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Abstract

The presence of electromagnetism in heavy meson systems cannot be neglected

in the era of precision physics. While Quantum Electrodynamic (QED) effects

are generally smaller than strong force contributions, factorisation properties are

lost as photons may couple to light charged leptons. This can lead to mass-

regulated collinear logarithms which, if left uncancelled, may lead to percent

level corrections to decay rates.

In this thesis we explore QED effects in two settings. The main work of this

thesis is a dispersive sum rule calculation of the leptonic B decay B− → l−ν̄(γ) to

O(αQED) in a new manifestly gauge-invariant framework. Particular attention is

paid to the non-cancellation of collinear-type logarithms and structure-dependent

effects beyond scalar QED. Virtual structure-dependent corrections are found to

be +4.6(6)% and +2.9(2)% in the muon and tau channels respectively. Real

structure-dependence lifts the helicity suppression found in the non-radiative

decay and dominates in the electron and muon case.

The second setting in which QED effects are important is the mass difference

between charged and neutral pseudoscalar mesons. While this is a well-studied

problem we attack it for the first time using a double dispersion relation

calculating the QED and linear quark mass shifts in a model independent way.

This is a leading order ‘proof-of-principle’ calculation which we apply to the

B,D and K systems giving good agreement with experiment albeit with large

uncertainties.
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Lay Summary

17 particles. Is that too many or not enough? That, depending on how you

count them, is the number of fundamental particles that make up everything in

the universe. At least as far as we know. How these particles interact with each

other and combine to form larger particles has broadly been understood since

the 1970s. This mathematical description is known as the Standard Model (SM)

of particle physics and it has been extensively tested with increasingly precise

experiments over the last 50 years.

Atoms are not fundamental: they are made up of protons, neutrons and electrons.

Electrons are fundamental - they are part of a class of six matter particles called

leptons. Protons and neutrons however are made of smaller fundamental particles

known as quarks. These fundamental quarks and leptons interact with each other

by exchanging force-carrying particles known as bosons. Light, for example, is

made up of massless bosons called photons that carry electromagnetic force. How

photons interact with quarks and leptons is described mathematically through a

field theory known as Quantum Electrodynamics (QED).

This thesis concerns QED in heavy meson systems. Mesons are composite

particles of a quark and an antiquark that are strongly bound together. Arguably

the most exciting are the B-mesons, ones that contain a heavy b-type quark.

Lots of modern physics research involves looking for new (non-SM) physics and

so experiments such as the Large Hadron Collider at CERN are searching for

tiny deviations from SM predictions. Correspondingly this requires extremely

precise theoretical predictions of, for example, how light interacts with mesons.

By treating mesons as point-like particles one can make some progress but really

internally mesons are very complicated objects. Going beyond this point-like

approximation, probing structure-dependent QED is the aim of this work.

Perhaps in time we will discover new physics, perhaps we won’t. Maybe 17 is
correct, maybe it’s turtles all the way down.
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Chapter 1

Introduction

Much of the difficulty of theoretical particle physics lies in the disconnect between

the composite bound states we observe and the quarks and gluons that make them

up. The description of the dynamics and interactions of fundamental fermions in

terms of a gauge field theory is one of the triumphs of twentieth century physics.

Nevertheless there remains considerable difficulty in understanding the behaviour

of hadrons due to their strongly coupled nature.

These difficulties are intertwined with the development of the Standard Model

(SM), our current best theory of nature. By the early 1960s a multitude of particle

states of varying spins and masses had been discovered, some fast decaying, others

strangely slowly. It was not until Gell-Mann’s ‘Eightfold Way’ in 1961 [3, 4] that

some semblance of classification appeared. This was based on a flavour SU(3)F
symmetry and paved the way for the development of the quark model [5–7].

Still however, descriptions in terms of a Quantum Field Theory (QFT) were

limited. There was success in a quantum theory of electromagnetism, Quantum

Electrodynamics (QED), pioneered by Schwinger, Dyson, Tomonaga and Feyn-

man [8–14] however acceptance of the renormalisation procedure was tentative.

Its utility lay in perturbative expansions in its small coupling, the fine-structure

constant α = e2/4π ≈ 1/137. Conversely the non-perturbative nature of the

strong force meant that considerable effort in this era went into developing

an alternative to QFT known as the S-matrix program [15–17]. The S-matrix

program was based on dispersion relations and invoked fundamental properties

such as unitarity, analyticity and causality. Current algebras based on symmetry

were constructed and analyticity in angular momentum led to Regge theory [18].
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Our current theory of the strong force, Quantum Chromodynamics (QCD) was

finally constructed in the early 1970s based on SU(3)C colour symmetry. Crucially

Gross, Wilczek and Politzer [19, 20] demonstrated the property of asymptotic

freedom: that the strong coupling becomes weaker at high energies. This

explained the experimentally observed Bjorken scaling [21] and with the discovery

of the J/ψ led to the full acceptance of the quark model. Formally, QCD is a

Yang-Mills theory [22] based on the principle of local gauge invariance. This idea

pervades the rest of the SM with the electroweak sector being based on the gauge

symmetries of weak isospin and weak hypercharge, SU(2)L × U(1)Y. The final

ingredient is spontaneous symmetry breaking that gives rise to fermion and weak

boson masses via the Higgs mechanism [23–25]. Electromagnetism arises as a

linear combination of the electroweak neutral bosons.

In summary, the full Standard Model of particle physics is a quantum field theory

based on the symmetry group

SU(3)C × SU(2)L × U(1)Y . (1.1)

It has 25 free parameters: 12 fermion masses, 3 coupling constants, 2 Higgs

parameters and 8 mixing angles. The large amount of parameters perhaps

indicates that the SM is the low-energy limit of a more fundamental theory. Such

a theory would hopefully incorporate gravity and cure some of the imperfections in

the SM such as non-zero neutrino masses [26]. That being said, the SM has been

extensively tested over the last 50 years with little sign of trouble. The current

focus of experimental particle physics is in extremely precise measurements

looking for tiny deviations that might signal physics beyond the SM.

This thesis goes a small way to aid that effort. Theoretical descriptions of hadron

structure and decays are still difficult due to the non-perturbative nature of

the strong force. Heavy meson decays in particular help to shed light on the

intricacies of the flavour sector. We study the effects of electromagnetism in B-

meson systems and in particular analyse QED structure-dependence. Concretely,

we study the rare leptonic decay B− → ℓ−ν̄(γ), ℓ = e, µ, τ , using a new

manifestly gauge invariant framework. While often dismissed as small, QED

effects are enhanced in this setting and we further perform a numerical study

which emphasises their phenomenological relevance in the era of precision physics.

Using the same sort of techniques we also consider the role of QED in inducing a

mass difference between charged and neutral pseudoscalar mesons. While this is

a well-studied problem for which we cannot hope to be competitive numerically,
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our dispersive approach is elegant in that it is model independent, coming directly

from pure QED and QCD.

The rest of the thesis is structured as follows. In the remainder of this chapter

we give a more mathematical tour of the SM as well as introducing some of the

formalism used to model hadrons. In particular, rare B decays are discussed

including the main features of the aforementioned pure leptonic decay. Next

in Chapter 2 we are more specific, discussing QED and structure-dependence.

The technique that forms the basis of our computations, Shifman-Vainshtein-

Zakharov (SVZ) sum rules [27, 28], are introduced as well as some calculations in

scalar QED. We review other methods of investigating QED structure dependence

before finally setting up the gauge-invariant sum rules formalism used in our

computation.

In Chapters 3 and 4 the main calculation of structure-dependent QED in the

B− → ℓ−ν̄(γ) decay is presented. Chapter 3 details the computation itself

with the corresponding numerical results given in Chapter 4. These results are

put into their phenomenological context, with some discussion of the strengths

and limitations of the work. Chapter 5 covers the dispersive calculation of the

charged-neutral mass difference in heavy mesons. After introducing the relevant

theory, the calculation and results are presented with comparison to previous

work. Finally we end in Chapter 6 with some concluding remarks.

1.1 The Standard Model

The Standard Model is a quantum field theory based on colour and electroweak

symmetry specified by the gauge group SU(3) × SU(2) × U(1). Its dynamics

follows from the Lagrangian LSM in Minkowski spacetime with metric gµν =

diag(1,−1,−1,−1). For a more comprehensive review see [29–33].

Consider first a photon field Aµ and a fermion field ψ which do not interact.

These are governed by the free Lagrangian

Lfree = −1

4
FµνF

µν + ψ̄(i/∂ −m)ψ , (1.2)

where /∂ = γµ∂µ and the electromagnetic field strength tensor F is defined as

Fµν = ∂µAν − ∂νAµ. The classical equations of motion arise from minimising the
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action S =
∫
L d4x and lead to the Dirac equation for a free spin-1/2 particle

(i/∂ −m)ψ = 0 . (1.3)

Electromagnetic interactions with matter can be found through minimal substi-

tution, promoting the partial derivative to a covariant one, ∂µ → Dµ in (1.2).

For a fermion with electric charge eQf with e > 0 this reads

Dµ = ∂µ + ieseQfAµ . (1.4)

The sign se = ±1 is convention dependent and in this work we keep it

general. Analogously to its gravitational counterpart, the covariant derivative

makes the notion of a derivative meaningful in a theory with local U(1) (phase)

symmetry. Geometrically the presence of the photon field acts to connect phase

transformations at infinitesimally separated points. More formally, under a local

phase and gauge transformation

ψ(x) → eiα(x)ψ(x) , Aµ(x) → Aµ(x)− (eseQf )
−1∂µα(x) , (1.5)

the interaction term iψ̄ /Dψ in the Lagrangian is invariant. Having coupled the

electromagnetic field to matter in such a way we have arrived at the full theory

of quantum electrodynamics, with equation of motion

∂µF
µν = esej

ν , jν = Qf ψ̄γ
µψ (1.6)

and Feynman rules

µ = − ieseQfγ
µ

p
=

i(/p+m)

p2 −m2 + iε
(1.7)

k
µ ν =

−i
k2 + iε

(
gµν − (1− ξ)

kµkν
k2

)
.

This last expression for the photon propagator hides various subtleties arising

from gauge freedom in the electromagnetic 4-potential Aµ, for example negative

norm states. Physically this freedom can be traced back to the massless photon
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only having two polarisation states. Indeed a naive (non-Higgs) mass term

m2
γAµA

µ is not gauge-invariant. Formally integration over inequivalent gauge

orbits in the path integral is done via the Faddeev-Popov procedure [34]. This

corresponds to the addition of a gauge-fixing term−(∂µA
µ)2/2ξ to the Lagrangian

(1.2). Pragmatically results should be independent of the ‘gauge-parameter’ ξ and

its value may be chosen for convenience.

At a classical level the conservation of electric charge arises from the global U(1)

symmetry of the Lagrangian, leading to the conserved current ∂µj
µ = 0 via

Noether’s theorem. The analogue in the quantum theory is the famous Ward-

Takahashi identity [35, 36]. In its most simple form this states that for a process

with amplitude A = ϵ∗µ(k)Aµ, involving an external photon of polarisation ϵ∗(k),

one has

kµAµ = 0 . (1.8)

We now turn to the theory of strong interactions, quantum chromodynamics.

This is a richer theory than QED owing to its non-Abelian nature. The six

quark flavours live in the fundamental representation of the SU(3) gauge group,

while the eight gluons (which we shall also denote by Aµ) belong to the adjoint

representation. The QCD Lagrangian is given by

LQCD = −1

4
Ga

µνG
aµν +

∑
f

q̄f

(
i/∂ − gsg /A

aλa

2
−mqf

)
qf , (1.9)

where the sum runs over the quark flavours and λa are the conventionally chosen

Gell-Mann matrices. In QCD the field strength Gµν = Ga
µν

λa

2
is quadratic in the

gluon fields Aµ = Aa
µ
λa

2
,

Gµν ≡ 1

igsg
[Dµ, Dν ] = ∂µAν − ∂νAµ + igsg[Aµ, Aν ] , (1.10)

as [λa, λb] ̸= 0. This leads to triple and quartic gauge boson self-interactions in

addition to the quark-gluon vertex. For completeness we note that gauge fixing

in non-Abelian Yang-Mills theories leads to unphysical ghost fields which must

be taken into account. As this thesis only uses QCD at a surface level we will

not go into detail.

In the calculation of loop diagrams in quantum field theories one encounters

ultraviolet (UV) divergences which are removed through renormalisation. In

this work all UV divergences will be regulated via Dimensional Regularisation
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(DimReg) in d = 4 − 2ϵ. Divergences then appear as powers of 1/ϵ in the limit

ϵ → 0. Counterterm renormalisation removes these poles in ϵUV at the cost

of parameters developing energy scale dependence. Freedom in the choice of

counterterm means we have a choice of renormalisation scheme. In general for

external particles we employ the On-Shell (OS) scheme while elsewhere we will

use modified Minimal Subtraction (MS). For later convenience we define

1

ϵ̂
=

1

ϵ
− γE + ln 4π , (1.11)

where γE is the Euler-Mascheroni constant. From a modern viewpoint divergences

and scale dependence are understood in a Wilsonian manner and come from

separating high and low momentum degrees of freedom. One can consider the

SM as a low energy effective theory, valid only up to some cut-off, beyond which

a more fundamental theory emerges.

In particular coupling constants such as αQED and αs run with renormalisation

scale µ. While the QED coupling constant αQED(µ
2 → 0) ≪ 1 and remains

so at hadronic scales, the QCD coupling instead decreases with energy. At high

energies therefore, QCD is asymptotically free and perturbative expansions can be

performed. Conversely at low energy scales µ ∼ ΛQCD ∼ O(200MeV) the strong

coupling αs ≫ 1 and physics is non-perturbative. Quarks are confined within

hadrons, constantly strongly interacting with gluons. It is this messy environment

that makes linking the fundamental QCD Lagrangian with hadronic properties

so difficult. Even when working in perturbative QED one has to deal with, one

way or another, the fact that quarks are fundamentally non-perturbative objects.

Finally we complete the SM with a discussion of the electroweak sector. Again,

this sector will play little role in our work and so we will only give a brief

survey. The electroweak sector is the gauge theory of SU(2)L × U(1)Y which

gets spontaneously broken by the Higgs mechanism to leave our original U(1)EM
symmetry with a massless photon. Along with a scalar Higgs particle this also

leaves three massive bosons conveying the weak force: the W+, W− and Z.

Unlike QED and QCD the W± is parity violating coupling only to left handed

(LH) fermions through V-A type interactions. Weak interactions with quarks may

change their flavour and are further complicated by quark mixing, parameterised
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through the Cabibbo-Kobayashi-Maskawa (CKM) matrix

|VCKM| =

|Vud| |Vus| |Vub|
|Vcd| |Vcs| |Vcb|
|Vtd| |Vts| |Vtb|

 (1.12)

=

0.97373± 0.00031 0.2243± 0.0008 0.00382± 0.00020

0.221± 0.004 0.975± 0.006 0.0408± 0.0014

0.0086± 0.0002 0.0415± 0.0009 1.014± 0.029

 ,

using (non-fitted) values from the Particle Data Group (PDG) [37]. The CKM

hierachy makes transitions across quark generations less likely, so called Cabibbo

or CKM-suppression. For three generations of quarks this matrix may acquire a

complex phase bringing about charge-parity (CP) violation in the theory. Decays

of heavy flavoured mesons in particular provide a valuable setting in which to

study CKM matrix elements and considerable research is being done in this area.

Experimentally the SM is now extremely well tested. Electroweak properties were

extensively studied at the Large Electron-Positron collider (LEP) at the end of

the twentieth century [38]. Similarly, in high energy QCD, multi-loop calculations

are now the norm rather than the cutting edge. With the discovery of the Higgs

boson in 2012 we are now truly in the era of precision physics. New Physics (NP)

is hoped to be discovered in rare decays or in tiny deviations from the SM. As

part of this effort, the High-Luminosity upgrade to the Large Hadron Collider

(HL-LHC) will increase the collected dataset by roughly ten-times [39] and is

expected to become operational in 2029. Further the Belle-II experiment at the

SuperKEKB accelerator in Japan will run asymmetrically at the Υ(4s) resonance

to continue to study the B-sector in detail. This will probe CP violation, the

CKM matrix elements and provide a wealth of data on the flavour sector.

1.2 Hadronic Physics

Colour confinement in QCD means that we only ever observe bound combinations

of quarks carrying no colour. To understand the hadronic spectrum at low

energies it is helpful to turn to symmetry. Approximating1 the light q = u, d, s

1This of course requires turning off electromagnetism and taking their masses to be equal.
Certainly such an isospin symmetry is valid for the u, d quarks however this is very much an
approximation for the strange quark as ms ∼ 30mu(d) [37].
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quarks as identical leads to an SU(3)F flavour symmetry. Combining a quark and

an antiquark gives Gell-Mann’s famous octet of light meson states - the pions

and kaons (and an η). Playing the same game with three quarks one gets an

octet and decuplet of light baryons. To be specific the pions and kaons are the

lowest lying states with zero spin or orbital angular momentum (S = 0, L = 0)

and odd parity. These are the lightest pseudoscalar mesons having quantum

numbers JP = 0−. Including the heavier charm and bottom quarks we get the

D- and B- pseudoscalar mesons respectively. Note that conventionally a B-meson

contains a b antiquark, while the B̄ contains a b quark. Higher spin mesons are

typically heavier than their pseudoscalar counterparts. For example the vector

(JP = 1−) equivalent of the Kaon, the K∗, has mass mK∗ ≈ 900MeV compared

to mK ≈ 500MeV [37].

As discussed previously, the decay of a meson into the vacuum state is very hard

to derive from the fundamental QCD Lagrangian due to its non-perturbative

nature. More pragmatically, we can instead parameterise the decay in terms of a

decay constant that bundles together the difficult to calculate QCD interactions.

For pseudoscalar mesons, taking the B− meson (q = u) as an example, the decay

constant fB− ≈ 200MeV [40] is defined from the matrix element

⟨0|q̄γµγ5b|B−(pB)⟩ = ifB−(pB)µ , (1.13)

where q and b are quark fields. Note that the vector part of the V-A current

vanishes by parity conservation. Taking the divergence of this current and

conjugating leads us to the standard interpolating operator for a Bq-meson

JB = m+ b̄iγ5q , m± = mb ±mq , ⟨B̄|JB|0⟩ = m2
BfB . (1.14)

The pseudoscalar operator JB in some sense ‘creates’ a B̄q-meson. More properly

it ‘interpolates’ states with the correct quantum numbers in a given correlator. A

similar idea is employed for hadronic transitions, where QCD effects are described

by form factors. For example (e.g. [41]) the B̄ → K̄ℓℓ̄ decay is governed by the

the functions f±(q
2)

⟨K̄(pK)|q̄γµ(1− γ5)b|B̄(pB)⟩ = f+(q
2)(pB + pK)µ + f−(q

2)(pB − pK)µ , (1.15)

with q = pB − pK .
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As it is hard to impossible to describe low energy QCD analytically from its

Lagrangian, instead we can make progress in hadronic physics by considering

various effective or simplified theories. For light mesons we can exploit the

above described flavour symmetry which leads to the famous Chiral Perturbation

Theory (χPT) of Gasser and Leutwyler [42, 43]. This is essentially a low-energy

expansion with the O(E2) effective Lagrangian taking the form

L(2)
χPT =

F 2
π

4

(
Tr
[
∂µU∂

µU †]+ 2B0Tr
[
MU † + UM †])+ · · · . (1.16)

This Lagrangian leads to a theory of π,K, η meson interactions contained in

U = exp iλ · ϕ/Fπ with quark mass matrix M = diag(mu,md,ms) and

1√
2

8∑
a=1

λaϕa =


1√
2
π0 + 1√

6
η8 π+ K+

π− − 1√
2
π0 + 1√

6
η8 K0

K− K̄0 − 2√
6
η8

 . (1.17)

The quantities Fπ and B0 are low energy constants with
√
2Fπ being the pion

decay constant. The χPT Lagragian is constructed to mirror the symmetries of

the QCD Lagrangian. If we had a theory of three identical massive quarks we

would have a theory with global vectorial (isospin) symmetry. Further making the

quarks massless mu,d,s = 0 there is exact global chiral symmetry SU(3)L×SU(3)R
of the Lagrangian. However in nature chiral symmetry is explicitly broken by

non-zero quark masses and also dynamically by quantum effects. The dynamical

breaking

SU(3)L × SU(3)R −→ SU(3)V (1.18)

would in theory produce eight massless Goldstones but of course really pions and

kaons have non-zero masses due to mu,d,s > 0. The heavy strange quark means

that SU(3)V symmetry is only approximate and any analysis based on this can

only be expected to hold to O(20−30%). A signal of the breakdown of chiral

symmetry in QCD comes from the non-vanishing of the chiral condensate

⟨0|q̄q|0⟩ ≠ 0 . (1.19)

This object (which is scale dependent) has the empirical value ⟨q̄q⟩ = −(269(2))3

MeV3 at µ = 2GeV [44] for q = u, d. Chiral perturbation theory in its full form

includes couplings to currents by promoting the derivatives in (1.16) to covariant

ones. As of 2024 the chiral Lagrangian is now known completely toO(E8) [45, 46].
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For heavier mesons such as the B and D, χPT is unsuitable. An alternate

technique is given by Heavy-Quark Effective Theory (HQET) [47–50] which

makes predictions as expansions in the small parameter ΛQCD/mb(c). For example

consider the mass of the B(∗) meson. One expects it to be dominated by

the b-quark mass mb, with some dynamical power corrections O(1/mn
b ) and a

contribution Λ̄ = O(ΛQCD) from the light quarks. A systematic expansion gives

mB = mb + Λ̄− µ2
π + 3µ2

G

2mb

+O
(

1

m2
b

)
(1.20)

mB∗ = mb + Λ̄− µ2
π − µ2

G

2mb

+ O
(

1

m2
b

)
, (1.21)

where µ2
π and µ2

G are the expectation values of the kinetic and chromatic

operators2

µ2
π =

1

2mB

⟨B|b̄viDµiD
µbv|B⟩ (1.22)

µ2
G =

−1

12mB

⟨B|b̄vgsgσµνGµνbv|B⟩ , (1.23)

where σµν = i
2
[γµ, γν ]. As one goes to higher powers of m−1

b in the HQET

expansion more and more operators appear. As µ2
G > 0, (1.20) implies that

the B∗ is heavier than the B and that they become equal as mb → ∞.

A similar effective theory is Soft-Collinear Effective Theory (SCET) [51–57] which

expands instead in ΛQCD/Q for some hard energy scale Q. All these effective

theories involve the idea of matching and the related Operator Product Expansion

(OPE).

Wilson’s OPE [58] concerns products of fields at the same spacetime point. For

two local operators OA and OB evaluated at a short distance x apart, the OPE

allows us to replace their product with an expansion over local operators in the

limit x→ 0

lim
x→0

OA(x)OB(0) =
∑
i

Ci(x)Oi(0) . (1.24)

This is an expansion at the level of operators not matrix elements, meaning the

Wilson coefficients Ci are process independent. In hadronic physics at energy

2At this order in m−1
b one does not need to worry about the difference between the physical

|B⟩ state and the state defined in the mb → ∞ limit. Indeed strictly speaking (1.20) and (1.21)
should involve the ‘static’ versions of µ2

π and µ2
G with the mb dependence removed. Similarly

the field bv is really only the true quark field whe mb → ∞. The HQET Lagrangian comes
from systematically integrating out the m−1

b power suppressed part of the spinor.
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scales of a few GeV (≪ MW ) we typically integrate out the heavy W-boson,

contracting two fermion currents to a point. That is we essentially work in 4-

Fermi theory when dealing with weak decays. Via the OPE any amplitude for a

weak decay can be written as

A =
∑
i

Ci(µ,MW )⟨Oi(µ)⟩ , (1.25)

where the operators Oi must respect the symmetries and quantum numbers of

the decay. The Wilson coefficients run with scale and parameterise short distance

physics calculable in perturbation theory3. Conversely the operator hadronic

matrix elements describe the hard to calculate long distance effects. For the

B− → ℓ−ν̄ decay in 4-Fermi theory the W-propagator 1/(q2 −M2
W ) → −1/M2

W

as q2 ≪M2
W and the relevant operator is

OB̄→ℓν̄ = −GF√
2
Vub · ūγµ(1− γ5)b · ℓ̄γµ(1− γ5)ν , (1.26)

which does not run in QCD. Thus in a world without QED4 the Fermi constant

GF is indeed a constant and takes the value GF = 1.166× 10−5GeV−2 [37].

There are numerous other techniques and models based on effective theories or

simplifications of QCD. For example letting the number of colours Nc → ∞
[59] or assuming quarks are non-relativistic within hadrons [60]. However to

conclude this section we will discuss two final methods: lattice QCD and sum

rules techniques. These are perhaps more special as they still use the fundamental

QCD Lagrangian.

Firstly, while the idea of a sum rule was certainly around in the pre-QCD era, in

this thesis we are concerned with QCD (SVZ) sum rules. These link a perturbative

QCD calculation with a non-perturbative hadronic property (like a decay constant

or a hadron mass for example) using a dispersion relation and a judiciously chosen

correlator. As this technique is the basis for the B− → ℓ−ν̄(γ) calculation in

Chapters 3 and 4 we give a comprehensive introduction in 2.1.

Lattice QCD [61–64] however is a completely non-perturbative method. It is

based on Monte-Carlo sampling of the path integral with fields defined on a finite

3The strong coupling is still small down to µ ∼ 1GeV and can be used as an expansion
parameter. However large logarithms ln(MW /µ) generated by the large separation of scales
can complicate matters and must be dealt with via renormalisation group methods.

4This operator renormalises non-trivially in QED, cf. Section 3.2.5 and the subtleties
involved in the definition of GF .
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Euclidean spacetime lattice. Numerical simulations are hugely computationally

expensive and historically various approximations have been employed. For

example the quenched approximation (no fermion loops), assuming isospin

symmetry and working at non-physical quark masses. Indeed heavy b-quarks are

very difficult to simulate on the lattice due to the tiny lattice spacings required

to resolve them. That being said, lattice QCD is now highly competitive with

many quantities now calculated to sub-1% precision [40].

1.3 B Decays

Analysis of systems involving a heavy b quark occupy a disproportionately large

portion of modern physics research. This is because B decays provide an excellent

laboratory for probing NP. As b-quarks are the heaviest hadronising quarks there

is a large scope for exotic and varied decay products. Consequently considerable

information can be gleaned regarding CKM matrix elements and CP violation.

By far the most common transition is b→ cmeaning thatD-mesons are produced

copiously at B-factories such as BaBar and Belle. All but a few percent of decays

are of other types, which can mostly be traced back to the relative sizes of the

CKM matrix elements |Vub| ≪ |Vcb|. In general a rare B decay refers to any decay

suppressed or non-existent at tree level and these are often especially sensitive

to NP. One large class of rare decays are the Flavour-Changing Neutral Currents

(FCNCs). These change a quark’s flavour but not its charge and thus only exist

at loop level in the SM via box or penguin diagrams. Indeed decays such as

B̄s → µ+µ−, B̄ → K̄(∗)ℓ+ℓ− and neutral B− B̄ oscillations have been extensively

studied, e.g. [65–72]. The latter is of special interest in studying CP violation

while B̄ → K̄(∗)ℓ+ℓ− has drawn considerable attention in recent years due to

Lepton Flavour Universality (LFU) anomalies (see [73] and references therein).

Deviations from one in the so-called RK and RK∗ ratios describe differences in

the weak force couplings to muons and electrons [74]. While these ratios at one

point exhibited as much as a 3.1σ deviation from the SM [75–78], a recent LHCb

re-analysis has mostly removed this anomaly [79, 80].

Chapters 3 and 4 of this thesis concern the rare decay B− → ℓ−ν̄ and its radiative

counterpart B− → ℓ−ν̄γ, with ℓ = e, µ, τ . The B− has valence quarks bū and for

the rest of this work we shall abbreviate the decay using the shorthand B̄ → ℓν̄(γ).

While not loop suppressed the charged-current leptonic B̄ → ℓν̄ decay is both

12



CKM suppressed and helicity suppressed for light leptons ℓ = e, µ. The CKM

suppression comes from Vub = O(10−3) contained in the V-A operator (1.26)

mediating the weak decay while helicity suppression refers to the amplitude being

proportional to the (light) lepton mass. The neutrino mass is taken to be zero.

Physically this is understood via spin conservation. The anti-neutrino must be

in a right-handed (RH) chiral eigenstate which coincides with the RH helicity

eigenstate as the neutrino mass is zero. To conserve spin, in the rest frame of the

decaying (spin-0) B̄, the lepton must also be in a RH helicity state as the decay

products are back-to-back. Leptons cannot be in a RH chiral state and so it is

the small difference between helicity and chiral eigenstates, proportional to the

lepton mass, that allows this decay to occur.

Neglecting QED corrections, the decay amplitude is proportional to the decay

constant

AB̄→ℓν̄ =
iGFVubfB√

2
· ū/pB(1− γ5)v , (1.27)

with the pB in the spinor structure being the B̄-meson 4-momentum and using

amplitude convention A = ⟨ℓν̄|−L|B̄⟩. In pure QCD the amplitude factorises as

gluons are only contained in the meson whose decay to the vacuum is described

by fB. In the presence of electromagnetism photons connect the meson and the

leptonic final state, meaning the factorisation is lost and fB becomes ill-defined.

The decay rate is found by squaring the amplitude, summing over final state spins

and integrating over the 2-body phase space. In the rest frame of the meson the

decay products are back-to-back and so the integration is trivial. This leads to

the theoretical branching ratio

B(B̄ → ℓν̄) =
G2

F mB

8π
m2

ℓ

(
1− m2

ℓ

m2
B

)2

f 2
B |Vub|2 τB , (1.28)

where τB = 1.638(4) × 10−12s is the B± lifetime [37]. Note that helicity

suppression is manifest in the factor of m2
ℓ in (1.28). This leads to the hierarchy

in the SM theory predictions (e.g. [81])

B(B̄ → eν̄) = 8.1(6) · 10−12

B(B̄ → µν̄)= 3.5(3) · 10−7 (1.29)

B(B̄ → τ ν̄) = 7.7(6) · 10−5 ,

with the dominant uncertainties being from fB and |Vub|. Helicity suppression
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only really exists for the light electron and muon cases. In the tau case, with

mτ = 1.777GeV [37], there is no longer such a suppression.

Finally, while in the SM this decay is mediated by a V-A type interaction, it is

interesting to consider a scenario where instead there is an S-P interaction. That

is an operator of the form

O S-P
B̄→ℓν̄ = −GF√

2
CS-P · ū(1− γ5)b · ℓ̄(1− γ5)ν , (1.30)

where CS-P = 0 in the SM. Such an operator does not lead to helicity suppression

and this feature makes it a useful testing ground. Further, S-P NP contributions

would potentially be quite large compared to the SM V-A prediction.

Let us now turn to the radiative decay B̄ → ℓν̄γ. The characteristic features of

this decay depends strongly on whether the emitted photon is soft (low-energy)

or hard (high-energy). For large photon energies the radiative rate is completely

dominated by structure-dependent effects (emissions from the B̄-meson). This

lifts the helicity suppression: the radiative rate is not m2
ℓ suppressed (as it is no

longer proportional to the tree level). Consequently the radiative rate dominates

over the non-radiative rate when the photon energy Eγ ≫ mℓ. This is an

important consideration in the electron and muon channels.

The leptonic decay can be studied for any pseudoscalar meson, e.g. (π−, K) →
ℓν̄(γ) and even exotica like Bc. For the lighter mesons the sum rules techniques we

employ to study this decay become unsuitable and lattice results are competitive,

e.g. [82–87]. The leptonic decay is of interest as it is theoretically clean (in pure

QCD) and so a good environment for looking for NP. For example NP with a

different chiral structure or even modifications to (1.28) in a charged Higgs model

[88, 89].
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Chapter 2

QED and Heavy Mesons

In this chapter we discuss some of the differences and subtleties in QED that do

not appear in QCD. While QED is a simpler gauge-theory, being non-Abelian

in nature, QCD bound states are colourless. Conversely, QED bound states can

and do carry electric charge to the far-future and far-past. Using sum rules (SR)

techniques (introduced in Section 2.1), this causes problems with Infrared (IR)

divergences (Section 2.2) and gauge-invariance (Section 2.4).

Historically, QED corrections have been overshadowed by their QCD counterparts

due to the relative sizes of their coupling constants, αs(mb)/αQED ≈ 30, with QED

corrections expected as an O(1%) effect. However QED is now of increasing

relevance in the precision calculation of observables (with many quantities now

approaching or below percent precision) and in certain situations QED effects can

be considerably larger than 1%. For example at the differential level, in certain

regions of phase space, QED effects in B → Ke+e− have been found to be as

much as 10−20% [73, 90]. When fully inclusive such effects are usually dampened

though corrections of a few percent often still exist.

Many of these large QED corrections can be traced back to the loss of factorisation

between initial and final states. Taking B̄ → ℓν̄ as an example, all QCD effects

are contained in the initial B̄-meson, with fB encompassing all orders in QCD.

As the final state lepton carries electric charge, virtual photons can connect the

initial and final states. This is particularly relevant for the light leptons as it

can lead to so-called large ‘hard-collinear’ logarithms α
π
ln(mℓ/mB). These logs,

discussed further in Section 2.2, can be structure-dependent and we will pay

special attention to them. These logs exist in the point-like approximation and

15



so we study B̄ → K̄(∗)ℓℓ̄(γ) and B̄ → ℓν̄(γ) in scalar QED in Section 2.3.

2.1 Sum Rules and Analyticity

While true physics may be considered to exist on the real axis, considerable

constraints come from analyticity and causality in the full complex plane; see for

example [91–93] for a more thorough review. This was the idea of the S-matrix

program in the pre-QCD era. The S-matrix relates asymptotic in and out states

out⟨p′1, p′2, · · · |p1, p2, · · · ⟩in = in⟨p′1, p′2, · · · |S|p1, p2, · · · ⟩in , (2.1)

and is related to time-ordered correlators via the celebrated Lehmann-Symanzik-

Zimmermann (LSZ) formula [94]. Promoting momenta and masses to be complex

valued variables p2 ∈ C, one can investigate the positions of poles or branch cuts

in the complex plane. Indeed, dispersion relations have their origins in classical

electromagnetism in the Kramers-Kronig [95, 96] relations which exhibit the deep

links between analytic structure and causality. Response functions that are causal

have no poles in the upper half-plane and vice versa (Titchmarsh’s theorem [97]).

In the quantum theory branch cuts immediately manifest themselves as the

Schrödinger equation is linear not quadratic in the time derivative. The natural

variable is now E = p2

2m
rather than p itself. This relative square-root means S(E)

is defined over two complex planes referred to as the physical and unphysical

sheets, glued together at a branch cut conventionally chosen as the positive

real axis. Bound states (which don’t exist in perturbation theory) appear as

poles in the S-matrix located on the negative real axis of the physical sheet

while resonances live on the unphysical sheet. Roughly speaking, one can relate

causality to analyticity in the energy while analyticity in angular variables is

related to the locality of interactions.

Another important tenet of the S-matrix is unitarity, S†S = 1. Decomposing the

S-matrix into an interacting and non-interacting part

S = 1 + iT , (2.2)

and applying the unitarity condition (1 − iT †)(1 + iT ) = 1, one gets

i(T † − T ) = 2 ImT = T †T . (2.3)
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Sandwiching this between initial and final states, Tfi = ⟨f |T |i⟩, and using the

completeness relation 1 =
∑

n |n⟩⟨n| gives the (generalised) optical theorem

2 ImTfi =
∑
n

T †
fnTni . (2.4)

This relates the imaginary part of an amplitude to scattering into a set of on-shell

intermediate states |n⟩ (which must be kinematically allowed and have the right

quantum numbers). Diagrammatically, this can be represented by

2 Im

[
i

i

f

f
]

=
∑
n

i

i
n n

f

f
∗

∗
(2.5)

and in the case of forward scattering, |i⟩ = |f⟩, the result is particularly simple.

We see that the imaginary part of the amplitude can be found by cutting the

diagram in two. Only when a threshold energy is reached, corresponding to being

able to generate on-shell intermediate states on the RHS, does the amplitude

acquire an imaginary part. Above threshold a branch cut forms along the real

axis for E > Ethreshold. The imaginary part of the amplitude is linked to the

discontinuity across the branch cut via disc[f(E)] = 2i Im[f(E + iε)] guaranteed

by Schwartz’s reflection principle1.

The cutting procedure can be made more formal through the Cutkosky rules [99].

These state that the discontinuity of a Feynman diagram can be found by cutting

through the diagram in all possible ways, putting all intermediate particles on

shell. This corresponds to replacing all cut propagators with delta functions

1

p2 −m2 + iε
−→ −2πi δ+(p2 −m2) , (2.6)

where δ+(p2−m2) ≡ θ(p0)δ(p2−m2) and θ(x) is the Heaviside step function. The

θ(p0) selects the positive root and is important in ensuring correct energy flow

through diagrams. This can be motivated by the Sokhotski-Plemelj Theorem,

noting that the iε prescription is only relevant when p2 = m2

1

p2 −m2 + iε
= P 1

p2 −m2
− iπδ(p2 −m2) , (2.7)

with P being the Cauchy principle value. While cutting rules make it easier to

1For an analytic function f(z), real on some interval of the real line, the analytic continuation
of f(z∗)∗ = f(z) to the whole complex plane exists [98]. Thus for s ∈ R one has disc[f(s)] ≡
f(s+ iε)− f(s− iε) = f(s+ iε)− f∗(s+ iε) = 2i Im f(s+ iε).
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x
t0

R

Re p2Re p2

Im p2

CR

Figure 2.1 The contour CR in the complex plane Cp2 (physical sheet) used to
derive the dispersion relation (2.9). The contour (of radius R) is taken anti-
clockwise and is shown in blue, while the singularities of Π(p2) are shown in red.
Along the real axis there is typically a pole (red circle) and a branch cut (red zigzag
line) extending to infinity. The onset of these singularities is the threshold t0.

find the imaginary part of Feynman integrals, this is only really useful if one can

reconstruct the rest of the function. This is where dispersion relations become

useful.

Consider a two-point correlator Π(p2), as drawn in (2.5). At physical energies

s = 4E2 > 0, the correlator in general contains poles and a branch cut above

threshold t0 as drawn in Figure 2.1. This is guaranteed by the Källén-Lehmann

spectral representation [100] and its physical interpretation will be discussed in

the next section. In the rest of the complex plane Π(p2) is analytic, so choosing

the contour CR (Figure 2.1) we have

Π(p2) =
1

2πi

∮
CR

dz
Π(z)

z − p2
, (2.8)

by Cauchy’s theorem. Assuming the function decays fast enough (see comments

below), we may take the contour arc to infinity giving

Π(p2) =
1

2πi

∫ ∞

t0

ds
Π(s+ iε)− Π(s− iε)

s− p2
=

1

2πi

∫ ∞

t0

ds
disc[Π(s)]

s− p2 − iε

=
1

π

∫ ∞

t0

ds
Im[Π(s)]

s− p2 − iε
, (2.9)
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with the only contributions coming from the real line. This is the dispersion

relation which links a correlator to an integral over the spectral density ρ(s) ≡
Im[Π(s)]/π = disc[Π(s)]/2πi. If the integral diverges as s → ∞ convergence can

be improved by instead using a subtracted dispersion relation. For a density that

grows as sN , we can subtract off the first N -terms in the Taylor expansion around

zero to kill off the divergence.

Π(p2) =
(p2)N

π

∫ ∞

t0

ds
Im[Π(s)]

sN(s− p2 − iε)
+

N−1∑
n=0

Π(n)(0)

n!
(p2)n (2.10)

This is exactly the dispersion analogue of renormalisation. Our ignorance of high-

energy (UV) behaviour requires us to introduce subtraction constants that either

come from experiment or are scheme-dependent.

While for two-point functions singularities on the physical sheet are well-

understood via the Källén-Lehmann spectral representation, much less is known

for higher point functions. Anomalous thresholds (which may live on the physical

sheet) can develop which corresponds to cutting diagrams into more than two

pieces (generalised unitarity). These will play no role in this work. Lastly,

Landau equations [101] are a useful general tool to locate singularities of multi-

loop Feynman integrals, though again these are not used in this thesis.

The dream of the dispersion program is to remove the need for a relativistic wave

equation by iteratively gluing together lower order contributions to get higher

order imaginary parts via unitarity/optical theorem arguments (cf. (2.5)) and

then reconstructing the full function via a dispersion. However even in 2 → 2

scattering the relevant dispersion relation (Mandelstam representation [102, 103])

has never been proven.

2.1.1 SVZ Sum Rules

SVZ sum rules, rather than fighting QCD in its non-perturbative regime, instead

embrace it. Pioneered by Shifman, Vainshtein and Zakharov in 1979 [27, 28]

and often referred to as QCD sum rules, they parameterise non-perturbative

effects through quantities known as vacuum condensates. The fundamental idea

is to calculate a correlator in two different ways. On one hand relate it to

a non-perturbative hadronic quantity, like a decay constant or a mass, that

needs to be calculated. On the other hand exploit asymptotic freedom at high
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energies to calculate it perturbatively (plus condensate improvements) from the

fundamental quark and gluon fields. These two regimes are then linked together

via a dispersion relation to allow extraction of the hadronic quantity from the

QCD computation. To illustrate the procedure we will consider the sum rules

calculation of the B-meson decay constant fB (1.13) [104].

First, define a correlator using the interpolating operator JB (1.14)

Π(p2) = i

∫
d4x eip·x⟨0|TJ†

B(x)JB(0)|0⟩ . (2.11)

As before, this two-point function has hadronic poles and branch cuts at positive

p2 as guaranteed by the Källén-Lehmann spectral representation. Conversely at

large negative p2 (t-channel) the momenta transferred to the quark fields b and

q is large and the integral is dominated by short distance (perturbative) physics.

At intermediate negative p2, this is supplemented by the condensates that include

longer distance non-perturbative vacuum fluctuations. In any case, the negative

p2 region can be linked to the positive p2 region via a dispersion

Π(p2) =
1

π

∫ ∞

t0

ds
ImΠ(s)

s− p2 − iε
+ subtractions , (2.12)

as in Figure 2.1.

Let us now extract the hadronic content from (2.11). Begin by inserting the

identity 1, written as a complete set of hadronic states

1 = |0⟩⟨0|+
∫

d3k

(2π)3
1

2Ek

|B̄(k)⟩⟨B̄(k)| + higher states . (2.13)

with Ek =
√

|k|2 +m2
B and bold-type indicating 3-momenta. This includes

the vacuum state, single-particle hadronic states and multi-particle states. Only

states with the correct quantum numbers are relevant, the lowest lying of which

are the (on-shell) B̄ states. At higher energies there are excited states and multi-

hadron contributions which we will aim to suppress. Inserting this into the matrix

element (2.11), the vacuum state vanishes and one gets

Π(p2) = i

∫
d4x

d3k

(2π)3
eip·x

2Ek

⟨0|J†
B(x)|B̄(k)⟩︸ ︷︷ ︸

m2
BfBe−ik·x

⟨B̄(k)|JB(0)|0⟩︸ ︷︷ ︸
m2

BfB

θ(x0) + · · · , (2.14)

where we have used the translation ⟨0|J†
B(x)|B̄(k)⟩ = ⟨0|J†

B(0)|B̄(k)⟩e−ik·x and
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with + · · · including the θ(−x0) time-ordering2 as well as the higher energy states.

We end up with

Π(p2) = i

∫
d4x

d3k

(2π)3
eip·x

2Ek

(
θ(x0)e−ik·x + θ(−x0)e+ik·x

)
m4

Bf
2
B + · · · . (2.15)

We could represent 2πi θ(±x0) =
∫

R dw e
±iwx0

/(w−iε) and take the discontinuity

of (2.15) directly, however it is easier to instead recognise the appearance of the

Feynman propagator.

Π(p2) = im4
Bf

2
B

∫
d4x eip·x

∫
d4k

(2π)4
i e−ik·x

k2 −m2
B + iε

+ higher states . (2.16)

The integration over d4x can be performed generating a δ(4)(p− k) which in turn

collapses the d4k integral. Once the dust settles, we end up with

Π(p2) =
m4

Bf
2
B

m2
B − p2

+ continuum , (2.17)

or equivalently

1

π
ImΠ(p2) = m4

Bf
2
B δ(p

2 −m2
B) + continuum , (2.18)

where we drop the iε in (2.17) and hereafter for brevity. The higher multi-particle

states that we ignored give a continuous imaginary part above some threshold.

The ‘pole + continuum’ hadronic representation of Π(p2) in (2.17) is exact with

the quantity of interest, fB, appearing as the residue of the lowest-lying pole with

pollution from a continuum of higher-energy states.

Turning now to the partonic (perturbative) calculation, the leading order (LO)

result comes from Wick contracting the quark fields in the correlator

Π(p2)|LO= − im2
b

∫
d4x eip·x⟨0| q̄(x)γ5 b(x)b̄(0)γ5q(0)|0⟩ (2.19)

= − im2
bNc

∫
d4l

(2π)4
Tr
[
γ5(−/l +mq)γ5(/p− /l +mb)

]
[(p− l)2 −m2

b ][l
2 −m2

q]
, (2.20)

where Nc = 3 is the number of colours. This is simply a bubble graph whose

discontinuity can be found via cutting rules. Taking the light quark mass mq → 0

2With the θ(−x0) ordering the relevant insertion is |B⟩⟨B| rather than B̄.
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for simplicity we have

disc

[
i

b

q̄

]
= − im2

bNc(−2πi)2
∫

d4l

(2π)4
δ+(l2)δ+((p− l)2 −m2

b)

× Tr
[
γ5(−/l)γ5(/p− /l +mb)

]
, (2.21)

where the black circle denotes the JB operator and l is the loop momenta. Both

the b-quark propagator (carrying momentum p−l) and the q̄-propagator (carrying

momentum l) are cut generating two delta functions. This is the only way of

cutting this diagram. Note that conventionally heavy b quark propagators are

drawn with a double line. The trace evaluates to 4p · l as the δ(l2) enforces l2 = 0.

The two delta functions collapse two of the four integrals with the remaining

angular integrals trivial in the p = 0 frame. Performing the calculation3 gives

discΠ(p2)

2πi
=
m2

bNc

8π2

(p2 −m2
b)

2

p2
, p2 ≥ m2

b , (2.22)

where on the partonic side the correlator acquires an imaginary part for all p2

above m2
b . Finally now we can equate the hadronic and partonic calculations of

Π(p2) to arrive at our sum rule

m4
Bf

2
B

m2
B − p2

+ cont. =
m2

bNc

8π2

∫ ∞

m2
b

ds

s− p2
(s−m2

b)
2

s
+ subtr. (2.23)

Barring some practicalities involving removing the continuum (cont.) contribu-

tions and the subtractions (subtr.), discussed in 2.1.2, this equation can be used

to extract fB. Of course in its present form it will not do this very well. Higher

order corrections in αs should be added to the perturbative calculation (RHS

of (2.23)) and we can add in non-perturbative effects systematically through a

condensate expansion. For example, at the level of diagrams the chiral condensate

⟨q̄q⟩ (in this context referred to as the quark condensate) arises from not Wick

contracting a pair of quark fields

Π(p2)|⟨q̄q⟩LO = − im2
b

∫
d4x eip·x⟨0|q̄(x)γ5 b(x)b̄(0)γ5q(0)|0⟩ (2.24)

=m2
bNc

∫
d4x eip·x(γ5S

(b)
F (x)γ5)αβ⟨0|q̄α(x)qβ(0)|0⟩ . (2.25)

3Such integrals form the basis of the B̄ → ℓν̄(γ) sum rules calculation and so we postpone
the details to Section 3.2.2.
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The heavy quark fields combine to form a fermion b-propagator

iS
(b)
F (x− y)αβ =

∫
d4k

(2π)4
i(/k +mb)αβ
k2 −m2

b

e−ik·(x−y) , (2.26)

where α, β are spinor indices, while the uncontracted q-quark fields form a non-

vanishing matrix element via a Taylor expansion

⟨0|q̄α(x)qβ(0)|0⟩ =
⟨q̄q⟩
4Nc

δαβ +O(x) . (2.27)

This matrix element would vanish in perturbation theory and so the expansion in

terms of condensates parameterises genuine non-perturbative interactions with

the QCD vacuum. Further terms in the Taylor expansion are discussed in

Section 5.3.1 however these are O(mq) and so can generally be neglected as

small. The normalisation factor of 4Nc in (2.27) comes from contracting the

spinor and (suppressed) colour indices. Diagrammatically, the quark condensate

is conventionally drawn as a pair of crosses, with Feynman rule

=
⟨q̄q⟩
4Nc

1 + O(mq) . (2.28)

No momenta enters the condensate and so condensate calculations are one loop

less than the corresponding perturbative ones. Via (2.24), or from the Feynman

rules, the LO quark condensate diagram is

disc

[
i

]
= disc

[
1

4
m2

b⟨q̄q⟩
Tr
[
γ51γ5(/p+mb)

]
p2 −m2

b

]

= − 2πim3
b⟨q̄q⟩δ+(p2 −m2

b) . (2.29)

Only the b-quark propagator can be cut and the result is particularly simple.

Note that heavy quarks do not form condensates ⟨b̄b⟩ = 0, being highly virtual

at ΛQCD.

The quark condensate is not the only condensate however. The condensate

expansion can be made more formal via the OPE

Π(p2) = i
∑
j

⟨0|Oj(0)|0⟩
∫

d4x eip·xCj(x) , (2.30)

strictly valid only for p → 0 with p2 < 0. The (Fourier-transformed) Wilson

coefficients scale as C̃j(p
2) ∼ (p2)(4−dj)/2 for an operator Oj of dimension dj.
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Thus there is a natural ordering with the most relevant contributions from the

low dimension operators while high dimensional operators are suppressed. Up to

dimension-5 we have

Oj 1 q̄q Ga
µνG

aµν q̄σµνG
µνq

dj 0 3 4 5

name perturbative quark gluon mixed

In this notation the perturbative contribution is the 1 operator. Higher-

dimensional contributions like four-quark and 3-gluon condensates are sufficiently

small to rarely be relevant and will not play a role in the rest of this thesis.

Further, in pure QED really only the 1 and ⟨q̄q⟩ terms are needed as there are

no gluons involved.

2.1.2 Practicalities

The final obstacles to calculating fB from (2.23) is dealing with the continuum of

higher energy multi-particle states that contaminate the pole at p2 = m2
B as well

as possible subtractions. Letting the onset of the higher energy states be scont0 , we

can parameterise their continuous imaginary part above scont0 with an (unknown)

spectral density ρcont(s). That is, for convenience we may write

m4
Bf

2
B

m2
B − p2

+

∫ ∞

scont0

ρcont(s)

s− p2
ds =

∫ ∞

m2
b

ρpert(s)

s− p2
ds + subtr. , (2.31)

where as we have calculated, in a slight abuse of the label ‘pert’

ρpert(s) =
m2

bNc

8π2

(s−m2
b)

2

s
− m3

b⟨q̄q⟩ δ(p2 −m2
b) +O

(
αs, ⟨G2⟩

)
. (2.32)

To make progress we estimate the unknown contribution of ρcont on the LHS by

making use of ‘quark-hadron duality’. If we had a perfect4 all orders (in αs and

condensates) computation of ρpert(s), it would exactly reconstruct the hadronic

side, e.g. ρcont. There would be a local duality between the quark computation

and the hadron one, ρpert(s) = ρcont(s). This however is too bold a statement as

typically we only manage the first few terms in the perturbative and condensate

4Much discussion of duality violations and their importance can be found in [105]. Practically
the Borel transformation (2.36) suppresses the importance of any violations.
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expansions. Instead one can consider an averaged version over some interval

s ∈ [s1, s2], possibly with some weight function ω(s)∫ s2

s1

ω(s)ρpert(s) ds ≈
∫ s2

s1

ω(s)ρcont(s) ds , (2.33)

referred to as global quark-hadron duality. Standardly in the literature (see for

example the review [106]) one takes∫ ∞

s0

ρpert(s)

s− p2
ds =

∫ ∞

scont0

ρcont(s)

s− p2
ds , (2.34)

where s0 is an effective threshold which we fit. Then our sum rule takes the more

manageable form

m4
Bf

2
B

m2
B − p2

=

∫ s0

m2
b

ρpert(s)

s− p2
ds + subtr. . (2.35)

The final improvement to (2.35) is to perform a Borel transform from p2 to a

new variableM2. Formally the Borel transform BM2 of Π(p2) is the distinguished

limit (
BM2Π(p2)

)
(M2) = lim

−p2,n→∞
−p2/n=M2

(−p2)n+1

n!

(
d

dp2

)n

Π(p2) , (2.36)

though practically we need only the results (k > 0)

BM2

[
1

(m2 − p2)k

]
=

1

(k − 1)!

e−m2/M2

(M2)k−1
(2.37)

BM2

[
(p2)k

]
= 0 . (2.38)

The second of these means the Borel transform identically kills the subtraction

terms. Further the Borel transform provides a factorial improvement in the

convergence of the condensate expansion. This leads to the final form for our

sum rule

m4
Bf

2
B e

−m2
B/M2

=

∫ s0

m2
b

ρpert(s)e−s/M2

ds , (2.39)

and so fB can be extracted by evaluating

f 2
B =

m2
b

m4
B

[
3

8π2

∫ s0

m2
b

(s−m2
b)

2

s
e−s/M2

ds
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−mb⟨q̄q⟩e−m2
b/M

2

]
em

2
B/M2

+O
(
αs, ⟨G2⟩

)
. (2.40)

The Borel transform exponentially suppresses higher-s (higher energy) contri-

butions. Indeed, in place of the subtractions the exponential remedies any

divergence as s → ∞ in the integrand (though of course it is cut-off at s0).

The other advantage is that the unknown higher energy continuum contributions,

which we are estimating via quark-hadron duality, are also suppressed relative to

the pole.

The only5 remaining issue is what values to choose for s0 and M2. The effective

threshold s0 should be near the onset of multi-particle states, around (mB +

2mπ)
2 (or (mB + mρ)

2). However really this parameter is fitted, usually using

the Daughter (or derivative) Sum Rule (DSR). The idea is that by taking the

derivative of (2.39) with respect to −1/M2

m2
B ·m4

Bf
2
B e

−m2
B/M2

=

∫ s0

m2
b

s ρpert(s)e−s/M2

ds , (2.41)

we can generate a consistency condition. Taking the ratio of (2.41) to (2.39) the

decay constant drops out

m2
B =

(∫ s0

m2
b

s ρpert(s)e−s/M2

ds

)/(∫ s0

m2
b

ρpert(s)e−s/M2

ds

)
, (2.42)

and we can use this to fix s0 provided we know M2. The latter is fixed by

balancing two competing factors. Higher dimensional condensates enter the SR

(2.40) suppressed by powers of the Borel mass, e.g. the mixed condensate enters

as ⟨q̄σ · Gq⟩/M2. This is the Borel analogue of the Wilson coefficient scaling

mentioned earlier. At too-low M2 neglected higher dimensional condensates will

not be adequately suppressed. On the other hand at too-highM2 the exponential

e−s/M2
does not sufficiently suppress the higher energy continuum and the quark-

hadron duality approximation becomes unreliable.

Ideally there is a Borel window, a range of intermediate M2 where both demands

can be satisfied. In this window fB should be approximately flat with M2, with

the flatness serving as a measure of the quality of the sum rule. Practically we

content ourselves to suppressing the condensates to≲ 20 - 30% of the perturbative

5There is also some ambiguity over the b-quark mass as quarks are confined and so do not
have a physical mass. Corresponding scheme choices will be discussed in Section 4.1 and so we
do not elaborate here.
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(1) result while also requiring the continuum contribution to be ≲ 30% of the

total dispersive integral. To be specific we ideally require∫ ∞

s0

ρpert(s)e−s/M2

ds ≲
3

10

∫ ∞

m2
b

ρpert(s)e−s/M2

ds . (2.43)

Of course including corrections in αs we also require a scheme such that these

converge as well. A more complete numerical study, including O(α2
s) perturbative

corrections, partialmq dependence and condensates up to dimension-5 in the sum

rule leads to the extraction fB = 210± 19MeV [107].

As well as decay constants, SVZ sum rules have been used to extract quark

masses, form factors and even exotic hadron spectroscopy [106, 108, 109]. While

they have enjoyed great success, there are certain drawbacks. Higher dimensional

condensates are not well known and, like αn
s corrections, are difficult to calculate.

Achieving better than a 10% accuracy is generally difficult. Additionally certain

sum rules are unfeasible (e.g. the light pseudoscalar channel) due to being plagued

with extra non-perturbative difficulties known as instantons [105, 110, 111]. While

we shall not go into detail, these are often signalled by a lack of a Borel window

in the sum rule.

In the calculation of 3-point functions the method of Light-Cone Sum Rules

(LCSR) [112–115] has evolved in place of SVZ sum rules which can become

unsuitable due to issues with OPE convergence [116]. In LCSR products of

currents are expanded on the light cone x2 = 0, with distribution amplitudes

being the analogue of vacuum condensates. In our calculations we require only

2-point correlators and thus SVZ sum rules are sufficient.

2.2 Infrared Divergences

The existence of infrared (IR) divergences in quantum field theory was recognised

right from its inception. These come in two types: soft and collinear6. Both of

these arise due to the presence of massless particles (like photons and gluons) in

the theory. Roughly speaking, soft divergences appear when an on-shell particle

emits a massless particle of vanishing energy while collinear divergences occur

6Historically the label ‘infrared’ referred specifically to the soft divergence, with the collinear
divergence being known as the ‘mass singularity’. We use the term infrared to refer to both
types.
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when a massless particle emits another massless particle travelling in the same

direction. If both conditions are met, the resulting divergence is called soft-

collinear. Because of this distinction collinear divergences are often specifically

known as hard-collinear divergences.

In contrast to UV (high energy) divergences, IR divergences involve low energy

behaviour. While UV divergences only appear in virtual diagrams and are

renormalised away, IR divergences appear in both real and virtual. Indeed this

is crucial as cancellation occurs between virtual loops and real emissions.

In the SM photons and gluons cause soft divergences in their coupling with quarks

and leptons. As all fundamental fermions are massive there are no true collinear

divergences in these interactions, however as the fermions can be light there can be

numerically large effects. In QCD gluon self interactions can cause complications

though of course experimentally gluons appear as jets.

To illustrate the nature of IR divergences first consider a real photon emission

from a lepton of mass mℓ. If the photon has momentum k and the lepton has

momentum l then in the diagram there will be a propagator with momentum

k + l.

k + l

k

l

∼ 1

(k + l)2 −m2
ℓ

k2 =0,
l2 =m2

ℓ−−−−−−−→ 1

2k · l

To generate an IR divergence, both the photon and lepton must be on-shell.

Crucially the photon is massless k2 = 0 (and l2 = m2
ℓ), and so the propagator

(k2 + 2k · l + l2 − m2
ℓ)

−1 becomes (2k · l)−1. Parameterising kµ = Eγ(1, k̂) and

lµ = (l0, l) with l0 =
√

|l|2 +m2
ℓ and k̂ being a unit vector then

1

2k · l
=

1

2Eγ

(√
|l|2 +m2

ℓ − |l| cos θ
) , (2.44)

where θ is the angle between the photon and lepton. As we let the photon become

soft Eγ → 0 there is a divergence. Of course really we should analyse at the level

of cross sections. The above diagram is squared (giving a 1/E2
γ divergence) and

then integrated over the photon phase space. This involves a photon energy

integral dEγ as well as an angular integral dΩd−1 (Ω3 = 4π). The energy integral

is ∫
(Eγ)

d−3︸ ︷︷ ︸
phase space

× 1

E2
γ

dEγ
d=4−−−−→

∫
dEγ

Eγ

, (2.45)
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which in d = 4 diverges logarithmically at its lower limit. If we regulated this soft

divergence by giving the photon a small mass mγ, the divergence would appear as

lnmγ terms in the result. Alternatively we can use dimensional regularisation to

regulate the IR as well as the UV. In d = 4−2ϵ the integral becomes
∫
dEγ /E

1+2ϵ
γ

which does not diverge for finite ϵ < 0. Like with the UV the divergence appears

as poles in ϵ and we distinguish these types of poles with labels ϵIR and ϵUV.

The collinear divergence on the other hand arises from the angular integration

in the limit of a massless lepton. The propagator (2.44) becomes (1 − cos θ)−1

and diverges when the photon and lepton become collinear to each other, θ →
0. Keeping the lepton mass non-zero to regulate this divergence we encounter

integrals like ∫
dΩd−1

(l0 − |l| cos θ)n
d=4−−−−→ 2π

∫ π

0

sin θ dθ

(l0 − |l| cos θ)n
, (2.46)

where typically n = 1, 2. For n = 1 we generate a logarithmic dependence on the

lepton mass

2π

∫ π

0

sin θ dθ

l0 − |l| cos θ
=

2π

|l|
ln

(
l0 + |l|
l0 − |l|

)
= −2π

|l|
logm2

ℓ + · · · , (2.47)

which diverges as mℓ → 0. Such terms are known as hard-collinear (HC) logs.

The electron massme is very light compared to a B-meson and so a hard-collinear

log of the form ln(me/mB) is potentially a large important effect. In DimReg any

soft-collinear divergences appear as ϵ−1
IR lnm2

ℓ terms, which become double poles

1/ϵ2IR in the massless limit.

For virtual diagrams IR divergences are generated in loop integrations in regions

of low photon momentum. For example consider the triangle graph

p1

p2

p1−p2

m0

m1

m2 = C0

(
p21, (p1 − p2)

2, p22,m
2
0,m

2
1,m

2
2

)
(2.48)

=
(2πµ)2ϵ

iπ2

∫
ddk

[k2 −m2
0][(k + p1)2 −m2

1][(k + p2)2 −m2
2]
.

This three-point scalar integral is the Passarino-Veltman function C0 with

FeynCalc [117, 118] conventions and normalisation (2πµ)2ϵ
∫

ddk
iπ2 . Similar 1-

(tadpole), 2- (bubble) and 4- (box) propagator integrals are known as A0, B0 and
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D0 functions respectively7. The Passarino-Veltman functions [119] are a useful

basis for one-loop integrals and a brief summary of them is given in Appendix

A.1.

If the external momenta are on-shell p21 = m2
1, p

2
2 = m2

2 and they exchange a

massless photon, m0 = 0, then the integral becomes

(2πµ)2ϵ

iπ2

∫
ddk

k2[k2 + 2k · p1][k2 + 2k · p2]
small k∼

∫
k3 dk

k2kk
∼
∫

dk

k
. (2.49)

This gives a logarithmic soft divergence at small k as k2 can be neglected

compared to k · p1,2 in the denominators. More properly we can perform the

k0 integral via residues, picking up the pole at k0 = |k| − iε′ which forces the

photon on-shell.

(2πµ)2ϵ

2π

∫
dd−1k

2|k|
1

(p01|k| − p1 · k)(p02|k| − p2 · k)
=

(2πµ)2ϵ

4π

∫
|k|−1−2ϵ d|k|

∫
dΩ3−2ϵ

(p01 − p1 · k̂)(p02 − p2 · k̂)
. (2.50)

Integrating the photon energy |k| from 0 to some cut-off Λ the soft divergence

appears as poles in ϵIR∫ Λ

0

d|k|
|k|1+2ϵ

=
Λ−2ϵ

−2ϵ
=

−1

2ϵIR
+ lnΛ . (2.51)

As before collinear divergences are generated from the angular integration when

the photon is parallel to p1 or p2. In general virtual soft divergences appear

when a massless particle is exchanged between two on-shell particles while virtual

collinear divergences appear when a massless on-shell particle couples to two

massless propagators. At one-loop the IR divergences of any N -point function

can be written in terms of 3-point functions (C0’s) by the Dittmaier algorithm

[120].

There are considerable similarities between the real and virtual calculations which

really is not surprising in view of the optical theorem. This similarity enables IR

divergences to cancel between real and virtual diagrams in sufficiently inclusive

quantities.

7Power counting arguments imply A0 and B0 are UV divergent, while C0 and higher point
functions are IR divergent.
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2.2.1 Cancellation

In any sensible theory, measurable quantities should not contain IR divergences.

Observables free of IR divergences are called infrared safe. In QED, cancellation

of the soft divergence order by order in α is guaranteed by the Bloch-Nordsieck

theorem8 [124]. Unlike UV divergences, IR divergences cancel at the cross-section

level not in Green’s functions. The idea is that any detector will have a small but

finite energy resolution ∆E, below which photons cannot be detected. The cross

section for a process i → f is indistinguishable from one for the same process

with the addition of a very soft photon and so these cross sections must be added.

σ(i→ f) + σ(i→ fγ)Eγ<∆E (2.52)

Soft divergences from O(α) virtual diagrams in σ(i → f) are exactly cancelled

by the O(α) real soft divergence in σ(i → fγ) leaving a IR finite result. The

logarithmic soft divergence is replaced by a ln∆E dependence in the result.

Only the sum of the radiative and non-radiative cross-sections is a sensible

observable. A similar argument, invoking finite angular resolution, can be made

for collinear divergences. At higher orders soft divergences exponentiate, that is

O(αn) corrections take the form (α ln∆E)n [125].

While practical, citing finite detector efficiency is a little unsatisfactory from a

field theory viewpoint. Really in theories with massless particles the idea of

exactly what we mean by a particle state gets called into question. Physically

massless charged particles are always accompanied by a cloud of photons with

an electric field perpendicular to the plane of their motion. If the charged

particle had a mass we could go to its rest frame which would separate off the

collinear photons. However in the limit of vanishing mass this separation becomes

impossible. In QED we are forced to abandon the idea of a one-particle Fock

space in favour of a coherent state formulation, as done originally by Faddeev

and Kulish9 [130].

Similar issues appear with radiation in and out of initial state particles. An

8Originally proved in 1937, with improvements by Pauli and Fierz [121] and Jauch and
Rohrlich [122]. A more comprehensive analysis was later done using modern field theoretic
methods by Yennie et al. [123].

9They (and others [126–129]) showed how a non-vanishing S-matrix can be ascertained by
building a physical charged electron (say) out of linear combinations of |e−; γ1, γ2, . . . γn⟩Ei

γ<∆E

states like as with the simple harmonic oscillator in quantum mechanics. Reminiscent of
renormalisation, IR divergences are essentially absorbed into the definition of the states.
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analogous and more familiar situation is that of QCD. For example in proton-

proton scattering the incoming states are valence uud quarks that live in a sea of

quarks and gluons. This mix necessitates the introduction of Parton Distribution

Functions (PDFs), fi(x), which characterise the probability that a parton i inside

a proton carries a fraction x of the proton’s momentum. IR divergences can

be absorbed into these functions, inducing scale dependence described by the

DGLAP equations [131–133]. Universal objects known as splitting functions

Pij describe the collinear splitting of two partons i and j. There are QED

counterparts to PDFs known as electron distribution (or Weizsäcker-Williams

[134, 135]) functions though these are rarely used10 as α is small.

While Bloch-Nordsieck guarantees the cancellation of soft divergences, the

more general Kinoshita-Lee-Naeunberg (KLN) theorem [136, 137] assures all IR

divergences cancel in any unitary quantum field theory provided one is careful

to sum over all degenerate states. For example a massless electron is collinear

degenerate from an electron accompanied by a parallel photon and so both states

should be treated on equal footing. Hard-collinear logs lnmℓ (which diverge as

the regulatormℓ → 0) generated from lepton-photon interactions should therefore

cancel if one suitably sums over the whole collinear region. This means we must

include collinear photons of all (kinematically allowed) energies, that is be fully

inclusive in the photon. However in practise we often prematurely cut-off the

photon energy and so HC logs can appear. In general these can be predicted

from splitting functions (unitarity) however in certain important cases the KLN

theorem does not apply.

The leptonic B̄ → ℓν̄(γ) decay we care about in this thesis is an important

example of this due to its helicity suppression. Let Γ(n) denote the O(en)

contribution to the decay rate, then the tree and O(α) results are schematically

Γ(0) ∝ m2
ℓ

Γ(2) ∝ αCV-A(E
cut
γ )m2

ℓ lnmℓ + non-HC , (2.53)

with CV-A(E
cut
γ ) a function of the maximum photon energy that is included in

the integration, Eγ < Ecut
γ . Relative to the tree level, the O(α) HC logs are

numerically important as the factor of m2
ℓ suppressing them cancels. However it

is precisely this m2
ℓ that allows the decay to circumvent the KLN theorem. As

m2
ℓ lnmℓ → 0 as mℓ → 0 there is actually no divergence. As this is not a true

10In our case, B̄ → ℓν̄(γ), they are definitely not necessary as mB is certainly not small.

32



collinear divergence the KLN theorem does not apply and so the HC logs11 need

not cancel when fully inclusive. That is CV-A(E
cut
γ → 1

2
mB) ̸= 0. Further the HC

logs can no longer be predicted from the splitting function meaning there can be

structure-dependent effects. Conversely, with an S-P (non-SM) type interaction

the decay is no longer helicity supressed. The KLN theorem then does apply and

S-P HC logs must cancel, CS-P(E
cut
γ → 1

2
mB) = 0. This property makes the S-P

decay a useful testing ground when looking at structure-dependent logs.

Helicity suppression is not the only way the KLN theorem may be bypassed. It

does not apply to logs of composite particles, e.g. lnmK , or if one works at the

differential level [138]. The latter case will be discussed further in Section 2.3.1.

Numerical calculations in quantum field theory are only feasible if IR sensitive

terms are properly dealt with. In this thesis we shall slice out soft and collinear

regions, dealing with them separately to the rest of the integrand. Common

alternate techniques are subtraction methods where difficult integrals are tamed

by adding and subtracting an analytically calculable part.

2.2.2 Low’s Theorem

Low’s theorem [139–142] formalises the idea that long wavelength photons cannot

resolve the structure of a composite particle. In the soft photon limit the spin of

the particle is not resolved. For a transition i → fγ with photon momentum k

and polarisation ϵ∗(k)

⟨fγ|S|i⟩ = ese
∑
j

Q̂j

[
ϵ∗ · p̂j
k · p̂j

− iϵ∗µkν
Jµν
j

k · p̂j

]
⟨f |S|i⟩+O(Eγ) , (2.54)

where Jµν
j is the total angular momentum operator12 for the jth particle involved

in the interaction. We employ the hat notation for the particle momenta pj and

charge Qj where p̂j = ±pj and Q̂j = ±Qj depending on whether the particle

in ingoing (−) or outgoing (+), with Q̂j̄ = −Q̂j. This has the advantage that

charge conservation takes the conveniently simple form
∑

j Q̂j = 0.

Equation (2.54) is ordered in powers of the photon energy Eγ. The first two terms

in this expansion, the E−1
γ and E0

γ terms, are universal with structure-dependence

11While as discussed these are technically not true collinear logs, they are generated from
collinear physics and we shall still refer to them as thus for brevity.

12For scalars this takes the form Jµν
j = i(p̂µj ∂

ν
p̂j

− p̂νj ∂
µ
p̂j
). For generalisation to Yang-Mills,

higher spin etc., see e.g. [143].
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only appearing in the O(E1
γ) term. The particle’s spin appears in the E0

γ term

through the angular momentum operator while the E−1
γ term (which leads to

the soft divergence) is independent even of that. This simplicity leads to the

previously mentioned exponentiation of soft divergences sometimes referred to as

‘Weinberg’s universal form’ after the exposition of the IR behaviour of photons

and gravitons in [144]. This reads

Γ(i→ f)∆E = Γ(0)(i→ f)e−A ln(∆E/Λ) , (2.55)

where on the LHS Γ(i→ f)∆E is shorthand for the transition i→ f at all orders

in α with the accompaniment of any number of soft photons provided their total

energy is less than ∆E. Again Λ is some hard cut off and A is defined as

A =
α

2π

∑
jk

Q̂jQ̂k
1

βjk
ln

(
1 + βjk
1− βjk

)
, βjk =

βj + βk
1 + βjβk

, (2.56)

with βjk being the relative velocities of the particles j, k in the j-k rest frame.

We note the general feature that in the soft limit the radiative rate becomes

proportional to the tree level result, Γ(0).

2.3 Scalar QED

While there are no fundamental charged scalar particles in the SM there are

innumerable scalar hadrons. Treating these as point-like, their electromagnetic

interaction can be found via minimal coupling with Lagrangian13

LSQED = (Dµϕ)
∗(Dµϕ)−m2|ϕ|2 , (2.57)

with ϕ a scalar field. Somewhat confusingly the term ‘scalar QED’ is commonly

used more generally to refer to treating hadrons as point-like, even if the actual

hadron in question is not a scalar. Scalar QED has a 3-point and a 4-point vertex,

with the 3-point vertex carrying momentum dependence. For a point-like scalar

particle of charge eQs this reads

µ
p
p′ = − ieseQs(p+ p′)µ , (2.58)

13Properly of course one should also include a quartic |ϕ|4 interaction in (2.57) to render the
theory renormalisable.
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with dashed lines denoting the scalar. The weak decay of a scalar B̄-meson can be

modelled in an EFT by matching a B̄ field to the axial quark current Jµ
5 = q̄γµγ5b

to reproduce ⟨0|Jµ
5 |B̄(pB)⟩ = ifB(pB)

µ. While not an effective theory in the

traditional sense, this matching neglects short distance (high energy) structure

and so is often referred to as a mesonic EFT [90]. The correct prescription is

J5µ −→ −fBDµB̄ = −fB
(
∂µB̄ + ieseQB̄AµB̄

)
, (2.59)

where for gauge-invariance we must use the covariant derivative. Thus in the

EFT there are photon emissions from the weak vertex itself, usually referred to

as the contact term contribution.

Experimentally QED effects are modelled using Monte-Carlo generators such as

Photos [145–148], or the Photons++ module [149] of Sherpa [150]. In general

these work well for assessing QED effects in experimental measurements, for

example in the well-studiedRK(∗) [151], however they can be limited by their use of

scalar QED to model hadron interactions. The programs are based on resumming

leading log QED corrections using the soft exponentiation (2.55) and using

splitting functions to capture HC logs. Virtual corrections are ascertained from

their real counterparts by exploiting KLN cancellations. Thus these packages can

fall down if (a) the HC logs cannot be predicted from the splitting function (KLN

does not apply) and/or (b) structure-dependent effects are relevant. Both of these

are pertinent to the B̄ → ℓν̄(γ) decay where a scalar QED based Monte-Carlo

may struggle to capture all QED effects.

In this thesis we aim to go beyond the point-like approximation, capturing

structure-dependence which could be used in future to inform a purpose built

Monte-Carlo for the decay. The aim of this present chapter is to discuss

calculations in scalar QED, using B̄ → K̄(∗)ℓℓ̄(γ) as an example before studying

the B̄ → ℓν̄(γ) decay in detail.

2.3.1 B̄ → K̄ℓℓ̄(γ)

A comprehensive analysis of QED in the semi-leptonic B̄ → K̄ℓℓ̄(γ) decay in

scalar QED was performed in [90] based on earlier work [73, 152–154]. In this

work it was demonstrated how HC logs do not cancel, even when fully inclusive in

the photon, in some differential variables. In this decay momentum conservation
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takes the form

pB = pK + l1 + l2 (+k) , (2.60)

and so when the photon is present, one can be differential in either q2ℓ = (l1+ l2)
2

or q20 = (pB −pK)2 with qℓ = q0−k. The former is the standard choice at hadron

colliders where the B̄ momentum is unknown while the latter are referred to as

‘B-factory’ variables. The B̄ → K̄ transition is modelled by the form factors

f± defined in (1.15). These can be incorporated into an effective mesonic weak

Lagrangian via an expansion

LEFT ∝ ℓ̄1Γ
µℓ2
∑
n≥0

f
(n)
± (0)

n!
(−D2)n[(DµB

†)K ∓B†(DµK)] + h.c. , (2.61)

with Γµ ≡ γµ(CV − CAγ5) and CV (A) vector (axial) coefficients. The derivative

expansion allows a consistent and gauge-invariant treatment of the q2(0,ℓ) depen-

dence of the form factors beyond LO in QED. While there is structure-dependence

contained in the form factors (FF), the meson-photon interaction is still treated

in the point-like approximation and so this is still fundamentally a scalar QED

calculation. Working in this effective field theory (EFT) means ambiguity over

counterterms which can only really be resolved via a full matching to QCD. The

calculation [90] was performed at O(α) (here 1-loop) with real IR divergences

handled via two cut-off phase space slicing [155, 156] (with masses).

Nothing unusual was found with the cancellation of soft divergences at the double

differential level, however HC logs only cancel in the fully photon inclusive case

when differential in q20 and not in q2ℓ . Roughly speaking this can be understood

by considering that the decay of a scalar particle X → ℓℓ̄ is infrared safe (non-

differential). In q0 variables the B̄ and K̄ can be treated as a single particle of

momentum q0 = pB − pK and so by the KLN theorem collinear divergences must

cancel. Numerically when fully inclusive in the photon, QED effects at the double

differential level are found to be < 2% in q20 variables while as much as 10% in

q2 variables (at low q2) for the electron channel. Note that non-cancelling lnmK

terms can cause a O(2%) effect.

With instead a tight photon energy cut-off, HC logs exist in any variable and large

effects can be found. This led to the dedicated Monte-Carlo [151] for RK analysis.

From [90] the QED RK theory prediction is a correction of +1.7% (cf. +3% in

earlier work [73]). These QED effects are smaller because RK is integrated over

q2 (not differential). Potentially structure-dependent effects could modify this,
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though these are generally precluded on gauge invariance arguments in [90]. We

stress again that such arguments do not apply to B̄ → ℓν̄(γ).

2.3.2 B̄ → K̄∗ℓℓ̄(γ)

In this section we briefly present the extension of 2.3.1 to vector K∗ mesons. This

is for pedagogical purposes only to illustrate some of the ideas of Section 2.2. In

particular we consider the real amplitude to demonstrate gauge invariance, Low’s

theorem and the appearance of the splitting function. Given that the LHCb

results for RK∗ are now broadly consistent with the SM [79, 80] and that HC

logs are expected to match [90] with little structure-dependent effects, we did not

perform a full calculation.

The K∗ is a massive vector (but not gauge) boson described by the Proca

Lagrangian14 with minimal coupling

LK∗ = −1

2

(
D[µK

∗
ν]

)†(
D[µ(K∗)ν]

)
+m2

K∗(K∗
µ)

†K∗µ , (2.62)

where [µ · · · ν] denotes antisymmetrisation in the indices µ, ν. From now on we

drop the ∗ superscript on the K∗
µ field. Being massive the K∗ has 3 polarisation

vectors η(pK) which by the equation of motion automatically satisfy η(pK) ·pK =

0. This is not to be confused with the photon polarisation vectors ϵ(k) which

satisfy ϵ(k) · k = 0 by a gauge choice (Lorenz gauge). Like with the scalar field

(2.62) leads to 3- and 4-point vertices with the 3-point vertex having momentum

dependence. Denoting vector fields with a dotted line a vector particle of charge

eQV has 3-point vertex and propagator

µ
p
p′

α

β

= − ieseQV

(
p′αgµβ + pβgµα − (p+ p′)µgαβ

)
(2.63)

α β
p

=
iP∗

αβ(p)

p2 −m2
K∗

, P∗
αβ(p) = −gαβ +

pαpβ
m2

K∗
. (2.64)

14This is essentially just − 1
4F

2 + 1
2m

2
γA

2 as for the gauge field with a factor of 2 as K∗ is

complex. Like the photon field the timelike component K∗
0 is non-dynamical (K̇∗

0 drops out
of the Lagrangian) and the + sign in (2.62) means the spacelike components have the correct
sign. Unlike the photon field the condition ∂µK∗

µ = 0 is a direct consequence of the equation
of motion ∂µFµν +m2K∗

ν = 0 for m2 ̸= 0. As is well-known the m → 0 limit is not smooth.
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The B̄ → K̄∗ℓ+ℓ− transition is described by the form factors15

⟨K̄∗(pK , η)|s̄γµ(1∓ γ5)b|B̄(pB)⟩ = ±P µ
P VP (q

2)±
3∑

i=1

P µ
i Vi(q

2) , (2.65)

with q = pB − pK , ϵ0123 = +1 and the Lorentz structures

P µ
P = i(η∗ · q)qµ , P µ

1 = 2ϵµαβγη
∗αpβKq

γ

P µ
2 = i

(
(m2

B −m2
K∗)η∗µ − (η∗ · q)(pB + pK)

µ
)

(2.66)

P µ
3 = i(η∗ · q)

(
qµ − q2

m2
B −m2

K∗
(pB + pK)

µ
)
.

Defining the tensor structure

Tαβρµ = ϵµαβρ V1 + igαβgρµ V2 + igαρgβµ
(
V3 + VP

)
− igαµgβρ

(
V2 +

q2

m2
B −m2

K∗
V3

)
, (2.67)

one recovers the correct LO amplitude

A(0)≡⟨K̄∗(pK)ℓ1(l1)ℓ̄2(l2)| − LK∗

EFT|B̄(pB)⟩

= − geff (pB + pK)α(pB − pK)βη
∗
ρ T

αβρµ ū(l1)Γµv(l2) , (2.68)

from the Lagrangian

LK∗

EFT = geffℓ̄1Γµℓ2

(
B†∂β∂αKρ − (∂α∂βB)†Kρ

+ (∂βB)†∂αKρ − (∂αB)†∂βKρ

)
Tαβρµ + h.c. . (2.69)

Above geff is an effective coupling constant and the external K∗ (polarisation

λ) satisfies ⟨K̄∗(pK , λ)|Kµ(x)|0⟩ = η∗(pK , λ)µe
ipK ·x. We take the form factors as

constant to justify them appearing in the Lagrangian. More properly one would

have to add the tower of derivative operators like in (2.61). Gauge invariance16

15See [157, 158] for the relation to the more traditional FFs A0−3(q
2). This parameterisation

is useful if one is to include the chromomagnetic matrix element ⟨K̄∗|s̄iqνσµν(1± γ5)b|B̄⟩.
16In this case minimal coupling does not constrain us to a unique Lagrangian. The two

derivatives DαDβ in (2.69) commute at O(e0) but not at O(e) as [Dα, Dβ ] = ieseFαβ . The
ordering of derivatives is not fixed at this level and this leads to a (gauge-invariant) ambiguity
in the contact terms, cf. [159]. In the main text the contact terms are given using the ordering
(2.69) (with ∂ → D). The three other options can be parameterised with an extra term
−ieseQ̃FαβB

†Kρ in the bracket where Q̃ ∈ {Q̂B̄ , Q̂K̄ , Q̂B̄ + Q̂K̄}.
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of the Lagrangian is restored by minimal coupling, allowing determination of the

O(e) real amplitude

−AB̄→K̄∗ℓℓ̄γ

geffese
= ū(l1)

[
Q̂ℓ1

2l1 · ϵ∗ + /ϵ∗/k

2l1 · k
Γ ·H0 + Q̂ℓ̄2Γ ·H0

2l2 · ϵ∗ + /k/ϵ∗

2l2 · k

]
v(l2)

+ Q̂B̄

pB · ϵ∗

pB · k
L0 ·H0|pB→pB−k

+ Q̂K̄

pνKϵ
∗ · η∗ + ϵ∗νk · η∗ − 2η∗νpK · ϵ∗

2pK · k
[P∗

νρL0 ·Hρ
0 ]pK→pK+k

+
(
(Q̂B̄ + Q̂K̄)(pB + pK)αϵ

∗
β + (Q̂B̄ − Q̂K̄)(pB − pK)βϵ

∗
α

+ Q̂K̄kβϵ
∗
α − Q̂B̄kαϵ

∗
β

)
L0µη

∗
ρT

αβρµ , (2.70)

where for notational convenience we define

Hµρ
0 ≡ (pB + pK)α(pB − pK)βT

αβρµ , Lµ
0 ≡ ū(l1)Γ

µv(l2) , (2.71)

and Hµ
0 = η∗ρH

µρ
0 such that A(0) = −geffL0 · H0. The first, second and third

lines of (2.70) correspond to emissions from the leptons, B̄ and K̄∗ respectively.

The final lines are contact term contributions. The extra index that the vector

K∗ brings means this amplitude is quite complicated even without a derivative

expansion of the form factors. Nevertheless gauge invariance of the amplitude

under ϵ∗ → ϵ∗ + k must hold. There is a remarkable cancellation

pνKϵ
∗ · η∗ + ϵ∗νk · η∗ − 2η∗νpK · ϵ∗

2pK · k
P∗

νρ(pK + k)
ϵ∗→k−−−−→ η∗ρ , (2.72)

for the K∗ contribution, and so (with k2 = 0) we get

−δA(1)

esegeff
= Q̂ℓ1L0 ·H0 + Q̂ℓ̄2L0 ·H0 (2.73)

+ Q̂B̄L0 ·H0|pB→pB−k + Q̂K̄L0 ·H0|pK→pK+k +(
(Q̂B̄ + Q̂K̄)(pB + pK)αkβ + (Q̂B̄ − Q̂K̄)(pB − pK − k)βkα

)
L0µη

∗
ρT

αβρµ .

The contact terms form L0 ·H0−L0 ·H0|pi→pi±k combinations to intricately cancel

the emissions from the B̄ and K̄∗. The change in the amplitude becomes

δA(1) = − esegeffL0 ·H0 (Q̂ℓ1 + Q̂ℓ̄2 + Q̂B̄ + Q̂K̄)

= eseA(0)
∑
i

Q̂i = 0 , (2.74)
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which vanishes by charge conservation
∑

i Q̂i = 0 thus satisfying the Ward-

identity k · A = 0. This guarantees that in the photon polarisation sum one

can take
∑

λ ϵ
∗
µϵν → −gµν as any part proportional to k vanishes.

We learn three things from this exercise, all of which will also be true for B̄ → ℓν̄γ

decays. Firstly, contact terms are essential to the correct physics with intricate

cancellations giving gauge-invariance. Indeed for the point-like B̄ → ℓν̄γ decay

the contact term is crucial for restoring helicity suppression. Secondly, note the

appearance of the tree level amplitude in (2.74). Lastly charge conservation and

gauge invariance follow from one another. In Section 2.4 we will discuss operators

that do not conserve charge and therefore are not gauge-invariant.

Next consider the soft (or ‘eikonal’) limit of this amplitude. Neglect all subleading

powers of Eγ in (2.70). That is, neglect any k appearing in numerators. In this

limit the amplitude becomes

A(1)

ese
= A(0)

(
Q̂ℓ1

l1 · ϵ∗

l1 · k
+ Q̂ℓ̄2

l2 · ϵ∗

l2 · k
+ Q̂B̄

pB · ϵ∗

pB · k
+ Q̂K̄

pK · ϵ∗

pK · k

)
+ O(E0

γ) . (2.75)

All particles are treated equally irrespective of spin, recovering Low’s theorem

(2.54). Gauge-invariance of the amplitude is trivial in this limit. Again the

tree level result appears; intuitively the photon is not really there when it has

vanishing energy. Low’s theorem and gauge invariance are useful sanity checks

for any calculation.

Finally we will consider collinear behaviour. For simplicity take the B̄ and K̄∗

as neutral. Then the amplitude becomes

−A(1)

geffese
= ū(l1)

[
Q̂ℓ1

2l1 · ϵ∗ + /ϵ∗/k

2l1 · k
Γµ + Q̂ℓ̄2Γµ

2l2 · ϵ∗ + /k/ϵ∗

2l2 · k

]
v(l2)H

µ
0 . (2.76)

The square of the LO amplitude is

⟨|A(0)|2⟩ = 8geff
(
2 l1 ·H0 l2 ·H0 −H0 ·H0 l1 · l2

)
, (2.77)

where ⟨· · · ⟩ denotes spin and polarisation sums and we work in d = 4. Consider

the collinear region where the photon is parallel to l1, looking only for lnmℓ1

terms. These arise from 1/k ·l1 dependence. With this in mind we can neglect any

powers of k · l1 in the numerator, as well as m2
ℓ as these give subleading m2

ℓ lnmℓ

(this decay is not helicity suppressed). In this region we use the traditional
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collinear parameterisation

k = (1− z)lγ , l1 = z lγ , lγ = l1 + k , (2.78)

valid to O(m2
ℓ). The variable 1 − z ∈ [0, 1] takes on the role of a dimensionless

photon energy. Squaring the amplitude (2.76), neglecting non-collinear terms17,

then

⟨|A(1)
l1∥γ|

2⟩ = 8e2g2eff
k · l1

(
Q̂2

ℓ1
(1− z)− Q̂ℓ1Q̂ℓ̄2

2z

1− z

)(
2 lγ ·H0 l2 ·H0 −H2

0 lγ · l2
)

=
e2Q̂ℓ1

k · l1

(
Q̂ℓ1(1− z)− Q̂ℓ̄2

2z

1− z

)
⟨|A(0)|2⟩l1→lγ . (2.79)

The tree level result has again appeared, though here of course in the shifted

kinematics l1 → lγ = l1+k. Applying charge conservation, here Q̂ℓ̄2 = −Q̂ℓ1 , one

gets

⟨|A(1)
l1∥γ|

2⟩ =
e2Q̂2

ℓ1

k · l1
P̃f→fγ(z)⟨|A(0)|2⟩l1→lγ , P̃f→fγ(z) =

1 + z2

1− z
, (2.80)

where P̃f→fγ(z) is the collinear emission part of the fermion splitting function.

The splitting function in this form exhibits a soft divergence as z → 1. The full

fermion splitting function with virtual contributions included (which cancels the

soft divergence) reads

Pf→fγ(z) =
1 + z2

(1− z)+
+

3

2
δ(1− z) , (2.81)

where 1/(1 − z)+ is the plus distribution, defined under the integral as∫ 1

0
dz f(z)/(1 − z)+ ≡

∫ 1

0
dz (f(z) − f(1))/(1 − z), which is finite as z → 1.

Integration over all collinear phase space involves such an integral over z. The

KLN theorem manifests itself as
∫ 1

0
Pf→fγ(z) dz = 0.

Scalar QED can be considered as the monopole approximation to B̄ and K̄(∗)

electromagnetic interactions. One could start to include higher multipole terms

in the EFT approach, though a more natural method is to use LCSR techniques.

These truly probe structure-dependence though can struggle to be fully inclusive

in the photon.

17There are also terms of the form m2
ℓ/(k · l1)2 that appear. While these do not give rise to

collinear logs they are important in the collinear slicing procedure as they lead to an inverse
power of the collinear cut-off.
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2.3.3 B̄ → ℓν̄(γ)

Lastly we turn to leptonic B̄ decays in scalar QED, as a reference point for the

structure-dependent calculation in Chapter 3. This calculation was originally

carried out by Berman and Kinoshita [160, 161] (see also [162, 163]) over 60

years ago. More recently this was revisited using W-regularisation for the lattice

calculation of the pseudoscalar decays P → ℓν̄(γ), P = π,K [164] giving the more

general (non-fully inclusive) result. W-regularisation (W-reg) [165] is a commonly

adopted method of UV regularisation where the photon propagator is effectively

cut-off at the weak scale

1

k2
−−−→ M2

W

M2
W − k2

1

k2
. (2.82)

This is convenient as it is consistent with radiative corrections being absorbed

into the very definition of GF [166]. In Chapter 3 we regulate in DimReg and

further comments are given in 3.2.5. We quote the result given in [164] for the

scalar QED O(α) calculation P → ℓν̄(γ) applied to P = B̄

Γ(2)(rE) =
α

4π
Γ(0)

[
3 ln

(
m2

B

M2
W

)
+ ln

(
m̂2

ℓ

)
− 4 ln

(
r2E
)
+

2− 10m̂2
ℓ

1− m̂2
ℓ

ln
(
m̂2

ℓ

)
− 2

1 + m̂2
ℓ

1− m̂2
ℓ

ln
(
r2E
)
ln
(
m̂2

ℓ

)
− 4

1 + m̂2
ℓ

1− m̂2
ℓ

Li2(1− m̂2
ℓ)− 3

+
3 + r2E − 6m̂2

ℓ − 4rE(1− m̂2
ℓ)

(1− m̂2
ℓ)

2
ln(1− rE)− 4

1 + m̂2
ℓ

1− m̂2
ℓ

Li2(rE)

+
rE(22− 3rE − 28m̂2

ℓ)

2(1− m̂2
ℓ)

2
+
rE(4− rE − 4m̂2

ℓ)

(1− m̂2
ℓ)

2
ln
(
m̂2

ℓ

)]
. (2.83)

Here rE is the dimensionless photon energy cut-off, Eγ < Ecut
γ , with

rE ≡
2Ecut

γ

mB

∈
[
0, 1− m̂2

ℓ

]
, (2.84)

and using the shorthand m̂ℓ ≡ mℓ/mB. Equation (2.83) is arranged so that the

first two lines are the eikonal contribution, with the final two lines vanishing as

rE → 0. The function Li2 is the usual dilogarithm

Li2(z) = −
∫ z

0

ln(1− u)

u
du , z ∈ C , (2.85)
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that satisfies Li2(0) = 0 and Li2(1) = π2/6. In the fully photon inclusive case,

rE → 1− m̂2
ℓ , then

Γ(2)|inc =
α

4π
Γ(0)

[
3 ln

(
m2

B

M2
W

)
− 8 ln

(
1− m̂2

ℓ

)
− 3m̂4

ℓ

(1− m̂2
ℓ)

2
ln
(
m̂2

ℓ

)
− 8

1 + m̂2
ℓ

1− m̂2
ℓ

Li2(1− m̂2
ℓ)− 4

1 + m̂2
ℓ

1− m̂2
ℓ

ln
(
1− m̂2

ℓ

)
ln
(
m̂2

ℓ

)
+

13− 19m̂2
ℓ

2(1− m̂2
ℓ)

+
6− 14m̂2

ℓ

1− m̂2
ℓ

ln
(
m̂2

ℓ

)]
. (2.86)

To complement the above we give two new results: the virtual computation in

DimReg rather than W-reg and the full calculation for S-P interactions. While

straightforward these do not appear in the literature.

Firstly18 we give the result for the virtual one-particle irreducible (1PI) diagrams

in the standard V-A theory using DimReg to regulate both the UV and IR.

Γ(2)|Virt
1PI =

α

4π
Γ(0)

[
− 2

(
1

ϵ̂IR
+ ln

µ2

m2
B

)
1 + m̂2

ℓ

1− m̂2
ℓ

ln
(
m̂2

ℓ

)
− 4

(
1

ϵ̂UV

+ ln
µ2

m2
B

+ 1

)

+
1 + m̂2

ℓ

1− m̂2
ℓ

ln2(m̂2
ℓ) + 2

1− 3m̂2
ℓ

1− m̂2
ℓ

ln
(
m̂2

ℓ

)]
(2.87)

The result where the IR is regulated by a photon mass follows from the

replacement (ϵ̂IR)
−1 → ln

(
m2

γ/µ
2
)
. Notice there is a soft-collinear term

(ϵ̂IR)
−1 ln m̂2

ℓ in the result as well as a ln2 m̂2
ℓ term. This latter term is also of

soft-collinear origin and cancels with an identical term in the real contribution.

For the S-P case, the equivalent of (2.59) requires the matching

m+⟨0|J5|B̄⟩ = m2
BfB , J5 = q̄iγ5b −→ m−1

+ m2
BfBB̄ , (2.88)

which note contains no derivatives. This means that no momentum enters the

vertex and thus there is no contact term (arising from the Aµ part of the covariant

derivative) in the S-P case. The 1PI diagrams give the result

18The virtual calculation is easily performed as it is 1-loop. For completeness’ sake the
Feynman rules are igeff(pB)µγ

µ(1 − γ5) and −ieseQB̄geffgµνγ
ν(1 − γ5), with here

√
2geff =

fBGFVqb, for the B̄ℓν̄ and B̄ℓν̄γ (contact) vertex respectively.
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Γ
(2)
S-P|

Virt
1PI =

α

4π
Γ
(0)
S-P

[
− 2

(
1

ϵ̂IR
+ ln

µ2

m2
B

)
1 + m̂2

ℓ

1− m̂2
ℓ

ln
(
m̂2

ℓ

)
+ 2

(
1

ϵ̂UV

+ ln
µ2

m2
B

+ 2

)

+
1 + m̂2

ℓ

1− m̂2
ℓ

ln2(m̂2
ℓ)−

4

1− m̂2
ℓ

ln
(
m̂2

ℓ

)]
, (2.89)

in DimReg, with the same substitution as in the V-A case for the case of a

photon mass regulator. To instead regularise with the W mass, send (ϵ̂UV)
−1 →

ln(m2
W/µ

2) − 1. As expected the soft terms are identical for the V-A and S-P

case. The self energy contributions are also the same.

The real computation involves phase-space integrations over the photon and

lepton energies. Unlike in the virtual computation, all particles are external

and on-shell (at O(e)). On these physical states the equation of motion holds

−iDµ ℓ̄γ
µ = mℓ ℓ̄ . (2.90)

Taking the effective Lagrangian

√
2LV-A = −GFVqbJ

µ
5 ℓ̄Γµν −→ GFVqbfB(DµB̄) ℓ̄Γµν , (2.91)

integrating by parts and using (2.90) then

LEFT
V-A = −iGFVqbfB√

2
B̄ mℓ ℓ̄Γν ∝ mℓ LEFT

S-P +O(e2) , (2.92)

with Γ = CV − CAγ5. That is the V-A and S-P rates are the same up to

normalisation19 for real photon emission. We have verified this by explicit

calculation. Historically this caused confusion amongst the original calculators

as this does not hold for virtual quanta, with Feynman and Kinoshita originally

neglecting the O(e2) mass renormalisation [167, 168]. It is the virtual rate

which distinguishes the S-P and V-A calculations and gives different HC logs

(discussed below). Fascinatingly it was exactly these (non-)cancellations of mass

singularities in pion decay that led Kinoshita to develop the KLN theorem. We

19If we take the S-P Lagrangian as
√
2LS-P = iGFVqbJ5ℓ̄Γν (i.e. the V-A one with Γµ → Γ,

J5µ → J5 and an extra factor of −i), then the normalisation factor is m2
BLEFT

V-A = −mℓm+LEFT
S-P .
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give the equivalent of (2.83) for the full calculation in the S-P case20

Γ
(2)
S-P(rE) =

α

4π
Γ
(0)
S-P

[
3 ln

(
M2

W

m2
B

)
+ ln

(
m̂2

ℓ

)
− 4 ln

(
r2E
)
− 4

1 + m̂2
ℓ

1− m̂2
ℓ

ln
(
m̂2

ℓ

)
− 2

1 + m̂2
ℓ

1− m̂2
ℓ

ln
(
r2E
)
ln
(
m̂2

ℓ

)
− 4

1 + m̂2
ℓ

1− m̂2
ℓ

Li2(1− m̂2
ℓ)

+
3 + r2E − 6m̂2

ℓ − 4rE(1− m̂2
ℓ)

(1− m̂2
ℓ)

2
ln(1− rE)− 4

1 + m̂2
ℓ

1− m̂2
ℓ

Li2(rE)

+
rE(22− 3rE − 28m̂2

ℓ)

2(1− m̂2
ℓ)

2
+
rE(4− rE − 4m̂2

ℓ)

(1− m̂2
ℓ)

2
ln
(
m̂2

ℓ

)]
. (2.93)

which includes the self energy (SE) contributions

Γ(2)|Virt
SE =

α

4π
Γ(0)

(
ln
M2

W

m2
B

− 4 ln
m2

γ

m2
B

+ 3 ln
m2

ℓ

m2
B

− 6

)
, (2.94)

taken from [164]. When fully inclusive, this result becomes

Γ
(2)
S-P|inc =

α

4π
Γ
(0)
S-P

[
3 ln

(
M2

W

m2
B

)
− 8 ln

(
1− m̂2

ℓ

)
− m̂2

ℓ(8− 5m̂2
ℓ)

(1− m̂2
ℓ)

2
ln
(
m̂2

ℓ

)
+ 3

− 8
1 + m̂2

ℓ

1− m̂2
ℓ

Li2(1− m̂2
ℓ)− 4

1 + m̂2
ℓ

1− m̂2
ℓ

ln
(
1− m̂2

ℓ

)
ln
(
m̂2

ℓ

)
+

13− 19m̂2
ℓ

2(1− m̂2
ℓ)

]
. (2.95)

Let us turn to the collinear logs contained in these equations. Inspecting (2.83)

and (2.93), neglecting subleading m̂2
ℓ terms the HC logs are

Γ
(2)
V-A|HC =

α

π
Γ
(0)
V-A

[
+

3

2
+ rE(2−

1

2
rE)

]
ln m̂ℓ , (2.96)

Γ
(2)
S-P|HC =

α

π
Γ
(0)
S-P

[
− 3

2
+ rE(2−

1

2
rE)

]
ln m̂ℓ , (2.97)

so that in the fully-inclusive case (here rE → 1) the S-P logs cancel whereas the

V-A logs do not

Γ
(2)
V-A|HC −→ 3α

π
Γ
(0)
V-A ln m̂ℓ , Γ

(2)
S-P|HC −→ 0 · Γ(0)

S-P ln m̂ℓ , (2.98)

20In theory we could reverse engineer the result from the historical confusions, though these
use Pauli-Villars regulators and further only consider the fully photon inclusive case. Our (2.95)
matches equation (9) in [161]. We note also a slight inconsistency in the presentation given in
[164], where equations (47) & (49) correspond to the S-P, not the V-A case. Of course this does
not matter as the contributions are summed.
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Contribution S-P V-A

Real −1 + rE(2− 1
2
rE) −1 + rE(2− 1

2
rE)

Virtual (1PI) −2 1

Virtual (Z) 3
2

3
2

Table 2.1 The table shows the coefficients of α
πΓ

0 ln m̂ℓ broken up into the real,
virtual (1PI) and virtual (renormalisation) O(α) contributions to B̄ → ℓν̄(γ) in
scalar QED. The overall collinear logs are given by summing the columns.

in accordance with the KLN theorem. Of course the S-P result in (2.97) is really

the splitting function (2.81) in disguise. A breakdown of these logs is given in

Table 2.1. Numerically these logs give a sizeable correction to the decay rate for

V-A interactions. When fully inclusive there is a {−6.4,−2.7,−0.8}% correction

to the LO rate for the ℓ = {e, µ, τ} channels respectively. The correction is

negative and the hierarchy follows from me ≪ mµ ≪ mτ ≈ mB/3.

In the language of the EFT, the difference in the virtual hard-collinear logs in the

two cases can be traced back to the extra contact term diagram in the V-A case.

The necessity of the contact term is even more extreme for the real radiation.

The contact diagram

B̄

γ ℓ−

ν̄

= −ieseQB̄

GFVqbfB√
2

ϵ∗ρ(k) ℓ̄Γ
ρν (2.99)

is helicity un-suppressed and combines with the similarly un-suppressed lepton

emission to restore helicity suppression to the amplitude. In the above, the double

dashed line denotes the B̄-meson with the back square denoting the weak vertex.

The point-like calculation of the real decay that we have discussed is referred to

as inner bremsstrahlung (IB) and as emphasised is helicity suppressed. Going

beyond scalar QED, structure-dependent contributions to the real decay are no

longer helicity suppressed. This lifting of helicity suppression means structure-

dependent effects dominate the real rate for the light leptons ℓ = e, µ. This can

be described through axial and vector form factors. The structure-dependent

calculation will be discussed in detail in Section 3.3.
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2.4 Structure-dependent QED

To probe structure-dependent electromagnetic effects in hadrons a suitable non-

perturbative framework is needed. While in this work we give the first QED

calculation in a SR framework, considerable recent attention has been given to

structure-dependent QED in methods like χPT, HQET and SCET.

In χPT, electromagnetic effects are easily built into the effective Lagrangian (1.16)

through the covariant derivative, which here takes the form

DµU = ∂µU + ieseAµ[Q,U ] + il(ℓ)µ U + . . . , (2.100)

where Q = diag(2/3,−1/3,−1/3) is the quark charge matrix and U = exp iλ ·
ϕ/Fπ as before. The coupling to leptons is added in similarly via the weak current

l
(ℓ)
µ ∼ ℓ̄Γµν. Loops involving photons and leptons lead to extra counterterms in

addition to the QCD low energy constants Li. QED effects (along with taking

mu ̸= md) are referred to as isospin-breaking contributions.

When considering the leptonic decays P = (π,K) → ℓν̄(γ), the ratio

R
(P )
e/µ =

Γ(P− → e−ν̄(γ))

Γ(P− → µ−ν̄(γ))
=

m2
e

m2
µ

(
m2

P− −m2
e

m2
P− −m2

µ

)2

+O(e2) , (2.101)

(from (1.28)) is often considered as the decay constant and CKM matrix elements

drop out at LO. Numerically R
(π)
e/µ = 1.284 × 10−4 and R

(K)
e/µ = 2.567 × 10−5

before we add isospin-breaking terms. Electromagnetic corrections in leptonic

decays were worked out in [169] at O(e2E2) and then pushed to O(e2E4) in

[170]. At O(e2E2) the χPT result matches the scalar QED result of Section 2.3,

with structure-dependent effects only entering at O(e2E4). These effects give a

negative QED correction, pushing down Re/µ to R
(π)
e/µ = 1.2352(1) × 10−4 and

R
(K)
e/µ = 2.477(1)×10−5, consistent with experiment. Similarly, O(e2E2) χPT has

been performed for semi-leptonic kaon decays [171, 172], pionic beta decay [173],

and non-leptonic decays (e.g. [174, 175]) and may be considered a somewhat

standard procedure by now.

For heavy mesons SCET approaches are more suitable. The FCNC decay

B̄s,d → µ+µ− has drawn recent attention due to the presence of power-

enhanced electromagnetic corrections mb/ΛQCD ∼ 20 [176, 177]. These arise

from virtual photons connecting the light quark to final state leptons. In practise
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however, these enhanced terms are actually only a −0.7(4)% effect due to large

cancellations between semi-leptonic (Q9) and dipole (Q7) operators. In the

charged B− → ℓ−ν̄ case these power-enhanced terms have been shown not to

exist at all. Structure-dependent effects are written in terms of non-perturbative

Light-Cone Distribution Amplitudes (LCDA) whose moments are poorly known.

This is the origin of the large uncertainty in the neutral case quoted above. In the

charged case [178] a further unknown hadronic parameter F (µ) appears (a SCET

generalisation of fB in the presence of QED) and a numerical study has yet to

appear. Note also that the analysis [178] applies only to the muon channel. In the

radiative case the photon lifts the helicity suppression and structure-dependent

effects contained in B̄ → γ form factors become very important [179]. One can

even turn the tables and use hard photons in B̄ → ℓν̄γ to constrain the inverse

moment of the B̄-meson LCDA, λB(µ) [180].

2.4.1 Lattice QED

Historically lattice simulations worked in an isospin symmetric mu = md universe

with no electromagnetic effects and periodic boundary conditions (BC) in the

finite box L3 × T . Adding in QED one immediately runs into the problem that

even classically Gauss’ law forbids charged particles in a box with periodic BCs.

Q =

∫
V

d3x ρ =

∫
V

d3x ∂iEi = 0 (2.102)

In the quantum theory this issue arises as problems with gauge fixing and the

treatment of zero momentum modes. Various prescriptions have been considered

to circumvent this such as changing the BCs (QEDC) [181], invoking a massive

photon (QEDM) [182], removing the zero modes (QEDL) [183], or even keeping the

QED part in infinite volume (QED∞) [184]. The latter is motivated by worsening

finite volume effects in QED. As well as discretisation errors from the non-zero

lattice spacing a, there are also errors introduced by working in a finite box,

L < ∞. In QCD these finite volume (FV) errors are exponentially suppressed,

O(e−mPL), while in QED there is instead power law dependence

∆FV = c0 + c̃0 ln(mPL) +
c1

mPL
+

c2
(mPL)2

+ · · · , (2.103)

with the coefficients ci process and prescription dependent. For example in the

calculation of the pseudoscalar mass mP in QEDL the coefficients (c0, c̃0) = (0, 0)
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while the coefficients c1,2 have been shown to be universal – independent of meson

structure [185].

The QEDL prescription has been used for lattice QCD+QED in the leptonic

decay (π,K) → ℓν̄(γ). The long distance nature of IR divergences means they

are naturally regulated by the finite spatial extent of the lattice, L. The 2015

paper [164] sets up a framework for handling soft divergences in leptonic decays

via a Bloch-Nordsieck cancellation. Exploiting Low’s theorem, the soft divergence

is universal and can be calculated perturbatively. This divergence is added and

subtracted separately in the real and virtual rates to render each IR finite. Using

this framework numerical studies [186, 187] give isospin-breaking corrections of

+1.53(19)% and +0.24(10)% for the pion and kaon channels respectively, agreeing

with χPT predictions. Including hard photons in the radiative rate requires

knowledge of structure-dependent vector and axial-vector form factors which have

been calculated on the lattice in [188–190] (for π,K,D,Ds) and recently even

extrapolated to Bs decays [191].

In lattice QED calculations, typically a gauge choice is made. The QEDC

framework gives a more explicit gauge-invariant strategy based on the Dirac

formulation [192]. Rather than using completely periodic BCs, so-called C∗ BCs

are used with fields periodic up to charge conjugation. This allows charge to flow

in and out of the box as (2.102) no longer holds.

Following Dirac, we may dress a fermion field ψ(x) with a compensating factor

UI

ΨI(x) ≡ UI(x)ψ(x) , (2.104)

with

UI(x) = exp

(
−ieseQf

∫
L3×T

d4y Aµ(y)I
µ(y − x)

)
. (2.105)

The factor UI is a functional of a generic current Iµ which is required to satisfy

the same BCs as Aµ as well as ∂µI
µ = δ(4)(x). With these conditions the ΨI field

is gauge-invariant as the UI factor exactly compensates the gauge transformation

of the ψ field. Explicitly, under a gauge transformation

ψ(x) → eieseQfα(x)ψ(x) , Aµ(x) → Aµ(x)− ∂µα(x) (2.106)

then

UI(x)−→ exp

(
ieseQf

∫
d4y (∂µα(y))I

µ(y − x)

)
UI(x)
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= exp

(
−ieseQf

∫
d4y α(y)∂µI

µ(y − x)

)
UI(x)

= e−ieseQfα(x) UI(x) , (2.107)

where we integrate by parts. This construction is only useful if an appropriate

current Iµ exists. Crucially it has been shown that such a current only exists with

C∗ BC and is not possible with periodic BCs [181, 193]. This construction also

allows us to justify the common lattice procedure of using non-dressed, gauge-

variant fermion fields when computing gauge-invariant physical quantities. By

choosing Iµ carefully, we can trivialise the compensating factor UI(x) → 1 so

that ΨI = ψ. For example let

Iµ(x) = ∂µφ(x) , ∂µ∂
µφ(x) = δ(4)(x) , (2.108)

where φ is some function satisfying appropriate BCs. Then

UI(x) = exp

(
−ieseQf

∫
d4y Aµ(y)∂µφ(y − x)

)
= exp

(
ieseQf

∫
d4y φ(y − x)∂µA

µ(y)

)
→ 1 if ∂µA

µ = 0 . (2.109)

Thus if we compute in the Lorenz/Landau gauge ∂µA
µ = 0, then the UI factor is

trivialised and ΨI = ψ. We may compute non-dressed correlators like ⟨ψ(x)ψ̄(0)⟩
knowing that this is a consistent method for extracting physical quantities (as this

equals ⟨ΨI(x)Ψ̄I(0)⟩) provided we work in a fixed gauge. What we save on one

hand by trivialising the gauge factor we lose on the other hand with potential

difficulties in calculating in a fixed gauge. Other gauges such as the Coulomb

gauge or axial gauges can similarly be trivialised through different choices of Iµ.

2.4.2 Gauge-invariant Interpolating Operators

For heavy mesons it is natural to investigate structure-dependence using the sum

rules techniques of Section 2.1. However traditional interpolating operators, like

JB = m+b̄iγ5q, are not QED gauge invariant. Under the gauge transformation

(2.106)

JB −→ e−iese(Qb−Qq)αJB = e−ieseQB̄αJB , (2.110)
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which is non-invariant for electrically charged mesons. The JB operator carries

electric charge as Qb = −1/3 ̸= Qq = 2/3. In QCD bound states do not carry

colour charge while in QED electrically charged states exist and carry charge in

from infinity, as is the case for the B− meson. A solution to this dilemma was

proposed in [194] by introducing an auxiliary on-shell charged scalar field ΦB−

that takes on the role of the on-shell B− meson. By replacing JB with a modified

operator

JB ≡ ΦB−JB , (2.111)

then gauge invariance is restored

ΦBJB −→ eiese(QΦ−QB̄)α ΦBJB = ΦBJB , (2.112)

by virtue of QΦ ≡ QB̄ = −1. The field ΦB flows charge QΦ = −1 into the

vertex to restore charge conservation and thus gauge-invariance. For brevity we

abbreviate the field ΦB− as ΦB and its charge QΦB− as QΦ. Charge conservation

at the vertex takes the form

QJB
≡ QΦ −Qb +Qq = 0 . (2.113)

In the presence of QED the matrix element ⟨B−|JB|0⟩ = m2
BfB must be

generalised to

ZB ≡ ⟨B−|JB|ΦB⟩ , (2.114)

which was argued in [194] to be IR safe. We will back this up in Section 3.2.6

with an explicit computation.

Intuitively the long distance on-shell ΦB is a proxy for the B̄-meson, bringing in

charge from the far past to the JB vertex where it splits into partons b and q̄,

allowing structure-dependence to be probed in the usual sum-rules framework.

The auxiliary field ΦB itself is treated as point-like. The ΦB being on-shell is

crucial as it allows universal soft divergences to appear (and cancel in a Bloch-

Nordsieck manner) in charged processes. Such soft divergences cannot appear

without it as the partons are not on-shell in sum-rules methods.

By using the ΦB construction any observables we compute are manifestly gauge

invariant. In any case the ΦB field is not physical and must disappear from the

final result in any calculation. The modification JB = ΦBJB is reminiscent of

the dressing ΨI = UIψ discussed earlier. Indeed it was shown in [194] that at

O(α) the ΦB construction can be interpreted as a (continuum) Dirac dressing
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with current21

iIµ(x) = (∂ − 2ipΦ)µ e
ipΦ·x∆F (x) , (2.115)

where p2Φ = m2
Φ and i∆F (x) is the scalar Feynman propagator satisfying (with

appropriate BCs)

(∂µ∂
µ +m2

Φ)∆F (x− y) = −δ(4)(x− y) . (2.116)

This has compensating factor

UI(x) = exp

(
−iese

∫
d4y eipΦ·(x−y)∆F (x− y)(i∂ − 2pΦ)µA

µ

)
, (2.117)

and so can be trivialised in the slightly non-standard (axial type) gauge (∂ +

2ipΦ) · A = 0. In this gauge the photon propagator assumes a quite complicated

form which makes it unattractive for perturbative calculations. The benefit of

working in the manifestly gauge-invariant framework is that gauge-invariance

can be checked explicitly and then if required a particularly simple gauge like the

Feynman gauge can be chosen. Interpretation as a Dirac dressing emphasises how

ΦB is not physical; it does not appear in the Lagrangian and does not interact

with other particles beyond the operator insertion.

In chapters 3 and 4 of this thesis we provide the first implementation of this

method using the concrete setting of leptonic B̄ decays. We develop the

framework of how to actually use these modified operators JB to calculate decay

rates, working out the practical details. In particular we analyse soft and hard-

collinear logs, showing how these appear in the gauge-invariant framework, and

explicitly prove some of the conjectures in [194]. Using this work we then perform

a numerical study, showing the sizeable effect of QED structure-dependence on

leptonic decay rates.

21At higher order an interpretation in terms of iterated integrals is given in [194]. Note also
that this current is just the Feynman rule for a scalar (2.58) in disguise, with p = pΦ and
p′ = pΦ − k.
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Chapter 3

Structure-dependent QED in

B̄ → ℓν̄(γ)

We now present the calculation of the leptonic decay B̄ → ℓν̄(γ) using gauge-

invariant interpolating operators. The corresponding numerical study is given in

Chapter 4. We use a sum rules technique to calculate complete next-to-leading-

order (NLO) QED corrections with full structure-dependence. To summarise the

discussions in Chapter 2, we choose this decay for the following reasons:

• Structure-dependent QED effects may be large as photons connect the

initial and final states. Helicity suppression allows this decay to circumvent

the KLN theorem meaning hard-collinear logs do not need to cancel. The

large scale separation between the B̄-mass and the light lepton masses

means these logs can be numerically sizeable. Further, our framework allows

us to investigate the effect of the B̄-meson’s structure on such hard-collinear

logs.

• In QCD this decay is theoretically clean with only small uncertainties

coming from fB and Vub. This means QED effects are now an important

consideration. Monte-Carlo programs like Photos are fundamentally

structure-less and so are unlikely to capture all QED effects. While this

is a rare decay, experimental prospects (for the µ and τ channels at least)

are good. It is of phenomenological relevance as a method for extracting

Vub and could also be considerably enhanced by new physics.
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• The leading order amplitude and the kinematics are relatively straight-

forward which is useful for the first application of the gauge-invariant

framework. Usefully the S-P mediated decay does obey the KLN theorem

and provides a useful sanity check of the hard-collinear logs.

3.1 Gauge-invariant Formalism

The gauge-invariant formalism for calculating the leptonic decay B̄ → ℓν̄(γ)

involves, roughly speaking, computing |ZB|2 and |A(γ)|2|ZB|2 separately, and then

dividing the two to extract the amplitude. Invoking Bloch-Nordsieck cancellation,

the virtual rate must be combined with the real rate to give an IR finite quantity

Γ(B̄ → ℓν̄) + Γ(B̄ → ℓν̄γ)Eγ<Ecut
γ

= (3.1)

1

|ZB|2

∫ [
|ZB|2⟨|A(B̄ → ℓν̄)|2⟩

]
dPS2 +

[
|ZB|2⟨|A(B̄ → ℓν̄γ)|2⟩

]
dPS3 |Ecut

γ
,

where dPS2 and dPS3 are two- and three-particle phase space elements respec-

tively. The large square brackets in (3.1) emphasise that the amplitude is not

computed directly, but instead the combination
[
|ZB|2⟨|A(γ)|2⟩

]
, with the |ZB|2

divided out at the end. As we shall discuss shortly, this procedure is a consequence

of requiring explicitly gauge-invariant correlators at every stage. In the radiative

case the photon energy is cut-off at Ecut
γ , defined in the rest frame of the decaying

B̄-meson. Following the notation of Chapter 2, powers of e are denoted by

superscripts: the LO amplitude is A(0), real radiation is A(1) and so on. The ‘LSZ

factor’, |ZB|2 (defined in (2.114)), which appears in the denominator of (3.1), is

calculated from the correlator C(p2B) defined below. Separately the integrand in

the numerator of (3.1) is calculated from two further correlators, Πγ and Π for the

radiative and non-radiative case respectively. For convenience we will often refer

to the extraction of |ZB|2 as the ‘denominator’ computation with the calculation

of the integral in (3.1) being referred to as the ‘numerator’ or ‘main process’.

3.1.1 Correlation Functions

The integrand in (3.1) can be extracted from the following correlation functions

Π(γ)(p2B, p
2
Φ) = i

∫
ddx eix·r⟨ℓν̄(γ)|TJB(x)(−iLW (0))|ΦB⟩ , (3.2)
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in d = 4 − 2ϵ dimensions, with JB defined in (2.111) and LW the electroweak

Lagrangian

LW = −geff ℓ̄Γµν ūΓ̂µb , Γµ = γµ(CV − CAγ5), Γ̂µ = γµ(1− γ5), (3.3)

where (CV , CA) = (+1,+1) in the SM. The prefactor geff is an effective coupling

proportional to to the Fermi constant GF and the relevant CKM matrix element

Vub

geff ≡ −GF√
2
Vub . (3.4)

The external charged ΦB particle carries in momentum pΦ, meaning momentum

conservation takes the form

pΦ|virt = l1 + l2 , pΦ|real = l1 + l2 + k , (3.5)

in the virtual and real cases respectively. The neutrino is taken as massless and

all external particles are on-shell

l21 = m2
ℓ , l22 = 0 , p2Φ = m2

Φ , k2 = 0 . (3.6)

The ΦB mass is naturally identified with the B̄-meson mass, mΦ = mB, though

we justify this more formally in the next section. Further we define

pΦ = pB + r , q = pB − k , (3.7)

where the momentum r is auxiliary and used to distinguish the on-shell external

pΦ and the off-shell pB momentum used for the dispersion relation. By inserting a

complete set of hadronic |B̄⟩⟨B̄| states in the matrix element (3.2) we can derive

a dispersion relation exactly as in Section 2.1.1. However this time rather than

m4
Bf

2
B appearing we get ZB and A(γ) instead

Π(γ)(p2B,m
2
B) =

∫
ds

2πi

discs[Π
(γ)(s,m2

B)]

s− p2B − iε

=
ZB iA(B̄ → ℓν̄(γ))

m2
B − p2B

+ · · · . (3.8)

The amplitude A(γ) ≡ ⟨ℓν̄(γ)|−LW |B̄⟩ appears as the residue of the lowest lying
state with + · · · denoting higher states in the spectrum that will be suppressed
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1

Φ

b

ū

ℓ−

ν̄

b q b ℓ1 q ℓ1

Φ ℓ1 Φ b Φ q

b b q q ℓ1 ℓ1 ΦΦ

Figure 3.1 Diagrams contributing to Π(p2B, p
2
Φ) in (3.2) (the non-radiative part).

The black circle denotes the JB operator, while the black square denotes the weak
vertex LW . The top line is the LO diagram while the third line and last diagram
are specific to the ΦB framework.

by Borel transformation. Defining the spectral density

2πi ρΠ(γ)(s) = 2i ImΠ(γ)(s,m2
B) = discs[Π

(γ)(s,m2
B)] , (3.9)

then the amplitude is extracted by the usual sum rule procedure[
iZB A(B̄ → ℓν̄(γ))

]
= e

m2
B

M2 BM2Π(γ)(p2B) ≡
∫ s0

m2
+

ds e
m2

B−s

M2 ρΠ(γ)(s) , (3.10)

where s0 and M2 are the continuum threshold and Borel mass respectively. The

whole LHS of (3.10) is then squared and integrated over phase space to give the

rate in the manner of (3.1). The calculation of the spectral density at O(α)

involves the calculation of the 11 virtual Feynman diagrams shown in Figure

3.1. Note that in QCD there would only be 4 such diagrams. The ΦB particle

is denoted by a dashed line which decomposes into a b and q̄ quark at the JB

vertex (black circle) which themselves decay into a lepton and neutrino at the

weak vertex (black square). Analogous diagrams exist for the S-P case, which

follows from the substitution γµ → 1 in Γµ, Γ̂µ (3.3). We do not perform the full

computation for the S-P case, using it only to elucidate the nature of the collinear
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1

Φ
b

ū

ℓ−

ν̄

γ

Figure 3.2 Diagrams contributing to Πγ(p2B, p
2
Φ) in (3.2) (the radiative part).

The last diagram is unique to our framework. We stress that for the real structure-
dependent part we take external form factors [195] which include many more
contributions to the above diagrams (e.g. O(αs) and higher twist).

logs in Section 3.4.

For the radiative correlator Πγ the corresponding four O(e1, α0
s) diagrams are

given in Figure 3.2. The diagram with the emission from the ΦB particle is unique

to our framework and captures the soft divergence. Recall that the structure-

dependent emissions from the b and q̄ quarks lift the helicity suppression and thus

dominate the radiative rate. Working only at LO in QCD, the b and q̄ diagrams

in Figure 3.2 do not adequately capture all structure-dependent effects. Instead

we replace these two diagrams with the B̄ → γ form factors V∥,⊥(q
2) recently

calculated via LCSR in [195]. This includes complete twist-1, 2O(αs) corrections
1

as well as partial twist-3, 4 contributions and is valid for hard photons, q2 <

14GeV2. The paper includes the extrapolation to the soft photon region using

the related computation [196]. The b and q̄ diagrams of Figure 3.2 of course

appear in the calculation of [195] as the LO contribution. While we take the real

structure-dependent form factors externally, we give a comparison with the LO

calculation (and other form factor computations) in Section 3.3.4.

The calculation of the denominator factor |ZB|2 proceeds similarly, though is

simpler as there are no leptons involved. We define a correlator C(p2B, p
2
Φ) which

contains |ZB|2 as the residue of the lowest lying pole.

C(p2B, p
2
Φ) = i

∫
ddx eix·r⟨ΦB(pΦ)|TJB(x)J †

B(0)|ΦB(pΦ)⟩

=

∫
ds

2πi

discs[C(s,m
2
B)]

s− p2B − iε
=

|ZB|2

m2
B − p2B

+ · · · . (3.11)

The 11 relevant Feynman diagrams required to calculate the spectral density

ρC(s) are given in Figure 3.3. There is no radiative counterpart in this case. The

correlation function is diagonal and so there is a symmetry between the in and

out states as well as a b ↔ q symmetry. By cutting these diagrams down the

1In LCSR methods the OPE is naturally ordered in terms of operator twist defined as the
dimension of an operator minus its spin.
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1

Φ

b

ū

Φ

Figure 3.3 Diagrams contributing to C(p2B, p
2
Φ) (3.11), that is |ZB|2 (3.12).

Again the top line is the LO contribution.

middle they are equivalent to the hypothetical photon inclusive transition rate

ΦB → bq̄(γ) (decaying through the JB vertex) via the optical theorem. Thus

|ZB|2 is guaranteed to be IR safe and we will show this explicitly in Section 3.2.6.

As there are no leptons involved in this correlator, there are no large collinear

logs and QED effects are numerically small. Taking α → 0 and dropping the

ΦB particle, the correlator (3.11) reduces down to the correlator (2.11) used in

the extraction of fB. Indeed in this ‘QCD limit’ then the LSZ factor reduces as

|ZB|2 → m4
Bf

2
B. The full result is extracted through Borel transformation

|ZB|2 = e
m2

B
M2 BM2C(p2B) ≡

∫ s0

m2
+

ds e
m2

B−s

M2 ρC(s) . (3.12)

In addition to the Feynman diagrams drawn in Figures 3.1 to 3.3 there are

condensate diagram contributions. Discussion of these is deferred to Section

3.2.7.
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3.1.2 Kinematics

Before continuing we shall make some comments on the role of the auxiliary

momentum r = pΦ − pB, used to distinguish pΦ (carried by the ΦB) and pB (the

dispersion variable). The ΦB particle must be on-shell, p2Φ = m2
B, to give the

correct IR physics, while p2B = s is integrated in the dispersion relation from m2
+

to s0. In a perfect world perturbative QCD would be exactly dual to the hadron

spectrum and the spectral density taking the form ρ(s) ∝ δ(s−m2
B) would exactly

enforce p2B = m2
B in the dispersion relation. Of course this is never achieved in

practise and so the dispersion relation enforces p2B ≈ m2
B only approximately.

The auxiliary momentum r parameterises this difference. It is ‘small’ in the

sense that it is O(p2B −m2
B) and really is crucial to the whole sum-rules idea: the

whole concept of the sum rule technique hinges on r ̸= 0.

Practically speaking the momentum r is injected at the JB vertex so that pB

rather than pΦ flows through the partons b and q̄. The kinematics for the non-

radiative decay takes the form

2pΦ · l1 = m2
B +m2

ℓ

2pΦ · l2 = m2
B −m2

ℓ (3.13)

2 l1 · l2 = m2
B −m2

ℓ ,

where recall pΦ = l1 + l2 and mΦ = mB. This justifies the nature of mΦ: if

mΦ ̸= mB then the fundamental kinematics of the decay would be incorrect. In

the calculation r dependence appears through scalar products and extra Lorentz

structures involving r. Extra Lorentz structures, like ū/rv, r · ϵ∗ etc. (where

ū ≡ ū(l1) and v ≡ v(l2)), are considered extra unphysical information and are

discarded. This is important as, for example, ū/rv does not have the required

helicity suppression

ū/pBΓv = mℓ ūΓv − ū/rΓv , Γ ≡ 1− γ5 . (3.14)

Scalar products involving r are O(p2B −m2
B) and would vanish if we had a perfect

LSZ procedure (perfect dispersion). There is some freedom2 in how these are

2As momentum conservation takes the form pB + r = l1 + l2 this is essentially a 2 → 2
process with 6 kinematic invariants. The physical leptonic decay is a 1 → 2 process with
3 fewer invariants. Fixing p2Φ = m2

B is one choice and the two conditions in (3.15) remove
the remaining freedom. Note that assuming r2 = 0 means the second choice must satisfy
2(l1 · r + l2 · r) = m2

B − p2B .
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chosen, we take

r2 = 0 , l2 · r = 0 , (3.15)

which fixes the remaining scalar products. This is the most sensible choice for

a number of reasons. It is sensible to take the auxiliary r as massless to avoid

introducing another scale, and the neutrino being massless allows us to set l2 ·r →
0. The choice l1 · r = 0 for example is prevented by the non-zero lepton mass.

Further squaring (3.14) (essentially the LO amplitude) gives

⟨|ū/pBΓv|
2⟩ = 8m2

ℓ l1 · l2 + A l2 · r +B r2 , (3.16)

where A and B are coefficients, meaning that the choices in (3.15) are consistent

with the required helicity suppression. Physically the choice l2 ·r = 0 is motivated

by the fact that the neutrino is electrically neutral, does not interact and thus

does not play a role in the sum rule calculation. A final argument, showing that

this choice recovers the correct collinear logs in the scalar QED limit, will be given

in the next section. Practically speaking we stress that such considerations are

immaterial as these scalar products are suppressed under the dispersion where

p2B ≈ m2
B. These small effects are a consequence of working in a sum rules

framework and enter the final sum rule uncertainty budget. With the choices

(3.15), the remaining (non-radiative) scalar products are

2pB · l1 = p2B +m2
ℓ , 2pB · r = m2

B − p2B ,

2pB · l2 = m2
B −m2

ℓ , 2pΦ · r = m2
B − p2B , (3.17)

2pB · pΦ = p2B +m2
B , 2l1 · r = m2

B − p2B ,

and we note that in the calculations one has to be wary of the sign change at

p2B = m2
B. The extra scale mB that now appears in the perturbative calculation

adds to the complexity of the problem. To give an explicit parameterisation, in

the pB = (
√
s,0) rest-frame (which we adopt for the calculation), the momenta

are

pB =
(√

s, 0, 0, 0
)

pΦ =
1

2
√
s

(
s+m2

B, 0, 0, s−m2
B

)
l1 =

1

2
√
s

(
s+m2

ℓ , 0, 0, s−m2
ℓ

)
l2 =

m2
B −m2

ℓ

2
√
s

(
1, 0, 0,−1

)
, (3.18)
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b

q

l

Scalar QED Toy Model Structure-dependent

Figure 3.4 Virtual diagrams for the decay of a B̄-meson in increasing levels
of complexity. Left (a): the decay in scalar QED where the meson is point-like,
Section 2.3.3. In this case there are also contact diagrams (not drawn) where the
photon emerges from the weak vertex (black square). Middle (b): a toy model where
we make use of the JB operator (black circle) but we keep the meson point-like.
Right (c): the full calculation, i.e. the b ℓ1 contribution to Π(p2B, p

2
Φ). For (b) and

(c) where there is a dispersion, the two classes of cuts in p2B are shown. Those
where the photon is not cut are what we refer to as blue cuts (dashed), while those
where it is are called red cuts (dotted).

where we choose the lepton momentum to be aligned with the +z axis3. In the

radiative case we employ external form factors and the calculation is most easily

performed in Dalitz variables, discussed further in Section 3.3.

3.1.3 A Toy Model

Before embarking on the full structure-dependent calculation it is worthwhile

to test these methods in a simplified toy model. We calculate the simplified

diagrams where the b-q̄ quark loop is replaced by a scalar B̄-propagator as shown

in Figure 3.4(b). Figure 3.4 illustrates how this toy model is the intermediate

step between the scalar QED calculation (Fig. 3.4(a)) and the full structure-

dependent calculation (Fig. 3.4(c)). The toy model is essentially a scalar QED

calculation performed in a dispersive sum-rules framework.

As this simplified model is one loop we can calculate the exact result for the

virtual numerator and denominator diagrams using FeynCalc. However we

also compute the imaginary part of these diagrams using Cutkosky rules as an

additional check. We distinguish two classes of cuts depending on whether the

photon propagator is cut. Those where the photon is cut are referred to as ‘red’

3Similarly the auxiliary momentum r = ((m2
B−s)/(2

√
s)) ·(1, 0, 0,−1) is in the ±z direction

as it must be to not introduce a new unphysical angle into the kinematics.
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cuts while ‘blue’ cuts do not involve the photon. For clarity these two types of

cuts are displayed as red (dotted) and blue (dashed) lines in Figure 3.4 for both

the toy model and the full computation. In the full structure-dependent case the

red cuts involve cutting three propagators (b, q̄ and γ) while the blue cuts cut

just the b and q̄. In all cases the quark loop is cut. The red cuts resemble a real

decay as the photon is put on-shell in the cut, while the blue cuts are simplified

as the photon loop factorises.

Returning to the toy model, we find for the 1PI collinear logs

Π
(2) , 1PI
Toy, S-P

∣∣∣
HC

= − α

π
Π

(0)
Toy,S-P × lnmℓ

Π
(2) , 1PI
Toy,V-A

∣∣∣
HC

= +
α

2π

(
1 +O(1) l2 · r

)
Π

(0)
Toy, V-A × lnmℓ , (3.19)

which reassuringly matches the scalar QED calculation (Table 2.1) as it should do

– no structure is being resolved here. In the V-A case we recover the scalar QED

logs provided we set l2 ·r = 0 which, as discussed in previous section, is really the

only sensible choice. The extra O(1) contribution arises from the red cuts4 with

the blue cuts giving the scalar QED logs. It may be tempting to consider taking

just the blue cuts however this cannot be done. In a given diagram the individual

red and blue cuts each contain an unphysical IR divergence which cancels only

once red and blue cuts are combined. The physical IR divergences appear from

diagrams that only have a red cut.

Including the self-energy corrections the physical virtual soft divergences appear

as

Π
(2)
Toy(p

2
B) = − α

4π
Π

(0)
Toy(p

2
B)

(
2 +

m2
Φ −m2

ℓ

m2
Φ −m2

ℓ

ln
m2

ℓ

m2
Φ

)
1

ϵIR
+O(ϵ0) , (3.20)

with the first term from the self-energies and the second from the Φ ℓ1 diagram.

The ΦB particle is crucial for giving the correct soft divergence as it is on-shell.

This matches the universal soft form (2.55) provided we identify mΦ = mB,

providing further justification for this procedure. This is mirrored by the

real computation where emission from the ΦB particle gives the physical soft

divergence.

The denominator factor |ZB|2 can also be investigated in the toy model, and it is

explicitly found to be IR finite, with the IR divergence from the 1PI ΦΦ graph

4To be specific, the extra term is proportional to (l2 ·r)(ūγαΓv)(rβ)Mαβ
pΦpBl1

(pB ; 0,mB) with
the notation explained in equation (3.31).
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being cancelled by the ΦB self-energy contributions. The infrared structure is

not affected by the Borel procedure as soft terms are still proportional to the tree

result at the level of individual cuts.

Gauge dependence can be checked in the numerator and denominator correlators,

with explicit gauge-invariance appearing. The gauge-parameter ξ vanishes as a

consequence of charge conservation. For example in the numerator it enters as

ξ(QB̄ −Qℓ1)(QB̄ −QΦ) = 0.

By computing the toy model using both cutting rules and the exact one-loop

result we also verify our specific implementation of the two cut-off phase space

slicing procedure (discussed in Section 3.2.6 and 3.4.1). An extra complication

in the toy model is the appearance of box integrals. In these the IR parts can be

extracted through Dittmaier’s algorithm, for example

D0(m
2
ℓ , 0, 0, s,m

2
B, 0, 0,m

2
ℓ ,m

2
B,m

2
B)|IR =

1

s−m2
B

(
C0(m

2
ℓ , 0,m

2
B, 0,m

2
ℓ ,m

2
B)−

s

m2
B

C0(m
2
ℓ , 0, s, 0,m

2
ℓ ,m

2
B)
)
IR
, (3.21)

with the Passarino-Veltman functions described in Appendix A.1. The first C0

function gives the soft divergence which also includes lnm2
ℓ soft-collinear terms.

From a cutting rules perspective these correspond to the 1/ϵIR pole multiplying

the O(ϵ) part of an angular integral.

In summary, all important features (gauge-invariance, soft behaviour, HC logs)

have been tested in the toy model which provides a useful check of the

methodology.

3.1.4 Leading Order Result

In the full structure-dependent computation the tree level result for the V-A

correlator reads

ImΠ(0)(p2B) =
m2

+Nc geff
8π

√
λ(p2B,m

2
b ,m

2
q)

p2B

(
1−

m2
−

p2B

)
S(ϵ)mℓ ūΓv , (3.22)
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where at LO only the axial part contributes. The cutting of the quark propagators

generates a Källén function

λ(x, y, z) ≡ x2 + y2 + z2 − 2xy − 2yz − 2xz , (3.23)

which as mb,mq > 0 can be written as (recall m± = mb ±mq)

λ(p2B,m
2
b ,m

2
q) =

(
p2B −m2

+

)(
p2B −m2

−
)
. (3.24)

We will make use of the abbreviation λ ≡ λ(p2B,m
2
b ,m

2
q) and further denote

λq ≡ λ(q2,m2
b ,m

2
q). The factor S(ϵ) gives the O(ϵ) correction which is

S(ϵ) ≡ 1− ϵ ln

(
λ

4µ2p2B

)
+ ϵ(2− γE + ln π) (3.25)

where µ is the usual DimReg scale and γE the Euler-Mascheroni constant. For

an S-P interaction, the corresponding result is

ImΠ
(0)
S-P(p

2
B) = −m+Nc geff

8π

√
λ(p2B,m

2
b ,m

2
q)

(
1−

m2
−

p2B

)
S(ϵ) ūΓv , (3.26)

though of course in this case the coupling geff is zero in the SM. The leading order

denominator correlator takes a similar form

ImC(0)(p2B) =
m2

+Nc

8π

√
λ(p2B,m

2
b ,m

2
q)

(
1−

m2
−

p2B

)
S(ϵ) , (3.27)

which in the limit mq → 0 recovers the LO result for the fB correlator given in

(2.22) as λ(p2B,m
2
b , 0) → (p2B −m2

b)
2. The LO results are all mb ↔ mq symmetric

as indeed they must be. The similarities between (3.22) and (3.27) are not by

accident as at LO they are both just different ways of extracting fB in a sum

rules framework

e
m2

B
M2 BM2C(0)(p2B) = m4

Bf
2
B + · · ·

e
m2

B
M2 BM2Π(0)(p2B) = m2

Bf
2
B geffmℓūΓv + · · · . (3.28)
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3.2 Virtual Computation

This section details the computation of the O(α) virtual corrections to the

numerator and denominator correlators, that is ImΠ(2) and ImC(2). The virtual

calculation is considerably more labour intensive than the real radiation.

3.2.1 Generalities

The diagrams of Figure 3.1 (numerator) and Figure 3.3 (denominator) are

computed using Cutkosky cutting rules in d = 4 − 2ϵ dimensions to obtain

the spectral densities ρΠ and ρC . The calculation is two loop and involves a

considerable number of scales: we calculate with full mb, mq, mℓ, mB, s (and

µ) dependence. For the B− (q = u) decay the light quark mq is indeed light so

in principle could be neglected. However this would lead to artificial collinear

divergences in individual cuts and so we keep this mass non-zero to act as a

natural regulator lnmq. Of course once cuts are combined these lnmq terms

cancel as this is not a physical IR divergence as the light quark is not on-shell.

In the denominator correlator C there are no leptons and so the calculation is

more simple. The numerator correlator Π is complicated by spinor structures

and is where large QED effects are found. The methods of calculating Π and

C are broadly similar and so we present these computations in parallel. Both

correlators have the idea of red and blue cuts, depending on whether the photon

is cut (red) or not cut (blue) in addition to the quark loop.

The red cuts resemble a real decay (albeit with different kinematics) as the photon

is put on-shell in the cut. Correspondingly the photon energy is cut-off at a

maximum value Λ and so no UV divergences are generated. This also means soft

and collinear divergences can be handled in a manner similar to a real decay via

a slicing procedure. We adapt the ideas of [156] to the virtual case, additionally

including finite lepton masses into the framework. To the best of our knowledge

this virtual two cut-off phase space slicing is new. In the slicing procedure we

decompose the photon energy integral into a soft part, treated in d = 4− 2ϵ, and

a hard part in d = 4∫ Λ

0

d|k|
∫

dΩd−1 →
∫ ∆Es

0

d|k|
∫

dΩd−1 +

∫ Λ

∆Es

d|k|
∫

dΩ3 . (3.29)
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The boundary between the regions is ∆Es which is chosen to be sufficiently small

to allow us to drop subleading powers of |k| in the soft integrand. That is we slice

out the soft region and treat it separately. The hard part is further broken down

into collinear and non-collinear regions and this collinear slicing will be described

in 3.4.1. We will also perform a slicing procedure for the real radiation (Section

3.3) though this is more standard, following [90].

In the blue cuts the photon loop is left untouched. The photon loop factorises and

can be calculated using standard one-loop methods. The blue cuts are therefore

where UV divergences appear and their renormalisation is discussed in Section

3.2.5. While all 1PI diagrams have a red cut, two diagrams do not have a blue

cut. These are the ‘rainbow’ diagrams, Φ ℓ1 (numerator) and ΦΦ (denominator),

drawn as the first diagram on the third line of Figure 3.1 and 3.3 respectively.

The three diagrams involving leptons are complicated by ϵµνρσ structures

contracted with spinors. These can be removed via the Chisholm identity

γµϵ
µνρσ = i

(
γνγργσ − gνργσ − gρσγν + gνσγρ

)
γ5 , (3.30)

valid in d = 4 only after we have removed all poles. To simplify the calculation

we work in the pB rest frame and evaluate all diagrams analytically up until a

final single numerical integral. All the diagrams have been checked numerically

to per mille precision using pySecDec [197] to O(ϵ0).

3.2.2 Delta Function and Angular Integrals

Integrals involving two delta functions occur repeatedly when using Cutkosky

rules and take the general form

Mαβ...
pipj ...

(P ;mA,mB) ≡
∫

ddl
µ2ϵ lαlβ · · ·

(pi · l)(pj · l) · · ·
δ+(l2 −m2

A)δ
+((P − l)2 −m2

B) ,

(3.31)

where l is a loop momentum and P an external momentum. Typically P = pB or

P = q ≡ pB − k with k being the photon loop momentum. The delta functions

collapse two of the four integrals with the difficulty of the remaining two angular

integrals dependent on how many angles are in the problem. Consider first the

simplest case

M(pB;mq,mb) = µ2ϵ

∫
ddl δ+(l2 −m2

q)δ
+((pB − l)2 −m2

b) , (3.32)
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which is so ubiquitous that we will simply refer to it as M with the (pB;mq,mb)

being implicit. This is the LO quark loop integral. It can be computed by

introducing a second integral over ddl̃ with l̃ = pB − l

M = µ2ϵ

∫
ddl ddl̃ δ(d)(l̃ − (pB − l)) δ+(l2 −m2

q)δ
+(l̃2 −m2

b) , (3.33)

which puts the delta functions in a more symmetric form. The original two delta

functions can now easily be collapsed

M =
µ2ϵ

4

∫
dd−1l dd−1l̃

(|l|2 +m2
q)

1/2(|l̃|2 +m2
b)

1/2
δ(d)(l̃ + l − pB) (3.34)

=
µ2ϵ

4

∫
dd−1l

(|l|2 +m2
q)

1/2(|pB − l|2 +m2
b)

1/2

× δ
(
(|l|2 +m2

q)
1/2 + (|pB − l|2 +m2

b)
1/2 − p0B

)
,

where in the second line we collapse d − 1 delta functions which enforces 3-

momentum conservation. The final delta function encodes energy conservation.

Choosing the pB rest frame for convenience we must solve√
|l|2 +m2

q +
√

|l|2 +m2
b =

√
p2B , (3.35)

which has solution |l| = |l∗| with

|l∗| =

√
λ(p2B,m

2
b ,m

2
q)

4p2B
, p2B ≥ m2

+ , (3.36)

which is the origin of the Källén functions in the LO results in 3.1.4. Physically

this arises from cutting the quark loop which puts the b- and q̄-quark on-shell.

By construction the momentum pB flows through the quark loop and choosing

this rest frame means the quarks are back-to-back. Equation (3.36) is just

the momentum of each quark in the 1 → 2 decay of a particle of mass p2B.

Consequently there is only a solution for p2B ≥ m2
+. The result should be b ↔ q

symmetric which is reflected in the symmetry of the Källén function. Rewriting

the remaining delta function in terms of its root

M =
µ2ϵ

4

∫
|l|d−2 d|l| dΩd−1

(|l|2 +m2
q)

1/2(|l|2 +m2
b)

1/2
θ(p2B −m2

+)

×
(|l∗|2 +m2

q)
1/2(|l∗|2 +m2

b)
1/2

|l∗|(p2B)1/2
δ(|l| − |l∗|)
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=
µ2ϵ

4
√
p2B

|l∗|d−3 θ(p2B −m2
+)

∫
dΩd−1 , (3.37)

all that remains is the angular integration over the 3− 2ϵ dimensional solid angle

dΩd−1. In this simple case there is no angular dependence in the integrand leading

to the final result

M =
µ2ϵ Ωd−1

4
√
p2B

(
λ(p2B,m

2
b ,m

2
q)

4p2B

) d−3
2

θ(p2B −m2
+) . (3.38)

Evaluating the cut this way means putting the quarks on-shell before enforcing

momentum conservation. While loop momenta may generally be rerouted in

integrals without issue, care must be taken when cutting to ensure correct energy

flow through the diagram. This corresponds to being careful with the step

functions contained in the δ+ distribution. Beyond LO we encounter various

integrals of this form which contain non-trivial angular dependence. The three

most frequent are

Mk =µ2ϵ

∫
ddl

1

k · l
δ+(l2 −m2

q)δ
+((pB − l)2 −m2

b)

Mkk =µ2ϵ

∫
ddl

1

(k · l)2
δ+(l2 −m2

q)δ
+((pB − l)2 −m2

b) (3.39)

Mℓ1 =µ2ϵ

∫
ddl

1

l1 · l
δ+(l2 −m2

q)δ
+((pB − l)2 −m2

b) ,

where k is an on-shell photon momentum and as before the (pB;mq,mb) is

assumed unless otherwise stated. Variants involving pB (e.g. MpB and MpB pB)

are trivial in the pB rest frame while integrals involving denominator factors of

pΦ · k are deferred to the discussion of IR physics in Section 3.2.6. Unlike at LO

the above integrals are not b↔ q symmetric. Defining the counterpart

Nk(pB;mq,mb) ≡ µ2ϵ

∫
ddl

1

k · (pB − l)
δ+(l2 −m2

q)δ
+((pB − l)2 −m2

b) , (3.40)

then trivially

Nk(pB;mq,mb) = Mk(pB;mb,mq) , (3.41)

and similarly for Mkk and Mℓ1 . All integrals (including tensor ones like Mα
k ,

Mαβ
ℓ1

etc.) must be calculated completely to O(ϵ) due to the presence of poles in

1/ϵ that multiply them. This means we require knowledge of angular integrals at

O(ϵ).
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Angular integrals in d− 1 dimensions have the recursive property∫
dΩd−1 =

∫ π

0

(sin θ)d−3 dθ

∫
dΩd−2 , (3.42)

with the solid angle defined in terms of the Gamma function, Γ(z)

∫
dΩd−1 =

2π
d−1
2

Γ(d−1
2
)
, Γ(z)|Re z >0 =

∫ ∞

0

tz−1e−t dt , (3.43)

such that (Ω3,Ω2) = (4π, 2π). With our choice of kinematics we require

I(n,0)|d=4−2ϵ ≡ 22ϵπ

∫ π

0

(sin θ)d−3 dθ

(a− b cos θ)n
,

a ̸= b

n = 1, 2
(3.44)

as integrals involving two denominators can be avoided. We give some comments

on the full two denominator massive case which has been worked out in [90] (see

also [198, 199]) in Section 3.2.6. The simpler cases can be found in [200–202],

specifically these read

I(1,0)|d=4−2ϵ =
π

b

[
ln

(
a+ b

a− b

)
+ 2ϵ

(
Li2

(
2b

a+ b

)
+

1

4
ln2

(
a+ b

a− b

))]
+O(ϵ2)

I(2,0)|d=4−2ϵ =
2π

a2 − b2

[
1 + ϵ

a

b
ln

(
a+ b

a− b

)]
+O(ϵ2) . (3.45)

Using these results one can derive (with k2 = 0)

Mk =
Ωd−2

4pB · k

(
λ

µ2p2B

)−ϵ

θ(p2B −m2
+)

[
ln

(
λ

1
2 + 2p2BY

)2
4p2Bm

2
q

+ 2ϵ

(
Li2

2λ
1
2

λ
1
2 + 2p2BY

+
1

4
ln2 (λ

1
2 + 2p2BY)2

4p2Bm
2
q

)]
+O(ϵ2) , (3.46)

where we define the dimensionless Y(p2B,m
2
b ,m

2
q)

Y ≡ p2B −m+m−

2p2B
, Y + Y|mb↔mq = 1 , (3.47)

which physically corresponds to the energy of the cut q̄-quark, (l∗)0 = Y
√
p2B.

Note there is a collinear divergent lnmq present in Mk. Similarly
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Mℓ1 =
1

2

Ωd−2

p2B −m2
ℓ

(
λ

µ2p2B

)−ϵ

θ(p2B −m2
+)
[
lnΨ1 + 2ϵ

(
Li2Ψ2 +

1
4
ln2Ψ1

)]
+ O(ϵ2) , (3.48)

where

Ψ1 =
2p2BY(p2B +m2

ℓ) + λ
1
2 (p2B −m2

ℓ)

2p2BY(p2B +m2
ℓ)− λ

1
2 (p2B −m2

ℓ)

Ψ2 =
2λ

1
2 (p2B −m2

ℓ)

2p2BY(p2B +m2
ℓ) + λ

1
2 (p2B −m2

ℓ)
, (3.49)

and finally

Mkk =
p2B
m2

q

(1− 2ϵ)

(pB · k)2

[
1 + 2ϵ

p2BY

λ
1
2

ln

(
λ

1
2 + 2p2BY

)2
4p2Bm

2
q

]
M + O(ϵ2) . (3.50)

Tensor integrals are written in terms of scalar integrals via suitable projections,

exploiting symmetry where convenient. Only a maximum of two-index integrals

are needed for our purposes, for example

Mα =MYpαB

Mα
kn =

Mkn−1

pB · k

[
pαB − p2B

pB · k
kα
]
+

p2B
pB · k

MknYkα (3.51)

Mα
ℓn1

=
4

(p2B −m2
ℓ)

2

[(
pB · l1 pαB − p2B l

α
1

)
Mℓn−1

1
−
(
m2

ℓ p
α
B − pB · l1 lα1

)
p2BYMℓn1

]
,

given in recursive form for n ∈ Z+ with the notation Mkn = Mk···k (n times),

Mk0 = M and similarly for Mℓn1
. Two index integrals require the inversion of

4× 4 matrices, the simplest case is

Mαβ = M
[
Y2pαB p

β
B +

1

1− d

λ

4p2B

(
gαβ − pαB p

β
B

p2B

)]
, (3.52)

while expressions for Mαβ
kn and Mαβ

ℓn1
are quite complicated.

3.2.3 Red Cuts

We now describe the calculation of the red cuts for the numerator and

denominator diagrams. We illustrate the method using the numerator b ℓ1 graph
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(Figure 3.4(c)) as an example. Other graphs are calculated in a similar fashion.

In the Feynman gauge ξ = 1 the integral representation of the b ℓ1 graph takes

the form

Π
(2)
b ℓ1

=
−m+geffe

2QbQl1Ncµ
4ϵ

(2π)2d

∫
ddk ddl (3.53)

Tr[γ5(−/l +mq)Γ̂
µ(/q − /l +mb)γ

ρ(/pB − /l +mb)]

(l2 −m2
q)((pB − l)2 −m2

b)((q − l)2 −m2
b)k

2

ūγρ(/l1 − /k +mℓ)Γµv

(l1 − k)2 −m2
ℓ

,

where k is the photon loop momentum and l is the quark loop momentum. The

red cut of this diagram involves putting the photon and both quarks on-shell,

cutting the l, q − l and k momentum propagators, giving imaginary part

ImΠ
(2)
b ℓ1

|red =
−4π3m+geffe

2QbQl1Ncµ
4ϵ

(2π)2d

∫
ddk

δ+(k2)

(l1 − k)2 −m2
ℓ

×
∫

ddl δ+(l2 −m2
q)δ

+((q − l)2 −m2
b)

Tr[· · ·]ū · · · v
(pB − l)2 −m2

b

, (3.54)

where recall q = pB−k and the trace and spinor structures are dot-suppressed for

brevity. These structures in general contain k and l dependence and are evaluated

using FeynCalc. We perform the quark loop integral (over ddl) first, noting

that the δ+(k2) plays no role here except to enforce k2 = 0. The trace and spinor

structures can be decomposed as

Tr[· · ·]ū · · · v = A+Bα l
α + Cαβ l

αlβ , (3.55)

where A, Bα, Cαβ do not depend on l. The remaining uncut quark propagator is

fixed by the delta function constraint (q − l)2 = m2
b to

1

(pB − l)2 −m2
b

=
1

2k · (pB − l)
=

1

2k · l

∣∣∣∣
l→pB−l

, (3.56)

so that the denominator assumes the form of (3.31). The l integral can now be

evaluated using the methods of Section 3.2.2. Tensor integrals are decomposed

into scalar ones and eventually the result can be written in terms of M(q;mq,mb)

and Mk(q;mb,mq).

A crucial difference however is the momentum shift pB → q in these integrals.

This arises because the cut photon carries off momentum k leaving the b-quark

with momentum pB − k. Consequently the theta functions generated by the l-
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integral take the form θ(q2 −m2
+) rather than θ(p

2
B −m2

+) and act to cut-off the

photon energy at

Λ ≡
p2B −m2

+

2(p2B)
1
2

. (3.57)

The red cuts really are equivalent to a real photon emission, with the δ+(k2)

forcing the photon on-shell and the maximum photon energy corresponding to

the radiative decay of a particle of mass p2B into a b, q̄, γ final state. The cut

happens after the photon is radiated from the quark loop as compared to the

blue cuts where the cut is before. Thus, defining the result of the l-integral to be

θ(q2 −m2
+) · Ib ℓ1 we obtain

ImΠ
(2)
b ℓ1

|red =
π3m+geffe

2QbQℓ1Ncµ
4ϵ

(2π)2d

∫
dd−1k

|k|
Ib ℓ1
k · l1

θ(q2 −m2
+)

=
π3m+geffe

2QbQℓ1Ncµ
4ϵ

(2π)2d

∫ Λ

0

d|k|
∫

dΩd−1
|k|d−3

k · l1
Ib ℓ1 , (3.58)

where the δ+(k2) has collapsed the k0 integral. Thus we are left with another

angular integral and a photon energy integral. Upon angular integration the

k · l1 denominator generates hard-collinear logs, lnmℓ, when k and l1 are parallel.

There is also a soft divergence as Ib ℓ1 ∼ 1/|k| as |k| → 0. To handle these

divergences we slice out the soft and collinear regions as follows

ImΠ
(2)
b ℓ1

∣∣HNC

red
=
αm+geff
16π3

∫ Λ

∆Es

d|k|
∫ 1−uc

−1

du
(p2B)

1
2 Ib ℓ1(|k|, u)

(p2B +m2
ℓ)− (p2B −m2

ℓ)u
, (3.59)

where u = cos θ parameterises the angle between the photon and lepton in the pB

rest frame. The remaining integral is the hard non-collinear (HNC) contribution.

The soft divergence is cut-off at ∆Es (described in (3.29)) in the photon energy

integral. Having removed the soft divergence we may take d = 4. The soft region

is dealt with separately and is described in Section 3.2.6. The collinear divergence

occurs as u → 1, mℓ → 0 and is removed through a collinear cut uc ≪ 1.

The calculation of the hard-collinear region is described in Section 3.4.1. These

divergent regions are calculated separately and analytically to ensure numerical

stability. For the τ channel, no collinear slicing is required due to its large mass.

The separation of the soft and hard regions is frame-dependent and so the

same frame must be chosen when calculating the soft region in d = 4 − 2ϵ

dimensions. The soft and hard regions each generate ln∆Es terms which cancel

once the regions are combined in the final result. It is convenient to define the
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dimensionless cut-offs

ωs ≡ 2∆Es

(p2B)
1
2

, ωc ≡ |k|uc
2(p2B)

1
2

+O(m2
ℓ) , (3.60)

and in practise in the slicing procedure ωc is held fixed while uc varies. Following

[156] the hierarchy ωc ≪ ωs is required to resolve the soft-collinear overlap region.

Both cut-offs must be chosen to be small, ωs, ωc ≪ 1 as O(ωs) and O(ωc) terms

are neglected.

The angular integral in (3.59) can be performed analytically5 leaving the

remaining energy integral that is done numerically. The function Ib ℓ1 contains

non-trivial dependence on |k| and again, like with the l-loop integral, spinor

structures like ū/kΓv are dealt with via projections.

The red cuts of the other virtual diagrams proceed similarly though of course the

master integrals involved are different. For example the bb and qq graphs, with the

photon connecting twice to the quark, is written in terms ofMkk rather thanMk.

The non-lepton graphs are generally simpler as there are not enough independent

momenta to generate non-vanishing ϵµνρσ terms. The b q diagrams are special in

that they have four cuts, two red and two blue. In the denominator graph the

symmetry of the diagram means this simply corresponds to a multiplication by a

factor two. This is not true of the numerator graph however. We exploit b ↔ q

symmetry where appropriate, for example the Φ b and Φ q graphs are related by

mb ↔ mq and Qb → −Qq. These latter graphs are complicated by the extra

scale mB that appears in the perturbative calculation m2
+ < m2

B < s0. While pΦ

changes direction at s = m2
B the spectral density remains continuous.

3.2.4 Blue Cuts

We now turn to the blue cuts, again taking the b ℓ1 diagram as an example. In

this case the cut occurs before the photon is radiated from the quark loop. Only

the q̄ and b propagators are cut in (3.53), which carry momentum l and pB − l

5As this integral can generally be performed analytically and we retain a finite lepton mass,
in principle we could do away with collinear slicing altogether. However slicing leads to a
considerable numerical speed-up which is especially important as the result is Borel transformed.
We have checked that the results are identical in either case. Additionally the slicing procedure
is illuminating in itself, showing how HC logs appear and connecting to previous literature. In
the S-P case with massless leptons we would have no choice but to slice.
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respectively. This gives

ImΠ
(2)
b ℓ1

|blue =
−2iπ2m+geffe

2QbQl1Ncµ
2ϵ

(2π)d

∫
ddl δ+(l2 −m2

q)δ
+((pB − l)2 −m2

b)

×
∫

ddk

(2π)d
µ2ϵ Tr[· · ·]ū · · · v

((q − l)2 −m2
b)k

2((l1 − k)2 −m2
ℓ)
. (3.61)

The advantage in this case is that the photon loop factorises and can be

evaluated exactly using one-loop methods. We use FeynCalc and specifically

the Package X [203] and FeynHelpers [204] packages. The presence of three

denominators means that the result contains various C0 functions. This result

must then be integrated over ddl taking into account the two delta functions, e.g.

enforcing l2 = m2
q. Again the delta functions fix l = l∗, cf. (3.36) and so scalar

products with external momenta become

l · pB = Yp2B

l · l1 =
1

4p2B

[
2p2BY(p2B +m2

ℓ)− λ
1
2 (p2B −m2

ℓ) cos θ
]
, (3.62)

where in this case θ is the angle between l and l1, again in the pB rest frame. The

final remaining angular integral over dΩd−1 is performed numerically. There is

of course again the challenge of various tensor structures (including ϵµνρσ terms)

which are dealt with via projections. Letting the result of the photon loop integral

in (3.61) be Jb ℓ1 , then in analogy to (3.55) we can decompose this as

Jb ℓ1 = Pi

(
Ai +BijT

α
j lα + CijT

αβ
j lαlβ

)
, (3.63)

where Pi and T
α(β)
j are lists of Passarino-Veltman and tensor structures re-

spectively and Ai, Bij, Cij are coefficients. Contained in the Passarino-Veltman

functions are soft divergences and hard-collinear logs. For example

A0(m
2
ℓ)

m2
ℓ

+ 1 = B0(m
2
ℓ , 0,m

2
ℓ) = −2 lnmℓ + · · · , (3.64)

with definitions of the Passarino-Veltman functions given in Appendix A.1. The

total virtual hard collinear logs come from this, the collinear slicing of the red

cuts, and self-energy corrections. Soft divergences generated in the blue cuts are

not physical and cancel with soft divergences arising from the soft slicing of the

red cuts.

The calculation of the blue cuts in all other virtual diagrams proceeds in a similar
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fashion. A technical difficulty arises in the case of the bb and qq numerator

and denominator diagrams due to the presence of double propagators, e.g.

1/(l2 −m2
q)

2. When cut these formally generate derivatives6 of delta functions,

+2πiδ′(l2 −m2
q). For the qq graph one has for example

Π(2)
qq = −m+geffe

2Q2
qNc µ

2ϵ

∫
ddl

(2π)d
ūΓµv

(l2 −m2
q)

2((pB − l)2 −m2
b)
Σµ , (3.65)

where Σ(l2,mb,mq) is essentially the q̄-quark self-energy

Σµ(l
2,mb,mq) ≡ µ2ϵ

∫
ddk

(2π)d
Tr[· · ·]µ

k2((l − k)2 −m2
q)
. (3.66)

It is easier to instead rewrite this as the derivative of a single propagator

Im

∫
1

(l2 −m2
q)

2
= lim

N2→m2
q

d

dN2
Im

∫
1

l2 −N2
, (3.67)

so that (3.65) becomes when cut

ImΠ(2)
qq |blue = −2iπ2m+geffe

2Q2
qNc µ

2ϵ ūΓµv

× lim
N2→m2

q

d

dN2

∫
ddl

(2π)d
δ+(l2 −N2)δ+((pB − l)2 −m2

b)Σµ . (3.68)

The integral can be done with the usual methods and then the derivative with

respect to the auxiliary variable N2 is taken. We distinguish N2 from m2
q to

avoid differentiating terms in the numerator. Note that the self-energy develops

an N2 dependence, Σ(l2) = Σ(N2) under the integral. As is well known the (on-

shell) derivative of the self energy, Σ′(N2)|N2=m2
q
, contains an IR divergence. This

soft divergence is artificial and cancels with the corresponding soft divergence of

the red cut. It arises from taking derivatives of Passarino-Veltman functions, in

particular the DB0(m
2
q, 0,m

2
q) function defined in Appendix A.1.

3.2.5 Self-energies and Renormalisation

As well as IR divergences there are UV divergences that are generated in the blue

cuts. In QED there are some extra issues that do not arise in QCD. For example

while the JB operator is renormalisation group invariant in QCD it does run in

6If one considers the delta function as a functional acting on smooth functions, ⟨δ, f⟩ = f(0)
then its derivative is defined as ⟨δ′, f⟩ = −f ′(0), cf. an integration by parts.
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QED. Our new operator JB renormalises as7

ZΦBJB = 1 +
α

4π

1

ϵ̂UV

(
− (3 + ξ)QbQq − ξQΦ(Qb −Qq) +

1

2
ξ(Q2

b +Q2
q)

− 1

2
(3− ξ)Q2

Φ + 3Q2
b

)
= 1 +

3α

8π

1

ϵ̂UV

(Q2
b −Q2

q) , (3.69)

in MS, where for simplicity we set mq = 0 and we use charge conservation QΦ =

Qb −Qq to go from the first to the second line. The result is gauge-invariant and

vanishes when Qb = Qq (the QCD limit).

We perform all 1PI renormalisations in MS, except for the b-quark mass for

which we consider several schemes. Two-loop diagrams generate non-local nested

subdivergences in the real part of the correlator (as the tree level is UV divergent).

Usefully however these do not plague the spectral density and from a cutting rules

perspective the renormalisation is essentially just one-loop.

The self-energy corrections for the external particles (Φ and ℓ1) are handled in

the on-shell scheme

ImΠ
(2)
SE =

α

2π

(
Q2

ΦδZS +Q2
ℓ1
δZ2

)
ImΠ(0)(p2B)

ImC
(2)
SE =

α

π
Q2

ΦδZS ImC(0)(p2B) , (3.70)

using the scalar and fermion Z factors

4 δZS = (3− ξ)

(
1

ϵ̂UV

− 1

ϵ̂IR

)
+ 1− ξ

4 δZ2 = − ξ
1

ϵ̂UV

− (3− ξ)
1

ϵ̂IR
+ 3 ln

(
m2

ℓ

µ2

)
− (3 + ξ) , (3.71)

which note contains a hard-collinear lnmℓ. Finally there is the issue of the

running of the weak 4-Fermi operator (1.26) in QED. The value of GF is taken

experimentally from the muon lifetime τµ measured in the decay µ− → e−νµν̄e(γ)

7We credit Saad Nabeebaccus for originally performing this calculation. Note that
multiplicative renormalisation is spoiled when mq > 0 as mb and mq renormalise differently in
the m+ prefactor due to their differing charges.
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that includes radiative corrections [33]

1

τµ
=
G2

Fm
5
µ

192π3

(
1− 8m2

e

m2
µ

+O
(m4

e

m4
µ

))(
1 +

α

2π

(25
4

− π2
))

. (3.72)

Thus when calculating QED decay rates some corrections are already absorbed

into GF and its running amounts to the replacement GF → GFC(µ) with GF

being the measured experimental value. This is traditionally dealt with in W-

regularisation (discussed previously) however we work in DimReg and so use the

result given in [205–207]

C(µ) = 1 +
α

2π

(
ln

(
M2

Z

µ2

)
− 11

6

)
, (3.73)

where the rational term is scheme-dependent and has only recently been

calculated (in Feynman gauge). For µ ∼ mb this electroweak correction leads

to a +0.5% shift in the Wilson coefficient.

3.2.6 Soft Slicing and IR Divergences

We now turn to discussing in detail infrared sensitive terms. In this section we

discuss soft and collinear lnmq terms though collinear lnmℓ terms are deferred

to Section 3.4.

Each individual cut puts particles on-shell and so generates a soft divergence

(and a collinear lnmq if the photon connects to the light quark). Almost all the

diagrams have both a red cut and blue cut and once combined these divergences

cancel leaving the diagram infrared finite. Only the two rainbow diagrams (Φ ℓ1

in the numerator and ΦΦ in the denominator) have just a red cut and so a

soft divergence remains. These are the physical soft divergences that are well

described by scalar QED. This follows the principle that only diagrams where

the photon connects two on-shell particles give soft divergences.

Let us now see explicitly how this works by again returning to the b ℓ1 example.

Consider first the red cut. Recall that we slice out the soft region in equation

(3.58), treating it properly in d = 4− 2ϵ dimensions

ImΠ
(2)
b ℓ1

∣∣soft
red

=
π3m+geffe

2QbQℓ1Ncµ
4ϵ

(2π)2d

∫ ∆Es

0

d|k|
∫

dΩd−1
|k|d−3

k · l1
Ib ℓ1 . (3.74)
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By choosing ∆Es (or equivalently ωs) sufficiently small we can neglect subleading

powers of |k| in the integrand as these giveO(ωs) contributions. This parallels the

usual procedure when performing real soft slicing. Recalling that Ib ℓ1 is O(1/|k|)
then |k|Ib ℓ1 only has angular dependence in this limit and we may write

ImΠ
(2)
b ℓ1

∣∣soft
red

=
αm+geffQbQℓ1Nc

64π4
(2πµ)4ϵ

∫ ∆Es

0

|k|d−5 d|k|

×
∫

dΩd−1
[|k|Ib ℓ1 ]k→0

k̂ · l1
+ O(ωs) . (3.75)

The energy integral can be evaluated in the manner of (2.51) giving the soft pole

ImΠ
(2)
b ℓ1

∣∣soft
red

=
αm+geffQbQℓ1Nc

64π4
(2πµ)2ϵ

(
−1

2ϵIR
+ ln

∆Es

2πµ

)
×
∫

dΩd−1
[|k|Ib ℓ1 ]k→0

k̂ · l1
+ O(ωs) , (3.76)

while the angular integral must be computed to O(ϵ) to capture all finite parts.

This is complicated by the angle between the photon and lepton. The other

example, the qq graph, is more simple. The soft region is

ImΠ(2)
qq

∣∣soft
red

= −
αm2

+geffQ
2
qNc

8π4
(2πµ)2ϵ

(
1−

m2
−

p2B

)
mℓ ūΓv

×m2
q (2π)

2ϵ

∫
|k|<∆Es

ddk δ+(k2)Mkk + O(ωs) , (3.77)

which using (3.50) and

(2πµ)2ϵ
∫
|k|<∆Es

ddk
δ+(k2)

(pB · k)2
=

2π

p2B

(
−1

2ϵ̂IR
+ ln

2∆Es

µ
− 1

)
, (3.78)

yields the simple result

ImΠ(2)
qq

∣∣soft
red

= −α
π
Q2

q

(
−1

2ϵ̂IR
+ ln

2∆Es

µ
− p2BY

λ
1
2

ln

(
λ

1
2 + 2p2BY

)2
4p2Bm

2
q

)
ImΠ(0)

+ O(ωs) . (3.79)

Reassuringly the soft divergence is proportional to the tree level. As well as the

pole there are finite contributions arising from the soft region which must not be

neglected. Now consider the blue cuts. For the b ℓ1 diagram the IR divergence

can be extracted from the photon loop integral in (3.61). Via Package X one
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gets specifically

Jb ℓ1 =
i

2π2

1

ϵIR

[
l · l1√

(l · l1)2 −m2
ℓm

2
b

ln
l · l1 +

√
(l · l1)2 −m2

ℓm
2
b

mℓmb

]
l→pB−l

×
(
mq p

µ
B + (mb −mq)l

µ
)
ūΓµv + O(ϵ0) , (3.80)

where Jb ℓ1 was defined above (3.63). With some difficulty this can then be

integrated over l and cancels the pole in (3.76). The same is true of the qq

graph. Evaluating (3.68)

ImΠ(2)
qq

∣∣IR
blue

=
α

π
Q2

q ·m2
q DB0(m

2
q, 0,m

2
q)|IR · ImΠ(0) , (3.81)

this cancels the pole in (3.79) as 2m2
q DB0(m

2
q, 0,m

2
q)|IR = −1/ϵIR, cf. (A.7).

The same cancellation occurs for all other diagrams except the rainbow diagrams.

While such cancellations can be shown explicitly they can also be argued

succinctly from Cauchy’s theorem. Taking both the red and blue cuts together

for a given diagram, in the soft limit their sum is proportional to

QiQj

∫
ddk

(
1

k2
+ 2πi δ+(k2)

)
f(k, l, · · · ) , i ̸= j (3.82)

where the function f is diagram dependent but contains no poles in the lower

half plane. The k0 integral can be done by the residue theorem picking up the

only contributing pole at k0 = |k| − iε from the 1/k2 term (blue cut). This puts

the photon on-shell and exactly cancels the effect of the δ+(k2) (red cut).

The other potentially worrying terms are the hard-collinear lnmq that are

generated in cuts when the photon connects to an on-shell light quark. However

like with the soft terms these cancel between red and blue cuts in individual

diagrams. Explicitly

ImΠ
(2)
blue = +

α

π
Qq

(
Qℓ1 +QΦ − 2Qb +

5

2
Qq

)
ImΠ(0) × lnmq + · · ·

ImΠ
(2)
red = − α

π
Qq

(
Qℓ1 +QΦ − 2Qb +

5

2
Qq

)
ImΠ(0) × lnmq + · · · , (3.83)

neglecting subleading O(mq) terms. Both of these thus demonstrate the necessity

of taking both red and blue cuts in the computation. While this is perhaps obvious

in the virtual diagrams, on the real side there is a tradition of taking just blue
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cuts for hard photons [194].

Finally let us turn to the two rainbow diagrams. These only have a red cut and

are consequently soft divergent. The denominator ΦΦ diagram reads

ImC
(2)
ΦΦ(p

2
B) = −αQ

2
Φ

2π2
(2πµ)2ϵ

∫
ddk

δ+(k2) (2pΦ − k)2

((pΦ − k)2 −m2
B)

2
ImC(0)(q2) , (3.84)

where the LO correlator appears as the quark loop is left intact. The soft region

is sliced out as

ImC
(2)
ΦΦ

∣∣
soft

= −αQ
2
Φ

2π2
(2πµ)2ϵ ImC(0)(p2B)

∫
|k|<∆Es

ddk δ+(k2)
m2

B

(pΦ · k)2

+ O(ωs) , (3.85)

which is most easily evaluated in the pΦ = (mB,0) frame. This gives the soft

pole

ImC
(2)
ΦΦ(p

2
B) =

αQ2
Φ

2π

ImC(0)(p2B)

ϵIR
+ O(ϵ0) , (3.86)

which is exactly cancelled by the Φ self-energy diagram given in (3.70). We have

therefore shown explicitly that the denominator correlator C is infrared finite.

While the pΦ rest frame is most convenient for capturing the pole, the finite terms

are best evaluated in the pB rest frame. In the slicing procedure one must always

take the same frame for the soft and hard regions (as these are separately frame

dependent) and in the actual calculation we always use the pB frame.

Similarly the numerator rainbow, Φ ℓ1, takes the form

ImΠ
(2)
Φ ℓ1

(p2B)
∣∣
soft

= − α

4π2
QΦQℓ1 ImΠ(0)(p2B)

× (m2
B +m2

ℓ) (2πµ)
2ϵ

∫
|k|<∆Es

ddk
δ+(k2)

l1 · k pΦ · k
+ O(ωs) , (3.87)

in the soft region. Soft integrals with multiple massive denominators can be

difficult to compute analytically due to incomplete knowledge of angular integrals

at O(ϵ). Namely defining

Ω(βi, βj, τij) =

∫ π

0

dθ (sin θ)1−2ϵ

∫ π

0

dϕ (sinϕ)−2ϵ

1

(1− βi cos θ)(1− βj cos θ cosχij − βj sin θ cosϕ sinχij)
, (3.88)
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with cosχij = 2τij − 1, the O(ϵ) terms have only recently been found [90] in

terms of generalised polylogarithms8. Such terms can be important in extracting

hard-collinear logs (though not in this work). Our diagram can be recast as

ImΠ
(2)
Φ ℓ1

(p2B)
∣∣
soft

= − α

π2
QΦQℓ1

p2B(m
2
B +m2

ℓ)

(p2B +m2
B)(p

2
B +m2

ℓ)

(
−1

2ϵ̂IR
+ ln

2∆Es

µ

)
× Ω

(
p2B −m2

ℓ

p2B +m2
ℓ

,

∣∣∣∣p2B −m2
B

p2B +m2
B

∣∣∣∣, θ(p2B −m2
B)

)
ImΠ(0)(p2B) + O(ωs) , (3.89)

where the angle between l1 and pΦ, χij = 0 for p2B > m2
B and χij = π for p2B <

m2
B. Really however our case does not need this full machinery as sinχij = 0 ∀p2B

(there is only actually one angle). Instead

Ω

(
p2B −m2

ℓ

p2B +m2
ℓ

,

∣∣∣∣p2B −m2
B

p2B +m2
B

∣∣∣∣, θ(p2B −m2
B)

)
= (3.90)

π

βi − βj

{[
ln

1 + βi
1− βi

+ 2ϵ

(
Li2

2βi
1 + βi

+
1

4
ln2 1 + βi

1− βi

)]
− sgn(βj)

[
βi → |βj|

]}
,

where sgn(x) is the sign function and

βi =
p2B −m2

ℓ

p2B +m2
ℓ

, βj =
p2B −m2

B

p2B +m2
B

. (3.91)

The soft-collinear behaviour arises from

Ω
(
βi, |βj|, θ(βj)

)
=

π

2

(p2B +m2
B)(p

2
B +m2

ℓ)

p2B(m
2
B −m2

ℓ)

{
ln
p2B
m2

ℓ

− sgn(βj)
2 ln

p2B
m2

B

}
+ O(ϵ) , (3.92)

which combined with (3.89) gives

ImΠ
(2)
Φ ℓ1

=
α

4π
QΦQℓ1

m2
B +m2

ℓ

m2
B −m2

ℓ

ln

(
m2

B

m2
ℓ

)
ImΠ(0)(p2B)

ϵIR
+O(ϵ0) , (3.93)

the required universal form [144] that cancels against the real radiation after

Borel transformation has been performed. The finite part contains soft-collinear

ln2m2
ℓ terms which cancel similarly with real counterparts. We see again how the

ΦB particle is crucial for recovering the correct soft physics.

8Note that Ω(βi, βj , τij) is essentially I(1,1)|d=4−2ϵ in more traditional notation, cf. (3.44),
though we follow the notation of [90].
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1

⟨q̄q⟩

Figure 3.5 Virtual quark condensate diagrams contributing to Π
(2)
⟨q̄q⟩ in (3.2).

The two crosses denote the quark condensate ⟨q̄q⟩.

1

⟨q̄q⟩

Figure 3.6 Quark condensate diagrams contributing to the denominator

correlator C
(2)
⟨q̄q⟩ given in (3.11), that is |ZB|2.

3.2.7 Condensate Contributions

Now we turn to the contribution of the quark condensate ⟨q̄q⟩ diagrams. The LO

results are

ImΠ
(0)
⟨q̄q⟩ = − πm+geff⟨q̄q⟩mℓūΓvδ

+(p2B −m2
b)

ImC
(0)
⟨q̄q⟩ = − πm2

+mb⟨q̄q⟩δ+(p2B −m2
b) , (3.94)

where for the condensates we shall neglect the light quark mass mq = 0, as this

is a truly negligible effect. The O(α) diagrams are in some ways simpler than

the perturbative (1) counterparts as they are only one-loop, however the cuts are

quite non-standard and are trickier to handle. Due to the appearance of delta

functions in the spectral density it is often easier to present results after Borel
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1
⟨q̄q⟩

Figure 3.7 Quark condensate diagrams contributing to Πγ
⟨q̄q⟩ in (3.2) (i.e. the

radiative correlator). We stress again that the diagrams where the photon connects
to the quarks are subsumed by using external form factors [195].

transformation. The virtual diagrams are given in Figures 3.5 (numerator) and

3.6 (denominator) while the real diagrams are given in Figure 3.7. Recall however

that the structure-dependent part of the real radiation is given by external form

factors [195].

In the condensates in general, and in particular in the triangle function

C0(0, p
2
B, p

2
B, 0, 0,m

2
b), we encounter non-logarithmic (power) singularities at the

endpoint p2B → m2
b . This C0 function has a double propagator 1/(k2)2 and so we

take the cut in the same manner as the bb and qq graphs via a derivative

ImC0(0, p
2
B, p

2
B, 0, 0,m

2
b) = (3.95)

(2πµ)2ϵ

iπ2
lim

N2→0

d

dN2
Im

∫
ddk

((pB − k)2 −m2
b)(k

2 −N2)

= −π
(
1 + ϵ(−γE + ln 4πµ2)

) p2B +m2
b

(p2B)
1−ϵ(p2B −m2

b)
1+2ϵ

,

a form seen in [208]. The divergence at the endpoint is of IR type, regulated

by taking ϵ < 0. Conversely the (p2B)
1−ϵ part regulates the UV as p2B → ∞

(though practically this is exponentially suppressed by the Borel transform). The

Borel transform can be performed via a subtraction method to separate out the

divergent part of the integral. After this the IR divergence is clear

BM2C0 = e
−m2

b
M2

(
1

ϵ̂IR
+ ln

s0µ
2

(s0 −m2
b)

2
−
∫ s0

m2
b

s+m2
b

s(s−m2
b)

(
e

m2
b−s

M2 − 1
)
ds

)
. (3.96)

These divergent cuts arise from terms of the form ln(m2
b − s)/(m2

b − s) which

cancel in the QCD limit and so do not appear in previous work, e.g. [107, 209].

The integral in (3.96) can in theory be written as an infinite sum of Beta functions,

though we work numerically.

We attack the diagrams via cutting rules as usual, again with a notion of red and

blue cuts. NLO condensate diagrams are rarely computed using Cutkosky rules

in the literature (if at all) and so we give some explicit details.
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The blue cuts are mostly straightforward. For diagrams that do not involve

the light quark the blue cuts simply generate a δ(′)(p2B − m2
b) in the spectral

density with the photon loop factorising as in the perturbative (1) case. This is

then decomposed as usual into Passarino-Veltman functions from which any soft

or collinear terms can be extracted. For example consider the bb denominator

condensate diagram

C
(2)
bb (p

2
B)
∣∣
⟨q̄q⟩ =

αm2
+Q

2
b

16iπ3
⟨q̄q⟩(2πµ)2ϵ

×
∫

ddk
Tr
[
γ51γ5(/pB +mb)γ

ρ(/q +mb)γρ(/pB +mb)
]

(p2B −m2
b)

2(q2 −m2
b)k

2
. (3.97)

The blue cut takes 1/(p2B − m2
b)

2 → πδ′(p2B − m2
b) (independent of k) and the

remaining integral is straightforward. This is then Borel transformed

BM2C
(2)
bb

∣∣⟨q̄q⟩
blue

=
αm2

+Q
2
b

4π
mb⟨q̄q⟩

∫ s0

m2
b

ds δ′(s−m2
b)

×
(
(d− 2)A0(m

2
b) + 2(s+m2

b)B0(s, 0,m
2
b)
)
e−s/M2

, (3.98)

and the derivative is shifted onto the second line. The delta functions can then

be evaluated giving eventually

BM2C
(2)
bb

∣∣⟨q̄q⟩
blue

=

−
αm2

+Q
2
b

2π
mb⟨q̄q⟩e

−m2
b

M2

[
1

ϵ̂UV

− 1

ϵ̂IR
− m2

b

M2

(
3

ϵ̂UV

+ 4 + 3 ln
µ2

m2
b

)]
. (3.99)

The UV poles are renormalised away while the IR cancels against the red cut, to

which we now turn.

For the red cuts the soft slicing procedure takes a slightly different form. As there

is one loop less than the perturbative (1) contribution the red cuts now resemble

a 1 → 2 real decay. The photon energy is fixed by the cut and not integrated

over. Consider the bb graph again; the red cut of (3.97) is

ImC
(2)
bb (p

2
B)
∣∣⟨q̄q⟩
red

=
αm2

+Q
2
b

2π
mb⟨q̄q⟩(2πµ)2ϵ

×
∫

ddk δ+(k2)δ+((pB − k)2 −m2
b)

(
m2

b

(pB · k)2
+

1

pB · k

)
. (3.100)
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Slicing out the soft region as usual, we let k → 0 in the numerator

ImC
(2)
bb (p

2
B)
∣∣⟨q̄q⟩
red, soft

=
αm2

+Q
2
b

2π
m3

b⟨q̄q⟩δ+(p2B −m2
b)

× (2πµ)2ϵ
∫
|k|<∆Es

ddk
δ+(k2)

(pB · k)2
+ O(ωs) , (3.101)

giving

BM2C
(2)
bb

∣∣⟨q̄q⟩
red, soft

=
α

π
m2

+Q
2
bmb⟨q̄q⟩e

−m2
b

M2

(
−1

2ϵ̂IR
+ ln

2∆Es

µ
− 1

)
+ O(ωs), (3.102)

which cancels the IR of (3.99). What about the hard region? This seems to be

divergent9 as p2B → m2
b , that is evaluating (3.100) in d = 4 using the methods of

Section 3.2.2 one finds curiously

ImC
(2)
bb (p

2
B)
∣∣⟨q̄q⟩
red, hard

=
αm2

+Q
2
b

2p2B
mb⟨q̄q⟩

(
2m2

b

p2B −m2
b

+ 1

)
. (3.103)

This can be understood however. For the condensates the photon energy is no

longer free and is fixed at |k| = |k∗| with

|k∗| = p2B −m2
b

2
√
p2B

, (3.104)

in analogy to (3.36). The divergence is therefore really the soft divergence

∼ 1/|k∗| appearing in the limit p2B → m2
b . For the condensates the hard region is

now defined by a cut in the dispersion variable p2B > m2
b + 2mb∆Es unlike in the

perturbative case. Equation (3.103) should be modified to include an appropriate

θ function enforcing this. Thus after Borel transforming the hard region is

BM2C
(2)
bb

∣∣⟨q̄q⟩
red, hard

=

α

π
m2

+Q
2
bmb⟨q̄q⟩

∫ s0

m2
b(1+ωs)

ds e−s/M2

(
1

2s
+

m2
b

s(s−m2
b)

)
+ O(ω2

s) , (3.105)

which is done numerically. The soft divergence is removed by the ωs > 0 in

the lower integration limit. The only remaining issue is how the ln∆Es (or

equivalently lnωs) term in (3.102) cancels with the hard region (3.105). As s →
9This problem also afflicts the toy model calculation.
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m2
b the dominant term comes from the integral∫ s0

m2
b(1+ωs)

e−s/M2

s−m2
b

ds = e−m2
b/M

2

{
Γ
(
0,
m2

b ωs

M2

)
− Γ

(
0,
s0 −m2

b

M2

)}
, (3.106)

written in terms of the (upper) incomplete Gamma function, Γ(a, z) ≡
∫∞
z
ta−1e−t dt.

Asymptotically for small ωs we have that

Γ
(
0,
m2

b ωs

M2

)
= −γE − ln

m2
b ωs

M2
+ O(ωs) , (3.107)

giving the required logarithmic dependence.

The 18 diagrams where the photon connects to the quark-condensate itself are

particularly tricky as the light quark leg carries no momentum and behaves as if it

is on-shell. It is precisely these diagrams that generate the endpoint divergences

in the C0 function discussed earlier. Applying charge conservation these endpoint

IR divergences are proportional to Q2
q once summed. These can be traded

for UV divergences by adding the contribution of the q̄-quark leg self-energy

diagrams which formally vanish in DimReg (mq = 0). Properly however they are

proportional to Q2
q(

1
ϵUV

− 1
ϵIR

) which exactly cancels the endpoint IR divergences

and turns them into UV ones. Now as UV poles these are renormalised away and

this is interpreted as a renormalisation of the condensate itself. As a sanity check

of the procedure the counterterm Z⟨q̄q⟩ matches the well-known results.

Other renormalisations proceed exactly as in the perturbative case in Section

3.2.5. For example we add in external self-energies as before with ImΠ
(0)
1 →

ImΠ
(0)
⟨q̄q⟩ and ImC

(0)
1 → ImC

(0)
⟨q̄q⟩. The physical soft divergences behave in an

identical manner as they must do as they are universal.

3.2.8 Gauge-invariance

In previous sections the Feynman gauge, ξ = 1, has been assumed. Here

we consider the remaining part of the photon propagator, tracking the (ξ −
1)kµkν/(k

2)2 terms. A priori such terms are troublesome to compute due to the

presence of double propagators as in the bb and qq graphs. However as particles

are put on-shell in the cuts, Ward identities simplify the rest of the amplitude

meaning explicit gauge-invariance can be demonstrated analytically.
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For example, for a photon connecting to an external lepton, one has explicitly

kµ × ū(l1)γµ
/l1 − /k +mℓ

(l1 − k)2 −m2
ℓ

−→ − ū(l1) , (3.108)

where the lepton propagator has been contracted to a point. Such contractions

mean that the ξ − 1 ‘gauge’ contributions are expressible in terms of the LO

correlator. In the case of the blue cuts, these gauge terms vanish separately for

each diagram while the red cuts are gauge-invariant as a consequence of charge

conservation.

Explicitly for the blue cuts one has

ImΠ
(2)
blue

∣∣
QiQj(ξ−1)

∝ ImΠ(0)

∫
ddk

(k2)2
= 0 , (i ̸= j) (3.109)

as scale-less integrals vanish in DimReg. Identical behaviour is true of the

denominator correlator C. The bb and qq graphs also vanish though this is more

involved. In the red cuts one must cut the double 1/(k2)2 propagator and so we

use the derivative trick of Section 3.2.4. We find

ImΠ
(2)
red|1−ξ =

αm2
+geffNc

16π3
(2πµ)4ϵ

(
(QΦ −Qb +Qq)(Qℓ1 −Qb +Qq)

)

× lim
N2→0

d

dN2

∫
ddk δ+(k2 −N2)θ(q2 −m2

+) ū/qΓv
λ

1
2
q

q2

(
1−

m2
−

q2

)
= 0 , (3.110)

which vanishes by virtue of conservation of charge at each vertex. Note again the

LO structure appearing in the integral. Similarly for the denominator correlator

ImC(2)|1−ξ =
α

2π2
(2πµ)2ϵ

(
QΦ −Qb +Qq

)2
× lim

N2→0

d

dN2

∫
ddk δ+(k2 −N2)θ(q2 −m2

+) ImC(0)(q2)

= 0 . (3.111)

Gauge-invariance of the condensate diagrams works out in a similar manner

ImΠ
(2)
⟨q̄q⟩|1−ξ = αm+geff⟨q̄q⟩

(
QΦ −Qb +Qq

)(
Qℓ1 −Qb +Qq

)mℓūΓv

8πp2B

×
(
B0(p

2
B, 0,m

2
b)− (m2

b + p2B)C0(0, p
2
B, p

2
B, 0, 0,m

2
b)
)
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= 0 , (3.112)

while for the denominator

ImC
(2)
⟨q̄q⟩|1−ξ = −

αm2
+

4π
mb⟨q̄q⟩

(
QΦ −Qb +Qq

)2
C0(0, p

2
B, p

2
B, 0, 0,m

2
b)

= 0 . (3.113)

These equations demonstrate the gauge invariance of the virtual 1PI diagrams.

The ΦB particle, which restores charge conservation to the vertices, is crucial to

the whole procedure. Gauge-dependent terms in the ΦB self-energies formally

cancel between numerator and denominator correlators. Gauge-invariance in the

renormalisation of the JB and LW vertices is discussed in Section 3.2.5.

3.2.9 Final Result

Having renormalised, the denominator correlator C is UV and IR finite. The

final result for |ZB|2 is then obtained by Borel transforming the spectral density

ρC(s) as given in (3.12).

The numerator correlator Π must first be squared and spin-summed to allow us

to extract the virtual rate. For the virtual case the phase-space integration is

trivial. Defining ImΠ = ImΠ ūΓv and as before

BM2Π ≡ 1

π

∫ s0

m2
+

ImΠ(s)e−s/M2

ds , (3.114)

then the virtual rate reads

µ2ϵ
[
|ZB|2ΓB̄→ℓν̄

]
=

(m2
B −m2

ℓ)
2

4πm3
B

e
2m2

B
M2

((
BM2Π

(0))(BM2Π
(0))∗

+ 2K(ϵ) Re
(
BM2Π

(2))(BM2Π
(0))∗

+O(α2)

)
, (3.115)

and the final result follows from dividing by |ZB|2. The first line and second line

correspond to the LO and NLO result respectively. Note that the NLO result

contains an IR divergence which cancels only when we add the real radiative

contribution. The quantity K(ϵ) ≡ 1 − 2ϵ ln
m2

B−m2
ℓ

2µmB
+ ϵ(2 − γE + lnπ) encodes

phase space corrections which similarly cancel with the real contribution and so

in practise can be ignored.
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Before concluding this section it is worthwhile to summarise the various checks

that have been made to ensure the correctness of the calculation. On the

methodology side the procedure has been thoroughly checked by using the toy

model of Section 3.1.3. In this and in the full calculation the correct soft

behaviour, explicit gauge invariance and the correct QCD limits have been shown.

Additionally in Section 3.4 we will show how the framework recovers all universal

hard-collinear logs. In terms of the actual calculation all diagrams have been

numerically checked using pySecDec10. The three lepton diagrams (Φ, b, q)-ℓ1

are the most computationally intensive and have been checked at the per mille

level while all other diagrams have been checked to considerably higher precision.

3.3 Real Radiation

We now turn to the calculation of the real radiative rate, which follows from the

correlator Πγ. The correlator itself is relatively simple, being written in terms

of form factors V∥,⊥(q
2) (to be defined shortly), with the integration over phase

space now being slightly more involved.

3.3.1 Amplitude

The real amplitude A(B̄ → ℓν̄γ) is extracted from the correlator Πγ (in the

manner of (3.10)) which itself can be decomposed into three contributions

Πγ
ρ(p

2
B, q

2) = Πγ
ρ|ℓ1 +Πγ

ρ|ΦB
+Πγ

ρ|B̄ , (3.116)

where the index ρ is understood to be contracted with the photon polarisation

vector ϵ∗ρ(k). Recall that momentum conservation takes the form pΦ|real = l1 +

l2 + k with q ≡ pB − k and k2 = 0. The first term corresponds to emission from

the charged lepton which is straightforward as it is point-like. The second term

is unique to our framework and is the emission from the on-shell ΦB particle.

This is similarly straightforward as the ΦB is treated as a point-like scalar and

it is this term that gives the correct Low limit. Finally, all structure-dependence

is contained in the form factors V∥,⊥(q
2) which enter the third term, Πγ

ρ|B̄, that

10As pySecDec cannot handle spinor chains we check instead Π(0)∗Π(2) summed over fermion
spins for the (renormalised) lepton diagrams. The rest of the diagrams need only a simple
projection.
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corresponds to emissions from the quarks.

For convenience we define ΠfB(p
2
B) as the LO result (including condensate

contributions) with spinors and prefactors removed. That is

Π(0)(p2B) = geffm+mℓ ūΓvΠfB(p
2
B) , (3.117)

(without the mℓ in the S-P case) as well as the shorthand

g̃ ≡ geffm+ese . (3.118)

The real rate essentially can be considered as a LO process in its own right,

especially for hard photon emissions. Thus unlike in the virtual computation

(where the photon directly connects initial and final states) we may work with a

sum-rules version of the decay constant. That is, in our framework we may define

FB = FB(M
2) ≡ m+

ZB

e
m2

B
M2 BM2ΠfB(p

2
B) , (3.119)

at O(α0). Following the virtual computation we drop all Lorentz structures

involving r in the correlator. Structures like r · ϵ∗ do not appear in the amplitude

and their coefficients are considered to be extra unphysical form factors. Further,

the only place where we retain r ̸= 0 is in the extraction of the hadronic quantities

FB, V∥, V⊥ and we set r → 0 in all other structures. Essentially we should only use

a dispersion to determine the unknown form factors and not where unnecessary.

While we discuss the first principles calculation of the form factors V∥,⊥(q
2) in

Section 3.3.2, in the end the proximity of the B∗(1) pole means our (LO in QCD)

calculation is unsuitable and we instead take external form factors in the numerics.

To be specific we utilise the NLO LCSR form factors [195] with the view that sum-

rules calculations work better when combined with other sum-rules calculations.

In the Lorenz gauge, ϵ∗(k) · k = 0, one has

Πγ
ρ|ℓ1 = + g̃Qℓ1ΠfB(p

2
B)

(
ūγρΓv +

mℓ

2l1 · k

(
ūγρ/kΓv + 2(l1)ρ ūΓv

))
(3.120)

Πγ
ρ|ΦB

= − g̃QΦ
(pΦ)ρ
pΦ · k

ΠfB(q
2)mℓ ūΓv

Πγ
ρ|B̄ = + g̃QΦ ūΓ

µv

(
ΠfB(q

2)− ΠfB(p
2
B)

pB · k
(pB)ρ(pB)µ − ΠfB(q

2)gρµ

)
+Πγ

ρ|struc ,
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where for Πγ
ρ|B̄ we have separated out the true structure-dependence, Πγ

ρ|struc,
from the contact terms. Note the difference in the function arguments: ΠfB(p

2
B)

versus ΠfB(q
2) for the lepton and ΦB terms respectively due to emission after

versus before the B̄-meson is resolved. Again ImΠfB(q
2) contains a θ(q2 −m2

+)

function which limits the allowed range of p2B given a fixed photon energy Eγ.

Finally, true structure-dependence (i.e. a non-trivial dependence on the quark

charges) is contained in the two form factors V∥,⊥ defined from the matrix element

⟨γ|q̄Γ̂µb|B̄⟩ =

− see

mB

(
P⊥
µ V⊥(q

2)− P ∥
µ

(
V∥(q

2) +QB̄

mBfB
k · pB

)
− P Low

µ QB̄

mBfB
k · pB

)
, (3.121)

where in our case QB̄ = −1. We follow the notation and conventions of [195]

where the charged form factors are of negative sign, ϵ0123 = +1 and

P⊥
µρ ≡ ϵµρβγ(pB)

βkγ

P ∥
µρ ≡ i

(
k · pB gµρ − kµ (pB)ρ

)
(3.122)

P Low
µρ ≡ i (pB)µ(pB)ρ ,

with P µ ≡ P µρϵ∗ρ(k). Assembling all parts, the amplitude follows from Borel

transforming the correlator Πγ, like in the virtual case (cf. (3.10)), and is

expressible in terms of the hadronic quantities FB, V∥ and V⊥

(m+mB/g̃)(Aγ)ρ =

(
P µρ
∥

[
V∥(q

2) +
QΦmBFB

k · pB

]
− P µρ

⊥ V⊥(q
2)

)
ūΓµv (3.123)

−iQℓ1mBFB

(
ūγρΓv +

mℓ

2l1 · k

(
ūγρ/kΓv + 2lρ1 ūΓv

))
+
QΦmBFB

k · pB
P µρ
LowūΓµv .

This is the well known expression (e.g. [180]) for the radiative amplitude in

terms of the form factors and fB → FB. We must include the decay constant

in this way to be consistent with the virtual computation. Note how FB, rather

than ΠfB(q
2), eventually appears in the Low term. Further note the conventional

separation of the P µρ
∥ coefficient (square bracket in (3.123)) for charged mesons.

The point-like term (proportional to FB) is separated out from the parallel form

factor V∥(q
2) [180]. The photon has maximum energy Einc

γ = mB

2
(1 − m2

ℓ

m2
B
) in

the limit q2 → m2
ℓ ≈ 0, while the q2 → m2

B is the soft limit. While we take

the functions V∥,⊥ externally we give some comments on their relation to the
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correlator Πγ
ρ|struc in the next section.

3.3.2 Further Correlators

Calculating the form factors ourselves would mean calculating Πγ
ρ|struc which is

related to the functions ΠV
∥,⊥(p

2
B, q

2) defined in the B̄ → γ LCSR calculation [195]

via

isem+mB Πγ
ρ|struc = g̃ ūΓµv

(
ΠV

⊥P
⊥
µρ − ΠV

∥ P
∥
µρ

)
, (3.124)

which themselves follow from the Lorenz gauge correlation function

ΠV
µρ = − semB

∫
ddx ddy e−ipB ·xeik·y⟨0|Tjρ(y)JB(x)(q̄Γ̂µb)(0)|0⟩ (3.125)

= se

(
P⊥
µρΠ

V
⊥ − P ∥

µρΠ
V
∥ + (pB)µ(pB)ρX

V + kµ(pB)ρY
V + gµρpB · kZV

)
,

with jρ =
∑

qQqψ̄qγρψq. The X
V , Y V , ZV structures are contact terms which, to

be consistent with [195], are chosen as

XV =
iQΦmBm+

pB · k

(
ΠfB(q

2)− ΠfB(p
2
B)
)

Y V = 0 (3.126)

ZV = − iQΦmBm+

pB · k
ΠfB(q

2) ,

which matches Πγ
ρ|B̄ in (3.120). As made clear in [159] the contact terms are

not completely fixed by the Ward identity and depend on exactly what terms are

absorbed into the definitions of the ΠV
∥,⊥ functions11. In the end, at the level of

the form factors, the amplitude is nevertheless gauge-invariant.

In [195] the authors calculate ImΠV
∥,⊥ at NLO and beyond leading twist and

then Borel transform to extract the form factors V∥,⊥. Again there is the notion

of red and blue cuts in the spectral density. Red cuts correspond to cutting

after the photon is radiated, while blue cuts are cuts before the photon emission.

Equivalently red cuts are cuts in the variable q2 while blue cuts are in p2B. In

our framework with the ΦB particle we must take both red and blue cuts (as

11As a technical note, this also depends on whether the computation takes just blue cuts or
red and blue cuts. In the spectral density for ΠV

∥ this corresponds to subtracting ΠfB (p
2
B) versus

ΠfB (q
2), cf. equation (3.15) of [195]. To adapt to their notation use the relation CA(p2B) =

im+ΠfB (p
2
B) +O(αs).
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emphasised in the virtual case) as the emission from the ΦB (which is crucial for

the correct soft physics) corresponds to a red cut. The calculation in [195] is only

valid for hard photons12, and so gets away with taking just blue cuts. This is

understood by noting that the cuts start at

p2B|blue > m2
+ , p2B|red >

(
Eγ +

√
E2

γ +m2
+

)2
, (3.127)

and so for hard photons q2 ≲ 14GeV2 (or Eγ ≳ 1.25GeV) the red cuts never

actually contribute as the cut starts at p2B > s0. We of course certainly care

about soft photons and so are required to take both red and blue cuts.

The form factors calculated in [195] are extrapolated from the hard region to

the soft region in that paper, and it is that extrapolation that we use for our

numerics in the end. It was hoped that by additionally including red cuts in the

calculation one could calculate directly in the soft region and bypass the need

for the extrapolation. However as will be shown in Section 3.3.4 this does not

adequately resolve the hadronic B∗(1) pole.

3.3.3 Low terms and Gauge-invariance

Let us now consider the real correlator in the soft limit. Recall from Low’s

theorem that structure-dependence only appears at O(Eγ) with the first two

terms in the Eγ expansion being universal. Focus on the terms proportional to

QΦ. We have

(Πγ)ρ = −g̃QΦ
pρΦ
pΦ · k

ΠfB(q
2)mℓ ūΓv

+ g̃QΦ ūΓµv

(
ΠfB(q

2)− ΠfB(p
2
B)

pB · k
(pB)

ρ(pB)
µ − ΠfB(q

2)gρµ
)
+ . . . , (3.128)

where + . . . denotes lepton terms and structure-dependent terms that vanish in

the soft limit. Taking all cuts, the first line (ΦB emission) gives the leading Low

term in the k → 0 limit. The second line generates an O(1) contribution as the

12For hard photons it is acceptable to treat
∣∣B̄〉 and |γ⟩ as separate states, with p2B and q2

considered distinct variables, as one would do for B̄ → ρ form factors for example. For soft
photons this becomes unfeasible as p2B ≈ q2.
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ΠfB(q
2) and ΠfB(p

2
B) combine to give Π′

fB
(p2B) as k → 0, i.e

ImΠγ|ρsoft = −g̃QΦ
pρΦ
pΦ · k

ImΠfB(p
2
B)mℓ ūΓv + O(1) + . . . . (3.129)

If instead we only took blue cuts then we would no longer have a ΦB particle

contribution in the first line. However in the second line one would not cut

ΠfB(q
2) and thus

ImΠγ|ρsoft = −g̃QΦ
ImΠfB(p

2
B)

pB · k
(pB)

ρ(pB)
µ ūΓµv , (3.130)

which is the same result (with r → 0). That is, one can recover the correct

Low behaviour in either the ΦB formalism (3.129) or in the traditional formalism

(3.130) without the ΦB. However, as stressed in Section 3.3.2, for soft photons

one should in general take all cuts. For completeness the eikonal form of the

correlator is (including the lepton term)

Πγ|ρsoft = −g̃ mℓ ūΓvΠfB(p
2
B)

(
QΦ

pρΦ
pΦ · k

−Ql1

lρ1
l1 · k

)
, (3.131)

which is trivially gauge-invariant under ϵ∗ → ϵ∗ + k.

Gauge-invariance of the full amplitude follows from noting that the structure-

dependence disappears, kρP
µρ
∥,⊥ = 0, and therefore

kρΠγ
ρ|ℓ1 = + g̃Qℓ1

(
ū/kΓv +mℓūΓv

)
ΠfB(p

2
B) (3.132)

kρΠγ
ρ|ΦB

= − g̃QΦmℓ ūΓvΠfB(q
2)

kρΠγ
ρ|B̄ = + g̃QΦ ūΓ

µv

((
ΠfB(q

2)− ΠfB(p
2
B)
)
(pB)µ − ΠfB(q

2)kµ

)
.

After some intricate cancellations the final result kρΠγ
ρ = 0 follows as a

consequence of charge conservation QΦ = Qℓ1 .

kρΠγ
ρ = g̃

(
Qℓ1 −QΦ

)(
ū/kΓv +mℓūΓv

)
ΠfB(p

2
B) = 0 . (3.133)
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3.3.4 Form Factors

The fundamental difficulty in trying to compute the form factors13 V∥,⊥(q
2) in

m2
ℓ < q2 < m2

B using perturbation theory is the presence of hadronic poles at

q2 = m2
B1 (parallel FF) and q2 = m2

B∗ (perpendicular FF). These axial (1+, mB1)

and vector (1−, mB∗) excited states of the B̄-meson are correspondingly heavier

and so lie just above the physical q2 range, q2 < m2
B. The poles do not directly

enter the form factors, but the proximity of the B∗(1) mass to the endpoint means

there is a substantial blow-up in the FF as q2 → m2
B, i.e in the soft photon region.

The masses are [37]

mB = 5.279GeV , mB∗ = 5.325GeV , mB1 = 5.726GeV , (3.134)

where the uncertainties are negligible. The rise towards the pole is more extreme

for the perpendicular (vector) form factor as the B∗ pole lies closer tom2
B than the

B1 pole. This rise is more pronounced for heavier mesons as the mass splittings

vanish in the heavy quark limit, cf. (1.20) and (1.21).

Physically the pole arises from the hadronic transitions B∗ → Bγ (vector channel)

and B1 → Bγ (axial channel). These are governed by the couplings gBB∗γ and

gBB1γ and the decay constants fB∗ and fB1 . Following [179] and assuming pole-

dominance the form factors can be written as

V⊥(∥) =
rV⊥(∥)

1− q2/m2
B∗(1)

, rV⊥(∥) =
mB

mB∗(1)
fB∗(1)gBB∗(1)γ , (3.135)

where their magnitude depends on the pole residues rV⊥(∥). These residues have

been recently calculated via LCSR in [196] which can be compared to the older

estimates in [179]

rV⊥ |[196] = − 0.30(4) , rV∥ |[196] = − 0.16(3) , rV⊥/r
V
∥ ≈ 1.9 ,

rV⊥ |[179] = − 0.24(4) , rV∥ |[179] = − 0.20(5) , rV⊥/r
V
∥ ≈ 1.2 , (3.136)

giving a more extreme ratio between the perpendicular and parallel FFs. It is

exactly these residues [196] that was used in the LCSR form factor calculation

[195] to extrapolate the hard photon computation q2 ≲ 14GeV2 to the soft photon

13Note the alternate notation for the form factors FV = V⊥ and FA = V∥. In the S-P
case these form factors vanish by helicity conservation. Further, in the S-P case all red cut
contributions actually cancel identically and so the amplitude is very simple.
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Figure 3.8 A comparison of three different B− → γ form factors V⊥ (left) and
V∥ (right), where q2 = m2

B − 2mBEγ. The black line is the LCSR computation
[195] which takes a hard-photon computation (blue cuts only) and extrapolates to
the soft region using the residues of [196]. For comparison we give the nearest
pole-dominance form factors (using these residues) in grey (dashed). Finally the
blue line is our LO in QCD calculation which does not manage to resolve this pole.
Note that in our conventions the form factors are negative.

region 14GeV2 ≲ q2 < m2
B.

As discussed in Section 3.3.2, in principle we should be able to compute in the

soft photon region directly by taking both red and blue cuts. However working

at LO in QCD (i.e. calculating the diagrams in Figures 3.2 and 3.7) this does not

in any way manage to capture the hadronic pole. To allow us to make sensible

numerical predictions we take the form factors given in [195] for our computation.

In Figure 3.8 we plot these form factors (black line) against the LO computation

(blue line) with the pole-dominance approximation given in grey (dashed). The

LCSR computation does not diverge too much from the pole approximation,

especially for the vector form factor which is the most important numerically.

First principles lattice QCD predictions of these charged form factors have not yet

been computed. However in the neutral (B̄s) case results have been given in [191]

which make use of an extrapolation from unphysical values mBs ∈ [mDs , 2mDs ]

to the physical point mBs ≈ 2.7mDs using HQET relations. These predictions

are in general smaller than the corresponding neutral form factors in [195].
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3.3.5 Radiative Rate

The amplitude given in (3.123) must be squared and integrated over three-body

phase space in order to infer the rate ΓB̄→ℓν̄γ. That is[
|ZB|2ΓB̄→ℓν̄γ

]
=

(2π)d

2mB

∫ [
⟨|Aγ|2⟩|ZB|2

]
δ(d)(pB − l1 − l2 − k)

× dd−1l1
(2π)d−12Eℓ1

dd−1l2
(2π)d−12El2

dd−1k

(2π)d−12Eγ

, (3.137)

where again we work in the pB rest frame and ⟨· · · ⟩ indicates spin and polarisation

sums. We slice out the soft part of this integral using a soft cut-off ωγ
s ≪ 1 to

separate the ϵIR pole at the cost of O(ωγ
s ) terms. The result is

[
|ZB|2ΓB̄→ℓν̄γ

]
soft

= − g̃2m3
B

16π3

(
e

m2
B

M2 BM2ΠfB(p
2
B)
)2
K(ϵ) m̂2

ℓ(1− m̂2
ℓ)

2

×

{(
−1

2ϵ̂IR
+ ln

mBω
γ
s

µ

)(
Q2

Φ +Q2
ℓ1
+QΦQℓ1

1 + m̂2
ℓ

1− m̂2
ℓ

ln m̂2
ℓ

)

+QΦQℓ1

1 + m̂2
ℓ

1− m̂2
ℓ

(
Li2(1− m̂2

ℓ) +
1

4
ln2 m̂2

ℓ

)

−Q2
Φ +

1

2
Q2

ℓ1

1 + m̂2
ℓ

1− m̂2
ℓ

ln m̂2
ℓ

}
+ O(ωγ

s ) , (3.138)

where recall m̂ℓ ≡ mℓ/mB. This is essentially just the result with the eikonal

approximation to the amplitude. The pole and soft-collinear terms cancel exactly

with (3.93) as they must. Notice that the final term in (3.138) is a finite collinear

lnmℓ term (not a soft-collinear term) that is generated from this soft region.

The soft cut-off cancels against logarithmic ωγ
s dependence in the remaining hard

region.

The hard region is most easily calculated in Dalitz variables

x = 1− (pB − k)2

m2
B

, y = 1− (pB − l1)
2

m2
B

, (3.139)

where we may take d = 4 safely. These variables are essentially just the photon

and lepton energies (in the meson rest frame) respectively

x =
2Eγ

mB

, y =
2Eℓ1

mB

− m̂2
ℓ . (3.140)
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In such dimensionless variables the hard region is

ωγ
s < x < rE , rE ∈

[
0, 1− m̂2

ℓ

]
, (3.141)

where rE is the dimensionless photon energy cut-off, cf. (2.84). The phase space

integral (3.137) can be rewritten in terms of Dalitz variables as

[
|ZB|2ΓB̄→ℓν̄γ

]
hard

=
mB

256π3

∫ rE

ωγ
s

dx

∫ 1

1−x+ x
1−x

m̂2
ℓ

dy
[
⟨|Aγ|2⟩|ZB|2

]
, (3.142)

with the integral over y performed analytically. The final energy integral has to

be done numerically due to the x dependence in the form factors, q2 = m2
B(1−x).

As stressed previously, structure-dependent terms in the real rate lift the tree-

level helicity suppression. For hard photons, Eγ ∼ 1
2
mB, the real rate is enhanced

by a factor of (mB/mℓ)
2 compared to the tree level. For the electron and

muon channels this is an enhancement by a factor of approximately 108 and

2500 respectively. This means that for the real contribution to not completely

overwhelm the virtual a very soft photon cut must be chosen, Ecut
γ ∼ mℓ. The

large tau mass means the helicity suppression is effectively not there in the first

place and we may consider a wide range of photon energy cuts for this channel.

With the light lepton channels in mind we can drop O(m2
ℓ) terms and recover the

well-known form for the differential rate, valid for Eγ ≫ mℓ

dΓB̄→ℓν̄γ

dEγ

∣∣∣∣
mℓ→0

=
αG2

F |Vub|2

6π2
mBE

3
γ

(
1− 2Eγ

mB

)(
|V∥|2 + |V⊥|2

)
, (3.143)

which is entirely structure-dependent. The scalar QED real result in Section 2.3.3

of course does not capture this enhancement and vanishes in the mℓ → 0 limit.

For later convenience (as we shall use it in plots and it does not appear in [164])

we give the scalar QED result at the double-differential level

1

Γ
(0)
SQED

∂2Γ
(2)
SQED

∂x∂y
=

α

2π

1

(1− m̂2
ℓ)

2

[
(2− x)(m̂2

ℓ + x− 1)

x2
− 1 + m̂2

ℓ

x

+
2(1− m̂4

ℓ)

x(x+ y − 1)
+

2m̂2
ℓ + x− 2

x+ y − 1
+

2m̂2
ℓ(m̂

2
ℓ − 1)

(x+ y − 1)2

]

=
α

2π

(x2 − 2x+ 2)(1− y)

x2(x+ y − 1)
+ O(m2

ℓ) , (3.144)

which is particularly simple upon neglecting subleading O(m2
ℓ) terms on the RHS.
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3.4 Collinear Logs

This final section discusses one of the central conceptual points of the work: the

non-cancellation of collinear logs, lnmℓ. As emphasised in Chapter 2, such logs

are sizeable and appear only for vector and axial interactions due to the helicity

suppression of the tree level amplitude. In theories with S-P interactions the KLN

theorem applies and hard-collinear logs must cancel between real and virtual rates

when fully inclusive.

The KLN theorem itself is based on unitarity and implies that all collinear logs

can be reproduced from the LO rate and the splitting function, Pf→fγ (2.81) in

the S-P case. We must get [138]

Γ
(2)
S-P

∣∣
HC

= − α

π
Q2

ℓ1
lnmℓ

∫ 1

1−rE

dz Pf→fγ(z) Γ
(0)
S-P

= − α

π
Q2

ℓ1
lnmℓ

(
3

2
− rE

(
2− 1

2
rE
))

Γ
(0)
S-P , (3.145)

where the traditional collinear variable z in these kinematics is simply the

complement of the Dalitz variable z ≡ 1−x. As x is interpreted as a dimensionless

photon energy the soft region is therefore the limit z → 1. Note that the LO rate

does not depend on z, unlike for example in B̄ → K̄ℓℓ̄ at the double differential

level (in q2 variables) [90]. In the collinear region we neglect subleading m2
ℓ terms

and so the fully photon inclusive limit is rE → 1, for which the RHS of (3.145)

vanishes. In other words the collinear logs cancel once integrated over the entire

photon energy range.

We will use the S-P result as an important check of our methodology. Structure-

dependent logs are forbidden by the KLN theorem and we will verify this

explicitly. On the other hand structure-dependent logs may appear for V±A

interactions, as found for example in the SCET analysis of B̄s → µ+µ− [176].

Investigating how our logs differ from the naive scalar QED logs (Table 2.1) is

the main aim of this section. The virtual logs are described in Section 3.4.1

(methods) and 3.4.2 (results) while real hard-collinear logs are given in Section

3.4.3.
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3.4.1 Virtual Collinear Slicing

In general, hard-collinear logs are generated from both red and blue cuts in

the virtual computation. Extracting hard-collinear logs from the blue cuts

is relatively straightforward. They appear directly in the Passarino-Veltman

functions as explained around (3.64) in Section 3.2.4. To put it another way,

in the blue cuts the photon loop factorises and one-loop collinear logs are well-

known. The extraction of hard-collinear logs arising from the red cuts is less

standard and is the topic to which we now turn.

As explained in Section 3.2, the red cuts resemble a real decay with modified

kinematics. Once we have integrated out the quark loop momenta we are left

with an integral over the virtual photon phase space
∫
ddk δ+(k2) where the

delta function forces the photon on-shell. Having sliced out the soft part of this

integral, the hard part is decomposed into collinear and non-collinear sectors.

The treatment of the collinear sector is a modification of the collinear slicing

technique [156] from real to virtual and is new to the best of our knowledge.

Again this procedure has been checked in the toy model.

Traditionally real collinear phase space is parameterised by an ‘energy variable’

z and the collinear variable k · l1, as discussed in Section 2.3.2. The collinear

divergence appears due to terms in the integrand of O(1/(k · l1)1+ϵ) as k · l1 → 0.

The collinear region is parameterised by a collinear cut-off ωc which is chosen to

be sufficiently small to allow us to drop subleading powers of k · l1 and m2
ℓ in the

integrand at the cost of O(ωc) terms. The collinear divergence comes from

∫ ωcm2
B

0

d(k · l1)
(k · l1)1+ϵ

=
−1

ϵIR
+ ln

(
ωcm

2
B

)
, (3.146)

in the limit where the lepton is massless. We retain a finite lepton mass and so k·l1
is cut off at its O(m2

ℓ) lower limit thus generating collinear logs 1/ϵIR → lnm2
ℓ .

The ‘energy variable’ z is traditionally defined as

k = (1− z) lγ , lγ ≡ l1 + k , (3.147)

which for our kinematics can also be defined as z = 1 − x as discussed earlier.

Implicit in the definition (3.147) is the fact that in the collinear region one may

take k parallel to l1 up to neglected terms of order m2
ℓ . The quantity lγ naturally

appears as the momentum carried by the lepton before it emits the collinear
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photon.

In the virtual case however the object lγ is no longer the natural variable and the

definition (3.147) is not optimal. For the virtual phase space in the red cuts we

instead parameterise the collinear region with {zv, k · l1} where

k = (1− zv) l1 , (3.148)

up to subleading terms. In analogy to the real case the photon is soft as zv → 1.

Of course we have already sliced the soft region out and so zv < 1−ωs. One may

worry about the virtual photon having unbounded energy, however recall that it

is actually cut off at |k| = Λ, (3.57), by the θ function generated in the quark

loop integral. Translated to the zv variable this gives the bounds

δH < zv < 1− ωs , δH ≡
m2

+

p2B
, (3.149)

where δH is the hard cut-off. Other energy parameterisations are available

however this is the simplest choice14. We now derive the virtual phase space

in d = 4 − 2ϵ dimensions (also retaining non-zero masses), though we only need

the d = 4 case in this work.

Write the virtual photon momentum quite generally as

kµ = c1 l
µ
1 + c2 l

µ
2 + kµT , (3.150)

where kµT is a part transverse to the leptons and c1,2 are coefficients. Collinearity

is therefore the limit kT → 0 (and m2
ℓ → 0). Anticipating the result we may as

well relabel c1 = 1− zv and enforcing k2 = 0 gives

kµ = (1− zv) l
µ
1 +

|kT |2 − (1− zv)
2m2

ℓ

(m2
B −m2

ℓ)(1− zv)
lµ2 + kµT , (3.151)

where kT is a d−2 dimensional transverse vector, k2T = −|kT |2, and kT · l1,2 = 0.

Working in the pB = (
√
s,0) rest frame one can give an explicit parameterisation,

14In general one could take any parameterisation k = f(z)l1 (for sensible functions f) in
the collinear region as this really is just a change of energy variables. Indeed one recovers the
same results when taking f(z) = (1− z)/z, the direct equivalent of (3.147). Note however that
requiring z ≤ 1 when taking (3.148) is only possible with certain kinematic choices. This is
guaranteed for l2 · r = 0, but not for l1 · r = 0 at large s0 for example.
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cf. (3.18)

kµ =
1

2
√
s

(
s(1− zv) +

|kT |2

1− zv
, 2

√
skT , s(1− zv)−

|kT |2

1− zv

)
, (3.152)

where the leptons are aligned with the z-axis, kµT = (0,kT , 0). Further we get

k · l1 = 1
2
(1− zv)m

2
ℓ +

|kT |2

2(1− zv)
, (3.153)

showing how the lepton mass regulates the minimum value of k ·l1 when |kT | → 0.

We define the upper boundary of the collinear region by k · l1 < ωc p
2
B where

following [156] the hierarchy ωc/ωs ≪ 1 is required to properly resolve the overlap

between the soft and collinear regions. The collinear photon phase space can be

written in terms of a transverse part and a component in the z direction, i.e. in

cylindrical coordinates∫
dd−1k =

∫
dkz |kT |d−3 d|kT | dΩd−2 . (3.154)

Transforming to {zv, k · l1} variables with Jacobian∣∣∣∣∂(kz, |kT |)
∂(zv, k · l1)

∣∣∣∣ = kz

|kT |

[
1 +O(|kT |,m2

ℓ)
]
, (3.155)

where in the collinear region we drop all subleading behaviour as this generates

negligible O(ωc) terms. We finally get the hard-collinear phase space parameter-

isation∫
HC

dd−1k

|k|
= Ωd−2

∫ 1−ωs

δH

dzv

∫ ωc p2B

1
2
(1−zv)m2

ℓ

d(k · l1)
[
2(1− zv)k · l1

] d−4
2 , (3.156)

which is conveniently simple in d = 4. Collinear divergences arise from 1/(l1 · k)
terms in the integrand and are regulated into lnmℓ by the m2

ℓ in the lower

integration limit.

3.4.2 Virtual Results

Now we give explicit results for the S-P and V-A cases.
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The S-P case: The blue cuts are found to match scalar QED

ImΠ
(2)
S-P(p

2
B)
∣∣HC

blue
= − α

π
Qℓ1(Qb −Qq) ImΠ

(0)
S-P(p

2
B) lnmℓ

= − α

π
ImΠ

(0)
S-P(p

2
B) lnmℓ . (3.157)

Only the b ℓ1 and q ℓ1 diagrams contribute unlike in the red cuts where there is

also the Φ ℓ1 diagram. This extra diagram facilitates the cancellation by charge

in the red cuts

ImΠ
(2)
S-P(p

2
B)
∣∣HC

red
=
α

π
Qℓ1QJB

lnmℓ

∫ 1−ωs

δH

dzv
zv

1− zv
ImΠ

(0)
S-P(zvp

2
B)

= 0 , (3.158)

as the three diagrams sum to QJB
= QΦ − Qb + Qq = 0. That is, there are no

hard-collinear logs generated from the red cuts in the S-P case; there is perfect

cancellation. Such a cancellation does not occur in the V-A case however.

In theory there could also be hard-collinear logs generated from the soft part of

the red cuts in the manner of (3.138). However such terms also cancel by charge

conservation, QJB
= 0, as above and so we do not need to worry about them.

Soft photons do not discriminate between S-P and V-A interactions meaning the

same behaviour occurs in the V-A case.

There are also hard-collinear logs generated from the lepton renormalisation

constants (3.70)

ImΠ
(2)
S-P(p

2
B)
∣∣HC

SE
=

3α

4π
ImΠ

(0)
S-P(p

2
B) lnmℓ , (3.159)

with an identical equation in the V-A case. To summarise, the virtual S-P

logs match scalar QED exactly with no extra structure-dependence. The exact

cancellation of the red cuts has additionally been shown in the toy model.

The V-A case: The extra freedom accorded by the helicity suppression means

the explicit results are more involved. The blue cuts are found to be

ImΠ
(2)
V-A(p

2
B)
∣∣HC

blue
=

m+geffαQℓ1Nc

16π2

mℓūΓv

p4B
· Hblue · lnmℓ , (3.160)
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where

Hblue = +Qb

[
2m+m

2
−λ

1
2 + (m+ +m−)

(
p2B −m−(m+ +m−)

)
p2BL

+
]

−Qq

[
2m−(m+m− − p2B)λ

1
2 +m−(m+ −m−)

2p2BL
−
]
, (3.161)

and we have logarithms

L± = ln

(
p2B ±m+m− + λ

1
2

p2B ±m+m− − λ
1
2

)
. (3.162)

The result need not be proportional to the tree level as these are not genuine

collinear logs butmℓ lnmℓ of course. For the red cuts we get the same cancellation

as in the S-P case (3.158) in the soft region, however there are now extra terms

arising from non-soft virtual photons

ImΠ
(2)
V-A(p

2
B)
∣∣HC

red
=
α

π
Qℓ1QJB

lnmℓ

∫ 1−ωs

δH

zv
1− zv

ImΠ
(0)
V-A(zvp

2
B) dzv

− m+geffαQℓ1Nc

8π2
mℓ lnmℓ ūΓv

∫ 1−ωs

δH

Hred(zv, p
2
B) dzv

=− m+geffαQℓ1Nc

8π2
mℓ lnmℓ ūΓv

∫ 1

δH

Hred(zv, p
2
B) dzv , (3.163)

where

Hred(zv, p
2
B) = +Qb(m+ +m−)(1− zv)L

+
q (3.164)

− m−

2p2B

[
Qb(m+ +m−)

2L+
q +Qq(m+ −m−)

2L−
q

]
+ λ

1
2
q

[
(Qb −Qq)

m+m
2
− − p2B(m+ +m−)

p4Bzv
+

2Qbm− + (Qb −Qq)m+

p2B

]
,

and we define L±
q ≡ L±|p2B→q2 . Note that in the collinear region q2 = zvp

2
B. As all

soft terms cancel in (3.163) we may safely take ωs → 0 in the integral. Neglecting

mq terms for simplicity (a negligible numerical effect) then this integral is easily

performed. Combining the result with the blue cuts (3.160) gives the total V-A

1PI hard-collinear logs

ImΠ
(2)
V-A(p

2
B)
∣∣HC

1PI
=
m2

bgeffαQℓ1Nc

16π2

mℓūΓv

p4B

[
2m2

b(Qb −Qq)(m
2
b − 2p2B) ln

p2B
m2

b
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+ (p2B −m2
b)
(
p2B(4Qb −Qq)−m2

b(2Qb +Qq)
)]

lnmℓ . (3.165)

Finally, adding in the self-energy contributions and applying Qb = −1/3 and

Qq = 2/3 one gets the total virtual V-A collinear logs

ImΠ
(2)
V-A(p

2
B)|HC = (3.166)

m2
bgeff αNc

32π2

mℓūΓv

p4B

(
(p2B −m2

b)(7p
2
B − 3m2

b) + 4m2
b(m

2
b − 2p2B) ln

p2B
m2

b

)
lnmℓ .

Comparing to the scalar QED result, 5α
4π

ImΠ(0) lnmℓ there is a clear structure-

dependent effect. Structure-dependence gives a positive correction to the decay

rate acting against the negative scalar QED contribution. We have thus

demonstrated explicitly one of the important takeaways of this work – that

structure-dependent logs can and do exist in helicity suppressed decays.

3.4.3 Real Contribution

Real collinear logs arise from the integration of powers of k · l1 = 1
2
m2

B(x+ y− 1)

over the Dalitz variable y in (3.142). To compare to the literature we will write

results in terms of the traditional slicing variable z = 1− x. Note that the form

factors V∥,⊥ depend on z.

The S-P case: For (pseudo)scalar interactions there are no structure-dependent

form factors. The integration over y is easily performed and the hard-collinear

behaviour is[
|ZB|2ΓB→ℓν̄γ

]S-P
HC

= −
mB g̃

2Q2
ℓ1

16π3

(
e

m2
B

M2 BM2ΠS-P
fB

(p2B)
)2 ∫ 1−ωγ

s

1−rE

P̃f→fγ(z) dz lnmℓ ,

(3.167)

which in the fully inclusive limit rE → 1 is

[
|ZB|2ΓB→ℓν̄γ

]S-P
HC

rE→1−−−→

mB g̃
2Q2

ℓ1

16π3

(
e

m2
B

M2 BM2ΠS-P
fB

(p2B)
)2[3

2
+ 2 lnωγ

s

]
lnmℓ + O(ωγ

s ) . (3.168)

In the S-P case the real collinear emission part of the fermion splitting function,

P̃f→fγ(z) (2.80), appears and is easily integrated. To this we can add the hard-
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collinear log from the real soft region (3.138) (“V-A = S-P” when soft) and the

virtual S-P logs, (3.157) and (3.159), to give[
|ZB|2Γ S-P

B→ℓν̄(γ)

](2)
HC

=
α

π
Q2

l1

[
|ZB|2ΓS-P

B→ℓν̄

](0)
lnmℓ × (3.169)([

3

2
+ 2 lnωγ

s

]
real (hard)

+

[
− 1− 2 lnωγ

s

]
real (soft)

+

[
3

2
− 2

]
virt

)
= 0 ,

showing finally the complete cancellation (once fully inclusive) of the collinear

logs in the S-P case! This of course is guaranteed by the KLN theorem and

therefore matches the form found in [90]. The logarithmic dependence on the

soft cut-off ωγ
s cancels between the soft and hard regions as it must.

The V-A case: For the V-A case there are structure-dependent logs due to

dependence on the form factors V⊥,∥(q
2), where q2 = z m2

B.[
|ZB|2ΓB→ℓν̄γ

]V-A

HC
= −mB g̃

2m2
ℓQℓ1

16π3
e

m2
B

M2 BM2ΠfB(p
2
B) lnmℓ × (3.170)

∫ 1−ωγ
s

1−rE

dz

[
Qℓ1P̃f→fγ(z) e

m2
B

M2 BM2ΠfB(p
2
B) +

mB

m+

(1− z)2
(
V∥(q

2)− V⊥(q
2)
)
ZB

]

The splitting function again appears as it must do to recover the scalar QED

result for V⊥,∥ → 0. Similarly in the soft limit the structure-dependent term

vanishes. However it is important to remember that for hard photons the helicity

suppression of the tree-level amplitude is lifted and so collinear logs are no longer

important numerically (there are no helicity un-suppressed logs). That being

said, for a sufficiently small photon energy cut the second term on the RHS can

play an important role. Exactly how important such structure-dependent effects

are is the subject of the next chapter: numerics.
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Chapter 4

Numerical Results

In this chapter we give numerical results and plots for B̄ → ℓν̄(γ), showing the

importance of including structure-dependent corrections over just scalar QED. In

Section 4.3 we discuss the relevance of this work for experimental searches while

in Section 4.4 we give some concluding remarks.

4.1 Inputs and Uncertainties

Numerical inputs for the decay rate calculation consist of the usual particle masses

and coupling constants (summarised in Table 4.1), the real form factors, and the

sum-rule specific parameters, s0 and M2.

As explained in Section 2.1.2, we fix the continuum threshold s0 through the

Daughter Sum Rule consistency condition, (2.42). An intermediate Borel mass

M2 is then taken to simultaneously suppress higher dimensional operators and

continuum contributions. While it is perhaps most elegant to take the same sum-

rule parameters for both the numerator and denominator correlators, Π(γ) and

C, this is not required and there is some tradition of treating them differently to

achieve better convergence in the individual sum rules [41]. We have checked that

the final results are unaffected by this choice: changing by < 1% upon taking the

same parameters for Π(γ) and C. In our numerics we take

Π(γ)(p2B, p
2
Φ) : s0 = 37.2(1.0)GeV2 , M2 = 7.9(5)GeV2 ,

C(p2B, p
2
Φ) : s0 = 36.9(1.0)GeV2 , M2 = 6.3(5)GeV2 , (4.1)
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Boson masses [37]

mB− MW MZ

5.279GeV 80.377GeV 91.19GeV

Lepton masses [37]

mτ mµ me

1.777GeV 105.7MeV 0.511MeV

Quark masses [37]

mkin
b |1GeV m̄u|2GeV

4.53(6)GeV 2.16+0.49
−0.26MeV

Miscellaneous [37]

τB− GF α−1

1.638(4)× 10−12 s 1.166× 10−5GeV−2 137.036

⟨q̄q⟩|2GeV [44] |Vub|

−(269(2)MeV)3 3.82(20)× 10−3

Table 4.1 Summary of input parameters. Note that the uncertainties in most
particle masses are negligible and are ignored. We set the renormalisation scale
µ = mb following [207], although scale dependence upon varying µ2 → (1/2, 2)µ2

is negligible since it is O(α2) and below numerical precision.

where the brackets indicate the uncertainties we apply in the error calculations.

Note that one must take the same parameter values for Πγ and Π to ensure

numerical cancellation of the soft poles between real and virtual. We take the

same parameters for all channels ℓ = e, µ, τ which is acceptable on account of the

smallness of the QED correction. These values lead to good flatness in the Borel

window.

For the numerator sum-rule, using the values in (4.1) and requiring the DSR

consistency condition to be obeyed to < 0.1%, the quark condensate is suppressed

to 35.8% of the perturbative (1) contribution while continuum states above s0

make up 35.6% of the total dispersive integral. For the denominator these figures

are 34.4% and 34.7%. These values are slightly on the high side, though not

unreasonable. However convergence gets much worse for lighter mesons and it is

for this reason that we do not consider the Dd,s decay.

For the slicing procedure we take ωs = ωγ
s at s = m2

B and enforce the hierarchy

ωc/ωs ≪ 1 as far as possible. There is also the constraint ωc ≳ m̂2
ℓ that must be

satisfied. All slicing parameters are chosen to be the same for both the numerator

and denominator. We take ω
(e)
s = 10−3 = 100 ·ω(e)

c for the electron channel while

the heavier muon constrains us to take ω
(µ)
s = 5 · 10−3 = 50 · ω(µ)

c . We take
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ω
(τ)
s = ω

(µ)
s and of course no collinear slicing is performed in the tau channel.

These choices give good stability under small ωs,c variations and have a negligible

impact on the final numerics.

The most relevant input parameter is the heavy quark mass mb for which we take

the kinetic1 scheme value mb = 4.53(6)GeV at µkin = 1GeV (cf. MS conversion

formulae in [211]). We choose this scheme due to its previous good convergence in

QED-related sum rules computations, [195, 196] and in Chapter 5, and we have

checked explicitly that it performs better than the pole or MS scheme. Further,

we are actually forced to use this scheme to match the LCSR computation [195]

whose form factors we use in our numerics. However in view that our computation

is LO in αs we take the mb uncertainty as δmb = ±0.2GeV to accommodate the

pole and MS schemes. The light quark mass on the other hand must be taken in

MS.

Uncertainties are computed in the standard way, varying the input parameters by

their errors and adding the resulting uncertainties in quadrature2. For the virtual

rate the dominant uncertainty arises from the b-quark mass, making up roughly

three-quarters of the total error budget. The remaining uncertainty is equal parts

due to the Borel parameters s0 and M2 with < 5% contributions coming from

other quantities. On the real side, especially for hard photons, the largest source

of uncertainty is the external form factors V∥,⊥ (mainly the vector channel).

Before discussing results it is worthwhile to briefly mention some limitations of

the above procedure that are rarely stressed in the sum-rules literature. While

varying parameters and adding the results in quadrature is standard practise for

computing uncertainties, the sum-rules procedure itself is essentially of unknown

accuracy. The extractions (3.10) and (3.12) rely on suppressing unwanted

contributions to the residue via a Borel procedure. While such contributions

do enter as s0 and M2 uncertainties the correspondence is not wholly rigorous.

Nevertheless sum-rules techniques have a long history of accurate predictions,

thus validating the procedure to some extent.

1The kinetic scheme has its origins in HQET and can be defined [210] in terms of the pole
mass, Λ̄ and the kinetic operator (1.22).

2This assumes no correlation between the errors. When performing the mb variation we
duly should adjust the hadronic threshold s0 appropriately. Doing this gives a negligible effect
on the final quoted errors.
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Figure 4.1 The QED correction (black line, error in purple) as a function of the
photon energy cut, Ecut

γ , as defined in (4.2). (Left) The muon channel. (Right)
The tau channel. For comparison, the red line is the scalar QED result which does
not exhibit the same lifting of helicity suppression. Note the different scales in the
two plots.

4.2 Results

The main result we report is the relative QED correction to the LO decay rate,

∆ΓQED, which is a function of the photon energy cut Ecut
γ

1 + ∆ΓQED(E
cut
γ ) ≡ 1

Γ(0)

(
ΓB→ℓν̄ + ΓB→ℓν̄γ

Eγ<Ecut
γ

)
+O(α2) . (4.2)

The corresponding plot is given in Figure 4.1 for the muon and tau channels. We

plot our full structure-dependent computation (black line, error bands in purple)

with the scalar QED result given in red for comparison.

The plot shows the significant effect of the lifting of helicity suppression in

the muon case due to its small mass. For Ecut
γ ≳ 250MeV the real structure-

dependent terms enhance the rate so much that ∆ΓQED becomes an irrelevant

notion and one should consider the radiative decay as a decay in its own right.

The relative QED correction vanishes for Ecut
γ = 136(23)MeV, in line with the

expectation that structure-dependent terms are dominant for Ecut
γ ≫ mℓ.

The lifting of helicity suppression is taken to the extreme in the electron case. A

plot in this channel is essentially meaningless as Ecut
γ would have to be restricted

to less than 1MeV. While there is essentially no prospect of the non-radiative

decay being measured in the foreseeable future, we give some comments on

structure-dependent effects below.

In the tau channel there is no great helicity suppression to begin with and so the
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effect of real radiation is smaller. Over the range of Ecut
γ ∈ [0, 2.34GeV] the QED

correction is positive and rises slowly to +2.60(69)% at the endpoint. We note

that this is markedly different to the scalar QED result which is negative. This is

important as while scalar QED is clearly unsuitable for the light lepton channels

(due to its lack of lifting of helicity suppression) one may have assumed it could

describe the tau channel acceptably.

The other important result we report is the size of the virtual structure-dependent

corrections. By structure-dependent we mean (infrared safe) contributions on top

of scalar QED. As expected the b ℓ1, q ℓ1 and Φ ℓ1 diagrams dominate numerically

due to the presence of structure-dependent hard-collinear logs. The results are

given in Table 4.2. The table shows the expected hierarchy, with the structure-

τ µ e

∆ΓQED|virtualstruc +2.9(2)% +4.6(6)% +7.8(1.0)%†

Table 4.2 Virtual structure-dependent QED corrections in B− → ℓ−ν̄ for ℓ =
τ, µ, e. †The electron case is based on an extrapolation to the physical mass.

dependent effects being largest for the light leptons due to ln(mℓ/mB) terms.

These large (positive) corrections show the peril of neglecting structure-dependent

effects. Figure 4.2 shows the same plot as Figure 4.1 but now broken down to

show real and virtual structure-dependent effects separately. The blue (dashed)

curve gives the result upon setting the real structure-dependent form factors to

zero. In other words, the difference between the blue line and red line gives the

virtual structure-dependent contribution while real structure-dependence is the

difference between the blue and black lines. These lines all converge to the scalar

QED result in the ultrasoft region.

In Table 4.2, the tiny value of the electron mass causes numerical issues for

mℓ ≲ 50me (a problem also encountered in [151]). We instead perform an

extrapolation down to the physical point by using a range of values mℓ ∈
{mτ , 400me, 200me, 150me, 100me, 50me} and assuming a linear relationship in

ln m̂ℓ. That is, assuming hard-collinear logs are the only important structure-

dependent effects for small mℓ. The fit being extremely good justifies this

procedure (though we account for it in the error estimate).

In general the results for the virtual structure-dependent contribution to ∆ΓQED

are rather stable, displaying an O(6-7%) uncertainty upon varying the input

parameters. This can be traced back to a sizeable cancellation (due to a sign
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Figure 4.2 The structure-dependent (SD) contributions to ∆ΓQED, cf. Figure
4.1, for muons (left) and taus (right). As well as the full result (black) and the
scalar QED result (red), we give our calculation having set the real form factors
V∥,⊥ to zero (blue, dashed).

change) in themb variation when integrated over s fromm2
b to s0 in the dispersion.

In view that this is possibly accidental we double the original uncertainty to

remain on the conservative side.

The generalised LSZ factor, |ZB|2, is free of leptons and therefore does not contain

large QED effects. Making the identification |Z(0)
B |2 = m4

Bf
2
B our result is3

|ZB|2 = m4
Bf

2
B

(
1− 1.28(19)

α

π
+O(α2)

)
, (4.3)

where again we are conservative and double the original uncertainty. This is

a −0.3% correction, which in view of Table 4.2 is not particularly important

numerically.

For the radiative rate we may work at the single or double differential level. The

plots in Figure 4.3 show the differential branching ratio dB
dEγ

over the full photon

energy range. For the muon channel the plot shows the E3
γ(1 −

2Eγ

mB
) functional

form of (3.143) as the muon mass is indeed small. The structure-dependent

form factors dominate the plot with the soft divergence as Eγ → 0 barely being

visible. The soft divergence takes the form dB
dEγ

∝ m2
ℓf

2
B/Eγ and so is much more

prominent in the tau case due to its large mass.

For hard photons the form factor uncertainties are as much asO(20 - 30%), though

of course these already include mb effects so there is likely some small over-

3Recall our scheme choices: the kinetic scheme for the b-mass renormalisation, the on-shell
scheme for the external particles and MS for all other poles. Strictly this result should only
be used in conjunction with the same scheme choices in the numerator, to avoid introducing
additional uncertainties that are otherwise cancelled.
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Figure 4.3 The differential branching ratio 106 dB(B̄ → ℓν̄γ) / dEγ for ℓ = µ
(left) and ℓ = τ (right) with the uncertainties in purple. As this plot is not relative
to the LO there is also the (sizeable) uncertainty due to the CKM matrix element
Vub.

counting. In the soft (though not ultrasoft) region the form factors are O(1/Eγ)

in the heavy quark limit which softens the E3
γ dependence to E1

γ for B̄ → µν̄γ.

The conventional plot at the double differential level is the Dalitz plot in (x, y)

variables. In Figure 4.4 we plot 1
Γ(0)

d2Γ
dxdy

(top line) as well as ( d2Γ
dxdy

)/( d2Γ
dxdy

)scalar QED

(middle) and 1
Γ(0)

d2Γ
dxd cos θ

(bottom). The Dalitz plots are not especially noteworthy

and only really serve to show how much the structure-dependent terms enhance

the real rate. The differential plot in (x, cos θ), where θ is the angle between

the photon and the lepton (in the B̄ rest frame), also shows this enhancement.

However in the muon channel collinear behaviour can additionally be seen as

cos θ → 1. The lifting of helicity suppression is less severe in this limit as the

neutrino has maximum energy and a term of the form (mB − 2Eν)
2(V∥ +V⊥)

2 no

longer contributes.

Finally we comment on the relative sizes of the structure-dependent corrections in

the real and virtual cases. In the tau case the structure-dependent real radiation is

always less important than the +2.9% virtual correction even when fully inclusive.

Conversely for the muon case the real structure-dependent correction equals the

virtual (4.6%) at Ecut
γ = 175(31)MeV and then rapidly overwhelms it. For

reference the QED correction is ∆ΓQED = +2.6(2.2)% at this point, with the

large error due to the poorly known form factors.
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Figure 4.4 Plots at the double differential level for muons (left) and taus

(right). (Top line) The plot 1
Γ(0)

d2Γ
dxdy in the style of [179]. The contours show the

number of radiative events relative to the non-radiative decay. (Middle) The plot

( d2Γ
dxdy )/(

d2Γ
dxdy )scalar QED, i.e. the result relative to scalar QED. The red contours

mark (1, 10, 100, (1000)) times enhancements. (Bottom) The plot 1
Γ(0)

d2Γ
dxd cos θ

where θ is the photon-lepton angle in the meson rest frame. Note the different
scales and colourbars in all these plots.
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B(B̄ → ℓν̄) τ µ e

Theory [81] 7.7(6) · 10−5 3.5(3) · 10−7 8.1(6) · 10−12

Experiment [37] 1.09(24) · 10−4 < 8.6 · 10−7 † < 9.8 · 10−7 †

Table 4.3 Current theoretical predictions and experimental measurements for
the branching ratio B(B̄ → ℓν̄). †Only known as a 90% confidence limit.

4.3 Phenomenology

In Table 4.3 we compare the current best theoretical and experimental predictions

for the decay B̄ → ℓν̄, cf. (1.28) and (1.29). Due to the helicity suppression the

electron and muon channels are not well measured experimentally and only upper

90% confidence limits exist. The tau channel has been measured at Belle [212–

214] and BaBar [215, 216] and agrees with the SM prediction at the 2σ level.

On the experimental side, Belle II is expected to collect up to 50ab−1 of data

over its run which should considerably improve statistical uncertainties. While

the light decays are rarer they have a simpler experimental signature compared to

the tau which itself subsequently decays into further leptons and neutrinos. For

this reason the full Belle II dataset is expected to measure the branching fraction

B(B̄ → µν̄) to 7% uncertainty, only slightly worse than for the tau channel (5-

6%) [81]. The electron rate is not expected to be measured; only if its rate is

enhanced by the effects of new physics.

On the theoretical side, without QED, the dominant uncertainties arise from the

B̄-meson decay constant and the CKM matrix element. The former is now known

to O(1%) accuracy with the current Nf = 2 + 1 + 1 (isospin-symmetric) lattice

average result fB = 190.0(1.3)MeV [40]. The main uncertainty however arises

from the CKM matrix element |Vub| = 3.82(20)× 10−3 [37] due to discrepancies

between extractions using inclusive and exclusive decays. In fact one can actually

use the lattice determination of fB along with the measured τ branching ratio

and B̄ lifetime to determine |Vub| = 4.11(39)× 10−3, in agreement with [37].

In light of these theory uncertainties it is attractive to consider ratios of branching

fractions so that Vub and fB drop out. For example

Rps ≡ Γ(B− → τ−ν̄)

Γ(B̄0 → π+ℓ−ν̄)
, ℓ = e, µ (4.4)
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which does not depend on Vub and

Rpl ≡
B(B− → τ−ν̄)

B(B− → µ−ν̄)
, (4.5)

which only depends on the particle masses (neglecting QED) and therefore is

extremely precisely known in the SM. Experimentally B̄0 → π+ℓ−ν̄ is well-studied

and these ratios are expected to be known to O(10%) uncertainty by the end of

the Belle II run [81] which should put constraints on BSM physics [217]. For the

same reasons almost all of the results quoted in Section 4.2 are ratios4.

In view of the expected 7% experimental uncertainty in the B̄ → µν̄ channel

by the end of the decade the prediction of a +4.6% virtual structure-dependent

QED effect is certainly relevant. While slightly smaller the +2.9% tau channel

result will still be important, especially if used to weigh in on the Vub uncertainty

puzzle or in the ratios Rps, Rpl. These two channels are in fact so-called ‘Golden

observables’ in the Belle II experiment due to their sensitivity to new physics

and the competitiveness of the Belle II measurement in comparison to LHCb.

Once the Vub uncertainty diminishes QED effects will become the largest source

of theory error in leptonic decays.

For the radiative decay B̄ → ℓν̄γ we have done nothing novel in the hard photon

regime owing to the fact we use external form factors. Indeed predictions for

the branching ratio B(B̄ → ℓν̄γ) integrated over various q2 bins can be found in

[195]. In the soft region however our ΦB construction puts the calculation on a

more solid theoretical footing. Our main plot, Figure 4.1, shows the importance

of the photon energy cut, Ecut
γ , when IR physics is handled in the traditional

Bloch-Nordsieck sense. In modern experimental analyses QED effects are usually

unfolded from the final state shape using Monte-Carlo simulations, for example

Photos. These are based on scalar QED results and so our work could be used

in future to inform a purpose-built Monte-Carlo generator5.

4Sum rules based calculations can no longer match the accuracy of lattice results and so
ratios in which fB drops out are preferable. Our results give FB = 192MeV (or 185MeV from

just Z(0)
B ) which is actually remarkably accurate for a LO calculation.

5We make our results available in the form of a Mathematica notebook in the published
work [1]. Note that typical photon energy cuts are effectively of the order Ecut

γ ∼ 0.2GeV, cf.
[151].
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4.4 Conclusions

To conclude, in Chapters 3 and 4 we have developed and applied a new explicitly

gauge-invariant formalism in the concrete setting of leptonic B decays. Complete

next-to-leading order QED corrections have been calculated with a reliable

treatment of soft photons using the ΦB construction.

We have paid particular attention to the role of helicity suppression, firstly

demonstrating the cancellation of collinear logs for S-P type interactions and

then showing the importance of structure-dependent logs in the V-A (SM) case.

Numerically such terms lead to sizeable structure-dependent QED corrections

of +4.6(6)% and +2.9(2)% in B̄ → µν̄ and B̄ → τ ν̄ respectively. Principal

uncertainties arise from working at LO in QCD, neglecting O(ααs) effects. Real

radiation lifts the helicity suppression and structure-dependent corrections in the

muon channel exceeds the virtual structure-dependence for Ecut
γ > 0.18(3)GeV.

In the tau channel real structure-dependent terms are always subdominant.

This work is, to the best of our knowledge, the first computation of structure-

dependent QED effects in the charged current decay B− → ℓ−ν̄ℓ(γ). Note that

the SCET analysis [178] awaits a further study (and is non-numerical). The

natural direction of future work would be to analyse the neutral current decay

B̄d,s → ℓ+ℓ− in a similar sum-rules framework. This decay has drawn considerable

attention in recent years as it is additionally loop-suppressed and so again is an

excellent candidate for probing new physics. In this case the ΦB framework

is unnecessary as the B̄ is neutral. As well as kinematic changes, electroweak

penguin diagrams would have to be included and the handling of the dispersion

variable p2B would need to be rethought. The motivation to study B̄d,s → ℓ+ℓ−

is perhaps lessened by a preexisting SCET study describing structure-dependent

QED effects analytically and numerically [176, 177]. However, as discussed in

Section 2.4, the neutral current decay exhibits power enhanced electromagnetic

corrections and so an analysis from a sum rules perspective would still be of

interest.

Precision measurements in the Standard Model continue to be important,

especially as hints of LFU violation subside. This work clearly demonstrates

that QED effects are important and cannot be neglected. As experimental

uncertainties decrease such effects will remain ever relevant.
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Chapter 5

Mass Differences of Pseudoscalar

Mesons

In this final chapter we consider the difference in mass between a charged

pseudoscalar meson P± and its neutral counterpart P 0. This mass splitting is

driven by electromagnetic effects and differences in the mass of the meson’s light

valence quark. While we are not the first to study this problem, we attack it

for the first time using QCD sum rules and a double dispersion relation. We

compute both the electromagnetic shift (Section 5.3) and the quark mass shift

(Section 5.4) in a unified manner, using the same hadronic input and without

introducing any model dependence.

Unlike the single dispersion relations used in previous chapters, double dispersion

relations are on the whole less accurate. Compounding this, we also consider the

lighter mesons, P = D,K in addition to the B, whose sum rules converge less

well. This work should therefore be viewed as a ‘proof-of-principle’ calculation,

rather than a precision one, and correspondingly we always work at leading order

in the relevant coupling. Nevertheless numerical results, summarised in Section

5.5, are fully consistent with experiment.
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5.1 Introduction

The charged-neutral mass differences

∆mP = mP± −mP 0 , P = B,D,K, π , (5.1)

of pseudoscalar mesons are known experimentally to high precision [37]. Neutral

B and K mesons are heavier than their charged counterparts, while the opposite

is true for the D and the π. This sign difference fundamentally originates from

the different light quark assignments in the two cases. While B± and K± contain

an up quark, the B0 and K0 have instead a down quark and these masses are

not the same, with mu < md. For the D and π this is reversed. As quarks are

non-perturbative objects this quark mass correction ∆mP |mq is more than just

the difference δmq ≡ mu − md, on account of strong force effects, though it is

expected to be of roughly the same order.

The other isospin-breaking contribution is of electromagnetic origin and is of the

same (positive) sign for all the mesons. It arises as photons probe differing quark

charges in the charged and neutral case. We may decompose

∆mB = ∆mB|QED +∆mB|mq , (5.2)

where we take P = B for definiteness. Effects due to the weak force are further

O(Λ2
QCD/M

2
W ) suppressed and can be ignored. Strictly speaking the separation in

(5.2) has a O(αmq) ambiguity in defining the renormalised quark masses, though

again this is a higher order effect and can be ignored. Similarly, in the calculation

of ∆mB|QED we may take mq = mud where mud ≡ 1
2
(mu + md) and we denote

light quark masses taken in MS as m̄q.

Electromagnetic mass differences can be calculated in perturbation theory from

the Compton forward scattering amplitude, known well before the advent of QCD

[218, 219]. In 1963, Cottingham [220] rewrote this in Euclidean space in terms

of an integral over structure functions for (in)elastic e-N scattering, N = p, n,

to weigh in on the famous proton-neutron mass difference. Since then many

phenomenological studies have attempted to apply this formula to both nucleon

and meson systems. For example by using χPT for the light π and K [221,

222], HQET for B and D [223, 224] or by assuming vector meson dominance

[225]. In general a calculation via the Cottingham method is a formidable task
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as one requires knowledge of structure functions over a large energy range. While

perturbative QCD can often be used for deep inelastic scattering, resonances at

lower energies often require some experimental constraints.

We however do not follow Cottingham and instead stay in Minkowski space, using

sum rules to link high energy and low energy regions. Non-perturbative effects

enter through condensates as before. We also use sum rules to estimate the quark

mass correction ∆mB|mq which is attractive as we can thus use the same approach

and inputs for both parts of ∆mB.

We work at tree level in our calculations and so cannot possibly compare with

experimental measurements which are known in the pion case to 5 digits of

precision for example. Our uncertainties are typically of order 30%, worsening

for lighter mesons and indeed we do not quote results for the pion as we were not

able to obtain stable sum rules. Recent lattice calculations quote uncertainties

in the range 10-20% for the lighter pseudoscalar mesons [226] and hadrons [227]

though of course these cannot simulate bottom quarks.

We set up the relevant theory and define appropriate correlators in the next

section with the actual calculations for ∆mB|QED and ∆mB|mq given in Section

5.3 and 5.4 respectively. Closing remarks and a numerical summary is given in

Section 5.5

5.2 Theory

Focusing first on the QED splitting, both the B+ and B0 masses receive (Feynman

gauge) electromagnetic self-energy corrections [218, 219]

δmB|QED =

=
iα

2mB(2π)3

∫
ddq

gµνTµν(q)

q2 + iε
+ O(α2) , (5.3)

where

∆mB|QED ≡ δmB+|QED − δmB0 |QED . (5.4)
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This is written in terms of the Compton forward scattering tensor

Tµν(q) = i

∫
ddx e−iq·x⟨B|Tjµ(x)jν(0)|B⟩ , (5.5)

where as before jµ =
∑

qQq q̄γµq is the electromagnetic current. On the

other hand quark mass effects can be calculated via the Feynman-Hellmann

theorem (FHT) [228, 229] - a technique often employed on the lattice. Given

a Hamiltonian, wavefunction and energy level (H,Ψn, En), which all depend on

some external parameter λ, the FHT states

dEn(λ)

dλ
= ⟨Ψn(λ)|

dH(λ)

dλ
|Ψn(λ)⟩ . (5.6)

Taking the parameter as the light quark mass, and Hm =
∑

qmq q̄q then

dmB

dmq

=
1

2mB

⟨B|q̄q|B⟩ , (5.7)

which upon integration gives the classic result [224]

∆mB|mq =
mu −md

2mB

⟨B|q̄q|B⟩+O
(
(mu −md)

2
)
, (5.8)

where at LO one can assume the isospin limit ⟨B|ūu|B⟩ = ⟨B|d̄d|B⟩. We will

shortly define correlators to extract δmB|QED and ⟨B|q̄q|B⟩ as dispersion residues,

like in Chapter 3. We make predictions for the B and the D though as discussed

not for pions. For Kaons we are only able to make predictions for ∆mK |QED and

not for ∆mK |mq . In Section 5.2.3 we ‘fill in the gaps’ using some classic χPT and

SU(3)F results.

As there are two |B⟩ states in both (5.5) and (5.8) one needs two insertions

of |B⟩⟨B| in an appropriate correlator in order to extract the required residues.

This means using a double dispersion relation with two dispersion variables, s

and s̃. The spectral density ρ(s, s̃) is correspondingly now given by the double

discontinuity. By construction the s and s̃ channels do not overlap and so the

spectral density can be non-zero by the Steinman relations [230].

Rather than a single integral over s ∈ [m2
+, s0] the duality interval becomes

a region in the s-s̃ plane. Exactly what shape this duality region should

be (rectangular, triangular, a quarter-circle etc.) is a matter of some debate

[231, 232]. We shall not worry with such discussions and work pragmatically,
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following the recipe of [196]1. We write our dispersions in the form

∫ δ̄(a)(m2
+)

m2
+

ds

∫ δ̄(a)(s)

m2
+

ds̃ e−
s

M2 e−
s̃

M2 ρ(s, s̃) , (5.9)

after (double) Borel transformation, where

δ̄(a)(s) = 21/aσ0

[
1−

(
s

21/aσ0

)a
]1/a

. (5.10)

The variable a parameterises the choice of duality region, with a = 1 being

triangular, a = 2 being circular and a→ ∞ being rectangular. We calculate our

results for a selection of different a with the spread being factored into the final

uncertainty. The number σ0 takes on the role of s0 in single dispersion relations.

That is, its value is ≈ 35GeV2 and hereafter we shall notate σ0 ≡ s0 for reasons

of familiarity. In theory one has the freedom to take different Borel masses

M2
1 ̸= M2

2 in (5.9), however as the two channels are to be treated identically we

take M2
1 =M2

2 =M2 ≡ 2M̂2.

5.2.1 Correlators for ∆mB|QED

To extract the QED mass shift δmX |QED, with X = {B±, B̄0} we define the

correlator

FX(p2B, p̃
2
B) =

α

(2π)3

∫
ddq ddx ddy ddz e−ipB ·ye+ip̃B ·ze−i(q+r)·x

× ⟨0|TJ†
B(z)jµ(x)jν(0)JB(y)|0⟩

1

q2 + iε

(
gµν − (1− ξ)

qµqν

q2

)
, (5.11)

where JB is defined in (1.14) and we work in general gauge. In the B− case this

is evaluated for q = u while one takes q = d for X = B0. We denote both the

charged and neutral B̄-mass by mB as whether one takes mB− or mB̄0 in the

dispersion is immaterial. We calculate this correlator at O(αα0
s), including the

perturbative (1) and quark condensate contributions.

In (5.11) the variable q labels the photon momentum and r is an auxiliary

momentum used to distinguish the two channels, p̃B = pB + r. This is handled

1In their notation we have s̃0 = t̃0 = 21/aσ0 as our channels are identical. For a double
dispersion the Daughter Sum Rule takes the form

∫
ss̃

1
2 (s+ s̃)ρ(s, s̃) in the numerator compared

to
∫
s
sρ(s) for single dispersions.
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like in Chapter 3, being suppressed under the dispersion relation where p2B ≈ m2
B

and p̃2B ≈ m2
B is enforced. The two channels are identical and so we further

require pB − p̃B symmetry. This correlator can be represented through a double

dispersion relation

FX(p2B, p̃
2
B) =

∫
ds

∫
ds̃

ρFX
(s, s̃)

(s− p2B)(s̃− p̃2B)
+ · · ·

=
Z2

X · δm2
X |QED

(m2
B − p2B)(m

2
B − p̃2B)

+ · · · , (5.12)

where ZX ≡ m2
BfX , δm

2
X = 2mBδmX and

(2πi)2ρFX
(s, s̃) = discs,s̃[F

X(s, s̃)]blue . (5.13)

Here ρFX
(s, s̃) is the specific double spectral density where we do not cut the

photon propagator. In order to extract δmX |QED we require the cut structure

⟨0|J†
B(z)|B̄⟩︸ ︷︷ ︸
Z†
B

⟨B̄|Tjµ(x)jν(0)|B̄⟩︸ ︷︷ ︸
∼Tµν

⟨B̄|JB(y)|0⟩︸ ︷︷ ︸
ZB

, (5.14)

in other words the blue cuts in the language of Chapter 3. Other cuts either

vanish or do not contribute to (5.3) and can be considered a QED correction to

the B̄-meson state itself. As the mass shift is already an O(e2) observable we may

safely take the remainder of the residue ZB = ⟨B̄|JB|0⟩ at LO. That is we do not

need to invoke the ΦB construction, ZB = ⟨B−|JB|ΦB⟩, as we do not probe the JB
operator beyond LO. Fundamentally no issues arise because the mass shift is an

infrared safe quantity and we do not require an on-shell particle to reproduce soft

logs. We have explicitly verified that all results are gauge-invariant2. The mass

shift follows from a double Borel transform, as advertised in (5.9), specifically

2mB δmX |QED =
1

Z2
X

∫ δ̄(a)(m2
+)

m2
+

ds e
m2

B−s

M2

∫ δ̄(a)(s)

m2
+

ds̃ e
m2

B−s̃

M2 ρFX
(s, s̃) . (5.15)

Evaluating this for X = B− and X = B̄0 and subtracting the two results one

gets ∆mB|QED, à la (5.4). Note that we must also calculate the denominator Z2
X

using a sum-rules method to allow necessary cancellations to occur.

For light mesons the above pseudoscalar correlator (5.11) is known to be

2As before, only the red cuts (that here are not included) require charge conservation at
each vertex.
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unsuitable due to so-called direct instanton effects [105, 110]. We therefore instead

treat the Kaon case differently, using an axial correlator

FK
αβ(p

2
B, p̃

2
B) =

α

(2π)3

∫
ddq ddx ddy ddz e−ipB ·ye+ip̃B ·ze−i(q+r)·x

× ⟨0|TA†
α(z)jµ(x)jν(0)Aβ(y)|0⟩

1

q2 + iε

(
gµν − (1− ξ)

qµqν

q2

)
, (5.16)

where

Aµ = s̄γµγ5q , ⟨K−(p)|Aµ|0⟩ = −ipµfK . (5.17)

This can be decomposed as

FK
αβ(p

2
B, p̃

2
B) = gαβF

K
1 (p2B, p̃

2
B) + (pB)α(pB)βF

K
2 (p2B, p̃

2
B) +O(r) , (5.18)

where as before Lorentz structures involving r carry extra irrelevant information.

The coefficient of (pB)α(pB)β has hadronic representation

FK
2 =

f 2
K · δm2

K |QED

(m2
K − p2B)(m

2
K − p̃2B)

+ · · · , (5.19)

which we extract via a projection3. Note that axial operators are unsuitable for

heavy mesons as the axial resonance m2
B1 is too close to the continuum threshold,

s0. Again the mass shift follows from a double Borel transformation and the

splitting follows from subtracting the K = K− and K = K̄0 results.

5.2.2 Correlators for ∆mB|mq

The quark mass correction ∆mB|mq is determined from the matrix element

⟨B̄|q̄q|B̄⟩ which we estimate for heavy mesons via a q̄q insertion in the

pseudoscalar correlator

G(p2B, p̃
2
B) = i2

∫
ddy ddz e−ipB ·ye+ip̃B ·ze−ix·r⟨0|TJ†

B(z)(q̄q)(x)JB(y)|0⟩

=

∫
ds

2πi

∫
ds̃

2πi

discs,s̃[G(s, s̃)]

(s− p2B)(s̃− p̃2B)

3At s = s̃ one has s2(1 − d)FK
2 (s, s) = sFK

αα(s, s) − dFK(s, s) via Ward identities. The
generalisation to s ̸= s̃ has a slight ambiguity due to pB and p̃B being linearly dependent. This
arises due to our choice r = 0 which is necessary to make the integrals tractable. We take the
generalisation ss̃(1−d)FK

2 (s, s̃) = 1
2 (s+ s̃)FK

αα(s, s̃)−dFK(s, s̃) and we have checked that other
(symmetric) choices have a negligible impact on the results, considering the large uncertainties
in the Kaon case.
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=
Z2

B⟨B̄|q̄q|B̄⟩
(m2

B − p2B)(m
2
B − p̃2B)

+ · · · , (5.20)

in the same manner as before. The result is thus

⟨B̄|q̄q|B̄⟩ = 1

Z2
B

∫ δ̄(a)(m2
+)

m2
+

ds e
m2

B−s

M2

∫ δ̄(a)(s)

m2
+

ds̃ e
m2

B−s̃

M2 ρG(s, s̃) , (5.21)

with (2πi)2ρG(s, s̃) = discs,s̃[G(s, s̃)]. We calculate this correlator at LO in QCD,

however additionally include the mixed condensate ⟨q̄σµνGµνq⟩ as well as the

quark condensate and perturbative contributions. We note that the q̄q insertion

flips the chirality meaning the perturbative contribution is O(mq) suppressed.

The leading contribution therefore comes from the quark condensate, ⟨q̄q⟩.

Note that in theory we could calculate the quark mass shift ∆mB|mq directly

using a QCD analogue of the correlator FX in (5.11). One would calculate the

QCD shift4 by taking the difference between δmB|mq =mu and δmB|mq =md
, having

set the quark charges to 1 and taking α → αsCF , with CF = 4/3. This method

gives results of the right order of magnitude, O(1MeV), however is not a practical

method as the decay constants themselves have uncertainties of the same order.

5.2.3 Some Classic Results

Before giving the result of our sum rules calculations we review some classic

estimates [222, 224] of ∆mB|QED and ∆mB|mq , updating the latter results with

modern input values (as these references are almost 30 years old).

Consider first the quark mass corrections. For the light Goldstones, π and K, we

may expand the χPT Lagrangian (1.16) at linear order to give

m2
π =B0(mu +md)

m2
K± =B0(ms +mu) (5.22)

m2
K0 =B0(ms +md) ,

in terms of the low energy constant B0. The pion mass splitting vanishes at this

4One would also require an O(g) variant of the Cottingham formula in QCD, due to
contributions from the mixed condensate. With Dµ = ∂µ + isggAµ then we derive the result
2mBδmB |QCD = gsg⟨B|j ·A|B⟩ with jµ =

∑
q q̄γµq here and Aµ a gluon field.
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order, however the Kaon mass difference is

∆mK |mq =
B0(mu −md)

2mK

, (5.23)

which upon employing 2B0 = m2
π/mud gives

∆mK |mq =
mu −md

2mud

m2
π

2mK

= −6.74+0.98
−1.21MeV , (5.24)

using the PDG values [37] in MS. Note that while quark masses are scale

dependent, quark mass ratios are not. These ratios are on the whole better

known than the individual quark masses and so we use them in the numerics

where possible. In passing we note that the light quark masses run oppositely to

the quark condensate as can be seen from the famous Gell-Mann-Oakes-Renner

relation [233]

m2
πf

2
π = −2(mu +md)⟨q̄q⟩ , (5.25)

as the LHS is physical. Taking instead B0 = −2⟨q̄q⟩/f 2
π and using (5.23)

directly gives the result ∆mK |mq ≈ −5.7MeV. While within uncertainty this

demonstrates that these predictions are all within the chiral SU(3)F framework.

The pion quark mass correction on the other hand only enters at quadratic order

in δmq and is therefore quite small

∆mπ|mq =
(mu −md)

2

ms −mud

mπ

16mud

= +0.16+0.06
−0.05MeV . (5.26)

For the heavy mesons we instead exploit SU(3)F flavour symmetry, ⟨B|q̄q|B⟩ ≈
⟨Bs|s̄s|Bs⟩, which holds at the O(20%) level. Further we assume that the Bs-B

mass difference (∼ 100MeV) is entirely driven by the heavy strange quark and

not by electromagnetic effects, which are O(1MeV). By the FHT then

m2
Bs

−m2
B± =(ms −mu)⟨Bs|s̄s|Bs⟩

m2
Bs

−m2
B0 =(ms −md)⟨Bs|s̄s|Bs⟩ , (5.27)

and at leading order we can take

m2
Bs

−m2
B = (ms −mud)⟨Bs|s̄s|Bs⟩ . (5.28)

Invoking flavour symmetry we can therefore write ⟨B|q̄q|B⟩ in terms of the Bs-B
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mass difference (taken experimentally). We get

∆mB|mq =
mu −md

ms −mud

m2
Bs

−m2
B

2mB

, (5.29)

and similarly for ∆mD|mq . Using PDG values [37] this gives5

∆mB|mq = − 2.37+0.35
−0.43 ± 20%SU3 MeV

∆mD|mq = + 2.81+0.51
−0.41 ± 20%SU3 MeV , (5.30)

where we have added an explicit error due to SU(3)F violation. The relation

∆mB|mq = −∆mD|mq , valid in the heavy quark limit, holds reasonably well.

Electromagnetic corrections in general are derived via the Cottingham method.

For convenience we repeat the results of [222, 224]

∆mB|QED = + 1.40± 0.07MeV

∆mD|QED = + 1.79± 0.16MeV

∆mK |QED = + 2.60± 0.60MeV

∆mπ|QED = + 4.54± 0.50MeV , (5.31)

which shows a ∼ 100% violation of Dashen’s theorem [235]. Dashen’s theorem

states that the electromagnetic differences of pions and kaons should follow

2mπ∆mπ|QED = 2mK∆mK |QED , (5.32)

(or equivalently ∆m2
π = ∆m2

K in the mq → 0 limit) and arises from χPT+QED

at O(E0). These results are slightly larger than the rule of thumb estimate
α
π
QeffΛQCD ∼ 0.5MeV, especially for the pion.

5.3 Electromagnetic Mass Splittings

We now turn to the calculation of the correlator FX , defined in (5.11). This

involves the calculation of the diagrams given in Figure 5.1. The actual mass

splitting arises from the diagram proportional to QbQq as the bb and qq diagrams

5Alternatively the direct determination of the quark mass ratio from η → 3π decays in [234]
gives the more precise result {∆mB |mq ,∆mD|mq} = {−2.54(18)MeV,+3.01(21)MeV}, before
adding the SU(3)F uncertainty.
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b

q̄

γ

Figure 5.1 The relevant diagrams for computing δmB|QED. The black circle
represents the JB operator (or the axial operator in the Kaon case) while the pair
of crosses represents the quark condensate. For pions there would also be an extra
disconnected diagram, though lattice results [236] have shown this to be a tiny
(∼ 1%) contribution.

cancel in the subtraction (5.4). Nevertheless they are important to stabilise the

individual sum rules for δmX |QED.

5.3.1 Calculation

The diagrams are evaluated using Cutkosky rules using the methods of Section

3.2.2. By choosing the pB = (
√
s,0) frame and r = 0 for convenience the

integrals are reasonably straightforward as there is minimal angular dependence.

For example, for the b q perturbative diagram the spectral density is

ρFX
(s, s̃)bq = −

αm2
+NcQbQq

32π5

∫
ddk ddl

Tr[· · ·]µν
q2

(
gµν − (1− ξ)

qµqν

q2

)∣∣∣∣
q= k−l

× δ+(l2 −m2
q)δ

+(k2 −m2
q)δ

+((pB − l)2 −m2
b)δ

+((p̃B − k)2 −m2
b) , (5.33)

where k and l are the loop momenta flowing in the two halves of the diagram

and we suppress the numerator trace structure. The delta functions fix the quark

energies on both sides of the diagram while the angle between k and l generates

a log term. The result is

ρFX
(s, s̃)bq =

αm2
+NcQbQq

16π3
·

√
λλ̃

ss̃

(
A+

B +B|b↔q

b
ln
(a+ b

a− b

))
, (5.34)

where

a =
1

2

[
m2

+ +m2
− −

ss̃+m2
+m

2
−√

ss̃

]

b =
1

2

√
λλ̃

ss̃
, (5.35)
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with λ = λ(s,m2
b ,m

2
q), λ̃ = λ(s̃, m2

b ,m
2
q) and

A = m2
−

B =
1

8

[
8sYs̃Ỹ +

(
m+ −m−

)2(
(Y + Ỹ)

√
ss̃−m2

−
)

(5.36)

− 2m2
−
(
s+ s̃+m2

+ −m2
−
)
− 2m2

+

√
ss̃

]
,

with Y defined in (3.47) and Ỹ = Y|s→s̃. As usual Qb = −1/3, Qu = +2/3 and

m± = mb ±mq. Note that we have dropped (suppressed) O(r) terms that break

the b − q symmetry which are regarded as unphysical. The gauge parameter

disappears in the final result as it must. The corresponding result for the axial

case is more complicated and is attached as an ancillary file to the published work

[2].

Similarly, the perturbative bb graph has density

ρFX
(s, s̃)bb =

αm2
+NcQ

2
b

16π3
·
λ

1
2 (s−m2

−)

s+m+m−

(
f(m2

b) +
32π2m2

b

e2
δZm

)
δ(s̃− s) (5.37)

with

f(m2) = 4m2B0(m
2, 0,m2) + (d− 2)A0(m

2) , (5.38)

and δZm the usual one-loop mass renormalisation, e.g. δZm = −(3α/4πϵ̂) in MS.

Note that as the particles are forced on-shell in the cut then ρFX
(s, s̃)bb vanishes

in the pole scheme. The qq graph follows from the replacement b ↔ q and is

numerically negligible as it is O(m2
q).

Neglecting the light quark mass the bb quark condensate diagram is

ρFX
(s, s̃)

⟨q̄q⟩
bb = −αm

2
bQ

2
b

4π
mb⟨q̄q⟩

(
f(m2

b) +
32π2m2

b

e2
δZm

)
δ(s−m2

b)δ(s̃−m2
b)

+ O(mq) , (5.39)

which is good enough for practical purposes. Including light quark mass

corrections, going beyond (2.27), involves the short distance expansion

⟨0|q̄α(x)qβ(0)|0⟩ = ⟨0|q̄α(0)qβ(0)|0⟩+ xµ⟨0|(∂µq̄α(0))qβ(0)|0⟩+ · · · , (5.40)

where α, β are spinor indices and we suppress the colour indices. The partial

derivative can be replaced by a covariant one by employing the Fock-Schwinger
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gauge xµAµ = 0 for the gluon field Aµ. Lorentz invariance implies the matrix

element ⟨0|(Dµq̄α(0))q̄β(0)|0⟩ must be proportional to (γµ)βα and using the

equation of motion gives the result [108]

⟨0|q̄α(x)qβ(0)|0⟩ =
⟨q̄q⟩
4Nc

(
δαβ +

imq

4
xµ(γ

µ)βα + · · ·
)
. (5.41)

Returning to the bb condensate, the Taylor expansion occurs in the variable (z−
y)µ which leads to the derivatives ∂pµB and ∂p̃µB in the O(mq) correction. These

can be performed using the helpful identity

∂

∂pµ
S(p) = −S(p)γµS(p) , S(p) =

/p+m

p2 −m2
. (5.42)

The spectral density therefore involves derivatives of delta functions and so it is

easier to present the result post-Borel transformation. The analogue of (5.39),

now including mq corrections is

2mBZ
2
B (δmB|QED)|⟨q̄q⟩bb = −

αm2
+Q

2
b

4π
⟨q̄q⟩e

2(m2
B−m2

b )

M2

(
f(m2

b) +
32π2m2

b

e2
δZm

)
×
[
mb −

mq

4

(
1 +

4m2
b

M2

)]
, (5.43)

where notice that the derivative brings down a power of M2 in the result. The

other ⟨q̄q⟩ condensate graph where the photon connects the b and the q quark is

not of short distance type and is omitted. It leads to 1/m2
q behaviour and exactly

this graph was similarly ommited in the B → γ calculation [195].

Results for the axial correlator are derived in exactly the same fashion, just

with different trace structures. We note that as the strange quark does form

a condensate there is additionally a Q2
q⟨s̄s⟩ diagram. However this is both m2

q

suppressed and condensate suppressed so practically speaking can be ignored.

5.3.2 Results

The numerics and Borel transform are handled in the same way as in Chapter

4. We again make use of the Daughter Sum Rule to fix the hadronic threshold

s0 and set M2 to suppress continuum and condensate contributions. Other input

parameters are given in Table 5.1. The only novel parameter is a, (5.10), which

parameterises the choice of duality region in the double dispersion. We take a = 1
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and quantify this uncertainty by taking the standard deviation of the results with

a ∈ [1
2
, 1, 2,∞]. This accounts for roughly a fifth of the final error budget.

As in the leptonic decay the most important parameter is the heavy quark mass

mb,c,s. For the Kaon (axial) case we can only take the MS mass (at µ = 2GeV),

however for mb,c we may also consider the kinetic mass. Again for the B-case

the kinetic mass proves best at suppressing the condensates while for the D there

is little difference. In view of [196], where the kinetic scheme proved unsuitable

for gDD∗γ we take the MS mass m̄c(m̄c). The heavy quark mass makes up 50%

of the error budget for ∆mB|QED rising to 60% and 70% in the D and K case

respectively. The total uncertainties are calculated as before by adding individual

errors in quadrature. Apart from the previously mentionedmb and a uncertainties

the only other relevant uncertainty is from the Borel mass M2, an approximately

20% contribution. The sum rules parameters are summarised in Table 5.2.

Unlike in Chapter 4, these sum rules are generically of poor quality on account of

being a LO double dispersion. This is reflected by less stability in the (smaller)

Borel windows and this leads to quite sizeable uncertainties. This is compounded

in the result for ∆mB|QED due to cancellations when the sum rules for δmB±|QED

and δmB̄0 |QED are subtracted. As is standard the sum rules perform better

for heavier mesons, with the convergence best for the B, cf. Table 5.2. The

Kaon sum rule is the worst and it struggles to satisfy the Daughter Sum Rule

consistency constraint, presumably due to its light mass. As an improvement we

use a weight function ω(s, s̃) = m4
B/ss̃ (cf. Section 2.1.2) to at least make the

sum-rule consistent, even if not necessarily very accurate6. Even with a weight

6The weight function does not change the result as it is essentially equivalent to working
with a subtracted dispersion relation, and disappears after Borel transformation. Indeed ω → 1
in the limit of perfect quark-hadron duality. Concretely for a sum-rule

Π(p2) =

∫
ρ(s)

s− p2
ds =

f2

m2 − p2
+ · · · , (5.44)

by subtracting off Π(0) = f2/m2 we get∫
ρ(s)

s(s− p2)
ds+ C =

f2

m2(m2 − p2)
+ · · · , (5.45)

where C = Π′(0) −
∫
s
ρ(s)/s2 is a subtraction constant that is killed by the Borel procedure.

Thus we can recover the original sum rule with the modification ρ(s) → (m2/s)ρ(s). Other
powers (m2/s)n, n > 1 (i.e. higher moments) in theory would also work though quark-hadron
duality requires some level of smoothness. The other requirement is that Π(0) can still be
calculated in perturbation theory, i.e. that p2 = 0 is not too close to the Kaon resonance at
p2 = m2

K in our scenario. We have checked for the well-known fK sum rules that using a weight
function makes little difference to the final result, providing at least a partial justification for
our procedure.
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JP = 0− Meson masses [37]

mB mBs mD mDs mK mπ

5.280GeV 5.367GeV 1.867GeV 1.968GeV 0.496GeV 0.137GeV

JP = 0− Mass Differences [37]

∆mB ∆mD ∆mK ∆mπ

−0.32(5)MeV +4.822(15)MeV −3.934(20)MeV +4.5936(5)MeV

Quark masses [37]

m̄b(m̄b) m̄c(m̄c) mpole
b mpole

c mkin
b |1GeV mkin

c |1GeV

4.18+0.03
−0.02GeV 1.27(2)GeV 4.78(6)GeV 1.67(7)GeV 4.53(6)GeV 1.13(5) GeV

m̄s|2GeV m̄d|2GeV m̄u|2GeV m̄ud|2GeV
m̄u

m̄d

m̄s

m̄ud

93.4+8.6
−3.4MeV 4.67+0.48

−0.17MeV 2.16+0.49
−0.26MeV 3.45+0.35

−0.15MeV 0.474+0.056
−0.074 27.33+0.67

−0.77

Condensates

⟨q̄q⟩|2GeV [44] ⟨s̄s⟩|2GeV [237] m2
0 [238] ⟨0|αs

π
G2|0⟩ [27]

−(269(2)MeV)3 1.08(16) ⟨q̄q⟩ 0.8(2)GeV2 0.012(4)GeV4

Table 5.1 Summary of input parameters and other numerical quantities relevant
for the calculation of ∆mP . Note as inputs into the sum rules we use mP 0 = mP−

which has a completely negligible impact. The quantity mud ≡ 1
2(mu +md) is the

light quark average. The mixed condensate is parameterised as ⟨q̄σgGq⟩ = m2
0⟨q̄q⟩,

with m2
0 > 0, as is standard in the literature, though note its sizeable uncertainty.

For the charm quark mass we take an error of δmc = ±0.1GeV, cf. Section 4.1.

P s0 [ GeV2] M̂2 [ GeV2] fP [ GeV] DSR Cond. Cont. ∆mP |QED

B 35.2(1.0) 2.6(0.5) 0.16 < 0.1% 15.6% 29.6% +1.58MeV

D 5.5(0.1) 1.00(0.25) 0.16 < 0.1% 23.2% 30.0% +2.25MeV

K 0.7(0.1) 0.95(0.50) 0.15 ∼ 0.1% − 27.0% +1.85MeV

Table 5.2 The sum rules parameters used in the calculation of ∆mP |QED,
with the applied errors in brackets. Additionally we give the suppression of the
continuum (Cont.) states above s0 as well as how well the condensates (Cond.)
are suppressed. Both of these contributions should ideally be kept below 30%.
The Daughter Sum Rule (DSR) is used to set s0 as far as possible (i.e. without
affecting convergence). This column shows to what precision level this can be
performed. Note that in the axial case the bb condensate graph vanishes identically
which is one reason why the K sum rule is of poor quality. In this case the
Borel window is chosen simply as the region around the Borel minimum that
exhibits some level of flatness. The ‘denominator’ factor Z2

B must also be included
via a sum rules method to reduce some of the mb instability. The expressions
for fB,D,K are well known (e.g. [107, 239]) and we use the (s0,M

2)fP values
(33.6, 6.0)GeV2, (5.7, 2.0)GeV2 and (1.1, 1.5)GeV2 for B,D,K respectively. Our
values are correspondingly lower as we must work at LO for consistency with the
numerator. Note that the fK sum rule introduces an ⟨s̄s⟩ dependence into the
result.
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function the pion case cannot be salvaged (likely due to its extremely low mass)

and so we do not consider this channel.

With these inputs and choices our final results are

∆mB|QED = + 1.58+0.26
−0.23MeV ,

∆mD|QED = + 2.25+0.89
−0.52MeV , (5.46)

∆mK |QED = + 1.85+0.42
−0.66MeV ,

which we will compare to previous work in Section 5.5.

5.4 Quark Mass Corrections

The linear quark mass correction ∆mB|mq , or more specifically the matrix element

⟨B̄|q̄q|B̄⟩, is calculated from the correlator G(p2B, p̃
2
B) defined in (5.20). We give

results for the B and the D as for the light mesons the sum rules are far inferior

to the χPT results of Section 5.2.3.

5.4.1 Calculation

We calculateG(p2B, p̃
2
B) in QCD at leading order in αs, however include condensate

contributions up to dimension 5. The relevant graphs are drawn in Figure 5.2. As

well as the quark condensate we must also include the mixed condensate ⟨qσ ·Gq⟩
as this is the second most important contribution (owing to the perturbative

graph being numerically very small). The mixed condensate is also necessary to

stabilise the sum rule.

Proceeding as before by cutting rules, the perturbative spectral density is

ρG(s, s̃)1 =
m2

+Nc

2π2
·
mq(s−m2

−)

s−m+m−
λ

1
2 δ(s̃− s) , (5.47)

which exhibits the advertised O(mq) suppression and is numerically negligible.

Indeed the perturbative contribution must vanish in the massless limit as the

QCD Lagrangian has chiral symmetry which is only spontaneously broken by

exactly ⟨q̄q⟩ ≠ 0. The same suppression also affects the gluon condensate, ⟨G2⟩,
and so this contribution can be ignored.
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b

q̄

g

Figure 5.2 Diagrams contributing to the matrix element ⟨B̄|q̄q|B̄⟩. The solid
black diamond denotes the insertion of the q̄q operator. As the perturbative
diagram is suppressed the main contribution comes from the quark condensate
(diagram 2). There are two mixed condensate diagrams: b − q type (third) and
q− q type (fourth). There are also analogous diagrams with the q̄q operator on the
RHS of the condensates.

The dominant contribution therefore arises from the quark condensate graph.

The result is

⟨B̄|q̄q|B̄⟩⟨q̄q⟩ = −
4m2

+m
2
b⟨q̄q⟩

Z2
B

e
2(m2

B−m2
b )

M2 , (5.48)

where for simplicity we neglect light quark mass effects. For higher dimensional

condensates diagrammatic representations become unreliable and one should

work directly from Wick contractions and short distance expansions like (5.40).

For the mixed condensate we use the general results from [108, 240, 241]

⟨0|q̄α(x1)qβ(x2)|0⟩ = (5.49)

1

4Nc

[(
1−

m2
q

2d
x212

)
δαβ +

imq

d
(/x12)βα

(
1−

m2
q

2(d+ 2)
x212

)]
⟨q̄q⟩

+
x212

16Nc d

(
δαβ +

imq

d+ 2
(/x12)βα

)
⟨qσgGq⟩ + · · · ,

and

⟨0|q̄α(x1)Gµν(z)qβ(x2)|0⟩ = (5.50)

⟨qσ ·Gq⟩
4d(d− 1)(d− 2)Nc

[
(d− 2)σµν +mq

(
γµxν12 − γνxµ12 + iσµν/x12

)]
βα

+ · · · ,

where x12 = x1−x2 and ‘+ · · · ’ denotes four-quark condensate and higher terms.

One should only expand in genuine short distance parameters and we neglect

higher dimensional (longer distance) effects. Ignoring light quark corrections

again this gives

⟨B|q̄q|B̄⟩⟨q̄σgGq⟩ = −
m2

+⟨q̄σgGq⟩
Z2

B

e
2(m2

B−m2
b )

M2

(
13

8
− m2

b

M2
− 4m2

b

M4

)
. (5.51)
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In passing we also give the result

∫ δ̄(a)(m2
+)

m2
+

∫ δ̄(a)(s)

m2
+

ds ds̃ e−
s+s̃

M2 (s+ s̃) ρG(s, s̃)⟨q̄σgGq⟩ =

−m2
+⟨q̄σgGq⟩e

−2m2
b

M2 m2
b

(
17

4
+

6m2
b

M2
− 8m2

b

M4

)
, (5.52)

useful for the Daughter Sum Rule, as this is non-trivial due to the various

derivatives.

5.4.2 Results

The numerics are performed as in the QED case, using the input values of

Table 5.1. There are however some important differences. As the perturbative

contribution is negligible the parameters s0 and a do not enter the sum rule. This

also means the result depends strongly on the choice of Borel mass M2. While

previously we have used the Daughter Sum Rule consistency condition to fix s0,

here we can use it instead to fix M2.

Again we take the b quark mass in the kinetic scheme and the charm quark in

MS. The main uncertainties in this case arise from setting M2 and the heavy

quark mass. Really however almost all uncertainties can be traced back, one way

or another, to the fact this is a O(α0
s) calculation. For the Borel parameters we

take

(s0, M̂
2)B = (35.0, 4.0)GeV2 and (s0, M̂

2)D = (6.0, 0.75) , (5.53)

and the mixed condensate is 27% (52%) of the quark condensate in the B (D)

case. Again the D sum rule is poorer quality than the B sum rule and in the D

case the mixed condensate is not very well suppressed at all. That being said,

the next relevant condensate is the 4-quark condensate which, in the factorisation

approximation, is ∼ ⟨q̄q⟩2 and should be a O(1%) effect. This provides at least

partial reassurance though really this is just a highly non-standard sum rule.

Again the factor of ZB in the denominator is computed via the fB sum rule [107],

cf. Table 5.2. Our results for the matrix elements are

⟨B̄|q̄q|B̄⟩|µ=1GeV = + 5.99+1.99
−1.41GeV ,

⟨D̄|q̄q|D̄⟩|µ= m̄c = + 3.40+1.78
−1.71GeV , (5.54)
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which via (5.8) gives the quark mass shifts

∆mB|mq = − 1.88+0.49
−0.71MeV ,

∆mD|mq = + 2.68+1.48
−1.38MeV . (5.55)

5.5 Summary and Conclusions

In this chapter we have computed electromagnetic and quark mass corrections

to the pseudoscalar meson masses. Our predictions for the mass differences

between charged and neutral mesons are summarised in Table 5.3 along with

the experimental values for comparison.

P ∆mP |QED ∆mP |mq ∆mP ∆mP |PDG

B +1.58(24) MeV −1.88(60) MeV −0.30(65) MeV −0.32(5) MeV

D +2.25(70) MeV +2.7(1.4) MeV +4.9(1.6) MeV +4.822(15) MeV

K +1.85(54) MeV −6.7(1.1) MeV a −4.9(1.2) MeV −3.934(20) MeV

π +4.54(50) MeV a +0.16(5) MeV a +5.0(1.2) MeV +4.5936(5) MeV

Table 5.3 Summary of our results (with errors symmetrised) for the pseu-
doscalar mass differences, broken down into QED and quark mass contributions.
The measured experimental values [37] are given in the rightmost column. Note
that entries marked a are not predictions of this work, they come from low energy
theorems.

Our results for ∆mP are consistent with the experimental values, though with

large uncertainties. This is to be expected from a double dispersion calculation at

leading order which certainly cannot match the precision of the results in Section

5.2.3. As noted before, our sum rules perform best for the B and worsen for the

lighter mesons. For ∆mP |QED our results for the B and D are in good agreement

with [224], though our prediction for the Kaon is roughly 30% smaller than [222].

For the linear quark mass shift, via the Feynman-Hellmann theorem, we again are

in rough agreement with the classic results though note the considerable (∼ 50%)

errors involved in the D case.

Accurate numerical estimates however are not really the aim of this work. Its

main purpose was to show that one can obtain isospin breaking mass differences

from QCD sum rules without having to follow the traditional Cottingham
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procedure. The electromagnetic shift via a double dispersion may be regarded

as the central part of this chapter, with the calculation of ⟨P |q̄q|P ⟩ also via

a dispersion being a pleasing addition. The quality of the sum rules could be

improved by including higher order strong force corrections, though this would

be a formidable task. Perhaps more interestingly the method could be modified

to consider higher spin hadrons like baryons and could even be applied to the

fabled proton-neutron mass difference.
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Chapter 6

Conclusions

In this thesis we have calculated electromagnetic corrections in two areas of b

physics, both using a sum rules framework. The main work is a complete next-to-

leading order QED calculation of the decay rate B̄ → ℓν̄(γ) using a new explicitly

gauge-invariant formalism. This is one of the first truly structure-dependent

QED calculations for B decays and certainly the first via a dispersive sum rules

technique. A second project considered the mass difference, ∆mP , between

charged and neutral pseudoscalar mesons, P = B,D,K, π and demonstrated

that this can also be extracted using similar sum rule ideas.

In Chapter 3 we discussed the calculation of the leptonic decay B̄ → ℓν̄(γ) in

detail, paying careful attention to its cut structure. We use a new construction,

involving an auxiliary ΦB particle, to allow for proper treatment of soft photons.

This particle plays the role of the long distance B̄-meson and renders our

interpolating operators gauge-invariant. We also devoted considerable attention

to the helicity suppressed nature of the V-A decay and how this is lifted in the

real rate by structure-dependent terms. The helicity suppression in B̄ → ℓν̄

allows for structure-dependent hard-collinear logs to exist and we have shown

this explicitly to be the case. As a check of our methodology we demonstrate the

complete cancellation of hard-collinear logs for S-P (non-SM) type interactions

once fully inclusive in the photon.

In Chapter 4 we follow this up with a numerical study. We show that

virtual structure-dependence gives a +4.6(6)% (ℓ = µ) and +2.9(2)% (ℓ = τ)

correction on top of scalar QED, driven mainly by the extra hard-collinear

logs. Such effects are certainly important, in view of the sub-1% precision
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(isospin symmetric) lattice results for fB, and relevant, considering the reduced

experimental uncertainties by the end of the Belle II run. The total relative

QED correction also depends strongly on the choice of photon energy cut-off,

showing the importance of the B̄ → γ form factors in the real rate (which we

take externally).

This leptonic decay is an important channel phenomenologically as it may be

considerably enhanced by new physics. Our work complements existing SCET

analysis [177] of the neutral current decay B̄d,s → µ+µ−, as a full analysis of

B̄ → µν̄ has yet to appear. We note that our results are equally valid for all

three channels ℓ = τ, µ, e, unlike SCET techniques which heavily depend on the

lepton mass scale.

Finally in Chapter 5 we calculate isospin-breaking corrections to the pseudoscalar

meson masses. We extract both electromagnetic and quark mass effects via a

double dispersion using the same hadronic inputs and without introducing any

model dependence. Our results, which we give for the B,D and K, are consistent

with classic estimates and experimental values, though exhibit large uncertainties.

The work we have presented in this thesis adds to the growing body of evidence

that QED effects are now too important to be neglected. Experimental analyses

must move beyond point-like approximations and theorists must be careful not to

always assume that QED corrections are small. With the wealth of experimental

data being generated, accurate theoretical predictions will continue to be vital in

the search for new physics. This thesis helps contribute to that search, even if

only in a small way.
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Appendix A

Notation and Conventions

We take the QED covariant derivative as

Dµ = ∂µ + ieseQfAµ , (A.1)

where e > 0 and retaining se = ±1 allows us to work with both frequently chosen

conventions. Here the charges are (QΦ, Qℓ1 , Qb, Qq) = (−1,−1,−1/3,+2/3) and

we note that the hatted charge notation of Section 2.2.2 is not particularly useful

in Chapter 3 as there are now two vertices. The quarks flow out of JB and into

LW . We work in d = 4 − 2ϵ dimensions and use the mostly-minus metric. The

Clifford algebra is the usual

{γµ, γν} = 2gµν , i[γµ, γν ] = 2σµν , (A.2)

with γ5 = iγ0γ1γ2γ3 in d = 4. The treatment of γ5 in dimensional regularisation

is in general a thorny issue though does not cause too many problems in our case.

Where necessary the Larin scheme [242] is employed to deal with any single γ5.

The Levi-Civita symbol is taken with ‘Bjorken and Drell’ conventions ϵ0123 = +1.

We work with the amplitude phase convention A = ⟨f | − L|i⟩.

The only place we work directly with QCD is in Section 5.4.1 with the convention

Dµ = ∂µ+ igsg
λa

2
Aa

µ and g > 0. Otherwise, conventions are as in the papers [1, 2]

with the only exception being a missing factor of e
m2

B
M2 in the definition of BM2 .
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A.1 Passarino-Veltman Functions

The Passarino-Veltman functions A0, B0, C0, . . . [119] form a complete basis for

the one-loop scalar integrals. We define them with the normalisation

(2πµ)2ϵ

iπ2

∫
ddk (A.3)

and the conventions of FeynCalc [117, 118], FeynHelpers [204] and Pack-

age X [203]. The simplest integral is the tadpole function A0 which has one

propagator

A0(m
2) ≡ (2πµ)2ϵ

iπ2

∫
ddk

k2 −m2
= m2

(
1

ϵ̂UV

+ 1 + ln
µ2

m2

)
+O(ϵ) , (A.4)

where 1/ϵ̂ = 1/ϵ− γE + ln 4π and the +iε in the denominator is left implicit. In

the limit m → 0 the result vanishes. This can be considered as a ϵ−1
UV − ϵ−1

IR = 0

cancellation as scaleless integrals are zero in dimensional regularisation. The

bubble integral in its most general form is

B0(p
2,m2

0,m
2
1) ≡

(2πµ)2ϵ

iπ2

∫
ddk

(k2 −m2
0)((k + p)2 −m2

1)
(A.5)

=
1

ϵ̂UV

+ 2 +
m2

0 −m2
1

2p2
ln
m2

1

m2
0

− ln
m0m1

µ2

+
λ

1
2 (p2,m2

0,m
2
1)

p2
ln

(
2m0m1

m2
0 +m2

1 − p2 − λ
1
2 (p2,m2

0,m
2
1)

+ iε

)
+O(ϵ),

where λ is the Källeń function. This becomes imaginary for p2 ≥ (m0 + m1)
2

taking the value ImB0(p
2,m2

0,m
2
1) = (π/p2)λ

1
2 +O(ϵ), agreeing with (3.38) as a

nice check. When one of the propagators is massless then

B0(p
2, 0,m2) =

1

ϵ̂UV

+ 2 + ln
µ2

m2
+
m2 − p2

p2
ln
m2 − p2 − iε

m2
+O(ϵ) , (A.6)

and for p2 = m2 one gets m2B0(m
2, 0,m2) = m2 +A0(m

2). The derivative of the

bubble integral with respect to p2 is denoted by DB0(p
2,m2

0,m
2
1) and this is IR

divergent in the limit p2 → (m0 +m1)
2. We require the result

DB0(m
2, 0,m2) ≡ d

dp2
B0(p

2, 0,m2)

∣∣∣∣
p2=m2
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=
−1

2m2

(
1

ϵ̂IR
+ 2 + ln

µ2

m2

)
+O(ϵ) , (A.7)

in the calculation of blue cuts in bb and qq diagrams. Higher point functions

C0, D0, etc., become too complicated to give explicitly. They are defined as

C0

(
p21, (p1 − p2)

2, p22,m
2
0,m

2
1,m

2
2

)
=

(2πµ)2ϵ

iπ2

∫
ddk

(k2 −m2
0)((k + p1)2 −m2

1)((k + p2)2 −m2
2)
, (A.8)

and

D0

(
p21, (p1 − p2)

2, (p2 − p3)
2, p23, p

2
2, (p1 − p3)

2,m2
0,m

2
1,m

2
2,m

2
3

)
=

(2πµ)2ϵ

iπ2

∫
ddk

(k2 −m2
0)((k + p1)2 −m2

1)((k + p2)2 −m2
2)((k + p3)2 −m2

3)
, (A.9)

and so on with a considerable number of useful results collected in the QCDloop

repository [243].
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