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Abstract

Continuum modelling has proven exceedingly useful throughout science by assuming the
infinite divisibility of a given system. However, high-density metric graphs—representing
a range of natural and engineered systems—have seen limited modelling in this way. A
metric graph is what one might expect intuitively: a spiderweb, neuronal network, water-
supply system, or the British Rail. Physical continuity allows for one-dimensional differ-
ential equations along each edge. At vertices, solutions satisfy flux-balance conditions. We
study the eigenvalues and eigenfunctions of the Laplace operator on an increasingly dense
graph within a prescribed embedding space, e.g., a spiderweb filling the unit disc. The
continuous, linear eigenvalue problem on the edges reduces to a discrete, nonlinear eigen-
value problem on the vertices. Numerically, solutions require a novel matrix-determinant
root-finding algorithm. Alternatively, the discrete system becomes the eigenvalue equation
of a continuous partial differential operator, resembling a Laplace–Beltrami operator but
with several notable differences. Rather than a Riemannian metric, we derive a distinct
symmetric tensor that scales linearly with distance. Rather than the determinant-based
volume form, we find an analogous matrix-trace-based distance form. Our findings open
the possibility for a new manifold geometry similar to geodesic structure but made from
underlying “graph material”. We discuss a series of examples of high-density networks,
comparing PDE solutions to numerical solutions of vertex systems. We start with trivial
cases and proceed to inhomogeneous and anisotropic media. We develop continuum mod-
els for random graphs, hierarchical networks, and cases of nonuniform edge conductances
and capacities.
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Lay Summary

Networks appear throughout the real world. Classic examples include the humble spi-
derweb, the not-so-humble neuronal network of the human brain, the Manhattan road
network, electricity grids, river systems, social networks, vascular networks... These net-
works facilitate the spread of mechanical waves, electricity, sound, traffic, information,
water, blood... The idea of this thesis is to develop a framework for understanding differ-
ential equations (the models of how these quantities spread) on metric graphs (networks)
when the networks are high-density. Under a microscope, the capillary system of the
human lung may be recognisable as any other branching tree or plant in your garden.
However, as a whole, the 300 billion capillaries “fill in” the lung into which they are em-
bedded and which they service. A feature of a such a network is that it can route and
reroute oxygen and nutrients at various scales–from distributing locally between small
groups of capillaries, to distributing globally on the scale of the entire embedding space.
This large-scale capability enables networks to be robust to damage or defects, for exam-
ple. Modelling this capability is crucial for understanding how these systems work. For
a simple but foundational differential equation, which models waves, heat, and electrons,
we determine how the density and structure of the network, as well as the shape and
size of the embedding space, affect these large-scale dynamics. We find a new differential
equation and framework, which we hope will be instructive in understanding large-scale
behaviour of many extremely large networks which have remained elusive so far.
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Chapter 1

Introduction

1.1 Problem statement

This thesis reports a new macroscopic medium that emerges systematically from a dense
network of interconnected wires or conduits. The mathematical notion of a discrete graph
dates back to Euler’s 1726 solution of the Seven Bridges of Königsberg problem, abstract-
ing the city’s street network to a discrete collection of pairwise relations between nodes.
But perhaps a more overt definition would “address” the thoroughfares as contiguous
physical connections between junctions. In this case, the appropriate structure is a “met-
ric graph” a.k.a. “geometrised network” a.k.a. “continuous graph”: a discrete graph with
physical length along each edge. A significant advantage of metric graphs over their dis-
crete counterparts is that they support the placement of differential equations along their
edges. Metric graphs are ubiquitous, whether in optical fibre networks, electrical power
grids, spider webs, vasculature, river systems, neuronal networks, textiles, fishing nets, or
British Rail. Moreover, metric graphs find application in diverse and less obvious abstract
settings, such as microwave lattices, quantum chemistry, and dynamical systems theory.
We embed a metric graph within some common space (e.g. a smooth manifold such as Eu-
clidean space or the 2-sphere). We pose a typical dynamical model as a one-dimensional
differential equation on each edge, with “boundary” conditions at each vertex. Overall,
the dynamics on a given edge depend on the dynamics over the entire graph. In this sense,
we envision a kind of “mesoscopic” system giving way to fully coarse-grained dynamics.

Figure 1.1: Does a high-density spiderweb vibrate like a snare drum?
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Figure 1.2: Large scale (edgewise) modes on metric graphs. How can these be modelled
in the continuum?

The overall question we address is:

What partial differential equations result from taking the “continuum limit” of
the metric graph, where the vertices become dense in the embedding space, and
the edge lengths shrink to zero (figure 1.1)?

We answer this question for the eigensystem of the Laplace operator ∆ = d2/dx2 eq.(2.12)
on each edge of a given metric graph G and find the resulting PDE is eq. (2.42). We chose
the differential Laplacian as a starting point because of its presence in innumerable appli-
cations. In line with Mark Kac’s “Can you hear the shape of a drum?” [2] (you can’t [3]),
we refer to eigenvalues of the Laplace operator on metric graphs as simply eigenvalues of
metric graphs–and no, you can’t hear the shape of a metric graph [4], unless the edge
lengths are rationally independent [5, 6]. There has been significant work studying differ-
ential equations on metric graphs, mainly focusing on quantum Hamiltonian Schrödinger
operators, H = −∆ + V (x) [1]. Linus Pauling first considered differential equations on
metric graphs to model free electrons in organic molecules [7]. Recent modelling efforts
include Hamiltonian dynamics in hydrocarbons [8–11] and low-energy eigenmodes of pro-
tonated methane [12, 13] using similar, 60 vertex models to the truncated icosahedron
(buckminsterfullerene) in figure 5.5. Particular excitement exists regarding nanomaterials
for their remarkable mechanical, electric and optical properties [14–22]. The Schrödinger
equation on metric graphs is also equivalent to the telegraph equation on microwave
networks [23–27]. Localisation landscape theory provides a promising model for charge-
carrier dynamics in disordered semiconductors [28–33]. Anderson localisation has been
studied extensively on quantum graphs [34–38]; including in random laser networks [39–
43].

For biological applications, the brain presents an especially intriguing setting for high-
density graph models [44–53]. However, comparatively little work has included Euclidean
distances on the underlying graphs; only how distance affects neuron firing rate synchro-
nisation [54, 55]. The cellular cytoskeleton network of protein filaments is another key
area for metric graph applications [56–60].
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Mathematical results for differential equations on metric graphs include hybrid mono-
graphs covering the nonlinear Schrödinger and reaction-diffusion equations [61–63]. Other
examples include thin-branched structures [64, 65], control problems [66], and semigroup
methods for evolution equations [67]. A related work [68] demonstrates how a discrete
lattice of wires can nevertheless efficiently filter electromagnetic radiation as would a con-
tinuous substance. Lieb et al. solve and optimise a system of nonlinear conservation laws
on idealised urban water-supply networks [69].

Little is understood regarding high-density metric graphs as embedded structures
within manifolds. Previous work treats graphs with high levels of symmetry [1, 70–
77]. Applications exist in the human circulatory system [78, 79], population dynamics
[80], tissue membranes [81] and urban pollution [82]. Lastly, [83] shows Ollivier-to-Ricci
curvature convergence for edges with positive weights.

1.2 Outline

In this thesis, we first introduce metric graphs and the edgewise Laplace operator with self-
adjoint boundary conditions in chapter 2. We derive a continuum limit from a variational
formalism as we take the limit as the density of vertices increases. We make several initial
observations about the resulting operator, and introduce a generalization to edgewise
constant parameters (edgewise conductivities and capacities). Before analysing a series of
examples, we present numerical algorithms for solving the edgewise nonlinear eigenvalue
problem, in chapter 3. In chapter 4, we present the first series of simple initial examples
which give intuition about the distinction between the continuum limiting operator and
the standard Laplace-Beltrami operator. In chapter 5, we demonstrate the limit for graphs
with varying structure, and derive a series of semi-analytical examples. Until then, all
graphs have explicitly resolvable local structure which produce well-defined continuum
limits. In chapter 6, we apply a metric graph version of two-scale homogenization to
graphs with periodic, highly oscillatory structure at the scale of vertex neighours. This sets
us up to finally generalise to random graphs in chapter 7. Here, we present a continuum
limit of the metric graph Laplace operator on the uniformly random triangulation of
space.
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Chapter 2

Continuum limit of the metric graph
Laplace operator

2.1 Mathematical setup

2.1.1 Metric graphs

A graph G = (V,E) consists of a set of vertices v ∈ V , pairs of which are connected
by edges e ∈ E. A metric graph is a weighted graph, where the weights consist of
edge lengths ℓe given by the standard one-dimensional Euclidean metric. We also use the
notation G = (V,E) to refer to metric graphs. In set notation, the numbers of vertices and
edges are |V | and |E|, and the graph size, unless stated otherwise, is |V | < ∞. An edge
e ∈ E connects vertices v, w ∈ V , which are, therefore, neighbours. In a metric graph,
an edge is not just a label, but an interval e = [0e, ℓe] ⊂ R with some coordinate x ∈ e.
Here, 0e corresponds to the starting vertex, say v, and the edge length ℓe corresponds to
the end vertex, say w. We denote these associations as v ≃ 0e, w ≃ ℓe. A weighted and
oriented |V | × |E| incidence matrix Bv,e encodes the internal structural information

Bv,e =


+ℓe if v ≃ 0e ∈ [0e, ℓe],

−ℓe if v ≃ ℓe ∈ [0e, ℓe],

0 otherwise.

(2.1)

The incidence matrix helps to define functions and their derivatives on G. The signs of
the incidence matrix entries, B̂v,e = sign(Bv,e), are unit normal vectors pointing away

from v. For example, if v ≃ ℓe, then for x ∈ e with endpoints v and w, x + B̂v,e points

away from v and x + B̂w,e points towards v. Global coordinates on G are denoted (e, x),
where x is the local coordinate on e. We refer to e as a subset of G, and v as an element
of G.

2.1.2 Functions and derivatives

We denote scalar-valued functions f : G → R as f(e, x) for x ∈ e (see figure 2.1 for an
illustration). A function is continuous on G if it is continuous on all individual edges
up to and including the endpoints. The endpoints of adjacent edges are the same unique
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Figure 2.1: Real-valued function f (in red) onG (in black). Neumann-Kirchhoff conditions
are enforced at v0, v2, v3 and the Dirichlet 0 condition is enforced at v1.

point v ∈ G. Therefore, a continuous function on G also has unique values at the vertices,
denoted f(v). Differentiability on metric graphs is straightforward in the middle of the
edges. For x + ε n̂ ∈ e where ε > 0 and n̂ ∈ {±1}, a real-valued function f : G → R is
edgewise differentiable if the following exists,

Dn̂f(e, x) = lim
ε→0

f(e, x+ ε n̂) − f(e, x)

ε
= n̂

d

dx
f(e, x). (2.2)

Functions need not have unique derivatives at vertices. The derivative at v is an edgewise
function

Def(v) = B̂v,e
d

dx
f(e, x)

∣∣∣
x=v

. (2.3)

This is a coordinate-parameterisation invariant directional derivative away from v.

2.1.3 The Laplace operator

We define the L2 inner product over the whole graph as the sum of L2 inner products on
each edge. For complex-valued functions f, g on G,

⟨f, g⟩G =
∑
e∈E

∫ ℓe

0e

f(e, x)g(e, x) dx, (2.4)

with norm, ∥f∥G =
√

⟨f, f⟩G. We can associate an L2 Hilbert space and an H2 = W 2,2

Sobolev space to each edge, and by extension to the whole graph as

L2(G) :=

|E|⊕
i=1

L2 ([0, ℓi]) and H2(G) :=

|E|⊕
i=1

H2 ([0, ℓi]) . (2.5)

The Laplace operator ∆ : H2(G) → L2(G) acts edgewise as

∆f(e, x) =
d2

dx2
f(e, x). (2.6)

18



To ensure self-adjointness, we must specify boundary conditions on each edge interval.
[1] derives a full classification of boundary conditions which ensure self-adjointness. We
derive “natural” vertex conditions by applying a graph analogue of the Rayleigh-Ritz
extremum principle on standard manifolds. We define the Dirichlet energy over G as

∥Df∥2G =
∑
e∈E

∫ ℓe

0e

∣∣∣∣ ddxf(e, x)

∣∣∣∣2 dx. (2.7)

This is independent of the edge orientations because B̂2
v,e = 1. We define the eigenfunc-

tions of the Laplacian from the stationary points of the Rayleigh quotient, starting with
eigenvalue

k2 = min
∥f∥G=1

∥Df∥2G. (2.8)

For any globally continuous and differentiable variation g(e, x), the Euler-Lagrange equa-
tions are

∑
e∈E

{[
g(e, x)

d

dx
f(e, x)

]ℓe
0e

−
∫ ℓe

0e

g(e, x)

(
k2 +

d2

dx2

)
f(e, x) dx

}
= 0. (2.9)

The boundary term is

∑
e∈E

[
g(e, x)

d

dx
f(e, x)

]ℓe
0e

=
∑
e∈G

(
g(e, ℓe)

d

dx
f(e, ℓe) − g(e, 0e)

d

dx
f(e, 0e)

)
. (2.10)

We restrict ourselves to cases in which vertex conditions are local. That is, function
values at a vertex v do not depend directly on function values at other vertices–only on
the values at v of functions on incident edges. In order for this to vanish, there are two
natural options. If f satisfies Dirichlet conditions at each v, then we have g(e, v) = 0.
Alternatively, the Kirchhoff condition is∑

e∼v

Def(v) = 0, (2.11)

where the sum is over all edges e incident to v denoted e ∼ v. The edge orientations B̂v,e

account for the sign differences between ℓe and 0e in eq. (2.10). In either case, we have
the edge differential equation

d2

dx2
f(e, x) = −k2f(e, x). (2.12)

The Kirchhoff condition (eq. (2.11)) shows why relevant functions often have multi-valued
derivatives at vertices. ∆ is self-adjoint when restricted to a dense domain D ⊂ H2(G)
on which eq. (2.10) vanishes [1]. The eigenvalue λ = −k2 is real-valued and discrete and
could represent (e.g.) heat diffusion (∂t → −k2), wave-like dynamics (∂2t → −k2), or
Schrödinger evolution (−i∂t → −k2).

If a given edge e has endpoints v ≃ 0e, w ≃ ℓe, then we express solutions of eq. (2.12)
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Figure 2.2: An illustration of the continuum limiting graph quantities. The edge tensor
sums over (tensor products of) displacements to neighbouring vertices. It has units of
length. The vertex density can be approximated the inverse of the cell area A.

as

f(e, x) = f(v)
sin(k(ℓe − x))

sin(kℓe)
+ f(w)

sin(kx)

sin(kℓe)
, (2.13)

which manifestly expresses continuity with f(e, 0e) = f(v) and f(e, ℓe) = f(w). Here, we
require that k ̸= nπ

ℓe
for n ∈ N. Such values of k correspond to Dirichlet eigenvalues of ∆.

This is because if we set Dirichlet conditions f(v) = f(w) = 0 at the endpoints of e, we
obtain the standard clamped vibrating string condition

sin(kℓe) = 0. (2.14)

In general, we will apply continuity and the Kirchoff condition eq. (2.11) at vertices.
Later, when setting up continuum limiting boundary value problems, we will often set
the Dirichlet condition f(v) = 0 at predefined “boundary vertices” ∂V ⊂ V .

2.1.4 The metric graph Kirchoff condition

Given eq. (2.13), we have

d

dx
f(e, x) = k

(
−f(v)

cos(k(ℓe − x))

sin(kℓe)
+ f(w)

cos(kx)

sin(kℓe)

)
. (2.15)

Substituting this into eq. (2.11), we obtain∑
w∼v

csc(kℓvw)f(w) − cot(kℓvw)f(v) = 0, (2.16)

where the sum is over every neighbour w of v, denoted w ∼ v, and ℓvw is the length of the
edge connecting v and w. Over the entire vertex set, we then have the algebraic system

L(k)f(V ) = 0, (2.17)
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where

f(V ) =
(
f(v1) f(v2) · · · f(v|V |)

)T
(2.18)

is the vector of values of f at each vertex and

Lvw(k) =


− csc(kℓvw) , if w ∼ v∑

w∼v cot(kℓvw) , if w = v

0, otherwise.

(2.19)

This is a weighted, graph Laplacian-like matrix function of the spectral parameter k.
Indeed, it has the same sparsity structure as the graph (or discrete or combinatorial)
Laplacian L = D−A where the (diagonal) degree matrix D and the adjacency matrix A
are defined as

Dvw =

{
deg(v), if w = v,

0, otherwise,
; Avw =

{
1, if w ∼ v,

0, otherwise.
(2.20)

Eq. (2.17) is a finite, nonlinear eigenvalue problem (NEP), which itself has eigenvalues k
and eigenvectors f(V ). We demonstrate the theory for such eigenvalue problems and a
custom solution method in chapter 3.

In summary, we refer to the edgewise Laplace operator as the Laplace operator acting
on functions f ∈ D ⊂ H2(G), with continuity and Kirchoff’s condition at all vertices
except for some possibly empty set of Dirichlet vertices at which f = 0. The eigen-
values/vectors (k, f(V )) of the graph NEP eq. (2.17) provide the eigenvalues/functions
(−k2, f) of the edgewise Laplace operator in eq. (2.12). An edgewise eigenfunction
f : G → R of the edgewise Laplace operator is the union of the edge eigenfunctions
in eq. (2.13).

2.2 Continuum limit

The purpose of this thesis is to derive the continuum limit of the edgewise Laplace operator
as the graph G fills in some embedding space M densely. A simple example is the square
N ×N grid G filling in the planar unit square M ⊂ R2 as N → ∞ (figure 2.3). Does the
union of the edge eigenfunctions (eq. (2.13)) of the edgewise Laplace operator converge to
the eigenfunction f : M → R of some continuum limiting partial differential operator? As
we have just seen, one can construct a metric graph by simply positing a set of intervals
with certain identifications between interval endpoints. To enable the notion of graph
density, we pick some embedding space M along with a graph type and a space-filling
procedure. We consider a variety of bounded regions of Euclidean space (discs, squares...)
and compact Riemannian manifolds (with or without boundary) (n-tori, n-spheres,...) as
embedding spaces. The vertices v ∈ M are then points of the embedding space. The
edges are either parametrised curves e : [0, ℓ] → M , with lengths given by the metric of
the embedding space, or could be straight chords embedded within a higher-dimensional
Euclidean space. In the continuum limit, both options will give the same result: for any
two adjacent vertices, w ∼ v, we take the limit as ℓvw → 0 but allow the number of
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Figure 2.3: A simple first example of the continuum limit setup.

vertices to fill in densely in M .

2.2.1 Continuum limit of bilinear form

To derive a formal continuum limit of the edgewise Laplace operator we first construct a
manifestly symmetric bilinear form corresponding to the eigenfunction vertex condition
eq. (2.16). We then take the continuum limit of this finite-dimensional bilinear form,
invoking a vertex number density with respect to the underlying Riemannian volume
measure. Finally, we derive the corresponding extremizing PDE condition as the formal
continuum limit.

The vertex condition eq. (2.16) is equivalent to∑
w∼v

cot(kℓvw) f(v) − cot(kℓvw) f(w) − csc(kℓvw) f(w) + cot(kℓvw) f(w) = 0 (2.21)

∑
w∼v

cot(kℓvw) (f(v) − f(w)) − tan

(
1

2
kℓvw

)
f(w) = 0 (2.22)

This is the first-order stationarity condition of the following quadratic form,

Q(f) =
∑
v∈V

∑
w∼v

cot(kℓvw) (f(v) − f(w))2 − 2 tan

(
1

2
kℓvw

)
f(v)f(w). (2.23)

We assume the embedding space M has a Riemannian structure with a natural volume
measure. To take the continuum limit of the graph, we require a vertex number density,
µ(x), such that for all sufficiently coarse-grained subsets S ⊆ G,∫

S

µ(x)dx = number vertices ∈ S. (2.24)
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The function, µ(x), is the Radon-Nikodym derivative with respect to the Riemannian
measure on the manifold. Trivially, we can use the empirical measure on the vertices

µV (x) =
∑
v∈V

δ(x− v). (2.25)

Then we have ∑
v∈V

f(v) =

∫
M

f(x)µV (x)dx. (2.26)

Under suitable conditions, the empirical measure converges weakly to a continuum limit
µ as the graph becomes dense. In practice, we approximate µ with a finite number N of
orthonormal basis functions of L2(M):

µN(x) =
∑
p≤N

ap(c)ψp(x) (2.27)

for coefficients ak(c). These coefficients are given via the orthonormality relation, with

ap(c) =

∫
M

µN(x)ψp(x)dx (2.28)

=

∫
M

∑
v∈V

δ(x− v)ψp(x)dx (2.29)

=

∫
M

∑
v∈V

ψp(v)dx. (2.30)

Therefore

µN(x) =
∑
p≤N

ψp(x)
∑
v∈V

ψp(v). (2.31)

In the examples of this thesis, we find a sufficient representation to be

µN(x) ≈ 1

|Av|
, (2.32)

for x ∈ Av, the Voronoi cell area (volume in general) surrounding a given vertex (see
figure 2.2). This cell area is discussed in detail in section 4.1. It corresponds to the region
that is closer to v than any other vertex. This is the standard form used in finite element
theory. The spectral representation approximates the empirical measure for functions of
bounded variation, which is also sufficient to define the weak derivative [84].

We now derive a leading order expression of eq. (2.23) for ℓvw → 0. First, to leading
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order, the trigonometric terms are

cot(kℓvw) =
1

kℓvw
+ O(ℓvw) (2.33)

2 tan

(
1

2
kℓvw

)
= kℓvw + O

(
ℓ3vw
)
. (2.34)

The difference term is given by a directional derivative in terms of rvw, the tangent vector
at v to M in the direction of the embedded parametrised edge connecting v and w. That
is

f(w) − f(v) = rvw · ∇f(v) + O
(
ℓ2vw
)
. (2.35)

We impose a local Riemannian structure when stating ∥rvw∥ = ℓvw is the geodesic distance
along e and r̂vw · r̂vw = 1. Now comes the crux of the derivation. We define the following
symmetric edge tensor at each vertex

R(v) =
∑
w∼v

∥rvw∥ r̂vw ⊗ r̂vw, (2.36)

tr(R(v)) =
∑
w∼v

∥rvw∥. (2.37)

Altogether, to O(ℓ2vw), we have the continuum functional

Q(f) =

∫
M

(
∇f(x) ·R(x) · ∇f(x) − k2 tr(R(x)) f(x)2

)
µ(x)dx. (2.38)

Note that we have also multiplied through by k to obtain a more recognisable form. We
now take the functional variation of Q

d

dε
Q(f + εν)

∣∣∣
ε=0

= 0, (2.39)

for ν(∂M) = 0. This produces∫
M

(
∇ν(x) ·R(x) · ∇f(x) − k2tr(R(x)) f(x)ν(x)

)
µ(x)dx = 0. (2.40)

Integrating by parts∫
M

∇ν(x) ·R(x) · ∇f(x)µ(x)dx =

∫
∂M

n̂ ·R(x) · ∇f(x) ν(x)µ(x)dx

−
∫
M

∇ · (µ(x)R(x) · ∇f(x))ν(x)dx. (2.41)

where n̂ is the unit normal to the boundary. Altogether, we have

1

tr(µ(x)R(x))
∇ · (µ(x)R(x) · ∇f(x)) = −k2f(x), x ∈M, (2.42)
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with the “natural” condition

n̂ · µ(x)R(x) · ∇f(x) = 0, x ∈ ∂M. (2.43)

We will apply f(x) = 0 on ∂M when we set Dirichlet conditions at vertices v filling in
∂M .

In the examples of this thesis, we determine a well-defined continuum limiting PDE
for the graphs in question. We know that the operator L in eq. (2.42) with boundary
conditions eq.(2.43) is self-adjoint in L2(M,µ(x) tr(R(x))) with real, negative eigenvalues.
That is, for

⟨f(x), g(x)⟩ =

∫
M

f(x)g(x)µ(x) tr(R(x)) dx, (2.44)

we have

⟨Lf(x), g(x)⟩ =

∫
M

∇ · (µ(x)R(x) · ∇f(x))g(x)dx (2.45)

=

∫
∂M

(µ(x)R(x) · ∇f(x)g(x)) · n̂dx−
∫
M

µ(x)R(x) · ∇f(x) · ∇g(x)dx

(2.46)

where the boundary term vanishes and integrating by parts again, we have ⟨Lf(x), g(x)⟩ =
⟨f(x),Lg(x)⟩. Furthermore, we know that R(x) is positive definite at the vertices,

u ·R(x) · u =
∑
w∼v

ℓvwu · r̂vw ⊗ r̂vw · u =
∑
w∼v

ℓvw(u · r̂vw)2 > 0. (2.47)

We can interpolate a sufficiently smoothed tensor to be positive definite in the voids.
The empirical measure converges weakly via several interpolations. By standard Sturm-
Liouville theory, L has real, negative eigenvalues, and orthogonal eigenfunctions which
form a complete basis of L2(M,µ(x) tr(R(x))).

2.3 An introductory example

Consider the square grid G filling in the unit square M ⊂ R2 as in figure 2.3. We consider
the set ∂V ⊂ V as the set of boundary vertices lying on the boundary of M . At any
interior vertex v ∈ V \∂V , we know that the vertex density is some constant µ(v) = µ.
Displacement vectors to the neighbours {w+x, w−x, w+y, w−y} of v are expressed in terms
of the standard basis vectors ex, ey:

rvw±x = w±x − v = ±ℓex (2.48)

rvw±y = w±y − v = ±ℓey. (2.49)
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Therefore, the edge tensor is

R = ℓ
(
ex ⊗ ex + (−ex) ⊗ (−ex) + ey ⊗ ey + (−ey) ⊗ (−ey)

)
(2.50)

= 2ℓI. (2.51)

Altogether, the PDE is

1

µ4ℓ
∇ · (µ2ℓI · ∇f(x)) = −k2f(x) (2.52)

1

2

(
∂2

∂x2
+

∂2

∂y2

)
f(x) = −k2f(x). (2.53)

We briefly discuss the appearance of this rescaled Laplace operator in the following section,
and discuss this specific example further in section 4.3.4

2.4 Tensor comparisons

The edge tensor is analogous to other examples appearing in diverse applications but with
a different inverse length scaling. The general form of the summand in the R tensor can
be rewritten as

q(α)vw = |rvw|α rvw ⊗ rvw (2.54)

For the edge tensor we have α = −1.

Nematic comparison For α = 0, the conformation (a.k.a neumatic-order) tensor, Q,
gives the degree of alignment in liquid crystals [85],

Q(v) ∝
∑
w

(
q(0)vw − 1

d
tr
(
q(0)vw

)
I

)
, (2.55)

so that tr(Q) = 0 by definition. An isotropic material implies Q = 0. For a perfect
nematic, Q is a diagonal matrix.

Riemannian comparison At first glance, the continuum limit of the edgewise Laplace
operator eq. (2.42) appears similar to the standard Laplace-Beltrami operator on a d-
dimensional Riemannian manifold:

1√
det(g)

∂

∂xi

(√
det(g)gij

∂

∂xj
f

)
= −k2f. (2.56)
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Here, the xi are local coordinates for 1 ≤ i ≤ d, and g and g−1 are the metric and inverse
metric tensors expressed in the cotangent and tangent bases {dxi} and { ∂

∂xi} respectively:

g =
d∑

i,j=1

gijdx
i ⊗ dxj (2.57)

g−1 =
d∑

i,j=1

gij
∂

∂xi
⊗ ∂

∂xj
(2.58)

We can make a closest correspondence as follows. Suppose we are in a manifold with
distance and consider two nearby points, x ≈ y. Then consider the ratio,

S(x, y) =
(f(x) − f(y))2

dist(x, y)2
. (2.59)

If γ(t) is a parameterised curve connecting x = γ(0) to y = γ(t). Then as t→ 0,

S(x, y) ∼ (v · df(x))2

v · g(x) · v
, as y → x, (2.60)

where the tangent vector v = γ′(0). The local metric tensor at the point x is g(x) and
df(x) is the local gradient 1-form. The tangent vector, v, does its best to “point” from x
to y, the closest analogue to an edge in a metric graph. Because of the definition of the
ratio, the magnitude of v cancels out of the total expression. In a local orthogonal basis,

g =
d∑

i=1

hi dxi ⊗ dxi, (2.61)

with scale factors hi > 0. A general unit vector is

v̂n̂ =
d∑

i=1

n̂i√
hi
∂i, where

d∑
i=1

n̂2
i = 1, (2.62)

where dxi · ∂j = δi,j. That is, v̂n̂ · g · v̂n̂ = 1. There is some direction for a typical point,
y, n̂ “pointing” at it. Therefore,

S(x, y) ∼ (v̂n̂ · df(x))2 (2.63)

If we average this expression over the sphere Sd−1, then

lim
y→x

⟨S(x, y)⟩ =
1

|Sd−1|

∫
Sd−1

(v̂n̂ · df(x))2dn̂

=
∑
i,j

⟨n̂in̂j⟩√
hihj

∂if ∂jf. (2.64)
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However, for a unit vector in the sphere, ⟨n̂in̂j⟩ = d−1 δi,j. Therefore,

lim
y→x

⟨S(x, y)⟩ =
1

d
df(x) · g(x)−1 · df(x), (2.65)

where

g(x)−1 =
∑
i,j

1

hi
∂i ⊗ ∂i. (2.66)

To make an analogy with the metric graph, with normal vectors along the edges, r̂vw,

d

deg(v)

∑
w∼v

r̂vw ⊗ r̂vw ≈ g(xv)
−1, (2.67)

where deg(v) is the number of neighbours (degree) of vertex v and d is the dimension of
space. The inverse Riemannian metric tensor roughly corresponds to α = −2 in eq.(2.54).
The edge tensor is defined similarly to a discrete approximation of a Riemannian metric,
but with a different distance scaling, i.e., with closest correspondence. For Riemannian
metrics, tr(g) = dim(M) by definition. As far as we know, there is no straightforward
way to relate R to other standard tensors commonly defined on Riemannian manifolds.
Moreover, the local Riemannian volume measure is

√
det(g). There appears to be no

simple procedure to obtain the vertex density, µ(x), in terms of a function of R(x) alone.
If we force the following correspondences

µtr(R) =
√

det g ; µR =
√

det gg−1 (2.68)

then taking determinants on the second equation,

µd detR = det gd/2−1 (2.69)

and so

µ2 =
tr(R)d−2

detR
. (2.70)

This is not true in general, and it is unclear whether such a continuum limiting graph
structure can be constructed at all. The underlying presence of a metric graph “substance”
cannot be described purely in geometrical terms. We can see that the eq. (2.42) gives
genuinely distinct behaviour from a traditional Laplace-Beltrami operator, with the main
differences resulting from the trace, tr(R). For a completely homogeneous isotropic graph,
the only symmetric rank-2 tensor is proportional to the d-dimensional identity, and as we
see in extended detail in chapter 4,

R =
tr(R)

d
Id =⇒ 1

d
∆f = −k2f. (2.71)

Isotropy implies tr(R) = ℓ deg(v) is constant for every vertex. For this special case,
eq. (2.42) reduces to the standard Laplace-Beltrami operator, but weighted by the spatial
dimension of the graph embedding. Overall, the continuum “graph material” can resemble
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many other materials but is (roughly speaking) less stiff by the dimension of the embedding
space. On square grids [86–89] rigorously prove formal operator convergence to eq. (2.71),
particularly commenting about the anomalous dimensional factor.

2.5 Incorporating physical parameters

Here, we take a detour to derive the more general form of the Helmholtz equation. Con-
sider the local conservation of energy,

∂tE + ∇ · F = 0, (2.72)

where E is the energy density and F is the (outward) flux density. That is,

d

dt

∫
V

E dV = −
∫
∂V

F · dA. (2.73)

Derive a local entropy density equation,

dE = TdS =⇒ ∂tS =
∂tE

T
. (2.74)

Use the energy equation and integrate over a closed volume,

d

dt

∫
V

S dV = −
∫
V

∇ · F
T

dV ≥ 0. (2.75)

That is, the total entropy in a closed volume can’t decrease. However,

∇ · F
T

= ∇ ·
(
F

T

)
+
F · ∇T
T 2

. (2.76)

The divergence term vanishes because we are integrating over an isolated volume. There-
fore,

d

dt

∫
V

S dV = −
∫
V

F · ∇T
T 2

dV ≥ 0. (2.77)

The only way to guarantee entropy cannot decrease is Fourier’s Law of heat conduction,

F = −K∇T, (2.78)

where K > 0 is the conductivity. Other than positivity, there are no constraints; it can be
nonlinear. More generally, the conductivity could even be a nonlocal tensorial operator,
as long as it’s positive definite. Therefore, the energy equation is

∂tE = ∇ · (K∇T ). (2.79)
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However, this is not quite done yet because we don’t know the direct relation between
energy and temperature. This is the heat capacity,

dE = C dT (2.80)

Going back to the definition of temperature,

1

C
= −T 2 d

2S

dE2
> 0. (2.81)

The positivity of the capacity implies a concave entropy function. Therefore, the general
heat equation,

C∂tT = ∇ · (K∇T ). (2.82)

Notice that this evolves until T = constant in space and time; then it stops. Therefore,
now we have a complete list of the classification of every type of macroscopic physical
parameter

• Entropy: The statistical overlord.

• Energy: A globally time-conserved quantity.

• Energy Flux: The transfer of energy through a physical surface.

• Temperature: The conjugate varible to energy.

• Conductivity: The proportionality factor between temperature and energy flux.

• Capacity: The proportionality factor between temperature and energy.

This argument stays the same if energy is replaced with any other conserved quantity. For
example, momentum (conserved), stress tensor (momentum flux), velocity (conjugate),
mass density (momentum capacity), and viscosity (momentum conductivity). Of course,
what we discuss here is about statistical phonemona that are approaching equlibrium.
However, we can also see close similarities with oscillating mechanical systems. In the
most general version of the scalar wave displacement equation,

ρ ∂2tX = ∇ · (τ∇X), (2.83)

where ρ is mass density and τ is a tension througout the medium. We can see that treating
both dissipation and oscilation as eigenvalue problmes least to the correspondence ρ↔ C,
τ ↔ K. Even though the time dependence is different, it’s clear that mass density is a
kind of wave capicity and tension is a kind of wave conductivity. We keep these general
ideas in mind when deriving new continuum models from underlying microscopic metric
graphs.

We can use a similar derivation from the original continuum limit to incorporate
edgewise constant parameters as a way of accounting for physical characteristics of a
particular system. A more general Helmholtz equation is

1

C(x)
∇ · (K(x) · ∇f(x)) = λ f(x). (2.84)
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In the heat equation, K(x) and C(x) represent the thermal conductivity tensor and heat
capacity respectively. In the wave equation, K(x) is the stress tensor and C(x) is the
density. For some graph G = (V,E), consider the modified equation on each edge e

Ke∆f(e, x) = λCe f(e, x). (2.85)

For simplicity, we eventually assumeKe, Ce are constant on e. However, they could depend
on length along each edge. We proceed exactly as for the original equation eq. (2.12) in
deriving a continuum limit. The corresponding action is

L(f) =
∑
e

∫ ℓe

0e

(
Ke(x)

∣∣∣∣ ddxfe(x)

∣∣∣∣2 + λCe(x) |fe(x)|2
)

dx. (2.86)

Then the stationarity condition δL = 0 gives for all globally continuous and differentiable
g

∑
e

∫ ℓe

0e

Ke(x)f ′
e(x)g′e(x) + λCe(x) fe(x)ge(x)dx = 0 (2.87)

∑
e

[Ke(x)f ′
e(x)ge(x)]

ℓe
0e
−
∫ ℓe

0e

((Ke(x) f ′
e(x))′ − λCe(x) fe(x)) ge(x)dx = 0. (2.88)

For ge(0e) = ge(ℓe) = 0,

∂x(Ke∂xfe) = λCefe. (2.89)

For ge with support at a single vertex v, the Kirchhoff condition is∑
w∼v

KvwDef(evw, v) = 0, (2.90)

where Kvw = Ke and Cvw = Ce on the edge e = evw connecting v, w. From here, we
specialise to constant edgewise Ke, Ce, which we can do without loss of generality in the
short-edge limit. Denoting k =

√
−λCe/Ke, the edge eigenfunctions are as before

f(e, x) = f(v)
sin(k(ℓ− x))

sin(kℓ)
+ f(w)

sin(kx)

sin(kℓ)
. (2.91)

Substituting these into eq. (2.90), we obtain∑
w∼v

√
CvwKvw (cot(kℓvw) f(v) − csc(kℓvw) f(w)) = 0. (2.92)

The corresponding continuum functional is

Q(f) =

∫
M

(
∇f(x) ·RK(x) · ∇f(x) + λ tr(RC(x)) f(x)2

)
µ(x)dx, (2.93)
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where

RK =
∑
w∼v

Kvw|rvw|r̂vw ⊗ r̂vw ; RC =
∑
w∼v

Cvw|rvw|r̂vw ⊗ r̂vw, (2.94)

and the corresponding PDE is

1

µ(x)tr(RC(x))
∇ · (µ(x)RK(x) · ∇f(x)) = λ f(x) (2.95)

with

n̂(x) · (µ(x)RK(x)) · ∇f(x) = 0 for x ∈ ∂M. (2.96)

We retrieve a form of the general Helmholtz equation eq. (2.84), with separated, spatially
varying K and C functions. It is not immediately obvious that this should result from
the edgewise equation eq. (2.85). With two parameters on each edge, we now have more
flexibility in the types of continuum limits we can construct. For example, we scale out the
the anomalous factor of the dimension in eq. (2.71) by enforcing a certain ratio between
K and C. If we have a homogeneous and isotropic graph, then µ(x) = µ is constant and

RK =
tr(RK)

d
Id ; RC =

tr(RC)

d
Id. (2.97)

Eq. (2.95) then reduces to

tr(RK)
d

tr(RC)
∆f(x) = λf(x). (2.98)

The condition to retrieve the standard Helmholtz equation is

tr(RK)

tr(RC)
= d. (2.99)

On the square grid of the introductory example where R = 2ℓI, we can set RK = 2ℓKI
and RC = 2ℓCI for global constants K,C. Then

K = dC. (2.100)

Roughly speaking, this suggests that to diffuse information like d-dimensional continuous
space, a network of wires needs to have a conductivity (K) that is a multiple d of the
capacity (C) on each wire. That is, the wires cannot transfer information as quickly
as space, and to make up for this, each wire needs to have a lower capacity to hold
information.
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2.6 A coarse-grained model–not a discretization

method

In particular cases, as we have just seen, there may be ways to reproduce the Laplace-
Beltrami operator by carefully tuning edgewise parameters. However, the purpose of
this thesis is to develop a coarse-grained model of the edgewise Laplace operator, and to
study the continuum-like behaviour whatever it may be. In general, our continuum limit
and the metric graph problem are not the Laplace-Beltrami operator and a discretization
scheme in disguise. We saw a glimpse of this in eq. (2.53), where even on a highly
structured grid, we obtained a dimension-scaled Laplace operator. As we will see, on
more complicated graphs, the vertex density and edge tensor can produce highly nontrivial
continuum limiting PDEs.

Here, we present a comparison with the cotangent Laplacian [90], the finite element
discretization of the Laplace operator in two dimensions:

Lvw =


−1

2
(cot(αvw) + cot(βvw)) , if w ∼ v∑

σm

1
2

(cot(αvw) + cot(βvw)) , if w = v

0, otherwise,

(2.101)

where αvw and βvw opposite angles to v and w as illustrated in 2.6. It turns out that it
is only a coincidence that the cotangent function appears both in this discretization and
the edgewise Laplace operator’s NEP matrix:

Lvw(k) =


− csc(kℓvw) , if w ∼ v∑

w∼v cot(kℓvw) , if w = v

0, otherwise.

(2.102)

2.6.1 The cotangent Laplacian

Consider some closed surface S embedded in R3. Let G be a triangulation of S with
vertices V , and let L2(G) be the space of square integrable functions on G with inner
product given by

⟨f(x), g(x)⟩ =

∫
G

f(x)g(x)dx =
∑
m

∫
σm

f(x)g(x)dx, (2.103)

where σm is the mth face (triangular region) of G. For v, w ∈ V , let ψv ∈ H1(G) be
an affine basis (hat) function (as illustrated in figure 2.4) where ψv(w) = δvw. Define
functions f as linear combinations of the ψi

f(x) =
∑
w∼v

fvψv(x). (2.104)
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Figure 2.4: Hat functions on a finite elephant [91].

The finite element approximation of the weak form of the eigenvalue equation for the
Laplace operator on G is then∑

v

⟨∆ψv, ψw⟩fv = λ
∑
v

⟨ψv, ψw⟩fv (2.105)

−
∑
v

⟨∇ψv,∇ψw⟩fv = λ
∑
v

⟨ψv, ψw⟩fv (2.106)

We can write this as a matrix equation

−Lf(V ) = λMf(V ), (2.107)

where f(V ) is the vector of coefficients fv and Lvw = ⟨∇ψv,∇ψw⟩ and M = ⟨ψv, ψw⟩.
We start by determining L. ψv is an affine function on each face σm (figure 2.5), where
it takes the value 1 at v, and 0 along the segment connecting w0 and w1. Therefore

Figure 2.5: ψv restricted to a face σm.

∇ψv(x ∈ σm) = ∇ψv is constant. We can find the direction and magnitude of ∇ψv by
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considering the exact Taylor expansion of ψv on σm around v:

ψv(x) = ψv(v) + ∇ψv · (x− v) = 1 + ∇ψv · (x− v) (2.108)

∇ψv is perpendicular to e:

0 = ψv(w1) − ψv(w0) = 1 + ∇ψv · (w1 − v) − (1 + ∇ψv · (w0 − v)) = ∇ψv · e.
(2.109)

If e⊥ is the vector orthogonal to e in the upwards direction and with the same magnitude,
then we can then express ∇ψv as

∇ψv = ∥∇ψv∥
e⊥

∥e∥
. (2.110)

Next consider

ψv

(
v − hv

e⊥

|e|

)
= 1 + ∇ψv ·

(
v − hv

e⊥

|e|
− v

)
(2.111)

0 = 1 − hv
∥e∥

∇ψv · e⊥ (2.112)

By the expression for ∇ψv we have

∥∇ψv∥2 =
∥∇ψv∥
∥e∥

∇ψv · e⊥ (2.113)

ψv · e⊥ = ∥∇ψv∥ ∥e∥ (2.114)

and so eq. (2.112) gives

∥∇ψv∥ =
1

hv
. (2.115)

If Aσm = hv∥e∥/2 is the area of σm, then we finally have

∇ψv =
1

2Aσm

e⊥. (2.116)

Now, ∫
σm

∇ψv,∇ψvdx =
∥e∥2

4A2
σm

=
∥e∥
2hv

=
1

2
(cot(α) + cot(β)), (2.117)

where the last identity comes from straightforward trigonometry on figure 2.5. Applying
the exact same procedures at the other vertices, we obtain the other cotangent relations:
⟨∇ψv,∇ψw0⟩ = −1

2
cot(α) and ⟨∇ψv,∇ψw1⟩ = −1

2
cot(β). Altogether, summing over all
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adjacent triangles and relabelling angles as in figure 2.6 we obtain the cotangent Laplacian

Lvw =


−1

2
(cot(αvw) + cot(βvw)) , if w ∼ v∑

σm

1
2

(cot(αvw) + cot(βvw)) , if w = v

0, otherwise.

(2.118)

Next, for the mass matrix M , if we parameterize σm so that v = (0, 0), w0 = (a, 0) and

Figure 2.6: Angles for the cotangent Laplacian.

w1 = (b, c), then

ψv(x, y) = −1

a
x+

b− a

ac
y + 1 (2.119)

ψw1(x, y) =
1

c
y. (2.120)

Then

⟨ψv, ψw1⟩σm =

∫ b

0

∫ b
c
x

0

ψvψw1dydx+

∫ a

b

∫ c
a−b

(a−x)

0

ψvψw1dydx =
1

12
Aσm , (2.121)

and

⟨ψv, ψw1⟩ =
1

6
Aσm . (2.122)

Therefore

Mvw =


1
12

(
Aσm + Aσm′

)
, if w ∼ v∑

σm

1
6
Aσm , if w = v

0, otherwise.

(2.123)

Finally, we have our full system eq. (2.107). An extension to the n-dimensional cotangent
Laplacian is in [92]. This is well known to converge to the Laplace-Beltrami operator under
suitable conditions on the graph refinement [93]. In summary, we see that any resemblance
between the cotangent Laplacian and the edgewise Laplace operator is superficial.
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Chapter 3

Nonlinear eigenvalue problems

The original metric graph Laplace problem is an abstract eigenvalue system, commonly
called a “linear eigenvalue” problem.

∆f = λ f. (3.1)

Two caveats are relevant here: first, despite its outward simplicity, the system in its
current form is infinite-dimensional, hence not solvable exactly without some further in-
tervention. The second caveat is that even though the system is in a traditional “linear”
form, any eigenvalue problem is inherently nonlinear because of the multiplication of the
eigenvalue and eigenvector, making such systems notoriously tricky in general. Never-
theless, using “linear” to describe finite-dimensional eigenvalue systems makes practical
sense because we can bring to bear much of the standard numerical linear algebra tools,
especially various matrix factorisations.

One standard way to progress on an infinite-dimensional PDE system like eq. (3.1) is
to discretise the continuous spatial structure and build a very large linear matrix-based
system that grows with the degree of spatial truncation.

∆N · fN = λN fN , . (3.2)

where now N ≫ 1 is a measure of the discretisation, ∆N is a large finite matrix, fN is
a commensurately large finite vector, and λN ≈ λ is an approximation to the real thing
that hopefully converges as N → ∞.

However, a big part of the work in this thesis considers an alternate approach that
renders the system exactly into a completely finite system, albeit with the added complex-
ity that the resulting matrix depends nonlinearly on the spectral parameter. As usual,
defining the alternative parameter, k =

√
−λ, we have a general system of the form,

L(k) · f(V ) = 0, (3.3)

where now the “eigenvector” is the exact values of the mathematical function f(x) eval-
uated at the set of finite vertices, V , and L(k) is a |V | × |V | linear matrix that depends
nonlinearly on the spectral parameter, k. In this sense, we say that eq. (3.3) is a non-
linear eigenvalue problem (NEP). While, technically, eq. (3.3) is no more or less linear
than before, the lack of general functional form for L(k) makes using standard matrix
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factorisations like LU or QR difficult or impossible.
In our case, we have a symmetric matrix trigonometric function of the real-valued

parameter, k,

Lvw(k) =


∑

w∼v cot(kℓvw) if w = v,

− csc(kℓvw) if w ∼ v,

0 otherwise.

(3.4)

Very often, L(k) is moderately large, e.g., |V | ≈ 102-104. Fortunately, it tends to be
sparse but also unstructured. Two popular types of solution methods of NEPs are [94]:

1. Contour integral methods: these exploit Cauchy’s residue theorem by calculating
contour integrals around the poles of the resolvent L−1 (eigenvalues of L). [95, 96]

2. Newton-type methods: these iteratively solve for the roots of some function which
the eigenvalues must satisfy, e.g. detL(k) = 0, and solve (possibly simultaneously)
for the corresponding eigenvectors [94].

In the following, we discuss several variants and accelerations of Newton-type methods.
In particular, we develop a statistical trace-estimation algorithm that does not require
computing the complete matrix inverse, the main bottleneck for (e.g.), |V | ≈ 105 and
beyond. We also discuss singular-value decomposition methods. We deploy the methods
discussed in this chapter everywhere throughout this thesis in calculating spectra of large
metric graphs.

3.1 Newton-type methods

The obvious solution to finding the spectrum in eq. (3.3) is to solve

det(L(k)) = 0, (3.5)

which is akin to solving the characteristic polynomial in a linear EVP, e.g.,

det(∆N − λN IN) = 0, (3.6)

which is, formally, a very high degree polynomial in λN . Solving eq. (3.5) directly is
next to impossible for the same reason as with a linear representation like eq. (3.6): in
general, determinants are a terrible idea. While mathematically concise, a large determi-
nant typically becomes combinatorially large as a function of the matrix size. Figure 3.1
demonstrates this fact with a simple experiment. The plot shows a histogram of | det(M)|
of a 100 × 100 matrix filled with uniformly random integers |n| ≤ 10 for 10, 000 indepen-
dent samples. It is common for | det(M)| to have well over 100 decimal digits. The huge
dynamic range is problematic for numerical precision but also becomes a problem for
overflow and underflow with sizes not far beyond the example we show here. However,
the example also begs the following question: if determinants are so awful, then doesn’t
the linear eigenvalue characteristic polynomial suffer from the same trouble? In part, the
standard tools of numerical linear algebra developed over decades to avert disasters when
solving linear eigenvalue problems. In contrast, tools for nonlinear eigenvalue problems are
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Figure 3.1: A histogram of 104 samples of the absolute value of the determinant for a
100 × 100 matrix with uniformly random integers |n| ≤ 10.

much less well-developed. Given that nonlinear eigenvalue problems are the correct way
to formulate many modern applications, numerical tools are rapidly catching up. How-
ever, given the vast diversity of ways for a function to be nonlinear, fully general-purpose
solutions are unlikely beyond a handful of workhorse methods.

Foremost, Newton’s method via the logarithm is especially suitable when encountering
a vast dynamic range in a nonlinear problem. For F (k) = det(L(k)), we can attempt

kn+1 = kn −
F (kn)

F ′(kn)
. (3.7)

However, in the denominator,

F ′(k)

F (k)
=

d

dk
log(det(L(k))). (3.8)

We might have tamed the determinant. There’s one more trick to apply. For any matrix
A,

det(eA) = etr(A), (3.9)

which leads to Jacobi’s formula for the logarithmic derivative,

F ′(k)

F (k)
=

d

dk
tr
(
L(k)−1L′(k)

)
. (3.10)

We can easily compute the derivative, L′(k) analytically from eq. (3.4). The iterative
scheme is then

kn+1 = kn −
1

tr(L−1(kn)L′(kn))
. (3.11)

This is known as Newton trace iteration, and it is known to converge quadratically within a
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neighbourhood of a semi-simple (algebraic = geometric multiplicity) eigenvalue k [97, 98].
The only serious numerical challenge remains solving the inverse, L(k)−1, for which we
can deploy sparse matrix algorithms. If L is an m×m matrix, then the problem now is
one of solving for an m×m matrix X at each Newton step:

L(kn)X = L′(kn). (3.12)

The main benefit is that the only crucial parameter is the initial guess. This makes
this method particularly suitable for our purposes. The continuum limit provides good
initial guesses which become better at higher densities when most needed. There are
numerous variants of Newton-type methods based on different representative functions
F . The eigenvectors are determined by solving for the nullvectors of L(k) directly, or
arise naturally from the particular iteration scheme, say in Newton-QR iteration [94].
A method that is particularly simple to implement uses the SVD of L(k) [99]. At an
eigenvalue k, we have L(k)x = 0 for nontrivial x, and so the minimum singular value
F = σm of L is 0. We therefore apply Newton’s method to

σm(k) = 0. (3.13)

We have

σm(k) = uHm(k)L(k)vm(k) (3.14)

for left and right singular vectors um and vm corresponding to σm. For the derivative,
[100] shows that σ′

m(k) = uHm(k)L′(k)vm(k). In Newton’s method,

kn+1 = kn −
σm(kn)

uHm(kn)F ′(kn)vm(kn)
. (3.15)

[99, 100] show that local quadratic convergence is maintained for simple eigenvalues if
we approximate um and vm by inverse iteration at each step. They suggest calculating
the decomposition of σm exactly at the first step, and performing inverse iteration steps
simultaneously with the Newton steps to obtain subsequent um and vm:

1. Start with a guess k0. Calculate k0, u0, v0.

2. Until convergence,

(a) Calculate kn+1 = kn − σn/(u
T
nL

′(kn)vn)

(b) Set vn+1 = xn+1/∥xn+1∥ where L(kn+1)xn+1 = un

(c) Set un+1 = yn+1/∥yn+1∥ where L(kn+1)yn+1 = vn+1

(d) Set kn+1 = uTn+1L(kn)vn+1

We now present our variant of a Newton-type method.

3.2 Stochastic Newton-trace iteration

As is, eq. (3.11) requires a significant calculation eq. (3.12) per step. However, we only
need the trace of X. The method we devise reduces the computational complexity by
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estimating the trace at every step.

3.2.1 Stochastic trace estimation

Trace estimation is a stochastic, matrix-free method which estimates the trace of some
n × n matrix A by averaging over quadratic forms uTAu. It is based on two ideas. The
first is that if u is some random vector with mean vector µ = 0 and covariance matrix
Σ = I, then by the identity for the expectation of the quadratic form uTAu in u

E
[
uTAu

]
= tr(AΣ) + µTAµ = tr(A) . (3.16)

Hutchinson trace estimation uses Rademacher random vectors (uniform random vectors
of ±1) and Gaussian trace estimation uses standard Gaussian random vectors. The second
idea is that Au can be easier to compute than A is to construct. In our case eq. (3.11), we
have A = L−1(kn)L′(kn). Then calculating uTL−1(kn)L′(kn)u only requires one full solve
in uTL−1(kn):

LT (kn)x = u. (3.17)

We then have E
[
xTL′(kn)u

]
= tr(L−1(kn)L′(kn)).

The first questions are then: what is the error, and how many u’s should we average
over? That is, when and how is the following a good approximation

tr(A) ≈ tr(A)m :=
1

m

m∑
i=1

uTmAum (3.18)

for i.i.d. random vectors um? We know, for example, that we have exactly
∑n

i=1 e
T
i Aei =

tr(A). But here, you need all n vectors–in the above example, this would correspond to
fully inverting L. Why and how it is that in practice, m ≪ n gives high accuracy is an
active area of research. Trace estimation was invented in [101, 102], using Gaussian and
uniform random vectors. It was shown that, for example, the Hutchinson trace estimator
for positive semidefinite matrices has variance bounded by [103]

Var
[
uTAu

]
≤ tr

(
A2
)
− tr(A)2

n
. (3.19)

For tr(A)m, most results focus on positive definite matrices A. In this case, Hutchin-
son estimation requires O (log(1/δ)/ε2) estimations (queries) to achieve a (1 ± ε)tr(A)
approximation with probability 1 − δ [104]. The Hutch++ algorithm, which calculates
the O (1/ε) largest magnitude eigenvalues exactly, and (Hutchinson) estimates the rest
of the trace, reduces the number of queries from O (1/ε2) to the optimal O (1/ε) with
constant probability. Generally, estimation falls into two categories: non-adaptive (NA)
and adaptive (A) or dynamic. Estimation is adaptive if queries depend on previous u’s
and Au’s, and nonadaptive otherwise. Both have advantages. Namely, NA estimation
is highly parallelizable and is used as a subroutine for estimating matrix norms in many
low-memory streaming algorithms [105]. Estimation applications are in [96, 106, 107]. Ex-
amples include estimations of the density of states, eigenvalue counts and numerical ranks,
and log-likelihoods. Log-determinants and log-likelihood for Bayesian and determinan-

41



tal point process methods: A = log(B) is O(N3) while Ax = log(B)x is approximately
O(N2) with Lanczos Triangles counts in large graphs: if B is the adjacency matrix,
tr(B3) = 6 × #triangles. A = B3 is O(N3), while Ax = B(B(Bx)) is O(N2). More
abstract applications include matrix inverses, Schatten p-norms and the Estrada index.
Better estimates of the variance and theory for general indefinite matrices are in [104].
Finding the first few eigenvalues gives a better approximation [108, 109]. Analysis for
trace estimation generally focuses on positive definite matrices, bounding relative errors
between trm(A) and tr(A). This can’t work for indefinite A where we can have tr(A) = 0.
The only work on indefinite matrices is by Cortinovis, Persson, et al. They first provide
a bound for ordinary Hutchinson estimation [104]. For indefinite matrices, Hutchinson
trace estimation is bounded as follows

P (|trm(A) − tr(A)| ≥ ϵ) ≤ 2e
− mϵ2

8∥A−diag(A)∥2
F

+8ϵ∥A−diag(A)∥22 (3.20)

The vertices of the graphs we study are only connected to others in some local neighbour-
hood. This means that L is generally very sparse. For example, for a periodic square
graph, L is filled on the order of |V |−1%. We use stochastic Newton-trace estimation
throughout this thesis on a wide range of graph structures L(k) and up to 106 vertices.
We have found it to locally converge quadratically for semisimple eigenvalues over a range
of sample sizes m. Up to 106 vertices we have found m = 50 to be sufficient to obtain
quadratic convergence. Estimating the trace has allowed all calculations to be done in
real time on a local machine where previously calculations had to be performed on HPC
clusters. Our custom algorithm for calculating eigenvalues is as follows:

1. Start with a guess k0. Pick m > 0 based on eq. (3.20) (or for |V | < 106, we find for
our NEP no larger than m = 50 is required).

2. Until convergence,

(a) Solve LT (kn)X = U for U having m columns of independent Rademacher
vectors.

(b) Set T = XTL′(kn)U/m

(c) Set kn+1 → kn − 1/T

All code for this thesis is in [110].
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Chapter 4

Introductory examples

This chapter presents a series of simple initial examples of our continuum model. The
purpose is to elaborate on the previous chapter’s observations, and to give intuition into
the nature of the continuum limit. The general setup involves picking a particular graph G
which exhibits some new behaviour(s), and a suitable embedding space M . The examples
we choose are of periodic graphs. A periodic graph is constructed by connecting translated
copies of a “basis” subgraph. A simple example is the periodic square graph in the planar
torus (figure 4.7). The basis subgraph is just a single vertex, translated by ℓ(mex + ney)
for m,n ∈ [0, N − 1] and some global edge length ℓ = 1/N . Connections are between
subgraphs within a distance 1 from each other. A more complicated example is that of the
truncated trihexagonal graph, whose basis is two connected dodecagons, translated copies
of which are connected as in figure 6.5. The local graph periodicity enables solutions
as plane waves. The metric graph problem then has explicit solutions both from the
vertex NEP standpoint, and the continuum limiting standpoint. We present examples in
embedding spaces of one, two, and three dimensions.

4.1 Periodic metric graphs

In this chapter, we present a series of graphs with periodic structure. To do this, we first
introduce several notions from the literature. A lattice Λ in Rn is a discrete subgroup of
Rn of order n [111]. It is generated by a set of basis vectors e1, . . . , en of Rn so that:

Λ =

{∑
i

miei | mi ∈ Z

}
. (4.1)

In this context, the basis vectors are called lattice vectors. A simple example of a lattice
in R2 is the square lattice generated by the standard basis vectors e1 = (1, 0), e2 =
(0, 1) (illustrated in figure 4.1a)). Another example is the hexagonal lattice (figure 4.1b))
generated by e1 = (cos(π/6),− sin(π/6)), e2 = (cos(π/6), sin(π/6)). Lattice vectors do
not uniquely determine a given lattice. For example, the vectors e1 = (1, 0), e2 = (1, 1)
also generate the square lattice. The defining feature is that integer linear combinations
reproduce the lattice exactly, as in eq.(4.1). For example, e1 = (1, 0), e2 = (0, 2) generates
a rectangular lattice, not the square lattice. Lattices are characterised by their associated
symmetry groups. These are determined by the lengths of and angles between the lattice
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Figure 4.1: Examples of lattices in R2. The square lattice a) has lattice vectors e1 = (1, 0),
e2 = (0, 1), and the hexagonal lattice b) has lattice vectors e1 = (cos(π/6),− sin(π/6)),
e2 = (cos(π/6), sin(π/6)). In both cases, the subsets shown represent all combinations of
the lattice vectors for |mi| ≤ 3 in eq. (4.1).

vectors. In crystallography, lattices in R3 are known as Bravais lattices for the physicist
Auguste Bravais who classified the 14 nonisomorphic symmetry groups generated by any
triple of basis vectors (there are 5 in the plane).

Lattices implicitly translate a basis vertex v = (0, 0). We can couple a lattice to an
arbitrary set of basis vertices to construct more complicated structures. Such an object
has various names: Bravais lattice with a basis, crystal, crystal(line) structure [112],
lattice with motif [113, 114], multilattice [115–117]. If {v1, v2, . . . , vN} is a basis of N
vertices, then the corresponding multilattice generated by lattice basis vectors ej is given
by

Λ =
⋃
i

{
vi +

∑
j

mjej | mj ∈ Z

}
. (4.2)

An example is the union of the green and red vertices in the hexagonal multilattice in
figure 4.2. In this case, the basis consists of one green vertex v1, one red vertex v2, and
the lattice vectors e1, e2 from figure 4.1b).

Together, a vertex basis and a set of lattice vectors provide a systematic way of rep-
resenting periodic structures. However, the primary emphasis is on the vertices, contrary
to metric graphs in which the primary emphasis is on the edges. For instance, the square
lattice from figure 4.1a) produces different metric graphs depending on our choice of
connections. Figure 4.3 shows three examples which we will investigate later. General
tilings provide even more flexibility in constructing periodic structures. In fact, the clas-
sic reference [118] defines a planar tiling as a countable family of closed topological discs
T = {T0, T1, T2, . . .} whose union is the plane, and whose interiors are pairwise disjoint.
Examples are illustrated in figure 4.5. However, tilings include surplus higher-dimensional
objects (faces, volumes, etc). We require the graph (or one dimensional) restrictions of
tilings.

In total, there does not appear to be a direct reference to our objects of interest.
Although we will employ much of the terminology above, we will refer to (metric) graphs
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Figure 4.2: Hexagonal multilattice constructed from two hexagonal lattices as in fig-
ure 4.1b).

Figure 4.3: Some ways of connecting the square lattice (figure 4.1a)) to form a metric
graph. We show a) the (square) cardinal connections, b) ordinal connections, and c) both.

Figure 4.4: Examples of primitive cell areas for the square lattice and hexagonal multi-
lattice. For the square lattice, each cell corresponds to one vertex (the (enlarged) central
vertex in this case). a) and c) are arbitrarily shaped and positioned, and b) is the Voronoi
cell (containing all points closest to the central vertex. d) is the Voronoi cell for the
central basis of green/red vertices.
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Figure 4.5: Some tilings of the plane. (a) An interior wall of the Alhambra Palace and
fortress complex in Granada, Spain [119]. The decorations of this palace inspired (b) M.
C. Escher [120]. (c) A Penrose tiling of the Darb-i Imam shrine in Isfahan, Iran from 1453
[121].

Figure 4.6: Examples of one-dimensional toroidal graphs of total length 1. (a) A uniform
graph with constant spacing ℓ. (b) A periodic graph with repeated edge lengths ℓ, 2ℓ, 4ℓ.
(c) A uniformly random graph derived from (a) by rescaling each edge length with a
uniformly random variable αi.

constructed from lattices, multilattices and periodic tilings as periodic (metric) graphs.

4.2 In one dimension

In one dimension we should see no metric graph effects. This is because at degree two
vertices, Kirchhoff’s law is equivalent to standard differentiability. As a result, if a given
graph G is embedded in some one-dimensional smooth manifold M , then the graph NEP
constructed from the set of problems ∂2xfi = −k2fi is equivalent to the full problem
f ′′(x) = −k2f(x) on M . We verify this in the following examples.

4.2.1 1-Torus

Figure 4.6 illustrates a series of one-dimensional toroidal metric graphs. Each is normal-
ized to have a total length of 1, and each vertex is connected to exactly two others by
multiples α of some characteristic length ℓ. In the uniform case (figure 4.6a), each α = 1.
In the non-uniform case (figure 4.6b), α cycles through {1, 2, 4}. Finally, in figure 4.6c,
the α’s are sampled from U [0, 1]–the uniform distribution of real numbers in [0, 1]. In
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each case, any given vertex v is connected to vertices w− and w+ at distances of ℓ− = α−ℓ
and ℓ+ = α+ℓ. The vertex condition eq. (2.16) is

(cot(kℓ−) + cot(kℓ+)) f(v) − (csc(kℓ−) f(v − ℓ−) + csc(kℓ+) f(v + ℓ+)) = 0. (4.3)

In one dimension, we can determine the continuum limit from the vertex condition directly.
We see that to leading order,

f ′′(x) = −k2f(x), (4.4)

as expected. From the PDE standpoint, the edge tensor is

R(v) = ℓ−(−e) ⊗ (−e) + ℓ+(+e) ⊗ (+e) = (ℓ− + ℓ+)I1. (4.5)

tr(R(v)) = ℓ− + ℓ+. (4.6)

For the vertex density, we choose the cell area of a given vertex to be the average of the
adjacent edge lengths: Av = (ℓ− + ℓ+)/2. Then as usual, µ(v) = 1

Av
. We then have

µ(v)R(v) = 2I1 (4.7)

and the PDE simplifies to eq. (4.4). Therefore, to leading order as ℓ → 0, the contin-
uum limit is equivalent to the NEP, which we know already reduces to eq. (4.4) exactly.
Furthermore, the nth order continuum equation is of the form

⌊n/2⌋∑
i=1−Mod(n,2)

cn,i(f
(i+2)(x) + k2f (i)(x)) = 0. (4.8)

for constants cn,i and ith derivatives f (i)(x) of f . Therefore, assuming the leading order
condition is satisfied, the continuum approximation is also exact.

It is worth noting that, particularly in the random case c), neighbour-to-neighbour
fluctuations of O

(
ℓ−d
)

= O(ℓ−1) in µ balance fluctuations of O(ℓ) in R. This is not in
general the case in higher dimensions d. For such fluctuations, we homogenize the R
tensor in chapters 6 and 7. In addition, µR/tr(µR) = I1 (the identity in R) because we
are in one dimension. As we will see, for homogeneous and isotropic µR, this generalises
to 1

d
Id, an interesting property of such metric graphs.

4.3 In two dimensions

In the following, we present a series of two-dimensional periodic graphs illustrating various
features of the continuum limit. In each case, we present the graph characteristics and
construction method, the explicit solutions of the NEP and PDE, and a comparison of
the two solutions for increasing graph densities.
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Figure 4.7: Illustration of the continuum limiting procedure for the periodic square graph
filling in the flat torus T2. We fill in T2 by increasing the number N of vertices both
in the horizontal and vertical directions. For the 10 × 10 graph (left), periodic/wrapped
edges are dashed red. The length of each edge is given by the lattice spacing ℓ = 1

N
.

4.3.1 Periodic square graph in the square flat torus

In this first setup, we consider the periodic square graph filling in the flat torus T2 =
R2\Z2, as illustrated in figure 4.7. The periodic square graph is constructed from a finite,
N × N square lattice, with lattice spacing ℓ = 1/N . Vertices are connected to those
within a distance ℓ–that is, in the horizontal and vertical directions. We index vertices
by their number along each direction so that, for example, the bottom left and top right
vertices have indices (0, 0) and (N − 1, N − 1), respectively. A vertex with index 0 in one
dimension is connected to the vertex with index N − 1 in the same dimension, and vice
versa. For example, the vertex (0, 0) is connected to vertices (1, 0), (0, 1), (N − 1, 0) and
(0, N − 1). We analyse the continuum limit as N → ∞.

Graph problem The periodic square graph in the 2-torus admits plane wave solutions
of the NEP given by

f(v) = Aeiκ·v + c.c. (4.9)

where the vertex coordinates are expressed as v = ae1 + be2 for integers 0 ≤ a, b ≤ N − 1
and lattice vectors

e1 = ℓex, e2 = ℓey. (4.10)

The wave vector κ = q1ẽ1 + q2ẽ2 is expressed in the dual basis given by the orthogonality
relation

ei · ẽj = δij. (4.11)
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Therefore

ẽ1 =
1

ℓ
ex, ẽ2 =

1

ℓ
ey. (4.12)

The wave vector components are determined by the global toroidal conditions

eiκ·(v+Ne1) = eiκ·v, eiκ·(v+Ne2) = eiκ·v. (4.13)

Therefore,

q1 =
2πm

N
, q2 =

2πn

N
, 0 ≤ m,n ≤ N − 1. (4.14)

Given that ℓ = 1/N , we define q1 = κ1ℓ, q2 = κ2ℓ for κ1 = 2πm, κ2 = 2πn. The vertex
condition eq. (2.16) at v is then

4 cot(kℓ) eiκ·v = csc(kℓ)
(
eiκ·(v+e1) + eiκ·(v−e1) + eiκ·(v+e2) + eiκ·(v−e2)

)
(4.15)

cos(kℓ) =
1

2
(cos(κ1ℓ) + cos(κ2ℓ)) . (4.16)

Explicitly, the eigenvalue parameters k are then given by

k =
1

ℓ

(
arccos

(
1

2
(cos(2πmℓ) + cos(2πnℓ))

)
+ 2πc

)
, (4.17)

for c ∈ N. This relation is discussed below in the comparison of spectral densities. Before
looking at the continuum limiting PDE directly, we see that to leading order, eq. 4.16 is

k2 =
1

2
κ · κ+ O

(
ℓ2
)

=
1

2
((2πm)2 + (2πn)2) + O

(
ℓ2
)

(4.18)

This is the relation we expect from the ordinary two-dimensional Laplace operator but
with an extra factor of 1/2. This is explained in the derivation of the continuum limit.

Continuum limit. The vertex density is constant µ(v) = µ. We can approximate it
with 1/Av where the cell area Av is simply given by ℓ2. The edge tensor R is also constant,

R(v) =
1

ℓ
(e1 ⊗ e1 + (−e1) ⊗ (−e1) + e2 ⊗ e2 + (−e2) ⊗ (−e2)) = 2ℓI. (4.19)

Together, we have µ(v)R(v) = µ2ℓI. In total, the PDE simplifies to

1

µ2ℓtr(I)
∇ · (µ2ℓI · ∇f(x, y)) = −k2f(x, y) (4.20)

1

2

(
∂2

∂x2
+

∂2

∂y2

)
f(x, y) = −k2f(x, y) (4.21)

This is the standard eigenvalue equation for the 2-dimensional Laplace operator with
periodic boundary conditions and a rescaled eigenvalue −2k2. Its solution is given by
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Figure 4.8: Three connection schemes for the square lattice. The standard cardinal
connections in a), the ordinal connections in b), and the combined connections in c).

plane waves

f(x, y) = Aei(κxx+κyy) + c.c. (4.22)

where κx = 2πm, κy = 2πn for m,n ∈ N and setting κ = (κx, κy),

k2 =
1

2
κ · κ =

1

2

(
(2πm)2 + (2πn)2

)
. (4.23)

This is the leading order term in eq. 4.18, confirming the continuum limit.

Eigenvalue rescaling by the embedding dimension d An interesting result is that
in the graph and continuum dispersion relations eq. (4.18), eq. (4.23), the factor of 1

2

comes from 1/tr(I) = 1/d where d is the dimension of the embedding space. It is not
just an artefact of the structure of the periodic square graph–corresponding to half of the
degree of each vertex for example. Indeed, this 1/2 factor comes from the vertex density
being constant and the edge tensor being a multiple of the identity. For example, we
could connect the vertices of the lattice in various different ways, as in figure 4.8. The
dispersion relation for the ordinal connection scheme in b) is

4 cos
(√

2ℓk
)

= eiℓ(κ1+κ2) + eiℓ(−κ1+κ2) + eiℓ(−κ1−κ2) + eiℓ(κ1−κ2) (4.24)

cos
(√

2ℓk
)

= cos(κ1ℓ) cos(κ2ℓ) . (4.25)

There is an interesting interpretation of this equation that shows intuitively why this also
reduces to eq. (4.18) to leading order. This equation is the Pythagorean theorem on the
sphere. Resetting ℓ = 1/N , then on the sphere of radius N , this relation states that if
arcs of length κ1 and κ2 meet at a right angle, k must be such that

√
2k is the distance

of the arc connecting their opposite endpoints:

cos

(√
2k

N

)
= cos

(
κ1
N

)
cos

(
κ2
N

)
. (4.26)
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For fixed κ1, κ2, as we increase the radius N of the sphere, the relation reduces to the
standard Pythagorean theorem in flat space eq.(4.18). As a result, the dispersion relation
for the combined connection scheme in c), which is simply the sum of the two dispersions
relations, is to leading order eq. (4.18) as well.

In the continuum limit, the vertex densities are again constant, and the R tensors are
constant and isotropic. For b),

R(v) =
1√
2ℓ

((e1 + e2) ⊗ (e1 + e2) + (−e1 + e2) ⊗ (−e1 + e2)

+(−e1 − e2) ⊗ (−e1 − e2) + (e1 − e2) ⊗ (e1 − e2)) = 2
√

2ℓI (4.27)

and for c), we have R(v) = 2ℓ(1 +
√

2)I. In both cases, we obtain the same continuum
limit eq. (4.21).

Comparison between graph problem and continuum limit. We compare the
edgewise graph Laplace operator to the continuum limiting PDE for increasing graph
sizes (vertex densities). The questions of what to compare and how to do so first require
some clarifications of terminology:

• The edgewise ODE has solutions given by graph eigenvalues −k2 ∈ R and corre-
sponding graph eigenfunctions f ∈ DG ⊂ H2(G).

• The nonlinear matrix eigenvalue problem (NEP) (eq. 2.17), equivalent to the edge-
wise ODE, has solutions given by NEP eigenvalues k ∈ R and corresponding NEP
eigenvectors f(V ) ∈ R|V |.

• The continuum limiting PDE has solutions given by PDE or continuum eigenvalues
−k2 ∈ R and corresponding PDE or continuum eigenfunctions f ∈ DM ⊂ H2(M).

We compare solutions (eigenvalues/eigenvectors) of the NEP and solutions (eigenval-
ues/eigenfunctions) of the PDE. In this first example, we explain and justify in detail
the comparison methods used. First, we only look for positive NEP eigenvalues. This is
because for each eigenvalue −k2 of the edgewise ODE, the two eigenvalues k and −k of
the NEP correspond to the same eigenspace because L is an odd function of k. Indeed, L’s
entries (eq. (2.19)) are linear combinations of odd functions cot and csc of k. Therefore,
if (k, f) is a solution of the NEP, then so is (−k, f):

L(−k)f(V ) = −L(k)f(V ) = 0. (4.28)

The examples in this chapter are on d-dimensional tori. We compare eigensolutions for
the first 3d eigensolutions. In this particular example, that is the 3× 3 solutions (m,n) ∈
{0, 1, 2} in eqs. 4.16 and 4.23. This ensures that we test a range of magnitudes and
eigenspace structures. Define κx(m) = 2πm, κy(n) = 2πn. For 0 ≤ m,n ≤ 2, the
eigenspaces are spanned by the basis functions as follows

• If (m,n) = (0, 0): 1

• If m = 0: cos(κy(n)y), sin(κy(n)y)

• If n = 0: cos(κx(m)x), sin(κx(m)x)
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m
∖
n 0 1 2

0 0 2π2 8π2

1 2π2 4π2 10π2

2 8π2 10π2 16π2

Table 4.1: Continuum limiting eigenvalues for the square lattice in the square flat torus.
We show k2 =

(
(2πm)2 + (2πn)2

)
/2 for (m,n) ∈ {0, 1, 2}2.

• Otherwise:
cos(κx(m)x) cos(κy(n)y) , cos(κx(m)x) sin(κy(n)y) ,

sin(κx(m)x) cos(κy(n)y) , sin(κx(m)x) sin(κy(n)y)

There are 6 individual continuum eigenvalues, displayed in table 4.1. The square roots
of these values range over [0, 12.5664...]. In the NEP, we make a refined search over an
extended range k ∈ (0, 14]. We find a discrete set of eigenvalues and eigenfunctions. For
example, for a 24×24 periodic square graph, the first several NEP modes are illustrated in
figure 4.9. The question then becomes how to compare edgewise modes and PDE modes.
For this, we need a method for comparing graph functions and continuum functions and
a method for comparing eigenspaces. For the first task, there are two options. The first
is to restrict the PDE eigenfunctions to the edgewise eigenfunctions by simply restricting
their domain from the torus to the graph. The second is to interpolate the edgewise
eigenfunctions with functions on the torus. We choose the former option as it is simpler
conceptually and logistically. To compare the graph and PDE eigenfunctions, we then
rank graph eigenfunctions by how well they project onto graph restricted PDE eigenbases.
The expectation is then that if the PDE eigenspace has dimension M , there will be an
obvious set of M graph eigenfunctions. In doing so, we note that while we can at least say
that the resulting restrictions are square-integrable over the graph, they do not belong to
the same subspace DG as the edgewise eigenfunctions. Indeed, while they are continuous
at the vertices, they do not generally satisfy Kirchoff’s law.

We illustrate this procedure for the k2 = 8π2 eigenvalue corresponding to (m,n) ∈
{(2, 0), (0, 2)} for the 24 × 24 periodic square graph. This has corresponding PDE eigen-
functions {

cos
(

2
√

2πx
)
, sin

(
2
√

2πx
)
, cos

(
2
√

2πy
)
, sin

(
2
√

2πy
)}

. (4.29)

Then, for each function f in figure 4.9, we construct the projection PM(f) onto this
eigenbasis

PM (f) =
〈

cos
(

2
√

2πx
)
, f
〉
G

cos
(

2
√

2πx
)

+
〈

sin
(

2
√

2πx
)
, f
〉
G

sin(2πx)

+
〈

cos
(

2
√

2πy
)
, f
〉
G

cos
(

2
√

2πy
)

+
〈

sin
(

2
√

2πy
)
, f
〉
G

sin
(

2
√

2πy
)

(4.30)

and calculate the residuals ∥PM(f) − f∥G. We find these to be of the order of 10−2

for the four functions corresponding to the NEP eigenvalue 8.8344 . . . (second row), and
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Figure 4.9: Numerical eigensolutions of the graph NEP for the square lattice in the
flat square torus, for 0 < k < 13.5. Eigenvalues are shown in increasing order (left →
right and top → bottom), with corresponding eigenfunctions underneath. The number of
eigenfunctions between eigenvalues corresponds to the eigenvalue’s degeneracy.
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Figure 4.10: An illustration of mode comparison for the (m,n) ∈ {(2, 0), (0, 2)}
eigenspace. The four PDE eigenmodes from eq. (4.29) are in the top left. In the top
right are those same modes restricted to the periodic square graph. The bottom equation
is a visual illustration of eq.(4.31) for each 0 ≤ i ≤ 3 The relative eigenfunction differences
in figure 4.11 are the differences ∥PG

(
fM
i

)
− fM

i ∥G between the respective functions in
the top right and bottom right.

of the order of 10−1 for all others (note that all functions are normalised so that 0 ≤
∥PM(f) − f∥G ≤ 1). Setting kM = 2

√
2π and kG = 8.8344 . . . for the manifold and

graph eigenvalue parameters respectively, we now associate paired sets of eigensolutions
(kM , {fM

i }0≤i≤3) and (kG, {fG
j }0≤j≤3). To visually and numerically compare the two, we

construct the recognisable PDE eigenfunctions from the graph eigenfunctions:

PG

(
fM
i

)
=

3∑
j=0

〈
fG
j , f

M
i

〉
G
fG
j , (4.31)

for each fM
i in eq. (4.29). An illustration of this procedure is in figure 4.10. For the

eigenfunctions, we calculate ∥P
(
fM
i

)
− fM

i ∥G. For the eigenvalues, we calculate |(kG −
kM)/kM |. In figure 4.11, we present the convergence in these quantities for (m,n) ∈
{0, 1, 2}2 for increasing graph densities. For degenerate eigenvalues, we take the mean
eigenfunction residual ∥P

(
fM
i

)
− fM

i ∥G. The convergence rates are O(|V |−1). Along a
given axis, the edge length is inversely proportional to the number of vertices: ℓ = 1/N .
Therefore ℓ2 = N−2 = |V |−1 and so the convergence rate is O(ℓ2) as expected. For m = n,
the eigensolutions match the continuum eigensolutions exactly and independently of the
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Figure 4.11: Convergence of NEP solutions to continuum limiting PDE solutions for
periodic square graphs of increasing densities in the flat square torus.

vertex density. If we return to the explicit relation eq. (4.17), we notice that if m = n,
then for c = 0, it simplifies to

k = 2πm, (4.32)

which is indeed independent of ℓ. Another interesting note is that for m ̸= n, we have

k =
√
m2 + n2

(
√

2π − (m2 − n2)
2
π3

6
√

2(m2 + n2)
ℓ2 + O

(
ℓ4
))

. (4.33)

Higher-order terms are all even powers of ℓ whose coefficients up to and including O(ℓ6)
are negative-valued functions of m,n. This explains why in the raw k data, we observed
that eigenvalues converge to

√
m2 + n2

√
2π from below in figure 4.11. That is, we always

saw kG < kM .

Additional considerations Finally, in practice, we find this eigenspace matching pro-
cedure to be reliable. However, certain exceptions may arise which require care. First,
whether we have found all the NEP eigenvalues within a given interval is not always clear.
As we will see for the random graphs, we may be looking for an 8-dimensional eigenspace
split into eight different eigenspaces with eight different eigenvalues (this happens after
adding a small amount of noise to the locations of the square lattice for m = 1, n = 1 for
example). We need to ensure that our tolerances in the residual calculations don’t allow
for the case that if 7 of the eight eigenvalues are found, we sufficiently accurately project
onto the seven corresponding edgewise eigenfunctions plus the next best. In addition, we
need to ensure that the mapping between eigensolutions is bijective. That is, we want to
ensure that a give graph mode is not double counted when projecting onto distinct PDE
eigenspaces.
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Figure 4.12: Convergence of spectral densities for the periodic square graph.

Convergence of spectral densities Figure 4.12 is a plot of the distribution of eigen-
values k =

√
2π

√
m2 + n2. If {m,n} ∈ [−M,M ]2 is some finite sampling of the function

k, then we see samplings of the distribution for M = 64, 128, 256 in figure 4.12. This
counts the number of lattice points Z2 lying on the circle of radius r = k/(

√
2π). If N(r)

is the number of lattice points (m,n) within a radius of r, then given that there is one
lattice point per unit area on average, we have

N(r) ∼ πr2 as r → ∞. (4.34)

This then means that for large r, we can make the approximation dN ≈ 2πrdr ≈ k
π
dk.

The cumulative distribution function N(r) has corresponding distribution function k/π,
a linear function which we can see (in red) in figure 4.12. In figure 4.13, we show the
convergence of the graph spectral density to this continuum density for increasing graph
densities. We see that they agree over increasing ranges of eigenvalues for increasing
graph densities as expected. The shape of the graph spectral density is nonconstant but
symmetric about N π

2
. This is because in the 1

ℓ
× arccos relation, the mean argument of

the arccosine is a symmetric, trigonometric distribution about 0.

4.3.2 Periodic rectangular graph in the square flat torus

We now consider a periodic graph constructed from a rectangular lattice. We place
twice as many vertices in the horizontal direction and fill in the square flat torus T2
with a rectangular lattice. We connect vertices in the orthogonal horizontal and vertical
directions as in figure 4.14. This example illustrates how the graph problem relates to

56



Figure 4.13: Convergence of spectral densities for the periodic square graph.
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Figure 4.14: Illustration of the continuum limiting procedure for the periodic rectangular
graph filling in the 1 × 1 square flat torus.

the continuum limit when there is a local anisotropy in the graph material. The graph
has 2N vertices in the horizontal direction and N in the vertical direction for a total of
2N ×N . The vertical edge length is ℓ = 1

N
, and the horizontal edge length is 1

2N
= ℓ

2
.

Graph problem In this case, the lattice vectors are e1 = 1
2
ℓex and e2 = ℓey. Consider

plane wave solutions

f(v) = Aeiκ·v + c.c. (4.35)

We express the wave vectors κ in the dual basis a = q1ẽ1 +q2ẽ2, where ẽ1 = 2
ℓ
ex, ẽ2 = 1

ℓ
ey.

The periodic boundary conditions imply that

eiκ·(v+2Ne1) = eiκ·v, eiκ·(v+Ne2) = eiκ·v. (4.36)

Therefore

q1 =
πm

N
, q2 =

2πn

N
, 0 ≤ m,n ≤ N − 1. (4.37)

Setting q1 = κ1ℓ, q2 = κ2ℓ for κ1 = πm, κ2 = 2πn, the vertex condition is

2

(
cot

(
kℓ

2

)
+ cot(kℓ)

)
eiκ·v = csc

(
kℓ

2

)(
eiκ·(v+e1) + eiκ·(v−e1)

)
+ csc(kℓ)

(
eiκ·(v+e2) + eiκ·(v−e2)

)
(4.38)

cot

(
kℓ

2

)
+ cot(kℓ) = csc

(
kℓ

2

)
cos(κ1ℓ) + csc(kℓ) cos(κ2ℓ) . (4.39)
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m
∖
n 0 1 2

0 0
8π2

3

32π2

3

1
4π2

3
4π2 12π2

2
16π2

3
8π2 16π2

3 12π2 X X

Table 4.2: Continuum limiting eigenvalues for the rectangular lattice in the square flat
torus. We show k2 = 1

3
(2πm)2 + 2

3
(2πn)2 for (m,n) ∈ {0, 1, 2}2. We include the (3, 0)

eigenvalue because it coincides with the (1, 2) eigenvalue and both corresponding eigen-
functions are required to span their shared eigenspace.

To leading order, eq. (4.39) is

k2 =
1

3
(2κ1)

2 +
2

3
(κ2)

2 + O
(
ℓ2
)

=
1

3
(2πm)2 +

2

3
(2πn)2 + O

(
ℓ2
)
. (4.40)

This is confirmed in the derivation of the continuum limit.

Continuum limit In this case, we consider µ as still some constant. If vertical edges
have length ℓ, then R is given by

R(v) =
1

2
ℓex ⊗ ex +

1

2
ℓ(−ex) ⊗ (−ex) + ℓey ⊗ ey + ℓ(−ey) ⊗ (−ey) = ℓ

(
1 0
0 2

)
.

(4.41)

The continuum PDE then simplifies to(
1

3

∂2

∂x2
+

2

3

∂2

∂y2

)
f(x, y) = −k2f(x, y). (4.42)

This again has solutions given by plane waves

f(x, y) = Aei(κxx+κyy) + c.c. (4.43)

where κx = 2πm, κy = 2πn for m,n ∈ N and

k2 =
1

3
(2πm)2 +

2

3
(2πn)2 . (4.44)

Comparison between finite graph problem and continuum limit For compari-
son, we choose the eigenspaces corresponding to (m,n) ∈ {0, 1, 2}2, as in table 4.2. This
consists of 9 individual eigenvalues, with the (1, 2) eigenvalue coinciding with the (3, 0)
eigenvalue. Define κx(m) = 2πm, κy(n) = 2πn. For 0 ≤ m,n ≤ 2, the eigenspaces are
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Figure 4.15: Convergence of NEP solutions to continuum limiting PDE solutions for
periodic rectangular graphs of increasing densities in the flat square torus.

spanned by the basis functions as follows

• If (m,n) = (0, 0): 1

• If m = 0: cos(κy(n)y), sin(κy(n)y)

• If n = 0: cos(κx(m)x), sin(κx(m)x)

• If (m,n) = (1, 2):

cos(κ1(1)x) cos(κy(2)y) , cos(κx(1)x) sin(κy(2)y) ,

sin(κx(1)x) cos(κy(2)y) , sin(κx(1)x) sin(κy(2)y) ,

cos(κx(3)x) , sin(κy(3)y)

• Otherwise:
cos(κx(m)x) cos(κy(n)y) , cos(κx(m)x) sin(κy(n)y) ,

sin(κx(m)x) cos(κy(n)y) , sin(κx(m)x) sin(κy(n)y)

Projecting onto the graph eigenspaces for each PDE eigenspace, we indeed find clear
partitions of the graph eigenvalues and eigenfunctions and see convergence for increasing
vertex densities, as shown in figure 4.15. Figure 4.16 visually compares the graph and
PDE modes on a graph of size |V | ≈ 500. For example, for the eigenvalue corresponding
to (m,n) = (1, 0), we project the corresponding PDE modes, restricted to the graph, onto
the two closest matching graph modes. We obtain the two superpositions in the (left)
graph column, second from the top. We see good agreement between the two sets of
modes. Again, we see exact agreement for m = n, and O(ℓ2) convergence otherwise. The
exact agreement again is explained by the dispersion relation from the vertex condition
eq. (4.39), where k = 2mπ is required when m = n. Another observation is that this
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Figure 4.16: Visual comparison of the first several rectangular lattice graph and PDE
modes in the flat square torus.
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entire procedure generalises for a general ratio ℓx = αℓ, ℓy = ℓ. The corresponding PDE
agrees with the limiting NEP,(

α

α + 1
∂2x +

1

α + 1
∂2y

)
f = λf, (4.45)

which accords with [82], who model advection-diffusion on a rectangular grid. By approx-
imating the concentration in the long time limit with a Gaussian diffusion kernel, they
find an effective zero-advection diffusivity tensor, K, near the source ([82] eqs. (12-14))

K =
R

tr(R)
=

1

α + 1

[
α 0
0 1

]
. (4.46)

They also find a medium-range diffusion kernel based on the squared Manhattan distance,
∥x∥1, rather than the rotationally invariant Euclidean metric, ||x||2. However, the general
bound ||x||21 ≤ d ||x||22 implies the results accord in the full continuum limit.

4.3.3 Periodic hexagonal graph in the rectangular flat torus

We now introduce a homogeneous and isotropic example requiring a more involved ap-
proach.

Graph construction To construct the vertices of the periodic hexagonal graph, we
use the setup of the hexagonal multilattice in figure 4.2. For some distance ℓ, we set
one basis vertex as a green (West) vertex vW = (−ℓ/2, 0), another as a red (East) vertex
vE = (ℓ/2, 0), and we set the lattice vectors to be

e1 =
ℓ

2
(3,

√
3) (4.47)

e2 =
ℓ

2
(3,−

√
3). (4.48)

For some, as yet defined, finite set of integer linear combinations of the basis vertices,
we generate two sets of vertices VW , VE, where V = VW ∪ VE. Then, defining the edge
function

r(j) = ℓ
(

cos
(
j
π

3

)
, sin

(
j
π

3

))
, (4.49)

each vW ∈ VW is connected to three neighbouring vE ∈ VE by edge vectors r(j) for
j = 0, 2, 4. Likewise, each vE ∈ VE is connected to three neighbouring vW ∈ VW by edge
vectors r(j) for j = 1, 3, 5. The resulting metric graph structure is illustrated in figure 4.17
where each edge has length ℓ. Depending on the choice of unit cell and corresponding
translation vectors, there are several ways of generating and studying hexagonal graphs.
So that we can derive a simple, exactly solvable graph problem and corresponding con-
tinuum limit, we choose a method which fills in a flat rectangular torus. The method is
illustrated and explained in figure 4.18. Starting with a unit cell whose bottom left corner
is at (0, 0), we tile a rectangular torus with N positive horizontal translations and N
positive vertical translations. Rescaling so that the total horizontal length is 1, we obtain
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Figure 4.17: Illustration of the continuum limiting procedure for the periodic hexagonal
graph filling in the 1 × 1/

√
3 rectangular flat torus.

a height of 1/
√

3 (figure 4.17). The edge length ℓ and N are related by N(3ℓex) = ex and
so N = 1

3ℓ
. Vertices are naturally identified along the boundary.

Graph problem We posit one plane wave solution on each sublattice VE, VW :

fW (v) = f̂W e
iκ·v + c.c., fE(v) = f̂Ee

iκ·v + c.c. (4.50)

where v = ae1 + be2 is a vertex coordinate, and κ = q1ẽ1 + q2ẽ2 is expressed in the dual
basis

ẽ1 =
1

3ℓ

(
1,
√

3
)

(4.51)

ẽ2 =
1

3ℓ

(
1,−

√
3
)
. (4.52)

The components are quantized according to the graph density in the toroidal geometry.
We require

eiκ·(v+N3ℓex) = eiκ·v, eiκ·(v+N
√
3ℓey) = eiκ·v. (4.53)

This gives

q1 = π
m+ n

N
, q2 = π

m− n

N
(4.54)

for integers m,n where 0 ≤ m ≤ N − 1 and 0 ≤ n ≤ min(m,N − 1 −m). Substituting
in ℓ = 1

3N
, we set q1 = κ1ℓ, q2 = κ2ℓ for κ1 = 3(m + n)π, κ2 = 3(m − n)π. There

are two different vertex conditions corresponding to each distinct neighbourhood in the
multilattice structure, as illustrated in figure 4.19. We have

3 cos(kℓ) fW (vW ) = fE(vE) + fE(vE − e1) + fE(vE − e2) (4.55)

3 cos(kℓ) fE(vE) = fW (vW ) + fW (vW + e1) + fW (vW + e2) (4.56)

In matrix form(
−3 cos(kℓ) 1 + e−iκ·e1 + e−iκ·e2

1 + eiκ·e1 + eiκ·e2 −3 cos(kℓ)

)(
fE(vE)
fW (vW )

)
= 0. (4.57)
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Figure 4.18: Illustration of the tiling procedure for the periodic hexagonal graph in the
rectangular flat torus. The lattice spacing (distance between vertices) is a constant ℓ.
The unit cell (in grey) is a 3ℓ ×

√
3ℓ rectangle, which is centred (indicated by the red

dashes) at the top four vertices of a hexagon. It can then be translated horizontally and
vertically by the vectors 3ℓex and

√
3ℓey to obtain lattices such as those in figure 4.17.

Figure 4.19: Illustration of the unit vertices of the hexagonal lattice. The unit vertices
are vE and vW (East, West) The unit lattice vectors e1, e2 generate the lattice. If ℓ is
the global edge length, then e1 = ℓ((1, 0) + (cos(π/3), sin(π/3))) and e2 = ℓ((1, 0) +
(cos(π/3),− sin(π/3))).
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The dispersion relation is given by setting the determinant to 0:

9 cos(kℓ)2 = 3 + 2 (cos(ℓκ1) + cos(ℓ(κ1 − κ2)) + cos(ℓκ2)) . (4.58)

To leading order,

k2 =
1

2
κ · κ+ O

(
ℓ2
)

(4.59)

=
1

2

(
4

9
(κ21 − κ1κ2 + κ22)

)
+ O

(
ℓ2
)

(4.60)

=
1

2

(
(2πm)2 + 3(2πn)2

)
+ O

(
ℓ2
)
, (4.61)

This is confirmed in the continuum limit.

Continuum limit The vertex density µ(v) = µ is constant. Edges all have the same
length ℓ. Edge vectors at vW are rj = (cos(j2π/3) , sin(j2π/3)) for j = 0, 1, 2, and are
−rj at vE. Therefore, at any v,

R(v) = ℓ(r0 ⊗ r0 + r1 ⊗ r1 + r2 ⊗ r2) =
3

2
ℓI. (4.62)

The continuum PDE then simplifies to

1

2

(
∂

∂x2
+

∂

∂y2

)
f(x, y) = −k2f(x, y). (4.63)

In the flat rectangular 1 × 1/
√

3 torus, this has plane wave solutions

f(x, y) = Aei(κxx+κyy) + c.c. (4.64)

where κx = 2πm, κy =
√

3(2πn) for m,n ∈ N and if κ = κxex + κyey, then

k2 =
1

2
κ · κ =

1

2

(
(2πm)2 + 3 (2πn)2

)
. (4.65)

Comparison between finite graph problem and continuum limit For compar-
ison, we choose the eigenspaces corresponding to (m,n) ∈ {0, 1, 2}2, as in table 4.2.
Define κx(m) = 2πm, κy(n) =

√
3(2πn). For 0 ≤ m,n ≤ 2, the eigenspaces are spanned

by the basis functions as follows

• If (m,n) = (0, 0): 1

• If (m,n) = (0, 1): cos(κy(n)y), sin(κy(n)y)

• If (m,n) = (0, 2):

cos(κy(2)y) , sin(κy(2)y) ,

cos(κx(3)x) cos(κy(1)y) , cos(κx(3)x) sin(κy(1)y) ,

sin(κx(3)x) cos(κy(1)y) , sin(κx(3)x) sin(κy(1)y) ,
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m
∖
n 0 1 2

0 0 6π2 24π2

1 2π2 8π2 26π2

2 8π2 14π2 32π2

3 18π2 24π2

4 32π2

Table 4.3: Continuum limiting eigenvalues for the periodic hexagonal graph in the rectan-
gular flat torus. We show k2 = 1

2

(
(2πm)2 + 3 (2πn)2

)
for (m,n) ∈ {0, 1, 2}2. We include

any extra eigenvalues which coincide with those in the set.

• If (m,n) = (1, 0): cos(κy(1)x), sin(κy(1)x)

• If (m,n) = (1, 1) or (2, 0):

cos(κx(1)x) cos(κy(1)y) , cos(κx(1)x) sin(κy(1)y) ,

sin(κx(1)x) cos(κy(1)y) , sin(κx(1)x) sin(κy(1)y) ,

cos(κy(1)x) , sin(κy(1)x) ,

• If (m,n) = (2, 2):

cos(κx(2)x) cos(κy(2)y) , cos(κx(2)x) sin(κy(2)y) ,

sin(κx(2)x) cos(κy(2)y) , sin(κx(2)x) sin(κy(2)y) ,

cos(κy(4)x) , sin(κy(4)x) ,

• Otherwise:
cos(κx(m)x) cos(κy(n)y) , cos(κx(m)x) sin(κy(n)y) ,

sin(κx(m)x) cos(κy(n)y) , sin(κx(m)x) sin(κy(n)y)

Projecting onto the graph eigenspaces for each PDE eigenspace, we indeed find clear
partitions of the graph eigenvalues and eigenfunctions and see convergence for increasing
vertex densities, as shown in figure 4.20. Figure 4.21 is a visual comparison of the graph
and PDE modes on a graph of size |V | ≈ 500. For example, for the eigenvalue corre-
sponding to (m,n) = (1, 0), we project the corresponding PDE modes, restricted to the
graph, onto the two closest matching graph modes. We obtain the two superpositions in
the (left) graph column, second from the top. We see good agreement between the two
sets of modes.

4.3.4 Square lattice in the unit square with clamped
boundaries

In this example we demonstrate the effect of boundary conditions. We fill in the 1 × 1
unit square M with the periodic square graph (figure 4.22). The boundary ∂G ⊂ G is the
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Figure 4.20: Convergence of NEP solutions to continuum limiting PDE solutions for
periodic hexagonal graphs of increasing densities in the flat rectangular torus.

subset of the graph coinciding with the boundary of M . We apply clamped (0 Dirichlet)
boundary conditions f(∂G) = 0.

Graph problem This time, we assume sinusoidal plane wave solutions

f(v) = A sin(κ · v) , (4.66)

where v and κ are expressed in the lattice and dual basis vectors as before. The vertex
condition is then

4 cos(kℓ) sin(κ · v) = sin(κ · (v + e1)) + sin(κ · (v − e1))

+ sin(κ · (v + e2)) + sin(κ · (v − e2)) (4.67)

giving the dispersion relation

2 cos(kℓ) = cos(κ1ℓ) + cos(κ2ℓ) , (4.68)

as expected. This time, the global boundary condition means that

κ1 = mπ, κ2 = nπ, 0 < m,n ≤ N − 1. (4.69)

To leading order

k2 =
1

2
κ · κ+ O

(
ℓ2
)
. =

1

2
((mπ)2 + (nπ)2) + O

(
ℓ2
)
. (4.70)

This is confirmed in the continuum limit.
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Figure 4.21: Visual comparison of the first several periodic hexagonal graph and PDE
modes in the flat rectangular torus.
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Figure 4.22: Illustration of the continuum limiting procedure for the periodic square graph
filling in the unit square.

m
∖
n 1 2 3

1 π2 5
2
π2 5π2

2 5
2
π2 4π2 13

2
π2

3 5π2 13
2
π2 9π2

Table 4.4: Continuum limiting eigenvalues for the periodic square graph in the square with
clamped (0 Dirichlet) boundaries. We show k2 = 1

2

(
(πm)2 + (πn)2

)
for (m,n) ∈ {1, 2, 3}2.

Continuum limit With R(v) = 2ℓI and µ(v) = µ some constant, we again have at all
(interior) vertices

1

2

(
∂2

∂x2
+

∂2

∂y2

)
f(x, y) = −k2f(x, y). (4.71)

Along the boundaries, we simply have f(x, y) = 0. This has sine series solutions

f(x, y) = A sin(κ · (x, y)) (4.72)

where κ = π(mex + ney) for m,n ∈ N>0 and

k2 =
1

2
((mπ)2 + (nπ)2). (4.73)

Comparison between finite graph problem and continuum limit For compari-
son, we choose the eigenspaces corresponding to m,n ∈ {1, 2, 3}2, as in table 4.4. Define
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Figure 4.23: Convergence of NEP solutions to continuum limiting PDE solutions for
periodic square graphs of increasing densities in the square.

κx(m) = πm, κy(n) = πn. For 1 ≤ m,n ≤ 3, the eigenspaces are spanned by the basis
functions as follows

• If n = m: sin(κx(m)x) sin(κy(m)y)

• Otherwise: sin(κx(m)x) sin(κy(n)y) , sin(κx(n)x) sin(κy(m)y).

Projecting onto the graph eigenspaces for each PDE eigenspace, we find clear partitions
of the graph eigenvalues and eigenfunctions and see convergence for increasing vertex
densities, as shown in figure 4.23. We see O(ℓ2) convergence everywhere except for the
m = n modes. For the eigenvalues, we see again from the dispersion relation (eq. 4.68)
that if m = n, then

k =
1

ℓ
arccos

(
1

2
(cos(mπℓ) + cos(mπℓ))

)
= mπ. (4.74)

This is independent of the vertex density. For the eigenmodes, it is unclear why there is
O(ℓ3) convergence instead of exact agreement. Figure 4.24 is a visual comparison of the
graph and PDE modes on a graph of size |V | ≈ 500.

4.4 In three dimensions

Here, we present a three-dimensional continuum limit constructed from a three-dimensional
cubic lattice as in figure 4.25. In this case, we evenly stack periodic square graphs (fig-
ure 4.22) in a third dimension. We fill in the unit cube given by 0 ≤ x, y, z ≤ 1 with N
vertices in each dimension for a total of |V | = N3. We set clamped boundary conditions at
x, y, z ∈ {0, 1}. The lattice spacing (global edge length) is ℓ, and if e1, e2, e3 = ℓex, ℓey, ℓez
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Figure 4.24: Visual comparison of the graph and PDE modes for the square lattice
in the square with clamped boundaries. The PDE modes (right) are the standard
sin(mπx) sin(nπy) functions, here represented on the square. The left is a grid of PDE-
restricted modes projected onto graph modes. We see good agreement between the two
sets. Data corresponding to the fifth graph size in figure 4.23 confirms this.

Figure 4.25: Illustration of the continuum limiting procedure for the periodic cubic graph
in the cube.
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are lattice vectors, then the vertex condition for plane wave solutions A sin(κ · (x, y, z)) is

cos(kℓ) =
1

3
(cos(κ1ℓ) + cos(κ2) + cos(κ3ℓ)) (4.75)

The clamped boundary condition implies κi = miπ for 0 < mi ≤ N − 1, and so to leading
order

k2 =
1

3
κ · κ+ O

(
ℓ2
)

=
1

3
(m2

1 +m2
2 +m2

3)π
2 + O

(
ℓ2
)
. (4.76)

The factor 1/3, as before, corresponds to a rescale by the dimension d = 3 of the embed-
ding space.

For the continuum limit, the vertex density is constant, and the edge tensor is simply
R(v) = 2ℓI, where here, I is of course the three-dimensional identity. Therefore, we
obtain,

1

3

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
f(x, y, z) = −k2f(x, y, z). (4.77)

Along the boundaries, we simply have f(x, y, z) = 0. This has sine series solutions

f(x, y, z) = A sin(κ · (x, y, z)) (4.78)

where κ = π(mxex +myey +mzz) for mx,my,mz ∈ N>0 and

k2 =
1

2
((mxπ)2 + (myπ)2 + (mzπ)2). (4.79)

We present a comparison of graph and continuum solutions in figure 4.26. We present
the eigenspaces for mx,my,mz taking (all permutations of) values (1, 1, 1), (1, 1, 2) and
(1, 2, 2).
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Figure 4.26: Convergence of NEP solutions to continuum limiting PDE solutions for
periodic cubic graphs of increasing densities in the cube.
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Figure 4.27: Comparison of modes of the periodic cubic graph in the cube.
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Chapter 5

Semi-analytical examples in flat and
curved space

This chapter tests the continuum model on several inhomogeneous graphs where solutions
can be found, at least partially, in closed form. These examples are inspired by networks
arising in nature. The humble spiderweb (figure 5.1) is the canonical example. We model
this as periodic in the angular domain, allowing for a separation into Fourier modes in
the angular direction, and radial modes of an ODE depending on the distribution of
radial vertices. We see that certain radial distributions allow for closed-form Bessel-like
solutions. The second example comes from the sequence of Goldberg/geodesic polyhedra.
These networks produce some of the most uniform tilings of the 2-sphere and, therefore,
arise ubiquitously in nature as the minimizing structures of many energy functionals
[124, 125]. Notable examples are the heads (capsids) of tailed bacteriophages (figure 5.1).
These tailed bacteriophages (“bacteria” + “phageia” meaning devour) infect and replicate
inside bacteria, and make up an estimated 96% [126] of the 1031 bacteriophages on the
planet [127, 128]. Outnumbering every other organism on Earth combined, one could be

Figure 5.1: Naturally occurring highly structured networks. A spiderweb [122] and the
polyhedral head of a T4 bacteriophage [123] (with icosahedral symmetry).
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Figure 5.2: Illustration of the continuum limiting procedure for the spiderweb within the
unit disc.

forgiven for thinking that icosahedral symmetry is crucial for life as we know it. Other
notable polyhedra are the fullerenes–meshes of carbon atoms–such as the famous carbon
C60 a.k.a. Buckminsterfullerene, a.k.a. soccer ball.

5.1 Spiderweb

Construction An axisymmetric “spiderweb” (figure 5.2) filling in the unit disc pro-
vides a straightforward inhomogeneous anisotropic semi-analytic example. Periodicity in
the angular direction allows for the decoupling of functions into angular Fourier modes,
and radial functions depend on the distribution of vertices in the radial direction. The
spiderweb has local vertex spacings dr, dθ in each polar coordinate direction r, θ. It
has a central vertex at the origin, boundary vertices on the unit circle, and interior ver-
tices otherwise. In total, there are |V | = (Nr − 1)Nθ + 1 vertices, where Nr, Nθ are the
numbers of vertices in the radial and angular directions respectively. An interior vertex
v = r(cos(θ), sin(θ)) has neighbours

wN = (r + dr)(cos(θ), sin(θ))

wS = (r − dr)(cos(θ), sin(θ))

wE = r(cos(θ + dθ), sin(θ + dθ))

wW = (r + dr)(cos(θ − dθ), sin(θ − dθ))

The central vertex vc has neighbours

wn = dr

(
cos

(
2π

n

Nθ

)
, sin

(
2π

n

Nθ

))
, for 0 ≤ n < Nθ. (5.1)

76



Figure 5.3: Illustration of the neighbourhood of an interior vertex of the spiderweb. The
Voronoi cell area is given by Av.

The boundary vertices v∂G at r = 1 have neighbours

wS = (1 − dr)(cos(θ), sin(θ)) (5.2)

wE = (cos(θ + dθ), sin(θ + dθ)) (5.3)

wW = (cos(θ − dθ), sin(θ − dθ)) (5.4)

Continuum limit The angular spacing is constant for a given graph dθ = 2π/Nθ. We
choose the radial spacing to depend smoothly on r such that dr = ρ(r)dθ. In the polar
basis, the R tensor at interior vertices is then

R(r) = Rrr êr ⊗ êr +Rθθ êθ ⊗ êθ, (5.5)

where,

Rrr = 2ρ(r)dθ + 4 r sin3

(
dθ

2

)
, (5.6)

Rθθ =
r sin2(dθ)

sin
(
dθ
2

) . (5.7)

For dθ → 0,

Rrr ∼ 2ρ(r)dθ, Rθθ ∼ 2 rdθ. (5.8)

For the vertex density, we use the primitive cell area introduced for the lattices. We
construct the cell by connecting the centres of tiles adjacent to v. This is illustrated in
figure 5.3. This is an approximation of the Voronoi cell whose sides are given by connecting
perpendicular bisectors of each edge adjacent to v. The shoelace formula for the area of
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any planar polygon with vertices vi (ordered by polar angle) is

A =
1

2

∑
i

∣∣vi ∧ vi+1

∣∣ (5.9)

where ∧ is the exterior product. Applying this to the Voronoi cell with vertices in red,
we have for dθ → 0

Av =
1

2
rρ(r)dθ(1 + cos(dθ)) sin(dθ) ∼ rρ(r)dθ2. (5.10)

The vertex density is then µ(v) = 1/Av. To leading order, the continuum PDE eq. (2.42)
is

1

r(r + ρ(r))

(
rρ(r)

∂2

∂r2
+

∂2

∂θ2

)
f(r, θ) = −k2f(r, θ). (5.11)

Angular symmetry allows Fourier solutions f(r, θ) = fm(r)eimθ + c.c.. The PDE then
reduces to a one-dimensional radial ODE

rρ(r)f ′′
m(r) + (r(r + ρ(r))k2 −m2)fm(r) = 0. (5.12)

As a reference, the standard two-dimensional Laplace operator in polar coordinates is

∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2
(5.13)

No choice of the radial density ρ(r) converts eq. (5.11) into this standard form. Only
certain functional forms produce solutions in closed-form. Before providing an example,
we first specify conditions at the the central and boundary vertices. For the central vertex,
we examine the PDE within an ε-ball Bε of the origin. The “free” boundary condition
eq. (2.43) from the original bilinear form is

n̂(v) · µ(v)R(v) · ∇f(v) = 0 (5.14)

êr ·
(

1

rρ(r)dθ2
(2ρ(r)dθêr ⊗ êr + 2rdθêθ ⊗ êθ)

)
· ∇f(v) = 0 (5.15)

2

rdθ
∂rf(r, θ) = 0. (5.16)

We can approximate the PDE at the origin by taking the average value of this condition
around the boundary of Bε and taking the limit ε→ 0,

lim
ε→0

1

πε2dθ

∫ 2π

0

∂rf(r, θ)|r=εdθ = 0. (5.17)

Therefore, we impose ∂rf(r, θ)|r=0 = 0 at the origin. At boundary vertices of the full
graph, we impose the clamped condition f(1, θ) = 0.
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Bessel-like solutions One option for the radial distribution of vertices which produces
“recognisable” solutions is ρ(r) = r/γ for some real, positive scalar γ. In this case,

r2f ′′(r) + ((1 + γ)k2r2 − γm2)f(r) = 0. (5.18)

For m ̸= 0, this has solutions

fm(r) =
√
rJ 1

2

√
1+4m2γ

(
k
√

1 + γr
)

(5.19)

where Jν(r) is the non-integer order Bessel function of the first kind with zeros αν,n, and
the clamped boundary condition requires k = αν,n/

√
1 + γ. We exclude the second kind

solutions Y because for r → 0,
√
rY 1

2

√
1+4m2γ

(
k
√

1 + γr
)

= Θ

(
r

1
2

(
1−
√

1+4m2γ
))

which

blows up at r = 0 for m > 0. For m = 0,

f0(r) = cos(
√

1 + γ kr) where k =
(n+ 1

2
)π

√
1 + γ

. (5.20)

The central vertex condition f ′
m(r)|r=0 = 0 is naturally satisfied for all m. In figure 5.4, we

show convergence of graph solutions to these continuum solutions for γ = 1. Figures 5.4a-b
show the convergence of the numerical graph solutions (k, f) to the analytic PDE solutions
(k̃, f̃) for increasing Nr. Both cases are very efficient given the Fourier decomposition
into one-dimensional radial modes. Figures 5.4c-d show visual comparisons between the
graph and (graph-restricted) PDE modes, respectively.

Constructing a graph satisfying dr = rdθ is nontrivial. The relationship requires a
recurrence relation for constructing the radial distribution of vertices with coordinates
r ∈ {rVr−1 = 0, . . . , r0 = 1}. Starting from the boundary vertex, we have

rn = r0(1 − dθ)n. (5.21)

For some fixed dθ = 2π/Vθ, we have rVr−1 ̸= 0. We therefore calculate up to rVr−2 and
simply fix the final vertex at the origin. We can pick the ratio of the number of radial to
angular vertices Vr = αVθ = αM to approximate the theoretical limiting structure. Then

lim
M→∞

vM = lim
M→∞

v0

(
1 − 2π

M

)αM

(5.22)

= e−2πα. (5.23)

Setting α = 2, then as M → ∞

drlast = e−4π (5.24)

dr2nd last ∼ 4π

M
drlast + O(M−2). (5.25)

The jump to the origin is nonzero in the limit, while the second last dr does limit to 0.
However, this setup sufficiently resolves the issue.
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Figure 5.4: Continuum behaviour for dense spiderwebs — (a) & (b) Graph eigenval-
ues/eigenmodes converging to the PDE values (eqs. (5.19)–(5.20)) for increasing numbers
Nr of radial vertices. (c) & (d) graph eigenmodes & graph-restricted PDE eigenmodes
respectively for (m, j) as per the legend of (a) for |V | ≈ 500; both cases only show the
angular cosine (and not sine) modes.
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Radial graph problem For the lattices of chapter 4, we could solve the graph NEP
with plane wave solutions explicitly. For the spiderweb, we can partially solve the graph
NEP by expressing f as

f(r, θ) = fm(r)eimθ. (5.26)

At a vertex v(r, θ), edges to neighbours toward and away from the central vertex have
lengths dr−(r) and a dr+(r) respectively. The vertex condition at an interior vertex is
then

fm(r + dr+) + fm(r −dr−)

2 sin(kdr)
+

[
cos(mdθ)

sin(krdσ)
− cot(krdσ)

−cot(kdr+) + cot(kdr−)

2

]
fm(r) = 0

(5.27)

where dσ = 2 sin(dθ/2) and |m| ≤ M = 2π/dθ. As dr, dθ → 0 with ρ = dr/dθ ∼ O(1)
eq. (5.27) reduces exactly to eq. (5.12) at leading order. The vertex (with M neighbours)
at the origin requires special care. For the discrete case,

fm(0) cos(kdr) − fm(dr) δm,0 = 0, (5.28)

with Kronecker-δm,0. As dr → 0, the centre conditions are

fm(0) = 0 if m ̸= 0,

f ′
0(0) = 0 if m = 0.

5.2 Truncated icosahedron

We demonstrate the continuum limit for curved surfaces with a truncated icosahedron
(a.k.a. soccer ball or buckminsterfullerene) embedded within the unit 2-sphere, S2 (fig-
ure 5.5). There are no procedures for discretizing S2 into identical shapes of increasing
density. This would provide the simplest toy model. In fact, the dodecahedron (|V | = 20)
is the largest uniform tessellation of S2. We examine the soccer ball which represents a
simple enough intermediate case to provide analytical intuition. In this section, we inter-
polate its edge tensor and vertex density with spherical harmonics in order to provide a
continuum limit which we then directly solve by numerical spectral discretization. There
is no sense of taking increasing graph density, just as there would not be for some arbi-
trary network appearing in nature, for example. We see that even relatively low-density
metric graphs display continuum behaviour for low-degree eigenmodes.

Construction Embedded in R3, the truncated icosahedron (soccer ball) has three pri-
mary vertices

v0 = (0, 1, 3φ) (5.29)

v1 = (1, 2 + φ, 2φ) (5.30)

v2 = (φ, 2, 2φ+ 1), (5.31)
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Figure 5.5: The truncated icosahedron (bottom left) is embedded within the 2-sphere S2.
The edge tensor R acts on the tangent space of S2, with the principle eigenvector (green)
along the edge (red) opposite the local pentagonal face.

where φ is the golden ratio φ = (1 +
√

5)/2. These vertices are all a distance from the
origin |v| =

√
10 + 9φ. We eventually work with all vertices embedded in the unit sphere,

but the non-normalised versions simplify the presentation until that point. Eventually,
we envisage the edges embedded as segments of great circles within the unit sphere.
The other vertices (60 in total) generate from the primary three by all combinations of
cyclically permuting the coordinates, ϖ : (x, y, z) → (z, x, y), and reflecting the set across
all coordinate planes ρx : x → −x with ρy = ϖρxϖ

2, ρz = ϖ2ρxϖ. All vertices are
connected by edges with three-dimensional Euclidean length = 2. Therefore vi ∼ wi,j

where

v0 ∼ {ρyv0, ρxv2, v2} (5.32)

v1 ∼ {ϖ2v2, v2, ρxv1} (5.33)

v2 ∼ {ϖv1, v0, v1}. (5.34)

Each vertex connects to three faces: two regular hexagons and one regular pentagon. For
each vertex, vi, the sets of neighbouring vertices are ordered such that the edge along
wi,0− vi is opposite the pentagonal face, and for j = 1, 2, wi,j − vi is opposite a hexagonal
face. That is, the angle between the j = 1, 2 edges is 108◦ and the angles between j = 0
and j = 1, 2 are both 120◦. Moreover, the j = 1, 2 edges are ordered so that for the
matrix formed by the columns Ei = [wi,0 − vi, wi,1 − vi, wi,2 − vi] , det(Ei) = 4 for all i.

Graph problem Because of the global edge length, the vertex condition at any vertex
v ∼ {w1, w2, w3} is simply

3 cos(kℓ) f(v) − (f(w1) + f(w2) + f(w3)) = 0. (5.35)
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Therefore, if A is the adjacency matrix of the graph, then we can express the NEP
L(k)f(V ) = 0 as

(A− λI)f(V ) = 0 (5.36)

where λ = 3 cos(kℓ). The soccer ball has a manageable total adjacency structure. The
characteristic polynomial of A is

det(A− λ I) = (λ− 3)(λ− 1)9(λ+ 2)4

×
(
λ2 − λ− 3

)5 (
λ2 + λ− 4

)4
×
(
λ2 + λ− 1

)5 (
λ2 + 3λ+ 1

)3
×
(
λ2 − (1 + φ)λ− 2 + φ

)3
×
(
λ2 − (2 − φ)λ− 1 − φ

)3
. (5.37)

If our continuum approximation is close to sensible, we should expect a rough correspon-
dence for low-degree modes to the spherical harmonic eigenvalues rescaled inversely by
the dimension

k2 =
arccos(λ

3
)2

ℓ2
≈ j(j + 1)

2
, (5.38)

with approximate multiplicities, 2j + 1.

Continuum limit Here we construct the continuum limit by expressing approximations
of the edge tensor and vertex density in closed forms in terms of spherical harmonics.
Considering now all vertices and edges as embedded in the unit two-sphere, the connected
vertices have the same mutual angle within R3. Therefore, the edge length is

ℓ = arccos
(

wi,j ·vi
|v|2

)
= arccos(71+18φ

109
) ≈ 0.406338. (5.39)

If we had considered the edges as straight lines in R3, we would have instead ℓ = 2/|v| ≈
0.403548, with a difference of less than 1%. Embedding the edges within the unit 2−sphere
amounts to projecting the vectors pointing between vertices into the local tangent plane
at a point

r̂i,j = csc(ℓ) ŵi,j − cot(ℓ) v̂i, (5.40)

where v̂i = vi/|v| and ŵi,j = wi,j/|v|. The edge vector has both properties that r̂i,j · v̂i = 0
and r̂i,j · r̂i,j = 1. At vertex vi

R̂(v̂i) =
1

3

∑
j

r̂i,j ⊗ r̂i,j, (5.41)
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where without loss of generality tr(R̂(vi)) = 1. We can divide the trace out of the problem
because it is constant at all vertices (i.e., 3ℓ ). At each vertex, by definition

R̂(v̂i) · v̂i = 0. (5.42)

Also, by construction, we order the set of neighbouring vertices so that r̂i,0 is opposite
from the pentagon face so that

R̂(v̂i) · r̂i,0 =
1 + ε

2
r̂i,0, (5.43)

where

ε =
17 − 9φ

27
≈ 0.090285. (5.44)

Finally, we have

R̂(v̂i) · (v̂i × r̂i,0) =
1 − ε

2
(v̂i × r̂i,0). (5.45)

The eigenvalues of R̂ are uniform at all vertices; only the eigenvectors (aligned with
wi,0 − vi) rotate from vertex to vertex. Therefore, restricting exclusively to the tangent
space at a vertex

R̂(v̂) =
1

2
(I + ε S(v̂)), (5.46)

where I is the two-dimensional identity operator and S(v̂) has eigenvalues ±1 at the
vertices. Amusingly, R̂(v̂) has exactly the same form as a spin-1/2 quantum density
matrix at each of the vertices. Locally,

S(v̂i) = r̂i,0 ⊗ r̂i,0 − (v̂i × r̂i,0) ⊗ (v̂i × r̂i,0). (5.47)

Because S(v̂) is traceless and symmetric, it contains only spin-(±2) components

S(v̂) = S++(θ, ϕ) e+ ⊗ e+ + c.c., (5.48)

where e+ = (eθ − ieϕ)/
√

2. We can fit S++(θ, ϕ) to a series of spin-2 spherical harmonics.
Given that any number of spherical harmonic series will vanish at 60 given vertices, the
result is far from unique. We pick the solution having the minimum square integral that
exactly reproduces the known vertex values (figure 5.6(a)). A spherical harmonic degree
j = 6 solution exists with a series of even values of |m| ≤ 6. In standard spherical
coordinates (θ, ϕ),

S = Sθθ (eθ ⊗ eθ − eϕ ⊗ eϕ) + Sθϕ (eθ ⊗ eϕ + eϕ ⊗ eθ). (5.49)
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Figure 5.6: Soccer ball edge tensor and vertex density interpolations. (a) Surface showing
the largest local eigenvalue of R, i.e., 1 + ε

√
tr(S2) /2. (b) Surface illustrating the µ6

vertex density truncation.

Define z = cos(θ), then

Sθθ =
3∑

k=0

ak Pk,0(z) cos(2kϕ), (5.50)

Sθϕ =
3∑

k=1

ak Pk,1(z) sin(2kϕ). (5.51)

By definition Sϕϕ = −Sθθ and Sϕθ = Sθϕ. The polynomials P are

P0,0(z) =
15

16

(
1 − z2

) (
1 − 18z2 + 33z4

)
, (5.52)

P1,0(z) =
1

16

(
−17 + 289z2 − 735z4 + 495z6

)
, (5.53)

P2,0(z) =
1

2

(
1 − z2

) (
1 − 10z2 + 33z4

)
, (5.54)

P3,0(z) =
(
1 − z2

) (
1 − z4

)
. (5.55)

P1,1(z) = −z
8

(
37 − 186z2 + 165z4

)
, (5.56)

P2,1(z) = 2z
(
1 − z2

) (
5 − 11z2

)
, (5.57)

P3,1(z) = −2z
(
1 − z2

)2
. (5.58)

The coefficients are

a0 = −1363+ 332φ
3840

≈ −0.215055,

a1 = 2027− 2394φ
2560

≈ −0.721318,

a2 = 1363− 332φ
2048

≈ 0.403229,

a3 = −6081+7182φ
8192

≈ 0.676235.

(5.59)
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The polynomials are the even/odd components of the scaled standard Jacobi polynomials,

Pk,0(z) =
Pk(z) + Pk(−z)

2
, (5.60)

Pk,1(z) =
Pk(z) − Pk(−z)

2
, (5.61)

where

Pk(z) = (1 − z)α(1 − z)βP
(2α,2β)
2n (z), (5.62)

where n = min(3 − k, 2), α = |k + 1|, β = |k − 1|.

For the vertex density, we start with the formal empirical measure,

µ(x̂) =
∑
v̂∈V

δ(x̂− v̂) (5.63)

From the completeness of the spherical harmonic basis,

δ(x̂− v̂) =
∑
j≥0

∑
|m|≤j

Yj,m(x̂)Yj,m(v̂). (5.64)

Therefore, we can define a smooth truncated measure,

µJ(x̂) =
J∑

j=0

∑
|m|≤j

Yj,m(x̂)
∑
v̂∈V

Yj,m(v̂), (5.65)

We do not have µJ(x̂) ≥ 0 for all J sufficiently large. Pragmatically, we choose J where
the measures agree well enough, and both are positive. Given the purely j = 6 nature
of the S(x̂) interpolation, we accordingly use a J = 6 truncation of the vertex density
measure. This approximation will not give accurate results for high-degree PDE modes
but will capture reasonable behaviour as a proof of concept for PDE eigenmodes j ≤ 3.
It also happens that j = 6 is the simplest non-trivial density given the coefficients∑

v̂∈V

Yj,m(v̂) = 0 1 ≤ j ≤ 5. (5.66)

Therefore, given the global average density |V |/(4π) = 15/π,

µ6 =
15

π

(
1 +

3∑
k=0

bkQk(z) cos(2kϕ)

)
, (5.67)
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as illustrated in figure 5.6(b), where

b0 = −143(−77431+60480φ)
20720464

≈ −0.140979,

b1 = −1001(198391−94382φ)
207204640

≈ −0.721318,

b2 = 1001(−77431+60480φ)
165763712

≈ 0.123357,

b3 = 3003(198391−94382φ)
663054848

≈ 0.206876,

(5.68)

and

Q0(z) =
1

16

(
−5 + 105z2 − 315z4 + 231z6

)
, (5.69)

Q1(z) =
15

16

(
1 − z2

) (
1 − 18z2 + 33z4

)
, (5.70)

Q2(z) =
3

2

(
1 − z2

)2 (−1 + 11z2
)
, (5.71)

Q3(z) =
(
1 − z2

)3
. (5.72)

With the expansions of the edge tensor eq.(5.46) and vertex density eq.(5.67) in hand,
we compute the spectrum for the continuum limit using spin-weighted spherical harmonics
[129]. The eventual spectral discretization of the continuum limit eq. (2.42) is eq. (5.82).
We first expand the solution in terms of a traditional scalar series,

f(θ, ϕ) =
∑

|m|≤Lmax

Y 0
m(θ, ϕ) · Fm. (5.73)

For each m, we encapsulate the full range of spherical harmonic degrees as row vectors,

Y s
m =

[
Y s
|m|∧|s|,m, . . . , Y

s
Lmax,m

]
, (5.74)

For each m, Fm is a column vector representing the expansion coefficients. The gradient
decomposes in terms of spin-(±1) series’,

∇f =
∑

|m|≤Lmax

e+ Y
+
m · D+

0 · Fm +
∑

|m|≤Lmax

e− Y
−
m · D−

0 · Fm. (5.75)

The perturbation to the graph matrix is degree-6 spin-(±2) series,

S =
∑
|n|≤6

einϕ Sn(θ) e+ ⊗ e+ +
∑
|n|≤6

einϕ S−n(θ) e− ⊗ e−, (5.76)

where the terms vanish. We promote the non-constant coefficient terms to matrix opera-
tors by the intertwining conditions,

Sn(θ)einϕ Y −
m (θ, ϕ) = Y +

m+n(θ, ϕ) · S+2
n,m (5.77)

S−n(θ)einϕ Y +
m (θ, ϕ) = Y −

m+n(θ, ϕ) · S−2
−n,m. (5.78)
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Figure 5.7: The graph eigenvalues k2j,m track the PDE eigenvalues k̃j,m, including splittings
and multiplicities, even when discreteness effects are far from negligible.

Finally, for a term such as

∇ · (S · ∇f) =
∑

|n|≤6,m

Y 0
m+n · Sn,m · Fm, (5.79)

where,

Sn,m = D−
+ · S+2

n,m · D−
0 + D+

− · S−2
−n,m · D+

0 . (5.80)

Matrices of this form compose the block elements of a larger system that gives a total
matrix for computing numerical eigenvalues. Action by µ6 happens similarly,

Mn(θ)einϕ Y 0
m(θ, ϕ) = Y 0

m+n(θ, ϕ) · Mn,m (5.81)

Overall, we solve the system as a generalised eigenvalue problem

∇ · (µ6R · ∇f) = −k2 µ6 f, (5.82)

where tr(R) = 1 globally. We solve the PDE model with an updated version of the
low-level spectral libraries of the Dedalus framework [129–131]. We test convergence as a
function of the total spherical harmonic degree, Lmax = 10, 20, 30, finding convergence to
at least six decimal digits for up to 60 eigenvalues. Table 5.1 shows the numerical values
of the exact graph eigenvalues and the closest corresponding homogeneous sphere modes
and their degeneracies. It is clear that there is rough agreement for modes with j ≤ 4;
much less so for the rest of the spectrum. Figure 5.7 shows the eigenvalue results for
j ≤ 3. As a benchmark, the eigenvalues of the leading-order homogeneous approximation
are λj,m = j(j + 1)/2 with 2j + 1 multiplicity. The truncated icosahedron allows exact
eigenvalue solutions derived from eq. (2.16)–the equal edge lengths reduce the condition
on the system over V to a simple requirement on the adjacency matrix of the graph,
analogous to the condition for protonated methane in [12]. The PDE eigenvalues k̃j,m
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Table 5.1: a summary of (60 total) graph and PDE eigenvalues with their closest corre-
sponding homogeneous spherical analogues. Figure 5.7 shows a comparison plot for j ≤ 3.
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Figure 5.8: (a) graph eigenmodes & graph-restricted PDE eigenmodes respectively with
rows =j, columns =m for |m| ≤ j ≤ 2.

track the 2j + 1 groupings of graph eigenvalues. Figures 5.8a-b show visual comparisons
between the graph and (graph-restricted) PDE modes.

In summary, we have given
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Chapter 6

Homogenization of local breakdown
of the continuum limit: periodic
graphs

So far, the graphs we have studied have had smoothly interpolable edge tensors and vertex
densities, oscillating only over large scales. The lattices in the introductory examples
had constant graph quantities, and the semi-analytical examples of the previous chapter
had closed forms or rapidly converging series approximations. However, many real-world
networks of interest contain not only noise, but deterministic variations in structure at
the scale of our limiting approximations. Fluctuations of O(ℓ2) in µ and/or O(ℓ) in R at
the scale of edge lengths cause a break down in the PDE.

6.1 Motivating example

Figure 6.1 shows the periodic hexagonal graph from figure 4.17, and a periodic truncated
square graph (so named because the octagonal faces are squares with “truncated” corners).
Despite having two sets of non-identical neighbourhoods in VW and VE, the periodic
hexagonal graph has a constant edge tensor R = 3ℓI. This is not so for the truncated
square (figure 6.1b). Its vertices are generated from four basis vertices vN , vS, vE, vW and
lattice vectors e1 = (1 +

√
2)ℓex and e2 = (1 +

√
2)ℓey. The basis vertices are arranged in

a diamond shape and connected so that each has degree 3, and all edges have length ℓ.
For the R tensor, define r(j) = (cos jπ/4, sin jπ/4). Then at each basis vertex we have:

R(vN) =
1

ℓ
(r(2) ⊗ r(2) + r(5) ⊗ r(5) + r(7) ⊗ r(7)) = ℓ

(
1 0
0 2

)
(6.1)

R(vS) =
1

ℓ
(r(1) ⊗ r(1) + r(3) ⊗ r(3) + r(6) ⊗ r(6)) = ℓ

(
1 0
0 2

)
(6.2)

R(vE) =
1

ℓ
(r(0) ⊗ r(0) + r(3) ⊗ r(3) + r(5) ⊗ r(5)) = ℓ

(
2 0
0 1

)
(6.3)

R(vW ) =
1

ℓ
(r(1) ⊗ r(1) + r(4) ⊗ r(4) + r(7) ⊗ r(7)) = ℓ

(
2 0
0 1

)
(6.4)
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Figure 6.1: The periodic hexagonal (a) and truncated square (b) graphs are constructed
both have multiple types of vertex neighbourhoods. While the hexagonal lattice has a
constant R tensor, the truncated square graph’s R tensor fluctuates to order ℓ between
neighbouring vertices.

Therefore, R takes two distinct values

R(vN) = R(vS) = ℓ

(
1 0
0 2

)
, R(vE) = R(vW ) = ℓ

(
2 0
0 1

)
. (6.5)

This is an O(ℓ) oscillation in R at the scale of vertex neighbours. Even if one were to
determine a differentiable interpolation of this at some finite graph density, it would make
solving the problem, even numerically, prohibitively inefficient. Furthermore, as we are
about to determine, R does not simply average out, for example, to

R(v) = ℓ

(
3
2

0
0 3

2

)
± ℓ

(
1
2

0
0 −1

2

)
→ ℓ

(
3
2

0
0 3

2

)
. (6.6)

The explicit NEP solution demonstrates that this averaging is incorrect. As with the
introductory examples, consider plane wave solutions of the NEP

f(v) = Aeiκ·v + c.c. (6.7)

where v = ae1 +be2 for integers a, b and κ = κ1ẽ1 +κ2ẽ2 for ei · ẽj = ∥ei∥δij = (1+
√

2)ℓδij.
Then proceeding exactly as for the hexagonal graph in eq. (4.57), the vertex condition at
each basis vertex forms the system

−3 cos(kℓ) ei(1+
√
2)ℓκ2 1 1

e−i(1+
√
2)ℓκ2 −3 cos(kℓ) 1 1

1 1 −3 cos(kℓ) ei(1+
√
2)ℓκ1

1 1 e−i(1+
√
2)ℓκ1 −3 cos(kℓ)



fN
fS
fE
fW

 = 0. (6.8)

92



Setting the determinant to 0 we obtain the dispersion relation

35

8
+

27

2
cos(2kℓ) +

81

8
cos(4kℓ) − 12 cos(kℓ)(cos(κ1ℓ) + cos(κ2ℓ)) − 4 cos(κ1ℓ) cos(κ2ℓ) = 0.

(6.9)

To leading order as ℓ→ 0, this becomes

k2 =
(1 +

√
2)2

6

(
1

2
(κ21 + κ22)

)
+ O

(
ℓ2
)
. (6.10)

This is the dispersion relation of the homogeneous periodic graphs in the introductory

examples (chapter 4), with an anomalous factor of (1+
√
2)2

6
≈ 0.9714. This factor represents

the effect of the periodic, small-scale fluctuations of the graph structure on the macroscale
continuum limit.

6.1.1 Perturbation of NEP

While we cannot solve for the continuum limit with our PDE in its current form, we can get
a sense of how homogenization works in a special case by solving eq. (6.8) perturbatively
before taking the direct determinant. Expressing it as Lf(V ) = 0, then we formally
expand L as

L = L0 + ℓ L1 + ℓ2 L2 + O(ℓ3), (6.11)

where

L0 =


−3 1 1 1
1 −3 1 1
1 1 −3 1
1 1 1 −3

 , (6.12)

L1 = i


0 κ2 0 0

−κ2 0 0 0
0 0 0 κ1
0 0 −κ1 0

 , (6.13)

L2 = 1
2


3k2 −κ22 0 0
−κ22 3k2 0 0

0 0 3k2 −κ21
0 0 −κ21 3k2

 . (6.14)

For each of the j ∈ {N,S,E,W} elements,

fj = f
(0)
j + ℓ f

(1)
j + ℓ2 f

(2)
j + O(ℓ3). (6.15)

For the leading order, L0 is a proper discrete Laplacian with L0f
(0) = 0. The Laplacian

has a constant null vector. Therefore, for j ∈ {N,S,E,W}, f
(0)
j = F̂ for an arbitary
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amplitude, F̂ . All NSEW components are equal to leading order. At the next order,

L0 · f (1) + L1 · f (0) = 0. (6.16)

The system is solvable because f (0) · L1 · f (0) = 0, but not uniquely. The solution with
f (1) · f (0) = 0,

f (1) =
iF̂

4


+κ2
−κ2
+κ1
−κ1

 . (6.17)

Finally,

L0 · f (2) + L1 · f (1) + L2 · f (0) = 0. (6.18)

The solvability conditon results in

f (0) ·
(
L1 · f (1) + L2 · f (0)

)
= 0, (6.19)

k2 =
γ2

12
(κ2x + κ2y) (6.20)

as expected.

Altogether, this exercise suggests a particular strategy for the periodic homogenization
for metric graphs in the next section. The expression we find for each entry f

(1)
j of f (1) is

of the form

f
(1)
j ≈ αj · ∇f (0)

j , (6.21)

suggesting an initial expansion for each component fj in eq. (6.15) as

fj = f
(0)
j + ℓαj · ∇f (0)

j + O
(
ℓ2
)
. (6.22)

Solving eq. (6.16) is then a matter of performing least squares with respect to the α’s,
either in the form of this equation, or at the level of its corresponding bilinear form.

6.2 Periodic homogenization

Here we present the standard homogenization procedure (c.f. [132]) for the following
Sturm-Liouville problem on some bounded domain M ⊂ Rd:

∇ · (K(x/ϵ) · ∇u(x)) = λu(x), u = 0 on ∂M. (6.23)

This models steady heat conduction in a material with periodic microstructure with period
0 < ϵ ≪ 1, assumed to be small with respect to the overall size of the domain. The
macroscale variable is x ∈ M , while the microscale variable is ξ = x

ϵ
. The weight matrix

(or thermal conductivity tensor) K : T d → Rd×d is periodic in ξ (T d is the torus). We
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reflect the scale separation in the asymptotic expansion

u(x) = u0(x, ξ) + ϵu1(x, ξ) + ϵ2u2(x, ξ) . . . (6.24)

where the ui : M × T d → R are also periodic in ξ. Define the multiple scales derivative

∇ := ∇x +
1

ϵ
∇ξ. (6.25)

To leading order O(ϵ−2) in eq. (6.23), we have

∇ξ · (K(ξ) · ∇ξu0(x, ξ)) = 0, (6.26)

and so

u0(x, ξ) = u0(x). (6.27)

Applying this at O(ϵ−1), we have

∇ξ ·
(
K(ξ) · (∇ξu1(x, ξ) + ∇xu0(x))

)
= 0. (6.28)

Based on the linear dependence of u1 on ∇xu0, and that u0 depends only on the macroscale
variable x, we make the following ansatz

u1(x, ξ) = ϕ(ξ) · ∇xu0(x) =
d∑

i=1

ϕi(ξ)∂iu0(x). (6.29)

for periodic ϕ. Substituing this back into eq. (6.28),

d∑
i=1

∂xi
u0(x)

(
∇ξ · (K(ξ) · (∇ξϕi(ξ) + ei))

)
= 0. (6.30)

We obtain an equation for each component ϕi

∇ξ · (K(ξ) · (∇ξϕi(ξ) + ei)) = 0. (6.31)

This is known as the corrector equation or cell problem, where the components ϕi are
homogenization correctors. In general, these do not have explicit closed forms, and must
be computed numerically. The O(1) problem is

∇ξ ·
(
K(ξ) · (∇ξu2(x, ξ) + ∇xu1(x, ξ))

)
+ ∇x ·

(
K(ξ) · (∇ξu1(x, ξ) + ∇xu0(x))

)
= λu0(x). (6.32)
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The solvability condition comes from averaging over T d. The first divergence term vanishes
because it is periodic over T d:∫

T d

∇ξ ·
(
K(ξ) · (∇ξu2(x, ξ) + ∇xu1(x, ξ))

)
dξ

=

∫
∂T d

(
K(ξ) · (∇ξu2(x, ξ) + ∇xu1(x, ξ))

)
· n̂(y)dξ

= 0. (6.33)

The remaining terms in eq. (6.32) give for each ϕi

∇x ·
(
⟨K(ξ) · (∇ξϕi(ξ) + ei)⟩∂xi

u0(x)
)

= λu0(x). (6.34)

Now define the homogenized, constant K as

Kei = ⟨K(ξ) · (∇ξϕi(ξ) + ei)⟩ (6.35)

so that

Kji = ⟨K(ξ) · (∇ξϕi(ξ) + ei)⟩ · ej. (6.36)

Altogether

∇ · (K · ∇u0(x)) = λu0(x) , u0 = 0 on ∂M. (6.37)

This is the homogenized form of eq. (6.23). In multiple dimensions eq. (6.31) has no exact
solutions in general. In one dimension we can integrate this equation and we explicitly
get the harmonic mean of the tensor.

6.3 Metric graph homogenization

6.3.1 Homogenization procedure

In the above, we introduced homogenization for microscale, periodic structure in the form
of a pre-defined tensor K. Here, we homogenize microscale, periodic graph structure
in the construction of our R tensor from the standpoint of the bilinear (weak) form.
That is, in general, we smoothly interpolate our R tensor Without loss of generality, we
assumed toroidal periodicity at the microscale. Here, we generalise this to arbitrary cells
in Euclidean space, as defined in chapter 4. For periodic graphs, we consider the partition
of the vertex set V =

⋃
j Vj into subsets of connected basis vertices Vj. For the hexagonal

and truncated square graphs above, the Vj are the subsets {vE, vW} and {vE, vW , vN , vS}
respectively, along with their translations. In the bilinear form, we now consider a sum
over every subset Vj, and every vertex v ∈ Vj. The double sum then becomes∑

v∈V

∑
w∈V

=
∑
Vi⊂V

∑
Vj⊂V

∑
v∈Vi

∑
w∈Vj

. (6.38)

96



That is,

Q(f) =
∑
Vi⊂V

∑
Vj⊂V

∑
v∈Vi

∑
w∈Vj

1

ℓvw
(f(v) − f(w))2 − k2ℓvwf(v)f(w). (6.39)

To separate scales, we express f(v) as some function F of the centre xi of the corresponding
periodic Voronoi cell, displaced by some vector αv to be determined:

f(v) = F (xi + αv). (6.40)

To first order,

F (xi + αv) = F (xi) + αv ·DF (xi) + O
(
∥αv∥2

)
, (6.41)

for a macroscale gradient D. Therefore, in the bilinear form, we make the substitution

f(v) = F (xi) + αv ·DF (xi) (6.42)

In the homogenization of eq. (6.23), we assumed

u(x) = u0(x) + ϵϕ(ξ) · ∇xu0(x). (6.43)

There is a natural correspondence between the vertex displacements αv and the homoge-
nization correctors ϕ. ϕ comes from solving eq. (6.31):

∇ξ · (K(ξ) · (∇ξϕi(ξ) + ei)) = 0. (6.44)

In our problem, we construct a similar equation for the α components eqs. (6.57)–(6.58).
First, substituting into the bilinear form, the difference term then becomes

f(v) − f(w) = F (xi) + αv ·DF (xi) − (F (xj) + αw ·DF (xj)) . (6.45)

We can express this purely in terms of DF (xi) by making the substitutions

F (xj) = F (xi) + rij ·DF (xi) + O
(
∥rij∥2

)
(6.46)

DF (xj) = DF (xi) + rij ·D2F (xi) + O
(
∥rij∥2

)
(6.47)

where rij = xj − xi. These rij are integer linear combinations of the lattice vectors
of the periodic graph. Further, in our examples they are only sums because vertices
are only connected to vertices within one translation in each direction. Assuming that
∥rij∥ = O (∥αv∥), then to leading order we have

f(v) − f(w) = (αv − (αw + rij)) ·DF (xi) (6.48)

The right-hand term in eq. (6.39) to leading order is

f(v)f(w) = F (xi)
2. (6.49)
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Altogether

Q(f) =
∑
Vi⊂V

∑
Vj⊂V

∑
v∈Vi

∑
w∈Vj

1

ℓvw
((αv − (αw + rij)) ·DF (xi))

2 − k2ℓvwF (xi)
2. (6.50)

We now extremize with respect to each component α
(n)
v of the αv vectors for each v and

i. The dependent terms are

((αv − (αw + rij)) ·DF (xi))
2 = DF (xi) · Aijvw ·DF (xi), (6.51)

where Aijvw = aijvw ⊗ aijvw and aijvw = αv − (αw + rij). In two dimensions, taking

derivatives of Aijvw w.r.t. the components α
(1)
v and α

(2)
v , we obtain

∂Aijvw

∂α
(1)
v

=

(
2a

(1)
ijvw a

(2)
ijvw

a
(2)
ijvw 0

)
,

∂Aijvw

∂α
(2)
v

=

(
0 a

(1)
ijvw

a
(1)
ijvw 2a

(2)
ijvw

)
(6.52)

where a
(n)
ijvw is the nth component of aijvw. Contracting on both sides with DF (xi) and

summing over all v, w, we obtain two independent conditions:

∂Q(f)

∂α
(1)
v

= 0 =⇒
∑
w∼v

1

ℓvw
a
(1)
ijvw = 0 (6.53)

∂Q(f)

∂α
(2)
v

= 0 =⇒
∑
w∼v

1

ℓvw
a
(2)
ijvw = 0. (6.54)

An important note is that we have only considered the explicit functions of the α
(n)
v

components in the functional form of eq. (6.50). However, one vertex’s w is another
one’s v. That is, for each edge evw, there are two terms in the bilinear form. However
Ajiwv = (−aijvw)⊗ (−aijvw) = Aijvw. The two terms DF (xi) ·Aijvw ·DF (xi) and DF (xj) ·
Aijvw ·DF (xj) we consider the same by making the leading order approximation DF (xj) =
DF (xi) + O(∥rij∥). As a result, extremizing Q with respect to the α components only
gives twice the sums eqs. (6.53)–(6.54). Explicitly, these give∑

w∼v

1

ℓvw

(
α(1)
v − α(1)

w

)
=
∑
w∼v

1

ℓvw
r
(1)
ij (6.55)

∑
w∼v

1

ℓvw

(
α(2)
v − α(2)

w

)
=
∑
w∼v

1

ℓvw
r
(2)
ij (6.56)

and in matrix form over the whole graph

Lα(1) = r(1) (6.57)

Lα(2) = r(2) (6.58)
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where α(1), α(2) are the vectors of components of the αv’s, r
(1), r(2) are the vectors of the

sums of components of each rij, and L is the 1/ℓvw-weighted graph Laplacian,

Lvw =


∑

w∼v
1

ℓvw
, if w = v

− 1
ℓvw

, if w ∼ v

0 , otherwise,

(6.59)

Equations (6.57)–(6.58) we refer to as the graph correction problem, by analogy with
eq. (6.31) from standard homogenization theory. Laplacian matrices have a nullspace
with dimension equal to the number of connected components of the graph. Indeed, for
some connected component with vertices V , then the zero vector with ones at entries
corresponding to each v ∈ V spans the corresponding one-dimensional nullspace of L
because

∑
w Lvw = 0 for each v ∈ V . In our case of a single connected component, the

length |V | vector 1 of ones is such that L1 = 0. On the RHS’s of eqs. (6.57)–(6.58), each
of r(1), r(2) are orthogonal to 1:

r(n) · 1 =
∑
v

∑
w∼v

1

ℓvw
r
(n)
ij = 0. (6.60)

As a result, we need an extra condition to fully specify the two systems for α(1), α(2). We
choose the equilibrium condition (comprising one for each component)∑

v

αv = 0. (6.61)

In total, the homogenization of the bilinear form eq. (6.39) is

Q(F ) =
∑
Vi

∑
Vj

DF (xi) · R(xi) ·DF (xi) − k2T (xi)F (xi)
2 (6.62)

where

R(xi) =
∑
v∈Vi

∑
w∼v

(αv − (αw + rij)) ⊗ (αv − (αw + rij))

ℓvw
(6.63)

and

T (xi) =
∑
v∈Vi

∑
w∼v

ℓvw. (6.64)

6.4 Periodic hexagonal graph

We first apply homogenization to the periodic hexagonal graph (figure 6.1a)). Even
though homogenization is not required in this case, it is an instructive first example
of the procedure. We homogenize the R tensor within the unit cell of the vertex basis
Vi = {vW , vE}. Assign the macroscale unit cell coordinate to be xi. The relevant difference
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terms in the bilinear form eq. (6.50) are

f(vE) − f(vW ) = (αW − αE) ·DF (xi) (6.65)

f(vE) − f(vW + e1) = (e1 + αW − αE) ·DF (xi) (6.66)

f(vE) − f(vW + e2) = (e2 + αW − αE) ·DF (xi) (6.67)

and

f(vW ) − f(vE) = (αE − αW ) ·DF (xi) (6.68)

f(vW ) − f(vE − e1) = (−e1 + αE − αW ) ·DF (xi) (6.69)

f(vW ) − f(vE − e2) = (−e2 + αE − αW ) ·DF (xi). (6.70)

The bilinear form simplifies to

Q = 2
∑
Vi⊂V

1

ℓ

[
((αW − αE) ·DF (xi))

2 + ((e1 + αW − αE) ·DF (xi))
2 + ((e2 + αW − αE) ·DF (xi))

2

+ ((αE − αW ) ·DF (xi))
2 + ((−e1 + αE − αW ) ·DF (xi))

2 + ((−e2 + αE − αW ) ·DF (xi))
2

]
+ k2ℓF (xi)

2

(6.71)

where the sum is over all horizontally adjacent pairs West-East pairs in V . Solving for
each αj in the graph correction eqs. (6.57)–(6.58) gives

αW =

(
−1

2
ℓ

0

)
, αE =

(
0
1
2
ℓ

)
. (6.72)

In total, this gives

Q = 2
∑
Vi⊂V

DF (xi) · (3ℓI) ·DF (xi) + k2tr(3ℓI)F (xi). (6.73)

We therefore obtain R = 3ℓI, twice the R = 3
2
ℓI we get from computing R directly (as

in eq. (4.62)). Interestingly, the coefficients in eq. (6.72) place xi at the centre of the edge
connecting vW and vE, and the bilinear form eq.(6.73) is the bilinear form of the triangular
graph–the dual of the hexagonal graph–where every vertex in figure 4.1 is connected to
its six closest surrounding vertices. Overall, the factor of two is inconsequential, and
the “homogenized” R tensor for the hexagonal lattice correctly produces the exact same
eventual continuum limiting PDE.

6.5 Periodic truncated square graph

At the start of this chapter, we found that our PDE formulation was insufficient to
capture the small-scale fluctuations (eq. (6.5)) in the R tensor of truncated square graph
(figure 6.1b)). We solved the NEP to find an intruiging leading order dispersion relation
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for ℓ→ 0

k2 =
γ2

6

(
1

2
(κ21 + κ22)

)
. (6.74)

where γ = 1+
√

2. Here, we homogenize the R tensor to produce the same result. Setting
up the graph correction eqs. (6.57)–(6.58), we have

L =
1

ℓ


3 −1 −1 −1
−1 3 −1 −1
−1 −1 3 −1
−1 −1 −1 3

 ; r =
1

ℓ


eT2
−eT2
eT1
−eT1

 . (6.75)

Therefore, (
L
1T

)
α =

(
r
0T

)
=⇒ α =

1

4
ℓr (6.76)

where the last row corresponds to the balance condition
∑

X∈{N,S,E,W} α(vX) = 0. Sub-
stituting this into the bilinear form, we obtain

Q = 2
∑
Vi⊂V

DF (xi) ·
(

(1 +
√

2)2ℓI
)
·DF (xi) + 12ℓk2F (xi)

2, (6.77)

correctly resulting in

(1 +
√

2)2

6

(
1

2

(
∂2

∂x2
+

∂2

∂y2

))
f(x, y) = −k2f(x, y). (6.78)

Numerical comparison between NEP and PDE Here we numerically verify eq.(6.78)
as a continuum limit of the graph problem for increasing graph sizes. We embed the peri-
odic truncated square graph in the square flat torus as in figure 6.2. In both the horizontal
and vertical directions, we translate N copies of the square γ× γ Voronoi cell centered at
the four basis vertices. Therefore 1 = Nγℓ. For the NEP in 6.9, this quantizes the wave
vector components via the relations

eiκ·(v+Ne1) = eiκ·v , eiκ·(v+Ne2) = eiκ·v (6.79)

and so

Nκ1γℓ = 2mπ ⇒ κ1 = 2mπ (6.80)

Nκ2γℓ = 2nπ ⇒ κ2 = 2nπ (6.81)

for 0 ≤ m,n ≤ N − 1. For the PDE eq. (6.78), we have standard plane wave solutions

F (x) = Aei(κxx+κyy) + c.c. (6.82)
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Figure 6.2: Illustration of the continuum limiting procedure for the periodic truncated
square graph in the square flat torus.

for κx = 2mπ, κy = 2nπ and m,n ∈ N. The eigenvalues are

−k2 = −(1 +
√

2)2

6

(
1

2

(
(2πm)2 + (2πn)2

))
. (6.83)

As in the toroidal introductory examples, we compare solutions for m,n ∈ {0, 1, 2}.
This has the same eigenfunction solutions as for the original square graph in the flat
square torus on page 51. The eigenvalues are also those of table 4.1, rescaled by the
factor γ2/6. In figure 6.3 we show convergence of the graph to PDE eigensolutions for
increasing graph densities. These results are as expected, except for the O(ℓ) convergence
in the eigenfunctions. We do not yet have an explanation for this convergence rate. An
illustration of several graph and PDE eigenmodes is in figure 6.4.

6.6 Truncated trihexagonal graph

Here we present a more involved example of homogenization of a periodic graph. The
purpose of this example is to give more intuition behind the homogenization process.

Setup The truncated trihexagonal graph is illustrated in figure 6.5. It presents a more
involved example of a periodic graph requiring homogenization. Its vertices are those of
the truncated trihexagonal lattice. As illustrated in figure 6.8, the truncated trihexagonal
lattice is a multilattice consisting of the 12 vertices of a dodecagon (with side length ℓ)
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Figure 6.3: Convergence of NEP solutions to continuum limiting PDE solutions for peri-
odic truncated square graphs of increasing densities in the flat square torus.

translated by the lattice vectors

e1 = ℓ

(
3

2

(√
3 + 1

)
,
1

2

(√
3 + 3

))
(6.84)

e2 = ℓ

(
3

2

(√
3 + 1

)
,−1

2

(√
3 + 3

))
. (6.85)

We construct the graph by connecting all vertices within a distance ℓ, resulting in all
vertices having degree 3.

Graph problem To fill in the rectangular torus, we employ a similar procedure as for
the hexagonal lattice. We choose a subset of vertices which can be translated periodically
in orthogonal directions. In figure 6.7, we illustrate this procedure. We set up the graph
problem as before for plave wave solutions fi(v) = Aie

iκ·v + c.c.. Making the associations
as in figure 6.6, we end up with the system:

−γ 1 0 0 0 0 0 eiκ1ℓ 0 0 0 1
1 −γ 1 0 0 0 eiκ1ℓ 0 0 0 0 0
0 1 −γ 1 0 0 0 0 0 eiℓ(κ1−κ2) 0 0
0 0 1 −γ 1 0 0 0 eiℓ(κ1−κ2) 0 0 0
0 0 0 1 −γ 1 0 0 0 0 0 e−iκ2ℓ

0 0 0 0 1 −γ 1 0 0 0 e−iκ2ℓ 0
0 e−iκ1ℓ 0 0 0 1 −γ 1 0 0 0 0

e−iκ1ℓ 0 0 0 0 0 1 −γ 1 0 0 0
0 0 0 e−iℓ(κ1−κ2) 0 0 0 1 −γ 1 0 0
0 0 e−iℓ(κ1−κ2) 0 0 0 0 0 1 −γ 1 0
0 0 0 0 0 eiκ2ℓ 0 0 0 1 −γ 1
1 0 0 0 eiκ2ℓ 0 0 0 0 0 1 −γ





f0
f1
f2
f3
f4
f5
f6
f7
f8
f9
f10
f11



= 0

where γ = 3 cos(kℓ). Setting the determinant to 0 gives the dispersion relation,
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Figure 6.4: Visual comparison of eigenmodes of the NEP and PDE for the periodic
truncated square graph in the flat square torus.

104



Figure 6.5: Illustration of the continuum limiting procedure for the truncated trihexagonal
lattice in the 1 × 1/

√
3 rectangular flat torus.

Figure 6.6: Vertex types of the truncated trihexagonal graph are defined by their sublattice
membership. Vertices have one of types 0 through 11. We label the vertices of the
dodecagon vi for i ∈ [0, 11]. We then see that, for example, v0 is connected to v1 (of type
1), v11 (of type 11), and v7 + e1 (of type 7).
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Figure 6.7: Illustration of the tiling procedure for the truncated trihexagonal graph. We
tile the rectangular flat torus with orthogonal translations of the Vonoroi cell (in gray).
This Voronoi cell is the union of the 24 Voronoi cells corresponding to the two copies
of the 12 basis vertices of the dodecagon. The global edge length is ℓ, and the in-circle
radius of the dodecagon is γℓ = (1 +

√
3/2)ℓ. Therefore, the horizontal translation is

3(2γ − 1)ℓex and the vertical translation is (1 + 2γ)ℓey.
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Figure 6.8: Illustration of the generating procedure of the periodic truncated trihexagonal
graph. A basis of 12 vertices of the dodecagon (here in red) are translated by lattice
vectors e1, e2 (c.f. eqs. (6.84)–(6.85)). We display the subset of the lattice generated by
translations ae1 + be2 for a, b ∈ {−1, 0, 1}.
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6∑
j=0

(−9)j D2j cos2j(kℓ) = 0, (6.86)

where

D0 = (2χ1 + 3)2 (6.87)

D2 = 2 (30χ1 + 4χ2 + 51) (6.88)

D4 = 60χ1 + 267 (6.89)

D6 = 4 (3χ1 + 70) (6.90)

D8 = 111 (6.91)

D10 = 18 (6.92)

D12 = 1, (6.93)

where

χ1 = cos (κ1ℓ) + cos (κ1ℓ− κ2ℓ) + cos (κ2ℓ) (6.94)

χ2 = cos (κ1ℓ− 2κ2ℓ) + cos (κ1ℓ+ κ2ℓ) + cos (2κ1ℓ− κ2ℓ) (6.95)

The dimensions of the 1×1/
√

3 torus embedding are the same as for the hexagonal lattice.
We also require for all plane wave solutions that

ei(κ·(v+(1,0))) = eiκ·v, ei(κ·(v+(0,1/
√
3))) = eiκ·v. (6.96)

Therefore

κ1 = 3(1 +
√

3)(m+ n)π, κ2 = 3(1 +
√

3)(m− n)π, (6.97)

for integers m,n where 0 ≤ m ≤ N − 1 and 0 ≤ n ≤ min(m,N − 1 − m). To leading
order, eq. (6.86) simplifies to

k2 =
2 +

√
3

4

[
1

2

(
(2mπ)2 + (2n

√
3π)2

)]
+ O

(
ℓ2
)

(6.98)

Again, we have a nontrivial factor of 2+
√
3

4
≈ 0.9330... multiplying the trace factor of

1/d = 1/2. This is confirmed in the continuum limit.

Continuum limit In the continuum limit, we solve the metric graph corrector equations
eqs. (6.57)–(6.58) on a single dodecagon. We obtain

2 +
√

3

4

(
1

2

(
∂2

∂x2
+

∂2

∂y2

))
f(x, y) = −k2f(x, y). (6.99)

Comparison between finite graph problem and continuum limit In figure fig-
ure 6.9 we present convergence of the graph solutions to the continuum limiting solutions
eq. (6.99) for increasing graph densities. In figure 6.10 we show a visual comparison of
modes.
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Figure 6.9: Convergence of eigensolutions to the continuum limit for the truncated tri-
hexagonal lattice in the flat rectangular torus.
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Figure 6.10: Visual comparison of eigenmodes of the NEP and PDE for the periodic
truncated trihexagonal graph in the flat rectangular torus.
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Chapter 7

Homogenizing local breakdown of
the continuum limit: random graphs

The first objective of this PhD was to discover any continuum limit of the edgewise
Laplace operator. In what turned out to be a rather overly ambitious first attempt, we
started with a uniformly random Delaunay triangulation of the unit disc (figure 7.1a)).
We noticed that in refining the graph, the eigenvalues did indeed converge. Figure 7.1b)
shows the convergence of the first (NEP) eigenvalue, to what we would later find out is
close but not equal to α0,1√

2
: the first eigenvalue of the drum (first zero of the Bessel function

of the first kind) rescaled by the square root of the dimension 2 of the disc. This is close
to what we would expect from an exactly homogeneous graph such as in section 4.3.1.
As we did originally, one might expect that the noise in a uniformly random graph would
average out or become negligible in the continuum limit. We now know that the “close
to” can be resolved by homogenizing the R tensor to find an empirical coefficient for the
dimension scaled Laplacian.

7.1 Uniformly random Delaunay triangulation of

the flat torus

Here, we homogenize the R tensor corresponding to a uniformly random Delaunay tri-
angulation of the flat square torus. The objective is to determine an effective Delaunay
coefficient c in the limit as the density increases. This can then be used for uniformly
random Delaunay triangulations in arbitrary embedding spaces. That is,

c
1

d
∆f(x) = −k2f(x), (7.1)

where d is the dimension of the embedding space. For the homogeneous and isotropic
lattices of the introductory examples, we found a baseline scaling of 1

d
with c = 1. For the

truncated square and truncated trihexagonal graphs of the previous chapter, we found c =
(1+

√
2)2

6
≈ 0.971 and (2+

√
3)/4 ≈ 0.933 respectively. For the uniformly random Delaunay

triangulation, as we will see, we obtain roughly c = 0.961. For any other examples
which we have tried (uniformly random geometric graphs, quasicrystals,...) we obtain
c ≤ 1, suggesting a possible fundamental upper bound on the ability of a metric graph
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Figure 7.1: (a) Graph refinement for the uniformly random Delaunay triangulation in
the unit disc. (b) Ensemble averages of fundamental eigenvalues of increasingly high
density random Delaunay triangulations of the disc. We originally expected that this
would converge to α2

0,1/2: the fundamental manifold (drum) eigenvalue divided by the
dimension = 2, as was the case for the periodic graphs in chapter 4. But the Delaunay
triangulation is only statistically homogeneous, and we now know that the microstructure
produces an effective diffusivity which produces the discrepancy between the continuum
limit (dashed red) and the (almost) converged eigenvalue of approximately 2.6. This
chapter homogenises the continuum limiting PDE so as to calculate this discrepancy c
(figure 7.4). Here, we have made calculations on graphs of up to 2.5e6 vertices, two orders
of magnitude higher than any other examples.

to conduct information. The continuum limiting construction triangulates increasingly
large samples of the unit square, as illustrated in figure 7.2. For each realization and at
each graph size, we determine a homogenized R tensor. The variance in the distribution
of the homogenized R tensors decreases as a function of the graph size. We determine the
mean value to several orders of magnitude. Overall, we end up with an expected value of
the homogenized R tensor for uniformly random Delaunay triangulations at given graph
densities.

7.1.1 Construction

To construct a random Delaunay triangulation of the flat torus, we first uniformly sample
x, y from U ([0, 1)]) to construct V . We then translate the points by all combinations of
left, right, up and down– that is, by αex + βey for (α, β) ∈ [−1, 0, 1]2. We then construct
a Delaunay triangulation of the resulting set. We keep only the original vertices V , the
edges amongst these vertices, and the “periodic” edges connecting vertices in V with
vertices in the translated copies of V , keeping track of the mappings between V and its
copies. This is illustrated in figure 7.3.

7.1.2 Coefficient estimation

As defined in detail in [133], we assume that R is a stationary random field–its statistics
are translation invariant. We solve the corrector equations eqs. (6.57)–(6.58) for entire
triangulations of the torus for increasing densities. We take averages over ensembles at
different densities and determine a homogenized tensor R ≈ cI. In figure 7.4, we show
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Figure 7.2: Illustration of the continuum limiting procedure for the uniformly random
Delaunay triangulation filling in the flat square torus.

Figure 7.3: Illustration of the construction of a uniformly random Delaunay triangulation
of the flat square torus. We randomly sample the unit square to obtain 10 vertices (in
blue). We create a finite 3× 3 multilattice using the 10 vertices as a basis and translating
by unit length lattice vectors ex, ey. The vertices are labelled by their membership to a
particular sublattice i ∈ {0, 9}. We Delaunay triangulate all 90 vertices, and retain only
edges connected to the original basis vertices (in blue). The red edges represent periodic
connections coming from the periodicity of the torus.
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Figure 7.4: Convergence of the homogenized R tensor coefficient c (eq. (7.1)) for the
uniformly random Delaunay triangulation. The mean (in dark blue) value over n graph
realizations converges to c ≈ 0.921. We decrease the number of computations n from 200
down to 10 as the standard deviation (vertical bars) decreases.

the convergence to a limiting value c =≈ 0.921 for up to 104 vertices.

7.1.3 Continuum limit

Here we compare the graph solutions to the continuum limiting solutions of eq. (7.1). We
compare solutions for (m,n) ∈ {(0, 1), (1, 0)}. That is,

k2 =
0.921

2
(2π)2 (7.2)

and

{cos(2πx) , sin(2πx) , cos(2πy) , sin(2πy)} . (7.3)

We see convergence in figure 7.5. We cannot yet explain the O(ℓ) convergence in place of
O(ℓ)2 convergence. In figure 7.6, we present an illustration of a series of graph NEP and
continuum PDE modes.
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Figure 7.5: Convergence of NEP solutions to continuum limiting PDE solutions for uni-
formly random Delaunay triangulations of increasing densities in the flat square torus.
We compare graph NEP eigenvalues and eigenfunctions to the continuum limiting eigen-
values and eigenfunctions in eq. (7.1) for the empirically determined value c = 0.921.

7.2 Constructing random Delaunay triangulations

in spheres and balls.

Random graphs are a fascinating topic The canonical example of a random graph takes a
set of n vertices and connects every pair with probability p. This is known as the G(n, p)
variant of the Erdös-Renyi graph. Random graphs have numerous applications, from
modelling internet traffic, pandemic spread, or neural network representations. As usual,
we are interested in embeddings within some Riemannian manifold M . We will study
the (Delaunay) triangulation of uniformly randomly distributed points within a given M .
These constructions have two steps:

1. Constructing the set of vertices V ,

2. Constructing the set of edges E.

We will first provide a theory for uniformly randomly sampling the sphere and ball. Then,
we will discuss edge generation for Delaunay triangulations (DTs).

7.2.1 Constructing V

Sampling general domains and locally connecting the resulting sets of points are both
difficult problems but are commonplace in applications of finite elements, for example.
Here, we present three different methods of randomly sampling spheres and balls They
are particularly well suited to these geometries but do not necessarily generalise.
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Figure 7.6: Visual comparison of eigenmodes of the NEP and PDE for the uniformly
random Delaunay triangulation in the flat square torus. The PDE modes are the Fourier
modes e2πi(mx+ny).
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Figure 7.7: Sampling the (a) disc and (b) 3-ball. On the left are the results of uniformly
sampling in the radial and angular coordinates. On the right are the results of correctly
transforming the coordinates to account for spatial dependence of the spherical Jacobian.
The axes on the right illustrate the coordinate choices in eqs. (7.8)–(7.12).

Coordinate reparametrizations

To illustrate the following procedure, we consider uniformly sampling the disc D2
ρ of

radius ρ. We need to find distributions for the radial and angular coordinates r ∈ [0, ρ]
and θ ∈ [0, 2π) which produce a uniform distribution of points (in the standard basis)

(x, y) = (r cos(θ) , r sin(θ)). (7.4)

For the square, we were able to simply take samplings of x ∼ U([0, 1]) and y ∼ U([0, 1]).
We cannot do the same for r and θ, as we can see in figure 7.7. The reason is that the
Jacobian of the polar transformation eq. (7.4) is non-constant. The area element depends
on r

dA = rdrdθ. (7.5)

Therefore, for r and θ sampled uniformly, while a given area element contains the same
number of points (in expectation), the sizes of the area elements themselves grow away
from the origin, and so the distribution of points overall increases towards the origin. We
need a transformation u(r) such that dA = dudθ. We require

du = rdr. (7.6)

Integrating, we find that u : [0, ρ] → [0, ρ2/2] given by u(r) = 1
2
r2 works. The (rescaled)

inverse transformation r : [0, ρ2] → [0, ρ] given by r(u) =
√
u substituted back into the
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coordinates in eq. (7.4) gives

(x, y) = (
√
u cos(θ) ,

√
u sin(θ)). (7.7)

The Jacobian corresponding to this transformation is |J | = 1
2
. Therefore, if u ∼ U([0, ρ2])

and θ ∼ U([0, 2π]), the area elements will be both independent of the coordinates and
contain a uniform distribution of points. This is generalizable to the n-ball. The spherical
coordinates are r ∈ [0, ρ], φi ∈ [0, π] for 1 ≤ i < n− 1 and φn−1 ∈ [0, 2π) (as illustrateed
in figure 7.7). In cartesian coordinates,

x1 = r cos(φ1) (7.8)

x2 = r sin(φ1) cos(φ2) (7.9)

x3 = r sin(φ1) sin(φ2) cos(φ3) (7.10)

. . .

xn−1 = r sin(φ1) . . . sin(φn−2) cos(φn−1) (7.11)

xn = r sin(φ1) . . . sin(φn−2) sin(φn−1) . (7.12)

The volume element for the n-sphere is

dV = rn−1 sinn−2 (φ1) sinn−3 (φ2) . . . sin (φn−2) drdφ1dφ2 . . . dφn−1. (7.13)

As before, we want to find coordinates transformation u(r), θ1(φ1), . . . , θn−1(φn−1) such
that

du = rn−1dr (7.14)

dθ1 = sinn−2(φ1)dφ1 (7.15)

dθ2 = sinn−3(φ2)dφ2 (7.16)

. . .

dθn−2 = sin(φn−2)dφn−2 (7.17)

dθn−1 = dφn−1. (7.18)

For n = 3, we have

u(r) =
r3

3
(7.19)

θ1 = − cos(φ1) (7.20)

and we can take:

r = (3u)1/3 (7.21)√
1 − θ21 = sin(φ1) (7.22)
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where we can safely leave the square root because φ1 ∈ [0, π]. Now we have

x1 = u1/3θ1 (7.23)

x2 = u1/3
√

1 − θ21 sin(θ2) (7.24)

x3 = u1/3
√

1 − θ21 cos(θ2) , (7.25)

where u ∈ [0, ρ3], θ1 ∈ [−1, 1], θ2 ∈ [0, 2π). For arbitrary n, consider

Im(x) =

∫
sinm(x)dx. (7.26)

Integrating by parts, we have

Im(x) = −cos(x) sinm−1(x)

m
+
m− 1

m
Im−2(x). (7.27)

It seems unlikely that a trick similar to that used in eq. (7.22) exists in general, especially
given that we only have a recurrence relation for the integration step. While one could
integrate and then numerically invert against uniformly randomly sampled εi to determine
the θi, there are simpler methods for arbitrary n.

Rejection sampling

One way to uniformly randomly sample the disc is to uniformly randomly sample the
unit square, rejecting samples not contained within the disc. This works well in 2 and
3 dimensions, though the task becomes unfeasible for much higher dimensions. The
enclosing (n)-cube Cn of the n-ball Bn has side length 2. Its volume is then simply
vol (Cn+1) = 2n. However, the volume of the sphere is

vol(Bn) =
Πn/2

Γ
(
n
2

+ 1
)ρn, (7.28)

where we take the radius ρ = 1. Not only does the volume of the cube increase with
dimension, but the volume of the sphere also vanishes combinatorially. For n = 10, the
sphere represents a quarter of a per cent of the hypercube. In 100 dimensions, the fraction
reduces to 10−70. What is amazing is that, as Brian Hayes notes in [134], we are “not
talking about a pea rattling around loose inside a refrigerator carton.” The unit sphere
is the largest possible to fit inside the cube. To make sense of the discrepancy, while the
sphere touches the centres of the 100-cube’s 200 faces, it fills no space towards its 2100

vertices!

Isotropic Gaussian random variables

For arbitrary dimensions in the above, transforming the radial component was simple, but
it became increasingly difficult for subsequent angular components. It turns out that there
is a simple trick for producing an isotropic distribution of points in Rn. We can combine
this with an n-dimensional version of the transformed radial component in eq. (7.23). To
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Figure 7.8: Uniformly randomly sampled surfaces. (a) S2 is uniformly sampled with 3-
dimensional standard Gaussian vectors that are normalised. (b) An ellipsoid (spheroid
in this case) is sampled similarly, with the entries of the vectors allowed to have distinct
variances σi. The principal axes of the ellipsoid are the Euclidean axes scaled by the σi.
In this case, (σ1, σ2, σ3) = (1, 2, 1).

uniformly sample the n-sphere Sn, we exploit the following fact:

Proposition 7.2.1. Let x ∈ Rn+1 be a vector of n+ 1 independent Gaussian variables xi
with mean 0 and standard deviation σi. Then x is isotropic with respect to the ellipsoid
n-dimensional E with principal axes σie1: its direction as a position vector in Rn+1 is
uniformly distributed on E.

Proof. The components of x are independent. Therefore, their joint probability density
function is

f(x) =
1√

2π
∏n

i=0 σ
2
i

e
− 1

2

∑n
i=0

x2i
σ2
i . (7.29)

In ellipsoidal coordinates, equivalent to spherical with r rescaled to σir, we have

n∑
i=0

x2i
σ2
i

= r2. (7.30)

Therefore, the distribution of points only depends on the ellipsoidal scaling away from
the origin.

Normalizing x places it on the n-sphere, and we then have a uniformly random sam-
pling. This generalises to ellipsoids: if the xi all still have mean 0 but varying standard
deviations σi, then x is isotropic with respect to the ellipsoid with principal axes given
by σiei. Examples of these two are in figure 7.8. For the n-ball, we use the angles for the
(n − 1)-sphere, and then we can uniformly randomly sample by transforming the radial
component as in eq. (7.14). So

du = rn−1dr ⇒ r = u
1
n , u ∈ [0, ρn], (7.31)
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Figure 7.9: A Delaunay triangulation (in solid black) of 4 vertices in the plane. Any
three vertices are connected whenever their corresponding circumcircle–the unique circle
passing through each vertex–encloses no other vertex. The green and yellow circumcircles,
corresponding to (v0, v1, v2) and (v0, v2, v3) respectively, satisfy this criterion. Therefore,
each triple is connected. The red circumcircle corresponding to (v0, v1, v3) does not satisfy
this criterion because it encloses v2. Therefore, v1 and v3 are not connected, as the dotted
line indicates.

where again, for the unit ball, ρ = 1. The method involves generating a standard Gaussian
vector x, normalizing it, and then scaling it by u1/n where u ∼ U ([0, ρ3 = 13]).

7.2.2 Constructing E

Delaunay triangulations

A Delaunay triangulation of a set of points in the plane, although non-trivial to imple-
ment, applies a simple principle: any three points form a triangle if no other point lies
within their circumcircle (the circle passing through each of the three points). Figure 7.9
illustrates a simple application of the Delaunay triangulation of four points. The same
applies in arbitrary dimensions, where d + 1 vertices v are pairwise connected in Rd so
long as no other vertex w is a distance δ < R away from the centre of their corresponding
d-dimensional circumsphere of radius R.

7.3 Random Delaunay triangulation of the disc

In this section, we first construct a uniformly random Delaunay triangulation G of the
unit disc (2−ball) B2 in R2. We then compare the edgewise Laplace operator on G to its
continuum limit on B2 as a function of the density of vertices.

Setup We construct a uniformly random graph G which fills the unit disc B2 = {x, y ∈
R
∣∣ x2 + y2 ≤ 1} ⊂ R2. The obvious strategy would be to sample B2 uniformly randomly
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as in section 7.2.1, and then to apply a Delaunay triangulation from this point set. That
is, to construct each vertex x = r cos(θ) , y = r sin(θ) with

r ∼
√
U([0, 1]) (7.32)

θ ∼ U([0, 2π)) (7.33)

and then apply Scipy’s Delaunay triangulation function. While this is mostly a correct
approach, a significant problem arises in resolving the boundary. We want to assume a sta-
tistically uniform graph structure throughout the graph, including in the boundary region.
The following two points address difficulties relating to constructing and triangulating the
boundary so that the edge tensor and vertex density are statistically homogeneous in the
boundary region. First, points have a probability 0 of lying on the boundary. Second, un-
natural long edges occur between boundary vertices when the circumcentres are allowed
to be arbitrarily far away. We discuss these two problems as follows.

1. The first problem relates to sampling the boundary itself. We could simply uniformly
sample θ ∼ U([0, 2π)), setting r = 1. However, there are two problems with this
approach. First, we could (over)undersample angle ranges, which we don’t ever
want to do. We could instead nonrandomly select angles. However, this might
introduce unwanted structure (symmetries) to our problem, which in turn leads to
the second issue, which is how many boundary vertices to choose. This number
should represent some physically representative proportion of the total vertices.
However, the boundary (a circle) represents none of the area of the disc. We could
select some narrow annulus enclosing the boundary. A consideration here is to ensure
that the annulus is correctly extended away from r = 1. If we consider an annulus
of width 2ε centered at r = 1, then the mean radial component of the boundary
vertices will be on average > 1. Instead, we want the areas of the (sub)annuli on
either side of r = 1 to be equal. Setting ε− to be the width of the inner annulus,
then the width of the outer annulus ε+ must satisfy

π
(
r2 − (r − ε−)2

)
= π

(
(r + ε+)2 − r2

)
⇒ ε+ = −r +

√
r2 + 2rε− − ε2−.

(7.34)

However, there is no obvious principle for choosing ε = ε− + ε+ as a function of |V |.
Furthermore, we still encounter the next issue.

2. The second problem relates to connecting boundary vertices. A Delaunay triangu-
lation will produce spurious (long) edges between boundary vertices, as is measured
in figure 7.11. Figure 7.10 illustrates the mechanism behind this error. When three
boundary vertices are distributed like v0, v1, v2 in figure 7.10b–being close to collinear
and having the middle vertex (v1) is closest to the origin–then their corresponding
circumcircle will be extended arbitrarily away from the disc. The edge v0 ↔ v1 will
be artificially long. While we could simply reject those triangles whose circumcircles
are centred some extended distance away, this would leave us with having to de-
cide on such a cutoff. Furthermore, we are still left with the problem of arbitrarily
selecting the boundary annulus itself. The way we contend with these issues is to in-
troduce dummy vertices to triangulate over. We sample over a sufficiently extended
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square (a larger disc would also suffice). We triangulate this point set and designate
a boundary vertex as any vertex with at least one connection to a vertex with r < 1
and at least one connection to a vertex with r ≥ 1. This naturally satisfies the
annulus criterion, that is, there is a physically sensible number of boundary vertices
on either side of r = 1, and connections between vertices are now restricted by the
Delaunay circumcircle criterion encountering dummy vertices extending beyond the
disc: red vertices are enclosed by (dotted pink) circumcircles. While this boundary
vertex criterion still seems rather arbitrary, it, in some sense, produces what one
would expect from perturbing vertex locations of a highly uniform configuration
(e.g. a hexagonal lattice). The final product is figure 7.10c.

Continuum limit In this case, the continuum limit is

c

d
∆f(x) = −k2f(x) (7.35)

on the open disc where f(S1) = 0. As measured in the previous section, the empirical
local coefficicent of the R tensor for a uniformly random Delaunay triangulation is c/d ≈
0.921/2. Eq. (7.35) has vibrating drum solutions

fm,j(r, θ) = Jm(αm,jr)e
imθ, (7.36)

where Jm(αm,j) = 0, and

k2 =
c

d
α2
m,j (7.37)

where Jm(αm,j) = 0. We show convergence for the fundamental mode with (m, j) = (0, 1)
in figure 7.12. We take averages of between 16-128 samples per graph size (starting with
128 at |V | = 100 and 16 at |V | = 105). We cannot yet explain the O(ℓ) as opposed to
O(ℓ)2 convergence. In figure 7.13 we show a visual comparison of several graph and PDE
modes.
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Figure 7.10: Resolving the boundary of a uniformly random Delaunay triangulation of the unit disc. a)
A triangulation constructed from reparametrised uniform samplings of r, θ. This suffers from two issues:
1) choosing a number of boundary vertices as a function of the total number of vertices, and 2) the
Delaunay algorithm creating spurious long edges. This latter problem is illustrated in b), where we see
that the circumcircle corresponding to v0, v1, v2 is allowed to extend arbitrarily far away, ending up with
the Delaunay triangle between each vertex and outlier edge v0 ↔ v2. In c), we solve this problem by
sampling from a larger square instead. Boundary vertices are those with at least one neighbour on each
side (inner and outer) of r = 1. Retaining the triangulation corresponding only to interior and boundary
vertices, we obtain e). As we see in d), the rejected vertices don’t allow for the circumcircle from a-b).
We could instead retain the method from a), and reject circumcircles whose centres lie a certain distance
from the disc, but this leaves one with having to decide both an appropriate such distance, and still the
problem of determining the number and placement of boundary vertices.
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Figure 7.11: Distribution of edge lengths by the radial location of the edge midpoints in
a uniformly random Delaunay triangulation of the unit disc. Using the sampling method
from 7.2.1, we see invalid long edges in the boundary region. As is explained in figure 7.10,
this is because circumcircles are allowed to be centred arbitrarily far beyond the boundary
of the disc.

Figure 7.12: Convergence of graph solutions to continuum limiting PDE solutions for
uniformly random Delaunay triangulations of increasing densities in the disc. We compare
graph NEP eigenvalues and eigenfunctions to the continuum limiting eigenvalues and
eigenfunctions in eq. (7.35) for the empirically determined value c = 0.921.

125



Figure 7.13: Visual comparison of graph modes and drum modes from eq. (7.36).
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Chapter 8

Conclusions

Metric graphs are a bridge between fully discrete and fully continuum models of a wide
range of complex phenomena. This thesis has introduced a new picture of large-scale
degrees of freedom of dense metric graphs as fully continuum PDEs in higher dimensions.
The continuum limit is useful for several reasons.

In some cases, a well-understood PDE gives an approximate but simpler analytical
way to describe certain modes in a graph that would otherwise require pure numerical
intervention. The spiderweb graph in section 5.1 is a good example of this scenario, where
we find continuum solutions in terms of Bessel functions in some cases, but there does
not seem to be any analytical progress possible in the graph regime.

However, more than an approximation scheme, the continuum limit gives new ex-
planatory power to otherwise incoherent numerical computation. The random graphs of
chapter 7 are perhaps the best example of this principle. In the fully random case, it is
(to the author) rather startling that stable and reproducible behaviour emerges out of
such a generally chaotic spectrum. Hopefully, in the future, these notions lead to exciting
applications in modelling more realistic graphs that turn up in natural settings.

Finally, the continuum explanatory power is even more interesting when combined
with analytically solvable graph models, which we can already glean a fair bit about. The
various regular lattices in chapter 2.3 are good examples of this aspect. An example of
new simple insight learned comes from seeing how, in the homogeneous and isotropic case,
we obtain the standard equation for the Laplace operator, but a factor of 1/d, the inverse
dimension of the embedding space. We also found the need for a new kind of hybrid
discrete-continuous local homogenization procedure even in many examples of regular
periodical two-dimensional lattices.

We envision a number of future directions that would follow naturally from the work
done here. Below, we give a list of potential follow up mathematical studies and areas to
apply contimuum modes of metric graphs.

More complex graph structure Several interesting areas involve studying locally
varying graph structue either through geometry or physical properties. Examples include:

• Scattering in metamaterials : Recent metric graph models [22] of scattering in meta-
materials show negative refraction between periodic rectangular graphs (as in fig-
ure 4.14) with varying edge length ratios. Some of these examples use graphs that
we find well-beahved limits using homogenization.
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• global graph-varying conductivity and capacity : Much more work can be done inves-
tigating the dependence on local edge conductivity, K, and capacity, C. Particular
distributions of K and C across a graph can, in principle, bring the contimuum
limit into correspondence with metric Riemannian manifolds.

• Local edge-varying conductivity and capacity : We would like to study cases where
local edge conductivity, K(x), and capacity, C(x), both have strong dependnce
along edges. There are several ways to treat this, including breaking edges into ap-
proximately piecewise constant edges and applying our current methods. Another
approach would use more general Green’s functions along edges. Natural appli-
cations with complicated conductivity and capacity profiles will likely happen in
biological systems.

• Different random-graph ensembles : We currently only studied random Delaunay
triangulations. Many more options exist that might give better models of real-
world graphs; e.g. random geometric graphs (vertices connected to all within an ε-
ball), random trees with interconnected branches (e.g. capillary systems), percolated
periodic graphs, Waxman models (probability of connection is a decaying function
of distance).

• n-level homogenization: We would like to better understand the potential for recur-
sive homogenization, with the lowest level comprising the discrete version presented
here.

• Non-compact embedding spaces : We would like to investigate metric graphs of fixed
density within non-compact domains such as Euclidean space; e.g. the spiderweb
extending infinitely throughout the plane.

Nonlinear dynamics and non-Laplacian models Several future studies could look
at more complex model equations or systems of equations.

• KdV : Both the linearised and nonlinear KdV equations would be extremely interest-
ing on metric graphs. In particular, edges have specific directionality; i.e., nonlinear
waves move to the right and linear waves move leftward. It’s far from clear how
solitons would behave at vertices with multiple edges with multiple directionalities.

• Sine-Gordon equation: A highly nonlinear system with the same Laplace-like linear
term studied here. Interestingly, the Sine-Gordon equation is well-knonw to have
interesting topological dynamics (e.g., kinks and anti-kinks). It’s quite interesting
to consider how this might play out on dense systems.

• Generalising to higher dimensions : Bubbles and foams. Oxygenation via capillary
systems (edges) into organs (faces).

Discretizations In 2.6, we showed the differences between the finite element cotangent
Laplacian and the edgewise Laplace operator. We would like to determine whether corre-
spondences can be made between the graph problem and the finite element discretization
of the continuum limiting PDE. This would provide further insight into the differences
between our continuum limit and the Laplace-Beltrami operator. This would also provide
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a clearer framework for solving the continuum limit for arbitrary graphs whose solutions
can only be approximated numerically

Convergence proofs The formal derivation of the continuum limit assumes weak con-
vergence of vertex eigenfunctions to the manifold eigenfunctions. It remains for this to
be proven rigourously under general conditions, both in the case that the R tensor has
a well-defined continuum-limiting representation and in the random or high-oscillatory
cases when homogenization is required.
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