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Abstract

Computational studies of condensed matter phases by molecular dynamics are

limited by the lack of accurate and efficient interatomic potentials. The high

level theories, such as density functional theory (DFT), provide accurate potential

energy surface description but lack required efficiency for large scale problems.

On the other end of the spectrum are empirical potentials which are fast but

often not accurate enough. The emergence of new machine learning methods for

the development of interatomic potentials aim to bridge this gap.

This thesis presents the development of machine learning library for interatomic

potentials. The Ta-dah! software is capable of generating machine-learned

potentials for mono- and multi-component systems. The library provides wide

range of atomic local environment descriptors and its modular structure allows

quick implementation of new ideas. The library is fully interfaced with LAMMPS

molecular dynamics software.

The standard use of Ta-dah! involves training with data generated from DFT

packages such as VASP and CASTEP. It also incorporates a training method

for learning interatomic potentials from high level quantum mechanical theories,

such as coupled cluster. The method allows to harvest existing databases of high

quality quantum chemistry calculations to build interatomic potentials based on

methods which, in principle, can exceed that achievable by density functional

theory.

The library is deployed to develop efficient and accurate interatomic potentials

to study various systems. The thesis highlights molecular dynamics calculations

with a new potential for molecular nitrogen, based on quantum chemistry data.

Phase-coexistence and free energy calculations with this potential are used to

describe the melt curve and several different crystal phases. This enables

calculation of the phase diagram up to 10GPa. The potential is also applied
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in the to study of the proposed “Frenkel Line” in the subcritical and supercritical

regions.
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Lay Summary

The physical sciences have progressed through a meticulous process of developing

concepts and verifying them with experiment. Regardless of how beautiful the

theory is, if it disagrees with the experiment it has to be refined or even replaced

by new improved model. In short, the experiment is king.

However, over the past few decades the computational methods gained significant

traction and nowadays are considered as an indispensable tool in science. They

are not only used to complement experiments but perhaps more importantly

they can guide them towards new discoveries and in consequence significantly

accelerate progress of science. Moreover, the computational methods allow us

to study phenomena inaccessible to experiment, such as what happens in the

interior of the Earth or even remote objects such as newly discovered exoplanets

found beyond the Solar System.

Of particular importance are computational methods which let us simulate matter

on a microscopic level. They allow us to model individual atoms and track them

on their journey through space and time. The quality of those simulations and

the motion of atoms itself is governed by the underlying theoretical model of the

forces they exert on one another - the interatomic potential.

The great deal of physics is concerned with the development of better and more

accurate interatomic potentials. While computational methods based on the

laws of quantum mechanics are extremely accurate, they lack the computational

efficiency to study more than a few atoms. There is an increasing need for better

interatomic potentials capable of simulating large systems with a high level of

accuracy.

In this work a data-driven approach is used to transcribe complicated quantum

mechanical laws into efficient interatomic potentials which allow simulations

for even millions of atoms. The new method uses well established machine
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learning algorithms which are becoming increasingly popular in almost all aspects

of science. The software developed for this PhD thesis permits training of

interatomic potentials which then can be used to study solids and liquids on

the microscopic level.

The software is used to develop an interatomic potential for nitrogen. The model

is extremely accurate and matches available experimental data very well. The

new interatomic potential is relevant to study nitrogen solids and liquids in a wide

range of temperatures and pressures. The model can be used to study nitrogen

ices found on many planets which are not directly accessible to the experiment.

For example, it is suitable for investigation of icy nitrogen fields found on planet

Pluto by the New Horizon spacecraft. This will deepen our understanding on the

formation of this system as well as shed some light on the transformation of the

early Solar System.
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Chapter 1

Introduction

Advances in our understanding of the Universe happened as a consequence of

human curiosity, intuition, laborious trial and error process and, perhaps mostly,

a fortunate stroke of serendipity. Few of those are within our control. However,

with the accumulated knowledge, the trial and error process can be refined and

successfully applied to progress our understanding of the Laws of Nature.

Since the early days of physics, the experiment was, and still remains, the final

judge of scientific truth [62]. In the second half of the 20th century, atomic

simulations have become a common tool to aid our understanding of Nature in

fields of physics, chemistry and material science. Computer simulations are not

only used to shed light on the experimental data but also to make predictions

which can later be verified by the experiment. The ability to study problems

on the microscopic level allows researchers to gain fundamental insight into the

nature of underlying processes.

For centuries, discoveries of new materials have been dominated by the trial

and error process. The demand for materials with specific properties is higher

than ever before and can only continue to grow. Either the fine-tuning of

material properties to match specific application, or a discovery of completely

new materials with remarkable and sometime exotic properties are very time

consuming. Nowadays, this process of material design and testing can be greatly

accelerated with the use of computer simulations. In consequence, modern

material science is being transformed by novel computer modelling techniques

[72].
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Atomic simulations is also a standard instrument used in planetary science

even though the time and length scales can span many orders of magnitude.

Understanding of the relevant processes, such as phase transitions, is crucial to

address questions such as dynamics of the Earth interior. This high temperature

and pressure environment is often inaccessible to the experiment but can be

studied at the molecular level with simulations such as Molecular Dynamics (MD)

or Monte Carlo (MC). Moreover, the humanity is turning its attention not just

beyond Earth but even beyond the Solar System. With the discoveries of new

exoplanets it is only natural to turn towards computational methods, such as

atomic simulations, to study matter in the conditions found on those remote

objects.

The atomic simulations critically depend on the choice of the interatomic

potential [182]. The role of the potential is to accurately describe interactions

between atoms such that their collective behaviour give rise to the phenomena

later observed in Nature. The choice of the potential is dictated by the physical

question in mind and limited by the available computational resources. In general,

accurate potentials are computationally more demanding. Henceforth there is

a increasing need for more accurate interatomic potentials which are able to

simulate systems with a large number of atoms [127].

Historically the interatomic potentials are broadly divided into two groups: Ab

initio and empirical. Ab initio (also known as “from first principles”) are

potentials where many body Schrödinger equation is solved computationally

to obtain accurate energies from which forces can be calculated thanks to the

Hellmann-Feynman theorem [61]. Arguably the Density Functional Theory

(DFT) [88, 104] is the most successful theory to date which allows us to predict

energies on the milli electronvolt scale. The most accurate energy predictions are

obtainable from quantum chemical wavefunction based theories such as Coupled

Cluster (CC) [40, 41, 43, 44] however at great computational expense.

The major limiting factor of first principle methods is their computational

scalability which is O(n3) with the number of atoms for the DFT. Even with

an exponential growth in computing power and increased availability of high

performance computing facilities for many scientific groups world-wide the ab

initio methods are still unable to address time and length scales required to tackle

many interesting problems in physics. In practice, DFT can simulate systems of

hundreds of particles on the picosecond scale. The CC method is limited to

computing interactions between simple molecules when highly accurate energies

2



are required.

On the other end of the spectrum are empirical potentials which aim to reproduce

quantum mechanical effects using functional form motivated by the higher theory.

These potentials contains free parameters such as bond lengths and angles, charge,

etc., which are then fitted to either empirical data (e.g. lattice parameters, elastic

constants) or to quantum mechanical data from ab initio theory. The empirical

potentials allow systems of hundreds of thousands of atoms to be simulated on

the nanosecond scale however they lack accuracy and their capabilities are limited

to often narrow domain of applicability.

In the early days of empirical potentials, their functional forms where mathemat-

ically simple and had clear physical meaning. Over time, the functional forms

evolved from simple functions towards more complex nonlinear models. Still,

the resolution of forces and energies from the empirical potentials is often not

sufficient for many problems in physics.

Number of different empirical potentials have been developed since 1980s.

Notable many-body potentials to describe metallic systems are Embedded Atom

Method (EAM) [47, 48] and Finnis-Sinclair type model [64] while covalent

materials are often simulated with bond-order type potentials [174, 184–186].

New functional forms are still being developed to better describe the chemical

bonding found across various classes of materials [127]. It is worth emphasising

that the construction of empirical potentials requires extended domain knowledge

and is often considered as an art and science in equal parts. Some high quality

potentials are used extensively by the community [1–3, 123, 124] while some

others, perhaps of lesser quality, are never being used after initial publication.

The interatomic potential’s ability to represent accurately atomistic phenomena

is by far the most important factor which determines its popularity. However,

interatomic potentials which are implemented in easy-to-use software are more

likely to be employed in the future. The platforms like National Institute

of Standards and Technology (NIST) Interatomic Potentials Repository [15,

80] and the Knowledgebase of Interatomic Models (OpenKIM) [181] provide

thousands of validated and ready-to-use potentials. Moreover, the distributed

models seamlessly work with many popular MD packages such as Large-scale

Atomic/Molecular Massively Parallel Simulator (LAMMPS) [189] either via

Application Programming Interface (API) or the file format which is natively

supported by the MD package. The testing and verification of the models in those
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databases assist prospective users in decision whether the potential is applicable

to the problem at hand.

There is an increasing need for efficient potentials which can simulate tens (or

even hundreds) of thousands of atoms on the nanosecond scale with the accuracy

of quantum mechanical codes. It has been considered for a while now that the

methods employed in the development of empirical potentials have reached a

‘plateau’ and therefore are insufficient in terms of accuracy and reliability for

more advanced applications [72]. The main limiting factor is a functional form

of the interatomic potential which is in general unknown and must be guessed.

Clearly new directions were needed. At the same time the interdisciplinary data-

driven approaches have become increasingly popular in many fields of science (see

for example [6, 83, 212]). The new paradigm emerged utilising those ideas. In

particular, the developments in machine learning (ML) methods allow us now to

address the increasing need for efficient interatomic potentials which can provide

accurate energies and forces.

The roots of machine learning can be traced back to the early 19th century

with the discovery of least squares method by Adrien-Marie Legendre in

1805 and rediscovery of Bayes Theorem by Pierre-Simon Laplace seven years

later. However, it was not until 1950 when Alan Turing proposed a “learning

machine” that can be trained to become “intelligent” [194]. The first pioneering

attempt in the field of machine learning was construction of SNARC (Stochastic

Neural Analog Reinforcement Calculator) by Marvin Minsky in 1951. SNARC

was imitating a neural net inspired by the biological neural networks with

approximately 40 randomly connected synapses [122]. Despite the initial success

of SNARC, in 1969 the same author published work that shows some limitations

of neural network (NN) machines which were widely (and wrongly) interpreted as

having a fundamental flaw. The rediscovery of a backpropagation algorithm in the

1980s proved to be a turning point: it meant that a NN can efficiently be trained

in an iterative and recursive manner which previously thought is impossible. From

the 1990s machine learning methods become widespread in scientific community

where are mostly used to analyse large sets of data and “learn” from results. From

year 2000 onwards there is a rapid development in machine learning techniques

mostly driven by the commercial needs. The probabilistic perspective to ML gave

rise to methods such as Support Vector Machines and range of Kernel Methods

[26, 131, 148].

Machine learning techniques have been used in fields of physics and chemistry for
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over 30 years [70, 178]. Initially they were employed to help with classification

problems (such as the analysis of spectra [191]) but nowadays they assist in

wide range of tasks such as identifying phases and phase transitions in variety

of condensed matter systems [36] or to efficiently represent quantum many body

state using deep Neural Networks (dNN) [67].

Machine learning methods have also emerged as a promising tool for the

development of the interatomic potentials [11, 19, 53, 119, 162, 188, 215]. The new

paradigm attempts to represent the potential energy surface (PES) by numerical

interpolation of reference data generated with higher order quantum mechanical

calculations. This is achieved by replacing the physically motivated functional

form of empirical potentials with more flexible mathematical one, albeit lacking

physical meaning [17].

The key idea in the development of the machine learning interatomic potentials

(MLIP) is to construct a functional relation between atomic environments and

energy [10]. The potential is then trained using a database from higher levels

of theory such as electronic structure calculations. In this way the hierarchy

of potentials is obtained where, in principle, quantum mechanical accuracy can

smoothly be traded against the efficiency. This allows development of bespoke

potentials which are suitable for the wide range of problems [50, 151, 195, 216].

The essential question is what makes a good machine learned interatomic

potential? Behler suggests the following requirements [17]:

• Computational cost of evaluation comparable with empirical interatomic

potentials.

• The total cost of generating training database should be significantly lower

than the direct application of DFT.

• Minimum human effort and intervention should be required during potential

training.

• Systematic improvements should be possible.

• Analytic energy gradients should be available for the calculation of forces,

stress tensor, etc.

• Potential should not contain any classification of atoms, predefined bonds

as chemical environments and bonds should be allowed to change in the

course of the simulation.
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• High accuracy comparable with the reference electronic calculations.

Another highly sought property of interatomic potentials is their transferability

to unknown atomic environments. In general, machine learning interatomic

potentials are highly capable in their interpolation ability and mediocre in

extrapolation. Therefore this requirement is particularly difficult to satisfy for

MLIPs. It has been shown that the problem can be alleviated to some extent by

introducing information about the nature of interatomic bonding [114, 146].

The functional forms of MLIPs can vary greatly. Furthermore, the fitting

procedures used for training can be very elaborate and often require the

development of a separate software library. Moreover, features which may be

critical for some applications can be irrelevant for others. It is understandable

that no single standard exists to facilitate different codes at this moment in

time and it is unlikely that this will happen in the future. It is therefore

important that the written code follows well established practices for scientific

software development [109, 203, 204]. Simply put, any code which just produces

a publication but is not being reused is rarely worthwhile. As the bare minimum

the distributed MLIPs should provide an API such that it can be used with a

MD package of choice (such as LAMMPS [189]).

The training process for MLIPs aims to minimise the cost function such that the

model accurately represents the potential energy surface (PES) for the problem

at hand. The concept of PES is related to the Born-Oppenheimer approximation

[31] where the motion of atomic nuclei and electrons are separated. That is,

given atomic configuration, nuclear and total charge, the potential energy of the

system is defined by its electronic Hamiltonian. The MLIP attempts to model this

Born-Oppenheimer surface but without calculating the electronic wavefunction

explicitly. In fact what we strive to do is to solve an inverse problem: Can the

machine “learn” to predict the potential energy surface, given a set of atomic

coordinates? The training data are usually obtained from the expensive first

principles electronic structure calculations on small systems. The model learns to

replicate those energies by capturing the relationship between atomic coordinates

and energy using a flexible mathematical set of functions known as descriptors.

The deployment of MLIP in the MD environment involves several steps:

transformation of atomic coordinates to a set of feature vectors which enforce

fundamental symmetries such as translation, rotation and permutation of

indistinguishable atoms. These feature vectors are then used as an input for
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the machine learning method. The ML engine is then used to predict energies

and forces which are in turn communicated back to the MD code. The atomic

positions are then integrated based on the provided forces and new atomic

configuration is obtained. Evidently, there is an overlap between training and

deployment of the model.

A number of excellent software packages has been published to assist development

of MLIPs along with APIs for major MD codes [11, 134, 200]. Those codes are

usually fixed by design to a particular method of choice and are in general difficult

to extend to accommodate new advances in the field without extensive knowledge

of the code base. While this is not a deficiency per se, one might argue that the

lack of flexible toolbox for the development of MLIPs hinders progress in the

field. It also renders comparison of accuracy and efficiency between different

methods difficult [216]. In the last couple of years a number of packages emerged

attempting to unify development and deployment of MLIPs [201, 207]. Also,

LAMMPS now provides new MLIAP package - an interface which supports some

MLIPs albeit still fairly limited in its functionality.

The field of interatomic potentials is dynamic with new methods constantly being

developed. There is an increasing need for a toolbox, which would allow one

to progress through key stages: development and easy implementation of new

methods, training of the model and its efficient deployment to a large scale real-

world problems. Arguably, no package developed to this date allows to progress

seemingly through all those stages.

The focus of this thesis is on the development of novel software and library for

machine learning interatomic potentials for condensed matter systems. The Ta-

dah! strives to provide an easy to use command line interface (CLI) for training

as well as it has ability to be used as a C++ library. The code follows well

established software development practices including extensive documentation.

The modular structure of the code allows implementation of new ideas with the

minimal knowledge of the code base. The deployment of new models is possible

by the universal and efficient LAMMPS API. The code features a unique ability

to train and deploy simple models for dimers with an accuracy comparable only

to Coupled Cluster method as well as novel two-stage fitting procedure.

In this thesis, the Ta-dah! software is utilised to develop transferable MLIP for

molecular nitrogen. The model is first employed to study the Frenkel Line (FL) in

the subcritical and supercritical nitrogen. The improved model is then developed
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to compute the phase diagram of N2 up to 10GPa.

Further introduction to the nitrogen phase diagram and the Frenkel Line have

been incorporated into relevant chapters.

The structure of the thesis is as follows. In chapter 2 the background theory

is presented. The major developments in quantum mechanical modelling are

summarised in section 2.1. The introduction to classical interatomic potentials,

including review of the most popular ones, can be found in section 2.2. The

brief overview of molecular dynamics is given in section 2.3. Section 2.4 contains

the introduction to machine learning followed by the review of machine learning

interatomic potentials in section 2.5.

Chapter 3 presents open-sourced Ta-dah! package and its capabilities. The

essential software components are discussed in section 3.1 along with an overview

of training and prediction procedures. The necessary theory is covered in section

3.3. The chapter ends with a simple example to illustrate Ta-dah! usage (section

3.4). The future development directions are listed in section 3.5.

The Ta-dah! software features a unique two-stage fitting procedure which is

presented in chapter 4. The purpose of it is to improve MLIPs transferability

beyond the initial training configurational space. The necessary background

is provided in section 4.1 followed by the review of hyper parameter (HP)

optimisation techniques in section 4.2. The methodology is laid out in section 4.3

and the proof of the concept is given to validate this approach in section 4.4.

In chapter 5 a new machine learning interatomic potential is developed to study

dynamic transition in the subcritical and supercritical nitrogen. The line on the

pressure-temperature phase diagram where this transition occurs has been coined

the Frenkel Line. The chapter begins with the relevant introductory material

followed by the development of the model in section 5.3. The model is validated

against the available neutron scattering data and then deployed to study origin

of the Frenkel Line on the phase diagram in section 5.4.

Given the excellent agreement between the model and the experiment in liquid

simulations, the model is further deployed to compute the phase diagram of

nitrogen in chapter 6. We will see that it was found that the initial model is

insufficient to reproduce the melt curve, hence the phase diagram of nitrogen.

To address shortcoming of the first model, the new, improved methodology and

model are developed in section 6.2. The new method allows to train highly
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accurate models for dimer-like systems using accurate Coupled Cluster data. The

review of relevant experimentally determined solid phases of molecular nitrogen

on the phase diagram up to 10GPa is given in section 6.3. Finally, the phase

diagram is computed in section 6.4.
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Chapter 2

Background Theory

2.1 Quantum Mechanical Modelling

The behaviour of matter at a macroscopic level is well described by the laws

of quantum mechanics. It is postulated that the system of interest can be

represented by the wave function Ψ and its time evolution is governed by the

time dependent Schrödinger equation (TDSE) given by

iℏ
d

dt
|Ψ(t)⟩ = Ĥ |Ψ(t)⟩ (2.1)

where i is the imaginary unit, ℏ is the reduced Planck constant, |Ψ(t)⟩ represents
the state of the system at time t and Ĥ is the Hamiltonian operator which

corresponds to the total energy of the system.

The closed form solution is known only for the simplest problems such as isolated

hydrogen atom. As soon as additional electrons are introduced, the system

becomes to complex to tackle analytically. To address more challenging problems

one is required to use approximate methods.

This section provides an overview of the most successful models used to model

quantum systems along with the underlying approximations.
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2.1.0.1 Born-Oppenheimer Approximation

The BOA [31] has been introduced in 1927 and proved to be a cornerstone for

the field of atomistic modelling. It exploits the fact that the rest mass of nuclei

is much heavier than of surrounding electrons. Therefore it follows that electrons

will respond almost instantaneously to nuclear movement to find their ground

state. Based on this, one can decouple motion of electrons from nuclei and write

Ĥ as a product of electronic and nuclear terms. In other words, the motion

of nuclei is treated classically while the time independent Schrödinger equation

(TISE) is used to solve an electronic wavefunction.

Ĥ |Ψ⟩ = E |Ψ⟩ (2.2)

The BOA introduces small errors into calculation which can often be neglected.

Special attention must be paid when simulating hydrogen molecules as the mass

difference from the electron is smaller and the BOA may affect vibrational

frequency and at high pressure nuclei motion can no longer be treated classically.

There are also other cases where error is significant enough to invalidate results

[182]. These may involve light nuclei and systems where nuclei move extremely

fast such as during rapid fracture.

2.1.0.2 Variational Method

The variational method allows finding solution to the Schrödinger equation by

solving a minimisation problem in the iterative manner which is suitable for

modern computers.

The variational theorem states that the true wave function is that which minimises

the energy of the system. The wave function can be expanded in a complete

orthogonal set of basis functions. By varying parameters of this expansion one

can, in principle, converge to the true ground state.

In practice, the approximate wave function is build out of an incomplete set of

basis functions (discussed in section 2.1.3.5) and expansion is truncated to balance

accuracy and computational effort required. Moreover, the iterative methods used

to vary expansion parameters do not guarantee finding the true minima hence

obtained energy is an upper bond to the true one.
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2.1.1 Hartree

The Hartree method builds on BOA and attempts to solve time independent

Schrödinger equation (eq. 2.2) by assuming a system of non interacting electrons.

Here the problem is simplified to interaction of individual electrons with all other

electrons in the mean-field approximation.

It is a rather bold assumption and cannot be really justified, nevertheless it

provides a good starting point for more sophisticated methods.

The total wave function is just a product of individual electron wave functions

(orbitals) - known as Hartree product.

Ψ({r}) = ϕ1(r1)ϕ2(r2)ϕ3(r3)...ϕN(rN) (2.3)

Apart from neglecting electronic correlation there is another major shortcoming.

The Hartree product does not satisfy the anti-symmetric principle which is

required for fermions.

Since Hartree electrons do not interact, the Hamiltonian is separable and the goal

is to solve TISE for each electronic orbital ϕ

(T̂ e + ÛNe + Ûmean)ϕi(ri) = ϵiϕi(ri) (2.4)

where T̂ e is a kinetic energy operator, ÛNe is a potential due to the fixed nuclei

and Ûmean is a mean field due to all the electrons.

The problem is usually solved in the iterative manner based on the variational

method (discussed in 2.1.0.2).

2.1.2 Hartree-Fock

The Slater determinant of a set of single electron orbitals has been shown to satisfy

the anti-symmetry property required for fermions [51, 84, 166]. This form satisfies

quantum mechanical indistinguishability such that each electron is associated
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with every orbital

Φ({r}) = 1√
N !

∣∣∣∣∣∣∣∣∣∣
ϕ1(r1) ϕ2(r1) · · · ϕN(r1)

ϕ1(r2) ϕ2(r2) · · · ϕN(r2)
...

...
. . .

...

ϕ1(rN) ϕ2(rN) · · · ϕN(rN)

∣∣∣∣∣∣∣∣∣∣
(2.5)

This form allows one to recast a problem into a set of independently moving

electrons (orbitals) each experiencing average field from all other electrons and,

most importantly, the exchange interaction is properly accounted for.

The resulting Hamiltonian contains additional exchange term on top of what is

found in the Hartree method. The term is expensive to compute as it involves

integral over whole space.

The HF method is essentially a search of the best set of orbitals which minimises

the energy of the corresponding Slater determinant. As in any minimisation

problem the resultant energy is an upper bound to the true ground state.

2.1.3 Density Functional Theory

In this section an overview of the method is presented along with key components

and fundamental theorems which validate this approach.

The density functional theory (DFT) is a workhorse in computational atomic

modelling field. It reformulates SE in terms of electron density, consequently

reducing complexity of the problem from 3N dimensions to just 3. In the Kohn

Sham approach, the original system is replaced with a fictitious one of N non-

interacting electrons experiencing an external effective potential. All the electron-

electron interactions are are buried in so so called exchange-correlation term. The

aim is to find the ground state density which corresponds to the ground state

wavefunction

ρ0(r) = ⟨Ψ0| ρ̂(r) |Ψ0⟩ (2.6)

where the density operator at position r is obtained by summing over all electrons

denoted by i

ρ̂(r) =
∑
i

δ(r− ri) (2.7)
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2.1.3.1 Hohenberg–Kohn Theorems

The electron density has been used as a basic variable by Thomas and Fermi in

their models published in 1927 [60, 187]. However it was not until 1964 when

usage of density has been put onto firm theoretical grounds by Hohenberg and

Kohn (HK) [88], thus paving the way to the development of the density functional

theory.

Their paper applies to the ground state of any electron gas experiencing external

potential. Two theorems are proved in the paper:

1. The external potential V (r) is (to within a constant) a unique functional of

electron density ρ(r). Since, in turn, V (r) fixes the Hamiltonian therefore

the full many-particle ground state is a unique functional of ρ(r)

2. The electron density ρ(r) that provides minimum of the total energy

functional is the true ρ(r) of the corresponding solution of the Schrödinger

equation.

The electronic energy in the HK formalism becomes

⟨Ψ| Ĥ |Ψ⟩ = E[ρ] = F [ρ(r)] +

∫
V (r)ρ(r)dr (2.8)

where the functional F [ρ] can further be split into Hartree energy EH [ρ], exchange

and correlation EXC [ρ], and kinetic energy T [ρ]. Note that the latter two

functionals are undefined in the original theory.

2.1.3.2 Kohn–Sham Equations

According to the Kohn-Sham (KS) formalism [104] of DFT the complicated

system of N electrons can be substituted with N-systems of non-interacting

electrons experiencing external effective potential V eff . This greatly simplifies

the problem as now one is only faced with solving the SE for one electron systems.

Furthermore Kohn-Sham proposed that the unknown kinetic energy functional

can be approximated by the kinetic energies of the KS orbitals. The difference

between those kinetic energies is accommodated by the EXC term which remains

unknown and for which an approximation should be made.
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The electron density is obtained from electronic orbitals

ρ(r) =
∑
i

|ϕi(r)|2 (2.9)

The KS total kinetic energy for a system is just a sum over all individual electron

kinetic energies

TKS = − ℏ
2me

∑
i

⟨ϕi| ∇2
i |ϕi⟩ (2.10)

Hence the total energy of the system is

EKS[ρ] = TKS[ρ] + V H [ρ] + V ext[ρ] + V XC [ρ] (2.11)

where it is worth noting that non-interacting electronic orbitals have been

reintroduced for the kinetic energy, while the forms of the second and third

terms are known from electrostatics and the V XC term contains the additional

component of kinetic energy due to exchange and correlation which is discussed

in section 2.1.3.3.

The ground state energy resulting from minimisation of Kohn-Sham equations is

obtained using self consistent field method (SCF). The procedure begins using

guess density, followed by the calculation of the effective potential. Kohn-Sham

equations are then solved for every orbital resulting in a new density. The process

is repeated until convergence in density is reached.

2.1.3.3 Exchange–correlation Functionals

Development of accurate exchange and correlation functionals is an active area

of research. Here two well-established methods are presented, namely, Local

Density Approximation (LDA) and Generalized Gradient Approximation (GGA)

[14, 139].

LDA is the simplest approximation to the EXC functional where the exchange

and correlation are modelled as in the homogeneous electron gas model (HEG)

EXC
LDA =

∫
ρ(r)ϵXC [ρ(r)]dr (2.12)

where ϵXC(ρ) = ϵX(ρ) + ϵC(ρ) is linearly combined exchange and correlation
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energy per electron of a HEG. The exchange functional for Thomas-Fermi model

has known analytical form due to Dirac [52]. The correlation term is usually

obtained by fitting to accurate Monte Carlo calculations. The LDA performs

surprisingly well given its simplicity mainly due to fortuitous cancellation of

errors. LDA tends to overestimate ϵC and underestimate ϵX .

GGA improves upon LDA by including a dependence on the gradient of the

charge density. The optimal functional form for GGA is still a matter of debate.

There are two distinct approaches taken in the development of GGAs. Semi-

empirical GGA’s, which usually works well for small molecules but fails for bulk

systems such as metals (e.g. BLYP [108, 125]). Alternatively, a numerical form

is obtained from the first principles (e.g. PBE [138]).

It is worth noting that selection of exchange-correlation functional should be

guided by the problem at hand. For example, adsorption on metal surfaces is best

described by the BLYP functional even though it underestimates the atomization

energies and overestimates the equilibrium volume [177]. On the other hand PBE

yields sensible results for most metal properties and metals, but adsorption energy

is grossly overestimated as compared with experiments.

2.1.3.4 Pseudopotentials

Electrons in the system can broadly be divided into core and valence electrons.

Core electrons are those closer to nuclei, are tightly bound and are not involved in

bonding. Valence electrons are the opposite and are critical to valid description

of chemical bonds.

In principle, the KS orbitals can be computed for every electron in the

system. However this leads to some difficulties as core electron wavefunctions

oscillate rapidly due to high density gradient. The proper description of those

wavefunctions would require highly accurate expansion in the basis set (see

2.1.3.5) which would render any scheme based on plane waves computationally

inefficient for practical purposes.

Fortunately, one can exploit the fact that core electrons do not participate in

bonding and can be combined with nuclei and represented as external potential

known as the pseudopotential. Consequently, the KS orbitals can be solved just

for valence electrons in the effective potential now including core electrons. The

idea of pseudopotentials precedes DFT by over 30 years and is now one of the
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most widely applied methods in computational physics [157].

The exact formulation of pseudopotential is an approximation. The pseudopo-

tential is not only a screened Coulomb potential due to nuclear charges, but

should incorporate relevant physics such as relativistic nature of core electrons.

It should also properly model exchange-correlation interaction between core and

valence electrons. Hence it is imperative that the pseudopotential itself depends

on the electron density of all electrons. This requirement introduces non-local

pseudopotentials which have the following form [182]

U ext(r) =

∫
U(r, r′)ρ(r′)dr′ (2.13)

2.1.3.5 Basis Set Expansion

The variational method requires that the single electron orbitals must be

expanded using some basis set. The set must satisfy certain criteria such as

smooth balance between expansion accuracy and computational efficiency.

The most common choice for the expansion of the single electron wavefunction in

a periodic system, such as a crystal, is plane wave basis set. It follows naturally

from Bloch’s theorem which considers electrons in the periodic potential [28]. In

the Bloch case the solution to the Schrödinger equation takes the form of a plane

wave eikr modulated by a periodic function u(r)

ψk(r) = eikruk(r) (2.14)

where k is a wave-vector of a plane wave and i is the imaginary unit.

Here, the periodic function is expanded in plane waves with wave-vector G

uk(r) =
1√
Ω

∑
G

CGke
iGr (2.15)

where Ω is a unit cell volume.

when the above equations are combined, it provides a simple basis set for

expansion

ψk(r) =
1√
Ω

∑
G

CGke
i(G+k)r (2.16)

The summation in equation 2.16 is, in principle, over infinite number of plane
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waves. For practical purposes, the summation is usually truncated at Gmax since

the coefficients of plane waves with small kinetic energies contribute the most to

the ground state wavefunction.

The truncation introduces error into calculation of energy and forces. However

the error can be assessed by performing convergence testing to find Ecutoff such

that the total energy in converged within the required tolerance.

|G+ k|2 < 1

2
G2

max = Ecutoff (2.17)

While plane wave basis set is a logical choice for periodic condensed systems there

are other possibilities which are often more appropriate for a problem at hand.

Linear combinations of atomic orbitals (LCAO) are suitable for constructing

wave functions for molecules as the true wave function might be similar to these

basis functions. LCAO basis functions are simply solutions from solving the

Schrödinger equation for an isolated hydrogen atom (e.g. Slater type orbitals

(STO) [168]). Although they are orthogonal when centred on one atom, they

are not when centred on different nuclei. As a consequence it is difficult to

systematically reduce error in total energy due to the usage of finite basis set -

increase in number of basis functions does not guarantee higher accuracy.

Another popular choice are so called Gaussian type orbitals (GTO) proposed in

1950 by Boys [32]. Even though they are less physical than STO (no cusp at

nuclei centre) they are better suited for modern computation thanks to the fact

that the product of two GTOs is just another GTO. GTOs form a complete basis

set even though they are not orthogonal. They realise the usual decomposition

into radial part Rl(r) and a spherical harmonic Ylm(θ, ϕ)

Φ(r) = Rl(r)Ylm(θ, ϕ) (2.18)

There are many more different choices for basis sets however this is beyond the

scope of this work.

2.1.3.6 Software implementing DFT

DFT is well established and de facto a standard for electronic structure

calculations. The popular commercial DFT packages implemented with a plane
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wave basis set used by the community are Vienna Ab initio Simulation Package

(VASP) [105] and CASTEP [160]. The Quantum Espresso is another popular

package which is freely available under GNU General Public License [71].

2.1.4 Tight-binding Methods

In this section a brief description of tight-binding (TB) method is provided for

completeness. TB theory provides a bridge between quantum mechanical DFT

and methods used in the development of classical interatomic potentials [182].

The theory is built on the idea that electrons are tightly bound to atoms and that

the bonding process does not affect wavefunction in an appreciable manner. In

general, those assumptions works reasonably well for strongly covalent systems

but gradually break down as we move towards a free electron gas picture. Still,

the TB method works with simple metals which are bonded with sp-electrons.

Similarly to DFT, TB employs variational method to find wavefunction expansion

coefficients which minimise the energy of the system. The wavefunction is

typically expanded in the LCAO basis set

ϕ(r) =
∑
i,α

ciαϕ
i
α(r) (2.19)

where α labels s, p, d... orbitals, ciα are expansion coefficients and ϕi
α is hydrogen

like orbital centred on atom i.

The assumption of tight binding justifies use of local LCAO basis set even though

individual orbitals are not orthogonal when centred on different atom. It is

assumed that the magnitude of resulting error is negligible.

As usual, the Hamiltonian matrix is constructed and the eigenvalue problem

solved. Integrals resulting from the kinetic energy operator involve either one or

two atoms and are called one-centre and two-centre respectively. To simplify the

Hamiltonian matrix further, TB introduces a critical assumption that the total

potential can be written as a sum of decoupled atom-centred potentials.

U(r) =
N∑
i

U i(r−Ri) (2.20)

where i labels atom at position Ri and U
i is i-th atom centred potential. This is
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rather speculative and cannot be really justified as the total energy is a function

of the electron density in general. The assumption in equation 2.20 leads to

simplified terms in the Hamiltonian matrix

U ij
αβ =

∑
k

〈
ϕi
α

∣∣Uk(r−Rk)
∣∣ϕj

β

〉
(2.21)

where i, j, k label atoms and α, β labels LCAO atom centred orbitals ϕ. The

streamlined Hamiltonian matrix involves now one-centre (i = j = k), two-centre

and three-centre (i ̸= j ̸= k) integrals.

The TB method assumes that due to tight-binding one-centre integrals can be

ignored because they do not change from the atomic to the condensed phase, and

that three-centre integrals are close to zero. The two-centre integrals are replaced

with empirically fitted functions which depend on atomic coordinates only.

One must notice that dropping three-centre integrals is clearly invalid when k

atom is close to i and j atoms as integral in eq. 2.21 is likely to be non-negligible

hence limiting applicability of the TB method. The two-centre integrals can be

parameterised using method proposed by Slater and Koster [167].

The resulting Hamiltonian matrix is sparse resulting in efficient inversion. In

plain TB there is also no iteration required to converge electron density although

there exist other TB flavours, such as density functional tight binding [55], where

charge density is computed in a self-consistent manner . Another major drawback

of TB models is their lack of transferability in comparison with DFT due to

parameterised analytical functions used to approximate two-centre integrals. e.g.

if the parameterisation is done by fitting to data, then the missing three-body

terms will be approximated with two-body effects.

2.1.4.1 TB and classical interatomic potentials

As alluded earlier TB provides some theoretical background for the development

of classical potentials. The discussion in this section follows closely [182].

The total energy can be computed from the density of states (DOS) by integrating

over all available states. Since DOS contains all the information we need about

the bonding in the material, therefore it can be used as a main building block

during the development of the potential. Furthermore it has been shown that

DOS can be approximated from its moments µ(n) where n labels n-th moment
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[46].

The moments of the DOS can cheaply be computed from TB Hamiltonian

matrix elements. The n-th moment is obtained from the Hamiltonian without

diagonalisation

µi
α(n) =

〈
ϕi
α

∣∣ Ĥn
∣∣ϕi

α

〉
(2.22)

where Ĥn is raised to n-th power.

The zeroth moment is the normalisation of the DOS and the first moment is the

total electronic energy of the system therefore they are not not particularly useful

when one attempts to describe bonding. However higher order moments provide

some insight into shape and size of the electronic density of states thus allowing to

distinguish between different crystal structures. Consequently the approximate

model can be build from second and higher order moments.

2.1.5 Coupled Cluster

Coupled Cluster theory is perhaps the most popular method to obtain high

accuracy approximate solution to the time independent Schrödinger equation.

Computationally it is very expensive and limited to systems where interaction is

between small numbers of atoms. Still, it is very useful as can provide benchmark

results for other methods such as DFT or high quality data which can be used to

parameterise classical or machine learning interatomic potentials.

Coupled cluster (CC) method has been introduced in 1960 by Čižek and

Paldus [40–42] using quantum field theory toolkit. The theory allows one to

systematically improve the description of electronic exchange and correlation

effects beyond the Hartree-Fock approximation. The balance between accuracy of

the method and computational efficiency is obtained by truncating wavefunction

ansatz given by

|ΨCC⟩ = eT̂ |ΦHF ⟩ (2.23)

where ΦHF is a Slater determinant composed of Hartree-Fock orbitals and T̂ is

the cluster operator defined as

T̂ =
n∑
m

T̂m (2.24)

here n truncates the order of the approximation by controlling level of correlations
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(e.g. n = 2 treats pair correlations exact within the given basis set). It is assumed

that the lower level correlations are more important - pair correlations are more

dominant than triplets and so on.

The cluster operator T̂ is composed of creation and annihilation operators as

well as corresponding (unknown) amplitudes. The action of T̂ on the ground

state wavefunction |ΦHF ⟩ results in a linear combination of excited determinants.

In the popular coupled clusters singles and doubles theory (CCSD) the cluster

operator is approximated as T̂ = T1+T2. The triplet excitations are rarely treated

explicitly, instead perturbative approach is used resulting in CCSD(T) theory.

The latter theory is currently considered as a sweet spot between accuracy and

the computation effort required [209].

2.2 Classical Interatomic Potentials

The interatomic potential describes interaction between atoms in the condensed

phase. In principle, it should capture potential energy arising from the nucleus-

nucleus interaction as well as both potential and kinetic energies from the ground

state electrons. It is desirable that model does not only reproduce required

properties of interest, such as cohesive energy or elastic constants, but is general

enough to study other phenomena to which was not originally designed for. While

classical interatomic potentials lack accuracy as compared with ab initio methods,

such as density functional theory, they compete by striking the right balance

between reliability and computational efficiency. Therefore they can be used to

tackle large scale problems which are unachievable for other methods.

The general form for the potential function for N atoms with atomic coordinates

{ri} can be written as:

Utot = U(r1, r2, ..., rN) (2.25)

The justification to write such a function in terms of atomic coordinates only,

and neglecting electrons, is provided in section 2.2.0.3. Here we note that a

more workable form can be written down thanks to some physical invariants (see

2.2.0.4) and Cauchy’s basic representation theorem [37]

Utot = U({rij}) (2.26)

where {rij} represents the set of all interatomic separations between particles in
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the system. In other words the potential energy function is uniquely defined by

the set of all labelled inter-particle distances. The discussion of this result can be

found in [5, 37, 182, 193].

It is often the case that the total potential of the system Utot is written as a series

expansion of two-body, three-body, up to N-body interactions:

Utot =
∑
i

U1(ri) +
∑
i,j

U2(ri, rj) +
∑
i,j,k

U3(ri, rj, rk) + ... (2.27)

While the basic representation theorem legitimises this expansion it is often the

case that it is truncated for practical reasons. The full expansion intuitively make

sense but the truncation is only justified by the success of interatomic potentials

when validated by the experimental data.

Another common form is obtained by partitioning of the total potential energy

into individual atom contributions

Utot =
∑
i

Ui (2.28)

This form is directly obtainable from eq. 2.27 by making use of the symmetry of

the potential with respect to permutations of atomic positions. [182].

However, one must be careful when associating physical meaning to the energy

of an individual atom given the cluster expansion is not unique. This is simply

illustrated by noting that electrons have energy, and there is no unique way

to assign electrons to atoms. Most importantly the total force on the atom is

invariant of this partitioning thanks to the Newton’s third law.

2.2.0.1 Forces

Without loss of generality, the force on atom i can be written as a sum of pairwise

forces

Fi =
∑
j

j ̸=i

Fij (2.29)

where Fij represents contribution to the force on atom i due to atom j. Such a

decomposition is true in general but not unique.

From the conservation of the linear and angular momentum of a system it can be
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shown that the total force on the atom can be decomposed as a sum of pairwise

forces and that those forces are symmetric in nature (Fij = −Fji) and are aligned

along the relative position vector between interacting atoms [182]. These results

are often referred as weak and strong law of action and reaction respectively.

While the above seem obvious for the simple two-body potential it is worth noting

that it still holds true for more complex models.

The force on atom i can be obtained from the total potential and together with

eq. 2.26 one can show that the force obey weak and strong laws of reaction:

Fi = −∂Utot

∂ri
=
∑
j

j ̸=i

∂U({rij})
∂rij

rij
rij

(2.30)

2.2.0.2 Atoms as classical particles

The thermal de Broglie wavelength gives us a way to estimate the temperature at

which atoms behave as classical particles. If the de Broglie wavelength λth is much

smaller than the interatomic distances one can assume that Maxwell-Boltzmann

statistics is applicable. Below condition must be satisfied:

λth =

√
2πℏ2
mkbT

<<

(
V

N

)1/3

(2.31)

where V is the volume of the system at temperature T and N is the number of

particles with mass m.

Since most of the atoms behave classically at temperatures just above few Kelvins

we can approximate forces, which are quantum mechanical by nature, using

an interatomic potential energy function. However, one must be careful when

designing models for light atoms, such as H or He, to be used at low temperatures.

2.2.0.3 Born-Oppenheimer Approximation revisited

The BOA has been introduced in section 2.1.0.1 as a way to decouple electronic

and nuclear wavefunctions. Another extremely useful consequence of it is that

it allows us to write the total potential field for the Schrödinger equation of the
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nuclei without explicit dependence on the electrons [182]

U(r) = UZZ(r) + ϵ0(r) (2.32)

where UZZ(r) represents usual nucleus-nucleus Coulomb interactions and ϵ0(r) is

an unknown potential field due to the electrons. Note that both functions depend

on the nuclear coordinates.

In essence BOA provides firm physical background for the development of the

interatomic potentials assuming that atoms can be treated as classical particles.

2.2.0.4 Invariance with respect to changes of reference frame.

The law of physics restricts the mathematical form of the interatomic potentials.

In particular they must obey certain invariance laws.

Any system response to the deformation must be independent of the frame of

reference. As a consequence, mathematically we require that any translation T̂

or rotation R̂ applied to the atomic coordinates leave function unchanged:

U(T̂R̂[r1, r2, ..., rN ]) = U(r1, r2, ..., rN) (2.33)

2.2.0.5 Invariance with respect to permutation.

Intuitively, since atoms of the same species are indistinguishable one requires that

the potentials energy function is unchanged under permutation P̂ of the atomic

coordinates.

U(P̂[r1, r2, ..., rN ]) = U(r1, r2, ..., rN) (2.34)

2.2.0.6 Invariance with respect to the inversion of space.

This requirements comes from the fact that all Hermitian Hamiltonians in

quantum mechanics with the following form

Ĥ = T̂ + V ({r}, {R}) (2.35)

have parity symmetry and all Hamiltonians describing interatomic bonding are

Hermitian [22, 182]. Here {r}, {R} label electronic and nuclear coordinates
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respectively.

The invariance with respect to the inversion of space can mathematically be

represented as

U = U(−r1,−r2, ...,−rN) = U(r1, r2, ..., rN) (2.36)

2.2.0.7 Cutoff function

Most of the potentials presented in this section have an infinite range of

interactions. While physically correct, in practice it is not desirable. First, it

increases number of computations as pair interactions grow as N2 where N is the

number of particles in the system. Second, the simulated system is finite and

often periodic boundary conditions are used. In the latter case the infinite range

of interactions would lead to self-interaction between particles which is clearly

unphysical.

The assumption of short-range interactions holds for many systems with a few

exceptions such as ionic systems with long range Coulombic forces. In covalent

systems the electrons are localised in bonds, metals have localised electron states

in interstitials while van der Waals interactions are weak in nature due to

shielding effect. Even though the Coulomb interactions (i.e., between protons

and electrons) are always present in those system, the cancellation of opposite

charges often results in mutual cancellation.

The common workaround is to introduce the cutoff function which truncates

interactions at selected distance from the particle. This is often justified as long

range interaction are often negligible. For the pair potentials it is simply a product

of the original potential function and the cutoff function. The other possibility

is to incorporate cutoff into the original potential. While it can be possibly more

computationally efficient it limits the mathematical form because the potential

function must go smoothly to zero at the cutoff distance.

It is worth noting that the simple truncation of the potential at the cutoff distance

will introduce a jump in the potential. This may cause an unphysical behaviour

in simulations and violate the energy conservation. The simple shift of the pair

potential energy function can alleviate some of those issues. Still, the derivative

of the potential function might not tend smoothly to zero at the cutoff distance.

The selection of the cutoff distance is a balancing act where on one hand the
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minimal cutoff is preferred due to the computational efficiency on the other hand

it must be long enough to capture all the essential physics.

2.2.1 Two-body Potentials

Simple pairwise potentials can work remarkably well to describe systems where

particles interact by the weak dispersion forces when other many body contri-

butions to the total potential energy are negligible. They are often capable of

capturing essential physics like melting, freezing, condensation or critical and

triple points. Another advantage which comes from their simplicity is that they

can often be fitted using experimental data.

Utot =
∑
i

∑
j>i

U2(rij) (2.37)

where rij = |ri − rj| and fig. 2.1 shows geometry of this interaction.

The commonly encountered limitations are the fact that they cannot distinguish

between atoms in the perfect bulk and those with a defect close to them.

Crystallographic defects disturb the regular crystal lattice and occur in all

crystalline materials. For example, a vacancy defect is a missing ion from one of

the lattice sites. This lack of the environmental dependence causes all pairwise

interactions to be treated in the same way, while in real materials bonding

strength will change due to the Pauli principle. The overlap of wavefunctions will

promote additional electrons to occupy higher energy orbitals. In general, the

bond gets weaker as local atomic environment is becoming crowded and stronger

when atoms are removed from its closest vicinity. Another limitation is their

inability to capture environmental dependence of bonding which is important, for

example, when simulating transition metals or covalent systems. This limitations

strongly affects properties such as vacancy formation and surfaces energies.

In covalent materials the directional bond is a consequence of overlapping atomic

orbitals (i.e., electrons are shared within the bond). The shape of overlapping

orbitals constraints possible spatial arrangements of atoms. In metals, such as

those with body-centred cubic structure (bcc), the localisation of charges in the

interstitial region results in formation of directional bonds due to the overlap of

partially filled d-bands.

It is worth noting the difference between symmetry which arises from the
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arrangement of atoms on a crystal lattice and directional bonding as discussed

above.

i

x

y

j

ri

rj

rij

Figure 2.1: Two-body diagram.

A mathematical constraint of pair

potentials is that they satisfy the so

called Cauchy relation. The gener-

alised Hooke‘s Law gives stress (σ)

strain (ϵ) relation for 3-dimensional

systems

σij = cijklϵkl

where c is the elastic tensor. The

symmetries of the stress and strain

tensors allow to rewrite the 81 component elastic tensor in a compacted

form (Voigt notation) giving rise to elastic matrix C with a maximum of 21

independent elastic constants Cij. The number of elastic matrix components is

further reduced due to the symmetries of a crystal.

For example materials with the cubic symmetry have only three independent

elastic constants: C11, C12 and C44. For simple interatomic potentials it is possible

to compute elastic constants directly using known formulas (eq. 11.135 in [182]).

Specifically for pair potentials the Cauchy relation states that the ratio of C12 and

C44 elastic constants is unity. Therefore the Cauchy relation is a direct artefact

of a pair potential and does not hold in general for real materials.

The presence of many-body interactions in real materials results in a violation of

the Cauchy relation and the magnitude of it gives insight on the nature of the

bonding. This relation is, unsurprisingly, never satisfied for metals. However, it is

often true for materials where either ionic bonding or van der Waals interactions

are dominant.

Uncomplicated two-body interatomic potentials can be constructed using repul-

sive part only but in this case no molecular binding can occur. Nevertheless,

even the simplest hard sphere potential shows first order phase transitions [90].

It is usually convenient to write down a pair potential as a sum of attractive and

repulsive terms.
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2.2.1.1 Lennard-Jones

Lennard-Jones (LJ) [98, 99] is arguably the most popular pair potential. It

consists of attractive r6 and repulsive r12 terms

V (r) = 4ϵ

[(σ
r

)12
−
(σ
r

)6]
(2.38)

where r is the distance between atoms and σ and ϵ are fitting parameters. The

attractive term comes from the dispersion forces due to fluctuating dipoles and

describes interaction between two electronic clouds. The attractive term was

obtained by Taylor expanding the potential energy of two interacting three-

dimensional isotropic quantum harmonic oscillators in 1/r from the the second-

order perturbation theory by Fritz London in 1930. The repulsive r−12 term

on the other hand is chosen for computational efficiency rather than some

deeper underlying theory and is meant to describe Pauli repulsion. The LJ has

been shown to be too strong at short distances resulting in low compressibility

and is often replaced with more accurate ZBL (2.2.1.4) potential. This is a

general problem faced by many interatomic potentials were repulsive interaction

is facilitated by the electron-electron repulsion while at close distances screened

nucleus-nucleus interactions becomes dominant. Two fitting parameters σ and

ϵ represent the approximate size of the particle and the depth of the potential

well respectively. LJ potential describes reasonably well noble gasses such as

argon. Noteworthy, there exist other LJ type potentials but with exponents

different than 6 and 12. Those are referred in literature as Mie potentials. The

LJ potential is often used as a building block for a more sophisticated force fields

such as OPLS [100, 101] to describe more complex molecules. The LJ potential

is most commonly used to study general class of effects, such as ductile failure

in hexagonal closed packed (hcp) crystal structures, rather than properties of a

particular material. For practical calculations, LJ is combined with some cutoff,

and phase stability in Lennard-Jones systems is extremely sensitive to choice of

cutoff [115].

2.2.1.2 Buckingham

The Buckingham potential [34] was designed to improve on the unphysical

r−12 repulsive term in the original LJ potential. It does it by introducing an

exponential term which is partially justified as a repulsion between two electronic
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clouds [97]

V (r) = A exp−Br −C

r6
(2.39)

where A, B and C are the fitting parameters and r is the distance between atoms.
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Figure 2.2: Buckingham catastrophe.

While it improves the repulsive part

it suffers from the “Buckingham

catastrophe”. This is because the

repulsive part converges to a constant

for small distances while the attractive

term diverges. This examples nicely

illustrates that even for simplest of

potentials some compromises have to

be made. While the Buckingham

potential is arguably more physical, it

is not as popular as LJ. Historically

this is mostly because the exponential

term used to be much more expensive to compute. However, modern processors

can compute exponentials much faster as the trigonometric functions are

implemented on the hardware level.

2.2.1.3 Morse

Morse potential [130] can be used to describe the chemical bond of the isolated

molecule or cases where the attractive interaction in the condensed system is

composed of such bonds. The Morse potential provides better description for

some of the properties of hcp and fcc metals compared to LJ potential. Yet it still

cannot capture many-body effects which are essential for the proper description

of metals.

The Morse potential improves on the quadratic potential of the quantum

mechanical oscillator by including bond breaking and bond anharmonicity.

V (r) = De

(
1− exp−a(r−re)

)2
(2.40)

Here, De is a potential energy well depth, re is an equilibrium bond distance and

a determine the width of the potential.

By expanding the squared term it can be shown that the Morse potential is
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composed of attractive and repulsive terms in line with other pairwise potentials.

2.2.1.4 Universal Ziegler-Biersack-Littmark

Most interactions in condensed systems are facilitated by the interacting electron

clouds. However, as nuclei are getting closer the Coulombic repulsion is becoming

more important and can be modelled by the screened Coulombic potential of the

following form

V (r) =
1

4πϵ0

Z1Z2e
2

r
ϕ(r/a) (2.41)

where Z1 and Z2 are the nuclear charges, r is the distance between two nuclei

and e is the electron charge. One popular choice for the screening function ϕ and

the parameter a is one proposed by Ziegler, Biersack, Littmark in 1985 [213]

a =
0.8854a0

Z0.23
1 + Z0.23

2

where a0 is the Bohr atomic radius and the screening function is given by

ϕ(x) = 0.18175e−3.19980x+0.50986e−0.94229x+0.28022e−0.40290x+0.02817e−0.20162x

where x = r/a.

The ZBL potential is particularly well suited for the modelling of high energy

atom collisions typical for radiation damage simulations. Since it models only

core-core repulsion, it needs to be combined with some attractive terms.

2.2.1.5 Covalent Bond potentials

One can build a potential focusing on pairwise covalent bonds, each of which is

described by a pair potentials. This has an unusual feature of long-range and

short-range repulsion, with intermediate range attraction. A drawback for MD is

that one has to keep track of which atoms are bonded.

An example model of covalent bonding in silicon [1] is composed of repulsive

pairwise interaction between screened ionic cores and and attractive bonding
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term modelled using radial part of p hydrogen-like orbital

E =
1

2

N∑
i=1

N∑
j=1

Ae−αrij − 1

2

N∑
i=1

4∑
n=1

Brikne
−βrikn (2.42)

here the first term represents nuclear repulsion and A,α,B, β are fitting

parameters. The second term represents attractive interaction which is a sum

over four valence electrons involved in the bonding process.

The rational behind this model is that instead of considering angles in the

perfect diamond structure, one can recognise that the bonding energy can be

also represented with a pairwise model. This is because for any triplet of atoms

two nearest neighbours of a given atom are second neighbours of one another [1].

2.2.2 Three-body Potentials

The physical motivation behind three-body potentials is to improve on the

description of directional bonding as compared to simple pairwise models. This

is achieved by introducing the three-body term which can be associated with the

angle between bonds.

Utot =
∑
i

∑
j>i

U2(rij) +
∑
i

∑
j>i

∑
k>j

U3(ri, rj, rk) (2.43)

where rij = |ri − rj|

2.2.2.1 Stillinger-Weber

This was originally developed to describe diamond lattice of Si in 1985 by

introducing explicit angle dependent term on top of the usual LJ pairwise

interaction [174]

U3(ri, rj, rk) = λ exp

[
γ

rij − rc
+

γ

rik − rc

](
cos(θijk − β)

)2
(2.44)

where the i-th atom is the centre atom in the three-body interaction. Here the

exponential term is a cutoff function which smoothly terminates the potentials

at a distance rc while γ controls its shape. The second term can be interpreted

as a strength of penalty for structure to move away from the tetrahedral angle.
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When β = cos(109.47◦) the diamond structure will be the ground state.

By simply fixing the angle between atom triplets SW potential provides good

description for a diamond structure. While it works well for a diamond bulk

it fails in nearly in any other context. This is because the diamond structure is

stabilised by favouring 109.47◦ angles rather than fourfold bonding. For example,

the surface energies are wrong, as surface structures are unphysical, and the

coordination number of a liquid is too low.

2.2.2.2 Tersoff

Tersoff potential [185] takes a different approach to SW. Instead of fixing angles to

match diamond structure it attempts to modify the strength of the bond between

atoms i and j based on the coordination number, angles and bond lengths of the

local atomic environment. For the sake of brevity the simplified form is provided

U3(ri, rj, rk) = fc

[
fR(rij) + γijkfA(rij)

]
(2.45)

where fR and fA are repulsive and attractive terms respectively smoothed out by

the the cutoff function fc. While it may appear as a two-body potential it is still

three-body in nature and belongs to a class of bond order potentials. The γijk

bond angle term consists of a summation over all atomic triplets centred at atom i.

For this reason the attractive term is modified based on the bonding environment,

for example the bond becomes weaker if the local atomic environment becomes

too crowded.

The Tersoff potential is arguably more flexible as compared to SW as it is able

to describe at least some of the chemical reactions as well as strong covalent

bonding and systems that bond in different geometries than diamond structure.

In particular, it improves on the description of liquid and amorphous phases of

silicon but still overestimates its melting temperature. The Tersoff potential is

also commonly used to simulate other elements with diamond cubic structure

such as carbon and germanium.
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2.2.3 Four- and Five-body Potentials

In general, as the number of atoms under consideration increase so the complexity

of the model. One can quickly lose ability to appreciate what physical insight went

into the development of the model. Moreover, it becomes much more difficult

to determine whether the success of the model is due to the essential physics

of the problem being captured or rather thanks to superior parametrisation

procedure. Arguably, analytical four-body potentials demarcate this line as

it becomes increasingly more difficult to parameterise higher order analytical

potentials [182].

Arguably, the simplest five-body potential developed for silicon is presented below

[1]

U4 =
1

2

N∑
i

N∑
j

Ae−αrij − 1

2

N∑
i

4∑
k

Brikne
−βrikn (2.46)

where i and j sums are over all atoms and k sum is over all valence electrons

of a bond energy. Given that silicon is tetravalent the summation is over four

valence electrons which are shared within the bond resulting in a 5-body potential.

A, B, α, β are fitting parameters. The first term represents pairwise repulsion

between the nuclei (and the core electrons) separated by rij. The second term is

a cohesion due to the valence electrons. rik is the distance between two ions on

which the electron’s orbitals are centred. Here one electron per bond is assumed

for simplicity however this can be generalised to account for double bonds as well.

The model reproduces lattice parameters and relative energy differences between

various silicon structures. It also describes well point defects and surfaces.

Remarkably for such a simple model it outperforms, in those areas, other

more complicated models [1]. Due to its mathematical formulation it fails to

reproduce elastic shear constants. While the functional form of the potential

aids appreciation of the underlying physics, the need to identify four neighbours

somewhat complicates its implementation into MD software in an efficient manner

when bond-breaking is allowed.

2.2.4 Many-body Potentials

Generally speaking any potential which incorporates higher than two-body

interactions can be considered as a many-body potential. The three-body
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potential has been discussed in the previous section. The expansion of the

total energy up to the quadruplet term has been proposed in 1988 by Moriarty

based on generalised pseudopotential theory [128, 129]. Obtaining higher order

parametrisations is however challenging as the physical insight into the necessary

functional form becomes blurred. In addition the truncation of the cluster

expansion (equation 2.27) at lower order terms is only successful in cases where

the convergence is fast. The alternative approach presented in this section is based

on the idea that the energy of an atom depends on the local electron density to

which all neighbouring atoms contribute. From now on the “many-body” term

will refer to them.

The concept of the local density allows to modify the strength of the interatomic

bond based on the local atomic environment. This is particularly useful for the

description of surfaces and defects where large density changes occur.

The many-body potentials can be split into two groups as proposed by Carlsson

in [35]. Pair functionals build density pairwise resulting in a spherical charge

density approximation while cluster functionals will contain higher order terms.

The many body potentials are usually based on tight binding models or local

atomic embedding functions.

2.2.4.1 Pair functionals

Several different models have been developed in 1980s to tackle shortcomings of

pair potentials. Arguably, two most successful are Finnis-Sinclair (FS) [64] model

developed for transition metals based on tight binding theory and embedded atom

method (EAM) [48] which is obtained from the density functional theory. There

are a number of other pair functionals such as effective medium theory or glue

potentials but most importantly they all share the same functional form:

Utot =
∑
i,j>i

ϕij(rij) +
∑
i

F i(ρi) (2.47)

where ϕij is a pairwise potential and Fi in an energy function which depends on

density ρi - the local atomic environment of atom i. For pair functionals the local

density term is approximated by

ρi =
∑
j ̸=y

f j(rij) (2.48)

35



where f j is simply a pairwise function which effectively is a weighted count of

neighbours.

The physical interpretation of equation 2.47 varies depending on the underlying

theory. In the Finnis-Sinclair model the pairwise function ϕij represents screened

Coulombic repulsion between two nuclei each combined with its non-valence

electrons. The functional F i is given by

F i = −A√ρi (2.49)

where A is a positive fitting parameter. The attractive F i term is obtained from

the second-moment approximation to tight binding theory. The assumption is

that the bond energy, in transition metals, scales with the width of the local

density due to the filling of the d-bands [4, 64]. The width of any distribution is

obtained from the square root of its second-moment. In this case the variance is

approximated by the the linear superposition of pairwise interactions f ij which

represents sum of squares of electron hopping integrals between interacting atoms.

The functional F i in the EAM model can be associated with the energy required

to embed atom i in the homogeneous electron gas of density ρi. One can think of

it as assembling a bulk atom by atom. Here, the local density term for each atom

is approximated as a spherically symmetric cloud. The embedding function in

the EAM model does not have a well defined functional form. In fact it is often

a numerical function either obtained theoretically or experimentally.

Pair functionals provide vast improvement over simple pair potentials in the

description of metals. Their simple, physically motivated, form is efficient to

compute and only a factor of two slower as compared with pair potentials. They

provide a good description for close-packed systems with full or nearly full d-

bands.

2.2.4.2 Cluster functionals

The cluster functionals are built on the quantum mechanical idea of the bond

order originally devised by Pauling. Simply put the bond order represents the

strength of the bond and is related to the number of electron pairs between

two interacting atoms. This number is strongly dependent on the local atomic

environment.
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Apart from the simplest s-orbitals, the electron density is a function of both

distance and direction from the nucleus. Pair functionals assume spherically

symmetric density which limits their applications. On the other hand cluster

functionals combine atoms in groups of at least three thus allowing for non-

spherical density function.

The most popular methods are based on analytical bond-order potentials (BOP)

[91]. In a tight binding theory calculation of the bond order requires expensive

diagonalisation of the Hamiltonian matrix. Analytical BOP methods aim to

evaluate bond order from the moments of the electronic density of states. Even

though moments can be obtained directly from the Hamiltonian, still from the

practical perspective, the analytical BOP methods are too expensive and are

further simplified in rather ad hoc ways.

Note that the Tersoff model, which was discussed in section 2.2.2.2 for conve-

nience, can also be classified as BOP model. Another very popular approximation

to BOP is a modified embedded atom method (MEAM) [12, 13]. As name

suggests it is modified EAM with the aim to account for the directional nature

of the electron density. The functional form remains the same as in any pair

functional (eq. 2.47) but the density term includes corrections based on spherical

harmonics to incorporate angular-dependent interactions. In this way description

of covalent bonding is greatly improved in materials like silicon and also bcc

metals with partially filled d-orbitals.

2.3 Molecular Dynamics

In the molecular dynamics (MD) simulation, atoms are treated as classical

particles. The Newtonian equations of motion are integrated to obtain trajectory

for each nuclei in the system

Fi = mir̈i (2.50)

where mi represents mass of atom i and r̈i is its acceleration. The external

force acting on atom i is a combination of forces due to neighbouring atoms and

optional external field.

The interaction between atoms is governed by the potential energy surface V =

V int+V ext. Where V int represents energy due to the interactions between atomic

nuclei, and V ext in an external potential field. The resulting force on atom i is

37



obtained from

Fi =
∂V

∂ri
(2.51)

The motion of atoms is obtained by integrating eq. 2.50. Various methods exists

to numerically integrate Newton equation of motion however the most commonly

used is the velocity Verlet algorithm (VV) [180].

r(t+∆t) = r(t) + v(t)∆t+
1

2
a(t)∆t2 (2.52)

v(t+∆t) = v(t) +
a(t) + a(t+∆t)

2
∆t (2.53)

The VV algorithm preserves all the important features of eq. 2.50, namely

the conservation of the total energy of the closed system (or more precisely

conservation of the approximation to the Hamiltonian which becomes exact in

the limit ∆t → 0) and time-reversibility. The algorithm is also a symplectic

integrator thus it provides excellent stability and conservation of energy [182].

The temperature in MD simulation is obtained from the time average of the

kinetic energy

T =
2

3NkB
T =

2

3NkB

N∑
i=1

1

2
miv2i (2.54)

It is worth emphasising that the lack of electron-phonon coupling in MD

simulations is a source of potential error when heat transfer to and from electrons

is essential to describe physical phenomena. This is the Born-Oppenheimer

Approximation again.

So far the discussion in this section and the presented algorithms are applicable

to the microcanonical ensemble, also known as NVE - where number of particles

(N), volume (V) and total energy (E) are all constants (and total momentum is

conserved).

To allow somewhat more direct simulations of experiments NVT and NPT

ensembles can be used, where V represents simulation box volume, P its pressure

and T temperature. Both require external thermostat to allow exchange of energy

between the simulation box and the surroundings. The thermostat modifies eq.

2.50 and is required to sample true canonical ensemble. Two popular choices

are Langevin and Nosé–Hoover thermostats. In general interatomic forces are

functions of atomic positions, but when a thermostat is used then force becomes
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a function of velocities as well.

The Langevin thermostat introduces random forces to the equation of motion

thus mimicking energy exchange between the ensemble and the heat bath

Fi = mir̈i − γimivi +Gi(t) (2.55)

where γi is a damping constant and Gi(t) introduces random force on each atom

i. The force coming from Gi(t) can be interpreted as random collisions of atom

with some external medium of the heat bath. It is worth noting that due to its

stochastic nature the Langevin thermostat is not deterministic: energy flows into

the system from Gi(t) and is removed by γi. In consequence, moving backwards

in time from a final state will not result in the initial microstate.

The Nosé–Hoover [89, 133] thermostat introduces a fictitious particle of mass M

and momentum P to the simulated system. The equation of motion is modified

to couple it with other atoms. The Nosé–Hoover thermostat is defined with the

following equations

Fi = mir̈i − γmivi (2.56)

γ̇ =
1

M

(
N∑
i

pi · pi

mi

− 3NkBT

)
(2.57)

where γ = P/M is a damping coefficient which evolves according to the second

equation above.

Perhaps more controversially, the thermostat can be used to alleviate accumula-

tion of numerical errors during the simulation run. In even more extreme cases

it can be utilised to stabilise simulations where the interatomic potential is not

energy conserving (plain wrong in principle but surprisingly common) - of course

any statistics obtained from such a run are simply invalid. For example, usage of

Lennard-Jones potential with too short interaction cutoff and without appropriate

truncation and shifting may result in unstable simulation.

In the same spirit as for the thermostat, the simulation box can also be coupled to

a pressure bath with a Parrinello–Rahman (PR) barostat [137]. The PR barostat

can be used along with a thermostat to simulate system in NPT ensemble which

is the closest MD can get to the experiment. The equation of motion is further

modified to include effects of changing the volume and shape of the simulation

box.
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2.3.0.1 MD potentials

All molecular dynamics simulations in this work are performed with the Large-

scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) package [189].

LAMMPS allows users to choose appropriate interatomic potential for the

simulations at hand. Some simple potentials, such as Lennard-Jones require

provision of just two numbers (σ and ϵ, see 2.2.1.1). The more sophisticated

potentials (such as EAM 2.2.4.1) usually require a separate file which contains IP

details. Those files can either be obtained from interatomic potentials repositories

such as NIST [15, 80] or directly requested from authors.

For machine learning interatomic potentials 2.5 the situation is more complex

given the field is still in the early days. In general, MLIP requires LAMMPS

to be compiled by the user with appropriate MLIP plugin which is provided by

the respective authors. Some popular and widely used MLIP packages such as

GAP [11] are distributed with with LAMMPS source code. Once LAMMPS is

compiled with the appropriate plugin it will allow the user to invoke MLIPs which

are usually distributed as text files similarly to EAM.

2.4 Machine Learning

2.4.1 Overview

Machine learning (ML) can loosely be defined as a set of automated methods

that can uncover patterns in data. Once ML model is trained it should be able to

predict future data or aid decision making under uncertainty [131]. ML models

are usually classified as either supervised, unsupervised or reinforcement learning

approach. This work is mostly concerned with the supervised learning while the

brief description of other two is given below for completeness.

In the unsupervised learning approach only inputs {xi}ni=1 = {x1,x2, . . . ,xn}
are given without associated labels. Each training data point x is represented

as a vector of numbers (e.g. width, length, depth and temperature of lochs

is Scotland). The problem at hand must often be first translated into this

numerical array before ML algorithms are employed. The purpose here is to

uncover patterns in the data which might aid understanding of the problem.

Typical examples are principal component analysis and clustering (grouping) of
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data points.

The reinforcement learning is concerned with maximising intelligent agent’s

benefit given occasional reward or punishment signals (e.g. self-driving cars).

Here the learning agent interacts with its environment by choosing an action

at every discrete time step. The action taken affects the environment and in

consequence affects the acting agent. If the action taken was beneficial to the

agent it gets rewarded otherwise it gets punished. Through trial and error the

model is refined to maximise model performance goals.

The goal of ML supervised method is to find a map which associates n

training data observations {xi}ni=1 to a set of n labels {yi}ni=1. While some

problems are inherently predisposed for ML approach (e.g. estimate body

volume from people’s height and weight), others might require more complex

preprocessing. Furthermore, supervised methods are divided as classification

(when y is categorical) or regression (y is real-valued).

ML models can be also be distinguished as parametric and non-parametric models.

The former have a fixed number of parameters, while in the latter the number

of parameters grow with the amount of data. Both types of models can suffer

from, what is known in the literature as, the curse of dimensionality. In general,

as the dimensionality of the problem increases so does the volume space of data.

However, the increase in volume space is exponential often leading to sparse

training data. One way to tackle this problem is to make some assumptions

about the nature of the data distribution and incorporate them into a parametric

model or a non-parametric model. It is worth noting that these classifications get

blurred when using sparse kernel methods or neural networks with an increasing

number of neurons.

2.4.2 Model Performance

The supervised method measures performance of the model using predefined rule.

The common choices for regression models are mean absolute error (MAE as

defined in eq. 2.58) and root mean square error (RMSE, eq. 2.59). For categorical

data sets an error rate is used which gives proportion of cases where prediction

is wrong.

MAE =
1

n

n∑
i

|yi − ŷi| (2.58)
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RMSE =

√√√√ 1

n

n∑
i

(yi − ŷi)2 (2.59)

where y and ŷ are observed and predicted values respectively.

It is worth noting that MAE and RMSE are scale dependent therefore they should

not be used to compare models trained using different training data sets. Out of

both measures, the RMSE is more sensitive in picking up rare but large differences

between true and predicted value. The difference between MAE and RMSE can

provide insight on how good the model is on average (MAE) and how it copes

with occasional outlying cases (RMSE).

2.4.3 Training Data

Good practice during the development of ML model is to split available data into

training, validation, and test sets. In general the ML model consists of regression

weights and model-specific hyper parameters (HP). The training set is used during

initial fit with a supervised method of choice to find a set of weights given model

HPs. Next, the model is tested on the validation set to further fine-tune model

HPs. This two-step process can be used not only to optimise hyper parameters

but also to prevent over-fitting to the training data set for example by cross-

validation [131]. In the final step of the training process the test set is used to

obtain unbiased evaluation of the performance of the model. Ideally, the test set

is never used during optimisation of weights and hyper parameters (in this case

it is often referred as hold-out data set).

2.4.4 Algorithms

2.4.4.1 Linear Regression

In this section the well known linear regression (LR) will be used to illustrate

basic idea of machine learning supervised regression. The key properties of LR

model are linearity in the parameter space {wi}Ni=1 as well as in the input space

{xi}Ni=1. The LR model is defined as

y(w,x, ϵ) = wTx+ ϵ =
N∑
i=1

wixi + ϵ (2.60)
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where ϵ is the residual error between true and predicted values sometimes called

bias. Here we assume that ϵ is normally distributed.

To optimise a model one has to choose a performance measure metric between

predicted ŷ and true values y from the training data set. The common choice

used with linear models is the mean square error (MSE)

MSE =
1

n

n∑
i

(
yi − ŷi

)2
(2.61)

Assuming MSE (eq. 2.61) as a performance measure the optimal set of weights is

obtained by solving eq. 2.62 known as normal equation in the literature [26, 131]

w =
(
XTX

)−1
XTy (2.62)

where X is called a design matrix (DM) that combines all inputs {xi}Ni=1.

The closed form solution obtained from the normal equation approach has obvious

advantages but also its limitations. Namely, while it provides the true minimum

for LR for MSE performance metric it becomes intractible for problems with large

number of parameters and training data points due to the size of the DM. An

alternative approach for solving linear regression problem involves using online

optimiser such as stochastic gradient descent algorithm.

The simplicity of the linear regression allows one to obtain some basic insight

into a trained model. The relative magnitude of parameters indicate importance

of input vector features. The sign of wi reveals how the predicted value changes

with respect to the change in the input feature.

The simple LR model can be extended to model nonlinear data sets by introducing

basis functions ϕ, thus equation 2.60 becomes

y(w,x, ϵ) = wTϕ(x) + ϵ =
M∑
i=1

wiϕi(x) + ϵ (2.63)

There are many possible choices for basis function, some of them are discussed in

[26]. The simplest basis function is an identity function ϕ(x) = x in which case

the models reduces to 2.60. The model extended with non-linear basis functions

is still linear in the parameter space but nonlinear in the input space as every

input vector x becomes {ϕi(x)}Mi=1.
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Assuming that ϵ is a zero mean Gaussian random variable with variance σ2
ϵ and

all training data are independent then the linear model can be motivated as the

maximum likelihood solution. In this case the Gaussian conditional distribution

is given by

p(t|w,x, β) = N
(
t|y(w,x), σ2

ϵ

)
(2.64)

and the corresponding likelihood function is

p(t|w,X, σ2) =
N∏

n=1

N
(
tn|wTϕ(xn), σ

2
ϵ

)
(2.65)

where X is a data set of inputs and t collects all target variables. By maximising

the log likelihood function one can obtain optimal weights and variance. This

solution is equivalent to the one obtained from least squares.

The complexity of the model can be thus controlled by selecting appropriate

number of basis functions in relation to the data set size. Alternative, and perhaps

more flexible approach, is to introduce regularisation term which effectively

controls model complexity. Then the total error function for least squares (2.61)

now contains regularisation term λ

1

n

n∑
i

(
yi − ŷi

)2
+ λwTw (2.66)

For non-linear kernels the last term can be replaced with λwTKw where matrix

K is a kernel matrix. The regularised solution to least squares problem is now

given by

w =
(
λI+ΦTΦ

)−1
ΦT t (2.67)

where Φ is a design matrix of post processed data with a basis function of choice.

The regularisation parameter λ forces parameter values to shrink unless they are

supported by the data.

2.4.4.2 Bayesian Linear Regression

In cases where the model is a linear combination of basis functions, the increase

in the number of basis functions positively correlates with an increase in the

maximum likelihood. This property leads to the phenomenon of overfitting -

the model reproduces training data sets very well but fails to predict future
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data reliably. As elucidated in section 2.4.4.1, an alternative method is to

introduce regularisation parameter λ. In practice this shifts the problem from

finding optimal set of basis functions to determining optimal value of λ. One

possible solution is to split available data into training and validation sets. While

this solution works well in cases where data are abundant it is wasteful when

generating data is expensive. Alternative method which is common among

machine learning practitioners is to use cross validation procedure to establish

the value of λ [131]. While it works well it is not fully automated as it requires

a user to provide appropriate range for the regularisation parameter.

The Bayesian approach to linear regression allows one to determine the regulari-

sation parameter from the training data alone and it is fully automated [26]. The

conjugate prior for the likelihood function (eq. 2.65) is given by the Gaussian

distribution with mean µ0 and covariance Σ0

p(w) = N
(
w|µ0,Σ0

)
(2.68)

The posterior distribution of weights w given training data t is given by the

Bayes’ theorem

p(w|t) = N
(
w|µN ,ΣN

)
(2.69)

where

µN = ΣN

(
Σ−1

0 µ0 +
1

σ2
ϵ

ΦT t
)

(2.70)

Σ−1
N = Σ−1

0 +
1

σ2
ϵ

ΦTΦ (2.71)

Since the posterior distribution is Gaussian, the vector of weights is given by µN .

Furthermore by choosing zero centred Gaussian with variance σ2
p for the prior

distribution the posterior distribution over the vector of weights is given by

µN =
1

σ2
ϵ

ΣNΦ
T t (2.72)

where

Σ−1
N =

1

σ2
p

I+
1

σ2
ϵ

ΦTΦ (2.73)

Note that here the maximisation of the log likelihood function is identical to the

regularised least squares solution (eq. 2.66) with λ = σ2
ϵ/σ2

p.

The probabilistic approach provides valuable insight into the distribution of

weights (given by eq. 2.69) which can be used as a measure of model uncertainty
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about its weights. Moreover the predictive distribution is given by

p(t|x, t, σϵ, σp) = N
(
t|µNϕ(x), σ

2
N(x)

)
(2.74)

where the predictive distribution variance takes the following form

σ2
N(x) = σ2

ϵ + ϕ(x)TΣNϕ(x) (2.75)

Thus each prediction has associated uncertainty with it. In other words, the

model can tell us when it is unsure about its own predictions. This is a formidable

feature as it could prevent deployment of the model on the data which are beyond

model’s capabilities.

So far the discussion above assumed that the noise in the data σ2
ϵ and the width

of the prior distribution σ2
p are known. However this is not the case. Fortunately

in the Bayesian treatment above parameters can be estimated in the iterative

manner using framework known as the evidence approximation1

The predictive distribution in a fully Bayesian treatment is as follows [26]

p(t|t) =
∫∫∫

p(t|w, σ2
ϵ )p(w|t, σ2

p, σ
2
ϵ )p(σ

2
p, σ

2
ϵ |t)dwdσ2

pdσ
2
ϵ (2.76)

here posterior distribution over σ2
p and σ2

ϵ is introduced and the integration is

over both weights as well as above hyper parameters. Unfortunately there is no

analytical solution to this problem. However if one assumes that the posterior

distribution p(σ2
p, σ

2
ϵ |t) is sharply peaked around values σ̂2

p and σ̂2
ϵ than the the

predictive posterior is obtained by integrating over weights only

p(t|t) ≃ p(t|t, σ̂2
p, σ̂

2
ϵ ) =

∫
p(t|w, σ̂2

ϵ )p(w|t, σ̂2
p, σ̂

2
ϵ )dw (2.77)

The posterior distribution for σ2
ϵ and σ2

p is obtained from the Bayes’ theorem

p(σ2
ϵ , σ

2
p|t) ∝ p(t|σ2

ϵ , σ
2
p)p(σ

2
ϵ , σ

2
p) (2.78)

Assuming relatively flat prior the values of σ̂2
p and σ̂2

ϵ are found by maximising

the marginal likelihood function p(t|σ2
ϵ , σ

2
p) also known as the evidence function.

1In the statistic literature it is known as ‘empirical Bayes’ or ‘type 2 maximum likelihood’ or
‘generalised maximum likelihood’. ‘Evidence approximation’ term is used in machine learning
literature.
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There are two approaches to finding the maximum of this function. The first

option is to use an algorithm known as the expectation maximisation [26].

The second way is to analytically evaluate the evidence function and then set

derivative wrt to hyper parameters to zero. Both solutions converge to the same

result. Ta-dah! is using the latter.

2.4.4.3 Kernel Ridge Regression

The least squares problem can be entirely formulated in terms of the kernel matrix

K = XTX (where X is a design matrix as defined in section 2.4.4.1) [26]. Here,

the kernel matrix contains the inner products of all vector pairs. The matrix K

can also be constructed for the non linear regression. In this case, its components

are Kij = ϕ(xi)
Tϕ(xj). Therefore, the kernel function can be defined as

k(xi,xj) = ϕ(xi)
Tϕ(xj) (2.79)

The prediction is then given by

y(x) = wTϕ(x) = k(x)T
(
K+ λI

)−1
t (2.80)

where the vector k is obtained using eq. 2.79 and t is a vector of training data.

Kernel ridge regression (KRR), in other words, is a regularised least squares where

the inner product is replaced with the kernel function. This is an example of so-

called kernel trick. It allows to reformulate algorithms in which the input vector

enters only in the form of the inner product with the kernel of choice.

Our implementation of the KRR uses relatively little known tool called the

Empirical Kernel Map (EKM) [154]. The EKM transforms vectors from the

input space to the finite dimensional vectors which represent points in the kernel

feature space. The EKM is defined as follows

Θm(x) =


k(x,x1)

...

k(x,xn)

 (2.81)

Note that the EKM matrix Θ differs as compared with the K matrix as

ϕ(xi)
Tϕ(xj) ̸= Θ(xi)

TΘ(xj). In principle, it is possible to restore the kernel
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values since Θ′(x) = K−1/2Θ(x) however it defeats the purpose.

The EKM allows us to kernalize any algorithm which works on vectors by

preprocessing the input vectors. In our case it permits usage of algorithms

developed for the BLR with the KRR without any changes. Moreover, it also

allows us to run our algorithms on the large data sets which would normally be

impossible due to the high memory and computational efforts associated with

the traditional approach of constructing K matrix. In the latter case the EKM

is used with the linearly independent subset of the vectors living in the kernel

space.

EKM constructs the covariance matrix such that its eigen structure is exactly

that of the kernel matrix. Therefore it is possible, for example, to perform kernel

principal component analysis (KPCC) and obtain the same results as with the

full K matrix [121]. In the case when a large data set is present the approximate

KPCC is possible since the reduced size Θ provides an explicit mapping between

input and feature spaces.

2.4.4.4 Generalised Linear Model

The generalised linear model (GLM) transforms the function linear in the

parameter space w using a non-linear activation function f where its inverse

f−1 is often referred to as a link function. Therefore, the GLM allows the model

to be linked to the response variable by f−1 hence allowing the variance of each

measurement to be a function of its predicted value. The GLM is simply defined

as

y(x) = f
(
wTx

)
(2.82)

In the remaining part of this section it is shown that the combination of the linear

kernel and the quadratic kernel is equal to the 2nd order polynomial expansion of

the scalar response variable (in our case it is an energy functional) in terms of the

feature vectors as the independent variables. In this case, The GLM activation

function is f(x) = x+ x2 and the resulting model is given by

y(x) = wTx+ xTwwTx

= wTx+ xTWx
(2.83)

The simplest possible kernel is a linear kernel also known as an inner or an identity
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kernel. It is defined as

kL(x,x
′) = xTx′ (2.84)

When used with a model which is linear in the parameter space, kL allows to cut

computations by exploiting the following relation

y(x) =
∑
b

wbx
Txb =

∑
b

∑
α

wbx
(α)x

(α)
b =

∑
α

∑
b

wbx
(α)x

(α)
b =

∑
α

wαx
(α)

(2.85)

where index b goes over all basis vectors and α over vector components and wb

and wα are model weights. It is straightforward to build complete orthonomal

basis for the linear kernel as the number of basis vectors is simply equal to the

dimension of the feature vector. One can see, that using a linear kernel simply

reduces to regular regression and is equal to the first term in the second order

polynomial GLM (eq. 2.83)

To obtain the second term in eq. 2.83 the quadratic kernel is used. The quadratic

homogeneous kernel belongs to a more general group of polynomial kernels defined

as (xTx′ + c)n with order n=2 and c=0

kQ(x,x
′) = (xTx′)2 (2.86)

Note that, the higher order polynomial kernels may improve data fit but too often

leads to overfitting especially for small data sets. Henceforth we restrict our use

to n=2 which equals the order of the polynomial GLM expansion.

Contrary to the case of the linear kernel, the construction of the basis vectors

{xb} for the quadratic kernel is non trivial. One way is to use a modified on-line

sparsification algorithm to select nearly linearly independent basis from the set

of all available descriptors [56]. In our implementation the original algorithm

proposes candidate basis vector, next the covariance matrix is constructed and

tested for positive definiteness. If this test fails the candidate is rejected, otherwise

it is added to the basis.

Even after the sparsification process the constructed basis is often too large to

be efficiently used for predictions. Here it is presented a simple extension of the
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linear kernel trick (eq. (2.85)) to the quadratic kernel

y(x) =
∑
b

wb(x
Txb)

2

=
∑
b

wb

(∑
α

x(α)x
(α)
b

)2
=
∑
b

wb

∑
α

x(α)x
(α)
b

∑
α′

x(α′)x
(α′)
b

=
∑
α

∑
α′

x(α)x(α′)
(∑

b

wbx
(α)
b x

(α′)
b

)
=
∑
α

∑
α′

wαα′x(α)x(α′)

= xTWx

(2.87)

The obtained expression is equivalent to the second term in eq. 2.83. The

advantage of it is that it no longer requires summation over basis vectors.

In practice, all available basis vectors can be used during the training phase and

the eq. (2.87) in the prediction phase (during MD run) to cut computations. Note

that obtained coefficient matrix W is symmetric which can be further exploited

during the prediction stage.

2.5 Machine Learning Interatomic Potentials

2.5.1 Overview

The motivation behind machine learning interatomic potentials (MLIP) is to fill

a gap between very expensive but highly accurate quantum modelling and cheap

but often lacking in accuracy classical interatomic potentials (CIP as discussed

in section 2.2).

Briefly, the purpose of MLIP is to represent the potential energy surface (PES)

of a collection of atoms. The PES is a function of one or more coordinates and is

differentiable with respect to to the atom coordinates. The latter property allows

for computation of forces and consequently MD simulations.

The mathematical formulation of MLIP is in general more flexible as compared

with CIP allowing to represent more complex PES. However, this comes at the

cost as it does not take advantage of some physical insight which might by
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obtained from the analysis of the system. Furthermore, MLIP usually do not

perform well when extrapolating beyond the fitting region. The development of

generalised MLIP is a very time consuming process and usually requires vasts

amounts of training data. One might argue that instead of using physical insight

to formulate functional form of the potential, this insight is spent during the

development of a training data set suitable for the intended application.

i

j

Figure 2.3: Local atomic environment of
atom i.

MLIP are subject to the same con-

straints as their classical counterparts

(see 2.2). One might try to directly

use atomic coordinates as a feature

vector and map it directly to the

potential energy. However this does

break some of the required invariances

2.2.0.4. Moreover such potential would

be restricted to systems which are only

identical to the training data sets. Any

of those reasons alone is sufficient to

rule out this naive approach.

An alternative approach is to first

preprocess atomic coordinates into

form which resolves aforementioned

problems. Such preprocessed feature vectors are called descriptors or fingerprints

and are discussed in detail in section 2.5.2. One popular choice is to construct

descriptor vector for every atom in the system by considering its local atomic

environment as shown in fig. 2.3.

Once descriptors are calculated the machine learning regression is employed to

map them to some target values. As the goal of an MLIP is to represent the PES,

the natural choice is to use potential energy as the target variable. The machine

learning regression is discussed in section 2.5.3.

Once trained the machine learning interatomic potential is capable of predicting

potential energy given some atomic configuration. MLIPs are often deployed to

calculate energies and forces in the molecular dynamic simulation. This step

usually requires coding a custom interface which links energy model to the MD

package.

The mathematical formulation for MLIP follows ideas developed in section
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2.2 where the total energy of the system of atoms is decomposed into local

atomic contributions Ui. The machine learning approach follows the similar suit.

Specifically, each local atomic environment within distance rcut from the central

atom i is represented by the local descriptor vector di. The local energy is then

obtained by feeding this descriptor into a trained MLIP model E

Utot =
N∑
i

Ui =
N∑
i

E(di) (2.88)

where summations are over all atoms in the simulation.

The MLIPs have a defined functional form therefore interatomic forces can be

obtained by applying the chain rule for differentiation

Fj = −∂Utot

∂rj
= −

N∑
i

∂E(di)

∂di

∂di

∂rj
(2.89)

here Fj is the force acting on atom j with coordinate rj.

Lastly, the virial stress tensor is obtained from [190]

S =
N∑
j

rj ⊗ Fj (2.90)

2.5.2 Descriptors

A descriptor is a specialised type of feature vector. The purpose of it is to

represent either the system of atoms or the local environment of a particular atom

within some cutoff distance. The latter approach is considered advantageous as

it allows for the partitioning of the potential energy functional. The descriptor

vector must satisfy a number of physical constraints to be valid such as

• Invariance with respect to permutation of atoms of the same species

• Invariance with respect to inversion, translation and rotation of the system

Those requirements have been discussed previously in section 2.2.0.4 and here

are just restated for convenience. Moreover the descriptor function must be

smooth and differentiable to allow calculation of forces without any unphysical
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discontinuities. Ideally, the mapping between the atomic environment and

descriptor is one-to-one (bijection)). The over-completeness of the set of

descriptors may affect performance of the model. For example, in models using

kernel ridge regression (2.4.4.3) this will increase the number of basis vectors

required to make accurate prediction. Most importantly though both complete

and overcomplete sets of descriptors provide unique description of the local

atomic environment. The opposite case, where the same descriptor represents two

different atomic environments, makes it impossible to fit the two configurations

independently, which limits the capability of the model to describe reality. There

are also other practical properties of the descriptor which should be considered.

• economy - how computationally expensive is it to evaluate the descriptor

for a given atomic environment

• complexity - complex descriptors might require more training data

• scaling - how does descriptor (and model in general) perform when trained

on incomplete training data which is the case in general

• physically grounded - in principle this should allow for better generality

and scaling of the model when deployed in the region of the configurational

space which is far away from where it was trained [114].

While it is possible to work with descriptors which represent the entire system of

atoms (e.g. MD simulation box) they introduce number of unwanted restrictions.

The transferability of such models between systems of atoms with varying number

of elements is nonexistent. In principle such models work only for fixed number

of atoms which is equal to the number of atoms used during training. Moreover,

the development of training data base is restricted to small number of atoms in

a box due to the high computational cost associated with high quality quantum

mechanical computations such as DFT. Those two reasons alone are enough to

consider such an approach suitable only for toy models.

The alternative and certainly more powerful approach is to leverage ideas used

in the development of CIPs, namely the partitioning of the total energy function

into local atomic contributions. Here, each atom, or more specifically its local

environment, is represented by a descriptor. Therefore for each atom i there is

a corresponding descriptor di representing its local atomic environment within

a cutoff distance rcut of this central atom. The cutoff distance is optimised
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during the fitting process to balance model accuracy and speed. The premise

here is that the forces are relatively short ranged and negligible beyond the

rcut. Obviously this methodology fails for systems where electrostatic long range

interactions are important. However the ML model can be augmented with the

separate evaluation of the long range interactions in the reciprocal space (Ewald

summation) while the short range interactions are still computed with descriptors

in the real space.

Since the inception of the field of MLIPs many descriptors have been proposed.

The earliest descriptors can be dated back to late 1990s when simple models

where developed for some low dimensional systems [18, 27, 68, 116]. The early

ML models suffered from the lack of required physical invariances, or were fixed

to the particular problem at hand, therefore being short of required generality.

Those initial failings were, however, crucial to help recognise the challenge and

pave the way for further developments in the field.

It is beyond the scope of this work to cover all developments in the field. It

is worth noticing however that, similar to classical interatomic potentials, the

descriptors can be classified as two-body, three-body and many body. The many

body descriptors are further categorised based on their ability to capture angular

dependence of their local atomic environment. Noteworthy is the fact that the

ability (or lack thereof) of the descriptor to capture particular type of interaction

within a system of atoms does not necessary limits its applicability. One must

remember that by using nonlinear regression models the many-body nature of

the resulting potential is recovered.

So far the discussion in this section was limited to monatomic systems. The

extension for multi-species is possibly and number of schemes has been proposed.

One of the first proposed solutions was to calculate separate descriptors for each

pair of species [16]. So for binary system of species A and B three descriptors

would be calculated, namely A-A, A-B and B-B. The final descriptor for the

central atom i would be composed by concatenating those three preliminary

vectors. While this solution is certainly valid and provides excellent ability to

distinguish different atomic environments its main limitation is computational

cost and scaling with the number of species in the system. Even for the system of

three different atom types the computational cost is often excessive when paired

with more sophisticated descriptors as the cost increases quadratically with the

number of chemical species.

54



An alternative approach is to represent complex multi-component environments

by the union of two descriptors [7] with constant complexity regardless of the

number of atom types. The first descriptor represents the structure of the local

atomic environment and is obtained in the same fashion as in the monatomic case

by treating all atoms as being of the same chemical type. In other words the first

descriptor captures the structure of the environment. The purpose of the second

descriptor is to encode environment chemical composition. It is computed using

the same functions as for structural descriptor but this time weighted by species

dependent coefficients.

Yet, another approach is to compute weighted descriptors directly in the similar

fashion to how this problem is usually solved with CIP [69]. Instead of computing

a compositional descriptor as mentioned above, the method introduces implicit

element-dependent weighting factors. Specifically, each interaction is weighted

and the chemical environment information is now directly incorporated into the

descriptor.

In the remainder of this section a number of descriptors are reviewed based

on the aforementioned categorisation and, arguably, their popularity within the

community.

2.5.2.1 Atom Centred Symmetry Functions

Pioneering work by Behler and Parrinello [19] introduced now widely popular

atom centred descriptors known as atom centred symmetry functions (ACSF).

ACSF can be categorised into two groups: radial or angular.

Radial descriptors are build out of Gaussians with two hyper parameters η and Rs

which control width and position of the Gaussian respectively. Every descriptor is

composed from a number of Gaussians of different width and positions, optimised

for the given crystal structure(s).

Every component of the radial ACSF consists of a Gaussian and the cutoff

function fc. The purpose of the cutoff function is to ensure that a symmetry

function and its derivative smoothly tend to zero at the cutoff distance Rc. The

radial ACFS is defined as

G2
i =

∑
j

e−η(Rij−Rs)2fc(Rij) (2.91)
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where Rij is the distance between atoms i and j and the cutoff function is

fc(Rij) =

0.5
[
cos
(

πRij

Rc
+ 1
)]

if Rij ≤ Rc

0 otherwise
(2.92)

When radial descriptors are fitted to energies using ordinary linear regression

using identity basis functions the effective potential is two-body in nature. The

more sophisticated non-linear methods will generate many-body potentials with

similar limitations encountered by the pair functionals (see s2.2.4.1) such as

Finnis-Sinclair potentials. Namely, the assumption of spherically distributed

charge density.

The angular descriptors account for the angular distribution of atoms and are

better suited for systems where strong directional bonding is present. The angular

descriptors are built by summing over triplets of atoms. Specifically, the sum is

over all cosine values of the angle θijk centred on atom i.

G3
i (Rij) = 2(1−ζ)

∑
j,k ̸=i

(1 + λ cos θijk)
ζe−η(R2

ij+R2
ik+R2

jk)fc(Rij)fc(Rik)fc(Rjk) (2.93)

where ζ, η and λ are adjustable hyper parameters. The computational cost of

angular descriptors is high as it requires iteration over combinations of i-, j- and

k-atoms.

It was considered for a while that ACSF are likely to form an overcomplete set

in case the infinite series of the basis set expansion is used [10]. However, it has

been shown that even models that utilises four-body correlations will incorrectly

give identical results for different configurations [141].

In practice, the series is truncated to balance computational efficiency with

required accuracy. It was demonstrated that it fails to uniquely distinguish

configurations and the lower expansion limit [10]. Even though the representation

improves when higher angular resolutions are included, the highly oscillating basis

functions in this case will necessitate extensive training data sets.

2.5.2.2 SO(3) Power Spectrum - Smooth Overlap of Atomic Positions

In the seminal work on Gaussian approximation potentials (GAP) the descriptor

describing the local atomic environment is build out of spherical harmonics [11].
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To obtain such an expansion the local atomic density is first computed using delta

functions. However it was recognised early that such an expansion would lead to

numerical instabilities, as even a small change in atomic positions might result in

large change in potential energy. Instead of delta functions an expansion using

Gaussians was used resulting in smooth overlap of atomic positions descriptor

(SOAP) [10]

ρ(r) =
∑
i

e(−α|r−ri|2) =
∑
i

∑
nlm

cnlmgn(r)Ylm(r̂) (2.94)

where Ylm denotes the Laplace’s spherical harmonics, gn is a radial basis function

and coefficients cnml are given by

cnml = ⟨Ylmgn(r)|ρ⟩ (2.95)

where the integral above requires use of the modified spherical Bessel functions

of the first kind. When an appropriate orthogonal radial basis function is chosen,

the overlap between an atomic environment and its rotated counterpart can be

obtained from

S(ρ, R̂ρ′) =

∫
ρ(r)ρ′(R̂r)dr =

∑
lmm′

J l
mm′Dl

mm′(R̂) (2.96)

where Dl
mm′ is a Wigner matrix and coefficients J l

mm′ are given by

Jnn′l =
∑
m

cnlm(cn′lm)
∗ (2.97)

and are equivalent to the power spectrum pnn′l as shown in [10].

Even though SOAP is not injective [141] it has been shown that it scales

favourably in comparison with other popular descriptors [10]. In other words

even at a relatively low level of expansion the descriptor is capable to uniquely

distinguish training set configurations. It is also possible that inclusion of higher

order correlations (four-body and above) may overcome this lack of injectivity

[54].
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2.5.2.3 Moment Tensor Descriptor - Moment Tensor Potentials

The basis functions used in the implementation of the moment tensor descriptor

(MTD) [76, 78, 162] are polynomial in nature and similar to atomic cluster

expansion [53] and related to the permutation invariant polynomial basis

descriptors [196].

The MTD of the atomic environment of the ith atom, ni, is defined as

Mµ,ν(ni) =
∑
j

fµ(rij) rij ⊗ · · · ⊗ rij︸ ︷︷ ︸
ν times

(2.98)

where fµ is a radial part and rij ⊗ · · · ⊗ rij︸ ︷︷ ︸
ν times

contains angular information. The

angular part is a tensor of rank ν as the outer product ⊗ is performed ν times.

So for ν = 0 is just a scalar, ν = 1 gives a vector between atoms i and j and

ν = 2 is a symmetric matrix with its diagonal elements being simply squares of

rij components and the remaining three off-diagonal terms are xy, xz and yz.

The radial part is given by

fµ(rij) =

NQ∑
B=1

c(B)
µ Q(B)(rij) (2.99)

where c
(B)
µ is an expansion coefficient and the radial basis functions are composed

of polynomial functions such as Chebyshev polynomials smoothed with a cutoff

function. Such smoothing is common among different types of descriptors and

ensures appropriate behaviour when ith atom neighbours move in and out of its

local atomic environment.

To obtain a final descriptor vector which would be suitable for ML regression the

MTDs are first contracted into scalars. The contraction is the process in which

moments are collapsed into corresponding scalars using relevant inner product

operation. Thanks to this process the obtained basis functions are invariant to

atomic permutation, reflection and rotation.

To balance the accuracy of the angular expansion and also the computational

efficiency the level of moment is first defined as

levMµ,ν = 2 + 4µ+ ν (2.100)
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where the coefficients in the expansion above are empirically obtained from thor-

ough testing performed in [77]. Second, the level of multiplication is calculated

by summing over levels of the corresponding tensors. For example ⟨M1,2,M0,2⟩ is
a Frobenius inner product (contracted scalar) with the corresponding level equal

to 12.

The size of the descriptor vector obtained using MTD is therefore dependent on

the number of radial basis functions and the number of level of moments used.

By setting the maximum level restricts what moments are being used for the

descriptor vector [134]. The moments as defined in eq. 2.98 have the following

mechanical interpretation [162]. M0,0 gives the number of atoms within the cutoff

distance,M0,1 is the their centre of mass andM0,2 is the second moment of inertia.

The third moment can loosely be interpreted as a measure of asymmetry in the

distribution of atoms.

2.5.3 Regression

Regression is a process of finding the relationship between the independent

variables (atomic coordinates) and the scalar response such as potential energy.

This relation is certainly nontrivial and additionally complicated by the physically

imposed requirements 2.2.0.4. During the fitting procedure, this complex

relationship is being captured partially by the choice of the descriptor. The main

idea is that appropriate selection of the model will complement the descriptor,

allowing sufficient representation of the system. In other words, the nonlinear

physics of the problem may be mostly encapsulated by the choice of descriptor,

or by the choice of regression model.

In this section I will briefly review popular regression methods suitable for the

purpose of the development of the interatomic potentials. All regression models

presented below belong to the class of supervised machine learning methods.

The linear regression discussed in section 2.4.4.1 provides the simplest and fastest

fitting procedure. Note it is still able to represent nonlinear nature of the potential

energy function if this nonlinearity can be incorporated into the descriptor of

choice. Another advantage is that if a mathematical form of the descriptor

is physically informed, then the linear model might generalise much better as

compared with more complex models.
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Feed forward neural networks (NN) [131] provides functional flexibility to

represent complex functions. NN are built of layers each containing a number

of nodes. Each node is interconnected with all other nodes in the following layer.

The last layer acts as a lens which converges its input onto the final result -

the operation equivalent to the linear regression. The strength of connections

between nodes is modulated by weight parameters which are fitted during the

training process. When a descriptor is presented to the NN, its components

propagate through the network in a nonlinear fashion until merged by the last

layer.

A Gaussian process regression model (GPR) is a conditional probability distri-

bution over all possible functions that fit a set of training data points [148].

This is in contrast to the usual approach where only one nonlinear function is

expected to fit the data set. GPR allow for a possibility that there might be

more than one function that fits the training data equally well. In consequence,

the conditional posterior distribution provides measure of uncertainty. The prior

knowledge about the modelled function, which in our case is PES, is incorporated

in terms of kernels also known as a covariance function. The kernel provides

the similarity measure between two different descriptors. The prior distribution

of infinite functions in GPR is a multivariate normal distribution. The prior

provides the expected output for the function before observing any data points.

Once model is presented with training data, every covariance function will have

a value associated with it. A prediction at an unknown point can be obtained

by combining a prior with a likelihood function for the observed values. One

can think of it in a sequential manner: after observing the new data point the

prior becomes the posterior. In the next iteration the current posterior is used

as a prior and so on. In principle, every new data entry not only improves model

predicting power but also refines our understanding of its performance.

2.6 Molecular Crystal Phases

The ability of solid to exist in more than one crystal structure is often referred

as polymorphism or allotropy for pure chemical elements. In general, crystals

can be classified as atomic, molecular or a mixture of both. The arrangement

of atoms in crystalline solids can be described using space groups also known as

crystallographic groups.
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A space group is the symmetry group which involves operations such as rotations,

reflections, translation screw dislocations and glide reflections. Therefore a space

group associated with a given polymorph provides a list of symmetry operations

which preserves crystal invariance. In practice it allows to uniquely describe the

positions of the atoms in the system.

The molecular crystal phases differ from crystal formed from pure elements as

molecules can have additional degrees of freedom. For example the molecule

might freely rotate around the fixed point in the crystal.

For a given P,T condition only one phase can be considered as stable at

equilibrium - the one with the lowest free energy. For some systems, in addition

to a lowest energy phase a number of competing phases can be observed. Those

are referred as metastable phases. It is often the case that their energies differ a

little from the lowest energy structure but the transition pathway involves high

energy barrier. The metastability phenomena manifest itself in both experiments

and simulations.

Depending on P-T path taken from the initial structure different phases can be

observed at the final P, T conditions. In the experimental settings it is usually

impossible to determine in such a case which phase is the most stable. To mitigate

some of these challenges experiments often involve slow changes in P, T and long

equilibration times.

In atomistic simulations determination of ground state structure is fairly straight-

forward as absolute enthalpies are readily available. However, at elevated

temperatures the situation is more complex. The short timescales might not

allow system to jump over high energy barriers. Moreover the shape and size of

the simulation box might hinder the phase transitions. In principle computation

of Gibbs free energy is possible with thermodynamic integration but in practice

is very laborious and computationally expensive.

61



Chapter 3

Machine learning library for

interatomic potentials

The main motivation behind the development of the new, community driven,

software and library (the code) is the ability to design novel machine learning

interatomic potentials and also to allow rapid deployment of those in the large-

scale atomistic simulations environment.

In addition, the code aims to minimise practitioner’s effort during the potential

development stage by introducing iterative two-stage fitting process inspired by

the accomplishments in the field of classical interatomic potentials. The details of

this optimisation procedure are provided in chapter 4 along with some examples.

At the moment, the code provides a number of popular atom-centred descriptors

and two regression methods: Bayesian Linear Regression (BLR) and Kernel

Ridge Regression (KRR) Most importantly, its object-oriented design allows for

a quick development of new ideas such as adding new descriptors or regression

models. The code is fully interfaced with the LAMMPS package [189] by native

C++ plugin such that new code developments are immediately available for the

deployment in the simulation.

The code provides an easy to use command line interface (CLI) along the more

advanced option to be utilised as an C++ library. The code is open-sourced and

available for download from

https://git.ecdf.ed.ac.uk/s1351949/ta-dah.
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The documentation along with the user guide and some usage examples are

available at

https://ta-dah.readthedocs.io/en/latest/.

While a relatively large number of codes have been developed to support the

invention of MLIPs they are mostly limited either by providing single type of

descriptor and regression method or can be considered as toy models because

of their inefficient implementation or lack of interface to MD software. Besides,

a disproportionately large proportion of packages supports neural networks in

comparison to linear models such as KRR and BLR.

The code is coined “Ta-dah! ” to emphasise fun, amazement, joy and perhaps

a little bit of witchcraft which is associated with the development of interatomic

potentials. Building an interatomic potential is like pulling a rabbit out from the

hat. It is magic but it is not.

3.1 Software Technical Overview

The guiding principles during the design stage of the code were flexibility of

usage, computational efficiency and extensibility of the code base. In this section

a brief overview on how aforementioned principles where achieved from a technical

perspective.

The code is written in modern C++ language in accordance with the stan-

dard ISO/IEC 14882:20111. Standardisation of C++ under ISO guarantees

its longevity as future compilers are expected to support old code. As a

compiled language it is computationally efficient and can be optimised for usage

across many platforms. As it stands the code has been tested on various

Linux distributions including HPE Cray Linux Environment used by Archer2

supercomputing system.

The software is build on a number of excellent open-sourced libraries. Notably,

linear algebra operations are performed by Eigen [79]. Hyper parameter optimiser

is possible thanks to MaxLIPO+TR algorithm from Dlib [103] and requires

LAMMPS to be available (compiled) as a shared library. Apart from LAMMPS,

1Informally known as C++11
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the code does not require installation of those components per se. Building and

compilation of the code is greatly simplified as is governed by CMake. The code

comes with a limited set of unit tests which is progressively being expanded.

The object oriented paradigm is used to organise the code base and allow for

new components to be added with the minimal effort. For example, adding a

new descriptor to the software would require implementation of a single class

according to the specification. Once implemented a new descriptor not only

seamlessly works with the rest of the code, such as regression classes, but is also

immediately available within LAMMPS for simulations.

To allow flexible usage of the code as a stand-alone library elements of the generic

programming are employed such as class templates. This paradigm allows to

write general algorithms which can work with various data structures without

compromising efficiency. Specifically, it provides compile-time polymorphism

required for the library and also improves code re-usability by generalising

software components. The flexibility provided by templates is of particular

importance in a fast-changing field such as development of methods for MLIPs.

In contrast to the library mode, the command line interface and LAMMPS plugin

require run-time polymorphism - namely, selection of model components based

on a configuration file. Writing the same code twice is obviously a poor solution.

Instead a factory method is employed which permits coexistence of run-time along

the generic programming compile-time polymorphism. The factory method is an

object oriented design pattern which allows for construction of product classes

without defining concrete ones [66].

The code provides a generic plugin interface for LAMMPS package. Since

both pieces of software are written in C++ there is no additional overhead

associated with translation of data structures between two different programming

languages. The interface separates the data structures where appropriate and

the computation of descriptors and prediction of energies and forces from the

simulation software. For example, LAMMPS computes nearest-neighbour lists

and requests ML code to return the force for a given type of interaction. This

object-oriented solution improves on extensibility of the code without sacrificing

its efficiency.

Computationally demanding tasks are parallelised with hybrid Open Multi-

Processing (OpenMP) and Message Passing Interface (MPI) when appropriate,

such as calculation of descriptors during the training stage or the optimisation of
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hyper parameters. Besides, the code still works seamlessly with LAMMPS which

supports native (MPI). The current implementation does not parallelise routines

responsible for solving linear systems of equations due to limitations of the Eigen

library [79]. We plan to replace those with ScalaPACK implementation in the

near future.

3.2 Capabilities

The code is intended to maximise the flexibility of a user during the development

stage while at the same time ensuring high computational efficiency. The logic

behind this philosophy is quite simple. The development of machine learning

models happens in an iterative manner: build a model, test it, repeat. The less

time that is spent waiting for a computation to finish, the more time is available

for more meaningful tasks. Moreover, the efficient training process allows for

development of a hyper parameters optimisation method described in chapter 4

In a nutshell, the code provides capabilities to train models using various

descriptors, cutoffs and regression models. Once trained the model can be

deployed to perform MD simulations with LAMMPS or to predict energy, virial

stresses and forces for a given configuration(s) of atoms. The model is capable

to provide uncertainties on its predictions, such as energy and forces, as well

as uncertainty on learned weight coefficients. The development of models is

streamlined by introducing hyper parameter optimiser. The code comes with

a simple analytical module which provides basic statistics during model fitting,

such as RMSE on predicted forces.

In the remaining part of this section training, prediction and simulation with

LAMMPS are discussed in more detail along with some main features of the code.

The hyper parameter optimiser is then introduced with some basic examples to

illustrate its potential.

3.2.1 Training procedure

The training procedure, in principle, should begin by specifying requirements on

the model. In particular, questions such as what is the intended application for

the potential and in consequence the number of atoms the model is suppose to
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handle? What region of the configurational phase space is relevant? Is potential

being developed for narrow specialised application or perhaps it is designed as a

general purpose which is conceivably a much more challenging task?

The next step is to obtain high quality data for fitting. The data should cover

configurational space required by the intended application but should also be

sparse enough so no unnecessary calculations are begin performed. Once QM

data are available they should be converted to a specific format required by the

code.

The model parameters are then specified in the configurational file. The more

advanced option is to provide them directly in the C++ code in the case when

library mode is used. However, the configurational file typically provides sufficient

flexibility for both CLI and library mode. Apart from some minor parameters,

which are covered in the documentation, the critical model decisions are: Is two-

body descriptor and/or many-body descriptor are being used? If yes, specify their

types and corresponding cutoff functions and cutoff distances. Most descriptors

require a set of hyper parameters (HPs) to be provided. Next, choose model such

as BLR or KRR and specify corresponding basis functions or kernels respectively.

Is training being performed on energies only or perhaps forces and virial stress

will be used as well. To control overfitting the regularisation parameter can

be specified directly or the code can estimate it using evidence approximation

algorithm. It is sometime advantageous to standardise descriptors feature wise by

subtracting their mean and dividing by the standard deviation. Finally, general

factors can be set to weight energies, forces, and stresses. It is also possible to

set those weights directly in the data set file for every structure. If no weight is

set in the data file it will default to unity.

3.2.1.1 Training Database

A training database consists of one or more training set files. Every set file must

contain at least one structure. For our purpose, a structure contains matrix of

lattice vectors, stress tensor, set of atomic configurations and potential energy.

Every atom in a structure is identifiable by its chemical element name, position

and force acting on it. The format of the set file is explained in the documentation.

The parser for a set file allow varying number of structures each containing

different number of atoms in a simulation box.
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The training database is usually generated using higher order quantum me-

chanical theory such as density functional theory or post-Hartree–Fock ab initio

quantum chemistry method such as coupled clusters. The code does not provide

any tools for the generation of the database. It is usually a straightforward process

to convert quantum mechanical computations into a suitable format.

While in principle the code is unit agnostic, it has only been tested with the

following units: distance in Å, energy in eV, force in ev/Å, pressure in GPa. We

note that the conversion between units is a rather elementary task.

The training database should cover configurational space which is relevant to the

intended model application. ML models are well known for their poor predicting

power outside their applicability domain.

3.2.1.2 Descriptors

Perhaps the most critical choice for the MLIP model is a selection of descriptors

and corresponding cutoff functions. The code supports computation of two-body

and many-body descriptors. The resulting final descriptor which will be passed to

a regression model can consist of any combination of those, i.e., plain two-body,

many-body or a concatenation of those two.

Every type of descriptor can be matched with a suitable cutoff function and a

custom cutoff distance. The dummy cutoff function is also provided for cases

where descriptor functional form smoothly goes to zero at the cutoff distance.

The functional forms of descriptors, supported by the code, are given in 3.3.1.

Some of descriptors can be considered as classical such as simple Lennard-Jones or

Mie type descriptors (see documentation for complete list of available descriptors).

While those are clearly limited in their functional form and one might argue that

it defeats the purpose of ML potentials where flexible mathematical function is

postulated. Nevertheless they are made available as a bridge between CIP and

MLIP and such they allow for a direct comparison between different type of

models. Moreover they provide a simple baseline to which more sophisticated

potentials can be compared with.

Three-body (and higher) descriptors are implemented as many-body. For

example, in the embedded atom descriptor [183, 211] when charge density is

being expanded in terms of angular resolved functions, this is the case.
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3.2.1.3 Model selection and regression

Both implemented regression models, namely BLR and KRR, require selection

of a corresponding basis function or kernel respectively. By selecting identity

basis functions or kernel the resulting model is equivalent to regularised linear

regression. Other choices will lead to non-linear models. The model should

complement selected descriptor(s) such that the essential physics of the problem

is captured, e.g. two-body descriptor and linear regression model result in a

simple pairwise model such as Lennard-Jones. However the same descriptor with

a non-linear regression model will result in a many-body potential, which could

be equivalent to FS or EAM. The regularisation parameter in eq. 2.66 can be

provided by hand or estimated with the evidence approximation algorithm [26].

The training process can be performed using combination of structure energies,

atomic forces and virial stresses. The importance of those can by weighted by

either global scale factors in the configuration file or individually by providing

scale factors for selected configurations. The training process happens in a closed

form providing optimal solution to a regression problem.

The final output of a training process is a pot.tadah potential file which can

be either directly used for a prediction or LAMMPS simulation using provided

interface. The code can also provide uncertainties on regression coefficients which

can by used to optimise hyper parameters or identify relevant training database

structure.

3.2.2 Prediction procedure

The prediction process can be achieved using CLI or a custom written C++

script. The format of the prediction data set is the same as used during the

training process (3.2.1.1). The data set must contain at least lattice cell vectors

and atomic species and positions. Energy, virial stresses and forces are optional

and only needed when statistics on prediction are required. To satisfy the data

set parser, unavailable quantities should be set to zero.

The code is capable of predicting energy per atom, atomic forces and virial stresses

given a potential file. The corresponding output is written to energy.pred,

forces.pred, stress.pred files respectively. The format of those files is explained

in the code documentation. The model is capable of estimating the uncertainty
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of its predictions without knowing target values.

3.2.3 LAMMPS interface

The code provides a custom LAMMPS interface which is distributed as an

optional LAMMPS package. Thanks to an efficient implementation the code

allows for a simulation of large-scale systems. In principle, simple linear models

should allow for a molecular dynamics simulation of millions of atoms on modern

high performance computing facilities such as Archer2. However, we note that

more complex models can be orders of magnitude slower.

The interface is currently not distributed with LAMMPS and has to be copied

from the code to the LAMMPS directory. See LAMMPS documentation on

optional packages for more details. Once LAMMPS is compiled with the code

interface the potential files can be used in the usual way, e.g.

pair_style tadah/tadah

pair_coeff * * pot.tadah Ta

3.3 Essential theory

This section covers theory upon which the code is based on and is required for the

development of ML potentials. The generalised functional form of two- and many-

body local atomic descriptors are presented. The fully localised blip functions are

introduced which can be used in place of Gaussian functions utilised by various

descriptors. The theory behind Bayesian Linear Regression and Kernel Ridge

Regression is covered in sections 2.4.4.2 and 2.4.4.3 respectively with an emphasis

on the former as it is often our method of choice.

3.3.1 Generalised Descriptors

The code provides two types of descriptors: two-body and many-body. Most

descriptors are specified by a set of hyper parameters. In ML methodology a

hyper parameter is a parameter which controls the learning process but it is not

obtained during the training process. In case of descriptors, hyper parameters

can, for example, control positions and widths of Gaussians or can be exponents
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in the Mie type descriptor (the generalised case of the Lennard-Jones descriptor).

Henceforth, we define a set of hyper parameters which completely specify a

descriptor vector as

{{ζ1p , . . . }p}
Np

p=1 = {{ζ11 , . . . }1, {ζ12 , . . . }2, . . . , {ζ1Np
, . . . }Np} (3.1)

such that {ζ1p , . . . }p is a subset of hyper parameters for the p-th component

of the descriptor vector which will be shorthanded as {ζ}p from now on. A

subset contains varying number of hyper parameters (indicated by . . . ) which are

relevant to a functional form of a descriptor.

3.3.1.1 Two-body descriptor

The functional form for the p-th component of of the two-body descriptor of the

ith atom with hyper parameters {ζ1p , . . . }p, is

v(i)p =
∑
j ̸=i

αijB
{ζ}p(rij)f

{ζ}p
c (rij) (3.2)

where B is a function with parameters {ζ}p such as Gaussian function in ACSF

(eq. 2.91), fc is a cutoff function and rij is a distance between atoms i and j. The

summation is over all neighbouring atoms of central atom i which are within the

cutoff distance rc. Note that rc is included in the {ζ}p subset of hyper parameters

as it is might by required by the B functions as well.

The hyper parameter αij modulates the strength of an interaction between two

atoms of the same or different species. It is similar to the weighting introduced

in weighted atom-centred symmetry functions [69] but our implementation is

symmetric allowing exploitation of so-called half neighbour lists, i.e., just one

computation of descriptor is required for every i-j interaction since pairwise forces

are equal and opposite. Note that linear model used with wACSF results in

fij ̸= fji for half neighbour lists which is unphysical, however we recognise that

it is not the case when full neighbour lists are used. The code provides default

value of αij = Zi + Zj where Z is an atomic number. In practice, it is usually

beneficial to optimise this hyper parameter either by hand or using HPO (see 4).
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3.3.1.2 Many-body descriptor

The many-body descriptors of the ith atom satisfy the following form

v(i)p = D{ζ}p
(
ρ
{ζ}p
i

)
(3.3)

where the vector of electron density ρi of the ith atom is build out by expanding

the density using the basis set of choice.

ρ
{ζ}p
i =

(∑
j

αjψ
{ζ}p
1 (rij), . . . ,

∑
j

αjψ
{ζ}p
max(rij)

)
(3.4)

In case where only distance rij is used instead of the rij vector than the

uniform density approximation is recovered and the linear model built out of

this descriptor can be considered as generalisation of EAM- or FS potentials

[47, 48, 64]. However when functions ψ are angular dependent such models

generalise the idea behind modified EAM [12] models.

Note that the functional D must satisfy usual invariances (as discussed in 2.2.0.4)

for linear models while in principle this invariance can be introduced by the non-

linear model. In particular, the individual components of the density vector (eq.

3.4) can violate rotational invariance provided that they are then combined in

such a way that the rotational invariance is preserved.

3.3.1.3 Blip functions

Many different types of descriptors in the literature make use of Gaussian

functions. Historically, computation of Gaussian functions took hundreds of clock

cycles on older processors, however this not the case any more as all modern CPUs

have fast floating-point hardware. Perhaps a more relevant unwanted feature of

a Gaussian, for the development of interatomic potentials, is their infinite span,

i.e. the computation of a Gaussian is always required.

Here we introduce a simple substitution for Gaussians based on an earlier work

on localised basis functions for the purpose of first-principle calculations [87].

The blip functions are centred on the points of a grid similarly to a Gaussian

function. Their shape is similar to a Gaussian, but contrary to the former they

completely vanish outside their limited domain. In other words they are fully
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Figure 3.1: An example grid of blip functions composed of B-splines along a
similar grid build out of Gaussian functions. The two grids are not meant to be
identical.

localised functions.

The blip function is composed piecewise out of B-spline polynomials in the four

intervals [-2,-1], [-1,0], [0,1] and [1,2]. B-splines are localised basis functions used

to represent functions in terms of cubic splines [156]. The blip function is defined

for our purpose as

B(r) =


1− 3

2
r2 + 3

4
|r|3 if 0 < |r| < 1

1
4
(2− |r|)3 if 1 < |r| < 2

0 if |r| > 2

(3.5)

where r = η(rij − rs) and rs is a parameter which centres function on a grid

position and η controls its shape such that η/4 is a span of a blip.

The blip function vanish smoothly to zero outside their specified interval. The

function is continuous everywhere and so its first two derivatives. An example

grid of blip functions along similar grid of Gaussians is illustrated in fig 3.1.

As mentioned previously a computation of Gaussian functions is nowadays

implemented on the CPU hardware level resulting in high performance. However

we find that the simple piecewise polynomial functions outperform those due to

the fact that they are fully localised. The gain in performance does not come
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from faster blip computations of B-spline functions but from the fact that less

blips is usually calculated because of their localised span. This is particularly

pronounced when the model grid contains many narrow functions instead of a

few broader ones.

3.4 Example usage

The code below will train the linear model using two- and many- body descriptors.

// Read configuration file

Config config("config");

// Load training data

StructureDB stdb(config );

// Find nearest neighbours

NNFinder nnf(config );

nnf.calc(stdb);

// Define descriptors and cutoff functions

using D2=D2_BP;

using D3=D3_Dummy;

using DM=DM_EAD;

using C2 = Cut_Cos

using C3 = Cut_Dummy

using CM = Cut_Poly2

// Instantise calculcator for descriptors

DescriptorsCalc <D2,D3,DM ,C2,C3,CM> dc(config );

// Instantise model and train

M_BLR <BF_Linear > model(config );

model.train(stdb ,dc);

where the configuration file config contains information about cutoff distances

and relevant hyper parameter settings.

Equivalently the same result can be obtained directly using the command line

interface.

$ ta-dah train -c config

where the configurational file config specify the entire model completely and the

result is a pot.tadah file.

The resulting potential file can be used for prediction on different data sets:

$ ta-dah predict -d dataset1 dataset2 -p pot.tadah -FSa

where -FSa flags indicate to compute forces, stresses and also provide basic

analytics such as RMSE on former quantities.
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3.5 Future development ideas

Ta-dah! has been developed with an intention not only to be easy to use but most

importantly to allow extending the code base with new methods and features. The

second requirement is particularly important is the fast changing field of MLIPs.

Below, is a list of features which are not included at the time of writing but are

at least worth consideration.

• Python interface to C++ library

• Integration into Atomic Simulation Environment

• Regression with Neural Networks

• Active Learning

• On-the-fly MLIPs

• Support for automatic differentiation of models and descriptors

• Different algorithms for hyper parameter optimisation such as genetic

algorithm (4.2) or particle swarm optimisation (4.2)

• Meta-programming approach to join descriptors of the same type, such as

two different two-body descriptors into one.

• More descriptors...
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Chapter 4

Two-Stage Fitting Procedure

In general, a ML model consists of two types of parameters: learned parameters

(LP or simply parameters) which are obtained during the learning stage and hyper

parameters (HP) which are preselected before the learning process commences.

The choice of MLIPs architecture, such as ML algorithm and descriptors,

represents our prior knowledge about the type of system that is being studied.

The optimal model architecture is then achieved by tuning its HPs such as

positions and widths of Gaussians in ACSF descriptor (eq. 2.91) or a topology of a

NN. Even decisions about which regression algorithm to choose are considered as

a HP selection problem. Typically, HPs cannot be established from the data alone

during the LPs regression stage and must be set beforehand. Perhaps, the most

common, complex and time consuming adjustment to the model performance is

optimisation of model’s HPs.

The development of ML models happens in an iterative manner and MLIPs are

no exception. The common strategy employed when building ML models is to fit

a model on the training data set and fine-tune HPs with the validation set [82].

The process is repeated until the objective function is either minimised in case

of a loss function or maximised when a fitness function is under consideration.

Testing on the validation set guides further development of the model and is used

to estimate prediction error for model selection. The final model performance is

then evaluated on the hold-out set.

For the development of MLIPs the above strategy is too simplistic and resource

wasteful.

75



First, the final model performance cannot be evaluated on the test data alone -

good match for energies, forces and stresses does not guarantee that the potential

will perform well in MD simulations. The MLIP performance is related to the

quality of the training data (configurational space coverage more generally) and

to the ability of the model not only to interpolate between data points but also to

extrapolate to unknown regions. The latter is strongly influenced by the model

architecture.

Second, it is too expensive as one cannot afford to generate high quality large

data sets using higher order quantum mechanical theory and then split it into

usual 50% training, 25% validation and 25% test subsets [82]. The test set is

usually drawn from the same distribution as the training data and given strong

interpolating capabilities of ML models it is often the case that estimate of

predictive accuracy of the model is overinflated.

Ideally, the fitting procedure would consists of evaluation step against the complex

quantities such as a melting curve or various crystal phase stabilises at finite

temperature. However, the accurate computation of the melt curve is a time

consuming process while the latter cannot by obtained from the ensemble averages

as Gibbs free energy is not a property of a microstate.

It is hopefully clear by now, that in the development of MLIPs, the model

architecture as well as the training data should be considered as adjustable

variables. Here we tackle optimisation of a model architecture while the

optimisation of a training data set is beyond the scope of this chapter. The

optimisation of the training data depends sensitively on the system and intended

application.

The critical questions which guide our developments are: What is the form of a

global objective function which maximises model’s performance? How to optimise

this function? and last but not least, How to quantify MLIP performance itself?

Here by the the global objective function we mean what is commonly known in

the ML literature as an evaluation function. An evaluation function is essentially

a set of metrics which are used to judge model’s performance. The very basic test

is an evaluation on the hold out set which is usually unavailable when developing

an interatomic potential. Perhaps better metrics are model’s ability to reproduce

experimental pressure-volume curve or vacancy formation energy. The global

objective function term is used specifically to indicate that it is, in fact, an

optimisation problem.
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The structure of this chapter is as follows. First, a brief overview of HPs

selection process is given followed by a review of some common optimisation

techniques. The new method is then presented for the optimisation of HPs

during the development of MLIPs. The aim of the new method is to reduce

the time required to construct a new potential, minimise overfitting of HPs while

maximising model’s accuracy as compared with QM calculations. Moreover, the

method is intended to support the development of potentials which are suitable

for the general purpose even in presence of suboptimal training data sets. To

validate this new approach, it is deployed to a number of problems with increased

complexity. The method is fully implemented into Ta-dah! package (chapter 3).

The presented approach is inspired by methods developed in [86]. Therein, a

ML algorithm based on symbolic regression is used to construct MLIP using QM

training data. A hypothesis space is then generated for physically meaningful

expressions, such as LJ (2.2.1.1) and BOP (2.2.4.2). This search space is than

explored by the genetic algorithm (4.2) to model natural selection process. The

generated new functional forms for a potentials are then fitted to training data

set energies in the usual way.

Herein, the approach is different. Instead of constraining the functional form

from the limited hypothesis space we allow our model to explore mathematically

more flexible ML descriptors. In principle the aim is the same, that is to obtain a

functional form for the potential which is physically informed and can generalise

well beyond the training data set. The approach is probabilistic in nature: Rather

then choosing the best fitting function to a set of training data, we consider a

number of functions which are close to the best fitting model. To do that we

enforce additional constraints on a set of hypothetically valid functions, that

is, those that reproduce training energies well. The physical constraint are

represented by the global objective function which is than optimised. The details

of the method are presented in section 4.3.

4.1 Background

The aim of HP optimisation is to minimise the loss function L(M, T ), where M
is a model and T is a training data set

λ∗ = argmin
λ∈Λ

L(M, T ) (4.1)
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where the model is parameterised by a set of HPs λ. The goal is to find a set of

λ∗ within a search space Λ such that desired model is obtained [117]

The optimisation of HPs differs from other optimisation problems [118]. The-

oretically it should be possible to obtain the gradient of the objective function

with respect to the model HPs. In practice this is rarely the case. One reason

is because the search surface usually contains discontinuities [173] or is simply

not differentiable in case of categorical HPs. The domain of HPs might either be

continuous (e.g. regularisation parameter), discrete (e.g. number of Gaussians

in the descriptor), binary (e.g whether to normalise descriptors) or categorical

(e.g. kernel type) [206]. The domains of continuous and discrete HPs are usually

bounded for practical purposes [24].

As with any ML optimisation technique one must control the risk of overfitting

HPs to a given data set. In general, different data sets will have different

optimal HPs values. This is a typical problem when HPs are optimised by hand

without test set but can also happen when automated methods are employed. For

example, naive optimisation of the degree of polynomial of BLR basis functions

will usually lead to highly overfitted function. This problem is discussed further

in 4.3 in relation to the optimisation of HPs for MLIP.

The process of optimising HPs consists of the following intertwined components:

the ML regression algorithm and the corresponding loss function. The optimi-

sation algorithm which will search the configurational space of HPs and use the

evaluation function to measure models performance given different sets of HPs.

It has been shown previously that a genetic algorithm (4.2) (GA) can effectively

search HPs configurational space for both classical and machine learning inter-

atomic potentials [38, 39, 106, 113, 136, 161, 216]. Apart from GA ((4.2)),

trial and error, also known as manual, fine-tuning of HPs is very competitive,

as compared with automated methods, albeit extremely time consuming (see

discussion in 4.2).

The ability of MLIP to accurately predict validation (or even better a hold out)

set energies, forces and stresses is a necessary but not sufficient condition. The

further testing is required to establish its performance in true case scenarios

such as MD simulations. Testing of the MLIP candidates can be very laborious

and usually a number of simulations have to be performed to establish its true

performance. Moreover, the transferability of MLIPs is a well known limitation

and is strongly correlated with the quality of the training data set. In general,
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MLIPs are capable of high accuracy when constructing PES for local atomic

configurations which are similar to those in the training data set. This is the

consequence of using generic functions with large number of free parameters [72].

4.2 Hyper Parameter Optimisation Techniques

In this section a number of popular methods for hyper parameter optimisation

is briefly examined and in section 4.3 the new procedure is developed for the

specific needs of MLIPs. For a more comprehensive review the reader is referred

to [118, 206].

Manual tuning of HPs is often a method of choice among ML practitioners. It is

a simple trial and error algorithm1 which is terminated when satisfactory results

are obtained or one simply runs out of time. The success of this method relies

on good understanding about a problem at hand and detailed comprehension of

algorithms involved. Every iteration in the training process brings new knowledge

which can be used to further fine-tune HPs.

The trial and error method is time consuming, in particular when model

retraining takes significant time, but the improvements are often surprisingly

large. However, for problems where the model contains large number of HPs (such

as in MLIP) or the interaction between them is nonlinear further complicates

the challenge. Another disadvantage of the manual method is that it makes

research often non-reproducible and comparison between different models is more

problematic - as it is often unclear whether the gain in performance is due to the

better method or simply more diligent optimisation of HPs. The automated

method for HPs optimisation attempts to alleviate at least some of those issues.

Grid search (GS) is a common brute force method employed in many optimisation

tasks [93]. It is well suited for problems where configurational space is discrete

and of low dimensionality. The GS method attempts every possible combination

of HPs from the search space. The method can be easily parallelised however

it suffers from the curse of dimensionality - computational cost increases

exponentially with the number of dimensions. The common strategy when

employing GS is to perform an initial search over coarse configurational space

followed by the finer one for the most promising regions. The procedure can be

1Also known as Grad Steepest Descent - the optimal model parameters are obtained when
the deadline is reached.
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repeated number of times until convergence criteria is met or one simply run out

of allocated time.

Random Search (RS) is another popular choice for the selection of HPs. Given

enough time RS is capable of discovering global minimum, however, this is

unlikely for high dimensional configurational spaces. RS samples combinations

of HPs from predefined bounded distribution. RS can explore larger HP space

as compared with GS [25]. Similarly to GS, the RS method is easy to implement

and parallelise well as every evaluation is independent of the past.

The major limitation of both GS and RS is the fact that they do not use the

information from the previous step to guide their next move. Therefore they

often spend large amounts of time exploring useless areas of the search space.

The simple manual search takes this into consideration when applied thoughtfully.

The following automated algorithms attempts to amend this shortcoming.

Gradient descent (GD) algorithms work by numerically calculating the derivatives

of the HPs search space [23]. The direction of the next move is based on the

steepest gradient found. The point of calculation is selected at random and

the computation might be repeated on a set of points. For high-dimensional

optimisation problems a stochastic version is often employed where the actual

computation of the gradient is replaced by its approximation. The GD works

only on differentiable functions (or at least differentiable subset) which is often

not the case for HP spaces. Moreover, the global minima is only reached for a

convex functions while their efficiency drops significantly for non-convex ones.

Bayesian Optimisation (BO) [170] attempts to obtain a minimum in a high-

dimensional HPs space by constructing a probabilistic model based on observed

evidence. Contrary to GD, BO uses all previously acquired information instead

of just a local gradient to decide its next move. The BO procedure usually

involves building a surrogate model on currently available data, and then use it

to integrate out uncertainty and build new predictive distribution. BO algorithm

is computationally more expensive than GD, however, it should be able to reach

minimum of complex functions in relatively fewer steps. The BO model is

composed of two parts. First, the prior over functions to be optimised, such

as Gaussian process prior [148, 159]. The prior represents assumptions about the

objective function. Other popular surrogate models include random forest [92]

and three Parzen estimator [24]. Second, the acquisition function which is used

to decide the next move. The utility of the acquisition function is to balance
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exploration of the unknown HP space against the exploitation of the promising

regions where the minimum is most likely to occur. Ironically, BO models contain

their own HPs, which strongly influence their effectiveness and can be difficult

to establish. In some case BO model can have more HPs than the ML model

which defeats its purpose. Also, due to their sequential nature, BO algorithms

are difficult to parallelise.

Evolutionary algorithms (EA) The last two algorithms covered in this section

(genetic algorithm and particle swarm optimisation) are classified as evolutionary

algorithms (EA). EAs belong to a set of modern heuristics based search method

(metaheuristics) used in many optimisation problems [198]. The design of

EA algorithms is inspired by the processes of evolution such as reproduction,

mutation and natural selection. In general, EAs converges to a local minima,

nevertheless may provide a sufficiently good solution while being able to explore

high dimensional spaces at relatively low computational cost [29].

Genetic algorithms (GA) [112] are inspired by the biological processes where in

each generation elements of the well-performing HP combinations are passed to

the next generation. In the GA, every HPs candidate solution is represented

by a chromosome which is encoded using string (genes). The common encoding

techniques are binary, value and permutation strings [202]. The most popular

encoding is binary as it has well defined operators (see below) while other

encoding might require custom definitions. The initial population of chromosomes

is randomly selected. The best performing chromosomes (fittest individuals) are

than identified according to the value of the objective function. The chromosomes

with better fitness are more likely to be passed to the new generation. Biologically

inspired operations such as mutation (random modification to the binary string

of genes), cross-over (partial exchange of genes between chromosomes) and

inversion (partial binary string reversal operation) are used to generate new

candidates. The process is repeated until the best subset is identified based

on their performance. The convergence speed and accuracy of GA depends on

the initial selection of the HP population, i.e., the initial random selection should

include HPs which are close to the global optimum. The performance of GA,

similarly to BO, is strongly correlated with the initial selection of its own HP

such as crossover rate, mutation rate, initial population size and fitness evaluation

function.

Particle swarm optimisation (POS) [102, 163] is another example of EA. In POS,

a candidate solution to the optimisation problem is represented by a particle [214].
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Every particle living in a HPs space is labelled and is described by the position

vector pi, velocity vi and its local best known position so far. The particle

with the best global position informs others about the current optimal solution.

Therefore the motion of particles is semi-random and governed not only by their

local environment but also by the current best position of the entire population.

The process is repeated until satisfactory solution is obtained or particles can

move no longer (are stuck in one or more minima). As with any EA algorithm

the performance is limited by proper swarm initialisation.

4.3 Methods

Motivated by the successful applications of GA for the discovery of efficient many-

body potentials [86], we develop a two-stage fitting procedure where we attempt

to converge to a global minimum of a custom made global loss function Lg in an

iterative manner.

In our procedure, the model M architecture is varied automatically by the

external optimisation algorithm subject to a custom set of physically motivated

constraints. The composition of the training data base T is varied manually at

this point in time. In the future, the aim is to introduce active learning algorithm

to supplement the fitting procedure.

The set of physical constraints and the corresponding weights is selected by the

user and represents prior knowledge about the system and the future intended

use for the interatomic potential.

4.3.1 Global Loss Function

The functional form for a global loss (GLF) is given as

Lg(M, T ) =
∑
α

ωαLα(M, T ) (4.2)

where Lα is a loss associated with the α constraint and wα is a weighting

parameter which represents its importance in the fitting procedure. For a
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constraint loss function we choose the following form:

Lα(M, T ) =
∣∣Pα(M, T )− tα

∣∣N (4.3)

Here, Pα is a prediction on the α constraint with a true value tα. The power N

controls the type of a loss function, i.e., N = 1 results in an absolute loss, N = 2

gives commonly used quadratic loss function, and so on.

The weight factor wα have inverse units of corresponding constraints α raised to

N -power such that product in eq. 4.2 is unit-less. The interpretation of weighting

parameters is intuitive, such that they control numerical precision of obtained loss

for a given α relative to the remaining weights, i.e., doubling weight makes it twice

as important as before.

4.3.2 Search Space and Performance Constraints

The global objective function does not only take into account the performance of

the model with respect to the validation set but also allows to include constraints

(labelled α in eq. 4.2) on the physical predictions of the model. Henceforth, the

term performance constraints (PC) will refer to {α} as they directly control the

predicting power of the interatomic potential. It follows that there are two types

of PC which can be selected for the global loss function. First, those which are

associated with the performance of the model on training or validation sets, i.e.,

energy, force and stress RMSE. The second group of constraints are those which

are physically motivated. They represent desired properties of the model such as

its ability to reproduce particular surface energy or the energy difference between

two crystal structures.

On the other hand the search space constraints (SSC) term will be used to indicate

constraints which are enforced on the model architecture more directly, such

as number of Gaussians in a descriptor or a model’s cutoff distance. In other

words SCCs generate configurational space for HPs which will be explored by the

optimisation algorithm to satisfy PC.
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4.3.3 The global optimisation algorithm

The global optimisation algorithm (GOA) works in an iterative manner to

optimise model architecture subject to training data, validation set, search space

and performance constraints.

The optimisation procedure begins with the construction of the data sets. The

current implementation of the algorithm assumes that the training and validation

sets remain unchanged throughout the automated optimisation process as Ta-

dah! does not currently provide tools to streamline this process. It is worth

reemphasising that the training data set has disproportionate impact on a success

of the potential. The main purpose of GOA is to optimise model’s architecture,

and in consequence improve its transferability. Next, target PCs are defined along

with the SSCs in the configuration file. Every PC has weight associated with it

which represents its relative importance in the fitting procedure. Once the initial

selection is done, the iteration process consisting of three stages begins:

1. The global optimisation algorithm selects candidate HPs from a pool of

SSCs.

2. The model is trained using new settings on the current data set.

3. Performance of the model is measured against PC.

The iteration procedure continues until predefined convergence criteria is achieved,

such as a value of a GLF. Alternatively, the algorithm can be terminated manually

or stopped after required number of executions. In all cases the best performing

model at the time is available. The potential is therefore affected by changes in

HPs.

The HPs selection process is controlled by MaxLIPO+TR algorithm from Dlib

C++ library [103]. MaxLIPO+TR is a parameter free global optimisation

algorithm which improves upon original LIPO algorithm [120]. The LIPO

algorithm has been designed for optimisation of functions under the assumption

that finite Lipschitz constant exists. A Lipschitz constant measures the maximum

gradient of a function in a region over which the function is defined. It has been

used previously to develop global optimisers which exploits surface smoothness

and its regularity with respect to the input [140, 164].
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The MaxLIPO+TR algorithm is capable of estimating Lipschitz constant which

allows construction of a linear upper bound (upper as algorithm optimises to a

global maxima) to the objective function. The algorithm selects point at random,

evaluate its upper bound and compare it with the best current point. If the new

point is better it is used in for the next evaluation.

The common issue with global optimisers is their slow convergence once close

to the optima. The MaxLIPO+TR performance in resolving local optima is

improved by implementing trust region method commonly used for derivative

free optimisations [73, 171]. The trust region method fits a quadratic surface

around the best candidate and then iterate this surface instead of the true on to

quickly converge to a given region optima.

4.4 Results

To validate the global optimisation algorithm we employ it to a number of

test cases. Even though the ML methods can, in principle, easily fit classical

potentials, in practice by virtue of higher dimensionality it is only the case when

sufficient training data are present to eliminate unnecessary features. The results

presented here build upon on each other with increased complexity. The goal is

to illustrate certain aspects of the global optimisation method and to establish its

numerical limits. For the application of the fitting procedure to a more concrete,

real-life scenarios the reader is referred to chapters 5 and 6.

4.4.1 (Re)discovery of a Lennard-Jones Potential

Perhaps the most basic, although not trivial, test is an attempt to “rediscover”

a known potential. To do that the training data are generated using LAMMPS

MD with a standard 12-6 LJ potential without a cutoff function (eq. 2.38). The

parameters for LJ are ϵ = 0.043 eV and σ = 3.428 Å which were fitted to model

interaction between two argon atoms [94, 147]. The training data set consists

of 11 snapshots obtained every 30 ps from the NPT simulation at T=10 K and

atmospheric pressure after initial equilibration. The simulation box consists of

3x3x3 4 atom fcc cells and the cutoff distance is set to a generous 13.5 Å to reduce

issues related to a lack of smoothness at the cutoff distance. The training data are

suboptimal by design and clearly will not cover the full range of interactions even
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for a simple two-body potential. Note that argon melting point is 84 K hence the

training data consist of atoms oscillating around their equilibrium position.

The truncated LJ is chosen because LAMMPS’ smooth versions differ in the

implementation of the cutoff function as compared with Ta-dah! ’s Mie-type

descriptor which will be used for fitting. The Mie-type descriptor is composed of

two components r−n and r−m and the dummy cutoff function is used to simulate

truncated LJ.

4.4.1.1 The baseline

To establish the baseline the first test is performed to optimise GLF within a

two dimensional HPs search space. The goal here is to obtain coefficients n and

m such that the difference between predicted and true energies is minimised. It

follows that GLF is simply equal to RMSE of energy. Intentionally, we do not

restrict HPs m and n to integers but instead search a continuous [1.0, 20.0] range.

The GOA almost immediately converges to expected result (fig. 4.1a).

At the 11th iteration the convergence to energies is below 2 × 10−3 meV/atom

and after another 300 iterations the algorithm reaches its maximum accuracy of

1.5× 10−9 meV/atom. The obtained Mie coefficients are n = 11.9999989445 and

m = 6.00000016379.

4.4.1.2 Optimisation with physical constraints

Here, GLF is not optimised against the RMSE in energies but against a

lattice parameter a0 = 5.29173210729506 Å and the cohesive energy ϵ0 =

−0.364688159928677 eV. Note that, instead of analytically obtainable values

for a0 = 5.28 Å and ϵ0 = −0.370 eV we use values from the minimisation

procedure using original LAMMPS LJ potential and keep maximum numerical

precision for comparison purposes. The calculated target values differ slightly as

compared with analytical ones because of the hard cutoff used. Note that the

discrepancy almost disappears when long range interactions are accounted for

with the increased cutoff distance.

Similarly to the previous test, the convergence to the global minimum is achieved

in around 12 steps with further iterations required to resolve HPs values to

maximum numerical accuracy. The optimised coefficients are n = 12.000122253
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Figure 4.1: Convergence of the global optimisation algorithm for the two-
dimensional hyper parameter search space. (a) Optimisation using energy only
for the baseline test. The GLF which is being minimised is numerically equal
to the energy RMSE. (b) Energy RMSE for optimisation with PCs. (c) For the
optimisation with PCs, the GLF is a weighted squared sum of differences between
predicted and true values for lattice parameter and cohesive energy. (d) The
fractional error in lattice parameter and cohesive energy during the optimisation
process with PCs.
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and m = 5.99994986975. The predicted RMSE on energies is less than

3 × 10−7 meV/atom. The calculated values of the lattice parameter with

obtained ML potential is a0 = 5.29173212504955 Å and the cohesive energy

is ϵ0 = −0.364688207718215 eV. The difference between predicted and target

values is less than 2× 10−8 Å and 5× 10−8 eV respectively.

4.4.2 CCSDTQ Krypton

Having established numerical capabilities of the GOA in the previous section,

the next step is to measure its performance against more sophisticated two-

body function using mathematically more flexible ACSF (eq. 2.91) two-body

descriptor.

The training data set is composed of calculations performed using the coupled

cluster method with single, double, triple and quadruple excitations (CCSDTQ)

and is available from [96]. The training data consists of bond energies for

36 separations between krypton atoms2. The CCSDTQ estimated energy

uncertainty at the equilibrium distance is approximately 0.05 meV/atom and

larger for smaller distances [96].

Grid rcut (Å) δE (meV/atom)

1 4.1 4.9

2 13.0 0.91

3 13.0 0.089

4 11.5 0.011

Table 4.1: Grids, optimised cutoffs and
calculated errors on predicted energies as
compared with CCSDTQ krypton data.

The ACSF two body descriptor

is used along with a linear kernel

resulting in a simple two-body

model. Four separate MLIPs are

developed with ACSF grids of

one, two, three and finally four

Gaussians. Therefore the fitting

procedure is conducted separately

for each MLIP and includes opti-

misation of each Gaussian position

and width along with a cutoff distance rcut. Every MLIP optimisation run begins

with the same initial settings for the range of Gaussian positions ([0.0, 12.5] Å),

widths ([0.001, 10.0] Å−2) and cutoff distance ([4.0, 13.0] Å). As in the previous

test those ranges are deliberately broad.

Figure 4.2 shows optimised ACSF grids for four different models. The corre-

sponding potentials are presented in fig. 4.3. The optimised cutoff values and

2The training database was prepared by fellow PhD student Asuka Nakamura-Pinder.
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(a) Optimised grid of one Gaussian.
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(b) Optimised grid of two Gaussians.
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(c) Optimised grid of three Gaussians.
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(d) Optimised grid of four Gaussians.

Figure 4.2: Optimised grids for ACSF descriptor for the CCSDTQ krypton data.
For the corresponding ACSF MLIPs see fig. 4.3
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(b) MLIP with two ACSF Gaussians.
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(c) MLIP with three ACSF Gaussians.
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(d) MLIP with four ACSF Gaussians.

Figure 4.3: Two-body MLIPs obtained from CCSDTQ krypton data with global
optimisation algorithm. For the corresponding ACSF grids see fig. 4.2.
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the difference in the predicted energies of the models as compared with CCSDTQ

data are tabulated in 4.1. In each case, the GOA successfully optimises ACSF grid

to produce models with both increased complexity and better predicting power.

The two Gaussian model already closely resemble original training data (4.3b).

With just three Gaussians the obtained curve provides almost perfect match with

respect to the training data while the model error of 0.089 meV/atom is close to

CCSDTQ accuracy (4.3c).

One more test is conducted to measure performance of the GOA when PCs are

being used. To do that, a sparse training data set is constructed with just four

data points selected from the original CCSDTQ calculations. The descriptor

being used is a four Gaussian model described above.

In the first, deliberately naive, attempt, three different models are fitted simply

by minimising energy RMSE. The result is shown in fig. 4.4a. The models clearly

overfit data. All of them reproduce perfectly four data points, which were used

during training, but fail catastrophically when faced with the unused CCSDTQ

data. The fitting of each model begun with different initial settings. The best of

the overfitted models used restricted HPs search space with very wide Gaussians

while the other two used relatively broad ranges. Figure 4.4b shows a model

which, in addition to fitting energy, RMSE is also being constrained by additional

PCs. Here, PCs are the values of the lattice parameter and the cohesive energy

calculated at different pressures (0 atom, 1 atm, 10 GPa, 100 GPa). The model

shows clear improvement with respect to the models trained on energy RMSE

only.

4.4.3 Many-body EAM

The last “relearning” case study is to evaluate the GOA on a many-body training

data. To do that the training database is generated using general purpose

EAM potential for tantalum [149]. The training data consist of three sets

each containing 100 bcc configurations of 54 atoms sampled from the NVT MD

simulation at 400 K (Ta melts above 3000 K) at the following normalised densities:

(0.5, 1.0, 1.25). As in the previous cases the training data can be considered as

insufficient to produce even a simple MLIP, not too mention a general purpose

potential.

Two tests are attempted in this section. First is to relearn two-body part of
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Figure 4.4: (Left) Figure shows intentional overfit of a relatively complex model
with respect to the training data in the case where only energy RMSE is used
during the optimisation procedure. The training data consists of just four data
points which are always perfectly matched by three different models. However,
the remaining, unseen, data are reproduced by chance only. (Right) The overfit
problem is alleviated by introducing physical constraints (lattice parameter and
cohesive energy) on the model.

the EAM model with ACSF two body descriptor. The second is the opposite of

the first one, namely relearning many-body part with a custom modified EAD-

like descriptor (mEAD) [183, 211] while the two-body part is computed by the

original EAM model. The mEAD descriptor uses the ηρ log(µρ) as an embedding

function instead of the originally proposed square of the density, where η and µ

are the fitting parameters. To clarify, in both tests the same training data are

being used, i.e., there is no split into two-body data and many-body data.

This procedure is possible because Ta-dah! re-implements any EAM model two-

body and embedding function as components of the descriptor. The functional

forms are read from the DYNAMO setfl file in the usual way. This allows the

fitting procedure to run with either one or both components, and mix it with any

ML descriptor. For example, when both EAM descriptors are used and linear

model is being trained on the data which have been generated with the same

EAM model, then the re-learnt linear regression coefficients are exactly 1.0 for

the two-body part and 1.0 for the many-body.

In both cases, the linear regression is against target energies and stresses and

the regularisation parameter for the regression is estimated from the data by the
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evidence approximation algorithm [26].

4.4.3.1 ML two-body descriptor

In here, two ML models are developed using ambient pressure data only

(normalised density of 1.0). Both contain a many-body part from the original

EAM potential. The two body part is modelled using ACSF descriptor with

either three or four Gaussians. The GLF is proportional to the energy RMSE

and only HPs controlling positions and widths of Gaussian functions are being

optimised with the GOA. The obtained linear regression coefficients for the
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Figure 4.5: Pair inter-
action potential for ML
models build with ACSF
containing either three
of four Gaussians and
the original many-body
function from the EAM
model.

original embedding descriptor in models were 1.13 and 0.99 for three and four

Gaussians respectively. The value close to 1 indicates good convergence of the

machine learned two-body function given the configurations in the data set.

Figure 4.5 shows relearned two-body part of the original EAM model and is

compared to the original function. The model with four Gaussians shows excellent

fit throughout apart from the repulsive section which is steeper as compared

with the original pair interaction potential. This is unsurprising as only ambient

pressure data are used during training, so this part of the potential is never used in

generating the data. The simpler three Gaussian two-body potential reproduces

the original curve only qualitatively.
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4.4.3.2 ML many-body descriptor

Another four potentials are developed this time to fit many-body part of the

EAM model. All models consist of the same initial architecture. The two-

body part is represented by the original EAM pairwise function. The many

body part is calculated with mEAD descriptor in the limit of the spherical

charge distribution. The mEAD model contains five Gaussians each with the

corresponding embedding function.

The embedding function varies with the density of the atomic environment

therefore the first three models (ML no PC) are being trained using progressively

more data [normalised densities ρ̄: (0.5), (1.0, 1.25) and (0.5, 1.0, 1.25)] while the

fourth model (ML PC) uses data generated only around the equilibrium density.

The first three models (ML no PC) developed use the same fitting process as with

the two body function previously, namely to minimise energy RMSE. The fourth

model (ML PC) attempts to compensate for the lack of spread in the density

in the the training data. To do that, the potential is bounded by additional

PCs such as lattice parameter, cohesive energy, unrelaxed vacancy formation and

unrelaxed surface energy. The values used for constraints are obtained from the

original EAM model. Therefore the minimisation of the GLF now takes into

account not only model’s ability to reproduce training energies and stresses but

also loss associated with the difference between model’s predictions and selected

physical constraints.

The embedding functions obtained from all models are shown in figure 4.6 along

the true one from the EAM potential. All models show excellent reproduction of

the embedding function in the region close the the ambient condition density.

For models fitted without PC, addition of more training data is required to

improve embedding function description in low and high density regions. The

low density region is only qualitatively described and shows the expected energy

gain when atom is embedded into the system however the exact shape of the

functions differ as compared with the original EAM model. Addition of high

density training data are necessary to obtain good description at high pressure.

Inclusion of ρ̄ = 1.25 data shows qualitatively correct behaviour of an increasingly

higher energy required to insert an atom into the existing atomic configuration.

The introduction of PCs improves the potential even further. The fourth model

(ML PC) retains very good description of the embedding function at ambient
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Figure 4.6: Figure shows the embedding function against the normalised density
for bcc tantalum using Ta2 EAM potential from [149] (shown as the dashed line)
and four different ML potentials. First three ML models developed without PC
(ML no PC) are using progressively more training data at different densities.
They show very good fit close to the training data but fail to extrapolate
beyond known density range. The introduction of PC results in the model which
resembles the original EAM models well across the full density range. Note that
only density data around ρ̄ = 1 where used during the fitting procedure for the
last model. See text for a description of the optimisation procedure for all models.

pressures and corrects low and high density regions appreciably despite the fact

that it uses training data generated only at ambient pressure.

Note that the relatively small differences in the embedding function can have

large effects on the model’s performance. For example, the relaxed surface

energies obtained with the best model without PCs are 2.07 J/m2, 1.75 J/m2 and

2.23 J/m2 for (100), (110) and (111) respectively. The constraint model improves

significantly: 2.39 J/m2 1.98 J/m2 and 2.63 J/m2. The first two values of the

latter model are almost identical to the true values and the (111) energy is just

0.1 J/m2 lower [149].
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4.5 Discussion

The fitting of the two-body function can be considered as an exercise in overfitting

without the negative consequences, at least most of the time. Given enough data

and relatively simple architecture of the two-body model, the naive optimisation

of the HPs such that they minimise the energy difference between prediction and

the training data is often sufficient as demonstrated in fig. 4.3.

The CCSDTQ data can be perfectly fitted with just four ACSF Gaussians while

three Gaussians are already sufficient. The presented method is general and

should work equally well for any two-body CC data. It compares well in terms

of accuracy and the model complexity with the analytical potential function

developed for krypton in [96]. The three ACSF Gaussian model is characterised

by 10 parameters (as compared with 12 in [96]): every Gaussian is described by its

position and width, there are three regression coefficients, and the cutoff function

is parameterised with a cutoff distance only. Note that the parametrisation

process of analytical potentials is often time consuming as it requires choosing

the adequate model functional form. In contrast, the procedure presented in this

work is accomplished within minutes while the optimisation process itself takes

seconds for a simple two-body system (fig. 4.1c).

However when the data are sparse, optimising even the simple pairwise function

shows negative effects of overfitting as shown in fig. 4.4a. The proposed solution

of introducing PCs to compel the functional form of the potential and significantly

alleviates the problem without a need for extra training data (fig. 4.4b).

One can see that the problem of choosing and then optimising model’s architec-

ture is inevitably coupled with the problem of picking the adequate training data

sets. Simply put, complex models necessitate more data. This work attempts

to tackle the optimisation of model’s architecture given a fixed training data set.

It is shown that the coupling is weakened by introducing external performance

constraints (fig. 4.4b). Therefore, the optimisation with PCs leads to models

with better transferability. Those two types of constraints complement each

other during the fitting procedure. For example, sub optimal data set with a

physically motivated model build out of relatively simple functions perform well.

On the other hand, complex potentials require extensive data sets to constrain

their functional form. Note that interesting physics often happens during the

transition from one state to another. Those are rare events and constructing

96



representative data sets for the transition states is extremely challenging. In

other words it is easy to wash out important features which affect the dynamics of

the system (for example during the phase transition) with relatively unimportant

equilibrium data. In general, PCs are experimentally or theoretically measurable

quantities (macrostates). Therefore there is no need to attempt to come with a

relevant set of microstates for a given phenomena.

The ability of the GOA to find the best performing set of HPs is further tested

with EAM generated many-body data set. Once again GOA shows good ability

to reproduce two-body function with four ACSF Gaussians (fig. 4.5). The

discrepancy in the repulsive part can be attributed to the lack of data in this

region as the training data were generated at 400 K and no PCs were used.The

reproduction of the many-body part (in this case it is equivalent to the embedding

function) is more challenging as very little variation in density is present in the

training data set. Introduction of PCs is able to compensate for the lack of data

as shown in fig. 4.6. Given scarcity of data the fit is very good and relearning

the original embedding function is almost perfect as confirmed by the calculation

of the relaxed surface energies.

It is shown that the GOA is capable of optimising HPs for complex functions. It

is worth emphasising that its ability to do so can lead to overfitting when complex

models are optimised to inadequate training data sets. This unwanted quality

can be lessened by the introduction of PCs. Bounding by the physical constraints

is just another way to control model complexity and improves its transferability.

The automatic optimisation of the HPs allows for the structured development of

potentials and enable for the systematic comparison between different models.

Moreover, it reduces the time required to optimise the model as compared with

the manual trial and error tests.

The implementation of the GOA is not limited to a particular choice of the

optimiser such as MaxLIPO+TR. Other viable options include particle swarm

optimisation or genetic algorithms. However, the MaxLIPO+TR algorithm

performs well because it allows for the degree of stochasticity in the objective

function as well as having the ability to deal with function discontinuities.

The set of available physical constraints can be easily expanded and may involve

more complicated computations such as the ability of the model to relax a

vacancy. In principle, any properties which can be calculated by MD simulation

can be used as PCs. There are a couple of practical limitations however. First,
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the simulation must be computationally cheap as it will be performed at every

iteration of the GOA. Second, occasionally very poor candidate potentials can

give surprisingly good prediction on one PC while all the others are not so good.

This false positive might force the algorithm into suboptimal local minima.

One has to balance the choice of PCs against available computational budget.

Potentials with complex functional forms coupled with large data sets result in

slow training and MD simulations. In consequence, each additional PCs increases

computational effort to perform iteration of a global objective function optimiser.

This can be partially countered by the bandit-inspired methods where the original

training data set is split into smaller subsets which are then used for training and

in consequence elimination of poor performing HPs. For example, optimisation

of HPs for two body functions using energy RMSE is achieved within seconds

on a desktop PC. Addition of a simple set of PCs, such as lattice parameter

and unrelaxed vacancy extends this time to minutes. In case where the model

utilises high dimensional descriptor and full set of PCs, the fitting procedure may

lengthen to days or even weeks. In this case massively parallel supercomputers

can be used, and may be essential, to drastically reduce those times.

It is also worth noting rather unwelcome oddity. In an attempt to automatically

optimise model HPs we introduced different HPs in place of the original ones.

Fortunately, this swap is not like-for-like. The initial HPs are often combined

in the non-linear fashion hence difficult to interpret when manually tuning the

model. The proposed HPs are linear weighting factors which reflect desired model

properties and are simpler to interpret.

The choice of the loss function is somewhat arbitrary and based on our limited

experience. We note that other choices are possible which can easily be

implemented into our procedure. However the systematic assessment of those

is beyond the scope of this work.

The two-stage fitting procedure takes advantage of a flexible functional form for

the potential, capable of reproducing complex PES, and couple it with physical

constraints to generate potentials with increased performance for configurations

which are outside of the training set. The outcome of model fitting against

energies, forces and stresses is highly dependent on the quality of the training

data. The introduction of additional PCs enable important physical properties

to be fitted correctly with far less data. This is because the PCs introduce very

different, emergent properties which broaden the training beyond just forces of
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atoms. It is possible for standard training sets to include forces from very different

environment, but ultimately they are still only forces.

99



Chapter 5

Tracing the Frenkel Line in a

supercritical molecular nitrogen

This work is conducted in collaboration with Dr Ciprian Pruteanu. Parts of this

work are published in [143, 144].

5.1 Introduction

The fluid in the supercritical region was for a long time considered as a

homogeneous state of matter. However, in 2012 it was proposed that it can

be split into two distinct regions consisting of rigid and non-rigid liquid states

[33]. The crossover line (or a narrow zone) where the “transition” occurs is called

the Frenkel line (FL). It is postulated that the qualitative behaviour of the rigid

supercritical state is solid-like while the latter is gas-like. It is worth emphasising

that the FL does not represent thermodynamic transition but rather a dynamic

one where a number of structural properties can change, such as the ability of

the liquid to sustain shear waves, or the sudden change in the diffusion constant.

The FL can be considered as an extension of a long term debate about the

nature of the liquid state in general. One approach based on the van der Waals

model is to treat liquid state as an dense structure-less gas. The other approach,

championed by Frenkel [65], is to consider liquid as a fast changing “crystal” where

particles can oscillate for short periods of time when caged by the neighbouring

particles while on a longer time scale they perform a random walk by jumping
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between cages. Those jumps are fundamental to liquid ability to flow and their

frequency are related to the liquid relaxation time τ as proposed by Frenkel.

It is worth noting that the FL differs to the concept of the Widom Lines

(WL). First, the WL is defined as an extrema of a thermodynamic property

(such as maxima in isobaric heat capacity [165]) past the critical point (CP).

Second, all WLs terminate at the CP by the definition (they are the continuation

of the discontinuities in thermodynamic properties on the phase boundary).

Experimental evidence suggests that Frenkel Lines do not terminate at the critical

point[145]. Third, different thermophysical quantities give, in general, different

WLs while the FL crossover defines much narrower zone in the phase diagram.

Originally, it had been proposed that the FL can be identified by the sudden

change in the diffusion coefficient [33]. This can be attributed to the reduction

of the mean free path to the point where it is comparable to the particle size. In

the classical limit the heat capacity of the liquid close to the melt curve is 3kB

where 1kB comes from particles transverse excitations. Therefore it is predicted

that upon crossing the FL the isochoric heat capacity should be reduced to 2kB.

Another criteria is based on the velocity autocorrelation function (VACF). In

the solid-like region particles are caged by the neighbouring atoms and in result

show oscillatory behaviour which can be identified from oscillations in VACF.

In the free-flowing gas-like region VACF decays to zero monotonically without

oscillation and the rate of it is proportional to the density.

The aforementioned quantities are readily available from computer simulations,

such as molecular dynamics, but extremely difficult or even impossible to obtain

reliably from the experiment. The FL crossover has also been experimentally

defined and determined for molecules with a well defined Raman modes, such

as methane [169] or systems with a single Raman active mode. However this

criteria can be ambiguous in many cases and limited to molecular liquid. Since

the FL transition leads to structural changes of the liquid it is advantageous

to identify relevant markers which can be obtained experimentally. It has been

shown that the diffraction measurements can be used to identify the FL crossover

in the supercritical fluid in the static compression experiment [30]. Arguably, the

most practical way to identify the FL is a saturation of the coordination number

with increased pressure as demonstrated in the neutron diffraction experiments

[142, 145].

The FL remains somewhat as a controversial concept. Lines on the phase diagram
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normally represent thermodynamic transitions, or well defined turning points in a

physical quantity (WL). FL does not. Still, the FL crossover leads to qualitative

change in the system behaviour as well as its structure. Perhaps, it leads to a

more fundamental question on how phase diagrams should be drawn.

Computational studies of the FL in the supercritical region would give a precise

way to investigate whether there are theoretical features which can be used to

define FL. However, they are limited by the lack of interatomic potentials capable

of accurately reproducing potential energy surface of the interacting molecules.

For example, the popular “optimised potential for liquid simulation” (OPLS)

force field [100, 101] predicts solid rather than a liquid phase at 160K at elevated

pressures. This failure can be attributed to the fact that OPLS potential for

nitrogen was optimised for ambient pressure. Moreover, OPLS N2 is a Lennard-

Jones two-centre potential with sites located at atomic centres. These models

are, in general, inadequate to study systems with strong quadrupole interactions

such as N2. The results of using OPLS potential for high pressure critical liquid

are published in [144].

We also implement five-centre site-site potential model (5CM) for nitrogen

which was parametrised using accurate coupled cluster data [85]. However, our

implementation of the model into LAMMPS is somewhat troublesome. The

technical details and encountered model’s limitations are discussed in section

5.2.

Given the shortcomings of the current models, in this section, a new machine

learned interatomic potential for supercritical molecular nitrogen is developed

based on high level quantum chemistry data and benchmarked against neutron

diffraction experimental data. The new potential is then used to study N2 at the

range of temperature and pressure conditions to trace the FL line including its

origin.

5.2 Five-centre site-site model for nitrogen

The model implemented in this section (5CM) has been developed by Hellmann

to accurately describe the potential energy surface of two interacting N2 molecules

in the dilute-gas limit [85]. The N2 molecules are represented as rigid rotors with

a fixed bond length of 1.1014 Å. Each rotor consists of five sites. Those are
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used to compute the interaction energy between two rotors by summing over all

available 25 distances.

In practice, the model is represented by seven sites: five sites are massless and

are used for the computation of the interaction energy. Two additional sites are

reserved for nitrogen atoms separated by the fixed bond length such that the

rotor has the moment of inertia equivalent to the N2 molecule.

The functional form of the model from [85] is coded in Python such that LAMMPS

[189] can utilise it using pair style python. This solution proves to be extremely

computationally inefficient. Fortunately, LAMMPS allows to generate tabulated

potential from the Python model using pair write. Such tabulated potential is

then employed by the pair style table which is many orders of magnitude faster.

There are however certain difficulties which are mostly associated with the fact

that the original model has been fitted to molecular clusters. We observe that out

of over 80 publications that have cited the original paper only one implements

the five-centre model in a molecular dynamics setting [107]. Therein, the model

is used to compute interactions for methane and nitrogen mixture at ambient

conditions. Unfortunately, authors neither provide sufficient implementation

details nor information of what molecular dynamics software they are using. We

attribute this lack of usage in MD, of an otherwise popular model, to the following

observations.

First, the original model was fitted to finite clusters, and had infinite range of

interactions. Molecular dynamics simulations require models with finite range

such that the interaction energy smoothly goes to zero at the cutoff distance.

The usual way to make use of such a model is to implement it with a relatively

large cutoff distance. This may work for a dilute gas, however, for condensed

phase we are faced with additional difficulties. We find that even at 14 Å and the

time step of 1 fs the sudden truncation of the potential energy function results

in fluctuation of the total energy which leads to an unstable trajectory. We

recognise that the trajectory can be stabilised by reducing the time step however

this scales linearly with computational effort and we find convergence to be very

slow. Besides, at this cutoff distance, the computation of nearest neighbour (NN)

lists already results in the neighbour list overflow. Even though the maximum

number of NN stored for every atom by LAMMPS can be increased from its

default value, the resulting computational efficiency is drastically reduced. We

find that increasing the cutoff length further did not sufficiently alleviate those
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fluctuations. We conclude that the potential in the original form is unworkable

for a high pressure fluid even when a long cutoff distance is being used.

We modify the potential by adding the cutoff function such that the computed

forces at the cutoff distance are zero. The cutoff function is given by

fc(r) = (rc − r)2
(rc + 2r − 3ri)

(rc − ri)3
(5.1)

where ri and rc are inner and outer cutoff values respectively and r is the distances

between two dimer sites. The cutoff function is constant up to ri cutoff and only

the last 1 Å is smoothly reduced to zero. Such a choice preserves the original

form of the potential and only modifies its long distance interactions. We found

that this reduces the fluctuations in the total energy to 0.02 eV/molecule with

1 fs timestep and allows us to cautiously use the model.

The 5CM is only used sparingly throughout this chapter. It is mainly utilised

as an additional verification tool for our new machine learning model which is

developed in the following chapter. We also anticipate that the 5CM model is to

no purpose to any free energy calculations.

5.3 Development of N2 interatomic potential

The standard Kohn-Sham density functional theory (DFT) is the usual workhorse

for the generation of training data sets during the development of the machine

learned potentials. However, it is well known that the vanilla DFT does not

provide accurate description of weak dispersion forces and requires specialised

dispersion correction schemes which are often questionable in case of their

transferability between different systems.

The aforementioned issue is magnified for a relatively simple element as nitrogen

where the energy of the N-N triple bond is orders of magnitude higher than the

weak dispersion forces between interacting molecules. At the same time it is

recognised that the quantum chemistry methods, such as Coupled Cluster (CC),

can provide extremely accurate potential energy surfaces (PES) albeit only for

small systems, such as two interacting molecules, at very high computational cost.

Here, the new interatomic potential for nitrogen is developed based on the

quantum chemistry data obtained from [85]. The potential is specifically designed
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to reproduce available neutron diffraction experimental data for the supercritical

N2 at 160 K and 300 K [142, 145]. The potential is then employed to trace the

FL in the P, T phase diagram.

While the underlying training data are four-body in nature (two interacting N2

molecules with fixed bond length) the resulting potential is technically many-

body. Such a choice allows to use the Ta-dah! universal LAMMPS interface

without any modifications. There is however a trade-off as the many-body

potential which will be used is density driven but the CC data do not provide this

information. Therefore, to bypass this shortcoming, a bespoke training procedure

is developed.

It is also worth noting that currently there is a lack of ab initio data for

interactions between three nitrogen molecules. While in principle it is possible

to include classical correction for the van der Waals forces (for example from

the Axilrod-Teller-Muto three-body potential [8]) it is not strictly necessary.

First, it has been shown that possibly due to fortuitous cancellation of errors

the two-body (molecule-molecule) potentials can perform remarkable well when

compared with the available experimental data [110]. Second, it is plausible to

expect three-body interactions to be extremely faint as compared with already

weak two-body dispersion forces. Third, the inclusion of the three-body term will

increase significantly the computational effort of the simulation.

5.3.1 Training database

The training database is built upon publicly available quantum chemistry data

[85]. The CC method with single, double and perturbative triple (CCSD(T))

excitations was used to compute four-dimensional PES of two interacting N2

molecules. Further CC higher-order corrections were included as well as core-

valence and relativistic effects (see [85] for detail). The data set consists of 408

data points with 26 different angular configurations and a range of distances. The

bond length was fixed at 1.1014 Å. Furthermore, a five-site analytical model is

provided in the paper and fitted to CC data which gives excellent fit. However,

we do not utilise this model directly but test Ta-dah! ability to reproduce

experimental data when trained on QM data as generated by the CC model.

First, this allow us to benchmark Ta-dah! ability to reproduce models where

energy differences between different molecular orientations smaller than typical

error in DFT calculations. Second, by adjusting hyper-parameters we are able to
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Figure 5.1: The iterative process of building machine learning interatomic
potential for nitrogen. The optimisation process ceases when model satisfactory
reproduces the NIST equation of state [172] and the experimental pair correlation
function [142, 145].

fine-tune our model to reproduce experimental data. Third, we are able to train

our model with a very smooth energy cutoff alleviating relatively high energy

fluctuations encountered in the 5CM model (section 5.2).

As indicated in the previous section the development of the training database is

crucial to satisfy the many-body nature of the descriptor (see the following section

for model architecture). Here, instead of using CC data directly, the analytical

model [85] is used to compute energies for a range of configurations. The

development of the training database follows an iterative process as illustrated in

fig. 5.1. In the first iteration of the fit, the initial set of reference configurations is

obtained by sampling MD trajectories at the range of pressures and temperatures.

The temperature range used to generate trajectories vary between 100 - 1300 K

while the simulation box length varies between 6.1 and 15 Å. Note that the

simulation box does not consist of solid phases and only liquid and gas data

are used. Molecule-molecule interactions are computed using classical two-site

12-6 Lennard-Jones potential with the N-N rigid bond being fixed at 1.1014 Å.

The NVT trajectories are sampled every ps to construct initial set of training

data. In the next step the LJ energies and forces of the selected configurations

are discarded and energies are recalculated using five-site analytical potential.

The obtained data set is then used to train a first iteration of the model. In

the following iterations, the machine learned model is used to generate more
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MD NVT trajectories which are again sampled and energies are recomputed

with an analytical potential. The model’s architecture is also being fine-tuned

at this stage. The performance of the model is monitored against the NIST

reference equation of state [172] and pair-correlation functions obtained from

neutron diffraction experiments [142, 145]. Perhaps unsurprisingly, the addition

of new training data for a given P, T conditions improve the performance in this

particular region. However it was found that if too much emphasis is given to a

narrow P, T space the model’s ability in other regions may suffer. This is likely to

be due to the relatively simple model’s architecture which is described in section

5.3.2.

The procedure is repeated until satisfactory fit is obtained. Note that this

training data is chosen because the main motivation behind the development

of this potential is to study the structure of supercritical nitrogen.

5.3.2 Descriptor and regression choice

The local atomic environment is captured by a combination of two-body (eq.

5.2) and many-body descriptors (eq. 5.4) as implemented into Ta-dah! package.

The total energy of the system is simply obtained by summing individual atomic

energy contributions. The maximum interaction distance between two atoms is

set at 10 Å.

The pairwise interactions are expanded using blip basis functions Bn (eq. 3.5)

while the cosine function fc (eq. 2.92) ensures smooth energy cutoff

vn(rij) = Bn(rij)fc(rij) (5.2)

where rij is the distance between atoms i and j.

The many-body interactions are then captured by first computing local atomic

densities using Gaussian Type Orbitals [183, 210] (eq. 5.3):

ψη,rs
lx,ly ,lz

(rij) = xlxylyzlz exp
(
− η|rij − rs|2

)
(5.3)

where η controls the width of the Gaussian function and rs its position on a grid.

x, y and z are components of the displacement vector between two interacting

atoms. Exponents lx, ly and lz are the quantised directional-dependent angular

momenta. The sum of those define the angular momentum L = lx + ly + lz in
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eq. 5.4 which effectively determine the order of the expansion. The summation

is constrained as below (eq. 5.4 to ensure rotational invariance of the descriptor

ϕ
(i)
L,η,rs

=
L∑

lx,ly ,lz

L!

lx!ly!lz!

(∑
j

ψη,rs
lx,ly ,lz

(rij)
)2

(5.4)

In practice, this many-body expansion is truncated at L = 1. In principle this

results in a three-body descriptor (the expansion up to the p-orbital) which

does not uniquely describe i-th atom local atomic environment. However, it

is found sufficient when combined with a linear regression with a second order

polynomial basis functions. By taking the combinations of its components,

an accurate description of the four dimensional PES of two interacting N2

molecules is obtained. The Bayesian approach to linear regression is used to

optimise model coefficients along the evidence approximation algorithm [26] to

control the regularisation parameter. This automated procedure of controlling

model complexity ensures the model’s transferability given sufficiently large

training database. The Bayesian probabilistic models are generally prone to be

overconfident in their ability to predict future data. Given that the generation

of the database is computationally economical and covers wide range of P, T

conditions, the evidence approximation algorithm seems to be working well.

5.3.3 Comparison with experimental data

The FL is related to dynamics of the system and its structure, which are not

directly measured experimentally. Therefore it makes sense to gauge the model’s

performance against available experimental data. The interatomic potential’s

ability to model accurate radial distribution functions (RDF) can be compared to

the neutron diffraction experiments performed by other members of the research

team [144] The measured quantity in the neutron diffraction experiment is a

structure factor S(q). The structure factor describes how incident radiation is

being scattered by the atom. The wavevector transfer q represents the difference

between the scattered and incident beam wavevectors. The experimental RDFs

are then obtained by post-processing raw S(q) data. The coordination numbers

are then readily available by either integrating RDFs to a fixed cutoff distance or

the local minima after the first peak. The latter criterion is more suitable than a

fixed distance because varying densities are being considered, and is used in both

experiment and this work.
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Figure 5.2: Equation of state for newly-developed machine learning potential
compared with NIST equation of state reference [172] at the pressures where the
experimental RDFs were measured.
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Figure 5.3: A comparison of experimental and MD radial distribution functions
for supercritical nitrogen at 300 K using the ML potential.

Fig. 5.2 shows comparison of isothermal equation of state (EoS) obtained

from MD simulations using LAMMPS package [189] with National Institute

of Standards and Technology (NIST) reference [172]. NIST EoS was used for

calibration of the neutron diffraction experiments at 160K [142] and 300K [145].

This experimental data are also used in this work.

In general, the simulated EoS is in good agreement with the NIST reference data.

However there are some small discrepancies worth pointing out. At 300K and low

densities the model predicts lower pressures while at the high densities it is the

opposite. The 160K isotherm agrees well until 0.7 g/cm3 but then progressively

overestimate density for a given pressure. The reported differences are likely to

be caused by the relatively simple model’s architecture rather than insufficient

training data, as those included configurations with densities over 1 g/cm3. We

do not attempt to train another model with a more complex architecture as this

will increase the computational effort during MD simulations. We deemed the

current model to be sufficient for the task at hand.

Comparison of experimentally obtained and simulated RDFs (fig. 5.3) shows
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very good agreement. In particular the onset of g(r), the height of the first peak

and the following minima are all matching the experimental data. There seems

to be a general trend for the model to report first minima at larger distances in

particular for higher pressures. This is consistent with previously observed small

discrepancy between model and NIST EoS. The remaining RDFs are available

in Appendix A.1. The small discrepancy of the model as compared with the

experimental RDFs could be due to the limitations of the underlying QM data

even though the model’s HPs are optimised to reproduce experimental data.

Fig. 5.4 shows comparison of the coordination number between experiment and

model plotted against both pressure (left fig.) and density (right). The MD

data are smooth owing to sufficiently long production runs (2 ns) and simulation

boxes containing over 2000 molecules. Even though the experimental data shows

fair amount of noise, which is normal for neutron diffraction experiments, one

can observe qualitative agreement between both curves. While the experimental

data shows sudden flattening of the coordination number around 0.7 g/cm3 for

both isotherms the simulation data indicates much smoother transition. This

disagreement between two curves is likely to be due to differences between model

and experimental RDFs as well as a small but noticeable discrepancy between

NIST and model equations of state.

The change of slope of the coordination number as a function of pressure was

used previously to identify the FL crossover and the same criterion is used in this

work. Since the model shows good agreement with NIST EoS, experimental RDFs

and, in consequence, coordination numbers, it is therefore more than sufficient to

study FL.

The coordination number for crystalline solid is defined as the number of first

nearest neighbours of an atom. Therefore, regular hexagonal close packing would

yield maximum coordination number of 12. For a liquid the first coordination

number is obtained by integrating radial density function from zero to the first

minima which may result in a higher coordination number. This phenomenon

exists even in simple discontinuous potentials such as as hard sphere model and

the square well potential [143].
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Figure 5.4: (Top) Coordination number as a function of density obtained for
MLIP model compared with neutron diffraction experiment. (Bottom left)
Coordination numbers as a function of pressure. The liquid phase can have the
coordination number greater than 12 (see text for details). (Bottom right) Figure
compares CN as obtained using two different models at 300 K. MLIP data are
presented as a solid line, 5CM data are drawn as circles. There is an excellent
agreement between models.

112



Figure 5.5: (Left) Coordination number of nitrogen from ML potential MD as a
function of pressure. (Right) Percentage change in the coordination number of
N2 with increasing pressure.

5.4 Nitrogen Frenkel Line Terminates at the Triple

Point1

The existence of the FL has been demonstrated both theoretically and experi-

mentally. However, its exact position in relation to the critical point on the P-T

diagram and in consequence its relation to the Widom lines was still unknown

prior to this work. This is partially because most experimental studies have

focused on the supercritical fluid and neglected the subcritical region. There

is still an ongoing debate as to whether the FL is a different phenomenon as

compared to the maxima/minima of thermodynamic quantities represented by

Widom lines [30, 165]. Since Widom lines originate at the CP, the identification

of the origin of the FL could unambiguously resolve this point of contention.

The identification of the exact point where the FL crossover occurs for a given P, T

conditions is rather problematic as it is a dynamic continuous transition between

gas-like and solid-like liquid structures rather than sharp thermodynamic jump.

Two related quantities are therefore monitored as a functions of pressure, that is

the evolution of the coordination number as well as the diffusion constant.

The coordination number is obtained in the same way as in experiments [142,

145], that is by counting atoms up to the first nearest neighbour shell. This is

computationally achieved by integrating RDFs up to the minima which follows the

first peak. The diffusion constant is obtained from the mean square displacement

1I performed MD simulations and partial data analysis, Dr Pruteanu carried out final data
analysis including identification of the origin of the FL at the triple point.
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Figure 5.6: Current line as identified using correlated changes in the coordination
number and the diffusion constant of nitrogen. The vapour and melting curves
are depicted according to data from NIST [95]. The dashed line is a guide to the
eye.
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using MD trajectories. There is no diffusion experimental data available at the

time.

FL is identified by the plateau of the coordination number or the change in

the diffusion constant as the pressure increases. The evolution of the diffusion

coefficient is shown in fig. 5.7 (left). As the pressure increases, diffusion constant

abruptly drops. After the initial drop its value stabilises and the decrease in its

value is much smaller with pressure.

The diffusion vs pressure curves are considerably less smooth as compared with

the coordination number data, in particular at the low temperatures. The noise

at low temperatures makes it difficult to provide analytical criterion as changes in

the diffusion constant are much more subtle. The region where the rate of change

of the diffusion constant decreases abruptly and then stabilises is theorised to

coincide with the FL.

The coordination number is shown in fig. 5.5 (left). The same trend is

observed as with the diffusion constant, namely the saturation of the coordination

number with pressure. However precise identification of the FL position is

somewhat more challenging as it is not a thermodynamic phase transition but a

continuous crossover. To date there is no rigorous criterion available. Therefore to

better quantify at what pressure the crossover happens the following, somewhat

subjective, metric is proposed

PTP

CN

× dCN

dP
< 10−5 (5.5)

where CN is the coordination number and PTP is the triple point pressure.

Another way to identify the FL region is a straight line at very low densities, and

a straight line coming through the coordination numbers at the highest densities.

In the middle the lines will not fit the data, and that middle region is where the

change is happening. Our criterion simply quantify this region such that obtained

number is always, consistently, within this region.

The aforementioned criteria are applied to identify positions of the FL for a set

of isotherms between 80 and 300K. As expected, both criteria correlates well as

shown in fig. 5.7 (right). Computationally obtained FL as a function of pressure

is plotted together with experimental vapour and melting lines [95] and presented

in fig. 5.6. The data indicate that the FL terminates at the triple point. Given

that the Widom lines originate from the critical point our data suggests that
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Figure 5.7: (Left) Diffusion coefficient from ML potential MD as a function of
pressure and Frenkel line as determined from the coordination number equation
below. (Right) Combined second derivatives of diffusion coefficient (scaled by
106) and coordination numbers as functions of pressure, at 120, 160 and 300 K.

the FL in a separable phenomenon to the Widom line. Therefore along any

subcritical isotherm, the gas initially condenses to a non-close-packed liquid and

only subsequently to a rigid liquid with medium-range order [144].
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Chapter 6

Development of an improved

interatomic potential for N2.

Application to the phase diagram.

The pressure-temperature phase diagram of nitrogen is extremely complex. On

one hand, the triple bond of nitrogen is very strong with a dissociation energy

of 9.72 eV/molecule [176]. On the other, the free energy differences between

competing crystal structures can be extremely small, in the meV/molecule range.

The molecular stability of nitrogen persists to over 100GPa where the molecular

bond dissociates and either an amorphous solid [58, 74] or the crystalline cubic

gauche structure [57] is observed to form depending on exact P, T conditions.

Between ambient conditions and 10GPa, six solid phases have been confirmed

experimentally.

This chapter is structured as follows. The model developed in section 5.3 is

deployed to study the melting curve of nitrogen. It is found that the model

is insufficient to study the phase diagram of nitrogen. The new model is then

developed in section 6.2 to address the shortcoming of the first model. Next, the

relevant solid phases of nitrogen up to 10GPa are reviewed in section 6.3. Finally,

the improved model is utilised to study the phase diagram of nitrogen in section

6.4.
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6.1 Nitrogen Melting Curve1

The computation of the melting curve with an interatomic potential (and the

phase diagram in general) provides an excellent benchmark for model capabilities.

It aids prospective model users when deciding whether the model is suitable for

intended computation. Arguably, for MLIP, it is of even higher importance as

compared with classical interatomic potentials given the former known issues with

poor extrapolation ability. It is a particularly stringent test of the transferability

of the current potential because no crystal data was used in the fitting.

Given encouraging agreement between model developed in chapter 5 and

experimental data in the supercritical region and its novel prediction of the FL

termination at the triple point, the model is further deployed to obtain the melting

line of nitrogen as a function of pressure.

Figure 6.1: Illustration of the distinctive Z-
curve in the Z-method. The melting temper-
ature is taken as the lowest temperature of
the liquid.

Molecular dynamics simulation us-

ing the Z-method [20, 21] are

performed to obtain the low pres-

sure nitrogen melting curve. The

obtained data are compared with

the experiment. In the Z-method,

a number of MD simulations are

performed in NVE ensemble. Each

simulation has incrementally in-

creased internal energy and begins

with the initial perfect lattice

configuration. The low energy

systems will stay solid while above

the melting line the solid will be

initially superheated and then melt given sufficient run time. The lowest

temperature of the melt is then taken as a proxy of the true melting temperature.

An example from this work is shown in fig. 6.1. The advantages of the Z-method

include simple running process and the simulation cells with a relatively small

number of atoms.

Up to approximately 10GPa the relevant initial crystal configuration for the

1The computation of the melting curve was performed by Elspeth Smith as part of her
MPhys project report.
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Figure 6.2: Computationally obtained nitrogen melt curve using Z-method and
machine learned interatomic potential described in section 5.3. The model
underestimate melting temperature by approximately 30% as compared with
the experimental data from [150, 199].

computation of the melt curve is the β N2 phase. Its structure can be described

by freely rotating molecules located at hcp lattice sites. The experimental lattice

constant is 3.861 Å [155] therefore simulation box is scaled in the range from 3.84

to 4.15 Å. The simulation box contained around 1000 molecules which is generally

more that sufficient for the method of choice. The Z-method simulations are

performed using LAMMPS and interatomic potential presented in section 5.3.

The molecules trajectories are simulated in the microcanonical ensemble using a

time step of 1 fs. The total simulation time is 200 ps with the last 50 ps used to

obtain time averaged temperature and pressure.

The obtained melt curve is shown in fig. 6.2 and compared with the experimental

data from [150, 199]. The curve shows qualitatively agreement with experimental

results, that is the increase in the melting temperature with pressure and the

negative curvature of the line. However the model underestimates the melt be

approximately 30% and its predictions are clearly getting worse as pressure goes

up. This might indicate that model will not be able to produce correct solid

phases given pressure-temperature condition.
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This discrepancy is likely to come from two independent sources. First, the Z-

method might require extremely long simulation times when used for molecular

systems (see [63] for more details). This is to ensure that the complete melting has

occurred. Second, the potential model may not be accurate enough in this region

of P, T space. Usually, a too-soft core region lowers the melting point, because

it allows a wider range of molecular distances and thereby higher configurational

entropy of the liquid [132].

Given that no solid data were used during the development of the model and its

strong dependence on the density it is perhaps surprising that it produced even

qualitative agreement with the melt. The model was designed to study fluid and

its predictions in the solid region should be taken with a pinch of a salt. On

the other hand it shows a limit on model’s applicability and potential trap for

unaware user.

In conclusion, the version of the potential from section 5.3 should not be used

to study solid phases of nitrogen and its predictions are only valid in the liquid

region where it was fitted. However, the qualitative agreement and quantitative

disagreement suggests that the structure of the ML process is sound, and the

model can be improved by fitting. This is addressed in the following section.

6.2 Improved N2 Model Development

The first iteration of the model (section 5.3) successfully described subcritical and

supercritical fluid regions on the P, T phase diagram. However it was deemed

inadequate to study solid phases of nitrogen. The inability of the previous model

to render the melt curve in proximity of the experimental results can be attributed

to the following factors

• Many-body descriptor is density driven but no solid phases were used during

its development.

• N2 relative energy differences between competing phases can be lower than

1.0meV/molecule requisite extremely accurate model.

In this section a new interatomic potential suitable for the molecular dynamics

simulations is developed with greatly improved transferability as compared with

the previous model. The model aims to accurately describe four-dimensional
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potential energy surface (PES) of two interacting N2 molecules with a simple

rigid bond.

A new methodology is developed which is general in nature and can be applied

to any dimer-like system as long as accurate training data are available. The

method used in this section allows to build simple, high quality models directly

from quantum chemistry calculations.

There are two major areas of overlap between the new model and the one

developed in section 5.3. First, the same CCSDT(Q) data are used [85] during

the training process, but this time the model is trained directly on the quantum

chemistry data. The reader is referred to section 5.3.1 for details of the quantum

chemistry calculations and how the training data set is constructed for the first

model. Second, the same functional form is used to describe the local atomic

environment of each atom as in the original model (section 5.3.1).

θi
θj

ϕij

i1 j1

i2
j2

Figure 6.3: Schematic diagram representing
internal coordinates of the N2 molecule pair.
Figure adapted from [85].

However, there is a significant

difference in how atomic descriptor

is utilised. Note, that the notation

changes in this section (fig. 6.3).

Here i1 and i2 are two bonded

atoms of molecule i and similarly

j1 and j2 belong to molecule

j. Instead of allowing summation

over all neighbouring atoms of the

central atom i1 within the cutoff

distance rc, the summations is

restricted to just four distances:

i1-i2, i1-j1, i1-j2 and j1-j2. Also the cutoff distance changes the meaning as

compared with the first model. Instead of describing maximum distance between

two interacting atoms, it is now a maximum distance between two molecule

centres of mass. Therefore the local energy of molecule i is obtained by iterating

over its all nearest neighbouring molecules and summing over each molecule-

molecule interaction individually. The total energy of the system is then obtained

by the summation of local molecular energies. Note that the forces are still

computed between individual atoms. However, the force between bonded atoms

is removed by the SHAKE algorithm [152] as implemented in LAMMPS such

that the bond length is kept fixed at 1.1014 Å.
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To allow molecular dynamics with this aforementioned methodology a new

LAMMPS interface has had to be developed. Here, the major challenges were to

prune atomic nearest neighbour lists such that each molecule-molecule interaction

is counted just once and forces and stresses are accumulated accordingly. Our

implementation differs to one already available in LAMMPS such that we only

compute interaction energy if the molecular centres of mass are within the cutoff

distance while LAMMPS operates on atom-atom distances.

Note that even though the model uses a rigid bond (enforced with the SHAKE

algorithm) the i1-i2 and j1-j2 interactions are still calculated, so allowing the

future model an additional two degrees of freedom for bond breaking. However,

this approach would require extensive quantum chemistry data set being available

for training. Alternatively, one can simply replace the rigid bond with a harmonic

one. While in principle this approach might work, at the temperatures considered

here the vibrational mode is in its quantum ground state. The bond is also

very stiff, so the main effect of a flexible bond would be to introduce a spurious

contribution to heat capacity in classical simulation.

Furthermore, the big difference in energy scales could cause numerical instability,

so the justification of such a model can only be obtained by benchmarking it

against relevant experimental data.

The PES of two interacting rigid dimers is four dimensional (6.3). One dimension

describes the centre of mass distance between two interacting molecules i and j.

Three dimensions describe their relative angular geometry: θi and θj are angles

between the bond axes and the axis joining their centres of mass. The ϕij is the

dihedral angle between two molecular axes.

Fig 6.4 shows molecule-molecule interaction energies for various angular ori-

entations as predicted by new MLIP. It is worth noting the differences in

interaction energy between distinct angular arrangements at the same centre

of mass distance. Notice that at the same distance the interaction between

two molecules can be either attractive or strongly repulsive, depending on the

molecular orientation. The obtained energy curves show excellent fit when

compared with CCSDT(Q) data used for training. Majority of the predictions are

within 0.1meV/molecule. The largest deviation (0.35meV/molecule) is observed

for the lowest energy curve (black line) which corresponds to both molecules being

tilted by 45◦ in the same direction from the axis joining their centres of mass. The

strongest repulsion corresponds to collinear angular orientation where molecules
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Figure 6.4: The interaction energy between the N2 molecule pair as a function of
molecule centre of mass distance for all 26 angular configurations (sets of θi θj, ϕij)
used during the training process. The CCSDT(Q) training data are represented
by symbols. The fitted MLIP predictions are shown as lines. The dashed lines
are from 5-centre model of reference [85]. Both models show excellent fit to CC
data.
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begin to repel each other just below 5 Å.
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6.3 Nitrogen solid phases

Figure 6.5: Image of the surface of Pluto
obtained by the New Horizon spacecraft.
Image shows water-ice mountains known
as al-Idrisi. The mountain range ends
abruptly at the Sputnik Planum where
nitrogen rich ice forms almost level
surface. The image is about 50miles in
width. Credit: NASA/Johns Hopkins University Applied

Physics Laboratory/Southwest Research Institute

.

Perhaps surprisingly, given simplicity

of the nitrogen molecule, its exper-

imental phase diagram is very rich

(fig. 6.6). Just below 10GPa six

solid phases has been experimentally

observed and their crystal structures

identified. They are revived in this

section as they are most relevant to

this work. The low-temperature and

low-pressure solid phases of nitrogen

are of particular interest to current

studies of planets in the outer Solar

System. Fig. 6.5 shows image of the

surface of the Pluto obtained by the

New Horizon spacecraft. There is a

striking difference between high water-

ice mountains and nearly flat surface

of nitrogen-rich ices. The strong

hydrogen bond in water is sufficient

to assemble icebergs while nitrogen-

rich ices are rather soft an unable to

support the weight of a mountains.

First successful solidification of solid nitrogen was performed by Olszewski in 1884

[158]. The observed phase is now known as the β phase (see 6.3.2). In 1916 Euken

[59] observed anomaly in the heat capacity upon further cooling of nitrogen at

low pressure. The anomaly was correctly attributed to the phase transition from

β to α phase (see 6.3.1) around 35K at ambient pressure. In 1955 Swenson [179]

obtained another phase (γ, see 6.3.3) by compressing α N2 to 0.35GPa at low

temperature. Year later Stewart compressed β phase even further and observed

the same γ phase but this time at 1GPa and much higher temperate of 65K. In

1984 Schiferl, Buchsbaum and Mills compressed γ phase at 15K to obtain new

ϵ phase (also known as δ(LT1)) [153] above 1.9GPa (see 6.3.6). Two structures

related to the ϵ phase can be obtained by either heating ϵ phase or by compressing

β at room temperature (see δ 6.3.4 and δ∗ 6.3.5) - first observed in 1979 as a split
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Figure 6.6: Experimental phase diagram of nitrogen. Figure adapted from [75].
The melting curve is from [208]. Greek letters label nitrogen solid phases. See
text for phases description.

into a second high-frequency peak in the Raman line during compression of the

β phase [111].

In the remaining part of this section these phases are described in more detail.

6.3.1 Alpha

x

y

z

Figure 6.7: Low T and P ordered
Pa3 cubic α phase.

Figure 6.7 shows alpha nitrogen (α-N2) which

is a low temperature and low pressure phase.

Its crystal structure has been proposed by

Ruhemann in 1932 as a Pa3 space group

and finally confirmed from electron diffraction

pattern in 1974 [197]. The unit cell contains

four molecules each centred on a face centred

cubic (fcc) lattice. Each molecule is aligned

along a different cube body diagonal which

preserves cubic symmetry. The experimental

126



lattice parameter is 5.433 Å at 0.3785GPa and 19.6K [155]. The ordering of

molecules in the α phase is governed by the strong electric quadrupole-quadrupole

interactions [49].

On heating the α phase transforms to β around 35K, while when compressed it

transitions to the γ phase above 0.35GPa with slightly higher transition pressure

at elevated temperatures.

6.3.2 Beta

The β phase is a dominant high temperature phase and is contiguous with a

melting curve from zero up to approximately 10GPa. It is a hexagonal P63/mmc

structure with two molecules per unit cell. The lattice parameters are a = 3.861 Å

and c = 6.265 Å at 0.4125GPa and 49K [155]. The ratio of lattice parameters,

c/a, is very close to the one obtained for hexagonal close-packed hard spheres -√
8/3. The c/a ratio shows very little variation with temperature and pressure

from the ideal one. This indicates that atomic positions are highly disordered

with no evidence of ordering at higher pressures [155].

6.3.3 Gamma

x

y

zy

z

x

Figure 6.8: Body centred tetragonal γ phase with two molecules per unit cell.

The γ phase is a low temperature and moderate pressure ordered phase of nitrogen

and is shown in fig. 6.8. Its crystal structure has been determined by x-ray

diffraction as tetragonal with two molecules per unit cell at special position f of

space group P42/mnm [155]. Equivalently, it can be described as a body centred

tetragonal (bct) lattice with a central molecule pointing along (110) direction and
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the corner molecule being at orthogonal position (1̄10) to the central one. The

unit cell parameters are a = 3.957 Å and c = 5.109 Å at an average pressure of

0.4015GPa and average temperature of 20.5K [155].

6.3.4 Delta

Figure 6.9: Unit cell of nitrogen δ phase. The cubic cell contains eight molecules.
The central and corner molecule show nearly perfect spherical symmetry (labelled
S on the diagram). The remaining six molecules have disk-like disorder (labelled
with D). Reprinted from [175], with the permission of AIP Publishing.

The cubic δ phase has space group Pm3n with eight molecules per unit cell and

is similar to γ − O2 and β − F2 at 50K and atmospheric pressure [45, 126].

The molecules show two distinct types of disorder. There are two molecules

located at 2a Wyckoff sites at (0, 0, 0) and (1/2, 1/2, 1/2). Those molecules are

almost perfectly spherically disordered however avoid pointing along the cubic

⟨100⟩ directions. The remaining six molecules are located at 6d Wyckoff sites at

(0, 1/4, 1/4) and the respective cubic symmetry equivalents. Their motion is disc-

like with a uniform distribution of orientations. The lattice parameter at 5.7GPa

and 293K is a = 6.112(4) Å [175].

6.3.5 Delta*

Upon further compression of the cubic δ phase the closely related tetragonal δ∗

is obtained. Its space group has been proposed as P42/ncm in 1998 by [81]
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Figure 6.10: Schematic diagram of the tetragonal unit cell of δ∗ phase which is
closely related to the cubic δ phase. Here, almost perfect spherical disorder of the
δ becomes slightly hindered and molecules begin to show preferred orientation
(labelled ex-S where the dark area indicates favoured molecular direction).
Similarly, the disk-like motion is no longer uniform (ex-D1 and ex-D2 ). Reprinted

from [175], with the permission of AIP Publishing.

and finally resolved in 2009 by [175]. The measured unit cell parameters are

a = 8.063(5) Å and c = 5.685 Å at 14.5GPa and 293K.

The diffraction pattern of the δ and δ∗ phases are very similar. Moreover, the

δ∗ phase is an intermediate phase between fully ordered ϵ phase and almost

perfectly disordered δ phase. It was found that the molecular centres positions

of the δ phase are the same as in the rhombohedral ϵ phase [126]. It is therefore

perhaps unsurprising that the δ∗ shares the same positions for the molecular

centres [175]. However, in the δ∗ phase the molecular orientation disorder is

reduced and molecules appear to show preferred directions. The refinement of the

structure has been performed in [175] and the resulting unit cell is shown in 6.10.

Unfortunately, the proposed structure does not produce the observed number of

Raman and infrared modes as pointed out by the authors. As compared with

the δ phase the sphere-like molecules prefer aligning along ⟨3̄1̄
√
2⟩ directions and

avoid ⟨01
√
2⟩ direction but still shows spherical disorder. There are two sets of

disk-like molecules which show coordinated motion where molecular orientations

are either paired or perpendicular to each other [175].
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Figure 6.11: Rhombohedral unit cell of nitrogen ϵ phase.

6.3.6 Epsilon

The rhombohedral ϵ phase is best described as a small distortion to a cubic δ

phase along ⟨111⟩ direction - the resulting angle between axes is around 5◦ [126].

The molecular centre positions are slightly displaced as compared with the δ

and δ∗ phases and without spherical- or disc-like disorder. Similarly to the α

and γ low temperature phases, molecular motion is restricted to libration. The

space group has been established as R3̄c and it remains stable in approximately

2 to 25GPa range [126, 153].The rhombohedral unit cell contains eight ordered

molecules. The similarity between δ, δ∗ and ϵ is apparent from their respective

Raman stretching-mode spectra [153] each containing distinct two branches -

intense low frequency peak and less pronounced higher frequency peak. The ϵ

phase can either be obtained by compressing γ phase at low temperature or δ

phase at room temperature [135]. The hexagonal unit cell dimensions at 16.3GPa

and room temperature are a = 7.605 Å and c = 10.622 Å. The c/a ratio tends to

increase with pressure from 1.396 at 16.3GPa to 1.427 at 43.9GPa [135].

6.4 Nitrogen Phase Diagram

The improved model for molecular nitrogen from section 6.2 is employed to

compute the phase diagram of nitrogen up to 10GPa.

There are six relevant phases as reviewed in section 6.3. The molecules in

low temperature phases (α, γ and ϵ) are ordered, and their motion is libration

(molecule oscillates back and forth). The high temperature phases (β, δ and δ∗)

are either partially or fully disordered rotors (3D rotation around the fixed centre

of mass) with molecules showing complex sphere- or disk-like motion. While our
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focus is on the experimentally observed phases it is worth noting that the methods

employed in this chapter might be used to identification of new crystal structures

for N2. In particular NPT simulations allow for spontaneous phase transition

to occur. However, given relatively short simulation times, as compared with

the experiment, it is usually the case that the transition can happen only in the

absence of a high energy barrier. Moreover, the fixed number of molecules in

the simulation cell will favour phase transition to phases with the commensurate

number of molecules in the unit cell. So, new crystal structures appearing on

our simulations are treated with caution when they are similar to the preceding

phase.

6.4.1 The melting curve

The phase coexistence calculations are performed to obtain the melt line of

molecular nitrogen. The phase coexistence is a well established and very accurate

method albeit computationally more expensive than so-called Z-method [20, 21].

Figure 6.12: Snapshots taken from the molecular dynamics run showing
progressive stages of the phase coexistence method. The top left figure shows
equilibrated nitrogen β phase. In the top rigth figure atoms in the left hand side
of the box are frozen while the remaining atoms are heated up above the melt
point. The bottom image shows equilibrated phase coexistence of the solid β
phase and liquid.

The procedure used here for phase coexistence calculations can be summarised
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as follows. The initial box contains the relevant solid phase for a given pressure.

The initial configuration is equilibrated for 20 ps in the NPT ensemble with

temperature and pressure being close to the expected melt point. The timestep of

1 fs is used throughout. After initial equilibration, approximately half of the box

is kept frozen while the remaining molecules are first heated to 1.5Tm, where Tm is

experimental melting temperature, then cooled down to the initial temperature.

Melting and cooling takes 10 ps each. Finally the NPH ensemble is used to

simulate entire system for at least 350 ps. There are three possible scenarios at

this stage. The molecules in the box either complete solidify, melt or a mixture of

solid and liquid is present at the end of the simulation. The first two cases indicate

that the initial temperature was too low or to high respectively. The latter case is

desired because it means that the simulation has equilibrated at thermodynamic

pressure and temperature conditions somewhere on the melt curve. The time

averaged instantaneous kinetic energy from the last 50 ps is assumed to be the

melting temperature. By changing the pressure, it is possible to track the entire

melt curve.

P (GPa) β T (K) δ T (K)

0.1 83 -

0.3 112 -

0.5 142 -

1.0 185 -

2.45 297 -

5.0 389 365

7.0 440 433

8.0 457 458

9.0 467 474

10.0 488 496

Table 6.1: The melting tem-
peratures obtained from the
phase coexistence simulations
between 0.1GPa and 10.0GPa
for both β and δ phases of
nitrogen.

The β and δ phases have been experimentally

determined as being adjacent to the melt

curve up to 10GPa. The simulation box of

the β phase contains 28800 molecules on the

hcp lattice. The molecular orientations are

assigned at random and show full spherical

disorder/rotation throughout the simulation.

The initial structure for δ has space group

Pm3n. The cell is constructed with 29952

molecules. The molecular orientations where

randomly assigned. It is observed that

at temperatures below the expected melting

temperature nitrogen molecules located at 6d

Wyckoff sites show disk-like motion while the

remaining ones are spherically disordered. The

Wyckoff positions represent equivalent sites in a

crystal which are linked by the group symmetry

operations.

The total of 15 coexistence calculations (10 simulations begin with the β phase

and 5 as the δ phase) were performed to obtain smooth melt line shown in fig.
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Figure 6.13: The figure shows temperature vs time for phase coexistence MD
simulations of the β phase at various pressures. The sharp peak in temperature
around 30 ps corresponds to melting of the half of the simulation box. The last
50 ps were used to obtain the melting temperature (see inset).

6.14 as a solid red line. The temperature against the time plots are shown in

fig. 6.13 for a number of different pressure points. The initial guess for a

melting temperature is critical for a successful application of the phase coexistence

method. The calculated melting temperatures under various pressures are shown

in table 6.1. The obtained melt curve is in a very good agreement with the

experimental one as shown in fig. 6.6.

Here, we also compare the performance of the MLIP model to the 5CM model.

The 5CM model is approximately an order of magnitude faster with respect to

MLIP even though it make use of a 16% longer cutoff distance. The 5CM model

utilises the optimised tabulated implementation of pair potentials while MLIP

does not. The 5CM model requires computation of 25 pairwise functions for

each molecule-molecule interaction while MLIP uses just 4 distances to compute

4 pairwise functions and 4 densities. Therefore, we speculate that the tabulated

implementation of MLIP might be on par with the 5CM model. We do not
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Figure 6.14: (Left) Experimental phase diagram. The same as in fig. 6.6; repeated
here for convenience. (Right) The phase diagram for molecular nitrogen up to
10GPa obtained using improved MLIP from section 6.2. Greek letters are used
to label N2 solid phases as explained in the text. The melt curve (solid red line)
is computed from phase coexistence simulations. Solid lines are obtained phase
boundaries while dashed lines indicate likely transitions. See text for more detail.
The computed phase diagram is in very good agreement with the experimental
phase diagram (fig. 6.6).

run any tests with standard Lennard-Jones potential. The two-site LJ potential

requires computation of four pairwise functions therefore we can estimate it to

be approximately five-times faster (25/4) than 5CM model.

6.4.2 Solid phase boundaries

The phase boundary between α − β and γ − β is represented on the phase

diagram in fig. 6.14 as a solid black line with an increasing positive slope

with pressure. The phase boundary has been estimated based on the following

observations. Near the experimental boundary it is observed that during the

molecular dynamics simulations across the boundary, molecules in the α phase

start to rotate or equivalently β rotors cease their motion. This behaviour is

only observed in the narrow temperature zone, and we take it as indicating the

position of the phase boundary between librating and rotating molecules.

However, we note that no full phase transition is obtained from fcc to hcp or

vice versa. The molecular centres in simulations started in the β phase remain

hexagonal even after rotation ceases; similarly the molecular centres of α remain

close to fcc. In both case, the rotation ceases at similar T,P conditions.

134



Figure 6.15: Molecular dynamics snapshots of the β phase time averaged over
200 steps at three different temperatures and P=0.3GPa. From left to right:
T=30K, T=40K, T=50K. The molecular motion progressively changes from
librons to rotors on heating. The estimate phase boundary is just below 40K in
agreement with the experiment. Note that molecular centres remain always on β
phase hcp sites. The time averaged rotor position results in a single point on the
lattice site.
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Figure 6.16: The melting temperature of
the β and δ phases. The crossover of
the melting curves at 7.9GPa indicates
position of the β/δ/liquid triple point.
Red circles are computed with 5CM
model from [85].

This is understandable as even for an

atomic system fcc/hcp phase transi-

tion is complex and difficult to realise

in molecular dynamics simulation. For

example, the hcp to fcc transition in

titanium is a process which involves

slip of planes dislocations, adjustment

of interplanar spacing followed by the

volume expansion [205]. To best of my

knowledge the mechanism behind the

fcc/hcp phase transition for N2 (or any

other) dimers is unknown.

If we consider the static hcp and

rotating fcc phases to be metastable,

then the heating simulations give and

upper bound on the true phase line,

while the cooling calculations give a

lower bound: this enables the phase boundary to be determined with high

confidence.

Upon heating of the tetragonal γ phase, there is a small increase in the c/a ratio.

Close to the phase boundary the molecules begin to rotate and there is a sudden

jump in the c/a ratio to
√
2 indicating a transition to a perfect fcc lattice. The
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initial transition from body centred tetragonal lattice to fcc follows classical Bain

transformation [9]. The complete phase transition to the hexagonal β phase does

not occur due to the same reason as for α− β as explained above.

The triple point between β/δ/liquid is obtained directly from the crossover of the

melt curves computed with respective structures as shown in fig. 6.16. The triple

point is located at 8GPa which is in very good agreement with the experimental

one which is around 9GPa [192]. The positive slope for the β − γ boundary was

initially motivated a priori based on the experimental evidence. However it is

reasonable to infer that the high temperature triple point should smoothly join

with the zero temperature γ − ϵ boundary as explained below.

A zero temperature point on the boundary between γ and ϵ phases is obtained

from the relative enthalpy differences. Fig. 6.17 (left) shows computed

enthalpies. The γ phase becomes dominant above 4GPa at zero temperature.

The experimentally determined phase transition is around 2GPa at 15K [153]

indicating that the model either overestimates the transition pressure or the phase

boundary between γ and ϵ has changing slope from negative slope at low pressure

to positive at temperatures above 20K. The zero temperature boundary point

joins smoothly with the β, δ, liquid triple point around 8GPa. This behaviour is

expected due to the similar crystal structures of the δ and ϵ phases.

On heating from ϵ above 8GPa to is observed that the molecular motion changes

and molecular orientations progressively evolves libron-like motion to spherical

rotor or disk-like. The simplified data analysis used in this section is inadequate

to establish two distinct boundaries between ϵ−δ∗ and δ∗−δ phases. It is known
that both δ structures are closely related and the main difference is the molecular

orientations (see 6.3.4 and 6.3.5).

The dashed line separating δ and and ϵ phases indicates the approximate position

of the rotation transition.

It is observed that during MD simulations the α phase spontaneously transforms

to γ at temperatures below 20K across the computed pressure range. The

phase transition occurs within the first few picoseconds of the simulation. This

observation is further confirmed by comparing enthalpy differences at pressures

below 0.5GPa as shown in fig. 6.17 (right). The γ phase is marginally more

stable at low pressure but its relative stability increases suddenly near the

expected phase boundary at 0.3GPa. The obtained free energy differences at

zero temperature are around 1meV/molecule in the measured pressure range.
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Figure 6.17: (Left) Enthalpy difference between the nitrogen γ and ϵ phases as
a function of pressure. The ϵ phase becomes stable above 4GPa and its relative
stability further improves with pressure. (Right) Enthalpy difference between the
nitrogen γ and α phases as a function of pressure. The γ phase is a dominant
low temperature phase. The vertical line indicates approximate position of the
experimental phase boundary.

The small enthalpy differences and observed phase transition indicates low phase

transition energy barrier below 20K. However, above those temperatures the

phase transition is not observed indicating at least strong metastability of the α

phase. The experimental evidence points to α being stable at low temperature

and low pressure. The behaviour of the model is therefore different with the γ

phase being the most stable low temperature phase.

The γ phase provides optimised packing for oblate objects, while α is fcc which

provides optimal packing for spheres. As the temperature increases the libron

motion rises and the oblate-like 2D rotor progressively becomes a sphere-like 3D-

rotor for which fcc provides best packing ratio hence minimising free energy. The

fcc phase allows for greater motion at the same temperature as compared with

the tetragonal γ hence allowing it to generate higher entropy. It is therefore

reasonable to expect, positive slope of the phase boundary between those phases.
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Chapter 7

Conclusions and Future Work

Molecular dynamics (MD) simulations are a practical and convenient com-

putational tool in the physical sciences. The applicability of this method

strongly depends on the quality and computational efficiency of the interatomic

potential. Machine learning interatomic potentials (MLIP) can provide an

accurate description of the potential energy surface comparable with first

principles methods such as density functional theory, or even coupled cluster

methodology, at the fraction of computational cost.

This thesis highlighted development of Ta-dah! - a software package dedicated

to construction of machine learning interatomic potentials. The software is

capable of generating production-ready potentials which then can be directly

deployed to run molecular dynamics simulations. The design of the package

allows implementation of new methods, such as descriptors or optimisers, with

a minimum effort. The universal LAMMPS plugin works with new methods

seamlessly, thereby dramatically reducing the time between development, testing

and deployment of the model. The Ta-dah! package attempts to tackle the

problem of transferability of MLIPs by introducing two-stage fitting procedure.

The software in interfaced to standard DFT codes, and also provides a novel

method which allows effortless development of MLIPs for dimer-like systems using

existing quantum chemistry data.

The Ta-dah! is employed to develop accurate MLIP for molecular nitrogen

using publicly available couple cluster data. The model is benchmarked against

experimental data and deployed to study the Frenkel Line (FL) - the transition

between gas-like region and liquid-like region in the supercritical fluid. The model
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predicts termination of the FL at the triple point. This model is further refined

to study the phase diagram of nitrogen up to 10GPa. Given the simplicity of

the model it is remarkable that it is capable of reproducing all solid phases of

nitrogen including accurate position of the melting line.

This thesis presented particular case for molecular nitrogen however, the Ta-dah!

package is capable of developing MLIPs for many different classes of materials

such as metals or insulators. The Ta-dah! has been successfully applied within

the School to develop potentials such as general purpose potentials for tantalum

and krypton as well as preliminary model for titanium-niobium alloys. The aim

of Ta-dah! is to promote development of new interatomic potentials as well as

to accelerate development of new methods for descriptors, regression models or a

combination of both.

The code is written in C++ and provide an easy-to-use command line interface.

However the usage of the code as a library requires some basic knowledge of

C++. This language was chosen for its computations efficiency and flexibility in

expressing programmers ideas. Arguably, C++ is not a top choice for scientists.

It should be relatively easy to develop python API to cover relevant functionality

hence increase its appeal to a wider community.

The main effort was directed into developing a flexible framework and not

providing the widest possible range of descriptors. Therefore, somewhat

obviously, addition of new descriptors and optimisers such as neural networks

should be prioritised in the future. Also, efforts should be directed towards the

development of new descriptors for molecular systems such as water or methane.

As it stands, Ta-dah! does not support automatic ways to construct training

data sets. Random data generation does not sample efficiently the configurational

space and results in many redundant structures. This itself affects the efficacy

of machine learning algorithms. The hand-building of data sets can be effective

but extremely time consuming. It is only natural to direct future developments

towards better automatic ways to sample the configurational space, focused on

regions which are sampled by simulation with the potential, but not in the training

set.

The Ta-dah! Nitrogen potential reproduces the five experimentally-known phases

α−ϵ. Experiment has yet to identify the orientations for molecules in the δ∗ phase.

Given an accurate description of the phase boundaries and the melting curve the

new potential can be employed to study this phase in detail. Furthermore, the
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nitrogen potential can be employed to study the phase diagram above 10GPa

where new experimental phases are still being discovered.

The code for Ta-dah! is available at

https://git.ecdf.ed.ac.uk/s1351949/ta-dah.

and documentation at

https://ta-dah.readthedocs.io/en/latest/.

The documentation provides a quick start guide on how to use command line

interface. The Ta-dah! git repository comes with a directory containing examples

on API usage.
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Appendix A

RDFs for N2 MLIP - Model 1
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Figure A.1: Radial Distribution Functions for N2 ML model for all subcritical
and supercritical isotherms followed in the present study.
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Appendix B

Coordination number for different

sets of HPs - Model 1
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Figure B.1: The figure shows variation of the coordination number for the N2

model developed in chapter 5. Each model is trained using the same training data
set but a different set of hyperparameters (HPs). The HPs are optimised manually
such that the pair correlation function resemblances the one obtained from the
neutron diffraction experiments. The variation in CN during the optimisation
process is within the experimental error in CN (see fig. 5.4).
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Appendix C

Convergence of Model 2 with

respect to the amount of training

data
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Figure C.1: The figure shows convergence of the model developed in chapter
6 with respect to the decreasing amount of training data. (Left) Energy root
mean square error (RMSE) is computed for training data (TD, shown as circles)
and coupled cluster data (QM, shown as crosses). The QM data set contains
very high energy configurations (over 1 eV) resulting in a relatively large RMSE.
The increase in RMSE for QM data above 60% is a result of model’s emphasis
on accurate PES description around the equilibrium distance. (Right) Melting
temperature at 1GPa for models trained with decreasing amount of data. It
was found that models trained with less than 80% of data do not provide
stable trajectories. We deduce that the additional data are required to prevent
overfitting of the model and in consequence smooth potential energy surface.
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[54] Dusson, G., M. Bachmayr, G. Csányi, R. Drautz, S. Etter, C. van der Oord,
and C. Ortner. “Atomic cluster expansion: Completeness, efficiency and
stability.” Journal of Computational Physics 454: (2022) 110,946.

[55] Elstner, M., D. Porezag, G. Jungnickel, J. Elsner, M. Haugk,
T. Frauenheim, S. Suhai, and G. Seifert. “Self-consistent-charge density-
functional tight-binding method for simulations of complex materials
properties.” Physical Review B 58, 11: (1998) 7260–7268.

[56] Engel, Y., S. Mannor, and R. Meir. “The kernel recursive least-squares
algorithm.” IEEE Transactions on Signal Processing 52, 8: (2004) 2275–
2285.

[57] Eremets, M. I., A. G. Gavriliuk, N. R. Serebryanaya, I. A. Trojan,
D. A. Dzivenko, R. Boehler, H. K. Mao, and R. J. Hemley. “Structural
transformation of molecular nitrogen to a single-bonded atomic state at
high pressures.” The Journal of Chemical Physics 121, 22: (2004) 11,296.

[58] Eremets, M. I., R. J. Hemley, H.-k. Mao, and E. Gregoryanz.
“Semiconducting non-molecular nitrogen up to 240 GPa and its low-
pressure stability.” Nature 411, 6834: (2001) 170–174. http://www.

nature.com/articles/35075531.
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R. Drautz. “Performant implementation of the atomic cluster expansion
(PACE) and application to copper and silicon.” npj Computational
Materials 2021 7:1 7, 1: (2021) 1–12. https://www.nature.com/

articles/s41524-021-00559-9.

[120] Malherbe, C., and N. Vayatis. “Global Optimization of Lipschitz
Functions.” In Proceedings of the 34th International Conference on Machine
Learning - Volume 70. JMLR.org, 2017, ICML’17, 2314–2323.

[121] Marukatat, S. “Kernel matrix decomposition via empirical kernel map.”
Pattern Recognition Letters 77: (2016) 50–57.

[122] McCulloch, W. S., and W. Pitts. “A logical calculus of the ideas immanent
in nervous activity.” The Bulletin of Mathematical Biophysics 5, 4: (1943)
115–133.

[123] Mendelev, M. I., S. Han, D. J. Srolovitz, G. J. Ackland, D. Y. Sun, and
M. Asta. “Development of new interatomic potentials appropriate for
crystalline and liquid iron.” Philosophical Magazine 83, 35: (2003) 3977–
3994.

[124] Mendelev, M. I., T. L. Underwood, and G. J. Ackland. “Development of
an interatomic potential for the simulation of defects, plasticity, and phase
transformations in titanium.” The Journal of Chemical Physics 145, 15:
(2016) 154,102. http://aip.scitation.org/doi/10.1063/1.4964654.

[125] Miehlich, B., A. Savin, H. Stoll, and H. Preuss. “Results obtained with the
correlation energy density functionals of becke and Lee, Yang and Parr.”
Chemical Physics Letters 157, 3: (1989) 200–206. https://linkinghub.
elsevier.com/retrieve/pii/0009261489872343.

[126] Mills, R. L., B. Olinger, and D. T. Cromer. “Structures and phase diagrams
of N ¡sub¿2¡/sub¿ and CO to 13 GPa by x-ray diffraction.” The Journal of
Chemical Physics 84, 5: (1986) 2837–2845. http://aip.scitation.org/
doi/10.1063/1.450310.

[127] Mishin, Y. “Machine-learning interatomic potentials for materials science.”
Acta Materialia 214: (2021) 116,980.

[128] Moriarty, J. A. “Density-functional formulation of the generalized
pseudopotential theory.” Physical Review B 16, 6: (1977) 2537. https:

//journals.aps.org/prb/abstract/10.1103/PhysRevB.16.2537.

158

http://link.springer.com/10.1007/s13721-016-0125-6
http://link.springer.com/10.1007/s13721-016-0125-6
https://www.nature.com/articles/s41524-021-00559-9
https://www.nature.com/articles/s41524-021-00559-9
http://aip.scitation.org/doi/10.1063/1.4964654
https://linkinghub.elsevier.com/retrieve/pii/0009261489872343
https://linkinghub.elsevier.com/retrieve/pii/0009261489872343
http://aip.scitation.org/doi/10.1063/1.450310
http://aip.scitation.org/doi/10.1063/1.450310
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.16.2537
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.16.2537


[129] . “Density-functional formulation of the generalized pseudopotential
theory. III. Transition-metal interatomic potentials.” Physical Review B 38,
5: (1988) 3199–3231.

[130] Morse, P. M. “Diatomic Molecules According to the Wave Mechanics. II.
Vibrational Levels.” Physical Review 34, 1: (1929) 57. https://journals.
aps.org/pr/abstract/10.1103/PhysRev.34.57.

[131] Murphy, K. P. Machine Learning. Adaptive Computation and Machine
Learning series. London, England: MIT Press, 2012.

[132] Nichol, A., and G. J. Ackland. “Property trends in simple metals: An
empirical potential approach.” Physical Review B 93, 18: (2016) 184,101.
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