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A B S T R A C T

Ground-Penetrating Radar (GPR) is a popular non-destructive electromagnetic
(EM) technique that is used in diverse applications across different fields, most
commonly geophysics and civil engineering. One of the most common applications
of GPR is concrete scanning, where it is used to detect structural elements and
support the assessment of its condition. However, in any GPR application, the
data have no resemblance to the characteristics of targets of interest and a means
of extracting information from the data regarding the targets is required.

Interpreting the GPR data, to infer key properties of the subsurface and to
locate the targets is a difficult and challenging task and is highly dependent on
the processing of the data and the experience of the user. Traditional processing
techniques have some drawbacks, which can lead to misinterpretations of the data
in addition to the interpretation being subjective to the user. Machine learning
(ML) has proven its ability to solve a variety of problems and map complex
relationships and in recent years, is becoming an increasingly attractive option
for solving GPR and other EM problems regarding processing and interpretation.
Numerical modelling has been extensively used to understand the EM wave
propagation and assist in the interpretation of GPR responses. If ML is combined
with numerical modelling, efficient solutions to GPR problems can be acquired.

This research focuses on developing a numerical equivalent of a commercial
GPR transducer and utilising this model to produce realistic synthetic training
data sets for deep learning applications. The numerical model is based on the
high-frequency 2000 MHz “palm” antenna from Geophysical Survey Systems,
Inc. (GSSI). This GPR system is mainly used for concrete scanning, where the
targets are located close to the surface. Unknown antenna parameters were found
using global optimisation by minimising the mismatch between synthetic and
real responses. A very good match was achieved, demonstrating that the model
can accurately replicate the behaviour of the real antenna which was further
validated using a number of laboratory experiments. Real data were acquired
using the GSSI transducer over a sandbox and reinforced concrete slabs and
the same scenarios were replicated in the simulations using the antenna model,
showing excellent agreement.

The developed antenna model was used to generate synthetic data, which
are similar to the true data, for two deep learning applications, trained entirely
using synthetic data. The first deep learning application suggested in the present
thesis is background response and properties prediction. Two coupled neural
networks are trained to predict the background response given as input total
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GPR responses, perform background removal and subsequently use the predicted
background response to predict its dielectric properties. The suggested scheme
not only performs the background removal processing step, but also enables the
velocity calculation of the EM wave propagating in a medium using the predicted
permittivity value. The ML algorithm is evaluated using a number of synthetic
and measured data demonstrating its efficiency and higher accuracy compared
to traditional methods. Predicting a permittivity value per A-scan included in a
B-scan results in a permittivity distribution, which is used along with background
removal to perform reverse-time migration (RTM). The proposed RTM scheme
proved to be superior when compared with the commonly used RTM schemes.

The second application was a deep learning-based forward solver, which is
used as part of a full-waveform inversion (FWI) framework. A neural network
is trained to predict entire B-scans given certain model parameters as input for
reinforced concrete slab scenarios. The network makes predictions in real time,
reducing by orders of magnitude the computational time of FWI, which is usually
coupled with an FDTD forward solver. Therefore, making FWI applicable to
commercial computers without the need of high-performance computing (HPC).
The results clearly illustrate that ML schemes can be implemented to solve GPR
problems and highlight the importance of having a digital representation of a
real transducer in the simulations.
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1
I N T R O D U C T I O N

1.1 motivation and aims of the thesis

Ground Penetrating Radar (GPR) is a widely used non-destructive geophysical
technique with a broad spectrum of applications, ranging from engineering
and geophysical applications to planetary applications. GPR data are collected
over complex inhomogeneous environments, which can be natural or man-made
with a number of buried objects. These data can vastly vary depending on the
environment conditions encountered in a specific application and require an
experienced user for accurate interpretation. Characterising the environment
along with inferring the location and properties of targets by interpreting the
GPR data is a challenging problem, for which, understanding the behavior of
electromagnetic waves (EM) in materials is needed. To acquire knowledge on EM
wave propagation, numerical modelling is utilised.

Numerical modelling has been used for several years in many disciplines
for modelling real systems and their behavior in order to gain insight on the
characteristics of the real system used in practice, improve a system or develop a
new one and interpret output data among other reasons. A typical GPR simulation
should include a model of the subsurface or material of interest, models of the
targets and an accurate representation of an antenna system. However, most GPR
numerical simulations include simple theoretical sources instead of realistic models
of real transducers, which cannot capture the interactions of the real antenna
with different materials and objects and therefore cannot reproduce accurately
the real responses. Nevertheless, even in cases where an accurate antenna replica
is included in the models, which are used to assist in the interpretation of real
data, the interpretation is still a difficult task and is always relied on some form
of processing, experience and user subjectivity. Therefore, automated ways of
processing and interpreting the data are needed.

The aim of this thesis was to develop a numerical model of a real GPR
transducer and use it to generate training data for machine learning (ML)
applications in order to automate the processing and enhance the interpretation
of the GPR data. This research focuses on ML schemes for civil engineering
applications using a high-frequency GPR system, but can be applied to other
cases, as well.

The key objectives of the present thesis are summarised as follows:
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• Create an accurate 3D Finite-Difference Time-Domain (FDTD) model of a
widely-used commercial GPR antenna.

• Analysis of the antenna model and validation using data from the real GPR
transducer.

• Generate training sets for machine learning (ML) purposes using the antenna
model in the simulations in order to obtain realistic responses.

• Develop a deep learning scheme that predicts the background response and
its dielectric properties.

• Develop an ML-based forward solver that predicts GPR responses for
reinforced concrete slab scenarios.

• Evaluate the performance of both ML schemes using real data.

1.2 overview of the thesis

A brief overview of the basic structure of the thesis is as follows:
Chapter 2: The aim of this chapter is to introduce the basic principles of GPR

and the propagation mechanisms of electromagnetic waves in materials. Data
gathering and processing techniques are also presented along with a description
of the GPR equipment.

Chapter 3: In this chapter, Maxwell’s equation and the FDTD method, which
is commonly used to solve these equation and model GPR responses, are discussed.
Moreover, both dispersion in real world and numerical dispersion in FDTD are
described.

Chapter 4: The development of the numerical model of a commercial GPR
system is described in this chapter. The geometry used and the optimisation
process used to obtain estimates of unknown key properties of the antenna are
presented. In addition, the antenna radiation patterns in different materials are
presented. Validation of the antenna model is performed using real data from
different scenarios.

Chapter 5: A basic background on ML is provided with emphasis given on
deep learning and particularly artificial neural networks (ANNs). The structure
and development of an ANN is described along with an explanation of the
backpropagation algorithm, and the training process of an ANN.

Chapter 6: In this chapter, a deep learning framework is proposed, that
predicts the background response and its dielectric properties. For the training
set, simulations were generated that include the developed model of the real
transducer. The scheme is evaluated with both synthetic and real data. In
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addition, it is used to perform reverse-time migration (RTM) with a permittivity
distribution along a GPR profile.

Chapter 7: An ML-based forward solver is described in this chapter, that is
used to predict GPR responses for reinforced concrete slab scenarios in real time
and generate entire B-scans. The algorithm is validated with both modelled and
real data and is used as part of a full-waveform inversion (FWI) scheme. Further-
more, comparison is made between the suggested scheme and the commonly-used
FDTD solver.

Chapter 8: Finally, this chapter summarises the main findings and provides
suggestions for future work.





2
P R I N C I P L E S O F G R O U N D P E N E T R AT I N G R A D A R

In this chapter, the basic principles of GPR are introduced. First, a brief in-
troduction of the method and its applications is given. The basic principles of
electromagnetic wave propagation, the signal paths and the dielectric properties
of materials are discussed. In addition, the GPR data acquisition process, the
equipment used to acquire the data and key processing methods are described.

2.1 introduction

GPR is a non-destructive technique that belongs to the general group of geo-
physical methods. Geophysical techniques (Electrical Resistivity Method, GPR,
Seismic Refraction-Reflection, Potential Field Methods, Magnetic methods etc.)
are used to map the distribution of the subsurface’s physical properties (electrical
resistivity, dielectric properties, elastic wave velocity, density etc.) in order to
obtain information on the nature of the earth materials and buried targets. In
the GPR case, the distribution of the dielectric properties (electric permittivity,
electric conductivity and magnetic permeability) is sought. These properties are
not directly measured but can be obtained through advanced processing of the
GPR data.

The GPR method is an “active” method, meaning that the field which is used,
is created artificially, in contrast to “passive” methods, which utilize existing fields.
GPR uses a transmitting antenna to emit ultra wide-band electromagnetic (EM)
pulses into the ground. When a contrast in the dielectric properties exists in the
subsurface, part of the EM energy is reflected and received by a receiving antenna.
This received signal can be processed and interpreted to obtain information
regarding the structure of the survey area.

GPR is widely used for a diverse range of applications in different disciplines
such as engineering, geology and geophysics. Applications are not limited only
to geological materials, but GPR is also used for man-made materials such as
concrete, asphalt or other construction materials. Depending on the survey, the
depth of penetration, the size, type and properties of targets being sought can
vary, spanning from near-surface surveys for locating small targets, such as in
civil engineering, to geological surveys up to hundreds of meters deep. The most
common GPR applications are the following:
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• Concrete scanning: Location of reinforcing bars (rebars), post-tension
cables, conduits and concrete assessment (Wai-Lok Lai et al., 2018; Kim
et al., 2014; Barrile and Pucinotti, 2005; González-Drigo et al., 2008)

• Bridge and road inspection: Find layer thickness and structure assessment
(Alani et al., 2013; Benedetto, 2013; Zhao and Al-Qadi, 2016; Diamanti
and Redman, 2012; Varela-González et al., 2014; Solla et al., 2013)

• Buried utilities: Detection of metallic or non-metallic pipes, conduits,
cables and voids (Li et al., 2015; Jaw and Hashim, 2013; Sagnard et al.,
2016)

• Geology and geophysics: Water table mapping, bedrock depth etc. (Benedetto
et al., 2016)

• Military: Detection of unexploded ordnance (Daniels, 2005)

• Forensics: Locate buried evidence (Daniels, 2005)

• Archaeological: Map archaeological features such as buried buildings and
infrastructure (Conyers and Goodman, 1997; Tsokas et al., 1994)

• Ice profiling (Bohleber et al., 2017)

• Mineral exploration (Daniels, 2005)

• Planetary exploration (Pettinelli et al., 2022)

2.2 wave propagation

Although GPR shares the same principles with conventional radars, which are
mostly used to locate larger, above-ground or above-sea level targets with air
as a surrounding material, the ground in which GPR is used affects greatly the
propagation of the transmitted EM pulses. The transmitter sends EM pulses,
that travel into a medium at a certain velocity which is governed by the medium
dielectric properties in contrast to conventional radars, where the waves propagate
with the speed of light (c ≈ 3 · 108m/s). For GPR, permittivity and conductivity
hold the most important role. When there is a contrast in these properties, part of
the EM energy is scattered and/or reflected, while the rest of the energy continues
travelling through the medium. Although the materials that are encountered
with GPR are complex, most of them are non-magnetic, having a permeability
close to free space. If the materials have significant magnetic content, such as in
the presence of magnetite, maghemite or hematite, then the permeability should
be taken into account.
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GPR can be used to investigate lossless dielectrics but most of the materials
encountered are lossy dielectrics. The velocity of the EM wave in a lossy material
is given by Balanis (2012)

u = c√
µrϵr

2 (
√

1 + ( σ
ω )2 + 1)

(2.1)

where c is the speed of light in free space, µr is the relative permeability, ϵr

is the relative permittivity, σ is the electric conductivity (S/m) and ω is the
angular frequency (rad/s). In the case of lossless and non-magnetic material, this
simplifies to

u = c
√

ϵr
(2.2)

where the velocity is computed using only the permittivity and decreases as the
permittivity is increased. A lossy material has a considerable conductivity, that
introduces losses and attenuates the EM waves as they are travelling through
the medium, dissipating the energy as heat. Therefore, limiting the penetration
depth of EM energy before being absorbed. The attenuation accounts only for
one component of the total path loss encountered by an EM wave propagating
in the ground, as shown in Figure 2.1. The wave travelling outwards into the
medium introduces the spreading losses combined with scattering losses from
small features and reflected energy from the ground surface which further reduce
the energy propagating into the ground. Other contributors are the dielectric
and conduction losses associated with the antenna itself as well as losses due to
impedance mismatches between the elements of the transducer.

2.3 material properties

The dielectric properties describe the behavior of materials under the influence
of electric and magnetic fields. The term dielectric is used for poor conducting
materials that can be polarised under the influence of an applied electric field
with most materials encountered in the subsurface being described as dielectrics.
A material holding only bound electrical charges is a perfect dielectric but is
never encountered in the subsurface, where all the materials always contain free
charges as well. The materials are characterised by the dielectric properties,
which are the electric permittivity ϵ, the electric conductivity σ and the magnetic
permeability µ.

The electric permittivity is a property of matter which expresses the degree of
polarization experienced by bounded charges in a material under the influence of
an external electric field. Therefore, expressing the amount of electrical energy
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Figure 2.1: GPR signal loss mechanisms (Cassidy, 2008).

that is stored in the material. The permittivity is usually described with respect to
the permittivity of free-space ϵ0 = 8.854×10−12(F/m) as the relative permittivity
ϵr given by

ϵr = ϵ

ϵ0
(2.3)

which is a dimensionless quantity. The permittivity of materials commonly
investigated by GPR can vary significantly, especially in the presence of water
in the medium. It is actually a complex and frequency dependent quantity with
a real part that represents the storage and an imaginary part that represents
the loss of energy but is usually simplified to a constant static value. Similarly
to permittivity, the magnetic permeability expresses how a material responds
to an applied magnetic field. It is usually represented as a relative magnetic
permeability µr with respect to the free-space permeability µ0

µr = µ

µ0
(2.4)

where µ0 = 4π × 10−7(H/m). The electric conductivity describes how easily
a material allows electric current to flow through it under the influence of an
applied electric field. It explains the ease at which free electrons move in a medium.
Materials with high conductivity are known as conductors, while materials with
very low conductivity are known as insulators.

The materials that a GPR survey usually comes across are rarely homogeneous
and usually are a combination of different materials with each material represent-
ing a certain fraction of the total volume of the area of interest. Therefore, when
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Material ϵr σ (mS/m) u (m/ns)

Air 1 0 0.3

Clay(dry) 2-20 1-100 0.07-0.21

Clay(wet) 15-40 100-1000 0.05-0.08

Concrete (dry) 4-10 1-10 0.09-0.15

Concrete (wet) 10-20 10-100 0.07-0.09

Fresh water 81 0.1-10 0.03

Fresh water ice 3-4 1 0.15-0.17

Granite (dry) 5-8 0.001-0.00001 0.11-0.13

Granite (wet) 5-15 1-10 0.08-0.13

Limestone (dry) 4-8 0.001-0.0000001 0.11-0.15

Limestone (wet) 6-15 10-100 0.08-0.12

Sand (dry) 4-6 0.001-1 0.12-0.15

Sand (wet) 10-30 0.1-10 0.05-0.09

Sea water 81 4000 0.03

Sea water ice 4-8 10-100 0.11-0.15

Soil (average) 16 5 0.08

Table 2.1: Material properties (Cassidy, 2008).

characterising such a material at a macroscopic level by its dielectric properties,
the bulk properties are used that represent the total volume and not each individ-
ual component. The bulk properties can be thought as a weighted average of the
properties of the materials that synthesise the mixture. Table 2.1 illustrates the
properties of commonly encountered materials, as obtained by Cassidy (2008).

2.4 signal paths

The EM waves emitted by a transmitting antenna travel along a number of paths.
A brief description of the most important paths is given in this section with the
paths illustrated in Figure 2.2.

The direct air wave is the wave that travels directly from the transmitter to
the receiver. The direct ground wave refers to the wave that travels along the
air-ground interface and then reaches the receiver. Both the direct air and direct
ground wave are represented with black arrows in Figure 2.2a. These two waves
usually appear as a single response in the recorded GPR data, the direct wave.
The direct wave is the first signal recorded and is usually the largest in amplitude.
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Figure 2.2: Wave propagation and signal paths.
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Figure 2.3: Horizontal and vertical resolution by considering two cylindrical targets
(Adapted by Annan (2005)).

In case the transducers are lifted at a height above ground or the separation
between the transmitter and the receiver is large, the two waves will be recorded
as separate events.

Energy also propagates into the ground and when a target is encountered,
part of the energy is reflected and travels upwards, where it is recorded by the
receiver. The reflected waves from a cylindrical target are illustrated in Figure
2.2b, whereas the two black arrows represent the transmission path from the
transmitter towards the target and the reflection path from the target to the
receiver. In reality, antennas radiate energy in a volume following a 3D pattern
that depends on their type and surroundings as also shown by the “spherical
waves” depicted in the Figure and therefore, there are infinitely many paths that
the waves can propagate.

2.5 frequency of operation and resolution

GPR operates over a frequency range of approximately ∼1 MHz to 5 GHz in the
microwave frequency band of the electromagnetic spectrum. At lower frequencies
the EM fields do not act as waves but become diffusive in character, whereas at
higher frequencies substantial losses limit the penetration. The GPR transducers
are ultra wide-band systems and emit a range of frequencies and not just a single
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Figure 2.4: a) Plot of multiple A-scans, b) B-scan formed by the A-scans in a) as an
image.

frequency. This frequency range is called the bandwidth, B and the GPR systems
are usually characterized by the center frequency, fc of this range. Thus, when
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referring to a 1000 MHz GPR transducer, means that the center frequency of
this system is 1000 MHz.

The frequency of the system controls the trade-off between resolution and depth
of penetration. High-frequency antennas have a high resolution, meaning they
can resolve small targets but with the cost of limited penetration depth, while
low-frequency antennas can “see” deeper but with a low resolution. Therefore,
the GPR system that will be used is chosen based on the survey and size of
targets being sought. For a given system, resolution determines the size of targets
that can be detected and how closely two targets can be in order to appear as
two separate events in the received signal. Two pulses from two identical targets
must be separated in time by at least half their pulse width. The pulse width, W,
is defined as the width at half amplitude and is directly related to the bandwidth
as (Annan, 2005)

W = 1
B

= 1
fc

(2.5)

Translating this into the spatial domain, for the horizontal resolution, the two
targets must have a separation distance of

∆l ≥

√
udW

2 (2.6)

where d is the depth of the targets, while for the vertical resolution they must be
separated by

∆r ≥ uW

4 (2.7)

with both depending on the pulse width and the velocity (Annan, 2005). Consid-
ering two identical cylindrical targets, the horizontal and the vertical resolution
are shown in Figure 2.3.

2.6 data collection

The received GPR signal is a waveform of voltage versus time. This is called an
A-scan or a trace or a wiggle and provides information locally, at the vicinity of
the measurement point. Collecting A-scans at different measurement points along
a line produces a B-scan, which is usually presented as a 2D image in time and
space. Each pixel of this image has a color associated with the magnitude of the
received signal. A visual representation of A-scans and a B-scan is presented in
Figure 2.4, where in a) multiple A-scans are shown and b) illustrates the B-scan
formed by these A-scans as an image. A number of parallel B-scans produces a
3D image in the spatial x,y and time t or depth z coordinates. A time/depth
slice produces a 2D image in the x,y dimensions and at a certain time/depth,
known as a C-scan.
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a)

b)

c)

Figure 2.5: a) Common offset method (CO), b) Wide Angle Reflection-Refraction method
(WARR) and c) Common mid-point method (CMP).

There are three different modes for data collection: the Common Offset
(CO), the Common Mid-Point Reflection (CMP) and the Wide-Angle Reflection-
Refraction (WARR) method. Given that in most GPR systems, the transmitting
and receiving antenna are in the same enclosure, the CO method is the main
choice for most GPR surveys. CO uses a single transmitter and a receiver at a
fixed separation distance, which are being moved together along the survey line,
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as shown in Figure 2.5a. The CMP method, illustrated in Figure 2.5c, employs a
transmitter and a receiver having their separation distance gradually increased
about a common mid-point and is mainly used to obtain velocity profiles. WARR
uses a transmitter placed at a fixed location, while a receiver is moved across the
survey line, as illustrated in Figure 2.5b.

In most surveys the data are acquired with the transducers placed directly
on the ground in order to maximize energy going into the ground. However, in
certain cases such as in landmine detection, the transducers have to be raised
off-ground at a certain height from the surface. Furthermore, in case where the
transmitter and the receiver are separate, different orientations can be utilised.
The three most common orientations are displayed in Figure 2.6, which depend
on the polarisation of the transmitting antenna compared to the polarisation of
the receiving antenna and with respect to the survey direction. The polarisation
of an antenna refers to the direction of the E-field, which is the long axis of a
bowtie antenna. In the perpendicular broadside orientation, the antennas are
placed next to each other, with the antenna long axis being perpendicular to the
survey direction, whereas in the parallel broadside orientation, the antenna long
axis is parallel to the scanning direction. In the cross polarised orientation, the
antennas are perpendicular to each other. Each orientation performs better in
detecting responses from certain types of targets, whereas there is no optimal
orientation for equidimensional targets. The most commonly used orientation in
GPR surveys is the perpendicular broadside (Annan, 2005).

2.7 gpr equipment

A GPR system usually consists of a transmitter to emit the EM energy, a receiver
to receive EM energy, along with the control and display unit. The transmitter
consists of a source, which is used to generate time varying voltages and an
antenna. Antennas transform the electrical signals running in cables to EM waves
propagating in space and vice versa. The transmitting antenna translates the
excitation electrical signals, which flow on the metallic antenna structure, to EM
waves, while a receiving antenna translates the detected EM waves to electrical
signals. The transmitter and the receiver are usually identical and can be stored
in the same enclosure or as separate units. The antennas are usually, but not
always, placed inside a container, called the shield, which is used in order to
maximise the energy going into the ground and minimise the energy propagating
in the air but also to provide considerable protection from interference. Shielding
is more common to high-frequency antennas, while lower-frequency antennas
usually come with no shielding due to portability issues rising from the large
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Figure 2.6: Antenna orientations: a) Perpendicular Broadside, b) Parallel Broadside and
c) Cross polarised.

transducer size. Even when an antenna is shielded, a portion of the energy can
still escape into the air.

The majority of the GPR systems operate in the time domain, where a very
short UWB pulse is transmitted. This type of radars are known as impulse. The
shape of the pulse is usually a derivative of a Gaussian pulse characterised by a
given centre frequency. Frequency domain GPR, such as the Stepped Frequency
Carrier Wave (SFCW), have also been developed. A SFCW radar transmits
a series of distinct frequencies one at a time. The data are collected in the
frequency domain and after collection can be combined and converted to time
domain through a Fourier transform.
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Since GPR requires a broadband transmission, bowtie antennas which are
efficient for broadband applications, are the most common antennas used for
GPR. This antenna type, which will be described in more detail at a later chapter,
is more broadband than linear dipoles (Balanis, 2015), when unloaded types of
antennas are compared. While bowties are used for ground-coupled surveys, horn
antennas have also been used for air-coupled applications.

2.8 data processing

To enhance the responses from the targets, remove unwanted noise and clutter
and assist in the interpretation, different approaches have been suggested, most
of which have been originally developed for seismic data Annan (2003); Yilmaz
(2001). In this section, a brief description of the processing methods, that will
be implemented in latter chapters, is presented. In addition, to show visually
the effect of the processes on the GPR data, processing of a B-scan over a single
target, which is shown in Figure 2.7, is performed.

2.8.1 Time zero correction

Time zero is the time when the transmitter starts off the signal transmission.
To make an accurate interpretation of the targets’ depth from the GPR data,
knowledge of the time zero is required. However, due to time delays associated
with the instrumentation, it is not possible to determine the exact time the
transmitter emits (Annan, 2003). Therefore, to compensate for this, a time-
zero correction should be applied to shift the response so that the time-zero
corresponds to the surface reflection.

Choosing the optimal time zero is one of the problems encountered when
processing GPR data and is dependent on the system used and the antenna
separation. Commonly, it is performed by measuring the first break, which is the
time when the receiver starts detecting the direct signal sent by the transmitter
and is detectable in the GPR responses, and then infer time zero by knowing the
separation distance between transmitter and receiver. The first break, the positive
peak, the negative peak, the zero amplitude point between the first positive and
negative peak and the midpoint between the first positive and negative peak of a
response have also been suggested as points for time zero correction (Yelf, 2004).
Even though the first break is used in many cases for time zero correction, it is
different from time zero, except when the transmitter and receiver are at zero
offset. Figure 2.8 shows the B-scan data after performing time zero correction by
shifting to the first break point.
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2.8.2 Background Removal

Background removal is one of the main GPR data processing steps, that is used
to remove the direct air and the direct ground wave, to suppress coherent system
noise or/and remove horizontal events in GPR data. Background reduction is
usually performed by subtracting the mean trace of all the traces in a GPR line
from every trace in the line (Nobes, 1999) as

A(x, 1 : T ) = A(x, 1 : T ) − 1
M

M∑
i=1

A(i, 1 : T ) (2.8)

where A is the A-scan, T is the number of time steps and M is the number of
collected A-scans. After time zero correction, mean subtraction was performed,
as shown in Figure 2.9.

A number of variations of the background average subtraction method exist,
including the moving-average background subtraction. In this process, firstly a
window of traces is selected, a weighted average of this window is calculated
and the resultant trace is subsequently removed from the trace in the middle of
the window. Afterwards, this window is shifted by one trace and the process is
repeated until the end of the profile is reached. Therefore, each trace is replaced
by the weighted average trace of itself and its neighbour traces. This method
apart from direct wave removal, can be useful for suppressing localised flat-lying
responses and enhancing other localised responses like hyperbolic responses from
point targets.

Throughout the present thesis, background removal is performed with the goal
of suppressing the direct air and direct ground wave. Frequently in GPR images,
the target signatures are masked by the direct air and ground wave responses,
due to having a stronger signal. Therefore, the background response should be
removed from the total responses in order to enhance other events.

2.8.3 Time-varying gain

As the EM waves get attenuated while they are travelling through the subsurface,
the returned signal from a target is weaker in amplitude compared to the one from
the surface. To compensate for that, time-varying gain can be applied to amplify
the responses arriving later at time in order to make them clearly visible (Annan,
2005). This is a non-linear operation implemented with a function that increases
the amplification with time in order to compensate for the weaker signals. Being a
non-linear function, when applied to data, time-varying gain alters the frequency
content and phase of the and therefore the shape and amplitudes of the responses.
Figure 2.10 illustrates the B-scan image after an exponential gain was applied
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on the data, where by comparison with Figure 2.9, it is obvious that gain has
enhanced significantly the target response.

Being a non-linear process, time-varying gain if applied on data can have a
significant impact on ML. If an ML algorithm is trained on raw data with no
gain and a gained trace is given as an input to test the ML model’s performance,
then the gained input will most likely be misinterpreted as a raw response that
was part of the training set, which is similar to the gained trace but corresponds
to a different earth model or in worst case as a response that follows a different
pattern that then one learned by the ML algorithm. In both cases, the ML
algorithm will predict incorrect and maybe unrealistic results. The same applies
also in case an ML model is trained with gained data and predictions need to be
made on raw responses.

In case an ML model is to be trained using gained responses, the same gain
should be applied to the whole training set. Using different gaining functions for
each GPR trace in a training set will again degrade the ML performance, since
gaining two responses which correspond to different events with a different gain
function each can result in similar responses and therefore resulting in the same
ML output.

Training with raw data has advantages over training with gained data. Each
GPR response, comprised of certain events, requires a different gain function
from other responses with different events, making hard to finding a single gain
function that can satisfy all responses. In addition, apart from enhancing weaker
target responses, gain can also introduce artifacts in the data if applied incorrectly.
Amplitude information and relative amplitudes between events in a response
are preserved when using raw data, whilst by applying gain these are altered.
Furthermore, since with gain a non-linear function is applied on the data, most
likely a more complex ML model will be required to capture the relationship
between input and output training data, meaning that more parameters would
be required resulting in longer computational times.

2.8.4 Frequency filtering

Frequency filtering is the most common signal processing technique, where a
high-pass filter is utilised to attenuate low-frequency components and a low-pass
filter is implemented to remove the high-frequency noise that may be present in
the data. Applying both results in a band-pass filter. Real data always contain
some form of noise, which in some cases might be extensive and thus, frequency
filtering is required. Frequency filtering can be implemented in time domain, such
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Figure 2.7: Example of a raw GPR B-scan with one target response.

as a moving average smoothing filter but is more commonly implemented in the
frequency domain by a Fourier transform

F (ω) =
ˆ ∞

−∞
f(t)eiωtdt (2.9)

where f(t) represents a signal in the time domain, t is time, ω is the angular
frequency and i represents the imaginary unit. Undesired frequencies can be
dampen in the frequency domain and the signal can be converted back to time
domain using an inverse Fourier transform

f∗(t) = 1
2π

ˆ ∞

−∞
F ∗(ω)e−iωtdω (2.10)

where f∗(t) is the filtered signal in time domain.

2.8.5 Migration

In a typical GPR B-scan image, which is collected with the antenna moving
along a survey direction, a target appears as a hyperbola due to the different
two-way propagation times of the EM wave for each antenna position. While
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Figure 2.8: Time zero correction of GPR data.

0 10 20 30 40 50 60 70
Trace Number 

0

1

2

3

4

5

6

7

8

Ti
m

e 
[n

s]

Background Removal

0.6

0.4

0.2

0.0

0.2

0.4

0.6

Figure 2.9: GPR data after background removal.
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Figure 2.10: Time varying gain of GPR data.
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Figure 2.12: GPR data after performing hilbert transform.

processing the GPR data, it is common to correct this by transforming the
unfocused B-scan image to a focused one. Migration is an advanced imaging
technique used to transform the GPR image to a form more representative
of the subsurface structure and more easily interpretable to the human eye.
Assuming the EM wave velocity in the medium is known, migration collapses the
hyperbolic responses of targets and places them to their correct spatial location.
The final reconstructed image of the targets will resemble their true geometrical
characteristics. A migrated section of the data is shown in Figure 2.11, where
the hyperbolic response from the target has collapsed to its apex. Migration will
be described at a later chapter.

2.8.6 Hilbert Transform

After migration, a commonly applied processing step is Hilbert transform (HT).
With HT essentially, the envelope of a signal is found, where a wavelet with both
positive and negative parts is converted to a wavelet with only positive values,
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which makes the interpretation of the data easier. A complex signal s(t) with
real part a(t) and imaginary part b(t)

s(t) = a(t) + b(t)j (2.11)

has its trace envelope or instantaneous amplitude calculated as

h(t) =
√

a2(t) + b2(t) (2.12)

This generates the envelope and removes the signal oscillations. An example
of a signal along with its envelope is illustrated in Figure 2.13. Using HT, the
instantaneous phase and instantaneous frequency are also calculated as

ϕ(t) = atan

(
b(t)
a(t)

)
(2.13)

ω(t) =
( 1

2π

)
dϕ

dt
(2.14)

The Hilbert transform of the migrated GPR data of Figure 2.11 is shown in
Figure 2.12.
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M A X W E L L ’ S E Q U AT I O N S A N D T H E
F I N I T E - D I F F E R E N C E T I M E - D O M A I N ( F D T D )
M E T H O D

This chapter introduces Maxwell’s equations, which are a set of laws that govern
the electromagnetic wave propagation. The effect of the material properties on
wave propagation is discussed with emphasis given on dispersive material. The
FDTD method along with Yee’s algorithm are described, which are used to solve
numerically Maxwell’s equations. In addition, numerical errors with focus on
numerical dispersion and stability and absorbing boundary conditions for FDTD
are presented.

3.1 maxwell’s equations

The electromagnetic wave propagation is governed by a set of four partial
differential equations, that were brought together by physicist and mathematician
James Clerk Maxwell. These equations are a generalisation of Gauss’s law for
magnetic and electric fields, Ampere’s law and Faraday’s law. Maxwell’s equations
can be written either in integral form or more commonly in their differential
form, which is the basis for the derivation of the FDTD method. Here the
macroscopic formulation of Maxwell’s equations is presented, also known as
Maxwell’s equations in matter.

3.1.1 Gauss’s Law for electric fields

Gauss’s law for electric fields states that the electric flux through any closed
surface S is equal to the total electric charge enclosed by this surface. This is
expressed in integral and differential form, respectively, as

‹ −→
D ·

−→
ds =

˚
ρdv = Q (3.1)

∇ ·
−→
D = ρ (3.2)

where −→
D is the electric flux density (C/m2), ρ is the charge density (C/m3) and

Q is the total charge (C) surrounded by the closed surface.

25
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Figure 3.1: An electromagnetic wave propagating. The electric field is shown with red,
the magnetic field with green and the direction of propagation lies on the x
axis.

3.1.2 Gauss’s Law for magnetic fields

Gauss’s law for magnetic fields states that magnetic monopoles do not exist;
magnetic charges appear only in pairs. This is expressed in integral form as

‹ −→
B ·

−→
ds = 0 (3.3)

where B is the magnetic flux density (Wb/m2), while its differential form is given
by

∇ ·
−→
B = 0 (3.4)

3.1.3 Faraday’s law

Faraday’s law describes how an electromotive force (emf) is induced around a
loop with changes in the magnetic flux through the loop, expressed by

˛ −→
E ·

−→
dl = −

¨
∂

−→
B

∂t
· −→n ds (3.5)

∇ ×
−→
E = −∂

−→
B

∂t
(3.6)
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where −→
E is the electric field (V/m). It is very common to add to Faraday’s law

an equivalent magnetic current density Mc (Taflove and Hagness, 2000)

∇ ×
−→
E = −∂

−→
B

∂t
− Mc (3.7)

= −∂
−→
B

∂t
− MS − σ∗HS (3.8)

where MS is the magnetic impressed source and σ∗ is the magnetic loss (Ω/m).

3.1.4 Ampere’s Law

Ampere’s law states that the line integral of the magnetic field around a closed
loop is equal to the electric current passing through this loop

˛ −→
H ·

−→
dl = I

=
¨ −→

J · −→n ds

=
¨

(−→Js + −→
Jc + −→

Jd) · −→n ds

=
¨

(−→Js + σ
−→
E + ∂

−→
D

∂t
) · −→n ds

where I is the electric current intensity (A), −→
H is the magnetic field (A/m) and

−→
J is the total current density (A/m2). The current density −→

J can be divided to
the impressed source electric current density −→

Js, the electric conduction current
density −→

Jc and the electric displacement current density −→
Jd. The source current

density results from an artificially added into the system source, the conduction
current density accounts for the flow of electrons, while the displacement current
density accounts for the displacement of charges. Using Stoke’s theorem, the
differential form is derived as

∇ ×
−→
H = −→

Js + σ
−→
E + ∂

−→
D

∂t
(3.9)

where σ is the conductivity (S/m). Without an external source, this equation
reduces to

∇ ×
−→
H = σ

−→
E + ∂

−→
D

∂t
(3.10)

Changing electric fields create magnetic fields, which in turn create electric fields
and this continuing succession results in fields propagating through a material.
In open space propagation, the electric field is perpendicular to the magnetic
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field, while both are perpendicular to the direction of propagation as shown in
Figure 3.1, where a propagating EM wave is plotted.

3.2 constitutive equations

The constitutive equations are a set of three equations that are used to integrate
the dielectric properties of a given material under influence into Maxwell’s
equations. The three dielectric properties, described previously, are known as
constitutive parameters and are used to derive the constitutive equations as

−→
D = ϵ ∗

−→
E (3.11)

−→
Jc = σ ∗

−→
E (3.12)

−→
B = µ ∗

−→
H (3.13)

where * denotes the convolution operator and denotes a tensor quantity. For
many GPR applications, the constitutive parameters are assumed to be scalar
constants and the equations are reduced to

−→
D = ϵ

−→
E (3.14)

−→
Jc = σ

−→
E (3.15)

−→
B = µ

−→
H (3.16)

In general, the dielectric properties represent tensor quantities and are a
function homogeneity, isotropy, linearity and dispersivity. Homogeneity describes
how a property varies with different position in a material, with homogeneous
materials having the same property throughout their extent. Isotropy refers to the
situation where the material responds differently with changes in the direction of
the applied field. Linearity describes how one property varies with the strength of
the applied field. Lastly, dispersivity refers to how a dielectric property changes
with frequency. In case the dielectric properties are frequency-independent, the
convolution operations are transformed to multiplications.

To understand how the dielectric properties affect the propagation, the wave
equation for the electric field is derived. Taking the curl of Equation 3.6

∇ × ∇ ×
−→
E = −∂(∇ ×

−→
B )

∂t
(3.17)

and substituting Equation 3.10 and the constitutive relations to the former yields

∇ × ∇ ×
−→
E = −µϵ

∂2−→
E

∂t2 − µσ
∂

−→
E

∂t
(3.18)
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Using the vector identity ∇ × ∇ × F = ∇(∇ · F ) − ∇2F and assuming there is no
free charge in the region (∇ ·

−→
E = 0) gives the wave equation for the electric field

∇2−→
E = µϵ

∂2−→
E

∂t2 + µσ
∂

−→
E

∂t
(3.19)

Assuming a time-harmonic field, the wave equation is given by

∇2−→
E − γ2−→

E = 0 (3.20)

which is known as the Helmholtz equation. The constant γ is known as the
wavenumber or propagation constant and is a complex value that takes the form
of

γ = α + jβ =
√

jωµ(σ + jωϵ) (3.21)

=
√

−ω2µϵ + jωµσ (3.22)

The real α and imaginary β parts are the attenuation and phase constant,
respectively. Expanding γ, these can be obtained as

α = ω

√√√√√µϵ

2

√1 +
(

σ

ωϵ

)2
− 1

 (3.23)

β = ω

√√√√√µϵ

2

√1 +
(

σ

ωϵ

)2
+ 1

 (3.24)

The attenuation constant is given in Nepers per meter (Np/m), whereas the
phase constant in rad/m. However, the attenuation constant is often described
in decibels per meter (dB/m) and can be converted as

|α(dB/m)| = 8.68|α(Np/m)| (3.25)

The distance the wave needs to travel to reduce its amplitude by a factor of 1/e
is defined as the skin depth δ

δ = 1
α

(3.26)

For a time-harmonic wave propagating in the +z-direction, a solution to Equation
3.20 is given as

−→
E (z) = −→

E 0e−αzej(ωt−βz) (3.27)
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with a constant phase point of this wave travelling with a velocity of

u = ω

β
(3.28)

which when substituting β results in Equation 2.1, as discussed in the previous
chapter.

3.3 the finite-difference time-domain (fdtd) method

To get a better understanding of the GPR responses and acquire information
regarding targets, modelling of responses can be employed. Understanding the
EM wave propagation can enhance the interpretation of GPR data. Modelling
GPR responses in complex realistic media requires the solution of Maxwell’s
equations, which govern the propagation of EM waves. Solving these equations
analytically presents a difficult task and analytical solutions were inferred only
for simple scenarios. Therefore, numerical techniques are implemented to acquire
approximate solutions to Maxwell’s equations. These techniques are referred to
as the EM forward solvers. FDTD is a commonly-used forward solver amongst
the group of numerical methods used for solving Maxwell’s equations. These
methods can be classified into two categories, depending on whether they are
used to solve the differential or integral form of Maxwell’s equations and can
be implemented either in time or frequency domain. The differential equations
solvers include the FDTD, the Finite Element Method (FEM), the Finite-Volume
Time-Domain (FVTD) and the Transmission Line Method (TLM).

FDTD has been widely used to model GPR responses and develop antenna
models, as well. A detailed review of FDTD used to create antenna models will
be given in Chapter 4.

Before describing the FDTD method, an introduction on finite difference is
required. Finite difference approximates a certain function at a point utilising
information around that point. To approximate a function, Taylor series expansion
is used, where the function f(x) is expanded about the point x with ∆x increment
as

f

(
x + ∆x

2

)
= f(x) + ∆x

2 f ′(x) + 1
2!

(∆x

2

)2
f ′′(x) + 1

3!

(∆x

2

)3
f ′′′(x) + ...

(3.29)

f

(
x − ∆x

2

)
= f(x) − ∆x

2 f ′(x) + 1
2!

(∆x

2

)2
f ′′(x) − 1

3!

(∆x

2

)3
f ′′′(x) + ...

(3.30)
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𝐸y⏐iΔx,(j-1/2)Δy,kΔz

(iΔx,(j-1)Δy,kΔz)

(iΔx,jΔy,kΔz)

𝐸x⏐(i+1/2)Δx,(j-1)Δy,kΔz

𝐸z⏐iΔx,jΔy,(k-1/2)Δz

Hz⏐(i+1/2)Δx,(j+1/2)Δy,(k-1)Δz

Hx⏐(i+1)Δx,(j+1/2)Δy,(k-1/2)Δz

x

z

y

Hy⏐(i+1/2)Δx,jΔy,(k-1/2)Δz

Figure 3.2: The 3D Yee cell with the electric and magnetic field components.

which are Euler’s forward and backward series, respectively. Subtracting the
second equation from the first and dividing by ∆x yields

f
(
x + ∆x

2

)
− f

(
x − ∆x

2

)
∆x

= f ′(x) + 1
3!

∆x2

22 f ′′′(x) + ... (3.31)

Rearranging this equation produces

∂f(x)
∂x

=
f
(
x + ∆x

2

)
− f

(
x − ∆x

2

)
∆x

+ O(∆x2) (3.32)

where the big O(∆x2) represents the higher-order terms. If ∆x is sufficiently
small, the derivative can be approximated by discarding the higher-order terms
as

∂f(x)
∂x

≈
f
(
x + ∆x

2

)
− f

(
x − ∆x

2

)
∆x

(3.33)
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which is the central difference approximation. The big O(∆x2) determines the
order of accuracy of the method, which in this case has a second-order accuracy.
In the limit as ∆x goes to zero, the derivative approximation becomes exact.
Using more terms, a higher-order accurate central difference can be constructed.
Apart from the central difference, forward or backward difference can be also
used for approximating the derivative as

∂f(x)
∂x

≈
f
(
x + ∆x

2

)
− f (x)

∆x
(3.34)

∂f(x)
∂x

≈
f (x) − f

(
x − ∆x

2

)
∆x

(3.35)

The FDTD method was proposed in 1966 by Kane Yee (Yee, 1966), as a
technique to approximate both the spatial and temporal derivatives of the E-field
and the H-field that appear in Maxwell’s equations using finite differences. Yee’s
algorithm solves for both fields, instead of solving for the electric or the magnetic
separately using the wave equation. Therefore, resulting in a more robust solution.
In his original paper, Yee implemented second-order accurate, central difference
approximations. In FDTD, both space and time are discretised in order to solve
for the E-field and the H-field at different time-space points. The 3D space is
discretised in a grid with a number of cubic cells, which is known as the Yee
lattice. The E-field and the H-field are staggered in both space and time. In space,
these are staggered by half a cell as shown by a Yee cell in Figure 3.2, where
an electric component is surrounded by four circulating magnetic components.
Similarly, a magnetic component is surrounded by four electric components.
Plugging the finite differences and rearranging results in the update equations
for the E-field and H-field, which by solving provide the future fields in terms
of the past known fields. The update of these equations is performed using the
leapfrog time-stepping method, where the E-field is updated first at all space
points using the previously calculated H-field and then the H-field components
are updated using the previously calculated E-field. The time is advanced and the
above process is repeated until the fields are obtained for a specified duration.
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Substituting the constitutive equations into Ampere’s and Faraday’s Laws
yields the following six coupled partial differential equations in 3D

∂Ex

∂t
= 1

ϵ

(
∂Hz

∂y
− ∂Hy

∂z
− JSx − σEx

)
(3.36)

∂Ey

∂t
= 1

ϵ

(
∂Hx

∂z
− ∂Hz

∂x
− JSy − σEy

)
(3.37)

∂Ez

∂t
= 1

ϵ

(
∂Hy

∂x
− ∂Hx

∂y
− JSz − σEz

)
(3.38)

∂Hx

∂t
= 1

µ

(
∂Ey

∂z
− ∂Ez

∂y
− MSx − σ∗Hx

)
(3.39)

∂Hy

∂t
= 1

µ

(
∂Ez

∂x
− ∂Ex

∂z
− MSy − σ∗Hy

)
(3.40)

∂Hz

∂t
= 1

µ

(
∂Ex

∂y
− ∂Ey

∂x
− MSz − σ∗Hz

)
(3.41)

For simplicity, the update equations in 2D will be derived assuming there are
also no magnetic losses or magnetic impressed sources. In 2D, two modes exist,
the transverse magnetic (TM) and the transverse electric (TE) mode which are
decoupled, meaning that their equations contain no common field components
and thus, can be set up as two different problems. To demonstrate how the
update equations are derived, Maxwell’s equation for TM z mode are used, in
which it is assumed that no variation exists in the z-direction with the structure
being modelled extending to infinity

∂Hx

∂t
= − 1

µ

∂Ez

∂y
(3.42)

∂Hy

∂t
= 1

µ

∂Ez

∂x
(3.43)

∂Ez

∂t
= 1

ϵ

(
∂Hy

∂x
− ∂Hx

∂y
− σEz − Jz

)
(3.44)

Using a second order central difference, the following update equation is derived
for Ez

Ez

∣∣∣q+1/2

i,j
= Ez

∣∣∣q−1/2

i,j
+ ∆t

ϵ

(Hy

∣∣∣q
i+1/2,j

− Hy

∣∣∣q
i−1/2,j

∆x

−
Hx

∣∣∣q
i,j+1/2

− Hx

∣∣∣q
i,j−1/2

∆y

−Jz

∣∣∣q
i,j

−σEz

∣∣∣q
i,j

)
(3.45)
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where ∆x, ∆y, ∆z are the spatial increments and ∆t is the time step. A problem
with this equation is that the right hand side requires for Ez term in the conduction
current to be evaluated at time q, which does not exist in the FDTD grid as the
values of Ez are only computed at q+1/2 multiples of ∆t. To approximate the
correct field value, the values at (q + 1/2)∆t and (q − 1/2)∆t are averaged as

Ez

∣∣∣q
i,j

=
Ez

∣∣∣q+1/2

i,j
− Ez

∣∣∣q−1/2

i,j

2 (3.46)

This is known as the a semi-implicit approximation (Taflove and Hagness, 2000).
Substituting this equation to equation (3.45) yields the final update equation for
Ez

Ez

∣∣∣q+1/2

i,j
=

1 − σ∆t
2ϵ

1 + σ∆t
2ϵ

Ez

∣∣∣q−1/2

i,j
+

∆t
ϵ

1 + σ∆t
2ϵ

(Hy

∣∣∣q
i+1/2,j

− Hy

∣∣∣q
i−1/2,j

∆x

−
Hx

∣∣∣q
i,j+1/2

− Hx

∣∣∣q
i,j−1/2

∆y

−Jz

∣∣∣q
i,j

)
(3.47)

which can be written also as

Ez

∣∣∣q+1/2

i,j
= CαEz

∣∣∣q−1/2

i,j
+ Cb

(Hy

∣∣∣q
i+1/2,j

− Hy

∣∣∣q
i−1/2,j

∆x

−
Hx

∣∣∣q
i,j+1/2

− Hx

∣∣∣q
i,j−1/2

∆y

−Jz

∣∣∣q
i,j

)
(3.48)

Cα =
1 − σ∆t

2ϵ

1 + σ∆t
2ϵ

(3.49)

Cb =
∆t
ϵ

1 + σ∆t
2ϵ

(3.50)

The arrangement of the electric and magnetic field components in the TMz
mode for a single 2D Yee cell is presented in Figure 3.3, whereas the leapfrog
scheme for time marching on a TMz grid is illustrated in Figure 3.4. The Figure
shows the electric field Ez component, represented with red circles, at times steps
t = q+1/2, q+3/2, which is circulated by the magnetic field components half a
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Ez HyHy

Hx

Hx

Figure 3.3: Arrangement of electric and magnetic field components for 2D TMz mode.

time step and half a space step away. The Hy is shown with a green circle and
the Hx component with a blue circle at time steps t = q, q+1, q+2. In 2D, the
following notation

Ez

∣∣∣q
i,j

= Ez(i∆x, j∆y, q∆t) = Eq
z(i, j) (3.51)

represents the electric field at time-space point at grid position i∆x, j∆y, k∆z

and time step n∆t. Similarly for 3D

Ez

∣∣∣q
i,j,k

= Ez(i∆x, j∆y, k∆z, q∆t) = Eq
z(i, j, k) (3.52)

Figure 3.5 shows the same arrangement for the TMz model in the way it is
implemented by a computer program, where the coordinates have changed to
indices. Although Hy[i, j], Hx[i, j] have the same indices as Ez[i, j], they actually
represent the magnetic field components existing on the left of Ez[i, j] in the y and
x direction, respectively. The reason for virtually using the same indices is that
nodes are stored in the form of arrays in a computer, where the array elements
are accessed with integer indices. The magnetic and electric field components are
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q

q+1

q+2

Hy⏐i-1/2,j
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Future

Hx⏐i,j+1/2
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∆x ∆y

t

x

y

Hx⏐i+1,j-1/2

Hx⏐i+1,j-1/2

Hx⏐i,j+1/2

Hx⏐i,j+1/2

Hx⏐i,j-1/2

Hx⏐i,j-1/2

Ez⏐i,j

Ez⏐i,j

Hy⏐i-1/2,j

Hy⏐i-1/2,j

Ez⏐i+1,j

Ez⏐i,j+1

Ez
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Figure 3.4: Leapfrog scheme for the electric and magnetic field components for TMz
mode.

updated at the same iteration, the one after the other. In the same manner, the
update equations for the magnetic components are obtained

Hx

∣∣∣q+1

i,j+1/2
= Hx

∣∣∣q
i,j+1/2

+ ∆t

µ

(Ez

∣∣∣q+1/2

i,j
− Ez

∣∣∣q+1/2

i,j+1
∆y

)
(3.53)

Hy

∣∣∣q+1

i+1/2,j
= Hy

∣∣∣q
i+1/2,j

+ ∆t

µ

(Ez

∣∣∣q+1/2

i+1,j
− Ez

∣∣∣q+1/2

i,j

∆y

)
(3.54)

The parameters ϵ, σ, µ and σm are defined at the point with (i,j) spatial coordinates
as ϵ = ϵi,j , σ = σi,j , µ = µi,j , σ∗ = σ∗

i,j . Therefore, different materials can be
incorporated in the grid by assigning different values of these parameters in the
grid at their corresponding locations.
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Figure 3.5: Electric and magnetic field components for TMz mode as specified in a
computer program.

From the equations presented above, it is evident that when the electric field
is updated at time step q∆t, the magnetic field components are updated at (q +
1/2)∆t half a time step away. These equations illustrate that the method provides
an explicit solution of Maxwell’s equation, where the fields are updated using
previously known quantities without requiring to solve equations simultaneously.
The scheme for deriving the update equations can be expanded to 3D to obtain
the full 3D FDTD update equations (see Appendix A).

3.4 dispersive materials

As mentioned earlier, the constitutive parameters of materials are tensor quantities
and affected by a number of factors. However, in many problems, it is assumed
that the material properties are constant scalar quantities. Having a constant



38 maxwell’s equations and the finite-difference time-domain (fdtd) method

scalar permittivity means that the change in polarisation under the influence of
an applied field happens instantly and in perfect proportion with the field. It is
also assumed that the permittivity does not change with frequency, direction,
position or field strength. However all these assumptions are not true in reality
and should be made only in cases where the dependence is small and the effect on
the properties insignificant. Most materials that are encountered with GPR can
be assumed to be linear and isotropic, since negligible changes in the properties
are observed with changes in the direction and strength of the applied field
and therefore the constitutive parameters reduce to scalars. Many materials
investigated are assumed to be homogeneous as well but that is not always the
case, especially in soils. However, for most materials, properties depend and
change with frequency, especially with increasing frequency. These materials are
characterised as dispersive and the dispersion effect cannot be neglected. This
dispersion is a real phenomenon observed in materials and is different from the
numerical dispersion discussed at a later section, which is a numerical artifact.
According to Taflove and Hagness (2000), there are four types of materials at a
macroscopic level based on their behaviour with changing frequency and field
strength:

1. Linear materials: Their dielectric properties do not change with frequency
of field amplitude.

2. Linear dispersive materials: These are frequency-dependent materials.

3. Non-linear materials: Their dielectric properties do not change with respect
to frequency, but only with changes in the amplitude of the field.

4. Non-linear dispersive materials: These are materials which change their
behavior with both frequency and field amplitude.

The linear dispersive type of materials is of most interest for GPR applications.
Dispersive behaviour of materials investigated by GPR is usually related to the
water content of the materials. Although a dry material might not exhibit a
dispersive character at GPR frequencies, adding water will lead to a frequency
dependent behaviour. A number of permittivity and loss measurements made
by Von Hippel (1954) on soils with different water contents showed that the
soils were demonstrating dispersive behavior, which was undoubtedly due to
the dielectric relaxation of water contained in the soils. Similar measurements
were taken by Campbell and Ulrichs (1969) on dry rocks and minerals at two
frequencies, 450 MHz and 35 GHz, showed that dry materials have do not exhibit
dispersive behavior. The above among other studies demonstrate the effect of
the water on materials’ behaviour.

Different equations exist that capture the behaviour of the linear dispersive
materials with the most popular being the Debye, Lorentz, Havriliak-Negami,
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Drude and the Jonsher equation. Here only the Debye relaxation is described,
which is used throughout the thesis. The Debye model (Debye, 1929) is used
to describe the dispersive behaviour of many different materials and especially
water. To understand the Debye model , first the electric displacement field or
electric flux is presented in a time-harmonic form as

D̂(ω) = ϵ̂(ω)Ê(ω) (3.55)

= ϵ0Ê(ω) + P̂(ω) (3.56)

while in time-domain this multiplication is equivalent to convolution, as shown
earlier. The polarisation vector P̂ takes into account the displacement of the
bound charges in a material. The permittivity and conductivity of dispersive
materials are complex quantities, which in frequency domain are given by

ϵ̂r(ω) = ϵ
′
r(ω) − jϵ

′′
r (ω) (3.57)

σ̂(ω) = σ
′(ω) − jσ

′′(ω) (3.58)

where ϵ
′
r(ω), σ

′ is the real parts and ϵ
′′
r , σ

′′ are the imaginary parts of the permit-
tivity and the conductivity, respectively. In a Debye model, the real part of the
complex permittivity, which reflects the ability of the material to store electric
energy, is given by

ϵ
′
r(ω) = ϵ∞ + ∆ϵ

1 + ω2τ2 (3.59)

whereas the imaginary part that accounts for the losses due to relaxation is
written as

ϵ
′′
r = ωτ∆ϵ

1 + ω2τ2 (3.60)

with the total equation for the complex relative permittivity given as

ϵ̂r(ω) = ϵ∞ + ∆ϵ

1 + ω2τ2 − j
ωτ∆ϵ

1 + ω2τ2 (3.61)

= ϵ∞ + ∆ϵ

1 + jωτ
(3.62)

= ϵ∞ + χ̂e (3.63)

where ∆ϵ = ϵs − ϵ∞ is the difference between the real part of the relative
permittivity at zero frequency ϵs (static, low frequency permittivity) and at
infinite frequency ϵ∞ (high frequency permittivity) and τ is the relaxation
frequency. The term χ̂e(ω) is known as the electric susceptibility function and
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represents the dispersive part of the relative permittivity. Taking the inverse
transform of χ̂e(ω), its time domain form is obtained

χe(t) = 1
2π

ˆ ∞

−∞
χ̂e(ω)ejωtdω (3.64)

= ∆ϵ

τ
e− t

τ (3.65)

which is used by the time-domain solvers. From the relaxation time, the relaxation
frequency can be obtained as

f0 = 1
2πτ

(3.66)

which is the frequency at which the imaginary part of the relative permittivity is
at its maximum value. To consider explicitly the losses due to conductivity, a
conductive term is added to the Debye model yielding

ϵ̂r(ω) = ϵ∞ + ∆ϵ

1 + jωτ
+ σ̂DC

jωϵ0
(3.67)

where σDC is the dc conductivity. This model is known as the extended Debye
model. The Debye model described uses a single Debye pole. For some problems,
one Debye pole might not be sufficient to capture the dispersive properties of a
material and therefore multi-Debye model is used

ϵ = ϵ∞ +
P∑

i=1

∆ϵi

1 + jωt0,i
+ σ

jωϵ0
(3.68)

where P represents the number of poles used. The behaviour of water is usually
represented using a single Debye pole. The real and imaginary parts of the
Debye equation for pure water are shown in Figure 3.6. It is evident that for
the frequencies that GPR operates in, the real part of the permittivity is almost
constant, whereas the imaginary part increases with frequency. The relaxation
frequency, for which the imaginary part for pure water reaches the maximum
value, is also highlighted in the graph.

3.5 numerical errors

As with any numerical analysis method, a number of errors are introduced in
the solution of an FDTD solver, which should always be taken into account
before running an FDTD simulation. Numerical errors are a consequence of the
inherent discrete approximations in numerical algorithms executed in a computer
to simulate real world continuous problems. In this section, the sources of errors
in FDTD are discussed.
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Figure 3.6: Real and imaginary part of a Debye model for pure water.

3.5.1 Round-off error

Every computer hardware has a finite amount of bits that it can use to store a
number, which is determined by its precision. The system’s precision determines
which is the smallest and the greatest number that a computer can store and
also the number of digits that can be used to represent a number. The difference
between the exact number and the finite-precision, rounded number represented
by a computer is called a round-off error. The round-off error is a characteristic
of a certain computer hardware and will be different for different hardware. With
increasingly more calculations performed between numbers, the round-off errors
get accumulated, and therefore increase the total round-off error in the solution.

3.5.2 Truncation error

Truncation error is the difference between the true solution to the analytical
equation and the solution obtained by the numerical FDTD approximation. The
truncation error is associated with the order of the method used. The most
commonly used FDTD solver is a second-order central-difference scheme, where
the error is in the order of the squared step size O(∆x2). This means that the
truncation error is affected by the step size used and by decreasing the step size,
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the error is reduced. A greater accuracy is also achieved by using more terms in
the approximation resulting in a higher-order scheme.

3.5.3 Staircasing error

The FDTD lattice is based on a uniform rectangular grid. The staircase error
arises when a target’s interface does not align with the one of the discrete grid.
In this case, the target will be modelled with a staircased approximation of its
true boundary. For PEC surfaces, this results in delays in the propagating waves
as shown by Cangellaris and Wright (1991). The use of an unstructured mesh,
although not easy to implement in FDTD, or the use of a finer grid, which will
require more computational resources are possible solutions for reducing the
staircasing effect.

3.5.4 Numerical dispersion and stability

The most important source of error in FDTD is the numerical dispersion. In the
previous chapter, the dispersion phenomenon of materials in the continuous world
was described. However, numerical dispersion also exists, which is a non-physical
dispersion that arises from numerical errors in an FDTD scheme. The numerical
dispersion equation in FDTD is found by assuming plane wave solutions in the
frequency domain

Ez = E0ej(ωq∆t−k̃∆x) (3.69)

Hy = H0ej(ωq∆t−k̃∆x) (3.70)

where k̃ is the numerical wavenumber, which is different from the true wavenumber.
Substituting these equations to the discretised Faraday’s law equation yields

jµ
2

∆t
sin
(

ω∆t

2

)
e−jω∆x/2Hy = −j

2
∆x

sin
(

k̃∆x

2

)
e−jω∆x/2Ez (3.71)

Cancelling terms and rearranging gives

E0
H0

= −µ∆x

∆t

sin(ω∆t
2 )

sin( k̃∆x
2 )

(3.72)

Similarly for Ampere’s law, an equation of the ratio of the electric and magnetic
field is obtained

E0
H0

= − ∆t

ϵ∆x

sin( k̃∆x
2 )

sin(ω∆t
2 )

(3.73)
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Equating equations 3.72 and 3.73 yields
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sin
(

ω∆t

2

)
= c

∆t

∆x
sin
(

k̃∆x

2

)
(3.75)

which is the 1D numerical dispersion equation. Extending to 3D
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(3.76)

Therefore, it is possible to have numerical instability in FDTD, which is the
case where the results of an explicit numerical solver spuriously increase as
time advances. The choice of the spatial discretisation steps ∆x, ∆y, ∆z and the
time step ∆t affect the propagation velocity of the numerical EM waves and
consequently the numerical error and thus, they cannot be chosen independently.
To guarantee numerical stability, ∆t must be bounded by the Courant-Friedichs-
Lewy (CFL) condition, given in 3D by

∆t ≤ c√
( 1

∆x2 + 1
∆y2 + 1

∆z2 )
(3.77)

The CFL condition simply states that the maximum acceptable time step in
order to ensure stability is governed by the choice of the spatial discretisation
step. Physically, this means that the numerical wave cannot propagate more than
a single cell per time step in any direction. In 2D, this equation becomes

∆t ≤ c√
( 1

∆x2 + 1
∆y2 )

(3.78)

and similarly in 1D
∆t ≤ c√

( 1
∆x2 )

(3.79)

An example of numerical dispersion in 1D is presented in Figure 3.7 based
on Schneider (2010). The left plot in the Figure represents a Gaussian wavelet
propagating with a discretisation of 20 points per wavelength, Np = 20 and
Courant number Sc = 1, where the Courant number is defined as the ratio

Sc = c∆t

∆x
(3.80)
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Sc = 0.90, Np = 10

Figure 3.7: Example of electric field propagating with different Courant numbers and
discretisations: a) Sc = 1, Np = 20 and b) Sc = 0.9, Np = 10.

In 1D, the numerical dispersion error is reduced with increasing Sc, with Sc = 1
being the largest possible value. When Sc is equal to unity, there is no numerical
dispersion and the resulting time step is referred to as the magic time step.
Therefore, there is no numerical dispersion in Figure 3.7a. In contrast, on the
right plot with Np = 10 and Sc = 0.9 there is numerical dispersion as shown by
the trailing edge of the wavelet.

3.6 absorbing boundary conditions

Although the subsurface that the EM waves travel into can be considered of
infinite extent where the waves travel at great distances until full absorption
takes place, the FDTD method requires for Maxwell’s equations to be solved in
a discretised and of limited size domain. Therefore, certain boundary conditions,
called absorbing boundary conditions (ABCs) are required to truncate artificially
the computational domain and make it appear as if the FDTD simulation was
performed in an infinite extent domain. The simplest method is to set a zero field
value at the boundaries by assuming a PEC or a PMC. However, truncating the
domain this way, results in unwanted reflections from the boundaries travelling
back to the computational domain, which do not naturally occur in the real open
space. One way to handle this problem would be to increase the domain size
in order for the unwanted boundary reflections to be delayed and not captured
within the specified window. However, a large domain size requires substantial
computational resources, making this solution inefficient. Analytical absorbing
boundary conditions have been suggested for truncating the domain by Mur
(1981); Liao et al. (1984); Higdon (1986). The analytical solutions try to predict
the fields at the boundaries utilising the field values from the main grid.
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Figure 3.8: Illustration of a PML in 2D with thickness of 3 cells.

The perfectly matched layer (PML) ABC, introduced by Berenger (1994),
is currently the most efficient technique for truncating the domain. The PML
introduces a non-physical anisotropic lossy material that surrounds the computa-
tional domain and is used to absorb the fields incoming to the boundaries. In the
direction tangential to the interface between the PML and non-PML region there
is no loss, whereas in the direction normal to the interface there is. In his initial
implementation, known as split-field PML, Bérenger split each field component
into two parts in order to terminate the reflections at the interface between a PML
and non-PML region. Around the same time, another approach was suggested
by Chew and Weedon (1994) which uses complex coordinate-stretching method
along the three cartesian coordinate axis and is considered the most efficient
approach for implementing PML. A third approach for employing PML is the
uniaxial perfectly matched layer (UPML), which was proposed by Gedney (1996)
and is based on a lossy uniaxial medium. Compared to Bérenger’s implementation,
UPML is based on Maxwell’s equations and not a modified set of equations.

A limitation of the above formulations of PML was that they were not able to
absorb efficiently evanescent waves. Kuzuoglu and Mittra (1996) introduced the
complex frequency shifted PML (CFS-PML), which proved to be more effective
in reducing the reflections of evanescent waves (Tong et al., 1999) and also the
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late time reflections (Abarbanel et al., 2002). An efficient way of implementing
CFS-PML was presented by Roden and Gedney (2000), which is based on a
complex coordinate-stretching function and a recursive convolution approach
approach, and is known as the convolutional perfectly matched layer (CPML).
An different implementation of a CFS-PML was proposed by Drossaert and
Giannopoulos (2007) for FDTD modelling of elastic waves, which is based on
a recursive integration approach. This method is an unsplit implementation,
in contrast with conventional split-field PML, and is referred to as recursive
integration PML (RPML). The RPML approach was tuned to electromagnetic
waves by Giannopoulos (2008), where also a comparison with the CPML was
given.

PMLs with different thicknesses (number of cells) can be used, where increasing
thickness leads to a better performance but this means that the main grid gets
smaller or a larger domain is required which will require more computational
resources. An example of a PML along with the main grid in 2D is shown in Figure
3.8, for a PML with a thickness of 3 cells. Furthermore, using a product of different
individual stretching functions results in a higher order PML (Giannopoulos,
2012), while the summation of stretching functions lead to the multipole perfectly
matched layer (MPML) (Giannopoulos, 2018).

Throughout this work, the PML presented in Giannopoulos (2012) is used to
truncate the FDTD computational domain for all models. The geometry and all
of the simulations that were used throughout this thesis were conducted using
gprMax (Giannopoulos, 2005; Warren et al., 2016), an open-source FDTD solver
for electromagnetic (EM) wave propagation that is tuned for GPR applications.
The PML presented in Giannopoulos (2012) is also embedded into gprMax.

3.7 scale of things and subgridding

The choice of the spatial and temporal discretisation steps in an FDTD grid is
very important. The smaller the steps used, the closer the FDTD model can
represent the real problem. Finer grids decrease the overall numerical errors of
the method but increase significantly the overall computational requirements
and result in longer execution times. Coarser grids require less computational
resources but come with a cost in resolution in addition to introducing numerical
errors in the FDTD responses. Consequently, the discretization step chosen for a
specific model should balance between accuracy and efficiency.

The spatial discretisation step in a model is usually dictated by the smallest
feature that is included in the model. The smaller the feature, the finer will be
the grid required to adequately model this feature. Furthermore, the near-field
requires a finer resolution than the far-field because it has higher spatial variability
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compared to the far-field. In addition, as mentioned previously, finer grids can
minimise errors caused by staircased approximations of feature boundaries. A
model usually consists of many different parts (e.g layers, targets) some of which
can be accurately resolved using a coarse grid, whereas others require a finer grid.
Using a uniform small spatial step to calculate the FDTD solution for the whole
model leads to longer computational times. Instead, subgridding techniques have
been devised, where smaller grids with a finer spatial step are introduced into a
coarser grid, with the subgrids being placed in parts of the FDTD model, that
require a finer mesh to be resolved. Since a subgrid has a different spatial step
from the main grid, it needs to have its own time step, which will be different
from the time step of the main grid, since the subgrid and the main grid need to
satisfy a different stability condition. Another challenging issue that subgridding
faces is the treatment of the interface between the main grid and the sub-grid,
which is typically handled using interpolation methods to interpolate the EM
fields that exist in the vicinity of the interface (Kim and Hoefer, 1990; Zivanovic
et al., 1991; Prescott and Shuley, 1992).





4
D E V E L O P I N G A N U M E R I C A L M O D E L O F A R E A L
G P R T R A N S D U C E R

In this chapter, the development, optimisation and validation of a digital equiva-
lent of a true commercial GPR system is presented. A grid convergence analysis
is performed and the antenna radiation patterns are given. Finally different units
from the same transducer are modelled and comparison is made between the two.
Before describing the antenna modelling process, a review on antenna modelling
is provided.

4.1 review of antenna modelling

A typical GPR case study consists of the background medium, the targets and the
antenna system itself. Therefore, accurate representations of these components
should be included in the simulations. Even though the transducer plays an
important part, nonetheless, it is a common practice amongst GPR practitioners
to use a theoretical source in most GPR models instead of an accurate digital
representation of the actual GPR system. The use of simplistic theoretical sources
, such as infinitesimal dipoles, is helpful for simulations that reproduce overall
patterns in GPR scans or for investigating the far-field of the antenna but the
resulting A-Scans using such simple sources differs significantly in a number of
key aspects from what is being observed in the real GPR measurements.

Until the early 2000s, most of the antenna models used in the simulations were
either theoretical sources, simple or custom-built antennas. Simple theoretical
antennas, such as monopoles and dipoles, correspond to a well-defined theoretical
EM problem that has been extensively analysed (Balanis, 2015; King, 1956). The
FDTD method was also used to analyze a cylindrical and a conical monopole by
Maloney et al. (1990) where the antennas were driven through an image plane
from a coaxial transmission line. The modelled FDTD results showed a very
good agreement with experimental measured data. A 2-D FDTD modelling with
a theoretical source was used in Oristaglio and Hohmann (1984) to simulate
transient electromagnetic (TEM) surveys. A hybrid method was presented by
Monorchio et al. (2004) that utilises FDTD, FE and MoM methods to model
thin-wire antennas used to investigate inhomogeneous dielectric targets with
arbitrary shapes. Each technique was used to model different parts of the problem,
while some late-time instabilities of the scheme were acknowledged.

49



50 developing a numerical model of a real gpr transducer

Many researchers have developed and numerically modelled simple custom-
made antennas. Shlager et al. (1994) used FDTD modelling to optimise a bow-tie
antenna and improve its radiation. The 3D structure was attached to a 1D
transmission line feed and used a differentiated Gaussian pulse as an excitation.
Continuous resistive loading was used to optimise the bow-tie antenna. A custom-
built antenna was created based on the optimised design and its measurements
showed a good agreement with the FDTD results. FDTD was also employed
by Lestari et al. (2004) to assist in the designing of a circular-end bow-tie
GPR antenna with improved radiation efficiency. Similarly, loading is used for
higher efficiency with a combination of a constant resistive loading and a linearly
increasing capacitive loading is used. An FDTD model of s spiral GPR antenna
system was developed by McFadden and Scott (2009) and compared with a
prototype system. The transmitter and the receiver of the system included
an Eccosorb AN-79 RF absorber, where a Debye model was fitted to acquire
its dielectric properties and approximate its behavior in the simulations. The
FDTD results were compared with the measured to determine the best-fit Debye
model. The FDTD responses for free space, a half-space and over a known-target
corresponded well to the real signals. Following the work presented in Lestari et al.
(2004), Lestari et al. (2010) optimised a wire-structured loaded bow-tie antenna
to exhibit higher amplitude and lower level of late-time ringing. A numerical
equivalent of the antenna was developed and was shown that the computed
transmitted waveform matches the measured one. In addition, the analytical
expression which approximates the time-harmonic current distribution of the
proposed antenna is derived.

The first fully 3D FDTD realistic representation of a one-third size scale model
of an actual GPR system was presented by Bourgeois and Smith (1996). The model
included resistively loaded bowtie transmitting and receiving antennas shielded
in a metallic case. Feeding of the antennas was implemented using parallel-wire
transmission lines. Synthetic responses were compared with measurements for
signals from different types of buried pipes, showing an agreement between the
two. The authors acknowledged that their results are valid only for the early
times, since a perfect electric conductor (PEC) wall was used to truncate the
domain, which introduced unwanted reflections in the data. Roberts and Daniels
(1997) used 3D FDTD to approximate coaxial cables and a GPR antenna. The
feed was modelled as two square coaxial cables and the antenna model was a
300 MHz unshielded bowtie antenna. The radiation patterns of this antenna
model were compared with measured data from Wenskink et al. (1990) above
water and from Wenskink et al. (1991), where pipes of different composition were
submerged in water. The results showed some agreement, however no comparison
of amplitude data was made.
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A similar antenna model to Bourgeois and Smith (1996) was analysed by
Nishioka et al. (1999) which used FDTD to investigate the characteristics of the
system. In this case, the inner walls of the rectangular metallic cavities were coated
with a frequency dependent ferrite absorber and Berenger’s perfectly matched
layer (PML) was implemented to truncate the computational space. Lampe
and Holliger (2001) employed 3D FDTD with a general perfectly matched layer
GPML to numerically model a similar antenna system. The algorithm allows also
for the use of subgrids. The input impedance of the synthetic data was compared
with laboratory measurements of corresponding antennas, demonstrating a high
level of agreement. Furthermore, the antenna radiation patterns for lossless and
lossy half-spaces were provided for both shielded and unshielded antenna cases.
This antenna model was further improved by Holliger et al. (2003), Lampe et al.
(2003), where damping was introduced not only using resistive loading but also
with the use of absorbing material in the cavity. However, the simulated results
were not compared with responses from an equivalent real system.

Lambot et al. (2003, 2004) proposed a SFCW system with a TEM horn
antenna tuned to be used for off-ground applications in monostatic mode, which
was designed using a vector network analyzer (VNA). Forward modelling was
performed based on linear system transfer functions and the exact solution of the
3D Maxwell’s equations in a medium composed of arbitrary number of different
horizontal homogeneous layers. Measurements and simulations were compared in
air and above a metal sheet, validating the model.

An UWB horn-fed bowtie antenna was modelled and designed by Lee et al.
(2004), where modelling was used to optimise certain antenna parameters and
validate the performance of the antenna design. The model includes realistic
features such as feeding cables, dielectric loading and tapered resistive loading.
The effects of the ground properties in impedance were investigated, since the
antenna is designed for GPR applications. A 3D FDTD simulation, which included
a realistic representation of an antenna system was described by Uduwawala
et al. (2005). The transmitter and the receiver were enclosed in rectangular
conducting cavities and two lump resistors were connected at each the ends
of each bow-tie arm. Simulations were performed for two realistic soil types,
lossy and dispersive using a Debye model, however the FDTD results were not
compared with responses from a real system. Chen and Liu (2010) modelled
and developed an experimental 900 MHz antenna system. Edge cutting bow-tie
antennas were enclosed in a metallic case with absorbing material inserted in the
back-cavity. Measured data using the real system were provided but they have
not been not compared with simulated data.

Over the last years, more sophisticated antenna models have been developed
due to the advancements of algorithms and computers that made it possible and
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reduced the overall computational times. In order to understand how the electro-
magnetic waves propagate in materials of interest using numerical modelling, a
model of a real GPR transducer, that is used in practice, must be included in
the simulations. Modelling of a commercial GPR transducer was first attempted
by Klysz et al. (2006), where a 3D FDTD simplified model of the GSSI 1.5 GHz
antenna was developed. The model consists of the transmitter antenna only and
does not include the receiver. In order to create the model comparisons between
synthetic and measured responses were made in free space at four points around
the transducer. Values for the dielectric layers in the cavities of the box and
the resistance of the voltage source at the feed point were determined through
trial-and-error. Two concrete slabs of different water content were used to validate
the antenna model. Comparing the results showed that both the free space and
the concrete slab real responses were approximated with a good accuracy by the
synthetic responses.

Warren and Giannopoulos (2011) developed 3D FDTD models of two commer-
cial antennas, based on a 1.2 GHz antenna from MALÅ Geoscience and a 1.5 GHz
antenna from GSSI. The geometrical features of the transducers were considered
known, while values for the unknown properties of the materials in the trans-
ducers were obtained using Taguchi’s optimisation method. A Gaussian-shaped
pulse was used an an excitation. To evaluate the performance of the optimisation
and update the parameters of interest, the error between the synthetic and the
real free space response was used as a criterion. The optimisation resulted in a
good agreement between the modelled and the real responses, while a series of
oil-in-water emulsions were used to further validate the models resulting again
in a good match. In Giannakis et al. (2019a) the model of the GSSI 1.5 GHz
was further improved using a linear/non-linear full-waveform inversion (FWI)
scheme, which updates simultaneously the dielectric properties of the antenna
elements and in addition, derives an optimised excitation pulse. This optimised
pulse can be regarded as a correction term that accounts for the features that
could not be modelled, either due to lack of information, such as the unknown
true excitation pulse, or due to general limitations of the scheme. Two different
complex scenarios were used to assess the accuracy of the scheme, showing that
the model was able to replicate the behaviour of the real transducer successfully.

An antenna model based on a 400 MHz GPR transducer from GSSI is presented
in Stadler and Igel (2018). The system consists of shielded bowtie antennas,
where estimates of unknown key antenna properties obtained using Taguchi’s
optimisation. In this study, GPR waves were guided in boreholes, where the
antenna system was located next to a borehole with a metallic cylinder inserted
inside.
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4.2 antenna theory

The basic elements of a GPR transducer is the antenna. Dipoles and monopoles
are the simplest types of antennas, which belong to the category of wire antennas.
A dipole antenna has two symmetrical radiating arms, which are linear metallic
wires or rods with a feed point at the center. A monopole antenna has a single
radiating arm and is most often used above a ground plane. Figure 4.1 illustrates
examples of dipole and monopole antennas. An infinitesimal dipole or hertzian
dipole is a theoretical dipole whose length is far less than the wavelength (L << λ),
so that is is assumed that the current I is constant along its length. For the
infinitesimal dipole, the radiation is maximum in the x-y plane normal to the
dipole axis and zero for directions along the length of the dipole. Although
the Hertzian dipole is used in many simulations, it is not realisable in practice.
The most commonly used dipole is the center-fed half-wave dipole. This type of
antennas have two quarter-wavelength elements, resulting in a total length of
approximately L = λ/2, where λ is the wavelength.

When designing antennas for a desired operating frequency, the length of
the dipole has to be considered. Antennas with larger size resonate at lower
frequencies, whereas antennas with a small size resonate at high frequencies.
This means that for lower frequencies, an antenna with a considerable size is
required, which is not practical. To tackle this problem, techniques to achieve a
desired frequency with a smaller antenna size have been implemented, such as
the resistive loading of an antenna. When it comes to GPR antenna design, the
goal is to minimise the resonance in order to achieve greater bandwidth and less
sensitivity tuning in the GPR system.

Biconical antennas are broadband dipoles which are formed using two roughly
conical shaped elements of finite length. A bowtie antenna is a type of biconical
antenna, which can be considered as a 2D version of the a biconical antenna.
Figure 4.2 illustrates both a biconical and a bowtie antenna fed by a transmission
line. Bowtie uses two identical conductive triangular elements, instead of linear
wires or rods, as its antenna elements. Together the triangular elements resemble
a bow tie, as the name suggests. The bowtie antenna is characterised by the
flare angle of its triangular elements. As the flare angle goes to zero, the bowtie
reduces to a simple linear dipole. The input impedance of a bowtie antenna
varies with wavelength and flare angle, having a relatively flat input impedance
response for wide flare angles.

The space around the antenna is usually divided into three regions, as shown
in Figure 4.3, which are:

1. Reactive near-field: First is the region that immediately surrounds the
antenna and in which the reactive field dominates. The theoretical boundary
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Figure 4.1: Figure showing a) a dipole antenna, which has two radiating arms and b) a
monopole antenna with a single arm.

of this region is taken to be at a distance of R < 0.62
√

D3/λ from the
antenna, where D is the largest dimension of the antenna and λ is the
wavelength.

2. Radiating near-field (Fresnel) region: This is the area between the reactive
region and the far-field region, in which the radiation fields dominate and
the angular field distribution depends on the distance from the antenna. If
the biggest dimension of the antenna is small compared to the wavelength,
the Fresnel region may not exist. This area exists between R ≥ 0.62

√
D3/λ

and R < 2D2/λ

3. Far-field (Fraunhofer) region: In the far-field region, the angular field
distribution is independent of the distance from the antenna. The inner
boundary of the region is a distance R = 2D2/λ and extends to infinity.

The amplitude pattern of an antenna changes with increasing observation distance
from the near field to the far field region, since the fields themselves are changing
in magnitude and phase (Balanis, 2015).

4.3 description of the gpr transducer

The antenna that was chosen to be modelled is the 2000 MHz “palm” antenna
from Geophysical Survey Systems, Inc. (GSSI). In the GPR field, this is considered
a high-frequency antenna, meaning that it has a high-resolution and can resolve
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Figure 4.2: a) Biconical antenna and b) Bowtie antenna. Both antennas are connected
to a transmission line, which in turn is connected to a source.

small targets more easily. Due to the trade-off between resolution and penetration
depth, high-resolution comes at the expense of a small penetration depth, which is
approximately ∼0.3 m for the specific GPR system, depending on the conditions.
High-frequency antennas are most commonly used for the assessment of concrete
slabs: pinpointing structural elements such as reinforcing bars (rebars), post-
tension cables and conduits or measuring the thickness of the slab. Its small
size allows for scanning in previously not easily accessible areas, such as corners,
between obstacles and in walls.

Figure 4.4 illustrates an image of the GSSI transducer, which was used along
with the GSSI SIR-4000 data acquisition system. The transducer integrates a
survey wheel and a “deadman” switch operator for turning off the transmitter
when it is not used.

4.4 geometry of the antenna model

In order to simulate an antenna transducer, knowledge of the geometry and the
dielectric properties of its elements is required, as well as the excitation pulse.
Creating a numerical model of a real GPR transducer is more challenging than
modelling a custom-built one. Although the geometrical features can be acquired
by observation, most of the values of the dielectric properties of the materials
that were used to construct the antenna and the excitation pulse are unknown,
most often due to commercial sensitivity in addition to genuine lack of accurate
characterisation of the wide-band dielectric properties for certain materials.
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Figure 4.3: Field regions around an antenna.

The first step when modelling a GPR transducer is to build the geometry of the
antenna. Inspecting the geometry of the real GPR system, the most important
components are chosen to be included in the model. The key design hypothesis in
developing such a model is to include as best as possible the parts that directly
affect and shape the EM radiation and reception and avoid the detailed modelling
of the circuit components, which have a negligible effect. Moreover, due to the
small size of these components, an extremely fine grid, that would greatly increase
the computational cost, would be required.

Figures 4.5-4.12 illustrate the simplified FDTD geometry of the different parts
of the antenna model being investigated. The model includes two planar surface
bowties, one that acts as the transmitting antenna and one as the receiving
antenna, with additional rectangular extensions at the ends of both bowties,
reducing the antenna dimensions and also increasing the wide-band characteristics.
The Tx and Rx bowtie are separated by a distance of 4.3 cm, as displayed in
Figure 4.11, where the fine geometry of the bowties is presented. The bowties are
etched from copper onto printed circuit boards (PCBs), which are displayed in
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Figure 4.4: The 2000 MHz “palm” antenna from Geophysical Survey Systems, Inc.
(GSSI).

Figure 4.8. Underneath the PCBs, two different types of electromagnetic absorber
foams are inserted in order to reduce the back-cavity radiation (see Figures 4.7
and 4.10). In the middle of the two absorbers, a gap is present for both the Tx
and the Rx, where a small plastic case is inserted. Furthermore, EMI shielding
gaskets are placed on the bottom side of the second absorber in the vicinity of
each bowtie’s midpoint, as shown in the backside geometry of the antenna model
in Figure 4.12. The bowties are placed in the same enclosure, which is modelled
as a square metal box and acts as a shield, shown in Figure 4.6. The shielding is
utilized in order for the antenna to serve as a directional device. GPR antennas
are required to maximise the radiation energy transmitted in the ground and
suppress it in all other directions, hence act as a directional device. In the middle
of the case, as shown in the side view of the antenna model in Figure 4.10, there
is a plate that separates the transmitter from the receiver, which are centered
in each section of the box. The divider between Tx and Rx includes two gaps,
which are visible in the Figure. The box is open on the side of the bowties and is
further enclosed in an outer plastic case as shown in Figure 4.5. The skid plate
is also included, as shown in the full model in the same Figure, resulting to an
overall size of 86 × 86 × 68 mm.

The real bowtie antennas are actually connected to electronic circuits, which
were not included in the model and therefore, for the excitation, a voltage source
is used in a single-cell gap between the two arms of the transmitter bowtie
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Figure 4.5: Modelled geometry of the 2000 MHz “palm” antenna from GSSI: Plastic
enclosure and skid plate.
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Figure 4.6: Modelled geometry of the 2000 MHz “palm” antenna from GSSI: Inner
geometry showing the shield and the plate between Tx and Rx.
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Figure 4.7: Modelled geometry of the 2000 MHz “palm” antenna from GSSI: Inner
geometry showing the two layers of EM absorber foams.
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Figure 4.8: Modelled geometry of the 2000 MHz “palm” antenna from GSSI: Inner
geometry showing the PCB.
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Figure 4.9: Modelled geometry of the 2000 MHz “palm” antenna from GSSI: Inner
geometry showing the Tx and Rx bowties placed on top of the PCB.
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Figure 4.10: Modelled geometry of the 2000 MHz “palm” antenna from GSSI: Side view.
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4.3 cm

Tx Rx

Figure 4.11: Modelled geometry of the 2000 MHz “palm” antenna from GSSI: Fine
geometry of Tx and Rx bowties.

(feed point). At the feed point the tangential E-field component is related to an
impressed voltage

V (t) = −
ˆ l

0

−→
E ·

−→
dl (4.1)

where l is the gap width. The impressed voltage for the voltage source is con-
strained to follow a certain pulse and can include an internal resistance or not.
In this case, a resistance was included, which was determined from optimisation.
Since the shape of the true pulse is unknown, it was derived via trial and error
that a Gaussian-shaped pulse produces the best results for the specific model.
The Gaussian pulse is given by

P (t) = e
−2π2f2(t− 1

f
) (4.2)

where f is the peak frequency of the pulse and t is time. A time delay of 1/f
is introduced to the pulse to ensure a smooth start. The center frequency was
not chosen via trial and error but was determined by the optimisation process,
resulting in a value close to the frequency specified for the real transducer. The
Gaussian pulse used along with its power spectrum is illustrated in Figure 4.13.
Using the approach presented in Giannakis et al. (2019a), and considering the
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Figure 4.12: Modelled geometry of the 2000 MHz “palm” antenna from GSSI: Backside
view of the GSSI antenna model.

pulse shape also as an unknown, did not affect the results, supporting the premise
that a Gaussian-shaped pulse is a good approximation of the real pulse. The
receiver was modelled using a single-cell gap between the arms of the receiver
bowtie with an edge of unknown conductivity. The conductivity of the receiver
as well as the dielectric properties of certain components of the antenna are to
be estimated using optimisation after having the geometry fixed.

4.5 optimisation of the antenna

In order to acquire estimates of the key antenna properties, optimisation tech-
niques were used. Optimisation tries to find a set of parameters that solves as
best as possible a certain problem. It is widely used in many disciplines such as
engineering, mathematics, statistics and others where a large number of optimi-
sation problems arise. The goal in an optimisation problem is to acquire a set of
values for the variables for which a certain function, called objective function, is
maximized (fitness function) or minimized (loss or cost function). The objective
function, which is a measure of “goodness”, can take many different forms but
most commonly it is an error function to be minimized. The general form of an
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Figure 4.13: 2.12 GHz Gaussian shaped pulse: a) Time domain waveform, b) Power
spectrum.
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Figure 4.14: a) A convex function and b) A non-convex function. Their global minima
are annotated with a red circle.

optimisation problem can be expressed as:

minimize
x∈Rn

f(x)
subject to ci(x) = 0, i = 1, 2, 3, ..., k

ci(x) ≥ 0, i = k + 1, ..., q

where f(x) is the objective function, which in this case is a loss function since it
is a minimisation problem, x is the n-dimensional vector with the parameters to
be optimised and ci(x) are the constraints of the problem. The variables k and q

represent the number of equality and inequality constraints. These constraints
are restrictions that determine the acceptable values of the parameters. To the
same optimisation problem, there might be many different sets of parameters
that produce the same outcome but some of them might not be realistic solutions,
e.g. obtaining a negative value for permittivity. For this reason constraints are
used to set the lower and upper limits of the values that the parameters can take
in order to be realistic. The constraints imposed on the variables are considered
a priori information, since the range of values of the most common materials
used in antenna designing is known. Thus, one optimisation problem can be
considered as a minimization or maximisation problem of a non-linear function
subject to upper and lower bounds on the parameters.

Based on the problem, multiple objective functions can be used, where the total
objective function must satisfy more than one goal. For instance, to maximise the
gain of the antenna and at the same time to minimise the unwanted reflections.
This type of problem is known as multiple-objective optimisation but in the
present work only single-objective optimisation is considered.

There are many ways to classify optimisation algorithms, with a broad classifi-
cation being either traditional local techniques or advanced global approaches.
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Most local optimisation techniques are gradient-based, meaning that they utilize
gradients to reach to an optimal solution. Algorithms that use gradient informa-
tion have been widely used to solve a number of optimisation problems due to
their efficiency. But they have the drawback that the algorithm, when reaching
a local optimum, cannot escape and search the optimisation space for a better
solution. Thus, the algorithm provided the local optimum as the optimal solution
and fails to locate the global optimum. Therefore, gradient-based techniques are
efficient in cases when dealing with convex functions, which are functions that
have only one local minimum or maximum which is also the global optimum.
Figure 4.14a illustrates a convex function with the characteristic bowl shape and
its global minimum annotated in red. When dealing with problems with multiple
local minima or maxima, different approaches are required to acquire an accurate
solution. Figure 4.14b displays a function with a local minimum and a global
minimum, which is annotated in red.

Global optimisers have been extensively used for the numerical modelling of
real systems in a broad spectrum of applications. Their success relies on their
ability to handle the non-convexity and non-linearity of many problems that
require a global search approach. The most common are the stochastic methods,
which introduce randomness in the optimisation, such as generating and using
random variables. Genetic algorithms (GA) and particle swarm optimisation
(PSO) fall in this category and were used to optimise the transducer, described
below.

Optimisation has been mostly used for new antenna design purposes by opti-
mising different sets of antenna parameters. Haupt (1994) employed GAs in order
to find an optimal thinned array that produces the smallest maximum relative
sidelobe level. Optimisation was performed for a 200-element linear array and a
200-element planar array, but could be extended to other arrays.

GAs were also implemented in the work by Altshuler and Linden (1997) to
design four different antennas, two modified Yagi-Uda antennas, monopole loaded
with a modified folded dipole and a seven-wire antenna. These antenna were also
built and tested with the measured data agreeing well with the computational
results. Although the antennas were optimised for efficiency at a single frequency,
the built designs proved to be highly broadband. To design an efficient Yagi-
Uda antenna, Pareto GA was used by Kuwahara (2005), where more than one
objective functions are involved, which are optimized simultaneously. Specifically,
the antenna was optimised to minimise the sidelobe level, maximise the gain,
and obtain an input impedance of approximately 50Ω. To demonstrate that
the proposed optimisation scheme is superior to the current at the time design
techniques, it was applied on an 8-element and a 12-element Yagi–Uda antenna,
but it was also employed to antennas with less number of elements.



66 developing a numerical model of a real gpr transducer

A parallel PSO/FDTD scheme is presented by Jin and Rahmat-Samii (2005),
used to design multi-band and wide-band patch antennas, where parameters re-
garding the geometry of the antennas are selected to be optimised. The algorithm
was tested on a rectangular patch antenna and an E-shaped patch antenna, where
the length and width of the patch and the slot, the slot position and the feed
position were optimised. Prototype antennas were built based on the optimised
antennas to validate the accuracy of the scheme with the S11 curves showing a
good agreement with the simulated results.

GA was applied by van Coevorden et al. (2006) to design a resistively loaded
thin-wire bowtie GPR antenna. The resistive loads and the number of wires
and the angular distances between these wires were chosen to be optimised.
The performance of the optimised antenna is compared to that of the straight
thin-wire Wu–King dipole antenna, where the proposed antenna proved to be
more efficient. In the work presented by Pantoja et al. (2007), a PSO scheme
was utilised to optimise several parameters of a log-periodic dipole array in
order to obtain desired radiation characteristics. The log-periodic dipole array
is a coplanar linear array that consists of a number of unequally spaced dipole
elements with gradually increasing length. A 10-element array was used with 11
design parameters to be optimised, where most of the parameters are related to
the length and positions of the dipole elements.

Each of the above proposed schemes are used to optimise certain properties
with the aim of achieving different radiation characteristics. This proves the
applicability and performance of global optimisers to a variety of problems
related to antenna designing. Although optimisation was utilised to design new
antennas, only a few attempts to acquire estimates of the properties of an existing
commercial system can be found in the literature.

The goal of optimising a real unknown antenna is to acquire estimates of
the dielectric properties of the components of the antenna, which when used
in numerical modelling will replicate the behavior of the real system. For this
purpose, a measurement of error is required in order to determine how well the
model approximates the real behavior. This measurement of error can be the
differences between real and simulated GPR responses. One of the most common
functions, which was the one that was chosen to be minimized, is the residual
sum of the square differences (RSS) between the synthetic and real data

N∑
i=1

(Xi − Yi)2 (4.3)

where X and Y are the vectors containing the simulated and real data, respectively
and N is the total number of the investigated GPR scenarios. If only one scenario
is used, the replica of the transducer will reproduce accurately the behavior of the
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real system only for that specific or similar settings and fail to respond reliably to
different scenarios in the future. In optimisation, this is known as the overfitting
problem, where the algorithm fits too closely to the data that learns not only
the signal but also the noise contained in the real responses, making it unable
to generalize to new cases. To tackle this problem, two A-scan responses from
two distinct scenarios were used. The first was the free-space direct coupling
and the second was the response of the transducer over a metallic plate. The
specific scenarios were chosen due to their simplicity and ease of implementation.
Therefore, the optimisation searches for the model parameters that will reproduce
the behavior of the real transducer for these two scenarios as close as possible.

The real A-scans were collected using the GSSI 2 GHz antenna along with the
SIR-3000 system for a time window of 8e-9s with 512 time samples. The only
filters applied to the real data were stacking and a 10 MHz vertical high-pass
infinite impulse response (IIR) filter, with vertical meaning that the filter operates
in the time domain. These filters are used to reduce the noise in the data without
modifying the responses significantly, whereas other filters or excessive filtering
can alter the responses significantly. In the latter case, an optimisation algorithm
would fit filtered responses, resulting in a model that can be thought of as a
model of a modified version of the real antenna, and will not capture the behavior
of the actual antenna. Since the true excitation pulse of the real transducer is
unknown, the real data are normalised to the maximum amplitude value of the
free space response as:

maxfs = max(|Yfs|)

Yfs_norm = Yfs/maxfs

Ypec_norm = Ypec/maxfs

where Yfs is the real free space response and Ypec is the A-scan received from
the metal plate, whereas Yfs_norm and Ypec_norm are the normalised responses
for free space and from the metal plate, respectively. In the simulations, the
size of the domain is set to 250 × 200 × 170 mm with a step size of 1 mm for
both simulations. The time step is set to ∆t = 1.92 ps as calculated by the
Courant-Friedrichs-Lewy (CFL) condition (Taflove and Hagness, 2000), resulting
in 4156 time steps for a time window of 8e-9s, while the metallic plate was
modelled as a perfect electric conductor (PEC), which is an idealised material
assuming to have an infinite electrical conductivity and is modelled by setting
the electric field to zero. To simulate the second scenario, the antenna model
is placed exactly on top of the PEC plate. In order for the synthetic and the
real data to be comparable for the objective function, the following steps are
performed at each iteration before evaluating the RSS:
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1. Downsample the synthetic data from the FDTD time steps to 512 in order
to match the number of samples of the real data. The downsampling was
performed using the Fourier method.

2. Normalise the synthetic data to the maximum absolute amplitude of the
simulated free space response.

3. Align the synthetic with the real data by their negative peak by shifting
the synthetic data the required number of samples. Instead of the negative
peak, the positive peak could have been chosen to align the data as well.

4.5.1 Genetic Algorithm

Genetic algorithm (GA) is based on natural selection imitating biological evolution.
GA simulates the process of natural selection, where the species that adapt to
changes are able to survive and reproduce to form the next generation. In other
words, they simulate “survival of the fittest” among individuals of a generation.
GA has several advantages over traditional optimisation techniques, such as that
it does not require any derivative information, it works even with extremely
complex cost surfaces and is suitable for parallel computing. In addition to that,
GA provides a set of optimum parameters and not just a single solution and
works well with large number of parameters.

GA is an iterative process that starts by creating an initial population of
candidate solutions based on the set of constrains. At each iteration the population
forms a generation. Assuming an individual solution is

p = [p1, p2, ..., pn] (4.4)

with i corresponding to the i-th solution, the population matrix can be written
as:

P =


p11 p12 · · · p1n

p21 p22 · · · p2n

...
... . . . ...

pm1 pm2 · · · pmn


(4.5)

where n is the number of parameters to be optimised and m is the size of the
population. Thus, each row of the matrix forms an individual candidate solution
or in other words, a point in the search space of a given problem. The initial
population is randomly generated

P = random(m, n) (4.6)
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where usually samples are drawn from the uniform distribution over the interval
[0,1) adjusted to the constraints. Each solution from the population is evaluated
based on an objective function to calculate the cost in this case,

cost1 = f(p11, p12, ..., p1n) (4.7)

cost2 = f(p21, p22, ..., p2n) (4.8)
...

costm = f(pm1, pm2, ..., pmn) (4.9)

and the members with the best fit to this function, called “parents”, are chosen.
Since natural selection is invoked, only the healthiest members, the parents,
survive and the solutions corresponding to the rest of the members are discarded.
There are two common ways to decide how many solutions are kept. The first is
to define the number of solutions kept, while the second is to use thresholding
and keep only the solutions that had a cost value less than a threshold. There are
three types of “children” that are created, which form the population of solutions
for the next generation:

1. Elite are the individuals with lowest cost value in the current generation.
Therefore, the parents automatically survive to the next generation.

2. Crossover (combining) are the children created by combining the solution
vectors of the parents.

3. Mutation children are a result of introducing random changes in a single
parent.

The way a child is generated from parents with the three processes is shown in
Figure 4.15 using both schematic diagrams and solution vectors. In the case of the
solution vectors, a 6-dimensional solution was used as an example with pi ∈ R6.
The child was produced by randomly combining parameter values between two
parents, but there are other approaches that can be used, as well. For crossover,
there are many selection methods in order to choose which parents will be paired,
with the most common being pairing top to bottom, random pairing and weighted
random pairing, where each parent is assigned a probability of being chosen,
which is inversely proportional to the value of its cost. Assuming, mkeep is the
number of parents kept, pairing continues until m − mkeep children are generated
to displace the discarded solutions. From the new generation, ”parents” are
again selected to produce the children for the next generation and this process
continues until it eventually converges to a single optimal solution which has the
best fitness value of the objective function. The flow chart of this algorithm is
presented in Figure 4.16.
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Figure 4.15: The three ways children are formed by parents in a Genetic Algorithm,
illustrated using schematic diagrams (left) and solution vectors (right).

As mentioned above, the number of variables n that are chosen is 15, the
maximum number of iterations is set equal to 40, while the population size m is
set to 80 based on the number of variables in the problem and their variability.
Thus the population matrix has a size of 80 × 15. These values provided the
best results after testing different sets of options to tune the solver. Using more
iterations or increasing the population size, did not improve the solution and
resulted in larger computational times. The stopping criteria are to obtain an
RSS value of 1% or to reach the maximum number of iterations.

4.5.2 Particle Swarm Optimisation

PSO, which was proposed by Kennedy and Eberhart (1995) is similar to the GA
method by means of having a population, called swarm, of candidate solutions,
called particles. It begins by creating particles with initial random locations and
velocities

P = random(m, n) (4.10)

V = random(m, n) (4.11)
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Figure 4.16: Flow chart illustrating the basic process of the Genetic Algorithm.

Therefore, two matrices are considered in this case, one containing the locations
of the particles P and one for their velocities V. The velocity determines towards
which direction and what distance each particle travels in the optimisation space
at each iteration and essentially drives the optimisation process. At each iteration,
the objective function is calculated for each particle and the best fit of the swarm
and the corresponding position of this particle is determined. All the particles
update their velocities based on their current velocities v(i)(t), their best known
positions pbest(i) and the location of the particle with the best fit of the entire
swarm so far gbest and then use these velocities to find their new positions

v(i)(t + 1) = wv(i)(t) + c1r1(pbest(i) − p(i)(t)) + c2r2(gbest − p(i)(t)) (4.12)

p(i)(t + 1) = p(i)(t) + v(i)(t + 1) (4.13)

where w, c−1 and c2 are constant parameters of the PSO algorithm and r1, r2 are
random numbers ∈ [0, 1]. Parameter w ∈ [0, 1] is called the inertia weight constant
and controls how much the previous velocity affects the particle in the current
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update. Parameters c1 and c2 are known as the cognitive and social coefficients,
respectively. These are weighting the particle’s best position and the swarm’s
best position, respectively, when adjusting the velocity. The vectors pbest(i) and
gbest are also updated in each iteration to acquire the best ones found so far.
This way the entire swarm moves towards the direction of the best solution at
each iteration and eventually reaching to an optimal location. Similarly to GA,
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(d) Iteration 10
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Figure 4.17: Geometrical representation of Particle Swarm Optimisation for a two-
dimensional search space. The dots represent the positions of each particle,
while the vectors are the velocities showing the step and direction each
particle should take to reach the optimal solution. The white cross represents
the minimum of the cost function.

PSO does not require the gradient of the objective function. Figure 4.17 shows a
geometrical representation of the PSO process for a two-dimensional optimization
space, starting from a random generated swarm until convergence. The particle
with the best fit of the objective function in this location is chosen as the final



4.5 optimisation of the antenna 73

Initialize particles with random 
position p and velocity v

Calculate fitness function of 
each particle

Is 
stopping 
criterion 
satisfied

?

YesNo

Find pbest of all particles

Update positions and velocities 
of all particles

Find gbest of the swarm

End

Figure 4.18: Flow chart showing the steps of the Particle Swarm Optimization.

estimate of the global optimum. Figure 4.18 illustrates the steps followed through
this process with a flow chart.

The number of particles in the swarm are selected to be 40. Increasing the
particles did not seem to improve the solution. The stopping criteria and the
maximum number of iterations are the same with the GA method. Choosing
a small number of iterations may terminate the optimisation search before
converging to an optimal model, while using too many iterations can unnecessarily
increase the computational costs. Therefore, these settings were again obtained
through tuning the PSO solver. Both GA and PSO schemes were executed
multiple times, generating each time a different initial random population and
initial random swarm in order to acquire the optimal models. Both GA and PSO
were performed using the global optimisation toolbox in MATLAB.
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4.5.3 Optimisation domain

After considering different sets of parameters to be optimised and running multiple
optimisation models, certain electrical properties of the materials that affect the
radiation of the transducer the most were selected. The 15-dimensional vector
that was chosen includes the following parameters:

1) Absorber 1 relative permittivity (ϵa1)

2) Absorber 2 relative permittivity (ϵa2)

3) PCB relative permittivity (ϵpcb)

4) Skid relative permittivity (ϵs)

5) Plastic Case relative permittivity (ϵp)

6) Shield relative permittivity (ϵsh)

7) Absorber 1 conductivity (σa1)

8) Absorber 2 conductivity (σa2)

9) PCB conductivity (σpcb)

10) Skid conductivity (σs)

11) Plastic Case conductivity (σp)

12) Shield conductivity (σsh)

13) Source impedance (Rs)

14) Receiver conductivity (σR)

15) Center frequency (f)

The above dielectric properties are assumed to be constant and frequency inde-
pendent. Remaining properties of the antenna elements as well as the geometry
of the model are kept fixed. The metallic parts of the antenna are modelled as
PECs, whereas all the elements of the antenna are considered non-magnetic,
having relative permeability µr = 1 and zero magnetic loss σµ = 0. To limit the
size of the optimisation domain and ensure positivity of the values obtained,
constraints were imposed. The constraints used for each parameter are given in
Table 4.1.
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Optimised Parameters Lower limit Upper limit

Absorber 1 ϵa1 1 7

Absorber 2 ϵa2 1 7

PCB ϵpcb 1 6

Skid ϵs 1 6

Plastic Case ϵp 1 7

Shield ϵsh 1 3

Absorber 1 σa1 (S/m) 0 2.5

Absorber 2 σa2 (S/m) 0 2.5

PCB σpcb (S/m) 0 0.05

Skid σs (S/m) 0 0.01

Plastic Case σp (S/m) 0 0.01

Shield σsh (S/m) 0 109

Rs(Ω) 1 700

σR(Ω−1) 0 1

f (GHz) 1.8 2.2

Table 4.1: Upper and lower limits set for the parameters used in optimisation.

4.6 results

Figures 4.19 and 4.21 demonstrate the GA results for the free space and the
PEC, respectively compared with the real traces, whereas Figures 4.20 and 4.22
display the PSO results for free space and PEC, respectively. It is obvious that
in all cases, the modelled and real traces are in very good agreement for both
scenarios. The optimised models can accurately reproduce the real patterns and
predict the amplitudes and arrivals of the responses. Small differences exist in the
amplitudes between the real and simulated responses which can be attributed to
the Gaussian pulse used in the simulations or due to the numerical representation
of the antenna, which being only a model does not include all of the elements
used to construct the real complex antenna but only the essential components.
Nevertheless, the similarity between modelled and real data is eminent.

The unknown antenna parameters that were optimised are given in Table 4.2
along with the values that were obtained from the GA and the PSO scheme. By
comparing the values, it is obvious that both optimisation techniques converged
to similar values. The greatest difference between the resultant values of the
two schemes exists in the impedance of the source with the GA value being
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Figure 4.19: Real versus modelled responses from free-space using optimised values from
the GA scheme.
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Figure 4.20: Real versus modelled responses from free-space using optimised values from
the PSO scheme.
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Figure 4.21: Real versus modelled responses from the metal plate using optimised values
from the GA scheme.
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Figure 4.22: Real versus modelled responses from the metal plate using optimised values
from the PSO (bottom) scheme.
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(a) GA free-space
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(b) GA pec
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(c) PSO free-space
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Figure 4.23: Cross-correlation between real and synthetic data for GA (top) and PSO
(bottom).

100 Ω larger than the one obtained from the PSO and in the conductivities of
the absorbers, considering also the ranges of values each parameter can take.
The values obtained demonstrate how the two optimisation approaches arrive in
different combinations of parameters as realistic solutions to the same problem.

Both optimisation schemes terminated after the maximum number of iterations
was reached. The solutions remained unchanged for the last few iterations meaning
that the algorithms achieved the smallest possible RSS error they could converge
to. To determine which is the best model between the two, the root mean square
(RMS) error is chosen as a criterion. RMS is calculated using both the responses
from the free space and the PEC. The GA model resulted to an RMS value
of 5.57, while the RMS for the PSO is 6.02 and therefore, the GA output is
chosen as the optimal solution. To further evaluate the goodness of the fit, the
cross-correlation between real and synthetic responses was calculated and the
cross-correlation plots are given in Figure 4.23 for both GA and PSO. Cross-
correlation quantifies the similarity between two signals by shifting (lagging in
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Optimised Parameters GA values PSO values

Absorber 1 ϵa1 1.10 1.60

Absorber 2 ϵa2 1.07 1.75

PCB ϵpcb 1.52 2.06

Skid ϵs 2.67 2.13

Plastic Case ϵp 6.1 5.2

Shield ϵsh 1 1

Absorber 1 σa1 (S/m) 1.08 0.79

Absorber 2 σa2 (S/m) 1.26 2

PCB σpcb (S/m) 0.023 0.0006

Skid σs (S/m) 0.005 0.001

Plastic Case σp (S/m) 0.0029 0.0014

Shield σsh (S/m) 4.5 × 107 5.6 × 108

Rs(Ω) 560 445

σR(Ω−1) 0.005 0.01

f (GHz) 2.12 2.07

Table 4.2: Optimised antenna parameters.

time) the one signal across the other and calculating the correlation coefficient
at each lag. The correlation coefficient can take values between [-1, 1], with -1
meaning a perfect negative (inverse) correlation, 1 meaning a perfect positive
(exact match) correlation and 0 meaning no correlation between the two signals.
The lag that results in the highest correlation coefficient has the best match
between the signals. The responses computed using the GA parameters resulted
in the highest correlation of 97% for the free space and 95% for the pec, whereas
for the PSO the highest correlations were 96% and 94% for the free-space and
the pec, respectively. Thus, showing the very good match between synthetic and
real data.

The GA algorithm required an overall execution time of 8,5 days on an Intel(R)
Xeon(R) CPU E5-2640 v4 @ 2.40GHz CPU, whereas the PSO required a runtime
of 4.5 days on the same system. The execution times are presented for the
algorithms executed with the final settings that resulted after tuning the solvers,
which were described above.
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a)

b)

1

2

Figure 4.24: Real setup of the validation scenarios: a) Sandbox scenario. b) Concrete
slab scenario.

4.7 validation of the antenna model

In order to demonstrate the accuracy of the numerical model and investigate how
it responds to divergent scenarios, two experiments were conducted and GPR
data were acquired using the real GSSI 2 GHz transducer. Both case studies were
replicated in the simulations and compared with the real responses. For the first
experiment, a metallic plate was buried at a depth d = 19 cm in a wooden box
which contained dry sand as a background medium. Both the sand box and the
metallic plate are shown in Figure 4.24a, while the modelled geometry of this
scenario is illustrated in Figure 4.25a. The sand was modelled as a non-dispersive,
homogeneous material with ϵr = 3 and σ = 0.01S/m, while the metallic plate
is modelled as a PEC. The second scenario was from a reinforced concrete slab,
visible in Figure 4.24b. The dispersive behavior of concrete was modelled using
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a)

b)
60 cm

22 cm

28 cm

Figure 4.25: Modelled geometry of the validation scenarios: a) Sandbox scenario. b)
Concrete slab scenario.

a single Debye pole with a relative permittivity at infinite frequency ϵ∞ = 7.3,
zero-frequency relative permittivity ϵp = 12.2, relaxation time of tp = 0.62 × 10−9

s and a conductivity of σ = 0.05 (S/m). Responses from the two reinforcing
bars (rebars), annotated in 4.24b, were investigated. The first rebar is buried
at d = 6.3 cm and the second rebar at a depth d = 10cm, while both rebars
have a radius of r = 1.25cm. Both rebars are steel rebars and were simulated
as a PEC. The modelled geometry for the slab is illustrated in Figure 4.25b.
To replicate accurately the real concrete slab, the third rebar in the vicinity of
the two investigated rebars was also included in the model, as illustrated in the
Figure.

The parameters used for both scenarios are only approximates of the true
dielectric properties of the materials. The domain size was set to 280 × 240 × 360
mm for the first scenario and to 600×280×330 mm for the second, considering the
dimensions of the transducer and the real setup of each case. In the simulations,
all materials were considered homogeneous and of infinite extent, which is not
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Figure 4.26: Real versus modelled A-scans from the metal plate buried in sand.
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Figure 4.27: Real versus modelled A-scans from the reinforced concrete slab for rebar 1.
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Figure 4.28: Real versus modelled A-scans from the reinforced concrete slab for rebar 2.

true for the real finite slab and sandbox. Furthermore, unwanted responses from
the bottom of the slab and other sources of noise that are present in the real
data, are not included in the simulations.

The modelled A-scan responses versus the true ones for the sand are plotted in
Figure 4.26, while for the first and second rebar of the concrete slab in Figures
4.27 and 4.28, respectively. The highest cross-correlation between the synthetic
and real validation data was 96% for the sand and 94% for both the rebars of the
concrete slab. Given all the above, it is obvious that the modelled data follow
closely the pattern of the real responses, predicting accurately the arrivals of the
responses, the amplitudes and shape in all cases. This demonstrates that the
antenna model can replicate accurately the behavior of the real system.

To further demonstrate the importance of including a numerical model of a
real GPR transducer in the simulations and also the need for optimisation of the
antenna parameters, responses from free-space, pec and the sandbox scenario
were generated using a) a Hertzian dipole and b) an uncalibrated model of the
GSSI 2GHz antenna in the simulations. The uncalibrated model has the exact
geometry as the optimised model presented above but the antenna parameters
were not chosen though optimisation; instead the average values were used for
each of the parameters, which were calculated based on the constrained ranges
presented in Table 4.1. For the excitation, a voltage source with a Gaussian-
shaped pulse of 2GHz center frequency was used for the uncalibrated model,
whereas for the Hertzian dipole a Ricker waveform with the same frequency
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Figure 4.29: Real versus modelled responses using a hertzian dipole (left) and an uncali-
brated antenna model (right) for free-space, pec and sand cases.
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Figure 4.30: a) Magnitude spectrum in free space, b) Power spectrum in free space.
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was used. Figure 4.29 shows the real versus the synthetic responses using a
hertzian dipole (left) and an uncalibrated antenna model (right). Observing the
results using a theoretical source, it is obvious that the synthetic responses have
significant differences with the real traces and cannot be used to assist in the
interpretation of real data, supporting the need for realistic antenna models in
the simulations. Using an uncalibrated antenna model, the synthetic responses
approximate better the true data, with the overall patterns being similar for
all cases but still having considerable differences. By optimising the antenna
parameters, these dissimilarities were reduced, yielding responses very close to
the true ones.

In addition, the frequency spectrum for the free-space responses were investi-
gated. It is assumed that the bandwidth of the antenna is the same as the center
frequency and so, the antenna behaves efficiently at the range 1 GHz to 3 GHz.
Both the normalised magnitude and the power spectrum of the real and the
modelled free-space response are displayed in Figure 4.30 for frequency range 0-5
GHz, showing similar patterns with the peak energy being also around the same
frequency for both signals. The above demonstrate that global optimisers can be
successfully employed for creating models of commercial antennas with unknown
characteristics and having limited knowledge.

4.8 radiation patterns of the antenna

An antenna radiation pattern as defined in the IEEE Standard Definitions of
Terms for Antennas (IEEE Std 145, 2013) is

The spatial distribution of a quantity that characterizes the electro-
magnetic field generated by an antenna

The radiation pattern is usually presented as a graphical representation of a
property as a function of space. These properties can be the field strength, power,
directivity or phase among others. When the spatial distribution of the electric
(or magnetic) field at a constant radius is presented, it is called a field pattern,
whereas the spatial variation of the power along a constant radius is called a
power pattern. Usually, the patterns are normalised to their maximum value
and presented in a logarithmic scale or decibels (dB) in order to amplify parts
with very low values. In practice, the 3D antenna patterns are presented as a
series of 2D patterns of the E-plane or the H-plane. The E-plane is the plane
that contains the E-field and the direction of maximum radiation, whereas the
H-plane contains the H-field and the direction of maximum radiation (Balanis,
2015).
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The different parts of a radiation pattern are known as lobes and can be
classified as major, minor, side or back lobes. As major lobe is defined the
radiation lobe which contains the direction of the maximum radiation, whereas
a minor lobe is any lobe except the major lobe. A side lobe includes any other
direction rather the intended direction. A back lobe is a radiation lobe which is in
the direction exactly opposite of the major lobe with his axis forming an ∼ 180◦

angle with respect to the antenna beam. The minor lobes represent radiation in
undesired directions, which should be minimised (Balanis, 2015).

Usually, the radiation patterns are presented for a single frequency. However,
for UWB systems such as a GPR antenna, it is more useful to construct a
radiation pattern of the total emitted energy in a certain angular direction,
instead of plotting a pattern at a single frequency. A measure of the total emitted
energy Etot given by Diamanti and Annan (2013) and adapted from Warren and
Giannopoulos (2017) is:

Etot =
T∑

t=0
E(r, θ)2 (4.14)

where E is the electric field, r and θ are the observation radius and angle,
respectively and T is the time window.

Theoretical radiation patterns of theoretical antennas, such as an infinitesimal
dipole, have been made in free space (King, 1956). Some efforts of studying the
patterns of infinitesimal dipoles over lossless and low-loss materials can also be
found in literature. To measure the radiation pattern of a real transducer, a
second antenna is required. Using a second unit, patterns have been created for
both simple and commercial GPR antennas in free space (Klysz et al., 2006; Pérez-
Gracia et al., 2009), and over low-loss homogeneous (Annan et al., 1975) materials.
However, measuring radiation of real antennas in realistic lossy heterogeneous
environments faces many difficulties that make it hard to implement in practice.
Therefore, numerical simulations that include digital representations of real
antennas can be used to approximate the real antenna patterns. Diamanti and
Annan (2013) characterised the energy distribution of a shielded dipole antenna
over a range of lossless half-spaces using 3D FDTD simulations. Warren (2009)
developed radiation patterns of a 3D FDTD accurate model of a GSSI 1.5 GHz
antenna and a model of a 1.2 GHz antenna from MALA in lossless homogeneous
and lossy environments, while the same group studied the radiation patterns of
the GSSI model over lossy heterogeneous materials (Warren and Giannopoulos,
2017).

Radiation patterns of the GSSI 2GHz antenna model were developed for the
free space and over lossless and lossy homogeneous and inhomogeneous media.
The E-plane and H-plane radiation patterns were acquired by measuring the
E-field and the H-field, respectively, for observation distances between 0.11-0.35m
of the center of the antenna with 0.015m step. For each observation distance,
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measurements were taken at every degree of a circle centred on the transmitter
bowties of each antenna, with radius equal to the observation distance. Since
this is a high frequency antenna with small penetration depth, for the center
frequency used most of the targets that can be detected are at a depth <=0.35m
depending on the ground conditions. The theoretical boundary where the far-field
region starts for this antenna in free space is at 0.054 m. However, this is only
theoretical and can be different from the true distance that the far-field effects
start to take occur (Wenskink et al., 1990; Valle et al., 2001). The patterns are
plotted using a logarithmic scale and are normalised to the maximum value of
all distances. No compensation for distance was made for plotting the patterns.

The radiations patterns for the free-space are depicted in Figure 4.31. Although
the free space patterns are insignificant for GPR, since the GPR antennas are
not designated for use in free space, they are presented for comparison with the
half-space patterns. From the Figure, it is observed that the E-plane exhibits a
broad main lobe in the downward direction, whereas energy going in the upward
direction is reduced due to the shielding of the antenna. Regarding the H-plane,
its broad pattern is similar to that of an infinitesimal dipole in free-space.

Figure 4.32 illustrates the radiation patterns of the antenna model over a
lossless half-space with ϵr = 5, while Figure 4.33 displays the patterns over a
lossless half-space with ϵr = 10 for both the E-plane and H-plane. The presence
of a main lobe is visible in all patterns with most of the energy going into
the subsurface. The maximum energy of the E-plane is at an angle of 180◦,
perpendicular to the antenna, while for the H-plane occurs at 160◦, due to the
transmitter and receiver being offset from each other. The existing backlobes are
energy going into the air, which is smaller since the bowties are shielded. As it is
expected, with increasing relative permittivity of the half-space, the main lobe
becomes narrower and more directive. In addition, the energy escaping in the air
is minimised with increasing permittivity since more energy gets drawn into the
subsurface.

The radiation patterns for the same previous lossless cases are demonstrated
in Figure 4.34 and Figure 4.35 for ϵr = 5 and ϵr = 10, respectively, but in this
case the transducer is lifted 1cm above ground. As expected for both cases, the
minor back lobes are expanded with more energy going into the air, whereas the
main lobes have become more directive. Again, with increasing permittivity the
directivity of the main lobes is increasing.

For the half-space with ϵr = 10, a conductivity of σ = 0.05 S/m was introduced
and the radiation patterns over the lossy homogeneous medium were calculated
and shown in Figure 4.36. Comparing the radiation patterns in Figures 4.36 and
4.33, the attenuation introduced by the conductivity in the fields with increasing
distance from the antenna becomes obvious.
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A lossy inhomogeneous space was also investigated. To build a realistic soil
model, a mixing model suggested by Peplinski et al. (1995) was used to generate
a set of materials with different dispersive properties. The soil created has a
sand fraction S = 0.4, a clay fraction C = 0.6, bulk density of 2 g/cm3, sand
particle density of 2.66 g/cm3, and a volumetric water fraction ranging between
0.005 - 0.2. A total of 60 materials with different dispersive properties were
used to capture this range. Figure 4.37 displays the patterns over the lossy
inhomogeneous space. Due to the inhomogeneities introduced in the subsurface,
significant variations in the energy and the pattern shape can be observed. With
increasing observation distances, attenuation in the fields is also observed due to
the lossy nature of the soil.

Finally, since the GSSI 2 GHz transducer is mostly used for concrete scanning,
the radiation patterns over two concrete slab with different dispersive properties
were investigated. The first case represents a dry concrete slab simulated using
a single Debye pole with a relative permittivity at infinite frequency ϵ∞ = 4.5,
zero-frequency relative permittivity ϵp = 4.82, relaxation time of tp = 0.83 × 10−9

s and a conductivity of σ = 0.0006 (S/m). In the second case, concrete was
modelled having a relative permittivity at infinite frequency ϵ∞ = 7.3, zero-
frequency relative permittivity ϵp = 12.2, relaxation time of tp = 0.62 × 10−9 s
and a conductivity of σ = 0.05 (S/m), representing a concrete with higher water
content. The radiation patterns for the first and second case are shown in Figures
4.38 and 4.39, respectively. The greater attenuation for the concrete model with
higher water content can be clearly seen by comparing the two Figures.

4.9 snapshots of the fields

Figures 4.40 and 4.41 illustrate snapshots of the magnitude of the E-field over a
lossy half-space with a buried pec cylinder for different times between 0.1-1.9
ns. The half-space was simulated with an ϵr = 4 and a σ = 0.001S/m, while the
cylinder was simulated with a radius of 1.25 cm placed at a depth 8 cm. It is
obvious that most of the EM energy goes into the subsurface and a portion of
the transmitted energy gets reflected by the target as shown in the snapshots
for t ≥ 1.0ns. The rest of the energy transmitted in the ground continues to
propagate in the subsurface where attenuation reduces its amplitudes, whereas
some energy wraps around the metallic target and reaches below it. Since no
shield is perfect, part of the energy escapes into the air and travels upwards.

In Figure 4.42, snapshots of the current distribution on the bowties are displayed
for different time steps between 0.26-0.75 ns. The current flows on the transmitting
element, starting from the feed-point and travelling along the arms of the bowtie
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Figure 4.31: Radiation patterns of the 2GHz modelled antenna for observation distances
between 0.11-0.35m from the center of the antenna for free-space: a) E-plane
b) H-plane.
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Figure 4.32: Radiation patterns of the 2GHz modelled antenna for observation distances
between 0.11-0.35m from the center of the antenna for a lossless half-space
with ϵr = 5: a) E-plane b) H-plane.
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Figure 4.33: Radiation patterns of the 2GHz modelled antenna for observation distances
between 0.11-0.35m from the center of the antenna for a lossless half-space
with ϵr = 10: a) E-plane b) H-plane.
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Figure 4.34: Radiation patterns of the 2GHz modelled antenna for observation distances
between 0.11-0.35m from the center of the antenna for a lossless half-space
with ϵr = 5 and antenna height h = 1cm above ground: a) E-plane b)
H-plane.
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Figure 4.35: Radiation patterns of the 2GHz modelled antenna for observation distances
between 0.11-0.35m from the center of the antenna for a lossless half-space
with ϵr = 10 and antenna height h = 1cm above ground: a) E-plane b)
H-plane.
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Figure 4.36: Radiation patterns of the 2GHz modelled antenna for observation distances
between 0.11-0.35m from the center of the antenna for a lossy half-space
with ϵr = 10 and σ = 0.05S/m: a) E-plane b) H-plane.
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Figure 4.37: Radiation patterns of the 2GHz modelled antenna for observation distances
between 0.11-0.35m from the center of the antenna for a lossy inhomogeneous
space: a) E-plane b) H-plane.
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Figure 4.38: Radiation patterns of the 2GHz modelled antenna for observation distances
between 0.11-0.35m from the center of the antenna over a dry concrete slab
simulated using a single pole Debye model: a) E-plane b) H-plane.
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Figure 4.39: Radiation patterns of the 2GHz modelled antenna for observation distances
between 0.11-0.35m from the center of the antenna over a wet concrete slab
simulated using a single pole Debye model: a) E-plane b) H-plane.
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(a) t = 0.2 ns (b) t = 0.3 ns

(c) t = 0.4 ns (d) t = 0.5 ns

(e) t = 0.6 ns (f) t = 0.7 ns

(g) t = 0.8 ns (h) t = 0.9 ns

Figure 4.40: E-field snapshots over a pec target in lossy half-space for t=0.2-0.9 ns.
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(a) t = 1.0 ns (b) t = 1.1 ns

(c) t = 1.2 ns (d) t = 1.3 ns

(e) t = 1.4 ns (f) t = 1.5 ns

(g) t = 1.6 ns (h) t = 1.9 ns

Figure 4.41: E-field snapshots over a pec target in lossy half-space for t=1.0-1.9 ns.
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(a) t = 0.26 ns (b) t = 0.33 ns

(c) t = 0.4 ns (d) t = 0.47 ns

(e) t = 0.54 ns (f) t = 0.61 ns

(g) t = 0.68 ns (h) t = 0.75 ns

Figure 4.42: Current distribution snapshots for free-space for t=0.26-0.75 ns.
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towards the open ends. Is is also shown, that current is present in the shield plate
that separates the transmitter and the receiver.

4.10 grid independence analysis

One of the most important parameters in an FDTD simulation is the choice of
the discretization step. The FDTD grid must be fine enough to resolve with a
high degree of accuracy the smallest geometrical feature of the model.

In order to choose an acceptable step size for the modelled transducer, a grid
independence analysis (Roache, 1998) is carried out. Grid independence analysis
compares solutions for a number of different grid sizes and tries to estimate the
discretization step for which the solution will be almost invariant even when using
successively smaller cell sizes. The cell sizes which were used are 0.25, 0.5, 1 and
2 mm with the responses acquired in free space. First, Richardson extrapolation
(Richardson, 1911) is employed to demonstrate the convergence of the solution.
This method computes a higher-order estimate of the value that would have been
obtained if a zero grid spacing was used from the existing lower-order numerical
solutions. It can be applied to distinct points or to solution functionals. The
following integrated quantity from the lower-order solutions is needed in order to
acquire the value at zero grid spacing

U =
ˆ T

0
u2dt (4.15)

where u represents the A-scan, T is the time window and dt is the time step used
based on the CFL condition. Assuming a second-order numerical solution and
using the solutions obtained for the two finer grids, an approximate value at zero
grid spacing can be obtained as:

Udx=0 = U1 + U1 − U2
rp − 1 (4.16)

where U1 and U2 are the integrated quantities for the solutions using a step size
of 0.25 and 0.5 mm, respectively, r is the ratio of the cell sizes and p is the order
of convergence of the method. For a second-order scheme, the theoretical order
of convergence is p = 2, but the observed order is usually lower due to numerical
approximations, boundary conditions etc. and can be calculated using three grids
(Roache, 1998) as:

p = ln U3 − U2
U2 − U1

/ ln r (4.17)

which was shown to be p = 1.73 for this case. Figure 4.43 displays the convergence
of the solution from coarser to finer grids to the value at zero spacing.
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Figure 4.43: Richardson Extrapolation: The triangle indicates the value at zero spacing,
while the dots are the integrated quantities for different cell sizes.

With increasingly finer grid, the time step has to be reduced and the temporal
and spatial discretization errors should asymptotically get close to zero. Grid
convergence index (GCI) (Roache, 1994, 1998) is a measure that tries to quantify
if the solutions are within the asymptotic range of convergence. The GCI value
indicates how far a solution is from the asymptotic numerical value and is
computed with the use of 2 grids as:

GCI12 = Fs|d12|
rp − 1 (4.18)

where Fs is a factor of safety chosen as 1.25 when comparing three grids or more
(Roache, 1998) and d is the relative difference of the integrated quantities U of
2 grids. If the ratio between two GCIs is close to the value of 1, the solution is
within the asymptotic range and assumed to be grid independent for the three
cell sizes. Even in case a solution is close to an asymptotic value, it still might
have errors when compared to the true solution.

Using four different cell sizes, three GCIs were obtained. By comparing the
GCIs, a ratio of 1.09 is obtained for the three finer grids indicating that a solution
with a cell size of Δl ≤ 1 mm is mesh independent. Consequently, a spatial
discretization of Δx = Δy = Δz = 1 mm is chosen for all the simulations.
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4.11 comparison of antennas

Usually many transducer units that represent the same GPR system are con-
structed. However, these units might produce slightly different responses when
tested in the same scenarios and using the same system settings. In general,
this is the case for all transducers. One reason is that it is extremely difficult to
acquire or manufacture the required materials, that are needed to construct a
specific transducer, with the exact same dielectric properties. Especially when it
comes to EM absorber foams, the manufacturers provide a range of values that
the true properties of a certain batch lie in, since the exact properties are difficult
to determine. Units constructed using absorber foams from the same batch are
likely to produce almost identical responses, while units that include absorbers
from different batches, might have small differences. Thus, for each transducer
unit, slightly different material properties might have been used, which affect the
antenna radiation and lead to variations in the responses. In addition to that,
due to degradation in the antenna components, which happens in all systems,
the antenna performance is degrading over time.

To demonstrate this in practice, data from the same scenarios and with the
same system settings were collected in the same NDT laboratory using two
different units of the GSSI 2000 MHz “palm” antenna. The two transducer units
are visible together in Figure 4.44, while in Figure 4.45 the normalised free space
and the metal plate responses of both units are compared, where No-1 represents
the real transducer that was used to build the model described above and No-2
represents the second unit. It is obvious that the traces from the two units are not
identical, resulting from differences in the dielectric properties of their elements.

To obtain an understanding of which components differ the most, a model of
the second unit is also optimised, expecting that differences in the optimisation
outputs will provide some insight. The modelled geometry remains the same as
for the first unit described above. The same antenna properties are optimised
following the process of the GA scheme. For both units, the same initial random
state is used to initialise the optimisation, which would have resulted in the same
parameter values if the two units were identical.

Figure 4.46 illustrates the real responses compared with the responses resulted
from optimisation for the second transducer unit. Similarly with the previous
unit, the responses are again in a very good agreement, with the model predicting
accurately both the amplitudes and the timings. Table 4.3 shows the optimised
values of the parameters for the the second transducer unit along with the ones
for the first. The optimisation of both units resulted to similar values for most
parameters, with only small differences observed relative to the ranges of values
each variable can take. Given this, most of the parameters will affect the radiation
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Figure 4.44: The two units of the GSSI 2000 MHz “palm” transducer.

of both units in almost the same way. However, the optimisation resulted in
significant differences in the case of the absorbers, which had the largest contrasts.
The permittivity estimates of the two absorber foams for the first unit are close
to 1, while for the second unit are ∼3. The conductivity estimates have greater
contrasts (based on the ranges of values the properties obtain) with the first
absorber obtaining σ = 1.08 (S/m) and σ = 0.45 (S/m) for the first and the second
unit, respectively, while the conductivity of the second absorber is estimated with
σ = 1.26 (S/m) and σ = 1.42 (S/m) for the two units, respectively. Note that
neither of the optimisation values for each model correspond to the true dielectric
properties of the absorbers or the other parameters, as mentioned earlier. The
optimisation resulting in larger contrasts for the absorbers compared to the rest
of the properties, simply supports the premise that the absorbers are the key
components that cause most of the differences in the responses from each unit
due to the variation in their material properties.
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Figure 4.45: Comparison between the real responses of the two transducer units for
the free space (top) and the metal plate (bottom). No-1 represents the
real transducer unit that was used to build the model above, while No-2
represents the second unit.
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Figure 4.46: Comparison of the real responses and the responses obtained from opti-
misation for the second unit of the GSSI 2 GHz “palm” antenna for a)
Free-space, b) PEC.
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Optimised Parameters Unit No-1 Unit No-2

Absorber 1 ϵa1 1.10 2.96

Absorber 2 ϵa2 1.07 2.77

PCB ϵpcb 1.52 1.40

Skid ϵs 2.67 2.17

Plastic Case ϵp 6.1 5.88

Shield ϵsh 1 1

Absorber 1 σa1 (S/m) 1.08 0.45

Absorber 2 σa2 (S/m) 1.26 1.42

PCB σpcb (S/m) 0.023 0.020

Skid σs (S/m) 0.005 0.007

Plastic Case σp (S/m) 0.0029 0.004

Shield σsh (S/m) 4.5 × 107 5.2 × 108

Rs(Ω) 560 535

σR(Ω−1) 0.005 0.012

f (GHz) 2.12 2.09

Table 4.3: Optimised antenna parameters.
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M A C H I N E L E A R N I N G A N D N E U R A L N E T W O R K S

In this chapter, the theory behind machine learning and specifically artificial
neural networks is described. The way a deep learning model is trained, the
activation functions and the backpropagation algorithm are analytically presented.
In addition, hyperparameters, their importance and hyperparameters tuning are
discussed.

5.1 machine learning introduction

Today, artificial intelligence (AI) is a rapidly progressing field trying to create
intelligent machines that are able to perform certain tasks which normally require
human intelligence. AI has a vast number of applications in everyday life and
is an active area of research. Machine Learning (ML) is a subset of AI, which
enables machines to learn from data without being programmed explicitly and
make accurate predictions. While the term was coined by Arthur Samuel in 1959,
a formal definition of what ML is, is given by (Mitchell Tom, 1999) as

A computer program is said to learn from experience E with respect
to some class of tasks T and performance measure P if its performance
at tasks in T, as measured by P, improves with experience E.

Essentially, a ML algorithm learns to perform a certain task by observing examples,
which is the experience. Given the examples, called a training set or training
data, a mathematical relationship is build in order to make future predictions.
Evaluation of the algorithm and the accuracy of its predictions is carried out by
a quantitative performance measure, which is usually a measure of error or a
measure of accuracy.

Each example is a set of measurable properties or characteristics, called features,
that represent an object or event. An example is typically presented in the form
of an n-dimensional feature vector x ∈ Rn, where each element xi of the vector is
an individual feature and n is the number of features. For instance, in computer
vision the features of an image can be the intensity of the pixels in the image.
Choosing features is a very important and challenging process as these have
to include sufficient information for the inherent characteristics of the object
or event they represent. The features influence directly the training of the ML
model and can significantly improve its performance if chosen properly. To train

109
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an ML model, an algorithm that improves the weights is required in a way that
reduces the error or maximises the accuracy.

A wide variety of tasks can be performed by an ML algorithm. Some of the
most common tasks are the following:

1. Classification: The program has to specify to which class amongst k classes
an input belongs to. Examples of a classification task are to identify whether
an email is spam or not spam or the object recognition in images.

2. Regression: In this task, which is the most common along with classification,
the ML model has to predict a numerical value given an input. An example of
a regression task is to predict future prices. To solve this, the ML algorithm
has built a relationship based on learning from previous historical data.

3. Machine translation: Given a sequence of symbols in a certain language, the
program has to convert it to another language. This is commonly applied
to natural language processing (NLP), such as translating from English to
Spanish.

4. Anomaly detection: In this task, the algorithm learns to detect and flag
unusual events, such as in credit card fraud where ML flags unusual trans-
actions.

5. Denoising: Given a corrupted signal, the program learns to filter out the
noise and produce a clean signal, such as image or audio denoising.

Depending on the task, different performance measures must be used. For
classification tasks, the accuracy of the model can be measured, which is the
proportion of the data that are classified correctly, whereas in a regression task,
the performance measure is an error measure such as mse, where a small error
value is indicative of a good performance. Minimising the error or maximising
the accuracy on the training set is the goal of the learning process but usually,
we are interested in how well the ML model performs on data that it has not
seen before and its ability to generalise. Therefore, its performance is evaluated
on a test set, which includes unseen data that were not part of the training.
A good model results in both a small test and training error. A large training
and test error means that the algorithm is not able to model the training data
nor to generalise to new cases. This is the case of underfitting. The second case
of poor performance is overfitting, where the algorithm results in a very small
training error but the test error is large. In this situation, the model has learned
the training data too well, memorising them in a way, and also the noise that is
contained in the data making it hard to generalise.

ML algorithms can be broadly classified in two categories, the supervised and
the unsupervised learning depending on the training data they are provided. In
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supervised learning, the algorithm is provided with both input x and output y
data and tries to map a relationship between the two. In this case, each input
example is associated with a label or target. For instance, in case of spam filtering,
an email is the input example and its corresponding label is spam or not spam.
In unsupervised learning, the algorithm is provided with input data only and
tries to identify hidden patterns from these data and their inherent structure.
These classes of algorithms are used for clustering to group the data based on
their similarities and differences, for data dimensionality reduction or density
estimation to determine how the data is distributed in space. In addition to these
categories, there is also the semi-supervised learning, which is a combination
between the previous two and the reinforcement learning, where the model is
trained by rewarding or punishing certain behaviors.

Some of the traditional ML algorithms are linear regression, logistic regression,
random forest, k-nearest neighbors (KNN), K-means, naive Bayes, while deep
learning is the most popular class of ML methods, which is widely used today.
In recent years, ML has been applied to a number of GPR applications. In the
work presented by Gamba and Lossani (2000), a feed-forward neural network
was used to automatically detect hyperbolic signatures from pipes in B-scan
images. Training the ML model was performed using real GPR data, which were
pre-processed before learning. The results of the algorithm were compared with
manually analysed by a human B-scans, showing good accuracy. Similarly, Singh
and Nene (2013) employed neural networks to detect hyperbolas in B-scans,
which are subsequently used to estimate the location and depth of a buried object
using a curve fitting algorithm. Generative adversarial networks (GANs) along
with convolutional neural networks (CNNs) were proposed by Zhang et al. (2021)
for the same purpose. The difference with the previous approaches is that the
model is training using synthetic data with GANs used to generate more training
data from the existing ones. A network based on CNNs is then used to train a
model for automatic hyperbola detection.

A supervised deep learning classification scheme was applied by Giannakis
et al. (2015) for landmine detection using GPR. A diverse 2D FDTD training
set was used that included different soils, landmines with varying depth, false
alarm targets among others. The suggested scheme was a two-step process, where
first a classification between landmine and false target is performed and then
the landmine type is recognised. CNNs were also implemented by Lameri et al.
(2017) for landmine detection from GPR images. The training was performed
using synthetic B-scans using minimal pre-processing. The suggested algorithm
was tested on real GPR data, demonstrating a very good accuracy. In the work
presented by Kafedziski et al. (2018) faster region CNN (Faster R-CNN) is used
for detecting and classifying landmines. The algorithm is trained to classify two
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types of objects, anti-tank mines and objects with hyperbolic signatures using
both synthetic and real data. Elsaadouny et al. (2020) employed transfer learning
for target classification, where the learned features from the popular LeNet-5
network were transferred to the GPR training set used. It was shown that transfer
learning improved the performance and resulted in a higher accuracy.

5.2 deep learning

Deep Learning is a class of ML methods, which is based on artificial neural
networks (ANNs), or more simply neural networks (NNs). ANNs are inspired
by the biological neural networks and the way the information is processed by
the human mind to identify patterns. They are trying to learn from experience
and mimic the problem-solving capabilities of the human brain. ANNs are used
when the relationship between the input and the output is a complex non-
linear relationship, which cannot be modelled using traditional ML techniques
and due to their ability to handle large datasets. Advancements in computer
infrastructure, both in software and hardware, have made it possible to develop
enormous networks that are trained using a vast number of data and to solve
increasingly complicated applications over time.

An ANN consists of hundreds or even millions of interconnected nodes or
neurons which are arranged in layers. Each network has an input layer, one or
more hidden layers and an output layer. Figure 5.1 demonstrates a NN of 2
hidden layers with 4 nodes each, an input layer with 3 nodes and an output with
1. Nodes in the input layer represent the features of the training examples, while
the output layer represents the predicted values. Each node has an associated
weight. Finding the optimal weights W is the goal of the deep learning algorithm.
Training the ML model is an iterative process that starts with randomly initialised
weights and updates these weights at each iteration based on a criterion, the
objective function that was chosen as a performance measure.

Consider the NN architecture shown in Figure 5.1 used to solve a regression
problem. The training set consists of m training examples, where the ith training
example is represented by a x(i) ∈ Rn feature vector with n features and its
corresponding label y(i). The total training set can be represented as pairs by

(x(1), y(1)), (x(2), y(2)), . . . , (x(m−1), y(m−1)), (x(m), y(m)) (5.1)

or in matrix notation as X ∈ Rn×m and Y ∈ R1×m. Each input feature vector
is multiplied by a set of weights w, the terms are summed and added to a bias
term as

z
[1]
j = w[0]T

j x(i) + b (5.2)
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Input layer
(3)

Hidden layer 1
(4)

Hidden layer 2
(4)

Output layer
(1)

Figure 5.1: Example of a neural network with 3 input nodes, two hidden layers with 4
nodes each and an output layer with 1 node.

where the superscript of z is the layer, which is 1 for the first layer and the
subscript j is the node of this layer. The bias term serves like an intercept in a
linear equation and helps the algorithm produce a better fit but its use is not
always necessary and is usually not included in the input layer but only in the
hidden layers. Adding bias terms results in the network shown in Figure 5.2.
Then, the weighted sum z

[1]
j is passed through an activation function as

a
[1]
j = σ(z[1]

j ) (5.3)

The activation function is the component that introduces the non-linearity
and allows for complex relationships to be built. Activation functions will be
analytically described at a latter chapter. The value of a

[1]
j is the output of the

jth node of the first layer. These equations will be calculated for every node in
the first layer

z
[1]
1 = w[0]T

1 x(i) + b
[0]
1 , a

[1]
1 = σ(z[1]

1 ) (5.4)

z
[1]
2 = w[0]T

2 x(i) + b
[0]
2 , a

[1]
2 = σ(z[1]

2 ) (5.5)

z
[1]
3 = w[0]T

3 x(i) + b
[0]
3 , a

[1]
3 = σ(z[1]

3 ) (5.6)

z
[1]
4 = w[0]T

4 x(i) + b
[0]
4 , a

[1]
4 = σ(z[1]

4 ) (5.7)
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The resultant values of a[1] will be the input to the next layer and used to
calculate its weighted sums by

z
[2]
1 = w[1]T

1 a[1] + b
[1]
1 , a

[2]
1 = σ(z[2]

1 ) (5.8)

z
[2]
2 = w[1]T

2 a[1] + b
[1]
2 , a

[2]
2 = σ(z[2]

2 ) (5.9)

z
[2]
3 = w[1]T

3 a[1] + b
[1]
3 , a

[2]
3 = σ(z[2]

3 ) (5.10)

z
[2]
4 = w[1]T

4 a[1] + b
[1]
4 , a

[2]
4 = σ(z[2]

4 ) (5.11)

In its general form, for the j-th node in layer l, zl
j is defined as

zl
j =

K∑
k=1

wl−1
jk al−1

k + bl
j (5.12)

where K is the number of nodes in l − 1 layer or in matrix notation

zl = Wl−1al−1 + bl−1 (5.13)

al = σ(zl) (5.14)

The final output ŷ is calculated by

ŷ(i) = a
[3]
1 = g(w[2]T

1 a[2]) (5.15)

Note that the last activation function for the output layer is different from the
previous ones and in general each layer can use a different activation function.
Since it is a regression problem, the output layer uses a linear activation function.
It is obvious that a[0] = x. The steps followed above, where an output from the
NN is computed by propagating the input signal through the hidden layers until
the output layer is called forward propagation or forward pass. This process is
repeated for all the examples in the training data. After calculating the predicted
values, they are compared with their corresponding labels, which are known since
this is a supervised learning algorithm. There are many different loss functions
that can be used, with the mse being a very common option for regression, which
is given by

MSEtrain = 1
m

m∑
i=1

(ŷ(i) − y(i))2 (5.16)

The model then updates the weights through iteration and aims to find an optimal
set of weights that minimises the mse. To minimise the error, an optimisation
scheme along with an algorithm for computing the gradient of the loss, called
backpropagation is used, which will be described at later sections. The same
process is followed for larger networks with a different number or layers and
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Figure 5.2: Forward propagation in a neural network with 3 input nodes, two hidden
layers with 4 nodes each and an output layer with 1 node.

nodes. Finally, after training the model is evaluated on the test set and refined
in case of poor performance.

The network described above is the most basic deep learning model, called
a feed forward neural network. It is called feed forward because there are no
connections feeding outputs of the model back to itself and information flows
only from the input to the hidden layers and finally to the output. NNs with
feedback connections are called recurrent neural networks (RNNs) and are mostly
used for time series and natural language processing (NLP) applications. The
above NN is also a fully-connected NN, meaning that all nodes from one layer
are connected with all the nodes from the next layer, which is not always the
case.

5.3 hyperparameters

NNs require a set of settings, called hyperparameters, which must be determined
before the training process begins. Hyperparameters are basically all the parame-
ters that are not learned by the training process but control its behavior. These
are parameters such as the number of hidden layers and nodes in the network,
the learning rate, the choice of loss and activation functions, the optimization
algorithm and others, which have to be predefined.

The choice of the hidden layers and units in a network is critical. A small
number of units might not be able to capture the relationship between the input



116 machine learning and neural networks

0 50 100 150 200 250 300 350 400
Epoch

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Lo
ss

train
test

(a) Loss: Good fit
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Figure 5.3: Plots of loss (top) and accuracy (bottom) on the training and test sets over
the training epochs showing the cases of a good fit (left) and overfitting
(right).

and the output data and thus, lead to underfitting. In contrast, having a vast
number of units can result in overfitting the training set and making the network
unable to generalise to new cases. A sufficient number of units accompanied by a
regularisation technique is usually the best choice for increasing the efficiency of
the network.

The learning rate controls how quickly a network updates its parameters. It
is the step size that the weights are updated during training at each iteration
while moving towards the minimum of the loss function. A small learning rate
will result in a slow training process but the model will converge smoothly and
probably close to the minimum as shown in Figure 5.4a. In contrast, using a
quite large learning rate, where big update steps are taken, it is highly likely
for the algorithm to overshoot the minimum and may never converge. This is
illustrated in Figure 5.4b where the value of the loss bounces back and forth in a
convex function using gradient descent.
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(a) Small learning rate (b) Large learning rate

Figure 5.4: Convergence of the solution towards the minimum using a) a small learning
rate and b) a large learning rate.

An epoch is defined as one full pass through the full training dataset, with
one full pass accounting as a forward and a backward pass. Usually, the training
data are partitioned in a number of batches. Iteration is the number of batches
required to complete one epoch. If the training has m = 3000 training examples
and it is divided into batches of 500, there will be a total of 6 iterations to
complete 1 epoch.

Tuning or hyperparameter optimisation is the process of finding the optimal
hyperparameters for a ML model. Every problem requires a different set of
hyperparameters, which is determined via trial-and-error. Automated ways of
testing different values have been developed with the most famous being grid
search. Grid search trains multiple NN models for different combinations of
hyperparameters and finally chooses a model based on the performance metric.
Using grid search can be extremely computationally expensive, but once performed
the optimal NN model is found.

5.3.1 Activation functions

An activation function defines how the weighted sum of input nodes from one layer
is transformed into the output of a node from the next layer. Activation functions
are a critical part of a neural network, which directly affect the training model
and must be chosen carefully. Usually activation functions are non-linear and are
used to map non-linear relationships between input and output data, although
they can be linear as well. All layers can have different activation functions
but hidden layers usually use the same activation function. The output layer is
usually assigned a different activation function from the hidden layers, which
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is dependent upon the type of problem and prediction required, e.g. regression
requires a linear activation function. Since neural networks are trained using
the backpropagation algorithm, which requires calculation of derivatives, the
activation function chosen must be differentiable. The most common activation
functions are the following:

1. Sigmoid function: The sigmoid activation function, also called logistic func-
tion is the function used for the logistic regression classification algorithm

σ(z) = 1
1 + e−z

(5.17)

The function takes a real value as input and outputs a value in the range
[0, 1]. Its familiar S-shape is illustrated in Figure 5.5. In the past it was
used for binary classification problems, but it has been replaced by other
functions due to vanishing gradient problems and not being zero-centered.
The vanishing gradient problem refers to the situation where the gradient
decreases dramatically as it propagates backwards through the network
and slows down the learning process.

2. Softmax function: For multi-class classification problems where a multi-
nomial probability distribution is required, the softmax function can be
used. The softmax function can be thought of as a generalised form of
the sigmoid. This function takes as input a vector z of real values with K
elements, normalises it into a probability distribution and outputs a vector
of the same length that consists of K probabilities

σ(z)i = ezi

K∑
j=1

ezj

(5.18)

where i=1,2,...,K and z ∈ RK .

3. Tanh function: The hyperbolic tangent activation function, or simply tanh,
is similar to the sigmoid function, but it is zero-centered. Thus, it takes
a real value as input and outputs a value in the range of [-1, 1]. Tanh is
calculated as

tanh(z) = ez − e−z

ez + e−z
(5.19)

The S-shape of the tanh activation function is shown in Figure 5.6.

4. ReLU function: The rectified linear activation function, or ReLU is the most
common function that is used in practice as the activation of the hidden
layers. ReLU is very simple and easy to implement. It is more effective than
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Figure 5.5: The sigmoid activation function.

the other functions due to its ability of overcoming the vanishing gradient
problem and is defined as

ReLU(z) = z+ = max(0, x) (5.20)

Given a negative input value, ReLU will output 0, otherwise the value itself
is returned, as shown in Figure 5.7. There are many modified versions of
ReLU, such as Leaky ReLU, Parametric ReLU and others, used to address
certain problems.

5. Linear function: The linear activation function, also called identity or no
activation, is the case where no activation function is used. This means
that it does not change the weighted sum of the inputs in any way and
simply returns the value itself. A linear activation is commonly used for
the output layer in regression problems.

5.3.2 Backpropagation

A network requires an efficient optimisation technique that repeatedly updates
the weights and biases so as to minimise the loss function, that is the differences
between predicted and actual outputs. The optimisation techniques usually require
the computation of the gradient of the loss in order to update the parameters. The
mainstream technique used is the backpropagation algorithm or simply backprop,
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Figure 5.6: The hyperbolic tangent (tanh) activation function.
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Figure 5.7: The rectified linear activation function (ReLU) activation function.
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which is a method of computing gradients in directed graphs of computations
and propagate the error backwards through the network. After calculating the
cost function for the outputs, the algorithm travels back from the output layer
to the hidden layers to adjust their weights such that the error is reduced.

Backpropagation calculates the gradient of the loss function with respect to
the weights of the network in order to determine the level of adjustment the
parameters need. To compute the gradients, backpropagation uses a method
called the chain rule. If Ck is the cost or loss function, the gradient of a single
weight wl

jk using chain rule is given as

∂Ck

∂wl
jk

= ∂Ck

∂zl
j

∂zl
j

∂wl
jk

(5.21)

where wjkl is the weight between the k-th node in layer l −1 and the j-th node in
layer l. Using again the chain rule, the gradient of the cost function with respect
to the weight is given by

∂Ck

∂wl
jk

= ∂Ck

∂al
k

∂al
k

∂zl
j

∂zl
j

∂wl
jk

(5.22)

Assuming a cost function of C = (al − y)2

∂Ck

∂al
k

= 2(al − y) (5.23)

∂al
k

∂zl
j

= σ′(zl) (5.24)

∂zl
j

∂wl
jk

= al−1
k (5.25)

Similar equations are obtained for the bias

∂Ck

∂bl
j

= ∂Ck

∂zl
j

∂zl
j

∂bl
j

= ∂Ck

∂al
k

∂al
k

∂zl
j

∂zl
j

∂bl
j

(5.26)

∂Ck

∂al
k

= 2(al − y) (5.27)

∂al
k

∂zl
j

= σ′(zl) (5.28)

∂zl
j

∂bl
j

= 1 (5.29)
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The common fraction in both the weight and bias equations is called the local
gradient and is defined as

δl
j = ∂Ck

∂zl
j

(5.30)

This quantity represents the error of the j-th node in the l-th layer. Using again
the chain rule δl

j is given by

δl
j = ∂Ck

∂al
k

∂al
k

∂zl
j

(5.31)

Since, al
k depends only on ∂zl

j , only one term remains

δl
j = ∂Ck

∂al
k

∂al
k

∂zl
j

(5.32)

Likewise, calculating the gradient with respect to a weight and the bias of a node
in the previous layer would be

∂Ck

∂wl−1
jk

= ∂Ck

∂al
k

∂al
k

∂zl
j

∂zl
j

∂al−1
k

∂al−1
k

∂zl−1
j

∂zl−1
j

∂wl−1
jk

(5.33)
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j

∂bl−1
j

(5.34)

Since the total cost function involves averaging the costs functions over many
training examples, its derivative requires also averaging across these training
examples

∂C

∂wl
jk

= 1
m

n−1∑
k=0

∂Ck

∂wl
jk

(5.35)

In addition, this process is repeated for all the nodes in order to calculate the
gradients with respect to all the weights and biases in the network. Finally, having
calculated the gradients, the weights and biases can be updated using gradient
descent with the following equations

w := w − α
∂C
∂w (5.36)

b := b − α
∂C
∂b (5.37)

where α is the learning rate. The process of a forward pass and backward pass is
repeated until convergence is achieved. For backpropagation to work, a certain
form of a cost function is required, that is that the cost function can be written
as the average of the cost functions for individual training examples and also
that it is a function of the outputs of the network.
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Figure 5.8: Backpropagation in a neural network with 3 input nodes, two hidden layers
with 4 nodes each and an output layer with 1 node.

5.4 optimisation

To train a network, an optimisation scheme is required to update the parameters
by reducing the losses with iterative gradient-based optimisation algorithms
being the most common choices. The parameters are usually randomly initialised
and adjusted through an iterative optimisation algorithm. The most common
optimisers in ML are gradient descent, stochastic gradient descent (SGD), mini-
batch gradient descent, SGD with momentum, AdaGrad, RMSprop and Adam
optimiser.

The equations for gradient descent, which is a well-known and easy to implement
optimisation algorithm were presented in the previous section for backpropagation.
For gradient descent to work the cost function has to be differentiable and convex.
Traditional gradient descent performs a pass on all of the training examples
before making the first update to the parameters, resulting to large execution
times and large memory requirements.

SGD is a variant of gradient descent, in which the parameters of the model are
updated after computing the loss on a single training example. For the weights,
this is given as

w := w − α∇C(w; x(i), y(i)) (5.38)
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(a) Gradient descent (b) Mini-batch gradient descent

Figure 5.9: Convergence towards the minimum (white dot): a) Gradient descent, b)
Mini-batch gradient descent.

Therefore, for a dataset with 500 training examples, SGD will update the model
parameters 500 times in one pass of the total dataset. Optimising using SGD leads
to fluctuations and greater variance in the updated model parameters and may
overshoot the global minimum. However, this results in less memory requirements
and converge is achieved much faster than traditional gradient descent.

Mini-batch gradient descent uses a batch of a number of training examples,
called a mini-batch, the size of which is less than the total training set. So, the
entire training set is divided in batches and the parameters are updated after
every pass on a batch. This method lies in between gradient descent and SGD
and takes a step on adjusting the parameters on a mini-batch at a time

w := w − α∇C(w; B(i)) (5.39)

where B(i) is the i-th mini-batch of training examples. This technique results in
less variance and medium needs of memory. Mini-batches allow for the use of
vectorised implementations, resulting in faster computations. For small datasets,
it is recommended to use the traditional gradient descent, while for large datasets
the mini-batch algorithm by splitting to batches with size based on the size of
the entire training set and the computer resources.

A drawback of the mini-batch algorithm is that the updates of the weights are
still noisy. SGD with momentum handles this problem by denoising the gradients.
The method of momentum is used to accelerate training, especially in case of
noisy gradients. It is based on adding history of the gradients from previous
updates to the current update equations by using an exponentially decaying
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moving average of the previous gradients. This method requires an additional
hyperparameter γ ∈ [0, 1), known as momentum, that controls the contribution
of the previous gradients to the update equations and is usually set to 0.9. The
greater γ is, the more the previous gradients control the direction of the current
update. Adjusting the weights using SGD with momentum is given by

vt = γvt−1 − α∇C(w) (5.40)

w := w + vt (5.41)

where the variable v plays the role of the velocity, meaning the direction and
speed that the parameters move through the optimisation space. The velocity is
computed as an exponentially decaying average of the negative gradient. Time t

here means the current update of the weights.
While the previous algorithms have fixed learning rates, algorithms with

adaptive learning rates have been designed. The magnitude of each gradient can
vastly vary for different weights, making it difficult to find a single global learning
rate and thus, adapting the learning rate of each weight separately is needed.
The AdaGrad algorithm by Duchi et al. (2011) modifies the learning rate at each
time step of the model parameters by scaling them inversely proportional to the
square root of the sum of squares of their past gradients. For a given weight, this
is given by

wt,i := wt−1,i − α√
Gt−1,ii + ϵ

∇C(wt−1,i) (5.42)

Gt−1,ii =
t∑

τ=1
gτ gT

τ (5.43)

where α is the initial learning rate, Gt is the sum of squares of the past gradients
gτ until time t and ϵ is a small quantity (usually 1e-8) used to avoid division by
zero. Parameters that have large gradient of the loss have a rapid decrease in
their learning rate, whereas parameters with small gradients have a small drop
in their learning rate. A drawback of the method is that the accumulation of
the squared gradients decreases the learning rate and slows down the training
process.

The RMSprop algorithm, an unpublished optimisation algorithm by Geoffrey
Hinton, is a modification of AdaGrad where the sum of squared gradients is
replaced by an exponentially weighted moving average E[g2] of past gradients

wt,i := wt−1,i − α√
E[g2]t−1 + ϵ

∇C(wt−1,i) (5.44)

E[g2]t−1,i = βE[g2]t−2,i + (1 − β)(∇C(wt−1,i))2 (5.45)
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Hinton suggests a value of 0.9 as the optimal for β. While AdaGrad decreases
the learning rate based on the total history of the squared gradients, the RM-
Sprop algorithm removes the history of the very first gradient states using the
exponentially decaying average and thus converges faster.

Adaptive moment estimation, known as Adam optimiser, is a combination
of RMSprop and SGD with momentum, originally presented by Kingma and
Ba (2014). It is a widely used and robust optimisation scheme that computes
individual adaptive learning rates for each parameter of the network, which
are calculated using estimates of the first (the mean) moment and second (the
uncentered variance) moments of the gradients. To estimate the moments, Adam
uses exponentially moving averages of a mini-batch gradient. For a given weight,
the update equation is

mt,i = β1mt−1 + (1 − β1)gt,i (5.46)

vt,i = β2vt−1 + (1 − β2)g2
t,i (5.47)

m̂t,i = mt,i

1 − βt
1

(5.48)

v̂t,i = vt,i

1 − βt
2

(5.49)

wt,i := wt−1,i − α
m̂t,i√
v̂t,i + ϵ

(5.50)

where mt,i and vt,i are the first and second moment, respectively. The hyperpa-
rameters β1, β2 ∈ [0, 1) control the exponential decay of the moving averages with
recommended values of 0.9 and 0.999, respectively. A suggested default value of
the initial learning rate is given as 0.001.

To this date, there is not a single best algorithm but the class of algorithms
with adaptive learning rates have shown to behave more efficiently and robustly.



6
N E U R A L N E T W O R K S F O R B A C K G R O U N D R E M O VA L
A N D P E R M I T T I V I T Y E S T I M AT I O N

In this chapter, a novel deep learning-based method for background removal
is proposed, where the background response and its dielectric properties are
predicted. At first, a review of background removal methods for GPR data is
provided. Afterwards, the data preprocessing steps and the development of the
NN model are provided. The scheme is validated with both modelled and real
data and is used as part of a reverse time migration scheme.

6.1 background removal

As mentioned earlier, background removal is one of the main processing steps and
apart from simple mean subtraction, a large number of different signal processing
techniques that perform background removal can be found in the literature.
A review of different signal processing techniques used for background clutter
reduction is provided by Jung-Ho Kim et al. (2007). The basic principles of each
method are given and their performances are compared using field GPR data.

Hamran et al. (1995) propose a simple time-gating approach, that reduces
the early part of the received signal to zero. However, this approach has the
drawback that it might also remove target responses, especially when shallow
buried objects are present and careful selection of the time window removed must
be made. A filtering process in the frequency-wavenumber (f-k) domain over a
window of the GPR data has also been implemented for direct air wave removal
(Young and Sun, 1999). The process was tested on data from a mid-continent
fluvial environment of sand and discontinuous clay layers. Another background
removal technique, which uses frequency domain basis functions to represent the
clutter and target signal, is presented by van der Merwe and Gupta (2000). The
unknown parameters in the basis functions are approximated using an iterative
algorithm. The scheme was evaluated using both modelled and measured GPR
data.

Nuzzo and Quarta (2004) used linear radon transform and discrete wavelet
transform for coherent noise attenuation. Comparison was made between the
results of the transforms with the classical f-k and running average subtraction
methods. It was shown that Radon-based methods are superior compared to
the rest of the methods but computationally are more expensive. In the work

127
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presented by Jung-Ho Kim et al. (2005) filtering in the wavenumber domain and
predictive deconvolution was employed after testing several approaches to remove
the ringing. The filtering was used as part of processing of GPR data acquired
from an archaeological exploration survey. Solimene et al. (2014) used an entropy-
based time-gating approach for background noise removal. This method assumes
that the clutter has similar characteristics across the profile. The time-gating
window is chosen based on an entropy criterion. The performance of the method
is compared with the mean subtraction and the subspace projection methods.
A technique based on low-rank and sparse priors was presented by Tivive et al.
(2019) for mitigating the background clutter. A low-rank representation of the
background clutter is extracted from the radar responses and a sparse component
for the target signal. The proposed scheme takes into account also the noise
present in the data.

Principal component analysis (PCA), independent component analysis (ICA)
and singular value decomposition (SVD) have also been used for background
and other clutter reduction. These techniques decompose a signal into a number
of components, where the components which represent the useful signal are
separated by the ones that correspond to the clutter. The idea behind using
these techniques for background removal is that the first component with the
maximum variability represents the background information. By discarding this
component, the background response in removed.

SVD was used by Cagnoli and Ulrych (2001) to eliminate the flat horizontal
reflections from a GPR line. The high-pass eigenimages of the B-scan data
were obtained, which include only the reflections of interest, while the highly
correlated parts that represent the flat responses have been removed. Liu et al.
(2017) employed SVD for denoising and direct wave removal. A quantitative
criterion for choosing the singular values for denoising a GPR profile was given,
however it requires knowledge of the signal to noise ratio (SNR). The results
were compared with the wavelet threshold denoising method, bandpass filtering
and mean removal for both modelled and field data.

In the work presented by (Tebchrany et al., 2014), both PCA and ICA have been
implemented to remove the direct air and direct ground wave. The performance
of the techniques was evaluated on both synthetic and real GPR images of a
single target buried in a two-layered medium. It was concluded that PCA was
more efficient than ICA in the presence of shallow targets, while the opposite was
true for targets buried deeper. Song et al. (2017) suggests a robust PCA (RPCA)
scheme for clutter suppression to landmine detection problems in order to assist
in landmine recognition in heavy clutter environments. The RPCA decomposition
was used prior to migration of numerical and real GPR data, showing that it
significantly reduced the clutter.
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Verma et al. (2009) applied an ICA-based technique and compared the results
with SVD, PCA and factor analysis methods. These techniques were applied
on experimental data and was shown that ICA was more efficient and resulted
to a higher SNR value compared to the rest of the methods. Morphological
component analysis (MCA), which decomposes an image into a number of mor-
phological components has also been utilised for clutter suppression by separating
the morphological components that correspond to the targets (Temlioglu and
Erer, 2016). MCA assumes that a GPR image is a linear mixture of several
morphological components, where each of them can be sparsely represented by a
specific dictionary and which are morphologically distinct, e.g. sines and spikes.
However, a drawback of the MCA method is that it is dependent on the selection
of the dictionaries.

A first attempt on clutter suppression using deep learning for GPR data is
proposed by Ni et al. (2020) and is based on autoencoders (AE), which are a form
of unsupervised ANNs, which are most commonly used for data compression. An
autoencoder has two main parts: the encoder, which compress the input into a
lower-dimensional representation (latent-space representation) and the decoder,
which reconstructs the output from this compressed representation. The suggested
scheme utilizes robust AE (RAE), a type of autoencoder that can be regarded as
an extension of the RPCA technique, to separate the clutter component from
the target component in a low-rank and sparse matrix representation problem.

The main drawback of the methods discussed above is that in addition to the
background, information about other flat-lying responses, that is included in
this first component, is lost. These targets might be of interest and removing
them will significantly affect the interpretation of the data. In this chapter, an
ML scheme is proposed, that predicts the background response from GPR data,
performs background removal and subsequently estimates both the permittivity
and conductivity of the background. The scheme removes only the background
response without affecting other flat-lying targets. In deep learning, SVD and
PCA are also used for data compression and will be discussed analytically in
the following sections since they were used as part of the ML scheme. All the
ML schemes presented throughout this thesis were developed using the machine
learning platform TensorFlow (Abadi et al., 2015).

6.2 training set

To train a NN, a vast amount of training data that captures diverse scenarios
is required. Since, collecting real GPR data from diverse environments and
scenarios is time-consuming, and the ground truth is usually unknown and not
easy to obtain, synthetic data were chosen instead, generated using gprMax
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(Warren et al., 2016). Two different sets of training data were generated for
the two different ML problems, the background prediction and the prediction
of properties. For the background prediction case, the dataset consists of 6500
A-scans, where each A-scan falls into one of the three general cases:

1. 1 layer + reinforcing bar (rebar)

2. 1 layer + half-space

3. 1 layer + rebar + half-space

with 2500, 2000 and 2000 A-scans produced for each case respectively. The size
of the training set was decided based on the variability of the model parameters
and the number of different scenarios that are sufficient to capture the pattern
between the input and output data. Using too many data is not the best practice
since this can result in overfitting the dataset and thus, a balance between
capturing the relationship and avoiding overfitting should be sought. The total
responses, which include both the background and the signal from the targets are
the input data to the network, while the output data include only the background
response. In the case of the output data, the background was modelled as a
homogeneous half-space in the simulations, spanning the entire domain with
no targets included. Therefore, for m = 6500 traces with n discrete points, the
training data X ∈ Rn×m and their corresponding labels Y ∈ Rn×m, consist
of traces Xi ∈ Rn and their corresponding background clutter Yi ∈ Rn, i.e.
Xi = Yi + Si ∀i ∈ [0 m], where Si is the resulting scattering field from the
targets for the ith trace. For estimating the dielectric properties (ϵr, σr) of the
background, traces with a background response only (without any targets) are
used as input data Y ∈ Rn×m with their corresponding labels P ∈ R2×m, where
Pi = [ϵi, σi]T is a column vector that contains the permittivity and conductivity
of the the ith trace.

The dielectric properties of the background, the half-space depth and dielectric
properties and the depth of the center and diameter of rebars are all randomly
generated. These values can vary randomly between certain specified ranges.
More specifically, for both the background and half-space, the permittivity can
take values ϵr = 2 − 22, the conductivity, σ = 0.00001 − 0.5 S/m, while the
depth and diameter of the rebars are varying between 4 - 20 cm and 2 - 7 cm,
respectively. For the last two cases that include the background layer and a
half-space, the thickness of background layer varies between 2 - 17 cm, whereas
in the first case the background is modelled as a half-space. All materials are
considered non-magnetic and have been defined with a relative permeability
µr = 1 and a zero magnetic loss σµ = 0, while the rebars are modelled as perfect
electric conductors (PECs). In all cases, the rebars are placed directly below the
midpoint of the antenna. Centering the rebar was chosen for simplicity, but it is
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later proven that it was sufficient for the algorithm to capture the pattern and
perform well even in cases where rebars are not placed directly below the GPR
transducer. For all the simulations, a domain size of 300 × 300 × 400 mm with a
step size of 1 mm for all three directions was used, while the time step was set
to ∆t = 1.92 ps as calculated by the Courant-Friedrichs-Lewy (CFL) condition
(Taflove and Hagness, 2000). The simulations were performed for a time window
of 8 ns, resulting in a total of 4156 time steps. Generating this dataset required
a running time of 1.5 days on 4 NVIDIA TITAN RTX 24GB GPUs, utilizing the
GPU execution capabilities of gprMax (Warren et al., 2019).

6.3 pre-processing

Before training a machine learning algorithm, the training set requires pre-
processing in order to transform the data to a more suitable form for ML. This
usually involves data quality assessment, normalization of the data or feature
scaling and dimensionality reduction. In this case, four processing steps were
implemented that are described below.

6.3.1 Normalization of the data

Since it is desired for the ML schemes to be applicable to real data as well,
the modelled data should be comparable with the real ones. For this reason,
the responses in the training set were normalised to the maximum absolute
amplitude value of the simulated free space response, which was 8.08. When
making predictions using real data as input, these should be normalised to the
maximum absolute amplitude value of the free space response acquired with the
real GPR system and using the same system settings.

6.3.2 Resampling

As an initial step to reduce the dimensionality of the data, each A-scan response
is downsampled using the Fourier method from 4156 to 512 sample points, which
is the number of samples that the real data were collected with. There is no
information lost during this process, since for the specific antenna system used of
2GHz center frequency, it is expected for the data to contain useful information
in frequencies significantly less than 32 GHz, which is half the sampling frequency
corresponding to 512 samples in a time window of 8 ns, as calculated from the
Nyquist theorem.
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Figure 6.1: Pre-processing of a single A-scan: a) Raw A-scan, b) Normalised A-scan, c)
Response after resampling and d) Shifted response.

6.3.3 Shifting the data

In order for the deep learning algorithms to be applicable to real GPR data,
synthetic and real data must have the same starting point (first sample), meaning
that all data should be shifted so that they have the same origin. Whilst the
time zero value can be clearly determined in the simulations, the true time zero
of the real GPR system cannot be determined due to the inherent characteristics
of the transducer electronics and thus, the time zero position cannot be chosen
as the starting point. By shifting the A-scans to the maximum positive or
negative amplitude value, could result in losing important background information,
especially in cases where targets are located at a shallow depth. Due to the above
reasons, a small positive amplitude value of 0.05 was chosen as an optimal origin,
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meaning that both input and output normalised A-scans are shifted so that
their first sample point corresponds to the first point with 0.05 amplitude. This
process is demonstrated in Figure 6.1, where in a) the raw trace is presented,
whereas in b)-d) the trace after the processes of normalization, resampling and
shifting is presented. Note that this shifting is not regarded as an optimal time
zero correction but as a way of making the modelled data comparable with the
real data, along with normalisation.

6.3.4 Principal Component Analysis for Dimensionality Reduction

Dimensionality reduction is the transformation of a data set from a high-
dimensional space to a lower-dimensional space that is performed in order to
decrease the number of variables in a problem. In addition, both the complexity
of the problem and the required computational cost will be reduced. A large
number of input or output variables will make it harder for a machine learning
algorithm to establish an accurate relationship between the two, while leading to
larger running times. Therefore, in order to increase efficiency, the dimensions of
the data should be decreased prior to training.

The lower-dimensional representation should contain the meaningful infor-
mation of the original data set, while discarding any unnecessary information.
Ideally, the low-dimensional space should be as close as possible to the intrinsic
dimension of the data, which is the minimum number of variables required to ob-
tain an accurate approximation of the original signal. Depending on the problem,
dimensionality reduction can be applied to both input and output data.

Consider one A-scan from the training set. Its original length is 4156 samples,
while after downsampling its length reduces to 512 sample points. This reduced
length is still substantial, considering the fact that there is a total of 6500 A-scans
for the input and another 6500 A-scans for the output of the network. Therefore,
both the input and output data should be transformed to a lower-dimensional
space.

Most of the dimensionality reduction techniques fall into one of two categories.
The first is the feature elimination, where the feature space is reduced by dis-
carding variables that are considered to not have significant contribution in
predicted the output. However, if the wrong variables are discarded then impor-
tant information will be lost. The second category is feature extraction. Methods
belonging to this class create a new set of independent variables, where each
of these new variables is a combination of the original variables in the problem.
After creating the new set of variables, the ones with the least significance are
discarded. Because all new variables are combinations of the original ones, even
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Figure 6.2: PCA representation of an A-scan for different number of components.

when dropping the least important parameters, the most valuable information of
the old variables is retained.

One of the oldest and main methods for performing dimensionality reduction is
the principal component analysis (PCA), which is a feature extraction technique.
PCA implements a linear mapping of the original data to a lower-dimensional
space. The idea behind this technique is to reduce the dimensionality, while
preserving as best as possible the variability in the data.

In order to perform PCA, the computation of the covariance matrix of the data
is required. The covariance matrix is used to deduct if there is any relationship
between the variables in the feature space. In many cases, some of the variables
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Figure 6.3: Reconstructed PCA A-scans versus true A-scans randomly selected from the
training set.

are highly correlated, meaning that they contain redundant information. These
correlations can be identified using the covariance matrix. This matrix is an n×n

square symmetric matrix (where n is the dimension of the data) that contains as
entries the covariances between each possible pair of the initial variables. The
covariance between two variables x and y is defined as:

σ(x, y) = 1
m − 1

m∑
i=1

(xi − x̄)(yi − ȳ) (6.1)

where m is the number of samples and x̄, ȳ are the mean values of x and y,
respectively. Given this equation, the covariance matrix for three variables can
be represented as:
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
σ(x1, x1) σ(x1, x2) σ(x1, x3)

σ(x2, x1) σ(x2, x2) σ(x2, x3)

σ(x3, x1) σ(x3, x2) σ(x3, x3)

 (6.2)

A positive covariance means that two variables increase together (positively
correlated), while a negative means that one variable increases when the other
decreases (negatively correlated). Since the covariance of a variable with itself is
just the variance of that variable, the elements on the main diagonal are actually
the variance of each variable.

The next step is to compute the eigenvectors and eigenvalues of the covariance
matrix. In linear algebra, when performing a linear transformation of a vector
space V, which is performed by multiplying the vector space with a transformation
matrix A, there are certain vectors that will not change their direction. They
can be stretched or shrinked by a scalar value but their direction remains the
same. These vectors are called eigenvectors and the amount of scaling is called
an eigevalue. For these vectors, multiplying them with the matrix A is equivalent
to multiplying them with just a scalar value. This can be written as:

Ax = λx (6.3)

where x are the eigevectors and λ is a vector containing the eigenvalues that
correspond to each eigenvector.

The eigenvectors of the covariance matrix are actually the directions with the
highest variance containing most of the information and these are called principal
components. The corresponding eigenvalues are coefficients that represent the
amount of variance contained in each principal component. These principal
components are the new uncorrelated variables that are created by linearly
combining the initial variables. If there are n number of variables, then n number
or principal components are calculated.

The combinations of the original variables in the principal components are
performed in such a way that most of the information is contained in the first few
components. PCA arranges the components in a way that the first component has
the maximum possible information (the line that maximizes variance of the data),
the second component the maximum remaining information, with the condition
that is uncorrelated with the first, and so on by ranking the eigenvectors in the
descending order (highest to lowest) of the eigenvalues. This means that the first
few components explain most of the variability in the data and the rest which have
minor contribution can be neglected without losing much information. Therefore
by discarding the non-important components, the data are projected from a
higher-dimensional space to a lower-dimensional space. It is worth noting that
although the principal components will increase the efficiency and convergence of
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an ML scheme, they have no real physical meaning and are not easily interpretable
since they are linear combinations of the original variables.

Consequently, to further decrease the dimensionality of both the input and
output dataset, PCA is implemented. Thus, one PCA model is constructed to
transform the input A-scans and a second PCA model to transform the output
A-scans. A linear combination of all the principal components via weighting
factors can reconstruct exactly the original dataset. In this case, each A-scan in
the dataset can be represented as:

ai = Cwi (6.4)

where ai is the ith A-scan, C is the matrix that contains the principal components
and wi is the vector with the weights for the ith A-scan. Since each A-scan
consists of 512 sample points after downsampling, the total number of principal
components is 512. Each of the principal components explain a certain amount
of variance in the data and are sorted by descending variance. The number
of principal components kept were 59 and 6, for the input and output data,
respectively, which explain a total of 0.999 variance in the data, while the rest
of the components were discarded. The weights are also 59 and 6, for each case,
respectively, and are distinct for each A-scan in the dataset. The PCA compressed
forms of the data are the final variables that are used as the input/output nodes
of the neural network. The total data set can be then written in a matrix form
as:

T = [t1, t2, . . . , tn] ∈ ℜ6500×59

B = [b1, b2, . . . , bn] ∈ ℜ6500×6
(6.5)

where ti, bi are the vectors with the input and output PCA compressed versions,
respectively, for the ith training example. To apply PCA on the data, the Python
module scikit-learn was used (Pedregosa et al., 2011). Figure 6.2 illustrates an
A-scan from the training set, shown in the first subfigure, and its reconstructed
signal using different number of PCA components. It is obvious that using
the first few components, only the background response is reconstructed. With
increasingly more components used, the approximated signal resembles more
the original signal with the response of the target starting to appear. Using
n = 59, the reconstructed signal obtained is identical to the original response.
To verify that 59 components are sufficient, a number of A-scans from the
training set are presented in Figure 6.3 along with their reconstructed PCA
approximations, where it is obvious that these are almost indistinguishable. For
illustrative purposes, the A-scans have been truncated to 4.5 ns in the Figure,
although the full 8 ns have been actually used for PCA. Note, that although
the total data set is transformed to a compressed PCA form, only the training
set was used to calculate the PCA model and find the principal components.
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The rest of the data, that form the validation and test sets, were not part of
fitting the PCA model but were transformed afterwards using the PCA model
the resulted from the training set.

6.4 deep learning scheme

After generating and pre-processing the A-scans, the data set is split into training,
test and validation data. First, the data are shuffled and then randomly split
in the three sets. In particular, 80% of the data is allocated to the training set,
while the test and validation sets are allocated 10% each.

The proposed deep learning scheme uses two connected networks, meaning
that the output of the first network is passed as an input to the second. The
first neural network predicts the compressed background response Bi given the
compressed total response Ti as an input. Subsequently, the predicted compressed
background is feeded as an input to the second neural network in order to
predict the background relative permittivity and conductivity Pi. The predicted
compressed background Bi in then transformed back to time domain to acquire
the background response as an A-scan Yi, which is subsequently subtracted from
the raw time-domain data Xi to perform the background removal. Performing
background removal using the suggested NN scheme predicts and removes only
the signal that corresponds to the direct wave and does not affect flat or other
targets, in contrast to the methods discussed earlier.

Having a permittivity estimate allows for the calculation of the EM propagation
velocity in the background using Equation 2.2 and therefore to transform the time
to depth scale and approximate the depth to targets. Usually, a velocity estimate
is obtained using the hyperbola fitting technique, where a hyperbola equation
is fitted to the measured hyperbola. This technique relies on the existence of a
hyperbolic signature in the data and certain simplifications. Al-Nuaimy et al.
(2000) modelled the hyperbolic signatures using the equation

(
t

t0

)2
−
(2(x − x0)

ut0

)2
= 1 (6.6)

which relates the two-way travel time t with position x in the horizontal direction
and the velocity u. The (x0, t0) coordinates represent the apex of the hyperbola.
This model assumes a target of 0 m radius and tries to find the optimal velocity by
solving the hyperbola equation and acquiring a hyperbola that resembles as best
as possible the hyperbola corresponding to the target. Usually, a visual fitting
is performed, were hyperbolas for different velocities are calculated and plotted
overlaying the measured hyperbolas until the shapes of the two hyperbolas match.
The assumption of zero radius is clearly incorrect as all cylindrical objects have
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Figure 6.4: Geometry for the hyperbola acquisition over a cylindrical target

a finite radius and thus, works well only for a quite small radius where the target
resembles a point reflector. In contrast, for increasing radius, this method leads to
an inaccurate velocity estimate since the spreading of the hyperbola is attributed
to a higher value of the velocity by the algorithm, although it is actually formed
by a smaller velocity and the finite radius of the target.

An equation that takes into account the radius R of an object was presented
by Shihab et al. (2004) as

(z + R)2 = (z0 + R)2 + (x − x0)2 (6.7)

where z is the apparent depth of the cylinder from a receiver position x, z0 is the
depth of the top of a cylinder and x0 corresponds to the horizontal position of
the cylinder as displayed in Figure 6.4. Substituting z = ut

2 and z0 = ut0
2 results

in (
t + 2R

u

t0 + 2R
u

)2

−
(

x − x0
u
2 t0 + R

)2

= 1 (6.8)

For a zero radius, this equation reduces to equation 6.7. It is obvious that this
equation has two unknown quantities, R and u. To acquire estimates of these
parameters, an optimisation fitting method is implemented which is commonly a
least-squares fitting method. Nonetheless, this fitting problem suffers from non-
uniqueness of the solution, where different combinations of radii and velocities
might lead to the same exact hyperbola and therefore is difficult to characterise
accurately the target.
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(a) Estimated velocity v=0.175 m/ns
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(b) Estimated velocity v=0.184 m/ns
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(c) Estimated velocity v=0.194 m/ns
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(d) Estimated velocity v=0.203 m/ns

Figure 6.5: Estimated velocities from hyperbola fitting for different time zero corrections.

Furthermore, these techniques are highly dependent on the time zero correction
and the direction of scanning relative to the position of the target. Figure 6.5
illustrates an example of hyperbola fitting for different time zero corrections,
namely for selecting the first break, the maximum positive peak, the maximum
negative peak and the midpoint between the positive and negative peak. The
estimated velocity for each case is given in the Figure, showing that different
velocities are obtained for different time zero corrections. Crossing a target at an
angle different than 90◦ will result to a wider hyperbola and will overestimate
the velocity. Therefore for optimal results the target should be aligned in the
same direction as the E-field of the antenna. But even when crossing a target
at a 90◦ angle, for different time zero positions, a different velocity value will
be obtained in addition to the error from the 0 radius assumption, if the first
method is used. In contrast, the deep learning method of finding the velocity is
independent of the direction of scanning relative to a target, does not make any
assumptions and does not require the existence of a hyperbola in the data. The



6.4 deep learning scheme 141

Input 
(59)

Hidden 1
(128)

Hidden 2
(128)

Output
(6)

⋮

⋮
⋮

⋮

⋮
⋮ ⋮

Hidden 3
(64)

⋮

Input 
(6)

Hidden 1
(128)

⋮

⋮
⋮

Hidden 2
(64)

⋮

Hidden 3
(64)

Output
(2)

NN-1 NN-2

Figure 6.6: Proposed architecture of the two coupled neural networks.

velocity is estimated using entirely background information and is more accurate
than conventional hyperbola fitting.

Hyperparameter tuning was used to define the architecture of the two networks,
the learning rate and other settings of the ML scheme in order to acquire an
optimal ML model. Grid search was utilised to find the optimal hyperparameters
for the specified problem by trying different combinations of certain parameters.
For both networks, the number of layers, number of nodes, the learning rate and
the activation functions were tuned using a grid search. The ranges used for each
hyperparameter in grid search are shown in Table 6.1. The architectures and the
final hyperparameters are discussed below.

6.4.1 Neural Network 1 Architecture

For the first network (NN-1), a feed-forward fully-connected (Dense) network
was selected for the training. The input and output layers of the model consist
of 59 and 6 nodes, respectively, as specified previously. For this network, it was
deducted after grid search that three hidden layers, that are composed of 128, 128
and 64 nodes, respectively, were sufficient to capture the relationship between the
input and output data. All layers use ReLU as an activation function, expect from
the output layer, which uses a linear activation function, since it is a regression
problem. The Adam optimiser is used to decrease the mse with a learning rate of
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Lower limit Upper limit

Number of layers 2 8

Number of nodes 16 256

Learning rate 0.0001 0.1

Options

SGD

RMSprop

Optimiser Adagrad

Adadelta

Adam

ReLU

Activation function Tanh

Sigmoid

Table 6.1: Ranges and options of hyperparameters used in grid search for the background
prediction ML models.

0.001 and a decay of 1e-7 at each iteration. As a loss function the mse between
the predictions and the true labels is chosen, given by

MSEtrain = 1
m

m∑
i=1

(ŷtrain
i − ytrain

i )2 (6.9)

where ŷtrain
i is the predicted PCA values for the ith training example and ytrain

i

its the true label. The network was trained for 200 epochs.

6.4.2 Neural network 2 architecture

The second network (NN-2) is also a dense network that takes as input the output
predictions from the previous network, resulting in an input layer with 6 nodes.
It consists of three hidden layers with 128, 64 and 64 nodes, respectively and an
output layer with 2 nodes. The rest of the hyperparameters are common in the
two networks. The mse between the predicted and the true ϵr and σ was used as
a loss function. The architecture of both networks is illustrated in Figure 6.6. For
both models checkpoints were utilised in order to select as final model the one
that achieved the best performance on the validation set through the epochs.
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Predicted value True value

A-scan 1 permittivity ϵr 5.81 5.77

A-scan 2 permittivity ϵr 6.09 6.18

A-scan 1 conductivity σ (S/m) 0.00039 0.00034

A-scan 2 conductivity σ (S/m) 0.0205 0.0200

Table 6.2: Synthetic A-scan predicted dielectric properties.

6.5 results

Training the first NN model resulted in an mse value of 2.6e-4 and 7.0e-4 for
the training and test set, respectively. Transforming the training data from PCA
back to time domain and calculating the errors, resulted in an mse of 6.7e-6
and 8.7e-6 for the training and test set, respectively. Permittivity was estimated
with an accuracy of ± 0.2 for the training and ± 0.3 for the test set, whilst
conductivity predictions had an accuracy of ± 0.001 S/m for the former and ±
0.0015 S/m for the latter. The loss values plotted per epoch for each of the two
networks are displayed in Figure 6.7. In the graphs, both the train and the test
losses are plotted, showing the convergence and the ability of the networks to
generalise since, not only low training but also low test set errors are achieved.
Oscillations in the loss are visible in the data, which are expected especially in
the case of the test set, before achieving convergence to a minimum loss. The
first network converged faster as illustrated in Figure 6.7a, showing that a very
small loss is obtained even with a small number of epochs, in contrast with the
second network which was oscillating for many epochs before reducing the loss, as
shown in Figure 6.7b. To demonstrate the convergence of the first network that
predicts the background, the true background response is plotted versus the ML
background predictions per different epochs for two randomly selected A-scans
from the test set in Figures 6.8 and 6.9, respectively. Each plot corresponds to a
certain epoch, which is reported in the plot title along with its corresponding
mse for the training set. Note that the mse reported here was calculated after
transforming the predictions from PCA back to time domain. From both figures,
it is obvious that in the first iterations with the highest error, the predicted
responses do not resemble the ground truth. As the training progresses, the
predictions of the network are improved until reaching a very low error in the
last iterations, where the true and predicted responses are almost identical, as
shown in the Figures.

However, a low loss does not necessarily mean that the network predictions
will be accurate and the performance of the network should always be evaluated
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Figure 6.7: Train and test set loss values per epoch for a) Background prediction and b)
Permittivity and conductivity prediction.

by investigating the data. In this section, the performance of the algorithm is
tested by applying the scheme to both numerical and real data. Subsequently,
the estimated permittivity profile is used in a reverse-time migration (RTM)
scheme. This allows to perform migration using the actual permittivity profile,
which increases the reliability and accuracy of the reconstructed images.

6.5.1 Synthetic A-scan data

To evaluate the performance of the ML model, the algorithm was applied to
the test set, which was not part of the training process. Two randomly chosen
A-scans are presented in Figure 6.10. In both cases, the model consists of a
homogeneous background with a buried metal cylinder. For the first case, the
background medium is simulated with an ϵr = 5.77 and σ = 0.00034S/m and a
cylinder with radius 2 cm is buried at 17 cm. The second case has a background
with ϵr = 6.18 and σ = 0.02S/m and a cylinder with a radius of 1.3 cm and
depth of 4 cm.

The raw data are presented in the top row of the Figure, the predicted
background compared with the true background in the middle row, whereas the
bottom row illustrates the responses after the predicted background has been
subtracted. It is obvious that in both cases, the network was able to successfully
predict the background, which is indistinguishable from the ground truth. Even
in the presence of a shallow buried object, the ML model was able to identify
the background signal accurately. Subsequently, the predicted background is
subtracted from the raw total traces to perform background removal. Finally, given
the predicted background response, its dielectric properties are estimated and
are presented in Table 6.2 along with the true ones. From the Table, it is evident
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Figure 6.8: Background response predictions versus true per different epochs from high
to low error for the first random input A-scan chosen from the test set.

that for both A-scans, the algorithm predicted permittivity and conductivity
values very close to the true ones.
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Figure 6.9: Background response predictions versus true per different epochs from high
to low error for the second random input A-scan chosen from the test set.

The suggested deep learning scheme was applied on 50 different A-scans
randomly selected from the test set and the predicted dielectric properties were
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Figure 6.10: The NN background removal applied on two synthetic A-scans. Top: Raw
data, Middle: Predicted versus true background, Bottom: Data after back-
ground removal.

compared with the ground truth. Figure 6.11 displays the comparison of the
permittivities, whereas Figure 6.12 for the conductivities. The plotted lines in
the two graphs are used to indicate how far the predictions are from the true
properties, where the point will fall on the line if the true value is predicted
exactly. In all cases, the predicted values are very close to the true ones, proving
the accuracy of the ML scheme.
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Figure 6.11: Comparison between true and predicted permittivity values for 50 different
randomly selected cases.

6.5.2 Synthetic B-scan data

Although the deep learning scheme is trained using A-scan data, it can be applied
on B-scan data as well. In this case, a background signal is predicted by NN-1
for each A-scan included in a B-scan and subsequently subtracted from the
corresponding A-scan. Thus, a background response is subtracted trace by trace,
in contrast with other methods where the same single background response is
removed from all A-scans. A permittivity and a conductivity estimate is acquired
by NN-2 for each A-scan and all the estimates are averaged out to obtain a
single mean permittivity and mean conductivity that characterise the entire
B-scan. However, in case of a considerably inhomogeneous background medium,
a permittivity and conductivity distribution, which characterise the area locally
around an A-scan, are more useful than a mean value for the total area of interest.

A number of synthetic B-Scans were also generated to evaluate the deep
learning scheme and compare its performance with the mean subtraction method.
These data were not part of the training process and are originated from different
and more complex scenarios than the ones used in the training. Four different
B-scans are discussed here, which are visible in Figure 6.14, whereas the geometry
of the models used to generate the B-scans is shown in Figure 6.13. The Bscans
on the left of Figure 6.14 show the raw data, in the middle the data after NN
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Figure 6.12: Comparison between true and predicted conductivity values for 50 different
randomly selected cases.

background removal and on the right the Bscans after mean subtraction. In
the first scenario, a rebar of radius 1.5 cm is buried at a depth of 8 cm along
with a metal plate buried at 18 cm depth and spanning the entire Bscan. The
background medium is simulated with an ϵr = 3 and σ = 0.001S/m, whereas the
targets as PECs. From Figure 6.14a it is obvious that the NN model predicted
accurately the background response, which was subsequently subtracted from the
original data. Furthermore, the NN scheme did not affect the flat response from
the plate, in contrast to the mean background removal, which partially removed
the it in addition to creating artifacts in the data. The second scenario consists
of four rebars closely spaced together and buried at a shallow depth of 4 cm.
The background is modelled with an ϵr = 6 and σ = 0.01S/m and the rebars
as PECs with radius 1.5 cm. It is shown that even in the presence of shallow
buried targets and closely spaced together, the network is able to recognise the
background successfully. The mean background removal created again an artifact
around 0.5 ns time.

For the third case, a background medium with ϵr = 9 and σ = 0.015S/m is
simulated along with four empty plastic pipes of 2 cm radius and 4 mm wall
thickness, which are considered as PVC with ϵr = 4 and σ = 0S/m and are
placed at a depth of 6 cm. This scenario demonstrates that the scheme, although
trained with metallic rebars only, works even in cases where the data include
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d)

Figure 6.13: Modelled geometry of the B-scans generated for evaluating NN background
removal.

responses from targets with different properties. The background signal was
again removed accurately using the ML scheme, while the average subtraction
created an artifact around 1.5 ns. The fourth and last case represents a more
complex scenario, where five targets are placed in different depths. In particular,
the direction of scanning is perpendicular to the long axis of 4 rebars of radius
1.2 cm, which are buried at 4, 5, 5, 6 cm, respectively. The fifth rebar of radius
1.2 cm is parallel to the direction of scanning and buried below the rest of the
targets. This rebar goes from a depth of 10 cm for the left end to 11.3 cm for the
right end of the space and therefore is a dipping target as illustrated in Figure
6.14d. This is a typical scenario of a reinforcing mesh found in concrete slabs. The
background was modelled using ϵr = 6.5 and σ = 0.01S/m. Again, even in this
complex scenario, the ML model distinguished the background response, without
affecting the dipping linear response from the rebar. The average subtraction
behaved similarly to the previous cases.

Table 6.3 presents the mean predicted dielectric properties, which again are in
very good agreement with the real ones. The estimated permittivity across the
A-Scans was ± 0.2 from the mean value, while the conductivity was ± 0.00086
S/m. Using the predicted permittivity, the velocities were calculated and used to
convert from time to depth and thus, a depth scale is included in the NN results,
as shown in Figure 6.14. So far, only homogeneous and non-dispersive media
cases were considered, since only homogeneous and non-dispersive materials
were used as part of the training. However, to evaluate the capabilities of the
algorithm, the scheme was also applied to dispersive and inhomogeneous half-
spaces. Figure 6.16 shows two B-scans obtained over the same inhomogeneous
half-space first with no targets, and then with two rebar targets of 1.6 cm radius
buried at 7 cm depth. The soil was simulated with a sand fraction of S = 0.5,
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Figure 6.14: Background removal on synthetic data. Left: Raw data. Middle: Data after
NN background removal. Right: Data after mean subtraction.
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50 cm

30 cm

23 cm

Figure 6.15: Modelled geometry of the inhomogeneous background medium.

a clay fraction of C = 0.5, bulk density of 2 g/cm3, sand particle density of
2.66 g/cm3, and a volumetric water fraction ranging between 0.001 - 0.2 with
40 materials with different dispersive properties used to capture this range. The
geometry of the model is given in Figure 6.15. Since the ML scheme uses local
information contained in an A-scan to predict the background, in contrast to
other methods which use the entire B-scan to predict a single background, it was
able to accurately predict the background response even in an inhomogeneous
environment with and without targets included. An inhomogeneous environment
has variations at its extent, which can be better captured using local information.

Finally, noise was introduced to the synthetic B-scans to test the performance
of the scheme with noisy data. The first and the second synthetic scenario
with added noise are used here to demonstrate the performance of the network.
Gaussian white noise was added to the data, where samples are drawn randomly
from a normal distribution with zero mean and the noise has a constant power
spectral density

S(i)∗ = S(i) + n(i) (6.10)

where S(i) represents the i-th A-scan of a B-scan and n(i) is the noise added to
the A-scan. Figure 6.17 displays the noisy B-scan data along with the B-scans
after NN background removal. In addition, randomly selected A-scans from the
two B-scans are plotted in Figure 6.18 along with their predicted background.
Even in the case of noisy data, the algorithm was able to recognise the background
responses. However, having excessive noise in the data leads to incorrect shifting
of the traces and thus, in this case the performance of the algorithm is degraded.

The diversity of cases presented, demonstrate that the deep learning scheme
performs very well in a variety of complex scenarios that were not part of the
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Figure 6.16: NN Background removal on synthetic data over inhomogeneous environment.
Left: Raw data. Right: Data after NN background removal.

training. NN-1 was able to accurately predict the background response regardless
of the background properties and the depth, size, orientation, type or number of
targets. Following the efficiency of NN-1, NN-2 provided accurate estimates of
the background dielectric properties in all cases.

6.5.3 Real data

The proposed scheme is now applied on real data to evaluate its accuracy with
real case studies. Data from 7 different cases were collected using the GSSI 2
GHz “palm” antenna system. Cases a) to e) were collected on the ground floor
of the William Rankine building at the School of Engineering, The University of
Edinburgh, which is essentially a concrete slab, whereas cases f) and g) are from
two experimental reinforced concrete slabs located in the NDT laboratory in the
same building. The B-scans acquired are shown in Figure 6.20, while pictures of
the survey areas are presented in Figure 6.19. No gain was applied at the raw
or processed data of Figure 6.20. It is obvious that these B-scans are far more
complex than the scenarios used in the training set and the synthetic B-scans
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Figure 6.17: NN Background removal on noisy synthetic data. Left: Raw data. Right:
Data after NN background removal.

used for evaluation. Multiple targets at different depths can be seen, linear and
dipping features and targets closely spaced together. In addition to that, as with
all real measurements, noise is contained in the data.

A concrete slab is a structural element of most modern buildings, that consists of
cast concrete of certain thickness with flat, horizontal surfaces. A steel-reinforced
concrete slab is most often used to construct floors and ceilings, where a reinforcing
rebar mesh and post-tension cables are embedded in concrete to compensate
for concrete’s low tensile strength. Apart from the reinforcement, metallic or
non-metallic conduits can also be found embedded into concrete. Therefore,
in cases a) to e), it is expected to find a number of targets as included in a
typical reinforced concrete floor slab. The hyperbolic signatures were obtained
by scanning perpendicular to the targets, whereas the flat responses by scanning
parallel, along the main of the targets. Although these five cases represent complex
scenarios that were not part of the training, the scheme predicted the background
signal successfully, as illustrated in Figure 6.20. Performing average background
subtraction did not remove the background completely, with remaining parts
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Figure 6.18: NN Background removal on noisy synthetic data: Selected A-scans plotted
with their predicted background.

still visible in the data, in addition to partially removing the flat responses from
targets.

Scenarios d) and e) consist of hyperbolic signatures from the steel rebars
existing in the concrete slab, while in d) a flat response from the bottom of the
slab is also present. The background signal was effectively removed using ML
in both cases, whilst the average subtraction introduced flat-laying artifacts in
the data. In addition, the bottom of the slab is clearly visible in the NN results
even without gain, but eliminated using the mean subtraction. It is clear that
in all cases, the deep learning scheme outperformed the mean removal method
and produced GPR images with higher signal to clutter ratio. Note, that the NN
scheme is trained to predict only the background response and no other clutter
that might be present in the data.

After the background signals are estimated, the dielectric properties are pre-
dicted. The real investigated cases are considered relative homogeneous and
their predicted mean dielectric properties are presented in Table 6.4 for all cases.
For the first three cases, which were measured on the same ground floor, the
resultant permittivity values are between 4.6 - 5.7, which are considered typical
permittivity values for dry concrete Bourdi et al. (2012). For the last two cases,
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Predicted value True value

B-scan 1 permittivity ϵr 3.18 3.00

B-scan 2 permittivity ϵr 6.12 6.0

B-scan 3 permittivity ϵr 8.8 9

B-scan 4 permittivity ϵr 6.4 6.5

B-scan 1 conductivity σ (S/m) 0.0016 0.001

B-scan 2 conductivity σ (S/m) 0.013 0.01

B-scan 3 conductivity σ (S/m) 0.0019 0.015

B-scan 4 conductivity σ (S/m) 0.009 0.01

Table 6.3: Synthetic B-scan predicted dielectric properties.

Case Predicted mean ϵr Predicted mean σ (S/m)

a) 5.71 0.012

b) 5.05 0.040

c) 5.32 0.036

d) 4.87 0.043

e) 4.65 0.070

f) 9.83 0.059

g) 9.03 0.051

Table 6.4: Real B-scan predicted dielectric properties.

the resulting permittivities were larger with values that vary from ϵ = 9 − 9.83,
indicating that these concrete slabs have greater water content. Using the pre-
dicted permittivities, the velocity of the materials and therefore, the depth of
the targets are calculated, as shown in the second column of Figure 6.20 by the
existing depth scale in the NN results.

Although for the ground floor scenarios, the true depths are unknown and not
easy to obtain, for the concrete slab in the NDT lab, the true depth of targets
is known and used for evaluation of the scheme. The comparison showed that
the NN-resultant depths of the rebars match the true depths, validating the
effectiveness of the deep learning scheme on real data. The network predicted
accurately both the depth of the rebars and the thickness of the slab, which was
22 cm and was estimated successfully as shown in scenario d). Since the true
conductivity values of the background media were unknown, independent tests
with synthetic data showed that the scheme overestimates the conductivity values
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Figure 6.19: Locations of where the real B-scans from Figure 6.20 were acquired for a)
B-scans a-e, b) B-scan f and c) B-scan g.
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Figure 6.20: Real B-scan data. Left: Raw data. Middle: Data after NN background
removal. Right: Data after mean subtraction.
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Figure 6.20: (Cont.) Real B-scan data. Left: Raw data. Middle: Data after NN background
removal. Right: Data after mean subtraction.
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when applied to dispersive media, since they were not included in the training
process. For all cases, the estimated dielectric properties across the A-scans were
very close to the mean value, with a maximum observable difference of 0.8 for
the permittivity and 0.01 S/m for the conductivity.

6.6 reverse time migration application

As described briefly in Chapter 2, migration is an advanced imaging technique,
which is frequently applied on GPR data to move scattering events to their true
spatial position and focus hyperbolic signatures (Yilmaz, 2001). Migration is
based on the assumption that point scatterers are acting as impressed sources,
which are initiated at time t = 0 (Yilmaz, 2001). The goal of migration methods is
to make the B-scans appear as similar as possible to the true cross-section of the
subsurface being investigated. To acquire a section close to the true cross-section,
which is in depth, not only the hyperbolas have to be collapsed, but also an
accurate estimate of the EM wave velocity is required. However, obtaining an
accurate velocity estimate is not easy and therefore migrated images are in many
cases presented in time, leading to time migration. When there is knowledge of the
velocity, depth migration can be performed. There are many different migration
algorithms which can be broadly classified into three categories: 1) Algorithms
based on FD, 2) frequency-wavenumber (f-k) solutions and 3) algorithms based
on the integral solution to the scalar wave equation. Migration was originally
developed for seismic data but has been shifted to GPR surveys as well.

One of the first migration methods is the diffraction-summation technique,
which is based on a summation of the amplitudes along a diffraction hyperbola
(Yilmaz, 2001). A method similar to the diffraction-summation technique with
additional corrections is the well-known Kirchhoff diffraction migration introduced
by Schneider (1978), which is based on an integral formulation for the solution
of the scalar wave equation. Hogan (1988) first applied it to GPR data and
discussed all the parameters that affect the migration algorithm such as geological
inhomogeneities and medium velocity. Kirchhoff migration does not perform well
when significant lateral variations in velocity are present. Another migration
method is the f-k migration or Stolt migration given by Stolt (1978), which is
based on the scalar wave equation and Fourier transform to backpropagate the
signal back to the scatterer. The phase-shift method by Gazdag (1978), also
belonging to the category of f-k solution is based on a phase shift in the f-k
domain. The frequency components are summed every depth step to acquire
the GPR image at t=0. Migration has been applied successfully to different
GPR surveys. Stolt migration was employed by González-Huici et al. (2014)
to reconstruct the GPR image for landmine detection. The performance was
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compared with other reconstruction techniques, showing some limitations of the
method.

A common migration method, originally developed for seismic data (Baysal
et al., 1983), is the reverse time migration (RTM) (Leuschen and Plumb, 2001),
which was developed based on the exploding reflectors model (Loewenthal et al.,
1976). One of the first applications of RTM on GPR data was presented by
Fisher et al. (1992), where RTM was applied to constant-offset data. A modified
RTM scheme was described by Schofield et al. (2014) to increase the probability
of detection of AT landmines. For the modified RTM, a stacking technique
was implemented which stacks multiple GPR images with differing diffraction
signatures and reduces the effect of varying ground conditions. Lei et al. (2018)
implemented RTM for cross-borehole numerical data. The wavefield were initially
decomposed into left and right-going wavefields using hilbert transform before
applying RTM, which seemed to reduce the low-frequency migration artifacts.

Based on this model, it is assumed that the zero offset data are almost the
same as if they had been generated using a number of sources at the positions
where the target reflectors are located, and a series of receivers placed on the
surface at each antenna location along the profile. The sources are triggered
simultaneously and back-propagate upward towards the location of the antenna
following the same path as the incident field. For this purpose, the received
signals are reversed with respect to time and used as excitation sources, thus the
name reverse time migration. If the EM waves propagate back in time, at t = 0
they will collapse at their cluttering sources (Leuschen and Plumb, 2001). The
wavefield at t = 0 is then the migrated wavefield, where all energy has converged
back to the reflectors positions.

Assuming a B-scan B(q, t), for the time interval t{[0, tmax] ∈ Rm tmax > 0}
and qj = ||⟨xj , yj , zj⟩||, where {xj , yj , zj} ∈ R are the coordinates of the jth
measurement. B(q, t) is first reversed with respect to time B(q, tmax − t), and
afterwards the reversed traces are used as impressed current sources Ju(q, t) =
B(q, tmax − t) where u ∈ {x, y, z} is the polarisation of the receiver (Giannakis
et al., 2020). The polarisation of impressed sources is set perpendicular to the
line of measurements, and following the work by Giannakis et al. (2020), soft
line sources were used. For RTM, B(q, tmax − t) needs to be interpolated in time
to be synchronous to the time step of FDTD (Giannakis et al., 2020). For all
the cases presented below, a discretisation step of ∆x = ∆y = 0.001m was used,
while ∆t was calculated by the CFL condition. The FDTD domain was truncated
using a PML with a 20-cell thickness. To compensate for the two-way travel time,
the velocity of the medium should be set to half of its actual velocity i.e. the
permittivity should be set to four times the actual permittivity value.
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A second-order in both space and time FDTD-TM mode is implemented to
propagate the waves back in time. The TMz mode, which includes the components
Ez, Hx and Hy, was described in Chapter 3. Using a 2D scheme reduces the
computational requirements without changing the shapes of the investigated
targets. Although a 2D FDTD scheme is used for the migration, all the simulated
data to which migration was applied, were acquired using a fully-3D FDTD
scheme, as mentioned earlier.

For successful implementation, RTM requires an accurate estimate of the
medium permittivity. For a relatively homogeneous background, even an average
permittivity for its total extent, can yield an accurate migrated image. In contrast,
using a mean permittivity to describe a non-homogeneous material will result
in under and overmigrated sections in the image, that originate from the use of
low or high EM wave velocities. Instead, performing RTM with a permittivity
distribution that captures the variations in permittivity along the B-scan, will
produce a migrated image with sufficient accuracy. RTM has the ability to
handle velocity lateral variations in contrast to other commonly used migration
algorithms in GPR processing that assume a constant velocity throughout the
material. Using an accurate velocity structure, the fields are backpropagated
until the diffractions collapse back to their origin at t = 0.

Here an RTM approach using the ML-based background subtraction/prediction
that was developed is proposed, where a permittivity distribution ϵ(q) is estimated
using the deep learning scheme described previously and is assumed to vary only
along the direction of the survey q. The predicted background is used to perform
background removal on the responses, which is an essential step prior to migration.
A flow chart of the process followed is illustrated in Figure 6.21 for both RTM
and general use of the proposed ML scheme. To demonstrate the performance of
the scheme it is applied on both synthetic and real data.

6.6.1 RTM-synthetic data

The proposed processing scheme is now evaluated on two synthetic case studies
with varying permittivity along the line of measurements. The first case includes
4 rebars of 8 mm radius buried in a depth of 7 cm. The background layer is
modelled with a conductivity σ = 0.001S/m and a linearly increasing permittivity
along the direction of scanning, starting from ϵr = 4 at the beginning of the
profile and advancing to ϵr = 8.5 at its end. The half-space included in the model
starts at a depth of 12 cm and was modelled with ϵr = 5 and σ = 0.001S/m.
The modelled geometry is illustrated in Figure 6.22a, whereas the corresponding
B-scan in Figure 6.23b. The differences in shading for the first layer are used
to indicate that the properties of the material are changing along its largest
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Pre-process B-scan

Predict background response 

Calculate velocity/depthPerform RTM

Keep permittivity distribution Calculate mean permittivity

Predict permittivity/conductivity

Perform background removal

Figure 6.21: Flow chart of the steps followed for the proposed scheme.

dimension. Figure 6.23 shows the true permittivity distribution plotted against
the NN predicted permittivities, which are in a very good agreement.

At first SVD was used to filter the background out of the data and migration
was performed using a mean permittivity value for the entire B-scan. From
Figure 6.23c, it is obvious that with a mean permittivity, the hyperbolas did not
collapse and a noisy migrated image was produced. In addition, SVD was not
able to remove the background successfully with sufficient parts of it remaining
in the data. Due to the mean permittivity used for RTM, the response from the
half-space still appears as a response from a dipping target, whereas the true
interface is flat as illustrated in Figure 6.22a. In contrast, performing RTM using
the ML predicted permittivities, produced a clear migrated image where the
hyperbolic events have collapsed and the reflectors have been relocated to their
true positions, including the response from the half-space (see Figure 6.23d).
Furthermore, the deep learning scheme predicted accurately and removed the
background signal from the original data. Finally, a hilbert transform was applied
on the migrated signals produced by RTM with ML to acquire the traces envelope
with all positive components as shown in Figure 6.23e. Note that the migrated
images for both synthetic and real data have been truncated to a depth of 0.3
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a)

1 m
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27 cm

b)

1 m

20 cm

27 cm

Figure 6.22: Geometry of the synthetic models used for the RTM scheme: a) First
synthetic scenario, b) Second synthetic scenario.

m since no significant information exists beyond this depth and in order for the
targets to be seen clearer.

The second scenario consists of 7 rebars of 1 cm radius, which are placed at 8
cm depth. In this case, the variation in permittivity of the background is greater
than the first case study, starting from ϵr = 3 and linearly increasing up to ϵr = 12.
Similarly to the first example, the conductivity was set to σ = 0.001S/m. The
half-space starting at 13 cm depth was simulated with ϵr = 8 and σ = 0.008S/m.
The modelled geometry of the second case is shown in Figure 6.22b and the
B-scan data in Figure 6.24b. The permittivity variations for the second case
study are more pronounced and due to the increasing permittivity and therefore
decreasing velocity, the rebar targets appear to be at different depths, as shown
in Figure 6.24b, although they are actually at the same depth. The same holds
for the half-space response. The predicted permittivity distribution is very close
to the true distribution as displayed in Figure 6.24a.

Using a mean permittivity for the total area in RTM, resulted in over and
undermigrated sections in the image, where the hyperbolas have been focused
only in the sections that had a permittivity value close to the mean value and
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the interface with the half-space still appears to be dipping. Again, SVD did
not remove large part of the background energy as shown in Figure 6.24c. The
proposed ML scheme with the permittivity distribution for RTM was able to
successfully collapse the events to their true positions even in this case of large
permittivity variations across the profile. The final migrated image using the
proposed ML scheme is presented in Figure 6.24d and its corresponding Hilbert
transform in Figure 6.24e. The results demonstrate that the suggested scheme
outperformed in both cases the commonly used RTM scheme with a mean
permittivity and SVD filtering and can be applied successfully to datasets from
environments with permittivity variations.

6.6.2 RTM- Real data

In this section, RTM is performed on two cases of the real data that were collected
from the ground floor of the William Rankine building, as described previously.
Since the floor is a concrete slab, some small variations in the dielectric properties
throughout its extent are expected due to differences in the moisture content.
From the first B-scan in Figure 6.25b, it is obvious that there are 4 targets
below a flat target. The predicted permittivities along the measurement line are
ranging between 4.6-6, as displayed in Figure 6.25a. As expected, the predicted
permittivity distribution for the real data is noisy and therefore, a moving-
average filter was applied prior migration producing the smooth distribution
shown in the Figure. In this survey area, significant variations in permittivity
are not encountered and therefore, even a mean permittivity in RTM resulted
in an acceptable migrated image as displayed in Figure 6.25c. However, SVD
removed partially the flat response resulted in a lower resolution image. The deep
learning model removed only the background energy and focused successfully the
hyperbolas. The result is a clear migrated image, which is shown in Figure 6.25d,
where both the hyperbolic responses have collapsed and also the flat response is
clearly visible in the data. Similarly to the synthetic data, Hilbert transform was
applied after migration, which is displayed in Figure 6.25e.

In the second case study, the B-scan shows 4 hyperbolic responses around
the same depth and a dipping linear reflector at a depth below the hyperbolas,
as illustrated in Figure 6.26b. The estimated permittivity values, presented in
Figure 6.26a, are varying between 6.5 and 7.2 and similarly to the first case study,
the noisy predicted permittivity distribution was smoothed. Similarly with the
first case, both schemes were applied on the data, with the SVD removing again
partially the dipping response in contrast with the ML scheme which did not
affect it, as shown in Figures 6.26c and 6.26d. Since the variation in permittivity
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Figure 6.23: RTM of synthetic scenario 1: a) Predicted versus true permittivity distribu-
tion, b) Raw data, c) RTM using a mean permittivity and an SVD filter, d)
RTM using the proposed ML scheme and e) Hilbert transform after RTM
using the proposed ML scheme.
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Figure 6.24: RTM of synthetic scenario 2: a) Predicted versus true permittivity distribu-
tion, b) Raw data, c) RTM using a mean permittivity and an SVD filter, d)
RTM using the proposed ML scheme and e) Hilbert transform after RTM
using the proposed ML scheme.
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Figure 6.25: RTM of real case study 1: a) Predicted permittivity distribution, b) Raw
data, c) RTM using a mean permittivity and an SVD filter, d) RTM using
the proposed ML scheme and e) Hilbert transform after RTM using the
proposed ML scheme.
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Figure 6.26: RTM of real case study 2: a) Predicted permittivity distribution, b) Raw
data, c) RTM using a mean permittivity and an SVD filter, d) RTM using
the proposed ML scheme and e) Hilbert transform after RTM using the
proposed ML scheme.
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was not significant again, RTM performed similarly on both cases. The Hilbert
transform of the final migrated image is shown in 6.26e.

The above results on both synthetic and real data demonstrate the accuracy
of the proposed ML scheme to perform RTM and its superiority compared to
commonly used RTM with SVD and a mean permittivity. The suggested scheme
removes the background response successfully, does not remove other flat targets
and can produce high resolution images even in complex environments with large
permittivity variations, therefore enhancing the interpretation of GPR data.





7
M L - B A S E D F O RWA R D S O LV E R

In this chapter, a deep learning scheme is presented, that is used to predict B-scan
responses from reinforced concrete slabs in almost real time given certain input
parameters and act as a forward solver. The deep learning forward solver is used
as part of a full waveform inversion algorithm to acquire estimates of the depth
and diameter of rebars, as well as to characterise the concrete. The proposed
scheme is evaluated using both synthetic and real data and finally compared
with a conventional FDTD forward solver.

7.1 introduction

In Chapter 3, a detailed description of the FDTD forward solver was presented.
As mentioned earlier, numerical modelling is extensively used to understand
the EM wave behavior and enhance the interpretation of real data. In addition
to that, a forward solver is an essential component of full-waveform inversion
(FWI), which is an inverse problem used to estimate key parameters of the earth
model that generated the GPR data. To solve an inverse problem, solving the
forward problem multiple times is required. FDTD is a computationally expensive
algorithm and therefore leads to large computational times when used as part of
an FWI scheme. This makes FWI not applicable in practice in the absence of
high performance computing (HPC). Therefore, finding a fast forward solver is
essential in order to be able to use FWI in practice.

An attractive approach would be to utilise ML to create a forward solver that
can provide real time predictions, given certain earth model parameters as an
input. To train the ML model, a large and well-labeled training set with A-scans
of diverse scenarios would be needed. After training, the ML model would be
able to produce 3D forward solutions instantly but will be applicable only to
specific scenarios that were part of the training. Therefore, in this section a deep
learning forward solver is presented that generates responses for concrete slab
scenarios. The ML solver is used as a component of FWI to acquire estimates of
the depth and diameter of rebars that exist in concrete slabs and characterize
the concrete itself. Although the ML is tuned for concrete slab scenarios, it can
be trained to include other cases as well. Before discussing the development of
the ML-based forward solver, a description of the FWI method is presented.

173
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7.2 full-waveform inversion

The inverse problem is the opposite case of the forward problem. In the inverse
case, the GPR responses are known, whereas the earth model that generated
these responses is unknown. This is the most common case given that the field
GPR data collected are known and is sought to infer the dielectric properties of
the subsurface from the measured data. Inversion problems are usually formulated
as iterative optimisation problems and can be implemented using either local
search algorithms such as gradient-based methods or global optimisers such
as GA and PSO, mentioned earlier. Regardless of the method used, a set of
parameters is sought that minimises as possible the misfit between the observed
and synthetic responses. Inverse problems are ill-posed problems and thus, the
problem of non-uniqueness arises, meaning that different sets of parameters can
produce the same or similar responses. Therefore, constraints based on a priori
information are needed in order to acquire a realistic model and also for the
inferred parameters to be closer to some preferred model.

FWI, as the name suggests is an inversion method that utilises entire waveform
information in contrast to other methods, such as ray-based methods that use only
a portion of the responses, i.e., the first arrival and the maximum amplitude of the
first cycle. It was originally developed for seismic data (Tarantola, 1984a,b) and is
usually implemented using a gradient-based method along with an FDTD solver,
whereas a global optimiser is used less often due to the extensive computational
costs.

A typical gradient-based FWI algorithm starts with an initial guess of the
parameters which is consecutively corrected through the iterations based on
the data misfit. At each iteration the forward problem is solved one or usually
more times to acquire the GPR synthetic responses, corresponding to the current
model parameters, which are subsequently compared with the real responses
to calculate the misfit and update these parameters. The process is advanced
until an acceptable misfit value is reached. This type of methods is more suitable
to large scale problems with many parameters due to less computational times
compared to global optimisers. However, these methods are highly dependent on
the choice of the initial model and suffer from the local minimum problem, from
which they cannot escape to reach a better or global minimum.

Global optimisers do not suffer from the local minima problem and are not
dependent on an initial model. At each iteration of FWI, multiple possible solu-
tions are generated, for which the forward problem must be solved. If the number
of model parameters sought is increased, the number of possible solutions should
be increased accordingly. Therefore global optimisers are very computationally
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expensive algorithms and lead to increased execution times as the number of
parameters increases.

Usually FWI is performed without including a model of the system used to
collect the GPR data but using theoretical sources in the simulations. Therefore,
it is required to calculate an effective wavelet in order to estimate the unknown
source wavelet. For off-ground surveys this can be easily obtained using measure-
ments over a steel plate. However, for surface GPR data, where the antenna is
coupled with the ground and the wavelet is changing with the medium properties,
it is required to calculate an effective wavelet for each measurement position. In
addition, the effective wavelet needs to be optimised simultaneously with the
medium dielectric properties since these are coupled together and the properties
affect the resultant wavelet (Busch et al., 2014).

A detailed overview of FWI for GPR is provided by van der Kruk et al.
(2018) along with applications. A number of FWI applications for crosshole
GPR data can be found in the literature (Gueting et al., 2015; Klotzsche et al.,
2010, 2013). Ernst et al. (2007) implemented FWI with a conjugate gradient
technique and a 2D FDTD forward solver to invert first for the permittivity while
keeping conductivity fixed and then invert for conductivity while keeping the
permittivity fixed in a stepwise manner in order to avoid sensitivity issues between
these two properties. This way high-resolution permittivity and conductivity
distributions between boreholes were produced. The scheme was applied to a
number of synthetic data, both simple and complex, to evaluate its performance
and address its limitations. In all cases, it was shown that FWI performed better
than conventional ray methods.

An FWI algorithm that deals with the sensitivity problem and simultaneously
updates and solves for the permittivity and conductivity distributions was de-
veloped by Meles et al. (2010) using again a 2D FDTD scheme due to limited
available computational resources at that time. The proposed FWI algorithm
was applied to a number of synthetic 2D models with a realistic permittivity
and conductivity distributions and was used to invert both crosshole and surface-
to-borehole GPR data. The tests showed that the scheme improved the FWI
results compared with previous studies which were based on a cascaded updating
of the inversion parameters. This vectorial FWI described above was applied by
Klotzsche et al. (2010) to invert crosshole GPR data from a gravel aquifer in
Switzerland. To acquire the measurements, MALÅ 250 MHz antennas were used
with limited number of transmitter positions and large number of receiver posi-
tions. To apply the 2D FWI approach on real 3D data, a 3D to 2D transformation
was performed. The results were compared with a ray-based approach, showing a
higher resolution inverted images. The same FWI scheme was used by Klotzsche
et al. (2013) to invert six crosshole GPR cross-sections of four boreholes arranged
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in a squared configuration, along with a novel amplitude analysis. Low-velocity
waveguides were detected and interpret as high-porosity zones. The inversion
results were compared with porosity values inferred from Neutron–Neutron data
and permeability logs of the same boreholes. The vectorial FWI was also applied
by Gueting et al. (2015) on crosshole GPR data to characterise facies heterogene-
ity in an aquifer. First, FWI was used to obtain the subsurface permittivity and
conductivity and afterwards the results were compared with other investigation
tools.

A frequency domain 3D FWI scheme is employed by Busch et al. (2012) on
surface GPR data. FWI was implemented using a combined global and local
optimisation approach. The scheme was used on synthetic and measured CMP
data to acquire permittivity and conductivity estimates over a horizontal layered
subsurface. It was shown that an effective wavelet needs to be measured at each
position and also that the wavelet must be simultaneously updated with the
properties of the medium since it is dependent on the medium. One application
of FWI on surface GPR data is presented by Liu et al. (2018), where FWI along
with a fully 3D FDTD solver and a theoretical source was used to estimate the
radius of cylindrical targets, the medium dielectric properties and the effective
source wavelet. The scheme was tested with both synthetic and real GPR data.

A crosshole/borehole-to-surface FWI algorithm that is constrained by a com-
pressed representation of the fractal distribution of the water existing in the
subsurface is presented by Giannakis et al. (2022) for reconstructing the water dis-
tribution between boreholes. Imposing the fractal constraints, the FWI execution
time was decreased significantly compared to a traditional FWI scheme.

The first development of a fast ML forward solver for GPR data of concrete
slabs was introduced in Giannakis et al. (2019b, 2018). The scheme utilises
a dense NN along with principal component analysis (PCA) to predict single
A-scan responses for which the target is buried exactly below the antenna center,
given certain model parameters as input. The model was trained to predict
concrete slab scenarios for rebars with various diameters and different depths in a
homogeneous concrete slab with varying dielectric properties. This forward solver
was used as part of FWI to obtain estimates of the water content in concrete,
depth and diameter of rebars. The scheme included a model of a 1500 MHz
transducer from GSSI (Warren and Giannopoulos, 2011; Giannakis et al., 2019a)
in the synthetic training data and therefore, can be used for real GPR data. FWI
using the ML model as a forward solver was validated with both modelled and
real data demonstrating the accuracy and validity of the scheme.

The scheme presented here follows the work by Giannakis et al. (2019b) and
is extended to make predictions for different rebar lateral positions relative to
the antenna center, meaning that it does not require for the transducer to be
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directly above the target in contrast to Giannakis et al. (2019b), which can only
predict A-scans on top of rebars. Therefore, entire B-scans for reinforced concrete
slab scenarios can be now generated fast in almost real time using the proposed
ML scheme, reducing significantly the overall FWI computational costs. The
ML-based forward solver for reinforced concrete slab scenarios is analytically
described in the following sections.

7.3 training set

To form the training set, numerous data from diverse concrete slab scenarios
are needed. The training was performed again using FDTD synthetic data only,
which include the numerical model of the GSSI 2 GHz antenna. The simulations
consist of different cases of concrete as background medium with a single rebar
buried in the concrete at different depths and positions.

The dispersive behavior of concrete can be described using an extended Debye
model, given by Equation 3.67 presented in Chapter 3. Values of the extended
Debye model parameters for concrete with different water contents by volume
are provided in Table 7.1 and were obtained in Bourdi et al. (2012) by fitting
experimental data. As shown in the Table, the Debye parameters for concrete
can be represented using a single moisture content value, reducing the number of
parameters from 4 to 1. This helps avoid the instabilities that arise in FWI due to
the sensitivity differences between ϵs, ϵ∞, σ and t0 since these 4 parameters span
vastly different ranges, and also accelerates the training process. To acquire a
large set of diverse scenarios and capture the variations in water content and their
effect, cubic interpolation was used to interpolate between the values shown in
Table 7.1 and express different water content values with respect to the dielectric
properties of concrete.

The training set consists of 4000 different scenarios drawn from a uniform
distribution of the following parameters

• WC ∈ [0.2 − 10]%

• R ∈ [1, 6] cm

• D ∈ [3, 25] cm

• X ∈ [−11, 11] cm

where, WC is the water content, R is the diameter of the rebar, D is the burial
depth and X is the horizontal distance relative to the center of the antenna. The
main axis of the antenna (E-field) was parallel to the main axis of the rebars
in all of the simulations. The materials used in the simulations are considered
to be non-magnetic, while the rebars are simulated as PECs. The domain size
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Water Fraction (%) ϵs ϵ∞ t0 (ns) σ (S/m)

12 12.84 7.42 0.611 20.6 × 10−3

9.3 11.19 7.20 0.73 23 × 10−3

6.2 9.14 5.93 0.80 6.7 × 10−3

5.5 8.63 6.02 1.00 5.15 × 10−3

2.8 6.75 5.50 2.28 2.03 × 10−3

0.2 4.8 4.50 0.82 6.06 × 10−4

Table 7.1: Extended Debye properties of concrete Bourdi et al. (2012).

is set to 300 × 300 × 400 mm with 1 mm step size and a time window of 8 ns,
resulting in 4156 time steps from CFL condition. Although the water content
values were used to represent concrete in the ML scheme, the corresponding
Debye properties were used to simulate concrete and generate the training data
in FDTD. Generating this dataset required a running time of 1 day executed on
4 NVIDIA TITAN RTX 24GB GPUs and using gprMax.

The 4 parameters, WC, R, D and X are the inputs to the network, and their
corresponding outputs are the simulated A-scans. Therefore, the training set
consists of the input data X ∈ R4×m with their corresponding labels Y ∈ Rn×m,
where m = 4000 is the number of traces and n is the number of samples per
trace and Yi = [WCi, Ri, Di, Xi] is a vector that contains the input parameters
for the ith trace. Before training, both input and output data are subjected to
pre-processing as described below.

7.4 data pre-processing

Because the input parameters lie in considerable different ranges, parameters with
larger values, such as the permittivity and the water content, will intrinsically
influence the ML model more than the rest of the parameters, due to their larger
values. To handle this, the 4 input parameters are normalised to the maximum
value of their specified ranges. The same pre-processing steps of normalizing,
resampling and shifting the data that were applied for the backround removal
case, were applied on the output A-scans for the ML-based forward solver, as well.
However, the dimensionality reduction in this case was implemented using singular
value decomposition (SVD) as described below, which proved to perform better
in this case compared to PCA decomposition. To demonstrate this, 4 different
A-scans have been randomly selected from the training set and compressed using
both SVD and PCA with the same number of components. Figure 7.1 compares



7.4 data pre-processing 179

0 2 4
Time [ns]

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

Am
pl

itu
de

True
SVD
PCA

0 2 4
Time [ns]

-0.4

-0.2

0.0

0.2

0.4

Am
pl

itu
de

True
SVD
PCA

0 2 4
Time [ns]

-0.4

-0.2

0.0

0.2

0.4

Am
pl

itu
de

True
SVD
PCA

0 2 4
Time [ns]

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

Am
pl

itu
de

True
SVD
PCA

Figure 7.1: Comparison of SVD and PCA representations of different randomly selected
A-scans from the training set. For both PCA SVD and PCA the same number
of components was used.

the true A-scans with their compressed representations, where it is obvious that
the SVD representation approximates the true A-scans more accurately than
PCA.

7.4.1 Singular Value Decomposition for Dimensionality Reduction

Similarly to PCA, SVD has been used by the GPR community for direct wave
removal and clutter reduction (Cagnoli and Ulrych, 2001; Liu et al., 2017),
while in ML schemes is commonly used as a data compression method (Brunton
and Kutz, 2019). PCA is a method similar to SVD, and in fact, the principal
components can also be obtained via SVD. SVD factorises a m × n matrix A
into the product of three matrices

A = UΛV T (7.1)

where U is define to be an m × m matrix, Λ an m × n matrix and V an n × n

matrix. The matrices U and V are both orthogonal matrices containing the
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Figure 7.2: SVD representation of an A-scan for different number of components.

left-singular vectors and right-singular vectors, respectively, while Λ is a diagonal
matrix containing the singular values. Alternatively, it can be written as

A =
n∑

i=1
λiuivi (7.2)

The columns of U are hierarchically arranged so that the first column explains
most of the variance in the data, the second column, the second best variance
and so on, similarly to PCA described previously. The singular values in Λ are
arranged in a descending order and λi ≥ 0 for all i. The importance of each column
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Figure 7.3: Reconstructed SVD A-scans versus true A-scans randomly selected from the
training set.

of U or V is given by their corresponding λi value. By discarding the components
of U and V that correspond to very small λi values, we can approximate matrix A
using fewer components with negligible loss of information. 70 SVD components
found to be sufficient to capture the variability in the A-scan data. Thus, the
compressed representation A ∈ R70×m of the A-scans are finally used as the
output labels of the network. Similarly with the PCA, the SVD decomposition
was implemented using the scikit-learn module (Pedregosa et al., 2011). Figure
7.2 shows a reconstruction of a training set A-scan using different number of SVD
components. The original response is shown on the first subfigure, plotted with a
red line. Similarly to PCA, by using more SVD components, the reconstructed
signal resembles more the original response, whereas using the chosen number
of 70 components, the reconstructed signal is indistinguishable from the true
case, as shown in the last subfigure. A number of SVD reconstructed A-scans
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Lower limit Upper limit

Number of layers 2 8

Number of nodes 16 512

Learning rate 0.0001 0.1

Options

SGD

RMSprop

Optimiser Adagrad

Adadelta

Adam

ReLU

Activation function Tanh

Sigmoid

Table 7.2: Ranges and options of hyperparameters used in grid search for the ML forward
model.

from the training set plotted versus the true responses are displayed in Figure
7.3, demonstrating that 70 SVD components are sufficient to acquire accurate
approximations. PCA of the data was also investigated, however SVD resulted
in a better performance of the network and chosen as the optimal dimensionality
reduction technique in this case.

7.5 deep learning scheme

Similarly to the ML background prediction scheme, after creating and pre-
processing the A-scans, the data set is shuffled and split into training, test and
validation sets with portions of 80%, 10% and 10% each.

Grid search was performed to determine the optimal structure of the net-
work, where the number of layers, number of nodes, the learning rate and the
activation functions for each layer were optimised. The final architecture of the
network is shown in Figure 7.4, whereas the ranges and possible options for
each hyperparameter used in grid search are given in Table 7.2. A feed-forward
fully-connected network consisting of 5 hidden layers with 300 nodes at each
layer was found to be the optimal architecture for this problem. The input layer
contains 4 nodes for the 4 parameters, whereas the output layer consists of 70
nodes which represent the SVD compressed form of an A-scan. ReLU is used
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Figure 7.4: Neural network architecture for forward solver.

as the activation function of all layers, expect of the output layer, which uses a
linear activation function since it is again a regression problem. The loss function
that is minimised with Adam optimiser is the mse between the predicted data
and the labels. The learning rate of the model is a = 0.001 with a decay of 1e-7
at each iteration.

In this case ensemble averaging is utilised, where 40 distinct ML models are
trained. Each ML model is trained separately from the rest, an output is predicted
from each model and all the outputs are averaged to provide the final result.
Using multiple models, instead of a single, resulted in a better accuracy, prevented
overfitting and helped the network to generalise. Each ML model was trained for
500 epochs. The final ML model given an input vector Xi with the 4 parameters
(R, D, X, WC) predicts its SVD compressed response Ai as an output, which is
subsequently decompressed and transformed back to time domain to obtain the
response as an A-scan Yi. In contrast to Giannakis et al. (2019b), the current
ML scheme incorporates the X distance from the antenna center, giving the
ability to generate entire B-Scans over an investigated rebar.

7.6 results

The final ML model resulted in an mse error of 4.64e-5 for the training set and
6.1e-4 for the test set. The low testing errors demonstrate that the model has
not overfitted the training set and can generalize to new unseen cases. Figure
7.5 shows the training and test set loss values plotted per epoch for 4 different
ML models used in the ensemble averaging. It is shown that all the models
converge similarly towards a low loss for both the training and test set and thus,
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Figure 7.5: Train and test set loss values per epoch for 4 of the models used in the
ensemble averaging.

demonstrate their ability to generalise. The spikes observed in the loss curves
are an effect of using mini-batch gradient descent in Adam optimizer, where the
weights are updated by “looking” at one batch of the training data at a time,
with some batches leading to weights that minimise the error, whereas other
batches might include training examples that cannot be captured accurately and
divergence the weights of the ML model resulting to an increase in the error.
To evaluate the accuracy of the forward solver, the scheme is applied to various
synthetic and real unseen scenarios that were not included in the training process
and as part of a FWI framework used to obtain estimates of key properties.
FWI is also implemented using an FDTD forward solver and the performance
is compared with the results of FWI using the ML forward solver in order to
demonstrate its similarity with an FDTD solver, as well as its limitations.
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7.6.1 Forward modelling for synthetic data

Part of the synthetic data was allocated for evaluating the accuracy of the A-scan
predictions and the ability of the ML model to generalise. Fifteen different cases
were randomly chosen from the test set, which are shown in Figure 7.6, and
compared with the ground truth. The 4 input model parameters used for each
A-scan are presented in Table 7.3, ordered by row. From the table is obvious that
the selected A-scans capture a wide variety of concrete slab scenarios from dry
to wet concrete conditions and different rebar properties. In all scenarios, the
ML predictions are almost indistinguishable from the FDTD traces. To support
this, the cross-correlation between the true and predicted A-scans was computed,
which resulted in a highest correlation value between 98.7% - 99.8% for all cases.
It is apparent that the deep learning forward solver predicts successfully both
the waveform shape and the arrival times of the responses for different water
content, depth and diameter of rebars, even in cases where the targets are not
buried directly below the transducer, demonstrating its ability of generating
entire B-scans. Given sufficient training data the scheme was able to capture
the pattern and the complexity of the EM responses and predict the traces with
almost the same accuracy as the FDTD method for the specified scenario it was
trained for.

7.6.2 FWI-synthetic data

The deep learning model is finally coupled with an FWI scheme to infer estimates
of the concrete water content, the depth and diameter of rebars. Initially, the
ML-FWI scheme is evaluated using synthetic data to determine its limitations
and capabilities regarding accuracy, resolution and speed. For this reason, a
number of B-scans for diverse scenarios were generated using FDTD, with two
case studies shown here. The two case studies represent a reinforced concrete
slab with high and low water content, respectively and are used to validate the
scheme’s performance in both conditions. The 3D geometry of the two models is
displayed in Figures 7.7 and 7.8, respectively, while their corresponding B-scans
are illustrated in Figure 7.9. The first model includes two rebars with diameter
R = 1 cm buried at the same depth D = 5.8 cm, while concrete was simulated
with a water content of 9%. The size of the slab was set to be 75 × 30 × 20
cm. For the inversion, a total of 10 traces with 1 cm spacing were used for each
rebar, which were chosen relative to the apex of each hyperbola, as demonstrated
in Figure 7.9b. For the second model, the concrete slab was simulated with a
WC = 3.5% and a single rebar buried at D = 7.8 cm and R = 3 cm. The total
B-scan and the selected 10 traces used for FWI can be seen in subfigures c)
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Figure 7.6: Predicted responses randomly chosen from the test set compared with the
true responses.
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75 cm

20 cm

30 cm

Figure 7.7: Modelled geometry of the first synthetic B-scan used for FWI.

35 cm

20 cm

30 cm

Figure 7.8: Modelled geometry of the second synthetic B-scan used for FWI.

and d) of Figure 7.9. The size of the modelled slab was set to 35 × 30 × 20 cm.
Although 10 traces were used in the above cases, inversion can be performed
successfully with even less number of traces depending on the application.

To perform the inversion, PSO was implemented, which was analytically
described in Chapter 4. A global optimiser was chosen instead of a traditional
gradient-based optimiser, in order to avoid local minima and the dependency
on the initial model chosen. Although global optimisers are computationally
intense algorithms, using ML as a forward model, that provides A-scans in real
time, significantly reduces the execution time and makes FWI with PSO feasible
even in commercial computers. For the PSO scheme, a number of particles, i.e.
solutions, of 60 was chosen with a total of 70 iterations performed. The number of
particles and iterations can be adjusted depending on the number of parameters
sought and the problem being investigated. In general, with more parameters
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A-scan WC(%) D (cm) R (cm) X (cm)

1 1.13 0.191 0.017 0.010

2 2.99 0.189 0.018 0.030

3 1.96 0.269 0.017 0.090

4 0.42 0.177 0.023 0.0

5 6.85 0.223 0.009 0.0

6 4.87 0.142 0.028 -0.010

7 5.11 0.154 0.016 0.015

8 6.95 0.285 0.022 0.0

9 5.03 0.247 0.006 0.022

10 0.97 0.189 0.019 0.045

11 10.49 0.236 0.019 0.01

12 7.31 0.134 0.006 0.011

13 4.64 0.225 0.028 0.008

14 5.93 0.270 0.027 -0.014

15 1.45 0.180 0.009 -0.005

Table 7.3: Model parameters used to generate each A-scan in Figure 7.6.

being sought a greater number of particles is required. The loss function selected
to be minimised is the mean absolute error (mae) between the ground truth
traces and the A-scans which result from the inversion

C(p) =
∑

k

∑
t

|(Eobs
k,t − Esynth

k,t (p)| (7.3)

where Eobs are the observed traces and Esynth(p) are the modelled traces which
are a function of the input parameters p and these are summed over time and
over all traces used in the inversion with k representing the k-th trace.

The process followed in the FWI scheme using the ML-forwars solver is
illustrated using a flow chart in Figure 7.10. First, the selected traces from the
B-scan are loaded to the algorithm. Then the initial particles, in this case models
with 4 parameters, are randomly chosen by PSO based on the set of constraints
determined by the ranges of values each parameter can take. In case a priori
information exists, it can be used to constrain and decrease further the solution
space. The parameters of each model are normalised and given as an input to
the ML solver in order to predict the responses that correspond to each model
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a) b)

c) d)

Figure 7.9: a) The resulting B-scan for the synthetic scenario shown in Fig. 7.7, b) The
10 traces selected from each hyperbola to be used in FWI, c) The resulting
B-scan for the synthetic scenario shown in Figure 7.8 and d) The 10 traces
selected from the chosen hyperbola to be used in FWI.

and solve the forward problem. The network predicts the A-scan compressed
responses for different antenna positions, which essentially forms a compressed
B-scan for each model. The compressed B-scans are decompressed to obtain the
time domain responses and mae is calculated between each predicted B-scan and
the true B-scan data. Subsequently, the parameters of each model are updated,
the forward problem is solved for the updated parameters and the same process
continues until convergence is achieved and the final model with a low error is
obtained.
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Figure 7.10: Flow chart illustrating the FWI scheme using the ML-based forward solver.

For the first case study, FWI was completed with a loss of 8.4e-6. The recovered
parameters from the inversion are given in Table 7.4 along with the ground truth

B-scan 1 WC(%) D (cm) R (cm)

Ground truth 9 5.8 1

FWI 8.95 5.5 1.1

B-scan-2

Ground truth 3.5 7.8 3

FWI 3.44 7.4 2.95

Table 7.4: FWI results for the synthetic B-scans.
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Figure 7.11: Comparison between the synthetic traces from the concrete slab scenario 1
with the resultant A-scans using the parameters predicted by the FWI-ML
algorithm for antenna positions x=-4 cm and x=-2 cm relative to the target’s
position.
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Figure 7.12: Comparison between the synthetic traces from the concrete slab scenario 1
with the resultant A-scans using the parameters predicted by the FWI-ML
algorithm for antenna positions x=0 cm and x=2 cm relative to the target’s
position.
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Figure 7.13: Comparison between the synthetic traces from the concrete slab scenario 2
with the resultant A-scans using the parameters predicted by the FWI-ML
algorithm for antenna positions x=-2 cm and x=3 cm relative to the target’s
position.
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Figure 7.14: Comparison between the synthetic traces from the concrete slab scenario 2
with the resultant A-scans using the parameters predicted by the FWI-ML
algorithm for antenna positions x=4 cm and x=5 cm relative to the target’s
position.
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Figure 7.15: True moisture content versus predicted from FWI for 30 different cases.

values. It is obvious that the obtained values are very close to the true parameters
and to further validate the scheme, the A-scans that correspond to the recovered
model parameters are investigated. Figures 7.11 and 7.12 displays the observed
A-scans compared with the fitted responses for different antenna positions and
also for the case where the target is located directly below the antenna center. In
all cases, the traces are almost identical, validating the accuracy of the solution
and that the predicted parameters reproduce successfully the original traces.
Similarly for the second scenario, the FWI estimated parameters, presented in
Table 7.4 and their corresponding fitted responses are in a very good agreement
with the ground truth. The synthetic traces compared with the observed ones
are displayed in Figures 7.13 and 7.14 for different antenna positions relative to
the target. FWI converged with a loss of 1.1e-5 for the second scenario.

The same ML-FWI algorithm was applied on 30 different randomly generated
simulated B-scans and the predicted FWI parameters were compared with the
true parameters as shown in Figures 7.15, 7.16 and 7.17 for the moisture content,
the depth and the diameter, respectively. It is obvious that the three parameters
can be accurately predicted within a reasonable margin of error. The water
content predictions are the most accurate, with the scheme predicting values
very close to the true ones at all cases. The depth and diameter follow with an
error of ±1 cm and ±0.5 cm, respectively, which are acceptable values of error.
Note, that although 10 traces are used in the inversion, ML-FWI can provide
predictions with similar accuracy with even less number of traces.
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Figure 7.16: True target depth versus predicted from FWI for 30 different cases.
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Figure 7.17: True target diameter versus predicted from FWI for 30 different cases.
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B-scan 1 WC (%) D (cm) R (cm)

Ground truth - 3 1.2

ML-FWI 11.2 3.6 1.26

FDTD-FWI 10.9 3.8 1.22

B-scan 2

Ground truth - 6.2 2.5

ML-FWI 11.0 6.7 2.6

Giannakis et al. (2019b) 11.5 - -

Table 7.5: FWI results for the real B-scans.

7.6.3 FWI-real data

Since a replica of a real GPR system was used in the simulations, the ML-FWI
scheme can be applied on real data measured with the GSSI 2000 MHz antenna.
Real data from reinforced concrete slabs, were collected in the NDT laboratory
at the University of Edinburgh in the School of Engineering using the GSSI
transducer along with the SIR-4000 system. These scenarios were used to evaluate
the performance of the algorithm on real data, with two case studies presented
here. The setup of the two investigated scenarios are illustrated in Figures 7.19
7.20, for the first and the second, respectively, and their corresponding B-scans
in Figure 7.18. For the first case, the transducer was moved on top of a single
rebar and 10 traces, shown in Figure 7.18b, were chosen for the inversion. In
the second case, it is obvious that the slab included multiple rebars and thus,
multiple responses were acquired. However, the algorithm is trained for slabs
with a single rebar and responses from other targets need to be removed. The
rebar, from which 10 traces were selected for FWI, is annotated with a red dot
in Figure 7.18c. The selected traces were truncated in order to eliminate later
responses from the deeper rebar. The same FWI scheme, that was applied on
the synthetic data, was also applied on the real case study.

For the first case, the resulting D and R of the rebar are 3.6 cm and 1.26 cm,
respectively, which are very close to the true measured values of D = 3 cm and
R = 1.2 cm, as shown in Table 7.5. The fitted traces, which were obtained using
the FWI predicted parameters, compared with the real responses are displayed in
Figures 7.21 and 7.22 for different antenna positions, showing a good agreement
in all cases. FWI for the second scenario converged with D = 6.7 cm and R = 2.6
cm, which again are accurate estimates of the true values D = 6.2 cm and R = 2.5
cm. The fitted traces for the second case are plotted in Figures 7.23 and 7.24,
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a) b)

c) d)

Figure 7.18: a) The resulting B-scan for the real scenario shown in Figure 7.19, b) The
10 traces selected from the hyperbola to be used in FWI, c) The resulting
B-scan for the real scenario shown in Figure 7.20 and d) The 10 traces
selected from the chosen hyperbola to be used in FWI.

showing again a very good fit between the real and the FWI traces. Although
the true water content of the concrete was unknown and could not be easily
determined, the resultant value WC = 11.2% and WC = 11.0% for the first and
second slab, respectively, is in a good agreement with the value of WC = 11.5%,
which was estimated in Giannakis et al. (2019b) for the same concrete batch
and using a different GSSI transducer of 1.5 GHz. Therefore, providing a way
of validating the moisture content estimate. The small mismatches between the
responses can be attributed to small errors in the ML model predictions or to
the limitations of the FWI algorithm itself in addition to the mismatch error
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Figure 7.19: Image of the slab for the first case study: 10 traces were selected were
selected for FWI from the B-scan taken over the rebar shown with a black
arrow.

6.2 cm

Figure 7.20: Image of the slab for the second case study: 10 traces were selected for FWI
from the B-scan taken over the circled rebar, shown in white.
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Figure 7.21: Comparison between the real traces from the concrete slab 1 with the
resultant A-scans using the parameters predicted by the FWI-ML algorithm
for antenna positions x=-1 cm and x=0 cm relative to the target’s position.
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Figure 7.22: Comparison between the real traces from the concrete slab 1 with the
resultant A-scans using the parameters predicted by the FWI-ML algorithm
for antenna positions x=2 cm and x=3 cm relative to the target’s position.
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Figure 7.23: Comparison between the real traces from the concrete slab 2 with the
resultant A-scans using the parameters predicted by the FWI-ML algorithm
for antenna positions x=-3 cm and x=-2 cm relative to the target’s position.
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Figure 7.24: Comparison between the real traces from the concrete slab 2 with the
resultant A-scans using the parameters predicted by the FWI-ML algorithm
for antenna positions x=1 cm and x=2 cm relative to the target’s position.



204 ml-based forward solver

Figure 7.25: Comparison between the fitted traces using ML-FWI and FDTD-FWI.

between the true antenna and the model. Nevertheless, the results prove that
the scheme can provide a highly accurate solution.

To get a sense of how similar the ML-based forward solver behaves to FDTD
as part of FWI, the same FWI scheme was applied to the first real case study
using gprMax as its FDTD solver. The resultant FWI values for WC, D and
R of the rebar were 10.9%, 3.8 cm and 1.22 cm, respectively, which are in a
very good agreement with both the ground truth and the values obtained using
the ML solver, as displayed in Table 7.5. To further evaluate the accuracy and
similarity of the schemes, the FWI traces were investigated. Figure 7.25 shows a
comparison between the real A-scan and the fitted ML-FWI and FDTD-FWI
traces for rebar position at x=1 cm. The results are almost identical, indicating
that the ML model can behave similarly to an FDTD solver for the cases it has
been trained for, Therefore, conventional solvers such as FDTD can be replaced
for certain scenarios by ML models without compromising the overall accuracy
of FWI.

7.6.4 Execution times

Generating the entire training set consisting of 4000 traces required a run time
of ∼2 days on an NVIDIA TITAN RTX 24 GB GPU, given that a single FDTD
A-scan takes ∼40-45 seconds by utilizing the GPU capabilities of gprMax (Warren
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et al., 2019). The ML forward solver can predict an A-scan instantly in real-time,
regardless of CPU or GPU execution.

For the FWI of the real data, a model of the real scenario is required, since
FWI requires for the forward problem to be solved multiple times. Based on the
domain size and time window used for the model of the real scenario described
above, each A-scan required ∼20-25 seconds. Given this, the FWI algorithm
with FDTD as forward solver and using 10 traces, 40 iterations and 40 particles
for the PSO required a runtime of ∼8.5 hours on 4 NVIDIA TITAN RTX 24
GB GPUs, which would have been increased to ∼35 hours if a single GPU was
used. In contrast, the FWI-ML scheme using the same inversion options as the
FWI-FDTD, required a runtime of 1.5 hours on an Intel(R) Xeon(R) Silver 4210
CPU @ 2.20GHz without utilizing parallelization which would have decreased
the execution time a little further. Therefore, this proves that the ML-forward
solver can lead to orders of magnitude less FWI execution times compared to an
FDTD solver.





8
C O N C L U S I O N S A N D R E C O M M E N D AT I O N S

This chapter presents a summary of each of the previous chapters and provides
the main findings and outputs of the thesis. In addition, recommendations for
future research on the subject are given.

8.1 conclusions

The main objective of the thesis was to develop a realistic numerical equivalent of
a widely-used commercial high-frequency GPR antenna and use this to develop
realistic models for training ML processing and interpretation schemes. The
reason for developing such ML schemes was to automate some of the processing
and interpretation steps of GPR data, which often pose difficult problems to
solve. The current processing is based on traditional algorithms which have
certain drawbacks and the interpretation of the data is subjective and depends
on the knowledge and experience of the human use, whereas an ML approach can
provide objective and more accurate solutions. In order for the ML algorithms
to be effective, the training data should be representative of real GPR data and
thus, a replica of a real GPR system was essential.

8.1.1 Development and optimisation of the transducer model

An accurate model of the GSSI 2 GHz “palm” commercial antenna was developed
using global optimisers to obtain estimates of unknown parameters. To replicate
the behavior of a real antenna, both the main components and their dielectric
properties needed to be accurately implemented in the simulations. The process
followed to built the model can be summarised as follows:

• The components and the geometrical characteristics of the transducer were
obtained by visually inspecting the interior of the transducer enclosure. The
essential components for developing the model were the transmitter and
receiver bowties, two EM foam absorbers, the EMI gaskets, the shielding,
the plastic case and the skid plate.

• The true pulse was unknown and a voltage source with a Gaussian-shaped
pulse was used with a center frequency chosen through optimisation.
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• Global optimisation was employed to acquire estimates of unknown pa-
rameters of the transducer. GA and PSO were both implemented with the
criterion of minimising the mismatch between synthetic and real data from
two scenarios. The scenarios selected were the free space direct coupling
and the response over a metal plate.

• Both schemes converged with high accuracy, with the GA model resulting in
the smallest error and chosen as the optimal model of the GSSI transducer.

• The antenna model was further validated using real GPR data from different
scenarios, showing a very good agreement predicting accurately both the
arrivals and the amplitudes of the responses.

• A grid convergence analysis was implemented to determine the optimal
FDTD step size for the model.

• The E-plane and H-plane radiation patterns of the antenna model were
developed in free space and over lossless and lossy media to investigate the
radiation characteristics of the antenna.

• A model of a second unit of the same transducer was also built, showing
that units corresponding to the same system are not in general identical,
which is usually attributed to the difficulty of creating absorber foams with
the exact same dielectric properties for all units of the same system.

All the components included in the model proved to be essential in order to
acquire an accurate numerical equivalent of the real system. Good knowledge
of the geometry is essential, otherwise if the geometry of the model does not
correspond in a high degree to the real geometry, an optimised model that can
fit the real data well and reproduce the real system’s responses might not exist.
A Gaussian-shaped pulse, although not physically realisable, was proved to be
a good approximation to the real pulse. To minimise the mismatch between
the real and the synthetic data in optimisation, two scenarios were found to be
sufficient as long as these scenarios are quite different from each other. Using two
similar scenarios would lead to a model that is not able to generalise, whereas
more than two scenarios resulted to a negligible improvement in the model. For
the specific problem, GA performed better than the PSO method for a number
of different initial conditions, although this might not be the case for different
antenna models. The final GA model was able to predict accurately the timings,
shapes and amplitudes of both real responses used in optimisation with an RMS
error of 5.57% and of other validation scenarios which were not part of the
optimisation, concluding that model is a reliable representation of the real GPR
system.
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The optimisation results showed that knowledge of the true antenna parameters
was not essential to built an accurate numerical equivalent of a real antenna. The
acquired optimised parameter values might not even be close to the true antenna
parameters, but their combined effect, which was constrained to be realistic, was
able to reproduce the real responses. This is the case for other antenna systems,
as also shown in Warren (2009). Thus, it was concluded that with only a small
amount of information regarding the antenna and the implementation of global
optimisers, a numerical equivalent of a real transducer can be built efficiently.

The grid convergence analysis showed that the optimal spatial step for modelling
the specific antenna system is 1 mm and also demonstrated the significance of
choosing the right spatial step in order to resolve all the antenna elements, while
considering the computational costs. A very coarse grid might not be able to
resolve accurately the smallest antenna elements. For other antenna systems, the
choice of the optimal spatial step might be different and is always dependent on
the size of the elements required to be modelled.

Studying the radiation characteristics of the antenna model showed that, as
expected, the main lobes became more directive with increasing permittivity of
the half-space, whereas the minor back lobes were decreasing with increasingly
more energy going into the subsurface. Introducing a finite conductivity resulted
in an amplitude attenuation in the subsurface corresponding to the conduction
losses.

8.1.2 Background prediction using ML

After developing the numerical equivalent of the GPR transducer, different ML
applications were investigated. The first application was the prediction of the
background response and its dielectric properties. The suggested scheme can be
summarised as follows:

• A large training set from diverse scenarios was developed using the antenna
model in the simulations. The training set included scenarios of a half-space
with a rebar, a layer and a half-space and a half-space including both. The
dielectric properties, the depth and radius of rebars and the thickness of
the layers were all randomly generated. All half-spaces and layers used in
the training set were modelled as non-dispersive homogeneous materials.

• Pre-processing the A-scan training data was performed to transform them
to a suitable form for ML.

• Deep learning, which is the most popular class of ML techniques was
implemented. In particular, two coupled feed-forward fully-connected NNs
were used for the scheme. The first network predicts the background
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response given a total A-scan response. The estimated background response
is subtracted from the original A-scan response to perform background
removal.

• The predicted background from the first network is fed as an input to
the second network, which subsequently predicts the background dielectric
properties. A permittivity estimate enables the calculation of the EM wave
propagation velocity estimate in the background medium and therefore to
approximate the depth of targets.

• The scheme was validated with both modelled unseen test data and real
data from different concrete slab scenarios, demonstrating its effectiveness
and performance.

• A comparison between the deep learning outputs and the results from
traditional techniques for background removal and velocity estimation was
made, showing the superiority of the scheme.

• An RTM scheme was proposed that used the NN scheme to perform
background removal and the NN predicted permittivity distribution instead
of using a mean permittivity for an entire GPR profile and traditional
background removal techniques.

Training a NN with pairs of input total GPR responses and their corresponding
output background response proved to be an efficient scheme leading to an ML
model that has captured the pattern and was able to predict background re-
sponses given a total A-scan as input. This novel approach was shown to remove
only the background, since this was the only task the model was trained for,
without removing other flat-lying responses, in contrast with the current back-
ground removal techniques. Training the first network with only homogeneous
non-dispersive background media was proven to be sufficient and the network
performed with a great accuracy even when tested to inhomogeneous and disper-
sive media. This can be attributed to the A-scans used for the training, which
represent local information, instead of B-scan responses that common techniques
use. Even in cases where targets that were not included in the training data
were present in the responses, such as non-metallic targets or multiple targets
placed closely spaced together, the network was still capable of predicting the
background signal.

Targets placed very close to the surface, where the background signal is not
clear, did not seem to affect the performance of the NN model, which again
recognised the background responses. This is very important since most of the
targets sought with this particular GPR system are expected to be shallow
placed. The high accuracy of the model is highly attributed to the pre-processing
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scheme of the training data. Inappropriate pre-processing of the data can lead
to an inefficient ML model and to incorrectly assume that the ML suggested
scheme with the particular training set is not feasible and thus, the choice of
the processing techniques is significant. The dimensionality reduction helped
significantly the training of the model, as it decreased the complexity and the
computational costs by using fewer variables in the problem with no significant
loss of information. Shifting of the responses and normalising the data was proven
to be essential in order for the network to perform well on real data.

It was deducted that the novel idea of using only background information to
predict its dielectric properties is effective with the second network accurately
predicting the background permittivity and conductivity given the predicted
output background response from the first network. The permittivity value allows
for the calculation of the velocity and therefore, the depth to targets of interest.
This ML scheme does not require the presence of a hyperbola in the data to
acquire a permittivity estimate, in contrast to the commonly used hyperbola
fitting, with the latter being also dependent on the time zero correction chosen.

When the scheme is applied to dispersive media, it is still predicting an accurate
bulk permittivity estimate, whereas the conductivity value is harder to predict.
Given that dispersive materials were not part of the training, the sensitivity of
the two parameters and the complexity in acquiring a conductivity estimate, this
result was expected.

Both networks converged with very small test set errors between the true and
predicted outputs, which indicates that the networks have not overfitted the
training set. This was further confirmed with a number of real and synthetic
A-scan an B-scan examples, where in all cases the proposed scheme was able to
recognise the background signal and provide accurate estimates of its properties.
The performance of the ML scheme was compared with the mean removal
method with the results showing that the proposed scheme outperforms the
mean subtraction method. The mean subtraction method removed both the
background and other flat lying targets in addition to creating artifacts in the
data in contrast to the ML scheme, which removed only the background signal
and did not create any artifacts in the data.

The proposed ML algorithm can provide background prediction with a mean
permittivity and conductivity estimate for an entire B-scan or a distribution
around the area of interest in case of a considerably inhomogeneous background.
An RTM scheme that utilises the ML background removal and the predicted
permittivity distribution, instead of a mean value, was developed and evaluated
with both synthetic and real cases. RTM was performed on the same data using
also SVD filtering for background removal with a mean permittivity value and the
results were compared with the proposed RTM-ML algorithm. In both synthetic
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and real scenarios, the ML model predicted more accurately the background
response from the SVD filter, which along with previous examples shows the
superiority of the ML scheme from both the mean subtraction and SVD methods.
A predicted permittivity distribution assisted RTM to successfully collapse the
events to their true positions in contrast to using a mean permittivity which
lead to over and undermigrated sections in the data. For relative homogeneous
environments, RTM using a mean permittivity for the entire profile performs well,
however in cases where permittivity variations exist, a single permittivity is not
representative of the total area and a permittivity distribution results in a more
accurate migrated image. This limitation of RTM with a mean permittivity value
becomes more evident when large permittivity variations are present throughout
a profile, where, as demonstrated, RTM fails to collapse the hyperbolas in the
GPR image.

8.1.3 ML-based forward solver

The second ML application investigated was a deep learning-based forward solver
used to predict entire B-scan data for reinforced concrete slab scenarios. The
deep learning forward solver was used as part of an FWI algorithm to predict
key properties. The steps follow for developing the ML model are as follows:

• A vast amount of simulated data representing different concrete slab scenar-
ios was created and used to train the ML model. Concrete was simulated as
a dispersive material using a Debye model with different Debye properties
for each scenario. The rebars were modelled with random radii, depths and
horizontal positions relative to the center of the antenna.

• In order to tackle sensitivity issues that arise between the Debye properties,
these were represented by a single parameter, the water content of the
concrete. This also reduces the number of input variables needed for the
network.

• A feed-forward fully-connected NN was developed, which given four input
model parameters predicts an A-scan response in real time and acts as a
forward solver. The input parameters used are the water content, the depth,
radius and position of the rebar. The network is tuned only for concrete
slab scenarios but can be adapted to other cases, as well.

• The ML forward solver was used as part of an FWI scheme, which was
implemented using PSO to invert a number of traces and estimate the
radius and depth of the rebar and characterise concrete by its water content.
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• The ML-FWI scheme was tested using both simulated and real data to
evaluate its performance.

• Finally, the ML-FWI scheme was compared with the same FWI algorithm
but using FDTD as its forward solver.

The Debye properties for concrete and in general are vastly differing in sen-
sitivity, with the deep learning forward solver on initial attempts not being
able to predict the GPR responses well, even after normalising the input Debye
properties and for a number of different hyperparameters. In addition, the FWI
algorithm was not able to predict accurately all Debye properties, as expected
from its limitation to handle sensitivity issues. Using the water content as one
of the inputs to the network, instead of the Debye properties, seemed to tackle
this problem for the specific case and both the ML model and the ML-FWI
scheme predicted successfully the GPR responses and the inversion parameters,
respectively.

The same pre-processing as with the background prediction case was applied,
which was essential for the convergence of the network, with the difference that
SVD was used instead of PCA to reduce the dimensionality of the training GPR
responses. For the ML-based forward solver, SVD was able to capture the pattern
of the A-scan responses better than PCA for the same number of components.
However, in this case, 70 SVD components were required to reproduce accurately
the responses, in contrast to the smaller number of 59 PCA components required
for the total responses in background prediction. This can be attributed to the
training set models for the forward solver consisting of dispersive materials, which
are more complex than the homogeneous media used for the ML background
prediction.

Initially, a single ML model was trained to predict the GPR responses. However,
utilising ensemble averaging with 40 different ML models used to produce the final
model, resulted in better performance and more accurate predictions on unseen
scenarios due to the better generalisation of the model resulting from ensemble
averaging. The predictions made by the deep learning model were compared with
the FDTD output A-scans, for a number of different cases, showing a great match
between the two. The novel proposed ML scheme can predict at near real-time
A-scans for a number of antenna positions relative to a target’s position, and
thus, generate entire B-scans fast with almost the same accuracy as the FDTD
method.

The evaluation of the ML-FWI scheme on both synthetic and real data showed
that in all cases the estimated parameters were very close to the ground truth
and the resultant traces corresponding to the FWI parameters were in a good
agreement both in amplitude and in phase with the original traces used for
the inversion. Assessing the performance of the scheme on multiple synthetic
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examples showed that ML-FWI estimates the depth and diameter of rebars with
an error of ±1 cm and ±0.5 cm, respectively, whereas the water content estimate
was always close to the true value. FWI was performed using a global optimiser,
which the fast ML forward solver made easy to implement in practice.

The comparison of ML-FWI with FDTD-FWI showed that the two schemes
produced similar results, demonstrating that ML can provide A-scans with similar
accuracy to FDTD but in orders less computational time. This makes FWI, which
is a computationally demanding algorithm, applicable to conventional computers.

The above ML applications, apart from proving the success of ML schemes on
processing and interpreting GPR data, they also demonstrate the significance
of including a GPR transducer model in the simulations, which makes feasible
the use of ML algorithms to process and interpret real GPR data. Without a
model that can replicate the real responses in the simulations, the training of a
NN would be carried out using responses that do not resemble the real ones and
thus, would not perform well on real cases and would lead to misinterpretations
of the data. Therefore, a numerical equivalent of a GPR system is an essential
component of the training data simulations.

8.2 recommendations

The research of the present thesis is part of an effort made in order to assist the
processing and interpretation of GPR data using numerical modelling and machine
learning. Recommendations for further research on the topic are provided in this
section. The following recommendations are divided into two parts, for improving
the existing antenna model and for improving the existing and developing other
ML schemes.

8.2.1 Improving the antenna model

In the antenna model, a Gaussian-shaped pulse was used since the true pulse
that the GPR manufacturers use is unknown, which is not realisable in practice.
An improvement to the model would be to optimise the source pulse in addition
to the antenna parameters, in order to obtain a more realistic pulse and possibly
acquire a better match between synthetic and real responses. Furthermore, since
this is simply a model, small details of the antenna interior have not been included.
Investigating if the mismatch between the model and the real antenna is only
due to the pulse differences or if more details regarding the antenna components
are required is recommended for further research.

Measurements of the real data used in the optimisation can be performed in
a facility with minimum environmental error, such as an anechoic chamber in
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order to characterise better the mismatch of the model with the real antenna.
The antenna model requires a small step size of 1mm, but this might not be the
case for the rest of the FDTD domain. Implementing a sub-gridding technique
that would allow the use of different step sizes in different parts of the domain
would greatly reduce the computational requirements.

Having an accurate digital representation that reproduces the radiation of a
real antenna provides the ability to be used to different and not only machine
learning applications. The behaviour of the antenna and how it changes with
different types of materials can be investigated.

8.2.2 Further developments for the deep learning schemes

Although both of the ML schemes showed a high accuracy, some improvements
can be made. For the background removal case, although the network performed
well to unseen complex scenarios, including more complex scenarios in the training
data, such as dispersive and inhomogeneous background media might increase
the accuracy of its predictions further. In addition, different types of targets,
non-metallic and of different shape could be used for training.

The ML-forward solver can also be tuned to other applications or trained
to include more cases. FDTD can solve different scenarios but with a large
computational cost, while ML can instantly predict responses but only for the
scenarios it has been trained for and therefore it has to be tuned to different
cases depending on the application. Moreover, different antenna polarisations
can be investigated, apart from the E-field of the antenna being parallel to the
long axis of the targets.

The ML solver currently predicts scenarios of concrete slabs with a single
rebar. Improvements to the network and the training data can be made in order
to include multiple targets, which can also be closely spaced together either
horizontally or vertically to each other or even at an angle and thus, predict
more realistic scenarios. Different network architectures and types of networks
that might perform better with more complex scenarios can be investigated.

Different antenna elevations can also be used in the simulations for both
schemes. Currently, in all the training data, the antenna is coupled to the ground.
However, for some applications, such as in landmine detection, the antennas
have to be lifted off ground and therefore, ML algorithms working for different
antenna elevations would be beneficial. Additionally, including both simulated
and real data for the training process can be considered, with the prerequisite
that the real data are well-characterised. If this is not the case and the dielectric
properties of the materials and targets included in the real scenarios are not
accurately characterised, the performance of the ML models will be degraded.
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Moreover, the performance of the algorithms can be examined by training the
networks using data from different antenna models.
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I N P U T G P R M A X F I L E S F O R B A C K G R O U N D
P R E D I C T I O N T R A I N I N G S E T

1. Background half-space + rebar

#domain: 0.300 0.300 0.400

#dx_dy_dz: 0.001 0.001 0.001

#time_window: 8e-9

#python:

import numpy as np

from user_libs.antennas.GSSI2000 import GSSI_2

# Rebar properties

d = 0.127 + 0.16*np.random.rand() # Depth

x = 0.150 # X position

y = 0 # Y start

l = 0.300 # Y end - length

r = 0.01+0.025*np.random.rand() # Radius

# Background properties

e1 = 2 + 20*np.random.rand() # Permittivity of

background

s1 = 0.00001 + 0.5*np.random.rand() # Conductivity of

background

# Define materials

print("#material: {} {} 1 0 background".format(e1, s1))

# Set geometry

print("#box: 0 0 0.087 0.3 0.3 0.4 background")

print("#cylinder: {} {} {} {} {} {} {} pec".format(x, y, d, x, l, d

, r))
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# Load antenna model

GSSI_2(0.107, 0.110, 0.020)

#end_python:

#geometry_view: 0 0 0 0.300 0.300 0.400 0.001 0.001 0.001

model_geometry n

2. Background layer + half-space

#domain: 0.300 0.300 0.400

#dx_dy_dz: 0.001 0.001 0.001

#time_window: 8e-9

#python:

import numpy as np

from user_libs.antennas.GSSI2000 import GSSI_2

# Background properties

e1 = 2 + 20*np.random.rand() # Permittivity of

background

s1 = 0.00001 + 0.5*np.random.rand() # Conductivity of

background

bg_bottom = 0.107 +0.150*np.random.rand() # Thickness of

background layer

# Half-space properties

e2 = 2 + 20*np.random.rand() # Permittivity of

half-space

s2 = 0.00001 + 0.5*np.random.rand() # Conductivity of

half-space

# Define materials

print("#material: {} {} 1 0 background".format(e1, s1))

print("#material: {} {} 1 0 half_space".format(e2, s2))

# Set geometry

print("#box: 0 0 0.087 0.3 0.3 {} background".format(bg_bottom))
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print("#box: 0 0 {} 0.3 0.3 0.4 half_space".format(bg_bottom))

# Load antenna model

GSSI_2(0.107, 0.110, 0.020)

#end_python:

#geometry_view: 0 0 0 0.300 0.300 0.400 0.001 0.001 0.001

model_geometry n

3. Background layer + half-space + rebar

#domain: 0.300 0.300 0.400

#dx_dy_dz: 0.001 0.001 0.001

#time_window: 8e-9

#python:

import numpy as np

from user_libs.antennas.GSSI2000 import GSSI_2

# Rebar properties

d = 0.127 + 0.16*np.random.rand() # Depth

x = 0.150 # X position

y = 0 # Y start

l = 0.300 # Y end - length

r = 0.01+0.025*np.random.rand() # Radius

# Background properties

e1 = 2 + 20*np.random.rand() # Permittivity of

background

s1 = 0.00001 + 0.5*np.random.rand() # Conductivity of

background

bg_bottom = 0.107 +0.150*np.random.rand() # Thickness of

background layer

# Half-space properties

e2 = 2 + 20*np.random.rand() # Permittivity of

half-space
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s2 = 0.00001 + 0.5*np.random.rand() # Conductivity of

half-space

# Define materials

print("#material: {} {} 1 0 background".format(e1, s1))

print("#material: {} {} 1 0 half_space".format(e2, s2))

# Set geometry

print("#box: 0 0 0.087 0.3 0.3 {} background".format(bg_bottom))

print("#box: 0 0 {} 0.3 0.3 0.4 half_space".format(bg_bottom))

print("#cylinder: {} {} {} {} {} {} {} pec".format(x, y, d, x, l, d

, r))

# Load antenna model

GSSI_2(0.107, 0.110, 0.020)

#end_python:

#geometry_view: 0 0 0 0.300 0.300 0.400 0.001 0.001 0.001

model_geometry n



C
S C R I P T S F O R G E N E R AT I N G T H E M L F O RWA R D
S O LV E R T R A I N I N G S E T

1. Interpolation script

import numpy as np

from scipy import interpolate

# Debye properties of concrete

debye_properties = np.array([[4.8, 4.50, 0.82, 6.06e-4],

[6.75, 5.50, 2.28, 2.03e-3],

[8.63, 6.02, 1.00, 5.15e-3],

[9.14, 5.93, 0.80, 6.7e-3],

[11.19, 7.20, 0.73, 23e-3],

[12.84, 7.42, 0.611, 20.6e-3]])

# Number the rows

x = np.array(range(debye_properties.shape[0]))

# Set number of A-scans

no_Ascans = 4000

# Set interpolation points

no_data = np.linspace(0, x.max(), no_Ascans)

# Interpolation

f = interpolate.interp1d(x, debye_properties, axis=0, kind='cubic')

# Generate interpolation data

interp_data = f(no_data)

# Save properties to file
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np.savetxt('debyeProp.txt', interp_data)

2. Input gprMax file

#domain: 0.300 0.300 0.400

#dx_dy_dz: 0.001 0.001 0.001

#time_window: 8e-9

#python:

import numpy as np

from user_libs.antennas.GSSI2000 import GSSI_2

# Rebar properties

d = 0.117 + 0.22*np.random.rand() # Depth

r = 0.005 + 0.025*np.random.rand() # Radius

x = 0.050 + 0.220*np.random.rand() # X position

y = 0 # Y start

l = 0.300 # Y end - length

# Load file with the interpolated concrete debye properties

prop = np.genfromtxt('debyeProp.txt', delimiter=' ')

# Get debye properties for current model

ind = current_model_run # Current A-scan running

es = prop[ind-1,0] # Zero-frequency relative permittivity

einf = prop[ind-1,1] # Relative permittivity at infinite

frequency

t = prop[ind-1,2]*1e-9 # Relaxation time

s = prop[ind-1,3] # Conductivity

de = es - einf

# Define materials

print("#material: {} {} 1 0 medium".format(einf,s))

print("#add_dispersion_debye: 1 {} {} medium".format(de, t))

# Set geometry

print("#box: 0 0 0.087 0.300 0.300 0.400 medium")
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print("#cylinder: {} {} {} {} {} {} {} pec".format(x, y, d, x, l, d

, r))

# Load antenna model

GSSI_2(0.117, 0.110, 0.020)

#end_python:

#geometry_view: 0 0 0 0.300 0.300 0.400 0.001 0.001 0.001

model_geometry n
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