- Symmetric Products and
Quaternion Cycle Spaces

Jacob Mostovoy

A thesis submitted in fulfilment of the requirements
- for the degree of Doctor of Philosophy
to the
University of Edinburgh
1997




Abstract

Symmetric products play an important role both in algebraic topology and algebraic
geometry. In topology they provide models for Eilenberg-MacLane spaces; in the con-
text of algebraic geometry they are the basic examples of spaces of algebraic cycles. As
shown by the works of H. B. Lawson, P. Lima-Filho and E. Friedlander the interplay
between these two incarnations of symmetric products leads to a homotopy-theoretic
definition of both classical and new algebraic invariants of algebraic varieties.

The objects of study in this thesis are symmetric products and spaces of algebraic
cycles. The first new result concerns symmetric products and it describes the
geometry of truncated symmetric products (or, in other terminology, symmetric
products modulo 2). We prove that if M is a closed compact connected manifold, a
necessary and sufficient condition for its symmetric products modulo 2 to be
manifolds is that M is a circle. We also show that the symmetric products of the circle
modulo 2 are homeomorphic to real projective spaces and give an interpretation of this
homeomorphism as a real topological analogue of Vieta’s theorem.

The second result concerns the spaces of real algebraic cycles, first studied by
T. K. Lam. We describe a method of calculating the homotopy groups of the spaces of
real cycles with integral coefficients on projective spaces; we give an explicit formula
for groups which lie in the “stable range”.

The third result (or, rather, a group of results) is the construction of a
quaternionic analogue of Lawson’s theory of algebraic cycles. We define quaternionic
cycles as those, which are invariant with respect to a free involution on CP?*1 induced
by the action of the quaternion 5 on H". Basic properties of quaternionic algebraic
cycles are studied; a rational “quaternionic suspension theorem” is proved and the
spaces of quaternionic cycles with rational coefficients on CP?*t1 are described. We
also present a method of calculating the Betti numbers of the spaces of quaternionic
cycles of degree 2 and odd codimension on CP*.

Some other results that are included in the thesis are a twisted version of the Dold-
Thom theorem and an interpretation of the Kuiper-Massey theorem via symmetric
products.

After the main results on quaternionic cycles were proved, the author learned that
similar results were obtained by Lawson, Lima-Filho and Michelsohn. Their version
of the quaternionic suspension theorem is stronger and requires more sophisticated
machinery for the proof.
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Introduction

It is hard to say who first introduced the notion of a symmetric product of a topological
space. Inequivalent definitions can be found in the literature of the first half of this
century; one of them successfully survived. Nowadays the n-th symmetric product
SP™(X) of a space X is defined as a quotient of the n-fold Cartesian product of X
by the action of the symmetric group on n letters. It can be loosely described as a
configuration space of n indistinguishable particles on X, which are allowed to collide.
For spaces with basepoints one can also define infinite symmetric products L

This notion is very natural; symmetric products occur, for example, as spaces of
divisors on Riemann surfaces. The importance of symmetric products in topology was
revealed when Jean-Pierre Serre conjectured that the infinite symmetric product of an
n-sphere has the homotopy type of the Eilenberg-MacLane space K(Z,n). This, for
example, meant that rather clumsy and artificial (but very useful) monsters - Eilenberg-
MacLane spaces - had nice and natural geometric models. Albrecht Dold, René Thom
and Toan James set out to prove the Serre’s conjecture; Dold and Thom came up with
a proof first (see the article of I. James [27]). In [17] they announced their celebrated
theorem

For a connected locally finite CW-complez X
Tm(SP®(X)) ~ Hpn(X,Z) for any m > 0.

This theorem made symmetric products into a popular object of study. Homology
groups of finite symmetric products were studied. The first strong result about them
was obtained by Norman Steenrod; the final blow - the complete description - was dealt
by R. James Milgram [44). The concept of “symmetric products with coefficients in a
group” was introduced already in [16]; M. C. McCord in {43] generalised this idea to

1A different definition was given by Borsuk and Ulam in (7]. The symmetric products and potencies
of Borsuk and Ulam were first studied in [6],(8],(24],(45].
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INTRODUCTION 2

a wide class of groups and exhibited a connection between Eilenberg-MacLane spaces
and classifying spaces of groups.

An important generalisation was suggested by Herbert Federer. Symmetric prod-
ucts of a manifold X can be considered as spaces of polyhedral 0-chains; what if we
topologise the spaces of polyhedral cycles of higher dimensions? This question was
answered by Frederick Justin Almgren in [2]; it turned out that the results of Dold and
Thom extend quite naturally to this situation:

Let Ci(X) denote the space of closed integral currents of dimension ¢ on a manifold
X. Then

~

Wm(ol(X)) = Hm+i(Xa Z) for any 1,m > 0.
When 7 = 0 Almgren’s theorem specialises to the Dold-Thom theorem.

About a quarter of a century after Almgren’s work H. Blaine Lawson realised that
one can take the same approach to the algebraic cycles on a projective variety; namely,
study the homotopy groups of Chow varieties with the Dold-Thom Theorem in mind.
In his paper [31] he proved the Complex Suspension Theorem:

The stabilised space of algebraic cycles of dimension p on a complex projective
variety X is homotopy equivalent to the the stabilised space of the algebraic cycles of
dimension p + 1 on the projective cone of X.

An immediate corollary of this theorem is that the space of algebraic p-cycles on
CP" is homotopy equivalent to the infinite symmetric product SP*°(CP"?). This
gives a complete topological description of the stabilised spaces of algebraic cycles on
cP™.

In [38] Paulo Lima-Filho related Lawson’s results to Almgren’s theorem. The Com-
plex Suspension Theorem turned out to be the algebraic analogue of the Thom Isomor-
phism Theorem (which can be realised geometrically as a weak homotopy equivalence
between spaces of closed integral currents).

Lawson’s paper [31] was the first in a sequence of works by Lawson, Marie-Louise
Michelsohn, Paulo Lima-Filho, Eric Friedlander and others. New invariants of algebraic
varieties - “Lawson homology groups” were defined, their properties were investigated.
The subject is still being intensively developed. Of particular interest for us here are
the results of Tsz Kin Lam [30], who proved a real analogue of Lawson’s suspension
theorem.

The main motivation behind the work presented in our thesis is a desire to under-
stand how the relations between reals, complex numbers and quaternions are reflected
in the geometric and topological structure of symmetric products and cycle spaces.
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It is a famous classical fact that Vieta’s theorem, which essentially claims that
the correspondence between monic complex polynomials in one variable and their root
systems is one-to-one, can be expressed as a geometric statement about symmetric
products:

SP™(CP') = CP™
(Strictly speaking, the statement above describes the correspondence between homo-
geneous polynomials and their roots.) A quaternionic analogue of this theorem is
well-known too:

SP"(RP?) = RP?"
If it is not immediately clear why this statement has something to do with quaternions,
notice that the antipodal map on CP!, which is used to define RP?, can be represented
as the action of the quaternion j on the complex projectivisation of H.

The real analogue of these geometric theorems turns out to be quite nontrivial.
If we want to characterise real polynomials by the systems of their real roots, the
correspondence we obtain, blindly following the examples above, is neither continuous
nor one-to-one. The solution is to use the space of root systems, where the multiplicities
of the roots are taken to be not integers, but elements of Z/2. Geometrically this
corresponds to using so-called symmetric products mod 2. We obtain a continuous
map

RP™ — SP™(RP!,Z/2)
from the space of homogeneous real polynomials modulo multiplication by a constant
to the space of their root systems, reduced modulo 2. This map is still not one-to-one,
but, as it turns out, it is homotopic to a homeomorphism. We also prove that this is
the only case when a symmetric product modulo 2 of a manifold is again a manifold.
(These results are to appear separately in [47].)

This is the main result of Chapter 1, which essentially is a collection of various
examples of symmetric products. Not all of these examples are vital for the next chap-
ters, but they seem curious enough to deserve a description. Some of them are new,
such as “twisted” symmetric products for which we obtain a Dold-Thom-type theo-
rem. Symmetric products with rational coefficients, which give nice models for rational
Eilenberg-MacLane spaces, also appear to be a new object, though the construction we
use is probably older than the author of this thesis.

Most of the Chapter 2 is a brief account of the works of Lawson, Michelsohn and
Lam on complex, real and group-invariant algebraic cycles. The new result here is the
calculation of the homotopy groups of the spaces of real cycles with coefficients in Z. To
avoid the boredom of lengthy computations we placed some of them in the Appendix.
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(In fact, the technical results in the Appendix might be of some independent interest:
the object of study there, which is the quotient of CP™ by complex conjugation, is
very well-known and has attracted a considerable amount of attention before. It is
very probable that these auxiliary results are not new; however, we have not been able
to find them in the literature).

In Chapter 3 we introduce quaternionic varieties and cycles, prove the (rational)
suspension theorem and describe (rationally) the spaces of quaternionic cycles on pro-
jective spaces, thus obtaining a quaternionic version of the theory. The word “quater-
nionic” here means “invariant with respect to the action of the quaternion j”; so, for
instance, our quaternionic varieties have little to do with quaternionic Kahler manifolds.
This definition of a quaternionic object is not very restrictive (i.e. there are sufficiently
many quaternionic varieties) and rather reasonable in the sense that it does not seem
to be easy to give a better one. (The first draft of the preprint, which contained the
results of Chapter 3 had a cautious title “Quaternion-flavoured cycle spaces”).

In Chapter 4 we study the spaces of cycles of degree 1 and 2. On a projective space,
spaces of complex cycles of degree one are Grassmanians. As Lawson and Michelsohn
showed in [34], the inclusion of the cycles of degree 1 into the space of all cycles gives
maps

BU(n) = K(Z,2) x ... x K(Z,2n)
and
BU = K(Z,2) x K(Z,4) x K(Z,6) x ...
These maps have nice properties and are rather important for some questions of alge-
braic topology (see [9]). In particular, they classify the Chern classes of the universal
bundle, which generate the cohomology rings of infinite Grassmanians.

In Section 1 we briefly describe the real and quaternionic analogues of these maps,
which give Pontrjagin classes for BO(n) and symplectic Pontrjagin classes for BSp(n)
respectively. (The real mod 2 case, which gives the Stiefel-Whitney classes of the
universal bundle over BO(n) was studied in [30]).

These analogues of Lawson-Michelsohn maps in the quaternionic case exist only in
even codimension, since in odd codimension there are no cycles of degree 1. Section 2
is a discussion of the following question: how “good” are the spaces of quaternionic
cycles of degree 2 and odd codimension? We show that they are not as good as we
would like them to be, i.e. that the inclusions into the “spaces of all cycles” do not

induce inclusions on homology.

The questions, discussed in this thesis, seem to be of interest today. When the
first draft of the preprint on quaternionic cycles [48] was ready, it turned out that
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a stronger version of the quaternionic suspension theorem was obtained by Lawson,
Lima-Filho and Michelsohn [32]. Their account of the theory of quaternionic cycles
[83] is currently in preparation. .

Another recent work, closely related to the matters in the scope of our investiga-
tions, is the paper by V.I.Arnold [3]. He makes use of the fact that SP*(RP2) = RP?"
and obtains a generalisation of the Kuiper-Massey theorem with the help of symmetric
products. The last section of the Appendix in this thesis contains a similar interpreta-
tion of the Kuiper-Massey theorem; we also use symmetric products.

There are other questions which might deserve a place in this thesis, but are not

discussed here. Well, according to Koz'ma Prutkov, “Huxmo ne ofnumem neobsamH020”2

2a somewhat handicapped translation is “one cannot embrace the infinite”.



CHAPTER 1

Symmetric Products

In this chapter we define various types of symmetric products, describe some of their
properties and give numerous examples. Examples, in fact, take the central place;
some of them provide an introduction to the theory of algebraic cycles, others are of
independent interest and have only a loose connection with the following chapters.

About the notation: we write “=" for homeomorphisms, “~” means a homotopy
equivalence. Eilenberg-MacLane spaces are denoted by K(-,7). From the very begin-
ning we assume all topological spaces in question to be finite polyhedra, unless clearly
otherwise. This restriction is not necessary in many cases, but it is acceptable for our
purposes.

1. Basic definitions and Dold-Thom theorem

DEFINITION 1.1. The n-th symmetric product of a space X (denoted by SP"(X))
is the quotient of the m-fold Cartesian product X™ by the action of the symmetric
group Sy, which permutes the factors in X™. The topology on SP™(X) is the quotient
topology.

We will write points in S P™(X) either as (unordered) n-tuples of the form (z1, ... ,z5),
where z; are (possibly coinciding) points in X, or as sums k1z1 + ... + kmZTm, where
k; are positive integers - multiplicities of points.

If X is endowed with a basepoint *, there are inclusion maps

SP™(X) — SP™!(X),
defined as

(@15, 2Zn) 2 (B1y- -, Tny ).

DEFINITION 1.2. The direct limit of the sequence of these inclusions as n — oo is
called the infinite symmetric product of X and denoted by SP*(X).

SP*(X) is an abelian topological monoid!: addition is defined as

(1, k) + (Thaly- - »Zn) = (B1y- - Thy Tht1y - - » Tn),s

!j.e. an abelian topological semigroup with a unit.

6



1. BASIC DEFINITIONS AND DOLD-THOM THEOREM 7

and * is a unit.
Let X be a space with a basepoint * and let p € N. There is a2 monoid map

p: SP®(X) & SP*(X),
which is multiplication by the integer p.

DEFINITION 1.3. The infinite symmetric product of X with coefficients in Z/p, or
infinite symmetric product modulo p (notation: SP*(X,Z/p) ) is the quotient monoid
of SP®(X) by p- SP*®(X). The n-th symmetric product of X with coefficients in Z/p
(notation: SP™(X,Z/p)) is the image of SP"(X) under the quotient map

SP®(X) — SP®(X,Z/p).

In other words, SP*®(X,Z/p) is the topological vector space over Z/p, generated
by points of X modulo the subspace generated by *. Note, that while SP®(X) is a
monoid, SP*(X,Z/p) is a topological group.

The last important object to define here is a symmetric product with integral
coefficients. Let X again be a space with a basepoint *. On the space X V X there
is an involution 7, which exchanges points in the first and the second copies of X. It
induces an involution on SP*(X V X), which we also call 7.

DEFINITION 1.4. The infinite symmetric product of X with integral coefficients (we
denote it by SP®(X,Z)) is the quotient of SP*®(X V X) by the equivalence relation

z~z+z +7(2'), z,2 € SPP(XVX).

In fact, SP®°(X,Z) is the Grothendieck group of the monoid SP*(X); points in
SP>(X,Z) can be written as sums k121 + ... + kmTm, where z; are distinct points of
X and k; are nonzero integers.

All types of symmetric products defined above are CW-complexes. Continuous
maps between spaces induce continuous maps between their symmetric products of
all types; homotopic maps between spaces induce homotopic maps between symmetric
products. This means that the homotopy type of symmetric products of X depends
only on the homotopy type of X (for details see [16]).

If Y is an arbitrary topological subspace of X it follows from the definition that
SP™(Y) is a subspace of SP™(X) for any n (including n = o). A corresponding
statement for symmetric products with coefficients in Z or Z/p is not obvious. It is
true for subpolyhedra, but in general, however, the fact that Y is a subset of X does
not imply that symmetric products of ¥ can be treated as subspaces of symmetric
products of X. This is illustrated by the following example:
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ExXAMPLE 1.1. Let D be the unit disk in C, provided with a basepoint:
D={z€C|22<1}, x=1

and Dy denotes the punctured disk D — 0. (Notice that the Dy is not a subpolyhedron
of D; moreover, the inclusion Dy — D is not a cofibration.) We define @(Do, Z) as
the subspace of SP*(D,Z) which consists of the points ) k;z;, where z; are distinct
points in Dy.

Obviously, a punctured disk is homotopy equivalent to a circle. As we will see later,

SPOO(Slaz) = Sl ~ SPOO(DOaZ))

but @(Do, Z) is contractible.
Indeed, as * = 1 is a unit, any point in SP*(Dy,Z) can be written as a sum
ko * +k1z1 + ... + kmTm, such that °7= 0 k; = 0. Define the deformation retraction

¢y : SP®(Dy, Z) x [0,1] = §PX(Dy, Z)
by “linear contraction to zero”:
¢t(k0 *+kiT1+...+ kma;m) =k - (1 - t) + k- (1171(1 —t)) + ...+ kn- (le(l — t)),

when ¢ < 1 and extend it to ¢ = 1 by continuity. Then ¢; (SP®(Do,2)) = 1,50 * = 1
is a deformation retract of SP%(Dy, Z).

REMARK. Terminology and notation for symmetric products varies in literature. Sym-
metric products with coefficients in Z/2 are sometimes called truncated symmetric
products (see, for instance [5]); alternative notation for SP*(X,Z/2) is TP*(X),
XP>®(X) or AG(X,Z/2,*). Symmetric products with coefficients in Z are sometimes
denoted by AG(X, ) (after Dold and Thom).

The most fundamental result about symmetric products was proved by Dold and
Thom,; parts a), b) and ¢) are known as the Dold-Thom Theorem ([17],(16])*:

THEOREM 1.1. For connected X the following is true:

a)
SP®(X) =~ HK(ﬁi(X)ai)§

b)
SP®(X,Z/p) ~ HK(fIi(X,Z/p),i);

%In [16) the conditions on the topological space X were: in part a) X is a locally finite CW-complex;
in parts b), ¢) and d) X is a locally countable polyhedron.
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¢) the natural inclusion
SP®(X) — SP®(X,Z)
18 a homotopy equivalence;
d) the map
mi(X) = m(SP*(X)) = Hi(X)

induced by the inclusion X — SP*®(X) is the Hurewicz homomorphism.

It is hard to overestimate the significance of the Dold-Thom theorem. It gives geo-
metric models for Eilenberg-MacLane spaces and allows the construction of homology
without singular chains or spectra. The most important thing for us here is that it is
one of the main ingredients of Lawson’s theory of algebraic cycles.

There exist several proofs ([16],[50],[57],[37], see also a discussion in [21]). The
method of the original proof in [16] was to verify that the functors m,(SP*°(:)) and
. (SP®(-,G)), G = Z,Z/p satisfy Eilenberg-Steenrod axioms for singular homology.
The reason they do so is that they carry cofibrations

A= X > X/A
into (quasi)fibrations®
SP®(A) - SP®(X) —» SP*®(X/A),
SP®(4,G) — SP®(X,G) = SP®(X/A,G).

The homotopy exact sequence of a (quasi)fibration plays the role of the exact homo-
logical sequence and so on.

REMARK. It is important that m,SP%(X,-) can be identified with singular homology
as a functor, i.e. maps between polyhedra induce the same maps on m,SP(-,-) and
H.(-,-). See [14].

" Other important results on symmetric products include Steenrod’s theorem about
the splitting of the homology of symmetric products [15], Macdonald’s results about
their Poincaré polynomials [39] and Milgram’s theorem [44], which completely de-
scribes the homology of finite symmetric products. However, we are not going to use
them.

3Quasifibrations were introduced in [16] as a tool for studying symmetric products. For homotopy-
theoretic applications they are almost as good as genuine fibrations; in particular, there exists a long
exact sequence of homotopy groups of a quasifibration.
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2. Comparative zoology of symmetric products

Explicit examples of symmetric products are relatively scarce; one of the reasons
for this is that the following theorems are true:

THEOREM 1.2. Let M be a closed manifold. Then SP"(M) is a closed manifold
forn > 1 if and only if dimM = 2. -

THEOREM 1.3. Let M be a closed compact connected manifold. Then SP™(M,Z/2)
is a closed manifold for n > 1 if and only if dim M = 1.

The first theorem is well-known. To see why it is true, let us consider a particular
case: a symmetric square of a smooth manifold. The action of So = Z/2 is free away
from the diagonal. A tubular neighbourhood of the diagonal is diffeomorphic to its
normal bundle. The Z/2-action respects the projection in the normal bundle and acts
on the fibres by the antipodal map; so a neighbourhood of a point of S P?(M) which is
of the form (z,z),z € M (i.e. the neighbourhood of a diagonal point) is homeomorphic
to R? x ¢(RP%!), where d = dim M, ¢(X) - cone on X. This can be homeomorphic
to R only if d = 2. | |

We defer the proof of the second theorem until section 4.

However, we still have quite a variety of examples. Three of them are of particular
interest, as they represent the simplest cases of complex, real and quaternionic cycle
spaces. Let us start with the most famous and basic one.

ExAMPLE 1.2. Complex projective line.
SP"(CP!) = CP™

CP" can be thought of as the space of homogeneous polynomials of degree n in two
variables modulo multiplication by a nonzero complex number. Every polynomial de-
termines a point in SP™(CP?) by its root system; conversely, every point of S P*(CP%)
determines a polynomial (modulo multiplication by a scalar). So we have a continuous
bijection between SP™(CP!) and CP", i.e. a homeomorphism.

If we want to find some kind of a real analogue to this example, the first choice
seems to be the symmetric products of RP!. They were described by H. Morton in
[46]: SP™(RP!) is a disk bundle over S, in fact that associated to the Whitney sum
of n — 1 copies of the Mébius band vector bundle.

However, the symmetric products of RP! do not describe the real root systems of
real polynomials in a continuous fashion. The most appropriate “real analogue” of the
example above turns out to be the following
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ExXAMPLE 1.3. Real projective line.

SP™"(RP!,Z/2) = RP".
Take RP™ to be the space of real homogeneous polynomials of degree n in two variables
modulo multiplication by a scalar. There is a continuous map
P:RP" - SP*(RP',Z/2)

which sends a polynomial to its roots, taken with multiplicities modulo 2. (The choice
of basepoints here is not important.) This map is onto, but not one-to-one. It is not
hard to see that the fibres of P are contractible; this implies that P is a homotopy
equivalence. We will not go into details here, as in section 4 we will show that this map
is actually homotopic to a homeomorphism.*

Our third example is of quaternionic nature.

ExAMPLE 1.4. Real projective plane.
SP"(RP?) = RP?".
On CP! there is an antiholomorphic involution j - the antipodal map. In homoge-
neous coordinates it can be written as
7 : (20,21) = (—71,%0)-

(If we consider a pair (2, z1) to represent a quaternion zo+j-21, this involution becomes
the left multiplication by j; this is where quaternions come in.) The real projective
plane is the quotient CP!/j. The action of j induces an action on homogeneous
polynomials; we call a polynomial P(X,Y’) j-invariant if

P(X,Y) = P(-Y,X).
A polynomial P = 57 a; X iyn~i js j-invariant if and only if
ag = (=1)"*ay_s.

This condition is real linear, hence the space of j-invariant polynomials of degree 2n
modulo multiplication by a nonzero real number is homeomorphic to RP?". (Notice
that this condition also implies that the degree of P must be even.)

The root system of a j-invariant polynomial is j-invariant; in fact, there is a con-
tinuous 1-1 correspondence between points in SP"(RPZ) and j-invariant homogeneous

4The fact that SP™(RP',Z/2) is homotopy equivalent to RP", has been proved by B. Mann and R.
J. Milgram. Their (unpublished) proof was based on different arguments.
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polynomials of degree 2n (defined up to a constant real factor). This proves the state-
ment.

REMARK. The fact that the symmetric products of RP? are projective spaces RP"
follows directly from J. C. Maxwell’s theorem on spherical harmonics [12], (see also J.
J. Sylvester’s paper [58)], where he proves it “more mathematically” than Maxwell).
It is essentially a topological reformulation of Maxwell’s theorem; see a forthcoming
paper by V. Arnold [3].

There are other explicit examples of symmetric products: Riemann surfaces and non-
orientable Riemann surfaces. For Riemann surfaces (i.e. complex algebraic curves) X,
of positive genus g there are Abel-Jacobi maps

SP™(X,) —» T%

from symmetric products of X, into a 2g-dimensional torus - the Jacobian of the curve.
When n > 29 — 2 by virtue of the Riemann-Roch Theorem the fibres of this map are
complex projective spaces. For detailed investigations of these spaces see [41] and [40];
a discussion of the case of small n can be found in [49]. For non-orientable Riemann
surfaces the situation is pretty much the same, instead of the classical Riemann-Roch
theorem one can use the Riemann-Roch Theorem of [54]. For n big enough symmetric
products of non-orientable surfaces will be real projective bundles over the Jacobian
(which in this case can be an odd-dimensional torus), see [18].

Symmetric products with coefficients other than N and Z were studied already by
Dold and Thom. Now we will discuss some further generalisations.

ExXAMPLE 1.5. Rational coefficients.
Consider the sequence of maps
SPo(X) 25 SPe(X) X5 SP®(X) X5 ...

If one thinks of elements of SP®(X) as sums of points of X taken with positive
integral multiplicities, the second copy of SP*(X) in this sequence can be thought of
as the space of sums of points with rational multiplicities with denominators at most
2. The third copy will yield denominators which divide 6 and so on; so we have a good
reason to call the direct limit of this sequence “a symmetric product of X with rational
coefficients” and denote it by SP>®(X, Q). The multiplication maps

SP®(X) X5 SP®(X)

induces maps
T (SP®(X)) =5 1. (SP®(X)).
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Homotopy and homology commute with direct limits, so the Dold-Thom Theorem holds
for SP*(X,Q):
THEOREM 1.4.
SP*(X,Q) ~ [ K(Hi(X,Q),).

Thus we have a simple model for rational Eilenberg-MacLane spaces:
K(Q,n) ~ SP®(S",Q).

REMARK. Our construction of rational spaces K(Q,n) is, of course, equivalent to the
standard construction via mapping telescopes, described, for example, in [26].

All the coefficient groups or monoids we encountered before - N, Z, Z/p, Q- were
abelian. There is, however, one case when we can use non-abelian coefficients.

EXAMPLE 1.6. Non-abelian symmetric products of a circle.

Let S! be a circle, parametrised by the map of an interval f : [0,1] — S* with
f(0) = f(1) = * being a basepoint. For a topological monoid or group G (not even
necessarily discrete) define SP®(S?, G) to be the set of finite formal sums

af@)+...+gmf(zm), 9:€G, z;€[0,1] and z; < T34

with identifications

2 f )+ 0if (@) + gmf (1) ~ D _ gif (2:)
and
9if (x:) + giv1 S (Tit1) ~ gigir1 f(zi) if 2 = ziga.
There exists a filtration on SP®(S!,G) by the number of terms in these sums. (No-
tice that in case G = Z/p this filtration does not coincide with the filtration by
SPk(S',Z/p).) We topologise the n-th member of this filtration (SP*(S*,G)). as
follows: if A, is an n-dimensional simplex 0 <¢; < ... <t, <1, there is a map

G™ x Ap = (SP®(SY, G))n,

which sends (g1, ... ,9n;t1,--- ,tn) into a formal sum g1 f(t1)+... +gnf(tn). Then the
topology we put on (SP®(S!,G)), is the quotient topology. Finally, SP*®(S5?, G) has
the topology of a direct limit.

Under some mild restrictions on G the following is true:

THEOREM 1.5. (M.C.McCord [43])
SP>(S',G) ~ BG,

where BG is the classifying space for G.
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When G is discrete, this theorem looks rather familiar:
§P®(§',G) ~ K(G,1),

as, for discrete groups, BG has the homotopy type of K(G,1); in particular, if G is
any of the abelian groups discussed above (or N), we recover the statement of the
Dold-Thom theorem.

McCord’s paper [43] also describes a generalisation of symmetric products with
coefficients to a wide class of commutative coefficient groups and monoids. As sets,
symmetric products with coefficients are sets of finitely supported functions on poly-
hedra with values in an abelian monoid. Quite similarly one can define symmetric
products with local coefficients as spaces of finitely supported sections of a local sys-
tem of groups. The first example of the next section deals with such a case.

3. Zoology II: group actions

Group actions on topological spaces induce corresponding actions on their infinite
symmetric products. We will not attempt to study the subject in full detail, limiting
our attention to two examples. The first example is a Dold-Thom type theorem for
twisted integral homology. ‘This result will not be used further in this thesis, but it
seems to be a nice illustration of how the interpretation of homology via symmetric
products can be carried over to a group-equivariant situation. It is not unlikely that
this theorem might be used to interpret Poincaré duality for non-orientable manifolds
in the spirit of [22].

In the second example we construct the homology transfer map. It will be useful
later for the study of the spaces of real and quaternionic cycles.

We will utilise the machinery of simplicial sets®. The main general reference is [42];
a study of symmetric products in the simplicial setting can be found in [57].

First let us recall briefly the simplicial description of symmetric products. Let K be
a finite connected simplicial set and let |-| denote the geometric realisation functor. The
n-th symmetric product of K (notation: SP"(K)) is a simplicial set whose g-simplices
are unordered n-tuples of g-simplices of K with obvious face and degeneracy operators.
Assume that K has a basepoint *. Then one can define the infinite symmetric product
SP*(K) in the same way as it is defined for topological spaces. The key fact here is
that for finite K; and K there is a natural homeomorphism

|K1 X K2| = |K1| X |K2|

Sor, in other terminology, semi-simplicial complexes.
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It follows that
|SP*(K)| = SP*(|K])

and, correspondingly,

|SPP(K)| = SP®(IK]).
Denote by C(K) the simplicial abelian group generated by the simplices of K and by
SP*™(K,Z) the quotient of C(K) by the subgroup, generated by the degeneracies of *.
Then the inclusion map

SP®(K) — SP*(K,Z)
is a homotopy equivalence. Any simplicial abelian group can be given the structure
of a chain complex, the boundary being defined via face operators. The homology of
C(K) and SP*(K,Z) regarded as chain complexes is just the unreduced and reduced
integral homology of K respectively. (See [57].)

The naturality of the geometric realisation together with the naturality of the home-

omorphism |K; x K| = |Ki| X |K2| implies that there is a natural homeomorphism

|SP®(K, Z)| = SP*(|K|,Z),

which is, in fact, a group isomorphism.

REMARK. One can treat symmetric products with other coefficients in a similar fashion.
Define SP*®(K,Z/2) as the simplicial abelian group whose g-simplices are finite linear
combinations of g-simplices of K with coefficients in Z/2 and degeneracies of * are
units. Then there is a simplicial fibration

SP®(K,Z) X% SP®(K,Z) - SP®(K,Z/2),
which is carried by the geometric realisation functor to the fibration
SPP(K|) X5 SP®(|K|) - |SP®(K,Z/2)|.
This means that
|SP®(K,Z/2)| = SP*(|K|,Z2/2).

A useful corollary of this is that a triangulation of a topological space X induces a
triangulation of SP™(X,Z/2).

ExXAMPLE 1.7. Twisted coefficients.

Let K be as above and assume K has a basepoint. Let K be the orienting double
cover of K and let T be the monodromy of K. Then Z/2 acts on C’(I?); denote by
C~(K) the subgroup of elements of C(K) such that T(c) = —c. The homology of K
with twisted integral coefficients H,(K,Zt) is defined as the homology of C~(K).
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We can also define reduced twisted homology groups H.(K,Z1) as follows: if
K =K/{+T(+)}

then the action of T descends to K. We denote by S P>®(K,Zt) the subgroup of such
elements of SP°°(I? ,Z) that change sign under T. The reduced twisted homology
H.(K,Zt) is the homology of SP® (K, Z) regarded as a chain complex.

The homotopy groups of a simplicial abelian group coincide with the homology of
the same group, regarded as a chain complex. This implies

LEMMA 1.6.
7T"‘(‘S’IDO‘-’(I(’ ZT)) = ﬁ*(Ka ZT)

This is the simplicial version of the “twisted” Dold-Thom Theorem.
If X = |K|, Z/2 acts on X = |K]| and, hence, on SP®(X,Z).

DEFINITION 1.5. The twisted infinite symmetric product of X is defined as the
subspace of points ) k;z; in SP°°()’(\, Z) such that

T(Z ki.’l:,;) = - Z k,;:l:i.

Finally, define H,(X,Zt) and H.(X,Zt) as H.(K,Zt) and H,(K,Zt) respec-
tively.
REMARK. The relation between reduced and unreduced twisted homology is slightly
different from the case of ordinary homology. Namely, one can easily check that for

connected X
Hi(X,Zt) = H;(X,Zt) for i>2,
Ho(X,Z1) =0

and that there is a short exact sequence®

0 = Hy(X,Zt) = Hi(X,Z1) = Z = 0.

THEOREM 1.7.
SP*(X,Zr) =~ [| K(H(X, Z1),%)
>0

PROOF. By Moore’s Theorem [16] every abelian topological group is a product of
Eilenberg-MacLane spaces, so it is enough to check that

T(SP®(X,Z1)) = H.(X, ZT).

8as this sequence shows, we could have called H, (X, Zr) eztended rather than reduced twisted homology.
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If X = |K]| this follows from Lemma 1.6, provided that
SP®(|K|,Zt) =~ |SP®(K, Zr)|.
To see this, recall that there is a natural group isomorphism
SP*(|K|,Z) = |SP*(K,Z)|.

Its naturality implies that it commutes with the action T" of Z/2, so, in particular, the
subgroups of elements which are sent to their inverses by T' are isomorphic. O

EXAMPLE 1.8. The homology transfer map.

The homology transfer map can be described in the simplicial setting as follows.
Let K be as above and let a finite group G act on it simplicially. We also assume for
simplicity that the action of G fixes the basepoint in K. There is a simplicial quotient
map

p: K- K/G.
The map
Tr : SP*®(K/G,Z) - SP*(K,Z)
is defined by sending a simplex A of K/G to ) cq gA', where p(A') = A. Tt is easy
to see that if SP®(K/G,2) and SP®(K,Z) are regarded as chain complexes, Tr is a
chain map, so it induces a map on reduced homology

Tr: H(K/G) - H,(K).

This is the homology transfer map. It is a standard result [19] that, when tensored
with Q, this map becomes an isomorphism onto the G-fixed subgroup of H.(K).
Applying geometric realisation to the map Tr one obtains a map

|Tx|: SP®(|K|/G,Z) = SP*(|K|,Z).

The induced mép of the homotopy groups coincides with the homology transfer. If we
take rational coefficients instead of integers, the map we obtain

SP*(|K|/G,Q) —» SP*(|K|,Q)

gives an isomorphism between the homotopy groups of SP*®(|K|/G, Q) and the G-fixed
subgroups of the homotopy of SP®(|K|, Q)
Another way to represent the transfer map rationally is to consider the inclusion

map .
i: (SP®(K,Z))¢ — SP®(K,Z)
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of the G-fixed subgroup of the symmetric product of K into the symmetric product of
K. There is a commutative triangle

SP*(K/G,Z) LN SP>(K,Z)

Tr\, 2
(SP®(K,Z))¢

Notice that after tensoring with rationals, the map
SP®(K/G,Z) = (SP™(K,Z))¢
becomes one-to-one. It folloWs that
iv : T((SP®(K,2))) ® Q > (. (SP¥(K, Z)) ® Q)°
is an isomorphism. It can also be written as
i : m((SPP(K, Q))¢) — H(K,Q)°.

Applying geometric realisations one can obtain corresponding statements for topo-
logical spaces.

REMARK. Here we considered symmetric products with coefficients in Z. Everything
said above applies to products with positive integral coefficients.

It seems to be possible to elaborate on the last example and establish yet another
version of the Dold-Thom Theorem for Smith’s “special homology” [51]. We will not
attempt to do it, though, as the result wouldn’t justify the effort.

There are other generalisations of the Dold-Thom Theorem. One can take a similar
approach in K-theory. The role of infinite symmetric products for K-cohomology is
played by “spaces of bundles” i.e. spaces of maps from a space to an infinite Grass-
manian; for K-homology it is played by the spaces of elliptic operators on a space; see
also [55] on this subject.

There is also a Dold-Thom theorem for intersection homology, established by Pawel
Gajer [23). It relates the intersection homology groups of a variety to the “intersection
homotopy groups” of its infinite symmetric product.

Friedlander in [20] showed that the Dold-Thom Theorem also works in the context
of étale homotopy and homology; this version is important for the theory of algebraic
cycles over fields other than C.

4. Geometry of symmetric products modulo 2

Here we will prove theorem 1.3. One part of it is covered by the following
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PROPOSITION 1.8. Let M be a closed compact connected manifold. If dim M > 2

and n > 1 then SP™(M,Z/2) is not a closed manifold.

PROOF. Denote by A the “big diagonal” in (M)", i.e. the set of points with at
least two coinciding coordinates. Consider the sequence of natural maps

(M)™ 25 SPM(M) £ SP™(M,Z/2).

The image of A under pyp; is SP""2(M,Z/2) C SP*(M,Z/2). Also notice that the
composite map pap1, restricted to (M)™ — A is an n!-sheeted covering

pop1 : (M)® — A — SP™"(M,Z/2) — SP""%(M,Z/2).

Now suppose S P*(M,Z/2) is a manifold, dim M > 2. Clearly, dim SP™(M,Z/2) =
ndim M.

Choose any point y € M. Then the point pp(ny) (or, in other words, p2p1 (9,9, --- ,¥))
belongs to SP™""%(M,Z/2) C SP"(M,Z/2). Take a small ball B around pz(ny). Then

dim BN SP*2(M,Z/2) = (n —2)dim M
and, hence, H*4mM-2(B N §P"~2(M,Z/2)) = 0. By Alexander duality this implies
that the first homology group of
W =B - (BNSP" %(M,Z/2))
is zero. Also, as dim M > 2, it is clear that W= pl_lpgl(W) is connected. But as
popr i W = W

is an n!-sheeted covering with Sy, being the monodromy group, H1(W) cannot be trivial;
so we get a contradiction.
(Indeed, we have a surjection

7r1(W) — Sp.

For any n there is a non-trivial map S, — Z/2. As Hi(W) = m(W)/[m1 (W), m(W)],
the composite map w1 (W) — Z/2 must factor through a non-trivial map Hy(W) —
Z/2,so H (W) #0.,) O

To prove the second part we have to show that SP*(RP!,Z/2) is a manifold, as
RP! is the only closed compact 1-dimensional manifold. We will actually prove more.

PROPOSITION 1.9. The map P : RP™ — SP™"(M,Z/2), defined in Ezample 1.3 of
section 2, is homotopic to a homeomorphism.
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First we state an auxiliary lemma about the symmetric products of a 2-disk’:
LEMMA 1.10. SP*(D?) is homeomorphic to a 2k-dimensional closed ball D%*.

PROOF. Let D% = {z | 2 € C,2z < 1}. Define a map ¢, : SP*(D?) —» CF by
sending a point (a1,... ,ax) € SP*(D?) to the coefficients of the polynomial (z — a4) -
...-(z—ay); and a map 9, : C* - Ck =R by

(rleid",rgeid’z,... ,'rnei"”‘) - (rlei‘i",\/r_geid’z,... , rnei‘i”‘).

Then the composite map 92101 : SP¥(D?) — R?* is one-to-one and carries SP*(D?)
onto some neighbourhood of zero in R2?*. Any ray starting at 0 € R% meets the
boundary of 2, SP*¥(D?) precisely in one point. This implies that Yoth1 SPE(D?)
and, hence, SP*(D?) is homeomorphic to a ball. O

Let us study the structure of the map P, defined in Example 1.3. For any polyhe-
dron X with a basepoint * and any m > 1 there are natural inclusions

SP™Y(X,Z/2) - SP™(X,Z/2),
defined as

Zk,;xi - Zki:l:i + *.
For X = RP! the space C,, = SP™(RP!,Z/2) — SP™ %(RP,Z/2) can be identified
with the configuration space of m unordered distinct points on the circle. Clearly Cpm
is an (open) manifold.

RP" can be decomposed as the union of subspaces UR;, where R; is the space of
polynomials, which have precisely i real roots of odd multiplicity. Here ¢ € {0,2,... ,n}
when n is even and i € {1,3,... ,n} when n is odd. Notice that UGR; is the hyper-
surface of polynomials with multiple real zeros; it is a subset of the zero set of the
discriminant. The map P respects the decompositions into C; and R; we have intro-
duced on RP™ and SP*(RP!,Z/2). Denote by p; the restriction of P to R;:

pi:RL‘—)C,;.

Every polynomial with 7 roots of odd multiplicity can be uniquely factorised as a
product of a nonnegative polynomial of degree n — ¢ (normalised in such a way that
the sum of squares of its coefficients is equal to 1) and a polynomial of the form

(a1z —b1y) ... (asz — by),

where (aj,bg) are distinct points of RPL

"This lemma is, apparently, well-known; however, we haven’t been able to find a reference for it.
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The space of normalised nonnegative polynomials of degree n — % is homeomorphic
to SP %(n_i)(Dz), where D? is considered as the upper closed hemisphere of CP!. This
means that

R; = C; x SP*(")(D?) = ¢; x D!
and p; is the projection on the first factor. The boundary of R; can be described as a
union of two components. The first one is F; =) C; x dD""t = C; x §"~*~1, obviously
F, C R;. The second one is R; — F; = OR; N R;_,. The following lemmas can be easily
verified directly from the definition of R;.

LEMMA 1.11. Any z € F; has a neighbourhood N, such that Ny N Ry is empty for
k <i.

LEMMA 1.12. For each i F; divides RP™ into two components; the closure of one
of them is Ug<;Ry; the closure of the other is Uk>i Rk-

The map P can be described as a composition of collapsing maps
RP"=Qy 8 Q, B ..."%5° Q, = SP"(RP},Z/2), n even,

or

RP"=0Q; B8Q; % ... Q, =SP"(RP},Z/2), n odd,
where ¢; are the maps, which collapse the fibres of p; to single points, Q; are the
corresponding quotient spaces. We will see that these maps are actually homotopic to

homeomorphisms.

Figure 1.1. The deformation retraction ¢,

Let us first look at two examples: n = 2 and n = 3. For n = 2 the map P is 1-1
everywhere, apart from the disk, bounded by the conic

IL‘% - 4:170:172 = 0,
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i.e. the defined by the condition that the discriminant of the polynomial is 0; here z;
are the homogeneous coordinates on RP2. This disc, which describes polynomials with
double roots or no real roots, maps into a single point * in SP2(RP!, Z/2).

Take a “one-sided tubular neighbourhood” of this disk and define the deformation
retraction

é: : RP% x [0,1) » RP?

so that ¢; is the identity map outside the neighbourhood of the disk for all ¢ and is the
contraction of the disk to a single point when ¢t = 1, see Fig. 1.1. Then P(¢; s a
homotopy of P to a homeomorphism.

In the case of n = 3 the map P is 1-1 everywhere in RP3, apart from a full torus
R, = RP! x D?: as we said above, on this torus P is the projection onto RP!. If the
boundary of R; happened to be smooth, we would be able to use the same method as for
n = 2 “fibrewise”. However, the surface, defined by the condition for the discriminant
to be zero, is singular and we cannot use the normal bundle to construct a one-sided
tubular neighbourhood.

This is the situation we are also going to encounter in higher dimensions, so we
need some results concerning one-sided tubular neighbourhoods in such a situation.

DEFINITION 1.6. [10] Let X be a topological space and B a subset of X. Then
B is collared in X if there is a homeomorphism h carrying B x [0,1) onto an open
neighbourhood of B such that h(b,0) = b for all b € B. If B can be covered by a
collection of open subsets (relative to B) each of which is collared in X, then B is
locally collared in X. B is said to be bi-collared in X if there is a homeomorphism h
carrying B x (—1,1) onto an open neighbourhood of B such that h(b,0) = b for all
b € B. The notion of B being locally bi-collared is defined similarly.

An example of a locally collared (in fact, collared) subset is the boundary of a mani-
fold. An example of a locally bi-collared subset is a smooth submanifold of codimension
1 in a smooth manifold.

THEOREM 1.13. [10] A locally collared subset of a metric space is collared.

THEOREM 1.14. (relevant references are [52] or [10]) If B — Int(X) is a piecewise
linear embedding of an (n — 1)-dimensional PL-manifold into a PL n-manifold X, then
B is locally bi-collared in X.

Now we are in the position to prove the following

PROPOSITION 1.15. The maps g; : Q; = Q42 are homotopic to homeomorphisms.
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PRrOOF. First of all notice that RP™ together with the hypersurface of polynomials
with multiple real roots is a compact stratified set, hence by the main theorem of (28] it
has a triangulation, compatible with the stratification. The subsets F; are not closed,
but they are locally triangulable. As we mentioned above, F; is homeomorphic to
C; x S" =1, which is a manifold. Thus, by lemma 1.11, for any point z € F; we
can find such a triangulation of RP", that there exists a triangulated neighbourhood
N of z, homeomorphic to a ball D*, N N F; is homeomorphic to a ball D™ ! and
N N ARy, is empty for k < i. Applying Theorem 1.14 we get that F; is bi-collared in
some neighbourhood of z inside RP™ and, hence, collared in some neighbourhood of z
inside each of the components into which F; divides RP™. In particular, it is collared
in RP™ — Int(U,<; Ri)- As z is an arbitrary point of F;, it follows that Fj is locally
collared and, by Theorem 1.13, is collared in RP™ — Int(Up<; Ri)-

Now we construct a “spindle neighbourhood” of F; as follows. Let A be a continuous
function on Fj, such that A = 0 on F,— F;and 0 < XA < 1 on F;. Then our spindle
neighbourhood S; is the subset of the collar F; x [0, 1) defined as

S;={(z,t) |z € F;0<t< A}
There is a deformation retraction
(Dt : (Sl URi) X [0,1] - S,;UR,i,

which commutes with the projection p; and in fibres looks like the retraction ¢; on
Fig.1. The union of R; and the spindle neighbourhood of F; maps homeomorphically
into Q; under the composite collapsing map RP™ — Q;. We extend ®; to Q; by the
identity map; it is immediately clear that this extension of ®; is continuous everywhere,
possibly apart from the image of [J,; Rx. The continuity there easily follows from the
following fact:

LEMMA 1.16. The decompositon of RP™ into fibres of P is upper semicontinuous,
i.e. for any neighbourhood U of a disk P™'(y), y € SP"(RP',Z/2) there ezists a
neighbourhood V, such that any fibre of P which intersects V' lies in U.

(This lemma follows directly from Proposition 1, Chapter 1 of [13}, which says that
if a map between topological spaces is closed, the decomposition of the source space
into the fibres of the map is upper semicontionuous. It can be easily verified directly.)

Now ¢;®, ! is a homotopy, carrying g; into a homeomorphism; this proves proposi-
tion 1.15. O

If two maps are homotopic to homeomorphisms, their composite is also homotopic
to a homeomorphism. This proves Theorem 1.3.
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REMARK. There are powerful tools, such as Edwards cell-like approximation theorem
[13], to treat situations like ours. However, Edwards theorem only works in dimensions
> 5 and requires some conditions, which are not totally trivial to verify in our case; so
we chose the direct approach.



CHAPTER 2

Spaces of Complex and Real Algebraic Cycles

Here we give an overview of Lawson’s results [31] on complex algebraic cycles and their
real version, obtained by T.K.Lam [30]. We also calculate the homotopy groups of real
cycles with coefficients in Z on projective spaces. Finally, we consider a theorem of
Lawson and Michelsohn about group actions on the cycle spaces [36].

We are going to deal only with projective varieties. From now on we adopt the
following notation: group (monoid) quotients are denoted by “/” while the usual “/”
denotes the topological quotient.

1. Complex cycle spaces

DEFINITION 2.1. An algebraic cycle ¢ = Y k;V;, 1, k; € Z in CP™ is a finite formal
sum of irreducible subvarieties V; of CP™ of the same dimension. The degree of a cycle
c is defined as

deg(c) = Y _ kidegVi,

the dimension of c is defined as dim V;. A cycle is called effective if k; > 0 for all 2.

The set of effective cycles of the same degree d and dimension p in CP™ has the
structure of an algebraic variety. This variety is called a Chow variety and denoted
by Cp4(CP™). Algebraic varieties carry a natural topology, so algebraic cycles form
topological spaces. Alternatively, algebraic cycles define linear functionals on differen-
tial forms by integration; so one can put the topology of the dual space on the sets
of cycles; these two topologies coincide ([31]). Similarly one defines spaces Cp 4(X) of
cycles with support on a subvariety of CP™. (See [53], [56]).

In most cases Chow varieties are singular, reducible and hard to study. However,
as discovered by H.B.Lawson in [31], when the degree of cycles tends to infinity, the
homotopy type of C, 4(CP™) becomes calculable. To state this rigorously we have to
define the stabilised Chow varieties.

Let X C CP"™ be a subvariety of CP". Take a disjoint union

Cp,(X) = {0} [ Cpa(X),
d

where {0} denotes an “empty” cycle. This is an abelian monoid under unions of cycles.

25
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There are several methods of obtaining a “homotopy group completion” of Cp.(X).
The first one is provided by the mapping telescope construction. For each element
a € mp(Cyp,.(X)) select a representative co. Then there are maps

ca : Gy (X) ¥ C, (X).

Let 81, 0,... be a sequence of elements of my(Cp,.(X)), such that every element of
m0(Cp,. (X)) appears in it infihitely often. Then C,(X) is defined as the mapping tele-
scope Tel(Cp.(X),cp,) (see [31] and [20]}). This definition relies on a chosen set of
representatives for mo(Cp,.(X)), but the homotopy type of the space obtained this way
does not depend on the choice.

The motivation for using the telescope construction comes from two basic examples:
O-cycles on a variety X and cycles on CP™. Recall that for a sequence of inclusions
the mapping telescope is homotopy equivalent to the direct limit space.

For 0-cycles Cp.(X) is the disjoint union [ [; SP4(X). Suppose that X is connected.
If y € X then {ky | k € Z,k > 0} forms a set of representatives for mo(Cp,.(X)). So
Co(X) is homotopy equivalent to the direct limit of the sequence

[TsPix) < []SPUX) < ...
d d ‘

where the inclusions are
SPY(X) X% spHtl(X).
So it is clear that the connected components of Cyp(X) are all homotopy equivalent to
SP>®(X); also mp(Co(X)) = Z.
The situation with p-cycles on CP™ is similar: choose a p-dimensional linear sub-

space ! and define inclusions
Cp,d(CP™) <= Cpat1(CP™)
by adding ! to every cycle in C, 4(CP™):
c—c+l

Then the connected components of the stabilised Chow variety C,(CP™) are homotopy
equivalent to the direct limit of the sequence of these inclusions as d — oo.

The second way to define a group completion of Cp.(X) is to consider the space
QB(Cp,.(X)), where B(-) is the classifying space of an abelian monoid, provided by the
bar construction, and Q denotes the loop space. The space QB(Cj, (X)) is homotopy
equivalent to Cp(X); see Corollary 2.6 of {20].

Yet another (and, probably, the most attractive) method of obtaining stabilised cy-
cle spaces is taking the “naive” group completion C;(X ), which is just the Grothendieck
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group of Cp.(X), endowed with the quotient topology from the map
Cp. (X) X Cp.(X) 53 Cp(X), a,b € Cp.(X).

One can consider 5,,()( ) as a space of cycles with coefficients in Z. As é;(X ) is a group,
o (C:,(X )) also has a group structure. It is easy to see that the connected components
of C:,(X ) are homeomorphic. Indeed, if o, € wo((:;;,(X )), choose a cycle ¢ in the
component represented by 8 — «. Then the map

Co(X))a =5 (Cp(X))s

is the desired homeomorphism.

For connected X the connected components of Cy(X) are indexed by the degrees
of O-cycles, i.e. by the sums of coefficients; the same is true for (?;,(CP").

It follows from the theorem of Lima-Filho [37] that the spaces C,(X) and @,(X ) are
homotopy equivalent. A particular case of this statement is part c) of the Dold-Thom
theorem, see page 8. Indeed,

Co(X) ~Z x SP*®(X)
and
Co(X)=2Z x SP*(X,Z).
We will use the last definition of the stabilised cycle spaces, i.e. the abelian groups
Cp(X)-
There is a geometric construction, which Lawson called “complex suspension”.
CP" can be embedded into CP™*! as

(20,--- y2n) = (20,--- ,2n,0).

If X C CP" the complex suspension £X € CP™*! is defined as the union of all lines,

joining X and the point (0,...,0,1). In other words, £X is the projective cone on X.

If X is a projective variety, £X is a projective variety of the same degree. Indeed, it is

defined using exactly the same equations as define X. Obviously, LCP" is CpP™tl,
Complex suspension induces continuous maps on the cycle spaces

L : Cpa(X) = Cpyr,a(EX).

So there is a map
L:Cp(X) = Cpy1,.(EX)

which gives rise to a map of group completions

L : Cp(X) = Cpir(EX).
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The main result of [31}] is the Complex Suspension Theorem:

THEOREM 2.1. If X is a subvariety of CP", the maps

2 :Cp(X) = Cpr1(ZX)
are homotopy equivalences for all p > 0.

An immediate corollary of this theorem is the following description of cycle spaces
on CP™:

THEOREM 2.2.
n—

C,(CP™) ~ HKZZz

Indeed, the connected components of the space of 0-cycles on CP™"? are just the
infinite symmetric products of CP™ P with coefficients in Z. So, according to the Dold-
Thom Theorem

Co(CP" P) ~Z x K(Z,2) x ... x K(Z,2(n — p — 1)) x K(Z,2(n — p)).

Now apply the Complex Suspension Theorem p times; this immediately gives the result.
REMARK. It is not surprising that the cycle spaces turn out to be products of K (7, n)’s:
according to the Moore’s Theorem (see [16]) any abelian topological monoid is homo-
topy equivalent to a product of Eilenberg-MacLane spaces.

2. Real cycle spaces

Complex conjugation induces an anti-holomorphic involution on CP™:

t:(z0,---,2n) = (Z0,--- »2n)-

A variety is called real if its ideal is fixed by ¢; a real cycle is a formal sum of real

subvarieties!.

The complex suspension T of a real cycle is again a real cycle; this
makes it possible to adapt the methods used for complex cycles, to study real cycle
spaces. The definitions and results below can be found in [30].

For a real variety X denote by RCp.(X) the submonoid of real cycles in Cp.(X).
The submonoid of RCy_.(X) which consists of the cycles of the form c¢+#(c), ¢ € Cp.(X)
is called the monoid of Galois sums and denoted by DC, .(X).

The stabilised spaces of real cycles, which we denote by RC,(X) and DCp(X)
respectively, are defined in the same way as the stabilised space Cp(X) via the mapping

telescope construction or as the loop spaces QB(RC,.(X)) and QB(DC, .(X)).

'so we distinguish a real variety from its real locus.
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As in the case of complex cycles, one can consider spaces ECP(X )} and 5C,,(X ) of
“real cycles with coefficients in Z”, defined as the group completions of RC,.(X) and
DC,, .(X) respectively. (Clearly ECP(X ) and 5C,,(X ) are subgroups of @,(X ).) These
spaces are homotopy equivalent to the spaces RC,(X) and DCp(X) by the theorem of
Lima-Filho.

The quotient group of ’ﬁép(X ) by 5Cp(X ) is denoted by EP(X ) and is referred to
as the space of real cycles modulo 2 (which may be somewhat misleading).

The main result about real cycles is the Suspension Theorem:

THEOREM 2.3. [30] If X is a real subvariety of CP", the maps
2 : RCy(X) = RCpir(2X),
2 : DCp(X) — Dlpia(BX),
Z:Ep(X) = Ep(2X)
are homotopy equivalences for all p > 0.
The spaces of cycles of dimension 0 have a following description:
DCo(X) = Z x SP®(X/t,Z),
| £o(X) = Z/2 x SP®(Xr,Z/2),
where XgR is the real locus of X. The space ﬁo(X ) does not have such a simple

description in terms of symmetric products, however ﬁ’CO(X ) ® Z/2, i.e. the space of
real 0-cycles with coefficients in Z/2 is homotopy equivalent to the product

7/2 x SPP((X/t)/Xr, Z/2) x SP®(Xr,Z/2).

Combining Theorem 2.3 with the Dold-Thom Theorem, we can describe the spaces
of real cycles modulo 2 on CP™:

THEOREM 2.4. [30]

n—p
£,(CP™) ~ [] K(2/2,9).
=0

Lam in his thesis did not calculate the homotopy groups of 'f??Cp(CP"); here we
present a method of doing this. By virtue of the Suspension Theorem it is enough to
consider O-cycles. :

First we describe the homotopy of ECO(CP") rationally. As ﬁCo(CP") is just the
t-invariant subspace of Z x SP*°(CP",Z) its rational homotopy groups coincide with
the rational homology of CP"/t (see the discussion of the homology transfer map in
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the previous chapter). The rational and mod 2 homology of CP"/t are calculated in
Appendix A; from Proposition A.3 directly follows

THEOREM 2.5.
wi(ﬁo(CP")) ® Q =Q for i =4k < 4n and 0 otherwise.
For the corresponding spaces with coefficients in Z/2 we have a direct product:
ﬁCo(CPn) ® Z/2 =Z/2 x SP®((CP"/t)/RP",Z/2) x SP*(RP",Z/2).
Hence, for ¢ > 0
wi(ﬁCO(CP“) ® Z/2) = H;((CP"/t)/RP"),Z/2) ® H;(RP",Z/2)
and mo(RCo(CP™) ® Z/2) = Z/2. From Proposition A.2 it follows that

rk(m(RCo(CP™) © Z/2)) = [%k] +1fork<n,

rk(m(RCo(CP™) & Z/2)) = [%k] +1—(k—n)forn<k<2n,

where [z] denotes the integral part of z.
Finally, we have a “coefficient fibration”

RCo(CP™) X3 RCy(CP™) — RCo(CP™) ® Z/2.

If we know (ﬁo(CP"))®Q and w*(ﬁCQ(CP") ®Z/2), then from the exact sequence
of the coefficient fibration we can determine the homotopy groups of ﬁo(CP"), given
that these groups contain no torsion apart from Z/2 - torsion. This is established by
the following lemma:

LEMMA 2.6. Let X be a real projective variety. Then if H.(X) is torsion-free,
7.(RCo(X)) does not contain any torsion apart from Z/2 -torsion.

PrROOF. Let S~(X) be the subgroup of SP*(X,Z), consisting of all ¢ such that
t(c) = —c. There is a fibration

RCo(X) x S™(X) = Z'x SP®(X,2Z) - Z/2 x SP®((X/t)/Xr,Z/2).

As H,(X) is torsion-free and H,((X/t)/Xr,Z/2) contains only Z/2-torsion, the state-
ment of the lemma follows from the exact sequence of this fibration. a

So we can determine the homotopy groups of RCo(CP") (and, hence, RCo(CP™))
completely. As an example, 7 (RCo(CP™)) for n < 6 are shown in Fig. 2.1. (Obviously,
wk(ﬁCO(CP")) = 0 for all kK > 2n, so we do not show these groups in the table.)

The general formulae for the ranks of the torsion in 7rk(7€Z’O(CP")) are not too
pleasant. However, when n — oo things become simpler. Indeed, from the exact
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Figure 2.1. Homotopy groups of 7’?,VCO(CP") for n < 6.

sequence of the coefficient fibration it easily follows that if & < n, the rank of torsion in
7 (RCo(CPM)) is equal to [5-;—1] +1= [’%—3] Notice that this number does not depend

on n.

LEMMA 2.7. The natural inclusion
_ RCy(CP™) = RCo(CP™ )

induces isomorphisms in homotopy groups of dimensions < n.

PrROOF. There is a fibration
RCo(CP™) = RCo(CP™1) - RCo(CP™)RC,(CP™).

The space 7€JC’O(CP”+1)//7’?,VC0(CP”) can be considered as a space of “real” O-cycles
of degree zero on CP™"+!/CP™ = §2"+2, In particular, we have a fibration

SP>® (82 /¢, Z) - RCo(CP™1)JRCo(CP™) — SP®(S™,Z/2).
By Proposition A.4 H;(S*"*2/t) =0 for i <n so wi(ﬁo(CP"+1)ﬁCo(CP”)) =0 for
1 < n as well. This implies that
m(RCo(CP™)) = m(RCo(CP™))

is an isomorphism for ¢ < n and an epimorphism for 7 = n. However, calculation shows
that m,(RCo(CP")) = m,(RCo(CP™1)). a
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If we define ﬁo(CP”) as the direct limit of the sequence of inclusions
RCo(CP') = RCH(CP2) < ... = RCo(CP™) < ...

the arguments above give us

THEOREM 2.8. The free part of mi(RCo(CP®)) is Z if k is divisible by 4 and 0
otherwise. All torsion is /2 -torsion; the rank of the torsion part of m is [E3].

3. Cycle spaces and group actions

Lam’s results on real cycles led Lawson and Michelsohn to the investigation of the
actions of arbitrary finite groups on the cycle spaces.

If a finite group G acts on C™*! linearly, there is an induced action of G on CP"
by linear automorphisms and a corresponding action of G on the cycle spaces. Extend
the action of G on C"*? to be trivial on the last coordinate; there are corresponding
extensions of the induced actions on CP™! and the cycle spaces. Let X be a G-
invariant subvariety of CP™; denote by (Z,(X )¢ the space of G-invariant cycles with
integral coefficients on X and by G - (?;,(X ) the subgroup of cycles, which are of the
form 32 cc9(c), c€ Cp(X). The following theorem can be found in [36]:

THEOREM 2.9. For each p the complez suspension maps
2: G(X)S = G(2X)°

and

2:G-Gp(X) = G- Gp(2X)
induce isomorphisms on all homotopy groups m;i(-) ® A, © > 0, tensored with any ring
A in which the order of G is invertible.

The proof of this theorem closely follows the proof of the Complex Suspension
Theorem; one has to check only that all constructions used there can be made G-
invariant.

In fact, the requirement of linearity of the action of G on CP™ can be slightly
relaxed. If we require that G acts on CP™ by linear or antilinear (rather than just
linear) automorphisms, the action of G can also be extended to CP™tL: trivially in the
case of a linear automorphism and by complex conjugation in the case of an antilinear
automorphism. Theorem 2.9 will still be true in this situation; the proof remains

virtually unchanged.
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In the same fashion as in the Example 1.5 we can introduce spaces of cycles with
rational coefficients Cp(X) ® Q as direct limits of sequences

~

C(X)BEx) 8 ...
Then

~ ~

T (Cp(X)) ® Q = m.(Cp(X) ® Q).

Now we can re-state Theorem 2.9 as follows:

THEOREM 2.10. Let G act on CP™ by linear or antilinear automorphisms. For
each p the complez suspension maps

Z:C(X)° Q- C(ZX)¢®Q

and _ _
L:G-Cp(X)®Q = G-C(ZX)®Q

are homotopy equivalences.



CHAPTER 3

Spaces of Quaternionic Cycles

In this chapter we define the quaternionic cycle spaces, describe their main properties
and prove the “rational suspension theorem”. As a corollary we obtain a full description
of the spaces of quaternionic cycles with rational coefficients on projective spaces.

1. Some generalities

There is no quaternionic algebraic geometry as such because of the noncommuta-
tivity of quaternions. However, real objects in classical algebraic geometry often have
a certain quaternionic flavour.

The usual way to define real objects is to consider varieties (functions, polynomials)
invariant (equivariant) with respect to the complex conjugation on CP™. But there
are other antiholomorphic involutions on complex manifolds, and they give rise to an
alternative treatment of algebraic reality. N.Alling and N.Greenleaf in [1] defined a
real algebraic curve as a complex curve with a given antiholomorphic involution; they
provide examples which suggest that this is the right set-up for some problems of real
algebraic geometry.

The simplest example of an antiholomorphic involution on a curve, apart from the
complex conjugation on CP!, is the antipodal map on CP!, given in homogeneous
coordinates as

(20,21) = (—21, %0)-

It has a natural generalisation to Ccp2ntl.

j : (20)211227‘23)"-) - (_21120,—23)22,'--)a

and it is natural to ask what kind of “reality” is associated with this involution.

The answer is that this “reality” can be described as “quasi-quaternionic”. This is
not very surprising, if we notice that when the homogeneous coordinates in CP?*! are
written as a set of n + 1 quaternions, j becomes left multiplication by the quaternion
j. So, in the absence of better candidates for the title “quaternionic” (at least in this
context), we will use this term to refer to j-invariant objects.

34
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This concept of a quaternionic object is not artificial; for example, j-invariant
manifolds play an important role in the study of symplectic cobordism, see [11]. As
H.B.Lawson pointed out, quaternionic cycles are related to complex and real cycles in
the same way as quaternionic representations of groups are related to complex and real
representations. In any case, the results we will obtain seem to justify the definitions.

2. Action of j on CP?"t!

The involution j : CP?"t! 5 CP?"*! is fixed point-free. It reverses the orientation
of CP?™*1 50 the quotient space CP?"*1/; is a non-orientable manifold. Notice that
j induces involutions on the fibres of the map

CP?**! _, HP™.
This means that there is a fibration
RP? - CP?"*1/j & HP™

The spectral sequence of this fibration collapses at the term E?, and thus the homology
groups of CP?"*1/; are as follows:

Z wheni=0 (mod4) i<4n+2,
H;(CP?™'/j) ={ Z/2 wheni=1 (mod4) i<4n+2,
0 otherwise;

Hence the rational homology groups are equal to Q in dimensions 4i and 0 otherwise. In
some sense CP2"*1 /5 is a hybrid between complex and quaternionic projective spaces,
having the same rational homology as HP", and the same higher homotopy groups as
CP2n+1.

The sequence of natural inclusions

CP! - CP* < ... o CP®
gives rise to a sequence
CP!/j > CP3/j = ... = CP%/j
It is easy to see that the induced sequence of maps in homology
H.(CP'/j) - H,(CP3%/j) = ... = H.(CP*/j)

is also a sequence of inclusions.

REMARKS. As CP%/j has CP® as double cover, only two of its homotopy groups
ar€ non-trivial: m, = Z/2 and m = Z. However, as homology groups tell us, it is
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not a product of Eilenberg-MacLane spaces. In fact, the homotopy type of CP*/j
is completely defined by its Postnikov invariant k € H3(RP*®,Z) = Z/2. As CP*®/;
does not split as a product, its Postnikov invariant is equal to 1.

Like RP*® and CP*®, CP®/j is also a classifying space. The group it classifies is
the normaliser of the maximal torus S* C Sp(1); see [11].

DEFINITION 3.1. A homogeneous polynomial P of 2n + 2 variables is called j-
invariant if P(z;) = P(j(z;)). (cf. Example 1.4).

We denote the graded ring of j-invariant polynomials by Clzo,- .. ,22n+1)7-
REMARK. We will use the letter j to denote the generator of the action of Z/4 on the

space of polynomials. It sends P(z;) to P(j(z;)); this should not lead to confusion.

PROPOSITION 3.1. The real vector space C|z,... ,z2n+1]g of j-itnvariant polyno-

mials of degree d has dimenston 0 if d is odd and (2"+d1+d) if d is even.

PROOF. The map j : P(z;) = P(j(z;)) is real linear, so to describe it completely
it is enough to consider the action of ; on monomials.

Denote by m the monomial 2% - ... - 222"+ and by m' the monomial 2% - 2% ... -
y 0 2n+1 Yy 0 1

d: . . .
2ot -zgf{;l. (We obtain m’ from m interchanging the degrees of 294 and 2941.) Also

set Do =dg+dy+...+do, and Dy =d1 + ... + dopti. Then
§(m) = m(j(z)) = (-1)°om’

and
i(m') =m/((2)) = (-1)P'm.
First suppose m # m'. The action of j sends am + bm’ to (=1)P0bm + (—1)Pram’.
So if am + bm/ is fixed by j, we have
(-1)Pb =aq,
(-1)Pa=b.
If d = Dy + D, is odd this implies a = b = 0. If d is even this means that there are
2 real linear conditions on the coefficients of the pair m, m' and therefore for a given
monomial m, j-fixed expressions of the form am + bm’ form a 2-dimensional real vector
space.
When m = m’ we have Dy = D; so the degree of m is even. If in this case am
is fixed by j, this implies that (—1)P°a = q; this is a real linear condition on a. So a
j-fixed monomial spans a 1-dimensional real vector space.
A polynomial is j-invariant if and only if it is a sum of terms which are either
j-fixed expressions of the form am + bm/, where m # m/, or j-fixed monomials. From
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this we get that dim C|z,... ,z2n+1]f; = 0 for d odd. For d even the dimension of
Clz,- .- ,zgn+1]fi is equal to the number of different monomials in zp,... , 22n41, 1.€.
for d even 0 L+ d
o : n+1+
dim Clzg, ... , zon ]} = < d )

3. Quaternionic varieties and cycles

DEFINITION 3.2. X is a quaternionic (or j-invariant) subvariety of CPt1 if its
ideal is fixed by the action of j on the space of polynomials.

If X ¢ CP?"*! is quaternionic, then j induces involutions on the cycle spaces:
7 :Cpa(X) = Cpa(X).

DEFINITION 3.3. The fixed subspaces are called the spaces of quaternionic (or j-
invariant) cycles; we denote them by QC, 4(X).

In a certain sense, quaternionic varieties and cycles are a particular case of real
varieties and cycles. Indeed, define a map

v CP2n+1 - Cp(n+1)(2n+3)—-1

in the following way: choose a basis P;, 1 <1 < (n + 1)(2n + 3) for the vector space
Clz, . .- ,z2n+1]% of j-invariant polynomials of degree 2; then v sends a point z €
CP2"*! to the point (Pi(z),. .. » Ptnt1)(2n+3) (2))- Tt is clearly a regular embedding (in
fact, it is essentially the Veronese embedding). The following diagram is commutative:

CP2+l y Cp2v+indt2
17 { conj.
CP?+l «, Cp2i+int?
This means that any j-invariant subset of CP?"*! can be embedded into CPp2i+n+2
as a real subset.
The simplest examples of quaternionic subvarieties are j-invariant linear subspaces.
If a j-invariant linear subspace satisfies F(z) = 0, where F is linear, then it also
satisfies F(j(z)) = 0. These two equations can be written as a single linear equation

in quaternions; hence we get

PROPOSITION 3.2. All j-invariant linear subspaces of CP?"*+! gre inverse images
of linear subspaces in HP™ under the map CP*! , HP™. In particular, j-invariant

complez lines are just the fibres of this map.
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A corollary of this is that all j-invariant linear subspaces are odd-dimensional. More
generally, the following is true:

PROPOSITION 3.3. The degree of an even-dimensional quaternionic cycle is even.
Before proving this, we will establish a technical lemma:

LEMMA 3.4. Let X be a quaternionic cycle of codimension 2k or 2k+1 in cpatl,
Then there ezists a j-invariant linear subspace of dimension 2k — 1, disjoint from X.

PROOF. Induction on k. For k = 0 there is nothing to prove.

Assume the statement of the lemma is true for all cycles of codimension < 2k — 1.
Notice that for any cycle of codimension > 2 there exists a complex j-invariant line,
disjoint from it. Indeed, a cycle which intersects all j-invariant lines in CP2*! maps
onto HP” under the map CP?"*! — HP". However, this map does not raise dimen-
sions of algebraic subvarieties of CP?"*1 50 such a cycle must have complex dimension
2n or 2n + 1.

For a cycle X of codimension 2k or 2k + 1 find a complex j-invariant line {, disjoint
from it and a j-invariant linear subspace L of dimension 2n — 1, such that LN!{ = 0.
The projection P; away from [ onto L commutes with j and preserves the dimension of
X. This means that the codimension of P;(X) in L is < 2k — 1 and by the induction
hypothesis, there is a j-invariant linear subspace L' C L such that dim L' =2k —3 and
P,(X)N L' = . The linear span of ! and L' is j-invariant, has dimension 2k — 1 and
does not intersect X. 0

PROOF OF PROPOSITION 3.3. Ifa divisor is j-invariant, it is defined by a j-invariant
polynomial. By Proposition 3.1 such a polynomial has even degree and, hence, the
degree of the divisor is also even.

But this is enough, as the case of arbitrary codimension 2k can be reduced to the
case of divisors with the help of a projection away from a suitably chosen j-invariant
linear subspace of dimension 2k — 1. O

REMARK. This proposition has another proof, which is more transparent geometrically.
For any even-dimensional quaternionic subvariety take a j-invariant linear subspace
of complementary dimension, which intersects_ it transversally. The intersection is j-
invariant and, as j is free, consists of an even number of points. This proves the
proposition given that we can always find a transversal j-invariant linear subspace. It
is not hard to show this, but we will not give a proof here.

There is yet another difference between the cycles of even and odd dimensions.
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PROPOSITION 3.5. The involution j preserves the orientation of the even-dimensional
cycles and reverses the orientation of the odd-dimensional cycles.

PROOF. We will show below (Lemma 3.6) that the spaces QCp 4(CP?"*!) are con-
nected. This means that we need to check the statement of the proposition for only
one cycle in each QCp,d(CPz"“). For p odd we can look at the cycles of the form
d -1, where [ is a j-invariant linear subspace; for p even we can check the cycles of the
form %d(l + j(1)), where [ is a linear subspace. In both cases the statement is trivially
true. O

LEMMA 3.6. The spaces OCp4(CP?"*1) are connected.

PRrROOF. The proof is essentially the same as for the complex and real cycles. First
we consider the case of p odd, p = 2k + 1.

Inside QCZkH,d(CPz"“) there is a copy of the Grassmanian of k-dimensional sub-
spaces of HP", which represents the d-fold multiples of linear subspaces (see Propo-
sition 3.2). We will show that for any cycle ¢ € QCzkH,d(CPz"“) there is a path,
joining it to a point on this Grassmanian. As quaternionic Grassmanians are path
connected, this will prove the lemma for p odd.

By Lemma 3.4 we can choose j-invariant linear subspaces ! and L of dimensions
2(n — k) — 1 and 2k + 1 respectively, such that

cNi=INL=0.

Then CP?"*! —| can be thought of as a vector bundle of rank 2(n — k) — 1 over L, the
fibre over a point z € L being the linear span of £ and {, with ! taken out. Denote by
¢+ the multiplication by a real number ¢ in this bundle:

¢y : CP?M! — | - CP*™ —

clearly, ¢; commutes with the action of j. The support of ¢ does not intersect [, so the
path [0, 1] — ¢:(c) joins the cycle d- L with c.

The case of p even is completely analogous. Using the same method as above one
can show that for any p-cycle there is a path in QCp,d(CPz"“) which joins it to a
p-cycle that is contained in a j-invariant linear subspace of dimension p+ 1. The space
of such cycles is a fibration over the quaternionic Grassmanian with the fibre being the
space of quaternionic divisors on CPP*+1, It is connected and this proves the lemma. O

There are two basic examples of quaternionic cycle spaces: 0-cycles and divisors on
CP2*!1 For 0-cycles on a connected X we have (by definition)

QCo,u(X) = SPY(X/j).
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Spaces of divisors are described by Proposition 3.1:

QCop ¢(CP?™*1) = RPP, where D = (Zn +d1 + d)

for d even and
Qc2n,d(CP2n+1) =0

for d odd. When n = 0, divisors and 0-cycles are the same thing, so, as we have seen
in Example 1.4
SP"(RP?) = RP?™.

For a j-invariant subvariety X the stabilised quaternionic cycle spaces QCp(X) are
defined in complete analogy with the complex and real case via the mapping telescope
construction. The abelian group é?fp(X ) can be defined as the j-fixed subgroup of
Cp(X).

The fact that any j-invariant subvariety can be realised as a real subvariety im-
mediately implies that QC,(X) and QEZP(X ) are homotopy equivalent. Indeed, the
j-equivariant Veronese map v sends quaternionic cycles on X C CP2"+! {6 real cycles
on v(X). Moreover, it induces a homeomorphism between the corresponding spaces of
quaternionic and real cycles, so

QCy(X) = RCH(v(X)) = RCp(v(X)) = QCp(X).

As before, we will state all the results for “naive” group completions, i.e. for the spaces

QCp(X).

4. Rational suspension theorem and cycles on CP?"+!

The complex suspension ¥, taken twice (we denote it by ), carries quaternionic
cycles on X ¢ CP**! o quaternionic cycles on BCP*! = CP?*3. This gives
maps

% : QCo(X) — Qpya(RX).
To show that these maps are homotopy equivalences one could try to mimic Lawson’s
proof of the Complex Suspension Theorem. However, there are certain difficulties
inherent in this approach. The reason is that some questions which have simple answers
in codimension 1 (in the case of complex cycles) have to be answered in codimension
2; this turns out to be much harder.

But if we work with the spaces of cycles with rational coefficients (see Chapter 2,
Section 3), Theorem 2.10 becomes applicable. Here we prove the following statement:
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THEOREM 3.7. If X is a quaternionic subvariety of CP?>"*1, the maps
¥ QCp(X) ® Q = QCp2(¥X) ®Q

are homotopy equivalences for all p.

PROOF. Extend the “quaternionic” action of Z/2 by j on CP?**1 to an action of
Z/4 on CP2"2;
1 (2, zon42) = (52, Zon+2),
where z = (20,21,-.-. ,20n41) € CP2*1 4. is the action of the generator of Z/4. This
action can be extended further to an action of Z/4 on CP?"*3:

J2: (Za 22042, Z2ﬂ+3) - (jz, Zon+2, 22n+3)-

Applying complex suspension to the space of j-invariant cycles and then to the
space of j;-invariant cycles, by Theorem 2.10 we get' a homotopy equivalence

QC,(X) ® Q = Cpi2(BX)?* © Q.
The cycle space on the right is invariant under j, which changes the last two coor-
dinates only by conjugation. Now our purpose is to show that Cpy2(FX )24 ® Q is
homotopy equivalent to QCpy2(YX) ® Q.
Define a map
T - CP2’n+3 > CP2n+3
by
T : (20, -, 22041, 22n42: 22n43) = (20,- -+ » 22041, —22n43, 22n42)-

The automorphism T has order 4. It can be checked that
2T =Tj2 = j and jT° = T°j = .

If ¢ is a j-invariant cycle, then it is easy to see from the properties of T, that
c+Tc+T2c+ T3¢ is a jo-invariant cycle and if ¢ is j2-invariant then ¢+ Tc+ T?2c+ T3¢
is j-invariant. This means that we have maps

Py : 0Cpa(3X) ® Q LT G, 03X ) © Q

and
~ . 2 3 o~
Py : Cpra(BX)? @ Q HTELYT OC,10(8X) ® Q.

These maps establish the desired homotopy equivalence. To see this, notice that

PP =(1+T+T?+T%?



4. RATIONAL SUSPENSION THEOREM AND CYCLES ON CP2r+! 42

induces multiplication by 16 in 7r,.(§é,,+2(22X )® Q), as T' is homotopic to the identity
through linear maps

Tt : (..., 20042, 2on43) = (... , Zon42 COSEt — 2opy38int, 2on 42 Sint + 29n43 cOs t),

which commute with j. (Here Ty = Id, T, = T.) But in a rational vector space
multiplication by 16 is an isomorphism, hence P, P, is a homotopy equivalence. The
same is true for Pp Py, so P, and P are also homotopy equivalences.

Finally, we have a commutative diagram

0Cra(BX)®Q 2 Coa(PX)? ®Q
N1
QCp(X)

where the vertical arrow is J} x 4 and the diagonal arrow is ¥. P; is a homotopy
equivalence; this means that

% 0Ch(X) ® Q— OCpia(¥X) ®Q

is a homotopy equivalence. O

The Rational Suspension Theorem for quaternionic cycles allows us to describe the
spaces of quaternionic cycles on CP?"t! rationally: '

THEOREM 3.8.
n—p

QC(CP™) ® Q = [ ] K(Q,4)
1=0

and
n—p

QCap+1(CP™) @ Q = [ K(Q, 43).

1=0

PROOF. The statement for @ETQP(CP2”+1) is a mere corollary of the Dold-Thom
theorem. It is less trivial for aCZP+1(CP2n+1), as all we can get from the Suspension
Theorem is

@2p+1(CP2n+1) ®Q~ @1(CP2(n—p)+l) ® Q.

To describe the space OC L(CP%#)®Q we will use the same trick as in the proof of
the Suspension Theorem. Namely, the space OC;(CP%*1)®Q is homotopy equivalent
to the space Co(CP%)Z/4 ® Q, where the generator of Z/4 acts on CP?% as follows:

g1t (2, 226) = (52, Zok),

where z = (2,... , 225—1).
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2/4®Q notice that there is a transfer

To calculate the homotopy groups of (%(CPZ'“)
map '
Co(CP™)?/* ® Q = Co(CP*) ® q,
which induces an isomorphism from the homotopy groups of a)(CPZk)Z/ 4®Q onto the
7 /4-fixed part of the rational homology of CP?.
Choosing appropriate representatives for the homology classes, one can easily see
that 4k-dimensional classes in H,(CP?) are fixed by the action of Z/4 and 4k + 2-

dimensional classes change sign under the action of a generator. So
Hi(CP*/(Z/4),Q) = Q ifi=4m,i<4k
and 0 otherwise. This proves the theorem. O

REMARK. According to the Theorem 3.8, Wo(@p(CP2”+1) ® Q) = Q. Actually, as
the spaces QC, 4(CP?"*1) are connected, it is easy to see that m0(QCp(CP?1)) = Z;
the components are indexed by the degree of cycles for odd p and by half the degree
for even p.

5. More on quaternionic 1-cycles

As we have seen, there are two essentially different types of quaternionic cycles:
cycles of even and odd dimension. The “basic” case of a space of even-dimensional
cycles is the case of 0-cycles. Spaces of 0-cycles are just infinite symmetric products
and they are well-understood. The “basic” case of odd-dimensional cycles seems to be
more obscure: even though we have already calculated the rational homotopy type of
the spaces of quaternionic 1-cycles, it is still desirable to get a better understanding of
their structure. The followmg construction provides natural geometric representatlves
for the rational homotopy of QC1(CP?*1).

Notice that

n_ ch’l(CP2n+1),
as every point of HP" corresponds to a j-invariant line in CP?"t1. Similarly, for all

m there are inclusions
im : SP™(HP™) < QCy (CP2H1),
defined by sending a point in the symmetric product into the corresponding linear
combination of j-invariant lines. Clearly these inclusions agree and one can pass to the
limit.
THEOREM 3.9. The map

i : SP®(HP™) < QC,(CP?t1)
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induces isomorphisms for all k > 0 between mi(SP*°(HP™)) and the quotient of
7x(QC1(CP?*1)) by torsion.

PRoOF. Consider the composite map
SPoo(HPn) Eg) acl(cp2n+1) _1'_) E1(CP2n+1),

where 7' is the inclusion map of the space of quaternionic cycles into the complex cycle

space.
By the Dold-Thom Theorem

Tm(SP®(HP")) = Hy,(HP") = Z for 0 <m = 4k < 4n and 0 otherwise.
We also know from Theorem 3.8 that
rk wm(acl(CP2"+1)) =1 for 0 <m =4k < 4n and 0 otherwise.
Finally, by Theorem 2.2
Tm(C1(CP?"t1)) = Z for 0 < m = 2k < 4n and 0 otherwise.

This implies that it is sufficient to prove the following

LEMMA 3.10. Under the composite map
i'ico : SP®(HP™) — C,(CP?"+1)

the generator of mx(SP™ (HP™)) maps into the generator of T4k (C1(CP?™1)).

We will use induction by n.
For n = 0 the statement is trivial. Suppose the result is true for some n — 1, i.e.
for all k there is an isomorphism

Tk (SP®(HP™ 1)) = gy (C1(CP271)).

We will use the following notation: by CP?1 we will mean the subspace of
CP2*!. defined by the equations zp, = 22n41 = 0; by L?" and by L2 we denote
the hyperplanes, defined by 22,41 = 0 and 20, = 0 respectively. Finally, zo denotes
the point (0,...,0,1) € CP2**! Notice that CP?*! is a j-invariant subspace and

CP™ =[N L3

This is illustrated by Fig. 3.1.
The cofibration

HP" ! « HP" - HP"/HP" ! = 5%
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gives rise to maps of the corresponding symmetric products; the inclusion map
SP®(HP™!) — SP®(HP")

induces isomorphisms on the homotopy groups of dimensions < 4n — 4. Similarly, the
map '

Z = T4n(SP®(HP™)) — m4n(SP®(S') = Z
is an isomorphism, so one can think of the map

§* = HP"/HP" ™' - SP®(5'")

as representing a homotopy class of SP*°(HP™), namely the generator of the 4n-th
homotopy group.

By virtue of the Complex Suspension Theorem the situation is very much the same

for complex cycle spaces (cf. [34]). For any linear embedding of CP?" into CP?"+!

there is a fibration
a(CP2n) N éfl(CP2n+1) _)CTl(CPQn-}-l)//gl(CP?n)

and the inclusion of 1-cycles on CP?" into the space of 1-cycles on CP?*! induces
isomorphisms of homotopy groups in dimensions < 4n—2. We also have an isomorphism

Z = 14 (CL(CP?™*1)) — m4n(C1(CP?H1))C1 (CP?)) = Z.

If ¥ denotes the complex suspension from L2" to the point zg, there are maps

pr1: L3 < Co(L3™) L G, (CP2nt])
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and

p: CPI1 o Gy(oP™ ) £y 6 (1),

where the inclusions L2 — C7O(L%") and CP2"~! < Cy(CP?*!) are just the standard
inclusions of the type X — SP>®(X,Z).
Notice that p is the restriction of p; to CP?"~1. This implies that there is a map

p: Suin — L%”/Cp%_l j‘_) (71(CP2”+1)//51(L%"),

which can be thought of as representing the generator of T4n(CL(CP?1)).
So there is a commutative diagram

HP™! < SPe(HP™!) o G(CP™ ) o Gy (L2
{ l l l
HP" < SP®(HP") < C1(CP2n+1y d C1(CP2+1)
{ l l l

§in < SP™(S4ny o Cy(CPHL)IC(CP?™Y) - Ci(CP2Y)Cy(L3™)

| |
K(Z,4n) K(Z,4n)

From the commutativity of this diagram it follows that Lemma 3.10 is true for k < n.
It is also obviously true for k > n, as all the groups in question are trivial. To see that
it holds for kK = n one has to show that the map

p: S = G (CP2Y)Cy (LE™)

of the bottom row of the diagram represents the generator of ”47!(51 (CP2”+1)//51 (L2)).

Recall that we consider HP™ to be the space of j-invariant lines in CP?**1. Define
a map .

e S4n — HPn/HPn—l - L%n/CPQn_l — S4n

by sending a j-invariant line into its point of intersection with L%". All j-invariant
lines which are not transversal to L3" (i.e. are contained in it) are also contained in
CP?"~1. they are precisely those lines, which are parametrised by HP" !, so, clearly,
is continuous. Moreover, as any j-invariant line is defined uniquely by specifying a point
on it, u is a homeomorphism. It is also easy to see that if the orientations on S4m are
defined by the natural orientations of HP™ and L3, then  is orientation-preserving.

Now we will find the homotopy of the map p’ to the map poy and this will establish
the lemma.

Define a map

¢y : CPZ1 x [1,00) » CP?H1
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as the multiplication of the last homogeneous coordinate by a real number ¢:

(205 - - » 22n, Zon41) = (20,--+ 220, Zon41)-

It is a linear transformation for any ¢ € [1,00), so it carries lines into lines. All the
points of L2" are fixed by ¢; and L2" is carried into itself. Hence we can consider a

map
¢iop' : HP"/HP™ ! x [1,00) — C (CPZ"1))C, (L3™).
Clearly, one can extend this map by continuity to ¢ = oo; then
$oo0p' =pop

so ¢; is the desired homotopy.
O

REMARK. There are two possible choices of the “natural” generators in the homotopy
groups of QC,(CP**+!) ® Q: via the map

iso | SP®(HP™) & QC,;(CP2t1)
and via the inclusion into the space of complex cycles
5C]_(CP2n+l) N 5]_(CP2n+1),

as both SP®(HP™) and the space of complex 1-cycles come with preferred generators
in their homotopy groups. This, in turn, is due to the existence of natural orientations
on complex and quaternionic projective spaces.

In the proof of Theorem 3.9 we have, in fact, shown that these choices agree.



CHAPTER 4

Spaces of Cycles of Low Degrees

Here we investigate the properties of quaternionic cycles of degrees 1 and 2. In par-
ticular, we show that the inclusion of the infinite quaternionic Grassmanian into the
the space of all quaternionic cycles classifies the symplectic Pontrjagin classes. We
also show that the inclusions of the spaces of quaternionic cycles of degree 2 and odd
codimension into the space of all quaternionic cycles is not an injection on homology.

1. Cycles of degree one

Algebraic cycles of degree 1 in the projective space are just linear subspaces; the
spaces Cp1(CP™), RCp1(CP™) and QCapi1,1(CP?**!) are complex, real and quater-
nionic Grassmanians respectively.

It will be convenient for us to speak about cycles of a given codimension, so we
introduce the following notation:

ci(cp™) € c,_,(cP),

&1 cpr) Y E ,(CP™),

RC'(CP™) ¥ RC,_g(CP™),
oc (CP2n+1) def OCont1- q(CP2n+1)

In this notation Theorems 2.2, 2.4, 2.5 and 3.8, describing the homotopy groups of
the cycle spaces on CP™ will give us

q
ci(cp™) ~ [ [ K(Z,2),
=0

£(cp™) ~ [[ K(Z/2,1),

(34]
RC'(CP™) ® Q ~ [] K(Q,4),
1=0
48
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{34]
ac’(cP) @ Q ~ [] K(Q. 4.
i=0
Notice that in these expression the right-hand side does not depend on n. So we
can define the space of the complex cycles of codimension g on CP* as the direct limit

of the sequence of homotopy equivalences:

éicpy) L Gacpery 2y
The spaces of real and quatérnionic cycles on CP® are defined analogously.
Inclusions of the spaces of the linear cycles of fixed codimension into the spaces of
all cycles on CP® give us following maps:

q
BU(g) — C%(CP*) = [[K (2, 2i),
1=0
_ q
BO(q) — £9(CP>) = [ K(2/2,1),
i=0
(39)
BO(g) — RC'(CP®) = [] K(2,4i) x [] K (torsion,-),
=0
q
BSp(q) — QC"(CP®) = [] K(2,4i) x [] K (torsion, ).
=0
Homotopy classes of maps of a topological space X into the Eilenberg-MacLane
space K (m,n) are in natural 1-1 correspondence with H"(X, ). So it is reasonable to
ask which cohomology classes of the infinite Grassmanians are represented by the maps
above. For the complex cycles this question was raised and answered by Lawson and
Michelsohn in [34]:

THEOREM 4.1. The map

BU(q) < ﬁK(Z,Zi)
i=1

represents the total Chern class of the universal bundle over BU(q).

REMARK. In general, there are certain choices involved in representing cohomology
classes by maps into Eilenberg-MacLane spaces. For instance, one has to choose the
fundamental class in the cohomology of a K(m,n). An implicit claim in the theorem
above is that there is a natural choice of the fundamental classes in the homotopy of
the cycle spaces. Namely, there is an inclusion map

CP" < C*(CP®),
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the natural orientation of CP™ determines the fundamental classes in the homotopy of

the space of cycles.

The real modulo 2 case was tackled by Lam:

THEOREM 4.2. [30] The map
q
BO(g) = [] K(Z/2,9)
i=1
represents the total Stiefel-Whitney class of the universal bundle over BO(q).

So our next theorem comes as no surprise:

THEOREM 4.3. The composite inclusion map
. ~ (34)
BO(q) = RC'(CP®) — RC'(CP®) ® Q = [[ K(Q,4)
i=0
into the space of real cycles with rational coefficients represents (up to signs) the total
rational Pontrjagin class of the universal bundle over BO(q).

Our choice of fundamental classes for ﬁcq(CPw) ® Q will become apparent from

the proof.

PROOF. For every q > 0 there is a commutative diagram

BO(g) — RC(CP®) o RC'(CP®)®Q
l l 1
BU(q) — CI(CP®) < CICP®)®Q

The map
H*(BU(g),Q) — H*(BO(9),Q)

induced by the complexification map BO(q) — BU(qg), sends the odd Chern classes of
the universal bundle over BU(q) to 0, and even Chern classes to the Pontrjagin classes
of the universal bundle over BO(q), taken with appropriate signs. So the pullbacks
of the fundamental classes of [J{_, K(Z,2i) to BO(q) are, up to sign, the Pontrjagin
classes. So the result follows from Theorem 4.1, given that we can choose the funda-
mental classes in @Q(CPw) ® Q to be the pullbacks of the fundamental classes in
CI(CP®) ® Q.

By the Suspension Theorems 2.1 and 2.3 it is enough to consider the natural inclu-
sion

RCo(CPY) ® Q < Co(CPY) ® Q.
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This map can be viewed as the homology transfer map on the level of symmetric
products, see Chapt'er 1, Section 3. So the induced map on the homotopy groups is
one-to-one. Moreover, this map between products of Eilenberg-MacLane spaces splits
up to homotopy as a product of maps between K(Q,m)’s with the same m. This can
be seen as follows: ‘
Let A
Py = {yae | 7k : S% — RCo(CPY) ® Qi 0< k < [24])

be the set of representatives for the generators of the homotopy groups of the space of
real 0-cycles and

Ty = {7k | 7ox : S% = Cp(CP) ®Q; 0<k <g}

be the set of representatives for the generators of the homotopy groups of the complex
cycle space. As the inclusion of the space of real cycles into the space of complex cycles
is one-to-one on homotopy, we can choose I'; and I'; in such a way that I'y goes to a
subset of I'; under this inclusion. Then we have a commutative diagram

Viega S* % RE'(CP™)0Q
! !
Vig, 8% B C9(CP*)0Q
which extends to a diagram of monoid homomorphisms
SP®(Vieiq $*,Q) — RC'(CP®)@Q

! L
SP*(Vig §%,Q) = CUCP®)®Q

The horizontal maps in this diagram induce isomorphisms on homotopy groups and,
hence, are homotopy equivalences. One can also easily see that for any CW-complexes
X and Y

SP®(XVY)=SP®(X)x SP®(Y)
and so the vertical map on the left-hand side splits as a product between rational
symmetric products of spheres of the same dimension, i.e. Eilenberg-MacLane spaces
K(Q,m) with the same m. O

The quaternionic case is very similar:
THEOREM 4.4. The composite map

q
BSp(g) = GC”'(CP™) — GC*(CP®) 8 Q = [ K(Q,4)
1=0
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represents the total rational symplectic Pontrjagin class of the universal bundle over

BSp(q).

PRrROOF. There is a commutative diagram

BSp(g) — OC(CP®) - OC*(CP®)@Q
I ! |

~ ~

BU(2q) — CICP*®) < C(CICP®)R®Q
The map
H*(BU(29),2) — H*(BSp(q), Z)

induced by the inclusion BSp(q) — BU(2q), sends the odd Chern classes of the uni-
versal bundle over BU(q) to 0, and even Chern classes to the symplectic Pontrjagin
classes, i.e. the Chern classes of the universal bundle over BSp(q) ([35]). In the proof
of the Theorem 3.9 we have seen that the inclusion map of the space of quaternionic
1-cycles into the space of complex 1-cycles (coefficients are taken to be rational) is one-
to-one on homotopy groups. An argument, completely analogous to the one we used
in the proof of the previous theorem shows that this inclusion map splits as a product
of maps between Eilenberg-MacLane spaces K (Q, m) with the same m. Hence, we can
choose the fundamental classes for QVC2Q(CP°°) ® Q as the pullbacks of the fundamen-
tal classes in the space of complex cycles 5q(CP°°) ® Q. The result now follows from
Theorem 4.1 and the commutativity of the diagram above. a

REMARK. The choice of the fundamental classes for the spaces of quaternionic cycles
as pullbacks is natural in the sense that it agrees with the choice of the fundamental
classes via the inclusion map

HP" < OC""(CP™),

see the remark at the end of the previous chapter.

2. Quaternionic cycles of degree two and odd codimension

As we have seen above, there is an embedding of the infinite Grassmanian of the
effective cycles of degree 1 into CI(CP").
The map on homology

H.(BU(q),Z) - H.(C%(CP™), Z)

induced by the inclusion is injective, as the corresponding map on cohomology is sur-
jective by Theorem 4.1. This naturally leads to the following question: is the inclusion
of the subspace of the effective cycles of degree 2 into the space of all cycles injective on
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homology? The spaces of the complex cycles of degree 2 were studied by Burt Totaro
[60],[59]. In particular, he obtained a negative answer to the question above.

There are no reasons to expect the situation to be different for the real cycle spaces
or the spaces of quaternionic cycles, except for one case. Recall that the properties of
the spaces of quaternionic cycles on CP?**! depend quite dramatically on the complex
codimension: in the case of even codimension there exist quaternionic cycles of any
degree; in the case of odd codimension the degree must be even by Proposition 3.3.
This means that the smallest degree of an effective cycle in @ZqH(CP") is not 1, but

2. So it makes sense to ask:

Is the inclusion of the subspace of the quaternionic effective cycles of degree 2 into
the space of all cycles of fived odd complez codimension injective on homology ?

The most interesting (or, rather, the simplest) case here is the case of cycles on
CP®. The answer in this case is generally “no”. Below we describe the method of
calculating the Betti numbers b; of the space of effective cycles of degree 2 and odd
codimension on CP®. It turns out that for codimension > 3 these Betti numbers are
bigger than the corresponding Betti numbers of the space of all cycles.

Denote by D, the space of effective quaternionic cycles of degree 2 and complex
codimension 2n + 1 on CP®. It is the union of 2 components, A, and B,, where

Ay, is the closure of the space of irreducible j-invariant quadrics;

B,, is the space of reducible j-invariant quadrics, i.e. those, which are unions of
linear subspaces of the form I4+5(I). (In odd codimension ! and j(!) are always distinct).

Our method is to use the Mayer-Vietoris sequence to express the Betti numbers of
D,, via the Betti numbers of A,,, B, and A, N B,. From now on all cohomology groups
have rational coefficients.

LEMMA 4.5. The rational cohomology ring of A, is a free polynomial algebra:
H*(An) = Qay, - .. ,an], dimag = 4k. ‘

PROOF. Every irreducible j-invariant quadric of codimension 2n + 1 is contained
in a single quaternionic linear subspace of complex codimension 2n. This gives us a
fibration
A, = BSp(n)
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whose fibre is the space of j-invariant quadratic divisors on CP*. By Proposition 3.1
this fibre is homeomorphic to RP>, hence, H*(A4,) = H*(BSp(n)). d

LEMMA 4.6. The rational cohomology ring of By is isomorphic to the subalgebra
H*(BU(2n +1)).

PROOF. B, is homeomorphic to the quotient of BU(2n + 1) by the action of 5. So
the rational cohomology of B, is the subring of H*(BU(2n + 1)), fixed by the action
of j. Now we verify that the action of j on H*(BU(2n+ 1)) sends c2x to c2k, and cog41
to —cog41- )

Indeed, denote by vyon+1 the universal bundle over BU(2n + 1). The map

j:BU(2n+1) > BU(2n+1)

induces a bundle vj,,, over BU(2n + 1). This bundle is equivalent to the conjugate
universal bundle 73,71: the fibre of 7}, over the point [ is the linear subspace j({),
we have an antilinear isomorphism between ! and j(l); on the other hand we have
antilinear isomorphisms between ! and [ - hence we have linear isomorphisms between
fibres of vy, ,, and J2,71. These give us a map of total spaces, which establishes the
equivalence.

The Chern classes of the conjugate bundle are (—1)¥ck. So, by the naturality of

the Chern classes, ¢y, are invariant under the action of j, while cgx41 change sign.
O

LEMMA 4.7. The rational cohomology ring of A, N By, is a free polynomial algebra:

H*(A, N By) = Q[d, a1,... ,an], dimay = 4k, dimd = 4.

PROOF. The space A, N B, consists of all the pairs of linear subspaces (I,3(1)),
which have complex codimension 1 in their quaternionic span. To find its cohomology
we first study its double cover, which we denote by C,. Points of Cy, can be written as
pairs (I, H), where [ is a codimension-1 hyperplané in the quaternionic linear subspace
H of complex codimension m.

Denote by &mn, the tautological bundle over the quaternionic Grassmanian
HG(m + n,m) of m-dimensional (quaternionic) subspaces in H™*". Then a point
in the complex projectivisation of the dual bundle &, ;, represents a pair (I', H'"), where
H' is a quaternionic linear subspace of H™*" of complex codimension 2n and ! is a
complex hyperplane in it.

So C,, is a direct limit over m of the sequence of (complex) projectivisations:

PC(&{,n) ... PC(g:n,n) - PC(g:n-}-l,n) ..
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Multiplicatively, H*(Pc(é, ) is equal to H*(HG(m +n,m)) ® H*(CP?™"!) modulo
a relation of degree 2m. When m — oo the degree of this relation tends to infinity.
So the cohomology of C, is the inverse limit of the corresponding cohomology rings
H*(Pc (&, ) which is the free polynomial algebra H*(BSp(n)) ® H*(CP*). Notice
also that the projection map C, — BSp(n) induces an inclusion on cohomology: z €
H*(BSp(n)) goes to z® 1 € H*(BSp(n)) ® H*(CP>®).

The monodromy of C, acts in the fibres the map C,, = BSp(n); it fixes H*(BSp(n))
and changes the sign of the generator of H*(CP®). Recall that H*(A4, N By,) is the
subring of H*(Cy), fixed by the monodromy; this establishes the lemma. O

LEMMA 4.8. The map
H*(B,) —» H*(A, N B,)

induced by the inclusion A,N By — By, is onto. (Ezplicitly, if we identify the generators
of H*(By,) with the even Chern classes and pairwise products of odd Chern classes in
H*(BU(2n + 1)), classes ay are hit by co, and the class d is hit by c?.)

PROOF. The proof is essentially a continuation of the argument of the proof of
Lemma, 4.7.
The map A, N B, < B, can be lifted to an inclusion map of double covers

Cn < BU(2n + 1).

The monodromy of the double covers commutes with this inclusion, so the map in
cohomology
H*(B,) » H*(A, N By,)

can be considered as the map between the subrings of H*(C,) and H*(BU(2n + 1))
that are fixed by the monodromy. We have seen that H*(C,) is freely generated by
4k-dimensional classes a; and a 2-dimensional class, which we denote by u. So in order
to establish the lemma we have to show that the classes a; € H*(C,) are hit by
cor, € H*(BU(2n + 1)) and u is hit by ¢;.

Denote by 7y, the tautological m-plane bundle over the complex Grassmanian
CG(m + n,m) of m-dimensional subspaces in C™*"™. Then the projectivisation of its
dual bundle Pc(ny, ) is the set of pairs of the form (I, H), where H is a subspace of
codimension n (dimension m) in C™*™ and [ is a hyperplane in H.

Denote by F, the direct limit of the sequence

Pc(np) = .- = Pc(pa) = Pcimian) = -
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so that, roughly speaking, F,, is a projectivisation of the “infinite-dimensional bun-
dle” 7)o over BU(n). The cohomology of F,, can be found in the same fashion as
the cohomology of C,: it is a free polynomial algebra H*(BU(n)) ® H*(CP®); the
projection
Pn : Fn > BU(n)
induces an inclusion in cohomology: z € H*(BU(n)) goes to  ® 1 € H*(F,) =
H*(BU(n)) ® H*(CP®),
Notice that the identification of H™*" with C?™*2" gives us maps

Pc (€:n,n) — Pc (n;m,i!n)'

and, in the limit, we have a map
Cn —> an.

" Tt is not hard to see that the induced map on cohomology
H*(BU(2n)) ® H*(CP*°) - H*(BSp(n)) ® H*(CP*®)

sends ¢y tO ag, cog41 to zero and the generator of H*(CP*), which we denote by v/,
to u.

The point in introducing the spaces F, is that the inclusion C, — BU(2n + 1)
factors through Fs,; the inclusion

ion : Fan < BU(2n+ 1)

sends a pair (I, H) into I. The induced map in cohomology can be calculated as follows.

As before, denote by - the universal k-plane bundle over BU (k). There are two
pullback bundles over Fy,: a 2n-plane bundle p3 (72,) and a 2n + 1-plane bundle
15n (Yon+41)-

The Chern classes of p3,,(2n) are, by naturality, just the classes ¢y ® 1 € H*(Fa,).
To find the Chern classes of 13, (y2n+1) notice that p3, (y2p,) is a subbundle of 23, (y2n+1)-

The difference of these bundles is exactly the tautological line bundle S over Fy,,
considered as a projectivisation of some infinite-dimensional bundle (see above). The
Chern class of such a line bundle over a projectivisation is exactly the generator of the
cohomology of the fibre, so ¢;(S) = v'.

Hence, by the Whitney sum formula

ck(B3n(12nt1)) =k ® 1+ g1 ® U
This, by the naturality of Chern classes, determines the map in cohomology

Pon : H'(BU(2n + 1)) — H*(Fay).
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Now, combining this with the map H*(F>,) — H*(Cy), which we have already
described, we obtain the complete description of the map H*(BU(2n + 1)) — H*(Ch):
even Chern classes ¢y are sent to ag; odd Chern classes cox4; are sent to ax ® u. In
particular, u is hit by c;. But, as we said in the beginning of the proof, this is sufficient
to verify the lemma. O

By Lemmas 4.5, 4.6 and 4.7 the cohomology of Ay, By, and A, N By, in dimensions
other than 4k is zero, so the Mayer-Vietoris sequence consists of exact sequences of the

form
0 — H%(D,) - H*(4,) ® H*(B,) - HY(4, N B,) - H**(D,) - 0.
By Lemma 4.8 the map
HY(4,) ® HY(B,) - H*(A, N By)
is onto so
HY*Y(D,) =0,
and the sequences
0 — H*(D,) - H*(A,) ® H*(B,) - H*(A, N Bp) -5 0
are exact. This means that
bag+1(Dn) = bagy2(Dr) = bag+3(Dn) =0,
bag(Dr) = bag(An) + bag(Bn) — bag(An N Bn).
As we know the cohomology of A,, B, and A, N B, we have an effective method
of calculating b;(D,,). In particular,

bs(D1)=14+4—-3=2

This is the case of cycles of complex codimension 3; the space of all cycles of codimension
3 is (rationally) K(Q,4),
bs(K(Q,4)) =1,
so the inclusion of the cycles of degree 2 cannot induce an injection on homology.
For the cycles of complex codimension 2n + 1 > 3 we have

by(Dn) =2+5—4=3,

while bg of the corresponding product of the Eilenberg-MacLane spaces is equal to 2;
hence the same conclusion.



APPENDIX A

On the quotient of CP" by complex conjugation

Denote by ¢ the involution, induced on CP™ by complex conjugation. Here we describe
the rational and mod 2 homology of CP™/t and give a proof of the (weak) Kuiper-
Massey theorem via symmetric products.

1. Mod 2 and rational homology of CP™ modulo conjugation

First we describe a t-equivariant cell decomposition of CP™. It consists of cells
afj (0 <4 < j) and aop,j, defined as

a;’*j = {(21,--- + %, Tit1,..-,25,1,0,...) | z € C, zx € R, Im(z;) > 0},

a;; = {(z1,-- 12, Tit1,-- ., %, 1,0,...) | 2z € C, zx € R, Im(2;) <0},

2Y)
a07j={xl”" axjalaevn) l Tk GR}

Obviously, dima; = i+ j.

The boundary operators in this cell complex modulo 2 are as follows:
for j >i>1

£ _ o+ + -
aa' ;- ai_l’j + a"t—l,j + a"i,j’—l + ai’j_l,

1.
fori=35>1
aa?,:i = ai-u +a; 1,
fori=1,7>1
aafj =ap; + atj_l +ay -1
fori=j5=1
aa;ﬁl =ag,1,
fori=0
aao’j =0.

This cell decomposition induces a cell structure on CP"/¢; cells ai:j map into cells
we denote by a; j; cells ag ; are fixed by t, we denote their images by ao,;j as well.
The boundaries modulo 2 are as follows:
forz #1
30,1"]' = 0,

58
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fori =1
Oay,; = agj.
It is easy to calculate the dimensions of the vector spaces of cellular chains:
fork>n
dim Cy, = [%k] +1— (k —n),
for k<n
dim, Ok = [k + 1,
where [z] denotes the integral part of z.

Given that the only non-trivial boundaries are da1; = aj41, we get that mod 2
Betti numbers, i.e. ranks of H,(CP"/t,Z/2) are as follows: '

PROPOSITION A.1. Forn+ 1<k <2n
rk(Hy(CP"/t,Z/2)) = [3k] + 1 — (k — n),
forl<k<n+1
rk(H(CP"/t,2/2)) = [3k] - 1,
fork <1
rk(Hy(CP™/t,2/2)) = 0.

The inclusion
RP" — CP"/t
agrees with the standard cell structure on RP"™. Each cell of RP" is a mod 2 boundary
in CP"/t; hence the natural inclusion RP™ — CP"/t induces zero maps on homology.
So from the exact homology sequence of the cofibration

RP" — CP"/t —» (CP"/t)/RP"
we get the following

PROPOSITION A.2.

For 0<k<n+1 7k(Hi((CP"/t)/RP™ Z/2)) = [1k],
forn+1<k<2n rk(Hy((CP"/t)/RP" Z/2)) = [sk]+ 1 = (k — n).

To calculate the rational homology of CP"/t, recall that the transfer homomor-
phism in homology
Hn(CP"/t,Q) — Hn(CP",Q)
provides the isomorphism between H,(CP"/t, Q) and the t-fixed part of H,(CP", Q),
see [19]. It is straightforward to see that the action of ¢ on the homology of CP" is
trivial on 4k-dimensional classes and is multiplication by —1 on the classes of dimension
4k + 2. Thus we have:
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ProrosiTION A.3.

H;(CP"/t,Q) = Q for 2n > i = 4k, and 0 otherwise.

The action of ¢ respects the inclusions CP"~! < CP”". So there is an involution
on the quotient $?* = CP™/CP""!. If we represent $?* = CP"/CP""! as a 1-point
compactification of R?®, we can write ¢ as follows:

t:(mla'“ 1y Iy Yty - - )yn) - (xla-" 1y oy ~Y1,- - - a_yn)'

From this it is clear that S%" /t is just an n-fold suspension of RP", hence we have

PROPOSITION A .4.
Hi(S*/t) =0 for i < n.

REMARKS. In order to derive the formulae for the boundaries in the above cell complex
on CP" it is necessary to consider the “cells at infinity”. This problem can be rigorously

addressed as follows. _
Let (z,yk), Tk +1yr = 2, 0 < k < n be the coordinates in C**! and §?"*! be
the sphere, defined by the equation

S agl=1
We define a cell decomposition of 27! into cells b;f]’-i, b;fo and boi’j as
b;,t]’:t = {(xhyla' .- axn+1)yn+1) I Ty = 0 for k > ,’;) Z; 2 0) Yk = 0 for k > j) Yj 2 Oa}a

where 7 and j range from 1 to n + 1, and
b(:)t,j = {(z1,¥1,- - +Zn+1,Yn+1) | Tk = 0 for all k, yg = 0 for k > j, y; 2 0},

b5 = {(z1, 91, - ,Tnt1,Una1) | Tk = 0 for k>4, z; 2 0, yg = 0 for all k}.
The boundaries in this cell complex can be calculated directly without any reference
to “cells at infinity”. Notice that under the standard map

p: S - CP™

cells b:!+ and b; ;= go to a;.fi_l for 2 > j. Similarly, for i > j b; ]Z+ and b;f]?' gotoa;; ;.
Cells bi’i’:t are mapped to the cells of lower dimension.
This turns out to be sufficient to calculate the boundaries in the cell complex of

CP" via the boundaries of the cell complex of $27+!,

As Elmer Rees pointed out, there is an elegant way of calculating the homology
groups of (CP™/t)/RP™. We will give a rough sketch of the argument.
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Let S?"+!1 C C™*! be as above and f : $?"*1 5 R be the function, given by

f(zoy.y2m) = |2+ 224+ ... + 2.
Clearly, f is invariant under the action of S! on $?"+1, which sends (z,...,2s) to
(20€?, ... ,zne'); it is also invariant under the complex conjugation in C™*'. This

implies that f descends to a function on CP"/t. The value of this function on
RP"™ C CP"/t is constant (and equal to 1) so, in fact, f descends to a function f
on (CP™/t)/RP™. The minimal value of f is 0, it is attained on the subset of real

codimension 2, which is the image of a hypersurface

2424 +22=0
in (CP™/t)/RP™. It is not too hard to see that this subset is homeomorphic to a real
Grassmanian G(n + 1,2). One can also check that f has one maximum and no other
critical points. This means that (CP"/t)/RP" is homeomorphic to the Thom space

of a real 2-plane bundle over G(n + 1,2) and thus the homology of (CP"/t)/RP™ can
be expressed via the homology of G(n + 1,2) with the help of the Thom isomorphism.

2. Kuiper-Massey theorem via symmetric products

One case when we can explicitly identify the quotient CP™ /¢t is when n = 2. (Case
n = 1 is trivial).

THEOREM A.5. CPZ/t is homeomorphic to a 4-sphere.

There are many different proofs of this famous statement, known as Kuiper-Massey
theorem!. Here we offer an interpretation of it via symmetric products.

Recall that CP? can be regarded as the symmetric square of a Riemann sphere.
The map

CP! - CP!/t = D?
induces a map
CP? = SP%(CP!) » SP?*(D? = D*.
This map factors through CPz/t; it is the map
CP?/t —» D4,

! Actually, this statement, which is, apparently, rather classical (according to [25], footnote to p.149,
Pontrjagin was aware of it) can be refined so that it becomes less trivial. Namely, CP?/t with its
natural smooth structure turns out to be diffeomorphic to S*. [4],(29].
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which is of interest for us. Over Int(D*) it is an unbranched double cover and it is 1-1
over D* = S3. From this it is immediately clear that CP2/¢ is homeomorphic to a
4-sphere.
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