animals,
opinions of individuals in a population, yeast fermentation during brewing of beer, growth of
cancer cells, and interactions of electrons. These interacting PDEs are generally non-linear and
non-local and present several numerical challenges.

The concept of optimization comes from the pragmatic standpoint that there are almost
never infinite resources at our disposal to accomplish a task. To accomplish a desired result,
limited resources must be managed effectively. Aerodynamics, geosciences, chemical process in-
dustry, environment, infrastructure, manufacturing, and medicine are just a few of the domains
where optimization theory and techniques have found widespread application. PDE-constrained
optimization falls under the broad class of optimal control problems, and arises in a huge va-
riety of industrial, technological, economic, medical, and environmental applications. A simple
example of a PDE-constrained optimization problem is the control of temperature in a yeast
fermentation vessel during beer production. The optimal fermenting temperatures of yeast
varies considerably. This is because exothermic processes like fermentation produce their own
heat. Having the ability to cool the fermentation once it starts to take off is an imperative.
Some ale yeasts, for example, do not perform well below 18C. Therefore we can formulate an
optimization problem that finds the optimal temperature for yeast fermentation given a control
factor of the cost to heat or cool the vessel, and constrained by a PDE such as the heat equation,
or a more complicated PDE model.

The design of fast, robust, and effective computer algorithms to solve optimization prob-
lems has been a focus in the field of numerical analysis. For a state-of-the-art-framework to
solve PDE-constrained optimization problems, it is critical to combine innovative optimization
techniques with new algorithmic and numerical approaches. The successful implementation of
optimization methodologies, however, requires more than just the quick solution of an opti-
mization problem. Optimization algorithms should also deliver accurate approximations of the
solution, and be able to handle PDE models of growing size and complexity.

In this thesis, we consider a class of optimization problems constrained by non-linear gen-
eralizations of the heat equation, opinion dynamics models, and swarming models. The main
difficulty in solving the optimal control problems discussed in this thesis comes from the addi-
tion of a non-linear, non-local term arising from interaction of particles. We develop a highly
modular numerical framework for treating PDE-constrained optimal control systems for general
DDFTs.
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Abstract

In this thesis, we develop accurate and efficient numerical methods for solving partial dif-
ferential equation (PDE) constrained optimization problems arising from multiscale particle
dynamics, with the aim of producing a desired time-dependent state at the minimal cost. A
PDE-constrained optimization problem seeks to move one or more state variables towards a de-
sired state under the influence of one or more control variables, and a set of constraints that are
described by PDEs governing the behaviour of the variables. In particular, we consider problems
constrained by one-dimensional and two-dimensional advection–diffusion problems with a non-
local integral term, such as the associated mean-field limit Fokker–Planck equation of the noisy
Hegselmann–Krause opinion dynamics model. We include additional bound constraints on the
control variable for the opinion dynamics problem. Lastly, we consider constraints described by
a two-dimensional robot swarming model made up of a system of advection–diffusion equations
with additional linear and integral terms. We derive continuous Lagrangian first-order optimal-
ity conditions for these problems and solve the resulting systems numerically for the optimized
state and control variables. Each of these problems, combined with Dirichlet, no-flux, or pe-
riodic boundary conditions, present unique challenges that require versatility of the numerical
methods devised.

Our numerical framework is based on a novel combination of four main components: (i)
a discretization scheme, in both space and time, with the choice of pseudospectral or finite
difference methods; (ii) a forward problem solver that is implemented via a differential–algebraic
equation solver; (iii) an optimization problem solver that is a choice between a fixed-point
solver, with or without Armijo–Wolfe line search conditions, a Newton–Krylov algorithm, or a
multiple shooting scheme, and; (iv) a primal-dual active set strategy to tackle additional bound
constraints on the control variable.

Pseudospectral methods efficiently produce highly accurate solutions by exploiting smooth-
ness in the solutions, and are designed to perform very well with dense, small matrix systems.
For a number of problems, we take advantage of the exponential convergence of pseudospectral
methods by discretising in this way not only in space, but also in time. The alternative finite
difference method performs comparatively well when non-smooth bound constraints are added
to the optimization problem. A differential–algebraic equation solver works out the discretized
PDE on the interior of the domain, and applies the boundary conditions as algebraic equations.
This ensures generalizability of the numerical method, as one does not need to explicitly adapt
the numerical method for different boundary conditions, only to specify different algebraic
constraints that correspond to the boundary conditions.

A general fixed-point or sweeping method solves the system of equations iteratively, and does
not require the analytic computation of the Jacobian. We improve the computational speed
of the fixed-point solver by including an adaptive Armijo–Wolfe type line search algorithm
for fixed-point problems. This combination is applicable to problems with additional bound
constraints as well as to other systems for which the regularity of the solution is not sufficient
to be exploited by the spectral-in-space-and-time nature of the Newton–Krylov approach. The
recently devised Newton–Krylov scheme is a higher-order, more efficient optimization solver
which efficiently describes the PDEs and the associated Jacobian on the discrete level, as well
as solving the resulting Newton system efficiently via a bespoke preconditioner. However, it
requires the computation of the Jacobian, and could potentially be more challenging to adapt to
more general problems. Multiple shooting solves an initial-value problem on sections of the time
interval and imposes matching conditions to form a solution on the whole interval. The primal-
dual active set strategy is used for solving our non-linear and non-local optimization problems
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obtained from opinion dynamics problems, with pointwise non-equality constraints. This thesis
provides a numerical framework that is versatile and generalizable for solving complex PDE-
constrained optimization problems from multiscale particle dynamics.

10



Contents

Abstract 10

1 Introduction 13

2 Background on Dynamic Density Functional Theory 17
2.1 An Introduction to Density Functional Theory . . . . . . . . . . . . . . . . . . . 17
2.2 An Introduction to Dynamic Density Functional Theory . . . . . . . . . . . . . . 19
2.3 Generalizations of the Standard Dynamic Density Functional Theory Model . . . 21

2.3.1 Source and Sink Terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.3.2 Potential Flow Terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.4 Numerical Methods for Dynamic Density Functional Theory Models . . . . . . . 22

3 An Introduction to PDE-Constrained Optimization 25
3.1 The General Form of a PDE-Constrained Optimization Problem . . . . . . . . . 25
3.2 Two Approaches for Solving PDE-Constrained Optimization Problems . . . . . . 27

3.2.1 Discretize-then-optimize . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.2.2 Optimize-then-discretize . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.3 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.3.1 Theory of Lagrange Multipliers . . . . . . . . . . . . . . . . . . . . . . . . 30

3.4 Continuous First-Order Optimality Conditions . . . . . . . . . . . . . . . . . . . 31
3.4.1 Dirichlet Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . 31
3.4.2 Neumann Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . 35

3.5 Additional Control Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.5.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.5.2 Primal-Dual Active Set Strategy . . . . . . . . . . . . . . . . . . . . . . . 37

3.6 Applications of PDE-Constrained Optimization Problems . . . . . . . . . . . . . 39

4 Numerical Algorithms for PDE-Constrained Optimization Problems from
Multiscale Particle Dynamics 41
4.1 Pseudospectral Discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.1.1 Grid Points, Differentiation and Integration Matrices . . . . . . . . . . . . 42
4.1.2 Discretization in Two Dimensions . . . . . . . . . . . . . . . . . . . . . . 43
4.1.3 Convolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4.2 Forward Partial Differential Equation Solver . . . . . . . . . . . . . . . . . . . . . 44
4.2.1 Algebraic Equations Approach . . . . . . . . . . . . . . . . . . . . . . . . 44
4.2.2 Implementation of the Forward PDE Solver . . . . . . . . . . . . . . . . . 45
4.2.3 Rewriting the Adjoint Equation as an Initial-Time PDE . . . . . . . . . . 45

4.3 A Multiple Shooting Solver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.3.1 Setting Up Matching Conditions for Multiple Shooting Method . . . . . . 47

4.4 A Fixed-Point–Armijo–Wolfe-type Solver . . . . . . . . . . . . . . . . . . . . . . 48
4.4.1 The Fixed–Point Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.4.2 The Armijo–Wolfe Rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.5 A Newton–Krylov Solver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

5 A Fixed-Point Algorithm for Non-Local Advection-Diffusion Interacting Op-
timization Problems 53
5.1 PDE-Constrained Optimization Problems Constrained by a Class of Dynamic

Density Functional Theory Models . . . . . . . . . . . . . . . . . . . . . . . . . . 53
5.2 First-Order Optimality Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5.2.1 Optimal Source Control Problem with No-Flux Boundary Conditions . . 56
5.2.2 Adding a Non-local Interacting Term . . . . . . . . . . . . . . . . . . . . . 58

11



5.3 Overview of Numerical Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
5.4 Validation of Fixed-Point Solvers . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5.4.1 Measures of Accuracy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
5.4.2 Test Problems with Analytic Solutions . . . . . . . . . . . . . . . . . . . . 60
5.4.3 Perturbation of Test Problems with Analytic Solutions . . . . . . . . . . . 63
5.4.4 Computational Time and Efficiency of Solvers . . . . . . . . . . . . . . . . 66

5.5 Numerical Experiments for Optimization Problems Constrained by Non-Local
Advection-Diffusion Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.5.1 One-Dimensional Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.5.2 Two-Dimensional Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 74

5.6 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

6 An Active Set–Fixed-Point Method for PDE-Constrained Problems from
Opinion Dynamics 81
6.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

6.1.1 The Evolution of the Bounded Confidence Interval Model for Opinion
Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

6.1.2 Motivation for Opinion Dynamics PDE-Constrained Optimization Prob-
lems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

6.2 Opinion Dynamics PDE-Constrained Optimization Problems . . . . . . . . . . . 86
6.2.1 First-Order Optimality Conditions for Periodic Boundary Conditions . . . 87
6.2.2 First-Order Optimality Conditions for No-Flux Boundary Conditions . . . 92

6.3 An Active Set-Fixed-Point Algorithm for Problems with Additional Control Con-
straints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
6.3.1 First Order Optimality Conditions for Opinion Dynamics Optimization

Problem with Additional Bound Constraints . . . . . . . . . . . . . . . . 93
6.3.2 The Primal-Dual Active Set Strategy . . . . . . . . . . . . . . . . . . . . 93
6.3.3 Validation of the Active-Set Algorithm . . . . . . . . . . . . . . . . . . . . 95

6.4 Numerical Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
6.4.1 Target Example 1: Uniform Initial Condition with Gaussian Radicals . . 98
6.4.2 Target Example 2: Uniform Initial Condition with Double Gaussian Rad-

icals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
6.4.3 Target Example 3: Gaussian Initial Condition and Uniform Target . . . . 101
6.4.4 Target Example 4: Double Gaussian Initial Condition and Target . . . . . 102

6.5 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

7 A Newton–Krylov Method for Higher Dimensional Opinion Dynamics and
Robot Swarming Optimization Problems 107
7.1 Preconditioning for Newton–Krylov Algorithm . . . . . . . . . . . . . . . . . . . 107
7.2 Two-Dimensional Opinion Dynamics Optimization Problem . . . . . . . . . . . 109

7.2.1 Numerical Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
7.3 Robot Swarming Optimization Problem . . . . . . . . . . . . . . . . . . . . . . . 115

7.3.1 Robot Swarming Optimization Problem and First Order Optimality Con-
ditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

7.3.2 Newton–Krylov Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
7.3.3 Numerical Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

7.4 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

8 Conclusion 127
8.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
8.2 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

12



Chapter 1

Introduction

Over centuries, interest in mathematical modelling of natural phenomena has vastly increased.
All spheres of the natural sciences: physics, biology, chemistry, and even social sciences have
adopted principles of mathematical modelling to study and predict the behaviour of systems.
When the systems in question depend on more than one variable or quantity, partial differential
equations are preferred to construct the models.

The study of partial differential equations, and consequently their numerical solutions have
been applied in several areas of mathematical modelling. The aim is usually to predict the
behaviour of some quantity of interest or estimate unknown parameters present in the partial
differential equation.

Many PDEs of interest, and particularly those considered in this thesis, describe a system
of interacting ‘particles’. Such a formulation is rather generic, and able to describe dynam-
ics as diverse as particles suspended in a bath, animal flocking and swarming, or opinions of
individuals in a population. The key advantage of using such PDE models is their computa-
tional complexity. Typical applications have very large numbers of particles, and the associated
numerical methods for simulating each individual particle tend to scale poorly with the num-
ber of particles. This prevents the direct numerical study of such systems, for example, via
Langevin dynamics. The associated PDE models are derived through dimensionality reduction
approaches, and have a fixed dimension (typically that of the underlying ‘space’), regardless of
the number of particles. However, these PDEs are generally complicated, often being non-local
and non-linear, leading to other numerical challenges.

Optimization, on the other hand, is a concept that is used across disciplines. It stems from
the realistic point of view that there are almost never unlimited resources available to achieve
a goal. Therefore, the limited resources have to be managed appropriately to achieve the
set goal. Mathematical optimization, in the simplest case, involves maximizing or minimizing
some objective function. The case where the optimal solution is subject to additional criteria,
is called constrained optimization, while unconstrained optimization has no such additional cri-
teria. Optimization problems arise in many quantitative disciplines including computer science
and engineering, operations research, and economics. The generalization of optimization the-
ory and techniques constitutes a large area of applied mathematics, and has gained popularity
in fields as varied as aerodynamics, atmospheric and geosciences, chemical process industry,
environment, homeland security, infrastructure, manufacturing, and medicine. A relevant as-
pect of mathematical optimization that has, and continues to be, actively been studied is the
development of computer algorithms to solve optimization problems. The focus of such studies
has been to design fast, robust, and effective algorithms that can be applied to a plethora of
numerically challenging systems.

PDE-constrained optimization falls under the broad class of constrained optimization, and
is characterized by constraints specified as a PDE equation or system. It arises in a huge
variety of industrial, technological, economic, medical, and environmental applications. The
questions that appear in this field originate from a plethora of optimal control problems.
The work of researchers in PDE-constrained optimization is not only driven by challenging
mathematical problems, but also fascinating future applications. Recent applications of PDE-
constrained optimization include optimal treatment planning in radiotherapy [21], stabilization
of gas transportation networks [75], optimization of particle synthesis in the chemical indus-
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try [106], optimal control of self-consistent classical and quantum particle systems in the design
of semiconductor devices [45], and real time PDE-constrained optimal control of multicompo-
nent separation process [25].

For a state-of-the-art-framework to solve PDE-constrained optimization problems, it is crit-
ical to combine innovative optimization techniques with new algorithmic and numerical ap-
proaches. Significant optimization issues are frequently presented by the scale and complexity
of PDE simulations. PDE solvers, optimization techniques, and computational power have
all made steady improvement in recent years. The successful implementation of optimization
methodologies, however, requires more than just the quick solution of an optimization problem.
Optimization algorithms should also deliver accurate approximations of the solution. Depend-
ing on the application, the reliability and efficiency of the optimization algorithms are essential.
They must scale to large problem sizes, be robust, and cope with the ill-posedness of the prob-
lems. Applications that need or want real-time optimizations are growing in both quantity and
complexity. As a result, it is necessary for optimization methods to be able to handle PDE
models of growing size and complexity.

There are two schools of thoughts on how to solve PDE-constrained optimization problems:
the discretize-then-optimize, and the optimize-then-discretize approaches. Both approaches
involve applying discretization schemes, and solving a system of optimality conditions that the
optimal solutions satisfy. The difference lies in which order discretization is applied. Solutions
to optimization problems using both approaches do not usually coincide, hence the choice of
approach is dependent on the objectives of the research. Since we seek accurate solutions to
the continuous optimization problem, we follow the optimize-then-discretize approach. Hence
our framework begins with obtaining a continuous optimality system, then discretizing with a
suitable scheme and finally utilizing a numerical algorithm to solve the discretized system.

In this thesis, we develop a highly modular numerical framework to solve PDE-constrained
optimization problems from multiscale particle dynamics constrained by non-linear Dynamical
Density Functional Theory (DDFT) models, opinion dynamics models, and swarming models.
In the current literature, algorithms to solve PDE-constrained optimization problems from mul-
tiscale particle dynamics have largely employed the optimize-then-discretize approach. However,
in general, these methods do not include the non-linear, non-local interaction terms that provide
the main challenges in our work. Therefore, standard results, and numerical implementations in
optimal control theory cannot readily be applied, and new approaches have to be developed to
address theoretical and numerical challenges. The novelties in our framework include combining
pseudospectral discretization with a fixed-point iterative solver, and an active-set strategy to
solve opinion dynamics and DDFT optimization problems with box constraints, and combining
the pseudospectral discretization and Newton–Krylov iterative solver to solve 2D opinion dy-
namics and robot swarming optimization problems. The modular nature of our framework also
allows change of the discretization scheme or iterative solver, which we demonstrate by substi-
tuting the pseudospectral discretization with a finite difference method in an opinion dynamics
problem with box constraints.

This thesis is structured as follows. In Chapter 2, we focus on multiscale particle problems
from Dynamical Density Function Theory (DDFT). We provide some background on the deriva-
tion of DDFT problems from their equilibrium counterpart Density Function Theory (DFT).
We then detail generalizations of the standard DDFT model, specifically the problems consid-
ered in this thesis, and conclude with a history of numerical methods developed to solve DDFT
problems.

In Chapter 3, we introduce PDE-constrained optimization problems, and discuss the discretize-
then-optimize and optimize-then-discretize methods. We mention the advantages and disadvan-
tages of each approach including why we choose the optimize-then-discretize method. We then
demonstrate the optimize step on an optimal control problem constrained by the diffusion (or
heat) equation, where we obtain continuous Lagrangian optimality conditions that result in a
coupled system of partial differential equations. We then introduce additional bound constraints
into the diffusion equation optimization problem and detail how an active-set strategy can be
used to tackle the additional constraints. The inclusion of bound constraints is motivated by
real-life applications, for example, in opinion dynamics where the quantities of interest refer to
the density of a human population, and hence require non-negativity constraints. The diffusion
equation is a suitable example to demonstrate the workings for bound constraints, as it is a
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simplified form of the PDEs we are interested in. We conclude the chapter by providing various
applications of PDE-constrained optimization.

Chapter 4 details the numerical framework we developed to solve the continuous optimality
conditions we obtain from an optimization problem. We discuss the discretize step of the
optimize-then-discretize approach, describing the pseudospectral discretization and explaining
how we compute the convolution matrices that apply the convolution in the non-local non-linear
integral term in our examples. We then introduce the iterative solvers we employ to solve the
discretized optimality conditions, namely a fixed-point solver combined with an Armijo-Wolfe-
like rule and a Newton–Krylov algorithm. We also mention a multiple shooting solver that is
simple, but too computationally inefficient for the problems we solve in this thesis.

Chapter 5 focusses on a class of optimization problems we are interested in, and their nu-
merical solutions. We construct two examples of DDFT optimization problems constrained
by the advection-diffusion equation including a non-local and non-linear integral term and a
control that is applied as a source term or a flow vector. We obtain continuous first-order La-
grangian optimality conditions for examples with Dirichlet and Robin type boundary conditions
applied. We then obtain their numerical solutions using a fixed-point with Armijo-Wolfe-like
algorithm together with the pseudospectral discretization. We perform the experiments for
one-dimensional and two-dimensional examples and provide validation results for the numer-
ical methods employed. The fixed-point framework for optimization within a pseudospectral
method is new, as is the specific DDFT–PDE-constrained optimization framework we consider.
In addition, we utilize an original software framework that enables the construction of grids,
differential operators, convolution integrals, and boundary conditions, along with optimiza-
tion solvers. This forms part of a publication [2], along with some material relating to the
Newton–Krylov method described in Chapters 4 and 7.

In Chapter 6, we present PDE-constrained optimization problems arising from opinion dy-
namics. We begin with the derivation of the bounded confidence interval model, and construct
the associated optimization problem. We obtain continuous first-order Lagrangian optimality
conditions, and apply an Active Set strategy to tackle additional non-negativity constraints
on the solutions. We then present numerical experiments for one-dimensional examples show-
ing the dynamics when bound constraints are added or not added to the optimization problem.
These PDE-constrained optimization problems for opinion dynamics are a novelty of this thesis,
as is the combination of Active Set and fixed-point solvers in the way we tackle them.

In Chapter 7, we present optimization problems from another real-world application in
robotic swarming. This time, we employ a Newton–Krylov algorithm together with the pseu-
dospectral discretization to first solve an opinion dynamics optimization problem in two di-
mensions, then a robot swarming optimization problem constrained by a system of advection-
diffusion equations. We detail the Newton–Krylov algorithm and provide numerical results.
The Newton–Krylov approach we devise is new for these problems.

Finally, in Chapter 8, we summarize the work in this thesis and provide an outlook of future
work that may follow from the results obtained.
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Chapter 2

Background on Dynamic Density
Functional Theory

Dynamic Density Functional Theory (DDFT) is the dynamical counterpart of the static Density
Functional Theory (DFT), a statistical-mechanical theory for the equilibrium state of a classical
many-body system. The DFT model centres around a free energy functional that requires an
expression for practical applications, and DDFT focusses on a connection between microscopic
particle dynamics and macroscopic physics which dates back to the famous Boltzmann equation
[39]. DDFT is now used in many areas of physics, as well as in related subjects such as
biology [4, 85, 239], chemistry [18, 153, 267], materials science [82, 137, 159], engineering [7],
mathematics [87,142], and philosophy [238]. This diversity arises, since the problem of finding
a useful and accurate description of the collective dynamics in many-particle systems is of
importance in a large number of areas in and beyond physics (see [241] for a historical review).

2.1 An Introduction to Density Functional Theory

Classical static DFT is a statistical-mechanical theory for the equilibrium state of a classical
many-body system. We present the standard DFT model following [241]. Let xi and pi be
the position and momentum of particle i in an N -particle system, respectively. The function
Ψ(xi,pi) describes the phase-space distribution of the individual particles. A grand-canonical
free energy functional Ω(T, µ,Ψ) is introduced that depends on the temperature T , chemical
potentials µ which are treated as fixed parameters, and the distribution Ψ.

The trace of an arbitrary function G on phase space, in the grand-canonical case, on a 3D
system is given by

Tr(G) =

∞∑
N=0

1

N !h3N

∫
d3x1

∫
d3p1 . . .

∫
d3xN

∫
d3pNG,

where h is the Planck constant, and is Ψ normalized as Tr(Ψ) = 1. The grand-canonical free
energy functional is then given by

Ω(T, µ,Ψ) = Tr(Ψ(HN − µN + kBT ln(Ψ))), (2.1)

where kB is the Boltzmann constant and HN is the N -particle Hamiltonian describing the total
energy of the system given by

HN = K + Vext + U,

where K is the kinetic energy, Vext is the external potential (potential energy from the external
field) and U is the inter-particle interaction energy. This complicated many-particle equation
(2.1) is not separable into simpler single-particle equations because of the interaction term U .
Now, Ω is minimized and equal to the actual equilibrium grand-canonical free energy, denoted
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by Ωeq, when evaluated at the equilibrium distributed Ψeq given by

Ψeq =
1

Ξ
e−β(HN−µN), (2.2)

where β = 1/(kBT ), and the grand-canonical partition function Ξ = Tr(e−β(HN−µN)). The
equilibrium distribution Ψeq is completely determined by the external potential Vext(x) if we
fix the particle interactions.

The function Ψ can be very complicated as it depends on position and momentum, and in
a three-dimensional space is defined on a 6N -dimensional phase space, which makes it virtu-
ally impossible to efficiently apply this methodology to larger, more complex systems. Here,
DFT provides an appealing alternative, being much more versatile, as it systematically maps
the many-particles problem onto a problem with the one-body density ρ(x) that gives the
probability of finding a particle at position x, and is given by

ρ(x) =

〈 N∑
i=1

δ(x− xi)

〉
,

where 〈·〉 denote an ensemble average and δ(x) is the Dirac delta distribution. It is shown
in [172], that the external potential Vext(x) for Ψeq in equation (2.2) is uniquely determined once
the one-body distribution at equilibrium denoted by ρeq is known, so that Ψeq is a functional of
ρeq. Furthermore, the mapping ρ→ V can be shown to exist under very general conditions [57].
Hence we can introduce a well-defined (“intrinsic free energy”) functional

Fin(T, ρ) = Tr(Ψeq(ρ)(K + U + kB ln(Ψeq(ρ))),

that is independent of the external potential. Another functional given by

Ω(T, µ, ρ) = Fin(T, ρ) +

∫
d3x ρ(x)Vext(x)− µ

∫
d3x ρ(x)

becomes minimized and equal to the equilibrium grand-canonical free energy Ωeq when evalu-
ated at equilibrium density ρeq. These considerations lead to the central variational principle
of DFT

δΩ(T, µ, ρ)

δρ(x)

∣∣∣∣
ρ=ρeq

= 0,

and Ω(T, µ, ρeq) gives the grand-canonical free energy of the system [157]. In [81], the grand-
canonical free energy is related to the Helmholtz free energy functional F(T, ρ), through a
Legendre transformation, given by

Ω(T, µ, ρ) = F(T, ρ)− µ
∫
d3xρ(x).

The free energy is often split into three parts:

F(T, ρ) = Fid(T, ρ) + Fexc(T, ρ) + Fext(ρ).

where Fid = kBT
∫
ρ(x)(ln(Λ3ρ(x)) − 1) d3x is the exact expression for the free energy of an

ideal gas with the thermal de Broglie wavelength Λ, Fexc, known as excess free energy is the
contribution from the particle interactions, and Fext =

∫
ρ(x)V (x) d3x takes into account the

external potential. In general, the particle interaction energy cannot be calculated exactly, hence
the excess free energy Fexc needs to be approximated. This approximation is also required in
DDFT, as it is in most cases based on a free energy functional from DFT. An exception is when
treating systems with a finite, and in particular small, fixed number of particles in the grand-
canonical ensemble [101, 260]. The choice of which approximation gives good results depends
on the system under consideration. The mean-field approximation has been used in the case of
ultrasoft particles [79], active particles [262], and social interactions [239]. For particles with
hard-core interactions, such as hard spheres, fundamental measure theory [215–217] is a very
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successful approach.

2.2 An Introduction to Dynamic Density Functional The-
ory

In DFT, only equilibrium situations are considered where the density ρ(x) is constant with
respect to time and minimizes the grand-canonical free energy. The main idea of DDFT is
to extend this principle to nonequilibrium situations. DDFT describes the time evolution of
the one-body density, ρ(x, t), measured over space and time using a continuity equation that
results in an equation of motion that describes the relaxation towards the equilibrium (in the
case where we use the DFT free energy functional). Since the mass of ρ(x, t),

∫
ρ(x, t) dx is a

conserved quantity, the rate of change, ∂tρ(x, t) will be proportional to the gradient of a flux.
These lead to the central equation of deterministic DDFT [241]:

∂tρ(x, t) = Γ∇ ·
(
ρ(x, t)∇ δF(ρ)

δρ(x, t)

)
, (2.3)

with the mobility Γ and free energy F . One typically uses free energy functionals from DFT,
which are grand-canonical in order to inform the choice of the free energy F . The general
result (2.3) can be derived in a number of ways. The deterministic form of DDFT was derived
microscopically for colloidal fluids by Marconi and Tarazona [166] as well as Archer and Evans
[14], and for simple fluids by Archer [12]. For simplicity, we follow the derivation in [211],
and for a more detailed approach, see [99]. We start with the stochastic Langevin equation
describing a system of N spherical colloidal particles with mass m in a bath of many more
smaller solvent molecules [55, 73, 143, 223]. The colloidal particles undergo Brownian motion
due to thermal collisions with the solvent molecules. This erratic motion can be described using
Newton’s equations of motion, where a force takes into account the Brownian motion of the
colloidal particles,

m
d2xi
dt2

= −γm
N∑
j=1

Γij
dxj
dt

+ Vi(x
N , t) +

N∑
j

AijdWj , (2.4)

where xN = (x1,x2, . . . ,xN ) and A =
√

2γmkBTΓ. The interaction of the ith Brownian
particle with the solvent is made up of two parts. Firstly, it contains a friction force due
to systematic collisions with the solvent molecules as the particle attains a velocity dxi/dt.
For not too large velocities, that friction force is directly proportional to the velocity of the
Brownian particle, with γ being the constant of proportionality for a single isolated particle,
and Γij ∈ R3×3, Γ = (Γij) ∈ R3N×3N , defining the friction tensor, which is positive definite and
thus has a square root. Secondly, the interaction includes a rapidly varying force as the result
of the random collisions of solvent molecules and the Brownian particle. The force is known to
have a Gaussian probability distribution and can be expressed as

N∑
j

√
2γmkBTΓdWj

where dWj have mean zero, uncorrelated stochastic white noise terms and satisfy

〈dWj(t), dWk(t′)〉 = δjkδ(t− t′).

The friction tensor Γ is related to the strength of the stochastic white noise terms via a gen-
eralized fluctuation-dissipation theorem. The term Vi(x

N , t) accounts for the total potential
energy of the particle i at time t, which includes interactions with other Brownian particles and

external potentials. If we use the definition of velocity, dxi =
pi
m
dt, where pi is the momentum
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coordinates of the ith particle, then (2.4) can be rewritten as the system of equations:

dxi =
pi
m
dt, (2.5)

dpi =

−γ N∑
j=1

Γijpj +∇xiV (xN , t)

 dt+

N∑
j=1

AijdWj ,

with A as described above. Using Itô’s Lemma [93] from stochastic calculus, (2.5) can be
written for the N -body distribution function, f (N)(x1,x2, . . . ,xN ,p1,p2, . . . ,pN , t) as

∂tf
(N) +

1

m

N∑
i=1

pi · ∇xif
(N) −

N∑
i=1

∇xiV (xN , t) · ∇pif
(N) (2.6)

= γ

N∑
i,j=1

∇pi ·
[
Γij(x

N )(pj +∇pj )f
(N)
]
.

The equation above is precisely the N -body Kramers equation and f (N) is the probability of
finding each particle i at position xi, with momentum pi at time t. It is clear that f (N) contains
information about all N particles, making it numerically highly challenging to compute. This
motivates the need to reduce the dimensionality of f (N). If we consider the case when γ � 1,
then we have an overdamped system and can assume that the time derivative of the momentum
goes quickly to zero [243]. Hence we can have a explicit expression for pN and rewrite equation
(2.6) in terms of only the position variable xN for the probability density function ρ(N)(xN , t)
as

∂tρ
(N)(xN , t) = Γ

N∑
i=1

∇xi ·
([
kBT∇xi +∇xiV (xN , t)

]
ρ(N)(xN , t)

)
, (2.7)

which is referred to as the Smoluchowski equation. See [99] for the heuristic derivation of
Equation (2.7). To obtain a closed equation, it is necessary to make some assumptions. First,
we assume that the potential V (xN , t) and friction tensor Γ only contain at most two-body
interactions, such that V (xN , t) reads as

V (xN , t) =

N∑
i=1

Vext(xi, t) +
1

2

N∑
i=1 j 6=i

V2(xi,xj),

where Vext(x, t) is the one-body time-dependent external potential acting on each particle and
V2(xi,xj) is the pair interaction potential, which is assumed to be time independent.

Since we are interested in the distribution of the average values of the positions and mo-
menta, the reduced n-body probability densities are introduced as integrals over the probability
density [14] given by

ρ(n)(xn, t) :=
N !

(N − n)!

∫
dxN−nρ(N)(xN , t), (2.8)

where dxN−n = dxn+1dxn+2 . . . , dxN . Hence, multiplying (2.7) by N and integrating over
dxN−1 (all but one particle), gives the evolution of the one-body density, since all terms in the
sums with i 6= 1 vanish [99], and is given by

∂tρ(x, t) = Γ∇ ·
[
kBT∇xρ(x, t) + ρ(x, t)∇Vext(x, t) +

∫
dx′ρ(2)(x,x′, t)∇xV2(x,x′)

]
. (2.9)

where ρ(2)(x,x′, t) is the time-dependent two-body density. We ignore hydrodynamics interac-
tions here for ease of presentation, and as it will not be considered further in this thesis. We make
the Enskog approximation, in particular assuming that ρ(2)(x,x′, t) = ρ(2)(x, t)ρ(2)(x′, t)g(x,x′),
where the pair-distribution function g is assumed to be independent of ρ, and further simplified
by the mean field approximation (g ≡ 1) [99]. For an equilibrium fluid, we can relate the
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inter-particle forces to the direct one-body correlation function c(1)(x) as [167]:

−kBTρ(x)∇c(1)(x) =

∫
dx′ρ(x)ρ(x′)∇xV2(x,x′),

and c(1) to the excess free energy Fexc as

kBTc
(1)(x) =

∂Fexc(ρ)

∂ρ(x)
.

Making the approximation that these relations also hold out of equilibrium, therefore replacing
the nonequilibrium correlations in (2.9) with their equilibrium counterparts leads us to the
standard DDFT

∂tρ(x, t) = Γ∇ ·
(
ρ(x, t)∇ δF(ρ)]

δρ(x, t)

)
.

Some authors add a noise term to the standard DDFT (2.3) to make a stochastic DDFT
equation that is concerned either with the exact microscopic or with a coarse-grained density
[15]. In this thesis, we are confine ourselves to the deterministic DDFT in equation (2.3).

The Brownian particles modelled in (2.4) are assumed to be spherical and the standard
DDFT describes spherical particles. This assumption is made for the interaction potential and
not for the physical particles. For example, the effective interaction between polymers is often
assumed to have a Gaussian form even though the polymers are not spherical [13, 156]. The
same form has been used for a DDFT model of humans [239]. A Gaussian interaction potential
has spherical symmetry, but this does not mean that polymers or humans are spheres.

DDFT has been very successful in theory, however, it has some limitations as a result of the
approximations and assumptions involved in its derivation. One limitation arises from DDFT
having the form of a continuity equation which conserves the total number of particles. The
canonical free energy functional F should be used, however since this is not known, the grand-
canonical functionals Ω from DFT are used instead. This could lead to wrong predictions
for systems with few particles or large density gradients [69] and result in unphysical self-
interactions [207]. Canonical approaches to DDFT have been developed to address this [69].
Another assumption which is a limitation is the fact that DDFT is a closed equation of motion.
We arrived at a closed equation by making an approximation that the relaxation of the system
is very slow, such that it can be assumed that the pair correlation is always given by that
of the corresponding equilibrium system. This is not exactly true, such that predictions for
DDFT for non-equilibrium pair correlations are not correct [89, 140]. In particular, flow fields
can induce distortions of the correlation function that DDFT does not capture [220]. Another
disadvantage is the density being the only variable in standard DDFT. Apart from the obvious
reason that properties of the system cannot be captured by the density alone, for example
temperature gradients, it assumes that other variables characterizing the system relax very
quickly compared to the density, which is a strong approximation [113].

2.3 Generalizations of the Standard Dynamic Density Func-
tional Theory Model

DDFT has been extended in a vast number of directions, making the theory applicable to sys-
tems with non-uniform temperature [261], hydrodynamic interactions [210], or superadiabatic
forces [222], and to particles with inertia [167], non-spherical shape [212], or self propulsion [257].
A many-body particle interaction potential is also discussed in [97].

DDFT has a significant number of applications in the derivation of phase field crystal (PFC)
models [251], phase separation [14], and solidification [131], cancer growth [56], or quantum
hydrodynamics [74]. It has also been extended to a wider class of nonlinear, nonlocal partial
differential equations, used in the continuum modelling of many natural phenomena consisting
of complex, many body, multi-agent inter-particle effects including: pattern formation [46], the
flocking of birds, cell proliferation, the self organising of morphogenetic and bacterial species
[49], nonlocal reaction-diffusion equations [4], and even consensus modelling in opinion dynamics
[58].
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There are many extensions of the standard DDFT model (2.3), and for this section, we focus
on the addition of source, sink, and potential flow terms as they appear in the PDEs targeted
in this thesis.

2.3.1 Source and Sink Terms

If the system of particles is not closed, the number of particles is not necessarily conserved
and particle inflow and outflow is possible. This introduces sources and sinks into the standard
DDFT. This was discussed by Löwen and Heinen [158] for the case of particles being injected into
a confined system at position x with rate qin(t). In this case, a point source qin(t)(δx) = r(x, t)
has to be added to the DDFT (2.3). If (2.3) is linearized (assuming small density variations), an
analytical solution of this problem is possible using Green’s functions. In [152], source terms are
employed to describe diffusion of chemicals around a point source. Other cases in which source
terms have to be added to the conserved DDFT equation include evaporating thin films [214],
surface charge densities [258,259], biological dynamics [4,56], chemical reactions [153,161,162],
and epidemic spreading [239,240].

2.3.2 Potential Flow Terms

Generally, the solvent in which the colloids are immersed cannot be assumed to be at rest.
Hence, a natural generalization of DDFT is to allow for solvent flow with a velocity. Early
models studied effects, such as colloids being dragged through a polymer solution, by shifting
to a frame that is co-moving with a velocity and did not consider perturbations of the flow
[146]. Essentially, this corresponds to assuming that the solvent simply flows through the
colloid [203]. However, as discussed in [6,203], the colloids also influence the solvent. A DDFT
for colloidal particles advected by a flow field was derived by Rauscher et al. [203], who did
not take hydrodynamic interactions between solvent and colloidal particles into account. The
starting point are the overdamped Langevin equations for the motion of the ith particle in the
presence of a flow field w(x, t), given by

xi(t)

dt
= w(x, t)− Γ∇xi

Vext(xi) +

N∑
j=1,j 6=i

V2(‖xi − xj‖)

+ Ψi(t)

For these Langevin equations, one can obtain a corresponding Fokker-Planck equation from
which the evolution of the averaged density ρ is computed. If we have a potential flow, which
is always the case when detailed balance holds, we can write

w(x) = −Γ∇Vvel(x)

and define a modified external potential V ∗(x) = Vext(x) + Vvel(x) with the velocity potential
Vvel. This allows to approximate the interaction term in the usual way. The resulting advected
DDFT reads

∂ρ

∂t
+∇ · (w(x, t)ρ(x, t)) = Γ∇ ·

(
ρ(x, t)∇ δF (ρ)

δρ(x, t)

)
. (2.10)

This corresponds to a standard DDFT equation with Vext replaced by V ∗. Advected DDFT
is applied to colloids in a DNA solution in [110], microrheology [6, 208], flow of interacting
particles around a fixed probe particle [124,125], and hydrodynamic lift forces [86].

2.4 Numerical Methods for Dynamic Density Functional
Theory Models

Generally, it is impossible to solve DDFT equations analytically as they are are nonlinear partial
differential equations. Hence, it is important to have numerical methods available that can be
used to solve them.

DDFT has computational advantages compared to Brownian dynamics (BD) simulations
used for stochastic differential equations, since the computational cost does not depend on
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the number of particles [164]. The computational cost of a BD simulation increases with the
number of particles N , whereas the computational cost of a DDFT calculation increases with the
desired resolution. As a consequence, for systems with a large number of particles, continuum
simulations based on numerically solving a DDFT equation are typically much more efficient
than BD simulations.

A significant amount of work has carried out on the numerical analysis of the solution of
partial differential equations of the gradient-dynamics type, which DDFT belongs to. A variety
of numerical strategies for DFT that may be useful for DDFT are discussed in [90], including
real-space numerics, fast Fourier transformations, parallelization, preconditioning, and pseudo-
arc-length continuation. A variety of authors have discussed the discretization and integration of
DDFT, focusing on a variety of specific problems. A simple finite-difference integration scheme
for deterministic DDFT can be found in [54]. Specialized explicit Runge-Kutta methods are
employed in [209] to tackle difficulties due to the large dimensionality and nonlinearity of the
problem. A discussion of the finite-element discretization of DDFT, and the relation to the
physics of coarse graining, can be found in [68].

Nonlocal terms resulting from the excess free energy are particularly difficult to treat nu-
merically. Convolution terms on Cartesian grids can be evaluated efficiently using fast Fourier
transformation methods. However, these are difficult to apply on general meshes [208]. A spec-
tral method for both DFT and DDFT is presented in [266]. It involves choosing a discretization
scheme where the mesh is dense close to walls, where larger density variations are expected and
a Clenshaw–Curtis quadrature is used to evaluate the DFT convolution integrals. In [182], a
pseudospectral method is developed for the evaluation of the nonlocal integral terms. This
scheme is discussed in a variety of contexts in DFT and fundamental measure theory and also
applied to DDFT where it is checked for mass conservation. We adopt this pseudospectral
method for the DDFT models in this thesis due to its exponential accuracy, while using a
significantly lower number of points than most other reported methods. A Hermite spectral
method which is applicable to Fokker-Planck equations with and without a gradient structure
is also used in [100], and provides a possible alternative to pseudospectral methods.

Considering the diverse applications of DDFT and the numerical methods developed to solve
it, it is logical to start looking at optimization problems involving these models and numerical
methods to solve the optimization problems. In the next chapter, we present background
information on a class of optimization problems called PDE-constrained optimization problems
that can be constructed with DDFT models.
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Chapter 3

An Introduction to
PDE-Constrained Optimization

In this chapter, we provide background on the type of optimization problems considered in the
rest of this thesis. In Section 3.1, we present a basic overview of PDE-constrained optimization
problems, discussing distributed control problems, and problems with additional bound con-
straints. In Section 3.2, we discuss the two schools of thoughts on how to solve PDE-constrained
optimization problems: the discretize-then-optimize strategy, and the optimize-then-discretize
approach. We present the merits and disadvantages of each approach, and provide reasons
why the optimize-then-discretize approach is the more appropriate choice for the problems con-
sidered in this thesis. In Sections 3.3 and 3.4, we illustrate a methodology for obtaining the
continuous first-order optimality conditions for the PDE-constrained optimization problems of
interest in this thesis, via the method of Lagrange multipliers, using an example involving the
heat equation with Dirichlet and Neumann boundary conditions. Section 3.5 provides some
background on additional bound constraints and describes the Active Set strategy applied to a
heat equation optimization problem. Finally, in Section 3.6, we give a review of some applica-
tions of PDE-constrained optimization problems in science and industry.

3.1 The General Form of a PDE-Constrained Optimiza-
tion Problem

PDE-constrained optimization problems consist of a cost functional subject to some given PDE
constraints. These problems are of the form [121, Chapter 1]

min
ρ∈X,w∈Y

J (ρ, w) (3.1)

s.t. D(ρ, w) = 0 in X × Y,
B(ρ, w) = 0 on ∂X × ∂Y,

(ρ, w) ∈ K.

The objective function J : (X × Y ) → Z in problem (3.1) is the cost functional one wishes
to minimize, while the remaining equations in problem (3.1) constitute the constraints subject
to which the cost functional is to be minimized. For PDE-constrained optimization problems,
the constraints consist of a PDE or a system of PDEs together with accompanying boundary
conditions, and (optional) additional constraints. Here, ρ is the variable for which the PDE
needs to be solved, also called the state variable, and w is the control variable that will be
applied in some optimal way. The differential operator D : (X×Y )→ Z describes the PDE on
the interior of the domain, while B : (∂X × ∂Y ) → ∂Z describe the PDE on the boundary of
the domain. Finally, K ⊂ (X × Y ) is a closed convex set that defines, for example, additional
bound constraints that the state and control variables are subject to. Here, X, Y , and Z are
real Banach spaces with boundaries ∂X, ∂Y , and ∂Z respectively, and ρ ∈ X and w ∈ Y .

In this thesis, we wish to consider the solution of PDE-constrained optimization problems
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arising from multiscale particle dynamics, with and without additional bound constraints. We
motivate the class of problems we are interested in, by stating an example of a PDE-constrained
optimization problem of distributed control form. We first define the following spaces for this
problem [213, Chapter 5]:

L2(Ω) =

{
f : ‖f‖L2 =

∫
Ω

|f(x)|2dx <∞
}
,

H1(Ω) = {f ∈ L2(Ω) : ∂xif ∈ L2(Ω), 1 ≤ i ≤ d},
H1

0 (Ω) = {f ∈ H1(Ω) : f |∂Ω = 0},

where x = (x1, . . . , xd)
T is the coordinate system in Ω. (For instance d = 2 reduces x to

x = (x1, x2)T ). Here, Ω ⊂ Rd, d ∈ {1, 2, 3} and ∂Ω is the boundary of Ω.
As a motivating example, we now state the PDE-constrained optimization problem subject

to constraints prescribed by Poisson’s equation [204]:

min
ρ,w

1

2
‖ρ− ρ̂‖2L2(Ω) +

β

2
‖w‖2L2(Ω), (3.2)

s.t. −∇2ρ = w in Ω,

ρ = 0 on ∂Ω.

The variable ρ̂ denotes some desired state or target variable, and the value β > 0 is a regu-
larization parameter. Related time-dependent problems would usually be solved on a domain
Q = Ω× (0, T ) where (0, T ) is some time interval. We look for a control w ∈ L2(Ω) and state
ρ ∈ H1

0 (Ω) that solves the optimization problem, with ρ̂ typically assumed to be in L2(Ω).
The squared L2 norm in the cost functional of problem (3.2) measures how “close” the state

variable is to the desired state, as well as the “size” of the control variable. It is possible to
use other norms, however the choice of a Hilbert space norm is convenient when finding the
continuous optimality conditions of the optimization problem.

The motivation of a problem of this type would be to attempt to drive the state variable “as
close as possible” to a desired state while penalizing the input of large control into the system.
The PDE describes the constraints subject to which such an optimization problem is solved. In a
physical system, the control variable w can be thought of as the energy inputted into the system,
which is often directly connected to the cost of running the system. For instance, consider an
industrial vessel that is used to store raw materials for a manufacturing company, or a data
centre with dedicated server rooms which store clusters of computer web servers. The vessel
or server room is usually required to maintain certain “ideal” atmospheric conditions in order
to best preserve the raw materials or prevent overheating of the computers. However, setting
up a controlled environment to achieve these “ideal” conditions can be financially expensive.
Hence, the two things to consider in this situation are: i) achieving ideal conditions and ii)
minimizing the cost of setting up the controlled environment to achieve the ideal conditions.
This problem could potentially be set up as a PDE-constrained optimization problem. The
state variable in this case may be given by temperature, humidity, or a combination of these
states. The desired state corresponds to the ideal set of atmospheric conditions, and the control
variable could be the energy put into the system to achieve these conditions. The heat equation
or another PDE of similar structure can be used to describe the constraints, and the goal of
the PDE-constrained optimization problem will be to find a set of atmospheric conditions close
to the “ideal” conditions, while penalizing to some extent the energy required to create these
conditions.

The regularization parameter β, also known as the penalty parameter, therefore plays an
important role, as it decides how much we care about the two objectives: i) driving the state
variable as close as possible to the desired state and ii) reducing the input of control into the
system. A large β means we are more interested in heavily penalizing the input of control, and
less so about reaching the desired state, while a small β means the state can get closer to the
desired state, and the input of control is not heavily penalized. Therefore in the above physical
examples, a large β means we are more concerned with minimizing the energy used, while a
small β means we are prioritizing achieving ideal atmospheric conditions.

At the core of such a PDE-constrained optimization problem is finding the optimal profile of
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a control variable which ensures a state variable is close to some desired or target state. These
problems are a key category of optimal control problems. Problem (3.2) is indeed referred to as
a distributed control problem because the control variable is applied over the entire domain.

It is natural to consider time-dependent variants of the problem (3.2), as most real-world
problems have a time-dependent element. In this thesis, we wish to solve distributed control
PDE-constrained optimization problems, constrained by time-dependent PDEs from multiscale
particle dynamics, for instance advection-diffusion equations with additional interaction terms.
Existence and uniqueness of solutions to PDE-constrained problems constrained by linear, semi-
linear, and nonlinear elliptic PDEs such as the Poisson’s equation and parabolic PDEs, for
instance the heat equation are discussed in [121].

In the next section, we introduce the two key approaches developed to solve PDE-constrained
optimization problems, their advantages and disadvantages, and the preferred approach for the
class of problems considered in this thesis.

3.2 Two Approaches for Solving PDE-Constrained Opti-
mization Problems

PDE-constrained optimization problems are typically transformed into optimality conditions
(a system of equations which must be satisfied by an optimal solution) which typically have no
closed-form solutions, and hence are solved numerically via computational algorithms. The use
of computational algorithms requires a discretization scheme to transition from the continuous
spaces to a discrete space which leads to equations that are solvable on a computer (some
problems are defined straight away on discrete spaces). The order in which discretization and
deriving optimality conditions are carried out results in two approaches: i) discretize-then-
optimize and ii) optimize-then-discretize.

The choice of approach is crucial as both approaches can produce different solutions to
the optimization problem, and there are ongoing studies on how their solutions can coincide.
See [61] for instance, for a simple advection-diffusion example, for which the solutions obtained
using the two approaches differ.

3.2.1 Discretize-then-optimize

In the discretize-then-optimize approach, discretization is performed first. The PDE constraints
with associated boundary conditions are discretized with a scheme of choice, for instance the
finite element method, pseudospectral method or finite difference method. The finite element
method for example discretizes the weak formulation of the PDE using finite element basis
functions, and for example assumes that the discretized state and control variables are in H1(Ω)
and L2(Ω), respectively. The cost functional is then discretized using the same basis functions
used for the PDE constraints. This results in a finite-dimensional optimization problem where
the cost functional and PDE constraints are discretized. The next step is to find the necessary
optimality conditions for the discretized optimization problem using, for instance, the method
of Lagrange multipliers (that is explained in further detail in the next section). The optimality
conditions obtained, namely the state, adjoint, and gradient equations (defined in Section 3.4.1),
are therefore individually in the form of linear equations and together combined have the form:

Ax = b, (3.3)

where x contains the discretized state, control, and adjoint variables and b contains the vectors
that enforce the boundary conditions for the state and adjoint variables. The matrix A is
often symmetric and can have a sparse structure by its construction using the finite element
method. This makes the discretize-then-optimize approach more preferable in the linear algebra
community, where a variety of solvers have been developed for symmetric matrix systems (as the
optimize-then-discretize approach does not guarantee symmetry in the resulting linear system
after discretization). However, this approach does not always reflect the continuous optimization
problem and hence can produce less accurate solutions. Furthermore, for the problems that we
consider, A may not be symmetric, and definitely not sparse due to a non-local term in the
PDE.
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There are two classes of widely researched linear algebra solvers to solve the system (3.3):
direct methods which use techniques including Gaussian elimination to decompose the matrix
such that the solution of the system becomes much simpler (see [78] for a summary of such
methods), and iterative solvers (or indirect methods) that start with an initial guess of the
solution, and repeatedly improve the guess to be close to the true solution of the system via
some numerical algorithm. Appropriate iterative methods together with preconditioners can
be very effective and converge fast for solving PDE-constrained optimization problems of very
high dimension such as a recently developed Newton–Krylov method (see [112]) which will be
extended in Chapter 7. It is known that the solution x to (3.3) can be written as

x = A−1b. (3.4)

If A is invertible, A−1 can be highly expensive to evaluate computationally when A is of high
dimension. The idea of preconditioning is to create a matrix (or operator) P and seek to solve,
instead of (3.4), the system

P−1Ax = P−1b, (3.5)

which has more “convenient” properties in the sense that it is cheaper to invert computationally.
We note that symmetry of the matrix A is very important for the effectiveness of some precon-
ditioners. There are many works concerning block iterative solvers of (3.3) in [83,170,171]. Re-
cently, a number of authors studied all-at-once preconditioning of linear elliptic control problems
including those with additional control bound constraints in [204–206, 235]. Iterative solvers
for PDE-constrained optimization problems involving linear parabolic constraints such as the
heat equation are covered in [171, 235]. Non-linear control problems are however much harder
to solve. Studies in [189, 191, 233] develops fast iterative solvers for non-linear problems from
chemical reactions and pattern formation.

3.2.2 Optimize-then-discretize

The alternative optimize-then-discretize approach first obtains the necessary optimality condi-
tions in the continuous space the problem is defined in, then solves the continuous optimality
system computationally via discretization, followed by the use of a direct or iterative solver.
The advantage of this approach is that it most accurately reflects the continuous optimization
problem, hence generally produces more accurate solutions on the infinite-dimensional level.

The continuous optimality conditions similarly consist of state, adjoint, and gradient equa-
tions. Hence, the discretize-then-optimize and optimize-then-discretize approaches, could lead
to discretized optimality conditions with similar, but not necessarily the same, linear system.

For time-dependent problems, one obtains a state equation that is an initial value problem
(with an initial time condition), and an adjoint equation that is a final-time problem (with a
final time condition). The gradient equation couples the state and adjoint variables. Such a
system can be solved using gradient-descent methods or Newton methods, for example, that
iteratively solve the state equation forward in time, and the adjoint equation backward in
time (see [121, Chpater 2]). We adopt one such iterative solver which follows the theory of
fixed-point methods for one-dimensional and two-dimensional problems in Chapters 5 and 6.
An alternative way is to solve both state and adjoint equations at once as systems of coupled
elliptic equations in space and time. The transformation of the optimality system into an elliptic
PDE for linear parabolic optimal control problems with pointwise control constraints have been
considered in [178, 179]. This method is also known as the one-shot or all-at-once approach
and treats the coupled optimality system in the whole space–time cylinder, where the time
variable is interpreted as an additional space variable. We consider one such newly developed
Newton–Krylov solver acting in space and time variables, that employs a preconditioner for
fast convergence, as an alternative to the fixed-point solver for two-dimensional problems in
Chapter 7.

In summary, the discretize-then-optimize approach often leads to symmetric matrix systems
that can be solved with efficient linear algebra solvers, but compromises on the accuracy of
the solutions to the continuous optimization problem. Alternatively, the solutions from the
optimize-then-discretize approach most accurately obey the continuous optimization problem,
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but produce linear systems that can be harder to solve, for example because of lack of symmetry.
In this thesis, we wish to solve PDE-constrained problems involving time-dependent, non-

linear, and non-local PDEs from particle dynamics such as an advection-diffusion equation
that contains additional integral terms. The discretization of such problems lead to denser
and unstructured matrix systems that become difficult to solve with the iterative methods
and preconditioners developed for symmetric systems. Since symmetry is not achievable for
the problems we consider, it is natural to choose the optimize-then-discretize approach, so we
can obtain solutions that more accurately reflect the continuous optimization problem. The
discretization step is tackled second, also making it easier to apply different discretization
schemes and optimization solvers to find solutions to the continuous optimality system. In fact,
we explore this versatility in Chapters 4, 5 and 6, where we develop a comprehensive numerical
framework which is a novel combination of pseudospectral or finite difference discretization
methods, and fixed-point or Newton–Krylov solvers. The appearance of dense matrices in
our problems of interest, greatly motivates the use of the pseudospectral discretization as it
works very well for dense matrix systems on simple domains, instead of, for instance, finite
element methods that works better with local operators (leading to sparse matrices) on complex
domains.

In Sections 3.3, 3.4, and 3.5, we provide an introduction to the optimize step of the optimize-
then-discretize approach. We show how to obtain continuous first-order optimality conditions
using the method of Lagrange multipliers. We present the example of an optimization problem
involving the linear heat equation, as a precursor to the problems involving non-linear and
non-local advection-diffusion equations tackled later in Chapters 5, 6 and 7.

3.3 Preliminaries

The general approach we follow in this thesis for the analytical treatment of the general PDE-
constrained optimization problem (3.1) is based on the theory of Lagrange multipliers [17, 37,
121, 128, 231, 246]. The following definitions and theorems are useful for implementing this

theory. We denote the divergence of a vector field ~F by ∇ · ~F , and the gradient of a scalar field
G by ∇G.

Definition 3.3.1. (Directional Derivative [24]) Let X,Y be Banach spaces, then the directional
derivative of f : X → Y at x ∈ U ⊆ X in the direction h ∈ X, denoted by the symbol f ′(x;h),
is defined as

f ′(x;h) = lim
t→0

f(x+ th)− f(x)

t

whenever the limit on the right exists.

Definition 3.3.2. (Fréchet Derivative [24]) Let f be a function from an open subset U of a
Banach space X into the Banach space Y . We say f is Fréchet differentiable at x ∈ U if there
is a bounded linear operator D : X → Y such that

lim
‖h‖U→0

‖f(x+ th)− f(x)−Df(x)h‖Y
‖h‖U

= 0

is uniform for every h ∈ SX , and t > 0 sufficiently small so that x+ th ∈ U . The set SX is the
set of all subspaces of X. The operator D is called the Fréchet derivative of f at x. In addition,
if the directional derivative exists for each h ∈ U , then the map

f ′(x; ·) : U → Y

h� f ′(x;h)

is called the first variation of f at x. If this is a bounded linear operator, then it is the Fréchet
derivative of f at x.

Theorem 3.3.1. (Divergence Theorem [192]) Let Ω be a bounded open subset of Rd with
smooth or piecewise smooth boundary ∂Ω. Let F = (F1, . . . , Fd) be a smooth vector field
defined in Rd, or at least in Ω ∪ ∂Ω. Let n be the unit outward-pointing normal of ∂Ω. Then
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the Divergence Theorem states that∫
Ω

∇ · F dV =

∫
∂Ω

F · n dA,

where

∇ · F =
∂F1

∂x1
+
∂F2

∂x2
+ · · ·+ ∂Fd

∂xd
,

with dV the element of volume in Rd and dA is the element of surface area on ∂Ω. We note

that if F can be written as ∇H, then F ·n = ∇H ·n can be written as
∂H

∂n
for a scalar function

H.

We use the following vector calculus identity together with the Divergence Theorem. Let G
be a scalar field and F be a smooth vector field defined in R and Rd respectively. Then

∇ · (GF) = G∇ · F +∇G · F. (3.6)

Theorem 3.3.2. (Fundamental Lemma of Calculus of Variations [130]) If a continuous function
f on an open interval (a, b) satisfies the equality∫ b

a

f(x)h(x)dx = 0

for all compactly supported smooth functions h on (a, b), then f is identically zero.

Definition 3.3.3. (Variational Inequality Problem [10]) Given a Banach space X, a subset
U of X, and a functional F : U → X∗ from U to the dual space X∗ of X, the variational
inequality problem is the problem of solving for the variable x ∈ U the following inequality:

〈F(x), y − x〉 ≥ 0 ∀y ∈ U, (3.7)

where 〈·,·〉 : X∗ ×X → R is the duality pairing.

A standard example in [10] is the problem of finding the minimal value of a differentiable
function f over a closed interval I = [a, b]. Let x∗ be a point in I where the minimum occurs.
Three cases can occur:

f ′(x∗) = 0 if a < x∗ < b,

f ′(x∗) ≥ 0 if x∗ = a,

f ′(x∗) ≤ 0 if x∗ = b.

These necessary conditions can be summarized as the problem of finding x∗ ∈ I such that

f ′(x∗)(y − x∗) ≥ 0 ∀y ∈ I.

3.3.1 Theory of Lagrange Multipliers

We recall the PDE-constrained optimization problem (3.1) in Section 3.1:

min
ρ∈X,w∈Y

J (ρ, w)

s.t. D(ρ, w) = 0 in X × Y,
B(ρ, w) = 0 on ∂X × ∂Y,

(ρ, w) ∈ K.

We suppose X, Y , and Z are Hilbert spaces, with the functional J , operators D and B, convex
set K on the state variable ρ, and control variable w as defined in Section 3.1. We first discuss
the case where the additional constraint is w ∈ K ⊂ Y . We assume J , D and B have continuous
first derivatives, and denote by DρJ , DwJ the Fréchet derivatives of J with respect to ρ and
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w, respectively. Let Z∗ be the dual space of Z and the duality product be denoted by 〈·,·〉Z∗,Z .
We form the Lagrange functional

L(ρ, w, q) = J (ρ, w)− 〈D(ρ, w) + B(ρ, w),q〉Z∗,Z , (3.8)

where q ∈ Z∗ is the Lagrange multiplier associated with the equality constraint (in our case
the PDE) D(ρ, w) = 0 with boundary condition B(ρ, w) = 0. We note that, in other literature
(see [190,232,234]), the minus sign in (3.8) is replaced with addition. The choice of signs does
not affect the solution to the optimization problem, one only has to be consistent throughout
the working. For clarity in the working, the Lagrange multiplier q is typically split into two
multipliers q1 and q2, where q1 is associated with the PDE in the interior of the domain,
D(ρ, w) = 0, while q2 is associated with the boundary condition B(ρ, w) = 0. It is shown
in [128, Section 1], that a minimizing pair (ρ̄, w̄) satisfies the necessary conditions:

DρL(ρ̄, w̄, q) = DρJ (ρ̄, w̄)− 〈DρD(ρ̄, w̄), q1〉 − 〈DρB(ρ̄, w̄), q2〉 = 0, (3.9)

〈DwJ (ρ̄, w̄)−DwD(ρ̄, w̄)q1 −DwB(ρ̄, w̄)q2 , w − w̄〉Z∗,Z ≥ 0 ∀w ∈ K, (3.10)

D(ρ̄, w̄) = 0, B(ρ̄, w̄) = 0, and w̄ ∈ K. (3.11)

Equations (3.9), (3.10) and (3.11) are known as the Karush–Kuhn–Tucker (KKT) conditions
[121, Chapter 1], and are referred to as first-order optimality conditions. In the case K = Z,
the inequality (3.10) results in the equality

DρJ (ρ̄, w̄)− 〈DwD(ρ̄, w̄), q1〉Z∗,Z − 〈DwB(ρ̄, w̄), q2〉∂Z∗,∂Z = 0. (3.12)

In optimal control theory, the multiplier q consisting of q1 and q2 is called the adjoint variable.
Equation (3.11) is known as the state equation or forward equation, equation (3.9) is referred to
as the adjoint equation or backward equation, and equation (3.10) as the variational inequality,
with its equality version (3.12) the gradient equation. The terminology is motivated by time-
dependent problems, where (3.9) is a final-time problem with a final time condition and (3.11)
is an initial value problem with initial time condition. We note that the state equation is derived
from the Fréchet derivative of the Lagrangian operator with respect to the state variable equated
to zero, DqL(ρ, w, q) = 0, recovering the PDE constraint.

3.4 Continuous First-Order Optimality Conditions

We now illustrate how to obtain first-order optimality conditions for the time-dependent dis-
tributed control problems we are interested in, by showing the working for an introductory ex-
ample involving the heat equation, with either Dirichlet or Neumann boundary conditions. We
define the following spaces for the PDEs that appear in this section. We denote Q = Ω× (0, T )
to be the space–time domain on which the PDE is modelled. Here, Ω ⊆ Rd, with d ∈ {1, 2, 3} is
some given spatial domain with boundary ∂Ω, and [0, T ] is the time interval with a prescribed
final time, T . The boundary ∂Q, of Q, therefore refers to ∂Ω× (0, T ). Also, a function

h ∈ C∞0 (Q) =⇒ h ∈ C∞0 (0, T ; Ω),

where C∞0 (Q) is the space of all continuous functions on Q which are equal to zero on the
boundary ∂Q.

3.4.1 Dirichlet Boundary Conditions

First, let us consider the following distributed control optimization problem constrained by the
heat equation with Dirichlet boundary conditions:

min
ρ,w

1

2

∫ T

0

∫
Ω

(ρ− ρ̂)2 dxdt+
β

2

∫ T

0

∫
Ω

w2 dxdt (3.13)

s.t ∂tρ−∇ · (∇ρ) = w in Q,

ρ = ρ0 at t = 0,
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ρ = 0 on ∂Q.

For a problem of this type, we emphasize again that ρ is the state variable, ρ̂ is the target
or desired state, w is the control variable, β > 0 is the regularization parameter, and Q is as
defined above.

We use the method of Lagrange multipliers, discussed in Section 3.3.1, to obtain the op-
timality system for the problem in (3.13). We introduce two Lagrange multipliers q1 and q2

arising from the adjoint variable q, which we assume to have appropriate smoothness. The
variable q1 is related to the interior of the domain Q and q2 to its boundary, ∂Q. The solution
of (3.13) leads to the continuous Lagrangian operator:

L(ρ, w, q1, q2) =
1

2

∫ T

0

∫
Ω

(ρ− ρ̂)2 dxdt+
β

2

∫ T

0

∫
Ω

w2 dxdt

−
∫ T

0

∫
Ω

(∂tρ−∇ · (∇ρ)− w) q1 dxdt−
∫ T

0

∫
∂Ω

q2ρ dsdt.

We seek the stationary point of L to obtain the optimal state ρ̄ and optimal control w̄. We
follow standard working for time-dependent PDE-constrained optimization problems, (see [246,
Chapter 3] for example), and find the Fréchet derivative of the Lagrangian operator with respect
to the state, adjoint, and control variables, and equate these derivatives to zero.

First, we consider the Fréchet derivative with respect to the adjoint variables q1 and q2 in
the direction h equated to zero.

Dq1L(ρ̄, w̄, q1, q2)h = −
∫ T

0

∫
Ω

(∂tρ̄−∇ · (∇ρ̄)− w̄)h dxdt = 0,

and

Dq2L(ρ̄, w̄, q1, q2)h = −
∫ T

0

∫
∂Ω

ρ̄h dsdt = 0.

For all h ∈ C∞0 (Q), the Fundamental Lemma of Calculus of Variations implies that for
Dq1L(ρ̄, w̄, q1, q2)h,

− (∂tρ̄−∇ · (∇ρ̄)− w̄) = 0, in Q,

and for Dq2L(ρ̄, w̄, q1, q2)h,

ρ̄ = 0 on ∂Q

This working returns the PDE constraint in the problem (3.13) which we refer to as the
forward problem, or the state equation:

∂tρ̄−∇ · (∇ρ̄) = w̄ in Q (3.14)

ρ̄ = ρ0 at t = 0,

ρ̄ = 0 on ∂Q.

Next, we consider the Fréchet derivative with respect to the state variable ρ in the direction h:

DρL(ρ̄, w̄, q1, q2)h =

∫ T

0

∫
Ω

(ρ̄− ρ̂)h dxdt−
∫ T

0

∫
Ω

(∂th−∇ · (∇h)) q1 dxdt

−
∫ T

0

∫
∂Ω

q2h dsdt.

We seek to make h the subject of the derivative DρL(ρ̄, w̄, q1, q2)h. From the vector calculus
identity (3.6) and the Divergence Theorem,∫

Ω

q1∇ · (∇h) dx =

∫
Ω

∇ · (q1∇h) dx−
∫

Ω

∇q1 · ∇h dx,
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=

∫
∂Ω

q1
∂h

∂n
ds−

∫
Ω

∇q1 · ∇h dx, (3.15)

∫
Ω

h∇ · (∇q1) dx =

∫
Ω

∇ · (h∇q1) dx−
∫

Ω

∇h · ∇q1 dx

=

∫
∂Ω

h
∂q1

∂n
ds−

∫
Ω

∇q1 · ∇h dx. (3.16)

Combining (3.15)−(3.16) gives∫
Ω

q1∇ · (∇h) dx =

∫
Ω

h∇ · (∇q1) +

∫
∂Ω

(
q1
∂h

∂n
− h∂q1

∂n

)
ds.

Further, using the product rule and integration by parts on the time derivative gives

∂t(q1h) = h∂tq1 + q1∂th,

=⇒
∫ T

0

q1∂th dt =

∫ T

0

∂t(q1h) dt−
∫ T

0

h∂tq1 dt

= q1h|T0 −
∫ T

0

h∂tq1 dt.

Hence, the Fréchet derivative with respect to the state variable ρ in the direction h may be
rewritten as:

DρL(ρ̄, w̄, q1, q2)h =

∫ T

0

∫
Ω

(ρ̄− ρ̂)h dxdt−
∫ T

0

∫
Ω

(−∂tq1 −∇ · (∇q1))h dxdt

−
∫

Ω

q1h|T0 dx+

∫
∂Ω

(
q1
∂h

∂n
− h∂q1

∂n

)
dsdt−

∫ T

0

∫
∂Ω

q2h dsdt.

For a stationary point, the optimal control w̄ and state ρ̄ must satisfy

DρL(ρ̄, w̄, q1, q2)h = 0 ∀h ∈ L2(0, T ;H1(Ω)).

In particular if we choose h ∈ C∞0 (Q) where h|∂Q = 0 =
∂h

∂n
|∂Q, and h(x, 0) = h(x, T ) = 0,, we

have that ∫ T

0

∫
Ω

(ρ̄− ρ̂)h dxdt−
∫ T

0

∫
Ω

(−∂tq1 −∇ · (∇q1))h dxdt = 0,

which by the Fundamental Lemma of Calculus of Variations implies that

ρ̄− ρ̂+ ∂tq1 +∇ · (∇q1) = 0 on Q.

Next, if we drop the condition that h(x, T ) = 0, and combine with the PDE just derived, we
obtain the equation ∫

Ω

q1(x, T )h(x, T ) dx = 0.

Hence by the Fundamental Lemma of Calculus of Variations, we obtain the final time condition,
q1(x, T ) = 0. If we next consider h ∈ H1

0 (Q) so that only h|∂Q = 0, then we have that∫ T

0

∫
∂Ω

q1
∂h

∂n
dsdt = 0,

from which we obtain the spatial boundary condition q1 = 0 on ∂Q. If we then consider all
remaining h ∈ L2(0, T ;H1(Ω)), we obtain an equation that links q1 and q2, that is

q2 = −∂q1

∂n
on ∂Ω.
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After relabelling q1 as q, we obtain the PDE

−∂tq −∇ · (∇q) = ρ̄− ρ̂ in Q, (3.17)

q = 0 at t = T,

q = 0 on ∂Q.

which we refer to as the adjoint equation.

Finally, we wish to find the gradient equation which is derived from the Fréchet derivative of
the Lagrangian operator L with respect to the control variable, w. Once again for a stationary
point, the optimal control and state must satisfy

DwL(ρ̄, w̄, q1, q2)h = 0 ∀h ∈ L2(0, T ;H1(Ω)).

This gives that ∫ T

0

∫
Ω

(βw̄ + q1)h dxdt = 0 ∀h ∈ L2(0, T ;H1(Ω)).

Hence by the Fundamental Lemma of Calculus of Variations, and after relabelling q1 as q, we
obtain

βw̄ + q = 0 a.e. in Q. (3.18)

We note that there are no equations on the boundary of Q involving the control variable w
in this particular example. Some examples from particle dynamics have the control variable
present in the boundary conditions. In fact, there is a class of PDE-constrained optimization
problems referred to as boundary control problems [121, Chapter 1], where the control variable
is only measured within J through the boundary, but these are not studied in this thesis.

We have now obtained the continuous first-order optimality system for problem (3.13),
consisting of the state equation (3.14), adjoint equation (3.17), and gradient equation (3.18):

∂tρ̄−∇ · (∇ρ̄) = w̄ in Q,

ρ̄ = ρ0 at t = 0,

ρ̄ = 0 on ∂Q.

−∂tq −∇ · (∇q) = ρ̄− ρ̂ in Q,

q = 0 at t = T,

q = 0 on ∂Q.

βw̄ + q = 0 in Q.

We can also make w̄ the subject of the gradient equation to obtain w̄ = − 1
β q, and substitute it

into the state equation to obtain:

∂tρ̄−∇ · (∇ρ̄) = − 1

β
q in Q,

ρ̄ = ρ0 at t = 0,

ρ̄ = 0 on ∂Q.

−∂tq −∇ · (∇q) = ρ̄− ρ̂ in Q,

q = 0 at t = T,

q = 0 on ∂Q.
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3.4.2 Neumann Boundary Conditions

We now consider the same optimization problem constrained by the heat equation as before,
but this time with Neumann boundary conditions:

min
ρ,w

1

2

∫ T

0

∫
Ω

(ρ− ρ̂)2 dxdt+
β

2

∫ T

0

∫
Ω

w2 dxdt (3.19)

s.t ∂tρ−∇ · (∇ρ) = w in Q,

ρ = ρ0 at t = 0,

∂ρ

∂n
= 0 on ∂Q.

We also use the method of Lagrange multipliers to obtain the optimality system for the
problem in (3.19). We again introduce the two Lagrange multipliers q1 and q2 (assumed to
have appropriate smoothness) arising from the adjoint variable q, and relating to the interior
and boundary of the domain respectively. We now consider the Lagrangian:

L(ρ, w, q1, q2) =
1

2

∫ T

0

∫
Ω

(ρ− ρ̂)2 dxdt+
β

2

∫ T

0

∫
Ω

w2 dxdt

−
∫ T

0

∫
Ω

(∂tρ−∇ · (∇ρ)− w) q1 dxdt−
∫ T

0

∫
∂Ω

q2
∂ρ

∂n
dsdt.

We note that the difference in this Lagrangian compared to that of the previous example
is the change in boundary conditions. Hence our procedure remains the same, except on the
boundary and this leads to the optimality system consisting of the state equation, adjoint
equation and gradient equation:

∂tρ̄−∇ · (∇ρ̄) = w̄ in Q,

ρ̄ = ρ0 at t = 0,

∂ρ̄

∂n
= 0 on ∂Q.

−∂tq −∇ · (∇q) = ρ̄− ρ̂ in Q,

q = 0 at t = T,

∂q

∂n
= 0 on ∂Q.

βw̄ + q = 0 in Q.

Here, we can also rewrite the gradient equation as w̄ = − 1

β
q and substitute this into the state

equation to obtain:

∂tρ̄−∇ · (∇ρ̄) = − 1

β
q in Q,

ρ̄ = ρ0 at t = 0,

∂ρ̄

∂n
= 0 on ∂Q.

−∂tq −∇ · (∇q) = ρ̄− ρ̂ in Q,

q = 0 at t = T,

∂q

∂n
= 0 on ∂Q.
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3.5 Additional Control Constraints

3.5.1 Background

As mentioned in Section 3.1, in particular Section 3.3.1, the convex set K in the general PDE-
constrained optimization problem (3.1) can be used to impose additional inequality constraints
on either the state or control variable. These constraints could be of great practical use, for
instance, in the example described earlier concerning storing raw materials, or cooling server
rooms, an additional state constraint would involve rigidly specifying the atmospheric conditions
which may occur, and an additional control constraint would put fixed limits on the amount of
energy allowed to be expended on the physical system.

A variety of methods have been developed to tackle PDE-constrained with pointwise state
and control constraints, for example box constraints [234]. State constraints typically require
careful consideration of regularity requirements, compared to control constraints [31]. A few
of these methods that have been shown to work on distributed control optimization problems
with Dirichlet, Neumann, or periodic type boundary conditions are: Interior Point Methods
(IPMs) [173, 250], Lagrangian and Augmented Lagrangian methods [33], the Moreau–Yosida
Regularization [9, 190], Semi-smooth Newton methods (SSN) [127, 165, 232, 247], the Primal-
Dual Active Set strategy [32,70,126,147], and the Alternating Direction Method of Multipliers
(ADMM) [94,230].

Interior point methods are often considered for the discretize-then-optimize approach, and
have been used to solve problems involving semilinear elliptic equations subject to control and
state inequality constraints (see [173] for example). In [30, 33], Lagrangian and augmented
Lagrangian methods are applied to optimal control problems with additional state and control
constraints. The Lagrangian formulation is utilized for decoupling the state equation, and also
for problems where other methods may lead to high number of iterations to converge. The
Moreau–Yosida regularization and SSN methods have been used very successfully in both the
discretize-then-optimize and optimize-then-discretize approaches. Comparison of the effective-
ness of the Moreau–Yosida regularization against interior point methods for the discretize-then-
optimize approach can be found in [31]. SSN methods provide state-of-the-art algorithms for
solving optimal control problems constrained by any class of linear PDEs with additional box
constraints. We refer to [127,165,232,247] which introduce the hybrid semismooth quasi-Newton
methods for optimal control problems with the additional non-smooth pointwise state and con-
trol constraints. The Primal-Dual Active Set Strategy arose as a special case of the generalized
Moreau–Yosida regularization, and is based on an active set strategy involving primal as well
as dual variables (see [32, 70, 126]). The Primal-Dual Active Set strategy has been shown to
converge for a general class of infinite dimensional optimal control problems with linear PDE
constraints (see [147]). Previously, ADMM was used as the first step, in a two-phased approach,
to find a good initial guess for the Primal-Dual Active Set strategy to solve elliptic optimal
control problems with pointwise box constraints on the control variable (see [230]). However,
recent studies in [230] and [94] extends ADMM to solve a range of optimal control problems
constrained by linear parabolic equations, hyperbolic equations, advection-diffusion equations
and fractional parabolic equations.

In Chapters 6 and 7, we will consider PDE-constrained optimization problems arising from
opinion dynamics, a research area that deals with human populations. In this regard, the control
variable is a section of the human population, and it becomes practical to enforce positivity
of the control population resulting in inequality bounds on the control variable. We note that
convergence of all the above mentioned methods for problems involving non-linear and non-local
PDEs such as the type considered in this thesis are yet to be shown, and would be a valuable
avenue of future work. However, we adopt the Primal-Dual Active Set strategy as the most
likely method to tackle the additional bound constraints for problems in this thesis, because of
its general success with similar problems constrained by non-linear parabolic PDEs (see [104]).
In this section, we illustrate the theory of this strategy, by applying the Primal-Dual Active
Set strategy to a version of the distributed control example involving the heat equation stated
in Section 3.4 with additional control constraints.
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3.5.2 Primal-Dual Active Set Strategy

First introduced in [67], the Primal-Dual Active Set strategy is a numerical method to solve
problems with additional bound constraints. It is shown in [119] to be equivalent to a semis-
mooth Newton method, which is important as superlinear convergence is therefore guaranteed
under suitable conditions [36].

Let us consider the distributed control optimization problem constrained by the heat equa-
tion with Dirichlet boundary conditions which involve additional control constraints:

min
ρ,w

1

2

∫ T

0

∫
Ω

(ρ− ρ̂)2 dxdt+
β

2

∫ T

0

∫
Ω

w2 dxdt (3.20)

s.t ∂tρ−∇ · (∇ρ) = w in Q,

ρ = ρ0 at t = 0,

ρ = 0 on ∂Q,

wa ≤ w ≤ wb a.e. in Q.

Here, wa and wb are either constants or functions in terms of the spatial coordinate, and
provide lower and upper bounds that the control variable w is required to satisfy. We define
Wad = {w : wa ≤ w ≤ wb a.e. in Q} as the set of all admissible functions for the control
variable. We base our methodology for solving problem (3.20) following the derivation in [234].

We note that in the corresponding problem (3.13) with no additional control constraints,
we obtain the optimality system consisting of the state, adjoint and gradient equation as:

∂tρ̄−∇ · (∇ρ̄) = w̄ in Q,

ρ̄ = ρ0 at t = 0,

ρ̄ = 0 on ∂Q,

−∂tq −∇ · (∇q) = ρ̄− ρ̂ in Q,

q = 0 at t = T,

q = 0 on ∂Q,

βw̄ + q = 0 in Q,

respectively, with the gradient equation being the result of the optimality condition:

DwL(ρ̄, w̄, q1, q2)h = 0, ∀h ∈ L2(0, T ;H1(Ω)). (3.21)

From the theory of Lagrange multipliers discussed in Section 3.3.1, the additional box con-
straints on the control w in problem (3.20), results in the variational inequality :

(w − w̄)DwL(ρ̄, w̄, q1, q2)h ≥ 0, ∀h ∈ L2(0, T ;H1(Ω)), ∀w ∈Wad, (3.22)

which follows from the variational inequality problem defined in (3.7), and written here as:

F ′(w̄)(w − w̄) ≥ 0 ∀w ∈Wad.

The functional F(w) is obtained by making ρ the subject of the state equation and substituting
it into the objective function. From the condition (3.22), we now have the inequality:

(w − w̄)(βw̄ + q) ≥ 0 ∀w ∈Wad, (3.23)

for problem (3.20). We note that in the absence of box constraints, (3.23) would reduce to the
gradient equation, βw̄ + q = 0.
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With Wad as defined above, we obtain the expression of w̄ from (3.23) as:

w̄ =

 = wb βw̄ + q < 0,
∈Wad βw̄ + q = 0,
= wa βw̄ + q > 0.

(3.24)

Generally, we are able to introduce additional Lagrange multipliers to transform inequality
constraints to equality constraints, referred to as the complementary slackness condition [197,
Chapter 22]. The approach in [234] introduces two new Lagrange multipliers µa and µb, cleverly
defined (using relation (3.24)) as µa := (βw̄ + q)− and µb := (βw̄ + q)+, where

(βw̄ + q)− =

{
βw̄ + q βw̄ + q ≥ 0,
0 otherwise,

and

(βw̄ + q)+ =

{
|βw̄ + q| βw̄ + q ≤ 0,
0 otherwise.

The complementary slackness condition is written as:

(wa − w̄)µa = 0, µa ≥ 0, wa − w̄ ≤ 0,
(w̄ − wb)µb = 0, µb ≥ 0, w̄ − wb ≤ 0,

For convenience, we introduce a new Lagrange multiplier

µ := µa − µb = βw̄ + q,

and we have for the optimal control

w̄ =

 = wb µ < 0,
∈Wad µ = 0,
= wa µ > 0.

Now, let us define the active sets for this problem, on the discretized space domain with N + 1
points as

A+ = {i ∈ {0, 1, . . . , N} : (w − µ)i > (wb)i}, (3.25)

A− = {i ∈ {0, 1, . . . , N} : (w − µ)i < (wa)i},
AI = {0, 1, . . . , N}\(A+ ∪A−),

where (w−µ)i, (wa)i and (wb)i denote the values of w−µ, wa and wb, respectively, at the i-th
node. These sets correspond to the nodes at which the control constraints are achieved (AI),
or violated (A− and A+). In [234], an Active Set method, presented in Algorithm 1, is used to
compute ρ(k), q(k) and w(k), which are successive approximations to the optimal solutions ρ̄, q
and w̄. The following conditions have to hold in each step of the iterative procedure:

∂tρ̄
(k) −∇ · (∇ρ̄(k)) = w̄(k) in Q, (3.26)

ρ̄(k) = ρ0 at t = 0,

ρ̄(k) = 0 on ∂Q,

−∂tq(k) −∇ · (∇q(k)) = ρ̄(k) − ρ̂ in Q, (3.27)

q(k) = 0 at t = T,

q(k) = 0 on ∂Q,

βw̄(k) + q(k) − µ(k) = 0 in Q, (3.28)

w̄(k) = wa on A
(k)
− ,

w̄(k) = wb on A
(k)
+ ,
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µ(k) = 0 on A
(k)
I .

Algorithm 1 Active Set algorithm for control constrained optimal control problems

1: Choose w(0), µ(0)

2: Define active sets A
(0)
− , A

(0)
+ , A

(0)
I using definitions (3.25) and u(0), µ(0)

3: for k = 1, 2, . . . do

4: Solve (3.26), (3.27), (3.28) on the free variables from previous iteration (on A(k−1)
I )

5: Update µ(k) via µ(k) = βw(k) + q(k)

6: Define new active sets A
(k)
− , A

(k)
+ , A

(k)
I using u(k), µ(k)

7: if A
(k)
− = A

(k−1)
− , Ak+ = A

(k−1)
+ , and AkI = A

(k−1)
I then

8: Stop. Algorithm converged
9: end if

10: end for

The procedure is terminated at the iteration where the active sets remain unchanged from
the previous iteration. We note that the optimality system (3.26), (3.27), and (3.28) has to be
solved at each iteration of the Active Set method. The algorithm therefore stops at an optimal
(is a stationary point of the objective function, and satisfies the PDE constraints) and feasible
(obeys the additional bound constraints) point.

The Active Set strategy gives a first look into the comprehensive numerical framework de-
veloped in this thesis, to solve PDE-constrained optimization problems from multiscale particle
dynamics. Later, in Chapters 5, 6 and 7, we discuss the class of problems we wish to solve,
and extensively detail the numerical methods employed to solve their continuous first-order
optimality systems in Chapter 4.

3.6 Applications of PDE-Constrained Optimization Prob-
lems

Partial differential equations can mathematically model a multitude of natural phenomena,
hence there are unlimited possibilities to formulate optimization problems in scientific applica-
tions as PDE-constrained optimization problems. To provide an illustration, we now present
some applications of PDE-constrained optimization problems in industry.

One example of an optimal control problem is the Monge–Kantorovich mass transfer prob-
lem, where one wishes to find a mapping from one bounded density function to another that
is optimal in a suitable sense, by minimizing the Kantorovich distance (least action needed)
between the two functions (see [8, 27, 28]). A practical application is the mass transport of
construction materials from one site to another. Optimal control is also applied to chemical
processes (involving reaction-diffusion equations), where state variables relate to concentra-
tions of reactants (with one possibly denoting a temperature), and the control relating to the
rate at which a chemical is fed into the reaction mechanism or a boundary condition, with
the aim of minimizing the “cost” of carrying out the reaction. See [22, 103–105] for examples
of these boundary control problems governed by a system of semilinear parabolic PDEs with
additional pointwise control constraints. Other applications of optimal control problems ap-
pear through the optimization of fluid flow, also called flow control, for example modelled by
advection-diffusion equations [109,150], and in electronics, where second-order methods are pro-
posed to solve an optimal semiconductor design problem based on the standard drift diffusion
model [120].

Parameter estimation in PDE-constrained optimization typically arise from inverse prob-
lems (in some sense, the counterpart of forward problems). In forward problems, the PDE
parameters (initial conditions, boundary and domain sources, material coefficients, and the
domain geometry) are known, and the state of the system is determined by solving the PDE.
The inverse problem reverses the process: some components of the state are observed, while
some subset of PDE parameters are unknown. Parameter estimation of the unknown parame-
ters of the PDE then involves formulating an objective function that minimizes the differences
between the observed states and those predicted by the PDE. The solution to this typically
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ill-conditioned and strongly nonlinear optimization problem yields components of the unknown
parameters. Applications arise in medical imaging and tomography [16,51,59,129,135], a field
where low-energy visible or near infra-red light is used to probe highly scattering media, in
order to derive qualitative or quantitative images of the optical properties of these media. In
optical tomography, light is guided by fibre optics to the surface of the subject, and detecting
fibres are used to measure the transilluminated light. Thus the inverse problem is one of the
recovery of coefficients in a domain from data on its boundary. Other applications appear in
electromagnetic inverse problems [3, 114, 115], in which the goal is to determine coefficients of
the material parameter field of a heterogeneous medium, given a source and waveform obser-
vations at receiver locations on its boundary. Inverse problems of this type arise in seismic
exploration, earthquake modeling, ocean acoustics and obstacle detection.

Shape optimization involves the optimal design of the geometry of an object of interest. It
is indispensable for designing and constructing industrial components and therefore appears
in many applications in the engineering sector. For instance, in aerodynamics, it is used in
finding the optimal shape of an airfoil. An airfoil is the cross-sectional shape of an object
whose motion through a gas is capable of generating significant lift, such as a wing, a sail, or
the blades of propeller, rotor, or turbine. In [183,228], the airfoil design problem is formulated
as a PDE-constrained optimization problem in which flow variables and design variables are
viewed as independent, and the coupling steady-state Euler equation is used as a constraint,
along with geometric and other constraints. The all-at-once approach is implemented to solve
for an optimum airfoil design. Another application in biology is the optimal design of prosthetic
bypasses or grafts. Prosthetic grafts are required for coronary artery bypass grafting (CAPG).
A coronary artery bypass graft is a surgical procedure used to treat coronary heart disease.
The procedure diverts blood around narrowed or clogged parts of the major arteries to improve
blood flow and oxygen supply to the heart. Prosthetic bypasses act as alternative conduits for
blood during CABG. In [201], the theory of optimal control, using Navier–Stokes equations, is
applied in order to optimize the shape of Aorto–Coronaric bypass anastomoses configurations.
The aim is to design prosthetic devices that minimize the mechanical loading on blood particles,
for instance to avoid damage of red blood cells. This is one of many examples that combine
flow control problems in fluid dynamics and shape optimization.

This section provides only a handful of useful PDE-constrained optimization problems; there
are many more examples in the literature. In the next chapter, we present the first class of
optimization problems tackled in this thesis, which are constructed with DDFT PDEs.
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Chapter 4

Numerical Algorithms for
PDE-Constrained Optimization
Problems from Multiscale
Particle Dynamics

In this chapter, we highlight our novel contributions to the study of numerical algorithms to
solve PDE-constrained optimization problems that feature a non-linear and non-local integral
operator in the forward PDE. Standard numerical implementations cannot be readily applied to
these problems, hence necessitating the development of new approaches to address the numerical
challenges.

We employ a novel combination of pseudospectral discretization with a first-order fixed-point
iterative solver and an Armijo–Wolfe-like line search strategy, or a second-order Newton–Krylov
solver to tackle the numerical challenges of solving a system of non-local PDEs. The fixed-point
framework for optimization within a pseudospectral method is new for problems of this form,
as is as the use of the Newton–Krylov solver for non-linear and non-local PDE-constrained
optimization problems. To benchmark the performance of the fixed-point solver, we use a
multiple-shooting algorithm to allow for comparisons.

The methods discussed here are implemented in our new 2DChebClass PDECO software [1]
and are readily available to be used. The principal novelties added to the software concern the
computation of convolution integrals and the implementation of spatial boundary conditions.
We also contribute implementations of pseudospectral and finite difference discretization on
periodic geometries.

The chapter is organized as follows. In Section 4.1, we detail the pseudospectral discretiza-
tion and its suitability for the problems we are interested in. Next, we discuss our choice of
solver for the forward PDE and present our choice of rewriting the backward adjoint equation
as a forward PDE to take advantage of the forward PDE solver in Section 4.2. We then present
a multiple shooting solver in Section 4.3 to solve the system of forward PDEs and state its
limitations. In Section 4.4, we detail the fixed-point algorithm we employ to solve the system
of PDEs from the continuous optimality conditions and present the Armijo–Wolfe step we com-
bine to the fixed–point algorithm to increase the speed of convergence. We then conclude in
Section 4.5, by introducing the Newton–Krylov algorithm which we later detail in Chapter 7
to solve 2D PDE-constrained problems.

4.1 Pseudospectral Discretization

The resulting non-linear and non-local systems of PDEs that arise from the first-order optimality
conditions in Chapter 5 are highly stiff and non-linear, and pose significant numerical challenges.
One particular challenge arises from the convolution terms that describe particle interactions.
Most commonly, the convolutions in these integral equations are solved by using fast Fourier
transforms (FFT) [107, 136, 219] (see [219] for a comparison of computations on a variety of
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geometries in different dimensions). One disadvantage of FFT-based techniques is that they
are limited to using periodic boundary conditions. Therefore, non-periodic scenarios must be
run in large periodic domains that imitate non-periodicity.

Another option is the real-space quadrature based on the non-uniform pseudospectral dis-
cretization [182], which can also be applied for unbounded physical domains, and allows the
accurate discretization of density profiles with a small number of collocation points. The pseu-
dospectral method is particularly well-suited to problems on finite, non-periodic domains in
which the interaction term involves a convolution on a region with finite support. Such ap-
plications arise in diverse fields such as hard-sphere DDFT using Fundamental Measure The-
ory [95, 96, 98, 182, 216, 241], and opinion dynamics [155], and others on the more popularly
studied periodic domains [149]. It is highly accurate, efficient, and fast, and hence our pre-
ferred choice of discretization in our numerical framework.

Though the pseudospectral discretization is very suitable for the non-local integral equa-
tions we solve, the introduction of non-smooth piecewise bound constraints into the optimiza-
tion problem presents a challenge. We alternatively employ a finite difference scheme, which
requires more points to reach the same accuracy as the pseudospectral method, but is simple
to implement and is not as sensitive to smoothness of solutions [225, 254, 268]. Implementing
two discretization schemes in our numerical framework emphasize its modularity, and allows
for other types of discretization schemes, e.g. Hermite spectral methods [100], and spectral
element methods [187], to implemented, if they are suitable for the problems of interest.

In our work, we focus on domains such as intervals and boxes, however the methodology
readily extends to other 2D geometries.

4.1.1 Grid Points, Differentiation and Integration Matrices

The starting point is the basic question: given a set of grid points xj and corresponding function
values u(xj), how do we approximate the derivative of u? Finite difference formulas approximate
the derivative of u by utilizing truncated Taylor series expansions of u. It is clear that using
higher order terms in the Taylor series leads to denser differentiation matrices that demand
more computational resources to evaluate. The idea behind spectral methods is to take this
process to the limit, at least in principle, and work with a differentiation formula of infinite
order and infinite bandwidth, i.e. a dense matrix. For a finite grid, here is the design principle
for spectral collocation methods [245]:

• Let p be a single function (independent of j) such that p(xj) = uj for all j.

• Set wj = p′(xj).

We are free to choose p to fit the problem at hand. For a periodic domain, where u is a
2π-periodic function, we can choose a trigonometric polynomial on an equispaced grid of points

xj =
2πj

N
, j = 0, 1, . . . , N.

The interpolating polynomial can be defined by the fast Fourier transform to give dense dif-
ferentiation matrices that require O(N logN) operations to be evaluated. For non-periodic
domains, a pseudospectral method [41] that uses algebraic polynomials on irregular grids (in
our case Chebyshev points) can be used. The Chebyshev points are defined as

xj = cos(jπ/N), j = 0, 1, . . . , N,

and can be visualized as the projections onto [−1, 1] of equispaced points on the upper half of
the unit circle as shown in Figure 4.1.1. They are also called the Chebyshev–Lobatto points or
alternatively the Gauss–Chebyshev–Lobatto points. The effect of using these clustered points
on the accuracy of the polynomial interpolant is dramatic. The Chebyshev points are used
to construct Chebyshev differentiation matrices that are used to solve some boundary value
problems.

Construction of the differentiation and integration matrices for periodic and non-periodic
domains is detailed in [245], hence we only give an overview of the methods applied here. On

42



Figure 4.1: Chebyshev nodes on [−1, 1] and their correspondence to a projection of equally–
spaced points on a circle.

periodic domains, the inverse Discrete Fourier Transform is applied to approximate the deriva-
tives of a periodic function on a periodic grid, while on non-periodic domains, the differentiation
matrices are constructed directly on a Chebyshev grid. A periodic trapezoidal rule approxi-
mates the integral of a periodic function while integration on non-periodic domains is achieved
via Clenshaw-Curtis quadrature rule [60].

4.1.2 Discretization in Two Dimensions

We naturally set up a two-dimensional rectangular grid as a tensor product grid of two one-
dimensional grids in each direction via Kronecker products. The Kronecker product of two
matrices A and B is computed in matlab by the command kron(A,B). If A and B are of
dimensions p×q and r×s respectively, then A⊗B is the matrix of dimension pr×qs with p×q
block form, where the i, j block is aijB. This matrix, though not always dense, is certainly not
as sparse as one typically gets with a discretization using finite differences or finite elements.
Fortunately, because of spectral accuracy, we may hope to obtain satisfactory results with
dimensions in the hundreds rather than the thousands or tens of thousands. Figure 4.2 shows
tensor product grid of Chebyshev points on the box [−1, 10]× [2, 9].

Figure 4.2: Chebyshev nodes on a box.

4.1.3 Convolution

Following the discretization scheme in [182], the convolution integrals are computed in real
space, in contrast to many implementations in which they are computed via Fourier trans-
forms. The principal advantage of Fourier methods is that they are computationally cheap,
requiring only fast Fourier transforms and multiplication of functions. The main disadvantage
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in non-periodic domains is that one needs to pad the domain, which both increases computa-
tional cost for no accuracy gain and introduces difficulties when applying boundary conditions.
Convolution integrals in the spatial domain can be implemented by a single matrix–vector mul-
tiplication, with the matrix precomputed for all time steps. Use of the physical domain allows
efficient implementation of the boundary conditions. It is highly important to numerically ap-
proximate convolutions for our class of optimization problems, as they contain non-local integral
operators that are essential to the dynamics.

For a 1D domain, Ω, if we have the 1× (N + 1) integration vector Int, and the (N + 1)× 1
state vector ρ, and discretized space domain points y0, y1, . . . , yN , we compute the convolution
I(ρ) =

∫
Ω
K(r − r′)ρ(r)ρ(r′) dr′ via a N × N matrix, M(ρ) such that M(ρ)ρ approximates

I(ρ). We present an algorithm to construct M(ρ) in Algorithm 2.

Algorithm 2 Convolution Matrix

1: for i = 0, 1, . . . , N do
2: Ki = K(xi − r′) = ((N + 1)× 1 vector), r′ = (x0, x1, . . . , xN ).
3: Mi = Int× (Ki)

T (1× (N + 1) vector)
4: end for

5: M =

M1

...
MN


6: M(ρ) =Mρ

We can also compute the convolution integral on a sub-interval instead of over the whole
domain. The integral we want to compute is I(ρ) =

∫
D
K(r− r′)ρ(r)ρ(r′) dr′, where D = ‖r−

r′‖ ≤ R ⊂ Ω and R is a positive real number. The process for computing the convolution matrix
is similar except for each point r′, we create the line D = ‖r − r′‖ ≤ R with a chosen number
of space points and then interpolate from the whole domain Ω onto D with an interpolation
matrix IP. The integration matrix Int is obtained on D. We now construct the convolution
matrix by multiplying the integration weights on the subdomain with the kernel evaluations,
and in this case, also with the interpolation matrix. Hence

Mi = Int · (Ki)T · IPi (1× (N + 1) vector)

For a 2D domain, we compute the convolution matrix in the same exact way except our
domain Ω is now a rectangular box instead of a line. Convolution on a sub-domain also follows
the same process, however we now have the choice of a box or disc for the sub-domain. We
note that this can be generalized to other 2D sub-shapes.

4.2 Forward Partial Differential Equation Solver

After discretization, we are left with a system of ODEs that can be solved on the interior of the
domain using standard time-stepping solvers. The challenge lies in imposing the correct spatial
boundary conditions. One approach is to modify the differentiation matrix on the right-hand
side of the ODE so that the boundary conditions are automatically satisfied. This is known
as “boundary bordering” [41] and becomes a highly non-trivial approach when considering the
non-local convolution integral. Another approach is to restrict the computation to interpolants
(solutions) which satisfy the boundary conditions; we do not discuss this here as it is highly
non-trivial for the non-linear, non-local problems that we are interested in. A more generalisable
approach is the imposition of spatial boundary conditions, which can be seen as extending the
discretized system of ODEs to a system of differential–algebraic equations (DAE), where the
discretized PDE is solved on the interior of the domain, and the boundary conditions correspond
to algebraic equations. We now further discuss the algebraic equations approach.

4.2.1 Algebraic Equations Approach

There are various numerical methods for solving a system of differential–algebraic equations,
see e.g., [227] for a Runge–Kutta scheme with algebraic constraints, or [112] for a Newton–
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Krylov scheme which allows the inclusion of algebraic constraints alongside the PDE. The main
advantage here is that the numerical method does not have to be explicitly adapted when
the boundary conditions change. One simply has to specify different algebraic constraints
that correspond to the boundary conditions. In fact, the 2DChebClass code [1] automatically
identifies the boundary of various geometries, allowing a simple implementation of this approach.

4.2.2 Implementation of the Forward PDE Solver

We use matlab’s DAE solver ode15s, a variable-step, variable-order solver based on the nu-
merical differentiation formulas of orders 1 to 5 (see [226] for details). It integrates the DAE
from a start time to an end time when provided with an initial condition. It solves the DAE
with a singular mass matrix, M(ρ, t)ρ′ = f(ρ, t), where M is a diagonal matrix which has 1 for
entries corresponding to the interior of domain, and 0 for those corresponding to the boundary.
The corresponding algebraic equation for the boundary condition which, for example, is written
as ∇ρ · n = 0 for Neumann boundary condition, where n is the normal vector to the boundary
(for example 1 or −1 for a 1D domain) is added to the ODE system. The straightforward
construction of the forward problem solver is showed in this example snippet of code:

1 % Construction of RHS of PDE
2

3 function drhodt = rhs(rho)
4

5 % Defining flux
6 flux = −D*rho + w.*[rho;rho] − kappa*[rho;rho].*(D*(Conv*rho));
7 % Defining RHS of PDE
8 drhodt = −D*flux;
9

10 % Applying no−flux boundary conditions
11 drhodt(bound) = normal*flux;
12

13 end

It is possible to solve the some of the examples in Chapter 5 (particularly when Dirichlet
boundary conditions are imposed and the non-local interaction term is turned off) using mat-
lab’s inbuilt DAE boundary value problem solver bvp4c that uses the Lobatto III method.
However, the negative Laplacian operator in the resulting ODE system after discretization aris-
ing from the adjoint equation presents numerical challenges that can cause bvp4c to fail to
obtain solutions when no-flux boundary conditions that contain the non-local term are pre-
scribed. We decide to rewrite the final-time adjoint equations as initial-time problems, so as
to re-use the forward problem solver to solve the adjoint equation as well. Transforming the
adjoint equation also eliminates the negative Laplacian and the numerical challenges that come
with it.

4.2.3 Rewriting the Adjoint Equation as an Initial-Time PDE

We transform the adjoint equation by re-parameterizing time t as τ = T − t, where T is the
final time. For example, the adjoint equation:

−∂tq −∇2q − w̄ · ∇q +∇Vext · ∇q = ρ̄− ρ̂ in Q,

q = 0 at t = T,

∂q

∂n
= 0 on ∂Q,

becomes

∂τq −∇2q − w̄ · ∇q +∇Vext · ∇q = ρ̄− ρ̂ in Q,

q = 0 at τ = 0,

∂q

∂n
= 0 on ∂Q,
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where q = q(x, τ), ρ = ρ(x, τ) and w = w(x, τ). Since we have a straightforward and fast
forward PDE solver, it is advantageous to rewrite our adjoint problem also as a forward PDE.
However, it introduces the new challenge of needing information on ρ and w at later times τ
that are not readily available to solve for q. If we can supply these later time values of ρ, the
optimality system essentially decouples, since successive estimates are provided for the iterative
approaches. One approach is to use interpolation to find the later values given the initial time
condition, ρ0, and final time condition, qT . In order to reduce approximation errors during
the interpolation, we can employ the multiple shooting technique to split the time interval
into smaller pieces, provide good guesses for ρ and q at the start and end of each interval,
interpolate on the smaller time intervals, and impose matching conditions to find the solution
ρ and q. Another approach is to use a variation of the fixed-point algorithm that decouples
the optimality system by requiring an initial guess for the control variable instead. The guess
of the control variable is then used to compute for the state variable first, then the adjoint
variable, and the procedure is repeated until solutions satisfying some tolerance condition are
obtained. Another possibility is to employ the Newton–Krylov method that considers the full
space–time discretization of the forward–backward system and cast it as a large-scale set of
nonlinear equations, which can be solved via a Newton method. We now present the details of
all three approaches.

4.3 A Multiple Shooting Solver

After rewriting the adjoint equations as an initial-time PDE, we are able to solve the system
simultaneously as an initial value system, and after discretizing in space, we obtain a system
of non-linear ordinary differential equations (ODEs). Extensive work on using direct multi-
ple shooting as a fast solver for ODE-constrained optimal control problems by exploiting the
structure of the problem has been done by Bock and his co-authors. For example, in [38], they
developed a multiple shooting algorithm for the numerical solution of parameterized optimal
control problems in connection with a recursive quadratic programming technique. The authors
introduced a condensing algorithm for the solution of the approximating linearly constrained
quadratic subproblems, and high rank update procedures, which are especially suited for opti-
mal control problems and lead to significant improvements of the convergence behaviour and
reductions of computing time and storage requirements. The algorithm is completely derivative-
free due to internal numerical differentiation schemes, and it can be conveniently combined with
indirect multiple shooting. Also in [76], the authors show the effectiveness of the direct multiple
shooting algorithm to solve a non-linear ODE-constrained optimization problem from a robot
model generator. Hence, we are motivated to explore using a multiple shooting algorithm to
solve the PDE-constrained optimization problems we are interested in. We follow the multi-
ple shooting method [175], derived from the popular shooting method [91, 134, 265] to solve
boundary value ODEs.

A boundary value problem may be stated as the ODE:

y′(t) = g(y, t), on (0, T ), y(T ) = c, (4.1)

where y is a variable of interest dependent on time, (0, T ) is a time interval, with T as final time,
and c is some prescribed value y at final time. For simple boundary value problems that have
an analytic solution, the solution is obtained by integrating both sides of (4.1) over the time
domain (0, T ) to get an expression for y with an integration constant. One can then substitute
the boundary condition y(T ) = c into the expression to evaluate the integration constant. For
more complex problems that cannot be solved with analytical techniques, numerical algorithms
are employed to obtain solutions, for example, finite difference or shooting methods. In the
shooting method, a guess for the initial time value of y, y(0) = y0 is given. The ODE is
then solved multiple times until the final time value of an iterate coincides with the final time
condition y(T ) = c.

The fast convergence of a shooting method clearly depends on the accuracy of the initial
time guess, which can be non-trivial to find. The multiple shooting method can be described
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as a more robust way to apply the shooting method. The first step of multiple shooting is
to split the time interval into subintervals, for example, n + 1 subintervals of the same size
(ti, ti+1), i = 0, 1, . . . n and ti+1− ti = h, for all i. An initial guess y(ti) is then provided at the
start of each subinterval. The ODE is then solved independently on each subinterval, and a
solution is obtained when the final time value of y on each subinterval coincide with the initial
time value of y on the consecutive subinterval. This matching of endpoints of the subintervals
constitute the bulk of the numerical challenge in multiple shooting. Since we already have an
accurate initial value problem solver that can apply arbitrary boundary conditions, we only
have to tackle the matching conditions to obtain the optimal solutions we seek.

4.3.1 Setting Up Matching Conditions for Multiple Shooting Method

Let the time interval be discretized into n+ 1 points as t = t0, t1, . . . , tn . Then let the guesses
for ρ and q at these time points be ρ0, ρ1, . . . , ρn and q0, q1, . . . , qn, respectively. Now let the
numerical solutions from our forward problem solver at the time point ti, i = 0, 1, . . . , n be ρ̃i
and q̃i. Then the matching conditions for the numerical solution to be continuous on the whole
time interval is 

ρ0

ρ1

...
ρn

 =


ρ̃0

ρ̃1

...
ρ̃n

 and


q0

q1

...
qn

 =


q̃0

q̃1

...
q̃n

 .

We can now write these matching conditions as a root problem and use any of matlab’s root
solvers, preferably fsolve, to find a solution as follows:

ρ0 q0

ρ1 q1

...
...

ρn qn

−

ρ̃0 q̃0

ρ̃1 q̃1

...
...

ρ̃n q̃n

 =


0 0
0 0
...

...
0 0

 .

Since we know the values of ρ1 and qn from the problem, we only have to solve for values of ρ
and q at the other time points. The algorithm is detailed as follows:

Algorithm 3 Multiple Shooting

1: Set up spatial domain Ω using Chebyshev or Fourier points
2: Divide time interval, t = (0, T ), into n+ 1 points
3: Assign initial guesses to ρ and q at each time point
4: while error > tolerance do
5: for i = 1 to n steps do
6: Solve ODE on (ti, ti+1)
7: Find error between initial guesses and ODE solution at matching time points
8: end for
9: end while

Although the multiple shooting Algorithm 3 makes it possible to solve the initial value sys-
tem, it can be computationally expensive to use for problems in two dimensions (demonstrated
in Section 5.4), and the convergence of the root solver largely depends on good initial guesses
which are not trivial to find. It is therefore necessary to explore more computationally efficient
algorithms. In the next section, we discuss a fixed-point algorithm which is often observed to
be faster for our problems compared to the multiple shooting approach.
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4.4 A Fixed-Point–Armijo–Wolfe-type Solver

4.4.1 The Fixed–Point Algorithm

We consider the fixed-point problem (see [123]):

Find x∗ ∈ Fix(T ) := {x∗ ∈ Ω such that T (x∗) = x∗}, (4.2)

where Ω is a real Hilbert space with inner product 〈·, ·〉 and its induced norm ‖ · ‖. T is a
nonexpansive mapping from Ω onto itself, and one assumes that Fix(T ) 6= ∅. Problem (4.2)
includes constrained convex optimization problems and one useful algorithm for solving it is
the Krasnosel’skĭı–Mann algorithm [23,34,63, 145] defined as follows: given the current iterate
xi ∈ Ω and step size λi ∈ (0, 1) the next iterate xi+1 of the algorithm is

xi+1 = (1− λi)xi + λiT (xi) (4.3)

or

xi+1 = xi + λi(T (xi)− xi).

Assuming that (λi)i∈N satisfies the condition

∞∑
i=0

λi(1− λi) =∞, (4.4)

the sequence (xi)i∈N generated by (4.3) weakly converges to a fixed point of T [23]. This result
indicates that an iterative algorithm using (4.3) with constant step sizes (e.g., λi := λ ∈ (0, 1) ∈
N ) or diminishing step sizes (e.g., λi := 1/(i+ 1) ∈ N ) can solve (4.2).

Now, [5] and [44] follow the guidelines of a semi-Lagrangian scheme developed in [48] to
solve mean field optimal control problems. We extend their algorithms here, combining their
approach with guidelines for using the Krasnosel’skĭı–Mann algorithm to solve constrained
smooth convex optimization in [123]. The aim is to find the control variable, for example
w ∈ (0, T )× Ω, that is a fixed point of the optimality system. The iterative step will be:

wi+1 = (1− λi)wi + λiw
g
i (4.5)

or

wi+1 = wi + λi(w
g
i − wi),

assuming that (λi)i∈N satisfies the condition

∞∑
i=0

λi(1− λi) =∞. (4.6)

Here, wgi corresponds to T (wi) which we defined as w obtained by solving the first-order opti-
mality system from the PDE-constrained optimization problem. The steps in the fixed–point
algorithm would proceed as follows:

1. Provide initial data for the control variable, w0.

2. Solve the state equation using initial data for the control variable to obtain data for the
state variable.

3. Solve for the adjoint variable by substituting current estimates for the state and control
variables into the adjoint equation.

4. Obtain new data for the control variable, wgi , by substituting the data for the state and
adjoint variables into the gradient equation.

5. Update the iterate wi+1 using the rule (4.5).

6. Repeats steps (2) to (5) until the stopping criteria is satisfied.
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The stopping criteria for the Krasnosel’skĭı–Mann algorithm is

‖xi+1 − xi‖ = 0,

but for practical reasons, it is sufficient to specify ε, a small number (for example 10−6) so that

‖xi+1 − xi‖ ≤ ε.

The solution w∗ to the fixed-point algorithm will then also be a solution to the optimality
system, and equally the state and adjoint solutions used to obtain w∗ will be solutions of the
forward and adjoint equations. The fixed-point algorithm is as follows:

Algorithm 4 Fixed–Point Algorithm

1: Input w0, λ, TOL, ε
2: while ε > TOL do
3: Solve state equation for ρi using wi
4: Solve adjoint equation for qi using ρi and wi
5: Solve gradient equation for wgi using ρi and qi
6: ε = ‖wi − wgi ‖2
7: Test for convergence
8: wi+1 = (1− λ)wi + λwgi
9: i = i+ 1

10: end while

Propositions 10 and 11 in [62] show that the Krasnosel’skĭı–Mann iterations (4.3) with the
condition (4.6) has the rate of convergence:

‖xi − T (xi)‖ = O


{

i∑
k=0

λk(1− λk)

}1

2

 .

This fact indicates that, even if (4.6) is satisfied, Algorithm 4 does not always converge quickly.
This has motivated modifications and variants for the fixed-point algorithm by either adaptively
selecting the step size using line search methods or by changing the direction term (wgi − wi)
using different rules. We keep the direction term the same, and following work in [123], adapt
an Armijo–Wolfe-like rule to adaptively select the step size λi in order to accelerate convergence
of the fixed-point scheme.

4.4.2 The Armijo–Wolfe Rule

One approach to achieve faster convergence for the fixed-point algorithm is to use line search
methods that can find a more adequate step size λi at each iteration so that ‖wi+1 − wgi ‖
decreases dramatically.

The classical Armijo–Wolfe rule was developed for gradient-descent type algorithms utilized
to solve optimization problems [121,163]. Here, we use an Armijo–Wolfe-type rule to adaptively
choose step sizes in a fixed-point method, following work in [123] showing its effectiveness
combined with a fixed-point algorithm for smooth convex optimization problems. The work
in [163] proposed an adaptive line search framework that determined a step size to satisfy
an Armijo–Wolfe-type condition while also converging to a fixed-point of the system using a
potential function. The potential function Pi is defined by (4.7), (4.8), and (4.9):

wi(λ) := wi + λdi, (4.7)

Qi(λ) := wi(λ)− wgi (λ), (4.8)

Pi(λ) := ‖Qi(λ)‖2 ∀λ ∈ (0, 1), (4.9)

where
di := −(wi − wgi ), (4.10)
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We note that wi(λi) in (4.7) coincides with wi+1 in (4.5). We then consider the minimization
problem of Pi over (0, 1):

Find λi ∈ (0, 1) such that Pi(λi) = min
λ∈(0,1)

Pi(λ). (4.11)

When the solution λi to (4.11) can be obtained at each iteration then Pi(λi) ≤ Pi(0) holds
for all i ∈ N. Also if wi+1 := wi(λi) then ‖wi+1 − wgi+1‖ ≤ ‖wi − wgi ‖, i.e. ‖wi − wgi ‖ is
monotonically decreasing. Since the solution to the minimization problem (4.11) cannot be
found easily, λi can be chosen to yield an approximate minimum for (4.11) at each iteration,
specifically, to satisfy the following Armijo–Wolfe conditions [263,264]: given wi, di ∈ (0, T )×Ω
and δ, σ ∈ (0, 1) with δ < σ,

Pi(λi)− Pi(0) < δλi〈Qi(0), di〉, (4.12)

〈Qi(λi), di〉 > σ〈Qi(0), di〉. (4.13)

Condition (4.12) is the Armijo-type condition for Pi. Under the conditions di := −(wi − wgi )
and wi+1 = wi(λi), i ∈ N, Algorithm (4) with (4.12) satisfies

‖wi+1 − wgi+1‖
2 ≤ (1− δλi)‖wi − wgi ‖

2, i ∈ N

which implies for all i ∈ N

‖wi − wgi ‖ = O


{

i∑
k=0

λk

}−1

2

 . (4.14)

Hence the step size conditions (4.6), (4.12), and (4.13) affect the efficiency of Algorithm 4.
From investigation in [181], there is a possibility that Algorithm 4 with only the Armijo-type
condition (4.12) does not make reasonable progress because it allows very short step sizes
that can slow down convergence. Hence, condition (4.13) based on the curvature condition
discussed in [181] is used to ensure that λi is not too small and unacceptable short steps are
ruled out. Further, [163] shows that when λi satisfying only the Armijo rule is not small enough,
Algorithm 4 with Wolfe-type conditions (4.12) and (4.13) will have a better convergence rate
than Algorithm 4 with only the Armijo-type condition. Another main concern is how to update
di to accelerate the search for a fixed point of system. However, work in [163] indicates the
definition for di in (4.10) has considerable success in finding the step size, hence we do not
explore variations of di. We now write the algorithm to compute the step sizes satisfying (4.12)
and (4.13) with appropriately chosen δ and σ from [151], i.e. δ = 0.3 and σ = 0.5. The
Wolfe-type conditions are written as:

Ai(λ) : ‖wi(λ)− wgi (λ)‖2 − ‖wi − wgi ‖
2 < δλ〈wi − wgi , di〉,

Wi(λ) : 〈wi(λ)− wgi (λ), di〉 > σ〈wi − wgi , di〉, (4.15)

where for this problem, wi(λ) = wi+1 and wgi (λ) = wgi+1, di = −(wi − wgi ).
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Algorithm 5 Armijo-Wolfe-type Algorithm

1: Require Ai(·),Wi(·)
2: Ensure Ai(λ),Wi(λ), λ = 0, β =∞, t = λ0 ∈ (0, 1)
3: loop
4: if ∼ Ai(t) then
5: β = t
6: else if ∼Wi(t) then
7: λ = t
8: else
9: λ is found

10: end if
11: if β <∞ then

12: t =
1

2
(λ+ β)

13: else
14: t = 2λ
15: end if
16: end loop

We will usually set λ0 to 1 for rapid convergence, but for some more sensitive problems it
may be less than 1. The norms and inner products in (4.15) are defined as:

‖wi − wgi ‖ =
√

(wi − wgi ) · (wi − wgi )

Likewise,

〈wi − wgi , di〉 = (wi − wgi ) · di,

Here, wi(λ) = wi+1 and wgi (λ) = wgi+1 with λ as the step size. Hence when λ = 0, wi(λ) = wi
which implies that Ai(0) = 0 < δ〈wi − wgi , di〉 and Wi(0) : 〈wi − wgi , di〉 > σ〈wi − wgi , di〉 are
always true since the right hand side of Ai(0) is always positive and 0 < σ < 1 respectively.

We compare the performance of the fixed-point algorithm with and without the Armijo–
Wolfe-type rule in Chapter 5.

4.5 A Newton–Krylov Solver

With the goal of achieving satisfactory convergence in a significantly smaller number of itera-
tions than the fixed-point algorithm, we also explore a higher-order Newton-type method. The
typical drawback of such a strategy is that one usually needs to solve very large linear systems of
equations, unless we design a highly efficient discretization procedure. Furthermore, given the
non-local integral particle interaction terms in the PDEs, the linear systems are unquestionably
dense for the particle dynamics problems under consideration.

To evade this primary difficulty, and exploit the faster convergence achieved by higher-
order optimization methods, we employ a recently devised Newton–Krylov method for PDE-
constrained optimization problems [112] (see also [133, 138] for more general descriptions of
such methods), and adapt this to the problem at hand by efficiently describing the PDEs and
the associated Jacobian on the discrete level, as well as solving the Newton system efficiently.
We highlight that such a method has recently been applied to PDE-constrained optimization
problems which involve integral terms (see [2]), which is new for advection-diffusion problems,
and problems with non-local interaction terms. Using the flow control problem (5.1), and source
control problem (5.4) in Chapter 5 as examples, we describe the Newton–Krylov algorithm.
The state and adjoint equations may be described in the following general form (see [112]), by
separating the spatial and temporal derivatives in each case:

u′(t) = F(t,u,v), u(0) = u0 ∈ RN ,
v′(t) = G(t,u,v), v(T ) = 0 ∈ RN ,
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where u,v : [0, T ] 7→ RN denote the state and adjoint variables ρ and q evaluated at each point
in the time variable, and u0 corresponding to the initial condition ρ0(x). The vector functions
F and G arise from a method of lines discretization of the state and adjoint PDEs at each
time-step.

Following the working in [112], we may then consider approximations ũk, ṽk to u, v at the
kth time-step tk, k ∈ {0, 1, ..., n}, and define Chebyshev interpolants ũ(t), ṽ(t) based on these
approximations. The residual functions:

ru(t) :=

∫ t

0

F(τ, ũ(τ), ṽ(τ)) dτ − ũ(t) + ũ(0), rv(t) :=

∫ t

0

G(τ, ũ(τ), ṽ(τ)) dτ − ṽ(t) + ṽ(0),

can then be approximated at each time-step, along with the exact imposition of initial/final-time
conditions, to obtain the expressions:

(ru,0, ru,1, . . . , ru,n) = (F0,F1, . . . ,Fn)Q+ (ũ0 − ũ0, ũ0 − ũ1, . . . , ũ0 − ũn),

(rv,0, rv,1, . . . , rv,n) = (G0,G1, . . . ,Gn)Q+ (ṽ0 − ṽ0, ṽ0 − ṽ1, . . . , ṽ0 − ṽn).

Here, ru,k and rv,k approximate ru(tk) and rv(tk), Fk and Gk denote the functions F and G
evaluated at time tk, and Q = [qi,j ]i,j=0,1,...,n is a (n + 1) × (n + 1) collocation matrix arising
from cumulative integration. Based on this, we then wish to (approximately) solve R = 0,
where the global residual function R : R2N(n+1) → R2N(n+1) is given by

R :



ũ0

ṽ0

ũ1

ṽ1

ũ2

ṽ2

...
ũn
ṽn


7→



0
0∑n

k=0 qk,1Fk∑n
k=0 qk,1Gk∑n
k=0 qk,2Fk∑n
k=0 qk,2Gk

...∑n
k=0 qk,nFk∑n
k=0 qk,nGk


+



ũ0 − u0

ṽn
ũ0 − ũ1

ṽ0 − ṽ1

ũ0 − ũ2

ṽ0 − ṽ2

...
ũ0 − ũn
ṽ0 − ṽn


. (4.16)

Applying Newton iteration for this problem leads to an iterative procedure of the form

x(k+1) = x(k) − [J(x(k))]−1R(x(k))

with J denoting the Jacobian matrix of the residual function R. Although Jacobian-free
Newton–Krylov methods have been studied [138], we choose to form the blocks of the Ja-
cobian matrix explicitly due to the availability of this information for the PDE systems under
consideration, in order to achieve rapid convergence of the Newton scheme. This requires us
to accurately form the functions F and G, as well as the derivatives of these functions in the
directions u and v. Having formed the appropriate terms of the Newton system at each it-
eration, these are solved inexactly using an inner Krylov method, specifically the Generalized
Minimal Residual (GMRES) algorithm [218]. We describe a suitable preconditioner for solving
our PDE systems with GMRES in Section 7.1

We conclude that the combination of 2DChebClass [1] and a fixed-point or Newton–Krylov
solver, can enforce essentially arbitrary boundary conditions, such as non-local Robin type, with
no additional cost to the user. We are therefore in a position to demonstrate the performance
of our numerical framework on a number of applications from multiscale particle dynamics in
the coming chapters.
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Chapter 5

A Fixed-Point Algorithm for
Non-Local Advection-Diffusion
Interacting Optimization
Problems

In this chapter, we present an optimize-then-discretize approach to solve optimization problems
constrained by DDFT PDEs featuring source or potential flow terms, and a non-local integral
term. We find first-order continuous optimality conditions using the Lagrangian method and
employ our novel combination of the pseudospectral discretization scheme, and a first-order
fixed-point method, modified to include a mixing rate to find numerical solutions.

The chapter is structured as follows. In Section 5.1, we present the PDE-constrained opti-
mization problems we are interested in solving, and derive their first-order optimality conditions
in Section 5.2. In Section 5.3, we introduce our numerical notations and then provide valida-
tion tests for the fixed-point method with or without the Armijo–Wolfe-like rule, benchmarked
against the multiple shooting method in Section 5.4. Finally in Section 5.5, we present numerical
solutions to some examples of the flow control and source control PDE-constrained optimization
problems and conclude with remarks of the effectiveness of the fixed-point method.

All numerical computations are carried out on an HP Pavillion laptop running Windows 11,
Intel Core i5-8250U 1.80GHz, 8 GB RAM.

5.1 PDE-Constrained Optimization Problems Constrained
by a Class of Dynamic Density Functional Theory
Models

Many complex systems, ranging from large-scale robotic systems [269] to opinion formation
in social systems [52], can be described as multiscale dynamical systems comprising many
interacting agents. Here, we use multiscale to refer to to microscopic interactions causing
macroscopic behaviours. In many such systems, the mutual goal of agents is to perform a
desired behaviour, for example, translating as a group (schooling), maintaining the center of
mass of the group (flocking), or clustering at single points (concensus) [11, 47, 49]. These
studies have successfully shown that the behaviour of large networks of interacting agents can
be described and controlled by density functions represented by, for example, the advection-
diffusion equation. Naturally, the question arises as to how to optimize agent density functions
such that their mutual goals are optimized. Distributed optimal control was introduced in [88],
as a coarse-grained optimal control approach that enables the optimization of a cost functional
that captures the macroscopic performance of a multiscale dynamical system. The agents’
density functions, and/or their moments and controls are driven to reach a desired behaviour.

Motivated by distributed optimal control problems with constraints described by PDEs from
multiscale particle dynamics, and their numerous applications in physical and industrial sys-
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tems, we provide in this thesis a comprehensive approach for solving distributed optimal control
problems, constrained by a class of non-linear and non-local DDFT models. These primarily
consist of advection-diffusion equations with additional integral terms that describe systems
with interacting agents. These problems are well suited for applications that involve group be-
haviour such as schooling, flocking, swarming, and aggregating. We provide a framework that
covers systems prescribed with arbitrary boundary conditions including Dirichlet, Neumann,
no-flux, periodic or a mixture of these boundary conditions.

We introduce the two main PDE-constrained optimization problem structures that we ini-
tially consider within a multiscale particle dynamics setting. A significant complication com-
pared to standard PDE-constrained optimization problems is the addition of an integral, interac-
tion term. In the following, the terms ‘flow control’ and ‘source control’ refer to the application
of the control variable either non-linearly, as a vector field within an advection operator, or
linearly, as a scalar source term in the PDE. In nature, transport in fluids occurs through a
combination of advection and diffusion. Hence, more realistic problems can be modelled as
optimal flow control problems. Potential future work may include extending the framework to
cover DDFT PDEs that describe both agent density function and their moments, for example
inertia, or Fundamental Measure Theory models for hard particles.

Non-Local Optimal Flow Control Problem

We start with the following problem involving minimizing a cost functional containing a sum
of L2-norm terms within the entire space–time interval Q = Ω× (0, T ), constrained by a non-
linear time-dependent advection-diffusion equation with additional non-local integral term, i.e,
a DDFT model. The control is applied non-linearly in the form of a vector ‘flow’ term:

min
ρ,w

J (ρ,w) :=
1

2

∫ T

0

∫
Ω

(ρ− ρ̂)2 dxdt+
β

2

∫ T

0

∫
Ω

‖w‖2 dxdt (5.1)

s.t. D(ρ,w)−∇r · I(ρ) = f in Q,

ρ = ρ0(x) at t = 0,

where

D(ρ,w) = ∂tρ−∇2ρ+∇ · (ρw)−∇ · (ρ∇Vext), I(ρ) = κ

∫
Ω

ρ(r)ρ(r′)K(r, r′) dr′.

Here, Q consists of some given spatial domain, Ω ⊂ Rd, d ∈ {1, 2, 3}, with boundary ∂Ω, and
a time interval (0, T ), with T a prescribed ‘final time’ up to which the process is modelled.
The scalar function ρ and the vector-valued function w are the state and control variables,
respectively, β > 0 is a given regularization parameter, and ρ̂(x, t), Vext(x, t), f(x, t), ρ0(x) are
prescribed functions corresponding to the desired state, external potential, PDE source term,
and initial condition respectively. We highlight that frequently f(x, t) = 0, which results in
conservation of mass (one reason we allow the case f(x, t) 6= 0 is to enable us to more readily
construct analytic test problems for (5.1)). The operator ∇r with the subscript r serves to
emphasize which variable we are applying the operator with respect to. The control vector, w,
arises from the potential flows discussed in Chapter 2. Additionally, the non-local integral term,
I(ρ) models interactions between individual particles or agents, where K denotes some vector
function. We are particularly interested in the case where K is odd, i.e., K(r, r′) = −K(r′, r);
and is the gradient of an even potential, K(r, r′) = ∇rV2(r − r′), with V2(x) = V2(‖x‖).
However, we present the approach for a general K. The parameter κ models the particle
interaction strength and, for a decreasing V2(‖x‖) as ‖x‖ → ∞, the integral term I(ρ) models
repulsive interactions when κ is positive and attractive interactions when κ is negative. Of
course, much more general choices of V2 are possible, and setting κ to zero reduces the model
to a standard non-linear advection-diffusion equation control problem.

We consider two possibilities for the boundary conditions imposed on ρ, specifically the
Dirichlet boundary condition:

ρ = c on ∂Q, (5.2)
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for a given constant c ∈ R, and the ‘no-flux type’ boundary condition:

N (ρ,w) + I(ρ) · n = 0 on ∂Q, (5.3)

where

N (ρ,w) =
∂ρ

∂n
− ρw · n + ρ

∂Vext

∂n
,

with ∂
∂n denoting the derivative with respect to the normal n.

Non-Local Optimal Source Control Problem

We also consider the following problem, with an analogous cost functional to the flow control
problem, but now with a scalar function for the control variable, which is applied linearly in the
form of a PDE source term. This is again minimized subject to a non-linear time-dependent
advection-diffusion equation with an additional integral term:

min
ρ,w

J (ρ, w) =
1

2

∫ T

0

∫
Ω

(ρ− ρ̂)2 dxdt+
β

2

∫ T

0

∫
Ω

w2 dxdt (5.4)

s.t. Dl(ρ, w)−∇r · I(ρ) = f in Q,

ρ = ρ0(x) at t = 0,

where
Dl(ρ, w) = ∂tρ−∇2ρ−∇ · (ρ∇Vext)− w.

This is posed along with the Dirichlet boundary condition (5.2), or the ‘no-flux type’ boundary
condition:

Nl(ρ) + I(ρ) · n = 0 on ∂Q, (5.5)

where

Nl(ρ) =
∂ρ

∂n
+ ρ

∂Vext

∂n
.

Both (5.1) and (5.4) constitute an optimization problem constrained by forward PDEs which
need to be solved, which is numerically challenging. For the flow control problem we optimize
the particle behaviour through a (vector) flow function; for the source control problem we have
control of the particle behaviour only through a (scalar) source function.

5.2 First-Order Optimality Conditions

Following the optimize-then-discretize approach to solve PDE-constrained optimization prob-
lems, we first derive the continuous Lagrangian first-order optimality conditions. We refer to [5]
for a rigorous as well as formal derivation of optimality conditions for a problem with a number
of similar structures to our systems. A key assumption which we make below is the existence of
a control-to-state mapping, allowing the expression of a reduced cost function in terms of the
control variable. The optimality system for our problems consist of a state equation which is
the forward PDE in the optimization problem, and adjoint equation and gradient equation of
the form

D∗(ρ̄, w̄) + I∗(ρ̄, q) = ρ̄− ρ̂ in Q, (5.6)

q = 0 at t = T,

βw̄ + ρ̄∇q = 0 on Q,

and

D∗l (ρ̄, w̄) + I∗(ρ̄, q) = ρ̄− ρ̂ in Q, (5.7)

q = 0 at t = T,

βw̄ + q = 0 on Q.
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Here, (5.6) arises for the flow control problem (5.1), while (5.7) arises for the source control
problem (5.4) with appropriate space boundary conditions, where

I∗(ρ̄, q) = κ

(∫
Ω

ρ̄(r′)K(r, r′)dr′
)
· ∇rq1(r) + κ

∫
Ω

(ρ̄(r′)K(r′, r) · ∇r′q1(r′)) dr′. (5.8)

As an example, we perform the working for the optimal source control (5.4) with no-flux bound-
ary condition (5.5), and later discuss the working for periodic boundary conditions in Chapter
6.

5.2.1 Optimal Source Control Problem with No-Flux Boundary Con-
ditions

We now consider the optimization problem in (5.4) initially with κ = 0, supplemented with a
no-flux type boundary condition:

min
ρ,w

J (ρ, w) :=
1

2

∫ T

0

∫
Ω

(ρ− ρ̂)2 dxdt+
β

2

∫ T

0

∫
Ω

w2 dxdt (5.9)

s.t. Dl(ρ, w) = f in Q,

ρ = ρ0(x) at t = 0,

(∇ρ+ ρ∇Vext) · n = 0 on ∂Q.

We obtain the optimality system by the method of Lagrange multipliers. We introduce the
two Lagrange multipliers q1 and q2, and consider the Lagrangian:

L(ρ, w, q1, q2) =
1

2

∫ T

0

∫
Ω

(ρ− ρ̂)2 dxdt+
β

2

∫ T

0

∫
Ω

w2 dxdt

−
∫ T

0

∫
Ω

(
∂tρ−∇2ρ−∇ · (ρ∇Vext)− w − f

)
q1 dxdt

−
∫ T

0

∫
∂Ω

(
∂ρ

∂n
+ ρ∇Vext · n

)
q2 dsdt. (5.10)

Applying the KKT conditions DqiL(ρ̄, w̄, q1, q2)h = 0, i = 1, 2, to the Fréchet derivatives with
respect to q1 and q2, respectively, produces the forward PDE:

∂tρ̄−∇2ρ̄−∇ · (ρ̄∇Vext)− w̄ = f in Q

ρ̄ = ρ0(x) at t = 0,

(∇ρ̄+ ρ̄∇Vext) · n = 0 on ∂Q.

The Fréchet derivative with respect to ρ in the direction h of (5.10)is

DρL(ρ, w, q1, q2)h =

∫ T

0

∫
Ω

(ρ− ρ̂)h dxdt−
∫ T

0

∫
Ω

(
∂th−∇2h−∇ · (h∇Vext)

)
q1 dxdt

−
∫ T

0

∫
∂Ω

q2

(
∂h

∂n
+ h∇Vext · n

)
dsdt

=

∫ T

0

∫
Ω

(ρ− ρ̂)h dxdt+

∫ T

0

∫
Ω

(
h∂tq1 + h∇2q1 − h∇Vext · ∇q1

)
dxdt

−
∫

Ω

q1(x, T )h(x, T )− q1(x, 0)h(x, 0) dx

+

∫ T

0

∫
∂Ω

(
q1
∂h

∂n
− h∂q1

∂n
+ hq1∇Vext · n

)
dsdt

−
∫ T

0

∫
∂Ω

q2

(
∂h

∂n
+ h∇Vext · n

)
dsdt,
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and with respect to w is:

DwL(ρ, w, q1, q2)h =

∫ T

0

∫
Ω

(βwh+ hq1) dxdt.

For a stationary point, the optimal state and control ρ̄ and w̄ must satisfy

DρL(ρ̄, w̄, q1, q2)h = 0 ∀h ∈ L2(0, T ;H1(Ω)) (5.11)

and
DwL(ρ̄, w̄, q1, q2)h = 0 ∀h ∈ L2(0, T ; Ω). (5.12)

If we consider all h ∈ C∞0 (Q), such that h|∂Ω = 0 =
∂h

∂n
|∂Ω, and h = 0 at t = 0 and t = T , then

by the Fundamental Lemma of Calculus of Variations, equations (5.11) and (5.12) become

−∂tq1 −∇2q1 +∇Vext · ∇q1 = ρ̄− ρ̂,
βw̄ + q1 = 0.

Dropping the condition h = 0 on at t = T then gives the equation:∫
Ω

q1(x, T )h(x, T ) dx = 0,

which implies the final time condition for q1,

q1(x, T ) = 0.

Also dropping the condition
∂h

∂n
= 0 gives

∫ T

0

∫
∂Ω

(q1 − q2)
∂h

∂n
dsdt = 0

which implies that q1 = q2 on ∂Ω. Considering all remaining h gives the boundary condition:

∂q1

∂n
= 0 on ∂Q.

After relabelling q1 as q, the adjoint equation becomes:

−∂tq −∇2q +∇Vext · ∇q = ρ̄− ρ̂ in Q,

q = 0 at t = T,

∂q

∂n
= 0 on ∂Q,

and almost everywhere:

βw̄ + q = 0.

We note that the optimality system for optimal source control problem with Dirichlet bound-
ary condition is almost identical except for the boundary conditions of the state and adjoint
equations. This observation arises in a range of optimal control problems, where optimality sys-
tems of optimization problems that differ only in the boundary conditions, are identical except
on the boundary conditions. We obtain the following optimality system for problem (5.9):

∂tρ̄−∇2ρ̄−∇ · (ρ̄∇Vext)− w̄ = f in Q, (5.13)

ρ̄ = ρ0(x) at t = 0,

(∇ρ̄+ ρ̄∇Vext) · n = 0 on ∂Q,
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−∂tq −∇2q +∇Vext · ∇q = ρ̄− ρ̂ in Q,

q = 0 at t = T,

∂q

∂n
= 0 on ∂Q,

βw̄ + q = 0 in Q.

5.2.2 Adding a Non-local Interacting Term

We now derive the optimality system when κ 6= 0 for the optimal source control problem
with no-flux boundary condition . We focus on the non-local term in the Lagrangian as all
other terms have been accounted for in the preceding section. Since the non-local term does
not contain the control variable w, the gradient equation remains the same. The working for
an example where the control variable appears in the non-local integral term is discussed in
Chapter 6. We also note that this working is the same for the optimal flow control problem
with no-flux boundary condition (5.1) as it contains the same non-local term.

If we again let q1 and q2 be the Lagrangian multipliers corresponding to the interior and
boundary of the domain respectively, then the Lagrangian is given by

L(ρ, w, q1, q2) =
1

2

∫ T

0

∫
Ω

(ρ− ρ̂)2 dxdt+
β

2

∫ T

0

∫
Ω

w2 dxdt

−
∫ T

0

∫
Ω

(
∂tρ−∇2ρ−∇ · (ρ∇Vext)− w − f

)
q1 dxdt

−
∫ T

0

∫
∂Ω

(
∂ρ

∂n
+ ρ∇Vext · n

)
q2 dsdt

−M(ρ, q1, q2),

and the additional term of interest is M(ρ, w, q1, q2), where

M(ρ, q1, q2) = κ

∫ T

0

∫
Ω

q1(r)∇r ·
(∫

Ω

ρ(r)ρ(r′)K(r, r′)dr′
)
drdt (5.14)

− κ
∫ T

0

∫
∂Ω

q2

(∫
Ω

ρ(r)ρ(r′)K(r, r′)dr′
)
· n dsdt.

The Fréchet derivative of the product ρ(r)ρ(r′) in the direction h is

lim
ε→0

(ρ(r) + εh(r))(ρ(r′) + εh(r′))− ρ(r)ρ(r′)

ε
= ρ(r)h(r′) + ρ(r′)h(r).

Hence the Fréchet derivative of the Lagrangian (5.14) with respect to ρ in the direction h
becomes

DρM(ρ, q1, q2)h = κ

∫ T

0

∫
Ω

q1(r)∇r ·
(∫

Ω

(ρ(r)h(r′) + h(r)ρ(r′))K(r, r′)dr′
)
drdt

− κ
∫ T

0

∫
∂Ω

q2

(∫
Ω

(ρ(r)h(r′) + h(r)ρ(r′))K(r, r′)dr′
)
· ndsdt.

After applying the vector calculus identity (3.6) and the Divergence Theorem, we obtain,

DρM(ρ, w, q1, q2)h = −κ
∫ T

0

∫
Ω

(∫
Ω

(ρ(r)h(r′) + h(r)ρ(r′))K(r, r′)dr′
)
· ∇rq1(r)drdt

+ κ

∫ T

0

∫
∂Ω

q1

(∫
Ω

(ρ(r)h(r′) + h(r)ρ(r′))K(r, r′)dr′
)
· ndsdt

− κ
∫ T

0

∫
∂Ω

q2

(∫
Ω

(ρ(r)h(r′) + h(r)ρ(r′))K(r, r′)dr′
)
· ndsdt.
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It is clear that the boundary terms cancel each other out in this no-flux boundary condition
case, since we know q1 = q2 on ∂Q from the case κ = 0. In the Dirichlet boundary condition
case, we reach the same conclusion that q1 = 0 on ∂Q when we consider h ∈ C∞0 (Q) such that
h = 0 on ∂Ω. Hence, moving forward, we can omit the boundary terms from our derivative. To
make h the subject, we swap the order of integration and perform a change of variable r′ = r
to obtain:

DρM(ρ, w, q1, q2)h = −κ
∫ T

0

∫
Ω

h(r)

(∫
Ω

ρ(r′)K(r, r′)dr′
)
· ∇rq1(r)drdt

− κ
∫ T

0

∫
Ω

h(r′)

(∫
Ω

ρ(r)K(r, r′) · ∇rq1(r)dr

)
dr′dt

= −κ
∫ T

0

∫
Ω

h(r)

(∫
Ω

ρ(r′)K(r, r′)dr′
)
· ∇rq1(r)drdt

− κ
∫ T

0

∫
Ω

h(r)

(∫
Ω

ρ(r′)K(r′, r) · ∇r′q1(r′)dr′
)
drdt.

Hence the optimality system for the source control problem (5.9) with κ 6= 0 after making
appropriate choices for h as above, is:

Dl(ρ̄, w̄)−∇r · I(ρ̄) = f in Q, (5.15)

ρ̄ = ρ0(x) at t = 0,

Nl(ρ̄) + I(ρ̄) · n = 0 on ∂Q,

D∗l (ρ̄) + I∗(ρ̄, q) = ρ̄− ρ̂ in Q,

q = 0 at t = T

∂q

∂n
= 0 on ∂Q,

βw̄ + q = 0 in Q,

where

D∗l (ρ̄) = −∂tq −∇2q +∇Vext · ∇q,

and

I∗(ρ̄, q) = κ

(∫
Ω

ρ̄(r′)K(r, r′)dr′
)
· ∇rq1(r) + κ

∫
Ω

(ρ̄(r′)K(r′, r) · ∇r′q1(r′)) dr′.

5.3 Overview of Numerical Algorithm

After obtaining continuous first-order optimality conditions in Section 5.2, we move on to the
discretize step. We utilize the pseudospectral discretization as described in Section 4.1, and
denote the discretized versions of the variables ρ, q, and w by P , Q, and W , respectively. The
matrices P , Q, and W are of the form A = [a0,a1, ...,an], where the vectors ak represent
the solutions at the discretized times k ∈ {0, 1, ..., n}, where n is the number of time steps. In
particular, the first column of P , denoted by ρ0, corresponds to the initial condition ρ(x, 0). If
the spatial domain is one-dimensional, P , Q, and W are of size N × (n + 1), where N is the
number of spatial points. In the two-dimensional case, P and Q are of size (N1N2) × (n + 1),
where Nj is the number of spatial points in the direction of xj . The discretized control W
for linear (source) control problems is also a scalar and (N1N2) × (n + 1) dimensional, while
it is (2N1N2) × (n + 1) dimensional for non-linear (flow) control problems as the control is a
vector. Now we employ the fixed-point algorithm as described in Section 4.4 to obtain numerical
solutions.
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5.4 Validation of Fixed-Point Solvers

We now provide the results of a number of tests validating the fixed-point optimization solver
with and without the Armijo–Wolfe rule. We first measure the error generated using these
methods against known exact solutions for problems with no interaction terms (κ = 0), for a
number of test problems. We then investigate the robustness of our algorithms using an initial
guess for the control given by various perturbations of an exact solution. For uniformity, the
scalar control variable w or w is also denoted as w in the tables throughout this section.

5.4.1 Measures of Accuracy

All errors presented henceforth in this chapter are calculated as a measure of the difference
between a variable of interest, y, and a reference value yR, e.g., a previous iterate of W (i) for
w, or an analytic solution to a test problem. The error measure E is composed of an L2 error
in space and an L∞ error in time. We define absolute and relative L2 spatial errors as

EAbs(t) = ‖y(x, t)− yR(x, t)‖L2(Ω) , ERel(t) =
‖y(x, t)− yR(x, t)‖L2(Ω)

‖yR(x, t)‖L2(Ω) + 10−10
,

respectively, where the small additional term in the denominator prevents division by zero.
Then, EAbs and ERel are used in the full error measure:

E = max
t∈[0,T ]

[min (ERel(t), EAbs(t))] . (5.16)

The minimum between absolute and relative spatial error is taken to avoid choosing an erro-
neously large relative error, caused by division of one numerically very small term by another.

5.4.2 Test Problems with Analytic Solutions

We present test problems, posed on a spatial domain Ω = (−1, 1)d, where d is the spatial
dimension of the problem. Test Problem 1, as defined below, solves the 2D flow control problem
(5.1), imposed with no-flux boundary conditions, while Test Problem 2 solves the 2D source
control problem (5.4), also with no-flux boundary conditions. The performance of the numerical
method is measured by providing it with analytical solutions of w or w, and input variables:
ρ̂, f , Vext, ρ0. The expectation is that each iterative solver converges within one iteration to
the exact numerical solution triplet (P,W,Q) when provided with the exact solutions as initial
guesses. Furthermore, the vectors P and Q should differ from the exact analytic solution only
by an order of the specified ode15s tolerance, which is 10−8 for the experiments here. Since W
is updated using P and Q, the control error may possibly be larger. The error Eρ between the
exact solution for the state variable, evaluated at the discretized time points k ∈ {0, 1, ..., n},
and the numerical solution obtained for the state, ρ, is measured using the norm in (5.16). The
errors Eq and Ew are derived equivalently. Here, we fix the mixing rate of the fixed-point solver
to be λ = 0.1, a value we obtained from experimentation.

Test Problem 1: Two-Dimensional Flow Control Problem with No-Flux Boundary
Conditions

The following triplet (ρ,w, q) solves the flow control problem (5.1) with no-flux boundary
condition (5.3), d = 2, and κ = 0:

ρ = β1/2etcos(πx1)cos(πx2),

w = πet(eT − et)
[
sin(πx1)cos(πx1)cos2(πx2), cos2(πx1)sin(πx2)cos(πx2)

]T
,

q = β1/2(eT − et)cos(πx1)cos(πx2),

where

ρ̂ = − 2π2β1/2(eT − et)cos(πx1)cos(πx2)
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β = 10−3 β = 10−1 β = 101 β = 103

Eρ 5.7297× 10−8 5.2765× 10−7 9.7571× 10−7 9.7641× 10−7

N = 20, n = 10 Eq 5.9512× 10−9 3.8980× 10−8 1.8645× 10−7 2.6429× 10−7

Ew 1.2436× 10−6 1.0805× 10−6 1.0817× 10−6 1.0818× 10−6

Eρ 8.8098× 10−9 7.9219× 10−9 7.2815× 10−9 7.2815× 10−9

N = 30, n = 20 Eq 1.7637× 10−8 8.6029× 10−9 1.5988× 10−8 5.4360× 10−9

Ew 2.8968× 10−6 5.8504× 10−8 2.6148× 10−8 8.4382× 10−9

Eρ 1.0100× 10−8 8.1475× 10−9 6.8638× 10−9 6.8638× 10−9

N = 42, n = 30 Eq 1.7337× 10−8 8.2434× 10−9 1.7543× 10−8 5.3626× 10−9

Ew 2.8582× 10−6 5.3157× 10−8 2.8860× 10−8 9.1237× 10−9

Table 5.1: Test Problem 1: Error measures for state ρ, adjoint q, and control w, for a range of
N , n, and β using the fixed-point solver.

β = 10−3 β = 10−1 β = 101 β = 103

Eρ 5.7297× 10−8 5.2765× 10−7 9.7571× 10−7 9.7641× 10−7

N = 20, n = 10 Eq 5.9512× 10−9 3.8980× 10−8 1.8645× 10−7 2.6429× 10−7

Ew 1.2436× 10−6 1.0805× 10−6 1.0817× 10−6 1.0818× 10−6

Eρ 8.8098× 10−9 7.9219× 10−9 7.2815× 10−9 7.2815× 10−9

N = 30, n = 20 Eq 1.7637× 10−8 8.6029× 10−9 1.5988× 10−8 5.4360× 10−9

Ew 2.8968× 10−6 5.8504× 10−8 2.6148× 10−8 8.4382× 10−9

Eρ 1.0100× 10−8 8.1475× 10−9 6.8638× 10−9 6.8638× 10−9

N = 42, n = 30 Eq 1.7337× 10−8 8.2434× 10−9 1.7543× 10−8 5.3626× 10−9

Ew 2.8582× 10−6 5.3157× 10−8 2.8860× 10−8 9.1237× 10−9

Table 5.2: Test Problem 1: Error measures for state ρ, adjoint q, and control w, for a range of
N , n, and β using the fixed-point Armijo–Wolfe-type solver.

− π2β1/2et(eT − et)2
[
sin2(πx1)cos(πx1)cos3(πx2) + cos3(πx1)sin2(πx2)cos(πx2)

]
,

Vext = 0,

f = (1 + 2π2)β1/2etcos(πx1)cos(πx2) + 2π2β1/2e2t(eT − eT )cos3(πx1)cos3(πx2)

− 2π2β1/2e2t(eT − eT )sin2(πx1)cos(πx1)cos3(πx2)

− 2π2β1/2e2t(eT − eT )cos3(πx1)sin2(πx2)cos(πx2),

ρ0 = β1/2cos(πx1)cos(πx2).

Tables 5.1 and 5.2 display the error in the numerical solution for different choices of spatial
and time points as well as for different values of β. For ρ and q, it is shown that the choice of 10
points in space is not sufficient to reach the accuracy of the ODE solver of 10−8 for both fixed
point and fixed-point with Armijo–Wolfe solvers, while 20 to 30 points are sufficient. The error
for w with small β is also bigger than 10−8. This is due to the updating method used within
the optimization solver, see Section 4.4. All configurations for this test converged within one
iteration of the optimization algorithm for both fixed-point and fixed-point with Armijo–Wolfe
solvers as expected.

Test Problem 2 : Two-Dimensional Source Control Problem with No-Flux Bound-
ary Conditions

The following triplet (ρ, w, q) solves the source control problem (5.4) with the zero Dirichlet
boundary condition (5.2), with c = κ = 0:

ρ = 2et
d∏
i=1

cos (πxi) ,

w = − 1

β
(eT − et)

d∏
i=1

cos (πxi) [q = −βw] ,
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β = 10−3 β = 10−1 β = 101 β = 103

Eρ 9.1788× 10−9 9.1680× 10−9 9.1679× 10−9 9.1678× 10−9

N = 20, n = 10 Eq 1.6866× 10−8 1.6865× 10−8 1.6865× 10−8 1.6865× 10−8

Ew 2.3997× 10−8 2.2360× 10−8 1.8131× 10−9 1.8131× 10−11

Eρ 8.5863× 10−9 8.5862× 10−9 8.5863× 10−9 8.5862× 10−9

N = 30, n = 20 Eq 8.6407× 10−9 8.6407× 10−9 8.6407× 10−9 8.6407× 10−9

Ew 4.4505× 10−8 1.5050× 10−8 8.6407× 10−10 8.6407× 10−12

Eρ 9.1152× 10−9 9.1153× 10−9 9.1152× 10−9 9.1152× 10−9

N = 42, n = 30 Eq 1.7020× 10−8 1.7020× 10−8 1.7020× 10−8 1.7020× 10−8

Ew 2.4169× 10−8 2.4169× 10−8 1.7434× 10−9 1.7434× 10−11

Table 5.3: Test Problem 2: Error measures for state ρ, adjoint q, and control w, for a range of
N , n and β using the fixed-point solver.

β = 10−3 β = 10−1 β = 101 β = 103

Eρ 9.1788× 10−9 9.1680× 10−9 9.1679× 10−9 9.1678× 10−9

N = 20, n = 10 Eq 1.6866× 10−8 1.6865× 10−8 1.6865× 10−8 1.6865× 10−8

Ew 2.3997× 10−8 2.2360× 10−8 1.8131× 10−9 1.8131× 10−11

Eρ 8.5863× 10−9 8.5862× 10−9 8.5863× 10−9 8.5862× 10−9

N = 30, n = 20 Eq 8.6407× 10−9 8.6407× 10−9 8.6407× 10−9 8.6407× 10−9

Ew 4.4505× 10−8 1.5050× 10−8 8.6407× 10−10 8.6407× 10−12

Eρ 9.1152× 10−9 9.1153× 10−9 9.1152× 10−9 9.1152× 10−9

N = 42, n = 30 Eq 1.7020× 10−8 1.7020× 10−8 1.7020× 10−8 1.7020× 10−8

Ew 2.4169× 10−8 2.4169× 10−8 1.7434× 10−9 1.7434× 10−11

Table 5.4: Test Problem 2: Error measures for state ρ, adjoint q, and control w, for a range of
N , n and β using the fixed-point Armijo–Wolfe-type solver.

where x = [x1, ..., xd]
T , and

ρ̂ =
[
−dπ2eT +

(
1 + dπ2

)
et
] d∏
i=1

cos (πxi)

− π2(eT − et)
d∑
i=1

sin2 (πxi)

d∏
j=1,j 6=i

cos2 (πxj) ,

Vext =

d∏
i=1

cos (πxi) ,

f =

[
1

β
eT +

(
2 + 2dπ2 − 1

β

)
et
] d∏
i=1

cos (πxi) + 2dπ2et
d∏
i=1

cos2 (πxi)

− 2π2et
d∑
i=1

sin2 (πxi)

d∏
j=1,j 6=i

cos2 (πxj) ,

ρ0 = 2

d∏
i=1

cos (πxi) .

Tables 5.3 and 5.4 displays the results for this problem for d = 2. As expected, all errors for
the numerical solution of the three variables are of the order of the specified ODE tolerance of
10−8. This could be an indication that the source control problem is easier to solve numerically
than the flow control problem that need more space points to reach the same tolerance.
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5.4.3 Perturbation of Test Problems with Analytic Solutions

It is necessary to provide an initial guess for the control variable to commence the optimization
routine using the fixed-point algorithm. Therefore, one way to validate the numerical method
is to perturb the exact solution for the control, taken from a test problem with an analytic
solution, and use this as an initial guess within the optimization solver. In the first iteration,
the solutions for ρ and q differ from the exact solution. The optimization method then converges
to the exact, known analytical optimal solution.

Firstly, we use a perturbation in time only. We define f(t) as::

f(t) =
e−a/t

e−a/t + e−a/(1−t)
,

for a given constant a. We then define g(t) as:

g(t) =
1

2
f(a, t− t0)× f(−a, t− t0)

=
1

2

e−a/(t−t0)

e−a/(t−t0) + e−a/(1−t−t0)
× ea/(t−t0)

ea/(t−t0) + ea/(1−t−t0)
,

for given constant t0, and normalize it by

g̃(t) =
g(t)

max |g(t)|
.

A similar perturbation can be made in the spatial variable for given constants a and x0,
taking into account the difference in length of spatial and time domains:

j(x) =

d∏
i=1

e−2a/xi

e−2a/xi + e−2a/(1−xi)
,

h(x) =
1

2

d∏
i=1

j(xi − x0)× j(xi − x0)

=
1

2

d∏
i=1

e−2a/(xi−x0)

e−2a/(xi−x0) + e−2a/(1−xi−x0)
× e2a/(xi−x0)

e2a/(xi−x0) + e2a/(1−xi−x0)
.

Again, this is then normalized by

h̃(x) =
h(x)

max |h(x)|
.

These perturbation functions are chosen such that the perturbation is smooth and respects the
initial condition for ρ and final time condition for q, by preserving the initial guess at the first
or final time point. The perturbations are applied to the exact solution for the control, wex, as
follows:

wp,1 = wex(1 + εg̃(t)),

wp,2 = wex(1 + εg̃(t)h̃(x)).

For our test problems, we take a = 0.7, x0 = t0 = −0.01, and the perturbation strength is taken
to be either ε = 0.1 or ε = 0.5. The chosen numbers of points in space and time are N = 30
and n = 20, the ODE tolerances are again 10−8, and the tolerance for the fixed-point solvers is
10−4.

Test Problem 1 : Two-Dimensional Flow Control Problem with No-Flux Boundary
Conditions

We perturb the analytic solution w for Test Problem 1 defined in Section 5.4.2, and run the
fixed-point algorithms. Results are presented in Table 5.5 for the fixed-point solver and in Table
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β = 10−3 β = 10−1 β = 101 β = 103

Eρ 9.5057× 10−7 9.5357× 10−6 1.6175× 10−5 1.6173× 10−5

Eq 6.8795× 10−7 6.8704× 10−6 1.8446× 10−5 1.8445× 10−5

0.1g̃(t) Ew 2.4318× 10−5 2.4549× 10−5 2.4568× 10−5 2.4564× 10−5

Time 1308.6781 1449.4828 1646.4077 2612.1153
Eρ 8.7878× 10−7 8.7963× 10−6 1.4924× 10−5 1.4924× 10−5

Eq 6.5321× 10−7 6.5344× 10−6 1.7717× 10−5 1.7717× 10−5

0.5g̃(t) Ew 2.2541× 10−5 2.2827× 10−5 2.2835× 10−5 2.2834× 10−5

Time 1667.2647 1871.3040 2178.5330 3205.2786
Eρ 1.2353× 10−6 1.2348× 10−5 2.5891× 10−5 2.5891× 10−5

Eq 1.1160× 10−6 1.1121× 10−5 2.6792× 10−5 2.6794× 10−5

0.1g̃(t)h̃(x) Ew 5.1346× 10−5 5.1264× 10−5 5.1243× 10−5 5.1244× 10−5

Time 2964.0040 3458.0557 4327.1525 6014.9723
Eρ 2.4217× 10−6 2.4183× 10−5 5.0076× 10−5 5.0075× 10−5

Eq 2.8667× 10−6 2.8569× 10−5 6.7440× 10−5 6.7438× 10−5

0.5g̃(t)h̃(x) Ew 1.0696× 10−4 1.0674× 10−4 1.0672× 10−4 1.0672× 10−4

Time 3286.5995 3791.5241 4877.0730 6818.7013

Table 5.5: Test Problem 1, Error measures for wc, ρ, and q, for four perturbation strategies for
w, and a range of β, using the fixed-point solver.

5.6 for the fixed-point Armijo–Wolfe-type solver. The mixing rate for the fixed-point method is
fixed at 0.01, smaller compared to 0.1 used for the analytic tests, as the solver did not converge
for λ = 0.1. There could be a higher rate than 0.01 for which the solver could converge, but
this highlights the disadvantage of having to fix the rate, as it becomes time-consuming to
continuously experiment to find a value that works. The fixed-point Armijo–Wolfe-type scheme
addresses this issue by adaptively choosing the mixing rate for each iteration of the fixed-point
algorithm. We see clearly that the fixed-point Armijo–Wolfe solver gives more accurate solutions
in the most perturbed case 0.5g̃(t)h̃(x), and in considerably faster times.

Test Problem 3: Two-Dimensional Flow Control Problem with Dirichlet Boundary
Conditions

The following triplet (ρ,w, q) forms a solution to the first-order continuous optimality conditions
derived for the advection–diffusion flow control problem (5.1) with the zero Dirichlet boundary
conditions (5.2) (with c = 0), where d = 2 and κ = 0:

ρ = 2β1/2etcos
(πx1

2

)
cos
(πx2

2

)
,

w =
π

2
et(eT − et)

[
sin(πx1)cos2

(πx2

2

)
, cos2

(πx1

2

)
sin(πx2)

]T
,

q = β1/2(eT − et)cos
(πx1

2

)
cos
(πx2

2

)
,

and

ρ̂ = β1/2etcos
(πx1

2

)
cos
(πx1

2

)
− β1/2π

2

2
(eT − et)cos

(πx1

2

)
cos
(πx1

2

)
− π2

2
β1/2et(eT − et)2

(
cos
(πx1

2

)
cos
(πx2

2

))
[
sin2

(πx1

2

)
cos2

(πx2

2

)
+ cos2

(πx1

2

)
sin2

(πx2

2

)]
,

Vext = 0,

f =
(
2 + π2

)
β1/2etcos

(πx1

2

)
cos
(πx1

2

)
+ 2π2β1/2e2t(eT − et)
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β = 10−3 β = 10−1 β = 101 β = 103

Eρ 5.1437× 10−7 5.1747× 10−6 8.1260× 10−6 8.1274× 10−6

Eq 3.6801× 10−7 3.6824× 10−6 1.0568× 10−5 1.0567× 10−5

0.1g̃(t) Ew 1.2544× 10−5 1.2513× 10−5 1.2539× 10−5 1.2536× 10−5

Time 50.5399 57.9044 64.6229 88.1553
Eρ 4.2095× 10−7 4.2313× 10−6 8.0370× 10−6 8.0369× 10−6

Eq 3.3455× 10−7 3.3701× 10−6 8.7902× 10−6 8.7901× 10−6

0.5g̃(t) Ew 1.3007× 10−5 1.3040× 10−5 1.3044× 10−5 1.3044× 10−5

Time 68.7226 80.1268 83.7763 118.8148
Eρ 1.2034× 10−6 1.2025× 10−5 2.5103× 10−5 2.5103× 10−5

Eq 1.3161× 10−6 1.3112× 10−5 3.1237× 10−5 3.1236× 10−5

0.1g̃(t)h̃(x) Ew 5.2368× 10−5 5.2263× 10−5 5.2244× 10−5 5.2243× 10−5

Time 136.2212 157.4796 181.3432 248.2429
Eρ 2.4829× 10−6 2.4796× 10−5 5.2493× 10−5 5.2492× 10−5

Eq 3.0505× 10−6 3.0378× 10−5 7.0328× 10−5 7.0327× 10−5

0.5g̃(t)h̃(x) Ew 1.1177× 10−4 1.1152× 10−4 1.1150× 10−4 1.1150× 10−4

Time 153.5402 174.9906 206.2008 278.8848

Table 5.6: Test Problem 1, Error measures for wc, ρ and q, for four perturbation strategies for
w, and a range of β, using the fixed-point Armijo–Wolfe-type solver

β = 10−3 β = 10−1 β = 101 β = 103

Eρ 1.8763× 10−6 1.8426× 10−5 2.3699× 10−5 2.3706× 10−5

Eq 1.1663× 10−6 1.1789× 10−5 2.7252× 10−5 2.7256× 10−5

0.1g̃(t) Ew 2.7222× 10−5 2.7376× 10−5 2.7399× 10−5 2.7395× 10−5

Time 1192.4954 1397.2214 1513.6407 2131.2100
Eρ 2.0781× 10−6 2.0985× 10−5 2.6663× 10−5 2.6655× 10−5

Eq 1.0119× 10−6 1.0120× 10−5 2.3057× 10−5 2.3052× 10−5

0.5g̃(t) Ew 3.0588× 10−5 3.0922× 10−5 3.0671× 10−5 3.0671× 10−5

Time 1502.3516 2179.7623 2007.6461 2789.2350
Eρ 4.0223× 10−6 4.0205× 10−5 4.8308× 10−5 4.8309× 10−5

Eq 8.6170× 10−7 8.6359× 10−6 1.8223× 10−5 1.8224× 10−5

0.1g̃(t)h̃(x) Ew 8.2796× 10−5 8.2813× 10−5 8.2809× 10−5 8.2812× 10−5

Time 3363.3732 4009.3855 4524.1034 6612.7847
Eρ 4.1149× 10−6 4.1105× 10−5 4.8184× 10−5 4.8185× 10−5

Eq 8.3413× 10−7 8.3325× 10−6 1.7995× 10−5 1.7996× 10−5

0.5g̃(t)h̃(x) Ew 8.1443× 10−5 8.1336× 10−5 8.1332× 10−5 8.1332× 10−5

Time 3398.9344 3961.2500 4596.8063 6213.6490

Table 5.7: Test Problem 3, Error measures for wc, ρ, and q, for four perturbation strategies for
w, and a range of β, using the fixed-point solver.
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β = 10−3 β = 10−1 β = 101 β = 103

Eρ 2.1266× 10−6 2.1280× 10−5 2.6991× 10−5 2.6990× 10−5

Eq 1.0965× 10−6 1.0843× 10−5 2.0691× 10−5 2.0691× 10−5

0.1g̃(t) Ew 3.0020× 10−5 3.0049× 10−5 3.0066× 10−5 3.0065× 10−5

Time 44.8588 48.1979 56.3187 82.0822
Eρ 2.1777× 10−6 2.1784× 10−5 2.2691× 10−5 2.2690× 10−5

Eq 7.7499× 10−7 7.8584× 10−6 1.5434× 10−5 1.5435× 10−5

0.5g̃(t) Ew 3.5884× 10−5 3.5914× 10−5 3.5916× 10−5 3.5915× 10−5

Time 60.2759 69.6970 79.6313 107.9467
Eρ 3.1750× 10−6 3.1722× 10−5 3.8426× 10−5 3.8427× 10−5

Eq 6.8170× 10−7 6.8338× 10−6 1.4486× 10−5 1.4487× 10−5

0.1g̃(t)h̃(x) Ew 6.5854× 10−5 6.5862× 10−5 6.5857× 10−5 6.5860× 10−5

Time 148.7203 166.6562 198.9496 269.7107
Eρ 3.5576× 10−6 3.5522× 10−5 4.1639× 10−5 4.1639× 10−5

Eq 7.2899× 10−7 7.2799× 10−6 1.5723× 10−5 1.5724× 10−5

0.5g̃(t)h̃(x) Ew 7.1174× 10−5 7.1136× 10−5 7.1134× 10−5 7.1137× 10−5

Time 150.6307 169.3740 200.7258 272.7978

Table 5.8: Test Problem 3, Error measures for wc, ρ and q, for four perturbation strategies for
w, and a range of β, using the fixed-point Armijo–Wolfe-type solver

[
cos3

(πx1

2

)
cos3

(πx2

2

)
− cos3

(πx1

2

)
sin2

(πx2

2

)
cos
(πx2

2

)
−cos3

(πx2

2

)
sin2

(πx1

2

)
cos
(πx1

2

)]
,

ρ0 = 2β1/2cos
(πx1

2

)
cos
(πx2

2

)
.

Tables 5.7 and 5.8 show the results for the fixed-point and fixed-point Armijo–Wolfe solvers,
respectively. Both solvers are able to converge to the known exact solutions with the set
tolerance 10−4. It is clear that for this problem, the fixed-point Armijo–Wolfe-type scheme is
the faster of the two solvers.

5.4.4 Computational Time and Efficiency of Solvers

In this section, we consider a test problem with interaction terms turned on, κ = −1, or 1, and
compare the computational time taken for convergence by the fixed-point algorithm with or
without Armijo–Wolfe-type conditions. We also include the multiple shooting method that uses
the inbuilt matlab function fsolve to show how much slower it is compared to the fixed-point
methods.

Test Problem 4: One-Dimensional Flow Control Problem with No-Flux Boundary
Conditions

In this example, we consider the flow control problem (5.1) with no-flux boundary conditions
(5.3), with d = 1 and κ = 0, and provide the following inputs for the optimization problem:

ρ = 0.5,

w = 0,

q = β(eT − et)) cos(πx),

ρ̂ =
1− t

2
+
t

2

(
sin(

π(x− 2)

2
+

1

2
)

)
,

Vext = 0.

We first solve the forward problem using the initial condition ρ0 and control w = 0 and record
the cost functional Juc =

1

2

∫ 1
0

∫ 1
−1

(ρ̂−ρ)2 dxdt for the forward problem. We then solve optimization
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F-P A–W F-P MS
Juc 4.3751× 10−2 4.3751× 10−2 4.3751× 10−2

κ = −1 Jc 1.0897× 10−3 1.0897× 10−3 1.0897× 10−3

Iter (func eval) 223(1406) 667(667) 39(35380)
Time (s) 1.5494× 10+0 1.5765× 10+2 3.2995× 10+4

Juc 4.3365× 10−2 4.3365× 10−2 4.3365× 10−2

κ = 1 Jc 2.0370× 10−3 2.0370× 10−3 2.0374× 10−3

Iter (func eval) 80(404) 656(656) 40(38801)
Time (s) 8.0414× 10−01 1.0487× 10+2 3.4389× 10+4

Table 5.9: Cost functionals of the forward, and optimization problem, with the time taken,
number of iterations, and number of function evaluations required for the fixed-point method,
fixed-point Armijo–Wolfe-type, and multiple shooting solvers to converge.

F-P A–W vs F-P F-P A–W vs MS F-P vs MS
Eρ 4.1349× 10−8 3.3688× 10−4 3.3688× 10−4

κ = −1 Eq 8.2676× 10−9 2.6075× 10−5 2.6073× 10−5

Ew 5.8185× 10−6 2.4332× 10−2 2.4333× 10−2

Eρ 2.8742× 10−7 5.0626× 10−4 5.0626× 10−4

κ = 1 Eq 2.6805× 10−8 3.0059× 10−5 3.0064× 10−5

Ew 1.2020× 10−5 1.8267× 10−2 1.8267× 10−2

Table 5.10: The difference in the solutions of the fixed-point, fixed-point Armijo–Wolfe-type,
and multiple shooting solvers.

problem and evaluate its cost functional, Jc =
1

2

∫ 1
0

∫ 1
−1

(ρ̂− ρ̄)2 dxdt+
β

2

∫ 1
0

∫ 1
−1
‖w‖2 dxdt.

Note that the comparison is slightly impacted by the fact that convergence is measured dif-
ferently by these numerical methods. Though both multiple shooting and fixed-point methods
employ the same ode15s solver with the same tolerance, multiple shooting compares values of
ρ and q at chosen start and end points in time for its convergence criteria, while the fixed-point
methods use values of w for all times, in deciding convergence. However, a general comparison
can be made regarding the relative efficiency of the three approaches. We also highlight that
the cost of a single PDE solve in 2D is significantly higher than the 1D example studied here,
so any corresponding performance gains will be amplified in higher dimensions. We choose
N = 30, n = 20, the ODE solver tolerance is again set to be 10−8, the optimality tolerance is
10−4, and β = 10−3.

As can be seen in Table 5.9, the running time of the fixed-point Armijo–Wolfe algorithm is
the smallest and that for multiple shooting is the biggest. The cost functional for the optimized
problem Jc is always lower than in the uncontrolled forward problem, Juc. The superior com-
putational performance of the fixed-point Armijo–Wolfe solver can be confirmed by comparing
the number of function evaluations for each method, which is an important measure when deal-
ing with large systems, such as the two-dimensional problems, since each iteration is costly for
large problems.

As seen in Table 5.10, the differences in ρ and q, denoted Eρ and Eq, between the three
methods, are broadly in line with the optimality tolerance set, 10−4. However, the difference
in the computed controls, Ew, differs to a greater extent because w is updated using both the
optimal values of ρ and q, with errors being compounded.

As further validated in this section, the fixed-point Armijo–Wolfe solver proves to be more
efficient and hence we adopt it for most of the numerical experiments performed in the next
section. However, in the case of a numerically challenging example that requires a small mixing
rate at each iteration (note that this cannot be pre-determined and only is noticeable when the
algorithm is running), it then becomes more advantageous to skip the Armijo–Wolfe step and
fix a small mixing rate. This is because the extra function evaluations performed in the Armijo–
Wolfe step will add to the computational time required for convergence, but not significantly
decrease the number of fixed-point iterations. This leads to worse convergence times compared
to fixing a small mixing rate, and avoiding the extra function evaluations.
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5.5 Numerical Experiments for Optimization Problems
Constrained by Non-Local Advection-Diffusion Equa-
tions

The optimal control problems (5.1) and (5.4) require inputs in terms of the desired state ρ̂, the
PDE source term f , and the external potential Vext, alongside initial and final time conditions
for ρ and q, respectively. These are stated for the individual examples below. We also require
an interaction kernel, which here we fix as

K(r, r′) = ∇V2(r− r′), V2(x) = κe−‖x‖
2

.

Interest lies in how the solution to the optimization problems changes upon varying the in-
teraction strength, κ. Here we consider three representative values: κ = 0 (no interaction),
κ = −1 (attraction), and κ = 1 (repulsion). The value κ = 0 is chosen as a baseline, since in
this case the PDE constraint reduces to an advection-diffusion equation. The attraction and
repulsion strengths are chosen to showcase interesting differences between the solutions. If |κ|
is too small, diffusion dominates the solution, and no significant differences can be observed
from the non-interacting case. Furthermore, if |κ| is too large, steep gradients form, which are
difficult to resolve numerically.

As a baseline, we solve the forward PDE using w = 0. We evaluate the associated cost func-
tional J , the value of which is denoted by Juc. We then expect that applying the optimization
method lowers the value of the cost functional, which we then aim to minimize by optimizing
w, resulting in a cost Jc. This cost depends on the value of the regularization parameter β and
it is expected that the optimal amount of control applied will increase with decreasing β. For
the initial guess for the control in the optimization algorithm, we take w = 0, corresponding
to the reference system.

In the following examples, the domain considered is Ω × (0, T ) = (−1, 1)d × (0, 1). The
number of spatial points is N = 40 for one-dimensional examples, N1 = N2 = 30 for two-
dimensional examples, and the number of time points is n = 30, unless stated otherwise. The
tolerances in the ODE and iterative solvers are set to 10−8 and 10−4, respectively.

5.5.1 One-Dimensional Problems

We present four examples involving the flow control problem (5.1) and source control problem
(5.4) with additional non-local integral term, equipped with no-flux type boundary conditions
(5.3) and (5.5), respectively, and Dirichlet boundary conditions (5.2). We keep the target
variable ρ̂ the same for all the examples to explore the interesting dynamics that different
boundary conditions and control variables present.

1D Example 1: Flow Control with No-Flux Type Boundary Conditions

Figure 5.1: 1D Example 1: Desired state ρ̂ and uncontrolled state ρ for κ = 1 and κ = −1.
Colours denote different times.
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Figure 5.2: 1D Example 1: Optimal state ρ and corresponding optimal control w for κ =
1, 0,−1, β = 10−3.

The chosen inputs are:

ρ̂ =
1− t

2
(cos(πx) + 1) +

t

2
(− cos(2πx) + 1) , ρ0 =

1

2
cos(πx) +

1

2
, f = 0, Vext = 0,

and the corresponding results are shown in Table 5.11. In Table 5.11, the value of the cost
functional for the initial configuration (Juc), where w = 0, is compared with the optimized
case (Jc) for different values of β and for each of the interaction strengths. As expected, in all
cases Jc ≤ Juc, even when they are the same to the number of digits presented, and the lowest
values of Jc occur for the smallest β values. For large values of β, applying control is heavily
penalized and the optimal control approaches zero, which coincides with the uncontrolled case.
This is reflected in the number of iterations Iter, which is small when β is large (and hence
when w = 0 is a good initial guess), and vice versa. We note that we show results up to the
very large value β = 103, purely to demonstrate that the number of iterations required is very

β = 10−3 β = 10−1 β = 101 β = 103

Juc 0.0536 0.0536 0.0536 0.0536
κ = −1 Jc 0.0097 0.0493 0.0535 0.0536

Iter 131 9 2 1
Juc 0.0669 0.0669 0.0669 0.0669

κ = 0 Jc 0.0109 0.0603 0.0668 0.0669
Iter 173 8 2 1
Juc 0.0839 0.0839 0.0839 0.0839

κ = 1 Jc 0.0125 0.0749 0.0838 0.0839
Iter 143 8 2 1

Table 5.11: 1D Example 1: Cost Juc of applying no control (i.e., w = 0), optimal control cost
Jc, and number of iterations Iter required, for a range of values of the interaction strength κ
and regularization parameter β.
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β = 10−3 β = 10−1 β = 101 β = 103

Juc 0.1417 0.1417 0.1417 0.1417
κ = −1 Jc 0.0356 0.1327 0.1416 0.1417

Juc 0.1545 0.1545 0.1545 0.1545
κ = 0 Jc 0.0380 0.1455 0.1544 0.1545

Juc 0.1661 0.1661 0.1661 0.1661
κ = 1 Jc 0.0411 0.1575 0.1660 0.1661

Table 5.12: 1D Example 2: Cost when w = 0, optimal control cost, and iterations required, for
a range of κ, β.

low due to the model allowing the imposition of almost no control.
The desired state ρ̂ and uncontrolled states ρ, for κ = 1 and κ = −1, are shown in Figure

5.1. Note that they are independent of β, which is not used in the forward problem. The un-
controlled ρ depends strongly on the interaction strength κ, accumulating mass in the centre of
the domain for attractive interactions and at the boundary for repulsive interactions, suggest-
ing that different optimal controls will be required. The optimal states ρ for κ = 1, 0,−1 and
corresponding optimal controls, with β = 10−3, are shown in Figure 5.2. For this (relatively
small) value of β, the optimal state ρ is very similar to ρ̂, regardless of the choice of interac-
tion. However, the corresponding control plots reveal the effects of interactions on the optimal
controls. The control is focussed on transporting the mass from the middle of the domain onto
two piles centred at x = −0.5 and x = 0.5. We note in particular the complexity of the optimal
control. We believe this is a consequence of the steep optimal control and state, which requires
a more accurate numerical resolution. We next study the effects of the boundary condition
on the dynamics and control; Figure 5.4 also shows the results for the corresponding Dirichlet
case, described below.

1D Example 2: Flow Control with Dirichlet Boundary Conditions

Here we use the same inputs as in 1D Example 1, but replace the no-flux boundary conditions
with Dirichlet conditions. Table 5.12 again shows the results for a range of β values and
different interaction strengths. The results for κ = 1 and β = 10−3 are shown in Figure 5.3.
The observations are in line with those in 1D Example 1. However, both the optimal state ρ and
the optimal control are qualitatively different when considering Dirichlet boundary conditions
rather than no-flux conditions. This indicates that the Dirichlet boundary conditions are harder
to apply in this problem, due to the steep shape of the desired state. This steepness is somewhat
less impactful in 1D Example 1, where the desired state is not closely matched by the optimal
state at the boundaries. In this example, while the optimal state matches the desired state
perfectly at the boundary, the peaks of the desired state are matched less closely. In Figure 5.4,
this can be confirmed by considering the control plots. The optimal control for 1D Example
2 is larger than for 1D Example 1, specifically between the boundaries of the domain and the
peaks of the desired state, indicating numerical challenges in this region.

Figure 5.3: 1D Example 2: Desired state ρ̂ and uncontrolled state ρ for κ = 1 and κ = −1.
Colours denote different times.
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Figure 5.4: 1D Example 2: Optimal state ρ and corresponding optimal control w for κ =
1, 0,−1, β = 10−3.

1D Example 3: Source Control with Dirichlet Boundary Conditions

The inputs for this problem are:

ρ̂ =
1− t

2
(cos(πx) + 1) +

t

2
(− cos(πx) + 1) , ρ0 =

1

2
cos(πx) +

1

2
, f = 0,

Vext = −1

2

(
(x+ 0.3)2 − 0.2

) (
(x− 0.4)2 − 0.3

)
.

Note that, since Vext is non-zero, the fixed-point optimization computations become more chal-
lenging and require a smaller mixing rate for most iterations, hence it is more efficient to omit
the Armijo–Wolfe step and fix the mixing rate at λ = 0.001.

Figure 5.5: 1D Example 3: Desired state ρ̂ and uncontrolled state ρ for κ = 1 and κ = −1.
Colours denote different times.

We have the same desired state from 1D Examples 1 and 2, and similar uncontrolled states
as 1D Example 2. There is however a huge difference in the profile of the optimized source
control here compared to the optimized flow control in 1D Example 2. The optimized control
mimics the desired state and explicitly displaces the particles to conform to the desired state.
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Figure 5.6: 1D Example 3: Optimal state ρ and corresponding optimal control w for κ =
1, 0,−1, β = 10−3.

Figure 5.7: Relationship between β and the optimized cost functional Jc for different κ.

The non-zero external potential Vext appears to be an advantage in achieving an optimal set-
up, as we see the values of Jc in Table 5.13 show our optimized state is closer to the desired
state than in 1D Example 2, and we are applying less control here. We also see, in Figure 5.7,
the trend of increasing β with increased optimization cost that has been observed in all the
examples in this section. In particular, the case κ = −1 gives the best optimization results for
this problem. This suggests that attractive interactions are a better suited choice to achieve the
desired state. Also, after some value of β, in this instance β = 102, the cost functional barely
increases, showing that the cost is only significantly reduced when β < 102.

1D Example 4: Source Control with No-Flux Boundary Conditions

The inputs for this problem are:

ρ̂ =
1− t

2
+
t

2
(− cos(πx) + 1) , ρ0 =

1

2
, f = 0, Vext = 0.
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β = 10−3 β = 10−1 β = 101 β = 103

Juc 0.1394 0.1394 0.1394 0.1394
κ = −1 Jc 0.0184 0.0865 0.1384 0.1394

Juc 0.1526 0.1526 0.1526 0.1526
κ = 0 Jc 0.0183 0.0983 0.1516 0.1526

Juc 0.1645 0.1645 0.1645 0.1645
κ = 1 Jc 0.0190 0.1107 0.1635 0.1645

Table 5.13: 1D Example 3: Cost when w = 0, optimal control cost, and iterations required, for
a range of κ, β.

Figure 5.8: Example 4: Desired state ρ̂ and uncontrolled state ρ for κ = 1 and κ = −1. Colours
denote different times.

Figure 5.9: 1D Example 4: Optimal state ρ and corresponding optimal control w for κ =
1, 0,−1, β = 10−3.

We use the fixed-point algorithm for this example, as a small mixing rate is required for each
iteration. The mixing parameter λ is set to 0.001. The corresponding values of the cost
functional are shown in Table 5.14. Once again the optimization costs are smaller that the cost
of the uncontrolled problem, and we observe same trend of the optimization cost increasing
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β = 10−3 β = 10−1 β = 101 β = 103

Juc 0.0606 0.0606 0.0606 0.0606
κ = −1 Jc 0.0060 0.0554 0.0606 0.0606

Juc 0.0417 0.0417 0.0417 0.0417
κ = 0 Jc 0.0045 0.0383 0.0416 0.0417

Juc 0.0286 0.0286 0.0286 0.0286
κ = 1 Jc 0.0036 0.0265 0.0285 0.0286

Table 5.14: 1D Example 4: Cost when w = 0, optimal control cost, and iterations required, for
a range of κ, β.

β = 10−3 β = 10−1 β = 101 β = 103

Juc 0.0113 0.0113 0.0113 0.0113
κ = −1 Jc 0.0013 0.0104 0.0113 0.0113

Iter 676 700 290 1
Juc 0.0104 0.0104 0.0104 0.0104

κ = 0 Jc 0.0013 0.0096 0.0104 0.0104
Iter 676 688 289 1
Juc 0.0111 0.0111 0.0111 0.0111

κ = 1 Jc 0.0016 0.0102 0.0111 0.0111
Iter 679 683 290 1

Table 5.15: 2D Example 1: Cost when w = 0, optimal control cost, and iterations required, for
a range of κ, β.

with increasing β. Figure 5.8 shows the desired state that starts as a uniform distribution, and
over time separates into three regions: two mirror distributions at the boundaries and a flipped
distribution in the centre. The uncontrolled state for κ = 1 mimics the target’s behaviour the
best, as it pushes the particles towards the boundaries, while the case κ = −1 pulls the particles
towards the centre of the spatial domain. This suggests that repulsive particle interactions are a
more appropriate choice to achieve the desired state. This is evident in Figure 5.9 which shows
the profiles for the optimal states and control over time. We observe that the optimal state
when κ = 1 is the closest to the desired state. Though the optimal controls portray similar
behaviour, a closer look shows that more control is exerted on the boundaries when κ = −1.

5.5.2 Two-Dimensional Problems

In this section, we demonstrate the modular and flexible nature of our approach by applying
it to problems in two spatial dimensions. The main difference is that the PDE discretization
requires an increased number of points from N to N1N2, where Nj are typically of the same
order of magnitude as N , resulting in increased computational cost. This is a key motivation
for the development of fast optimization solvers, such as the fixed-point method. Note that
here the non-linear flow control becomes a true (2D) vector field, rather than a scalar field as
it is in the 1D case.

2D Example 1: Flow Control with No-Flux Boundary Conditions

For this example we have the following set up:

ρ̂ =
1− t

4
+
t

4

(
sin

(
π(x1 − 2)

2

)
sin

(
π(x2 − 2)

2

)
+ 1

)
, ρ0 =

1

4
, f = 0, Vext = 0,

where x = (x1, x2)T . The results for this example are displayed in Table 5.15. Figure 5.10
shows the uncontrolled state and the desired state with κ = 1 and β = 10−3. We observe in
the uncontrolled state, that an initial uniform condition with no control introduced remains
relatively uniform inside the domain with slightly more particles at the corners of the domain.
This behaviour is far from the specified desired state, where we have two relatively large bumps
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Figure 5.10: 2D Example 1: Uncontrolled ρ and desired state ρ̂, with β = 10−3 and κ = −1.

Figure 5.11: 2D Example 1: Controlled ρ and optimal control w, with β = 10−3 and κ = −1.

of particles towards two corners of the domain: (−1,−1), and (1, 1). Figure 5.11 shows the
state and control when optimization is applied to the forward problem. The optimal state
over time distributes more particles towards the corners (−1,−1), and (1, 1). This behaviour
of the optimal state can clearly be attributed to the optimal control, which acts towards the
two corners where the particles are concentrated. It acts particularly strongly on the emerging
slopes of the two bumps, since steep mass accumulation is hard to achieve under the influence
of diffusion and interaction forces. Table 5.15 shows the cost of optimization against the cost of
applying no control and clearly illustrate that the optimized system has lower cost associated
with it.

2D Example 2: Flow Control with No-Flux Boundary Conditions

Figure 5.12: 2D Example 2: Uncontrolled ρ and desired state ρ̂, with β = 10−3 and κ = −1.

We consider another example for the flow control problem with no-flux type boundary
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β = 10−3 β = 10−1 β = 101 β = 103

Juc 0.0400 0.0400 0.0400 0.0400
κ = −1 Jc 0.0046 0.0370 0.0400 0.0400

Iter 717 778 347 1
Juc 0.0478 0.0478 0.0478 0.0478

κ = 0 Jc 0.0064 0.0450 0.0478 0.0478
Iter 718 784 343 1
Juc 0.0556 0.0556 0.0556 0.0556

κ = 1 Jc 0.0085 0.0530 0.0556 0.0556
Iter 720 787 339 1

Table 5.16: 2D Example 2: Cost when w = 0, optimal control cost, and iterations required, for
a range of κ, β.

conditions:

ρ̂ =
1− t

4
+

t

Z
e−3((x1+0.2)2+(x2+0.2)2)), ρ0 =

1

4
, f = 0,

Vext =
(
(x1 + 0.3)2 − 1

) (
(x1 − 0.4)2 − 0.5

) (
(x2 + 0.3)2 − 1

) (
(x2 − 0.4)2 − 0.5

)
,

with Z ≈ 0.9921 a normalization constant. In this example, we also have a uniform initial
condition for the state, as in 2D Example 1, but we include a non-zero external potential and
specify a different desired state. In Figure 5.12, the results for the uncontrolled problem and
desired state are illustrated for β = 10−3 and κ = −1. Figure 5.12 demonstrates the effect
of Vext on the state. The particles accumulate in regions with potential wells and the areas
where the potential is steep are avoided. The desired state in this example portrays attractive
interactions and an accumulation of particles towards the centre of the domain.

Results for the optimization problem for β = 10−3 and various interaction strengths, κ, are
shown in Figures 5.13 and 5.14. It is noticeable in Figure 5.14, which shows the actions of the
optimal controls and external potential, that the control acts to drive the particle distribution
towards the desired state. However, the control does not act uniformly around the peak of the
desired state, but also acts strongly in the area between the location of the desired peak and
the point (−1,−1). This is due to the external potential being steep in this area and more
control is needed to reach the desired state than in other parts of the domain. Since the desired
state requires the particles to accumulate in one part of the domain, more control has to be
applied to the repulsive particles, which oppose the desired clustering. This is evident in Figure
5.14, when comparing the magnitude of the control, symbolised by differently sized arrows, for
κ = 1 (repulsion) with the other two cases. In the attractive configuration, the effect of the
attraction supports the control action, so less control is needed to reach the desired state. The
numerical solution takes between 1 and 750 iterations for the fixed-point solver to converge,
over an average time of 60 minutes depending on the problem considered (fewer iterations when
β is large and more when β is small).

2D Example 3: Source Control Problem with No-Flux Boundary Conditions

The chosen inputs for this example are

ρ0 =
1

4
, Vext = cos

(πx1

5
− π

5

)
sin
(πx2

5

)
,

ρ̂ =
1

4
(1− t) + t

(
1

4
sin

(
π (x1 − 2)

2

)
sin

(
π(x2 − 2)

2

)
+

1

4

)
.

We once again prescribe a uniform initial condition for the state and the same desired state as
in 2D Example 1. However, we specify a non-zero external potential to study the interesting
dynamics it introduces into the optimality system. Figure 5.15 shows the desired state which
concentrates the density at two opposite corners of the domain: (−1, 1), and (1, 1). The un-
controlled state, shown in Figure 5.15 as well, moves the density towards (1,−1) where the
external potential exerts the least strength.
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Figure 5.13: 2D Example 2: Snapshots of the optimal ρ for different interaction strengths,
κ = −1, κ = 0, and κ = 1 (top to bottom), with β = 10−3.

Figure 5.14: 2D Example 2: Snapshots of the optimal control for different interaction strengths,
κ = −1, κ = 0 and κ = 1 (top to bottom), with β = 10−3. The lengths of the arrows
are proportional to ‖w‖. A contour plot of the external potential Vext is superimposed for
reference, with a corresponding colorbar on the right-hand side.
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Figure 5.15: 2D Example 3: Uncontrolled ρ and desired state ρ̂, with β = 10−3 and κ = −1.

Figure 5.16: 2D Example 3: Snapshots of the optimal ρ for κ = −1, κ = 0, and κ = 1 (top to
bottom), for β = 10−3.

In Figure 5.16 we show (for β = 10−3) the optimal states for different interaction strengths,
with the corresponding optimal controls in Figure 5.17. Since β is small, the optimal state is
very close to the desired state. We can observe clear effects of the external potential Vext on
the optimal state and the control. Since Vext is large around x2 = 1, more control has to be
applied in this area to force the density towards ρ̂. It can also be seen that the state is slightly
asymmetric because of this effect, despite ρ̂ being symmetric.

The effect of the different interaction strengths on the state can be observed in Figure 5.16,
by inspecting the shape of the particle distribution. The desired state prescribes higher density
near the two corners (−1,−1) and (1, 1). Without control or an external potential, repulsive
particles accumulate on the boundary of the domain, whilst attractive particles favour the centre
of the domain. Hence in this example, where the target density is higher near the boundary,
less control needs to be applied for repulsive particles. For attractive particles, the accumulated
particles are arranged in a rounder shape, while the repulsive particles are more spread out, as
would be expected from their interactions.
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Figure 5.17: 2D Example 3: Snapshots of the optimal control for κ = −1, κ = 0 and κ = 1
(top to bottom), for β = 10−3. A contour plot of the external potential Vext is superimposed
on the control plots for reference, with a corresponding colorbar on the right-hand side.

5.6 Remarks

We see that the fixed-point method converges for a number of 1D and 2D test problems involving
non-local particle interactions. Convergence can take a couple of minutes for 1D problems
and hours for 2D problems. However it is reliable, which is a significant motivation of this
methodology for these very tough problems. The Armijo–Wolfe rule can accelerate convergence
in a range of settings by reducing the required number of iterations, and function evaluations.
Utilizing fixed smaller mixing rates for the fixed-point methods can lead to longer convergence
times, however applying the Armijo–Wolfe rule in such cases can lead to even slower convergence
times. We also observe that w = 0 or w = 0 becomes a worse initial guess for smaller values of
β, leading to more iterations being required for convergence. This is specific to the problems
considered in this chapter due to the choice of ρ̂ corresponding to w = 0.

One advantage of the fixed-point method is that it is generalizable to problems with box
constraints, which we consider in Chapter 6. However, the number of iterations required for
convergence suggests that a higher-order method could be valuable. We implement the higher-
order Newton–Krylov method for examples in Chapter 7 to highlight this.

The successful optimization of the non-local interacting problems discussed here opens up
avenues to solve optimization problems in real-life applications that involve non-local interac-
tions. In the next chapter, we shift our focus to the field of opinion dynamics where opinions
of agents are modelled with particle dynamics equations.
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Chapter 6

An Active Set–Fixed-Point
Method for PDE-Constrained
Problems from Opinion
Dynamics

6.1 Background

Opinion dynamics is the study of the evolution of people’s opinions in a social system. It is
part of the larger field of mathematical modelling in the social sciences [52, 248, 249]. When a
common decision has to be taken, we usually see a single position emerging known as consensus,
or a state of co-existence of different opinions known as clusters. The framework of interacting
particles naturally models this opinion evolution and hence we are able to utilize ideas from
statistical physics and nonlinear science to model opinion dynamics systems.

Opinion dynamics models fall under a class of models describing the motion of a collection
of individual entities at the microscopic scale interacting through simple rules that appear in
biology, mathematics, physics, and engineering. These types of models have been proposed to
describe the flocking of birds [46, 49, 160, 185], the schooling of fish [11, 20, 118], and swarms
of bacteria [139], among others. Other versions of these models appear in the Keller–Segel
model [132] for slime mold, the Vicsek model of phase transitions [253], the Cucker–Smale
model for flocking [65,66,176], and robotics [43,47,154], as well as similar models [174,244].

Opinion dynamics models are governed by interaction rules dictated by the model. In-
teresting models that have been proposed based on different interaction rules include: the
DeGroot model [29, 72], voter model [26, 122, 198], Sznajd model [229, 237], majority rule
model [92, 144, 242], bounded-confidence model [71, 116, 256], and continuous opinions and
discrete actions (CODA) [168, 169] models. The DeGroot model is generally considered the
classical model in opinion dynamics where weights assigned to each agent’s continuous opinion
in the system do not change over time. DeGroot [72] proved that the consensus opinion is a
linear combination of the initial opinions of all agents, and Berger [29] presented a sufficient
and necessary condition to reach a consensus in the DeGroot model. The voter model de-
scribes the social dynamics of public choices on social issues. In the voter model, all agents
are placed on a regular lattice, their opinion (or choice) is denoted as a binary variable, and
an agent updates his/her opinion based on that of a randomly selected neighbor. The Sznajd
and majority rule models are extensions of the voter model based on different perspectives on
networks. The majority rule model considers heterogeneous networks and hypergraphs, while
the Sznajd models has been applied on the Erdos–Rényi (ER) random graph [84], the small-
world (SW) network [180], and the scale-free (SF) network [19]. The interaction rule of the
bounded confidence model is becoming a popular tool in model opinion dynamics due to its
consideration of psychological factors. It has a natural PDE formulation and as a result is
the model of choice in this thesis as we seek to solve PDE-constrained optimization problems.
In the bounded confidence model, an agent’s opinion will only be influenced by agents whose
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opinions differ from his/her own by no more than a certain confidence level. The CODA model
presented in [168] is a hybrid approach where each individual notices only the choices of other
individuals and is not aware of their internal opinions.

Opinion dynamics has been applied in different fields, in particular public opinion manage-
ment, political elections, and markets. In public opinion management, Ding et al. [77] focussed
on the control of public opinions, which is a key problem in practical opinion dynamics and
proposed an opinion control rule with minimum adjustments to support consensus reaching in
the bounded confidence model. They also investigated the effects of adjustment thresholds and
bounded confidences on the opinion control rule. The influence of mass media in the dynam-
ics of the two-dimensional Sznajd model was considered in [64]. Kurz, in [148], studied the
optimal control problem of minimizing the convergence (freezing) time in the discrete Hegsel-
mann–Krause model of opinion dynamics. Pineda and Buend́ıa in [193] focused on the effects
of an external mass media on continuous opinion dynamics with heterogeneous bounds of con-
fidence. They discovered that in the absence of mass media, diversity of bounds of confidence
can improve the capacity of the systems to reach consensus. They also showed the existence,
for certain parameter values, of a counter-intuitive effect in which the persuasion capacity of
the mass media decreases if the mass media intensity is too large.

In the sector of political elections, Boundin et al. used a kinetic opinion dynamics model to
investigate the influence of mass media on the Scottish independence referendum of 2014 [40].
The Sznajd rule was used in [35] to study the Brazilian election results. Bravomarquez et al.
in [42] conducted an empirical study of opinion time series created from Twitter data on the
2008 U.S. elections with the focus of establishing whether a time series is appropriate or not
for generating a reliable predictive model. Gonzalez et al. in [102] studied a model for elections
based on the Sznajd model, and the exponent they obtained for the distribution of votes during
the transient regime agreed with those obtained for real elections in Brazil and India.

In markets, Oster and Feigel [184] proposed an opinion dynamics model to describe stock
and option price formation and showed a good fit of option prices to real data. Varma et
al. [252] analyzed competition between two firms, where each firm attempts to sway the public
opinion to its own side by spending money on advertising or providing discounts for specific
consumers, thus capturing a larger market share. A recommender system was presented in [53]
based on opinion dynamics to help users select the right products or services in information
overload scenarios. Finally, Quattrociocchi et al. [202] investigated how mainstream media
signed interaction might shape the opinion space, focusing on how different numbers of me-
dia and interaction patterns of the information system affect collective debates and opinion
distribution.

In this chapter, we detail the evolution of the bounded confidence interval model for opin-
ion dynamics, and construct PDE-constrained optimization problems for opinion dynamics
including additional bound constraints. Next, we present a novel combination of an active set
fixed-point numerical algorithm and pseudospectral or finite difference discretization to solve
these optimization problems. We conclude with numerical experiments solving optimization
problems constrained by the one-dimensional bounded confidence interval opinion dynamics
model.

6.1.1 The Evolution of the Bounded Confidence Interval Model for
Opinion Dynamics

The bounded confidence interval models were originally proposed as deterministic, discrete time
processes [71, 116, 256] and have been extended to include noise or randomness [194–196, 236],
modelling uncertainty in observations or external influences. Related models include continuous
time ODEs [47], SDEs, and PDEs [141,255]. We refer to [52,199,200] for comprehensive reviews.

The discrete time bounded confidence models were independently designed by Deffuant et
al. (DW) and Hegselmann et al. (HK) in [71] and [116], respectively. Both models received
significant attention as they reflected more accurately the real-world situations where one is
more likely to be influenced by others with similar opinions. The main difference between the
DW and HK models is: in the DW model, two randomly chosen individuals meet and pairwise
averaging is implemented, and hence, this model is suitable for where individuals meet in small
groups and exchange information face-to-face, while the HK model captures communication in
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large groups (which is practical in the era of social media), and individuals move to the average
opinion of all other individuals which lie in the area of confidence. It is shown for both models
(see [71,116]) that for large numbers of individuals there is always a final state which is a perfect
consensus or set of opinion clusters. For the rest of this thesis, we do not discuss the DW model
any further, but focus on the HK model.

The Classical Hegselmann–Krause (HK) Model

Take a system with N fixed number of agents/individuals. Now, xi(t) is the location/position
of agent i at time t on the real line. The position of an agent represents its opinion. At each
time step, the opinion xi of the agent i, i = 1, 2, . . . , N, moves to the average opinion of other
agents that are within a fixed distance R of itself, i.e. ,

xi(t+ 1) =

∑
j:|xi(t)−xj(t)|≤R xj(t)

|Ii(x, t)|
. (6.1)

where Ii(x, t) := {j : |xi(t)− xj(t)| ≤ R}. The underlying assumption is that people are im-
mune to the influence of others whose opinions differ greatly from theirs. Hence, if two groups
of agents are initially separated by a distance greater than R, then they will form decoupled
dynamical systems (clusters) with no interaction between them.

The model in (6.1) is rewritten in [47] as

xi(t+ 1) = xi(t) +

N∑
j=1

aij(xj(t)− xi(t)),

where

aij =

{
|Ii(x, t)|−1 j ∈ Ii(x, t)
0 otherwise.

Now, instead of jumping to the average opinion, if we move towards it continuously in time,
then we have the equivalent continuous time ODE expressed in [177] as

d

dt
xi =

N∑
j=1

aij(xj − xi), (6.2)

where

aij =
φij∑
k φik

, φij = φ(|xj − xi|).

and i = 1, 2, . . . , N . Here, 0 ≤ φ ≤ 1 is the scaled influence function which acts on the ‘difference
of opinions’ |xi − xj |. We note that aij in the model (6.2) is not symmetric, and in [177], a
symmetric version,

aij =
φ(|xj − xi|)

N
(6.3)

is proposed which still captures the original HK rules. The assumption is that agents react to
their differences relative to other agents and not the position of others. Since aij depends on
the relative difference |xi− xj |, we have a non-linear model. Motsch et al. in [177] also studied
the mean-field limit of (6.2), specifically with the symmetric sub-stochastic matrix A defined
by the entries in (6.3).

The Noisy Hegselmann–Krause Model

In the classic bounded confidence models, final states are always a consensus or clusters. How-
ever in real social systems, public opinions do not reach such ideal states, and there is always
uncertainty involved. Hence to make the models more realistic, Pineda et al. in [194–196]
introduced noise into the models in the following ways. With a given probability, an individual
at each time step can
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• take a random jump inside the given opinion space,

• take a random jump in a small interval centered around its current opinion,

or follow the classical HK rule. This noise can be interpreted as ‘free-will’ or ‘self-thinking’
where individuals change their opinions in a random way, the death and birth of individuals
or the replacement of individuals in a system whose total size is not fixed. The aim was to
analyse which aspects of the original dynamics are robust with respect to noise and study
which additional complex collective phenomena can emerge. They successfully implemented
this noise in the DW model in [194] and [196] first, then in the HK model in [195] through
master equations. They discovered that the noise induces phase transitions or order–disorder
transitions. There are now studies (see [80, 96, 221, 255]) around approximating the critical
conditions (extent of noise) for systems to move from order (consensus or clusters) to disorder
(uniform) and vice versa using linear stability analysis, and the agreement is that diffusion
induces an order–disorder transition. In the disordered state, the distribution of opinions tends
to be uniform while for ordered, a set of defined clusters are formed, although some opinion
may spread between them.

In 2015, Garnier et al. [93] introduced the stochastic continuous space and time opinion
dynamics model with exogenous randomness, which was a build up of the model in (6.2) with
independent Brownian motions accounting for the noise in each agent’s opinion.

dxi = − 1

N

∑
j:|xi−xj |≤R

(xi − xj)dt+ σdW
(i)
t , (6.4)

where xi(t) is agent i’s opinion modelled as a real valued process, and i = 1, 2, . . . , N . Here,

W
(i)
t represents an independent Wiener process and σ is a non-negative constant that controls

the magnitude of noise. The case σ = 0 implies there is no randomness (i.e. , the deterministic
case) and σ 6= 0 means the system is stochastic. The summation represents the attracting force
that pulls agents together while diffusion keeps them active under Brownian motion.

The corresponding mean-field limit non-linear Fokker–Planck equation that models the
agents’ density profile is obtained as:

∂tρ(x, t) = ∇x ·
(
ρ(x, t)

∫
(x− y)ρ(y, t)1|x−y|≤R dy

)
+
σ2

2
∇2
xρ(x, t), (6.5)

where ρ is the limiting density of the N -body distribution ρN (x, t) := 1
N

∑
δxj (t)(dx) as N →

∞, the term with ∇2
x represents the diffusion process that flattens ρ, and the integral term is

the advection of the density caused by the attraction, where

1|x−y|≤R =

{
1 |x− y| ≤ R,
0 otherwise.

Periodic boundary conditions were imposed for technical convenience, but to solve (6.4) and
(6.5) on a finite interval, Neumann type boundary conditions are recommended [96]. This is
because agents near the edges of the population have, on average, more agents inside than
outside, and hence feel a net force inwards. So, if one starts with a uniform distribution, the
agents will end up clustering. This happens in the PDE experiments where Neumann type
boundary conditions are imposed. In the periodic case, the uniform state remains uniform.

At this point, we see clearly the similarities between the opinion dynamics Fokker–Planck
equation (6.5) and the DDFT Fokker–Planck equations used in the optimization problems (5.1)
and (5.4) in Chapter 5. In fact, one can write (6.5) as a DDFT model (see [96]). The similarity
arises through the non-local and non-linear 2-body integral term. This motivates the study of
opinion dynamics optimization problems done in this chapter, and the application of the same
numerical algorithms utilized in Chapter 5 for the DDFT problems to these opinion dynamics
problems.

Garnier et al. in [93], used linear stability analysis of the associated Fokker–Planck equation
(6.5) to estimate the number of clusters, the time to cluster formation, and the critical strength
of randomness to have cluster formation. They extensively discuss the cluster dynamics after
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their formation and long-term behaviour of the clusters, confirming any analytical findings with
numerical simulations.

Well-posedness (existence, uniqueness, and non-negativity) of the solution to (6.5) together
with regularity issues were established in [50, 58]. In [255], Wang et al introduced an order
parameter for analysing the order and disorder of the opinion system, and described a pseu-
dospectral method for simulating the system in (6.5) efficiently with sufficient accuracy, but
only for periodic boundary conditions. They also derived a theoretical explanation for the
2R conjecture that states that, for a random initial distribution in a fixed interval, the final
configuration consists of clusters separated by a distance of roughly 2R.

Introduction of Radicals and Effects of Boundary Conditions

The persistent disagreement and clustering exhibited in some real-world systems be captured
by introducing agents with persistent behaviour. One such approach is named radical opinions
and can be attributed to ‘stubborn individuals’ or a position shared by a group of close-minded
opinion leaders with the expectation that, they increase the attractive forces in their neigh-
bourhood.

Models with radical opinions are studied in [117] and [270], where their numerical results
demonstrate high sensitivity of clusters to radicals’ opinions positioned at a single point in the
domain, and reveal counter-intuitive effects such as an increase in number of radicals sometimes
reducing their number of followers. In [141], the authors consider the stochastic bounded
confidence model in (6.4) with additional radical opinions which are distributed over a fixed
interval [0, 1]. The radical opinions serve as an infinite-dimensional control input into the
Fokker–Planck equation in (6.5), and they incorporate even 2-periodic boundary conditions to
distinguish the two extreme opinions at 0 and 1 (which periodic boundary conditions fail to do).
They show well-posedness of the new model in a certain class of initial conditions and provide
existence result and a global estimate for the corresponding stationary equation and find a lower
bound on the noise level that guarantees exponential convergence of the dynamics to stationary
state. However, Goddard et al. show in [96] that even 2-periodic boundary conditions create a
mirror system which can strongly influence the dynamics and produce potentially undesirable
effects. They instead introduce no-flux or Robin boundary conditions which most faithfully
reproduce the underlying mechanisms in the deterministic model in (6.2), and conserve mass
without conflating the extreme opinions. They also point out differences to be mindful of in
the SDE model (6.4) and PDE model (6.5), such as how large N should be (usually 1023 in
statistical mechanics compared to hundreds or thousands in social systems for these models
to demonstrate agreement). They implement robust pseudospectral methods which effectively
implements both periodic and no-flux boundary conditions (see Chapter 4).

For the SDE model with radicals, the indexing of ‘normal’ individuals as 1, 2, . . . , N is
retained, and radicals are added in and indexed by N + 1, N + 2, . . . , N + Nr. We then have
the equation

dxi = − 1

N

∑
j:|xi−xj |≤R

(xi − xj)dt+ σdW
(i)
t , i = 1, 2, . . . , N, (6.6)

dxi = 0, i = N + 1, N + 2, . . . , N +Nr. (6.7)

We note that the sum is over j = 1, 2, . . . , N +Nr. The corresponding Fokker–Planck PDE is:

∂tρ(x, t) = ∇x ·
(
ρ(x, t)

∫
(x− y)(ρ(y, t) +Mρr(y, t))1|x−y|≤R dy

)
+
σ2

2
∇2
xρ(x, t), (6.8)

where ρr determines the (fixed) distribution of radicals, and is normalized to have size 1, and
M is a parameter used to scale the mass of the radicals. For physical reasons, ρr should be non-
negative(which will motivate work in Section 6.3.2). However, a negative ρr can be attributed
to negative advertising in some applications.
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6.1.2 Motivation for Opinion Dynamics PDE-Constrained Optimiza-
tion Problems

While there are several studies on the phase transitions caused by noise in opinion dynam-
ics models, the introduction of radicals give rise to several questions about their influence on
phase transitions. Recent studies in [96] present interesting numerical results on the effects of
fixed radical opinions and of boundary conditions on the phase transitions. Other authors have
considered control of the discrete HK model [77] and optimal control of convergence time for
consensus [148]. Optimal control of radicals therefore follows naturally as an extension of these
works. With the success of our numerical algorithms (as shown in Chapter 5) on optimization
problems constrained by similar DDFT equations with non-local integral terms, we are moti-
vated to apply related numerical methods to solve optimization problems constrained by the
opinion dynamics Fokker–Planck PDE (6.8) with respect to the opinions ρ as the state variable
and ρr as the control variable. One advantage of obtaining optimized radical distributions by
solving a PDE-constrained optimization problem is that we can specify a desired distribution for
the opinion state to reach at all times. We are also able to investigate the following questions:

1. How does the choice of boundary conditions affect the optimal distribution of radicals?

2. How does the optimal distribution of radicals behave?

3. Does the finite difference discretization outperform the pseudospectral method when non-
smooth constraints are applied?

4. Does an Active-Set strategy (see Sections 3.5 and 6.3.2) suitably converge for an optimal
control problem with non-local and nonlinear parabolic PDEs as constraints? Note that
they have historically been applied to elliptic problems.

In the next section, we formulate a PDE-constrained optimization problem for opinion
dynamics and derive the first-order optimality system using the continuous Lagrange method.

6.2 Opinion Dynamics PDE-Constrained Optimization Prob-
lems

We are interested in minimizing some cost functional subject to the opinion dynamics PDE in
(6.8) so as to study optimized radical distributions ρr that can drive our agent density ρ to a
target distribution ρ̂. We adopt the cost functional presented in Chapter 5 which minimizes
the ‘distance’ (L2-norm of the difference in variables) between the state and target variables
and the norm of the control multiplied by a regularization parameter. We present the following
problem written over the space–time domain Q = Ω× (0, T ) in more than one spatial variable,

min
ρ,ρr

J (ρ, ρr) :=
1

2

∫ T

0

∫
Ω

(ρ− ρ̂)2 dxdt+
β

2

∫ T

0

∫
Ω

ρ2
r dxdt (6.9)

s.t ∂tρ−
σ2

2
∇2ρ−∇x · I(ρ, ρr) = 0 in Q,

ρ = ρ0(x) at t = 0,

where

I(ρ, ρr) = ρ(x, t)

∫
Ω

(1‖x−y‖≤R)(x− y)(ρ(y, t) + ρr(y, t)) dy.

Here, Ω ⊂ Rd, with boundary ∂Ω, and T prescribes a final time up to which the process is
modelled. The scalar functions ρ(x, t) and ρr(x, t) are the state (‘normal’ opinions) and control
(radical opinions) variables respectively, and ρ̂(x, t) is the desired state. Also, β > 0 remains
the regularization parameter. The vector term x−y in the non-local integral term corresponds
to the kernel K(x,y) seen in previous examples in Chapter 5.

We consider two boundary conditions imposed on ρ, the ‘no-flux type’ boundary condition:(
σ2

2
∇ρ+ I(ρ, ρr)

)
· n = 0 on ∂Q, (6.10)
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and the case of periodic boundary conditions in one-dimension on Ω = [a, b]:

ρ(a, t) = ρ(b, t), (6.11)(
σ2

2
∇ρ+ I(ρ, ρr)

)
· n
∣∣∣
x=a

= −
(
σ2

2
∇ρ+ I(ρ, ρr)

)
· n
∣∣∣
x=b

, (6.12)

where n → n is the normal vector at the boundary, and the vectors x,y are replaced with
the scalars x, y respectively for the 1D case. Both periodic conditions (6.11) and (6.12) are
trivial consequences of the imposition of periodicity on ρ and ρr, and the flux condition (6.12)
is necessary to enforce periodicity numerically.

We obtain continuous first optimality conditions using the optimize-then-discretize ap-
proach. The workings are similar to the examples in Chapter 5, but we pay particular attention
to the non-local term here as it is over a bounded subdomain and not the whole domain.

In [50], existence of solutions, and non-uniqueness of steady states are discussed, as well as
the existence of phase transitions for a more general forward McKean–Vlasov equation including
the noisy Hegselmann–Krausse model for opinion dynamics on a torus. In [5], the authors show
the existence of mean field optimal controls for a similar optimization problem to (6.9), but
with the Wasserstein norm, both in the stochastic and deterministic settings, and with no-
flux boundary conditions. Hence, the opinion dynamics optimization problem (and others like
it) have very rich dynamics, and questions such as existence and uniqueness of solutions are
important and interesting. These topics are beyond the scope of the thesis, but would form
valuable avenues for future research.

6.2.1 First-Order Optimality Conditions for Periodic Boundary Con-
ditions

We consider the optimization problem (6.9) with 1D periodic boundary conditions (6.11). We
introduce three Lagrange multipliers q1, q2 and q3 corresponding to the interior of the domain,
first, and second boundary conditions respectively. We note that q2 and q3 enforce the periodic
boundary conditions prescribed, and hence only depend on time. We may then write our
Lagrangian operator as:

L(ρ, ρr, q1, q2, q3) =
1

2

∫ T

0

∫
Ω

(ρ− ρ̂)2 dxdt+
β

2

∫ T

0

∫
Ω

ρ2
r dxdt

−
∫ T

0

∫
Ω

(
∂tρ−

σ2

2
∇2ρ−∇x ·

[
ρ(x, t)

∫
Ω

(1|x−y|≤R)(x− y)ρr(y, t) dy

])
q1

−∇x ·
[
ρ(x, t)

∫
Ω

(1|x−y|≤R)(x− y)ρ(y, t) dy

]
q1 dxdt

−
∫ T

0

(ρ(b, t)− ρ(a, t))q2 dt

−
∫ T

0

q3

(
σ2

2
∇ρ+ ρ(x, t)

∫
Ω

(1|x−y|≤R)(x− y)(ρ(y, t) + ρr(y, t)) dy

)
· n
∣∣∣
x=b

+ q3

(
σ2

2
∇ρ+ ρ(x, t)

∫
Ω

(1|x−y|≤R)(x− y)(ρ(y, t) + ρr(y, t)) dy)

)
· n
∣∣∣
x=a

dt.

Here also, the optimal pair (ρ̄, ρ̄r) should satisfy the KKT conditions:

DρL(ρ̄, ρ̄r, q1, q2, q3)h = 0 ∀h ∈ L2(0, T ;H1(Ω)),

Dq1,q2,q3L(ρ̄, ρ̄r, q1, q2, q3)h = 0 ∀h ∈ L2(0, T ;H1(Ω)),

DρrL(ρ̄, ρ̄r, q1, q2, q3)h = 0 ∀h ∈ L2(0, T ; Ω).
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The KKT condition with respect to (q1, q2, q3) in the direction h gives back the forward PDE,
i.e.,

Dq1,q2,q3L(ρ̄, ρ̄r, q1, q2, q3)h = −
∫ T

0

∫
Ω

(
∂tρ̄−

σ2

2
∇2ρ̄−∇x · I(ρ̄, ρ̄r)

)
h dxdt

−
∫ T

0

(ρ̄(b, t)− ρ̄(a, t))h dt

−
∫ T

0

h

(
σ2

2
∇ρ̄+ I(ρ̄, ρ̄r)

)
· n
∣∣∣
x=b

+ h

(
σ2

2
∇ρ̄+ I(ρ̄, ρ̄r)

)
· n
∣∣∣
x=a

dt

= 0.

This implies that

∂tρ̄−
σ2

2
∇2ρ̄−∇x · I(ρ̄, ρ̄r) = 0 in Q,

ρ̄ = ρ0(x) at t = 0,

ρ̄(a, t) = ρ̄(b, t),(
σ2

2
∇ρ̄+ I(ρ̄, ρ̄r)

)
· n
∣∣∣
x=a

= −
(
σ2

2
∇ρ̄+ I(ρ̄, ρ̄r)

)
· n
∣∣∣
x=b

.

We now write the Fréchet derivate with respect to ρ in the direction h:

DρL(ρ, ρr, q1, q2, q3)h =

∫ T

0

∫
Ω

(ρ− ρ̂)h dxdt

−
∫ T

0

∫
Ω

(
∂th−

σ2

2
∇2h−∇x ·

[
h(x, t)

∫
Ω

(1|x−y|≤R)(x− y)ρr(y, t) dy

])
q1

−
(
∇x ·

[∫
Ω

(1|x−y|≤R)(x− y)(ρ(x, t)h(y, t) + h(x, t)ρ(y, t)) dy

])
q1 dxdt

−
∫ T

0

(h(b, t)− h(a, t))q2 dt

−
∫ T

0

q3

(
σ2

2
∇h+ h

∫
Ω

(1|x−y|≤R)(x− y)ρr(y) dy

)
· n
∣∣∣
x=b

+ q3

(∫
Ω

(1|x−y|≤R)(x− y)(ρ(x, t)h(y, t) + h(x, t)ρ(y, t)) dy

)
· n
∣∣∣
x=b

+ q3

(
σ2

2
∇h+ h

∫
Ω

(1|x−y|≤R)(x− y)ρr(y, t) dy

)
· n
∣∣∣
x=a

+ q3

(∫
Ω

(1|x−y|≤R)(x− y)(ρ(x, t)h(y, t) + h(x, t)ρ(y, t)) dy

)
· n
∣∣∣
x=a

dt

After applying the vector calculus identity (3.6) and the Divergence Theorem, we obtain

DρL(ρ, ρr, q1, q2, q3) =

∫ T

0

∫
Ω

(ρ− ρ̂)h dxdt

−
∫ T

0

∫
Ω

(
−∂tq1 −

σ2

2
∇2q1 +

[∫
Ω

(1|x−y|≤R)(x− y)ρr(y, t) dy

]
· ∇q1

)
h

+

(∫
Ω

(1|x−y|≤R)(x− y)(ρ(x, t)h(y, t) + h(x, t)ρ(y, t)) dy

)
· ∇xq1(x, t) dxdt

−
∫

Ω

(q1(x, T )h(x, T )− q1(x, 0)h(x, 0)) dx
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−
∫ T

0

(
σ2

2
h∇q1 −

σ2

2
q1∇h− hq1

∫
Ω

(1|x−y|≤R)(x− y)ρr(y, t) dy

)
· n
∣∣∣
x=b

+

(
q1

∫
Ω

(1|x−y|≤R)(x− y)(ρ(x, t)h(y, t) + h(x, t), ρ(y, t)) dy

)
· n
∣∣∣
x=b

+

(
σ2

2
h∇q1 −

σ2

2
q1∇h− hq1

∫
Ω

(1|x−y|≤R)(x− y)ρr(y, t) dy

)
· n
∣∣∣
x=a

+

(
q1

∫
Ω

(1|x−y|≤R)(x− y)(ρ(x, t)h(y, t) + h(x, t), ρ(y, t)) dy

)
· n
∣∣∣
x=a

dt

−
∫ T

0

(h(b, t)− h(a, t))q2 dt

−
∫ T

0

q3

(
σ2

2
∇h+ h

∫
Ω

(1|x−y|≤R)(x− y)ρr(y) dy

)
· n
∣∣∣
x=b

+ q3

(∫
Ω

(1|x−y|≤R)(x− y)(ρ(x, t)h(y, t) + h(x, t)ρ(y, t)) dy

)
· n
∣∣∣
x=b

+ q3

(
σ2

2
∇h+ h

∫
Ω

(1|x−y|≤R)(x− y)ρr(y, t) dy

)
· n
∣∣∣
x=a

+ q3

(∫
Ω

(1|x−y|≤R)(x− y)(ρ(x, t)h(y, t) + h(x, t)ρ(y, t)) dy

)
· n
∣∣∣
x=a

dt.

We then follow the same workings as for the optimal flow control problem (5.1) in Chapter
5 to make h the subject in the non-local integral term. We swap the order of integrals with
respect to x and y and perform a change of variables y = x. We do not make h the subject
in the boundary terms as we anticipate from previous workings in Chapter 5, that those terms
evaluate to zero for the choices of h made. We then get that

DρL(ρ, ρr, q1, q2, q3) =

∫ T

0

∫
Ω

(ρ− ρ̂)h dxdt

−
∫ T

0

∫
Ω

(
−∂tq1 −

σ2

2
∇2q1 +

[∫
Ω

(1|x−y|≤R)(x− y)ρr(y, t) dy

]
· ∇q1

)
h

− h
(∫

Ω

(1|x−y|≤R)(x− y)ρ(y, t) · ∇yq1(y, t) dy

)
+ h

(∫
Ω

(1|x−y|≤R)(x− y)ρ(y, t) dy

)
· ∇xq1(x, t) dxdt

−
∫

Ω

(q1(x, T )h(x, T )− q1(x, 0)h(x, 0)) dx

−
∫ T

0

(
σ2

2
h∇q1 −

σ2

2
q1∇h− hq1

∫
Ω

(1|x−y|≤R)(x− y)ρr(y, t) dy

)
· n
∣∣∣
x=b

+

(
q1

∫
Ω

(1|x−y|≤R)(x− y)(ρ(x, t)h(y, t) + h(x, t)ρ(y, t)) dy

)
· n
∣∣∣
x=b

+

(
σ2

2
h∇q1 −

σ2

2
q1∇h− hq1

∫
Ω

(1|x−y|≤R)(x− y)ρr(y, t) dy

)
· n
∣∣∣
x=a

+

(
q1

∫
Ω

(1|x−y|≤R)(x− y)(ρ(x, t)h(y, t) + h(x, t)ρ(y, t)) dy

)
· n
∣∣∣
x=a

dt

−
∫ T

0

(h(b, t)− h(a, t))q2 dt

−
∫ T

0

q3

(
σ2

2
∇h+ h

∫
Ω

(1|x−y|≤R)(x− y)ρr(y) dy

)
· n
∣∣∣
x=b

+ q3

(∫
Ω

(1|x−y|≤R)(x− y)(ρ(x, t)h(y, t) + h(x, t)ρ(y, t)) dy

)
· n
∣∣∣
x=b
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+ q3

(
σ2

2
∇h+ h

∫
Ω

(1|x−y|≤R)(x− y)ρr(y, t) dy

)
· n
∣∣∣
x=a

+ q3

(∫
Ω

(1|x−y|≤R)(x− y)(ρ(x, t)h(y, t) + h(x, t)ρ(y, t)) dy

)
· n
∣∣∣
x=a

dt.

We similarly write the Fréchet derivate with respect to ρr in the direction h as

DρrL(ρ, ρr, q1, q2, q3)h =

∫ T

0

∫
Ω

βρrh dxdt

+

∫ T

0

∫
Ω

∇x ·
[
ρ

∫
Ω

(1|x−y|≤R)(x− y)h(y, t) dy

]
q1 dxdt

−
∫ T

0

q3

(
ρ(x, t)

∫
Ω

(1|x−y|≤R)(x− y)h(y, t) dy

)
· n
∣∣∣
x=b

+ q3

(
ρ(x, t)

∫
Ω

(1|x−y|≤R)(x− y)h(y, t) dy

)
· n
∣∣∣
x=a

dt,

and make h the subject in the second term to obtain

DρrL(ρ, ρr, q1, q2, q3) =

∫ T

0

∫
Ω

βρrh dxdt

−
∫ T

0

∫
Ω

h(x, t)

[∫
Ω

−ρ(y, t)(1|x−y|≤R)(x− y) · ∇yq1(y, t) dy

]
dxdt

+

∫ T

0

∫
∂Ω

q1(x, t)

[
ρ

∫
Ω

(1|x−y|≤R)(x− y)h(y, t) dy

]
· ndsdt

−
∫ T

0

q3

(
ρ(x, t)

∫
Ω

(1|x−y|≤R)(x− y)h(y, t) dy

)
· n
∣∣∣
x=b

+ q3

(
ρ(x, t)

∫
Ω

(1|x−y|≤R)(x− y)h(y, t) dy

)
· n
∣∣∣
x=a

dt.

As stated earlier, the optimal solution should satisfy

DρL(ρ̄, ρ̄r, q1, q2, q3)h = 0 ∀h ∈ L2(0, T ;H1(Ω)),

DρrL(ρ̄, ρ̄r, q1, q2, q3)h = 0 ∀h ∈ L2(0, T ; Ω).

In particular, if we choose h ∈ C∞0 (Q) such that h =
∂h

∂n
= 0 on ∂Q and h(x, 0) = h(x, T ) = 0,

then the KKT conditions by the Fundamental Lemma of Calculus of Variations reduce to

∂tq1 +
σ2

2
∇2q1 −∇q1 ·

(∫
Ω

(1|x−y|≤R)(x− y)ρ̄r(y, t) dy

)
+

∫
Ω

(1|x−y|≤R)(x− y)ρ̄(y, t) · ∇yq1(y, t) dy

−∇q1 ·
(∫

Ω

(1|x−y|≤R)ρ̄(y, t) dy

)
+ ρ̄− ρ̂ = 0,

which describes the adjoint PDE on the interior of the domain and

βρ̄r +

∫
Ω

(1|x−y|≤R)(x− y)ρ̄(y, t) · ∇yq1(y, t) dy = 0,

which is the gradient equation.

Now, to obtain the final time condition for the adjoint variable we drop the condition
h(x, T ) = 0 to obtain ∫

Ω

q1(x, T )h(x, T ) dx = 0
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which by the Fundamental Lemma of Calculus of Variations implies

q1(x, T ) = 0.

If we now drop the condition ∂h
∂n = 0 on the boundary and choose ∂h

∂n

∣∣
x=b

= 0, ∂h
∂n

∣∣
x=a

= 0 in
turn, we obtain that q3(b, t) = q1(b, t) and q3(a, t) = q1(a, t) which must hold also for periodicity
reasons. We also note that

q1(a, t) = q1(b, t)

follows from the periodicity of ρ, and ρr. We now drop the condition h = 0 on the bound-

ary and choose h such that h(a, t) = h(b, t) and
(∫

Ω
(1|x−y|≤R)(x− y)h(y, t) dy

)
· n
∣∣∣
x=b

=

−
(∫

Ω
(1|x−y|≤R)(x− y)h(y, t) dy

)
· n
∣∣∣
x=a

to obtain:

∫ T

0

h(a, t)

[
∂q1

∂n
(a, t) +

∂q1

∂n
(b, t)

]
dt = 0,

which implies
∂q1

∂n
(a, t) = −∂q1

∂n
(b, t).

The remaining variations of h give the relationships between q1, q2, and q3. We then rename
q1 as q and have the optimality system for problem (6.9) with periodic boundary conditions
(6.11) as:

∂tρ̄−
σ2

2
∇2ρ̄−∇x · I(ρ̄, ρ̄r) = 0 in Q,

ρ̄ = ρ0(x) at t = 0,

ρ̄(a, t) = ρ̄(b, t),(
σ2

2
∇ρ̄+ I(ρ̄, ρ̄r)

)
· n
∣∣∣
x=a

= −
(
σ2

2
∇ρ̄+ I(ρ̄, ρ̄r)

)
· n
∣∣∣
x=b

,

∂tq1 +
σ2

2
∇2q1 −∇q1 ·

(∫
Ω

(1|x−y|≤R)(x− y)ρ̄r(y, t) dy

)
+ ρ̄− ρ̂

+

∫
Ω

(1|x−y|≤R)(x− y)ρ̄(y, t) · ∇yq1(y, t) dy

−∇q1 ·
(∫

Ω

(1|x−y|≤R)ρ̄(y, t) dy

)
= 0 in Q,

q = 0 at t = T,

q(a, t) = q(b, t),

∂q

∂n
(a, t) = − ∂q

∂n
(b, t),

βρ̄r +

∫
Ω

(1|x−y|≤R)(x− y)ρ̄(y, t) · ∇yq1(y, t) dy = 0.

Having derived the optimality system for the opinion dynamics PDE-Constrained optimization
problem with periodic boundary conditions, we tackle no-flux boundary conditions next.
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6.2.2 First-Order Optimality Conditions for No-Flux Boundary Con-
ditions

We also consider the problem (6.9) but with no-flux boundary conditions (6.10) in a general
dimension d. The optimization problem is written as:

min
ρ,ρr

1

2

∫ T

0

∫
Ω

(ρ− ρ̂)2 dxdt+
β

2

∫ T

0

∫
Ω

ρ2
r dxdt (6.13)

s.t ∂tρ =
σ2

2
∇2ρ+∇x · I(ρ, ρr) in Q,

ρ = ρ0(x) at t = 0,(
σ2

2
∇ρ+ ρ

∫
Ω

(1‖x−y‖≤R)(x− y)(ρ(y, t) + ρr(y, t)) dy

)
· n = 0 on ∂Q.

Following the same workings described in Chapter 5 for flow control problem with no flux
boundary conditions and the treatment of the non-local terms from the opinion dynamics
PDE-Constrained optimization problem with periodic boundary conditions above, we obtain
the optimality system:

∂tρ̄−
σ2

2
∇2ρ̄−∇x · I(ρ̄, ρ̄r) = 0 in ∂Q,

ρ̄ = ρ0(x) at t = 0,(
σ2

2
∇ρ̄+ I(ρ̄, ρ̄r)

)
· n = 0 on ∂Q,

∂tq +
σ2

2
∇2q −∇q ·

(∫
Ω

(1‖x−y‖≤R)(x− y)ρ̄r(y, t) dy

)
+ ρ̄− ρ̂

+

∫
Ω

(1‖x−y‖≤R)(x− y)ρ̄(y, t) · ∇yq(y, t) dy

−∇xq ·
(∫

Ω

(1‖x−y‖≤R)(x− y)ρ̄(y, t) dy

)
= 0 in Q,

q = 0 at t = T,

∇q · n = 0 on ∂Q,

βρ̄r +

∫
Ω

(1‖x−y‖≤R)(x− y)ρ̄(y, t) · ∇yq(y, t) dy = 0.

We have now derived the optimality systems for the opinion dynamics optimization problems
we are interested. In the following section we will discuss the introduction of box constraints
into the optimization problem.

6.3 An Active Set-Fixed-Point Algorithm for Problems
with Additional Control Constraints

In opinion dynamics, one typically is interested in the interactions of a population of humans. As
such, there is an underlying assumption that the density of opinions should remain non-negative.
For this assumption to be satisfied, we are required to impose non-negativity constraints on the
optimized radical distribution. The inclusion of bound constraints on the control poses a sig-
nificant additional challenge for optimization methods. Ideally, continuous control constraints
should be applied, but the lack of literature to tackle such cases make it a good candidate for
future work. Instead, we impose pointwise constraints that are equally capable of achieving the
non-negativity condition if computations are done on a very fine grid or good interpolation tech-
niques are implemented. It is important to note that the non-smoothness arising from pointwise
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constraints is a disadvantage for the pseudospectral discretization. Hence, we alternatively use
the finite difference discretization that does not assume smoothness of solutions.

6.3.1 First Order Optimality Conditions for Opinion Dynamics Opti-
mization Problem with Additional Bound Constraints

We consider the problem (6.9) with no-flux boundary conditions (6.10) imposed and additional
bound constraints on the control:

min
ρ,ρr

J (ρ, ρr) :=
1

2

∫ T

0

∫
Ω

(ρ− ρ̂)2 dxdt+
β

2

∫ T

0

∫
Ω

ρ2
r dxdt (6.14)

s.t ∂tρ−
σ2

2
∇2ρ−∇x · I(ρ, ρr) = 0 in Q,

ρ = ρ0(x) at t = 0,(
σ2

2
∇ρ+ I(ρ, ρr)

)
· n = 0 on ∂Q,

ρa ≤ ρr ≤ ρb a.e. in Ω (bound constraints) .

We define ρad := {ρr : ρa ≤ ρr ≤ ρb a.e. in Ω}, ρa, ρb ∈ R as the set of all admissible
functions. Following the working on the Poisson control problem in Section 3.5, the first order
optimality system is obtained as

∂tρ̄−
σ2

2
∇2ρ̄−∇x · I(ρ̄, ρ̄r) = 0 in ∂Q,

ρ̄ = ρ0(x) at t = 0,(
σ2

2
∇ρ̄+ I(ρ̄, ρ̄r)

)
· n = 0 on ∂Q,

∂tq +
σ2

2
∇2q −∇q ·

(∫
Ω

(1‖x−y‖≤R)(x− y)ρ̄r(y, t) dy

)
+ ρ̄− ρ̂

+

∫
Ω

(1‖x−y‖≤R)(x− y)ρ̄(y, t) · ∇yq(y, t) dy

−∇xq ·
(∫

Ω

(1‖x−y‖≤R)(x− y)ρ̄(y, t) dy

)
= 0 in Q,

q = 0 at t = T,

∇q · n = 0 on ∂Q

(ρr − ρ̄r)
(
βρ̄r +

∫
Ω

(1‖x−y‖≤R)(x− y)ρ̄(y, t) · ∇yq(y, t) dy

)
≥ 0

where the final inequality follows from the variational inequality

F ′(ρ̄r)(ρr − ρ̄r) ≥ 0 ∀ρr ∈ ρad,

discussed in Section 3.5.

6.3.2 The Primal-Dual Active Set Strategy

We present an Active-Set strategy to tackle (6.14) in 1D, following work done in [70,126,147].We
introduce a Lagrange multiplier associated with the box constraints following the the Poisson
control example illustrated in Section 3.5 :

µ := βρ̄r +

∫
Ω

(1‖x−y‖≤R)(x− y)ρ̄(y, t) · ∇yq(y, t) dy. (6.15)
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The optimal control is then expressed as:

ρ̄r =

 = ρb µ < 0
∈ ρad µ = 0
= ρa µ > 0

The quantity ρr−µ is an indicator of whether a constraint is active or not and forms the basis of
constructing active sets. The active sets are defined for example, on the discretized 1D spatial
grid {x1, x2, . . . , xN} as

A+ = {i ∈ {1, 2, . . . , N} : (ρr − µ)i > (ρb)i} , (6.16)

A− = {i ∈ {1, 2, . . . , N} : (ρr − µ)i < (ρa)i} , (6.17)

AI = {i ∈ {1, 2, . . . , N}} \ (A+ ∪A−), (6.18)

where N , is the number of spatial points and (ρr−µ)i, (ρb)i and (ρa)i are the value of (ρr−µ)i,
(ρ) and (ρa) at the point xi, respectively.

The control ρ
(k)
r is introduced as the approximation to the solution ρ̄r at step k of the

active set algorithm. This notation is also used for the state and adjoint variables. The sets

A
(k)
+ , A

(k)
− , A

(k)
I are defined using ρ

(k−1)
r and µ(k−1) in the definitions 6.16, 6.17, and 6.18. The

following conditions [32] have to hold in each step of the iterative procedure:

∂tρ
(k) =

σ2

2
∇2ρ(k) +∇x ·

[
ρ(k)

∫
Ω

(1‖x−y‖≤R)(x− y)(ρ(k)(y, t) + ρ(k)
r (y, t)) dy

]
in Q,

(6.19)

ρ(k) = ρ0(x) at t = 0,(
σ2

2
∇ρ(k) + ρ(k)

∫
Ω

(1‖x−y‖≤R)(x− y)(ρ(k)(y, t) + ρ(k)
r (y, t)) dy

)
· n = 0 on ∂Q,

∂tq
(k) = −σ

2

2
∇2q(k) +∇q(k) ·

(∫
Ω

(1‖x−y‖≤R)(x− y)ρ(k)
r (y, t) dy

)
(6.20)

−
∫

Ω

(1‖x−y‖≤R)(x− y)ρ(k)(y, t) · ∇yq
(k)(y, t) dy,

+∇xq
(k) ·

(∫
Ω

(1‖x−y‖≤R)(x− y)ρ(k)(y, t) dy

)
− ρ(k) + ρ̂ in Q, (6.21)

q(k) = 0 at t = T,

∇q(k) · n = 0 on ∂Q,

(
βρ(k)

r +

∫
Ω

(1‖x−y‖≤R)(x− y)ρ(k)(y, t) · ∇yq
(k)(y, t) dy

)
− µ = 0, (6.22)

µ(k) = 0 on A
(k)
I ,

ρ(k)
r = ρa on A

(k)
− ,

ρ(k)
r = ρb on A

(k)
+ .

For convergence properties of the primal–dual active set strategy, we refer to [32]. The
authors give sufficient conditions for convergence in finitely many iterations for discretized
problems. They show that the algorithm behaves extremely efficiently and typically converges
in fewer than five iterations for some examples of elliptic optimal control problems. Most
existing analysis is done for (linear) elliptic problems, as in this case the analysis is not affected
by the necessary linearization of the PDE in addition to the box constraints, and we base our
discussion on [32].

The active-set–fixed-point algorithm for solving (6.14) is then written as:
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Algorithm 6 Active set algorithm, opinion dynamics optimization

1: Define initial values for ρ
(0)
r , ρ(0), q(0), and µ(0)

2: Set the sets A
(0)
+ , A

(0)
− , and A

(0)
I using ρ

(0)
r , and µ(0) via (6.16), (6.17), and (6.18)

3: for k = 1, 2, . . . do
4: Solve (6.19), (6.21), (6.22) on the free variables from previous iteration via the fixed-point

method (Algorithm 4) with or without the Armijo–Wolfe steps (Algorithm 5) on A
(k−1)
I

5: Update µk via (6.15)

6: Find active sets A
(k)
− , A

(k)
+ , A

(k)
I using ρ

(k)
r , and µ(k)

7: if A
(k)
− = A

(k−1)
− , A

(k)
+ = A

(k−1)
+ , and AkI = A

(k−1)
I then

8: Stop, algorithm converged
9: end if

10: end for

6.3.3 Validation of the Active-Set Algorithm

The finite difference method is adopted as the choice of discretization for problems with ad-
ditional bound constraints, as it less sensitive to non-smoothness of solutions compared to
the pseudospectral method. We provide validation for the active-set strategy by solving the
optimization problem constrained by the 1D Poisson equation written as

min
ρ,w

1

2

∫
Ω

(ρ− ρ̂)2 dx+
β

2

∫
Ω

w2 dx

s.t −∇ · (∇ρ)− w = f in Q,

ρ = 0 on ∂Q,

wa ≤ w ≤ wb a.e. in Q.

where Q = [−1, 1]. The following conditions have to hold at each step of the iterative procedure:

−∇ · (∇ρ̄(k))− w̄(k) = f (k) in Q,

ρ̄(k) = 0 on ∂Q,

−∇ · (∇q(k)) = ρ̄(k) − ρ̂ in Q,

q(k) = 0 on ∂Q,

βw̄(k) + q(k) − µ(k) = 0 in Q,

w̄(k) = wa on A
(k)
− ,

w̄(k) = wb on A
(k)
+ ,

µ(k) = 0 on A
(k)
I .

The following triplet (ρ, w, q) solves the 1D Poisson control problem with Dirichlet boundary
conditions

ρ =
1

π2
sin(πx),

q = −β sin(πx),

w = proj
−α,α

(sin(πx)) , 0 < α ≤ 1,

where

ρ̂ =

(
βπ2 +

1

π2

)
sin(πx),

f = sin(πx)− proj
−α,α

(sin(πx)) , 0 < α ≤ 1,
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and

proj
−α,α

(sin(πx)) =

 −α sin(πx) < −α
sin(πx) −α < sin(πx) < α
α sin(πx) > α

.

We note that step 4 in the active set Algorithm 6 is not done via the fixed-point algorithm, but
rather via solving the matrix equation C 0 D2

0 βI B
D2 C 0

ρw
q

 =

 ρ̂
βA+ − βA−
−d

 ,

where all terms in the left most matrix are in RN×N . The term D2 is the discretized Laplacian
operator with D2(1, 1) = D2(N,N) = 1 and zero in the positions D2(1, 2 : N) and D2(N, 2 : N)
to prevent the operator from acting on the boundaries. Here, I is the identity matrix and C = I,
with C(1, 1) = C(N,N) = 0 to similarly not act on the boundary, and B is a diagonal matrix
with the active set AI on the diagonal. The active sets A+, A− and AI are as defined earlier.
Finally, d is an N × 1 vector that represents the values of ρ on the boundary, d(1) = d(N) = 0
and values of f in the interior. We provide the initial guess w(0) = 1−x2 to the active set method
and compare the performance of the finite difference discretization against the pseudospectral
method. We use spatial points N = 20, 30 and 50 for the pseudospectral method, and N = 100,
500 and 1000 for the finite difference method. Note that the finite difference implementations
used here require more points than used with pseudospectral methods to achieve comparable
accuracy. Tables 6.1 and 6.2 shows the error in the numerical solution, and number of iterations
required for the active-set strategy to converge, for different choices of spatial points as well as
for different values of β. Here, we fix α = 0.7, but the results are robust under varying this.
The values in Table 6.1 show that the finite difference discretization achieves an accuracy of
between 10−2 and 10−6, depending on the number of spatial points used and β. Table 6.2 show
that the pseudospectral method attains accuracy of on average 10−13 which is understandable
due to its exponential convergence properties. Figure 6.1 shows the optimal control w for
both discretizations. Here, we notice undesirable “smoothing” actions on the optimal control
produced by the pseudospectral method at the points close to the bounds −0.7 and 0.7, while
the finite difference scheme produces a true cut-off of the control at the bounds. This constitutes
the primary reason for preferring finite difference methods when bound constraints are applied.

Figure 6.1: The optimal control w for a Poisson optimization problem with bound constraints
−0.7 ≤ w ≤ 0.7 solved using an active-set strategy and finite difference (left) and pseudospectral
(right) schemes.
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β = 10−5 β = 10−3 β = 10−1

Eρ 5.0202× 10−5 1.5013× 10−4 3.8812× 10−4

N = 100 Eq 1.2412× 10−2 1.1569× 10−3 2.9589× 10−4

Ew 1.3240× 10−3 5.5299× 10−4 1.5163× 10−4

Iter 7 6 4
Eρ 1.9560× 10−6 5.9039× 10−6 1.5274× 10−5

N = 500 Eq 4.8238× 10−4 4.5486× 10−5 1.1645× 10−5

Ew 5.2230× 10−5 2.1768× 10−5 5.9689× 10−6

Iter 8 6 4
Eρ 4.9071× 10−7 1.4786× 10−6 3.8067× 10−6

N = 1000 Eq 1.2144× 10−4 1.1408× 10−5 2.9058× 10−6

Ew 1.3073× 10−5 5.4370× 10−6 1.4833× 10−6

Iter 8 6 4

Table 6.1: Error measures for state ρ, adjoint q, and control w, for a range of N and β using
the finite difference discretization, and Active Set iterations required for convergence.

β = 10−5 β = 10−3 β = 10−1

Eρ 5.2056× 10−15 6.5925× 10−15 8.5403× 10−15

N = 20 Eq 2.6029× 10−13 3.1072× 10−14 6.6285× 10−15

Ew 3.7512× 10−14 6.3092× 10−14 7.1192× 10−15

Iter 5 4 4
Eρ 1.3762× 10−14 1.7135× 10−14 5.0200× 10−14

N = 30 Eq 6.6606× 10−13 9.6382× 10−14 1.8576× 10−14

Ew 8.4760× 10−14 2.1444× 10−13 1.5636× 10−14

Iter 6 5 3
Eρ 1.4671× 10−14 4.0141× 10−14 5.3721× 10−14

N = 50 Eq 1.2166× 10−12 3.2017× 10−13 2.0031× 10−14

Ew 2.3731× 10−13 4.3826× 10−13 1.9500× 10−14

Iter 6 5 3

Table 6.2: Error measures for state ρ, adjoint q, and control w, for a range of N and β using
the pseudospectral discretization, and Active Set iterations required for convergence.
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6.4 Numerical Experiments

For all examples, we fix the number of space and time points N and n to be 200 and 50
respectively, the pair (σ,R) to (0.1, 0.2), and β = 0.1. Combinations of the pair (σ,R) produces
different final states and in some cases causes phase transitions (see [96]). Our choice of (σ,R)
is informed by observing the dynamics captured in [96] for different initial conditions ρ0 and
boundary conditions. The constants mρ,mρr ,mρ̂ used in the examples represent the normalized
mass of the state, radical and desired variables respectively, and we fix mρ = mρ̂ = 1, and
mρr = 0.2. The numerical experiments start with solving a forward problem given an initial
condition ρ0 and a distribution of radicals we call forward radicals, ρr. We then solve an
optimization problem with the solution to the forward problem as the desired state ρ̂ and the
initial guess for ρr to be zero at all times. The aim is to compare the optimal and forward
radicals. To emphasize the effects of boundary conditions on the dynamics, we place majority
of the mass of the system close to the boundaries. We also observe the values of β that give
the lowest optimization cost for the examples.

6.4.1 Target Example 1: Uniform Initial Condition with Gaussian
Radicals

We have the following initial condition and forward radical distribution:

ρ0 = 1,

ρr = mρrZ
−1
[
exp

(
−cd(x− x0)2

)]
,

where d(x − x0) is the periodic Euclidean distance. Here, ρr is constructed as a Gaussian
distribution normalized to have mass 1 (same as ρ, so mass is conserved) using the constant
Z =

∫
Ω
ρrdx. The constant x0 = 0.8 is the centre of a Gaussian distribution and c determines

the sharpness of the peak of the distribution. In this example we set c = 1000 to create a steep
density of radicals in the domain. We solve the optimization problem with no bound constraints
first, then with non-negativity constraint: ρr ≥ 0. Figure 6.2 shows the results of the forward

Figure 6.2: Target Example 1: The desired state from the forward problem together with the
forward radicals for no-flux (top) and periodic (bottom) boundary conditions, with β = 1 and
a colorbar for time on the right-hand side.

problem and the forward radicals. We see in Figure 6.2 that the introduction of radicals breaks
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Figure 6.3: Target Example 1: The optimal state and control (with and without bounds)
together with the desired state for no-flux (top) and periodic (bottom) boundary conditions,
with β = 1 and a colorbar for time on the right-hand side.

the uniform distribution into what looks like two clusters. The state when periodic boundary
conditions are prescribed also shows periodic behaviour, exhibiting more roundedness of its
clusters compared to the no-flux boundary conditions case. Figure 6.3 shows the optimal state
and control when the results of the forward problem are chosen as the desired state. We observe
the optimal states for both no-flux and periodic boundary conditions exhibit similar behaviour
to their desired state, likely due to the moderately small value of β. The optimal control, when
no-flux boundary conditions are imposed, are clearly non-periodic compared to the periodic
case, driving most of the mass of the optimized radicals towards where the bigger cluster of
the desired state is. For the periodic case, the masses at the boundaries flow into each other,
hence the optimized radicals are also distributed to the smaller cluster of the desired state. We
see in the right-most plots in Figure 6.3, that the active-set strategy successfully bounds the
optimized control to be non-negative. We notice that the non-negative parts of the optimal
control remain similar to the non-bounded case and only grow to compensate for the cut off of
the rest of the control. We observe the following values for case of no-flux boundary conditions.
The cost functional for the forward problem is Jf = 1.1232 while the optimization cost is
Jc = 0.4761. The fixed-point algorithm converged in 37 iterations and took 34 seconds. The
optimization cost of including non-negative bound constraints is Jbc = 0.5141. The active
set-fixed-point algorithm converged in 6467 seconds and required 3 iterations of the active set
strategy to converge. In the case of periodic boundary conditions, we observe a similar trend
that the cost of optimization is lower than the cost of the forward problem. Experimentation
with lower values of β such as 10−1, and 10−2 result in optimization costs that are greater than
the cost of the forward problem, suggesting that allowing a larger mass of optimized radicals is
not advantageous in the example we consider. We consider next another example that applies
bound constraints.
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6.4.2 Target Example 2: Uniform Initial Condition with Double Gaus-
sian Radicals

In this example we use the inputs:

ρ0 = 1,

ρr = mρrZ
−1
[
λ exp

(
−cd(x− x1)2

)
+ (1− λ) exp

(
−cd(x− x2)2

)]
,

where d(x− xi) is the periodic Euclidean distance. Here, ρr is a double Gaussian distribution
with centres x1 = 0.2 and x2 = 0.8, c = 1000 and λ = 0.5, and Z is a normalization constant
that is equal to the mass of ρr. This example is inspired by a bi-partisan country holding

Figure 6.4: Target Example 2: The desired state which is the forward solution and the radical
distribution for no-flux (top) and periodic (bottom) boundary conditions, with β = 1 and a
colorbar for time on the right-hand side.

general elections, or the recent United Kingdom poll on whether or not to leave the European
union. In these scenarios, there are only two choices available to the population. And in most
cases, each both parties runs campaigns to garner support in order to win the vote. We start
the initialize the system as a uniform distribution where voters have uniformly spread opinion
and no party has the winning hand. We introduce two Gaussian radicals centred close to the
extreme ends of the domain to mimick campaign leaders representing their respective parties.
We set λ = 0.5 in ρr to keep both sides the same in terms of the strength of their influence. We
see in Figure 6.4 the results of the forward problem. As expected the populations’ opinion start
to split into two clusters, rallying around the radicals. However, we notice a smaller third cluster
which may be interpreted as neutral opinions in the middle of the two extreme clusters. In the
no-flux boundary condition case, the clusters at the boundaries have steeper slopes close to the
boundary, as by the original HK model, those on the boundary can only be pulled inwards.
Whereas, in the periodic case, the opinions at the two extremes drift into each other. It may
be argued that the periodic case portrays a more realistic view of society, where someone on
the extreme left of an opinion is more likely to switch instantly to be on the extreme right,
rather than first become neutral, and then switch. This may also not be realistic as people with
extreme opinions are unlikely to change their position. Figure 6.5 shows the optimal states
and control for when bound constraints are applied and not applied. Interestingly, despite
the different behaviour of the desired state for periodic and no-flux boundary conditions, the
optimal radical distributions behave very similarly except for the slight increase of control on
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Figure 6.5: Target Example 2: The optimal state and control (with and without bounds)
together with the desired state for no-flux (top) and periodic (bottom) boundary conditions,
with β = 1 and a colorbar for time on the right-hand side.

the boundary for the no-flux case. They both concentrate the density of the radicals where the
clusters are formed in the desired state. We also notice the absence of the middle cluster in the
optimal state, suggesting that the value of β used can be reduced for closer results to the desired
state. Once, again we achieve the non-negative bound constraint imposed on the control when
applying the active set strategy. We observe the following values for case of no-flux boundary
conditions. The cost functional for the forward problem is Jf = 0.7942 while the optimization
cost is Jc = 0.3608. The fixed-point algorithm converged in 30 iterations and took 27 seconds.
The optimization cost of including non-negative bound constraints is Jbc = 0.4084. The active
set-fixed-point algorithm converged in 5585 seconds and required 3 iterations of the active set
strategy to converge. Since the optimal states and control with and without bound constraints
are very similar, we do not show them henceforth.

6.4.3 Target Example 3: Gaussian Initial Condition and Uniform Tar-
get

For this example, we specify a target distribution that is not a result of the forward problem.
We use the following inputs:

ρ0 = mρZ
[
exp

(
−cd(x− x0)2

)]
ρ̂ = 1,

where Z is a normalisation constant, x0 = 0.2 is the centre of the Gaussian distribution ρ0 and
cρ̂ = 50 determines the steepness of the distribution, and d(x−x0) is the periodic Euclidean dis-
tance. This example seeks to investigate the dynamics of driving a system initially at consensus
into chaos (uniform state). Figure 6.6 show the results of a forward problem which starts at the
consensus, ρ0, with no radicals applied. We see from the uncontrolled state in figure 6.6, that
the consensus continues to grow for both periodic and non-flux boundary conditions behaving
in some sense in the opposite direction of our goal of a uniform state. We can already deduce
from the forward problem, that this scenario will require more control to achieve the desired
state compared to the examples we have seen so far. This deduction is evident in the plots of
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the optimal states and controls presented in Figure 6.7. For the first time, we observe optimal
states that are barely close to the desired state. Granted, the dynamics show the optimal state
for both boundary conditions spreading the opinions over the domain instead of growing the
cluster, as in the forward problem, and suggesting that when run for the longer times and a
smaller value of β, the states may eventually become uniform over the domain. However, run-
ning this example for longer times and a smaller value of β using the fix-point method require
possibly days of computational time, as one requires more points in space and time, and a
very small mixing rate. hence, we trade-off driving the state closer to the desired for faster
convergence (approximately 7 hours). Here, we notice an impactful influence of the choice of
boundary conditions on the optimal distribution of radicals. The case of periodic boundary
conditions exhibit four regions with peaks in the domain, three positive peaks, and a negative
peak. Technically, the peak on the left most of the domain can be thought of as part of the
peak on the rightmost part of the periodic domain. The positive peaks act to increase the mass
of opinions in the centre and right extreme of the domain, while the negative peak reduces the
mass of opinions in the consensus on the left side of the domain. The presence of the four peaks
clearly drive the initial consensus much more lower towards a uniform state, compared to the
no-flux case. In comparison, the no-flux optimal control only exerts force on three regions in
the domain, concentrating a negative force where the consensus is and a positive force in the
middle of the domain.

Figure 6.6: Target Example 3: The desired state which is the forward solution, and the radical
distribution for no-flux (top) and periodic (bottom) boundary conditions, with β = 10−1 and
a colorbar for time on the right-hand side.

6.4.4 Target Example 4: Double Gaussian Initial Condition and Tar-
get

In this example, we start with an initial condition that combines two Gaussian distributions of
which have the same mass. We then introduce a smaller mass of radicals centred on the right
Gaussian. The inputs are:

ρ0 = mρZρ
[
λ exp

(
−cd(x− x0)2

)
+ (1− λ) exp

(
−cd(x− x1)2

)]
,

ρr = mρrZρr exp
(
−cρrd(x− x2)2

)
,
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Figure 6.7: Target Example 3: The initial optimal state and, control together with the desired
state for no-flux (top) and periodic (bottom) boundary conditions, with β = 10−1 and a colorbar
for time on the right-hand side.

where x0 = 0.2, x1 = x2 = 0.8 and c = 50, cρr = 1000. Here also, Zρ, and Zρr are normalization
constants for ρ, and ρr, respectively. We present the dynamics for a scenario which begins with

Figure 6.8: Target Example 4: The desired state together with the forward radicals for no-flux
(top) and periodic (bottom) boundary conditions, with β = 10−1 and a colorbar for time on
the right-hand side.

two equal clusters, and a radical distributed centred on the right cluster. This example can be
interpreted as a case of two competitor businesses that own the equal share of the market. One
business with the hope of beating their competitor to become the largest market share holder
initiates a series of advertising campaigns to promotes its products (in this scenerio, negative
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Figure 6.9: Target Example 4: The initial optimal state and control together with the desired
state for no-flux (top) and periodic (bottom) boundary conditions, with β = 10−1 and a colorbar
for time on the right-hand side.

control can be explained as negative advertisement towards their competitor). In the case
where the other business refuses to spend money on advertising campaigns, will they lose their
market share? The results of the forward problem shown in Figure 6.8 suggest that the outcome
will be in favour of the business that spent money on campaigns. The introduction of a radical
population on the right side of the domain causes the right cluster to grow at the expense of the
left cluster. In the optimized state and control plots in Figure 6.9, we see that the same desired
state can be attained by applying both positive and negative control (advertisement) compared
to the non-negative forward control. Once again, the optimal control behaves differently for the
two boundary conditions. The no-flux case applies more negative control around the middle of
the domain while the periodic boundary condition apply more negative control towards the left
boundary fo the domain. This can be explained in our scenario as, in the case where extreme
customers of both business are more likely to instantly switch sides (periodic case), one may
infer that, it is more beneficial to target negative advertisements at the most loyal customers
of your competitor. Also, in the case where the most loyal customers are definitely less likely
to change their minds, it is more advantageous to target negative advertisement at the neutral
customers who have no loyalty to either business.

6.5 Remarks

The fixed-point method once again, converges for problems with non-local and non-linear inter-
acting terms arising from opinion dynamics, encouraging further studies on theoretical questions
about the existence and uniqueness of optimal controls of opinion dynamics optimization prob-
lems. However, it is computationally demanding, taking about 3 hours to converge for the
examples in this chapter, making it necessary to develop a faster higher-order method for the
two-dimensional examples explored in Chapter 7. The active-set strategy performs well for
the non-linear parabolic PDEs presented in this chapter, and demonstrates the need for fur-
ther theoretical work on the convergence of the strategy for non-linear and non-local parabolic
PDEs. We also observe from the examples presented in this chapter, that different boundary
conditions influence optimal controls differently, and boundary conditions should be chosen to
more accurately reflect the system being modelled for reliable results.

In the next chapter, we consider two-dimensional opinion dynamics problems and a robots
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swarming optimization problem, and use a higher order Newton–Krylov algorithm for faster
convergence.
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Chapter 7

A Newton–Krylov Method for
Higher Dimensional Opinion
Dynamics and Robot Swarming
Optimization Problems

In this chapter, we focus on more real-world applications of PDE-constrained optimization
problems. We consider the growing research area of higher-dimensional opinion dynamics, where
opinions about more than one aspect are measured, and a crop pollination system using robots
from the field of swarm modelling. In order to get faster convergence for the more numerically
challenging higher dimensional problems, we employ the higher-order Newton–Krylov algorithm
discussed in Section 4.5.

This chapter is structured as follows. In Section 7.1, we describe how we perform precondi-
tioning in the Newton–Krylov algorithm, and in Section 7.2, we consider the two-dimensional
opinion dynamics optimization problem and detail the Newton–Krylov method for the problem.
We then show results of numerical experiments. We detail the robot swarming model and its
optimization problem in Section 7.3, deriving the continuous optimality conditions. We then
provide explicit expressions for the equations in the Newton–Krylov method and finally present
numerical results. We conclude by giving remarks on the efficiency of the Newton–Krylov
algorithm for these example problems.

7.1 Preconditioning for Newton–Krylov Algorithm

To tackle the problems outlined in this chapter, we apply the Newton–Krylov algorithm defined
in Section 4.5. For this to be an efficient algorithm, we require a preconditioner for the GMRES
algorithm, specifically tailored to the PDE-constrained optimization problems at hand. We
follow the working of [2, 112]. Computing the Jacobian of the residual R defined at the end of
Section 4.5 (4.16), we obtain:

J =

I 0
0 0

B

C̃ D



=



I 0 · · · · · · · · · 0 0
0 0 · · · · · · · · · 0 I

q01D
f
u,0 +M q01D

f
v,0 q11D

f
u,1 −M q11D

f
v,1 · · · qn1D

f
u,n qn1D

f
v,n

q01D
g
u,0 q01D

g
v,0 +M q11D

g
u,1 q11D

g
v,1 −M · · · qn1D

g
u,n qn1D

g
v,n

...
...

...
...

. . .
...

...

q0nD
f
u,0 +M q0nD

f
v,0 q1nD

f
u,1 q1nD

f
v,1 · · · qnnD

f
u,n −M qnnD

f
v,n

q0nD
g
u,0 q0nD

g
v,0 +M q1nD

g
u,1 q1nD

g
v,1 · · · qnnD

g
u,n qnnD

g
v,n −M


where M discretizes the time derivative, n is the number of time-steps, qij denote entries of
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Q as defined in Section 4.5, Df
u,i denotes the Jacobian of f(t,u,v) with respect to u at point

i, and similarly for Dg
u,i, D

f
v,i, and Dg

v,i.

We need to solve systems of this form. After post-multiplying the system by
1
1 1
1 1 1
...

. . .

1 1

⊗
(
I 0
0 I

)
,

to obtain an invertible (1, 1)-block, we have to solve a system involving the matrixI 0
0 I

B

C D

 ,

where C is a transformation of matrix C̃. This may be reduced to a Schur complement system
involving

S = D − CB.

We precondition S by :

P = D̂ − ĈB, D̂ = QT1:n,1:n ⊗G, Ĉ =


∑n
i=0 qi,0∑n
i=0 qi,1

...∑n
i=0 qi,n

⊗G,
where ⊗ denotes the Kronecker product, and

G =

(
Df
u,k −M Df

v,k

Dg
u,k Dg

v,k −M

)

with k a suitably-chosen time point (e.g. corresponding to t =
T

2
).

Then, by Woodbury identity:

P−1 = D̂−1 + D̂−1Ĉ

((
I 0
0 I

)
−BD̂−1Ĉ

)−1

BD̂−1.

By simple algebra, we have that

P−1 = FD̂−1 =



I 0 0
I 0 c1I

I 0 0
I 0 c2I

. . .
...

...
I 0
0 cnI


D̂−1

for easily-computable constants ci. This preconditioner is readily applied to a vector. The main
computational costs are computing an LU factorization of Q one time in the entire algorithm,
and computing an LU factorization of G (small, compared to the entire system) once per
Newton iteration. We apply a fixed number of 500 GMRES iterations per Newton step, as the
remainder of the algorithm is computationally cheap in comparison to these factorization costs.
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7.2 Two-Dimensional Opinion Dynamics Optimization
Problem

In Chapter 6, we introduced the Fokker–Planck opinion dynamics model with radicals (6.8)
where individuals’ opinions are described by one-dimensional values, representing an opinion or
single topic. However, in reality, people have opinions on many different subjects, ranging from
sports and entertainment to spiritual beliefs and moral principles, interactions among which
can be represented by vectors of opinions to generate more practical results. Multidimensional
opinion dynamics is a novel area of research with recent works in [108, 186, 224] focussing on
social networks and the voter model. The large-scale nature of higher-dimensional problems
(more discretization points) make them computational demanding and we therefore require a
faster algorithm to obtain results in minutes compared to days. The success of the recently
developed higher-order Newton–Krylov algorithm to solve 2D and 3D optimization problems
from multiscale particle dynamics in [2], makes solving higher dimensional opinion dynamics
problems with the Newton–Krylov algorithm a natural extension of the work in this thesis.

In this section, we consider the opinion dynamics optimization problem (6.9) in 2D with
periodic boundary conditions on Q = Ω× (0, T ), Ω ⊂ R2 written as:

min
ρ,ρr

J (ρ, ρr) :=
1

2

∫ T

0

∫
Ω

(ρ− ρ̂)2 dxdt+
β

2

∫ T

0

∫
Ω

ρ2
r dxdt

s.t ∂tρ−
σ2

2
∇2ρ−∇x · I(ρ, ρr) = 0 in Q,

ρ = ρ0(x) at t = 0,

where Q = Ω× (0, T ),,

I(ρ, ρr) = ρ(x, t)

∫
Ω

(1‖x−y‖≤R)(x− y)(ρ(y, t) + ρr(y, t)) dy,

and periodicity is enforced via

ρ(x, t)
∣∣∣
Ωl

= ρ(x, t)
∣∣∣
Ωr
,

ρ(x, t)
∣∣∣
Ωt

= ρ(x, t)
∣∣∣
Ωb
,(

σ2

2
∇ρ+ I(ρ, ρr)

)
· n
∣∣∣
Ωl

= −
(
σ2

2
∇ρ+ I(ρ, ρr)

)
· n
∣∣∣
Ωr
,(

σ2

2
∇ρ+ I(ρ, ρr)

)
· n
∣∣∣
Ωt

= −
(
σ2

2
∇ρ+ I(ρ, ρr)

)
· n
∣∣∣
Ωb

on ∂Q.

Here Ωl represents the left boundary of the spatial domain, Ωr, the right side, Ωt the top and
Ωb, the bottom. Similarly to the reasoning of the previous chapter, periodic conditions on the
density and flux are trivial consequences of the imposition of periodicity on ρ and ρr, and the
flux condition is necessary to enforce periodicity numerically.

Though no-flux type boundary conditions are also natural candidates for the bounded con-
fidence model [96], we impose periodic boundary conditions here for ease of numerical imple-
mentation. Following similar working as for the 1D problem with periodic boundary conditions
in Section 6.2, we obtain the optimality system for the 2D problem as

∂tρ̄−
σ2

2
∇2ρ̄−∇x · I(ρ̄, ρ̄r) = 0

ρ̄ = ρ0(x) at t = 0,

ρ̄(x, t)
∣∣∣
Ωl

= ρ̄(x, t)
∣∣∣
Ωr
,

ρ̄(x, t)
∣∣∣
Ωt

= ρ̄(x, t)
∣∣∣
Ωb
,
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(
σ2

2
∇ρ̄+ I(ρ̄, ρ̄r)

)
· n
∣∣∣
Ωl

= −
(
σ2

2
∇ρ̄+ I(ρ̄, ρ̄r)

)
· n
∣∣∣
Ωr
,(

σ2

2
∇ρ̄+ I(ρ̄, ρ̄r)

)
· n
∣∣∣
Ωt

= −
(
σ2

2
∇ρ̄+ I(ρ̄, ρ̄r)

)
· n
∣∣∣
Ωb

on ∂Q.

∂tq +
σ2

2
∇2q −∇xq ·

(∫
Ω

(1‖x−y‖≤R)(x− y)ρ̄r(y, t) dy

)
+

∫
Ω

(1‖x−y‖≤R)(x− y)ρ̄(y, t) · ∇yq(y, t) dy

−∇x · q
(∫

Ω

(1‖x−y‖≤R)(x− y)ρ̄(y, t) dy

)
= −ρ̄+ ρ̂ in Q

q = 0 at t = T,

q(x, t)
∣∣∣
Ωl

= q(x, t)
∣∣∣
Ωr
,

q(x, t)
∣∣∣
Ωt

= q(x, t)
∣∣∣
Ωb
,

σ2

2
∇q · n

∣∣∣
Ωl

= −σ
2

2
∇q · n

∣∣∣
Ωr
,

σ2

2
∇q · n

∣∣∣
Ωt

= −σ
2

2
∇q · n

∣∣∣
Ωb

on ∂Q.

βρ̄r +

∫
Ω

(1‖x−y‖≤R)(x− y)ρ̄(y, t) · ∇yq(y, t) dy = 0.

We now briefly describe how the Newton–Krylov method may be applied to the opinion
dynamics problem. The state and adjoint equations are described in the following general form
by separating the spatial and temporal derivatives in each case:

u′(t) = F(t,u,v), u(0) = u0 ∈ RN ,
v′(t) = G(t,u,v), v(T ) = 0 ∈ RN ,

where u,v : [0, T ] 7→ RN denote the state and adjoint variables ρ and q discretized in space
and evaluated at each point in the time variable, and u0 corresponding to the initial condition
ρ0(x). After the gradient equation is substituted into the state and adjoint equations, the vector
functions F and G correspond to the following spatial terms:

F(t,u,v)← σ2

2
∇2ρ̄+∇x · I

(
ρ̄,− 1

β

∫
Ω

(1‖z−y‖≤R)(z− y)ρ̄(y, t) · ∇yq(y, t) dy

)
,

G(t,u,v)← −σ
2

2
∇2q −

∫
Ω

(1‖x−y‖≤R)(x− y)ρ̄(y, t) · ∇yq(y, t) dy

−∇xq ·
(

1

β

∫
Ω

(1‖x−y‖≤R)(x− y)

∫
Ω

(1‖z−y‖≤R)(z− y)ρ̄(y, t) · ∇yq(y, t) dy dz

)
+∇xq ·

(∫
Ω

(1‖x−y‖≤R)(x− y)ρ̄(y, t) dy

)
− ρ̄+ ρ̂.

As shown in Section 4.5, we obtain an iterative procedure of the form x(k+1) = x(k) −
[J(x(k))]−1R(x(k)), with J denoting the Jacobian matrix of the residual function, and we choose
to explicitly state the Jacobian for our Newton–Krylov algorithm. In the code below, for the
two-dimensional opinion dynamics problem with periodic boundary conditions, these quantities
are denoted JFu, JFv, JGu, JGv, and our software [1] allows us to compute these quantities to
spectral accuracy:

1 %% Construct F and G
2 function F out = F(t,u,v)
3 F out = K1(t,u,v)*u − K2(t,u,v)*v + f(t,u,v);
4 end
5 function G out = G(t,u,v)
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6 G out = K3(t,u,v)*u − K4(t,u,v)*v + g(t,u,v);
7 end
8

9 function K1 out = K1(t,u,v)
10 temp1 = Conv1*( (Dx1*v).*u ) + Conv2*( (Dx2*v).*u );
11 temp2 = ConvVec*temp1;
12 K1 out = D0*L ...
13 + dotVectorOperator(ConvVec*u,grad) ...
14 + scalarOperator(div*(ConvVec*u)) ...
15 −1/bet * ( dotVectorOperator(temp2,grad) ...
16 + scalarOperator(div*temp2) );
17 end
18 function K2 out = K2(t,u,v)
19 K2 out = Z;
20 end
21 function K3 out = K3(t,u,v)
22 K3 out = −I ...
23 − Conv1*scalarOperator(Dx1*v) ...
24 − Conv2*scalarOperator(Dx2*v) ;
25 end
26 function K4 out = K4(t,u,v)
27 temp1 = Conv1*( (Dx1*v).*u ) + Conv2*( (Dx2*v).*u );
28 temp2 = ConvVec*temp1;
29 K4 out = D0*L ...
30 − dotVectorOperator(ConvVec*u,grad) ...
31 + 1/bet * dotVectorOperator(temp2,grad);
32 end
33

34 %% Specification of Jacobians
35 function J = JFu(t,u,v)
36 temp1 = Conv1*( (Dx1*v).*u ) + Conv2*( (Dx2*v).*u );
37 temp2 = ConvVec*temp1;
38 temp3 = Conv1*scalarOperator(Dx1*v) + Conv2*scalarOperator(Dx2*v);
39 temp4 = ConvVec*temp3;
40 J = D0*L ...
41 + dotVectorOperator(ConvVec*u,grad) + scalarOperator(div*(ConvVec*u)) ...
42 + dotVectorOperator(grad*u,ConvVec) ...
43 + scalarOperator(u) * div * ConvVec ...
44 −1/bet * ( dotVectorOperator(temp2,grad) + scalarOperator(div*temp2) ...
45 + dotVectorOperator(grad*u,temp4) + scalarOperator(u)*div*temp4 );
46 end
47 function J = JFv(t,u,v)
48 temp1 = Conv1*scalarOperator(u)*Dx1 + Conv2*scalarOperator(u)*Dx2;
49 temp2 = ConvVec*temp1;
50 J = −1/bet * ( dotVectorOperator(grad*u,temp2) + scalarOperator(u)*div*temp2 );
51 end
52 function J = JGu(t,u,v)
53 temp1 = Conv1*scalarOperator(Dx1*v) + Conv2*scalarOperator(Dx2*v);
54 temp2 = ConvVec*temp1;
55 J = −I ...
56 − Conv1*scalarOperator(Dx1*v) − Conv2*scalarOperator(Dx2*v) ...
57 + dotVectorOperator(grad*v,ConvVec) ...
58 − 1/bet * dotVectorOperator(grad*v,temp2);
59 end
60 function J = JGv(t,u,v)
61 temp1 = Conv1*scalarOperator(u)*(Dx1*v) + Conv2*scalarOperator(u)*(Dx2*v);
62 temp2 = ConvVec*temp1;
63 temp3 = Conv1*scalarOperator(u)*Dx1 + Conv2*scalarOperator(u)*Dx2;
64 temp4 = ConvVec*temp3;
65 J = −D0*L ...
66 − ( Conv1 * scalarOperator(u) * Dx1 + Conv2 * scalarOperator(u) * Dx2 ...

) ...
67 + dotVectorOperator(ConvVec*u,grad) ...
68 −1/bet * ( dotVectorOperator(temp2,grad) ...
69 + dotVectorOperator(grad*v,temp4));
70 end

All operators are spectral discretizations of relevant quantities and in more detail, Dx1 and
Dx2 are matrices applying spatial derivatives in each direction, with grad corresponding to the
gradient function, and L the Laplacian operator. The operators Conv1 and Conv2 apply a convo-
lution integral in each direction, while ConvVec applies a convolution integral on both directions
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at once. The function scalarOperator forms a scalar function, and dotVectorOperator takes
an inner product of the first argument with the second argument applied to a subsequent term.
Finally, f and g describe the source term of the state equation f and the desired state ρ̂ within
the PDE operators.

For periodic boundary conditions, there is technically no boundary and the periodic property
is implemented via the domain. We refer to the open-source software [1] for the structure of these
boundary conditions, and [111] for a Newton–Krylov implementation. By devising routines to
compute all derivatives and integration terms to spectral accuracy for particle dynamics systems,
we are able to achieve rapid Newton convergence for a range of problems. We now present the
numerical examples solved with the Newton–Krylov algorithm.

7.2.1 Numerical Experiments

Within our subsequent tests, we run a forward problem with no radicals to see the result
of the uncontrolled state, and then run the optimization problem with a desired state. We
fix N = 20 space points in each direction and use n = 20 time points, with a final time of
T = 10. The pair (σ,R) is set at (0.1, 0.4) which was determined experimentally to provide
interesting dynamics. Here, we choose the norm ‖ · ‖ on R2 to be the Euclidean norm so that
‖x − y‖ =

√
(x− y) · (x− y). However, one can choose any norm, and comparison of results

for different norms is an interesting extension of this work. For the following examples, we
provide the initial condition for the state ρ0, and the final condition for the adjoint qT as the
initial guess for ρ and q at all time points for the Newton–Krylov algorithm, noting that it is
important to ensure the initial conditions and desired state are all periodic on the domain to
preserve the periodic behaviour. We run the simulation for different values of the regularization
parameter β.

2D Example 1: Uniform Initial Condition and Double Bump Target

For this example, we have the following inputs:

ρ0(x) = 1,

qT (x) = 0, (T − t = 0 at t = T )

ρ̂(x, t) = sin(2πx1) sin(2πx2) + 2,

where x = (x1, x2).We thus wish for a uniform distribution of opinions to develop into periodic
set of clusters Figure 7.1 shows the fast convergence of the Newton–Krylov algorithm for this

Figure 7.1: 2D Example 1: Convergence of the Newton–Krylov algorithm for an opinion dynam-
ics problem for different values of β. Left: convergence in the state variable. Right: convergence
in the adjoint variable. Convergence is measured using the residual error.

problem, for a range of β with the residual becoming ≈ 10−13 by the 10th Newton iteration.
This indicates that the state and adjoint equations are satisfied accurately. We clearly see in
Figure 7.2 that without a control the uniform distribution remains an approximately uniform
distribution when periodic boundary conditions are imposed. During optimization, the optimal
control is concentrated where the bumps in the desired state are present, and over time the
control diminishes as the adjoint should be zero at time T . We also notice the periodic behaviour
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Figure 7.2: 2D Example 1: The uncontrolled forward state ρ together with the desired state
ρ̂ (top), and the optimal state (middle) and optimal control (bottom) for periodic boundary
conditions, with β = 10−2.

of both the state and control. From Table 7.1, we observe that β = 10−3 gives the least cost of
optimization with the uncontrolled problem always costing more than the optimized problem.

2D Example 2: Double Bump Initial Condition and Uniform Target

For this example, we have the following inputs:

ρ0(x) = sin(2πx1) sin(2πx2) + 2,

qT (x) = 0,

ρ̂(x, t) = 1.

This example is in some sense the reverse of Example 1, where we start with clusters and
wish to move towards a uniform state. The residual errors for the Newton–Krylov algorithm
similarly tend approximately to 10−13 by the 10th Newton iteration, reaching this point by

β = 10−1 β = 10−2 β = 10−3

Jc 0.4608 0.1778 0.0635
Iter 8 5 7

Time Taken 729.2981 641.0903 609.5219

Table 7.1: 2D Example 1: Optimal control cost, number of iterations required, and time taken
for Newton–Krylov algorithm to converge for a range of β.
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Figure 7.3: 2D Example 2: Convergence of the Newton–Krylov algorithm for an opinion dynam-
ics problem for different values of β. Left: convergence in the state variable. Right: convergence
in the adjoint variable. Convergence is measured using the residual error.

Figure 7.4: 2D Example 2: The uncontrolled forward state ρ together with the desired state ρ̂
(top), the optimal state (middle), and the optimal control (bottom) for a problem with periodic
boundary conditions, with β = 10−2.

the 6th iteration when β is 10−2 and 10−3. Figure 7.4 shows very interesting behaviour of
the optimal control for this problem where it is concentrated at the positions of the bumps
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β = 10−1 β = 10−2 β = 10−3

Jc 0.2818 0.1015 0.0401
Iter 9 6 6

Time Taken 509.3018 621.0285 438.3823

Table 7.2: 2D Example 2: Optimal control cost, number of iterations required, and time taken
for Newton–Krylov algorithm to converge for a range of β.

for earlier times and afterwards acts in a ‘grid-like’ style, over the domain to achieve closeness
to the uniform desired state. We also observe that the optimal state achieves dips where the
bumps were positioned in its initial condition, suggesting that more control is applied where
the bumps were. From the uncontrolled state, we see that the bumps grow larger with time
when no control is imposed, hence significant control may be needed to reverse the natural
growth. From Table 7.2, we see that the cost of optimization is the lowest when β = 10−3

suggesting that smaller values of β will cause radicals that are perhaps bigger than the state
distribution to be applied. The Newton–Krylov algorithm also proves to be fast, solving such
a numerically challenging problem in between 150 and 300 seconds on an HP Pavillion laptop
running Windows 11, Intel Core i5-8250U 1.80GHz, 8 GB RAM.

The numerical examples for our 2D opinion dynamics optimization problems indicate the
effectiveness of the Newton–Krylov method for difficult problems, and the realistic dynamics
of opinion behaviour in an optimal control setting. There are many interesting extensions to
this work including theoretical questions on existence and uniqueness of optimal controls for
this problem, solving 3D versions of the examples with the Newton–Krylov algorithm, adding
bound constraints in the 2D and 3D problem (recent work in [188] explore an preconditioned
inexact Active-Set method for non-linear optimal control problems that could be applied here),
comparing results using different norms in evaluating the non-local term, and applying no-
flux type boundary conditions. In the next section, we present a robot swarming optimization
problem that is also solved using the Newton–Krylov algorithm.

7.3 Robot Swarming Optimization Problem

In the numerical examples to follow, we follow work presented in [269] on spatial coverage tasks
by stochastic robotic swarms in which techniques are applied to optimize coverage performance.
They consider a crop pollination scenario, where several rows of flowers are to be pollinated by
a swarm of N microaerial vehicles and the objective which must be completed in time T is to
achieve a target spatial pollination distribution ρ̂(x), where x ∈ Ω. The swarm originates from
a location in the field called the hive, and the robots are assumed to have sufficient power to
undertake brief flights from the hive. They return to the hive to recharge after a complete flight.
Each robot is equipped with a compass and thus can fly with a specified heading. However, the
robots cannot communicate among themselves. A computer in the hive serves as a supervisory
agent and calculates the parameters of the robots’ motion and state transitions prior to their
flight. The robots actions are modelled as an advection-diffusion PDE. It is straightforward to
model the objective problem as a PDE-constrained optimization problem and use the rapidly
converging Newton–Krylov method to solve the optimality system. Applying our numerical
algorithms to this application also demonstrates the versatility of our numerical framework and
the potential it possesses to be applied to other areas of multiscale particle dynamics.

The robot swarming model we consider is (see [269] for derivation):

∂tρ1 = −ν · ∇ρ1 +D∇2ρ1 −
nf∑
j=1

kjLjρ1 + kfρ2, (7.1)

∂tρ2 =

nf∑
j=1

kjLjρ1 − kfρ2,
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∂tρ3 =

nf∑
j=1

kjLjρ1,

D
∂ρ1

∂n
= ρ1ν · n on ∂Q, (7.2)

ρ1(x, 0) = Gδ(x−X0), ρ2(x, 0) = 0, ρ3(x, 0) = 0, (7.3)

where Q = Ω × (0, T ) and Ω ⊂ R2 represents a crop field. The robots’ density is separated
into ρ1, the density of robots flying and ρ2, the density of robots hovering (pollinating), while
ρ3 is the density of cumulative pollination.. The vector ν(t) = (ν1(t), ν2(t))T is the velocity of
robots, kj(t), j = 1, 2, . . . , nf corresponds to the time dependent probability per unit time to
pause at a crop of type j, nf denotes the number of crop types, and kf is the fixed probability
per unit time to resume flying (determined by the time taken to pollinate). The parameter
Lj(x), j = 1, 2, . . . , nf , indicates if a robot is over region of crop type j, and D is the diffusion
co-efficient, and Gδ(x − X0) is an initial distribution. The first equation in (7.1) therefore
describes the time evolution of the density of flying robots affected by diffusion and advection
terms, excluding the robots that have stopped over a crop, and including those that have
resumed flying. The second equation describes the time evolution of the density of robots
hovering over a crop which includes the robots that have stopped over a crop and excluding
those that have resumed flying. The time evolution of the cumulative pollination is described by
the third equation and takes into account the robots that hve stopped flying and are hovering
over a crop to pollinate it. Equation (7.2) describes a no-flux type boundary condition on the
density of flying robots and (7.3) provides the initial conditions for the three states.

7.3.1 Robot Swarming Optimization Problem and First Order Opti-
mality Conditions

We consider the following optimization problem:

min
(ρ,u)
J (ρ,u) =

1

2
‖ρ3 − ρ̂‖2L2([0,T ]×R2) +

β

2
‖u‖2L2(0,T )κ , κ = nf + 2,

subject to (7.1), (7.2), and (7.3).

The target pollination coverage denoted as ρ̂(x, t) is space and time-dependent compared to the
space-dependent target ρΩ(x) considered in [269], and the control variable, u := (u1, u2, . . . , unf+2),
u1 = ν1, u2 = ν2, uj+2 = kj , where kj∆t ≤ 1, j = 1, 2, . . . , nf , is only time-dependent. We
introduce Lagrange multipliers q1, q2, q3 which correspond to the state variables ρ1, ρ2, and ρ3

respectively on the interior of the domain, and q4 which corresponds to ρ1 on the boundary,
and write the Lagrangian formally as :

L(ρ1, ρ2, ρ3,u, q1, q2, q3, q4) =
1

2

∫ T

0

∫
Ω

(ρ3 − ρ̂)2 dxdt+
β

2

∫ T

0

‖u‖2 dt

−
∫ T

0

∫
Ω

∂ρ1

∂t
+ ν · ∇ρ1 −D∇2ρ1 +

nf∑
j=1

kjLjρ1 − kfρ2

 q1 dxdt

−
∫ T

0

∫
Ω

∂ρ2

∂t
−

nf∑
j=1

kjLjρ1 + kfρ2

 q2 dxdt

−
∫ T

0

∫
Ω

∂ρ3

∂t
−

nf∑
j=1

kjLjρ1

 q3 dxdt

−
∫ T

0

∫
∂Ω

(
D
∂ρ1

∂n
− ρ1ν · n

)
q4 dsdt.
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Here again, the optimal states ρ̄1, ρ̄2, ρ̄3 and control ū should satisfy the first-order optimality
conditions:

DqL(ρ̄1, ρ̄2, ρ̄3, ū, q1, q2, q3, q4)h = 0, q = (q1, q2, q3, q4), ∀h ∈ L2(0, T ;H1(Ω)),

Dρ1L(ρ̄1, ρ̄2, ρ̄3, ū, q1, q2, q3, q4)h = 0 ∀h ∈ L2(0, T ;H1(Ω)),

Dρ2L(ρ̄1, ρ̄2, ρ̄3, ū, q1, q2, q3, q4)h = 0 ∀h ∈ L2(0, T ;H1(Ω)),

Dρ3L(ρ̄1, ρ̄2, ρ̄3, ū, q1, q2, q3, q4)h = 0 ∀h ∈ L2(0, T ;H1(Ω)),

DuL(ρ̄1, ρ̄2, ρ̄3, ū, q1, q2, q3, q4)h = 0 ∀h ∈ L2(0, T )d.

The optimality conditions with respect to the adjoint variables recover the state equations (7.1),
(7.2), and (7.3):

∂tρ̄1 = −ν · ∇ρ̄1 +D∇2ρ̄1 −
nf∑
j=1

kjLj ρ̄1 + kf ρ̄2,

∂tρ̄2 =

nf∑
j=1

kjLj ρ̄1 − kf ρ̄2,

∂tρ̄3 =

nf∑
j=1

kjLj ρ̄1 in Q,

D
∂ρ̄1

∂n
= ρ̄1ν · n on ∂Q,

ρ̄1(x, 0) = Gδ(x−X0), ρ̄2(x, 0) = 0, ρ̄1(x, 0) = 0.

We now focus on the Fréchet derivative with respect to the state variables starting with ρ1 and
written as:

Dρ1L(ρ1, ρ2, ρ3,u, q1, q2, q3, q4)h = −
∫ T

0

∫
Ω

∂h
∂t

+ ν · ∇h−D∇2h+

nf∑
j=1

kjLjh

 q1 dxdt

−
∫ T

0

∫
Ω

− nf∑
j=1

kjLjh

 q2 dxdt

−
∫ T

0

∫
Ω

− nf∑
j=1

kjLjh

 q3 dxdt

−
∫ T

0

∫
∂Ω

(
D
∂h

∂n
− hν · n

)
q4 dsdt.

We then make h the subject to obtain

Dρ1L(ρ1, ρ2, ρ3,u, q1, q2, q3, q4)h = −
∫ T

0

∫
Ω

−∂q1

∂t
−∇ · (q1ν)−D∇2q1 +

nf∑
j=1

kjLjq1

h dxdt

−
∫

Ω

q1(x, T )h(x, T )− q1(x, 0)h(x, 0) dx

+

∫ T

0

∫
∂Ω

−Dh∂q1

∂n
+Dq1

∂h

∂n
− hq1ν · ndsdt

−
∫ T

0

∫
Ω

− nf∑
j=1

kjLjq2

h dxdt
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−
∫ T

0

∫
Ω

− nf∑
j=1

kjLjq3

h dxdt

−
∫ T

0

∫
∂Ω

(
D
∂h

∂n
− hν · n

)
q4 dsdt.

For a stationary point, the optimal state (ρ̄1, ρ̄2, ρ̄3) and control ū must satisfy

Dρ1L(ρ̄1, ρ̄2, ρ̄3, ū, q1, q2, q3, q4)h = 0 ∀h ∈ L2(0, T ;H1(Ω)).

In particular, if we choose h(x, t) ∈ C∞0 (Q) such that h|∂Q = 0 =
∂h

∂n
|∂Q and h(x, 0) =

h(x, T ) = 0, we have that

−
∫ T

0

∫
Ω

−∂q1

∂t
−∇ · (q1ν)−D∇2q1 +

nf∑
j=1

kjLjq1

h dxdt

−
∫ T

0

∫
Ω

− nf∑
j=1

kjLjq2

h dxdt−
∫ T

0

∫
Ω

− nf∑
j=1

kjLjq3

h dxdt = 0

and by the Fundamental Lemma of the Calculus of Variations, we obtain the first adjoint
equation:

∂tq1 = −∇ · (q1ν)−D∇2q1 +

nf∑
j=1

k̄jLjq1 −
nf∑
j=1

k̄jLjq2 −
nf∑
j=1

k̄jLjq3.

If we drop the condition h = 0 at t = T then we get the final time condition for q1 as

q1(x, T ) = 0.

Now, dropping the condition
∂h

∂n
on the boundary of Q, together with the adjoint equation and

final time condition, gives the relationship:

q1 = q4,

and for all other h, we obtain the boundary condition:

D
∂q1

∂n
= 0 on ∂Q.

We move on to the derivative with respect to q2. We obtain that

Dρ2L(ρ1, ρ2, ρ3,u, q1, q2, q3, q4)h = −
∫ T

0

∫
Ω

−kfhq1 dxdt−
∫ T

0

∫
Ω

(
∂h

∂t
+ kfh

)
q2 dxdt

Making h the subject and using the same arguments as for q1, we obtain the second adjoint
equation with final time condition:

∂tq2 = kf (−q1 + q2), q2(x, T ) = 0.

Also, for the derivative with respect to q3, we get that

Dρ3L(ρ1, ρ2, ρ3,u, q1, q2, q3, q4)h =

∫ T

0

∫
Ω

(ρ3 − ρ̂)h dxdt−
∫ T

0

∫
Ω

∂h

∂t
q3 dxdt.

Making h the subject and applying the same arguments about the choices of h gives the third
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adjoint equation with final time condition:

∂tq3 = −ρ̄3 + ρ̂, q3(x, T ) = 0.

Finally, we consider the derivative with respect to the control u. We split the deriva-
tive into two components, one with respect to the velocity ν and the other with respect to
(k1, k2, . . . , knf ). The derivative with respect to ν, neglecting data on ∂Ω gives:

DνL(ρ1, ρ2, ρ3,u, q1, q2, q3, q4)h = β

∫ T

0

h · ν| dt−
∫ T

0

∫
Ω

q1h · ∇ρ1 dxdt.

The optimal state ρ̄1 and velocity ν̄ should satisfy DνL(ρ̄1, ρ̄2, ρ̄3, ū, q1, q2, q3, q4)h = 0 for

all h in
(
L2(0, T )

)2
, which by the Fundamental Lemma of Calculus implies that

βν̄ −
∫

Ω

q1∇ρ̄1 = 0.

Now, we obtain the following for the derivative with respect to kj :

DkjL(ρ1, ρ2, ρ3,u, q1, q2, q3, q4)h = β

∫ T

0

hjkj dt+

∫ T

0

∫
Ω

−hjLjρ1q1 + hjLjρ1q2 + hjLjρ1q3 dxdt,

for j = 1, 2, . . . , nf . The optimal variables then satisfy

βk̄j +

∫
Ω

Lj ρ̄1(−q1 + q2 + q3) dx = 0, j = 1, 2, . . . , nf .

Altogether we obtain the optimality system:

∂tρ̄1 = −ν̄ · ∇ρ̄1 +D∇2ρ̄1 −
nf∑
j=1

k̄jLj ρ̄1 + kf ρ̄2 in Q,

∂tρ̄2 =

nf∑
j=1

k̄jLj ρ̄1 − kf ρ̄2 in Q,

∂tρ̄3 =

nf∑
j=1

k̄jLj ρ̄1 in Q,

D
∂ρ̄1

∂n
= ρ̄1ν̄ · n on ∂Q,

ρ̄1(x, 0) = Gδ(x−X0), ρ̄2(x, 0) = 0, ρ̄3(x, 0) = 0,

∂tq1 = −∇ · (q1ν̄)−D∇2q1 + (q1 − q2 − q3)

nf∑
j=1

k̄jLj in Q,

∂tq2 = kf (−q1 + q2) in Q,

∂tq3 = −ρ̄3 + ρ̂, in Q,

D
∂q1

∂n
= 0 on ∂Q,

q1(x, T ) = 0, q2(x, T ) = 0, q3(x, T ) = 0,

βν̄ −
∫

Ω

q1∇ρ̄1 dx = 0 in Q,

βk̄j +

∫
Ω

Lj ρ̄1(−q1 + q2 + q3) dx = 0, j = 1, 2, . . . , nf in Q.

After obtaining the optimality system, we now solve it numerically using the Newton–Krylov
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algorithm together with the pseudospectral discretization from our 2DChebClass PDECO soft-
ware.

7.3.2 Newton–Krylov Equations

Here, we first substitute the gradient equations into the state and adjoint equations, noting
that the optimal states ρ̄1, ρ̄2 and ρ̄3 satisfy the following:

∂tρ1 = − 1

β
∇ρ1 ·

(∫
Ω

q1∇ρ1 dx

)
+D∇2ρ1

+
1

β
ρ1

 nf∑
j=1

Lj

∫
Ω

Ljρ1(−q1 + q2 + q3) dx

+ kfρ2,

∂tρ2 = − 1

β
ρ1

 nf∑
j=1

Lj

∫
Ω

Ljρ1(−q1 + q2 + q3) dx

− kfρ2,

∂tρ3 = − 1

β
ρ1

 nf∑
j=1

Lj

∫
Ω

Ljρ1(−q1 + q2 + q3) dx

 ,

D
∂ρ1

∂n
=

1

β

(
ρ1

∫
Ω

q1∇ρ1 ds

)
· n on ∂Q,

ρ1(x, 0) = Gδ(x−X0), ρ2(x, 0) = 0, ρ3(x, 0) = 0,

∂tq1 = − 1

β
∇ ·
(
q1

∫
Ω

q1∇ρ1 dx

)

−D∇2q1 +
1

β
(−q1 + q2 + q3)

 nf∑
j=1

Lj

∫
Ω

Ljρ1(−q1 + q2 + q3) dx

 ,

∂tq2 = kf (−q1 + q2),

∂tq3 = −ρ3 + ρ̂, on Q,

D
∂q1

∂n
= 0 on ∂Q

q1(x, T ) = 0, q2(x, T ) = 0, q3(x, T ) = 0.

The residual functions are written as:

F = (F1, F2, F3) = K1u−K2v

G = (G1, G2, G3) = K3u−K4v + g

with u = (u1, u2, u3) corresponding to the state variables ρ1, ρ2, and ρ3 and v = (v1, v2, v3)
corresponding to the adjoint variables q1, q2, and q3. Here, F1, F2, and F3 represent the first,
second, and third state equations respectively while G1, G2, and G3 represent the first, second,
and third adjoint equations respectively. The function g corresponds to the target variable
ρ̂. The Jacobian with respect to the state variable in the direction h = (h1, h2, h3) is written
analytically as:

JF1(u)h = D∇2h1 −
1

β
∇h1 ·

(∫
Ω

q1∇ρ1 dx

)
− 1

β
∇ρ1 ·

(∫
Ω

q1∇h1 dx

)

+
1

β
h1

 nf∑
j=1

Lj

∫
Ω

Ljρ1(−q1 + q2 + q3) dx


+

1

β
ρ1

 nf∑
j=1

Lj

∫
Ω

Ljh1(−q1 + q2 + q3) dx

+ kfh2,
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D
∂h1

∂n
=

1

β

(
h1

∫
Ω

q1∇ρ1 ds+ ρ1

∫
Ω

q1∇h1 ds

)
· n on ∂Q,

JF2(u)h = − 1

β
h1

 nf∑
j=1

Lj

∫
Ω

Ljρ1(−q1 + q2 + q3) dx


− 1

β
ρ1

 nf∑
j=1

Lj

∫
Ω

Ljh1(−q1 + q2 + q3) dx

− kfρ2,

JF3(u)h = − 1

β
h1

 nf∑
j=1

Lj

∫
Ω

Ljρ1(−q1 + q2 + q3) dx


− 1

β
ρ1

 nf∑
j=1

Lj

∫
Ω

Ljh1(−q1 + q2 + q3) dx

 .

We implement these Jacobians in our code in a similar way as shown in the code snippet in
Section 7.2. We now present numerical results for the 2D robotics optimization problem.

7.3.3 Numerical Experiments

We now apply the above methodology to a robot swarming example. We have a crop field with
spatial domain [0, 1]× [0, 1] and a simulation up to final time, T = 1. For simplicity, we choose
only one type of flower for our numerical simulations, hence nf = 1. We choose the following
initial condition for ρ1:

Gδ(x1, x2) = Z−1 exp(1/
(
(x1 − 0.4)2 + (x2 − 0.2)2

)
),

where x = (x1, x2) and Z is a normalization constant such that
∫

Ω
Gδ(x1, x2)dx = 1. This

initial condition is a smooth bump centred around the spatial point (0.4, 0.2). We then choose
the desired state to be

ρ̂ = 0.5 exp
(
−((x1 − 0.75)2 + (x2 − 0.75)2)/2(0.2)2

)
,

another smooth bump centred on (0.75, 0.75). We use n = 21 points in time and N = 10 points
in each spatial direction. We display the results for β = 10−2 for the diffusion constant D = 0.5
and D = 1. The problem becomes numerically challenging for smaller D as preventing the
robots from diffusing freely over the domain restricts the extent to which they can pollinate the
entire field and the problem becomes advection dominated.

2D Example 1: D = 1

We see from the convergence plots in Figure 7.5 that the Newton–Krylov algorithm converges
in 4,7, and 10 iterations for β = 1, 10−1 and 10−2 respectively. This emphasizes the efficiency
of the algorithm. We also see from Table 7.3 that the simulation takes at most 11 minutes to
complete which is impressive for the scale of the problem as it is a system of altogether six state
and adjoint equations. For the optimal states plots in Figure 7.6, we see the robots originating
from one corner of the field x = (0, 0) as shown in the plot for ρ1, and hovering around another
corner of the field x = (1, 1), as seen in the plot for ρ2, in order to attain the pollination
density ρ3 that is close to the desired state ρ̂. We see from the time probability graph of k1

that with higher values of β, the probability of a robot to stop flying and hover over a flower
in the field is high for earlier times, and decreases over time. Interestingly for β = 10−2, which
has the lowest optimization cost as shown in Table 7.3, the probability is relatively high for
all times, suggesting that increasing the number of times robots stop and pollinate positively
affect achieving the desired state. The magnitude of the optimal velocity in Figure 7.7 starts
off at ‖ν‖ = 0.12 and sharply decreases to almost zero, also suggesting that it is only necessary
for the robots to have more velocity at the start of the journey to reach the target the area
they have to pollinate and rapidly slow down for the rest of the time left.
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Figure 7.5: 2D Example 1: Convergence of the Newton–Krylov algorithm for a robots swarming
problem with D = 1, and different values of β. Left: convergence in the state variable. Right:
convergence in the adjoint variable. Convergence is measured using the residual error.

β = 1 β = 10−1 β = 10−2

Jc 0.0140 0.0110 0.0049
Iter 4 6 7

Time Taken 308.8120 428.7467 601.6953

Table 7.3: 2D Example 1: Optimal control cost, number of iterations required, and time taken
for Newton–Krylov algorithm to converge for a range of β.

2D Example 2: D = 0.5

For D = 0.5, we see similar results to that of D = 1, except that for ρ1, we observe that
the robots do not spread as quickly over the domain. This is understandable as their diffusion
properties are more restricted in this case. The optimal velocity also possesses similar behaviour,
being its highest at the start of the journey and rapidly decreasing to a smaller value for the
rest of the simulation. It also becomes clear that the case D = 0.5 is a more difficult problem
to solve to D = 1. We see this in Table 7.4, where the optimization cost is slightly larger for all
values of β compared to Table 7.3. Despite the increase in difficulty of solving the optimality
system for D = 0.5, the Newton–Krylov method remains fast, converging in at most 12 minutes.
algorithm converges.

7.4 Outlook

We observe that the Newton–Krylov algorithm is effective for difficult problems from opinion
dynamics and robotics. Generally, we deduce that the higher-order Newton–Krylov method
converges faster compared to the fixed-point algorithm, as the convergence times for similar
2D opinion dynamics problems are smaller in this chapter compared to that of the 1D opinion
dynamics problems in Chapter 6. Questions that can be investigated following the work in
this chapter include: existence and uniqueness of optimal controls for higher-order opinion
dynamics and swarming optimization problems, introduction of bound constraints that can be
tackled with a combination of an Active-Set strategy and the Newton–Krylov method, and
alternative discretizations to the pseudospectral method that may perform better with non-

β = 1 β = 10−1 β = 10−2

Jc 0.0141 0.0112 0.0052
Iter 4 7 10

Time Taken 361.4393 510.2931 709.1298

Table 7.4: 2D Example 2: Optimal control cost, number of iterations required, and time taken
for Newton–Krylov algorithm to converge for a range of β.
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Figure 7.6: 2D Example 1: The optimal states ρ1 (top), ρ2 (middle), and ρ3 (bottom) for D = 1
at different times.

smooth constraints. The robots swarming problem can also be extended to an example with
more than one type of crop on the field so that nf > 1, and this is really achievable using the
methodology presented in this chapter.
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Figure 7.7: 2D Example 1: The optimal time probability k1, the magnitude of the optimal
velocity, and the desired state ρ̂.

Figure 7.8: 2D Example 2: Convergence of the Newton–Krylov algorithm for a robots swarming
problem with D = 0.5 and different values of β. Left: convergence in the state variable. Right:
convergence in the adjoint variable. Convergence is measured using the residual error.
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Figure 7.9: 2D Example 2: The optimal states ρ1 (top), ρ2 (middle), and ρ3 (bottom) for D = 1
at different times.

Figure 7.10: 2D Example 2: The optimal time probability k1, the magnitude of the optimal
velocity, and the desired state ρ̂
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Chapter 8

Conclusion

8.1 Summary

In this thesis, we have aimed to develop a versatile numerical framework with accurate and effi-
cient iterative methods to solve PDE-constrained problems from multiscale particle dynamics.
The numerical framework we developed followed an optimize-then discretize approach, where
we first found the continuous optimality conditions using a Lagrangian method, then solved the
optimality system numerically using a combination of a discretization scheme and an iterative
solver. We made our numerical framework modular, so one can have the flexibility to use both
a discretization scheme and an iterative solver of one’s choice. The discretization schemes we
utilized were the pseudospectral method which was chosen for its fast convergence and suit-
ability for systems with dense matrices that result from the non-local problems we considered,
and the finite difference scheme which is simple to implement and not as sensitive to problems
with non-smooth solutions compared to the pseudospectral method. The iterative solvers we
employed included a fixed-point algorithm with and without an Armijo–Wolfe-type rule, which
is reliable, robust, and generalizable to solve problems with bound constraints by incorporating
a primal-dual active-set strategy, and a Newton–Krylov method which is robust and provides
faster convergence compared to the fixed-point method.

We have considered a range of problems from multiscale particle dynamics and proposed
iterative methods which converged robustly with respect to parameters involved in the prob-
lem set-up. The problems we tackled included the distributed source and flow control of the
advection-diffusion equation with a non-linear, non-local interaction term, and the optimal
control of radicals’ distribution in a bounded confidence opinion dynamics model, also with a
non-linear and non-local interaction term. Finally we presented results from the optimization
of a robot swarming model involving a system of advection-diffusion equations with non-local
terms.

We observed that the fixed-point method converges robustly for a number of 1D and 2D test
problems involving non-local particle interactions. Convergence can take a couple of minutes for
1D problems in space or hours for 2D problems, however it is reliable. The Armijo–Wolfe rule
can accelerate convergence in a range of settings by reducing the required number of iterations,
and function evaluations. Utilizing smaller mixing rates for the fixed-point methods leads to
longer convergence times. Hence, sometimes, one has to decide on a trade-off between reliable
convergence and fast convergence. We also observed that a worse initial guess leads to more
iterations being required for convergence, especially for smaller values of the regularization
parameter, β.

The fixed-point method, once again, converged for problems with non-local and non-linear
interacting terms arising from opinion dynamics. However, it was relatively slow, sometimes
taking about 3 hours to converge for the examples in Chapter 6, making it necessary to use the
higher-order Newton–Krylov method for the two-dimensional examples explored in Chapter
7. The active-set strategy performed very well for the non-linear parabolic PDEs presented
in Chapter 6, and demonstrates the need for further theoretical work on the convergence of
the strategy for non-linear and non-local parabolic PDEs. We also observed from the examples
presented in Chapter 6, that different boundary conditions influence optimal controls differently,
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and boundary conditions should be chosen to more accurately reflect the system being modelled
in order to achieve reliable results.

In Chapter 7, we observed that the Newton–Krylov algorithm is effective for difficult prob-
lems from opinion dynamics and robotics. Generally, we deduce that the higher-order Newton–
Krylov method converges faster compared to the fixed-point algorithm, as the convergence
times for similar 2D opinion dynamics problems in Chapter 7 are sometimes smaller compared
to that of the 1D opinion dynamics problems in Chapter 6.

8.2 Outlook

There are other variations on the problems considered in this thesis that could be investigated
in the future, utilizing the same approach described in this thesis.

The DDFT examples and results presented in Chapter 5, can be generalized to include more
physical effects like inertia and volume exclusion. The Newton–Krylov algorithm can also be
extended to solve similar 3D examples arising from DDFT problems.

There are still many interesting dynamical processes to be uncovered in the 1D opinion
dynamics optimization problems presented in Chapter 6. More features can be added to the
forward problem which may affect the results of the optimization problem, for example, the
confidence bound need not always be symmetric, since an agent might be more likely to move
towards one direction than the other. Also, agents could have varying radii of confidence R,
resulting in asymmetrical distributions which may produce interesting dynamics in the evolution
of the optimal state and control. Phase transitions for certain combinations of (σ,R) are also
yet to be explored in the optimal control setting.

Questions that can be investigated following the work in Chapter 7 include the existence and
uniqueness of optimal controls for opinion dynamics problems and robots swarming problems,
and convergence of the active set strategy for higher-order opinion dynamics and robot swarming
problems. A numerical algorithm that combines the active-set strategy and Newton–Krylov
method to tackle bound constraints for higher order problems can also studied. Another future
work is the use of alternative discretizations to the pseudospectral method that may perform
better with non-smooth constraints. The robot swarming problem can also be extended to
examples with more than one type of crop on the field to simulate multi-crop farming scenarios.

Finally, the non-linear and non-local interacting PDEs that characterize the problems pre-
sented in this thesis are not unique to the applications discussed here. Other areas such as
schooling of fish, fermentation of yeast, growth of cancer cells, interactions of photons, and
chemical reactions present non-linear problems that our numerical framework could be ex-
tended to apply to. This may mean the use of different discretization schemes like the Hermite
spectral method, which is a type of spectral scheme, or spectral-element methods which com-
bine spectral methods with ideas from finite element approaches to achieve faster convergence
on complex domains. It may also mean the adoption of state-of-the-art iterative solvers for
dense linear systems.
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[113] M. Haataja, L. Gránásy, and H. Löwen. Classical density functional theory methods in
soft and hard matter. Journal of Physics: Condensed Matter, 22(36):360301, 2010.

[114] E. Haber. Quasi-Newton methods for large-scale electromagnetic inverse problems. In-
verse Problems, 21(1):305, 2004.

[115] E. Haber. A parallel method for large scale time domain electromagnetic inverse problems.
Applied Numerical Mathematics, 58(4):422–434, 2008.

[116] R. Hegselmann and U. Krause. Opinion dynamics and bounded confidence models, anal-
ysis, and simulation. Journal of Artificial Societies and Social Simulation, 5(3), 2002.

[117] R. Hegselmann and U. Krause. Opinion dynamics under the influence of radical groups,
charismatic leaders, and other constant signals: A simple unifying model. Networks and
Heterogeneous Media, 10(3):477–509, 2015.

[118] C. K. Hemelrijk and H. Hildenbrandt. Self-organized shape and frontal density of fish
schools. Ethology, 114(3):245–254, 2008.

[119] M. Hintermüller, K. Ito, and K. Kunisch. The primal-dual active set strategy as a semis-
mooth Newton method. SIAM Journal on Optimization, 13(3):865–888, 2002.

[120] M. Hinze and R. Pinnau. Second-order approach to optimal semiconductor design. Jour-
nal of Optimization Theory and Applications, 133(2):179–199, 2007.

[121] M. Hinze, R. Pinnau, M. Ulbrich, and S. Ulbrich. Optimization with PDE Constraints,
volume 23. Springer International Publishing, 2009.

[122] R. A. Holley and T. M. Liggett. Ergodic theorems for weakly interacting infinite systems
and the voter model. The Annals of Probability, pages 643–663, 1975.

[123] H. Iiduka. Line search fixed point algorithms based on nonlinear conjugate gradient
directions: application to constrained smooth convex optimization. Fixed Point Theory
and Applications, 2016(1):1–32, 2016.

[124] M. Inoue and A. Yoshimori. Effects of interactions between particles on dynamics in
microrheology. Journal of Molecular Liquids, 200:81–84, 2014.

[125] M. Inoue and A. Yoshimori. Method for studying many-particle effects on nonequilibrium
steady states. Journal of the Physical Society of Japan, 86(7):074604, 2017.

[126] K. Ito and K. Kunisch. Augmented Lagrangian methods for nonsmooth, convex opti-
mization in Hilbert spaces. Nonlinear Analysis: Theory, Methods & Applications, 41(5-
6):591–616, 2000.

[127] K. Ito and K. Kunisch. Semi-smooth Newton methods for state-constrained optimal
control problems. Systems & Control Letters, 50(3):221–228, 2003.

135

https://github.com/nla-group/pdeoptim/
https://github.com/nla-group/pdeoptim/


[128] K. Ito and K. Kunisch. Lagrange Multiplier Approach to Variational Problems and Ap-
plications. SIAM, 2008.

[129] A. Joshi, W. Bangerth, and E. M. Sevick-Muraca. Non-contact fluorescence optical to-
mography with scanning patterned illumination. Optics Express, 14(14):6516–6534, 2006.

[130] J. Jost and X. Li-Jost. Calculus of Variations, volume 64. Cambridge University Press,
1998.
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