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The Thesis consists of two parts. In part I, 

a concentrated summary of the symmetric group, its 

matrix representations and characters, is given. In 

part II, the irreducible matrix representations of 

the symmetric groups of degrees 4 and 5, are obtained 

in a rational form. 
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PART I. 

TIIú SYI;iIvETRIC GROUP AND IvIA'TRL 

REPRESENTATIONS 

The Symmetric Group. 

The symmetric group of order n! (or degree n) is 

the group whose elements are the n_! permutations on 

n symbols (1, 2, ..., n). A typical element s of the 

group is indicated thus : 

S = 
10-, . . . r, 

/ , 5%. , . . ., S n 

the notation implying that the operation s replaces 1 

by sl, 2 by s2, ..., n by sn, where each of the 

symbols si, s2, ..., sn assumes one of the values 

(1,2, ..., n) no two of them assuming the same value. 

A permutation which sends td into Li.", d = 1, 2, 

..., n -1 and to into t1 (i.e. where each of the let- 

ters t1, t2, ..., to supposed arranged along a circle, 

is sent into its successor) is termed a cycle on n 

letters and is denoted by the symbol (t1, t2, ..., 

tn) Thus; 

E Ez . . , n 

, . . , t n 
` 
1 = to Et . . . 

) 
) 

It is immaterial with which of its letters a cycle 

starts off. Thus 

(L1 E1, . . t ) = Ltx, ..., , = ... k-2,... En_,) 

The inverse of the cycle t is the cycle t with 
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the sense reversed. Thus: 

k- = (Eri 
i .r - -.)a.)%). 

Any permutation can be written in a unique manner 

as the product of cycles; the order in which the 

factor cycles are written being immaterial (since no 

two of the cycles have a common letter) . e.g. when n=5 

(, 2,3, 4) 5 

Y 1 + ) _ (1, 4-) 5 x1,3) _ (,3)( -, 4-, 5) 
3, > > > 

1, 

,3, -(+) ( s) = 0,3,2) , 3, 1 ti- 5 - 

the unchanged symbols may or may not be mentioned. 

If s and t are two permutations, the product st 

is defined to be the permutation obtained by operating 

first with the permutation t and then with the permu- 

tation_ s, so that e.g., 

(1, 2) (1, 2, 3) = (1, 3) 

(1, 2, 3) (1, 2) = (2, 3) 

The rule for finding the product of two permuta- 

tions expressed in this terminology is explained as 

follows. In the first bracket (in the first example) 

1 is followed by 2, in the second bracket 2 is follow- 

ed by 3. hence in the product 1 is followed by 3. 

In the first bracket 2 is followed by 1, in the 

second bracket 1 is followed by 2. Hence in the 

product 2 is unchanged. Lastly 3 is unchanged in 

(1, 2) and leads to 1 in (1, 2, 3) . 
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The number of unary cycles (i.e. cycles on one 

letter, or fixed letters) in a permutation is denoted 

by cel , the number of binary cycles (i.e. cycles on 

two letters, transpositions or interchanges) by al., 

and so on. Since the sum of the orders of the cycles, 

including unary cycles is equal to the number of 

symbols n we have the basic relation 

(1) - + n oe YÌ 

A permutation s which factors into .4 unary cycles, 

al binary cycles, etc., is said to be of the cycle 

structure 0) and the collection of permutations each 

of which has a stated common_ cycle structure (a) is 

referred to as the class (') of the symmetric group 

on n letters. 

The number of distinct classes is the number of 

distinct solutions in integers (positive or zero) of 

the equation (1). This is precisely the number of 

partitions of n into integers positive or zero; for 

if Y + qr3 + ... + 'erg _ ' 

(2) 

then 

and conversely given any such partition of n we can 

associate with it a solution lr) of (1) defined by 

(3) at _ A,-Az > ,r -A-13 , , °`'n - an 

The zeros which may occur at the end of a partition 
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of n are omitted; thus if 11K > Kt% Ai( t1 

= An= o the partition 0`1 1 ,1 , kW) is 

denoted by 0%)A2.1--)Am), using an exponential nota- 

tion when two or more adjacent A's are equal. 

As an example, the symmetric group of order 6 has 

three classes. The first consists of the identity 

which has three cycles of order 1 and the correspond- 

ing partition is (3) . The second class contains the 

three substitutions (1,2), (1,3), (2,3) where there 

is one cycle of order 1 and one cycle of order 2 and 

the partition is (2,1). The third class comprises 

the substitutions (1,2,3), (1,3,2) corresponding to 

the partition (0) . 

The number of permutations s which belong to a 

class (.1 is denoted by nm and is found (by Cauchy) 

to be 

(4) (-cl 
,°rl ors! IYi a.2 1 . . n.% ,r I. 

n 

If s1 and t are two permutations of the symmetric 

group on n letters, s2 = is, Lis called the transform 

of s1 by the permutation t, sl being the transform of 

s2 by t. Such two permutations as si and s2 which are 

the transforms of one another are called conjugate 

elements of the symmetric group. Two permutations s2 

and s3 which are conjugate to the same permutation si 

are conjugate to one another. The complete set of 
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permutations si, 820 s31 ... which are conjugate to 

each other belongs to the same class (w) Converse- 

ly all the permutations which belong to the same 

class (K) are conjugate to each other, for the permuta 

tion 
s = ( Su , `511 , , 51í.)(521 I Sz1 ) - ) 32', j( s%1 , s-11;) .. 

is transferred into the permutation 

(Eu ) E1 ... , t1 .)( t..t) .. , {tiL)(:3% (37., ...) 

by the operation which replaces the symbols 

su , S12 , s1P , sa.t, Sae , 
.. s .y ) 531 1 531,...1, 

by the symbols 

tLit ) 111 .) t t%, , tyl , (1a. - 11U , t31 , t31, } 

A class (a) , also, contains the reciprocal of each 

of the permutations contained in it, since the recipro 

cal of any permutation s is simply obtained by 

analysing s into a product of cycles and then reversing 

the sense of these cycles. 

If (x 1, x2, ..., xn) are n indeterminates, the 

difference product 

11 (xi _741/) 
_ (xi ...xa.)(xi -x3) . (mn -1 -Yh) 

óK 
is denoted by 4(-), and evidently every interchange on 

two consecutive symbols changes the sign of .1.60. An 

interchange on two non -consecutive symbols can be ex- 

pressed as the product of an odd nt.er of interchanges 

on consecutive symbols, e.g., 

(3,6) = (330(41 s)(3.()N,$)(3,4) . 

Since a permutation p which contains one cycle on m mac' 
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n letters can be analysed into the product of m -1 

binary cycles, thus : 

a general permutation, of cycle structure Ft) , will 
leave A (x) unaltered if K,. + *N. + .. is even and will 
change its sign if °-- a4 i- . is odd. In the first 
case the class k«) is said to be a class of even permu- 

tations or simply an even class; in the second case 

(.a) is an odd. class. 
If t is an odd permutation, is is an odd permuta- 

tion for every even permutation s; so simply there are 

exactly as many even permutations as odd ones in the 

symmetric group on n letters. 

Matrix Representations 5r Group Characters. 

If to each element s¿ of the symmetric group on n 

letters there corresponds a matrix At: such that AZ Ad _ 

AK whenever sL sa. = s. the matrices AL are said to 

form a matrix representation A of the symmetric group. 

e.g., the group of the six permutation matrices, 
1 1 

1 1 

1 1 

. 1 . . 1 

. 1 . . 

. 1 . 

1 

provides a matrix representation of the symmetric 
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group on 3 letters, namely 

1, (1,2) , (1,3) , (2,3) , (1,2,3) , (1,3,2) . 

The matrices h;, need not all be distinct. To 

several elements of the group may correspond identical 

matrices, so that the representation is not simply, bui 

multiply isomorphic with the group. e.g., Ai: may be th; 

one -rowed unit matrix for every element of the symmet- 

ric group. 

If A is a matrix representation of the symmetric 

group, and ìi is any fixed matrix of the same dimension 
-1 

as A, then HAtI is also a matrix representation of the 

symmetric group, since 

H Az H H = H A H 
The matrix representations A and ±±Ai- 1are said to be 

equivalent or identical. 

If there exists a matrix ri such that 
s 

_1 

HAi: H = 

o 

for all i, where 8 and C[ are square matrices, then 
A is said to be reducible. 

If there exists a matrix K such that 

K A K t . 
o ; C4 

for all i, then A is said to be completely reducible. 

The reducibility was shown by Schur to imply com- 

plete reducibility, and the matrix representation A i 
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said to be reducible to the two matrix representations 

B and C, or equivalent to their direct sum, thus : 

A= IS 

Each of B and C may be reducible, and so on, until 

ultimately 

r, 

a= 

rZ 

: rK 

TT -t- + .t,. rk 

where q , r,., rK are irreducible. 

Frobenius has shown that for the symmetric group 

of order n1 there are exactly p irreducible matrix 

representations, r¡) r, , , 5 corresponding to the 

p partitions of n, and any matrix representation is 

equivalent to a direct sum of these irreducible matrix 

representations, each being repeated any number of 

times, or omitted. 

As an example, with 

4 4 4 

H= =2 1 -2 1 

and hence, 

1 

' l 

1 

4 

-2 

4 

H = 1 -4 0 

1 0 -4 



9. 

the six permutation matrices of order 3 x 3 are 

equivalent to 

1 . 1 . 1 . 1 . 

. 1 . -1 -1 . 1 . . 1 

1 . 1 . -1 -1 . 1 

1 . . 1 . 

. 1 1._ii] 
-1 -1 1 

and the matrix representation of the symmetric group 

of order 3! by the permutation matrices of order 3 x 3 

is reducible to the unit representation 
1, 1, 1, 1, 1, 1 

and another irreducible representation of order 2 x 2 

namely 
1 -1 -1 1 . 1-1 . 1 -1 -1 

. 1 1 J Li -1 1 -1 -1 1 . 

The determinants of these matrices give a scalar 
representation, for if At: Ai = AK , 1 Az11 Ai = IAK 

These determinants are 

1, -1, -1, -1, 1, 1 

and this is the third irreducible representation of the 

symmetric group on 3 letters, but it is not contained 

in the representation by the permutation matrices of 

order. 3 x 3. 

The spur (i.e., the sum of the diagonal elements) 

of the matrix corresponding to the element Se; , in the 

irreducible representation r is called the character 



of St; and is written 
(d 

(SC) . The set of characters 

of the n! elements of the symmetric group on n letters 

corresponding to fd is called a group character, and is 

written x(a) . The nm elements of the class (mec) being 

transforms of one another, the corresponding matrices 

have the same spur, and the characters of the nm ele-* 

ments are equal. This value is referred to as the 

character of the class (q), in the representation rd 
ca) (a) and is written X6) . Xon) is called the degree of the 

character and is written f(a). 

There are p distinct numbers which are the charac- 

ters of the p classes corresponding to the p partitions. 

These numbers are usually arranged in a square table 

which is called the table of characters. e.g., in the 

case of the symmetric group on 3 letters the table of 

characters is 

3 2. 

1 1 1 

2 0 -1 

1 -1 1 

The group characters are all real numbers and 

satisfy orthogonal relations. These relations are : 

c1 z 
tv) ) 

"( x = 

i à 

E "(q) X (,) X Gel 
60 

n 

o à # 

10. 
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ii.Ì 

(..) « 
I 

X } = n / (1 
r y (y 

6" 
) 

[. A ( () o ß . = 

There are sometimes *ritten in the form: 

G3) Cx_ n! I G'G= n! -1 

where G is the matriz of group characters, G ' is its 

transposition, and D is the diagonal matrix with 

elements rt(« . 

There is also the property that the sum of the 

squares of the degrees of the characters is equal to n 

the order of the symmetric group. 

Any linear function of the characters with posits! 
integral coefficients is called a compound character. 

The spurs of the matrices in any matrix representation 

of the symmetric group is a compound character of the 

group, the coefficient of any simple character being 

the nu. ber of times the corresponding representation 

is repeated in the equivalent direct sum of irreducible 

representations. 

The number of times a representation is repeated 

in the equivalent direct sum of irreducible representa- 

tions is given explicitly and uniquely by the orthogonpl 

relations of the group characters. For if the charac 

ter vector of a given representation r is X, and Xia) 



is the character vector of the irreducible representa- 

t ion ra , then 

X`i' x' = wt. xn1, 

implies that fa is contained m times in F. 

e.g., the permutation matrices of order 3 x 3 have 

the character vector [3, 1, 03 , 

1 . 

D = 3 

2 

and we find 

1 1 1 1 . 3 1 

2 . -1 3 1 = 3! 1 

1 -1 1 . 2 

The interpretation is that the representation of the 

symmetric group on 3 letters by the permutation matrices 

of order 3 x 3, contains the unit representation once, 

the irreducible representation of order 2 x 2 once but 
i 

does not contain the alternating seal ar representation.. 

The elements of the symmetric group on 3 letters 

satisfy the multiplication table : 

S 

Sa a = 

s, s1 s3 5%. SS 5 1. 

S% Si. , S3 3%. 53 Sc 

Sl St S 
S st. S3 S4 

S3 84 Si Ss s% Si. 

S S= S4 St Si S3 

SS Si S4 S. SI S S 

S= S4 rs S3 SG Si 

12. 
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By the way of construction of the multiplication 

table no element can appear twice in any row or in any 

column, and all the diagonal elements are the unit 

element s, = I. Introducing indeterminates xl,x2,..., 

x6 in place of the elements si, s2, ..., s6 we get the 

matrix 

tl = 

X i x X 
s 

x x3 x4 

X 
3 

x4 x1 x5 x4 xz 

X 
4- 

x5 X4 X 
1 

x1 x3 

X 
t. 

x3 x4 x2 x x5 

xs X4 x: X x b x1 

= xi 1 i.* x2 M2 i- ... -1-x6 M6 , 

where NLI, 12, ..., M6 are permutation matrices of order 

6 x 6. These permutation matrices M provide a matrix 

representation of the symmetric group on 3 letters. 

This representation is called (by Frobenius) the regular 

matrix representation of the symmetric group on 3 

letters and x is called the regular group matrix of 

that group. The regular matrix representation is 

reducible and in the general case is equivalent to the 

direct sum of the p irreducible matrix representations 

of the symmetric group, each being repeated F 
6) times, 

the degree of the character of the representation. 

Formulae For The Characters. 

There are two theorems, each of which gives ex- 

plicitly the character of any class of the symmetric 



group on n letters, corresponding to any partition of 

These theorems are due to Frobenius and Littlewood and 

Richardson respectively. 

Frobenius gives the remarkable formula which ex- 

hibits the characters of the symmetric group as co- 

efficients in a series of expansions one for each class 

of the group. Littlewood and Richardson give a 

graphical method for evaluating the character of any 

class corresponding to any partition. 

Let z, ,Zi) ..., zn be n indeterminates, and let 

A.60 60 = n Cll.-7s) - 

r < s 

Let Sr be the sum of the r4, powers of 2-1,1-1 , ... )z- 

thus. 
n r 

Sr = L Zi. ) c= 

and corresponding to the class (w) = ) n 

of the summetric group on n letters, let 

S 
& = S ' Kti .. S 

Yn 
. n 

Then if (a) _ ) )41 An) , a i - i > - .. An 

is a partition of n, Frobenius' theorem states that. 

S A Cz) = ± X 
ca zi atn-I ZA,+n-z 

. . z an 
( ) h 

the summation being with respect to all permutations o 

the suffixes, and also with respect to all partitions 

()) of n; of the alternative signs, the positive sign 

is taken for a positive permutation and the negative 

sign for a negative permutation 

A partition (a) _ (A, )as. , ax) A% ; a . 3 a 
is represented by a diagram of horizontal rows of node 

14 . 
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(all beginning on the same vertical line) the first rove 

containing AI nodes, the second A2 nodes and the las 

AK nodes. Thus the partition (3) 0) of 10 is rep- 

resented by the diagram 

By simply interchanging the rows and columns a second 

diagram is obtained which is termed the associate of 

the original diagram and the partition which defines 

this new diagram is the partition (I) which is termed 

the associate of the partition (Q) . Thus the associat 

of (3, 1-s) 0) ;s (6, 3, 1) . In general the associate of 

01 a (A I , 
A ,. is 

AK av/ 
-1 

- AK 
N^1 - AK-1 a1 -AL 

({( ) (K -1) ) (K - Z) , . I J 

when the diagram (or its defining partition) coincides 

with its associate it is termed self -associated. e.g., 

(3,2,1) is a self -associated partition of n = 6. 

A diagram consisting of nodes arranged in rows and 

columns is said to be regular if in any row which 

contains say r .nodes, these occur in the first r col- 

umns, and in any column which contains say s nodes, 

these occur in the first s rows; The diagram of a 

partition is simply a regular diagram, and conversely 

every regular diagram is the diagram of a partition. 
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If to a regular diagram one node is added so that 

the resulting diagram is also regular, this is called a 

regular application of a node. The addition of r nods 

to a regular diagram is called a regular application o 

r nodes if the nodes are added to any row until they 

are exhausted, or until the number of nodes in this 

row exceeds the number in the preceding row by one, th 

nodes being then added to the preceding row according 

to the same rule, and so on, until their nodes are ex- 

hausted, provided that the final diagram obtained is 

regular. If the number of rows involved is even it i- 

called a negative application, if odd, a positive appl - 

cation. 

Littlewood and _Richardson, making use of r robenius ' 

formula, have given the following theorem: 

If (A) n (AI , a , , ÀK) is a partition of n, and (ci) 

denotes the class of the symmetric group, with cycles 

of orders a Q,, , as, then A j is obtained from 

the number of methods of building the diagram of the 

partition 01) by consecutive regular applications of 

, nodes, by subtracting the number of 

methods which contain an odd number of negative appli- 

cations from the number of methods which contain an 

even number of negative applications. 

As an example of the practical use of the theorem, 

114,2-) Littlewood and Richardson serve the character A 
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for the class of the symmetric group on 20 letters, 

which contains one cycle of order 15, two cycles of 

order 2 and one cycle of order 1. The possible 

diagrams, using numbers in place of nodes to indicate 

at which step the nodes are added, are the following 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 

2 2 

3 3 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4 

2 3 

2 3 

1 1 1 1 1 1 1 1 1 1 1 1 1 2 2 4 

1 3 

1 3 

1 1 1 1 1 1 1 1 1 1 1 1 1 3 3 4 

1 2 

1 2 

The first and second diagrams contain respectively 

o and 2 negative applications and each contributes +I 

to the character. The last two diagrams each contain 

one negative appliaation, and these each contribute -1. 

hence for this c lass 

OC) z1) 
X _ 14- 1- 1 -1.0 . 

As an immediate corollary of the theorem the de- 

gree of the character of the representation correspond- 

ing to the partition (X) , is equal to the number of 
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ways of building the diagram of the partition 0) by n 

regular applications of nodes. 

The theorem gives, also, many results concerning 

the characters of the symmetric group, e.g., in the 

case OI = (n) , there is one row and one method of 
(n) 

building the diagram, so that A 

for every class («) - 

In the case (Al = (1 ") there is one column and 

one method of building the diagram, each cycle of even 

order contributing -1, so that 

U ") 
= 1 

-1 

for a positive class 

for a negative class 

In the case of the associate partition (p.) 

UM (4) (On) 

^Cr) : Cr) Cr) 

so that the characters of the odd classes corresponding 

to a self- associated partition are all zero. 

Characteristics and Schur Functions. 

The expression 

(A) a6 4(i 
si - h . n (a)' (r) s( ) 

x J1 alSa1 s (. 0,1 on Yom) , 4 I ) 1 1 

is called the simple characteristic of the symmetric 

group of order n corresponding to the partition O) o 

n, and the aharacters X)) are called the components of 

that characteristic. 
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The simple characteristic corresponding to the 

partition '0) = (n) is called the principal character- 

istic and is written 

tw) 

It furnishes at a glance the structure of the corres- 

ponding symmetric group. The simple characteristic 

corresponding to the partition (A) _ d) is called 

the alternating characteristic and is written 

Trn (5) _ .1 21 11) 

°i +,4 ... 
s Cam, 

Schur gives the simple characteristics in the form 

of determinants whose elements are special types of 

symmetric functions in the indeterminates z .z . , z,, 

and they are called after him (by Littlewood and 

Pichardson) Schur functions or 3- functions. 

Given the indeterminates 71 ) x,., ,n there are 

(i) The elementary symmetric functions of degree r 

denoted by 4v-, 

dr = sum of r -ary products of the z's without 

repetition of any zi. 

The expression 

Ç(t) = 11 (t 
-z t.) 

c =1 

= 1- b¡ E} d,, t L_ + ) ein n 
is a generating function of the 4 
(ii) The complete homogeneous symmetric functions of 

degree r denoted by pr, 
r 

Pr = sum of r -ary powers and products of the z's 
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allowing all possible repetitions of the zi. 
The expression 

it) = lZ4 (1-'ii. t)-1 

= TT (1 i t i- 41 t + ) 
c_' 

1+' Pit +P1í1.}. 
is a generating function of the pr. 

The generating functions of 4r and P. are recipro- 

cal series and we have the relations: 6-1a PO = I, 

4 - %, + -ti P1 - +(7-4) rr = a 

These relations are expressed by the statement that the 

two matrices 

PK 

Mao 

po 

pl ... pK 

p -1 

po 

ka - 
-d, ez -(--1) 

do 
Ka 

-1 i tK-i 

ee 

are reciprocal for k = 1,2,3 ..., (the elements below 

the main diagonal in each matrix being zero) 

The substitution fbr et) from Frobenius formula 

into the simple characteristic i (A) (s) simply gives 
Z Y1 

L 
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in each case the summation is taken with respect to 

all permutations of the suffixes, the negative sign 

being taken for a negative permutation. This is 

usually written in the form: 

'k° (S) = Ise 
+ n -d ` / 121; ° -d I 3 

i indicating rows and j columns. 

Such a quotient of two alternants have been stud- 

ied by Jacobi, Trudi and Naegelsbach long before group 

characters were discovered by Frobenius and Muir calls 

these functions bi- alternants. Jacobi, and independ- 

ently Trudi, express the quotient as a determinant in 

which the elements are the symmetric functions Pr 

Naegelsbach expresses the same quotient as a determin- 

ant in which the elements are the symmetric functions 

dr chur is the first to define these functions 

with any reference to group characters, and hence they 

are named after him. 

Jacobi and Trudi express the above quotient as an 

nth order determinant whose diagonal elements are 4z , 

the other elements in any row being obtained by method- 

ically increasing (decreasing) the suffix carried by p 

as we move from any column to its neighbour on the 

right (left) . If k is such that AI( o whilst 

Ak+i = Am4.1. = . .. _ An =o the last n -k rows of that 

determinant have unity in the diagonal and zeros pre- 

ceding the diagonal, so that +(4) 
(S) is expressed as 
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a determinant of order k of the type described. This 

determinant is called the Schur function or the S- 

function corresponding to the partition (X) 

010,2)-- AK) and is written. 

(5) 1XA _ pa_ ¿ +à 

each p with a negative suffix being zero. 

As a special case the principal characteristic 

(S) ì S 

( 6) ni = p . 

Naegelsbach, using the reciprocity of the matrices 

P and Il expresses the above quotient in the form 

(7) k xl = 144 .- I 

where (r) is the associate partition of (A) . 

As a special case the alternating characteristic 

it (S) is 

(8) = e" 
In virtue of (5) and (6) the simple characteristic 

41"(S) is written (by Murnaghan) in the form 

(9) 40 (g) _ t taz-Z+à (s) 

Setting S1=11 Sy S3 = = Ñ=ain (2) and (9) 

we easily get 

(10) X 
N) 

= n! ) 

l .. ..1N 

where 

Q _ Ai + K_ A3.f lt-'y . . . .QK = %K ; AU) = 'n 
I. 
L_ 

which is known as Frobeniusl formula for the degree of 
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the character of the representation corresponding to 

the partition MI= OtuA-}) , ) 

In the above definition of the 3- functions 

the parts of the partition (A) are expressed in descen- 

ding order, i.e. At % az % - AK Then this in- 

equality does not hold, 
[Al 

is defined not by the 

simple rearrangement of the parts in descending order, 

but by the equation, 

LA1 - A, J1a, .. 
')AK ) = IPA,. -¿t+ I ; 

the parts AZ must be integral, but need not be posi- 

tive. 

Every S- function so defined is either zero or 

equal to an S- function expressed with the parts in des- 

cending order, with a possible change of sign. To 

reduce such an S- function to this form, there are three 

rules. 

(i) In any S- function two consecutive parts may be 

interchanged provided that the preceding part is de- 

creased by unity and the succeeding part increased by 

unity, the S- function being thereby changed in sign,i.e. 
1 

C Ac -1 1 Aell' ) +'J ) 

(ii) In any S-function if any part exceed by unity the 

preceding part the value of the S- function is zero, i.e. 

(iii) The value of any S- function is zero if the last 

part is a negative number. 
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As simple illustrative examples 

2.)--t) = - 1) - 1311 

4' 3' 6} = 
if-,5, 4:1 

a 

1. 
6., -,.,1I t)o, -,1= 

The S- functions of the indeterminates 

7.31Zy, ... -:t, have been associated with the two series, 
g(t) IN (I-20) = 1- {}t + e- - +(- 9 " % "1 t+, 

á(t) Ti i - Zit) - - 1+ t+ l t1 + . 

The second series is chosen as the basic series and the 

concept of S- functions is generalised (by Littlewood 

and Richardson) to any basic series of the form 

e gt) = 1 + L Pr. Er , 

irrespective of convergence or divergence. Sr. is de 

fined as the coefficient of 0'.-1 in the formal quotient, 

(11) .2f(1 t = L Sr E.1%-1 

as is the case with the basic series %(.0 = 

the dash denoting differentiation. With those values; 

for the Sr's the S- functions are defined by the formula' 

(12) {1 = ñ1 n Cc) 
)( 4i S (01 

The S- functions of some series are of special in 

terest. The most important series is the q- series. 

(1,,7.b) / (v,t) 
where 

(13) 4 ( %,t) = (1 -t)(1- ,t-) C1 -4'k) ta oo. 

Littlewood and Richardson obtain the S- functions of the 
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q-series as : 

(14) {Au , ... ,11K _ -- (Rá ) I Tr [A,; + K- ]; 
where 

[r11 _ 0-11 )(.1-t) - í, -ti'), 
(Rn is the product of the first Ac:, terms from each 

i -th row of the set 

I-bZ t-"Ì,2J 

9+-1", -tiZ, 9-1;3 
9. 

9, ) _ tiZ , 9 141 .. 

< K 

Calculation of the Characters. 

Frobenius' formula (p. 14) is theoretically suffi -T 

cient for all cases, and indeed, for theory, it has a 

very remarkable simplicity. For numerical computation, 

however, the large number of terms involved make its 

use unwidely except when n is small; and much quicker 

methods are available. However the formula readily 

gives formulae for the characters corresponding to 
to -p4 p) 

partitions into two parts. Thus X(.,) is the co- 

efficient of 7.1 

-p + 70. in the product 

'( ic1 +7ÿ)a1(713+ -t,,3 j-e3 (71 -Zz) 

which is 

Xl.t) Glirtiaj)(0%)- - 
3 

The summation being with respect to all solutions of 

p t1 (42. +303 * c , , +36/+.. 
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This simply gives 
(n-1,0 

.g) 
_ qi -1 

)+ 2 
4;3131 - ¿ ç ( *e l - 1)(M s) + - ̀ ) o . + Y3 

0-11-0) 
X (p( ) _. - gr (.r-`)(°',-z)(at + 1 l, 3)atZ 

4.- (ec - I ) ee3 + 7. es. ( 1-`+°'+ 

The S- functions of the series 960.5"/t) /# (9), +) 

(p. 2 *) yield many relations between the characters of 

the symmetric groups. The formula (12) (p. 2') , to 

gether with the orthogonal properties of the group 

characters, gives 

5 t,t) = X(,) 

For the series 4 (ti, Zt) / ¢ (Vit) 

sr = CI-zr ) / (i -g,") 
so that 

TÌ (1 - 2" yr x U) TI CI-% 
k 

J,a _+) 
iR AZ ) . 

(- vs) h cÌ (-) TT [At: t K - °3I . 

This equation is sufficient to determine all the charac- 

ters of the symmetric groups. The value of any 

character may be expressed in terms of the cycles in the 

class, in the following way. Corresponding to any pa r-, 

tition (A) , in the expression (RI,) the least power of 

q that occurs has index Al. t 2.113 +34 .1- . . , so that 

picking out the coefficient of q,r, only those charac- 

ters occur for which the partition (A) satisfies 
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A2+ z)3 +01+ + <r. 

The coefficients of l,z,z2,z3, 

_ 

weINN 

_ # (''.-')- 1 

= 6 `cr) - ( K- 2 ) - 

give 

ete2. ite3 

= 14 - (aft -1,(*e'-3)- 6ci )`44. 

+ . °r3 _ °e4 + i Y (KS -' ) 

The solution of these equations gives the characters 
(o -') 

2(1,60 °r' - 

.x(- 
z 
) 

ao 

= 6 
_ ) -.216k#1 - s) 

-1)(Y1- 2)N - 3) (' - -S. ) `11 Z) ee1 

} (.r' -1) g(3 - t . 
cYyy Lck,-' 

In a similar manner the coefficients of qz, qz2, qz3, 

... give the characters 

x ; -9 
°q 61- + 

("3'14= ce, 6', _Z) (or, -4) - 3 
(n-4) 2, ) , L sei (ert- 1) (grl-3)(Y -s) - °c1. (,-3) x _ $ 

- 1 °e1 (°r2- K4 

and so on. 

For the actual calculation of the tables of char -! 

acters of the symmetric groups, by far the quickest 

method, is by the use of recurrence relations . Also iLt 
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is only necessary to compute one half of a table of the 

characters, and from each character the value of the 

character corresponding to the associate partition may 

be written down by merely changing the sign for an odd 

class. 
If %) is a class of the symmetric group on n 

letters which contains a cycle on r letters, and (A) = 

01, A, , - , A K) is a partition of n, then the most im- 

portant recurrence formula is stated thus 
A 

, i'14) - 7 ± X t 4 ) 
where (K) is the class of the symmetric group on n -r 
letters which has the same cycle structure as 0r) but 

with one less cycle on r letters. The summation is 

over the characters X which correspond to the 

S- functions 

1A1r) A,., ,ip ) 1211) .. dKs . AiAi) .IaK 

the minus sign being taken when the ,3- function with the 

parts reduced to descending order becomes negative. 
This recurrence formula is sometimes written in the 

form, {A102-) " dKc -() - At 1,) .. .-.,AK 

It was first given by Littlewood and Richardson in the 

special case r = 1, and then given by Rurnaghan for any 

r. It enables us to write down at once those characters 

of the symmetric group on n letters which correspond to 

a class containing at least one cycle on r letters whenl 

the characters of that class of the symmetric group on 



n -r letters which contain one less cycle on r letters 
are known (r = 1,2,3, ...) n -1) . Indeed it allows the 

whole table of characters of any symmetric group to be 

computed from tables of characters of' lower degrees. 

E.g., the character 7<(14) ' of the symmetric 

group of order 12! for those classes which contain a 

cycle of order 5 are obtained thus: 

The corresponding S- functions are 

1.-1, 3' 3) 11 II ) 14/ - 1, 
) l 4)3) 2) ) I J 

1t) 333,-4,11 4.) 3, 3) , 

which reduce to 
ß-)I') 1) ) ) 14,2-) °) °J - ) {4,3) 0)'J 1313 ) 

-14)3,30, -3} 4,3,3 1, -4.1 
The second, 

(4,3)1) 
k &) 

fourth and fifth are zero, so that 
('t 3) (`) ) 

= XV() A. 02'e 

For the classes 
Il 152) 

14- 
3 13 4) 13 2) i 2 3, IZ 5, 16, 2.4-1 12?, 

e' ) 2 5) 3 , 3 4) 
the characters 

14, 4, -1, -2, 

2, -1, -1, 1, 

14, -6, 2, 0, 

-1, 1, 2, 0, 0, 

so that X e!''31") 11) for the given classes, takes the 

values 

05 15 2 5 143 5 , s5, 13 '5) 1 235 5) 5 6) 19 -45', 

A.(3) and ñ-) 13) take the values 

2, 1, -1, 0, 0, 0, 

0, 

2, 0, -1, 1, 0, -2, 

28 , -1 ) 1 ) 
) -2 ) 1) O 

29. 
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The recurrence formula yields directly the charac- 

ters of the classes containing but one cycle on n let - 
ters. If (A) _ (iuuA-a-) yak) then ai + K -t < R 

unless A.,= A3 = =AK_1in which case Al +K -'_ 
1R Also )41- n + K -2. C AI - n t K -1 , and so 

on. So in both cases I)1 a, -n A3, ... AK1 = ) Az ) 

A3 -n) -- )AK1 
AA) , Al., ..) n1 =go since the last term, when 

it is rearranged in non -increasing order, is negative. 
In the first case IA, -n Az, A3, also zero 

whilst in the second case Ai -n) A2.) A3) 

%1) 
K-1 SßK3 K-1 Thus 

) 
= 

(n-)c+1, 1K-1) K-1 

xof n = = Et) 

otherwise A) 
Xdn =1 = O 

In a similar manner the recurrence formula yields 

directly the characters of the class containing one 

unary cycle and one cycle on n - 1 letters, thus 
(n -Ks 1, 1I4-21 

K -1 (-1) 
411=1) °'rR-i =1 

/l.4 _ 1 I °ew-I - 

^! t1 ) 'eN - t 01 

x (= Eon-t=1 

x(A) ,41_11 .111_1 _1 

= 1 

= 1 n even 
_ - 1 K odd 

_ O other ws'Se . 

30. 



The recurrence formula may be combined with 

Frobenius' formula (p.21) giving the dimension of the 

representation or equivalently the character attached 

to the unit class, to determine directly characters of 

classes containing one or more unary cycles. e.g., the 

character of the class ci= 12.) °(g = 1 of the symmetric 

group on 20 letters, corresponding to the partition 
(9, 6, 3, 2) is easily calculated as follows. 

The recurrence formula applied with r = 8 gives 
5161 3 Z CK1 %16, 

311.61) + 9 -z 3 21 lac 

+ 9,6,- 5Jí( «) +. IS, 63 -61(41 

The first, third and fourth of the terms on the right 

vanish and there remains -2-)3, _ 19,E -, } . Since 

(.f) is the unit class the dimension formula of Frobeni 

yields, since 

(J 4,13) - (11 3. o 
11 - 2 

-3. 1 8. to . 2 . = 320 . 

The characters of a class containing only cycles 

of the same length are easily calculated by formula (9) 

(p.22) . For example if n = 2 m the characters of the 

class containing m binary cycles are simply found by 

setting 32 = 1, = s3 = = Sn = 0. Evidently 

i (s) = o if j is odd whilst % (S) _ - -} - Thus for 

n = 12, the character of the class '4. = 6 correspond- 

ing to the partition (5, 4, 2, 1) is 

o (2331) -1 a (14r41) -1 

O (i z).ß -1 O (23 3 1 ) -1 
g i _ S 

A. 6' I o 1 a 

a 

s 

31. 
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This also may be combined with the recurrence 

formula. e.g. the character of the class KI = d,.= I , 

e3= 3 of the symmetric group on 12 letters, correspond- 

ing to the partition (7, 15) is easily calculated in 

the following way. 

The recurrence formula applied twice, first with 

r = 1 and then with r = 2 yields 

01-col = ¡it) 0).4a4) - b03)(0) I5, 14 (ll) -1 }(q) , 

where (') is the class of the symmetric group on 9 

letters consisting of permutations each of which has 

three ternary cycles. Since this class is positive 

4319 ) .= in (_.(n) Also 
1 

o (3.2 )1 03. 30 

O O 31 0 

4') ----. 33' 1! 
o 

O 

o 

o o 3 

o 1 o o 

o O 1 

O. 3 

1'1,1 /641) 
3 = 3.3! 

a 

1 

0 

o 

1 

o 

o =1 

o 

-2 

so that the desired character is - 3. 

Explicit formulae for the characters of those 

classes of the symmetric group on n letters which con- 

sist of .ç = n - p unary cycles and *e, = I cycle on 

p letters; (p = 2, 3, 4, ... ) are of importance in 

the physical applications. These formulae are given 
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by Frobenius for p = 2, 3, 4, and by Purnaghan, using 

his recurrence formula, for any p. 

A partition (X) of n is conveniently specified 

as follows: 

Let the principal diagonal of the diagram of the parti- 

tion (i.e., the diagonal starting at the upper left - 

hand corner) strike s columns. Let al > a2 >... > 

as > obe the number of nodes to the right of the 

diagonal in the rows, 1, 2, ..., s respectively, and 

b1 > b2 > ... > bs o be the number of nodes below 

the diagonal in the columns, 1, 2, ..., s respectively. 

Then the partition is described by 

a% ) a1) - 

- aS 

/N a 
b :) )bS 

and s is called its rank. 

The associate of the partition (A) is evidently 

described by 

b) , ) .. bs 

C1-1 ) a- -1. ) )as ) 

the partition is self -associated if and only if 

(b) , 61) , b S) = 611 ) q a . ) 
. 

1 a 

The number of nodes in the first row and colunn 

together = al + b1 + 1; when these are deleted the 

number of nodes in the new first row and column = 

a2.4. b2 + 1; and so on, so that 

s E (°à + bi + 1) = n 
J=1 
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As an example the, diagram of the partition 
(6, 4, 3, 12) of 15 is 

the nodes in the leading diagonal being in heavier 

type. In this notation of Frobenius the partition is 

denoted by 
s) s) o 

4) 1) o 

This is of rank 3 and differs from 

5 - 
3 

which is the partition (6, 4, 2, 12) of 14 and whose 

rank is 2. 

urnaghan denotes by A ( 1 I)) the characters of 

the class eel= n-1,) wp =1, so that for instance 
v(.1) (2) are the characters of the transposition class, 

whilst ñ (I) are the dimensions of the various 

irreducible representations . he then gives the theorem; 

X 
(a) (v.) X 

(A) 
(1) s *ht. cot Cnh oT 1 Ìn 

3(4- 0(y ... (y h +1) ß"(y) 
n(n- 0)(n -z.) .(n- p +1) it F(y) 

t 61 F--"(1) p3 Fnilyl + . 
.J1._1. 

F C1/ 3 FCy) 

F(J) = Ts 'C y - aa 
,I=i y+b + 
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In the cases p = 2, 3, 4 the theorem yields 

Frobenius formulae 

(1) _ x(Al(,) = L 
S 

(44.+9 _b. (12d+0/J-, n(n-') 
a-1 

X(h) (3) - x(A) 
(1 ) = C á= 

Qd N.+ 1) (1 ai + + 6à ( 61.40 (z if +1) 

- 3 n (n -,)] in (n- t)(n -z) 

X(a) (114 z; x/AO) = [f.;1 4à Q4ì +')- bà (bi + 1)1 

- 1.0.n -3) {ad iQà +) - bd (6d +1) }1.:7 

n (n -')( n- 1)(n -3) 

The two notations of a partition are connected by 

the relations 

( ii) J - kà - , d =. t + %, s +z, 
) j _ 

are two complementary sets of the set (o, 1, 2, ..., 
k - 1) . These relations transform Frobenius formula 

for 7r()1 (1) = 1(a, (i) into the equivalent form, 

X(4) (1) : x(A) (I) _ la A, (aó_.24 +) _ n(n -'), 
ó =1 

which is known as Hund's formula. 

Frobenius' formulae (p.26) , for the characters of 

the symmetric group on n letters, corresponding to a 

partition Of n into two parts are a type of formulae 

giving the characters of a given representation the 

class varying. The formulae derived by Littlewood and 

Richardson (p.27) , from the q- series are a similar 

type. Nfurnaghan following a very simple method based 
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on. the formula (9) (p.22.), for the characteristics of 

the symmetric groups, establishes formulae giving the 

characters of representations corresponding to parti- 

tions into not more than four parts, these being of 

extreme importance in the applications to nuclear. 

physics. 

These formulae are : 

0 
X"A1} 

`C, _ Z Y - ( , 
f..() 

(LY-1 ii1 + iiy h 

T3n.) 
(,3) ((.)1 3 ¡ . . . C 

the summation in the first term being over all classes 

( ) of the symmetric group on .12.--1 letters, and in 

the second over all those classes (3j of the symmetric 

group on A letters which do not contain any unary 

cycle. 

This formula is indeed an alternative form of 

( "-h 1') Frobenius' formula (p. 25) for x66 

( ). . A3) (,)A3) 
)(Gil 

= 2 
°ri _ z -' ÌC 

Y, `' n 
ccs) (ß) ( ß 1 ß) . . . ( t) 

(A), A.1) 

CbgrC;32- Ge3a L L ) 
. . . 

( $n 
1 

k1; _,) 
i. 

cóGte; )Cet2I ) n ) 

The summation in the first term is over all classes (p) 

of the symmetric group on A% -tA3 - 1 letters, (0 being 
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the class (ß, +1, f3 , , N), in the second term over 

all classes (S) of the symmetric group on a2.+A3 letters 
which do not contain unary cycles, and in the third 

term over all classes (x) of the symmetric group on 

As t a3 _ Z letters 
(Au )42-,A31 1`+t) ,r a (S -1 Yy 

('3) ) 
Xc1 = - + 11(() ( 3: X ' . . . ( n) 

lY3) /s1 
ox)A3,A4) w I Y3 Yn -t' 'Am) E3 `E3 . . . C(n 

Y .7 I3, 1/4.) «(t , A3 YA) l 
J `Y 10 

i=-1).43- 1 Ay-1 - 
lä1, j( aa', ) 

. 

("inn) C) l) 

The first summation is over all classes (p) of the 

symmetric group on A,, +A3 } ay -1 letters and (3 j 

(t31 
+ , 2 ... , (In) The second summation is over 

all classes (E) of the symmetric group on Ai +,3+ Ay. 

which do not contain unary cycles . The third summa- 

tion is over all classes (1) of the symmetric group on 

Az +A3 +)"- -2 letters and (!'j = (Y1 +21Y,.,Y3, n 
- >S1) /1 +1 )3 ,áY,ß The fourth summation is ... 

over all classes (S) of the symmetric group on 

Ai. +A3 +act -3 letters. 
As an illustrative example of the application of 

these formulae, if Al = n- 5) a2 = g is a partition 
of n, then there are five classes 0) namely (ss) ,(11) 
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i) , (1,3) (y-) and two classes (ß) namely ()3, (s) 
that 

X = -9 (4llozl. .(o) } 3 (1Ì/`v3)_..(ah 1\ 1 ) 5 

\¡ \ r / / (a1)\iló`an)+ Z ('Có)l13)... (pn/ 

+ C °1)( .0to3)( 14) 
. 

(_ 
on) 

+ Cf1)C13)C a4) .. ( ó") + (áX ó)( °)l Is,...( é1 

- ga i (Y1-(YI-2) 3)611- 3) 

. t eel ( Y1 - 1) (Y1 -S ) } 1(A( - o¡Z ( e( , 
( ° -3 ) `r3 + (g/' - 1) wcF + *5.°rg + ̀ á- 

Applying the first fórmula Murnaghan establishes 
n -a,A) explicit formulae for the characters A , a_ 1,2) 

..., 8 ; applying the second he establishes explicit 
(n-A, A04) 

formulae for the characters X 
611 

) alt 1 a. = a = 

= 2, 3, ..., 8; and applying the third he establishes ex- 

plicit formulae for the characters 
Ai.} Al + Xs = A = 3 9-, 8 . These explicit formulae 

have the advantage that they are the same for all 
values of n, being expressed in terms of the cycles 

of the class (.6 

The character tables for the various symmetric 

groups from n = 2 to n = 10, inclusive are given by 
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Littlewood. The character tables for n = 11, 12, 13 

are given by M. Zia - Ud - ¡An. 

The Analysis of the Direct Product 

Of Irreducible Re.resentations of The ietric ürou.s . 

If G1 is the symmetric group with elements si, t1, 

... and. G2 the symmetric group with elements s2, t2, 

then the pairs (si, one one element si from G1 mad the 

other s2 from G2 constitute a group (r (as si runs over 

G1 and s2 over G2) under the law of combination 

(t t) E)..) (s,) 5,.) = (E, S, ,ß.1,,) 

G is called the direct product of the two symmetric 

groups G1 and G2, its order g is the product of gl and 

g2 the orders of G1 and G2, and the number of classes 

it contains is the product of the numbers of classes i 

G1 and G2. 

If IG is an ni - dimensional representation of Ul 

and M2 an n2 - dimensional representation of G2, the 

direct product M1 x M2 is an ni n2 - dimensional repr :s- 

entation of G. If ,x (s,) are the characters of M1 an 

z((s=) are the characters of. PJ2, the characters of th= 

representation T;î1 x Pat of G are dK(S1)2((s1) 

If ,)(j (s,) 
, à= ,a, - - ) Pi 

and 2Y,4 (s1) ) K c 1,1, Ea, 

are the characters of the irreducible representations 

ra a= 1, 2, . . . TI ) rK , K = I) 11 - 

pa, 

of 
GG1 

d G2 respectively, and K (s,, sz) are the 
4,x 
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characters of the representation ra x rK of G, then 

simply 

(S>>51) ' !l (ssa)= 9 iXdi(si) 1`(s (1)) X. S S 1 dux, ,2,Kz ( 

V ` 

2 

°12~Kh Ixi.(sa)J 

, á =a1 XK =K, 
O ocher 

so that there are exactly VIV% irreducible representa 

tions of G, namely the direct products of the 

irreducible representations of (il and G2 taken in pair 

Thus the product of two simple characteristics of' G1 

and G2 is a simple characteristic of G. 

If G1 is the symmetric group on n' letters, G2 

the symmetric group on n4' letters and 

(A)= ,...).A ,) 
, .%,1> 

is a partition of n', 
(A") _ 01 1 ) ... ahe) ) AI z 

is a partition of n", then the characteristic which i 
the product of the two simple characteristics )Ï an 

VII is 
. 

; n%, xu %(a,,) 1 , S., (,I) 
inr ) ) (,r) 

the summation being over all classes 
i / / / 1 

9 ,, (1 _ °rl ) `l ) . . o1ñ 
1 ) e[, (' a/L/, 

- 
. n 

of the symmetric groups Gl and G2 respectively, and 

i t°() 
s,''r4 sÿ "a.. S , ", I 

S " (4 
) S 

q qf1 

I 
i *C]_ . . S 1 

YA 
. R 
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The group G is a subgroup of the symmetric group 

on n = n .} n" letters, namely the subgroup which con- 

sists of the permutations on n letters which permute 

the letters of each of the two sets, one consisting of 

n and the other of n "letters, amongst themselves. 

Also (-Q (4) + («") is a class of the symmetric 

group on n letters; the equation t.e) =(.1)-1- (a ") me n- 
4 .,g `r _ °ra + eta* à = 1, 2, ..., n, where tea = o if 

n1 and will = o if à > nu. The identification of 

and S gives the characteristic as 

/ n,, 
(K 

to 
/I 

(A ") 1-- Z n 
(et) ") X ' 

11'1.114- hi c (,1)+ (K') ) x S ' 
where 

$ "r'- 
$ "n 

1 2 
K K 

sH = ZI 1 v1 + -I- Z21% 
K _1)9, 

it being understood that the indeterminates in the 

simple characteristics 1A'} and 1,01 are power sums of 

n variables z. This is simply a compound characteris- 
tic of the symmetric group on n letters. 

The problem of analysing the representation of th 
symmetric group on n letters which is obtained in this 
way, into its irreducible components, is not merely a 

very interesting mathematical problem but also is of 

extreme importance in the applications to nuclear 

physics . It was treated extensively by two different 
methods. 

One method is a recurrence method due to Nurnagha: 
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Murnaghan first gives the general result that those and 

only those ki} will occur in the product ¡NI 

for which the partition (A) is ob ained from (A'), 

supposed written with n elements by the addition of no 

zeros, by adding (N ") in all possible arrangements to 

each set of n" of the n elements of (A'1, (0) running 

over those partitions of n" which appear when 1001 is 

written as a linear combination of the various symmet- 

ric funct ions 
n 

of degree E'in the n variables (z) . In adding (pH) to 

(A') in this way some disordered partitions of n may be 

obtained and these are arranged in the usual way. 

In the case n" = 1, (A ") =0) 

and (S) = 14» (2.) 

so that (1" ) = (I) 

(At) written with n elements is (Ai 
/ 

3 a i , , An') o ) 

and then 

1.A11111 
= 14+1) AL/ ...,ah. + A ( # 1 ' + ; ..y)ß,% .} .. 
+ ¡,ai,..,),n, +'1 + 1.4) 4, ..,Añ,,1 }. 

If (A') is of k parts only, K <R' , every term on the 

right in which 1 is preceded by o, is dropped and we 

get the formula: 

,A14}{11 = 1À1+1, 112. .. AK} +ad2+1)...,ak 

.+ ..} a =, ... aK + 1 + A, )12-) 
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In the case n" = 2, there are similar formulae thu 

(i) ¢ (') (s) = T (') (z.) 

and a,) , 'IX IAP} is obtained by writing 

),, a,., .. ,A.1 in the form 1A1) ,, aK, o, of and 

adding the pair (1, 1) in all possible ways. 

(ii) + C s) = T (z1 . T° (Z) 

and lAijds, . 
AK Ikil is obtained by writing 

)AKl in the form 1. 1)Aa., ,Ammo} and 

adding 2 and (1, 1) in all possible ways. 

From this general result Murnaghan deduces his 

recurrence method involving two essential steps for 

the solution; 

(i) The expression of each simple characteristic. 
S) of the symmetric group on :letters as a linear 

combination of the various symmetric functions, 
T(P19 íz) ZZr,ZiN3. ...Z,r 

of degree n" in the variables (z) ; 

(ii) The expression of the symmetric function of 

degree 9 in m variables z, 
72. z,y )61+ e l i- ... 

in terms of the simple characteristics 43(4) (s) of the 

symmetric group on m letters. 
These two steps have been done in tables due to 

Kostka up to n, m = 11. Murnaghan's recurrence metho 

for analysing ZA) j »' is then formalized as follows 

A. îrecede by ,% each partition occurring in the, 
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supposed lcnown, analysis of the product 

A,, A3 , ..., ah, 1 au . 

B. precede by 44-1 each partition of the, supposed 

known, analysis of the product of Iai )A3') .. ar, 
1 by a 

linear combination of simple characteristics of the 

symmetric group on n" - 1 letters. This linear combina- 

tion is obtained by first expressing Al as a linear 
combination of the symmetric functions -T(r, (z) of 

degree n, u of n letters (z) and then expressing the co- 

efficient of z1, which is a symmetric function, of 

degree n- 1, of n - 1 letters, in terms of the simple 

characteristics of the symmetric group on n - 1 letters 
C. erecede by a ¡t2 each partition of the, supposed 

known, analysis of the product {AZ) a3 .. ) an, \ by a 

linear combination of simple characteristics of the 

symmetric group on n"- 2 letters. This linear combina- 

tion is obtained from the coefficient of z12 in the 

expression for iA"} in terms of the T4' (z) 

D. Same as in B save that a ¡t 1 is replaced by )41-i- 3 

and n"- t 103 mil -3 

E. Same as in B save that a ¡+ 1 is replaced by Ai +4 

and n II-1 by n"_4. sand so on. 

As an illustrative example, the analysis of i3,2ix 
11 is obtained as follows . 

A. iMA = 41Z + X2'1+1+ 11,2-'21+ l3,3*\ 

- j3,2, 1l t % 2,3, 



Preceding with 3 and arranging parts we get 

+ 3% ) 

B . {s } = T (.1a1 (2) + -r 0,0) (Z) + 2 T (1141 (z) 

The coefficient of zl, is T (' (2) + 

{11`111/ - 14111 t 1.2-13-1 

Preceding by 4 we get 
S 

14 
S 

4 1+ I3)z+ ''ll+ L4i, 

11- ' (2) = 11.111 

13,11 + 13,101 

C. The coefficient of 712" is T(24(2) 

1a} 111 = 1 1+1 L10-1 t 1301 

+ T °) (2) ^ 

Preceding by 5 we get 

15141 + LS'21 + k5j3,1A 

There are no further terms and therefore 
1 

13,211 = S 3) ti 1 + 13, 131 + 141,11 + 4 3,21 +1ÿ-3,i 
3 

+ {43.2;q +ß.s1'T +1x.3,11 +{s,,.1. 

Murnaghan has constructed tables for the analysis 

of 1A11 % A "1 for which I n ia lie cuts the table 
short by using the fact that in the analysis of i jo} x 

¡µn1 where ill is the associate of {Ai} and { rn} 

the associate of 1Á11I, 
the {r1 which will occur are 

the associates of 1.A*1 appearing in 1.111. 

The second method gives the analysis of 

without referring to any tables. It was mainly sugges! 

ted by Littlewood and Richardson but completed. by 

Robinson. 

If (a) _ (At, A2.1 . . AK) 

45. 
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is a partition of n and in a permutation of the n 

factors of the product 

Z1 21 
ñ1 K 

amongst the first r terms the number of times z1 occurs 

the number of times z2 occurs the number 

of times z3 occurs, etc. for all values of r, then this 

permutation is called a lattice permutation. 

Thus the lattice permutations of 213 Z1 23 are 

21322 23 2.12-Z,2 V2.113 74 

21Z2 21 Zg Z(Z121Z3Z% Z1Z3_ 2.3Z.1-1' 

Simply the number of lattice permutations of -LAI ZzT1 

2%( is equal to the number of ways of building the 

diagram of the partition 0) by n regular applications 

of nodes, i.e., the dimension of the corresponding 

irreducible representation. 

If in the diagram of a partition ca) of n, the n 

nodes are replaced by symbols .(, Y taken in any 

order the result is called a Young tableau. 

Littlewood and Richardson first give the special 

case that the S- functions obtained in the product 

x Pr are those which. correspond to -Young tableaux 

that can be built by the addition of r identical symbols 

to a tableau corresponding to the : function' , nb 

two identical symbols appearing in the same column. 

They have also stated the general case but did 

not give its proof. Later Robinson has given a satis- 



factory proof. This general theorem is stated as 

follows. 

The S- functions appearing in the product of t it l )2., , p1 
x k r1, P42., . . , rç} are those which correspond to 

Young tableaux that can be built by adding to a Young 

tableaux corresponding to tal, f'iidentical symbols 

J41 identical symbols . 143 identical symbols i etc , 

subject to two conditions: 

Firstly, after the addition of each set of 

identical symbols we must have a regular Young tableau 

with no two identical symbols in the same colurr-i. 

Secondly, if the total set of added symbols is 

read from right to left in the consecutive rows of the 

final tableau, we obtain a lattice permutation of 

.eNt e1 r3 

The following illustrative example was given by 

Littlewood and Richardson. 

To form the product , it is easier 

to build on 14-,51) and since the tableau remains un- 

altered its elements are represented by dots. Thus 

ELF, 3,]: 

and we get: 

A n 
. 

e 

Y 

. . 

l' 

A /« 

. 
/y 

fC 
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p 0 a w . .e 

«ó A 0 ix 0 .( 0 

P P X P X (I 

4 
5 1 

é 

{413('111, - 16)S,2+ b,s,t/ + l6''31 +2 ICI 412tl 
+i6) 4113 

S + 1.413) 1.1.1 + 16)3)1) Z1 4- 1(1)3,11i- 1S,31 

14. 2i$12.1 1 + 1. 51I3l t 2.15'4'311 + 11 s) 4) 2-1 

+ 31. 5, 4) siI}+ k 5, 41 41 + 1_5)31') 21 +15,1:4',) 

rt- Zk 5;3 2.13 I I + { 5)31 9") 1 -¡- { 4 3 j 2, í y ) + y.13 

SS 

+-1{4-1-) i) i 4r1 4) 3, 23}+ k4)3121 + 1+ 1J . 

The Analysis of The Kronecker Product 

The Irreducible Representations of The S etric Grou 

If A and B are two matrix representations of the 

symmetric group on n letters, then A X B is also a 

matrix representation o'f that symmetric group. rb r if 

then 

N. M 

ßc =fsK , - At; X ßz 

AZxßc. Aixß''= 11i. A¡ x í3;, ea. =Akxex= k 

49. 



If r0) , r(t41 are two irreducible representations 

of the symmetric group on n letters, then the represen -¡ 

tation r04) x r(r) is reducible and its analysis was 

treated by Murnaghan. Murnaghan indeed deals with the 

analysis of 

r (n -h ) À .) ) x r (n - 41) , 113.1 . ) 

and the method is based on 3 essential remarks: 

(i) that the coefficients of the analysis are indepen- 

dent of n; 

(ii) that the analysis of r ( " -F -- ) K r(h -41), 

does not go deeper than the terms r(h - % -ti , ) ; 

(iii) that the coefficient of r (m) in the analysis of 

r-(a) x r(g&) is the same as the coefficient of r(t,) in 

the analysis of r(A) x r(v) - 

The method is then completely described by the two 

illustrative examples : 

(i) iince r (a) x r(n) = r(a) , r(^) does not appear 

in r(A) x r(w) unless cr = (A) , and in this case it 
occurs exactly once. 

There fore writing Q) for r (a) 

01-13 1) X ( n _' ) = VII) 4- ri (n-1)1) +G. (n-3,2-)+ t )+ d.(n-, 
setting n = o, 

)( (-1J ) _ 0 + C1 (-') I ) + i. (-1)2.) -i-co, (-1) ?`) 

- X -1 
i.e., c = yL 

setting n = 1, tL = 1 

* CI x-1 + L X 0 +11 x 

50. 
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setting n = 2, ci = cs 

Hence c1 = c2 = c,z = I so that 

(n -1, 1) x (n -1, 1) = (n) } (n -1, 1) + (n -2, 2) t (n -2,12 

(ii) To obtain the analysis of (n -1, 1) x (n -2, 2) we 

remark that the coefficient of (n) is zero whilst that 
of (n - 1, 1) is 1 (by example (i) ) , so that 
(n-1)1) x (n--1 = n--t, %) t (1(n-111) t n-1)11) 

+ c3 (n-3, (r1-31 2.) + C1a (-3 0). 

Setting n = o, c,1 _ c13 = 

Setting n = 1, tz = (i 
Setting n = 2, 

Setting n = 3, 

Hence c1 =I ) cli = (3 = ) C11 = 1) elg = 
so that 
(n - 1, 1 ) x (n - 2, 2) = (n - 1, 1) + (n - 2, 2) 

-- (n - 2, 12) + (n - 3, 3) (n -3, 2,1) 

In this way Murnaghan gives the analysis of 
(n_p, A1, . ) X (n - e, 14 1 I . ) 

C1_%, C3_1 

C3 = , Ca1 = Iz 

for the following values of p and q, 

p = 1, q = 1, 2, 3, 4, 5 there being 18 of these, 
p = 2, q = 2, 3, 4 there being 19 of these, 
p = 3, q = 3, 4 there being 21 of these. 

From these he constructs tables giving the 

analysis of r(A) xr1H where (» and (r) are part i- 
tions of n, n = 3, 4, 5, 6, 7, 8, 
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The tables are cut short by using the two facts 

(i) If (t) and (7:4) are the associate partitions of (A) 

and ( rn respectively, then 

`(á) x r(N) = r(A) x (Ñ) = the associates of the 

representations in the analysis of r(a) X r(141 

(ii) rCX)xr(r1 = r(A)xr(r). 
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PART II. 

TRE IR.H;_;DUJ IBI;E Tu1A't'RIA FwrRESENTA'i,i0N5 

OF TEE SnaLTkIC GROUPS. 

It was indicated in part I p.8 that there are 

exactly p irreducible matrix representations of the 

symmetric group on n letters, where p is the number of 

partitions of n. -.die traces of the matrices in an 

irreducible matrix representation r(A) , namely the 

characters of the symmetric group on n letters corres- 

ponding to the partition (A) of n, have been invesitga- 

ted extensively, and tables with these traces have been 

constructed for n = 2, 3, ..., 13. Yet the matrices 

themselves have not been given much care, except in 

simple cases, namelyn= 2, 3, and the particular parti- 

tion (2) of n = 4. That is due to the fact that no 

method appeared easy or practical to obtain these 

matrices. But very recently Professor Aitken, while 

investigating the characters of the representations by 

the compound permutation matrices, has given a simple 

and direct method by which we can obtain the matrices 

in an irreducible matrix representation r(A) , where (A) 

is a partition of a certain type. This method, when 

combined with the other methods makes it practical to 

obtain all the irreducible matrix representations of 

the symmetric groups on 4 and 5 letters. It is our. 



purpose here to obtain these matrix representations 

after describing the best method to be applied to each 

particular representation. In order that we shall 

have a complete list with all representations of the 

symmetric groups on 3, 4 and 5 letters (the case n = 2 

is trivial) we shall give those of the symmetric group 

on 3 letters as illustrative examples of the methods 

described, and shall describe the method, due to 

Frobenius, applied to the representation r(i) of the 
symmetric group on 4 letters. 

First of all, the permutation matrices of order 

n x n provide a reducible matrix representation J of 

the symmetric group on n letters. By mere inspection 

of any permutation matrix A;, we note that cycles on one 

letter in the permutation correspond to unit element 

in the diagonal, while cycles on more than one letter 

correspond to chains of unit elements all off the 

diagonal. Thus the sum of the diagonal 

or the trace, is equal to the number of 

letter in the permutation s;,, namely ftel 

tion of p. 3. Also we have seen p. 2.-1 

= I 

-1 For ..11 n, . 

elements of A;,, 

cycles on one 

in the nota- 

that 

We then conclude that the representation of the 

symmetric group on n letters, by the permutation 

s 

54. 
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matrices of order n x n, is eauivalent to the direct 

sum of the two irreducible representations r() of 

order 1 x 1, and v(n -411) of order n - 1 x n - 1. 

The operation row, -t rów2 -r- row3 + ... + rown, 

applied to a permutation matrix Ai gives a matrix Bi 

differing from Ai, merely by, that all the elements in 

the first row of Bi are unity. The operations 

cola- colt , coln_1 - col 
1 

, .., colt - col1 , applied 

to Bi give a matrix Ci in which the elements in the 

first row are 1, 0, O, ..., o. Thus the operation 

HAi ti ' where, 

and. 

ti. = 

= 

1 1 1 1 

1 

1 .. 
... 
.. 
.. 1 

i-1 -1 ... -1 

1 . 
i 

... 

... 

UMW 

(n rows) 

1 (n rows) 
G 

reduces each permutation matrix of order n x n to the 

unit matrix 1 and a matrix of order n -1 x n -l. Thus 



the operation H A ri reduces the representation A to itS 

two irreducible components r(n) and n-y) This is 
certainly the easiest and most direct method to obtain 

the matrices in the irreducible representation 
r(n-`) I) of the symmetric group on n letters. 

The simplest example to illustrate the method 

is the representation r(1,%) of the symmetric group 

on 3 letters. The elements of the group are 

I , (12) , (13) , (23) , (123) , (132) 

or 

123, 213, 321, 132, 312, 231 , 

where, in the notation of p. 1, 

S S1 S = 
( 1,213 
s 3z53) 

The permutation matrices of order 3 x 3 corresponding 

to the group elements are : 

1 1 . 1 1 . 

1 1 1 1 

1 1 Li . 1 

. 1 . . 1 

1 1 . 

1 1 

The operation H ( ) H V, where 

1 1 1 

H = 1 , rï= 

1 

56. 



57. 

applied to these permutation matrices, gives 

1 . . 100 
. 1. 1 -1 

1 . . 

1 . . -1 . 

. 1 1 -1 

I -1 -1 1 
Loa 

1001 . 

-1 . 1 1 

1 1 -1 -1 1 , 

. 

-1 

From these we have : 

the representation corresponding to the partition (3) 

1, 1, 1, 1, 1, 1, 

and the representation corresponding to the partition(2j1) 

1 -1 1 .1 1-1 1 -i -1 

. 1 . 1 -1 -1 1 -1 -1 1 . 

We shall apply this method to obtain the matrix 

representation r(3.') of the symmetric group on 4 letters 

and the matric representation r(4,ß) of the symmetric 

group on 5 letters. 

We note that the representation r(1,0-21 is 

obtained from the representation r0-1,1) by multiply - 

ing each matrix in r(n-'i%), corresponding to a 

negative permutation of the symmetric group, by -1. 

We can apply that to obtain the representations r 

and r(i113) of the symmetric groups on 4 and 5 letters 

respectively. 
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Secondly, Frobenius has given the following 

method based on Young tableaux p. 46. A tableau in 

which the letters in each row and in each column are 

in ascending order, is called a standard tableau. 

The number of standard tableaux corresponding to a 

partition 0) is simply the number of ways of building 

the graph of the partition (À) by n regular application 

of nodes (p.16) and hence equal , to Ç . These 

tableaux are ordered in the following manner. A and 

B representing two standard tableaux and the letters 

in the ith row and jth column being aed and bia 

respectively, we have the two sequences 

all 1 441 . ) a4Á4 , 1114 . 
° A.L 

) (134 - (lib At) 

bn $ bas 4 

.. 
I 61x4 

, ba4 i z.ay ) b3% , 

If aßá , the first letter in the first sequence such 

that ai j 4 6,4 is smaller than. 64, the tableau A 

is said to precede B. 

The term synmietric group on r letters is used 

to denote the sum of the group elements of the symmetric 

group which permutes these letters, and the term 

negative symmetric group is used to denote the same 

thing with a minus sign attached to each negative 

permutation. 

Frobenius' theorem is then stated thus 

If for every pair of standard tableaux, it happens 

that there is at least one pair of letters in the same 

CO/ u..4,n ;n A1. and in the 40-w4e row in As , wt write, 
p; _ t.e pre duct of 63mmetric9rou.PS on thc e.le.+ntv4tS in 



rows of Al; , Ott produck, 04 -vt S. SIS an e(eVVttits n cal n5,. 

C = Pi; N t: 

and eq. Ni 

where dai, is the permutation which transforms the 

tableau Al into the tableau Ai, then the matrix of 

order c(A) x f(A) 

é1-1 
e31 eçal 

e12 e21 

e13 

ef(,12 

e13 en ef(A) 3 

Qtfok1 e1¢(A) e3 to-) . 6.40 

is a group matrix for the irreducible matrix represen- 

tation r(a) . Indeed this is of the form 

E 

where xi, = s i,'1 and Me is the matrix in r (A ) 

representing the element Si.. 

Frobenius has applied the method to the represen- 

tation rce) of the symmetric group on 4 letters, and 

indeed this is the simplest method in that particular 

case. 

If it does not happen that for every pair of 

standard tableau there are two elements in the same row 

in Ai and in the sane colurn in A., the representation 

r(A) can be obtained by a similar method, but the elements 

eca 
in this case, are too complicated so that the method 

is not practical for use, and we shall not give it here. 
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Thirdly cones a method based on invariant 

matrices. If A is a given matrix, T (A) is an invar- 

iant matrix of A if 

T (A). T(B) = T (A.B1. 

,T (A) is said to be reducible if there exists a matrix 

H of the same order as T (A) such that 

T; (A) 0(A) 

4-1T( A) `-{ _ 
o Tz.(A) 

clearly T (?) and T2 (A) are also invariant matrices 

of A and T (A) is say. d to be equivalent to their direct 

SUM. 

Schur has shown that there are exactly p 

irreducible invariant matrices T (A) , whose elements 

are functions (homogeneous) of degree n in the elements 

of A, p being as usúal the number of partitions of n. 

The invariant matrix corresponding to the parti- 

tion (x) of n is written A and its trace is the 

S-function 1,11 (p. 22) in the latent roots of A. 

To any relation between the S- functions of the 

different degrees corresponds a relation between the 

invariant matrices of A, whose traces are the s- functions 

of the respective degrees in the latent roots of a, a 

sum or a product in the first relation being replaced 

by a direct sum or a direct product in the second, and 

an equality in the first being replaced by an enuivalenee, 

Thus to the relation 

t.411 1 1 
} 11 + V3} 
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corresponds the relation 

A 
Laa 

x A = A L2' t A 

To the relation 

1_;"1 = 1211.1 + c 1/1 

corresponds the relation 

_03 
x A = A 

DI() 

-i- 
A 

D3) 
A 

or 
00 
A x A A 

ts] 
+ A (3) 

being the rth induced power. of A, and has 

trace irls = pr mu) A CI) = A C *1 the rth 

corrmoun_d of A and has trace 10.1 = dr. 

Now if A is taken to be the matrix 

a b1 c 
a: b1 c 

1 

a3 b3 c3 

. 

an bn c 

.. hl 

hL 

. h3 

. 

. hn 

and we construct the invariant matrix Aug correspond- 

ing to the partition (A) of n, there is a submatrix of 

A ia] each element of which contains all the symbols 

a, b, c, ..., h and all the suffixes 1, 2, 3, ..., n 

permuted in some way. This part is called the most 

polarized part of A 
Ea] 

or. its central core. 

The main thing is that this central core is a 

group matrix for the irreducible matrix representation 

r(x) of the symmetric group on n letters. Indeed the 
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central core is equal to 

-:'she re 

_ C3 . hn) 

and I.ß.1 is the matrix in r(a) , representing the group 

element S. . 

is 

3 

The most simple 

the representation 

letters. In this 

example to illustrate the method 

r(0) of the symmetric group on 

case A is the matrix, 

-al bl cl 

a2 b2 c2 

a3 b3 c3 

and A 
G3] 

= A (3) 
, the determinant of the matrix 

The central core is 
A1'31 

itself, namely 

a 
1 
b 2c3 - a2 b1 c3 - a3 b2 cl - al 

b3 c2+ a3 b1 c2 

. _ a b c , and we get 
2 3 1 

the alternating scalar representation r(13) =: 

1, -1, -1, -1, 1, 1. 

We shall apply this method to obtain the repres- 

entation r(i,1) of the symmetric group on 5 letters. We 

shall obtain the central core of A 
C4 

by reducing t 

central core of A 
(31 X A to two components, the 

central core of A 
f3;13 

and the central core of A s AN 

The representation r(3,3.) is obtained from the 

representation r(, by multiplying each matrix in 
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r(20) , corresponding to a negative permutation by -1. 

Lastly, rrofessor Aitken, while studying the 

characters of the compounds of permutation matrices of' 

order n x n, has got the result. that the traces of the 

2nd, 3rd, ..., n -1 th compounds of the irreducible 

matrix representation r(n -131) are the characters 

x 
Thus the 2nd, 3rd, ..., (n - 1) th compounds of the 

irreducible representation r(n -1) 1) are the irreducible 
representat ions 

r01-1,i) , r(n-3,i3) ... r(2) ) r(In) 

This is undoubtedly the simplest method to obtain the 

irreducible matrix representations corresponding to the 

so- called, unicursal partitions. 
The method is very simply illustrated by 

noting that the 2nd compound of the irreducible 
representation r(1, t) of the symmetric group on 3 

letters (p. 51 is the alternating scalar representation 

r(Ú3) E 1, -1, -1, -1, 1, 1. 

We shall apply this method to obtain the matrix 

representation r(33-) of the symmetric group on 5 

letters. 
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Group of order 4! 

The elements of the group are : 

Class (14 ) : 1 

1 

1 2 3 4 

Class (12, 2) : 2 3 4 5 6 7 

(12) (13) (14) (23) (24) (34) 

2134 3214 4231 1324 1432 1243 

Class (22) : 8 9 10 

(12)(34) (13)(24) £,a4)(23) 

2143 

Class (1,3): 11 12 

3412 

13 

4321 

14 15 

(123) (124) (132) (134) (142) 

3124 4132 2314 4213 2431 

16 l? 18 

(143) (234) (243) 

3241 1423 1342 

Class (4) : 19 20 91 22 

(1234) (1243) (1324) (1342) 

4123 3142 4312 2413 



23 24 

(1423) (1432) 

3421 2341 

Representation corresponding to partition (4) : 

The unit representation 1, 1, 1, ..., 1. 

Representation corresponding to partition (3, 1) 

1 

... 

6 

8 

. 

1 

. 1 

L 

3 4 5 

-1 1 . jr, . . 1 

-1 -1 -1 . . i 
1 . . 1 -1 -1 -1 . . 1 

'7 

1 

1 

9 10 

- 1 -1 -r 
. 1 

1 
NNW 

. 

- -1 -1 1 

i . . -1 -1 

1 
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i 

11 

-1 

1 

-1 -1 

1 

12 13 14 

1 -1 -1 -1 1 

1 1 

-1 

15 17 18 

-1 -1 -1 

-1 -1 

16 

1 . 

fl 
. 

19 20 21 22 

1 1 1 -1 - 
I_i -1 -1 1 

1 -1 -1 -1 1 -1 

-1 

l 

-1 

23 

1 

-1 

1 

-1 

-1 

24 

=1 -1 -1, 

1 

1 

Representation corresponding to partition (22) 

The standard Young tableaux are 

1 2 

3 4 and 

so that 

= I t (12) t (34) 

N= I - (13) - (24) 

rz= I t (13) + (24) 

1 3 

2 4 

+ (12) (34) 

+ (13) (24) 

-4- (13) ( 24) 

66. 
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N2 = I (12) - (34) + (12) (34) 

41.2- = 11.1 = (13) 

Therefore 

= I + (12) - (13) - (24) + (34) + (12) (34) 

-f- (13) ( 24) + (14)(23) - (123) - (134) - (14) 

- ( 243) - (1234) + ( 1324) + (1423) - ( 1432) . 

e1?. = - (13) + (14) + (23) - (24) - (123) + (124) 

+ (132) - (134) - (142) + (143) + ( 234) - ( 243) 

- (1234) + (1243) + (1342) - (1432) . 

e:i = - (12) + (14) + (23) - (34) + (123) - (124) 

- (132) + (134) + (142) - (143) - (234) 

+ ( 243) + (1243) - (1324) + (1342) - (1423) . 

e2.2. = I - (12) + (13) + (24) - (34) + (12) (34) 

+ (13) ( 24) t (14) ( 23) - (124) - (132) - (143)-(234) 

+ (1234) - (1324) - (1423) + (1432) 

and we get . 

1 

2 3 4 5 6 7 

-1 1 1 -1 

-1 -1 1 1 1 1.-1 1 

8 9 10 

[1. .11 [1. .11 r -11 
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-1 

12 13 

-1 

1 

14 

. 

1 

18 

. -1 

1 -1 

20 21 22 

11 1 -1 

1 . -1 1 

15 16 

-1 . -11E-1 1 

-i [3. -1 -1 . 

23 24 

11 1 _11 -1 .1 

. ...ii -1 t 

This representation is multiply isomorphic with the 

group. 

Representation to 

In the representation corresponding to the 

partition (3, 1) , the matrices representing the 

elements in the classes (12, 2) and (4), are multiplie 

by the scalar - 1. 

Representation corresponding to partition (14) : 

The alternating scalar representation. 
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Group of order 5! 

11he elements of the group are : 

class (15) : 1 

I 

12345 

class (13,2) : 2 3 4 5 

(12) (13) (14) (15) 

21345 32145 42315 52341 

6 7 8 9 

( 23) . ( 24) ( 25) ( 34) 

13245 14325 15342 12435 

10 11 

(35) (45) 

12543 12354 

class (1,22) : 12 13 14 15 

( 12)(34)(12)(35)(12)(45)(13)(24) 

21435 21543 21354 34125 

16 17 18 19 

(13)(25)(13)(45)(14)(23)(14) (25) 

35142 32154 43215 45312 

20 21 22 23 

( 14)(35)(15)(23)(15)(24)(15)(34) 

42513 53241 54321 52431 
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24 25 26 

(23)(45)(24)(55)(25)(34) 

13254 14523 15432 

class ( 12,3) : 27 28 29 30 

(123) (124) (125) (132) 

31245 41325 51342 23145 

31 32 33 34 

(134) ( 135) (142) (143) 

42135 52143 24315 32415 

35 36 37 38 

( 145) ( 152) ( 15.3) ( 154) 

52314 25341 32541 42351 

39 40 41 42 

( 234) ( 235) ( 243) ( 245) 

14235 15243 13425 15324 

43 44 45 46 

( 253) ( 254) ( 345) ( 354) 

13542 14352 12534 12453 

class (23) : 47 48 49 50 

( 123) (45)/( 124) (3s 125) (3,0/(132)(45) 

31254 41523 51432 23154 

51 52 53 54 

( 134)( 25) /(135)(24)/(142)(35) /(143)(25) 

45132 54123 24513 35412 



class 

55 56 57 58 

(145) (23) ( 152) ( 34) (153) ( 24) ( 154) ( 23) 

53214 25431 34521 43251 

59 60 61 62 

(234)(15) ( 235) ( 14) ( 243) ( 15) ( 245) ( 13) 

54231 45213 53421 35124 

63 64 65 66 

( 253) (14) (254) (13) (345) (12) (354) (12) 

43512 34152 21534 21453 

(14) : 67 68 69 70 

(1234) (1235) (1243) (1245) 

41235 51243 31425 51324 

71 72 73 74 

(1253) ( 1254) (1324) ( 1325) 

31542 41352. 43125 53142 

75 76 77 78 

(1342) (1345) (1352) (1354) 

24135 52134 25143 42153 

79 80 81 82 

(1423) (1425) (1432) ( 1435 ) 

34215 54312 23415 52413 

83 84 85 86 

(1452) (1453) ( 1523) (1524) 

25314 32514 35241 45321 

71. 



class 

87 88 89 90 

(1532) (1534) (1542) ( 1543) 

23541 42531 24351 32451 

(5) : 

91 

( 2345) 

15234 

95 

( 2534) 

14532 

97 

(12345) 

51234 

101 

(12534) 

41532 

105 

(13425) 

54132 

109 

(14235) 

54213 

113 

(14523) 

35214 

92 

( 2354) 

14253 

96 

( 2543) 

13452 

98 

(12354) 

41253 

102 

(12543) 

31452 

106 

(13452) 

25134 

110 

(14253) 

34512 

114 

(14532) 

23514 

93 

( 2435) 

15423 

99 

(12435) 

51423 

103 

(13245) 

53124 

107 

(13524) 

45123 

111 

(14325) 

53412 

115 

(15234) 

45231 

94 

( 2453) 

13524 

100 

(12453) 

31524 

104 

(13264) 

43152 

108 

(13542) 

24153 

112 

(14352) 

25413 

116 

(15243) 

35421 
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117 118 119 120 

(15324) (15342) (15423) (15432) 

, 43521 24531 34251 23451. 

The operation H ( ) H, where 

H = 

and 

1 1 1 1 1 

1 . 

. . 1 

1 

1 

1 -1 1 -, -17 

1 . 

i . 

1 

1 

applied to the permutation matrices of order 5 x 5 giv 

the representation corresponding to the partition (5) 

.j- the representation corresponding to the partition 

(4,1) . The representation corresponding to the parti- 

tions (15) and (2, 13) are theme associated representa- 

tions. 

The representation corresponding to the partition 

(3, 12) is the 2nd compound of the representation 

corresponding to the partition (4, 1) . ' 

To obtain the representation corresponding to the 

s 

73. 



74. 

partition (22,1) and hence the representation corres- 

ponding to the partition (3,2), we make use of the 

identity 

A 4 
et e 

ie "3 d, = ti) '1 - 4 
from which 

A 
3i 

x A(a,= A 
C1', 

1, A X Í (4) 
. 

We take 
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(b, dal.) (b, ey,) (ci d,,) (ci e4) ( d, ey,) 

(b1 d5) (b, es) (c, ds) (c, es) (d, es) 

(b1 d3) (b1 e3) ( c d3) (c2. e3) (d.1 e3) 

(bi dy,) (b, ey.) (c d4 ) (c1 e4) (d1 e4) 

(b1 d5) (b,, es) (cz d5) (c.L es) (d-1 e5) 

(b3 dt.) (b, ey, ) ( c3 d4) ( c3 e 4) ( d3 ey) 

(b3 ds) (b3 es) ( c3 ds) ( c3 es) ( d3 es) 

,(c4 ds) (cy. es) (dy. es) (b4 ds) 

and A(3) = 

(a, b z c3) (ai 

(b4 e5) 

b1 d3) 

(a, 132. c,t) (a1 b1 d4) 

(a, b1 es) (a1 b1 d5) 

(a1 b3 cy,) (a, b3 dit) 

(a1 b3 cs) (a, b3 ds) 

(a, by. c5) (a1 b4 d5) 

(a1 b1 e3) (a1 cz d3) (a, c1 e ) 

(a, b.1 e4) (a, c1 d4) (a, cz e) 
(a1 b1 es) (a, el. ds) (at c1 es) 

(a, ba e4) (a1 c3 d4) (a1 c3 ed) 

(a1 b.3 es) (a, c3 ds) (a1 c3 4 
(a, by. e=) (a1 ey. ds) (a, cit. es) 

(a2 b3 c4) (a.s. b3 dy.) (a.1 b3 ey.) (a1 03 d4) (a, c3 ey,) 

(az b3 cs) (a1 b3 ds) (a1 b3 e5) (a1 c3 d5) (a1 03 es) 

(az b4 cs) (a1 b4 ds) (ai b4 es) (a1 c4 ds) (a1 04 es) 

(a3 b4 cs) (a3 b4 ds) (a3 by, es) (a3 cy d5) (a3 04 e5) 

(ai dl e3) (b, cz d3) (b, c1 e3) (b, d1 e3) (cl d1 e3) - 
(8.1 d1 e4) (b, c1 d4) (bi c1 e,t) (b, d z e4 ) ( ci d1 e4) 

(a, d.i es) (b, cds) (b, c tes) (lai d1 er) (c, d es) 

(a, d.3 ey_) (b, c3 dy,) (b, c3 ey,) (b, d ey.) (c, d.3 e4) 

( a, d3 es) (b, c3 d s) (b, c3 d5) (b1 d3 e5) (ci d.z e5) 



(az d 3 es) (bz c3 d5) (bz c.3 es) (b.i d.3 es) (c1 

(a: d,+ es) (b1 c4 ds) (b,, cites) (b1 d4 es) (cz d4 

3 dit, e5) (b3 e4- ds) (b3 ctt es) (b3 d4 es) (c3 d4 

The direct product A(3) X A 
(11 is a matrix of order 

.100 x 100. The most polarized part in this matrix, is 

a sub- matrix of order 10 x 10 and its elements lie in 

the 10th, 19th, 28th, 37th, 46th, 55th, 64th, 73rd, 

82nd and 91st rows and columns. We write this sub - 

mat rix as 

I4. = [ml, m2, m3, ..., m101 

where each m is a column vector, namely 

ml 

fl3 

(a, 102, c3) (dit es) 

( a, b1 c4) ( d.3 es) 

(a, b1 cs) (d3 ey,) 

( a, b3 cy.) (di es) 

_( a 133 c s) ( d e4) 

(ai b4 cs) (dz e3) 

(a./b3 c) (d, es) 

(az b3 c5) (d, e4) 

(a1 b cs) (d, e3) 

(a3 b, cs ) (d, e1) 

(a, bze3) (c4 ds)' 
(a, b1. ey.) (c3 ds) 

( a, b,, es) (e3 d4) 

(al b3 ey.) (c ds) 

nl2- 

b (c4 
_ 

( al b d4) (c3 es) 

(a, b ds) (c.3 e4) 

( a b3 d4) ( cz es) 

(a, b3 ds) (c,. eit) 

(a b4 ds) (c2,_ e 3) 

(a b3 dy) (c, e5) 

(a b3 ds) ( c, eit) 

(az-by ds) (c, e3) 

(a 3 b, ds) (c 
1 

ez) 

(a1 c1 d3) (bit_ es) 

( a cl cd4) (b3 es) 

( a, cz ds) (b3 e4) 

(a, c3 d4) (b1 es) 
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(a, b3 es) 

(a, b,+ e5) 

( cz d4) 

(c d3) 

(az b3ek) 

(as b3 e5) 

(a2 by. es) 

(a3 b4 es) 

(a, c1e3) 

( c, 

(c, 

(c, 

( c, 

(b4 

ds) 

d4) 

d3) 

d1) 

ds)- 

( a, C 1 e4) (b3 d5) 

(a1 c1 es) (b3 d4) 

(al c3 ey.) (b ds) 

(a 
1 

c 3 e5) ( b1 d,F) 

ti5 (a, c,t e5) (b2 d3) m6= 

( a1 c3 e4) 

(a2. c3 es) 

(b, 

(bi 

ds) 

dk) 

(a2 c4 es) 

(a3 c,e es) 

(b, 

(bi 

dj) 

d2) 

(a, c3 ds) 

(a, c 4 ds) 

( az c3 die) 

(al c3 ds) 

(a, cs. ds) 

(a c4 d5) 

(a, (bk 

( a, cl, e,t) (b3 

( a, d es) 

(al d3 e4) 

(a, d 3 e5) 

(a, d4 ) 

e) 
es) 

e) 
es) 

1117= 

(b, 

( b, 

(bi 

( b, 

Xb, 

( b, 

(b1 

(b1 

c2 d3) 

c1 d,,.) 

c2 ds) 

C 
1 d4) 

cl d 5) 

c4 ds) 

C3 dit) 

c3 ds) 

( ay. es)-' 

(a3 es) 

(a3 e4) 

(a2. es) 

( a2 e,F) 

(az e3) 

( a e5) 

(al e4 ) 

m8= 

"-(b, 

(b, 

(b, 

(b, 

(b, 

(b, 

(b2. 

(bz 

c1 e3) 

03 ek) 

c1 es) 

c.3 e4) 

c3 e5) 

C4 es) 

cl es.) 

c3 es) 

(b3 

(b,. 

(b2 

(ba 

e,+) 

e3) 

es) 

e,e) 

e3) 

e2) 

Cs) 

C5) 

c ) 

c s) 

c 4) 

03) 

(b, Cs) 

(b, c4) 

(b, c3) 

(bi cZ) 

( a4 ds) 

( a3 ds) 

(a3 d4,) 

(a1 ds) 

(az d,f) 

( a1 d3) 

(a 
t 

d) 
(a, d,F) 
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m9_ 

I 

[OD* c,tds) (a, e3) 

(b3 c4 ds) (ax el) 

(b, d1 e3) (a4 cs) 

(b, d1 ei,) (al cs) 

(bI dz es) (a3 c4) 

(b, d3 e,t) (aZ cs) 

(b, d3 es) (a 04.) 

(b1 d4 e5) (a1 c3) 

(b2. d3 ey.) (a1 es) 

(b2 d3 es) ( al c,i.) 

(b1 d4 es) (a, c3) 

(b3 d4 e5) (a ci) 

m10= 

(b1 04 es) (a1 d3) 

[(ba c,, es) (a1 d1) 

(ci da e3) (a,« 

(e1 ey.) ( a3 bs ) 

(GI dz es) (a3 b4) 

(cl (13 e4) (a b3) 

(el dl es) (a2 b4) 

(c, d4 e5) (a1 b3) 

(c d3 e4) (al bs) 

(c2 d3 es) ( ai b4) 

(ca. d4 es) (al b3) 

(c. d e5) (a, bl) 
n the first column of thé matrix A(3) x A(1/ 

and the same rows as before, we have the column vector; 

(al b 03) ( a4 los)- 

(a, 131 c,r) (a3 bs) 

(a, b1 cs) (a3 134) 

(al b3 c4) (a, b5) 

(al b3 cs) (a1 b4,) 

(a b cs) (a b3) 

(a2 b3 c,) (a1 bs) 

(a2 b3 c5) (a1 by,) 

(a1 b4cs) (a1 b3) 

(a3bcs) (al bz) 
- 
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The elements of that vector are not linearly independ- 

ent. They are connected by five linearly independent 

identities. We easily see the following identities . 

1) (at b c3)(a4bs) - (at b, c4)(a.s bs) .{- (al b1 c5)(a3 b4) 

+(al b3 c4)(a, bs) - (a1 b3 cs)(a2 t ) + (al b4 c3)(a.Lb3) 

- (a 2133 c4)(at b3) (a2b3c5)(ai b4) - (alb,tcs)(a1 1 ) 

+ (a 3 b 4 es) (al h ) = o, being the Laplacian 

expansion of the determinant 

a1 b1 c1 a1 b1 

a2 bZ c2 al bi 

a3 b c3 a3 b3 

a4 b4 c4 a, 444- b4 

a5 s b c as bs 

2) (at b2 c3)(a,tbs) - (at b,. c4)(a.3bs) + (al b3 c4.)(azbs) 

- ( a z b 3 c4) ( a t b s) = o, being the Laplacian 

expansion of the determinant 

at b1 cl al b1 

a b c al b 1 

a3 b3 c3 a3 b3 

a4 b4 e 
4 

a4 b4 

o o o a b 

3) (at 101 c3)(a4b5) -t (al 131. c5) 13,4) - (a, b3 es) (a1b4_) 

i- (a 1 b cS) (a by) = o, being the Laplacian expansion 

of the determinant 
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at b c ai b, 

al b1 cl al b1 

a3 b3 c3 a3 b3 

o o ay by 

a5 b5 Cs as b5 

4) -(a1 bz c4)(a3 b5) t (a 1 b1 cs)(a3 bit) t (a, b4 CS)(,ab3) 
-(8.1 bit cs) ( a b3) = o, being the Laplacian expansibn 

of the determinant 

a b cab bI e 

a: *b1 c= a1 b 
1 

o o o al b3 

a4 ba. c4 ay bit. 

a5 bs c5 a5 b5 

I 5) (a1 b3 c4)(a1 bs) - (at b3 cs)(a.1 bit) ..F. (al by, cs)(az b3) 

.{- ( a3 b4 cs/ ( a b1) = o, being the Láplacian expan- 

sion of the determinant 

ai bi CI 

o o o 

a b 

ai b1 

a3 b3 c3 a3 b3 

á} 134 c4 a4 b y. 

as b5 cs as b5 

) -(a1 b3 cif) (at bs) + (a.b3cs)(ai b4) - (ai b cs)(ai b3) 

t (a3 b4 cs)(at b1) = o, being the Laplacian expansion 
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of the determinant 

o o o al bl 

a1 b i c1 al bl 

a3 b3 c3 a3 b3 

a4 b,r c4 a4 bti, 

a5 b5 cS as bs 

Subtracting 6) from 1) we have 

7) (ai b c3)(a4b5) -(al bcy,)(a3bs) t(al bl cs)(a3b4) 
1- (a b3 c4)(a1 bS)-(a1 b3 c5)(ab4)t(al b4 cs)(ajb3) 

= o 

Subtracting 4) from 7) we have 

8) (al bc3)(a4bs) +(al 103 c4)(axb3) -(al b3 cs)(a1b) 
+ (a1 b 4 cs) (a b3) = o 

Subtracting 7) from 5) we have 

9) - (at b,. c3)(a,t bs) t (al bz c4)(a3 1:D -(al bl cs)(a3 
t(a3b,,.c5)(a1b,.) =o 

From 7) , 2) , 3) , 8) and 9) it fpllows that the operati 
(1) row6 } raw]. - row2 -F row3 t- row4 - row5 

(2) row? - rowl row2 - row4 

(3) rows + row, row3 - row5 

(4) row9 .i. rowl + row4 - row5 

(5) row10- rows + row2 - row3, 

applied to the above vector, suppress its last five 

elements to zero. 

Therefore, performing these operations, together 

with the operations 
(6) Cols -- col 6, col 4 - col 6, co13 - co16, colt -t- c 16, 

ns 



colf - col 6 

(7) colo j- co17 , 0012 - co17, colf -j- col 7. 

(8) 0015 .. co18 , 0013 - col81 coli - col 8. 

(9) 0015 -f co19, colo - 0019, coil - col 9. 

(10) 0013 + 00110, colt - colid coil + col 10 

on the matrix M, it reduces to M1 4- M2 where Ml 

is the most polarized part in A 
Caj 13 

These opera- 

tions are equivalent to premultiplying M by 

1 

H = 

1 

. l 
. 

1 -1 1 1 -1 1 

-1 1 . -1 1 . 

1 1 -1 1 

and postmultiplying by 

- 
1 . 

1 . 

1 

1 . . . 

-1 
H = -1 1 -1 -1 1 1 

1 -1 1 1 

-1 -1 1 1 

-1 . -1 1 1 

1 -1 1 . 1 

w 

82, 



We write M 1 
as [ties] , i, j = 1, 2, 3, 4, 5 and we 

then find 

M _ 

83. 

( a, bi c3) ( dli, e5) - ( a1 d2 e3) (h +(b, c (:3) ( a e 5) 

- (b, c1 e3)(a4, ds) - (b, di e3)(a4 c5) + (c, d1 Ei3)(a4, b5) . 

M:, = (a, bz c4) ( d3 e5) - (a, dz e4) (b3 c5) + (b, c1 d) 
( a3 es) 

_ (b1 cz e4)(a3 d5) - (b, d1 e4)(a3 c5) + (e, d g4,)(a-3 bs) . 

M31 = (a, b1 c5) (d3 eu.) -(a, d1 es) (b3 C,t) + (b c,, as) (a3 e4) 

-(b, c1 e5)(8.3 d,.) - (b, d1 e5)(a3 c,t) + (c, d1 é5)(a3b4) . 

1.141 = (a, b3 c14.)(d3. es) - (a, d3 e4)(b1 c5) + (b1 

- (b, c3 e,F)(as d5) - (bi d3 e,.) (a1 cs) + (c, 

Fist 

M12 

4) ( az e5) 

*) ( al b 5) . 

= (a, b3 cs)(d1 eat) - (a, d3 e5)(b,, c4) t (b, c.3 45)(a1 e) 
- (b1 e3es)(a1 (b, d3 es)(as.c4) +(°, d3 °5)(azb4). 

(a1 d 1 e3) (b,,f c5) - (b, ci d3) 
( a4 e5) b i d3) ( c it e5) 

d e3)(a, b5) . 

1113 = (a, b2 d)(c3 e5) + (a, d1 e4)(b3 c5) - (b, c1 d4) (a3 

- (c, d e,t)(a3 b5) . 

M31 = (a, bz ds)(c3 e4) + (at d1 es)(b3 cp.) - (b, c1 a5)(a3 e4). 

- (e, d1 e5)(a3 bit). 



110.=(a% b3 d4) ( c,. es) +( a, 

-(ct d3 e,t)(a1 b5). 

84. 

d3 e4.) (b, cs) - (b1 c3 d4) (a1 e5) 

M51=(a, b3 ds)(c2. ev) + (a, d3 e5) (b,. 04) - (b 
1 

c3 ds)( 

-(ci d3 e5)(al. bid . 

=(a1 b2 e3)(c4 ds) - (a d1 e3)(b4 cs) - (b 

+(c, d1 e3)(awbs) . 

I 
c1 e3) ( 

- (b1 c1 e(«) ( 

az e4.) 

a4 d 5) 

a3 d5) 

33 =1a1 13,2. e$)(a3 d,) -(at d1es)(b3 c,+) - (b1 c1, es)(1a3 di) 

-}(ci d2 e5)(a3 b4) . 

M,r3=(at b3 e4)(c1 d5) - 

+( c1 d3 e,*) ( al les) . 

M53 =(a1 b3 es) ( c1 d4) - 

+( el d3 e 5 ) ( a 1 b y,) . 

tilt« =(a1 

-(b1 

t1,4 =( at 
-(b1 

(a1 d3 e,t) (bi. cs) - (b1 c e4) a1 ds) 

(at d3 e %) (b 3. e 44) " (b% c3 e5) a1 did 

c1 d3)(b, es) - (a, d1 e3)(b4 cs) + (bi 

d1 el )(ay. c5) . 

01 d3) a4 e5) 

c1 d,t) a3 es) 
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P1a4 =Qa, 

-(b, 

Mwr =(a, 
-(b, 

¡Ms4 =( a, 
-(bi 

c2 ds) (b3 e4) 

d2 eS)(a3 c4) 

c3 d4)(b, es) 

d3 e4) (al c5) . 

cl d5) (b l e4) 

d3 e5)(a1 

- (a, 

. 

- (a, 

- ( a i 

d1 e$) (b3 c1,) + (b, cz ds) (á3 

d3 e4)(b1 c5)+ (b, c3 d4)( 

d3 es) (b.). c4) + (b 
l 

c dS) 

ei,) 

es) 

e4) 

Mz5 =(a, c2 e4)(b3 ds) + (a, de4.)(b3 c5) (b, cz e)(a3 ds) 

+(b, dz e4) (a3 cs) . 

N13S a( a, c2 es) (b 3 d.,4.) + ( a, d1 es) (b3 c,t) + (b, c ti e5) ( aa d4) 

-1-(b, d, e5)(a3 c4) 

M".g =(a, c3 ek.)(bl d5) + (a, d3 e4)(b1 cs) +(b, c 3 e4)(a ds) 

+(b, d3 e,) ( a1 cs) . 
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Explicity in terms of al, a?, ..., e5, the suf- 

fixes arranged in accordance with the arrangement of 

the elements of the group, these are : 

M11 = a, b,. c3 d4 e5 - a1b c3 d,e5 - a.3b1 c d4 e5 

+ a4b, e3 di e + a5bz c3 dy e1 - a b3 cl d4. e 

- al bz c3 ds e4 + a2bi c3 d e4+ a3b2. ci ds 

-ab3 czd e5 + a4b5 c3 d e1+ a4b1 c dI 

- as b3 cz dit ei 4. as b4 c3 d,.ei { a5 b 
2.. 

c, d3 

+ a1 b3 cZ d5 ey, - a1 b4 c5 d 1 e 3 - a1 b5 c4 d3 e1 

+ a3 b1 c1 d 4 es - a,tbi c3 d1es - as bi c3 de 
+ a2 b3 ci dy. e5 - a,+ bi c d3 e5 - asbl cI d4 

as bz c3 di e,+ - a4 b1 c3 d 5 ei - a3 bi c1 d se 

- ay,bl c5 die3 - a5b, c,td3e1- a1b3 cl dse 
- ait bs ci d3 e1 - a 5 b4 c 1 d1 e3 + a 1 b4 c di 

+ a3 bs c4 di e1 + a5b3 c1 di e4+ az.bs c4 d3 e 

+ a3 bites d2 et -t a 4 b 3 c 1 d 5 e1 - a5b4c1. d3 e 
- a 4 b 3 c1dl e3- a5b3 c Li. d1 el - a4b3 c3 di e1 

+ a`*bi cz d3 e5 
+ 

a sbi cl d4 e3 t a sbl e3 d1 e4 

+ a4bi c3 d5e,,+a4.b3ci d1e5t a5 b3cI d4e1 

+ a5 b2 c d 3 ey + ay,b.L c d e3 - a sb4 c3 dl e 

- as b.2. c4, di e3- a4bsc3d1el - a4b1 cs d3e1 

+ ai b 5 cy. d2 e3 + al b4 cs d 3 e - aslot c2 d3 e4 

- ait bi c2 d5 e3 + as b1 c4 cll. e3 + a4 bi c5 d3 L 
- as b3 ci d.iey, - a4b3 ci dsel+ a5b4.ci d3 ex 

+ a4 b cI d e + a5 b c1 di e3 - a3 b,+ c s di e 

+ as b3 c4 d1 e1 - a1 bs c4 d i e3+ ai+bs c Zd3 e 



- a3 b5 c4 d2ei + a,tb3 cs dze -ab c sd3 e 

a3 b2 c dy, es+ a Sb1 c3 d4 e1 - a1 b5 c3 d4 

+ ai b1 c, d3 e5 a1bi c4 d3e5..r a3b ci d1 

a b s c d4e1+ a 3 b c i ds e,i. + a4b5 c3 dl 

- a5 b3 c s d4 e - a5 b4 c3 dl el + a sby c4 d3 

a3 bi c d4 es - a s b c3 d 4et. - a b cl d3 

+ a 5 b c d y, e3 t a b c4 d i es - a b c d 

5 
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r"r31-able does -ab zc3 d est . ab4c3c11e 
5 

- a1 b1 cs d4 e3 + a1 b cs d4 e3 t a3b4 ci d1 es 

- a b c1 d4 e1 a3 b1 ci d5 e4+ ab c1 di e3 

+ a4b; c3 d e- ay. b c sdi e3 - asb c3 del 
- a3bt c1 d4eS -t- ay.b, c3 d es - a4b1 c de5 
+ as bi c d,te3 - a1b4 c3 dt es+ albi cy di es 

ab y 
cs 

d4 e i 
+ a`*b1 e3 d a e + a b s c 1 d 4 e3 

- a b3 cdies - al b4 c3 dse+ a bz cs da elf 

+a3b1 c1 dse4+ ait b c5 d1e3 +a,tb5 ci d3 

b5 cy, di e - a.3 bit c s d1 et - ay b3 c ds e 
+ a4bs c1 di e3+ asb3cy,dzei+ a3bsct dze4 
- a4.b3 cs dt e2- a3by,c ds e - a3_bi csd3e4 
+ a4 131 cz d3 es - a s bi c d,te3 -a 3b c, d e s 

+ a3b c5 d4e1 - a4b c3 dgey a4b3c1 dyes 
ab z c d3e4 -abc d4 e3 + a4bic d5 e3 

- a b4 ez d es + a b4 c3 d e1 t a 1b3 c 4. 
d e s 

+ a3b1 c5d1 e4+ a3bs c1d4 e - a4 b5 c d2e 
.{. ay,b1 c d 3 el + azb4, c d 5 e 

1 
- a 3b1 c d ei 

- al bs cid3 e+ a, b3cdse+ asbi czd3e4- 
-a,b cídse3-a3bcsd1e4 a4 b1csd3e2 
+ a3b c4dse+ a4b3 ci dse,+ abscd3e4. 
- a4bs c1 d1e3+ a3b4 cs d% e2.- asb c4d e1 

- a3 bs cz di e4 - a4bs c Zd 3e1 + a3 bs c 4d2. el 

+ a4b3 cs de + a3b4 c de-ab c 4ds e1 

M41- a1b c3d4es - a5blc3d4ei - a1 b4c3d:es 



89. 

+ at bl csd4e3 ab c4 d3e5+ alb c5d4e3 
- aybi c3 dse+ a3b c du. e5- abcs d e3 

+ as b3 c zd4 e - as b 4c 3 d, el + a 5b1 c d 3 el 

a4b c3 de5 - asbt c3 dy_e1 - a,,b3 c d4es 
+ aSbRci d4e3 abc3dI es+asblc3 de4 
+ abS c3 d4 ei a3b1 cs dy,e -a bs c1dy e3 

+ a b3 c d2 e 5-i- al b c3 d e - a b c d e4 

+ as bi c d3 e + a1b3 ci d.s e4 + a sby c i 
d1 e3 -abcsdi e3- asb3czd e+- a1bs c4d3e 

- as by. c 3 d 3 e -t ab c 2dt e 3 + as b3 c d ze 
- a3 by. c dsel -ab cs d3e4+ a1b c,dse3 

as b c dy e3 - a3 b c4 d1 es + a sb c3 d1 e4 

- a4bi c.3dse.i- ay,b3 c d1e5+ asb3 ci d4e2. 
+ a2by.c d3 e5- asblcd3ey,- a 2bsc dit e3 

+ a$b4c3 d e1 + a1b3 cif di es -ab1 c4d e3 

- a1b5 c3d e4t a3b1csd e+ a.3bs czd4e 
a2 b3 

c s d`* e t a4b1 c d e + axial* c ds e 
+ al bs cid3 e,}- a b3 cif dsez + a ab c2- d e4 

a b c 4 d 1 e3 + a b c 4 d s e1 - a s b 3 c t e i 

+ a 4 b3 c d ea. -asbc d3eZ+ albs c d3 e4, 

- az b4 c ds e a5 b y c 1d e3 - a 5b3 c y.d, e2 

+ a b c 4 d e3 - a bs el di e4+ a Lb3 c 
S d e4 

- a4 bs c d3 el + a 2b4c5 d3 e - a2b3 c4dsel . 

T;í51= -ab c3d4es.+a4b.1c3dies +a lose3á4 e1 

- a b1 c4d3es - a1b c4d3eS+ aLb1 csd4e3 
+ azb 03 ds ey - albs et dy ez- a4 b3 cld e5 



90. 

- 
+ ay.bs 

cad, 
e1 

a 4b2 
c s d1 

e3+ 
a sb2 c 4d3 

e1 

+ a4b1 c3 d1e5- asbl c3 d4e2+ a 2b3c1 does 
- a,+bz c1 d3es - azb4 c3 d1 abc e 

+ albs c3 d4 e1 - a4b2 c3 dsel _I 

- a1 bs c3d2. e.- a1 b3csd4e2 +abcd 
- a 4 b1 cs d 

"3- 
e 

3 - a2b3 c1 ds ey - a4b5 c1 d3 

+ a2b4 cs d1 e3+ a2bc4d3e1 + a4b c2ds 
- asb4 c2 d3e1 + a4bsczdl e3+ a3bs c1 d2 

- a, b3 cs d1 e2 - a.1b c d3 e4 + a c4 

+ a,+b1 cl d.3 es + as bi c3 d2e4+ a3 b1 cs d 

- a4 b1 c3 ds e2 - ail, b3 c1 d2es.1. aSb c cl 3 1 

+a1 bit c1 d3es- a2bs c d4e3+ a4 b c1 

-a3bi+c1111 es-Fa,bac4dl e5- asb2c4d1 
- as.bs c3d1 e4- a4bs cd2e1 -ab3 csd4 
+ a 4 b 2 c d e1 + a b c d 

e 1 

b 

- a, b,+cz.da e3t a1b3 csd1e,+- a4b1 c2dSe3 
- a3b1 cs d2e4,+ a4b1 csd3e2- as b3 e 

1 
d1e 

+ a b3 c1 ds e+ azbs, c1 d3 e4+ a4bs c1 d1e3 

- a2. b4 c d e3 + a b4 c2 e - 1 bS c4 e3 

+ azb3 cs d1 e4 - a4bs c2 d3 e1 + a4 b3 cs d1 e1 

- a2b4 cs d3 e1 4. a3bit cz dsel - a2. b3 cdsel 

rr,i 12- - a4 b2 c3 d 
1 e s+ a 1 ó z c4 d 3 es - a 2 b1 c d e 

s 

a4 b3 c d1 es - a 11 bs C3 d1 ez - as b4 c3 d2 et 

+ 
a1 

b4cs. d1e3+ albscl}d3e2 4- 
a4b1 c3 dzes 

+ a4- b1 c1 d3e5 a3bz c4 d1 eS + asbl c3 e 
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a, b3 c4 dz es a, bc5 d3e4.+ a 4b5 d3 e1 

+ a5bc, dZe3- a1by. csd, e3 - a3bS c4d ez 

- a5 b3 c1d, e,+- abS cd3 e1 - a1b4 csdlei 
as b4 cz d3 e, + a4 b 5 c d e3 t a 1.b1 c s d3 e,4 

- a4 b1 cz d3 e5 + a 3b1 c4d2 es - a sb1 c3 d1 e4 

a4b3 c, d1 es asb c, d3e4 aS + c e1 

+ a b 3 C d es+ a3b1 c5d, e4+ a4b5c 3d1 e1 

- a1b5 c,td2e3 t aib3 cSd1e4- a, b4.c3d3e2 
+ a 5 b, cz d 3 e 4 a3 b c3 d e4. + a s b 3 c, d. e4 

as b4 c d 3 - a Lib 5 ci d1 e - as 134 c1 di e3 

+ a3b4csd, e2i. azbs c4d, e3 - a1b3 cS d e4 

- a 4 b 5 d3 e1 + a3bs c4d1 e +a1b4 cs d3 e,. 

l4i29 = a1 b c3 d4eS- a2b1 c3d4e5+ abc d es 

a4b1 c 3 di es- a, b4 c 3d1 e5+ albs c3 d,+e2 

- a,b1csd4e3t ab. csd4e3- a3b4c1 dles 
+ albs e d4e2 - a4bs c3 d, ez+ a4bLCSdl e3 

. asb3 czde1 + a, b4 c5 d1e3 - a3b1 c1d4eS 
a4 b1 c3 d es - a s b 2 c d y. e3 + a 1 bw c d , e 

- a3 b2 c4 d, e5 - albs c3 d4, e, - a, bs c d1 e4 

- a b3 cs d4 e1 - a,r b1 cs d2. e3 + as b4 c , d. e3 

- a1b4 c 5 di e3 - a3bs cy,d, e2- a5b3cld, e4 

a5b3 c4de1 - a3bs c,dLe,t+ ayb3 cSd e2 

+ asbi cz d,te3.f a,3b, c4d2e5- as b3 c, c14e,L 

-i- a3 b4 c1 d1 es t as bz c4 d, e3+ a ibs c3 d, er+ 
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* ab 
1 csd1e4 - asbl e dei- abc d 4 

- as b c1 d e3 + a 
5 

b3 c c1 e + a 
3 

b 
S 

c d e 

- a3. b3 cs d ey. i. a3bs c4 d1 e1 a4 b3 cs d1 el. 

M32 a1 b4 c3 d1 e5 -+ a1 bl e3 d3 e - a1b1 

- a3 b4 c d1 es + a3 bl ct ds e4 a4 b3 c1 

.1. a," b cs d1 e3 +. as b4 ca d el + a 1b4 c3 
a5 b2 c3 d1 e4 + al b3 04 d1 es - a b 

3 

t a b4 c3 d. 
5 

e - al bz c4 cl e3 - a3 b 

1 

c d 

s 

c1 d s .4. 

- a4 b1 cs d e3 a3 b4 cs d1 el + a4b3 cz ds 

- a4 bs cy d1 e3 - asb.3 c4 d1 e1 - a3br cl d1 4 
1- a4b3 csdl e1+a3b4c, dse,tazbcd5 

as b1 c3 d2 e4+ a4 b3 c1 d1es a4b1 cl ds 
+ a3 b cz d1 es - aS b4 c3 d1 e2 - a b 3 c4 d1 

+ as b2 c4 di e3 + az bs c3 d, e4 aa bz c d 
l 

- a1 b e3 ds e1 -t a1 b c d e3 - a1 b3 c1+ ds 

+ ait b1 c2 d e - a S b1 c4 d 2 e3 + a 3 b1 cs cl 

- a,+ b3 cl ds e1 + ay, b cl dz e3 a3 b4 C 
S I 

+ as b3 c4 d1 ez - a2 bs c4 d1 e3+ a3 bs c2 dl ÿ 
- a 44. b3 c d 1 ei - a 131+. c d et + al b3 c, 

P;ï42= - a b1 c3 d4 es - a Sb1 c3 de1 + a1 b3 c d4 4s 

a1 b2 cs d,4e3+ aib1 c4 d3 es - a4b3 c1 d1 

+ a+r b1 cs d1 e3 - asb2c4d3e1 - a.3 bi czd4 es 

+ as b1 c3 d4.e1+ a1 b3 cI d4 es - asbt cl d4'3 

a b c d e - a b c d e a b c d Íe 

+ 1 ;t 3 1 5 S 1 3 1 14. 2 S 3 4 
1 

3 

3 
3 

3 
S 

e 
4 
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94. 

- asb`* czd eat- asb3 c4d e1+. a3bs cZ di e4 

- a2. b3 cs d, e 4+ atb4 cs d3 e - a3b4 c lds e. 
= asbc3 d4e a,b1 csd4e3t 
+ aa bs ca d e1 - as b c,. d4 e + 

- a , b , c d 1 e a, bs C d3ez- 
- a s b c, d e3 a 3 b c$ d 4 ei - 

+ at 133 c5 di. e1 + a 102. c4.d e3 - 

a% lob, ci dz e3 + a1bkcsde3+ a3 bs c4dt et 

a:bs c4, d3 ei + a3b,+cs dz e% + a4b3c2. d se 
- asbyczd3e - a4bsc1 d e3 - ab c,+de3 
+ as bi c d 4 es a3 b cs d 4e3. + a4bl c3 ds ez 

.t. as b3 CI d,+ e+ abc dSe3- asb4 c3 

- a4bs c3 d3e - az 133 cs dy ei - a3b1 cts. 

t a, bs cd e3 + a b4 cs d3 e - al b c4 

a4 b c d s e3 .+ a3 b, c, cis e z- a,+b 3 c 
+ a5b c d3e + abs ct dze3 + as b4 c.L 

- a3 by c s d ea. - a2 bs cit. d e3 t a 4bs c2 

- a. bs c4 d2 e - a2 b4 c sd3 et + aZb3 c4 

a 
I. 

b cs dy e3 

a 
5 

b c d e 
I 

a b1 c3 d ez 

aLi.b c3 ds el 

a4 bs c d3 

d 
l 

ez 

d Se1 

d 

d s ez 

d e3 

d el 

d e1 

M23- - at b5 c3 d ez+ al 131 C3 d5 e4 - aib, c3 d 

a3bs et d4 e1+ a3bzcI dse4t a4 b5 c3 cl 

- a5 b3 c1 d e .t a s b c,t d 3 et +a bs c d, e 
ay, b2 C3 ds e1 -t- ai b C3 d1 e4+ a1 b3 cs d 4 ei 
a% by c3 dSel - al bl cs d3 e4 - a3b c1ds e 

as b c4 d3 ez.t a3 bS cd 
t ez-F as b3 c1 d1 e4 
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-a5bcy d3 e +asb3c4 d1e.. a3bsc` de 
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'L6 

I pso4'g E-e 
- itaEp 1 sgtr, .4-418 T.p 1 E S1e 

aE p so q* +Eezpo gSB a Ep -o g s.e 
- 

4 , {g 4-419 p ao sg 1-6. Es +Eazpo Sg ..- a po g e 

e Ep So tg* -a p io Sgz - fa p o zg Su 

'p-co+,qt -a£p iozgS +SaF.p o+,gz - 
z p 

+, +,atp £o s .sap to o gB + CI 13 q+, + 

Ip So Eq+,g -fiatp'oSgEr- lot. p+Po ïqgu 
zp o q£e + a£po Squ +-ha 1p zo Eq u + 

i 
p +'o sg E 

B +. 
E 

a p so i,gtu ,}.za ep 4,o ,g s 

az p so q-Fl-e -4)otip Ea Sq '-e + Sa £p /017q lu + 

a p io zqs8 Sa p E0 +qtU + Sa £p Lqe 
sazpEO q+-+ -zaEpfio Sg, - EazpSo +rg ,.e 

a£pfio-cgS+Eap sotqu+ sa pio £q#/ E 
satip o+,gE,e +.sa tp ot,g - 

Sa pEO .g..13 

as p "to 41g EB + la tip So +/gz.e - 'a zp So tg*'g + 

e t p 
4 , 0 S q E . 8 _tot p t o + , q s 8 } Ea Sp 1 0 q t £aZ p to sq B 4 Co z p 410 'g s.e - £ti p *' o SCI `.B -1 

aSp t47q`.8 las p+,ozqE.e to Sp Eo+,gze 

e Ep So zq41.8 + a .41p So Egtu. 10"`p tO Sq - 
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+a2.b3csdi e4+a3b5c4dzes -ab3 c4 d5 e . 

Ií44 = a bz c3 d4 eS + a1b c3 d4es a,3b,L 

- a4 bi c3 d` e 
5 

- al b 
5 

c3 d4 ez al b1 

+ a b1 c x d4 e3 a1b c4 d3 es . azb 
+ a3 b c1 c14 ey + ay. bS cd 

i 
el.- a4 b 

+ a5 b3 c2 d,+ei + al b s c 4. d3 e l- a bi 
- a1 b3 c d4 es .. a4 b2 c d es a 

z.b4 

+ a3b1c4. d e5- a3b2 cs d4e a b5 

- al bR cs d3 e,+.} as bi c4d3e2 - a4b5 
- azb4 cs d e3 - a3bs c4d ez - a5 b3 

- a5 b4 c1d3 e + a4bs c d e3 aZbi 
- as bI c1 d 4 e 3 + a5b3 ci d4 el.-1- azb4 

+ a5 b4 C 3 di ei + a2 b3 c4 d es+ a3 b2 
+ a3 b5 cl d4 el - a 2._ b. es 

+ 
a1 bs c1 d3e4t asbI cZd3e4- 

asb4c d3e 
+ as b c2 d e3 - a s b c,+ d e2 - a3 b e di N. 

+ azb3 csd e4- a,bSc.d3e+ aZb4csd3e1 

d 4, ei i. 

c d4 e 
3 

c,+d3 es 

cSd4 e3 

c5 d e 

c d 
3 4 e 

c d es 

cd4 e' 

c d e 3 

c zd e 

csd3e 
cd3es 
cS e4 

a,+b 1cs d3 el 

TV154= - a% b c4d,3 es -4- a bzc.3 ds e,+ - azbi c4 d3 es 

* ab1 c.3 ds e4 - a 3 b,, ci d s e4 - a4b3 cz d e5 

i-a4b5 c3 d1 e1+ asb1c4 d3el + a3bl. 
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100. 

i. 0.4 b c d3 es ab, c3 ds ez+ as b2 c d3 ey 

- a3 by cz d, e -} as b c3 d e + a zb3 c4 d e5 

- as b2 e3 al_bs 03 d, et++ a3bz. c s 
- a 31D1 c 4ds e - a b4. c dS e3 +a, b4 cs d3 e1 

- a4b c1 d5 e3+ a4b cS d3 e. a4b3 c ds ei 

- a5b44ci d3e2 4, a1bs CI d3e4 +asbw c2d1 e8 

- a b c d e -a b c d e3 + a b c 
b 

d e 34 S 1 2 Z 3 

- a4bs c2 d3e +a3b, c2dse` - a2bc4dse' 



- a, b3 cs dl e - a3b4c1d se + a2b3 c4d set 

at b3 c5 d4ez+ al b4.c3dse.1.- 0.4bsc1 d3 

- a4,b cz d3 es-} a3bi e4 dze5 - a3 bi cs d4eZ 



air bi c3dez+asb3ci dit e.+ a1b+c d3 es 

- a5 b4+c3 d e- a1ó3 cy di e5- alb sci. de 
i- ay.bs c3dt.ei } a.Lb3cde -abcd3e 
- aZU Li. c3dsel }a3b.i.c de +ab4csd3ey 
- a b3 e4 Cl5 e1 + a,+bi cs d3 e2 - a3 bi c,td5 e1 

as bit. ci d3 el. 4. as b3 04 c1i e-F a4bsc zd3ei 
-a3bscde- a1b4esd3e +a1b3cdset 

- at bycs dite 3+ al b. c3dse4 -ab cs dit e3 

+ az bi c3 ds e - a3b ci ds e4+ a 4 b 1- es dI e3 

- asb3 cz dit e + as bit_ c3 de + ab,lcs d4e 
- a4óZC3 drei + al bs cz d4ea - ai bs e3 dz e4 

t a b c d, e4 - a b1 c4 d5 e3 - a 2b3 c d s e 14 

a$ bit ci dz e3+ abcsd e3+ as b3 czdi e 

+ as b,t cz d3 e1 - a4 b Sc1 di e3- aSb3 c4 dzel 

+a3bs c d.L e4.4- a2-bi cs d 
e4- 

ab c4 
d 5 3 

+asbi czd it. e3 - a5b c3 de4t a4b c ds e3 

- a.3 b1 c5 di e,t. - albs c1 d 4ei + a4bs 03 diei 
+ azb c5d eI -a14.b2cd3el - a1b4 c3dse1 

+ a3 bz c 4 d s e 
1 

- a b s cz d3 e + al br c4 dl e3 

- as bi c.,, d 3 e4.+ a 5 bi c d:e3 + a 
3 

GI d e4 

- a,tbs ci dZe3+ al bit c ds e3 - a5bifc2di 
b5 cy d e4- a1.b3 cS d+ e41- a4,bs c1d3el 

- a 3 b 5 cy de - a2b4c d3e, + alb cdse 
M55 = al bc3d4es+ a?. bi c3d4e5- bz GI de5 

102. 



- a, 13,2. csd4 e3+ a.1bi c4daes ++ azb1 cs d4 

+ 
a3 

by. 
Ci dz 

e5 + a 
4 b3 C2 di e5 + a5 b4. c3 d2. el 

- as b z c y, d 3 el.{- a 
1 

b it c s d,. e a- a y, bI c 3 d X e 

- al. b3 c, d4es+ asbicl di, e3 - a3b1 c4d% es 

- a b s c 3 d 4 e+ a b c d e 
1 

- a b c d e z 
1 

4 1 

- a1 bm. c d5 e3 + a4b c5 d1e3 - b4c dL 

a2 
- ai+b3czds e 

+ asb4c2. d3el - a4bscld e3- albi c4d5e3 
-ab c1d3es.y-a4b3 c d1es+ayb5c`de3 
+ a3 by, c 1 di es ai.b.z c 4 d, es + a5 bZ c 4 d1 e3 

+ ar4b5 c3 dlei + a2.b3 cs d4.ei + a3b1°++dsel 
t al b4 c1ds e3 .i. a4.b1 cI,ds e3 - ay,bs ci d1 e3 

- as by, c di e3 + azbs e3 + a 4bs c zd.3 el 
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we get the representation corresponding to the parti- 
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corresponding to the partition (3, 2) . 
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Re resentation correspondin artition ( 5) 
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1 

-1 1 

60 

-1 

1 

1 

. i 
1 1 -1 

-1 

1 . 1 

1 -1 

1 1 1 . 

62 
ip r- 1 1 . 

. 

-1 -1 . 

. -1 . -1 

1 1 1 . 

-1 
_r - 1 
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137. 
63 64 

-1 ,1 
1 1 1- 

1 1 1 -1 
. . -1 . -1 

-1 -1 -1 . 1 1 1 

1 . . . . . -1 . -1 
-1 

L 
. . 1 1 . 1 

65 66 

-1 -1 l O.* 

. -1 -1 
. -1 . -1 -1 -1 1 1 

-1 . . 1 1 . -1 a -1 

. . i -1 
. -1 

. -1 . 1 
L 

67 68 

1 1 ; 

1 -1 -1 1 . . 

1 1 . -1 -1 
1 1 -1 . -1 

1 1 1 1 

-1 -1 -1 . 1 '1 . -1 
69 70 

WNW 

1 1 -1 . -1 
-1 

1, 1 1 

-1 1 1 .. 1 

-1 -1 -1 1 . -1 -1 

1 1 1 1 



 

71 

1 1 1 

-1 

-1 

-1 

73 

-1 

1 

-1 -1 -1 

1 

-1 

75 

. -1 . 

1 1 1 

. -1 

. -1 

1 

77 
r- 

1 

-1 1 

1 1 

-1 

1 -1 

1 

-1 

-1 

-1 -1 

-1 

1 

1 

-1 . -1 

-1 . -1 

1 1 

-1 

-1 

. 
-J 

-1 
1 

-1 

i 

-1 

-1 

-1 

MOB 

-1 

72 

1 1 

. 

-1 -1 

1 

-1 

74 

-1 . . 

. 

1 1 

-1 -1 

1 1 . 

76 

1 

1 

-1 1 

1 1 

1 1 

78 

1 . 

-1 -1 

1 

1 1 

. 

-1 -1 

1 

-1 

i 

1 

138. 



1 

-1 

79 80 

-1 -1 

1 

1 1 1 

-1 -1 -1 

1 

1 

-1 

1. 

1 

-1 

-1 

-1 

1 1 1 

1 -1 -1 

81 82 

1 1 

1 1 

-1 -1 -1 

1 

1 

83 

L 1 1 

1 

-1 

-1 

85 

-1 -1 

1 . 

-1 

-1 -1 1 

1 1 1 

-1 

1 

1 

-1 -1 -1 

. -1 . 

1 1 1 

1 . -1 -1 . 

84 

-1 

. 

1 

. 

-1 

. 

r 

-1 -1 

1 . 

. 

-1 . -1 1 

. 1 1 

. -1 

86 

-1 . 

1 1 -1 

-1 

-1 -1 

1 1 

139 



87 

1 1 1 

-1 

1 . -1 

1 

i 

1 

1 

89 

1 

1 

91 
10 

. . 1 

1 

-1 

1 

-1 
-1 

93 
VIM 

1 

-1 

-1 

-1 
-1 

-1 

1 

88 

90 

-1 -1 -1 

1 

. 1 . 

-1 1 1 

. -1 . -1 1 

. 1 

-1 

92 

i 

1 

. -1 

. -1 

1 

OM. 

-1 

94 

1 

1 

-1 

i 
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95 

-1 

. -1 

-1 

1 

-1 

97 

1 

-1 

WM. 

L. 

1 1 

i -1 -1 

1 . 

1 . 1 . -1 

bon 
. . 1 . 1 1 

99 

. 

. 

. 

1 

. -1 

1 

. 

. 

-1 

. 1 1 

1 . -1 1 
4111111 

101 
VIM 

1 1 

-1 

1 1 

-1 

-1 1 1 

1 

. 

-1 

. 

1 -1 

. 

96 

=1 

1 

-1 

-1 

1 
......, 

98 

. . i , 
. -1 -1 

. . 1 . 

1 . 1 1 

. . -1 
-1 . -1 1 

100 

1 1 -1-I 
. 1 

. -1 . 

. -1 . -1 -1 

1 1 

. -1 

102 

1 1 1- 
-1 . 

-1 

1 1 . 

-1 -1 1 

1 . 

141. 



103 

-1 

1 

1 1 -1 

1 

-1 -1 -1 

1 1 1 

105 

-1 

. 1 1 1 

-1 it 

1 i -1 

L -1 -1 

107 

-1 

-1 

1 1 
L 

- + 

1 

-1 -1 

1 

-1 

1 1 1 

-1 

1 

109 

i 

-1 -1 

r- 

-1 

a 

104 

-1 

1 1 

-1 

-1 _ - 

1 

. -1 -1 

106 

-1 -1 

1 

1 -1 -1 

1 1 1 

-1 

-1 

108 

1 

-1 -1 

-1 

' 
1 

110 

-1 1 

r 1, 

ME. 

1 1 1 

-1 

1 1 1 

-1 

1 

1 

1 1 

142. 



143 

111 

-1 . 

112 

-1 . -1 -1 
-1 -1 . 1 1 . 

1 1 1 1 1 1 

1 . . . . -1 . 

-1 -1 -1 1 . 

1 -1 -1 -1 . . .. 
113 114 

-1 -1 1 1 1 

1 . -1 -1 -1 

-1 . . 1 1 

. -1 . -1 1 . 

1 1 1 1 . 

-1 . -1 

115 ` 116 

. 1 1 1 . -1 

1 -1 -1 . . -1 . . 

-1 . -1 . . . 

1 1 -1 -1 1 1 

-1 1 1 1 

L 1 1 -1 

117 118 
ws 

-1 -1 -1 1 

1 1 -1 1 1 1 

-1 -1 1 1 

-1 -1 -1 -1 

1 -1 

-1 1 1 1 



144. 

119 

1 -1 -1 . 1 1 

-1 -1 

1 . . -1 

1 1 1 . 1 . 

-1 -1 1 1 

. 1 . . . . 

120 

1 

. 1 1 . 

-1 1 

. . 

40M - - 
Re.resentation corresnondin: to artition. ( 22 1) : 

In the representation corresponding to the 

partition (3, 2) , the matrices representing the 

negative classes, namely the matrices, 2 -11, 47 -66, 

67 -96 are multiplied by -1. 

Representation corresponding to partition (2, 13) 

In the representation corresponding to the 

partition (4, 1) , the matrices 2 -11, 47 -96 are 

multiplied by -1. 

Representation corresponding to partition (15) : 

The alternating scalar representation. 
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