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INTRODUCTION
Logarithmetics and index polynomials originated in
Etherington's study of train algebras of rank 3 (cf.
(12), (16)). 1In (16) Etherington showed that if A, p
are the right and the left prinecipal train roots and X
is a non-idempotent element of the algebra then

12 = X+ u, ul=2>2iu, Xu-=pu, u2 = 0, where u =

2 P

- X o+ It follows that X = X + ©@_u where OP

i P

denotes a polynomial in A and p, the index ©-polynomial
of the index P or the power XP. y=polynomials were
introduced in the same paper: *p =1+ (A+p- l)OP
(A + pFl), i.e. if v= (A + p = ll'lu and I =X - v
then XP = 1 WPV .

These concepts were further developed in a research
course given by Etherington in 1954-55 at the University
of Edinburgh in which he discussed his previous work and
some new results which he later published in (18) and
(19). During this course, which the author attended,
Etherington suggested representations of the free loga-
rithmetic by index polynomials in non-commuting indeter-
minates and by bifurcafing root-trees. The intimate
connection between these was pointed out by the author
and developed in (25). This paper is incorporated in

Chapter I . Index polynomials are defined there as sums

of terms which can be interpreted as coordinates of
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certain knots in the corresponding tree. Apart from
the Yy~ and the S~polynomials two further types are de-
fined, the X~ and the w-polynomials. The latter are
used in Chapter IV to define () -trees, a generalization
of bifurcating root-trees to trees of infinite altitudes.
In Chapter I we also prove two inequalities relating
the potency and the altitude of a bifurcating root-tree
to its mutability; these results were obtained in (30).
Etherington (15) gave a most elegant interpretation
of indices of the free logarithmetic and of some of its
homomorphs as partitions. This was pursued further by
Hourston (24). His approach however was purely forma-
list and is not acceptable to the author (see the intro-
duction in Chapter IV). A constructivist theory of
bifurcating root-trees of infinite altitudes is deve-
loped in Chapter IV (ecf. (31)).
Etherington (15), Hobinson (36) and Evans (22) gave
systems of postulates for the free logarithmetic .
Evans also obtained some results in the non-associative
number theory. This was followed by the author in (26);
the contents of this paper constitute Chapter II.
Chapter III contains mainly results obtained in (27).
The only addition is a section on index Y- and G=poly-
nomials in commuting indeterminates A, p. This is the

only part of the thesis which has not been previously
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puﬁlishod or submitted for publication.by the author,
The thesis concludes with Chapter V on enumeration of
indices (ef. (27), (28), (29)).
The author is indebted to Dr. I.M.H. Etherington for
his supervision, advice and constructive criticism in

the writing of this work.



CHAPTER I. INDEX POLYNOMIALS AND BIFURCATING ROOT-TREES.

1. THE FREE LOGARITHMETIC

A groupoid is a set closed with respect to a binary
operation. It is cyelic if it is generated by one
element.,

Let x be the generator of the free c¢cyclic (multipli-
cative) groupoid Ol . Then any element of (L can be

written in the form xP where

xl = X and xQ+R = xQxR .

x((l‘l’l)"’(l‘F(l‘Fl)))"'l o ((n)(X(n)))x .

Thus, e.g.,
Call P the index of x' and the above defined binary
operation on indices -~ addition of indices. We say that

two indices Q and R are equal and write (Q = R if and
only if x4 = xR.

For brevity we can use the symbols of natural numbers
for the right principal powers:

xt = X, x? = xlx, x> = x°%, «0e0 , X% = x“"lx, waiG

and similar symbols with dots to denote the left prin-
cipal powers:
xt = x, x?=xxt, x> =xx?, .0., xP=xxl,....
The set of all indices Y and their addition form a
eyclic groupoid generated by 1. Call it the additive
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free logarithmetic® and denote it by £ . & is ob-
viously isomorphic with O .
We define for J another binary operation of multi-
plication: PQ is defined by
xFQ =« (F)Q,
We easily prove that the multiplication is associa-
tive and right distributive with respect to addition:

$FUR o (POR o ((xF) QB o (xP)QR o PO,
and xP(Q'.'R) - (xP)Q+R & (xP)Q.(xP)R - xPQxPR - xPQ"‘pR.

The semi-group formed by the set of all indices %
and their multiplication is called the multiplicative
free logarithmetic and is denoted by & . 1 is the
identity element of < .

In this chapter we investigate the properties and
representations of the algebra of indices with the two
operations, addition and multiplication, which we call
the free logarithmetic and denote by £ .

This is Etherington's free logarithmetic B (ef. (17)).
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2. BIFURCATING ROOT-TREES

Indices can be represented graphically by bifurca-
ting root-trees which may be defined as follows:

Definition. (a) - and \\v// are bifurcating root-
trees;

(b) If (P) and (Q) are two bifurcating

(P Q)
root-trees is also a

bifurcating rootetree.

Trees will mean bifurcating root-trees unless otherwise
stated.

The points of a tree where lines meet or terminate
are called knots. We call the diagram \\v// a fork, its
upper two knots its deft and right ends, its bottom
knot the gggg of the fork and the two lines joining its
knots the left and the right arm of the fork. A knot is
said to cover another knot if the latter is the node of
a fork of which the former is an end.

In each tree there is exactly one knot which does
not cover any other knot; it is called the root of the
tree., The knots of a tree which are not covered by other
knots are the free ends of the tree. In the tree - the

only free end coincides with the root of the tree.

(p Q)
The tree is called the sum of trees (P)
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and (Q) which are respectively the left and the right
subtrees of the first order of (Pl\\//dQ) . We write

(P)  fa)
)+ @ = TN AV

If (S) is a subtree of the first order of a subtree

of (n-1l)th order of (R) then (8) is called a subtree of

(R) of gth order.

Example.

is a subtree of 279 order of

The other subtrees of 274 order are - > ° and‘\\M//.

Since \\V// = + ¢ » , it follows from the inductive
definition of trees that any tree can be generated by
repeated addition of - . Hence the set of all trees and
their addition form a free cyclic groupoid, obviously
isomorphic with <.

The fundamental correspondence is l<— - , For
example

(1+(2+2))+1 —

We can now define multiplication of trees so that ’j ’
the'algebra of trees with the operations of addition and
multiplication, is isomorphic with Z .



Definition. The product (P)(Q) of two trees is the
tree obtained by joining to each free end of (Q) the

root of a tree identical with (P).

Examples. If (P) =\  and (Q) :>Y<://

then (P)(Q) = while (Q)(P) =

Evidently multiplication of trees is right-distri-
butive.

It can be easily proved by non-associative induction "
that if indices P, ( correspond to trees (P), (Q) then
their product PQ corresponds to tree (P)(Q). Thus &£
is isomorphic with ”¢ » Because of this isomorphism we
can use the terminology and the notation for trees and
for indices indiscriminately. We can also write =
without ambiguity in place of «— , or even speak of

the tree 1, a tree P + Q, etc.

—— W — —————. o — - — i . V- W ——————— -~ - -

* Principle of non-associative induction: A proposi-

tion Z involving index X is true for all X e Y if z,

is true and (ZP and qu==¢ ZP+Q' (Cf. (15), p. 446.)
This can be proved by appeal to the principle of ma-

thematical induction which in turn must be regarded as

the fundamental intuitive principle of mathematics.
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Examples.

3+ (1+43)= i 3(1+3) =

3. ENOTS AND TERMS

Given any knot other than the root there is cne and
only one knot in the tree which is covered by the given
knot, viz. the node of the fork of which the given knot
is an end. Hence the chain of knots of which the root
of the tree is the first and the given knot the last
element (v. (6), p. 10) is uniquely determined. Thus
we can determine uniquely the position of any knet in
a tree by specifying for esch knet in this chain, other
than the root, whether it is a left (A) or a right (p)

end.
Example.
In the tree knot I is a left end,
knot II is a right end,
i knot III is a left end,

knot IV is a left end

and knot I can be specified (reading from knot to
root) by the ordered set (A, p, A, A).
In general: the root can be represented by the empty

set and any other knot by the ordered set (A, Vit Vo ees)
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or by (, vy, Vpy «ee), where (vq, v,, «es) is the set
representing the knot covered by the given knot, according
as the latter is a left or a right end.

It will be convenient to write these ordered sets as
products, so that a knot is represented by a monomial
in A, u (e.g. Apr?) which will be called its term, and to

add terms to form polynomialg. These polynomials will be

subject to the ordinary laws of algebra, excepting the
commutative law of multiplication. Thus we ghall be opera-
ting in the ring MU|A,n] obtained by adjoining two non-
commuting indeterminates A, u to the domain ¥ of inte-
gers. ﬁﬁt[l.ﬂ] consists of all polynomials in A, u with

integer coefficients .

Definition. (i) The term of the root of a tree is 1.
(ii) The term of a knot, which covers a

knot whose term is v, is Av or pv according as the

former is a left or a right end.

It follows immediately from the definition that if a

tree contains a knot whose term is vlvzvj...vn {where

v, = A or p as the case may be) then it contains all the
knots whose terms are right divisors of vlv2v3...vn.

T e SN G G S - S S S O - — - — -~ - -

Although the index polynomials to be introduced have
only positive integer coefficients, minus signs are needed
for expressing relations connecting different index poly-
nomials.
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L. ALTITUDE, POTENCY AND MUTABILITY

We define the altitude of

an index P a knot a_tree
as the ordinal num-| as the degree in as the meximum of
ber a, such that A, p of the corre-| the altitudes of
sponding term, all its knots.
al =0 amd {Alternatively

a

o we define the al-

ger™ 1 max{e ,apdl ¢irude of the root
as 0, and that of

any other knot as

equal to 1 + (al-

titude of the knot
covered by it).)

Further, we define the potency” of

an index P

as the cardinal number BP
such that

5 =1

Boen = O * O

(Alternatively: O, is
the number which P dgnotes
if all symbols in P are
interpreted as numbers and
operations in ordinary
arithmetic.)

a tree P

as the (cardinal) number BP
of all free ends of P.

(Alternatively:
SP = (no. of forks in P) + 1.)

- S A W S A - - S S - O

* Called "degree of an index" by Etherington (11), (15)

and Popova (34) and "length of a non-associative number®

by Evans (22). The term "potency" is to be preferred

here in order to avoid confusion with degree, in the

ordinary sense, of the corresponding index polynomials.
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It is easily secen that these definitions are con-
sistent with the isomorphism of & and f? .

Two trees are said to be conformael if the correspon-
ding indices become equal when addition of indices is
commutative. A knot of a tree P is called unbalanced if
the subtree of P of which the knot is the root has non-
conformal subtrees of the first order; otherwise it is
balahced. The mutability Pp of P is equal to the number
of unbalanced knots in P. Thus the number of trees con-
formal to a given tree P {or indices conformal to a
given index P) is ZBP. We have (ef. (11)):
2gp, if P, @ are conformal,

By =0, pp .=
1 ' TPaqQ {“P + M + 1, if P, ¢ are not conformal.

Example.

P‘(1+202)*1=

The terms of the knots are

A2uh, pAph, ApPA, pda, ApA, p®, A%, A, A, u, 1.
Their altitudes are
by k, hy & 35 2 2 2, 1; 3, 0,
respectively; and we have

G.P".p' Bpﬁé’ pp-2-
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From the definition of the product of two trees we

deduce the formulae

O,. = d

rg " ¥qr g

p* oy “PQ'BQ“P+”Q'
These are easily provable by non-associative induction
applied to Q.

Etherington has shown (11) that « , 0 , p must
satisf{y the following conditions:

(1) 22>8>a+1

(2) 0 >p+ 2 (0 #1); the equality holding only

when ¢ = a + 1, i.e. when the tree is primary
(v. infra,§5);

(3) p€3* a1 (a2 3)

For a given 0 or a given a conditions (2), (3)
prescribe the maximal value for p. In this section we
find two minimal conditions for p and show constructi-
vely that for any given non-negative integers a, 0
satisfying condition (1) the least number satisfying
these minimal conditions is in fact the mutability of
a tree of altitude a and potency 0.

Potency SP can be expressed uniquely as a sum of h,

i'+ 212‘|' see + 21h

distinct powers of 2 : & = 2
[11 > 12 - ..Dih > 0). Obviously 11 = [log2 b] and
h is equal to the sum of digits in & written in the

binary scale of notation.
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1‘;.-"EI"E - n .; -
LEMMA hP+ qurP+Q

For clearly in any scale of notation the total sum of
digits in several natural numbers cannot be exceeded by

that of the sum of these numbers.

THEOREM 1.1 « Let & and u be the potency and the

mutability of a tree P and let 08 = 21' + 212+ ces + 21”

(il>i >-o.>1h}. Then UZh-lo

2

Proof. Use non-associative induction.
If P=1: p=0, dm=2° hence h=1 and p = h = 1.
Let P = g+ R and assume that the theorem holds for Q
and R. Then (i) if @ and R are not conformal

= + +
Boep " Pot gt

s (h(,; - 1) + (hR - 1) +# 1, by the induction hypothesis ,
= [hQ + hIi’.) -1

P s th-R - 1, Dby preceding lemma;

(ii) 4if Q and R are conformal

Paer = 2 g
> 2hQ - 2, by the induction hypothesis,
= 2hQ+R -2
= hQ+R - 1 since hQ'*RZl .
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THEOREM 1,2 « If a, ¥, p are the altitude, potency

and mutability of tree P then @ - p < lag2(3 - ).

Proofs If P=1 then ¢ « p=0«0= 1032(1 - 0)
= logzté ~ p). Let P= (g + R and assume that
aq = Bg S 1052(% - uQ} and o« = po < 10g,(0p ~ up).
Without loss of generality assume that aQ Z Ops Then
(1) 4if Q, R are not conformal

o -uQ'kR'(aQ*l)-(uf;}*pR*l)

Q+R

- (GQ- Myl * (0, = po) ~my

< IOgQ(SQ - pQ} + logz(b'H - pR) - 1og2§ﬁ,

using the induction hypothesis and a > logEB,

v 1 :
= 1°82{6Q-‘ by * ”RER (uQ - qu}

< 1og2(8Q - “Q + 3R - Wy - : 5 P

-1
since p'HSR (pQ - SQ) < 0L SB. -y = b &

-p_ ).

= 1052(8 s

Q+R

6 =38
(ii) if Q, R are conformal then Q B pq - n

and «

bl N et

= (aQ - uQ) + log,2 - B

@R " Poer

</



Q
by the induction hypothesis,

< 3 ¢ .- 2u ) -
ht 052‘2°u vq) 2oy

< 1032(25Q - 2;;‘4)

@R~ P!

= 10g2(8

THEOREM 1.3 « Let a, 0 be non-negative integers

such that @ + 1 <8 < 2" and let

O = 21'4- 2t L,

e 270 (1, >4, > 0 >4 2 0)
If o 1s the least integer such that
@ = p £ log, (6 - u) (1)
and p>h=1, (I1)
then there exists a tree (in general not unigue) of

altitude a, potency & and mutability p .

Proof. (i) If e < 11-1- h = 1 then the tree

(e 2y s ) w2 o @l dir e (0 20,
where p =& ~ i, <h, has altitude e, poteney o and
mutability h -« 1, DMoreover, since any number less

than h = 1 contravenes condition (II), p = h - 1,

(ii) If “'2‘11 + h then 0 can be written in the

form 0§ = 23'+ 232+ coe + 2Jk where k = a =« Jl + 1 and
either (a) Jl> Jz > eee > Jk-l e Jk ’
or (b) Jl>j2>"'>'jr-12'jr>dr+l‘ Jr+2' cie® Jkto (r>3),

or () J;>J, = dy = ese =3 = 0.

3
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This cen be done as follows. We first partition Zi“ in-
to powers of 2, seeking to make k, the number of terms in
an expression for 0, equal to a - i, + 1 so that

1

11 + k~=l=oa, If a< il # h =24+ 2ih we can achieve
i,

and thereby obtain an expression
i,

that by partitioning 2
of the form (a), (b) or (¢). If a = i, + h=-24+2
we can Jjust do it by partitioning 21h entirely into l1l's

(then k= h -1+ Zj'h

= 0 - il + 1 ). If a exceeds
this value we partition gth-i also; and so on. If in
the course of this process we obtain an expression
TP, (P | (n > 2) and the number of terms is
still insufficient the next step in partitioning is
2%1 4 2™2%, ™2 . 1 4 ... 41 because the values
of "j, +k=1" for 2"+ 1+ ... ¢+ 1 and for
2™2 4 2%l 4 14t 1 are equal and in what follows
both partitions would yield the same tree. Thus the
first two terms in an expression for ¢ are never equal
and k >3 unless k = h. Finally if o has its maximum
value 0 -1 we reach 0 =2+ 1 4 ... + 1, where
Jl =1, k=0=1=a =~ Jl + %. ‘

Now consider the tree (((23'+ 252] + 2% ) 4.0.) 2JE
Its altitude is a, its potency ¢ and its mutability
k =« 1. In order to prove that p = k = 1 we have to

show that no tree can have altitude a, potency ¢ and
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mutability k - ¢t where t > 1. We prove that
G - (k—t)>log2{5- (k - t)} .

If (a), then 8 < 294 2971, ., 4 2dn(k-2) | od-(k-2)

=28 <2 L w23 since k>3 .

If (b), then & < 2%+ 291 4 4 2dn(r=2), d-(r-2) |

a2 ke r<ca?tinas,
If (c), then 6 =20+ (k=1) <29l 4 k-3
Thus in all cases 8525"'1-»}:- 3

Hence a-(k-t)-jl-c-t-l

- 1032 zjl-rt-l

= 1032(2i+1o 2t-2)
glogz{('& -k+ 3). 2t-2}
= logz{(s “~k+3)+ (t-2)}

>log2{3 - {k=-t)} .

5, SUBORDINATES

A fork of a tree is said to be free if both its ends
are free ends.

A fork in a tree P is called the leading fork if
either (1) it coincides with P (if P = 2),

or (2), if P = P! 4+ P" (P ¥ 2) and @, =0

P

¥l
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it is the leading fork of P',

or (3), 4f P e P' + P" (Pg 2) and ¢ <a

P pn?

it is the leading fork of P".

The leading fork of a tree P is necessarily a free
fork and the altitude of its ends is @

A tree P is called primary if P ¥ 1 eand each of its
forks has at least one free end ,

A tree Q is called a first subordinate of a tree P, if
¢ ean be obtained from P by removing a single free fork.
It is called an n°! subordinate of P if it is a first
subordinate of an (n—l)th subordinate of F. It is conve-
nient to regard P as its own subordinate (of order 0).

If ¢ is an n*? subordinate of P we call P an n*P superior
of C.

Examples. The (5, - 2)*! subordinate of P (i, > 2)
is necessarily the tree \\//'.
(P+ Q)+l end (P+ 1)+ 1 are respectively &

(bk - 1)th and a (0_ + GQ - z)th subordinate of (F + ) + K.

K

We say that (, a first subordinate of a tree P, is the
firet principel subordinate of P if ( does not contain
the leading fork of P. The nth prineipal subordinate of P
is the first principal subordinate of the (n - 1)th
prinecipal subordinate of P.
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If all free forks of Q (Q # 1), a subordinate of P,
are free forks of P, then Q is said to be a component
of P, If a component of P is primary it 1s called a

branch of P.

Example.

The tree P =

((2+ (2+3))+1)+3

has 4 branches:

“ ¥ Xy

and altogether 15 = “c + 402 + ACB + hch = 2 -1
components, obtainable by superimposing any combination
of the branches.

Call the number of free forks in a tree P (P # 1)
the lineage of P and denote it by X;. K; is the number
of distinect branches of P. Call the trees of lineage
2, 3, ¢es, n Dbinary, ternary, ... , n-ary.

Further, we say that Q is a first total subordinate

of P if @ is obtained from P by removing a single free
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fork from each branch of P (i.e. by removing all free
forks of P). R is the n'P total subordinate of P if it
is the first total subordinate of the (n - 1)%M total
subordinate of P. Write R = d'P.

We have de = bp - Xé.
Example.
P - ’ dP " ’
dzp = ’ d6P = . -

The index dP is obtained from the index P (written in
its shortest additive form) by replacing each
0 s X &y by 8, &, 8y uie
by 1: 2, 2, 2 0% ki ki 5 ene s
If P=QR and Q ¥ 1 then dP =(dQR.

Examples. (i) P = ((2 + (2 + 3)) + 1) + 3,
dP = ((1 + (1 + 2)) + 1) + 2 = (L + 1)+ 2,

P e (341)+1, aPe=(24+1)+1=4,
a*p =3, =2, % =1.

(1) P = 3.2, dP = (d3).2 = 2.2 ,
a®p = (d2).2 = 2, Pedzel.
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6. INDEX POLYNOMIALS

Consider the ring Wy [A,p] of non-commutative poly-
nomials defined in §{3. Suppose that v is a function
mapping the set of all trees on to Il , a subset of

WMru ¢+ P n,, with the property that whenever

"P = WP' and nQ = nQ, then "P+Q = ﬂp'+w

be proved by non-associative induction that also

« It can then

T = Tprgr * We can then define for I| the operations
o ® nQ = "P-oQ’ " ® nQ = ﬂpq.

The algebra [l so determined is said to form a represen-

tation of ﬁz, the algebra of all trees, by means of

index m-polynomials.

Examples. (i) The function mapping all trees on to
a fixed polynomial (e.g. A2 o pl) gives a representation
(though a trivial one) of 4¢ .

(ii) The polynomials defined inductively by

=1, = A+ ™)

M "peq p* Mg
give a representation of j,_ It will be shown in Chap-
ter III that these polynomials give a faithful (v. infra)
representation of the free commutative entropic logari-
thmetic, i.e. of the homomorph of ¢ determined by the
congruence relations

P+ Q~Q+ P

} all P,Q,R,S.
(P+Q)+(R+8) ~ (P+R)+ (Q+ 8)
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If the correspondence P >, is one-one the index
m-polynomials are said to represent "/ (and thus also <)
faithfully. Faithful representations by index polyno-
mials are of special interest, particularly in the case
of index polynomials whose terms actually represent
knots in the corresponding trees.

The most obvious polynomials to possess this property

are the X-polynomials.

Definition. The index X =-polynomial of a tree P is

the polynomial whose terms correspond to all the knots of P.

Obviously 11 = 1 and from the definition of Xe-polyno-

mials and that of a term of a knot it follows that
qu-Q = XP& + ){Qu + 1

(which is an alternative definition of index X-polyno=-
mials).

Evidently the X-polynomials provide a faithful repre-
sentation of trees.

The X=~polynomials, however, are very unwieldy because
of the inclusion of the terms corresponding to all the

knots of a tree.
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7. y=POLYNOMIALS

It appears that a tree could be completely determined
by the terms corresponding to all its free ends or
equally well by the terms corresponding to all the other
knots. We now introduce two important types of index
polynomials which contain precisely these terms and
eventually we prove that either of these representations

is a faithfull one.

Definition. The index y~-polynomial of a tree P is the

polynomial whose terms correspond to all free ends of P.

Examples.
P- qu-k“p-

o
Q= ::j;// yQ = xzp + uAp + pz + A,

R = qfa-lo
There are BP terms in *P (P ¥£1).

Vpogq = ¥ph + ¥ 3

(ii) Yoo ® V¥, ¢

PQ P Q
(N.Bs (i) provides an alternative definition of {-poly-

nomials.)
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Proof. (i) The terms corresponding to the free ends

of (Pl\/JQ) are the terms corresponding to the free ends
of P post-multiplied by A (i.e. those of WPA) and the terms
corresponding to the free ends of ( post-multiplied by p
(i.e. those of &Qp). This follows from the definition of
the term of a knot (v. §3).

(1ii) is provable by non-associative induction applied

to Q. The theorem is true for ¢ = 1 :
¥py = ¥p = ¥p¥y

Assume WPR = ¢P¢R and is = ¢P$s; then

Yp(Res) = Yprers = ¥YprM * Vpgt
) WPWRK ' ¢Pwsu’ > indueg;;gthesis
P ?
R AR TS

» 4‘(qu&*3! by (i) .

This direct representation of multiplication of trees
(or of indices) by multiplication of the corresponding
y=polynomials is very convenient, particularly in the
study of factorigzation of trees and indices.

The y-polynomials obviously provide a representation
of “}, since to each tree corresponds a uniquely deter-
mined index {y-polynomial. We prove that this represen-
tation is faithful.
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LEMMA, If ¢P is an index y-polynomial and
¥p = mA + 90, ? 0 9, €W [ A
then ¢ , ¢ are both index y~-polynomials and are uniquely
determined.
For P # 1; therefore P = Q + R and Vp = #QA + Yo
Each term of WP has a well-determined last (right) factor,

either A or p. The terms having A for last factor are

those of ¢QA. Hence *Q is uniquely determined. But also

?11 contains all the terms of WP ending in A. Therefore
qlh = vqk, i.e. 2 -'ﬂz. Similarly ¥y ™ &R.

THEOREM 1.5 . Index y-polynomials represent faith-
fully the algebra of trees “i (and thus also the logarithe
metic L ).

Proof. It suffices to prove that
(Vp = V)= (P = Q) (4)
p? the altitude of P.
If = 0 P = ¥ = = d = 1.
a, =0, 1, ¥ =¥, =1 and Q

Use induction on a

Suppose (A) is true for o, < a. Let @, = aQ =a (>0)

and let P = gl + P2 and Q = Ql + Qz. Then

= A ¥ = ' by th
1};P Q’I-;‘ + \ygp, 4:Q .];“?L + %f' and, by the Lemma,

V. » V. » V. » ¥ are uniquely determined index y-poly-
E B Q¢ Q

nomials. Thus WP = *Q implies *p = *h ” ¢P = *Q and,
! | 2 2
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o G, are all less than a,

by the induction hypothesis 31 = Cl, P2 = Qz,

since altitudes of gl' Q. F
i.e. P-Qo

8. 6-POLYNOMIALS

Definition. The index ©~-polynomial of a tree P is

the polynomial whose terms correspond to all nodes of P

(i.e. to all knots of P which are not free ends). 91 = 0,

THEQREM 1.6 . (1) 91 = 0,
OP+Q = OPA + OQp + 1 .
(This is an alternative definition of G-polynomials.)

(i1) e, . = GP + &

PQ + QP(A +u-1) OQ .

Q

(ii1) ¢b =14+ (A+p-1) QP .

(iv) Ap = O, =1+ (A4 u) o,

Proof. (i) The terms corresponding to nodes of (Pl\v/jQ)
are those corresponding to nodes of P post-multiplied
by A, those corresponding to nodes of Q post-multiplied
by p and the term corresponding to the root of (PL\V/iQJ‘
Hence the result.

(ii) The formula is true for Q = 1:

gPl = QP = OP + 91 + OP(& +u=-1) 91 since 91 = 0,
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Assume that it is true for Q = K and Q = 5,

i.e. QPR - OP + QR " gp(l * |- ngh 3
GPS'QP“‘QS"'QP(K‘P'J.":L)GSG

Then

Op(res) = OPreps

= Opph + Opgn ¢ 1
= ((-)P+ GR-tGP(Mp-l)GR)A + (0P+QS+9P(A+|.;-1)QS);;+1
= Qp + {GRh + Qs_u + 1) + GP(K-rp,-l)(ORJL + Qsp. + 1)

= QP + 0 - 'OP(A + U o= I}QR*S i

R+S
Alternatively, we can prove (iii) first and then

(k-tp—l]OPQ- V s |

PQ
'prﬂ'Q-l
= (1 + (k-&u-l)ﬂp)(l + ()u-p.-lJGQ) -1

= (Jk.-t-u-ll(OP + 0 + OP(h+p,-l)9Q) .

Q

(1i1) *1 =1l=14+()A+pe= l)Ol, since 91 = 0.
To prove the formula by induction assume

$Q =14+ (h+pu- 1)9Q and ¢& =14+ (h+pe- l)GR .

Then q;Q*R = &Qx s q;Rp
= (1 + (}.+p-1)0qlh+ (1 + (k+p,-1)OR)u
=1+ (A+p- lJ(OQk + 8pp 4+ 1)
= 1 + (k-l-p,-ljﬂq_m.
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(iv) Xp = ¥p + 8p , by definition of these index
polynomials,

e 1+ (A+p- l]QP + 0, by (iii),

P’

L+ (A4 ple,
- by (ii) .

2P

From the formula ?P =14+ (A+pu- 1)9P and Theorem
1.5 (or egually well from the formula Xp =1+ (A + u)ep)
follows

THEOREM 1.7 . Index €~polynomials represent faith-
fully the algebra of trees '/ (and thus also the logarithe-
metic £ ).

A necessary and sufficient condition that a polynomial
¢ € M[A,pu| should be an index ©-polynomial is that
either 9 =0
or ¢ = qll + sz + 1
and both 9, and ?, are 8-polynomials.

We can have, however, a much more direct criterion:

THEQREM 1.8 . A polynomial ¢ € M [A,u] is an index
@=-polynomial if and only if: either ¢ = 0
or (i) all coefficients of ¢ are equal to 1
and (ii) with each of its terms ¢ contains also all the

(positive) right divisors of that term.

To prove the necessity, i.e. that
(p = Qp)==¢*(¢ =0 or (i) and (ii))
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use induction on the altitude of P. The conditions are
evidently necessary for a = 0 and 1. Assume necessity
for a<a (a>1) and let @_= a, Then

P
0, =8, A+ GP p + 1 where P, and P, are the subtrees
Z

P P 1 2
of P of the first order and their altitudes are less
than a. (i) obviously follows from the induction hypo-
thesis.
If ¢ contains a term ViVaVyee oYy A (where each

| 1'2)
and, by the induction hypothesis, all its other right

v, = A or p) then QP must contain the term v.v_v ceeVy

divisors: VaVaeeeVpy VaeeeVp,y see y Vi l. Hence ¢

contains the terms VoVyeeeVy A, v3...vkh, 5% 3 vkk, A

and since it also contains the term 1 it contains all the

right divisors of VY5 3...v A. Similarly for a term of
Tytyt
the form vlvsz...vhp.

We prove the sufficiency of conditions (i) and (ii)
by induction on n, the degree of ¢ in A, u.
If n=0, ¢=0o0rl and ¢ = 01 or 8,.
Assume the conditions are sufficient for polynomials of
degree less than m (m > 0) and let 9 be of degree m.
Then (ii) implies that ¢ has a term 1, i.e. we can write
?= @A+ oop e 1 and if ¢ satisfies (i) and (ii) then
so do P and Py Hence by the induction hypothesis ¥y
9, are @-polynomials and so is ¢.
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An immediate consequence of the foregoing is that the
@-polynomial of a primary tree is uniquely determined by
its leading term (i.e. the term of highest degree in A, u).

We say that a tree P is the union of trees P , PZ,..., Pr’
and write £
-U P

P = P UP Ua-aUP
1 2 I j=1 i

ir  {o} = {QR}U{%}U... U{QR} - \I_J {e.}

i=l B

Q

\J Pi is therefore the least common superior of the Pi‘s.
i=1
It is easily seen that Q is a subordinate of P if and

only if {QQ}(_ CRE

where {OQ} denotes the set of all the terms of 6. .
r

THEOREM 1.9 . 4ny tree P ¢ 1 is the union of its

i.e. {GP} = L_J{GP} :

i

branches Pi’

Proof. Use induction on ap, the altitude of P. The
theorem is true for ¢ = 1 as the only branch of‘\\//'is
\\J/'itself. Suppose it is true for a < a (a > 1). Let

ap = a. Then OP = 0 A+ QRF + 1 where QQ’ @ <a

Q

Q!
are free forks of P, i.e. if Qs and Rt are branches of Q

and at least one of a,, ap # 0. Now, free forks of @, R

and R respectively 6, A + 1 and QR p+ 1 are 8-poly-
s t

Q

nomials of branches of P. Moreover, if Qs and Rt run
through all branches of ( and R, the 6-polynomials of all

branches of P are thus obtained.
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Hence, {QP} - {GQJL + Gu + 1}
= (U{egr+ 10 (J (g v 1}
- Lij {epi} .
COROLLARY. The index @~polynomial of any tree P ¢ 1

is uniquely determined by the leading terms of the 6-po-
lynomials of all the branches of P .

9. _w-POLYNOMIALS

The corollary to Theorem 1.9 suggests that the algebra
| of trees can be represented faithfully by index polyno-
mials containing fewer terms than either y- or @-poly=
nomials.

Definition. The index w-polynomial of a tree P is
the polynomial whose terms correspond to all the nodes

of free forks of P. “i = 0,

Example.
P w, = A%+ w4 A,

The definition of w-polynomials amounts to this:
w, (P # 1) consists of all those terms of GP which are

not right-divisors of any other terms of OP.
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Whence, the necessary and suificient condition for a
polynomial ¢ € ﬁ?t[h,u] to be an index w-polynomial is
that either ¢ = 0
or (i) all coefficients of ¢ are equal to 1
and (ii) if Py is a term of ¢, ¢ does not contain any

other right-divisors of 9y
The proof is similar to that in Section 8.

THEOREM 1.10 . (i) @ =0, o, =1,

ub+q = Q%R + ubp (P + Q¥ 2).

(This is an alternative definition of w-polynomials.)

(11) @, =« if P =1,

ubQ = “ﬁvg if P ¥ 1.
(iid) V¥V = w

Q 2qQ
(iv) ubQ = uh if P=1,

“@Q = ubwbq if P ¢ 1.

The proof of (i) is almost identical with the proof
of Theorem 1.4 (i). Proposition (ii) is obviously true
if either P = 1 or @ = 1. To complete the proof assume
that it is true for two trees A and B, i.e. that

“pa = “p¥pr  “pp = “p¥pe
Then  @p(a4B) = “PaspB = “Pa* * “pp*
= Gp¥ph + wpypw
= up(y A + ygp)
= UpYa+Be
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(iii) is a particular case of (ii) when P = 2;
(iv) follows from (ii) and (iii).

We have seen (Corollary to Theorem 1.9) that there is

a one-one correspondence QP'*' 0 o Hence

THEOREM 1.11 . The algebra of trees 'Y (and thus also

the logarithmetic &£ ) is faithfully represented by index

w-polynomials.

For each branch of a tree P (P ¥ 1) the index polyno-
mial Wp contains one term. There are therefore XP terms

i k] 1. -
. © %, = w,(1,1).

Also since the potency of a tree P can be defined as the

number of free ends in P, the number of terms in ¥, is BP'
i.e. bP = *P(l’l)-
But ?p = Wyp and thus
P XéP'
1

Now, ¥, < 12.3'2?, ice. W < EBP, the equality sign holding
only if P itself is of the form 2Q.

Thus an w-polynomial of a tree ( ¥ 1) contains at most
only half as many terms as the y-polynomial of the same
tree. lioreover, since the number of terms in the &-polyno-

mial of P )
OP(l,l) = bP - 1= ¢P(1,1) -1,

the number of terms in Wp is at most %(l + number of terms in OP).
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Thus the w-polynomials have the great advantage of
brevity. ©-polynomials again give a more direct represen-
tation of trees showing the position of each node (ef.
the definition of the union of trees).

The principal advantage of the y-polynomials is that
they represent the multiplication of trees by multipli-
cation of polynomials. This will be found particularly

useful in the study of factorization of trees and indices.

10, FACTORIZATION

A tree or an index P is said to be prime if
(P¥1) and ((P = QR) =—>(Q=10or R=1)),

Since SPQ = BPBQ and 81 = 1, a tree is prime if
its potency is a prime number,

For similar reasons the index Yy~polynomial of a prime
tree must be prime in \V (the algebra of all y~polynomials),
but it is by no means obvious that it is also prime in
A\, u) « Indeed an w-polynomial of a prime tree need
not be prime in M[k,p} i
€ege W(342)41 = 23 . pPA = {12 + pJA
although (3 + 2) + 1 is prime.

Thus even if the unique factorization law holds in
MNeln,u] it may not be so in \J7 . It is not a priori

impossible that, e.g., a y=-polynomial

¥p = 99, *93 09, +Ps e P
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where ¢ieﬁﬁt[K,p] but are not y-polynomials, and that
9 PPy = Vi ?, %% = ¥y

where ¢Q' QR, ws, WT, &v are y-polynomials of prime

trees. Then %? = &dkﬁws = *TvV and ¢P though perhaps

uniquely factorizable in MU[A,u] would not have unique
prime factors in .

We prove, however, that this is in fact impossible
and that the y-polynomials and therefore also the indices

and trees are uniquely factorizable.

LEMMA. If wPWQ = $R$s and wP' WR are both prime,

then Y. = ¥

b . and wQ = vs.

The lemma is true if *Q is of degree 0; for wq = 1
implies that

have ¢S =1 and *? = *R' Assume that the lemma holds

= q’Rq(S and since WP ’ ‘{rR are prime we

if the degree of ¢Q is less than n. Let %Q be a y=polyno-

mial of degree n (n>0).
Th = | A
o ¥ 'PQ! + llfqz B

d o= A } 1, si = 1 = 1)),
an ¥q 4’3. + q’sz'“‘ (bg # 1, since (¥ )=>($Q ))
QIPQ v qi’q"Q s *PW ' A+ qlp‘yqu - 'I’Rws = Q(R‘ysl A+ lynq’sz He
Hence by the lemma to Theorem 1.5

o = Vgls amd ¥ =iy
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and since {Q, #s, wd, g% are of degree less than n and
| L
WP, "!’R are prime, qu = q{R’ . = '*I’S: V. =V., by the

QI Qz L)
induction hypothesis. Therefore *Q = ?s

THEOREM 1.12 . ("Unique factorization into primes.")

. B | U B R S B R

where r, ¢ are finite ordinals and ﬁ,, ?d are prime
i i

y~-polynomials then r = s and WP = (1€l €r),
1 Q4

(ii) If P = Plpz-co !‘-lpr - Ql%...QS"lQS

where r, s are finite ordinals and Pi’ Qi are prime trees

or indices then r =s and P, = Q, (1<iZg r).

Proof. (i) Multiplication of y-polynomials is associa-
tive, therefore qu (\I!P...\P ) = ¥ (¥ ...\{r )
I 2

E Q'Q Qs
*Es WQ‘are prime, hence by the Lemma

*‘P - quT and E"-qfﬁ. \;f ooo\{Qs .
Now r and s are finite. The result follows (formally by
induction on r).

(ii) follows from (i) and Theorem 1.5.

COROLLARY., ("Unique division®".) If P, Q are two trees
there is at_most one tree X and one tree Y satisfying
PX”‘Q, YP‘Q.

This is also a direct corollary to Etherington's Theorem

on unique factorization of partitioned serials ((15), p.448).
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One of the most remarkable properties of index y-poly-
nomials is that y=polynomials of prime trees are prime
in Mt[r,p], i.e. 9'9" cannot be a y~polynomial unless
both ¢' and o" are (¥) Y-polynomials. The following quite
obvious lemma will be required. Denote by n(g) the degree

of ¢ in A, u.

LEMMA. If WP is a y-polynomial of degree k it can be
expressed in the form wp = (A + p)gi + 9,
where n(wl) =k -1, _n(¢2) <k -1,

and * ’, is a y~polynomial.

A5 |
For if P has r forks with ends at the maximal altitude

+ is the

k (i.e. if Py has r terms of degree k-1) vty
y=polynomial of the rth principal subordinate of P or of

a subordinate of that tree.

THEOREM 1.13 . The product of two polynomials
9', ¢" € WL [A,u], with non-negative coefficients, is an
index y-polynomial if and only if both ¢' and ¢" are
y-polynomials.

Proof. Sufficiency. If ¢' and ¢" are y=-polynomials,

Ys i e to = 3 = .
¥'= Vp, 9"= ¥, say, then ¢'¢" = Y ¥, = Vp,

Necessity. Use induction on n(¢'¢"). The condition
is necessary if the degree of the product is O, because
if ¢'e" is a y=-polynomial of degree O then

p'e" =1 and ¢' =¢" = 1= &1.
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Assume that it is necessary for products whose degree
is less than m (m>0). Let n(e'¢") = m, If either ¢
or ¢" is 1 there is nothing to prove.

Suppose ¢' , o" # 1, Since ¢'9" is an index Y~polyno-
mial of degree m>0, ¢'¢" cannot contain 1 as a term and
all coefficients of ¢'¢"™ are l. Thus at most one of ¢,
¢" contains 1 as a term.

Firstly, if ¢" does not centain 1 as a term it must
contain terms ending in A as well as terms ending in p

(since ¢'9" being a VY~polynomial must contain such

terms). Let " = q:i']\ + q\é'p..
o = Tat'h
Then o'y ) q:l + 9 ¢=2P-
and, by the lemma to Theorem 1.5, ¢'¢£ and ¢'¢; are
y=polynomials.

Hence by the induction hypothesis ¥, ¢£, @5 are
y=-polynomials, i.e. ¢' and ¢" = ?fh + @;u are index
y=-polynomials.

Secondly we prove that ¢" cannot contain 1 as a
term. We do this by showing that » o¢" # 1 and ¢" con-
tains 1 as a term” is incongruous with the premiss
 9'g" is an index y-polynomial”, viz. that from these
premises it can be concluded that ¢" is an index y=po=-

lynomial which is impossible if ¢" contains 1 as a term

and ¢" # 1.
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Suppose then that @' = qail + g‘ép

and ¢"-QJ’.'A+¢§;;¢1

where at least one of -pi‘, 92?* is non-gero.

9" = (‘?il * ?-5#”?3’_’3 + o X}

= (Qi(h@{ 4 l) + v' -

puerIA ¢ (el (uey + 1) + 9ihe7)p
and by the lemma to Theorem 1.5
both wf(lcpi' + 1)+ qéw{ and Vé““‘; + 1)+ vikvg
are vy~-polynomials.

(4 xr n(tpi) > n(qs‘z) then, by the lemma applied to
the above two J-polynomials,

& ] 1 - -
¥ = (A + ulel, + 9}, where n(vj'_l* ’12] = n(?i) 1

? % ” L < ] ? " ] ]
and (vn* ’12””’1 + 1) + ML 'z(‘“’z 1)+ (vu-f v12)1v2

are jy-polynomials. Thus

1 ¥ " ] " ¥ L1 T ] ]
:ww "12“*"1 + 1) ¢ ?2“’1)" + (vztuwz + 1)« (wn* ?123’*?23ﬂ
= M
(wll

- ' ' 1) .ef b .
“'11 + ¢12)k + 92;4) 9" is a y-polynomial

¥ 4 " ”
+ vmlk + wzu)wlh + e+ 1)
L] ] ] #" v ¥
But n((tvu + 912)1 + vgu).v J=m~ 1

Hence by the induction hypothesis ¢" is an index y=-poly-
nomial, ¥ 1, with 1 as one of its terms. Contradiction.

{i1) If n(vi) < n(qazF) the proof is similar. Note that
i 1 ! " - £ | i3
although n(vll = n(wz) implies n{tplhqalJ n(@zuvlJ the
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terms of the two free ends of a fork at maximal altitude
in the tree corresponding to the ¥-polynomial
L4 " o™ Aot
gl(k@l + 1) + pyue  cannot be contained one in §1k¢1 and
4 fuah ' = ! = 1. ~
the other in LD unless % 2 1. In this case, how
ever, ¢' = A 4+ p and ¢'¢", a y~polynomial, would contain A

and p as terms as well as other terms; this is impossible.

COROLLARY. A y=polynomial of a prime tree is prime
in M[l,p] .

If P is a left {right) divisor of Q and Q is a left
{(right) divisor of R then P is a left (right) divisor of R.

If a tree or an index P is a left divisor of § and of KR
then it is also a left divisor of Q+H. For if ¢ = PX and
R=PY then Q+ R=PX+ PY=P(X+ Y). This property
does not hold, in general, for right divisors.

A very useful eriterion of primeness of many trees is
the following:

The sum of two unequal trees which have no common proper

left divisor is a prime tree.

For P + §Q = RS where S # 1, i.e. S =S _ + 5_, would im-

1 2!

ply P = RS, and Q = RS_ and, since P and Q have no common

1
proper left divisor and P ¥ Q, R is equal to 1.

On the other hand ir two trees or indices Q and R have
a common left divisor P then every index expressible in the

form QXK + RY has P as left divisor.
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All indices having P as left divisor form a subgrou-
poid of X . This eyclic subgroupoid (which is a proper
subgroupoid if P # 1) is additively isomorphie with &~
itself. Obviously the product of any such index post-
multiplied by any other index has P as left divisor.
Thus all indices having P as left divisor form a right
ideal of £ .

11, THE LATTICE OF ALL TREES

The union of two trees Pu{ has been defined by
{OPUQ} = {GP}U{OQ}'

We can similarly define the intersection PhQ of P and Q
b & = (8} e}

y { PnQ} { P N Q
and consider the lattice of all trees L. . L. is partial-
ly ordered by the relation of subordination, i.e. P < Q
if P is a subordinate of (. It is obviously a distribu-
tive lattice.

Since OP + bQ = bPuQ + deQ

and P < Q (i.e. P < Q and P ¥ Q) implies EP < aq,
potency is a positive valuation on |, and L is a metric
lattice (v. (6), pp. 74-76).

If we now define the distance from P to @

3(P, Q) = dp o = Bp o
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i.e, as the number of forks belonging either to P or to
Q but not to both we have
(P, P) = 0 while 3(P, Q) =0 if P ¥ q,
AP, Q) =2(q, P),
3P, Q) + 3(Q, R) > 3(P, R), /
and thus the set of 2ll trees, with distance so defined,
forms a metric space.
If P is a subordinate of ( then all trees X such that
P<X<Q forma sublattice of |, . Such a sublattice
is called a closed interval of | and is denoted by [P, Q].

Q@ is its greatest and P its least element. In particular
the closed interval [1, P] is the sublattice of all sub=-
ordinates of P. Similarly the sublattice of all superiors
of P may be denoted by [P, o],

The concept of the lattice of all trees should prove
particularly useful in the study of those collapsed
logarithmetics (v. (15), p. 452) which can be regarded

as closed intervals or as lattice homomoréha of L .
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CHAPTER II. NON-ASSOCIATIVE NUMBER THEOKY
b ] e e T T e e e e e i = T A = A e~ —= »

Etherington (15) has obtained some basic results in
the non-associative number theory. Notably he proved the
unigue factorization in the free logarithmetic £ (see
also (22) and (25) or Theorem 1.12), both cancellation
laws and the associative law for multiplication in £ .
Evans (22) deduced these and other simple properties of
"non-associative numbers" (i.e. indices of £ ) from
Peano-like postulates. In particular he proved that if
S is a proper factor of P, not a right-factor, and
P= g+ H then S is a proper factor of Q and K. A similar
result was obtained independently by the author in (25)
(v. Chap. I, §10).

Addition and multiplication in £ are both non-commu-
tative. Two indices commute additively if and only if
they are equal. In Theorem 2.1 we give a necessary and
sufficient condition that two indices of & should com-
mute multiplicatively. In Theorems 2.2 and 2.3 we solve
Diophantine-like equations. In (22) Evans has proved
"Fermat's Last Theorem" for non-associative numbers.
Theorem 2.3 generalizes this result which is then deduced
as a corollary.

It is convenient to extend the definition of exponen-

tiation of an index (cf. (15), p. 449): We define P° = 1

for all indices P of 2z .
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THEOREM 2.1 . P and @, two indices of £ , commute

with respect to multiplication, i.e. PQ = QP, if and
only if they are powers of the same index.

Proof. The condition is obviously sufficient. To
prove necessity denote the number of prime factors in an
index X by pr(X) and use induction on pr(Pg).

If pr(PQ) = O or 1 then either P or Q is equal to 1 and
either P = Q° or @ = P°.

Now let pr(PQ) = a (a>1) and assume that the condition
is necessary for all pairs of commuting indices whose pro-
ducts contain less than a prime factors. Without loss of
generality we can suppose that pr(P) < pr(Q).

If P=1 then P = Q°. Otherwise PQ = QP gives

Q = PQ', where Q' is a proper left-divisor of ¢ or is
equal to 1. It follows that PZQ' = PQ'P and therefore
PQ! = ¢ P. Now, pr(PQ') < a and, by the induction hypo-
thesis, P = R® and Q'= RY for some index K. Hence

PeR®and Q= RE'C,

THEOREM 2.2 . If X'P = Y or PX" = Y', where X, P,

Y are indices of &£ , P is prime and m, n are integers

greater than 1, then X and Y are both powers of PF.

Proof. X"P = Y™ implies either (i) X = Y°Y' or

t
(i1) Y = X' X', where s and t are maximal in the sense
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that Y', X' are proper left-divisors of Y, X respectively

or are equal to 1.

If (i) £ = Y°Y' then XP = Y°Y'P and, since XP is a

proper right-divisor of Y and pr(Y®) < pr(Xxp) < pr(YB+1)

XP = Y"Y® where Y" is a proper right-divisor of Y or is
equal to Y. But pr(Y") = pr(Y'P) = pr(ZP) - pr(Y®) and
since Y" is a left-divisor of XP it is a left-divisor of X
and thus of Y, Hence Y" = Y'Q where Q is a prime index.
Now, Y" is also a right-divisor of Y so that ( is the
prime right-divisor of Y. Therefore ( = F and Y°UPp =
Y'PYS, j.e. Y° and Y'P commute. Hence, by Theorem 2.1,
Y° = i® and YP = Rb for some index R. Note that P is a
right-divisor of R and K is a left-divisor of Y and let

R = Yi!é...fk_lP where the Yi are prime. Then
XP = (Y1000Y a+b-lY P

P) 1 k-l

P)a+b’ X = (YloooY

k-1 k=1

and, as X"P = Y" and m>1,

a+b=1

a+b-1, waiP

l...Yk"l(Yl.‘.Yk“lP) g
- (Yl-.-fk_ll’) see

(Ylo L] .Yk"‘lP)

where g > 2a + 2b - 1. Since factorization into primes
is unique in £ the (k{a+b))th, (k(a+b)+l)th, «¢. ,
(k(atb)+k-1)th prime factors on both sides are equal, i.e.

Y 'P, Yz-Yl’ saey P-Yk" 1 k-l

1 - iy
and X and Y are both powers of P.

Hence Y od ....Y -P



% L9

If (ii) Y = X¥X' consider first the case when X'= 1.
Then X°P = X"°. Hence P = X°U°M
X=P and Y = Pt.

If X' #1 it is a proper left-divisor of X. Since P is

and since P is prime

a right-divigor of Y it is a right-divisor of X'. Let
X' = X"P, Now, pr(xt) < pr(Y) < pr (xt+1) and Y is a
right-divisor of X"P; therefore Y = X" X°P, where X™
is a proper right-divisor of X or is egual to 1. But X"
is a left-divisor of Y and therefore of X. Also X" is a
left-divisor of X and pr(X") = pr(X"'). It follows
that X" = X™ and Y = X'X"P = X"X®P. Hence XUX" = Xmx%,

i.e. Xt and X" commute and, by Theorem 2.1,

X e (xeex)® and X" = (Xe.ax))

where the Xi are prime. lemembering that n >1 we have
: 3 c+d c+d
(xlo--xh) ceeP = (xlnocxh) P(Xl...ih) son

where f > 2¢ + 2d. Comparing the (h(e+d)+l)th,

(h{c+d)+2)th, .e., (h(ec+d)+h)th prime factors on both si-
1 h-1"

Hence Xl B L, = Xh = P and both X and Y are powers of P.

des we have X = P, 12 = Il, K3 = Xz, coe xh = X

If PX" = Y" the proof is similar.

Note. In the statements and proofs of Theorems 2.1
and 2.2 no direct use is made of the operation of addition.
It follws that these theorems are really about the free
multiplicative logarithmetic éﬂx, and they actually apply
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to free semigroups. Indeed the free semigroup with p
generators is isomorphic to any subsemigroup of £”

generated by p prime indices.

THEOREM 2.3 » If X' + Y® = 2 where X, Y, Z are

indices of £ and p, q, r are integers greater than 1

then X =25, Y= 2® z=2"and kp = mq = nr - 1.

Proof. lLet Z = Zl

' . I P . r-l ’
I + Y9 = Z¥ implies X (Z)e0e2 )7772 0002 2! and

71 . " -
1"'Zn-1£n where Zn + Zn Zn {Cf.

(22), p. 302 or Chap. I, §10). Since Z is prime, 2!

...Zn, where the Zi are prime,
Q4 r-l
Y (zl...zn) Z

and ZH must be mutually left-prime.

Suppose ZQ,ZK # 1. Then X = UX' and Y = UY' where
X', Y' are mutually left-prime and neither is 1. Therefore
u(x'xPt s vyl o 2 ana x'xP7t 4 Y'Y s prime.
Since p,q>1 the potency of xrxP~1l 4 yrya-l 44 greater
than that of U and hence X'xP~1 + Y'¥9"! ig not a factor
of U. Thus a prime occurs only once as a factor of xP + Y9,
But every prime factor of 7" occurs at least r times, i.e.
more than once and XP + Y9 = 2¥ which is a contradiction.
Therefore either ZA or Zg is equal to 1.

Ir Z; is equal to 1, szn = Zr, where Znis prime and

k

p,r>1. Therefore, by Theorem 2.2, X = Zn' i = ZE .

Thus Y9 = zﬂr'lzg . Since q>1 the potency of Y is
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not greater than half of that of zgr-lz; « Now,

nr - 1 >0 and the potency of Z; is less than that of

Zn' which is prime. Hence all prime factors of Y are

equal to Z and Z7 = 1. Therefore 2 = 4! + Z7 =2

and X =25 Y= 2® Z e 2° where kp = mq = nr - 1.
If Z; = ] the proof is similar.

COROLLARY ("Fermat's Last Theorem"),

F+Y¥ =2 implies r =1 .
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CHAPTER III. HOMOMORPHS OF THE FREE LOGARITHMETIC

1, INTRODUCTION

Addition in the free logarithmetic £ is non-associa-
tive and non-commutative. Multiplication in & is asso-
‘cilative and right-distributive but not commutative nor
left-distributive. The following congruence relations

determine therefore homomorphisms on < :

commutative: Pe Q~Q+ P,
palintropic: PQ ~QP,
left-distributive: (P + Q)R ~PR + QR,
and entropic: (P+ Q)+ (R+ 8) ~(P+R)+ (Q+38)
(ef. (15)).

(e)
(p)
(d)
(e)

We denote the homomorph of & determined by congruence

relation (r) by éﬁr. It is known that :2; is a homomorph

of éip and that &; is isomorphic to 3;. The above
four relations determine therefore only five distinct
homomorphs: the free commutative logarithmetiec cz;,

the free palintropic logarithmetic éf;, the free entro-
pic logarithmetic éﬁe, the free commutative palintropic
logarithmetic ‘E;p and the free commutative entropic

logarithmetie éf;e.
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2. CONGRUENCE KELATIONS ON £

P = Q means that P and § represent the same index

in £ or the same tree in ".i« » We shall say that P is
congruent to Q modulo (r) and write P~ Q mod (r) if
(r) is an equivalence relation on £ and
either (i) P = Q;
ox (ii) P ~ @ mod (r) by direct application of (r)
(eege 2+ 3 ~3 ¢+ 2 mod (c);
2.3 ~ 3.2 mod (p); ete.);
or (1i4) P=P' + P", Q= Q' + Q" and P'~ Q) P"_Q"
mod (r);
or (iii') P=RP' and Q = RQ' and P'~ Q' mod (r);
or (iv) P = Rl'w R2- — Rk = Q where Riﬂv Ri+l
mod (r) (1 <4i<k=-1) by virtue of (i) or

(ii) or (iii) or (iii').

We prove that "eongruence™ on £ thus defined is a
congruence relation in the usual sense (¢f. (6), p. vii).
It is obviously a congruence relation for addition.

It suffices to prove

THEOREM 3.1 . If P~P'" and Q~ Q' mod (r)

then PQ~P'Q' mod (r).

Proof. PQ ~ PQ', by (iii'). We prove that the premi-
ses of the theorem imply PQ' ~ P'Q' mod (r). Use non-

associative induction on @',
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If Q" = 1 there is nothing to prove. Otherwise let
Q! = qi + Qé. Assume that PQiau P'Qi and PQE «aP'Qé.
Then, by (1ii), PQj + PQy~ P'Q} + P'Qy, i.e.
PQ' ~ P'Q', since multiplication in £ is right-distri-
butive.

For all congruence relations considered in the prece-

ding section case (iii') of the definition follows from

the other four cases.

THEOREM 3.2 . Let Pys Py p3 be equivalence relations

on £ defined as follows:

(1) Pp1Q if (I) P=8S+ Tand Q=T + 83

(2) Pp,Q if (I) P= ST and Q = TS;

(3) PpyQ if (I) P=(S+ T) + (U+ V) and

Q= (S+U)+ (T+V);
also Pp, G (=3, 2, 3) &2
either (II) P = (3
or (III) P=P' + P", Q = Q' + Q" where P'piQ'and P"p1Q";
or (IV) P = glpiﬁzgiRBpi...pihk = Q where Rspiﬂa+1
by virtue of (I) or (II) or (III).
Then Png is eguivalent to P~ Q mod (c),
PpZQ is equivalent to P~ ¢ mod (p)

and Pgaq is equivalent to P~ Q mod (e).

Proof. Pis Poo 33 are obviously congruence relations

for addition. It remains to prove that PpiQ implies
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RPpiRQ (i=1, 2, 3)s Ve consider the four cases in
which PpiQ.
(1) If (I) P= 5+ T and Q=T + S then
R(S + T) = RS + RT, since multiplication in £ is
right-distributive,
P RT + RS, by (pl).
= R(T + 8).
Hence, by (IV), RPplﬁq.
(2) If (I) P = ST and @ = TS the proof is by non-associa-
tive induction.
When T = 1, P = Q and thus RPp,RQ, by (II).
Let T =T'" + T" and assume that RST'pZRT'S and
RST"szT"S. Then
HST = RST' + RST"
pzﬂT'S + RT"S, by the induction hypothesis and (III),
P, SRT' + SRT", since (KT*)Sp,S(RT') and
(RT")szs(RT"),
= SR(T'" + T")
= SRT
RTS, by (pz).

Hence RszRQ.
(3) If P=(8+T)+ (U+V), Q= (S+ U)+ (T+ V) then
EP = (RS + RT) + (KU + EV), since multiplication in £
is right-distributive,
pB(RS + RU) + (KT + RV), by (p3J,
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= R((S + U) + (T + V))
= R .
Hence RPpBRQ.
Further, for all three relations:
if (II) P = Q, we have KP = KQ and thus RPpiRQ;
if (III) P=P' « P", Q=@ + Q", where P'piQ‘, P"p, Q",
the result is easily provable by induction on alti=-
tude {or potency) of P;
if (IV) P = HlpiRzpigjpi...piRk = Q, where E_p.R_. by
virtue of (I), (II) or (III), the proof is by

induction on k.

It follows from the above theorem that congruence rela-
tions mod (p), (¢), (e) are completely defined by cases
(1), (ii1), (iii) and (iv) of the definition and in all sub-
sequent proofs in which it is premised that indices or trees
are congruent it will suffice to consider these four cases

only.



- 57 =

3. FREE COMMUTATIVE LOGARITHMETIC. FREE
ENTROPIC LOGARITHMETIC

Commutative logarithmetics have been studied by
Etherington ((11), (12) and (15)). In this section we
only add a theorem on faithful representations of the free
commutative logarithmetic %c.

Denote the homomorphs of V', @ , () (the algebras of
all y-, 8-, u~-polynomials) determined by congruence
relations

V(A,p) ~ ¥lp,A),  O(A,p) ~8(p,A), old,n) ~ w(p,Ar)
by *1_[/1'{ » @, th respectively.

THECREM 3.3 . &L, is faithfully represented by I,
also by &, and by () .

Proof. We prove first that
V(A,p) ~ ¥p,A) (v)
implies ‘I’P+Q M¢Q+P'
¢P+Q(l.u) = Vp(Ap)ed + LT
~ Vpyq(sr)y by (2],
= Ypolu,A)ep + lifq(u,l)-?\
~ lifp(l,u)-n + wth,u).x. by (4],

= 2
1’Q+P(lsﬁ)
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To prove the converse, i.e. that implies (1),

Peq ~ YQeP
note that Wlfu *1 mod (+) and use induction on the

altitude of P+ Q.

When GP*Q = 1, VP+Q(K,M) = A + u while ¢P+Q(p,h) = U+ A
Suppose the theorem holds for altitudes less than a (a>1)
and let aP+Q = a, Then
= ]‘]'rp(hi“)‘u' + @‘Q(l’“).h
~ qu(p,h).u + n;rQ(p,M.x, by the induction
hypothesis since
aP, CI.Q < a,
- )FP‘*Q(“!A)

The proof for 8- and w-~polynomials is almost identical.

The free entropic logarithmetic =£e is a homomorph
of the free palintropic logarithmetic, that is to say
PQ and QP are congruent modulo (e) for all P and Q.
This result was essentially obtained by Murdoch ((32),
Corollary to Theorem 10) and in a more general form by
Etherington ((15), Theorem 4). Etherington has also
proposed the question ((16), p. 249) whether the free
entropic logarithmetic is represented faithfully by
index ©-polynomials in commuting indeterminates A, u.

Call index polynomials in commuting indeterminates
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palindromic. It is known that palindromiec 8-polynomials
represent faithfully the logarithmetic of the general
train algebra of rank 3 (v. (16), p. 249). Etherington's
question amounted therefore to this: are the free
entropic logarithmetic and the logarithmetic of the
general train algebra of rank 3 isomorphic? In 1954

I communicated to Dr. Etherington the following example

which answers the question in the negative.

Example. The indices (4 + 1) + (1 + 3) and
(3 + 1)+ (1 +4) are not congruent mod {e) although
their palindromic 6-polynomials are both equal to

12#2 2 2 2 2

+ Ap+Ap + AT+ A+t pe+l.

o PALINDROMIC {=- AND ©-POLYNOMIALS

Palindromic index }y- and ©-polynomials are polynomials

in two commuting indeterminates A, p over the domain of

integers and are defined as follows:
¥ =1, Vpoq = Mp + W
91"0, 0P+Q.lg + e+ 1 .

The algebras of palindromic index polynomials are homo-
morphs of the algebras of the corresponding index poly-

nomials (in non-commuting indeterminates) determined by
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the congruence relation
A = pd (t)..
This homomorphism induces a homomorphism on <. The

resulting homomorph is called the free palindromic loga-

rithmetic and is denoted by . £, is a homomorph of
%e (ef. §3). It is not known if &’t is equationally
definable on <. Note that even if L, is not equatio-
nally definable on L it may be so on L., the lattice of
all trees (or indices).

The terms of a palindromic index polynomial of a
tree P still represent knots of P: those of @P represent
the free ends of P and those of OP the nodes of forks
in P, Each term of an index polynomial is determined by
one or more knots of the corresponding tree; a term vhrug
is the sum of v monomials era which are determined by
v knots in the tree. The palindromic ¢; or ©-polynomial
can be written down by inspection of the tree, exactly
as the corresponding general index polynomials, except

that the distinction between Ap and pA is here ignored.

Example.
Peif+ (2,2+1)
AR TR T T W R LT G

QP = lzp + ZApz + 2\ + A+ pu+ 1.,
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Terms of palindromic index polynomials can be represen-
ted by weighted lattice points on a "tree pattern” in the
following way: Let 0i, O be two semi-axes making_h5°, or
any other convenient acute angle, with the upward vertical;

the term vki ;,;,J '

corresponds to the point (i, J) and its
weight is v .. This representation is suggested by the
fact that if a tree is drawn so that the arms of all its
forks are of equal length and make 45% with the upward
vertical then knots coincide if and only if their terms
are equal (when A, p commute) (ef, fig. on p. 60).
Palindromic index polynomials are represented by certain
sets of weighted lattice points on this pattern; terms
not appearing in the polynomial can be regarded as having
weight O.

Etherington (16) gave necessary and sufficient condi-
tions that a given polynomial Z:"i Aipj should be a

J

palindromic index O-polynomial. They are: (i) all ﬂij

are non-negative integers, (ii) if i,j are not both

" < ni-l,J . ﬁi,J-l’ (iii) Mo ™ Qor1l.

It follows that in any representation of a palindromic

zero,

@-polynomial on a tree pattern the weights of the points
(i, 0), (0, j) cannot exceed 1 and that of the point
(i+1, j+1) cannot exceed the sum of the weights of points

(i+1,j) and (i, j+l1).
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Example. PeolL+ (2,24+1),

yp = Kp o+ TR T s LT

9P=A2p+2)\u2+2hp.+k+u+1.

(In the remainder of this section "index polynomials"
will mean "palindromic index polynomials" and vp, GP will
denote palindromic Y-, 6-polynomials.)

We now obtain a necessary and sufficient condition
that zzvijlipJ be an index }~-polynomial (Theorem 3.6).
Call a polynomial zzvijkipj ordered with respect to

A if the term quhpuq precedes the term vrsﬁrps when
p+g>r+s orwhen p+ g=1r+ 8 and p >r. The
first term of a polynomial ¢, when ¢ has been ordered

with respect to A, is called the leading term of 9.

THEOREM 3.4 . If a y-polynomial y can be written in

the form ¢ = A?pg + 9, where ¢ is a polynomial in A, p
with non-negative coefficients, and ¢' is any Yy-polynomial

then hiij' + 9 1is a y-polynomial.

Proof. Use induction on n(¥), the degree of Y.
If n(y) =1, ¥ = A+ p and the theorem holds since
both A + p¥' and Ay' + u are y-polynomials.
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Suppose that the theorem is true for y-polynomials of
degree less than N (N>1) and let n(y) = N. Then
Vo= 1y + p?a and either (i) W contains a term xi‘lpj,
or (ii) VB contains a term Alp j 1, or both.

If (1): let @A ad= 1pd * 9 where ? is a polynomial
in A, p with positive integer coeificients.

b= Al 49 and ¢ o= M, ¢+ wig dmply @ = Ao, + wly.
Now, n($AJ < N and therefore, by the induction hypothe-

sis, 11'1uj$' + ?A is an index y-polynomial. Hence

i- i iJ
A(A lu"%f' +9,) ¢l =X uj\l!' + (g, + pip) =X plyr o+ g
is also one. Similarly if (ii) is the case.

Note that if ¥, ¥' are the y-polynomials of P and Q
respectively then hiuJW' + ¢ is the y~-polynomial of a
tree obtained by joining the root of @ to any free end of P

id

whose term is A ™pY.

COROLLAEY 1. If P1s Pos oo+ » @, are polynomials in

A, p with positive integer coefficients such that zz:¢i
is a y~polynomial and vl, Wz, cee wr are any y=polyno-
mials then ;§§¢1¢1 is a y=polynomial.

i

COROLLARY 2. If ¢ is a y-polynomial containing the

term vijkiuj then ¢ + (A + p - l)kiuj is also a y=poly=-

nomial.
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COROLLARY 3. If ¥ is a y~polynomial containing the

term v lipd then ¥ + (A + p - 1)vk?pj, where v is a po-

ij
sitive integer not greater than vij’ is also a V=-polynomial.

Proof. Apply Corollary 2 v times.

Note that the converse of Theorem 3.4 is not true,
i.e. the fact that i uJ#' + ¢ and V' are Y-polynomials
does not imply that A?uj + ¢ is one. For example
V343 = Mok, + e e but et e d e ts
not a y-polynomial. We can, however, prove a somewhat

weakened form of the converse of Corollary 2:

THEOREM 3.5 « Let ¥ be a ¥-polynomial of degree n

in A,p (n ¥ 0) and let vkrﬁ?be its leading term. Then

¥ = (depe-1)a"% 15 & y=polynomial.

Proof. If y is the y-polynomial of F then
Vo(Aepe- 1)1"1ps is the y-polynomial of the first
principal subordinate of P. To prove the theorem formal-
ly use induction con n.
Ifnel, y=A+p and A*"1u% = 1 . Therefore
V= (A+p- 1)hr~lua =1l=y, .

Assume that the theorem holds for all y-polynomials of

degre¢ less than N (N>1). Let § be of degree N.
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Then ¢ = A" + pl" where §', " are y=-polynomials of

L ] s' r" s“
degree less than N. If v'f‘u y V'A u are the leading

terms of y', " then either (i) r = r'+1 and s = g
or (ii) r=r" and s = 8"+ 1 (or both). Also, by the

. r'-1 s'
induction hypothesis, ' = (A + p - 1)X g and

rt*-1 s" : .
") are y-polynomials. Therefore

" - (A p - 1A
12 (1) A(¥ = ve p e AT L) o uye
o R R A ¢ N DIy
=y - (A4 p e TS
is a ye-polynomial;
and if (ii): Ay' + p(¥"™ = (A + p - l)Arﬂﬁlpa")
= A 4+ p" - (A p - l}hr"-lps"+l
=y« (hep-1n"L0

is a y~polynomizl.

COROLLARY. The premises of Theorem 3.5 imply also
that ¢ = (A + u = 1)vA"" 1,5 18 a y-polynomial.

Proof. If v = 1 the corollary reduces to Theorem 3.5.

If v>1, the leading termof ¥ = (A + p = 1)1""%’ is

(v « 1)378, Hence ¥ o (A +p«21)227 2% is a y=poly-

nomial; and so on.

THEOREM 3.6 . A polynomial ¢ = Zvijhip‘j (9 ¢ 1) with

positive integer coefficients and leading term v l?pa
rs

is a y-polynomial if and only if ¢ = (A + p = 1)vrsxr-lps

is @ y=-polynomial.
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Proof. DNecessity follows from the Corollary to
Theorem 3.5 .
Sufficiency: Since all coeffients of ¢ are positive

integers, the y-polynomial ¢ = (A + p = l)vrshr'lps

contains the term vlr'lpa (v z-vrs). Then, by Corolla-
ry 3 to Theorem 3.4,
(¢ = (A + p - l)vr g e 8) + (A +p - l)v A lps = @

is a y-polynomial.

Theorem 3.6 provides a useful algorithm for ascertain-
ing if a given polynomial ¢ is a Yy-~polynomial. In fact

0, the sum of coefficients in ¢, is greater than that of

r-1 s
v

9 - (A+p - l)vrsl and the process will determine

whether ¢ is a y~polynomial or not in less than ¢ steps.

Obviously a polynomial ¢ = > pJ is a 6-polyno-

J
mial if and only if (A + p - 1l)9p + 1 is a {~polynomial.

We may expect that if all m, ., are positive integers and

ij
the leading term of ¢ is Poul Bhr-lps then 9 is a ©=-
3
polynomial if and only if o - m _; A""1u® is one.
]

The condition is in fact necessary, viz.

THEOREM 3.7 » If @ is a ©-polynomial and
e l

r-1,s

its leading term then € - = is a ©-polynomial.

r-1,s

Proof. The premises imply that (A + p - 1)0 + 1

is a y-polynomial with leading term m_, sx? 8
3
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Therefore, by Theorem 3.6,

(A ap=100+1)= (hsp=im g 2HS
» i% %5 = XIQ - n'r_l’shr-lp.s) .1
is a y=-polynomial, say WP. Hence © - m ard.s . g,

r-l,s “ P

The condition, however, is not sufficient, i.e. the

mere fact that ¢ - m AT=1,% 45 a @-polynomial does

r-l,s
not imply that ¢ is ona.’ For example, (5&2 + A+1) - 5&2
is a @-polynomial but 5A% 4+ A + 1 is not a @-polynomial.
To see why it should be so, let us try to use the method
of proof in Theorem 3.7 to prove the sufficiency of the
condition. Let therefore ¢ = '"r-l,s A* 'lps be a G-poly-

nomial, QP say. Then

q;P = (A+p=1)(¢ - el AF-1,8)

= ((A+pe=llp+ 1) - (l-l-p.-l)ﬂr_l’s

and, by Theorem 3.6, (A + p - 1l)p + 1 is a y-polynomial

kr-lps

(and thus ¢ is a O~-polynomial) provided that all coeffi-
cients of (A + u - 1)9 + 1 are positive integers.

Since ¢ itself is a polynomial with positive integer
coefficients, this additional condition amounts to:

Ty < Mie1,5 * T4,3-1 (i, Jj not both 0), which is Ethering-
ton's condition (ii).
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5. FREE COMMUTATIVE ENTROPIC LOGARITHMETIC

This logarithmetic has particularly interesting faith-
ful representations by index polynomials. We introduce
for it a special nomenclature and notation., If two indi-
ces or trees, P and (, are congruent mod (c)(e) we call

them concordant and we write P ~ Q.

Observe that (P + Q) + (R + 8) ~ (A + B) « (C + D)
where (A, B, C, D) is any of the 4! permutations of
(P, @, R, S). Indeed this fact together with the relation
l+P~ P+ 1 are equivalent to (c)(e). This suggests

THEOREM 3.8 . If two subtrees of the same order of a

tree P be transposed the resulting tree (Q is concordant to P.

Proof. The theorem holds trivially when P is of alti-
tude 1. We use induction on altitude and assume that the
theorem is true for trees of altitudes less than a.

Let P be of altitude a.

(L) If P=P +1 or 1+ P', both subtrees must
belong to P', a tree of altitude a~1l; the result
follows by the induction hypothesis.

(2) If P = (Pl - P2) + (P3 + Ph) then:

(a) If both subtrees belong to ?1 + P, a tree of

altitude a-l, the theorem again follows by the
induction hypothesis.

Similarly if the two subtrees belong to P3 + ﬁh.
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(b) If one subtree belongs to P, and the other

to P3 (or one to P2

result follows from (a) since

and the other to Pk) the

(Py + Py) + (P3 + Ph)-o (Py + P3) v (P # Ph)'
(e) If one subtree belongs to P, and the other
to P, (or one to P, and the other to P3) the
result follows from (a) since
(Pl + Pz) - (P3 + Ph)-& (P1 + P2) + (Ph + PB}
A»(Pl + Ph] + (P2 + PB).
(Note. The proof of the equivalent proposition (which

is false; v. Example in §3) for the non-commutative entro-

pie logarithmetic fails in case (2)(c).)
We shall require a more general form of this result.

LEMMA. If a tree P has a free end at altitude a
then any tree Q concordan®% to it has also a free end at

the same altitude.

Proof. The lemma is quite obvious if (i) P = Q, or if
(i1)(1) P = (R+8) + (T+U) and Q= (R+7T) + (S+U),
or if (i1)(2) P= R + 8 and Q= S + R.

It is easily provable by induction on altitude
if (iid) P=R+ S, Q=R + 8 and R~ K, S~ 8§
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P is an nth superior of R if R is an nth subordinate
of P. We shall use the following notation: Let a first
superior of R be denoted by R or by E(a) if the node of
the additional fork in the superior is at altitude a.

R (or E, ) denotes a definite though unspecified tree,

(@)
not the class of all first superiors of R.

THEOREM 3.9 . If P and Q are two concordant trees,
each with a free end at altitude a, then ﬁta) A a(a)'

Proof. Consider in turn the four cases defining P ~ Q.
(i) If P = Q the result follows from Theorem 3.8 .
(i1)(1) P = (R+8S) + (T+U) and Q= (R+T) + (S+U),
One at least of R, S, T, U has a free end at
altitude a-2; let it be K. Then

-—

Pla) "(ﬁ(a-z)" 8) + (T + U), by Theorem 3.8,

_— + T)+ (8+ U), by (e),

(a=2)
& é(a)’ by Theorem 3.8 .

(ii)(2) P=R + S and Q= S + R. First suppose that K
has a free end at altitude a-l. Then

P(a)'é R(a-l) + S, by Theorem 3.8,
~ 84 R, q)s by (),
~ Q(q)» by Theorem 3.8 .
If R has no free ends at altitude a~l, S must have

one; the proof is then similar.



- 71 »

(iii) P= R+ S, Q=R'+ 8 and R~ R', S~ 8.
Suppose that R has a free end at altitude a-l.
Then, by the lemma, R' has a free end at the same
altitude and F(a)'* E(a~1) + 8, a(a)’b R&aal) + St
These are concordant if H(a-l)’b Ria-l) . Use
therefore induction on a.” Again, if R has no free
ends at altitude a~l then S must have one and the

proof is similar.

(iv) If P= R, * R~ see~R,_= Q then by the lemma

1 2 k
each Ri has a free end at altitude a. The proof

is by induction on k.

We are now in a position to prove the principal theorem

on the structure of concordant trees.

THEOREM 3.10 . Two trees are concordant if and only

if they have the same number of free ends at each altitude.

Proof. Let the two trees be P and Q.
Necessity. Let p,, q;, riy 85, by, uy denote the numbers
of free ends at altitude i in the trees P, Q, R, 5, T, U
respectively.

(i) If P = Q there is nothing to prove.

(i1i) If P= (K + S) + (T+U) and Q= (R+ T) + (S + U)
s + t

j-2 ¥ Yyt W0
= 0.

then p, = q; =Ty o *

< = = =
(2<1i< uP) and Pp " P "9 "9
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(1i)(2) If P=R + S and Q=S+ R then
Py =ay =Ty 3+ s (1<ige)
and pgy = 4y = o.

(1ii) P= R+ S8, Q=T+ U and R~ T, 8 ~U. The
condition is obviously necessary if e, = 1.
Use induction on altitude of P, The lemma to
Theorem 3.9 implies that altitudes of concordant
trees are ecual. The altitudes of P and Q are
therefore equal and those of K, 3, T, U are all
less than a_. Thus, by the induction hypothesis,

P

ri = ti and si = ui for all i. But

Py " Pyoy * 8430 Qg ™ %y % By e
(iv) If P = Rl’b Ry~eee~R = Q the necessity is

proved by induction on k.

Sufficiency. Note that the potency of any tree T is
Oy = 2; t; and use induction on the potency of P.
If BP =1, P= Q=1 and the condition is obviously
sufficient. Assume that it is sufficient for trees of
potency less than d. Let bp = DQ = d, @, = aQ = a
and let K, S be the first principal subordinates of P,
Q respectively. Then, since P, = q4 (1 <€45al,
ry=s;=p; (1S£1<a2), r,_ =8, =P,y *1 and

s = 8Sg = pa - 2. But the potencies of R and 8 are

Hence Py = Q4
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equal to d-1l. Thus, by the induction hypothesis, R and
S are concordant and , by Theorem 3.9, ﬁ(a-l)’L g(a-l)'
Now, by Theorem 3.8, P ~ R(a-l) and Q A‘s(a-l)'

Hence the result.

A similar necessary and sufficient condition can be
obtained for numbers of nodes (or of all knots) at each

altitude.

6+ ¥~ AND ©-POLYNOMIALS IN ONE INDETERMINATE

The altitude of a knot is equal to the degree in A, p
of its term. This and Theorem 3.10 suggest that concor-
dant trees (or indices) can be represented by polynomials
in one indeterminate in which the degree of each term
corresponds to the altitude and the coefficient to the
number of free ends at this altitude. We now introduce
such index polynomials, study their properties and prove
that %fce is faithfully represented by them. It turns
out that these are Etherington's original index polyno-
mials (ef. (12)).

The algebrag of the two types of index polynomials
defined below are homomorphs of ¥V and @ determined
by the congruence relations:

P(A,u) ~ ¥ {h,m) 4f ¥(A,A) = ¢ (A,A)  in M[A,ul;
O(A,u) ~ 8" (A,p) if &(A,A) = 8'(A,A) in M[A,u].
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It is convenient therefore to call them index ¥v- and

G-polynomialg in one indeterminate and to denote them

by WP(k) and Qp(k) or, where no confusion is likely
to arise (as in this section), simply ¥y~ and 6~polyno-

mials and to write wP and GP.

Definitions.
(i) Index y~-polynomials in one indeterminate:
$l(1) =1, ¢P+Q(l) = ki@P(h) + &Q(KJJ.

(ii) Index O-polynomials in one indeterminate:

We have w? = (2A - l)OP + 1. This is easily proved

by none-assoclative induction. For, since 91 = 0,

&l = (27 - 1)01 + 1 and if we assume that WQ = (2&-—1)9q-t1

and ¥, = {2\ = lJOR + 1 then
¢Q+R = 1(¢q + WR)
= A{(2\ - I)QQ + 1+ (20 - 1)9R + 1)
= (2A - lJ(l(OQ + OR) + 1)+ 1

= (2A = l)OQ‘.R-l- 1.

Call the term of maximal degree in A in a polynomial
(A} the leading term of @(A). It is easily seen that

all coefficients in index polynomials defined above are ’

non-negative integers and that the coefficient of the

leading term of wp (P # 1) is even.
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THEOREM 3.11 . The polynomial ¢ = 2AT + ¢', where

¢' is a polynomial in A with non-negative integer coeffi-

i-1

cients, is an index Y-polynomial if and only if A @!

is one.

Proof. 1If 211 + @' is an index y-polynomial, *p say,

then (2a1 + @) - aad & ad=l g i

nomial of a first subordinate of either P or of a tree
ki"l *

+ ¢' dis the y-poly~

concordant to P. Again, if @' is a y-polynomial,

vq say, then (li'l + o) - ad=l , ;i =2l p' is the

y-polynomial of a(i-l)’ a first superior of Q.

To these somewhat loose remarks we add a formal proof.
Necessity. Use induction on n(¢), the degree of o¢.

If n(¢) =1, o =2\, i.e. i=1, ¢' =0 and therefore

hi-l

+ 9! =1= &1. Assume that the condition is necessa~
ry for y-polynomials of degree less than m. Let n(¢) = m.
Then ¢ = 2&1 + @' = l*A + h#B and

either (a) *A or &B contains a term vAi~l with v == 2

or (b) wA and WB each contains a term AT~1,

If (a): suppose that ¥y contains a term val=l and 1et

wB - al-l, 5 where 5 is a polynomial with non-negative
coefficients. Then, since n(WB) <m=-1, Ai'z + 9 is a
Y=polynomial and A=l , o' = ¢ - al 4 ai-1

= Ay, + My - aal 4 ad-l

= Ay, + (2al s Apy) - al s -l
= Ay, + A(ALI-2 op)

is also a Y-polynomial.
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If (b): 1let wA = l¢ﬁ + 1¢ﬁ, ¢B

I 7 1

= l*ﬁ + A&Bz and

suppose that &A and &B each contains a term 11'2. Then
| I
¢ = A(kwAl+ ka) + h(A¢Az+ Ang = My + Ayp, say, where

11‘2

*C contains the term 2 and the proof proceeds as in

case (a2).

Sufficiency. Let ?@ = al-1, ¢'. Then

9 = *P + {2\ - 1)&1'1. Use induction on n(wp).

If n(yp) =0, yp=1,41=1 and ¢g=1+(2A~-1)=2A= Ve

Suppose that the condition is sufficient for polynomials
of degree less than m (m>0) and let ntwp) = m. Then
&P = hﬁQ + xwﬁ and either ¥ _ or ¥_ contains a term

Q R
vai-2 {v>0); let it be wR' Hence wﬁ can be written in

the form 11'2

+ vR. where P is a polynomial with non-
negative coefficients, and, since n(wR) < m, 211‘1 + 9
is an index y-polynomial. But
9= ¥p + (22 - Ad-d
= Mg ¢+ AR o op) + (22 - apd-d
= A + Mo + 2t

and is therefore also a y-polynomial.

COROLLARY 1. A necessary and sufficient condition
for ¢(A), a polynomial of degree n (n > 1) with positive
integer coefficients,to be an index y-polynomial is that
o = (2n - 1)A""1 should be one.
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COROLLARY 2. ¢(A), a polynomial with positive coeffi-
cients and leading term vkn, is an index VY-polynomial if

and only if ¢ = (2A = l)éln'l is one.

Necessary and sufficient conditions that ij viki should
i=0
be an index @-polynomial have been given by Etherington
((16), p.251). They are: (i) all vy are non-negative
integers; (ii) if i # 0, Vi S 2y 43 (iii) Vg = 0or 1.
The necessity of these is quite obvious. The sufficiency

n
can be proved by above Corollary 2. For jij vili is a
i=0

n
@-polynomial if ¢ = (2A - 1)(£Ej vili) + 1 is a y-poly=-
=0
nomial and this is so if

n
' = (27 - 1)(2\:111) + 1~ (2n - llvnhn
i=
=
= (2\ - l)(zzgvili) + 1

is one. Now the degree of ' is less than that of ¢.
The proof is by induction on degree.
n
It is worth noting that if :Z:vili is an index ©-polyno-

i i=0
mial then so is v4AT (0K r <),

THEOREM 3.12 . The free commutative entropic logarith-

metic is faithfully represented by index y-polynomials in

one indeterminate.
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Proof. I. To prove that concordant indices have the
same y-polynomial, i.e. that (P ~ Q):¢>(¢P(l) = ¢Q(h)):
(i) If P = @ then obviously Vp = &Q
(i1) (1) If P = (R+8) + (T+U) and Q = (HfT)+(S+U)
= 2\

then Wp = $Q A (#R + *S + *T + wu).

(ii)(2) If P=R + S and Q= S + R
then ¢P = wq = h(#a e Ws).

(ii1) If P=R+ 8, Q=T+ U and R~T, 8 ~U
then *P = k(wR + *S) and ¢Q = A(#T - @U) which
are equal if wR = ¢T and ws = ¢U. Use induction
on altitude.

(iv) If P = Ry~ Ry~ eee~R = Q, use induction on k.

II. To prove that (*P = ¢Q)=$~(P ~ Q): @P = *Q im-

plies that BP = §, and @, = a.. Use induction on 6P.

If BP =1, P= QQ- s Aasumj that the theorem holds
for indices of potency less than d. Let SP = d,
Consider the trees P and Q. Their first principal sub-
ordinates have both the y~-polynomial &P - (21-1)&“P"l .
The potency of these subordinates is d=-l1 so that, by the
induction hypothesis, they are concordant. Now, P and @
are their sﬁperiors satisfying the premises of Theorem 3.9.

The result follows.
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COROLLARY. The free commutative entropic logarith-
metic is faithfully represented by index 6-polynomials

in one indeterminate.
For (P~Q)<=(yp = flfQ)
<—=((2An - 1)@P + 1= (21 ~ 1)9Q + 1)

<=>(9P = QQ).
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CHAPTER IV. BIFURCATING ROOT-TREES OF INFINITE ALTITUDE

1. INTRODUCTION

The development of a mathematical theory depends both
in form and in meaning on its author's conception of the
nature and the purpose of mathematics. This is not so
evident in theories dealing with finite quantities only,
as any theory which concerns a finite number of given
mathematical entities is per se constructive (unless one
adopts the extraordinary course of defining the finite
by means of the infinite). When, however, a theory deals
with non-terminating processes, its development is enti-
rely conditioned by its author's philosophical point of
view.

Root-trees of infinite altitude have been studied,
essentially from a formalist point of view, by Hourston (24).
In the present chapter we develop a constructivist theo=-
ry of bifurcating root-trees of infinite altitude.

The sequence N of natural numbers is a basal intuition
of mathematics. This sequence is non-terminating, i.e.
every natural number has a successor. This is precisely
what we mean when we say that the sequence of natural num-
bers is infinite. What is definitely not meant is that
there is an actual completed infinite aggregate of all

natural numbers. Such an assertion would be tantamount
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to saying that an unfinishable process can be completed
which is contradictory. We shall use the terms: ordered

species, similar ordered species, order type, segment

and sum of an ordered species of ordered species, in their
usual meaning as, e.g. defined in (8) (where, however,
order type is called Ordinalzahl).

A seguence S of mathematical entities, called elements
of S, is a law which gives the first element of S and a
method of constructing the nth element when its predece-~
ssors are known. A sequence is said to be finite if it
is similar to a segment of N and infinite if it is similar
to N itself.

A well-ordered species is defined as follows:

(1) A sequence is a well-ordered species;

(2) The sum of a sequence of well-ordered species is a
well-ordered species.

The order type of a well-ordered species is called its

ordinal number.

A finite bifurcating root-tree can be defined (ef.
{(15)) as a law which at the first stage partitions a
given ordered specles, called the basis of the tree,
into a left and a right subspecies, and at each subse-
cuent stage partitions all subspecies which do not con-
sist of a single element into a left and a right subspe=-

cies. After the final stage all subspecies consist of
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single elements. The ordinal number of stages is the
altitude of the tree.

This definition of finite trees can be extended to
trees of transfinite altitude (c¢f.(24)). As a trans-
finite well-ordered species of partitions may not have a
final stage and as some stages may not be immediately
preceded by another stage, we can require only that every
element of the basis should be ultimately separated from
any other. In order that this definition be constructive,
the basis and the law of partition must be given initially
in such a2 way that there is an a priori certainty that the
conditions of the definition are complied with. Such a
definition would be unwieldy, moreover it would be diffi-
cult to define trees of large transfinite altitude. This
can be avoided if we abandon partitions as the basis of
our definition. It is clear that transfinite trees can
be defined as infinite sequences of finite trees where
each tree of the sequence is a subordinate of its succe-
ssor. 7This approach gives a very satisfactory definition
which enables us to define even trees which cannot be de~
fined constructively by means of partitions (i.e. which
would require a "non-denumerable” basis). It is not
possible, however, to define constructively in this manner

any trees of altitude greater than w. In order to define
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a tree of any transfinite altitude we generalize the
concept of index w-polynomials and represent trees by

sums of transfinite products.

2. SEQUENCES OF TREES AND LIMIT TREES

An infinite sequence of trees {Pi} is called increasing
if Py S Py iee. if P, is a subordinate of P, ,, for
all i. In what follows "sequence" will mean "infinite
increasing sequence".

A sequence {P,} is said to be an gchelon sequence if

i
T is equal to i and Pi 2 K‘Pi+l
for all i. For instance the seguences 2, 22, 23, 2k

a?i’ the altitude of P
s oo
and 2, 2+2, 343, 4+4, ... are echelon sequences while

the sequences L, 5, 6, 7, .+« and 2, 3, 32 . 33 . 3“, oo
are not.

Sequence {Q;} is called a subordinate of sequence

{Pi} if for each i a number j = j(i) can be found such
that Q; < P;. We write CREEIAL

If all trees in a sequence are equal to a fixed tree
the sequence is said to be gonstant. Any sequence subordi-
nate to a constant sequence is called bounded. Obviously
a sequence is bounded if the corresponding sequence of
altitudes is bounded. If the sequence of altitudes
corresponding to the sequence {P,} is unbounded, i.e. if,

given any number K, a number I = I(K) can be found such
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that aPI-y K, the sequence {Pi} is said to be unbounded.
A sequence need not be either bounded or unbounded.
Consider the sequence {P;}, defined as follows: P, = 2
if among the first i digits in the decimal expansion

of m no sequence 0123456789 occurs, and P, = i (where
i denotes the right-principal tree of altitude i-1l) if
it does, is well defined but is neither bounded nor un-

bounded.

THEOREM 4.1 . If {P,} < {Pj] and fQ;} <{q}]
then (1) [Py + Q) < {P] + qQ},
(11) {P; U @4} Py UYL,
(i11) {P; ~ @4} < {P{ ~ Q}}.

Proof. Let i be any suffix. Since {Pi‘; < {Pi'} and
{Q;} < {Q}} numbers h and k can be found such that
P; £B and Q4 < Q,;. Let n be any number greater than
both h and k. Then since the seguences {Pi} and {Qi}
L ?
are increasing P, < P! and Q, £ Qp, i.e.
-

pr =8 + ¢ and 6., =86, + Py where ?0 @
n

i 1 Qﬁ Qi 2
sre polynomials with nonenegative coefficients.
(1) e = Q.,A + @ + 1
P Segeay " Ot S

= (@, + A+ (6. =+ Ju + 1
P ¢ ) (Qi v, u

= QP A+ GQ p + 1 + (terms with non-negative
i i coefficients)

=0 + (terms with non-negative coefficients).

Fi+Qq
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Therefore
Py + @SB+ Q) teew Py e af 5 {Pf v qgf.
ii) Since {e,} C {6, and {6,}c{@,.,] then
obviously {Q?i}u{eqiic;{epﬁ]u{gqﬁ}, L8
PpuQy S RBIuQY .
(11i) Similarly {epi}n{%i} C{oPﬂ}n{e%l, i.e.
PynQy SFnGQy -

Note that we cannot state a similar theorem about
{PiQi} since the fact that {Pi} and {Qi} are seguences
does not imply that {glqi} is an (increasing) sequence.
For example, the sequences {Pi} = 3+1, 3+1, 3+1, ...
and {G;} = 2, 3, 4, ... are both increasing but (3+1)2
is not a subordinate of (3+ 1)3, for
9('3_'_1)3";1.13+plpl+l,3+k.nl+plp+lz+kp+pk+l+p+l

2

while 9(34112 = plz + pAp + A" + Ap + A+ p 4+ 1 and

{9(3*1)2} is not a subspecies of f9(3+1)35.

If (P} < {Q) and {Q4} < {P;] we say that the two
sequences are eguivalent and write {Pi}“"{qi}' It is
easily seen that this relation is reflexive, symmetric
and transitive.

We define the sum, the union (l.u.b.) and the inter-

gection (g.l.b.) of two sequences {P;} and {Q;} :
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{Pi} + {Qq1 = {Py + Q41,
{Pgt v {Qg} = {Py U Q41
{Pi}ﬁ{qi] '{Pif\qi}'

THEOREM 4.2 « {P4} + {Qq} ~ {PJ} + {Q]} 4if and
only if {P,} ~ [P}} and {Q;}~ {Qf}.

Proof. Sufficiency is obvious.
Necessity: We have {Pi + Q) ~ {Pi' + Q}}. Therefore
there exist numbers h, k such that Pi + Qy S Pﬂ + Q}'1
and P{ + Ql < Pk + Qe But this implies

Py <SPy Q3 SGQf P 2P, Q=G
For {Qpil + Bge * 1} c {Opﬁl + gy * 1} and, since

the only terms on the right-hand side ending in A are
{e_, A}, {6, AYc {o A i.e. {0, }c{0,,}. A similar
Pfx ’ { Pi Pl"l }’ Pi Pﬁ

argument holds for the other subordinates.

Given any two increasing sequences {Pils ’ {Qi’r,
either (1) {P,} < {q,},

or (ii) {Qi} < {Pi} -

or (iii) {r,} Q.}, i.e. we can prove that {F.} < {Q,}
1 ﬁ { 17 is impossible, i 1

or  (iv) {Q} £ {P;},
or (v) we may not be able to determine whether either
of these sequences is subordinate of the other

or not.
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If {Pi} < {Qi} and {Qi}'ﬁ’{Pi} we write {Pi} < {Qi}.
Note that {P,} < {Q;} is not equivalent to: {P;} < {Q,}
or {Pi}'“'{qi}‘ The latter means

{Pi<{q} and ({q;} £ (P} or (Q) < ({P;})
and is therefore stronger than {Pi} < {Qy) -

Definition. A sequence is called effectively increasing

if we can find an echelon or a constant sequence equivalent

to 1t.

ExamElao The Sequence Pi where Pi = 1.2 03 P §

(i.e. P, is the product of the first i right-principal

i
trees) is effectively increasing because

(1) @y =0+ 1+ 2+ oo ¢ (1 =1) =3di(4 = 1)
Pi 2
and thus P, < ZTi(i-l),

(ii) we can prove by induction on i that 21 is a sub-
. i
ordinate of Py ;. If 1 =1 then 2" =2 and Py 4 = 2.

Assume 2% S Py fori<a (a>1). We want to prove

that GP containsg all possible terms of degree a, i.e.
a+l
that all such terms are right-divisors of terms of w? .
a+l
Now, P,,; = P,(a + 1). Therefore

u¥a+1 ) mPa'q{a*l

a

+ cee * pxg + BA + p)

and, since all possible terms of degree a-1 (and thus all



- 88 -

terms of degree less than a) are by the induction hypo-
thesis right-divisors of terms of Wp all possible terms
a
of degree a are right-divisors of terms of Wp . Hence
a+l

i

2" < Py, and {'Pi}»w {21}. Since {21} is an echelon

sequence, {Pi} is effectively increasing.

Call the species of sequences equivalent to the sequen=-

ce {P;} the limit tree of {P,} and denote it by lim P,.

Lim P, is said to be infinite or finite according as {Pi}

is unbounded or bounded.

THEOREM L.3 . Two effectively increasgsing sequences

have the same limit tree if and only if they are equiva-
lent to the same echelon sequence or to the same constant

sequence.

Proof. The sufficiency follows directly from the
definition of limit trees. To prove the necessity we
have to show that if two echelon or constant sequences
are equivalent they are identical. This is quite obvious
for constant sequences. Let {Pg} , {Qq} Dbe two equivalent
echelon sequences. Then Py 5 Q4. for some k > 0.

Since ap, = i we have I < 2l A Qiak* But {Qi} is an

i .
echelon sequence. Therefore



Qg = 2"y,

i+l

- 2'n (2 g, = 20 gy,

LI . o8

F; is therefore a subordinate of Q. JSimilarly Gy < Py.

Hence P; = Q4 for all 1.

The preceding theorem should not be interpreted as
an assertion that we can establish a one-one correspon-
dence between finite limit trees and constant sequences
and between infinite limit trees and echelon sequences,
for we may not be able even to determine whether a given
seguence is constant or not (cf. example preceding
Theorem 4.1) or indeed whether two echelon seguences are
equivalent or not. Let, e.g., k be the least number such
that the (k-9)th, (k-8)th, ... ,(k=l)th, kth digits in the
decimal expansion of m are all 9 and define Pi = 21 ir
i<k, Pyj= 2% (1+41) 1f 1> k; then we cannot say whether
{ P4} and {21} are equivalent or not.

The limit tree 1lim Pi is said to be a gsubordinate
of the limit tree 1lim Qi' written 1lim P

if {Py} < Qg -

1 < lim Qi'

| |
| af
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THEOREM 4.4 . (i) The relation lim P, < lim Q

is well defined.
(ii) If lim Py < 1im Q; and 1lim Q4 < lim Py  then

the two limit trees are identical.

Proof. (i) We prove that {P,}~{R'}, {Qi} ~{Q}}
and {P,] < {Q;3 4imply {P!} < {Q}. If {P;} and {P}]
are equivalent then, given any number i, we can find a
number j = j(i) such that P < Py. {P;1 £ {Q4} implies
that ﬁj-S Q for some k. Finally {Q1}~»{Qi] implies
Qk.S Qﬁ for some h. It follows that Qf < Qﬂ and thus
(R} < {Qf}.

(ii) If 1lim Pi's lim Qg and lim Q, < lim.Pi then,
by part (i) of the theorem and the definition of a sub-
ordinate of a limit tree, {P;} < {q;} eand {Qi< (P}
and therefore {Pilnx{Qi}Q This, by the definition of a
limit tree means that 1lim P, = lim Q,.

We now define the sum, union and intersection of
two limit trees having regard to the following considera-
tions:

The sum, the union and the intersection of two limit
trees should be limit trees. Thus we cannot define the
union of two limit trees as the logical sum of the two

species.
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The union and the intersection of two limit trees
should be their l.u.b. and g.l.b. respectively, i.e.
then

whenever lim P; < lim K, and 1lim Q; < lim R

i i
lim Py U 1lim Q; < 1im R; and dually for intersection.

The following definitions satisfy these requiremeﬁts.

Definitions. Lim P, + lim Q; = lim(P; + Q,),

lim P, U lim Q, = lim(PixJ Qi)
lim Pirﬁ lim Q = lim(Pirﬁ Qi)'

Clearly these definitions do not depend specifically
on sequences {Piﬂ and {Q;}. For if {Pil'”{ﬁff and
{Qq} ~{Q} then {P;UQ;t ~ {P{u0Q]} (apply Theorem 4.1
twice), i.e. if 1lim Py = lim P} and lim Q; = lim Q]
then lim(Pi\J Qi) = 11m(P£ L;Q{]. Similarly for the
intersection. Also, by Theorem 4.2,

lim P, + 1im Q, = lim PJ + lim Q] 1if and only if

i
lim Py = lim B! and lim Q; = lim QJ .
Lim EiL;lim 44 and lim ?ir\lim Q; are the l.u.b.

and the g.l.b. of limit trees lim Pi and lim Qi' Thus
limit trees form a lattice | which obviously is distri-
butive. The sublattice of all finite limit trees defined
by means of effectively increasing sequences and LJ, the
lattice of all trees (cf. Chap. I, §11), are lattice

isomorphic.
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Lim 2% is the greatest element of T . For if lim Py
is any limit tree and a(i) is the altitude of P, then

i
a(i)

P, €£2 . Evidently lim1l is the least element of T .

i

}.I) -TREES

Trees are faithfully represented by index w-polyno-
mials. ow=polynomials of primary trees are monic mono=-
mials in non-commuting indeterminates A and p. To a
sequence of primary trees corresponds a sequence of these
monomials. Each term in this sequence is a right-divisor
of every term following it in the sequence. A primary
limit tree therefore can be represented uniquely by a
finite (in the case of finite limit trees) or an infinite
product of the form vn...vazvl or "'%3“2“1 (vi =
A or p) such that if {Pi} € lim P;  then ui,i is a right-
divisor of this product for all i.

Unions™ of primary limit trees and the limit tree

lim 1l are said to be convergent. Limit trees for which

it can be shown that they cannot be constructed as a
union of primary limit trees are called divergent.
Evidently all finite limit trees are convergent.

Lim 21 is divergent. Primary limit trees bear the same
relation to 1lim 21 as real numbers to the continuum.

- U W - . WD S S T - S - - - - —— - - -

* i.e. constructible unions.



- 93 -

Indeed there is an obvious one-one correspondence be-
tween primary limit trees and binary fractions between
0 and 1 (fractions such as 0.11, 0.110, 0.1100, 0.1011l...
being considered as distinect symbols) and lim 2i can
be interpreted as a spread (cf. (23)) defining the linear
continuum.

To a tree P (P # 1) of lineage y , i.e. a union of
¥ distinet trees, corresponds an we-polynomial of Y
terms, each of which represents a branch of P. Conver-
gent limit trees can be represented by a species of
infinite products of the form VpeeeVaVoVy OF eeeVa VoV,

It is convenient to write these species as sums. For

example the limit tree 1lim P1 with Pl = 2, P2 =2+ 2,
Pi+2 = 2 + (Qi-tf%J,where Q1 and Hl are the left and

right principal trees of altitude i, is represented by
A+ coeAAAp + soopppp o The altitude of a limit tree is
equal to 1 + max @ where a; are the duals of the order
types of the terms (these being well-ordered from right
to left) in the corresponding polynomial.
Although it is not possible to construct limit trees

of altitudes greater than ' we can define polynomials

T © here obviously denotes the ordinal number « which

is quite unrelated to the symbol "w" in "w-polynomial™,
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involving terms whose order types are duals of any (denu-
merable) ordinal number. Since for finite altitudes these
polynomials are simply w-polynomials which represent trees
faithfully and for all altitudes not exceeding w they re=-
present convergent limit trees, they provide a natural
generalization of the concept of trees. We shall call

these polynomials ()-trees. We define first finitary (l-trees.

Definition. (i) O and 1 are finitary () -trees. The

latter is a primary () -tree.

(ii) The dual species of a well-ordered species of
symbols A and p, written as a formal product, is a pri-
mary (and therefore finitary) Q -tree.

(iii) A polynomial of ¥ terms each of which is a
primary (Q-tree is a finitary ()-tree provided that no
term of the polynomial is a right-divisor of any other
term. |

¥ is called the lineage of the () -tree. Each term in a
finitary () -tree is called a branch of the tree. Two
finitary () -trees are equal if and only if they contain
the same branches.

Addition of two ()-trees p and o is defined by analogy
with the formation of the w-polynomial of a sum of two
trees (ef. Chap. I,49):

P® o =‘{1. if p=o0= 0,

pA + op otherwise,
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where @ denotes addition of ()-trees and + the formal
sunmmation of terms in an () -tree.

p
tary ()-tree p in such a way that whenever p can be inter=-

We define the potency SP and the altitude ¢ of a fini-

preted as a well-ordered species of partitions the potency
of p is the order type of its basis and the altitude of p
is the ordinal number of stages of partitions (v. §1):

(1) 8, =1, &, = 23

0 1 = 0, a, = 1.

%0
(i1) If p is a primary () -tree:

k+2+p(h). ap_p*i-]_’

where p* is the dual of the order type of p and p(p),

8y = pln)

ET:T denote the order types of the ordered subspecies
of p composed entirely of u's and A's respectively.
(i1i) If p is of lineage y ( y > 1), then p can be
expressed in the form p = (oA + Tp)nm = (0 @ T)m, where
n is the primary'fl-tree which is the greatest common
right-divisor of all branches Py of p and o, T are (=

trees of lineage less than y ; and we define

Bp = m(p) + Op * o, + m(A) , ap = max(api)

We have, as in the case of ordinary finite trees,

) =0 4+ 6U and a = 1 + max{a ,a ).

DU P pHC p’ o
Note that the ()-tree 0 is not an identity element
with respect to the operation & , e.g.

a-ch;&uk“ @ 0 = c--hukukpl ° In fact P @ Q= p if and
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only if +.+.AAMAMA 1is a right-divisor of pand 0@ o = ¢
if and only if ...puppp is a right-divisor of o.

Two finitary ()-trees commute ﬁith respect to the
operation ® if and only if they are equal. For
pP®OC=0®p means pA + ou = oA + pu and, since () -
trees are equal only if their branches are identical, p = 0.

p®o=p+ 0 if either pA =p and ou =0 i.e.
if «..AAM\ 1is a right-divisor of p and «..pppup is a
right-divisor of ¢ (p, o not both O) or pA = ¢ and
Op = p i.e¢ eooAprpry is a right-divisor of p and
eootAptAuA  1is a right-divisor of o.

No finitary ()-tree is idempotent with respect to
addition @ , since the lineage of p® p is twice that
of pif pFf Oand if p=O then p@p=0@ 0 =1 ¥ p.
Note that there exists an idempotent limit tree, viz.
lim 21 = 11m 2' + 1im 2'. Noreover 1f lim B, is idem-
potent P + P, . P..2 € [Pi} and thus Pr.2n € {Pi}.
But 2" < p;.zn and therefore {21} < {B}. HNow
{Pi} < {21} and therefore {Pi} ~ (2*}. Hence the only
idempotent limit tree is 1im 2 . This is obvious from
the graphical representation which we introduce in the
next section.

It is possible to define non-finitary ()-trees by
replacing part (iii) of the definition of finitary ()=

trees by:
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(iii') A species, written as a formal series, of
primary () -trees is an ()=-tree provided that no term

of this series is a right-divisor of any other term.

It follows at once that if p and ¢ are (non-finitary)
Q.~trees, not both O, then p® o = ph + op is an Q-
tree.

Although in many particular cases such trees can be
constructively defined and from this definition one could
define their lineage, poténcy and altitude, it seems that
in the general case constructive definitions of altitude
and potency are not pcssible. We could define altitude
as the "l.u.b." of the altitudes of all branches of the
Sl-tr?e and potency as the order type of the basis, the
construction of which can be achieved in particular cases
{e.g. by using the graphical representation of the next
section). These definitions, however, in the general
case would be essentially noneconstructive and the unique-
ness of potency probably would not be constructively
provable.

We can define index VY- and 6-polynomials representing
finitary (Q-trees. Again, in the case of non-finitary
{l-trees, due to the enormous chaos of possibilities it
is doubtful if these defiritions can be regarded as

constructive.
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Definitions. The @-polynomial of a finitary () -tree

is the polynomial containing all the terms of the () -
tree and all their proper right-divisors (including 1)
each term appearing only once.

For example, the 6-polynomial of the finitary () -tree
P = A+ oo dAAAp + coopppp is  O(p) =1 ¢+ A+ p o+ A o+

+ Azp + A?” * eee * coohllu + pz + “3 ¥ see ¥ seslHUY .

The y=-polynomial of a finitary (QQ -tree ¢ is defined

as follows:
(o) =1+ (A +p-1)0(0) .

Thus the y-polynomial of p is
vip) = A2 4 pA 4 pAp 4+ ukzu + pLBu + see + sedAAAp +
+ 1“2 + 1“3 * s *t e sUMUY .

THEOREM 4.5 . If p and o are finitary () -trees then
Q(p@®a) = G(p)r + 6(o)u + 1,
Y(p®o) = §(p)A + y(o)u .

Proof. If p= o =1 the theorem is obvious.
Otherwise p® o = pA + op. O(p)A and ©(o)p contain
all terms of pA and op and all their proper right-divi-
sors except 1. Therefore @(p)A + O(o)u + 1 = @(p®@0).

Y(p®o) =1+ (A +p-1) 8(poo)

=14+ (A+p-=-21){e(p)r + 0(o)p + 1}
={1+ (Aep-1)8(p)JA + {1+ (A+p-1)0(0)}u
= y(p)r + ¥(o)p
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We now define multiplication of (l-trees by analogy
with the formation of the we-polynomial of a product of
two trees.

Definition. pP@D0 = p |

pP@o =p ylo) (o ¥ 0).

&n immediate consequence of the definition is that the
{l=tree 0 is a multiplicative identity and V(o) = 1 ® 0.
Note that we have defined ()-trees so that finite (l-trees
are the w-polynomials of the corresponding bifurcating
root-trees and therefore the () -trees 0 and 1 correspond
to trees 1 and 2 respectively.

We now prove that the above-defined multiplication of
finitary ()=trees has the same properties as multiplication

of trees.,

LEMMA 1. If p and ¢ are finitary ()-trees then
(i) e(po) = (68(p) - 1)o + e(0),
(i1) ¥(po) = y(plo + ¥(o) = (A + plo .

Proof.
(i) ©(po) = po + ) (all proper right-divisors of terms of po)
= po + Z:( all proper right-divisors of terms of p)o +
+ EZ(all proper right-divisors of terms of )
= po + (8(p) - plo + (8(c) =~ o)
(6(p) - L)oo + 0(0) .



- 100 -

(i1) Y{po) =1 + (A + p - 1)((6(p) - L)oo + B(0))
=14+ (y(p) = L)oo« (A+p=-1)o+ ¥lg) -1
= ylplo + ¥(o) = (A + plo .

LEMMA 2. The polynomial whose terms are all distinet

proper right-divisors of terms of ¥(o) is 6(0).

Proof. ¥{o) =1+ (A 4+ pu - 1) 8(c) . Therefore proper
right-divisors of terms of (o) are proper right-divisors
of terms of AB(c) and those of terms of pu8(c) less those
of terms of (o). Hence the terms of ©(c) are precisely
the proper right-divisors of terms of (o). Some of them
of course may be proper right-divisors of several terms
of ¥(o).

The y=-polynomial of an ()=-tree o, (o), is itself an
Qe-tree, vize. 1® 0. The = and 6-polynomial of | (o)

are therefore well defined.

LEMMA 3 . If o is a finitary () -tree then
(1) e(y(o)) = y(o) + 8(0),
(11) ¥(y(o)) = (A + ) ¥(o) .

Proof.
(1) ol¥(o]) = $(u) + 2. (a2l proper right<divisers of
terms of {(c))
e y(o) + 8(o), by Lemma 2.
(44) ¥(¥(0)) = 1+ (A + u = 1) 8(¢(0))

1+ (d+p-1)(¥(o) + 8(0))
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=1+ (A+p=1) (o) + y(o) = 1
= (A + ) V(o) .

THEOREM 4.6 . If p and ¢ are finitary ()-trees then
¥lp@o) = ¥(p) ¥(o) .

Proof.
¥lp®eo) = ¥(p ¥(o)), by the definition of the @ product,
= y{p) ¥(o) + y(¥(g)) = (A + p) ¥(o), by Lemma 1,
= ¥{p) ¥(o) + (A + u) y(o) = (A + p) y(o), by Lemma 3,
= y(p) V(o) .

THEOREM 4.7 . Multiplication ® of finitary ()-trees

is (i) associative,

(ii) right-distributive with respect to addition ® .

Proof. Let p, 0, m be any finitary ()-trees.
(1) (p@o)@m=0p (o) @w
p ¥lo) y(m) ;
P@ (c@m) = p ylo@m)
p ¥(o) y(m), by Theorem 4.6 .
P ¥(o® m)
Py (o)r + y(m)u)
P V(o)r + p Y(mp
(P@O)A + (p@ n)p
PROCP®pR M .

(i1) p® (e ® m)
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L. GRAPHICAL REPRESENTATION OF LIMIT TREES AND () -TREES

In the study of bifurcating root-trees it is convenient
to adopt a graphical representation in which the arms of
all forks of a tree are of equal length and are at 450,
or any other convenient acute angle, to the upward
vertical. This graphical representation cannot be used
for sequences of trees of ever increasing altitudes. We
shall make the length of the arms decrease in geometric
progression with altitude.

Refer knots of a tree to two semi-axes originating
from the root and making an angle of kso with the upward
vertical. Call the axis on the left the i-axis and the
axis on the right the j-axis. The coordinates of the
root are (0, 0} (the corresponding term is 1). The
coordinates of knots whose terms are A and p are (%, 0)
and (O, %). In general, if (io, j,) are the coordinates
of the knot whose term is Vie1Vk-2° V2V (vi = A or u)
then the coordinates of the knots corresponding to the

casV, V are

terms Av k-lvk-z 2v1

k-1"k-2"""%2Y1 and pv

(i, +2'k, jo) and (i, JO4-2'k) respectively. Clearly

all arms are parallel to the axes and all knots of alti-
a

tude @ lie on the line i + j = ZE; 2”F  (see example).
Ir=
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Example. P=((1+3)+4)+ (2.3+1),
Wp = ?&ul? + ?\2;1.3\ + ?\211. + ApAu + uzhp, =

. J
B
s S R e
7/8X /8
B
3/4
0
: a ' T
Terms: Coords. Terms ECoords. Terms icoords.
i 2, | 2 |
1:(0,0) u?\:(%,g) LI-NJ:(:T::?J
] 1 i
M il3a 00 Wuild, i) | ®aR (g, 1)
! I !
poi o, ) L el GE, ) | ean® (R, )
i ]
xzitg,o) xm@i(%,i) hBuhE(%—i,l-,)
! ! 2.2 !
MR DN ETC CRNE TS TN
I 1 1
oL, 80 | A% s, 5 | AR (L, §)
] ] 1
RE 100, 2) | wAA (5, ) | ehed i (F, )
I ] 1
2o}, o) Bui(i, 5| W i(s, )
2 143 2. Tea 4 35 bL 23
uA :(;‘,s) plu:(g,f(,) MH:(%’E)
oA 10,60 rai(E, §) E
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There is a one-one correspondence between w-polynomials
of primary trees and points (i, j) such that i and j are

proper non-negative fractions with denominators dividing

2“‘1, where a is the altitude of the corresponding tree,
a=1

and 1+ j=_> 27 (14 §=0 4f a =1)., There is
r=1

therefore a one-one correspondence between these points
and primary trees.

An unbounded sequence of primary trees is represented
by a sequence of points converging to a definite point
on the line i + j = 1. This point is called the limit
point of the limit tree to which the sequence belongs.
The i-coordinate of this point can be obtained by inter-
preting the dual of the primary ()-tree corresponding
to the limit tree as a binary fraction where A, p re-
present the digits 1, 0. The j-coordinate can be ob=-
tained similarly by interpreting A, p as the digits 0, 1,
or simply by subtracting the i-coordinate from 1.

For example, the limit tree corresponding to the ()-

tree ...uAApAApAAN  has the limit point whose i-coordinate
is 0.110110110... , i.e. the point (%, %). Each point
on the line 1 + j = 1 corresponds to a unique infinite
limit tree except a denumerable species of double points

whose coordinates are of the form (k/2n, 1~ k/2n),
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where n is a positive integer and k is a none-negative
integer not exceeding 2. Each of these double points
is a limit point of two distinct infinite limit trees
corresponding to primary ()-trees of the form
"'p“”“hﬁavh-l"'vzvl and ...klkhpvhvh_l...vzyl
(vi = A or u). For example, ( %, %) is the limit point
of limit trees corresponding to () -trees ...puppA)A and
e s s AMMAMuA . The analogy between these double points and
the two alternative notations for binary fractions such
as 0.11 = 0.10111... is obvious.

A convergent infinite limit tree has a well-defined,
finite or denumerably infinite, species of limit points
on the line i + Jj = 1l. For a divergent limit tree any

point on certain segments of this line is a limit point.

Example. The sequence
{%]-{2,2+2, 3+(2+42), L+(3+(2+2), «..},
where Py = i 4 Py ., is the union of the sequences of
primary trees {Pil)}, {sz)}, {Pis)}, IPih)}, vao 1

5% m (8, 3, by 30 seoh
3P§2)}-{2, 142, 143, l4b, e},
{P?J]-§2, 142, 14(1+2), 1+(143), 1+(1+4), see},

{ngl} = {2, 142, 1+(1+2), 1+4(1+(1+2)), 1+(1+(1+3)), ..o},

il 2 (2,5, 4,5, ... .
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The corresponding primary () -trees are:
oonhhlh’ o-.hh}\}l, co.lhhpz’ ...pB' cee oo ofliililh e

Therefore lim P, is convergent and its limit points are:

g 1 1
(l’ 0)' ('E’ -2')’ (%3 %]’ (g, %], (Ig, %2). see g (0, l).
The limit tree 1im(((1+ 21)+ 1)+ (28*141)) 1is

2
% <i 51% and Jj =1« i is a limit point of the limit

divergent. Any point (i, Jj) such that %.S -4 5'i or

tree.

We turn now to the graphical representation of (Q-trees.
Finite () =trees are represented in the same way as the
corresponding trees, viz. by graphs consisting of forks
whose nodes are points (i, j) given by the terms of the
@-polynomial of the () -tree. The arms of a fork with
its node at altitude a are of length 2'“'1. Similarly
the coordinates of nodes of an ()l-tree p of a transfinite
altitude are given by the terms of ©8(p). If the term of
a node is of the form on (1 < 0" < w, #" = w.k) then
the coordinates of the point are (2"ki1 + 10, 2-k11 + jo)
where (11, jl), (10, Jo) are the coordinates of the
points corresponding to o, m respectively. In other
words if the term is of the form Mea1Me s+ To™ where
My My, ees , M are of order type w* and the order
type of Teel is either finite or " then the coordinates
of the point are found as follows: Let p(ni) be the
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value of the dual of ., interpreted as a binary fraction
in which A, p represent the digits 1, 0 and qtﬂi) the

value when A, p are the digits U, 1. Then the coordinates

+ k+
(2 p(m.)/r, 2 a(mu)/r ).
r= re=

For example, the point corresponding to the term

kpzhz e oo AAAA .. ApAprpy  has coordinates
12 3 1. 4 4 2 1
(3533145 pbr30+5) - ot 18D -

In the preceding discussion w.k represents a finite

of the point are

multiple of w., A straightforward extension of the above
procedure would represent terms of order types (ug}*,
(n})*, (nﬁ)*, ees by points on the lines i+ j= 2,
i+ j=3, i+ J=1L4, «es « Conceivably one might
represent terms of higher order types on a finite graph

by more drastic contraections of the scale.
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CHAPTER V. ENUMERATION OF INDICES
e —

1. INDICES OF & AND %,

The numbers ag, p, of possible indices in Z of given
potency & and of given altitude a respectively are given
(ef. (11)) by the recurrence formulae
ag = aj85_ 7 * 8585 o * 8385 4 + .. + a5 18, a = 13

2

P a

= 2pa(pO * Py + P,y * e + pa-l) + p~, p0 = 1.

a+l
The formulae for bS’ Qy the corresponding numbers of
possible non-congruent indices in éﬁc, are (ibid.):
b, = b, = gy = 1;
b28—1 = blb28-2 + b2b23_3 + eee * bﬁ-lbb’
bog = Bybygy * bybygp + +ee # by g,y + Fby(by + 1);
Ga1 " %l9* 9 * 9+ et gg )0 %qa(qa +1).
If we denote the number of indices &n & of altitude
not greater than a by s,, i.e. s = %2% Py» the formula

for Pisd becomes

2
pa+1 = 2paso.—l * Py

2 2
= (8,1 + P} -8,
- ot a al
8 ™ 9g.1°
Alternatively, Pyey = pa(su + Sa-l)

Q
= ﬂ(si + Bi-l)o

i=1
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The first of these formulae gives

- 2
Sa+l i+ S
Q@
Similarly if ta -_:E: qq we obtain the corresponding
i=0
formulae
2 ST L t 1)
Ya+1 * * Qg Galt, ¢ 8, 5 ¢ 1,
2““ﬁ(t + 1),
i=1 i-1

2t -t2+t + 2.
a+l Q a

The problem of enumeration of indices of & of given
potency ¢ (6>1) and given altitude a (o + 1 <0 < 20',
cf. Chap. I, §4) is essentially one of finding the number
of partitions of a sequence of 6 objects according to the
following rules (cf. (15); also Chap. 4, §1):

(1) At the first stage the sequence of U objects is
partitioned so that the first ¢ objects are in the
left subsequence and the remaining 0 - ¢ objects
in the right subsequence.

(2) At stage v all subseguences which do not consist
of single elements are again partitioned into a
left subsequence and a right subsequence.

(3) There are a stages. After stage ¢ all subsequences

consist of single elements.



- 110 -

The corresponding problem for indices of éfc is equiva-
lent to the enumeration of partitions of an unordered
set of 0 identical objects according to similar rules.

As there is an index of potency 1 and altitude O we
may say that a set of a single element can be partitioned
at stage O,

Let p(a, O) denote the number of indices of altitude
a and potency & in &. Obviously p(0, 1) = 1.

If a>1, any index X of altitude @ and potency O is the
sum of its left subindex X' and its right subindex X",
i.e. X = X' + X", We can obtain all required indices by:

(1) Letting subtree X' run through all indices of alti-
tude a -1 and X" through all indices of altitude

less than a -1 and potency B-Sx,(where 6,, denotes

x!
the potency of X'). There are

Z{P(a-l, d)E ' pla, B-d)} such indices;
d=q a=

(2) as in (1) but interchanging the roles of X' and X";

and (3) if 0 - a > a, letting X' run through all indices
of altitude a -1 and potency d (d = a; a+1l,..., 0-a),
and X" through all indices of altitude a -1 and
potency 0~ d. There are
S=a

Z pla=1l, d) pla=l, 8-d) of these.
d=a
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Hence

6-1 Q=2
pla, 8) = gi:lip(a-l, d) jg; 2pla, 0=d) + pla=-l, S-d)},
=0 as

where p(x, y) = O whenever x+ 1>y or y> 2%

Denote the number of non-congruent commutative indices
of ii; of altitude a and potency & by g(a, 0). Then
(0, 1) = 1., Ifa>1 and X = X' +« X" is an index of
altitude @ and potency &, we obtain all such non-congru-

ent indices by:

(1) letting X' run through all indices of éZ; of altitude
a@a-1 and X" through all indices of altitude less

than a - 1 and of potency 8"SX" There are

d=1 a=-2
:E;I{q(a-l. d) ZE::Q(&, 6-d)} such indices;
d=a a=0

and (2)(a) if 8 is odd and %(8 - 1) >a, letting X' run
through all indices of éi; of altitude @~ 1 and
potency d (d = a, a+l, ... , %(8-1)) and X"
through all irdices of altitude a- 1 and potency

0 -d. There are

L(5=1)
zg q(a-1, d) gqla=l, 0-d) of these.
d=a

(b) if ¢ is even and %ﬁ -1l>a
(i) letting X' run through all indices of éf;
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of altitude a~l and potency d (d = a, a+l ...
veey %Shl) and X" through all indices of altitude

a -1 and potency O -d. There are

$0=1

:E: gfla-1, d) q(a-1, d-d) of these; and
d=a

(1i) letting both X' and X" run through all indices
of 35; of altitude a -1 and potency %B but taking
only one index from each thus obtained pair of
congruent indices except when X'~ X". There are

%q(a-l, %Bl{q(a-l, %8) + 1} of these.

Thus
THEOREM 5.2 .

b-1 a=-2

qla, 3) = Z{q{a-l,_ d) Zq(a, E-d)} + @(a, 3), where
d=a a=0
($(8-1)

qla-1, d) qla-1, 6-d), if & is odd,
d=a
Qla, 3) = <

25-1
gla=-1, d) qla=-1, 6-d) +
i + %‘-q(a-l, %5){1:1(&-1, %3) & 1F,

if 0 is even.

Q(x, y) = a{x, y) = O whenever x + 1 >y or y i
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We calculate

A I T T T i i I 1 ] | ] ] i ] i
o Jolafzlzhibisbiiaial afafal b s fufafalals
AR 0 5 O A i e A s I M A
5 15253ia§435§657{8§5i 61 7i 81 9E10 111 E12i13§14§14216
i I R i s £
1 1 ] ] ] 1 1 | ] i ] ] 1 ] ] ] ] 1 1 i
] I 1 ] ] I ]

E_ g [ O 1 | [ i I !
P(a,0){1i11211,41616141118120,4016819411141116,94160128 8, 1
[ S T T T A TR T B | i 1 i 1 1

PO T VL R T T | 1 I I i 1 1 1 | i

e o - - e b L L L L T o T T T T T e e B A e T T TN
AN i T S TR A D 1 I | i 1 1 1
CO (A T S T S E 1 1 I
O I 1

-—-__m_
I ——
1 R ——

] I I i
| I | ] i
q(e@,d)| 1117111{1}2]2{1,1]1} 3} 5} 7, 8, 9 1 7| 71 &4, 31111
RN R
2. INDICES OF &y AND OF &g
Let»tP be the number of trees (or indices) which have
the same palindromic y- and 6-polynomial as a given tree
P and let ALP be the number of trees (or indices) con-
cordant to P.
/ff¥ 13 52,
THEOREM 5.3 . If P is a given tree and ¢ vijl B

1,3
- CE;$ nijﬁipj are its palindromic index y-polynomial and
1] W Vij*t Mg
G-polynomial respectively then 4’? = ( ™ ).

i,d

(This result was conjectured by Etherington.)

Proof. Use induction on the potency of P. The formula

holds trivially for potency 1. Assume that it holds for
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trees of potencies less than d. If P is of potency d
and vrshrps is the leading term of &P then

wQ
the (vrs)th principal subordinate of P (c¢f. Theorem 3.5).

= ¥p - (A + p - l)grskr"lps is the {-polynomial of

The potency of Q is d-vrs and thus, by the induction

vid+niq>
hypothesis, 'LQ = 1—1;( g P

r-l,s
Now, the coefficient of lr'lus in &Q is vr—l,a € Vo

and therefore any tree congruent to Q mod (t) has

“r-l,s Vo free ends corresponding to this term (i.e.
corresponding to the point (r-1, s) on the tree pattern).
To obtain all trees congruent to P mod (t) we join the
nodes of vrs forks to these free ends in all possible

manners. For each tree congruent to Q mod (t) this can

Vr-l,8*Vrs
be done in V. distinct ways. Therefore
('r-l,s*vri) “r-l,s*“}-l,s)
)ﬁP - rs /LQ ) Trel,s /LQ' singe vy © Mr-1,s?
ﬁ(vid "'"ij)
= ﬁij L

i,d

Example. To find the number of trees congruent to
3.3.4 mod (t).
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The palindromic index polynomials of 3.3.4 are

¥3.3., = A+ 30 + %2 4 ak3 4 35« ek« 33,
RS TR R SR 2k292 + 3 4+ 3 ’
6 2

03,5, = A0 2% e a2 e % ks 337 sk s P s

+ hlzu.z-r 13 + 3h2p. + 3xp2 + 124- 2Au + p.z +A+pu+l.,

2 2 2)

hip,J: 15;.;, lhpz, k‘*p, 7\3;1. s A u°| For all other terms

either vi;] or "ij

it 3 6 i > 21 is O and thus
not 2 1 L 3 " ("id*”id)
“i,j = 1

Yy = (3) () () (5) (§) = 29% o0 .

" = i . ;4
THEOREM 5.4 . If *P 4?_: v4A | and GP Z ™A
are index polynomials in one indeterminate of a given

tree P then 4,, the number of trees concordant to P,

Vi +
is equal to W( i" “i) .
i i

The proof is similar to that of Theorem 5.3 (v. (27),
p. 191).

Example. To find the number of trees concordant to 3.3.4.

¥3.3. 87 + 122° + 1000 + sk 4 23,

o PG e IR I % B R S

3.3:4
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x“, k3; For all other terms either

vyt 12, 10, 5, 1\V4orm is 0 and thus

! L, 8, 9, 7 . (vi*ni)-l.

Wy

My = 08) ) () (5)= 1 275 507 192 960.

Finally we give two formulae: one for the number of
non-concordant indices of altitude a and the other for
the number of non-concordant indices of potency .

Let v be a non-negative integer, A an indeterminate
and i any non-negative integer such that 21 > V.
Denote by.ﬂL the operator defined as follows:

_A_(vli) = vhi if v=0or1l

and _/\_(vli) o (veatert 120 v S B
Define the A-value of v, denoted le, as the number of
all possible (different) polynomials in A obtained by
operating with /A in all possible manners on vAl and on

terms of thus derived polynomials.

Example. To find the / -value of 7. We have
i

i,
And) a a4 231,

(Asal)) & al=1 o 531 4 -1
(AGad)) « aad=1 o a1 4 o=
353 ¢ ity W ogaka a2,

IR BT T Lol N
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i.e. 6 distinet polynomials and it is impossible to
obtain more than 6. Hence the _A-value of 7 is 6.

It is easily seen that

Ao=1, A =4, Age0, A, =2,
Ay=1,  Ag=u, Ag =10, Ay = 20,
Agwdy Agwy Nyow s, Ay, = 26,
J43 = 2, J\? =6, ~A11 = 14, 'A15 = 26, etc.

In fact we have

LEMMA. v
J\2v+1 - szv = :Ej'Jtr'
r=0
Proof. Use induction on v. The formula gives cor-
rect.j\—value for v = 1, Assume that the formula holds

for integers less than v. Consider \ the number of

¥
all distinct polynomials which can bezobtained from ZvA1
by the process described above. All such polynomials

with a term in A* are obtained from 2vAl = 228 + 2(v-l)l;
by operating with A in an1 possible manners on the term
2(v = l)hi and on terms derived from it. There are

Jtz(v-l)
of degree less than i are obtained by operating in the

such polynomials. All the derived polynomials

same way on vall,  There are j\v of these.

Hence ‘AZv = ftz(v-l) + JLU. But, by the induction hypo-

i o vel v
thesis,sz(v_l) = :Elev. Thus J&Qv - ;§%~Ar +~Av = ;é;ﬂdr.

r=0
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“¢2v+l is the number of possible polynomials obtained
from (2v + 1)al by the same process. Now, (2v + 1)al «
Xi + 2vhi and since JL(li) = hi all the reguired

polynomials are obtained by operating with /L on the

term 2vAl and on terms derived from it. Thus

J12v+1 A J\2v°
Denote by r, the number of all non-concordant indices

of altitude &, i.e. the number of all index y-polynomials,

¥(A), of degree a.

THEOREM 5.5 .

M.

ra+l - ;_/Li' i.e. ra “Af_zo

Proof. All possible trees of altitude a +1 are sub-
ordinates of the plenary tree 2“*1. lMoreover, Theorem 3.11
implies that if we operate with A on a term of a Y=poly=
nomial Vp and the resulting polynomial ¢ differs from $P
then ¢ is the y-polynomial of a first subordinate of P.

Thus all index y~polynomials of degree a+ 1l can be obtained
by operating with A en 20'*11“*1, the index y-polynomial

1, and on terms of the derived

of the plenary tree i
polynomials in such a way as to leave in each resulting
polynomial a term in A%*l, We can obtain all these poly-
nomials in the following way: first operate with /A on

the leading terms only and obtain the sequence of |-
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polynomials of the first, second, ... , (2* - 1)th

principal subordinates of 2a+1:

a+l.e+l (2a+1 2)1a*1 Aa

2 . a+l_ i»)la*l + 0%

I

6]
¥ 87,  sii ,

+ {2“ - l)la.

a+1

o+l - 24)A

see (2

a+l a+l

Wt e (2% - 2n®,

Now, from each (2%*1- 21)A%*14 12% we can obtain all y-

polynomials of degree a +1 with leading term (2% ped 21)&“*1

As+l alone and operating with A

by leaving the term in
on i\® and on other resulting terms. But, by the defini-

tion of.ﬂﬁ-value, we can obtain in this manner exactly Jli

polynomials. Hence :§ iJ\ Now, by the Lemma
:EE?_A J& and so r_ = Jtz“
i=0 .
For Q@ = 0, 1’ 2, 3’ )l-, 5’ 6, 7, soe
r, = i, 1, 2, 6, 26, 166, 1626, 25510, «es

Let f(x) -_/Lo.t _A_lx-rj[zxz ¢ oss » Then

_f‘ll_- (_A_Oq-_/\_lx-l-_ﬂ_zxzi- ...)(1+x+x2+ vee)

l -x
".Ao'* ULO* Al)x-* (A0+A1+_/L2)x2 ® s
-./\o+ Azxd-ﬁhxz-t- o -]Ll+_ﬁ_3x+jt5x2+ ShE &
2
Hence £(x) = £x7) . 5;1531 .

1-x? 1 - x?
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e s Fix) w LIE5L

s

This functional equation is easily solved by iteration:

A = 1 - Y | 1 L
Tix) 1 -xﬂx ) l-x l-xzf(x )

o0

‘ l i

= —-L—.—";— ._lﬂl f(xa) = LI = (1 -~ xz )‘l
l-x1-2 1-x¥ i=0

8

< +xk+ o-c)(l"'xh"x +oco)

2

= (lex+x +x3+xl'+ eee)(lex

.(l~+x8+ s deuv &
Thusg ry (a>0) is the coefficient of xzu'z in the Maclaurin

expansion of this function. Alternatively, To is the

coefficient of x2a in 1 + x?f(x) (all a).

{The preceding paragraph on the generating function f(x)

was communicated to me by Dr Etherington.)
n

A non-zero polynomial g%g cili where the ¢, are positive

i
integers is a 6-polynomial in one indeterminate if and only

if ¢3=1 and Ciey S ;
Chap. III,§6). Also if P has z ciJ\ for its G~polyno=-
i=0

n
mial the potency of P is equal to 1 + > ¢ -
i=0

problem of finding the number of non-concordant indices of

< zci (i = 0’ 1’ 2’ tes n"‘"l) (cft
n
Hence the

potency d+ 1, i.e. the number of distinct G-polynomials

n

n
EZ; cili such that gfg ¢y = d, is equivalent to the prob-

lem of finding the number of partitions of d such that
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d=1l4c+cy*eeetc where ¢y =lor2 and ¢; ¢ S 2¢y

n
To solve it consider the more general problem: given
two positive integers ¢ and d find the number of parti-
tions of d such that d = C+ey+ChtaeetCp where

¢, < 2¢ and ¢ < 2¢,. Denote this number by v(e, d).

1 i+l = 1

Since ¢, can take any value between 1 and min(2¢,d=-c) we
2¢

have: v(ec, d) = g v(i, d-¢), where v(x,y) = O when~
i=1

ever x>y. The formula expresses v(c, d) in terms of
values of the function for smaller values of the second
argument. Since v(x, x) = 1 for all positive x we can
calculate v(e, d) for any given ¢ and d by repeated use

of the formula. Thus

d12. 8 3 4 5§ 6 7 8 9 10 1) 12 1)
c

viec, d)

1 /1 1 2 3 5 916 28 50 89 159 285 510 914
2 |0 1 1 2 4 712 2239 70 126 225 4LO4 725
3 /0 0 1 1 2 & 713 24 k2 76 137 245 b4l
L |0 0 0 1 1 2 4 713 24 43 78 140 251
5 |10 0 0 01 1 2 & 7 13 2 43 78

6 ([0 00O OO 1 1 2 &4 7 13 24 43 78
710 0000 0 1 1 2 4 7 13 24 43
8 |0 00O OO 011 2 4 7 13 24

The first row (¢ = 1) in the above table gives the

number of non-concordant indices of potency d+1.
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INDEX OF DEFINITIONS

Addition equivalent sequences 85
of indices 6
of limit trees 91 Faithful representation 25
of sequences 85
of trees 8 fork 8
of Q-trees 9L free 20
leading 20
altitude
of an index 13 Increasing sequence 83
of a knot 13
of a tree 13 index 6
of an N -tree 95
index polynomial 2L
arm 8
induction,
Basis 81 non-associative 10
bifurcating root-tree 8 intersection
of limit trees ol
bounded sequence 83 of sequences 85
of trees L
branch
of a tree 22 interval, closed L5
of an Q(l=tree 94
Knot 8
Component 22 unbalanced 1L
concordant 68 Lattice
of all trees L
conformal 14 of limit trees 91
eongruence on < 53 1limit point 104
constant sequence 83 limit tree 88
convergent limit tree 92 1lineage 22, 94
Distance 4 logarithmetic, free 7
additive 6
divergent limit tree 92 commutative 52
entropic 52
Echelon sequence 83 palintropic 52
entropic 52
effectively increasing 87 multiplicative 7
palindromic 60
end 8 palintropic 52

free 8
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Multiplication Root 8
of indices 7
of trees 10 Sequence 81
of (Q-trees 99 bounded 83
constant 83
mutability 14 echelon 83
increasing 83
Node 8 effectively 87
unbounded a3
Operator 116
Subordinate 21
ordered polynomial 62 of limit trees 89
of sequences &3
ordinal number 81 principal 21
total 22
Polynomial, index 2L Suletyee 4
X - 25 Superior 21
V- 26
e - 29 Term 12
® - 34 leading 62, 74
of am N--tree 98
in one indeterminate 74 total subordinate 22
palindromie 60
) =tree 94
potency 13, 95
of an index 13 tree, bifurcating root- &
of a tree 13
of an () -tree 95 Union
of limit trees 91
power, principal 6 of sequences 85
: A . of trees Lk
primary 21, 9
A -value 116
prime 37

Well-ordered species 81
principal subordinate 21



