The Dirac Equations in Spherical Space
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Introduction and summary
a) in the fbllowing paper a new representation of the
Dirac equations in spherical space is given.lt arose in
connection with a paper by Schrddinger on the proper vibra-
tions of spherical space (S2).lhe special choice of the co-
ordinates was suggested by the desire to obtain that repre-
8

sentation in which two of the six generators of the rota-
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tion~-group in four real dimensions(infinitesimal rotations
in two totally perpendicular planes)are diagonal.This is
effected by the use of what one may naturally call "cylin-
dric coordinates on the hypersphere".Cylindric,because the
one set of coordinate surfaces is a set of co-axial cylin-
ders in spherical space,i.e.the loci of all points that
have the same distance from the points on a great circle.
These hyperspherigal cylinders are surfaces of revolution
for both the other two coordinates(not only for one,as is
the case with ordinary cylinders),very much similar to

the two azimuthal angles on an ordinary torus.

In this representation the eigensolutions of the Dirac
equations for a free electron are waves winding along
great circles around these cylinders,the intensity being
constant on any cylinder.The polarisation of the waves in
general is discussed,in particular for the specially in-
teresting types of "tube-waves" and "skin-waves",whose in-
tensity is virtually concentrated to a one-dimensional,re-
spectively two-dimensional,region of certain cylinders,and
for the ground-vibrations.lt is found that the polarisa-
tion is always longitudinal with respect to the direction
of the current,parallel or antiparallel with the latter

according to the solution in questionjthe correlation can
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be formulated in a simple way.

b) Formally our eigensolutions are of interest be-
cause of their being double-valued functions of the two
azimuthal angles (¥ , v) on the cylinders.They have this
in common with Schrddinger's eigenaolutioﬁ;féibae depen~
dence on the azimuthal angle of the polar coordinates on
the hypersphere is also a double-valued one.

This departure from the usual single-valuedness of the
eigenfunctions arises from having to assign half-odd eigen-
numbers (77 ,') to the above mentioned generators of the
rotation-group(essentially the momentum operators,angular
and "linear"jin spherical space the difference is only a
quantitative one).Consequently our eigenfunctions,depending
on the two azimuthal angles by the factor eibqf+”ﬁﬂhchange
sign if either ¥ or w is increased by a multiple of Ax,The
theoretical admissibility of half-odd eigennumbers,implying
double-valued wave-functions,has been secured by Schri-
dinger (83).That it is they(and not the usual integral ones)
which actually occur in our problem is necessitated by ar-
guments developed and applied by Pauli in two other cases
(P2).0ur case,involving two azimuthal quantum numbers,is

particularly appropriate for the exhibition of the efficacy

of "Pauli's criterion™.
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Incidentally it turns out that Pauli's arguments can al-
80 conveniently be used for elimination of a continuous
spectrum not yet excluded by the boundary condition of qua-
dratic integrability of the eigenfunctions.

c) The eigenvalues of the energy of a free electron
in spherical space are,of course,discretejthe main guantum
number n is half-odd owing to the two azimuthal gquantum
numbers m and m' being half-odd.Another new and surprising
feature is the degeneracy of the ground-state whose multi-
plicity is four(or rather more eight,counting the positive
and negative eigenstates of tue energy together).This is,
however,in conformity with group-theoretical requirements
(82,p.331)from which one cen deddce that the ground-state
is 2 (Ami+1)=fold if thne wave-function is of the tensor-
rank |n’I(except for the scalar case, n'= 0 ,where the
ground-state is simple).ln our case of the Dirac electron,

we have I'm'[= %

d) As pointed out by Pauli,(loc. cit.),the occurrence
of half-odd gquantum numbers,implying double-valued wave-
functions,is closely connected with the curious behaviour
of the general Dirac equation under coordinate transforma=-
tions.in general,this eguation will not go over directly
into the ordinary Uirac equation in flat space if we let
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the radius of curvature of space tend to infinity.lt does
80,however,provided that isotropic coordinates are chosen.
To demonstrate this,we have,in the first chapter,written

down the Dirac eguation in spherical space in "coordinates

of stereographic projection".

The latter coordinates are obtained by contemplating
the hypersphere in Buclidean,four-dimensional,space and

choosing one of its pointg("north-pole™)as a centre for
projecting all its points on the three-dimensional,flat,

tangential space at the gppogite point(™south-pole”).
These coordinates are then just ordinary Cartesian ones

of the projected points in the tangential space.

It will be seen that,using thege coordinates,there is
no unexpected difference between the eguation in spheri-
cal space and that in flat one.The spacial derivatives in
the Hamiltonian are merely multiplied by a centrally sym-
metric,stereographic "gauge-factor" which becomes unity
in the limiting case of flat space,the Hamiltonian in
these coordinates thus exhibiting all the features fami-

liar from the ordinary Dirac equation.
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For the following our starting point is Schridinger's
form of the electron wave equation in a world(space-time)
where the line-element is given by
6{"'1’?5-“) o e aliog¥ [&,V:/{@B(%jo%:c'é)_
(Summation convention as usual.)
According to Schridinger (81) the general Dirac equation reads
thens

PG L)y - ey (oo, ek

The yYvare the analogons to Dirac's «x -~matrices.Mow,however,
they constitute matrix-fields depending én the metric by the
relations )
Voo Vo # Lo T ™ £ G
S ALl N
Also the E;are matrices depending on the coordinates(they do

not,however,form a tensor).lhey are defined by the commutator

SR R LS A A

S e~ o x,
{ ¢vv,~Jdenoting the Christoffel three-index symbols accoun-

f)The fact that the matrix-equation (1.2) admits of a unitary
transformation which may depend on the coordinates at each
point is the root of the peculiar features of the Virac equation

(1.1) when repeesented in certein coordinates(cf.p./¢).



(I.4)

(1,5)

—8-

ting for the parallel transport of a covariant vector,viz.

i oA Dger . Db O Goev
{#V{G‘j—s ",Lj 9 o« Q.xl aa—_‘x )

As apparent from (I.l),the /; represent the parallel

transport of the spinor "YW '(égif" 7, )Y denoting the cova-
riant derivative of ¥ .On the other hand,the /, occur in
(1.1) where in the ordinary VDirac equation the electro-
magnetic potentials A occur.in fact,the A have to be put
into the diagonal elements of the matrices /, ,(cf.S1),these
elements not being determfined otherwise,since / is defined
by a coamutator.ﬂo,e.goifac is found to commute with all the
7V ,and consequently equals a multiple of the unit-matrix,
we shall take

f;.;__’iﬁ_ig—yfif’y

A c J
= eing the scalar poten »
-V- A, being the scal tential

Now we shall represent the general equation (I.1) by co-
ordinates of stereographic projection and by cylindric coor-
dinates in spherical space.
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1) The Dirac Equations in Spherical Space in Stereographic
Coordinates

In the Einstein universe the metric of space is that
of the three-dimensional surface of a hypersphere of constant
radius R ,whereas the time-dimension remains uncurved (cf.El,
pe155) .To represent space alone,we introduce polar coordi-
nates on the hyperspheres

§ = RoiAnich s, >
g;’Qw;"Ze,‘;J)wi f - R enX )

i

’Re,;ﬁ( ‘*’3'9),

where

o_a_’a’,r;’t} 0237*:”,, 0&;5”&271) (Q-Cﬁ«o'?

( % is not to be confused with *,-c¢Tin (I.1) jhere we are

concerned only with real,curved space.)
Hence

U]

b z .2
P NE R FR R R

/! k5

AL =0 is the point with coordinates (7,6 2, 9 r‘;\)).'I‘aking this
point as the origin - this is,of courss,quite arbitrary,since
there is no absolute centre distinguished from other points -
then in its neighbourhood j) » yare ordinary polar coordinates
and ?’L can be regarded as radius-vector.lThe equator, ’I-‘i{— ’
is a great circle in the spherical distance 1"5 from the ori-
gin.It represents the intersection of the ( ?, y 5, )-plane with
the hypersphere.

Differentiating (l.l),squaring and adding,we obtain the
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line-element of the Einstein universe in Hyperspherical,polar

coordinates, i ) i e
ARSI AV LE L S [ M o Pt

This is the line-element used by Schrddinger for the investi-
gation of both the d'Alembertian and Dirac equation in sphe-

rical space.

_ Stereographic¢c coordinates
Let ué'now perform a stereographic projection of the hyper-
sphere on the tangential,three-dimensional,linear sub-space
(?ﬂs +R=0 ,the centre of projection being the point (77 0R).
The tranaformed coordinates are then given by
x=& oo ARE < . ARE

=

R-%, ° *A R-%, 7 72 R~'S, !
the new axes x x_x, being parallel to § §, ¢, respectively.

Hence,expressing the 3 by polar coordinates (1.1,
X . X ..q .

- 2R el T niPenyg | x:RME2Baiy | x, < 1RAD con%’

whence the radius-vector in our tangential(?s)

A= 4.3: -Ht' = 2,? Co?l
Conversely we fina ¢
X A . f s a:"' = 2k %573"‘:‘
? = ‘A!. = ¥ 'J'/-u\%fﬂptf 1.- /+ / i}_ f
Tl : /= 2 ket:. R
?3 = xsd" = A % C‘a% p ? Q ,.‘l.

/ ez 4-%,_ * Tepr

/T
f=m=?a@‘7l=";—j‘;b
bifierentiating (l.2),squaring,and adding,we obtain
2 2
-2, o ¥ 3, z
N e s N )
Hence the line-element of the Einstein universe can be written:



‘/(92-..: - drr_r z'{'djlj'*df-)z -+ Clp(tzc
(/ +_§;1.
We may choose units such that c- / jour metric tensor is then

clearly given by

=2 _
(1.5&) jn = ju."" 533 = (/ + 9‘4{"—) = +/}' j‘“"’— 2 1?/414/ )
whence the square root of minus tne datarminant
ytf’ / /
? = AL 13 E-‘—é
(i XN
It is obvious from (l.3%a) that our coordinates are ortho-

(1.3b)

gonal and logcally isotropic,but the actual length is FT*T?:;
times the Buclidean length.The points on the hypersphere are
here projected into three-dimensional Buclidean space with
the variable gauge factor 7%'-sinilar to the stereographic
projection of the points on an ordinary sphere into the in-

finite plane touching the sphere at its south-pole.

The Dirac equation Now let us
see what the Dirac equation (Il.l) is like in our stereogra-
phic coordinates.Owing to the local isotropy,we may expect
a great resemblance to the ordinary Dirac equation in flat
space in Cartesian coordinates.The only difference can be
the appearance of the stereographic gauge factor A“=/+§§%.

For orthogonal coordinates the Christoffel three-index

symbols (1.4) become

(1.4') ey 17 rr(‘4if iﬂf‘“fﬁhi),
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(1.5)

(1.6)

whence
fpvv,ry= O unless,at least,two indices are equal.
The non-vanishing symbols work out in our case
fompy- oy ={vomi=g = (v 133, 4%7),
The matrix-fields 7 as found from (1.2) and (1.3) are

7”7‘1\7°“‘-’; 7E- AR, K=t €= 433 ) ,
the & forming an ordinary set of a.nticomuting Virac matri—

ces whose square equals unity
d.a,“o(p-f-dvdﬂ=zjzuv (porv="23%)

Apart from their spurs,the matrices /, ,describing the pa-
rallel transport of the spinor,are determined from (1.3).As
said on p.8,we put—z-f—'f/l,,the potentials,into the undeter-
mined diagonal elements of the /, .Thus we obtain
/- —5‘—%—1 (Xt t3) 4 L 2 ey e AeYyavg

)

/, and /5 are obtained from / by cyclic permutation of the

suffixes / p 29 3o

Hence,compounding accoraing (1.l) the Dirac equation with
(Le4) and (1.6),we get

/‘fL(edx T

L=
Substituting

)"“V(f;%a g ¥)- oz

and multiplying by—-‘@—x ybhis reads:

_.'_{_é.gi-;, Qﬁ) K zdd_iig__A@)+u( e P

Lnae cat ,{rn G)-x
We may replace o «, 4 2'¥,q, za( « 9 ~x, DY X X 9%, 9 ¥, Tespec=
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tively.(This is allowed,since both sets satisfy the same
commutation relations (1l.5).lt amounts to a permissible

S ~transformation: $— 5 P and 14,4, § 4, § y-% =%, S,

with j".‘«,«ﬁagy ’;:;(“ s §= _’:V:-g.f %« %, ¥, eihe factor « «,«;v,is
to transform <, into —«, .)Assuming that the vector poten-
tial vanishes and that the scalar potential ji is centrally

symmetric,we obtain the equation

3
Y ~
gl T ~igerBledy KEASE whwafm 0@

Constant of motion As expected,
the only difference between our equation (1.7) and the ordi-
nary DPirac equation in flat space is the centrally symmetric,
stereographic factor A= /+yguﬂhidently.therefore,the operator

7”3=.§‘ 325;{ ‘3*,) ii1f%?
does not commute with our Hamiltonian,since 71, does not com-
mute with Virac's Hamiltonian in flat space.kxactly as in

flat space,we have to add a spin-term
/ A

v <

Z Aaf !
to 77, in order to obtain a constant of motion, 7», thus clear-

ly corresponding here,as in flat space,to the azimuthal Qrpi-

fal angular momentum.

Comparison with the Dirac
equation in both Dirac's and
Schrddinger's form In Schrédinger's repre-
sentation of the Dirac equation in Hyperspherical,polar co-
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ordinates (82) (as shown in the second part of our paper,
the same is true when the eguation is represented in cylin-
dric coordinates)the c.\peu':atm.rt—’5—‘3 59" In ,(fg; iy)j._g a constant
of motion in spherical space as well as in the limiting case
of flat one(i.e.Rowy 2uAvt=0, R2wX7 £ (finite)) .1t does
commute with the Hamiltonian in Schrﬁdinger s representation:
£ Gpe e (Fy 1 P 5y + Gy ) e L
Ewidently,thsreforethff;corrosponds ggg;g_to the total azi-~
muthal angular momentum.

It is very peculiar that the physical meaning of the ope-
ratorjé-gg;can be changed by an ordinary coordinate transfor-
mation(from Cartesian to polar ones in this case).The root of
this peculiarity ia\to be found in the fact that equation
(1.2) admits of a unitary transformation which may depend on
the goordinates.Therefore,as pointed out by Pauli,(P2,p.151)
it is characteristic for the general equation (I.1l) to re-
quire an additional spin transformation depending on the co-
ordinates,if the original form is to be retained after coor-
dinate transformation.(The same is also true for the general

Dirac equation as derived by V.Fock,Zs.f.Phys.,57,1929,p.270.)

In the limiting case of flat apaceki.e.h’/*;zh'7f Jour

equation in stereographic coordinates,(l.7),goes directly

over into the ordinary Dirac equation(apart from the J -trans-
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formation with constant coefficients performed on p.l3).This

is not so with the equation in polar coordinates,(l.8).As
shown by Pauli,(P2,p.165),the yariable spin transformation
leading from the latter to the ordinary Dirac eguation is

v
2 53 I SR PR Y »
‘f‘(“% 'f’) e 4-,1 37T .:_chz\g'%%.-zw-i-v/uz 3}{-1.3.‘.«.‘13’32‘ :!i’-f-;co_-;z —J“_'_g_f-:jj
whence 7 s
15, % 17, g 8 : - A ;
-85 S pengonifuigreidag oty

/

—ray %,y 21X JMOw,it can easily\varified that indeed

” LA
‘-r (-j"f) Axr f(ﬁ f)* 24’1’1 9—; -2“'r. ‘x" a(zf

AN being respectively the three Pauli matrices -:«, «, ,

showing how the spin ternliﬁ-xd was absorbed in the operator

4;,;r‘1n Schridinger's representationjthe S ~transformation

between (1.7) and (1.8) is just such as to transform the azi-

muthal gorbital angular momentum into the total one,

Using Dirac's well known method,one can now easily trans-

form our oqpation (1.7) to polar coordinates % ,5, y.The
angular part of our equation is,then,the same as in the custo-
mary Dirac equation,whereas the radial part differs by the
stereographic factor /\ .We shall not,however,deal here with
these radial equationsjwe prefer,instead of it,to introduce

J

the more interesting "cylindric coordinates on the hypersphere”
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2) The Dirac Equations in Spherical Space in Cylindric
Coordinates

A)
Cylindric coordinates How we

introduce coordinates by the help of which the eigensolutions
of the Virac equations in spherical space provide that repre-
sentation of the six-dimensional group of rotations in which
two of the six generators(infinitesimal rotations in totally
perpendicular(dual)planes)are diagonal.These coordinates are
very closely related to ordinary toroidal ones.They actually
are the exact analogon of cylindric coordinates in flat
spacejfor one of the three sets of coordinate surfaces is a
family of co-axial cylinders(loci of all points that have the
same distance from a "straight line",i.e.from a great circle).
ghe other two sets are two families oi great spheres,the one
passing through a given great circle,the other through the
polar one(i.e.through the"axis"of the given circle).These co-
ordinates have also been used by P.O.kiiller (iil) dealing with
the d'Alembertian in spherical space.Our notation is slightly
diffe;ent from his,our angle @ (measuring the radius of the

cylinder)being identical with the complement of his angletﬁ .

Designating the angle of rotation in the (X ,%;)-plane by ¥

and that in the (x,,x, )-plane(the dual plane to the for-
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(2.2)

mer)by v ,we have,instead of \l.l),

x,=?co:43c,aaf, \r3=?o,<;‘_mo,¢.'“go ,
X, = R oy, Xy =R odnd co }

where,in order to comprise all pédints on the hypersphere just

once,
oL , OLgelm, Feywedn; R=cow?
The spacial part of the line-element takes then the form
¥ L
Z,da:-xl=- 7210{.:2_)14- Reate 0’(502'-!- 2124«&2@ a’y.)"- "
¥rom this form of the line-element it is evident that the sur-
faces ©=cn.7y y=rs/y80d ¢ =cns7are orthogonal on each other and
that the two-dimensional geometry on any cylinder w-a.7 is
Euclidean.The line-element of ordinary cylindric coordinates

is covered by (2.2) as the limiting case
R % sictni =0, X2 o p(Picke) | Retp—(2

) Rowe )

Aot = Apts A2t + ety

#

Stereographiec projection
and relation to toroidal coor-~-
dinates Performing a stereographic projection of
the hypersphere (2.1) into the tangential,three-dimensional,
linear sub-space?(x,Y,2)} X,+X=C,the surfaces of constant
(the family of great spheres passing through the great circle
ﬁJ=%})become the planes through thez‘-axistiauf=-£;.The sur-
faces of constant «w (co-axial cylinders)and of coanstaat v
(great spheres passing through the great circle «/-J which is
the axis of the great circle through which the spheres = cows¥

pass)are symmetric around the 2 -axis.Their cross-section with



the (2, 2 )-plane(i.e. - 0 )gives a system of ortogonal cir-
cles whose centres are situated on the « —axis and on the
? =axis respectively(cf.Ml,p.368).

The above figure shows the cross~section of the tori w-cr«?
(red) and the spheres y-«.7 (green) with the plane -0 (i.e.
7~0).The equation of the red circles iss (x-% ) %>’ Qtwa)®,

that of the green onest -2yt (5 . & is the angle between

the X ~axis and the tangent drawn from the origin at the torus
@ . yis the angle between the radius of the sphere ¢ (or ra-

ther half-sphere),through x- { and the >~axis.In our units %-/.

This picture is well known from the equipotentials( ©=c#.7)
and lines of constant electric field strength(y-2«7 )produced
by two oppositely charged,parallel( L ( z, 7 )-plane)wires through
the two points(red)in which our nmull-torus{(«- J icirele of ra-
dius ! 4in the ( =, 7 )J~plane)crosses the ( 2,2 )-plane.
(It can elementarily be proved that for any point on a circle



- 19 -

&=cw/ the ratio = on which the potential depends -~ of the
distances from these two (red) points equals Z<« % ,) We
have simply to rotate this figure arocund the 2 -axis in or-
der to get an exaet idea of the tori ©-«.7 and the spheres
¢=.7{ in the stereographic projection of our eylindric co-
ordinates.

The "south-pole™ of the hypersphere (l.1) , 1=7 ,(where
our ?J@E;y,}) touohu\tht hypersphere)is,of course,the origin,
x=y:2-0,in 3 ,the "north-pole, 7 - J ,corresponding to the
points at infinity in ? «The "oquator",’/z Z ,a great sphere,
is represented in ?, by the lph.oro of redius { around the
origin.All tori v-+/ are intersected at right angles by this
spherejits upper half(2~6 )corresponds toy- 5 ,the lower one
(220)corresponding to v-7.0n thig sphere the parallels are
directly given by, -4 ,our null-torus thus being the equator-

circle on the equator—-sphere.

The singularities of our coordinate syst:n are obviously at
the two,polar,great cireles ¢-J and ©- 7 (2 -axis in the ste-
reographic projection),all planes -7 passing through the 2 =
axis and all spheres ¢-«./passing through the null-torus.The
reciprocal relation between these two gread circles om—tire—try-
Persphene(each there playing the role of the axis of the other)
is,of course,no longer maintained in the stereographic image.-




(2.3a)

(2.3b)
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On any torus <-4/ the curves Y¥-o.7 and ¢-+/ form an orthogonal
system of longitudoa and latitudes,and the same holds true on
the hyperspherical cylinders.

The relation between our coordinates « , v, v and the so~-
called torus-coordinates /A , <, ¢/(cf.Rl,p.103) is a very
close onej v/ is identical with our v , X equals minus the
supplement of our ¢ ,and our angle © is the complement of
the gudermannien of A

Fu

W = ol + —'!'Z:a”{‘/‘

J / Pace

The Dirac egquation Now let us
write the Dirac equations (I1.l) in spherical space in the cy-
lindric coordinates (2.1) .Taeking units such that both 2 and
¢ equal unity,the line-element of the Kinstein universe

readst Aol q’@z-cog?z) a{j?z'._ Bt Ay LW §-m

Hence the metric tensor is given by
o ==, .izs"“”%ﬁ;u%3='mkah Foy =t 7;v=d:2fﬂg
whence the volum~elemeant of spherical space
AT =V-9g dw dgdp = 2ictoctrn (2 dy Ly
Since the azimuthal angles ¥ and ¢ do not appear in the
metric (2.3a),they will not appear explicitly in the Dirac
equation in the case of vanishing potential.Uwing to this,

the variables can then be separated in a very simple way.



(2.4)

(2.5)

(2.6)

(2.6')

(2.?‘)
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For the matrix-fields 7 we find from (1.2) and (2.3a)(ta-
king thepositive sign for the square root)

2:": 2"5({ ” 71'.'-2‘%4/'0(2/ '3’3=Q'O,4;..,4J,Q:3 j )”‘:d? 3

J
. ‘A o3
?2’1%‘,2'"‘a;;) y"z 2t ) 7Y =y 5
the «, forming an ordinary set of anticommuting Dirac matri-

ces,(1.5).

Due to the simple metric,the non-vanishing Christoffel
three~index symbols are obviously those with two egual indi-
ces + / (and,of course, different from ¥ )whereas the other
index equals / .According to (1.4') we have

{7 z;,{} :"‘td-r..cﬂ\}) 513,3)= es7 & S FAA jevhvim s = - {33, 13 )
all the other symbols vanishing.

The matrices ’: yas found from (1.3) and (L.5),work out

nmrie _
/:=O) /“— J/-«,é)o(c(z_ f', Cevgu(d“?)/;ﬁ:.._’.(_g_?f: 50}‘.

Inserting (2.4) and (2.5) into (I.1),we obtain the Dirac

eqnation'in the Einstein universe in c¢cylindric coordinates:

oY K (¥
-2,&1, S @ ZC@Z(G\ o 4-.2_:0'“64) “”‘z?f))"

.y [OW ‘ ‘

i (S e V) (5E g Y) i P
Multiplying by ¥, and puttiog

F- $(w5.0,t) =V omoma Yo 5v,1),

the Hamiltonian form of (2.6) reads:

=2dy¢/a4) 69.74) ‘f i o &}p

?_g_ ; o9 +z'o(y«'; o zdyﬂf'a +sz.ié-+?/"m ? .
>t
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(2.8)

(2.9)

(2.10)
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In ordinary units of length and time this becomes

—— Sldu(-——-

R S AL
The constants of motion As
expected for the case of vanishing potential,both the azimu~
thal angles v and ¥ do not occur in (2.7) but in form of the

derivatives — 2

vl jw «We can,therefore,separate the spacial
part of the eigenfunctions of (2.7) into three factors,each
depending on only gne of the angles </, v, v .The dependence
on ¥ and v is that of the eigenfunctions of the oporatora-if%,
‘ifirreqpectively.Tha stationary solutions of equ. (2.7) are
therefore of the form

JORRS f)=£)_(w,v-,e£(mf*%!?+ﬂt) )
Here " denotes the eigenvalues of the Hamiltonianjin ordinary
units we have

in V’Q

N =-""2 = number(per great circle 21X )of wave-
lengths of light corraaponling to the eigenfrequency » . mand

m' are respectively the eigenvalues of the operators

R Iy
M=—55 » Ny=-isp
These operators describe dual,infinitesimal rotations in the
(%Jx)-plano(i.o. w=0)and (%, % )=-plane(i.e. -7 )respectively.
They represent two of the six generators of the rotation-group

in spherical space(cf.82,p.333).Physically they correspond to



the angular and linear momentum in the Xx,~direction,from the
point of view of a local geometer at x-x,-x=0, X -R,cf.(2.1).
In spherical space the two kinds of momenta are on equal
footing,the difference being only a quantitative one,viz,how
far away the axis of rotation is situatved,

Alternative of double~va-=
lued eigenfunctions What are the ad-
missible values of the eigennumbers » and 77/ depends,of course,
on the conditions imposed upon the wave funetions.lf we demand
the latter to be single~valued,as is usually done,then both 7,
and "' must be integers,since the range of the azimuthal angles
¥y ¢ is8Oeyyeln However,as pointed out by Schridinger(S3;52,
p.348)and Pauli(Pl,p.1263jP2),(cf.also B2 and T1),there is no
apriori argument to discard half-integral azimuthal quantum
numbers.lf,e.g., 72 in (2.8) equals half of an odd integer,then
the eigenfunctions simply change sign if v is increased by {n,
whereas all physical quantities(since they are bilinear in ¥
and its complex-conjugate, ¥ “)remain single-valued.Schrodinger
proved that in general only gither single~valued eigenfunc-
tions or double-valued ones can and must be admitted in any
given wave-mechanical problem,the two branches of the double-
valued ones differing only by the factor — . (83).Accordingly

we have for both » and 7' two alternatives:



(2.11a) either m=0,6720 ¢ +t(

(2.11b) .e om =], 23,2827, . v+
and independently :

(2.12a) elther 2m/- 0, 2,tY%,*0,

(2.120) or I zgl, 3, 25,2 7, .

(2:.7")

The ambiguity which of the four possibilities must actual-
ly be chosen for our eigenfunctions caen be removed by means
of"Pauli's criterion™ (P2).The latter makes use of the
existence of a group of transformations of the Hamiltonian,
i.e.the six-dimensional rotation-group in our case assuming
that the potentials vanish.The criterion simply demands that
the eigenfunctions transfobm as the irreducible representa-
tions of the group.When in possession of the general expres-
sion of our eigensolutions,this condition will prove to be of
the same efficacy in our case as in those demonstrated by
Pauli (P2).

Inserting (2.8) into (2.7a),multiplying by ¥« ,and remem-
bering the relations (1.5) satisfied by the <, ,we obtain

g(ﬂfcu)_{_ B, vy Yoy a5 2o & Q@)ﬁngayﬁl@)-f-(uu Dw)=0
Ad w Corw R Db 3 d :

This is a four-componential eguation,.fl@@forming a column on
which the X -matrices operate.For economy of paper,however,

we write it as a row instead of as a column,



(2.13)

(2.14)

-(2.15)
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li)@Q)ﬁ (_Clﬁv)) _lex)}_£2§w)) l:%ﬁb)) '
Now let us first consider the case of vanishing mass,
( #=0),(and vanishing potential, ¥- O ).The solutions for
the case of non~vanishing mass can then easily be derived.

B)
Provisional restriction t o

the case of vanishing mass
Omitting the last swe terme in (2.7'),we obtain
,
dﬁf) * c:,nm ro, & (e + :;Za; 2% Quoy—n o d, Qe =0
7 and ()¢ hengceforth denoting the eigenvalue of the energy,
(2.9),and the wave function for yasnishing mass.‘flﬁﬂdspends

on @ (0t©c T )and on the two spin-variables each of which can

assume only two valuesjthey appear as suffixes of the wave

function,as denoted in (2.13).

Choice of a convenient re-
presentation of X-matrices Now we
introduce van der Waerden's notation,(Wl1l,820),by which every
suffix is replaced by a péir of suffixes,dotted and undotted

ones,viz.

Qe - (Qw, Q@ e, Q)= (O, O 2, R0, O, ;:,wj) :
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Accordingly the quadratic four-row X -matrices are consi-
dered as the "direct product" of two quadfatic two-row ma-
trices out of two"different"sets of Fauli matrices,dotted
and undotted ones.These operate separately on the dotted,
respectively undotted,suffix of the wave function and com-

mute,therefore,with each other.let us take

0 2

s (0 | y ; I o
2as)  fasf(] 1) fekpo (3 0), feeide (L0)
These [3-matrices satisfy the following relations:

(2.16b) ﬁrpl"'ﬂzﬁ’rzo; [3:[3;"’:/33 ) ﬂ,z=1 )
and the analogous equations obtained by cyeclic permutation

of / y 2 y 3 +The dotted matrices satisfy,of course,the same

relations.

The "direct product" of an undotted 3 -matrix into a
dotted one is defined as the quadratic four-row matrix which
results from inserting the undotted (3 -matrix into the

scheme of the dotted one.

Using the commutation relations (1.5) it can easily be
verified that the four-row matrices 2« X, , ¥«; & ,occurring
in (2.14),and 14, satisfy the seme equations (l6b) as the
two-row (3 -matrices.We may,therefore,represent >%, %, 4« 50 oy

and »'%,«, by the direet product of the (undotted) /g-matri-
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ces (2.16a) into the (dotted) unit-matrix.Say
z I !
sk o= | 2 . -l :
(2.173) iﬁ?‘ ) 5 L0L3‘<{f'- I 10{3.-:(13 ‘
* -3 ;o Bl =/’ Al \
(The free places in the matrices are zeros.)

-L

; 3 -1
%, % e _"/grﬁs 2

For X,4, we take

(2.170) v
Hence we have the following representation of X -matrices:
o (3’ /§" S2” -/35 (;' Hye Fﬁl /‘)"; il ,(31 & gzot ol Xk, =T [3;
I - -y v |
(2. l?c) : | . ; '
I =l Y 53 -l

[ ) | '\ L ) -1 ) =i
Now,expressing in our equation (2.14) the X -matrices by the

direct products {3.; [3” swWe obtain

(2.18) A L) L oM {glia@)_%/%iﬂ@)+£%/},ﬁs QNw)=-0 s

ol L0 Corto
Splitting of the four equa-

tions into two similar sets of
two equations Since the matrix (33 commutes
with each term in (2.18),we can split ()« into two factors.
The one factor is the function depending on « and on the un-
dotted spin-variable (/, 2)jwe shall denote this function by
_Qo(w; 4, 2)= _O._D.The other factor is the eigenfunction of [ia ’
belonging respectively to the eigenvalue +/ and - /[ of ﬂ; .

The eigenfunction to +/ vanishes ™at" 2 ,the eigenfunction to



(2.19)

(2.20)

—/ vanishes "at" .l. .

Thus,having separated the dotted spin-variable from the
undotted one,we obtain for the function [la(w;f,l)the equation

2 B0 £infB A, =

T lads

"fﬂo Y o0, /ﬂz

CoHey

The two signs in the lest term refer to the two eigenvalues
of the matrix /% s +1 and - | respectively.From any one of the
two~componential solutions () - corresponding to a definite
value of N and to,say,the upper sign - we therefore obtain
two four-componential solutions () by Iiul’siply;lg .Q.o by one
or the other of the eigenfunctions of{%;.(Obvioualy,one of
these () belongs to the eigenvalue " ,the other one to -7.)
Following (2.15) this amounts to
i) taking the two womponents afﬁ)oco form the first
two components ( '}[/{ ’ y;) of % (belonging to 7 ),
the gecond pair (¥, , ¥, ) being zeros, and
ii) taking the two components of (] to form the gecond
pair (¥, % ) of ¥ (belonging to-71),the first
pair ( ¥ , ¥, ) being zeros.

Putting

L) @; 0 = (f@r, ge)

and inserting the matrices (2.1l6a) into equation (2.19),we ob-
tain two simultaneous differential equations determining the



(2.21)

(2.22)
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two functions ( #, §) to a common constant factor(which can

be fixed by normalisation),

74 2 »n1’ .
gé%q”'fmﬂj'%@f'*lﬂj = O}

LL A Zefe ZLFsimf 2 0
To fix the ideas,we have taken the positive sign in the
last term of equ.(2.19).According to the above(p.28)this
means that we are focussing our attention on those eigenso-
lutions which belong to the eigenvalue + [ of (3.3 ;i.e.('!{, ’l@)
being formed by (7, 7) and ( ¥, ¥ ) being zeros.

Restriction to non-negative
values of m and ™/ From (2.21) it is evi-
dent that if

(;’,j) is the solutiom to 77 , 721’y 27

then
a) ( £+ 7) is the solution t0 -7, -2’y 21 ,
b) ( f. -7) is the solution to -7, ', —» ,
c) ( 74-7) is the solution t0 2, —om/y —7 e

Owing to this scheme,we need not solve (2.21) for both posi-
tive and negative sign of 7 and "n' but may confine our consi-
deration to,say,positive sign of both m and 7’ .No similar
restriction is permissible for 77 .For,e.g.,with 7=-35 and /53"”'1
(type i)p.28)one obtains, by the above scheme b) or ¢) a so-
lution ¥ belonging to »-+5(and /§3=-.£ sas before)which is,of



(2.23)

(2.248)

(2.25)

(2.24b)

-.50-.

course,different from the solution obtained with ,/  and
(type ii)p.28)and which would therefore be dropped by

dropping negative ™, .l say it is of course different,for

the seme function cannot make -+ and -- / .For the following

we have therefore

m 7o mlw O ; n oy O

Solution of the simulta-
neous differential eguations (2,21)
Splitting from ¥ and 7 factors containing non-negative powers
of caw 4 %, 2% ,the exponents are determined by the
equations (2.21) and by the above convention (2.23).We arrive
then at the following assumption:

/ M iy
5{: 2t ™u ail™ ) Vi—tma + AR) , J=cr W v w VIns VE) 5

2ecme (oL2el)
Inserting this intd equs. (2.21),we obtain,after an elementary
though laborious calculation,the following two simultaneous
differential equations for the functions «(» , »@ 3

A j=—2 Ly /=2 m -
(.""'2);/—-2-1'"7‘7? 2:/0-+('7'V7 1)7‘:';‘M*"g7’"’?11’ = 0 }
/
a *})-'—-M tom L2y _(m-3) Iy - Bkt = 0

2
Divide the first equation by /-2 ,the second by /+2 and make

f—iz =

the further substitution

)

x (Ot;xf.—_/)

“(ZF) +v(R) = @P— )= / /‘4('2-)—7_»’(2)= (;(2') = 2 G"’,
J
1.

2

m
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Putting for brevity
(2.24')

f

+i——’r‘7)) /?’zi(’”"*""?’—é‘*ﬂ)} oy 777.,:% ,
we obtain then from (2.25)

= -i('}‘h-;-m

(2.26) -2% - P+ fpa = 0 }
xo-x>%-«x@+ré’w—w9’;a
Thig system of two simultaneous differential equations can
easily be integrated in the usual way by power series,putting
/) Z‘" x? , A’ 4:2_/,{ x3

¢ denoting a constant-¢61(as regards c - cicf below)and the ini-
tial coefficients @, and ¥, being normalised to / ,say.We
get,0f course,two possible values for 2, and -, ,the two simul-
taneous differential equations of first order being equivalent

to two ordinary differential equations of second order for 7y
and A’ separately.

Inserting the pewer series into the differential equations
(2.26),we obtain

2(44 ' tf)a, xt) =-¢ﬁ2:{ix‘
cz,((o+7) x -) € =) -) )0 a, xt }
Equating coefficients yields "o
(2.26') (3+f),43+/—(0+/3)qo+€/3,{.’; = 0 )
’ (94y) ¢ 6, — (3~ I+ )& &, =(7-)a = 0 /
For the initial exponents, 2 and 9, ,we find the following two
possibilities:
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% o= /ia—f=’30
Hence from (2.26') respectively
(3@,-,\‘)4-5{,’.:0 I (3 +I)a,+'+Cﬁ‘€ =0 .
C = =t i C(’SG'P}){-, = 0 }2*6. d-_ F-1
7 . ] C = -_/6
From (2.26') we get then
a, &3 Rpors _ Aoaeg _ (72 DB -7+ 1)
a, Y g a, R o,+1 2= g
6 . xLBen Cony . &=2)B=%+1)
&, Y+ . - %, - /-y
Generally
Xy (2 kDBrk0) Cpys o (R YRI5+ 4)
A= R (7+4-1) ' Ay i K{=-7+K)
Sy _ (x+1£-1) B+8) Coor e _ (X=¥+4-1) B-y+K)
G k-1 R (r+R) > {;,o-r-k_.; R((—7+ R)

Hence the general solution of our simultaneous differential
equations (2.26) is

b‘f): :)??0( 3, 7 x +c’.:cf_aly?("“'a’+’ —y+!1, 2-7; ‘r.)
7;x)

Q- -—-—+;5/odﬁ+/, o x)+cf ’J‘ﬂ! -a’}‘(dq}/s-y/) I-y;x)
wad baing?) arbitrary constante and ﬁﬂ;ﬂ;ﬁx)denotlng,aa
usual,the hypergeometric series (cf.Whl,§l4)

(202?') -;(x(dr/s, BIJ(_I:)- [+—£:x: —+ M@ + P

/2 TO+])
0f course,we could have obtained the same result by elimina-

s

(2,27)

ting 7’ or @/ from the first order equations (2.26) and iden-
tifying the thus established second order differential equa-
tions for 7’ and (G’ with the well known hypergeometric(Gaussian)
differential equation (cf.Whl,loc.cit.).For determination of
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the constant factor ¢ in A’ we must,however,recur to one of

the first order equations.

The solutions of equs.(2.26) are not yet exhausted,the

cases where either 7

or A’ veanishes identically not being
covered by the solutions (2.27).Indeed,inspection of (2.26)

shows respectively that

@=c , P+0 | P=zo , G20

is a possible solution is a possible solution
if only if only

T-L=0 [B=0
The first equatioa The second equation (2.26)
(2.26) demands then: can then be written: /

(’_x)%"‘ P.o 5 x(i—x)% +7-0) x@+ Y-x)G = O ,

whence whence

), 'Fﬂ ! -¥ AL

J=(-x) A = (1—2)
where,sinece y-«- 0, where,since /3= o 3

/_ L
B=m'-7 . T-L=-(m’-%) ,

Compounding according (2.24a,b) the functions # , 7 which re-
sult from these "exceptional solutions",we find respectively

(5{) = "% m””w(’:m). ({)wa’”@ R (_"m )

j V i+ cCowu f | +Co9 20
We have now to inquire whether these solutions and the ones

obtained with (2.27) conform to the boundary condition to be

demanded from eigensolutions.
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The boundary econdition The
eigenfunctions and eigenvalues of the energy are determined
by the condition that ¥’ be integrsble.However,this condi-
tion,though stringently selecting among all possible solu~-
tions,will not be sufficient to exclude a certain continuous
spectrum(belonging to arbitrary eigenvalue 7t ).We shall,how-
everybe able to eliminate the latter by the very same argu-
ment(Pauli's criterion)by which finally the still outstan-
ding deeision between single and double~valued eigenfunc-
tions(cf.(2.11)and \2.12))will be achieved (cf.also note on
Pel2 )e

Since the volum-element of our space is given by (2.3b),
and since # and 7 ,(2.20),are connected with ¥ (the Dirac
function properly speaking) by

'y/ _ 4 {82'("”73’*”” ’:)’/"’"”t) 'g/ i » 20nprm'p+nt)
/ Vocwtwenw J ,.'L_ M‘w%@‘e .

the condition of quadratic integrability of ¥ over all sphe-
rical space is equivalent to the condition that

both sz and 7 must be tinite(or zero)at v-Oand at 4-Z,

First of all,a glance on the "exceptional solutions" on

pPe33,and remembering our convention (2.23),shows clearly that
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__//-)-‘:"O/ 6L/?’=0'

is admissible only for

A= 0 y P+ 0
is admissible only for

mh O, 77=0 and _m’=9 .
7-{=Oentails then [3=0 entails then
=l = 7??'*% ‘. 77 ='_2/—_.

Now we discuss the result of the condition (2.28) on the so-
lutions compounded with non-identically vanishing 7 and &’
from (2.27).

Result from the bDoundary
condition at «-7(i.e.x=J) From (2.23) it
is apparent that )-7+470O.Hence the coefficient c’in J2and
@A) in (2.27) must be zero in order that (2.28) be fulfilled
at w-7 ( =9 ),The solutions of equs. (2.21) which are fi-
nite(or venishing)at #- Z must therefore,according to (2.24a,b)

Z
and (2.27),be of the following form:

f= 3 0ol i o [Tl 3 0 ) Bt mo Tl i ety |
(2.29) Q(w,-, / z)={ 9= en” o,;;’"gm[f(g,ﬁ, Ty )—Z;,-“‘cm R3¢, 741 e )]
Result from the boundary
condition at «w=0(1i. e. x=/) In appendix 1
a detailed discussion of the behaviour of ;f and Jat © =0
(x=/) is given.The discussion shows that, apart from a con-

tinuous spectrum(i.e. 72 arbitrary(real))belonging to 7»»'= o

or to m=- 7» the solutions
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1_(‘?&1 ' wtn t)

% = :B'V'):mf= 2 ™" e 0/“*— w\" —-tHno £
) g , ?
[5Gt ens 5]

-+ v ol (ot '+ €)
(2050) 9/ (\f)%ﬂh = 34_] D e e = fi’; c,;,&; /e'l- '?V

'[?(*ﬂ e )~ m%ﬁwww}]

Y=Y, -0 (ef.p.29,after (2.21))
are not quadratically integrable unless either

(2.31a) or O(=*"z(/>h+m'+—£——”ﬂ)=-’v€

(2.31b) Bl = Zonsomt s Tpim)e ~ R
where
d= 0 +/, 42, o
(Remember that for negative values of 7» or 7»’ the regular
solutions are obtained from those in (2.30) by help of the
scheme (2.22).) The hypergeometric functions in the bracke-
ted part of the solutions are then Jacobi polynomials.

The condition (2.51) determines discrete eigenvalues
of the energy.Since both 7» and 7~/ can be gither integral or
half-integral(cf.(2.11) and (2.12)jthe discussion of regu-
larity in appendix 1l does not prejudice anything in favour
or against either possibility),the following four cases are
compatible with (2.31)3

— Gl 7 - m 72 ! 7
half-odd half-odd half-odd ' integral half-odd :Lntegral

;l.ntegral integral half-odd half-odd integral integ,ral.



(2.32)

Besides,we must not lose sight of the above mentioned con-
tinuous spectra and of the functions resulting from the
"exceptional solutions" still admissible under the condi~-
tions stated above (p.35).We shall,however,show now that it
is only the polynomial solutions (2.30) with half-odd 77, 7’
and 7 which satisfy the more stringent condition to be de-
mandedjall other solutions do not conform to"Pauli's crite-

rion".

Pauli's c¢riterion(Pl This ceriterion
is based on the exiétence of a group of transformations of
the Hamiltonian /7 (i.e.the six-dimensional rotation-group
in our case).In this case certain operators, /) say,commute
with A .Consequently the result of D operating on an eigen-
funotiontyﬁzmwor the Hamiltonian must be expressible by a
linear combination of the eigenfunctions belonging to the
same eigenvalue 77 of the energy.In other wordsithe eigen~-
functions of the Hamiltonian must transform as the irredu-
cible representations of the group,i.e.

” 571 ! M
Z>i¥ﬁ”””"=é§'%5 o P
In particular,(2.32) evidently says that D ¥ must also be a

regular eigensolution.

Now,it can be shown(cf.below)that for .- U as well as for
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m'= 0 (2432) is not fulfilled.As in the two cases treated
by Pauli (ef.P2),we also find that if (2.32) is not ful-
filled then there are always solutions ¥ ”(we can write
them as 2 ¥ ”’)which are not orthogonal on certain solutions
W™ although 7, #7, and despite that D =-since it commutes
with A/ = ought to be diagonal with respect to” .This im-
pl¥es that the usual connection between operator and matrix-
calculus does no longer hold for integral values of 77 and 7/}
the latter must therefore be rejected.On the other hand,it
can be shown that (2.32) is always fulfilled if both 77 and 7’
equal halif-odd integers.We must therefore decide in favour
of this latter possibility.

Application of Pauli's c¢cri-
terion Let M; and /V; (2=/, 2, 3) denote i;;he operas-
tors of angular and "lincar" momentum in spherical spacejin
(2.10)(p.22)we have already met one of these three dual ope-
rator-pairs,namely
Our notation is that used by Schridingerjthe six operators
are the generators of the rotation-group in spherical space
treated by the latter authogf)l‘e put

£ = fMi#N:) | M= MM
According to their commutation relations the f, and the 7))



(2.33)

(2.34)

(2.35)

form two independent angular momenta(cf.p.46 ).

Now we consider the following four linear combinations
(each equation stands unmistakebly for two,one for the up-

per signs,the other for the lower ones)t

+ilpr ) ﬁ
D++~.%*L§'=—"‘e [E—Q—)+Lta«nw§-§+zcﬂw§;“‘i +£ (3 ;%%Z]
| . ‘
£3(p-y VISP ; - T kg
Dtz =9 tins-te i J[‘Ea'c'o“é“’”‘“% r"c"g“’% %ﬁi 15w - L oma

They commute with our Hamiltoniam(ecf.(2.7),(2.6'),(2.6),and

(2.17¢))
BA I . AL A o

" o £ 2
_-;,._.-.. ﬁ/%( + = C’o?é)-—ffwn@) 1%Q)df Y ow d¢
Operating with (2.33) on the eigenfunctions of the Hamilto-
nian,(2.30),we find the following relations(cf.appendix 1lla)t

M c ) n
; D,- y/on%:- y/m:/ 2y d; Df; f mom ! m}?ﬁYMﬂ m g/

f denoting the spin-index / , 2.

Now,operating in particular with 0__ on the regular solu-
tion ,¥,, ,we obtain

D 0 = 4§ em b ou S0 Ty @

[ A o me}f— 7""’41‘(«( !ﬁ/g’c_’nw}]

2

the two signs and [ referring here respectively to the spin~-

1('3“'—99'-?-11 t)

index ¢ - .Becauae of the negatlive powers of ¢» and 2« this
function is clearly not quadratically integrable.ln contra-
diction with (2.33) the operator D__ nas produced this irre-
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gular function, while it ought to haveé produced the regular
solution _;", , which is obtained from }L[’ ,’: by application of
the scheme (2.22a).Analogously for the operators D.- , D-r ,
the functions produced by these being respectively too power-

fully singular at ©-Jor at @-7.
Moreover,(e¢f.appendix 11b),we can find solutions Y)‘,:"ﬂ,. ojf;,

(they can obviously be written as D ¥ )which are not mutually
orthogonal,and the same is true for solutions ¥.'. » W, % o
In fact,this is the case for all 7, -7, = 0dd number.Conse~
quently the Hamiltonian is not self-adjoint in these solu-
tions and the matrices of the 3; are not diagonal with re-
spect to v .These solutions,and consequently the whole system
with integral values of 77 and "’ ,can,therefore,not be used
for a true matrix-representation of our operators.(6ne cannot
simply omit these pathological solutions from the rest of the
system,since they will be produced again by /) -operatorsjthe
omission would spoil the completeness of the system.)The in-

tegral values of 7 and 7' must therefore be rejected.

Cn the other hand,(cf.appendix lle),it can be verified
that (2.32) is always fulfilled if both 7» and 7/ equal half-
odd numbers,as provided in (2.11lb) and (2.12b).For examplet
operating with J__ on the regular solution }7-1);1 yWe do get
the regular solution ﬂﬂ?_ % obtained from PY;{’ by help cf the



scheme (2.22a).We must therefore decide in favour of thy
half-odd numbers 77 and 7»’,our eigeasolutions (2.30) thus

being double-valued,changing sign after a full encirclement

of w= Oor w-= -z- slefepeld)e

It is clear that henceforth the "exceptional solutions”
from p.35 and the comntinuous spectrur toc m-o from appendix 1

do not come any more,since they all belong to m=Jor »»’'- J,

- Here we must add a remark on the derivative with re-
spect to © of the solutions ¥ .It is readily seen that for
-0 or for »-0(this is also true for the"exceptional so-
lutiona?tho derivative becomes infinite at w-Jdor at «/-7 re-
spectively.(®his is of course intimately connected with the
fact that the application of the rotatioa operators /) leads
to irregular functions in these cases.)Also in the cases -]
or 7- 7 ythough,the derivative becomes iafinite at ©- J or @-7.
However, in these cases the discontinuity of the function is
only an apparent one,since,because of the phase factors e%‘f ’
ze%"" sthe gradient is complex,its value at y+2n(the dia-
metrally opposite direction to v ,the full angle around each

branch polnt being Yn Jequalling ainug the value at vy ,

h e contie~

o

Elimination o f

nuous spectrum ¢to fm’=z’ After having de-
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cided in favour of the half-odd numbers »’ (and »» )by means
of Pauli's criterion,we must now remember that we have ob-
tained a gontinuoug spectrum tom:;(cf.end of appendix 1),

no restriction having been necessary in this case for either
of the hypergeometric parameters, d.or'/Q.in order that the
solutions be quadratically integrable.l have found that this
continuous spectrum can easily be eliminated by the very same
argument by which the integral values of »/(or 7 )have just
been rejected.For,e.g.tapplying the operator Di+ to the so=-
sution f}uji from this continuous spectrum,we obtain,according
te (2.35a),the aolution%&%¢%.3ut we have seen in appendix 1
that in all cases 7»*; the solutions are not quadratically
integrable unless x or 3+/ equals a non-positive integer,i.e.
(since also 7 is half-odd)unless the eigenvalue 7 is restric-
ted to certain half-odd values,(cf.end of p.36).Henwe already
for » = 7we must restrict 7 to half-odd values in order that
the application of the /) =-operators may always lead to qua-
dratically integrable functions and the condition (2.32) be
fulfilled.Or in other wordssthe continuous spectrum must be

excluded because it is not invariant under rotations admitted

of by the Hamiltonian.

(Note It is perhaps noteworthy to remark that ex-

actly the same reasoning applies for the eventual exclusion
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of the continuous spectrum of the quadratically integrable
(logavithmic)legendre functions of first and second kind,
Dieer /808 &, ,with arbitrary(real) » from the eigenspec-
trum of the ordinary scalar wave equation with spherically
symmetric potential.The well known rotation operators M.fi/,
produce there associated Legendre runctiona.@'(’-:ifs') and 475
the latter are in no case quadratically integrable,the for-
mer only ifrw/cn/ gnd v--» = integer,i.e.if » equals an in-
teger 7 .Thus,the condition that (2.32) be always fulfilled
singles there out the discrete set of lLegendre polynomials
PD¢e%e = Alternatively one might argue that thel~.Hand &)
are not orthogonal to the Legendre polynomials Z@)}( cf,.Ga~
nesh Prasad,Proc.Benares iath.80c.,12,1930,pp+33~39),thus
from the point of view of the expansion theorem it being tse-
less to consider the /»Yand &(~Yas eigenfunctions.And more-
over,the fundemental assumption that the Hamiltonian be self-
adjoint(i.e. /v Huds-[«ti)72)is not fulfilled for anyv- J¢>and
regular « —_Ect,,f;’{cbﬂ).ﬂoth the latter arguments,to which Professor
W.Pauli has kindly drawn my attention,apply also in the text

to eliminate the continuous spectrum to 7% 7.)

Degree of degeneracy We have

s0 far focused our attention on that eigenfunction of the



(2056&)

(2-57&)

(2.36b)

(2.37b)
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matrix /% which belongs to the eigenvalue +/ of/ﬁ;(cf.p.ag,
after (2.21)).Accordingly we have obtained all those four-

componential eigensolutions which are of the type

(’}_// J %z,) - %ghf*% i J 3{/3 5%50
Because of the restrictions ¢2.31,a,b) imposed upon the pa-
rameters o , ﬁiof the occurrinc hypergeometric series,these
eigensolutions belong to either of the following eigenvalues
of the enggyt

N = 2%+ mrm'sG 0D 712 LGt 14 [4=éﬂt@%

The other eigenfunction off% (namely the one which belongs
to the eigenvalue -/)gives rise to another type of four-

componential eigensolutions [ yViz.
(¥ 2) ?ﬁn{;wﬂ@+ﬂ?é) _ 0
(% %,) - e Y~

Vocwwcoon 4
As stated on p. 28,case ii),the sign of the eigenvalues 7
to which these eigensolutions belong is opposite to that in

(2-563).118.

2 = AR 49+ “+4 or 7 -4% +’»1+’h:/+% (%= 0;‘”}*2,“/-

The number of eigenfunctions belonging to a definite
eigenvalue » (halfeodd)is four times the number of pairs
(7 4 7')(positive,half-odd)which satisfy either (2.3la)
or (2.31b) for given 7 .(The factor four is clearly due to
the existence of the scheme (2.22) owing to which we could

confine ourselves to positive values of both7» and 77.)
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Thus the degree of degeneracy works out

G- 21(n-L)b+%)- L= g)
This is in agreement with 8shrddinger's result from treating
the Dirac equations in spherical apacQ in hyperspherical po-
lar coordinates(cf.82,formula (8.25))if we identify our 77
with Schrddinger's 7”7,

Bystem of eigenvalues Ag in
Schridinger's treatment,here too the smallest value of »
equals %; (one must remember that in (2.3la,b) the smallest

value of » and 7»’ equals 7 ).Our system of eigenvalues is:

3 + &
n= 22, =3y
/ 3+ 5
(2.38) M = i’i,f?)HL, oo 19714 (-1
! ! 3 + 5 .
m= tg,23,-% )" " bt tmi-1

where either (2.%7a) or (2.37b) must be satisfied.

Comparison with +the degree
of degeneracy as postulated Dby
group=-theory Our system of eigenvalues,the re-
strictions imposed upon them,and the resulting degree of de-
generacy obtained here from the regularity condition for the
eigenfunctions can be fit to those found by Schrddinger by
general group-theorstical considerations,(82,p.331).Fhe ro-

tation-group in four dimensions can be considered as the di-
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rect product of two ordinary,three~dimensioconal,independent
cnes,the (discrete) eigenvalues of the generators of the
latter, i. and 7, (ef.end of p.38),being well known from
their commutation relations.let the dimensicus of the irre-
dusible representations of the two independent groups be 7+~
and »-»'/ respectively,where evidently either both - and »’
are integers or both are ¥otir~ere half-~odd,and 77 v i’/ .The
dimension of the representation of the direct product

L%ﬂ:_,fﬂ, X 2}w =“éd’_} +;a:-,_1+ £ 5 +25’mq

2
is clearly

2

(«;,,+,,,r){:,,,_—},'): 2 % oyl
Comparing this with our result &=2(»“7),we see that our

eigensolutions )Y provide the representations of the rota-
tion-group in four dimensions that belong to »'=+7 and 7-7.
As index of the smallest representation, ., ,occurring in
the direct product, »’ is closaly connected with the tensor-
rank of % ,i.e.with the spin.A similar consideration shows
that the ) here is indeed the energy quantum number.

The ground-state 7 - Q,Z (>/7 I 488 postulated) is degenera-
teé in our case.lts multiplicity is four-fold(according to
the four possibilities -z f,7n'=2 -;j)_;the multiplicity of its
negative counterpart, fn=—%,is.or course,the same.Bvidently,

the ground-state in four dimensions will always be degenera-
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ted(except for the scalar case »-()and ite multiplicity -

as difference of the squares of the two consecutive numbers

) and”’ = will be the higher the larger /7'/ is,vize 2L{71+) ¢
2m'1+| of the functions belong tobﬂlq%*d),thn otharlhalr to-m/
¢%’1);they form two irreducible families,as apparent from(253).

c)
PThe eigensolutions and ei-

genvalues in the case of non-
zZ2ero reet-mass

Now we return to equation (2.7')(p.24)where the mass-term
occurgjwe want to obtain the eigensolutions and eigenvalues

of the Hamiltonian in the case of non~vanishing mass,

N D .

We use a bow in the notation, (), VY ,and 7 ,to distinguish
the now occurring functionsg,eigensolutions,and eigenvalues
from those of the Jjust treated case of vanishing mass.lZl .3?

and 7 respectively.

Multiplying equ. (2.7') by «,«-:/3/3, and again expressing
in this equation all X -matrices as direct products,accor-
ding (2.17)(p.27),we get

5/3,/3.3‘;{( (Mﬁ/%QJr%Qﬁé ";Qe%c,]ﬂ;@}

where in cordinary units
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(2.39a) n = ’Z"} V' = number of wave-lengths of light

per great circle 271R ,th’wave length corresponding now to the

eigenfrequency in case of non-zero mass. &£ is an abbrevia-

tion for
, .
(2.39p) 3 =R ={l§z’7—"f—- number of wave~lengths of light
z
(per 47 R )eorresponding to the Compton frequency » - 'm’z .

For brevity let us put
. m R .2 BA )=
(Iﬁ‘ﬂs%;+5¢3@/33/53+0/2¢4)/3¢/33) B f
This operator B anticommutes with ﬂ,_ since,according to
(2.16b)(p.26), (3 does,

(2.16') BPL=—/;!L:B ’
The equation for fl‘, 2(2.7'"),can now shortly be written:
-~ » /-\
(2.7***) B -7Q-%30

Similarly for the equation of the corresponding known function
L) ,(2.18)(p.27),
(2.18') RO -mLL .

_—
We redusce Q toQ putting
(2.402) Q:(H{/i)ﬁ ,

whence @ i §i {/i. Q
(2.40b) /-t ’
£ being a constant(ordinary c-number,* = / )to be determined.

Hence,inserting (2.40a) into (2.18') and observing (2.16'),



(2.41a)

(2.41b)

(2.42)

- 49 -

BQ ﬂ(f+’6/5L)Q+{/3LBQ

By help of (2.40b),(2.18") and (2.16') (2+40a) the last term

can respectively be u-.ttten as

/5 3_&11 32'&(,.*{& N- "‘"ﬂto 14/3,_ 0+GA)Q

/-5
Hence,

_BQ '?'I(ff—ﬁﬁz) [;4.{& (;4—4/3 )]Q _—_—-—(N—J/?)z_a

_ uz: pac 5)
n o +/I€L/3LQ :

Comparing this with (2.?"') we obtain

o /-;mj(z - Ind
N =" e ) {o /£t )
whence
gt s O AN, S
’7;”: M+ %, ) A=t nrrzgt

From the gquadrati® equation (2.41a) and from (2.41b) we find

PO T .
;7 - R 'J?o - Pty 7
'.-" N
)‘4,6 - fa"‘"}?"?” /__{tgo"'??-F‘)') . /‘(2___ »2’7"
%o ) %0 / /;’“*9'7

Hence we finally obtain for the functiona y(2e40D0),

/"'\ & L d
(Y- (A+m%15)0
In (2.41b) the gign of 11 (i.e.of the eigenfrequency » )
is not connected with that of »» and,therefore,the eigenso-

lutions to both positive and negative sign of » (i.e.(2.36a)
and (2.36b))could form the eigensolution belonging to P .



(2.43)

(2.44a)

(2.44b)
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In order to avoid this ambiguity we attach the sign of 7 to 77
such that the special case of vanishing mass( % - O )is also
covered by (2.42),vis.

sign (1) - sign (7) .
The eigenfrequency 7 is then determaned by (2.39) and (2.41b),

V= 272 (M) ,/ ol _””c )
L? x a'
identical withA

This is)Schridinger's result (cf.82,formula (8. 21)) 8ince »>0 ,
the energy of the parti.cle will always be greater than its
rest-energy.This is quite natural,since the particle is in

closed space.

Owing to the matrix l/jl—-og, 1{2.17¢),0ccurring in (2.42),
all four components of the eigensolutions {f_\ are different
from zero.From the two types of eigensolutions(belonging re-
spectively to the eigenvalue +/or -/ of the matrix féa )in the
special case of vanishing mass,(2.36a) and (2.36b),we now ob-
tain the following twe types(belonging to opposite sign of 77 )
for the general case of non-vanishing mass?
V(1 7'y 42 )

/ < fal - ; = -
-i_”); — T ((fnwn);a)(thun)j}rréf}—?l’;j)’

VDt &0cCayzy

L tom'y+ R L) _
. 2 é f" ?‘za ? " (’)?-#'?.')7//(’7?4‘%};
A V2 ten o Cos @ °/ 7/ 3

,(where A= ,ef.(2.31))

Ll ey i i
E.ge.tthe solution an_+Z v=G 9 m= 7
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is of the type (2.44a),whereas the solution t01h=f{, = i »
'~ 7 418 of the type (2.44b),since /b/:d for»n--5 9 2=
= 7 JThe solution t0- L y »m=-2% 4 2= + »i8 again of the

type (2.44a)jit is obtained from that t0 »--L 4 »=7 4 2= 7,

(type (2.44a))by application of the scheme (2.22b).

Denoting by /Y the number of minus-signs in the triple
(77 4 22979) 4 M=9, 7/, 23 }@egeLoOr o-,=+if,4,,; -4 97 '= +% yWe have
M=/ ),we can make the general statementta solution is of the
type (2.44a) or (2.44b) according to whether /»/+h»/[+h1l-5+M

is even or odd.

It is apparent that,on account of (2.41b),the last,respec-
tively first,pair of the four components (2.44a,b) is small
if 26;‘3—’»’32—"—‘ «n,.In the extreme case of zero rest-mass the solu-
tions go over into the massless solutions (2.36)p.44) by help
of the convention (2.43).

D)
Bah{;’viour o f t he eigenwaves

and their polarisation
Our solutions of the Dirac equations in spherical space,(2.44),
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only with the cylinder-radius © ,whereas the two azimuthal
angles ¥ and ¢ oceur oaly in the phase.The same kind of
waves occurs and has been discussed for the scalar case by
P,O.Miiller (Ml).Qur waves,however,are gpinor-waves,it thus
being of additional interest to inquire into their polari-
sation,i.e.the direction of the spin with respeet to that
of the current.This can be done quite generally,and we shall
in particular apply it to the interesting types of "skin-
waves", "tube~waves",and the ground—vibrat.ton,tdbe described

NOWe

These simple types of waves are obtained by putting
Ao = msm's 5 —» =0 |
The bracketed part of the functions ¢ and 7 v(2.29)(p.35),
containing respectively the sum or difference of two poly-
nomials,reduces then to /-c»« or /- ¢s 4 JHence ﬁ’ and 7

assume then the following sinmple form:

;? m R 2 )
(2.45) //): CH L 2t 4)( )

V7-taye

The maximum of the total intensity(sum over the four compo-

[V xs j
nents (2.44)).vis.yﬁf”:”('f;;%’) i:;/i;j Z,is the’ found to be on
[2-s]

the eylinder w-Zan ! /"’_’:.i .

/}—___f_
i

Skin-waves For large —»» and 7’ and small



|71->»'| the maximum becomes very pronounced.In particular,
if /7/-h»'/ then the maximum is on the cylinder awa% and for
large » the intensity behaves then like <  ° ° in the thin
cylindrical skin ©-7 *¢ ,i.e.the intensity is practically
constant for ¢« V—",}_;; and zero torgﬁt-;—%— y88y.The corresponding
"skin-waves" (2.44) wind just once along great circles around
i very thin cylindrical skin embedding the cylinder ©-7 .There
(if the electron-waves were observable)a local observer,using
the tangents at the coordinate lines «w , v , ¢ ,as axes of
reference,would find a plane wave extending indefinitely in
two directions,( v, v ),but if he would wxtend his observations
beyond the inner and outer surface of the thin cylindrical
skin(i.e.beyond ©-7 *: respectively),he would find that the
wave is rapidly loosing its intensity in the third ( « ) di-

rection.(The phase-shift between 7 and 7 -wave always equals 7 )e

Tube-~-waves In the extreme cases where
either 7 or »/ is very large( > ; )and the other one is very
small( ~; )the intensity ¥’} is concentrated near the great
circle(degenerated cylinder) <« - J ,or «w-7 respectively,and
its immediate neighbourhood,thus exhibiting the phenomenon of
"tube-waves".The existence of the latter was already apparent
in Bchrﬁdinéer's representation of the eigenwaves in hyper-

spherical polar coordinates (82,pp.328,361).A local observer
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at the great circle would observe a plane wave indefinitely
propagating in the direction of the great circle but rapidly
fading away at the end of a thin tube around it.

Ground-state The ground-state too be-
longs to the type (2.45).For it we have /7/-3 ,/mi= 3 4hn'/-%,

h f
and therefore W ) D z'fmjr’—f-w'w-fv??f) (i /H’h@)
= — &
J

/
W A™
L

the cosmical intensity ¥’/ thus being constant in the ground-
state(cosmical,as distinct from the local onejthey differ by

J—Coo &)

a factor v«wwolef.below)).

Polarisation of our eigen-~-
waves For determination of the polarisavion of our
waves (2.44),i.e.relation between the directions of spin and
current *9,“ observe that the tangents at our coordinate lines
© g 9 y oprovide a local Buclidean system of reference at
any point,for a local observer the increments of the coordi-

%) Usually one determines the direction in which the spin is
sharp(diagonal)with respect to a "given 2 -axis".It can easily
be seen that in our case polar angle ¢ and azimuth # around

the local ¢ -direction are determined by 3{ = z_‘miji ez‘ﬁ.
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nates being given from (2.2)(p.l17) as

Av ooy | diccwo Ly |
respectively.For him equation (2.7a)(p.21) plays the role of
the ordinary Dirac equation in Cartesian coordinates and from
the resulting continuity equation for current and density he
finds the local stream-components,with the «x~-matrix represen-
tation (2.17),as

Ay A,

i“#"tz
j ; i
5 3 | -1
o8 e, vf@'( e ot Lo
|

f z

(4s already used,the dagger indicates the complex conjugate

‘L"tyd_;

function taken as a row instead of as a column. Q@r is connec~-
ted with % ,the wave function proper,by (2.6')s §=Vewwwo Y,
In our units c=/.)

The remaining three components of the six-vector current-
spin are formed by the local spin-cemponents,

.L'&L ’Ldafi’ L'“(;ﬁ{

%=@+ o *)é, 5,- | | @ , 4"”:@('5 ,)@

For comparison with the stream-components it is convenient

to write them in the following ways

L

(e ~
/j“.—_ @-deﬁ‘d;@ g ’Lff:@ffdvo(zé 3 j;y: Q‘Effa!gdjé 3

where,owing to the relations (1.5)(p.l2) and our X =repre-



sentation (2.17¢),
|
@ =, d ol o(y@ . @= _%;

With our solutions (2.44) we obtain then for the type (2.444)
(1.e.belonging,in the massless case,to the eigenvalue +/ of
the matrix (3 ),using the connection (2.41b) between 77 and n ,

q;w=62—*';”(fj+ *f} O ysince 7" 9 is purely imaginary(cf.(2.29))}
- B2 (11 7Y), »;f—'””’(f 77 ,f)

and

3= B B2 (g ) =0 | 5, -EE2 (-
Since,according to (2.43),sign (7 ) - sign (’?’1 ),current and
spin of these solutions have evidently the game direction on
any cylinder.The components ¥, and <, ,normal to the cylinder,
vanish.

it
7,

77).

For solutions of the type (2.44p)(i.e.belonging to (%:-im
the massless case)we obtain the same expressions as above for
the spin-components,whereas the sign of the components of the
current is now changed.ln these cases,therefore,current and
spin have opposite direction on amy cylinder,the components
normal to the cylinder again vanishiag.

These relations between the directions of current and spin
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are not altered if both 7 and 7»’ are negative or in the other
two cases where use of the scheme (2.22a,b,¢) must be made of
in order to obtain the right solutions.Both current 7 and
spin S are thereby affected in the game way,namwly respec-
tively change of sign of a)the Y -components and y =~com-

ponents, b)the ¥ ~components oaly, ¢)the Y -components only.

Now,assuming that the solution to giveh 77 ,7, ,and 7/ is
of the type (2.448),then the solution to-7 ,77 , 7’ or 0 7 ,
- 9 m’ OF 0 M 3 M 4 —m’ i8 of the type (2.44b).S8ince change
of sign of one of the azimuthal eigennumbers, 7 or 7' ,amounts
to reversion of the screw-sense in which the wave winds around
the cylinders,and since the sign of 71 is interpreted as re-
ferring to the character of the particle(electron or positron,
respectively neutrino or "antineutrino"™ in the massless case),

we may summarise the abov; results in ths following ways

the polarisation of our eigenwaves is always longitudinal,
parallel or antiparallel to the stream-direction.For given/#/,

Py [/l ,(eight waves),this depends on whether the massless
case belongs to /3;:+J_or /§3= -l,or,as we may say,on the screw-
sense in which the waves wind cver the cylinders and on the
character of the particle.The exact correlation can,according

to our statement on p.5l,be expressed in the form
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Imi+HmY+m|=£+M

diregtion of spin =(-) direction of current,

M agein denoting the number of negative signs in the triple
(g 224 9n7)

This result holds for all our waves,no assumption having
been made so far for explicit expressions for the functions
# » 7 (2.29).We musp,however,make sure that it has really a
meaning on any cylinder,i.e.that we do not apply it to cylin-
ders where the local intensity §'¢--2-%- -282/{¥77)venishes
altogether.dow,a glance at the general expressions (2.29)
shows that but for w=-0and w-7 the zeros of § are different
from the zeros of ¢ .Hence 7 “f+7%7 does not vanish except at
@=0 and,simultaneously,at ©-7 ,i.s.at the two degeneratea cy-

linders which form a pair of polar great circles (cf.pp.l7,19).

The expressions for the spin-components s show that on a
cylinder where either ¢ or ¢ has a zero also the (’ -compo-
nent of spin(and current)is zero,the spin(and current)thus
pointing there in the positive or negative y -direction,since

the @ -components are galways zero.

Now we turn to the specially simple types of waves
described above.We have simply to insert the expressions (2.45)
for ¢ and 4 into the components of current 7 amnd spin s
and keep to that value of w where the intensity has its maxi-



mum.For the gkin-waves(”/-h»’'/and large),which vanish practi-
cally everywhere but for the immediate neighbourhood of the
cylinder &hh% sone thus finds that the values of the  and
¢ =components of current and spin are equal.Hence the current-
vector(and the spin)intersects the longitudes(y-4-7)and lati-
tudes(y - c~+7 )of the cylinder w-7 under #5° .As for the tube-
wayes,concentrated near the great circle w-0 (forim -1,/ )
or @=% (for/m/=% 4/7'/71),a local observer finde there current
and spin in the direction of the great circle.Finally,for the
spin in the ground-state,where the cosmical intemnsity ¥’ ¥ is
a constant,the local one being proportional to 7« <4 ,we find
% =tanwe

It is of interest to remark that in our representa-
tion the direction of spin(and current)depends only on the
radius « of the cylinderjit does not change with the longi-
tudes and latitudes 9on the cylinders.This is due to the depen-
dence of both ¥ and 2/, being contained in the same factor
efb”*uqﬂwd.This is not so in the usual theory in flat space
in polar or cylindric coordinates.There ¥, differs from %,
also by a factor "% ,the direction of sharp(diagonal)spin
consequently depending there also on the azimuth ¥ .1t is,of

course,again the dependence on 4 of the spin-transformation
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connecting different representations of the general Dirac
equation (I.1),(cf.p.15),which is responsible for this un-
usual behaviour in our case.

BE) Appendices

Appendix 1
Investigation of the regula-
rity of the solutions We have to inquire
into the behaviour of the functions ’{ and 9 +(2.29)(p.35),at
w=0 (x=1 ),For this purpose we use the connection between the
hypergeometric series as a function of x and of /-x ,showing the
nature of the singularity of 377&,/3,93-1:) at x=/ (cf,Wnl,814.53),
W T B oy 9+ B i )
Here / denotes the gamma function(cf.Whl,§l2.12)satisfying the

difference eqguation

(2) [ (p+1) = plP)



If ¢ equals a positive integer them /(f+/) is identical with
the factorial of ¢ ,the poles being at non-positive integral
values of ¢ .The principal part of /(r) at ¢f--C (=04 +/y+2y. )

/
il g = 4
is Pt ) B

It is obvious from (1) that at r-/ the finiteness of Z/A,ﬂagvzj

depends on that of the term containing the factor
-ot-/3 A-43) ~Um %)

= (2w @) = (2w @)

(-x)
(8ince y>0 and x+3-) » J,according to (2.23) and (2.24'),poles
of the / -functioms in (1) occur only for y-«-3- 0,-!;2;-” i.e.

L E"} 3 ,oe «These cases are treated nojpnrately below.)Owing to
the scheme (2.22)we could confine ourselves to 77> 0,(2.23),(this
has already been used in the assumption (2.24a)).Purther,accor-
ding to (2.12), 77/ cen assume only gither integral values o
half-odd ones.To test the finiteness of ¥ and 7 at w-0 it

will then be useful to classify in the following ways

1) P-4 ,-3,- (deee M=/, 2,... )
11) ’2’——4,{— s _,3;_ (ioeo ‘7”7;:— 0 ) ’
111) 9/._ n(-ﬂ = 0} — !) Yo B (io.o = -;— 4 %} . )0

We start with the behaviour of ( ¥ , ¢ )in the cases

e S PO C O ML LR PR B



(3a)

(3b)

The factor m"’”“’m in both f and | 2(2.29),i8 finite in all
these cases.So is the first expression on the right hand side
of (1).From the gecond one (consequently attaching an index )

to § and 7 ),and observing (2),we find the following behaviour
at x-/ (=0)3

‘f;.) %ﬁzﬂom ,_q)}!-(a‘aéjo
) )
-["'{3’ e g*,ﬂ T-o /31"/ v,cua))-f——/g—cea&) ?z??'ﬂ(*/f ?’-ﬁ: 7~ *//' 0/1(21-)2] s

To) Top-y) . =
= A Jxce Q@ *
e e (13)

[P (14, 3 7oty 00~ T o Flrte Ty el 2:2)]
Because of the factor <.~ (»'»/) no pair ( 7, 5) satisfies
the condition (2.28)(p.34),the brackets in (3) being finite
(# 0 )for w-0.We cannot obtain,therefore,regular solutions for
'~/ 2,..,unless 7,, and 7, vanish identically.This is the

case if,and only if, X or /3*/ equals a non-positive integer
d,-/,-41-+jthe hypergeometric series (2,27') goes then over in-
to a Jacobi polynomial.( 3- O is not sufficient,since in this
case the one demominator in 7, and 7, o 3/(3)=/(B+)=/,is still
finite.)

Now we have to consider the case

11) 7'al—ﬂ= :2.- (1000 m /=0 )o
The contribution of the firsgt expression in (1) to f end g
at r=/ ( @W=0)satisfies the condition (2.28),since,according
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to (2.29),the leading terms are respectively

VI1-¢ ; e
~ ‘ﬂq"wfm.‘,.? 7 ~ =024 ~ WSl
() Ttinlo J a) Deic &

(The additional factor /~»4 ik 7 results from the difference
in the bracketed part of 9 ,use being made again of (2).)
Also the contribution of the gecond expression in (1) to ¢
and 7 satisfies (2.28),the behaviour of the leading terms
being respectively

RN =B SN
Hence,in the case 7» -0 we do get gquadratically integrable(not
everywhere finite,though)solutions % without restriction
upon % or /3 .The eigenvalue 72 (cf.(2.24'7) may therefore
assume any(real)value in this case withoutndastroying the qua-
dratic integrability of the solutions ¥ .

Lastly we have to investigate the behaviour of the functions
(2.29) in the cases

i11) 1-2-f3=0,=/ o (Le@s M=% ,%,:0¢)
These cases must be treated separately because of the poles
[ (7-¢-f3) now occurring in formula (1)jthe latter must now be
modified.The initial exponents of thn.two series in (1) differ
now by zero(in case )~<3-J)or by integers(in all other cases)

and,therefore,logarithmic terms may appear.Moreover,these ca-



(4)
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ses are distinguished in so far as we shall eventually have to
choose just these half-odd numbers for 77/ .But previously,what

regards regularity,they are on equal footing with the integral

values "’ ,as we shall see now.

Define for brevity
A= -t —f3
where,for the moment, ) # O,+/ ...,and apply the well known theo-
rem(cf.Whl,§12.14391,p.89)

[CA) TO+1) =——=2

Qe ATT
We may then write (1) in the following form:
jc{o(ﬂoi4/-’"/\ "X.,)_. f-_(’a(-ﬂ-ﬁ /\)

"MM T®) 7g3) Je-2) 1§35 N

L Je+n > [Pra) - x,) /‘ [(xX+4=A) /?ﬁ*ﬁ—-\)ﬂ__x)&_j\
[r+1) A +4+1) Fe+/)p-x+1)

It can now easily be seen that in the limiting case \=¢ (<=
L+3~y=0,+/, ..+ )the expression %;7% in (4) takes the undeter-
mined form —— .(The coefficient of the positive powers of (/-x)
is equal in both sums in the bracket { }in (4) While,owing to
the poles of the / =-function in the denominator,the coefficients
of the negative powers in the second sum are themselves zero.)
We differentiate,therefore,both nombnator and denominator with
respect to .\ and go then to the limit )\ = ¢ .Thus,denoting by

Y(r) the logarithmic derivative of /(#+/) ,(cf.91,p.92; the poles



(5)

(6)
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of % (») are of the same kind as those of /*/) ,the ratio 7_7&’_’_(’2’
F+/)
equalling ) ) we get

¢ & s [P+ 2
o lox). ) [le+p2-€) [ (B3+4) Con)(1- -
f_(oc!ﬂ" &fﬁ ! Ty ret) /Tﬁ)‘ J&—¢) 7 B-€) k= Jer+1) @+ 1+() 1/}< (=)

_E [ 44-€) [ B+4-¢ )
Az /__@1"/) r_“--("—f—/)

[__ ;1/(0( #/1- ("/)4—%@1-5— ‘9— ‘3&(4_()+ gj(/_ mf](/" xj&-(}

Realising that,because of the /%-¢“)in the denominator,all co-
efficients of the negative powers of /- x) vanish but for those
also containing the compensating 7/(%-¢) ,(5) can finally be

written :

'4 %
Tl o, oo ) 7L L) [ 5 ey,
ST T TR T2 Uzt Tl Fon oy

£
: / )" J@-6) [(B-5) -G
-[}Véf-t’) ~YR+o~1)-YPra-))+Y ) - “/f)’("“‘f} +£r e e/, (- x) } '
ZThig formula can now be used for determining the behaviour of
(44 9)4(2.29),86@-0 (<~ /)in all the cases )-</8--C=0~/ ..,

First we consider all cases %’i-é and then the last remaining

case of ’?n’:«zf: .

a) L=/ 2, (dees me 5,5 )

Apart from the logarithmic term,the behaviour of ( f ’ ;) is de-
termined by the (— )th power of (/- x) in (6),

: . -4 w2 3 Ot -2 Pl
{"" /’r/—ﬁdpm Dsec T@ it G5 ~ Dgiy é') j—-.._; 9/(.«(/ .2.{') Dibae i) g ;)/"ﬂ_-{ J‘QJ
J



The condition (2.28) is clearly not fulfilled.Again,therefore,
we do not obtain quadratically integrable solutions,unlees the
terms containing the negative powers and the logarithm in (6)

vanish identically.Again,this is secured if,and only if, X op
£/ equals a non-positive integer.All terms not containing

the compensating factom Yx+>-/) (or Y (?+°) ,as the case may
be),with o < /«/ ,vanish then identically because of the poles
1LY

in the denominators.The condition ©° <«/x/ turns 32; into ;?;O ’

(6) thus becoming a (Jacobi)polynomial,as is also obvious from
(2.27').

Finally,it remains to consider the case

b) €= a4f3-y=0 (i.ec 2751)
The behaviour of ( ¥, 7),(2.29),at ©-0( x= /) is now solely
determined by the logarithmic term in(6),
/5{}" pi 4; 2l m(:ﬁii)v 0ty £jo,;.4; (9,;“@)
The additional factor /- <~« in o arises,again,from the differencs
in the bracketed part of ¢ ,use being mad.e again of (2)jthe co~

efficients of both [/ and -4 equal — m /, va"’ s8ince 7-«x-/4.)

Because of the positive o+~ -powers,both § and 7 do satisfy
the condition (2.28).8ince,then,we must not restrict « or ﬂﬂ’
to non-positive integers(i.e.the polynomial solutions where 7,
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the eigenvalue,is restricted to certain discrete values accor-

ding (2.24'),we obtain a_continuous set of quadratically inte-

grable(though not everywhere finite)solutions ¥ to »°7,(%he

same was found true for 7»-0,) However,as will be shown in the
text,it is,in fact,only the polynomial solutions which fulfil
the more stringent conditions to be imposed upon our eigenfunc-

tions.

We may summarise the result of the boundary condition at «-0O%

apart from a continuous spectrum of solutions to 77~ J and to
7 ’'= 7 ,only solutions with non-positive integral values of X
or lchall are gd._n; gsible as eigensolutions.
Appendix 11

Application of Pauli's criterion

a) Verification of the D=-ope-
rator relations (2.35)(p.39) We reproduce
the verification of (2.35) for ?{", y88y,( / denoting the spin
index),the calculation being ghite analogous for ?{/z .

For brevity put
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3 ) 2 (o Pt g2
A - i (‘m-’m z 3{;‘7,,’ g P ) 1835/3';(‘_’/ s e )

(L) ?: ;T{a:,/jf ¥ a:) ) Fls .,T/.,{,ﬁf./f 7+/; x) ;

S

-:C=C'472&J .

With (2.30) and (2.16a) we get then

11 3% : AF | 7 - ar .2
Z;A %;%@mw%+ ?Cmé) :M«.&Jdbw-;,z— o/mmf’)-f—

7"[(’}» - )c‘a; 7> -G - ;_)24«104-’&0:4;+ dbq_)](}{- nb@})
(2) Lﬁmma? w5 m(’ﬂ‘L “"‘df}'*'x/s )

za?m%%: — A e m(ar+—-3£cowf/ex/5
IPY = 2y, = Amorerlu) (- T eoa T) ep

Loyt Y Ao (Fr BeowF) e
Dt il

A B T
H - A prewo)(F- B ey

M-

1[§__ -
1 Cew 'L

Compounding, then,the operator /)__ according to (2.33),and

using (2.24'),we get
o' f G- L »? 7 g -
_ A o [( 1) 00 )yt ]{[’x(/ﬁx)%wﬂ_ﬁ)x%,’@;;){’/-;):?7*

D"“" ’%‘J},:T s gt
(3) ”
7= e L /
Now we have simply to use the following recurrence formulae
(they can easily be verified,writing out the coefficients of
x° ,according (2.27'))in order to obtain the relation (2.35a)s
AF _ &P 7 |

(4) (r‘—“r);(—,; ‘f“(?"ﬂ(‘/;) = T 76{”(’”/ 3?// 'x)}

(5) (oﬂ*a/)?@‘” X FL 041y 5 ) 41 )0-) F = (0—1) Tt 1, o1, 51, )
/
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and the analogous equations for z /.ropltoins /5 v 9 by /‘?+/ ’

7+/ respectively.Hence,remembering (1),
3 il 2| 61 ~L)ptfrnt Uy-ﬁn'ﬁ]
D_-;y_’: ’=[f—a’)ic@%§@% N .e[ _

[Blert oy e s Tt 7,2

(e)
= U'-X) lf%%-—! 2/
By a similar calculation we get (2.35¢).First we find
Ot ) prbn’— [)psm T
:)_r_ %%m, -Ae I ¥ ¥ J
N = S E ww}
Observing (4) we obtain then
- ﬁ_" 5 : 2'(w+f)5(’+(mf—f)g(/+ﬂf]
i K l(y-)f::m -& ;2)’- 2 sea, Wl e e A ;
(7 [Flpete) + B e T, 702, %]
- @By Y™
x 1¥= Mge; 2y
Three more formulae are necesamry to verify the relation
(2.354),viz.
- (-2) %2 = BF-Z2F) = Z2 400 Flor1) Ty 075 %)
8
(9) a(a‘_"_(?, nFL Y AF DA/ f/"!/’q 7 x)

PO A -X

Then we obtain
3 vt (321~ '{}‘f"‘f”‘:“f)y’f-'hﬁ]
(10) DJ-;Q) F(?/_;)i%%%oﬁ;‘%ém /e,f
[?x/;lgr./x).;_?a{ A /"Lﬁ*/)a’x)]
= (7-1) *y

M=) oy lpy
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In the same way we find
D, 7 -l st ity ]
t (L mran! =t
[j—(o(w /J'+/ 7+/; .I:]+~—-——C'4':MJ f{““/ﬁ*z 7"‘2 7—'}]
-l (p+/
_:iéi;_ WAR

The latter formula will not bo used in the text for the actual

L

ebq\

application of Pauli's criterion.We have,however,derived it here
to make sure that the matrix-element of D,, venishes identical-
ly if x=0 or if /3+/=—0 88 it must be,since no regular eigen-
function exists for «=/ or for ﬂw’= /

bP) Non-orthogonality of solu-
tions to =0 (or %o =0) We show that
for =0 (the same consideration hLolds almost literally for
»1’=0 )there exist two groups of solutions , the wmewbers of
the one group not being orthogonal on those of the other one.

They belong,say,to the eigenvalues 72 and 77, respectively.

Remembering (2.6')(p.2l)and that the volum-element is given

by (2.3b),we have clearly to evaluate the expressioa

7 3 B a
JG T Ao = (g )]

the bar denoting the complex canjugate quantity.The latter equa-

/

tion is cbtained in the usual way from the differential equa-
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tions (2.21)(p.29),with 77-C and equal »/ in both solutions
under consideration. 7 and-77, are such that X ,respective-
ly 3+/ ,equals a non-positive integer (of.(2.31)p.36),

;1 o /3 ! / . A

J
Now,from the function belonging to-72, , =0 , 72/ ,we obtain
the function %o N, g m=0 g 7/ 40y application of the scheme

(2.22v), " N N
%; 7:f - & fo 7:’ ) j:iw ) C'('j’,‘);?:; )

( denoting a constant factor.The right hand side of (11) be-

comes thent %
Z

o mg Jof Tt Gl )]

This does not vanish.According to (2.29) the constant term in
Flaf37;00% ) gives rise to

(L0 -5, @) - 1-(727)F

the right hand side of (11) thus taking the value(# 0 ) 1:C .

Q--_t..ln

The functions of the two groups 77-7,-{(4-%)-/ = odd number
are therefore not mutually orthogonal.

c) Lastly it remains to make sure that the result of [

operating on a regular solution to 77- 7 or to - 7 is indeed

again a regular solution of our system,as postulated by (2.32).



At first sight it would seem from (6),(7),and(lo)that also in
these cases irregular finctions are being produced and that,
therefore,the condition (2.32) could not be fulfilled,neither
with integral nor with half-odd quantum numbers 7n , 7»’/ .That
this is not so is due to the fact that the recurrence formulae
(4),(5),(8),and (9) ,leading to (6),(7),and (lo) respeetively,
hold for all values 71 , 77’ except Jjust for -7 (i.ee7-/-0 )
and 7= 7 (i.e.7«-/3-0 ).Por exampleiin the case »-  and 7 “F
we obtain,instead of (3),
DY —icohrmafe e B ol xBu ] S CET )
i3 ;
Writing out the coefficients of x° and of @w x’ ,it can easi-
ly be verified that this function is indeed identical with the
regular solution ,?_; _, which is obtained from ¥, by help of
the scheme (2.22Xapart from a constaat factor :f3-2¢-< ),
S8imilarly,understanding the right hand sides to be the regu-
lar eigensolutions obtained from those in (2.30)(p.36) by help

of the scheme (2.22),we obtain

= Ml

D ¥y, - -, . )

7)+ _ "%}’h y = 7L I%‘ r""’f'f’l - Ti }
- 9 >
DY R

Dy ~a-0¥] ..., ,07'*+Z)
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