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Abstract

This dissertation presents a comprehensive and systematic investigation into some

fundamental issues relating to creating an autonomous wheeled mobile robot (WMR).

The forms of WMRs with various structures developed in the past are first classified into
four groups according to the method of steering and powering. The four groups are: a.
ordinary car-like robots (including passenger cars, single unit trucks, single unit buses and
articulated trucks); b. dual drive robots (dual drive motors with various casters); c.

synchro drive and steering robots; and d. omnidirectional robots.

The concepts .of inverse and direct kinematics widely used in non-mobile manipulators
are, for the first time, introduced to WMRs, and a unified treatment of the kinematics for
the four kinds of WMRs is presented. A motion feasibility and smoothness analysis for
each of them is carried out, revealing the motion characteristics resulting from each of the
different mechanical structures. This provides a better understanding of their motion
characteristics and forms the basis for discussing the path planning problem. The concept
of deviation angle interval is defined and used to explain the strange phenomenon of a
pirouette. The conditions and formula for pure translation, pure rotation, straight line
motion and circular motion are developed. In order to verify the correctness and fo
illustrate the advantages of the developed kinematic model, the simulation results from the

present model are compared with the existing standards from other kinematic models.

Path planning is essential for creating an autonomous robot. Various methods for dealing
with the find-path problem have been developed in the past. Based on the motion analysis
of the four kinds of WMRs, a critical review of the presently available algorithms for
moving a WMR among known static obstacles from a given'start location to a given goal
location is presented, and the suitability of the existing algorithms to each of the four kinds
of WMRs is examined. The study shows that most of these algorithms suffer from the
fundamental drawback that kinematics of the robot has not been taken into account, and

thus there is no guarantee that the paths generated by these algorithms are always




collision-free and executable. Finally, a formal formulation of the findpath problem for the
most widely used car-like and the dual drive robots is given and then a robust, efficient
and reliable algorithm, taking into account nonholonomic constraint and steering angle
limit, is developed. Some important criteria for the avoidance of collisions and steering

angle saturations are derived.
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Chapter 1

Introduction

1.1 Introduction

A robot is a versatile mechanical device equipped with actuators and sensors under the
control of a computer system. It operates in a workspace within the real world. This
workspace is populated by physical objects and subject to the laws of nature. The robot

performs tasks by executing motions in the workspace.

Robots take a bewildering variety of forms: arms of all shapes, vehicles with all possible’
arrangements of wheels and legs, and devices which although clearly robotic are neither

vehicles nor arms.

Arms are one kind of mechanical device widely adopted in Robotics. They are made of
several moving objects (called links) connected by joints, e.g. revolute joints (hinges) and
prismatic joints (sliding joints). Each joint constraints the relative movements of the two

objects it connects. A typical example of such a device is a robot arm (manipulator).

The first robotic systems to find widespread success in industrial applications were those
commonly referred to as manipulators. When compared with the dedicated machines and
conveyors that they replaced, these robots appear quite versatile. They can be easily
reprogrammed to perform a variety of functions, and they have a far wider field of
possible actions than the dedicated hardware systems. Which is to say that they are usually-
associated with a higher degree of control intelligence, and that this intelligence has more

manipulative operations as a result of the flexible hardware structure.

1.2 Need for_wheeled mobile robots

Despite the strong advantages of manipulators, they have some serious limitations. Most

of these limitations come as a direct result of their immobility. A robot arm can only
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manipulate objects that it can reach. As most industrial manipulators are fixed in place,
their workspace is limited by the maximum extension of their linkages. Components have
to be brought to the robot and taken away again by conveyors and other mechanical feed
devices. To overcome the problems caused by the limited reach of robot arms, two

approaches are under investigation.

One is the flexible manufacturing cell, where the manipulator is fixed in place and the
machines that it services are placed around it. As the manipulator can reach several
machines, it can service one while the others are performing their tasks, and it can transfer
components, from one machine to the next. This approach works best when the machines
are small enough to fit close to the robot. This approach, however, has a shortcoming. If a
fixed manipulator fails, it usually becomes a liability. Since manipulators are not mobile,
and they tend to be mounted in locations central to the flow of the product, when a failure
occurs, the disabled robot may block, or partially block the flow o% productions.
Additionally, the personnel and equipment required to repair or replace the robot may

cause further congestion.

A second approach is to mobilize the manipulator by, for example, mounting it on a
wheeled robot, so that it can move from one machine to another. Before a general purpose
mobile robot can move freely in a factory, home, farm or military environment, we have to
achieve an “intelligent” connection between perception (sensing and understanding the
environment), planning (trajectory generation and path planning) and action (control of
robot motion within the environment). This is the empﬁasis of most of the research into

Autonomous Land Vehicles (ALVs).

In the past, a manufacturer set up his plant on the basis of an expected long product run.
Such a factory changed little from day to day and in order to achieve continuous
throughput, the manufacturer kept large stocks of raw materials and parts. With the advent
of computer-aided design for manufacturing and computer-controlled inventory systems,
all this has changed. Now, customers expect a variety of operations and fast delivery. The

rising cost of keeping large inventories has stimulated the development of just-in-time




manufacturing. One of the most serious problems in this environment is the transport of
parts and subassemblies between manufacturing cells. Often industrial parts must be
quickly transferred from one cell to another to keep production going. Automated Guided
Vehicles (AGVs) are the most commonly used transport systems at present in industry. In
the car manufacturing industry, for example, manipulator arms are fixed in place in a work
cell (for welding, painting, gluing, sealing, and so on), and the car chassis is moved from

cell to cell using an AGV.

The shortcoming of AGV systems is that they lack flexibility. The motion of these
vehicles is restricted to certain predefined paths. Once the guidance mechanism is
installed, it is expensive to alter. In some environment, traditional AGVs are too

cumbersome and inflexible. Smaller and more flexible mobile robots are needed.

The need for mobile robots in factories can also be observed from the fact that changing a
plant with a large number of manipulators from one product or process to a significantly
different one may require a considerable expenditure of time and money. Much of this
expenditure is the result of the fixed manipulators and the conveyor systems that are

typically associated with the robots.

As a result, it is inevitable that mobile robots will find increased popularity in
manufacturing applications. The combination of manipulators and mobile robots will be

very powerful.

In addition to the needs in manufacturing industry, mobile robots will find applications in
several other fields. Todd [205] gives a detailed discussion of the potential applications of
the mobile robots. They include mining in the high health risks environment, deep-sea
operation, space exploration, nuclear and explosive materials handling, security industry,

agriculture, military, publicity entertainment, and domestic service.

Among the popularly developed mobile robots are wheeled mobile robots, tracked mobile
robots, and legged mobile robots. Most mobile robots so far, like land vehicles in general,

have used wheels since this is the simplest method of locomotion. Wheels are abandoned




only when there is a pressing reason. Tracks are intended as a sort of portable railway, a
temporary smooth road for a wheeled robot, which-spreads the load on soft ground and
bridge gaps. Legged robots may be chosen as another alternative to wheeled robots only in
the cases where transport occurs on harder environment, such as a rough ground, or in

buildings (in particular, on stairs). In this thesis, attention is focused on wheeled robots.

Some special types of mobile robots have been reported recently, but they are still in the
process of development and research. Koshiyama et.al [95] described a new type of
mobile robot that has a spherical wheel, an arched body, and motion controlling
mechanisms installed inside the wheel. Shan et.al [176] at the University of Michigan
reported the design and motion planning for a mechanical snake robot which is designed
mainly for the places that are too dangerous and too small for people to enter. The

structure of this robot cnables it to move without the traditional wheels.

1.3 Evolution of wheeled mobile robots

Autonomous wheeled mobile robots (AWMRs) are in the process of extensive
development. The nature and the structure of AWMRs should be judged upon their

evolution.

One of the first serious wheeled mobile robots (Shakey, Fig. 1.1) was developed at
Stanford Research Institute (SRI). This project was ambitious for its time (1966-1972),
especially as there were no small computers and so Shakey had to be controlled by a fixed
computer (a PDP-10 in the final version) over a radio link. However, it was able to solve

very simple problems of perception, motion planning and control.

The project’s goals were to develop techniques and concepts in Artificial Intelligence (AI)
to enable a robot to function autonomously in a realistic environment. The main thrust of
the research was in the area of planning actions, solving problems, recovering from
mistakes and learning in the sense of storing and re-using plans. The main sensors were a
TV camera (with motorized pan, tilt, focus and aperture control), mechanically tough

sensors, driving wheel shaft encodes and a rangefinder. Although the project was not




directly concerned with computer vision, some computer vision software had to be
provided and integrated with the rest of the system. This was some of the earliest work in
operational machine vision. At this time, it was appreciated that machine vision was a

fundamental problem for further research.

CONTRO!
UNIT -

¢
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R

Fig. 1.1 Stanford Research Institute’s Shakey

Shakey was driven by two large stepper motors. As well as the two driving wheels there
were two load-bearing castors. The robot moved in an environment consisting of several
rooms connected by doors and containing a few large irregular objects such as cubes and
wedges. Because it moved in a highly irregular and jerky manner, it was given the name

Shakey.

The robot’s position in the world was determined by so-called “dead reckoning”, i.e., by
keeping track of the actual motion. However, actual motion was judged upon the

information of wheel rotation, and error due to slippage caused the system to miscalculate




Shakey’s position. Thus the vision system was unable to incorporate objects correctly into
the grid model. Because of this, it was noted that effective reorientation techniques would

be an important area for future study.

In the early 70’s NASA, in cooperation with Jet Propulsion Laboratory (JPL), initiated a
program oriented to reduce ground support requirements, provide real-time control,
improve reliability and performance in support of space exploration, space assembly,
automation of manufacturing facilities, and achieve the autonomous goal-directed
coordination of location, manipulation, perception and cognition in a close-to-reality

environment.

The basic hardware configuration used in the JPL robot consisted of a mobile vehicle
equipped with a manipulator and some sensors (laser range-finder, stereo TV cameras,
tactile sensors and proximity sensors). The navigation system was based on a
gyrocompass and optical encoders on the wheels for dead-reckoning. The system of

perception-motion coordination was based on the results of the hand-eye SRI project.

The robot was able to analyze a scene for evaluating traversability in a simplified
environment, for example, a laboratory with a limited number of obstacles and proper
illumination, and had to plan a path to the goal and follow that path. The model of the

world used in this project was still a grid model.

From 1973 to 1981, work was done at the Al Laboratory, Stanford University by Hans
Moravec on developing a remote controlled TV equipped mobile robot. This robot used

stereo imaging to locate objects and to deduce its own motion.

This system underwent further development and modernization later at the Robotic
Institute of Carnegie-Mellon University. The new Moravec’s robot was cylindrical, about
a meter tall and 30 cm in diameter. It had three individually steerable wheel assemblies

-which gave it a full three degrees of freedom of mobility.

At this time (1979), CNRS Research Center in France developed its own concept of a

simplified wheeled mobile robot system named Hilare. The structure of this vehicle is
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similar to that used in Shakey. The difference between them is that Hilare was equipped
with a 3D vision systeﬁ together with a video camera. Ultrasonic devices were utilized as
proximity detectors for close-in obstacle detection and for following the wall. Infrared
beacons were mounted in the corners of the room to give the absolute positioning

information.

A relatively autonomous mobile robot system with an ultrasonic system and obstacle
avoidance capabilities was developed by the Mechanical Engineering Laboratory of
Ministry of International Trade and Industry (MITI) in Japan. This robot was designed to
serve as a guide dog for blind people. The robot obeys spoken commands.
Communication between man and the robot is over a flexible wire link. Control
commands such as LEFT, RIGHT, STRAIGHT and STOP, are transmitted by control.
switches on the harness. Alarms from the robot to man signalling danger are transmitted
over the link in the form of mild shocks to the blind person’s hand. Ultrasonic transducers
are used in a feedback system between man and the robot, so they can walk fast or slow,

but a distance of one meter between the two is always maintained.

Robart-I was probably one of the first robots to be totally autonomous and exhibiting a
high level of sophistication. It was built at the Naval Postgraduate School, USA, to serve
as a feasibility demonstration for an autonomous robot. Robart was supposed to patrol a
site in a random manner sensing fire, smoke, flooding, toxic gas, intrusion. etc., and take
appropriate warning action if any of these conditions was found. This is a mobile warning

system, whose motion is random wandering rather than goal oriented.

A motion routine is randomly chosen from a preprogrammed set of sixteen routines that.
filled in the gaps. Some of these routines would move the robot to a new vantage point,
where it might elect .to stop and re-enter the surveillance mode. Motion under these
situations usually involved moving straight ahead, unless it saw an object, in which case it

would swerve to one side or the other as appropriate.

Comparatively speaking, the early stage of the mobile robots focused more on the high-

level intelligent control, computer vision, and navigation and little attention to low-level
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problems such as the kinematics and motion feasibility was paid. The main contribution of
this stage lies in the fact that they developed some techniques and concepts in Al and
discovered some fundamental issues that must be solved before a commercial autonomous
robot can be constructed. Among them, machine vision, path planning and representation
of the world, and reasoning are some examples which became major fields of further

research.

1.4 Types of wheeled mobile robots

A wheeled mobile robot is a wheeled vehicle which executes the commands from
computers rather than from a driver. Therefore, from the viewpoint of structures, we don’t
distinguish clearly mobile robots from vehicles. For convenience, we use wheeled mobile
robots to represent a wide class of devices which move on wheels. The research on
wheeled mobile robots can contribute insights to the problems related to man-driven

vehicles and the problems associated with intelligent and autonomous robots.

The development of mechanical structure for wheeled vehicles has a very long history.
The forms of the vehicles can be classified according to the steering and powering of the

vehicle.
1.4.1 Ordinary car-like robots

The most widely used type of wheeled mobile robots today is called the ordinary car-like
robots, as shown in Fig. 1.2. From the viewpoint of steering and power, this type of robots
includes 1) front wheel steering (four-wheel or three-wheel) and rear wheel differential
powering, as shown in Fig. 1.2 (a) and (b); 2) front wheel steering and powering

(especially for the three wheel car-like vehicle), as shown in Fig. 1.2 (¢).
1.4.2 Dual drive robots

The basic dual-motor four-wheel robot design has been widely adopted for use on
experimental mobile robots (Fig. 1.3 (a)). This design has also been popular with hobby

and publicity robot designers. This popularity is due to its simplicity of construction and
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Fig. 1.2 (a) 4-wheel car-like vehicle with front wheel steering and rear wheel powering
(b) 3-wheel car-like vehicle with front wheel steering and rear wheel powering

(c) 3-wheel car-like vehicle with front wheel steering and powering
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Fig. 1.3 Dual drive systems (a) two front casters (b) four casters (c) one caster




low cost. There are many variations on the fundamental configuration. Fig. 1.3 (b) and (c)
show two variations. One is the dual-motor six-wheel design and the other is the dual-
motor three-wheel design. Although these systems have different caster numbers, they use
two independent drive motors to power and steer the robots. The driven wheels are fixed
parallel to each other, while the other wheel or wheels are free to pivot. Steering is

accomplished by causing one of the driven wheels to rotate faster than the other.

WHEEL

90* GEAR BOX
(FOOT)

STEERING CHAIN Rg’rPER b iy
ATION SHAFT

DRIVE CHAIN

STEERING
SPROCKET

—

STEERING
MOTOR SHAFT

DRIVE
MOTOR SHAFT

(B) Top view.

Fig. 1.4 Synchro drive and steering using chain coupling

Relatively, tight turns may be accomplished by powering one wheel in a forward direction
and the other in a reverse direction. In this thesis, those with two independent drive motors

are referred to as dual drive systems.
1.4.3 Synchro drive and steering robots

The synchro drive and steering system shown in Fig. 1.4 features three or more wheels (in
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this case four) that are mechanically synchronized to each other for both steering and
power [69]. Synchronization can be accomplished by the use of chains (as shown) or by
gears. Each wheeled “foot” assembly contains a 90° mitre gear arrangement as shown in

Fig. 1.5. The housing of the “foot” is driven by the steering chain, while the inner shaft is

connected to the drive chain.

———— POWER SHAFT

90* MITER GEAR

A r
GEARRATIO § = 1

Fig. 1.5 Steering action of the synchro drive and steering foot assembly

In this thesis, we will prove that the system can offer some interesting characteristics,

which can make the path planning problem for this kind of robots quite simple. When it is

z 7
.

Fig. 1.6 Schematic for the synchro drive and steering (4-wheel)

driven along any path, since the wheels steer together, the base does not change its
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rotational orientation. For this reason, it may play a very important role in the designing of
an autonomous robot system. Fig. 1.6 shows the schematic for the synchro drive and

steering system.

1.4.4 Omnidirectional robots
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(a) (b)

Fig. 1.7 (a) CNU Rover (b) The CMU Rover wheel drive assembly (cross section)

Fig. 1.7 shows the structure of the CMU Rover constructed at Carnegie Mellon University
by Dr. Hans Moravec [69]. The purpose of this design is to improve the flexibility of the
robot. The feature of this robot is that each “foot” is totally independent for both steering
and power. The “feet” also have a wheel on each side, powered through a differential.
Each “foot” assembly contains an encoder for both steering and power, allowing the drive
computer to precisely control it. For its degrees of freedom, its control is of course more
complex than the other systems. An alternative structure which is also called
omnidirectional robot HERMIES-III (Hostile Environment Robotic Machine Intelligence
Experiment Series) has been developed by the researchers at Oak Ridge National
Laboratory, USA [159]. The chassis has two steerable powered drive wheels A, B, and
four corner caster wheels, as shown in Fig. 1.8. Four motors are used to separately steer

and power the two wheels. The common feature of these two robots is that they can carry
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out omnidirectional motion through independent steering and powering although their

structures (the number of the motors used and the number of the casters) are different.

AV
= T~ =

Caster 1 ~ | o (p) Caster2 | X1

Caster 3 B Caster 4

_—

Fig. 1. 8 Structure of the omnidirectional HERMIES-III robot

1.5 Aims of the research

The aim of this thesis is to investigate the issues relating to creating an autonomous robot.
A unified treatment of the four kinds of robots will be given. The problems investigated

include:
1.5.1 Inverse and direct kinematics

Kinematics is the science of motion which treats motion without regard to the forces
which cause it. Within the science of kinematics one studies the position, velocity,
acceleration, and all higher order derivatives of the position variables (with respect to time
or other variables). Kinematics forms the basis for a feasibility analysis of the mechanism,
motion feasibility, dynamics and control, trajectory planning, and more complicated
problems for an autonomous intelligent robot, such as path planning. As discussed above,
there are several different types of mobile robot structure which result in different
kinematic constraints. The aim of chapter 2 is to develop the inverse and the direct

kinematics for each of the four kinds of wheeled robots.
1.5.2 Motion smoothness and feasibility

The location of a mobile robot moving on a plane can be uniquely described by three




parameters, i.e. the position (x,, y ) of a reference point P and the orientation angle 0 of

»Yp
the robot. If we know the configuration (xp, Ypr 0) of arobot and their time derivatives,
then we can find the location of any other point (x,y) on the robot as well as their
derivatives. There exiéts a nonholonomic kinematic constraint for a car-like robot and the
dual drive robpt, which restricts some motion of the robot. In addition to this, for a car-like
robot, there is a Steering angle limit, which also makes some motion infeasible. All of

these make the analysis of motion feasibility challenging.

Generally speaking, robot motion should be as smooth as possible to reduce vibration,
noise and wear effects. The degree of smoothness will depend on the degree of continuity
of the reference path, therefore, smoothness is directly associated with the continuity of
the curves. In order to reach a smooth and feasible motion, we will in chapter 3 investigate
the factors which have effects on a smooth and feasible motion for the four kinds of

robots. The conclusions drawn in this chapter will be used in the following chapters.
1.5.3 Applications of kinematics in geometric design for highway and street

A driver can manipulate a car or a long articulated lorry around a corner easily. This is
because the geometric standards for highway and street have been adopted to design curbs

at corners using design vehicles [232].

Sustained increases in truck weights and dimensions have occurred over the past decade in
North America and other parts of the world [232]. The principal stimulus behind these
changes is the reduction in unit transportation costs with increasing payload. The
substantial increase in gross vehicle mass (GVM) and the length required to achieve these
increases in productivity have important implications for the criteria used for the design of
various components of highway infrastructure. Hutchinson [75] has discussed in detail the
impacts caused by this trend, and pointed out that current standards used for the geometric
design and capacity analysis of urban roads are based mainly on the properties of
automobiles, with some allowance for truck characteristics. The models used were

adequate when the weights, dimensions and performance characteristics of trucks were

14



not dramatically different from those of passenger car. A conclusion made by him is that
the many design procedures used for infrastructure, including the design of intersection of -

urban streets, should be revised to incorporate this new change.

The low-speed cornering of large trucks on urban streets and intersections is a major
problem in terms of public safety and traffic congestion. These problems can be alleviated
in two manners: (1) modify the roadway dimensions to allow large vehicles to pass more
easily; or (2) modify the size or maneuverability of the large trucks. Both of them depend
on a correct low-speed kinematic model which can describe the transient motion of the

truck when its reference point follows a prespecified path.

In chapter 4, the simulation results from the kinematics developed in chapters 2 and 3 will

be compared with the stands available for the following purposes:
1. To verify the correctness of the model.

2. To illustrate that the model can offer a perfect solution to any dimension of vehicle and

vehicle combination.

3. To understand that a kinematic model is essential for determining the swept volume of a

vehicle ant therefore can not be ignored in the path planning problem for mobile robots.
1.5.5 Path planning

One of the ultimate goals in Robotics is to create autonomous robots. Such robots will
accept high-level descriptions of the tasks and execute them without further human
intervention. The input descriptions will specify what the user wants the robots to do
rather than how to do it. Based on the input descriptions, the robots must be able to
automatically plan the actions needed to reach the goals and then traverse the paths

through its environment.

To achieve this, one central theme is path planning. The simplest path planning problem

can be described as: Given a start position S and orientation of the wheeled robot, a goal
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position G and orientation, and the positions of the obstacles, find a safe path from S to G
which is collision-free and satisfies the goal orientation (the start orientation is naturally

satisfactory).

It is important to recognize the difference between path planning problem and path
generation problem. The former attempts to find a collision-free path among a set of
obstacles while the latter is designed to find a path without taking the obstacles into

consideration.

During the past two decades, various methods for dealing with the basic findpath problem
and its various extensions have been developed. However, a fundamental problem of these
researches is the ignorance of the kinematic characteristics of the different kinds of

wheeled mobile robots.

In chapter 5, we first give a critical review of the path planning algorithms presently
available for wheeled robots and then discuss their suitability for different kinds of

wheeled robots.

In chapter 6, we first give a formal formulation for the findpath problem for the most
widely used car-like robots and the dual drive robots based on the conclusions made from
previous chapters, and then develop a robust, efficient, and reliable algorithm for a car-like
robot, taking nonholonomic constraint and steering angle limit into account. This

algorithm may also apply to a dual drive robot.

Finally, chapter 7 summarizes the main contributions made in this thesis and suggests

avenues for future research.
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Chapter 2

Inverse and direct kinematics for four kinds
of wheeled mobile robots

2.1 Introduction

Before the development of kinematics for the four kinds of robots, it seems helpful to
briefly introduce-the concepts used in the analysis of a manipulator, reveal why these
concepts are used, and then discuss the meaning of inverse and direct kinematics for
wheeled robots. After a brief review of the related research on robot kinematics, we will
establish the kinematics for each of the four kinds of robots and discuss the advantages of
the model established in this chapter.

2.1.1 Inverse and direct kinematics for manipulators

A kinematic analysis of manipulators always distinguishes the direct kinematics from the
inverse kinematics. The direct kinematics consists of computing the position and
orientation of the end-effector of the manipulator given a set of joint angles, whereas the
inverse kinematics invblves finding all possible sets of the joint angles for a given position
and orientation of the end-effector. Of these two, the direct kinematic analysis is simpler,
with a straightforWard solution for the unique position and orientation of the end-effector
corresponding to the given set of joint angles. On the other hand, the feasibility of an
inverse kinematic solution is quite dependent on the manipulator structure. For certain
manipulator designs, the inverse kinematics can not be solved at all in analytic form. The
questions of existence of a solution and of multiple solutions to the inverse kinematics,
arise. The difficulty of the inverse kinematic solution has had practical effects on the

trajectory planning and control of a manipulator.

The existence or nonexistence of an inverse kinematic solution defines the workspace of a

given manipulator. The lack of a solution means that the manipulator cannot attain the
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desired position and orientation because it lies outside of the manipulator’s workspace.
2.1.2 Jacobian: Velocities, singularities and static forces

The direct and inverse problems of kinematics of a manipulator mainly deal with static
positioning problem. One may wish to analyze manipulators in motion. In performing
velocity analysis of a manipulator, a matrix quantity called the Jacobian of the manipulator
is used. The Jacobian specifies a mapping from velocities in joint space to velocities in
Cartesian space.- The nature of this mapping changes as the configuration of the
manipulator varies. At certain points, called Singularities, this mapping is not invertible.
This results in joint rates approaching infinity as the singularity is approached. An

understanding of the phenomenon is important to designers and users of manipulators.

The Jacobian matrix can also find application in dealing with the contact force between a
manipulator and its contact surface. Manipulators do not always move through space;
sometimes they are also required to contact a workpiece or work surface. In this case the
problem arises: given a desired contact force and moment, what set of joint torques are
required to generate them? Once again, the Jacobian matrix of the manipulator arises quite

naturally in the solution of this problem.
2.1.3 Dynamics

There are two prbblems related to the dynamics of a manipulator that we wish to solve.
The first problem is to find the required vector of joint torques given the joint’s position,
velocity, and acceleration. This formulation of dynamics is useful for the problem of
controlling the manipulator. The second problem is to calculate how the mechanism will
move under application of a set of joint torques. That is, given a torque vector, calculate
the joint’s position, velocity, and acceleration. This is useful for simulating the motion of a

“manipulator.
2.1.4 Inverse and direct kinematics for wheeled mobile robots

" The description of position and orientation of a manipulator is always given in Cartesian
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Space whereas the execution of the motion of a manipulator is realized by actuating the
joints in Joint Space. Thus, the calculation of the transformation between Cartesian Space
and Joint Space, including position, velocity and acceleration, is necessary. The
establishment of the concepts of inverse and direct kinematics and jacobian is to make the
calculation of the translation easier. Similarly, a relationship between location description
and execution of a wheeled mobile robot must be established. For a wheeled mobile robot,
it is useful to introduce the concept of the joint variables and the Cartesian variables. For
the structure difference of the four kinds of robots, we generally define the joint variables
as the powering and steering variables and the Cartesian variables as the position of the
reference point, the orientation angle and their derivatives. Essentially, the inverse aﬁd
direct kinematics describes the mapping between the description variables of the robot and

the execution variables.

Note that the concept of inverse and direct kinematics we used here for a wheeled mobile
robot involves not only relationships among the static position, orientation, and the
steering angle of the robot and so on, but also their time derivatives. This is different from
the case of a manipulator. In this thesis, the concept of Jacobian is not used, although other
researchers have used it [108, 109, 131], because the working principles of a manipulator

and a wheeled robot are totally different.
2.1.5 Related research on kinematics for wheeled mobile robots

It is well-known that the kinematics of a manipulator form the basis of its dynamics,
control, trajectory planning, and path planning. At the béginning of research on
manipulators, kinematics was developed and now it is widely accepted. Similarly, the
kinematics of a wheeled mobile robot is of central importance for its dynamics, control,
trajectory planning, and path planning. However, although research on wheeled robots has
been conducted for twenty years, there does not exist an established kinematics for them.
This can be observed from two facts. First, when a large drawbar truck turns left and the
front right wheel’s path is given as a circle, how to precisely determine the locus of other

dangerous points on the truck is still an open issue in research for highway design [16, 57,
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75]. Second, for lack of a complete description of the motion for a vehicle, the effects of
kinematics on the trajectory generation, path planning and control problems have not been
sufficiently investigated [210--215]. For example, for the purpose of control of a wheeled
mobile robot such as a car-like robot, whether autonomous or not, the problem of
determining the needed steering angle for tracking a specified path must be answered.
However, a general solution to this problem has not been given. Following is a brief

review of the study of kinematics carried out by researchers from different fields.

A driving hazard problem was proposed by Baylis [12] and revisited by Bender [14]. The
problem can be described as follows: when making a right turn at a crossroad on British
roadways, one moves to the right as far as possible on one’s side of the roadway and then
turns. Unfortunately, the rear of the vehicle swings leftward as the right turn is begun -
toward the unsuspecting driver passing on the left (Fig. 2.1). This can be quite noticeable
if the turning vehicle is a long bus. Hence, the problem - just how far to the left will the
back corner of the bus (P in Fig. 2.1) swing towards the left as the bus driver negotiates the

right turn - was proposed.

N
N

Fig. 2.1. A driving hazard problem

Another similar problem, studied by Freedman and Riemenschneider [58], is how to
determine the path of the rear wheels of a bus while the front wheel of the bus tracks a

given path. The solution to this problem is useful for highway design and for the
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placement of curbs at intersections.

A third problem, which is related to the previous ones but a little more complicated, arises
from the motion of a trailer-truck and was dealt with by Fossum and Lewis [55] and
Alexander [3]. A comprehensive discussion of the maneuvering of vehicles such as buses
or articulated trucks was carried out by Alexander and Maddocks [4, 5]. In their work,
attention was focused on intrinsic properties of rigid-body trajectories, such as curvature
and centers of rotation. They derived a relation between the radius of rotation of the body
and the radii of curvatures of the trajectories of the wheels. Based on that relation, the

problems of circular steering, offtracking, and optimal steering were considered.

In addition to the aforementioned researchers from the mathematical field, many others
[60, 65-67, 84-86, 194] have focused their attentions on kinematics of mobile robots, and
different methods have been developed. Muir and Newman [131, 132] formulated the
kinematics for omnidirectional wheeled mobile robots. Their development paraliels the
development of kinematics for manipulator arms and draws heavily upon the concepts of
manipul;ator kinematics. However, the kinematic modelling of wheeled robots diffefs from
the modelling of manipulatofs because the wheels are always in contact with the ground.
Their formulation does not grasp the essential requirement of a wheeled vehicle and
makes the kinematic description more complicated. The kinematics developed by
Alexander and Maddocks [5] has been adopted by Kyriakopoulos and Saridis [98].
However, the problem of this formulation is that the constraint equation is not given and

orientation angle is assumed to be independent of the path.

The motion problems of wheeled vehicles have also attracted the interest of many
researchers devoted to road design for vehicles, especially large vehicles [16, 64, 173,
189]. As stated in reference [64], the formula used in references [64, 235] may break down

for long units on short-radius curve.

Obviously, establishment of kinematics for each of the four kinds of wheeled robots is of
importance not only for robotics but also for highway design. In this chapter, a different

method, called the constraint satisfaction, will be developed. Compared with the other
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available models, it has the following advantages:

The mathematical model is general in the sense that the reference point can be chosen
at any point on the vehicle, not only on the mid-point of the rear axle (used by most of
the researchers in robotics), on the front left wheel (defined in highway and street
design standards), or on the vertex of the robot body (chosen by most path planning
algorithms).

The model can apply to any dimension of rigid vehicle or vehicle combination, not only

to small vehiclés, because it gives a transient description of the motion for a vehicle.

The steering angle needed for a reference point to trace a specified path can be given, '
which is essential for automatically controlling a mobile robot by computers and useful
for highway design to determine the minimum turning radius when the steering angle

limit is taken into consideration.

The model is applicable to any kinds of path, for example, a straight line, a circle, or a

more general curve y=f(x).

The analytic solutions to straight line motion and circular motion can be developed,
which make the computation of the swept space by the vehicle more efficient and accu-

rate.

The model distinguishes the inverse kinematics from the direct kinematics.

2.2 Motion description of rigid robot body and ideal rolling

condition for each wheel

In this section, we first develop the motion description of robot rigid body and then discuss

the ideal rolling condition which each wheel mounted on the rigid body must satisfy.

2.2.1 Global and local reference coordinate frames

Fig. 2.2 is a plan view of a general robot model investigated. From the point of view of the
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operating function, wheels used in the robot can be categorized into two types: rotatable
wheels and fixed wheels. If a wheel can rotate about a vertical axle, it is defined as a
rotatable wheel; otherwise, it is defined as a fixed wheel. Based on this definition, the front
steered wheels of a car-like robot are rotatable wheels and its two rear wheels on the fixed
axle are fixed wheels. However, when they are described by a mathematical model, a fixed
wheel may be regarded as a special rotatable wheel. Therefore, in Fig. 2.2, all the wheels
are given in the form of rotatable wheels. A global reference coordinate frame (Oxy) is
introduced to describe the motion of the robot in terms of the position of the reference

point (xp,yp) and the orientation angle 0 of the robot. We define a local reference
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Fig. 2.2 Global (Oxy) and local (O;x,y;) reference coordinate frames
reference point P coincides with O

coordinate frame (O;x,y;), whose origin is placed at the reference point P of the robot
with y;-axis parallel to the rear axle BC of the robot. We use M to represent any point in

the rigid robot body when discussing the motion of the rigid robot body, and also use it to
represent a wheel connected to the corresponding point when discussing steering angle.

The coordinates of point M are denoted by M (Xp,,yp,) in terms of the global reference

frame and M (X,,1,¥m1) in terms of the local reference frame. Therefore, the coordinates of
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the central point of a wheel are constants with respect to the local reference frame.

2.2.2 Motion description of robot body

The coordinates of point M in the global frame are related to the coordinates of point M

measured in the local frame by the transformation:

Xm| _ xmlc.osB = Ym 8in0 +x, @1
- X,,,5in0+y,  cos6 +Y,
. 2
In this thesis, when x and y are functions of time t, we use X and X to denote Z—’: and i;-;
[4
respectively. Differentiating (2.1) with respect to time, we have
2.2)

[xﬂ _ (—xmlsine—ymlcose)6+xp
y’n

(x,,,c0s0 —y,,,sin0) ] +yp

where X,,, y, X,, and y, are the absolute velocity components of point M and reference

point P along the x and y-axes in terms of the global reference frame; and 8 is the absolute
angular velocity of the robot body. Differentiating (2.2) again, we have the absolute

acceleration expressions:

, .
{x} _ | (=x,,cos0+y,,sin0)0 + (-x,,sin0-y,, cos0)0+%, 2.3)

(- x,,,sin@-y,,cos0)0 + (x,,cos0-y,, sinB)0+¥,

Egs. (2.1)--(2.3) give the mathematical description of any point on the robot body in terms
of the reference point position, velocity, acceleration, and the orientation angle, as well as

their derivatives.
2.2.3 Ideal rolling condition and motion description of each wheel

The angle ¢, (m = a, b, and c) is defined as that between the vertical plane of the wheel M
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and the positive x axis; and ¢, , is measured from the vertical plane of the wheel M to the
positive x; axis (Fig. 2.2). Itis noted that ¢,_, 0, and ¢, , are all in the range from -180°

to + 180° and their relation can be written as
¢m=¢m1+6 ' 2.4)

For any type of wheeled robots, the general requirement for the mechanical design is that
all the wheels connected to the rigid body should roll without any side-slip. When the

whole robot is considered, the following ideal rolling conditions must be satisfied:

» The direction of every wheel rolling forward or backward, whether steered or not, must
coincide with the tangent to the robot body trajectory through the corresponding wheel

center.

 The velocity of every wheel center point must equal to the product of wheel rotating

angular velocity about its own horizontal axle and its radius.

Mathematically, the foregoing conditions can be expressed as

y
tan(¢,) = #(}’m) = ;'2 2.5)
m m

and

v, = Tro (2.6)

where ® (m = a, b, and c) represents the angular velocity of wheels A, B, and C
respectively; v, the velocity of the center point of wheels A, B, and C; and r the radius of

every wheel. Here, v,, is equal to the vector sum of x,, and y,,

v = (£,)2+ ,)° @7

From (2.4) and (2.5) we can obtain ¢,,,, the relative angle to the robot orientation line,
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which is the steering angle for the steering wheel

¢ml = arctan(h) -0 2.8)

xm
2.3 Mathematical model for car-like robots

~ For a car-like robot, in order to make it move along a path, steering is necessary. Steering
is normally affected by changing the heading of the front steering mechanism. In order to
change its speed, the velocity from the motor must be adjusted. So two problems, one
being the inverse of the other, are investigated. The first of these is to determine the
location of the robot and its higher derivatives when the steering angle, its derivatives and
the driven velocity from the motor are given. This is referred to as the direct or forward
problem. The second problem, which is referred to as the inverse problem, is given a
desired path of the reference point and its derivatives, to calculate the required steering
angle, its derivatives, and the driven velocities. The inverse problem is clearly relevant to

the control of the robot.
2.3.1 General constraint equation

" As defined, when the wheels are fixed wheels, their relative angles to the robot orientation
line are constants. For a car-like robot, the rear wheels B and C are fixed wheels. If we

choose y; axis parallel to the rear axle BC, then ¢b1 = ¢cl = 0. From (2.8), the

following constraints are imposed:
tan® = — 2.9)

and

tan® = 2,—” (2.10)
xC
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Substituting (2.2) into (2.9) and (2.10) respectively and simplifying, we obtain

x,,0 = x'psine—ypcosﬁ 2.11)
xclé = Jépsine —ypcose (2. 12)

As defined above, y; axis is parallel to the robot’s rear axle, so that x,; = x,; = x. Eqs

(2.11) and (2.12) become the same one:

x0 = x,sin0 - y,cos0 (2.13)

Eq. (2.13) is what we need to solve for the robot’s orientation angle © when the reference
point velocity components x'Pand ypare specified. Due to the fact that this equation

describes the general relationship among the reference point’s position relative to the rear
axle, its velocity, and the robot’s orientation angle as well as its first derivative when the
reference point is chosen at any point on the robot, it is called the general constraint

equation.

It can be noted that y,, and y_, are not included in (2.13), which illustrates the fact that

only x has effects on a robot’s orientation angle.
Eq. (2.13) indicates that

« If a robot has more than one fixed horizontal axle, two constraint equations are
imposed. It is obvious that the two equations conflict with one another, then the robot
cannot move properly. Therefore, ideally, in a rigid robot the number of the fixed hori-

zontal axles cannot exceed one.

e When different fixed wheels in a robot have the same x-coordinates in terms of the
local reference frame, that means they are mounted on the same fixed horizontal axle,

and only one constraint is imposed.

Differentiating (2.13), we can obtain the expression of rotational angular acceleration of
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the robot

x0 = xpsine—}ipcose-i- (x'pcose +ypsin6)é 2. 14)

2.3.2 Mechanical design for front wheels

Steering angle limit, an inherent characteristic of a car-like robot, results from the
mechanical design of the steering mechanism. We will here introduce the concept of the
Jeantaud condition which is used to guide the mechanical design of the front steering
wheels so that the front steering wheels satisfy the ideal rolling condition, and meanwhile,
add only one constraint to the motion of a vehicle. Fig. 2.3 shows a vehicle cornering
without any side-slip of the wheels. At low speeds, there is a simple relation between the

position of the steering linkage and the steering wheel angle, and the turning behavior

y1

B WV oac
Ic

Fig. 2.3 Vehicle cornering with unique center of rotation

!

mainly depends on the geometry of the steering linkage. The prime consideration in the
design of the steering system geometry is to satisfy this relation for minimum tire scrub
during cornering. This requires that during the turn all tires should be in pure rolling
without lateral sliding. Let us assume for simplicity that the planes of all four wheels, two
front wheels (D, E) and two rear wheels (B, C), are vertical. Then the condition to be

satisfied is this: the perpendicular to the planes of the front wheels, drawn through their
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centers, must meet at a projected point on the back axle. This establishes the proper

relationship between the steering angle of the inside front wheel ¢,, and that of the
outside front wheel ¢, . When the local right hand coordinate frame O;x;y; is
introduced, as shown in Fig. 2.3, it is evident that ¢, and ¢, are negative angles.
Therefore, in Fig. 2.3, it can be seen readily that ¢, and ¢ ,, should satisfy the following
relationship:

cotp, —cotp,, = —v—Z (2.15)

where W is the track and L is the wheelbase of the vehicle, respectively. Eq. (2.15) is
usually referred to as the Jeantaud condition, which must be fulfilled in the mechanical

désign if tire wear is to be kept to a minimum [219].

A mechanism that might be used in the steering of a four-wheeled vehicle with
theoretically perfect satisfaction of the Jeantaud condition has been designed using
suitably shaped oval wheels (or cams), which engage without slipping [200]. In practice,
the Ackermann layout [68] has sufficient approximation to the Jeantaud condition and is
widely used, although it does not completely achieve the Jeantaud condition and is only
accurate in three positions; straight-ahead, and one position in each lock. Since pneumatic

tires are used, any slight inaccuracy can be overcome by the deflection of the tires.

It is obvious that the steering angle of the inside front wheel, ¢, is greater than that of the
outside front wheel, ¢ ;,, when a vehicle turns. In our study of the motion of the car-like

four-wheel vehicle, to gain simplicity without losing generality, we introduce a virtual

steering angle ¢ , when we discuss the steering angle needed to follow a prespecified path,
where ¢, is the angle between the path of the midpoint of the two front wheels and the

center line of the vehicle (Fig. 2.3).
2.3.3 Satisfaction of the Jeantaud condition

In the following, we prove that the kinematical model established in the foregoing satisfies
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Jeantaud condition (2.15). Suppose that the coordinates of the outside front wheel D, the

inside front wheel E, and the two rear wheels B and C are denoted by D(x41, Y4q1), E(Xe1,
Ye1)> B(Xp1. ¥b1)» and C(x.1, ¥c1), respectively in terms of the local reference frame. Then

we have the following equations (see Fig; 2.3):

Vb1 Yai
x"‘] = [x‘“} @.17)
_yel Ye1

|Zxd1_xb1 - {xel'xd] = [L:l (2.18)
Yb1 = Ye1 Ya1 ™ Vel W A

From (2.8), we obtain the following relationship:

X, +y,tan0
cot (¢m1) = W .19)
Substituting (2.2) into (2.19) gives
—ymlé +%,cos0 + Yypsin®

cot(9,,) = (2. 20)

x,,,0 +ypcos6 —xpsme

When choosing M to be D and E, respectively, and taking (2.13), (2.16)--(2.18) into

account, we have

, e(yel_ydl) w
cot(¢p,) —cot(¢,.) = ———— = —— .21

Eq. (2.21) illustrates that our mathematical model satisfies the Jeantaud condition, and
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therefore its correctness is verified.
2.3.4 Procedure for solving inverse kinematics

The inverse kinematics means that given the position of a reference point on the robot and
its first and second derivatives, find the needed steering angle, the driving velocity, and the
acceleration of the middle point of the rear axle (this is due to the fact that a rear
differential driving system is used for car-like robot). It can be seen that to solve the

inverse kinematic problem, the key problem is to solve the general constraint equation

(2.13). Once 8 and © are known, the position and absolute velocity of any point can be
determined by (2.1) and (2.2) and the steering angle can be solved from (2.8). The

simulation result and analysis in more detail will be given in chapter 3.
2.3.5 Curvature, radius of instantaneous rotation, and their relationship

The expressions for the curvature and the radius of instantaneous rotation of any point in
the robot will be given in this subsection by using the basic kinematic description
developed previously with respect to the position of the reference point, the robot
orientation angle, and their derivatives. Some conclusions will also be made.

dt  Xy-—-Xy

dy dy ,dx _y .. dy d .y _dYyy.d _
-——a—/———,whﬂe——-a;(—)—a()—e)———

S ax dt % dx? 3 ax P Therefore, for

A

any point M in the robot, the curvature k,, can be expressed by the following formula:

d2ym
x = d(‘xm)2 _ xmym—ymxm 2.22)
‘m 2 R . :
" ( (dy,,,r)” (G 2+ () D72
1+
dxm

Let R,, be the radius of instantaneous rotation of point M in the robot. Then R, is defined
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as the ratioof v, to 0

v ()2 + 5D

R = — = (2.23)
"8 6
Taking (2.8) into consideration, we obtain the relationship between kx, and R,
. . 172 - R i
m Kp = T - ey 7o el S Q.24
0 (ED*+ ()9 0

Eq. (2.24) reaches the same result as proposition 2 obtained by Alexander and Maddocks

[4], which results in the following conclusion:

e Ifapoint lies in the fixed axle, then ¢ m = 0, and the center of instantaneous rotation
of a point in the robot and its center of curvature do coincide, otherwise, these two

points do not necessarily coincide.

This proposition is useful for avoiding the common misunderstanding that the center of

instantaneous rotation of any point in the robot and its center of curvature always coincide.
2.3.6 Direct kinematics for car-like robots

Given a steering angle ¢_, and a velocity v (#) of the middle point Z of the rear axle as
well as their derivatives, the direct kinematics consists of computing the position of the
reference point P.and the orientation angle of the robot, as well as their first and second
derivatives. Although we can derive the direct kinematics from the inverse kinematics, it
is more straightforward to use a geometrical method. As shown in Fig. 2.4, the velocity v

can be decomposed into the velocity components along the x and y axes. We have

X, = vcosH (2.25)

vsind 2. 26)

Yz
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The rotational speed of the robot can be expressed as follows:

v (1) tan (¢, ()
0= 7 2.27)

We can integrate and differentiate these equations, respectively, to obtain

Fig. 2. 4 Geometry for direct kinematics

8(1) = 08(0) +ﬁ){v(t) tanL(¢“‘(t)) } dt 2.28)
x,(8) = x,(0) + [§ {v (1) cos (8() } dt 2.29)

y2 (1) = 3,(0) + [ {0 () sin (B (1)) } dr @3

6(1) = DS) (sec(¢al))2-<i>,,1+'{)(Tt)tan(¢a1(t)) 2.31)
%, (f) = 0(t)cos(6) —v(¢)sin(0)6 (.32

¥,(£) = V() sin () +v (¢) cos (8) 6 (2.33)

After solving (2.28) to (2.33), we can obtain the position of the reference point P and its
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first and second derivatives using (2.1)--(2.3).
2.3.7 Mathematical model for combined vehicles

In the previous sections, a mathematical model for dealing with the motion of a rigid
vehicle has been developed. Before studying the motion of a combined vehicle, it is useful
to distinguish a vehicle unit from a combined vehicle. A vehicle unit is composed of: (1) a
rigid body; (2) a fixed axle on which some wheels are mounted; and (3) some steering
wheels or a hitch point. In this sense, a rigid vehicle is a single-unit vehicle with two front
steering wheels like that shown in Fig. 2.3, while a combined vehicle, such as an
articulated vehicle or a drawbar vehicle, can be regarded as a combination of two or more

vehicle units linked in series at their hitch points (Fig. 2.5).
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Fig. 2.5 A schematic for an articulated vehicle

It is worthy of note that from a motion analysis standpoint, multiple axles of an axle group
operating together within a single suspension system which is simplified as a rigid body,

are treated as though they were a single axle located at the geometric center of the group
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[64].

Fig. 2.5 shows a combined vehicle model. The first vehicle unit is one with two steering
wheels, while the second has a hitch point instead of two steering wheels. Two local
reference coordinate frames (O;x;y;) and (O,x,y;) are put on the two vehicle units,
respectively. For convenience, the origin of the second frame coincides with the hitch
point. We know that for the first vehicle unit, if the position and velocity of the reference
point O(P;) are given, then the orientation angle of vehicle unit 1 can be obtained by
solving the general constraint differential equation (2.13), and then the position and
velocity of the hitch point O,(P,) which is a point in the vehicle unit 1 can be calculated
using (2.1) and (2.2). This means that the position and velocity of the second vehicle unit’s
reference point O, have been obtained. Consequently, by means of the identical procedure
used in the calculations for vehicle unit one, the position and velocity and other interesting
parameters of all the points in the second vehicle unit can be calculated. If more than two
vehicle units are serially linked, the procedure for dealing with the motion problem of the
complicated vehicle is analogous to the above one. In every step, a numerical method

must be used to solve a simple first-order differential equation (2.13).
2.4 Mathematical model for dual drive robots

2.4.1 Inverse kinematics for dual drive robots

The steering and powering of the dual drive robot is accomplished by changing the
velocity of two rear wheels B and C. Therefore, the purpose of the inverse kinematics is to

solve the needed velocities v, and v, when X, and y, are given. Since the dual drive robot

T B o =
Motor 1 Caster 1

Motor 2 Caster 2

C p =1

Fig. 2.6 Dual drive system with two front casters
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still has two fixed wheels B and C which are parallel, as shown in Fig. 2.6, there is no need
to repeat the derivation for the general constraint equation and other equations describing
the motion of the rigid body. In deriving the inverse kinematics of the car-like robot, we
have in fact established the inverse kinematics for the dual drive robot. That is, (2.13),
(2.14) and (2.2) can also be used to solve for the orientation angle, angular rate of rotation,

and the driving velocities v, and v . The only difference in analyzing the inverse

kinematics from a car-like robot is that we do not need to consider the steering angle limit.
2.4.2 Direct kinematics for dual drive robots

Suppose the velocities v, and v, are given, then we have (see Fig. 2.7)
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Fig. 2.7 Illustration of instantaneous rotation center (IRC)
v, = (W+X)6 (2.34)
v = X8 (2.35)

where X is the distance from wheel C to the centre of instantaneous rotation; W is the

wheelbase. From (2.34) and (2.35), we get
0= (v,-v,)/W . 36)
Thus, the orientation angle can be obtained by integrating the above equation.

6 = 85+ [ ((v,-v,) /W)t 2.37)
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The position of wheel B is
xp, = x,(0) + "6 (v, - cosB) dt (2.38)

Yo = ¥5(0) + [o (v, - sinB) d 2.39)

Egs. (2.1) to (2.3) also apply to solve the position of the reference point and its derivatives.

2.4.3 Motion of casters

Offset

Hitch point
Fig. 2.8 Top view of a caster

The funcﬁon of casters is to support a robot. They add no constraints to the whole robot,
and their motion always follows the robot body. Each caster can be regarded as a small
robot unit which has a fixed wheel, as shown in Fig. 2.8. Once the motion of the robot
body is solved (it may be solved by either inverse kinematics or direct kinematics in
different circumstance), then the motion of the hitch point (through which point, the caster
is connected to the rigid body) can be obtained. If we treat a caster as a robot unit like that
discussed in the previous section, the motion of the caster can be solved using the inverse

kinematics.
2.5 Mathematical model for synchro drive and steering robots

2.5.1 Inverse kinematics

As stated in chapter 1, the wheels of the synchro drive and steering system are
mechanically synchronized to each other for both steering and power. Figure 2.9

illustrates the functional diagram of its steering and power. As the synchronization is
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accomplished by the use of chains or by gears, the mechanism requires that each wheel of
A, B, C and D must have the identical steering angle and the identical velocity at any

moment. Therefore, mathematically, the constraint imposed by the synchro steering is
¢al = ¢b1 = ¢cl = ¢d1 = ¢ (?) (2.40)

and the constraint imposed by the synchro power is

X, =Xy =X, =%y (2.41)

Ya=Yp =Y. =Yg (2.42)

For all wheeled robots, the wheels on the rigid body should satisfy the ideal rolling

A7 ¥i
X1
() X
>

Fig. 2.9 Functional schematic for the synchro drive carriage system

conditions described by (2.5) and (2.6). In addition, (2.1) to (2.3) that describe the motion
of the rigid body and (2.8) describing the steering angle, also apply to the synchro drive
and steering system. Thus, from (2.2), (2.8), and (2.40), we have

(x,, €080 -y, sind) 0+ yp

tan (0 +¢) = . —2 m=a,b,cd (2.43)
(= x,,8in0 -y, cos0) O +x,
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The only solution to the foregoing set of equations is
(2.44)

This is the general constraint equation for a synchro drive and steering robot. It is clear

that the motion of the rigid body for this kind of robot is always a translation.

The general constraint equation (2.44) generated from the synchro steering requiremeht
must also satisfy (2.41) and (2.42) resulting from the synchro drive requirement. It is
straightforward to verify that this is true. This indicates that the design of the synchro
drive and steering system is valid. Egs. (2.41) and (2.42) become

*ml = *P,m = a,b,c,d (2.45)
S

The expressions for the steering angle and the rotating angular rate of all the wheels are

¢ = arctan (yp/xp) —60 = arctan (f'(xp)) —60 (2. 46)

® = (Ji2+y))/r 2.47)
2.5.2 Direct kinematics

In the following we give the direct kinematics using the geometrical method (see Fig. 2.9).

Suppose ¢ (7) and v (7) are given, then

X, = v () cos (¢ + 0) (2. 48)
Yp = v (¢) sin (¢ + O) (2.49)
0= 60 (2.50)

x, = x,(0) + [{, {0 (¢) cos (¢ +0) } dt @.51)
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¥, = ¥,(0) +_[g {v () sin (¢ +6) }dr 2.52)
&, = v (r)cos (¢+6) —v (1) sin (¢ +0) ¢ (2.53)

jip=ﬁ(t)sin(¢+6)+1>(t)cos(¢+6)ci> (2.54)

where v () represents the translation velocity of the rigid body; ¢ the steering angle; P is

the reference point which may be chosen at any point.
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Fig. 2.10 Illustration of a parallel parking for four kinds of robots

2.6 Mathematical model for omnidirectional robots

2.6.1 Implication of omnidirectional robots

Before developing the kinematics of an omnidirectional robot for HERMIES-III, we will
discuss the meaning of omnidirectional. In the past, although a few researchers used this
term, in fact nobody clarified its meaning using the expressions of the reference path and

the orientation angle. For example, the synchro drive and steering robot was thought to be
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an omnidirectional robot [137], although it is not correct to think of the synchro-drive and
steering robot as an omnidirectional one. We begin by considering the motivation for

designing such a mobile robot with steerable wheels.

Generally speaking, the motivation to design an omnidirectional robot is to provide it with
more flexible maneuverability than the conventional robots like the car-like or dual drive
types. Maneuverability is still a portmanteau, meaning different things in different
circumstances. In the present context, the two most important aspects of maneuverability

are:
* The ability to turn sharply, and
» The ability to keep within a narrow path when turning.

The most familiar example of the maneuvering required by a robot is a parallel parking, as
shown in Fig. 2.10. The goal is to move the robot into a space (location 3) between two
parked cars 1 and 2 (they may be two other obstacles). It is straightforward to prove using
the general constraint equation (2.13) that for the robots subject to the constraint equation
(2.13), it is impossible to move the robot directly from location 2 into location 3 without
changing the orientation. For a car-like robot, the strategy adopted for such a parallel
parking is to move the robot to location 2, stop, and then the following manipulations are
performed: turning the steering wheels to the left limit, backing, straightening the wheels,
backing, turning the wheels to the other limit, backing, and straightening the wheels
(several iterations may be required by an unskilled driver). The optimum path is arc-line-
arc. Of course, this path can also be traced by the dual driving robot although the needed
operations are different. However, if the location 1 is occupied by obstacles, it is difficult

for them to maneuver into location 3 in this way.

If the robot is synchro drive and steering, such a requirement of maneuvering from
location 2 to 3 can be met. This example illustrates the advantage of a synchro drive and
steering robot over a car-like or a dual drive robot. In another example of turning a corner

shown in Fig.11, however, the car-like robot and the dual drive robot may succeed in
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moving from location 1 to 2 while the synchro drive one can not. These two examples of
required maneuvering, which may occur very often in practice, indicate that all of these
three kinds of robots posses their own limitations. The common feature of the three kinds
of robots is that among the three parameters of x,, y, and © describing the location of a
robot one is dependent on the other two by the form of constraint equation (2.13), or the
orientation angle is restricted by (2.44). As a result, some kinds of maneuvering for them

are restricted.
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Fig. 2.11 A robot turning around a corner

The purpose of designing an omnidirectional robot is to overcome these limitations.
Therefore, an omnidirectional robot should be able to execute any desired path

Yy ® f (xp) and have any desired orientation angle 6 along the path. In other words, the

three parameters x , y, and ® should be independent of each other. This kind of robot is

called an omnidirectional robot or a free moving robot.
AN
= T~ =

Caster1 | o (p) Caster2 | X1

Caster 3 B Caster 4

_—

Fig. 2.12 Structure of the omnidirectional HERMIES-III robot

A platform with steerable drive wheels can use the steering degrees of freedom to reduce

42



the maneuvering difficulty. HERMIES-III, which was reported to have two drive steerable
wheels A and B (see Fig. 2.12), functions as such a platform [159]. The original wheel
control system for the HERMIES-III did not allow the drive wheels to be steered. An
improved system that allows the wheels to be steered has been designed, constructed, and
tested. The experimental results show that rotation about an instantaneous Center of
rotation (ICR) can result in a substantial error, and the error can not be eliminated. In the
following we will explain the difficulty of eliminating the error from the viewpoint of

structure.

Generally, the first consideration associated with the control system design is how many
wheels should be driven and steered. For any mechanism, the number of degrees of
freedom it possesses is the number of independent variables which would have to be
specified in order to locate all parts of the mechanism. An omnidirectional wheeled robot
has only three degrees of freedom due to the independence of its three parameters when
moving in a plane, therefore, the total number of drive and steering for wheels should be
equal to three, the number of degrees of freedom of the robot. The number of the control
variables for the HERMIES-III, however, is four (two for drive and two for steering). In
this sense, HERMIES-III is an overactuated system which has more actuators for drive
and steering than the degrees of freedom of the robot. The shortcoming of such an
overactuated system is that it is difficult to accurately coordinate the four variables for a

desired motion. Each of the four is described by x,,, y, and 0, and thus, one of the four

variables must depend on the other three. In practice, it is more reasonable to have the

system with wheels A and B steered and one of them, instead of two, driven.
2.6.2 Inverse kinematics

The meaning of the inverse kinematics for an omnidirectional wheeled robot is different
from that of the other three kinds of robots. The difference is that the orientation angle of
the robot as well as the reference point’s position and their derivatives must be given to

calculate the needed steering angle ¢, and drive angular rate ® . In this case, there is no
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general constraint equation. Egs. (2.1) to (2.8) can also be used for this purpose.
2.6.3 Direct kinematics

In deriving the direct kinematics for an omnidirectional robot like HERMIES-III, we
assume that both of wheels A and B are steered and only wheel A is driven. As shown in

Fig. 2.13, if the steering angles ¢, and ¢,, are given, then the position of the ICR is

uniquely determined. The velocity of wheel B is a function of ¢, ¢,,, and v, (7).

D(ICR)

>

Fig. 2.13 A schematic for the omnidirectional robot
Fig. 2.13 shows that v, can be decomposed in x and y axes
X, = v cos (¢, + 0) (2.55)
Vo = vasin (cj;al +0) (2.56)

where 0 is still an unknown function that must be derived. We use the geometric method

in the following (it can also be derived from the inverse kinematics using the algebraic

method).

Since the directions of line AD and BD are perpendicular to wheels A and B, respectively,
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from Fig. 2.13, we have

ZADB = ¢, - ¢

al

(2.57)

Suppose the orientation line x| axis is perpendicular to the line joining the two wheels A

and B, then

ZABD = 180°-¢,,
The length of AD can be obtained from the sine theorem

_ ABsin (ZABD) Wsin (¢,,)

AD = — = —
sin (ZADB) sin (¢,, —¢,,)
where W represents the distance between the two wheels. Thus

v, - sin(g,—9,)
AD =~ Ve W-sin(9,,)

Integrating (2.60), (2.55), and (2.56) respectively gives

sin (¢b1 - ¢a1) )dt

— t -
8=0(0+fo (v,, W sin (8,,)

-

Xz = %, (0) + [o (v cos (¢, +6)) dr

Y, = ,(0) +,f6 (v_sin (¢,, +0)) at

2.7 Summary

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

So far, the concepts of inverse and direct kinematics widely used in manipulators are, for

the first time, introduced to wheeled mobile robots, and a unified treatment of the

kinematics for each of the four kinds of robots has be presented. Its applications will be

seen in the following chapters. Compared with the other kinematic models available, the
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model established in this chapter has the following advantages:

« The mathematical model is general in the sense that the reference point can be chosen
at any point on the vehicle, not only on the mid-point of the rear axle (used by most of
the researchers in robotics), on the front left wheel (defined in highway and street
design standards), or on the vertex of the robot body (chosen by most path planning
algorithms).

» The model can apply to any dimension of rigid vehicle or vehicle combination, not only

to small vehicles, because it gives a transient description of the motion for a vehicle.

« The steering angle needed for a reference point to trace a specified path can be given,
which is essential for automatically controlling a mobile robot by computers and useful
for highway design to determine the minimum turning radius when the steering angle

limit is taken into consideration.

» The model is applicable to any kinds of path, for example, a straight line, a circle, or a

more general curve'y=f(x).

 The analytic solutions to straight line motion and circular motion can be developed,
which make the computation of the swept space by the vehicle more efficient and accu-

rate.

» The model distinguishes the inverse kinematics from the direct kinematics.




Chapter 3

Motion smoothness and feasibility of
wheeled mobile robots

3.1 Infroduction

The aim of this chapter is to investigate the motion smoothness and feasibility for wheeled

robots using the kinematic models established in chapter 2.

When a robot (it may be an autonomous robot, an automated guided vehicle, a car or a
truck) is required to run from a start point to a goal point in the workspace, a path has to be
planned and a point on the robot is designated to follow this path. The path is usually
called the reference path and the point is called the reference point P (it is also called the |

guidepoint [137] and the reference vertex [114]).

The reference path for an automatically guided vehicle around factories or offices
generally comprises a concatenation of line-circular segments [84, 218]. The path
generated by the available algorithms for an autonomous robot depends on the assumption
of the shapes of the obstacles in the workspace and the autonomous robot, and the
algorithms. It generally consists of a collection of line-line, line-circular segments. For
example, under the assumption of polygonal obstacles and polygonal robot body, the path
generated by the visibility graph method [114, 115] and the cell decomposition method
[101] comprises line-line segments, as shown in Figure 3.1 (a). The path generated by the
generalized visibility graph [103] is a combination of line-line and line-circular segments,
as shown in Figure 3.1 (b). The common feature of these reference paths is that at the
transition point between segments, the path is not smooth enough. For example, at the

line-line transition point, the first derivative of the path with respect to x;, is not

continuous, and at the line-circular transition point, the second derivative of the path with

respect to x,, is not continuous. In general, the smoothness of the reference path can be
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described by the continuity of the nth derivative of the path. The natural problem is how
the smoothness of the reference path and other factors determine the motion smoothness

and feasibility for the four kinds of robots classified in chapter 1.

Goal

Start Line
® Line

Line §

Fig. 3.1 (a) A typical line-line planned path for robots

. Goal

%

Fig. 3.1 (b) A typical line-circular planned path for robots

Among the four kinds of robots, the most commonly used robots today are car-like and the
dual drive types. Most of this chapter will be devoted to discussion of these two kinds of
robots. The dual drive robot can be thought of as a car-like robot which has no steering
angle limit. Therefore, all the conclusions derived directly from the general constraint

equation (2.13) for a car-like robot also apply to a dual drive robot if no steering angle
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limit is taken into consideration. For example, when discussing the orientation angle for
them, we will use the phrase “the robots subject to the general constraint equation” to
represent both of these two kinds of robots, and the conclusions are suitable for both of

them.

For all kinds of robots, robot orientation angle is the first important parameter which
should be investigated. Since a robot is modelled as a rigid body with wheels mounted on
it, the orientation angle totally determines the space swept by the robot when it moves
along the reference path. Therefore, the analysis of the orientation angle change will find
wide applications in the places where collision with obstacles must be avoided. In addition
to this, discontinuity of the orientation angle at transition points will occur if the reference
point is not chosen correctly. This implies that the requirement of tracing the planned path

by the reference point is not feasible and the motion is infeasible.

For a car-like robot, steering angle is an important parameter featuring its motion
smoothness and feasibility. To make a robot move along a path, steering is necessary.
Steering is normally affected by changing the heading of the steering wheels (for four -
wheel robots) or the single steering wheel (for three wheel robots) through the steering
system. As we know, the design of the steering geometry must satisfy the Jeantaud
condition. In practice, the turning capability of most of the steering mechanisms in use is
limited, and it can be described by inequality constraints. Due to the steering angle limit,
not all the paths are exécutable. At any time, only when the robot steering angle needed to
follow a given path satisfies these constraints is the robot able to follow the reference path.

In this sense, a study of the factors which will affect the steering angle is of importance.

Another reason for studying steering angle lies in the fact that even when the steering
angle limit is not exceeded in following a path, a discontinuity of the steering angle may
occur at a transition point. The only way for a robot to cope with this discontinuity is to
stop at the corresponding point, wait for the required adjustment of the steering angle, and

then start again. Clearly, too many unnecessary stops are unacceptable.

In addition to the shape of the reference path, the steering angle and orientation angle of a

49



robot depend on many other factors. The most important two are the reference point
position and the initial orientation angle. The choice of the reference point is the first thing
to be considered. In the past, for different purposes, there are mainly three positions which
are chosen as the reference points, e.g. one of the vertices of the rigid polygonal body for
simplifying the path planning algorithms [114], the middle point of the rear axle for the
control of car-like robot or the dual drive robot [228], and the geometric center of the
robot for finding a good representation of free space [60, 66]. In fact, the choice of the
reference point may be somewhat arbitrary, yet its choice does affect the kinematics and
dynamics of the robot. The desired steering and drive functions of the robot, the space
swept out by the ;obot, the actuators needed to drive the robot and the control method to
be devised for the robot all are functions of the position of the reference point. Hence, the
analysis of the effect of the reference point position on the motion feasibility of the robot

is necessary.

The necessity of investigating the initial orientation angle can be seen from tracing the
line-line combination shown in Figure 3.1 (a). When the robot arrives the end of the first
line segment, the orientation angle at that point will become the initial orientation angle
for the second line segment; the orientation angle at the end of the second line will, in turn,
become the initial angle for the third line, and so on. When the robot changes lanes

consisting of circular-circular segments, there also exists an initial value problem.

Most of the robots in use or in development today are steered by a single wheel or wheel
pair [36, 194]. It has been proved in chapter 2 that from the steering viewpoint, a robot
steered by a single wheel is an equivalent to that steered by a wheel pair. So in this study,

we only consider the former kind of robot to analyze the motion feasibility of the robot. .

Although many researchers have focused their attentions on the study of the motion of
trucks [31] and the motion of automated guided vehicles or autonomous robots [63, 70], to
date, the author has not been aware of the detailed analysis of the dependence of the
motion feasibility of wheeled robots on the shape of the reference path, the reference point

position and the initial orientation angle of a robot. This chapter, based on the inverse
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kinematic model established in previous chapter, investigates this problem when a robot is
required to follow a general path y, = f (xp) . Some typical motions, i.e., pure translation,

pure rotation, general straight line motion and circular motion are also analyzed.

3.2 Conditions of a pure translation and a pure rotation for car-

like robots and dual-drive robots
3.2.1 Necessary and sufficient conditions of a pure translation

Definition 3.1: If the orientation angle of a robot is always a constant 6, during its

motion, then the motion is called a pure translation.

In the following we will give the necessary and sufficient conditions of a pure translation

for a car-like robot or a dual drive robot.

Theorem 3.1: The necessary and sufficient conditions of a pure translation for a wheeled
robot which is subject to the general constraint (2.13) are that the reference path

Yp = f (xp) is a straight line which passes through the initial point (xp,., yp,.) and has the

slope of tan(8,) .
Proof. Necessary condition

If the motion of the robot is a pure translation, then 0 = 60. In this case, from (2.13), it

dy
can be obtained that f'(xp) = a—p = tan(eo). The solution to this equation is
p

Y, = tan6, - xp + b, where b is a constant determined by the initial values (xpl-, yp,-) . So

the reference path is a straight line which passes through the initial point (xp i yp,-) and

has the slope of tan (8y) -

Sufficient condition

Suppose the reference path is given as the form y, = tan6 - x + b. Differentiating it
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d
gives f'(xp) = 2? = taneo. In this case, (2.13) becomes

P

do
X cos 60 = sin (0 - 90) , and the solution to this equation is 6 = 8, so the motion
P

is a pure translation.

Note that this theorem holds wherever the reference point is chosen. However, condition
of a pure rotation for robots subject to the constraint equation (2.13) discussed in the

following depends on the position of the reference point.

3.2.2 Necessary condition of a pure rotation

Definition 3.2: If the motion of a robot satisfies: x'p = 0, yp =0, and 6 # 0, then the

motion is called a pure rotation.

Y1 yi v1
A b
7
.:Xl <\
A
P
Fig. 3.2 Illustration of a pure rotation C

Let us consider the motion of a robot subject to the constraint equation (2.13), as shown in
Fig. 3.2. The robot is required to move from the initial point A to the intersection point B
of the two straight line segments AB and BC, stop at B, and then turn without moving the
reference point P (we call such a motion as a pure rotation) until the orientation angle of
the robot coincides with the straight line segment BC. This problem arises from the

execution of the generated path using the method presented by Brooks [23]. In this

52



method, the robot and the obstacles are assumed to be polygons and the generated path

consists of line-line segments. The reference point is chosen so that the max, . ; ., (d;) is
minimized as the candidate of the reference point, where d; represents the distance of the

ith vertex of the robot from the reference point (for more details, see [23]). For a
rectangular fobot, the reference point chosen based on this definition is located at the
geometrical center. In most cases, this point is not at the rear fixed axle for a car-like or a
dual drive robot. The question we are interested in here is if the reference point is not at

the rear axle, whether or not such a pure rotation can occur.

<—L->
' |
yi
-
pmin} ‘ ' 5”" .

Fig. 3.3 Illustration of the minimum distance from the middle point of the rear
axle to the instantaneous rotation center for a robot with steering angle limit

=

In the following we will prove a theorem describing the necessary condition of a pure

rotation for a robot subject to the kinematic constraint equation (2.13).

Theorem 3.2: For a robot subject to the kinematic constraint equation (2.13), only when

the reference point is at the rear fixed axle, does a pure rotation occur.

Proof. If the motion is a pure rotation, then xp =0, yp =0, and 6 #0. (f x-p =0,

yp = 0, and 6 = 0, then the robot does not move at all). In this case, the unique solution

of the general constraint equation (2.13), which satisfies this requirement, is x = 0. That

means the reference point must be at the rear fixed axle.

Note that steering angle limit is an intrinsic characteristic of the car-like robot. In theorem

3.2, it is not taken into account. Suppose the steering angle limit is then the

max?

minimum distance of the instantaneous rotation center to the middle point of the rear axle
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P,,in €an be expressed in the following form (see Fig. 3.3)

= L/ (tand 3.1

pmin max)

From (3.1), it can be observed that for a car-like robot which has steerihg angle limit (that

means 8, #190°), even if the reference is at the middle point of the rear axle, the

motion of a pure rotation can not occur. For the dual drive robot, since steering is
accomplished by changing the ratio of the velocities of the two driving wheels, only when

the reference point is located at the rear axle, does a pure rotation occur.

3.3 Continuities of orientation angle and steering angle

The motion smoothness of robots can be judged upon the continuities of the nth
derivatives of the orientation angle and steering angle. An interesting problem
investigated here is to determine the dependence of the continuities of the orientation
angle and steering angle on that of the nth derivative of the reference path with respect to

Xp.

0

Fig. 3. 4 llustration of an independent variable to velocity

A geometric curve, which is generated by a path planning algorithm and is required to be
followed by the reference point P of the robot, is called a path. Mathematically, a curve

can be represented as a general form in x-y plane

yp = f(x)) 3.2)
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Some characteristics associated with its shape, such as its derivatives and curvature, are
referred to as its geometric characteristics. A trajectory is defined as the time course along
a path. One can choose velocity from various schedules for a geometrically defined path,
which results in various velocity profiles. Fig. 3.4 shows such an example. When a robot is
required to trace the reference path from start point S to goal point G through the point T
at different velocities, if every time, the robot’s orientation angle has fixed value at poiﬁt
T, then we call the orientation angle an independent variable of its velocity. More
generally, if a variable is only affected by the geometrical characteristics rather than by
robot’s velocities at any point along the path, it is called an independent variable of
velocities. The purpose of defining such an independent variable is to show that once a
reference path is infeasible for a robot, then adjusting its velocity and steering angle do not

change its motion feasibility. We can see in the following that 8, ¢, are such defined

independent variables.

Eqs. (2.8) and (2.13) can not be directly used for showing the independence as they
include time variable. From (2.13), another form of the general constraint equation can be

derived as

xd0® = (sin© —f'(xp) cos0) dxp (3.3)

where /'(%,) denotes the slope of the reference path y, = f(x,) at x,. It follows from

differential equation (3.3) that the orientation angle of the robot is only a function of x-

axis coordinate of the reference point.

From (3.2), (3.3), and (2.8), we can obtain the expression of steering angle as follows (the

detailed derivation is omitted):

. do
{j’ (xp) cosf - sm6+xm12;-\
Oy = ‘"Ctant dé’J (3.4)
il (xp) sin® + cos0 —ymlE
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Egs. (3.3) and (3.4) indicate that 6 and ¢ , are independent variables.

Since the reference point at different positions will produce different effects on the
 orientation angle and steering angle, in the following two cases, x = 0 and x # 0, will be

considered when the continuities of orientation angle and steering angle are discussed.
Casel: x =0

As defined above, x = 0 corresponds to the position where the reference point is chosen

at the rear axle. In this case, (3.3) gives
0 = arctan (f'(xp)) 3.5

Substituting (3.5) into-(3.4) and simplifying lead to

LKp
¢ . = arctan (————) (3.6)
al 1 _.yale
f" (xp)
where K, = 3 represents the curvature of the reference path at Xy
2

(1+ (F(x,))?)
f"(x,) represents the second derivative of the reference path with respect to x,, and
L = x,, — x represents the wheelbase of the robot. If the reference point is at the midpoint

of the rear axle, then y,; = 0 and we obtain the widely used formula:
¢a1 = arctan (chp) 3.7

It is noted that (3.5) ahd (3.7) are independent of the initial orientation angle at any point
on the path, that is the direction of the orientation of the robot must coincide with the

tangent of the reference path.

Eq. (3.5) indicates that robot’s orientation angle possesses the same continuity as the first

derivative of the reference path. At the line-line transition point shown in Fig. 3.1 (a),
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f'(x,) is not continuous. Consequently, the orientation of the robot is also not continuous.
However, at the line-circular transition point shown in Fig. 3.1 (b), robot’s orientation

angle is continuous as f'(x,) at this point is continuous.

Eq. (3.7) shows the dependence of the continuity of the steering angle on that of the
followed path. The sufficient and necessary conditions for the continuity of the steering
ahgle along the path is the continuity of the second derivative of the path at every point. So
at the line-line and line-circular transition points, steering angle is not continuous. This

prevents the robot from efficient and smooth motion.
Using an inductive method, we can prove the following theorems:

Theorem 3.3: If the (n+1)th derivative of the reference path at any point with respect to x,,

is continuous, then the nth derivative of the orientation angle of the robot at the

corresponding point with respect to X, is continuous.

Theorem 3.4: If the (n+2)th derivative of the reference path at any point with respect to x,,

is continuous, then the nth derivative of the steering angle of the robot at the

corresponding point with respect to x,, is continuous.

Case2: x#0

When the reference point is chosen away from the rear axle of the robot, x # 0. In this
case, orientation angle is the solution of the first order differential equation (3.3) and is a

function of f '(xp) and the initial orientation angle 60 of the robot. When the robot

traverses the line-line transition point, although f '(xp) at that point is not continuous,

orientation angle will be continuous because the orientation angle at the end of the first
line segment will become the initial angle of the succeeding line segment. The first

derivative of the orientation angle with respect to x;, possesses the same continuity as
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f '(xp) does. From (3.3) and (3.4), steering angle can be derived as:

L(sin®-f (xp) cosB) )
(3.8

by = ar‘ctan((zfcose—}’alsine) +f (%) (xsinB +,,c0s0)

It can be seen from (3.8) that for most cases, the steering angle is not continuous at the
line-line transition point because the orientation angle is continuous and f"(¥,) is not; the

steering angle is continuous at the line-circle transition point because both orientation

angle and f'(x,) are continuous.

Since the solution of the orientation angle 8 depends on the initial orientation angle 8

when x # 0, the continuity of the orientation angle 6 may hold occasionally even if f'(x,)
is not continuous at some transition point. However, the possibility is rare. Generally, we

have the following theorems:

Theorem 3.5: If the nth derivative of the reference path at any point with respect to xp, is

continuous, then the nth derivative of the orientation angle of the robot at the

corresponding point with respect to x, is continuous.

Theorem 3.6: If the (n+1)th derivative of the reference path at any point with respect to x,

is continuous, then the nth derivative of the steering angle of the robot at the

corresponding point with respect 1o x, is continuous.

From theorems 3.3 to 3.6, it is easily seen that the position of the reference point does have
a significant effect on the motion feasibility of the robot. Following the same path, moving
the reference point away from the rear axle of the robot will improve the smoothness of

the motion and steering performance.
3.4 Steering angle limit and feasible deviation angle intervals

The pure translation and rotation discussed in 3.2 are two basic motions adopted in the

study of wheeled robots. However, they are not enough to describe a more general motion.
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To analyze the motion feasibility of a car-like robot, the existence of steering angle limit
can not be neglected. The consideration of it helps understand the critical conditions for

distinguishing a feasible motion from an infeasible one.

180 -8 __ <6, <180

Y1 max
A <

-6max s ¢al s 6max

“/ >
OI(P) A X1

/ -180 < ¢, <~ 180 +5,

Fig. 3.5. Illustration of the steering angle inequality constraints

In this section, a new concept of deviation angle will be introduced to further discuss the
motion feasibility of a car-like robot when the reference path is given as a general form

¥, = f(x,) and the steering angle limit is taken into account.

In the range of -180° < by S 1800, the limited steering angle can be expressed by the

following inequality constraints:
-5, .. <%, <5,,,180 -3 ~<¢ <180,-180 <¢, <-180 +3, . (3.9

where 8, is a positive constant and represents the maximum deviation of the steering

wheel from x;-axis, see Fig. 3.5. When the steering angle is in the range of

-8, ,,S¢,,<d it means that the direction of the velocity at the midpoint of the rear

ma max’

axle is the same as that of the positive direction of the x;-axis; when the steering é.ngle

falls into the range of 180 -5, <¢, <180 or —180'<¢, <-180 +3 _, the

max’
direction of the velocity at the midpoint of the rear axle is along the negative direction of

the x;-axis. We usually refer to the former as a forward motion and the latter as a
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backward motion.

Let o represent the motion direction of the reference point P, 0 represent the orientation
angle of the robot at point x; on the path f (xp) , as shown in Fig. 3.6. Then a can be

expressed as:

tan (&) = £ = f'(x,) (3. 10)

y

< @

Fig. 3.6. Illustration of the deviation angle 8

We define B = 0 — a as the deviation angle of the vehicle at point x;,. Substituting (3.10)

into (3.8), we have

Lsinf
xcosP -y, sinf

¢,, = arctan( ) G. 11)

Differentiating (3.11) with respect to B gives

d¢a1 _ ) x-L

= — (3.12)
dp (LsinB)? + (xcosp -y, sinp)?




d
It is clear that when x <0, e 0, steering angle ¢ _, is monotonic decreasing with

dp

d
respect to B; when x >0 s 0, steering angle ¢, is monotonic increasing. A typical

3B

relationship between steering angle and the deviation angle is shown in Fig. 3.7.

Since the steering angle varies monotonically with respect to the deviation angle, there

exist four critical deviation angles B,, B,, B, and B,, corresponding to the four critical

steering angles Bm ax’ —6m ax’

180 -d, , and —180 +3, . The corresponding feasible
intervals of the deviation angles for x<0 and x>0 are shown in Tables 3.1 and 3.2,

respectively.

From Tables 3.1 and 3.2, we can draw the conclusion that if the steering angle limit is
taken into consideration, only when the deviation angle falls into the four feasible
intervals, i.e., the neighborhood of 0° and that of £180°, can the steering angle limit be
satisfied. We call these four intervals as the feasible deviation intervals, and the

corresponding orientation angle intervals as feasible orientation intervals.

For a given steering angle limit, in the following, we discuss the effect of x on the

maximum deviation angle. From (3.11), it is easy to obtain

xtan (¢,,) ) 613

ﬁ = arCtan(L+yaltan(¢al)

It can be observed from (3.13) that the farther (the larger the value of the |x]) the reference
point is chosen from the rear axle, the larger the magnitude of the permitted deviation
angle. When the reference point is chosen at the rear axle, f = 0. It should be noted that

above analysis applies to the initial position.
3.5 Analysis of straight line motion

In this and next sections, we use the general constraint equation (2.13) or (3.3) to analyze
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180 ¢

90 -

steering angle (deg)

Initial

-180 —— T T4
-180 -120 -60 0 60 120 180
Deviation angle (deg)

Fig. 3.7 The relationship between the steering angle and the
deviation angle when the reference points are in front of the
rear axle (P3) and behind the rear axle (P4), respectively.

Table 3.1 The corresponding relationship between critical steering angles and critical
deviation angles when reference point is in front of the rear axle

Interval &, | (018,,0 | (B,,00) | (180'-5,,,180) | (-180°,-180°+5,,)

Interval P B,0) | (0.8 (-180, B) (B, 180")

Signs B, ()| 8 ¥ B3 () Bs (4)

Table 3.2 The corresponding relationship between critical steering angles and critical
deviation angles when reference point is behind the rear axle

x>0

Interval ¢, | (0.5,,) | (-8,,,0) | (1805, 180") | (~180°,-180 +3, )

Interval B | ©.8) | (8,0 (B4 180) (-180",B,)

Signs By | B, (O B3 (+) Bs ()

62



two other typical robot motions: 1) straight line motion, 2) circular motion. The straight
line motion and circular motion are chosen as examples because of the following reasons:
1) most analyses especially for practical applfcations assume that the reference path is .a
circle or a straight line; for example, the offtracking problem for highway design is
defined only for a circular turn and then a straight line motion [231]. In a path planning
problem, most of the generated paths also consist of circles and straight lines [101]; 2) the
closed-form solutions can be derived and the effects of some parameters, such as the
circular radius, the driving velocity, and the position of the reference point, on the driving

characteristics can be illustrated clearly using them.

_ Definition 3.3: If the reference path is a straight line, then the motion of a robot is called a

straight line motion.

y y

[l > 1]
| Xpi | Xpi
(a) k>0,xp-'xpi>0 (b) k<0,xp-xpi>0 (©) k>0,xp-xpi<0 (d) k<0,xp-xpi<0

Fig. 3.8. Illustration of the signs of k and (xp-xp;) for a straight line motion

From this definition and theorem 3.1, it can be seen that a pure translation is only a special
case of a general straight line motion where the initial orientation angle coincides with the
direction of the straight line. In this section, we first derive a closed-form expression for
the orientation angle and then analyze the effects of the position of the reference point and
the initial orientation angle on the orientation angle and steering angle of the robot when

the limit of steering mechanism is taken into consideration.

Let us consider the case where a robot moves along a straight line as shown in Fig. 3.8 at

any velocity. Without losing generality, suppose the reference path is described by the
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following equation
Yp = kx,+b (3. 14)
where k is the slope of the straight line and b is the intercept on y axis, hence:
f'(x) =k | (3.15)
Substituting (3.15) into (3.3), we have
x-d8 = (sin®— kcos8) dx, = 1+ Ksin (8 ) dx, (3.16)

where o = arctan (k) , a constant, is defined as that in (3.10). The solution of (3.16) is

60 «/1 +k2
X

0= 2arctan(tan7-ec) +o,c =

(x, = x,7) (3.17)

where x,; is the initial x-coordinate, $, = 6, - o, is the initial deviation angle. In this

formula, the signs of k and xp-X; indicate the moving direction, as shown in Fig. 3.8. 6,
the initial orientation angle, is in the range of £180°.

When a robot moves along a straight line parallel to y axis, (3.17) is not applicable. In this
case, the solution to orientation angle is
0,-90°

® = 2arctan (tan 0 5 -e€) +90°, ¢ = &% (3.18)

In the following analysis of the straight line motion, for simplicity, suppose the straight
line is the x-axis, the start point is located at the origin and the motion direction is along

the positive direction of the x-axis. As defined above, in this case, x,; = y,; = 0, and

o = 0, the deviation angle B of the robot is equal to its orientation angle 0. The




orientation angle (3.17) becomes

0 =2 %, ¢¢
= arctan(tan(i-)e)

3.19)
x - - .
where ¢ = ?” . Differentiating (3.19) with respect to x,,, we have
2tan (gq) e
a0 = 2 3.20
d—xp B 60 2 (3.20)
25(1 + (tan (-i‘)ec) )
The monotonicity of 6 with respect to the passed length x,, is shown in Table 3.3.
Table 3.3 The monotonicity of the orientation angle with respect to x, when the
reference point is chosen away from the rear axle (MI = Monotonic
Increasing, M D = Monotonic Decreasing)
x<0 x>0
0°< 60 < 180° -180° < 60 <0° 0°< eo < 180° -180°< 60 <0°
O versus x MD MI MI MD

Casel: x<0

In this case, since 8 is monotonic decreasing (MD) with respect to xp when 0 < B8, < 180"

whereas 0 is monotonic increasing (M I) when -180 < B, < 0 .Ifno steering angle limit

is taken into consideration, then whatever the initial orientation angle is in the range from

-180° to 180°, when x,—c, then 9 — 0. When the steering angle limit is not

neglected, it can be seen from Tables 3.1 and 3.3 that if the initial orientation angle falls

into the feasible interval of (61,00) or (Oo, 8,) which corresponds to (51,00) or
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(0°, B,) , respectively, when x, — o, then 6 — 0. The orientation angle is always kept in

the feasible interval, and consequently, the steering angle limit is always satisfied; on the

other hand, if the initial orientation angle falls into the other feasible interval of
(~180°,8,) or (180’,8,) which comesponds to (-180,B;) or (B, 180),
respectively, as x,, increases, the orientation angle will approach 6, or 6, within a limited

passed length. This means that steering angle limit will be reached within a limited passed

length. After that, the reference path can not be traced any more.

Case2: x>0

[ o
In this case, since 6 is monotonic increasing (MI) with respect to x, when 0 <0, < 180

whereas 0 is monotonic decreasing (MD) when ~180 < B, < 0 .Ifno steering angle limit

is taken into consideration, whatever the initial orientation angle falls into the range of
0" <6,<180°, —180°<8,<0’, when x,—>, then 8->%180". Using the similar
analysis, we can conclude that only when the initial orientation angle is in the feasible

range of (—1800, 8,) or ( 180°,6 4) » can the robot trace the straight line for any length.
Case3:x =0

This means that the initial orientation angle must only be 0" or 180 . The locus of any
point is also a straight line and the motion of the robot must be a pure translation.

Otherwise, the robot can not move.
3.6 Analysis of circular motion

Definition 3.4: If the reference path is a circular arc, then the motion of a robot is called a

circular motion.

A circular motion in clockwise direction is called a right turn circular motion and a

circular motion in counter-clockwise direction is called a left turn circular motion. Fig. 3.9°
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shows a right turn circular motion.

w! X

|

" Fig. 3.9 A schematic for a right turn circular motion

The previously discussed pure rotation is a special case of a general circular motion where
the center of instantaneous rotation always coincides with the reference point and the
radius of the circular motion is zero. In this section, we only consider the right turn motion
of a robot travelling along a circle of radius R from S to G, see Fig. 3.9. As discussed
previously, some paraxﬁeters, such as the robot’s orientation angle and steering angle, are
independent variables to its velocity. Therefore, for convenience and without losing
generality, we may use parameterized expressions and assume that the motion of the

reference point P can be described by the following equations:

X, _ —Rcfos((ot) (3.21)
y Rsin (w1)
Xl _ |Rosin(w?) (3.22)
33 Rwcos (ot)

where o represents the angular velocity of the reference point P, ! represents the radians
of the passed arc. Substituting (3.22) into (3.10), we have the expression for the motion

direction of the reference point:
o = 90° - wt (3.23)

At the start point, o = 0 and o = 90°. The feasible initial orientation angle must be in
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the neighborhood of £90°.
The steering angle expression becomes

-L

xtan (0 + w?) +)’a1) 3.24)

¢,, = arctan (

Like the straight line motion, there are three cases for x, depending on the choice of the

reference point P.
Casel:x<0

In this case, by substituting (3.22) into (2.13), we have

(-x)0 = ypcose —x’psinﬁ = Rwcos (of+ 0) (3.25)

For convenience, put k = —R/x. Because (3.25) is not an equation in t and 6 with

separable variables, the method of changing the variables must be used to solve it. The

substitution z=w! + 0 gives 7 =  + 0. Substituting them into (3.25) gives

dz :
yri - (1+kcosz) (3.26)

Integrating (3.26) gives

t z dz
dt =
IO Izom- (1 + kcosz)

3.27)

where z, = 6(0) = 6, is the initial orientation angle of the robot at start point S. Eq.

(3.27) is a integral of rational function of cos6. Put z' = tan(z/2), dz' = % - (secz/2)% dz
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so that 4z =

5 dz', hence:
1+ (2)

2dz'

ot = Ij 5 (3.28)
C(1+k)+ (1-k) (2)

The solution from (3.28) is

rlarctan(z—')—larctan(z'—o) a= /“k b= J1-# k<1
b a’ b a’’” AN1=-k 2

of = | (2'=7'g), k=1 | (3.29)
1 c+z' c+zy {k+ /
a‘ (Inc_z' I —ZO) 1 L>1

Considering the substitutions we used above, we finally obtain the expression for 0 in

terms of k, ®, z', and t:

z'y+a- tan (ot - D)
a- (z'y- tan (0! b))

( 2arctan(a- )—cot,k<1
2atan (ot +2'g) —ot, k=1 (3.30)

d )
(c+1z'y) - e® - (c=2'p)

2arctan(c- )—(ot,k>1

(c+2'y) - ew’d+ (c-2'y)
Eq. (3.30) indicates that the orientation angle is a function of initial orientation angle, the k
and o, independent of @ and Rw. That means velocity has no effect on the orientation

angle.

Substituting (3.21) into (2.1) and simplifying, we obtain

[xﬂ _ [meos 0+7) - Rcosmt} ' 3.31)

L, sin(0+7y) + Rsinw?

m

y
where siny = Z"'—l cosy = / +y2 - In order to understand better the locus of any
m

Lm
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point in the robot, squaring the two sides of (3.31), we write

x? +y,2n = L,2n+R2—2Rmeos O+y+wt) (3.32)

m

Eq. (3.32) verifies that when the reference point moves along a circle, the locus of the
other point is not necessarily a circle. This conclusion will be used for discussing the
shortcomings of the path planning algorithms presently available for wheeled robots in the

later chapter.

Because the monotonicity of the orientation angle with respect to ¢ is not as explicit as
that of the straight line motion, so in the following, the simulation result is given. Fig. 3.10.
illustrates a schematic of a practical rigid vehicle and its key dimensions [233]. This

vehicle will be used as the simulation model here.

w
————>]
P
TF : :
Dimensions
P2 (values in meters)
Body width (W) 2.5
L . P3 I%{f;zctlve wheelbase 6.2
Front overhang (TF) | 1.3
Rear overhang (TB) | 2.5
8 P4
—

Fig. 3. 10 A schematic of the geometry of a FAT design rigid vehicle

Fig. 3.11 shows the changes of the orientation angle with respect to ! at different k
values and initial orientation angles when ! changes from 0° to 90°. When the initial
orientation angle is in the range from 90° to. 120°, the orientation angle is monotonic
decreasing and the smaller the k, the slower the change of the orientation angle. When the

initial orientation angle is less than 90°, at the beginning, the orientation angle increases
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and then decreases. It can also be seen that with the same k and different initial orientation

angles, the vehicle’s orientation angle tends to be the same value as ¢ increases.

Figures 3.12 (a) and (b) show the change of the steering angle with respect to w? when the
initial orientation angle is in the neighborhood of 90° and the reference point are at P3 and
P1 (see Fig. 3.10), respectively. Three factors, namely, the reference point position, the
initial orientation angle and k, affect the steering angle. The initial steering angle is
dependent on the position of the reference point and the initial orientation angle, not on k.
As stated above, moving the reference point forward increases the permitted deviation
angle, and consequently, makes it easier to satisfy the steering limit. However, as w?
increases, the steering angle tends to a steady value which is independent of the initial
orientation angle but dependent on k. Moving the reference point forward makes the
magnitude of the steady steering angle increase. In practice, k>1, from (3.24) and (3.30)

by putting w¢ — oo, the following can be obtained

~L

¢al‘,,. = my,r_?ooq)al = arCtan(

),(k>1) (3.33)
—x k2 =14y,
When the reference point is chosen at the center line, namely, y,; = 0, the condition of

equal initial and steady steering angles is

tan (8,) = £/k*—1 (3.34)

When the radius of the circular motion is 25m and the initial orientation angles are —60°,
-90° and —-120°, respectively, the steering angle change with respect to wf is shown in
Fig. 3.13. Since the feasible steering interval corresponding to this case is in the
neighborhood of £180°, the steering angle reaches its saturation limit very quickly. After

that, the robot can not move.

In summary, from the above analysis we can draw the following conclusions: only when

the initial orientation angle falls into the neighborhood of 90" and the corresponding
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Steering angle (deg) Orientation angle (deg)

Steering angle (deg)

k=10,90
k=3.33,90
k=0.75,90
k=10,120
k=3.33,120
k=0.75,120
k=10,60
k=3.33,60
k=0.75,60
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0 10 20 30 40 50 60 70 80 90 Arc angle (deg)

Fig. 3.11 The change of the orientation angle with respect to the
passed arc length when the reference point is in front of the rear
axle and the initial orientation angle is in the neighborhood of 90°

—fg— P3,90,R=50
—eo— P3,90,R=25
——e—_P3.90,R=15
—o—— P3,120,R=50
——ge—  P3,120,R=25
—p— - P3,120,R=15
—— P3,60,R=50
i _ yto P3,60,R=25
—gg— P3,60,R=15

e e S Y R T TSR S SR G
0 10 20 30 40 50 60 70 80 90 a0 angie (deg)
Fig. 3.12 (a) The change of the steering angle with respect to the

passed arc length when the reference point is chosen at P3 and
the initial orientation angle is in the neighborhood of 90°

30
P1,60,R=50
20 P1,60,R=25
P1,60,R=15
' P1,90,R=50
2 P1,90,R=25
P1,90,R=15
104 P1,120,R=50
P1,120,R=25
20 P1,120,R=15

——T 7777
0 10 20 30 40 50 60 70 80 90 Arcangle (deg)
Fig. 3.12 (b) The change of the steering angle with respect to the

passed arc length when the reference point is chosen at P1 and
the initial orientation angle is in the neighborhood of 90°
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100 A
—@— P3,-90,R=25
——— | P3P0 =05
0 —&— P3,-60,R=25
-100
200113 T Ty
0 10 20 30 40 50 60 70 80 90 Arcangle(deg)
Fig. 3.13 The change of the steering angle with respect to the
passed arc length when the reference point is chosen at P3 and
the initial orientation angle is in the neighborhood of -90°
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Fig. 3.14 The change of the orientation angle with respect to the
passed arc length when the reference 0point is behind the rear axle
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Fig. 3.15 The change of the steering angle with respect to the
passed arc length when the reference point is behind the rear axle
(P4) and the initial orientation angle is in the neighborhood of 90°
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steering angle satisfies the steering angle limit, then the robot can move properly; the
required steering angle tends to a steady value. The farther the reference point is chosen
from the rear axle, the smaller the required magnitude of the initial steering angle, but the
bigger the required magnitude of the steady steering angle.

Case2: x>0

In this case, the reference point P is chosen after the rear axle. For the sake of
simplification, the derivation for the expression of the orientation angle is omitted. Using

the similar procedure as above, we can obtain the expression of O as follows:

az'y+ tan (ot - b)
2arctan(— g

a 1-(az'0-tan(mt-b)))"””k<l

z'y
0= | 2arctm(m) —(l)t,lgs 1 (3. 35)

(1+cz'y) + (cz'y=-1) . g™

2arctan(l- )—mt,k>l

(1+cz'y) - ((cz'g—1) - )

where k =

=R

, 8, b, ¢, d, and z’, are defined as they were in the case x < 0. The steering

angle necessary to follow the circle is still determined by (3.24).

Fig. 3.14 shows the change of the orientation angle with respect to ! when the initial
orientation angles are 90°. The heading of the robot turns left while the reference point is
making a right turn. This phenomenon is called a pirouette and was reported by
researchers on highway design [16]. It is of practical importance for path planning
problem. When a pirouette occurs, even if the initial steering angle satisfies the steering

limit, the steering angle limit will be reached very quickly. Fig. 3.15 illustrates this point.

Fig. 3.16 is an illustration of orientation angle changes when initial orientation angle are
-90°, —120°, and -60°, respectively. Fig. 3.17 shows the corresponding steering angle

changes. Clearly, the steering angle limit will be satisfied all the time if initial and steady
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steering angles fall into the feasible intervals.
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Fig. 3.16 The change of the orientation angle with respect to the
passed arc length when the reference point is chosen at P4 and
the initial orientation angle is in the neighborhood of -90°
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Fig. 3.17 The change of the steering angle with respect to the
passed arc length when the reference point is chosen at P4 and
the initial orientation angle is in the neighborhood of -90°
Case3:x =0

As mentioned previously, the choice of reference point has very important effect on the

orientation angle, and consequently, on all the other parameters. x = 0 is a special case

that means the reference point is chosen at the rear axle connecting the two rear wheels.
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Eq. (3.25) yields
0 = 90° - wt (3.306)

In this case, (3.31) becomes
X4yl =20+ (3 +R)? (3.37)

Eq. (3.37) indicates that the path of any point on the robot is a circle. At any instant, the
tangent of the reference path coincides with the orientation of the robot, including the
initial time.

3.7 Motion smoothness of synchro drive and steering robots

The previous sections in this chapter are devoted to the analyses of motion smoothness
and feasibility for a car-like robot or a dual drive robot. The focus of this section will be on

the synchro drive and steering robot. From chapter 2, we know the motion of a synchro

drive robot can be described as follows:

6=0=>9=eo (3.38)

¢ = arctan (yp/xp) -0, = arctan (f'(xp)) -6, (3.39)
_ 2 .2

o= ( xp+yp)/r (3.49)

Although the motion of this type of robot is also a pure translation, the allowed reference
path for it is not only a straight line which is the only pure translation allowed for the

robots subject to the constraint equation (2.13) (see theorem 3.1), but also any continuous

path y, = £ (xp).

Eq. (3.9) shows that when the robot traverses the line-line transition point, the steering
angle is discontinuous at the transition point, and the robot must stop to adjust its steering

angle. At the line-circular transition point, the steering angle is continuous and
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consequently, the robot can move without stopping.
Generally, we have the following theorem:

Theorem 3.7: If the (n+1)th derivative of the reference path at any point with respect to x,

is continuous, then the nth derivative of the steering angle of the synchro drive and

steering robot at the corresponding point with respect to x,, is continuous.

3.8 Singularity of omnidirectional robots

In chapter 2, we have established the kinematics of the Omnidirectional robot, and

discussed the difficulty of the coordinated control of the four variables v, v,, ¢,,, and
¢, to keep all wheels satisfying the ideal rolling condition. The difficulty is caused by the

adoption of driving and steering of both wheels A and B simultaneously. In the derivation

of the direct kinematics, we assume that one wheel is driven and two wheels are steered.

Theoretically, such a robot can perform any kinds of motions required. In practice, the
control is more difficult than imagined. So far, there is no a satisfactory result achieved

using this robot.

In the velocity analysis of a manipulator, a matrix quantity called the Jacobian of the
manipulator, is introduced to specify a mapping from velocities in Joint space to velocities
in Cartesian space. The nature of this mapping changes as the configuration of the
manipulators varies. At certain points, called Singularities, this mapping is not veritable.

An understanding of the phenomenon is important to designers and users of manipulators.

When a manipulator is in a singular configuration, it loses one or more degrees of freedom
as viewed from Cartesian space. The physical explanation of the singularity is that at a
singular point, the inverse Jacobian blows up. This results in joint rates approaching

infinity as the singularity is approached.

For an omnidirectional robot, a similar phenomenon to the singularities of a manipulator
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occurs when the steering angles ¢ _,, ¢,, approach certain values. In these cases, the

needed v, for a given 6 will tend to infinity.

We rewrite (2.60), (2.62), and (2.63) here:

v Wosin (@) 3. 41)

@ sin(¢,;—d,) .
x, = x,(0) + ﬁ) (v, cos (¢, +6))dr (3.42)
¥, = ¥,(0) +A[f)(1)a- sin (¢, +0)) dt _ (3.43)

Casel: ¢, = ¢, and ¢,, #0

This means that both wheels are parallel but not pointing forward (see Fig. 2.13). Clearly,

from (3.41), it follows that if 6 # 0, then v, tends to infinity. The singularity occurs.
The only motion which can avoid an infinity v_ is
(3.44)

The motion is a pure translation. Furthermore, if the steering angles ¢ , and ¢,, keep

constant, then from (3.42) and (3.43), we can deduce that the reference path is a straight

line, whether the v, is a constant or not. The expression for the reference path is

Yo = Y,(0) +tan(¢,, +8y) - (x,—x,(0)) (3.45)

It should be noted that the direction of the robot is not pointing forward. If the steering
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angle varies during the motion, then the reference path is a curve.
Case2: ¢, =¢,, =0

In this case, the structure is like that of the dual drive robot. However, the v b is unknown.

From (3.41), we can not determine the orientation angle. The robot lost a degree of

freedom and the motion of the robot is undetermined.

Case3: ¢, #¢,,and ¢, =0

In this case, even if =0, v . = 0 still holds. The motion is a pure rotation.

Above analysis shows that an omnidirectional robot is easy to suffer from the singularity

problem and more attention should be paid.

3.9 Summary

In this chapter, we have investigated in detail the dependence of the orientation angle and
steering angle on the shape of the reference path, the initial orientation angle and the
position of the reference point, taking steering angle limit into consideration. The problem
solved is how to judge the motion smoothness and feasibility of a robot when it is required
to follow a path and, if feasible, how to determine the required steering angle and the

velocity.

The continuity of the orientation angle is the first requirement for a smooth and feasible
motion. However, if we choose the reference point on the rear axle of the robot and the
first derivative of the reference path possesses a discontinuity point, a discontinuity will
occur. This means that the reference path is infeasible. Moving the reference point away
from the rear axle improves not only the continuity of the orientation angle, but also that
of the steering angle, when the same path is followed. A continuous steering angle means

that continuous motion without stopping at the transition points of the path is possible.

Steering angle limit is the main factor affecting the maneuvering capacity of the car-like
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robot. Theoretically, if no steering limit exists, any continuous reference path can be
traced if the reference point is chosen away from the rear axle. In practice, steering angle
limit can not be neglected. The concept of the deviation angle interval has been
established to describe the motion feasibility of the robot. The advantage of developing
the concept is that at any time, the feasible deviation angle intervals are always in the
neighborhood of 0° and +180°. Through the analyses of straight line motion and circular
motion, it is further revealed that when the reference point is in front of the rear axle, if the
initial deviation angle falls into the feasible interval in the neighborhood of 0°, then the
robot can trace the straight line or circular arc for any length. However, if the initial
deviation angle falls into the other feasible interval, i.e., the neighborhood of £180°, a
pirouette will occur and the steering limit will be reached very quickly; after that, the robot
can not trace the reference path any more. When the reference point is chosen behind the

rear axle of the robot, the initial orientation angle falls into the neighborhood of 90° and

the corresponding deviation angle interval falls into the neighborhood of 0°, a pirouette
will occur and the steering limit will be reached very quickly; after that, the robot can not

trace the reference path any more.

The above result tells us that if the robot moves forward, the reference point should be
chosen in front of the rear axle whereas the reference point should be chosen behind the

rear axle when the robot moves backward.

For following a circular path, the position of the reference point affects both the initial
steering angle and the steady state steering angle. The farther the reference point is chosen
from the rear axle, the smaller the magnitude of the initial steering angle, but the bigger

the magnitude of the steady state steering angle. Therefore, a trade-off must be made

The aim of this chapter is to offer a better understanding of the motion of the robot. The
results have been tested on a kinematic model of a typical vehicle. Even if the reference
point is not at the mass center of the robot, we still can calculate the motion of the mass

center of the robot using this model. This is important for the analysis of the dynamics of
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the robot. More applications associated with kinematics of a wheeled robot are expected.

The factors investigated in this chapter are, of course, not the only constraints that should
be considered in order to guarantee feasible motions for a robot. However, they are among
the most important ones and can never be ignored. The other dynamic constraints resulting
from the limit of the actuators may usually be satisfied by applying the appropriate time-
scaling techniques, or called speed adjustment, to critical segments of the reference path
[60].
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Chapter 4

Applications of kinematics in highway
design

4.1 Introduction

The first stage in highway design occurs when it is decided for social, economic or traffic
reasons to link together two areas A and B. It is then the engineer’s task to select the opti-
mum terminal positions in A and B, and to specify the route between them so as to achieve

the best possible balance between construction costs and user costs.

The engineer, with these objectives and constraints in mind, develops a number of feasible
alternative ‘lines’ (horizontal alignment) giving regard to the associated vertical align-
ment. Evolution of each line can then be accomplished (primary design) in some detail as

a guide for the final choice.

Once a route is selected, detailed calculations and drawings must follow as a basis for con-
tract negotiations and work in the field. The horizontal and vertical position of the center
line must be known with great accuracy. In this stage, a mathematical model accurate
enough to describe the turning behavior of a vehicle is required, and the minimum turning

paths of design vehicles have to be calculated.
4.1.1 Design vehicles

The physical characteristics of vehicles and the proportions of various size vehicles using
the highways are positive controls in geometric design. Therefore, it is necessary to exam-
ine all vehicle types, select general class groups, and establish representative size vehicles
within each class for design use. Design vehicles are selected motor vehicles with the
weight, dimensions, and operating characteristics used to establish highway design con-

trols to accommodate vehicles of designated classes. For purpose of geometric design,
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Table 4.1 Design vehicle dimensions (ft) (after AASHTO’s manual, 1990)

€8

Overall
Design vehicle type Symbol Height | Width |Lengthy Front| Rear | WB;| WB, S| T WB;3| WBy4
Passenger car P 4.25 7 19 3 o] 11
Single unit truck SU 13.5 85 |30 4 6 20
Single unit bus BUS 13.5 8.5 |40 7 8 25 . .
Articulated bus A-BUS 10.5 85 |60 85 | 93 18 4 20
Combination trucks
Intermediate semitrailer | WB-40 13.5 85 |50 4 6 13 27
Large semitrailer WB-50 13.5 85 |55 3 2 20 | 30 b b
“Double bottom” semi- | WB-60 13.5 85 |65 2 3 9.7 |20 4 5.4° | 209
trailer---full-trailer
Interstate semitrailer WB-62* | 13.5 85 | 69 3 3 20 | 40-42
Interstate semitrailer WB-67** | 13.5 85 |74 3 3 20 | 45-47 I
Triple semitrailer WB96 | 135 85 |102 | 25 | 3.3 1351207 | 33%| 6 | 217 217
Triple double semitrailer| WB-114 | 13.5 85 | 118 2 2 22 | 40 2 6 44
Recreation vehicle
Motor home MH 8 30 4 6 20
Car and camper trailer P/T 8 49 3 10 11 18 5
Car and boat trailer P/B 8 42 3 8 11 15 5
Motor home and boat- MH/B 8 53 4 8 20 21 6

trailer

* = Design vehicle with 48’ trailer as adopted in 1987 STAA (Surface Transportation Assistance Act);
** = Design vehicle with 53’ trailer as grandfathered in 1982 STAA;

a = Combined dimension 24, split is estimated; b = Combined dimension 9.4, split is estimated;

¢ = Combined dimension 9.3, split is estimated; d = Combined dimension 8, split is estimated;
WB1, WB2, WB3, and WB4 are effective vehicle wheelbase; S is the distance from the rear effective axle to the hitch point;
T is the distance from the hitch point to the lead effective axle of the following unit.



each design vehicle has larger physical dimensions and larger minimum turning radius
than those of almost all vehicles in its class. The largest of all the several design vehicles

are usually accommodated in the design of freeways.
4.1.2 Need for large vehicles and problems

A review of the range of vehicles, their dimensions and turning characteristics made in A-
Policy on Geometric Design of Rural Highways, AASHTO 1965 concluded that four
design vehicles (P, SU, WB-40, and WB-50, see Table 4.1) would be sufficient for purpose

of geometric design.

Eight years later, Vthe examination, made in A Policy on Design of Urban Highways and
Arterial Streets, AASHTO 1973 [231], of trends in vehicular sizes, however, shown that
in addition to the four design vehicles, two other design vehicles are required, a design
vehicle representative of many buses in use (BUS) and a design vehicle representative of

semitrailer-fulltrailer combination (WB-60).

Sustained increases in truck weights and dimensions have occurred over the past decade in
North America and other parts of the world. The principal stimulus behind these changes
is the reduction in unit transportation costs with increasing payload [75]. The surface.
Transportation Assistance Act (STAA) of 1982 provided badly needed new funding for
U.S. highway facilities. No thinking person can deny that the 48-ft. semitrailer which is
mandated nationwide, has brought about a major upheaval in the arena of geometric
design standards [16). Further, the double-trailer phenomenon has given rise to a renewed

interest in the re-examination of truck turning requirements.

In the manual of A'Policy on Geometric Design of Highways and Streets, AASHTO 1990
[232], three general classes of vehicles were selected, namely, passenger cars, trucks, and
buses/recreational vehicles. The passenger car class includes compacts and subcompacts
plus all light vehicles and light delivery trucks (vans and pickups). The truck class
includes single-unit trucks, truck tractor-semitrailer combinations, and trucks or truck

tractors with semitrailer in combination with full trailers. Buses/recreational vehicles
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include single unit buses, articulated buses, motor homes, and passenger cars or motor
homes pulling trailers or boats. The number of representative design vehicles within these
general classes has increased to 15 (including the six design vehicles which appear in the

1973 manual), and their dimensions are given in Table 4.1.

The substantial increases in geometric dimensions have important implications for the
costs of providing highway infrastructure and for highway safety [75]. There are many
highway infrastructure design criteria that are needed to be reassessed in the light of recent
evidence on the behavior and properties of trucks using North America highway system.
This chapter examines one of these properties, namely, the low speed offtracking at inter-
sections using the analytic formula for straight line and circular motions developed in

chapters 2 and 3.

A number of authors have pointed to the problems caused by long wheelbase trucks at
intersections. Substantial intrusions into adjacent traffic lanes and/or onto curbs and side-
walks occur at the front of the tractor, the rear corers of the trailer, and the rear wheels of
the trailer. Smith [189] has noted that these turning difficulties usually involve substantial
disruption to the traffic flow at urban intersections, and lead to significant reductions in
traffic capacity. Essentially, solutions to these problems are mainly based on the correct
determination of the locus of the dangerous points and the swept volume of the vehicle.

The model established in the previous chapters can give solutions to them.

4.2 Review of the related work

When a vehicle turns, the rear wheels track inside the path traced by the front wheels. This
behavior is called offtracking and can lead to problems when large trucks operate in con-
fined areas. Offtracking has a history of documented study going back at least 33 years
[64]. During the period of recorded study, several different definitions have been
advanced, each typically reflecting the concerns of the research approach. A detailed
explanation of the basic research methodologies and perspectives was presented in the ref-

erence [64] to help develop a basis for understanding the concepts used to define and
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quantify offtracking. These methodologies include full-scale tests; scale-model tests;

mathematical and graphic procedure; and more recently, computer-model simulation.

The earliest offtracking research involved measurements using actual vehicles on test
track curves of known radius. After that, scale-model work proved much more expeditious
than using ‘actual vehicles, and these tools provided most of the source drawing from
which existing turning templates were originally developed. The tractrix integrator is the

most widely known and used of the template-drawing scale-model devices.

The mathematical and graphic techniques depend quite explicitly on the geometric rela-.
tionships demonstrated in offtracking. In the 1964 handbook of the Society of Automotive
Engineers (SAE), a formula for offtracking of a single two-axle vehicle was presented as

follows:

/2 1/2

2 1
Y2_um*y - @R*-wB) Y2+ HT @

OT = {WB?+ [ (TR?*-WB?)

where OT = offtracking; WB = wheelbase; HT = half of the front wheel track; and TR =

turning radius of outside front wheel.

This formula is based on the well-known pythagorean theorem and becomes more com-
plex as vehicle combination is considered. The annually published handbooks carefully
defined and explained this formula up to and through the 1972 issue. However, beginning
with 1973 volume, SAE dropped much of the prior detail and revised the text to introduce
the West Highway Institute (WHI) offtracking formula, which is widely used for the
design of highway.

The statement included in 1973 SAE volume (pp. 1209) is as follows: In recent years,
there have been developed data which are accurate enough to use for all practical pur-
pose. The method was developed by the Western Highway Institute....... It is this method,

easy to calculate and simple to apply, which is reccommended as a general practice [64].

A detailed discussion of the WHI formula, its derivation, and its accuracy in comparison

with results obtained via other methods were presented in WHI'’s research Committee
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report 3 [235]. The WHI formula can be expressed as follows:

OT = R— (R-Y'L?) 172 @2)

ZLz = WB,2-ac} +ca?-ac,)?+ca,? + WB,? 4.3)
where R = radius of the circular curve followed by the front axle center; WB; = tractor
wheelbase; ac; = fifth wheel offset; ca; = kingpin to rear tandem centre line; ac, = center
line of rear tandem to pintle hook; ca, = pintle hook to centre line of dolly axle; and WB,

= Full-trailer wheelbase, as shown in Fig. 4.1.

5th wheel

(connector) ca
< - Pintle hook
(connector)
cas
ac
— 1 -

O OO OO O O

- B —
WB, acy ‘ WB,
Tractor Semi-trailer Full-trailer

Fig. 4.1 General illustration for a semitrailer full-trailer combination

The problem pointed out by Heald [64] is that the WHI formula may break down for long
units on short-radius curves. A practical example of this has been shown in reference
[173]. The reason for that can be explained as follows using the analytic formula (3.30)

and (3.32) for a circular motion developed in chapter 3.

Before explaining the problem, we need to define a stead state motion as one that is
reached when a vehicle or a vehicle combination traces a circle and the number of turns

tends to infinity. Essentially, the WHI formula describes the steady-state motion of a vehi-
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cle or a vehicle combination, and gives only the maximum offtracking that will eventually
be reached for a given vehicle dimension and input radius. However, for many large
trucks, the steady state motion is not reached until the vehicle has turned more than 360
degrees. The model presented in this thesis gives a transient description of the vehicles.
Using this mathematical model, we can prove that the WHI formula is a special result of
this model. This can be observed from (3.30) when ¢ tends to infinite. In this case,
0 + ot — 2arctan (c) , a constant. The path of each point on the vehicle becomes a circle.
The path taken by the hitch point is the input for the trailer, just like the path taken by the
front wheel is thg input for the tractor. This procedure can be extended to more trailing

units.

Eq. (3.30) also indicates that d is an importanf factor affecting the speed needed to reach
the steady state condition. If the radius of the circle is fixed, then the bigger the length of
the wheelbase of a truck, the smaller d, and the longer the length of the path passed by the
reference point, the larger the error when the WHI formula is used. This explains that the
WHI formula can give a reasonable approximation when the truck’s wheelbase is small,

but is not applicable to very large trucks.

The assumption used in the model and the WHI is the same, i.e., all the wheels roll with-
out slipping. The only difference is that our model gives a transient description of the

vehicle while the WHI describes the steady-state motion.

Another method developed in reference [173] gives a transient description of the turning
behavior. However, this method is basically a computation simulation of the tractrix inte-

grator and the accuracy is not sufficient enough.

None of the methods discussed thus far is completely satisfactory as an everyday design

tool. The model developed in chapter 3 can serve as tool for that purpose.
4.3 Simulation results and discussions

In highway design, the determination of the minimum turning paths of design vehicles is
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Table 4.2. Comparison of the results from our model with the existing standards (SD = standard data extracted
from AASHTO’s manuals, 1973 and 1990, respectively; OURS = results from our model; ER = error)

- Design vehicle Passenger Single Singie Semitrailer Combination

t car unit unit

ype truck bus intermediate large -
Symbol P SU BUS WB-40 WB-50
Figure G-1 G-2 G-3 G-4 G-5
Min. turning
radius (ft) 24 24 42 42 42 (42 40 40 45 |45
Min. inside 1973 [15.3| 153 0% [28.4| 285 [04% [20.3 |254 | 25%[199 | 194 |25%| 19.8| 19.7 | 0.3%
radius (ft) 1990 [13.8 11% |27.8 2.5% |24.4 4% [18.9 2.5% | 19.2 1.5%
Max. outside 19731258 | 259 [0.4%43.9| 440 [02% |47.1 |465 | 13% 412 415 [07%| 46.2| 463 | 0.2%
radius (ft) 1990255 1.6%|44.1 0.2% | 46.5 0% | 415 0% | 46.3 0%
Max. steering
angle (rad) 356 350 44.1 240 28.6

SD| OURS|ER | SD| OURS| ER |SD |OURS| ER | SD |OURS| ER |SD | OURS| ER
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an important problem. In the following the simulation results from the present model are
compared with the standards given in A policy 1973 [231] and A policy 1990 [232],
respectively. Fig. 4.2 (a) and (b) present only the minimum turning paths for the design
vehicle BUS given in A policy 1973 and A policy 1990, respectively. The other figures
included in them for P, SU, WB-40, and WB-50 are not cited here for the limitation of the

space, but their dimensions are given in Table 4.1.

The boundaries of the turning paths of the several design vehicles when making the sharp-
est turn are established by the outer trace of the front overhang and the path of the inner
rear wheel. This turn assumes that the outer front wheel first follows a circular arc which is
the minimum turning radius as determined by the vehicle steering mechanism and then
follows a straight line. Thus, the path of the reference point is given as the forms of (3.14)
for the straight line motion and (3.21) for the circular turn, respectively. Based on the geo-
metric dimensions given in Table 4.1 (the dimensions of the design vehicles for P, SU,:
Bus, WB-40, and WB-50 in A policy 1973 and 1990 are identical), the minimum outside

and inside wheel paths from this model and from the standards are all shown in Table 4.2.

In the practical programming, the reference point is chosen at the front left wheel, and the
initial orientation‘angle for the circuiar curve is 90° as required. More attention should be
paid to the transition from the circular curve to the straight line (see Fig. 3.9). The calcu-
lated orientation angle of the vehicle at the end of the circular curve must be treated as the

initial orientation angle for the straight line motion.

In the calculation of the minimum radius and maximum outside radius for the WB-40 and
WB-50, the most widely used fourth-order Runge-Kutta method [154] was used to solve
the general constraint equation (2.13) for the trailer’s orientation angle, while the orienta-
tion angle of the tractor is calculated directly from the closed-form formula (3.30) for the:

circular motion and (3.17) for the straight line motion, respectively.

Let us compare our results with the standards. From Table 4.2, it can be observed that the
error of the maximum outside radius is smaller than that of the minimum inside radius.

This is because the overhang of each vehicle is much smaller than the corresponding
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wheelbase. For small vehicles (P and SU) given in A policy 1973, both of the errors are
reasonable. However, as the wheelbase increases (BUS), the error of the minimum inside
radius increases rapidly, reaching 25%. If a larger vehicle is allowed, then a model that can
describe the transient motion of the vehicle is necessary. The model described previously
can meet this requirement. For WB-40 and WB-50, the minimum inside radius and maxi-
mum outside radius from the simulation are smaller and larger than those from the stan-

dards, respectively.

In A policy 1990, the resolution for both minimum and maximum turning radii for large
vehicles is significantly improved. However, on the other hand, the resolution for small
design vehicle (P and SU) becomes very poor (11%). This phenomenon can not be
explained because the 1990 manual did not describe the compensation method used for

calculating the minimum and maximum turning radii for various vehicles.

Table 4.2 also shows the maximum steering angle needed for the outer front wheel to fol-
low the circular arc. This is not given in A Policy 1973 and A policy 1990. In fact, the
minimum turning radius should be determined from equation (3.33) provided the dimen-

sion of a design vehicle and its maximum steering angle are given.
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Chapter 5

On the suitability of path planning
algorithms to four kinds of wheeled mobile
robots

5.1 Introduction

The path planning problem for wheeled mobile robots has been drawing more and more
attention since the late 1960s. Over the last decade, the number of papers published on the
related issues has increased rapidly. The motivations behind the research arise mainly
from the increasing demands on autonomous wheeled robots. The solution to path

planning problem will play an essential role in the development of an autonomous robot.

This problem is well-known as a find-path problem [114], and the complexity involved in
solving it has been shown in reference [177]. The problem can be described as: given an
object (a wheeled mobile robot) with an initial location and orientation, a goal location
and orientation, and a set of obstacles located in workspace, find a continuous path for the
object from the initial location and orientation to the goal location and orientation which

avoids any collision with obstacles along the path.

In order to solve this problem, a large variety of effort has been made on this seemly
simple, but in fact very complicated find-path problem since the early 1970s. Various
methods for dealing with the basic find-path problem and its various extensions, such as
Vgraph, Voronoi diagram, exact cell decomposition, approximate cell decomposition and
potential field approaches, have been developed. A systematic discussion on robot motion

planning can be found in reference [101].

_ As pointed out previously, there are four kinds of wheeled mobile robots. The various

mechanical structures of these robots result in their different motion characteristics.
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Unfortunately, the effects of various mechanical structures on the path planning problem
have not been taken seriously and correctly. Most algorithms presently available made the
assumption that the robot is a point or a free moving rigid body such as a sofa, a piano or-a
ladder [72, 116, 174, 175]. However, for the most commonly used car-like and dual drive
robots, this assumption is not attainable. One of the questions we are interested in here is
what kind of wheeled mobile robots can be treated as a point or a free moving robot and
what conditions are needed to achieve it. Our previous work [210--214] showed that all
the algorithms available, when applied to a car-like robot with a steering angle limit, can
not be guaranteed to generate a safe and executable path. The reason for this is that the

point robot or the free moving robot assumption is not applicable to a car-like robot.

The purpose of this chapter is first to give a brief but critical review of the algorithms
presently availablé for wheeled mobile robots and then to investigate their suitability to
each of the four' kinds of robots. We will only consider the simplest path planning
problem, i.e., moving a robot among known, static obstacles from start location to goal

location.

Let us introduce some notations and assumptions in advance. Let A be the robot being

moved in the workspace W, and B; (i=1,2,......,n) be the polygonal obstacles. Findpath can

be described as: Find a path for A from configuration S to configuration G such that A is
always in W and all configurations of A on the path are safe. This path is called a safe

path. In the subsequent sections, the following assumptions are made:

o The locations of B; are known to high accuracy and the path of A can be controlled to

the same precision.
» The robot A is the only robot in W.

« The robot and obstacles are rigid objects, i.e., objects whose points are fixed with

respect to one another.
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5.2 Review of the path planning approaches

5.2.1 Path planning approaches for a point robot

Consider the problem that a point object A is required to move from position S to position

G without colliding with obstacles B; (i=1, 2, ....... , n). In this case, the area swept out by
all possible paths of A that avoids obstacles B; is simply the complement of B;. Any path
contained in the complement of B; is legal, and vice-versa. Therefore, we can use the
description of the complement of B; to represent the set of legal paths. This complement is

known as the free space for A.

& Goal

Fig. 5.1 Visibility graph with polygonal obstacles

I. Vgraph approach [115]

The Visibility graph (Vgraph) method is one of the earliest path planning methods. An
undirected graph describing the position of the obstacles and the start point S and the goal
point G in the workspace is denoted by VG(N,L) where N is the union of S, G and all the
obstacles’ vertices; L, the link set, is the set of all the links (N;, N;) such that a straight line
exists connecting the ith element of N to the jth without overlapping any obstacle. The
graph VG(N,L) is thus called the ‘visibility graph’ of N, since the connected vertices in

the graph can see (no collision) each other. The Vgraph is shown (dotted lines) in Fig. 5.1
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under the assumption of polygonal obstacles. The shortest collision-free path from S to G
on the plane is the shortest path in the Vgraph starting from the corresponding node S to
the corresponding node G, as also shown in Fig. 5.1. This method for finding the shortest
collision-free path for a point in a Vgraph is called the Vgraph algorithm, and the resulting
shortest path, if it exists, is composed of straight lines connecting the start point and the
goal point and passing through a number of vertices belonging to the different obstacles in

the environment.

The advantage of the Vgraph approach is that it is non-heuristic technique which means
that it guarantees that the search can find a path if it exists, and the generated path is

always the shortest one.

I1. Voronoi diagram approach [77]

S’ o

Wz
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AN

Fig. 5.2 Nlustration of Voronoi diagram

The retraction approach consists of defining a continuous mapping of the robot’s free
space onto a one-dimensional network of curves lying in the free space. In 2-D space,
robot’s free space is typically retracted onto its Voronoi diagram. This diagram is the set of
all the free configurations whose minimal distance to the obstacle region is achieved with
at least two points in the boundary of the obstacles. Fig. 5.2 illustrates a Voronoi diagram
method. The interesting property of this diagram is that it maximizes the clearance

between the robot and the obstacles. Under the assumption of polygonal obstacles, the
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Fig. 5.3 (a) Free space is decomposed into trapezoidal and triangular cells

Fig. 5.3 (b) A path in the connectivity graph determines a channel

Fig. 5.3 (c) A path is generated by connecting the initial configuration
to the goal configuration through the midpoints of the intersections of

every successive cell
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Voronoi diagram consists of a finite collection of straight line and parabolic curve

segments, which we call arcs.

The initial and goal configurations are retracted in the diagram to S” and G’ as shown in
Fig. 5.2. A path is searched in the diagram be.tween S’ and G’. The free path between S
and G generated by this approach, consists of three subpaths: the straight line path from S
to S’, a path in the diagram from S’ to G’, and the straight line path from G’ to G.

ITI. Exact cell decomposition approach [101]

Exact cell decomposition methods are perhaps the motion planning methods which have
been the most extensively studied ones so far. They consist of decomposing the robot’s
free space into simple regions, called cells, such that a path between any two configuration
spaces in a cell can be easily generated. A non-directed graph representing the adjacency
relation between the cells is then constructed and searched. This graph is called the
connectivity graph. Its nodes are the cells extracted from the free space and two nodes are
connected by a link if and only if the two corresponding cells are adjacent. The outcome of
the search is a sequence of cells called a channel. A continuous free path can be computéd

from this sequence.

Fig. 5.3 (a), (b) and (c) illustrate an exact cell decomposition method in a two-dimensional
configuration spaée. The free space is exiemally bounded by a polygon and internally
bounded by three polygons. The free space is exactly decomposed into trapezoidal and
triangular cells. These cells are built by drawing vertical rays from the obstacles’ vertices.
Two cells are adjacent if they share a portion of an edge of non-zero length. Once the
connectivity graph has been constructed and a channel found, a free path is computed by
connecting the initial configuration to the goal configuration through the midpoints of the

intersections of every two successive cells.
IV. Approximate cell decomposition approach [24, 30]

Another cell decomposition approach is known as the approximate cell decomposition

approach. It consists again of representing the robot’s free space as a collection of cells.
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But it differs from the exact approach in that the cells are now required to have a simple
prespecified shape, e.g. a rectangloid shape. Such cells do not in general allow us to
represent free space exactly. Instead, a conservative approximation of this space is
constructed, hence the name of the approach. As with the exact approach, a connectivity

graph representing the adjacency relation among the cells is built and searched for a path.

Fig. 5.4 illustrates an approximate cell decomposition method developed by Brooks and
Lozano-perez [24]. The free space is externally bounded by a rectangle and internally

bounded by three polygons. The rectangles are each given a status which can be:

« Empty: if the rectangle does not intersect an obstacle.

* Full: if the interior Qf the rectangle everywhere intersects one or more obstacles.
« Mixed: if there are interior points inside and outside the obstacles.

The path is found by searching for a connected set of empty rectangles. If such a path can
not be found then mixed rectangles must be divided up into smaller full, mixed and empty

rectangles until either a path is found or failure is indicated.

Each decomposition generates four identical new rectangles. Because this type of
decomposition can be represented as a tree of degree 4, it is called a “quadtree”
decomposition method. At some level of resolution, only the cells whose interiors lie
entirely in the free space are used to construct the connectivity graph. If the search of this
graph terminates successfully, a path in the free space is easily generated. Otherwise, it
may mean that either the resolution of the decomposition is insufficient, or no free path
exists between the -initial and goal configurations. Often, an approximate cell
decomposition method operates in a hierarchical fashion by using a rather coarse
resolution at the beginning, and refining it until either a free path is found or a limit

resolution is attained.

Provided that they are equipped with both approximate search techniques and exact

numerical computation techniques, exact cell decomposition methods are complete, i.e.,
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they are guaranteed to find a free path whenever one exists and to return failure otherwise.

(a)

Empty cell Mixed cell . Full cell

3 | 4 1 2 3 4

i
| .l\w* E
/
/
,
-

(b)

Fig. 5.4 A quadtree decomposition is obtained by recursively dividing the workspace
and the generated Mixed cells into smaller cells. The division of a cell creates four new
rectangloid cells of equal dimensions. Figure (a) shows the quadtree decomposition at
depth 3. Figure (b) shows a subset of the corresponding tree.
Approximate methods may not be complete; but, for most of them, the precision of the
approximation can be tuned and made arbitrarily small at the expense of the running time.
Therefore, the methods are said to be “resolution-complete”. On the other hand, except in

very simple cases, exact methods are mathematically more involved than approximate
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ones. Hence, the latter are usually easier to implement.
V. Potential field approach [76, 90]

This approach was pioneered by Khatib [90] and followed by many researchers [76, 208].
It treats the robot represented as a point in configuration space as a particle under the
influence of an artificial potential field U around obstacles which present potential
collision hazards in the workspace. The potential function is typically defined as the sum
of an attractive potential pulling the robot toward the goal configuration and a repulsive
potential pushing the robot away from the obstacles. Path planning is performed
iteratively. At each iteration, the direction of the artificial force induced by the potential
function at the current configuration is regarded as the most promising direction of

motion, and the path generation proceeds along this direction by some increment.

Fig. 5.5 Potential function due to a 2-D triangular obstacle. The potential
is arbitrarily large inside the obstacle and decreases roughly as the inverse
of the distance outside the obstacle

Fig. 5.5 is an illustration of the potential field due to a 2-D triangular obstacle. The
potential is arbitrarily large inside the obstacle and decreases roughly as the inverse of the

distance outside the obstacle.

Potential field approach was originally developed as an on-line collision avoidance
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approach, applicable when the robot does not have a prior model of the obstacles, but
senses them during motion execution [101]. Emphasis was put on real-time efficiency,
rather than on guaranteeing the attainment of the goal. Although its efficiency, there are
some disadvantages. First, this approach is not a purely geometric one, but dependent on
the definition of the potential function. This means that even for the same robot and
environment, different definitions of the potential function may lead to contrast results.
For example, one may give a successful path and the other may report failure. Second,
since an on-line potential field approach essentially acts as a fastest decent optimization
procedure, it may get stuck at a local minimum of the potential function other than the
goal configuration. Dealing with local minima is the major issue that one has to face in
designing a planner based on this approach. It seems to be difficult to define a versatile
potential function which has an analytical expression for various obstacle distributions in

the workspace and meanwhile has no or few local minimums.

The simplicity of the aforementioned approaches (I--V) stems from the assumption that
the robot is a point. Under this assumption, the configuration of a robot is totally
determined by the position x and y of the reference point, and the orientation angle of the
robot is neglected. This is a good approximation for robots which are much smaller
compared with the gaps between the obstacles. In most cases, however, this assumption

can cause problems because a movable robot must have its own dimension.
5.2.2 Concept of Cspace Obstacles [114]

It can be seen that the aforementioned approaches require the robot to be a point whilst the
obstacles are forbidden regions for that point. If the robot is not a point, then a new set of
grown obstacles must be computed which are the forbidden regions for a ‘reference point’
on the moving object. The new grown obstacles must describe the area where the
reference point must not fall to avoid collisions with any of the original obstacles. The
operation of computing the new grown obstacles from the original ones and a robot A is
called growing obstacle and shrinking the object, and the new grown obstacles are called
Cspace Obstacles, denoted as CO(B). The formal definition of CO,(B) can be described
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as follows:
CO,(B) = {x€ Cspace| (A,nB=QD)}

Fig. 5.6 shows an example of the CO5(B) as shaded region when the robot and the
obstacles are all polygons and the orientation of A is fixed. The boundary of the generated

CO4(B) consists of line segments.

Fig. 5.6 Cspace obstacles due to B for fixed orientation of A

This concept is one of the most important in robotics. The idea was first popularized by
Lozano-Perez [114] as a basis of the spatial planning approach for the find-path and find-
place problems and then extended by Latombe [101] as a basis of all motion planning

approaches suitable for a point robot.

5.2.3 Circular robots: a special case where orientation angle change has no effect on

COA(B)

A simple generation of the first problem (a point object) is to make the robot a circle with
a radius R. Under the assumption of polygonal obstacles, choosing the reference point at
the center of the robot and then growing the obstacles R units result in a CO 5 (B) bounded
by line segments and circular arcs. The generated CO,(B) is called generalized polygons
[103], as shown in Fig. 5.7. Obviously, any path contained in the complement of the

CO4(B) is collision-free and vice-versa. This is a special case where the orientation angle
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change has no effect on the CO,(B) and the approaches for a point robot may be directly
applied to the generalized COA(B).

Fig. 5.7 Shortest path generated by the generalized Vgraph method
for a circular robot with the reference point on the center

Fig. 5.7 shows an example of the shortest collision-free path generated by the generalized
Vgraph method [115]. Note that the shortest path generated using this method consists of a
collection of straight lines and circular arcs. In principle, the other four approaches may
also be adapted to the generalized polygons. However, to our best knowledge, there are no

reports addressing this problem.
5.2.4 Polygonal robots with fixed orientation [114]

It can be seen that the shape of the robot has a very important effect on the path planning
problem. A point robot or a circular robot is only a special case. A more general
presentation of a robot’s shape is a polygon. Under the polygonal assumption, the effect of
the orientation change of the robot on the CO4(B) can not be neglected.

The location of a mobile robot moving on a plane can be uniquely specified by three

parameters, i.e., the position (xp. y p) of a reference point P and the orientation angle 6 of

the robot. If we know the configuration (xp, Ypr 0) of a robot, then we can find the
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location of any other point (x, y) on the robot as well as the envelope of the area swept. If
the orientation of a polygonal robot A is fixed, only the position of the reference point P is
sufficient to specify the robot’s configuration. In this case, the find-path problem for A

among B; is equivalent to the find-path problem for a point robot (the reference point)

among the CO4(B). To find a path, two steps are needed:
1. Compute the CO4(B);
2. Find the path by any one of the approaches for a point robot among COA(B).

For the efficiency of computing COA(B), the reference point of A is not chosen in the
center of the robot, but instead at one of its vertices, and the resulting COA(B) is still a set
of polygons. In Fig. 5.8, the COA(B) has been computed as the shaded region, around

which the shortest collision-free path is shown.

S bstacle

Fig. 5.8 A polygonal robot with fixed orientation
Up to this stage, we have not changed the orientation of the polygonal robot. Problems
arise when rotations in a polygonal robot are allowed.
5.2.5 Polygonal robots with variable orientation [115]

When A is a rigid object which is allowed to rotate, an approach of slice projection of the

COA(B) has been proposed by Lozano-perez [115]. Fig. 5.9 shows an example, given in

[115], of this approach by projection of (x,y, 0) on the (x, y) plane. The objects shown
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shaded represent the (x, y) projection of three O-slices of CO,(B) when A and B are
convex polygons. This figure also shows a polygonal approximation to the slice projection
and polygonal approximation to swept area from which it derives. These slices represent
configurations where A overlaps B for some orientation of A in the specified range of 8.
Lozano-perez [115] gave a proof that these slice projections are equivalent to the CO4(B)
of the area swept out by A over the range of orientations of the slice. Obviously, a solution

to a findpath problem in any of the slices is a solution to the original problem, but since the

.

slices are an approximation to the COA(B), the converse is not necessarily true.
Iy
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Fig. 5.9 Slice projection of COA(B) computed using (x, y)-area
swept out by A over a range of 6 values

This slice projection method was thought to be complete. That means if there is a path
available, this method certainly can find it. In our opinion, there are still some difficulties
to use it. In this section, we only analyze the drawbacks of the slice-projection when it is
applied to the free moving robot such as an omnidirectional robot, the fundamental
drawbacks of all the algorithms available (including the slice projection method) when
they are applied to the car-like robots and the dual drive robots will be analyzed in the next
section. First, we examine the steps needed for the find-path problem using the slice

projection method.

As noticed, when rotations of A are allowed, a number of slice projections of the CO(B)
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are constructed for different ranges of orientations of A. The approach suggested by

Lozano-perez [115] for the find-path problem carries out the following steps in turn:

1. Assume a slice orientation angle interval and then constructing the CO4(B);
2. Use any one of the approaches for a point robot to search for a path among the COA(B);

3. Move between slices at configurations that are safe in both slices.

Fig. 5.10 (a) A general case for a polygonal robot with variable orientation

The path generated from the first two steps is only guaranteed to be safe when the
orientation angle falls into the range of the slice angle during the whole path. The
difficulty of using this method arises from the first step and the third step, i.e., how to
choose the range of the slice orientation angle to compute CO4(B), how far to move
forward every time, and how to determine the orientation angle change during each slice.
So far, few papers have focused on these problems. A solution suggested by Lozano-Perez

for choosing the slice orientation angle is to divide “the complete range of 6 (orientation
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angle) values” into k smaller ranges, and then, for each of these ranges, find the solution to
COA(B) in that range of 6. However, he did not explain the meaning of “the complete
range of 0 values”. In addition to that, dividing “the complete range of 6 values” into k
smaller ranges means that the orientation angle change is monotonic, which is infeasible

for some situations.

> 5
Fig. 5.10 (b) A critical case for a polygonal robot with variable orientation

In order to illustrate the difficulty, let us consider two examples, shown in Fig. 5.10 (a) and

(b). In Fig. 5.10 (a), the robot A is required to move safely from S (where the initial
orientation angle is 180°) to Gs (where the goal orientation angle is 90°). During the
motion from S to Gs, the orientation angle is monotonically decreasing from S to G,
through G;, monotonically increasing from G; to G4 through G3, and then monotonically
decreasing from Gy4 to Gs. The orientation angle change covers the range of 0° to 180°
during the whole path. If we could use the range of 0° to 180° as the slice angle interval to

compute the CO4(B), then the path found by the above first two steps will be safe and in
this case, the third step is not necessary. However, when the reference point is chosen at
one of its vertices, this slice projection would be too generous to be useful. For a more
complicated environment, orientation angle may varies over the range of 0° to 360°. Thus,
if the difference between the goal and the initial orientation angles is treated as “the
complete range of 6 values”, the slice projection method can not be applied to this

example.

In the second example shown in Fig. 5.10 (b), the robot is required to move from S to Gy.
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The only way for this critical situation is to translate the robot along the dashed line. If
only the information about the initial and goal orientation location is used, it is also

difficult to decide the slice angle projection.
5.3 Suitability of algorithms for four kinds of wheeled robots

The task of path planning for a wheeled mobile robot is to find a continuous sequence of

the Xp Yp and 0, which we call a desired motion. The generated Xp» Yp and 0 are then

used as inputs to calculate the steering and powering variables needed to accomplish the
desired motion. The task of the real time controller is to make the robot execute the
desired motion as accurately as possible. At the path planning stage, it is normal to assume

that the controller can trace the desired motion accurately.

Definition 5.1: If all the desired motions generated by an algorithm can be executed by a
robot, then the algorithm is defined to be suitable to the robot; otherwise, it is defined to be

unsuitable to the robot.

In the sequel, we will discuss the suitability of the algorithms available to each of the four

kinds of robots.
5.3.1 Synchro drive and steering robots

Analysis of the kinematic characteristics in chapters 2 and 3 tells us that the orientation
angle of this kind of robots is always fixed. Therefore all the approaches discussed in5.2.1
for a point robot can be used to solve the find-path problem once the CO,(B) is computed
using the slice projection method with fixed orientation. We will not discuss this problem

any more.
5.3.2 Omnidirectional robots

For this kind of robots, the assumption of the robot as free moving rigid body is correct,

because there exists no kinematic constraint equation among the x and 6. This means

p’ Ip
that any desired motion can be accomplished through steering and powering the wheels.
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The factors which must be taken into consideration are only the size and location of the
obstacles, and the size of the robot. All the algorithms which éonsider these factors are
suitable to this kind of robots. However, as pointed out previously, how to deal with the
change of the orientation angle is still a problem if the slice projection method is used.
Because of the complicated structure and the difficulty of control, this kind of robots has
not been widely used. Our discussion for path planning is focused on the car-like and dual

drive robots.
5.3.3 Existence and uniqueness of orientation angle for car-like and dual drive robots

We know from chapter 2 that the general constraint equations for a car-like robot and a
dual drive robot are identical. Provided the reference path for a wheeled robot is a
continuous curve y = f (x), e.g., a concatenation of piecewise continuous line-line or line-
circle segments, if we can prove the existence and uniqueness of the orientation angle
once a reference path is given, then we can understand better the shortcomings of the path
planning -approaches which treat a car-like robot or a dual drive robot as a free moving

rigid body (including the slice projection method).

p X

Fig. 5.11 Rectangle R in the existence and uniqueness theorems

Consider an initial value problem of the form

de ' |
Z = 8(6.1).08(x) =6, .0

110



Problem of existence: Under what conditions does an initial value problem of the form

(5.1) have at least one solution?

Problem of uniqueness: Under what conditions does that problem have only one

solution?
The following theorems 5.1 and 5.2 state the conditions [96].

Existence theorem 5.1: If g (0, x) is continuous at all points (0, x) in some rectangle R

(cf. Fig.5.11)
R: |x = x| <a,|6-—60| <b
and bounded, say,
g (6, x)| <K

for all (0,x) in R, then the initial value problem (5.1) has at least one solution 0 (x),

which is defined at least for all x in the interval |x — xo| < o where o is the smaller of the

two numbers a and b/K.

)
Uniqueness theorem 5.2: If g(06,x) and a—i are continuous for all (0, x) in that

rectangle R and bounded, say,

(a) |g(6,x)|SK,and(b)‘gjg_ <M

for all (0, x) inR, then the initial value problem (5.1) has only one solution 6 (x) , which

is defined at least for all x in that interval |x — xg| < a.

Using above two theorems, we can prove the following uniqueness theorem 5.3:

Theorem 5.3: If the reference path Yp = f (xp) and its first derivative y’p =f (xp) are
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piecewise continuous for all (x ) inarectangle R (cf. Fig. 5.12)

P p
Ry: |x =gl <ap.|y =y <b,

and bounded, say,

(@) |f (x,)| S K, and (b) ‘% <M,

for all (xp, yp) in R}, then the initial value problem described by constraint equation

(2.13) or (3.3) has only one solution.

AP
y0+bl
Yo R
Yo— b,
> P
Xg—a, Xy Xo+a;

Fig. 5.12 Rectangle R in theorem 5.3

Proof. Let g(xp, 0) = sinB-f (xp) cosO, then gaég (xp, 0) = cosO+f (xp) sin@. If

y’p =f (xp) is piecewise continuous and bounded in Ry, then g (xp, 0) and 3%8 (xp, 0)

are piecewise in R, where a = a; and b may be any positive constant, and we have
|8 (x5, 0)| <|[sinf| +|f (x,) cos|<1+M, = K
and

'%g (%, e)l <|cosB| +|f(x,)sin6| <1+M; = M

It is clear from the uniqueness theorem (5.2) that the initial value problem described by
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(2.13) or (3.3) has only one solution.

Note that the existence and uniqueness of the orientation of the car-like or dual drive robot
are not equivalent to their motion feasibility. For example, when a reference point of the
robot is required to follow a path, even though the orientation angle exists and is unique,
the path may be infeasible or inexecutable because the needed steering angle may exceed

the steering angle limit.
5.3.4 Car-like and dual drive robots

The shortcomings of the slice projection method and the other approaches, when applied
to the car-like and the dual drive robots, can be observed from the uniqueness of the
orientation angle we have proven previously. This inherent characteristic indicates that
before a reference path y = f (x) is found (if it exists), one can not assume exactly the
robot’s orientation angle change. On the other hand, to obtain Cspace obstacles, an
orientation angle change must be assumed before a reference path is generated. Thus,
there is a potential conflict between the assumed orientation angle change and that
generated when the reference path is followed by a practical robot. Therefore, even if the
Cspace obstacles are computed without considering the kinematic constraint, there is no
guarantee that the generated path is really collision-free because of the existence of the

kinematic constraint. Checking for collisions is necessary.

From the point of view of constraints taken into account in the existing algorithms, the
algorithms available can be categorized into two types. The first type treats a wheeled
mobile robot as a free moving rigid body (the robot is assumed as a sofa, a piano or a
ladder) which can translate and rotate freely in the work space provided that it does not
collide with obstacles, i.e., the motion of a wheeled mobile robot is supposed to be only
subject to constraints from the obstacles, rather than from any kinematic constraints. The
algorithms falling into the first type, when they are applied to these two kinds of robots,
suffer from the fundamental drawback that kinematic constraints resulting from the
robot’s structure are not taken into account. Therefore, they are not suitable to the car-like

and dual drive robots. Fig. 13. shows an example. If the robot is assumed to be a free
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moving robot, it is possible for the existing algorithms to generate a path from S to G;
however, for a car-like or a dual drive robot, it is straightforward to conclude from

theorem 3.1 that the path is inexecutable and G is unreachable.

Fig. 5.13 Illustration of the difference between a free moving
rigid body and a car-like or a dual drive robot

Another example is shown in Fig. 5.14. In (a) and (b), Robot 1 and Robot 2 have the

W A%
<>
A A I
L l L L
L
Y Y
(a) Robot 1 (b) Robot 2

Fig. 5.14 Two robots with same rigid bodies but different wheel positions

identical rigid body shape but different wheel positions. From chapters 2 and 3, we know
that their kinematics is different. When the first type of algorithms is utilized to plan the
paths for the two robots under the same environment, the path generated must be the same
because of their identical body shapes. However, in practice, when the two robots are
required to follow the same generated path, the locus of any corresponding points except
the two reference points on the two robots will be different. That means the swept spaces
by the two robots are different.

The second type of path planning algorithms for wheeled mobile robots does take into
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account the steering angle limit imposed by the steering mechanism which defines the
minimum radius of curvature of the reference path. Path planning with this kind of
constraint is a relatively new area of research. Following the work of Laumond [102], it

AY

q)max

- X

Fig. 5.15 Illustration of nonholonomic constraints
expressed in equations (5.2) - (5.4)

has recently attracted considerable interest [101]. The kinematic constraints considered by

the second type of algorithms can be expressed in the following form:

od
P2ay’-p 6 20 (5.2)
-~ xsinB + ycos® = 0 (5.3)
1 1
— = —tan(p, ) (5.4)
pmin Ll e

where X, y are the velocity components of the midpoint of the rear axle in x-axis and y-

axis in terms of the global reference frame respectively, 0 is the orientation angle of the

mobile robot, 6 is the rotating angular speed of the robot, L, is the wheelbase of the robot,

is the minimum radius of curvature of the midpoint of the rear axle, and ¢ is the

P min max
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maximum steering angle determined by the steering mechanism, as shown in Fig. 5.13.

The purpose of developing the second type of algorithms is to remedy the drawback that
the radius of curvature of the path generated for the reference point using the first type

may be less than p . . The second kind of algorithms, however, still suffers from some

drawbacks:

1. Egs. (5.2) to (5.4) hold only when the reference point is chosen at the midpoint of the
rear axle. If the reference point is chosen on the other point, say, one of the vertices of the

robot body or the mass center, the kinematics will be different.

2. Egs. (5.2) to (5.4) do not completely describe the relative positions of all the wheels to
the rigid body. Therefore, they are not a complete description of the kinematics of a car-
like robot. For example, in Fig. 5.14 (a) and (b), the relative positions of the three wheels
on both robots are identical, and both of the robots satisfy (5.2) to (5.4). However, the
relative positions of the three wheels to each of the two rigid bodies are different, which

leads to their different kinematics.

Therefore the second type of algorithms is still not suitable to the car-like and dual drive
robots. A complete and formal description of the path planning problem taking account of

kinematics for a car-like robot will be given in next chapter.

Note that Brooks’s approach [23] mentioned in chapter 3 is a special case. Although the
kinematic cdnstraints are not explicitly expressed in this approach, the two basic motions
assumed are implicitly compatible with the kinematic constraints only when the reference
point is at the fixed axle of the dual drive robot. This is the reason why in some cases the
approach is suitable to the dual drive robot. This approach is not suitable to a car-like

robot.

5.4 Summary

Path planning is a central theme for creating an autonomous wheeled mobile robot. In this

chapter, we have given a brief but critical review of the algorithms presently available for
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wheeled mobile robots, and shown their suitability to each of the four kinds of wheeled

mobile robots.
The conclusions that can be made are as follows:

1. For synchro drive and steering robots, their motion is always a translation. Therefore all

the approaches for a point robot are suitable to this kind of robots once the COA(B) is

computed using the slice projection method with fixed orientation.

2. For omnidirectional robots, the three parameters x A and 6 are independent of each

other, and there is no general kinematic constraint equation. All the algorithms which
consider the size and location of obstacles and the size of the robot are suitable if they can
find a desired motion. However, how to deal with the change of the orientation angle when

using the slice projection method to find a desired motion remains a problem.

3. For car-like and dual drive robots, their motion is restricted by a general kinematic
constraint resulting from the fixed wheels. All the existing algorithms except Brooks’s
method are not suitable. Under the condition that the reference point is at the fixed axle of
the dual drive robot, Brooks’s approach is suitable to the dual drive robot, but still

unsuitable to the car-like robot.
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Chapter 6

Path planning for a wheeled mobile robot
with nonholonomic constraint and steering
angle limit

6.1 Introduction

In chapters 2 and 3, we have established the kinematic models for the four kinds of robots
and analyzed in greater depth their kinematic characteristics. In chapter 5, we have
examined the suifability of the available algorithms to each of the four kinds of robots and
concluded that the presently available path planning algorithms can not be directly applied
to the car-like and dual drive robots. The objective of this chapter is first to give a formal
description of the path planning problem and then to develop an algorithm for a car-like
robot (CLR) with a steering angle limit. Our attention here is focused on a CLR rather than
on a dual-drive robot (DDR) because a DDR can be treated as a special case of a CLR
is given in

with an equivalent steering angle limit 8 = 90° (the definition of the 5, .

chapter 3). In other words, any paths generated for a CLR must be applicable to a DDR
with the same size of the robot body and the same relative position of the fixed axle to the

robot body.

Since the path planning algorithm presented later will use the same kinematic model as
that used in highway design which is usually called geometric design, the algorithm is also

called a geometric method.

From previous analysis, it can be seen that the following four points are key ones for the

path planning problem for a CLR and must be taken into account.

1. Rotation. Rotation of a CLR when it follows a curved path must occur. Only in one case

where the path followed is a straight line and the CLR’s initial orientation angle coincides
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with the direction of the straight line, does a pure translation occur. However, in practice,

this situation rarely appears.

2. Dependence of a CLR’s orientation angle on its reference path. The orientation angle is
obtained by solving the general constraint equation (2.13) when it follows a specified path..
Corresponding to every given initial orientation angle and every generated path, there
exists a unique solution to (2.13) for 6. This inherent characteristic of a practical CLR
tells us that before a path is found (if it exists), one can not know exactly the CLR’s
orientation angle when the CLR follows it. Thus, the slice projection method is not

applicable to car-like robots.

3. Saturation of the steering mechanism. Whenever a reference path (we call it an
approximate global path) for a CLR is generated, the steering angle needed to follow this

path must be computed to check the motion feasibility against the steering angle limit.

4. Satisfaction of the goal orientation angle.
6.2 A general formulation of path planning problem for a CLR

In order to satisfy the kinematic constraints, we introduce the following definitions. In
path planning problem for a CLR, we call a path from the starting point to the goal point
feasible if and only if it satisfies both the requirements of being collision-free and being
within the steering angle limit. A feasible path only means it is safe and can be followed,
but it offers no guarantee of satisfaction of tﬁe goal orientation requirement. We call Aa
feasible path a final path if it satisfies the goal orientation requirement. Obviously, the

purpose for planning a path is to find a final path.

We here attempt to give a general formulation of the path planning problem for a CLR
while taking into account the kinematic constraints, and then a possible algorithm
structure for solving the find-path problem is proposed. First we need to derive the

expression of the boundary of a CLR A when its reference point follows a reference path.

Suppose'a point with coordinates (x, y) in terms of the global reference frame and (x;, y)
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in terms of the local reference frame is located at the boundary of the CLR, then the
boundary can be represented as the following implicit form in terms of the local reference

frame
I"A () =0 6. 1)

where T", (x,, y;) is compact (i.e. closed and bounded) and continuous functions of the

coordinates (x,,y,).

AV

o= f (Xp)
Envelopeof I', = 0

X
L

Fig. 6.1 Illustration of the boundary of Robot A

From (2.1), it follows that

x| _ (x—xp) co.s6+ (y —yp) sin© 6.2
Y1 - (x--xp) sin@ + (y —yp) cos©

Substituting (6.2) into (6.1) yields
[ —xp) cosO + (y —yp) sinf, - (x —xp) sin® + (y —yp) cosf] =0 6.3)

In (6.3), if the reference path Yp = f (xp) is given, then the orientation angle can be

obtained from the general constraint equation (2.13) or (3.3). Therefore, (6.3) describes a

family of the boundary curves for robot A in terms of the global reference frame. Fig. 6.1
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shows such an example when robot A is a disc with radius R and the reference point at its

center. In this example, I',(x,,y,) = xf + yf = R. Eq (6.3) becomes
2 —v)2 = R2

(x=x))°+ (y=y,)° = R".

The boundary of the ith obstacle can be represented as the following implicit form in

terms of the global reference frame

FB.(x,y) =0,i=12,...... ,n (6.4

Suppose the initial position of the CLR is collision-free, and the CLR and obstacles are
compact. If there is a path taken by the reference point of the CLR such that the boundary
curve of the CLR expressed by (6.3) and the boundary curves of the obstacles expressed
by (6.4) do not intersect each other, this path must be a collision-free path. If a collision-
free path satisfies the requirement of the steering angle limit, it then becomes a feasible
path. The purpose for path planning is to find a final path. Therefore, mathematically, a
path planning probleni for a CLR can be described formally as:

Given I', (x;,y1) =0, l"B‘_ (x,y) = 0, the initial position (xpi, yp,-) of the reference

point and initial orientation angle 0, of the CLR, and the goal position (x, ) of the

g’ypg

reference point and the goal orientation angle © g of the CLR, find a continuous function

Yp = f (xp) as the reference path such that it satisfies the following conditions:

Ly, =f(x,) and y,, = f(x,,).

2. xd® = (sin0O —f'(xp) cos0) dxp.

3. Egs. (6.3) and (6.4) have no points of intersection.

4. The needed steering angle obtained from (3.8) satisfies the inequality constraint (3.9).

5. The goal orientation obtained from (2.13) at the goal point satisfies Gg.
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As discussed previously, rotation of a robot, namely, the orientation angle change of a
robot is the most difficult thing to deal with. A possible way one can do to alleviate this
difficulty is first to find an approximate global path as fast as possible without considering
the orientation change and then to test it for potential collisions with obstacles and
saturations of the steering mechanism taking the kinematic constraints into account. If
collisions or saturations are detected, then use the information obtained during the tests to
plan a local path for éorrecting the collisions or saturations. The procedure for testing and
correcting continues until a feasible path is found. After that, check the requirement of the
goal orientation. If it is not satisfied, another local planning for adjusting the goal
orientation angle must be devised. Clearly, this work can only be done after a feasible path

has been found. A possible path planning algorithm may consist of the following parts:
1. A coarse subalgorithm for finding an approximate globaEasy to be generated.

2. A testing subalgorithm for testing the potential collisions with obstacles, saturations of

the steering mechanism, and the satisfaction of the goal orientation.

3. A local path planhing subalgorithm for correcting the collisions and saturations

encountered, and for meeting goal orientation.
6.3 Finding an approximate global path for a CLR

There are many ways to generate an approximate global path. Any approach discussed
previously may be a candidate. However, a good approximate global path should meet the

following requirements:

» Easy to be generated.

*  Smooth.

* Adaptive to the env.ironment.

 Easy to be used for checking the potential collisions and saturations.
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» Able to offer information for recovery from possible collisions or saturations encoun-

tered.

The third point means that the path should be a measure of the sparseness of the
workspace. For example, finding a global path should be much easier in an uncluttered
environment than that in a cluttered one. According to these requirements, we will here

develop an algorithm for finding an approximate global path.

Fig. 6.2 The boundary of the CLR is encompassed by two circles with
the same center, different radiuses Ry, and Rp,i,. The shrinking

radius Rg between R, and R,y is used to generate an global path.

The choice of the reference point is always the first consideration in path planning for a
CLR. Its choice is affected by kinematic constraints, the algorithms devised and other
factors. For example, when the reference point is chosen at any point on the rear axle (this
is the case where most studies do), if the first derivative of the reference path is
discontinuous, a discontinuity of the orientation angle will occur at the discontinuous
point. Consequently, this will cause discontinuity of the velocity and acceleration of any
point in the CLR.- This undesired characteristic can be alleviated by moving the reference
point away from the rear axle. When the reference point is chosen behind the rear axle, an
undesired pirouette may occur. These two situations are examples showing the effect of

the kinematic constraints on the choice of the reference point. The algorithmic effect on it
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is also clear. For example, in reference [114], when the CLR and obstacles are closed and
bounded polygonal bodies, and the slice projection technique is employed, the reference
point is chosen at one of the vertices of the CLR to generate a polygonal Cspace obstacles,
thus to reduce the computational complexity for the Cspace obstacles and the graph

searching procedure followed.

Let the CLR A be a bounded convex polygon, its boundary be I", (marked by the thick
lines in Fig. 6.2), and-a; be any point on T',. In this thesis, the reference point is chosen
according to the following definition. Choose an arbitrary point on the robot, let d; be the
distance from g; to this point, then there exists at least one point among all the ¢; which

maximizes d;. Denote the distance as max, . r d;. The origin is chosen so that
i A .
max, . r d; is minimized over all possible points on the robot. The coordinate axes x;
i A

and y; are chosen so that the direction of the x; axis is always perpendicular to the rear

axle of the CLR and from the rear axle to the front axle.

For a rectangular rigid robot, the origin generated from this definition is located at the
symmetric center; for a circular robot, it is at the center. Obviously, for these two typical
robot structures, the definition of the origin leads to the important property that

min, FAd" is maximized. After the reference point is chosen as defined above, let Ry,

denote the min(max, . r d;) and Ry, denote the max (min, . r d;) . Consequently,
i A i A
the difference between R,,,, and R, is also minimized (for a circular robot, it is zero).

The boundary of the CLR will be encompassed by two circles, one with the central point

at the origin and the radius of R,,,, and the other with the same central point but different

radius of R,,;,,, as shown in Fig. 6.2.

As pointed out in chapter 5, the shortcoming of the slice projection method [114] is that
every time for finding a Cspace obstacle, it must assume an orientation angle range which
is difficult to deal with. We here use a different strategy to find a global path. Although the

slice projection technique is not adopted, we still employ the concept of Cspace obstacles
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to represent the grown obstacles. Our strategy is first to expand the obstacles by a circle
with radius R, rather than a polygon for generating the Cspace obstacles and then to search
the Cspace obstacles to find a shortest path. Obviously, this strategy can reduce the
computational burden compared with the slice projection method and the smoothness of

the generated path is significantly improved.

Start

Fig. 6.3 The shortest approximate global path among Cspace obstacles

For every shrinking radius R > R as shown in Fig. 6.2, two steps are required to find

min?
an approximate global path for a CLR. The first step is to compute the Cspace obstacles
that are called the generalized polygonal obstacles [103]. The second step is to use an
algorithm for a point robot to search the Cspace obstacles. Clearly, the encompassed part

of the robot by the circle of radius R is collision-free if an approximate global path can be
found corresponding to the shrinking radius R;. We will use this property in later sections.

A tangent graph method for a point robot among such a generalized polygonal obstacles
has been presented in references [103, 112] and can be employed here to generate a

shortest approximate global path. Fig. 6.3 shows a typical example.

We return to discuss the benefit from the choice of the reference point. If R, is used to
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grow the original polygonal obstacles, any path generated for a point among the Cspace
obstacles will certainly be a collision-free path whatever the orientation angle of the CLR

is. In this case, test for collision with obstacles is not needed. Since

R, .. = min(max a€ r‘Ad,-) , the choice of the reference point makes it most possible to

find a collision-free, approximate global path in an uncluttered environment.

On the other hand, if R,,;, is used to grow the obstacles, and no path is found by the

algorithm [103, 112] for a point robot among the Cspace obstacles, then it can be
concluded that there exists no path for the CLR however it is maneuvered among the
obstacles because of the completeness of the algorithm used. In this case, since

R _. = max(min, . r d;), the choice of the reference point increases the possibility to
i~ A

min

find that there is no path available in a cluttered environment.

The foregoing two cases are easily handled. If the opposite search results are reached,
namely, the first two iterations of using R,,,, and R, fail and succeed, respectively, in
finding an approximate global path, then we devise an equal-interval decreasing search

scheme for R, between R,,,, and R,,;, Divide the interval [R,;,, R;,,] into n equal

] . R max ~ R min
subintervals, and thus, the length of every subinterval equals to A = — Let

Ry =R, ,—Aand R; =R;;_;,—A (=45, ..., n+l), then use R,3 as the next
shrinking radius. If the third iteration fails, choose Ry, and so on until an approximate
global path for the biggest shrinking radius R; is found, provided that n is big enough.
Note that this is not thg only possible search order. In fact, the order of the choice of R in

[Rins Rmay) is perfectly arbitrary.

In practice, due to errors from various sources, a robot is never able to exactly follow a
prescribed path. A path is error-tolerant if the robot will not come to harm when it makes a
small deviation from the path. With this in mind, we call a robust path to be one thét
maintains a prescribed minimum width (and that is thereby error-tolerant). If uncertainty

is taken into account, a safety distance R is assumed, then the actual minimum

safe
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shrinking radius Ry,,;,, must be equal to

Rsmin = Rsafe + Rmin 6.5)

The generated path consists of a concatenation of line-circular segments. The tangent of
the path at every transition point is continuous. Since the reference chosen is usué,lly not at
the rear axle, from theorems 3.5 and 3.6 we can conclude the continuities of the
orientation angle and the steering angle. If an approximate global path can be generated
-using a large R;, then the environment is sparse; 'otherwise, the environment is cluttered.

In this sense, R, is a good measure of the sparseness of the environment. Therefore we can

say that the approximate global path generated using this strategy satisfies the first three

requirements. The following sections will show its other advantages.
6.4 Detecting satisfaction of the steering angle limit

Once an approximate path is found, the satisfaction of the steering angle must be tested.
The formulas needed for the testing have been given in chapter 3. The general procedure

consists of two steps:
1. For every point on the path, calculate the deviation angle.

2. Check whether or'not the deviation angle falls within the feasible deviation angle

intervals.

Theoretically, checking at every point along the path is unrealistic. A natural idea is to
check at some special points such that the tests at these points can offer enough
information to judge the satisfaction along the whole path. Since the approximate‘path
consists of the special form of curves, i.e. the combination of straight lines and circular

arcs (see theorem 6.1), we will give a more efficient checking method.

Theorem 6.1: The approximate global path for a CLR produced by the tangent graph

method for a point robot among the generalized polygonal obstacles consists only of a
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collection of straight lines and circular arcs.
Proof. See reference [103].
6.4.1 Straight line motion

Theorem 6.2: For a car-like robot moving along a straight line from point Q; to point Q,,
if the deviation angles at Q; and Q) fall into the feasible intervals, then at any point

berween Q; and Q,, the deviation angle must also fall into the feasible intervals.

Proof. In order to prove this theorem, we only need to prove that for any straight line

motion, the deviation angle f is always monotonic with respect to x,. For a straight line

. . d a0 d o
motion, & is a constant. Thus B_B_da = —. From (3.20), we can observe that for
dxp dxp dxp dxp :
do de de . ) dp .
any 60 and x, — >0 or — <0 holds, and — is always monotonic. Therefore, a8 18
dxp dxp dxp dxp

always monotonic and the proof is complete.

The importance of theorem 6.2 lies in the fact that it significantly reduces the complexity
of the test procedure for the satisfaction of the steering angle limit. For every straight line,

only two end points are needed to be tested.

Fig. 6.4 A schematic for straight line motion

Furthermore, if the reference point is chosen at the geometric center (it is usually in front

of the rear axle), then the deviation angle monotonically tends to 0° from its neighborhood

128



as the robot moves forwards (Fig. 6.4). If the deviation angle at point Q) is in the

neighborhood of 0°, then only point Q; is needed to be tested for the satisfaction of the

steering angle limit. Therefore, we further have the following theorem:

Theorem 6.3: Provided that the reference point is chosen in front of the rear axle and the

deviation angle at point Q is in the neighborhood of 0°, if the steering angle limit at point

Q, is satisfied, then the steering angle limit at point Q, must also be satisfied.

Proof. In this case, x < 0, the reference point is in front of the rear axle. The conclusion is

straightforward from Tables 3.1 and 3.3.
6.4.2 Circular motion

Theorem 6.4: For a car-like robot moving along a circular arc from point Q; to point Q;,
if the deviation anglés at Q; and Q; fall into the feasible intervals, then at any point

between Q; and Q, the deviation angle must also fall into the feasible intervals.

g . B
A 180%+sin"!(1/k) A

& 0 / . !l
Sin.l(llk) sin'l(l/k)

/’P_wt ¥_

0p -180°%+sin"!(1/k)

k>1 k<-1

Fig. 6.5 Illustration of the monotony of deviation angle 8

Proof. For simplicity and without losing generality, we aséume that the circular motion is

a right turn motion and Q; coincides with S, as shown in Fig. 3.9. Therefore, (3.22),

(3.23), and (3.25) also apply. The definition p = 0 — o given in chapter 3 and (3.23)

result in B = 0 + w? —90°, which in turn leads to 08 _ B 1. Substituting them into
dot dot g .
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(3.25) gives

dp .
Joi = 1 - ksinp (6. 6)

where & = —g. Note that the above derivation does not restrict the sign of x. That is, the

reference point may be chosen anywhere. In the following, we will prove the monotony of

the deviation angle B with respect to ! for any k and initial deviation angle .

Casel: lk <1

d
In this case, it is obvious that the inequality, B_(E—t = 1 —ksinf 20, always holds. B is

monotonically non-decreasing with respect to wt. Therefore theorem 6.4 holds.
Case 2: |k > 1

In this case, the solution of (6.6) is

[} dsgn(k) [}
(c+z )-ew' - (c-2'y)
B = 2arctan(c- 0 PPERTRY T 0 )—90° 6.7)
(c+z'g) - e g it 4 (c=2'g)
_ ,k+1 _ 2 . _ . 90°+B N _ g Lk>1
where ¢ = k—_——l-,d—a/k—l,zo—tan( 5 ), and sgn (k) = {—1,k<—1'
Let X = (c+2g) - e” W 4 (e and ¥ = c[(c+2g) - ™ B P _(c-2)], then
dax _ g vy . otd - sgn (k) d ay _ «y . otd- sgn (k) Th h
aa-dsgn(k)(c+zo) e an m—cdsgn(k)(c+zo) e . us we have
Xﬂ— -‘ﬁ 2 2, otd- sgn (k)
dp _, “dot dot _ 2.2cdsgn(k) (2 =25 ™" 6.5
dot  ~  x24y? X +Y? '

For any given |k| > 1 and B, either P 00r P

o 7o S0 holds for any w¢. Therefore B is
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always monotonic with respect to w? and theorem 6.4 holds.

A typical change of f with respect to w? when [k| > 1 is ciepicted in Fig. 6.5.
6.4.3 Combination of straight line and circular motions

From theorems 6.2 to 6.4, we can readily reach the following theorem.

Theorem 6.5: For a car-like robot moving along a line-circular combination, if the
reference point is in front of the rear axle and the steering angle limit at every transition
point from a circular arc to a straight line is satisfied, then the steering angle limit at the

whole path must also be satisfied.

Theorems 6.5 indicates that the transition points from circular arcs to straight lines are the
most possible ones that may violate the steering angle limit. In the following we give a
sufficient condition for a saturation-free tracking of the approximate global path. Since the
steering angle for tracing a circular motion is monotonic and tends to a constant, denoted

as ¢,,,, which is described in (3.33), if this constant is less than the given steering angle

limit 3  , then the steering angle at every transition point must also be less than the
steering angle limit. From (3.13) and (3.33) we can obtain the following theorem which

gives a conservative estimate for the minimum saturation-free shrinking radius Rg.

Theorem 6.6: If the shrinking radius R satisfies

X

smﬁmax

L 2 9
RSZﬂm—) +Xx° = 6.9)

then the steering angle needed for tracing the approximate global path must satisfy the

steering angle limit.
6.5 Two sufficient conditions for collision-free tracking

In this section, we use a geometric method to derive two sufficient conditions for
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collision-free tracking of a straight line and a circular arc generated by the method

described in section 6.3.

6.5.1 Straight line motion

Ay

Fig. 6.6 Illustration of the relationship between R and the robot for straight line motion

Let TL represent the total length of a rectangular robot and W the width. Then we have
(Fig. 6.6) |

siny = —W—— and COSY = L—— 6.10)

TL? +W? TL? + W?
The distance of point E to the reference path, EE; shown in Fig. 6.6, can be expressed as

TLsinp + Wcosp
2

EE, = O\Esin(B+y) = (6. 11)
For a straight line motion, the vertex E of the robot is the most dangerous point for
potential collisions, because the reference point is located at the centre and the robot body

is symmetric with respect to the center. If the maximum EE; corresponding to the
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maximum B___ is less than the shrinking radius R, then the robot must be collision-free.

max

In (6.11),let p = B nax> then we have the following theorem:
Theorem 6.7: If the shrinking radius R satisfies

TLsinB,_ +WcosB,

R 2 ) 6. 12)

then the robot must be collision-free when it tracks a straight line.

6.5.2 Circular motion

» Fig. 6.7 Illustration of the relationship between Rg and robot for circular motion

Fig. 6.7 shows the case of a circular motion. The expression for OE can be obtained from

the Cosine theorem as

OE? = 0,0*+0,E*~-20,0- 0Ecos (90° +B +7) (6. 13)

133



where 0,0 = R, and 0,E = (TL*+W?)'"?/2.

If the maximum OE corresponding to the maximum B_ _ is less than 2R, then the robot

max

must be collision-free. In (6.13), let p = B then we have the following theorem (thé

max?

derivation is omitted).

Theorem 6.8: If the shrinking radius R satisfies

(WcosB, _+TLsinp, ) +,/(Wcosp,  +TLsinB, )2 +3(TL:+W?)

R 2 g 6. 14)
then the robot must be collision-free when it tracks a circular arc.
6.5.3 Illustrative example
w
—P
Dimensions
TF ensions | @) | ) | ©
W 25 1.8 1.5
< : TF 62 | 03 0.2
L o F
L 1.3 2.7 1.1
TB 25 | 05 0.2
TB 5 TL 10 3.5 1.5

(a) | )] ©)

Fig. 6.8 Three typical vehicles and their dimensions (values in meters)
(a) A commercial design rigid vehicle (b) An ordinary car (c) A Laboratory robot

The sufficient conditions for saturation-free and collision-free motions given in theorems

6.6 ~ 6.8 as well as Rg,;» and R, defined in section 6.3 provide some important criteria
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for choosing the shrinking radius to generate an approximate global path. In the following

we use three typical robot dimensions to illustrate this.

Fig. 6.8 shows the three typical vehicles and their dimensions: (a) a commercial design

rigid vehicle, (b) an ordinary car, and (c) a laboratory robot, and their dimensions.
Suppose their steering angle limits are all 45° and the safety distance to the obstacles,
Rg,fe given in (6.5), is 1 meter. Using these as our simulation parameters, the needed

shrinking radius guaranteeing saturation-free (SF) and collision-free (CF) for straight line

motion (SM) and circular motion (CM) is shown in Table 6.1.

Table 6.1 The needed shrinking radius guaranteeing saturation-free (SF) and
collision-free (CF) for straight line motion (SM) and circular motion (CM)
MSA = Maximum Steering Angle; MDA = Maximum Deviation Angle

MSA MDA | SFR; | CFR, CF R Remin Rpax
Y} p forCM | forSM | for CM
max max
(a) Vehicle 45° | 21.96° 669 | 3.03 4.15 2.25 5.15
(b) Car 45° | 24.84° 297 | 155 1.76 1.90 3.94
(c) Robot 45° | 26.65° 123 | 101 1.03 1.75 2.12

Table 6.1 indicates that for short robot (i.e., the TL/W is smaller, in this example, the
robot), since Ry, is larger than SF Ry for CM and CF Ry for both SM and CM, any

approximate globé.l path generated using R, as shrinking radius must be saturation-free
and collision-free; for medium long vehicle (in this example, the car), since Ry, is larger
than CF Ry for both SM and CM but less than SF R for CM, the approximate global path
generated using Rsmm as shrinking radius is only collision-free, and thus, steering
saturation must be checked; for long vehicle (the TL/W is bigger), Ry, is less than SF Ry
for CM and CF Ry for both SM and CM, Saturation and collision testing must be carried
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out simultaneously.

6.6 Detecting potential collisions of a polygonal CLR with

polygonal obstacles

The subjects of this and next sections are to consider the problem of determining the
collisions of a polygonal CLR with polygonal obstacles as the robot moves along a path.
In this section, we develop the point-to-point detection method, while the envelope

detection method is presented in the next section.

Since only the boundary of the robot has the possibility of collisions with obstacles, the
first problem considered here is how to determine the locus of every point on the boundary

of the robot and then how to check the possibility of collisions with the obstacles.

Let the vertices of the edge EF for a polygonal robot be E and F. For simplification, we
only show in the following how to determine the loci of points on one of its edges, say EF,
and how to test its collisions with obstacles in the workspace. The same procedure of

derivation applies to the other edges of the polygonal robot. .

At any instant, the positions of points E and F can be obtained from (2.1)

x| _ xelc.ose—yelsin0+xp 615
Ye xels1n6+ye1cos6+yp
X _ ¥ c.ose = Y5 8in0 +x, .16
y Xp s1n9+yf1cos6 +Y,
Any point in the edge EF can be expressed as an equality and an inequality:
ye - yf
Y=Y = kyp(x=x,), ke = %=, 6. 17)

min (x,, xf) <x<max(x, xf) (6. 18)
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where x and y represent the coordinates of any point on edge EF in terms of the global

reference frame; min (x,, xf) means the minimum of x, and Xg and max (x,, xf) means

the maximum of x . and Xp

Note that we can also use (6.1) and (6.3) to obtain (6.17) and (6.18), but the derivation is

less straightforward than that used here when the robot is a polygon.

Suppose the coordinates of the jth and (j+1)th vertices of the ith polygonal obstacle B; are
denoted by b;(x;;.y;;) and b;j,j(X;j1.Yij+1), respectively, in terms of the global
reference frame. Then the coordinates of any point on the segment connecting b; ; and

b; Jj+1are given in the same forms as those of (6.17) and inequality (6.18):

Yij+17Yi,j
—..=k..x—x..,k..=;. 6. 19
g = Kl o) Kig Xij+1 7% ©
mm(xu, t}+1) <x<max(x,j, ”“) (6. 20)

The solution of (6.17) and (6.19), i.e., the coordinates of the intersection point of the two
straight lines, can be obtained as
(kegte=¥,) = (kij =)

X = kef L | 6.21)

- kef(yt j Lx i, J) ki,j(ye—kefxe)

6.22)
Koy ki s

It is obvious that if and only if the x-coordinate of the intersection point, given in (6.21),
does not satisfy both the inequalities (6.18) and (6.20), which means that the edge EF of
the CLR has no collisions with the edge b; b; j,; of the ith obstacle B;, then EF is.

collision-free with the edge b; jb; j, ;; Furthermore, if and only if EF has no collisions with
all the edges of the obstacle B;, then EF is collision-free with B;; If and only if all the

edges of the robot have no collisions with all the edges of the obstacles in the workspace,
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then the robot is collision-free and the approximate path is collision-free.

In implementing the checking algorithm using (6.21), two difficulties with slopes arise.
The first one we can see is that for vertical line segments, the denominators of the slopes in
both (6.17) and (6.19) are zero, and thus the slopes are infinite. In this case, there is no y-
intercept. The second one is that the denominator of (6.21) is zero when the two lines are
parallel. These two special cases must be handled. A computer representation that uses the
same geometrical ideas but is able to avoid these two special cases can be found in

reference [146].
6.7 Envelope of a polygonal CLR

The advantage of the checking method developed in section 6.6 for collisions is that it is
very efficient when only some critical points such as the transition points between straight
lines and circular arcs are required to be checked. Unfortunately, until now we have not
been able to prove that the critical points are sufficient to offer enough information about
the potential collisions. When every point along the reference path is needed to be

checked, this method is not very efficient.

The envelope of a family of curves is a very important concept used in Computer Aided
Design (CAD) and Computer Aided Manufacturing (CAM). It is actually' a curve formed
by the boundary of the swept area of the family of the curves. The underlying idea to use
the envelope for checking collisions is that if the envelope is collision-free, then the family
of curves forming the envelope must also be collision-free. In this section, we establish the
expression of the envelope of the robot when it follows the approximate path to simplify
the detection for the potential collisions with obstacles. The feature of the method
developed in this section is that for every part (a segment of a straight line or a circular arc,.
no matter how long, is called a part) of the whole path, only a nonlinear equation is needed

to be solved to check the collisions. In other words, this method do not need to check at

138



every point, but to check for every part.
6.7.1 Envelope of a family of curves

We first derive the equations which determine the envelope of a family of plane curves. If
a family of curves are represented in an implicit equation f(x, y,#) = O at time t, then
each of the points of the boundary curve must satisfy this equation for some value of t. In
order to derive the conditions the envelope must satisfy, let consider the intersection
between two curves f(x,y,?) = 0 and f(x,y, t+08f) = 0. The intersection between
them will be close to the boundary curve for small d. At this intersection, since both

f(x,y,t) = 0andf(x,y,t+08f) = 0 are zero there, we can write

flxy, 14080 -f(x, 3. 0)
ot a

0 (6.23)

It follows that the boundary point satisfies this equation in the limit as 8¢ — 0. Thus the

envelope is found by solving the equations

f(x,y,) =0 (6. 2{)
and

of

'a';(x,Y»f) = O (6'25)
simultaneously.

If, on the other hand, the curves of the family f(x, y, t)=0 are described by the parametric

equations

x =x(ut) (6. 26)

y =y(ui) 6.27)

where u is the parameter describing the points on any given curve, and t is the parameter
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distinguishing the different curves of the family, then
fe,v,0) = f(x(u1),y(ut),t) = F(u,1),say,sothat F(u,t) = 0. Thus

OF dfdx dfdy

OF  ofox df dy o
- nutyata-O (6.29)

for all points on any member of the family.

For points on the envelope, however, (6.25) holds, so that (6.28) and (6.29) become

ya gy o0

%%*%% =0 (6.31)
Considering (6.30) and (6.31) as equations fo; -gl: and %’ we find that, unless g—f = O
and % = 0, we must have

of of

If, alternatively, W and 3 are both zero, then the tangent to the curve f(x,y,f) = O is

not defined and the curve must have a cusp when this occurs.

Thus for a family of smooth curves, we may obtain the parametric equation of the
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envelope by climihating either u or t from (6.26) and (6.27) with the aid of (6.32).
6.7.2 Envelope of a polygonal CLR

In what follows, applying the above theory to our study we derive the envelope of a

polygonal robot when it moves along a reference path which is given as

t _
%l o (% () 6.33)
Yol Pp (D)
We still consider one of its edges, say EF, as an example. Any point located between E and

F can be expressed in the local coordinate frame and the global coordinate frame,

respectively,
f o Patubn=Xa)| o0 6.34)
X1 Yer + U (¥ = Yer) :
x| _ |*1c080 -y, sind +x, (6.35)
x,sin@+y,cos8+y, ‘

Differentiating (6.34) and (6.35), we have

cos® — ——sinB .
ou| _ |ou ou _ | (1 =xey) €080 = (y5 = ¥,y ) 5in® (. 36)
dy dx, 06 4 dy, c0sB (xXp = x,1) sin® + (yq -¥,;) cosO
Ju u ou
(6. 37)

_ | (~x,sinB -y, cosB) ) +X,
(x,c0s8 — y,sinB) B+,

ox
ot
dy
ot

In order to eliminate (x,,y,), substituting (6.34) into (6.37) and taking (6.35) into

141



account, we have

ox _
gt _ e u (=0 9 ©.38)
T}t’ Yo+ u(x—x,)0

Substituting (6.36) and (6.38) into (6.32), we obtain the expression of u which is used to

determine the locus of the envelope of EF
,dy | ox
Xe ou Ye a

ox 9y .
[(xf-—xe) T + ()’f")’e) ajle

u =

(6.39)

Eq. (6.39) indicates that u is a function of xp( t) and yp( t). If substituting (6.33), (6.34) and
(6.39) into (6.35), we can observe that the locus of the envelope of the family of EF can be
expressed as the function of xp(1) and yp( t). Therefore the checking collision problem is

converted into the problem of determining the intersection of (6.35) with a straight line,

i.e., an edge of the obstacle B; expressed by (6.19) and (6.20).

6.8 Recovery from failure

When a CLR tracks a straight line, the deviation angle tends to zero. Thus the swept area

of the robot will become smaller and smaller. Since the shrinking radius R; is always

bigger than the width of the robot, the possibility of collisions and saturations is relatively
lower during a straight line motion than that during a turning. Generally speaking, the
most dangerous points of collisions and saturations are located near corners of the
obstacles, especially the vertices. The situation is worsen when a sharp turn is

encountered.

People can drive a car around a corner easily. That is because the curbs at corers have

been designed using design vehicles [232] and the resulting corner curbs consist of
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circular arcs and straight lines. In robotic community, the workspace is usually assumed to
be full of polygonal obstacles which make the collisions and saturations occur more
frequently. In this section, we use two curves introduced by Nelson [137] to recover from

collisions and saturations at corners if they are found.
6.8.1 Quintic polynomial paths

Curves that produce a transition between parallel lanes in the same direction are usually
called lane-change maneuvers. Here we give a brief introduction of the single quintic
polynomial segment that provides a continuous-curvature transition between the parallel

lanes of travel [137].

The general expression for a quintic polynomial in Cartesian coodinates is
2 3 4 5
y(x) = ag+ax+ayx”+azx” +ax +agx (6. 40)

Consider the lane-change maneuver in the coordinate frame shown in Fig. 6.9 (a). The six
coefficients in (6.40) are chosen to satisfy the position, slope, and curvature constraints of

this maneuver, namely

dy

y=0,d—x=0,r<=0atx=0 (6. 41)
y =ye’% =0,x=0ax=x, (6.42)

where « is the curvature of y (x) .

The quintic polynomial satisfying constraints (6.41) and (6.42) has only three nonzero

coefficients and can be written in the form
x 3 x4 x5
y () -ye[w(x—e) ~15(0) +6(3) ] 6.43)

The quintic polynomial curve resulting from (6.43) is shown in Fig. 6.9 (a). The curvature
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function in Fig. 6.9 (b) shows that the quintic polynomial provides the desired continuous
curvature path. The maximum curvature and curvature-rate for the function shown in Fig.

6.9 (b) increase directly with the lane change slope ratio y,/x,. This ratio must be chosen

sufficiently low so that the resulting continuous steering function does not violate the peak
steering and steering-rate constraints for a particular car-like robot. Given that these
constraints are met, the simple three term expression (6.43) for the quintic polynomial
applies to lane-change segments of arbitrary location and orientation in the workspace
layout by transforming from the coordinate frame shown in Fig. 6.9 (a) to the coordinate

frame aligned with the lane-change starting point.

CURVATURE
=
*

(a) (b)
Fig. 6.9 (a) Lane-change maneuver using a quintic polynomial segment
(b) curvature function of the quintic polynomial

6.8.2 Polar spline paths

Curves that produce a smooth transition between lines intersecting at an arbitrary angle,
and are symmetric with respect to the intersection point, are usually called arc turns. The
turn angle is measured in the direction of the change of heading with counter-clockwise

positive.

A cartesian quintic polynomial, given by (6.40), can be used to provide continuous-
curvature turns that are close in shape to arc turns, provided the magnitude of the turn

angle is less than about 45°. For larger angles, however, the quintic begins to curve away
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from the circular arc and “blows up”, i.e., has coefficients tending to infinity, as the turn
angle approaches 90° [137]. This problem could be avoided by segmenting a large-angle
turn into several smaller turns, but a concatenation of curve segments requires additional

computation that should be avoided.

Nelson [137] introduced a single, smooth curve segment that does not deviate far in shape
from the circular arc it will replace and yet can satisfy the position, heading, and curvature
constraints imposed at the start and end points. The polar coordinates of the curve, with
the curve specified by the polar length r, as a function of the polar angle y, are chosen §o
that the independent variable changes relatively uniformly with respect to the distance

along the curve, regardless of the total angle. The curve r (y) , expressed as a polynomial

in y, has the general form
r(y) = ag+ay+a,yl+ayi+ayte (6.44)

where the number of the terms needed depends on the number of conditions imposed.

Consider arc turns in the coordinate frame shown in Fig. 6.10. Here, R is the radius of the
circular arc connecting the two line segments, and & is the total angle of the turn. The

position, slope, and curvature constraints on the polynomial (6.44) for the desired arc turns

are
r=R,r" =0,k =0ay =0 (6. 45)
r=Rr"=0,k=0ay = (6. 46)
where r’ = % , and «x is the curvature of r. The general expression for curvature of any
curve is

K= —— (6.47)
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where s is the distance along the reference path, and « is the angle of the tangent to the

reference path.

18

(©

@

Fig. 6.10 Polar spline segments for arc turns of (a) 45, (b) 75, (c) 90, and

(d) 105. The corresponding circular arc turns are shown as dotted lines

For a path defined in polar coordinates (r,y), the tangent angle can be expressed as

o

Differentiating (6.48) with respect to y gives

n/2+4+y—arctan(r'/r)

(6.48)

6.49)




2
where r" = ﬂ
. d\lfz

The infinitesimal change in path length ds is given in polar form by

ds = (r2 + r'2) 1/2d\y (6. 50)

Using (6.49) and (6.50) in (6.47) yields the desired expression for the curvature, namely

2 '2 "
rr+2r'c=rr
d ©.51)

K —— —————
3/2
(r2+r'2)

40
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30

PERCENT INCREASE
20

10

1
llllllllllllll;l

6 20 40 60 80 100 120 '
- 0 50 100 150 200

0

POLAR ANGLE, deg. TURN ANGLE, deg
) (b)

Fig. 6.11 (a) Curvature functions for the spline segments of Fig. 7. 10. The curvature
functions for the corresponding circular arcs are shown in dashed lines (b) percent
increase in peak radial length for single segment polar splines as compared to
circular arc turns as a function of turn angle

Using the position and slope constraints of (6.45) and (6.46) in (6.51), it follows that the
zero curvature constraints in (6.45) and (6.46) are equivalent to requiring that r" = 0 at

v = 0 and y = ®. Applying these constraints on r, r' and r" yields four nonzero

coefficients in (6.44), namely a, = R, a; = R/2, ay = =R/ P, and a, = R/ (2<I>2) .
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This polar spline fit between line segments can thus be written as

2 .3 4
_ vV_v . v
r(y) = R(1+7 5 +2¢2) (6.52)

The (x, y) coordinates of the polar spline are then obtained from x = rcosy and

y = rsiny.

The continuous-curvature polar splines resulting from (6.52) are shown in Fig. 6.10 for
four values of the turn angle ®. The curvature functions (6.51) for these four polar spline
segments are shown in Fig. 6.11(a). The paths and curvature functions for the
corresponding circular arc turns are also shown (dashed lines in Fig. 11(a)) for
comparison. For turn angles of 90° or less, the polar spline curvature functions are very
close to parabolic in shape and are very close to the cubic spiral curves of Kanayama and
Hartman [85], which are optimally-smooth curves in the sense of minimizing the integral-
square-curvature rate (centripetal jerk). In this sense, the single-segment polar splines

provide a simple means to achieve near-optimally smooth arc turns of 90° or less.

These results suggest that the polar spline is a very appropriate choice for producing
continuous-curvature arc turns of arbitrary angle. It has a closed-form expression, which is
a simple function of the turn radius R and turn angle ®. The curve it produces is
symmetric, has near-optimal smoothness in the sense described above, and is reasonably
close to the circular arc, although both these qualities begin to degrade for turn angles

greater than 90°.

The peak value rp of r(y) in (6.52) occurs at the mid-point of the turn, where

y = ®/2. The ratio of this peak value to the radius of the circular arc is thus given by

r . P?
ﬁ =]+ ﬁ (6. 53)

where @ is the turn angle in radians. The second term in (6.53), which represents the
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fractional increase in the peak value of the polar spline radial over that of the circular arc,
is plotted in Fig. 6.11(b) for turn angles up to 200°. For right angle turns, the increase is
only about 8 percent, but it grows as the square of the turn angle, and for 180° turns, it is

over 30 percent.

The minimum curvature radius also occurs at the mid-point of the turn. The ratio of this

minimum radius to the radius of the circular arc is given by

Prin _ (1+ (9/32)%)°

6.54)
R 1.5+ (9/32)2

6.8.3 Modification of the approximate global path

Once a saturation of steering angle or a collision with obstacles is found at a corner, the
following three strategies are used to find a modified approximate global path, as shown in
Fig. 6.12.

1. Use a quintic polynomial fit to produce a lane-change maneuver away from the vertex

of the obstacle.
2. Use a polar spline fit to produce a smooth, curvature-continuous maneuver.
3. Use another quintic polynomial to produce another lane-change maneuver.

In Fig. 6.12, the original global path consists of the straight line AG, the circular arc GH,
and the straight line HF. The modified path consists of the straight line AB, the quintic
polynomial BC, the polar spline CD, the quintic polynomial DE, and the straight line EF.
The principle of designing the quintic polynomial fit and the polar spline fit is to have a
proper clearance to the corner, neither too far nor too close. Our experience shows that the
saturation-free shrinking radius given in (6.9) is the most suitable candidate for the radius
R of the circulaf arc turns a polar spline will replace. The turn angle & in (6.52) is

determined by the original global path. The difference between R and R corresponds to
the y, in (6.43) while the x, in (6.43) corresponds to the length of BG in Fig. 6.12 and is
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determined by the minimum curvature requirement of the quintic polynomial.

F

Fig. 6.12 Modified path shown as the segments of the quintic polynomial
BC, the polar spline CD, and the quintic polynomial DE

The advantage of these strategies is that they make best use of the clearance everywhere.
In other words, it allows a narrow space to be passed by running a straight line motion,

thus avoids any waste of effective space.

After the modification of the approximate global path, the checking of collision is carried
out again. This time, if collision is found at the corner, then we can say that the channel is

too narrow to be passed.

6.9 Summary

In this chapter, a path planning algorithm taking into account the nonholonomic constraint
and steering angle limit has been presented. Essentially, path planning is to find a path
which avoids the obstacles and is able to be traced. Although the algorithm is heuristic, it

has the advantages of robustness, efficiency, smoothness and reliability over the previous
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algorithms. Our experience shows that during normal environment, the path generated is

quite similar to that traced by a man-driven car or truck.
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Chapter 7

Conclusions and scope for future research

7.1 Conclusions

This thesis presents a complete and systematic investigation into some fundamental issues
relating to the development of an autonomous wheeled mobile robot, and makes several
important contributions to an improved understanding of motion feasibility and
smoothness for each of four kinds of wheeled mobile robots. The most important

accomplishments are:

1. The concepts of inverse and direct kinematics widely used in manipulators are, for the
first time, introduced to wheeled mobile robots, and a unified treatment of kinematics for
each of the four kinds of robots is presented. This model is the best in the sense that it is
general, applicable to any dimension of vehicle or vehicle combination, and to any path. It
also gives the steering angle and the velocity needed for a reference point to tracing a

specified path.

2. The concept of feasible deviation angle and its relationship with steering angle limit are
developed. This is important for enabling intelligent sensor-based robots to avoid

obstacles.

3. Four typical motions, i.e., pure translation, pure rotation, straight line motion and
circular motion for car-like and dual drive robots are defined. The conditions and analytic

formulas for each of these four motions are given and their applications are discussed.

4. The geometric highway design problem encountered by very large vehicles or vehicle

combinations is solved.

5. A critical review of the path planning algorithms presently available is made and the

reason why these algorithms are not suitable for the most widely used car-like or dual
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drive robots is examined in detail.

6. A formal formulation of the path planning problem is given and a robust, efficient and
reliable path planning algorithm for a car-like robot, taking into account nonholonomic
constraint and steering angle limit is developed. This algorithm may also apply to a dual
drive robot.

In addition, several phenomena which should prove of interest to other robot researchers
are also observed and discussed. These include: the phenomenon of a pirouette for a car-
like and a dual drive robot, the translation property of a synchro drive and steering robot

and the singularity for an omnidirectional robot.
7.2 Future research

The theory described here is the first but necessary step on the long road in the
development of compétent autonomous robots. The promising areas for future research

include:
1. The dynamics for each of the four kinds of wheeled mobile robots

There is a considerable amount of work on the dynamics of a vehicle which is mainly
focused on its handling and ride characteristics [1,185,186,219], but this dynamics has no
relevance to an autonomous robot. Although research on wheeled robots has been
conducted for more than twenty years, there exists no widely accepted dynamic theory for
wheeled mobile robots. This is in contrast to the extensive theory developed for

manipulators.
2. Nonholonomic motion planning

This problem can be described as: given two arbitrary configurations of a systeni with
nonholonomic constraints (a wheeled mobile robot system is one such system), find the
input control variables which satisfy the nonholonomic constraints and drive the system

from one configuration to the other. In recent years, there has been a considerable amount
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of work on the nonholonomic motion planning problem [101,105,111,134]. This problem
is also referred to as the controllability of nonholonomic systems [104] and the
stabilization problem [153]. Actually, as the input control variables are always a function
of the configuration variables of a robot system, this nonholonomic motion problem can
also be treated as the trajectory generation problem, and vice-versa. This is our on-going

research. Some results which are not included in this thesis have been achieved [236].
3. Control of each kind of wheeled mobile robots

This topic includes traditional control methods, i.e. kinematic-based control, dynamic-
based control and nontraditional control methods, e.g. fuzzy logic based control and
neural network based control. A comparative study of fuzzy logic based control and neural
network based control for backing up a truck-and-trailer has been reported. A comparative

study of traditional and nontraditional methods seems necessary.
4. Sensing and computer vision

This has probably been the most active research area in the past. A wide variety of sensirig
technologies are available: ultrasonic, infrared and laser range sensing; and monocular,
binocular, and trinocular vision have all been explored. The difficulty is in interpreting the
sensed data, that is, in deciding what the sensor signals tell us about the external word. The
trend is to attack this problem by so-called sensor fusion, that is, by combining the outputs
of multiple feature detectors possibly operating on a variety of sensors or simply multiple
observations of the same objects. It seems that Kalman filtering is the most promising

method [15,20,53,168].
5. Integration of all aspects mentioned above into a Computer Aided Design System

Finally, the problem of integration of all aspects mentioned above into a Computer Aided
Design System must be encountered and solved. This CAD system would provide a
controller for a mobile robot capable of (1) sensing its environment, (2) interpreting this
sensor information to refine its ‘knowledge of its position and the environment’s structure,

(3) planning a path from an initial to a goal position in the bresence of known or perhaps
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unknown obstacles, and (4) execute the commands from the computer to achieve the

desired motion.

In summary, creating an autonomous wheeled mobile robots is a real challenge. The
kinematic models developed, the analyses carried out, and the path planning algorithm

presented here can be used as a basis for future research.
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SUMMARY

In the problem of automatically controlling a wheeled
vehicle so that a given reference point on the vehicle
follows a prescribed path, several factors determine how
the task can be accomplished; they are the shape of the
path, the initial orientation angle, the steering angle limit
and the position of the reference point on the vehicle. If
the required steering angle exceeds the limit set by the
steering mechanism or the required orientation angle is
discontinuous at any point along the path, then the path
cannot be followed. This paper investigates this motion
feasibility problem, taking steering angle limit into
consideration. First of all, we determine the dependence
of the continuity of the orientation angle, steering angle
and their derivatives on the continuity of the reference
path and its derivatives, then discuss the relationship
between the steering angle limit and the feasible
deviation angle intervals. Furthermore, we analyze in
detail two typical motions, namely straight line motion
and circular motion; some simulation results have been
given based on a practical vehicle dimension.

KEYWORDS: Vehicle; Motion; Steering angle; Automatic
control.

1. INTRODUCTION
When a vehicle (it may be an autonomous robot, an
automated guided vehicle, a car or a truck) is required to
run from a start point to a goal point in the workspace, a
path has to be planned and a point on the vehicle is
designated to follow this path. The path is usually called
reference path and the point is called reference point P
(it is also called guidepoint by Nelson' and reference
vertex by Lozano-Perez’). Due to the existence of the
steering angle limit, the required steering angle may
exceed this limit; in this case, the path can not be traced.
The reference path for an automatically guided vehicle
around factories or offices generally comprises a
concatenation of line<ircular segments.’* The path
generated by the available algorithms for an autonomous
vehicle depends on the assumption of the shapes of the
obstacles in the workspace and the autonomous vehicle,
and the algorithms. It generally consists of a collection of
line-line, line—circular segments. For example, under
the assumption of polygonal obstacles and polygonal
vehicle body, the path generated by the visibility graph
method®® and the cell decomposition method®’ com-
prises line-line segments, as shown in Figure 1(a). The

path generated by the generalized visibility graph®® is a
combination of line-line and line—circular segments, as
shown in Figure 1(b). The common feature of these
reference paths is that at the transition point between
segments, the path is not smooth enough. For example,
at the line-line transition point, the first derivative of the
path is not continuous, and at the line—circular transition
point, the second derivative of the path is not
continuous. In general, the smoothness of the reference
path can be described by the continuity of the nth
derivative of the path, and the motion smoothness of the
vehicle can be judged upon the continuities of the nth
derivatives of the steering angle and the orientation
angle. Thus an interesting problem investigated in this
paper is to determine the dependence of the continuities
of the orientation angle and steering angle on that of the
nth derivative of the reference point.

The steering angle and orientation angle are two
important parameters featuring the motion feasibility of
a vehicle. To make a vehicle move along a path, steering
is necessary. For wheeled vehicles, steering is normally
affected by changing the heading of the steering wheels
(for four wheel vehicles) or the single steering wheel (for
three wheel vehicles) through the steering system. In
practice, the turning capability of most of the steering
mechanisms in use is limited, and it can be described by
inequality constraints. Due to the steering angle limit,
not all the paths are executable. At any time, only when
the vehicle steering angle needed to follow a given path
satisfies these constraints is the vehicle able to follow the
reference path. In this sense, a study of the factors which
will affect the steering angle is of importance.

Another reason for studying steering angle lies in the
fact that even when the steering angle limit is not
exceeded in following a path, a discontinuity of the
steering angle may occur at a transition point. The only
way for a vehicle to cope with this discontinuity is to stop
at the corresponding point, wait for the required
adjustment of the steering angle, and then start again.
Clearly, this is not desirable.

Vehicle orientation angle is another important
parameter which should be investigated. Since the
vehicle is modelled as a rigid body with wheels mounted
on it, the orientation angle totally determines the space
swept by the vehicle when it moves along the reference
path. In addition to this, a discontinuity of the
orientation angle at transition points will occur if the
reference point is not chosen correctly. This implies that
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Fig. 1(b). A typical line—circular planned path for vehicles.

the requirement of tracing the planned path by the
reference point is not feasible.

In addition to the shape of the reference path, the
steering angle and orientation angle of a vehicle depend
on many other factors. The most important two are the
reference point position and the initial orientation angle.
The choice of the reference point is the first thing to be
considered. It may be somewhat arbitrary, yet its choice
does affect the kinematics and dynamics of the vehicle.
The desired steering and drive functions of the vehicle,
the space swept out by the vehicle, the actuators needed
to drive the vehicle and the control method to be devised
for the vehicle all are functions of the position of the
reference point. Hence, the analysis of the effect of the
reference point position on the motion feasibility of the
vehicle is of importance.

The necessity of investigating the initial orientation
angle can be seen from tracing the line-line combination
shown in Figure 1(a). When the vehicle arrives the end
of the first line segment, the orientation angle at that
point will become the initial orientation angle for the
second line segment; the orientation angle at the end of
the second line will, in turn, be the initial angle for the
third line, and so on. When the vehicle changes lanes
consisting of circular—circular segments, there also exists
an initial value problem.

Most of the vehicles in use or in development today
are steered by a single wheel or wheel pair.”'" It has
been proved that from the steering viewpoint, a vehicle
steered by a single wheel is an equivalent to that steered
by a wheel pair.'' Hence in this study, we only consider
the former kind of vehicle by using the mathematical
model developed in reference 11 to analyze the motion
feasibility of the vehicle.

Although many researchers have focused their
attentions on the study of the motion of trucks™'** and
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the motion of automated guided vehicles or autonomous
vehicles 471014243 15 date, we have not been aware of
the detailed analysis of the dependence of the motion
feasibility of wheeled vehicles on the shape of the
reference path, the reference point position and the
initial orientation angle of the vehicle. This paper
investigates this problem when the vehicle is required to
follow a general path y, = f(x,) and two typical paths,
i.e. straight line and circle.

Section 2 gives a brief description of the kinematic
model. In section 3, the relationship between the
continuities of the orientation angle, steering angle and
that of the reference path is discussed when reference
point is chosen at different points on the vehicle. The
steering angle limit and its effects on the feasible
deviation angle intervals are discussed in section 4. The
subject of section 5 is the analysis of motion feasibility
when the reference path is a straight line. This is
followed in section 6 by the analysis of motion feasibility
when the circular motion is carried out. Finally, the
conclusions are drawn in section 7.

2. KINEMATIC MODEL FOR A VEHICLE

To analyze the motion feasibility of a wheeled vehicle,
an appropriate kinematical model is necessary. In this
section, we briefly introduce the kinematic model
developed by Wang and Linnett.'"" Figure 2 is a plan
view of a general vehicle model investigated. From the
point of view of operating function, wheels used in the
vehicle can be categorized into two types, free wheels
and fixed wheels. If a wheel can rotate about a vertical
axle, it is defined as a free wheel, otherwise, it is defined
as a fixed wheel. Based on this definition, steered wheels
are free wheels and wheels on the fixed axle are fixed
wheels. However, when they are described by a
mathematical model, a fixed wheel may be regarded as a
special free wheel, so in Figure 2 all the wheels are given
in the form of free wheels. For most of the vehicles in

*9

0y(P)

» X

Fig. 2. Global (Oxy) and local (O,x, y,) reference coordinate
frames, reference point P coincides with O,.
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use and in development, B and C are fixed wheels, i.e.
¢s =P =0. A global reference coordinate frame
(Oxy) is introduced to describe the motion of the vehicle
in terms of the position of the reference point (x,, y,)
and the orientation angle 8 of the vehicle. We also define
a local reference coordinate frame (O,x,y,), whose
origin O, is placed at the reference point P of the vehicle
with y, axis parallel to the rear axle BC. We use M to
represent any point in the rigid vehicle body when
discussing the motion of the rigid vehicle body and also
use it to represent a wheel connected to the
corresponding point when discussing steering angle. The
coordinates of point M are denoted by M(x,, y.) in
terms of the global reference frame and M(x,,;, Y1) in
terms of the local reference frame. So the coordinates
are constants with respect to the local reference frame.

The angle ¢,, (m=a, b, c) is that between the
vertical plane of the wheel M and the positive x axis, and
¢.1, between the vertical plane of the wheel M and the
positive x, axis. It is noted that ¢,,, 6, ¢, are all in the
range from —180° to 180°. The relation between ¢,,, 6,
and ¢,,, can be written as:

¢m=¢ml+0 (1)

The coordinates of point M in the global frame are
related to the coordinates of point M measured in the
local frame by the transformation:

[x,,,] - [x,,.. cos 0 — y,,, sin 6 +x,] @
Yo ¥ X, Sin6@+y,,c0s0+y,

In the paper, when x, y are functions of time ¢, we use X,

£ to denote — respectively. Differentiating

dt’ de
equation (2) with respect to time, we have:

[x,,,] ¥ [(—x,,,, sin 6 — y,., cos 6)8 +xp]
Ymd L (X1 cOS 8 =y, sin 0)0 +y,

Where X,, Ym» X, Y, are the absolute velocity
components of point M and the reference point P along
x, y-axes and 6 is the absolute angular velocity of the
vehicle body. Differentiating equation (3) again, we have
the absolute acceleration expressions:

]

_[(-x_,.oose+y,,,,sino)-éf+(—x,,,sino—y,,.cose) -_é+i,]
& (—x,,,.sinG-—y_,eosO)-81+(x,,,,oosﬂ—y,,,,sin0)-0+)‘v,

4)

When the whole vehicle is considered, the ideal rolling
condition of all the wheels must be satisfied, that is the
motion direction of every wheel rolling forward or
backward, whether steered or not, must coincide with
the tangent to the vehicle body trajectory at the
corresponding wheel center. Mathematically, the above
condition can be expressed as:

3)

¢ =Im
L d s)

From equations (1) and (5) we can obtain ¢,,,, the angle

tan (¢,,) =
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relative to the vehicle orientation line, which is the
steering angle for a steering wheel.

¢mi=atan (3=) -6 ©

As mentioned above, when the wheels in the vehicle are
fixed wheels, then their angles relative to the vehicle
orientation line are constants. In this study, wheels B, C
are considered as fixed wheels so that ¢,, = ¢, =0.
Therefore, from equation (6), the following constraints
are imposed:

tan @ =22 ™
Xp

tan 6 =2 8)
X

Substituting equation (3) into (7) and (8) respectively
and simplifying, we obtain:
Xy, - @=1x,sin 6 —y,cos 6 )
X, - @=1x,sin 0 —y,cos 0 (10)
The y, axis is parallel to the vehicle’s rear axle, so,
letting x,, = x.; = x, equations (9) and (10) become:

x-6=4x,sin0 —y,cos 6 (11)

Equation (11) is what we need to solve for the vehicle’s
orientation angle 6 and angular velocity 6 when the
reference point velocity components x, and y, are
specified. Due to the fact that equation (11) describes the
general relationship between the reference point’s
position relative to the rear axle, its velocity, the
vehicle’s orientation angle and its first derivative when
the reference point is chosen at any point in the vehicle.
it is called the general constraint equation.

Once 6 and @ are known, the position and absolute
velocity of any point can be determined by equations (2)
and (3) and the steering angle from equation (6).

3. THE CONTINUITIES OF ORIENTATION
ANGLE AND STEERING ANGLE
A geometric curve, which is generated by a path
planning algorithm and is required to be followed by the
reference point P of the robot, is called a path.
Mathematically, a curve can be presented as a general
form in x — y plane:

Yo=f (xp) (12)
Some characteristics associated with its shape, such as its
derivatives and curvature, are referred to as its geometric
characteristics. A trajectory is defined as the time course
along a path. One can choose velocity from various
schedules for a geometrically defined path, which results
in various velocity profiles. If a variable is only affected
by the geometrical characteristics rather than by vehicle’s
velocities at any point along the path, it is called an
independent variable of velocities. 6, ¢,, are such
defined independent variables. In this section, we discuss
the effects of the continuities of the reference path and
its derivatives on the continuities of the orientation angle
and steering angle of the vehicle.
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Equations (6) and (11) cannot be directly used for this
purpose as they include time variable. From (11),
another form of the general constraint equation can be
derived as:

xd6 = (sin 6 —f'(x,) cos 8) dx, (13)

where f'(x,) denotes the slope of curve f(x,) at x,. It
follows from differential equation (13) that the
orientation angle of the vehicle is only a function of
x-axis coordinate of the reference point.

From equations (3), (6) and (13), we can obtain the
expression of steering angle as follows (the detailed
derivation is omitted):

e )oond - siaf 4 1o

foa =tan™ 2] a9
f'(x,)sin 6 + 008 6 — ypuy 5—
dx’

Since the reference point at different positions will
produce different effects on the orientation angle and
steering angle, two cases =0 and y#0 will be
considered.

31 Thecasex =0
As defined above, x =0 corresponds to the position
where reference point is chosen at the rear axle. In this

case, from equation (13),
6 =tan™" (f'(x,)) (15)
Substituting expression (15) into (14) and simplifying,

$o=tan” (—-If’;—)
1= Ya1K,

Where f"(x,) represents the second derivative of the
path of the reference point at x,,,

)

71+ (f'(x)))7

represents the curvature of the reference path at the
same point, L =x,, — x represents the wheelbase of the
vehicle. If the reference point is at the midpoint of the
rear axle, then y,, =0 and we obtain the widely used
formula:

(16)

¢ar =tan"" (Lx,) (17

It is noted that equations (15) and (17) are independent
of the initial orientation angle at any point on the path,
that is the direction of the orientation of the vehicle must
be the tangent of the path.

Equation (15) indicates that vehicle’s orientation angle
possesses the same continuity as the first derivative of the
path. At the line-line transition point shown in Figure
1(a), f'(x,) is not continuous, therefore, the orientation
of the vehicle is also not continuous. However, at the
line—circular transition point shown in Figure 1(b),
vehicle’s orientation angle is continuous as f'(x,) at this
point is continuous.

Equation (17) shows the dependence of the continuity
of the steering angle on that of the followed path. The
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sufficient and necessary condition for .the continuity of
the steering angle along the path is the continuity of the
second derivative of the path at every point. So at the
line-line and line—circular transition points, steering
angle is not continuous. This prevents the vehicle from
efficient and smooth motion.

Using an inductive method, we can prove the
following theorems:

Theorem 3.1: If the (n + 1)th derivative of the path at
any point with respect to x, is continuous, then the nth
derivative of the orientation angle of the vehicle at the
corresponding point with respect to x, is continuous.

Theorem 3.2: If the (n + 2)th derivative of the path at
any point with respect to x, is continuous, then the nth
derivative of the steering angle of the vehicle at the
corresponding point with respect to x, is continuous.

3.2 The case x #0

When the reference point is chosen away from the rear
axle of the vehicle, x #0. In this case, orientation angle
is the solution of the first order differential equation (13)
and is a function of f'(x,) and the initial orientation
angle 6, of the vehicle. When the vehicle traverses the
line-line transition point, although f'(x,) at that point is
not continuous, orientation angle will be continuous
because the orientation angle at the end of the first line
segment will become the initial angle of the succeeding
line segment. The first derivative of the orientation angle
with respect to x, possesses the same continuity as f'(x,)
does. From equation (13) and (14), steering angle can be
derived as:

i 8 ( L(sin 8 — f'(x,) cos 8) )
(x cos 8 — y,;sin 8) + f'(x,)(x sin 6 + y,, cos 6)

(18)
It can be seen from (18) that for most cases, the steering
angle is not continuous at the line-line transition point
because the orientation angle is continuous and f'(x,) is
not; the steering angle is continuous at the line-circle
transition point because both orientation angle and
f'(x,) are continuous.

Since the solution of orientation angle 6 depends on
the initial orientation angle 8, when x # 0, the continuity
of orientation angle 8 may hold occasionally even if
f'(x,) is not continuous at some transition point.
However, the possibility is rare. Generally, we have the
following theorems:

Theorem 3.3: If the nth derivative of the path at any
point with respect to x, is continuous, then the nth
derivative of the orientation angle of the vehicle at the
corresponding point with respect to x, is continuous.

Theorem 3.4: If the (n + 1)th derivative of the path at
any point with respect to x, is continuous, then the nth
derivative of the steering angle of the vehicle at the
corresponding point with respect to x,, is continuous.
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From Theorems 3.1 to 3.4, it is easily seen that the
position of the reference point does have a significant
effect on the motion feasibility of the vehicle. Following
the same path, moving the reference point away from the
rear axle of the vehicle will improve the smoothness of
the motion and steering performance.

4. STEERING ANGLE LIMIT AND THE
FEASIBLE DEVIATION ANGLE INTERVALS
To analyze the motion feasibility of a vehicle, the
existence of steering angle limit cannot be neglected. The
consideration of it helps to understand the critical
conditions for distinguishing a feasible motion from an
infeasible one. In the range of —180°<¢,, = 180°, the
limited steering angle can be expressed by the following
inequality constraints:
-6m5¢-lsam’ lw-6w5¢alslw.
—180° < ¢,; =< —180° + S max (19)

Where &,.. is a positive constant and represents the
maximum deviation of the steering wheel from x,-axis,
see Figure 3. When the steering angle is in the range of
~8max = Po1 =< Opmax, it means that the direction of the
velocity at the midpoint of the vehicle is the same as that
of the positive direction of the x,-axis; when the steering
angle falls into the range of 180° — 8 ,pax =< 6,, = 180° or
—180° < ¢, =< —180° + 8., the direction of the velocity
at the midpoint of the rear axle is on the negative
direction of the x,-axis. We usually refer to the former as
a forward motion and the latter as a backward motion.

Let a represent the motion direction of the reference
point P, 6 represent the orientation angle of the vehicle
at point x,, on the path f(x,), as shown in Figure 4. Then
a can be expressed as:

tan (@) =22 = f'(x,) (20)
Xp

We define f = 6 — « as the deviation angle of the vehicle

at point x,. Substituting equation (20) into (18), we

have:

Lsin B
Ly =tan™! ) 21
P =0 oo B — yursin B g
Differentiating equation (21) with respect to f:
d¢cl Ty X L

dp ~(Lonpr+Gonp—ynsnpy

180 -5, <¢, <180

Y1
4 \ -8_..5¢,,<8 .
w4
| 0,®) 7 Al T,

/—lso'so,ls-lso‘+s_.,

Fig. 3. An illustration of the steering angle inequality
constraints.

21

AL

Fig. 4. An illustration of the deviation angle .

It is clear that when 5 <0, d;‘;'
monotonic decreasing with respect to B; when x>0,
%>0, steering angle ¢,, is monotonic increasing. A
typical relationship between steering angle and the
deviation angle is shown in Figure 5.

Since the steering angle varies monotonically with
respect to the deviation angle, there exist four critical
orientation angles B,, B>, B; and B,, corresponding to
the four critical steering angles 8.y, —Omaxs 180° — Smax
and —180° + 8,.... The corresponding feasible intervals
of the deviation angles for ¥ <0 and y >0 are shown in
Table I and Table II, respectively.

From Tables I and II, we can draw the following
conclusion that if the steering angle limit is taken into
consideration, only when the deviation angle falls into
the four feasible intervals, i.e. the neighborhood of 0°
and that of +180°, can the steering angle limit be
satisfied. We call these four intervals as the feasible
deviation intervals and the corresponding orientation
angle intervals as feasible orientation intervals.

For a given steering angle limit, in the following, we
discuss the effect of x on the maximum deviation angle.
From equation (21), it is easy to obtain:

= x tan (¢.1)
=tan ‘(—————-) 23

i L + y, tan (¢a1) &2
It can be observed from equation (23) that the farther
(the larger the value of the |x|) the reference point is
chosen from the rear axle, the larger the magnitude of

<0, steering angle ¢,, is

180
] 2
.
2 90
——  P3

L]
2 —e— P4
< o
-
-]
: %0
- A
3
5 J

-180 T R T 2R ) - T »

-180 -120 -60 0 60 120 180 (deg)

Fig. 5. The relationship between the steering angle and the
deviation angle when the reference points are in front of the
rear axle (P3) and behind the rear axle (P4), respectively.
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Table | The corresponding relationship between critical steering angles and critical orientation
angles when reference point is in front of the rear axle

<0
Interval ¢,, (0°, Spax) (— ez 0°) (180° -6, 180°)  (—180°, —180° + 6,...)
Interval B (ﬁll 0) ((rv pl) (— 180°, ﬂ\) (ﬂ‘r lw')
Signs B.(-) Ba(+) Bi(-) Bu(+)

Table [I The corresponding relationship between critical steering angles and critical orientation
angles when reference point is behind the rear axle S

x>0
Interval ¢,, (0°, 6 ) (—6 max, 0°) (180° -4, 180°)  (—180°, -180°+4..)
Interval § (@, B) (8., 0) (B, 180°) (—180°, B,)
Signs Bi(+) B:(-) Bs(+) B.(-)

the permitted deviation angle. It should be noted that
above analysis applies to the initial position.

5. THE ANALYSIS OF STRAIGHT LINE
MOTION

When the reference path is a straight line, the motion of
the vehicle is called straight line motion. Straight line
motion is the most basic and widely adopted kind of
motion. In this section, we analyze the effects of the
position of the reference point and the initial orientation
angle on the orientation angle and steering angle of the
vehicle when the limit of steering mechanism is taken
into consideration.

For simplicity and without losing generality, suppose
the straight line is the x-axis, the start point is located at
the origin and the motion direction is along the positive
direction of the x-axis. Mathematically, it is:

(24)

As defined above, in this case, a =0, the deviation angle
B of the vehicle is equal to its orientation angle 6. The
main problem is how to determine 6.

When the reference point is not chosen at the rear
axle, the orientation angle can be expressed as a function
of the initial angle 6,, the relative position of the
reference point to the rear axle x and the passed length

> i
6=2tan"! ((an (%’) e‘)

P
where c¢=x,/x. Differentiating equation (25) with

¥ =0, x,=0

(25)

respect to x,, we have:

90) 9
_4_0__ 2!an(2 e

" on (%))

The monotonicity of 8 with respect to the passed length
x,, is shown in Table III.

5.1 The case 3 <0

In this case, since 8 is monotonic decreasing (MD) with
respect to x, when 0° < 6, < 180° whereas 6 is monotonic
increasing (MI) when —180°<6,<0° if no steering
angle limit is taken into consideration, then whatever the
initial orientation angle is in the range from —180° to
180°, when x, — =, then 6—0. When the steering angle
limit is not neglected, it can be seen from Table I and III
that if the initial orientation angle falls into the feasible
range of (8,, 0°) or (0°, 8,) which equals to (8,, 0°) or
(0°, B.), respectively, when x,— =, then 8—0, and the
orientation angle is always kept in the feasible range, so
the steering angle limit is always satisfied; if the initial
orientation angle falls into the other feasible range of
(—180°, 8,) or (180°, 6,) which equals to (—180°, B,) or
(Bs, 180°), respectively, when x,—>, then the
orientation angle will reach 6; or 8, within a limited
passed length, that means that after the steering angle
limit is reached, the path can not be traced.

5.2 The case x>0
In this case, since @ is monotonic increasing (M/) with

Table II The monotonicity of the orientation angle with respect to x, when
reference point is chosen away from the rear axle of the vehicle (M D = Monotonic
Increasing, MD = Monotonic Decreasing)

x<0

x>0

0°<8,<180°

-180°< 6, <0 0°<8,<180°

-180°< 6,<0°

8 versus x, MD

Mi MD
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respect to x, when 0° < 8, < 180° whereas 6 is monotonic
decreasing (MD) when —180°<8,<0°, if no steering
angle limit is taken into consideration, whatever the
initial orientation angle falls into the range of
0°<6,<180°, —180°<6,<0°, when x,—=, then
60— +180°. Using the similar analysis, we can conclude
that only when the initial orientation angle is in the
feasible range of (—180°, 6;) or (180°, 6,), can the
vehicle trace the straight line for any length.

53 Thecase x =0

This means that the initial angle must only be 0° or
+180°. The locus of any point is also straight line and the
motion of the vehicle is a translation. Otherwise, the

vehicle can not move.

6. THE ANALYSIS OF CIRCULAR MOTION

If the reference path is a circular arc, the motion of the
vehicle is called circular motion. In this section, we
consider the rigid vehicle travelling along a circle of
radius R from S to T, see Figure 6. We may assume that
the motion of the reference point P can be described by
the following equations:

[)-[Reton @
|~ - @

Where  represents the angular velocity of the reference
point P, wt represents the radians of the passed arc.
Substituting equation (28) into (20), we have the
expression for the motion direction of the reference
point:

a=90 - wt (29)
At the start point, = 0 and a = 90°. The feasible initial
orientation angle must be in the neighborhoods of +90°.

The steering angle expression becomes:

=L
o =tan )
i, o xtan (6 + wt) + y,,

(30)
Like the straight line motion, there are three cases
depending on the choice of the reference point P,
namely, corresponding to the signs of x.

6.1 The case x <0
In this case, the orientation angle can be given in the

S

Fig. 6. A schematic for circular motion.

(values in meters)
Body width (W) 25

Effective wheelbase
) 3

Front overhang (TF) | 1.3
Rear overhang (TB) | 2.5

g

Fig. 7. A schematic of the geometry of a FAT design rigid
vehicle.

following form:"'

z.’,+a-tan(wt-b))_ ¢
a—(z5-tan(wt-b))) ~ "
={ 2tan”' (@t + ) — wt, k=

2tan"(a-

’ and '
3t _,( (c+2zg)-e —(c—zo))_
= C(c+z6)-e"’“'+(c—z",) by, &>1
(31)
Where
R 3 6, 1+k 1-k
W e, =tanl— . = —— =
3 = (2) wi e S i el
k+
c= k_—%’ d=Vk*—-1

Equation (31) indicates that the orientation angle is a
function of initial orientation angle, the k and o,
independent of @ and Rw. That means velocity has no
effect on the orientation angle.

Because the monotonicity of the orientation angle with
respect to i is not as explicit as that of the straight line
motion, so in the following, the simulation result is
given. Figure 7 illustrates a schematic of a practical rigid
vehicle and its key dimensions.”” This vehicle will be
used as the simulation model in this section.

Figure 8 shows the changes of the orientation angle
with respect to wr at different k values and initial
orientation angles when wf changes from 0° to 90°. When
the initial orientation angle is in the range of from 90° to
120°, the orientation angle is monotonic decreasing and

. k=10,90
s k=333 90
z =+ k=0.75.90
2 k=10,120
H % £333,120
2 60 x=0.75,120
2 w0 k=10,60

-

2 ‘= k=3.33,60
s k=0.75,60
6 o+

o 10 20 30 40 50 80 70 80 90 (deg)

Fig. 8. The change of the orientation angle with respect to the
passed arc length when the reference point is in front of
the rear axle and the initial orientation angle is in the
neighborhood of 90°.
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P3,90.Ra25
P390R=15
P3,120 R=50
P3,120, Ra28
P3120R=15
P3.80.R=50
P3,60,R=25
P3,60R=15
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Fig. %(a). The change of the steering angle with respect to the
passed arc length when the reference point is chosen at P3 and
the initial orientation angle is in the neighborhood of 90°.

x P1,60,R=50
P1,80,Ra25
P1,60,R=15
P1,90,R-50
P1,90,R=25
P1,90,Aa15
P1,120 R=50
P1,120R=25
P1,120R=15

Steering angle (deg)
o

'x g J L L) v L] T Ll Ll v 5 3
o 10 20 30 40 so 6o 70 8o 9o (9°9)
Fig. 9(b). The change of the steering angle with respect to the

passed arc length when the reference point is chosen at P1 and
the initial orientation angle is in the neighborhood of 90°.

the smaller the k, the slower the change of the
orientation angle. When initial orientation angle is less
than 90°, at the beginning, the orientation angle
increases and then decreases. It can also be seen that
with the same k and different initial orientation angles,
the vehicle’s orientation angle tends to be the same value
as @f increases.

Figure 9(a) and (b) show the change of the steering
angle with respect to @t when the initial orientation
angle is in the neighborhood of 90° and the reference
point are at P3 and P1 (see Figure 7), respectively.
Three factors, namely, the reference point position, the
initial orientation angle and k, affect the steering angle.
The initial steering angle is dependent on the position of
the reference point and the initial orientation angle, not
on k. As stated above, moving forward the reference
point increases the permitted deviation angle, conse-
quently, makes it easier to satisfy the steering limit.
However, as ot increases, the steering angle tends to be
a steady value which is independent of the initial
orientation angle but dependent on k. Moving forward
the reference point makes the magnitude of the steady
steering angle increase. In practice, k>1, from
equations (30) and (31) by putting wt— =, it can be
obtained:

-L
.= lim ¢, =tan"(
’l -’l—“¢l —x f—z——k _1+y.l

) , (k>1)
(32)

when reference point is chosen at the center line,
namely, y,, =0, the condition of equal initial and steady
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Fig. 10. The change of the steering angle with respect to the
passed arc length when the reference point is in front of
the rear axle (P3) and the initial orientation angle is in the
neighborhood of —90°.

steering angles is:
tan (6,) = +Vk* -1 (33)

When initial orientation angles are —60°, —90° and
—120°, the orientation angle change with respect to wt is
indicated in Figure 10. The steering angle reaches its
saturation limit very quickly, after that, the vehicle can
not move.

In summary, from the above analysis we can draw the
following conclusions: Only when the initial orientation
angle falls into the neighborhood of 90° and satisfying the
steering angle limit, then the vehicle can move properly,
the needed steering angle tends to a steady value. The
farther the reference point is chosen from the rear axle,
the smaller the magnitude of the initial steering angle is
needed, on the other hand, the bigger the magnitude of
the steady steering angle is needed.

6.2 The case x >0
The orientation angle is as follows:"'

0=

( 1  azy+tan(wt-b)
=1 —_— 0 ==

& (a l—(az{,-tan(an-b))) il L
Sy L i

< 2tan (1-(0”'26)) wt, k=1
[ (1+cz{,)+(cz(,—l)-e“’“)_

L2tan (C 1+ cz0) — ((czo—1) - ™) wt, k>1

(34)

Where k = R/x, a, b, ¢, d, and z, are defined as those in
the case x <0. The steering input necessary to follow the
circle is still determined by equation (30).

Figure 11 shows the change of the orientation angle

180

160 4

140 4

120 4

100 4

Orlentation engle (deg)

.0 T Ll Ll AJ T Al L] ==\ i

0 10 20 30 40 50 60 70 80 90 (deg)

Fig. 11. The change of the orientation angle with respect to the
passed arc length when the reference point is behind the rear
axle and the initial orientation angle is 90°.
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Fig. 12. The change of the steering angle with respect to the
arc length when the reference point is behind the rear

axle (P4) and the initial orientation angle is in the

neighborhood of 90°.

with respect to wr when initial orientation angles are 90°.
The heading of the vehicle turns left while the reference
point is making a right turn. A pirouette occurs. Even if
the initial steering angle satisfies the steering limit, the
steering angle limit will be reached very quickly. Figure
12 illustrates this point.

Figure 13 is an illustration of orientation angle changes
when initial orientation angle are —90°, —120° and —60°
respectively. Figure 14 shows the corresponding steering
angle changes. Clearly, the steering angle limit will be
satisfied all the time if initial and steady steering angles
fall into the feasible intervals.

6.3 The case x =0
It is obvious that equations (15) and (28) yield:

6=90°"—wt (35)
In this case, equation (2) becomes:
x2, +yh=xty+ (Ym + R) (36)

Equation (36) indicates that the path of any point in the
vehicle is a circle. At any instant, the tangent of the
reference path coincides with the orientation of the
vehicle, including the intial time.

7. CONCLUSIONS

In this paper, we have investigated in detail the
dependence of the orientation angle and steering angle
on the shape of the reference path, the initial orientation
angle and the position of the reference point. taking any

8

';’ —e— P4.60R=13
e b —e— P4-60R=25
3 100 --®- P4-60R=37
- —e— P4-90R=13
e ™ —e— P4.90R=25
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2 e0 —&— P4-120R=25
' -~~~ P4-120R=37
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Fig. 13. The change of the orientation angle with respect to the
passed arc length when the reference point is behind the rear
axle (P4) and the initial orientation angle is in the
neighbhorhood of —90°.

225

P4.-120R=25
P4.-80 Re25
P4,-80 Ra25
P4.-120,R=37
P4,-90,R=37
P4,-80,R=37
P4,-120R=13
P4,-90.R=13
P4,80,R=13

angle (deg)

Steering

- -

120 +—r Y T T T Y T T

0 10 20 30 40 S0 60 70 80 S0 (deg)

Fig. 14. The change of the steering angle with respect to the
passed arc length when the reference point is behind the rear
axle (P4) and the initial orientation angle is in the
neighborhood of —90°.

steering angle limit into consideration. The problem
solved is how to judge motion feasibility of a vehicle
when it is required to follow a path and, if feasible, how
to determine the required steering angle and the
velocity.

The continuity of the orientation angle is the first
requirement for smooth motion of a vehicle. However, if
we choose the reference point on the rear axle of the
vehicle and the first derivative of the reference path
possesses a discontinuity point, a discontinuity will occur.
This will cause difficulty in the localization of the vehicle.
Moving the reference point away from the rear axle
improves not only the continuity of the orientation angle,
but also that of the steering angle, when the same path is
followed. A continuous steering angle means that
continuous motion without stopping at the transition
points of the path is possible.

The steering angle limit is the main factor affecting the
maneuvering capacity of the vehicle. Theoretically, if no
steering limit exists, any continuous reference path can
be traced if the reference point is chosen away from the
rear axle. In practice. the steering angle limit cannot be
neglected. The concept of the deviation angle has been
established to describe the motion feasibility of the
vehicle. The advantage of developing the concept is that
at any time, the feasible deviation angle intervals are
always in the neighborhood of 0° and +180°. Through
the analyses of straight line motion and circular motion,
it is further revealed that when the reference point is in
front of the rear axle, if the initial deviation angle falls
into the feasible interval in the neighborhood of 0°, then
the vehicle can trace the straight line or circular arc for
any length. However, if the initial deviation angle falls
into the other feasible interval, a pirouette will occur and
the steering limit will be reached very quickly; after that,
the vehicle cannot trace the path any more. When the
reference point is chosen behind the rear axle of the
vehicle, the initial feasible deviation angle falling in the
neighborhood of +180° means that the straight line or
circular arc can be traced for any length and the other
feasible interval will cause the pirouette.

The above result tells us that if the vehicle moves
forward, the reference point should be chosen in front of
the rear axle whereas the reference point should be
chosen behind the rear axle when the vehicle moves
backward.
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For following a circular path, the position of the
reference point affects the initial steering angle and the
steady state steering angle. The farther the reference
point is chosen from the rear axle, the smaller the
magnitude of the initial steering angle, but the bigger the
magnitude of the steady state steering angle. Therefore,
a trade-off must be made.

The aim of this paper is to offer a better understanding
of the motion of the vehicle. The results have been
tested on a kinematic model of a typical vehicle. Using
this model, even if the reference point is not at the mass
center of the vehicle, we still can calculate the motion of
the mass center of the vehicle, this is important for the
analysis of the dynamics of the vehicle. More
applications associated with kinematics of a wheeled

vehicle are expected.
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SUMMARY

The problem associated with planning a collision-free
path for a wheeled mobile robot (WMR) moving among
obstacles in the workspace is investigated in this paper.
A kinematic model, including the general nonholonomic
constraint equation, is developed first, followed by the
analysis of some general maneuvering characteristics of
the WMR. The analytic solutions to the typical path
curves, such as circle and straight line, which are
important in the path planning problem, are also
derived. From the analysis of the established kinematic
model, some factors which affect the path planning
problem for a WMR and therefore must be taken into
account are revealed and the general description of the
path planning problem for a WMR is formuated. In
conclusion, a possible architecture of the algorithm for a
practical WMR is presented.

KEYWORDS: Kinematics; Path planning; Mobile robot;

Kinematic model.

1. INTRODUCTION

A major objective of current research for wheeled
mobile robots is to provide the capability to automati-
cally plan a collision-free path among obstacles. This
problem is well-known as a find-path problem.! The
importance of a find-path problem is obvious and the
complexity involved in solving it has been shown.? The
problem can be described as: given an object (a wheeled
mobile robot) with an initial location and orientation, a
goal location and orientation, and a set of obstacles
located in space, find a continuous path for the object
from the initial location and orientation to the goal
location and orientation which avoids any collision with
obstacles along the way.

To achieve this purpose, numerous efforts have been
conducted to solve this seemly simple, but in fact very
complicated problem during the past decade. Various
methods for dealing with the basic find-path problem and
its various extensions, such as roadmap, exact cell
decomposition, approximate cell decomposition and
potential field approaches, have been developed. A
systematic detailed discussion on robot motion planting
can be found in reference 3.

Three kinds of constraints should be taken into
account for the basic path planning problem, namely
planning a path for a WMR moving among a set of fixed

obstacles in the work space. The first is the size and
location of the obstacles in the work space. The second
results from the wheels mounted on the rigid robot body,
it can be expressed as a general nonholonomic kinematic
constraint. The third comes from the steering mechan-
ism, the saturation limit of steering angle determines the
capability to trace a path. We refer to the second and
third kinds of constraints as the kinematic constraints. It
is not necessary to include the velocity and acceleration
at the path planning phase, because it will be shown that
changing the velocity has no effect on the swept space of
the WMR at low speed when it is tracing a path. This
will be proved by the independence of the orientation
angle of the WMR to its velocity. However, when the
path planning problem is extended to include other
robots or moving obstacles or both in the workspace,
velocity and acceleration limits can’t be ignored.

From the point of view of constraints taken into
account in the existing algorithms, these can be
categorized into two types. The first type treats a
wheeled mobile robot as a free rigid body which can
translate and rotate freely in the work space provided
that it does not collide with obstacles, i.e. the motions of
a WMR are supposed to be only subject to constraints
from the obstacles, rather than from any kinematic
constraints. Most of the algorithms developed belong to
this type.'* All the algorithms falling into the first type
suffer from the fundamental drawback that kinematic
constraints due to the robot’s structure are not taken into
account. Therefore, the paths generated by these
algorithms will not always be reliable. In other words,
when an actual robot is required to move along the
generated path using this kind of algorithm, there still
exists possibility of colliding with obstacles or finding that
the path is inexexutable. This is illustrated in Figure 1. In
which, Robot 1 and Robot 2 have the identical rigid
body shape, but the wheels are mounted in different
positions, and therefore, their second and third kinds of
constraints are totally different. When the first type of
algorithms is utilized to plan the paths for the two robots
under the same environment, there will be the same
paths generated for their same body shapes. However, in
practice, when the two robots are required to follow the
same generated path, the locus of any corresponding
points except the two reference points in the two robots
will be different. That means the swept spaces by the
two robots are different. This will be clearly shown in
section 2.
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(a) Robot 1 (b) Robot 2

Fig. 1. Two robots with same rigid bodies, different wheel
positions.

The second type of path planning algorithms for
wheeled mobile robots does take into account the limit
imposed by the steering mechanism which defines the
minimum radius of curvature of the reference point’s
path. Path planning with this kind of constraint is a
relatively new area of research. Following the work of
Laumond,? it has recently attracted considerable
interest.” The kinematic constraints considered by the
second type of algorithms can be expressed in the
following form:

B2+ = Prin®® =0 (1)
—xsin@+ycos6=0 (2)
1 1

—— =—1tan (@Pmax 3)
Pmin L1 (@) ,

Where %, y are the velocity components of the midpoint
of the rear axle in x-axis and y-axis in terms of the global
reference frame respectively, 6 is the orientation angle of
the mobile robot, 8 the rotating angular speed of the
robot, L, the wheelbase of the robot, pn, the minimum
radius of curvature of the midpoint of the rear axle, @max
the maximum steering angle determined by the steering
mechanism (See Figure 2).

The purpose of developing the second type of
algorithms is to remedy the drawback that the radius of
curvature of the path generated for the reference point
using the first type may be less than pyin. However, the
second kind of algorithms still suffers from some
drawbacks:

a. Equations (1) to (3) hold only when the reference

- X

Fig. 2. An illustration of nonholonomic constraints expressed
in equations (1)—(3).
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Fig. 3. An illustration of the difference between a free rigid
body and a wheeled mobile robot.

point is chosen on the midpoint of the rear axle. If the
reference point is chosen on the other point, say one of
the vertices of the robot’s body or the mass center of the
WMR, what kind of the general kinematic constraints
can be found? What form can the general steering limit
be expressed as? These questions will be answered in the
later sections.

b. The algorithms still take no account of the fact that
there is unique corresponding relationships between the
orientation angle of a WMR and the path followed,
which is determined by the rolling conditions of the
wheels in the rigid robot body. This is the fundamental
drawback.

Understanding the difference between a free body
WMR and a practical WMR is the key to understand the
shortcomings of the available algorithms, including the
first and second types. A intuitional example of showing
it is depicted in Figure 3. The free rigid body WMR is a
rectangle and its free space is the part enclosed within
the two circles with the same center. It can successfully
move from the initial position and orientation S to the
goal position and orientation G. However, for a practical
WMR, the goal position and orientation is unreachable if
the motion is restricted to the space between the circles.
This will be seen in section 3.

In this paper, the study begins with the development
of a general kinematic model for a wheeled mobile
robot, which clearly distinguishes a practical WMR from
a free rigid body. By analyzing the kinematic model, we
draw some conclusions which are of significance to path
planning problems and on which the remainder of the
paper is built. Based on the kinematical model and the
kinematic constraints, a possible architecture of the path
planning algorithm for mobile robots among a set of
fixed polygonal obstacles is presented.

The paper is organized as follows: In section 2, we first
develop a general kinematic model for a WMR based on
the ideal rolling conditions of the wheels mounted on the
rigid body, followed by the analysis of its some general
maneuvering characteristics. The derivation of the
analytic solutions to two typical motions, circular and
straight line motions, is the subject of section 3. The
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effect of the kinematic constraints on the path planning
problem is discussed in section 4 and then a general
description of the path planning problem is formulated.
The possible architecture of a path planning algorithm is
also included in this section. Section 5 gives a coarse
subalgorithm for an approximate global path for
arbitrary shapes of WMRs moving among fixed
polygonal obstacles. Emphasis is put on the discussion of

the effects of the choice of the reference point on the-

computational efficiency. A general technique for
detecting a potential collision between a polygonal rigid
body and fixed polygonal obstacles is proposed in section
6. Finally, conclusions are drawn in section 7.

2. KINEMATIC MODEL FOR A WHEELED
MOBILE ROBOT

To analyze the characteristics of a mobile robot
associated with the path planning problem, namely the

constraints imposed on it, a correct kinematic model is

needed. In this section, we derive the mathematical
model for a wheeled mobile robot, establish the general
kinematical constraint equation, and then draw some
conclusions useful for path planning problems.

2 1. Basic kinematic description of a wheeled mobile
robot

Figure 4 is a plan view of the wheeled mobile robot
model investigated in this paper. From the point of view
of operating function, wheels used in the robot can be
categorized into two types, free wheels and fixed wheels.
If a wheel can rotate about a vertical axle, it is defined as
a free wheel, otherwise, it is defined as a fixed wheel.
Based on this definition, steered wheels are free wheels
and wheels on the fixed axle, are fixed wheels. However,
when they are described by a mathematical model, a
fixed wheel may be regarded as a special free wheel, so
in Figure 4, all the wheels are given in the form of free
wheels. A global reference coordinate frame (Oxy) is
introduced to describe the motion of the robot in terms

Fig. 4. Global (Oxy) and local (O,x,y,) reference coordinate
frames, reference point P coincides with O,.
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of the position of the reference point (x,, y,) and the
orientation angle 6 of the robot. We define a local
reference coordinate frame (O,x,y,), whose origin is
placed at the reference point P of the robot with y, axis
parallel to the rear axle BC of the robot. We use M to
represent any point in the rigid robot body when
discussing the motion of the rigid robot body and also
use it to represent a wheel connected to the
corresponding point when discussing wheel motion. The
coordinates of point M are denoted by M (x.., y.) in
terms of the global reference frame and M (x,.y, ¥m) in
terms of the local reference frame. So the coordinate of
central point of a wheel is constant with respect to the
local reference frame.

The angle ¢,, (m=a,b,c) is measured from the
vertical plane the wheel M makes to the positive x axis,
and ¢,,;, from the vertical plane of the wheel M to the
positive x, axis. The relation between ¢,,, 6, ¢,.; can be
written as:

¢n| o ¢ml % o (4)

The coordinates of point M in the global frame are
related to the coordinates of point M measured in the
local frame by the transformation:

[x,,,] g [x,,,, cos @ — y,,; sin @ +x,,]
Ve X SiN6B+ Yy, cos6+y,

(&)

The relationships between reference point velocity,
orientation angle 6, robot turning angular rate and
central velocities of wheels A, B, C are found by
differentiating equation (5) with respect to time:

[i,,,] s [(—x,,,. sin 6 — y,,, cos 0)6 +i,]
Vo (X1 €OS O = Y,y Sin 6)8 + ¥,

Where %,., Ym, Xp. ¥, are the velocity components of the
corresponding wheel central point and the reference
point along x, y-axes in terms of the global reference
frame, 6 is the rotating angular rate of the robot body in
terms of the global reference frame. Differentiating
equation (6) again, we have the acceleration expressions:

(6)

(=X n1 €OS 8 + Y,y sin 6) - 67
[i,,,]_ 4+ (=X Sin@—y, cos8) 8+%,
Jmd | (=X 5in 8 = y,uy coOs 6) - 67
4 (X1 COS 0 — Yy 5in 0) - 6+ 5,

Equations (5), (6), (7) give the mathematical description
of any point on the robot boy in terms of the reference
point position, velocity, acceleration and orientation
angle as well as their derivatives. When the whole robot
is considered, the ideal rolling conditions must be
satisfied:
a. The direction of every wheel rolling forward or
backward, whether steered or not, must coincide with
the tangent to the robot body trajectory in the
corresponding wheel center.
b. The velocity of every wheel center point must be
equal to the product of wheel rotating angular velocity
about its own horizontal axle and its radius.
Mathematically, the above conditions can be expressed

Q)
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as:
NP
tan () = ;5 Om) =3 ®
Vo = Wy X T &)

Where @,, (m=a, b, ¢) represents the angular velocity
of wheels A, B, C, respectively; v,, the velocity of the
center point of wheels A, B, C; and r the radius of every
wheel. v,, is equal to the vector sum of x,, and y,,:

(Vm)* = ()’ + ()’ (10)

From equations (4), (8), we can obtain @,.;, the relative
angle to the robot orientation line, which is the steering
angle for steering wheel.

= tan™" (f—:) -8 (1)

When the wheels in the robot are fixed wheels, then their
relative angles to the robot orientation line are constants.
For example, in Figure 3, wheels B, C are fixed wheels
and ¢, = ¢, =0, therefore, from equation (11), the
following constraint is imposed:

tan @ =2 =2 (12)

As defined above, y, axis is parallel to the robot’s rear
axle, so that x,, =x.=y. Substituting equation (6) into
(12) and simplifying we obtain:

x-0=1%,sin60—y,cos0 (13)

Equation (13) is what we need to solve for the robot’s
orientation angle 8 when the reference point velocity
components x, and y, are specified. Due to the fact that
equation (13) describes the general relationship among
reference point’s position relative to the rear axle, its
velocity and. the robot’s orientation angle and its first
derivative when reference point is chosen at any point in
the robot, it is called the general constraint equation. It
can be seen that equations (1)—(3) are the special results
when x = 0 in equation (13). It can be noted that y,,, yc
are not included in equation (13), which illustrates the
fact that only x effects on robot’s orientation angle.

2.2 The independence of robot’s orientation angle 6,
steering angle to its velocity

A geometric curve, which is generated by a path
planning algorithm and is required to be followed by the
reference point P of the robot, is called a path.
Mathematically, a curve can be presented as a general
form in x-y plane:

Yo =f(xp) (14)

Some characteristics associated with its shape, such as its
derivatives and curvature, are referred to as its geometric
characteristics. A trajectory is defined as the time course
along a path. One can choose velocity from various
schedules for a geometrically defined path, which results
in various velocity profiles. If a wheeled robot moves
along any curve at different velocity profiles, how the
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velocities affect the robot’s orientation 6 and steering
angle is an important problem for path planning of a
mobile robot. If a variable is only affected by the
geometrical characteristics rather than by robot’s
velocities, it is called an independent variable of
velocities. If @ is an independent variable, it is easily
derived that the swept space by a robot travelling along a
specified path will be also independent of the robot’s
velocities (suppose the robot’s motion is so low that ideal
rolling occurs). When the limited steering angle of the
steering mechanism is taken into consideration, whether
or not the steering angle is an independent variable is of
interest. In this subsection, we will prove that they are
such defined independent variables.

Let f'(x,) denote the slope of curve f(x,) at x,, we
have:

dy, =f'(x,) dx, (15)
Substituting equation (15) into equation (13) gives:
de dx
i lsln 0~ T —
55, = (sin 8~ f'(x,)c0s 6) ! (16)

Which reduces at once to,
xd6 =(sin 6 — f'(x,) cos 8) dx, (17)

Equation (17) is another form of the general constraint
equation. Although the explicit analytic solution 6 to the
above equation can’t be obtained, it is obviously
dependent on x, rather than on the velocity of the
robot’s reference point.

From the general constraint equation (17), the

following two conclusions can be made:
a. When a WMR moves along a curved path, it is
impossible for it to purely translate without rotation. As
shown later, it is only when it moves along a straight line
and its initial orientation angle coincides with the
direction of the straight line that pure translation occurs.
b. When a WMR moves along a path, its instantaneous
orientation angle is unique at every point on the path.
This characteristic distinguishes a WMR from a free rigid
body and has direct effects on path-planning problem for
a WMR.

The robot’s steering angle is presented by equation
(11). After proving that 8 is an independent variable, we
must show that the ratio of @ to %, is independent of
robot’s velocities.

Substituting equation (6) into equation (11) yields:

6
(xml cos 6 = Ym1 sin 0)— +f,(xp)
@y =tan™" . X% -6

2]
(—Xm SN0 =y, cos0)—+1
Xp

(18)

From equation (17), it follows that:
_Q__(sin&—f’(x,)cosﬂ)
x5 3

Equations (18) and (19) indicate that §/%, and ¢,,, are

(19)
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independent of the robot’s velocity, so the steering angle
of the robot is an independent variable.

3. TWO TYPICAL MOTIONS: CIRCULAR
MOTION AND STRAIGHT LINE MOTION
In this section, we use the mathematical model from the
previous secton to analyze the two typical robot motions:
1) circular motion. 2) straight line motion. Exactly
ing, circular motion or straight line motion means
that the path followed by the reference point is a circle
or a straight line because paths of the other points on the
robot are not necessarily a circle or a straight line. The
circular motion and straight line motion are chosen as
examples because of the following two reasons: a) most
analyses, especially for practical applications, assume
that the reference point path is a circle; for example, the
offtracking problem is defined only for circular turn. 2>

b)theeﬁectsofsomcparametcm,suchasthedmxlar'

radius, driving velocity, the position of the refence point,
on the driving characteristics can be illustrated clearly. In
path planning problem, most of the generated paths also
consist of circles and straight lines.’

3.1 Right turn circular motion

A circular motion in clockwise direction is called a right
turn circular motion, and the circular motion in
counter-clockwise direction is called a left-turn circular
motion. As proven above, some parameters, such as the
robot’s orientation angle and steering angle, are
independent variables to its velocity. Therefore, for
convenience and without losing generality, we may use
parameterized expressions. Consider a WMR travelling
along a circle of radius R at a constant rate from starting
point S, see Figure 5. We may assume that the motion of
the reference point P can be described by the following
equations:

[;:] ; [; e :ns((::: : ::)) ] (20)
[;:] , [:::: 22((322‘3] (21)

Where £, y present the coordinates of the center of the
circle, @ the angular rate, @, 0°=< @o<360°, presents
the initial phase angle. There are three cases depending
on the choice of the reference point P, corresponding to
the signs of x in equation (13). Suppose that L,

Y
A S
Po
R
x
N
x

Fig. 5. A schematic for right turn circular motion.
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represents the distance from P to the rear axle, then
y=-L,, ¥=0 and 3y =L, correspond to the following
three cases where the reference point is chosen in front
of, at and behind the robot’s rear axle, respectively. In
the following, we will study these three cases

respectively.

I. The case x = — L,

In this case, by substituting equation (21) into (13), we
have: ]

—L, =1,sin 8 — y, cos 8 = Rw cos (ot + 6 — @)
(22)

As it is not possible to separate the variables in equation
(22), the method of changing the variables must be used
to solve it. The substitution z=wf+ 6 — @, gives
i=w+6. In equation (22), putting k=R/L, for
convenience:

dz

Z=w-(1—kcosz) (23)
Separating the variables and integrating
’ z dz
di=f =P —
Lw t A —kox2) (24)

where z, = 8, — @o, and 6, is the initial orientation angle
of the robot at start point S. Equation (24) is an integral
of rational function of cos z. Put

z' =tan G), dz'=1}- (secg)2 -dz

so that F 2 d
=1y @)y
heﬂce: s z’ zdz: 25
L I~ +(+RE) ¢2
The solution from equation (25) is:
[ ol el i [1+k
5 tan '(az)—;tan (azp), a= ey
Vi—-&2
b= ’ k<1 —l—,——' k=l’
wt =¥ 2 o & (26)
l.(lncz'—l_lncz{,-—l) il /k+l
d cz'+1 czo+1)” ~ Yk-=1'
|d=VKT-1, k>1

Considering the substitutions used above, we finally
obtain the expression of 8 in terms of k, w, z, and &:

7 (1 azp+tan(wt-b)
2ta '(—- g )_
® s 1—(azg - tan (wt - b)) o0t P
k<1
=<2t -l(————Z(” )— =
< 2tan e wt+ @, k=1 (27)

-1 1 (1+cz{,)+(cz",—1)-¢°"‘
2t (G (1+czo)— ((cz—-1) - e""‘))
k>1

\ _w‘+¢0»



39

Substituting equation (20) into (5) and simplifying, we
obtain:

) M L, cos (6 + B) + R cos (wt — o)

[y,..—y']-[L,,sin(6+ﬂ)—Rsin(ax—(po)] (28)
Where

sinﬁ=‘%l, cosﬂ=fl—:"—'-. L.=Vrt, tya

In order to understand better the locus of any point in
the robot, squaring the two sides of (28) and adding, we
can write:

(xn — %)+ (ym — 5 =LL+R*+2RL,,
x cos (0 + B+ wt— @) (29)
Equations (27) and (29) show that when the reference
point moves along a circle, the locus of any other point is

not necessarily a circle. This verifies the correctness of
the example depicted in Figure 3.

I1. the case x =0

L, =0 is a special case that means the reference point is
chosen at the axle of the two rear wheels. It is obvious
that equation (13) and (21) yields:

6=270°— wt + @ (30)
At any instant, the tangent of the reference path
coincides with the orientation of the robot. In this case,
equation (29) becomes:
(Xm = EP + (Y = FV =X+ (ym +R)* (3D
Equation (31) indicates that the path of any point in the
robot is a circle.

1. The case x =1L,
Using the similar procedure as above, we can obtain the
expression of 6 as follows:

’ltan“‘ (E—’) B (ﬁ) a= \/l—ﬂ
b a/ b a)l " Yi1-k’
b=

1-k

, k<1, z'—zo k=1
S (32)
l.(lnc+z'_‘nc+zt’,), 73 /Lc_t_l
d c-2' c—2 k-1’
d=VK -1, k>1
’2tan"(a- z(',+¢'z-tan(wl-b) )
a — (zp) - tan (wt - b))
—ot+@, k>1
0=(2tan""(wt +z5)—wt+ @y, k=1 (33)

_(c+z",)-e“’“—(c—z¢’.))
(c +2p) - €™ +(c—z0)
k>1

Where k. a, b, ¢, d and z; are defined as those in the
case x = —L,. Equation (29) also applies to this case.

2tan”! (c

. —m‘+¢o,

y y
i

(2) D0xy x>0 () kDxy-x>0
Fig. 6. An illustration of the signs of k and (x, —x.)

©B0xpxu<d (@) kDxyxG <D

3.2 Straight line motion

Let us consider the case when a robot moves along a
straight line as shown in Figure 6, at any velocity.
Without losing the generality, suppose that the motion of
the reference point P is described by the following
equation:

Yo =kx, +b (34)

Where k is the slope of the straight line and b the
intercept on y axis, hence:

fx) =k (35)
Substituting equation (35) into (17), we have:
x-d0 = (sin 6 — k cos 8) dx,
=V1+k’sin(6 - y)dx, (36)

Where

2 k 1
sr=VirEe Y TVITR
y is a constant ranging from —90° to 90° for a followed
path. The solution of the above equation is:

6o — :
02 Y'Ck),

(% — X5i)

@—y=2tan"! (tan

(37)
oo Vitk

and x,, is the initial x-coordinate. In this formula, the
signs of k and x, — x,, indicate the moving direction, as
shown in Figure 6, the sign of y indicates the relative
position of reference point on the robot to its rear axle.
8,, the initial orientation angle, is in the range of 0° to
360°.

From equation (37), it can be drawn that if and only if
the initial orientation angle 6, satisfies the following
relation:

6,=y+n-180° (38)

then 8 = 6, holds at any instant, which means the motion
of the WMR s a translation.

When a WMR moves along a straight line parallel to y
axis, the solution to orientation angle for a WMR is:

n=0,1

6=2tan"' (tangljzg—oo . e“') +90°,
(39)
X

When x =0, the orientation of the robot must be in the
same direction as the tangent of the path at any instant.
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4. EFFECT OF KINEMATIC CONSTRAINTS ON
AND THE GENERAL FORMULATION OF THE
PATH PLANNING PROBLEM FOR A WMR

In the previous sections, we have established the
kinematic model and analyzed the kinematic characteris-
tics of a WMR. From the analysis, it can be seen that the
following four points are the key ones for path planning
problems for a WMR and must be taken into account.

a. Rotation. Rotation of a WMR when it follows a
curved path must occur. Only in one case where the path
followed is a straight line and the WMR’s initial
orientation angle coincides with the direction of the
straight line, does pure translation occur. However, in
practice, this situation rarely appears.

b. Relationships between orientation angle and the path
followed. A WMR'’s orientation angle is obtained by
solving the general constraint equation (17) when it
follows a specified path. Corresponding to every given
initial orientation angle and every generated path, there
exists a unique solution to equation (17) for 6. This
inherent characteristic of a practical WMR shows that
before a path is found (if it exists), one can not know
exactly the WMR’s orientation angle when the WMR
follows it. This implies that the orientation of a WMR
can not be arbitrary.

c. Saturation of the steering mechanism. Whenever we
generate an approximate global path for a WMR,
equation (18) must be used to check the feasibility of the
generated path against the steering limit of the steering
mechanism.

d. Goal. The goal orientation must be satisfied.

In order to satisfy the kinematic constraints, we first
introduce the following definitions. In path planning
problem for a WMR, we call a path from the starting
point to the goal point feasible if and only if it satisfies
both the requirements of being collision-free and being
within the saturation limits. A feasible path only means it
is safe and can be followed, but it offers no guarantee of
the satisfaction of the goal orientation requirement. We
call a feasible path a final path if it satisfies the goal
orientation requirement. Obviously, the purpose for
planning a path is to find a final path.

In the remainder of this subsection, we attempt to give
a general formulation of the path planning problem for a
WMR while taking into account the kinematic
constraints, and then a possible algorithm structure for
solving the find-path problem is proposed.

Suppose that the boundary of the WMR is presented
as the following form in terms of the local reference

frame:
Ca(Xm1s Y1) =0 (40)

The boundary of the ith obstacle is presented as the
following form in terms of the global reference frame:

Fa(Xms Ym)=0, i=1,2,...,n (41)

Where (X1, ¥mi) and Tg(x,,, y.) are compact (i.e.
closed and bounded) and continuous functions of the
coordinates (X,.y, Y1) and (X, y»)- In most cases, they
are piecewise continuous functions. From equation (5), it

follows that:
Xm1
ol
Substituting equation (42) into (40) yields the expression

of the boundary of the WMR in terms of the global
reference frame:

(I., —x,)oos6+(y,, "yp)sina
"(Z- —xp) sin 8+(yn —y,)oosO

] @

rA((xm -xp)ws 0+ (y‘u —yp) sin 6,
~ (X —x,)5in 6 + (yu —y,)cOs 0) =0 (43)

As the initial position of the WMR is collision-free, and
the WMR and obstacles are compact, if there is a path
taken by the reference point of the WMR such that the
boundary curve of the WMR expressed by equation (43)
and the boundary curves of the obstacles expressed by
equation (41) do not intersect each other, this path must
be a collision-free path. In equation (43), the orientation
angle @ is determined by the general constraint equation
(17).

If a collision-free path satisfies the requirement of the
saturation limit, it then becomes a feasible path. The
purpose for path planning is to find a final path as de-
fined above. Therefore, mathematically, a path planning
problem for a WMR can be described formally as: Given
FCa(Xpmis Y1) =0, TIg(x,, y») =0, the initial position
(x5, ¥pi) Of the reference point and initial orientation
angle 6, of the WMR, and the goal position (x,,, y,,) of
the reference point and the goal orientation angle 6, of
the WMR, find a continuous function y, =f(x,) as the
reference point’s path such that it satisfies the following
conditions:

a. ypl =f(xpi) and ypg =f(xpg)

b. equations (41) and (43) have no points of intersection
while the WMR's reference point follows the whole path.
c. the steering angle obtain from equation (18) satisfies
the steering limit of the steering mechanism on the whole
path.

d. the goal orientation obtained from equation (17) at
the goal point satisfies 6,.

A very common approach to the path planning
problem for a WMR is the configuration space
approach.! The idea is to build the explicit repre-
sentations of the subsets of the WMR’s configuration,
the free space, which a reference point of the WMR can
occupy without colliding with any obstacles. Concep-
tually, a configuration space method can be viewed as
shrinking a WMR to a point while at the same time
expanding the obstacles to the shape of the WMR.
Therefore, two steps are needed to find a safe path.
First, computing the Cspace obsetacles, and then a graph
search method is employed. More generally, due to the
size of a practical WMR, any algorithms considering a
WMR as a point must take the first step to compute the
Cspace obstacles by shrinking the WMR and then
growing the obstacles. So the first step is the basis for
most algorithms for planning a collision-free path for a
WMR. If the orientation of the WMR is fixed, then the
computation of the Cspace obstacles is not a very difficult
job.?* However, as already pointed out, in most cases,
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the orientation angle of the WMR changes along the
path, rotations must be dealt with. As we know, to
obtain Cspace obstacles, an orientation angle of a WMR
must be assumed before a reference path is generated.
Thus, there is a potential conflict between the assumed
orientation angle and that generated when the reference
path is followed. Therefore, even if the Cspace obstacles
are computed without considering the kinematic
constraints, there is no guarantee that the generated path

is really collision-free because of the existence of the

kinematic constraints. The generated global path is only
an approximation to the real one. On the other hand, an
approximate global path is indeed necessary as it is'a
very useful guide to avoiding the blind try to find a safe
path for the WMR. For this reason, we discard the
time-consuming computation of the Cspace obstacles
used in reference 1, use the following strategy to grow
the obstacles, and still call the grown obstacles as Cspace
obstacles.

For any generated path is to be followed and it must
be safe and executable, the kinematic constraints can not
be ignored in the path planning phase. In this sense, a
path generated by the available algorithms can not be
guaranteed to be collision free and they must be
modified. A possible way one can do to alleviate this
difficulty is first to find an approximate global path as fast
as possible and then test it for potential collisions with
obstacles and saturation of the steering mechanism. If
collisions or saturation are detected, then use the
information obtained during the tests to plan a local path
for correcting the collision or saturation. The procedure
of testing and correcting continues until a feasible path is
found. After that, check the requirement of goal
orientation. If it is not satisfied, another local planning
for adjusting the goal orientation angle must be devised.
Clearly, this work can only be done after a feasible path
has been found. A possible path planning algorithm may
consist of the following parts:

a. A coarse subalgorithm for finding an approximate
global path

b. A testing subalgorithm for testing collision with
obstacles, saturation of the steering mechanism, and goal
orientation

c. A local path planning subalgorithm for correcting
collision, saturation and goal orientation

5. Finding an approximate global path for a WMR

The choice of the reference point is the first
consideration in path planning for a WMR. Its choice is
affected by kinematic constraints, the algorithms devised
to compute the Cspace obstacles and other factors. For
example, when the reference point is chosen at any point
on the rear axle, if the first derivative of the followed
path is discontinuous, a discontinuity of the orientation
angle will occur at the discontinuous point and, in turn,
this also causes discontinuities of the velocity and
acceleration of any point in the WMR. This undesired
characteristic an be alleviated by moving the reference
point away from the rear axle. This is an example of the
effect of the kinematic constraints on the choice of the
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Fig. 7. The boundary of the WMR is encompassed by two
circles with the same center.

reference point. The algorithmic effect on it is also clear.
In reference 1, when the WMR and obstacles are closed
and bounded polygonal bodies, and the slice projection
technique is employed, the reference point is chosen at
one of the vertices of the WMR to generate a polygonal
Cspace obstacles, thus to reduce the computational
complexity of the followed graph searching procedure.

Let the WMR A be a bounded convex polygon and its
boundary be I', (marked by the thick lines in Figure 7.).
Let a, be any point on I',. Choose an origin, i.e. the
reference point P, and two coordinate axes x,, y;. Let d;
be the distance from g; to the origin. In this paper, the
origin is chosen so that max,r, d; is minimized over all
possible origins. For a rectangular rigid body, it is
located at the symmetric center. For a circular body, it is
in the center. Obviously, for these two typical structures,
this choice also has the important property that
min, .r, d; is maximized. After the reference point is
chosen as defined above, let R,, denote the
min (max, .r, d;) and R, denote the max (min,r, d;).
Consequently, the difference between R, and R, is
also minimized. The boundary of the WMR will be
encompassed by two circles, one with the central point at
the origin and the radius of R, and another with the
same central point but different radius of R,. As shown
in Figure 7. The direction of the x, axis is always chosen
to be perpendicular to the rear axle of the WMR and
from the rear axle to the front axle.

In this paper, for every shrinking radius Re
[Rumins Rmax), shown also in Figure 7, two steps are
required to find an approximate global path for a WMR.
The first step is to compute the grown obstacles. We
expand the obstacles by a circle with radius R to reduce
the computational burden. The second step is to use an
algorithm to search the Cspace obstacles, which is called
generalized polygonal obstacles.” Fortunately, the
tangent graph methods for a point robot among such
generalized polygonal obstacles have been presented by
references 25 and 26 and can be employed here. Clearly,
the encompassed part of the robot by the circle of radius
R is collision-free if an approximate global path can be
found corresponding to the shrinking radius R.

If R,., is used to grow the polygonal obstacles, any
path generated for a point among the grown obstacles
will certainly be a collision-free path whatever the
orientation angle of the WMR is and it is an approximate
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global path. In this case, test for collision with obstacles
is not needed. For R, = min (max,.r, d;), the choice
of the reference point makes it most possible to find a
collision-free, approximate global path.

If R,.. is used to grow the obstacles, and no path is
found by the algorithm® for a point robot among the
grown obstacles, then it can be concluded that there
exists no path for the WMR. In this case, for
R, = max (min, ., d;), the choice of the reference
point increases the possibility to find that there is no path
available in a cluttered environment.

The above mentioned two cases are easily handled. If
the opposite search results are reached, namely, the first
two iterations of using R, and R, fail and succeed in
finding an approximate global path respectively, then we
devise an equal-interval decreasing search scheme for R
between R,.. and R,,. Divide the interval [Ramin, Rmas)
into n equal subintervals, thus, the length of every
subinterval equals to

Let R3=Rp..—A and R,=R,_,— A, i=4,5,...,n+
1, then use R; as the next shrinking radius. If the third
iteration fails, choose R,, and so on until an approximate
global path for the biggest shrinking radius R is found
provided n is big enough. Note that this is not the only
possible search order. In fact, the order of the choice of
R in [Rpia, Reuas] is perfectly arbitrary.

In practice, if uncertainty is taken into account, a
safety distance & is assumed, then the actual minimum
shrinking radius R, equals to é + Rpn.

6. DETECTING THE POTENTIAL COLLISIONS
OF THE POLYGONAL WMR WITH
POLYGONAL OBSTACLES

In this section, we consider the problem of determining
the collisions of the polygonal robot with polygonal
obstacles as it moves along a path. Because only the
‘edges of the robot have the possibility of collisions with
obstacles, the first problem considered here is how to
determine the locus of every point on the boundary of
_the robot and then check the possibily of collisions with
the obstacles.

Let the vertices of the robot by E, F, G, H, as shown
in Figure 4. For simplification, in the following, we only
show how to determine the locus of points on one of its
edges, say EF, and test its collisions with obstacle in the
workspace, the same procedure of derivation applies to
the other edges of the polygonal robot.

At any instant, the positions of points E and F can be
obtained from equation (5):

e el S el S P
i3 n n P

Any point in the edge EF can be expressed as the form

of an equality and an inequality:

Yo =0
y —yc=kd(x-xt)! kd:l

el

47

Where x and y present the coordinates of any point on
edge EF in terms of the global reference frame,
min (x., x;) means the minimum of x, and x,
max (x,, x;) means the maximum of x, and x;.

Suppose that the coordinates of the jth and (j + 1)th
vertices of the ith polygonal obstacle B; are denoted by
biAxij» ¥i;) and b, ;. y(Xi 41, Yijer) respectively in terms
of the global reference frame, then the coordinates of the
points on the segment connecting b, ; and b, ;,, are given
in the same form as equation (46) and inequality (47):

min (x,, x;) < x <max (x,, x;)

y—y"-i=kl.;(1—x,-_,-), kl.l=M (48)
Xij+1~ Xij
min (Ii.j, Xi.,'+|) < x < max (xi.i' xi.lﬂ) (49)

The solution of equation (46) and (48), namely the
coordinates of the point of intersection of the two
straight lines, can be obtained as:

= Kepe =) — (KigXi; — i)

ke — ki S
= kef(yi.j BE ki.,“i./) = kij(yc > kef'c)
y i (51)

It is obvious that if and only if the x-coordinate of the
point of intersection, given in equation (50), satisfies two
inequalities (47) and (49), then the edge EF of the WMR
have no collisions with the edge b, b;;., of the ith
obstacle B,; Furthermore, if and only if EF have no
collisions with all the edges of the obstacles B;, EF is
collision-free with B;, because the initial position of EF is
collision-free and B, is compact polygon; If and only if all
the edges of the robot is collision-free with all the
obstacles in the workspace, then the approximate path is
collision-free.

7. CONCLUSIONS

In this paper, we have clearly shown the difference
between a free rigid body and a practical wheeled mobile
robot from the viewpoint of kinematic constraints. The
interdependence of its orientation angle on the path
followed makes the path planning problem for a wheeled
mobile robot much more complicated.

The conclusion drawn from this difference is that the
path generated by the algorithms available is not
definitely safe and executable. By safe we mean that
there still exists the possibility to collide with obstacles.
By executable we mean that the needed steering angle
may exceed the maximum limit of the steering angle.
The general constraint equation reflects the inherent
characteristic of a wheeled mobile robot. However, as
the steering saturation results from the Ackermann
layout,” it is possible to remove the saturation limit by a
new design of the steering mechanism. Consequently,
the path planning algorithm for a WMR is simplified.
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Another direct benefit from such a no saturation limit
steering mechanism is the improvement of the
maneuverability of the WMR. A mechanism which might
be used for this purpose has been described in reference
28.

Path planning taking account of the kinematic
constraints for a WMR is an area for the future research.
In this work, we only addressed how to find an
approximate global path and how to test for the collision
with obstacles and for the steering saturation. More
effort will have to be conducted for designing the local
path without collision and saturation. This work must be
built on the better understanding of the combination of
the available algorithms and the kinematic characteristics
of a wheeled mobile robot.
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INTRODUCTION

VEHICLE KINEMATICS AND ITS APPLICATION TO
HiGHWAY DESIGN

By Yongji Wang,' and J. A. Linnett?
(Reviewed by the Highway Division)

Asstract: This paper presents a mathematical model for computing the path of any
one point on a wheeled vehicle, which may be a bus, an articulated truck, or a wheeled
robot, and the steering angle necessary for a reference point to travel a specified curve.
This problem arises in applications that require determination of the swept space of a
vehicle and in the automatic control of a mobile robot while the reference point on the
vehicle moves along a specified path. The mathematical model is applicable to any
dimension of a rigid vehicle or vehicle combination. It can be shown that the widely used
Western Highway Institute (WHI) formula for highway design is a special case of the
mathematical model presented in this paper. Based on this model, some inherent char-
acteristics of wheeled vehicles, such as curvature, radius of instantaneous rotation of a
point on the vehicle, and their relationship; and the independence of vehicle's orientation
angle, steering angle, curvature, and radius of instantaneous rotation to its velocity, are
also analyzed. The analytic solutions of two typical motions, circular and straight-line
motions, have been developed, and the comparison of the simulation results with the
existing standards has been conducted.

A driving hazard problem was proposed by Baylis (1973) and revised by Bender (1979). The
problem can be described as follows: when making a left turn at a crossroad, one moves to the
left as far as possible on one’s side of the roadway and then turns. Unfortunately, the rear of
the vehicle swings rightward as the left turn is begun—toward the unsuspecting driver passing
on the right (Fig. 1). This can be quite noticeable if the turning vehicle is a long bus. Hence,
the problem—just how far to the right will the back corner of the bus (P in Fig. 1) swing
towards the right as the bus driver negotiates the left turn—was proposed.

Another similar problem, studied by Freedman and Riemenschneider (1983), is how to de-
termine the path of the rear wheels of a bus while the front wheels of the bus track a given
path. The solution to this problem is useful for highway design and for the placement of curbs
at intersections.

A third problem, which is related to the previous ones but a little more complicated, arises
from the motion of a trailer-truck and was dealt with by Fossum and Lewis (1981) and Alexander
(1985). A comprehensive discussion of the maneuvering of vehicles such as buses or articulated
trucks was carried out by Alexander and Maddocks (1988). In their work, attention was focused
on intrinsic properties of rigid-body trajectories, such as curvature and centers of rotation. They
derived a relation between the radius of rotation of the body and the radii of curvatures of the
trajectories of the wheels. Based on that relation, the problems of circular steering, offtracking,
and optimal steering were considered.

In addition to the aforementioned researchers from the mathematical field, many others
(Alexander and Maddocks, 1989; Graettinger and Krogh 1989; Hemami et al. 1992; Kanayama
et al. 1990; Muir and Newman 1987; Steer 1989) have focused their attentions on the kinematics
of mobile robots and different methods have been developed. The motion problems of wheeled
vehicles have also attracted the interest of many researchers devoted to road design for vehicles,
especially large vehicles (Billing and Mercer 1986; Heald 1986; Sayers 1986; Smith 1986).

A mobile robot is a wheeled vehicle that executes the commands of computers rather than
of a driver. However, from the viewpoint of the structure of the vehicle, a mobile robot has
the identical kinematical model as the ordinary human-driven wheeled vehicle, due to their
same structure. Therefore, research on wheeled vehicles can contribute insights to the problems
related to both human-driven vehicles and problems associated with intelligent and autonomous

IPhD Student, Dept. of Mech. Engrg.. Univ. of Edinburgh. King’s Buildings. Edinburgh EH9 3JL. Scotland.
United Kingdom.

*Endowment Fellow, Dept. of Mech. Engrg., Univ. of Edinburgh, King's Buildings. Edinburgh EH9 3JL.
Scotland. United Kingdom.

Note. Discussion open until July 1, 1995. To extend the closing date one month. a written request must be
filed with the ASCE Manager of Journals. The manuscript for this paper was submitted for review and possible
publication on October 4, 1993. This paper is part of the Journal of Transportation Engineering. Vol. 121. No. 1.
January/February, 1995. ©ASCE, ISSN 0733-947X/95/0001-0063-0074/$2.00 + $.25 per page. Paper No. 7099.

JOURNAL OF TRANSPORTATION ENGINEERING 63



robots. Therefore, the investigation into this problem is of practical importance. In the present
paper, a different method is proposed. Compared with the other models, it has the following

advantages.

« The mathematical model is general in the sense that the reference point can be chosen
at any point on the vehicle, not only on the midpoint of the rear axle or the front left
wheel.

« The model can apply to any dimension of rigid vehicle or vehicle combination, not only
to small vehicles, because it gives a transient description of the motion for a vehicle.

« The steering angle needed for a reference point to trace a specified path can be given,
which is essential for automaticaily controlling a mobile robot by computer and useful
for determining the minimum turning-radius when the steering angle limit is taken into
consideration.

« The analytic solutions to straight-line motion and circular motion have been developed,
which make the computation of the swept space by the vehicle more efficient and
accurate.

STEERING GEOMETRY

Fig. 2 shows a vehicle cornering without any side-slip of the wheels. For a road vehicle,
steering is normally affected by changing the heading of the front wheels through the steering
system. At low speeds, there is a simple relation between the direction of motion of the vehicle
and the steering wheel angle, and the turning behavior mainly depends on the geometry of the
steering linkage. The prime consideration in the design of the steering system geometry is
minimum tire-scrub during cornering. This requires that during the turn all tires should be in
pure rolling without lateral sliding. Let us assume for simplicity that the planes of all four wheels,
two front wheels (D, E) and two rear wheels (B, C). are vertical. Then the condition to be
satisfied is this: the perpendicular to the planes of the front wheels. drawn through their centers.
must meet at a projected point on the back axle. This establishes the proper relationship between
the steering angle of the inside front wheel a, and that of the outside front wheel a,. When the
local right-hand coordinate frame Ox,y, is introduced, as shown in Fig. 2, it is evident that o,
and a, are negative angles. Therefore, in Fig. 2 it can be seen readily that q and «, should
satisfy the following relationship:

t ta= ¥ 1
cot a, — cot a, L @)
where W = track: and L = wheelbase of the vehicle, respectively. Eq. (1) is usually referred
to as the Jeantaud condition. which must be fulfilled if tire wear is to be kept to a minimum
(Hillier and Pittuck 1966).

A mechanism that might be used in the steering of a four-wheeled vehicle with theoretically
perfect satisfaction of the Jeantaud condition has been designed using suitably shaped oval
wheels (or cams). which engage without slipping (Synge 1973). In practice, the Ackermann
layout (Hillier and Pittuck 1966) is widely used, although it does not completely achieve the
Jeantaud condition and is only accurate in three positions: straight-ahead. and one position in
each lock. Since pneumatic tires are used, any slight inaccuracy can be overcome by the deflection
of the tires.

It is obvious that the steering angle of the inside front wheel. a,. is greater than that of the
outside front wheel. a,. when a vehicle turns. In our study, to gain simplicity without losing
generality, we introduce a virtual steering angle o when we discuss the steering angle needed
to follow a prespecified path. where a is the angle between the path of the midpoint of the two
front wheels and the center line of the vehicle (Fig. 2).

MATHEMATICAL MODEL FOR RIGID VEHICLE

Three types of vehicle are considered: rigid, articulated, and drawbar. In this section, we
derive the mathematical model for a rigid vehicle, which is the basis of the other two types,
and prove that the established mathematical model satisfies the Jeantaud condition. Some useful
characteristics will be analyzed.

Basic Kinematic Description of Rigid Vehicle

Fig. 3 is a plan view of the rigid vehicle model investigated in the present paper. From the
point of view of the operating function, wheels used in the vehicle can be categorized into two
types: free wheels and fixed wheels. If a wheel can rotate about a vertical axle, it is defined as
a free wheel: otherwise. it is defined as a fixed wheel. Based on this definition, steered wheels
are free wheels and wheels on the fixed axis, i.e., the two rear wheels, are fixed wheels. However,
when they are described by a mathematical model, a fixed wheel may be regarded as a special
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free wheel. Therefore, in Fig. 3 all the wheels are given in the form of free wheels. A global
reference coordinate frame (Oxy) is introduced to describe the motion of the vehicle in terms
of the position of the reference point P(x,, y,) and the orientation angle  of the vehicle. We
define a local reference coordinate frame (Ox,y,). whose origin is placed at the reference point
P of the vehicle with y,-axis parallel to the rear axle BC of the vehicle. We use M to represent
any point in the rigid vehicle body when discussing the motion of the rigid vehicle body, and
also use it to represent a wheel connected to the corresponding point when discussing wheel
motion. The coordinate of point M is given by M(x,,.. y,,) in terms of the global reference frame
and M(x,,,. y,,,) in terms of the local reference frame. The coordinate of the central point of a
wheel is constant with respect to the local reference frame.

The angle ¢,, (m = a, b, ¢, d. and e) is measured from the vertical plane that the wheel M
makes to the positive x-axis, and ¢,,, is measured from the vertical planes of the wheel M to
the positive x,-axis (see Fig. 3). The relation between b, 8, and &, can be written as

b, =, +6 (2)

The coordinates of point M in the global frame are related to the coordinates of point M
measured in the local frame by the transformation

(x,..) . (x,,,. cos® -y, sin@ + x,,) .

L X, sin® + y,_ cos® + Y;

The relationships between reference point velocity, orientation angle 8, vehicle turning angular
rate, and wheel central velocities of wheels A, B, and C are found by differentiating (3) with
respect to time

(x‘,,,) 0 [( —X,, Sin® — y_ cos0) + x,,] )

y (X, cos 8 ~ y,, sin0)8 + y,
where %,,. y,,. %,. and y, = velocity components of the corresponding wheel central point and
reference point along the x- and y-axes in terms of the glebal reference frame: and § = rotating
angular rate of the vehicle body in terms of the global reference frame. Differentiating (4) again.
we have the acceleration expressions
(x,) . [( ~X, €os8 + y, sin0)-6 + (-x,, sin @ — Y1 €OS 8)-8 + .t‘,,] (s)

(=x,,sin® - y,, cos 8)-6* + (x,, cos & — y,, sin 8)-6 + ¥,

Yn

Egs. (3). (4). and (5) give the mathematical description of any point on the vehicle body in
terms of the reference point position, velocity, acceleration, and orientation angle. as well as
their derivatives. When the whole vehicle is considered, the ideal rolling conditions must be
satisfied: (1) The direction of every wheel rolling forward, whether steered or not. must coincide
with the tangent to the vehicle body trajectory in the corresponding wheel center: and (2) the
velocity of every wheel center point must be equal to the product of wheel rotating angular rate
about its own horizontal axle and its radius.

Mathematically, the foregoing conditions can be expressed as

p .

tan(.,) = 2= () = 2= (6)
b

=< 7

v’" .yw"l ( )
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where @,, (m = a, b, ¢, d, and €) = rotating angular rate of wheels A, B, C, D, and E,
respectively; v,, = velocity of wheel center point of wheels A, B, C, D. and E; and r = radius
of every wheel. Here, v,, = vector sum of x,, and y,,

(va) = () + (ya) (8

From (2) and (6), we can obtain &,,,, the relative angle to the vehicle orientation line. which
is the steering angle for the steering wheel

&,,, = arctan ('1'5) -0 9)
When the wheels in the vehicle are fixed wheels, ¢,, = ¢, = 0, and. from (9), the following

constraint is added:
tan 6 = Yo = )—‘ (10)

A 5
Assume that x,, = x., = x. Substituting (4) into (10) and simplifying we obtain
X0 =1x%5sin8 -y, cos® (11)

Eq. (11) is what we need to solve for the vehicle orientation angle 6 when the reference point
velocity components x, and y, are specified. It is interesting that y,, and y,, are not included
in (11), which illustrates the fact that only x has effects on a vehicle’s orientation angle. Eq.
(11) also indicates that

* When different fixed wheels in the vehicle have the same x-coordinates in terms of the
local reference frame, that means they are installed in the same fixed horizontal axle,
and only one constraint is added.

* Ifa vehicle has more than one fixed horizontal axle. two constraint equations are added.
In this case, the two equations must conflict with one another, and the vehicle cannot
move properly. Therefore, in a rigid vehicle the number of the fixed horizontal axles

cannot exceed one.

Satisfaction of Jeantaud Condition

In the following, we prove that the mathematical model established in the foregoing satisfies
the Jeantaud condition [(1)]. Suppose that the coordinates of the outside front wheel (D), the
inside front wheel (E). and the two rear wheels (B and C) are denoted by D(x,,, y.), E(x.,,
Ye1)s B(xsy. ¥u1), and C(x,,, y.,). respectively, in terms of the local reference frame. Then we

have the following equations (Fig. 2):
Xor) _ [Xa
()’m) ()’«n) 2

Xa) — [Xar

(yd) (yrl) (13)
Xn — X)) _ (X —Xq) _ (L
(}’M - y::) (_le & yrl) (W) (19)

From (9). we obtain the following relationship:

Xy kY tan B
cot(d,,) = V. - £ tan® (15)

Substituting (4) into (15)
~Ym '8 + X, c0s 8 + y, sin 0
X, '8 + y,cos® — X, sin B

When choosing M to be D and E, respectively, and taking (11), (13), and (14) into account,
we have

(16)

wt(¢ml) -~

0o~ ya) _ _W (17)

cot(a,) — cot(a,) = cot(d,,) — cot(s,,) = e~ 5 -1

Eq. (17) illustrates that our mathematical model satisfies the Jeantaud condition and therefore
its correctness is verified.
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Curvature, Radius of Instantaneous Rotation, and Their Relationship

The expressions of the curvature and the radius of instantaneous rotation of any one point
in the vehicle will be given in this subsection by using the basic kinematic description developed
previously with respect to the position of the reference point, the vehicle orientation angle. and
their derivatives. Some conclusions will also be made.

When x and y are expressed in terms of a parameter ¢, using ¥ and £ to denote dx/dr. d2x/
dr?, etc., we have dyidx = (dy/di)/(dx/dt) = yix. while d*v/idx® = d(y/&)dx = d(y/x)/dt-
di/dx = (xy — £y)/x*. Therefore, for any point M in the vehicle. the curvature K,, can be
expressed by the following formula:

d’y .
d(x..)’ _Gai) = (i)
o ( (dy,, A @)+ 5P e
e 22)

Let R,, = radius of instantaneous rotation of point M in the vehicle. Then R,, is defined as
the ratio of v,, 10 8

[ + (7]

vﬂ
Taking (9) into consideration, we obtain the relationship between «,, and R,,
Gy + O] (Fu-Fu) = (Yu'Fa) ..
P Lmte) ~ Unta) _ ), $a 20
. 8 (5.0 + (9P o L

Eq. (20) reaches the same result as proposition 2 in Alexander and Maddocks (1988), which
results in the following conclusions.

* It is apparent that the center of instantaneous rotation of a point in the vehicle and its
center of curvature do not necessarily coincide. Their relationship is described by (20).

« If a point lies in the fixed axle, then &,,, = 0. and the two aforementioned points do
coincide.

Independence of 9, «, ,,, and R, to Velocity

A geometric curve in space is called a path. Mathematically. a curve can be presented by the
following form in x, y plane:

y = f(x) (21)

Some characteristics associated with its shape, such as its derivatives and curvature, are referred
to as its geometric characteristics. A trajectory is defined as the time course along a path. One
can choose its velocity from various schedules for a geometrically defined path, which results
in various velocity profiles. If a wheeled vehicle moves along any curve at different velocity
profiles, how the velocities will affect the vehicle's orientation 8 and steering angle « is an
important problem. If a variable is only affected by the geometrical characteristics, rather than
by vehicle's velocities, it is called an independent variable of velocities. If 8 is an independent
variable, it is easily derived that the space swept by a vehicle traveling along a specified path
also will be independent of the vehicle’s velocities (suppose the vehicle's motion is so low that
ideal rolling occurs). In this case, the highway design problem can be treated geometrically.
When the limited steering angle of the steering mechanism is taken into consideration, whether
or not the steering angle is an independent variable is of interest. In this subsection, we will
prove that 6 and a are such defined independent variables.

Eq. (11) cannot be directly used for this purpose, because it includes the time variable. From
(11), another form of the general constraint equation can be derived

xd® = [sin 8 — f'(x,)cos 6] dx, (22)
where f'(x,) = slope of curve f(x,) at x,. It follows from the differential equation (22) that the

orientation angle of the vehicle is only a function of the x-axis coordinate of the global reference

frame.
From (4) and (9). we can obtain the expression of the steering angle as follows (the detailed

derivation is omitted):

f'(x,)cos 8 — sin8 + x,, %
®,,, = arctan de’ (23)
f'(x,)sin® + cos® — y,, R
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Egs. (22) and (23) show that vehicle’s orientation angle 8 and steering angle a depend only on
the geometric characteristics of the followed curve.

The fact that x,, and R,, are independent variables may be seen directly from (18) and (19);
therefore the proofs are omitted.

ANALYTICAL SOLUTIONS FOR RIGID VEHICLE

Circular Motion

In this section. we use the mathematical model from the previous section to analyze the two
typical vehicle motions, circular motion and straight-line motion. The circular motion and straight-
line motion are chosen because of the following two reasons: (1) Most analyses, especially for
applications, assume that the reference point path is a circle and a straight line (for example,
offtracking problem is defined only for circular turn): and (2) the effects of some parameters,
such as the circular radius, driving velocity, the position of the reference point, etc., on the
driving characteristics can be illustrated clearly.

Consider the rigid vehicle traveling at a constant rate along a circle of radius R from Sto T
(Fig. 4). We may assume that the motion of the reference point P can be described by the
following equations:

X, _ | =R cos(wi)
(v:) [ R sin(wi) ] Y
%) _ | Rwsin(wr)
(v:) = [Rw cos(uu)] (29)
There are three cases for x in (11). depending on the choice of the reference point P. Suppose
that L, represents the distance from P to the rear axle. Then x=—-L,x=0,andx = L,

correspond to the cases in which the reference points are chosen in front of, at, and behind the
vehicle’s rear axle. respectively. In the following. we will study these three cases.
Casel:x = =L,
In this case, by substituting (25) into (11), we have
L8 = ¥,cos 8 — x,sin 0 = Rw cos(w + 0) (26)

For convenience. let k = R/L,. Because (26) is not an equation in ¢, 8 with separable variables,
the method of changing the variables must be used to solve it. The substitution z = wt +
gives Z = w + 6. Substituting them into (26) gives the following:

§=w-(l + k cos z) (27)
Integrating (27)
’ - dz A
L dl_J:..m-(l + k cos z) =8
where z, = 8(0) = 6, = initial orientation angle of the vehicle at start point S. Eq. (28) is an

integral of rational function of cos 8. Let 2" = tan(2/2): and dz’ = 1/2-[sec(z/2)}*-dz, so that
dz = {2/[1 + (2')]}-dz’. hence

£ 2dz’'
o j 0 +h+(1-RE) (29)

The solution from (29) is

57 2 f Vl — kl
l [arc(an (i—) — arctan (;")] fora = Jl - k- b= ——: k<] (30a)

b l =2 k‘ 2 ’
o = 2" - 2 fork =1 (305)
I c+ 2 il o T oy
+ 1 2'[In (C =3 :') " ln ((‘ S z(’p)]‘ for‘. - V’k - l' d i k Ry l. k =5 l
(30c)

Considering the previous substitutions, we finally obtain the expression of 8 in terms of k. w.
zy. and t
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Straight Line Motion

zy + a-tan(wit-b)
a — [z;-tan(wt-b)]

# = 2 arctan {a- } - Wl fork <1 (31a)

9 = 2 arctan(wt + 2)) — wi: fork = 1 (31b)

(C + Zc'l)'e-“' . (C e :l'l)
= - -l fork > 1 3le
8 = 2 arctan [c c+tz)e= + (c - z,’.)] wl or (3l¢)

When calculating the steering angle a from (9), we must know 6. which can be obtained by
differentiating (31). Another reason for calculating 8 lies in the fact that 8 cannot exceed some
value that corresponds to the driver's reaction rate (Billing and Mercer 1986). Substituting (24)
into (3) and simplifying, we obtain

(x,,,) L [L,_ cos(d + B) — R cos ml] (32)

Vom L, sin(®@ + B) + R sin wt

where sin B = y,../L,,.cos B = x,,/L,;and L,, = VxZ, + yZ,. In order to understand better
the locus of any point in the vehicle, squaring the two sides of (32). we write

x2, +yL =L, + R*—2RL_cos(6 + B + wi) (33)

Eq. (31) verifies that 6 is only dependent on wt, rather than dependent on  alone. If R is
fixed, o represents the velocity of the reference point P; and wt represents the radians of the
arc traveled. Egs. (31) and (33) show that

+ When the vehicle moves along a path, the geometry of the path. such as its slope,
curvature, and the choice of reference point, rather than the velocity of the reference
point, decide the orientation angle of the vehicle.

«  When reference point moves along a circle, the locus of the other point is not necessarily
a circle.

Case2:x = 0

As mentioned previously, the choice of reference point has a very important effect on the
orientation angle as well as on all the other parameters, such as position, velocity of a point in
the vehicle, and steering angle. L, = 0 is a special case that means the reference point is chosen
at the axle of the two rear wheels. It is obvious that (26) yields

0 =9 - wi (34)
In this case, (33) becomes
XV YE = 25t D + RY (35)

Eq. (35) indicates that the path of any point in the vehicle is a circle. At any instant, the
tangent of the reference path coincides with the orientation of the vehicle. including the initial
time.

Case3:x = L,

In this case, the reference point P is chosen after the rear axle. For the sake of simplification,
the procedure of deriving the vehicle’s orientation angle 8 is omitted. Using a procedure similar
to the foregoing, we can obtain the expression of 8 as follows:

1 az) + tan(wt-b)

6 = 2 arctan {;~1 s [az(,-tan(ml-b)]} - ot fork <1 (36a)

2
=2 — L (T =
8 = 2 arctan [l = (wl'z,’,)] wt; k 1 (36b)
5 1 (1 + czg) + (czy — 1)-e=* S
8 = 2 arctan {c 0t = et l)-e""]} ot; fork>1 (36¢)
where k, a, b, c. d, and z;, are defined as they were in case 1, x = —L,. Eq. (33) also applies
to case 3.

Let us consider the cases in which a vehicle moves forward from position T in the direction
shown in Fig. 4, at a constant acceleration a with the initial velocity Rw. The question is how
long it will take for the vehicle to adjust its orientation angle 8 to coincide with its moving
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direction. Without losing the generality, suppose the motion of the reference point P is described
by the following equations:
& 1 2
() (k) -5
R
yp -— R

(;,) o (Rw O+ at) (38)

Substituting (38) into (11), we have

Casel:x = - L,

L6 = —%,-sin8 = —(Rw + at)sin 6 (39)
The solution of (39) is

Y % 5\] 8 _2Rwt + atz)
8 = 2 arctan [tan 2 exp( L,)] = 2 arctan [tan > exp( 2L, (40)

This is a very interesting result, which illustrates the following:

* The length needed by a vehicle to adjust its own orientation angle within the required
accuracy limitation is independent of the velocity, and infinite length is needed to reach
6 = 0 theoretically.

* One important factor affecting on the adjustment of 8 is the position of the reference
point P, namely L,. The larger L, is, the longer the path needed for the vehicle to travel
to reach the required limitation. Of course, 8, has direct influence on 8.

In our coordinate frame, when 8 = (°, the orientation of the vehicle is in the same direction
as its moving direction. The problem we are interested in is under what condition the orientation
will reach the required accuracy limitation from 6,. Assuming that the accuracy limitation is 5°,
we have the following form:

|8| < 5° (41)
That is

0, ; o
—0.0437 < tan E-e" <0.0437; fork' = 7 (42)
This is the inequality we need in order to analyze the relationship between 8,, x,,. and L,. It
will find its applications in road design for road vehicles and in workspace design for mobile
robots working in the factory environment.
The position of any point in the vehicle for straight-line motion can be obtained by substituting
(40) into (3)

(x,,,) = 1 | X + x,) = 2y, tan y + (x, = x,)tany (43)
1 + tan’y [(Vm +y,) + 20, tany + (y, — y,,)tan’y

m

where tan y = tan(6,/2)-e~%.

Case2:x = 0

When x = 0, the orientation of the vehicle at any instant must be in the same direction as
the tangent of the path. In straight-line motion, the orientation must coincide with the direction
of the road.

MATHEMATICAL MODEL FOR SERIALLY LINKED VEHICLE

In the previous sections, a mathematical model dealing with the motion of a rigid vehicle has
been developed. Before studying the motion of a combined vehicle, it is useful to distinguish a
vehicle unit from a combined vehicle. A vehicle unit is composed of: (1) A rigid body; (2) a
fixed axle on which some wheels are mounted: and (3) some steering wheels or a hitch point.
In this sense, a rigid vehicle is a single-unit vehicle with two front steering wheels like that in
Fig. 2. A combined vehicle, such as an articulated vehicle or a drawbar vehicle, can be regarded
as a combination of two or more vehicle units linked in series at their hitch points (Fig. 5).

From a motion analysis standpoint, multiple axles of an axle group operating together within
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TABLE 1. Design Vehicle Dimensions
Design Vehicle Type
Passenger Single-unit Single-unit Semitrailer Combination
Vehicle dimensions car* truck® bus*® intermediate® large*®
(1) (2) (3) (4) (5) (6)

Wheelbase 3.35 6.10 7.62 12.19 15.24
Front overhang 0.91 1.22 2.13 1.22 0.91
Rear overhang 1.52 1.83 2.44 1.83 0.61
Overall length 5.79 9.14 12.19 15.24 16.76
Overall width 2.13 2.59 2.59 2.59 2.59
Height —_ 4.11 4.11 4.11 4.11

Note: Dimensions are in m.

*Passenger car = P for Fig. G-1 in A Policy . . . (1973).

*Single-unit truck = SU for Fig. G-2 in A Policy . . . (1973).
<Single-unit bus = BUS for Fig. G-3 in A Policy . . . (1973).
YSemitrailer intermediate = WB-40 for Fig. G4 in A Policy . . . (1973).
< Combination large = WB-50 for Fig. G-5 in A Policy . . . (1973).

a single suspension system, which is simplified as a rigid body, are treated as though they were
a single axle located at the geometric center of the group.

Fig. 5 shows a two-linked vehicle model. The first vehicle unit is one with two steering wheels,
while the second has a hitch point instead of two steering wheels. Two local reference coordinate
frames (O,x,v,) and (O,x,y.) are each put on one of the two vehicle units. For convenience,
the origin of the second frame coincides with the hitch point. We know that for the first vehicle
unit, if the position and velocity of the reference point O, are given. then the orientation angle
of vehicle unit 1 can be obtained by solving the differential equation. (11). The position and
velocity of the hitch point O,, which is a point in the vehicle unit 1, can be calculated using (3)
and (4). That means that the position and velocity of the second vehicle unit’s reference point
O, have been obtained. Consequently, by means of the identical procedure used in the calcu-
lations of the vehicle unit one. the position and velocity and other interesting parameters of all
the points in the second vehicle unit can be calculated. If more than two vehicle units are serially
linked. the procedure for dealing with the motion problem of the complicated vehicle is analogous
to the previous one. In every step, a numerical method must be used to solve a simple first-
order differential equation [(11)].

SIMULATION RESULTS AND COMMENTS
The WHI offtracking formula is widely used for highway design. In their 1973 volume, the
Society of Automotive Engineers (SAE) included the following statement (Heald 1986):

In recent years, there have been developed data which are accurate enough to use for
all practical purposes. The method was developed by the Western Highway Institute. . . .
It is this method, easy to calculate and simple to apply, which is recommended as a
general practice.
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TABLE 2. Comparison of Results from Present Model with Existing Standards
DESIGN VEHICLE TYPE

Passenger Car® Single-Unit Truck® Single-Unit Bus® Semitrailer Intermediate?| Combination Large*
Present Present Present Present Present

Standard| model | Error |Standard| model | Error [Standard| model | Emmor |Standard| model | Error |Standard| modeld | Error

(1) 2) (3) (4) (5) (6) (7) (8) (9) (10) | (11) (12) | (13) (14) (15) | (16)

Minimum turning radius (m) 7.31 731 — 128 12.8 — 12.8 12.8 — 12.19 1219 | — 13.71 13.71| —
Minimum inside radius (m) 4.66 4.66 | 0% 8.66 869 |0.4% 6.19 7.74 |25% 6.06 591 | 2.5% 6.03 6.00 | 0.3%
Maximum outside radius (m) 7.86 789 |0.4% | 13.38 13.41 |02% | 1435 14.17 | 1.3%| 12.56 1265 | 0.7% | 14.08 14.11 |0.2%

Maximum stecring angle (rad) | — -062| — — =061'| — — =07 ] = — -0.42] — — -050| —

*Passenger car = P for Fig. G-1 in A Policy . . . (1973).

*Single-unit truck = SU for Fig. G-2in A Policy . . . (1973).
Single-unit bus = BUS for Fig. G-3 in A Policy . . . (1973).
“Semitrailer intermediate = WB-40 for Fig. G4 in A Policy . . . (1973).
“Combination large = WB-50 for Fig. G-5in A Policy . . . (1973).

Heald (1986) also pointed out that the WHI formula may break down for long units on short-
radius curves. Essentially, this formula describes the steady-state motion of a truck or truck
combination. The model in the present paper gives a transient description of the vehicles. Using
this mathematical model, we can prove that the WHI formula is a special result of this model.
This can be observed from (31) when wt tends to infinite. In this case, 8 + wt — 2 arctan(c).
a constant. The path of each point on the vehicle becomes a circle. Eq. (31) also indicates that
d is an important factor affecting the speed needed to reach the steady-state condition. If the
radius of the circle is fixed, then the bigger the length of the wheelbase of a truck, the smaller
d. and the longer the length of the path passed by the reference point, the larger the error when
the WHI formula is used. This explains that the WHI formula can give a reasonable approxi-
mation when the truck’s wheelbase is small, but is not applicable for very large trucks.

The assumption used in the model and the WHI is the same, i.e., all the wheels roll without
slipping. The only difference is that our model gives a transient description of the vehicle while
the WHI describes the steady-state motion.

In highway design, the determination of the minimum turning paths of design vehicles is
essential. In the following, the simulation results are compared with the standards (Figs. G1-
G5) given in A Policy . . . (1973). The boundaries of the turning paths of the several design
vehicles when making the sharpest turn are established by the outer trace of the front overhang
and the path of the inner rear wheel. This turn assumes that the outer front wheel first follows
a circular arc, which is the minimum turning radius as determined by the vehicle steering
mechanism, and then follows a straight line. Figures G1-GS5 of A Policy . . . (1973) are not
shown here due to limitation of space; however, the design vehicle dimensions are given in
Table 1. Based on these geometric dimensions, the minimum outside and inside wheel paths
from this model and from the standards are all shown in Table 2.

In the practical programming, the reference point is chosen at the front left wheel, and the
initial orientation angle for the circular curve is 90°. More attention should be paid to the
transition from the circular curve to the straight line (Fig. 4). The calculated orientation angle
of the vehicle at the end of the circular curve must be treated as the initial orientation angle
for the straight line motion.

Table 2 shows that the error of the maximum outside radius is smaller than that of the minimum
inside radius. This is because the overhang of each vehicle is much smaller than the corresponding
wheelbase. For small vehicles (i.e., passenger cars and single-unit trucks), both of the errors
are reasonable. However, as the wheelbase increases (i.e., for a single unit bus), the error of
the minimum inside radius increases rapidly, reaching 25%. If a larger vehicle is allowed, then
a model that can describe the transient motion of the vehicle is necessary. The model described
previously can meet this requirement. For semitrailer intermediate vehicles and combination
large vehicles, the minimum inside radii and maximum outside radii from the simulation are,
respectively, smaller and larger than those from the standards. Table 2 also shows the maximum
steering angle needed for the outer front wheel to follow the circular arc. This is not given in
A Policy . . . (1973).

CONCLUSIONS

A mathematical model has been developed for computing the path of any one point on a
wheeled vehicle as well as the steering angle necessary for a reference point to travel a specified
curve. This model has constituted the basis for the analysis of the motion of wheeled vehicles.
The key problems that have been solved are: (1) How to describe the constraints added due to
the existence of fixed wheels on the vehicle; and (2) how to solve (11) to obtain the orientation
angle of the vehicle. It has been proven that the model satisfies the ideal rolling condition, i.e.,
the Jeantaud condition, which is normally given in the geometric form by (1). When a path is
specified, a vehicle may pass a fixed point in the path at different velocities. To consider the
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effect of velocity on vehicle's orientation angle, steering angle, curvature. and radius of instan-
taneous rotation of any point on the vehicle, an independent variable has been defined as one
that is only affected by the geometric characteristics of the curve. rather than by the vehicle's
velocity. It has been shown that the vehicle’s orientation angle, steering angle, curvature, and
radius of instantaneous rotation of any point are all such independent variables. This explains
why the design for an intersection of an urban road can be treated as a pure geometric problem.

In the model, to obtain the vehicle’s orientation angle. only a simple first-order differential
equation [(11)] is required to be solved. The other parameters can be obtained using the given
analytic formulas. For the case when the path followed is a typical one. such as a circle or a
straight line, direct analytic formulas have been given. Compared with other models, it has the
following advantages.

* The mathematical model is general in the sense that the reference point can be chosen
at any point on the vehicle, not only on the midpoint of the rear axle or the front left
wheel.

* The model can apply to any dimension of rigid vehicle or vehicle combination. not only
to small vehicles, because it gives a transient description of the motion for a vehicle.

+ The needed steering angle for tracing a specified path can be given by the reference
point, which is essential for automatically controlling a mobile robot by computer, and
useful for determining the minimum turning radius when the steering angle limit is taken
into consideration.

* The analytic solutions for straight-line motion and circular motion have been developed.
which make the computation of the space swept by the vehicle more efficient and
accurate.

* It makes the programming easier.

The model can simulate all the highway vehicles and handle arbitrarily complex turn geom-
etries. Therefore, for a particular vehicle of interest virtually any geometric design can be
evaluated.
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APPENDIX Il. NOTATION
The following symbols are used in this paper:
A.B.C.D. E = wheels;
a.b.c.d k, k' = coefficients:
L = wheelbase of vehicle:
L, = wheelbase of first vehicle unit;
L, = distance between hitch point and rear axle of second vehicle unit;
L, = length between point M and point P;
L, = distance of reference point P to rear axle:
M = any wheel on vehicle, and its corresponding point;
(Oxy) = global coordinate frame;
(0,x,¥,) = local coordinate frame;
P = reference point;
R = radius of circular motion:
R, = radius of instantaneous rotation of point M;
r = radius of wheel;
W = track of vehicle:
(x,.v,) = absolute coordinates of point M with respect to global coordinate frame:
(X, ¥,,,) = relative coordinates of point M with respect to local coordinate frame:
X = relative position of reference point P to rear axle;
z, = coefficient;
z, = coefficient:
@ = virtual steering angle;
@, = steering angle of inside front wheel:
a, = steering angle of outside front wheel;
B.. = angle measured from point M to x,-axis:
Y = coefficient;
6 = orientation angle of vehicle with respect to global coordinate frame:
6, = initial orientation angle;
K, = curvature of point M;
v.,, = velocity of center point of wheel M:
®,, = angle measured from vertical plane of wheel M to positive x-axis:
®,,, = angle measured from vertical plane of wheel M to positive x,-axis;
w = rotating angular rate of reference point P for circular motion; and
@ = rotating angular rate of wheel M.
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