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This first chapter is intended to give a brief introduction
to the aesthetic beauty and physical relevance of current
algebras and the breaking of chiral symmetry. The particular
approach taken is one which I had the pleasure of hearing
cogently developed by Dr. B. Renner. It is hoped that the
intuitive attractiveness of the approach compensates for the
absence of technical details, which, along with references to
the original papers, can be found in the early sections of
refs. (1) and (2).

One of the most significant conceptual differences between
the theories of classical and guantum mechanics lies in the fact
that in the former the quantities which we measure, the position,
velocity, angular momentum of a particle ete., are regarded as
numerical quantities whereas in the latter they are associated
with operators in a finite dimensional vector, or a Hilbert
space. The relevant point for us here is the contrast between
the commutative property of numbers and the non-commutative
properties of operators, which are so intimately connected with
the operations of measurement.

In gquantum mechanics, one postulates commutation relation-
ships for the hermitean operators representing physical obser-

vables. The basic equation is of course



alie
[ o, p’] = 1843 (1.1)

where qi, p1 are the generalised coordinates and canonical

momenta of the system and we choose units such that 1 = 1.

The Lagrangian formulation of classical mechanics provides a
very elegant basis on which to Justify this equation, although
the postulate stands or falls according to the comparison of
its predictions with experiment. In a sililgr vein, one defines
the angular momentum, Ll' commutation relationships

[Li. LJ] - t w By (1.2)

by analogy with the classical expression Ly = €54k quk and
expression (1.1). }

In the study of elementary particles, other operators occur
whose matrix elements Are physically observable gquantities,
namely the currents which deseribe the weak and electromagnetic
interactions. (A suitable review is given in ref. (3)). 1In
view of the simpliecity and considerable success of the above
postulates in gquantum mechanics, it is natural to believe that
the operators representing the weak and electromagnetic
currents also obey simple commutation relationships.

The clue to a possible form of these comes from a study of
the strong interactions, which are known to be invariant under
802 and to be, in some sense, approximately invariant under the
larger group SU3' The SU, invariance manifests itself in the
appearance of multiplets of particles forming irreducible repre-
sentations of SU,. The masses of the particles within a multi-

plet are equal up to what is believed to be the effect of
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electromagnetic self-interactions. The approximate SUz invariance
is realised by grouping together particles of approximately equal
mass into irreducible representations of the 803 group.

In Lagrangian field theory, the one particle states and the
field operators are given the group transformation properties
appropriate to the multiplet of SU, or SU3 in which the particle
is classified. The formalism of infinitesimal local gauge trans-
formations permits the definition from the Lagrangian of vector
currents V:(x), whose integrated time components, Sd’x v:(x)
are just the generators Q® of the group transformations and obey
the appropriate commutation relationships. For SUz, these are
exactly the same as the 05 algebra in eq. (1.2), nemely

L% @) w14 @ (b n 2483) (1.3)

while for SU;, with (totally antisymmetric) structure constants
r‘b° one has

La% q"] o LG s Leiies 8)  [1oM)

Now, it is an experimental fact that the vector currents
which are related to the generators of the SU3 transformations
contain a subset which has exactly the correct isospin and hyper-
charge quantum numbers to represent the vector currents of the
weak and electromagnetic interactions of the hadrons and thus
one is led to postulate that the vector currents associated with
the symmetry group of the strong interactions are the vector
currents of the weak and electromagnetic interactions., Making a
universality assumption about the weak interaction coupling

constant (which is meaningful only because we have non-linear



~L-

relationships (1.3) and (1.4) amongst the currents) one can mske
predictions relating, for example, u decay, neutron beta decay
and charged pion beta decay, all of which are experimentally very
well satieried(s).

For meny applications of current algebra one must extend the
postulates (1.3) and (1.4) for the weak vector current charges to
more local equal-time commutation relationships, e.g. in SU}'

[ Re)] = 10w (1.5)
8(=°°) [Ax)y V)] = 10 W@Pxy) . (u5D)

Axial vector currents also appear in the theory of weak inter-
actions and describe parity violating effects. The quantum numbers
of the four currents are such that they can be contained in the
octet representation of 805. If we make the assumption that the
axial currents belong to an octet representation, then they must

obey

[a‘. Aﬁ(x)] - 1 gobe 28(x) (1.6a)

and again one may further postulate a local form
ox*°) [Va) ) | = 1 £ @) . Q.6)

Finally, what are the commutators of the axial currents, or
the axial charges Q°(x°) = S a>x A;(x) ? In the limit of exact
SU3 symmetry, it is postulated that these currents belong to an
octet representation. Their commutator is thus an antisymmetric
combination of two octet operators and so belongs to the cctet,
decuplet or antidecuplet representations of SU3. Now, since
aesthetically and practically we wish the algebra to be as simple
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as possible, and since no decuplet operatorﬁ have appeared in
egs. (1.5) and (1.6), one postulates

[3‘(:°). E"(x")] R it (1.72)
[T%6°), )] = 1™ vo(x) (1.70)
and 8(x°-°) [ 42x), 7)) | = 12 V()P xy) . (L70)

Egs. (1.5) to (1.7) are the basic current algebra relations
which will be used in this work. By taking the combinations

-
Q = % Iq) (1.8)

it is seen that the Q‘ obey an SU3 x 803 "chiral" algebra.
It must be stressed that it requires stronger assumptions to
justify the local forms of the commutation relationships. For

example if the currents contain terms of the form ot where

pv?

T, ==T, such terms disappear when we go from eqg. (1.7b) to

v ]
(2.73) by :ntegrating over 3-space, Moreover it is known that
the local commutators of time components with space components
of currents muet be modified by the introduction of Schwinger
terna(l'a). The form of these terms cannot be obtained from
general principles, being dependent on the particular model used.
However for most of the applications which we make, the once-
integrated form of the local commutators is all that is required.
Further comment on Schwinger terms is made in Chapter III.

It is also convenient to mention at this point that the full
relevance of the 803 current commutators is obtained only when we
know the combinations in which the currents Vh and Au appear
in the weak interactions. Here we rely on the Cabibbo theory(s)

of the leptonic and semi-leptonic weak interactions to normalise
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the weak currents. Thus it is assumed that the charge-changing
weak hadronic currents obey an SUy algebra, in parallel with the
SU2 algebra exhibited by the leptonic currents. This implies
that the weak hadronic currents have the form

Ju = (vt*iz + At+12)°°s e+ (v3*15 + A&*15) sin @ (1.9)

(our 8U; notation and conventions are given in Appendix B.)

2. Broken Chirsl Symmetry

8o far, the fact that svj is only an approximate symmetry
of the strong interactions has been completely glossed over.

In a Lagrangian field theory, invariant under the transformations
of a symmetry group, the Lagrangian must commute with the
generators of the group. It is then immediate that the generators
must be time-independent, and the assoclated currents must be
conserved, O“Vu = 0.

In a physical theory, the Lagrangian must not be exactly
invariant under the SU3 transformations, so that it must not
commute with the generators of the group and hence these generators
are necessarily time-dependent. Gell-Mann postulated that even
though SU3 is not an exact symmetry of the strong interactions, the
commutators of the currents associated with the generators of the
group should be unchanged by the symmetry-breaking, i.e. it is
postulated that eqs. (l.5a) and (1.6a) need only be modified to
equal=time commutators, so that they take a form similar to egs.
(1.7a) and (1.7b).

The possibility of adding symmetry breaking terms to an 803
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symmetric Lagrangian without altering the current commutators is
exhibited in many field-theory models, e.g. the triplet quark
model, the ¢ model and the non-linear chiral Lagrangian model;
in all these models, it is realised basically through having
non-derivative symmetry breaking terms. In order to obtain
quantitative predictions from such theories, it is in many cases
necessary to make specific postulates about the form of the
symmetry breaking. As a preliminary comment, it is natural to
take the eighth component of an octet of operators to break 803,
in view of the success of the Gell-Mann- Okubo mass formula.

So far we have identified the integrated time components of
the vector currents only, as the generators of a broken symmetiry,
SUz. Can the axial charges Q(t) also be regarded as the genera-
tors of some broken symmetry of the strong interactions, which
then exhibit a broken chiral 803 x 803 symmetry ? Now the
axial charge is a pseudoscalar guantity and can connect only
states of different parity. Since particles do not appear in
general as opposite-parity doublets, or even approximately so,
then elearly the broken symmetry associated with axial currents
is realised in a different fashion from broken 803. The
situation is discussed very clearly by Dashen(h’) for the case of
chiral SU2 x 802.

Basically, it is assumed that the chiral symmetry is realised
by the fact that the pion mass is very small compared with the
other hadron masses. The relevance of this statement is seen
by writing down the general form of the matrix element
x| A: | ¥), where |N) represents a nucleon state, and
noting that O“Aa = 0 is satisfied either by having the
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nucleon mass my = 0, or by having a pole at q2 = 0 in matrix

elements of 0A, i.e. by the existence of a zZero mass pseudo-
scalar particle. Similarly, inspection of <o' \A.: |z°> reveals
that the axial current may be conserved if either m, = m  or

m_ = 0. (Here o represents a scalar, isosinglet meson. )
Further let us consider the matrix element of A% bvetween

nucleons

(nleat|n) = T y5uald®

where d(qa) - —!-:-—-2 + &,%‘-Lz)-! an®
q qQ =-n

(1.10)

Here r 1s the residue at the pion pole and (a(na) is the con-
tribution from higher mass intermediate states. It is assumed

that the strong interaction Lagrangian can be written in the form

L . Io + GIS,B, (1.11)

where I’o is symmetric under 802 x SU2 and the symmetry limit
is realised by e —=> 0. Then A% is of order g, sSince it may
be related to the commutator (A", I] = g ‘_AO’IS.B.] and, if

the symmetry limit is associated with the vanishing of the pion

mass, then ni
small qz, the first term is of order 1 whereas the second term

is also of order e. It is then seen that for

is of order e, i.e. for small q2, the pion pole will dominate
matrix elements of the divergence of the axial current, regardless
of the precise nature of the symmetry breaking.

In field theory terms, one can make this statement more
precise, by ensuring that the symmetry breaking terms are chosen

so as to give the P.C.A.C. relation
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242 - £, n 4 (1.12)

where #° 4is the pion field. However, this equation is, by
itself,not meaningful. For example in Lagrangian field theory,
we can redefine the fields by transformations of the form

$ = gr(f) where £(0) = 1, without changing any measurable
gquantities. Under this transformation, 0A will in general
become a function of the new field § , not simply @ alone.
There is a parallel situation in axiomatic field theory where
on-mass-shell predictions are independent of the particular inter-
polating field chosen, and the physical content lies in the state-
ment that matrix elements of OA with the pion pole removed are
smooth, slowly varying functions of q?. the square of momentum
transfer. The equivalence of unsubtracted pion pole dominance
and P.C.A.C. plus smoothness is illustrated in ref. 1, p. 42,

in the proof of the Goldberger-Treiman relationship.

These remarks on the existence of a broken chiral 8Up; x SUy
symmetry of the strong interactions can, in principle, be extended
to 803 x 803. with the 803 of the vector charges realised by
approximate mass multiplets and the axial 803 realised by the
existence of an octet of almost zero-mass pseudoscalar mesons,

%, K and 1, although the quantitative validity of e.g. kaon
pole dominance is much more open to question. Moreover, it will
be shown in Chapter IV that within specific models of chiral
symmetry breasking, it seems that bAa
field for 7 .

is not a smooth interpolating



The discussion of the previous section may be summarised as
follows. The strong interactions are to be regarded as basically
symmetric under chiral 803 x 803 transformations, so that in a
Lagrangian field theory, the basic part of the Lagrangian, l:o’
should be invariant under 803 x SUB, commuting with the vector
and axial charges generating the group transformations., To this
one adds a "small" term, which ensures that

(1) the current algebra is unchanged,

(i1) the 8U3 x SUy symmetry is broken by a term trans-
forming as an SU3 singlet, which gives a certain mass to the
%y, K and 7 and

(i11)  the 8Uy symmetry is broken by another term transform=-
ing as the eighth component of an octet, splitting the =x, K and
Ne

The simplest way to satisfy these three criteria appears to
be to take the symmetry breaking terms of the Lagrangian to belong
to a specific representation of SU3 x SUB’ the simplest being
the (3, 3) + (3, 3) representation. This proposal was made in
1962 by Gell-Mann, who envisaged that the pseudoscalar octet plus
the pseudoscalar 7' (960 MeV) might be placed in the (3, 3)
representation of SU3 x 803. along with 9 scalar particles.
Then u? (scalar) and v* (pseudoscalar) operators obey the equal-
time algebra*,

* The conventions for 5U; tensors are given in Appendix B.
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[Q.. Vb] = i f‘bc v
Lga. ub] = 4 pobe o
(1.13)
[ y vb] . 4 gdbe ¢
[ : nb} o -4 a8be ¢
w® and 4% are the only mesbers of this representation suitable

for adding to the strong-interaction Lagrangisn to break
SUB x SU}' whilst still maintaining SUps hypercharge conserva-

tion and parity invariance, so one writes
I = Io + e(u® + cue) (1.14)

with the definition of the v® as the pseudoscalar meson
fields, this type of Lagrangian exhibits P.C.A.C.(s). although,
as discussed in the previous section, this is not in itself of
any relevance, at least until we have motivation for choosing a
specific off-mass-shell continuation, such as duality, perhaps.
(Brief discussions of this point are given in Chapters IV and V,.)

Eges (1.14) is used in two approaches in this thesis.

Firstly, the specification of the symmetry breaking terms
enables one to evaluate the o-commutators [A‘(x), éAb(y)] 8(x°~y°),
which may appear when one uses Ward identity techniques with many
particles off-shell., It is then possible for example to attempt
to estimate by the hard meson approach‘” the corrections which
these o-commutators may have on soft-pion theorems, csuch as
the Callan=-Treiman relation. In Chapter III, the effects of
o-commutator terms on the prediction from K — 2x decays of the
week intermediate vector boson mass'S) are studied, using the (3,3)
nodel,and found to be extremely significant.
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Secondly, we use the chiral Lagrangian approach(g) to study
the ) %X mixing problem and \7 and X decays, In this approach,

I, is constructed explicitly from the fields of particles rele~
vant to the problem under study, and amplitudes are then calculated
in the tree graph approximation from the Lagrangian, More speci-
fically, we shail use the non-linear chiral Lagrangian, in which
(LO is realised on the eight fields of =, K and ) , and u’
and u8 are functions of the x«, K and \7 fields with the appro-
priate transformation properties (eq. (1.13)). Further comments

on the chiral Lagrangian approach are made in Chapter V,

This section would be incomplete without commenting on other
possible symmetry breaking terms with well=-specified algebraic
properties, It has been sho'n( 6) that if (a) the symmetry break-
ing is to transform as an SU 3 singlet together with the eighth
component of an octet and (b) non-exotic gquantum numbers (i.e.
those which are not contained in octet and singlet .representations,
for mesons) are not allowed in the SU 3 X S0 multiplet contain-
ing these terms, then only the (1, 8) + (8, 1) and (3, 3) + (3, 3)
representations are allowed, For, suppose the symmetry breaking
terms belong to the representation (p, @) of the two commting
803 subgroups sng and SU§ (with generators Qt defined as in
eq. (1,8)). Under the SU 5 subgroup, with generator Q =Q% + Q"
the multiplet will transform as the tensor product of a p and gq
dimensional representation, In order to avoid exotic quantum
numbers, p and q may only be 1, 3, 3, 6, 6 and 8 and it is
readily seen that only (1, 8) + (8, 1) anda (3, 3) have octet

quantum numbers alone, Possible loosening of the restrictions
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(a) and (b) have been given by Renner and Sudbery( 10)

that if (b) is replaced by the assumption that the chiral

SU} x sns breaking must still preserve chiral 302 x 302, then

again only the (3, 3) and (1, 8) representations are allowed.

« They show

If the symmeiry breaking term is allowed to belong to a four-

dimensional repi'esentation of 8SU s X su g0 that the mex o=

2’
commitator is an 1aosca1ar"', then a larger number of representa-
tions is allowed including (6, 8) + (6, 6) ana (8, 8).

Of course, the approach employed in any particular problem
may further limit the possible representations., For example, in
non-linear pseudoscalar meson chiral Lagrangians, only terms
belonging to the (n, n) representations are possible, since
these are the only linearly transforming representations which
can be formed from the non-linearly transforming =, K and 7)
rields( 12). This statement has a parallel in the soft meson.
calculations; contributions to amplitudes from the (1, 8) + (8, 1)
term are the same order of magnitude as corrections to soft
meson limits( 6).

With these considerations, we shall adopt the view that the
most suitsble and simplest procedure is to assume (3, 3) sym=

metry breaking, since this is the one representation which is not

* The existence of a large non-isoscalar o-term would change the
good prediction of pion mass difference(1ll) (using soft pion
limits and spectral function sum rules) and the =-x scattere
ing lengths discussed in Chapter IV,
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8 priori disfavoured for any reason’ ,
References to other previous work on (3, 3) aymmetry
breaking are given at the relevant points in the thesis,

» It has been argued by Daahon( h) that there is no very strong
reason why one representation of sSU 3 X sU 3 should be enhanced

over any other, in contrast to the case where SU. octet enhance-
ment may take place through the dominance of eomé "low" mass
scalar meson octet, However, we feel that this possible
eriticism of using a single SU 3 x 8SU 3 representation to break

the symmetry does not bear much weight since a convineing basic
unders tanding of even octet dominance has still to be formulated;

in both cases one appears to be simply putting in the guan tum
numbers which one wishes to get out of the theory.
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The purpose of this chapter is to study the magnitude of
electromagnetic effects in K —> 2x decays. An accurate estimate
of such effects is of considerable significance in weak inter-
action theory, since they give rise to \ I = 3/2 effects in the
decays and it is only with knowledge of them that one may
properly claim to know the extent to which the non-~leptonic weak
Hamiltonian obeys the NI = 1/2 pule,

Experimentally, violation of the AI = 1/2 pule in X — 2%
decays appears in two ways. Kt > x*x° is necessarily a
AI = 3/2 transition, and a small deviation from 2 of the ratio
P(K‘]’_ - x*x")/ P(K;—-»1c°x°) may also result from NI = 3/2
effects,

Several previous studies of this problem have been made,

These appear to fall into three categories, Firstly are the papers
which attempt proper calculations of radiative corrections in second
order electromagnetic perturbation theory( 13, M). The results are
divergent, and are expressed in terms of a cut-off parameter, which
is usually taken to be of the order of 1 GeV, Quantitatively, the
effects are small and, in XK —>2x decays, of the wrong sign to
account for the experimental /\ I = 3/2 term, However such cale
culations neglect completely the strong interactions. of the pions
and kaon, Moreover they should be viewed very circumspectly in



view of our inability to use the standard electromagnetic
Hamiltonian to describe quantitatively [\ I =1 effects, of
which more will be said in the next section,

Hara and Nambu'1%) nave attemptea to obtain the decay ampli-
tude for k¥ - =x xo, by assuming that the weak Hamiltonian obeys
the AI = 1/2 rule and by applying low energy limits to a Kax
vertex which is quadratic in the meson four-momentum, They
obtainea [fU(x* - x*x°)oC~ ‘(n2 -n ) = A(qx). Fqnmm(ls)
however, has pointed out thatxmile A (nx) is generally attri-
buted to electrodynsmics, this derivation of T)’l(x > x'® ) has
not taken electrodynamics specifically into account, Moreover,
the end result depends only on the [\ I = 2 effect, /\ (n\‘:), with
no contribution from what is generally a dominating AT = 1 term,

Finally there have been some papers based on pole models for
the decays, The original calculation seems to have been done by
Riazuddin and Fayyazuddinl 17, They assume that the principal
contribution to the decay Kt > x*x° comes from the Feynman
diagram Fig., 2,1,

K‘l’

Fig. 2,1

The weak vertex K - x"'v) isa A1 =1/2 transition, which is
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estimated "by 803“ from K° > 2x, and the Y)~x transition
amplitude is estimated by assuming that the princiral electro-
magnetic corrections to the R°Ri coupling constant arise from

the similar diagram in Fig, 2.2.

N

Fig, 2.2

This estimation has very large errors indeed since the magnitude
of electromagnetic corrections to the x°m'v'- vertex is not known
with any accuracy.

Fig. 2.1 was also studied by FHldt et al.(m). The weak
vertex is obtained in the same manner, A very large value for
the v) =x transition amplitude is obtained by using a currenf
algebra caleulation!1®) which enables it to be estimated from the

V) > 3% deecay width (more detailed comments on this type of

calculation are given in Chapter V). The result is in good agree-
ment with experiment, However in both refs, (17) and (18) the use
of 803 for the weak vertex is not satisfactory, since the decay (%0)
K > 2x 1is forbidden by the combination of 803 and CP invariance .,

More recently, Greenberg(a) has atterpted to overcame this
difficulty by assuming principally

(1) a pure octet non-leptonic weak Hamiltonian, with neutral

currents



Hy = W26 dgg, J';" T.p (2.1)

(11) that the decay K@ - P proceeds mainly through
Fig, 2.3.

(1ii) that the weak matrix elements are to be evaluated by

field current identity, or equivalently, by assuming that the vacuum
alone need be retained in a sum over intermediate states between

the currents in the Hamiltonian,

The electromagnetic transitions are assumed to be given by an
effective Hamiltonian

el 3A8

» i » Ry
with matrix elements evaluated according to assumption (iii) above
and normalised from the n - 3% decay amplitude, The result ob-
tained is in good agreement with the experimental value of
W(k* - 'u"no)/m(xg»x*x.) and is of the correct sign to sup-
press the =°x° relative to the =x*x~ decay of Kg. However, in

view of the long chain of assumptions reguired to obtain it, there
is considerable justification for studies of other models for the
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decay” .

The main work in this chapter is a study'22) of the greph in
Pig. 2.4,

Fig. 2.4

Although the p-wave amplitude K'K° — #'+ x° does go by strong
interactions, we are specifically interested in this as an
electromagnetic interaction, since we wish the two pions to be
emitted in an s-wave, This vertex is evaluated by performing
two soft-pion reductions and relating the result to the kaon
electromagnetic mase splitting, The weak vertex is related to
the Kg > *x amplitude, also by soft plon technigues, The
details of these calculations are given in Section 3,

* A recent calculat:lon( 114) uges very similar assumptions to (i)
and (iii) above, A slightly modified form of Oakes' model of sym=
metry breaking 32 is used to calculate the current divergences
OA#, OAKO etc, in terms of the pseudoscalar densities v# and vxo
and these relations a re turned into field current identities for
% in terms of dux* ete,, by assuming that v’c+(v ) is the core
rectly normalised ='(x°) field, The ratio of XK' —> =x'x° to
Kg—> x*x~ 41s in good agreemént with experiment, although this is
mainly because the coefficient of the I = 1 term in Oakes' model
is so large (see comments in the next section), It is amusing to
note the complete reversal of the conventional role of the Cabibbo
angle from weak interactions to strong interactions,
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It_‘. has been appreciated for a long time that it is not possible
to describe quantitatively the AI = 1 electromagnetic interactions
of hadrons by the standard second order Hamiltonian, The situation
is typified by the wrong sign obtained for the A I = 1 mass dif-
ferences n-p and x*tx® compared with the good result for the
AI = 2 pion mass d:lrrerenoe( 2"). The problem is further emphasised
when using current algebra tecmiqués. The successful calculation
of the pion mass difference, using soft meson techniques and spec=
tral function sum rules, fails* for the kaon mass dirference( 25) and
current algebra also implies a suppression of the N = 3x decay width
to orders of magnitude below the observed value( 26).

The approach we take to this problem is essentially a develop=-
ment of the tadpole contribution to electromagnetic mass differencgs-n.
In place of the tadpole contribution dominated by the I = 1, I 3=0

* We do not regard as satisfactory the postulate of ref, (25) that

the o=-terms in the soft kaon reduction should be eguated to the
tadpole term of Coleman et &1.(27) since the actual magnitude of
the o-term contribution is critically dependent on the interpolating
field chosen for the mesons, An example of this is the freedom in
choosing v8 or,OAa as interpolating fields for a pure octet N3
the =, » o-commtator occurring in (xlﬂ-“l 9> has coefficients
V2 = ¢, ¥2 + ¢ respectively, in the ratio = mbz/mi. The
postulate also fails if we combine simple pole models for

&IH ®*| k) ana (y|*| x) with current algebra, The numerator
of the scalar meson pole turns out to be proportional to the
relevant pseudoscalar mass, implying firstly a small effect and
secondly large symmetry-bresking,
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scalar meson, we introduce an effective I =1, I3 = 0 scalar
Hamiltonian. Our further assumption is to specify the chiral
properties of this operator by placing it in the same (3, 3)
representation of SU3 x 803 as the symmetry bresking terms in
eq. (1.14), so that the total effective Hamiltonian now takes
the form

Y - = H * - €.Xug (2.2)

where }4°t is the standard second order electromagnetic
Hamiltonian

wet o = P Jaty ¥ (y)r{ v24(r)vst(0)}(2.3)

and a*V(y) = (1t {e"*(y) a”(o)}>>° is the photon propagator.
The scale of the ug contribution is fixed by equating it

to the tadpole contribution in the kaon mass difference(97),

Nunorically(27), this is around 5 MeV. To be specific, we shall

take the tadpole contribution as

[ﬁt(ni) = [X(ni) - [X(n:) - n§+ - B:P - ni+ - nio (2.4)

This equation is certainly true to lowest order in chiral sym-
metry breaking(u), and when combined with SUB' is in good agree-
ment with experimental data on mass difrerences(27'28).

The u.3 effective Haniitonian has been used by many previous
authors. If was the basis of a current algebra calculation of
n = 3x in ref. (19). Such a term has also been introduced
within the theoretical framework of broken scale invariance(29),
essentially as a renormalisation effect on the divergent

Hamiltonian (2.3).



Alternatively, it may be induced by the need to avoid
divergences in higher order weak 1nteractions(3°). In this
approach the divergence properties of higher order weak inter-
asetions are studied by Bjorken limit techniques. The most di-
vergent terms are related to matrix elements of weak current-
divergence commutators, which are calculated by assuming a total
symme try-breaking Hamiltonian

HS.B. = -c(uo + cug + xuj) . (2.5)

Demanding cancellation of these leading divergences within an
803 multiplet produces two relationships among ¢, x and the
Cabibbo angle &, namely

tan® @ = = 4+ 14 (—-,62--)2]1'é . A (2.6)
3 4p > »pP
@1
1/ = 7 2.
V3 x/e . +/)+[[J§+ T +P)r1;;—J (2.7)
where (3, ok (1L +./2 /e) »

Now, applying SUz to suitable matrix elements of eq. (2.5)
we obtain(27+28)

2
- - -zéti‘xg /; ~ 4020 (2.8)
= - %
Hence from eg. (2.7) [0 = 45 and hence ¢ ~ —.97. This is

not too discouragingly far away from the Gell-Mann, Oakes,
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Renner value ¢ = «1.25. Note that eq. (2.7) is very
sensitive to the precise value of ¢ § ¢ = =1.25 makes

x/e = .003, so that if one does believe firmly in this value
of ¢, then the work of Gatto et al. is not compatible with
our approach to mass differences.

There has recently been an interesting suggestion by Oakes (32),
that ¢ and x should be determined by a Cabibbo rotation of
the chiral St;r3 symmetry breaking term which leaves chiral 8Uy
unbroken, namely u, - /2 ugs Although this value of x is
suitably large to provide an enhancement in 71 —->3x decay(aa'ss ) »
it disagrees with eq. (2.8) by a factor =~ 2.5 and so does not
give acceptable predictions of mass-splittings.

As a final remark, we note that the introduction of the I = 1
operator in eq. (2.2) is exactly paralleled in the dispersion
relation approach(zu) by the fact that the existence of the I = 1
Ap trajectory implies Regge asymptotic behaviour in the I=1
channel which automatically necessitates the existence of a sub-

traction constant in this e.hannel(ju).

* This value for ¢ has also been obtained by using soft-pion
extrapolations only(31) (and not soft X or n), but this deriva-
tion is not quite as water-tight as it appears at first sight
because the extrapolation is in the small difference, 0(m°)
of the two large quantities e <x |u® |x >and ec (x | uail x)
which are both O(m2).



3. Ihe Calewlation(?2)

We now return to the estimation of Fig. 2.4. The relevant
electromagnetic transition 13"

Mmeéx* > x°%*x°) = (-1) <t*x°K°lH°fr|K*> (2.9)

with LT given by eqs. (2.2) and (2.3). We perform a double
soft pion reduction on this matrix element (see the sections on
low energy theorems in refs. (1) and (2)), averaging over the two
orders of partial integration in order to project out the isospin
symmetric x-x s-wave channel. With isoscalar o-commutators,
the possible {A") 6A‘+] term vanishes and we have

Meé(x*-> k%*=°) =

2
- b \atya# vy (¥ 21205 v34(0) + VSH w20 [x*)

x
- ;igg;z & | wig |x*) (2.10)

x

The matrix elements in this equation are now related by
SU, to the non-tadpole (nt) and tadpole (t) contributions to the
kaon electromagnetic mass difference, with the Hamiltonian given
in eqs. (2.2) and (2.3)

Dopad) = EIHSIE*Y - &PIHS ) (2a1)
At(‘%) = —ex( (x* lu3 ‘ K+> - <K° ‘ ug IK°>) (2.12)

' out this chapter we use the phase of the s-matrix for all

amplitudes. The amplitudes are normalised so that only for the
x°x° combination is there a statistical factor in the phase-space.
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Only \ I =1 effects are relevant in both egs. (2.10) and
(2,11) and the result is

M r* > ©x*2°) = —=2—(A , (ad) =1, (a}))

2/2’1‘

= 2 _(A\(=2) - 2)N032)) (2.13)
o my x

x

using eq. (2.4) for At(mi). The chiral properties of the effective
Hamiltonian are such that the non-tadpole and tadpole contributions
now add constructively to enhance the electromagnetic effects.

_ By similar arguments we can relate the weak transition to

the decay amplitude for > 2x, neglecting electromagnetic effects

and assuming a VN"' Al‘* weak current. The result is

Lol Y |x°) = -4 12 02| " |x°> (2.14)

From eqgs. (2.13) and (2.14), Fig. 2.4 gives

'YYUK"'—» x'x°) = met(x-&_) °x*x°). ?.Ti-! <O\-—1 Hw l K°>
my

A L A\ fme
3 - ( (\(mg)=2 \( ))YH(K°—> <0x%)
ﬂx

(2.15)
Numerically, we obtain

Wix*>x*2° )/ W(x® > x°x°) =~ 3.6a (2.16)
where a is the fine structure constant. This value is suf=-

ficiently close to the experimental rat'.m(35 ) for the modulus of
the amplitudes in eq. (2.16), 6.6a, to suggest that electromagnetic
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effecte alone are sufficient to produce a large part of the
AI #% transitions.

Moreover, we may also study the graphs corresponding to
Fig. 2.4, which produce electromagnetic corrections to the Kg
decays. The terms containing isoscalar o-commutators in the
electromagnetic transitions are cancelled in the difference of
the x: > x°%° and x'x~ decays, and again the electromagnetic
amplitudes have AI = 1 only in the soft pion limit. The three
amplitudes for K — 2x decays then obey the sum rule obtained
by allowing only AI =% and AI = 3/2 transitions(%),

VWS »x*x") - M(x® > =x°x°) = 21 (x*> x*x°) (2.17)
1

and it is seen that the result (2.16) has the correct sign to
produce the experimental enhancement (35) of the ='x mode over
the =°x° one. This result is to be contrasted with that of
ref. (22), where the effect of a ug Hamiltonian was neglected.

4. Discussion

Let us first attempt to improve on the derivation of eq.
(2.14). 1In performing low energy limits on the k° >2x eampli-
tude, we neglected the pion o-commutator and neglected the error
in extrapolation of the four-momentum, A w? associated with the
Hamiltonian 1:{ w, from Az = 0 in the physical amplitude to
Az = ni in the low energy limit. Now,in the absence of SUj
symmetry, there must be a pole at Az = nﬁ. due to the kaon
coupling to HW . This is illustrated in Fig. 2.5.



Fige. 2.5

The way to overcome this difficulty is to assume that the
full K° > x°%° amplitude is given as a "smooth" term (which, in
practice, is taken to be a constant) together with the pole dia-
gram Fig. (2.5). In the limit of the two ®'s going simul-

(22,37) that the divergence

taneously to zero, it can be shown
in the kaon pole as A\ 2> n§ is exactly‘cancelled by a diver-
gence in the kaon pole of the o-commutator term,

(k| o{ H¥(x)o(0)! | X°>. Moreover, when the same operations
are performed for the reductions in the :’i’ decay, using the

Weinberg scattering a-plitude(su) and retaining the o term, i.e.

(RO( 0 )x*(e,)x (g ) | X°) = ;Q—( (K(A) e | K%+ Ypyela, = @)
=
(2.18)

it is found that the p-wave term is Jjust such as to compensate
for the apparent dependence on the order of x* and partial
integrations. The equations are given in detail in ref. (22).
It suffices to say that the smooth term C is determined un-
ambiguously from the equation

C = 1im ( {x*="1UY| &°) - rig 2.5)
Q+,q- > O

- -ﬁ, | 1Y | x®) .
x
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We now obtain for the on mass shell value of the decay ) t+‘K.

(x"'f.'f HY|/x®> = ¢ + on shell value of pole diagram

.-<2%LL> {1- L%:L‘y} (2.19)

where we have used eq. (2.18) for the scattering amplitude (the
p-wave part does not contribute on-shell of course).

Thus we see that the original equation appears to be correct
up to the effeet of & terms, which are O(n2). Indeed, if the
isoscalar o model is extended to the (3, 3) symmetry breaking
nodel(G), then in the soft-kaon limit, we have

(2° ¢|X°) = = ¥nd

which implies a 20°/o correction to the original estimate (2.14).
A criticism which may be applied to the above technique is
that we do not use a Kx scattering amplitude which contains
explicit extrapolations in the kaon four-momentum. If we attempt
to rectify this by using the chiral symmetry breaking amplitude
of Grirﬁth(zs), then ref. 22 shows that the same technique gives
zero for the on sh€ll X - 2x amplitude. The way out of this
difficulty appears to lie in noticing that by taking the smooth
function, C, as a constant we have demanded a form of kaon pole
dominance of the weak Hamiltonian, which is incompatible with the
use of kaon P.C.A.C. to obtain the Kx scattering amplitude.
Further comments on the use of the soft kaon limit in
K > 2x decays are made in Chapter III.

Our second comments concern the amplitude )V ®4(x* > x°x*x°).
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This amplitude may be related by 303 to the experimentally known
n > 3x emplitude. Many types of coupling are possible, but if
we use symmetrised octet d-couplings for the pseudoscalar mesons

and octet dominance for the electromagnetic Hamiltonian, i.e.
YV (£2 > gP8%) « af83(a8PTg0d8 , g8efgbde , gPefa2d8y (5 20)

we obtain ~ 7.5a for the modulus of the ratio in eq. (2.16). The
difference between the two results may readily be attributed to the
apparent enhancement of the m - 3% width over the value cal-
culated using 805 assumptions.

Attempts, other than by "SUS" as in refs. (17) and (18),
may also be made to estimate the contribution of Fig. 2.3. One
way is to take the pion to zero four-momentum in X - tfn and
compare the result with k° 5> x°x° after one of the xo's has
been taken to zero four-momentum. We assume octet dominance to

write down the allowed coupling (f-coupling forbidden by CP

invariance)
% D < e (2.21)

This approach enables us to avoid using SU; in an amplitude
(i.e« K > =xx) which is non-zero only if 803 is broken(zo).
The result 1is

ME*>x*n) = - %Wl(xg > x°x°) (2.22)

This value is smaller than and of opposite sign to that obtained
"y SUB" in ref. (18). To lowest order in chiral symmetry break-
ing <Lx°|14°t| n> ~ 0 (here }Let is the standard electro-
magnetic Hamiltonian, in eq. (2.3)). By 8Uz, with a pure

octet 77,

+ s8ee footnote on next page.
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(plexugl=®> o Z{G"|ug ) - (& uy 5% ]

= -0, 2/ /3 (2.23)

Hence, with the value of At(né) given by eq. (2.4), Fig. (2.3)
is estimated to give

. (AGm) -A(md))
3m, - m)

A comparison of egs, (2.24) end (2,16) indicates that the

Mx*-> = x°)/M(k] > =x%°) .= (2.24)

9 =pole graph may reduce the original kKt > x*x° amplitude by

around 30%. The nett result still remains substantial however,
Finally we make the remark that all the amplitudeswe obtain
are real, Physically, one expects the Kg and X' modes to
have the phase of respectively the I = 0 (mainly) and I = 2
s~wgve *X phase shifts at centre of mass energy = My o The
only equation where this might have significant effect is €q.
(2.17). Provided the difference between the phase gshifts, 62-60
is less than 900. the signs are still such as to enhance
K] > x'x" over X3 - <%, Experimentelly’ 38 0,=8, =~ uo0°,
so the problem is not very vexing, empirically, at least,
We conclude from the work of this chapter that electromagnetic
mechanisms, such as Fig. 2.4, may give substantial AI = 3/2

corrections to AI = 1/2 weak transitions, Moreover, if consistent

* It is unlikely that the effect of h =X mixing will be large in
~ this particular matrix element (see Chapter V).



use is made of the "tadpole" effective Hamiltonian, =EXUgy then
these corrections have the correct sign to describe the enhance=
ment of Kg - x'x" over Kg > %°x°%; this is in encouraging con=-
trast to the wrong sign obtained from the naive use of the standard
electromagnetic Hamiltonian®22),



CHAPTER III
K-> 2n DECAYS IN THE INTERMESDIATE VECTOR BOSON MODEL

de ntro

The starting point for this chapter is a paper by Glashow,
Schnitzer and vninberg(a). They study K; > 2% decays in the
intermediate vector boson model (see ref. (3) Chapters 18 and 19),
so that

Hw = g(Lu + Ju)w“' + h,c, (3.1)

Here Lu is the lepton current, Ju the usual hadron (Cabibbo)
current and 'u is the intermediate vector boson field. For a
non-~leptonic decay, mediated by a single vector boson line, the
effective Hamiltonian is

B E = -1g° 5 d*x t#,"(x)T {-T“(X) J$(0)} (3.2)

where #v(x) = (‘1‘ {W"‘(x) wt> (0)1>° is the vector boson
propagator, The coupling constant g 1is related to the usual
Fermi constant G of leptonic weak interactions by taking the
limit of large vector boson mass, Mw > 00,

G = w2 32/u$ (3.3)

In the K - 2% matrix element of (3.2), the two pions are
reduced to zero four-momentum, averaging over the two orders of

partial integration in the ='x~ case, and neglecting possible



-33=

o-commutators. The result is as written previously in eq. (2.14). The
kaon is now reduced to Zero four momentum and the result written in the
form of integrals over the spectral functions of vector and axial vector
currents. The integrals are convergent if Weinberg's first and second
spectral function sum rules (S.F.S.R.) hold in 8Us x 8U5 and a value for
the mass M, may be obtained from the K; >2x width,

My, = 8 GeV. (3.4)

A similar calculation has been performed by inturi(”). In this
calculation, the weak current is assumed to have different vector and
axial=-vector Cabibbo angles, i.e.

Ju_ = Vt*ia cos Ov + A‘]:"iz cos @

+ Vﬁ"ﬁ sinov

A
+ a*1i5g4n e, (3.5)
First the kaon is reduced to zero four-momentum and then the two pions.
The result is proportional to sin(OA - Ov) and the integrals are again
convergent if suitable combinations of S.F.S.R. hold. With &,~ &, .0k
a value of M, =5 GeV 1s obtained. The smallness of &, = &y is
balanced by an inerease in the speciral integral which does not vanish
in the SU3 symmetry 11n1t(2°) in contrast to the previous approach.

In both of these calcilations, a special sequence of reductions
is observed and o-terms are ignored. 7he purpose of the work in this
chapter is to test the reliability of the method by

(1) investigating the dependence on the order of reduction,

(11) keeping o terms and evaluating them by iue (3,3) symmetry
breaking model.

As regards (i), we do not see any compelling reason why any order
should be preferred over another,; if the results do depend on the order
of reduction, they are unreliable to that extent. One may then use the
average, but this does not fully solve the problem. It is clear from
refs. (8) and (39) that if o terms are neglected, then a definite
dependence on order is found.
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As regards (ii), again there is no compelling reason g priori
why o-terms have to be kept or disregarded, as one can always define
the off-shell reductions with or without them®0); again the results
may be unreliable to the extent of the influence of the o-terms. We
find that if o-terms are retained, the reductions have several
attractive properties

(a) the result is independent of the order of reduction

(b) the AI =% rule is obeyed

(e) the 5U5 properties of the matrix elements of ﬂ’w are
correctly exhibited.

(d) There is now no problem of undesirable extrapolation in the
momentum carried off by :Hw, acting as a spurion to conserve
energy momentum.

However the results of Glashow et al. and Venturi are now substantially
altered.

The lay-out of this chapter is as follows. In Section 2, we give
a brief review of spectral function sum rules. In Section 3, the in-
dependence of the order of reductions is established in the general
notation of Glashow and Weinberg'!) and the specific calculations for
K » 2x decays are performed in Section 4.

2. ct t Sum es

We are interested in obtaining the spectral representation of the
vacuum expectation value of the time-ordered product of two vector or
axial-vector currents. The derivation of these representations for
fields is given by Bjorken and Drell(m). Chapter 16, and the deriva-
tion for currents follows from exactly the same prineciples of intro-
ducing a complete set of intermediate states and using Lorentz
covariance, and the usual integral representation for the & <function.
The result is



{23 3%=) d\‘)’(o)} b

= 1(2x)7* Sp;b(mz)dma Sa‘*qei‘l-‘(.gw +q,9,/m%)/(a° - m°+ 1)

+ 1(21t)-u ab( ) ém Sd qe"q' q.\)/(q -mos ie) (3.5)
p:‘b and p;b are the spin 0 and spin 1 spectral functions, i.e.

4,9, 02ed) = (gx)’JZo ¥ py-a) (0]3%0)|n)n]5P(0) ]| 0) (3.6)

3 L o b \
(= gm,+quq\/q #3%a®) = (2x) ?;1 8*(py=a) (0| 73(0) |n)n|7] (o)IO,
(3.7)
In fact, it is necessary to modify eq. (3.5) by the intro-
duction of Schwinger terms, To see this, take the ou of eq, (3.5).

The derivative of the © functions gives an equal-time commutator
so that

3(xo)<[J:(x), J:(O)J>° = +i( 2%).1* gmz 9.:2‘.?.2_)_ . gdut;leiq’xt'q\)

= 19 §*(x) g an’( p3°(m®)/m? + p3%(n?)) (3.8)

where 1in the first step we have used the spin-zero spectral re-
presentation, (3.6) for <T5ldJa(x) 33(0)} >°.
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Eqe (3.8) gives a spectral representation for the vacuum
expectation value of the equal time commutator, However, if we
do this from first principles, by inserting intermediate states,
it is easy to show that

0 vV =0
8x,) ( [38(x),3°0)] >, = (3.9
12,842 | an?(p30(u2)/meo 8B(a) )
V= 1,2,3.

The non=zero term for v= 1,2,3 is the vacuum expectation value of
the Schwinger term( l&2). Its existence shows that the local com-
mutators postulated in egs, (1.5b), (1.6b) and, (1,7¢) must be
modified by the introduction of extra terms in the time-space
component commitators,

A comparison of eqs, (3.8) and (3.9) shows that we must

modify the p =+ =0 components of eq. (3.5), viz.

(r{sstx) 20) )

= 1(210"‘5 *(n®) an® Sa ae'¥H(og | + a0, /a%)/(a® - m?s 1c)

+ 1(zx)"‘§ 30 n?) an® Sduqeiq‘x q,9/(a® - m® + 1¢)
-1 8,0 & 8%x) | anX(p2®(a?)/n? 4 pS0(n2)) (3.10)

The non-covariasnt nature of the time-ordered produect of currents
has been stressed by Johneon(lls).
Spectral function sum rules are an attempt to obtain information
on chiral symmetry through relations among the spectral functions
of the vector and axial vector currents, Teinberg's first and

second sum rules (Wl and W2) are respectively



-37-
gamz( py(m°)/m® + pi(m®)) = gm’-(p;(ma)/mz + pa(a®)) (3.11)

gdmz p‘{(nz) = Sdnm2 pf(mz) (3.12)

v A

where p and p are the spectral functions of any of the vector

and axial vector currents in the SU3 octets,

Of these, Wl, eg, (3.11), is on the sounder footing,
Weinberg( 43) proved it originally by assuming vector and axial

current conservation, so that only a zero-mass pseudoscalar meson
A
o.
point function of two axial and one vector currents, he deduced

contributes to p Using Ward identity technigues on the three-
the egquality of the Schwinger terms in eq. (3.10). The assumption
of current conservation may be ' relaxed, provided one stays within
specific models of symmetry breaking (see the paper by Gerstein,
Schnitzer and ¥einberg in ref, 7). It is assumed in either case
that the Schwinger terms in the {Jo’ ‘Ti] commi tators are c=-
numbers or at least commute with the currents; this is certainly
a model-dependent assumption, The same assumption also enables
one to prove equality of Schwinger terms by using the Jacobi
identity for a charge and two currentu(w*). An alternative
approach is to assume egquality of the vector and axial current
propagators (the Fourier transform of eq. (3.10)) in the asymn- .
totic 1imit{*?) ¢ 5 o,

The derivations of eq. (3.12) are not so convineing, Weinberg's
proof (43) was based on free field behaviour of the currents A, and

V7L in the p2 > o limit of the expression

ey Gl {3 v o)ty
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Das et al.(us)

derive W2 by assuming a suitable superconvergence
relation for the difference between vector and axial current pro=-
pagators in the limit q2-> @, In both of these cases the
derivations are stictly applied only for currents with the same
802 and hypercharge gquantum numbers, though it is possible to

make superconvergence assumptions to derive equality of the
spectral integrals for all currents,

In practice, the spectral integrals are calculated by assuming
saturation by suitable low mass intermediate states, x, p, A, ete,
Clearly this is a stronger assumption for W2 than Wl, which is
weighted by a factor 1/m2. The field algebra Lagrangian( 4é) is
a model of pseudoscalar and spin-l meson fields which explicitly
exhibits the relations obtained by assuming single particle
dominance of the S5.F.S.R.

Successful predictions using S,F.S.R. include the following

(1) mi/ms ~ 2, from the I =1 8U, currents(hj).

(ii) from the vector currents, W1l gives a good prediction
of the K* wiath'®®) in terms of the p width (the
contribution of a possible scalar Y is neglected
since it is of second order in the symmetry-breaking),

(1ii) A convergent prediction of the pion electromagnetic
mass diftermce(ll).

(iv) Successful use of the sU 3 form of Wl in hard meson
calculation on K;, form factors (Chang and Leung( 7)).

(v) Reasonable agreement of Wl with experimental values

for p, w and # couplings to the electromagnetic
current(lﬂ).
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Notable failures of S.F.S.R., particularly W2 when extended

to SUS' ineclude

(a) complete failure of W2 for the I =0 and I =1 vector
currents(us),

(b) a bad prediction of the K* wiath(™) using w2,

(¢) strange results in hard meson calculations on K, form

factors, where one tends to obtain fm/fx so close to 1

that the second order SU3 symme try breaking(ua) of the
£,(0) form factor is huge, = 15-20°/0. (Glashow and
weinberg(7).)
This brief summary is sufficient to show strong support for
Wl in SU3 x SU3. and W2 in 802 x SUg, but definite discrepancies
if w2 is extended to 803 x SU}’ at least in the single particle

dominance approximation.

3 e ence e

We now return to the general problem in which we are interested,

namely the soft meson reductions in the matrix element
(B | 1 { VA=) A5(0)]] 8D (3.13)

when all mesons are taken off mass shell to zero four-momentum,
with OA as interpolating fields, expression (3.13) is related
directly to

& altx, atxpatte, (7§ 04°(x) J0a% (x5)04° (x5)V5 (x)4) (0) 5%

P <5Ac aAd' 6A° v: Q > B (301'4)

where this expression is introduced to simplify the notation.
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We use the general notation of ref, (7) for chiral symmetry
breaking. The Hamiltonian is assumed to have the form

He Hy= e, (3.15)
where 3#6 is invariant under some group G, and the di are
hermitean local fields which form a basis for a real representa-
tion of the group G. The local commutation relations of the

currents associated with the generators of G are assumed to be
é(x,) [J:(x), JB(O)] e« 4§ g% Io(x) M(x) + 8.T.
(3.16)

cabo

where are the structure constants of the group and in

general the non-covariant Schwinger terms (S5.T.) will be disre-
garded since they would presumably be absent from a covariantly
defined time-ordered product, T*, in egs. (3.13) and (3.14).
The field transformations under G are defined by

ox,) (@2 33, #50)) = -1 (1) #(0) GaD)
The Euler-Lagrange equations imply
oM J:(X) = €4 (Ta)ia ‘j(x) (3018)
and the group properties of the T° matrices are summed up by
[T‘, T?) = c8be ¢ (3.19)
(7%)y 4 - - ('r"):,1 N (3.20)

Eqe (3.20) is a direct consequence of the fact that the g's form
a real representation.

Wwe start with the relevant amplitude for the weak Hamiltonian
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between single particle states. All equations are obtained by
performing a partial integration on the first oJ encountered
in the product. Then

(ar® as® 5%

= - ey75,(-1) 15 (8, 3% - 1 (aP(c®*%% + c29%5%°))
(3.21)
Explicitly symmetrising the first term, which is the o-commutator

term, we have
Pt .y, 18] . yodeee
Substituting into eq. (3.21) and using eq. (3.18),
{ag® ag®3%%>
=+ % e {r®, T‘}“< ‘L °4> & & cP®e (ar%%%)
-3 ("% o+ %)) (3.22)

If we now perform the remaining partial integrations in this
equation and use the fact that the matrices - (Ca)b° themselves

form representations of the group, i.e.
[ca. cb] g - ¢8be ¢ (3.23)
then the result simplifies to
{as® %% = é > {'rb, T‘}“ Gl;' J°J">
+ % {(cPe® cofe , cace cbfey (;fd\ . ., a}

(cacecbdf + cboe cadr) <Jf Je> (3.214)
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The right hand side of this equation is explicitly symmetric in
a & b, which is what we wished to show.

Exactly the same sort of manipulations are required to show
that after partial integrations, expression (3.14) is completely
synnetric in indices ¢, 4 and e, though of course the algebra
is somewhat more complicated. Partially integrating on #3°
and iynnctrisins the o-commutator terms as in eq. (3.22), we

have

(85 & &® )
=+ é{cd {T".T“}st G theJ‘Jb> v B (a5%ar%% ") a4 o c}
> § (WA TS o P ENT) (3.25)

By partially integrating the 7% in the firet term on the
right hand side, and using eq. (3.24) for the other terms we can
immediately pick out one term which is completely symmetric in
c, d, and e, namely

% °y {T°.Td§t <t‘(c°‘f JfJb + c%Pf J‘J’f)>+ eyelic perm

¢c—~>d—>e (3.26)

In the remaining terms, the products of T matrices are forced
into totally symmetric combinations and terms involving the
commutator of two T's. By patient use of egs. (3.19) and
(3.23) we can show that these remaining terms also are
completely symmetric in c¢, d and e. The result is
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rd el (g @M L PR 4 e (3u20)

where "perm" denotes the five similar expressions with ce d & e,
Thus the result is totally symmetric in the meson indices, re-
gardless of the order of partial integration.

L.
We now proceed to give the explicit form of eg. (3.27) for
the decays El-> x°x°, Kg-» x*x~ eand kx> x%x° . we par-

ticularise to SUB w 803, with the structure constants r‘“

and to the 3, 53 symmetry-breaking model, so that we have

(eq. (1.14))

H = Ho - e(u, + eug) (3.28)
For complete generality, we allow for different vector and axial=-
vector Cabibbo angles (eq. (3.5)).

The only terms which we cannot evaluate explicitly in eq.
(3.27) are those of the type <“e ™ Jb> » Where g, 1is the
term arising from the =x-x o=commutatorj; the o arising from
the ==K o-commutator can be replaced by a va and a further
partial integration performed to reduce the term to a two point

function. If we do this we obtain:?
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GRS = ;g-i—x ga"xd;;” (x){gd"w m@(ﬂ(/ﬁ%(yh ug(¥)).

(3.29)

X (A:t"is(X)A&-if’(O) & v:.‘#izvt-12)c°s°vamA & V‘*‘i&

2
. %) (2 { (a¥x)a%0) - Vh(x)V}(0))ooseysine,+ Vo Aby

o o = iy o BB B L)) sinto, ey }

U (x*> = sin(e, - &) ;Q;— gd“x ak¥(x) .

% K

o n{(altal - v‘,:f,:)-(l"’—;-ﬂl + (v} - alad) -(3;-311}>(3.3o)

In eq. (3.29), "V A" means replace Au by V“. cos &, by

cos &, etc. No isoscalar o term appears in eqg. (3.30), of

o

course., The equation for x‘l’ & K x° decay is redundant as eq.

(2.17) is automatically respected (a useful check on the algebral).
The first point to note is that o x*x° hee zero mlpli.\‘.\ule+

ir °A = Ov. The basic reason for this is that

[A‘. Heﬂ] = [V‘.}_\efr] when °A = 0\7’ so that, for example

the isospin content of Heff is not changed by a soft pion

reduction. Thus AI = 3/2 terms sppear only for &, # 8y (The

same situation holds in Glashow, Schnitzer and weinberg's treatnent(a)

Using the same reduction techmique as ref. (8) and suitable S.F.S.R.

* The concept of deseribing k*> x*x° by having 8, # €, has also
been employed in a relativistic quark model'?®/, though not with
great numerical success; the experimental widths quoted are
wrong by a factor of 10.
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one obtains

M (k%> x’x°)/7ﬂ(x‘1’->g°.°) e ain(m2.6 tn(lv/lp) - 2.0) |
sin @ cos (1.4 ln(ltv/-p)- 1.1)

This equation is very insensitive to the actual value of Ilw. If
one has faith in the soft meson reduction employed, an upper limit
of

[0y = 8,1 < 5.07 (3.31)

is obtained from the experimental values for the amplitudes,
neglecting the electromagnetic corrections to the x' decay.)

As stated previously, the same situation does not hold in
Venturi's reduction(39), where all amplitudes are proportional

to (°A‘°v)° Typically

Kg—>x°z° ~ un(ov-eA) <T{Aﬂ’¢ - v::v‘: + hAiA‘;l" - uvtvﬂz (3.32a)

Kg—nt*t" ~ ain(ov-oA) (TiAﬁA’: - V::V‘: + 2A:'A:\|; - 2%}2 (3.32b)

These two equations are unable to respect the near exactness of
the AI = 1/2 rule which is experimentally observed.

The second point is that the pesult of ref. (8) is reproduced
by the second term of eq. (3.29) when 6, = 8y, except for an extra
factor of L4(/Z + c)2/(3c(ﬂ -c/2)). gince(6) (/Z+¢) = O(n° -;‘;),
it is clear that large cancellations have occurred betwcen the
terms retained in ref, (8) and the o-commutator terms.

We now estimate the term in eq. (3.29) containing /!uo + ug
by relating it by SU3 to a term containing nu. For simplieity,
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we set 0 = Ov €, this will only introduce an error

o(u(* » t"'x")/l((xg >xx)) ~ 5°/o, which is certainly negli-
gible in this treatment. The coupling of the currents to the
singlet u, gives zeroj the coupling to ug can only be

d=-coupling, by C-invariance., The result is

<T{ (/Zug + na)(A:r'u #”'5 - V:ﬁz v%'iz + Vo o))

= - /gér {uh(vs'f, V:""12 + Vl"'iz VG*"-, +V eA)}> (3.33)

Finally, replacing u, by -2//3c.0v’¢' and partially inte-
grating one obtains

{x*x" | Hert(xg>a ? 0/2 Bﬁw g !‘ﬁ“"(x) i
(r{ap)at(o) + vivi - alad - ﬂvt}z (3.34)

The spectral integral in this equation is exactly the same as
that in ref. (8), but the amplitude now has an additional factor of
2(/Z + ¢)/(/Z = ¢/2) ~ 2n°/n> , if we use the value of ¢ from
Gell-Mann, Oakes and Renner(6). Thus, regardless of whether one
believes the S.F.S.R. or not, the o-terms have provided sub=-
stantlial alterations to the result of Glashow, Schnitzer and
Wetinberg(s).

If, notwithstanding the conclusions in Section 2, one uses
S«.F.8.R. to ensure convergence of the integrals in egs. (3.30)
and (3.34) and to help evaluate them, in the same manner as refs.
(8) and (39), one obtains
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M, =~ 1l x 20% Gev (3.35)
and (8, -9,) = 107 (3.36)

The size of lw is due to the fact that it appears inside a
logarithm. The smallness of (&, - OA) is very acceptable in
view of the close connexions bet'uen(51) SU3 % 803 algebra,
universality of the weak interactions and Cabibbo current with
GA.OV'

It is relevant to point out that the masses of the pions
and kaons in the spectral integral in eqs. (3.30) and (3.34) are
both set to zZero, consistent with the soft mcson techniques used
to obtain these eqs. However, it is easily shown that if the
spectral representations for physical mass pions and kaons are
used, a quadratically divéfgent term appears with coefficient
proportional to

P2 - R P

K 8 8

where the subseript "s" denotes a possible )X meson inter-
mediate state in ( Vﬁ V&j%. from the experimental values r'.
fx etc.y, it is clear that this expression cannot vanish, Thus
there appears to be no equivelent of the calculation of finite
pion mass difference by de Alwis(ll), who uses physical pion
spectral representation and a suitable alternative to W2 to ensure
convergence.

Finally we turn to the 803 properties of the reduction. The
first point is that the very procedure of putting the pions and

kaon on the same footing in the reduction may not be acceptable
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since the decays are forbidden in the limit of SU3 synuetry(zo).
Nevertheless, we note that the matrix element of eq. (3.34)
does vanish in the SU3 symmetry limit, so that our evaluation
of the o-term, by eq. (3.33) has been just right to eliminate
the 1l/e¢ factors in eq. (3.29), which blow up in the U5 sym-
metry limit ¢ > 0. However, by the same token, eq. (3.33) must
be eriticised, because it is only true to the extent of 803 s8ym=-
metry, and hence corrections to eq. (3.34) may be large.

The reduction with the o-commutators retained also exhibits
explicitly the non-vanishing of the <(x|J%7° |K) weak vertex
in the SUy limit (see eq. (2.21)). In this case the vanishing
of the spectral integrals in the 803 symmetry limit is always
cancelled by a 1/¢ factor, arising from the replacement of the
x-K o-commutator term, w,, by - (2//3e). av°. This con=
trasts with the treatment of ref. (8), which implies the vanishing
of the <t| JanI K:> matrix element in the limit of 803 symmetry.

We may summarise our attitude in this chapter by saying that
we have investigated a method of soft meson reduction in XK - 2x
decays which is in many ways more attractive than those employed
previously. For this reason we regard the work as a move in the

(52,53)*
right direction. Although steps have been taken towards this end ,

* It 1s amusing to note that if o end K intermediate states,
neglected in the dispersive approach of ref. (52), are retained,
and their contribution estimated using Greenberg's model 21)ror
the weak Hamiltonian, then these pole terms cancel the subtraction
term and the net result for K - xx is zero, in the approximation
that f = f , and n: is negligible! Such difficulties appear
to be symptomatic of more sophisticated current algebra approaches
(see the comments in Section 4, Chapter II).
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it seems unlikely that a proper hard-meson calculation will be
very revealing, in view of the number of undetermined parameters
which will be introduced.



For this chapter we study the constraints imposed by

current algebra, P.C.A.C. and chiral symmetry breaking which
are collectively termcd chirality, on pseudoscalar meson
scattering amplitudes which are allowed to have at most a
linear dependence on the Mandelstam invariants s, t and u and
the qi associated with each particle off-mass-shell. The
contents are designed partly as & review of the subject, in
which the author has been involved, (although contributing
1ittle to its advance) and partly as an introduction to the
chiral Lagrangian approach described in the next chapter. In
the first section we discuss the physical ideas behind the
linear expansion approach and the determination of scattering

amplitudes for the =, K and m octet. In the second section

a preliminary discussion is given of the possible relationship

between chirality and duslity, and the question of interpolating

fields for 1. In the third section the problem of 1 = X
mixing is discussed and finally we comment on the introduction

of an 803 singlet axial current and compare the predictions with

the Veneziano model terms.

The pioneering paper is due to weinberg(sh) who studied the

problem of x-x scattering.” The basic idea behind the approach

+

targets are discussed in refs. (1) and (2).

The scattering amplitudes for pseudoscalar mesons on massive
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is that the relevant amplitude is expanded in the most general
form to first order in the Lorentz invariants s, t and qi.
subject to the constraints of (a) crossing symmetry and

(b) the identity s + t + u = qi. One then uses as many

tricks of low energy theorems as :in be plausibly and acceptably
mustered in order to determine the unknown coefficients appearing
in the linear expansion.

Thus if one takes one particle off-mass-shell by an L.S.Z.
reduction and uses the divergence of the appropriate current as
interpolating field, then the amplitude must vanish when the

particle is at zero four-momentum,

<a.laA,a> = 1qu<a.\Au\B>
> 0 as g, O (4.1)

provided that there is no singularity in {a| Aul B) as g, O
Such singularities can arise from Born terms (see Fig. 4.1) in
which the intermediate particle has the same mass as the other
external particle. However, the absence of parity doublets for

the pseudoscalar mesons ensures that there are no such diagrams
Tt /;

Pig. qub




or singularities in amplitudes involving only pseudoscalar mesons,
The condition (4,1) with all particles except one on mass shell is
known as the Adler zero( 55).

Further constraints are imposed when two or more particles
are off mass shell and partial integrations are performed on the
axial current divergences, The derivatives of the o(xo) func-
tions (describing the time ordering) produce equal time com-
mutators of the form [Ai, OAj] and [Az, Aﬂ. Current algebra,
and restrictions on chiral symmetry breaking determine these com-
matators and lead to further constraints on the constants in the
linear expansion, For example, in the calculation of the #-x
scattering amplitude( 5&)’ there are initially thrée unknown
constants in the linear expansion, which are determined by the
conditions of (a) the Adler zero, (b) the [Ai, OAJ] o=
commitator being an isoscalar (it may be I =0 and 2 only,
by SU, x SU, algebra and vector current conservation) and
(e) the [Ai, AJJ T commtator, which normalises the
whole amplitude,

The linear expansion, determined thus by restrictions at
points below threshold, is assumed to be a good approximation
up to, and in some applicatibne beyond the physical threshold,

A necessary condition for the success of the scheme is that the
imaginary part of the physical amplitude be small in the range
of interest, In the low energy region, the s-wave phase shift
d is given by the effective range formula

Kcotd = %4» 0(!(2)

where K 1is the magnitude of the three momentum of the particle
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and a is the s-wave scattering length. Appreximately, then,
@ ~ ak

se that the imaginary part eof the amplitude is largely determined
by the scattering length. Ne internal incensistencies appear in
the appreach, as the Weinberg scattering lengths are indeed small,
a, = 0.20 n;l
with present experimental analysin7), a, = (0.16 % o.04) n;l and
8, = (=0.05 £ 0,01) m;*s The suffixes O and 2 refer to the
appropriate isespin channel.

Attempts have been made to estimate the effects of quadratic terms
in the Lorentz invariants. By taking all four pions simultaneously
off mass shell and assuming that the (x |o| x )vertex (where

o = =1 [A?. OA?])ie very smoeth, i.e. constant, off mass shell,

* aag-—o.OG n;}. and mereever in excellent agreement

one can obtain constraints which suggest that the quadratic terms
have only a small érrect(5°). This treatment has been eriticised

by Sucher and WD0(59). however, who show that the approach can never
determine uniquely an amplitude quﬁdratie in Lorentz invariants. As
an alternative, they modify the linear expansion by adding a term

of the form x/im>-s end apply the further constraint of threshold
unitarity. There is then a quadratic equation to solve for 8,9 with a
small solution very close to Weinberg's and a large solution.=ﬁ21;}.
The copeclusion from these papers appears to be that the small scatter
ing length solution is stable to perturbations around the linear ex-

4
pansion, although the exact form of these additional terms is ambiguo

* Reference should be given at this point alse to further attempts

to include more structure in scattering anplitu?gg constrained by
chirality. These include the hard pion methods ), calculations

impos ng two particle unitarity(87), and renornalisation of the ©-
modelta )-
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With these vindications of the validity of the linear expan-
sion approach, it is interesting, in principle at least, to extend
the work to other pseudoscalar meson processes, Grirﬁth( 23)
calculated =K and KK scattering amplitudes, using the (3, 3)
symme try-breaking model to evaluate the o-commutator terms,
There are sufficient constraints to over-determine the amplitudes
and the results L, = tx and ¢ = +/5(n52! - mg)/(n:+hf),

@n eq. (1.14)), appear as necessary consistency conditions,
These are ﬂie same results as obtained by Gell-Mann, Oakes and
Renner( 6) + This should not be surprising, in view of the fact
that the linear expansion for the scattering amplitude implies
constaney of the o-terms (M)/ud|¥™) , which 1s just one of tne
starting assumptions of ref, 6, For this reason, one should
regard these solutiones as being correct only to first order of
SU3 x SU3 breaking effects, since P,C,A.C. correction terms
0“52:’ nﬁ) are neglected in this assumed constant behaviour

of the three-point function,

These calculations again give satisfactorily small scattering
lengths: for =K, ay = 0,22 m;l, ‘}/2 = = 0,11 m,;l, and for
KK, a, =0 and a, = = 0,16 nf‘l. The threshold result for
KK scattering is exactly the same as Weinberg's result for =«
scattering on the kaon, as a heavy target (see the reviews in
refs, (1) and (2)). The XK scattering amplitude may be
obtained from the KK amplitude by crossing, but clearly the
threshold behaviour of the amplitude is totally inadequately re-
presented by a linear expansion because of the py w and 4 poles
below or near threshold, Nevertheless it is interesting to note

that the linear expansion method appears to try to reproduce the
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result of these strong interactions by predicting the largest

scattering length so far, a) ~ + 0.50 m;l.

It is relevant to comment that this Kxn scattering amplitude

4

may also be used in K calculations, in which the non-smooth

oy
behaviour of the kaon pole diagram (Fig, 4,2) is separated out

from the full K&u amputnde(eo). The use of Griffith's off=-

T

Fig. L.2,

shell amplitude produces no contradictions with the simple
Callan-Treiman equation!®l) in contrast to the resuits(®?) of
using a’' constant Kz amplitude, (This approach is the same as
that employed in Chapter II, Seection L4 (Fig., 2.5); the diffi-
culties in that case do not arise here since the K meson is
dominating the same operator Au. as in the calculation of the
Kx scattering amplitude, at least up to the neglect of spin 1
intermediate states in A“.)

A very complete treatment of scattering amplitudes involving
%y, K and T) has been given by Oabom( 63). Similar work was done
contemporaneously by this author( 614)’ but with a somewhat different
emphasis, and not in as great generality, The idea is simply to
extend the previous results to include an Y) particle, using OAB
as interpolating field for the Y)e There is a basic difference,

however, between the cases when an ") is, or is not present, The
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amplitudes are determined uniguely from the demands of absence
of exotic I =2, 1 = 2/2' or Y =2 o-commtator terms (c.f.
Weinberg's assumption of isoscalar xex o=-comm tator) whereas the
former, which have no channels with such exotic quantum numbers,
require knowledge of the actual form of the og-commitators, as
determined from the postulated chiral symme try~breaking, Ne-
cessary consistency conditions again appear, namely tk = r

the Gell=lamnn - Okubo mass formula, 3“? = hnk “t and,

c "/!(“x mK)/(xnK + in:). However, Osborn shows that unless
one performs further soft meson limits on the o=commtator terms
<P11] a’}f4K> one cannot reproduce the final result £, =1

of Gell=Mann, Oakes and Renner(s). The results are exhibited
for the sake of reference in Table I,

24 nt F >

The original motivation to this author for studying linear
expansions of amplitudes involving n was to compare the results
with the Veneziano model predictions, A general discussion of
the concepts of duality, exchange degeneracy and the Veneziano
model would be outwith the scope of this thesis, and excellent
general reviews already exist in the literature( 65). Instead,
‘we confine ourselves to the'papers of relevant interest,

The first of these is of course that by Lovelace( 66). He
obtains the well-satisfied constreint on the exchange degenerate
py T trajectory

a.p(mi) - 3 (4.3)
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m

These amplitudes have the phase of the T matrix in S = 1 + 1(2:)“ 6"’(1’1 - Pj )T. Here
is not obtained unless more than two

Kn

nx

Kn

m

f'a= fx =

b o
particles are taken orr-sheu(53).
appears as a necessary constraint in the

(I = 3/2 in s-channel)

#(3°-u+2t-2“§-2.£) (1=% . i
0 (=0 . i)
;1,<t+u-z.§) (1wy 8 .

- n2)
ﬁﬁn(z(-i-n:) s-:+2:-2 2 .q:)
Bn(.+t+u-3.§- :ILE-J.;' (¢ + )

2 2
12“(n+u+10t+2(b::—.5-)'(Q§1+Q§2)-5(3l,2‘°l§))
Lo ol :

.§(n+t+u-3nn)
My n

is the meson decay constant;

simplify some of the other expressions.

=1

n
The Gell-Mann - Okubo mass formula, lllx
Kx > Kn amplitude and has been used to

2

= 3l2 +

-96=
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by demanding that at the Adler point the denominator | function
in the leading term Veneziano model for =x scattering should
have argument zero, in order to reproduce the Adler zero of
current algebra, The approach has been extended, with successful
results, to the case of =K and KK scattering and physically
acceptable constraints on trajectories are predicted‘67). The
general case of pion emission has also been utudied‘ss).

Moreover the amplitudes thus obtained have similar s, t
and u structure to the amplitudes obtained by the linear
expansion method, discussed in the previous section, A comparison
of the following two equatioms, for ='z* - x*xz', will suffice

to illustrate this,

ru-a;nWW1-%wn

u(Ven, g foy bl
P 2 T a® afe) S
M( chiral) = ;1:5(1” il 2m?) . (L.5)

Indeed, if eq. (L.4) is expanded for t and u close to their
values at the Adler point (%t = u = mﬁ), then eq. (4.5) is
obtained, apart from the overall scale,

The remarkable feature of the results is that the =K
Venegiano amplitude can accommodate both the & and K Adler
conditions, An essential condition for this is, of course, that
there is no necessary dependence on the particle momenta, 2, in
PO g Rt 120 g o e B oty o

scattering, and the coefficient of possible qf terms in =X
scattering turns out to be zero in the 3y 3 symnetry breaking model,



One immediately runs into difficulties if one attempts to
extend the Adler condition to the Veneziano model for processes
involving Ns or X particles, The simplest case of this is the
) scattering mlitude, which involves the same trajectories as

the == amplitude; if the Adler condition is applied for the
pion, given the successful eq, (4.3), one obtains® the highly un-
physical conditionl4»65,78)

The condition (4,6) has an interesting parallel in the chiral

amplitude for n = scattering, As is evident from Table I, this

amplitude does contain qf dependent terms, with coefficients

proportional to m, - m>, i.e, the chiral amplitude would be a

function of s, t and u only if mg = ngi. The same situation

oceurs in all other amplitudes involving n s except nop >DN

where crossing ensures that a term involving qi may always be

* An alternative attitude is taken by Wong( 77). He appeals to

the splitting of the A2 trajectory to assume thut . the A2 ex=
changed in N%® ecattering is not necessarily degenerate with
the f trajectory, regardless of the exchange degeneracy ex-
hibited in dual models of e.g. KK scattering, Although this
allows us to escape from the unpleasant result (4, 6), it is not
an aesthetically satisfactory conclusion., A further study of
incorporation of =« and v Adler conditions by relexation of
trajectory conditions was made by this author; the conclusions
are that if (a) parallel trajectories are maintained, (b) the
maximum allowed f' coupling is added (consistent with the small
f' > mx width) then the = and ) Adler conditions imply mp, - me
>~ 130 MeV, a situation which is less satisfactory experimentally
than mass degeneracy., Further if the = Adler condition alone is

demanded, even with maximum £ coupling, it is still necessary to

have the A, and f non-degeneraste
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eliminated in favour of the combination s + t + u,

One possible understanding of the situation has been given
by Osbom( 63,). Basically, the idea is that duality prescribes
that amplitudes are constructed from non-exotic Mandelstam
variables, Now if we prescribe g priori that the linear expan=
sions shauld contain no dependence on exotic channel variables,
then it can be seen emlicitly( 63) that the equations obtained
in the =z, 7K and KK amplitudes from (i) the Adler con-
dition or (1i) the absence of exotic o terms are equivalent,

The implication is that, in dual amplitudes with no exotic channel,
e,g. when there is an ) » the application of the Adler condition
is not Justified, with this' hypothesis, the undesirable results
such as (4.6) are no longer inevitable,

An alternative viewpoint will be discussed in Section U4,
where possible implications of N =X mixing are introduced, 1In
view of the close connection between exchange degeneracy( 69) (and
in particular its realisation in the Veneziano model( 67)) and the
quark nonet mixing echeme( 70), it is not surprising that further
insight may be gained by the study of this problemn,

We finish off this section by discussing two points, Firstly
we note the unsuccessful attempts to impose on the Veneziano model
chirality constraints with more than one particle off mass shell,
Initially the results of such calculations appeared irery encourag-
1ngd 272) |yt purther investigationl73) showed that there are a
sufficient number of current algebra + (3, -5) symme try-breaking

conditions to prove inconsistencies with Veneziano expressions for

off mass shell pseudoscalar scattering, of the "factoriseg" form,
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2 2
M(s,tyuy 92, az, m2, ma) = Xolag)x (ay)a(s, tyu) (4.7)
where A(s,t,u) is the relevant Veneziano amplitude. Specifically,
from a study of the =K scattering amplitude with a pion and kaon
off-mass-shell, one can show from current algebra alone that the

form factor t+ in K&3 decays, defined by

HVIEY = 1 (AXpy, + pg,) + 12 (AN py, = Py,)
(4.8)

is of first order in 303 breaking, unless mﬁ = 0, This is in

dlrect contradiction with the Ademollo-Gatto theorem'2), which is
derived from the SU 3 x SU 3 charge algebra, Moreover, even in
the limit m: = 0, when all soft pion theorems are exact, it is
possible to show that a considerable contribution from a

(1, 8) + (8, 1) symmetry~-breaking term is required to avoid further
inconsistencies, Indeed one may take the attitude that, in view
of the generation in Lagrangian field theory of chiral algebras
from the Adler condition alone(-m), the observed coincidences of
chiral and dual models may result largely from the application of
the Adler condition to the latter, although this approach leaves
the success of eq, (4.3) and its extensions in a somewhat unsatis-
factory situation,

Secondly, we note that "smooth" off-shell amplitudes in the
sense of no dependence on the mass variables qi are obtained by
using the pseudoscalar density Vgs instead of OAS, as interpolating
rield" for s) « The amplitudes then obey the Adler condition for

* In this work with current algebra manipulations, we normalise

the u's and v's by taking the symmetry-breaking Lagrangian as



x and K still, but not for N e They are sultable candidates
for eomparisori with dual theories, although they cannot be com-
pared with the leading term Veneziano model which does not satisfy
the = and .K Adler conditions in amplitudes involving the N s
unless unphysical constraints are imposed on the pseudoscalar
meson masses, The smooth nature of the vg interpolating field
was reslised by this author shortly after writing paper( 6!4). It
has also been published in a chiral Lagrangian framework by

(75) (76)

Brooker and Taylor s and Turner « For reference, the rele=

vant amplitudes are listed in Table II,

B r tude r t boc va

Kx > Kn 3 -M%?(zt-é—u+ 2(“1%"'":))
n&E > Y% : —l!(a-rt«v-u-(a'rfp*mi))

3¢

2 2
Kn > Ky 3 i?(s+u+1ot-an9-10mx)
Mgy 1 T (Hestew) - 8w -m)

In these amplitudes we have constrained f, = f ( contrast
Table 1), since this appears as a necessary condition when more

than two particleg are taken off mass shell,

It is at first sight perhaps surprising that it is possible
to determine uniquely these amplitudes involving Vs gsince one no

*(contd.) as u, + cug. The e in eq, (1.12) will be reintro=-

duced for simplicity in the non-linear chiral Lagrangian calcula=
tions of the next chapter,



longer has direct use of the Adler condition for the r) ete,
The additional constraint is the fact that the pseudoscalar
density ) does not have the Y) =pole

O |vglny = o0 " (4.9)

This equation arises as a necessary consistency condition from
the study of the =K -» nK amplitude, as does also the magnitude
of the coupling of Vg to )

2
Cofvglpy = ko

s (4.10)
v2+e
with
¢ = =vEmf - n3)/(mg + fud) (4.12)
Ix = Ty = f,) (4o12)
a
2 m =l - m : (1.13)

As an example of the use of eq. (4.9) we calculate the
Hn-=> V)V) scattering amplitude, The linear expansion has the form

Moy »nn) = as P (Lo1l)

Taking one Y) off=-shell by LSZ reduction, we have

oya9) = gt e - D <y Il

* Purther confirmation that 0A° is not a smooth interpolating field
for a pure octet N s unless mg = m:, 1; exhibited in a paper by
Schnlke( 116) who assumes that 3-point functions with pseudoscalar

and scalar meson-poles removed, are constant off mass shell, Ve

interpret the apparent inconsistency in egs, (14) and (25) of this
reference as telling us that the 3-point function is not a constant

g{ :g allow for scalar meson poles and use 0A8 as v interpolating.
e .
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which can be rewritten with the use of egs, (4.11) to (4.13),

M(op—ﬂgg) = T—;<09’°A5|9> 9.(11 §°<”)0\V‘D>

(4.15)
Since <nn[vy|p> does not contain the n pole, there is no
factor to cancel the (m - ql) and hence by the linear expansion
(badl)y (| Yo 1 nd mst be constant, Further applications of the

same argument yield
2

m
GylaS i 5= (1,16
1IN 13 (J‘E-c)ra

In the remaining term in eq, (4.15) let us take one part:l.c]_.'e
off mass shell and take directly the limit q > O. The result is

i, e ST = e o

q§ arbitrary

Comparing this equation with the corresponding limit of expression
(4.14), we have the result

b + 'r% (’4.‘18)
a = —-§ (8n% + m?) (4.19)

Finally we note that on-mass-shell the two amplitudes using
vg and aas are the pame, We thus have explicitly an example of
the independence of on-shell results on the particular interpolating
field chosen; indeed the manipulations used to obtain eq. (4.16) and
(4.17) are themselves simple examples of this same theorem,

i ( eontd,) The same equations are also given by Auvil and
Deshpanue( 83 =
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4.3 Mixing with an SU, Singlet Field

In this section, we turn to the question of describing
n-X mixing in the (3, 3) + (3, 3) symmetry-breaking model.
Here the n and X are suitable combinations of SU3 singlet
and octet pseudoscalar fields and the X 1is taken to be the
X(960). The spin of this resonance is not unambiguously
determined, but we assume it to be O , as is slightly favoured, since
applications of pole dominance to the other candidate for mixing
with the 7, the E(1420), would raise an even greater credi-
bility gap!

Within the framework of the (3, 3) symmetry-breaking model
the natural way to introduce mn-X mixing is to take suitable

8 o

combinations of the pseudoscalar densities v and v as inter-

polating fields for n and X. Thus if we define

|y = &g  O]Plxd- -5

(4.20)
of@lay = &  (Q|P|x)= &
and take g% and g% such that
OlAny = 1 (Il o
(4.21)
OIFI = 1 GIfade o
then we have
g° vB + 88 v©
M. e S (4.22)
3x33*3x3n
-2 v® 4+ g8 +°
g = 323 - (4.23)
8% 8y + 8x &
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It is clear that, since all the g's are unknown, and since
we cannot now resort to the trick outlined at the end of the
previous section, it may not be possible to determine all the
linear expansions uniquely. It turns out that only those ampli-
tudes in which one 8U, singlet field appears are determined
uniquely, namely Ex - Kn (X).

We sketch through the way in which these amplitudes are
obtained. There are five unknown constants in the linear expan-
sion in each amplitude, which, from crossing and C-invariance
take the form

M(Ex > Kn) = a + b(s+u) + et + dqi + eq: (h.24)

M(Ex >KX) = A + B(s+u) +Ct + in + Eqi . (4.25)

In egs. (4.22) to (4.25) there are fouteen unknowns to be deter-
mined. Surprisingly enough, there are fourteen independent off-
mass-shell constraints on the anplitudes*. namely four Adler con-
ditions, and ten equations from the following o-commutator terms;
in eq. (4.24), [4K, 2a¥|, [AK, aA"]. [AK, J"}. [A". 0AKJ. [A". l"].
and similarly in eq. (4.25). The equations result in the following

solution.
gg = Jé f .m’ cos & (4.28)
gg = Ji f :! sin (4.27)
g = & & = 15 (4.28)

* Many constraints may also be obtained from the two- and three-

point functions alone, but none of these provides anything new.,
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Here @ 1is the conventional mixing angle between octet and
singlet states,

tan’e = (nf - nﬁ)/(ni - ng) (4.29)
ana W = §(zaf + a2) (4.30)
nj = 3l - md) (4.31)
Itane = @ —am (a5 - =) ‘ (4.32)
2/2 (mg - m)

Numerically(3®), & = 10.4 % 0.2° and I = .52, so that the 7
and X fields are not orthogonal combinations of Yo
which corresponds (egs. (4.26) to (4.28)) to I = 1.

A further interesting point arises if we write the diver-
gence of Aﬁ as a combination of #" and g~ by inverting
egs. (4.22) and (4.23)

and 78.

an8 = (J% ~ -?};)v8 + J% ev®

= r(nﬁ £ cos & - ni g* sin 0) . (4.33)

We see that we may use OAB as interpolating field for 7 only
if (a) © = 0, which is the case of no mixing, previously
considered, or (b) ni = 0. However, in the latter case it is
still not possible to obtain other scattering amplitudes uniquely,
since the terms q, (a| As | 8> do not vanish in the limit q,~> O,
the matrix element going to the (zero mass) X pole in this limit.,
Thus it is not possible to make a clever choice of interpolating
fields so that we can use PCAC for v and so obtain uniquely the



-67-

amplitudes involving more than one SU2 singlet particle.

EQs (4.33) can be used to obtain a relationship amongst the
2y decays of =, m and X, by using the anomalous PCAC
relation introduced by Adler(79). By evaluating in a gauge-
invariant fashion the triangle graph in spinor electrodynamics,
Fig. (4.3), he shows that the usual Ward identity fails, and
that an additional "anomalous" term must appear in the divergence
of the axial current.”

OA3 = f‘li ™ » %l(;? i FM, €uvio (4.34)

where F v is the usual antisymmetric tensor of the photon field
and 1(33 is a constant determined by the average (eharge)2 of
the fermions participating in the loop in the triangle graph.
NANANNAN ol
¥V \u

ol
X’T N\/\/\/\NW\[T

F:I.g. u.).

Eq. (h4.34) gives excellent agreement with the =x°-> 2y width,
9.7 eV, compared with the experimental value (7.4 ¥ 1.5)eV. vhen

* The extra term in eq. (4.34) has no effeet in 7n - 3x decay in
second order perturbation theory of the electromagnetic Hamil-

tonian, as its contribution vanishes if the internal photons
form a loop.
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‘it is extended to 7 decay, assuming St!3 (r‘ = r,q) and
neglecting 17 - X mixing, i.e.
8 2 (8) v o
oA = fom N o+ B W p
Lx

x Cuvio  (4.35)

then the predicted width of 7 » 2y is about a factor of 8
smaller than the experimental value(79),

If we use eq. (4.35) to modify eq. (4.33), we obtain a
relationship among =x, m and X decays. Denoting by r': the
partial width = > 2y, ete., it i=s

\[E.smo = /r’é cos @ = j‘: .-/% . (4.36)

This is the same equation as obtained by allowing for standard

n - X mixing theory in the SUy framework(®*), e factor u™
arises purely from kinematics and phase-space. With P‘ and r’ﬂ
as input, eq. (4.36) predicts an X > 2y width of

M(x>2y) =~ 60 kevV (4.37)
which, with the experimental ratio(35)

(x> 2y)/ My(total) = .05 = .03 (4.38)

implies [ (X>nxx) = o(1 MeV) . (4.39)

Similar calculations have besn performed by Glashow et al.(81),
These authors attempt to go beyond the first order symmetry-breaking
contained in the linear expansion approach, by allowing f_ # Txs
ete. In order to obtain an equation equivalent to (4.33), they

must introduce an SU; singlet axial current, A: « Although
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they obtain a suitable value for f./f , this approach has two

major drawbacksg firstly the relationship l: = -i appears as

a result of introducing 4%, with (3, ¥) breaking and,

secondly, the predictions depend in an essential manner on the

average charge of the fermions in the loop of the triangle graph,

Fig. 4.3. Neither of these criticisms arises when using eq. (4.33)

(with (4.35)) since the charge dependence vanisches in the ratio

a(s)lh(e) = /3 . However, both ‘he predictions of ref. (81)

(which give [7x similarly large, essentially because ‘7n is

much larger than the octet SU; value) and egs. (4.37) and

(4.39) could be significantly altered by PCAC corrections,

particularly to OAB.
We end this section by quoting the Kx > Kn(X) amplitudes,

eqs. (4.24) and (4.25)

M(Ex> Kn) = %{w I tane-})(s+u - z-i) + 2(/!Itan0+1)(t-n:
s /2. lili .tan O(q: - !:) } (4.40)
M(Kx > KX) = i—%ﬁ{(ﬁx cot & #4)(s+u-2n2) + 2(/Z Icote-1)(t-n>

+ /2. lilf . cot O(qi - -§)} (441)

Here I and © are as defined in eqs. (4.29) to (4.32)., It is
clear firstly that, apart from the overall sign, there is no
ambiguity in either of these amplitudes from the sign of &.
Secondly, unless I2 = 1, the amplitudes are not "smooth", in the

sense of the previous section and contain essentially dependence

on qf‘ and qi . We elaborate more fully on this point in the



next section.

4.4  Introduction of an SU. Singlet Axial Current

The idea for the work in this section begins with the

deduction by Glashov(sz) of the result 1121 = 12, in a study

=
of the effects of (3, 3) breaking on a Us x Uz current
algebra, i.e. the case where there =xists an Stl3 singlet axial

current A:, such that, at equal times
[(a9(x) &’x, wl] e -1 a0UK

(4.42)
Uag(a) d’x, vi] « +1 a9,

The question which we wish to ask, then, is 'Is there a
U(3) x U(3) algebra which gives scattering amplitudes linear
in s, t and u, which are equivalent to Veneziano model ampli-
tudes, in the sense that they are the same as low s, t, u
expansions of the latter?' It is answered in the affirmative
in the course of this section, and an interpretation of resultis
like eq. (4¢6) is given as a possible alternative to those dis-
cussed in Section 4.2.

The result m; = m; 1s obtained within the framework of
dominance of pseudoscalar and scalar densities, ui and vi.
by single particle poles. The same aspproach is discussed more
fully by A vil and Deshpnnde(aj)(see also ref. (116)). Two
principal assumptions are medej (a) the two point functions
of the u's and v's are dominated by suitable intermediate

states, and (b) the three point functions of two v's and one
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u are as smooth as possible, i.e. constant, when the poles of
relevant single particle intermediate states are removed from
the amplitudes,

Let us begin with the results of having only an SUS x 803
algebra, with no A:. Two points of relevance emerge from this
stndy(aa’ 83)

(1) The m and X are orthogonal combinations of

v° end vs.

(i1) A mass relationship appears amongst the mesons

%y K, gy X and X
Both of these results require essential use of ){ -pole
dominance of ka, 80 it is hardly surprising that they are
more restrictive than those obtained in the previous section
from current algebra and PCAC alone.,

The mass formula predicted is in reasonable agreement with
experiment, although the output of my 1is eritically dependent
on the input of m, as the rather interesting graph 4.4 shows!
In the limit m y > 00y which corresponds to the constancy of
the < M* [ u’le> vertices, inherent in the linear expansion
approach, the mass formula reduces to the Schwinger mass

romla(ah), predicting m, = 1600 MeV,

(2 - n3)(nl - n2) = 8(ng-um2)® . (ols3)
In this limit, it can be seen that conditions (i) and (ii)
above are both realised simply by taking 12 =1 in egs. (4.26)
to (4.32). As commented at the end of the previous section, the

Kx > En(X) amplitudes are functions of s, t and u only, when



FIGURE L.k Graph of m) V. m, from the mass formula of

Glunhow(aa) and Auvil and Deshpande(83).
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I2 = 1, and hence become suitable candidates for comparison with

dual amplitudes such as the Veneziano model. With the clear
understanding that we are making assumptions beyond current
algebra, PCAC and linear expansions we consider the special case
I =1 for the remainder of this chapterjy the more general case
will be discussed in the framework of chiral Lagrangians in the
next chapter,

The results of introducing an su3 singlet axial current,
with

aa° = J% (vy + ¢ vg) (lolaly)

are easily obtained from the equations in refs. (82) and (83),
(taking the limit of infinite scalar meson mass, if necessary).

They are
$ 2
2n’ = n§ + ni (4.145)
tanZe = 2

and the interpolating fields for 7 and X are

Moo= BE G - (B e S ym]
(4.46)
e B VBT o B Rucynt
(4ek7)
Thus the pseudoscalar mesons are required in this treatment to
exhibit ideal nonet mixing.
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All pseudoscalar meson scattering amplitudes can now be
caleculated in the linear expansion approach, using eqs. (4.46)
and (4.47). They are exhibited in Table III for reference,

ZABLE JIII

::j::i H ?(s+t+u-3.i)

nK = nK - #(s+u+2t-2ni-2-§)
XK > nK . - (a+u-g§-n§)

XK - XK : #(34-114-21:-2-%-2:}2[)
Kn > Kx . ;#(a+u+2t-2-§-2.:)
KX Kks o= (s +u - 2u2)

X - XX . ﬁ(e-&t-ru-}ni)

Of course, the reason for doing this is not that we believe
that they approximate the physical amplitudes in any way, but to
compare them with the subset of the leading Veneziano terms which
obey the Adler condition for pseudoscalar mesons exhibiting ideal
nonet lixin.g(85 ). These Veneziano terms are listed in Table IV.
Fach amplitude is normalised relative to the others by SUB’
although this normalisation could be relaxed in principle. A



Nk => NK
m->m

nK > nK

XX - nK

XX > XX

En - Kn

KX > K=

X - XX

B(v(a(s), a(t)) + V(a(s), a(u)) + V(a(u), a(t)))

$(V(agx(s), a(t)) + s< u)

;k o V(agx(s), agx(u))

2(V(agx(s)y ay(t)) + s<u)
F(V(agx(s)s a(t)) + s u)
L . V(agx(s), dex(n))

2/2
V(aq(8)y aq(t)) + Vag(e)s ay(u)) + V(ay(t), aq(u))

The remainder vanish as in Table III.

Here V(a.i(s), aj(t)) =

x (1 - Gji(s)) ]—’(1 - “1(‘))
71 = ay(s) = ay(t))

a(t) is the @ +fs @, Ay trajectory, ayx the K*, K** trajec~

torynndcl

the ¢, ' trajectory.

comparison between Tables III and IV shows that corresponding

amplitudes have the same s, t, u structure (and are of course

smooth, i.e. independent of qf) and if the Veneziano terms are
expanded about an Adler point they reproduce to lowest order in

s, t and u,

the linear expansions. In this sense, we have demon=-

strated the "equivalence" between Veneziano terms and UB % U3
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algebra. It appears not insignificant that the chiral smplitudes
are those determined as the limit of a framework involving scalar
mesons.

It only remains in this chapter to comment on whether this
statement has any fundamental significance, or whether it is
largely due to the application of the Adler zero to the
Veneziano model, as mentioned in Section 2. The attitude we
would like to take is that if one accepts relation (4.3) and
its extensions as a success of the Veneziano model, then one
should also regard its “equivalence" with 03 x 03 algebra
and the associated nonet symmetry for the pseudoscalars, as a
failure. Our reasons for adopting this viewpoint are principally
(1) the constraint of nonet symmetry for internal trajectories
with exchange-degeneracy leehanisns(sg) and its realisation in
the Veneziano model (7) and (11), in order to counterbalance
the impressive arguments of Ellis and Renncr(7h), that the
properties of amplitudes based on the B function should not
be classed with a field theory, linear in Kinematic Lorentz

algebra, Indeed, it is perfectly clear that this is not the
case for the Veneziano node1(73).



It will be appreciated that the slgebresic manipulations
required to produce all the results of the previous chapter are
long and tedious, particularly since individual manipulations
must be performed for each amplitude. The same results can be
obtained much more readily within the framework of non-linear
chiral Lagranginnl(9).

A chiral Lagrangian is a model field theory based on a set
of fields representing (more or less) physical particles, and in
which there exist vector and axial vector currents which are
functions of these fields and obey current algebra, as a con-

sequence of the canonical field commutation relations. In general

the fields themselves obey specified commutation relations with
the currents and are regarded as belonging to the corresponding
realisation of the (broken) chiral symmetry group generated by
the currents.

The non-linear chiral Lagrangians are based on the fields
of the eight pseudoscalar mesons, st, K and 1, which are given
sultable transformation properties under the chiral group.

The pseudoscalar mesons transform linearly under the 803 group
but the axial transformations are clearly non-linear since the
commutator of a pseudoscalar meson field with the axial charge
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must give an even function of the pseudoscalar fields by parity.
Several approaches to the mathematical properties of these non-
linear realisations exiat(g): we restrict ourselves to a brief
review of the results of Callan, Coleman, Wess and Zumino(12),
The first feature discussed is the use of the tree-graph
approximation, in which one sums over all possible Feynman
diagrams which contain no loops. At present this is the best
that one can do with these non-polynomial Lagrangians; if the
Wick expansion of the time-ordered product in the perturbation
series converges, then non-renormalisable singularities appear
in the integrals over all x—space(a9) (although chiral Lagrangians
may have some attractive properties in this reapeot(go)) and if
the Wick expansion must be formally summed by Borel's method,
then arbitrary entire functions asppear in the real part of the
scattering smplitude(91), The result of ref. (12) is that the
tree graph approximation is invariant on the mass shell under
point transformations of the field, i.e.

¢ (x) = #x)F(g(x)) o0 , FO)=1 (5.1)
and that it maintains the invariance (and P.C.A.C.) properties
of the full lLagrangien, and the full s-matrix (if this could be
calculated!). Both of these properties hold because the tree
graph approximation is the lowest term in a systematic expan-
sion in the parameter a, defined by (the 1/'0.2 is introduced
to provide the correct normalisation for the kinetic terms)

(), a) =  (ad)a® . (5.2)

Such a parameter appears naturally as the inverse of the pion
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decay constant, r‘. in chiral theories. Any diagram with
loops is associated with a higher power of a than a tree graph
for the same number of external lines.

For the remaining properties, a specific non-linear
realisation is chosen, in which the pseudoscalar mesons trans-
form in the so-called standard form. This is Jjustified because
it ies shown that any non-linear realisation is equivalent to
this particular one, since it is related by a point transforma-
tion of the form of eq. (5.1), and hence gives the same results
on mass shell,

The basic part of the Lagrangian is to be a chiral invariant
function of the fields, according to the attitude outlined in the
first chapter. It is not possible to form an invariant function
from the pseudoscalar meson fields, 51, alone. However, the
derivative 6“51 transforms linearly under the vector '803 group
and it is possible to define the covariant derivative Dnzi,
trensforming in the standard form, so that n“zﬁréis a chiral

invariant. Thus the basic chiral invariant Lagrangian is

Ly #il b, (&'/2)0 (g /2) (5.3)
where Du(e;") = [sinh (2, 1:)/5.'{]"J auzj (5.4)

the matrix (t%ﬂk = - ridk, and f is the pion (and kaon)
decay constant.

EQe (5.3) deseribes a system of massless pseudoscalar mesons;
in order to produce a physical system, with massive mesons, we must
add to it functions of the &Y, which will break the chiral
symmetry. In the spirit outlined in Chapter I, we must construct
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suitable linearly transforming functions of the non-linearly
transforming 51. It turns out that only those representa-
tions may be constructed which contain an 803 singlet, i.e.
only the (n, n) type of representations, We single out only
the (3, 3) representations, where, in the "standard form"',

J§(“°(E) + 1rgv°(8)) + Xul(z) + 175v1(€')) = exp 1755‘1"
(1 = 1.00., 8) (5.5)

The expansions of the u's and v's in terms of the E's are

given by
W) = J2 "/é“ 2ady §44 ... (5.6)
vE) = - }!\@ N shlg® oy L (5.7)
ul(e) = =% at¥ gk o dy [atiIghg? 4 Gt atRtgiget))
(5.8)
viE) = & - et . . (5.9)

where we have simplified the terms by using expressions for pro-
ducts of the 4 coefficients given in e.g. ref. (92).
With the symmetry-breaking term added, eq. (5.3) becomes

L= [, entEl/n) + e®e/n) + o ube/n)) (5.20)

In the tree-graph approximation to the four meson amplitudes, one
simply picks out the coefficient of order (l" from this expression.

* It is seen fream *his equation that the stapdard form is Just
the exponential realisation discussed by Cronin(”).
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The resultant amplitudes are at most quadratic in momentum, and,
since they have the same chiral properties as the linear expan-
sions discussed in the previous chapter, will be the same as
them, on the mass shell*, 1In this way one obtains all the
amplitudes in Table I from the one equation - clearly a more
compact and economic statement of content than the linear ex-
pansion approach.

Finally, we wish to introduce into eq. (5.10) an 5U4
singlet field ¢, which will mix with E° to produce the
physical m and X fields. In general, if a field *1
transforms linearly under the 803 group according to

o= Dyye) v (5.11)

where the D's form some linear representation of SU,, then
we can define the ¢'s to transform, in the standard form,
according to

W o= Dy (X(8)) vy (5.12)

The argument of the transformation matrix Dia is now a (non-

linear) function of the parameters K of the transformation and

. Off-shell, the corresponding amplitudes are different becsuse the
exponential realisation does not prescribe the same off-shell
continuation as P.C.A.C. Simee A ~[(a,8%x,L]~ v, the P.C.A.C.
continuation is obtained by eliminating the E™ fields in favour
of the v+ by a point transformation, as in eq. (5.1).



the meson fields E. As a specific case of egs. (5.11) and
(5.12), if ¢ is an SUz singlet field, them in the standard
realisation it is defined to be a chiral SU, X SU3 singlet.
We may thus introduce into eqg, (5.10) the field & in
the most general way possible, safe in the knowledge that the
chiral transformation properties of the Lagrangian will remain
unaltered. We note that the functions #v°(z) and # vo(z)
are further suitable candidates for symmetry-breaking terms.
The most general Lagrangian with a symmetry-breaking term
belonging to a single (3, 3) + (3, 3) representation of
SUB ® SU3 may be written,

L& /2% = %1 (e%/2) DH(el/0) + af?/e® + L.0)
+% 3 g/e g/e(1 + ad®/e% 4 1Ll )
+ap £2/2% 4 ag BP0 4 L
+ e(0°(e/t, #/2) + o We/e, #/2))  (5.13)

where U2(5,8) = u (&)1 + agf) + v, (&)b(ag + a; £7) (5.14)

and similarly for UC. In eq. (5.13), we have exhibited explicit-
ly only these terms of up to fourth order in the fields and have
introduced the scaling parameter 1/f for the ¢ field as well,
so that all the a's are dimensionless. All the results of the
linear expansion approach to 17 - X mixing may be obtained from
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these two equationa" in the tree graph approximation.
The terms of second order in the fields give the following

expressions for the masses}

3 980 e
-,2{ = c(J% -%) (5.16)
T R R (5.17)

These equations give the Gell-Mann - Okubo mass formula. The
remaining quedratic terms are

A = - ‘“6 (5018)
n? = - 2a, - 2ca, J% (5.19)

The last three terms occur in the Lagrangian in the form
= - % -3(58)2 - AEB‘ - % .5 ‘2 * s08 o The m310u n
and X fields are eigenstates of the free Lagrangian, with eigen=-
2 2
values - % lm—bnx. If we write

= cos & 58 + sinée g (5.20)

“

g, = -siné@ £® + cos @ # (5.21)

* the agreement on-shell found between the amplitudes from eq.
(5.13) and from ref. (28), which uses the P.C.A.C., off-shell
continuation may provide the reader with some confidence in
Coleman, Wese and Zumino's theorem, and, more appropriately,
in the absence of mistakes in our calculations!
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we find
ten’ @« (mg - m2)/(ng - ug) (5.21)
ag = -‘g gin @ cos @ (-}2[ - -,'2‘)/(-: - lli) (5.22)
ay + cang = =% (li + !ﬁ - -ﬁ) (5.23)

EQs (5.21) gives the usual mixing angle (c.f. eq. $.29)). We note
that there are a sufficient number of arbitrary constants to
avoid predicting a mass formula.

It is further to be noted that the physical fields are not
related to the V° and Va, which are defined from the U's
in eq. (5.14) and which are the meson fields in the P.C.A.C.
off-shell continuation, by an orthogonal transformation, since

<0|V8|11>- cos © <O\Vo\n>- I sin @
(5.24)

©o|Vg)x)= =stne  Q|V,|x)= Ieose

This is just the corresponding result to egs. (4.26) to (4.28).

As we go to processes involving more external lines, more
arbitrary constants appear; this corresponds to our inability
to calculate some scattering amplitudes uniquely in the linear
expansion approach. Now, however, the arbitrariness is con-
tained coneisely in the arbitrary constants, rather than in
complicated relationships between 7 and X amplitudes implied
by eqe (4.33). |

The amplitudes containing ome 5U, singlet Xx - Ky (x)

have
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only the additional parameter ag and are uniquely determined,
from eq. (5.22), Explicitly

M(x*x° x*n) ﬁl_ " .6J3 sin &

- g(s +u - 2t) cos O] . (5.25)

This gives the same on shell as eq. (4.40).

For amplitudes containing nore than one 8U, singlet
particle, undetermined constants enter. Thus amplitudes con-
taining two of X and/or 1 are described in terms of the two
unknowns , a, and a5 and amplitudes containing m and X
only appear to involve three new constants 8y» 83 and a-,. In
fact this statement is not strictly true because one is at
liberty to eliminate a3y Tor example, by redefining the ¢
field by a point transformation, i.e. amplitudes involving only
302 singlets are determined in terms of two more arbitrary cone-
stants. The relevance of the discussion after eq. (4.33) to the
equivalence of the linear expansion and chiral Lagrangian
approaches should now be clear.

The specific formsof the Xx > nx and related amplitudes
are given in the following equations. In order to avoid con-
fusion over the signs of amplitudes, we revert to the phase of
the S-matrix, so that, e.g. M(Xx > nx) = {nx| 1Z,lx:> .

2 2
N 2 §id - ae(oon @ - sin“ @)
anntj. 1-;,:11100030:(-%- 7 o w20 -2&5
2
o gt 1) 508) (5.26)
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mt"-; 'qxj $ 4 § 3 ni(% c0820 - -5—3 ag 8ind cosé - 2ag sin%e
+ - in%e p(i) (d)) (5.27)
Tx
xxt s> xxd 1 é—; nZ (§ sin’e + 2‘6;;“““ - 2a; cos”e
+ -:;k c0s20 p(i).P(”) (5.28)
3

From eq. (5.22) we see that there is no ambiguity within these
amplitudes from the sign of &.

Eqne (5.26) describes the physically observable decay
X > nxx. Experimentally this decay is described by two quantities,
i1ts wiath(33), ana 1ts slope in the Dalitz plot, as a function
of the 1 energy(gu). Neither of these quantities is well known,

M(x>nxx) < 3 MeV (5.29)

@ = = 0.28 2 0.06 (5.30)

vhere(gh) X >nxx = M1 + ay) (5.31)
m + 2m

with y = -n-ix—c-l * T"l - 1 . (5.32)

It is clear that it is not posesible to make predictions of
the decay X - mxx from 803 > SU5 current algebra, P.C.A.C.
and (3, §) symmetry-breaking. In order to obtain some testable
consequences from the Lagrangian, one must make further assump-
tions. We take two approaches; first, we assume that the
effective electromagnetic Hamiltonian discussed in Chapter 1I,
and particularly Section 2.2, may be used to describe the decays
n—>3%x and X > 3x. To this end, we give a brief review of relevant



~87-

theoretical discussions of mn>3=x decays in the next section,
and in Section 3 present our calculations and results. Secondly,
we give a treatment in Section 4 of the introduction of an SUy
singlet axial current in the chiral Lagrangien framework, this
provides further constraints on amplitudes, but, as must be
expected from our discussions in the previous chapter, these

are too tight to be of physical interest.

2e The 1 > 3% Decay

The contents of this section are largely in the nature of a
review, to discuss previous papers and to act as an introduction
to the next section. Our starting point is the paper by Suther-
lang.?szho shows that the decay m - 3x by the conventional
electromagnetic Hamiltonian, eq. (2.3), will vanish in the limit
of one pion going to zero four-momentum. This result is modified
if one takes more than one particle off-shell and retains the
o-commutator terms. The slope in the Dalitz plot of n - xtx"x°
is then determined, from use of a linear expansion and isoscalar

o-terms, to be in good agreement with experiment; on mass shell,

M(n > x'x"%°) =  AQ1 - 2E5/my) (5.33)

where 1":3 is the centre of mass energy of the odd pion =2,
The 7 > 3x° decay can have no slope in the linear expansion
approach.

The problem with eq. (5.33) arises because A 1is of order

mi, gince it contains the =xx o=-commutator., Bell and Sutherland(zs)
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show that a consistent treatment® necessarily implies a very small
A (assuming 7 1is pure octet) and consequently a width smaller
than the experimental value by a factor of order 1/1500.

The effective Uy Hamiltonian, discussed in Section 2.2 has
been used by several authors. Its different algebraic properties
ensure that the amplitude does not vanish in the limit of zero
pion mass. Typ:lcal]y(lg), in the calculation of . 3x, 1if
two pions are taken to zero four momentum, neglecting the =-x
c-commutator, and the <n | uj | x> matrix element is related
to the kaon "tadpole" mass splitting, then one obtains an ampli-
tude

Mn>3:°) = -/-31? A (m2) (5.34)
The resultant width is**
V7 (n > 3x°) ~ 100 eV. (5.35)

This is to be compared with the experimental value(35 ) of
800 £ 200 ev., 4s regards the slope of 1 > t+l-t°. 2 linear

* In order to obtain their large result, Bardeen et al.(gs) manage
to spirit an extra factor of -:/ni into the amplitude by
(apparently) applying 8SU, to the quantities
(g®-n2) < of 7§ oa (x) Y*(0)} | & >/m:§. One must regard this
application of SU; to matrix elements of OA" with considerable
reserve in view of the known magnitude of SU3 breaking in
O @*| z> ana k aak | K>. Their method has also been
eriticised by Weinberg 2 ).

*+ Thie is larger than the result quoted in ref. (19), where
A(nﬁ) is used, rather than At(ni).
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expansion approach may be employed to obtain the same energy
dependence*® as in eq. (5.33). Thus the u; Hamiltonian
appears to provide a reasonable description of these decays,
although the widths obtained are not quite large enough.

Speeifically in the calculation we take the linear expan=
sion as a +be +¢ (t +u) +4 qﬁ where s = (g + ‘q...)2 ete.,
the suffices +, -« and o denoting the charge of the associated
pion. We assume that the spurion is never allowed to carry off
four-momentum in the reduction and that the v always remains
on shell. The amplitude is reduced to one unknown, with energy
dependence as in eq. (5.33), by noting that (i) with =x*, =°
off-shell and q' > 0, the amplitude vanishes and (ii) with
x* x off-shell, q* > 0, the amplitude is proportional to
(nﬁ - qf). The overall scale is determined by taking ¢°—> O;
It agrees with the SUy relationship to 17 e-Sxo up to terms
O(n2 nﬁ), which are related, for example, to the neglect of
o-terme in the Bose~Zimmerman reduction. We give the details
because of the existence of previous unsuccessful ealculationa(98),
which do not allow for sufficient structure to incorporate, e.g.
the vanishing of the emplitude when q' > O. The correct energy
dependence has been obtained by Chiu et al. %), although in
somewhat more restricted fashion than the above.

We turn now to calculations which take into account one or
other of the pole diagrams, Figs. 5.1(a) and (b). Historically,
the pion pole diagran(17' 100) and the related idea of final

(101)

state ®m=-x interactions were discussed before the current

algebra calculations. These calculations generally assume a
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(a) a

Pig. 5.1

ldu strong interaction vertex and a constant electromagnetic
matrix element, with no momentum dependence, In thesSs circum-
stances, the sum of Figs. 5.1(a) and (b) are shown to cancel in
the SU3 symmetry linit(loz), due to the change in sign of the
propagator; a cancellation of this nature is essential, since
the propagator is infinite if n: = li.

We are more interested in calculations which combine the
pole models with current algebra. The first point to note is
that if we relate the n = x° mixing to pseudoscalar meson mass
splittings and use the Weinberg =xx scattering amplitude (see
Table I), we obtain the same results from Fig. 5.1(a) as the
linear expansion approach outlined above; the slope in
n >x'x x° is the same as eq. (5.33) and the magnitude of the
amplitudes are the same, to order n2 -ﬁ. There is thus an
apparent paradox, where Fig. 5.1(a) alone appears to describe
the decay amplitudes reasonably well.

An incomplete advance towards a consistent solution in-
corporating current algebra and pole models was made by
s;rkor(1°3), who showed that on shell, the graph of Fig. 5.1l(p)

gives a contribution of order (-i)/(nﬁ) compared with Fig. 5.1(a)
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and hence the good results of the pion pole graph are effectively
unaltered. The qualitative reason for this suppression of Fig.
5.1(b) is easily understood; the n intermediate state is
o(ni) from the Adler zero point.

There are two criticisms one may make of this paper. Firstly
the sum of the pole graphs does not obey the condition that
n > x'x x° vanishes when g, > O (with both the standard and
effective electromagnetic Hamiltonians) and that no allowance
is made for a "contact" term. With a ug Hamiltonian we can
combine these two features to produce what we regard as a
"somplete™ treatment, It does not seem possible to repeat the
calculation for the standard electromagnetic Hamiltonian unless
we assume

alH® 2> = o (5.36)

The way we do this is analogous to the K -+ 3x ecalculation
of llacnuee(m“) (compare also refs. 37, 22 and 60), i.e. we
assume that the m - 3x amplitude is given by a constant "contact"
term, plus the sum of the pion and 7 pole diagrams, with
scattering amplitudes given in Table I. The contact term is
determined by lin{ <x11:31:k| usz ] n> - Z pole diagruu}
as any one of the pions tends to zero. It is determined in
terms of <x133 |v¢| 'q> from which a further application of the
seme technique, exactly as for K- 2x in ref. (22), yields the
contact term, totally symmetric in the pion indices, namely

2
C = 5:5 .% (343 k3 4 olk 533 , o3 513) (5.37)
3 ™

When this expression is added to the sum of the on-shell pole
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diagrams, we obtain the on-shell decay amplitude, The attractive
feature of this calculation is that it includes fully the current
algebr@oonstraints and provides an answer which maintains Bose
symmetry explicitly, The factor of mi/mg in eq, (5.,37) ensures
that the amplitudes are the same as the linear expansion amplitudes,
to this order, Explicitly, they are

Mnx
l(bé 3*0) = - -%2’ (5.38)
= Mpz  my
ll(v)->7t+'lcx°) = - § TR §
e .
m 2 2E
(1-%_55-_2) (5.39)

These amplitudes exhibit exactly the SU, relationship at the centre
of the Dalitz plot (Ey = my/3).

A further discussion in the same vein but in the chiral
Lagrangisn framework is given in ref, (28), There the indepen=
dence of the on-shell result on the n field, and the coincidental
smallness of the contact term eq, (5.37) for the P,C,A.C, off-shell
continuation are explicitly exhibited,

Here we digress to comment on papers which use Veneziano model

(66'105). Our first point

is that, in view of the close similarity of the Veneziano and

expressiong for the scattering amplitudes

Weinberg =x amplitudes, as long as Fig, 5.1(a) dominstes Fig,
5,1(b), a reasonable approximation to the matrix elements will
result, Secondly, one should not expect to obtain reasonable pre-
dictions for K - 3x from the pole contributions alone, since the
contact terms are not negligible in this case( 22’10,4); indeed, a
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leading term Venezlano, plus pole, model for K » 2x gives zero
amplitude because the kaon in Fig. (2.5) is at zero four-momentum,

Returning to our main theme, we may summarise the conclusions
of this section, relevant to our calculations in the next, as
(1) the standard electromagnetic Hamiltonian may be ignored in

n > 3% decays, according to ref, (26) ana to eq. (5.36), and

(ii) even with a uy effective Hamiltonian, the theoretical width
is still too small with pure octet s S0 that ) - X mixing should
be studied as a possible mechanism for enhancing the width,

As regards the statement (1), we finally note a recent cal-

culation! 106)

purporting to obtain a large width for n - 3Ix,
using the standard 'H,“. This paper is based on a pion pole
model for the decay, and on identifying the o-terms in the low
energy limits of the matrix elements (D]'Hul %°> ana

(g \ H“\ K> with the tadpole contribution to electromagnetic
effects. The dubiety of this procedure has already been pointed

out in a footnote in Section 2,2.

We return now to the calculation of ) and X decays from
the chiral Lagrangian defined in eqs. (5.13) and (5.14). Accord-
ing to our previous discussion, we further assume that Al =1
electromagnetic decays may be described by an additional term
ex Ugy, with U; defined as in eq. (5.14). We are then in a
position to describe the widths and slopes in the Dalitz plot
of the decays X—>\9m, h>3m and X - 3x 4in terms of the

two parameters 8y, and a5.
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Conventionally, it is not unreasonable to expect that linear
expansions have sufficient structure to describe the decays
X> pn=nx eand v)>3x, where m < 3m and q)* is reasonably
far from the narrow 0 resonance, In contrast it is not entirely
plausible to describe X - 3x by a linear expansion, since the
#«x channel goes up to the &(700) resonance region, However,
we feel that the proof of our phenomenological approach will lie
in the fitting and remain presently optimistic, in view of the
remarkably linear £1t(2°7) or v 5> x*zx7z°,

The X » vy #x amplitude is already given in eq. (5.26).
The electromagnetic N and X decays are given as sums of the
contact term plus the = and vy pole graphs, as in Fig. 5.1(a)
and (b) and the X pole graph similar to Fig. 5.1(b). The ex~
pressions required are eus, (5.26) to (5.28), the =% and X=
transition amplitudes (normalised to the kaon tadpole mass=
splitting in eq, (2.4)) and the == amplitude from eq. (5.13).

These are

2
<x°|em3|0> = - éé:gl(cos@«r»/‘?I sin @) (5.k0)

2
<x°\exn3\x> = = —A—gj-)-(-sm9+&1 cos ®) (5.41)

xixd > xExl g ;:5(25 -t-us+ m,,zt)b“bk4 + terms 5'Kpi%, §l¢ 53k
(5.42)

With numerical values inserted for the masses, the amplitudes
may be written as follows, We use f = 84,5 MeV, from the
Goldberger Treiman relation,
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o> xta x4 %(1 + ay) 3 n>x°x%%° : A

o
where y 1is defined by y = %—-1 (Q=m9-2qx,

A ()
A = ﬁ {1009,4 + 002735 + 00598’4 } (5.1&5)

14+ oo&)‘u
¢ s = 0538 . (5-“&)
1 + .05hka), + ,02§a5
X > xtx"x® %(1 + By) X>2%%%° : B
o
y = %-1 (@ = m = m).
(m2)
B = At mK {0'515 + .1’4&5 + l.llah } (50’45)
V3 £

1.15 * 2.6&4
B = = (5.46)

1+ .28&5 + 2.15&,4

xS R : M(1 + Ty)

2n 4+ m

R e Nl SRR NP (Q = m_=m = 2m )

m,_.Q p n 3
M = .Ml. - .95&5 - 2.18&,* (50“‘7)
a

Y = '-L (50’-‘8)

U1 - .88a5 ~ 2.02ah
The phase spaces are evaluated relativistically( 108) with
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physical masses and corrections for non-zero Dalitz plot slopea+.

In units of keV, we have

U(n>a'%72% = .489(1 + 002 + .2202) |a| 2

C( n> 3% = .827 [A|®
M(x > xtx %) =  3,6(1 = 03B + o2)+52) |Blz
o 2 ' (50'49)
F(x > 3x7) = 5.5 |B|
(X »n=z'x") = 1,911 + .22v + .270) |M)?
M(x _>\9x°x°) = 1.08(1 + 287 + .28v%) |m|?

Finally, we list the relevant experimental data(gu'loz’js).
widths are in keV,

+

My > xxx%) = o0.60 % .15 ¢ v > %% = .83% «20
(X > pn=x) € .‘2.7::21.03
F(x » =)/ 7 (X>p=nx) < 0.1 (5.50)
@ = =0.52%0,03
Y = =0,28 20,06

* For xtx % modes, the term linear in a or P is very sensitive to the

exact definition of the centre of the Dalitz plot. 'I‘he value gquoted

is for tli;e oentre gefined by 8, (m,) - ﬁc) /3 m, Q3 for
8 4pm /3(m + WMo+ 2m ,) 1t would be =.09a. The value of Q
for physical masseu is used in all casesj hence the difference in
the » 7nx modes, There is clearly a small problem here as to where
precisely in the chiral Lagrangian formalism one should distinguish
between m end m o. We have adopted the oonvention that the
Lagrangian gives the correct dependence on the %x° kinetic exzmrgy

with other pion masses taken as the average of mi., and mxo o



.a has been taken as the average of spark chamber and bubble
chamber experimento( 102).

The restrictions imposed on ), and a; by egs, (5.43) to
(5.50) are exhibited in Pig, (5.2). The known values of a and
Y are used to evaluate the phase-space corrections in eq. (5.49).
The relevant anqud regions are appropriately shaded, It is
clear from the large errors and the dearth of data on X decays
that @) and a, are not very tightly constrained, Indeed it is
possible for a), and a5 to assume values as large as 8, pro=-
duecing considerable enhancement of the n> 3% width, Such large
values are not necessarily surprising since these parameters are
normalised with respect to ra, which is the scale appropriate to
the pseudoscalar octet, In principle, one does not wish too large
‘l& and 35 since this might jeopardise somewhat the original
assumptions of small scattering lengths which helps to justify
the use of a linear amplitude, but egs, (5.26) to (5.28) are
already o(ngf;) 80 the problem is not too serious,

With the specific values ), = 9, ag = 8, we have

17( n > x*'x%x%) = .28 kev, ™ n-> 3%°% = U5 kev

Fix > N %K) = 2,3 keV
U(x » =*"2Y P(X>0%x) = .05 oy, (5.51)
a. = -.'49
= =-1.1
Y = -.56 .

These results are in reasonsble agreement with (5.50) and provide a

considerable enhancement of n => 3%, 80 that non-linear



Fig. 5.2 ¢ Restrictions on ), and ag from data on 1 and X decays.

The area between the red (green) lines represents the allowed region
for one stendard deviation error from the slope of X > nx' %

(n > x*x"x°) decay. The shaded side of the black (blue) line re-
presents the allowed region from the width of X - nmxx (the
branching ratio X > 3%/X >nxx). To enhance n > 3%, 8, and ag
should be positive and as large as possible.
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efrects+ could bring the width close to its experimental value,
An alternative methed of analysing the result is to eliminate
one of the parameters using the experimental slope of X-> N "R

a5 = (1.821)a, + .47 | (5.52)

A particular advantage of this approach is that it shows that B
becomes essentially independent of the precise values of a), and

35}

1.15 + 2.6&

B AR . n =l (5.53)
1.13 + 2,658, 4 (.28e),)

unless the denominator happens to be very close to zero' ",

The use of chiral Lagrangians to describe the X = D) system
has been undertaken before, with differing results due to lack of
generality. Cronin(93) useg essentially a U3 x U3 chiral
Lagrangien, with non-simple symmetry-breaking properties., As a
result, he obtains zero slope for X > EK (as will be emphasized
in the next section) and a large width ~ 7 MeV from his amplitude,
which is proportional to mi. Sch'inger(log) predicts the slope of
X> n%Ax, ¥ == 40, although he himself recognises that his
treatment is not the most general, ua;lmdar( 110) is sble to
obtain a relationship between the width and slope of X-> nax
by omitting a possible term ouuo“u‘“( det M + h.c,), in his nota-
tion., Ambiguities oceur in both refs, (93) and (110) fram the
sign of 6,

A current algebra calculation has recently been given by

* Note that the non-linear effects will in general not be as large

as given in ref, (28), since an imaginary part in the pole term
will reduce the effect,

++ It is interksting to note that a slope of the same magnitude as
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Mathur et al.( 111)

s Using a U3 ch3 algebra, The N and two
pions are taken simul taneously off-mass-shell to zero four-momen tum,
without explicitly extrapolating the X particle, This calcula-
tion has the three drawbacks that it will not give any slope for
the decay, that it is dependent on }the particular interpolating-
field chosen and that no allowance is made for off-shell extra-

polation °°rr§8§1f‘_§’nm; y
An amplitude/ based on the Veneziano model has been discussed

by Baacke et al.(uz).

The leading terms are modified by the
introduction of two satellite terms whose coefficients are fixed
up by eliminating the unphysical daughter poles in the ks
channels at the p mass, and by demanding that the pion Adler'
condition is satisfied, The overall scale is determined from the
A2 2> =" width and predicts an X width of the order of 1 MeV,
(Note that eq. (15) in ref, (112) is wrong, but eg. (16) is still
correct as to order of magnitude), However the slope predicted
from the amplitude is around -1, so clearly this particuiar
addition of satellite terms has failed to produce a realistic
amplitude, Moen and Morfat(n'}) fit the decay satisfactorily with
a sum of interference model ferms of the form
LG ool (gey)ae) (5054)
1(n = a(s))
but somewhat adhoc assumptions are required to do so,
We may summarisec the results of this section by saying that

+
(Contd,) (5.53) is reproduced from the pion pole model alone
with the P,C,A,C, off-shell continuation B ~ - 8/7.
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we have six experimental gquantities in terms of two parameters.
With the poor quality of the present data, it is not possible to
make a strict test of these equations. The slope in X - xtx x°
is fairly unambiguously predicfed to be around =1, and it is
possible to enhance the n-> 3% width to a value spproaching
experiment, This situation could be radically altered by an
improvement in the experimental data, particularly the X width
and X - 3% branching ratio: indeed, if the X width turned
out to be very small, we should regard this as a success of eq,
(5.26), where the amplitude is proportional to ni gin & 3 we
would then not be in a position to enhance n-> 3%, of course,

4.  Introduction of an SU. jinglet Axisl Current

The contents of the last section may all be found in ref,
(28), but they were given fully because of the different presenta-
tion adopted. The results of this section are all contained in
the ‘same reference and we avoid verbatim reproduction by omitting
all the details of the calculations,

The most general form of an SU 3 singlet axial current is

Al = =adog . (5455)

The covariant derivative term in the Lagrangian, of the form
Dugiﬂ“gi.rB(ﬁ) gives rise to the SU5 currents, which contain a
factor 1'3(#). These currents must commite with A: to produce

Uz x Uz algebra, so that r,(ﬁ) = 1 i.e. @&, =0 and hence

X > ) w has zero slope, Thus we have another parallel between



the leading term Veneziano amplitude, which is completely symmetric
in s, t and u,

and @ Uy x U, algebra, irrespective of the nature

One may go further and assume that the symmetry-breaking should
have (3, 3) properties in 03 x 03, as in Section IV.4, The

commitators are turned into differential equafiona' for the unknown

functions of the field 4, by using the canonical commutation

relations, The differential equations may be solved, and a rede~
finition of the § field by point transformation enables the
strong interaction Lagrangian (5,13) to be written in the simple form,

L(Es8) = d 060" 6 + ;nusi/rn“gi/r

+ e(U (5 /2, #/2) + ecUg(§/2, #/£))5"  (5.56)

where U5 ,6) = uy(3) cos({§ A2/&(0)) + v (5)stn ([36e/a(0))

(5.57)
(and similarly for U", ete,) and

Q
A, = =g(0) o, 4 . (5.58)

The four masses depend on three parsmeters ¢, ¢ and f/g(0).
Thus there is a mass formula among the pseudoscalars;
2 _ mtVim® o ity 22 2 2 2v¢.2 2,2 -
9(mg mD)(mx mg) W =  8(ml + m, - mg)(mg - m) (5.59)
It is very badly broken indeed.,

It is perhaps possible to overcome both of these difficulties,
For the mass problem, one may introduce a function e cos d §
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which provides an additional term with simple symmetry breaking
properties, Also higher derivative terms in the lLagrangian can
describe the X o> n#x amplitude, e.g.

nugi. u;’(a 2, 8 o";s+bnu§’ ) . (5.60)
gives a term of the form
e + B ‘px.p? qi . q: (5.61)

The term o 1is expected to be "small" since it contains a factor
m: (eqs. (5.26)). If it is neglected, we have

ll(x->9 ®"E) o 1 = Juby - .sz.’y2 (5.62)

The quadratic term in y (defined beforc in eq. (5.47)) is small
and the linear term is not too far from the experimental result,
In view of their rather ad hoc nature, neither of these possi-
bilities is considered further,

Finally, we note that eg, (5.57) may be written in the very
compact form

" el ,}n-(x“ 3 5"3) > Dot (5.63)

where a, B = 0, 1,... 8 and §°‘ = (ﬁ,g j'), with the under-
standing that the scaliné parameter for # (g(o)-]') is different
from that for § 1 (r"'l). Thus in this case of non-simple, non-linear
realisations, we see that in eqs. (5.56) and (5,63) we have simply
the Coleman, Wess and Zumino prescription( 12) for the Lagrangian,
with different scaling parameters for the particles associated with
commiting axial transformations, The special case ¢ = g(0) just
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corresponds to I (eq., 4.32) equal to one, In this case the
amplitudes will give exactly the same on mass shell as those in
Table III (what else?).
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APPENDIX A: LORENTZ AND AMPLITUDE CONVENTIONS

Throughout the thesis we use the conventions for Lorentz
invariants as in Bjorken and Drell(ul). A useful "translation
dictionary" is given in ref, (1)). Thus the metric
ey F diag.(1,-1,-1,-1), so that K.x = Et - k.x.

The amplitudes listed in Tables I to IV have been given the
phase of the T-matrix, in S =1 + i(27c)L‘<§L‘(1>jl - P,)T, (S 4is the
S-matrix and P, (Pf) is the total initial (final) four-momentum).,
However, in calculating the more complicated pole-diagrams in
Chapters II and V, where it is crucial to get the correct signs,
it was found easier to work from first principles, giving ampli-

tudes the phase of the S-matrix, In perturbation theory, then

Ma = B) = <s| T {exp + igduxl.l(x)}\a.> (A1)

The propagator functions which appear in a Wick expansion of
the time-ordered product in this equation are given, for a scalar

field, for example, by

AF(X)

{1 A(x) »6(0)}>o

(2x) gdh'ke-ik'x —e (a2)

kK -m +ie

i.e. in momentum space the propagator is given by j./(kz-m2

+ie) s
Similarly, the spin-one propagator function is given by
2 2 2
i(—gpﬂ+ kuko/m )/(k“-m“+ie).
The differential decay rate for a particle of mass M is

then
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S
2 L. L
all = a2 = 2 m| 1’.l1 (——!‘——51( ) )(2x) "3 (Py-P,) (A3)

where 8 is the statistical factor for identical particles and
the ki are the three-momenta of the n final particles,

As suggested in eq, (A3), the states are given Lorentz in-
variant normalisation, e.g. for single particle states,

&) = (2007 2 8%p - ") (A4)

and the sum over intermediate states of momentum k is realised

through the Lorentz invariant factor L( (—-Q%—— .

2x) 2By

Finally, consistency with the propagator function in (A2)

means that

(o] M=) | Py = o7IPX (45)
and the connected part of the L.S5.Z. reduction formula takes the
form

(o P ]H(o) [y = 1(m2-p?) gdux elPeX (o] T { A(x)u(0)} |8

(46)

Here H 1s an arbitrary operator, the state B does not contain

a particle of momentum p, and 4 is the renormalised pion field.
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APPENDIX B 3 U, AND 803 CONVENTIONS

The charges generating SU 3 x SU 3 transformations are nor-
malised according to egs. (1.3), (1.6) and (1.7). The totally
antisymetric £2°C in these equations are tabulated in the review
article by Gasiorowlos and Beffen'?’, as ave also the totally
. in e (1:23),

symmetric d
The pion decay constant, rx, is defined according to

<0 \ A“a' 'xb(q)> = 1qu e (B1)

so that, if A 1is assumed to be the weak interaction axial current,
then f_ obtained from the ‘Kp'z decay width ~ 93 MeV, (This is
to be compared with the value of fx from the Goldberger-Treiman
relation; f =~ 85 MeV), The kaon (and eta) decay constants are

defined with the same normalisation.

Throughout the thesis, crossing-symmetric phase conventions are

used, Thus in performing L.S.Z. reductions on =

and % , no
relative minus sign appears compared with reductions for xo. When
soft pion techniques are combined with SUZ’ or SU 39 the Clebsch-Gordan

coefficients with the crossing-symmetric phase convention must be

b b b
aa . ea o’ ra c' dabo'

and not the coefficients of e,g. the Rosenfeld Tables'>2) or de
Start( 117)

used, These are, for example, the tensors

« (The latter contains a useful review, however,)
Matrix elements are normalised so that statistical factors
appear, in the expressions for the widths, only for identical
particles., A simple example is given by Kg > 2% decays, For a
AI = % weak Hamiltonian, we have in the crossing-symmetric con-

vention (#° | HW lK1°>= R 8% 5o that
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CRF et Bl x> = (&%OH, ] YD)

only the x; 5> x°%° width has the statistical factor (2%)77.
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ABSTRACT OF THESIS

prOR OF PHILOSOPHX Date J:WlSlOp

The work in this thesis revolves around applications to pseudoscalar
meson interactions of SU3 X SU3 current algebra and of the way in
which this symmetry group of the strong interactions should be
broken in theory, as it is to a small extent in the physical world.
The first chapter introduces these topice mainly from the point of
view of operator éommutators in quantum mechanies, of which current
algebra is believed to be a particular example. In the same spirit,
the (3, 3) symmetry breaking model is introduced as giving a physical
system with the simplest algebraie properties,

In Chapter II, we study A I = 3/2 electromagnetic corrections
to a purely AI = 1/2 weak Hamiltonian in K —> 2x decays. Specifi-
cally, we estimate, through soft pion techniques the effect of a
dynamical mechanism (i.e. Feynman diagram). When suitable account
is taken of the nature of the elcctromagnetic interactions of the
hadrons through the use of an effective electromagnetie Hamiltonian
to deseribe the AI = 1 "tadpole" effects, a result is obtained of
the correct sign and giving about 50°/0 of the AT = 3/2 amplitude
in XK » 2x decays.

In the third chapter, we study soft meson reductions in K — 2x
decays in the intermediate vector boson model. Vhen all mesons are
teken to zero fouremomentum, the decays are related to integrals of
the spectral functions of the veector and axial current propagators,
which are convergent if certain spectral function sum rules hold.
Our contribution is a study of the results of retaining all possible
o-commutators in the reductionsy; this approach has several attractive
features, and the numerical results are significantly different from

those of previous authors.

Linear/ Use other side if necessary.



