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Abstract

We live in a world which generates vast amounts of data with highly complex
structure. Methods based on geometry and topology are suited to analyse the shape
of high-dimensional data and thus can provide unique insights. While geometry is
concerned with studying distances, topology focuses on connectivity relations. The
main advantage of these methods is that they can generate compact summaries of
the data to highlight and unravel distinct patterns and relationships. Magnitude
is a recently introduced geometric invariant, capable of capturing important
properties of the intrinsic geometry of a space. It has potential for applications
in machine learning as it can measure a number of geometric quantities such as
curvature, volume and diameter. In this thesis, we provide the first applications
of magnitude to theoretical deep learning, representation learning and biomedical
data analysis. In addition, we compare the geometric insights from magnitude with
the topological insights from persistent homology. This thesis contains three parts,
the first addresses one of the main difficulties in the application of magnitude,
which is the computational cost. To compute magnitude, one needs to invert
a matrix, which is an expensive procedure, particularly for large datasets. We
provide new faster algorithms for speeding up this computation and approximate
magnitude well. These new algorithms enable the applicability of magnitude to
data analysis, providing a solid foundation for its wider adoption. The second part
examines the intrinsic geometric aspect of machine learning. Here we show the
unique uses of magnitude to generalization and the space of latent representations.
In the third part, we demonstrate novel biomedical applications of magnitude to

the surface of the human tongue and brain artery trees.



Lay Summary

In today’s world, we generate large amounts of complex data. To understand this
data, we can use methods from geometry (which focuses on distances) and topology
(which focuses on connectivity). These methods help us summarize and uncover
important patterns in the data. A new geometric concept, called ”magnitude,”
can measure properties like curvature and volume, making it potentially useful for
machine learning. This thesis presents the first applications of magnitude to areas
such as deep learning and biomedical data analysis. It also compares magnitude’s
geometric insights with those from a topological method called persistent homology.
The thesis is divided into three parts: first, it addresses the high computational cost
of calculating magnitude by introducing faster algorithms. These improvements
make magnitude more practical for data analysis. The second part explores how
magnitude can be used to understand key geometric aspects in machine learning,
like how models generalize and the structure of their internal representations. The
third part demonstrates how magnitude can be applied in biomedical contexts,

such as analysing the surface of the human tongue and brain artery trees.
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Chapter 1
Introduction

Modern Artificial Intelligence (Al) relies heavily on machine learning (ML) models.
These models are often intricate and large, having millions or possibly billions
of parameters. They are capable of producing sophisticated, even human-like,
responses [Ma et al.;2023|. In natural language processing (NLP), advanced models
like GPT-3 can generate coherent text and engage in conversation [Ray), 2023].
The input data that modern AI models operate on is usually high-dimensional
and complex, for example biomedical data. In order to ensure that Al systems
are reliable and efficient it is necessary to better understand the models, data
and the interactions between them. One approach suggested in order to further
such understanding is through the geometry and topology of relevant point clouds
[Snasel et al., [2017]. The ability to view these models through the lens of these
two fields of mathematics provides a unique analytical perspective by focusing on
shape, structure, and relationships between data points.

There has been growing interest in the role that geometry and topology play
in machine learning and data science |Carlsson), 2009, Adams and Moy, 2021].
This has culminated in the development of Topological Machine Learning (TML),
combining ideas from Topological Data Analysis (TDA) and ML, with Persistent
Homology (PH) emerging as one of the primary tools of the field. There are
two particular cases where one would want to combine topological methods with
traditional ML methods: (1) when there is interest in a quantitative compact
summary of the global features or local geometry in a data, or (2) to explore if
local geometry or global topology may be discriminatory for the ML task at hand
[Adams and Moy}, 2021].

Magnitude is a relatively new shape descriptor which has emerged as a prom-



Chapter 1. Introduction 2

ising tool with broad applications to ML and data science. Magnitude has several
desirable characteristics: (i) it provides a compact summary of a space, (ii) it is
easier to understand conceptually than PH as its definition for finite spaces is
straightforward, (iii) it has an intuitive interpretation as the effective number of
points in a space, and (iv) can measure curvature and fractal dimension, similar
to PH.

The central theme of this thesis is to gain insight into the underlying geometry
of traditionally important ML spaces via magnitude. We achieve this by developing
novel applications of magnitude in ML and biomedical data analysis. First, we
describe a number of computational challenges which have prevented the wider
adoption of magnitude for ML, and then we propose solutions. As a result we
enable the use of magnitude for data science. The work in this thesis falls under 3

categories:
1. Dealing with the computational challenges presented by magnitude.
2. Using magnitude to analyse ML algorithms and latent space representations.

3. Computing features based on magnitude and PH, and demonstrating their

utilities in biomedical applications.

The theory of PH is well developed, it has found numerous applications in data
science more broadly |Giunti et al., 2022]. There has been significant theoretical
research on magnitude and its relationship with persistent homology |Otter,
2021). However, several unanswered questions persist, particularly regarding its
practical implications in machine learning and biomedical data analysis. Recent
studies [Bunch et al., [2021, |Adamer et al., [2021] have started to establish links
between quantities derived from magnitude, called magnitude vectors, and ML
applications, but this area of research is still in its very early stages. The strengths
and weaknesses which magnitude might possess over persistent homology are not
clear a priori for practical purposes and there have been no comparative studies
to date. Therefore, apart from paving the way for magnitude applications, we
also provide comparisons where appropriate.

In terms of interpretation, PH and magnitude are very different: the former
is a topological invariant that counts the number of connected components and
holes, while the latter is an isometric invariant that captures the effective number

of points in a space. One similarity is that both of them are capable of measuring
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curvature. Another similarity is their ability to capture intrinsic dimensionality:
under some mild conditions, it can be proven that both PH dimension and
magnitude dimension measure the Minkowski dimension of a space.

This thesis is split into three parts. Here we briefly outline the problems which
each chapter is concerned with. In Section [I.4] we describe how to address these

problems.

1.1 Computational challenges of magnitude

Wider application of magnitude is limited by the computation cost. For a set of n
points, the standard method of computing magnitude requires inverting an n X n
matrix. The best known lower bound for matrix multiplication and inversion
is Q(n*logn) |Raz, [2002]; the commonly used Strassen’s algorithm [Strassen),
1969] has complexity O(n?%!). By definition the magnitude computation requires
consideration of all pairs of input points. This is costly for large datasets.

Developing methods which compute magnitude faster at the cost of accuracy are
important for further usability in data analysis. This has significant ramifications
in clustering, neural network regularization and generalization.

In a set of n points, there are some which are more important in the compu-
tation of magnitude than others. In the terminology of magnitude, every point
is assigned a weight and the sum of the weights gives the total magnitude. A
point with higher weight can be considered to be more important than a point
with a lower weight for approximating the value of magnitude. Hence, developing
methods for selecting the points which contribute the most would result in a
sensible approximation. Creating a systematic approach towards choosing such
subsets of data points leads to another way to avoid the computational bottleneck

of magnitude.

1.2 Two aspects of analysing ML models

A deeper understanding of ML models can be achieved in a number of ways. It
can be done during the multiple stages of learning that occur: by considering the
training stage (where one can look at the model space) or the internal representa-
tions (latent space). Both the training stage and the internal representations can

be conceptualised as (usually high-dimensional) metric spaces. In this view, each
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Figure 1.1: Training trajectories patterns after applying Multidimensional
scaling (MDS). The trajectory in plot (a) corresponds to a neural network with
lower generalization gap, while the training trajectory in plot (b) depicts a neural
network with larger generalization gap. There is a clear difference between
these patterns, which can be quantified using fractal dimensions (Chapter 3) and
(positive) magnitude and a-weighted lifetime sums, which is a concept from PH
(Chapter 4).

data instance or internal representation vector is a ‘point’, and the finite collection
of these points, which we work with in practice, constitutes a point cloud. We
use ‘point cloud’ here to specifically denote this concrete, finite sample of a larger,
potentially continuous, metric space. These two spaces are equipped with rich
intrinsic geometric and topological structure. Providing methods for the analysis
of such point clouds is essential for deriving deep insights about these models and
the various spaces they inhabit such as generalizability and understanding the
outputs of generative models. Failure to generate such analysis can lead to failure
to understand why a neural network does not perform well on unseen data, or
why a generative model does not produce desirable outputs.

In general, model spaces and latent spaces both involve high-dimensional
mathematical representations that enable a model to learn from and generalize
across data. While model spaces refer to the parameters that define the function
or architecture of the model itself, latent spaces represent hidden or transformed
data representations that capture essential features or structures of the input.

Both types of spaces play central roles in the learning process, from optimizing
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for performance to improving inference and generalization.

Model space. The model space is where the optimisation algorithm takes
consecutive steps in order to reach its goal and minimise the loss function. It
contains important information about the performance of the model. The recorded
steps in the model space are called optimization trajectories, and they leave traces
which contain particular patterns. More formally, in the case of neural networks,
the hypothesis class is denoted by W C R?, and each w € W is a parameter vector.
We call the set of all hypothesis classes returned from the optimisation procedure
of a given training algorithm A for a given training data S the optimisation
trajectories, and denote them by W. To access the iterates at every step of
the process, we denote by w; an element of W at iteration i. More concretely,
W= {w e R?:3Jie|0,I,w=[A(S)]}, where I is the number of training
iterations. In other words, when we fix i, we are interested in the weights at
iteration ¢, returned by the optimisation algorithm A.

In Figure [1.1| we can see the optimization training trajectories of a model with
a small generalisation gap on the left and a model with a larger generalisation gap
on the right. It is clear that the point patterns are different. Quantifying their
geometry and topology has an important role for generalization (Chapter 3, 4).

Taking into account the above, two key questions arise:

1. It has been previously shown that these trajectories possess fractal structure
[Simsekli et al.; 2020], and hence that the local geometry matters. Can we
quantify their shape using magnitude and magnitude dimension? Would

that lead to additional advantages? (Chapter 3)

2. The fractal dimension quantities proposed in the literature work in the
infinite regime. What about developing more practical complexities, which
bring closer the theory and practice? Would they scale to practically relevant
architectures like Vision Transformers? What about other domains like
Graph Neural Networks (GNNs)? (Chapter 4)

Latent space. Measuring the intrinsic diversity of latent representations is of
utmost importance for representation learning. Determining the strength to which
the outputs generated by a model resemble the properties of the input distribution
is crucial for preventing common problems like mode collapse and mode dropping.

The existing diversity metrics in the literature suffer from a number of limitations
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both in the reference-free case and where a reference distribution is available.
Chapter 5 then answers the following questions: (i) Can we define a theoretically
justified diversity measure based on magnitude that works across a number of
different modalities such as text, image and graph data? (ii) Is this measure stable?
(iii) Can we use magnitude to measure curvature and validate the theoretical

motivation that magnitude encodes geometry?

1.3 Magnitude and TDA for biomedical data

After we have fully explored applications of magnitude to ML, it is natural to look
at biomedical data, where topological and geometrical considerations are important
due to inherent geometric and topological structure. In a biomedical context,
determining the locations of certain structures and quantifying the patterns which
they form might be associated with certain information about the person, such
as age. Applying magnitude and TDA to the surface of the human tongue and
brain artery trees is a non-trivial task. It is not known if tongue prints are unique
and if they can be used to identify a person’s age, gender or identity. Further, a
principled way to quantify the quantitative information extracted from the shape
of papillae, which are tiny projections covering the surface of the tongue has not
been established, and both geometry and topology are suitable for this analysis.
More broadly, we are interested in developing geometric and topological features
based on the shapes of papillae, and using them as predictors of age, gender and
individual (Chapter 7, 1st part). The distribution of points on the brain artery
trees might be linked with age (Chapter 7, 2nd part). In the next sections, we

provide more information about each biomedical problem.

Magnitude and TDA for the surface of the human tongue. The tongue
is a highly sophisticated anatomical structure and its operation is fundamental
to speech, friction regulation and oral processing of food. The papillae on the
surface of the tongue enable perception of taste, texture and oral mechanics.
Of these numerous anatomical structures, fungiform papillae are linked to taste
perception as they house the taste buds [Miller Jr and Reedy Jr, [1990], whereas
filiform papillae that are devoid of taste buds are thought to be crucial for textural
perception.

The intricate geometry of the tongue at a microscopic scale can be observed

in 3D scans. Although there has been significant research on the importance of
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papillae density, our understanding of the papillae shapes and surface properties
of the tongue suffers from the difficulty of extracting and analysing geometry of
papillae at microscopic scales. ML has recently emerged as a powerful technique
for diagnosis where large volumes of medical data or images are available [Cai
et al.l 2020]. These approaches have largely focused on computing global functions
such as a medical diagnosis from an image. However, to date there is no ML

model that has classified microscopic tongue papillae based on 3D tongue scans.

Magnitude and TDA for brain artery trees. Changes in the network of
blood vessels, also known as vasculature, are often the first signs of development
of diseases like Alzheimer’s or stroke. If we are able to develop methods aimed at
identifying these alterations, we will be better equipped to treat these conditions
early and to develop preventative therapies. With ageing, brain vasculature
changes and it is important to be able to recognise and quantify such changes.
Previous studies have demonstrated the usefulness of topology for the age detection
problem [Bendich et all 2016]. Brain vasculature has been found to be correlated
with age from two different methods of analysis — statistical and TDA. Methods
from the former have found age to be correlated with total artery length [Gutierrez
et al.| 2016]. On the other hand, TDA has been useful in identifying correlation
between age and the positions of arteries in space in a way that statistical analysis
is not capable of discovering [Bendich et all 2016]. Magnitude has not been
applied to this problem, therefore it is of interest to establish how useful it might
be in the task of predicting age from brain artery trees. In addition, previous

approaches have not utilised ML.

1.4 Contributions

We now summarise the key contributions of this thesis to the topics of ML and

biomedical data analysis.

Chapter 3, Approximating Metric Magnitude of Point Sets. We study
the magnitude computation problem, and show efficient ways of approximating
it. We show that it can be cast as a convex optimization problem, but not as a
submodular optimization problem. The chapter describes two new algorithms — an
iterative approximation algorithm that converges fast and is accurate, and a subset
selection method that makes the computation even faster. It has been previously

proposed that magnitude of model sequences generated during stochastic gradient
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descent is correlated to the generalization gap. Extension of this result using
our more scalable algorithms shows that longer sequences in fact bear higher
correlations. We also describe new applications of magnitude in ML — as an
effective regularizer for neural network training, and as a novel clustering criterion.

This chapter is based on the preprint

e Approxzimating Metric Magnitude of Point Sets [Andreeva et al., 2025], which
has been published at AAAT 2025.

Chapter 4, Metric Space Magnitude and Generalisation in Neural
Networks. We study the problem of generalization in neural networks and
propose quantifying the learning process of deep neural networks through the lens
of magnitude. Moreover, we theoretically connect magnitude dimension and the
generalisation error, and demonstrate experimentally that the proposed framework

can be a good indicator of the latter. This chapter is based on the preprint

e Metric Space Magnitude and Generalisation in Neural Networks [Andreeva
et al.| [2023a], published in the Proceedings of Machine Learning Research as
part of 2nd TAG (Topology, Algebra, Geometry) ICML workshop 2023.

Chapter 5, Topological Generalization Bounds for Discrete-Time

Stochastic Optimization Algorithms. Here we provide the first theoretically
justified link between the generalization error and a quantity derived from mag-
nitude, called positive magnitude. We further prove that the a-weighted lifetime
sum, which is a topological quantity known as total persistence for a = 1, is also
associated with generalization. We call these newly established generalization
measures topological complexities, and demonstrate that they are computationally
friendly and flexible. Our experimental results demonstrate that our new com-
plexity measures correlate highly with generalization error in industry-standards
architectures such as transformers and deep graph networks. Our approach con-
sistently outperforms existing topological bounds across a wide range of datasets,
models, and optimizers, highlighting the practical relevance and effectiveness of

our complexity measures. This chapter is based on the paper

e Topological Generalization Bounds for Discrete- Time Stochastic Optimization
Algorithms |Andreeva et al., 2024], which has been published at NeurIPS
2024.
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Chapter 6, Metric Space Magnitude for Evaluating the Diversity of
Latent Representations. We develop a family of magnitude-based measures
of the intrinsic diversity of latent representations, developing a novel notion of
dissimilarity between magnitude functions of finite metric spaces. Our measures
are provably stable under perturbations of the data, can be efficiently calculated,
and enable a rigorous multi-scale characterisation and comparison of latent rep-
resentations. We show their utility and superior performance across different
domains and tasks, including (i) the automated estimation of diversity, (ii) the
detection of mode collapse, and (iii) the evaluation of generative models for text,

image, and graph data. This chapter is based on the paper

o Metric Space Magnitude for Fvaluating the Diversity of Latent Representa-
tions [Limbeck et al., 2024], which has been published at NeurIPS 2024.

Chapter 7, Magnitude and TDA for biomedical data: the tongue and
the brain. We first present the first ML framework on 3D microscopic scans of
human papillae (n = 2092), uncovering the uniqueness of geometric and topological
features of papillae. The finer differences in shapes of papillae are investigated
computationally based on a number of features derived from discrete differential
geometry, magnitude and computational topology. Interpretable ML techniques
show that persistent homology features of the papillae shape are the most effective
in predicting the biological variables. Models trained on these features with small
volumes of data samples predict the type of papillae with an accuracy of 85%.
The papillae type classification models can map the spatial arrangement of filiform
and fungiform papillae on a surface. Remarkably, the papillae are found to be
distinctive across individuals and an individual can be identified with an accuracy
of 48% among the 15 participants from a single papillae, increasing to 50% when we
add magnitude-based features, indicating that the magnitude of these structures
varies between people. Collectively, this is the first evidence demonstrating that
tongue papillae can serve as a unique identifier inspiring new research direction
for food preferences and oral diagnostics. We further demonstrate the utility
of magnitude and TDA for analysing brain artery trees, and demonstrate the
topological and geometric features are capable of detecting age. This chapter is

partially based on the paper

e Machine learning and Topological data analysis identify unique features
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of human papillae in 3D scans |Andreeva et al., 2023b|, which has been
published in Nature Scientific Reports.

We conclude by proposing future directions of research inspired by the results

of this thesis.



Chapter 2

Background

2.1 Metric Magnitude

While the magnitude of metric spaces is a general concept [Leinster], 2013], we
restrict our focus to subsets of R", where magnitude is known to exist [Meckes,
2013].

For a finite metric space (X, d) with distance function d, we define the similarity
matrix (;; = e"% for 4,7 € X. The metric magnitude Mag(X, d) is defined |Lein-
ster, |2013| in terms of an inverse or a weighting. In this section we present both

definitions as they are important in the different subsequent chapters.

2.1.1 Metric Magnitude as an inverse

Definition 2.1.1. Let X be a metric space with similarity matrix (;;. If ¢;; is

invertible, magnitude is defined as

Mag(X) = > (¢ (i)

ij

When X is a finite subset of R", then (;; is a symmetric positive definite
matrix as proven in [Leinster| [2013] (Theorem 2.5.3). Then, (("');; exists, and
hence magnitude exists as well.

Magnitude is best illustrated when considering a few sample spaces with a

small number of points.

Example 2.1.2. Let X denote the metric space with a single point a. Then, (x is a

1 x 1 matrix with (' = 1 and using the formula for magnitude, we get Magy = 1.

11
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Figure 2.1: Magnitude of the 2- and 3-point space. On the left, we see the
2-point space, where the distance between the points is d. On the right we see the
3-point space for an isosceles triangle with distance ¢t between y and z, and 1000t
between x and y and x and z. Below each space, we see the respective magnitude

function.

Example 2.1.3. A more illustrative example is given by the space of two points.

Let X = {a, b} be a finite metric space where dx(a,b) = d. Then

1 e ..
Cx = Ld ] ] ) (ii)

so that
1 1 —ed
-1
X = {2 [—e‘d | ] : (iii)
and therefore .
2 — 2e” 2
Mag(X) = T = (iv)

l—e 2  14ed
This example is also illustrated in Figure . Using Eq. , if d is very small,
ie. d — 0, Mag(X) — 1. Similarly, when d — oo, Mag(X) — 2. In practice, as
it can be seen from Figure 2.1 Mag(X) = 2 for a value of d as small as 5.

2.1.2 Metric Magnitude as a weighting

For a finite metric space (X, d) with distance function d, we define the similarity
matrix (;; = e~% for 4,7 € X. The metric magnitude Mag(X, d) is defined |Lein-

ster, |2013] in terms of a weighting as follows.

Definition 2.1.4 (Weighting w). A weighting of (X, d) is a function w : X — R
such that Vi € X, 3.+ Gw(j) = 1.
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We refer to the w(7) as the magnitude weight of 7, and interchangeably write

it as w;.

Definition 2.1.5 (Metric Magnitude Mag(X,d)). The magnitude of (X,d) is
defined as Mag(X,d) = > _,_y w(i), where w is a weighting of (X, d).

2.1.3 Scaling and the Magnitude Function

More information about a metric space can be obtained by looking at its rescaled
counterparts. The resulting representation is richer, and is called the magnitude
function, which we describe next.

For each value of a parameter t € R*, we consider the space where the distances

between points are scaled by ¢, often written as t.X.

Definition 2.1.6 (Scaling and tX). Let (X,d) be a finite metric space. We
define (tX,d;) to be the metric space with the same points as X and the metric

dy(z,y) = td(z,y).

Definition 2.1.7 (Magnitude function). The magnitude function of a finite metric

space (X, d) is the function t — Mag(tX ), which is defined for all ¢ € (0, 00).

FExample 2.1.8. Consider the magnitude function of the 3-point space in Figure
In this example, the points x, y and 2z form an isosceles triangle. When ¢ = 0.0001,
all the three points are very close to each other and almost indistinguishable.
Hence, we say that the space has 1 effective point. In contrast, when ¢t = 0.01, the
distance between the two points on the right y and z is very small, and x is quite
far. Therefore, we say that the space looks like two points. Finally, when ¢ is large,
all the three points are far away from each other, and the value of magnitude is 3,

which is also the cardinality of the space.

The Magnitude Function is important in computing magnitude dimension,
which is a determined by growth rate of Mag(tX) with respect to ¢t. It is a
quantity similar to fractal dimension and useful in predicting generalization of

models computed via gradient descent, as we will demonstrate in Chapter [4]

2.1.4 Magnitude Dimension

There are various notions that can be used to measure the intrinsic dimension of

a space. One of them is the magnitude dimension.
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Definition 2.1.9 (Magnitude dimension). When

log(Mag(tX
ity X — lim 08MaBEX)))
t—00 logt

exists, we define this to be the magnitude dimension of X [Meckes, 2015].

2.2 Evaluation criteria for measuring generaliza-
tion

In this section we explain the evaluation measured used to quantify generalization.
Pearson’s r correlation coefficient is highly sensitive to outliers and assumes that
the data are approximately normally distributed. Extreme values can dispro-
portionately influence the coefficient. As a non-parametric, rank-based statistic,
Kendall’s 7 is much more robust to outliers and doesn’t assume a specific distri-
bution. It’s less influenced by extreme values because it only considers their rank,
not their magnitude.

Real-world data is often noisy, contains outliers, and rarely follows perfect
normal distributions. A model that truly generalizes should be robust to these
real-world imperfections. Using Kendall’s 7 helps assess this robustness in the
face of such data characteristics.

While Pearson’s correlation is valuable for detecting linear relationships and is
a foundational statistical tool, the average granulated Kendall coefficients offer a
more nuanced and often more appropriate measure of generalization in machine
learning contexts because they focus on monotonic/ordinal relationships, which
are often more relevant to how complex models generalize than strict linearity;
are robust to outliers and non-normal data, reflecting the realities of real-world
datasets; and are highly sensitive to the stability of relative orderings under small
perturbations or subsampling, which is a key indicator of a model’s ability to learn
robust, fundamental patterns rather than memorizing noise or brittle correlations.

In further chapters, we assess the correlation between our complexities and the
generalization error by using the granulated Kendall’s coefficients (GKC) |Jiang
et al., 2019]. While the classical Kendall’s coefficients (KC) [Kendall, |1938a]
(denoted 7) measures the correlation between two quantities, it may fail to capture
their causal relationship. Instead, one “granulated” coefficient is defined in |Jiang

et al., [2019] for each hyperparameter (i.e., ¥y for n and 1zg for b); it measures
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the correlation when only this hyperparameter is varying. We also compute the
averaged GKC, ¥ := (¥ + ¥pg)/2. Here we provide exact definitions of the
correlation coefficients and further reasons why they might be more appropriate.

For more details, please consult |Jiang et al., 2019].

2.2.1 Kendall’s Rank-Correlation Coefficient

To assess a complexity measure’s p quality, one can use ranking. Given a set of
models trained with hyperparameters in the set ©, their associated generalization
gap {g(0) | 0 € ©}, and their respective values of the measure {u(0) | 6 € ©}, our
aim is to see how consistent the measure (e.g., Ly norm of network weights) is
with the empirically observed generalization. To this end, we construct a set T,
where each element of the set is associated with one of the trained models. Each

element has the form of a pair: complexity measure ;. versus generalization gap g.

T = J{u®),90)}. (1)

0cO

With an ideal complexity measure, the following must hold true for any pair of
trained models: if pu(6;) > p(02), then g(61) > g(f2) also holds. We use Kendall’s
rank coefficient 7 [Kendall, |1938b] to quantify the degree of consistency amongst

the elements of 7.

1 . :

7(T) = T = 1) Z Z sign(py — po)sign(gr — g2).  (2)
(11,91)€T (12,92) €T\ {(11,91)}

7 ranges from 1 to -1. A value of 1 signifies perfect agreement between the two

rankings, while -1 indicates perfect disagreement (one ranking is the exact reverse

of the other). If complexity and generalization are independent, T will be zero.

2.2.2 Granulated Kendall’s Coefficient

While Kendall’s correlation coefficient is an effective tool widely used to capture
the relationship between two rankings of a set of objects, certain measures can
achieve high 7 values in a trivial manner—i.e., the measure may strongly correlate
with the generalization performance without necessarily capturing the cause of
generalization [Jiang et al., [2019]. To mitigate the effect of spurious correlations,
a new quantity for reflecting the correlation between measures and generalization

based on a more controlled setting has been introduced |Jiang et al., 2019].
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None of the existing complexity measures are perfect. However, they might
have different sensitivity and accuracy with respect to different hyperparameters.
For example, sharpness may do better than other measures when only a certain
hyperparameter (say batch size) changes. To understand such details, in addition
to 7 (T), we compute 7 for consistency within each hyperparameter axis ©;, and
then average the coefficient across the remaining hyperparameter space. Formally,

we define:

mi:’@1><"'><@i,1X@iJrlX"'X@n' (Vl)

DD MY ---ZT<U{M<9>,9<9>}> (vil)

v 01€0, 0,_1€0;_1 9i+1€@i+1 0,€0, 0,€0;

The inner 7 reflects the ranking correlation between the generalization and the
complexity measure for a small group of models where the only difference among
them is the variation along a single hyperparameter #;. We then average this
value across all combinations of the other hyperparameter axes. Intuitively, if
a measure is good at predicting the effect of hyperparameter 6; over the model
distribution, then its corresponding ; should be high. Finally, we compute the

average 1; across all hyperparameter axes, and name it W:
1 n
v=- 21: Ui (viii)
1=

If a measure achieves a high ¥ on a given hyperparameter distribution ©, then
it should also achieve high individual v; values across all hyperparameters. A
complexity measure that excels at predicting changes for a single hyperparameter
(high ;) but fails for others (low 1); for j # i) will not yield a high ¥. Conversely,
a high ¥ indicates that the measure can reliably rank the generalization for
changes across each hyperparameter.

To illustrate why ¥ better captures the causal nature of generalization than
Kendall’s 7, consider a thought experiment: Suppose a measure perfectly captures
the network’s depth but produces random predictions when two networks share
the same depth. Such a measure would perform reasonably well in terms of 7,
but significantly worse in terms of . In experiments conducted in |Jiang et al.,
2019], the authors found that such a measure would yield an overall 7 = 0.362
but a ¥ =0.11.
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This measure represents only a small step towards the challenging problem of
empirically capturing the causal relationship between complexity measures and
generalization. In [|Jiang et al., [2019], the authors further propose Conditional
Independence Tests, which we have not computed in this thesis, but it will be

important future work.



Chapter 3

Approximating Metric Magnitude
of Point Sets

Metric magnitude of a point cloud is a measure of its “size.” It has been adapted
to various mathematical contexts and recent work suggests that it can enhance
machine learning and optimization algorithms. But its usability is limited due
to the computational cost when the dataset is large or when the computation
must be carried out repeatedly (e.g. in model training). In this paper, we study
the magnitude computation problem, and show efficient ways of approximating
it. We show that it can be cast as a convex optimization problem, but not
as a submodular optimization. The paper describes two new algorithms — an
iterative approximation algorithm that converges fast and is accurate in practice,
and a subset selection method that makes the computation even faster. It has
previously been proposed that the magnitude of model sequences generated during
stochastic gradient descent is correlated to the generalization gap. Extension of
this result using our more scalable algorithms shows that longer sequences bear
higher correlations. We also describe new applications of magnitude in machine
learning — as an effective regularizer for neural network training, and as a novel

clustering criterion.

3.1 Introduction

Magnitude is a relatively new isometric invariant of metric spaces. It was intro-
duced to characterize ecology and biodiversity data, and was initially defined as

an Euler Characteristic of certain finite categories [Leinster, 2008]. Similar to

18
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a b c

Figure 3.1: Consider the magnitude function of a 3-point space, visualized above
at different scales. (a) For a small value of the scale parameter (e.g. t = 0.0001),
all the three points are very close to each other and appear as a single unit. This
space has magnitude close to 1. (b) At t = 0.01 the distance between the two
points on the right is still small and they are clustered together, and the third
point is farther away. This space has Magnitude close to 2 (¢) When ¢ is large, all

the three points are distinct and far apart, and Magnitude is 3.

quantities such as the cardinality of a point set, the dimension of vector spaces and
Euler characteristic of topological spaces, Magnitude can be seen as measuring
the “effective size” of mathematical objects. See Figure for an intuition of
Magnitude of Euclidean points. It has been defined, adapted and studied in

many different contexts such as topology, finite metric spaces, compact metric

spaces, graphs, and machine learning [Leinster], [2013], [Leinster and Willerton|, 2013,
Barcelo and Carbery, [2018, [Leinster, 2019, Leinster and Shulman, 2021}, [Kaneta]
and Yoshinagal 2021, |Giusti and Menaral, [2024].

In machine learning and data sciences, the magnitude of a point cloud can

provide useful information about the structure of data. It has recently been applied

to study the boundary of a metric space [Bunch et al, |2021], edge detection for
images [Adamer et all [2024], diversity (Chapter [6) and dimension (Chapter [)

of sets of points in Euclidean space, with applications in data analysis as well
as generalization of models (Chapter [5)). Wider applications of magnitude are
limited by the computation cost. For a set of n points, the standard method
of computing Magnitude requires inverting an n X n matrix. The best known

lower bound for matrix multiplication and inversion is Q(n?logn) , 2002]; the
commonly used Strassen’s algorithm [Strassen| [1969] has complexity O(n**!)]

!Faster algorithms for matrix inversion exist, such as the Coppersmith-Winograd al-
gorithm |[Coppersmith and Winograd} [1990] with running time O(n?37%) and optimized CW-like
algorithms with the best running time O(n*3715%2) [Williams et al., [2024].
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By definition, Magnitude computation requires consideration of all pairs of input

points, making it expensive for large datasets.

Our contributions. In this chapter, we take the approach that for many
scenarios in data sciences, an approximate yet fast estimate of magnitude is useful,
particularly in real-world modern applications where datasets and models are
large and noisy and often require repeated computation.

Given a point set X C RP  we first show (Section that computing
the magnitude Mag(X) can be formulated as finding the minimum of a convex
function, and so can be approximated using suitable gradient descent methods.
We then define a new algorithm that iteratively updates a set of weights called
the Magnitude weighting to converge to the true answer (Section . This
method converges quickly and is faster than matrix inversion or gradient descent.

While avoiding inversion, both these methods need n x n matrices to store
and use all pairs of similarities between points. To improve upon this setup, we
take an approach of selecting a smaller subset S C X of representative points
so that Mag(S) approximates Mag(X). We first prove that Magnitude is not a
submodular function, that is, if we successively add points to S, Mag(S) does
not satisfy the relevant diminishing returns property. In fact, for arbitrarily high
dimension D, the increase in Mag(S) can be arbitrarily large with the addition of
a single point. Though in the special case of D = 1, Mag(.S) is in fact submodular,
and the standard greedy algorithm [Nemhauser et al., |1978] for submodular
maximization can guarantee an approximation of (1 — 1/e) (Section [3.3.3). In
practice, the greedy algorithm is found to produce accurate approximations on
all empirical datasets — both real-world ones and synthetic ones. This algorithm
adds points to S one by one; in each step it iterates over all remaining points to
find the one that maximizes Mag(S). These magnitude computations are faster
due to the smaller size of S, but the costs add up as they are repeated over X.

Section describes an approach to speed up the approximations further.
It uses properties of Magnitude such as monotonicity and growth with scale,
to develop a selection method — called Discrete centers — that does not require
repeated computation of Magnitude. It is particularly useful for computing the
Magnitude Function — which is magnitude as a function of scale, and useful in
dimension computation (Chapter 4). This method can also easily adapt to dynamic
datasets where points are added or removed. Faster estimates of magnitude allows

new applications of Magnitude in machine learning. Section [3.4] describes the
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use of Magnitude as a regularizer for neural network, and a clustering algorithm
similar to density based clustering methods, using Magnitude as a clustering
criterion.

Experiments in Section show that the approximation methods are fast
and accurate. Iterative Normalization outperforms inversion for larger dataset
sizes and converges fast; for the subset selection algorithms, Discrete centers
approximates the Greedy Maximization approach empirically at a fraction of the
computational cost. The more scalable computation allows us to produce new
results in the topic of generalization, where we extend prior work on computing
topological complexities based on magnitude (Chapter |5)) to a larger number of
training trajectories, extending from 5 x 10 due to computational limitations to
10%, and observe that the correlation coefficients average Granulated Kendall ()
and Kendall tau (7) improve significantly with the increased number of trajectories.
The new regularization and clustering methods based on Magnitude are also shown
to be effective in practice.

Related work and discussion can be found in Sec. [3.6]

3.2 Technical Background

This section introduces the definitions needed for the rest of the chapter.

3.2.1 Submodular Functions and Maximization Algorithm

The notion of submodularity is inspired by diminishing returns observed in many

real world problems.

Definition 3.2.1 (Submodular Function). Given a set V, a function f: 2" — R

is a submodular set function if:
VS, T CV, f(S)+ f(T) > f(SUT)+ f(SNT).

The definition implies that marginal utility of items or subsets are smaller
when they are added to larger sets. An example is with sensor or security camera
coverage, where the marginal utility of a new camera is smaller then its own
coverage area as its coverage overlaps with existing cameras.

The submodular maximization problem consists of finding a subset S C V of a

fixed size k that maximizes the function f. It shows up in various areas of machine
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learning, such as active learning, sensing, summarization, feature selection and
many others. See |Krause and Golovin, 2014] for a survey. The maximization
problem is NP-hard, but is often approximated to within a factor of 1 — 1/e using

a greedy algorithm |[Nemhauser et al., [197§].

3.3 Approximation Algorithms

We first examine algorithms that start with an arbitrary vector of weights for all
points, and then iteratively adjusts them to approximate a Magnitude weighting.
Then we describe methods that increase efficiency by selecting a small subset of

points that have magnitude close to that of X.

3.3.1 Convex optimization formulation and gradient des-

cent

The problem of finding weights w can be formulated as a convex optimization

using the squared loss:

3 (1) !

This loss function is based on weighting (Definition [2.1.4]), and reflects the error

with respect to an ideal weighting where for each i, ) ; Gijw; will add up to 1.
This is a strongly convex optimization problem and can be addressed using

methods suitable for such optimization, including gradient descent or stochastic

gradient descent.

3.3.2 Iterative Normalization Algorithm

In this section we present a different algorithm that we call the Iterative Normal-
ization Algorithm. It starts with a weight vector of all ones. Then for every point
i, it computes the sum G(i) = 3, ;;w;. For a proper magnitude weighting every
G(7) should be 1, thus the algorithm simulates dividing by G(i) to normalize the
row to 1, and saves w; <— w;/G(7). It does this in parallel for all rows (points).

Observe that compared to matrix inversion, which has a complexity of O(n?371%52)

Y
the iterative normalization uses O(n?) per iteration, and achieves useable accuracy

in relatively few iterations. In this problem, unlike usual optimization problems,
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Algorithm 1 Iterative normalization algorithm for the approximation of mag-

nitude
Input: The set of points X

Initialise w; = 1 for all 7 € X

while not converged do
Compute G(i) = >, Gjjw; for all i € X
Update w; = w;/G (i) for all i € X

end while

we in fact know the optimum value of the loss for each point, and as a result we
can use this approach of pushing the parameters toward this minimum value.

A caveat is that this algorithm produces a weighting that consists of positive
weights. While individual magnitude weights can in principle be negative, Mag-
nitude of a point cloud is always positive and in our experiments, the algorithm
always finds a weighting whose sum converges toward the true magnitude. In this
context, note that positive weights have been found to be relevant in predicting
generalization of neural networks. See Chapter [f

It appears that Algorithm 1 bears close resemblance to Gauss-Seidel iteration.
Since the similarity matrix is positive definite, the algorithm is guaranteed to

converge.

3.3.3 Approximation via greedy subset selection

To approximate more efficiently, we can attempt to identify a subset S of points
that approximate the magnitude of X. Magnitude increases monotonically with ad-
dition of points to S [Leinster, 2013|, which suggests approximation via algorithms
that greedily add points to X similar to Nemhauser’s submodular maximiza-
tion [Nemhauser et al., |[1978]. However, magnitude of a point set is not quite
submodular, and thus the approximation guarantees do not carry over.

The non-submodularity can be seen in the following counterexample. Let
e1,...,ep be the standard basis vectors of R? so e; = (1,0,...,0) etc. Let
t > 0 be a real number and te,...,tep be the scaled basis vectors of R”, so
te; = (t,0,0...,0) etc. Consider X = {te;, —tey,...,tep, —tep}, with the usual
metric. Thus X consists of the points on the axes of R” that are a distance of
t away from the origin. For a numerical example: when t =5 and D = 500, we
get Mag(X U{0}) — Mag(X) ~ 7.18. Thus, while the magnitude of a single point
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Algorithm 2 Greedy algorithm for the computation of original magnitude
Input: The set of points S

Parameter: Tolerance k, k is a positive number between 0 and 1

Output: The approximated total magnitude and the maximising set S’

Initialise S’ to be the empty set
Add a random element s; from S to S’.
while Mag(S"\ s;) < (1 — k) * Mag(S") do (The previous computation of
magnitude is within the tolerance parameter)
Find the element s; in S\ S, maximising Mag(S’ U s;)
Add s; to S’
end while
return S, Mag(S")

(origin) is 1 by itself, adding it to X produces an increase far greater than 1.
This construction can be generalised to higher dimensions D, and behaves as

follows in the limit:

Theorem 3.3.1. Let X = {tey, —te,,...,tep, —tep} be a set of points in RY as

described above. Then in the limit:
(et o et\/i)z
(Mag(X U {0}) — Mag(X)) =

,;}520 e2t — otv2
3.3.3.1 Greedy set selection algorithm

While the theorem above implies that submodularity does not hold in general for
magnitude, our experiments suggest that in practice, Nemhauser’s algorithm [Nem-
hauser et al., [1978] adapted to Magnitude achieves approximation rapidly. A
version of this idea can be seen in Algorithm [2|

In certrain restricted cases, submodularity can be shown:
Theorem 3.3.2. Mag(X) is submodular when X C R.

Thus, when X C R, the greedy approximation of (1 — 1/e) holds.

3.3.4 Discrete Center Hierarchy Algorithm

The computational cost of the greedy algorithm arises from the need to repeatedly

compute magnitude at each greedy step to examine 2(n) points and compute
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Figure 3.2: Greedy algorithm approximates magnitude with small number

of points. Plot (a) shows magnitude approximation of a Gaussian blobs, 3 centers,

with 500 points. Plot (b) shows Gaussian blobs with 3 clusters and 10* points.

magnitude each time to find the next point to add. To avoid this cost, we propose
a faster approximation method.

In addition to being monotonically increasing with addition of points in X,
the Mag(tX) also grows with ¢, and at the limit lim,_,., Mag(tX) = #X, where
#X is the number of points in X [Leinster, 2013]. Therefore, point sets with
larger distances between the points will have larger magnitude. Thus an iterative
subset selection algorithm that prefers well-separated points is likely to increase
the estimate faster toward the true magnitude.

This effect is achieved using Algorithm [3| which creates a hierarchy of discrete

centers and uses them to successively approximate magnitude. The hierarchy is

constructed as a sequence Sy, S1, S9, ... of independent covering sets. Given a set

S, a subset s is a minimal independent covering set of radius r, if it satisfies the
following properties: (1): for every x € S, there exists y € s such that d(z,y) <r
(2): Va,y € s,d(z,y) > r and (3) s is minimal with respect to these properties,
that is, removing any point from s will violate the first property. With this in
mind, we can construct the hierarchy as follows:
The hierarchy will have a height of at most h = log,(max, yex d(z,y)), that
is, log of the diameter of X. This hierarchy is used to successively approximate
magnitude by traversing it from top to bottom. That is, starting from s = (),

we first add points in Sy, to s, followed by those in S;,_1, S,_o etc, with Mag(s)

increasing towards Mag(X).
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Algorithm 3 Discrete Center Hierarchy construction
Input: (X, d).
So=X
S; <+ fori=1,2,..
fori=1,2,... do

Select S; C S;_1 where S; is a minimal independent covering set of S;_; of

radius 271

end for

Observe that when computing Magnitude function (Definition which
requires computation for several values of ¢, this same sequence can be used for
approximations at all the scales. Experiments described later show that a small
number of points in this sequence (from the top few levels) suffice to get a good

approximation of magnitude.

Incremental updates to the hierarchy. This hierarchy can be efficiently
updated to be consistent with addition or removal of points. When a new point
q is added, we traverse top down in the hierarchy searching for the center in .S;
within distance 2°=! to ¢. When such a center does not exist, we insert ¢ to be
a center in S; for all j < i. With a data structure that keeps all centers of 5;
within distance ¢ - 2°~! for some constant ¢, we could implement efficient ‘point
location’ such that insertion takes time proportional to the number of levels in
the hierarchy. If a point ¢ is deleted from the hierarchy, we need to delete ¢ from
bottom up. At each level ¢ if there are centers of S;_; within distance 2! from
q, some of them will be selectively ‘promoted’ to S; to restore the property. For

more detailed description of a similar geometric hierarchy, see [Gao et al., 2006].
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Figure 3.3: Discrete centers are close to Greedy Maximization at a
fraction of the computational cost and better than random. In plot (a)
we have the Iris dataset, in plot (b) the Breast cancer dataset, in plot (c¢) the
Wine dataset. In the remaining plots, we see subsamples of size 500 for popular

image datasets: (d) MNIST, (e) CIFAR10 and (f) CIFAR100.

3.4 Applications in Machine Learning

Here we describe the use of magnitude in two novel applications: as a regularization

strategy for neural networks and for clustering.

3.4.1 Neural Network Regularization

High-varying neural network weights can be an indicator of overfitting to noise
in the training data. Methods like weight decay add a term to the model’s
loss function to penalise large weights. We use Magnitude of the weights as a
regulariser term. If the weight parameters are given by a vector p, where each
pi € R, then the magnitude of this metric space (p, R) with the ambient metric of
R is submodular (Theorem with guaranteed approximation of 1 — 1/e.
Specifically, we use the following algorithm to estimate magnitude. First
select 1000 randomly chosen weights of the network, and then add the network
weights with the smallest and largest values. As the set of the smallest and largest
weights is the set of two weights with the largest possible magnitude, these points

will be returned by the initial execution of the Greedy Maximization algorithm
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Algorithm 4 Magnitude Clusterer

Let X be a set of points (scaled so the average pairwise distance is 1) and t > 0

be some threshold.
Initialise R = X \ {a} and C' = {{a}} for some random point a.
while R # @ do
Initialise best increase = oo and best point = &, best cluster = &.
forbe R, ce C do
Set increase = Mag(cU {b}) — Mag(c)
if increase < best increase then
best increase = increase
best point = b
best cluster = ¢
end if
end for
if increase < t then
Replace ¢ € C with ¢ U { best point }.
else
Add { best point } to C.
end if
Remove best point from R.
end while

return C
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which, as magnitude is submodular on the real line, has a theoretical guarantee of

performance. Then select a random subset of the remaining weights.

3.4.2 Clustering

Inspired by the greedy approximation algorithm for submodular set functions, we
propose a novel magnitude-based clustering algorithm. The key idea behind this
algorithm is that, given a pre-defined set of clusters, if a new point belongs to one
of those clusters then its inclusion in the cluster should not cause the magnitude
of the cluster to increase significantly. Thus the algorithm works as follows: In
every round, the algorithm tries to find a point b that is coherent with an existing
cluster ¢, where coherence is measured as the change in magnitude of ¢ being
below some threshold ¢ when adding b to c¢. If no such point-cluster pair can
be found, then the algorithm initializes b as a new cluster. The details are in
Algorithm [4

Good thresholds can be found by carrying out magnitude clustering over a
range of threshold values and monitoring the number of clusters. The cluster
counts that persist over a range of threshold values are likely to be represent
natural clusterings of the data. Selecting the most persistent count is natural way
to determine clustering without any other parameter.

This clustering algorithm bears resemblance to ToMATo. Investigating further

similarities and comparing the running times will be the subject of future work.

3.5 Experiments

Experiments ran on a NVIDIA 2080Ti GPU with 11GB RAM and Intel Xeon
Silver 4114 CPU. We use PyTorch’s GPU implementation for matrix inverison.

The SGD experiments used a learning rate of 0.01 and momentum of 0.9.

3.5.1 Accuracy and computation cost comparison
3.5.1.1 [Iterative algorithms

In Figure we see a comparison of the iterative algorithms on points sampled
from N(0,1) in R? with 10* points. We observe that the Iterative Normalization

algorithm is faster than Inversion and Gradient descent in plot (a) and it only
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Figure 3.4: Iterative algorithms comparison Comparison of Inversion, Iterative
Normalization and GD (a) Mean and standard deviation over 10 different runs,
with 50 iterations of both iterative algorithms. (b) Number of iterations for
convergence of Iterative Normalization for a randomly generated sample of 10000
points. (c) Iterative Normalization vs GD. Iterative Normalization converges fast,
GD takes a longer number of iterations. 100 runs. Comparison on larger point

sets in supplementary materials.

needs a few iterations (less than 20) to converge as seen in plot (b), while Gradient
descent takes a longer number of iterations. In plot (c¢) we see the convergence
performance over 100 different runs, and again we note that Iterative Normalization

converges fast, while GD requires a larger number of iterations.

3.5.1.2 Subset selection algorithms

Figure [3.5], shows a comparison of the subset selection algorithms on a randomly
generated dataset with 10? points sampled from N'(0,1) in R2.

Figure |3.3| shows the performance of the subset selection algorithms for a
number of scikit-learn datasets (Iris, Breast Cancer, Wine) and for subsamples
of MNIST, CIFARI10 [Krizhevsky et al., 2014] and CIFAR100 |[Krizhevsky, 2009).
We note that the Greedy Maximization performs the best, but Discrete Centers
produces a very similar hierarchy of points. Selecting points at Random does not
lead to an improvement in a sense that you need to approach the cardinality of

the set to get a good enough approximation of magnitude.



Chapter 3.  Approzimating Metric Magnitude of Point Sets 31

200! Inversion / —— Inversion
—— Greedy Maximization 151 —— Discrete Centers
1501 Discrete Centers
) 010/
£ £ 10
i= 100 e
5,
50
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Number of points Number of points

(a) (b)

Figure 3.5: Subset selection algorithms comparison (a) Time taken for
Inversion, Greedy Maximization and Discrete Centers to execute. (b) zoom on the
performance of Inversion and Discrete Centers, and note that Discrete Centers
performs better as the number of points increases. Comparison on larger datasets

in supplementary materials.

3.5.2 Applications in ML
3.5.2.1 Training trajectories and generalization

It has been shown that Magnitude and a quantity derived from Magnitude called
Positive magnitude (PMag), consisting of positive weights are important in bounds
of worst case generalization error. The method relies on computing a trajectory by
taking n steps of mini-batch gradient descent after convergence, and computing
the Magnitude of corresponding point set on the loss landscape. See Chapter
for details.

The experiments up to now have been limited to training trajectories of at
most size 5 x 10® due to computational limitations. Our faster approximation
methods can allow us to verify the results on larger trajectories.

We denote by Mag, and PMag, the relevant quantities trajectories of length
n. Sizes up to 5000 have been considered in the original paper. We extend to
sizes of 7000 and 10000. We use ViT [Touvron et al., [2021a] on CIFAR10, ADAM
optimizer |[Kingma and Baj 2017|, and perform the experiment over a grid of
6 different learning rates and 6 batch sizes, where the learning rate is in the
range [107°,1073], and the batch size is between [8,256] resulting in 36 different

experimental settings.
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Metric V), Ve v T

Magso00 0.68 | 0.62 | 0.65 | 0.64
Magzo00 0.71 | 0.77 | 0.74 | 0.69
Magipoeo | 0.75 | 0.82 | 0.79 | 0.74
PMagsoo0 | 0.91 | 0.67 | 0.79 | 0.85
PMagzoo0 | 0.93 | 0.73 | 0.83 | 0.88
PMagigo00 | 0.97 | 0.79 | 0.88 | 0.90

Table 3.1: Generalization gap correlation improvement using an increasing number
of points. 1), and 1, are the granulated Kendall coefficient for the learning rate
and for batch size respectively, and W is the Average Kendall coefficient, which is
the average of v, and ¥, ,|Jiang et al. 2020])

. 7 is Kendall tau. For the full definition and discussion on correlation measures,

please consult Section 2.2

The results can be found in Table [3.1] showing a number of correlation
coefficients relevant for generalization [Jiang et al.| 2020] between generalization
gap and Mag, and PMag, for n = {5000, 7000, 10000}. We use the granulated
Kendall’s coefficients (1, and 1, are the granulated Kendall coefficient for
the learning rate and for batch size respectively, and W is the Average Kendall
coefficient, which is the average of 1, and 1, [Jiang et al.; 2020]), which are more
relevant than the classical Kendall’s coefficient for capturing causal relationships.

We observe that all correlation coefficients improve with the increase of tra-
jectory size. In particular, the Kendall tau coefficient and the Average Granulated
Kendall coefficient increases by 0.14 for Magigooo compared to Magsggg, and by
0.09 for PMagigggo. Similarly, Kendall tau improves by 0.10 for Magigooo and 0.05
for PMagigggo. This is an interesting result which needs to be investigated further
for more models and datasets. Further visualisation results can be seen in Figure
3.6, where we see how the proposed quantities change with the generalization gap,

and when more trajectories are considered.

3.5.2.2 Neural Network Regularization

Utilising the magnitude approximation described in Section [3.4.1], we train five
neural networks each with two fully connected hidden layers on the MNIST dataset
for 2000 epochs, using cross entropy loss on MNIST. We train the models with
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Figure 3.6: Extended complexity measures vs. the generalization gap We
compare the original topological complexity measure Magsooo (a) and PMagsogo
(c) with the extended complexity measures Magigooo (b) and PMagiggo (d) for a
ViT trained on CIFARI10.

A | Train. Loss | Test Loss | Gap Magnitude
0 |0.0021 0.0757 0.0736 | 1.5810
0.1 | 0.0041 0.0641 0.0600 | 1.1567
0.2 | 0.0061 0.0607 0.0546 | 1.1293
0.5 | 0.0103 0.0602 0.0499 | 1.0842
1 |0.0167 0.0631 0.0464 | 1.0668

Table 3.2: Magnitude and performance of Neural Networks after training to

minimise Training Loss(weights) + A\Mag(weights).

a scalar multiple of the magnitude of the weights as a penalty term. One of
the networks we train (with a regularization constant of 0) corresponds to an
unregularised model. We then evaluate the differences in magnitude as well as
train and test loss for each model.

Our results are shown in Table[3.2] We first observe that as expected, adding a
magnitude-based penalty term causes the network’s magnitude to decrease. More
interestingly magnitude regularization causes the neural network to perform better.
This increase in performance occurs both in terms of test loss and generalization
error, with the unregularised model recording both the largest test loss and
generalization gap. It is also interesting to note that the generalization appears to
increase consistently with the strength of regularization, whereas test loss appears

to have an optimal strength of regularization at A = 0.5.

10

12
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3.5.2.3 Clustering

The results of using the Clustering algorithms described in the previous section
are presented in Figure We note that our algorithm performs well, providing

a better clustering than Agglomerative, k-means and DBSCAN.

Clustering algorithms
Agglomerative K Means
50 ov‘.' 507 :y.
o| ’j o
-50- -50-
-100+ .0.” ° d’ -100- ;e w

-100 -50 0 50 -100 -50 0 50
DBSCAN Magnitude
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Figure 3.7: Results of applying the Magnitude clustering algorithm to an artificial
dataset. We can see that the magnitude-based algorithm manages to find natural
clusters and is able to determine a suitable number of clusters, whereas K-means
and hierarchical clustering (Ward clustering in scikit-learn) need the user to
determine this. A main difference between DBSCAN and the magnitude algorithm

is in the treatment of outliers.

The magnitude clustering algorithm’s true strength emerges when dealing
with unknown, randomly generated datasets, unlike toy datasets where manual
parameter tuning for other models masks their limitations. We observed that
on linearly separable toy datasets, magnitude clustering performs comparably to
existing methods. However, like k-means and agglomerative linkage, it struggles
with non-linearly separable data, a significant limitation shared by its meta-
version, as it relies on the same distance metric. For unknown datasets, magnitude
clustering performs very well, often merging small, closely spaced clusters that

other algorithms keep separate. It also occasionally differs from DBSCAN, some-
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times classifying points as anomalies or belonging to larger clusters, suggesting a
tendency to create larger clusters due to its threshold-searching behavior. While
magnitude clustering shows promise, its superiority is not universally clear across
all datasets. This ambiguity is a common challenge in clustering analysis when
ground truth is unavailable. An idea was to evaluate the algorithm with labeled
real-world datasets and to see if that would offer quantitative insights. Comparing
all the algorithms in more detail was outside the scope of the current chapter, but

it will be interesting to do so in future work.

3.6 Related work

The literature relevant to magnitude and machine learning has already been
discussed in previous sections. We have studied closely the relation of magnitude
to generalization in Chapters [4 and [5] and the diversity of latent representations
in Chapter @ Magnitude based clustering has been suggested in [O’Mally, |2023].
The algorithms proposed make use of a similar quantity called alpha magnitude
[O’Malley et al., [2023], but unlike ours, requires multiple parameters as input.

Recent developments such as Magnitude for graphs |Leinster, [2019] and relation
between Magnitude and entropy |Chen and Vigneaux) 2023] are also likely to be
of interest in machine learning — as is the interpretation of magnitude as a dual of
the Reproducing Kernel Hilbert Space [Meckes, [2015].

The computational problem can be seen as solving the linear system (w = W,
with W as a vector of all 1. Notice that our matrix ( is symmetric positive definite
but also a dense matrix. The iterative normalization algorithm we proposed bears
resemblance to basis pursuit, Gauss-Seidel and other algorithms in compressive
sensing [Foucart and Rauhut|, 2013], but the relation is not yet clear. Furthermore,
obtaining approximation bounds relates to the 1-norm, making the extensive body

of work on 2-norm approximation not applicable to this setting.

3.7 Conclusion

In this chapter, we introduced fast and scalable methods for approximating metric
magnitude, which should help greater application and exploration of magnitude in
improving machine learning and our understanding of it. The novel applications

to deep learning and clustering also can be explored further.



Chapter 4

Metric Space Magnitude and
(Generalisation in Neural

Networks

Deep learning models have seen significant successes in numerous applications, but
their inner workings remain elusive. The purpose of this work is to quantify the
learning process of deep neural networks through the lens of a novel topological
invariant called magnitude. Magnitude is an isometry invariant; its properties are
an active area of research as it encodes many known invariants of a metric space.
We use magnitude to study the internal representations of neural networks and
propose a new method for determining their generalisation capabilities. Moreover,
we theoretically connect magnitude dimension and the generalisation error, and
demonstrate experimentally that the proposed framework can be a good indicator

of the latter.

4.1 Introduction

Deep neural networks (DNNs) have become ubiquitous due to their remarkable
performance in a range of tasks, including computer vision [Xie et al., 2017, natural
language processing [Vaswani et al., |2017], and scientific discovery [Jumper et al.)
2021]. However, state-of-the-art DNNs often comprise millions to billions of
parameters, making it impractical for human users to gain a precise understanding
of the inner workings of these networks. One crucial yet unanswered question is

to understand the generalisation of neural networks, i.e. their ability to perform

36
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Figure 4.1: Overview of the procedure. We first train a neural network and

monitor the training trajectory. At each 1000 iterations of the trajectory, we
collect the training weights W € R¢ into a point cloud. Then, we compute the
magnitude curve of the point cloud at selected scales t, create the log-log plot and

estimate the magnitude dimension based on it.

well on unseen data. In recent literature, various notions of neural networks’
intrinsic dimensions have been proposed [Simsekli et al., [2020, Birdal et al., 2021,
Dupuis et al., 2023|, which demonstrate that the most important ingredient for
generalisation is effective capacity rather than the number of parameters.

In this work, we propose a novel measure of the intrinsic dimension of neural
networks, based on a novel topological invariant called magnitude. Magnitude’s
topological roots stem from its original definition as the Euler characteristic of
specific finite categories |Leinster, [2008], marking it as a fundamental topological
invariant. Unlike previous approaches, magnitude benefits from a simple inter-
pretation, and potentially better computational complexity. This choice is also
theoretically justified. Magnitude is an isometry invariant of a metric space and
its properties are an active area of mathematical research due to the fact that it
encodes many important invariants from geometric measure theory and integral
geometry [Leinster, 2013]. Further, magnitude has roots in theoretical ecology
and it can capture the effective number of species in an ecosystem. In a broader
context, it has been shown that magnitude can thus encode the effective number
of distinct points in a space [Leinster}, 2013]. We further build on this idea and
propose a novel method for evaluating the generalisation error using the concept
of an effective number of models, which acts as an effective capacity.

Although there has been significant theoretical research on magnitude, a
considerable number of its characteristics are yet to be discovered, and several
unanswered questions persist, particularly regarding its practical applications in
machine learning. While recent studies [Bunch et al., 2021, |Adamer et al., [2021]

have started to establish links between magnitude vectors and machine learning
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applications, this area of research is still in its very early stages.

Recently, it has been shown that a concept derived from magnitude, known
as the magnitude dimension, is the same as the Minkowski dimension |[Meckes|,
2015] under certain conditions. As a result, we can theoretically show that the
generalisation error of the trajectories of a training algorithm is intrinsically linked
to the magnitude dimension of the so-defined metric space. This enables us to
generate novel insights about the learning process of neural networks. Further, our
contribution is the first work exploring the magnitude dimension, which has solid

theoretical foundations, as a notion of the intrinsic dimension of neural networks.

Contributions. Our work is the first to introduce the mathematical concept
of magnitude into theoretical deep learning and the study of neural network
generalisation; we believe that this is an exciting novel contribution to the nascent
field of topological machine learning [Hajij et al., 2022, Hensel et al., 2021]. After
establishing a theoretical bound, we explore the change in the magnitude function
across multiple experimental settings, and compare the value of magnitude at
multiple scales to the test accuracy. Further, we demonstrate experimentally
that there is a link between magnitude and the test accuracy. By making a
novel connection with the persistent homology dimension, we then compare our
proposed measure with the intrinsic dimension introduced by |Adams et al.| [2020]
and demonstrate that ours benefits from a better computational complexity and
interpretability. In short, our contributions are as follows:

e We propose a novel method for evaluating the generalisation of neural
networks based on magnitude and the effective number of models, which
allows us to monitor performance without a validation set.

e We prove a new upper bound for the generalisation error, linking the
generalisation error to a magnitude-based characteristic of the training
trajectories.

e We empirically show that the evolution of these measures throughout the
training process correlates with the accuracy of the test set.

e We prove that all notions of previously proposed intrinsic dimensions are

the same as the magnitude dimension, and we verify this result empirically.
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4.2 Related Work

We briefly review the literature related to generalisation in neural networks,
intrinsic dimension, and magnitude.

Generalisation Bounds and Intrinsic Dimension.. Several works explore
intrinsic dimension for capturing the generalisation capabilities of neural networks.
Simsekli et al.| [2020] demonstrated that the fractal dimension of a hypothesis class
is associated with the generalisation error, which is further linked to the heavy-
tailed behavior of the trajectory of networks [Simsekli et al., 2019, Hodgkinson and
Mahoney, 2021, [Mahoney and Martin, 2019]. However, many assumptions were
required for the bound to be computed in practice. A more recent work relaxed
some of the assumptions, and developed the notion of the persistent homology
dimension [Adams et al., 2020], dimpy. The authors in Birdal et al. [2021] were
the first to offer a theoretical justification for using topological invariants for the
analysis of deep neural networks. Another work [Magai and Ayzenberg, 2022]
investigated dimpy at different depths and layers of the network and observed its
evolution. In [Dupuis et al.|[2023], the authors developed a data-driven dimension
and compared it with the dimpy of Birdal et al. [2021]. They have demonstrated
stronger correlation with the generalisation error than previously shown and
managed to relax some of the restrictive assumptions.

Magnitude and its Applications in Machine Learning.. Magnitude was
first proposed in [Solow and Polasky| [1994] for measuring biodiversity, albeit
without any reference to its mathematical properties. It was only approximately
twenty years later when |Leinster| [2013] formalised its mathematical properties
using the language of category theory. Further, magnitude has been realised as
the Euler characteristic in magnitude homology [Leinster and Shulman) [2021].
While magnitude has theoretical foundations, its applications to machine learning
are scarce. Recently, there has been renewed interest in introducing magnitude
into the machine learning community. The first work to develop the concept of
magnitude in the context of machine learning demonstrated that the individual
summands of magnitude, known as magnitude weights, can be used as an efficient
boundary detector [Bunch et al., 2021]. Further, it has been used for working in
the space of images and it has demonstrated its usefulness as an effective edge
detector |[Adamer et al., [2021]. However, our contribution constitutes the first

direct application of magnitude to deep learning.
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Using Topology to Characterise Neural Networks.. Earlier research has
established a connection between neural network training and topological invari-
ants |[Fernandez et all 2021], using topological complexity as proxy for gener-
alisation performance, for instance |[Rieck et al, [2019]. However, these studies
focused solely on analyzing the trained network after completing the training
process [Fernandez et al., 2021], potentially missing critical aspects of the training
dynamics [Birdal et al., 2021]. By contrast, we propose the use of another topolo-
gical invariant—magnitude—which affords more interpretability than previous
approaches. Moreover, we compute magnitude on the training trajectories in-
stead of on the trained network, offering crucial topological insights into training

dynamics.

4.3 Background

The relevant background on magnitude can be found in Chapter 2| Here we define

various notions of intrinsic dimensions.

4.3.1 Intrinsic Dimension

There are various notions that can be used to measure the intrinsic dimension
of a space. In this work, we will focus on three such notions: the upper-box
dimension (Minkowski), the magnitude dimension and the persistent homology
dimension. The box dimension is based on covering numbers and can be linked to
generalization via Simsekli et al.||2020], whereas the magnitude dimension is built

upon the concepts we defined earlier.

Definition 4.3.1 (Minkowski dimension). For a bounded metric space X, let
N;s(X) denote the maximal number of disjoint closed d-balls with centers in X.

The upper box/Minkowski dimension is defined as

log(Ns X))

( .
log(3) W

dimygi X = lim sup

0—0
There is a subtle point to be made here. In general, the Minkowski and
Hausdorff dimensions do not coincide and are not equivalent. However, in [Simsekli
et al. [2020] the authors provide conditions under which the Hausdorff dimension

of the space we are interested in coincides with the Minkowski dimension. In fact,
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Figure 4.2: Magnitude of the 2- and 3-point space. On the left, we see the
2-point space, where the distance between the points is d. On the right we see the
3-point space for an isosceles triangle with distance ¢t between y and z, and 1000t
between x and y and x and z. Below each space, we see the respective magnitude

function.

for many fractal-like sets, these two notions of dimensions are equal to each other;
see Mattila [1999a, Chapter 5.
Definition 4.3.2 (Magnitude dimension). When

log(Mag(tX
dimpgae X = lim 0g(Mag(tX)))
t—00 logt

(ii)
exists, we define this to be the magnitude dimension of X [Meckes, 2015].

The magnitude dimension can be approximately interpreted as the rate of
change of the magnitude function for a suitable interval of values for t. We
can introduce another notion of the fractal dimension, known as the persistent

homology dimension (dimpy) [Adams et al., 2020].

Definition 4.3.3. The persistent homology dimension of a bounded metric space

(X,d), denoted by dim$y;, is defined as
inf{a > 0,3C > 0,VW C Xfinite, E, < C}, (iii)
where F,, is the a-lifetime sum, defined as
E,(W) = > (d—b)~,
(b,d)EPHO(Rips(W))
and b and d are the birth and death values respectively for the persistent homology

of degree 0 (PH"). Tt measures all connected components in the Vietoris-Rips

filtration of W, denoted by Rips(W).
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The definition is rather technical and it is not crucial for the work here, for
more details please refer to |Adams et al. [2020], Mémoli and Singhal [2019],
Edelsbrunner and Harer| [2022]. We note that it can be defined for persistent
homology of any degree, but for the purpose of this chapter, we are only interested
in degree 0. Therefore, for ease of notation, we will omit the 0 and denote dimdy

. . . I . O
by dimpy, i.e. dimpy = dimpy.

4.4 Theoretical Results

We first elucidate connections between different notions of intrinsic dimension

before proving connections to the generalisation error.

4.4.1 Connection between Notions of Intrinsic Dimension

After we have introduced three different notions of intrinsic dimensions, we
demonstrate that they are in fact the same under some mild assumptions. Our
novel contributions is proving that dimyg X and dimdy X are equal. The result is
formalised in the following theorem, which assumes that all notions of dimension

exist.

Theorem 4.4.1. Let X C R" be a compact set and either dimyiag X or dimying X
exist. Then

dimyge X = dim$y X (iv)

Proof. Since X is compact and either dimpgX or dimpnX exist, from Co-
rollary 7.4, [Meckes, 2015 it follows that both dimpeX and dimygp.X exist
and dimppe X = dimynX. Since X is compact, from the Heine-Borel The-
orem, X is both closed and bounded, and therefore from a result in [Kozmal
et al| [2006], Schweinhart| [2021], we have that dimy; X = dim$;X. Hence,
dimpiag X = dimpginX = dimOPHX , which implies that dimyag X = dim%HX )

O

4.4.2 Connection to the Generalisation Error

After having established equality between the various notions of dimensions, we

proceed to formalise the required language of machine learning theory, culminating



Chapter 4. Metric Space Magnitude and Generalisation in Neural Networks 43

in a novel generalisation result.

For the beginning of this section, we follow the notation from [Shalev-Shwartz
and Ben-David| [2014]. We briefly recall some standard definitions to make our
chapter self-contained. In a standard statistical learning setting, X’ denotes the set
of features and Y the set of labels. Together, the cross product X x ) represents
the space of data Z. The learner has access to a sequence of data of m samples,
called the training data, denoted by S = ((z1,¥1), .., (Tm,¥Ym)) in X X Y = Z.
We assume that the training set S is generated by some unknown probability
distribution over X, which we denote by D, and that each of the samples {x;, y;}
are independent and identically distributed (i.i.d) samples from D. We will
focus on a restricted search space for finding a set of predictors, which we call
a hypothesis class, H. Each element, called a hypothesis, h € H, is a function
from X to ). An optimal hypothesis, or parameter vector h € H is selected by
computing a quantity called a loss function, defined by ¢ : H x Z — R,. The
empirical error is then Lg(h) = =" ¢(h, z) for z € Z and the true error or
risk is Lp(h) = E,[(h, 2)] for z € Z. The generalisation error is defined as the
difference between the true error and the empirical risk, or |Lg(h) — Lp(h)]|.

In the case of neural networks, the hypothesis class is W C R¢, and each
w € W is a parameter vector. Given a training algorithm A, we want to study the
set of all hypothesis classes returned from the optimisation procedure A for a given
training data S. We call this the optimisation trajectories, and denote them by W.
To access the iterates at every step of the process, we denote by w; an element
of W at iteration i. More concretely, W := {w € R : Ji € [0, I],w = [A(S)]},
where [ is the number of training iterations. In other words, when we fix i, we are
interested in the weights at iteration 4, returned by the optimisation algorithm A.

For the following result, there is a more technical condition required from
Birdal et al. [2021, Assumption H1], which can be found in the Appendix. We
denote this assumption as H1. We require the existence of the constant M > 0,
which quantifies how dependent the set Wg is on the training sample S. In simple
terms, Assumption H1 says that the way your loss function behaves is not too
tightly ”tied” to the precise spatial layout of your training data. There’s enough
"randomness” or "independence” between these two aspects to allow for statistical
analysis and the derivation of meaningful bounds on generalization performance.
Smaller M indicates that the dependence of Lg(w) on the training sample S is

weaker. It means that how the loss function behaves (given by Lg(w)) is not
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overly constrained or determined by the specific geometric arrangement of the
training data samples S. In other words, knowing how the training samples are
spatially arranged doesn’t give you too much information about the specific loss
values, and vice versa. Also known as the ¢-mixing condition [Bradley 1983] is a
standard tool in probability theory to allow for the decoupling of dependencies
between different components of a stochastic process. Here, it helps to separate
the randomness associated with the loss values from the randomness associated
with the geometry of the training data.

This is a relatively strong theoretical assumption. It’s highly unlikely to
be literally satisfied with a small M for arbitrary deep learning models and
datasets. The dependence between the loss landscape and data geometry is often
very strong. Researchers typically make these assumptions for mathematical
tractability to derive initial theoretical bounds, which can then serve as a basis
for understanding, even if the assumptions themselves might need to be relaxed
or empirically validated for specific applications.

Now that we have all the required definitions, we can proceed with the novel

result.

Theorem 4.4.2. Let W € R? be a compact set. Under the assumption that H1
holds, € is bounded by a constant C' and K-Lipschitz continuous in w. Forn
sufficiently large, we then have the following bound:

sup |Ls(w) — Lp(w)| <
weW

o \/ (dimgag WV +n1] log*(nk?) log(?é%/y)

(v)

with probability 1 — v over S ~ D®", where M is the constant from Assumption
HI.

Proof. Since W is bounded, we have dim$; W = dimyaWW. Therefore, the result
follows from substituting dim%; W with dimyg,gWV in Proposition 1 [Birdal et al.,
2021]. O
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Figure 4.3: The magnitude dimension correlates with the test accuracy.
In plots (a-c), we see the magnitude dimension plotted against the test accuracy
over a varying number of iterations, which are depicted in different colours, from
red to yellow. We note that there is correlation between the magnitude dimension
and the test accuracy across both MNIST and CIFAR-10, and across different
architectures (FCN-5, FCN-7, AlexNet), which is stronger for MNIST than for
CIFAR-10.

4.5 Methods

In contrast with previous work on the intrinsic dimension, we propose to estimate
the fractal dimension using the magnitude. As we have seen, the concept of
magnitude dimension coincides with the Minkowski dimension and the persistent
homology dimension. This theoretical connection enables us to confidently explore
the concept of magnitude in the context of neural networks. We do this as follows:
at selected points on the weight trajectory W, we subsample a number of models
W, which can be interpreted as a point cloud, where each point is a model in
the model space. This space has a very high dimension equal to the number
of parameters in the network. We compute the magnitude and the magnitude
dimension of each such point cloud. We then investigate the connection between
these quantities and the test accuracy.

In light of our novel result in Theorem [4.4.2] linking the intrinsic dimension and
the generalisation bound, it is natural to ask if the magnitude function can also
be used to explore the learning process of neural networks. Since the magnitude
dimension can be roughly interpreted as the rate of change of the magnitude
function, and therefore, if there is a link between the magnitude dimension and
the generalisation error, then there should also be a link between the values of the
magnitude function at different scales and the generalisation error. What we want

to study is the change of the space of model trajectories as the learning process
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advances. In other words, does the space look like a bigger number of distinct
points or does it resemble fewer points as the training progresses? Translating this
idea to the language of magnitude, is the effective number of models increasing or
decreasing when performing more iterations of the learning algorithm?

Since magnitude is a function, we would like to take a cross-sectional slice of
the magnitude curve and examine the magnitude values for a particular choice
of the scale parameter t. Therefore, we formulate the definition of the effective

number of models for a fixed t.

Definition 4.5.1. We define the effective number of models as the value of

Mag(t;W) at scale t;.

4.5.1 Analyzing Deep Neural Network Dynamics via the

Magnitude Dimension

Estimating the magnitude dimension is not a straightforward task, as the limit
from Equation [if needs to be approximated by finding the longest straight part of
the magnitude function, which cannot be computed automatically, but needs to be
done manually. Here we provide the algorithm for computation of dimy,g )V from
a finite sample W, approximating an infinite process. We follow the procedure
similar to the estimations of the magnitude dimension [Willerton, 2009, |(O’Malley:
et al] [2023]. The details are described in Algorithm [ After choosing a suitable
representative interval [t;,;], the log-log plot of magnitude versus ¢ is generated,
and the slope m of the line and the intercept b are computed at the selected interval
[ti,t;]. Then, m is taken to be the estimate of dimyg,g)V. This procedure can be
essentially seen as computing the limit based on the slope, which is an application
of ’Hopital’s rule. The representative interval has been chosen manually by
determining the longest straight line segment in the plot. This procedure could
introduce errors and an automated way to estimate the dimension could improve

the estimate.
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Algorithm 5 Estimation of dimygae WV

Input: The set of the training trajectories W = {w; }" of size n, scale parameter
t:[0,tg], interval [t;,¢;],i < j <k
Output: dimpae
for r =1 to k do
Compute Mag(t, V)
end for
m, b < fitline(log(Mag(W,,)[t; : t;]), log([t; : t;]))

dimMagW —m
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Figure 4.4: The effective number of models correlates with the test
accuracy. Here we see the cross-sectional evaluation of the magnitude curve
at different values of t. Each point represents the model trajectory over 1000
iterations, over which the magnitude is computed, as well as the test accuracy
at the last model in the sliding window. The first row (plots (a-d)) shows the
magnitude for MNIST. The second row (plots (e-h)) shows the plots for CIFAR10.
We note that across all scales, there is similar pattern of correlation between the

test accuracy and the magnitude values.

4.6 Experimental Results

The first goal of this section is to verify our main claim, namely that our estimate
of the magnitude dimension is capable of measuring generalisation. The second

goal is to establish a connection between magnitude itself and the test accuracy.
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The third goal is to empirically compare the two very close measures of the fractal
dimension, namely dimpe)V and dimpg)V. The fourth goal is to attempt to
explain what our results mean for generalisation in neural networks in general,
arriving at novel insights. In order to show this, we use our procedure on a
number of different neural network architectures, training settings and datasets.
In particular, we train a 5-layer (fen-5) and 7-layer (fen-7) on MNIST and AlexNet
[Krizhevsky et al., 2017] on CIFAR10, over a different range of learning rates and
batch size of 100. We consider a sliding window of 1000 training iterations. We

then estimate dimyg.g)V of each window, following the steps in Algorithm [5]

4.6.1 Exploring the learning process

We assess the main claim of the chapter, which links the magnitude dimension with
the generalisation error. Figure[d.3|reveals multiple findings. First, we observe that
there is a correlation between the magnitude dimension and the test accuracy—the
lower the magnitude dimension, the higher the test accuracy. This result agrees
with what has previously been observed in [Birdal et al., 2021} |Simsekli et al.|
2020], albeit from the perspective of magnitude, an invariant that is arguably
simpler to compute and more interpretable in practice than persistent homology.
Second, this holds across both MNIST and CIFAR10, and also across different
architectures, which shows that even though the parameters differ considerably,
the intrinsic dimension of different datasets can still be similar. To achieve good
generalisation performance, it is important to keep the dimension as small as
possible, without losing important representational features by collapsing them

onto the same dimension.

4.6.2 Analysing and visualising network trajectories

Next, we want to investigate the effect on the magnitude function as the network
is trained for more iterations. For this purpose, we select four values of ¢ across the
range [0,40], t € {1.36,6.78,16.95,30.51} and we compute the effective number of
models Mag(tW) to give us a glimpse into the space of training trajectories. We
further fix the learning rate and vary the number of iterations. The experiments
were performed with a learning rate of 0.1 for illustrative purpose. However, we
note that this pattern holds for multiple learning rates. In Figure 4.4 we can see the

resulting magnitude value at each of the selected scales of ¢, and the colour depicts
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Figure 4.5: The magnitude dimension, persistent homology dimension
and ground truth for an a-Levy stable process. In plot (a) we compare
the dimyagV and dimpy)V against the number of iterations. There is strong
correlation of 0.96, with statistically significant p-value (p < 0.05). In plot (b)
we see the magnitude curves for different values of a. In plot (c) we see the

magnitude curves of the a-stable Levy process for multiple values of a.

the number of iterations. We note that there is a concentration of red points in
the upper left corner, indicating that higher test accuracy corresponds to a lower
value of magnitude. Similarly, for the blue points, the higher value of magnitude is
linked to worse test set performance. This pattern holds across both MNIST and
CIFAR10. Moreover, the lower the test accuracy, the higher the magnitude value,
implying that models with lower magnitude values generalise better. This result
intuitively makes sense. When the magnitude value is small, the space looks like a
smaller number of points. With the increase of ¢, the magnitude converges to the
cardinality of the set. The effective number of models in (a) equals approximately
2 for high test accuracy, which is an interesting phenomenon. This means that
out of the 1000 models, for ¢t = 1.38, the space looks like 2 models, indicating
that there are 2 large clusters formed by the training trajectories. Surprisingly,
this is not the case for network trained across 1000 iterations, with the lowest
test accuracy. In that case, the space of models looks like 10 points and is more
scattered.

Note that the model with high test accuracy has smaller magnitude even at
larger scales, suggesting that the models exhibit some sort of clustering behavior.
In the magnitude terminology, the effective number of distinct models is smaller
when the network generalises better; a "good optimisation trajectory” has a
lower magnitude than a ”"bad optimisation trajectory”; the learning algorithm is

implicitly optimising the magnitude, by clustering the models into a small number
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of clusters. Throughout our experiments we thus observed strong correlation
between magnitude itself and the test accuracy, which persists across the different
scales, learning rates and datasets. Therefore, the main insight from the results
in Figure is that a small effective number of models is good for generalisation

and it indicates that there is a clustering pattern.

4.6.3 Similarities between dimy,,V and dimpyW

In Figure [£.5(a), we demonstrate that there is a strong correlation between
dimpe W and dimpgWW on MNIST. Although there is a good correspondence
between the two, dimpyW is more difficult to interpret. In order to give some
interpretation, the authors had to take a step back and produce the persistent
diagrams which were used to calculate the specified dimension. However, due
to the fact that they have to sample the space to estimate the dimension, these
calculations involve a big number of different diagrams, hence linking dimpgW
with the original trajectory is not so straightforward. On the other hand, there is
a more clear connection between magnitude and the magnitude dimension and

the appearance of clusters of weight parameters.

Ablation study. In Figure we see the results from an ablation study. We
simulate data from a process similar to the weight trajectories with known ground
truth, using a d-dimensional a-stable Levy process [Seshadri and West|, |1982],
where we take d = 10, and compare the values of the magnitude dimension to the
fractal dimension. Further, we compare it with the persistent homology dimension,
which as we have proven in Theorem [4.4.1] is the same as the magnitude dimension.
The purpose of this study is to empirically evaluate this theoretical result. As
seen in Figure [1.5(b), our dimension highly correlates with the ground truth. It
seems that it is consistently lower than the true dimension by approximately 0.3.
Our previous theoretical result implies equality between the two quantities in
a compact space, but our empirical results show some discrepancy. This could
be due to the sampling of points used for the computation of dimy,g WV, as it is
sensitive to the sampling. Increasing the sample size and using approximation
methods as those outlined in Chapter 2 of this work could improve the estimate.
In future work this difference can be investigated further.

Nonetheless, the high statistically significant correlation indicates that the

magnitude dimension is indeed very close to the fractal dimension for a process
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which resembles the iterations of SGD. This gives us high confidence that the

magnitude dimension measures exactly what it is supposed to measure.

4.7 Conclusion

Our work provides the first connection between magnitude and the generalisation
error. We proved a theoretical result linking the magnitude dimension of the
optimisation trajectories and the test accuracy. We verified our results experi-
mentally by exploring the evolution of magnitude across multiple experimental
settings and datasets. We have further expanded our understanding about the
clustering property of the weight trajectory: through both theoretical and empir-
ical results, we demonstrated that models with better generalisation error tend
to cluster more, compared to models with worse test performance, which are of
higher magnitude and more spread out. This phenomenon has been previously
described |Briiel-Gabrielsson et al., [2019, Birdal et al., 2021|, and in this work our
observations supplement it. In future work, we will improve on the estimation of
the magnitude dimension and investigate the use of magnitude as a regulariser.
Moreover, by using magnitude itself, we demonstrated that we can monitor the
performance of the neural network without a validation set. In future work we
can explore magnitude as an early stopping criteria, similar to [Rieck et al.| [2019).
Furthermore, from our empirical ablation study, the magnitude dimension seems
to be consistently lower than the ground truth, which will be investigated further.
In particular, we want to consider to what extent it is possible to improve on the

generalisation bound in Theorem [4.4.2]



Chapter 5

Topological (Generalization
Bounds for Discrete-Time
Stochastic Optimization

Algorithms

We present a novel set of rigorous and computationally efficient topology-based
complexity notions that exhibit a strong correlation with the generalization gap
in modern deep neural networks (DNNs). DNNs show remarkable generalization
properties, yet the source of these capabilities remains elusive, defying the estab-
lished statistical learning theory. Recent studies have revealed that properties
of training trajectories can be indicative of generalization. Building on this in-
sight, state-of-the-art methods have leveraged the topology of these trajectories,
particularly their fractal dimension, to quantify generalization. Most existing
works compute this quantity by assuming continuous- or infinite-time training
dynamics, complicating the development of practical estimators capable of ac-
curately predicting generalization without access to test data. In this chapter,
we respect the discrete-time nature of training trajectories and investigate the
underlying topological quantities that can be amenable to topological data analysis
tools. This leads to a new family of reliable topological complexity measures
that provably bound the generalization error, eliminating the need for restrictive
geometric assumptions. These measures are computationally friendly, enabling us
to propose simple yet effective algorithms for computing generalization indices.

Moreover, our flexible framework can be extended to different domains, tasks,

o2
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and architectures. Our experimental results demonstrate that our new complexity
measures correlate highly with generalization error in industry-standards architec-
tures such as transformers and deep graph networks. Our approach consistently
outperforms existing topological bounds across a wide range of datasets, mod-
els, and optimizers, highlighting the practical relevance and effectiveness of our

complexity measures.

5.1 Introduction

Generalization, a hallmark of model efficacy, is one of the most fundamental
attributes for certifying any machine learning model. Modern deep neural networks
(DNN) display remarkable generalization abilities that defy the current wisdom
of machine learning (ML) theory [Zhang et al., 2017 2021]. The notion can be
formalized through the risk minimization problem, which consists of minimizing

the function:
R(w) = Eup, [E(w, Z)] ) <1>

where z € Z := X x ) denotes the data, distributed according to a probability
distribution u, on the data space Z. In practice, as p, is unknown, ML algorithms
focus on minimizing the empirical risk,

n

Rg(w) = %Zé(w, %), (ii)

i=1
where S = (21,...,2,) ~ p®" are independent samples from p,. In many
applications, the minimization of is achieved by discrete stochastic optimization
algorithms, such as stochastic gradient descent (SGD) or the ADAM [Kingma
and Ba, [2017] method. Such algorithms generate a sequence of iterates in R,
denoted Ws := {wy };5, Which depends on the data S, the initialization w, € R,
and some additional randomness U, e.g., the random batch indices in SGD. The

generalization error characterizing the model’s performance is then defined as:

The empirical risk typically has numerous local minima, which raises the
question of how to characterize their generalization properties. Recently, training

trajectories (cf., Figure ) have been shown to be paramount to answer this
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Figure 5.1: We devise a novel class of complexity measures that capture the
topological properties of discrete training trajectories. These generalization bounds
correlate highly with the test performance for a variety of deep networks, data
domains and datasets. Figure shows different trajectories (a) embedded using
multi-dimensional scaling based on the distance-matrices (b) computed using

either the Euclidean distance (|| - ||2) between weights as in [Birdal et al., [2021]

or via the loss-induced pseudo-metric (pg) as in [Dupuis et al., [2023]. (c) plots

the average granulated Kendall coefficients for two of our generalization measures

(E, and PMag(y/n)) in comparison to the state-of-the-art persistent homology

dimensions [Birdal et al. 2021} Dupuis et al., 2023| for a range of models, datasets,

and domains, revealing significant gains and practical relevance.

question [Xu et al.;2023| [Fu et al.; 2023|. Indeed, these trajectories can quantify the

quality of a local minimum in a compact way, because they depend simultaneously

on the algorithm, the hyperparameters, and the data, which is crucial for obtaining

satisfactory bounds |Gastpar et al. 2023]. A wide family of trajectory-dependent
bounds has been developed [Xu et al., [2023| [Fu et al., 2023, |Lyu et al., 2023, |Aroral

et al) 2019, [Humayun et al 2023]. For instance, several results on stochastic

gradient Langevin dynamics [Mou et all [2017, Pensia et al. 2018, Luo et al.|

2022, continuous Langevin dynamics [Mou et al., 2017] and SGD [Neu et al.
2021] take into account the impact of the whole trajectory on the generalization

error.
Parallel to these developments, several studies have brought to light the

empirical links between topological properties of DNNs and their generalization

performance [Naitzat et al., [2020, Magai and Ayzenberg) 2022, Pérez-Fernandez|
et al., 2021, Rieck et al. [2018| [Watanabe and Yamanal 2022], hereby making new
connections with topological data analysis (TDA) tools [Adams and Moy), 2021].

These studies focus on the structural changes across the different layers of the
network [Magai, 2023] or on the final trained network [Pérez-Fernandez et al.,
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2021}, Rieck et al., 2018, |Watanabe and Yamana, 2022], and are almost exclusively

empirical. This partially inspired a new class of trajectory-dependent bounds

focusing on topological properties of the trajectories. In particular, recent studies
[Simsekli et al. 2020, Dupuis et al., [2023, Hodgkinson et al., [2022, Dupuis et al.)
2024} Birdal et all, 2021] and Chapter [ have proposed to relate the generalization

error to various kinds of intrinsic fractal dimensions [Falconer, 2014 Mattila,
1999h| that characterize the learning trajectory. Informally, these bounds provide
the guarantee that with probability at least 1 — (, we haveﬂ

sup Cs(w) < \/dim(Wg)—i-IT%—log(l/C)’ (iv)

weWg n

where dim(Ws) denotes various equivalent fractal dimensions, in particular the

persistent homology dimension (PH-dim) [Birdal et al., [2021} |Dupuis et al., 2023

and the magnitude dimension (Chapter[d). The term IT is an information-theoretic
quantity that takes different forms among different studies. Despite providing

rigorous links between the topology of the trajectory and generalization, these

bounds have major drawbacks. First and foremost, as noted in [Sefidgaran et al.,
2022, Sefidgaran and Zaidi, 2024}, (Camuto et al., 2021], fractal-trajectory bounds,
such as Equation , do not apply to discrete-time algorithms. This creates a

discrepancy between these theoretical results and the TDA-inspired methods to
numerically evaluate them on commonly used discrete algorithms
2021], Dupuis et all, [2023] and Chapter [} Additionally, existing bounds rely on
very intricate geometric assumptions, such as Ahlfors-regularity [Simsekli et al.|
2020, Hodgkinson et al., [2022] or geometric stability [Dupuis et al., 2023], that

are not realistic in a practical, discrete setting.

Previous attempts were made to address this discretization issue. Specifically,

under the assumption that the training dynamics possess a stationary measure

Hoy)g for T — 00 (T is the number of iterations), it was shown in [|Camuto et al.|,
2021] that with probability 1 — ¢ over S ~ p2" and w ~ Host

Gs(w)

< \/dim(uw|s) +IT + log(l/C)’ )

~ n
where dim(p,|s) corresponds to the fractal dimension of the measure p,, (see
[Pesinl, [2008] for formal definitions). While this was an important step, this bound

'We use < in informal statements to indicate that absolute constants and/or small terms are
missing.
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only becomes practically relevant when the number of iterations grows to infinity,
which is never attained in real-life experiments. Other attempts make use of
so-called finite fractal dimensions [Sachs et al., 2023| or fine properties of the
Markov transition kernels associated with the dynamics [Hodgkinson et al., 2022].
However, these studies also rely on impractical assumptions and involve intricate
quantities which make them not amenable to numerical evaluation.

Despite the theoretical limitations of existing topology-dependent generaliz-
ation bounds, TDA-inspired tools have been developed to numerically estimate
the proposed intrinsic dimensions in practical settings. Two particular methods
have emerged and successfully demonstrate correlation with the generalization
error, based on persistent homology |Birdal et all 2021 Dupuis et al.| 2023]
(PH-dim) and metric space magnitude (Chapter [4)) (magnitude dimension); these
two dimensions are equivalent for compact metric spaces (as shown in Chapter
. Because of the limitations discussed above, existing theories do not account
for these experiments, conducted with finite-time discrete algorithms. Moreover,
existing empirical studies [Birdal et al., 2021, Dupuis et al.; 2023, [Simsekli et al.,
2020] and Chapter 4| only consider very simple models and small (image) datasets.
Because of their lack of theoretical foundations, it is not clear whether they could

be extended to more practical setups.

Contributions In this chapter, we investigate the building blocks of PH and
magnitude dimensions, in order to propose new topology-inspired generalization
bounds that rigorously apply to widely used discrete-time stochastic optimiza-
tion algorithms, and experimentally test our new topological complexitie] on
practically relevant DNN architectures. Our detailed contributions are as follows:
e We start by establishing the first theoretical links between generalization and

a new kind of computationally thrifty topological complexity measure, the

a-weighted lifetime sums [Schweinhart, 2020} 2021].

e We propose and elaborate on another novel topological complexity, positive
magnitude (PMag), a slightly modified version of magnitude |[Leinster, 2013|
Meckes, [2013]. We rigorously link PMag with the generalization error, by

relying on a new proof technique. Overall, our generalization bounds, rooted in

20ur term “topological complexity” should not be confused with the homonym topological
invariant.
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TDA, admit the following generic form:

\/ (Topological complexity) + I'T + log(1/¢)

sup Gg(w) < -

wEWs

e We then provide a flexible computational implementation based upon dissim-

ilarity measures between neural nets (Figure ), which enables quantifying

generalization across different architectures and models, without the need for

domain or problem-specific analysis as done in [Kiani et al., [2024, Behboodi
et al., 2022.

e Unlike existing trajectory-based studies [Birdal et al., 2021, [Dupuis et al., 2023]
operating on small models, our experimental evaluation is extensive. We consider
several vision transformers [Dosovitskiy et al., 2021] and graph neural networks
(GNN) [Gori et al.l 2005] trained on multiple datasets spanning regular and
irregular data domains (c¢f. Figure ) Our findings robustly demonstrate
that the novel topological generalization measures we introduce exhibit a strong
correlation with test performance across diverse architectures, hyperparameters,

and data modalities actually used in practice.

5.2 Technical Background

5.2.0.1 Information-theoretic quantities

The following definition is a precise definition of the total mutual information
term that appears in our main theoretical results. The reader may consult [van

Erven and Harremoes, 2014, [Hodgkinson et al., 2022, [Dupuis et al., 2024] for

further information on this notion.

Definition 5.2.1 (Total mutual information). Let X and Y be two random
elements defined on a probability space (£2, F,P) (note that the codomains of X
and Y may be distinct). We define the total mutual information between X and
Y by the following formula:

[(X,Y) =log (sgp IP)I(P;;]I%) .

Such a term has already been used in the fractal-based generalization literature
[Hodgkinson et al.;, 2022, Dupuis et al., [2024]. Other works used intricate variants
of this total mutual information term |Dupuis et al.| 2023, Birdal et al. [2021]
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Camuto et al., [2021] and Chapter . We stress the fact that our proposed bounds

are simpler.

5.2.0.2 Topological complexities background

Our generalization indicators will be based upon a-weighted lifetime sums and
magnitude, capturing different topological features, as we shortly dicsuss below.
Let (X, p) be a finite pseudometric space.

a-weighted lifetime sums. Persistent homology (PH) is an important concept
in the analysis of geometric complexes [Boissonat et al., 2018]. We focus on the
persistent homology of degree 0 (PH"). Informally, it consists in tracking the

“connected components” of a finite set at different scales. We provide in Sections

|A.3.1.3|and |A.3.1.4] an overview of these notions. For simplicity, we present here

an equivalent formulation of the a-weighted lifetime sums based on minimum
spanning trees (MST) [Kozma et al., 2006| [Schweinhart, |2020].

A tree over X is a connected acyclic undirected graph (a set of edges) whose
vertices are the points in X. Given an edge e linking the points a and b, we define
its cost as |e| := p(a,b). An MST 7 on X is a tree minimizing the total cost
> 7 le]. The a-weighted lifetime sums E¥, are then written as:

Vo >0, E°(X) := Zeg le|®.

The celebrated persistent homology dimension (PH-dim) [Adams et al., 2020], of

a compact pseudometric space (A4, p) is then defined as
dimpy(A) = ér;% {3C > 0,VY C X finite, E,(Y) < C}.

The PH-dim has been proven to be related to generalization error for different
pseudometrics p [Birdal et al., [2021} Dupuis et al., 2023].

Magnitude. Magnitude is a recently introduced topological invariant |Leinster,
2013] which encodes many important invariants from geometric measure theory
and integral geometry [Leinster, 2013, Meckes, 2013, 2015]. Magnitude can
be interpreted as the effective number of distinct points in a space [Leinster,
2013]. For s > 0, we define a weighting of the modified space (X, sp) as a map
f:X — R, such that Va € X, >, _+ e~*7(@Y 3(h) = 1. Given such a weighting 3,
the magnitude function of (X, sp) is defined as

Mag(sX) ==Y fB(a). (vi)

aeX
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The parameter s > 0 should be interpreted as a “scale” through which we look
at the set (X, p). Note that magnitude is usually defined in metric spaces; we
show in Section that we can seamlessly extend it to the pseudometric setting.
Magnitude can be extended to (infinite) compact spaces |Leinster, 2013, [Meckes|,

2013] and, as for PH, an intrinsic dimension, the magnitude dimension, can be

log Mag(sA) .
O It is

known that dimpy and dimf\’/Iag coincide for compact metric spaces [Meckes| 2015,

defined from magnitude by the formula dimf/[ag(A) = lim,_,oo

Schweinhart, [2020] and Chapter . As a result, dimf\’/Iag has also been proposed as

a topological generalization indicator (Chapter {]).

5.2.1 Magnitude in pseudometric spaces

In this section, we fix (X, p) a finite pseudometric space. We denote by X/~ its
metric identification and by 7 : X — X/~ the canonical projection.

We define the notion of metric identification, which will be used in several of
the following subsections. This is the same setting that was used in [Dupuis et al.)
2023] to naturally extend the persistent homology dimension to pseudometric

spaces.

Definition 5.2.2 (Metric identification). Let (X, p) be a pseudometric space. We
can define an equivalence relation on X by a ~ b <= p(a,b) = 0. The associated
quotient space, which is denoted X/~ is a metric space for the naturally induced

metric, which we still denote p.ﬂ We will also use the canonical projection,
T X — X/,
These notations will be used throughout the text.

We directly extend Definition to the pseudometric case. In order for
this definition to make sense in our context, we first need to verify that it provides

a well-posed definition of magnitude. This follows from the following lemma.

Lemma 5.2.3. We assume that the finite pseudometric space (X, p) has magnitude.
Then magnitude is independent of the choice of weighting.

Proof. The proof is straightforward and identical to the metric case. Let 3,3’ be
two weightings, we have:

> _Bla)= > e IFB)Ba) =D A1) Y e B(a) =D F(b).

acX acX beX beX acX beX

3Indeed, if a ~ b, then we have Vc € X, p(a,c) = p(b,c).
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The key ingredient to the proof is the definition of magnitude weightings, which
states that a weighting of X is a function 5 : X — R such that

VaeX, Y e “Mp(b) =1
beX

]

In the following theorem, we show that magnitude is invariant through metric

identification.

Theorem 5.2.4 (Invariance of magnitude through metric identification). X has

magnitude if and only if X/~ has magnitude, in which case we have:
Mag(X) = Mag (X/~).

Proof. We decompose X into equivalence classes as:

X = H a =: Hdi,
aeX/~ icl
where [] denotes disjoint union and the points (a;);ic; € X! represent each

equivalence class. We denote by a the equivalence class of a € X.

Let 8 : X — R be any function. We have:

Va e X, Y e M) = e @Y " 5(b). (vii)

beX el bea;

= : If X has magnitude, then we take 8 to be a weighting of X, we define:

va € X~ fla) = 3 B(0).
bea
By Equation (X)), 3 is a weighting of X/~.
<= if B is a weighting of X/~, then we define:
1 _
Va € X7 B(Cl) = mﬁ(a’>7

where |a| denotes the cardinality of a. By Equation @, [ is a weighting of X. [J

Total mutual information. Prior intrinsic dimension-based studies relied
on “mixing” assumptions ([Simsekli et al., 2020, Assumption H5|, [Birdal et al.,
2021, Assumption H1], [Sefidgaran and Zaidi, 2024, |(Camuto et al., [2021]) or

various mutual information terms [Hodgkinson et al., 2022, |Dupuis et al., [2023]
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to take into account the statistical dependence between the data and the training
trajectory. Recently, a new framework was proposed in |[Dupuis et al., 2024] to
unify these approaches by proving data-dependent uniform generalization bounds
using simpler and smaller information-theoretic (IT) terms. By leveraging these
methods, we derive new generalization bounds involving the same IT terms for
all our introduced topological complexities. More precisely, they take the form of
a total mutual information between the data S and the training trajectory Ws.
This term is denoted 1, (S, Ws) and measures the dependence between S and
W. We refer to Appendix and [Hodgkinson et al.| 2022, van Erven and

Harremoés, 2014] for exact definitions.

5.3 Main Theoretical Results

We now introduce our learning-theoretic setup (Section [5.3.1)) before delving into
our main theoretical results in Sections [£.3.2] and [5.3.3]

5.3.1 Mathematical setup

Random trajectories. The primary goal of our theory is to prove uniform
generalization bounds over the training trajectory {wy, k& > 0}. We are mostly
interested in the behavior near local minima of 7%5. To this end, we observe the
trajectory between iterations 7 and T, where 7 € IN is the number of iterations
before reaching (near) a local minimum and 7" > 7 is the total number of
iterations. Therefore, we consider the set W, 1 := {w;, 7 <i < T}, which we
call the random trajectory. Note that W, _,r is a set, i.e., it does not contain any
information about the time-dependence. Moreover, our setup allows the random
times 7 and T to depend on the data S through the choice of a stopping criterion
as opposed to being fixed predetermined times.

General Lipschitz conditions. The topological quantities described in Sec-
tion , as well as the intrinsic dimensions introduced in prior works [Simsekli
et al.| 2020, Birdal et al., 2021, ?, Dupuis et al., [2023] 2024], require a notion of
distance between parameters (in R?) to be computed. In the case of fractal-based
generalization bounds, two cases have already been considered: the Euclidean
distance [Simsekli et al., |2020] and the data-dependent pseudometric defined
in [Dupuis et al., [2023]. In our work, we emphasize that both examples are

particular cases of a more general family of pseudometrics on the parameter space
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R¢. In order to fully characterize this family of pseudometrics, we define the
data-dependent map Lg : R — R™ by Lg(w) = ({(w, 21),...,0(w, 2,)). To fit
into our framework, a pseudometric must satisfy the following general Lipschitz

condition.

Definition 5.3.1 ((q, L, p)-Lipschitz continuity). For any pseudo-metric p on
R? and ¢ > 1, we will say that ¢ is (q, L, p)-Lipschitz in w when Yw,w' €
R, |Ls(w) — Ls(w)], < LnVap(w, v).

A wide variety of distances have been proposed to compare the weights of two
DNNs |[Donnat and Holmes|, 2018]. The above condition restricts our analysis to
a family of pseudometrics containing the following examples.

Ezample 5.3.2 (Data-dependent pseudometrics). For any p > 1, we define the

(1)

pseudometrics p(sp) (w,w') :==n"VP||Ls(w) — Lg(w')|| . The case pg’ corresponds

|
to the “data-dependent pseudometric” used in [Dupuig et al. [2023]; we will denote
it pg 1= p(Sl).

Ezample 5.3.3 (Euclidean distance). If ¢(w, z) is L-Lipschitz continuous in w, i.e.,
[l(w, z) — (', 2)| < L|jw—'| for all z, then ¢ is (p, L, ||-||,)-Lipschitz continuous

for every p > 1.

Assumptions. Given an (g, L, p)-Lipschitz continuous (pseudo-)metric, our
approach relies only on a single assumption of a bounded loss function. For the
case of the pseudometric pg (Example , this assumption is already made in
[Dupuis et al., 2023, 2024].

Assumption 5.3.4. We assume that the loss ¢ is bounded in [0, B], with B > 0

a constant.

The boundedness of ¢ is classically assumed in the fractal / TDA literature
[Dupuis et al., [2023, [Hodgkinson et al., 2022 Dupuis et al., 2024]. In [Dupuis
et al., 2023], it is shown that the proposed theory seems to be experimentally
valid even for unbounded losses. Our experimental findings suggest that this

observation also applies to our work.

5.3.2 Persistent homology related generalization bounds

In contrast to all existing fractal dimension-based bounds [Simsekli et al., 2020,

Birdal et al., 2021, Camuto et al., 2021} Dupuis et al., 2023, we propose new
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generalization bounds that apply to practical discrete stochastic optimizers with
a finite number of iterations. To this end, our key idea involves replacing the
intrinsic dimension with intermediary quantities that are used to compute them
numerically. Following |Birdal et al., 2021] and Chapter 4] this points us towards
the two quantities, E, and Mag, defined in Section[5.2] We are now ready to state
the first generalization bound in terms of the a-weighted lifetime sums, where we
denote E? for E (W;_r).

Theorem 5.3.5. Let p be a pseudometric on RY. Supposes that Assumption
A.53.31| holds and that ¢ is (q, L, p)-Lipschitz, for ¢ > 1. Then, for all a € [0, 1],
with probability at least 1 — (, we have:

2log B, + alog (25%)  op I log(1
sup Gg(w;) < 2B < B ) +—+3B\/ OO(S’WT%;)I"" og(1/¢)

T<i<T n Vn

The term I, (S, W,_7) is the total mutual information (MI) term that is defined
in Sections [5.2] and [A.3.1.1] It measures the statistical dependence between the
random set W, 1 and the data S ~ p®". Such MI terms appear in previous
works related to fractal-based generalization bounds [Simsekli et al., 2020, Camuto
et al., 2021}, Dupuis et al 2023, [Hodgkinson et al., 2022]. Our proof technique,
presented in [A.3.2.5] makes use of a recently introduced PAC-Bayesian framework
for random sets [Dupuis et al., 2024] to introduce this MI term. It is also shown in
[Dupuis et al., 2024] that the MI term I (S, W,_,r) is tighter than those appearing
in the aforementioned works.

We highlight the fact that Theorem [5.3.5is fundamentally different from the
persistent homology dimension (PH-dim) based bounds studied in [Birdal et al.,
2021, Dupuis et al., [2023]. Indeed, while the growth of E, for increasing finite
subsets of the trajectory are used in [Birdal et al., 2021] to estimate the PH-dim,
it does not provide any formal link between the generalization error and the
value of E,. Therefore, the above theorem could not be cast as a corollary of
these previous studies. Another important characteristic of the above theorem
(as well as the results of Section is to be non-asymptotic, i.e., it is true for
every n € IN*. This is an improvement over the fractal dimensions-based bounds
presented in [Simsekli et al., 2020, [Birdal et al., 2021} Dupuis et al., 2023, 2024].
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Figure 5.2: Left: Comparison of Mag and PMag (for s = /n), for different
(pseudo)metrics (ViT on CIFARI10). Right: relative variation of the quantities
E,(W,_7) and Mag(y/nW;,_,r), with respect to the proportion of the data used
to estimated p(sl) (ViT on CIFAR10).

5.3.3 Positive magnitude (PMag) and related generaliza-

tion bounds

Recent preliminary experimental results displayed a correlation between the
generalization error of DNNs and magnitude (Chapter [4). To provide a theoretical
justification for this behavior, it would be tempting to mimic the proof of Theorem
and build on existing covering arguments. However, while lower bounds of
magnitude in terms of covering numbers have been derived in [Meckes| [2015], they
appear to be impractical in our case. Another possibility would be to use the
magnitude dimension bounds of Chapter [ Yet, this could not apply to our finite
and discrete setting where the dimension is 0. Hence, we identify a new quantity,
closely related to magnitude, while being more relevant to learning theory. With
the notations of Section , we fix a finite metric space (X, p) and a weighting
Bs + X — R of (X,sp), where s > 0 is a “scale” parameter. We define the

positive magnitude as

Vs >0, PMag’(sX) := Z Bs(a), (viii)

aeXx
where x; := max(x,0) denotes the positive part of x.

After introducing positive magnitude, one might ask how similar are mag-
nitude and positive magnitude, and how can positive magnitude be interpreted.
PMag is a purely technical quantity introduced so that the generalisation bound

can be proved. We have also demonstrated that for a large value of the scale
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parameter, both magnitude and positive magnitude coincide, meaning that their
interpretations are the same for large enough scale parameter. For small values of
the scale parameter, the theoretical and interpretative properties are to be studied

in future work.

5.3.4 Definition of positive magnitude in the pseudometric

case

Let us extend our new notion of positive magnitude in finite pseudometric spaces.
This is a rather complicated task. Indeed we need to ensure that the positive
magnitude is independent of the choice of weighting, which is not true in general.
For this reason, we restrict our definition to pseudometric spaces whose metric

identification is positive definite and we choose one particular weighting.

Definition 5.3.6 (Positive magnitude in finite pseudometric spaces). Let (X, p)
be a finite pseudometric space whose metric identification X/~ is positive definite.
Let 3: X/~ — R be a weighting of X/~, then we define the positive magnitude
of X, denoted PMag, by:

PMag(X)= ) A(7)+,
zeX/~
where z; := max(z,0) denotes the positive part of . We will say that X admits

a positive magnitude if its metric identification X/~ is positive definite.

Note that X/~ admits a unique weighting because it is positive definite. How-
ever, X still admits several weightings in general. The above definition ensures
that the definition of positive magnitude is independent of any choice of weighting.
For the need of our proofs, we will need to introduce weightings in pseudometric
spaces, whose sums of positive parts yield the positive magnitude. This is pos-
sible by using the following definition, which corresponds to a “good” choice of

weighting in finite pseudometric spaces.

Definition 5.3.7 (Canonical weighting). Let (X, p) be a finite pseudometric
space whose metric identification X/~ is positive definite. Let 3 : X/~ — R be a
weighting of X/~, we define the canonical weighting 8° : X — R on X by:
1 -
Va€ X, f%a) = ——B(r(a)),
|m(a)]

where 7 : X — X/~ is the canonical surjection.
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The following lemma is then obvious but crucial to some of our theoretical

results.

Lemma 5.3.8. With the notation of the previous definition, we have:
PMag(X) = ) 5°(x)..
zeX

The next proposition is a consequence of Theorem [A.3.19] it shows that the
pseudometrics considered in practice in our work (and in our experiments) admit

a positive magnitude.

Proposition 5.3.9. Letp € [1,2] and S € Z", then every finite subset of (R¢, pg”))

admits a positive magnitude, and therefore it also has a canonical weighting.

Proof. Let W := {wy,...,wx} be a finite set in R?. We have
|Ls(w) = Ls(w)], = n'7p (w, w).

Therefore, if we denote by w the equivalence class of w in the metric identification,
it is clear that w = w' <= Lg(w) = Lg(w'). Hence, the map ¢g := n~/?Lg
naturally extends to an isometry between metric spaces:

W/~ = @5(W) c R".

finite

By Theorem [A.3.19] the finite set pg(WV) is positive definite, hence it is also the

case of W/~. Therefore W admits a positive magnitude by definition. m

Based on a new theoretical approach, we prove that the positive magnitude
can be used to upper bound the generalization error (see the proof in [A.3.2.7]).
This leads to the following theorem:

Theorem 5.3.10. Let p be a pseudometric such that (W, Ap) admits a positive
magnitude (according to Deﬁmtion for every A > 0. We assume that {
is (q, L, p)-Lipschitz continuous with ¢ > 1. Then, for any s > 0, we have with
probability at least 1 — ( that

2 B? J S AN log(1
sup Gg(w;) < glog PMag?’ (LsW;_r) + 37 + SB\/ (5 W ;1—’_ 0g(1/¢)

r<i<T

The IT term (/) in the above result is the same as in Theorem Given
a fixed (finite) set W and a big enough s, we establish Mag(sW) = PMag(sW).
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Moreover, we present in Figure (a) an empirical comparison of Mag and PMag,
showing a small and almost monotonic relation between both quantities. Therefore,
Theorem may be seen as the first theoretical justification of the empirical
relationship between magnitude and the generalization error observed in Chapter

4l

A natural choice for the scale s would be s & y/n, ensuring a convergence

/2. However, our empirical evaluations (see Section , in particular,

rate in n~
Table revealed that small values of s (we typically use s = 1072) can also
provide good correlation with the generalization error. This could be explained by
the fact that PMag(sW) — 1 as s — 0, i.e., the bound may not diverge when
s — 0. For our topological complexities to be computationally efficient, we focus
our experiments on fixed values of s (in {\/n,1072}). We will omit the trajectory

and denote Mag(s) and PMag(s).

5.4 Computational Considerations

We now detail the numerical estimation of the topological complexities mentioned
above.

Computation of E,. We compute E, by using the giotto-ph library introduced
in [Pérez et all 2021, Bauer, 2021a]. This setup is inspired by PH frameworks used
in [Birdal et al.| 2021, Dupuis et al., 2023|. This technique uses the equivalent
formulation of E,, in terms of PH (see for details). Theorem [5.3.5] and its
proof (presented in suggest that the relevant value of « is 1; similar to
[Birdal et al., [2021], this is what we used in our experiments.

Computation of Mag and PMag. Different methods exist to evaluate mag-
nitude, as demonstrated in Chapter [, We use the Krylov approximation method
[Salim| [2021], which is based on pre-conditioned conjugate gradient iteration,
implemented in the Python library krypy.linsys.Cg to solve for the magnitude
weights. We then sum over the weights to compute Mag, and sum over the positive
weights to obtain PMag.

Distance matrix estimation.. Given a finite set (i.e., a trajectory) W C R4,
the calculation of our topological complexities requires computing the distance
matriz D, := (p(w,w"))ywew. For large DNNs, this may become challenging.

Depending on p, we propose the following solutions.

e Case 1: If p is the Euclidean distance on R?, for large DNNs (in our case for the
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MODEL-DATASET ‘ VIT-CIFAR10 SwiIN-CIFAR100 GRAPHSAGE-MNIST  GATEDGCN-MNIST
COMPL.-METRIC ‘zpm Py W T Y Vs ¥ T Vi Yy P T Y Yy P T

dimpy; - ps [DUPUIS ET AL.||2023 0.93 -0.67 0.13 0.61|0.69 -047 0.11 0.50 |-0.28 -0.26 -0.27 -0.35|0.15 0.07 0.11 -0.06
Mag(y/n) - ps 068 0.62 0.65 0.64 056 047 0.51 0.53[0.69 071 0.70 0.79 |0.85 097 0.91 0.88
Mag(0.01) - pg 0.41 0.58 0.50 0.47 |0.31 047 0.39 0.33 024 o0.10 0.17 0.36 [035 035 0.35 0.49
PMag(y/n) - ps 0.91 0.67 0.79 0.85|0.69 047 0.58 0.62]0.59 0.46 0.53 0.59 |0.73 097 0.85 0.84
PMag(0.01) - ps 0.86 0.40 0.50 0.80|0.71 0.58 0.64 0.68 024 o0.10 0.17 0.36 |0.35 0.35 0.35 0.49
E, - ps 0.95 0.67 0.81 0.86|0.69 047 0.58 0.62|0.67 074 0.70 0.77 |0.48 097 0.72 0.74
dimpy - |||, [BIRDAL ET AL.|[2021] | 0.93 -0.67 0.13 0.61 |0.69 -0.47 0.34 0.51|0.32 081 0.56 0.51 |-0.12 070 0.29 0.33
Mag(v/n) - |||, (CHAPTER ‘ 0.95 -0.59 0.13 0.73 |0.71 -0.57 0.07 0.53 |0.75 077 0.76 0.61 [0.77 0.76 0.77 0.52
Mag(0.01) - [|-]|, (CHAPTER ‘ 0.95 -0.60 0.17 0.72 |0.69 -0.44 0.12 0.53 |0.75 0.74 0.74 0.60 [0.77 042 0.60 0.47
PMag(y/n) - [|-||, 0.95 -0.59 0.18 0.73 |0.71 -0.57 0.07 0.53 |0.75 074 0.74 0.60 [0.77 093 0.85 0.54
PMag(0.01) - |-l 055 0.71 0.63 0.58 |0.64 051 0.58 0.46 |0.75 -0.05 0.35 0.51 |0.60 -0.47 0.06 0.26
E, - |, 0.95 -0.31 0.32 0.76|0.63 0.75 0.74 0.74|0.75 074 0.74 0.60 |0.77 0.93 0.84 0.54
dimpy - 01 [DUPUIS ET ALL.||2023] 0.95 -0.20 0.37 0.72|0.64 0.04 0.34 0.51 |00 -0.13 -0.07 0.0 0.14 0.00 0.07 0.00
Mag(y/n) - 01 0.95 0.67 0.81 0.88 |0.69 0.47 0.58 0.62|064 0.68 0.66 0.75 [0.78 0.85 0.82 0.82
Mag(0.01) - 01 0.84 0.33 0.59 0.75]0.61 027 0.44 0.50|0.13 0.1 0.12 0.26 |0.10 0.10 0.10 0.25
PMag(y/n) - 01 0.95 0.64 0.80 0.89|0.69 047 0.58 0.62|0.63 065 0.64 0.74 |0.76 0.83 0.79 0.80
PMag(0.01) - 01 084 036 0.60 0.76 |0.65 049 0.57 0.54|0.13 o0.11 0.12 0.26 |0.10 o0.10 0.10 0.25
E, - 01 0.95 0.67 0.81 0.87 |0.69 047 0.58 0.61|0.63 068 0.66 0.74 |0.78 0.85 0.82 0.82

Table 5.1: Correlation coefficients associated with the different topological com-

plexities.

transformer experiments) storing the whole trajectory is challenging. In that
case, we use sparse random projections inspired by the Johnson-Lindenstrauss
lemma [Vershynin|, 2020] to project the trajectories onto a lower-dimensional
subspace. We use the implementation in scikit-learn [Pedregosa et al.l 2011a]

so that, with high probability, the relative variation of the distance matrices is

at most 5%, see [A.3.1.7| for details.
e Case 2: If p is of the form pfgq) as in Example , then the computation of

D, requires the evaluation of the model on the entire dataset at each iteration,
which becomes intractable for large DNNs. In [Dupuis et al., [2023, Figure 3],
the authors show that the PH-dim based on the pseudometric pg = pg) is very
robust to a random subsampling of a training dataset, i.e. when pg is replaced
by pp with B C S and |B|/|S| < 1. Figure [5.2(b) shows that E, and positive
magnitude are also robust to this subsampling. We mainly used |B|/|S| = 10%.

We refer the reader to[A.3.3.2] for details.

Generalization error. Our theory, like many trajectory-based studies [Simsekli
et al., 2020, [Birdal et al., 2021, Dupuis et al., 2023] and Chapter , predicts upper
bounds on the worst-case generalization error over the trajectory W, _.r. Yet,

experiments in previous works mainly reported the error at the last iteration. To
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estimate the worst-case error in a computationally feasible way, we periodically
evaluated the test risk between times 7 and 7" (with a period of 100 iterations) and
reported (worst test risk-final train risk) as the error in our experiments.
This is consistent as we start the trajectory W, _,r from a weight w, already in a
local minimum of the empirical risk. Our main conclusions are still valid if the
final generalization gap is used. This observation, which is to the best of our
knowledge new, is briefly discussed in [A.3.4.1]

5.5 Empirical Analysis

Setup. Given a DNN and a dataset, we start from a pre-trained weight vector w.,
yielding high training accuracy on classification tasks. By varying the learning
rate (1) and the batch size (b), we define a grid of 6 x 6 hyperparameters. For
each pair (1,b), we compute the training trajectory W, _,p for 5 x 10% iterations.
Unless specified, we use the ADAM optimizer |[Kingma and Ba) 2017]. Based on
the set W,_,r, we estimate distance matrices as described in Section [5.4] For the
sake of clarity, we focus on 3 relevant pseudometrics: (i) the Euclidean distance
|||, as in [Birdal et al., 2021], (ii) the data-dependent pseudometric pg, used in
[Dupuis et al., 2023], and (iii) the 01-loss distance. For (ii), pg is computed based
on the surrogate loss used in training (e.g., the cross-entropy loss), while the
reported generalization error is always based on accuracy gap (01-loss), which is
of interest in most applications (see Section [5.4). For the last one (iii) p is defined
as in Example [5.3.2] but with ¢ being the 01-loss; we call it 01-pseudometric and
denote it by 01 in the tables. This last setup matches exactly our theoretical
requirements.

In terms of DNN architectures, we focus on practically relevant models, while
previous studies mainly considered small networks [Birdal et al., 2021} [Hodgkinson
et al., 2022, |Dupuis et al., [2023, |Sefidgaran and Zaidi, [2024]. We examine two
different families of architectures. The first family consists of vision transformers
(ViT [Touvron et al., 2021a], CaiT [Touvron et al., 2021b], Swin |Liu et al., [2021],
see Table [A.1)), each evaluated on both the CIFAR10 [Krizhevsky et al) [2014]
and CIFAR100 [Krizhevsky, 2009] datasets. Moreover, we also tested our theory
on graph neural networks (GNN) architectures, namely GatedGCN [Bresson and
Laurent|, [2017] and GraphSage [Hamilton et al., 2017] trained on the Super-pixel
MNIST dataset [Dwivedi et al., |2023]. To the best of our knowledge, this is

the first time these kinds of topological complexities have been evaluated on
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Figure 5.3: pg-based complexity measures vs. generalization gap for a ViT trained
on CIFAR10: dimpy (left), PMag(y/n) (middle), and E; (right).

transformers and GNNs. We ran the experiments on 18 NVIDIA 2080Ti (11 GB)
GPUs.

Granulated Kendall’s coefficients.. We assess the correlation between our
complexities and the generalization error by using the granulated Kendall’s coeffi-
cients (GKC) [Jiang et al., 2019]. While the classical Kendall’s coefficients (KC)
[Kendall, [1938a] (denoted 7) measures the correlation between two quantities, it
may fail to capture their causal relationship. Instead, one “granulated” coefficient
is defined in |Jiang et al., 2019] for each hyperparameter (i.e., ¥ for n and ¥pg
for b); it measures the correlation when only this hyperparameter is varying. In
Table , we report 7, ¥ i and Y gg, and the averaged GKC, W := (¢ g +vYps)/2,
for several models, datasets and topological complexities. In Figures (a) and
5.4(b), we represent our topological complexities in the plane (gg, ¥ ); the red
square indicates the region of best correlation (the coefficients are in [—1, 1], their

sign is the sign of the correlation).

5.5.1 Analysis

As explained above, we focus our main experiments on the quantities E1, Mag(y/n),
PMag(y/n), Mag(10~2) and PMag(10~2), each computed for the 3 pseudometrics
discussed above (||-||,, ps, 01). In the interest of comparison, we also compute the
PH-dim (proposed in [Birdal et al., [2021] for the ||-||, and in [Dupuis et al., 2023
for pg), which is thus tested for the first time on transformers and GNNs.

Performance on vision transformers. We see in Table[5.1]and Figure[A.10that
our proposed topological complexities consistently outperform the PH dimensions
across several vision transformer models and datasets. This suggests that PH-dim,
previously tested only on small architectures, is less scalable to industry-standards

models with more parameters. Figure [5.4|(a), including all (model, dataset)
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pairs for the pseudometric pg, reveals important observations. First, we notice
that the GKC of our topological complexities are both positive and close to 1,
indicating that they are indeed good measures of generalization. We note that
for most models and datasets, dimpy has a small or negative ¥pgg, indicating
that it has less ability to explain generalization for varying batch-sizes. As it was
observed in [Dupuis et al., 2023] for PH-dim, our complexities computed from the
pseudometric pg correlate very well with the generalization gap while this gap is
based on the 01 loss.

Performance on GNNs. An important aspect of our framework is the ability to
seamlessly encapsulate different data domains. In particular, the possibility of us-
ing different pseudometrics can help define topological complexities that naturally
take into account the internal symmetries of GNNs, without any model-specific
analysis [Kiani et al., 2024, Behboodi et al., 2022]. The results of Table and
Figure (a) confirm that our proposed topological complexities outperform PH-
dim and correlate strongly with the generalization error for GNNs. Additionally,
it may be observed that Mag(y/n) performs significantly well for GNNs, and in
particular better than PMag(+/n). This points us towards the idea that further
theory would be desirable to formally relate magnitude to the generalization error
in that case

Comparison of the topological complexities. In Table and Figures
and [5.4(a), it can be seen that E; and PMag(y/n) perform equally well
for the image and graph experiments across multiple datasets, models, and
data domains. We see in Table that most topological complexities perform
better with data-dependent metrics (i.e., ps and 01) than with the Euclidean
distance, for transformer-based experiments. This extends results obtained for
PH-dim in [Dupuis et al., 2023, for smaller architectures. However, the poor
performance of Euclidean-based complexities may also be partially caused by the
projections applied to the Euclidean distance matrices to make them memory-wise
computable (see Section . This is a remaining limitation of our algorithms.
On the other hand, the 01 and pgs data-dependent pseudometrics seem to yield

similar performance in all experiments.

4We shall underline that, while Mag with the Euclidean distance was empirically proposed
as a complexity measure in Chapter [4] a theoretical justification for Mag results in Table is
still missing for moderate values of s.
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Figure 5.4: Granulated Kendall coefficients for several models, datasets and
topological quantities. Note that our framework is directly applicable to graph

networks.
Ablations. In Figure (b), we reveal that changing the optimizer has little

effect on the observed correlation (for the same model and dataset). Interestingly,
we note that the PH-dim, computed with pseudometric ps and obtained from the
SGD trajectories, exhibits high GKCs. This observation agrees with the results in
[Dupuis et al. 2023]. Figure further displays the typical behavior of several
topological complexities for ViT and CIFAR10. In addition to the correlation of
our proposed complexities being stronger than for the PH-dim, we observe that
E, and PMag(y/n) seem to better correlate with the generalization gap for small
learning rates. Finally, it is consistently observed in Table and Figures [5.4)(a)
and [5.4(b) that using a relatively high value of the (positive) magnitude scale
(s = y/n) yields better correlations than small values (s = 107?). However, both
cases still provide satisfying correlation, comforting the robustness of magnitude
as a generalization indicator.

Due to limited space, we present all the correlation coefficient of one transformer
model ViT for CIFAR10 and Swin for CIFAR100 in Table £l as illustrative
examples for each dataset. The remaining results appear in the Appendix, Tables
A3 [A5 [A2] and [A4], and they all follow a similar trend. Further empirical
results and illustrations of this behavior are provided in Appendix [A.3.4]

5.6 Conclusion

In this chapter, we proved novel generalization bounds based on several topological
complexities coming from TDA, namely a-weighted lifetime sums and a new variant

of metric space magnitude, which we called positive magnitude. Compared to
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previous studies, we require fewer assumptions and operate in a discrete setting
in which our proposed quantities are fully computable. Our algorithms are
flexible enough to be seamlessly integrated with diverse data domains and tasks.
These advantages of our framework allowed us to create a computationally cheap
experimental setup, as close as possible to the theoretical setup. We thus provided
a comprehensive suite of experiments with several industry-relevant architectures
across vision transformers and graph neural networks, which have not been explored
yet in this literature. We show that our proposed topological complexities correlate
well with the generalization error, outperforming the previously studied intrinsic
dimensions.

Limitations & future work. The main limitation of our theory is the lack
of understanding of the IT terms, while they are still smaller than most prior
works. Moreover, a better understanding of the behavior of positive magnitude for
small values of the scale factor s would be a necessary improvement. Regarding
our experiments, a refinement of the estimation techniques of the topological
complexities would be beneficial. Despite experimenting with practically relevant
architectures, our future works also include scaling up our empirical analysis to
include larger models and datasets, in particular large language models, which

are still beyond the scope of this study.



Chapter 6

Metric Space Magnitude for
Evaluating the Diversity of Latent

Representations

The magnitude of a metric space is a novel invariant that provides a measure of
the ‘effective size’ of a space across multiple scales, while also capturing numerous
geometrical properties, such as curvature, density, or entropy. We develop a family
of magnitude-based measures of the intrinsic diversity of latent representations,
formalising a novel notion of dissimilarity between magnitude functions of finite
metric spaces. Our measures are provably stable under perturbations of the data,
can be efficiently calculated, and enable a rigorous multi-scale characterisation
and comparison of latent representations. We show their utility and superior
performance across different domains and tasks, including (i) the automated
estimation of diversity, (ii) the detection of mode collapse, and (iii) the evaluation

of generative models for text, image, and graph data.

6.1 Introduction

Diversity is a key concept in representation learning, referring to the relative
abundance and distinctiveness of model outputs. Given the inherent complexity
of deep learning models, the evaluation of diversity is thus crucial, enabling
(i) the assessment of the intrinsic richness of latent representations, and (ii) the
evaluation of the extent to which models are capable of preserving the properties

of an input distribution. While the quantitative evaluation of generative models in

74
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particular relies on assessing trade-offs between fidelity and diversity with regards
to a known reference distribution, reference-free diversity measures are becoming
increasingly relevant when a ground-truth distribution is unknown or intractable.
However, reference-based diversity metrics such as recall are notoriously fallible,
sensitive to parameter choices and therefore prone to incorrectly approximate the
true data manifold, whereas reference-free diversity measures often rely on simple
mean summaries that fail to pass basic consistency checks [Friedman and Diengj,
2023]. Thus, existing methods lack expressivity to fully capture what it means
for a space to be diverse, resulting in a critical need for novel measures that are
(i) theoretically motivated, (ii) robust to noise, and (iii) capable of encoding the
intrinsic diversity of data across varying levels of similarity rather than at a single
fixed threshold.

Our contributions. Addressing this need, we propose a novel family of
diversity measures based on metric space magnitude, a mathematical invariant
that captures numerous important multi-scale geometric characteristics of metric
spaces, including curvature, density, and entropy of an input space. Metric
space magnitude merely requires a notion of dissimilarity between data points,
permitting it to operate on both local and global scales. Hence, magnitude is poised
to compare latent spaces, yielding a compact holistic summary of diversity that
satisfies relevant theoretical requirements. Our work is the first to (i) introduce
magnitude as a general tool for evaluating the diversity of latent representations,
and (ii) formalise a notion of difference between the magnitude of two spaces
across multiple scales of similarity. We demonstrate that magnitude is stable
and can detect curvature, highlighting its use as a multi-scale summary of the
local and global geometry of data. Moreover, we empirically showcase the utility
of our magnitude-based diversity measure across different modalities, namely
text, image, and graph embeddings, for which we observe that our measure
outperforms alternative embedding-based measures of intrinsic diversity. Finally,
when a reference distribution is known, our magnitude-based notion of difference
reliably detects mode collapse and mode dropping, thus assisting practitioners in
model evaluation and selection. We further improve the efficiency of magnitude

computations using a Cholesky decomposition method for computation.
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6.2 Related Work

Latent representations and embeddings have become indispensable tools for
analysing data types such as images, text, and graphs. As evidenced by LLMs,
understanding semantic relationships in data requires meaningful embeddings.
Our work focuses on improving representation-based diversity evaluation and we

thus consider the role diversity plays in this context.

Diversity measures. Assessing generative model diversity remains a challenge
irrespective of the domain [Theis et al 2016], as ground truth reference distribu-
tions or labelled data are often unavailable, and human evaluation remains costly.
Thus, there exists a need for interpretable, automated and unsupervised measures
of intrinsic diversity. Reference-free evaluation is of particular importance for
assessing generated text given the black-box-nature of LLMs [Celikyilmaz et al.
2020], but also applicable across modalities. Motivated by this, a varied collection
of diversity measures has been proposed, many of which are task-, domain- or
model-specific [Friedman and Dieng, 2023|; only a fraction of them are applicable
to analysing latent representations specifically. The most flexible methods sum-
marise intrinsic diversity using average pairwise dissimilarities like L” distances or
BERT-scores [Tevet and Berant, [2021]. More recently, Friedman and Dieng| [2023]
proposed the Vendi Score, inspired by principles from theoretical ecology. Other
diversity measures are computed directly on embedding spaces, using e.g. the
geometric mean of the standard deviation across each embedding dimension |Lai
et al., [2020] or cluster-based measures [Du and Black, [2019]. However, as we
explore in Section [6.3.1], none of these measures satisfy all theoretical guarantees
required by an axiomatic approach to diversity, and they are limited in expressivity,
providing only snapshots of diversity at a single fixed resolution. Reference-based
metrics define diversity as the extent to which generated samples cover the full
variability of the real data [Naeem et al., [2020]. Examples include the Fréchet
Inception Distance (FID) or the Inception score (IS). However, they do not ex-
clusively measure diversity but are also concerned with evaluating fidelity, i.e. the
assessment of similarity between generated data and real data, making it unclear
how single-number summaries such as FID and IS account for each aspect in
the trade-off between diversity and quality. Thus, precision and recall have been
suggested as more informative summary metrics [Sajjadi et al., 2018] and seen

various improvements [Kynkaanniemi et al., 2019, [Simon et al., 2019, Naeem et al.|



Chapter 6. Metric Space Magnitude for Evaluating Diversity 7

2020]. Unfortunately, as Naeem et al. [2020] show, even the improved versions
of precision and recall fail to satisfy the useful conditions for strong evaluation
metrics, such as (i) detecting identical reference and generated distributions,
(ii) capturing mode dropping, and (iii) simplicity in selecting hyperparameters. To
address these concerns, density and coverage have been proposed |[Naeem et al.
2020|. Nevertheless, these metrics still rely on fixed-scale manifold approximations
to assess diversity making them sensitive to parameter choices. By contrast, our
magnitude-based measures have less stringent assumptions and can be defined in

a parameter-free fashion.

Magnitude in machine learning. Since its introduction to measure biological
diversity [Solow and Polasky| 1994], magnitude was formalised by Leinster| [2013].
Nevertheless, despite strong geometric properties |Leinster, 2021, magnitude has
only rarely been applied in a machine learning context. Recent publications
started to bridge this gap, linking magnitude to boundary detection |[Bunch et al.)
2021], edge detection in images [Adamer et al. 2021], and the generalisation error
of neural networks (Chapter {)), as well as demonstrating its utility for multi-
objective optimisation [Huntsman| 2023]. However, the full potential of magnitude
for measuring diversity remains largely unexplored since existing works ignore the
nature of magnitude as an intrinsic multi-scale summary, which captures both
local and global geometry and diversity of the data manifold. Our work is thus
the first to leverage magnitude as a flexible, multi-scale measure of diversity in

latent representations.

6.3 Methods

We first discuss the theoretical properties a suitable diversity measure should
satisfy and then introduce metric space magnitude. Based on this, we outline
our proposed method using magnitude for measuring the diversity of latent

representation and its practical implementation.

6.3.1 Desiderata for Diversity Measures

Given the difficulty in defining diversity, diversity metrics never measure diversity
itself, but rather quantify related ideas. Entropy-based approaches, including

magnitude, in particular share close links to diversity, often favoured in ecology
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for their computational benefits and agreement with fundamental axioms of
diversity [Daly et al., [2018]. Following this axiomatic approach, we highlight the
following key requirements [Leinster, [2021]:

e Monotonicity in observations: Including a new observation does not decrease

diversity.

o Twin property: Including a duplicate observation already in the set does not

change diversity.

o Absence invariant: Diversity only depends on the samples and features

present in the dataset.

o Multi-scale: Diversity encodes both local and global trends in the data

manifold.

This list is not conclusive. We observe that many diversity measures for
evaluating representations in ML do not satisfy these requirements.

For example, average similarity (AvGSIM), the most frequently-used diversity
measure in ML, cannot capture nuances in diversity and fails even in simple
toy scenarios [Friedman and Dieng), 2023|. Likewise, the geometric mean of the
standard deviations across each embedding dimension [Lai et al., 2020, GMSTDS]
is not absence invariant as it equals zero whenever an embedding feature is constant.
Even the Vendi Score (VS) [Friedman and Dieng, [2023], a more purpose-built
diversity measure, calculated as the exponential of the Shannon entropy of the
eigenvalues of a normalised similarity matrix, shows undesirable behaviour under
the inclusion of observations. Moreover, neither one of the aforementioned diversity
measures fulfills the twin property nor monotonicity in observations [Leinster,
2021|, leading to counter-intuitive behaviour when capturing changes in diversity.
For example, an exact repetition of the reference data could be wrongly judged
to be more diverse than a model that generates more samples with small but
relevant deviations from the reference. This discussion thus points out a glaring
need for more principled diversity measures. Further, we argue that diversity is a
multi-scale trend that should describe the data manifold across multiple levels of
similarity rather than rely on fixed-scale snapshots. Addressing this, magnitude
functions are particularly promising candidates for improved diversity measures

that inherently satisfy all desiderata listed above.
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6.3.2 Magnitude for Evaluating Diversity

We note a few particularities about magnitude and magnitude functions before
discussing diversity. First, for negative definite metrics d like the L' and L?
distance, (x is invertible [Feragen et al., 2015]. Subsequently, we assume that
(X, d) permits the calculation of magnitude; in particular X must not have any
duplicate points. Further, for ¢ € (0,00), the magnitude function is defined for
all but finitely many values of ¢ [Leinster, 2013]. The magnitude function is
also continuous [Meckes, 2015, Corollary 5.5 for negative definite metrics. For
finite metric spaces, we have lim;_,,, Mag(tX) = |X| = n, i.e. the cardinality of
X |Leinster}, 2013| Proposition 2.2.6]. This limit behaviour exemplifies to what
extent the magnitude function describes the diversity of a space as ‘the effective
number of points at scale t.’

In this Chapter, we extend magnitude functions to the domain [0,00) by
defining Mag (0) := IEI Intuitively, this extension means that any metric space,
when viewed from far away, looks like a single point. Notice that neither Definition
2.1.1 nor Definition explicitly require specific properties of a metric (like the
triangle inequality) and we find magnitude computable for generalised distance
functions, including cosine distances, provided the similarity matrix (x is invertible.
Figure illustrates how magnitude functions measure the effective number of
distinct points for toy data, thus describing their diversity. Moreover, it provides
an overview of our diversity evaluation framework, which we will now introduce.

As a multi-scale geometric invariant, magnitude can be extended to evaluate
the diversity of latent representations. Here, we are studying a set of latent
representations X = { Xy, Xo, ...}, where each X; € X is a finite subset of some
latent space sharing the same notion of distance, e.g. X; C RP. Given a latent
representation X € X', e.g. a text, image, or graph embedding, we can use the
L' or L? distance as a metric or semi-metrics like the cosine distance. Based on
the choice of metric, we can interpret Magy(¢) as the effective number of points
at scale t. In practice, this summarises how diverse points in the space are when
observed at said scale factor. This multi-scale behaviour motivates us to propose

a simple but expressive summary of a representation’s magnitude function.

Definition 6.3.1 (Area under the magnitude function, MAGAREA). Let X be a

Mag x 1s continuous for ¢ > e, Wwhere tepit is the supremum of its finitely many singularities.
2This assumes the so-called one-point property, i.e. lim;_, o Magy (0) = 1, which was shown
to hold generically for almost all finite metric spaces |[Roff and Yoshinagal [2023].
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Figure 6.1: Overview of our diversity evaluation pipeline. (a) We start
with an example of four latent spaces with 200 points, varying in diversity. Points
in X are from Poisson Process (uniform pattern), and the most diverse; points in
X5 are from a more clustered process, namely Hawkes Point process, and hence
less diverse; point in X3 are two Gaussians, and hence less diverse than X5, and
points in X, are from one Gaussian, and hence the least diverse out of all four.
(b) The magnitude function measures the effective number of points at ¢, a scale
of distance between observations. When the scale factor ¢ almost equals zero,
magnitude is close to 1, and a space effectively looks like one point. For large
t, the number of effective points is noticeably higher and magnitude converges
towards the cardinality. We find the approximate convergence scale, t.on,, at
which magnitude almost equals the cardinality, and use it to define the evaluation
interval T" across which diversity changes most notably. (c¢) The more diverse the
space, the higher the value of its magnitude function. By construction, X; is more
diverse than Xy, X3, and Xy, respectively. We leverage this behaviour to define
novel multi-scale indicators of diversity. (d) Our proposed measure of intrinsic
diversity, MAGAREA, summarises the area under each magnitude function for
reference-free diversity evaluation. (e) In a reference-based setting, we assess the

difference in diversity using MAGDIFF, the area between two magnitude functions.
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metric space whose magnitude function Mag (¢) has been evaluated across the

interval T = [tg, tcut]. We define the area under the magnitude function to be
tCU

MAGAREA := [, “" Magy (t)dt.

Moreover, we extend this proposed summary to measure the difference in
diversity between two representations generated by the same (embedding) model.
Notice that distances in these spaces are directly comparable and the respective

magnitude functions can be compared across the same domain.

Definition 6.3.2 (Magnitude function difference, MAGDIFF). Let X and Y be
two metric spaces that share the same notion of distance. Assume the associ-
ated magnitude functions Magy (t) and Mag, (t) have been evaluated across the

same interval T = [tg, teus]. We define the magnitude function difference to be
tcut
MAGDIFF := [, (Magx (t) — Magy(t)) dt.

We note that in Definition [6.3.1] we could obtain a difference of 0 even
when the two functions are not exactly the same: in one region the differ-
ence might be positive, and in another negative, and vice-versa, and both
can cancel out. In order to avoid this, we can improve the definition to be:
MAGDIFF := ttoc‘“ (| Magy (t) — Mag, (t)|) dt. In practice, we control for this be-
haviour to avoid this scenario. We further note that one can propose alternative
definitions capturing the difference between two magnitude functions using p-

norms. More formally, the following quantity can be defined as

teut 1/p
[ Mo ()~ Magy (Ol = [ Mog(0) - Moy ()P ar)

to
The properties of this quantity are outisde the scope of this work, but it will

be interesting in future studies to determine how and where they could be useful.

Definition and Definition [6.3.2] constitute novel multi-scale approaches
for summarising and comparing magnitude functions, leading to theoretically
well-founded diversity measures. MAGAREA measures the cumulative value of
magnitude summarising a space’s intrinsic diversity while MAGDIFF measures
the accumulated difference in diversity between two spaces. As we will later
demonstrate in our experiments, integrating the changes in magnitude across a
range of scale factors retains the desirable properties of single-scale magnitude,
but yields more robust multi-scale summaries of diversity (see Appendix for
an investigation of stability to perturbations). Furthermore, this comparison in

terms of the effective number of points across scales remains directly interpretable.
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6.3.3 Practical Usage

In order to use our magnitude metric for reference-free and reference-based diversity
evaluation, we obviate the choice of evaluation interval using knowledge about the
convergence behaviour of magnitude functions. As a consequence, our magnitude-
based diversity measures do not require manual parameter selection. First, we

define a magnitude function’s convergence scale.

Definition 6.3.3 (Convergence scale, tcony). Given a magnitude function Magy (t),
we define its approximate convergence scale as teony € R, with Magy (teony) =
| X | — € for some small € > 0. We set € < 0.05/X| in this work.

This convergence scale thus indicates the resolution at which at least 95%
of observations are recognised by magnitude as being distinct. After reaching
this convergence scale, we know that magnitude functions and hence diversity
can increase by at most ¢ based on the convergence of magnitude towards the
cardinality as illustrated in Figure [6.1] In practice, however, we find that all
relevant changes in diversity happen at smaller scales of distance when individual
points are not yet clearly separated. We thus choose the convergence scale defined
in Definition to be the upper bound of the evaluation interval T" to determine
the most informative range of scales. More formally, we define T' = [tuin, tmax),
and by convergence scale we refer to the upper bound of 7', which is t,ay.

We then find the convergence scale using numeric root-finding procedures.

When comparing the intrinsic diversity of multiple embeddings without a
reference dataset, we compute MAGAREA across T = [0, t.y] and choose tey
to equal the median of the convergence scales of the embeddings. Taking the
median here provides a stable compromise between the convergence behaviour
of all functions. For reference-based comparisons, we simply calculate MAGDIFF,
the difference between the magnitude functions, across T = [0, t,ef] Where t,f is
the convergence scale of the reference embedding. In practice, we approzimate
the integrals in Definition and Definition via numerical integration
across evenly-spaced scales sampled from the evaluation interval T'. Choosing the
number of scales is a trade-off between accuracy and computational performance
as computational costs increase linearly with the number of times magnitude
is evaluated. In terms of implementations, we also improve the efficiency of
magnitude computations using a Cholesky decomposition (see Appendix for

more details). Together with our automated scale-selection procedure, we thus
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overcome the main algorithmic hurdles that hitherto prevented the wider use of

magnitude functions.

6.3.4 Limitations

MAGDIFF is a reference-free measure of intrinsic diversity, but does not measure
fidelity. Being referece-free is a crucial characteristic. It means that to calculate
MagDift, you do not need to compare your data to a ”ground truth” or ”reference”
dataset. You can assess the diversity of a single dataset (e.g., generated images,
text, or latent representations) without needing a corresponding ”real” dataset
to compare against. This is highly valuable in situations where a true reference
distribution is unknown, intractable, or difficult to obtain. It should therefore not
be interpreted in isolation, but jointly with coverage-based metrics, for instance.
In the context of evaluating generative models (like those that create images,
text, or other data), coverage-based metrics refer to measures that assess how
well the generated data covers or spans the entire range of diversity present
in the real-world data distribution. Coverage-based metrics tell you about the
completeness of what the model should generate. If coverage is high, it means
the generated samples adequately represent the full spectrum of the real data. In
order to see why MagDiff should be combined with coverage-based metrics, one
of the following could happen: if MagDiff is high, but the coverage is low, you
can get a model which generates very diverse, but irrelevant or off-distribution
samples (e.g., diverse noise). On the contrary, if you get low MagDiff and high
Coverage, the model could generate samples that cover the real distribution well,
but they are all very similar (e.g., generates all animal types, but each animal
type only has one very specific example, lacking intra-class diversity). Both of
these scenarios are undesirable and ideally you will have both high MagDiff and
coverage, in which case the model will generate a wide variety of samples, and
that variety accurately reflects the diversity of the real world.

Moreover, while we improve the efficiency of magnitude computations (see
Appendix compared to previous implementations [Bunch et all, [2021], thus
making magnitude calculations feasible for practical analyses, novel approximation
methods would be required to enable scaling to hundreds of thousands of observa-
tions. Finally, we focus on evaluating representation-based diversity and show that,

given a latent representation, magnitude yields a better notion of diversity than cur-
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rent embedding-based methods. We do not investigate whether embedding-based
similarities are outperformed by alternative task- or domain-specific similarities.
Instead, our evaluation relies on the utility of embedding models and assumes

that latent spaces encode useful/realistic relationships between samples.

6.4 Experiments

Our experiments demonstrate how magnitude leads to a better understanding of
representational diversity. We show the following results: (i) Magnitude functions
capture the curvature of a space. (ii) Magnitude functions are interpretable
measures of the intrinsic diversity of embeddings, yielding superior results than
other diversity measures when predicting the diversity of sentence embeddings
across different text-generation tasks. (iii) Magnitude functions characterise
and distinguish latent representations of large language models. (iv) Magnitude
functions successfully detect mode dropping in distributions of image, and graph
embeddings, while also reliably detecting mode collapse in graph embeddings. We
subsequently use MAGAREA in reference-free settings to characterise intrinsic

diversity (i, ii), while using MAGDIFF for reference-based comparisons (iii, iv).

6.4.1 Magnitude Functions Summarise Geometry

Magnitude functions encode the ‘shape,” i.e. the geometry that is characteristic
of the intrinsic data manifold, by capturing curvature and diversity. Scalar
curvature estimation is an important task in numerous domains like computer
vision, computational geometry, and computer-aided design. Previous works
have shown that alternative multi-scale methods, such as persistent homology,
are able to detect curvature [Turkes et al., 2022 |Bubenik et al., 2020]. Here,
we demonstrate that the magnitude function is capable of achieving comparable
performance, using simpler methods and only a single feature.

The curvature experiments builds on the approach by Turkes et al.| [2022]. We
generate a unit disks D, of surfaces of constant curvature x, with 3 cases: the first
one is when k = 0 (we then have the Euclidean plane), k < 0 (we have a space
of negative curvature, the Poincare disk model of the hyperbolic plane), k > 0
(sphere with radius 1/y/k). We vary the curvature x to be in the interval [—2, 2].

For each value of k, we construct point clouds by sampling 500 points from D,. We
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Table 6.1: Magnitude estimates curvature. MAGAREA outperforms more

complex methods [Turkes et al., [2022] using a single feature.

Method MSE (])

SVR (selected PH features) 0.27 £ 0.07
SVR (PH vectorisation) 0.17 £ 0.05
SVR (all PH features) 0.16 + 0.03
SVR (distance matrices) 0.24+£0.04
MLP (shallow) 1.15 + 0.52
MLP (deep) 1.56 + 0.68
MAGAREA (quantile) 0.10 £ 0.05

MAGAREA (piecewise linear) 0.05+£0.03
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Figure 6.2: Magnitude detects curvature. Left: Magnitude functions for
unit disks with varying curvature between [—2,2]. Right: Curvature is positively

correlated with MAGAREA, indicating that it serves as a expressive predictor.

generate 201 surfaces with equally spaced curvature in the interval [—2,2]. Then,
we compute magnitude for each space using Euclidean distance and 30 evenly
spaced intervals until the scale t.,; = 73. For the results reported in Table |6.1| we
further apply 5-fold cross-validation. We first train a quantile regression model on
the MAGAREA after applying polynomial feature transformation of degree 2 to
the training data suspecting a quadratic-looking relationship between MAGAREA
and curvature after exploratory analysis. Further, we compare this to piecwise
linear regression with two breakpoints under the assumption that the relationship
between MAGAREA and curvature as plotted in Figure rather depicts a

piecewise linear relationship clearly separating spaces of positive and negative
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curvature. We further report six alternative models from Turkes et al. [2022],
which are using features from persistent homology (PH) summarising persistence
diagrams (PDs). See Bubenik et al. [2020] for a more detailed explanation on
PH and its relationship to curvature. Specifically, in Table we reproduce the
following models from Figure 4. and Table 3. of Turkes et al. [2022]:

e SVR (all PH features) referred to as 0-dim PH simple by Turkes et al.| [2022],

which uses the lifespans of the persistence diagram computed on the samples;
e SVR (selected PH features) denoted 0-dim PH simple 10 by [Turkes et al.
[2022], which uses the 10 longest lifespans; and

e SVR (PH vectorisation) corresponding to 0-dim PH by [Turkes et al.|[2022],
which selects the best PD vectorisation amongst a number of options, namely
persistence images (PI) or persistence landscapes (PL).

All the PH-based methods use support vector regression (SVR) with a RBF
kernel. Hyperparameter tuning for these models is conducted as reported by Turkes
et al.| [2022] using grid search with a choice of C parameters in {0.001, 1, 100}.
We further reproduce 1 method based on pairwise distance matrices:

e SVR (distance matrices) denoted as ML by [Turkes et al.| [2022].

Finally, we restate the performance scores of these two methods directly from
Turkes et al.| [2022]:

e MLP (shallow) denoted as NN shallow by Turkes et al.| [2022]; and

e MLP (deep) denoted as NN deep by [Turkes et al.| [2022].

We also note that the other models achieve different performance scores on our
dataset than reported by Turkes et al.| [2022] due to a slight difference in dataset
and cross-validation splits. We use a smaller subset of samples than [Turkes et al.
[2022] each having a unique curvature value as described above, and ensure that
all models are evaluated on the same splits of data across 5-fold CV for fair
comparison. Finally, we summarise the MSE achieved by each model in Table [6.1]
[Mlustrating this, Figure further shows examples of both magnitude functions
for negative and positive curvature as well as the clear piecewise-linear trend
between MAGAREA and curvature.

We first assess to what extent the magnitude function can detect whether a
unit disk has positive or negative curvature. Our main observation from plotting
the functions for both groups (Figure in the appendix) is that there is a clear
separation between spaces of negative and positive curvature. We further test if we

can predict curvature as a regression task. To this end, we try both piecewise linear
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Figure 6.3: MagArea correlates well with dec indicating the true diversity.
Here, we use mpnet embeddings for the resp dataset. p denotes the rank correlation

between MAGAREA and dec (95% bootstrap interval, 1000 resamples).

and quantile regression, using the area under the magnitude curve, MAGAREA, as
a single feature. With 5-fold cross validation, we achieve an MSE of 0.05 + 0.03

with the piecewise linear model and 0.10 £ 0.05 using quantile regression. Both

scores substantially improve on previous methods [Turkes et all 2022] that made

use of highly-sophisticated topology-based features and more heavily-parametrised
deep learning models (see Table . These results underscore the expressivity
and power of magnitude-based metrics, which enable us to solve the same task
with a highly-simplified model. Moreover, this also demonstrates how magnitude
describes the data manifold across multiple resolutions, motivating the use of

magnitude functions as flexible, geometry-aware descriptors of diversity.

6.4.2 Magnitude Measures the Intrinsic Diversity of Text
Embeddings

Next, we demonstrate the utility of using magnitude for intrinsic diversity

evaluation and study its correspondence to known ground-truth diversity of

text data. We analyse data from Tevet and Berant| [2021], consisting of 1K

sets of 10 sentences each, generated for unique input prompts for 3 differ-
ent sentence generation tasks, namely story completion (story), dialogue re-
sponse generation (resp), and 3-word prompt completion (prompt). Per task,
10 response sets have been generated using the same decoding parameter, the

softmax-temperature dec, which controls the diversity and randomness of the
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Figure 6.4: MagArea outperforms alternative diversity measures at predict-
ing the ground truth-diversity of generated sentences, controlled by the softmax-
temperature across 3 tasks and 5 embedding models. Baseline measures, AVGSIM
and GMSTDS, perform worse in terms of the R? scores. Points show the mean of
the R? scores, while lines represent the standard deviations across 5-fold cross-

validation (repeated 10 times).

generated text. As dec decreases, models are skewed towards avoiding low-
probability tokens. This leads to potentially higher quality and fidelity but lower
diversity and creativity in generated text. We embed each set of responses using
5 pre-trained sentence transformer models [Reimers and Gurevych| 2019], i.e.
(1) bert-large-nli-stsb-mean-tokens, (2) roberta-base-nli-mean-tokens,
(3) all-mpnet-base-v2, (4) all-distilroberta-vi, and (5) all-MiniLM-L12-v2.
For each dataset and model, we compute the area under the magnitude function
MAGAREA, evaluated until the median convergence scale across all embeddings
as detailed in Section [6.3.3| using cosine distances. We compare this to the Vendi
Score (VS), AvGSiM, and GMSTDS, calculated using cosine similarities. Moreover,
we analyse the performance of each diversity metric at predicting the ground-truth
diversity scores, dec, using 5-fold cross-validation repeated 20 times, trained via
isotonic regression modelsﬂ and report their performance in terms of the coefficient
of determination, R?. Figure depicts the positive rank correlation between
magnitude and the softmax-temperature for one example setting, while Figure [6.4]
shows results concerning the predictive performance of different diversity measures.
We observe that MAGAREA consistently outperforms alternative diversity
measures computed from the same representations. MAGAREA achieves a median
rank of 1 across experiments in terms of R? scores, followed by VS, AvGSIM and
GMSTDS. Indeed, MAGAREA is most frequently the best-performing diversity

measure for 77% of resamples when predicting decoding parameters, ranking

3We use these models to capture the non-linear monotonic relationship between dec and
diversity.
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second in the remaining cases. Meanwhile, VS most often achieves second place.
This demonstrates the strength of MAGAREA as a theoretically-motivated and
entropy-based measure of intrinsic diversity. By contrast, the baseline measure
GMSTDS fails for any embedding that has at least one constant dimension,
even reaching negative R? values for three of the five embedding models. This
is followed by AvGSiM, which, while being less fallible than GMSTDS, simply
measures average similarity and even ranks last across 27% of resamples. A further
comparison of performance scores shows that MAGAREA outperforms AvGSIM
by 0.12 higher mean R? scores on story and 0.07 on resp or prompt across
embedding models. We find no dataset for which either AvGSim or GMSTDS
can be considered preferable predictors of the ground-truth diversity of text.
Our results thus show the benefits of replacing simple summaries as the current
standard for automated diversity evaluation with more sophisticated diversity

measures like MAGAREA.

6.4.3 Magnitude Distinguishes and Characterises Embed-
ding Models

Motivated by the capability of magnitude functions to encode representations,
we now check whether the embedding spaces of different large language models
can be distinguished via their intrinsic structure. To this end, we analyse 16384
documents of four different HuggingFace datasets, as embedded by Wayland et al.
[2024] using six different models

We then either use PCA and normalisation to reduce each embedding space
to 384 dimensions (to obtain a comparable dimensionality) or use the original
embeddings without preprocessing. Further we subsample 300 documents at
random from each space, repeating this procedure 200 times. Finally we use
a b-NN classifier to predict the embedding model based on the values of each
diversity measure. Table reports the results of 5-fold cross-validation with
20 repetitions for both prepossessing choices. We either use Fuclidean distances
between single number summaries or, in the case of magnitude, use MAGDIFF
directly as the input distances for k-NN classification. We first observe that
MAGDIFF best predicts the embedding model (with accuracies typically above
90%). Surprisingly, the results remain consistent for both pre-processing choices.

This indicates that there are inherent differences in the structure and diversity of
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Table 6.2: Magnitude characterises text embedding models. We show the
accuracy (1) of different diversity scores for distinguishing between six embedding

models, using a 5-NN classifier.

No pre-processing PCA pre-processing
DatasetMethod MAGDIFF  AvaSim VS GMSTDs MAGDIFF  AvGSIM VS GMSTDS
cnn 0.94 + 0.02 0.87 £+ 0.01 0.63 £ 0.01 0.66 + 0.02 0.90 & 0.02 0.88 +0.02 0.67 4 0.03 0.66 & 0.03
patents 0.99 4+ 0.01 0.92 +0.01 0.63 = 0.02 0.66 + 0.02 0.96 4 0.01 0.91 4 0.02 0.64 4+ 0.03 0.66 + 0.03
arXiv 0.99 + 0.01 0.89 +0.01 0.78 £ 0.01 0.66 + 0.02 0.99 £ 0.01 0.88 +0.02 0.78 4+ 0.02 0.66 + 0.03
bbc 0.98 £ 0.01 0.74 £ 0.01 0.84 + 0.02 0.66 £ 0.02 0.95 £ 0.01 0.73 £ 0.03 0.84 + 0.02 0.66 & 0.03

embedding spaces, which are preserved throughout dimensionality reduction and
captured by magnitude. By using the difference between magnitude functions as
a holistic summary, we once again surpass other summary statistics (which we
observe to fail in distinguishing the smaller embedding models). Our results thus
demonstrate that using MAGDIFF for comparing latent spaces across multiple
scales is considerably more expressive than using single-number summaries of

diversity.

6.4.4 Magnitude Evaluates Image Embeddings

Mode dropping is a common issue in generative modelling, referring to the inability
of amodel to capture all parts of an input distribution (for instance, a model trained
to generate images of animals suffers from mode dropping if it can only generate
images of dogs). To simulate this, we randomly sample 100 images from each
of the 10 classes in CIFAR10 and embed them using a pre-trained Inception V3
model [Szegedy et al., 2016]. Subsequently, we re-sample increasingly more
observations from one preferred image class. We either drop modes sequentially,
or we move the same number of observations simultaneously from all other classes.
Thus, diversity decreases gradually with the same ‘speed’ across both procedures,
but fidelity should not change. We treat each class as the preferred image class
twice, leading to 20 re-samples per mode dropping scenario |[Naeem et al., [2020].
Our analysis compares the changes in recall and coverage, setting the number
of nearest neighbours to £ = 10. Further, we calculate the relative change in
Mag(0.5%f), i.e. magnitude computed at half the convergence scale of the reference
using Euclidean distances. Similarly, MAGDIFF is the difference between the

magnitude functions relative to the area under the reference magnitude function.
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Figure 6.5: Magnitude correctly detects that diversity decreases in
the same manner across simultaneous and sequential mode dropping
outperforming recall and coverage. Lines show the mean values of each metric

across 20 resamples, shaded areas the standard deviations.

Figure [6.5] shows the changes in diversity as modes are being dropped. Ideally,
every diversity measure should show the same decrease in diversity, irrespective of
resampling strategy. However, we observe that both recall and coverage wrongly
assess that diversity decreases faster during sequential resampling. Even worse,
coverage only detects simultaneous mode dropping after around 70% of all points
have shifted to one mode. This undesirable behaviour of both metrics is caused
by their reliance on a fixed neighbourhood size for approximating the underlying
manifold, thus overestimating the extent to which the perturbed samples reflect
the diversity of the reference distribution. In comparison, MAGDIFF as well
as magnitude evaluated at a single scale both successfully measure the gradual

decrease in diversity across both mode dropping scenarios.

6.4.5 Magnitude Evaluates Graph Generative Models

Diversity evaluation in graph learning is fraught with difficulties, in particular when
aiming to detect common problems like mode collapse or mode dropping [Thompson
et al., 2022, |(O’Bray et al., 2022|. In the following, we will study graph generative
models (GGMs), which take a set of input graphs and generate new samples that
should follow the same distribution. The question that we aim to answer here
is whether our proposed magnitude-based metric is more expressive in captur-
ing the diversity of the generated graphs than classical metrics like maximum

mean discrepancy (MMD) and measures inspired from evaluating image gener-
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Figure 6.6: MagDiff outperforms existing graph diversity metrics at
detecting mode collapse and mode dropping. We report the Spearman
correlation between each metric and the degree of perturbation p for the Lobster
dataset (the same pattern holds for Proteins, Community, Ego, Grid, see .
Violin and box plots show the distributions across different hyperparameter choices.
Measures that capture the decrease in diversity accurately should increase as a
function of p. Rank correlation of 1 corresponds to an ideal metric. Our metric

best captures the changes in diversity for both mode dropping and collapse.

ative models (precision, recall, coverage, density). To this end, we analyse 3

synthetic (Lobster, Grid, and Community) and 2 real-world (Proteins and Ego)

graph datasets, and compute commonly-used evaluation metrics [Thompson et al.
2022, |O’Bray et al.,|2022] as detailed in [A.4.5.2] To test the diversity of generated

samples, we replicate the experimental setup of [Thompson et al.| [2022] and add

our own measure, MAGDIFF computed using L? distances from Graph Isomorph-

ism Network [Xu et al., 2019a, GIN] embeddings with varying hyperparameters.

For the mode collapse experiments, we substitute each embedded graph with
its cluster centre. Thus, the degree of perturbation p equals the proportion of
clusters collapsed in this manner. The larger the value of p, the more clusters
have been perturbed decreasing the diversity. For the mode dropping experiments,
we remove clusters, and keep the size of the generated dataset the same as the
reference by randomly resampling from the remaining classes.

Figure shows the results of both mode collapse and mode dropping for
the Lobster dataset. We observe similar trends across all datasets, but have
chosen this dataset as a running example. Ideal measures should exhibit high
rank correlation to the degree of perturbation, indicating that they are capable
of capturing the decrease in diversity properly, i.e. as a function of p. We note
that in contrast to our magnitude-based metric, recall and coverage exhibit worse

results, as evidenced by their lower mean correlation coefficient. Despite being
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specifically designed to measure the diversity of a dataset [Thompson et al., [2022],
they only catch up to our magnitude metric when the degree of perturbation
p is around 0.9 (see Figure , right-hand plots). Magnitude dominates in the
majority of the values of p best showing the steady decrease in diversity, while
recall and coverage become more sensitive for exceedingly large values of p, i.e.
in unrealistic situations where most of the modes have been dropped. Moreover,
their performance is highly contingent on k, the parameter used to construct a
k-NN graph. Magnitude functions meanwhile give more holistic summaries of
both local and global patterns in diversity. Please refer to Figure for the
aggregated results over all datasets, which exhibit a similar pattern (in that our

metric outperforms both recall and coverage).

6.5 Conclusion

We have proposed novel diversity measures for evaluating latent representations.
Our measures are based on metric space magnitude, a multi-scale invariant sum-
marising geometrical characteristics of the input data. We have demonstrated
axiomatically and empirically that our magnitude-based measures are superior to
current baseline measures of intrinsic diversity. In a reference-free scenario, we
observe that magnitude outperforms alternative measures when predicting the
ground truth diversity for text embeddings. Given a reference dataset, we find
that magnitude captures mode collapse and mode dropping better than existing
metrics for evaluating generative models for both image and graph modalities.
Furthermore, we have shown that magnitude can measure the intrinsic curvature
of input data, outperforming previous methods. Magnitude thus gives a provably
stable, unsupervised diversity metric that can be computed efficiently and allows
users to flexibly choose a notion of dissimilarity. For future work, we believe that
magnitude exhibits a strong potential for applications to unaligned spaces with
varying notions of distances. Moreover, we believe that integrating magnitude
into deep learning models would be beneficial for obtaining novel diversity- and

geometry-based regularisation strategies.



Chapter 7

Biomedical applications of

magnitude and TDA

In this chapter, we start by presenting two novel applications of magnitude: first,
to the surface of the human tongue in [7.I] and second, to the brain artery tree
dataset in [Z.2

7.1 Machine learning, topological data analysis
and magnitude identify unique features of

human papillae in 3D scans

7.1.1 Introduction

The tongue is a highly sophisticated, heterogeneous anatomical structure and
its operation is fundamental to speech, friction regulation and oral processing of
food. The surface of the tongue is covered with tiny projections known as papillae
which enable perception of taste, texture and oral mechanics. Of these numerous
anatomical projections, fungiform papillae are considered as phenotypic markers
of chemosensation of taste as they house the taste buds [Miller Jr and Reedy Jr,
1990], whereas filiform papillae that are devoid of taste buds are considered to be
regulators of mechanoreception [Lauga et al.,[2016] for textural perception. Women
are believed to have more fungiform papillae and are classed more frequently
as supertasters |[Bartoshuk et al., [1994]. On the other hand, increased number

of papillae have been found to be associated with enhanced fatty perception

94
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[Jilani et al., 2017, |Zhou et al., [2021]. In addition to taste perception, papillae
on the tongue are responsible for mechano-sensing. Mechano-sensing refers to
our ability to sense the texture, friction, lubrication and touch on the tongue
surface, and is carried out mainly by numerous filiform papillae that act as fine
strain-amplified sensors on the tongue surface. These sensory functions are critical
for manipulation and transport of food and liquids in the mouth|Lauga et al.,
2016, [Sarkar et al., [2019]. Such textural properties also influence our psychological
reaction to food. For example, feelings such as satiety and therefore hunger are
influenced by perception of friction and lubrication [Stribitcaia et al.; 2020, Krop
et al., [2019]. It has recently been shown that our preference for certain food such
as chocolates is driven by surface lubrication that can be measured by artificial
tongue-like surfaces [Soltanahmadi et al., |2023]. Besides food preferences, there
is burgeoning interest in understanding the complex morphology of the tongue
due to its involvement in various age-related oral conditions [Tamura et al., 2012,
Xu et al., 2019b, Hu et al., 2021], mucosal degeneration and systemic diseases
[Murphy et al., [2016| [Porter et al., 2017, [Huang et al., 2021}, [Jin, 2020]. Certain
medical conditions [Maedal, 2006] and inter-individual differences are known to
be associated specifically with the morphology of the papillae and the tongue.
Understanding the finer details in morphology, differences in papillae structures
can thus lead to fabricating novel bio-inspired artificial surfaces in biomedical
engineering, food engineering and therapeutics [Andablo-Reyes et al., [2020} |Arzt
et al., [2021].

The intricate geometry of the tongue at a microscopic scale can be appreciated
in 3D scans (see Figure[7.1). These images are obtained via surface reconstruction
of 3D optical scans of a silicone-polymer mask of a human tongue. Fungiform
papillae (Figure [7.1(b)) are larger, sparsely distributed over the surface, and have
a simple hemisphere-like shape. The average diameter of a fungiform papilla is
about 878um [Andablo-Reyes et all 2020], and they are clearly visible in larger
images (Figure[7.1j(a)). The filiform papillae show a more intricate crown shape
(Figure[7.1}(c)). They are smaller (about 355um in diameter) and substantially
more numerous. A square centimeter of human tongue surface is estimated to
contain between 100 and 200 filiform papillae [Andablo-Reyes et al., [2020].

Although there has been significant research on the importance of papillae
density, our understanding of the papillae shapes and surface properties of the

tongue suffers from the difficulty of extracting and analysing geometry of papillae
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d b C

Figure 7.1: 3D representation of a small portion of the dorsal part of
the human tongue. Plot (a) shows the 3D mesh of tongue surface obtained
from masks taken on a real human tongue. The color bar shows the z-coordinate
of the points on the surface representing the height. In plots (b) and (c¢) we see
regions of the tongue with (b) Single Fungiform papilla and (¢) Multiple filiform
papillae. We note the distinctive shapes of papillae in plots (b) and (c), i.e, the
dome-shaped Fungiform papilla in (b) and the crown-like shaped Filiform papillae
in (c¢). Impressions of human tongue was collected at University of Leeds (Ethics
DREC ref: 120318/AS/245, University of Leeds) |[Andablo-Reyes et al., 2020]
from healthy adults (n = 15 subjects, 9 females, age 18-55 years)

at microscopic scales. Previous studies have thus focused on manually localising

papillae from 2D images [Nuessle et al.l 2015], primarily focusing on fungiform

papillae [Cattaneo et al., 2020]. Other works on biological surface data have used

conformal geometry and computational topology at larger scales. Examples of

such techniques include shape registration [Hong et al., 2006], segmentation and

topological data analysis [Amézquita et al., 2020} Nicolau et al., [2011} Oyamal|
et al. [2019] [Krishnapriyan et al.| [2021] [Saadat-Yazdi et al.l [2021) Khalil et al.|
2022]. Machine learning has recently emerged as a powerful technique for diagnosis

where large volumes of medical data or images are available [Cai et al., [2020].

These approaches have largely focused on computing global functions such as a
medical diagnosis from an image. However, to date there is no machine learning

model that has classified microscopic tongue papillae based on 3D tongue scans.
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Herein, we present the first study of the 3D shapes of filiform and fungi-
form papillae in humans, with an emphasis on the variations in the microscopic
geometry seen in Figure [7.1] We develop a machine learning based framework
applied to custom designed topological and geometric properties to understand
one fundamental issue: What separates one type of papillae from another? We
also ask the questions whether papillae are unique across and within individuals
based on finer geometric details. Instead of applying machine learning as a black
box application, we use statistics and explainable machine learning [Molnar, 2020,
Du et al., [2019] to differentiate one type of papillae from another and identify the
most distinctive features.

We follow the process of Topological Data analysis, where implicit shapes in
data are extracted as topological features that form the basis of machine learning
models. However, in addition to topological features, we also make use of geometric
features computed from magnitude, which captures the effective number of points
in a space, and it has been shown to detect curvature, and discrete curvatures to
understand the uniqueness of tongue papillae. These features together are seen
to have a high accuracy of 85% in correctly identifying the papilla type (filiform
or fungiform) in a small segment of a surface. As a result, we can now map the
papillae arrangement for the first time — including filiform papillae that are critical
for developing biorelevant tribological surface and unravelling mechano-sensing —
as seen in Figure [7.5]

Unprecedented analysis from our model reveals differences in papillae shapes
across gender, age and individuals. We find that given a papilla, the age group
and gender of the participant can be predicted to moderate accuracy, and even the
exact individual from among 15 participants can be identified with approximately
48% accuracy, showing the first evidence for papillae to act as a unique identifier.
This study demonstrating the uniqueness of papillae geometry at microscopic
length scales using discrete differential geometry, magnitude and computational
topology stands to benefit future development of 3D tongue models for enabling

rational food design diagnosis of oral medical conditions.
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7.1.2 Methods

Data collection
Collection of Human Tongue Silicone Impressions.

The data in this study has been obtained from 3D optical scans of masks of
real human tongues from 15 healthy participants performed using an Alicona
InfiniteFocus (IF), details of the data collection has been described in a previous
publication [Andablo-Reyes et al., 2020]. Negative impressions of the upper surface
of the tongue were collected from (n = 15 subjects, the mean age in years is 29.1,

SD=3.7), 6 male and 9 female. More detailed information can be found in Table

A9

Experimental protocol.

The study adhered to all relevant guidelines and regulations. Signed informed
consent was obtained from all participants before undertaking the experimental

protocol. The ethics declaration is included at the end of this section.

Dataset generation for papillae

Each participant’s point cloud was split into two smaller parts of approximate
size 13mm by 9mm in order to reduce the size of the point cloud. On each
part, The Screened Poisson surface reconstruction|[Kazhdan and Hoppe, |2013] in
Meshlab|Cignoni et al.; [2008] is applied. Then, a number of circular segments of
radius r+0, where 7 is set to match max (7 fungiform,  fiti form )i and 0 = 100, were
extracted according to our algorithm for extracting candidates for papillae locations
described below. Based on previous work [Andablo-Reyes et al., 2020] and our
experiments in detecting papillae, we find that rfungiform = 439, 7 fiti form = 177.5
work well for automated detection. These segments have been manually labelled
into one of three classes: fungiform papillae, filiform papillae or None (neither
a fungiform nor a filiform). The final dataset consists of 414 fungiform, 1489
filiform and 190 None, resulting in 2092 tongue segments in total. The number of

segments per participants can be found in Table [A.§]
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Finding Candidates for papillae locations

The pipeline for segment extraction works as follows. First, we pick a random
point P on the surface. Then, we select a radius r + ¢ of points around P, where
we set 7 to match max (7 fungiforms T fiti form) M. Note that the distance from P
is computed as the 3D Euclidean distance in the ambient space. If the set of
points contain disconnected components, then components not containing P are
discareded from the computation. We set § = 100 to fully cover any papilla in
the region. After that, we fit a plane based on the RANSAC algorithm [Fischler
and Bolles, [1981] and identify the point M furthest away from the plane, which
will be a local maxima. We identify it to be the centre of the segment. Finally,
we cut a region of radius r around m as a candidate segment. This process is
applied repeatedly to identify multiple papilla segments. In future iterations, any
maximum within a previously processed segment is ignored. Number of iterations
and samples in our experiments were limited by the need for manual labelling. In
applying our model for mapping papillae (e.g. as in Figure the process can

be continued until no new papillae is found.

Baseline, geometric and topological features

Three sets of features are extracted from each of the selected segments — baseline,

curvature and topological.

Baseline features

We use geometric measurements for baseline feature identification, which comprises
of two quantitative shape characteristics of the papillae: height and radius. From
the data presented in Table 1 in |[Andablo-Reyes et al., [2020], based on Tukey’s
test for statistical significance of the means and standard deviation, the diameter
(and the radius, respectively) and height are different between fungiform and
filiform. Therefore, they can serve as features for distinguishing between the three
classes.

We note that defining the height and radius automatically is a challenging
task due to the irregular nature of these structures and to our knowledge no
unambiguous definitions exist in the literature to date to identify these features
accurately. Human participants do this manually by observing the continuity of

the papillae from the base to the tip.
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We compute height and radius as follows. The point m, identified as the local
maximum for the segment, as the centre of the structure. Then we define the
radius r as the radius value of the sphere, centered at M, which contains 90%
of the points in the segment. We compute this iteratively, by first guessing the
value of the radius i as a small value (100pm), and count the number of points
in the neighbourhood of radius ¢ (we use KDTree with FLANN [Muja and Lowe,
2009| for nearest neighbor search). We then increase ¢ by 10, until the number of
points contained in the neighbourhood exceeds 90% of all points. The value of i
at the stopping condition is our candidate for radius value, . The computation
of the height, h, is dependent on the value of r. It works as follows: we first cut
a region around the centre of radius r, we then fit a plane using the RANSAC
algorithm [Fischler and Bolles, [1981] and find the maximum distance from the
plane to the local maximum point M. This value is our height value, h. All the
computations have been performed using the Python libraries open3d and numpy.
The algorithm is mimicking the manual procedure which a tongue expert would

use to compute these values. An illustration of the procedure can be found in

Figure

Geometric features

Curvature features For each z € H, where H is the surface generated by
the Poisson surface reconstruction process, we compute the discrete curvature
as defined by Meyer et al. [Meyer et al., 2003]. The definition in the discrete
case on the triangular mesh is via the vertex’s angular deficit ky(v;) = 27 —
ZjeN(i) 6;;, where N (i) are the triangles incident on vertex ¢ and 6;; is the angle
at vertex ¢ in triangle j. The way that Gaussian and mean curvatures are
computed uses averaging Voronoi cells and the mixed Finite-Element/Finite-
Volume method [Meyer et al) 2003]. We use the existing implementation from
the Python version of Meshlab, called pymeshlab [Muntoni and Cignoni, [2021].
We use the maximum and minimum of the Gaussian and mean curvature
as features, the ratio of positively curved points to the number of all points in
the mesh (Kpositiveratio), and we introduced a new feature called curvature ratio
(Kratio). Let o be the number of points of positive curvature, and y be the number
of points of negative curvature. Therefore, we define the curvature ratio k..o

to be kpgtic = % if y <z and kpuo = f if x < y. The signs of the mean and
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the Gaussian curvature provide plenty of information about the local behavior
of the surface |Colombo et al., [2006]. We computed the discrete Gaussian and
mean curvature for all meshes and calculated the number of vertices of positive
and negative curvature (after the Poisson surface reconstruction filter). The ratio
of positively curved points to the number of all points in the mesh is defined as
Epositiveratio = IITy The full list and intuitive interpretations are provided in the
Supplementary material, Table

Magnitude-based feature Let (X, d) be a finite metric space with distance
metric d. Then, the similarity matrix of X is defined as (;; = e %7 for 1 <1i,j <n,
where n denotes the cardinality of X. Magnitude is then defined as the sum of
the entries of the inverse of the similarity matrix ¢, Mag(X) = Eij(g—l)ij. We
use magnitude at a single scale, in this case ¢t = 0.25, as this appears to be the

most distinctive value between the young and the old brain.

Topological features

We subsample the 3D point clouds to 1000 points each and compute the Vietoris-
Rips complex, using the Euclidean distance as a filtration. Persistent homology
[Edelsbrunner and Harer], 2022] of the 3D point cloud was computed using the
giotto-tda library [Tauzin et al., [2021] and ripser |Bauer} [2021b]. We then
generate 12 features which are one number summary of the diagram, providing
different topological information. For more details on persistent homology, please
refer to the Supplementary material.

Short bars are the number of intervals of length between 0 and 10. We compute
them both in homology dimension 0 and 1. This features has been found to capture
the local geometry of an object [Bubenik et al., 2020]

Persistent entropy |Chintakunta et al., 2015, Atienza et al. [2020] is the
measure of the entropy of the points in a persistent diagram. Concretely, let
D = {(b;,d;)}icr be a persistent diagram with non-infinite death times, i.e.,
d; < 0o. Then, the persistence entropy of D is defined as Pg(D) = .., p;i log(pi),
where p; = % and Lp = Y. .;(d; — b;). We compute persistent entropy in
dimension 0 and 1, and denote it by Persistent entropy (0) and Persistent entropy
(1).

Persistence landscapes: Given a persistent diagram D = {(b;,d;)}ier, its

persistence landscape is the set {A;}ren of functions A, (t) : R — [0, 0o, where
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Ai(t) is the k-th largest value of the set {g, q,)(%)}i,, Where g q) = 0 if 2 & (b, d);

g(b,d):x—blf:vé(b H—d) andg(b’d):_x‘i’dlfl’é(b%l,

7 d). The parameter k

is called a layer. In this work we consider the case when k = 1.

Persistence image: diagrams are converted to sums of Dirac deltas. The
convolution with Gaussian kernel is performed, where the computation is done
over a grid with rectangular shape. The locations of the points are evenly sampled
from the values of the filtration, turning it into a raster image, which is then
flattened into a vector.

We note that including both persistence landscape and persistence image might
appear redundant in general, as these are two different vectorizations of the same
diagrams. We did not find correlation between the features derived from them
and this is why we kept them. However, this could be due to the procedure used
to adjust the parameters of the persistence image (the bandwidth might not be
tuned well), and as a result the corresponding Gaussian functions are too spread
or narrow. We note that this question warrants further investigation which is
outside the scope of this chapter.

Amplitude can be defined as the distance from the persistent diagram to the
empty diagram, which contains only the diagonal points. Here we use 2 kernels
(persistence landscapes [Bubenik and Diotko, 2017] and persistence image [Adams
et al., 2017]) and the amplitude of the kernel is computed using the L2 norm, and
2 metrics (Wasserstein and Bottleneck). For the computation, we use the default
parameters in giotto-tda.

We here denote Persistence image amplitude by Amplitude (Image, 0) Amp-
litude (Image, 1) for the computation of the amplitude with the persistent image
kernel (which is the is the L2 norm of that vector) in homology dimension 0 and
1, respectively. Similarly, Amplitude (Landscape, 0) and Amplitude (Landscape,
1) is the Persistence Landscape amplitude in homology dimension 0 and 1.

The Wasserstein amplitude of order p is the Lp norm of the vector of point
distances to the diagonal, which is A, = g(ziel(di - bi)p)%. Here we use
p = 2. Similarly, the Bottleneck amplitude, Apg, is defined by letting p to oo
in the definition of the Wasserstein amplitude. In other words, it is a fraction
of the longest bar Ap = ‘/7§supie ;(d; —b;). We denote them by Amplitude
(Wasserstein, 0), Amplitude (Wasserstein, 1) and Amplitude (Bottleneck, 0),
Amplitude (Bottleneck, 1) respectively, corresponding to the different homology

dimensions.
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Machine learning and statistics

Classification models. The experiments use classes of simple models — Support
vector machines (SVMs) and Logistic regression models. The implementations
from scikit-learn [Pedregosa et al., 2011b] were used without modification and
with the default hyperparameters. The SVMs were used with a radial basis kernel
(RBF). We use 20% of the data for testing and the other 80% for training using a

random split. The procedure is repeated 50 times.

Performance Metrics for machine learning.  Accuracy represents the
proportion of correct predictions made by the model out of the total number
of predictions. To adjust for the varying number of samples across classes,
we compute the balanced accuracy. It calculates the average of the correct

classification proportions for both positive and negative observations.

Feature Importance. The plots are based on classification by the best balanced
accuracy split of the data, and 30 permutations of the features for that split. The
black line represents the standard deviation of the feature importance over the 30

runs.

7.1.3 Results

Our analytic framework processes the data, computes the features, and then
applies machine learning driven analysis. We briefly explain the data processing
and feature extraction. Then we proceed with a machine learning driven analysis
of the feature set, prediction of gender, age and papillae type that reveals insights
about papillae.

The data is obtained as 3D digital scans. The process starts with taking masks
of the dorsal area of tongue of participants on silicone polymers. These masks
are scanned using a 3D scanner, which yields a set of 3D points. These points
are then passed through a surface reconstruction algorithm |[Kazhdan and Hoppe,
2013] implemented in Meshlab [Cignoni et al., 2008|, which yields a mesh and a
corresponding surface (see Figure . This process was developed by Andablo et
al [Andablo-Reyes et al., 2020].

From this mesh data, we extract segments that are candidates for papillae.
The extraction process is as follows. Around a point P on the surface, select the
set B of points within a radius r + 0, where r = max("fungiform, Tfiliform) #M and

0 = 100pum, which we find to work well in practice. A plane fit to B based on the
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RANSAC algorithm [Fischler and Bolles| |1981] represents our best approximation
of the plane of the segment base. The local mazimum m in the segment is defined
as the point furthest away from the plane. This point is assumed to be the peak of
a papilla, if present. Finally, we cut a region of radius r around m representing a
candidate mesh for a papilla. Figure[7.2(a) and Figure[7.2b) show such extracted
segments for a fungiform and filiform papilla, while Figure (c) shows general
surface area without any papilla. These three kinds of elements are the basis of
our study.

A total of 2092 segments extracted from scans of 15 participants were labeled
manually as Fungiform, Filiform or None. All accuracies reported in this chapter
are accuracy on the test set of unseen data. The analysis and machine learning
are carried out on a large set of features (Table [A.7). In past work[Andablo]
Reyes et al., [2020], baseline features height and radii have been found to be
distinctive between papillae types. Our more comprehensive segment dataset
and computational models improve upon these baseline features to attain high

accuracy automated detection of papillae type and other tasks.

Features and feature visualisation

Features can be considered at different scales. At the global scale, a topological
invariant of the entire papilla may be a distinctive feature; or an isometry invariant
like magnitude can accurately capture the effective number of points in a papilla.
At the local scale of the neighborhood of a point on the surface, geometric properties
— in particular, curvature of points in the neighborhood — best characterise the local
shape of the surface. Local properties can be aggregated over the entire papilla
to obtain a global feature. We describe below the significance of topological and

geometric quantities in this context.

Topological features. In this work, topological properties are computed
via persistent homology. In this approach, each vertex (for us, a point on the
reconstructed surface) is treated as the center of a growing ball, and the union
of these balls is observed for changing topology. One way to interpret compu-
tational persistent homology is that it monitors topological features of different
dimensions as they are born and die with the growth of the balls. Connected
components in 0-dimension, loops in 1-dimension, and higher dimensional spheres

in higher dimeensions. For a comprehensive introduction see the text by Edels-
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brunner and Harer [Edelsbrunner and Harer| [2022]. Figures[7.2[(d — i) show the
persistent topological components for the three types of segments, where the
scale is measured in pm. Figures (d — f) show the persistent diagram view,
where each component manifests as a point indexed by its birth and death time.
The difference in distribution of the points across plots suggests that there are
variations in topological features for different segments. Figures (g — 1) show
an alternative view of the same data, called the barcode view — where each bar
shows the life duration of a topological component. From these sets of bars we
can derive statistical features based on the distribution of bar lengths and more
sophisticated methods. The feature which we have used in this work are based
on persistent entropy, persistent images, persistence landscapes and amplitudes
(please refer to the Methods section for detailed definition of each of the features
and Table [A.7)).

The distribution of bars at different lengths for H, (connected components)
are shown in Figure (j,k) as the kernel density estimates. Fungiform bar lengths
in Plot (J) have higher density for shorter bars of length between 0 and 10
as compared to Filiform and None (around 0.01), and then again in the mid
range between 17 and 25, where all densities achieve their maximum. There are
considerably fewer longer bars for Fungiform as compared to Filiform and None,
which dominate the longer bar end of the spectrum. In plot (k) with densities
H,, we note that the density of short bars (lengths between 0 and 10) are higher
for Fungifrom (0.07), followed by Filiform (0.065) and None (0.06). Thus there
seems to be one predominant region of major difference, while H, shows greater

variation across types.

Geometric features. As geometric features we consider both magnitude and
curvature. Curvature is locally defined at each point and is a complete descriptor
of a surface. Positive curvature occurs where the surface matches a region of a
sphere, for example at the top of a fungiform papilla. Sharp peaks are characterised
by high positive curvature, while gentle tops, such as at the top of the fungiform
papillae, have lower positive curvature. Negative curvatures are observed in saddle
shaped neighborhoods, for example, around the base of papillae.

In digital discrete data, where manifolds are piecewise linear (triangulated)
meshes, as in our case, curvature is computed at each vertex of the mesh as the
angle deficit of the manifold (see Methods section for details). For our analysis, we

compute curvatures on a sample of points in the segment. The geometric features
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of a segment include quantities such as the maximum and minimum of Gaussian
curvatures, percentage of points with positive and negative Gaussian curvature,
and other aggregated quantities (See Table .

The distribution of curvatures of the segments in Figure [7.2f(a-c) are shown in
Figure (l) For all types of papillae, most points are seen to be concentrated
around small values of curvature close to zero. In particular, fungiform papillae
have more points of near zero curvature, as can be expected from fungiforms
having mostly flat or gently curving surfaces. In contrast, filliform and even
generic surface areas are seen to have greater fraction of sharper curvature points.

For magnitude, we plot in Figure [7.2{m) the magnitude functions of fungiform,
filiform and none papillae. We compute magnitude in the interval [0, 1.5], and
notice that the magnitude function of fungiform papilla has a distinctive pattern

at the lower values of the scale parameter .

Feature analysis and feature importance

Various features may have different levels of importance in the distinction between
papillae. The importance of a feature is a fundamental question in the field
of explainable machine learning, and is usually determined by its contribution
to a classification model. It is a somewhat complex measure that is difficult
to derive by looking at the feature in isolation. For our purposes, we use the
technique called permutation feature importance |Breiman, |2001], and compute
the contribution of these features to a class of standard classifiers called Kernel
SVMs. The permutation feature importance method evaluates a feature f by
nullifying f of the test data and observing the drop classification accuracy of
the model. A large drop in accuracy implies f is an important attribute for the
classifier model. The effect of nullifying f is achieved by permuting the values of
f among the test data points.

Figure[7.3| shows three most important features in determining each of the four
labels of interest to us: the papillae type, the gender, the age and the participant
id. The main observation here is that certain topological features are seen to
be consistently important in these tasks (Figures [7.3|a-d)). Topological features
overall are also found to contribute more to prediction accuracy than other features
(Figure [7.3](e)).

Type prediction features. The KDE plots of the most important features for
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the papillae type classification task are presented in Supplementary Figure [A.40)]
and the box plots and the aggregated distributions are shown in Supplementary
Figure [A.39] The three distinctive features are seen to have very different distri-
butions for the different types of segments, which explains their effectiveness in

classification.

Gender prediction features. We have two topological and one curvature
feature at the top three for gender prediction task, whose box plots and aggregated
distributions can be found in Figure [7.4] Persistent entropy (0) (Figure [7.4](a)),
Maximum Gaussian curvature (Figure [7.4[b)) and Short bars (1) (Figure [7.4]c))
are all important features for determining gender. Figure (a), shows that the
female participants tend to have a higher median value of the max Gaussian
curvature (which holds for both Fungiform and Filiform) as compared to male

participants, which could be linked to female papillae being ‘sharper’; or ‘pointier’.

Age prediction features. Topological features also dominate the age-prediction
task, as seen in Figure [7.3] Persistent entropy (0), Amplitude(Image,0) and
Maximum Gaussian are the most important features for the age classification task.
The baseline features (Height, Radius) are not amongst the most essential for this
task, suggesting that their characteristics do not differ much for the two age groups
in this study. An interesting observation is that height is more important than
radius. Similar to the gender-prediction task, the Maximum Gaussian curvature
feature is one of the most important. The median for the younger age group is
0.269 (n = 840) and for the older is 0.166 (n = 640), implying some difference
between the two groups, with the younger group having ‘pointier’ papillae. This

holds both for Fungiform and Filiform.

Predicting gender, age and participant from papillae struc-

ture

Having understood the differences in papillae structure based on gender and
age, we ask if one can easily predict gender, age and the participant given a
papilla. Specifically, we ask if the papillae and the features identified above
contain sufficient information to allow simple statistical methods to carry out

accurate prediction.
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Gender prediction

108

In this task we predict the biological gender of the participants. The classification

performance is presented in Table [7.I] The models trained on topological features

result in accuracy of 65%, outperforming the geometric features without magnitude

by 5% and with magnitude by 3%, and baseline features by 14%. Using all the

features together marginally improves accuracy to 67%.

Age prediction

The participants are split into two groups depending on their age. The cut-off

is 29 to achieve a close to equal split. The classification statistics are shown in

Table [7.1] The results follow similar pattern to the gender prediction task. The

topological features on their own achieve classification accuracy of 0.73, closely

followed by curvature with 0.67. The baseline features are behind by almost 0.10,

with a score of 0.58. Combining the features once again improves accuracy to 0.75.

Results for Leave One Group Out test, where the age and gender of an unseen

participant is predicted based on data from the others is shown in Supplementary

Table [A.10l

Model Balanced accuracy(Age) | Balanced accuracy(Gender) | Balanced accuracy(Participant)
Baseline features 0.57 £0.02 0.52 £0.03 0.18 £ 0.02

Geometric features without Mag | 0.66 + 0.02 0.59 4+ 0.03 0.22 +0.02

Geometric features with Mag 0.66 + 0.02 0.62 £+ 0.03 0.34 + 0.03

Topological features 0.72 £0.01 0.65 £ 0.02 0.39 £0.03

All Combined without Mag 0.74 + 0.02 0.67 + 0.02 0.48 + 0.02

All Combined with Mag 0.73 £ 0.01 0.68 + 0.02 0.51 + 0.03

Table 7.1: Balanced accuracies for age, gender and participant prediction

tasks The topological features outperform the curvature and baseline features

across all three tasks, and adding all features together does not improve the

accuracy significantly for the age and gender tasks (only 0.02 increase). However,

this is not the case for the participant prediction task, where the performance

improves with 0.09. These results suggest that the topological information is

a good indicator of age and gender. We note that adding magnitude to the

curvature-based features further improves the accuracy (apart from in the age

prediction task, but since the standard deviations are the same and the difference

is 0.02, it did not lead to a significant drop in performance

), and adding magnitude to all features leads to 0.03 increase in the Participant

prediction task.
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Participant identity prediction

In this task we predict the participant from their papillae. The balanced accuracy
of the topological features (39%) are almost double that of curvature features
(22%). This is illustrated by the most important features as well, as all three
of them are topological. Unlike in the previous two tasks for gender and age,
here combining all the features brings a significant improvement in the balanced
accuracy score to 48%, suggesting that both the local and global information can
contribute to predicting the identity of the participant. Further improvement
is noted when we add the magnitude feature to the curvature features, where
we notice an improvement of 12%, indicating that magnitude complements the
curvature features well in capturing global geometry of the space. In addition,
the overall performance improves by further 3% when we add magnitude to all
features. Note that while accuracies around 40% to 50% as seen here are not
good on binary classification tasks, in this case the task is distinction among 15
participants. A baseline rate of random prediction in this case will produce an
accuracy of only 6%. The features thus distinguish participants to a high degree

of distinctiveness.

Papillae detection and type classification.

The final result is the accuracy of the classification task for 3-class classification
(fungiform vs. filiform vs. none) based on the features (Table [A.7). The classifica-
tion statistics are shown in Table[7.2] The accuracy of the topological features is
better than the baseline and the curvature features, and combining all features
together provides the best accuracy. We achieve balanced accuracy of 0.72 for the
topological, 0.67 for the curvature and 0.62 for the baseline. Combining all the

features increases the performance to 0.85.

Application of classification model

The machine learning model developed can be used for accurate papillae detection
and positioning on segments from a single person’s tongue. Figure shows
the method accurately positions the fungiform form (in blue) and filiform (in
yellow) on a tongue segment from one participant. This automated approach can
thus efficiently and accurately construct maps or tongue prints from given tongue

masks.
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Bal. Acc (SVM) | Bal. Acc (LR) | Bal. Acc (SVM-LOGO) | Bal. Acc (LR-LOGO)
Baseline (height, radius) | 0.62 = 0.03 0.57 £ 0.03 0.59 £ 0.14 0.55 £ 0.11
Geometric (our method) | 0.67 £ 0.03 0.60 £ 0.03 0.67 £ 0.05 0.65 £ 0.03
Topological (our method) | 0.72 £ 0.03 0.67 + 0.03 0.72 + 0.08 0.69 &+ 0.08
All Combined 0.85 £+ 0.02 0.80 £ 0.02 0.83 £+ 0.05 0.80 £ 0.06

Table 7.2: Comparison of classification results for the classification task for
3-class classification (fungiform vs. filiform vs. none) with random split and
using Leave-One-Group-Out (LOGO), where the test data are taken from a single
participant and training is carried out on samples from all other participants.
The models used are Support vector machines (SVM) and Logistic regression
(LR). The standard deviation for the baseline and topological features is larger for
LOGO, suggesting that there is higher variation between participants for these
feature sets. This is not the case for the curvature features, which appear to
be more similar and stable across participants. However, when all the features
are combined, the balanced accuracy is improved and the standard deviation is

relatively low.

7.1.4 Conclusion

We have presented here the first study of the 3D shapes of human papillae based
on high resolution scans. Our study is based on a novel framework combining
geometry, topology and machine learning. Past research [Sanyal et al., [2016,
Valencia et al., 2016] has focused on fungiform papillae in 2D images. In contrast,
our microscale 3D reconstruction based approach can detect filliform papillae and
non-papillated areas of the tongue, which are hard to distinguish with the naked
eye and 2D images. Recent research has shown that the human perception of
food is governed not only by the chemical sensation of taste, but also heavily by
the mechanosensation, i.e. texture perceived by filliform papillae, for example, in
the perception of soft textured delicacies such as chocolates |[Soltanahmadi et al.,
2023|. Of more importance, the framework proposed here can be extended beyond
the tongue papillae to the general study of shape and arrangement of microscale
surface elements such as finger-like projections that are omnipresent in biology.
To capture the intricate biological shape information, we have developed a
pool of geometric and topological features. While 3D geometric and topological
transformations have previously been used to process biological scan informa-

tion [Zhao et al., 2006| [Sundaram et al., |2008], we employ a unique approach
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and treat them as statistical data that are fed to a machine learning system. In
addition, magnitude-based features have not been used in machine learning. In
this approach, curvature statistics are used for aggregated local information, while
persistent homology and magnitude are used for global characteristics. Based
on the subject of study, other features may be used. In our analysis topolo-
gical features turn out to be more informative in prediction. Recent research
[Bubenik et al., |2020] has suggested that persistent homology can capture local
shape information as well as global properties. Our results on tongue papillae are
consistent with this idea.

The analytics are based on machine learning models. The models themselves
are built to predict the relevant variables of type, age, gender and participant,
but our objective was to gain a better understanding of variations across classes
and features. We thus used permutation feature importance to evaluate how each
feature contributes to each model. From a pure accuracy point of view, large neural
network models [Andreeva et al. 2020] trained on big datasets are considered the
most successful current paradigm [Shahid et al., 2019]. However, our objective in
this study was to develop an interpretable framework for investigation of biological
surface features, operating on relatively few samples from few participants. We
have thus used simpler models that can be trained with smaller quantities of
data. The accuracy of the results with simple models gives us confidence in our
conclusion of feature importances and in the feasibility of highly accurate machine
learning models in future research.

The tasks for prediction of age group and gender suffer from the small number of
participants. Machine learning models for these tasks achieve balanced accuracies
of approximately 74% and 67% respectively. Note that for such binary prediction,
a random prediction model achieves 50% accuracy. The results suggest that
geometric and topological features do vary to an extent across these variables,
but more data will be needed to confirm the result and the nature of variation.
The higher max Gaussian curvature appears as an important feature for female
participants and the younger age group, suggesting more sharply curved or pointy
shapes in these demographics. In past research, women and younger people have
been noted to have higher density of fungiform papillae, which has been attributed
to variations in taste perception, and women have been observed to be supertasters
more frequently [Bartoshuk et all 1994, [Fischer et al., 2013, Zhang et al., [2009).

The curvature variation implies a difference in papillae shapes that could be
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contributing to the sensory differences as well. Fungiform papillae density has
been noted [Karikkineth et al., 2021] to drop above an age of 65. In our study
the participants were within the relatively young range of 22 — 37. The shape
features show some variations to reach a classification accuracy of 74% between
age groups 22 — 28 and 29 — 37. The Leave One Group Out test on age and gender
(Supplementary Table shows lower accuracy and greater variability. Certain
individuals seem harder to model in this task. Further investigation with more
participants will be required to gain greater insight into this issue.

The papillae type detection results are more accurate at 85% and based on
a large number of papillae, which gives us confidence that the model is truly
accurate. To confirm that the models generalise to unseen participants, we carry
out the Leave One Group Out test, and find that the accuracy holds up even on
samples from a completely unseen participant, which confirms that the models can
be used to classify and localise papillae on new tongue impressions. The papillae
type model can thus be used to automatically identify filiform and fungiform
papillae on scans of new tongue impressions.

The individual participant model shows 48% balanced accuracy and 51% raw
accuracy. This score is not impressive in a binary classification task, but our
participant prediction task is a multi-class one, with 15 possible classes. A papilla
could have belonged to any one of the 15 classes, and a random predictor would
have an accuracy of only 6.66%. Considering the sample sizes from different
participants, (Table a predictor that always predicts the largest class can
achieve an accuracy of 11%. In comparison, the model achieves between 4 to 8
times the accuracy of these baselines based on the distinctiveness in the data
of a single papilla. This distinctiveness may have multiple contributing factors —
these can be true inter-individual variations as well as variations in experimental
conditions in collecting the masks. The exact cause of this difference will require
further study. Note that while the age, gender and participant identification tasks
suggest unique individual characteristics, the success of the type identification
task suggest a complementary conclusion of significant similarity within types and
across individuals. Larger studies can potentially address some of these issues
using larger models and more complex features, such as persistent homology of
curvature functions.

The framework and discriminative models presented here enable deeper study

of the papillae structure and their variations and arrangements. The model
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for localising and classifying papillae (as seen in Figure enables the study
of the overall tongue surface, or tongue prints. Such arrangements of papillae
are known to influence the surface properties of the tongue and its perception
abilities [Andablo-Reyes et all 2020]. Our data and past research have shown
that the distribution of papillae vary across individuals. A detailed study of
this variation across various demographic parameters could reveal insights into
preferences, cultures and medical conditions. Arrangements identified by our
models could be used to build generative models that can fuel such insights and
can create more realistic surfaces for use in food engineering and development of
oral diagnostics. Ultimately, this study offers a new dimension showing papillae
as an unique identifier for the first time in the literature which needs further

validation using this developed method for a larger dataset of participants.
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Figure 7.2: Papillae identification and topological feature characterization
Plots (a~c) show how the candidates for papillae from one Participant (Participant
id 3) as meshes, using the library open3d. They are representatives from the 3
classes (a) Funigform, (b) Filiform and (c) None — no papilla. Plots (d-f) show their
respective topological representations of (a-c) in the form of persistent diagrams
measuring two main topological features: Hy — the connected components and
H; — the equivalent loops. Plots (g-i) show the equivalent representation of the
persistent diagram in the form of a barcode, where the bars in red correspond to
the connected components and the bars in blue — to the loops. Each bar represents
a persistent generator, which is an interval where its left end point corresponds
to the first filtration level where this topological feature appears, and its right
end point is the filtration level where it disappears. Plots (j) and (k) show the
kernel density estimate (KDE) using Gaussian kernels — plots representing the
distribution of the lengths of bars from the barcode (for a,b and c.). Plot (1) reveals
the curvature distribution across the different labels, and plot (m) shows that

there is a difference between the magnitude functions of fungiform and filiform.



Chapter 7.  Biomedical applications of magnitude and TDA 115

Type Gender Age
0.15 o 0.08 o 0.08
) ] 2
g 5 5
I £ 0.06 £ 0.06
£ 0.10 g g
o
£ £ o =
£ s O o 004
5 005 2 2
g 8 0.02 8 002
0.00 - N o 0.00 ~ 0.00 ~
3 N a3 S & N & N O
Y & o"’a} 4 o“")\ Q C 4 S &
a S & < & &° & & &€
(2
& & & & &° S &\ &
& & 9 N 2 N > ‘g
& & & & & & £
e e~ & ~ & &
Participant Relative feature importance
1.00

e
N
o

Bl Topological
B Curvature
I Baseline

o
N]
s

Feature importance
Feature importance
o
3]
o

0.00

Classification task

Figure 7.3: Feature importance across the classification tasks The plots
(a-d) represent the three most important features in the individual classification
tasks. In particular, in plot (a) we see the papillae type task feature importance,
in plot (b) Gender task features ordered by importance, in plot (c) the Age task
features and in plot (d) the participant task features ordered by importance. The
x-axis represents the accuracy drop when the feature of interest is permuted,
and the black line represents the standard deviation over 30 runs. In plot (d)
we see the relative importance of all features from each kind in each task. The
curvature followed by topological features are the most important for papillae type
classification; the topological are the most important for the Gender classification
task; the topological are even more important for the Age classification task. We
note the growing relative importance of topological features from 0.34 to 0.69 and
the diminishing importance of the baseline features from 0.22 to 0.04, from left
to right. The curvature features are the most important for the Type task with
0.44 and maintain consistent medium importance across the Gender, Age and

Participant prediction task with 0.28, 0.25 and 0.27, respectively.
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Figure 7.4: Important features for gender classification The most important
features for gender classification and its aggregate distribution. Both the aggregate
and individual distributions show that the females have lower number of short

bars than males.
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Figure 7.5: Automatic identification of tongue papillae Illustration of the
result of our tool for positioning papillae on the surface of the human tongue.
Here our tool has detected the positions of fungiform (in blue) and filiform (in
yellow) on the tongue surface. It has found 14 fungiform and 40 filiform papillae.
As a red dot we see the centre of the papillae, which is determined as the local
maxima for the structure with the highest distance from a fitted plane, using the
RANSAC algorithm.
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7.2 Detecting age from brain artery trees

Changes in the network of blood vessels (also known as vasculature) are often the
first signs of development of diseases like Alzheimer’s or stroke. If we are able to
develop methods aimed at identifying these alterations, we will be better equipped
to treat early these conditions and to develop preventative therapies. With ageing,
brain vasculature changes and it is important to be able to recognise and quantify
such changes. Previous studies have demonstrated the usefulness of topology for
the age detection problem [Bendich et al., 2016]. Brain vasculature has been
found to be correlated with age from 2 different analysis methods — statistical
and TDA. Methods from the former have found age to be correlated with total
artery length |Gutierrez et al., 2016], which forms the basis of our benchmark
classification model, together with gender and handedness of the subjects. On
the other hand, TDA has been useful in identifying correlation between age and
the positions of arteries in space in a way that statistical analysis is not capable
of discovering |[Bendich et al., 2016].

In this part, we have focused on deriving a number of features based on
Persistent homology (PH) and magnitude, and building a machine learning model
capable of distinguishing between brain artery trees coming from 2 different
age groups with 72.4% accuracy, compared to 71.3% for the benchmark of pre-
computed biomarkers as part of the dataset. Using only magnitude features, we
achieve 69.4%, but the best result is achieved when the PH-based features are
combined with magnitude: then we achieve 73.5% accuracy. An example of a
reconstructed image of an artery tree is shown below (image taken from |Bendich
et al., 2016]).

Figure 7.6: Brain artery trees. Image taken from [Bendich et al., [2016].
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7.2.1 Topology and Geometry are important

The main approach adopted in this part is on taking into account the geometry
and topology of the brain artery trees. To achieve this goal, we use topological
data analysis (TDA) and magnitude. Both TDA and magnitude extract numerical
features that quantify the shape of point clouds. A point cloud may have different
connected components, loops, voids, all these peculiar structures can be extracted
via TDA techniques; and for magnitude, summarising the brain artery tree by the
effective number of points at different scales seems like a reasonable choice given
the geometric nature of our task at hand. For this purpose, we would like to first
study how brain vasculature changes with age for people without accompanying

brain conditions.

7.2.2 Dataset

In this study we are comparing the arteries between non-pathological cases of
98 brains belonging to individuals of age between 18 and 79. We will explore
the point clouds of brain artery trees, extract topological features which would
allow us to quantify looping and branching at multiple levels and train a classifier
to distinguish between 2 age groups: group 0 with people younger than 45, and
group 1 with people older than 45. It has been suggested in [Bendich et al. 2016]
that topological features can help in identifying the age of a person’s brain, with
younger people having significantly longer total artery length and more loops in
it.

The dataset consists of 98 artery trees which are the result of applying a
tube-tracking algorithm to the 3-dimensional Magnetic Resonance Angiography
(MRA) images of the brain. Each tree consists of approx. 120000 vertices, branches
and edges. For the purpose of this analysis, we have only used a point cloud of
all the vertices for initial visualisation and we have randomly downsampled to
500 vertices per tree in order to reduce the computational time. The labels in
the dataset depend on the age of the subject: label 0 means that the subject is
younger than 45, while label 1 means that the subject is older than 45.

In Figure [7.7] we see the label distribution of the dataset. We have a well-
balanced dataset with almost 50-50 split between the 2 age groups.
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Figure 7.7: Age distribution of the dataset with label 0 means that the subject is
younger than 45 while label 1 means that the subject is older than 45.

7.2.3 Methods

The core of topological data analysis are persistence diagrams. These complicated
two dimensional diagrams describe the topological properties of a point cloud
in a scale-invariant way. We proceed by calculating the persistence diagrams
for homology dimension 0 (which accounts for the connected components) and 1
(which is linked to 1-dimensional loops) only, as higher homology groups require a
lot of time for computation.

In Figure (C—d) we plot the persistence diagrams of the two brain artery
trees from Figure (a—b). For homology in dimension 1, we can see that there
are more points further away from the diagonal in the case of the younger brain.
This signifies that there are more loops and the structure of the arteries is loopier
than that of the older brain. In|[7.8|e), we compare the magnitude function of
the same initial artery trees, and we note that at the lower values of the scale

parameter ¢, the magnitude functions can be distinguished from each other.

From PD to topological features for machine learning. The computed
PDs are a multiset and a metric space with the p-Wasserstein distance, but this
space is neither a Euclidean space nor a Hilbert space, which is needed for machine
learning methods such as SVM or PCA (where the input data is supposed to be
in the Euclidean space or Hilbert space). Hence, we cannot use them directly

as inputs for a variety of machine learning methods. Therefore, we convert each

diagram to a 2-dimensional vector with persistent entropy [Atienza et al., 2021].
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Figure 7.8: Magnitude and TDA distinguish differences between the
brain artery trees of 20- and 79-year old subjects. In this figure two artery
trees are displayed: the artery tree of a 20 years old subject (a), and in (b) we see
the brain artery trees of a much elderly subject. In (c) we see the PD of the artery
tree of a 20 years old subject from (a). In (d) we see the PD of the brain artery
trees of a much elderly subject from (b). In (e) we see the magnitude function
plot, allowing us to see difference between the patterns of the younger and older

brain in terms of effective number of points.
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This generates 2 topological features per persistence diagram: one persistent

entropy per homology dimension.

Figure 7.9: Scatter plot of the persistent entropies of the young and old patients.

We are thus able to generate simple numerical feature out of the persistence
diagram of a brain. However, when we plot the features in Figure[7.9] there are
not any distinct clusters: as a result we cannot expect to have great classification
performance based on only these two topological features. What we could try is
to add more topological features in order to improve the performances.

In order to improve the separation of the classes, we decided to add four
different topological features: they are called amplitudes. The amplitude of a
persistence diagram is the result of computing the distance — in a given metric —
of such diagram from the empty diagram. Depending on which metric is used in the
diagram space, such amplitude value may differ. We consider four different metrics
to compute a vector of amplitudes for each persistence diagram: ‘bottleneck’,
‘wasserstein’, ‘landscape’, ‘persistence image’. In order to complete the feature
engineering step, we also add the number of off-diagonal points per homology
dimension. Our intuition relies on the geometric nature of the problem: we believe
that to improve the results of a classification tasks, we can add topological features

to the dataset. We achieve classification accuracy of 0.735.
From magnitude function to magnitude-based features for machine

learning. Here we describe how to use the magnitude function for machine

learning. We compute magnitude for 100 intervals evenly spaced between [0.3, 10]
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Figure 7.10: The magnitude of brain artery trees. In plot (a), we see the
scatter plot of Age vs. magnitude at scale value of t = 0.1. We notice that there
is moderate correlation. In plot (b), we plot Age vs. magnitude at a larger scale

value, t = 1, and notice weaker correlation with age.

7.2.4 Results

We compare the classifier with topological features with a simple baseline based
on a geometric measure — the total artery length. We add two more features,
which are gender and handedness (which is tendency to use either the right or the
left hand more naturally than the other) which we have available for the dataset.
The accuracy is 0.7 for the baseline. Adding both magnitude features at scale
t = 0.1 and t = 1 has the same performance as the total artery length. The
topological features outperform the magnitude and baseline features, but when
we combine them with magnitude at scale ¢t = 1, we achieve the best accuracy of
0.74, indicating that both topological and geometric information leads to the best
overall performance. We can see the results in Table [7.3]

We note a 2% increase in performance in the topological features compared
to the baseline, and 4% increase when we combine the topological features with
magnitude. However, it should be noted that the original dataset contained more
than 120K points. The choice to downsample was for computational reasons so
that the code can run in less than 15 mins. Attempts with 3000, 2000, 1000 points
were made, but the time it took was substantially longer. The results are expected

to be better when we have more data points.
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7.2.4.1 Magnitude negatively correlates with age

In Figure [7.10] we plot the values of magnitude at two different scales, ¢ = 0.1
and t = 1, against the age of the participants. We note that magnitude correlates
negatively with age, with Pearson correlation coefficient of —0.52 with significant
p-value ((p << 0.05)); and —0.58 with again significant p-value (p << 0.05),

which is moderate to strong correlation.

Accuracy
Total artery length 0.70
Magnitude features 0.70
Topological features 0.72
Topological and Magnitude features | 0.74

Table 7.3: Classification results for the benchmark (total artery length) and

topological features based on a random subsample of the vertices.

7.2.5 Conclusion

We have obtained interesting results regarding the relationship between brain
artery trees and age, and developed a useful classification model which distinguishes
between younger and older brains with 73.4% accuracy. Adding magnitude at a set
scale to the topological features slightly outperform the geometric measurement of
total brain artery length in the age classification task. However, we are only using
a small subsample of 500 of the available vertices (out of 120k), which suggests
that there might be more accurate classification when one includes more points. It
would be interesting to see if adding more points to the point clouds would change
the accuracy and if so, by how much. The caveat will be a longer time to produce
the full set of persistence diagrams as well as magnitude, with approximately 1
minute per diagram for a point cloud of 3000 points, which would result in 90
mins for the entire dataset. Further methods for speeding up this process could
be investigated, together with a more accurate sampling procedure, as we used
random subsampling. We could use the approximation methods for magnitude
developed in Chapter [3| of this thesis. In addition, investigating the most relevant
scales for magnitude by using feature importance analysis, or using MagArea, as

developed in Chapter [6] which is a full-scale summary of magnitude, might result
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in more accurate classification results. Moreover, in further analysis we should
also calculate the homology of dimension 2, as that could provide additional
insight. We have considered the ageing effect on healthy individuals’ brain arteries.
In future work it would be of clinical interest to develop topological techniques
for detecting brain abnormalities linked to brain conditions such as stroke and

Alzheimer’s.



Chapter 8
Conclusion

The widespread adoption of ML in industry and scientific research shows that
it is not just a passing trend but a fundamental part of modern technology. In
this thesis we have sought to gain deeper insights into ML models via study of
their associated ML spaces. This was done through the use of magnitude as a
new and powerful tool to examine the underlying geometry of the relevant ML
spaces. However, magnitude is not limited in its applications to ML spaces, it
can be applied to any metric space. This is a very general condition, which many
important data spaces satisfy, in particular biomedical data can often be seen
as a metric space. For these reasons we have striven throughout this thesis to
emphasise the utility and versatility of magnitude as a data analysis tool.

The first challenge encountered when using magnitude is the high computa-
tional cost. Inverting high-dimensional matrices is a computationally intensive
problem. The first section of this thesis was dedicated to providing fast algorithms
to compute the magnitude of arbitrary metric spaces whilst minimising the loss
of accuracy as possible. These faster algorithms allow for the application of
magnitude to many problems that previously it was unsuitable for. A selection
of areas that we demonstrated the utility of these fast algorithms on included
regularisation on deep neural networks, clustering and larger training trajectories.

With the practical challenges of magnitude resolved, we then considered
another metric space of interest to researchers; the model space. The goal was to
show a direct link between magnitude and the generalisation error. This would
then imply that magnitude would allow us another tool with which to understand
the reliability of Al. Here, we proved a result that there is a direct link between the

magnitude dimension and the generalization error. This has ramifications for the
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wider field of AL. More precisely, the result states that for accurate and robust Al
predictions it is essential that the training trajectories have as small a magnitude
dimension as possible. While progress was made into understanding the link
between magnitude and the generalisation error, further clarity was required.

Through experimentation, it became evident that there was a strong connection
between generalisation error and magnitude. The difficulty lay in making this
connection precise. The solution was to introduce a refined version of magnitude
which we call positive magnitude. One of the main results of Chapter 4 was
a formula providing an upper bound for the generalisation error. From this
expression it is clear to see that the upper bound is directly correlated with the
positive magnitude. Once again, this reaffirms the idea that to have an accurate
Al, we require a small positive magnitude. The impact of this is significant. As
Al models continue to grow in importance, it is essential that we use every means
available to understand them, and we have shown one such way to gain insight
into this.

Continuing with the theme of applying magnitude to important metric spaces
for ML, we considered its application to latent spaces. For this purpose we
developed a family of new diversity measures derived from magnitude. They
serve as excellent metrics for measuring the diversity of latent representations and
outperform existing measures both when a reference dataset is available and in
its absence. In the first case, we find that magnitude captures mode collapse and
mode dropping better than existing metrics for evaluating generative models for
both image and graph modalities. In addition, we demonstrate that magnitude
can measure curvature better than PH. This is a particularly exciting result and
warrants further investigation.

In the broader area of Al, capturing mode collapse is important. When an
AT model experiences mode collapse, its outputs become predictable and limited,
reducing the system’s reliability. In showing that magnitude captures mode
collapse, we have paved the way towards a procedure where one can embed our
proposed metrics during the optimisation procedure of the model. This will ensure
that the impact of mode collapse is limited and will result in more reliable Al
models.

Finally, the applications of magnitude to biomedical data was considered.
In particular, data sets of 3D scans of tongue surfaces and brain artery trees

were examined. An interpretable framework was constructed for investigation



Chapter 8. Conclusion 128

of biological surface features, operating on relatively few tongue samples from a
small number of participants. We used a number of features based on PH and
magnitude to capture the topology and geometry of the underlying shapes. We
used the features to predict the age, gender and identity of the participants in
the dataset. The results were impressive, predicting the age and gender with
balanced accuracy of approximately 74% and 67% respectively. In the participant
prediction task, we achieved 48%, and noticed an improvement of 12% when
adding magnitude to the curvature features. This result indicates that magnitude
complements the curvature features in capturing global geometry of the space.

By applying almost the same methods and techniques on the brain artery
trees data, we achieved similar results in terms of predicting age. We developed a
useful classification model which distinguishes between younger and older brains
with 73.4% accuracy. Adding magnitude at a set scale to the topological features
outperforms the geometric measurement of total brain artery length in the age
classification task.

The work contained inside this thesis opens many exciting avenues for explora-
tion. In this work, we drew parallels and comparisons to PH in the cases wherever
appropriate. In particular, we find that using magnitude might be more beneficial
than PH, such as in computing curvature. The comparison between PH and
magnitude has been a consistent theme within our investigation, but many open
questions on comparing the two remain. For example, we have compared mag-
nitude dimension and PH dimension for measuring the known fractal dimension
of a Levy-stable process. However, a larger scale and more thorough investigation
on the benefits of using magnitude-based, PH-based dimensions or a combination
of both |Gove and Hepworth| 2021} (O’Malley et al., [2023] is needed. Furthermore,
they should be compared to other fractal dimensions such as box-counting and
correlation dimensions, similar to the work of |Jaquette and Schweinhart| [2020].

There is still further investigation into the usage of magnitude that could
lead to more advanced progress in related areas. For example, is it best to
use magnitude at a carefully selected scale, or to use the full-scale magnitude
summary? In addition, we have proposed positive magnitude as a generalization
measure, however we have not studied its theoretical properties in more detail.
Moreover, integrating magnitude-based diversity metric into ML models might be
beneficial for controlling the output of generative models.

This dissertation is an invitation to the wider adoption of magnitude. We
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have only began to scratch the surface of its potential applications. There are still
numerous unexplored avenues in ML, where this versatile and powerful geometric

concept can truly excel and generate unique insight, and be all you need.
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Appendix

A.1 Appendix for Chapter 3

A.1.1 Proofs of Theorems

Proof of Theorem [3.3.1]

Proof. We note that X is a homogeneous metric space, thus using Proposition

2.1.5 from [Leinster} |2013] we can calculate

B 2D
14 e 242D —1)e V2

Next, we consider the similarity matrix of X U {0} to calculate its magnitude.

S C
xXu{o} = A A

where A; is the similarity matrix for X,

Mag(X)

A= | Aa=a] A4:<1>.
—t

We will use the inverse formula:
Ay As
As Ay

130

-1
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AT+ AT A BTTASATY AT ALBTY
~B A AT B!

where B = A4 — A3AI1A2

As X is homogeneous, we observe that the sum of rows of A;' give

so each entry of A B is e‘lM%(X), and by symmetry the same is true for C A~

Thus B = #ag()()' It then follows that the magnitude of | X U {0} is

Mag(X)
D )

(1 —2e")Mag(X) +1
1 — e~ 2Mag(X)
When this expression is expanded, L.’Hopital’s rule then gives that

8(62t _ et(1+ﬁ))2 (et _ et\@)z

Jim Mag(X U {0}) — Mag(X) = 8ol — et@Hva)) o2t _otvE

[]

Definition A.1.1. Let z,y € R" be such that x1 > x5 > ... > xp, 1 >y > ... >
yp and Y o x; = o y;. Then we say that x majorises y if for all k = 1,...,n

k k
PREEDT
i=1 i=1

Theorem A.1.2 (Karamata’s inequality). Let I be an interval on R and let
f I — R be concave. If x1,...,z, and yq,...,y, are numbers in I such that

(X1, ..., T,) Majorises yu, ..., Yo then

fl@) + oo+ flan) < fly) + o+ [yn)-
Proof of Theorem [3.3.2]

Proof. Given a set X, we can write B = {b; < ... < b,} = X U {—00,00}. The
formula provided in corollary 2.3.4 from [Leinster, [2013] gives that

n bir: — b
Mag(X) = Ztanh (%bl) —1.
i—1

Note that here we define tanh co = 1.
Then given the points x; < x9 such that x1 € (b;,b;41) and x2 € (bg, bpt1), we

calculate that



Appendiz A. Appendix

If 7 # k then

- biy1 — b
Mag(X U {z,22}) = Ztanh <%> -1

i=1

— tanh (@) + tanh <[)”“T_II> + tanh (xl — bj)

(\V]

— tanh <—bk+12_ bk) + tanh <—bk+12_ :1:2) + tanh (xQ ; bk) .

It follows that
Mag(X U {z1}) + Mag(X U {z2})

— Mag(X U {z1, 7}) + Mag(X).

If j =k, then
- biyr — b
| X U{xy,z0}| = ;tanh (%) -1
— tanh M + tanh M
2 2
+ tanh (xQ — xl) + tanh (xl — bj) .
2 2
So

Mag(X U {x1}) + Mag(X U {z2}) — Mag(X U {zy,22}) — Mag(X)

132
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b\ — b,
— tanh (%) + tanh <%) _
beii—b. _
tanh (%) — tanh (JEQ 5 xl) )

We observe that tanh(x) is concave on x > 0 and that since b1 —b; > bj 1 —14

and bj+1—bj Z l’z—bj and bj+1—bj+l'2—l'1 = j+1—l'1+l'2—bj, (x2_x17bj+1_bj>

majorises (bj11 — x1, 22 — b;). Thus by Karamata’s inequality,

b — — b
tanh (M) + tanh <x2 ]> —
2 2
tanh (W) — tanh (xQ ; xl) > 0.

Thus it follows that

Mag(X U {z1}) + Mag(X U {xs}) > Mag(X U {z1,x2}) + Mag(X).

Hence magnitude on X is submodular. O]

A.1.2 DMore Experimental Results and Details

Larger datasets In Figure[A.]] we see a comparison between matrix inversion
and Tterative Normalizaion for 2 x 10* points sampled from A(0, 1) in R? over 5
runs. [terative Normalization is run for 10 iteration, as we observe fast convergence
towards the true magnitude value.

The experiment was ran on a NVIDIA 2080Ti GPU with 11GB RAM.

A.1.2.1 Further investigation of SGD algorithm

We experimented with multiple different batch sizes, but full size of the dataset, or
Gradient Descent (GD) appears to achieve fastest convergence. For completeness,
here we report the convergence results when we vary the batch size. Note that
while this method appears to be slower than Iterative Normalization, it can be
used when the size of the dataset cannot fit into memory.

Batch sizes are = {8, 16, 32,64, 128,256} and show in how many iterations the
algorithm converges, and learning rate is fixed at 0.01. Figure shows mean
and standard deviation, repeated over 10 runs, for 50 iterations, for a dataset
with 2000 points sampled from N'(0,1) in R2.
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Figure A.1: Time is measured in seconds. It takes 1.12 seconds for Iterative

Normalization to execute for 2 x 10* points, while Inversion requires 126.9 seconds.

It appears that all batch sizes tend to converge towards the true magnitude

value after iteration 20.
Experiments ran on a NVIDIA 2080Ti GPU with 11GB RAM.

100
—— Batch size = 8
—— Batch size = 16
75 1 Batch size = 32
Batch size = 64
) —— Batch size = 128
S 50 —— Batch size = 256
s ——- Ground truth magnitude
-nl:
c 254
g -
= 0
—-251
-50

0 10 20 30 40
Number of iterations

Figure A.2: Varying the batch sizes and its effect on convergence towards the true

magnitude value.

A.1.2.2 Experimental details

Algorithm comparison We use PyTorch’s GPU implementation for matrix
inverison. The SGD experiments used a learning rate of 0.01 and momentum
of 0.9. We set the size of the batch to equal the size of the dataset for the GD

experiments in the main chapter.

Training trajectories and generalization We use a modified version of the
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ViT for small datasets as per [Raghu et al., [2021]. The implementation is based
on the |Gani et al., 2022], which is based on the timm library with the architecture
parameters as follows: depth of 9, patch size of 4, token dimension of 192, 12
heads, MLP-Ratio of 2, resulting in 2697610 parameters in total, as described in
more detail in Chapter [5

We start from a pre-trained weight vector, which achieves high training accuracy
on the classification task. By varying the learning rate in the range [107°,1073]
and the batch size between [8,256], we define a grid of 6 x 6 hyperparameters.
For each pair of batch size and learning rate, we compute the training trajectory
for 10* iterations. We use the Adam optimizer |[Kingma and Bal [2017]. We
compute the data-dependent pseudometric, first defined in [Dupuis et al.; 2023] by
p(sl)(w, w') = r~Y||Ls(w)—Lg(w')||1, to obtain a distance matrix. Then we proceed
to compute the quantities of interest Mag,, and PMag,, for n = {5000, 7000, 10000},
using the distance matrix as derived from the pseudometric pg). We set the
magnitude scale t = /r, where r is the size of the training set (r = 50000 for
CIFARI10). This value is motivated by the theory in Chapter , and for a fair
comparison with their methods. We then compute the granulated Kendall’s
coefficients (2, and 1, for the learning rate and for batch size respectively, ¥,
which is the Average Kendall coefficient (the average of v, and %) [Gastpar
et al., |2023]), which are more relevant than the classical Kendall’s coefficient for

capturing causal relationships; and Kendall tau (7).
Experiments ran on a NVIDIA 2080Ti GPU with 11GB RAM.

Regularization We train five neural networks each with two fully connected
hidden layers on the MNIST dataset for 2000 epochs, using cross entropy loss on
MNIST and a learning rate of 0.001.

Experiments ran on NVIDIA GeForce GTX 1060 6GB GPU.

Clustering For DBSCAN, we used € = 10 and minimum number of clusters = 2.
For k-means and Agglomerative clustering, the minimum number of clusters was
set to the number of cluster centers used to generate the dataset.

Experiments ran on Intel Xeon CPU E5-2603 v4 CPU with 3GB memory.

A.1.2.3 More experimental Results - Clustering

In Figure [A.4] we show more results of the magnitude clustering algorithm using

a number of different random seeds for dataset generation.
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Figure A.3: Comparison of subset selection on the Swiss roll with subsample of

500 points.

A.1.2.4 Subset selection

Figure shows an example of a synthetic dataset called the Swiss roll. The
Discrete centers algorithm produces a hierarchy which provides almost the same
approximation as the Greedy Maximization algorithm for a fraction of the compu-
tational cost. In Figure we see a comparison between Greedy Maximization,
Discrete Centers and selecting points at random (Random) for the 3 standard
scikit-learn datasets Iris, Breast cancer and Wine dataset. We have used the
entire dataset for generating the plot. In Figure we see the same comparison,
but with a random subset of 500 points from MNIST, CIFAR10 and CIFAR100.
We have reduced the dimensions of each dataset using PCA to 100.

A.1.2.5 Magnitude of a compact space

For completeness, we provide the formal definition of magnitude for compact sets,

and a few important results.

Definition A.1.3. A metric space is positive definite if every finite subspace is

positive definite. The magnitude of a compact positive definite space A is
Mag(A) = sup{Mag(B) : B is a finite subspace of A} € [0, 00]. (i)

Definition A.1.4. Let a weight measure for a compact space A be a signed

measure p € M(A) such that, for all a € A,

/ e~ @O dy(b) = 1. (ii)
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Figure A.4: Magnitude clustering algorithm versus conventional algorithms on

randomly generated datasets. The difference between the plots comes from using

a different random seed to generate the datasets. We note that the magnitude

algorithm consistently identifies a reasonable number of clusters and provides a

sensible cluster assignment to each point.
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Figure A.5: Discrete centers are close to Greedy Maximization at a
fraction of the computational cost and better than random. In plot (a)

we have the Iris dataset, in plot (b) the Breast cancer dataset, in plot (c) the

Wine dataset.

Then Mag(X) = pu(A) whenever p is a weight measure for A.

Theorem A.1.5 (Theorem 5.4 in [Meckes, [2015]). Let A C R™ be compact and

t>1. Then

Mag(A) _ \ag(t4) < t"Mag(A) (i)

Theorem A.1.6 (Theorem 1 in [Barcel6 and Carbery, 2018]). Let X be a
nonempty compact set in R™. Then

Mag(tX) — 1 ast — 0 (iv)
and

Vol(X)

nlw,

t™"Mag(tX) — as t — o0. (v)
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Figure A.6: Discrete centers are close to Greedy Maximization at a
fraction of the computational cost and better than random. In plot (a)
we a subsample from MNIST dataset, in plot (b) from CIFARI10, and in plot (c)
we see a subsample of CIFAR100.

A.2 Appendix for Chapter 4

A.2.1 Intrinsic Dimensions and Equalities

The following result has been proven by Meckes| [2015], which related the magnitude

dimension with the Minkowski dimension of compact subsets of Euclidean space.

Theorem A.2.1 (Corollary 7.4, [Meckes, [2015]). If X C R"™ is compact and if

dimpiag X or dimpink X ezist, then both exist and dimye X = dimpyginiX .

Using the theorem above, one can use the magnitude dimension to approximate

the Minkowski dimension.

Theorem A.2.2 (Heine-Borel). Let A C R™. Then A is compact if and only if A
15 both closed and bounded.

Theorem A.2.3. [Schweinhart, |2021] Let X C R"™ be a bounded set. Then

dlm%HX = dimMinkX.

A.2.2 Assumption H1

The following technical assumption has been introduced in previous work [Birdal
et al| [2021} Simsekli et al., [2020] and it is necessary for the statement of the novel
bound in Theorem For any § > 0, define the fixed grid on R? to be

o= {(L B ezionah )



Appendiz A. Appendix 140

The collection of centres of each ball is denoted by the set Ns. Now, we define
Ns(S) = {x € N5 : Bg(z,6) N Ws # 0}, where S is the training set, By(z,d) C R?
denotes the closed ball centered around x € R? of radius §. Then Nj(S), as
defined, is the collection of centres of each ball that intersects W.

H1: Let 2 = (Z x Z x Z x ...) denote the countable product endowed with
the product topology and let 8 be the Borel o-algebra generated by Z*. Let
S, & be the sub-g-algebras of 98, generated by the collections of random variables
given by {Lg(w) : w € W,n > 1} and {Il{w € Ns:0€Qso,weG,n> 1}}
respectively. There exists a constant M > 1, such that for any A € §, B € &, we
have P[A N B] < MP[A]P[B].

This is known as the ¢-mixing condition [Bradley, 1983 and it is common in
statistics for proving limit theorems. Smaller M indicates that the dependence of

Lg(w) on the training sample S is weaker.
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A.3 Appendix for Chapter 5

We now provide additional technical details and proofs that are omitted from the
chapter, followed by experimental evidence in addition to the experiments in the

chapter. We organize the appendix as follows:

e Appendix presents additional technical background related to inform-
ation theory, Rademacher complexity, and the various topological quantities
that appear in our work.

e In Appendix [A.3.2] we present the omitted proofs of all our theoretical
results, as well as a few additional theoretical contributions.

e In Appendix [A.3.3] we show the experimental details needed to reproduce

our experiments.

e Finally, Appendix is dedicated to additional empirical results.

A.3.1 Additional Technical Background

A.3.1.1 Information-theoretic quantities

The following definition is a precise definition of the total mutual information
term that appears in our main theoretical results. The reader may consult [van
Erven and Harremoés, 2014} [Hodgkinson et al., 2022, [Dupuis et al., 2024] for

further information on this notion.

Definition A.3.1 (Total mutual information). Let X and Y be two random
elements defined on a probability space (£2, F,P) (note that the codomains of X
and Y may be distinct). We define the total mutual information between X and
Y by the following formula:
Pyy(A
[o(X,Y) =log (sgp IPX®—]P(Y()A)) :

Such a term has already been used in the fractal-based generalization literature
[Hodgkinson et al., 2022, Dupuis et al., [2024]. Other works used intricate variants
of this total mutual information term |Dupuis et al., 2023, Birdal et al.| 2021

Camuto et al| 2021]. We stress the fact that our proposed bounds are simpler.

A.3.1.2 Rademacher complexity

Rademacher complexity [Bartlett and Mendelson|, 2002| [Shalev-Schwartz and

Ben-David|, 2014] is a central tool in learning theory. As part of our theory uses
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this notion, we now provide its definition and introduce some notation.

Definition A.3.2 (Rademacher complexity on a hypothesis set). Let us fix a
dataset S € Z" aset W C R? and € = (1, ..., ¢,) some iid Rademacher random
Variable.ﬂ Whenever it is defined, we will call Rademacher complexity of ¢ over

W the following quantity:

Rad(£, W, §) := %]EE

sup el(w, z;)| .
wEW; ( )]

Rademacher complexity has already been used in [Dupuis et al., 2023, Theorem
3.4] to relate the generalization error to the so-called data-dependent fractal
dimension. Part of our theory is based on a recent extension of such arguments in

the data-dependent setting [Dupuis et al.| [2024].

A.3.1.3 Persistent homology

The goal of this short subsection is to present a few notions of persistent homology,
which is necessary for a better understanding of our contributions.

Persistent homology [Edelsbrunner and Harer, 2010, (Carlsson|, 2014} |[Boissonat
et al. [2018] is an important subfield of TDA, capable of providing myriad of
new insights for analysing data by extracting meaningful topological features. It
has demonstrated its usefulness in a very diverse set of applications from biology
[Nicolau et al) 2011, Emmett et al., 2016], to materials science |[Hiraoka et al.,
2016], finance |Leibon et al., 2008|, robotics [Bhattacharya et al. 2015], sensor
networks [De Silva and Ghrist, |2007] and a lot more [Otter et al., 2017]. The
types of datasets which are amenable to this kind of analysis are finite metric
spaces (known as point-cloud datasets), images, networks and also level-sets of
functions. More recently, several studies have brought to light empirical links
between persistent homology and DNNs [Rieck et al., 2018, |Corneanu et al., 2019,
Pérez-Fernandez et al 2021]. In particular, recent studies have related the worst-
case generalization error to several concept of intrinsic dimensions defined through
persistent homology [Birdal et al.; 2021} Dupuis et al.; 2023]. As mentioned in the
introduction, our goal is to extend these last studies to more practical settings.

In general, persistent homology is defined for any degree k € IN (denoted PHF).
Intuitively, PH* keeps track of the number of “holes of dimension k” in a set

when looked at different scales. However, in our work and as in |Birdal et al.,

'A Rademacher random variable is defined by P(e; = 1) = P(e; = —1) = 1/2.
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2021, [Dupuis et al., |2023], we only use PH’, whose presentation is simpler. In
this section, to avoid harming the readability of the chapter, we only present a
high-level introduction to PH® that is sufficient to understand our work. The
interested reader may consult |[Boissonat et al., 2018, Chazal and Michel, 2021
Zomorodian|, 2012| for a more in-depth introduction to persistent homology.

We first start by introducing briefly homology, which is a classical concept
in algebraic topology. We only introduce the most essential concepts for under-
standing persistent homology. For a more detailed introduction, please consult
[Hatcher] 2002].

Definition A.3.3. A simplicial complex is a set K of finite sets closed under the

subset relation: if 0 € K and 7 C o, then 7 € K.

In the above definition, o is a simplex (plural simplices) and 7 is a face of o,

its coface.

Definition A.3.4. An abstract simplicial complex K is a finite collection of

simplices where a face of any simplex o € I is also a simplex in .

Definition A.3.5. A simplicial k-chain is the formal sum of k-simplices,

N

Z = r;04, (vii)

i=1
where each r; € R, where R is a fixed commutative ring with additive identity 0

and multiplicative identity 1, and o; € K.

KCi. is the set of simplicial k-chains with addition over R, which is an R-module.
Then, the set of all k-simplices of the complex K is a set of generators for ;. For

each generator o, the boundary of o is the sum of all (k — 1)-faces of o.

Definition A.3.6. The boundary of a k-simplex ¢ = (zo,...,xx) is the (k — 1)-

chain

k
Oc(0) = (=1)'(xo, .-, &4 ..., Tk), (viii)

i=0
where (zg,...,%;,...,x) is the (k — 1)-simplex spanned by all vertices without

Z;.
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It is common that the coefficients for homology are considered to be restricted
to Zsg, which is the field with 2 elements, 0 and 1, where 1 + 1 = 0. However, the
theory extends to homoogy with coefficeints in any field (and since every field is a

ring, the definitions in terms of rings are more general).

Definition A.3.7. A chain complex is a sequence of abelian groups A, with
homomorphisms (called boundary maps) Jy : Ay — Ag_1, such that 9y_1 00, =0
for all k.

We should note that when considering coefficients in Zs, a k-chain can be seen
as a finite collection of k-simplices.
Introduce topological invariants: simplicial homology groups and Betti num-

bers.

Definition A.3.8 (Simplicial Homology group). The n-th (simplicial) homology

group of a finite simplicial complex K is
H, = ker 0, /im0, 1, (ix)
where ker and im are the kernel and image respectively of the boundary operator.

In order to define the simplicial complexes of use in TDA, we need to first

understand what a nerve is.

Definition A.3.9 (Nerve). A simplicial complex associated to a collection of
sets is called a nerve. The sets are the vertices of the complex, and a simplex

belongs to a complex iff its vertices have a non-empty intersection, Nrv = {a C

S | mAEaA 7é @}

Definition A.3.10 (Cech complex). The Cech complex of X for radius r is
Cech,(X) = Nrv{B(z,r) | * € X}, where B(z,r) is the closed ball of radius

r > 0, centered at .

In other words, the Cech complex is the nerve of the ball neighbourhoods
of a set of points X C R"™. The Cech complex faithfully captures the topology
of the space, but it is not computed in practice due to its high computational
cost. Instead, a different complex called Vietoris-Rips (VR) is used due to ease of
construction for higher dimensions. It can be shown that the VR complex is not
always homotopy equivalent to the Cech complex, and therefore it can be seen as

an approximation.
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We first need to introduce the notion of a clique complex to explain what the
VR is.

Definition A.3.11 (Clique complex). The clique complez for a graph G = (V, E)
consists of all cliques of G, which are all simplices a C V' for which E contains all

edges of a.

Now we have explicitly states all the necessary components in order to define

the main complex used in TDA, the Vietoris-Rips complex.

Definition A.3.12 (Vietoris-Rips complex). The Vietoris-Rips complex of X for
radius 7 is the clique complex of the 1-skeleton of the Cech complex of X and r,

Rips,(X) ={a € X | ||lu —v|| < 2r} for all u,v € a.

Now that we have defined the most important complex in TDA, we proceed
to explain how we can derive important topological information at multiple scales

by introducing the concept of a filtration.

Definition A.3.13. Given a simplicial complex K, a filtration is a totally ordered
set of subcomplexes K of K, indexed by nonnegative integers, such that for i < j,

Kt C K9,

Definition A.3.14 (Filtered simplicial complex). A simplicial complex, K, to-
gether with a filtration (function f : K — R such that f(o) < f(7) whenever
o is a face of 7). The sublevel set at a value r € R is f~!(—o0,r], which is a
subxomplex of K. Let ro < r; < --- < r,, be the values of the simplices, and

Ki; = f~Y(—o0,r;], then we call Ky C K1 C - -+ C K,, the sublevel set filtration of

f.

When you start with a simplicial complex IC and you filter it according to a
filtration f, it is clear that the homology of I, evolves as the radius r increases.
For example, new connected components can be formed, loops can appear or
disapper, cavities can form. What persistent homology does, and where the
importance of the filtering comes in is that now we have the tools to track the
topological changes associated with the different stages of the filtering process,
and to associate a lifetime to them (track when a topological feature has first
appeared and at which stage of the filtration it will disappear). This essential
topological information is recorded in a set of intervals known as barcodes, which
can be represented as a multiset of points in R?, where the coordinates correspond

to the birth and death points of each interval.
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A.3.1.4 Minimum spanning tree

The persistent homology dimension used in existing generalization bounds [Birdal
et al., 2021} Dupuis et al., 2023| is closely related to another notion of intrinsic
dimension, called minimum spanning tree (MST) dimension [Kozma et al., [2006],
in the sense that the PH and MST dimensions of bounded metric spaces are
identical. The link between persistent homology and MST is even deeper than
the equality between the induced dimensions, as noted by [Schweinhart, [2020]. In
this section, we define quantities related to MSTs which will play an important
role in our proofs.

In this section let us fix a finite metric space (X, p). Let us first specify our
notations for trees. A tree 7 on X is a connected undirected graph. We represent
T by its set of edges, which are denoted a — b (or equivalently b — a as the
graph is undirected). For an edge e of the form a — b, we define its length by

o] = pla,b).

Definition A.3.15 (Minimum spanning tree). Let us define the cost of a tree by
the sum of the length of its edges, i.e.,

EYST(T) =) el
e€T

An MST of X is defined as a tree with minimal cost. A consequence of the greedy
algorithm to find such an MST [Cormen et al., 2001] is that an MST T is also

minimal for any of the following costs:

EXSNT) =) el

eeT

with o > 0.

Our interest in this notion comes from several results that are summed up in
the following theorem. The reader can refer to [Adams et al., [2020} Schweinhart,

2020, Boissonat et al., [2018] for more details.

Theorem A.3.16 (Link between MST and persistent homology). There is a

bijection between the two following multisets:

e The multiset of the lifetimes in the persistent homology of degree 0 of the
Vietoris-Rips complex of X.

e The multiset of the length of the edges of an MST of X.
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Therefore, if we fix some a > 0, the weighted a-sum associated to the persistent
homology of degree O of the Vietoris-Rips complex of X 1is equal to the cost E, of
an MST of X, ie:

EPNT) = Eo(X).

In all the following, we will use the notation E, to denote both quantities.

A.3.1.5 Magnitude

Let us restate formally a few standard definitions. The reader may refer to
[Leinster], 2013], Meckes|, 2013| 2015] for more details on the notions of magnitude,
weighting, and positive definite metric spaces. In this section, we fix a finite
metric space (X, p). Some of the presented concepts will be later extended to
pseudometric spaces in [A.3.2.2]

As before, the similarity matriz [Leinster, [2013] of X is defined by M (a,b) =
e=P@b) for a,b € X. We now define weightings and magnitude of X, according

to |Leinster, 2013, Section 2.1].

Definition A.3.17 (Weighting and magnitude). A weighting of X is a function
B : X — R such that

VaeX, Y e “Mp(b) =1

beX
If such a weighting exists, the magnitude of X is defined by:
Mag(X) = 3" B(b).
beX

It is easily seen that this definition is independent of the choice of weighting f.

When a weighting exists, we say that X “has magnitude”.

Based on such a definition, it is natural to inquire, whether such a weighting
exists. This question has been studied by several authors [Leinster, 2013, Meckes,
2013} 2015]. This question appears to be related to the notion of positive definite

space, which we now define, according to [Leinster} 2013].

Definition A.3.18 (Positive definite space). X is positive definite if the similarity

matrix M is positive definite.
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It is clear that positive definite spaces have magnitude. More interestingly, we
have the following result, which ensures that most metric spaces considered in

this study are positive definite.

Theorem A.3.19 ([Leinster, 2013, Meckes, [2013]). Let p € [1,2] and d > 1, every
finite subset of (RY, ||-||,) is positive definite.

A.3.1.6 Covering and packing numbers

In this section, we fix a compact pseudometric space (X, p) and give definitions
of covering and packing numbers. These quantities have long been of primary
interest in learning theory, in particular through the classical covering arguments
for Rademacher complexity [Shalev-Schwartz and Ben-David, [2014], Rebeschini,
2020]. More recently, limits of covering arguments have been leveraged by several
authors to derive uniform generalization bounds in terms of fractal dimensions
[Simsekli et al., 2020, Hodgkinson et al. 2022, Camuto et al.| 2021} Dupuis et al.,
2023, 2024], which we aim to improve in this study.

For x € X and r > 0, we denote the closed ball centered at x and or radius r

by B,(z) :={y € X ,p(x,y) < r}. We can now define covering and packing.

Definition A.3.20 (Covering number). Let 6 > 0, the covering number NJ(X)

is the cardinality of a minimal set of points /N such that:
X ¢ | Bs(x).
TEN

Remark A.3.21. There exist several conventions for the definition of such numbers
[Falconer, |2014], Mattilal, 1999b, Vershynin, [2020], all of which are equivalent up
to absolute constants and in particular induce the same fractal dimensions on X

(see [Falconer| 2014]).

Definition A.3.22 (Packing number). Let § > 0, the covering number Nf (X)) is

the cardinality of a maximal set of disjoint closed balls with centers in X.

A.3.1.7 About Johnson-Lindenstrauss lemma

In our implementation of Euclidean-based topological quantities, we use sparse
random projections to project the weight vectors from R? to a lower dimensional

subspace. This is necessary because of memory constraints. Indeed, storing the
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full trajectory W,_r C R? (in our experiments T'— 7 = 5 x 10%) can become
intractable for large models.

Given a finite set of points W C R and € > 0. Let N > O (loge#) Johnson-
Lindenstrauss lemma [Vershynin) 2020, Fernandez-Granda, 2016 ensures the

existence of a linear map P : R* — R" such that:
Vw,w' €W, (1—¢)|w—o'|]> <|[Pw— P> < (1+e)|w—w].

In practice, the linear maps suggested by this result can be obtained through
subgaussian random projections |Vershynin, |2020} Section 9.3].

In our work, as the purpose of Johnson-Lindenstrauss embeddings is mainly
memory optimization, we have to rely on sparse random projections. We use
the implementation provided in scikit-learn [Pedregosa et al., 2011a]. More
precisely, we used a relative variation e of 5%.

Finally, it should be noted that these projection techniques were only used
for the vision transformer experiments, as the GNNs that we used have a small

enough number of parameters to avoid the use of random projections.

A.3.1.8 A note on the connection to Topological Deep Learning

Topological deep learning (TDL) is a rapidly evolving field that uses topological
features to understand and design deep learning models [Papamarkou et al., 2024,
Hajij et al., [2022]. Our topological complexity measures can be seen as a direction
towards addressing the Open Problem 7 mentioned in [Papamarkou et al., [2024]
concerning the discovery of topological properties of internal representations that

are linked to generalization.

A.3.2 Omitted Proofs of the Theoretical Results

In this section, we present the proofs of our main theoretical contributions. We

divide our proofs into two groups of subsections:

e Sections|A.3.2.1}|A.3.2.2)and [A.3.2.3|focus on the extension (in a very natural

way) of the quantities appearing in our bounds in pseudometric spaces. The
main outcome of this analysis is the definition of positive magnitude in the
pseudometric case. Note that is not a contribution of this chapter,

but we include it in this section to improve the readability of the chapter.
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e In sections |A.3.2.4] |A.3.2.5] |A.3.2.6| and [A.3.2.7] we present the proof of our

main theoretical results.

Before proving our main results, we define the notion of metric identification,
which will be used in several of the following subsections. This is the same setting
that was used in [Dupuis et al., 2023 to naturally extend the persistent homology

dimension to pseudometric spaces.

Definition A.3.23 (Metric identification). Let (X, p) be a pseudometric space.
We can define an equivalence relation on X by a ~ b <= p(a,b) = 0. The
associated quotient space, which is denoted X/~ is a metric space for the naturally

induced metric, which we still denote pE] We will also use the canonical projection,
T X — X/~

These notations will be used throughout the text.

A.3.2.1 Persistent homology and MST in pseudometric spaces

In this short subsection, we first restate results proven in [Dupuis et al., [2023],
regarding persistent homology in pseudometric spaces. The main result is the
following proposition, which has been proven inside the proof of [Dupuis et al.
2023, Lemma B.9].

Proposition A.3.24 (|Dupuis et al., [2024]). Let (X, p) be a finite pseudometric

space and o > 0, then we have:
Ea(X) =FE, (X/N)

where the pseudometric p (and its metric identification) have been omitted from

the notation.

Based on Theorem the above result is also true when E, represents
the cost of a MST of X.
A.3.2.2 Magnitude in pseudometric spaces

In this section, we fix (X, p) a finite pseudometric space. We denote by X/~ its

metric identification and by 7 : X — X/~ the canonical projection.

2Indeed, if a ~ b, then we have Ve € X, p(a,c) = p(b, c).
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We directly extend Definition to the pseudometric case. In order for
this definition to make sense in our context, we first need to verify that it provides

a well-posed definition of magnitude. This follows from the following lemma.

Lemma A.3.25. We assume that the finite pseudometric space (X, p) has mag-

nitude. Then magnitude is independent of the choice of weighting.

Proof. The proof is straightforward and identical to the metric case. Let 3, 5" be

two weightings, we have:
D Blay=3 > e FW)Ba) =) F b)Y e D) =) 50).
aeX acX beX beX aeX beX

O

In the following theorem, we show that magnitude is invariant through metric

identification.

Theorem A.3.26 (Invariance of magnitude through metric identification). X

has magnitude if and only if X/~ has magnitude, in which case we have:
Mag(X) = Mag (X/~).

Proof. We decompose X into equivalence classes as:
X=1]]a=]]a
acX/~ iel
where J] denotes disjoint union and the points (a;)ic; € X! represent each
equivalence class. We denote by a the equivalence class of a € X.
Let 8 : X — R be any function. We have:

Vae X, Y e Npb) = e @03 " 3(b). (x)

beX iel bea;
— : If X has magnitude, then we take 3 to be a weighting of X, we define:

Va e X/~ B(a) =Y B(b).
bea
By Equation (), 3 is a weighting of X/~.
< : if B is a weighting of X/~, then we define:
1 _
Va € X, B(a):= Hﬁ(@),

where |a| denotes the cardinality of a. By Equation (), 2 is a weighting of X. O
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A.3.2.3 Definition of positive magnitude in the pseudometric case

Let us extend our new notion of positive magnitude in finite pseudometric spaces.
This is a rather complicated task. Indeed we need to ensure that the positive
magnitude is independent of the choice of weighting, which is not true in general.
For this reason, we restrict our definition to pseudometric spaces whose metric

identification is positive definite and we choose one particular weighting.

Definition A.3.27 (Positive magnitude in finite pseudometric spaces). Let (X, p)
be a finite pseudometric space whose metric identification X/~ is positive definite.
Let 3 : X/~ — R be a weighting of X/~, then we define the positive magnitude
of X, denoted PMag, by:

PMag(X) = ) ()4,
TEX/~
where z, := max(z,0) denotes the positive part of x. We will say that X admits

a positive magnitude if its metric identification X/~ is positive definite.

Note that X/~ admits a unique weighting because it is positive definite. How-
ever, X still admits several weightings in general. The above definition ensures
that the definition of positive magnitude is independent of any choice of weighting.
For the need of our proofs, we will need to introduce weightings in pseudometric
spaces, whose sums of positive parts yield the positive magnitude. This is pos-
sible by using the following definition, which corresponds to a “good” choice of

weighting in finite pseudometric spaces.

Definition A.3.28 (Canonical weighting). Let (X, p) be a finite pseudometric
space whose metric identification X/~ is positive definite. Let 5 : X/~ — R be a
weighting of X/~, we define the canonical weighting 8° : X — R on X by:

1
|7(a)]

where 7 : X — X/~ is the canonical surjection.

Va € X, fa) := B(w(a)),

The following lemma is then obvious but crucial to some of our theoretical

results.

Lemma A.3.29. With the notation of the previous definition, we have:

PMag(X) = ) 8%(x),.

zeX
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The next proposition is a consequence of Theorem [A.3.19] it shows that the
pseudometrics considered in practice in our work (and in our experiments) admit

a positive magnitude.

Proposition A.3.30. Let p € [1,2] and S € 2", then every finite subset of
(R4, pgp)) admits a positive magnitude, and therefore it also has a canonical weight-

ing.
Proof. Let W := {wy,...,wy} be a finite set in R%. We have
|Zs(w) = Ls(w)ll, = n'"pd (w, w).

Therefore, if we denote by w the equivalence class of w in the metric identification,
it is clear that w = w' <= Lg(w) = Lg(w’). Hence, the map ¢g := n~/?Lg
naturally extends to an isometry between metric spaces:

Wi 5 pg(W) C R™.

finite

By Theorem [A.3.19} the finite set @g(WV) is positive definite, hence it is also the

case of W/~. Therefore W admits a positive magnitude by definition. ]

A.3.2.4 'Warm-up: covering bounds

Assumptions. Given an (q, L, p)-Lipschitz continuous (pseudo-)metric, our
approach relies only on a single assumption of a bounded loss function. For the
case of the pseudometric pg (Example , this assumption is already made in
[Dupuis et al.; 2023| 2024].

Assumption A.3.31. We assume that the loss ¢ is bounded in [0, B], with B > 0

a constant.

The boundedness of ¢ is classically assumed in the fractal / TDA literature
[Dupuis et al., |2023, [Hodgkinson et al., 2022, Dupuis et al., 2024]. In [Dupuis
et al. |2023], it is shown that the proposed theory seems to be experimentally
valid even for unbounded losses. Our experimental findings suggest that this
observation also applies to our work.

The following is deduced from the transcription of the results of [Dupuis et al.,
2024] to our setting. It is the starting point of our persistent homology-based

analysis.
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Theorem A.3.32. Let p be a pseudometric on RE. Suppose that Assumption
A.3.81) holds and that ¢ is (q, L, p)-Lipschitz, for ¢ > 1. Then, for all § > 0, with
probability at least 1 — ¢ over uS™ @ pd>,

\/QIOg NPOW,_r) 3B \/IOO(S, Wirr) + log(1/¢)

sup Gg(w;) <2L6+ 2B 5
n n

r<i<T

The proof of this theorem will be given in the next subsection. Before discussing
this proof, a few remarks are in order.

Covering bounds, such as have been used in [Simsekli et al.; 2020,
Camuto et al| 2021, Birdal et al., [2021], Dupuis et al., |2023| to introduce fractal
dimensions (more precisely through the notion of upper box-counting dimension)
into the generalization bounds. This is done via the following definition of the
aforementioned upper box-counting dimension:

- . log N?(X)
dimh(X) =1 o 6V
iy (X) = T sup =3 175)

By using a similar procedure, we see that our framework could be used to introduce
intrinsic dimensions associated to a wide range of pseudometrics, as soon as they
satisfy a (g, L, p)-Lipschitz continuity assumption.

However, arguments based on these intrinsic dimensions only make sense in the
limit 7" — oo, which makes little sense in practical settings. To address this issue,
we take inspiration from two other notions that are equal to the upper box-counting
dimension (and therefore lay the ground of the numerical approximation of this
dimension), namely the PH-dimension [Kozma et al. 2006|, |[Schweinhart|, 2020,
Birdal et al., 2021, Dupuis et al., 2023] and the magnitude dimension [Meckes|,
2013] and Chapter . Our approach is to replace the intrinsic dimensions by the
“intermediary quantities” used to define them. This leads to the results presented

in the next two subsection.

A.3.2.5 Proof of Theorem [A.3.32

Before going to the proof of Theorem we specify our theoretical setup,
which is the one introduced in |[Dupuis et al., 2024]. In this section, we prove our
results in the case T" < +00. However, note that one could consider T" = 400
without much technical difficulties.

The setup is the following: let (F(R?),T) denote the set of all finite subsets
of R¢, endowed with a o-algebra 7.
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We consider the following probability distribution on F(R9):

VA e T, n(A) = / ps(A)duE™(S). (xi)

Here we let the posterior pg be the conditional distribution of Wg given S.
As it is discussed in [Dupuis et al., [2024] Section 5.4], we make the following

technical measure-theoretic assumption.

Assumption A.3.33. The probability measure u&" is a strictly positive Borel

measure. Moreover, for every A € T, the map S — pg(A) is continuous.

The following example highlights the fact this is a very mild assumption.

FExample A.3.34. 1f the data space Z is countable and the data distribution p, has
no null mass, then the above assumption is automatically satisfied with respect to

the discrete topology.
Here we introduce Lemma 16 and Theorem 10 from Dupuis et al. [2024], which

will be important for the proof of the next theorem.

Lemma A.3.35 (Lemma 16 in Dupuis et al.| [2024]). With the same notations,

we have, for p®"-almost all S and ps-almost all W:
log S (W) < 1. (Ws, 9).
dm - ’

Theorem A.3.36 (Theorem 10 in|Dupuis et al.|[2024], Data-dependent Rademacher
complexity bound). Suppose that Assumptions 1 and 2 hold. Then, for any A > 0

we have

s <Ew (Gs(W)] < By 2Rads(W)] + LPslIT) +l08(1/0) AQBQ) SR

A &n

d log(1 912
Psyyeps (GS(W) < 2Rads(W) + log %(W) v Og&/ 94y = > >1-¢.

We can now state and prove the following theorem:

Theorem A.3.32. Let p be a pseudometric on R%. Suppose that Assumption
A.3.31) holds and that ¢ is (q, L, p)-Lipschitz, for ¢ > 1. Then, for all § > 0, with
probability at least 1 — ¢ over u™ @ p>°,

0
sup Gg(w;) < 2L3 + 23\/21°g Ny Wror) 33\/100@7 W) + log(1/¢)

T<i<T n 2n
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Proof. Let us fix some ¢ € (0, 1). First note that thanks to Assumption
we have that pg is absolutely continuous with respect to 7, p&"-almost surely.
Therefore, we can introduce its Radon-Nykodym derivative, denoted by dpg/dr.

Thanks to the above notation, we can apply the data-dependent Rademacher
complexity bound from to obtain that with probability at least 1 — ¢, we
have, for any A > O:

9B?

L (s oy, +1og<1/<>) s

sup (R(wz) - ﬁg(wz)> < 2Rad({, W,_1,S) + ~ (

r<i<T A

dps
dr 8n '’

with Rad(¢, W, 1, S) a Rademacher complexity term, defined by:

sup ! Z el(w, z;)

Rad((, W,_,7, S) := E, ] ,
weWT*}T n i=1

where € := (€1,...,¢€,) is a vector of independent centered Bernoulli random

variables.
By we have almost surely that:

dps

dr (WT—>T) S IOO(WT—>T7 S)

Therefore, by optimizing the choice of the parameter \ in the above equation, we

have that:

sup (R(wi) - ﬁs(wi)) < 2Rad(, W, _r, S) + 3B \/ Lo (8, W) +1og(1/¢)

r<i<T 2n

(xii)

We now perform a covering argument very similar to classical covering argu-

ments for Rademacher complexity[Shalev-Schwartz and Ben-David| 2014]. Let

us fix some § > 0 and introduce (z1,... ,xNép(WT_}T)) the centers of a minimal

0-covering of W, _,r for pseudometric p. For any w € W, _,7, there exists j such
that p(w, z;) < d. Therefore we have:

n

1 <& 1 O 1
sup  — eil(w, z;) < sup - el 2;) + — &(l(w, z;) — Uz, 2i))
weW,_,p T Zz:; 1< <N Wrp) TV ; ! n ; ’
1 & IS
< osup = ellzg )+ - ) J(w, z) — Uz, z)|
1<G<NE Wy ) T ; ’ " ; ]

n

1
< sup =Y ellag,z) + 07| Ls(w) = Ls(ay)ll, -

1<GSNf W) VT

where the last line comes from Hélder’s inequality.
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We can now apply Massart’s lemma on the first term and the (q, L, p)-Lipschitz

continuity of ¢ on the second term, this gives us:

21og N?
Rad(6, W,z S) §L5+B\/ 0g Ny Wrr).

n

which concludes the proof.

A.3.2.6 Persistent homology bounds

We now present the proofs of our persistent homology-based bounds, ie, the results
of 5.3.2
The following lemma is a pseudometric version of a classical result of fractal

geometry [Falconer| 2014].

Lemma A.3.37 (Covering and packing in pseudometric spaces). Let (X, p) be a
pseudometric space, 6 > 0, and {:cl, e ,.I'p(s(X)} a maximal d-packing of X for

pseudometric p. Then we have:
N33 (X) < PP (X).

Proof. Let us fix 6 > 0 and let (zq,... ,xpf(x)) be centers of a maximal packing

of X with closed 4-balls. Let us assume that:

X\ |J Baslw) #0,
1<i<Pf(X)
so that we can take some xy belonging to the above non-empty set. Now let us fix
i€{l,...,P/(X)} and w € Bs(x;). By the triangle inequality and the definition
of w and x(, we have:
p(l’o, $Z> < p(xﬂ) U)) + p<w7 $z) :

~—— ——
>20 <é

Therefore, we have p(xg,w) > §, and hence Bs(z;) N Bs(zo), so that we construct
a bigger d-packing, by adding zg to (zq, ... 737P§’(X)), which is absurd.
Therefore, we have X'\ U1§¢SP§(X) Bas(x;) = 0, hence the result. O

The next lemma asserts that E, is increasing (with respect to the inclusion of

sets), if and only if @ < 1. This is the reason why we require « € [0, 1] in Theorem

B35
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Lemma A.3.38. Let (X, p) be a finite pseudometric space, o € [0,1] and 6 > 0.

Then we have:

BY(X) >  PUX)S"
Proof. In all the following, we fix o € [0, 1] and 6 > 0. We also denote P := P{(X).
Without loss of generality, we can assume P > 2.

We fix T an MST of X, represented by a set of edges denoted x — y, with
z,y € X? (note that we identify x — y and y — z). It is a classical result that
there are | X| — 1 edges. For an edge e of the form a — b, we denote its length by
le] := p(a,b).

For a,b € X, with a # b, we denote by {a — b} the shortest path between
a and b. More precisely, we represent it as a list of edges, denoted a = ag —
aj -+ — ag = b, for some K. When the context is clear, we identify {a — b} to
the set of its edges a — b.

Let us introduce (z1,...,xp) a maximal d-packing of X by closed.

For every i € {1,..., P}, as T is connected, there exists y; € X such that
y; ¢ Bs(z;) and y; is the only point in the path {z; — ;} that does not belong to
the ball Bj(x;).

For each i, we denote e; the only edge in {x; — y;} to which y; belongs, i.e.
e; is of the form z; — y;, with z; € Bg(l‘i). By construction, those edges e; are
the only ones that can be shared by several paths {x; — y;}.

Let us introduce the following set of indices:

I'={ie{l,...,P}, Vj#1i, e, ¢ {z; = y;}}, K:={1,...,P}\Il
Let us consider i € K. Let us assume that we have j, 7" € {1,..., P} such
that e; € {z; — y;} and e; € {z;; — y;/}. If we denote e; as z; — y;, we have that
z; € Bs(x;), by definition of y;. Therefore, by definition of y;, we have z; = y;
(because Bs(w;) N Bs(x;) = (). We have similarly z; = y; and thus y; = y;. By
definition of y; and y;; we also have y; € Bs(z;) N Bs(x;), which is absurd, by
definition of packing. We conclude the following:

Vk e K, 3j #1, e; € {z; = y;}.

For k € K, we denote the corresponding j by (k).
By definition of K, it is clear that p(k) € K. Moreover, as y ;) = 2; € Bs(z;),

this implies that ©?(i) = i. Therefore, we have constructed an involution,

po: K — K,
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such that Vk € K, p(k) # k. This implies that the cardinality of K is even and
that we can write K = K, [[ Ky, with:

|Ki| = K|, @(Ky) = K.

The outcome of this construction is that we now have disjoint paths given by
the (z; — yi)ier and the (2 — 2y )ker,. Therefore, we get the following lower
bound on E,(X).

E.(X)=) > e+ > el

el ee{xi—>yi} keK, ee{xk‘)mgp(k)}

As a € [0, 1], we have that:

67

E.X)2) | > e °‘+Z Y. el

el \ec{x;—y;} keKL ee{mk_"”sa(k)}

By the triangle inequality, and by definition of packing, we have:

(0% (0% (0% 1 (0%
Eo(X) 2} 0%+ ) 0% =™([I| +|Ku) = 5P{(X)d%,
el keK1
which concludes the proof. O

Theorem 5.3.5. Let p be a pseudometric on RY. Supposes that Assumption
A.3.31| holds and that € is (q, L, p)-Lipschitz, for ¢ > 1. Then, for all a € [0, 1],
with probability at least 1 — C, we have:

2log Ef + alog <8L‘/ﬁ> 9B (S ool 1
sup Gg(w;) < 2B B +—+3B\/ oo (S, Wror) +1og(1/¢)
r<i<T n NLD 2n

Proof. For better clarity, we assume T' < 400. Let us fix some ¢ € (0,1), > 0,
and a > 0. By Theorem we have, with probability at least 1 — (:

N TR AR P
sup (R(wl) Rs(wl)) < 2L0 + 28\/ " 5

r<i<T

We now bound the covering number appearing in the above equation. By Lemma

A .3.38, we have:

E°W, 1) > 2‘0“1P§/2(WT_>T)5".
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Moreover, by Lemma[A.3.37] we have:
EXW, ) > 27 INEOW, 7)) 8.

We now combine this with our generalization bound by choosing the value:
B
Ly/n’

and we get that with probability at least 1 — (, we have:

0=

up | R —R 2B 2log(2F 2I/n
S < (’w) R (w)) < = B ! ( Q(WT%T)) + alog <_\f)
T<i<T i s \Ww; \/ﬁ +2 . B

3B \/Ioow, Wer) +1og(1/¢)

on ’

leading to the desired result. O]

A.3.2.7 Proof of the magnitude-based generalization bounds

Lemma A.3.39. Let W C R? be a finite set and € == (ey, ..., €,) and p a pseudo-
metric such that (W, \p) admits a positive magnitude (according to Definition
for every A\ > 0. We assume that ¢ is (L, q, p)-Lipschitz continuous with
q € [1,2]. Then, for any A\ > 0, we have:

.
n wew i—1

exp {é sup Z el (w, Zl)}] < e%PMag (LAIW).

where PMag is the positive magnitude, see[A.5.2.9

Proof. We first remark that, by Holder’s inequality and the (L, g, p)-Lipschitz

condition, we have:
Vo, w' € W, ps(w,w) <~V | Ls(w) — Ls(w), < Lp(w, w).

Let us fix some A > 0. As (W, \p) admits a positive magnitude, we can introduce

a canonical weighting £ : YW — R. By definition of a weighting, we have

VaeWw, Y e *DB(b) =1,
bEW
Moreover, for any € € {—1,1}", we introduce:

n
Qe 1= argmax,cy E el(a, z).
i=1
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With those notations, we can compute:

1< Z el

bew
< e erslelp ()
beW
—ZGXP{__ZM Qe Zi) bZZ)|}B+( )
beW
< Zexp {_E 261(5(615721) - (b Zz))} 5+( )
beW i=
- exp{—LinZ }Zexp{ Sl z»}m )
i=1 beW i=1

Therefore, by dividing by the first term on the right-hand side and using the

independence of the ¢;, we deduce that:

I, exp{%n su);/)VZel wzl} < I Zexp{ Z E(b,zi)}ﬂ+(b)]
we bew i=1
—ZH]E et g, (b).
bew i=1

By Hoeffding’s lemma, we have:

A 2252
E, [exp< — su el(w, z; < e2nt?
(o al| s HE g
A\2p2
= e2nr? PMag (A\WV) .
The result follows by the change of variable A = AL. O

Theorem 5.3.10. Let p be a pseudometric such that (W, Ap) admits a positive
magnitude (according to Deﬁm'tion for every A > 0. We assume that {
is (q, L, p)-Lipschitz continuous with ¢ > 1. Then, for any s > 0, we have with
probability at least 1 — ( that

2
sup GS(wi) < %10g PMag” (LSWTHT) + 8% 4 BB\/IOO(S7 WT—>T> +10g(1/<)'

T<i<T 2n

Proof. The beginning of the proof is completely similar to the proof of up
to Equation . More precisely, we have that with probability at least 1 — (:

Lo (S, W, 1) + log(1/¢)
2n '

sup (R(wi) — ﬁg(wl)> < 2Rad({, W:7,5) + 3B\/

7<i<T
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By Jensen’s inequality, we have, for all A > 0:

exp{% sup Zeiﬁ(w,zi)}].

wEWr T i=1

1
Rad({, W;_r,S) < X log IE,

Therefore, we can apply Lemma to write that, for all s > 0:

2

B 1
Rad(¢, W, _r,S) < S5 - B log PMag (LsW, ).

We deduce that for all s > 0, we have with probability at least 1 — ( that:

~ 2
sup (R(w) ~R(w)) < 50 + > log PMag (LsWir) + ¢ 1oo(S, Wroyr) + log(1/¢)

r<i<T n 2n

]

Remark A.3.40 (Link between magnitude and positive magnitude). Let W C RM
be a finite set (for some M), of cardinality N, and p a metric on W. If we denote
the similarity matrix, for a given value of s > 0, by M(a,b) = e 7@ then it is
clear that:

M, — Iy.

§—00

Moreover, by continuity of the inverse, this implies that the weighting associated
tos >0, i.e [Bs: W — R, satisfy:

Va e W, Bs(a) — 1.

S§—00

From this, we first deduce that, for s — oo, we have Mag”(sW) — N. Moreover,
by continuity of the inverse, this means that, up to a certain s, the weighting
(Bs(a))aew only has positive elements. Therefore, this implies that, for s big
enough, one has Mag”(sW) = PMag’(sWV).

Thanks to our definitions for positive magnitude in pseudometric spaces, given
in [A.3.2.3] this observation extends to the pseudometric case.

Remark A.3.41 (Extension to infinite sets). There exist extensions of the definition
of magnitude beyond finite sets [Meckes, 2013, 2015]. More specifically, weightings
are then represented by measures on the set. It is clear from the above proofs that
we can extend the positive magnitude in this setting and that the proof would
follow similar lines. Therefore, our theory provides upper bounds of Rademacher
complexity in terms of positive magnitude in more general cases than the one we

use in this work.
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A.3.3 Additional Experimental Details

In this section, we give additional details regarding the models, datasets, and

hyperparameters used in our experiments.

A.3.3.1 Experimental setting
Vision Transformers Architecture and implementation details

Table A.1: Architecture details for the vision transformers (taken from [Gani

et al., [2022]). WS refers to Window Size.

MODEL Dataser  DeptH  ParchH SiZE TOKEN DiM HEADS MLP-rATIO WS #PARAMS

VIT |[TOUVRON ET AL.|[2021A CIFAR10 9 4 192 12 2 2697610
VIT |TOUVRON ET AL.|[2021A| CIFAR100 9 4 192 12 2 2714980
SWIN |LI1U ET AL.|[2021 CIFAR10 [2,4,6] 4 96 [3,6,12] 2 4 7048612
SWIN |LIU ET AL.|[2021] CIFAR100 [2,4,6] 4 96 [3,6,12] 2 4 7083262
CAIT |TOUVRON ET AL.| [2021B] CIFAR10 24 4 192 4 2 8053450
CAIT |TOUVRON ET AL.| [2021B] CIFAR100 24 4 192 4 2 8070820

The design of the ViT has been modified to accommodate for the small datasets
as per [Raghu et al. [2021]. Our implementation is based on the [Gani et al.| 2022],
which is based on the timm library with the architecture parameters presented in
Table[A.I] The implementation of Swin is based on the Swin-Transformer libarary
and the implementation of CaiT is predominantly based on the timm library with
some modifications. The full version can be found in the supplementary code.

Instead of training from scratch, which is extremely time-consuming, we
used the pre-trained weights available from the GitHub repository of the paper
[Gani et al. 2022], we further fintetuned them for 100 epochs on the dataset
CIFARI10 or CIFAR100 to achieve the optimum performance reported in the paper
[Gani et al., 2022]. Then we verified that the finetuned weights achieved 100%
training performance, and then they were the starting point of our computational
framework. We ran the transformer experiments on 18 NVIDIA 2080Ti GPUs,
and the graph experiments on 18 Intel Xeon Silver 4114 CPUs.

GNN Architecture and implementation details We will briefly talk about
the details of GraphSage [Hamilton et al., |2017] and GatedGCN |Bresson and
Laurent, 2017], prior works we use in our experiments. GraphSage |[Hamilton

et al, [2017] is an improvement over the GCN (Graph ConvNets) model [Kipf and
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Welling), [2016] and it incorporates each node’s own features from the previous

layer in an explicit way by the update equation:

hitt = ReLLU(U'Concat(h!, MeanjeNihé’))7

where N; is the neighbourhood of node i, hl is the feature vector and U' €
R%*24_We use the graph-pooling version of GraphSage, with the following update

equation:
hi*! = ReLU(U'Concat(h], Max ey, ReLU(V'RY))),

where V! € R¥4. GatedGCN (Gated Graph ConvNet) [Bresson and Laurent,
2017 uses the following update equation:

hit! = hi+ ReLUBN(U'R, + > " el; 0 V'h))
JEN;
where U!, V! € R™4 © is the Hadamard product, and the edge gates e - have the

following definitions:
! o (&)

Y Zj’eNi U<é£j) +e

¢l = el + ReLU(BN(A'R! + BIR! 4 Clel 1),
i i i ij

ij

where o is the sigmid funciton, € is a small constant for numerical stability,
Al B! C' € R¥? and BN stands for Batch Normalization.

We used the code provided by [Dwivedi et al. 2023], which relies on the dgl
library implementation of GraphSage and GatedGCN. We trained GraphSage
and GatedGCN until 100% training accuracy, following the setup in [Dwivedi
et al., [2023]. All experiments were ran on 18 Intel Xeon Silver 4114 CPUs. Each
experiment (one fixed batch size and learning rate) was run on a single CPU and

18 experiments were run on the server at any given time (on different CPUs).

A.3.3.2 Hyperparameter details

Hyperparameters shared among experiments.. For the Vision Transformers

experiments, we varied the learning rate range [107°,1073], and batch size in the
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range [8,256]. For the graph experiments, [107%, 107, and batch size in the range
[8,256]. For all experiments, we used 0.1 proportion of the training data for the
computation of the pseudo matrix, apart from CaiT and Swin on CIFAR100,
where we used 0.09 proportion of the training data due to memory constraints.
All experiments use a 6 x 6 grid of hyperparameters which is specified as follows.
ViT on CIFARI10. We selected 6 values for the learning rate in the range
[107°,1073], and the batch size between [8,256], and data proportion for the
computation of the pseudo-distance (pg) of 10%.

ViT on CIFARI100. We selected 6 values for the learning rate in the range
[107°,1073], and the batch size between [8,256], and data proportion for the
computation of the pseudo-distance (pg) of 10%.

CaiT on CIFARI10. We selected 6 values for the learning rate in the range
[1075,1073], batch size between [8,256], and data proportion for the computation
of the pseudo-distance (pg) of 10%.

CaiT on CIFARI100. We selected 6 values for the learning rate in the range
[107°,1073], batch size between [8,256], and data proportion for the computation
of the pseudo-distance (ps) of 9%.

Swin on CIFARI10. We selected 6 values for the learning rate in the range
[107°,1073], batch size between [8,256], and data proportion for the computation
of the pseudo-distance (ps) of 10%.

Swin on CIFAR100. We selected 6 values for the learning rate in the range
[1075,1073], batch size between [8,256], and data proportion for the computation
of the pseudo-distance (ps) of 9%.

GatedGCN. We selected 6 values for the learning rate in the range [107¢, 107,
the batch size between [8,256] and data proportion for the computation of the
pseudo-distance (pg) of 10% (see Section [5.4). We note that for due to time
constraints, the experiments with batch sizes of 8 and 256 for the Euclidean metric
were not complete.

GraphSage. We selected 6 values for the learning rate in the range [107¢, 1074,
the batch size between [8,256], and data proportion for the computation of the
pseudo-distance (pg) of 10%.

ViT on CIFARI10 (Adam). We selected 6 values for the learning rate in the
range [107°,107?%], and the batch size between [8,256], and data proportion for
the computation of the pseudo-distance (pg) of 10%.

ViT on CIFARI10 (SGD). We selected 6 values for the learning rate in the
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range [5 x 1073,107!], and the batch size between [8,256], and data proportion
for the computation of the pseudo-distance (pg) of 10%.
ViT on CIFARI10 (RMSprop). We selected 6 values for the learning rate in
the range [1075,1073], and the batch size between [8,512], and data proportion
for the computation of the pseudo-distance (pg) of 10%.

A.3.4 Additional Experimental results

In this section, we present additional empirical results, in addition to what was
already presented in the main part of this document. We divide this section into
three parts. First, we quickly explore in the consequence of our choice of
estimation technique of the worst-case generalization error. In we report
additional experiments based on vision transformers and in we include

additional illustration of the GNN experiments.

A.3.4.1 About the final accuracy gap and the worst accuracy gap

Our main theoretical results, presented in Section[5.3] apply to the worst-case gener-
alization error over the trajectory, i.e. on the quantity sup, ;<7 (R(wk) — ﬁg(wk)> .
However, computing this quantity over the whole trajectory may be extremely
expensive as it requires evaluating the model on the whole dataset at each iter-
ation (this is a similar problem to the one encountered for the computation of
the data-dependent distance matrices, discussed in Section [5.4). Previous studies
on worst-case TDA-inspired generalization bounds circumvented this issue by
reporting the final accuracy gap as the “generalization error” in their experiments
(as it is the case in our work, most existing experiments consist of classification
tasks).

In our work, we argue that the true worst-case generalization error may how-
ever have a different behavior than the final accuracy gap. In order to estimate
this quantity in a computationally friendly way, we used the following procedure:
we periodically estimated the test accuracy during the training, computed its min-
imum value acCest-worst and substracted it from the final train accuracy (acCerain-final)

to obtain the “generalization gap” Gg reported in our main experiments, i.e.,

~

GS := aCCtrain-final — ACCtest-worst-

Note that in addition to being a good proxy to the true error appearing in our

theory, the above quantity could be of independent experimental interest.
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Figure A.7: pg-based complexity measures vs. generalization gap for a ViT trained
on CIFAR10: dimpy (left), PMag(y/n) (middle), and E; (right).

In order to assess that our main conclusions remain valid if the final accuracy
gap is used instead of @S, we present here a few additional experiments using the
final accuracy gap as a generalization measure (it is denoted Accuracy gap in
the figures.) In the case of a ViT on CIFARI0, this is shown in Figure and
Figure [A.9, We observe that our proposed topological complexities also correlate
very well with the final accuracy gap, and outperform the previously proposed
PH dimensions [Birdal et al., [2021} [Dupuis et al., 2023].

In addition to these findings, we make two additional new observations. First,
the Ph dim, while outperformed by our proposed metric, has better granulated
Kendall’s coefficients when compared to the final accuracy gap than the worst
generalization error (¥ goes from 0.20 to 0.36). This may explain why we
observed poor performance of PH-dim in Figure (a). Second, we observe that
the correlation seems to be slightly less good with the final accuracy gap, especially

for high learning rates, which seems to be similar behavior to what was reported

in [Dupuis et al., [2023].
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Figure A.8: ViT on CIFAR10 with pg-pseudometric, using the final accuracy gap
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Figure A.9: ViT on CIFAR10 with 01-pseudometric, using the final accuracy gap
as a generalization measure. In plot (a), we depict E,, in plot (b), PMag(y/n),

and in plot (c), dimpy.
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Figure A.10: pg-based complexity measures vs. generalization gap for a ViT
trained on CIFAR10: dimpy (left), PMag(y/n) (middle), and Eq (right).

A.3.4.2 Vision Transformers - additional experiments

We compare the performance of the different metrics by using the granulated
Kendall’s coefficients introduced in [Jiang et al., 2019]. The experiments presented
here use 3 different Vision Transformers (ViT [Touvron et al. [2021a, CaiT
[Touvron et al.| 2021b|, Swin [Liu et al., 2021]) on CIFAR10 and CIFAR100. As
a baseline, we use the dimpy introduced in [Birdal et al., 2021] and the data-
dependent dimension with the pseudometric dimpy from |[Dupuis et al.| [2023].

Here we present the full results on each dataset and model. They can be found
in Table for CaiT and CIFARI10, for Swin and CIFARI0, for ViT and
CIFAR100 and for CaiT and CIFAR100. The plots from each experiment for
every computed quantity can be found in (the remaining 3 quantities for ViT and
CIFAR10).

A.3.4.3 Graph Neural Networks — additional experiments

In Table 5.1}, we already presented the correlation coefficients for all quantities
for the GNN models considered in our study (GraphSage, GatedGCN) |[Dwivedi
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Figure A.11: ViT on CIFARI10 with pg

(we have selected the models which achieve 100% training accuracy))
and Graph-MNIST. We can observe a nice correlation, outperforing dim-PH in
most experiments. As it was observed for the transformer-based experiments,
the correlation seems to be better for the data-dependent-metrics. This is an
important fact, as no sparse random projection was used to compute the Euclidean
distance matrices in the GNN experiments (it was not necessary as these models
have less parameters than the tramsformers considered above). This shows that
the fact the data-dependent pseudometrics outperform the Euclidean distance
also happens in the absence of these projections. It also shows that all quantities
seem to yield better correlations in the absence of random projections, at least in
the GNN expsriments.

The corresponding plots for GatedGCN can be seen in Figure with the
pseudometric, Figure for the FEuclidean and for 01. The plots for
GraphSage are reported in Figure [A.29] Figure and Figure [A.31]

We can observe a strong correlation on these figures, outperforing dim-PH
in most cases. As it was observed for the transformer-based experiments, the
correlation seems to be better for the data-dependent-metrics. This is an important
fact, as no sparse random projection was used to compute the Euclidean distance
matrices in the GNN experimentsﬂ This shows that data-dependent pseudometrics

outperform the Euclidean distance also in the absence of these projections. In

3A sparse random projection was not necessary as these models have less parameters than
the tramsformers considered above
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addition, all quantities seem to yield better correlations in the absence of random
projections, at least in the GNN expsriments.

Interestingly, a few failure cases can be seen on these plots. Indeed, Mag(0.01)
and PMag(0.01) seem to be almost constant and near 1. This indicates that
the scale choice s = 0.01 was not suited for these experiments; this behavior was
already reflected in Table[5.1| through very low Kendall’s coefficients, indicating the
absence of meaningful correlation. However, Mag(y/n) and PMag(y/n) provide
significantly better correlation, which supports our main claims, as s = y/n has
been argued in Section to be a particulary relevant choice of scale factor.

Note finally that the PH-dim plots for the 01-pseudometric failed to produce
numbers in these graphs experiments (this is why they are either missing or
look irrelevant). As before, we gave away this fact in Table by imposing our
granulated Kendall’s coefficients implementation to return zeros in the absence of
correlation, hence the small numbers observed in this case. That being said, this
behavior should not be seen as an issue. Indeed, PH-dim with 01-pseudometric
consists (in theory) in estimating the dimension of a subset of a discrete hypercube,

which is always 0. The reason we still reported PH-dim for this pseudometric

is for consistence and to test the implementation of [Birdal et al., 2021}, Dupuis|
2023| in this non-standard setting; it is however not theoretically grounded.
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Table A.2: Correlation coefficients for all quantities for ViT model and CI-
FAR100 dataset. The corresponding plots are presented in Figures[A.14] Figure

and Figure .
METRIC COMPLEXITY Yir Py v T
E, 0.78 0.71 0.74 0.70
Mag(y/n) 0.78 0.71 0.74  0.72
Mag(0.01) 0.15 0.11 0.13 0.17
ps PMag(\/n) 0.78 0.71 0.74  0.72
PMag(0.01) 0.60 0.62 0.61  0.56
dimpyy [DUPUIS ET AL.|, |2023] 0.77 -0.71 0.03 0.36
E, 0.77 0.51 0.64 0.67
Mag(0.01) (CHAPTER |4) 0.77  -0.69  0.04  0.50
Mag(+/n) 077  -0.45  0.16  0.54
I- 1k PMag(0.01) 0.82 0.53 0.68  0.66
PMag(y/n) 078  -0.45  0.16  0.54
dimpy [BIRDAL ET AL., 2021] 0.77 -0.71 0.03 0.37
E, 0.77 0.71 0.74 0.70
Mag(y/7) 0.77 0.71 0.74  0.71
o1 Mag(0.01) 0.68 0.51 0.59 0.59
PMag(+/n) 0.77 0.71 074  0.70
PMag(0.01) 0.72 0.71 0.71 0.63
dimpy 0.73 0.02 0.37  0.57
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Table A.3: Correlation coefficients for all quantities for CaiT model and CI-
FAR10 dataset. The corresponding plots can be seen in Figures [A.17], and

@.

METRIC COMPLEXITY Yir Py v T
E, 0.91 0.33 0.62 0.78
Mag(y/n) 0.91 0.33 0.62 0.75
Mag(0.01) 0.75 0.29 0.52 0.69
ps PMag(\/n) 0.91 0.33 0.62  0.75
PMag(0.01) 0.87 0.38 0.62 0.75
dimpyy [DUPUIS ET AL.|, |2023] 0.91 -0.19 0.36 0.75
E, 0.91 0.38 0.64 0.85
Mag(y/n) 0.89 -0.42 0.23 0.73
Mag(0.01) (CHAPTER 0.91 -0.15 0.37 0.77
I- 1k PMag(y/n) 0.8  -0.42 023  0.73
PMag(0.01) 0.53 0.26 0.4 0.48
dimpy [BIRDAL ET AL., 2021] 0.91 -0.31 0.30 0.67
E, 0.91 0.33 0.62 0.84
Mag (/) 0.91 0.33 0.62 0.77
o1 Mag(0.01) 0.86 0.33 0.60 0.76
PMag(\/n) 0.91 0.33 0.62 0.79
PMag(0.01) 0.88 0.44 0.66 0.71
dimpyy 0.91 -0.13 0.39 0.78
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Table A.4: Correlation coefficients for all quantities for CaiT model and CI-
FAR100 dataset. The corresponding plots can be seen in [A.20] and

=2

METRIC COMPLEXITY Yir Py v T
E, 0.67 0.13 0.40 0.54
Mag (/) 0.67 0.13 0.40 0.52
Mag(0.01) 0.47 -0.18 0.14 0.36
ps PMag(\/n) 0.67 0.13 040  0.53
PMag(0.01) 0.76 0.53 0.64 0.71
dimpyy [DUPUIS ET AL.|, |2023] 0.67 -0.13 0.27 0.56
E, 0.67 0.40 0.53 0.64
Mag(y/n) 0.68 0.33 0.50 0.65
Mag(0.01) (CHAPTER 0.66 -0.33 0.17 0.54
I- 1l PMag(y/n) 0.68 0.33 0.50  0.65
PMag(0.01) 0.62 0.09 0.36 0.43
dimpy [BIRDAL ET AL., 2021] 0.64 -0.09 0.28 0.50
E, 0.67 0.13 0.40 0.52
Mag(+/n) 0.67 0.13 0.40 0.57
01 Mag(0.01) 0.61 0.18 0.40 0.43
PMag(\/n) 0.67 0.11 0.39 0.53
PMag(0.01) 0.65 0.41 0.53 0.48
01 Loss 0.58 0.07 0.32 0.57




Appendiz A. Appendix

10-3 " 103
- = o= 5x10°[e v g =i am o= .
1.175 x 10° |
* m
*v - .
10° g 1.17 x 10° = A
2
- 2. Zax103 1.165x10°( * —
g Batch size 104 E Batch size 104 £ | 16x100] Batchsize * L
H e . 9 8 i o s A
16 ) H 16 1.155 x 10 16 T
1024 4 32 K L 32 11sx100| 4 32 -
= 64 835103 = 64 = 64 .
128 128 1.145 x 10° 128 .
. 256 . 256 t1axig0] ° 256
10-5 10-5 -1ax
20 25 30 35 20 25 30 35 20 25 30 35
Generalization gap Generalization gap Generalization gap
1073 1073 2.2x10°
5x10% ¢ - Sgw S iz = ¥ v Ao
S 6x10° > * R 2x10°
E . M - o
s = " Rt 5 1.8x10
L]
§4x103 §4xm° 5 1.6x100
2 Batch size ~ '; Batch size _ 3 Batch size
T 104§ 104 S
5 8 8 . 8 21.ax100 8 P -
g 16 E3x10 16 € 16
. 32 2 . 32 g |oa 32
3x103| = 64 E . 64 1.2 x 10 - o4 -
128 22x100 128 128 .
. 256 . 256 | e 256
10-5 10-5 10
20 25 30 35 20 25 30 35 20 25 30 35
Generalization gap Generalization gap Generalization gap
Figure A.21: CaiT on CIFAR100 with || - ||2.
10-3 — 1073 2.2x10°
1021 ¢ v T— ® T., 4 0m Batch size .
a— ¥ 4 2x10° 8 .
A e o
0 . 16
10t P R == 1.8x10° L 32 ¥
A H M = 64 *
P g = g . = E 16100 .
f. o Batch size 0 1074 E Batch size — 10-4 £ .6 % 10' 1 128 o,
s 10 8 = © 102 8 A = N e 256
“ 16 S 2 16 x ®1ax100 PN
. A 32 - k3 A 32 - * Ly
107f | e - 2 = 64 . b
128 - 10t 128 1.2x10° .
L e 256 e 256
10 10-5 10-°
20 25 30 35 20 25 30 35 20 25 30 35
Generalization gap Generalization gap Generalization gap
— — = 1073 = 10-3
—— = e .
. " * - 1.004 x 10° .
103 & - £ . + - .
: I 3 :
o Y + b 0 B
3 : 3 ) . E 1.003 x 10
"é 102 Batch size ioa 1074 'E Batch size - 10-4 % Batch size A o
) L = g 8 2 1.002x 10° 8 =
£ 16 .= £ 16 g 16 .
s 32 v e 2 s 32 ® . 32 .
10! = E o0 v
= 64 z . = 64 . 1.001 x 10 = 64 .
128 b 2 128 128 s
. .
e 256 e 256
100 R o] o 256 -
105 105 10
20 25 30 35 20 25 30 35 20 25 30 35

Generalization gap

Figure A.22:

Generalization gap

Generalization gap

CaiT on CIFAR100 with 01-pseudometric.

178

103

1074

10-°

1073

1074

1073

-
o
IS

1074

10-°

Learning rate

Learning rate

Learning rate

Learning rate



Appendiz A. Appendix 179

Table A.5: Correlation coefficients for all quantities for Swin model and CI-
FAR10. The corresponding plots are in Figure |K.23|, |K.24| and |K.25|.

METRIC COMPLEXITY Pin  Vns v T

Eq 0.97 0.58 0.77 0.86
Mag(y/n) 0.97 0.57 0.77 0.84
Mag(0.01) 0.87 0.58 0.72 0.75

ps PMag(\/7) 0.98 0.55 0.77 0.87

PMag(0.01) 0.76  0.20 0.48 0.65

dimpy [Dupuls ET AL, 2023] 0.97 -0.57 0.19 0.67

Eq 0.97 -0.04 0.46 0.84

Mag(+/n) 0.97 -0.43 027 0.77

o Mag(0.01) (Cuapterf) 098 -0.22 0.38 0.80
12

PMag(\/n) 0.98 -0.43 0.27 0.77
PMag(0.01) 0.51 0.53 0.52 0.47
dimpy |[BIRDAL ET AL., 2021] 0.95 -0.57 0.18 0.69

E, 0.97 0.58 0.77 0.84
Mag(y/n) 0.97 0.58 0.77 0.86
Mag(0.01) 0.94 048 0.71 0.79
PMag(\/n) 0.98 0.58 0.78 0.87

PMag(0.01) 0.92 0.42 0.67 0.78
dimpyy 0.93 -0.28 0.32 0.69
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Figure A.23: Swin on CIFAR10 with pg-pseudometric.
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Table A.6: Correlation coefficients for all quantities for Swin model and CI-
FAR100. See Figures |K.26|, |K.27| and |K.28| for the corresponding plots.

METRIC COMPLEXITY Y Vs v T

E, 0.69 0.47 0.58 0.62

Mag(+/n) 0.56 0.47 0.51 0.51
Mag(0.01) 0.31 0.47 0.39 0.33
PMag(\/n) 0.69 0.47 0.58 0.63
PMag(0.01) 0.71 0.58 0.64 0.68

dimpy [DupPuis ET AL, 2023] 0.69 -0.47 0.11 0.50

ps

E, 0.69 0.22 0.46 0.63

Mag(y/n) 0.71 -0.57 0.07 0.53
Mag(0.01) (CHAPTER 0.69 -0.44 0.12 0.53
PMag(\/n) 0.71 -0.57 0.07 0.53
PMag(0.01) 0.64 0.51 0.58 0.46

dimpy [BIRDAL ET AL., 2021] 0.69 -0.47 0.11 0.45

- [l

Eq 0.69 0.47 0.58 0.61
Mag(y/m) 0.69 0.47 0.58 0.62
Mag(0.01) 0.61 0.27 0.44 0.50
PMag(\/n) 0.69 0.47 0.58 0.62

PMag(0.01) 0.65 0.49 0.57 0.54

dimpy 0.64 0.04 0.34 0.51
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Figure A.26: Swin on CIFAR100 with pg-pseudometric.
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Figure A.28: Swin on CIFAR100 with 01.
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Figure A.30: GraphSage on MNIST with || - ||..
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Figure A.31: GraphSage on MNIST with 01.
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Figure A.32: GatedGCN on MNIST with pg-pseudometric.
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A.4 Appendix for Chapter 6

A.4.1 Stability Proof

Next to the theoretical properties linking magnitude to geometrical properties
of a space, which we previously outlined, we further prove that magnitude, as
a metric space invariant, also satisfies properties that are advantageous in the
setting of analysing latent representations. Specifically, we prove that magnitude
and thus the proposed magnitude differences satisfy certain stability properties
in light of perturbations of metric space. By this, we mean that if two metric
spaces X,Y are close, we want to obtain bounds on the differences between
their magnitude values. The canonical choice to measure closeness would be
the Gromov—Hausdorff distance, but in the absence of strong results concerning
the behaviour of magnitude under this distance [Leinster, |2013], we resort to a
more general—but also weaker—mnotion of similarity in terms of continuity. More
precisely, we will show that the similarity matrices used in the calculation of
magnitude are well-behaved in the sense that closeness of metric spaces (under
some matrix norm) translates to a continuous bound on the variation of the
similarity matrices. We first prove a general result about matrices and their

associated transformations.

Lemma A.4.1. Let ||All := sup {[|Az|[2 : x € R" with |[z]|y = 1} refer to the
induced 2-norm for matrices, and let A, B be two n xn matrices with ||A— Bl|2 < €.
Moreover, let f(M) :=1"M1. Then || f(A) — f(B)|2 < ne.

Proof. Because || ||z is a consistent norm, we have || f(M)|lo < |[L7[[2||M||2]|1]|2 =

v

n||M ||z for all nxn matrices M. Without loss of generality, assume that || f(A)||2
If(B)ll2 and [[Allz = [[Bll2. Thus, [[f(A)ll2 = [/(B)ll2 < d([|All2 = [|B]l2) <
d(||A — B||2) = ne.

U

Treating A, B as inverse similarity matrices, the preceding statement shows
that if the two inverse similarity matrices are close with respect to their spectral
radius, the difference between their magnitude can be bounded. The following

lemma shows that the similarity matrices satisfy a general continuity condition [

41t is clear that the mapping itself is continuous because of the functions involved in its
calculation. However, we find it important to remark on the bound obtained with respect to the
spectral norm of the two similarity matrices.
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Lemma A.4.2. Let (X,dx) and (Y,dy) be two metric spaces with corresponding
distance matrices Dx, Dy and cardinality n. For all € > 0, there exists 0 > 0 such
that if |Dx — Dy| < § holds elementwise, then ||(x — Cy |2 < €.

Proof. As a consequence of the continuity of the exponential function, we know
that there is ¢ such that |(x — (y| < n~te. The row sums of (x — (y are therefore
upper-bounded by e. We thus have ||[(x — (v |2 < € [Mind, 1988, Theorem 1.1,
p. 24]. O

As a consequence of Lemma[A.4.2] and the continuity of matrix inversion, we
know that magnitude is well-behaved under small perturbations of the respective
distance matrices. Given a pre-defined threshold €, we can always find perturba-
tions that preserve the magnitude difference accordingly. Notice that this result
does not make any assumptions about the Gromov—Hausdorff distance of the
metric space and only leverages the distance matrices themselves. Moreover, this
result applies in case X, Y are close with respect to the Hausdorff distance. If
dy(X,Y) < 6, the elementwise condition |Dx — Dy| < ¢ is satisfied a fortiori.
This stability of single-scale magnitude then further ensures the stability of the
difference between magnitude functions as defined in in the same sense.
Nevertheless, from a theoretical point of view, this result could be made stronger
by showing bounds in terms of distances between the metric spaces. We leave
such a result for future work, noting in passing that such strong results remain
elusive at the moment |Gove and Hepworth, 2021]; it is known, however, that the

magnitude function is at least lower semicontinous |Meckes|, 2013, Theorem 2.6].

A.4.2 Empirical Stability

We further investigate the empirical stability of the magnitude function differ-
ence. Given the difficulty in proving strong theoretical stability results, we
verify that, in practice, the magnitude function difference remains stable when
adding noise to the input space. We thus sample points from a Laplace dis-
tribution with mean g = 0 and variance 2b* with different levels of noise, i.e.
b € {0.0001,0.001,0.005,0.01,0.05}. Figure depicts the errors in magnitude
function difference relative the the area under the magnitude function of the un-
perturbed data across three different datasets (circles, Swiss Roll, Gaussian blobs),
using a different number of samples (varying between 100 and 5000 across 50

repetitions). The bound of 5000 points has been chosen given the clear downwards
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Figure A.35: Empirical stability of magnitude. Magnitude difference is stable
across different datasets (from left to right: Circles, Swiss Roll, Gaussian blobs)
and sample sizes. The lines show the mean magnitude difference relative to
the magnitude area of the unperturbed data and the shaded area the standard

deviation calculated across 50 repetitions.

trend across multiple noise levels; we expect the same trend to hold for larger
sample sizes. We observe that the magnitude function difference does not increase
above the value of 1 x 1072 with increasing sample size. In fact, the difference
fluctuates more for smaller number of points, but this is still within a very small
range. We therefore conclude that the magnitude function difference between the
original space and its noisy version does not change much, which indicates that

our measure is reliable and stable across multiple experimental conditions.

A.4.3 Definitions of Intrinsic Diversity Measures

The difficulty in defining diversity in representation learning has led to a few
varying proposals for evaluating the intrinsic diversity of latent representations.
Amongst these we consider the following three methods as baseline measures:

GMStds:. For a X, a D-dimensional embedding, it is directly computed as

(xiii)

where 0; = \/%(21:171 x;; — 2;)? is the standard deviation across the j-th em-
bedding dimension [Lai et al., [2020]. Thus, GMSTDS regards an embedding as a

cluster and assessing diversity by quantifying its spread.
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AvgSim:. Average mean similarity (or variations of it) is the most frequently

used diversity measure in ML. It is simply computed as

AVGSIM = % > <) (xiv)
2/ d,j<n,j>i

across all distinct pairs of points in X assuming ¢ is symmetric |Tevet and Berant],
2021]. This approach simply summarises that in a more diverse space, observations
should on average be less similar.
Vendi Score (VS):. We also consider the Vendi Score, which is the only entropy-
based diversity measure proposed in related ML literature. Let ¢ be a positive
semi-definite similarity matrix with ((i,7) = 1 for all i < n. Compute \;, the

eigenvalues of ¢/n. Then the Vendi Score is defined as

VS = exp(— Y Ailog(\)) (xv)

i=1
taking 0log(0) = 0 by convention. That is, the Vendi Score is the exponential of
the Shannon entropy of the eigenvalues of (/n [Friedman and Dieng|, 2023]. It
can thus be interpreted as summarising the effective number of modes in a space

at a specific scale of similarity.

A.4.4 Computing Magnitude

A naive calculation of magnitude according to requires inverting the similarity
matrix (x, which has a worst-case complexity of O(n?) and is numerically unstable.
However, inverting (x is not required in practice; instead, it suffices to solve certain
linear equations as also pointed out by Huntsman| [2022]. First, we notice that
the calculation of magnitude can be written as Mag(X) := 17¢;'1. For finite
metric spaces and negative definite metrics, (x is a symmetric positive definite
matriz, thus affording a Cholesky decomposition, which factorises (x = LLT,
with L being a lower triangular matriz. This operation is numerically stable and
more efficient than matrix inversion |[Higham) 2009]. We thus have Mag(X) :=
17¢M =1T(LLT)" "1 = (L7'1)T(L~'1). This is equivalent to calculating z "z
with x = L7'1, which we can efficiently obtain by solving Lz = 1 since L is lower
triangular. Likewise, we can reformulate the calculation of the magnitude weight
vector wx = (' 1 as solving (xwy = 1, which also benefits from the Cholesky

factorisation.
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A.4.5 Additional Details for Our Experiments

In the following we give further details and elaborate on the experimental setup

and datasets used for our experiments as well as showcase extended results.

A.4.5.1 Curvature Experiments

2 3' 2
4001
11 1
é’ 300 E
= <) 0
8 9()) | £
= O
100/ -1 -1
0 100 200 300 10000 15000 20000
Values of ¢ MAGAREA

Figure A.36: Magnitude detects curvature. Left: Magnitude functions for
unit disks with varying curvature between [—2,2|. Right: Curvature is positively

correlated with MAGAREA, indicating that it serves as a expressive predictor.

Here we provide more details about the curvature experiments, which builds
on the approach by [Turkes et al| [2022]] We generate a unit disks D, of surfaces
of constant curvature , with 3 cases: the first one is when x = 0 (we then have
the Euclidean plane), k < 0 (we have a space of negative curvature, the Poincare
disk model of the hyperbolic plane), k > 0 (sphere with radius 1/y/k). We vary
the curvature s to be in the interval [—2,2]. For each value of k, we construct
point clouds by sampling 500 points from D,. We generate 201 surfaces with
equally spaced curvature in the interval [—2,2]. Then, we compute magnitude
for each space using Euclidean distance and 30 evenly spaced intervals until the
scale t.,y = 73. For the results reported in Table we further apply 5-fold
cross-validation. We first train a quantile regression model on the MAGAREA
after applying polynomial feature transformation of degree 2 to the training data
suspecting a quadratic-looking relationship between MAGAREA and curvature
after exploratory analysis. Further, we compare this to piecwise linear regres-

sion with two breakpoints under the assumption that the relationship between

5The code by [Turkes et al. [2022] is available at https://github.com/renata-turkes/
turkevs2022on.
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MAGAREA and curvature as plotted in Figure rather depicts a piecewise
linear relationship clearly separating spaces of positive and negative curvature.
We further report six alternative models from [Turkes et al|[2022], which are
using features from persistent homology (PH) summarising persistence diagrams
(PDs). See Bubenik et al.| [2020] for a more detailed explanation on PH and its
relationship to curvature. Specifically, in Table we reproduce the following
models from Figure 4. and Table 3. of Turkes et al.| [2022]:

e SVR (all PH features) referred to as 0-dim PH simple by Turkes et al.| [2022],

which uses the lifespans of the persistence diagram computed on the samples;
e SVR (selected PH features) denoted 0-dim PH simple 10 by Turkes et al.
[2022], which uses the 10 longest lifespans; and

e SVR (PH vectorisation) corresponding to 0-dim PH by Turkes et al.|[2022],
which selects the best PD vectorisation amongst a number of options, namely
persistence images (PI) or persistence landscapes (PL).

All the PH-based methods use support vector regression (SVR) with a RBF
kernel. Hyperparameter tuning for these models is conducted as reported by Turkes
et al| [2022] using grid search with a choice of C parameters in {0.001, 1, 100}.
We further reproduce 1 method based on pairwise distance matrices:

e SVR (distance matrices) denoted as ML by [Turkes et al.| [2022].

Finally, we restate the performance scores of these two methods directly from
Turkes et al.| [2022]:
e MLP (shallow) denoted as NN shallow by |Turkes et al.| [2022]; and
e MLP (deep) denoted as NN deep by [Turkes et al.| [2022].
We also note that the other models achieve different performance scores on our
dataset than reported by Turkes et al.| [2022] due to a slight difference in dataset
and cross-validation splits. We use a smaller subset of samples than [Turkes et al.
[2022] each having a unique curvature value as described above, and ensure that
all models are evaluated on the same splits of data across 5-fold CV for fair
comparison. Finally, we summarise the MSE achieved by each model in Table
[lustrating this, Figure further shows examples of both magnitude
functions for negative and positive curvature as well as the clear piecewise-linear

trend between MAGAREA and curvature.
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A.4.5.2 Graph Embedding Experiments

To assess our new diversity measure’s utility for graph generative model evalu-
ation we reproduce the benchmark by Thompson et al| [2022]f] and include our
proposed reference-based diversity measure, MAGDIFF, to the diversity evaluation
benchmark.

Specifically, we conduct this experiment on five graph datasets:

e Lobster: A dataset consisting of 100 stochastic graphs generated so that
each node is at most 2 hops removed from a backbone path and the number
of vertices varies between 10 and 100.|Dai et al |2020, Thompson et al.,
2022

e Grid: A dataset of 100 two dimensional graphs consisting of 100 to 400
vertices [Dai et al., 2020, Liao et al., 2019, [You et al., 2018, Thompson et al.,
2022].

e Proteins: A dataset of 918 protein networks. Each vertex is an amino acid
and edges connect amino acids that are less than 6 Angstroms away from
each other [Dobson and Doig, 2003]. Only graphs with between 100 to 500
vertices are selected [Dai et al., 2020| |Liao et al., 2019, [You et all [2018,
Thompson et al., 2022].

e Ego: A dataset of 757 graphs that are 3-hop networks with 50 to 399 vertices
[You et al., 2018| |Thompson et al., 2022|. These graphs were extracted from
the CiteSeer citation network where nodes represent documents [Sen et al.,
2008].

e Community: A dataset with 500 two-community graphs with between
60 to 160 vertices, where each community has been generated using the
Erd6s-Rényi model [Erdés et all [1960] setting n equal to half the number of
vertices and p = 0.3. Additional edges amounting to 5% of the number of
vertices have been added to each graph with uniform probability [You et al.|
2018, 'Thompson et al., 2022].

Further, this experiment uses a GIN (Graph Isomorphism Network) [Xu et al.|
2019a] architectures as an embedding model and following the procedure by
[Thompson et al., [2022] we vary the following hyperparameters for these models:
We vary the number of layers between [2, 3, ..., 7] and vary the hidden dimensions

in the interval [5, 30] with an increment of 5 resulting in a total of 36 architectures.

5Code for reproducing this graph evaluation benchmark is available at https://github.
com/uoguelph-mlrg/GGM-metrics/ under an MIT licence.
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We repeat the experiments for 5 different random seeds. The experimental
setup used to evaluate the evaluation metrics for both mode collapse and mode
dropping then is as follows: First P, ~ P,, so that P,, the real distribution, is
identical to F,, the generated distribution. Then the perturbation parameter
p € [0, 1] is introduced, which transforms the generated graph datasets step-wise
and increases the dissimilarity (and hence diversity) between the reference and
generated datasets. Therefore, we use it as a proxy to measure the difference in
diversity between P, and P,. To evaluate this decrease in diversity, we compute
magnitude for the corresponding graph embeddings across 40 evenly-spaced scales
until the convergence scale of the reference choosing ¢ = 0.05|.X|. For precision,
recall, density and coverage we take the parameter £ = 5, as proposed previously
by [Naeem et al.,[2020], to ensure a fair comparison. We then normalise all metrics
such that their value is 0 when P, = P, (which is exactly when the degree of
permutation is 0). For this, we follow the normalisation strategy by |[Thompson
et al, 2022] and normalise MAGDIFF by the cardinality of each embedding.
Next, we vary the parameter p and compute each evaluation metric. We report
the Spearman correlation coefficient between each metric and the degree of the
perturbation p. Hence, the value of a metric which captures the decrease in
diversity accurately should increase with the increase of p, and rank correlation
of 1 corresponds to an ideal metric. Results for the whole experiment across all
datasets are presented in Figure [A.37] The violin and boxplots reported in this
figure then summarise the distribution of each evaluation measures rank correlation
to the degree of perturbation across the 5 random seeds and the aforementioned
hyperparameter choices influencing the embedding models. Finally, Figure
investigates the influence the choice of convergence scale has on the results of these
experiments and we observe that low values of € lead to better agreement with
the true degree of perturbation. Further, the trends in the value of MAGDIFF are

stable across choices of € < 0.05|X| as chosen throughout this study.
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Figure A.37:

()

Results for the mode collapse and mode dropping exper-

iments. The patterns for each of the datasets is similar to the results on the

Lobster graphs, which we show in the paper. (a) Results for all datasets, (b)

Protein dataset, (c) Grid dataset, (d) Community dataset, (e) Ego dataset.
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Figure A.38:

(e)

Rank correlation between MagDiff and the degree of per-

turbation for different choices of convergence scale. Here we vary the choice

of € influencing the reference scale that is chosen to compute MAGDIFF(IXI-¢/x])

for the mode collapse and mode dropping experiments. We clearly observe that

low values of € as given by MAGDIFF95 or MAGDIFF99 lead to higher rank

correlation and better agreement with the true decrease in diversity. (a) Results

for all datasets, (b) Protein, (c) Grid, (d) Community, (e) Ego.
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A.5 Appendix for Chapter 7
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Feature type

Feature name

Description

Intuitive interpretation

Baseline features

Radius

The radius of the papil-

lae

The distance

between the projection of

horizontal

the top and the border

Height

The height of the papil-

lae

The distance

between

vertical

the
of
the papillae and the base

top

Geometric features

Minimum Gaus-

sian

The minimum value of

the Gaussian curvature

How pointy downwards an

object is

Maximum Gaus-

sian

The maximum value of

the Gaussian curvature

How pointy the object is at

its maximum

Ratio Gaussian

The ratio with (+4)

kGaussian over (-)
kGaussimu if # of
(+) < # (-); and the

other way round

Approximately measuring
the papilla curves towards

the normal

Ratio mean

The ratio with (+) kmean
over (-) kmeanv if # of (+)
< # of (-); and the other

way round

Approximately measuring
how positively curved the

papilla is

Positive Gaus-

sian

The percentage of points
with positive Gaussian

curvature

A measure of how positively
curved the papilla is, what

percentage is dome-like

Positive mean

The percentage of points

The percentage of points

Topological features

with  positive mean | with positive mean curvature
curvature
Magnitude The value of magnitude | The number of effective
at t =0.25 points for a papilla
Persistent  en- | The Shannon entropy of | Measuring how different the
tropy (0) the barcode in H lengths of the bars are in H

Short bars (0)
and (1)

The

bars in Hy and Hy, re-

number of short

spectively

The number of least persist-
ent connected components in
Hy and loops in H; with rel-

atively short life span

Amplitude (Bot-
tleneck) (0) and

(1)

The distance between
the persistence diagram
and the empty diagram

in the Bottleneck metric

Approx. measurement of the
length of the longest bar, or
the life span of the most per-

sistent feature

Amplitude (Per-

sistence image)

The distance between
the persistence image

and the empty diagram

Quantity measuring the to-
pology of the object and how
much it differs from a flat sur-

face

Table A.7: Description of non-correlated baseline, geometric and topological

features.
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Figure A.39: The most important features for papillae type classification

(a-c) are the features with the highest importance for the papillae type classification

task. (a) and (c) are topological, while (b) is curvature.
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Figure A.40: KDE plots of most important features for type classification
task. In plot (a), the distribution of the Minimum Gaussian for Fungiform
follows a very different pattern from Filiform and None — it is mostly flat and
evenly distributed on the interval (—1,0), while Filiform and None are densely
concentrated around 0. In plot (b), the distribution of Filiform and None are
very similar, with Fungiform having higher value of Radius, which is as expected
from previous work [Andablo-Reyes et all 2020]. In plot(c), the papillae Types
Filiform and None follow a similar pattern to (a). Fungiform has higher value
of Persistent entropy (0). In plot (d), even though Maximum Gaussian is not
amongst the top three most important features, the value for Maximum Gaussian
is higher for Filiform and None compared to Fungiform. This is as expected due

to the sharper shape of filiform with more pronounced drop and steeper sides.
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Participant id | Segments
1 173
2 163
3 168
4 149
5 199
6 138
7 139
9 115
10 77
11 240
12 132
13 106
14 51
15 121
16 121

Table A.8: Number of segments per participant.

Gender

Age (mean;SD)

Female

29.5 (4.5)

Male

28.3 (3.9)

Table A.9: Demographics of the participants.

200
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Model Balanced acc(Gender, all) | Balanced acc(Gender, lim) | Balanced acc(Age) | Balanced acc(Age,lim)
Baseline features 0.45£0.12 0.52 £ 0.06 0.52£0.11 0.52£0.11

Curvature features | 0.44 £ 0.25 0.67 £0.15 0.57 £0.30 0.59 £0.28

Topological features | 0.45 4+ 0.29 0.67 + 0.11 0.57 4+ 0.30 0.61 + 0.27

All Combined 0.42 + 0.28 0.65+0.14 0.50 £ 0.24 0.53 £0.21

Table A.10: Balanced accuracies for age and gender tasks. The performance
when we use Leave-one-group-out approach. The results are worse than before due
to a small number of participants having too low accuracies. It will be a question
for future work to investigate this. The results on the right are when these small
number of participants have been removed. It can be that they are outliers and
their topological features do. However, it is difficult to make conclusions given
the small sample size. It could be that some people are topological outliers, and

their features are not similar at all to the other people in the same age category
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Figure A.41: Schematic figure: Profile view of processing a segment
with a fungiform papilla. From an arbitrary point P, all mesh vertices within
a radius r 4+ ¢ are taken. Then a Best fit Plane is found using the RANSAC
algorithm. The candidate point for the peak of a papilla (if present) is found as
m — the point furthest from the plane. This distance is taken to be the height,

and m is assumed to be the centre of the papilla.
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