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PREFACE

This research has been carried out on Pr Aitken's
sugeestion. The first chapter is largely a resapitulation
of known results which I have learnt from Dr Aitken, hers
arpanged for convenlence of reference later in the thesis.

The second chapter 1s the apnlication oﬂkhese methods
to the deduction of a two-vaeriate Gamma type distribution.
Dr Aitken pbdihnted out thaet the variances in a normally
correlated two-varlate distribution would give the reaulred
distribution,and chapter IT is just the carrving out of that
suggestion, He also directed me to the papers by Hardy and
by Wishart and Bartlett which give rise to chapter III.
Those two chapters form the centre or core of the thesis
from which the other research r-diates in three main direct#
-ions, of varving interest from the points of view of pure
mathematics and of statistical applications.

The first i1s chapter IV which 1s purely of mathematical
interest. It contains the most substantial single plece
of research in the thesis,. It was perh-ps fortunate that
on myffirst sesrching Watson's Theory of Ressel Functions
for theorems involving incomolete Gamma functions, I did not
find the paragraph o7 Hadamedd's paver. The result given
by Watson would have been sufficient for the pirposes of
chapter III, but not being satisfied with ing own deduction
of it, I sought to find it as a special case of a more
general theorem, and in doing so have been led to discover
a more general result, and incidental results which may be
of great intere=t in themselves,

Secondly, the reneralisations in chapters V and VI
are of interest as giving forms for statistical distributions
but they will also be of interest for pure mathematics,
giving, for exampler a gemeralisasion to any number of
variables of Mehler's theorem (1866) which has heen discussed
by Hardy and Watson and o hers,

|
The third branch of the thesis isconcerned with the
actnal method of fitting a distribution funeti-n such as
thet discudssed in chapters IT and TII. This is discuesed
in Chapéér IX, and tables to wake easy the Fitting bv the
method snggested there of a type III curve are given in
chapter X

o Hgjther perts of the thesis are chapters VII and VIIT,



of which VII is concerned with an attempt, not so far
successful, to extend the theory to all Pearson's tyves,
instead of type III only. (Similar 2ttempts must have been
made before : see Romanovsky, Biometrika, Vol XVI, parts I
and ITI, p. 106) And chapter ¥III applies a methdd whie I
learnt from Dr Astken in application to a normal distribution
to the digtributlion of chapter II, and deduces simple forml
which may be of great practical significanee in dealing with
problems of seketion im distributions in which the coefficierf
of variation is important snd is not small

Publication

I propose to publ sh the substahce of chapter IV in
the Journal of the Indian Mathematical Society.
Since Emakz chapter II is a sequel to papers by J.T. Campbell
and by Altken and Gonin, 1t shonld probably be published
after the latter. Parts of chapter III, V and VI would
thenfollow, and VIII also. Chapter IX might be published,
unless it should prove to have becn done already by someone
else, as soon as tre reslt quoted in § 22-2 in that chapter
has been published.

Further lines of research

There are two or three points in the present line of
resesrch which rem=ain to be cleared un. un page 61 at the
end of chapter IV a constant X 1s left undtérmined. although
its wvalue does not affect the main theorem, it will be of
ereal interest to find it - I think 1t should be possible
in a few weeks. At the end of chanter IX the important
gquestion of the best statistic to unse to estimate the
lodrrelation is lefit und&ermined. a stralchtforward
application of the method of maximaum likelihood to the
Bessel funetlon form in chapter TIT should be possible,

The methods in the chapter on selection need to be applied
to the distributions of V and VI.

Other lines of research include a further attempt to
find by the method off chapter VII a conbtinuouns distributlon
to correspond to the double hypergeometiic distribution.
There mist be some partial difference equation satisfiled
by the frequenciew in that distrlibution; and albhough so
far I have not found it, the work T have done on 1t will
be a heln to finding 1it. We might then arrive at a
differential equation of which the Bessel differantial
equation would be a special case. Another problem
{s that given in § 7.2, chaptér TIII, p. 31, the integration
of a certain xymmekrke function of the elements of a
symmetric matrix with respect to all the elements off the
diagonal, throurhout the region in which the matrix 1s
positive defilnte. I sugerested this problem to DY Ledermann
when he gave me & copy of his paper in which the function
concerned was derived. T carried out the ¥integration
when there are only two xapiakkex variates, in chapter IIT,
obtaining a series of incomnlete Gamma functions. For
three variates, asny such direct intecration appears to gilve
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too complicated a result, and one may expect any solution
of thia problem to be based en general m=trix theory, and
I do not myself see at present any line of approach to a
sol@tion.

The methods of cmrve fitting suggested in chapter IX
it would be well to test by application to a variety of
problems. That can best be done by those actually engaged
in the practical business of studying naturslly occurring
distributions.

I wish to thank both Professor
Whitteker and Dr Aitken, not only fort he suggestinns
menticned in this preface, but glso for adiiice and
BR gemkn encourggement duringthe years in which T
have hen engaged on this work. It 1s a great stimulus
to assocliate with them.

Madras, September 1938
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ORTHOGONAL POLYNOMIALS , AND MOMINT GENERATTNG FUNCTIONS

Syli Definitions The orthogomml poiynomisl of degree n ,

for & distribution function  @(x) . is zmehxkhxk is e
polynomial P, (x). such thet

“FR(_X)FF;(""-)Q(X) A = O . f#’S, }(l)
N D e NS

or, if the functiin &(x) is that of a discontinuous

distribution,

SECIPRG) P(x) =©O, +xs, }(z)
2 O ¥ =S

Altermztively, the functions P (x) kx cen be definea by
J?P"("")‘t' KCEOdr»> =0 3 o TR () Pl = O,
r = O’ ] L B, 5, - 2 n - ‘l .

§Ill These conditions determine thef ratios of the

coefficients in P_(x) . If the velues of the coefficimnts

are so chosen that

[(refeeodx-1, @

the polynomisl isg celled a normslised ort: gonal polynomial.

gfil The moment generating funection for g given distribution

function qJ{x) is defined as




£

GE = [0 du )

L

T qa) is expended,the coffficient of %{!— is f‘x“c?(u) A
the'nﬂ mokent of the distribution function @(x) .

Thus if the moments sre bounded, the integral exists and

cen be expressed as a series in powers of &« in which the
coefficient of -f‘i:: 1s the _“li moment .

§E-i3 ‘hen ¢ (x) 1is a discontinous frequency distributim
funcbion, and q@(x) exists only for integral values of x ,

it is convenient to use the same notation q(!) for the

factorial moment generating functdon defined by

G = T RGO (1+) ()
in which the coefficient of-fé is the factorisgl moment
!

Z P, » ,  wheve 2 D Ge—n+1)

{2 It has been pointed put by Dr Aitken that the two-
-variste distribution functlions which correspond to certsin
ell knowﬁ one-variaste distribution functions, cen all
be expressed in forms which have the one-variste function
ag factors, #nd in which the co-factor is & series
bilinear in the respective orthogonal polynomials.

il Examples sre (1) the Normel Frequency Function

P> = e €

fOI‘g vhich the OI‘thOgonE}_ polynomials sre Hermite pOI}Tnomials /




T L S

2.9

»
e >
(7
while the corresponding distribution function for two

variastes 1s the Normal correlation funetion

ql’(’t, 5) = ;;r-!—‘———ﬁ?; e {(_x"‘—’lPu-a-i- 3‘)/‘1(] —-p‘)} i (3‘\

which cen be expressed in the form')

P, D) = 1_1‘; e—‘{('x& T){I P H,() H,(3)~+ ;_E; H, GO Hz(.a)_; o }

=PI+ PUCIH(D +F H COH (<]}

®)
(2% (1i) the binomiel distribution function,

PO =(DF 4T, wohere () -nC0 - Goxed

x!

@e)
for which Aitken and Gonin’)have shown the orthogonal
polynomisls are (.(x, I-) where

- TR < :
G, B 96> = (-3 A xT e, Q)

and for which the two-variate distribution fdnction 1is
_ - <
PO, y;58) = PO, )P, V{8 Fape G. (WG, (3,F) +

s* 2 e
: 2 g S (o3 9: G, B ql(}j,b')f-- = }
O C Tl DR
) =CPF 5

JR.C. Aitken and H.T. Gonin, On fourfold ssmpling with and
without replacement

Dr Aitken kindly gave me a manuscript cecopy of the peper,
G .Mehler, J. fur Math., lxvi (1866) p.174.




A 1limiting form of this is
L23 (111) the Poisson distribution function

e _ @3)

!
for which the Charlier polynomials are orthogonal defined by
K.(O QGO = (=960 | whewe VH)=$)-46-)
(«+)

and for which the two-variste function is")

et e (= ) ; ; BAES S
xy)=e R IR ik s m‘b

x ! 3,’
= P le ) §(s, WY+ = K00 K 6O~ _w(u) K. (-}
G
2 (1iv)
And a generalisation is/the hypergeometric distrdbfution
(3 " —3)
YOO = ("‘ (NE) (Ng) 3 (16)

for which the orthogonal polynomisls are U,.("‘) 5 wheve

- + ) . D 5 v
U‘_(x) (,P(x) == {X( )(-N‘ir —-n-o-x)( (P("‘-)} /(N-t--r—l-l) ;(‘ﬂI
> , ”tu)Nz
D,y ;) = G, ;0 {1+, e T T s ERSTNCND 22

(q.) (2
fv-0"1 s :
* o oS o Fw U Ut

and the correlation/ function Is) ot 5 1 } (£

Ldl!e‘n‘e G.’ Qa T O fumclzora 4 d

. jw-em U v T ac ol

q)c\v;n-;’l ‘bf—‘ae/r 5 -3:— = ““-/Y! as N s i
131 Other distribution functions which have well-known

polynomials ss orthogoaal pplynomials are

—

J.T) Bampbell, The Poisson Coreelation Function, Prog.
Edin. Math. Soc., vol. iv, series 2, pp. 18-26.




(v) the Type III cuwrve of Pesrson, or Gamma-type curve

P = "' e (19)
gew\e/mldced
for which the/Lag’uerre polynomials are orthogonal
- - + =
oL, (P = &)< e ; @o)

The Yy ave somekincs called Sorine faaea/wmaﬂ.; :

|32

and (vi) Type I -xﬂ +tr3
e (=) (+>) @)

of+[3 +0

) B(e-(-a-l,[_?,-o-l)

for which Hacobi polygnomials are orthogonal
_ SN RS *4+ >3
(- 00" B (x5 D = 2 (& (0570377 @
: 2wt r

) sy
T

Comparison of the form of the orthogonal polynomials and

the moment generating functlons

A polynomial of degree n can always be
expressed as f£(D)xX* or f(A)x" where D denotes
f; and A denotes the difference operstor - Af =4 -+
Pr Altken points out that when the orthogonal polynomials
of various distribution functlons are expressed in this
way, there 1s such simllerity in form between the function
f(D) or f(A) and the moment (or factorial moment)
generating function as to sugrest that a genersl method
exists for deriving orthogonal polynomials from the
gen?'ating functions. A thepwem showing that this can in

fact be done 1s given below $§2-7.




R o
(1)For the Normal Frequency function, c?h):irz——;; e
the moment generating function is
@ (d) = ei"" (1.'!'-)
and the Hermite polynomials ape cas be wnikieq,
S <%
H, () = e x e )
v—1 €
if . B, (x) 1is written as am; — Q. x - Q,, - Q%" —rnae
the coefficients q, satisfy the recurrence relatidns
O'*‘-l.c = % a*—l)s—l ai ats (15_)
and
H, (x) = 1
H, (x) = x
H (x) = x? =1
H}(x) — x3 - i
H, (x) = X" - 6X + 3
H, (x) = x” - 10x + 15x
Ho(x) = x° = 16x +45x° =15
H. (%) = x = 21x° +105x -105x
H (x) = x* -28x°+210x" -420x" +105
H, (x) = X -36x +378x° -1260x"+945x
H.(x) = x° =45x" +630x°-3150%
: 7 H +4725%" -945
H,.(x) = X =55% +990x" +6930x° A
+17325x> #10395x
H.(x) = x' -66x°+1485x°  +51975x +10395
-13860x"~ -62370x
H(x) x"  -7ex' -25740X = -270270%
+2145x° +135135x° +1351356x
1% It g X s 13503
ﬁix) = x =91x =45045x -945945x" -

+3003x'® +315315x° 4945945%*




The coefficients in these poiltynomials were calculated
from the recmrrence relatioéfﬁ;itten above them, those in
the last half dogzen being calculated with the Archimedes
machine. As that 4s a twelve figure machine 1t wes
possible to calculate two or three coefficlents with the
same set of operations, so long as the coefficients had
three or four figures, putting one in the thousands place
and one inthe miliions place, or something of that sort.
(Tre multiplier - » in the reeurrence relation used, which
maltipties coéfficlents in the last but one of the polynomials
already determined, is the aame for all the coeffic&antsﬁn

the polynoméal required.) The whole calculation was

checked by calculating the coeffidients in the 14th

polynomial from

a-rs I C % '.3.5..----(15"0.

@6)



b2 (i1) For the binomial distribution fu~ction,

(FCr):(;‘)F -j;"" the f-otorial moment genersting functlon is

b . > z Lo
GEd = 5 (+oF @G> = (1+b=); (=)
X =0
and the orthogonal polynomials can be written as
(l-i- kA)'“**-. 'x(')_ Cz8)
e (1ii) For the Poisson function POED)= 7 o=l

'J(,'

the fsctorial moment generating function is

G D= @)

2

and tee Charlier polynomials can be written as

‘(‘ (‘X : m) --t-.A (‘f)‘ (30)
| -¢% (1v) For the hypergeometric distribution
x) ")
@ = (NPT NG TN G1)

the factorial moment generating function is

F(-w,=Np; =N ; - ; G2

while the polynomials defined by (I7) can be expressed with

a hypergeometric operator :

[ (n-~.r +l, NP—#‘-!—" }N~19+'1 3 -‘A> ‘-“U) 2 (33)

[ <5 (v) For Typeg III or Gamma=-type,

q)l."t) = x —-x/r(',) 5 (; (_o{) = (l-—d)ﬁl’, - C;q;)

and the generalised Laguerre polynomials can he written as

L. Ges )= (-8 "

(}9—)

(The simple Laguerre polynomials correspond to the special

r
case in which m = 0, and ¢(x) = ¢ between 0 and o)




The general Laguerre polynomial is

= — 0 Al Y-
L‘.(x’l?): xv-(;:f-a-.?""l)*" '+ f-.'l;i }T(‘_ I)x
PUPEP) HC T YGRS VR
{
. )~ - ]
= —v(r+ -0« Li)(*‘*—i"") x T e (DEe-D
[ &SI r s >
P ; - z — xv"' -2
ri‘l-f(".z’)} § (30 dx f-’fx [, G, P) @O dx j; HF(;)_E;_ ]
ffflijfl-z (r+F ‘|§¥)T! Csﬂ
O T -
(@52, 3 e o
v e (Ze -1 ! 2;«(2.-'—-‘) (2v-D) (.1'—3)_ X o nae
i PR
l Al
T Hh{(?-x)} :
Ofr o | (452 '_j} = H {:-1.) ("55’)
L ey 2 y * p o
Simﬁg/vi-»j,
; AY
52 L daera) = i o) (39)

The definit'on of the generalised Lagnerre

polynomial in theform dbove in which the coefficient of xT

is 1, (whereas Hille and others use a form in which it is

—

o ), 18 a generalisation of Berger's definition of the

simple Laguerre polynomial, given by Wigert, Arkiv fdér Math,

etC¢’ 15, No 25 (1921)-




[-S Orthogonal polynomials for the others of Pearson's |
curves have been given By Romanovsky '). For a frequency i
curve for which the higher moments sre infinite, as in

Pearson's types IV, V and VI, what is meant when we say that
polynomials p,(x) are orthogonal for a frequency function
P(x) is thet [P(x)p.(x) x"dx = 0 when m<n , provided

the integral cc;everges. It is interesting that for TypelIV

Romanovsky's polynomials
"
s .,“ o vESx
QIR () = P (({4—*)4?(*»)3 ; @) =c(tex) € ™)
(C=-)
give’when 2m 13 a whole number, 2 finite set of polynomials,
such that all the integrals [ &@(x)R,(x)R,(x)dx converge,
To prove this, let @, = (l+x? esp (@ @-"">)
D, = (v~ P,., (z)

D, = 2v @, ~(2¢x -+v){2(f-l)n+”]CPv—x

These are valid for all values of » .

Now suppose that 2¢-1
D (9{- = Q q)f (3)

This 1s true when » =1 ; k, =V . We shall showkthat if

it is tme for any value r ,
5 D““q)' 5 zn-l{(l*-*‘) q)%.)
= (19D D, +@v+2x D, +Cvs DZrﬁ'-lcpr_‘
= [(I-&r")bz aZer D2 D+ (2v+ 0 Zr] v Fry

then it is also true for » + 1 ¢

by equation (3)

e B.ﬂt)(z,(zm)@, ST T I q..(m))‘p% |

_‘_(,“,“) 2',‘(_1,;,‘*")(9_'_ + (2r+ l)zv ‘P]

) Conphas Remdas , vl 188, (1925):




SR

" gimilarly repeat those from O to m - 3.

]
= {y - v(r+ l) +%v(2r+ ')] §oumy

f-'

'Qr-. (v‘-- q-'r‘j P-v_, KCL)

So that equation (3) holds for sll positive integral »r ,

and
k, = k., (2 + 4p2)

= Vv (¥® 4+ 4)(W® + 16) (R + 36)+-- (@2 + 4p2)

Now differentiate the equation

2wy

_-D (pf = ’Qv &&—g
(5)

n times ;

u-n.‘r-n L e Q S +;‘)ﬁh o
{(‘ Je ] [t } (6)

Put »+1=m-n, 2r+ n+ 1 =2m-m - 1 .

Equation (6) gives
Dzwu_lf(ww‘jh_mcp(u)} - £ D"{(n x‘)hcp (u)}

""'v‘a...u

where P(x) = .J (I R )

Thus the polynomiels R, (x) satisfy the relations
Rz 7")'.—‘_- V())"-n-‘f—)(‘l}t-l (6) 2 ,(‘U‘A— @,m-—n—ll) R, (h)

—— =~ |

The polynomials from m to 2m - 1 , if 2m 1s even, repeab
in the reverse order, with constant multipliers, these from

0O to m=-1 . Tf Zm 1s odd, those from m+ %+ to 2m - 1

For the specisl case in which ¥ = 0 , equstion (5)

|
18 still true, but with X%, = O , and hence we deduce that .

Qe — |

R, (x) =0, w+t < s sz, Im odd
pi= s 2wl AW even,
In this case also,then, though polynomials of higher orders

cnece attfches to a set of m or m+ 3

i

occur, sepcial signift




EX¥x polynomlals, g¥ing convergent integrals.
This suggests that if a series bilinear in these
polynomials 1s sought,to represent a frequency distribuftion
in two varlates, it may be possible when 2m 1is a whole

number to find a finite series of that sort.

=

e~




&2

Theormms connecting moment generating functions with the

respective orthogomml polynomials of ¥a frequency M function :]

-\ : If G6(x) 1is the moment generating function of
any frequency function ¢ (x) , then the m.g.f. of ;-“- ¥ (x)

is fiﬁ;‘. P (<) ™ dx = [cp(x) e““] — fcp(x)O( €™ A,

and if cp(x).e* = 0 at the limits of the distribution,
this 1s = & § (=)

Further, the moment generating function of (&%-icp(x) is
(¥°(5‘G(d) if P(x) end each of its first n - 1 derivatives
miltiplied by €  vanishes at the limits. A condition such
as this 1s often described as the condition that the curve
shall have 'high contact'! at the ends. The condition if
satisfied by the Normal Frequency Curve, and direct

such as Chavlies's
modifications of it/; by Pearson's Type III (for a certain
range of values of o ; we need only condider G(x¢) within
such a range), but for Type I it is in general only satisffed
for values of n less than eithes index.
For a curve (such as Type IV) for which the higher moments
are infinlte, the function G(=) cannot exist and be finite.

-2 Since 5
d (@(—;)e‘“ dire ==f"‘ PO) ST dx
o

AN ot
(d'&')q("‘)is thé moment generating function of X P>
if the integrals converge uniformlyj

So that P (&£)c(x) 1s the m.g.f. of P, (x)qg(x), where

K P 1s any polynomial. The condition that B, (x) should

is

be an orthogonal polynomial with respect to & (x) ,

.’

e~




['xs P“(x)cp(vc)dx =0, S =00 I

s
d o -
which 1s the condition that (5;- ﬁ(dd)q () <O, cher -0

Hence the following THEOREM is proved

For a frequency function &{x) for which the moment

generating function 1§ G(x) , the condlition that a
E[x)

pojynomial of g¢ degree n Z should be one of the orthogonal

polynomials for f(x) 1is thet | %, (;“.’!‘;)C(ol)

—f o * ’ o

should contain no terms im = , o S o iy B, SRR
The condition that P_(x) should be a
normalised orthogoaal polynomial 1is that

(ceefficient of o inP{Eke) (coefficient of »" in P_(x))

This theorem gives a falrly simple method of
finding the orthogonal polynomlsl of any gliven dggeee,

when the moment generating function 1s known,

=11 0
iy

3 In order to consider symbolic expressiond of the

type F{BYX £(D)x for the ~rthogonal polynomials, we

-!-..,*,6.1

introduce a factor € (which has the effect of making

all the moments finite, and yet o can be chosen so large

that d}(-c)e_;%'does not differ significantly from q¢bJfor any

values of x for which ¢) is sighificantly different

from zero).

~Axst o eio{"(.’.‘“
The m.g.f. of < is 77
o -txyt o\ -;'“"”‘)
and therefore that of x € is %(ﬁ)(e cr"’:'




1s
where 'fle( ) denotes the modified Hermite polynomial,
which can be described as the Hermbte polynomial with all
the signs made positive. Thus the m.g.f. of

SETY 1 G0 T2 o) M

provided that f(g’;){x'e'ix%‘ is convepgent, as 1t certainly
will be if § denotes a polynomial. Wowo, {3@;‘){;6:_%276.}
can be written symbolically, expanding by Leibniz's

theoprem : S 2 % e\ ot SEET e :
O - EH (BF D= LN, La-)f(o),,_.]
whichf, when o 1is large, differs by a smsll gquantity

from $(®)=" 7o consider whether HD)xcan be an

orthogonal polynomial for (>), consider the m.g.f. of

§ () B> which we may regard as a limiting form of
*  Ix,t » gl ! |
c?(x)f(b){x oD } of which the m.g.f. is CF(,%){{(«)% HVW)!le

Now the condition that F(b)x' should be an orthogonal
polynomial is that the m.g.f. of @(t)ﬂ»" should have
zero coefficients “or 211 terms up to but not including
that in o. Thus we require to find the condition that

a -—agodf" -~ l“G_L
‘?é;){ = H (do’)é’l should, when s 1s large, have 2
w v

form which can be expres-ed in a series of positive powers

of of, beginning with o< (or with small coeffielents for i

lower powers than the -t'f') . This m.g.f. can be written

symbolically — &**' _iws" { g{ PRSI ,.r.rr{“(w,‘fgw '.

v +}

which if each fl 1s pepresented by its lesding term can




6
be written E’-’Ed o-lol' [e/xf’{"‘-ﬁ'xbz";ﬁ} CP%)]-F(* ) - G-:H |

=

Analegous arguments show that the m.g.f. of ¢ (x) can be

ted b i
represen Yy % 49(39;) (e } ,

when o 1s large. This expression is always finite,

even 1f the higher moments of @(x) are infidte, but as

o— > «© the coeffleient of o tends to the ¥ moment of
v!

& (x) if that moment 1§ finite.




=l Another THEOREM which 1is 1ncluded here because
is applies to any form of distribution function 1s

1 Xes Tay Xy, -0y Hn ‘R""‘S edefendoit variak
19 2 1 x:x,+x1+x,+---+xuz, and if the

distribution function for x, has a moment generating

function G, () , then the moment generating function for
the distribution function of x 1is

GED = G (.G (D.Go( . . Gl

Proof

GG =[P GO ™ ax,
wheve (E(’t).:: II -(;';’fcp, G P.(x) - -- P (x..) dx, dx, - .- dx

’!-',
amd Lﬁq -'-Jiami’;m. > CGued X, +X,*+ - +X, =X, |

TLEA‘C{—G'Q C (<) = ,U "> f‘?. )P, 0x). .. F.lx.) e““ S *xdui,d%""‘!:

=f0c“'l) ed““x.jq’z (xs) ed“‘ dt‘, = f‘pn ‘_‘l) e“"h‘.
Corollary : If the m.g.f. of a certain distributi n 1s

G(a) , then the distribution of the sum of a sample of
S
n 1is [C (u)} -,

.[E The THEOREM above can readily be extended to two-variate
distributions, and similarly to eny mumber of variates. The

proof for two varistes is given

G, B) = [[@(z, W) €7 4n s

e P(x,9)= II 2 ,’,,J G, 009 4.0, e) - - Ful, 5) e, v, ~dy., |

{
|

3o et ||

G = )ty - [t

W A=W, 4+ x, ¥+ -~ X » b.—.— 3,&\3‘4--, 4-1':“’
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I K
Series bilinear in orthogonal polynomisls occur

in expressions for two-variate distributions, and cert=in
simple theorems for & genersal expression of that sart can

be given.

“3.2.{ THEOREM [V If the distribution function for two

variates x anmd y 1is

FEOYW[1+a. E@ER () + o R@R + -}

where P, (x), P,(x), «++ , and P, (y), B(y) ,*-+ , are
the orthogonsl polynomials respectively appropriate to P>
and ‘l’(‘.l) , then the regression of either vari-te on the other
is linear.

It is convenient to use a form for}the orthogonal

polynomials inwhich the coeffieient of the highest power is 1./

Let J{‘ X E {x) g () dx = f{ﬁ (K)}‘CP("‘)dx = ’e'f ’
ma [y RO YO & = [(® (D) ¥ 45 = &'

]?Lz): X+, ’-F:(Tr)-.- 0+ G + Cona b ; T';’(5) = a‘t-o(‘ , T:(L_))I::- ;_)l"'dx:!""“""’"?

Then the regepession line of y on X is

B = 3 * a-‘g-’ F:(."‘—) = _Ao "’ql'ﬁl"’ F:(x)




'_r_‘_f |

That this line passes; as a line of regpession must through

the point whose coordinates are the means of x and y , is

verified from the fact that P (xX) = 0.

2.22. THEOREM V The variance of y far any given x 1is

T —dal B +a 8 P6) - f§+al BE)

It is a constant if and only if a, % = (0.9,
and Q, @:c. -2 a; Q:‘c, — G ! (dz—Zd,) -0
These conditions are satisfied for Mehler's expressién for

the normal correleti-n dis tributién, but /for the series in

Laguerre polynomials discussed in chzspter 1,

The mean, for all x , of the variance of y for

a given x , is

‘\j{’ = .gz __Q’-. QJ‘ ﬁ:x = (_’,: (l — a.‘_Q-' Q-,l)

and the ratio of this to the variance of y 1in the
distribution y(yis 1 - £2 , where ¢ 1is the geometric

meen of the coefficients of regressfion, < &, and @ L.

It does not however follow that for each x the

’
variance of y 1s less than ﬂ 2



$:23 We cannot assume that every series of the form

in Theorem IV represents a possible frequency function.

A necessary condition is thst the series should have a
positive sum for every padr of values of x and y in
the range concerned. One implicatlon of this 1s that the
variance of y for a given x must be posttive for each
x 1in the range. If the range for x extends either

to + @ or to =-co thls implies

a. t' > (a8)

’
and if it extends to +o0O then

G, 'e’:' Coi— Za: ﬁ:-lcg - Q, 'ﬁf: (dt = 1“-) = O

» |

r

LS

a, Q’-‘(L — a7y ’e: e, —Aq, ’Q': (d*c. 5 )‘d!) = O



TS It 1s¢ evident from theorem 1Y that an
expansion bilinear in orthogonal polynomials of the form
given in that theorem can only represent a dist#dbution in
certain special cases, namely those in which the regression
is linear. But a very large proportion of observed
frequency distributions have apppoximately linear regression,
and linearity of regression is very often assumed.

We d» however find, in dhapb&r-‘r an expansion
of a very similar form for a frequency distribution in which

the regres=ion curve is parabolic. It is of the type :

PEI Y1+ a R CIR(y) +aRDRly) +- - .

That such a series should arise maturally suggests that a
mich wider class of frequency distributions might be
investigated by the use of expmhsions by means of orthogonal
polynomials. Tt is evident that if the series consalned

terms T IR (), and RGQ iy,

the regression curve of y on X would be of degree I .

and that of x on y of degree s.
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DISTRIBUTION OF THE VARIANCES IN A NORMAL CORRELATED
. TWO-VARIATE DISTRIBUTION

4\ Tt 1s well known that if a variate X has a normal
distribution, so that, with suitable choice of the unit,

its frequency 1s given by

= aach
o{‘; = —J!_Z-—"I'-l' e M (l)
then the distributién of the variance of X can be given

the equation e Bl :
e 2 d-'D = ! % ‘e dx
(L)

and that of the mean variance in a sample off n is

B e
= e alae

I
d - - r,
b= o
with suitable choice of the unit.
-4
For, putting x = #x® , dX= T%-x d>

equation (1) gives O‘F E x_.; o o
24w

but two values of X , one positive and one negative,
correspond to one vakue of x , so that the distribution

[
for x 1is | =3 ~% RS SR ) £ (2

and the moment generating function is
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I r"-i e
OB S )

T2 If X,9 X,y X3 *++ , X each have a ‘
distribution of this type, then, by the theorem of §3-1
the moment generating function of x, + x, + =+« + x_ |

=M/2 '
13 (- anl the resultant distribution funetion is |

dp =t — =3 e 4 ‘ )

. T(n/2)

Except for the fact that the index of x 1is
restricted to be half an integer, this 1s a form into

which the most general Type III equsion

%“"‘ fc ™ P d (5')
d,lp - -Cc) e X
r(\u‘;l) LI )
(in which m 1s a real number greater than - 1 ), can

be put, by a suitable choice of origing and unitt.

We therefore expect that a sim lar discussién
of the distribution of the variances in = two-variate
normml correlated distribution will lead to a two-variate

distribution which is the natural extension of the Type IIT

distribution. Consider then two variates X and Y ,
with frequency function o - Nty P)(Y-}-Y?Axdr
A = i ek {-*5G- %
and put x = 3$X® , y = #Y® , so that (6 ) becomes
A = w(_ _*_‘_:-%.J:Tﬂ___‘.’_i] Axd.:’/(“_]'rj;; i) =z

but there are four pairs of values of X , Y corresponding

to one pair of values of xXx , ¥ s two with positive and

two with negative XY , SO that the true expression for dp

g
—This enalysis can be carried out more shortly by ﬂ&ﬁ% :
a factor e*f"‘"”'f‘"')in (4 ) end integrating, as in gkg*d'o—'v_-_



f
w terms of x and y is not (7) but

= fomb(- 2R ) N bty e )

in which the positive sign must be taken with each root.

We shall now find the moment genersting function

for this dpstribution. It is defined as
G, B) = f[@Cx, ) €73 oy
3

and putting & = A/(1 -¢p®) ; R= B/(1-pPR),
we have

_ » Q) -2P xy +4(-® _Axdy
T e

CY

+ & similar integral with the opposite sign for P

This last phrase will be written + s.i. (F)

P
Ji-—aJir-a3

Now put ;::—x(i-h), v = 3(’!"3), + =

~2¢J55 + 47 Lo
Qi m) = J——"JT_—' forexf’{' L"_’Z} St - G-AX-8) S5

+5.0.(9D
Q«ﬂd, ‘:’“u-;“ﬂ @-.-.-:—:—";‘; ’ uf-'-—pegjl -o-:-.,@?, thic s

i ~ J-_—."l'v
r ezm'?{“ 2‘. }ZWJ_:;JT: ~3d- ﬂxl
3 S 0(T)
Gie Suct that the inlzgrd A£G &L . hous

. o '

f =
:.' i b — —

f_'fw_

usiﬁs

. = S |
- =6 . o [P -“ﬂp} )
(-aya-& = ¢ -
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Sl The theorem of §3-| shows at once that the m.g.f.

for thé distribution of the mean variances in a sample of n

. : %
is {(l-ac)Ll—,%) -cachP} .

x "”
and we Mshall therefore take ((I-H)CPB) —“/3":’} €D
as the m.g.f. for a two-variate distribution im which wach
of the variates has a distribution 6= x""e"yr(_'b) and
5 -

I‘I‘l.g.f. ( l"‘ °") -

543 We can expand G(x, 3 ) = {(l—@)(l~&)"dﬁP‘}-P
(l- -()_',(l- 5)_ { '—:m t2p E-(:—Tﬂ) &%‘%iP?+ - }
(’l:)

=k ’ ) (3N (-
ot snen (-5" (2 < g <69 9

=P
is the m.g.f. of L. (x |’)<F(x) m’)we see that fa-=D( '/3)"“"/-"?]
“is the m.g.f. of a frequency function 9(x41in which the
co-factor of cf(»t)«?(j) is a series bilinesr in the Laguerre ’
1

-1 -

polynomials which are orthogonal with respect to cp{x)s-”ra:;

PO+ LEPLEP T L PRGP v Y
3

i To prove the conver~-ence of thls series we use
a result by E. Hille (1926) who has shown that

ol

(d)(x)fjl,{;-eix _x-,—'.—-;_ L «":%Bﬁ_n( D}+O(r )
¢

,‘.‘( )[““ = @‘{_",_(f_ﬂg] i

(=),
where L_‘r (X)‘:;Te x: ! QOc, x+1)

Wi, - s e

) Proe. Wat. Acad. Sel. 12 (1926) p. 261
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(@
In our notation, p=o+ 1, Lix s p)=1r"! L, (x) , and

Lo (o0 =t @28 F 8 o f w0 M)

so that | (x,P)L.(9.p) -0 (P9 -(p+v-V) > |
r! "(P“ 0. (]""""" 0 Lr... (‘c, ’7) [—f-l('ﬁ ;")

as r texids to infinity, and the ratio of apfy term to the
preceding term in (13) tends to F, The series 1s therefore

absolutely convergent, 1f |P| < 1 , for all values of x

and " p = b

&3 8ome deductions from the moment generating
function (#2) or from the series (#3) may be noted

(1) the product moment for the distribution ispf?, and the
mean variance for either variste is }v It was evident from
the way in which this distribution was deduced fro.m the Ngrmal
distribution, that the product moment, when expressed in terms

of units in which the mean variances of both x and y are 1 ,

Jx

—

mmtkyy must be an even function of { , equal to O when P 7
fa 0 , and to 1 . when € 1s 1
(11) the line of regression of y on x 1is )
y- b FLGuP = p(1-€)+ €

Frizxigxaxiimtkinexfornefxts) x ehapker vy rwhenxx ¥xEx0x

and the variance of y for any given X is ¢
’ - - <&
P+ 20°(-e9(x-p)—FF
This is a limitines form of (5) in chapterm, when v = 0, -

for here p = h, =

; theory we are interested =
) For the purposes of s&aﬂ: iﬁs‘;ril.cil1 : Y wivisa ralosily 5
only inthe case in which g <16 - %1 1t is likely that g
diverces when |P [ >1 . X vy < 3E)<7, '?-"W‘*’vn

thin some region

B

1t will converge with
(Hille, Amer. Meth. Mgnthly,
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EXPRESSION OF THE SERIES OF LAGUERRE POLYNOMIALS

AS A BESSEL FUNCTION
$( The series in Laguerre polynomials can be reduced to
a simple form involving a Bes:el function, by two different
proceszes ; first, directly, using a result of Hardy's,
and secondly, by a ppocess of integration from probability
distributions discussed by Wishart and Rartlett and others.
It is of interest to give both, and connect the theory of
the distribution function (chapser ﬂ:\vlg) with various
analytical results.

Herdy has shown that ')

< ; £ et
S CI XX = 1o ot [-ree0 78 1[5
)

where X (x)=’ {-h! (nr '*1“)}‘% eﬁ (dﬂ)( =X u-o-)u
% x

=i b
AL z R ) )
In our notation, this is ,Y“ ) ={“-’ r(hﬂv)} € " et L,("‘; |’>}

o o LGPl b _ioay _'cp-.) Fie-v

fe0 =i e e
3 [25E)

Watson; Jour. Lond, Math. Soc., 1933. p. 189
A th‘.r proef has Geoe. gioe oy N.A. ShagCr. Sour, Ind. N, Soc. V1, Vo) (1135) p. 238

')GG.H Hardy, Jour. Lond. Math. Soc., 7 (1932) pp. 138-159




p.zs
Putting t = -2 , this shows at once that the expressionkﬁiu
I —ixew, 00 —(P—-) g
"-"r(p)e ("3) _,—eqo{ (x+3) = }IP = {Z?J_—

—(F-0
¢ 1(r-9
CICE TCICTE

%,’,{_(x-.-g)/(u—f*?} _'l_l,_, {L"i‘_’.—%;“:‘-] 5 @)

S B e G

§7- The second method of deducing this result starts
from results of Wishart and Bartlett ') who have discussed
the distribution of the variances and bivariances in a
sample of n sets from a pojmlation with p variates ;
that is, the distribution-function of the 4n(n + 1) variables

U, = (@ 4%+ e X, = @Iengl e +nlY e

i >

' g
Vi =%, X, +2,%,, +--- +’G-."‘z-.)/n - = (Yu’ﬁ: o fr 2 Sy i +x._x3.,)/,.’ e,

e i g
Xn;"*:.)" “ 3 %n x’-')‘"*)"_’xz"‘) : 7 X, M, Y

where ;-x:,—g—;:x Sy —X———3  are Sample-pﬁ—fpe from

a normally correlated population. They first find the
moment generating function of the joint distribution of

Xy9 X3 9 X; 5 *** , X and x,x, , X,X, , etec. It is

{[R!/'R_ M}‘ exh {B(«,a&)} ) (3)
Lohede S -
- n =l c‘(u qo; SHEL S o(nt; 7 _.[e = “n “h. i fib
G"U “21 2= °‘1‘p ‘;r *.'u SR ’*1"

SWishart end Bartlett, Proc. Gamb. Phil. Soc., 29 1932-33, 5?0




the frequency dlstribution with vh ich the discussion starts
being e 2 z _
‘Cx" ¥, "':xb)= (1) |ﬁl e”“”{“‘“(":")} @

where R(x, x) denotes the quedratic form

amd B=(R-AY  B(x,0 FLeing

a quadratic form in o ,o , X, , --- oG which correspond to
the first order variates x,, x, ,x;, ---,% -

It then follows (see chapterr,S'S-l ) that the m.g.f. for

the variances, bivariances, and means is
s
(li?i/‘ﬁ-_nl} e/;cﬁ{ﬂB(&, a()} - (g)

The distribution function for these p + #p(p + 1) variables
is then to be found by a Fourler integral inversion, and the
integration with respect to the p first order variables can
be carried out and leaves

+i 0o ~Lge-n)
«?(/pm,)'-*('z “j-t’ﬁ-ib(r—.)lﬂi(h")ﬂ,_ f (R- H\—ﬁ e/xk{ -3 (< v ,)]dﬂud"‘u---d’h

e (6)
as the dlstribution functlon for WV, ,V,., U, - Vi, Yy, - -5, -
This differs only in having n - 1 for n from the integral
which would be obtained by putting & =%, = &; =---=0, =O
in (3 ) so that the factor exp&B(tx ,u()] disaprears, (thereby
giving the m.g.f. for the distribution of the variances and
bivariances,) WA?PESIIN@ THe Fourier theorem to that m.g.f. j
thus showing that the distributi-n of the variances and bi-

-varlances from the meang in a sample of n 1isf the same

as the distribution mfxkha of the true varisnces and bivariasnces




80

in a sample of n - 1 .
The integral (é) has been evaluated by Ingham ) and by

Ledermann®). The result is

o Lm0 1-p-2) = = e
5 (v, =H4HF0‘R‘( ‘V,..,l : a:l-( £ ) €2
i1 {r[}t(nwﬂ

where ¢ = LA /(G; S Yiay

') Ingham, £.E., Proc. Cambh. Phil. Soc. 29 (1926) p.261.
) Dr Ledermann kindly cave me a manuseript of his shorter
proof.
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T2 The distribution functfon for the p variances
and 2 p (p = 1) bivarisnces has thus been found by
Wikshrk Wishart and Bartlett. In chepter IV s found )
the distr@ibution function for the p variances is found
as a multiple series in Laguerre polynomials. It is
evident that an exvression equivalent to this would be
found by integrating (7 ) with respect to the % p (p - 1)

variables not on the diagonsl in

e U oo Ui throughout all the space in which this
e e matrix is
o £3 positive definite.
T S
Sheey To carry out the integration when p = 2 :
then, f o, =c; =, A=1-€" <+ =% =—1f/4-e)

__'_.-—-

=W | [ ¢
"‘.."""*11"5!*9" 2 =g 1= 2

-‘:(L}, ;1".; ;Uka.) = r(i(ﬁ")]r(i(“-z)] !q‘ U‘l[ e,‘%{ 2.(‘ P‘) ] (g)
1 "‘4.‘1

This 1s to be integrated with respect to v, throughout

v <vvVv . Putting V= V,V, » the required frequency
function 1s

F(Cu,v) =
e f oo
i =1 | (G S PSRy

@
e dogel &, petbing E=V -

R YOS L(*-“’ O 1-ev - P/ -
(2U— € e de

o




which can be expanded in a series of incomplete Gamma functions

a4y —v ‘ v
e ZK&WYK S f o
+
PY/(1-e? -9~V 7, - 10D +v+!
= Z[(IVS ({h"' ) - ) Y[.(“Fq)+rf' "2:::)}]

.-_-(2::‘?) (lv).é- 4)(, Pp;)x("-“)” j___;(h_x) { |‘-,P _1)] (10)

") zx)

(V/Z:) ' 'J_H%F[" ;(’::t)z] I{(u—:>{lv—f;‘] ' (")
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S FOR BESSEL FUNCTIONS INVOLVING INCOMPLETE GAMMA
EXPRESSTIONS (xS

£ The asymptotic expansions of the Bessel function of

imaginary argument'), c=n be written

(z)m -{ (v- -;) C(v+rm=+4i) | 3 o

(zit 1)1 w=o0 i cv+1) (29

It has been pointed out by Hadamardl) that it is vpossible to

modify such an asymptotic expansion so that it becomes a

convergent series with a negligible remainder term. One

modification which he gﬁ.ves’ﬁ for functions of zero order, and

which is given by Watson? for functions of any order greater

than =-%# , is formed by replacing the Gamma function C(wem+id

i:; (1) by the incomplete Gamme Function, I, (vam+y) o y(“"“‘"“"i; 22)
The object of th&s chapter is to find what other simllar

exppessions involving incomplete Gamma functions c-n be found

as solutions of Bessel's eyuation.

It is shown that

o

5. ot Z v-—-i r(v+u-.4-%,*lz)_ (
T,, (7-) = (2_1.{_‘__)1 H,,o( o (v 4) (29" (2)

') Hankel, Math. Ann. I (1869), pp. 491-495 ; Watson, Theory of
Bessel Functions, 1922, chap. VII

3"') Trans Amer. Math. Soc. III Oct. 1902, pp. 421-422
) Bullethn de la Soc. Math. de F‘rance XXXvVi, 1908, pp. 77-85;

AN\Watroxn T L ONA O E




which is Watson's result, whenrhe real part of ¥V > -%
We also find a series with@ositive powers of 2z as a
solution 1

-8/ z P S 4..‘.) e
Zzo e ey wle~s 22 Yol o~y 25)
E (»~-m=3). =! ( X(

This can similfarly be regarded as obtaincd from the
V -1
convergent series for 2€ L(‘sinthe same way as (2) is

ohtained from the asymptotlc expansidn (1).

= i I

It is shown th-t mach of these is a special csse of a series

in positive and negative powers, whtch is convergent,

and which can be obtained by changing a Gamma function to

an incom-lete Gamma function, in a series which is in

general divergent ;

meV-a

»2%)

za ez { -y ["(v-- '\1) (2__‘_)'“ Y(f_"'

s, (v -a-a-n-l) [_(Ih‘-—ﬂ-&’;)

It 1s further shown that for no walues of a and p can

Ma”
there be more than onefsolution of the type
=

=" eb‘ Y (&3 (%‘z_)‘h Y (ﬁt-&-ﬁ, é‘t)

-

of the Bessel equation.



so that ‘ YES, u‘] -E-;

where K 1s independent of w and s,
Now i ety (#—M, er)
can be wgitten as the difference of two series
F e (o) = e pln-=g,
and the first of these converges if c. is bounded, and the

a>
second 1s coneergent if 2Z ¢ 1is absolutely conver-ent. (9)

8 simpler discussion of the conditions for the

convergence of o 2l
: F o ™y (e,

T - oD

is : substitute from (6), and rearrendpge the double series

sor‘ormsd

L. Com
e-u' Z i ﬁ;-l-'ﬂ)(/-v"‘"‘*‘) .(ﬂ-&—m-‘-n)}

nzo

Each of these series is convergent if the first is converpent,

and thus the necesaary and sufficlent condition that the series |

considered should converge is that 2 should converge .

- A+
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A‘ggnite series

It 1s of interest to consider first the case in which the
series consists of a finite number of terms only ; the
analysis 1s simpler than 1n the general case.

We shall therefore consider for what values of the
censtants «, b, m«, & ,f;,cp, R P L e

function F(z) defined as

" 54 )
m=0
is a solution of the differential equation
LR AE . o
T R S (“*‘3‘?)"*0 (11)

where n 1is a positive integer, k 1is not zero, s is not
zero and not a negative integer, and otherwise the constants

may be any complex numbers.

[0-2 Substituting in (10) for }%iudgfrom k& the series (6),
» ot
verave FG) = = P F T o eo)@2) /rfsases)

m=p E=p

the re-arrangement in the order of the powers of z being

permissible since the series (6) is absdlutely convergent.

Attt (b-k)z

Denote the coeffieilent of = e in F(z) by <. .
a‘r = 2"; o gﬂ‘rr(;q-ﬁ-}-u)/r(lu&,ﬂ -i-f'l-l) (12)
Then

G - & 40 wE
B = 7 U
=0

F x (.I"- ‘r) a el
%-;' = ;Z;o [-(P—;’l')ﬂ‘_ “*(4-0-’}.(4-(‘4-')0&_”}3 12

1 © :
38 B, 2o Dasrtr Do, + (womebdGomrttfon )¢ 19)

Sublstituting from equations (13) in equation (11), omltting

-2z

the common factor e : and equatihg coefficients of powers

?

of z , we obtain the set of sonditions required :

6”'&)7 c paadlC



(-2 a, ~2(p-R)GE+metii)a,  +(@enste Y@esstsr)a,

-+ U"‘pt)ch_' + (& + purt 42) agis .| I
1

Eokctaz S Vo %e, ’ I|i
E~=2,-C0,1,2,3 -, (14) |'.>$

|

Substituting for 9 ,4., ,%.,, omitting the common factor %M“-,
this becomes, for t =0, 1, 2, 3, ==+ , (mt—vtﬁ%‘fhwt@] I,
E‘f: c.. (=41 {( PR~ K/ (~rbrl) +2(p-%§a it b BV Gn s (02) +Z
Mu;biplying thyoughout by l‘@ym-. 3), we obtain an equation of degree |
T s b o S

[(P_Q)x_ﬂio(_r(;.‘,,_)(..*,ﬂrq)(; L) i (mu”c-‘z)}

+L(p-R) (@ +2 +f‘*§_)§;‘, (C... ((~ap)(me it d) . (ne e +‘"+z.)}€»
“'((a-f,ﬁ.fc-u‘)'._z;‘]éo{c__r(»w)(ufﬂzf €+3) ... (nem+EsDR = O (15)
Equating to zero the coeffifecients in (15) we obtain n + 3 "
equations, which, together with the two equations (14) for which |
t = -1 and t = -2, form the neces=ary and sufficient set of
donditions that the function (10) should satisfy the equation (11).

|
ruoz | l
From the coefficient of we obtain, assuming ¢ =30, ,

((b-8) - 2GR - B = O |
= fo-) <) = b (16)

wil

103 And the coefficient of € ,

(-8 e (o %2t D o e ,}
+1(P“g)&{c., r(}ﬁ)[@ ‘_#_‘_{) i \_!%_’, (u.+ Z/p.-l-‘-'tj -r(',FO—;!)}

-‘-&“{C’r(/ﬁ)[i(&i./j&-i—z‘)+L:-(u+2ﬁ_’.5'74(. 1-(/_..4.1)] :C) } 1,;"
which reduees, by (16) to

(B2 4 (G €) «2LG-R)R(2sm+2 o{@u-NR+8' L asm2)=0,
l.e., 2rk(2a + 1) = 0 3

either p=20, or 2a + 1 =0 . (17)



wﬁesfam-nb-‘-g & 4§ ”7-

loftsa P p =0 , K =0, and hhe equations/(ﬁ%) have no solution I
L

|

1

in which E., G ’ g, R oy g,. are not all zero unless Vv =a 5
and ‘hen X4, = Ql‘ =PJ,= o0l )Q= 0, so that if P=0 there is no
solution in the form of a series such as (10). We put« = 1,

|
|
| )
so that (10) becomes Bessel's equation, in the modified form for

a purely imaginary argument. And (17) gives 2a + 1 = 0. >

lo4 To reduce the n + 1 equations obtained by egmating to f:‘

zero the coefficients of t, €7 -+ in (15), put >
b = cuT(mer) (18) |

and let S(r,s) denote the =um of all rroducts of r of the :
numbers A+ 8 + 1, M+8 +2 , **¢ , m+n+ 2, so that L
g‘ri s + 1;

|
i
S(0,s) =1, s=0,1, 2, ***, n + 1. (19) |

S(ry, 8) = (M+3 +1)S(r -1, 8+1),

Then the coefficient in (15) of t 1is
(B -2 RD L, S (542,00 + £, SGo1, ) + B 65,2 =+ + 4., 5(0,3+3))

"'2("'?‘)(/‘*')&(90 S‘CSH', l)-c- 6, S'(S, 1) *'% S'(s_-f) 3);.... 4.2’-H S’(st.{)}
U -RVR(0, S6+2, i) « §SG+1,2) + 0,56, 1) == G, 80,5433
@[3 ALy D« £5GLY) ok 9(30,9) +- ok S(0,5+0))
.-+‘g;“5,(()}5t38

+R% .2 (e D)6 G541, )+ £ $(5.3) + LSG-14) +-

+£t(ﬁ,§’(s*z‘ 0) +£.56+1,D +4, 6. %) . <o bS] 0,5+ 9

5
Simplifying this by equations (19), we have, for § =0, 1, 2,°**,n4

2 -RY(pe[b, S(s51,0) + 5G4 |
CRLP) (o0 SG o1 1) + @o2) & $(5,0) -3 |
LR 18, SGat1) 5 4,55, D +-- ) I
R0 ) 30,50, < £,5G-1 D . -3 |
TR (@) 0 S )) «(ueD)l 5G] = O




© H,
The coefficient of ?r 1is :
_1I"“ S‘(; l-s-l-‘ m+l) R’[Q._..m...l)!‘s‘(g-m +l m+1) S‘(S-mwl -.-u-l)} +Q¢ “Jut ...~y)S'(f a.u;yl |‘
_...zf,...S‘(c..m-»l ma-l) %Cm -+ +.....p)§(s-—m m+z) I II
so that the determinent obtuined by eliminating & &, TRl )
from the n + 1 equations (20) is
; 2
é[‘;‘.-u‘) 9(0,1) ‘“2[,9(0/1) o o o .
BGE-vIS(LY) R(EDSO -265(1,2) =250 3) o |
BE-ISG, ) R(E-)S6,9) sy RE-DN0Y 4250 o \b
|
|
; 7 ’ LR Q{(:“"' VJS'(CJYH-Z) I
p((%..y‘)g(ﬂ." L) g (%-—v‘)S(u—; :)) --Z,‘,,S(n,l) -..Zﬁ S’( n -a-l_) [

which 1s of dggree n + 1 in v’ , so that the condit'on that
the e uations (20) should have a non-zero solution is that v’
shonld have one of the values (:5,)1,(%)') ({): o (mey). IS,

howwver, P = (m + 3)® , where m<n , the solution of (20)
1s one in which ﬂ; =0, forall §>m+ 1. So that the
only solution which does not in fact correspond to a lower value
of n, 1s V= (n + 3)?. (22’|f
1OS Solution of (20) now gives |

0. 6~-- . (),e, (M o

lh

i A

|0.6 We have now found the values which @,p. ™ &0,k ,

h—__




|
mst have In omder that those of the eyuations (14) for which |'l
|

t=0,1, 2, 3, *++ , may be satisfied. The equations (14)
for t = =1 and t =<2 willi give k and u |

That for t = =2 1is (a +/~—I)(a -.-/--) + (a4 ) —Vi=

) ; ; (24)
Hence  @+1) = v'= (p+) = (i)

A negative integral or zero value for s« is not pefmissible,
and therefore n= -1,

Then, from (23) and (18) we have
2 » i A o RN
C. = -6'_" /f'(-\ +) =) (_)_%”) 8:, %l (i) a< LT?) Co w1 Gt

It is convenlant to put ¢ =1 , so that

e ()-8 (20
I0-7 Now the eguation (14) for ¢t = -1 1is
(ln—&) a, +a, =0, (26)
and. o, = E(:)('_%’_) -
s

o = = (%) woment=om

-5 () ¥ ~wm) :
Denoting (%) & %’;,)%‘n +~) by B(wn+) 4 5_];) / ( ‘%;)M 5

(stnce T (7 (D =L ()] o

|
= w/fr(l--x)‘ 2” ™ dln J|

|
the incomplete Beta function), )
equation (26) can be writtam

2
*B(“‘*';#;%)'—?QB(”*&/‘L*& -’%) (27)

n -1
gow -}—@; B(n+ L, &~ 'u:) = Cl—’f) > ;




)(13( “ige) 2Bl ) < (1-EY(E) T )

= x(x_! if 'x:|—%- since n =4 -1 ,

Interrating with respect to x we see that

B(nel,nel; oy _ 2 B(net naz; &)
is proportional to (t“Jyu’ s, for 1t 1s zero when k=0 , i.e.,
when x = 1. Thus the only non-zero value of k for which

(27) 1s satisfied is given by x=-1, k= 2p , (28)

(0.4 We see, thmus that

=3 e z (-.-‘)("22) x(m-pn-.-l ‘Zz)

L=

and -i' ~1. Z( )(2_2) y(h+n+i *—Z‘?_) (2,‘])

aggzgogugionSZbﬁh%ge mogified Bessel's equation of order n + % ,

and that if the order is not half an odd integer, no solution

in this finite form is possible)

These series can be written in the reverse order, and

we have then a series in ascending powers of 2z :

ot 2 3 (D)2 yam-me, #22) Go)

We shall show in the next section that both (29) and (30)
give convergent series when n is not a positive or negative
integer, and , in (30), 1s not half a positive integer, and
that these modmkkamx series are solutions of the equation of

order n + %




i

The general form of the scries

-l we shall now consider the conditions thset

o b= <2 S :

should befSZshlution of the modified Bessel's equation

AF | o oF

. r
Fae— & e =E)F=0 (22)
T

postponing considcration of its sonvergence to
Differentiating (31),

3«—2 =% E."‘z 'Z-C_,(C\—""‘)Q"H 1_'““ r(H+/“: %z)

4',92“ eP? i ‘Q#m iy X(m + A %1)

N ge el 2 Cin S S e”‘éz

= z

i —

d°F 2= oPE T e (Qz)"*{-eﬁ"_%w “+ Z(“""”)b-&l:q\f(hw,pez)
d2* :

+zq*'h_'e("*&)zﬂh'icm a—ts _.'I__,)

=

a = At — £z pm
i ey

and substituting in (32) we get :
= eft T o @) [t azecbeb pticy(ermke)

. . (33)
e il e(b—h):pzn S c. (zﬂ%‘_‘_ﬁ "“Zf"’p‘) = 0.

Substituting for'yéﬂv%gi)from the seriles (B), we may re-arrange
according to powers of 2z , since that series 1is absolutely

convergent. Equation (33) becomes

L= %)
e 'S - L e .
T fCom oY, God 20 - W * i) *e-w(»w)(:w |

o, (34) |




p-R)x A
omitting the factor 2> e £ Equating to zero the

soefficients in (34) of 2?7, 27’ , 2°, 2 , 2° , «¢¢ , we have

> C._[(gzh_)‘;zu Zatp -~} =0O

s (35)
Z efedel a2 k)0 )
(36) '
and T ¢, T(4m) :_—“L"lh'—"—z—ﬁm « (2t 2) P s | (P-kYR’ ]? & 'l:
(mt1c+543) CO~tuss+2) (a5 0) (37) l
8 20, 1, 25 3, s+, i
Equation (35) recduces to |
T S e 14!
[”‘“Q“+°9]7-M+A -0, n
and (36) to
[Q[(ﬁﬂ?t*vfl* '7(2“‘+l*2_f~)]z o — Rfcracf -V I - ?55)

and (37) can be written’using partial fractions as

S+Z
2 2 ,_ { s+2 ( 2 ) " f | |
EC“& [(q-—\n) _V}(p\q-/u . a1 T W e b ) o P +5+ 2 (s+2)! .!

‘. . sl %19 1 / i
4..'2(_&‘,(1:14- l-lm)[_‘*ﬂ bt | *mﬂ' ) ""-«-m..-o-sa-t}(s-s Y]
£ i ( s (3) (%) ' ‘
+zc"‘(l7—k)[h+/~“ Pt | * g...:.,a.-o-z s brras I a3 M+A+s}?f = O.

I.e., 1f we wssume, from (38),that D’'=(ssa)

P
2 ""2‘:"“'( [ 2as42a+I i 2 catlaesS ] .
i c"&“’* | R: 0! Wb +f S i el 2IG-1)! = }
f_2aadawl 4 . 200 edas?) | X2 u42e43) )
"'ZC.‘&{ a1 (S 1)! e s b a2 ! SH T e o0 +3 W+ }
* Y [ { L i { ! _,___'____,,_ == ..} -
= Z("‘(P- k)(yq,/.. 81 mateasd (S-0)! +otas2 210G O’ («0)

$20 1,23 ...
;uccegséveb‘
Using equation( Z’zq), and then[subtraeting each equation of (40)
from the succeeding eyuation, we see that the equations (40)

are equivalent to



q-S‘[ {
T 2uslaviel 2uedesljed . 3 j+ 10 '
Sc.k 2 - LM TS T ) s - o,

O A e |
j = O’ 'I ‘2' 3/ i - (q ‘)

of |
These equations, with (39) form a setlrecurrence formlae I

from which we can determine uniguely the value of G; /G,
where g
e (42)

for j = 1 ’ 2’ 5’ e L]
‘2 If in writhng (40) we do not make the assumption thaet » = (/4.-“:.)‘

we still obtain a set of recurrence relations for (;,

( +a+j41)‘ - P
with “—— ihstead of 2 .+2<+j+2 1in the numberator

of the first term. (The possibility that 2° = (msa<j) |

for some j >0 need not be further consideped when we see

that = B =% & T (Ba) y(wmsem—i, k) I;

ael"l tZ c‘(g,,)wha,(ntu) Ez) i
|

1s another way of writing =
(43)

mig and the value of a has yet to be found.)

Thus, unless eash C, 1s gero, (38) gives f

v"" (/“,46\-)‘ s (44)

(L3 Equation (39) can be includdd in the set (4i), with j = -1.
Ye have to solve the equations !
? . = . b 1 ) =0
e, (2N++D)~BpC, (a3 + (-G (140 =0, (45)
where j = -1, 0, 1, 2, *** , andNis written fov pu+a. |

W& 18 may be verified by substitution that the solution 1s



% & L : 1 > i':
G=C ({')l [“igi_’l)' (wﬁ) b m—l\(:i)(j_j)(zwz)cfwm)ﬁ*' i “‘{‘? ! ?
frorﬁ which we see that if K = 0, no solution 1s rossible in
which C;,/C, - 1, and ¢ = o. We shall therefore with-ut
loss of generality put k¥ = 1. ((46) gives the solution of (45!
even when p = 0.) . 5

the coe@ffieients are the ceefficflents in the Hermite 6

polynomial, but with positive sign throughout.
11.5° We shall now as-ume thet C; tends to zero as j tends L
to infinity, a condition which is satisfied if c. is |
bounded, and tmds to Zero as = tends to +e or to -

And assume further that ( /G, tends to 1 as j tends to

infinity, a condition which 1s satisfied if Z <~ and Z ~

S e

[]
are convergent, and <. =¢° ‘:) as m >

We see firom (45) that a necessary condition for C,-/(’,—-, to

tend to 1 1s X - 2kp £ p* -1 = 0

that is, kK = p =1 &7

(L6 To find the sufficient conditbon, we consider the ratio of

the (s + 1)th term in (46) to the gth, This ratio is |

(j -2s +2)(j~2s +0 .
‘25(‘1\\‘ +?.S) F'

and the corresponding ratio in the expansion of ‘
'y (| “2)
(8 +(1-%)

&s_ (J—-Zs-h!-)(.\"zs‘“) ]
__————'—"_'_"___——-__ 2.
(2s-D2s F

s |
Now, given any positive number € we can find r and :
)If =0, C, =0, all odd j , so that G /G, oannob tgni o

fo 1 . We ske thus that no solution is possible with



7 |

functions of j , such that »r < s vy TS . (4= r)/r >@

T

as j—=>o9 , and such that the sum of the terms between :
the »'M and the gth in (48) differs from the total %
sum by less than € times thet sum, and 1t is evident 5'
from the argument_gérﬁ%sb that the same functions »r and

s will serve for the series in (46) as for (48). (e ¢
standatd devialin, i~ a linonicf disbidhlin varios e IR, S~¥ 2O@FR), wbilo » = O(=)) ¢
Now the ratio of a typical term in (46), that is, in the i
series for C}/t: » to the corresponding term in the 3
series for Cﬁq/Ql is (p/k)[3/(7 - 28)] , and the |

corresponding ratio for (48) is j/(j - 2s) , so that

G RSP AR
Gy 3 "i-2s 2 !‘
> ; 1f
and (l_‘__."’_,),_,_([_-‘i,_s = :

(I_bi_'{)l“l-*(t_f;)'—l i—-2s |

Thus the condition that Cj/q_, should tend to 1 1is i

(8 =(=8) o e

(-8 (1-§)

If k=7p +1 , this condition is (real part of p ) >0 , ]

k!
«

end 4f ke=7p -1 , (resl part of p ) < 0 .)

W\.7 If any function of z 1s a solutlon of Bessel's

arcbion
equation, the samejgei§$4en of -z 1is also a solution,

and we need therefore only discuss values of D with a
positive real part 3 the form of the theorem for a p with
a negative real part cen then be dadaced by changing the

For p with positive real part, then, the

sign of 2z
: 0, the condition eannot be

) If the real part of p =

(

!

B satisfied. !
ﬂ




necessary and sufficimmt condition that C/¢;., should
tend to 1 as j tends to Infinity 1s k = p + 1

1.5 Comparing (46) and (48) we see that the ratio of #he
(s + 1)th term in Cj/(o

to hhe (s # 1) 1 (?‘31 {‘(l* F‘-)J "”("'Il:\a}

2 153 g»7.---.(2*3..—!.)_
(ZWN+D2V¥+4) . .- (2 N-t-ZS)
and hence > <
(o f 3 I .‘& ___'_j L. & T e ; s—1
G~ (B B0- D) Grdgu-a -anm
(.3 s e A2s=1)

T GV )N - - (2 0+25)

@)

where 8 c¢an be taken to be the s offﬂ-éor the »r of thsat

EH-G or any number between them. (We may toke s such that

the sth term in (46) or (48) is the greatest, so that

B~ J/p# 1). ) Hence the necessary and sufficiant

conditlion that C,— should tend to zero as Jj tends to

Infinity is

real part of s + a = real part of N > - 3.
n»‘l We shell now ~how that if the rnumbers <. are

such as to satisfy the recurrence relatlons

(e =) (- )cm + (22 -2 =DBpc_, ~(p*do—m+D R, = O

m = a¢+ , =2, =1, 0, +1, +2, *°°,

then the equation (45) is satisfied, j = =1, 0, 1, 2,

* _‘J: I

5y



The proof depends on the faect that
= : [ L = . Ty e C-"""J-
C-:; —3;/‘*“13 __,Zb,u-»-lﬁ"’":E T
CD. t%-—c_.ﬁ_—_—_----—ézo—c—h:t—'—z -2 »
481 e Ahswmpfaf = s Y
E Cow = :Z__wc__. -_--..___.E Cosg ™ =5
provided all these series converge, for equations (50) can ?F
2t

be writtanm

|

|

(,.‘4.» -4 _.|)(‘,‘_ |)c‘,_ <} +(2a <2 - +2.,‘+ J) &‘,c__,l-._. —-0.4.2‘1 Y '*2)5‘:’“.;.2 |,
-...-()). i

and dividing this by s+ m and sdding for all values of m

—(j'l'l)(ri" ')C': .‘.(’2/.4 "l'lg +2J'+3)9¢FC:.‘_. ;(Z/ug.zq +j+)_)gz ﬁ*, |

oo oo i oo
- - - :o |
@D E ey 20 ey B E -
!
which is equivalent to (45). This anslysis h~lds even if |

Ze,, diverces, provided that ¢_-» 0, and that all C. converpge|
¥ 2o 2 It has thus been proved that for any values [

= |
|

of a and p, if the real pert of p 1is not zero,

22 T ca(R) p(mon, £2) 3 ||

= - gD

is a formal solution of Begs=el'ls difBerential eguation in

the form 2 2
& F dF ¥ e L |
:—:;-"_i‘-o‘-z _C' 'z‘)F & 'r

provided that k = p + 1 if the real part of p 1s positive, IJJ

snd k = p - 1 , 1§ the veal part of p 1s negative, that
thol~ vl pat ] wa+a =-%, A

(o + a)* =1/2/, and ‘hat the coefficédents c_ sabtisfy the I
recurrence relation (5O : J
|

(e s DB cn + (=20 sDRPe, “(ailer el
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{
Convergence of the series I

(31 To discuss the convergence of this series, write

(50) in the form
G'- )] [(»-—l-/-' —)c,.. = (-2 - $)cw -.} -"-(?4 I)[(H ~a~3¥)e,._, —(m-u —Za-z)c_-,] : >‘

with tre real part of p positive.

If p %1 this can be written

(= +,u-—ljc.... — (= “"}.) Crunny

—— _02__%____.

(H'—a-?{)cﬂ'l —(M -/4-—24—-1.)(:&.-;

mnd if ¢_ 13 bounded as m > * *©

6’h+,ﬂ-4-—-|)c.“ = ('m--q -—%)C::_,' e |

4 ’ I
™Mo, .--(m 4 -~ = ;)Ch-'

and ( )
SEm AR G s Vrm po— 2a —2) G-y

»
|

G“"")Ch—l - (""- [—c—a- ';-)cu.-t

o that

el — (m~-—an—2a —--i)c..__( = f———k“;i.

(o Dy = (= pemam ) Cona

But |(p + 1)/(p - 1)|] > 1 , and hence, as m ~w+o,
RET el

The series therefore does not converge if D + 1

can be satisfied by a sequence

, except il

in the ease in which (50)

of values for c¢, in which ¢ = 0 , for akEhNal

= m>0
Without loss of reneraslity we can say G, = @, B 1
E




and the condition can be satisfied if and on‘jr if ‘j &
M+ 22 =0, a:-(/‘«s—n.) o~ =V, ‘I
‘3L But if p =1, equation (50) ean be written '_
|
@.Qﬂlm-‘-l)c,_ = Z(/ﬁ--"zq —-h—r-l)c...... (St}.)i

from which it 1s evideamt that Zc., converges as m —> ‘twté)
l

1f weal ‘:M" d] ara > % lBge:
while Z hc_:# converges 1if B
sel ek o Awat =ini |
so that, by , the series determined by ($%) converges
1f veok pat A s > — %
The sekles determined by ($¢) is "
- @_lé:jé‘!_‘_i)___—-—- y(N—a*M;*Z’-) |
Z 0= (V> =) C(nmand) (s |

‘-ILW N-.:}...q,a = =V . | r
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S\ T

Unigyéess of the solution

If there are more than one set of values of c. satisfying

the conditions for a solution then, by subbracting one such

set from another we obtaln a set of vahues of a. such that

% e - o (s¢)

i -0

We shsall show, with certain assumptions as th the convergence
of the series, that no solution of these equations Yf is
possible exec® t that ¥ in which a. =0 , all m .

& T Consider first the simple case in which the
sequence &. 1s from O to o only and not from —2 to+© ,

ané—suprose—that—Saw—oonverges. Let f(x) represent
<

3 a.»" , which is a continuous function of . X5 O XH1

Equetions ($6) are then equivalent to

‘
Ix,‘“z—l § () dx =0, (=z2ed0 o+ any positive integer
(]

from which 1t follows that f£(x) 1s identically zero,

0 < x; 1 , and therefore that 2. = 0, 8ll m .

\ 431 Before proving the proposifi on in 1ts general
form we shall prove a lemma from which we can find the value
fof the determinant formed by the coefficents of any n of

the a_ in any n of the equations (s€). It is

5 2 where ¢ is/any positive intege:




7=
i o S J S e Y
* R+, g+, : g.og
I ! wh L '
Bsa, fora,+ & +a,40,+(, B ia o0
' ' o e e
Q-_...'%a, Ev.c—é::q,-;-e‘ @4-2:".&,4;‘-.(,‘ &4_-%'-“‘4-5}5'
Tr " (ar*a"-n +Q,, -.QS} }:‘: [:[‘:' (B' 3 e'“ *‘iﬂ'-‘. = 4&)}
— =1 =7 ______‘;_ = s i
(e ie et )
'ts s £=14 L= ||
The proof is by induction. The proposition is ‘
clearly true when n = 1 or 2. Assuming it is true for
n-1, 1f A denotes the determinant of order n ,

" v s " |
A]T (Q-I-’ZQ'- +E.'»et_) = £ ('pZi—a,) (9_'-4- 4, +C?,) S (ﬁ-‘-lz_.l Q.-) ~ I
.$=0 |
[@. ) (84848) . ReTE) , 0 oY urage-sa)ay@eal. e

2 Il
,C’-q(an +“f) "'(%"ar"“"‘a")" -, ;
L
@easb)Russbal). RearTh) o ua)(a,em ey . (aramocsed. |
= .% 4-4'-“‘.. ]
: aj(al‘q“) (as" --.+¢~)%(q¢i4,.)__ é“f’!)"'q" I
¥ > =i el M
* g *@)(wﬂ)_ a (aa). 2Ta--F4  |x
-+ Q.&‘E_’ﬂ "%G‘-, '"‘3)'::"'-;": ’%‘4” ,ic

o e

= 'Q‘l- (Ql"'e.‘)'”(ga-"'"‘ “) G]('Q.I*gd) (‘p’;'*'”*e“)”' e-.

This is a polynomial of degree 2n in k , and when
o=

_—




S“!‘i
&= 0, =8 ’ —cql_'.'al.)-, =02 5 "'(C\,-‘-Q:-{-»--.

thls has the wvalue i

Y=1 =

v H(‘“’“ + el lTlT(z-be.,, SRR

but “ (R- _,,,I a -+ ZE—) is symmetrical
To

in a and b, and 1t must therefore e ve the same value

when k = =b, ,-¢b,+ b, ) , *++ , =(b,+ b+ *++ + b ) ,
and thus, provided these 2n + 1 values are all different,
the proposition is proved fop all values of k . The
expeession ( ) is mfxde a polynomial of degree not greater Il_:!
than n 1in any one of the b's , which has the value ( ) ['Il
for all except a finite number of values for the b , and
1t 18 therefore trune for all velues of that b @/, and
similardy of each of the other b's. s
The lemma is thus proved. Il I

|4.32 A coréblary obtained by putting all the a's and i

b!s equal to 1 1is : I
! T
2 — aets ={l’2'3'...u.’}ﬂ r
p"‘{l %*1 Q“s o Bromd
o A SIS g, o |
kel Be Rt a2 |
{ ( iy {
Praw  PFansr  Bansl fo2a




&)
‘where ‘T denotes the product of all the mlsmuek elements
in the determinant. The other factor ig = '

L e () 'll?

the square of o Barnes's G-function.

The minor of the element in the (» + 1)th row ,
and the (s + 1)th column in\bhe last determinant, eang be

found from the lemma, from a determinant of order n + 1

s i

puf.ting ,
a. = 8, = *tee = al‘-l = 1, a‘, = 2, ar*; = feiwia =LA S 1, ;
! - s

b,sh = ves=h =95 b =85 R, = s m'h = F8 ‘
Let A, denote the required minor (without regard to sign), i

and let T[., denote the product' of 211 its elements. Then

_‘A_"z_ _.( )( )((..4)1 (n-2)! ... 3122 -T

'ﬂ'(ﬂ..,ru)w(ﬂ+s+t) |
and- Av’j l ' .n.:‘s — !I-a.
A T AG-Nsi(m-! @ () st (n-9)! (Bara 9

'%. % Wow the equations (5€) can be written

Q a a 'LL
a-’e —+ .._.__"e"___..‘ SR et b L i‘.’—.q—--- e 2 = E_o 5 {
axd =R 4| st e Sa
Qg : (5-4’) |

g, Q_ey a.. a, e, = €
o | ™ A_.?_‘“L i e A *,M-i-l % proe | b

o o -+ f <

Z I TN

where €; denotes ., mectY o

Taking n + 1 of these equatlons, with n = Lok , eliminate

all the a's except a, :

)
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The argument of $I%.-2shows that for any fixed 1

3

1f all the €,5 tend to zero as h tends to infinity, then

a, tends to Y{f =zero. That is to sey, if, gtven 1 and

il

gten & we can find h, such that € < ¢ all » , all n >P4!;
then there exista a function of €, f(€ ) such that

f( € ) tends to zero as € tends to zero, and such thet
Garr tn

la,|< £(6 ) . Now/the expression for m, givem by (60) |

1s a function of which the modulus decreases as 1 incresesi,:

if the real part of . +r» >0, as it is for all except
a finite number of terms.  Fivsowisf=for—att—I—end—ir ,
—geeatar than some K __each of the —=—the—apm of timat

oea-eds-a-»t‘m I
And instead of taking the first n + 1 equstions of (59)

th th

we can take those from the ] to the J + n , Where

i is sufficiently large for tle real part of A + i iy
to be positive. If 4 is written for & + j , (60) will I
still represent the equations to be cons‘idered |
Now we essume that Z,.-_.a:...,., econverges unifa:rmly/ gs it will | |1

|

if ‘[—-—-"" converges, and hence givem any € we can find 1, -

i |

and h, such that for all 1 > ], and h>h,, all the I

€ % gre less than € . The argument above then shows that

for 1 =1 and h > h, the value given by (6O0) for o,

will be less than f( € ),and hence also for ¥ > 1. and

& =€) s But f(€ ) can be made as
t1ly small. And

h>h ,
small as we like by making € sufficien

therefiore a = 0 . The argument can of course be
o

1 _ T
applied to o, for any finite T . replacing M by A

| |



7 |

, Cia
We see then that 'if all the series Z 73 converge

as they must if a series Z ¢~ ‘*"my(/‘“’"/“'r) is to converge,

Ce
kham and 1f Z—== =0, all j , then all the C’sare 0 .

It follows then that for given a and p there is not

more than one sequence of values of <. which will make

et e (Q"z-)“‘ y(/a--m, &z_) |

a convergent series, and a solution of the Bessel equation




& ]
SIs 5
The corresponding expressions with (complete) Gamma functions

It cen readiliy be shown that the expression (55)
remains a formel solution ofthe modifiied Bessel equation
whenthe incomplete Gamma funtétions are replaced by the
corresponding Gamma functions. For 1f in equation (31)

i (m+ ) is put for y (m+ » , kz) , thenequation (33)

becomes
RSP g = S ST ST R
=0
(2D

and putting ¢! =c . (m+ 4 ) , this is

e () <pl <L, (e m2msd) +£f-m) - V=0 G2
whi h agpees exactly with (50), showimg that 1f

o
g el T €s)

1s a formal solution of the equation then

(m+|/-—¢. il)_‘_l-) @,q—) jeE

‘ (....4;}._

'z? e}* ‘i: c

will also be a formel solution. The serles (63) wil R

diverge as m -¥% and will only give & convergent series

“‘ﬂ-"lﬂth

when a = V‘é and the geries does not extend to +% .

Though this result is not lacking in interest, it is the

cagse 1in which p® = 1 that is mostli mportent, and we see

thus that if

(= =]
et L. ST (CS")
o

ig a formel solution ofthe equation, then



«
- Y(u-\-t-v—a) 2.,-:-.) C' ‘

N(Eans)

6)

2%
Fhie T v ST
- a0

is 2lso a solution and is a convergent series, which (69)

is not unless a differs from ¥ Dy a whole number.
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Expression of the series found in terms of 1I,(z)

Substituting in the series (55) for yY(m + N - a, *2z)

from the series (6), we can re-arrange in powers of 2z since

the series are absolutcly convergent. The principal p=rt

in the neiéhbourhood off 2 =0 1s

N-a by i r(N+%) Y
Y ST, G2
Ez) ="e" L FVZ) C(mant) Noea (o)

while the nrincipal part of 1I,(z) 1s also of the order of =7

o = r(p-= (- 2"")_“

e in
Comparison -~hows that I (") 2icaoh. = € F(REL-=)F(me=+3) ‘Y(

22

and inorder to find +he constant we must find the value of

a3 r(V-=<) G
5 V- =t (C.S"j
.-;; L (N*‘{ —--) (- -= ....;)
- Coa
%17 Equation (46) which gives C',fzﬁ‘_ﬂ_ e

C,=Z == reduces when p =1 to

G Nei-:

&, 2ZWN+g
R
end 1f €, 1s chosen to be equal to B(N + 4, N + %) , this
. L3
gives BXEXBRIOGEXEYOGRXEY & = B(N«j~ 4§, N+1)

and thus for any a and for all 3 5

(o=l + ram 4...!-
S (_h"" F(W ‘*) : ‘N--‘:-“"“"J' = I FB(N"J“' :.; v x.)
R s Eﬁh:‘.iz-}f-(m——ad-;)
r(_h[-bo.-tl-'—')

w\ﬂe/*el(mm](nn-c.&.d‘Nwﬂ“,wm,“M

13

=
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—
L |
o)
Il
1
o

» the expression (£8) becomes

e

¢
- - e
o s

and the argument of§l*7shows that this is
15'(’N‘* %: “h*{)

and this in this instance & =1|.
The determination of X in general, remains to
be completed.

Conclusion

We have seen that the expres<ion derived from

the weli-known asymptotic expansion for Iig)is a sppcial |
case pf and expansion in positive and negative powers of

z with incomplete Gamma functions repaacing the Gamma
funetions, giving a comw ergent in place of a divergent series
if the real part of V > -3 . Vardous other results have
been found ; one interesting theorem discovered incidenﬁﬁy
glving the evalutition of a determinant, which in the speélal

case when each row and each c~lumn form a hesmonic progress-

-ion gives a form in Rarnes's G-functions.
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TNORKXR TWO-VARIATE DISTRIBUTIONS OF DIFFERENT TYPES IN
THE TWO VARIATES
I)A TWO-VARIATE DISTRERBUTION , OF NORMAL TYPE )
IN ONE VARIATE ( AND GAMMA TYPE IN THE OTHER

gr&l In order ¥o consider a distribution Normal
in one variate, and Gamma type in the o ther, we will

take variates X and y with a normml correlated
distribution, and then find the moment generating function
for the distribution of y and the varliance of X.

Put x = % X*® , dXdﬁ—#k‘dxda,

-- 2P Xy +
QX 3) ANy = = exp[X 2SS ] dxty

' 2 203 2w v ot f‘_"‘ﬂ
‘l"(x'x-r“))‘b‘d'a = T;._ﬁ_-'_:‘ﬁ’__i;:ex[’[h 2(1-09

()

@)
+ a similar expression with the opposite sign

for f, since - X , vy end + X , y give the same pair of

values for x and Y. Thus the required moment

generating function is

f‘]“’%,.[ xf- - NPy S50

C;( ﬂ)alrﬂ’f__e
'd'——}_;d# 4+ S. ¢ (P)

j—;___/g-___—-——‘



e e I e e R R

Ad Ly - Pvas --/36'-9\)]1%_ Crize + 30—
Lw',{ﬁ 2(-€9 ! }

Pd i ok (3(I"'P‘.L)
2(1-¢%) t
) ‘f.n.l‘ s : e
; (<D -x (-6 ~P'x ~PAG-e)Jzm —E (1697 4
Gl =J).‘_Haﬁ“({_ e : "—} T~

| 5 ¢ + s d. (P) [
l - X-( =W - P - pai-eY T _ S |
“;-‘?rnmf" 2(1-¢") o )}d,\’

?.'Jl—-P"

—

exfp

= =l exf [LEFU~ D) @

rn

which of course reduces to (1-04) *Qdcj’ —i'-ﬁt vh en P = 0.

I By the general theorem of &3-1 it follows that the
moment generating function for the dstribution of x and vy ,
1f 2x=X2 + X2 + X2+ o0 + X3 y=y +¥, +¥s t 0t T

(xu s )s (Xz! Ve )s LRy (xu’ 3-) being sample pairs from a

normal population, is (._ “)_T em_f,[-'inBLO‘* ;i_%)} )

or, ¥ with a chamge of scale for y , end p = m/2,
-k = E X z
(-0 exp {16 ( 50} &)

which can be expanded as aj serles




St A 6 s
(i-m\)ﬂkeiﬁ {_' +50 ‘,—E‘%i - 2; (. =5 ) ; 3! (ﬁ%")x*f ‘ } €)

from which it is clear that the frequency function for x
and y can be expressed with a series linear in Hermite

polynomials, andi?he appropriste Laguerre poltynomials

LU S (e LD B L

<} o
Hermite polynomials of even degree only occurg : 1t was
eviédent from the way the é@kstribution arose that for any given
X , y must be an even function. The curve of regression

of X on y 1s the parabola

x =1+ 2¢f H ()
2 T !
= ) - P + ;& 3 2
"“ L Lt S L.—"Q‘Hg A O .::".J; L{\-e L %I:(_-“‘,{s \_ Fd ) 'fr:.‘:f{"in’t—:r} [+ BN -..,‘

§s-z wrieg §l4$2a ,




ITI) A TWO-VARIATE DISTRIBUTION WITH TWO DIFFERENT és
GAMMAETYPE DISTRIBUTIONS

§18.1| We can now deduce an éxpression for a frequency
function for two varlates, each of which has a Gamma=-type
distribution, but, unlike that discus=zed in . , with
different indexes for the two variates.

We have seen that the moment generatine function
for two variastes x and y of wfhich x 1s the mean
variance of X,, X,, X;, *++ X,, and y 1s the mean of
Yi 2 s Vao**" » ¥ » &0d X, , Vo2 X;» Y3 €tC,, are

sample pairs from a normally correlated population, 1is
(- u) e 171+ j] |-a¢) LMH R+ =) G- ,()] ®

and the second factor in this expression is the m.g.f. for
2 X® and y , and we know that if we change the variates
to %2 X® and % y® , this moment generating function will
becomé _ N _
{(n«)(us} —-o(,BF'} C)
Hence, bw theorem it follows that with the same

trensformation (¥ ) will become
(1= )“L {(uw}('hr:s)*ausp‘}ﬁ‘ (1)}

In other words, for two variates of which one is the mean
variance(in a sample of n ) of one of two normally-
-correlated variates, and the other 1s the variance of }

the mean of the second, the moment Ffenersting functlon 1s

[ 1 L
win

-2
™

(e o (1= (- ptxB
U—o¢) (-0 ! . Ll~aO(l*f3)j

an |

We can now take a further step, and conséder the




Vias

mean of m such samnles, so that the m.g.f. becomes

— T - 7
et o a<'r3 ;
(1= (1~ “) (' a-00-7 : C12)
if
We see thatlthe general form
= b = Us
o (e
is/the moment generating function for a pair of variates

x and y , for—whiah the frequency functions a=e

PO = x""e‘}/r(wi) end  W(y) = ‘3“_' e/ r(w)

respectively. Since the expression (23) can be
expanded : yis
i PP+ ‘}
U ﬂ{) (i /3) {""PP - 1-03 * 21 P\l—m l-fi)+

U
it follows th-t the frequency function can be expaaded

_ POL ML | PEd P L (ILG,N) | } @s)
(%) Vib’” T M 2¢ M@ +) (W« 1)

The convergence of this series if |P| < 0 follows exactly
as in $I%:y. But the line of regression given by (1S) is
y=N-PpFP? 4+ PP=P/M , which gives negavive velues for

y for some values of x if PP® > N . Since the
distribution 1s only over positive values, both of vy and
of x , ‘#nis indicates that 1f PP® > N , or similarly
if PP® >N, the functlion represented by (t15) has

negative values for some positive values of x and y , and

hence cannot then be a frequency function.
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DISTRIBETICN FUNCTIONS IN ANY NUMBER OF V:RIATES

EXPRESSED IN TERMS OF ORTHOGONAL POLYNOMIALS

(40 Distribution functions in two variates have
been expressed by means of series bilinear in the
apnropriate orthogonal polynomials, in the case of the
Normal Distribution, by Mehler, 1866, of varl us
discontinuous distributions by Aitken and Gonin, and
Campbell, and of a distribution in which each of the
two variates has Gamma-tyre distribution in chapter II
of this thesis,

The use of moment generating functions gives
a convenient method of deriving the analagous expressions,

when there are n varistes instead of two.

The normal distribution

i1 The moment generating function of a normal
distribution In =x,; X,, X;3 *°* 5 Xy s the unit for
each variate being chosen to be the corresonding
dtandard devistion, is

1 L 1
enp (ot e e A ) B

IIIII.l.II.l.ll.ll.llllllllllIIIIIIllIIIIII---------




9

Exp #( &2 + &2 + ¢++ + «§) 1s the moment generating

function of @ (x,).P(x,). <. P(x.) where P(x) denotss
‘E’_iexp(-%xa) ; and 0‘?‘«,&‘ ----- exph( %% + o« + 00+ of)

J3s the mogient generating function of
[ 1 Q)
(=D, )& (—Dz{é (-D; )~ '("D..)EL[ Rlx,) P(x,) - Plxa)]

where D, denotes —>— ; that is, of
ox,

Hy (x, g (%, )+ -Hy (x.) @(x,) @(x,) *-+ @(x.)

The moment genersting function (1) can de written |
: 5 fot 2
m?{i(d: +“: AT "'“u)}["" 2. P‘j“.d.‘ =+ _i__f(z' P.jd.ﬁ‘) oy S0 ‘]

where 3 Yy denotes summation over all values of the

suffixes 1 , J from 1 to n , excludlng 1 = jJ , and

this is cleaply the moment generating function of the

distribhbion function represented by the series

Qo)) PO 1+ T F; H )W, 06D +

+4 (28 WM, () + 2T R, GO ) H, ()
+ 25 BB H, (<M, )M, MG}

_.___;_f{s: ﬂ: ustx;)+Hs(""i) + - } - ]

if this series is convercent, whick kWern Ho~ §52 0A§(-452
The terms in the series which do not involve the
Hermite polynomials in x, (or, we may say, the terms in

H (x,) , are

‘




70 r.
GV + B DD+ LR, DD + - JRED () - Plx)
CORN (|

where 2' denotes a simmation from which 1 =1 and § = 1
are excluded.

The terms in H, (x, ) are
D, 9(x) = 6, D {1+ Z'¢; b, b; +5i(Z K DD) + O @) ... A

)

Similarly the terms in H,(x,) are
L-'!'D?'c?(;z,)(% £. D) {1+ g ) D+ 5 (8D D.-) e - ] QO)PEs). R |

and those in H, (x,) 3

LB QYE RDY [t + T'ED D, + 5 (= BB DY « - JP0)p@)- . @C) |

From (3) and (4) we see that the regression !

equation of x, on x,,%x, , *+* , X,, 1s

" ‘€., D; _
e {7} o) en) - Px.) ?
_‘t = =k i — e - —
F =R, D.D; _ ’
e ' @) elr,) - - P(X)

We can show by induction trat this 1is equivalent to the usual
equation |

)
+ --- + 'l~hn_21A(h~o

xl = 1'1 ﬂl.}q---'n. + xl’ (::J.z+---n

y X, » the |

and show that for any given values of x,, X,,

.I....IIIIIIII--------




distribution of x

= ) -

is normal, with standard deviation

B3

o) ) | — P — K- By :
‘IL‘A/k'l ‘I‘i—.l}}"‘{i P S SR St ) Y

§7i=-

E |

—
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The 'Type III' distribution ’}

(4.0t We shall first consider the distribution of the
variances of n variastes which have a normal distribution.

Let ¥, Y.» *** » V. have the distribution function '

( 2IgEs Ty Gnf = I,.--—-I—~ '_?-.3}+R,zg:+---+ ""3:-‘-2&“3:"51"...}
‘? Y t\‘ 2 B) CHD-,-JE ex‘,{ 2k . y b

and pmt x, =y ., x = PyR L siv g x“=é'y2 .

Let

¥(x,, X,y *°° , x.)dx, dx, -+ -dx.
=2P(y, » Vus *t* , y.)dy, dy, *--dy.

where the sign 32 indlcates a summation over all the 2"
sets of values of =*y, ,%+y, 5 *°° ,*¥W. . |

The moment generating function for the =x distiibution

is x, 204, +- - w00 0,
"'r\P(’fu*u“':"-)‘-’ doe, dx, - -
oo 3
g F " i@cjr:."utj;* -“+dnj:)
Ay (‘C’nlj = B '-)e
=£‘.|-oo *-'00‘1) i (j dj““)'“'d.‘jh i

; ®, %Ry’ + (R - %Ry +- - "22:13‘5‘*"}'1.---4 |
~ s [t = o
-00 =~ -0 |

) |

QIR

|
5 ==l [ and R; the co-factol

where R denotes T
£ 0 8, ik of £ An'R:
: |
E3... P!.-. gn e

and this i3 R (RR)" 1

where R, denotes

__




R" et s ®s e ?h. (3) )}
?" ?11 =R sz. R 1

2
K R T L Sl ))
= _ o ) |
R:’t- Rz K. R —%. R ;

In R, the coefficient of o of ---¢ is

r HRQH, Rt Rﬂ'ﬂﬁ*l it Rﬁu)u {

-: 't&u, Re2 Y@fz, B2 Bis. -.il

,i

i i ) .

]l Rpa;.qu RQ+I,K SR e R",n }

= (-K)k Rx-fv! ( Pu, Pu ! P”‘z . @ A

el. | P;; e PLQ'
' 4t o e ’ )
fe o e |

L
: ‘

wl
so that the required moment generating function (? )

can be expressed as )

-—

ral=

["i%+iﬁﬂ='ﬁ;“1%%% I P 7P *”j &)
n | gt &
B 6

where the 3 sig denotes 8 summation over all sets of

1, 2, 3, +-- , suffixes chosen from 1, 2, By =5 5 1 e

w

The coefficient of &, XK, ¢ g = o K,
I(l" .\ P +Z :3ﬁ1ﬂ-‘+r

29 ‘,.; i

Gfﬁpﬂiﬂ:ﬁiﬂm;
c20.0. 6.0 08 —PI6r —EB) >
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l |

We see thus that the terms independent of the  in [ J ;..(;.;)};

ane | - Lo, + Tty — Tyl +- "+, -, I

-

u—-.z)u—aa : (1— ol.) . Lé))'
the coefficient of o, of f) is [l

~ (4T, =Tty + -+ Ayt == (=) (1) - (1) () |
the coefficlient of O{,G\’za’;-z R ﬁ, f; is
_.o(;> [:l—rx,—) N Y,

and simllarly for the terms of hicher degrees in the

5

So that the expeession (5) can be written

T o Q/;Mtdj -
I—(\‘*—O‘,)(_'I‘Ofl) . . l"’“ﬁ){"’z __E"'!i""'“_'? +.Z(.f--o(\ i ] o Zﬂ:ﬁ! :;* ]

(-)(1~o) "

The terms 18 the bracket can be arranged :

- —

ol Xy f-"(,ds LP Jf..___
( | fis (-a) (1-a2) 13./ (1-04)(1~ ) h"r’éi—u,)(l-n@)
plfasinare U WA
./U M)('*""I-) (=9 (1- o) YV (1~ ) (1-el) ‘
o 7l ¥V 1
'hw\/(f-rx Y-

so that (8) can be more compactly, thouch possibly less

conveniently be ) written

i —ox, \ )

A el G |
e
E“ PI“ tu




e LOL )R, Lol (x
)90 10 [ LI,

NEY) LEILGIR, LEILGILON ) o
PR e o

i z (*’)L (xx)l (‘(_1)

Wf}.ﬁ: }.,] |

? ]

where ' (x) denotes xb"e"’/r(r) and L,(x) = L&(x,p).

We can wrlite this more simply by using a symbolic operator

D, , defined by P(F+1)--.(b+2-1D D" QCx) = La(s, P)P(x) I';
@ () = (- a,.,) £ § (e, '

or (DY) = -2 D D. 1is to operate only on functions |

of x, and not on functions of any others of the x,, xX,, *°°.
Using such operators we fee, from (8), that (11) is equivalent
=0 2 Uz

‘[l -2 P,, DD, + X rlﬂtﬂ:ﬁ: -DiDzDJ SER } CP(Q,)CPH',)...QQ(’&) ( IS)!?
or, from (9), to

- P ) |
®.>, - ”.b_)"’ . P By e B ® O (x) - CP(L)‘ ‘
N Y 8 a3 |

P g B, s DA

in which, in expanding the power of the determinaht, by the
binomial theorem, the diagonal term is to be taken as the
dominant term, so that terms in negative powers of any of the
D will not oceur in the series.

The convergence of this series 1s dhscus sed below,

819

_ = _—r"
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From the last expwmession fe the frequency function

we can readily find the terms in L _(x,), L, (x,),

Denote the determinant in that expression by A and put it

D:' A, + R , where R 1s independant of D:' « Then the

-k o L
expre-sion (13) becomes (D.D.---P.) DA, + R} @x)@h.). @)
@b, DY (A - A R e JREIREED) - - @),

from which it 1s evident that the term independant of D, 1s

PEI (DD, - I)_)"i’A:l* K ()P =) - - CP_("'-), |

and that in D, 1s

. = =P~ - y
._‘;‘[—a (’f.) t’)‘Pk"‘O) (.D:.D; i D“) "A' : K (_,P{"(,)L.P{x;) 3 e CP(,'")!

and that in D, is

(LGP e (@D - DT AT

"R Q) RE) . . P

This can be put in a form closely resembling that in

by noting that

K= _;%T;P‘ o T, i SN Fz,i-l . :,:n, s s
ﬁs b;. Pw ’ 8;-'~l ‘?-3 ﬂ,.‘“ ’P_h
. B B i B Fuiw -_ﬂ-.,
Pl g ool B G et
in which the principal term is
_E ey Ly, Bl D

i=2
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The Multiple Binomisl Distribution
(4.3 For the double binomial distribution discussed in
Aitken and Gonin's paper, the factorial moment generating
BRAEOH A8 (15 pok PR aa) (1)
where P 1s the probability of A
p! of B
P, of A afdd B together.

For a mulffple binomial distribution, obtained by selection
from a é‘-fold table, put

p, the probability of A,

b, of A,
etc.,

Py of A A,
etc,.,

Piz.com of A A, ---A_

The factorial moment generating function is then

(I + '>,a(,+ ‘:),‘o(,l -+ - - +z[’;;°‘-°‘s +i'°ﬂ3 X, A X+ e ol .. cf__)
Put dﬂ- = p::. = pn p‘: | etc’!
A3 = D,, = D, p, p,» otc,,
etc.,

So that each d indicates the excess of the corresponding
p over what its value would be in the absence of any

correlation. The expression (2) is then

[(|+ P )+ poot).. . (14 pas) + Td, « -l-z'd‘“q{,agd}v-”.} -

/

Now put d,; = Qs = 4,p; - dyp. - dyb, » ebc.,
d'z = 4,55, = 4108 - d::Hpq- duBP; = 0,RP, = d;,HQ,_ = G,
et

e Cey

80 that each d' indicsétes the excess of the gorresponding
P over what its value would be in the absence of any

special correlation for that particular set of varlates,

BR”

1

S——
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Vg, =
over and above the correlations between the various xwhssEkxx

pairs of variates involved in that set. Then (3) is
(Q+ b)(te b)Y . (1% puotl) + S d o, (4py o) (14 uols). . (Urpoo)

/ 38
e Zdu,'; qndt_“; g E d;z;,‘_ d,d,_ “3“’4 -4 . ..}

1 / ‘ ; ' i

Now put " R, 4P -4d,p -4d,p-4d,p , ete., .
= Qg = G op = visn , 8ECe

so that d,, ., will indicate the excess of D..s OVEr the value |

which might be expected by considering the correlations, not

only between all patis of varlates in the set of ¥ n |

varla tes, but between all possible sub-sets of variates.

Then (4) becomes

[(l b )(1+post,) . .. (1+p.. w.,)]‘t x

d,d. - f Q'q:d = = i
U Zde pst i = =% Gopad e b o)™ } @‘
|

g
The terminaténg series here given has (HP“)(I |’“’) as a /
factor in each ‘erm, with some r <n , and it 1s, therefore,
the factorlal moment generating function of a function, which,
dividféded by P(x,)= (x’) lo, (l—b) gives a function linear
ARSI AAHARA G0, G (), -, G () |
and, of course, linear also in ()G, (=), P(*)S, (f;),...,‘P("-)Q..(’QA

=2, 3, s , M.

This is, in important ways, mor’%general than the

functional form found in the previous sectlon, For

here, not only can we take a @iffermnt value of p for each

vartdte, but, further, the nature of the correlation 1s not
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Coynvergence of the rmltivariate Laguerre series

1A% The series to be discussed is

nay 5P -
l‘ -Z E:Dl])g +Z?‘ﬁ;ﬁseshha-:bs = 7ed=) EQ-I‘ b5 b"} PO Plr). - R>)

Q0
where P() ="/ (e,
aml D, 1s an operator on functions of x; such that
v - r -
D, P(x) = L 0, P #(x) where L. is the Laguerre polynomial,
oot wd b V< plpe) - (ber-{)
~ The coefficient of (-) D,D, *** Dg is
Bt ks 18 LR
'-1)1 © P:.) Ty ‘;,A
ﬁ& ﬁ» &% ot 5O

We shall consider a more general series in which the parameters

p 1in the functions ¢ are not all the same :

P = =T e Sr(p) , BB 90 =L, 6 R PO,
@)

The two-variasble series has been seen to be convergent
(§5-2 ) using a theorem of Hille's which will be used here
also. (The argpument of §5-2will clearly aoply even if
we take different p's in the two funections <P(x) and P(y)).

The series (1) can be writeéen

;%'0'1‘& if Tp, denotes
AN
P(P"l) ‘%(P"'g '){z‘a DD X206 ﬁ:{ = (--)“!'R“—Ij'} ‘?(7‘-)"‘)‘."-)--'(?{"“) -
(
Now put Ve d-B E=%
. y - X L ettty } ) (3)
E. li’b) ) ptv) e

1™~
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CB: X< = L, (=, b)P0x)
11. < P(e+Y) -I-é-!(bd'ﬁ-:l)

3 : e
(z€ DD —726.6,8, D005 o1l .

- Q)RR - @ Oe)
Then

1‘ 2 P‘:S*I{z-ﬁ:g'%; -2 26.R.0,89P, +- ] %,

We shall show that as k  tends to infinity,

1 — ® -
-f‘—- > TR-T2E6, +-- (D IR-TI = 1-IRI
-4
and hence that ZJg 1s absolutely convergent ¥d if
R 1s a positive definite matrix, as it always will be
when the series gives a frequency function for variates

between which Q.,E,, --. indicate the corpelations.

It 1s evéident from the définition (3) that

L

t- > 1 and hence l

L"'-\ <€ 8ll rZV

If there are different parameters p , there may be n

differant values of », . We take the largest of them.

tet L= fovh, + R v ke

where Jp_ consists of allyf those terms in the expansion

of f'p‘ in which eac}iof the 9 is railsed to a power 2> 7

s

32. of those terms in which P 1is maised to a power < T

32, of those terms in which @; it not C.D, is raised to
a power < T, ,

and so on.

Then jp,hq_onsists of the first r,  terms of



k(#+0(k+@ﬁ
- R

.[iﬁ'; PP -228.0.6.997, + = &1{: BB -T20.60.8D .}]%

g CP(’K.) ‘?("&)- - ("h))

¢ where 2. now denotes a summation over all

permubations of the suffixes 2 , 3,4, <+ , n,

The coefficient of k(P10 'é(f*'g-o ﬂsCP(x,)

in thi= expansion is
G- (Wfren-reeees9 - J(zeing, s e 000 -

. (P ('N';) CP(*J) 820, CP("‘-)

If we assume for n = 1 the propodtion we have to prove

for n , we have

5 G, ____,__1_*_@'! as 6 > o
b-s+1 <, ]...|R|

where [R'} denotes
‘ o er.‘.t ﬁq- =T ﬁ.. ’
ﬁ.z O Psc& - Ba

Ge B By oo ®

V-l

&
C
Now :L.=§C, 5 39(‘—'%_(‘, and since E_é,

shown to tend to a finite limit as k > e, it follows

has just been

that .33'..:,0 . Similarly }gl- >0, and so on.
B 3 o I~ IR
Therefore .:‘_g'z - | But Jﬁu/j'a-e,o i
%

. 18 L O which was required to be proved.
-4 = £ @)



And, more generally,

(LB +ZTDB + -+ . PP ‘ﬁ}j
%

(¢

,———» ':Zq. +‘ZQ.I+"' + Q. o ﬁ e

From Hille's result, given any interval 0 <€ X <

{L WE‘LH ““(%"":—t)]/'_,(x:t’) =T l, asg. w24

except for thoése values of r for which

[ce 2= —m(E-3))| < &

fﬁ
i.e., those for which
E4

2w -aE-D-c0E|< & @

where m 1s sny integer. W is an arbitrary positive
constant. Given m , let 7r and r, be the exteeme

values for which the inequality is satisfied. That is,

% :
LR - Wt (ma b 8) = -k
L3 1
2.‘;4 '~ _]T'..;-(p,_’. .‘1....._‘_) = 4 K
»

2% (n-v) = ‘(Cl? - }:# (3 er') o et



Thus, coreesponding to each m th e number of terms for

which the inequality (6) holds is o(r¥) = O(m*).

That 1s, glven € we can find =n , such that

L, G B : 2
- ST S
i‘.i—-; cg-g.[z.a[;x #ﬂ(%—%ﬂ 2 0<bgxga

for all r >, , emcept for eertain values &f r = 0¢m=),

corresponding to each positive integer m , the ngmber of

them for any one value of m being O(mi) . For those
eritical values of r L. Ge. b)) = O(f?i"')

Now, e Zm e ﬂ_(i_ Q]
L,..x.B) pae—t/v—a\ ~ [_- C O(f
EEH (& cos 2w — (%~ 9] )

oo (10 fF L2 - - 8)) « OC )

except for those values of r for which

7 s

JEa i —a(E-4)] > ke

; J=

o | 257 - w(&-2) -G T < 22
Clearly the values of r which satisfy this inequality

=

form a set of the same order asfbhose which satisfy the
inequelity (6), so that

}b(.,q:

Lg —|;<-€ for a1l » > r, except for a number of

values of r of the order of rnJi in the neighbourhood

(v —t—-&.é)‘

of v= o for ewery positive integral value of m



We shall now prove that

_ {E'Q.D, +Ta,.DD, +--- "‘qu-..-..])-b.‘--.b..] %
Te

2 7«.*-2““ “+ - - - +Q,L'.“’ as Q — o,

of which (5) was an indication.

It has been shown that given any positive € we can find
such that D, (L,(*:.)Cf(w)lies between (l-te)L,(*,)CP(*.)

for all » >r_ , except for the eritical values of

r

o

r found above, The terms in ‘he expansion of Tp for

wheth » < r, cen be dealt with as in § and the terms

for which e S =
r= W “"'1"'4) are of lower order than
<tx

neighbouring terms, and the ratio of thelr number £o the
total n_umber of terms in Te tends to zero as k tends
to infinity, €o that if T,; denotes T; with all such
terms omitted, T}!/T, - 1 as k - and

D s DD Ara DD DR
(23D, +€2,DD, +-- - =+, . DD, .. DTG

Hence the proposition is proved, and it follows that
Te
T

bt |

amd that 3|T, | 1s convergent, and 3T, 1is convergent,
which was required to be prwved. It does not follow
that the series obtained by taking seperately each term

in T, 1s absolutely convergent.
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DIFFERENTIAL EQUATIONS AND DIFFERENCE EQUATIONS_

§20-1 In seeking for the form of a two-variate
distribution analégous to any of Pearson's types in one
variate, it 1s natural to enquireg what will correspond to
the differential equation which distributiona of those

types all satisfy

@x(x-&@%% U T g

which reduces to the form
px29 o+ (x-DP=0 @)

>

In the special case of type ITII, and to

RIR | (x -a) =0C &
dx

in the most special case of the kkmam normal distribution,
The use of curves of Pearson's types has generally
been justified on the ground that equation ( §) 1s more or
differential
less the simplest/equ-tion to express the facts that the

curve in geq?al touches the axls at the extremlties of the

range, and that it has not more than one maximm.,



8Y

The use of them can however be justified on grounds which
are perhaps more ceneral, which at least give good reason
for having a quadratic and not a cuble function of x in
the equatidn. For the differential equation can be
taken as the analogue of the difference equation satisfied
by the hypergeometric distribution, and the special
importance of type IIT lies, from this point of view in the
fact that its differantial equation is analagous to the
difference equation of the binomial distribution, of which
the frequency generating function is (p + qt).
The difference equation is

L (x+DAGE) =fn-x —E(x+ D} § (<) @)
$ob -2’- e+ D Plx+l) = Cr =) P x)
and that for the hypergeometric distribution is
"';'" (‘J—j

[(x +l) +(Nq,—~\)(x+ l)}A POe) '-'-'( N+2) > + NQ"“ ~q) +n- '}‘9(*)
‘Foi' e i.l'

(gz+l)(x+l+N -3
[_:(—Gu—:&;z:t):) Qx+1)- {x‘-(Nt: ) + N‘ou}cf(x) =0 |

~ T

and 1f in this we replece the difference by a derivative,
i1t clearly vesomes equivalent to (1).

This is not a limiting process. Either of the
equations (4 ) and (S ) tends to the form (3) as
n tends to infinity. That is to say, if the number in
& sample from a binomial or hypergeometric distribution
tends to infinity, the continuous diflstribution to which

the distribution tends 1s slways a normal distribution.



o1
The proceedure of replacing a difference by a derivative is

not thet of finding the continuous distribution to which a

discontinmious one tcnds, but of finding a contimaous function
to represent a distribution actually discontinuous.

This seems to be a reasonsble procekdure for |
finding a curve bo represent many naturaily-occurring
distributions. It is well known that if observed
deviations are due to & very large number of very Small nearly
independant elementary deviations, the resulting distribution
will be nearly normal. In any actual instance, however,

|
though there may be an infinite numbecr of possible sources of |

deviations of infinitesimal amount, there are generally a ’
measurable number of suources of deviation of appreciable

amount. If the deviations from such sources could take only |
two possible values, the same for each of them, and had the %
same poobasbilities for esch, then the observed distribution of |

deviatio s would be a binomial one. Actually, of course, .

there 1s very rarely any such regularity, and the obseved }
distribution is a continuous one. But it is reasonable to

suppose in these circumstances that it will resemble the

binomial distribution, or, if the deviations are in some way
extracted from a not-inexhaustible store, the hypergeometric.
This resemblence is expressed by the analogy between the

differance equation (5 ) =and the diffemential equation (1 ).

o X We approach the two-variate problem, then,{

by considering the ¥y#¥ two-wariate analogue of tke binomial

and hypergeometiic distributions, which has been discussed by

_———



Aitken and Gonin. For the double=binomial distribution

discussed in their paper there exists the recurrence relation s |
s "o: X ; "co hﬂl
@+ﬁaﬂﬂx+hi)+{x—3+trﬁu+®hu"§@L,3)

.,(51—nx-+l)%zi,Qp£x__t,3)_: o

which can be written

Y D %—\Sﬂ g + {({:L —beYoee ) +(n+1):f}s¢:!:i

P Poo
. . Y t"d o > I
+ {(1-»""’ Py P2Y(x+T) — e (14 fl;—j:—)(mz)—(l—';%)(w)}pﬂo;_
)|
whete S ad Sz Aemaols cern Lol Jﬁf{e¢GNUL&A- &
s - L{@LrD-qG-0) | ¢ - NP 0es D =200 + -]

—- Y

=ifpe v, = A
The two-variate distribution found in

(in which the distribution i# eighher varilate alone is a Type

III distribution), is
LD —w

;5 b -(r-ua)/a__p) g_?;)______._—-—— ?;PJ—__
B J=e ST Tk 5=

and this satisfies the (partial) differential equatién
éﬁﬁ =
>x -+ 2 X g L ) P ;
St (.._p- Iv) (,_P. e (#)

When = 0, this must of course reduce to ¥¥g some form

of the differential e~uation for Type TII. We see that it

reduces to

x3E (2= - 3L +(x-P@=0© &2

which can be derived from ( 2 ) by differentiating and adding.




In a similap way, if there is no correlation in
the double-binomial distribution, the difference equation (& )
mist reduce to a difference equation for a simple binomial
distribution. We see that when ©p,p, = DD, » then (&)

reduces, putting p,./p, = a/p , to
: y X @=L -+ o+ 2458
:;_—[(Pl‘l-,i‘l)(x-rl) PGS+ G-k )+ P+ DY5q

3
- N+ L) =0
+Eme L S PO @)

which can be derived from ( 4) by wktting down the backward-
~difference form of (% ), expressing each in terms of central
differences by AP = S +4+%9 , YV = $¢ 18’9
miltiplying the two equations by aq and p respectively,
and adding. The second-order differentisl equation (¥ ) and
the second-order difference equation (9 ) have been derived
from first-order eguations which have a defin ite analogy.

It will be seen that in equations (¥ ) and (9 ) themselves,
while the terms correspond, there is not an exact analogy

between the eoefficient-. There is a similar extent of

analogy between (£ ) and (7 ).




The analogy 1s not exact, but it is eclose enough for us to
say that a distribution satisfying equation (7) and the
same equation with x and y interhanced, will be a
suitable type of didtribution to represent a continuous
distribution similar to the double-binomial distribution,
but it does not show that some rather different dlfferentlial

equation would not have an equal suitability, =2 different&dl

equation, ‘for example, with a different numbrical coéfficient

t
for the first term, which -wai.l depend on P,




SELECTION
§21-| This & apeer is concerned with a question of great
practical importance. When it is desired to compare

the distribution of one varizte (or set of variates)

in two different populations in which another correlated E
variste (or set of variates) has diffeeent distributions,

it is important to find what would be the distribution of

the first variate in nxxxuixkhg?poyulationﬂ formed by
selecting out of one of the given populations a2 population
in which the distribution of the second variate is the
same a8s that in the other of the given populations,

The simplest case is thst in which the population selected
has gero variance in the selected veriate - that 1is, in
which we con=ider the distribution of one variate in

those individusls in the population for which the otler
variste hss s particuler value. The mean is then given |
by the curve of regression. It 1is easy to see that

if the regression 1s linesr, then whatever the variance
selected, the mean of the other vafhate in the selected
population will be a funetion of the selected mean given

by the equetion of regression. Tnterest in this chapter

will thewfore centre on the expeessions found for the

*——_—




variasnce and bi-vari=nce or product-moment.

The problems to which the theory of selection is
l1ikely to be most applied are biomet¥rical problems, in
which the variates are essentially positive. For such
variates, ewpeclally if the coefficient of variation is
not very small, the Gamma-type curve will be more sukted
than tik Gaussian, and it may therefore be of considerable
importance to find some properties of a distribution
selected from the distribations discussed in chapters
?.)-'2- Consider first the distribution which we found could

be represented by a Bessel function. Its moment generating

= o
function is ("_‘x _[/3_.-“{{3.‘_P‘> (1)

wich is egual to

00

o

fie are sssuming thet the distribution function for mm= each

variste is

—x_b"‘ e-"'a. ‘e*, xi—"'l e—-&’r -
e —— e
(P and not c(» &

Since by saitable choice of the unit the second form can
be changed intothe first. It means a choice of unit which
makes the arithmetic mean equzl to the varisnee. We can
readily obtainthe general forms ofthe results obtalned, at

the end of the d@scussion.

Now replacing ’Kh-'f’-td o -xa'-' e /"
e " 18 (2) b e ey

1t becomes

-5 |

{

HI

}

—gr




...‘"{i—-fs(l—e‘)}*'! r(ﬁ) a“"’{ (v« c—ﬁ‘a"';-j )}“ﬂt ]

— ¥ .
R B e = e

%
=0 C‘*"')TH% (== (=€ =PI e «3(-€Y

= |+ &wu +{p{l~?‘)+ﬁz.ﬂ??5 &= ﬁg”%u’)mzd, e

’

_,.{fz..ﬂ (b-2-0(1~€) + BBt (1 -0"+ F‘)} <3

l

|

I‘

- X (p+0) !

- { "’_ﬁ._ﬁ_(:”)(g*p‘j « &€ (1- ) « &L__) 'P]ﬂ ’

v Bres w higher powen o] < ok . (“s)r

Thus when from a populdion in whieh the mean x 1is p , I
and the mean y 1is p , end thq‘variance of x 1is alao p , |
and the varisnce of y p , a populstion is selected in .
which the mesn x 1s km and the variance of x km® ,

then in the selected population the mean y 1is

p(1 =P=®) + mP?2 , the veriance of y is |
p(1 -P2)% 4+ 2km PR(1 -P2) + km* P, and the bivariance |

m?P* .,  (The bivariance in the parent population was pP=.)

Now put h = km , the mean x in tl® selected population,

and v = km? , the variance of =x 1in the selected population

and put h, = the mean x inthe pargent population, and

= the variance of x in that population, so that p 1is

replaced by v, and the mamxkimmxxm expres=ions made homo-

-geneous by putting in the faector v, /h, where necessary.

The expression $6r the mean y 1in the slected populatlon

becomes h, + (h - h,) P2 , and that for the verlance |

e ————————————




(1= = '2.-9"-‘-\),?(!-1") + v

Sofar we have assumed thst the mean and variance of y in

the parent population are respectively equal to those of x .

We cen put them equal to h, and v, wrespectively, where
h®/v, = h2/v, , since the type of distribution in y 1is
supposed the same as that In x . With these changse= the
expeession for the new mean y becomes

h, + (h - h) /o, (62)
which is the wvalue givenby the regression line, since P\J——:,'j
1s the regression coeffieient. We have already seen
that 1t must be given by the regression line.

The expression for the new variance of y Dbecomes

v (i-e] +2 uBlse) B =

=]

7 _t{,_' g )
and for the biveriance "PJ:o ¢

so that the co#ffiecient of correlation which was P becomes
. |

=\* L T r «) ?
B fa-ey+ 2£00-) e} @
g21-3
We can get a more ceneral result by using
(ﬂx “c)ﬂ'-l' e-—(*—c)/a-\ xQ..( e.-.-l./..._
wE C(R) instead of m‘

as tl® distribution of x 1in the selected population.
The limits of integration are from ¢ to+®. Strictly
¢ should be positive if a selection of this sort is to be
possible, but we can allow a negative c¢ 1if "k is large

enough and -¢ small enough for the freaquency function to

be small for nerative values of X . The effect is to

-




miltiply the moment generating function (3 ) b

exp ( (I-B(l- “)}

—_——h
=Fxcp e (1 —B.I—P‘) + Cw + {-c‘ﬂ‘ P‘F-&}:c'x' +Cot S P

]

[ + cX +c P1/3 "‘ic’d‘-o-c' o{fspi-l- {cfl(l-f“)q-%c‘ P“}ﬁ‘-f- e

so that the moment generating function becomes
| +(c +kbn)ux -o-{P("-P‘)*CC-* &.-.)P‘}/; - J‘{(¢+Qm)‘4 ﬁ»m‘} o (8’)
e+ B) P (e B)p(~0) + £t} a3
+{th(p+0(1-¢)" (s k) (b0 (169 + L [(Bmrd= B-.::]P‘*)ﬂ‘-« - -
which is the seme as (3 ) with c+@mfor R,
m® being unaltered. But ¢ + km 1s now the mesen x in
the sele cted population, so théb the expressions for the mean
Yy &and the variance of y , and the bivariance take emactly
t'e same forms as (5) and (6).
§als The problem of selecting a Gaussisn
population from a Type-III population, or vice versa can be

treated as a 1limiting case of the problem treated above,

=1
for (x~c) B

(R tends to the Gaussian formf as

¢ tends to infinity, while ¢ + km and km® remiin finite.

But a seperate treatment can be given : 1if in (2),
1‘..: e-w [ e-—-(x-z)‘/tr
‘-(P) 1s replaced by Jom 5

and the integration carried out from —a to +<0 , 1t becomes

x - & + <) dx
ey [t (S ()




{l-ﬂ(l f’)} P/‘{,(,('-/S(l-f' “)‘“" *%4d)ﬂl .

= I*a‘ﬂ 4-/3{&1’14’0((._3")] _._i(&t_“u_)dt
{0010 L) < ' =}
+ (1 Goe0(1-8) +2(p+ ) E(1-€) « 1@"+ ) P7)

4. .- |

which agrees with (3) as far as the terms of the second order.

The converse problem is that ofthe

selection of a Type IIT population from a Gaussian population.

a L - Pt a“
In { e"“ O P) e"-"f (3 + Ps)x
i e e
—a0 |
F-:-'x: - &' —_ — ) S |
replace € dx /57 by ¥ Gc ~<) e ‘//mﬁ (L,

takingfbhe integral from ¢ to +2. The required moment

generating funection is then
I e{x‘(l-e‘)[‘” Bt —2sim  (B+Px)(e~c)
e e e
wh ()

exp {éu‘(l—-f") +c(B+Cx)) /ot (—1-4-99«)&

= LB v o w8 P polflem b Bt A

A

Ul

+

S0 thet the mean 7y in the selected population is (¢« ) P
end the variance of y 1s [-€"+ Bw ©  and the bivariance
is Q""" Pd
@ ek
These are the values which/(5), (6) take when M
(and v, = v, = 1 , since the units have been 30 chosen that

in the Gaussiandistribution the variances are both 1) E-rithP
SRl o
the requisite shifting of the origin, a—~d ‘/f-‘ﬂgf ‘4

Tt 1s thus verified that in selection of & Gaussien



population from a Type IiI one, or in selection of a Type III
populatbon from a Geussian one, the formlas ((4), (5), (6),
(7) stillhold, the origin for h , h, , and h, being the
lower bound of the population from which selection is made,
which for the Gaussian distpibution is ot -® so thet h/h, = 1

It 1s %o be expected that the results of
this chapter can be further extended by considering selection
from a population in which-the distributions ef the two

variates are notjthe same, such as those discussed in chapter

hvz and further generalised by condidering more than two
variates.
211G But the results here obtained may be of

practical importance in all problems of selection from
distribut'ons in which the coeffieient of variation is not
small. The new results of importance are that in selection
from a population in which the- mean x is h,, mean ¥y h,
and the variance of x 1is v, , endof y v, , and if it

is assumed that the same type of Type III curve will fit both

varistes, so that h2/v, = h®/v, , and if the selected

population 1§ determined by the conditions that X shall

have a mean h and a variance v , then in tle selectéd

populatioon the variance of y 1s

v, U p"

v.(l-P)‘ + L Ee—v,f’(“") e

and the bivariance is v Ju/,

The mean' v is given b‘y putting X =h in the equation of

regression. These forrmlae can be spplied when the mean

= ———




verianne are known, without earrying throuch any process

-

of fitting a curve.




Clppte IX

CURVE FITTING

-gu:.w The discussion of the function to represent
a distribution in wh¥ch two correlated variates each have
a type IIT dissribution, in dhaptarsIIthé V has been
wholly concerned with what R.A. Fisher calls Problems of
Specification - the choice of the mathematical form fof

the population - and not =2t all with Problems of Estimation.
The mathematical form of the population can be chosen on
grounds quite independent of whether or not simple =nd
logical means exist for fiftting to an observed sample
a function fo represent the popukation. The argukents
of chepters VI show that in any many-variate population
in which each variate Yhas a type=III distribution, 1t is
reasonable to suppose thst the combined distribution has
the form given in ihs most general form in §1%%, a series
in Leguerre polynomials, which, in the particular inst-nce
when there are only two variates, and they have §he same
distribution, can be represented by a Bessel function.
It is important, however, when on purely theoretical grounds
we have decided on a functional form, to gi¢ enquire what

means exlst to fit a funttion of that form, and in this




instanc& to enquire also in what kinds of problem the
parameters involved in the distributions of two correlated
variates may be a:sumed equal, -o that the Bessel-function
form can be as-umed. The object éf this chapter 1s to
give some notes on these points, and also, further, on the
question of what populations should have a type-IIT or Gamma-
-type curve fitted. |

222 First, T shall quote a result which has been
priovately communicated to me by Mr D.S. Rajabhushanam, and
which seems to me to give the Gamma-type curve a theoretical
importance greatly above that of the other Pearson curvés,

and comparable with thet of the Gaussian curve. His argument
is as foldows : It is well known) that the deduction that
if the arlthmeticd mean of a samnle always gives the most
probable value of a parameter in the pooulatlion, then the
distribution of the population must be Gaus-=ian, given in the
standard tex@books, involves Egrggfnngggﬁgpggoﬁg? Bﬁ?%%aﬁﬁ%&@
natural to assume in many instances, are not inevithble.

It is assumed that the probability for an observed value X

1s a function of x - x, vwhere X, 1s one of the parameters.

(Tt is usualyy stated to be the perameter which specifies the
centred or the true mean of the population, but hhat need not
be included in the hypotheses.} As an alternative to

this we mey asaume that it 1is = function of L e T This

is at least as natural a hypothesis in all instances in which

the variate 1s essentially positive, as it is large numbers

of biological and economic data; helghts, welghts, sges, all

kinds of bionlogical measurements, real pvope?ty, are all
YWhitkalce ok Robinsow, Cowlbimalfon of Obrervaliow,




things the measures of which must necessarily pojsitive.
And in any distribution in which the coefficient of veristion

has significanee, and in any J-shaped distribution, it is more

. natvral to assume that the frequency of a particular observed I‘
value x 1is a function of x/x, than of x - x, (The il
hypothesis does not exclude xXke J-shaped distribhbions as does H
the one which leads to a Gaussian distribution.) We make, |
then the hypthesis that the probability of an observed value |

X//18/////¥)dX between x and x + dx 1is P(x)éx , where ]
@ (x) 1s a function of x/x, , x, being one of the para= |

-meters which specifies the population, and <¢P(x) 1is not I'
otherkise a function of x . And the hypothesis that the ]|
il

arithﬁgltic mean of an observed set of values X, , X, 5, °**° x,,":;;

‘{:(T/io)/xo J:
not otherwise a function of x, . Put P (x) = =Seles) . i}

glves the most probab¥e value for X, . The condition that |
x 1s to be positive gives ﬁ(x)dx =1, fromwhich 1t ]

. <P () o {
follows that &f=¥fx. 1s a function of x/x, which 1s !

Then the condition which the method of maxirmm likelihood

uses to estimete x, 1is that ‘

G fa) K Casx) . K e /x)

shall be a maximum. That is that

i {ﬂ,a £, /%) w fn-g ”f..]

a=
shall be a meximum. The hypothesis of the arithmetic mean

asserts that this mondition is slways equivalent to the

cordtion that

Mx=x,)=0

I ————————



The same argument as is used in the usual deduction of the

Gaussian law shows that this is equivalent to s gsserting
that > >\ =z - |
o3 {erﬂ F(".,) * an 7:,] = £ (‘K—ko) t j

i

rTorall ¥ . 'k being some constant.

This leads & ll

P> = a ;“Qx: e—&x"* 0) I
‘-JRW . B Pox? |
dothen B 1

=2 fY?%m:) : u

> G @emj F"”"‘I}“Q 6 reen b (-~ l:.a‘-—\.‘-i:;f . ! ifl’

z i

It has thus heen shown that the Gamma-type distribution is i
one in which the arithmetic mean of a sample givesthe most Il

probably value for one of the parameterd in the distribution ’

function, 1

y 1
223 Poincare has discuéssed the gencral form of the I
distributio f function when no hypothesis of the kind here i

discussed is made, and finds the form L

o(x) eAX + B )

where © 1s an arbitrary function of x , and A of x .

!
B 1s a function of x, whichcan be determined ingerms of A .

-2ih%x® a
This gives a Gaussisn function when 6(x) = e~z an

A = n*x, . It gives a Type ITT function when 6(x) =
E, the OGest fov o eder
That the arithmetic mean 1s s—sufficte=t gtatistic/ in fitting

a Gamma-type curve is not a wholly new resfult. The

Calcul des Probabilités, 1912, pp.174-6




speciai interest of Rajabhushanam's result 1lies 1%}he

simplicity and naturalness of the hypothesis made - some

special hypothesis would =lways have to be masde before Poincsres
general result could be applied to actual curve fitting - and

in the fact that the hypothesis made is suitable for a variate
which is essentially positive. The curve fitting 1is thus not

of a general Type-III distribution

‘\a:.-_ Y ("x - c)_h e—-—':m

in which the three parsmeters ¢ , m , and p 2are to be r
estimated from the sample, but of =z function in which the vulneWE
of ¢ 1is determined from the natural origin of the distributionﬁw
It might be perhaps be convenient to reserve the name Gamma—bypa&“
for = Type-III curve for which there 1s such a natural origin. ﬂ
There arefthus in this Gamma-type function two parnmater;ﬂ
to be estimeted froﬂa samplg, and since Rajabhushsnam's theorem f 
has shown thet the arithmetic mean 1is one ststistic sstisfying | f
the conditions of the method of mazimm likelihood, it is
natural to enquire what other statistic the method fof maximum

likelihood will leasd to. The Gamms-type distribution functiom

P(=) = —r-:f;h-_-‘—-'-)-z“e"%" i “35“

being

the equations given by the method of mAmimum 1ikelihood to

determine the required statistics are

S [Pe)@ie) - @Oy = O, os 2 [etqln) ¢6))-0




)
\.e. d &

= F
. lrew "9 .

=0

-

pad > [ e ) ~Gaa+r+ - +%x)D

These equations are equivalent to

hﬁospe -t-'TZ‘Ca—a«c,—nM O

r(ﬁ-‘-l) = »

% =¢
That 1s,
S’C = vie + | (q'_)
n & 5
ffﬂ? u___gf_(t.“_g‘__&ﬁﬁt 5 (g)
" (=) :

sq[that the most probable walues for m and k sare to be found

by equating certain furctions of m and k to the srithmetic

and geometdde me ans of tke sample. To solve for m and k ,

write ( ¢) as

aml eliminate k } P-At.‘% wesl=p.

SN 3 - ety [ I
gt _ (%0 Tl Cop- LB 1

%Eo-n. e € L r(")

The process of fitting will thus require a table giving the ;'J
values of log p -¥'(p)/f(p) . Havig found the srithmstic

and geometric mesns of the sample, find from the tsble the value




of for which this funecti arith,mean |

o) nction is equal to 103‘@66ﬁfﬁﬁiﬁ 3 :*
The value of p , or of m being thus found, the value of .E
k 1s readily found from (4 ) L

The Psi-log=-difference function

222G =
The function log x - ¥ '(x)/V (x) , the difference

between the natursal logarithm and the logarithmic der¥¥ative
of the Gamma function of x , I propose to esll the
psi-log-difference function, and topenote it, if it 1s

necessary to have a short notation, by pld x . Since in

the use of the table velues of the psi-log-differenme function ||
haveto be equated to logarithms, and since common logarithms

to base 10 will be used, it 1s convenient to have a table

of log,.x -[IM'(x)/r(x)]log.,e 3 we may call this functiongl
the common psi-log-difference function, the other being

the natural psi-log-difference function. They can be i

demoted by pld, x and pld, X . Tables are given at the ﬁﬁ
end of this thesis

'f
125 PFitting a curve Th

The Gamma-type curve is J-shaped when -1< ?'< o,
it touches the vertical axis =t tn? origin
mdwhen O0<m< +1 and to test the practicability of

fitting by means of the frithmetic and geometric re ans, one

would like to fit one example of each of those types.

o : I
T have carr¥ed through the calculation for fitting a curve \_

to the data for deaths from diphtheria at different ages in

Table XIT, p.93 in G.U. Yule's Theory of Statisties, 1929, |
the curve obtained j

= |
bikh in the neighbourhood il

but the result is a rather poor fit,

giving values about ten per cent toc




i “

of the mode, and mich too high values between 5 and 30 years. |

This may mean thet this particuler set of dats, although
having a general resemblence to a Garmma type distribution
with 0 <m< 1, is not in fact on- which is suigably

fitted by such a curve, OUp it may mean that the gemmetric

maan 1s not accurately caleculated from = grouped frequency
in estimetging

table of that sort. I have assumed %;E the geometric as

well asfd¥ the arithmetic mean thet "he whols frecguency

ina certain class is concentrated at the mid-point of the

class. It would be better to take it at the geometric

mean of ‘he lower and upper bounds of the elass. But in

the table discugssed the lowest class is given as 0-1, and

it contains sbout five per cent of the whole sample.

If we are to get satisfactory results from =n eztimate of

the geometric mean, we need in preparing a frequency table

to alm not at having equal cla=s intervals, but at having

a constant ratio of the lower to the upper bound of the
class interval- the effects would of course only be
significantly different in examples in which tk Gamma-type
curve fitted has a fairly small value for m , that is
those 1qwhich the coeffictent of variation is large. But

the question whether im exsmpnles in vhich the coefficient

of variation is smell, and a type-III curve c-n be fairly | il

well fitt"ed by means of the arithmetic mean and standard
deviation, it is worth while to use the geometric mean,

1s one which perheps can only be answered when & rumb-r

of trials have been made. Tt wonld be of #nterest if




the data were availlable to fit » J-shaped Gamma-curve
to a distribution of incomes. Itps recognised that

in dealing with incomes or amounts of wealth a geometric

mean may have significance, and of course the erithmetiec

mean has significance, since it depends on the aggregate

income. Hitherto it has been a frequent practice to

represent the distribution of incomes over a certain il
range by Pareto's law') , in which the frequency is |
proportional to x™ . This can in no case represent ‘
the distribution of incomes over the whole range, since ;
Jx™ax does not converge for eny value of m . Tt would ,
then be of interest to see if th e method of fitting here j
given would give a satisfactory fit, but published data
of incomes generally have too rough a grouping at the

lower end for an accurate determination of the geometric Iﬁ

mean, To sum up, to test adequately the proposed method

of fiftting a curve by use of the arithmetic and geometric q;

means, we need data tabulated in a form which is thronghout:
concerned with the ratios of the various values of the if
variate more then with the differences between them - |
possibly in some instances two methods of tabukation would |
be degirable for the caleculations of the two means. |

Any badness of fit in applying this f

method to a distribution to fwhich a Gamma-type curve

ought to be fitted must be due to defects either of the
tabulation of of the method of deriving the arithmetic

and geometric means fpom the frequency table, for the

[) Bmle.j, eimnois ol S('a-(-fd::;s
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method is on firm theoretical ground, beins derived from ||

the method of maximim likelihood.

2.2 -G And the method of méximim likelihood

I regard as derived from the principles of inverdse
probability. 1T D 5 Pa s e pe ar; the a priori T’
probabllities of varions alternative hypotheses, =nd 1ﬁ
d, » Q. s *** » Q. the probabilities xkak for the |
occurfghce of an observed event, on these various
hypotheses, then the probabllity for the rPh nypothesis
is v,qa./2pq . The method of maximum 1lilkelihood (]

amounts practically to saying that this is a2 maximim fae

when q is a maximm, gﬁ gimilar but more far-reaching
hypothesis is really implied in nearly all deddctdon from
statistical data ; for whenever an estimdte of a parameter

of some distribution, or an estimate of some unknown such i

an element of a planetary orbit, is given with a probable il

error stated, what is stated is that the probzbility that

<t T y—

the parameter or unknown lies in a certain range 1s one-

-hal@ (and of course the distribution of the estimetes

of the parameter bekng known or assumed, other statements 1

about the probability that the parameter should lie within |'i

various otﬁffanges are also implied) ; and since the

estimate ofthe probable error, etc., is made from the

sample alone, it follows that the assumption 1s implied

that p 1s a constant. And this assumption is very
often fully justifiable by the fact that the a priori

oce W shthe
probability is fairly constant in the rance whic f

[| |



sample makes possible. That is to ssy, p 1
effedtively constant within the renge outside which ¢ f{i
1§ effectively zero. 1In statistical'investigations |
the 'hypothesis! 1s always that some parameter In s
a certain value, and the observed event 13 recorded in lw

a set of values of a sample. If on the hypothesis

thatithe paremeter has a value m the probability that il

it |
a value between x and x + dx will be observed is ;
@ (x,m)dx , then when values Xy 9 Xis **° 5, X, have |

been observed, the probability deanoted above by q will I

be @(x, ,m) @(x,,m)--+ P(x.,m)dx,dx, --dx.. . H
|

Now the method off maximim 1ikelihood asserts that that

e

value for m 18 most likely which makes
@(x ,m) P(x, ,m)++ P(x,,m) a maximm, dx,dx, ---dx.,.
being independent of m .!) (dx, , dx, , +-* should il

not be regarded as arbirary di fferentials, but as the }

|
unit in ¥U¢ which the measurements are made, and which Mﬂ

may differg in different parts of the table - being for

gxXp¢ example, inthe table fpom Yule reffg%ed to, a veary
at the lower end ofthe table and ten years ab the upper - ||

but which is independent of the value m o#the parameter.) | |

We see thus that t he mehkhod of Immxkxmowara mamimim |

likelihood 1is deducible from the princinle of inverse i
] |.'
il L

probability. Actually the methods of inverse p:r-o‘osnbil.‘i.tyl;ii,I

give a probability distriﬁﬁqion function for the T“
._‘_n’ I ‘

It

|
we wish to consider instead of m some function of it, [

P 1. S Pt 5,p707
)R.A. Fisher, Proc. Camb. Phil. Soc., XXII (1925) » D707 |

- ﬂ".i

=
parameter m , (i:(m)dm , and if as may often be the cas




m, , Say, and f(m, )am, = é(m)dm s then the mexlwm |
value of @ m,) does not necessarily correspond to the [
mexirmm value of Q(n) . For example, It follows that |

the most probeble walue of the square of sowme perpaneter

is mot gemerally the sguare of the most probable wvalme.

But im prective we gemerazlly asssume 1t bo be s0, =nd elesrly r'!
|
the earlier sssumption thet the z priorl probebility is !l

comstent withim the ramge of possible welwes of m Is emly
withdm het

justifisble If dm /dm 1s practieally combtant Smexsmy

when m, 13 any meesonshble funeftlom of m .

Fitting & Type III curve in genersl

22-7 Tt may be of interest thst forjthe fitiing of = type

ITT curwve Iimphich the origin is not suprosed determimed Hy

mitmrel censiderations =
.ﬂ-.

GCO dx = = S (x-F €

~E(x-

dllne
»

the method of resimmm 1lkelihood glwes egusition willelh eguste®
the =ritimetlic, geonetric and hermonde mesms of the samile
to those @ﬂﬂt‘sﬁn@ popukation, ﬁml:j]'c: he empstions sre mot im @

@ mwwenlent fomm for solution.

- . . - gy ) |
éﬁ( : ”& {(mwc)(ﬂ&*‘}"“ (e )Fe g

{ r@»qﬂ}n
|
iz 2 meshmom whemn f I.
y \:\.\\I ‘f-‘! i ; |
s e rit) - &
:f .
Ry Ry W - e A R, o L ' .l

—_— - = =z




e s

g f(x=)(x =0 ... (xe =0} _ Fmad)

2 (e 1)

&62
The last two are equivalent to (%) and ( $ ), and the

first equates the hermonic mean of the sample to the

—
— — _ am

harmonicyl mean of the population. ' il

FITTING A TWO-VARIATE DISTRIBUTION

2.2 The Bessel-function distribution found in chapter ar :
; [ I
(equations 1.h410 is one in which the distibution 1is of f’

the same type in each variate ; 1in which the same values

forthe parameters occur for each. We cannot therefore i
assume that Bessel-function form forthe distributlion is il
swyitable wnless we have ground for supposing not onlv that
a Gamma-type distribution will fit each variaste, bulslso

that the two distributions will ‘:-,.-:v#e the same value of m . | i

It is not necessary that they should have the seme value of i B
j

i

k , fort he units in which the vsriates sre measured can MF:
i i

be changed, and kx t©sken instead of x . That is to gFsay, il |

the twovarBtes mmst have the same ratio of arithmetic to f
geometric mean, even if thydo not have tlre same arl hmetie I

mean., There are some investigations in which this

can be asssumed of the population even 1f it 1s not exactly |

"l ,“ |
true of the sample. For exemple, in dhscussfing the [

correlation bewteen heichts of father

be presumed that the distributions are

but it eannot be rresumed, for example

We have then to consider

(0@rrelstion of helght and welight.




how, in a distribution in which we may presume that the
Bessel function type of distribution, that is in which we
may presume that eachd of the two varistes has the same
type of distribution, the same »atio of geometric to
arithﬁmetic mean, or the same coeffictent of variation,
how we are to estimate the four parameters involved,

The four parameters are m , k,, k,, and P where the

frequency functions for x and Yy respectively are

v 4| by oy
v ‘-Q.'K Q‘ b e"'@z‘i Qx
>, SR oD and “] ; l"'(hd) ,

The hypothesis of sameness of type requires that m shall
be the same in each frequency function, but does not
require that k shall be the same in each, since that
depends on the unit chosen in which to measure the variate.
Noﬁ i1f the units are chosen so as to make the values of k
the smme in each function, then a sample of N pairs of

values of x and y gives us two samples drawn from the

same ponulation. Taken togk&her they do not form a
random sample of 2N values, for the palrs of values are
correlated. But the geometric mean of the whole 2N
values we may , so far as I cen see , use in the same way E
2N values, |

as the geometric mean of a random sample of

and thus equate

/
Q,: (=9 1 arith, mean) - % log (geom. mean

But the ratio fof geometric to writhmetic mean is not

altered by the chance of unit, and we have thus as the

S ——

S ——




M §
rule by which m 1s to be estimated

by o)-ECal fp e A g e %'

C(C~+t) i ﬁ*wﬂn ;

Having found m , the values of k, and k, are found from

A4 < i : P |
a~ill. ~es g = mg' , wvdl o Ay~ 7:7: ||| |
|

It remains for some other occasfion to

disenss the maximum likelihood estimate of [. It is

clear thet the product moment gives a consigtent statistic
for the estimate of I , but it does not follow that it il

is the best. [

If it sannot be presumed that x and ¥y
BXpiBssible as a seriles of Laguerre polynomials

have the same frequency functior), then the required values
for m, m,, k,, kX, willbe estimated from the respedive

samples and F’ will be the only parameter in wmkizk

estimating which both variztes have to be umsed,
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TABLES OF THE PSI-LOG-DIFFERENCE FUNGTION

In fitting a gamma-type curve by means of the

arithmetic and geometric means, it i%necessary to find a

value for p

log (arith. mean) - log (geome. Hean) = log p -~

such that

' (B)
i~ (p)

and for thls reason it is desirable to have atable giving

values of

of 002,

'

log p - S Ap)

~ (p)
values of thls function from p = 0:02 to 2-00 at intervals

I have prepared a tabqugiving

But since in general logarithms to ba-=e ten will

be used for the arithmetic and geometric means, I have also

prepared tables glving

A) From
B) Fp n
C) From
D) From
E) From
F) From
G) From

108(0 p -

£ (p)log.. e

r (D)

as fdllows :

0:0001 to 0:0010 at ¥intervals of 0-0001

0-001 to
0-01 to
2+0 to
4.0 to
10 o 20
20 to 80

0-005

1-00

4.0
100

at
at
at
at
at
at

intervals
intervals
intervals
intervals
intervals
intervals

of
of
of
of
of
of

00008
001

1
*5

oMM OO

In prepering my first tables (of the natural

psi-log-difference function from 0 to 2) I used E. Palrmars

tables forthe psi function, Tracts for Computors No. I, taking =

the interval as 0:02 as in her tables ;

and Kohler's table

of the natural logarithm to wight decimal places (1862), which 1

Jm



g
the director of the Koda#kanal observatory, Dr A.L. Narayanan,
kindly lent me. Since the log tables give logs of whole
numbers, one has to subbract log 100 . Thus for the part
of the table from 1 to 2 , the number entered in the table
is the sum of three quantities, a logarithm, correct to elght

places, féaﬁﬁ;correct to elght places, and 1log 100 correct
to a larger number of places, and it will therefore in some
instances be wrong by one unit in the eighth place, but it
should in no instance Be wrong by more ¥AY than one unit.

For the part from 0 to 1 it has been necessary to caleulate

f',(x) () [l
TG from the equation i ‘:(,‘—*3-:—‘ and for that psrt of

the table we have therefpee the sum of four quantities, of which
two are given to eight decimal places. The other two I took

together, using a value for 5 — log 100 correct to more g
thaneight places, so that in that part of the table also the
error should not exceed one unit in the eighth place. A1l
this calculatio was done without a machine, and difference
calculated as a means of tracing mistakes. The part from

0 to 0+6 I have cslculated twise, so as by two independent

calculations to find mistakes, and the part from 0 to 0-1

further checked by comparison with the table 6f the common T
psi-log-difference function, prepared in Edinburgh subsequently.
The unevenness in the fourth di ferences appears not tb be w

greater than misht arise from errors of not more than one unit =

in the entered values. !i
For the second set of teébles (of the com on psi-log- ﬁ

]

. 13}

-difference function, = log.Dp - %ﬁ%g log, © ) I used H.T, Bav |
= 4342944819

table of the psi functiﬁn? mltiplying by log e )

| —= (ane, 1937 "
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with a multiplying machine, either the electric Muldivo

in the Jane Findlay Thomson Commercial Laboratory, or an
Archimedes. The electric machine had the disadvantage

that 1t will not take a multtplier of more than eight figures.
I decided not to aim at such accuracy as before, but use seven
figure logarithms (Shortrede's), giving the tables finally to

six figures. One advantege of the electite machine is that

when the value of 1log,e 1s set up as multiplicand, and remains

(s>
set up thromgh a sequence of operations, and the values of ;}%&
i Lp7

used as miltipliers, these multipliers csn be allowed to
cumulate on the upper register, and at the end of ¥#f¢ five

or ten miltiplications, the sum compared with the sum of the
r'(e)
(P
used the small Muldivo for thet purpose sometimes) or on the

five or ten values of found either on another machine (I
same machine subsequently. In this way it 1s possible to
guard against mistakes in entering the mulfipliers. The
differencing has mostly been done on one of the machines,
retaining usually eight or nine places, though only seven can
be correct - in that way lessening the error in the calculated
differences. I have finally given the tables to six places,
as more than that 1s hardly likely to be accurate.

If repeatings the work for publication I should ask
permission to trenscribe the necessary logarithm: from Sang's

mandscript tables in the library of the Rybyalquciety of
Edinburgh (unless the publication of Logarithmica Brit3@nica

has been completed by that time) to sbout eleven places, and
use a machine which will take an eleven figure multiplier,

giving the final tebles to eight places,

| T . R S W
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