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CHAPTER 1.

THE RADIAL DISTRIBUTION FUNCTION AND ITS APPLICATION

PO _PHE PROPERTIES OF FLULDS

INTRODUCTION.

A general kinetie theory of fluids has recently

been formulated by Professor lax Born and Dr. He.S.
W,(2) (3) 4)(5)

Green « As a result of this theory,
they were able to derive an integral equation, the
solution of which would give the well~known radial
distribution function for liquids in their ecquili:
~brium state. This integral eguation is not linear,
but by an approximate treatment, Dr. Green gave
& solution., From this solution he derived the
qualitative properties of the equation of state of a
fluid and Dr. Rodriguez“)kv made a more precise
study of this method and obtained an eguation of
state for such fluids as those of the inert gases
(Argon, lleon, ete.). The equation of state so
obtained is satisfactory in that it exhibits the
condenssation phenomenon, substantislly as a Van der
Waal's curve., But it cannot be said to agree very
well with the exrerimental data for liquid and
VApoure

It is therefore the object of this work to
discuss the approximations made by Dlr. Green in the
derivation of the original guadratic integral equation

and in the linearised solution; and, further, to
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give another kimd of solution, which ean be made as
close as possible to an exact solution of the integ:
-ral equation, In this treatment the raj{%ﬁé distrib.
-ution function N{r) 4is taken to be N € {”‘[@")I
where () is a potential function, for
a single molecule, of 2 Lennard-Jones' type. This
potential function has the advantage of giving good
- agreement with the second virisl coefficlent for
many gasesw” and its inverse 6th power atiractive
term has theoretical justification for neutral atoms
(London = )e

Condensation phenomens are so general to many
kinds of molecules, symmetric and asymmetric, that
the actual function chosen to remresent the potentiel
field of one molecule need not be exact, so long as
it has the general charscteristies of being attract:
-ive at large distances, repulsive near the molecule
and has one potential minimum,

The correction function f~' is assumed to be a
simple polynomial with arbitrary coefficients. The
method of solution is to substitute this form for

n,(r) into the integral equation and evaluate both
sides of the eguation for ss meny values of " as
there are arbitrary coefficients in ﬁr) e« Thus by
equating both sides of the eguation for these values
of v , equations are obtained for the coefficients
of the polynomial expression far Hr .

In the work done here ﬁr) was exyressed as a
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cubic, with fowr coefficients therefore to be eval:
-uated. This gives a reasonable solution for fv ,
nevertheless further work is desirable using perhaps
8 S-order or 6-order polynomial. But sufficient
results have been obtained to show the utility both
of this method and also of the Xirkwood "super:
~position” approximation used in the derivation of
the original integral equation, Calgulations were
completed for one temperasture, to give an isotherm
thet passes through the vapouwr; Liguid-vapour;
Liguid regions.,

RESULTS -

The prineipel result of this method is that when
quadratic terss in F(r) are neglected, a form for v
is obtained which has & divergence at exacgtly the
density of the licuid when it first appears (at the
Saturation Vapour Pressurel. Taking into sccount the
quadratic terms causes this divergence to vanish.
This density of divergence, coincident with the
experimental condensation density, differs by almost
cne order of magnitude from those densities where
divergences occcur in the theories of Drs. Green and

¢
Rodrigues and of J.B. layer w). The result is there:

(2)
~fore in agreement with the argurment of Dr., Green
that éivergence in the linear solution occurs at the

point of condensation of the liguid, and not at the
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density of the saturated vapour.

When this linesr solution for f(r) is substituted
in the equation of atate; an equation in better
agreenent with. experirent than previous theoretical
derivations is obtained. lNevertheless when the more
exact solution of f(r). is used (i.e. taking the
guadratic terms into account) the equation of state
is not satisfactory, giving negative mressures in
the liquid region. This is due to the immccuracy of
& cubie polynomial form for ) « It should be
noted that the mressure is given by the small dif:ﬁgr:
-ence of two large guantities, the kinetic ecompnnent
n AT and the potential part 7 j; :l(r) r @lro wmridsl
For instsnce, at saturation vapouwr pressure which is
22 atmospheres at 130° K for Argon, the kinetic com:
-ponent of }7 is equal to approximmtely 300 atmos:
~-pheres. That is, the actusl pressure is only ¥
of the two large parts. 3uch sccuracy in fr) can
not at present be c¢laimed . The equation of state
is a very stringent test of any solution for /v e

iany thermodynamic quantities can be expressed
in terms of integrals of n,(»r) associated with such
factors as (kv and > . The internsl energy,
Surface Tension, Viscosity are given here,
Derivations of the formulse for surface tension and
another guantity of theroetical interest, the shear
modulus of a fluid under an instantanecous strain are

also given in the text,
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Theory Leading to the Integral Equntion for the
Radisl Distribution Punctiom ", .

Since the original theory of Born and Green IBI
by now well-kncwn, it will be necessary only to
reproduce enough to show the meaning of the notations
used and to enable a discussion of the several
aprroximmtions that were made,

An assembly of ) molecules is considered con:
~fined within 2 volume \/ « The position of the

.d

&
" molecule is specified by the vector 5 4 -

its veloeity by j(r) » 1ts acceleration by D(r) »

its rate of acceleration by 5&) etc. v
By N (4K X)) TT X is denoted
the probabllity that A distinet molecules, numbered
from /2 ---- h , ocoupy volume elements ol X¥ ,
oLKu) SO W located at XU @ XM
respectively at time ( (¢, x("’ xﬁ’ X(h) is often
abbreviated to N,(( X) or even n, » the
variables being sufficiently indicated by the suffix
A« In this notation N, is simply the number
density and n, the radial distribution function of

the molecular assembly in isotropic conditioms.
h
@ . @ W _w @ 4 &)
Similarly by&(f}i}&}...x s gl o S_W)_”‘(—’\—' ds

is denoted the probability that h distinct moleenles
with their velocities in the ranges g(‘) 2 dg(‘)

(=12 ----- R » Occupy the volunme elé_rmnts
RV
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« | &y

)& Jolj . TR R A at time [ . Then {; is
the velocity distribution function employed in the
kinetic theory of gases. The f, satisfy

h .
(1) j-(f‘gﬁh(f,!s,,'i) 457 = ny(t,x)
£=]
Similarly an acceleration distribution funetion
3&“ XS D) may be defined satisfying,
Py A

A g
e [fg0ex5 0) T dg” - £(6x,35)

and, further, & rate~of-acgeleration distribution
function satisfying an analogous equation ete,

There exist also normalising formulae connecting
distribution funetions of the same kind but with
di fferent vglms of h e« It is seen easily, for

exanple, from the definitions, that

(h+t
(1.8) fnhﬂ(t') X) Ay )=(N~U n, (£, X)

a) [ [ £ (65 5) ™ d &0 F (1 x 5 )

and similar relations mst hold between the
and higher distribution functions.

From these definitions, equations of continuity
are simply end rigorously dwivoﬁ‘-

(1.5) ,_3_* . 5_&0( L‘)) =9

where

)

A

sl 5 . f_d‘? 5O 45
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Th
is the average velocity of the L molecule in =
group of h mclecules whose positions are speeified.
Similarly, there focllows the enalogous equation for

h

W, 2 a)+ h2 (1,0
() 3 S 5l aﬁ( 2

nwhers
T (h) &) FI ]
dhonl DU ) Ji-:f 3, 9% /i ol n®

is the average aceeleration of the (-%h
melecule in & group of A molecules with speelfied
positions and velocities,

It is now essumed that the potential function
@ can be exmressed in the form

NG
(1.9) @ - % =9
where (25 P, ¢(qu ) is the mutusl potential

energy of teo molecules at X am X© .
In what follows it will be sssumed that the inter:
-moleculer forces are central, i.0. ¢(U) will
depend only on the distance ]f"— 5_0) , between the
two molecules.

Since the acceleration of & molecule at s
point ch) is given by

{ N ({}.)
(L10) 0’ -4 = -2-%)
= J =1l

it follows that an altermative expression to (1l.8)
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for the mean acceleration is
W hof? S ) 40y he)
{1.11) 2 :_RJ, me ffaxu) = i
If this exyression is inserted in (1.7) the
fundamental equation of the clsssical theory is
obtained,

Q-Fh h ?f;,_ (W
(1.12) o +§ 30 3
5 of ) h Bd(‘ih“J Y
= L R a¢ % o 29 A (he) | (h+1)
?I B§l=1 axtu m-[‘fﬁ é_.’f‘m a——“—im Glx_ C'{j

In this work, the cnse of equilibrium only is
studisd, where

0h
{1.13) —a?— =0,

The solution of (1.12) is of the form

K. ik
" 3h/y ";’Iﬁ%%u
(1.14) ﬁ i nA(ATrAT

provided ﬂ,‘ satisfies the eguation.
(1.15) SN é ny 30504) ., 269MY e
MQJ <] A a —E —B_X_(U (ix = O'

This equation (1.15) is now the fundarental equastion
for the state of egquilibrium, It can be solved
formally by putting h - N and observing that

Ny, =0 (since total number of molecules is VN ),

& /s T

This gives

(1.16) Q Ny



where

N
(W) H@—A (<)
aan Q-#/%e /T?T“

(1.17) is obtained easily by rereated use of the
normeliising equation (1l.3).
cne then bas as the formel solution of (1.15)

- f(ﬂ_y-e—_@-/h}" 77_ &{X“}

iz J'I~H

(”""‘)!]0‘?/6_.@-/117 ]—}—AXG)

{1.18) N, -

This is a selution that agrees with the ususl
gtatistiecal mechanical derivations, but is not
sugeaptible of computation,

In practice a second procedure is preferable
since one is usually interested only in chteining
solutions for A smll. In psrticular the case h-;
is the most important, yielding as it does the pradisl
distribution funstlon.

If the equation {(1.15) is taken with the value
h-2 inserted and is divided by ng_”) the follow:
-ing equaticn is obtained

I @) B(pt"-) (m) @3) )
(1.19) 0 (1) ax(i) hT BK[U .AT (w.) a-'@" dﬁo

n: a 3
This equation has & plsin physical meaning.

Compare 1t with the formmla for /.~ in equilibrium

obtained from ordinary statistieal mechanics,

(1-20),?% (l) (¢(@ c) + (Onstanf.
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where W, 1is the free energy of the molecular
configurations about the two fixed molecules 1 and
2 . If we take the gradient of (1.20) wrt X%

and compare this with (1.,19) we see that

0 We (23) o AP 6) 123 46y
(1ez2) 556 =i [ L R ] 20 4 x"

' () (1\ —
a2t D 2®

(123) /H(m
N is the number density of mélecules

about the arbitrarily fixed molecules 1 and 2,
Hence we can express (1.19) in words, viz., A7 times
the gradient of the log, n,” w.rl X% is
equal to the force on the molecule 2 due to
molecule 1 (—-g%gr)) and due to the con:
-figuration of molecules sround 1 and £ (The

integral term,).

THE KIRKWOOD APPROXTIMATION o

In view of the presence of nolj in the
integral of (1.,19), it is obvious that an assumption
must be made as to its form, The most suitable
assumption is that of the Kirkwood "Superposition”

approximation, namely

&), o W 6) @, ©
(1.22) (X0 x® x@) = MalXX )na (X%, (x X°)
n(X”) 0 (X)) n( X))

This aprroximation was first used with some
H)

(
success by Kirkwood and Boggs in 1942, 1Its



validity can only be jJudged at present by its utility
in giving results that will agree with experiment.

It 1s obviously the more accurate the lower the
density. (1.22) expresses that the relative
probability n3/ n® al» of the occurrence of =
molecule al ﬁm in conjunction with two others 1
and 2 should be equal to the yroduct of the
relative probsbilities n.~ /n‘,”n:” » and

nf’ 1"’/ n” n¥  of the occurrence of the same molecule
in conjunction with each of the others separately.

(1.22) gives N, as a cubic form in the

n,'s » Simpier forms of N, as
quadratic in the n,/s have been proposed but these
cannot satisfy the very important criterion that
any form for sz”") should tend to zZero as any two
of the molecules 1, 2 and 3 apmroach each other
and ooincide,

It oan be seen that the Kirkwood approxzimmtion
does satiasfy this criterion.

This approximation can also be discussed for
rigid molecuvles of the type usually immgined as
billiard-balls, Such molecules are surrounded by =
volume ‘b , into which the centre of any other
molecule cannot penetrate, N4 for an

assembly of these molecules is

(1.23) ng: N(/N—IXN‘Z) N3 i 3 +?1 3

-
viv-b)v-2b) 3 Ty
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Here N is the total number of molecules
ocoupying a volume \/ o Whereas the right hand
side of (l.22) becomes

since n, . M(v-1) and n,-.!‘i
v(v-b) %
M o-w)? W Y
(1.24) — = e (!+3(-—V)+L(V)+io(v)+-~)

vV (rnfv.:_)} v

Hence in this case it can be seen that (1.23) and
(1.24) agree up to firsteorder terms in /N ana b\ .,
So that ss long as b/, remsins small the sprroxim:
-ation will be very good in this case, The last
forms in (1.23) and (1.24) are obtained by neglecting
‘v  ete., and show that the approximation is good
to the terms in (1’7/)2 » but at high densities an
sprrecisble error through (%) g mey occur.
Furthermore in calculations on the integral
equs tion which will be derived from (1.19), one is
continually immressed by the great importance of the
repulsive foree in regions close to a particular
molecule, Since these repulsive forces are so
important relative to the attractive forces at
larger distances, and since a "billiard-ball"
molecule has no attractive force but an infinite
repulsive force 2t its eircumference, then it is
felt that the above considerations, although applied
to these idealised molecules, can be applied
reasonably safely to other typres of molecules,
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If then the Kirkwood approximation is
substituted in {1.19), the following equation is
cbtained; -

w ¢0*> LnJ m SIS,
i )
g P
l A

As was explained before the right hand integral
remwresents the forece on molecule £ exerted by the
molecular configuration about 1 and 2, Thus one
can see more clearly the meaning of the Kirkwood
approximations It assumes that the configuration
about 1 and 2 &3 the product of the coniigurations

n;u) 0 n(; Y that would be sbont 1 and
2 were they infinitely seyerated, such &n assumption
will become doubtful when the short-range strueture
begomes very pronounced, at high densities and
low temperstures.

After reduction (1l.25) becomes

[¥+s)

n() (-p)
(1.25) n{r) %T_+2f’// (t)t{flf‘l s")d(nm@” d’S

ir-s)

Then if n,(r) and ¢(f) are defined for negative
by N, = n,(-r) . P = P ;
(1.26) can be integrated giving finally the integral

equation which must be solved.

oon 73

. (==} 5
T/ [E;u?)z;ggnz(f,r)_n; Jat ni0 89 45
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CHAPTER II.

THE RADIAL DISTRIBUTION FUNCTION AND ITS CONNECTION

WITH THE PROPERTIES OF FLUIIS.

Sinece the object of this work is to obtain a
solution for /1,00 which will give some egreement
with experiment, a short account will be given of
those properties of a fluid which the radial
distribution function principally determines, Such
properties are mainly descriptive of the equilibrium
state or are, otherwise, descriptive of states which
represent only a small disturbance from equilibrium.
In the latter category is the coefficient of

viscosity.

Seetion I,

X~-RAY DIFFRACTION
The X-ray diffraction by liquids and vapours is

of great importance since it shows as directly as
possible the radial distribution funetion, By meas:
-uring the X-pray diffraction of Argon, which gives
several mexima of X-ray diffracted intensity, and by
performing a Fourier transformetion on the experiment:
-2l results, Fisenstein and Gingrichpl) were ahle to
obtain the radial distribution function.

Their results showed that /.(r) has a pfinoipal

maximrum and smaller maxims and minimea at larger values
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of ¥ o Gingrich has given an interesting reviemw
of their work =2ad others in "The Review of liodern
Physies”” . The theory of this aiffraction
vhenomenon is also given,

This experimental work, instructive though it
is, cannot show agcurately the important part of
n,(r) o that pai-t, for instence, which prineipally

determines the equation of state.

(2.1) b -n, AT "if nyt) v @' ke dr
o

In order that P will be positive in the
liquid state the integral in (£.1) must be decreased
with inereasing density. Simple calculations show
that the production of minime after the prineipsl
maximum of . v) ,é‘f‘e not sufficient, the rrinciple
change in n _(r) as the density increases must be
2 relative increase in n,(v)  for values of Y
where (25 w is large and negative, 1.e., where

n,(v) tends to zero as Y tends to zero. Hence
the important quantity in N (r) as the density
increases is the rate at which n,(r) tends to
zéero. Since N, ,(v) even at low densities tends to
zero very quickly because of the factor ( 6O kT
it will be very difficult to display exyperimentally
any change of this rate of going to zero,

However the n,() obtained experimentally in this
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uayﬂgoai.ﬁnable one %o arltioiszSg?zﬁassumptions mde
by Lennard-Jones and Devonshire in their
liguia theor:,r:ma to sﬁggest different sssunptions
more consistent with experiments Since this theory
starting with a simple physical model gives a

eriticsl isotherm at the corrcct temperature, although
the critical volume and mresswre de not agree so well,
it is worthwhile to 2dd some refinement to it. A
further discussion of it will be given in the next
chapter,

Eisenstein and Gingrich found ¢that the position
of the first maxinum of the radial distribution
function alweys rermsined very near the pesition of
the potential minismum of ¢Kf) , but that the number
of nearest neighbours was approximmtely mroportionsl
to the density. Thie is in contradiction to the
theory of Lennerde-Jones and Devonshire who assumed
that each molecule moved in 8 cell surrounded by a
number of nesrest neighbours remaining constant with
change in density., The parameter they took as varying
principally with density was the distance of the
nearest neighbours from the centre of the cell; 1f
this is - + they assumed N, "b’/&-—s which gives
the density of a crystal when O is the lattice
constant ( X 1is a constaut for a certain lattice

tyre, €.8., 3--J} for 2 face-centred cubic lattice,)



Section IL.

THE EQUATION OF STATE

A direct derivaetion of formula (2.1} for the
yressure has been given by Dr. Greon(z) o« The
densities of liouid argon and its vapour at S VP,
have been measured for many terperatures, Fig. I.
shows a2 schematic ecuation of state for argon at
130° E, with which is compared the equation of state
derived by Dr. Rodriguez. Volumes or densitics are
in this work always presented in terms of U/vo and

"/, . where U is the volume occupied per mole:
-gule, 7V, is the volume occupied by one moleoule
when in the crystal state, N, - 7. o+ For the
case of Argon which crystallises to a face-centred
cubic lattice, and where Y, is the position of the
potential minimum of the molecular field then

No ‘E/YS? .

Section III

INTERHAL ENERGY E.

A derivation of the formnula for E is also

given by Dr. Greon@') . it is

(2.2) Ely = ZAT *’f/.&-’f@bfr_mﬁrzdr,

Fg

nn‘
where 5/, is the internal energy per molecule. Irom
this the specific heats could be derived were N,0)

known as 2 function of density and temperature.
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Section 1V

SURFACE TENSION Y\~ .
U

(243) ) - "%/‘nltr) G dr.
(2]

This formula can be derived if it is assumed
that nesr the surface of a fluid, n,4) 1is not
aprreciably different from the ) which is
obtained under isotropic conditions,

Consider a system consisting of two domains
Aand B o the 1iouid ccoupying A , amda 71 is
unocoupied. The surface of the fluld is the surface
between A and 75 » The potential energy of the
liquid is

(2.4) '.%fj ny (1) (b{f)d{wd)_(@
A

A
which is equsl to

(248) 5 j [ ny () oo A x el X — 4 f nye) pw o XVl x¥
A A VB

A+

- oD
(2.6) 4 \/Af,ql(r)(ﬁ(r)zmr"df‘ = fnl(r) dod X ot x¥
o A YR

The first term of (2.6) is mroportionasl tc the volume
and may be identified with the potential part of the
internal energy. The second part is proportional to

the surface area 5 and is the surface energy.



First we find / n, (@) po Ax% where X &
B
isin B smda X” tn A .,
This is {See PFig. II.)

NN

F1Ge II.

T PV}
‘z'”’/‘”;.(r);é(f)dﬁm .'f i/ngr)d@ Ydvram i B d B

B o PsecP

On integrating by parts the R.H«S. 0f (2,7) becomes

& T'
[ cooBf NOYI, f"dr‘] }

€5ecd

ik _W% “‘wﬁfﬂz(Ihca)f;ﬁ(ma)(ﬂm}z](-f Lc9lans) dF

o

== 27[]n(r)¢(r)r‘dP~/lis)gﬁ(s)jd!

after putting 5 - 0 Sec P in the =ecend
integral,

Therefore the surface onergr)

g f f nar) e e X x®
A I
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becomes

(269) —;75 //Z@_)é@)s}ds — & nlfg.)gﬁ(s)sg(s}d/_
; fs

a

The faetor 5 {surface srea) arises from the

7)
integration over the %two eomvonents of X . at

right angles to the direction of /f - .
Integrating each intezral in (2.%9) by rerts

gives finally

(2.,10) Surface energy — — 5 775/@(1)46(4) 434

Thus the surface tension ) is given by (2.8)e
liot very many experimental values of the surface

tension for Argon have been determined., In faect,

only one value has been found for liouid Argon at

87.3° K, which is very near the triple point, there
B i ey dj-ne cm"',

Segti on Ve

VISCOSITY

()
Professor Born and Dr. Green have derived a

formulas for the viscosity D which is

(2.11) y - %O(ZT)S/nJ(r)q‘ & rdy
(]



S S

It should be mentioned that some objections have
been raised to this formula by Mr. Yang of this
department, whe will discuss this in his thesis,
This point will not be discussed hewre, since at
rresent no experimental values have been found for
the viscosity of ligquid argen or the liguids of the
other inert gasses (except Helium, which hes %o e
treated as a quantum fluid).

(2.11) is included for completeness,

Section VI,

THE SHEAR MODULUS /¢ FOR A LIJUID SUBJECTED TC AN
P
INSTANTANEOUS STRALN (50 CHANGE IN VOLUME).

If a 1liguid is subjected to & strein, the effect
rroduced depends very much on the time of spplication
of the strain, For strains applied slowly the vis:
-gous properties of the liquid will determine the
effect; whereas if the strain is applied almost
instantaneously, the fluid will behave as a2 solid
tenporarily. A development of the theory of this
effect would be of great iaportance in the theory
of p_lsstiu. Such a quentity, then, as /u. the
medulus under instanteneous strain will be of con:
-gdderable use, B

Born and (h-»n/ 4 have shown that the pressure
tensor for a liquid is made up of two parts, a kinetic

term and a potential term, the latter being the
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rredominant term for liquide. The potential

pressure tensoy they gzlve as

(2.12) é’ - _'éf‘z(‘—") ¢'w & .

T

We seek the change ia J:ﬂ . 54_’ when an
instantaneous strain S5(X) is applied. Under such
a strain the spherieslly symmetric /,(Y) changes to
Ny(lr-3s|) , since the strain has been applied
' so quickly that the distribution of molecuies is
merely distorted from spherical symmetry about each
molecule to an ellipsoidsl distribution, lo time has ,
therefore, been allowed for any re-distribution of

molecules, Here

Rt g
I

(2,13) o5 =Y

and

(2.14) In() = n(lv-3s])—n () =-I5-0 22

Therefore using (2.13)

v

=
>

"~
3

5
(2.18) Ony(r) =1 55

Therefore

/ ]
) e 2 S MO oW
s B - "/f'a_xif—w P x x ds
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and the strain tenser C - S

Sl

(2.a7) ., 3L -4 [rer mWOD vdr
= r

(02
This integral is evaluated by Chapman and Cowling

glving

(2.18) E;_g 2 ﬁ-gjn;(f)fﬁ’@“) rld_f

and
(2e39) 874 --2ue
Therefore

(2,200 0 '_'3’—3.7/:'1;{\«*) b6 fi*dr_

o
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CHAPTIR I1Ile

THE LIQUID THECRY OF LEINNARD=-JONES AND DEVCISHIRE,

(5) (16
Lennard-Jones and Devonahireg L have given an

equilibrium theory of liguids by considering a
physical model of the liguid whioh has, as its basis,
ideas drawn from the erystalline state rather than
the vapour state., OSuch 2 method is of importance im
equilibrium theory, since for this the work of Born
and Green requires the sssumption of the Kirkwood
aprroximation, snd from the simple considerations
given in Chapter I, it is guite likely that this will
break down at high compressions and low liquid
temperatures,

The experimental results of Eisenstein and
Gingrich are in better agreement with the assumptions
that (a) the number of nearest neighbours is proport-
-ion2l to the density and (b) the cell radius is
nearly independent of the density.

The liquid is compared with a erystal where
only a certain proportion |  of the lattice sites
is occupied. If x -/ 1.e., 2ll sites occupied,
the number density n, - 5/ ca’ where (O is
the shortest distance between molecules, In the
case  x < / one will have obviously

n, =i /a3 . For a close packed (face-centred)
cubic lattice the number of nearest neighbours is 12,

Hence the average number of nearest neighbours is
Z =12 b/



=ZD e

Therefore one has

n, - Tzi %—; and ng = J—}i
‘3-1) , n, ; 3
e B B
Table 1 shows the experimental results obtained
from the work of Eisenstein and Gingrich a2 on
Argvn.
TABLE 1.
n, Temperalure ol n, /2 )3
T . 2 < I, (‘?J Ti(“d)
(Cf‘gstaf) :
1 — 2 1 1
O-54¥ Y35 10-2-10-9 100 O'(i7(mean)
O%lg g3 6-8-7-2 100 1-:37 ( » )
0655 127 59-4-2 1-00 1:31 ( 22 )
0527 | ke 3946 1.00 49 ( 22 )
O 455 /50 6 118 151

The values in the last column would be all
equal to 1 if (3.1) were exact. The agree-
-mént with (3.1) is fair, and certﬁinly better than
with the original assumptions of Lennard-Jones and

Devonshire
r . o %3
n, = Bfa’ be 7t < ()
(3.2)
Z =2
since as shown in the table %m 1 " %

varies from 1 to *45.
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In order to discuss another assumption made it
is necessary to outline their theory.

Cccasional migrations of a molecule out of its
cell are neglected., One has to determine the
rartition funetion of a particle moving in the field
of a number 2 of other particles symmetrically
arranged. As the immediate neighbours are fairly
closely packed, the field within the cell will have
a high degrée of symmetry and can be, with sufficient
agcuracy, considered as due to & constant density
covering the surface of a sphere of radius a.

If ¢ is measured from the centre of the sphere,
the atom in the cell can then be thought of as moving
in a potential field VW ({{) . The eorres::omng
contribution to the partition funetion is

I _
= w(DAT
(343) .QHCLEJ/(%)L@ A(L) = 21Ta3§}
[»]

using their notastion,

If by IV ), 1is denoted the energy of the
assembly when each molecule 1s at the centre of its
cell, referred to an energy gZero at infinite separat-
-ion of the molecules, then referred to this zero
the partition function for the motion of each molecule

in a given cell becomes

\ 3/'
(2T AT )™ Xo/hT
( 5.‘) \_2_ _ . _-_/ C" ‘ ) 'JTCL? j
h‘? &

But since all the N cells are available (through



L=

migration) for each molecule, the complete partition
function for the motion of esch molecule through the
assembly is

7
TmAT) * Yo/AT
(3.5) (;’—”hf —) e Name’q

;\3
The partition function for the whole =ssembly is
then (3.5) raised to the Nth power and divided by V!.
Then finally the free energy of the whole assembly is
obtained by teking - A 7 times the logarithm of the
partition function., Then if f - the free energy
per moloeule ( F/N ), one oMmins fimally

(3.6) [ C(D = Xo— ATlg(amia’y)

(C(T) veing the contribution due to kinetic motion
and internal degrees of freedom. 7(0 is evidently
clesely related teo the energy at the centre of the
eell, and here — /X is taken equal to 5 V(o)
the factor 3 being required so as not to count the

interaction between each mir of neighbours twice,.

(3 W)~ 216 2@ +(3)"]

The Lennard-Jones potential funetion for a molecule

being

(3.8) : ¢/f (%) +(2) E

Here & very convenient convention for units of

energy and leagth will be introduced, which is used
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throughout this work. Since the only natwal refer-
-ence of energy occurring in this werk is /¢ | ,
this quantity is taken as the unit of energy. For
instance with argon Iqﬁoj R T at 2 tempersture
of T = 120°%. Therefore with |(J,/ 8s unit, at
this temperature A7 -1 . This saves a lot of
writing, when working et T = 120°K for argon. Again,
since '~ , the position of the potenti2l minimum,
is the only natural reference of length, it is taken
as the unit of length. For instance the number
density of the crystal is them N, (- h) -3,

These conventions lead to no confusions as results

are always presented in dimensionless form, €8s, if

n, the number density using v, as the unit of
length, then —2! ies simply J%’ o lsing these

we can re-write (3,7) and (3.8):-

(5-7].‘ (0) = Z( 21_6 ‘f‘an)

. T
‘5.8)’ ¢('l") < F‘S + i

Referring back, now, to equation {(3.3)

_w(E)/k
(3.3) Rﬁa’g‘j . !-( ))_ W( J/ T {3")

Physically 27ma’ j gives the average volume of

the gell in which the central molecule moves, If



this 1= aivided by % 7%  , then the average
mroportion of the volume of the cell in which the
molecule is free to move - 5 § .

g is 8 very small quantity varying fron '/u
2t very high témperatm-ea to about *002 at
T = 150°K for Argon, when 12 neighbours are
assuned,

Izi the density relationship (3,1), an extra
perameter has been introduced and this cculd be
evalunted by minimising the free energy v.r.t. it.
This is legitimete at constant density and tempera-
~ture. However, using this value for g it was
impossible to find a minimum value for the free
energy with respect to 2 or =

Let us, therefore, consider more elosely this
quantity 7 9 which is the average proportion
of the cell veolume in which the central molecule can
movees This will negessarily be a oruie improvement.

%9 1is obtained considering all the lattice
sites next to the central moleeule as occupied, Here
the crystal analogy is being pursued, However, 2
most importent effect iv the lisuid is the vacation
of such sites. In the region of these empty sites,
then, the central molecule will be free to move in
a practically potential-free region, Therefore it

is plsusible to add to 5 § =2 term '3:

rerresenting the preportion of empty neighbouring
sites, This concept will bring in the effect which
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allows the molecule to esecape its environment, by
first moving into a vacant site,

This assumption, then, is mde that > § is
replaced by 9 + '3,;2 . %9 esn be
considered as the residual yproportion of the cell
volume, occupied on the'averago by the central
molecule when all the sites are occupied, It can
be seen that with = = /10O » the extra term is
much greater than 7 9 » Thus slitering § as
described, and using (3.1), the equation for the
free energy per molecule (3.,6) is obtained in terms
of a parameter - s « It should be
mantioned that in — X, - 52 (- = +f’,;n) Lennard-
Jones and Devonshire empirically increased the
coefficient of the attractive term ( A ) %2y
to allow for the effect of neighkbouwrs more remote

than the nearest, / hwus (3.6) becones

(3.9)[' . C(1) —12 —’3;(;.,1;9-;-}13% Ach;jx = AT /??(, L

o B
X = aj'

A\

Since 7 § 1s, 2%t ligquid tempersture and densities,
very mmch smeller thsa 2= , in (3.2) 1t is
completely neglected. ¢f course when -— - /2 *

Z § will be the residual term that prevents FA
from becoming infinite. It can be seen, quite

Simply, that f hes a minimum value for X 1 o
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Taking %_2 . o . onme obtalns a quartie

equation for x

Viﬁo. =
_'y/{]o__ .
(3.10) —/2 91%("-"’1"‘5"3) AT A Txf%':, T

This can be solved reasonsbly accurately simes x - 1
is an spproximate solution, If JC is taken equsl to

|- ©  where O 1is smell, then negleoting higher
powers of 2 than the first, o solution is obtained
for o> ,

s = 3eli-%)"+ AT 2 - )

Tiets) 39-6(;—%&)1+A7—_—___ )
w— Tk e ® 23

(3.12) then — - -!,%(HB_)

12
From (3.11) it is seen that 0 — O when
-’};—o—al : O o8n 2lso be zero for a

4!
() - 5 fi- A2 [
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Thus (%Ld)a always occurs either in the liguid or
highly comrressed vapour reglons. Therefore at s
given temperature, for donsities less than @,%o) -

0 >0 1.6s > 1| (Y, in ordinary units); for

densities greater than (—’}q—') e DCO %e8, A < |,
o/ b

Pabie 11 gives the velues of 0 and <2
caleulated from (3,11) and (3.12), 2 is compared
with the experimental wvalues given in Table 1.

TABLE II.

n’/na K. 'ﬁ;:, 3B.n) |zB.12) z(E;pt £)
Cry.j{a.(. B B o i -
O8h& S35 |0-703 |-oo00s |lO-2 10-2—10-9
O 51§ g3 0775 |ooos | 99 68 —-7.2
0655 127 |o5s |voouy | 52 59-6-2
0-52°7 | iy by 1200 o074 ) 65 39— 46
0455 /50 1-250 |+0-093 | 6-0 60

{Critical Point)

0-333 58 I'250 |+0-129 LS T




The agreement is fair, but considering the
me thod used by Fisenstein and Gingrich of integrating

Nalr) 477 r* to an arbitrary point in finding
the number of nearest neighbours, very good agreement
could not be expected.

Using the value of x obtained from (3.11) and
(3.12), and substituting this into the ecuation for
the free energy (2.9), / is given then as a
funetion of density and temperature, Thus an equat-
-ion of state and other thermodynamical qusntities
could be derived. This has not been done, since it
is rather laborous, but straightforward. Sufficient
has been done to show that this theory can be modi-
-fied to give better accord with experiment, ss far
as the radial distribution function is concerned;
and to show that further work, e.g., evaluation of
an equation of state is worthwhile,
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CHAPTER 1V,

THE ORIGINAL SOLUTION OF THE INTEGRAL EQUATION

FR (0,

The solution of this equation (1.27) was first

ebtaized by Dp. Green'”

sssumption obtained a linear equation, which eould

» ¥ho by making one

be solved by means of Fourier transforms in the
usual way, Since it is necessary to indi cate why
another and more laborious method must be used to
obtain better agreement with experiment, Dr. Green's
method is repeated here together with some oriticism.

In the eguation

(1.27)
- ]

ny tr) = »

'&y r—;{l_i ! g(;_) - f?/ﬁjl‘tyf*r){nl{hr)~n,jdf n,(s) QA J\),- ol's
_ : = iz
a0 C=3
073
n,(r) was taken as nf e {:+ f(r)}

where squares and higher powers of f(f) are
neglected. This procedure will be Justified only
when the right-hand side of (1l.27) is smell compared
with 1.

There then results,

(4e1)

co /3 i

oo S ]
—Tf‘n.f f(s‘—r%”)d(nr)dr )1+ ) § ds )



where

—Q&T)/&T__ 1

(4e2) <) - €

At this point, since L) e &'(7) are
semll except for srmll Yy , the assunption is mde
that shen Ff(v) 1s =multiplied by either of these
two funotions, it may be veplrced by € -1 its
average value in the neighbourhood of the origin.
Then after integration dy yparts,

(43 ¢
vFo - 2””'[ ja?r){'c(f?r“) +€o((‘t+1“)]o'.t €acycls
& indeg

This eqguation can be solved by Fourier transforrs;
writing

T o = (,{':;)‘gj s fs) Snes)ds

—00

Do =
(4.4) T’ﬁ("f) “@F)"Ljsac(s) Soars) ds

-0

Then (4.8} begores

(4.8) A g9¢) - [ 9@ + € fsof)] € Bt

'3/2
—1
were N =T Ny 0 that

2 2.
(4.6) 7 fw) “(z";})a ] € s{pw} Iors) ds .
A—€pE

-0
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It was supposed that there is an analytic
funetion [3(z=) which reduces to (30) when Z-v
is real., The most general solution of (4.3) is
then given by (4.6) where the path of integration
may follow any course from negative to positive
infinity in the complex plane, There are 4ifferent
solutions for © (") obtained from (4.6) depending
on the roots of the denominator of the integrand
1.8 A\ " EB@ =0 o When the density is
small, in the ges phase, this has complex roots,

As the density increases, first of 211 an equal pir
of real roots ocenr end with further increase of
density this equal pajir splits up into two resl
equal and opposite roots,

Thus the case of the gaseous phase was identified
with densities for which A - € 3(2) - © has complex
roots only; the case of the liquid phase with den-
-sities for which A - ¢ @ = O has twe real roots,
This identification will be discussed in greater
detail in a later section of this chapter.

It should be pointed out that in this method of
solution, two of the linear terms in p(r) of
equation (4.1) have been replasced by 2 mean value,
This probably accounts for the lack of agreement with
the results of this work. For the terms of the
right~hand side of (4.1) which are first order or

less in nc(_r') are given by:=-
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N -
__Tfn,‘jw/\s‘t?' l+r) ff(ff”:jfua((hr)}dfof'(S)ds
(4.7) b o

—Wn,fmj(sl.tj(nr)ac(hr)dtd '6)f1+f6) §ds .

In the first integral of (4.7) £ (t+r)x(C+r)
was replaced by (E-J)o( (f +r) and in the
second integral ')/ + Fu) | wy €L'5)
If in equation (4.,1) a solution were attempted using
only these linear terms (4.,7), this could not be
done using Fourier transforms, becsuse of the
occurrence of the product f{hr} az[f+r) e This
aprroximation of the linear terms is almost certainly
the cause of the indifferent quantitative agreement
with experimental results, and with the method shown
later,

However, if this method is acgcepted, it is also
possible that the interpretation of the gas phase
and liquid phese that has been given, is incorrect.

For, if the equation of state obtained thus
is examined (this is shown in Fig, 1 for T « 130°k),
it is seen that at higher densities than those of the
condensation "dip," the equation of state droops
downwards, i.e. %ﬁv = T+ DR o This effect
also oeccurs in the equation of state for T = 150%K.
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This result, it is seen from Fig, 1, is in the region
where the liquid actually exists, The explanation is
that more real roots would have to be taken into
agocount to explain, the licuid phase,

The Fourier transform 35) of ~(” {is an
even function of 5 and has its greatest value when

5 = O » 8nd speller subsidiary maxima symmetrical-

-ly placed about S-o .

In Fig. 111 is reproduced /(v) for Argon at
T = 130°K, Here the units used are those described
in Chapter 111, viz., unit of length is v. , unit of
energy is Id%f » from the Lenmard-Jones potential

function d}w - {_l(%)a . (?)11}
(%(f) has the dimensions of volume, From Fig. 111,

it can be seen that the first two real roots ocour at

a density given by . - L1O€ , which is of

the order of the density of the vapowr at S.V.FP.

( <069 Exptl. )}, At 8 density given by %i= 22&55 o

No

another 4 real roots appear, where the horizontal
line )vg touches the next two smaller maximrm, one
on each side of the largest maximum at 5S-O .
It is 8seen that this density is close to liquid
densities, since € has been assumed %o be always
nearly egual to 1.

Thus the original interyretation, is probably
not comprehensive enough. The inclusion of mofe real
roots will make the ecuation of state rise again so

that adp is again negative, in exactly the
AV
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same way as the behaviour of the equation of state
when the first twe real roots introduce themselves,
Hence 1f this method is carried further it is
probable that between the vapour phase snd the
liquid phase there will be two, at least, such
"aips."

It is, of cowrse, impossible to say how this
would correspond to reality. The necessity of using
2 more accurate solution is obvious; at the very
least & method is needed that takes into account
all the terms linear in () o This is what
has been done and is descridved in the next chapter,
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CHAPTER Ve

ALTERNATIVE LETEOD OF SOLVING THE INTEGRAL EQUATIOHN
FOR nz(f)_;

1. DRISCUSSIOR

In a non-linesr integral equation, like (1.27),
an obvious method of solution is to assume N,(r) to
be an arbitrary funetion with as many rarameters as
arrears negessary. OSince the cerrection funetion
is known tc be of an oscillatory nature, the most
suitable cholce would be cosine or sine functions,
1.e. to take 'ﬁf) te be s series of such functions
with amplitudes and reriods acting as the parsmeters .
The difficulties of integration preclude this method
from consideration.

The most simple function to take for {r) is
a polynomial in v « The right<hand side of
equation (1.27) can then be integrated. thevar 2
volynomial of a finite number of terms has the disad-
-vantage of becoming infinite as T becomes infinite.
This faet could upset the accuracy of the method.
Hence the following device is used.

From the radial distribution funetion obtained
by X-ray diffraction methods, it is found that, for
values of Y >y 7} s M@/n’  1s almest
equal to 1. r[(r") in that region osecillates with a
very srall amplitude, lioreover, in equation (1.27)

n,(s) oeccurs in combination with d)f(s) which
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rapidly tends to zero beyond Y= v, « Hence
1f {() is defined in the region O SY<j3
ani taken as zero outside this renge where [1 1is
a value of Y  beyond which fw) 18 very small;
end 1f this rostricted f( is substituted in (1.27)
a8 very smell error is introduced . This determines
fo in the region of the first large maximun of
n,r) eonly, but this first approximetion could be
used in evalusting "M:0/n] for layge ¥V , smd
would show the smaller minime and nsxims superposed
on g~ POUkT « It should be remarked that
this is not 2 "first neigkbouwr" sprroximmtion. The
spprroximation consists in neglecting the difference
betwean ”x@‘“l/nl"- ag large " and the value 1
towards which it tends, As explained previously
(Chapter II, pe15) the most important part of f(r)
is that in the region of the repulsive forces, Just
a8 this determines the equation of state, it will
determine the mature of {(r) itself for large YV .
Simple calculations of magnitude verify this state-
-ment.

This statenent ean also be understood in the
light of some considerations by J.D. Bernaluw » who,
taking a "molecularly homogeneous model" for a fluid,
attempted to find the radial distribution function.
He asswed that knowing the distribution close %o
each molecule, it was possible to find its complete

radiasl distribution. This he did using some
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statistical and geometrical considerations, and
obtained a radisl distribution function in the form
of a series of "co-ordination shells” for which he
caleulated the number of meolecules in each shell and
its position with respect to the central molecule,
This assumption that the whole radial distribution
function is prineipally determined by its values

for small seems therefore a reasonable one,



£ JMATHEMATICAL TREATIENT.

The device, mentioned mreviously, of taking
wC(r‘) finite over a certain range of " only and

zero elsewhere, is best described with the help of
Y

a discontinuous funetion of Y ‘3 o This
function is defined by:-
{5.1) /.21 bl 1l for <Y<

- 8 - SYSE

,A: = O for outside the
range (pe,(;)

jﬁd;} is a function of v , but its argument Y 1s

written as a super-script for convenience. Such a
funetion has obvious properties, for instance the
rroduct of two of these functions Jf‘;:ﬁ A;g
will have different values depending on lhe)ther X
and © 1ie in the range (<) or not, €.g.,
if x 1ies in the range (/) and O
outside and greater than (5 then

A AL = AT

“Tet,3 7T¥,3 5,3

8lso clearly

+O
(s2) A0 - AL

ol—
)

A result which is used frequently is

(5.3) x fedt- FEI{AL 4‘,05{—53)[}4;’;/4
+ F(b) Ab’é‘ ~ Fa) A;X

(O-SB)XSE)
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t - =3
where f fodt = HY

The yroof of this is straight forward and is best
verified by considering all the values which Y
and O oan take relative to the range a b ).
For instance 1f X <a ;0 > b

(5.3) reduces teo
b »
| f fodr - Fb)- Fa)

and so on.

We now take

. )T PENN.. T EE
(5e4) )j'lg) 2 = |+ Ao)@ ?g €

n,

i.e0.,

(5.5) fo = 4 = ¢;s°

o;f? {:p

where (3 in this work is taken as l<5(units ¢ -/ )

— QO
(1.27) has become, on replacing %‘f{) by € . T:-fﬁr)i
]

(546) ,/7:(” {ir“))

s +S
m S - QY
:f{iﬂfﬁ/ﬁ_f—r +2fr)[r’?;1§)—;jdfé’ g A?uf(yfds
(o] L
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where
o - 4 4.
(5.7) ; s
= L% /
¢<5) s? "3’6)
where v, , |¢ ] , are the units of length

and energye.
Hevertheless, with the functions chosen, it is
rractically impossible to calculste the internal
integral of (5.6) in its present form explicit-
- Sk
-ly, owing to the presence of the fagtor ( B
This difficulty is overcome by fitting 2 polynomial

expression to the values of over the

renge ( =,/ ), where ~ 1is a point taken where

ﬁ’_qﬁ@mj can be considered zero, and /} is
large enough so that Mﬂ)/‘& is very nearly
one. e.g. for AT-= 1, x= 860, 3= 1500.
A2 %k

For values of [ >/ € is taken as 1,

(Fig. 1V shows C,—,d(t)ju

-nomial asprroximation over this range (a’,/)) for AT-=1)

and its guintie poly-

i.e.

"¢Q-)/d/ﬁ7r*4é[- n ot +Af

c-o

(5.8) (

Hence for positive values of 'f , the form taken
for use in the internsl integral of (5.5) is

(6.9) ’lﬂ:(f) A = bt *ﬁ/;;

ﬂ, o



where

(Bo10) by = A + = G2y J%’( +G)ay
Jjo 1s the Kronecker delta, which is zero unless
J 0« in which case 0,0 s 1.
It is necessary to define N (()/n> for
negative ([ ,b® N, (&) - n, (1)
the complete exrression for positive and negative '3

being

(5.11) . A B o f

n,¢) /A* s b,ziﬂgf = )bt REY 1
" Tap T 6 5 frre =ob
Hence

Denote the right-hand side of equation (5.6) by
‘R(r) , then on substituting the expression (5.12)
into the internal integral, and the exmpression (5.4)

into the outer integral we then obtain
vy Rw) AT

(6023) — - U

w Mt'l) MU v (U (2)+ V(3)

the M’s apa V5 a11 being funetions of v
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T+S @/AT
" b [ et e e B,

_@UIAT

Ll) Z(—’Q 6jj' ‘ j"* rlttfilrt_£+_2:i_i+3}dr¢l{5)e 5{5}
- —.(

r—rs . , )
g t-art +t $db e
(5.10) (L ff A |

h ! +2 +3 sk /AT
VG): E 2 bL jﬁ {s‘ r"‘t“* 2rft = jdf SJd)(sjﬂw ds

_QO[kT als

d=

ﬁ Kies {,'l"f L-fz W/

Vlg')__: %“ZML—: ic.j r j_rlt +arl —t”?tﬂ- )WE ds
i=o J=o o Yv-s
Cos . _Q&JRT
¢ e

o ﬁcff}it {rﬂf-_? t_-sz1+f3}df sdplw e
Jo A6

In the \/s5 , the limits of integration of the
varisble S5 from © to 2 have been changed to
o to 3 , since #s) is non=-zero only in the
range ( O, 3 ) and one can then omit the factor
Afo‘;{; in the exyression for 70/ (5.5).
These expressions simplify if we restrict v,
o and [3 to the conditions

¥ £ r<
(5.15) g h B

B < 2
The second of these is easily satisfied, and by
restricting Y thus in this range, while one cannot
then obtain f(r) for large values of Y , never-

theless one gets the most important yart of f((v)
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Under these conditions (5.15)

V@) 5

For since the upper 1limit r+s of the inner integral
is positive, this integral will be zero if the lower
limit v-s is greater than — x (the greatest
value in the range ( —§ -« ) occurring in

ped
JA—[G)-—D( }.

1.8, if S<< Y+

s.6. if A <ax

since B is the greatest value of S , 8nd
~the least value of v .
Since the " /}3 " funoctions in the expressions
(5.14) serve merely to change the limits of integrate-
~ion in the manner shown by (5.3), all the integrals
in (5.,14) reduce to sums of integrals of the form

(5416) e n ~Phr 4,
In (5,7) *fs £ pids
¥
where x)(}‘ S|
These integrals can be evaluated using Gammes
integrals in the form of guickly convergent series.
They are evaluated in Aprendix I.
Begause the evaluation of the integrals in (5.14)
is mathematically simple but laborious, all the

W
details will not be shown, As on example L  and

t)
" will be worked out in detail, no additiogel

considerations being required for the others,



o)

L ena Vw .

First evaluate

L o

- c+s
e e o #3
(5.17) é b{fﬁdfﬂ STt 1, (+2 ZL[ }pﬂL

r-s
uaing (5.3)-

This then eguals

(5.18) F ((E)fﬁ:_ﬁim— /é_’;@_.ff - Eiﬂ‘-)jé_i,; h, {

_c-o,‘f-a(

S
- i
(’_{J v—a

SACOES

-1, 61

— F (r-5) A

where

& tf'fl t,(“'.] f(.*‘“ 2
(5.19) EU") - i bi_gc‘l_rl) [+2 BAF L P f

S is positive and since in the outer integrate
-ion, (5.,18) is multiplied by the factar € P/ AT
which is effectively zero for S < X ¢ We can
reject in (5.18) those /4 s whose ranges lie below
o o Applying conditions (5.15), the only terms in
(5.18) that do not becore zero in the final integrate

-ion are
i 5
(5.20) F/ ({g) Aﬂs—f}a{) e E(d) ,A{‘—d)_ -~

Then

- -Gtk "” A/
L(U)JJF,(@)&’M& ds —f},‘(«;(b(’.&) € ds

R-r &

(5e21)

w [l ok (P bk

S ] fﬁ(@ﬁ}é{ye Ads — E(«)s’é[&)ﬁ das
B n .

J*o
-



-50

Also both (3-v and Y -& are less than ¢
from (5.15), therefore one e¢an change the lower limit
of each integral in (5.21) to (O , because owing to
the factor E_W/&T no contribution is nade as

|5 moves from O to (3~f‘ or Y'-A o+ Then

C/hT
W - J{ﬁﬁ) F(d)}‘b(sje d ofs)
0

# . GO fkRT
Vol éc ﬁr,‘({s)*ﬁwfs’fi’@@‘p cs

(-]

(8.22)

Substituting in the value of [, from (5.19)
and using the integrals defined in (5.,16) there
results

€13 (43

wéb{ = T~ [ o e J"‘*‘%

‘5.95) E “_1 ‘“ “,_ H‘ ‘”AH? u‘r ng_(g(?)
g ZL C, z' 2 ) t-rL 3

.(_-r). 'r

=0 J7o
(v " b
Let U" = ooefficient of O; in this exrress-
-ton for U
0]
and /= eoefficient of b, ¢y in this express=

L)
1)
=-ion for V(,

Also from (5.10) .
b é(%”“‘")at‘-})

Therefore

+h

uw ) é U’ é (5J,Of q ) )

(')

? (‘X rq) U Gy

n

-'-‘g(wc)gu

‘);O LO
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Since (; hes values only for Os{ s n.
Therefore, finally, &f we define the gumntities

(+j
X Ea .
I+J
i+)
ﬁj = EQ £
beg 3 (1]
(5.24) s
o =N ApRACK;, v,
p_j_ ; ,r(z:’, igrﬂj.ﬂ_i +(3J1_2
Then

(5.28) LU= J (o) é(‘ij*gjdﬁp;%’ﬂ)
= Jle) 2 (G735 ) B4
' Similarly
(5.26) et §C [((3 -4 7, J+,_(0,PJ—(@:“‘:)7M°;(‘)]
+-cé§'é§~cic5fzij

{20 J:o

where

"J (BJh_ J*‘-)“’c,*n.(ot{s) (ﬁtﬂ_ tﬂ.) J-rz( P)

(B0 o) Tolo,) ~ (B 42) T (o)

(5.27)

These quadratic terms in (5.26) are the only ones

ococurring,
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Progseding in a similar way, all the integrals
in (5.14) are evalus ted, The results are now

summarised,
y s (
(5.8) O - Aa,(g =G

i J
(5.8) € o ‘g,méoq ’

r R AT ) @
(5,13) _%T— = “G-f- U+ Ut + vy V(l)-f' V(U ( V@:o)

Vil T(MJ‘_Ju o X Bjei o) — Llore) = e; ol

&)
u == .‘}"=ST (Cj ” é‘}o)[g;(f-ujao)d‘};l - J;-(f'-fﬂ,”)(g):,;_ j;("‘"" )d_ﬂ-l—'- Jo(f‘-rpdﬂ)ﬁ*E]

'rd"-l)

(5.28) M ,}'0+C) g J—(l"-fa( 'f'+(3)

J=

Y =
where Lo2(+1)"r ¥ [1~:) Q C1ys0) !
ﬁJ j! Z( ) ((fqu. .Q)' Z

©)
i = ,2(3 [(3@ s nra6rt) (o) — (38 -rs/sme.r-);r(F,m) ¢J (o (hri]

= '2 [Y\'f J:(o)(g-rr) — J;_(O)[)‘-}f) +&Y J;(GJ(?-’-Y‘)—]J;‘(OIF'FYJJ

e =G 64T ~ 6T E) T

t = = g By
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where 2B, - (5i. -4-ﬂ)zﬂ(o,fs) +Bir%in ) T, (o0, 8)
( J*l Jh)j(" /3) { zﬂ :'n) JJ (01/3)

vb): }!‘i j_")?jc [(3(3*(-1(3#7") J(o{’i)—‘((} f‘)j;-f-x(o]p)
J'n (°>(3) r2 J; Jry a’/])_:l

Finally on adding 2ll the terms in (5.28) and
aiviaing by 1A T/57  , we obtain (sinee
_ng =.J0 )l

/
(5.29) %E. Row = ¥ + ,gc A;lr) + £ S e Bgf,n)_

Ao J=o

The eoefficients in the right-hand side being
functions of ¥ , If we substitute the assumed
form for f/r) in the left-hand side of equation
(5.6) and equate this to the right-hand side obtained
as in (5.29), then one must satisfy the eguation

(5.30)
i i o~ m /

o = ) ) AR = .C. )
%{,@7&({.,. J% Cir ) -h«(r)—f-‘):io CJ AJ(P) + :E”; J_;Ct(g'}f/ggr
for X SV <3
Here 73;)- (r) - jﬁ” Bg (r) which is 8 simple
function of v , viz,,

| " "
(5.31) rBaJ'(”) ) Cr._; g C Ct‘J
where
2 (f.-/ ? [(ijl"ot&_‘l) -J_ (0,(8) 'f'Gg,_'_fL"ﬁ‘{;_'.,.L) 7;1‘1(01(3)

</%J+u j.,.q)J /rij(j)"((g',_,,,,“L t’-ﬂ.c)J O’ﬁ]fn



wfda
I o | ’
GQCLJ ) [( /;‘)'*3 d)*l) JE(OJ[’) +(ﬁf+) _a{f-*? ) J}(‘J:f-")] ‘%j’_
B Bip~di. T + | AT
J/ (ZJ "-_a{-’"") J:(")ﬂ) (@_fﬁ_"’_{i-n,) JJ—{O’F)]_A_T:

and are not functions of Y



CHAPTER VI.

1, THE LINEARISED SOLURION.

A cubic form was takenfor {(r) =nd so (5.30) was
satisfied for 4 points V) (ﬁ::,—--k)_
Define A j
b fls) - J%C)E (m=t).
La= A, (124)

¥, .
(6.1) 7 50%)

Further, using vector and me trix notation

rL‘ -F;, ’—Co
_L_ * 1]} f 18] s &= 16
L3 4F3 CZ
L Ly 3 __cx
(6.2)
HK, : 7
¥ % A [AJ}:A
Kz
L ""‘—
Then also
FI 1,; f;l Y;""ﬂ
(6+2) f=]r nw )3: —
R Y
L/ % % Yo

i.e. f: Tc }Q:T_’F.
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(5.30) becomes, if the quadratic terms are neglected.

(6s8) 2L - X +ATf

;. = = 2

!

At low densities, we can expand L —= f

Therefore

(6.5) 52 f -y + AT ' f

So f is of the order r , 8Bnd at gaseous

densities a good sprroximeation is

n,

(646) f -2

n,

n, 29 ©>  roughly, the
magnitude of the matrix AT ' omakes (6.6) a poor
aprroximation, (6.6) is, obviously, the first
aprrodmation obtained by substituting

"%:? . {‘ﬂ%r in the rizht-hend side of the
original equation (1.27), This first sapproximation

However at vapour densities

shows the development of 2 minirum in the radial
distribution funetion at r—/1'250.

Solution of (6.5).

-/
AT  is 2 nonesymmetrical metriz and has

two complex eigen-values and two real, viz,,

)\, o As ELAs ¢ A

4

Corresponding to these eigen vslues are the eigen~-

vectors U, y Uy Tl W,
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For the gomplex eigen-vectors, the following relations
hold
-
AT _L_{)_:A:z“_{l_‘)3.|§3

(6.7) AT “'HJ 2 .A3 Wy * /\2 W,

Although these fowr vectors are not orthogonal, they
form an indpendent set, therefore they can be used

as a remesentation, viz,,

A
f - <. % Hg
=

. |
. =
§ -1 A Ye

(648)

where 5, ((-/--- 4. 8re to be determined .
Substituting (6.8) in (6.5) and equating the
coefficlents of &, , U, , U; , Uy

n
‘,ﬁsi ) 7(: '“\fsf

Ny . _

71"5:, . O NN
n : —

-—-r%; S-_‘ - X_} A) S':_ + ’\1 53

(6.9)

n )
7, Su Xy * Sy

Solving the two equations for S, amd 3,
TRRK(CY
(6410) 5 ¥ 135(*}_11 _’\‘Q_E-
T Ihs 2
)3 & A’-)
€ :(%*A“)Kz" Ay Xa
)\31-"'(%‘ "A)._) e

Y
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4

f = St Uy
=
4 - b
C = 5T U = =56
t=1 L=t
Hence f(r) has been found ss a linear sum of 4 cubis
polynomials whose parameters are given by the vectors
Cp (t-1-4)
There are two points;K, " V&u_ s 0f divergence
in the density range "Y/h,. However, for A T-1 ’\l;
is very large and negative (-2,800) and so this
divergence does not affect results in the physical
range of densities, and )\ = /4YY and so a
divergence ocours for "L - 657 » Which is
almost exactly the density of liquid Argon at this
temperature and at S.VePe (74 - 690 l}s A

complete solution of (5.30) does not, of cowrse,

contain this divergence,



2. COMPLETE SOLUTIOH OF (5430).

From the linear solutions (6.10) since /\‘+ is
so large, the cubic furnetion defined by (, ,
corresponding to the eigemn-vector W, of AT_' can

be considered negligible in ﬁr) e« But from (6.10)

(6.11) A By =l

neglecting "—,,?f in comparison with L& « Therefore

A, S, cannot be neglected in the righthand side of
(5.30), and has the function in this linear case, of
applying the required correction to the first
aprroximation terms X A N

In the quadratic terms of (5.30) one can consider
the quadratic form as made up of the three vectors
S o4 o, &, only.

Let

(6.12) = & ¢ B ) = @

Lo‘}o

Then, since C -5 &/ +5, & +5C;  where S, 5, s,

will be the solutions for the quadratic case,
3 3 i
(5.13) QA E a 55 i ( [CLJ] 2 [CL‘;] L ])—C-‘J]

!
Where C; = Transpose vector of (;

Therefore (5.30) becomes

(6.14)
% L :Lf + 5 W, *(/\151 ")‘3 53) W, +()253FA3SL) U,

-I-AQS,{_ Wy +Q



where

has egomponents :
L.’: - .fc;z (1 + 5, Uy 5 Uy + Sy uzt)j(h{u“'ﬁ)

=

and

where

Wi = Yo
U¢q
Wiz
Uee

(6414) written out in full gives four simultaneous
equations from which ) S, can be eliminated,
yielding three equations for 5 , S, , 5; , which can
be solved quite simply by successive approximations.
For at relatively small densities, the linear result
is nearly correct at (say) ("‘40)0: 01 o+ If these
solutions are S,o . Slo . S; , then 1f (’hﬁo)o is
incressed to (%) +4(%,) , the solutions
will be S°+ AS, ete. Then, using Taylor's theorem,
the three ecuations from (6.14) are expanded to terms
in first-order of the AS;, , ylelding 3 linear
simultaneous equations for these quantities, By
suitably choosing A( n?io) . one such approximation for
each change in density is very accurate, This process
is repeated until E}},o - 10 , and rem2ins convergent

from one step to the next,
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This method of solving the jemmebisatomayy

integral equation therefore presents no difficulties,
8end could be extended tc obtein, 2s an apyroximmtion
tor  f0r) » 8 six-order polynomisl, which would give
more accurate results than the present cubiec

polynomial,

Rerarks on Computation.

This work must be done on & good calculating
machine, Using polynomial apmroximetions, one is
continually confronted with the faet that some of
the quantities required are a very small difference
of large quantities, For 1zlstanoe. in calculsting
U» a quentity occurs é’%’iq Iy (14, v43) 71; , where
the 7,: are alternating in sign with resrect o
°nd are of the order (300,000). For sufficient
acouracy in the summation, then, the Zflf(m.{,rﬂ@)
must be calculated to accuracy in the eighth decimal
places All the numerical details will be given in the

aprendix,
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CHAPTER VII,

APPLICATION TO THE PROPERTIES OF FLUIDS.

In Chapter II, 1t wss shown thet pany quantities
‘deturmining the properties of fluids are determined
by the integrals

20
J;'fnwét,ﬂ

I / ‘{s) D) s “d s

3 J’}
Here ™MU/\v - € _@)/AT{ |+ A, 2.6 ’

(7.1)

where the ( ; sare determined in terms of the compon:

-ents of the 3 vectors (, , (, , (5.

(7.2) Ci = S} Cf.j + 85, €,

j

Henoe

3
= I(OJM) * "f_:‘; CJ' J:\+J (GJ(GJ

(?.3) In - In(ojw) + '-?._f: r'H-J (ﬂ)(“)
where e

S _p6/AT
(7.4) (015) f ¢‘[5) s"dt's

and is discussed in Appendix 1l.
Hence using (7.2)

3 .
’

{32y L

(7.8) J_ - J (o) +
o

In/o;""‘) + 55‘- Irf,_‘)



where
«) 2
J_ = E ci‘j j_ru'(ol/g)
(Fe6) 0 de T )
I(.L) =z 2 CLJ ln_'_-(on)
n J:o J

EKnowing 5, o 5, s >3 , from the linear or
quadratic solutions and the components C,;J- of the
veetors C; , ., and 1,  can be evaluated.

Listed below are the quantities given in
Chapter I1I.

Equation of State

(7.7) bv‘f - Vg 25T
e R S kN

Surface Tension X

(ve8) Y - —1 (%) 13’(f°l ergem

a

Internsl Energy [

(7.9) EH—%AT:Qﬁﬂ(%QOJIZI(bo,“ﬁo'

Viscosity Y)
(va10) 9 - 4 (F5) m T 14, clipo B

where ,» = molecular mass. .
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/

Quantitative Results for /IHT: /IQ{J [

it |

The four pointsVy (A 4 J,xSVs<fB ,

(x:-§60 , [<r500) were chosen as v, , > , ;3 , 7,
= . 860 , 1000 o I"1i0 , I'lL OO resvectively.
These were chosen arbitrarily, but the first three
were taken in the region where (@) ana @(r) sre
of considerable magnitude. The last point v, -/ yoo
was taken near the end of the range, in order %o cover
it adequately.

In addition, the right hand side of (5.6) was
calculsted for Y- /250 using the f/r) obtained from
the other four points, As a first approximation this
was taken equal to ﬁyc(if F.':r)) for r-)250 « Had
the cubic approximation been completely adequate,
this value of #(v) would have agreed exactly with
the value got from the cubic aprroximation, This was
not so, this new result showed that there is a
minimum at v~ /250 e The cubic therefore, does
not adequately describe fiv) over the whole range
( o3 )e But values of f(r) in the region of

T~ 1:250 , are not very important in determining
the yroperties of the fluid, Fig. V. shows f(r) for
various densities, the value of F(r) obtained ss
described at v - 1250 being used; also, shown dotted
is the approzination for very low denmsities given in
(6.6) (1.0 77 7L xor) ) for a density 7* 01 .
This sprroximation a8lso shows a minlmam &t v~/250
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verifying the validity of taking the value of f(I-250)
from the cubic approximstion.

The solutions for f(r) are tabulated in Appendix
II. ' |

The Lennard-Jones potential function has been
derived for some elements g » 80 the results of this
work can be converted for comparison with the flumid
states of these elements, In Teble III is given the
relevant data for deing so, the last column, for

instance giving the temperature for whieh A7/If) - 1.

TABLE III.

Elemment | in A Uyin A° ) @a_l*w'sergt ld?al/ﬁ K
Ne 30§ 066 | 457 357
A g3 | 3723 |60 oo - |
H. 328 | 2496 &35 3 - |
N2 dil7 51-28 /1325 97

1, MO/

Fig. VI shows the deriveda /L"/n"  compared
with that obtained by Fisenstein and Gingrich at s
temperature 127%K and '3,-;~a : S s



Dola fov 16,|=ATand Sat. Vap. Pressure .

Table THa |Edement| T°k |pAte. | B2 |8 (14.4)
—lfremEnt Crit——A 120 137 533 1kt
Tables L 103 Ne 35:7 7k ' 032 I' 6O
.11,.203.) Ha 3/ 9§ 059 [-63
M, 97 b iy 08 1" be b
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2. The Equation of State

(7.7)' = v{ M&"/ 1’3 sn;waoos —~§:9915, +3- 4&353]}

Using the linear solutions (6.10)

—= 1533
AT ¥ 1;{-“’ b5 (v"#? 720) “+207

(7.7" i% z vz; Iqbo’ Yo [ 934 .'13!235 -H;.l‘}}

Using the complete solutions of (5.6), the
equation of state has not received sufficient
correction to become positive at liquid densities,
the accuracy required for this is described in the
introduction of this thesis. Because of the diverg-
-ent term (7.7)7 gives an egquation of state agreeing
olqsar with experiment than any previously ocbtained
t&oretioally. Fig. VII shows the curve (7.7}",
?dinparod with data on Argon,

3. Surface Tension X

Y,'l

(7.8)' __O__
4 Xy

¢, is very smsll and can be neglected. Table Iv.

3

N, \ %
= ‘IT(',,—';) E.H'?é+ 143¢ S, +2-3’rojl}

shows the results for the variocus fluids at the
temperature corresponding to AT/ / 650} +1 o
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TABLE IV.
n 5 " ¥ dynes em™!
No 165]  |A.at120°K |Neat 357°k | Naat 92°k | Hyat'31°k
0667 I by 1257 590 872 52
| 0500 | 1467 | 1650 756 IRES 5-§0
1000 1§85  |2120 992 136 745
Experimenlal T 1250t 82:3°K |t 445 at 25°K 616 af 90°K. [1-91 of 204°K

Taternational Ceitical Tables. (1926) & knt.

These values oan be compared with the value obtained
experimentally for liquid Argon at 573°K

Y =125 anesr en’ | Jery few date sre aveil-
-able for Surface Tension snd its variation with
density for the liguids listed.

4, Internsl Energy

£-2 4T
/%)

Since no variation of [ with temperature hes heen

s e
(7.9)° = 2/2 N -ﬁt{!-ouq-r%gsf—-isc Szf

obtained, 1ittle c¢an be s41d sbout this quantity.

From the equipartition Theorem for monatomic molecules
[ —%.AT should tend to 5 A7 , the contrib-

-ution to [ from the potential energy, when in the

orystal state. From the solutions for fr) 8% 'y <10,
Sp = 674, Sy = +:15¢.
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therefare L ~ZAT - 20AT
since I¢o, - AT

This is in fair agreement with the equipartition
rrinciple.

Viscosity 1)

{7.10)° __'_9'__13__
) &

Ho experimental data for viscosity have been
discovered for the fluids to which this theory is

aprplicable, Table y, displays some results of (7.10)?

— l(-,_?:_a" n, 2 ; sy
= () {337+-o%5, 205’51}

using the complete solutions of S5, end S,
(Appendix 1I).

TABLE ¥V,

n, N> N dyne Sec.cm?

o (%r)gl‘bul Aat120°k | Ne e 357°k | Ny at 979k | Ho ol 31°K
0667 1-07 770x 10" | K60 x /o"é'_ 4 ox /o"_ 120x 16”¢
1-000 24l 1740 x 10 Y040 10”¢ ;,;oox/o'"s 250X /07¢
D(ExptY forthe GaT| O |22 200" |t ee. |5%eC
T

Ko.;c and Laby (1932) Phys. and Chem.Constanls, 3.
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CONCLUSIOR.

A radial distribution funetion hes been derived,
which gives fair egresment with some of the
experimentally deteémimd properties of fiuids, The
equation of state hss not been obteined very
ageurately for the llquid, although the linear
solution obtained for 1() gives an ecuation of
state, which has a divergence but gives better
agreerent with expariment than other theoretiecal
derivations,

The presence of &8 minimum and second maximum
of N,(v) , has been shown, Cf the other physiecal
properties, little ean be sald as yet, because
calcoulations have been limited to one temperature
and 8lso since there are not meny experimental data
available for the simple liguids to which the
Lennard-Jones potential funetion can be applied.

The most important result, therefore, has been
the demonstration of the divergence of the lineer
solution 2% the density of the liguid and not of the
vapour 2t the saturation vapowr iwessure, For this
reason, the method should be extended to obtain a
quintic aprroximation which should give a better idea
of the power of the method and of the Kirkwood
"Superposition” approximation for n, .

The author wishes to exmress his indebtedness to
Professor Max Born for much advice and kindly super-

-vision, also to Dr. H.5. Green for many discussions.
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APPENDIX I,

The evaluation of J, (0,8) ; L. (o).

B, —®O T
Tulep) = [3"#e s,

(1) — QO /T

3
I.(op) :fs“(P(S)e ds.
(B >1)

Angther integral on which these depend is

_PO/AT

B
) K, (5p) :f5"€ ds.

For if Inlo,p) is integraisd by ys»us, one
obtains

B
(3) Jlop)=-kT {ﬂned $OYht njs"_'e_ MS)/AGTI s}

0

i.e.

n - (P)/}:T
. ¢

(4) €° 11(0,(3) =8 R Kn—l(ofﬂ)

where

(5) €% - Tkt
I,(op)ean also be expressed in terms of K.(c4).

For since

(6) ) = f(-205) =~ 50~ %



then

¢ , _e
(7) I,-.(O,(S) = —[S”Z';'ik(ﬁ(f)*f‘} - As.
Therefore

P’,c"i 3;_,, (0}/3) o Kn—(,(on)

1)

(8) L.(op)

Using (4)
+l _Elbqu N+l

0) Tlbop) - i © - Be- Knl8) — K,._, (0,),

The evalustion of Knﬁ’;(”) .

On substituting (6) into (£), onme obtains

A a¥s W grg™
Kn(o,8) '*fS"e(J ) )ds.

(4]

Changing the veriable to J:EZS_'Z , and let

Pahil- kB A

n+ m-”‘_ﬂf @651”1)
o) he® [7 N
e

2€54%

Expand C and thus obtain
n+l oo v -7 Y _ N3
PR F s
(11) kn (O)/f) = 45 € “E' ‘,.;—;:_C;‘_ A JJ % ejdj

P
n+I13

These are Gamma integrals yprovided H}C <= 2=l
i.e,, since v >0 s Provided n< —1| .

In the work done here K, (0”/3) was required
for —3 s NIl e Whem N - , the index of
Y in the first term of (11) is — 2 , in the

second —> , in the third —| .



- -

Thus, depending on the value of LA the first
two or three terms of the series in (11) are not
incomplete Gamma integrals or exponential integrals,
But since . + (O , they can be transformed into
these by inegrating by parts,

The exponential integral is defined by

. P
(a2) —Ec(-x) f [
x T
and when X 1s smell, E<(-)) can be exyressed as a

(19)

convergent series (Glaisher J.W.L. Ji=

Yo
8 =E)TX
.= )

5 [
(18) Ei(-x) -y + &l x"+ = 07

x = 57721567, (Euler’s constant!.

After integrating by parts the exponential
integral ocours in the first, and third terms for
‘n=1{ 3 the second for n - 5~ , the first for

n=—I e

To repeat in detail sll the separate cases would
be merely very tedious, and no real difficulty occurs.
Hence here we summarise the various cases for

—-3sns I by exrressing

A

! a2 | N e N+ 3
nt! 22 Ve £-nu?
(101, Knlo) - AG) s € F 2 2T 4 ey
where .74@‘_) can be obtained ss & series in "
and | 1is a smell integer (1, 2 or 3) depending on

the value of N



e

There fore
Al o0 Y.
E 5 2 & Yy N+l
(18) K, (o) = b+ € ¢ = 25 [(F-
I s /u'l '
—— i & 2’"6'”(—9 LA -1,%'3
8 é?} viogr | S olj
o
on expanding £ .
Thus
n+! oo Y .r
Lege= 2F€ r_ N+
(18) Kn (01(3) = A(/u‘)“"‘ 'ZG s‘;‘% r;"l r('i 12
- T s (:"4-15—'-\;
Lt S 2y M
o r_Jqu; e

Hence K (o, (3) hss been obtained es = series in A ,
The results sre giver in the form

L 1]

Jnlop) , osnsita ;5 K, (op) —nsns -l
since this is a convenient form for the calculsations
done, Conversion from ) (o 5) to K, (o8) and
vice versa is quite simple. ]:,l (0][3) ean be
obtained using (9).
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J lop) 1osn<ia.

LEZ— €*- '/AT )y M 6(3‘6; P: n/IZ)' ) Euwler's Const
n=op

o —p(p)e™
(17) Elj‘[o)ﬁ) = —-@

o

o< N<ob ( :
e>~1 2 2¢f2e*3
(1sa) € I (B,22) = ﬂ [.-.op T P 3-2p

/*?i;‘i%_‘_”:z&_é st re(,_g_Ezf;’bi_éq)
g s-2p

__/“s‘ I~6€*+4€*- £ ¢

zs 25

(nsb)e T(am) F(,_,b)[—1+b2 F(“!’)}

b IGp) S A€ (s 4)

wheve F(s-1-p) (Slb)’52l’) ~(-p); F(-})- 1

F(s-4-p) - - (s-4-pXs-% @b F{%)J
n-=6
-_— oo 5-3 +” 125"'2“”__0!
19) € Tlops) =~ - (s 4w £ s F62)0 2 e

'—)’Qeﬁy/u +2/LL(.7.E 1) + ph 6(26 -3)
+3/*(2 5€ +%E")+5“/* E(L_Le +5 )

SR (TS T2 R }

where FE-B) Sog o) 3) ; FEg) L,
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7sns11
@o) €“ VT top) = [en f-10b Z 5 FE P
PP b E LT (s-sb)]

pe®, .z 2Els-aeY)

1-2p
T {22:! MR T T3ap

ettt L (- zetset)
—z“b (S-"Qb)
2 &
+/u-5 L -3e r2et-4% €
b
?
(f _g g€ z
7—2}" 3 : BETES

Here Fl(s-%-b) = G-4-Bs-% )~ (x-b) s Fis-p) - 1.

n=j2

R T lop)=0-2€)y ~nefm -2€"+ sé—g_;)_s_,(i_’:)_’

o 2 5‘” 25+

+JI—T€2 F(S )4—2(!*26’),@%/4

=y (2s+91

+26/u_'+.9,4,c €(3-2€3) +u (-1 +4ez—é;—é“)

+€/A?(—%’+.29362_ 4)+ “(Lt-3e*re*2 66)

J G
W2t g2, 2B b &€
+E//L {fj— /5 E -+ 75_6- E



-] -

K. (OJ {3)

K (o) = [ F—“‘“)éz ¢” F(_m_n)

o (29!
+’Tﬂ~ ) QZWF 2'wa—( n-r‘))-

o (2s+1)!

(2b) (€ K. (6) = /,;f—'%‘f-') (2l o p2E op 261

IH-n

3 26(%e%)
17-n

+M

4 2 /
* F€—2€"+3
+ 3
/L <£3—-n

S €(%e“-%e? )+_" }

-19r1

where F(s n”}) =(s- 2L2)s - i3 ,) _"'*') (n-ﬂ)) 1
F(S—’”?) (s- "‘*? g~ A8} (_%TS) (nr?) 1

-,zu-l 254!

@3) 12K lop) =¥ +EZGEN T E5 )

_.?fc%}‘_/‘*[#e +,u(2€z-z) +/L2£e(_§_e%..)
P (he*—e?s s )

+/’L -2’—'_—6(%64—-%6 +l)'|'"'"}

where Fs-%) =G-4ls-3) - (5) ; F(-4) - 1
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Appendix II

Complete Solutions of (5.30)

Table VI.
$ a
(a) 'F(‘ﬂ) =] £0’1'$ gztf-l

: .
Z S:Cy } r

£0-250) is obtained from (5.30), in which the

3
solutions for the C¢ = }éstctj_ have been substitut:
<1

-ed, viz. f’ﬁe(' +f(ras0)) — ¥(1250) + :éo Ai{r-z:’o){‘:%;%cﬂ]

(b e :S\' %5,; S, {9'1 ['BL,;(f-nso)J ;_J']
=l
| £(r)
l:{-o 5 S S5y |r=860 |T4000 |r-FIko |Y:1250 |V:lpoo
01 |-0v06 |+015 +0013 0164 |0-0%4 |l0-005 |-0-2%4|—0°137
0125 —0-122 |+0-n10 140-009 |0-132 |0-057 |-0-018 |-0337 —0:155
01467 |—0-165 |+0:125 40002 | 0120 |0:037 |~0:047 |~0435 —0-210
0200 [-0-190 |+0:12§ ~0-002 |0:096 |0-0/16 [~0-070 |-O-497 —0-24{ |
0-250 |-0-23] |+0132 —0005 |0-058% |~0-025 |—0'lll 0574 —0-2%b |
0333 —0295 4+0:135 |~0-010 0014 |—0-094 —0179 —0:6567/|-0'356
O: Lo 0334 Ho13F |—0:013 |—0-054|-0-/133 |-0-2/9 |—0-73] |-0-399
0500 "0kl +0139 |—0:013 =015k |—0-229 |-0-310 |~0'7%7 |—01§0O
0:667 —0-505 +0I4kb |—0-O18 [—0-249 |-0-323 |~O-40oh |~0-8bk |—0'57&
|O0-§00 I—0-57'3 +0-150 |—0-019 |-0-325|-0-397 —O0477 —0'902 06419
1:000 06724 |to156 |—0-019 \—0-437|-0-509 |-05%6 |—0-930 —0'752
Table VII . The Vectors C¢ (i:1,2.3)
Cit Cir Cyr
0 +H-S22 |+6475 |+5359
I ~0-182 |-3-804 |—-896%
2 -0-084 |—0-689 |+0-025
3 -0-036 |—0:065 |+2:971




Table VIII. Linear Solutions of (6.10).

—-939
51 = r_"r%—r-;.,,b‘b'."

:-417’—‘,{’-' + 5301

SQ = 5‘-,,2'+ 9-72)*+207

1-701 "w‘: — 11

ﬂ,ﬁ,—‘iq:.) +207

—3-360

8, = .5

A - +2,85k.

l —-93¢
2 +1917
3 + 170/

n — 3:340




Table IX

-80-

Tquation (6.3) and (6.4).

+ — + —
25397 175071 | 132 | 17457
== + - +
195359 (482-194 |339-874 | 53-070
+ — + —
(67234 k33673319859 |53-419
— + —_ +
k7240 [127255¢1| 9816 | 17506
= + — +
473574 & |12,297.215 (9101153 | I1545- 881
— + - +
R,188-597 |5, 702415 | 4,238-202 | 726-939
fiass o+ - -+
1,999-223 | 5,195-08013 852-4,75| 6555 &3
—_ - - +
105041 |222-71& 132-931 17-32/

Et:?en—Ved‘arB of AT

/

| %C’_;}\j

; -1
Ecjenvalues of AT W, (_'/_lq _Ll__3) u,
+ ¥ = +
x’ l'l,.)'b- 'I-J.‘m,:oi' 2:653 974 [04,4947 | |-000, 000
+ + — ¥
( \ ) =$724 1215 78 |1918 201 106176060463, 151,
( + -+ = +
+ +4 ;
+ — =¥ +
)th —2853352L I'000,0000:37§,823 1:000,000|0-020, 202
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Table X. Linear Terms; Equation (5.30).

& ¥,

0:-%560 —023¢

]-000 —0-:073

1'l4 O =103 |

1250 43

l'h00. |—001q

A;j(r)
J
o 0 |2 |3

0-560 |+319¢ HOFIQ | =S5S493 [+41-247

1000 |+2:585 |46 Llb | +0-592 |+24-013

'O 41965 |+L743 |—2:279 |+17-77/

‘250 40682 |+¢4.-014 |+8-902 |+12-702

/'l OO #2064 |+5-088 |+62/19 |+6-459




Table XI.
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nuadratic Terms of (5.30).

By (r) = #[Ci] [Ce] +rLe

—_—

[Cf-i =

1€y)=

[C)

(The. C’s are Sym, Mal;'r-ices)

+ + + +
0-174,71 ¥ |0-157,863 |0-210,274 |0-246,529
+ -+ +
0-194,63¥ | 0210265 |0-237 K19
+ +
0219014 | 0-237, 168
-+
0yl ¥
0150,49¢ |0-132,13% |01/, 562 |0-101, 147
00995%7|0-065 b4,4|0-03/136
—_ +
001223% |0-046 37/
+
O34 456
+ —+ + +
0-129,279 |0:110,64-5 |0-094 505 |0-079,17¥
+ ~+ +
0-0%2 4!1/0053953 |0023 922
T —
0010052 |0038229

0107950

-y
AT

125 [ Qol

AT

125577 | fol
T



Table

-83=

XI1X.

Co=-efficients of the

Right hand side of (6.14)

Linesr
(‘ | 3, S.'Z 55 Ag‘_ Se,
0860 [|~0-23¢ |+1'857 |-19°334 |+42-544 |+1:000
1000 |—0-073 |+1-769 |~9: 7697 |+35-592 |+0-463
1140 |—1-03y |+1€70 |—4-904 |+2072] |+0-422
1:250  |T 143 |-089¢ |—17:512 |+35617 —0-53'1
' lh00O |—0-019 |+1-455 |—t0-697 |—15- 143 |H+0-020
Quadratic
Y 5™ S, S |85 S35 | 5.
O-F60 |—1250 |-1766F |~2647 |+17-905 |+ups0 |-23:767
10000 _|=1'759 |~14875 |=2347 |+153%% |+13-542 |-22.498
Lapo =759 |-10-761 2128 |+1158 |+12-5v¢5 |20035
1: 250 |—I'50% |—%-157 1995 |+13-00f |+1-78% |1 7513
0D |—0-925 | =455 |~ 853 |+1/-554 Wwio22) 713507




Table

XIIT

-84-

Numerical Details

"Mt)/AT 5 (2
[ & LT N L Y.
% HIF ¢ ;{g Ltz
AT .
L ag
= : 08§60 o —4L639-4685
B: 1-500 / +653§F-287
\
Y, = 0§60 2 —10,39(- 95¢
1000 3 +8,175 - 650
B o Ly —=3197 446
e I'4oc 5 +49272:-709




Table XIV.
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n | (o) = ho,p) {#-15
0 |-0.0837333 —0098,566
| |—0;026652 ~0-053 974
2__|+0O0kS 563  |-00054k% |
3 |+0m55% +0:048 071
b |+033727/ +0:110, 442
5 |+0859,560 +0- 15k, 969
b e +0276 5kt
7 _— +0-391,739
N | Knlo,)  Knlo,p) [B=15]
O + 1113 4
= +1:000
-’ +0-90¥
-3 | +1071 + 0-839
—h | +0-Y94 +0790




Table XV.
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_"5 J,:(f"-l'd, Y“"(”)

Ylosso |1ooo Il 0 11250 | 1rkoo

n

O |0.005590 |0-0033,89 |0-002/,34 |0:00/5.5 0:0009,76

| S—— s e ey

A 0.0209/681 l0-0146 7576 |0.0105;4897 100082 969 |0-0060,7470 |
3 004092237 |0:0308,4961 |0:0237476/ 0-0195 7662 |0:0/52,7399
L 10.08070197 |0-0653 0385 |0-0536,9083 0-0464 687 |0-0385 9522
S |0:1604,5537 |0:1392 3094 |0:/221,5907 0:1109,39¥0 |0-09%0,4 00l
b |o-32/6,92%4 0.2990,0819 |02797,2357 (02664 0579 |0-2503,1216
7 106503,369 | 0-6468kbhb 06446509/ 063k 579 0:6424,0720]
‘I_r 132566450 | 140U, N5 |1495/,5526 |1:5633,8773 |I16572,2184
D 1272459079 |3:0934.5136 |3:4899,2931 |3:5203,1409 4:2970,5597
10 |S-64u47u4 6237429 91966, 46 93554 §6 11198417
o n7$s6,14 15214878 119367962 232004 ¢ 29327928
12 |24:792661 [3Wo082416  |46-034673 |57:6407,31 |77:17%4,k7

73 I (0,p+1)

Y 0§60 l.ooo I'lly © 1:250 I o0
n

O —O-084302 |—0o05u 015 |—0083§27 \—0-083,7/9 |—00836/4
' >

2 |+0-037,485 |+0:039153 |+0-040,410 +0-04//55 ﬁoz,:’,ozs
3 o2 4,19 40128194 | +0-13,424 |+0.13351F |+0135,553
A 0247369 |+0-257/57 |+0:2¢54.78 |+0274,117. |40277793



