THE UNIVERSITY
of EDINBURGH

This thesis has been submitted in fulfilment of the requirements for a postgraduate degree
(e.g. PhD, MPhil, DClinPsychol) at the University of Edinburgh. Please note the following
terms and conditions of use:

This work is protected by copyright and other intellectual property rights, which are
retained by the thesis author, unless otherwise stated.

A copy can be downloaded for personal non-commercial research or study, without
prior permission or charge.

This thesis cannot be reproduced or quoted extensively from without first obtaining
permission in writing from the author.

The content must not be changed in any way or sold commercially in any format or
medium without the formal permission of the author.

When referring to this work, full bibliographic details including the author, title,
awarding institution and date of the thesis must be given.



A Tale of Two Loops: Simplifying
All-Plus Yang-Mills Amplitudes

Dawvid Gustav Mogull

Doctor of Philosophy
University of Edinburgh
July 2017



Tull Helge Persson



Lay Summary

Scattering amplitudes are a cornerstone of modern particle physics. In a
scattering process between fundamental particles, a set of incoming particles,
carrying individual energies and momenta, becomes a new, outgoing set of
particles. In this context, loosely speaking, the scattering amplitude is the square
root of the probability for such an interaction to occur. Scattering amplitudes
are a crucial ingredient for making predictions at collider experiments such as
the Large Hadron Collider (LHC); the need to calculate them to ever-increasing
accuracy is one of the main bottlenecks for making new predictions.

Scattering amplitudes are usually calculated using Feynman diagrams. There
are three steps involved: drawing all allowed diagrams, assigning algebraic
expressions to them, and summing to obtain the amplitude. Three example
diagrams for a 2 — 2 scattering process, involving only cubic vertices and
organised by loop order, are drawn in Figure |1} Scattering processes can involve
infinitely many diagrams, so categorisation in terms of loop order allows for a
useful approximation: simply cap the number of internal loops allowed. More
complex diagrams, containing more loops, are associated with less favourable
interaction paths. By raising this cap on the loop order one can achieve better
accuracies; however, the higher loop orders become increasingly difficult to
calculate.

Part of the problem is that the number of diagrams involved grows factorially
with the number of loops. Also, each loop is associated with intermediate particles
for which one should integrate over all possible values of their energies and
momenta. These integrals can be very challenging to perform analytically, and
often give rise to infinities. However, as the expressions one assigns to individual
diagrams are not generally unique, there is usually freedom in how one distributes

terms between the diagrams. The hope is that this freedom can be exploited



(a) Tree level (b) One loop (¢) Two loops

Figure 1: Example Feynman diagrams for a 2 — 2 scattering process, involving only
cubic vertices, at different loop orders.

to reduce the number of non-vanishing diagrams while simplifying the job of
integrating them.

In this thesis we explore various methods of simplifying Yang-Mills amplitudes
up to two loops. Yang-Mills theory describes interactions between the force
carriers, such as photons, carriers of the electromagnetic force, and gluons,
carriers of the strong nuclear force. More specifically, we focus on the all-
plus helicity sector, in which all incoming and outgoing particles must share
the same polarisation. These amplitudes are especially simple because, in a
classical setting, these states do not scatter; it is only in the quantum regime
where scattering occurs. We see the amplitudes as a useful testing ground for the
development of new techniques which, we believe, are generalisable to a wider

class of amplitudes.
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Abstract

Pure Yang-Mills amplitudes with all external gluons carrying positive helicity,
known as all-plus amplitudes, have an especially simple structure. The tree
amplitudes vanish and, up to at least two loops, the loop-level amplitudes are
related to those of NV = 4 super-Yang-Mills (SYM) theory. This makes all-plus
amplitudes a useful testing ground for new methods of simplifing more general
classes of amplitudes. In this thesis we consider three new approaches, focusing
on the structure before integration.

We begin with the planar (leading-colour) sector. A D-dimensional local-
integrand presentation, based on four-dimensional local integrands developed for
N =4 SYM, is developed. This allows us to compute the planar six-gluon, two-
loop all-plus amplitude. Its soft structure is understood before integration, and
we also perform checks on collinear limits.

We then proceed to consider subleading-colour structures. A multi-peripheral
colour decomposition is used to find colour factors based on underlying tree-level
amplitudes via generalised unitarity cuts. This allows us to find the integrand of
the full-colour, two-loop, five-gluon all-plus amplitude. Tree-level BCJ relations,
satisfied by amplitudes appearing in the cuts, allow us to deduce all the necessary
non-planar information for the full-colour amplitude from known planar data.

Finally, we consider representations satisfying colour-kinematics duality. We
discuss obstacles to finding such numerators in the context of the same five-
gluon amplitude at two loops. The obstacles are overcome by adding loop
momentum to our numerators to accommodate tension between the values of
certain cuts and the symmetries of certain diagrams. Control over the size of our
ansatz is maintained by identifying a highly constraining, but desirable, symmetry

property of our master numerator.
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Chapter 1
Introduction

What is the best way of writing two-loop scattering amplitudes before integration?
In a traditional quantum-field-theory calculation, amplitudes are expressed as
sums of Feynman diagrams, expressions for which are deducible from a set
of Feynman rules. This intuitive approach, while naturally lending itself to
algorithmic implementation in a wide variety of cases, has severe drawbacks.
Individual Feynman diagrams are gauge-dependent objects, so their expressions
can easily grow to be large and unmeaningful. Meanwhile, the number of diagrams
involved grows factorially with the number of scattered objects and number of
loops. For instance, in Figure [1.1| we see how for just 2 — 3 gluon scattering the
number of two-loop diagrams is very large indeed. Is there a better way?

Our motivation for asking this question is clear: amplitudes are vital for
making precision predictions at collider experiments. The problem of calculating
one-loop amplitudes has now largely been solved, so two-loop amplitudes in
particular represent the next big hurdle[] Also, the experimental data now being
collected at Run II of the LHC allows the study of many observables with percent-
level uncertainties. This level of precision represents a serious challenge for
current perturbative techniques where a minimum of NNLO precision is desirable
(QCD cross sections at NNLO carry two more powers of the strong coupling
as ~ 0.119 than at LO). This is particularly true for higher-multiplicity final
states where the current bottleneck lies in the unknown two-loop matrix elements.

When combined with the technology of integration-by-parts (IBP) iden-

'We refer the reader to the Les Houches working group report and references therein for a
review of known and desired phenomenological predictions [5].
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Figure 1.1: Three-gluon jet production events. At leading order (LO) there are 25
diagrams, at next-to-leading order (NLO) there are 57 diagrams and at next-to-next-
to-leading order (NNLO) there are 2230.

tities [0, [7], traditional Feynman diagram-based approaches have been quite
successful for two-loop calculations of 2 — 2 scattering processes [8HI§]. In these
processes the number of diagrams involved is manageable; the main focus has been
in the evaluation of the resulting master integrals. But for higher multiplicities,
the rapid growth in the complexity of the Feynman diagram representation
motivates the development of alternative approaches for computing amplitudes.

One such alternative approach is generalised unitarity, of which many excellent
reviews are now available [19-24]. The idea is to build the integrands of loop-level
amplitudes from knowledge of the underlying tree amplitudes, which are of course
gauge-independent. By working with gauge-independent objects throughout, one
overcomes to a large extent the gauge-dependent messiness of Feynman diagrams.
A number of two-loop 2 — 2 scattering amplitudes have been computed this
way [25H29].

Generalised unitarity is not a perfect solution though: it only provides partial
information about the amplitudes one may wish to calculate. To reconstruct
full amplitudes it is usually necessary to fit a basis of integrals, carrying unknown
coefficients, to data provided by unitarity cuts (IBP identities can then be used to
help evaluate these integrals). When scattering coloured particles a basis of colour
factors is also required. The ability to make different valid choices of these bases
means that the resulting coefficients can be large, unwieldy functions of external
kinematics containing unphysical poles. The gauge-dependent arbitrariness of
Feynman diagrams seems to have re-emerged in another form, hampering efforts
to go beyond 2 — 2 scattering in two-loop calculations.

Improved phenomenological predictions are not the only motivation for

studying scattering amplitudes. In recent years it has become clear that scattering



amplitudes are fascinating mathematical objects in their own right, and worthy
of independent study; several excellent reviews now exist [21), 22 B0H34]. In this
domain more exotic ways of calculating them have led to remarkably compact
expressions at higher points. For instance, the tree-level Parke-Taylor formula

for scattering of all-but-two positive-helicity gluons [35],

A(o)(1+72+7... i _2(12><23>---<n1)’

N BT
is a strikingly compact example of an n-point amplitude (our spinor-helicity
conventions are defined below).

At loop level, much of this recent progress towards understanding the
mathematical aspects of amplitudes has focused on supersymmetric theories,
especially N' = 4 maximally-supersymmetric Yang Mills (SYM). The focus has
also often been on the planar sector, which arises in the limit of a large number

of colours, N, — oo. The n-point planar all-loop integrand for N’ = 4 scattering

amplitudes is an excellent example: at two loops this takes the form [36] 37]
j k

1
ADWN= 9 o p) =2 Z : (1.2)
i<j<k<l<i
i !
which uses local integrands — these will be discussed in chapter [3] From a

phenomenological standpoint N' = 4 SYM may be considered a toy model: an
interesting mathematical construct that shares some, but not all, of the aspects
of physical scattering processes. Nevertheless, one naturally questions to what
extent these new ideas may be generalisable to non-supersymmetric and non-
planar theories.

In this thesis we will explore different ways of organising higher-point (at
least five-point) two-loop integrands of pure Yang-Mills amplitudes for which
all external gluons have positive helicity (all-plus). The physical data for the
integrands will come from generalised unitarity cuts; arrangements of both the
kinematic and colour structure will be considered. While all-plus amplitudes are
involved in QCD processes, they only become relevant at N3LO (a consequence
of the tree amplitudes vanishing, which we will demonstrate in chapter . In this
sense we see the all-plus sector as its own toy model, but one which brings us much

closer to QCD predictions. Lastly, and most importantly, all-plus integrands are



1.1. Notation and conventions

related to those of N'=4 SYM up to at least two loops [38,[39]. This will enable
us to import techniques which, until now, have only found use in supersymmetric
theories.

We will begin with a review of all-plus amplitudes in chapter[2] In our first new
presentation, to be discussed in chapter |3 the focus will be kinematic structure:
we will consider up to six-gluon planar amplitudes. Our starting point will be
the previously-mentioned supersymmetric all-loop integrand; we will show how
it can be translated to a Dirac-trace-based language applicable in dimensions
D # 4 (in contrast with the necessarily four-dimensional momentum twistors
used in the original all-loop integrand). This will give us a (partial) basis of
integrals onto which we will fit all-plus amplitudes. The presentation exposes
infrared singularities and dependence on physical poles. It is also remarkably
compact.

In chapter {4] our focus will shift to the colour structure. We will develop
a method for understanding loop-level colour structures based on a Del Duca,
Dixon and Maltoni’s (DDM’s) colour decomposition [40] of the tree amplitudes
underlying the colour-dressed cuts. The full-colour information can be recycled
from leading-colour alone using tree-level amplitude relations found by Bern,
Carrasco and Johansson (BCJ) [4I]. It is therefore unnecessary to calculate
nonplanar unitarity cuts. Using this method we will determine an integrand for
the (previously unknown) full-colour five-point two-loop all-plus amplitude.

Finally, in chapter 5] we will find a presentation of the five-gluon amplitude sat-
isfying BCJ’s colour-kinematics duality [41]. So-called colour-dual presentations
place colour and kinematics on an equal footing, and are of particular interest
for aiding study of (supersymmetric) gravity amplitudes. While this five-point
presentation is less compact than the other two presentations, it does have some
interesting new properties, and tightens the link to A" = 4 SYM. In chapter [6] we

will conclude.

1.1 Notation and conventions

As a summary for the reader the following section lists most of the conventions

that we will adopt throughout this thesis.



1.1. Notation and conventions

1.1.1 Dimensionality

We will work in dimensional regularisation with different dimensions in play

simultaneously:

D The number of dimensions in dimensional regularisation, D = 4 — 2e.
D, The spin dimension of internal gluons.

D The embedding dimension for D-dimensional momenta; usually we will choose
D = 6.

One can obtain results in the 't Hooft Veltman (tHV) scheme by setting D, =
4 — 2¢ and the the four-dimensional helicity (FDH) scheme by setting Dy = 4
[21].

1.1.2 Spinor and Lorentz products

In any number of dimensions we will use the mostly-minus metric n* =
diag(+, —, —, —,...). External momenta, which we will denote as p; and always

take outgoing, will always be taken in four dimensions; we will use the shorthands

Dijk = Di +Pj + -+ D, Sijek = p?j‘..k. (1.3)

Spinor products will be constructed from holomorphic (),) and anti-holomorphic
(Az) two-component Weyl spinors, such that (ij) = AiaA and [if] = AeXja. At
four points we will also use the usual Mandelstam invariants s = (p; + p2)?,

t = (po + p3)? and u = (p; + p3)?, and the permutation-invariant prefactor
7= L2l (1.4)
Dirac traces are defined as

trali - K) = S (L )pp, B, (i k) = xasppy - p), (15)

where trs(ijkl) = 4icy,p0p; Pipep] and, for instance, try (ijkl) = [i5](jk) k] (7).

We will also occasionally abbreviate

tr5 = trs(1234). (1.6)



1.1. Notation and conventions

Finally, the spurious directions are

o _ UMK GR]  (RIkd) Gl )

Sij 2 Sij 2

which satisfy p; - wijr = pj - wijk = pr - wijr = 0.

1.1.3 Colour algebra

When using the SU(N.) colour algebra we will normalise the fundamental-
representation generators (T%);7 as tr(T°T") = §%°. The indices a, i and 7 belong
to the adjoint, fundamental and anti-fundamental representations of SU(N,)
respectively. We also have the usual Fierz identity
_ _ o 1 .
(T)a (T)i,™ = 6307, — <700, 02 (1.8)
Finally, we introduce the adjoint vertices fob¢ = tr([T¢, TY|T°) = iv/2f%, where
fe¢ are the structure constants more commonly found in the literature. The
colour algebra is then [T, T?] = fabe TC
When writing colour factors that depend only on the adjoint vertices f“bc we

will often find it convenient to use a diagrammatic notation. For instance,

C<4 ]:[ 1) _ fb1a1b2 f“b2a2b3fb3a3b4fb4a4bl, (19)
3 2

where the external colour indices corresponding to outgoing partons ¢ are a;.

1.1.4 Loop momenta

D-dimensional loop momenta ¢; will sometimes be separated into their four-
dimensional and (—2¢)-dimensional parts ¢; = 0+ 1;. Rotational invariance in the
extra dimensions forces yi; to appear in the combinations p;; = —p; - . For one-
loop integrals we will write u* = —p - . In chapter [3[ we will often include these
loop momenta in Dirac traces, necessitating the use of a D-dimensional Clifford

algebra. Our approach is formally outlined in appendix [A] but in practice we will

2Good reviews of the colour algebra and its practical applications may be found in refs. [42]
43).



1.1. Notation and conventions

overcome such ambiguities by decomposing into four-dimensional traces:

try (g il lyiprr - in) = tra(iy -+ iglolyipsr - in) — faytre (i -« ip).
(1.10)

This decomposition will allow us to evaluate D-dimensional traces using

el i)

tri(il s ikgxéyik—&-l R 7% tri(ikﬂxéyikﬂ), (111)

Sik,int1

where k should in this case be odd.

1.1.5 Integrals

For a given L-loop topology T', defined by a set of massless propagators {Q,},

the L-loop integration operator will be

D _ = dPe; ,P<pi7€i7/%'j)
I7 [P(pis i, )] = /(H (%)D) oy Qulpn. 6 (1.12)

k=1

where we will generally identify topologies T by explicitly drawing them (as we

do for colour factors). For instance, the box integral in our notation is

b\ dPe¢ P
! (J:[z) [P]:/(ZW)DEQ(E_p1)2(g_p12)2<£+p4)2- (1.13)

When the integration operator acts directly on the numerator of a diagram, it

should be implied that the relevant propagators to integrate with are those of the

diagram in question:
L

D _ AP0\ Ar(pi, b, 1)
rlar= | (H <27r>D> Mocr Quin 6) )

k=1

Finally,

T(1+eT(1—e)
O am) T (1 - 2¢) (1.15)

is the standard loop prefactor in dimensional regularisation.



Chapter 2

Review: all-plus helicity

amplitudes

2.1 Introduction

In this chapter we review the necessary aspects of all-plus helicity amplitudes
up to two loops. After introducing the trace-based colour decomposition we will
work our way up through the loop orders, starting from tree level. Then we will
review infrared divergences. As we shall see, the lower-loop structure has a strong

influence on the higher-loop structure.

2.2 Colour structure

Often in this thesis we will make use of the trace-based colour decomposition.
An L-loop pure Yang-Mills amplitude (in any helicity configuration) may be

decomposed as a power series in N, the number of colours [32], 42, [43]:

AL = gn-242L L Z tr(T0 0% ... T AD (5(1),0(2),- -, o(n))

n
UESn/Zn

+ O(NE), (2.1)

S, is the n-object permutation group and Z, is the subset of cyclic permutations,
so the set S, /Z, gives all cyclically-distinct orderings; g is the strong coupling.

The objects AL, coefficients of the leading single-trace terms, are known as



2.3. Tree-level amplitudes

colour-ordered (or planar) amplitudes. The subleading terms, which appear only
at loop level, carry a more complex multi-trace colour structure; their precise
form will not concern us. When studying subleading-colour terms at higher-loop
order we will use alternative colour decompositions.

To achieve a trace-based decomposition from, say, an ordinary Feynman-
diagram-based decomposition one should re-express all colour factors in terms of
fundamental generators 7% using ¢ = tr([T*, T]T¢). The Fierz identity
should then be used to assemble these into the ordered traces given above.
Alternatively, one can write down the planar amplitudes directly using a set
of colour-ordered Feynman rules [32] [43]. For example, in Lorenz-Feynman gauge

the three- and four-gluon vertices are [42]

i

Vg;}]uzua — ﬁ (nF1H2 (py — pg)H3 + nH2H3 (py — pg)Ft + nt3i (pg — py)#2), (2.2a)
Vg;y;zusm — jpfaksphzi %(nmwnmm 4 pfarpirs), (2.2b)

In this case one should only include planar diagrams for which the ordering of
external legs matches that of the T matrices in the corresponding trace.
We specialise to the all-plus sector by demanding that all external states have

positive helicity. These amplitudes satisfy

AD (1t 2t oty = APt 3t ot 1) (2.3a)
= (—=1)"AB(nt . 2% 1) (2.3b)

at any loop order L. The first of these follows from cyclic symmetry of the traces;
the second can be deduced from antisymmetry of the Feynman vertices ([2.2)). This
makes all-plus amplitudes much simpler than alternative helicity configurations:

having different helicities present would break these symmetries.

2.3 Tree-level amplitudes

All-plus tree amplitudes vanish for any number of external legs. We can see this by
considering the colour-ordered amplitudes: write them in terms of colour-ordered

diagrams as explained above. Schematically, such a decomposition always takes



2.4. One-loop amplitudes

the form [33]

s SO e

AO@T 2t T~
Hael“i Qa(p])

(2.4)

cubic diagrams IT';

Contributions from four-point vertices (2.2b)) are eliminated by inserting addi-
tional propagators. The numerators have dimensionality (mass)”~2; we have

specialised to the all-plus sector by using only positive-helicity polarisation vectors

+
€.
o

When choosing specific helicities of external momenta it is convenient for us
to adopt the spinor-helicity notation for external momenta.ﬂ The positive- and

negative-helicity polarisation vectors may be written in this notation as [42]

E’L 9 EZ - )
V2 (qip:) * V2 [qipi]

where ¢; are auxiliary massless vectors whose values are undetermined; their

+ Aallpi - lahlp) (2.5)

arbitrariness reflects the freedom of on-shell gauge transformations. By choosing

T =
J

€ o (¢iq;)). Therefore, the numerators may

all ¢; to lie in the same direction we can ensure that € - € 0 for all pairs

+

%

of external momenta (because €
only contain objects of the form € - p; or p; - p;. But each term must absorb
the Lorentz indices of all n polarisation vectors, which necessarily raises the mass
dimension of the numerator above n — 2.

So the colour-ordered amplitudes must vanish and, by eq. , this trivially
implies the vanishing of A©® for any number of external legs. A similar argument
works for one-minus amplitudes [33] — they too are zero at tree level. In this case
we ensure that e, -e/ = 0 for i > 2 by selecting all ¢; to lie in the same direction as

p1, where without loss of generality we have selected p; to carry negative helicity.

2.4 One-loop amplitudes

Loop-level all-plus amplitudes are generally nonvanishing. We begin by consid-

ering the unintegrated one-loop colour-ordered amplitudes. Starting with four

1Several excellent reviews of spinor helicity now exist - see, for instance, refs. [33] 44].
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2.4. One-loop amplitudes

external legs [45],

AW AT 2% 3t 4%) = T(D, — 2)I7 <j:[) (1Y), (2.6a)

where T was given in eq. (L.4): it carries the helicity scaling of the amplitude.
We have also introduced a dependence on the spin dimension D, to account for
different possible dimensional regularisation schemes (FDH or tHV, see section
for details). At five points the (parity-even part) can be written as [38] 146,
A7)

(Ds - 2)
(12)(23)(34) (45) (51) "

(tr5(1234)ID C):%) [1°] = % il Siit1Sitripel” < j:[+ ) [u4]> ,

and at six points

AW (1 27 3% 4% 51) = (2.6b)

(Ds — 2)
(12)(23)(34) (45)(56) (61

(% tr(123456) 17 (6):;(3 1] — % > trs (i, i1, i+2,i43) 17 (j:}ﬂ) 1]

=1

_i DR . O ill)ID(igj:\(”)[w]).

1<i1<i2<6

14(1)(1+7 2+7 3+’ 4+7 5+7 6+) —

) X (2.6¢)

Doubled external lines indicate that multiple external momenta are clustered to-
gether. All three of these expressions satisfy the cyclic (2.3a]) and reflection ([2.3b)

symmetries discussed earlier.

2.4.1 Analytic structure

We gain further insight into these expressions by considering their origin:
generalised unitarity cuts.ﬂ The integrands are chosen to match the relevant one-
loop cuts; these are of the schematic form displayed in Figure [19]. Vanishing

of the four-dimensional all-plus and one-minus tree amplitudes implies vanishing

2We will discuss generalised unitarity more carefully in section see also the reviews
[21H24].

11



2.4. One-loop amplitudes

Figure 2.1: A one-loop unitarity cut with all external helicities positive. The disks
represent tree-level amplitudes; no choice of helicities for the cut lines results in non-
vanishing trees so this cut always vanishes in four dimensions.

of the cuts so, naively, one would also expect the one-loop all-plus amplitudes
to vanish. However, one-loop amplitudes can also contain rational terms [48-
50]. These are undetectable by four-dimensional unitarity; they can instead
be obtained through unitarity cuts involving the non-vanishing D-dimensional
trees [45, 51]. This explains why the integrands all carry powers of p?: the limit
D — 4 involves sending p? — 0, so the integrands vanish as expected.

The resulting one-loop integrals are conveniently calculated by shifting the
loop momentum to higher dimensions. Temporarily denoting a D-dimensional

n-gon integral as I” the one-loop integrals are related by [38), [45]
L[] = —e(L—e) -+ (r—1—€)(dm) I, [1], (2.7)

which eliminates all powers of ;2. Using this prescription, and a simple Feynman

parametrisation, the relevant integrals are [3§]

(X)) = 0t 17(38 )] = 35 + 000
() =~ + 00O (2:5)

In this case the doubled external lines are used to emphasise that the integrals

are valid for massive external momenta as well as massless ones.
With these integrals in hand one can check the well-known n-point integrated

result up to six points 38|, 46], 52]:

T, T

1<41 <i9<i3<i4a<n

12



2.4. One-loop amplitudes

which is indeed a rational function. When using the dimensional regularisation
parameter, ¢ = (4 — D)/2, there are no ultraviolet (UV) or infrared (IR) poles
present. As we shall see, both of these properties are also a consequence of the

vanishing of the trees.

2.4.2 Supersymmetric connection

A remarkable property of these one-loop amplitudes is that they are related to
those of the maximally-helicity violating (MHV) sector of N' = 4 supersym-
metric Yang-Mills theory (SYM). The amplitudes satisfy a dimension-shifting
relation [3§],

AW AT 2% nt) = —2¢(1 — €)(4m)2ADW= (1 2 n) , (2.10)
D—D+4

where AMW=1 ig the coefficient of the supersymmetric delta function §%(Q) in
the supersymmetric amplitude. This delta function conserves supermomentum
in the supersymmetric amplitudes and carries its helicity weight: all MHV-sector
N = 4 amplitudes carry it [53, 54]. Its precise form will not be important; it is
enough for us to realise that it depends only on external kinematics and is totally
permutation-invariant.

The dimension-shifting operation in is an instruction to evaluate loop
integrals in D +4 dimensions; it has no effect on the external momenta and
helicities. However, given the relationship between one-loop integrals in different
dimensions , eq. can be reformulated at the integrand level as a simple
prescription to replace 6°(Q) with the extra-dimensional function (D, —2)u? [39].
The corresponding supersymmetric integrands at four points [55], five points [56]
and six points [38, [57] contain no diagrams smaller than a box: the so-called

“no-triangle hypothesis” [19, 20, 58]. Clearly, this is also true for the all-plus

integrands (2.6]).

2.4.3 Full-colour structure

The following discussion of colour-dressed one-loop amplitudes is relevant for all
external helicities (not just all-plus). The subleading-colour terms in the trace-
based colour decomposition (2.1)) can be calculated as sums of permutations of

the leading-colour components A [19, 59]. It is therefore possible to represent

13



2.5. Two-loop amplitudes

the full-colour amplitudes A® in terms of only colour-ordered amplitudes AM.
Del Duca, Dixon and Maltoni (DDM) did this by expressing the colour factors
as ring diagrams [40, [60]:

A7(11) =g" Z C("(z) ‘Q U(”l)) A(l)(a(1)7 U(2>7 T 70(77'))7 (211)

7€Sn/Dn N ()" To(n)

where the sum is over (n — 1)!/2 noncyclic reflection-inequivalent permutations;
our diagrammatic notation for colour factors was introduced in section In
chapter |5l we will explore a similar DDM decomposition for trees.

Using the DDM colour decomposition (2.11)) we can, for instance, write the

four-point all-plus amplitude as

Al =m0 -2 5 (X0 (OXC)wt e

0ESy

The factor 1/8 comes from changing the limit of the sum: it is the symmetry factor

of the box. Similar expressions are applicable for the other one-loop amplitudes.

2.5 Two-loop amplitudes

Now we proceed to consider two-loop all-plus amplitudes — the main subject of
this thesis. These amplitudes can be expressed as sums of integrals of irreducible

numerators Ap P

APAF 25ty =i Y TP [Ag], (2.13)
T

where the two-loop integration operator was defined in . The sum on 7' runs
over a complete set of two-loop topologies, many being duplicates of the same
diagrams summed over different cyclic orderings (this ensures cyclic symmetry).

The move to two loops introduces nonplanar diagrams; for these diagrams
there is no way of ordering the external legs without crossing the internal lines.
For instance, at five points there is the nonplanar double box, A(J3(). This

implies that there is important physical data in the subleading-colour corrections

3Requirements for numerators to be considered irreducible will be discussed in section m
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2.5. Two-loop amplitudes

(a) Genuine two-loop topology (b) Butterfly topology

Figure 2.2: Schematic representations of the genuine- and butterfly-type two-loop
topologies. Butterfly integrals can be evaluated as products of one-loop integrals.

to the colour-dressed amplitudes AS) that cannot be captured by the colour-
ordered amplitudes A®. This is in contrast to the one-loop situation discussed

earlier.

2.5.1 Analytic structure

The diagrams can be divided into two classes: genuine two-loop diagrams and
butterfly (one-loop squared) diagrams, both of which are drawn in Figure[2.2] The
essential distinction is that, whereas butterfly-type integrals can be evaluated
as products (or contractions) of one-loop integrals, genuine two-loop integrals
cannot. Their numerators follow a certain pattern: up to at least five external legs
the numerators of all genuine two-loop topologies carry the overall D-dimensional
prefactor [25] 39]

Fy(pi, pr2) (2.14a)
= (Ds — 2)(p11pt22 + (pa1 + ,u22)2 + 2012 (g1 + po2)) + 16(,“%2 — H11fa2),

while butterfly numerators are split into terms proportional to (Ds — 2) and
(D, — 2)2:

Fy(p, po) = 4(Ds — 2) praa (a1 + pioz), (2.14b)
Fy(p1, p2) = (Ds — 2)*piaa fraa. (2.14c)

In all known cases the spurious F, terms integrate to zero [25], [39].
As we did at one loop, we can gain insight into this structure by examining the

n-point spanning cuts — all three two-loop categories are displayed in Figure [2.3|
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2.5. Two-loop amplitudes

NN S NN L s N
JUUNTON D TN T N
(a) (b) ()

Figure 2.3: The three categories of spanning cuts required at two loops. When all
external helicities are positive no choice of internal helicities prevents at least one of
the four-dimensional trees from vanishing.

In general, at L loops the spanning cuts form a minimal set so that any integrand
chosen to match all of them is necessarily a valid integrand for the full amplitudeﬁ
Again we see that the three spanning cuts vanish in four dimensions, so the
numerators all carrying powers of p;; is to be expected. However, unlike at one
loop, this does not imply rationality of the integrated two-loop amplitudes. To
see why, consider the cut in Figure 2.4} here, by only cutting into one of the two
loops, we expose a cut that does not vanish in four dimensions. Upon integration
this gives a transcendental (non-rational) contributionﬂ

In this thesis we will not be interested in the transcendental parts of the
integrated amplitudes. Our aim will instead be to show how physical properties
of the amplitudes can be exposed without the need for explicit integration. We
will, however, occasionally discuss integrated expressions for terms proportional
to (Ds — 2)2: these come from butterfly-type integrals carrying Fy (2.14d). The
relevant integrals always become products of one-loop integrals containing p?:
by these must be rational.

2.5.2 Supersymmetric connection

The integrand-level connection to N' = 4 SYM continues at two loops.
It only works for numerators of the genuine two-loop topologies: in this case
one replaces the supersymmetric delta function §%(Q) with the function of
extra-dimensional components F} [39]. The butterfly topologies do not

have supersymmetric counterparts; the no-triangle hypothesis mentioned earlier

4For a recent review of spanning cuts in the context of generalised unitarity, see ref. [22].

5Dunbar, Jehu and Perkins recently used these cuts in four dimensions to calculate complete
integrated all-plus amplitudes up to six points [61] [62] and n-point polylogarithmic parts [63].
The rational terms up to six points were computed separately; essentially they reduced the
polylogarithmic part of the calculation to a one-loop unitarity problem.
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2.5. Two-loop amplitudes

Figure 2.4: A two-loop unitarity cut with all external helicities positive. The left-hand
disk is a (rational) one-loop amplitude which does not vanish in four dimensions.

forbids them in many cases.

2.5.3 Four-gluon amplitude

The planar numerators are [25]

A4 Y2 U0 1
A( ITT( ) .y (2.15a)
4 1 2
A( ]ﬁ&[ ) — Fy+ P (@) , (2.15b)

of which the first, the double box, is a genuine two-loop topology and the second,
the double triangle, is a butterfly. These numerators respect the symmetries of
their graphs and adhere to the D-dimensional structure discussed above. The
double-box numerator equals its N = 4 supersymmetric counterpart with F;
replacing 6°(Q) [64] 65]. We have extracted overall factors of the permutation-
invariant object T , which we will do for all four-point numerators in this
thesis.

The full-colour presentation of the four-point amplitude is known. The only

nonzero nonplanar numerator is the nonplanar double box [25],

g9 1
AG@ > = sF, (2.16)

~2

which is a genuine two-loop topology: it conforms to the same extra-dimensional

structure with Fj. It also matches its supersymmetric counterpart [64, [65]. The
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2.5. Two-loop amplitudes

full-colour amplitude is
1 /4 1 A l2 4 o1 Ang, o gl
(2) _ ;.6 Dl
ALy =1y To%] [4C<3j:|:(2) (A <djj:[2) + A(3 |><| 2))
] )AG@' )] (2.17)

Beyond four points, full-colour expressions were not known prior to this work.

1
—C
4

N
|w|

2.5.4 Five-gluon amplitude

An integrand presentation of the planar five-gluon, two-loop all-plus amplitude
was first found by Badger, Frellesvig and Zhang (BFZ) [39]. As it involves only
six non-zero numerators we list them all here.

There are three genuine two-loop topologies: the pentabox,

54 £o £1
S\2 12 _ 5125238451 2
A(J:QS) = 12023 (34) (85) 1)y (e (NG 2 sssaasio).
(2.18a)

the one-mass double box,
5 - $34535t1, (1235) F
A ) = et : 2.18b
(4jj:t3) (12)(23)(34) (45)(51)tr5’ ( )
and the five-leg double box,
° ! 1282383454551 F1
A = 2.18
(j:I:O (12)(23) (34) (45) (51 )trs (2.18¢)

where trs = tr;(1234). The one-mass double box ([2.18b)) also has a counterpart

related by symmetry through the horizontal axis; the other two numerators satisfy

relabelling symmetries through the horizontal and vertical axes respectively. All

three numerators are proportional to Fj.

18



2.5. Two-loop amplitudes

The three butterfly-type numerators are the box triangle,

YA _ s12try (1345)
23 % ) = S i e O ) (2180)
(gl + 62)2 + 845)

S45

X (F2 + F3

the one-mass double triangle (which also has a counterpart related by symmetry),
N (512 — 545)tr4 (1345) (6 + £5)% + 5

A ]><r __\S12 T S45)Uy (F Iy e e 45), 2.18¢

(4 ) 2(12)(23)(34) (45) (51)s15 \* = ° 545 (2.18¢)

and the five-leg double triangle,

NT 1
A(]>'<[> ) B )61

1 . (1345)tr, (1235)
X {5 (tr+(1245) — )

513535

% (F2 X F34(€1'p3)(€2'p3) + (61 + 52)2(812 + s45) + 812845>
512545
+ F3 [ (01 + £2)?s15 (2.18f)
0+ 05) Y- 2(ls - —
—|—tr+(1235)(( 1+0)"  lips (1 + (£2-wsa3) L 5127 8 (6 —p5)2>)
2535 S12 S35 535545
0+ 05) Uy 2(41- —
—|—tr+(1345)(( 1 2) _ t2rPs (1 + (01 -wi23) i S45 — S12 (44 _p1)2>)} }
513 S45 513 512513

Again, all butterfly-type numerators carry terms proportional to F» and F3.

The above representation is not unique: exchanging terms between the
diagrams is allowed provided the overall integrand remains invariant. For
example, in the five-leg double triangle contributions from two triangle-
bubble graphs have been absorbed by adding terms proportional to the missing
propagators (¢; — p;)? and (5 — ps)?. The numerators above were chosen to
make use of the spurious directions wjj;: this is convenient as numerator terms
carrying, for instance, {1 - wie3 are parity-odd, so integrate to zero. These terms
were omitted in the one-loop amplitudes ([2.6]).

However, the numerators given above have some disadvantages. They contain
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2.6. Infrared divergences

unphysical poles in s13, s35 and trs; in the integrated version of this amplitude,
found by Gehrmann, Henn and Lo Presti [66] and based on BFZ’s results,
these singularities cancel away. Besides the unsatisfactory nature of this from a
aesthetic standpoint, it makes the N' = 4 correspondence harder to spot (though
it is still valid). The part of the all-plus integrand formed by genuine two-loop
diagrams only is indeed related by 6%(Q) <+ F} to the corresponding A" = 4 SYM
integrand [56], but not at the level of individual numerators. In the next chapter
we will find an alternative integrand presentation that makes the cancellation
of unphysical poles manifest before integration; this will help us to expose the

N = 4 connection.

2.6 Infrared divergences

A recurring feature of two-loop all-plus amplitudes that we will explore in this
thesis is their infrared (IR) structure. Besides offering a useful check of our
results, the IR structure is an important physical property of the amplitudes.

The structure is universal [67], [68]:

AN Z [0 6 4O L o), (2.19a)
A2 = 16 AW 4 @) 5 AD) 4 O(). (2.19b)

I%o are operators acting on the colour structure of their arguments; we will

explain this in more detail below, including a demonstration at four points.
Vanishing of the all-plus tree amplitudes implies IR finiteness of the one-loop

amplitudes: this is indeed the case in eq. E] IR divergences of the two-loop

amplitudes are related to the one-loop amplitudes through the colour operator

1M given by

7 — 22@(&)61\.'] (2.20)
=g i+ Ty .

2
€ —Sij
i#j "

From now on we will always set u%, the dimensional regularisation scale, to one

6By a similar argument there are also no UV divergences — these too are proportional to
the finite parts of the trees [67, [68].

"The expression given differs from the original operator in ref. [67] because we are working
with UV-unrenormalised amplitudes.
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2.6. Infrared divergences

(we can recover it using dimensional analysis).

The colour charge T; = {7} is a vector with respect to the colour index a
and an SU(N,) matrix with respect to the colour indices of the outgoing parton
i. In our case, considering only external gluons, T2 = if". To understand the

action of the operator T; - T; o we take a couple of examples [25]:

(T, -Ts) o 0(3]:[) - —%c(:]:l:() (2.21a)
(T, - Ts) o CCJZQ = —%c(4<2[:>. (2.21b)

In each case a t-channel bridge is joined to the two external labels specified by
i and j (factors of 1/2 come from switching normalisations between fe¢ and
fe¥). The effect is to convert L-loop colour structures into (L + 1)-loop colour
structures.

We also need a version of the two-loop universal IR decomposition ([2.19b)
applicable to colour-ordered amplitudes. This is found by substituting in the
trace-based colour decomposition ([2.1)) on both sides and isolating the leading
terms in N,. Structure constants are eliminated using f®¢ = tr([T% T?T°);
summed fundamental-representation colour matrices T are eliminated using the
Fierz rearrangement ([1.8)). We are left with

n 1 €
APt 2t o nt) = —Zi—g (_8#1) AW 20 nt) + O(L). (2.22)
i=1 X

At five points BFZ were able to check this numerically [39]. The relevant
integrals on both sides were evaluated using the public sector-decomposition tools
FIESTA [69, 70] and SEcDEC [71, [72] f

2.6.1 Four-point example

We will now illustrate the above points by explicitly checking the four-gluon two-

loop IR structure. Our calculation follows that of Bern, Dixon and Kosower [25]:

8The master integrals for planar 2 — 3 scattering are now available in analytic form [66] [73].
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2.6. Infrared divergences

they provide the analytic two-loop divergences

I (jj:() (] = ~2i(D, - )% ()71 (j:[) 1]+ O("), (2.23a)
(ST )i = —ito - 25 o1 (Y + 0@, (2230

The rational double-triangle integral does not contribute to the IR structure.

First we substitute the two-loop divergences into the full-colour ampli-

tude ([2.17):

A= (D - ST Y {i(]:l:() <21 ()

n %4@) 4>< (—s)~<I" (]:[) [,f]} OO, (2.24n)

Then we insert the colour operators T; - T; using egs. (2.21):

A2 = D =T Y ()T T o {():[) ()

0ESy
* %CC):O 1" C):O W]} +O(). (2.24b)

Finally we use the sum on permutations to collect terms:

AR, (2.24c)

=D - ST (Z (Zou) " Tj) o {éCQ:@ () M}

oESy i#£j

=1Wo A(+13r++ +O(e).

The term in round brackets is permutation-invariant; we are left with the term
in curly brackets which we identify as the one-loop amplitude in the DDM colour

decomposition (2.12)).
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2.7. Discussion

2.7 Discussion

In this review we have discussed various physical properties of all-plus amplitudes.
Some of these are common to all loop orders: for instance, the colour-ordered
amplitudes, satisfying cyclic and reflection symmetries (2.3), can always be
isolated using a trace-based colour decomposition . One might suggest that
the integrand-level connection to N = 4 SYM is also an all-loop property, though
the structure of a three-loop equivalent of Fj(u1, o) is an open question. Most
importantly though, vanishing of the tree-level amplitudes strongly influences the
loop-level structure.

This explains the one-loop amplitudes being finite, rational functions of
the external kinematics (2.9). At two loops we saw similar structure at play:
while the amplitudes are no longer rational or finite, we showed how their IR
structure is nevertheless made simpler by vanishing of the trees. We gave a full-
colour integrand-level presentation of the four-gluon all-plus amplitude and
checked its IR decomposition analytically . It does not contain unphysical
poles, and it trivially manifests the supersymmetric connection.

These properties are obscured in BFZ’s five-point two-loop amplitude by
the freedom to write its integrand in different ways. Its numerators contain
unphysical poles that disappear in the integrated result [66]. This prevents the
supersymmetric connection from holding diagram-by-diagram. While the leading-
colour IR decomposition has been checked numerically, an analytic check
like the one at four points would be preferable. A full-colour amplitude is also
lacking.

The freedom to write loop-level numerators in different ways will be important
as we move forwards. In the next chapter we will see how a local-integrand
presentation enables us to eliminate unphysical poles from the five- and six-point
planar integrands, while also making the IR structure readliy apparent. The

presentation will rely heavily on the connection to N' =4 SYM.
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Chapter 3

Local-integrand representations

3.1 Introduction

In the last chapter we saw that Badger, Frellesvig and Zhang’s (BFZ’s) planar
five-point two-loop integrand [39] has spurious singularities in s13, s35 and trs
— these do not correspond to physical poles. Gehrmann, Henn and Lo Presti’s
integrated result [66] is singularity-free, so is there a better way of writing the
integrand that avoids these singularities?

Expressing amplitudes in a form manifestly free of spurious singularities can
lead to remarkably efficient evaluations. This is both because numerical stability
is improved but also because the analytic formulae are more highly constrained,
and thus likely to be more compact. The bases of integral functions obtained
through the multi-loop integrand reduction procedure are not unique and often
hide the properties of locality and universal infrared behaviour — we often say
that functions are local to indicate that they avoid spurious singularities. If one
could select a basis of master integrals with these properties manifest then the
reward could be considerably more compact amplitude expressions.

In planar N' = 4 SYM this problem has already been solved. The all-
loop integrand for scattering amplitudes in the planar sector of N' = 4 [36], [37]
generalises the BCFW recursion relations for tree amplitudes [74], [75] to loop
level, building amplitudes out of chiral integrals with unit leading singularities.
Amongst many other important properties, the presentation is local and makes
use of infrared (IR) finite integrals. This technique has been applied to a variety

of explicit cases, most recently to all-multiplicity two-loop amplitudes in planar
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3.2. One-loop local integrands

N =4 [76]. One naturally questions whether such an approach could be applied
in pure Yang-Mills theory where it is convenient to work in D # 4.

In this chapter we investigate the possibility of obtaining compact two-loop
planar QCD amplitudes free of spurious singularities using integrand reduction
and generalised unitarity cuts in D dimensions. Rather than constructing D-
dimensional local integrands from first principles, we use the all-plus sector’s
connection with N' = 4 to directly recycle the supersymmetric expressions into
all-plus ones. The result will be a partially-determined basis of master integrals
onto which we can fit cut solutions. In addition to the five-point case reviewed in
the last chapter we will also consider the planar six-gluon all-plus amplitude at
two loops, an integrated expression for which has been written down by Dunbar
and Perkins [61H63]. The resulting amplitude expressions are free of unphysical

poles before integration and have a remarkably simple infrared structure.

3.2 One-loop local integrands

Here we discuss some one-loop applications of D-dimensional local integrands. As
the relevant integrals and amplitudes are already known we can recycle results
from the literature; in the next section we will review D-dimensional unitarity

which will enable us to study two-loop examples.

3.2.1 The box integral in D =4 — 2¢

To motivate our discussion of local integrands we begin by considering the scalar

box integral:

P Qf[) :i% (E% (=)™ + (=t)) — In® (;) _ 7r2> T O®).  (3.1)

The € pole structure is entirely due to IR divergences from soft regions, such
as when ¢ — 0 or £ — p; — 0, and collinear regions, such as when ¢ approaches
collinearity with p;. The possibility of simultaneous soft and collinear divergences

gives leading poles at O(e?).
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3.2. One-loop local integrands

The box integral can be rendered finite by introducing a local numeraton]

() = 17 (X)) meate = pote - ). (32)

This numerator vanishes in all of the soft and collinear regions | To see explicitly

that the new integral is finite we evaluate the Dirac trace
1 1
b4 (10 = p)(€ = p12)3) = 5 tr(1(0 = pa)(€ = p12)3) + Str5(1(C = p1) (£ = p12)3)
s 1
(€ =po)* = 5(L+pa)° = 5trs(1230). (3.3)

The spurious tr; term integrates to zero. When the propagators are cancelled
against their counterparts in the denominator the new box integral becomes a

linear combination of scalar box and triangle integrals
A L s1
ID
(L)

st Nt S n t 2\ s 3\t 4

:_[D __[D __]'D __]'D __]'D
2 (3]:[2> 2 (=<(2> 2 <=<(3> 2 =<(4 2 =<(1

— —@%F (m? (;) + w2) +O(e). (3.4)

Here we have used the scalar triangle integral

e (=<() - —ii—g(—s)_l_e. (3.5)

The regulated box integral is also known to satisfy a dimension-shifting for-
mula [49, 50):

= Cﬁ:) = (=1 + 26)u(4n)*P+? C]f[:) (3.6)

where v = (p; + p3)?. IR finiteness follows trivially as the box integral is finite in

six dimensions.

!The “wavy line” notation was first introduced by Arkani-Hamed et al. to denote local
integrands in maximally supersymmetric N' = 4 [36] [37]. This connection will be explored in
the next section.

2 D-dimensional Dirac traces are formally introduced in appendix
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3.2. One-loop local integrands

3.2.2 One-loop all-plus amplitudes

To continue our motivation of local integrands we now rewrite the planar five-
and six-gluon one-loop all-plus amplitudes into such a representation. Our
starting point is the local all-loop integrand for scattering amplitudes in the
planar MHV sector of N' =4 SYM [36] [37]. These supersymmetric expressions
are by now quite familiar and, amongst many other interesting properties, they
are known to exhibit simple IR behaviour. To use them in the context of all-plus
Yang-Mills theory we will use the dimension shift reviewed in section this
amounts to replacing the supersymmetric delta function 6%(Q) with (D, — 2)u*
in the all-plus integrand.

The momentum-twistor formalism used to write the N = 4 expressions
seemingly ties them to four dimensions so we begin by translating to a manifestly
D-dimensional language. Full details of the procedure up to two loops are given in
appendix [B}, for now we merely notice that, at one loop, pentagon integrals always
operate on twistor brackets involving loop momenta. These twistor brackets are,
up to a helicity-dependent scaling, equivalent to Dirac traces with a positive

projector:

1, ‘ . . . . .
j:?; ~(AB|(i — L, i+ 1) N (J — 1,5, + 1)) ~ tro(ilelyj).  (3.7)

Y

The only other one-loop integrals used in the four-dimensional local integrands
are scalar box integrals.
With this correspondence in mind we define D-dimensional regulated pen-

tagon integrals as

1’ (j:%) [P(pi, 0, 1*)] = 17 (j:%) [t (i0uly 7)) P (pis €, 117)] (3.8)

which is consistent with the definition we made for the regulated box in eq. (3.2)).
This “wavy line” notation is similar to that used by Arkani-Hamed et al.: it has

the same property of controlling IR divergences.
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3.2. One-loop local integrands

The five-point one-loop all-plus amplitude (2.6b)) can now be re-expressed as

D1+ ot a+ 4+ =+ (Ds —2)
AW (1+ 2+ 3% 4% 5%) = <12><23><34><45><51>>< (3.9a)

(<0200 (o) = ()t = o (1)

and the six-point amplitude as

D1+ ot a+ 4+ =+ g+ — (Ds —2)
AT, 27, 3747, 5,6Y) = (o a5 o) (o1

(— tr. (123456) 17 (:):;(z) [15] + %]B CQ}) 1] (3.9b)
L e (13(445)6) (Q) i 4 e 2A5(6D) ( j?) "
— 51256117 (j:[:) (1] — s235305 17 ( j:[:) 1] = 53454517 (j:[i) W]) )

both of which include parity-odd terms. The hexagon integral, being a

D-dimensional contribution, is not present in the four-dimensional N' = 4
local integrand presentation. We obtained its value from the D-dimensional
presentation of the (parity-even) part of the same A = 4 amplitude given in
ref. [57]. Upon integration, we have checked that the above expressions agree
with eq. . The main difference here is that, whereas the representations
given in eqgs. (2.6) made use of u® pentagons, we instead use Dirac traces —
this keeps power counting of loop momentum within the expectations of pure

Yang-Mills theory. Besides the hexagon and box integrals (2.8)) we also need

1P (j?) ('] = —mszj + O(e). (3.10)

Spurious poles in s;; associated with pentagons all cancel.
One can also infer this cancellation of spurious poles, and therefore the locality

of the amplitudes, to all orders in € by considering the unintegrated expressions.
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3.3. Review: D-dimensional unitarity

For instance, in the pentagon integral from eq. (3.9al) the identity (1.11]) gives

tr+ (1345)

513

Similar relationships are applicable to the six-point pentagon integrals. Therefore
the integrands are all local despite there being unphysical kinematic variables in

the denominators.

3.3 Review: D-dimensional unitarity

So far we have not reviewed the methods used to find two-loop all-plus integrands;
in the previous chapter we merely discussed their physical properties at four and
five points. As our intention is to find new two-loop results we will now outline
the relevant techniques; these are applicable to both this and the next chapter.
In this thesis we use a multi-loop integrand-reduction algorithm [39, [77-81]
which uses multivariate polynomial division to find integrand representations of
two-loop amplitudes. The algorithm was successfully used by BFZ to derive their
planar five-gluon two-loop all-plus integrand . This section is intended as a
brief overview of the approach; we encourage the reader to refer to the literature

for more detailed information.

3.3.1 Integrand reduction

A generic contribution to a planar loop amplitude may be expressed, by means

of integrand reduction, as a sum of irreducible integrands:

P(pi, iy i) Ar(pi, 4;)

L Qapit) ~ 2= Tlocr Qulpin )’ (3.12)

where the sum T runs over all the subtopologies of the parent topology. To
achieve this, one expands the numerator P into a (possibly vanishing) irreducible

component, A, and terms multiplying the propagators Q, of topology T":

P(pi: bi, i) = A(pi, &) + Z kr(pi) (H Qa(]%&')) : (3.13)

agT
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3.3. Review: D-dimensional unitarity

The procedure is not unique, and the notion of irreducibility will be more carefully
explained below. The terms proportional to propagators may then be cancelled
against those same terms in the denominator. By proceeding in this way through
all subtopologies, one arrives at the decomposition . Of course, some of the
irreducible numerators A7 obtained in this way may simply be zero.

This prescription could of course be applied to a colour-ordered Feynman-
diagram expansion of the integrand. However, it is often more convenient to
determine irreducible numerators As directly from generalised unitarity cuts.
One evaluates the integrand on values of the loop momenta satisfying the

multiple-cut conditions {Q, = 0,a € T'}. Explicitly, (3.12]) is rearranged into

P(pi,fw ,Ui) AT/(]%&) .
Ar(pi i) = - , ifaeT 9,=0.
’ (HﬁgT oF (i, li) TZ:DT ngT/\T s (pis ;)

(3.14)

Making the distinction between the cut associated with a graph 7" and the
irreducible numerator associated with the same graph is crucial for understanding
this construction. The irreducible numerator contains only that information
which is required on the cut associated with 7', and which is not captured by
irreducible numerators of graphs 7" that are “larger” than 7T, in the sense that
the propagators contained in 7" are a proper superset of the propagators contained
in T'. In other words, by applying the cuts in a top-down approach we can isolate
each topology systematically subtracting the higher-point singularities.

With the propagators on shell, the cut integrand P factorises into a product of
tree-level amplitudes. These tree-level amplitudes must be evaluated in D > 4 in
order to extract the p;; terms. At two loops the minimum embedding dimension
is six so we make use of the six-dimensional spinor-helicity formalism [82H84]. The
D = 6 dimensional cuts can be dimensionally reduced to the tHV or FDH schemes
by considering additional scalar loops [27]. We include Ds—D contributions with

a single scalar loop and (Ds — D)? contributions with two scalar loopsﬁ

Ar = A%P) (D, — D) ALP + (D, — D)2 ALP, (3.15)

3The analogous one-loop statement is that Ar = A%’D) + (Ds — D)Agf’p), where the
minimum embedding dimension is D = 5.
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3.3. Review: D-dimensional unitarity

The full reduction procedure starts from the top-level topology and recursively
proceeds to lower topologies. At each step, the previously-computed irreducible
numerators are used to remove poles appearing in the cut numerator.

The external kinematics can be conveniently parameterised in terms of
momentum-twistor variables [85]. In our implementation the six-dimensional
spinors are evaluated directly in terms of the explicit parameterisation given in
ref. [86]. In the case of the six-gluon tree-level amplitudes appearing in this work,
we obtained the results through BOCFW recursion relations[f| This approach is
particularly convenient since it can be applied both numerically or analytically.
We have made use of the ability to evaluate using rational numerics to reconstruct
the full analytic form of the cuts in cases where factorisation of intermediate

polynomials became computationally expensive.

3.3.2 Irreducible numerators

For a kinematic numerator Ar(p;, £;) of some diagram topology 7" to be considered
irreducible, it must be expressible polynomially in terms of a set of scalar products

(1,22, ...,x,) of loop momenta known as irreducible scalar products (ISPs):

Ar(pi, b)) = Z ciliQ...inxzfx? e xfz", (3.16)

where the upper limits in this sum remain to be determined. A set of ISPs
may be chosen for each topology individually: their defining property is that
it is not possible to express them polynomially in terms of the propagators of
that topology. The only other requirements are that (i) they should be linearly
independent and (ii) there should be enough of them to capture all possible loop-
momentum dependence.

The ISPs will, however, satisfy quadratic relationships between themselves
and the propagators. These relationships can be derived using 5 x 5 Gram
matrices: the determinants of these matrices vanish when acting on strictly four-
dimensional vector arguments. One should insert various combinations of external
momenta p;, orthogonal directions w;;, and four-dimensional components of loop

momenta /; to obtain all independent relationships.

4We are grateful to Christian Brgnnum-Hansen for providing his Mathematica code for the
evaluation of 6D amplitudes via BCFW recursion.
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3.3. Review: D-dimensional unitarity

The monomial coefficients of ¢;,;,..., should be linearly independent, so
these quadratic relationships between ISPs must be taken into account when
determining the limits of the sum in eq. . A useful technique for determining
a valid set of limits is polynomial division with respect to a Grobner basis of
the quadratic relations. While we will not review this method here, a good
introduction may be found in ref. [81]; in ref. [78] the strategy was developed into
the public code BASISDET.

As explained above, generalised unitarity allows us to evaluate irreducible
numerators on a set of generalised unitarity cuts, in which case all the propagators
of the topology in question are set to zero: Q. (p;,¢;) = 0 for a € T. In this case,
the remaining degrees of freedom can be parametrised through a set of parameters
7;. On the cut [39] 7]

AT(pia gi)’cut = Z djljz"-jnlengQ T Tgn' (317)

j17"'7jn

Inserting the constrained loop momenta into eq. (3.16) then allows us to set up

a linear relationship between the coefficients,
d=Mec, (3.18)

where ¢ and d are vectors of the coefficients given in eqgs. and
respectively. As shown in [39], there is only ever a single branch to the set of
solutions to the on-shell equation in D dimensions, which simplifies the inversion
of the system in eq. to find the coefficients ¢; ..., -

To illustrate these points, consider the one-loop box for some arbitrary
external helicity configuration. Scalar products of the form ¢? and ¢ - p; are not
ISPs as we can write them as linear combinations of propagators. For instance,
{-pp = %62 — %(ﬁ — p1)%. We refer to these objects as reducible scalar products
(RSPs). The only other possible dependence on loop momentum is through
p? and € - wya3, where wies is the spurious direction orthogonal to the external
momenta ((1.7). They are linearly independent, and therefore valid ISPs.

These two ISPs do, however, satisfy a quadratic relationship:

(€ - wiz3)® —p® = linear combination of ¢, ((—p;)?, ((—p12)?, ((+ps)®  (3.19)
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3.3. Review: D-dimensional unitarity

because only five degrees of freedom exist in the D-dimensional loop momentum
¢: the four propagators and two ISPs must therefore be related. The precise form
of eq. (3.19) follows from the vanishing of a Gram determinant:

l
det G D1 P2 Pz Wiz ) =0 (3.20)
p1 p2 ps wizg L

where the four-dimensional part of the loop momentum ¢ is eliminated using

P =0+ p%2and (-v="{ v (vis any four-dimensional vector). So we can write

a4 ¢ 41
A( j:[ ) = coo + Corl - wizs + cropt” + i1 p”l - wiog + caop’ (3.21)

2

if we assume that loop-momentum power counting is capped at four powers. All
monomials are linearly independent.

It remains to determine the coefficients ¢;;. So now let us suppose that we
know the box numerator on its maximal cut. We parametrise loop-momentum
dependence on a single branch of solutions to the multiple cut conditions:

i p
= T%—<4|é 1] -1+ T)%—ulé |4], p = %tr(l +7), (3.22)
where the four cut conditions (2 = (£ — p;)? = ({ — p12)? = (£ + ps)? = 0 have
left one degree of freedom, 7. Notice that taking the limit D — 4, which involves
sending p? — 0, breaks this solution into two branches: 7 =0 and 7 = —1. We
find that ¢ - wya3 = 5t(1 + 27), so can be decomposed on this cut into

>(F)

where, for instance, dy = coo + %tcm. Having determined this expression from

=> (3.23)

cut i=0

on-shell data, we can invert to find the coefficients c;;.

This simple example exposes a drawback of using irreducible numerators:
they are still to some extent arbitrary. Different choices of ISPs give different,
but equally valid, sets of As. In this thesis we explore how specific choices of
ISPs, satisfying additional properties to the ones described above, allow us to

expose physical properties of the amplitudes.
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3.4. Two-loop local integrands

3.3.3 Local integrands as ISPs

In this chapter we will use the local integrand structures introduced in the
previous section as a partial basis of ISPs. When deciding what specifically to

use for a given topology we follow a set of guidelines:

e the infrared pole structure of the amplitude should follow from its integrand

representation,

e the integrand should not contain spurious singularities with respect to the

external invariants,

e an n-point integrand should match the (n—1)-point result when taking soft

limits of the external particles.

We will show how the infrared poles can be extracted from the integrand in
section As we shall see, this leads to an integrand form for the all-plus
amplitudes presented here with a significantly lower number of non-vanishing

terms compared to the ones presented in chapter

3.4 Two-loop local integrands

In this section we present the leading-colour parts of the two-loop all-plus five- and
six-gluon scattering amplitudes. While the five-gluon numerators were already
written down in egs. , here we show how a local-integrand presentation
allows us to write this result more compactly and eliminate unphysical poles
before integration. The same functions of extra-dimensional components Fi, F3
and Fj, given in eqs. (2.14a)), (2.14b)) and (2.14d]) respectively, are still useful for

writing these results.
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3.4. Two-loop local integrands

3.4.1 The five-gluon integrand

The five-point numerators are

Nt sastr (161 — p1) (41 — p12)345) 4
A<4):E§'2) - et +(12><23§)(34><45>]Z51>3 : ’ (8:242)
N 812345315F1
A(EEC) = e o ey
N t1"+ — p1) ({1 — p12)345) S15 + (01 + 3)?
(]><>) s (5 )

(3.24c)
(B0 -

(3.24b)

34) (15 (51) (8:24d)

X (tr+(1245)(F2 + F3) + (tr+(123€1€2345)

512545

+ (s12845515 + (812 + S45)t14 (1245)) (41 + €2)2>> )

of which the first two are genuine two-loop topologies. Two of the numerators
given in section [2.5|are now zero: these are the one-mass double box and one-mass
double triangle, given in eqs. and respectively. Their contributions
have been absorbed into other topologies.

In this new presentation, both genuine two-loop topologies match their
counterparts from the A/ = 4 all-loop integrand. The procedure for translating
these supersymmetric expressions to the D-dimensional language used above is
the same as that outlined in section and elaborated on in appendix [Bf we see
that the supersymmetric delta function §%(Q) is indeed now replaced with the D-
dimensional prefactor F;. However, we also notice that, even when there are no
supersymmetric counterparts to the diagrams, the same local integrands involving
Dirac try objects continue to be a useful means of expressing loop-momentum
dependence.

When forming integrated expressions the rearrangement of Dirac tr, objects

demonstrated in eq. ((1.11)) allows the use of regulated pentabox and box-triangle
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3.4. Two-loop local integrands

integrals:

D RS2 Systry ) ATy
! A():Q)] - <12><23>Z34>(<1j)54>5<51>313] (t@) £, (3.250)

b 5\l L1} B 1
! _A(JX? )] = (1223 B0 1) 50) (3:25)

. (1345) (e ., (1345) ) (e 2
><< e W (F)+ =1 ]>¢- [F3(6 + )7 ).

3 3

The two-loop “wavy line” notation used here follows precisely the same one-loop

conventions introduced in egs. (3.2 and (3.8)).

As a final remark on this local representation we notice that the soft limits of
the irreducible numerators match directly onto the four-point numerators. For

example,

A<]€>Z<>) P20, A(]S{[) (3.26a)
A(s]%é[l) 30, A(5]Z>M<O’ (3.26b)

which can be checked by explicit evaluation and comparison with (2.15b]).
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3.4. Two-loop local integrands

3.4.2 The six-gluon integrand

With six gluons scattering there are twelve nonzero topologies. The six genuine

two-loop topologies are

0%\ siatry (16 — 1) (f — pi2)34(6 — pso) (C2 — po)6) F
A(@:}) (12)(23)(34) (45) (56) (61) S

A (6 ezfl d > 556tr+gi§zlj56>)gg>lzgl>7 (3.27Db)
() - i b
D
( 812845;2&13?5@ 61y’ (3270
A(]Z:6:(> = <12><2§>1§§j15>s<1354§156><61>' &2

3

With the exception of the hexagon box these agree with their su-
persymmetric counterparts. The hexagon box is a manifestly D-dimensional
contribution; to obtain its value we again referred to the D-dimensional
presentation of the (parity-even) part of the supersymmetric amplitude given
in ref. [57]. The six-leg pentabox has a counterpart related by symmetry
through the horizontal axis, an expression for which can determined by relabelling
the one given above.

The one-loop-squared numerators are

SN\t (16— p1) (6 — pi2)34(L2 — pse) (ba — ps)6)
A(%)‘ (12)(23) (34) (45) (56) (61) "

(F2+F38123+Sil3+£2 > (3.28a)
N v, (123456) 111 PRaC 05)?
A(]X:Q = oy Gy ) 56 ( o )
(3.28h)
e\t (1(l — i) (6 — pias)A56) 556 + (01 + £5)?
A(W) ‘t?12><23><]§4><45><§6><61> <F2+F3 o )
(3.28¢)
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3.4. Two-loop local integrands

one i\ try (1(6 — p1) (41 — p12)3) .
A (]><>> ~ T12)(23)(34) (45) (56) (61)513 (t B0+ 1)

Fy

+

(tr+(134€1€2456) (3.284)

5123556

+ (8123tr+(1356) - 856tr+(1346)) (61 + fg)Q)) s

6. L2 L1 1 1 F3
2(330) = wmEnmEeEy (= 00+ R+

( — 812t1"+(134€1€2456) — 356tr+(123€1€2346)

+ 8123tf+(12(3+4>€1£2(3+4)56) + 834/,612t1'+(123456)
tr+(2345)

523545

+ (834 + S1923 ) tr+(123€1€2456)
+ (312356tr+(1346) — Syopsaatrs (1256) (3.28¢)

+ 8123(812856816 + (812 + 556)tr+(1256))> (61 + €2)2) ) s

5y 2§ 01,1 1 Fy
5 (4]>g|,<[2> - (12)(23)(34)(45)(56)(61) (tr+(1245)(F2 TR+ 51254551235345 .

(f0(123456;€1 — p1, b2 — ps) + f1(123456; £, — p1)

— f1(216543; 61 — p1) — f1(456123; {5 — ps)

+ f1(543216; £y — p5) + f2(123456; €1 — py, l> — ps)

+ f2(456123; by — p5, €y — p1) + f3(123456; 1 — p1, bo — p5) S123
+ f3(456123; €1 — p1, o — ps) S35 + (01 — p1)? f2(123456)

+ (ly — ps)? f4(456123))). (3.28f)
The s13 pole in the six-leg box triangle (3.28d)) can be removed using trace
identities — we write the expression this way for compactness. The graph has

a counterpart related by symmetry through the horizontal axis. The expression
for the six-leg double triangle (3.28f)) is somewhat less compact: the functions f;
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3.5. Infrared pole structure

can be expressed as

f0(123456, 51, 62) = — 81238345tr+(1245)2 + 2(61 . 62) (81281235345t1‘+(1245)

+ 34531233345tr+(1245) + 8128458345tl"+(1346)
— S5u5t4 (1236)tr (4563) — sy05tr, (1236)tr (4563)

+ S128455123t14 (5326) + 812545512352345345)

— p12(S123 + S345)try (1236)tr (4563), (3.29)
f1(123456, 0) = — s123(S12845856t11 (£ 234) + s19834t1, (£ 23654 )

+ 5128345t (£ 24654) + s345tr (£ 2451245)), (3.30)
F2(123456; 01, £3) = $10553a5tr5 (123 1 0o 345) — s4553a5tr, (123 01 £ 346)

— S128123t14 (623 €1 (5 345), (3.31)
£2(123456: €1, 0) = tr (123 £, 5 65436), (3.32)

f4(123456) = s193(S458345tr 1 (1245) — s12845t14 (2653) + S195345t14 (4563)
+ s12845tr4(5326)). (3.33)

This integrand obeys the soft limits on p3 and pg:

RO o
RO =) o

which can be checked using spinor algebra.

3.5 Infrared pole structure

As discussed in section [2.6] since the all-plus tree amplitudes are zero the universal

IR structure should be that of a one-loop amplitude:

AP (1 2% oo ) (3.35)
=1 Z 5i,i+1ID <=|< )A(l)(1+’ 2+7 e ,TL+) + F(2)(1+7 2+a e ,TL+),
P i+1
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3.5. Infrared pole structure

where F(? is finite in the limit € — 0. This is precisely the same as eq. — we
have simply written it in a more suggestive form using the triangle integral .

Reproducing this behaviour requires us to find the IR divergences up to O(e!)
in all of our two-loop integrals, like the decomposition we gave for the double box
in eq. . As we shall see, the two-loop integrals can only contain a single
soft divergence, rather than a double-soft divergence. This enables us to break
them into sums of regions with soft singularities and evaluate them in the various
limits. The integrals then factorise into products of one-loop integrals, which it is
unnecessary for us to evaluate explicitly. Local integrands are a crucial element:

using them enables us to get the subleading 1/¢ poles as well as the leading 1/¢2.

3.5.1 Soft limits of two-loop integrals

All IR-divergent integrals in our two-loop amplitudes come from topologies

containing

Fy = (Ds — 2)(pa1pro2 + (p11 + ,u22)2 + 2u19(p11 + po2)) + 16(#%2 — [h11f422)-
(3.36)

As the external momenta p; live in four dimensions, going into any soft region
requires taking the (—2¢)-dimensional part of one of the loop momenta 62[726] — 0.
In this limit

250

(Ds — 2) i, Py Z—— (Dy = 2);. (3.37)

=29 50

Fy

Collinear limits also require 61[;726] — 0. The F| numerator therefore prevents any
divergences beyond O(e™?) as only one of the loop momenta can enter a soft or
collinear region at a time without F) vanishing.

Again taking the example of the double box, we find two soft regions by taking
the limit of either loop. We find a soft singularity whenever we have two adjacent

massless legs in one of the loop integrations. In each case, we factorise into an
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3.5. Infrared pole structure

IR-divergent triangle and a dimension-shifted box:

i (Sjﬁi‘() (7] 222 (D, — 2)1P (3):[) (14 1P (=<(> , (3.38a)
I’ (:jﬁi‘(;) (F] 227 (D, — 2)1P (3j>=> I C]:[:) LY. (3.38h)

Using the triangle integral given in eq. and summing these two regions,
we see that this reproduces the known result given in eq. (2.234), including the
subleading e~! terms.

Now proceeding to five external legs, we notice that the introduction of local
integrands renders many seemingly soft regions finite. Taking the regulated
pentabox integral as an example, we notice that the integral has only one soft

region: /5 — ps. In this limit,

e ()ﬁi) (7] 227 (D, — 2)1P <]>=) P <Q> . (3.39)

The other two supposedly soft limits ¢; — p; and ¢; — pyo are finite as the
numerator try (1(¢; — p1)(¢1 — p12)3) vanishes in these regions - this is the same
phenomenon as we saw in the regulated box integral .

Having numerically evaluated the regulated pentabox integral using FIESTA’s
numerical sector decomposition algorithm [69, [70], we find that the decomposition
(3.39) correctly predicts the IR structure at O(e™!) as well as the leading 1/€
pole. The decomposition must therefore be accounting for collinear as well as
soft singularities. This property does not hold true for a scalar pentabox integral
with its additional soft regions ¢; — p; and ¢; — po - in that case the same
technique correctly predicts only the 1/e? pole.

The only other IR-divergent five-point integral is the five-leg double box. This
integral has two soft regions: ¢; — p; and 5 — p5. The same procedure reveals
that

P Cjéje:() [F1] = (D, — 2)x

3

(ID (5j>=) v O:[I) ] + 1P @:O 1P <=<() > +O(0). (3.40)
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3.5. Infrared pole structure

At six points, the genuine two-loop integrals are

(R il = (0. - 227 (<) 12 (X ) 01+ 0.

7 iﬁi‘i‘() [F] = (D, — 2)x (3.41f)

({3 ( o () o

where we have checked all topologies with 8 or fewer propagators using the sector
decomposition algorithms implemented in FIESTA [69] [70] and SecDec3.0 [71].
In the “hexabox” integral (3.41b]) the extra u;; term regulates the ¢; loop. In

this sense it plays a role analogous to the tr, “wavy line” structures used in the

pentagon integrals.

3.5.2 Integrand-level infrared structure

The IR divergences in the two-loop integrals given above all arise from unregu-

lated box subintegrals. Therefore, as the butterfly-type integrals are all finite, the

e poles all come from triangle integrals. This observation explains our decision

to rewrite the universal IR factorisation (3.35)) in terms of triangle integrals, and

motivates a simple approach to verifying the universal IR structure.

In the five-point example we proceed as follows. First we take the full two-

loop amplitude and substitute the IR divergences given in eqgs. (3.39) and ((3.40)),

42



3.5. Infrared pole structure

summing over cyclic permutations:

(12)(23)(34) (45) (51) AP (1%, 2%, 3% 4+ 51)

—i Y {%1(31345)113 C)‘Eﬁ'&z) [F] — $1250551517 Cj‘iﬁ() (B + - }
TS {—845“; 099 1o (o0 ()
e (o () ()

+ O(e"). (3.42)

Next, we exploit the sum on cyclic permutations to relabel the box integral with

a massive po3 leg:

(12)(23)(34)(45) (51) AP (1F 2% 3% 4% 5T)

— i(Dy —2) UGZZ {345113 C]>=) (U*S%@[D CQQ) [14] (3.43)
— sp3saal” (j:(z) '] = s108151"7 (j:[:) W]) } +O(),

where we have extracted an overall triangle integral inside the sum, together with
s45. The term in brackets we recognise from eq. (3.9a) as the planar five-gluon,
one-loop all-plus amplitude (multiplied by some extra factors) — this is of course

invariant under cyclic permutations. Rearranging, we arrive at the desired result:

5 )
AP (1% 27,37 4% 55) =i 555017 <=<(
=1

it 1

)A“)(l*, 2,3%.4%,5%) + O(<"),
(3.44)

which agrees with our expectation from eq. (3.35]).
The six-gluon calculation is completely analogous. By applying the IR

singularities given in egs. (3.41) to the integrated versions of the six-point
numerators presented in eqs. (3.27) one can reproduce the one-loop amplitude

as presented in eq. (3.9b)).
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3.6. Rational terms

3.6 Rational terms

The integrated forms of the finite contributions to the leading-colour amplitudes

are

FO@t 2t ... n*) = (D, —2)PP® + (D, — 2)’R? + O(e), (3.45)

)

where F®) was introduced in eq. (3.35). The rational terms R'? all come from
the one-loop-squared topologies while the polylogarithmic terms Pf) come from
the topologies shared with A/ = 4. These have been identified by Dunbar, Jehu
and Perkins [63] [

The rational terms can be found using the one-loop-squared integrals listed
in appendix [C] Inserting these expressions into our D-dimensional integrands we
find that RéQ) precisely matches the rational part of the full amplitude given in
ref. [66]. At six points we find that RéZ) can be written asﬂ

2 _ 1 i(Ds —2)°

™ = 144 (12)(23)(34) (45) (56) (61) (47)1-2¢ 2 {f #(123456) + f R(654321)}’

oEZg

(3.46)

which makes its cyclic and reversal symmetry manifest. The function fr can be

written as a sum of contributions corresponding to physical pole structures in the

5We have not explicitly checked that the finite part our expressions match those obtained
in ref. [63] owing to the complexity of the multi-scale two-loop integrals appearing. The (N =
4) x Fy property has been explicitly checked at five points and we have no reason to expect
different behaviour at six points.

6The integrands of eqgs. should be combined together with the appropriate
symmetry factors. The complete expression is available in an ancillary file included in the
arXiv submission of ref. [IJ.
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external invariants

fR(123456)
2 tro (1256 tr. (1236
_ 2smssastr (1256) | try (1236) (— 4593834 + 2tr (1345) + 6tr+(2345))
5125565123 5125123

1
+ — ( - 12834t1‘+(1236) - 334tr+(1256)
5123

+ 3(812 + S34 + 856)t1"+(1346) — 16812516834)

_ tr+<1245)2 + tr+(1256)

512545 512556

( — 2try (p14345) — 2tr+(1256)>

1
-+ 5_ (2(816 — S34 + S45)t1'+(1234) -+ 2(823 — 834 + S45 — 5123)tr+(1235)
12

—+ 2(823 + S45 — 35123)tr+(1245)>

1 1
— 1812(59823 — 8534 — 56545) + 18123(—4812 — 4823 + 39834 — 408234)

9 35 15
4t (1234) 4+ ~tr, (1235) + —tr (1245). (3.47)

We have checked that this expression satisfies all universal collinear limits and

agrees with the computation of Dunbar and Perkins [62].

3.7 Discussion

In this chapter we have explored the use of D-dimensional local integrands
as a means of obtaining compact analytic representations of multi-leg two-
loop amplitudes. The integrands, introduced in studies of planar N = 4
supersymmetric Yang-Mills, were shown to be powerful tools in the context of
dimensionally regulated amplitudes. The all-plus sector proved a useful testing
ground: we found D-dimensional local representations of the five- and six-gluon
amplitudes.

The representations benefit from highlighting certain physical properties. The
infrared structure is manifest at the integrand level and the integral coefficients
are free of spurious poles. This results in a reduction in the number of basis
integrals, thereby constraining the overall analytic form of the amplitude. The

rational terms result from one-loop squared topologies and were obtained in a
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3.7. Discussion

compact form — at six points this is in agreement with the expressions obtained
by Dunbar and Perkins using augmented BCFW recursion relations [62].

Finding expressions for the one-loop-squared topologies, which depend on a
six-gluon tree amplitude, proved the most complicated part of the computation.
Though it was possible to find a number of different local representations,
none were as compact as the other topologies. The extremely simple form of
the integrated expression suggests that the integrand expression could yet be
improved further. An important additional check on the integrated expression
came from the known collinear limits. It may be that collinear limits at the
integrand level give additional information but would require the development of
additional technology.

General two-loop amplitudes are of course far more complicated than the
all-plus amplitudes considered here. Nevertheless, the techniques we have used
should be applicable to the general case as well. There remain many open
questions however: for instance, one would need to identify a complete basis
of local integrands outside of the specific examples considered.

Finally, we note that the present study was restricted to planar amplitudes.
In the next chapter we will discuss subleading colour: we will see how the
nonplanar sector can be connnected to the planar sector using colour-kinematics
(BCJ) relations. An interesting question that we shall return to later is whether
the results presented here may be of use in identifying local representations
of nonplanar amplitudes. It would be interesting to see if all-plus amplitudes
continue to connect with recent studies in N/ = 4 supersymmetric Yang-Mills
theory [88-91].
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Chapter 4

Colour-dressed representations

4.1 Introduction

In this chapter we further develop our understanding of two-loop all-plus
amplitudes by exploring the nonplanar sector. In particular, we complete
the integrand-level computation of the two-loop, five-gluon, all-plus helicity
amplitude.

There are two major aspects to this work. Firstly, in order to deal with
the increase in complexity of the full-colour amplitude, we introduce a method
to find compact colour decompositions that makes full use of the underlying
Kleiss-Kuijf (KK) relations [92]. This is similar to the previous treatment
at one loop by Del Duca, Dixon and Maltoni (DDM), which we reviewed in
section [2.4.3] The method is fully generalisable to higher loops and alternative
helicity configurations; indeed, it was recently described in more detail by Ochirov
and Page [93].

The second aspect is the determination of nonplanar cuts and corresponding
off-shell irreducible numerators. We find that all of the nonplanar cuts can be
obtained from planar cuts using the tree-level BCJ relations [41]. This allows us
to write on-shell expressions for the nonplanar irreducible numerators in terms
of the planar numerators. We restrict the form of our irreducible numerators
to ensure that the choice of ISPs and monomials satisfy the basic symmetries

required by our colour decomposition.
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4.2. Colour decomposition

4.2 Colour decomposition

An integrand-reduced colour-dressed two-loop amplitude has the form

dPe,dPe 1 Ap(a, pi, 4)
AP (a;, p; ”*2/ - (% pi b 4.1
n ((1 p) ig 27T 2D Z St HaeT Qa(p“ ) ( )

where a; are the external colour indices. Associated with each graph topology T’
in the sum is a symmetry factor Sy and a colour-dressed irreducible numerator
Ar; the latter are functions of the colour indices a; as well as the external and

loop momenta. Fach of these numerators has a colour decomposition

Arp(ai, pi, 4;) = Z cr(ai) Ar(pi, i), (4.2)

(o

where we must explicitly determine the permutation sum o on external momenta
and the associated colour factors cyp.

When such a colour decomposition is chosen it picks a set of colour tensors
describing the colour structure of the amplitude. At the same time, it specifies
an associated set of cut diagrams which must be computed. Each of these cut
diagrams is, in turn, associated with a unique irreducible numerator. Thus the
colour decomposition that we pick is of central importance, because it determines

the set of irreducible numerators that we need to calculate.

4.2.1 Multi-peripheral colour decomposition

Our algorithm is applicable to the general case of an L-loop Yang-Mills amplitude.
Following the generalised unitarity principle, we begin by writing the amplitude
as a sum over all colour-dressed cuts. Diagrammatically, these cuts consist of
vertices formed from colour-dressed tree amplitudes which are joined by on-shell
propagators. As discussed in section [2.5] at two loops the set of colour-dressed
cuts can be classified as genuine two-loop topologies and one-loop squared (or
butterfly) topologies, both shown in Figure .

The central idea is to build the loop-level colour decomposition using

knowledge of the underlying tree-level amplitudes. Instead of the standard trace-
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4.2. Colour decomposition

based decomposition ([2.1)), we find it convenient to use the DDM form [40), 60]:

o(n—1)

a(2)o(3)
AL =gn2 Y- c(l 1] ]| n)A(O)(I,U(Q),...,a(n—1),n). (4.3)

gESH_2

This is the tree-level equivalent of the one-loop DDM decomposition that we
introduced in section 2.4l

The main advantage of this form of the amplitude is that it contains (n — 2)!
colour structures, as compared to (n—1)! in the trace-based decomposition. This
fact helps to reduce the number of generated diagrams; in particular, an algorithm
based directly on the trace decomposition of tree amplitudes generates a larger
set of diagrams, some of which are rather obscure.

Each of the colour structures in the tree decomposition is a string of group
theoretic structure constants f*¢. For an n-gluon amplitude the decomposition
is constructed by fixing the position of any two gluons at either end of this string.
The (n —2)! permutations of the remaining gluons between the ends of the string
form the set of colour factors each of which is associated with a colour-ordered
tree of the same ordering. Pictorially, the colour structures look like combs.

It is straightforward to build the loop colour structure from these DDM tree
colour structures. The loop structure follows directly from the cut diagram: one
simply inserts the DDM trees at the vertices; propagator lines connecting trees
indicate that the ends of the DDM combs at either end of the propagator have
the same colour index to be summed over. Notice, however, that we must pick
two special lines in the DDM form of the tree amplitudes (corresponding to lines
1 and n in eq. ) These lines are on opposite ends of the DDM colour strings,
so one can informally think of this choice as picking two lines and “stretching” the
colour-ordered tree between these two ends. We make canonical choices of which
legs to pick as special, depending on the number of propagators that connect to

the three-point amplitude. These choices are:

e Two propagators

In this case, it is natural to “stretch” using the two propagators as the
special legs. Thus we build the colour structure by pasting a DDM multi-
peripheral colour structure between the two propagators. We must sum
over every ordering of the external legs. Pictorially, the operation is show
in the upper insert (a) of Figure
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4.2. Colour decomposition
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Figure 4.1: Inserting the DDM tree basis into the colour dressed cuts of a two-loop
amplitude. The upper insert (a) shows the simple case of two loop propagators, while
the lower insert (b) shows the case of three loop propagators. The sums run over the
permutations of the external legs in the tree-level amplitude.

e Three propagators

In the case of three propagators, we select two out of the three propagators
to be the special lines in the DDM presentation. Notice that this choice
hides some of the full symmetry of the diagram. In constructing the DDM
tree, the propagators we have selected must be at the end of the multi-
peripheral structure; we must sum over the positions of the other legs. The

result is a sum of diagrams, as shown in the lower insert (b) of Figure [4.1]

Four propagators

We again choose two propagators to “stretch” the cut amplitude into a
DDM tree. At two loops, we only encounter this case in the butterfly
topologies. We choose upper and lower propagators on the right side of the
diagram as special; by symmetry, the result is the same as if we chose upper
and lower propagators on the left of the diagram. The insert of Figure

sketches out the procedure.

In this way, we build a set of colour structures. The kinematic structure

associated with each colour structure is easily understood. Each time we insert

a particular DDM colour trace, we also pick up a factor of the associated colour-

ordered tree amplitude. Thus, the orientation of the legs in the kinematic

diagram, associated to an irreducible numerator, is the same as in the colour
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4.2. Colour decomposition
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(a)

Figure 4.2: Inserting the DDM tree basis into a colour dressed cut of a butterfly
topology at two-loops. There are four loop propagators in this case, and the insert (a)
shows the result of inserting the DDM tree decomposition fixing the two right legs.
The sums run over the permutations of the external legs in the tree-level amplitude.

structure; of course, the “stretching” procedure does not produce new propagators
in the irreducible numerator.

One advantage of using the DDM presentation of the amplitude at tree level
is that the KK relations are automatically satisfied. Our procedure recycles
this property to loop level: we automatically generate a set of colour diagrams
that is KK-independent. Along the way, we generate ordered diagrams for the

kinematics. The same procedure works at L loops; the amplitude is expressed as

A(L jLoLgnaL=2 Z /(

KK-independent
1PI graphs T’

) 1 er Ar(pi, 6 4)

ST HaET Qa(pu 2)7

where Sp are the symmetry factors of the graphs and the Ag are irreducible

numerators for appropriate colour factors ¢y generated through our algorithm.

4.2.2 Review: four-point, two-loop amplitude

To illustrate the above points we now briefly consider the four-gluon amplitude.
Our discussion follows closely that given by Ochirov and Page [93]. Based
on Bern, Dixon and Kosower’s (BDK’s) presentation (2.17) we should only
expect three nonzero numerators: the double box (2.15a]), the nonplanar double
box and the double triangle (2.15b). The full-colour amplitude is

(+24)r++—’ T ZID

0ESy
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4.2. Colour decomposition

where we have introduced appropriate symmetry factors and extracted the
permutation-invariant factor 7~ (L.4).

We seek a colour decomposition for each diagram. As the first two diagrams
have only cubic vertices their colour structures follow trivially by dressing with
structure constants. To find the colour factor of the double triangle we consider

its corresponding colour-dressed cut:
ANy, ¢ 1 4 1 ANy, ¢ 1 3 1 3 ¢ 1
Cut<]§<[>:c(]:]:()Cut(M)—i-c(]:l:[)Cut( >,
3 2 3 2 3 2 4 2 4/t 2

where, as shown in Figure 4.2 we have expanded the four-point tree in the DDM
decomposition and the legs on the right-hand side have been fixed. This suggests

that we should decompose the colour-dressed double-triangle numerator as

~ [A\y, o g1 4 1 ANg, 0 g1 3 1 3 gl
A(]}{[)zc(]ji)A(]}{[)Jrc(]j:E)A( > (47)

3 2 3 2 3 2 4 2 4/ t2 2
When inserted into the amplitude (4.5) the sum on permutations S, symmetrises

over these two terms; the double-triangle numerator is left with the colour factor

of a double box and a symmetry factor of 1/4. The amplitude becomes

im0 (X)) s (30)
0€Sy

+ %(@) A (@)] L (48)

which is BDK’s presentation ([2.17]).

4.2.3 Five-point, two-loop amplitude

Now we describe the colour structure of the previously-unknown five-point,
two-loop amplitude. We concentrate on the diagrams that do not vanish in
the all-plus case according to Badger, Frellesvig and Zhang’s (BFZ’s) planar
numerators and our calculations in section . An expression for the
generic five-point two-loop amplitude’s colour structure may be found in ref. [93];

it is given by a straightforward extension of the present discussion.
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4.2. Colour decomposition

Let us first write the amplitude and then explain its content in more detail.
The complete formula for the amplitude is:
2
Al

:ig7ZID

o€ESs

() (3 (Fcs) (et ) - 3o ()

, (4.9)

where our integral convention for I” was given in eq.. The explicit
symmetry factors compensate for the overcounts introduced by the overall sum
over permutations of external legs. For convenience, we recapitulate all these
A, in Table where for each irreducible numerator A; we also give its colour
factor and the set of its non-equivalent permutations.

The first three graphs (a)-(c) in Table4.1|are the master diagrams correspond-
ing to the maximal cuts. They are purely trivalent, thus their colour factors are
unambiguously defined by their proper graphs.

The next three graphs (d)-(f) have four-point vertices with two external and
two internal edges. The two external legs automatically enter in the permutation
sum with two possible orderings, hence multi-peripheral subgraphs are naturally
obtained by fixing the internal lines, as in the insert (a) of Figure[d.1] “Stretching”
the four-point vertex by these lines gives a master graph for each colour factor.

The following two diagrams (g) and (h) share the same graph structure, up
to the ordering of the four-point vertex. The apparent asymmetry introduced by
our selecting these two diagrams, and omitting the graph with the external leg in
the right loop, is an artefact of our colour decomposition. One could make other
choices; the KK relations satisfied by the trees and their symmetries ensure that

any choice is valid.
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4.2. Colour decomposition

Colour factors | Permutation sum

S5 /Vertical flip

S5 /Vertical & horizontal flip

Ss/Vertical & diamond flip

S5

S5/ Vertical flip

S5 /Diamond flip

S5 /Horizontal flip

Ss/Horizontal flip

HEBHHE oo HE

S5

S5/ Vertical flip

Ss

S5 /Horizontal flip

XX X% AHHAYH

S5 /Horizontal & vertical flip

Table 4.1: The irreducible numerators that are nonzero for the all-plus five-point two-
loop amplitude, along with their colour factors and reduced permutation sums.
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4.2. Colour decomposition

To expand the four-point vertex in graph (i) we fixed the internal lines of
the “diamond” subdiagram, hence its colour factor is ¢(Ja1), but with a minus
sign due to one flipped vertex. The other permutation of the four-point vertex
corresponds to the same topology and is present in the overall permutation sum
with the right permuted colour diagram.

The colour factor of the planar graph (j) follows in a straightforward manner
from our algorithm (see Figure , yielding c¢(Jx¥) as its colour factor. Its
descendant (k) is more interesting, since it is the only graph in the all-plus case
with two four-point vertices. They can be treated independently by linearity of
colour decomposition.

The last two graphs, (1) and (m), share a five-point vertex. To explain their

colour factors, let us consider the corresponding colour-dressed cut:

Cut <4]>|<[:> - (4.10)

3

() (Pel) (o (P

3

QPP (P ()
+() Cut (]><[) +() Cut (]><[)

We obtain the multi-peripheral decomposition of the five-point vertex by fixing
the two right-hand loop edges and permuting the other three edges. The
graphs in the second line can be vertically flipped to put leg 3 downstairs to
match the presentation in Table Obviously, an equivalent decomposition
could be achieved by fixing the loop edges on the left, which would change the
orientation of leg 3 in the superficially nonplanar graphs. The Ss-summation
in eq. (4.9) effectively symmetrises the colour structure over the two choices of
multi-peripheral decompositions.

In the present work we can avoid lower levels of the graph hierarchy thanks
to the simplicity of the fully symmetric helicity configuration, but it already

incorporates all the key elements of the general colour structure [93].
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4.3. Kinematic structure

4.3 Kinematic structure

With our colour decomposition in hand, we turn our attention to the kinematic
structure of the amplitude. We need to compute an irreducible numerator
associated to each diagram in eq. (1.9). For the planar numerators, BFZ’s original
expressions and the local integrands work equally well. Our task is
now to determine the nonplanar numerators. Of course, these numerators can be
computed directly from their cuts. However, as we will see, it is easy to determine
the complete set of nonplanar irreducible numerators for this amplitude from its

planar numerators and the knowledge of tree-level amplitude relations.

4.3.1 Nonplanar from planar

The nonplanar numerator A(JI1) can, of course, be obtained directly from its
cut using the procedure outlined in chapter [3} However, we can avoid calculating
this nonplanar cut explicitly by relating it to a planar cut. We do so in two steps:
first, we coalesce two (ordered) three-point trees into a limit of an ordered four-
point tree; then we use the BCJ relations [41] satisfied by the ordered four-point
tree to reorder the legs until the complete diagram becomes planar. The BCJ
tree identities will be explored further in chapter [5]

In more detail, we use the following well-known relation, which is satisfied by

on-shell amplitudes in the cuts:

AO(1,2,—(142)) AO(142,3,4) = {513 49(1,3,2,4)}|
4 1 4 1

>1—t—2< =< S13 xs : (4.11)

$12=0

512=0’

Since this identity is of central importance for us, we present a short proof. A
four-point tree amplitude can be constructed from two three-point amplitudes
using the BCFW recursion relation [74], [75]:

1. .
A9(1,2,3,4) = —AO(1,2, —(1+2)) AV (1+2,3,4), (4.12)
S12

where hat signs on the right-hand side indicate that the amplitudes are evaluated

on complex kinematics for some BCFW shift of external legs. The exact complex
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4.3. Kinematic structure

value of the shifted internal momentum (1/4—\2) is defined by the on-shell condition
§12 = S19 +taz = 07 (4].3)

where the precise expression for a depends on the particular BCFW shift. The
key point is that 315 is a linear function of z, with the property that in the limit

s12 = 0, z — 0. In this limit eq. (4.12)) becomes

{51249(1,2,3,4)} = A9(1,2, —(14+2)) A0 (1+2,3,4). (4.14)

s12=0

Notice that the left-hand side contains a nonzero contribution due to the pole in
s12. Now we can remove the factor of s15 on the left-hand side of eq. (4.14) by
using the BCJ amplitude relation [41],

s12A0(1,2,3,4) = 51349(1,3,2,4). (4.15)

This proves the identity (4.11]).
We proceed by applying our identity (4.11) to tree amplitudes inside the

nonplanar cut, rearranging the diagram until it becomes planar. It is simplest
to begin with maximal diagrams, and then to continue to topologies with fewer
propagators. We will work through the calculation of A(J3Y) as an example; we
computed all non-planar irreducible numerators using the same technique.

The calculation starts at the level of the cuts:

5. 2 U1 1 5 Lo b !
out( FTT )= — (¢ 2
«(FEC) s
4 2
0y £

= (0, + pas)? Cut( jj:( )

3

5 by 0 1
4 3 2 1 (01 +£24p3)2=0

: (4.16)

(£14+024p3)?=0

where we understand that all internal helicities are implicitly summed over while

all exposed propagators are cut. These cuts are decomposed into irreducible
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4.3. Kinematic structure

numerators as

5. 2 01 1 5. 2 G 1

Cut (4 ) _ A( ) (4.17a)
5. 2 4 1

Cut( | | | ) (4.17Db)

5 %2 1 1 1 5\ lo {11 1 542 01 91
- a(YTY +—A( ]:[}2>+—A(4{j:( )
(4 ! 2) (0 +pas)?  \a 3 (b2 + p12)? 3 2

Using the fact that (¢ + pss)? = — (¢ + p12)? on this cut, we see that

(L) - nra (X)) -2(3()
(4.18)

A similar calculation for the other nonplanar master leads to

0 £y 1 5\l £1_~1
A<5-<Z§-z) _ A( )j:}z) (4.19)

3 4 3
So far the obtained nonplanar numerators are valid only on their cuts, so it is
equally valid to write them in terms of BFZ’s irreducible numerators (2.18]) or

the local integrands ((3.24]).

4.3.2 Off-shell symmetries

We would now like to extend the expressions off-shell. As in chapter [3, we express
the numerators in terms of a given set of ISPs and then define off-shell numerators
unambiguously through these ISPs. The value of a given numerator depends on
the choice of ISP basis off-shell (in contrast to the situation on shell, of course). In
this way, we determine a valid set of non-planar irreducible numerators. Notice
that the ISP monomial choices made in the planar sector, such as the higher
powers of yi;; preferred over high powers of ¢; - p;, will then be easily translated
to the non-planar numerators.

When choosing ISPs, we might consider applying the guidelines given
in section [3.3 focus on the infrared structure and elimination of spurious
singularities at the integrand level. For now, however, we will satisfy ourselves

with a more basic approach; the open question of whether nonplanar local
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4.3. Kinematic structure

Graphs | ISPs RSPs

- (P5 —P4), (1, (51 —p1)2, ( p12)2,
L 61— o), B, (o= ps)?, (b — pis)?

(€1 — ls) - ps3 (6 + U + p3)?, (61 + £o)?

(0 +20) - (p1 —p3), | G5, (61— p1)?, (61 — p12)?, (61 — pras)?,
_Q' (01 + 20y) - po, 3, (L2 — ps)?,

(1 - (p5 — pa) (61 + lo + pa)?, (01 + £o)?

Table 4.2: The choices of ISPs and RSPs for the two nonplanar masters, where the
RSPs are chosen as the propagators of the respective graphs. Additionally, the higher-
dimensional ISPs p;; are shared by all topologies.

integrands can be found will be discussed at the end of this thesis. Our focus is
on maintaining the symmetries of the graphs in the off-shell continuation, which
we achieve by choosing ISPs on a graph-by-graph basis. We engineer the ISP
basis such that the loop momentum-dependence of each irreducible numerator is
captured by a set of ISPs, which map into one another under the graph symmetries
without using any cut conditions.

The symmetries of the maximal nonplanar graphs, for example, are

5. 2 41 1 4 2 1 A %2 5
Al T — A T N 4.2
() -2 -2 (=) o

A(i@ ) _ _A(ﬁ2> . A(ﬁﬁ?@e{s}}). (4.20b)

These symmetries motivate our choices of ISPs, given in Table 4.2 For instance,
the second symmetry in eq. (4.20a)) leads to a map of ISPs

b1+ (ps — pa) < Lo+ (p1 — p2),
(61 — 62) cP3 > —(61 — 62) - P3. (421)

After we express loop-momentum dependence in eqs. and ( in terms
of the ISPs of Table using the fact that the RSPs (cut propagators) are zero
on shell, we are left with appropriate off-shell irreducible numerators. These are
listed in the next section. Note that A(<Y), given in eq. , is not the
same as the pentabox irreducible numerator (either of them) despite the on-shell
equation (4.19): different ISPs are chosen to make different off-shell symmetries

manifest.
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4.3. Kinematic structure

We obtained irreducible numerators for lower-level non-planar diagrams in
the same way, using the BCJ relations on cuts and extending the results off shell.
For the all-plus amplitude at hand we find that many lower-level irreducible
numerators vanish. In other words, the higher-level numerators capture the

unitarity cut structure of the full amplitude, which is given below.

4.3.3 Nonplanar irreducible numerators

Here we present a complete summary of all kinematic numerators contributing to
the colour decomposition . As the relevant planar numerators have already
been provided, here we list only the nonplanars. They may then be assembled
into the full amplitude .

The two maximal nonplanar graphs are

N ! 512845 F1
A(42) = 4(12)(23)(34) (45) (51)tr (4.222)
x <323tr+(1345) (2512 — 46y - (p5 — pa) + 2(01 — o) - p3)
— s3atr(1235) (2545 —4ly - (pr — p2) — 2(4y — {y) 'pg)
- 4823534815(51 - 52) ']93)7
00 512523845 F71
A(@) = {12)(23)(34){45) (51t (4.220)

s
X (tr+(1345) (fl - (ps — pa) — §> + 315334545>,

where trs = tr5(1234). The nonplanar graphs at level 1 are

’ ' 51284511
A(4z) T 4(12)(23)(34) (45) (51 )ty (4.23a)

X (2503834515 — Sastry (1345) + saatry (1235),

< EA s12F
A(S . 3‘2) ~2(12)(23)(34)(45) (51 ) trs (4.23b)
X (823845tl"+(1435) — 315334tr+(2453)),

1

’ ? ! s3482%:tr, (1235) F
A<<Z) ) A() Cr T
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4.4. Checking the soft divergences

and there is only one nonplanar graph at level 2:

5042 f1y1 F3
AQ}Q) ~ 2(12)(23)(34) (45) (51 512 (4.24)

tro (1345)tr. (1235
) o,
513535

X ((345 — s19)try(1245) — (tr+(1245) —

t 1235 —
_ sastry (1235) (%.%43 LSS, p5>z)
S35 S45
t 1345 —
| st (1345) (%.wwg QT W) >
S13 512

We have found a representation of the full amplitude with no topologies with
fewer than six propagators. We note that there are nonzero cuts at the integrand
level, but the resulting integrals are scaleless and hence zero in dimensional
regularisation. We have checked additional cuts at levels 2 and 3 to ensure that
no nonzero topologies remain. To find an integrand with this property, the ISPs
01 w93 and f5-wsy3 in the level 2 numerator were upgraded to include terms

proportional to (¢; — p1)? and ({5 — ps)?.

4.4 Checking the soft divergences

Now that we have the complete five-point amplitude we would like to check its
infrared (IR) decomposition. We return to the full colour-dressed decomposition

given in section [2.6[ in this case we require that

cr 1 ¢
A=Y ( ) T, Tj0 Al +O(). (4.25)

Just like in the last chapter, reproducing this behaviour requires us to find the
IR divergences up to O(e71) of all our two-loop integrals. As we already know
the planar ones, our task is therefore to compute the nonplanar divergences. We
follow the same approach developed in section [3.5.1} factorise them into products
of one-loop integrals. Unfortunately, as was mentioned previously, the procedure
only correctly predicts subleading ¢! poles when local integrands are used as
numerators. As we do not have local-integrand based nonplanar numerators we

will have to be satisfied with the ¢~2 terms.
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4.4. Checking the soft divergences

As before, all of the poles of our amplitude are contained in the topologies
whose numerators are proportional to Fj. For instance, the necessary soft

integrals for the pentabox topology are

I ():[}) F)] = (4;)4 BZ : 5_2; o) (4.262)
” ()I}) P (fops)] = ey P =20 E5) oty (g o)

(47’(’)4 1281282362

where both integrals have three soft regions. The remaining integrals are listed
in appendix
We can rewrite eq. (4.25) in the leading soft limit as

5NCCF 1 —
2 QQASr)++++ +O(e7h), (4.27)

(2) —
Al =

where we have used

ZTi-Tj:<ZTZ»>2—ZTf (4.28)

i#]

together with Y, T; = 0 (colour conservation) and T? = N,. As we only need the
one-loop amplitude to leading order in € we can use its integrated expression
together with the one-loop DDM colour decomposition . We find that this
decomposition is indeed satisfied: clearly this is a weaker check than the full IR
poles, but it does require non-trivial properties of the nonplanar sector.

We could also consider checking the subleading ¢! poles in eq.
numerically, as was done in the original planar calculation [39]. But this is
computationally prohibitive for two reasons. Firstly, the full colour expansion
contains a large number of dimension-shifted integrals (~ O(1000)) — an order of
magnitude more than the leading colour terms. Secondly, there is no Euclidean
region for the complete amplitude, and so contour deformation must be performed
for many of these integrals, making them more complicated than the planar
cases. This task is probably achievable using FIESTA [69] or newer versions
of SECDEC [72].
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4.5 Discussion

In this chapter we have explored the impact of tree-level amplitude relations
in multi-loop integrand computations. There were two major aspects to our
work. Firstly, we exploited the Kleiss-Kuijf relations to find a compact colour
decomposition for the five-point two-loop all-plus amplitude in terms of multi-
peripheral colour factors in an analogous way to the tree-level and one-loop
decompositions of Del Duca, Dixon and Maltoni [40, [60].

Secondly, we applied the BCJ amplitude relations [41] to relate all non-planar
generalised unitarity cuts to the previously computed planar ones. This allowed
us to easily generate a compact representation of the full-colour two-loop, five-
gluon, all-plus integrand building on previous planar work [39]. The soft infrared
poles of the full amplitude were checked against the well-known universal pole
structure.

As with the local-integrand technology, we hope that the computational
methods developed here will be of good use in the necessary extension to more
general helicity configurations and other 2 — 3 scattering processes at two
loops. They highlight some advantages of relating two-loop integrands to tree-
level amplitudes via generalized unitarity cuts. As well as avoiding the large
intermediate steps that make Feynman diagram computations at this loop order
and multiplicity extremely computationally intensive, we are able to build known
on-shell symmetries and relations into the amplitude by construction.

So far in this chapter we have not discussed the continuing connection
between all-plus Yang Mills and /' = 4 SYM. Using the five-point two-loop
supersymmetric numerators given by Carrasco and Johansson in ref. [56] we can
easily confirm that the genuine two-loop nonplanar numerators given in section
4.3.3 are given by their supersymmetric counterparts under the replacement
5%(Q) — Fy. Tt is simply necessary to reduce the supersymmetric numerators
onto the same basis of ISPs as we used for the all-plus. As for the nonplanar
butterfly graphs, there is still no obvious connection to N = 4.

In the next chapter this connection will become important as we study colour-
dual representations. The additional numerator structure is enough to make off-
shell BCJ symmetries nontrivial to satisfy, even though the N = 4 integrands

have already been cast in such a form.

63



Chapter 5

Colour-dual representations

5.1 Introduction

We now turn to another recent insight in (supersymmetric) Yang-Mills theory:
colour-kinematics duality and the associated double copy relation between gauge
theory and gravity, discovered by Bern, Carrasco and Johansson (BCJ) [41], 04,
95]. The duality offers our third and final way of presenting of two-loop all-plus
integrands.

Colour-kinematics duality is the statement that numerators of trivalent
Feynman-like diagrams may be chosen such that they satisfy the same algebraic
relations as their respective colour factors — we will review the duality in the
next section. At tree level, this fact leads to the BCJ identities [41] that we used
in the last chapter; these have been proven using a variety of techniques [96-
100]. The existence of the numerators themselves has also been proven [99] [101].
The double copy relation states that gravitational scattering amplitudes can be
deduced from gauge scattering amplitudes, expressed in a form where colour-
kinematics duality holds, by simply replacing the colour factors with a second set
of gauge theoretic kinematic numerators. At tree level, this is equivalent to the
celebrated KLT relations [95] [102].

At loop level, however, the situation is less clear. The existence of numerators
which satisfy the requirements of colour-kinematics duality (for brevity, we will
call these colour-dual numerators in what follows) remains a conjecture in general.
Several infinite families of numerators exist at one loop; for example, in the case

of pure Yang-Mills scattering amplitudes with all helicities equal, or only one
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5.1. Introduction

different helicity [103] and, more recently, for MHV scattering amplitudes at one
loop in N'=4 SYM [104].

A major reason for our interest in colour-dual numerators is that they provide
a promising route towards understanding the ultraviolet structure of supergravity.
This has motivated calculations of colour-dual numerators at four points in N' = 4
SYM, which are now available at up to four loops [105]. There is some flexibility in
the structure of the double copy—although the double copy requires two sets of
gauge theory numerators, they may be from different gauge theories and only
one set of numerators needs to be colour-dual. Therefore the availability of
a selection of colour-dual numerators in gauge theory has also allowed rapid
progress in our understanding of non-maximally supersymmetric gravity [106-
I18]. The flexibility of the double-copy allows the construction of a range of
interesting different theories of gravity; understanding the structure of this set of
gravity theories has developed into a vigorous area of research [119-124].

There is intense interest in colour-kinematics duality at more than four
loops [125]. However, notwithstanding recent developments involving contact
terms [126], construction of a set of numerators for the five-loop, four-point,
N = 4 SYM amplitude has proven to be difficult. An expression for the integrand
of the amplitude is known [127], but finding an equivalent set of colour-dual
numerators has been problematic. Given the large scale of the problem, it has
also been difficult to locate the precise nature of the obstruction. This has
motivated interest in finding scattering amplitudes which are simple enough to
understand, but complicated enough that the colour-dual numerators are elusive.
The idea is to understand the nature of obstructions to the existence of colour-dual
numerators, with a view to identifying methods for overcoming these obstructions.
For example, one recent suggestion is that the requirements of colour-kinematics
duality can be relaxed so that they only hold on unitarity cuts [128].

In this chapter we compute colour-dual numerators for the same five-gluon,
two-loop amplitude that we have studied throughout this thesis. Our starting
point is, once again, the corresponding N' = 4 supersymmetric amplitude.
However, unlike in chapter |3| where we used the local-integrand presentation
of the supersymmetric amplitude [36, B7], in this chapter we use Carrasco
and Johansson’s colour-dual presentation [56]. As we will see, the problem

of computing colour-dual numerators for the all-plus amplitude is surprisingly
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5.2. Review: colour-kinematics duality

complicated. We find an obstruction to the existence of a set of colour-dual
numerators containing at most 7 powers of loop momenta (as one would expect
from power counting the Feynman rules.) This obstruction can be described as a
tension between the value of one cut, and the symmetry properties of one of our
graphs.

We resolve this tension by introducing extra powers of loop momentum into
our numerators, obtaining in the end a set of numerators with 12 powers of loop
momentum. It is typically a dangerous idea to consider such high powers of loop
momenta, for the practical reason that a general ansatz with such high power
counting will contain many terms. We circumvent this problem by identifying a
desirable symmetry property of our BCJ master numerator. This symmetry is
highly constraining, which made it quite feasible for us to increase the amount of

loop momenta in our numerators.

5.2 Review: colour-kinematics duality

Here we review BCJ’s colour-kinematics duality for tree- and loop-level ampli-
tudes. The duality is applicable to both supersymmetric and non-supersymmetric
amplitudes in arbitrary external helicity configurations. We also discuss a simple

one-loop all-plus example.

5.2.1 Tree level

We begin by decomposing tree-level gauge-theory amplitudes into sums of

diagrams containing only cubic vertices:

AD(aj,p) =g"2 ) —Ci(g}g) ij()pj). (5.1)

cubic graphs T;
As we are dealing with pure-adjoint particle content the colour factors ¢; are given
by contractions of structure constants f“bc with external colour indices a; (an
extension of colour-kinematics duality to include fundamental matter has been
discussed in refs. [122} 129]). The Feynman propagators are D; = [[,cp, Qa(pi)
and n; are kinematic numerators containing the remaining kinematic information.

As a conventional Feynman diagram expansion includes four-point vertices,

it does not generally conform to the above structure. Four-point vertices can be
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5.2. Review: colour-kinematics duality

removed by introducing additional propagators and adding compensating factors

to the numerators. For example,

) 3 4 6 ) 3 4 6 9 3 4 6
>AL< o >_Y_< . >JJ_< | (5.2)
1 5 1 5 1 5

which illustrates that this procedure is not unique. As colour factors are built
from structure constants f“bc7 they are cubic in nature. So we look at the
relevant colour structure and choose additional propagators which ensure that
the propagator structure matches the colour structure.

Structure constants satisfy the Jacobi identity f®192bfbasas — fasarb fbasas _
f‘“mb fbala?’. Diagrammatically, this corresponds to a relation between the colour

factors of the s-, t- and u-channels:

(=) =) - X)

Associated with each propagator in a cubic diagram there is therefore a Jacobi
relation of the form ¢; = ¢; — ¢, where 4, j and k are identical diagrams except for
the given propagator. The kinematic numerators n;, n; and n; are not uniquely
determined: letting n; — n; + D;x, n; — n; — D;x and n, — ng + Dy, for some
arbitrary (and possibly non-local) function of external kinematics y, leaves AY
unchanged. The freedom to do this on all internal propagators for all diagrams
is known as generalised gauge invariance [41].

The statement of colour-kinematics duality when all particle content is pure-
adjoint is that it is always possible to make a choice of kinematic numerators
such that

G =Cj—Cp = n;,=n; —ng (5.4)

for all possible Jacobi triples {i,j,k}. It is also a requirement that any
diagrammatic symmetries of the colour factors are manifested in the kinematic

numerators:
The kinematic structure then mirrors the algebraic structure of the colour factors.
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5.2. Review: colour-kinematics duality

The existence of such colour-dual numerators has been proven at tree level [99,
10T]. The representations are not, in general, unique.
The existence of tree-level colour-dual representations has implications for

colour-ordered amplitudes. They must satisfy BCJ tree identities [41]:

> (ngj) AO(1,3,...,i,2,i+1,...,n) = 0. (5.6)

i=3 \j=3

This formula has been proven using a variety of different techniques, including
monodromy relations from string theory [96, O7]. When n = 4 it takes an

especially simple form:
512A©(1,2,3,4) = 51540(1,3,2,4), (5.7)

which we used in chapter {4] (4.15]).
Furthermore, once a colour-dual representation has been found, replacing the
colour factors ¢; in eq. (5.1) with a second set of kinematic numerators 7n; leads

to a wide variety of gravity amplitudes [94] 95]

MO (p;) = <g)”_2 Z ni (pl))TZ (Py)) (5.8)

cubic graphs T';

where k is the gravitational coupling. The second set of numerators n; need
not be colour-dual. They also need not correspond to the same theory; double
copying different gauge theories enables the calculation of a wide variety of

(supersymmetric) gravity amplitudes.

5.2.2 Loop level

The loop-level analogue of (5.1)) is [94]

Lol ci(a;)ni(p;,
APy =g ] (H “’“)é CIBb) (59

cubic graphs I';

where S; are symmetry factors and the dimensionality d is undetermined (we may
choose to use dimensional regularisation). The kinematic Jacobi identities (/5.4))

generalise naturally, but with the extra complication that the numerators may
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5.2. Review: colour-kinematics duality

now be functions of loop momenta,
¢ =cj—cp <= ni(0) =n;(l) —ng(l). (5.10)

One must choose the loop momenta of individual Feynman diagrams so that the
momenta between their shared propagators match.

The kinematic Jacobi identities can be used to define all graph numerators
in terms of a small set of numerators known as masters. The set of masters
is not always unique, but given a set of masters the numerators of all other
graphs, known as descendants, are uniquely determined via Jacobi identities. For

example, the triangle graph can be evaluated as a difference of boxes:

4\ 4 L AN L s1 A\ £ g1
n()}-(Q):n(]:()—n( [ V\) (5.11)
3 3 2 3 2
At one loop m points one can always use the n-gon diagram as a unique
master. The problem of finding a colour-dual representation for a given amplitude
therefore amounts to finding colour-dual master numerators. The ability to do
this in general remains a conjecture.

Once suitable numerators have been found one can write down corresponding

gravity amplitudes. The loop-level analogue of eq. (5.8)) is

o n—242L d¥ 1 ni(p',@)ﬁi(p'ag‘)
(L) ) k - 70 Jo ™7
M (p) =i ( ) 2. /( )SZ- Di(pj, t;)

cubic graphs I';

(5.12)

where we only require that one of the sets of numerators n; or n; be colour dual.
It is generally much easier to calculate loop-level gravity amplitudes using this
formula than using traditional Feynman diagrams — this is one of the main

motivations for finding colour-dual numerators.

5.2.3 One-loop all-plus example

To illustrate these basic concepts of colour-kinematics duality we briefly revisit the
four-gluon one-loop all-plus amplitude introduced in section 2.4, There we showed
that the simple replacement §%(Q) — (D, — 2)u* can be used to obtain all-plus

integrands from their supersymmetric counterparts. The extra-dimensional factor

69



5.3. Four points, two loops

pt and the supersymmetric delta function 6(Q) are both invariant under all shifts
of external and loop momenta. So this one-loop replacement rule works equally
well for colour-dual numerators. Given a one-loop colour-dual representation in
N = 4 we can trivially obtain one for the all-plus.

With four external legs the only nonzero numerator is the box:

nofo = (D, — 2)u*, (5.13)

which trivially satisfies all its symmetries. As with the two-loop irreducible
numerators in section we have extracted a factor of the permutation-invariant

factor T, previously defined as
T == (5.14)

The triangles vanish by the Jacobi identity ([5.11)), as do the bubbles and tadpoles.

So we can write down the complete amplitude as

Al =m0 -2 5 (X)) (X)) 6s)

oESy

which is the presentation that we gave in chapter [ eq. (2.12).

5.3 Four points, two loops

We will now discuss the calculation [I11] of a set of colour-dual numerators for
the four-point, two-loop, all-plus case. This will be an important warm up to the
five-point, two-loop calculation. As we will see, some aspects of the five-point

system are closely analogous to the four-point case.
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5.3. Four points, two loops

5.3.1 Master numerators

This BCJ system requires two masters; appropriate expressions were found to
be [111]

A8 l2 U1 1 1
n(gjjig) =sk+ 5(61 + lo)? Fy + (0 + £o) P, (5.16a)

2 CEg
n(f.<H ) .y (5.16b)

where Fj, Fy and Fj are the functions of p; and py introduced in chapter [2}

Fy(pa, p2) (5.17a)
= (D — 2)(pa1fanz + (pa1 + pro2)® + 212 (ka1 + pon)) + 16(ply — p11pta2),

Fy(pa, po) = 4(Ds — 2) p2(pea1 + po2), (5.17Db)

Fy(p, p2) = (Ds — 2) pia praa- (5.17c)

We observe that the function F5 can also be defined in terms of F) as

Fo(p, p2) = Fi(pa, po) — Fi(pa, —pe). (5.18)

As in previous chapters we have extracted a factor of 7 which carries the little-
group weight of the amplitude.

All other numerators in this system are descendents, so can be computed
from these two masters using appropriate Jacobi identities (a complete list was
provided in ref. [I11]). For example, at four points the double-triangle graph is a
difference of double-box graphs:

4\ g0 41 Al 0 1 3 0 1
o) =0 (CEEC) -0 TEL). (5.19)
3 2 3 2 4 [23 2
Since the Jacobi relations are all simple linear combinations of graphs in
various different orderings (perhaps with shifted loop momenta), the descendent
numerators are all local functions of external and loop momenta since the master
numerators have this property.

We will determine a set of colour-dual master numerators for the five-point,

two-loop, all-plus Yang-Mills amplitude below. In structure, our numerators will
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5.3. Four points, two loops

be very similar to the numerators given in eqgs. (5.16). The similarity can be
made even closer by observing that the final term in the double box, eq. (5.164)),
namely ({1 + f5)?F}, is not necessary. To see this, notice that the set of Jacobi
equations is a set of linear equations. Consider setting the double box to this

term alone and setting the nonplanar master to zero — that is, take

L1

n(jflf() = (1 + )2 Fy (1, p12), n(‘i@:> — 0. (5.20)

We will now show that the resulting amplitude contribution vanishes and that all

descendent symmetries and automorphisms are satisfied. Linearity of the system

then allows us to conclude that we may omit the term (¢; + f5)?F, from eq.

(5.164).

Starting from the masters in eq. (5.20)), the only diagram that gives a nonzero
contribution upon integration besides the double box is the double triangle,

determined by the Jacobi identity in eq. (5.19) to be
A\ o0y Y1 A2 b o1 3 0 1

P q = - 21

n(s 2) n(3 ]j:[ 2) n(4 [e:2| | 2) (5.21)

= (G + 6+ (L= p12)® + (o + p12)® — 5) . (5.22)

Thus, the complete contribution to the full colour-dressed amplitude is

acor 5 [ (O ()

gESY

(OO0 b6t
= ig6TUEZS4 {ic(i]ﬂi) ! CM:) £

) ()

where we cancelled propagators in numerators and denominators and disposed of

scaleless integrals. Since the integrands in the two terms are the same, we may

72



5.3. Four points, two loops

o od

) Bubble b) Tadpole

Figure 5.1: Example bubble and tadpole diagrams. In each case there is an ill-defined
intermediate propagator between the loops - for the bubble this is due to the on-shell
condition p? = 0 for external legs.

combine them and use the Jacobi identity (5.21]) on the colour factors to find

- {4 () () () )

ngTZ {—c( ]:E(:)I(:]ﬁg[:) [Fo(pa, p2) + Fa(pu, —Mz)]}
~0, (5.24)

where we exploited the sum on S; permutations to relabel ps <> ps while also
shifting ¢ — —f5 — p15 in the second integral. Finally, we have used the fact that
Fy(p, po) = —Fo(pn, —pa).

It remains to check that symmetries and automorphisms of all descendent
graphs are satisfied: we have done this exhaustively for all graphs; while this
is not difficult since many are vanishing, we also found private code written by

Tristan Dennen to be very helpful [130]. Consequently, an equivalent set of master

A Yo 01 1 1
n(gjj:() = s Fit 50+ ), (5.25a)
[
n(4<z[ ) Y (5.25b)

We will find a closely related set of five-point two-loop masters below.

numerators is

5.3.2 Bubbles and tadpoles

This BCJ system presents us with a new problem: the inclusion of nonzero
numerators whose graphs contain bubbles on external legs or tadpoles, such as

those displayed in Figure . The issue was discussed in ref. [I12]: such diagrams
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5.3. Four points, two loops

are a problem for any BCJ system at the integrand level due to singularities
coming from ill-defined propagators. In previous approaches, such as the one-loop
example discussed in ref. [I11], the solution has been to demand vanishing of these
numerators; however, in the four-point example currently under consideration we
cannot find a set of colour-dual numerators that satisfy this property.
Bubble-on-external-leg and tadpole integrals vanish in dimensional regulation
for massless external states as they lack a mass scale. This zero has the potential
to “cancel” singularities coming from the ill-defined propagators, leaving a finite
result after integration. To check this we perform a simple bubble integral with

numerator 4" in D = 4 — 2¢ dimensions, taking the external leg p off shell:
2r

17 (—é—x—p) 1= | éffD R

=—€(l—¢€)---(r—1—c¢)

(47T)T / dD+2r€ 1
p2 (27T)D+27" €2<€ _ p)2

~ (p*) (5.26)

In the first line we used the one-loop dimension shift and in the second a
simple Feynman parametrisation. We see how the result scales with p?: as e < 0
and we take r > 1 this always vanishes in the on-shell limit p?> — 0.

So bubble-on-external-leg integrals are safe after integration, provided their
numerators contain an overall factor of 2. This is always true at four points
and we shall see that it is also true at five points. As for the tadpoles, one can
perform a similar analysis by giving the internal propagator a small mass - one
arrives at the same conclusion. Therefore we will ignore these graphs, safe in the

knowledge that they vanish after integration.

5.3.3 The maximally-supersymmetric subsector

A set of BCJ master numerators is also available [41] for the two-loop, N' = 4

four-point amplitude. They are simply given by

=4 (j:[() — $5%(Q), (5.27a)
nV=1 (@) — 55%(Q). (5.27D)
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5.3. Four points, two loops

Figure 5.2: The three two-loop spanning cuts required at four points. The first is a
butterfly cut; the other two are satisfied automatically by the N' = 4 subsector.

Comparing these master numerators to the simplified all-plus master numerators
given in eqs. reveals an N = 4 SYM subsector of the all-plus amplitude,
generated by terms containing up to one power of (D — 2). As discussed in
section the function F} of extra-dimensional components plays the role of the
supersymmetric delta function 6%(Q)). However, unlike the factor of (D, — 2)u*
used at one-loop order, F} is not invariant under all shifts in loop momentum. So
this subsector is not closed under Jacobi relations.

In any given Jacobi relation, all propagators but one are the same among the
three diagrams. We can therefore associate each relation with one propagator. For
our purposes, it us useful to divide the set of Jacobi relations into two categories:
those that preserve the (¢; + £5)? propagator in , and those that act on
it. It is easy to see that Jacobi moves of the first kind leave F} unaffected, so
descendent diagrams which can be formed using only this category of Jacobi
relations belong to the N' = 4 subsector. An example of the second kind of move
was given in eq. , where if we evaluate the numerator we find

41: 2 111 1
n(3 - ) - 3F2 + 5 ((61 + 62)2 - (€1 — gg — p12)2) Fg, (528)

2

using Fo(pq, ) = Fi(pa, p2) — Fi(pg, —p2). This numerator vanishes in the
supersymmetric case as it contains triangles; the fact that F; does not have the
full symmetries of §%(Q)) now prevents this from happening. These butterfly
diagrams are generated by BCJ moves from the masters that take them outside
the NV = 4 subsector.

5.3.4 Spanning cuts

In order to show that the BCJ presentation of the amplitude, generated by the
two masters in eq. (5.25)), reproduces the full amplitude, it is sufficient to show
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5.3. Four points, two loops

that it reproduces the three spanning cuts displayed in Figure 5.2l While one
could calculate these using tree-level amplitudes, we find it simpler to start from
the full presentation of the amplitude given in section 2.5.3 As we also remarked
in this section, a subset of the cuts of N’ = 4 and all-plus two-loop amplitudes are
related by replacing the supersymmetric delta function 6%(Q) with the function
Fy. Cuts involving butterfly topologies have a different structure.

With this in mind, we consider cuts (b) and (c). The only diagrams
contributing to these (or any) cuts are those that include all of the cut
propagators. For cuts (b) and (c¢), cutting the central (¢;+¢5)? propagator ensures
that all constituent diagrams from the BCJ presentation of the amplitude belong
to the N/ = 4 subsector. In other words, the only contributing diagrams are also
present in the five-point, two-loop N' = 4 SYM supersymmetric amplitude. As
this amplitude does not contain any butterflies, terms proportional to (Ds — 2)?
vanish. Therefore, on these cuts the all-plus colour-dual numerators are precisely
equal to their N' = 4 counterparts, with the replacement 6%(Q) — F;. This is
consistent with the BCJ presentation of the amplitude.

Cut (a) contains butterflies, and therefore requires a little more work. We
need only consider the planar colour-stripped form: it is known that nonplanar
information is encoded in the planar cut, as discussed by BCJ in ref. [A1][] A
simple check confirms that this cut is satisfied for terms up to a single power of
(D, — 2), despite the new factors of F,. For terms proportional to (D, — 2)?, the
full expression for the planar colour-stripped form of cut (a), given in terms of

irreducible numerators, is

(€1 = p1)*(f2 — pa)*Cut C)(%é(;)

A(‘*IZE 53[1)
(Ds—2)2 3 2/ (Ds—2)2

+ (01 + £5)?
= [111[l22 (M) (5.29)

S

where the relevant cut conditions are (2 = (2 = ({1 — p12)?> = (bo + p12)® = 0.

In terms of BCJ numerators, the only nonzero numerators that contribute are
the double box, eq. (5.25a)), and the double triangle, eq. (5.28). The cut in this

!Indeed, this point was essential for finding the nonplanar numerators in chapter
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5.4. Five points, two loops

presentation becomes

4\ 09 g1
(01 —p1)2(£2 —ps)ZCUt< >m< )
3 2 (DS_2)2
1 4: Ef 01 :1 1 4} 0001 [1
N ((61 + &)2%(3 2) i gn <3 2)) (Ds—2)2

= L1 oo (M) (5.30)

S

as required. At five points, cut equations similar to this one will be important

for us.

5.4 Five points, two loops

At five points and two loops, the BCJ presentation of the A/ = 4 amplitude,
previously computed by Carrasco & Johansson (CJ) in ref. [56], forms our starting
point for the all-plus calculation. CJ found it useful to introduce a set of prefactors
~i; that generalise the four-point prefactor 7 to five points. These prefactors
encode all external state dependence on helicity: we find them to be equally
applicable to the all-plus calculation as to the supersymmetric oneE|
The kinematic prefactors 7;; are defined in terms of the objects 5;xim as
[12]]23][34][45][51] [12]2[34][45][35]

512345 =1 tr5(1234) ) Y12 = 512345 - 521345 =1 tr5(1234)
(5.31)

in the standard spinor-helicity formalismﬂ As 715 is totally symmetric on external
legs ps3, ps and ps5, we drop these last three subscripts. The prefactors satisfy linear

relations

5
Z%’j =0, Yij = ~Vjir (5.32)

i=1

so only six 7,; are linearly independent, though they satisfy more complex

2These objects also prove useful for the five-point tree amplitude [131].
3CJ also include the supersymmetric delta function §%(Q) in their definition of B12345; for
notational convenience we include this delta function elsewhere.
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5.4. Five points, two loops

relationships when kinematic factors s;; are involved. We are also able to write

1
Biosas = 5(’712 + Y23 + Y13 + Va5). (5.33)

The all-plus pentabox numerator by itself is a master for the five-point,
two-loop all-plus amplitude, in the same way that the A/ = 4 pentabox is for

the corresponding supersymmetric amplitude. By analogy to the double-box
numerator given in eq. (5.25a)), we propose that

5y lo £1_~1 5\ o {11
n( ):[}) o ﬁ[N4]( ):[}) (0 LPRX (123450, 6),  (5.34)

where X is an unknown function of external and loop momenta which we must
determine, while 7V=4 is the coefficient of the supersymmetric delta function in

CJ’s N = 4 supersymmetric pentabox numerator:

5\ L -1 5y lo £1_~1
pea(HE5) - oo (3
4 3 4 3

1
= 158(62)(712(2845 — 5194 201 - (p2 — p1)) + Y23(Sa5 + 2512 + 201 - (p3 — p2))

+ 445 01 - (ps — pa) + M3(s12 + Sa5 + 201 - (p3 — p1))).- (5.35)

For notational convenience below, we will drop the tilde on V=4

The all-plus pentabox numerator shares many of the properties of the all-plus
double box. There is a non-closed ' = 4 subsector generated by terms containing
up to one power of (D; —2), where once again the extra-dimensional function F,
given in eq. , plays the role of the supersymmetric delta function §%(Q).
Jacobi relations are again divided into two categories: those that preserve both
Fy and (€1 + £5)?, and those that act upon them. The unknown function X gives
us information about butterfly topologies. However, unlike the situation at four

points, we will show that X is necessarily nonlocal in external kinematics.

5.4.1 Symmetries and automorphisms

We choose to recycle another desirable property of the four-point solution: the
absence of terms proportional to (D, —2)? in all nonplanar numerators. Although
there is no five-point equivalent of the four-point nonplanar master, eq. (5.25b|),
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5.4. Five points, two loops

we can still impose this condition using the following nonplanar numerator:

5 %2 01 1 5\0l2 1 -1 5982 0, 41 5. 2 4 1
() = () - (L) = o= (YL )
4 5 : : 2 4 2

+ (U + £o)2 Fy(pn, po) (X (12345; 41, o) — X (345125 —p1g — Lo, pra — £1)).
(5.36)

All nonplanar numerators at five points can be generated from this graph
alone using Jacobi identities. In this sense, it is a master of nonplanar graphs.
Therefore, vanishing of terms proportional to (D, — 2)? in this numerator is
necessary and sufficient to guarantee the same property for all nonplanar graphs.
Imposing this requirement, we learn that X (12345;/¢;,05) = X (34512; —p1s —
by, p12 — 51)-

Another property of X follows from the overall flip symmetry of the pentabox
through a horizontal axis, namely X (12345; ¢1,(5) = — X (32154; —py5 — €1, pas —
¢3). Both of these properties are functional identities, holding for any permutation
of external legs and any shift in the loop momenta. By applying the two conditions
to each other repeatedly and performing relabellings, we can refine them into three

simple properties of X:

X(23451; 6y — p1, b2 + p1),

These identities will be important below [

We have exhaustively checked that these three conditions are sufficient to
guarantee all symmetries and automorphisms for all descendent BCJ numerators
in the entire system. For instance, the nonplanar numerator in eq. now
equals its N = 4 term alone, so it satisfies its symmetries by virtue of the N' = 4
numerator having exactly the same properties.

From the planar sector, a more nontrivial example of these symmetries in

4At four points, the double box satisfies an analogous set of symmetries, with the constant
1/2 playing the role of X. As the number of vertices (six) is even, the sign on the second
equation is positive.
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5.4. Five points, two loops

action comes from the “hexatriangle” diagram:

[251 Loy 5y Lo £1_~1 0 [P
(L) = (FZ) ()
= (01 + £5)* X (12345; 41, (5) Fs. (5.38)

Here we have used the fact that

5y l2 {1 0 Gt
nW—‘”( ):Qﬂ) _ =4 <5_<E§_2> (5.39)
4 3 3

and that the nonplanar numerator in eq. has no terms carrying powers
of (D, — 2)% As expected, the hexatriangle has no N/ = 4 component (it
contains an internal triangle). Its symmetry through a horizontal axis implies
X (12345; 01, 05) = —X(43215; —ps — {1, p5 — {2), which follows from the three
conditions in eq. (5.37)). The Jacobi identity in eq. partitions the pentabox
into its N’ = 4 and pure YM components.

Returning to the issue of bubble diagrams discussed in section [5.3.2] we can

4

calculate the “master” of bubbles as

AR o ) o o ) 2
n(5 & 2) :néb ) —n(s ) (5.40)
3 3 L2 3
4 4 4
= F3((01 + €2)* X (12345; £y, £5)
— (01 +p5 — €2)2X(12345;51;]95 - fz))'

All other bubble numerators can be generated using Jacobi identities from this
numerator, and we see that they will always carry a factor of psy on the bubble
loop. So they are safe under integration; again, a similar logic can be applied to
the tadpoles.

5.4.2 Spanning cuts

To determine the unknown function X, we now match to physical information
using the relevant set of spanning cuts, displayed in Figure (these can be
obtained from the n-point spanning cuts given in Figure . We compare to
the irreducible presentation of the amplitude given in egs. (or equivalently

eqs. (3.24)). As in the four points example, spanning cuts that involve cutting
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5.4. Five points, two loops

Figure 5.3: A spanning set of cuts at two loops and five points. The first two are
butterfly cuts; the rest are satisfied automatically by the N' = 4 subsector.

the central (¢; + £)? propagator do not provide any information on X: in this
case, the first two cuts in Figure [5.3] contain the relevant new physics. Again, it
suffices to reproduce them in the planar sector as the nonplanar sector follows
through tree-level relations on colour-ordered amplitudes.

The first of these two cuts, using the BFZ amplitude, is

5 Lo 0y 1
N2 200 . \2 ,
(61 = p1)* (1 — p12)“ (2 — ps) Cut(4>(x><3> - (5.41)
Sa5 4+ (01 + £5)?
=0 4 2) <512345 + 5 (01 +p5)2 + 2 (¢ — p1)2 + E(& - p12)2> .
545 S45 S12 523

We may also evaluate this cut using the BCJ master numerator, eq. .
For brevity, we define X'(12345;/¢1,¢5) = X (12345;01,0s) + X (12354; 41, py5 —
ly) and we also introduce antisymmetric brackets, e.g. X'([12]345;¢1,05) =
X'(12345; 64,05) — X'(21345;41,05). Using this notation, and the on-shell
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5.4. Five points, two loops

conditions (3 = ({1 + py5)* = 03 = ({3 — ps5)* = 0, we find

5 Ly 04 1
2 2 2 )
(6 = p1)* (61 — p12)“ (2 — ps)° Cut <4>®<3) . (5.42)
0y + 05)? X'(]12]345: ¢, ¢
_ S45 + (01 + L2) (X’(12345;€1,€2)+ ([12]345; ¢4, 2)(81—])1)2
545 512
X'(1[23]45; 0, ¢ X'(123[45]; 0, ¢
+ (1 i ) (6 — p12)® + ( [s b, 62) (€ — ps)?
23 45

+ X/<H12]3]45;€1’€2) (51 - p1)2(€1 - p12)2

* X(WBM S8 4y~ (s — p?

+ IR 4, ety = poy

. X’(l[ziii; 01, 05) (61— p1o)2(£s — ps)?

i SR e) 4, e, o — o
i SUEOREB) 4 s = gt o).

This cut bears a strong similarity to its four-point counterpart, given in egs. (5.29)
and ([5.30)), preserving an overall flip symmetry through the horizontal axis. The
prefactor 7 has now been generalised to the five-point kinematic prefactors ;;.

The other planar cut has a somewhat more complicated structure. Using the
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5.4. Five points, two loops

irreducible presentation of the amplitude, we find

4

5\ ly 01 s1
(6 — p1)2(€2 - P5)2(€1 +p45)2(€2 +p12)2 Cut( >(x3)<2)

Fy

+ (01 + £5)?
= (lo +P12>2 (845 & 2) ) (512345 + E(El +p5)2 + m(51 —P1)2>

S45 S45 512
n (01 + pas)*(la + pr12)? [
512545

ﬁ122345 (El —|—€2)2

+ (545 — 512 + (L2 +p12)2) (%(51 +p5)2 + Z—li(& - P1)2)
5 1

— (s12(712 + Va5 — Bi23as) + s13712) X

(Pt () ()

— (p1 > 5, P2 < Pa, b1 > ). (5.43)

Meanwhile, using the BCJ presentation of the amplitude, we find

5\ £y 01 1
(61 — p1)* (62 — ps)? (6 + pas) (Lo + pr2)? Cut( m ) (5.44)
4 3 2 F3

0+ 0,)? X'([12]345: £y, ¢
={<62+p12>2(54"’+“+ 2) )(X’(12345;61,€2>+ (U20345: 6. 62) )y

S45 512
X'(123[45]; 44, ¢ X'([12]3[45]; ¢4, ¢
L X0 6) e X(12BA5) 4, )

S45 512545

(0= 0= i)

- (pl D5, D2 < pa, by 52)}

n (01 4 pas)? (o + p12)?
512545 512
X"(123[45]; 0, ¢ X"([12]3[45]: ¢, ¢
) e SO, )

S45 512545

X"([12]345; ¢,, ¢
L X002 1 2)(61_]91)2

(X//(12345, 61, 62)

where this time we have used the on-shell conditions (2 = ({1 — pi5)? = (3 =
(03 —py45)?* = 0, and also the three symmetries on X introduced in eq. (5.37)). We
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have also introduced

X"(12345; 01, 0y) = (01 + £2)* X (12345; 41, £5) (5.45)
+ (845 — S12 + (6 + €)% — (01 + pas)?) X (12354; 41, pas — €)
+ (812 — a5 + (€1 + €9)* — (o + p12)?) X (21345; p1o — £1, £3)
+ (1 + €2)* = (U1 + pas)?® — (o + p12)*) X (21354; p1o — 1, pas — La).

This cut preserves a symmetry through the vertical axis.
Our task is now to find a solution for X that satisfies these two cut equations,
while at the same time enjoying the off-shell symmetries in eq. (5.37)).

5.4.3 Nonlocality properties

Before we describe our strategy for finding X, let us pause to comment on what
kind of structure we may expect. We claim that X must be nonlocal in the
kinematic factors s;;. The basis of our claim is simple. We input physical
information into our calculation using the irreducible set of numerators given in
eqs. , and we further insist on writing our results in terms of the prefactors
7vij. Consider making a local ansatz for the full pentabox numerator in terms of

the six linearly-independent kinematic prefactors ;;:

5yl £L -1
n( ):Q';’) = 7y12m1 + Y13M2 + Y14M3 + Y23My + Yo4Ms5 + Y34Me, (5.46)

4

where dimensional analysis tells us that the local objects m; may carry up to six
powers of loop momentum, including factors of extra-dimensional components
fti;- As the pentabox is the master for the five-point, two-loop system, linearity
of the Jacobi identities implies that all numerators are limited to six powers of
loop momentum.

BFZ’s box-triangle irreducible numerator was given in eq. as

N B i s12try (1345)
A (4]>?-9 o 2<12><23><3Z> (45)(51) 513 (201-wizs + s23) (5.47)
sy5 + (0 + f2)2> )

S45

X (F 2+ F: 3
it has a maximum of seven powers of loop momentum. This continues to be true
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5.4. Five points, two loops

even if we move terms to other irreducible graphs with fewer propagators using
integrand reduction. It is also still true if we choose to rewrite the regulator
components /i;; in terms of conventional scalar products ¢; - p; and ¢; - £;. We
conclude that X must be a nonlocal object. Notice that our argument applies to
master numerators with a more general structure than we assumed in eq. ;
we merely used the BFZ irreducible numerators in combination with an ansatz

which is linear in ;.

5.4.4 Attempting a minimal solution

Our first attempt at a solution for X is motivated by power counting from the
Feynman rules. As all diagrams have seven vertices, one would expect up to
seven powers of loop momentum in a solution for the pentabox numerator: the
factor of piy1p102(¢1 + €)% in eq. (5.34) already accounts for six, so we anticipate
X having a single power of loop momentum. Although this proposal will not
prove successful, the resulting calculation conveniently demonstrates the obstacle
to colour-kinematics duality. We shall also use it to introduce concepts and
notation that will help us find a solution for X in the next section.

Dependence on the two D-dimensional loop momenta ¢; accounts for a total
of eleven degrees of freedom: eight coming from the components of ¢, and /s,
plus an extra three from 11, oo and p15. This freedom can be parametrised by

eleven independent scalar products z;:

z =4, 2= —p)?,  zm=(h—p)? 2= (0 +ps),
z5 = f%» 26 = (52 - p5)2, 7 = (52 - p45)2, Z8 = (51 + 52)2,
9= (0 +p5)?, zi0=(la+p1)’ 211 = (bo+p1a)’, (5.48)

of which the first eight are the propagators of the pentabox. Any polynomial
expression depending on scalar products of the form ¢; - ¢;, ¢; - p; or j,;; can be
uniquely expressed in terms of these objects, e.g. {1 - {5 = (23 — 21 — 25)/2. This
particular choice is convenient because the z; always transform directly into each
other under the symmetries in eq. . For instance, under the third of these

symmetries which acts as £1 <> —/s,

21 < 25, 29 < 210, 23 < 211, Z4 < 27, 26 <7 29, (549)
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5.4. Five points, two loops

and zg remains unchanged.
To find a solution for X with minimal dependence on loop momentum, we
make an ansatz of the form
11
X(12345; 6y, 65) = A(12345) + )  A;(12345)z;, (5.50)
i=1
where the unknown new functions A and A; are functions of the external momenta
p;. They are “relabelling friendly”, in the sense that knowledge of a function
acting on a given ordering of its arguments suffices to reproduce any other ordering
through relabelling of the external momenta p;. However, for the reasons outlined
in section [5.4.3] we do not expect these functions to be local functions of external
momenta.
With this setup, solving the three symmetries in eq. is straightforward.
If one substitutes the ansatz presented in eq. , matching individual powers
of z; gives a set of simple functional identities, e.g. A;(23451) = A5(12345) =
A10(12345), etc. The relabelling property ensures the validity of these identities
for any ordering of the external momenta, so such identities can be used to

eliminate unnecessary functions A; entirely. Once all such identities are solved,

X (12345; 01, 0y) = A(12345) + A1 (12345)(£2 + (3)
+ A1(23451)((4 — p1)2 + (£ +p1)2) + A1(34512) (61 — p12)2 + (4o +p12)2)
+ A1 (45123) (01 + pas)® + (la — pas)?) + A1(51234) (1 + ps)® + (b2 — ps)?)
+ Ag(12345) (€1 + £5)?, (5.51)

along with the additional requirements that

A(12345) = —A(54321) = A(23451), (5.52a)
A(12345) = — A, (54321), (5.52b)
Ag(12345) = — Ag(54321) = Ag(23451). (5.52¢)

It now suffices to consider a box-triangle cut, an expression for which may
be deduced from either of the two double-bubble cuts in section B.4.2] The cut
conditions are (2 = ({1 —p1)? = ({1 — p12)> = (b1 + pas)? = 03 = (l; — p3)* =
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(03 — pas)? = 0, yielding a condition on X:

5\(2 o1 845+ (El +£2)2 < Va5 2)
Cut 2 = + = g +
(4]}?—) . orn B12345 345( 1+ Ds)
14 l5)?
R Ch) X'(12345; 01, 0s), (5.53)
545

where X'(12345;01,05) = X(12345;01,05) + X (12354; (1, ps5 — ¢2) as before.
Rewriting this in terms of the new variables z;, on which the cut conditions

are z; = 0 for ¢ < 7,

Qo35 + ?zg — A(123{45}) + 1241 (35412) + sp3A;(23541)
45

— 545(A1(35412) + A;(41235) + A;(23541) + Ag(12354))
+ Ag(123[45)) 2 + (A, (51234) — A;(41235)) 2
+ A (23[45]1) 210 + A1 (3[45]12) 2. (5.54)

Here we have chosen to explore a more general equation with the unknown object
Q19345 playing the role of [19345. Symmetry of the box-triangle cut implies that
Q2345 = —Qi30154. We have also introduced an anticommutator, A(123{45}) =
A(12345) + A(12354).

We proceed by matching powers of the four nonzero scalar products z;. The
coefficient of zg reveals that Ag(123[45]) = 0; together with the requirement from
eq. that Ag(12345) = Ag(23451), we see that Ag is totally permutation
symmetric on its five arguments. The antisymmetry property in eq.
therefore requires Ag to Vanishﬁ The coefficients of z;9 and z;; tell us that
Aq(1[23]45) = A1(12[34]5) = 0. The coefficient of zg then provides a unique

solution:

A;(12345) = PL A4(12345) = 0. (5.55)

2815’

The condition one would use to solve for A, with zero powers of z;, presents

5This is to be expected: were Ag nonzero, it would necessitate more than one power of loop
momentum in the final solution for X as #; - /5 cannot be cancelled elsewhere.

87



5.4. Five points, two loops

an obstacle. Substituting the results for A; and Ag found above,

523 S12 S45 [ V12 V23 V45
A(123{45)) = TP VT (U G R B G 1)
(123145}) = Quzaes 2812712 2523723 * 2 (512 * S93 545) ( )

which can be used to generate a consistency condition on a;a345. One cycles

A(123{45}) = A(12345) + A(12354),
A(412{35}) = A(12354) + A(12534),
A(341{25}) = A(12534) + A(15234),
A(234{15}) = A(15234) + A(12345), (5.57)

where we have used the cyclic condition from eq. ([5.52al) to pull the p5 leg around
Aﬂ As a result,

0= A(123{45}) — A(412{35}) + A(341{25}) — A(234{15})

= (r12345 — Q41235 T Q34125 — (123415

1 (712 Y23 . V34 741)

— Y5 — Va5 — = (S15+ 835) | — + — + — + — (5.58)

2 S12 S23  S34 Sui

Because 12345 i not a valid solution for aasss, this is inconsistent. A solution
with minimal power counting in loop momentum is therefore not possible.

One might question whether a solution with minimal power counting is
possible if the three symmetry conditions on X in eq. are relaxed. In

this case, an intriguing solution to the box-triangle cut is

1 - 5yf2 L1
X(12845; 01, 02) = 5 4):[}32 , (5.59)
45

where we have used the fact that

5\ L1
nNV=4 (4):':}32) = 845 12345 + Va5 (01 + p5)2 (5.60)

when (2 = ({1 — p1)? = (( — p12)? = ({1 + pas)* = Om However, this solution, or

5The same technique was used in [132] to explore loop-momentum dependence of colour-dual
n-gons in N' =4 SYM. The cyclic nature of ((5.37) suggests a similar n-gon structure in X.
TA similar structure appears in the double-box numerator (5.25al): the N' = 4 numerator

cancels away the nonlocal factor s .
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any other adhering to the form ([5.50)), fails to reproduce an off-shell symmetry
of the nonplanar graph introduced in eq. ((5.36)):

n <) — () | (5.61)

As explained in section the symmetries (5.37) automatically imply this

condition.

5.4.5 Solving the ansatz

Given the failure of a minimal solution, we now explore a more general class of
solutions depending on higher powers of loop momenta. Still requiring that X
should be local in loop momenta, we generalise eq. (5.50)) to a degree deg(X)

polynomial of the scalar products z;:

deg(X)
X(12345: 6, 6) = > Ay i (12345) 2, .. 2 (5.62)

k=0 1<i1<...<ip<11

where the loop-momentum-independent functions A;,..;, are the coefficients of
the linearly independent monomials z;, ...z, , carrying total degree k. For a

given value of k, we require a total of 11(11+41)...(11+k)/k! functions A to

i
account for all possible monomials. Loop-momentum dependence in our solution
is now explicit: it remains to identify dependence on the external momenta which
lives inside the functions A;, ,, .

Following the procedure used in the previous section, we make considerable
progress by solving two-term functional identities for A;, ; that come from the
symmetries in eq. (5.37). Again, the relabelling property ensures the validity
of these for any ordering of external momenta. It is also possible to solve some
identities coming from the two cuts eqgs. (5.41]) and . For the former, the
cut conditions are z; = z4 = z5 = zy = 0; for the latter, z; = 23 = z5 = 27 = 0.
However, these techniques are not sufficient to provide a unique solution for X,
so we make an ansatz for the remaining independent functions.

In view of our discussion in section , we know that the functions A4;,..;,
may be nonlocal in the kinematic invariants. We therefore define bases of linearly

independent nonlocal monomials, with degree of nonlocality n and dimension
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m=0 m=1 m=2 m=3
n=>0 6 25 66 140
n=1 60 196 435 806
n=2 300 790 1536 2585
n=23 966 2185 3885 6131

Table 5.1: The number of linearly independent basis elements of the nonlocal y-bases
Tlmnl When n = 0, there are (1 +m)(2+m)(4+m)(9+m) elements (this is always
integer-valued for integer m).

1+ 2m — 2n, as

[lmal _ { [T sk

T Hlnzl S

s, € {sij}} , (5.63)

carrying linear dependence on ;;. The lengths of these bases for various values
of m and n are summarised in table .1} Linear relations between such objects

are generated by the identity

0 = (712 + 713)(S23 — Sa5) + V23(s12 — 513) + Ya5(S14 — S15), (5.64)

as well as the ability to cancel s;; terms between numerators and denominators.
These bases of nonlocal monomials allow us to make nonlocal ansatze, with

degree of nonlocality n, for A;, ;,:

Aiy iy (12345) = ag, gy T8, (5.65)
J

where a;,._;,.; are rational numbers and j spans the length of the nonlocal basis.
Of course, A;, ;, applied to other orderings of the external legs generates nonlocal
monomials outside of the bases prescribed above. It is necessary to rewrite these
monomials in terms of the linearly independent basis elements using identities
such as the one in eq. .

The procedure for solving for X is now clear. Having eliminated as many
functions A;, ;, as possible using functional identities, one directly applies the
ansatz decompositions given in eq. to the remaining functions. Identifying
coefficients of these bases leaves a large system of linear equations for the rational
numbers a;, ;,.;- We find that a valid solution requires deg(X) > 3: this implies

up to 6 powers of loop momentum in X, so a total of 12 powers in the final
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Function Symmetries Freedom
A A(12345) = A(23451) = —A(54321) 139
A A, (12345) = —A;(54321) 139

Ay Ay 5(12345) = — A, 5(15432) 139
Az Ay 3(12345) = — A, 5(21543) 139
A A 5(12345) = —A; 5(54321) 215
Avg Ay 6(12345) = — A, (43215) 139
Ay Ay 7(12345) = — A, (32154) 139
Ar1 Ay16(12345) = A; 1 4(52341) 139
Avs 214
Aiop 139
A17277 A1’277(12345) = —A17277(15432) = A1’277(12435) 139
Aiss 139
Ay 215

Table 5.2: Remaining degrees of freedom and known symmetries in the 13 independent
functions specifying our solution for X. Complete expressions with the extra degrees of
freedom set to zero may be found in the ancillary file attached to the arXiv submission
of ref [4].

expression for the pentabox numerator. An initial ansatz with 10,004 parameters
left 1260 undetermined once all conditions were accounted for.

We found it possible to further constrain the system by setting A;33 =
Ai1310 = A177 = 0, as well as extracting an overall factor of sy in Aj 3(12345):
this left 215 undetermined parameters. The final solution is completely specified
by 13 nonzero functions A;, ,,, given with their known symmetry properties and
remaining degrees of freedom in table [5.2] The full solution for X may be found
in the ancillary file attached to the arXiv submission of ref [4]; in this file the

remaining degrees of freedom a;,._;,.; have been set to zero.

5.5 Discussion

In contrast to previous chapters where we managed to cast the two-loop five-point
amplitude in a compact form, in this chapter we have shown that the amplitude
is sufficiently complex that the problem of constructing a set of BCJ numerators
is non-trivial. The numerators we found contain more powers of loop momentum
than one would expect on the basis of the Feynman rules. They also contain

spurious singularities in kinematic invariants.
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5.5. Discussion

Of course, it is always possible to add more loop-momentum dependence
and additional spurious singularities to numerators of diagrams. The physical
requirement is that any cut must take on its physical value. There is a large
space of numerators which satisfy this condition. We exploited the freedom of
adding more terms in order to build a numerator which satisfies the requirements
of colour-kinematics duality. Given the generous freedom available, it is tempting
to speculate that one can always find colour-dual numerators this way.

In this chapter, we chose to deal with the obstructions we encountered to
the existence of colour-dual numerators with more traditional power counting
by adding higher powers of loop momenta. Introducing large amounts of loop
momenta in numerators at first seems like a bad idea, because the size of
numerator ansatze grow quickly as more loop momentum dependence is allowed.
We maintained control of our ansatz by imposing a powerful symmetry on
the unknown function X. This symmetry allowed us to consider numerators
with much more loop momentum than is typically possible. Finding a deeper
understanding of the importance of this symmetry may help to find similar
symmetry requirements in other cases.

It is interesting that the two-loop connection between all-plus amplitudes
and MHV amplitudes in A/ = 4 SYM survives even in the context of colour-
kinematics duality. Whereas previously we thought the butterfly topologies had
no connection with A/ = 4, now we see that terms proportional to F, can be
extracted from the Jacobi identities. It is only the F3 terms, carrying (Dy — 2)2,
that are genuinely new contributions.

Finally, a family of colour-dual MHV numerators in the maximally su-
persymmetric theory at one loop was recently discovered [104], built on our
understanding of colour-kinematics duality in the self-dual theory [103,[133]. Even
though two-loop all-plus amplitudes are not self dual, it may be that insight into
the nature of the residual link at two loops will allow for progress on one side to

be recycled into the other.
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Chapter 6
Conclusions

This thesis began with a simple question: what is the best way of writing two-
loop scattering amplitudes before integration? Indeed, what does it mean for a
presentation to be the “best”? The answer, of course, is that it depends on which
physical properties of the amplitude one is most interested in. We focused on the
all-plus sector of pure Yang-Mills theory, giving three different ways of expressing
the integrands for various numbers of scattered gluons. Each was designed to
emphasise different physical properties of the amplitudes without the need for
explicit integration.

The five-gluon integrand in particular was presented differently in each of
the three main chapters. While BFZ’s original presentation [39] was designed
with ease of integration in mind, the local-integrand presentation of chapter [3]
benefitting from being the most compact, emphasised the amplitude’s physical
poles and IR structure. The multi-peripheral colour decomposition of chapter
gave us subleading colour structures, emphasising the connection to generalised
unitarity cuts through Kleiss-Kuijf relations and off-shell symmetries. Finally,
the colour-dual presentation of chapter [5] beyond its applications in future work
on the double copy, emphasised the all-plus sector’s continuing connection with
N =4 SYM at two loops.

If we could combine elements of the three presentations, might we see more
of these physical properties at play together? The two most obvious candidates
— which we have already hinted could be combined — are the local-integrand
and multi-peripheral presentations. For each of these we checked Catani’s IR
decomposition , but with limitations. The local-integrand presentation is
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planar, so our check was limited to the large-N, limit. In the multi-peripheral
presentation we lacked analytic expressions for the integrals’ subleading-¢ poles,
so we could only check the leading €2 terms. A combined presentation would
have neither of these limitations: we would be able to see, like we did at four
points in section full five- (or higher-) point IR structure analytically.

The challenge here would be to find nonplanar analogues of the local-
integrand-based planar numerators given in section [3.4 Although the original
N = 4 supersymmetric all-loop local integrand [36], [37] was limited to planar
amplitudes, recent nonplanar work by Bern, Herrmann, Litsey, Stankowicz and
Trnka [91] may provide a good starting point. The main requirement on the
new nonplanar numerators would be that, as with the planars, their subleading-
IR behaviour should be predictable without the need for explicit integration.
Checking this is difficult: as we explained in section [4.4) nonplanar integrals are
more computationally expensive to evaluate numerically as Euclidean phase-space
points cannot be chosen.

A less obvious pair of candidates are the local-integrand and colour-dual
presentations. Our ability to eliminate spurious singularities from the planar
two-loop five-gluon integrand in chapter 3| begs the question whether a colour-
dual representation free of spurious singularities also exists. While we ruled out
this possibility in section [5.4.3] the argument presented there assumed our use of
Carrasco and Johansson’s v;; monomials . If we used a different monomial
basis with, say, explicit Parke-Taylor functions multiplying the numerators, it
might be possible to reproduce the desired loop-momentum dependence without
the need for unphysical s;; or trs poles. Local integrands could be an interesting
starting point.

It is also worth mentioning that we have we have not exhausted the possible
ways of writing all-plus integrands. For instance, the Q-cut representation of
loop-level integrands [134] shares elements of both traditional unitarity cuts
and Britto, Cachazo, Feng and Witten’s (BCFW’s) recursive procedure [75].
The representation, which has already been applied to a variety of one-loop
helicity amplitudes [135], is related to Cachazo, He and Yuan’s (CHY’s) arbitrary-
dimensional tree-level gluon and graviton scattering amplitudes [I36]. This
connection has been made evident by loop-level extensions of CHY’s formulae

found using ambitwistor string theories [137, [138]; the resulting expressions
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match those generated using Q-cuts at one-loop order. It could be interesting
to reconsider the amplitudes discussed in this thesis using Q-cuts.

Our hope in doing this work was that the all-plus sector could be used as
a bridge, helping to connect new developments in supersymmetric Yang-Mills
theory with ongoing phenomenological studies of pure Yang-Mills amplitudes.
While the multi-peripheral colour decomposition is already applicable to more
general cases, the local-integrand picture needs further development if it is to
be used as a general framework. The colour-dual picture, also, needs further
simplification. Nevertheless, we hope that this thesis will provide valuable insight

into the options available for simplifying two-loop Yang-Mills amplitudes.
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Appendix A

D-dimensional Dirac traces

Writing down Dirac traces containing D-dimensional loop momenta ¢; necessi-
tates the use of a D-dimensional Clifford algebra. Our conventions follow those
of 't Hooft and Veltman [139, [140], which are further elaborated by Bern and
Morgan [45]. The D-dimensional Clifford algebra is formed by matrices ~“
satisfying

(v 4"} = 27, (A.1)

where the D-dimensional metric is n*° = diag(+,—,—, —, —,...). There is a
four-dimensional subalgebra formed by the first four matrices v* with its own
s matrix 5 = i7"y'92y3. This matrix anticommutes with the four-dimensional

gamma matrices as usual, but commutes with the rest:

{15.7*} =0, 5,7 =0 a>3. (A.2)

We decompose D-dimensional Dirac traces into four-dimensional ones as
follows. Recalling that D-dimensional loop momenta can be expressed as
Ui = Ui + i,

tr(iy - iklolyings - in) (A.3)
= tr(iy - iglylyiprr -+ in) + tr(iy - iglpflyip g i)

A tr(iy - iptalyipgr - in) (01 gyl - ),

where n is even. The external momenta p; live entirely in the four-dimensional
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subspace, so in the second two terms the extra-dimensional loop momenta p, and
{ty can be freely anticommuted around the traces. They pick up an overall minus
sign, so must both be zero. As for the last term, anticommuting p, around the

trace gives

tr(il .. 'ikuzﬂyikH .. @n) = tr(z’l . "ik,uy,umik-i—l .. Zn)

1

=3 tr(iy - i oy oy Yikgr - - - i)

= — gy t(31 - - yy) (A.4)
where to get the last line we used eq. (A.1]). We are left with
tr(iy - iplalyipgr - in) = tr(iy - iglplyipry - in) — fay tr(iy -+ -dn).  (ALD)

As 5 commutes with extra-dimensional gamma matrices, this argument applies

equally well to trs. So,
trg(iy - i lolyiprn - in) = tra(iy - i lolyipry - in) — Haytte(iy - dn). (A.6)
We can also establish that, when k is odd,

try (iy - i lplyipry - i)

= [i1, ia(inis) - - - (ik—10) [ik] Calylins1] (Tnsrinra) - - - (init)

_ [i1, 2] (ini3) « - + (ind1)
[inirr1]) (Thrain)

try(iq - i R
_ el bn) T ), (A7)
Sii+1

[0k |0y Vi) (i ine)

and similarly for tr_. When combined with (A.6) this gives

. . . . tro iy ip . .
try (- - Ulplyipyr -+ ln) = Mtri(zk&@zkﬂ), (A.8)

Sinint1

as expected. So it works equally well for D-dimensional loop momenta.
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Appendix B

Local integrands in N =4 SYM

In this appendix we show how momentum-twistor-based expressions for planar
N = 4 local integrands up to two loops, given in ref. [36], may be converted to a

form applicable in D # 4. For instance,

(1456) (AB|(612) N (345)) .

Q: / AB12)(AB34) (AB45) (AB56) (AB61)’ (B.1a)
D (1346)( ABy(612) (234))(CD|(345) N (561)) B
RAESE / (ABGL) - (AB34)(CD34) -~ (CDe1y(ABCD) 1P

(AB CD

Momentum twistors are defined with respect to dual-space coordinates x;,
themselves introduced using p; = z; — x;_1. A dual-space point x is identified
with a line of twistors, Z = (A, ), satisfying the incidence relation p; = A\2q4.
These twistors form a projective line in CP3. To identify a point z in dual space
it therefore suffices to specify two momentum twistors, Z; and Z;:

_ Aialtja — Ajalia 4 )‘iva)‘?(p“rl ----- j)bi (B.2)

LTaa = .. 2,ad .. 3
(i) (i)

where (i) = e AfAS. The latter identity, taken together with the massless Weyl
equation A{p; ., = 0, implies that when j =i+ 1, 2 = ;.

As for the loop momenta, for n-point scattering at one loop we introduce
y = { + x, associated with the line in (Z4,Zp). At two loops we introduce
y1 = U1 + x, and yo = —l5 + x,, associated with the lines (Z4, Zp) and (Z¢, Zp)
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respectively.ﬂ

The basic building block to evaluate is the twistor four-bracket,
(i, 4, k1) = ey ZL Z] ZE 21 = (ig) (kD) (z — y)?, (B.3)

where x and y are associated with the lines (Z;, Z;) and (Zy, Z;) respectively.
Using the dual-space definition (B.2)) it follows that

T 14 kM D2
<’lj]€l> — <Z]><kl> (pé:-l . — <Z"7 Pi+1,..., J’j> + < |’V Pk+41,..., l| >) 7 (B.4a)

----- 2(ij) 2(kl)
Co .. " " (i[v"pis1,...519) ’
Big) = (AB) ) (¢ - o, - L2l (B.4b)
o N (i7" pis1,..513) )
(D) = (C)i (e + o+ D) (B.4¢)
(ABCD) = (AB)(CD)({; + (). (B.4d)

where i < j < k < [ (this can always be ensured using antisymmetry of the

4-bracket). Some frequently-encountered examples are

<Z>Z+1>]7]+1> - <272+1><j7]+1>52+1 ..... 79 (B5a)
(A, B,ii+1) = (AB)(i,i + 1)(6; — p1..5)%, (B.5b)
(C,D,ii+1) = (CD){i,i+ 1)l +p1..i)% (B.5c¢)

where the massless Weyl equation is again used to make these simplifications.
When evaluating four-brackets involving intersections of planes in momentum-

twistor space one should use the twistor intersection formula,
(AB|(abc) N (def)) = (cdef)(ABab) + (adef)(ABbc) + (bdef)(ABca). (B.6)

From this we have established the general pattern that

i

EN (AB|(i —1,i,i + )N (G —1,5,§ + 1))
= —(AB)(i — 1,4)(i,i + 1)(j — 1,7)(j, 5 + 1) [i[£l,]4], (B.7)

j

which is manifestly local. Application of try(il,ly5) = [i|l.l,]]] (ji) gives

'For a complete introduction see ref. [37].
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agreement with the integral definition we made in eq. (3.7). For instance, in
the two examples given in egs. (B.1)),

(AB|(612) N (345)) = <AB><6”<<1f>><34> W5 (L= p)(C— pras)),  (B.Sa)
(AB|(612) N (234)) = 4516 ><<13>>< 3G (1 — ) (6 — p12)3), (BSH)
(©D|(345) (361)) = & ><34§i“6>>< S1ED) (400 — pso) (2 — p)6). (BSc)

When calculating complete integrands in D # 4 one should use the measure

correspondences

T foe | Gaptem~ [a o

(AB,CD)

at one and two loops repectively. This accounts for all factors of (AB) and (C'D).
An overall factor of the tree amplitude Al(\(/)[H[\/,v ) then contributes both a Parke-

Taylor denominator (12) - - - (n—1,n)(nl) and the supersymmetric delta function

%(Q).
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Appendix C

Two-loop rational integrals

This appendix contains all the integrals required to compute the rational parts of
the five- and six-point all-plus amplitudes given in chapter [3] These expressions
are also available in an ancillary file included with the arXiv submission of ref. [1J.
For the sake of compactness, in this Appendix only we switch to the two-loop

integral convention:

dPy¢.dPy 'p(p /- /~L")
[D P i,gi, i)l = — A7 D/ ! 2 AR R C.1
T [ (p :uj)] ( ) (271')2D HaeT Qa(pzﬁglng) ( )

where once again {Q,} is the set of propagators of the topology T'. All integrals

are taken in the limit € — 0.

C.1 Five-point integrals

D 5L l1) S13
I ]>¢-2 (111 f122] — I (C.2a)

3

5yL2 (1) tr_ (1345
[D (4]>¢-2> [Mll“QQ(gl + 62)2] — % (CQb)

3
513(6545 — 2513 — S34 — S15)
36 ’

(C.20)

Y

B |

D 50%2 £1,1
I (4]>|<[2> (11 fe22] —

3
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C.2. Six-point integrals

54%2 f1,1
ID< m >[M11/L22t1‘+(123£1€2345)] —
4 2

try (123(2p1 +p2) (pa+2ps)345)

| 36 ’
(C.2d)
NGES2 (2p1+p2) - (pa+2ps)
P 0+ 05)? ) C.2
<4 |X3 |2> [Hipoa (b1 + £2)7] — 13 (C.2e)
C.2 Six-point integrals
B 513546
(458 Yo - o5 =
64026141 S813S46(S923 + S
7 (5%2) 1 pa(ly + £2)7] = — =2 46(1223 = (C.3b)
4 3
n $13546(2p1 +D2+p3) - (Pa+ps+2p6)
18
" 846tr+(12(p4+p5+2p6)3>
36
n Slgtr+(4<2p1 +p2+p3)56>
36
tr, (125643)
+ 36 ’
6 8251 1
]D< ) (171 p22] = 0, (C.3¢c)
41 1 1
( ) piy oo (0y + €2)%] — — 12’ (C.3d)
I 6 e2 £1y1 S14
1 i) [a1peaa) — i (C.3e)
fl ! _(1456
< ) franpiaz (1 + £2)?] — % (C.3f)
B 514(5823+6556 — 2514 — S45— S16)
36 ’
6422 ¢141
D ) 513
1 <5]>4Q')[,u11,u22] — 1 (C.3g)
602 01,1 S138 tr (12(p +2p )3)
" <5]>4Q'2>[“”“22(€1H2)2] Syt 356 :
n 513(2p1+p2+p3) - (ps+2ps)
18 ’

(C.3h)
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C.2. Six-point integrals

I 6\f2 £1,1
I (5]>4Q'7>[M11M225lf€g] —

6§ f2 £1,y7
ID( m ) [M11/~L22] —
574 3 V2
Lo £1,7
Dg[) (a1 122 (01 + £2)%] —
6\ f2 £1,7
ID( m ) (111 o2y l5] —
574 3 V2
54 02§ 01,1
I’ (4]>|<[2) [M11M22] —
0§ 01,1 ’
]>|<[2> (a1 ptaa (b + bo — py1 — P5)2] —

1" C]iié[D (11 p2a (6 — p1)*] —
" C]iié[:) (a1 pt22(C2 — ps)"] —
4]>(|2[:> [ oz (01 — p ) (ly — ps)] —
7 C]glé[:) [t paa (6 = p1)?) =

54 22001 ,1
ID( ]>|<[ ) (1 2 (Co —p5)2] -

3

ID6
5

2513(2p1 +p2+p3)H(ps+2pe)”

72
tr+(127“37)2(]75+2p6)y’ (C.31)
%’ (C.3)
G+ ot 200) (C.3K)
(2p1 +pz);ép5+2p6)”’ (C.31)
%7 (C.3m)
(pr=p2) - (Ps—pa)  s12+ 545
18 127
(C.3n)
1%’ (C.30)
1%’ (C.3p)
(= pé‘;((ipé — i) (C.3q)
_ %7 (C.3r)
_ %‘ (C.3s)
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Appendix D

Five-point two-loop soft

divergences

The following integrals are required for the check on soft divergences in chapter [4]
They have all been checked numerically using the sector decomposition methods
implemented in FIESTA [69] and SECDEC [71]. Some of the integrals were
computed long ago in D dimensions and can be used to write the full integrals
including finite terms via the dimensional reduction identities implemented in
LiTERED [I41] and IBP relations from FIRES5 [142][]

e (E R = i vOe. )
1D (4)2:#[1}9 [Py (6 -ps)] = (4;)4 (Ds —2)(2515 + s25) 1O, (D2)

1281282362

I () ] = O™, (D.3)
() 5 sy = 00, (0.4
()i (- -] = 00, 05)

P (—@) [F)] = (4;)4 3?1 2 S_ziz +0O(eh), (D.6)

"We thank Claude Duhr for providing his own computation of the integrals for ete™ — 3j
[143) [144].
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2 4 1 1 (D — 2)(815 — S14 + S34 — 835)
]’D 5—@2 F . — = 5
( 3) [ 1<£1 (p5 p4))] (47’(’)4 1251282362

+O(e™), (D.7)

P (@:) (] = (4i)4 % + 0>, (D.9)
1P Jjjt:) [Fy] = (4i)4% +O(e™h), (D.10)
I () A (4i)4 % Lo, (D.11)

i (@:) (F1] = 0. (D.12)

105



Bibliography

[1] S. Badger, G. Mogull, and T. Peraro, Local Integrands for Two-Loop All-Plus
Yang-Mills Amplitudes, JHEP 08 (2016) 063, [1606.02244].

[2] S. Badger, G. Mogull, and T. Peraro, Local Integrands for Two-Loop QCD
Amplitudes, PoS LL2016 (2016) 006, [1607.00311].

[3] S. Badger, G. Mogull, A. Ochirov, and D. O’Connell, A Complete Two-Loop,
Five-Gluon Helicity Amplitude in Yang-Mills Theory, JHEP 10 (2015) 064,
[1507.08797].

[4] G. Mogull and D. O’Connell, Overcoming Obstacles to Colour-Kinematics
Duality at Two Loops, JHEP 12 (2015) 135, [1511.06652].

[5] J. R. Andersen et al., Les Houches 2015: Physics at TeV Colliders Standard
Model Working Group Report, in 9th Les Houches Workshop on Physics at TeV
Colliders (PhysTeV 2015) Les Houches, France, June 1-19, 2015, 2016.
1605.04692.

[6] K. G. Chetyrkin and F. V. Tkachov, Integration by Parts: the Algorithm to
Calculate Beta Functions in 4 Loops, Nucl. Phys. B192 (1981) 159-204.

[7] F. V. Tkachov, A Theorem on Analytical Calculability of Four Loop
Renormalization Group Functions, Phys. Lett. B100 (1981) 65-68.

[8] C. Anastasiou, E. W. N. Glover, C. Oleari, and M. E. Tejeda-Yeomans, Two
Loop QCD Corrections to Massless Identical Quark Scattering, Nucl. Phys.
B601 (2001) 341-360, [hep-ph/0011094].

[9] C. Anastasiou, E. W. N. Glover, C. Oleari, and M. E. Tejeda-Yeomans,
Two-Loop QCD Corrections to the Scattering of Massless Distinct Quarks,
Nucl. Phys. B601 (2001) 318-340, [hep-ph/0010212].

[10] C. Anastasiou, E. W. N. Glover, C. Oleari, and M. E. Tejeda-Yeomans, Two
Loop QCD Corrections to Massless Quark Gluon Scattering, Nucl. Phys. B605
(2001) 486-516, [hep-ph/0101304].

[11] E. W. N. Glover, C. Oleari, and M. E. Tejeda-Yeomans, Two Loop QCD
Corrections to Gluon-Gluon Scattering, Nucl. Phys. B605 (2001) 467485,
[hep-ph/0102201].

106


http://xxx.lanl.gov/abs/1606.02244
http://xxx.lanl.gov/abs/1607.00311
http://xxx.lanl.gov/abs/1507.08797
http://xxx.lanl.gov/abs/1511.06652
http://xxx.lanl.gov/abs/1605.04692
http://xxx.lanl.gov/abs/hep-ph/0011094
http://xxx.lanl.gov/abs/hep-ph/0010212
http://xxx.lanl.gov/abs/hep-ph/0101304
http://xxx.lanl.gov/abs/hep-ph/0102201

BIBLIOGRAPHY

[12]

[13]

[14]

[20]

[21]

[22]

[23]

[24]

L. W. Garland, T. Gehrmann, E. W. N. Glover, A. Koukoutsakis, and
E. Remiddi, Two Loop QCD Helicity Amplitudes for eTe~ — Three Jets, Nucl.
Phys. B642 (2002) 227-262, [hep-ph/0206067].

L. W. Garland, T. Gehrmann, E. W. N. Glover, A. Koukoutsakis, and
E. Remiddi, The Two Loop QCD Matriz Element for eTe™ — 3 Jets, Nucl.
Phys. B627 (2002) 107-188, [hep-ph/0112081].

T. Gehrmann, M. Jaquier, E. W. N. Glover, and A. Koukoutsakis, Two-Loop
QCD Corrections to the Helicity Amplitudes for H — 38 Partons, JHEP 02
(2012) 056, [1112.3554].

T. Gehrmann, A. von Manteuffel, and L. Tancredi, The two-loop helicity
amplitudes for q7 — V1 Va — 4 leptons, JHEP 09 (2015) 128, [1503.04812].

A. von Manteuffel and L. Tancredi, The two-loop helicity amplitudes for
g9 — V1Va — 4 leptons, JHEP 06 (2015) 197, [1503.08835].

F. Caola, J. M. Henn, K. Melnikov, A. V. Smirnov, and V. A. Smirnov,
Two-Loop Helicity Amplitudes for the Production of Two Off-Shell Electroweak
Bosons in Gluon Fusion, JHEP 06 (2015) 129, [1503.08759].

F. Caola, J. M. Henn, K. Melnikov, A. V. Smirnov, and V. A. Smirnov,
Two-Loop Helicity Amplitudes for the Production of Two Off-Shell Electroweak
Bosons in Quark-Antiquark Collisions, JHEP 11 (2014) 041, [1408.6409].

Z. Bern, L. J. Dixon, D. C. Dunbar, and D. A. Kosower, One Loop N Point
Gauge Theory Amplitudes, Unitarity and Collinear Limits, Nucl. Phys. B425
(1994) 217-260, [hep-ph/9403226].

Z. Bern, L. J. Dixon, D. C. Dunbar, and D. A. Kosower, Fusing Gauge Theory
Tree Amplitudes into Loop Amplitudes, Nucl. Phys. B435 (1995) 59-101,
[hep-ph/9409265).

J. J. M. Carrasco and H. Johansson, Generic Multiloop Methods and Application
to N'= 4 Super-Yang-Mills, J. Phys. A44 (2011) 454004, [1103.3298].

Z. Bern and Y.-t. Huang, Basics of Generalized Unitarity, J. Phys. A44 (2011)
454003, [1103.1869).

H. Ita, Susy Theories and QCD: Numerical Approaches, J. Phys. A44 (2011)
454005, [1109.6527].

R. Britto, Loop Amplitudes in Gauge Theories: Modern Analytic Approaches, J.
Phys. A44 (2011) 454006, [1012.4493].

Z. Bern, L. J. Dixon, and D. A. Kosower, A Two Loop Four Gluon Helicity
Amplitude in QCD, JHEP 01 (2000) 027, [hep-ph/0001001].

107


http://xxx.lanl.gov/abs/hep-ph/0206067
http://xxx.lanl.gov/abs/hep-ph/0112081
http://xxx.lanl.gov/abs/1112.3554
http://xxx.lanl.gov/abs/1503.04812
http://xxx.lanl.gov/abs/1503.08835
http://xxx.lanl.gov/abs/1503.08759
http://xxx.lanl.gov/abs/1408.6409
http://xxx.lanl.gov/abs/hep-ph/9403226
http://xxx.lanl.gov/abs/hep-ph/9409265
http://xxx.lanl.gov/abs/1103.3298
http://xxx.lanl.gov/abs/1103.1869
http://xxx.lanl.gov/abs/1109.6527
http://xxx.lanl.gov/abs/1012.4493
http://xxx.lanl.gov/abs/hep-ph/0001001

BIBLIOGRAPHY

[26]

[27]

28]

[29]

[32]

[33]
[34]

[35]

[36]

Z. Bern, A. De Freitas, and L. J. Dixon, Two Loop Amplitudes for Gluon Fusion
into Two Photons, JHEP 09 (2001) 037, [hep-ph/0109078].

Z. Bern, A. De Freitas, L. J. Dixon, and H. L. Wong, Supersymmetric
Regularization, Two Loop QCD Amplitudes and Coupling Shifts, Phys. Reuv.
D66 (2002) 085002, [hep-ph/0202271].

Z. Bern, A. De Freitas, and L. J. Dixon, Two Loop Helicity Amplitudes for
Gluon-Gluon Scattering in QCD and Supersymmetric Yang-Mills Theory, JHEP
03 (2002) 018, [hep-ph/0201161].

Z. Bern, A. De Freitas, and L. J. Dixon, Two Loop Helicity Amplitudes for
Quark Gluon Scattering in QCD and Gluino Gluon Scattering in
Supersymmetric Yang-Mills Theory, JHEP 06 (2003) 028, [hep-ph/0304168].
[Erratum: JHEP04,112(2014)].

R. Roiban, Review of AdS/CFT Integrability, Chapter V.1: Scattering
Amplitudes - a Brief Introduction, Lett. Math. Phys. 99 (2012) 455-479,
[1012.4001].

R. K. Ellis, Z. Kunszt, K. Melnikov, and G. Zanderighi, One-Loop Calculations
in Quantum Field Theory: from Feynman Diagrams to Unitarity Cuts, Phys.
Rept. 518 (2012) 141-250, [1105.4319].

L. J. Dixon, A Brief Introduction to Modern Amplitude Methods, in Proceedings,
2012 European School of High-Energy Physics (Eshep 2012): La Pommeraye,
Anjou, France, June 06-19, 2012, pp. 31-67, 2014. 1310.5353.

H. Elvang and Y.-t. Huang, Scattering Amplitudes, 1308.1697.
J. J. M. Carrasco, Gauge and Gravity Amplitude Relations, 1506.00974.

S. J. Parke and T. R. Taylor, An Amplitude for n Gluon Scattering, Phys. Rev.
Lett. 56 (1986) 2459.

N. Arkani-Hamed, J. L. Bourjaily, F. Cachazo, S. Caron-Huot, and J. Trnka,
The All-Loop Integrand for Scattering Amplitudes in Planar N =4 SYM, JHEP
01 (2011) 041, [1008.2958].

N. Arkani-Hamed, J. L. Bourjaily, F. Cachazo, and J. Trnka, Local Integrals for
Planar Scattering Amplitudes, JHEP 06 (2012) 125, [1012.6032].

Z. Bern, L. J. Dixon, D. C. Dunbar, and D. A. Kosower, One-Loop Self-Dual
and N = 4 Super Yang-Mills, Phys. Lett. B394 (1997) 105-115,
[hep-th/9611127].

S. Badger, H. Frellesvig, and Y. Zhang, A Two-Loop Five-Gluon Helicity
Amplitude in QCD, JHEP 12 (2013) 045, [1310.1051].

108


http://xxx.lanl.gov/abs/hep-ph/0109078
http://xxx.lanl.gov/abs/hep-ph/0202271
http://xxx.lanl.gov/abs/hep-ph/0201161
http://xxx.lanl.gov/abs/hep-ph/0304168
http://xxx.lanl.gov/abs/1012.4001
http://xxx.lanl.gov/abs/1105.4319
http://xxx.lanl.gov/abs/1310.5353
http://xxx.lanl.gov/abs/1308.1697
http://xxx.lanl.gov/abs/1506.00974
http://xxx.lanl.gov/abs/1008.2958
http://xxx.lanl.gov/abs/1012.6032
http://xxx.lanl.gov/abs/hep-th/9611127
http://xxx.lanl.gov/abs/1310.1051

BIBLIOGRAPHY

[40]

[41]

[42]

V. Del Duca, L. J. Dixon, and F. Maltoni, New Color Decompositions for Gauge
Amplitudes at Tree and Loop Level, Nucl. Phys. B571 (2000) 51-70,
lhep-ph/9910563].

Z. Bern, J. J. M. Carrasco, and H. Johansson, New Relations for Gauge-Theory
Amplitudes, Phys. Rev. D78 (2008) 085011, [0805.3993].

L. J. Dixon, Calculating scattering amplitudes efficiently, in QCD and beyond.
Proceedings, Theoretical Advanced Study Institute in Flementary Particle
Physics, TASI-95, Boulder, USA, June 4-30, 1995, pp. 539-584, 1996.
hep-ph/9601359.

L. J. Dixon, Scattering amplitudes: the most perfect microscopic structures in
the universe, J. Phys. A44 (2011) 454001, [1105.0771].

M. Srednicki, Quantum field theory. Cambridge University Press, 2007.

Z. Bern and A. G. Morgan, Massive Loop Amplitudes from Unitarity, Nucl.
Phys. B467 (1996) 479-509, [hep-ph/9511336).

Z. Bern, G. Chalmers, L. J. Dixon, and D. A. Kosower, One Loop N Gluon
Amplitudes with Maximal Helicity Violation via Collinear Limits, Phys. Rev.
Lett. 72 (1994) 2134-2137, [hep-ph/9312333].

G. Mahlon, One Loop Multi - Photon Helicity Amplitudes, Phys. Rev. D49
(1994) 2197-2210, [hep-ph/9311213].

W. L. van Neerven and J. A. M. Vermaseren, Large Loop Integrals, Phys. Lett.
B137 (1984) 241-244.

Z. Bern, L. J. Dixon, and D. A. Kosower, Dimensionally Regulated One Loop
Integrals, Phys. Lett. B302 (1993) 299-308, [hep-ph/9212308]. [Erratum: Phys.
Lett.B318,649(1993)].

Z. Bern, L. J. Dixon, and D. A. Kosower, Dimensionally Regulated Pentagon
Integrals, Nucl. Phys. B412 (1994) 751-816, [hep-ph/9306240].

S. D. Badger, Direct Extraction Of One Loop Rational Terms, JHEP 01 (2009)
049, [0806.4600).

G. Mahlon, Multi - gluon helicity amplitudes involving a quark loop, Phys. Rev.
D49 (1994) 4438-4453, [hep-ph/9312276)|.

H. Elvang, D. Z. Freedman, and M. Kiermaier, Solution to the Ward Identities
for Superamplitudes, JHEP 10 (2010) 103, [0911.3169].

H. Elvang, D. Z. Freedman, and M. Kiermaier, SUSY Ward identities,
Superamplitudes, and Counterterms, J. Phys. A44 (2011) 454009, [1012.3401].

109


http://xxx.lanl.gov/abs/hep-ph/9910563
http://xxx.lanl.gov/abs/0805.3993
http://xxx.lanl.gov/abs/hep-ph/9601359
http://xxx.lanl.gov/abs/1105.0771
http://xxx.lanl.gov/abs/hep-ph/9511336
http://xxx.lanl.gov/abs/hep-ph/9312333
http://xxx.lanl.gov/abs/hep-ph/9311213
http://xxx.lanl.gov/abs/hep-ph/9212308
http://xxx.lanl.gov/abs/hep-ph/9306240
http://xxx.lanl.gov/abs/0806.4600
http://xxx.lanl.gov/abs/hep-ph/9312276
http://xxx.lanl.gov/abs/0911.3169
http://xxx.lanl.gov/abs/1012.3401

BIBLIOGRAPHY

[55]

[56]

[57]

[58]

[59]

[60]

[61]

M. B. Green, J. H. Schwarz, and L. Brink, N=/4 Yang-Mills and N=8
Supergravity as Limits of String Theories, Nucl. Phys. B198 (1982) 474-492.

J. J. Carrasco and H. Johansson, Five-Point Amplitudes in N = 4
Super-Yang-Mills Theory and N = 8 Supergravity, Phys. Rev. D85 (2012)
025006, [1106.4711].

Z. Bern, L. J. Dixon, D. A. Kosower, R. Roiban, M. Spradlin, C. Vergu, and
A. Volovich, The Two-Loop Siz-Gluon MHV Amplitude in Mazimally
Supersymmetric Yang-Mills Theory, Phys. Rev. D78 (2008) 045007,

[0803. 1465).

N. Arkani-Hamed, F. Cachazo, and J. Kaplan, What is the Simplest Quantum
Field Theory?, JHEP 09 (2010) 016, [0808.1446].

Z. Bern and D. A. Kosower, Color decomposition of one loop amplitudes in
gauge theories, Nucl. Phys. B362 (1991) 389-448.

V. Del Duca, A. Frizzo, and F. Maltoni, Factorization of tree qcd amplitudes in
the high-energy limit and in the collinear limit, Nucl. Phys. B568 (2000)
211-262, [hep-ph/9909464].

D. C. Dunbar and W. B. Perkins, Two-Loop Five-Point All Plus Helicity
Yang-Mills Amplitude, Phys. Rev. D93 (2016), no. 8 085029, [1603.07514].

D. C. Dunbar, G. R. Jehu, and W. B. Perkins, Two-Loop Sixz Gluon All Plus
Helicity Amplitude, Phys. Rev. Lett. 117 (2016), no. 6 061602, [1605.06351].

D. C. Dunbar, G. R. Jehu, and W. B. Perkins, The Two-Loop N-Point All-Plus
Helicity Amplitude, Phys. Rev. D93 (2016), no. 12 125006, [1604.06631].

Z. Bern, J. S. Rozowsky, and B. Yan, Two loop four gluon amplitudes in N=/
superYang-Mills, Phys. Lett. B401 (1997) 273-282, [hep-ph/9702424].

Z. Bern, L. J. Dixon, D. C. Dunbar, M. Perelstein, and J. S. Rozowsky, On the
relationship between Yang-Mills theory and gravity and its implication for
ultraviolet divergences, Nucl. Phys. B530 (1998) 401-456, [hep-th/9802162].

T. Gehrmann, J. M. Henn, and N. A. Lo Presti, Analytic Form of the Two-Loop
Planar Five-Gluon All-Plus-Helicity Amplitude in QCD, Phys. Rev. Lett. 116
(2016), no. 6 062001, [1511.05409]. [Erratum: Phys. Rev.
Lett.116,n0.18,189903(2016)].

S. Catani, The Singular Behavior of QCD Amplitudes at Two Loop Order,
Phys. Lett. B427 (1998) 161-171, [hep-ph/9802439).

S. Catani, S. Dittmaier, and Z. Trocsanyi, One Loop Singular Behavior of QCD
and SUSY QCD Amplitudes with Massive Partons, Phys. Lett. B500 (2001)
149-160, [hep-ph/0011222).

110


http://xxx.lanl.gov/abs/1106.4711
http://xxx.lanl.gov/abs/0803.1465
http://xxx.lanl.gov/abs/0808.1446
http://xxx.lanl.gov/abs/hep-ph/9909464
http://xxx.lanl.gov/abs/1603.07514
http://xxx.lanl.gov/abs/1605.06351
http://xxx.lanl.gov/abs/1604.06631
http://xxx.lanl.gov/abs/hep-ph/9702424
http://xxx.lanl.gov/abs/hep-th/9802162
http://xxx.lanl.gov/abs/1511.05409
http://xxx.lanl.gov/abs/hep-ph/9802439
http://xxx.lanl.gov/abs/hep-ph/0011222

BIBLIOGRAPHY

[69]

[70]

[71]

[72]

73]

[76]

[77]

78]

[79]

[80]

[81]

[82]

A. V. Smirnov, Fiesta 3: Cluster-Parallelizable Multiloop Numerical
Calculations in Physical Regions, Comput. Phys. Commun. 185 (2014)
20902100, [1312.3186].

A. V. Smirnov, Fiesta4: Optimized Feynman Integral Calculations with Gpu
Support, Comput. Phys. Commun. 204 (2016) 189-199, [1511.03614].

S. Borowka, G. Heinrich, S. P. Jones, M. Kerner, J. Schlenk, and T. Zirke,
Secdec-3.0: Numerical Evaluation of Multi-Scale Integrals Beyond One Loop,
Comput. Phys. Commun. 196 (2015) 470-491, [15602.06595].

S. Borowka, G. Heinrich, S. Jahn, S. P. Jones, M. Kerner, J. Schlenk, and
T. Zirke, pySecDec: a toolbox for the numerical evaluation of multi-scale
integrals, [1703.09692.

C. G. Papadopoulos, D. Tommasini, and C. Wever, The Pentabox Master
Integrals with the Simplified Differential Equations Approach, JHEP 04 (2016)
078, [1511.09404].

R. Britto, F. Cachazo, and B. Feng, New Recursion Relations for Tree
Amplitudes of Gluons, Nucl. Phys. B715 (2005) 499-522, [hep-th/0412308].

R. Britto, F. Cachazo, B. Feng, and E. Witten, Direct Proof of Tree-Level
Recursion Relation in Yang-Mills Theory, Phys. Rev. Lett. 94 (2005) 181602,
[hep-th/0501052].

J. L. Bourjaily and J. Trnka, Local Integrand Representations of All Two-Loop
Amplitudes in Planar SYM, JHEP 08 (2015) 119, [15605.05886|.

P. Mastrolia and G. Ossola, On the Integrand-Reduction Method for Two-Loop
Scattering Amplitudes, JHEP 11 (2011) 014, [1107.6041].

Y. Zhang, Integrand-Level Reduction of Loop Amplitudes by Computational
Algebraic Geometry Methods, JHEP 09 (2012) 042, [1205.5707].

P. Mastrolia, E. Mirabella, G. Ossola, and T. Peraro, Scattering Amplitudes
from Multivariate Polynomial Division, Phys. Lett. B718 (2012) 173-177,
[1205.7087].

S. Badger, H. Frellesvig, and Y. Zhang, Multi-Loop Integrand Reduction with
Computational Algebraic Geometry, J. Phys. Conf. Ser. 523 (2014) 012061,
[1310.4445|.

Y. Zhang, Lecture Notes on Multi-loop Integral Reduction and Applied Algebraic
Geometry, 2016. |1612.02249.

C. Cheung and D. O’Connell, Amplitudes and Spinor-Helicity in Siz
Dimensions, JHEP 07 (2009) 075, [0902.0981].

111


http://xxx.lanl.gov/abs/1312.3186
http://xxx.lanl.gov/abs/1511.03614
http://xxx.lanl.gov/abs/1502.06595
http://xxx.lanl.gov/abs/1703.09692
http://xxx.lanl.gov/abs/1511.09404
http://xxx.lanl.gov/abs/hep-th/0412308
http://xxx.lanl.gov/abs/hep-th/0501052
http://xxx.lanl.gov/abs/1505.05886
http://xxx.lanl.gov/abs/1107.6041
http://xxx.lanl.gov/abs/1205.5707
http://xxx.lanl.gov/abs/1205.7087
http://xxx.lanl.gov/abs/1310.4445
http://xxx.lanl.gov/abs/1612.02249
http://xxx.lanl.gov/abs/0902.0981

BIBLIOGRAPHY

[83]

[84]

[85]

[36]

[87]

[88]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

Z. Bern, J. J. Carrasco, T. Dennen, Y.-t. Huang, and H. Ita, Generalized
Unitarity and Siz-Dimensional Helicity, Phys. Rev. D83 (2011) 085022,
[1010.0494].

S. Davies, One-Loop QCD and Higgs to Partons Processes Using
Siz-Dimensional Helicity and Generalized Unitarity, Phys. Rev. D84 (2011)
094016, [1108.0398].

A. Hodges, Eliminating Spurious Poles from Gauge-Theoretic Amplitudes,
JHEP 05 (2013) 135, [0905.1473].

S. Badger, Automating QCD Amplitudes with On-Shell Methods, J. Phys. Conf.
Ser. 762 (2016), no. 1 012057, [1605.02172|.

S. Badger, H. Frellesvig, and Y. Zhang, Hepta-Cuts of Two-Loop Scattering
Amplitudes, JHEP 04 (2012) 055, [1202.2019].

N. Arkani-Hamed, J. L. Bourjaily, F. Cachazo, and J. Trnka, Singularity
Structure of Maximally Supersymmetric Scattering Amplitudes, Phys. Rev. Lett.
113 (2014), no. 26 261603, [1410.0354|.

N. Arkani-Hamed, J. L. Bourjaily, F. Cachazo, A. Postnikov, and J. Trnka,
On-Shell Structures of MHV Amplitudes Beyond the Planar Limit, JHEP 06
(2015) 179, [1412.8475).

Z. Bern, E. Herrmann, S. Litsey, J. Stankowicz, and J. Trnka, Logarithmic
Singularities and Mazimally Supersymmetric Amplitudes, JHEP 06 (2015) 202,
[1412.8584].

Z. Bern, E. Herrmann, S. Litsey, J. Stankowicz, and J. Trnka, Fvidence for a
Nonplanar Amplituhedron, JHEP 06 (2016) 098, [1512.08591].

R. Kleiss and H. Kuijf, Multi - Gluon Cross-Sections and Five Jet Production at
Hadron Colliders, Nucl. Phys. B312 (1989) 616-644.

A. Ochirov and B. Page, Full Colour for Loop Amplitudes in Yang-Mills
Theory, JHEP 02 (2017) 100, [1612.04366|.

Z. Bern, J. J. M. Carrasco, and H. Johansson, Perturbative Quantum Gravity as
a Double Copy of Gauge Theory, Phys. Rev. Lett. 105 (2010) 061602,
[1004.04786].

Z. Bern, T. Dennen, Y.-t. Huang, and M. Kiermaier, Gravity as the Square of
Gauge Theory, Phys. Rev. D82 (2010) 065003, [1004.0693].

N. E. J. Bjerrum-Bohr, P. H. Damgaard, and P. Vanhove, Minimal Basis for
Gauge Theory Amplitudes, Phys. Rev. Lett. 103 (2009) 161602, [0907 . 1425].

S. Stieberger, Open & Closed vs. Pure Open String Disk Amplitudes, 0907 .2211.

112


http://xxx.lanl.gov/abs/1010.0494
http://xxx.lanl.gov/abs/1108.0398
http://xxx.lanl.gov/abs/0905.1473
http://xxx.lanl.gov/abs/1605.02172
http://xxx.lanl.gov/abs/1202.2019
http://xxx.lanl.gov/abs/1410.0354
http://xxx.lanl.gov/abs/1412.8475
http://xxx.lanl.gov/abs/1412.8584
http://xxx.lanl.gov/abs/1512.08591
http://xxx.lanl.gov/abs/1612.04366
http://xxx.lanl.gov/abs/1004.0476
http://xxx.lanl.gov/abs/1004.0693
http://xxx.lanl.gov/abs/0907.1425
http://xxx.lanl.gov/abs/0907.2211

BIBLIOGRAPHY

(98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

109

[110]

[111]

B. Feng, R. Huang, and Y. Jia, Gauge Amplitude Identities by On-Shell
Recursion Relation in S-Matriz Program, Phys. Lett. B695 (2011) 350-353,
[1004.3417].

N. E. J. Bjerrum-Bohr, P. H. Damgaard, R. Monteiro, and D. O’Connell,
Algebras for Amplitudes, JHEP 06 (2012) 061, [1203.0944].

F. Cachazo, Fundamental BCJ Relation in N =4 SYM from the Connected
Formulation, |1206.5970.

C. R. Mafra, O. Schlotterer, and S. Stieberger, Ezplicit BCJ Numerators from
Pure Spinors, JHEP 07 (2011) 092, [1104.5224].

H. Kawai, D. C. Lewellen, and S. H. H. Tye, A Relation Between Tree
Amplitudes of Closed and Open Strings, Nucl. Phys. B269 (1986) 1-23.

R. H. Boels, R. S. Isermann, R. Monteiro, and D. O’Connell, Colour-Kinematics
Duality for One-Loop Rational Amplitudes, JHEP 04 (2013) 107, [1301.4165].

S. He, R. Monteiro, and O. Schlotterer, String-Inspired BCJ Numerators for
One-Loop MHV Amplitudes, JHEP 01 (2016) 171, [1507.06288].

Z. Bern, J. J. M. Carrasco, L. J. Dixon, H. Johansson, and R. Roiban,
Sitmplifying Multiloop Integrands and Ultraviolet Divergences of Gauge Theory
and Gravity Amplitudes, Phys. Rev. D85 (2012) 105014, [1201.5366].

Z. Bern, C. Boucher-Veronneau, and H. Johansson, N > 4 Supergravity
Amplitudes from Gauge Theory at One Loop, Phys. Rev. D84 (2011) 105035,
[1107.1935).

C. Boucher-Veronneau and L. J. Dixon, N > —4 Supergravity Amplitudes from
Gauge Theory at Two Loops, JHEP 12 (2011) 046, [1110.1132].

Z. Bern, S. Davies, T. Dennen, and Y.-t. Huang, Absence of Three-Loop
Four-Point Divergences in N = 4 Supergravity, Phys. Rev. Lett. 108 (2012)
201301, [1202.3423)].

Z. Bern, S. Davies, T. Dennen, and Y.-t. Huang, Ultraviolet Cancellations in
Half-Maximal Supergravity as a Consequence of the Double-Copy Structure,
Phys. Rev. D86 (2012) 105014, [1209.2472].

J. J. M. Carrasco, M. Chiodaroli, M. Giinaydin, and R. Roiban, One-Loop
Four-Point Amplitudes in Pure and Matter-Coupled N < 4 Supergravity, JHEP
03 (2013) 056, [1212.1146].

Z. Bern, S. Davies, T. Dennen, Y.-t. Huang, and J. Nohle, Color-Kinematics
Duality for Pure Yang-Mills and Gravity at One and Two Loops, Phys. Rev.
D92 (2015), no. 4 045041, [1303.6605].

113


http://xxx.lanl.gov/abs/1004.3417
http://xxx.lanl.gov/abs/1203.0944
http://xxx.lanl.gov/abs/1206.5970
http://xxx.lanl.gov/abs/1104.5224
http://xxx.lanl.gov/abs/1301.4165
http://xxx.lanl.gov/abs/1507.06288
http://xxx.lanl.gov/abs/1201.5366
http://xxx.lanl.gov/abs/1107.1935
http://xxx.lanl.gov/abs/1110.1132
http://xxx.lanl.gov/abs/1202.3423
http://xxx.lanl.gov/abs/1209.2472
http://xxx.lanl.gov/abs/1212.1146
http://xxx.lanl.gov/abs/1303.6605

BIBLIOGRAPHY

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

J. Nohle, Color-Kinematics Duality in One-Loop Four-Gluon Amplitudes with
Matter, Phys. Rev. D90 (2014), no. 2 025020, [1309.7416].

Z. Bern, S. Davies, and T. Dennen, The Ultraviolet Structure of Half-Maximal
Supergravity with Matter Multiplets at Two and Three Loops, Phys. Rev. D88
(2013) 065007, |1305.4876.

Z. Bern, S. Davies, T. Dennen, A. V. Smirnov, and V. A. Smirnov, Ultraviolet
Properties of N'= 4 Supergravity at Four Loops, Phys. Rev. Lett. 111 (2013),
no. 23 231302, [1309.2498].

J. J. M. Carrasco, R. Kallosh, R. Roiban, and A. A. Tseytlin, On the U(1)
Duality Anomaly and the S-Matriz of N = 4 Supergravity, JHEP 07 (2013) 029,
[1303.6219)].

Z. Bern, S. Davies, and T. Dennen, The Ultraviolet Critical Dimension of
Half-Maximal Supergravity at Three Loops, 1412.2441.

Z. Bern, S. Davies, and T. Dennen, Enhanced ultraviolet cancellations in N =5
supergravity at four loops, Phys. Rev. D90 (2014), no. 10 105011, [1409.3089).

7. Bern, C. Cheung, H.-H. Chi, S. Davies, L. Dixon, and J. Nohle, Evanescent
Effects Can Alter Ultraviolet Divergences in Quantum Gravity without Physical
Consequences, Phys. Rev. Lett. 115 (2015), no. 21 211301, [1507.06118].

J. Broedel and L. J. Dixon, Color-Kinematics Duality and Double-Copy
Construction for Amplitudes from Higher-Dimension Operators, JHEP 10
(2012) 091, [1208.0876].

M. Chiodaroli, Q. Jin, and R. Roiban, Color/Kinematics Duality for General
Abelian Orbifolds of N'= 4 Super Yang-Mills Theory, JHEP 01 (2014) 152,
[1311.3600].

M. Chiodaroli, M. Glinaydin, H. Johansson, and R. Roiban, Scattering
Amplitudes in N' = 2 Mazwell-Finstein and Yang-Mills/Einstein Supergravity,
JHEP 01 (2015) 081, [1408.0764].

H. Johansson and A. Ochirov, Pure Gravities via Color-Kinematics Duality for
Fundamental Matter, JHEP 11 (2015) 046, [1407.4772].

H. Johansson and A. Ochirov, Color-Kinematics Duality for QCD Amplitudes,
JHEP 01 (2016) 170, [1507.00332].

M. Chiodaroli, M. Gunaydin, H. Johansson, and R. Roiban, Spontaneously
Broken Yang-Mills-FEinstein Supergravities as Double Copies, JHEP 06 (2017)
064, [15611.01740].

Z. Bern, J. J. Carrasco, L. J. Dixon, H. Johansson, and R. Roiban, Amplitudes
and Ultraviolet Behavior of N = 8 Supergravity, Fortsch. Phys. 59 (2011)
561-578, [1103.1848].

114


http://xxx.lanl.gov/abs/1309.7416
http://xxx.lanl.gov/abs/1305.4876
http://xxx.lanl.gov/abs/1309.2498
http://xxx.lanl.gov/abs/1303.6219
http://xxx.lanl.gov/abs/1412.2441
http://xxx.lanl.gov/abs/1409.3089
http://xxx.lanl.gov/abs/1507.06118
http://xxx.lanl.gov/abs/1208.0876
http://xxx.lanl.gov/abs/1311.3600
http://xxx.lanl.gov/abs/1408.0764
http://xxx.lanl.gov/abs/1407.4772
http://xxx.lanl.gov/abs/1507.00332
http://xxx.lanl.gov/abs/1511.01740
http://xxx.lanl.gov/abs/1103.1848

BIBLIOGRAPHY

[126]

[127]

[125]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139]

[140]

Z. Bern, J. J. Carrasco, W.-M. Chen, H. Johansson, and R. Roiban, Gravity
Amplitudes as Generalized Double Copies of Gauge-Theory Amplitudes, Phys.
Rev. Lett. 118 (2017), no. 18 181602, [1701.02519).

Z. Bern, J. J. M. Carrasco, H. Johansson, and R. Roiban, The Five-Loop
Four-Point Amplitude of N'= 4 Super-Yang-Mills Theory, Phys. Rev. Lett. 109
(2012) 241602, [1207 .6666].

Z. Bern, S. Davies, and J. Nohle, Double-Copy Constructions and Unitarity
Cuts, Phys. Rev. D93 (2016), no. 10 105015, [1510.03448|.

H. Johansson, G. Kélin, and G. Mogull, Two-loop supersymmetric QCD and
half-mazimal supergravity amplitudes, |1706.09381.

T. Dennen. Personal communication.

J. Broedel and J. J. M. Carrasco, Virtuous Trees at Five and Six Points for
Yang-Mills and Gravity, Phys. Rev. D84 (2011) 085009, [1107.4802].

N. E. J. Bjerrum-Bohr, T. Dennen, R. Monteiro, and D. O’Connell, Integrand
Ozidation and One-Loop Colour-Dual Numerators in N'= 4 Gauge Theory,
JHEP 07 (2013) 092, [1303.2913].

R. Monteiro and D. O’Connell, The Kinematic Algebra from the Self-Dual
Sector, JHEP 1107 (2011) 007, [1105.2565].

C. Baadsgaard, N. E. J. Bjerrum-Bohr, J. L. Bourjaily, S. Caron-Huot, P. H.
Damgaard, and B. Feng, New Representations of the Perturbative S-Matriz,
Phys. Rev. Lett. 116 (2016), no. 6 061601, [1509.02169].

R. Huang, Q. Jin, J. Rao, K. Zhou, and B. Feng, The Q-cut Representation of
One-loop Integrands and Unitarity Cut Method, JHEP 03 (2016) 057,
[1512.02860).

F. Cachazo, S. He, and E. Y. Yuan, Scattering of Massless Particles in
Arbitrary Dimensions, Phys. Rev. Lett. 113 (2014), no. 17 171601, [1307.2199].

Y. Geyer, L. Mason, R. Monteiro, and P. Tourkine, One-loop amplitudes on the
Riemann sphere, JHEP 03 (2016) 114, [1511.06315].

Y. Geyer, L. Mason, R. Monteiro, and P. Tourkine, Two-Loop Scattering
Amplitudes from the Riemann Sphere, Phys. Rev. D94 (2016), no. 12 125029,
[1607.08887].

J. C. Collins, Renormalization, vol. 26 of Cambridge Monographs on
Mathematical Physics. Cambridge University Press, Cambridge, 1986.

G. 't Hooft and M. J. G. Veltman, Regularization and Renormalization of
Gauge Fields, Nucl. Phys. B44 (1972) 189-213.

115


http://xxx.lanl.gov/abs/1701.02519
http://xxx.lanl.gov/abs/1207.6666
http://xxx.lanl.gov/abs/1510.03448
http://xxx.lanl.gov/abs/1706.09381
http://xxx.lanl.gov/abs/1107.4802
http://xxx.lanl.gov/abs/1303.2913
http://xxx.lanl.gov/abs/1105.2565
http://xxx.lanl.gov/abs/1509.02169
http://xxx.lanl.gov/abs/1512.02860
http://xxx.lanl.gov/abs/1307.2199
http://xxx.lanl.gov/abs/1511.06315
http://xxx.lanl.gov/abs/1607.08887

BIBLIOGRAPHY

[141] R. N. Lee, Presenting Litered: a Tool for the Loop Integrals Reduction,
1212.2685.

[142] A. V. Smirnov, Fire5: a C++ Implementation of Feynman Integral Reduction,
Comput. Phys. Commun. 189 (2015) 182-191, [1408.2372|.

[143] T. Gehrmann and E. Remiddi, Two Loop Master Integrals for Gamma™* — 3
Jets: the Planar Topologies, Nucl. Phys. B601 (2001) 248-286,
[hep-ph/0008287).

[144] T. Gehrmann and E. Remiddi, Two Loop Master Integrals for Gamma™* — 3
Jets: the Nonplanar Topologies, Nucl. Phys. B601 (2001) 287-317,
[hep-ph/0101124].

116


http://xxx.lanl.gov/abs/1212.2685
http://xxx.lanl.gov/abs/1408.2372
http://xxx.lanl.gov/abs/hep-ph/0008287
http://xxx.lanl.gov/abs/hep-ph/0101124

	cover sheet
	thesisoneside(1)
	Lay Summary
	Abstract
	Declaration
	Acknowledgements
	Contents
	Introduction
	Notation and conventions
	Dimensionality
	Spinor and Lorentz products
	Colour algebra
	Loop momenta
	Integrals


	Review: all-plus helicity amplitudes
	Introduction
	Colour structure
	Tree-level amplitudes
	One-loop amplitudes
	Analytic structure
	Supersymmetric connection
	Full-colour structure

	Two-loop amplitudes
	Analytic structure
	Supersymmetric connection
	Four-gluon amplitude
	Five-gluon amplitude

	Infrared divergences
	Four-point example

	Discussion

	Local-integrand representations
	Introduction
	One-loop local integrands
	The box integral in D=4-2e
	One-loop all-plus amplitudes

	Review: D-dimensional unitarity
	Integrand reduction
	Irreducible numerators
	Local integrands as ISPs

	Two-loop local integrands
	The five-gluon integrand
	The six-gluon integrand

	Infrared pole structure
	Soft limits of two-loop integrals 
	Integrand-level infrared structure

	Rational terms
	Discussion

	Colour-dressed representations
	Introduction
	Colour decomposition
	Multi-peripheral colour decomposition
	Review: four-point, two-loop amplitude
	Five-point, two-loop amplitude

	Kinematic structure
	Nonplanar from planar
	Off-shell symmetries
	Nonplanar irreducible numerators

	Checking the soft divergences
	Discussion

	Colour-dual representations
	Introduction
	Review: colour-kinematics duality
	Tree level
	Loop level
	One-loop all-plus example

	Four points, two loops
	Master numerators
	Bubbles and tadpoles
	The maximally-supersymmetric subsector
	Spanning cuts

	Five points, two loops
	Symmetries and automorphisms
	Spanning cuts
	Nonlocality properties
	Attempting a minimal solution
	Solving the ansatz

	Discussion

	Conclusions
	D-dimensional Dirac traces
	Local integrands in N=4 SYM
	Two-loop rational integrals
	Five-point integrals
	Six-point integrals

	Five-point two-loop soft divergences
	Bibliography


