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PREXAQC B

The Thesis consists of two parts, In part I, i

|a concentrated summary of the symmetric group, its
' matrix representations and characters, is given, In |
part II, the irreducible matrix representations of

the symmetric groups of degrees 4 and 5, are obtained

| in a rational form,
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I PART I,

THE SYMMETRIC GROUP AND MATRIX

REPRESENTATIONS

The Symmetric Group.

The symmetric group of order n! (or degree n) is

the group whose elements are the n! permtations on
én syrbols (1, 2, ..., n). A typical element s of the

|
igroup is indicated thus :

A s oy w
S = (
slas'a..:"‘r Sn )
the notation implying that the operation s replaces 1

by 87, 2 bY 85, +se, n by 8, Where each of the

symbols 815 Sgs eees S assumes one of the values

(1,2, eees n) no two of them assuming the same value,
: A permutation which sends tj into by, ¢ = 1,2,
eesy n-1 and t, into t; (i.e. where each of the let-

ters t1, tg, ..., t, supposed arranged along a circle,

is sent into its successor) is termed a cycle on n

letters end is denoted by the symbol (tl, tos eees

| tn) . Thusa:

2 ( tuata, -"’}ﬂ
(t.ltﬂ.l"" “": i'_“. k'v‘"’jlﬂ-| -

It is immaterial with which of its letters a cycle

starts off. Thus :

The inverse of the cycle t is the cycle t with

TR R N S G SR )



'the sense reversed. Thus:
|

‘ t-‘ - (Eﬂ,‘-n-li ...,':,_'t\)- |

| |
’ Any permutation can be written in a unique manner

'as the product of cycles; the order in which the

' factor cycles are written being immeterial (since no
[

'two of the cycles have a common letter). e.g. when n=5
|

,2,3,,5 '
( ) = (2% 3)W3) = (L3) 4, 5)

3, 8,0, 2, 4%

,"3’ |,"I',S'

‘:"1312‘15 |

the unchanged symbols may or may not be mentioned,

If s and t are two permutations, the product st
is defined to be the permutation obtained by operating |
first with the permutation t and then with the permu- ‘
itation 8, so that e.g.,
(@5 2)k(3ie2s '$) = (1ges) |
(1, 2, 8) (1, 2) = (2, 3) |
The rule for finding the product of two permute- |

tions expressed in this terminology is explained as

 follows. In the first bracket (in the first example)
1 is followed by 2, in the second bracket 2 is follow- |
ed by 3., Hence in the product 1 is followed by 3. |
In the first bracket 2 is followed by 1, in the !
second bracket 1 is followed by 2. Hence in the |
product 2 is unchanged, Lastly 3 is unchanged in é
(1, 2) and leads to 1 in (1, 2, 3).




! The number of unary cycles (i.e. cycles on one
letter, or fixed letters) in a permutation is denoted
iby-wf, the number of binary cycles (i.,e. cycles on

' two letters, transpositions or interchanges) by «,
!and so on, Since the sum of the orders of the cycles,
!including unary cycles is equal to the number of
Isymbols n we have the basic relation : E
(1) v,+1-(.;_+-‘-+no(n-_-.n

A permutation s which factors into e, unary cycles, ;

«, binary cycles, etc., is said to be of the cycle

structure (e«) and the collection of permutations each

of which has a stated common cycle structure («) is

referred to as the cless (x) of the symmetric group
|on n letters,

| The number of distinct classes is the number of
distinct solutions in integers (positive or zero) of
the equation (1), This is precisely the nunber of

partitions of n into integers positive or zero; for |

if T+ ¥k vy ko kY= A
{2) q"‘.‘. Ya + ..-+ ¥“ SA:’ I
opn = A |

| then i
o\t+‘\1+---+)‘n=“s‘ A 2 o2 Ap 20

and conversely given any such pariition of n we can |
agsociate with it a solution (&) of (1) defined by
(3) w2 M=y, &= -3 ey ey 2 Ay

|
|
The zeros which may occur at the end of a partition




of n are omitted; thus if Ay, > © , 2xkev = Jdy4a
= ..-= A, =0 ,the partition (A,Aa,..., dn)ig
denoted by (*uyra2,.--, k), using an exponential nota-
tion when two or more adjacent A'S are equal. |
As an example, the symmetric group of order 6 has:
three classes, The first consists of the identity
which has three cycles of order 1 and the correspond-
ing partition is (3), The second class contains the i
three substitutions (1,2), (1,3), (2,3) where there |
is one cycle of order 1 and one cycle of order 2 and
the partition is (2,1), The third class comprisges i
the substitutions {1,2,3), (1,3,2) corresponding to |
the partition «2) , |
The number of permutations s which belong to a
class (v) is denoted by wn¢, and is found (by Cauchy)

to be

|
(4) W = n.

-
Mal.o2 gl -con™

o\

TP Sl and t are two permutations of the symmetric'

group -on n letters, s, = LS,Eqis called the tr&nsformi

2

of 8, by the permutation t, s, being the transform of

L
s; by £  Such two permutations as s, and sy which are
the transforms of one another are called conjugate :
elements of the symmetric group. Two permutations s,
and Sz which are conjugate to the same permmtation 84

are conjugate to one another, The complete set of



| of the permutations contained in it, since the recipro-

permutations 815 855 Szs eee which are conjugate to
each other belongs to the same class (x) , Converse-

ly all the permutations which belong to the same

class (%) are conjugate to each other, for the permuta-i

tion
S = (SII b 'sl'l- g iy 51}-)(521 y Saq 2y 3111 )(53; " 531;...) ed

is transferred into the permutation
Ex 00 6o SOl s e - oy han, JUkat, Yanlye o i) o
by the operation which replaces the symbols
{ S 2 Saa g ooy Sih i Sans 330 o <y S3R 0SB 1531,...}-
by the symbols .
{_ta S T [ ST T Y PO } |
|

A class (x) , also, contains the reciprocal of each

cal of any permutation s is simply obtained by
analysing s into a product of cycles and then reversing
the sense of these cycles. |
IIf (X715 X5, eees xn) are n indeterminates, the
difference product
EK (5 - %) = () ~X)(>x-23) .- (xn-1-*n)
is denoted by A(*), and evidently every interchange on |
two consecutive symbols changes the sign of aA(x). Ang
interchange on two non-consecutive symbols can be ex- |
pressed as the product of an odd nmmher of intefchange?
on consecutive symbols, e.g., :
(3,6) = (3,%)C&, 5)(5¢)(%S)(3,4) .

Since a permutation p which contains one cycle on m & |



'n letters can be analysed into the product of m-1

ibinary cycles, thus :

i }: (hhl.‘_....,hh): (‘-lltﬂ-\(h)ta) b=t (tl,tm) 3

a general permutation, of cycle structure &), will
leave A(*) unaltered if 4 + < + .. ig even and willj
change its sign if e 4 =% + ... is odd, In the first |
cagse the class (x) is said to be a class of even permu—-i
tations or simply an even class; 1in the second case
tec) is an odd class.

If t is an odd perﬁrutation, ts is an odd permuta-
| tion for every even permutation s; so simply there are

exactly as many even permutations as odd ones in the

symhetric group on n letters,

Mat rix Representations % Group Characters.

If to each element S.'; of the symmetric group on ni
letters there corresponds a matrix A¢ such that Ag Ay =;
Ax whenever SiSy =Sk the matrices Ag are said to l
form a matrix representation A of the symmetric group.E

€.2., the group of the six permutation matrices, ' l

|-1 L .- F. 1 .- L] L 1 1 Ld L]

Ld l L l L] L] L] l [ ] L] 1

L ]
L]
=
o
L]
]
=
s
L ]
a
[
L]

L] L l 1 Ll ]

1..L.1.

provides a matrix representation of the symmetric




:group on 3 letters, namely

L s CE2) (T B)y ((253), (1, 255) 5 (25852)7%

The matrices AL need not all be distinct, To
several éelements of the group may correspond identical.
matrices, so that the representation 1is not simply, buﬁ
miltiply isomorphic with the group. e.g., Ac¢ may be thé
one-rowed unit matrix for every element of the symmet-i

ric group.

If A is a matrix representation of the symmetric
group, and H is any fixed matrix of the same dimension
as A, then HAH is also a matrix representation of the
symmetric group, since |

=\ - |

HAC W' - WA W = Hacay W

-1
The matrix representations A and HAH are said to be
equivalent or identical,

If there exists a matrix H such that

s ’
1 B A |

Hao B = e |

o . &
for all i, where 'B':; and c:are square matrices, then |

| A is said to be reducible., |

If there exists a matrix K such that

Khc K =
for all i, then A is said to be completely reducible.f
The reducibility was showh by Schur to imply com-

plete reducibility, and the matrix representation A is




| ultimately

said to be reducible to the two matrix representations,
B and C, or equivalent to their direct sum, thus :
A= Bi“o

i
|
BEach of B and C may be reducible, and so on, until

R T

N - ™ - J
= G+0 -+,

where 0, ,T,,..., My are irreducible,

1

Frobenius has shown that for the symmetric group |
of order n} there are exactly p lrreducible metrix |
representations, GG, G , - - I} corresponding to the
p partitions of n, and any matrix representation is
equivalent to a direct sum of these irreducible matrixi
representations, each being repeated any nuwber of
times, or omitted,

As an example, with

4 4 4

H= %2  BRE T |

1 1-2 |

and hence, ‘
1.4 -4
A 1 i=4:"-0

1l 0 -4




' the six permutation matrices of order 3 x 3 are

|
'equivalent to

7 ISR VS i

® 1 ° °
® ° 1 L]
L. l -—

'—I
L ]

® _1 '-1 ™

L - =

and the matrix

of order 3! by

namely

- 3] |

|
|
|
|

order 3 x 3,

The spur (

e bR ¥ B Sora
i g lawin s R |
T o =l =1 At L
L B
-1 -1
LAY

representation of the symmetric group

the permutation matrices of order 3 x 3

is reducible to the unit representation

I 0 LS L B

and another irreducible representation of order 2 x 2

= T ]

The determinants of these matrices give a scalar
representation, for if Al Ay = Ak , | Al Ayl = 1Ak,

These determinants are

A e R

and this is the third irreducible representation of the
symmetric group on 3 letters, but it is not contained

in the representation by the permutation matrices of

i.e,, the sum of the diagonal elements)

of the matrix corresponding to the element S, , in the

irreducible representation rI is called the character

|
|
|
|
|
|
I

|




i f
| (¢ |
;of S¢ and is written Xu (s¢) , 'The set of characters

written Xm . The ne@) elements of the class ) being

transforms of one another, the corresponding matrices

| have the same spur, and the characters of the N ele-
ments are equal, This value is referred to as the

: : )
and is written x(,) . x“n‘ is called the degree of the

character and is written [-m. |

There are p"dilst,inct numbers which are the charac-
' ters of the p classes corresponding to the p partitionsg
These numbers are usually'arranged in a square table

| which is called the table of characters., e.g., in the

case of the symmetric group on 3 letters the table of

ni=) = I 3 2
1 1 1
2 0 -1
1 -1 |

The group characters are all real numbers and
satisfy orthogonal relations. ‘<these relations are :

[CEENY

&)

¢ ) 3 ;
@Zd " X(«) xt-ﬂ e 2 £

| of the n! elements of the symmetric group on n letters |

jcorres:gonding, to fy is called a group character, and is

character of the class (%), in the representation Iy |
W) |

characters is |

10.



L

1:: Sl)((‘:: }1 = nl[ ng

Z x(-tl (b) o (3'-# =4

T"he®e are sometimes written in the form: !
GdG’= a1 , G'G= n! v

where G is the matric of group characters, G’ is its

| transposition, and D is the diagonal matrix with

elements ng,) .

There is also the property that the sum of the
squares of the degrees of the characters is equal to n;h.'
the order of the symmetric group.

Any linear function of the characters with p031tlLe

integral coefficients is called a compound character, |
The spurs of the matrices in any matrix representation
of the symmetric group is a compound character of the l
group, the coefficient of any simple character being |
the number of times the corresponding representation

is repeated in the equivalent direct sum of irreduciblje
representations, |

The number of times a representation is repeated

in the equivalent direct sum of irreducible representa

tions is given explicitly and uniquely by the orthogonal

relations of the group characters. For if the charac

ter vector of a given representation v is X , and X%




is the character vector of the irreducible representa-
tion t“a » then
2B e amamn |
implies that Ty is contained m times in T, ;
€.8., the permutation matrices of order 3 x 3 havé

the character vector [3, 1, 0) ,

-1 R }
D= ® 3 °
° e 2 '
L. ;
and we find |
B e I B SO e 3 ik |
2 ™ "1 . 5 ° l = 3! l |
l "l l ™ ® 2 . ' o
L

The interpretation is that the representation of the
symnetric group on 3 letters by the permutation matrices
of order 3 x 3, contains the unit representation cnace,.I
the irreducible representation of'order 2 x 2 once but |

does not contain the alternating seal ar representation.

The elements of the symmetric group on 3 letters

satisfy the multiplication table :

5 S, Sy Sy Sy S¢

L
s! = Sy S, s; Sy Ss .s‘

szl S| S| ss| S| Sa| s,

sl syl S¢S Sel se.]l %

&' S| Ss| S| s | s s |

-1
S SESE S el 5| sg

12.
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By the may of construction of the multiplication

table no element can appear twice in any row or in any

| colwm, and all the diagonal elements are the unit

' element s, = I, Introducing indeterminates Xj,Xo5,4..,

Xg in place of the elements S1s Sgs eesy 8Sg WE get the
matrix - -
- X, Xy Xy X, X Xy
X, X Xg X, Xy Xy
Xy X X, Xg Xy X,
2 e
XL SR SX X, Xy
X, Xy Xy X, X, X |
X R Xy Xy X, Xy
b —

: |
= Xg N4 Xy My .0 +Xg Mg, i
whe re Mi, Mé, soey Ms are permutation matrices of ord?r

6 x 6, These permutation matrices M provide a matrix |
representation of the symmetric group on 3 letters,

This representation is called (by Frobenius) the regular
matrix representation of the symmetric group on 3

letters and x is called the regular group matrix of

. that group. The regular matrix representation is

' direct sum of the p irreducible matrix representations |

reducible and in the general case is equivalent to the|
I

: |
of the symmetric group, each being repeated ;£‘) timesr

the degree of the character of the representation,

Formilae For The Characters.

There are two theorems, each of which gives ex-

plicitly the character of any class of the symmetric



group on n letters, corresponding to any partition of n,
These theorems are due to Frobenius and Littlewood and
Richardson respectively.

Frobenius gives the remarkable formmla which ex-

' hibits the characters of the symnetric group as co-

- efficients in a series of expansions one for each classg

. thus:

of the group. Littlewood and Richardson give a
graphical method for evaluating the character of any
class corresponding to any partition.
Let 2y,Zo,.---, 2n Dbe n indeterminates, and let
A () = \;}ﬂ (% -%s) -

Let S, be the sum of the r% powers of 2,2, ,...,Zn |

S ) S T
(e S (3 b
and corresponding to the class () = (%,% , ... %, )

of the summetric group on n letters, let
) o, o0y a,
S S St L5y SNk
Then if (@) = (1\1)33_,- DI ;\“') y A = Az:}'“‘?"'\ﬂ
is a partition of n, Frobenius' theorem states that:

S =y Ty e e N e
the summation being with respect to all permutations of
the suffixes, and also with respect to all partitions |
(0 of n; of the alternative signs, the positive sign
is taken for a positive permutation and the negative
sign for a negativé permmutation

A partition (N = (A2, %) A =22, =... =M
is represented by a diagram of horizontal rows of nodes

14,



| these occur in the first s rows, the diagram of a

(all beginning on the same vertical line) the first row
containing A, nodes, the second A, nodes and the last
A« nodes, Thus the partition (3,2*, ) of 10 is rep-

resented by the diagram S

By simply interchanging the rows and colums a second
diagram is obtained which is termed the associate of
the original diagram and the partition which defines
this new diagram is the partition (M) which is termed
the associate of the partition ()) . Thus the associate
of (3,2,0) is (6,3,1). In general the associate of
) - (Av>Ars---,An) is

a--- _AK A'Il-‘:l.""‘l't-l. 4\-*3_
(K"‘.lnﬂ)"‘ y (%-2) ki )

when the diagram (or its defining partition) coincides
with its associate it is termed self-associated, e.g.,'
(3,2,1) is a self-associated partition of n = 6,

A diagram consisting of nodes arranged in rows and
columms is said to be regular if in any row which

contains say r nodes, these occur in the first r col-

wms, and in any column which contains say s nodes,

| partition is gimply a regular diagram, and conversely

every regular diagram is the diagram of a partition, |

15,



If to a regular diagram one node is added so that

| the resulting diagram is also regular, this is called a

regular application of a node, Ihe addition of r nodes

to a regular diagram is called a2 regular application of

fr nodes if the nodes are added to any row until they

are exhausted, or until the number of nodes in this

row exceeds the number in the preceding row by one, the

| nodes being then added to the preceding row according

to the same rule, and so on, until their nodes are ex- |
hauvsted, provided that the final diagram obtained is
regular, If the number of rows involved is even it is
called a negative application, if odd, a positive appli-
cation,

Littlewood and Richardson, making use of Frobenius!
formula, have given the following theorem:
If (A) = (Aiyda,y -- -, Ax) is a partition of n, and (a)
denotes the class of the symmetric group, with cycles |
of orders a,, 2, @s, ---, then )1’3; is obtained from |

the number of methods of building the diagram of the

' partition (A) by consecutive regular applications of

a,ay, a3, ... , nodes, by subtracting the number of

- methods which contain an odd number of negative appli-

cations from the number of methods which contain an
even nunber of negative applications,
As an eiample of the practical use of the theorem,

A 16, %)
Littlewood and Richardson serve the character )f

16,



for the class of the symmetric group on 20 letters,
which contains one cycle of order 15, two cycles of

order 2 and one cycle of order 1, ihe possible

' diagrams, using numbers in place of nodes to indicate

at which step the nodes are added, are the following : |
R B s L O R I & S R ) P s SRR R 7 M I UERE

2 2 |
3 3 |
e Tee ol ofl e R Liay dls drnnl ol oyl ed

2 3

2 3 |
T (e (s ) e S o R BRI T o TR S - - .

7 R :
1. 3 |
g e Dt T RS E R T ISy Ko S e TEs5 - SEU8: gy l
e |
=2 |

The first and second diagrams contain respectively

o and 2 negative applications and each contributes + |\
|
to the character, 'The last two diagrams each contain‘

|
one negative applieation, and these each contribute -1.

Hence for this ¢ lass |

Ea N
)(u ) = ¥Y\=\=\=o0.

As an immediate corollary of the theorem the de-

gree of the character of the representation oorrespondr

ing to the partition (A), is equal to the number of |

|
1

7



ways of building the diagram of the partition () by n

regular applications of nodes. |
The theorem gives, also, many results concerning

the characters of the symmetric group, e.g., in the

case (\Y = (n) , there is one row and one method of

building the diagram, so that X(T: =0\

for every class () -

" In the case (A} = (™) there is one colum and
one method of building the diagram, each cycle of even
order contributing -1, so that |

xti',"' = | for a positive class
=_ for a negative class

In the case of the associate partition (M)

oy Q)] u")
7((.,, 8 Xy X'ea !

so that the characters of the odd classes corresponding

to a self-associated partition are all zero.

Characteristics and Schur Functions.

The expression

() o
+("\ (5) S £ z n(«) XM 3()

w )
() o,
T (:ri_) '=vr.l_| o | ..e v,‘.xt‘%)q‘ (%) 1(-5"?)%

is called the simple characteristic of the symmetric

group of order n corresponding to .the partition (A) of
) |

n, and the eharacters Xé; are called the components of

that characteristic, |

8%



| repetition of any Zg e

The simple characteristic corresponding to the
partition /(A) = (n) 1s called the principal character-
istic and is written !

L sy = _1_“! 5 N(a) S(‘R] : |
It furnishes at a glance the structure of the corres-
ponding symmetric group. ihe simple characteristic
corresponding to the partition @) = ") 1is called
the altérnating characteristic and is written

ol = g ™ sl i

Schur gives the simple characteristics in the for@
of determinants whose elements are special types of '
symmetric functions in the indeterminates #,Z, ,...,72,
and they are called after him (by Littlewood and
Richardson) Schur functions or S-functions,

Given the indeterminates %,2.,.--,%n there are
(i) The elementary symmetric functions of degree r
denoted by 6r)

€y = Sum of r-ary products of the z's without

The expression
n
fe)= W (-k)
= g " .
= -t 4t ...+ €ptb

is a generating function of the &y -
(ii) The complete homogeneous symmetric functions of
degree r denoted by P

P, = sum of r-ary powers and products of the z's

x9la



allowing all possible repetitions of the Zj.

The exXpression

n
4 -z, e
gty = e Eot)

S e arteater g )

&=\
= V' RE T
is a generating function of the p,.
The generating functions of ¢ and #. are recipro-

cal series and we have the relations: € P = |,

€ = SV, Retepiphe b oo +(—‘)'P,. =0 r=4y2,3_.

‘'hese relations are expressed by the statement that thé

two matrices

'—Pa ) e Px-]
B i, e, g
B 4
Po |
e o e
o "€y > ‘l‘;-“'n-:.
T, = -
i -8

are reciprocal for k = 1,2,3 ..., (the elements below
the main diagonal in each maetrix being zero) .
The substitution for SU} from Frobenius formula

into the simple characteristic 4(‘“ (s) gimply gives

Ao +n -G

LTz

»
¢ Olh= sers vt

20,



in each case the summation is taken with respect to

| all permutations of the suffixes, the negative sign

| being taken for a negative permutation, This is

usually written in the form:

¢(l} (s') - \'Zi)‘.*-n—i\ /l-z‘-. ﬂ—j' 5

i indicating rows and j columms,

Such a quotient of two alternants haye been stud- |

ied by Jacobi, Trudi and Naegelsbach long before group

characters were discovered by Frobenius?and Muir calls

'these functions bi-alternants. Jacobi, and independ- |

ently Trudi, express the quotient as a determinant in

which the elements are the symmetric functions P ,

Naegelsbach expresses the same quotient as a determin-:

ant in which the elements are the symmetric functions
e o schur is the first to define these functions
with any reference to group characters, and hence they

are named after him,

Jacobi and Trudi express the above quotient as an |

nth order determinant whose diagonal elements are hd ,'

the other elements in any row being obtained by method-

ically increasing (decreasing) the suffix carried by p

as we move from any columm to its neighbour on the

|
|

right (left)., If k is such that Ax > o whilst
Aks1 = Aupr = = d,=othe last n-k rows of that
determinant have unity in the diagonal and zeros pre-

ceding the diagonal, so that é(n (S) is expressed as

21.



a determinant of order k of the type described, This
determinant is called the Schur function or the 5=
function corresponding to the partition W =

L (Ar>r2, - 5 A) _and is written.

% (5) Ay L= ‘hd-f.ﬂ'\ '

| each p with a negative suffix being zero,

As a special case the principal characteristic
.(S) vs

| ey (e s
Naegelsbach, using the reciprocity of the matrices

P and T expresses the above quotient in the form |

(m {2Y = e -cas)

where (p) is the associate partition of (A) .

; As a gpecial case the alternating characteristic
!Tl'n (8) is |
i (8) e T

| In virtue of (5) and (6) the simple characteristic

L
f.‘;(*)(s) is written (by Murnaghan) in the form |

i (9) 4’6\) (8) = \q',\,-_—t'.-i-a' (3)\ y

I
i Setting §,=1\, S, = S3=---=S§zin (2) and (9)
| we easily get
| (a0)Nghpermaae slia ) e
[T TR b
where

8= A+ K-V, b= hypK-2y - s MmN LS Af!)=:;“'(1‘§)

which is known as Frobenius' formula for the degree of

22,



the character of the representation corresponding to
the partition ()= (ApA> .- -, Ar)

In the above definition of the S-functions
the parts of the partition (A) are expressed in descen%
ding order, i.e. A= 222 --. 2 Ak . Vhen this in-

equality does not hold, {M}{ is defined not by the

simple rearrangement of the parts in descending order,

;but by the equation,

WY = Prora o oand = [heocei |
the parts A, must be integral, but need not be posi- |

tive.

Every S-function so defined is either zero or

| equal to an S-function expressed with the parts in dea{

cending order, with a possible change of sign. To

| reduce such an S-function to this form, there are three

rules .,
(i) In any S-function two consecutive parts may be

interchanged provided that the preceding part is de-

| creased by unity and the succeeding part increased by |

| wnity, the S-function being thereby changed in sign,i.e.

{.A”'.-’a"-‘"lj':)*':""JAl:-l-‘:.“"l‘\K
e —ixl,'..JA‘:ﬂl’*(‘.ﬂ-l) )‘g.°+‘; J\;_*_.‘_ > T I

' (i1) In any S-function if any part exceed by unity the

|
preceding part the value of the S-function is zero, i.e.

SR W S VR |
(iii) The value of any S-function is zero if the last !

part is a negative number,
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: As simple illustrative examples
-5 5 = —in a0} = (3]
Ik, 3,6} =~ Jhs, 4= G

{6,-1)\} = —ie,o,-l}= 0

The S-functions {A} of the indeterminates
2,,Z2,---7w Nave been associated with the two series,

gley = TO-28) = 1-§je + e — o+

glt) = v (1-zee) ' = v+ e 2o |
The second series ig chosen as the basic series and thé
! concept of S-functions is generalised (by Littlewood
| and Richardson) to any basic series of the form

glt) = 1+ Lpt",

i
| irrespective of convergence or divergence, S, is de-|

| fined as the coefficient of t™' in the formal quotienit,

ey o r-\ |
| (11) G = L Syt 5 |
as is the case with the basic series q) = Ti(i-zet)]? |
|

the dash denoting differentiation. With those valuesi

for the Se'S the S-functions are defined by the formula

a2y AL = h O N X85 |

| The S-functions of some series are of special in=-|

terest., The most important series is the g-series,.
¢ (v,zt) [ ¢ (y,¢) |
where l
z -
(13) 4 (a,t) = (-8)01-48) (1 -vA) - - Caoo.

|
Littlewood and Richardson obtain the S-functions of the
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g-series as :

’ = N‘J“-c"'“l z
(14)  {Auhs o Al = rr(l[:.;&- w-t]\ (R7)

where

Cell = Q-9)0-¢) --- (1-47),

|
i(R:') is the product of the first A, terms from each

partitions into two parts. Thus X is the co-

efficient of 7Z

i-th row of the set

2
\-%, 1-42 , 1-9 %,

V-7,  -vE, 4-%z, -

L=

ke e s

and 1 < q_: < a' < K

Calculation of the Characters. i

Frobenius! formula (p. 14) is theoretically suffi-
|

cient for all cases, and indeed, for theory, it has a |
very remarkable simplicity, For numerical computatioﬁ,
however, the large number of terms involved make its |

use unwidely except when n 1s small; and much quicker

= s

methods are availeble, However the formula readily

gives formulae for the characters corresponding to

. tn-p P)

o 'Z,," in the product

(1|+.,_L)'t| (lz“-y?;,_")“’-('z‘a-r%a)"a (,z|_,z’=',)
which ig

n-Psb) g ! o, -~ \/* [ |
Xw = Z(AIEYE) - 26

The summation being with respect to all solutions of

|
ﬁl+1 (5,.+3(53+.-. = "’ ) ﬁ”f‘fsz.,-}-S(%,.y.--- = P-1| ‘
|
|



This simply gives
-('h"l’|)

«)

= o =1
n-2,3)
fm = Y%(%-3)+ =

3,3)
x(:g = "(", “\ ("l“)("l's)'l' (q-1) % + 3

('\4}'9

x(xl

= % (=) (-2 -7) + 5 ‘4(""1."‘3)"(3_

+ (1"-\) v, + -‘iof&(-tl—t)+w,+

The S-functions of the series @H(v,zt) f+ (2, t)

(p. 24) yield many relations between the characters of

| the symmetric groups. The formula (12) (p. 28, to

| gether with the orthogonal properties of the group

| cha racters; gives

)

x Xey VY-

For the series $ (v,2t) [ 4+ (vt)

S = Q-z")[0-v")
so that

s® =

'l (\-!.r] - XU) ﬂ(l-tkd‘a.—e‘*a‘) (R'L) :
t-ar) ™ &% T Dgaws-ag?

' This equation is sufficient to determine all the charac-

| ters of the symmetric groups. The value of any

character may be expressed in terms of the cycles in the

class, in the following way. Corresponding to any par-

tition (A , in the expression (R:') the least power of |
g that occurs has index A, +2Aq +3A4 4 ..., so that
picking out the coefficient of q,', only those charac-

ters occur for which the partition (M) satisfies |

26,



Az +2)3 +30 + -+ S |
The coefficients of 1,z,z2,z5, s Eive |
25 =
X;:‘ + XC(:;-‘") = o
X::;h‘)-r 'Xg;-:’:) =L q(ey-1)- va
x(&t;-g?}'_ xu;;-?-, : = ¢ 1(“1-')(".-" = "% %
PR L PR £« (4-)(%-2) (%-3)- 5% ()%

+ oz~ + 5 (%)

The solution of these equations gives the characters

x(n-h )]
(=) = il

e B g (-1 )(h-2) - =

(w0 =
a—:.\) = 'If. (o= 1) (% -2)(%,-3) - (=) + o !
"- |
! - 2 (-0~ 2 - k) - B - ) (-2 % |

¥ (o) %3 - % il
In a similar manner the coefficients of qz, qzz, qzz’, !l

eees Bive the characters

XS e, (Ee)aiey

i

x((ﬁ"33 :1‘): .5 q‘ (‘\" ..2) (q(‘ -l-l-) - °(3

~
R T ORI ORL CEL B S ACE
- L ooty (1) + % . Diemer A b o ohik |

and so on.
For the actual calculation of the tables of char-

acters of the symmetric groups, by far the quickest |

method, is by the use of recurrence relations. Also it

27,



is only necessary to compute one half of a table of the

characters, and from each character the value of the |

| character corresponding to the associate partition may:

be written down by merely changing the sign for an odd
|

class,

If () is a class of the symmetric group on n
letters which contains a cycle on r letters, and 0“==:
(M>d2,---,Ax) is a partition of n, then the most it |
portant fecurrence formula is stated thus : f
b i D Xt':;:

where Z) 1is the class of the symmetric group on n-r !.
) P

' letters which has the same cycle structure as &) but

with one less cycle on r letters, 'ne summation is

over the characters XQH which correspond to the

| S=functions

|
i*;-“) Al,“‘,)\“}) i")"‘-—h’ cv ey aK} ) vt "A|,A1, . ..l)K—-l}l
the minus sign being taken when the 3-function with the

parts reduced to descending order becomes negative,
This recurrence formula is sometimes written in the ;
K

| fO'I'm, {Al,A1) P ")K}(ﬂ) — 62“ i*‘ J A" .. -J)j-") ..-)*nllf’)-

It was first given by Littlewood and Richardson in thef
gpecial case r = 1, and then given by Murnaghan for an#
r., It enables us to write down at once those characters
of the symmetric group on n letters which correspond té

a class containing at least one cycle on r letters whe¢

the characters of that class of the symmetric group on‘

28,



n-r letters which contain one less cycle on r letters

|
|
| are nown (r = 1,2,3, ceey n=1) ., Indeed it allows thei
| whole table of characters of any symmetric group to be |

computed from tables of characters of lower degress,
%)

E.g., the character 7.("'"3 of the symmetric

group of order 12! for those classes which contain a
cycle of order 5 are obtained thus:

The corresponding S-functions are

i{—us,-a,i,\}, ilt,—'i,'%,l,l.} ) 1w3,-2 \,l} 5 i
|
|

which reduce to .
{9.,1) L \)‘} ) ik,ﬂ-)o,o,—l},&lﬂ'&, 950 o} ) |

-‘_ L|')333J°)—3} ) sllr, 3,3, 'l,-l+} >
|

' The second, fourth and fifth are zero, so that

| 7)) (y3) @51°)
x(-(:? : = X X

For the classes % 2 é
3 2 :
f',ls'l, 1“'3,\34,1 o L 13.13,\(511!..,1,

Va5 2i5% 255 1 o Baltnual
x'&"a) and XP:’ *

the characters take the values

|

| |

| 14574, 0=5 5202500, 5503405105 ©; |

2, -l.‘ -1} 1, 0, ‘

T4 =65 BombaRy- 0 =iy 5,00, w2,

=0 | S |

B35\ |

so that X ®22V) for the given classes, takes the |
values

5 =
'15, Sas, |""3S,‘3»5:13'2.13';‘1351‘5';‘5‘91“-'05,
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The recurrence formula yields directly the charac-

ters of the classes containing but one cycle on n let- |

‘ters., If (A= (A2 --52k) then A+ k-\ < n

| unless A= Az=...= A, =\in which case A, ;+RKR-\=
|
n . Also A= M4+ K-2 < M=-n+ K- , and so |

on, So in both cases if\,,,\,_._n,.h,...,\"} A i"‘”*’-, .

| Aa =M, "",AH} =

:‘ia\” Aay. .-, A"-n} =9, Since the last term, when

ot i : |
it is rearranged in non-increasing order, is negative,

| In the first case {Xi-712a,2,, ---a"u";is also zero

'whilst in the second case ih-—n, Az, A3, ---,"n} =

PR

(n-k+1, 1K) K=\
'x#n =1 ? = (—")
| otherwise xqfl = '0

' directly the characters of the class containing one

'unary cycle and one cycle onn - 1 letters, thus
(n-x, 2, \°%)
Ll'—'" ql'l.-l =1

l (ﬂ"“la)
=1 3 *"‘ = ‘

— (_—‘) K=\

(n) \
x.p|-.-.1 y ®p-y =1 =
0"
x s = \ n even
g SRR = =i " edd

|

|

|

i

|

| @) .

| : xq‘:.ll 'fn..|=~l 0 athey wi S€ .
|

|

In a similar manner the recurrence formula yields |
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The recurrence formuls may be combined with
Frobenius' formula (p.22) giving the dimension of the
representation or equivalently the character attached
to the unit class, to determine directly ch&racters of
clasgses containing one or more unary cycles, e.g., the|
character of the class of=12, ¥g =1 of the symmetric |
group on 20 letters, corresponding to the partition !
(9, 6, 3, 2) is easily calculated as follows,

The recurrence formﬁla applied with r = 8 gives
136 3, 1.}(.“-.-_ i\,e,'s,'z}(_() + {9,-2, 3,2]&1 |

+ i9:‘)"5;"}(-7)+{39613;"}L-E) %
The first, third and fourth of the terms on the right
venish and there remains }9,-2,3,2} = 19,2,'}. Since|

(<) is the unit class the dimension formula of Frobeniﬁa

‘(“I)‘p'lq '63) = (“)3}‘) ) ! ‘ 3.10. 2. = 320

WAV
The characters of a class containing only cycles

| yields, since i
|

of the same length are easily calculated by formuls (9*
(p.22). For example if n = 2 m the characters of the

I
|
! |
' class containing m binary cycles are simply found by l
i

- setting 82 =1, 8 =83 = ¢0s =5 = 0., Evidently

. -— ] — \ "
Y (S)=o0 if j is odd whilst 1,1‘,(3]_ T Thus fo!r
n = 12, the character of the class * = 6 correspond=

ing to the partition (5, 4, 2, 1) is

0 (133 t)"l [a) (’.* "“! l—‘
o a0 tnad au)!
A.G ¢ | = = -5
; | o bl (o}
] o 1 ()
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This also may be conbined with the recurrence
| formula . e.g. the character of the class =1, %=,
®y=3 of the symmetric group on 12 letters, correspond-
| ing to the partition (7, 1°) is easily calculated in
| the following way, |

The recurrence formula applied twice, first with

| r =1 and then with r = 2 yields

S Y b s Y 4 T
TV = Y, - 161% Y ur, + 15} @) }1,1}@.)i)
| |
% where (<) is the class of the symmetric group on 9 |
! letters consisting of permutations each of which has |

three ternary cycles, Since this class is positive

{u,ls}mu} = i‘u ls}(qn)- Also

I -\

. a3

| o (Eay' o o (3.3 |

| \ o o 3! 0 |

. -1 = i
" 3 0 | (o} o ) = 3

e }[é"]=3-3‘.-0 : | |

0 0
| o 0 0 \ o

(o]
)
i

sﬂ,i‘}c £ = a3l

(4} \ o |

‘ so that the desired character is - 3,

Explicit formmlae for the characters of those i
| classes of the symmetric group on n letters which con—i
sist of ¢y = n - p unary cycles and = |l cycle on
' p letters; (p =2, 3, 4, ... ) are of importance in

the physical applications. These formulae are given




by Frobenius for p = 2, 3, 4, and by Murnaghan, using
his recurrence formula, for any p.
A partition (XN) of n is conveniently specified
as follows:
Let the principal diagonal of the diagraﬁ of the parti-;
tion (i.e., the diagonal starting at the upper left-
hand corner) strike s colums, Let 81> 85 > e >
As >obe the number of nodes to the right of the
diagonal in the rows, 1, 2, ..., 8 respectively, and
b; > by > oo >bg = 0 be the number of nodes below
the diagonal in the columms, 1, 2, ..., 's respectively,
Then the partition 1s described by
8y )i%a g - =pas
(hn b,,---)bs) :
and 8 is called its rank. |
The associate of the partition (X) is evidently
described by
by, ba, ---, bs : I
(a.‘, (| P :ﬁs) ;
the partition is self-associated if and only if
(byaba, +--,bg) = (ay,q ;- -, 2s)
The number of nodes in the first row and columm
together = a; + bl 4+ 1; when these are deleted the |

nurber of nodes in the new first row and colum =

|
|
85 + by + 1l; and so on, so that

S
7 e+ b g
3=\

33,



As an example the diagram of the partition

(6, 4, 3, 12) of 15 is

the nodes in the leading diagonal being in heavier

type. In this notation of Frobenius the partition is

5)’)0
("‘l‘)o)

This is of rank 3 and differs from

il }

which is the partition (6, 4, 2, 1°2) of 14 and whose |

denoted by

rank is 2,
®
Murnaghan denotes by X (¥) the characters of
the class o= n-P, *p=\, g0 that for instance
X( ) (2) are the characters of the transposition class,
whilst X( (\) are the dimensions of the various
irreducible representations. He then gives the theorem:

-7

Ds AP @ is e cefficient of § in

..._\F 309-1)¢3-2) .- (3~ b)) f,_ r’(s |
ﬂ(h-l)(n-']_) v idn- h+1) 1 -i 3)

2 1 4) 3 w
e !

s .
Fly) = T7T Y-iag
4=l 34+ b+
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In the cases p = 2, 3, 4 the theorem yields

: Frobenius! formulae

A0 s 300 = [ 14 () -y 4012 ),

[ the relations

Y @ X0 = L%: L (500 +9 + b (oGl

- 3n(n-\)1 = (n-1)(n-2) .

x(*) (v = x(n

O = [}S;‘ 14 (i + )% b;" (o) + )"}
- 2(an-3) iqd‘ (3 +9) = b; (by+1) }]_
nin-0(n-2)(n-3).

The two notations of a partition are connected byl

(i) ay = Aj—s gy R pis < S

BT e TSN U R PR L R T

are two complementary sets of the set (o, 1, 2, ...,
k - 1), These relations transform Frobenius formula |
for .Xm (2) = A2 (1) into the equivalent form, i
A @ x x® )= B 4 Gi-ae) s nlm),
which is known as Hund's Af=ormu1a. i
Frobenius' formulae (p.26), for the characters ofjs
the symmetric group on n letters, corresponding to a
partition of n into two parts are a type of formulae
giving the characters of a given representation the |r
class varying, The formulse derived by Littlewood a.ndI
Richardson (p.27), from the g-series are a similar

type. Murnaghan following a very simple method based




|
|
1
|
|

on the formula (9) (p.22), for the characteristics of

the symmetric groups, establishes formulae giving the |

characters of representations corresponding to parti-

tions into not more than four parts,

these being of

extreme importance in the applications to nuclear

| physics.,

These formulae are :

(8 S R

(41) 1‘-+\

+ng)( )( ) (%) »

| the summation in the first term being over all classes

(¥) of the symmetric group on A, —\

L))

letters, and in

the second over all those classes (@) of the symmetric|
I

group on A, letters which do not contain any unary

Q)

cycle,
Thls formule is indeed an alternative form of
Frobenius' formula (p. 28) for 'X(“ *'P’ :
(A. YA la) |
(=) , S ""-"’-ﬁ x( 2 ﬂ(«r‘x ) Y }
®) -~ G +\ &) £ bn) |
(22,4 « ~ '
3 L) g
v L K (@E)E) G |
(A;)A}v\) I
|
* & Xm ) ("‘m) |
|

The summation in the first term is over all classes 09

of the symmetric group on Ay4A3 =\

letters, (B bein;g
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(B +', ®a, --.,fn) . The second summation is over

the class (B, +\, Pa. REA 7 fsn), in the second term over |
|

all classes (8) of the symmetric group on Aa+A3 letters

which do not contain unary cycles, and in the third
term over all clasgses (¥) of the symmetric group on

A +23 - 2 letters,

(M2s, 23, M) : HaBa (M2A3, M)
N g e Ny
- 2 A ()6 !
(’bﬁaj"u-) x G237 !
¥ 12 § ou3’ }G”) )I

X('\r 31, M)
(jﬂ 8) ‘l)( 5:\(;?\) .

The first summation is over all classes (@) of. the

symmet ric group on A+Aq 4 My —|  letters and (#) =

all classes (€) of the symmetric group on M +A3+ Ay
which do not contain unary cycles, The third summa-
tion is over all classes (f) of the symmetric group on
MM+ de -2 letters and (¥’) = (%+2, ¥y, ¥y, - ,"n))
's"1= ($15%241,83, ... ,¥n) + The fourth summation is
over all classes (§) of the symmetric group on
M+ +2y -3 letters,

Ag an illustrative example of the application of

these formulae, 1f A= n-5, Ja=s§ 1s a partition

of n, then there are five classes (f) namely U ;(h-)

37.



&)y, 0,3) , ) end two classes (#) namely (33),(s) » SO

that
x50 o Mo (1)) () ¢ 353 (RS - (‘:."*)i
+ 82 (DCENE) - 60+ T2 (o)
+ 32 (AR)E)GY- - C8) !
o (BB (1) + (}X?)(:“)(T‘)"-(?‘);
|

= o W (4% -2)(%-3)(~,- 3)

- é‘ ™ (‘ﬁ—i)(‘(,-S) o T ‘5_("1—')“:\ ("(:"‘) ‘

y & mlns)e 4wy ¥y 4 Yo

Applying the first formula Murnaghan establishes

, }én-)«f\)
explicit formulse for the characters Ag, S Ae A

ese, 8 3 applying the second he establishes explicit
formulae for the characters x(.,, ) Wtha =2 = !

w

= 2, 3, seey 8; and applying the third he establishes
plicit formulae for the characters X&;‘A’*“A”w )
M+ A My =A= 3,4,---,8. These explicit formulae
have the advantage that they are the same for all
values of n, being expressed in ter:;ls of the cycles
of the class ()

The character tables for the various symmetric

groups fromn = 2 to n = 10, inclusive are given by'
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Littlewood, The character tables for n = 11, 12, 13 |

| are given by M., Zia - Ud = Din,

The Analysis of the Direct Product

0f Irreducible Representations of The Symmetric Groups

|
If G is the symmetric group with elements 815 tq,

| eee and Gy the symmetric group with elements s,, tg, S

then the pairs (s;, S;) one element sy from G; md the |

other So from Gy constitute a group G (as §1 runs over

G; and s, over G,) under the law of combination
(Byy b2 )(S1> S2) = (4S8, 4282).

G is called the direct product of the two symmetric

groups G; and Go, its order g is the product of g, and|

g, the orders of G; and Gg, and the number of classes

it contains is the product of the numbers of classes in

G’l and G’z.

T Ml is an n, - dimensional representation of Gq

1
and M2 an n, - dimensional representation of Gg, the |

direct product Ml x Mg is an n; ng - dimensional repres-

| entation of G, If |x (s.) are the characters of Ml an

E' and JY“ (33,) ) Ksa ‘J"! LTl ) tz.

,XC-&) are the characters of Mz, the characters of th
representation My x M, of G are K80 X(s2)

g ;x. (5]) 1 a‘E \,a‘,l"'l P'

are the characters of the irreducible representations
r‘.l&=‘)=‘l'-"| ] ru) K='31}"';P._

of Gy an d Gz respectively, and ‘XK (5> 3%2) are the
’ |
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characters of the representation Ty ® Tk of G, then

| simply i
g:-’h a)fx. (s1583) -’éjﬁz(s,,s,)-; H—I 2 9‘3‘(3')‘9‘5,(%)} x|
88, Lda) VAT

= | ) a"'=s"x'ﬁ="|

'and G, is a gimple characteristic of G,

= 0O ethey Wise ; !
|

so that there are exactly hPa irreducible representa-
- |
tions of G, namely the direct products of the :
irreducible representations of Gy and Gp taken in pairs;:.

Thus the product of two simple characteristics of Gl |

|
2ok |
1K Gl is the symmetric group on n’ letters, Gg |
|
the symmetric group on n* letters and |
’ |
(M= Ol san) w22 2 o = A ‘
is a partition of n”’, |
n |
P ! " " s )
(l"): (‘\l’)“z.,)"")Ah“))Al :’AL).?' n" |

ig a partition of n", then the characteristic which is

the product of the two simple characteristics ih“s and
) =
’

n Q) %)
lz 0 ’Z.' ﬂ‘(,, N () X@) X—t ”) S 189 S ) (J) {
) foc) ) ) .

nln!

the summation being over all classes

- ’ ’ “ Z " ©” ’
() = (o, )2, .-, ) (=)= (", .7, -“J""n’)

of the symmetric groups G, end Gy respectively, and

SI (‘()
S 0 (<)

/ s s

/ o 7% S “w
2 =i n! ,

n “an

n' s

=S}y

nq’n Al
o S‘ ' S,_ *- .
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| simple characteristics {A'} and {A"3} are power sums of

| symmetric group on n letters which is obtained in this
' way, into its irreducible components, is not merely a

very interesting mathematical problem but also is of

| it being understood that the indeterminates 5 in the

the group G is a subgroup of the symmetric group
mne=n PO letters, namely the subgroup which con-

sists of the permutations on n letters which permute

the letters of each of the two sets, one consisting of |
n’ and the other of n “letters, amongst themselves,

Also (¢ = (£) +(«"”) is a class of the symmetric

group on n letters; the equation (=) =) + (") mean-

!

; : n - s i
ing «y =+ , §=1,2, ..., m, where &. =o if

J>n’ and e = o if 4> n". The identification of J

and g gives the characteristic as

/ ] (3 '] "
+—- 1 n " ” (‘f
n’l n" (-dj::' )+ () &) W7 Xtﬂt] ch) 3™

here
w st

*n

578 syt Y

K K
s" P Z| X + -z‘ L B 'Z“ “:.,’-‘. ---,“

n variables z, This is simply a compound characteris-
tic of the symmetric group on n letters.

The problem of analysing the representation of the

extreme importance in the applications to nuclear |
physics, It was treated extensively by two different
methods,

One method is a recurrence method due to Murnaghan.
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‘Murnaghan first gives the general result that those and:‘

!only those {4} will occur in the product {M}{Av} , ‘

for which the partition (A) 1is ob ained from (A'),

|supposed written with n elements by the addition of n¥

|zeros, by adding (M%) in all possible arrangements to
ieach set of n” of the n elements of (A), (M) rmning
over those partitions of n"” which appear when {A"} is I
written as a linear combination of the various symmet-

ric functions -

" H L1
--[—U‘g (1j = le‘rll -Z_Z.FJ. et 7‘“" n y

of degree M in the n variables (z), In adding (r") to
(A') in this way some disordered partitions of n may he

obtained and these are arranged in the usual way, J

In the case n“ =1, (") =) \
and $7(s) = ™M@,
|80 that (M%) = )
| (¥) written with n elements is (A.’, A:‘ s 7*.:»','0)

and’ then

{Al}‘lk = id;’+l, A,f, "‘li'n' ]‘ + i)«",):-n A ...))\,:.} el
BN A Bl Oy o BACTA b, v VR

If Q') is of k parts only, K<n' , every term on the

right in which 1 is preceded b§' 0, is dropped and we

get the formula:

A hay o DI = (A A T A L

-

e,

L

-

. {*n":s"':)n* ‘}‘l‘ {An“z:'“)“",l}
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In the case n" = 2, there are similar formulae thus:

'(1) 4,‘?\ (S) = T @) |
land {Moh - A 3UPY is obtained by writing |
:1,,,z,,...,)"} in the form A\ 2>, ... Mg, 6,0} and
;adding the pair (1, 1) in all possible ways.

(11) 4P(s) = TO@ + T (=)

and §A, 0, -2} is obtained by writing

|i'\l)*’-)"‘))‘k} in the form i‘lp\:\.,-n,t\“,o} and

éadding 2 and (1, 1) in all possible ways,

From this general resﬁlt lMurmaghan deduces his

i :
;recurrence method involving two essential steps for
!the solution: ;
| |
(i) The expression of each simple characteristic

i ( d\“) 11}
&7 (S) of the symmetric group on n letters as a linear

icombination of the various symmetric functions, :
| 7™ (2) = 221"'" P |

| z;f‘;" cein Zpne
i':c:n‘i' degree n" in the variables (z);
(ii) ‘“The expression of the symmetric function of
degree ® in m variables z,

&
ez.”.,zmm' ’e|+61+---+e“‘="\l

™ (= 72®
in terms of the simple characteristics ¢ (S) of the
symmetric group on m letters.

These two steps have been done in tables due to

| Kostka up to nf m= 11, Murnaghan's recurrence method

A, FPrecede by Af each parfiition occurring in the,

for analysing {)l}{‘)"} is then formalized as follows.
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supposed known, analysis of the product

| U TSRS S S

'B, Precede by N+\ each partition of the, supposed :
‘known, analysis of the product of ia{,);,...,)"’,}by a :
linear combination of simple characteristics of the |
'symmetric group on n” - 1 letters, This linear combinas
'tion is obtained by first expressing §a"} as a linear
ilcombination of the symmetric functions M) (), of |
édegree n:’ of n letters (z) and then expressing the co- :

‘efficient of z., which is a gymmetric function, of

1
!degree n”- l, of n - 1 letters, in terms of the simple |
:characteriatics of the symmetric group on n"- 1 1etters:.
|IC. rrecede by A/+2 each partition of the, supposed i
hmown, analysis of the product {AL,3;,..-,du} by a ;
‘linear combination of gimple characteristics of the
' synmetric group on n - 2 letters, This linear combina-:
ition is obtained from the coefficient of zlg in the |
|expression for {A"} in terms of the o p o M
gD. Same as in B save that A+ 1\ is replaced by M'+3 \
!and w1 by n'-3
|J:.. Same as in B save that A.’+I is replaced by l|"‘!"r i
and n"-1 by n'-y ;and so on, |
_As an illustrative example, the snalysis of {32}«

{1‘3 is obtained as follows .
A, 1232Y = Y2y r o4} + 11,;,1} + 13,3}

+ {3.]23 ‘}1" "l"l3J I} )

|




Ir’receding with 3 and arranging parts we get
{3,13} + 1T t}
B. %} = T @)+ TO () 279 )
'The coefficient of z,, is Ty 279 (2) = il,l}.
{20312} = Yy + {3y + 202} + 13,28 + 13:‘!‘}
i - | |
Freceding by 4 we get : ' _
oy + 1n st 1w 3,0+ (6,00 i
C. The coefficient of 'z.l" is T™™@ + T (\‘)(.z).,. in} |
il = 1el+ 1)+ o)
rreceding by 5 we get |
iseY + 1522) + 15303
There are no further terms and therefore
faaHo) = 18,0 G+ 13,20 ) + 1) + 13 lnd)

| + it ate {58 + inaak+ {52

Murnaghan has constructed tables for the analysis

| short by using the fact that in the analysis of {p'} x
,3-"“} , Where '{r'} is the associate of {A'} and {pu"}
the associate of "}, the {pY} which will occur are |
the associates of {A} appearing in PMYIIAY
' The second method gives the analysis of A {a"}
without referring to any tables. It was mainly sugges
ted by Littlewood and Richardson but completed by
Robinson.

If (M) = (M)2a, -, k) =22 -0 = Ay

of {MY{A"Y for which w4 n' <o . He cuts the tables
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is a partition of n and in a permutation of the n
factors of the product

Ag
"Cl‘l\‘l 7_13-; ST g

> the number of times 2o occurs = the number

|
permutation is called a lattice permutation,

| Thus the lattice permutations of 2.31; 23 are
| 732,23 22,202 Pty %
'Z.|'7.2 ‘1:‘13 leli‘iaz‘ 'Z..Z;_'Z;;?.‘" £

Simply the number of lattice permutations of -z_.“' z,"\"f..

2¢?  is equal to the number of ways of building the
diagram of the partition (\) by n regular applications
|sc:nf nodes, i.e., the dimension of the corresponding
irreducible representation.

If in the diagram of a partition @) of n, the n

iorder the result is called a Young tableau.

Littlewood and Richardsr:;n first give the special
icasa that the S-functions obtained in the product
| P2} x P, are those which correspond to Young tableaux
that can be built by the addition of r identical symbol
to a tableau corresponding to the S-function llh} , no
two identical symbols appearing in the same columm,

They have also stated the general case but did

amongst the first r terms the number of times zy occurs |

not give its proof. Later Robinson has given a satis-|

of times Z5 occurs, etc, for all values of r, then this|

inc;des are replaced by synbols «,/A,Y¥, .. .- taken in eam:sr,I

|
|
8
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!factory proof, This general theorem is stated as
!follows.

The S-functions appearing in the product of {Myda,« sy
x 1P P2, ..., P} are those which correspond to
;Ybung tableaux thak can be built by adding to a Young |
itableaux corresponding to ia}, Miidentical symbols «, ‘

M identical symbols g, P3 identical symbols ¥, etc.J

subject to two conditions:
Firstly, after the addition of each set of

identical symbols we must have a regular Young tableau

|with no two identical symbols in the same colum,
- Secondly, if the total set of added symbols is

|
|
|
|
'read from right to left in the consecutive rows of the |
final tableau, we obtain a lattice permutation of
The following illustrative example was given by
fLittiewoOd and Rinhardson.

To form the produet {&,3,1}{2% \§ » it is easier

to build on {nqa.ky and since the tableau remains un-

altered its elements are represented by dots, Thus i

&) 3,0]: ST e [0 o e e
bl @ e |
- Y 1
' and we get: !
IR S R SR V) Shw e e I e SRR v egl e
(C () e o TR ERears tae
: B X
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| (5 5 @ &1
|.°¢ ‘ . ra
|l"r'5 of ot o ¥
X € ¢ €
| X
' o SRR A
&, m . B « oy AT d |
'I'(e‘ o 3 w B8 3 ;
!-t g X @ B A |
NE ¥ % |
B
s T A Z;.
'(5 ‘(5 v of of . o .
« 8 . ne “ «(
A 5 ¥ P Y @
¥ Y

IS E AR TRERT B A R TN 2{¢, 4,21}
Ff16wB T+ 163,754+ 163,27 + 163, '+ 55‘,3}
+ 115’}:, T 151‘\'*} x '1{5,4,3,\1‘+ 21 5,4, 1‘}
aisiar i)+ 15w )+ U5t 2+ 5,9, 1)
r2ys,2,250F 4153, Iajj-{ w3 2, M 63,2+ 143, i"i
{00} 445w, e e i RS E TR O

L The Analysis of The Kronecker Product

Of The Irreducible Representations of The Symmetric Group!ﬂ

If A and B are two matrix representations of the
symmetric group on n letters, then A X B is also a
matric representation of that symmetric group. For if
A Ay = Ak |, RBeB, = Bg , MC= AL B¢
then

Mi My = ACxBe: AyxBy= A Ay & BL Bé'ﬂ"xe":ru




If W, r(A) are two irreducible representations

of the symmetric group on n letters, then the represen—'
|

tation r(A) x v(p) is reducible and its analysis was |

'treated by Murnaghan. MNurnaghan indeed deals with the |
|

analysis of |
F(“-P) Aa y - - ) X V(ﬂ—%; MPa,y - )

'and the method is based on 3 éssential remarks. |

;(i) that the coefficients of the analysis are indepen-;
. |
dent of nj

(ii) that the analysis of \"(\\-}, SR vin-9, . ) ..
does not go deeper than the terms v(n-%-v,...);

I(iii} that the coefficient of v(») in the analysis of |
r( xv(pr) is the same as the coefficient of r(n) in:

'the analysis of T(A) x v(#)-

The method is then completely described by the two

' illustrative examples : |

|
|
|
in r(» x v(®) unless (M) = (A) » and in this case it |
l |

| occurs exactly once,

Therefore writing () for r(A)

(b)) x Cneyy) = )+ §Un-y) +6 (n-2,2)+ G(n-2, () .
! getting n = o, |

(""l; ‘) X ("'J ‘) = 0 4 ¢ -\ ‘) £y (‘21"‘) +<|‘- ("31 r-) |

i.e., q = c\.‘_

settingn =1, ¢ =\

(i) since v () x v(n) = v(A), r(n) does not appear
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settingn =2, =4

Hence ¢ =& = 2 =| so that .

(11, 1) % (n-1, 1) = (n) 4 (n-1, 1) 4 (u=2, 2) 4 (n-2,1°).

(i1) To obtain the analysis of (n-1, 1) x (n-2, 2) we

remark that the coefficient of (n) is zero whilst that

of (n -1, 1) is 1 (by example (i) ), so that

b i, et LN R |
+ G (n-3,3) + Gy (n-3,21) + G3 (u-a,ﬁ).i

Setting n = o0, < — ."\3 =\
|

Setting n=1, ¢Co= G |
Setting n = 2, e, U =AW 0
%Setting n=3, Cy=\, Cay=
_.iJ_Hence (4R B '<‘1=t',c3'=\J =1, ¢ =0 i
- |so that

(n=1,1)x(n=-2,2 =(n=-1,1) +(n-=-2, 2 |
| y(n=2,1% 4 (n -3, 3) + (n-3, 2,1).
In this way lurnaghan gives the analysis of |

(n-Prda, .o ) x(n-a, My, l) '
!for the following values of p and q, .
p=1,q9=1, 2, 3, 4, 5 there being 18 of these,
!p = 2, = 25154 there being 19 of these,
|p= 3, di="57"4 there being 21 of these,

From these he constructs tables giving the |

‘analysis of r(A) xel M) where () and (p) are parti-

Stong of n, Mm.-=-3,24, 5,6, 7; By |

|
\ T
: (@

-



The tables are cut short by using the two facts
(1) It LT) and (M)are the associate partitions of (A)
and |pn) respectively, then
r() xr(p) = r(d) x T(X) = the associates of the
representations in the analysis of (») & ¥(p).

(i1) FXY R T(R) = £ ) % r(p).
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PART II,

THE IRREDUCIBLE MATRIA REPRESENTATLIONS .

OF THE SYMMETRIC GROUES.

It was indicated in part I p.8 that there are
exactly p irreducible matrix representations of the
symmetric group on n letters, where p is the number of |
ipartitions of n, The traces of the matrices in an
irreducible matrix representation f(a) , namely the

characters of the symmetric group on n letters corres-

ponding to the partition () of n, have been inveaitga—:
‘ted extensively, and tables with these traces have been:
:constructed for n = 2, 3, esey 13, Yet the matrices
'themselves have not been given much care, except in
isimple cases, namelyn= 2, 3, and the particular parti- |
ition (2*) of n =4, That is due to the fact that no
imethod appeared easy or practical to obtain these
‘matrices., But very recently Professor Aitken, while
!investigating the characters of the representations by
!the compound permatation matrices, has given a simple
!and direct method by which we can obtain the matrices

| in an irreducible matrix representation r(A), where (A)

is a partition of a certain type. This method, when
combined with the other methods makes it practical to

' obtain all the irreducible matrix representations of

' the symmetric groups on 4 and 5 letters, It is our

|
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purpose here to obtain these matrix representations
afper describing the best method to be applied to each
Eparticular representation. In order that we shall
Ihave a complete list with all representations of the
symmetric groups on 3, 4 and 5 letters (the case n = 2
is trivial) we shall give those of the symmetric group
lon 3 letters as illustrative examples of the methods
described, and shall describe the method, due to
Frobenius, applied to the representation ¥ (2') of the
symmetric group on 4 letters,

First of all, the permutation matrices of order
n x n provide a reducible matrix representation A of
the symmetric group on n letters, By mere ingpection
' of any permtation matrix A we note that cycles on on%
letter in the permutation si¢ correspond to unit elementh
in the diagonal, while cycles on more than one letter ‘
:correspond to chains of unit elements all off the
diagonal, Thus the sum of the diagonal elements of Aa;
or the trace, is equal to the number of cycles on one

|
| letter in the permutation si, namely e, , in the nota-

tion of p. 3, Also we have seen p., a7 that :
)
A=
(n-y,1) i
(=) iy o= for all n. .

We then conclude that the representation of the

symmet ric group on n letters, by the permutation




mat rices of order n x n, is equivalent to the direct
Isum of the two irreducible representations v() of
order 1 x 1, and Yv(n-\\) of order n.- iz «cl%

The operation row; « ro’wz + TOWz + oo0 + POV,
fapplied to a permutation matrix A, gives a matrix B,
differing from Ai’ merely by, that all the elements in |

the first row of B; are unity. The operations

|
| . |
‘to B, give a matrix C; in which the elements in the

col, - col; , col, ; = coly; , ..., col, = col, , applied:

|first row are 1, 0; B, sees 06 Thus the operation

iHﬁi Hﬂ where,

| PR S8l oo RS 1L
|
|

[ ] l L] L NN [ ]
H = . - 1 8 oo 0 .
| .I L ] L ] & e 0 L]
| L] L L]
|
[ . E} ® ean . i

. s 3 ees 1 |J(n rows)

|
® 1 ° se e . i
| -1 |
i H= ° . 1 eee °
|
] L ] . [ ] a8 8 ‘
I e - . . 1 (n I'OWS) [

¥ = |
reduces each permutation matrix of order n x n to the |

mit matrix 1 and a matrix of order n-1l x n-1, Thus
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. -\ g .
the operation H A 4 reduces the representation A to its

two irreducible components v{(wn) and v(n-1,1), This is

certainly the easiest and most direct method to obtain |
the matrices in the irreducible representdtion
v(n-41) of the symmetric group on n letters,

The simplest example to illustrate the method

is the representation r(2,Y) of the symmetric group

on 3 letters, The elements of the group are

T, (12) , (13), (23), (123), (132) |

123, 213, 321, 132,

!OI’
| 231 ,

312,
\where, in the notation of p. 1,

|
Sy Sa Sy = (

s 2, 3 I
v |

Sis 8-._'53 I
|

'The permutation matrices of order 3 x 3 corresponding

\to the group elements are :

G W e S 1 .
i L] l L l L ] [ ] L ] l L] L] 1
i L] L ] L ] L 1 L] Ll - .
Be ol g i
B ° l e falre L] 1'1 |
|
| . . 1 l L] L] i
ladciis 0 R e S
s = 7 ais |
| The operation 1 ( ) H , where
! . — !
| DU 1 -1 -1 |
|
n= - 1 . aé-': - l L] i
|
L] L] 1 [ ] . 1 |
L L .I




applied to these permutation matrices, gives

[ 1 ° cj 1 ° ° l e ° 1 L] L]
. 1 . l -1 ""1 . 1 . . . l
|
o pe 1 - P A 1 -1 =1 3 1 4
L - .
'-1 L] .q —l L] -
° . i 1 -1 -1 |
|
. -1 =1 o .
La -] L i

;’From these we have :

the representation corresponding to the partition (3)

| 1’ 1 ] 1 ¥ ] 1 ¥} 1 ] 1 ] !
| L |
and the representation corresponding to the partition(2,1)

i SR TR I R R R DO R T e
[ * 1 [ e 1 } [-1 -1] [1 .] ["1 -1] {\ 1 c] ! L]
. We shall apply this method to obtain the matrix |

‘representation r(3.,Y) of the symmetric group on 4 letters |

|
and the matric representation t(n\)of the symmetric

[!group on 5 letters,

; We note that the representation r(a.n“") is
!obtained from the representation r(n-\,\) by mltiply-
i-ing each matrix in v(n-w1), corresponding to a
negative permutation of the symmetric group, by -1. .
|We can apply that to obtain the representations r‘(l,?J |
land (2, 13) of the symmetric groups on 4 and 5 letters |

regpectively, ,'
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. Secondly, Frobenius has given the following

method based on Young tableaux p. 46. A tableau in
which the letters in each row and in each column are

in ascending order, 1is called a standard tableau,

EThe number of standard tebleaux corresponding to a
|paxr'c,it:i.c:n (A) is simply the nunmber of ways of building
the graph of the partition (&) by.n regular application:s
| of nodes (p.16) and hence equal.to ¢ | These
itableaux are ordered in the following manner, A and |
|}B representing two standard tableaux and the letters |
in the ith row and jth colurm being ag and by
.;reSpectiv-ely, we have the two sequences : |
| flnxctn‘---:ﬂu,;Qu;---,“ulu‘lan---:‘*Mr .
| bu » Bia st By bay -0 baal, bay a---a‘pab. |
;if acy , the first letter in the first sequence such

| that a¢cy ¢+ by , is smaller than by, the tableau A

i is said to precede B,

} The term symmetric group on r letters is used

II to denote the sum of the group elements of the symmetric
!group which permutes these letters, and the term :
negé.tive symmetric group is used to denote the same
:!thing with a minus sign attached to each negative

i permutation,

Frobeniug' theorem is then stated thus :

If for every pair of standard tableaux, it happens

| |
| that there is at least one p;t.'i.r of letters in the same |

coluwmn in AL and in the fawme row in Ar, we write,

P.= the pra duct of §gmmetvric groups on the clements a‘n;




rews of AL, Nisthe product of ~ve §.q'S en elements in wluwmns,
e =i PE N

end ey = PC €50 Ny

where €ji 1s the permutation which transforms the

tebleau A; into the tableau Ai', then the matrix of

order (W x ¢

ey €y € ey egtn 4]
Ga €, &, 128 S0y
€3 ey 3 oo Qg
GQed)  Lap) Gy ... Cppyei

is a group matrix for the irreducible matrix represem-
itation ro . Indeed this is of the form
|
| L My %
o

‘where %y = si™' and Mc is the matrix in v (A)

|
‘representing the element Sc.

i Frobenius has applied the method to the represen-
| .
tation M@ of the symmetric group on 4 letters, and
'indeed this is the simplest method in that particular

‘case.

l If it does not happen that for every pair of
'standard tablesu there are two elements in the same row

;in Ai and in the game column in ﬁj’ the representation

i r(») can be obtained by a similar method, but the elements
]! ecy in this case, are too complicated so that the method

|is not practical for use, and we shall not give it here,

l
|
|
|
|
|

59,



Thirdly comes a method based on invariant
matrices, If A is a given matrix, T (A) is an invar-
iant matpix of A if

T (@) DB = T (ABK
;T (A) is sgaid to be reducible if there exists a matrix
H of the same order as T (A) such that

T, (A) U(a)
| HT(A) H = [ ' ]
! 0 Ta2(R)
!clearly Ty (A) and Ty (A) are also invariant matrices
of # and T (A) is sai d to be equivalent to their direct|
'sSum, |
Schur hes shown that there are exactly p

|
|
iirreducible inveriant matrices T (A), whose elements

|
|
‘are functions (homogeneous) of degree n in the elements'
of A, p being as usual the number of partitions of n,

| The inveriant metrix corresponding to the parti-

tion (») of n is written AU] and its trace is the |
s-function {A} (p. 22) in the latent roots of A, |

To any relation between the S-functions of the

:different degrees corresponds a relation between the
iinvariant matrices of A, whose traces are the S-functiops

|
of the respective degrees in the latent roots of A, a

|
'sum or a product in the first relation being replaced

by a direct sum or & direct product in the second, and |

an equality in the first being replaced by an equivalence.

Thus to the relation

230} = L2} + 3]
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corresponds the relation

{5 |
A x A = av'ﬂk-am

To the relation
PP = ot & 18]

corresponds the relation

© 5y T 1
A xA = A + AT
or 4 '
A x A = A + hc” <

Atrl being the rth induced power of A, and has

trace §{r} = P, and AP _ A" | the rth

' compound of A and has trace Y= tan .

NWow if A is taken to be the matrix

—

| ‘ a‘ b'| c‘ o0 hrl.

2 2 1 p
i 8 by Cy ese hy
I L ] L LR e
L L L] LB L
- L L] * e a .
a-n bn cn L hn

e e

A r
and we construct the invarient matrix a” correspond-|

|

‘ing to the partition (A) of n, there is a submatrix of‘!
! A[x_\ each element of which contains all the symbols |
;a, D36, sees b end - all the auffixes 1, 25.3; see50
. | permuted in some way, This part is called the most |
;polarized part of ABJ or its central core. i
| The main thing is that this central core is a l
group matrix -for the irreducible matrix representation |
r () of the symmetric group on n letters. Indeed the :

I
|
|
|

‘ |
|



central core is equal to

L Ml xL

&
where

2L = Si (81 Pa €3 oo )
end M; is the matrix in r(}) , representing the group
element S¢ »

The most simple example to illustrate the method

'is the representation T (W) of the symmetric group on

'3 letters., In this case A is the matrix,

e o

8 By G5
| S5 s %3
' 03] =) ) 2 2
‘and A = A , the determinant of the matrix,

3

The central core is a['l itself, namely
| !
[8yibige gt tasby ey =B Rade) = 8y Vg S48y by O |
. 8. b e and we get : |
| T e & |

the alternating scalar representation C(®)=;

i 1, -1’ -1, _l, 1, 1-
|
| We shall apply this method to obtain the repres-

entation r(a) of the symmetric group on 5 letters, We

!sh&ll obtain the central core of A 20
' central core of A(n x a®

by reducing the

to two components, the ]
(&) |

L1 and the central core of Ax A

' central core of A
The representation tv(3,2) is obtained from the

representation r(-f,t] by multiplying each matrix in

62,



| irreducible matrix representations corresponding to the .

r(z,1) » corresponding to a negative permutation by -l.

Lastly, Professor Aitken, while studying the
characters of the compounds of permutation matrices of
order n X n, has got the result that the traces of the
2nd, 3rd, ..., n-1 th compounds of the irreducible
matrix representetion r(n-v,1) are the characters

X 4 X an)
) -

(n-2,1) (n-3,%)
p S 6

Thus the 2nd, 3rd, ..., (n - 1) th compounds of the
irreducible representation r(n-,1) are the irreducible
representations
rla-n, ) Tlnea; ) ey sty
This is undoubtedly the simplest method to obtain the
|
go-called, unicursal partitions, ’
The method is very simply illustrated by ‘
noting that the 2nd compound of the irreducible |
representation r(2,1) of the symmetric group on 3 |
letters (p. 59 is the altermating scalar representatioﬁ
r(¥)=z 1, -1, -1, -1, 1, 1,

We shall apply this method to obtain the matrix

. letters,

|
repregsentation T (3,) of the symmetric group on 5
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Group of order 4\

The elements of the group are :
Class 0% ) : 1
1
123 4

2 3 4 5 6 7
(12) (13) (14) (23) (24) (34)

Class (12, 2)

..

2134 3214 4231 1324 1432 1243

é Class (22) : 8 9 10
| (12) (34) (13)(24)  (14)(23)
2143 3412 4321

Class (1,3): 11 12 13 14 15
| r : (123) (124) (132) (134) (142)
| 3124 4132 2314 4213 2431
| 18, e 18
(143) (234) (243)
3241 1423 1342

Class (4) : 19 20 21 22
. (1234) (1243) (1324) (1342)
4123 3142 4312 2413




23 24
(1423) (1432)
3421 2341

Representation corresponding to partition (4) :

The unit representation 1, 1, 1, eees 1o

Representation corresponding to partition (3, 1) :

1
112
s lHes
a e
15 i
i
. 1

4
X U B
il g
T P e
1

10

-1 » o 1t

-1
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11 12 13 14

. 1 . wl =] -

[2 4% A LR S 1 TR (| 7l
RETIRE. Bt o R A e e A
e ar ey eagnsn 3y psen AL (52 <1
15 16 - 17 18
e SR S R . ol s ST
. 1 . -1 =1 -1 k | 1 s -
; R AR e U o e Sl o P v
| 19 20 21 22
b RS MRS ST R W %0 e A T O S TR G |
L G e AR N g Y A L3 AL S i)
T ARESL L T I R
J
| 23 24

1 -l - 1 e e

1 [] - L 1 L *

Representation corresponding to partition (22) -

The standard Young Tableaux are
s ot
3 4 and 2 4

i B= I +(12) + (34) +(12) (34)

so that

N= I~ (13) - (24) + (13) (24)

P,= I +(13) + (24) + (13) (24)



| €3 = - (12) 4+ (14) ¢ (23) - (34) + (123) - (124)

N, = I _ (12) - (34) + (12) (34)
€\ = dav = (23) .
There fore
I+ (12) = (13) - (24) + (34) +(12) (34)
+ (13) (24) + (14)(23) - (123) - (134) - (le)
(243) - (1234) + (1324) + (1423) - (1432),
ey = - (13) +(14) + (23) - (24) - (123) + (124)

+ (132) = (134) - (142) 4+ (143) + (234) - (243)

|

€\

(1234) + (1243) 4 (1342) - (1432) .,

(132) 4+ (134) + (142) - (143) - (234)
+ (243) + (1243) - (1324) + (1342) - (1423) .
€ = I = (12) 4 (13) + (24) - (34) + (12) (34)
+(13) (28) 4 (14) (23) - (124) - (132) - (143)-(234)

+ (1234) - (1324) - (1423) 4+ (1432) . |

and we get . i

b 1;] 5
el b k)
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; 9B RS OE

10 20 2L 22 23 24

bl B e i el

This representation is multiply isomorphic with the

group.

Representation corresponding to partition (2, 12) : ‘

In the representation corresponding to the
partition (3, 1), the matrices representing the
I

elements in the classes (12, 2) and (4), are multiplied

by the scalar - 1.

Representation corresponding to partition (14) :

The alternating scalar representation,

68.



Group of order 5!

The elements of the group are :

class (15) N
I
12345
' 3
class (19,2) : 2 3 4 5

class (1,22)

(a2y  «(13) - (14). ~(35)

21345 32145 42315 52341
6 7 8 9
(23) . (24) (28) (34)

13245 14325 15342 12435

10 1

(35) (45)

12543 12354

R 13 14 15

(12)(34) (12) (35) (12) (45) (13) (24)

21435 21543 21354 34125
16 3 18 19

(13) (25) (13) (45) (14) (23) (14) (25)

35142 32154 43215 45312
20 21 22 23

(14)(35) (15) (23) (15) (24) (15) (34)

4251% 53241 54321 52431

694



24 25 26
(23) (45) (24) (35) (25) (34)
13254 14523 15432

iclass (158} 20 2% 28 29 30

| G188) - 13%) - €126)  (132)

31245 41325 51342 23145
31 32 33 34

(134) (135) (142) (143)

42135 52143 24315 32415
35 36 37 38
(148)  (152) (163) - (154)
52314 25341 32541 42351
39 40 41 42
i (234) (235) (243)  (245)
14235 15243 13425 15324

(253) (254) (345) (354)
13542 14352 12534 12453

class (23) : 47 - 48 49 50
(123) (45)A 124) (35125) (34)/(132) (45)
31254 41523 51432 23154

51 52 53 54
(134) (25)(135) (24)/(142) (35)A 143) ( 25)
45132 54123 24513 35412




class (14) :

55
(145)( 23)
53214

59
(234)(18)
54231

63
(253) (14)
43512

67
(1234)
41235

7l 8
(1253)
31542

75
(1342)
24135

79
(1423)
34215

83
(1452)
25314

56

(152) (34) (153) (24) (154) ( 23)
25431

60

(235) (14) (243) (15) (245) (13)
45213

64

(254) (1.3) (345) (12) (354) (12)
34152

68
(1235)
51243

72
(1254)

41352

76
(1345)
52134

80
(1425)
54312

84
(1453)
32514

57

34521

61

53421

65

21534

69
(1243)
31425
73
(1324)
43125
77
(1352)
25143
81
(1432)
23415
85
(1523)
35241

58

43281

62

35124

66

21453

70
(1245)
51324

74
(1325)
53142

78
(1354)
42153

82
(1435)
52413

86
(1524)
45321

(9 -



' class (5)

87
(1532)
23541
91
(2345)
15234
95
(2534)
14532

97
(12345)
51234
101
(12534)
41532
106
(13425)
54132
109
(14235)
54213
113
(14523)
35214

88
(1534)
42531

92
(2354)
14253

96
(2543)
13452

98
(12354)
41253

102
(12543)
31452

106
(13452)
25134

110

(14253)

34512
114

(14532)

23514

89
(1542)
24351
93
(2435)
15423

99
(12435)
51423

103
(13245)
53124

107
(13524)
45123

110
(14325)
53412
116
(15234)

45231

90
(1543)
32451

94
(2453)
13524

100
(12453)
31524
104
(13264)
43152
108
(13542)
24153
f12
(14352)
25413
116
(15243)
35421

R



117 118 119 120
(15324) (15342) (15423) (15432)
43521 24531 34251 25451,

-t
| the operation H ( ) H , where

and

(4,1) .

tions,

llio

o
Pt
L ]

[._l

applied to the permutation matrices of order 5 x 5 give
the representation corresponding to the partition (5)

i the representation corresponding to the partition
; 5 3 ; .
tions (1") and (2, 1) are their associated representa-
The representation corresponding to the partition

(3, 1°) is the 2nd compound of the representation

corresponding to the partition (4, 1).

1 1 1 1

. e

The representation corresponding to the parti-

obtain the representation corresponding to the

S
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ponding to the partition (3,2), we make use of the

| identity

| 1,e,

W

\"3 d\.
¢\ &y

€3¢, = (¥} + qey,
from which
N [e’q-i- Ax A
We take
£ 8, by ey Ay e
a, b, ¢, d, e,
A= a; by ¢, dy e,
8y, Dy Cy Ay €
ag b Cg dg e
so that Aéﬁ = X
(A By) o (RS wel) Swlaleddn ~ta,te,)
(a; b3) - (&, e3) . la; d3) (&, e,)
Cae Be) 5 ! (ajseg) “slaisalye "da; ' 6y)
(g Be) Pyl (an dog)- alas %d e *(a Fo )
(aq B3)  (ay c3) (a; d3) (8y e,)
(&g By )s ey eg) walay hdi ) wlaiee )
(as Be)te (aocg) = (agdsyy Hlatsec)
(ay be) | o, ') “ilay dy)y Hlagie,)
(ay Bg) 1 (ay e lag a5l “Ha'rey)
| (8, b)) (ay cg) (g, dg) (&g C
(b, “a,) (b, "eg) (e, d,)
(b, d,) (b, e,) (¢, d,)

partition (22,1) and hence the representation corres-

74,



(b gl b Kby o) (e, ay) Ceiu®y) s ».lidy iey)
(b dg) = (b, e5) (e dg) Ceinog), = Ldiiey)
(Batds) ' by iesdy y (ey dg)iy (e 04) o (dy 0q)
oS 75 I T ) R s (e R 0 ) S s Y
Chy “ded o (b e ey do) oy feg) | ~(d, og)
(b dg)r Uy eg)c s oy @y) (o5 @) (dyie,)
by s e (g Yo o) ma fenid ).~ (ey eg)  (dy o)
| (b, a ) (b tegds T e, ~do) (e eg) (g B) |
land A® = =
[(a,, Baies) (o, by ds) (8, b, ey) (8, e, dy) (g c, el)
(ag Dy oe.) (& bydy) Le, "o 8) (a, o, d) (a; c; &)
(a, by cg) (a, b, dg) (a, b, e;) (a, ¢, dg) (8, c, eg)
(ay by o) (&, by dy) (a; b, e,) (a; ¢4 dy) (8, ¢, e..lr)
fay by cg) (e Bods) (| by eg) (a, 0y 4) (& o5 e)
(a, b, cg) (a, by, dg) (a; by, e5) (a, ¢, d¢) (2, cy eyg)
(a, by c4) (8, by dy) (a, by ey) (8, c5d,) (a, cy ey)
(a9 by cg) (8, by d5) (8, by eg) (a, cy d5) (a, cq el)
(eq by eg) (8, by "dg)lag by 6l) (a;" ¢, d.) " (a, e o))
(ay b, cg) (a3b dy) (agb,eq) (agc,dgd (agc, e
g (8, d,e3) (b, c,1dq) (b e, 63) (b d, ) (o, d‘_;ea) =
(2, 4, e,) (b; ¢, &,) (b, ¢, &) (b d,q,) (¢ d1|eq.)
(a, 6, e6g) (b ey d (B, eie) (h d, e.)le, d,le.)
(a, dqy e,) (b cy d,) (b, 4 8 (b, dye,) (c, dy ey )
(2, dy eg) (b, cq dy) (b, ¢y &) (b, dy eg) (o dye,)
(a, d, &) (b, ¢y dg) (b, ey &8,) (b, d, e4) (¢, dy|eq)
(a, dy e,) (b, ¢y 4,) (b, ¢y 8,) (b, 43 &) (c, d,le,)

75.



(2, dyeg) (by ¢4 dg) (b, cq eg) (by dyeg) (e, dy eg)
(a, d, eg) (by ¢y, dg) (bycyeg) (b, d,eq) (e, 4, 6)
(a3 dy e5) (bg cy dg) (bg cy e5) (b dy &) (cq dy &)

A(” X P\(“ is a matrix of order

The direct product
100 x 100, +the most polarized part in this matrix, isé
. a sub-matrix of order 10 x 10 and its elements lie in !
the 10th, 19th, 28th, 37th, 46th, 55th, 64th, 73rd, |
82nd and 91st rows and columms, We write this sub- |
mat rix as
M= [my, my, mg, eees o]

where each m is a colum ve€ctor, namely

|
| r(a, by B3) (Ggeeg) | A (&, by dy) (e o) | !
| I Cag Ba eq)itias ies) (8 b, 4,) {ey e3) |
| (e by )i lia ] el ) (a, by d5) (cy e,) :
i (a, by e,) (4, o) (a, by d,) (c, e,) i
Im1'=(a| by cg) (4, e,) [my=] (a, by dg) (c, &) :
| (a, by cg) (d, e;) (fan b dg) e e5) |
(e ey (8 o) (a. by 4y (o o) |
(ay by cg) (4, e,) (g ids) e, 6y |
(a, by ce) (4 e,) (2, by, dg) (c, e,) J
_(aa b, &) (d, e,) | (ay b, d¢) (c, e,)
| - -
: (a, Day@s) (Cy dg)T [ (ol oy dq)aib, )]
i (8, by ey) (cq dg) (8, ©q ) (b o) |
(a, by eg) (c3dy,) (a, ¢3 dg) (b3 e,
mzf (ay bye,) (cy dg) my=| (a, c5dy) (by eg)
i

e
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(a, by eg)
(o, By 0l
(a, b4 e4)
(a...‘_b.s eg)

(2, by eg)

8 (ay by, e)

- Ga, 5 83)
(e eg-05)
(ay e, o)
(a, c, ey)
(a; ¢ 50¢)
(2, e, eq)
(ayex 10y)

(a, ¢y 6)
(a

(by e, dy)
("B e )
(b, ¢, dg)
(b, cq d)

[o, ey dg)

(b, ¢ dy)
(b’_ 03 d")

(b, ¢y d,)

(b, d,)

(e, dy)
(e, ds)
(ey d3)
(e, 4,)
(e, dj)

(e, G4

R e
(by dg)
(by dy)
(bs dg)

(by dy)
(b, dg)
(b
(b, dy)

me=

(v, &)

(ay e5))
(ay e¢)
(a4 ey
(a, ey)
(8, e,)
(8, e3)
(a eg

(a‘ e,)

(a, &y dy)

(a, d, e,)
(a, 4 e)
(o, 4, @)
(a, 45 eg)

(8, dyey)

(a, dj e,)

dq eg)

(by

dg)
d, )

Tithe



(bg c4dy)
[(ba c, dg)
(b, dy &)
(b <45 65)
(b, 4, eg)
(by Az 03
mg= (b, dy eg)
(by dy eg)
(b, 8, ley)
(b, d4 eg)
(b, 4, e.)

| (by 4, es)

(a, ea) (b,
(a, e.L)__J L-(b.,.
(2, c5) 7] —-(c‘
(ay cs) (e,
(ay cy) (e,
agtey) (c,
(a‘ cﬁ-) m10= (c‘
(a, &) (e,
(al cs) (c')_
(8, c4) (ey
(a, c,) (ey
(a, 01)_, I__(03

Cq

Cu

d
d,

d
d
d
d
da
d
d

2
2
3
3
4
3
3
(2

dy,

ey
o)
eg)
ey)

es)

b,)
by)
b,)
by )
b,)
ba)
by )
b,)
ba)

b,)

In the first columm of the matrix Am % Am

and the same rows as before, we have the columm vecto

[(ha

(2,
(a,
(a,
(a,

(a,

b, Csq)
ba c)
by c¢)
by C4)
b, cg)

bii G

Gay By €y)

(a5 By G

(a3 b4 cg)

(a4 by cg)

(ag D) ]

(ay by)
(aqy Dy)
(a, b;)
(a, by)
(a, by)
(a5 Be)
(8, by)
(a, by)

Gy b5

ﬂ

—

2
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The elements of that vector are not linearly independ- |

ent. They are connected by five linearly independent

identities, We easily see the following identities i

79.

1) (&, by 0 )lag bk = la, by cp)la, be) + (a, b cs)(?k3 b,)

+(a, by ¢,) (2, bg) = (8, by cdla, B) + (a, b, cg)(a, by)
- (aabycu)(& By) ¢ (a,byedla; by) - (2, bye)la b))

+ (agby, cg)(a, b,) = o, being the Laplacian

expansion of the determinant

a, by ¢, a, by

a, b c,a, b

abca3b

3 “3: 3
a,.b,,c

3

lra'rbtn

asbscs :5L_,"i:>s

2) (a, by, c3)la, bg) = (a, b, c,)(ay bs) + (a, by ¢ ) (B, bg)

- (a, by c,)(a, bg) = o, being the Laplacian
expansion of the determinant

8, 't:)I c, a, b\

\
8y b,,_ C, 2, b:.
84 b3 C, 84 ‘::t3

a, by Cy 8, Dy

0 o o0 &a¢by
3) (&, by o3ila, Bk + (ay Boleg) oo byl = (& B, v,
+ (ay, by c5)(a, b,) = o, being the Laplacian expansi

of the determinant

(a, b,)

on



a; b, ¢, a, b,‘
8, b, ¢, a, b
2, b3 Cq 8, b3

b

(o]
(o]
o
)
&
3 o

as bg cg ag by

| 4) =(a, b, ¢, )8, bs) +la,b,ctla,b) + (a, b, cg)la, by)

-(a, by ¢5)(a, by) = o, being the Laplacian expansion

of the determinant :
|
|

|
- ;
5) (& by oyg)la, by) = (&, by cdla, by) 4 (a, by cg)fe, b,)
+(aq b, cgila, b) = o, being the Laplacian expan-
sion of the determinant
ay b, ¢, a, b,
(&) 0 0. 8. by
a3 by c3 &, by

aﬁ, bg., Cy B..*bg,

ag bg cg a. by
6) -(a, by c,)la, b)) + (8, bycg)la, b) - (a,b, cglla, by)

+(agb,c)(a, b)) = o, being the Laplacien expansion




| (3)  rowg 4 row; 4 rows - rowg

' of the determinant

Subtracting 6) from 1) we have
7). (8, by cy)la,by-(a, b,c)lay by +(a, b, c)(a,
+ (e, by ¢ )(a,; b)-(a b, c)la, b,) 4 (a, b, cg)(a,
=0

Subtrecting 4) from 7) we have

| 8) (a, bycy)(a,by +(a, By, c,*)(albs)-(a‘ by c)a,

+(a, bycg)(a, by) =0

Subtracting 7) from 5) we have

| 9) = {8y by c3)(ay bg) + (ay by ¢ )(ayb)-(a, b, c)(ay b,)

t{a; bycs)la, b)) =0

From 7), 2), 3), 8) and 9) it fpllows that the Operat1¢ns

(1) rowg ¢ row; = rowg + rOWz + rOwWy = rows

(2) rowy - row; 4 row, - row,

(4) rowg 4 row, 4 row, - rowg
(5) POW, 4= TOW, 4 TOW, = TOW,,

applied to the above vector, suppress its last five
elements to zero,

iherefore, performing these operations, together
with the operations

(6) Col_ + col 6, col 4 - col 6, col; - colg, col, + c

éb“)
0,)

|
\b“)

D1,

81,



col1 - col 6

1 ') col, % col7 » COl, -
col5 -

(8) col_ 4 col

5 872

? (9) col5 +-colg, col4 -

(10) col5 i collo, col2 -

on the matrix M, it reduces to

) g v s

- 1 L] [

L] L] 1 [ ]

and postmultiplying by

I 1 L L] .

=\

5 o
]
1
(]
|
[}
[
1
=

colv,

0018,
col

9!
1
co ld

col1 4+ col 7.

col1 -

coll -

col
1-+

1 .
. 1
I
o el

col 8,
col 9,
col 10

M1-+ M2 where Ml
is the most polarized part in A &1 .

tions are equivalent to premultiplying M by

These opera=|




We write M, as [ﬂﬂ.i] 3

i, J =1, 2, 3, 4, 5 and we

then find :

n“ = (a| b’. 03)(61‘. es) — (al d: 83)(bl‘_ Cs)
- (b, ¢, e3)(a,dy) - (b, d, ella, cy)

My = (a, by ¢, )(d5 65 - (a, d, e,) (b3 cy)
= (b e, 8. )(ay dg) = (B, dy e,) (2, cy)

M = (a, by cg)(dye,) -(a, dy ey (bycy)
- (b, c, eg)lazd,) - (b, dy e5)(ayc,)

l“'\q-l - (al b'3 c‘l')(dl es) b= (a‘ d3 ell-)(bﬂ. cs)
- (b, cy e )lay dy = (b, dy 8,)(a, cg)

Mg = (a, by cg)(d, e,) - (a, d, e.)(b, c,)
= (by cyeg)a, dy = (b dyel)la, c,)

M2 = (8, Dadjy)(c, eg) + (a, d,ey)lb, cf)
- (¢, dy ex)(a, bJ.

Maq = (al b,_ d.,}(c-a es) 4 (9-‘ d.; e“)(b-s 05)
- (o, dy ey)(a; by

My = (8, ba dg)lcy ey) + (a, d, eg)(by cy)

- (¢, 4, eg)(azb,)

+ (b,

+ (01

+ (b,

+ (c,

+ (b,

+ (c,
+(b|
+ (cl

+ (b,

+(c|

- (b,

cq d3) (2, ey

dy ey)(ay by .
|

o, G)(a, &)

d, 6,) (a4 by .




ﬂs‘),:( a,

"W!z(alw

M5y =(a,

M =(a,

Man =( a,

d,)(cy eg) + (a, d; e,) (b, cg)

e,) (2, by) .

dg) (e, e,) + (a, dy e) (by

eg)(ay by)e.

ey)(cy dg) = (& d, ey)(by,

ey)(a, b, .

e“)(a3 ds) - (a, d, e*)(bacs)

e )(ayb ).

0. )[Ry d,) = (a‘ d-;.es)(ba

eg)(a; b).

e, ) (e, ;) = (a, dje,) (b,
64)(31 bs) ®
65)(01 dq,) here (al dl es)(bl
es)(ay by) .
dy)(b, e = (a, d, &)(b,
e,)(ay cg) .
d,) (by e5) = (a, d, e,) (by

ey)(ay cg).

POl

(b

(b,

(b,

(b

(b

(b

84,



! + (D,

Mus =( a,

c, dg)(by

o) (ay

dy) (b,

3 6“) (31

d.) (b,

es) (2,

e;) (B,

33)(9”4

ey) (by

2 8yl lag

es) (b3

eg)(ay

e, ) (by

d3 e*) (&1

eg) (b,

d e.s)(a.,_

e,) = (a, d, es)(by cy) &+ (b,
Cy)

es) = (a‘ d‘3 e“_) (b,_ 05).'.. (b‘
Cg) e

ey) - (8, d e;) (b, cy) + (b,
Cq)

dg) + (a, d, ;) (b, c;) + (b,
Cg)

dg) + (a,d, e)(b; cg) + (b,
Cg) o

dq.) + (al d,_ es)(ba cl...)'!'(b‘
0“) .

dg) + (8, dj ey) (g cs) +(Db,

cs) L]

d,) + (2, djyeld(b, cy) +(b,

ch_) s

85,



Explicity in terms of 815 855 eees g, the suf-

fixes arranged in accordance with the arrangement of

' the elements of the group, these are :

—; a.‘ b,_ 03 du_ 35 - a1b|

+a,bacy d, 65+

- a, by cy dg e, +

=243 Ca dy By +

- 8y b3 Cq d4 e

+

+

+a, b

a, by
a3 b,
aq D3
8g Dy
8y b,
84 by
a3 by
az by,
8, bg
a4 b,
\

ag by

1
Cp dy &y
Cy A, €
Cy, Qdu

c3d|

-+

ag by
g by
8, bg
8g b,
a2, by
a4y b,
8y Dy
8 by
aghb,
8¢ by
agby
8, by
ag by
agb,
84y Doy
84 bgy
apbg
a, b,
8¢ by
84 by
ag by,

a, by

Cy Gy

&3b1

a‘b3

a b,
a, b,
ays b,
e, bg
agb,
8y by
ag b,
8, by
a4 by
a, by
asbq
a, b,
a ¢ b,
aghbg,
as by
8 4 b,
a g b,
a, b,
ag by
a4 by,

ak'bs

c‘d“es
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- a3b5 Cy

| Mpy= -

Cy A3 €5
C,d, 0,

Cy Gy €

Cu dy ey

Cy

)
+
o
W
Q
w
o)
(]
~

Co.

a3 by c, d; eg
a, by ¢, 4, G
a, bg Cy dgye
8y b,c, dg 8,
8, b, C

r e i |

a3 by cy dye,
B, Dy C
ag by c,d) e,

a4 b c,dy e

c, d;,e.l-l—

d563+

dye, + a,b, cgd,e,

C, dq_esd- asb,_

a,b,
aab,_
asbq_

asbl

Cqy d,.e‘ -

c,_‘_d365+
(N dseq_.p
Cy d, e, +
Cy dyey -
Cu @, ey -

Cq d“_e,_

c,l_dae.l-
Cy dy €y +
Cydoe, +
¢, dg e, +

Cs dl&- €y, t
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Representation corresponding to partition (3, 2).
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Representation corresponding to partition (22, 1):

In the representation corresponding to the
partition (3, 2), the matrices representing the
negative classes, namely the matrices, 2-11, 47-66,

67-96 are multiplied by =~-1.

Representation corresponding to partition (2, 13) $

In the representation corresponding to the
partition (4, 1), the matrices 2-11, 47-96 are

miltiplied by -1,

Representation corresponding to partition (28"

‘the alternating scalar representation,

144,
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