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Lay Summary

Just as doctors use X-rays to look inside living tissue, geophysicists can use seismic waves to

scan geological formations beneath the Earth’s surface that are too inaccessible to be studied

directly. The speed of these waves changes when traversing different kinds of materials in

the Earth’s crust, the same way that X-rays change speed when travelling through different

tissues inside the human body. These changes help create images of our body in the case of X-

rays, and images of the Earth’s subsurface in the case of seismic waves. There are many kinds

of sources for waves travelling across the Earth, ranging from earthquakes to ocean noise

to urban noise, and these waves are usually recorded on the surface using sensors known as

geophones. Unfortunately, unlike an X-ray machine that emits X-rays on demand, the Earth

does not produce seismic energy whenever geoscientists need it, posing significant challenges

for creating images of the Earth’s subsurface. However, a recent technique known as wavefield

interferometry allows geoscientists to create virtual sources at times and locations where no

sources were originally physically recorded. Wavefield interferometry is in fact so powerful

that it can even take advantage of ambient noise, previously considered a nuisance and

discarded, to create these virtual sources. This technique has greatly advanced our ability

to image the Earth’s subsurface and has many industrial and environmental applications, at

scales ranging from the local regions to entire continents.

Wavefield interferometry works by taking seismic recordings from pairs of sensors and pro-

cessing them using certain mathematical operations that effectively turn one of the sensors

into a “virtual” source. However, the mathematical theory that makes wavefield interferom-

etry work requires very idealised conditions that are not often found in practice. Therefore,

practical studies of wavefield interferometry often need to make a series of assumptions and

simplifications in order to be able to apply this mathematical machinery. Whenever these

assumptions are not satisfied, or approximations are made, there is potential for error and

uncertainty in the final result. In the case of wavefield interferometry, it can ultimately af-

fect our understanding of sub-surface Earth structures. In this thesis, we study and quantify
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uncertainty in interferometric estimates as a consequence of errors introduced by violating

some important assumptions of the mathematical theory and by making approximations

commonly used in wavefield interferometry. We derive bounds for these errors, which can

be a useful tool for geoscientists to estimate the uncertainty in their practical applications,

and propose some strategies to mitigate this uncertainty.



Abstract

It is a well-established principle that cross-correlating wavefield observations at different re-

ceiver locations yields new responses that, under certain conditions, provide a useful estimate

of the Green’s function between the receiver locations. This principle, known as wavefield

interferometry, is a powerful technique that transforms previously discarded data, such as

background noise or earthquake codas (the multiply scattered tails of earthquake seismo-

grams), into useful signals that allow us to remotely illuminate subsurface Earth structures.

The mathematical machinery that underlies wavefield interferometry assumes a number

of ideal conditions that are not often found in practical settings. Furthermore, the original

formulations are frequently simplified through a variety of approximations, in order to derive

expressions that are more amenable to applications. These assumptions and approximations

are frequently made in an ad-hoc fashion, without consideration of the errors thus introduced.

This thesis centres on the study of errors introduced by violating two important assump-

tions of wavefield interferometry. Namely, that the noise sources are statistically uncorre-

lated, and that their energy contributions are isotropic. Violating these conditions makes

the Green’s function and associated phases liable to estimation errors that so far have not

been accounted for or corrected. We show that these errors are indeed significant for com-

monly used noise sources, and illustrate cases in which the errors completely obscure the

phase one wishes to retrieve. Moreover, we consider the relevant case of the stationary

phase approximation, widely invoked in interferometry theory and applications, and quan-

tify mathematically the errors introduced both in an ideal setting and in the presence of

correlated, anisotropic sources, applying and extending existing error quantification theory.

Throughout these settings, this thesis implements an appropriate geostatistical correla-

tion model to investigate the effect that smoothness and long-range correlations have on the

interferometric estimate, particularly its phase. Analytical expressions are given for the first

and second moments of these errors, as well as deterministic error bounds and probability

bounds on the uncertainty of these approximations. These results are given in terms of sta-
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tistical parameters that can be empirically estimated in practice, and numerically explored.

Finally, this thesis contrasts the two main types of wavefield interferometry, active or

controlled source interferometry and passive or ambient noise interferometry. The impact of

violating the uncorrelatedness assumption is considered. This thesis proposes strategies to

mitigate uncertainty in both settings, and in the case of ambient noise interferometry, the

thesis presents a novel workflow that significantly mitigates errors introduced by the presence

of statistical correlations in the sources. The methodology is general in the sense that it

can be applied to noise with any degree of correlation, including completely uncorrelated

sources. The methods are tested on synthetic data, illustrating significant improvement

in the phase estimates in both settings. In all these cases we establish various bounds on

the estimation error, and we analyse their significance and utility in real-life interferometric

retrieval experiments.
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Chapter1
Introduction

The Earth’s crust is constantly monitored across ecological and geological disciplines due

to its importance to terrestrial life, for industrial applications and for advancing science.

Given the inaccessibility of many of Earth’s subsurface structures, remote sensing methods

are commonly deployed in which physical energy fields are recorded on or below the Earth’s

surface, and are used to infer structure and properties of the subsurface. In particular, wave-

field interferometry is a powerful technique which transforms previously discarded data, such

as seismic energy from earthquakes or the background ambient noise field, into useful signals

that remotely illuminate subsurface Earth structures (Campillo and Paul, 2003; Wapenaar

and Fokkema, 2006; Curtis et al., 2006). The origin of wavefield interferometry can be traced

back to the seminal work of Claerbout (1968), who showed that the reflection response of a

horizontally layered medium could be estimated from the autocorrelation of its transmission

response. Wavefield interferometry has since become a rapidly evolving field of research

(Rickett and Claerbout, 1999; Weaver and Lobkis, 2001; Derode et al., 2003; Snieder, 2004;

Sánchez-Sesma et al., 2006; Slob and Wapenaar, 2007), leading to fundamental advances

in our ability to image the Earth’s crust at global (Ruigrok et al., 2008; Nishida et al.,

2009), regional (Shapiro et al., 2005; Nishida et al., 2008; Halliday et al., 2008a; Arroucau

et al., 2010) and industrially relevant scales (Bakulin and Calvert, 2006; Bakulin et al., 2007;

Halliday and Curtis, 2010).

In general, interferometric methods rely on cross-correlating (Wapenaar and Fokkema,

2006; Schuster et al., 2004; Wapenaar et al., 2010b; Snieder et al., 2009; Sánchez-Sesma et al.,

2006), convolving (Slob and Wapenaar, 2007; Slob et al., 2007) or deconvolving (van Dalen

et al., 2014; Ravasi et al., 2015; van Dalen et al., 2015) pairs of recorded signals in order

to extract information about the medium. The goal is to estimate signals that were not

physically recorded, but which would have been acquired if the receivers (Hong and Menke,
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CHAPTER 1. INTRODUCTION 2

2006; Curtis et al., 2009) or sources (Campillo and Paul, 2003; Wapenaar, 2004; Wapenaar

and Fokkema, 2006) had been deployed at different locations or at different times (Curtis

and Halliday, 2010a; Curtis et al., 2012; Entwistle et al., 2015; Chen and Saygin, 2020).

Theoretically, the response of a medium measured at a given location to an impulsive source

at a different location is described by Green’s functions associated with specific equations

that describe the wave dynamics. The purpose of wavefield interferometry is usually to

estimate various approximations to these Green’s functions. A further distinction can be

made between ambient noise interferometry, which uses passive wavefield measurements such

as microseismic responses or urban-generated noise (Campillo and Paul, 2003; Shapiro and

Campillo, 2004; Shapiro et al., 2005; Sabra et al., 2005b; Draganov et al., 2006; Behm and

Snieder, 2013; Pinzon-Rincon et al., 2021), and active or controlled source interferometry,

where recordings of the medium response to individual sources are available (Bakulin and

Calvert, 2006; Slob et al., 2007; Wapenaar et al., 2010a; King et al., 2011b).

The theoretical assumptions that underpin many interferometric methods include that

the recorded energy comes from sources that are distributed isotropically in space around the

receivers, emitting energy with equal intensity, and that they are statistically uncorrelated.

These assumptions are not always realistic in practical applications. The source distribution

around the receivers is often insufficient (Harmon et al., 2010; Curtis and Halliday, 2010b),

the noise sources are commonly correlated (van Dalen et al., 2014), and pragmatic approx-

imations need to be made (Kimman and Trampert, 2010), all to the potential detriment of

the Green’s function estimate (Yao and Van Der Hilst, 2009).

In this introductory chapter, we describe the physical intuition behind wavefield inter-

ferometry in Section 1.1, followed by a brief presentation of the theoretical foundations of

active source and passive noise wavefield interferometry in Section 1.2, highlighting explicit

and implicit assumptions in the derivations. For reference throughout this work, the relevant

Green’s functions are briefly introduced in Section 1.2.6. Next, relevant geophysical applica-

tions and some of their limitations are discussed in Section 1.3. The main assumptions and

approximations made in wavefield interferometry are summarised in Section 1.4, along with

current approaches to mitigate their spurious effects and areas that remain unaddressed.

Finally an outline of the thesis is given in Section 1.5, as a guide for the reader.

1.1 Physical intuition behind wavefield interferometry

It is a well-established principle that cross-correlating wavefield observations which are

recorded at different receiver locations yields new seismic responses that, under certain

conditions, provide a useful estimate of the Green’s function of the wave equation. This
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principle has been expressed in a variety of ways, often via acoustic representation theorems,

and using either the convolution, deconvolution, or cross-correlation of the seismic traces.

In this thesis, we focus on cross-correlational interferometry, which is a classical form of

interferometry widely used in theory and practice (Wapenaar and Fokkema, 2006; Schuster,

2009; Fichtner et al., 2019).

Cross-correlational wavefield interferometry estimates properties of the Earth by analysing

interference patterns of recorded wavefields (sometimes called traces). This analysis is con-

ducted by cross-correlating and integrating (also known as stacking) wavefield traces in order

to image Earth’s subsurface structures, and is often referred to as Green’s function retrieval.

More precisely, for a homogeneous medium where waves travel at speed c, let Ĝ(x,y, k)

denote the frequency response of the medium to a point source located at y, measured at

x, where k = ω/c is the wavenumber corresponding to the angular frequency ω. In this

work, c is assumed to be constant. This medium response, Ĝ(x,y, k) corresponds to the

fundamental solution of the Helmholtz equation, discussed in Section 1.2.1. This thesis is

concerned with the interferometric estimate, which is given for each wavenumber k by

Ĝ(xA,xB, k)− Ĝ∗(xA,xB, k) ≈ −2ik

∮
S

Ĝ(xA,x, k)Ĝ∗(xB,x, k)dx . (1.1.1)

where S is a boundary enclosing locations xA and xB. While in general the speed c at

which waves travel through a medium is not constant, in this work we assume a constant

medium speed c so that the wavenumber k = ω/c is in this work simply a rescaling of the

frequency ω. Note that equation (1.1.1) is valid regardless of the choice of boundary S,

as long as S encloses both receivers and the radius of S is sufficiently large with respect

to the wavelength one wishes to observe. The requirements on the radius of S is related

to the Sommerfeld radiation condition and the wavelength, and this is discussed in detail

in Section 1.2.2. and 1.2.3, When xA and xB are receivers, expression (1.1.1) is referred

to as inter-receiver interferometry. The left hand side of (1.1.1) can be interpreted as the

superposition of the Green’s function between locations xA and xB, Ĝ(xA,xB, k), and its

time reverse Ĝ∗(xA,xB, k), since conjugation in the frequency domain corresponds to reversal

in the time domain (see, e.g., Derode et al. (2003)). For a fixed location x ∈ S, the integrand

on the right hand side of (1.1.1) corresponds to the cross-correlation of the medium responses

at xA and xB to a point source at x. Integrating over S corresponds to summing these

cross-correlations over source locations. Thus, when S is interpreted as a boundary of point

sources, and xA and xB are a pair of receivers, expression (1.1.1) states that cross-correlating

wavefields recorded at a pair of receivers and adding these cross-correlations comprises an

approximation of the medium response at one of the receivers, had the other receiver been a
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source. This situation is depicted in Figure 1.1, where the blue triangles represent a pair of

receivers, surrounded by a boundary S of point sources in orange. The medium’s responses

to each point source, recorded at each of the two receivers, are represented as grey dashed

lines. The inter-receiver Green’s function is shown in solid black. This is why wavefield

s

XAXA XBXB

G(xA,xB)G(xA,xB)

Figure 1.1: General layout of inter-receiver interferometry. The blue triangles represent receivers
and the orange stars on the contour S represent active sources. Traces (Green’s functions) between
the receivers and the sources are represented by grey dotted lines. The Green’s function between
xA and xB is illustrated in solid black.

interferometry in the formulation (1.1.1) is commonly referred to in literature as the “virtual

source” method, as it remarkably allows for the estimation of the inter-receiver Green’s

function without the need to physically place a source at one of the receiver locations. The

left hand side of equation (1.1.1) is known as the homogeneous Green’s function for the

receiver pair xA and xB, denoted in this work as

Ĝhom(x,y, k) := Ĝ(x,y, k)− Ĝ∗(x,y, k) = 2iIm
{
Ĝ(x,y, k)

}
, (1.1.2)

noting that in the formulation used here the homogeneous Green’s function is a purely

imaginary quantity. Figure 1.2 illustrates approximation (1.1.1), facilitating its intuitive in-

terpretation. The left and right hand sides of (1.1.1) were simulated in a medium of speed

c = 1000 m/s, for a horizontal pair of receivers 300 m away from each other and a circular

point-source boundary of radius r = 1000 m, with a source spectrum between 0.1 and 40 Hz.

The waveforms in the left panel of this figure correspond to the time domain representation

of the integrand Ĝ(xA,x, k)Ĝ∗(xB,x, k) for each source location x along a circular bound-

ary S using a standard parametrisation in radians ranging from −pi/2 to 3π/2 (horizontal

axis). The vertical axis corresponds to time. The cross-correlations Ĝ(xA,x, k)Ĝ∗(xB,x, k)

yield the phase difference (travel-time difference) of the signals arriving from x to xA and

xB, respectively (this travel time difference is negative for one half of the boundary). A

distinct profile comprised of waveform arrivals at these travel-time differences can be plainly
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appreciated in this panel. The right panel of the Figure shows the waveform that results

Figure 1.2: Illustration of the wavefield interferometry approximation (1.1.1). The time
domain representation of the integrand of (1.1.1) (left) is shown for each source location,
and the waveform resulting from the sum of these integrands (right) in solid grey. The
right panel also shows the homogeneous Green’s function (1.1.2) in black dashes, and the
inter-receiver arrival time t = |xA − xB|/c highlighted in blue dashes. The homogeneous
Green’s function and the inter-receiver estimate agree.

from stacking the traces from the left panel along all the source locations in solid gray,

i.e. performing the integral in the right hand side of (1.1.1), as well as the homogeneous

inter-receiver Green’s function in the left hand side of (1.1.1) in black dashes, for compar-

ison. These two waveforms are virtually indistinguishable, showcasing the effectiveness of

the interferometric approximation. Note that the waveform in the right panel exhibits an

arrival at t = 0.3 s, highlighted with blue dashes, consistent with the inter-receiver distance

of 300 m and medium speed of c = 1000 m. There is a corresponding arrival at t = −0.3 s, in

agreement with the superposition of the negative time-reverse of the inter-receiver Green’s

function in the right hand side of (1.1.1). Interestingly, we can see that when the cross-

correlation waveforms from the right panel are added over the source locations, all the phase

differences cancel out except for the regions around the stationary points of this profile, which

correspond to the source locations along the axis through the inter-receiver pair (which was

arranged horizontally in this example). This is in fact not a coincidence, but a consequence

of the principle of stationary phase, which lies at the core of the physical interpretation

of the interferometric equation (1.1.1). The stationary phase approximation and its use in

wavefield interferometry is studied in Chapter 3.

Negative-time arrivals are generally referred to as acausal arrivals. They arise as a
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consequence of the antisymmetric behaviour of the homogeneous Green’s function (1.1.2),

which includes the superposition of a time-reversed (complex-conjugated) copy of the inter-

receiver Green’s function. The homogeneous Green’s function (1.1.2) arises quite naturally

during the construction of interferometric representations, as will be seen in Section 1.2.3.

The antisymmetric behaviour of the interferometric estimate is well known and commonly

addressed in practice through various signal processing procedures, such as averaging the

causal (positive-time) and acausal (negative-time) portions of the waveform (Bensen et al.,

2007), or applying a Hilbert transform to the interferometric spectrum (Purves, 2014), thus

deriving an estimate for the inter-receiver Green’s function Ĝ(xA,xB, k) rather than its

homogeneous version Ĝhom(xA,xB, k). The choice of post-processing is generally subjective

and depends on the data available and the type of Green’s function one wishes to estimate. In

this work, the homogeneous Green’s function (1.1.2) is used as the benchmark against which

all approximations are compared, in order to maintain consistency with the mathematical

derivations that lead to the approximation (1.1.1), and hence we do not consider processing

procedures beyond the acquisition of the interferometric estimate of the homogeneous Green’s

function. Furthermore, for the sake of clarity, the term acausal is used throughout this work

to refer to the negative-time but mathematically correct arrivals. On the other hand, as

previously stated, the term spurious is used to refer to any events in the waveform that do

not correspond to the correct inter-receiver arrival time t = |xA − xB|/c, causal or acausal.

In the following Section we present the analytical derivations and assumptions that lead

to the interferometric approximation (1.1.1).

Remark 1.1.1. Different formulations of cross-correlational interferometry can be found

across the literature. They only differ on whether there is a frequency factor in front of the

integral, and whether the homogeneous Green’s function retrieved is a sum rather than a dif-

ference as in (1.1.1). All of these formulations are correct and essentially equivalent (Wape-

naar and Fokkema, 2006). When there is a frequency factor in front of the integral, as

in (1.1.1), the point sources are physically interpreted as sources of volume injection rate (as

opposed to volume injection, see for example Galetti et al. (2013)), recognising the product

by a frequency as a differentiation in the time domain. When the homogeneous Green’s

function recovered is a sum rather than a difference, the resulting waveform is symmetric

about the origin rather than the antisymmetric form shown in the right panel of Figure 1.2,

and twice the real part of the inter-receiver Green’s function is recovered as opposed to twice

the imaginary part as in (1.1.2). The sign difference stems from the particular choice of

construction of the representation theorems presented in Section 1.2.

Equation (1.1.1) is at the heart of interferometric applications, and the focus of this thesis.

Its theoretical foundation lies on Green’s function representation theorems, but a number of
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assumptions and simplifications are necessary to arrive at the simplified formulation (1.1.1)

from these general representations. In the following sections, we present the representation

theorems and discuss these assumptions and simplifications.

1.2 Theoretical background

In this Section, we present the Green’s function representation theorems that lead to the

interferometric approximation (1.1.1). These theorems comprise the fundamental theoretical

basis of wavefield interferometry (Schuster et al., 2004; Wapenaar and Fokkema, 2006).

While these results have become standard in current interferometric literature, their proof is

briefly presented here as it provides insight into the implicit assumptions in the formulation

of wavefield interferometry. Since this thesis deals with estimation errors in (1.1.1), the

approximations and assumptions required to arrive at (1.1.1) are highlighted, and discussed

in further detail in Section 1.4.

Intuitively, a Green’s function is the response of a linear differential operator to an impulse

forcing, where the operator is defined on a domain with set boundary conditions. While

commonly referred to as a function, it is in fact a Schwartz distribution. To be precise, if L
is a linear differential operator, then the Green’s function is a distributional solution to

L [G(x,y)] = δ(x− y) , δ ∈ D(Rn)

where D(Rn) denotes the space of Schwartz distributions over Rn, and the distribution δ is

the Dirac delta, i.e. a distribution such that∫
Rn

f(y)δ(x− y)dy = f(x) ∀ f ∈ C∞0 (Rn) , (1.2.1)

where C∞0 (Rn) denotes the space of infinitely differentiable functions over Rn (i.e. a test

function space). Equation (1.2.1) is sometimes referred to as the sifting property of the delta

distribution. Because of its physical interpretation, the delta distribution is also known as

a point or impulsive source. Uniqueness is usually established by boundary conditions or

other physically imposed criteria. Green’s functions are profoundly useful in finding more

general responses to inhomogeneous linear operators, since due to the sifting property of the

delta distribution, any forcing can be expressed as a superposition of point sources. Invoking

the principle of superposition yields the property that the response of a linear differential

operator to an arbitrary forcing can be found by convolving the Green’s function with the

forcing, as long as the Green’s function is known.
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This work is concerned with Green’s functions as fundamental solutions of the Helmholtz

equation in the distributional sense, i.e. for the Helmholz operator L = (∇2
x + k2), the

Helmholtz Green’s function is defined as the solution to the equation

(∇2
x + k2)Ĝ(x,y, k) = δ(x− y) , (1.2.2)

where δ is the distribution that satisfies the sifting property (1.2.1). In this work, we con-

sider free-space Green’s functions in one, two or three dimensions (see Section 1.2.6) where

uniqueness is established by appropriate radiation conditions at infinity (Section 1.2.2).

Following the above discussion and intuitively speaking, if one knows the Helmholtz

Green’s function of a medium, one knows in theory how waves travel through the medium

and in consequence a wealth of information about the medium itself (the Helmholtz operator

being the frequency domain counterpart of the d’Alembert operator, i.e. the wave equation).

Thus, it is no surprise that wavefield interferometry is centred on estimating Green’s functions

of the medium.

1.2.1 Interferometric representation theorem of the convolution

type

Assume a two or three dimensional medium as depicted in Figure 1.1, where a pair of receivers

have been placed at locations xA and xB, and these receivers are surrounded by an arbitrary

boundary of point sources x ∈ S. Then we have the following result.

Theorem 1.2.1 (Representation theorem of the convolution type, Schuster (2009)). Let

Ĝ(x,y, k) denote a fundamental solution to the Helmoltz equation for spatial locations x and

y and a wavenumber k, as defined in (1.2.2). Then

Ĝ(xB,xA, k)− Ĝ(xA,xB, k) =

∮
S

Ĝ(x,xA, k) ∂nxĜ(x,xB, k)

− Ĝ(x,xB, k) ∂nxĜ(x,xA, k) dx,

(1.2.3)

where ∂nx = nx · ∇x, i.e. the derivative of with respect to the outward normal direction at

point x on the boundary S.

Proof. Consider the Helmholtz equations for the medium’s response to a point source at x,

recorded respectively at locations xA and xB for a wavenumber k,

(∇2
x + k2)Ĝ(x,xA, k) = −δ(x− xA) , (1.2.4)



CHAPTER 1. INTRODUCTION 9

(∇2
x + k2)Ĝ(x,xB, k) = −δ(x− xB) , (1.2.5)

for the Dirac delta distribution δ(x−y) defined in (1.2.1). Multiplying (1.2.4) by Ĝ(x,xB, k),

(1.2.5) by Ĝ(x,xA, k), and subtracting the resulting expressions yields

Ĝ(x,xB, k)∇2
xĜ(x,xA, k)− Ĝ(x,xA)∇2

xĜ(x,xB, k) =

Ĝ(x,xA, k)δ(x− xB)− Ĝ(x,xB, k)δ(x− xA) .
(1.2.6)

Using the product rule, the terms on the left hand side of this expression can be written as

Ĝ(x,xB, k)∇2
xĜ(x,xA) =

∇x ·
[
Ĝ(x,xB, k)∇xĜ(x,xA, k)

]
−∇xĜ(x,xB, k) · Ĝ (x,xA, k) ,

and similarly for Ĝ(x,xA, k)∇2
xĜ(x,xB, k),

Ĝ(x,xA, k)∇2
xĜ(x,xB) =

∇x ·
[
Ĝ(x,xA, k)∇xĜ(x,xB, k)

]
−∇xĜ(x,xA, k) · Ĝ∗(x,xB, k) .

Substituting these expressions into (1.2.6), and integrating over an arbitrary volume V en-

closing xA and xB we have∫
V

∇x ·
[
Ĝ(x,xB, k)∇xĜ(x,xA, k)

]
−∇x ·

[
Ĝ(x,xA, k)∇xĜ(x,xB, k)

]
dx =

Ĝ(xA,xB, k)− Ĝ(xB,xA, k) .

(1.2.7)

where the sifting property of the delta distribution has been used on the right hand side.

Next, applying the divergence theorem we have∫
V

∇x ·
[
Ĝ(x,xB, k)∇xĜ(x,xA, k)

]
=

∮
S

Ĝ(x,xB, k)∇xĜ(x,xA, k) · nx dx ,

where S = ∂V and nx is the outward pointing unit vector normal to S at x, and similarly

for the remaining term in the left hand side of (1.2.7), finally yielding

Ĝ(xB,xA, k)−Ĝ(xA,xB, k) =

∮
S

Ĝ(x,xA, k) ∂nxĜ(x,xB, k)−Ĝ(x,xB, k) ∂nxĜ(x,xA, k) dx,

where ∂nx = nx · ∇x.
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Representation (1.2.3) is referred to as of the convolution type because the integrand

in the right hand side is comprised of products in the frequency domain, corresponding

to convolutions in the time domain. The terms of the form Ĝ(x,x′, k) and ∂nxĜ(x,x′, k)

represent respectively responses of the medium at a location x′ to point sources (referred

to as monopoles) and a derivative of this response (known as dipole sources). The main

utility of the representation theorem of the convolution type in this work is that it leads

to the well-known (Aki and Richards, 2002; Wapenaar and Fokkema, 2006; Schuster, 2009)

source-receiver reciprocity relation

Ĝ(x,y, k) = Ĝ(y,x, k) . (1.2.8)

This relationship states that the trace is the same even if we interchange the location of

the source and the receiver. It is true in general for any type of medium velocity and for

media with variable density (Aki and Richards, 2002). The reciprocity relation can be estab-

lished from (1.2.3) making use of two intuitive and physically appropriate approximations:

the Sommerfeld radiation condition and the far-field approximation. The latter are indis-

pensable in establishing the interferometric approximation (1.1.1), and therefore we briefly

present them below. We explain how they lead to the reciprocity relation (1.2.8), and most

importantly we use them in the sequel to establish the connection between (1.1.1) and the

second fundamental theorem of wavefield interferometry.

1.2.2 The Sommerfeld radiation condition and the far field ap-

proximation

To establish the reciprocity relation (1.2.8) note that an outgoing Green’s function Ĝ satisfies

the Sommerfeld radiation condition at infinity (Bleistein and Handelsman, 1986),(
∂Ĝ

∂r
− ikĜ

)
∼ o

(
1

r

)
as r →∞ , (1.2.9)

where r is the distance between the source and the receiver, and order notation1 is used.

The Sommerfeld radiation condition derives from the physical principle that energy radiated

from sources must scatter to infinity, and that no energy may be radiated from infinity into

the field (Sommerfeld, 1949). It is imposed on the Helmholtz equation to ensure uniqueness

of outgoing solutions in unbounded domains (Bleistein, 2012). It has the advantage of being

1This is standard little-o notation for asymptotic decay. Namely, given two functions f(x) and g(x), we

say f(x) ∼ o(g(x)) as x→∞ if limx→∞
f(x)

g(x)
= 0.



CHAPTER 1. INTRODUCTION 11

consistent with physical intuition: for an observer sufficiently far away from any finite domain

from which the wave originates, the finite domain in question shrinks to a point (relative in

size to the scale of the range of the wave). Hence, for such an observer, the medium response

corresponds to a point source, i.e. the solutions should behave as the Green’s function in

the far-field. To quantify the asymptotic regime in which this radiation condition should be

valid, one must consider that the distance between the source and the observer (receiver)

should be large relative to the wavelength. Hence, it is the product of the wavenumber k

(which corresponds to cycles per unit of distance) and the distance between the source and

the receiver r that should be large. This results in the appropriate non-dimensional quantity

kr, and the requirement that kr � 1.

The reciprocity relation (1.2.8) follows from (1.2.3) by noting that the convolution repre-

sentation theorem holds for an arbitrary boundary S. If in particular we take a boundary of

radius r such that kr � 1, we have that outgoing waves leave the boundary in an approxi-

mately perpendicular fashion, and hence the normal to S coincides with the radial direction.

In consequence, when the surface S is sufficiently far from a receiver xR we have

∂nxĜ(x,xR, k) ∼ ∂

∂r
Ĝ(x,xR, k) . (1.2.10)

Statements of the type (1.2.2) are known as far-field approximations, and they also hold

under complex conjugation. Their impact on the interferometric approximation (1.1.1) is

discussed later on. Using Sommerfeld’s radiation condition (1.2.9) along with (1.2.2), we can

assert that if kr � 1, then

∂

∂r
Ĝ(x,xR, k) = ik Ĝ(x,xR, k)− 1

r
Ĝ(x,xR, k) ,

Therefore

∂nxĜ(x,xR, k) ≈ ik Ĝ(x,xR, k) . (1.2.11)

Substituting approximations (1.2.11) into the representation theorem of the convolution

type (1.2.3) for each receiver and simplifying yields relation (1.2.8). Source-receiver reci-

procity is assumed throughout this work. We now present the second fundamental result of

wavefield interferometry.
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1.2.3 Interferometric representation theorem of the correlation

type

Taking equation (1.2.4) in conjunction with the conjugate of (1.2.5), and following an en-

tirely analogous procedure as in Theorem 1.2.1 yields after applying source-receiver reci-

procity (1.2.8) the following

Theorem 1.2.2 (Representation theorem of the correlation type, Wapenaar and Fokkema

(2006)). Let Ĝ(x,y, k) denote a fundamental solution to the Helmoltz equation for spatial

locations x and y and a wavenumber k, as defined in (1.2.2). Then

Ĝ(xA,xB, k)− Ĝ∗(xA,xB, k) =

∮
S

Ĝ(xA,x, k)∂nxĜ
∗(xB,x, k)

− ∂nxĜ(xA,x, k)Ĝ∗(xB,x, k) dx .

(1.2.12)

The interferometric equation (1.2.12) can be interpreted as follows. The terms of the form

Ĝ(x,x′, k) and ∂nxĜ(x,xA, k) represent respectively responses of the medium at a location x′

to point sources (referred to as monopoles) and a derivative of this response (known as dipole

sources) at a source location x on the boundary S. The products Ĝ(x,xA, k) ∂nxĜ
∗(x,xB, k)

correspond in the time domain to the convolution of the waveform recorded at receiver xA

form that source with the time-reverse of the waveform recorded at xB from the same source,

i.e. a cross-correlation. Hence the right hand side of (1.2.12) can be interpreted as cross-

correlating the monopole and dipole responses recorded at xA and xB for each point source

x, and then stacking (integrating) these cross-correlations along S. On the other hand, the

left hand side is simply the homogeneous Green’s function defined in (1.1.2) (the superpo-

sition of the inter-receiver Green’s function and its negative time-reverse). This equation is

exact in a lossless medium2 (Wapenaar and Fokkema, 2006; Schuster, 2009) and the choice

of S is arbitrary as long as it encloses xA and xB. While there are other ways of performing

interferometry, such as deconvolution (Ravasi et al., 2015), these methods are closely math-

ematically related and each has its own drawbacks and advantages (see Wapenaar et al.

(2011) for a systematic comparison of different methods). This work is concerned specifi-

cally with interferometry in its cross-correlational form, which remains a very widely used

form of interferometry in both practice and theory. Representations (1.2.12) and (1.2.3) are

standard results in wavefield interferometry and form the basis of this discipline. Proofs can

be found in standard literature on interferometry, see for example Schuster (2009).

2Broadly speaking, a lossless medium is such that the energy of a propagating wave is not significantly lost
as the wave travels through the medium. The amplitude of the wave is preserved. Otherwise, the medium
is often referred to as attenuative.
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Remark 1.2.1. Note that the representation theorems assume that recordings are available

for each source location x ∈ S for an enclosing boundary S. Therefore, there is an implicit

assumption that these source locations contribute equal energy to the integration and that

they are isotropically distributed around the receivers. Furthermore, the use of wavefield

interferometry in applications carries an implicit assumption that the sources of noise in real

settings are point sources.

While having the exact representation (1.2.12) is in principle advantageous, this equation

can be ill-suited for real world applications for a number of reasons. Note that the integrand

requires the evaluation of two separate correlations. It also assumes that both monopole

and dipole source recordings are available for every source location x ∈ S, which is often

not the case in practice (Schuster, 2009; Wapenaar and Fokkema, 2006). This motivates the

simplification of (1.2.12) to the form (1.1.1), where the integrand involves only one cross-

correlation of monopole recordings. In what follows, we summarise this simplification using

the Sommerfeld radiation condition and the far-field approximation.

1.2.4 Simplification of the cross-correlation interferometric repre-

sentation

Using the far-field approximation (1.2.2) and source-receiver reciprocity directly in the rep-

resentation theorem of the correlation type (1.2.12) yields

Ĝhom(xA,xB, k) ≈ −2ik

∮
S

Ĝ(xA,x, k)Ĝ∗(xB,x, k) dx , (1.2.13)

where Ĝhom(xA,xB, k) is the homogeneous inter-receiver Green’s function defined in (1.1.2).

The error introduced in this approximation through the far-field assumption can be estimated

using (1.2.2) and (1.2.11) to derive, for example,

∂nxĜ(x,xA, k)− ik Ĝ(x,xA, k) ≈ −1

r
Ĝ(x,xA, k) ,

and similarly for xB. That is, the error incurred by using the monopole retrieval (1.2.13)

to retrieve the homogeneous Green’s function Ĝhom(xB,xA, k) is negligible in the far-field

regime (kr � 1).

Remark 1.2.2. The far-field approximation applies only to Green’s functions describing

arrivals propagating in the same direction, which is not always the case in practice. Wapenaar

and Fokkema (2006) show that the far-field approximation introduces spurious signals that

arise from the interactions of incoming and outgoing monopole and dipole responses at the
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boundary S. They argue that when the sources are sufficiently random, these spurious

signals integrate incoherently and cancel out. Hence, there is an implicit assumption that

the sources surrounding the receiver pair are statistically uncorrelated.

1.2.5 Passive noise interferometry

The theory presented so far assumes that the sources on the boundary S are point sources

for which individual medium responses can be measured at both receiver locations. In

practice, recordings for individual active source locations are often not available. Hence,

it becomes necessary and even desirable to rely on noise that is already present in the

environment, commonly referred to as passive or ambient noise. When these noise sources are

uncorrelated in the statistical sense, it has been shown that the homogeneous inter-receiver

Green’s function can still be estimated by taking an average of the cross-correlations over

many recordings3 (Weaver and Lobkis, 2001; Derode et al., 2003; Snieder, 2004; Wapenaar

and Fokkema, 2006). To be precise, let p̂(xR, k) be a recording of ambient noise at a receiver

location xR that can be represented as

p̂(xR, k) =

∮
S

F̂ (x′, k)Ĝ( xR ,x′, k)dx′ ,

where F̂ (x, ω) characterizes the unknown source signature, i.e. the medium response is

simply the convolution of the source term with the Green’s function of the medium. Further

assume that, on average, the source terms satisfy the statistical uncorrelatedness assumption

E
[
F̂ (x′, k)F̂ (x′′, k)

]
∝ δ( x′ − x′′)|ŝ(k)|2 , (1.2.14)

where E [ · ] denotes the expected value with respect to independent recordings and |ŝ(k)|2

is the power spectrum of the ambient noise. Then using (1.1.1) we have

E [ p̂(xA, k)p̂∗(xB, k) ] ∝ |ŝ(k)|2Ĝhom(xA,xB, k) . (1.2.15)

Remark 1.2.3. The assumption of non-correlated noise sources (1.2.14) is widely used in

theoretical and practical studies of wavefield interferometry. Equation (1.2.15) acknowledges

implicitly that the amplitude is not expected to be accurately retrieved, and this in fact

seems to be accepted across the discipline (Wapenaar and Fokkema, 2006; Halliday and

Curtis, 2009; Kimman and Trampert, 2010; Wapenaar et al., 2010b). However, by that

3Or equivalently, cross-correlating very long recordings, assuming ergodicity which seems a reasonable
assumption in practice.
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same assumption the inter-receiver phases retrieved from ambient noise are assumed to be

accurate. We address this assumption and its consequences in Chapter 4.

In the following section, we briefly summarise the Green’s functions used throughout this

work.

1.2.6 Green’s functions of the Helmholtz equation

In this Section, we briefly introduce the free-space Green’s functions of the Helmholtz equa-

tion in one, two, and three dimensions, for reference throughout this thesis. Detailed deriva-

tions of these Green’s functions in an applied context may be found for example in Snieder

and Van Wijk (2015). In what follows, we assume k = ω/c is a wavenumber for the angular

frequency ω and a medium where waves propagate at a constant speed c. Recall that the

Helmholtz operator is the frequency-domain equivalent of the wave equation, so that all

these Green’s functions describe in fact wavefield dynamics.

The one dimensional Helmholtz operator with a point source forcing is given by(
d2

dx2
+ k2

)
Ĝ(x, y, k) = −δ(x− y) , (1.2.16)

with corresponding Green’s function given by

Ĝ(x, y, k) = − i

2k
e−ik |x−y| . (1.2.17)

In two and three dimensions the Helmholtz operator with a point source located at y is given

by (
∇2

x + k2
)
Ĝ(x,y, k) = −δ(x− y) . (1.2.18)

The corresponding Green’s function in two dimensions is

Ĝ(x,y, k) = − i
4
H

(2)
0 (k|x− y|) , (1.2.19)

where H
(2)
0 (·) denotes the Hankel function of the second kind and order zero, or the far-field

Green’s function

Ĝ(x,y, k) = − i
4
e−i(k|x−y|−

π
4 )

√
2

πk|x− y|
, (1.2.20)

which is arrived at by considering the asymptotic behaviour of the Hankel function in (1.2.19)

for large argument k|x − y| � 1 (see e.g., Goldstein and Thaler (1958), or Section 8.25

of Gradshteyn and Ryzhik (2014)). The far-field Green’s function (1.2.20) is indeed appro-
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priate in the regime where k|x − y| � 1 (see e.g., Appendix A of Galetti et al. (2013)).

Finally the Green’s function in three dimensions is given by

Ĝ(x,y, k) =
1

4π|x− y|
e−ik|x−y| . (1.2.21)

Remark 1.2.4. Note that the phase of these Green’s functions generally involve a term of

the form

k|x− y| = ω
|x− y|

c
,

so that these phases carry information of the travel time of a wave generated from a source lo-

cated at y and recorded at x. These travel times in turn can provide insight on a medium’s

structure (for example, in imaging applications). On the other hand, the amplitude be-

haviour differs meaningfully across different dimensions, exhibiting varying kinds of depen-

dence on the wavenumber (and hence, the frequency), and the distance between the source

and the receiver |x− y|. These contrasting behaviours are discussed in general throughout

this work.

1.3 Geophysical applications and limitations of current

approaches

Wavefield interferometry is applied across a wide span of disciplines, including seismol-

ogy (Draganov et al., 2006; Curtis et al., 2006, 2009), industrial exploration (Bakulin et al.,

2007; Halliday and Curtis, 2010) and volcano monitoring (Brenguier et al., 2008; Wapenaar

et al., 2010a). These applications exploit the fact that wavefield interferometry transforms

real receivers into virtual sources, as described in the preceding sections, increasing in ef-

fect the number of available energy sources for subsequent use in imaging, tomography, and

other applications. However, the first empirical demonstration of wavefield interferometry

was not in geophysics but in a laboratory setting in 2001 by Weaver and Lobkis (2001),

using ultrasonic noise. The first application of wavefield interferometry in a geophysical

context was that of Campillo and Paul (2003), who used recordings of coda waves4 at pairs

of seismological stations in Mexico tens of kilometres apart to reconstruct the inter-station

Green’s functions. In 2005, an important regional application of cross-correlational inter-

receiver interferometry was performed by Shapiro et al. (2005), who used cross-correlations

of recordings in a receiver array in California to successfully image the known local geology.

4A seismic coda is the part of the seismic signal after the main earthquake arrival. They result from
multiple scattering of the waves in the Earth’s subsurface.
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Since then, cross-correlational interferometry has been widely applied to recorded wavefields

assumed be diffuse, as in Campillo and Paul (2003), or to arise from isotropic uncorrelated

noise fields (Curtis et al., 2006; Wapenaar et al., 2011; Nicolson et al., 2012) that form a

complete boundary of sources. Some real-world examples of sources that generate noise fields

include natural phenomena such as maritime storms, ocean waves or wind (Gerstoft et al.,

2006; Ardhuin et al., 2011, 2019), and man-made activities such as shipping (Sabra et al.,

2005a) or even noise from road traffic (Halliday et al., 2008a; Nakata et al., 2011; Behm and

Snieder, 2013) and trains (Quiros et al., 2016; Zhang et al., 2019; Brenguier et al., 2019;

Dales et al., 2020).

While seismic interferometry is an exciting and rapidly developing field, there are still

a number of limitations on its applications. As discussed in Section 1.2.3, an exact appli-

cation requires that the medium be free from attenuation. Furthermore, the mathematical

application of the divergence theorem, which requires a closed surface, translates into the

practical requirement that when ambient noise is used (e.g. background noise in the Earth),

the sources, must be homogeneously distributed around the receiver pair. However, many

real sources of noise like the ones discussed above do no satisfy this requirement, and it is

common to find situations such as the one illustrated in Figure 1.3, where a non-homogenous

source distribution is depicted. Another requirement is that random sources be statistically

Figure 1.3: Inhomogeneously illuminated medium. Receivers are depicted as triangles and an
ideal source boundary is portrayed in orange. Regions of increased source energy are depicted in
green. These may be due to inhomogeneities in the medium, or in the source distribution.

uncorrelated, which is often not the case in practice (Curtis et al., 2006). Another complica-

tion is that the mathematical formulation of wavefield interferometry introduces the inherent

assumption that the sources are ideal point sources that have been directly recorded at the

receivers. When this is not the case, results in the introduction of spurious multiples,5 which

5Multiples in seismic data refer to events that have undergone several reflections in the medium. They
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can be mitigated only partially by filtering the data (Schuster et al., 2004; Snieder et al.,

2006).

Many of these limitations arise as a consequence of the implicit assumptions imposed by

the mathematical formulation of wavefield interferometry, and the fact that realistic sources

of noise often do not satisfy them. In the following section, these assumptions and their

impact on the interferometric estimate are discussed systematically.

1.4 Assumptions and approximations in wavefield in-

terferometry

As discussed in Section 1.2, there is a hierarchy of assumptions and approximations necessary

first, for the full interferometric representation (1.2.12) to be exact, and second, for the

validity of the interferometric approximation (1.1.1) that arises from the full representation.

The main assumptions and approximations have been pointed out throughout the previous

sections. Here we condense and discuss them, explaining how they relate to the present work

and to each other. Where approximations are involved, the implicit assumption is that the

approximation in question is sufficiently good for practical applications.

Assumption I: Sources are impulsive.

The assumption that the recorded wavefields are impulsive point sources is implicit in the

use of Green’s functions and inherent to wavefield interferometry theory, as illustrated in

Section 1.2. Noise sources in practice are not necessarily impulsive and this fact is acknowl-

edged in literature. For example, the effect of transient sources6 can be addressed with

appropriately designed shaping filters, and cross-correlational interferometry can still be

used effectively (Wapenaar and Fokkema, 2006). More generally, when sources are smeared

in space or time, approaches involving de-blending and the point-spread-function, which

quantifies the source blurring and can be empirically estimated, are effective in mitigating

spurious effects of violating the impulsive-source assumption (Wapenaar et al., 2011, 2012;

Zheng et al., 2011). While it is generally accepted that the amplitude may be unreliable,

the phase is often assumed to be correct (Wapenaar and Fokkema, 2006).

occur when the signal does not take a direct path from the source to the receiver. They are spurious in the
sense that they cause arrivals in the estimated signal that do not correspond to the inter-receiver travel time.

6A transient source is characterised by a wavelet which, while short-lived, is not an idealised delta pulse.
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Assumption II: The medium is lossless.

As remarked in Section 1.2.3, equation (1.2.12) is exact in a lossless medium. In the presence

of attenuation, interferometry by deconvolution (Wapenaar et al., 2008) or a propagator

matrix approach (Mehta et al., 2007a) provide alternatives. Wapenaar et al. (2011) have

shown that these deconvolution approaches compensate for attenuation in the medium.

Assumption IIIa: The receivers are isotropically illuminated.

The use of the divergence theorem in the derivation of the cross-correlation representa-

tion (1.2.12) implicitly imposes the condition that the receivers be surrounded by a closed

boundary of sources. In practice this translates to the requirement that energy arrives at

the receiver pair roughly equally from all azimuthal directions, and this is indeed a widely

made assumption in theoretical derivations of seismic interferometry (see, e.g., Wapenaar

and Fokkema (2006); Schuster (2009)). However, in many realistic applications the sources

do not satisfy these conditions, and it has been shown that the azimuthal distribution of

source variations is critical for successful interferometric retrieval (Fan and Snieder, 2009).

Finally, spurious cross-terms are commonly assumed to integrate incoherently (Halliday and

Curtis, 2008b), which relates to the assumption that sources are statistically uncorrelated

(Assumption V).

Assumption IIIb: If the medium is not isotropically illuminated, the variations

are slowly varying.

Some approaches have been developed to address non-ideal source distributions (Curtis and

Halliday, 2010b; van Dalen et al., 2015; Fichtner et al., 2016), and it has been shown for

example that cross-correlational interferometry is applicable in some regimes where the il-

lumination is one-sided (Thorbecke and Wapenaar, 2008; Wapenaar et al., 2011; Brenguier

et al., 2019) or more generally when sources can be found in the stationary phase zone

of the receiver pair (see Assumption VI). However, it has also been shown that these az-

imuthal variations in source distribution are required to be smooth (Snieder et al., 2006;

Fan and Snieder, 2009; Harmon et al., 2010) to mitigate spurious effects arising from the

inhomogeneous intensity along the source boundary.

Assumption IV: The far-field approximation.

The far-field approximation is essential in reducing the full representation theorem (1.2.12),

which requires that both dipole and monopole data be available for each source location,
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to the more applicable interferometric approximation (1.1.1) involving only monopole data.

In practical terms, the far-field approximation requires that the sources be far from the

receivers, but this requirement is made with respect to the wavelength, so that at sufficiently

high frequency regimes, cross-correlational interferometry continues to produce robust results

in a wide array of applications. Wapenaar and Fokkema (2006) show that the far-field

approximation is valid when arrivals are propagating in the same direction, but that in

the presence of arrivals in multiple directions, ”ghost” noise arises which is assumed to

vanish in when the sources are random (Wapenaar and Fokkema, 2006). The latter assertion

is connected to Assumption V below. On the other hand, the violation of the far-field

approximation has been studied for example by Zheng et al. (2011), who propose a method

to mitigate the resulting spurious arrivals using a cross-correlation kernel approach. Kimman

and Trampert (2010) show that a thick boundary of sources surrounding the receivers may

also be used to overcome spurious effects arising from the violation of the far-field assumption.

Assumption V: The noise sources are statistically uncorrelated.

The assumption that noise sources are statistically uncorrelated is widely found in literature

(see, e.g., Lobkis and Weaver (2001); Wapenaar (2004); Snieder et al. (2009); Wapenaar

et al. (2010a); Sabra (2010); Nakata et al. (2011); Wapenaar et al. (2011)). It is com-

monly stated in the form (1.2.15), or sometimes not explicitly acknowledged. Kimman and

Trampert (2010) consider for example the connection between simultaneously acting sources

and a slow rate of convergence to the inter-receiver Green’s function estimate (a law of large

numbers statement), and van Dalen et al. (2014) recognises that realistic sources present sta-

tistical correlations, proposing a deblending approach for the case of simultaneously acting

sources. However, models introduced in these works and others (Weaver and Lobkis, 2005;

Sabra, 2010; Lavoué et al., 2020) continue to implicitly assume that sources are statistically

uncorrelated, even if acting simultaneously, and the effect of short and long-range statistical

correlations in the sources remains unaccounted for, both theoretically and in practice.

Assumption VI: The stationary phase approximation.

While the stationary phase principle has been a long-standing classical technique of asymp-

totic analysis (Bleistein and Handelsman, 1986), it was first formally introduced to wavefield

interferometry by Snieder (2004), who invoked this principle to approximate a triple inte-

gral with a single contour integration. The stationary phase principle is closely related to

the physical interpretation of Fresnel zones (van Kampen, 1958), which are simply regions

of constructive interference determined by the geometry of the receiver array. Since the
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work of Snieder (2004), the stationary phase approximation has been commonly applied in

wavefield interferometry, both in theoretical studies (Halliday and Curtis, 2008b; Snieder

et al., 2009) and practical applications (e.g. Pinzon-Rincon et al. (2021)). While there have

been some empirical explorations of the uncertainty associated with this approximation (see,

e.g., Kimman and Trampert (2010)), the errors associated with the stationary phase method

have not been formally addressed, and the effects of roughness and statistical source corre-

lations have not been considered.

In this thesis we study the effects of anisotropic illumination (Assumption IIIa), noise

roughness (Assumption IIIb), statistically correlated sources (Assumption V) and the sta-

tionary phase approximation (Assumption VI) on the inter-receiver interferometric estimate,

both in active and passive source scenarios. We consider the interplay between the effects

of violating these assumptions. Finally, note that the diffusivity assumption initially high-

lighted by Campillo and Paul (2003) has been shown not to be required (Wapenaar and

Fokkema, 2006), and therefore that assumption is not part of this study. Moreover, we

remark that the amplitude of the inter-receiver Green’s function estimate is generally ac-

knowledged to be unreliable (Wapenaar and Fokkema, 2006; Wapenaar et al., 2011), so that

while amplitude effects are considered throughout, we pay particular attention to the phase

of the interferometric estimate, which is fundamental for most applications.

1.5 Outline of the thesis

This work is organised as follows. Chapter 2 describes the general framework to quantify

the errors introduced by anisotropic source variations as well as statistical correlations in

the source. This framework is derived from first principles and encompasses both active

source and passive noise interferometry. The source inhomogeneities along the contour and

their local scale and long-range correlations are modelled using an appropriate covariance

model, and the effects on the interferometric estimate are analised and numerically explored.

A randomised multi-contour approach is proposed to mitigate these effects, and tested on

synthetic data. Chapter 3 studies the widely used stationary phase approximation in wave-

field interferometry using the framework derived in Chapter 2. The estimate is derived

from first principles and the effects of source correlations and inhomogeneity are studied

analytically and numerically, using a concentration inequality approach. The work of Olver

(1974) is extended and applied to the case of ideal isotropic uncorrelated sources. Chap-

ter 4 investigates the relationship between active source interferometry (as in (1.1.1)) and

ambient noise interferometry (1.2.15), as well as the effects of violating the uncorrelatedness

assumption (1.2.14). In that Chapter, we further study the effect of statistically correlated
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sources on the inter-receiver Green’s function estimated from ambient noise, and propose a

method that significantly mitigates these effects and improves the phase retrieval. Chap-

ter 5 concludes by summarising the results presented in this thesis, discussing the advantages

and limitations of the proposed approaches as well as potential future work directions. Fi-

nally, Appendix A details how the framework developed in Chapter 2 can be extended to

source-receiver interferometry, which would be required to apply the proposed multi-contour

approach to real data, but is also a powerful and interesting form of interferometry in its own

right. Appendix B contains technical details of the stationary phase derivations that were

for brevity omitted from Chapter 3, in particular an analogous derivation for a line boundary

that relates the stationary phase approximation to the method proposed in Chapter 4, as

well as further numerical tests and considerations.



Chapter2
General framework for error quantification in

Green’s function interferometry

In this Chapter, we develop a general framework for error quantification framework in wave-

field interferometry. This framework is derived from first principles and then incorporated

into the interferometric representation theorems.

2.1 Introduction

Wavefield interferometry relies on the empirical acquisition of Green’s functions of the

Helmholtz equation, which is the frequency domain counterpart of the wave equation. In

this thesis, we consider specific kinds of solutions to the inhomogeneous Helmholtz equation

(namely, its fundamental solutions). Therefore, we consider wave dynamics governed by the

linear wave equation

∂2
t u(x, t) + c2∇2

xu(x, t) = −f(x,x′, t) , (2.1.1)

where x is a spatial variable in a medium of constant speed c (in one, two or three dimensions)

and t stands for time. The spatial variable x′ is a parameter of the forcing f , and in the

present context it will often denote the location of a point source.

When wavefield recordings are acquired and used for interferometry, the following sce-

narios may be considered.

1. When the recorded waveform is the response of the medium to an instantaneous delta

pulse emitted at a location x′ and time t = 0. Then the forcing is given by

f(x,x′, t) = δ(x− x′)δ(t) ,

23
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and in this case the solution u(x, t) to the wave equation (2.1.1) can be represented

by the so-called free-space Green’s function of the wave operator (i.e. the D’Alembert

operator), denoted as

u(x, t) = G(x,x′, t) , (2.1.2)

where the particular form of G(x,x′, t) is left unspecified in order to retain the gener-

ality of the subsequent derivations. The Green’s function defined in (2.1.2) differs from

those defined in Chapter 1 by a (constant) factor of 1/c2, which is henceforth omitted

for simplicity. In this setup, conditions are ideal for the validity of the representation

theorems presented in Section 1.2.

2. When the recorded waveform is the response of the medium to a pulse emitted at a

location x′ and time t = 0, scaled by an unknown random amplitude factor α(x′) that

depends on the location of the pulse source x′. In this scenario we set the forcing as

f(x,x′, t) = α(x′)δ(x− x′)δ(t) ,

The solution u(x, t) can be derived in a standard way by convolving the Green’s func-

tion G(x,x′, t) of the linear wave operator with the forcing f . Using the sifting property

of the delta distribution this results in a solution of the form

u(x, t) = α(x′)G(x,x′, t) . (2.1.3)

This type of solution no longer assumes that the medium is illuminated isotropically,

i.e. that all source locations x′ contribute an equal amount of energy to the interfero-

metric estimate. Variations may be introduced for each source location by the random

amplitude factor α(x′), and regions without sources can be accounted for by values of α

close to zero. Therefore, incorporating these solutions in the standard retrieval formu-

las (for example (1.2.12) or (1.2.13)) allows us to account for the uncertainty introduced

when the assumption of isotropic illumination is not satisfied. These derivations are

presented later on in Section 2.2, as well as statistical study in Section 2.4 of the effect

that the random amplitude α has on the retrieval when its values are determined by

realisations of a correlated random field with varying degrees of smoothness. The situ-

ation where energy originates predominantly from the stationary phase regions (either

by opportune noise distributions or deliberate signal processing measures) as well as

the effects of noise correlation and smoothness are considered in Chapter 3.

3. When the recorded waveform is the response of the medium to an ambient noise source
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where individual sources cannot necessarily be identified, due for example to simulta-

neously acting sources, sources in motion or sources generally smeared in time and

space. This may be represented for example as a sequence of n delta pulses centred at

locations xj for j ∈ {1, . . . , n} and firing at corresponding times tj, and with associated

amplitudes given by some function A(xj), so that the forcing has the form

f(x,x′1, . . . ,x
′
n, t) =

n∑
j=1

A(x′j)δ(x− x′j)δ(t− tj) ,

or for sources spread over a continuous boundary S,

f(x, S, t) =

∫
S

A(x′(t′))δ(x− x′(t′))δ(t− t′) dt′ ,

where the source boundary S is parametrised by the time t′, since the exact locations

of the sources are not usually known in this situation, and all one has access to is the

recording of the sources acting over time. By the superposition principle, valid for

linear systems, the medium response can be characterised by the sum of the Green’s

functions

u(x, t) =
n∑
j=1

A(x′j)G(x,x′j, t− tj) . (2.1.4)

or the convolution

u(x, t) =

∫
S

∞∫
−∞

A(x′(t′))δ(x− x′(t′))G(x,x′, t− t′)dt′ . (2.1.5)

In this work, solutions of this form are denoted as

β(x, t) := u(x, t) , (2.1.6)

That is, β(x, t) denotes an ambient noise recording at a receiver location x and time

t, and the explicit source location and signature are not known. One may consider

scenarios where the ambient noise source is spread over a continuous and explicit

source boundary S, as in ambient noise generated for example by trains on railroads

or traffic on highways, (see Brenguier et al. (2019) or Pinzon-Rincon et al. (2021)

for two examples of this increasingly common scenario) or an implicit boundary, as

in microseismic energy generated by storms and zones of constructive interference

in the ocean, which is a well-known source of ambient noise (Ardhuin et al., 2011,
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2019). The interferometric Green’s function estimation from the former kinds of sources

is considered in Chapter 4. We discuss common assumptions and the impact that

violating them has on the interferometric estimate; as well as mitigation strategies to

improve the phase estimate.

4. When the forcing is a combination of the latter two types, that is, identifiable point

sources (with a random amplitude perturbation α that depends on the source location)

as well as ambient noise where individual point sources of energy cannot always be

identified. In this case the forcing may take the form

f(x,x′,x′1, . . . ,x
′
n, t) = α(x′)δ(x− x′)δ(t) +

n∑
j=1

A(x′j)δ(x− x′j)δ(t− tj) ,

or

f(x,x′, S ′, t) = α(x′)δ(x− x′)δ(t) +

∮
S′

A(x′(t′))δ(x− x′(t′))δ(t− t′) dt′ ,

for a continuous boundary of sources S. The medium response in this case is denoted

as

u(x, t) = α(x′)G(x,x′, t) + β(x, t) , (2.1.7)

where the principle of superposition has again been invoked and definition (2.1.6) has

been used.

The first scenario is consistent with the formulation of the representation theorem of the

correlation type (1.2.12) We note that active or controlled source interferometry corresponds

to the second scenario, and ambient noise interferometry corresponds to the third scenario.

While in practical settings signal processing procedures may be introduced to filter ambient

noise out of active source acquisition, so that the quantities α and β may not normally

interact, we will develop our framework in the more general fourth scenario, which encom-

passes the first three, thus integrating both active source and ambient noise interferometry

into a single formulation. Particular cases of the general framework may then be considered

depending on the scenario under consideration.

Therefore, we approach quantification of uncertainty in wavefield interferometry by as-

suming that the empirical data is generally of the form (2.1.7) above, rather than the ideal

response to a point source as given in (2.1.2) as required by interferometric theory. We incor-

porate this assumption into the representation theorem of the correlation type (1.2.12) and

perform a procedure analogous to the derivation of the interferometric approximation (1.2.13)

from (1.2.12), so that the resulting empirical interferometric estimate integrates the propaga-

tion of the amplitude inhomogeneity α and the ambient noise β through the interferometric
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machinery, and the approximations and assumptions discussed in Section 1.2. The resulting

empirical estimate as well as the associated errors are presented below.

Taking the Fourier transform of the wave equation (2.1.1) yields the Helmholtz equation

(
∇2

x + k2
)
û(x, k) = −f̂(x,x′, k)/c2 , (2.1.8)

where ·̂ denotes data in the frequency domain, and the frequency dependency is expressed

implicitly in terms of the wavenumber k = ω/c. In the case when the forcing f̂(x,x′, k)

is a delta forcing, the solution of (2.1.8) is a Green’s function of the Helmholtz equation.

Consider instead the scenario where the forcing is of the form (2.1.7). Taking the Fourier

transform of this time domain forcing yields

f̂(x,x′, S ′, k) = α(x′)δ(x− x′) +

′∮
S

Â(x′′, k)δ(x− x′′)dx′′ .

Invoking the principle of superposition we state that the solution to (2.1.8) with forcing

f̂(x,x′, S ′, k) is

û(x, k) = û1(x, k) + û2(x, k) ,

where û1(x, k) is the solution of the Helmholtz equation, i.e.

(
∇2

x + k2
)
û1(x, k) = −α(x′)δ(x− x′) , (2.1.9)

and û2(x, k) satisfies the Helmholtz equation

(
∇2

x + k2
)
û2(x, k) = −

∮
S

Â(x′′, k)δ(x− x′′)dx′′ . (2.1.10)

Rearranging equation (2.1.9) below we have

(∇2
x + k2)

(
û1(x, k)

α(x′)

)
= −δ(x− x′) , α(x′) > 0 ,

where it is apparent that û1(x, k)/α(x′) is the medium’s response to a point source at x′.

Therefore, û1(x, k) is the Green’s function Ĝ(x,x′, k) of this Helmholtz equation, that is

û1(x, k)

α(x′)
= Ĝ(x,x′, k) ,
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or equivalently

û1(x, k) = α(x′)Ĝ(x,x′, k) .

In other words, û1(x, k) is simply the Green’s function of the Helmholtz operator rescaled

by the factor α(x′). On the other hand, we define the solution β̂(x, k) as above (see equa-

tion (2.1.6))

β̂(x, k) := û2(x, k) ,

where û2(x, k) satisfies equation (2.1.10). That is, β̂(x, k) is the medium’s response to

ambient or background noise measured at x for the wavenumber k. Hence, we define the

empirical Green’s function as the solution û(x, k) = û1(x, k) + û2(x, k) to equation (2.1.8)

and we denote it by

ĝαβ(x,x′, k) = α(x′)Ĝ(x,x′, k) + β̂(x, k) , (2.1.11)

where the circumflex symbol ·̂ denotes data in the frequency domain, a lowercase ĝ is used

to denote the empirical data, and an uppercase Ĝ denotes the true Green’s functions. The

subscripts α and β are used to emphasise the dependence of the recorded data on these

quantities. Note that (2.1.11) can also be derived directly by taking the Fourier transform

of (2.1.7).

Henceforth, the unknown quantity α(x′) is interpreted as a random field over R2 or R3.

For simplicity, the dependence on an event in the probability space is left implicit. Random

fields are well-suited to model uncertainty in a geostatistical context (see e.g. Chiles and

Delfiner (2009); Christakos (2012); Lantuéjoul (2013); Song and Jordan (2017)). Incorpo-

rating random fields into the framework has the further advantage of allowing for covariance

structures that quantify spatial correlations in the sources. An appropriate choice of a geo-

statistical covariance model that accounts for long range correlations as well as smoothness

is introduced in Section 2.4.2. The random field α may be real-valued, and hence only affect

the amplitude of the signal, or it may be allowed take complex values in which case it may

have an effect on the empirical phase as well as the amplitude. The construction (2.1.11)

of an empirical Green’s function captures the effect of uncertainty in the amplitude and

phase of measured signals, and in the sections that follow will help quantify the deviation of

interferometric estimates from the ideal Green’s function. Note that when α ≡ 1 and β ≡ 0,

the empirical Green’s function reduces to the actual Green’s function, i.e.

ĝ
10

(x,x′, k) = Ĝ(x,x′, k) . (2.1.12)
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2.2 Interferometric retrieval of the empirical Green’s

function

2.2.1 Empirical representation theorem of the correlation type

Motivated by the representation theorem of the cross-correlation type, we define the full

empirical inter-receiver interferometric estimate for a receiver pair xA, xB as

Ĝint(xA,xB, k; α, β) :=

∮
S

ĝαβ(xA,x, k) ∂nxĝ
∗
αβ(xB,x, k)

− ĝ∗αβ(xB,x, k) ∂nxĝαβ(xA,x, k) dx .

(2.2.1)

where S is a contour of sources and ∂nxgαβ(xR,x, k) denotes the directional derivative of

ĝαβ(xR,x, k) with respect to the outward pointing normal to S at x. Substituting the

definition for gαβ(xR,x, k) given in (2.1.11) for each receiver yields

Ĝint(xA,xB, k; α, β) =

∮
S

|α(x)|2
(
Ĝ(xA,x, k)∂nxĜ

∗(xB,x, k)− Ĝ∗(xB,x, k)∂nxĜ(xA,x, k)
)
dx

+

∮
S

{α(x)∂nxα
∗(x)− α∗(x)∂nxα(x) }G(xA,x, k)Ĝ∗(xB,x, k) dx

+ β̂(xA, k)

∮
S

∂nx

{
α∗(x)Ĝ∗(xB,x)

}
dx

+ β̂∗(xB, k)

∮
S

∂nx

{
α(x)Ĝ(xA,x)

}
dx

+β(xA, k)β∗(xB, k)`(S) ,

(2.2.2)

where we have applied the product rule

∂nx

{
α(x)Ĝ(xR,x)

}
= α(x)∂nxĜ(xR,x) + Ĝ(xR,x)∂nxα(x) , (2.2.3)

and `(S) is a scaling factor depending on the length of the boundary S. Hence, we have

assumed in (2.2.2) that the gradient of the random field α exists and is well defined. We make

this assumption to gain further insight into (2.2.1). Note that in the ideal scenario where

α ≡ 1 and β ≡ 0, equation (2.2.2) reduces to the representation theorem of the correlation
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type (1.2.12), so that

Ĝint(xA,xB, k; 1, 0) = Ĝhom(xA,xB, k) . (2.2.4)

Therefore, as a measure of error in the empirical retrieval (2.2.2), consider the difference

Ĝint(xA,xB, k;α, β)− Ĝint(xA,xB, k; 1, 0) =∮
S

{
|α(x)|2 − 1

}(
Ĝ(xA,x, k)∂nxĜ

∗(xB,x, k)− Ĝ∗(xB,x, k)∂nxĜ(xA,x, k)
)
dx

+

∮
S

{α(x)∂nxα
∗(x)− α∗(x)∂nxα(x) }G(xA,x, k)Ĝ∗(xB,x, k) dx

+ β̂(xA, k)

∮
S

∂nx

{
α∗(x)Ĝ∗(xB,x)

}
dx

+ β̂∗(xB, k)

∮
S

∂nx

{
α(x)Ĝ(xA,x)

}
dx

+β(xA, k)β∗(xB, k)`(S) ,

(2.2.5)

where it becomes apparent that only the first and second terms in (2.2.2) make accurate

contributions to the inter-receiver phase, if not the amplitude, and that the rest of the

terms are spurious contributions.1 Note that while the first term corresponds to the exact

interferometric representation involving monopoles and dipoles, the second term corresponds

to the simplified interferometric estimate discussed in Section 1.2.4. Next, note that the last

two terms in (2.2.2) quantify the interference caused by ambient noise arriving at each of the

receivers as active sources are recorded. These terms are comprised by the cross-correlation

of ambient noise arriving at one receiver, with the aggregated dipole response recorded at

the other receiver over the active source boundary S. However, filtering out ambient noise

is a standard pre-processing procedure in an active source experiment. Therefore we assume

the ambient noise is negligible (β ≡ 0) in the context of active source interferometry.

Remark 2.2.1. This is a sensible assumption given that the range and quality of the fre-

quency spectrum of controlled (active) noise sources differs significantly from that of back-

ground noise, so that standard pre-processing techniques can separate them well enough

for interferometric applications (see Bensen et al. (2007)). For example, an active source

such as a truck-mounted seismic vibrator has a reasonably customisable frequency range,

1That is, contributions in the integral towards events other than the inter-receiver arrival, since the goal
of inter-receiver interferometry is to estimate the travel time between the receivers.
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capable of operating in a typical mid-band frequency of 10 to 30 Hz, or a higher band of

50 to 150 Hz depending on the target and application (Chapman et al., 1981). This dif-

fers significantly from the much lower frequency content of the Earth’s background noise,

referred to a microseismic noise. The main frequency band of microseisms ranges from 0.05

Hz to 0.4 Hz, typically peaking around 0.07 Hz and 0.14 Hz, corresponding to the primary

and secondary microseisms, respectively (Gerstoft et al., 2006; Ardhuin et al., 2011). Hence,

while the derivations in this section are performed in the simultaneous presence of the terms

α and β in order to derive a general, unified framework, the subsequent sections and chapters

consider the active source case where β ≡ 0 (for example, Section 2.4 and Chapter 3) and

the ambient noise case where α ≡ 0 (4) separately, in line with interferometric applications.

Finally the second term is modulated by the factor

α(x)∂nxα
∗(x)− α∗(x)∂nxα(x) ,

which vanishes when α is real-valued. This is a reasonable assumption for our purpose of

quantifying the effect of azimuthal variations in amplitude, and henceforth we assume α is

a real-valued random field. Under these assumptions, the error (2.2.5) reduces to

Ĝint(xA,xB, k;α, 0)− Ĝint(xA,xB, k; 1, 0) =∮
S

{
α2(x)− 1

}(
Ĝ(xA,x, k)∂nxĜ

∗(xB,x, k)− Ĝ∗(xB,x, k)∂nxĜ(xA,x, k)
)
dx .

(2.2.6)

The error expression (2.2.6) illustrates that the error in the full empirical retrieval (2.2.1)

hinges on the behaviour of the statistical of the random field α, specifically its second mo-

ment. This second order dependence is apparent when considering (2.2.1) under the assump-

tions of a real-valued α and β ≡ 0, since then the retrieval differs from the representation

theorem (1.2.12) only in the term α2(x).

Remark 2.2.2. It is immediate that if the second moment of the random field α is constant

along the boundary S, i.e. E [α2(x) ] = E [α2
S ] ∀x ∈ S for some constant E [α2

S ] > 0, then

E
[
Ĝint(xA,xB, k; α, 0)

]
∝ Ĝhom(xA,xB, k) .

where the proportionality factor is E [α2
S ] > 0. Therefore, the full empirical estimate es-

timates the phase correctly on average (i.e. it is an unbiased phase estimator), but the

amplitude is in general incorrect and the amplitude bias is quantified by the second moment

of the random perturbations of recorded amplitude along the source boundary. Moreover,
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since α ≡ 1 corresponds to ideal data acquisition (i.e., the data recorded are true Green’s

functions), it is intuitive to allow α to oscillate around this ideal value (i.e. model α as a

random field of mean one). It is interesting to note that due to the structure of the inter-

ferometric operation, α always enters the integrand squared, and there is no guarantee that

the squared random field α2 is of mean one, even if α is. In fact, the only way in which

E [α2 ] = 1 can be guaranteed when E [α ] = 1 is if the random field α is of variance zero

(this follows directly from the definition of variance), i.e. the ideal case of a degenerate

random field α ≡ 1. On the other hand, if we allow for amplitude perturbations oscillat-

ing around an arbitrary non-negative value, i.e. E [α ] = µα > 0, there are circumstances

when E [α2 ] = 1. This suggests that the interferometric retrieval is generally biased in the

statistical sense except in either the most stringent ideal conditions, or in the presence of

random perturbations that vary in a way that compensates implicitly for this bias (random

amplitude perturbations with second moment equal to one). This behaviour is explored in

the following sections as well as in Chapter 3.

2.2.2 Empirical interferometric approximation

While considering the behaviour of the cross-correlation representation theorem when applied

to empirical data of the form (2.1.11), this formulation does not provide further insight with-

out making more assumptions about the differentiability of the random field α. Furthermore,

it does not provide an integrated framework for active and passive noise interferometry. We

are interested instead in the behaviour of the interferometric approximation (1.2.13), which

is more representative of practical applications of wavefield interferometry. Therefore, mo-

tivated by equation (1.2.13), we define the monopole empirical interferometric estimate as

ĝint(xA,xB, k; α, β) := −2ik

∮
S

ĝαβ(xA,x, k)ĝ∗αβ(xB,x, k) dx . (2.2.7)

Substituting the definition for gαβ(xR,x, k) given in (2.1.11) for each receiver yields

ĝint(xA,xB, k; α, β) = −2ik

∮
S

α2(x)Ĝ(xA,x, k)Ĝ∗(xB,x, k)dx

−2ik β̂(xA, k)

∮
S

α(x)Ĝ∗(xB,x)dx

−2ik β̂∗(xB, k)

∮
S

α(x)Ĝ(xA,x) dx

−2ik β̂(xA, k)β̂∗(xB, k)`(S) ,

(2.2.8)
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where `(S) is the length of the contour S and noting that real-valued α has been already as-

sumed. Equation (2.2.8) provides an integrated framework for uncertainty in wavefield inter-

ferometry. When α ≡ 1 and β ≡ 0, one recovers the interferometric approximation (1.2.13),

i.e.

ĝint(xA,xB, k; 1, 0) ≈ Ĝhom(xA,xB, k) . (2.2.9)

Remark 2.2.3. Contrast (2.2.9) above, which is an approximation, with the corresponding

expression (2.2.4) for the full interferometric empirical estimate, which is exact. We consider

the connection between the two empirical retrievals below.

For an active source scenario one considers negligible ambient noise, so that β ≡ 0 ,

yielding

ĝint(xA,xB, k; α, 0) =

∮
S

α2(x)Ĝ(xA,x, k)Ĝ∗(xB,x, k)dx , (2.2.10)

and conversely, when there are no active sources (i.e. α ≡ 0) one recovers the ambient noise

interferometry formulation laid out in (1.2.5)

ĝint(xA,xB, k; 0, β) ∝ β̂(xA, k)β̂∗(xB, k) . (2.2.11)

Therefore, equation (2.2.7) comprises a unified framework for uncertainty quantification in

wavefield interferometry,and this work is dedicated to studying various deterministic and

statistical aspects of this equation. In the following section, we use the ideal retrieval(2.2.4)

as a benchmark to derive a general error expression.

Remark 2.2.4. For convenience and in line with the use of interferometry in practical set-

tings, we chose to define the empirical interferometric estimate (2.2.7) directly. However, it

is worth considering how it may be derived from the full empirical estimate (2.2.1), partic-

ularly in an active source scenario, as this highlights implicit assumptions on the behaviour

of the random field α. Consider the full empirical retrieval in an active source scenario that

is, expression (2.2.1) with β ≡ 0,

Ĝint(xA,xB, k; α, β) =

∮
S

α(x)G(xA,x, k)∂nx

{
α(x)Ĝ∗(xB,x, k)

}
− α(x)Ĝ∗(xB,x, k)∂nx

{
α(x)Ĝ(xA,x, k)

}
dx .

In order to derive an expression akin to (2.2.10) one needs to enforce a Sommerfeld radiation

condition and a far-field assumption (see Section 1.2.2) to the products α(x)Ĝ(xR,x, k), so

that

∂nx

{
α(x)Ĝ(xR,x, k)

}
≈ ikα(x)Ĝ(xR,x, k) . (2.2.12)
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Using the product rule (2.2.3) illustrates that for (2.2.12) to be valid, we require

∂nx {α(x)} ≈ 0 ,

that is, that the amplitudes inhomogeneities along the source boundary vary slowly. This

is in line with the numerical findings of e.g. Kimman and Trampert (2010), and imposes

theoretical limitations on the roughness of the random field for accurate retrieval. We also

point out that in this work the random field model is purely spatial, and does not depend

on the frequency k. If α were frequency-dependent, it would be necessary to assume the

Sommerfeld radiation condition and the validity of the far-field approximation for α.

In the section below, we present an example of the active source interferometric re-

trieval (2.2.10) in the presence of a random field α, to illustrate the effects of amplitude

randomness on the retrieval and their physical intuition.

Illustrative example of active source interferometry with inhomogeneous source

amplitudes

Figure 2.1 illustrates a canonical source-receiver array, overlaid over an illustrative random

field α. The receivers are depicted as white triangles and the source boundary is to scale,

with an inter-receiver distance of 100 m and a source boundary radius of 2.5 km.
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Figure 2.1: Illustration of the source boundary S and a receiver pair xA,xB laid over a
random field α (top), along with the values of α over S (bottom).

While this illustrative random field is of mean one, corresponding to ideal acquisition on

average, it was allowed to take on large values to illustrate the spurious effects of amplitude

inhomogeneities. The bottom panel of the same figure shows the values of the random field

α along the contour S. Note a spike in energy at the azimuthal θ ≈ 7π/6. Consider also the

axis determined by the receiver pair, which corresponds to the azimuthal directions θ = 0

and θ = π. Energy is relatively muted in the neighbourhood of θ = π, and there is a peak

of energy at θ = 0 (equivalently θ = 2π). Next, Figure 2.2 compares the interferometric



CHAPTER 2. GENERAL FRAMEWORK FOR ERROR QUANTIFICATION 36

estimate (2.2.10) when α is the random field from Figure 2.1 in the time domain. The

empirical waveform is shown in orange, and the waveform corresponding to an ideal empirical

retrieval (i.e. α ≡ 1) is included in grey for comparison. Moreover, the waveform of the

corresponding homogeneous Green’s function is shown in black dashes for reference, though

it is indistinguishable from the empirical retrieval when α ≡ 1. The medium speed was set

at c = 1000 m/s, with an inter-receiver distance of 100 m and a spectrum varying between

0.1 Hz and 75 Hz. It is immediately apparent that the empirical retrieval overestimates

the amplitude, consistent with the values of α shown in the bottom panel of Figure 2.1,

which, while on average one, often exceed this mean. While the waveforms exhibit both the

causal and acausal inter-receiver travel time at t = 0.1 s, the empirical waveform exhibits

a large spurious arrival at around 0.05 s that obscures all other arrivals, as well as higher

frequency artefacts between the acausal and causal inter-receiver arrivals. This large spurious

arrival corresponds to the peak in energy at the azimuthal direction θ ≈ 7π/6 illustrated in

the bottom panel of Figure 2.1, and the arrival time corresponds simply to the travel-time

difference of a wave originating on S at that azimuthal direction and arriving at each of

the receivers. Finally, the amplitude at the causal inter-receiver arrival is consistent with

the peak of energy at the azimuthal direction θ = 0, which in line with the receivers. The

underestimated amplitude at the acausal inter-receiver arrival t = −0.1 s is in turn consistent

with the muted energy at the azimuthal direction θ = π.

Figure 2.2: Comparison of the time-domain counterparts of the empirical interferometric
estimate, i.e. gint(xA,xB, t; α, 0) (orange) and the ideal retrieval gint(xA,xB, t; 1, 0) (grey),
as well as the homogeneous inter-receiver Green’s function Ghom(xA,xB, t) (black dashes).
The medium speed was c = 1000 m/s and the inter-receiver distance was |xA−xB| = 100 m.

Remark 2.2.5. Note that the spurious arrivals in the waveform g(xA,xB, t : α) are confined

to the inter-receiver arrival time t = 0.1 s and its acausal counterpart t = −0.1 s. The phase

differences in the correlation integrand are in fact bounded by the inter-receiver arrival as

a direct consequence of the stationary phase approximation and its connection to wavefield

interferometry, which is explored in detail in Chapter 3.
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The spectra corresponding to these waveforms is shown in Figure 2.3, where again the

spectrum of the ideal retrieval for α ≡ 1 (grey) is virtually indistinguishable from the spec-

trum of the homogeneous inter-receiver Green’s function (black dashes). The top panel of

the figure shows respectively the modulus and the phase of the spectra. The bottom panels

show the real and imaginary parts. Recall by definition (1.1.2) that the homogenous Green’s

function is a purely imaginary quantity, which is reflected in this figure and induces a discon-

tinuous phase as the phase of the homogeneous Green’s function oscillates between −π/2 and

π/2. This discontinuous behaviour is reproduced by the ideal retrieval in grey, whose real

part is negligible. However, the empirical retrieval (orange) has a non-trivial real part and

it is apparent that the amplitude is overestimated across the frequency band. The empirical

phase presents strong spurious effects, consistent with the waveforms shown in Figure 2.2.

Figure 2.3: Comparison of the spectra of the empirical interferometric estimate
ĝint(xA,xB, k; α, 0) (orange) and the ideal retrieval ĝint(xA,xB, t; k, 0) (grey), as well as the
homogeneous inter-receiver Green’s function Ghom(xA,xB, k) (black dashes). The medium
speed was c = 1000 m/s and the inter-receiver distance was |xA − xB| = 100 m. The fre-
quency band was 0.1 Hz to 75 Hz. The top panels show, respectively, the amplitude and
phase of the spectra, while the bottom panels show the real and imaginary parts.

Finally, the empirical phase illustrated in the top right panel of Figure 2.3 exhibits jump

discontinuities along the ordinate values±π, consistent with the range of the principal branch

of the argument function. For illustration purposes, the phases are shown unwrapped for

comparison in Figure 2.4. Note that in this particular example, the estimated retrieval does

include a correct causal arrival at the inter-receiver travel time (see waveforms in Figure 2.2

and accompanying comments) so that the error appears smaller than expected at the lower

end of the frequency spectrum. This behaviour may be due to the interaction of the waves

with the random medium, and is explored and discussed further in Section 2.4.
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Figure 2.4: Unwrapped phases from the top right panel of Figure 2.3.

As this numerical example illustrates, azimuthal variations in the source amplitude can

introduce significant errors to the interferometric retrieval. We aim to quantify the properties

of the phase and amplitude errors illustrated in this section. To this end, we define general

error expressions in what follows.

2.3 General error expression in wavefield interferome-

try

The uncertainty introduced by α and β to the interferometric estimate can be quantified by

defining the error

E(xA,xB, k; α, β) = ĝint(xA,xB, k; α, β)− ĝint(xA,xB, k; 1, 0) , (2.3.1)

noting that by (2.2.9)

E(xA,xB, k; α, β) ≈ ĝint(xA,xB, k; α, β)− Ĝhom(xA,xB, k) , (2.3.2)
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Then, using equation (2.2.8), we have that

E(xA,xB, k; α, β) = −2ik

∮
S

{
α2(x)− 1

}
Ĝ(xA,x, k)Ĝ∗(xB,x, k)dx

−2ik β̂(xA, k)

∮
S

α(x)Ĝ∗(xB,x)dx

−2ik β̂∗(xB, k)

∮
S

α(x)Ĝ(xA,x) dx

−2ik β̂(xA, k)β̂∗(xB, k)`(S) ,

(2.3.3)

In the next section we consider bounds for the error E(xA,xB, k; α, β) independently for

active source and passive noise interferometry.

2.3.1 Expected error in the retrieved Green’s function

We first consider an active source experiment, so that β ≡ 0. Error quantification in passive

noise interferometry is considered in Chapter 4. Henceforth we assume α is a realisation of a

real-valued random field, so that |α(x′)|2 = α2(x′), and that the far-field approximation and

the Sommerfeld radiation condition are satisfied whenever necessary. These assumptions are

encapsulated in (2.2.9), so that approximation is invoked whenever necessary. Finally, we

assume that Fubini’s theorem is satisfied with respect to the contour integration over S and

the mean operator E [ · ], which is also an integral operator. Consider the error expression

(2.3.1) under the assumptions above

E(xA,xB, k; α, 0) = −2ik

∮
S

{
α2(x′)− 1

}
Ĝ(xA,x

′, k)Ĝ∗(x′,xB, k) dx′ . (2.3.4)

In what follows, we give the expected value of E(xA,xB, k; α, 0) under the assumption that

the first and second moments of α are constant along the boundary S. These values are then

used to state probability bounds on the error in the sequel.

Expected value of the empirical error in active source interferometry

Taking the expected value of (2.3.4) yields

E [E(xA,xB, k; α, 0) ] = −2ik

∮
S

{
E
[
α2(x′)− 1

]}
Ĝ(xA,x

′, k)Ĝ∗(x′,xB, k) dx′ .
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If the random field α is further assumed of be of constant mean and variance, that is

E [α(x′) ] = µα for all x′ ∈ S ,

for some constant µα ∈ R, and

Var [α(x′) ] = σ2
α <∞ for all x′ ∈ S ,

for some positive constant σ2
α ∈ R, then

E
[
α2(x′)

]
= µ2

α + σ2
α ,

and hence

E [E(xA,xB, k; α, 0) ] = −2ik
{
µ2
α + σ2

α − 1
}∮
S

Ĝ(xA,x
′, k)G∗(x′,xB, k) dx′ .

Applying assumption (2.2.9) we can conclude that

E [E(xA,xB, k; α, 0) ] ≈
{
µ2
α + σ2

α − 1
}
Ĝhom(xA,xB, k) .

Hence, the empirical interferometric estimate ĝint(xA,xB, k; α, 0) in active source interfer-

ometry is an unbiased phase estimator of the inter-receiver inhomogeneous Green’s function,

provided the second moment of α is finite and constant along the source boundary S. The

relative amplitude bias is quantified by the second moment of the random amplitude varia-

tions, i.e.

E

[
|E(xA,xB, k; α, 0)|
|Ĝhom(xA,xB, k)|

]
≈
{
µ2
α + σ2

α − 1
}
.

2.4 Numerical study and results

In this Section, a numerical exploration of the errors in phase and amplitude incurred by the

interferometric estimate is presented. First, fundamental results in probability bounds are

briefly reviewed. Next, a specific distribution and correlation structure for the random field

α are chosen, for practical purposes. The choice is distribution and correlation is justified

and their relevance in applications is established. In particular, the correlation structure is

chosen in order to allow for parameters that control the correlation at local and global scales

independently from each other, as evaluating the performance of the interferometric estimate

with respect to these noise characteristics is one of the goals of the present work. Finally,
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the phase and amplitude errors are explored and their probability distribution functions are

estimated in representative correlation regimes at different scales. Interesting behaviours are

observed across this results, in particular a reduced error at lower frequency regimes due to

the interaction of the wavelengths with the scale of the noise inhomogeneities.

2.4.1 Concentration inequalities and some auxiliary probabilistic

results

Concentration inequalities are classic probability results that provide bounds on how much

a random variable deviates from some specific value, usually its mean. As this thesis is

concerned with studying and quantifying certain errors incurred in wavefield interferometry,

concentration inequalities can be used to quantify the probability that these errors become

large. In this Section, the classic probability results applied throughout this work are briefly

introduced. For brevity, these results are presented without proof and references to standard

literature are provided instead.

Lemma 2.4.1 (Chebyshev’s inequality). Let X be a random variable with finite first and

second moments, then for any real number ξ > 0

P (|X − E [X ] | > ξ) ≤ 1

ξ2
Var [X ] . (2.4.1)

Proof. See for example Section 3.1 of Athreya and Lahiri (2006).

In this work, Chebyshev’s inequality is applied to complex-valued random variables that

quantify different errors in wavefield interferometry. Hence, we point out that for a complex-

valued random variable Z the variance is defined in the usual way as

Var [Z ] = E
[
|Z − E [Z ] |2

]
.

where E [Z ] = E [ Re {Z} ]+iE [ Im {Z} ] and | · | is the modulus function. Direct calculation

shows that this definition of the variance is equivalent to

Var [Z ] = Var [ Re {Z} ] + Var [ Im {Z} ] . (2.4.2)

Therefore, while the expected value of a complex-valued random variable is generally com-

plex, its variance is always a non-negative real number.

Chebyshev’s inequality states that no more than 1/ξ2 of a probability distribution’s

values can be ξ or more standard deviations from the mean, for a wide class of probability
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distributions, namely probability distributions with finite first and second moments, so that

the mean variance exist. This makes Chebyshev’s inequality quite useful in its generality,

with the drawback that it generally does not produce tight bounds. In this work, Chebyshev’s

inequality has the further advantage of explicitly introducing the variance of the random

variable into the bound, as this will allow us later on to derive error bounds in terms of

certain physically interpretable parameters of interest.

Finally, we state the following auxiliary Lemma, which will be used later on.

Lemma 2.4.2 (Law of total expectation for a finite partition). Let (Ω,F ,P) be a probability

space with sample space Ω, set of events F (where an event is a set of outcomes in Ω)

and probability function P. Then, for a random variable X defined on (Ω,F ,P) such that

E [X ] <∞ and a finite partition {Aj}nj=1 of Ω we have

E [X ] =
n∑
j=1

E [X |Aj ]P(Aj) , (2.4.3)

where E [X |Aj ] is the conditional expectation of X given Aj .

Proof. This statement is a particular case of the law of total expectation, which is a standard

result in probability theory (see e.g., Grimmett and Welsh (2014)).

2.4.2 The Matérn covariance function

In many modern applications of geostatistics, including remote sensing and wavefield inter-

ferometry, empirical data may be available with wide spatial coverage. Random fields are

suitable for modelling such spatial data (Chiles and Delfiner, 2009; Lantuéjoul, 2013), and

it is important to take into account the spatial correlation in the data for correct statisti-

cal analysis (Hoeting et al., 2006; Genton and Kleiber, 2015). As previously discussed the

assumption that noise sources are uncorrelated is widely found in wavefield interferometry

literature, both in theory and practical applications. While this assumption is mainly made

in an ambient noise interferometry context, introducing a spatial covariance framework will

allow us to consider the role of this assumption in active-source interferometry.

In particular, the Matérn family of positive definite functions is a common model for

simulating spatial correlation and heterogeneity in geostatistics (Minasny and McBratney,

2007; Guttorp and Gneiting, 2006; Song and Jordan, 2017), and can be found in widely vary-

ing applications, such as soil science (Minasny and McBratney, 2007), hydrology (Mej́ıa and

Rodŕıguez-Iturbe, 1974), meteorology (Handcock and Wallis, 1994) and topography (Hand-

cock and Stein, 1993). This rich family of covariance functions is based on the work of Matérn
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(1960), and was initially popularised for geostatistical applications by Handcock and Stein

(1993) and further by Stein (1999), who showed that the behaviour of this covariance func-

tion is well suited for predicting uncertainty due to its behaviour near the origin. Because

it depends only on the distance d between the spatial locations, it is a stationary covariance

function, in the sense of translation invariance. Furthermore, it is isotropic in the average.

The Matérn function includes a local smoothness parameter that controls the correlation

at a local scale, as well as a large scale correlation parameter. These features make the

Matérn family well suited for the application at hand, i.e. modelling spatial variation in the

source intensity, quantifying the uncertainty introduced by these variations, and assessing

the effect that sources correlation and smoothness has on the interferometric estimation of

inter-receiver Green’s functions.

The Matérn correlation function is given by

M(d; ρα, να) =
21−να

Γ(να)

√
2να

d

ρα
Kνα

(√
2να

d

ρα

)
, (2.4.4)

for a distance d, where να > 0 is a local smoothness parameter, in the sense that a realisation

of a Matérn-correlated random field α is dναe − 1 times differentiable in the mean square

sense (Stein, 1999), ρα > 0 is referred in this work as the correlation length and controls the

large scale correlations, and Kνα is the modified Bessel function of order να (Abramowitz

et al., 1988). While other formulations of the Matérn function may be found in literature,

here we use (2.4.4) as proposed by Handcock and Wallis (1994) which allows the parameters

να and ρα to act more independently from each other (Stein, 1999). In this work, the

subscript α in the Matérn parameters is used for clarity, to distinguish these parameters as

related to the random field α in later sections.

When the smoothness parameter να is of the form n + 1
2

for n ∈ N, the Matérn func-

tion (2.4.4) decomposes into a product of a polynomial of degree n and an exponential

function (Guttorp and Gneiting, 2006). A notable special case is that of να = 1
2
, resulting

in the (scaled) exponential correlation function

M
(
d; ρα,

1
2

)
∝ e−

√
2d/ρα ,

which has been widely used in wave-scattering studies (e.g., Sato et al. (2012); Shapiro et al.

(1996)). A further important case is found taking the limit as να → ∞, in which case a

Gaussian correlation form is recovered,

lim
να→∞

M(d; ρα, να) ∝ exp−(d/ρα)2

.
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2.4.3 The log-normal distribution

Since the random field α is used to model amplitude variations in source intensity, we re-

quire a non-negative distribution. Furthermore, we wish to allow for the possibility that

these variations are large. Motivated by these requirements, we model α as a log-normally

distributed random field, a distribution with wide applications in Earth sciences (see for

example Sarma (2010) and a wide variety of geophysical applications in Section 14 of Crow

and Shimizu (2017)). We briefly summarise the main properties of this distribution. The

defining characteristic of a log-normal random variable X of mean µX and variance σX is

that

X = em+sZ (2.4.5)

for a standard normal random variable Z, and mX and sX > 0 real numbers defined as

mX = log

(
µ2
X√

µ2
X + σ2

X

)
, (2.4.6)

and

s2
X = log

(
1 +

σ2
X

µ2
X

)
. (2.4.7)

The log-normal density function is given by

fX =
1

xsX
√

2π
e− log(x−mX)2/2s2X . (2.4.8)

Remark 2.4.1 (Moments of a log-normal random variable). All the moments of the log-

normal distribution exist and are given by

E [Xn ] = enm+n2s2/2 , (2.4.9)

where m and s2 are given by (2.4.6) and (2.4.7). This fact can be readily seen by taking the

nth power of (2.4.5) and noting that mn+ snZ is a normal random variable with mean mn

and variance s2n2.

Remark 2.4.2 (Product of log-normal variables). By the additive property of logarithms,

and the fact that the sum of normal distributions is again normally distributed, we note

that the product of two lognormal distributions is again lognormal. To be precise, if X ∼
logN(µX , σ

2
X) and Y ∼ logN(µX , σ

2
Y ), not necessarily independent, then by definition (2.4.5),

log(X) ∼ N(mX , s
2
X) and log(Y ) ∼ N(mY , s

2
Y ) ,
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where mX , s2
X , mY and s2

Y are defined in (2.4.6) and (2.4.7). Hence

log(XY ) = log(X) + log(Y ) ∼ N(mX +mY , s
2
X + s2

Y + 2 Cov [X, Y ]) .

Applying definition (2.4.5) we have that XY is again log-normally distributed, with mean

mX +mY and variance s2
X + s2

Y + 2 Cov [X, Y ].

On the other hand, not much can be said in general about linear combinations of two

correlated log-normally distributed random variables (Di Renzo et al., 2009; Lo, 2012). The

linear combination may in fact not even be positive, so that definition (2.4.5) is not satisfied.

Some approximations are available for particular cases of their sum (see, e.g., Mehta et al.

(2006); Lo (2013)).

Figure 2.5 shows realisations of Matérn-correlated log-normally random fields α of mean

µα = 1 and variance σα = 0.5, for varying values of the parameters να and ρα. The local and

large-scale effects of the latter two parameters can be appreciated. The simulations were

generated in MATLAB, generating multivariate normal random variables on a grid using

definition (2.4.5) along with the parameter relationships (2.4.6) and (2.4.7) to ensure the

resulting field has mean and variance µα and σα. On the other hand, the transformation

approach proposed by Papalexiou (2018) was used to calculate a parent covariance function

for the random variable Z in (2.4.5), in terms of (2.4.4), so that the resulting random field

α(x) exhibited the desired correlation (2.4.4) after the exponential transformation (2.4.5).

To validate these simulations, the numerical correlation of the simulated random fields α

was calculated and compared directly to (2.4.4) for the parameters ρα and να in the simulated

ranges. The probability density function of the values of the simulated random field at fixed

locations x were numerically estimated and compared to (2.4.8) for the simulated range

parameter σα and µα. The simulated random fields α exhibited the required correlation

structure and probability distribution.



CHAPTER 2. GENERAL FRAMEWORK FOR ERROR QUANTIFICATION 46

Figure 2.5: Nine realisations of a Matérn-correlated, log-normal random fields α with mean
µα = 1, and variance σ2

α = 0.5. The top, middle and bottom rows correspond to low (2−4),
medium (2−1) and high (2) correlation lengths ρα, respectively. The left, middle and right columns
correspond to low (2−4), medium (2−1) and high (2) values of the smoothness parameter να,
respectively.

In the following Sections, we consider the error in the stationary phase approximation for

the case where the random field α is Matérn-correlated and log-normally distributed. The

suitability of this choice of covariance function and probability distribution for geostatistical

applications has been established in Section 2.4.2. In what follows, 2.5× 104 realisations of

random fields α were simulated with the parameters detailed in the table below.
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Parameter Range

Mean of log-normal distribution µα = 1

Variance of log-normal distribution 0.05 ≤ σ2
α ≤ 1

Matérn correlation length 2−4 ≤ ρα ≤ 2

Matérn smoothness 2−4 ≤ να ≤ 2

The correlation length ρα is scaled with respect to the source-receiver array, so that a

correlation length of e.g. ρα = 0.1 should be interpreted as a correlation length of roughly a

tenth of the scale of the source boundary S.

2.4.4 Phase error in the interferometric estimate

In this Section, we present numerical results for the estimated probability distribution func-

tion (p.d.f.) for the phase error incurred by the interferometric approximate ĝint(xA,xB, k; α, β),

in a regime of a highly smooth random field α (Figure 2.6) and a very rough random field α

(Figure 2.7).

The scenario where the noise variations are highly smooth illustrated in Figure 2.6 is

desirable, since the resulting probability distributions of the error are highly concentrated

around zero across the kr regime observed. On the other hand, Figure 2.7 shows the effect

that roughness in the noise field has on the phase estimate, with significantly more spread

out probability distributions, pointing to a higher uncertainty and an increased likelihood

of a large phase error. Interestingly, while in the previous figure the behaviour is relatively

homogeneous across values of kr, in the rough noise case the probability distribution is mostly

highly concentrated at low values of kr, and the undesirable spreading effect increases with

kr. This is a counter-intuitive result, as we expect the phase estimate to be better as kr

increases. A plausible explanation for this behaviour is that the main contributions to the

interferometric integral arise from the stationary phase regions of the source boundary. This

regions become larger as the wavenumber k decreases, and hence finer-scale variations of the

source amplitude have an opportunity to average out over a longer portion of the boundary,

resulting in a error reduction for lower values of k. As k increases, the opposite is true. The

regions that provide the main contributions to the interferometric estimate become narrower,

and hence the fine-scale perturbations of the rough random field have a larger impact on the

estimate, producing a larger phase error.

In both regimes the p.d.f. presents transitions between unimodal and bimodal regimes,

corresponding to the discontinuity points of the phase of the inter-receiver homogeneous

Green’s function. The counter-intuitive behaviour of the p.d.f.s in the presence of rougher

fields, spread out for larger kr but concentrated at lower frequencies is studied in more detail
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in Chapter 3, which is dedicated to the stationary phase approximation.

Figure 2.6: Estimation of the p.d.f. of the phase error in the empirical interferometric
estimate. The top panel shows along the y-axis the value of the error, and the wavenumber
along the x-axis. The colour value in the figure corresponds to the value of the error p.d.f.
for a given wavenumber k. The bottom panel shows the phase of three realisations of the
empirical Green’s function, along with the homogeneous Green’s function for reference.
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Figure 2.7: Estimation of the p.d.f. of the phase error in the empirical interferometric
estimate. The top panel shows along the y-axis the value of the error, and the wavenumber
along the x-axis. The colour value in the figure corresponds to the value of the error p.d.f.
for a given wavenumber k. The bottom panel shows the phase of three realisations of the
empirical Green’s function, along with the homogeneous Green’s function for reference.

2.4.5 Amplitude error in the interferometric estimate

In this Section, we present numerical results for the estimated probability distribution func-

tion (p.d.f.) for the amplitude error incurred by the interferometric approximate ĝint(xA,xB, k; α, β),

in a regime of a highly smooth random field α (Figure 2.8) and a very rough random field

α (Figure 2.9). Several conclusions become apparent upon examination of these figures.

First, there is a clear bias in the amplitude and it generally tends to be overestimated. The
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magnitude of the relative error worsens for rough random fields. On the other hand, the

probability distributions are more concentrated for a smooth field, as they were in the case

of the phase. As expected, there is a higher uncertainty when the variance of the noise field

is high.

Figure 2.8: Estimation of the p.d.f. of the amplitude error in the empirical interferometric
estimate. The top panel shows along the y-axis the value of the error, and the wavenumber
along the x-axis. The colour value in the figure corresponds to the value of the error p.d.f.
for a given value of kr. The colour code is in a logarithmic scale. The bottom panel shows
the amplitude of three realisations of the empirical Green’s function for illustration, along
with the homogeneous Green’s function for reference.
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Figure 2.9: Estimation of the p.d.f. of the amplitude error in the empirical interferometric
estimate. The top panel shows along the y-axis the value of the error, and the wavenumber
along the x-axis. The colour value in the figure corresponds to the value of the error p.d.f.
for a given wavenumber k. The bottom panel shows the amplitude of three realisations of
the empirical Green’s function, along with the homogeneous Green’s function for reference.

In both figures the distribution becomes more concentrated for higher values of kr. This

is due however to the natural amplitude decay of the Green’s function itself. To eliminate this

obscuring effect, the probability distribution function of the relative error were numerically

estimated, and they are shown in Figure 2.10. In the panels of this figure, the correlation

length and smoothness of the random field were systematically increased from left to right,

so that the leftmost panel corresponds to the roughest field explored and the rightmost panel
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corresponds to the smoothest field explored. An interesting effect can be appreciated, where

the error is more concentrated around zero for rougher fields (see leftmost panel), and this

effect gradually dissipates as the field becomes smoother, so that in the final panel to the

right the behaviour of the error probability distribution is essentially periodic across the

range of kr. This unexpected behaviour is consistent with our observations for the phase,

and it can be physically explained as in Section 2.4.4, when one considers the interactions

between the wavelength, the radius of the region around the stationary points that make up

the main contributions to the interferometric integral and the scale of the inhomogeneities

of the random amplitude perturbations in relation to the two previous quantities.

Figure 2.10: Estimated p.d.f.s of the amplitude error as the smoothness and correlation
length of the field increase from left to right. The value of the p.d.f is colour coded in a
logarithmic scale and the vertical axes correspond to the error values. The horizontal axis
corresponds to kr

In the next section, we explore a boundary randomisation approach to mitigate the errors

explored above, particularly where the phase is concerned.

2.5 The multi-contour technique

We now consider the scenario where we do not expect samples of different realisations of the

random field α to be available. This could be the case, for example, when perturbations in

amplitude change over a timescale much larger than the experiment allows. In this scenario

one would have only a single realization of the random field α, and would not be able to

rely on averaging over time to induce incoherency in the spurious parts of the estimate

(i.e. contributions to the integral that do not correspond to the inter-receiver arrival time,

introducing erroneous events to the estimate). Hence, we propose instead randomising the

contour of sources S over a fixed realisation of the random field α, defining the averaged
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retrieval

ĝ(xA,xB; k, α, 0, N) = −2ik
1

N

N∑
j=1

∮
Sj

α2(x′)Ĝ(xA,x
′, k)Ĝ∗(x′,xB, k) dx′ . (2.5.1)

That is, the particular realisation of the random field α remains fixed, but the boundary S is

randomised in space to introduce incoherence to the spurious arrivals in the retrieved trace.

Figure 2.12 illustrates conceptually the randomisation of contours, where the receiver pair is

denotes as blue rectangles, and three different source contours are shown on yellow, purple

and orange.

Figure 2.11: Unknown inhomogeneous medium with two receivers depicted as small triangles
and three source contours in different colours.

In this Section, we present a proof-of-concept demonstration to illustrate how randomising

the source contour in space can help mitigate the error in phase introduced by amplitude

inhomogeneities along the source boundary. A brief numerical exploration of the effect of

the phase is presented for both a low and a high frequency regime in Figures 2.14 and 2.13.

A result is also presented for the amplitude in Figure 2.15.

To implement the average (2.5.1), a single realisation of a random field α is taken. This

field is, as in previous sections, log-normally distributed and Matérn correlated. The receiver

pair location is fixed. Circular source boundaries of fixed radius r were chosen for simplicity.

To generate these randomised contours, N random uniform locations were simulated in a

neighbourhood of the midpoint between the receivers, corresponding to the centres of N

random circular boundaries. The radius of the neighbourhood around the receivers was

adjusted to ensure a distance of at least 0.8r was maintained between each source boundary

and each of the receivers, in order to avoid introducing artefacts due to the violation of the

far-field approximation. Recall that a far-field regime is required a simplified monopole form

of interferometry, as in equation (2.5.1) (see Sections 1.2.2 and 1.2.4).
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Figure 2.12 illustrates the results of implementing this randomisation. For this simulation,

the inter-receiver distance was set at 100 m and horizontally oriented, with a medium speed

of c = 1000 m/s. Note that this yields an inter-receiver travel time of t = 0.1 s. A frequency

range from 0.15 Hz to 40 Hz was allowed, and circular source boundaries of fixes radius of

r = 5000 m were used to implement the multicontour interferometric estimate (2.5.1). A

single realisation of a random field was taken. The random field was log-normally distributed

with mean µα = 1 and a medium variance of σ2
α = 0.5. It was Matérn correlated with a

medium correlation length of ρalpha = 0.5 and a smoothness parameter of να = 2. The

medium-range parameters were chosen with the purpose of constructing this illustrative

example, and the parameter space is explored more thoroughly in the subsequent figures.

The bottom panel of this Figure shows the values of the particular realisation of the

random field α along a single source boundary, centred at the midpoint between the receivers.

Given the geometry of the source receiver array, the main contributions to the interferometric

integral in ideal circumstances (that is, α ≡ 1) would arise from the neighbourhoods of the

sources located at 0 and π radians on the circular boundary, that is, directly on the line

that passes through both receivers. This is explored and explained in detail in Chapter 3.

For now, note that the source energy at these locations is relatively suppressed, especially

around the 0 radians location. On the other hand, there is a large peak of energy around

the 3π/4 radians location. The waveform that results from retrieving the inter-receiver

interferometric estimate from this source boundary is depicted in the top panel, with an

orange dotted line, where the ideal retrieval with α ≡ 1 is shown in solid grey for reference.

The effects of the source amplitude inhomogeneities can be plainly appreciated. The grey

reference waveform shows the expected causal and acausal arrivals at t = 0.1 s and t = −0.1

s, respectively. However, the orange waveform exhibits no significant arrival at the acausal

time t = −0.1 s, consistent with the muted sources around the 0 radians location. While

there is a distinguishable arrival at the correct time t = 0.1 s, this is significantly obscured by

the large spurious arrival close to t = 0. In fact, without the reference waveform, one would

not be able to tell which event in the orange waveform corresponds to the inter-receiver

arrival.

It is worth discussing this spurious arrival further, as it provides insight into the effects

of non-homogeneous medium illumination and the inner workings of the interferometric

estimate. This erroneous arrival corresponds to the large energy peak that the α random

field exhibits just after the 3π/4 radians location (see bottom panel of the same Figure).

This energy peak is located right above and almost symmetrical with respect to the receiver

pair. Hence, the travel times from sources in this region to the horizontally-oriented receiver

pair is very similar for each receiver, and hence the travel time difference detected by the
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cross-correlation is very close to zero.

Figure 2.12: Example of the improved empirical retrieval resulting from randomising the
spatial location of the boundary S. The orange retrieval results from using a single random
boundary S. The blue retrieval results from randomising the location of S around the
receivers, taking care to remain in the farfield. The homogeneous Green’s function is shown
in grey as reference.

Figures 2.13 and 2.14 show the phase error as a function of the number of contours,
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for low and high frequency regimes. The gain in randomising the contour depends on the

smoothness and correlation regime of the noise, and the higher frequency regime is more

sensitive to small-scale inhomogeneities in the field. Figure 2.13 shows the amplitude error in

a high frequency regime. Since the interferometric estimate is biased in amplitude, averaging

over more contours will not necessarily improve the estimate as the amplitude of the estimate

converges to an incorrect value.

Figure 2.13: Expected phase error as a function of number of random contours used for a
range of smoothness and correlation values, for a frequency value of 25 Hz.
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Figure 2.14: Expected phase error as a function of number of random contours used for a
range of smoothness and correlation values, for a frequency value of 0.01 Hz.

Figure 2.15: Expected amplitude error as a function of number of random contours used
for a range of smoothness and correlation values, for a frequency value of 25 Hz.
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2.6 Discussion

In this Chapter we derived a general framework for error quantification in wavefield inter-

ferometry and performed an initial numerical exploration of the errors induced in an active

source scenario. Error quantification and mitigation in the ambient noise case is presented in

Chapter 4. Broadly speaking, we generally found that lower values of the spectrum are less

sensitive to small scale inhomogeneities of the noise. This is physically consistent in the sense

that longer wavelengths may not interact with small scale randomness in the medium (see.

e.g. Shapiro et al. (1996) for a discussion of the effects of random medium inhomogeneities

on waves travelling through them). Our random field model is spatially dependent and the

potential interactions with the frequency are encoded in the smoothness parameter. A pos-

sible extension could be incorporating a frequency dependence into the model. Moreover,

should one wish to consider non stationary random fields (i.e. loss of translation invariance)

an approach such as the one proposed by Paciorek and Schervish (2006) may be used to

extend the Matérn covariance model. We found an apparent unimodal-bimodal behaviour

in the probability distribution of the phase error. This behaviour is studied in more detail

in Chapter 3.

The random noise was modelled using a random field approach and the error was shown

to depend on the moments of this random amplitude perturbation, as well as its smooth-

ness and its long range correlations. In a dynamic noise field that changes at a time scale

significantly shorter than the data acquisition window one can take advantage of empirical

knowledge of the statistical characteristics of the noise field. However, for the case where

the amplitude perturbation can be considered relatively fixed, we briefly presented a ran-

domisation of the source contour as an approach to reduce acausal energy in the retrieval.

Because the interferometric approximate is generally biased in amplitude, there is a limited

benefit in increasing the number of boundaries and depending on the characteristics of the

particular random field, the amplitude error may be compounded rather than mitigated. On

the other hand, the phase estimate does benefit from this approach because under certain

assumptions on the moments of the random field α, the interferometrix approximate is an

unbiased phase estimator. The phase improvement would improvement will be limited by

the particular characteristics of the individual realisation of the random field, though in any

case spurious arrivals are mitigated. This approach is consistent with the band-of-sources

argument presented in Kimman and Trampert (2010), as the randomised boundaries would

form a thick ring around the receiver pair, a key difference being that statistical correlations

are considered in the present work. The error estimates using the multi-contour approach

in a lower frequency regime are consistent with the 1% figure proposed by Kimman and
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Trampert (2010). We find a larger error percentage in a higher frequency regime, due to the

interactions between shorter wavelengths and local roughness of the random field, which are

not detected at lower frequencies.

To apply such a scheme in practice, one could consider the source-receiver approach

proposed by Curtis and Halliday (2010a), where virtual source boundaries can be constructed

on dense receiver arrays. An error quantification approach in this scenario is sketched in

Appendix A.



Chapter3
Estimation of error due to the stationary phase

approximation in wavefield interferometry

In this Chapter we quantify the error introduced through the stationary phase approximation

in the context of wavefield interferometry. In Section 3.1 the stationary phase method is

briefly summarised and placed in the context of wavefield interferometry. The work of Olver

(1974, 1970) on asymptotic expansions of Fourier integrals and error bounds in the stationary

phase approximation is revisited, extended, and applied to wavefield interferometry in two

dimensions, using the uncertainty framework developed in Chapter 2 to account for the

effect of non-ideal source distributions on this widely used approximation. Olver’s work is

extended by deriving an explicit formulation for the coefficients of the asymptotic expansion

that is required for a rigorous approximation to the Fourier integral by the stationary phase

method, allowing for a random amplitude function. This formulation as well as the stationary

phase method are implemented and subsequently numerically validated. In Section 3.5 the

stationary phase method is applied to the wavefield interferometric, and error expressions

are derived, in particular for the error in phase and the error in amplitude of the estimated

Green’s function due to the stationary phase approximation. These errors are considered in

the presence of perturbations to the source amplitude, modelled as a random field. Bounds

for these errors are given in terms of the inter-receiver distance, the wavenumber and the

characteristics of the random field. Sufficient conditions are given for the stationary phase

approximation to be an unbiased estimator of the inter-receiver Green’s function, in terms

of the moments of the random amplitude perturbation of the sources. Section 3.6 presents

numerical results for the phase and amplitude errors analysed in the preceding sections for

a specific distribution and covariance function of the random field α. Section 3.7 deals with

error quantification of the stationary phase approximation under the ideal conditions where

60
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the intensity of the sources along the boundary does not vary. Error bounds are given in

terms of the inter-receiver distance and the wavenumber.

3.1 Introduction

Figure 3.1: Illustration of the stationary phase principle. The left panel shows a phase function φ
with three stationary points at x∗1, x

∗
2, x
∗
3. The right panel shows the corresponding real component

of the complex exponential with phase φ (with amplitude f taken as the identity, i.e. f(x) = x). The
main contributions to an integral of the form

∫
f(x)exp{φ(x)}dx will arise from neighbourhoods

around the stationary points of φ.

The principle of stationary phase is a standard tool of asymptotic analysis (Erdélyi, 1955;

Jones, 1966; Bleistein and Handelsman, 1986; Bleistein, 2012; Bender and Orszag, 2013) that

provides approximations to oscillatory integrals in high-frequency regimes. Broadly speaking,

this classical method relies on the fact that the integral of a highly oscillatory function

vanishes (the Riemann-Lebesgue lemma), and any non-trivial contributions to the integral

arise from the regions around stationary points of the integrand’s phase (see Figure 3.1).

This principle underpins the physical interpretation of interferometric equations, such as

(1.2.12) or (1.2.13). It is widely invoked in wavefield interferometry to derive and simplify

interferometric formulas (Schuster and Rickett, 2000; Aki and Richards, 2002; Schuster et al.,

2004; Snieder, 2004; Schuster, 2009; Wapenaar et al., 2010a), and closely related to the

Fresnel zones (Southwell, 1981; van Kampen, 1958) The stationary phase approximation is

also used to address the effects of anisotropy and insufficient source coverage on the retrieved

inter-receiver Green’s functions in practical applications (Snieder et al., 2006, 2008; Halliday

and Curtis, 2008b, 2009; Yao and Van Der Hilst, 2009; Kimman and Trampert, 2010; Snieder

and Sens-Schönfelder, 2015).

In applications of wavefield interferometry, the stationary phase method is used an ad-

hoc fashion, and in the absence of explicit expressions for the errors introduced through

this approximation. In this Chapter, we aim to analyse the impact that introducing this
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approximation has on the interferometric estimation of the inter-receiver Green’s, particu-

larly where its phase is concerned. Moreover, when the stationary phase principle is applied

to heterogeneous media, the variations in the medium are assumed to be smooth (Snieder

et al., 2006). To address the effect of smoothness (or lack thereof) on the stationary phase

estimate, we perform a numerical study using particular choice of correlation function that

allows us to link the behaviour of the error in the stationary phase estimate to the local

smoothness and the long-range correlations of the random field that models variations in

source intensity.

In this Chapter, the principle of stationary phase is briefly introduced, followed by a

summary of the error analysis developed in Olver (1974). Then we present a derivation

of the stationary phase approximation to the interferometric retrieval equation of the form

(1.2.13) using an asymptotic expansion of the integral about the stationary points of the

phase of the cross-correlation integrand. In particular, a general and explicit formula for

the coefficients in asymptotic expansions of Fourier integrals is derived and numerically

validated, expanding on the work of Olver (1974) by extending the framework to integrands

with random amplitudes. This formula facilitates the exact numerical implementation of the

stationary phase method to whatever order is desired, without requiring the use of series

inversion techniques. Next, we address the effect that variations of source intensity have on

the stationary phase approximation, and on the resulting phase and amplitude estimates.

This is achieved by making use of the framework developed in Chapter 2 (see, e.g., (2.1.3) or

(2.2.10)). We model the variations in source intensity as a correlated random field. Explicit

expressions are derived for the stationary phase approximation in wavefield interferometry,

as well as the general error in the resulting spectra, the error in phase and the error in

amplitude. Sufficient conditions are given for the stationary phase approximate to be an

unbiased estimator of the phase of the inter-receiver Green’s function in terms of statistical

properties of the random field governing the variations in source intensity. On the other

hand, the stationary phase approximation is shown to be a biased estimator of the inter-

receiver Green’s function amplitude. The probability density function of the phase error is

evaluated numerically for a specific random field distribution, and shown to be unimodal

or bimodal depending on the parameters that control the random field (correlation length,

smoothness and variance). The variance of the phase error is evaluated numerically and

linked to the mode behaviour of the probability density function.

Finally, deterministic derivations, as well as relevant bounds are given for the ideal sce-

nario where the source intensity is constant along the source boundary. Error terms are

linked to end-point effects in the interferometric retrieval and error bounds are given in

terms of the wave number and the inter-receiver distance.



CHAPTER 3. ERROR IN THE STATIONARY PHASE APPROXIMATION 63

The main results presented in this Chapter are as follows:

1. The stationary phase approximation to the interferometric estimate of the inter-receiver

Green’s function on a two-dimensional circular boundary is given by

ĝsp(xA,xB, k ; α) = α2(x0)Ĝ(xA,xB, k)− α2(xπ)Ĝ∗(xA,xB, k) , (3.1.1)

where α(x) is a realisation of a random field at x that models variations in the source

intensity, Ĝ(xA,xB, k) denotes the inter-receiver Green’s function for the receiver pair

xA and xB at the wavenumber k, and x0 and xπ denote the location of stationary

phase contributions, which are shown to be the two points where the line that passes

through the receiver pair intersects the source boundary (see Figure 3.5). Note that

for a degenerate random field α(x) ≡ 1 the stationary phase estimate (3.1.1) reduces

to the homogeneous Green’s function defined in (1.1.2), i.e.

ĝsp(xA,xB, k ; 1) = Ĝ(xA,xB, k)− Ĝ∗(xA,xB, k) = Ĝhom(xA,xB, k) . (3.1.2)

2. The expected value of the error incurred through the stationary phase approximation

is given by

E [Esp(xA,xB, k ; α) ] =
(
E
[
α2(x0)

]
− 1
)
Ĝ(xA,xB, k)

−
(
E
[
α2(xπ)

]
− 1
)
Ĝ∗(xA,xB, k) ,

and its variance is given by

Var [Esp(xA,xB, k ; α) ] = |Ĝ(xA,xB, k)|2
{

Var
[
α2(x0)

]
+ Var

[
α2(xπ)

]}
+ 2

(
Im
{
Ĝ(xA,xB, k)

}2

− Re
{
Ĝ(xA,xB, k)

}2
)

Cov
[
α2(x0), α2(xπ)

]
(3.1.3)

where Esp(xA,xB, k ; α) denotes the error at the wavenumber k, defined as

Esp(xA,xB, k ; α) = ĝsp(xA,xB, k ; α)− Ĝhom(xA,xB, k) .

3. Moreover, if the first and second moments if the random field α have the same value

at the stationary phase locations x0 and xπ, i.e.

E [α(x0) ] = E [α(xπ) ] = µα ,

Var [α(x0) ] = Var [α(xπ) ] = σ2
α ,

(3.1.4)
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for some µα, σ
2
α ∈ R, then

E [Esp(xA,xB, k ; α) ] = (µ2
α + σ2

α − 1 ) Ĝhom(xA,xB, k) .

If, in addition, the fourth moment of the random field α has the same value at the

locations x0 and xπ, that is

E
[
α4(x0)

]
= E

[
α4(xπ)

]
= κα , (3.1.5)

for some constant κα ∈ R, then

Var [Esp(xA,xB, k ; α) ] =2 |Ĝ(xA,xB, k)|2(κα − (µ2
α + σ2

α)2)

+ 2 Λ(xA,xB, k)
{

Var [α(x0)α(xπ) ]− (µ2
α + σ2

α)2

+
(
Cov [α(x0), α(xπ) ] + µ2

α

)2 }
,

(3.1.6)

where Λ(xA,xB, k) is defined as

Λ(xA,xB, k) = Im
{
Ĝ(xA,xB, k)

}2

− Re
{
Ĝ(xA,xB, k)

}2

.

Note that assumptions (3.1.4) and (3.1.5) are satisfied in the more general case that

the first, second and fourth moment of α are not spatially dependent. Further, (3.1.4)

and (3.1.5) implicitly assume that these moments of α are finite. Furthermore, when

the random field α is Matérn correlated and log-normally distributed, the variance of

the error is given explicitly by

Var [Esp(xA,xB, k ; α) ] =2|Ĝ(xA,xB, k)|2
{

(µ2
α + σ2

α)6

µ8
α

− (µ2
α + σ2

α)2

}
+ 2Λ(xA,xB, k)

{
(µ2

α + σ2
α)2

µ8
α

(
M(2r; ρα, να) + µ2

α

)4

− (µ2
α + σ2

α)2

}
,

4. The following bound is derived for any constant ξ > 0, for the probability of incurring

a large error in the stationary phase approximation.

P [ |Esp(xA,xB, k ; α)-E [ Esp(xA,xB, k ; α) ] | ≥ ξ ] ≤ 1

ξ2
Var [Esp(xA,xB, k ; α) ] ,

5. The stationary phase estimate is an unbiased estimator of the phase of the homogeneous
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inter-receiver Green’s function, provided conditions (3.1.4) and (3.1.5) are satisfied.

That is

E [ eph(xA,xB, k; α) ] = 0 ,

where eph(xA,xB, k; α) is the error in the estimated phase due to the stationary phase

approximation, defined as

eph(xA,xB, k; α) = arg (ĝsp(xA,xB, k ; α))− arg
(
Ĝhom(xA,xB, k)

)
.

and arg(·) is the argument function. That is, the stationary phase approximation is an

unbiased estimator of the phase of the interferometric inter-receiver Green’s function.

6. In an ideal retrieval scenario, i.e. α ≡ 1, the error incurred through the stationary phase

approximation in wavefield interferometry to the inter-receiver homogeneous Green’s

function in two dimensions is bounded above by

|ĝsp(xA,xB, k; 1, 0)− Ĝhom(xA,xB, k)| ≤ 2
√

2

( √
2− 1

k |xA − xB|
+

1

k2 |xA − xB|2

)
,

(3.1.7)

where |xA − xB| is the inter-receiver distance and k is a fixed wavenumber.

7. Let ĝsp(xA,xB, k) denote the stationary phase approximate to the monopole interfer-

ometric retrieval. In this Chapter I show the following∮
S

Ĝ(xA,x, k)Ĝ∗(xB,x, k) dx = ĝsp(xA,xB, k) + E(xA,xB, k) , k � 1 ,

where

ĝsp(xA,xB, k) = Ĝ(xA,xB, k)− Ĝ∗(xA,xB, k)

and

E(xA,xB, k) =
4i

k

π/2∫
0

p(t)eikφ(t) dt − ei(
π
4
−2k|xA−xB|)√
k|xA − xB|

Γ

(
−1

2
, −2ki|xA − xB|

)
,

where p(t) is a polynomial whose coefficients depend on the inter-receiver distance

|xA−xB| and the radius r of the source boundary S, and the function φ(t) is the phase

of the cross-correlation integrand Ĝ(xA,x, k)Ĝ∗(xB,x, k) along the source boundary.

That is, an explicit error term E(xA,xB, k) is derived for the difference between the

exact cross correlational representation theorem (equivalent to the homogeneous inter-
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receiver Green’s funciton), and its monopole approximation.

3.2 The stationary phase approximation

The stationary phase method provides an asymptotic approximation of oscillatory integrals.

Consider the Riemman integral

I(k) =

b∫
a

f(t)eikφ(t) dt , k � 1 . (3.2.1)

As illustrated in Figure 3.1, the phase of an exponential integrand is highly oscillatory

except in the neighbourhoods of stationary points of the phase φ(t), so that destructive

interference happens away from these distinguished points. Hence the value of the integral

(3.2.1) can be estimated by considering only contributions around stationary points of the

phase φ(t).

To derive this approximation, repeated integration by parts may be used to derive an

asymptotic expansion of I(k) as k → ∞, assuming the phase and amplitude of the inte-

grand are sufficiently differentiable. The most comprehensive justification for the stationary

phase method is that of Erdélyi (1955, 1956) on asymptotic expansions of Fourier integrals.

However, the approach employed by Erdelyi does not readily lend itself to the calculation of

explicit error bounds (Olver, 1974; Cooke, 1978). Instead, Olver (1974) proposes an approach

based on Hardy’s theory of generalised integrals (Hardy, 1903, 1908), and gives explicit error

expressions and bounds for the stationary phase approximation. We briefly summarise these

results, followed by an extension that allows for an efficient numerical implementation of the

stationary phase method, and proceed to apply this work to wavefield interferometry.

3.2.1 Main statement of the stationary phase approximation

In this Section, the main statements of the stationary phase method are stated. Their

necessary assumptions summarised in Sections 3.2.2 and for brevity the proof is relegated to

the Appendix B.1.

Proposition 3.2.1 (Olver (1974)). The stationary phase approximation to the integral (3.2.1)

for k � 1 is given by
b∫

a

f(t)eikφ(t) ≈ An(k)−Bm(k) , (3.2.2)
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with

An(k) = eikφ(a)

n−η∑
j=0

eiπ
j+λ
2µ Γ

(
j+λ
µ

) aj

k
j+λ
µ

, (3.2.3)

Bm(k) = eikφ(b)

m−1∑
j=0

Pj(b)
(
i
k

)j+1
, (3.2.4)

where in (3.2.3) the coefficients aj and the parameters µ and λ arise through certain asymp-

totic expansions that will be detailed below, n is a non-negative integer such that

mµ− λ ≤ n < (m+ 1)µ− λ+ 1 , (3.2.5)

and

η =

0 , if n = mµ− λ ,

1 , otherwise ;
(3.2.6)

and in (3.2.4) the functions Pj(t) are defined as

Pj(t) =

{
1

φ′(t)

d

dt

}j
f(t)

φ′(t)
, j ∈ {0, 1, . . . ,m} , (3.2.7)

with P0(t) = f(t)/φ′(t), and P−1(t) =
∫
f(t) is interpreted as the antiderivative of f(t).

Furthermore, the error in the approximation (3.2.2) is given by

Emn(k) = δmn(k)− εmn(k) , (3.2.8)

where

δmn(k) =
(
i
k

)m b∫
a

eikφ(t)Q′mn(t) dt , (3.2.9)

and

εmn(k) = eikφ(a)

n−1∑
j=0

eiπ
j+λ
2µ

Γ
(
j+λ
µ

)
Γ
(
j+λ
µ
−m

)Γ
(
j+λ
µ
−m, ik{φ(a)− φ(b)}

) aj

k
j+λ
µ

, (3.2.10)
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where the functions Qmn(t) in (3.2.9) are defined as

Qmn(t) = Pm−1(t)−
n−1∑
j=0

Γ
(
j+λ
µ

)
Γ
(
j+λ
µ

+ 1−m
) aj

(φ(t)− φ(a) )m−
j+λ
µ

. (3.2.11)

In (3.2.10), the upper incomplete gamma function Γ(x, z) is used, i.e. the principal value

of

Γ(x, z) =

∞∫
z

e−ttx−1 dt .

This formulation of the stationary phase approximation was given by Olver (1974). We apply

his framework to wavefield interferometry. A summary of the proof of Proposition 3.2.1

can be found in Section B.1 of Appendix B. However, the required assumptions for the

validity of (3.2.2) and bounds for the errors (3.2.9) and (3.2.10) are detailed in Sections 3.2.2

and 3.2.3, due to their relevance the present work.

3.2.2 Assumptions

In Proposition 3.2.1, the following conditions are assumed to be satisfied:

(i) The limits of integration a and b do not depend on k, a is finite with a < b, and b may

be finite or infinite.

(ii) The phase and amplitude functions φ(t) and f(t) do not depend on the parameter k.

In this work they are both assumed to be real.

(iii) On (a, b), f(t) and φ(t) are assumed to bem andm+1 times continuously differentiable,

respectively, for some positive integer m.

(iv) The phase function φ(t) is increasing on (a, b), i.e. φ′(t) > 0 for t ∈ (a, b).

(v) The lower limit of integration a is a local minimum of the phase φ(t), and it is in fact

the only stationary point of the phase φ(t) on (a, b). That is, for t ∈ (a, b) we have

φ′(t) = 0 if and only if t = a. In particular, the upper limit b is not a stationary point

of φ(t).

(vi) As t approaches a from the right, f(t) and φ(t) can be expanded as

f(t) ∼
∞∑
j=0

fj(t− a)j+λ−1 , (3.2.12)
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and

φ(t) ∼ φ(a) +
∞∑
j=0

φj(t− a)j+µ , (3.2.13)

respectively, where the coefficients f0 and φ0 are not zero and µ and λ are positive

constants such that λ < (m+ 1)µ+ 1. These expansions are also assumed to be m and

m+ 1 times differentiable, respectively.

(vii) When p(b) <∞, the functions Pj(t) defined in (3.2.7) tend to a finite limit as t→ b−

for every j ∈ {0, 1, . . . ,m}.

(viii) When p(t)→∞ as t→ b−, f(t)/φ′(t)→ 0, and the integrals∫
eikφ(t)Pj(t)φ

′(t)dt

converge uniformly at t = b for every j ∈ {0, 1, . . . ,m} and k sufficiently large.

Note that cases where condition (vi) is not satisfied, i.e. the phase is increasing rather than

decreasing, it suffices to apply a complex conjugation before performing the approximation,

and then apply a conjugation again to recover the original phase. The situation where as-

sumption (v) is not satisfied, i.e. there is more than one stationary point in the interval of

integration, can be readily addressed by subdividing the interval of integration appropriately.

For example, one could take subintervals starting at each stationary point and finishing at

each midpoint between consecutive stationary points. If the stationary point is a maximum,

the results can be readily adapted by conjugating the integrand. On the other hand, con-

dition (vii) is satisfied when φ(m+1)(t) and f (m)(t) are continuous at b, in combination with

assumption (v), which establishes φ′(b) 6= 0. Note that the smoothness requirement (ii) for

the amplitude f(t) is relevant for the application of the stationary phase approximation in

practical settings, as it imposes the assumption that random variations in the amplitude of

the integrand (and therefore the noise field) be smoothly varying. As will be seen in the

subsequent derivations, a higher order approximation (which can be interpreted as a larger

neighbourhood round the stationary location) requires the amplitude f(t) to have a higher

order of differentiability.

Remark 3.2.1. In the stationary phase approximation (3.2.2) the term An(k) corresponds

to a main contribution from the stationary point a, and the term Bm(k) corresponds to an

endpoint contribution from the upper limit of integration b. This interpretation becomes

relevant in Section 3.5, where the stationary phase approximation is applied to wavefield

interferometry and these terms are given a physical interpretation.
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Remark 3.2.2. While the error term δmn(k) in (3.2.9) is well-defined owing to assumptions

(i)-(vii), it may not always be possible to find a closed form of the definite integral. On the

other hand, its numerical integration can be challenging owing to the presence of the functions

Qmn(t) and Pm−1(t). These functions include high order inverse powers of either φ(t)′ or the

difference φ(t) − φ(a), so that numerical cancellation and significant loss of accuracy may

occur as t→ a+ (see (3.2.11) and (3.2.7)). This issue is addressed in Section 3.4.

3.2.3 Bounds for the error in the stationary phase approximation

In this Section, the error bounds derived in Olver (1974) for the stationary phase approxi-

mation are briefly presented.

Proposition 3.2.2 (Olver (1974)). The total error (3.2.8) is bounded above by

|Emn(k)| ≤ 1

km

b∫
a

|Q′mn(t)| dt+
2

km+1

n−1∑
j=0

Γ
(
j+λ
µ

)
∣∣∣Γ( j+λµ −m)∣∣∣

|aj|
(φ(b)− φ(a) )m+1− j+λ

µ

. (3.2.14)

The bound (3.2.14) is derived here by taking the bounds given by Olver (1974) for each

of the error terms (3.2.9) and (3.2.10). The former is derived directly from the definition of

δmn(k), taking the modulus of the integral. The latter is established by invoking a particular

bound for incomplete gamma functions. Details are relegated to Appendix B.1.

Throughout the application of the stationary phase method, it becomes indispensable to

know the values of the asymptotic coefficients {aj}∞j=0. The first two coefficients are given

in Olver (1974) and sometimes the third may be found across literature. However, these

coefficients are not given in general due to the cumbersome nature of the series inversion

procedures necessary to derive them, and because authors are often only interested in lower

order approximations. However, in the application of the stationary phase approximation to

wavefield interferometry, the order of the approximation can be interpreted as a parameter

that controls the radius of the neighbourhood surrounding the stationary point, in line with

practical applications and the physical interpretation of the Fresnel zone, so that higher

order terms are of interest. Furthermore, in the numerical implementation of the stationary

phase method, certain terms are liable to catastrophic cancellation due to specific limiting

behaviours near the stationary point (see Remark 3.2.2). These numerical issues can be

addressed by deriving high order approximations of the problematic terms, which are well-

suited for direct implementation and help circumvent numerical instability. The high order

is required to maintain accuracy in their numerical estimation. In the following section, we

derive a general and exact closed formula for the coefficients {aj}∞j=0, expanding on the work
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of Olver (1974).

3.3 Derivation of an explicit formula for the asymp-

totic coefficients in the stationary phase approxi-

mation

In this Section, an explicit formula for the asymptotic coefficients {aj}∞j=0 in the stationary

phase approximation is derived constructively. This formula is given in terms of the coef-

ficients {fj}∞j=0 and {φj}∞j=0 of the asymptotic expansions of f(t) and φ(t) about t = a, as

given in (3.2.12) and (3.2.13), respectively. These coefficients are assumed to be known to

the desired order of the stationary phase approximation of the integral (3.2.1).

In order to state the main result, we establish some preliminary notation. In what

follows, P(m) denotes the collection of unique integer partitions of a non-negative integer

m, i.e. a collection of positive integers {pi}Mi=1 with M ≤ m such that
∑M

i=1 pi = m, while

P̃(m) denotes the ordered integer partitions of m. For an integer partition p ∈ P(m) or

p ∈ P̃(m), multi-index notation is used as described below:

1. p = (p1, . . . , p`(p)) , with pi ∈ N and `(p) referred to as the length of the partition.

2. |p| =
∑`(p)

i=1 pi. If p ∈ P(m) or p ∈ P̃(m), then |p| = m.

3. φp =
∏`(p)

i=1 φpi , where φpi is the coefficient in the expansion (3.2.13) with index pi.

4. q = (q1, . . . , qm), where qi is the exponent of φi in the product φp .

5. q! =
∏m

i=1 qi!

6. m|q| = m(m−1) · · · (m− |q| +1), i.e. a falling factorial of length |q| for a non-negative

integer m.

Throughout this Section, the convention is taken that the set of integer partitions of zero is

empty, that empty sums are zero and empty products are one. Finally, define the auxiliary

function

Φλµ(m, j) =
∑

p∈P(m)

1

q!

(
j+λ
µ
− 1
)
|q|
φ
sλµ−|q|
0 φp , (3.3.1)

using the multi-index notation described above and where sλµ = (s + λ)/µ − 1. Having

established the necessary preliminaries, we state the main result of this section
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Proposition 3.3.1. The asymptotic coefficients {aj}∞j=0 in Proposition 3.2.1 are given ex-

plicitly by

aj =

j−1∑
i=0

Cλµ(j, i)Dλµ(i) +Dλµ(j) , (3.3.2)

where

Cλµ(j, i) =
∑

p∈P̃(j−i)

`(p)∏
r=1

{
−Φλµ(j − |p|r−1, j − |p|r)

Φλµ(0, j)

}
, (3.3.3)

and

Dλµ(j) =
dj

Φλµ(0, j)
, (3.3.4)

where dj is the jth coefficient in the series expansion of the function h(t) = f(t)/φ′(t) about

the stationary point of φ(t), t = a.

The coefficients dj in Proposition 3.3.1 are given explicitly in terms of the known coeffi-

cients of f(t) and φ(t) in (3.3.7), and the functions Φλµ(m, j) have been defined in (3.3.1).

Finally, we recall that the parameters λ and µ are the those given in (3.2.12) and (3.2.13)

for the asymptotic expansions of f(t) and φ(t) about t = a, respectively.

Proof. This Proposition is now proven constructively. Define

h(t) =
f(t)

φ′(t)
.

The series expansion for φ′ can be obtained by taking the derivative of (3.2.13), yielding

φ′(t) =
∞∑
s=0

φs(s+ µ)(t− a)s+µ−1 . (3.3.5)

Then the quotient of series (3.2.12) and (3.3.5) is given by

h(t) = (t− a)λ−µ
∞∑
s=0

ds(t− a)s , (3.3.6)

where

ds =
(−1)s

(µφ0)s+1
det
(
M fφ

s

)
, (3.3.7)
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and M f φ
s is the matrix given by

M fφ
s =



f0 φ′0 0 0 . . . 0

f1 φ′1 φ′0 0 . . . 0

f2 φ′2 φ′1 φ′0 . . . 0
...

...
...

...
. . .

...

fs−1 φ′s−1 φ′s−2 φ′s−3 . . . φ′0

fs φ′s φ′s−1 φ′s−2 . . . φ′1


(s+1)×(s+1)

(3.3.8)

where φ′j are the coefficients in the series expansion (3.2.13) of φ′(t), that is φ′j = (j +

µ)φj. Note that matrix (3.3.8) is upper Hessenberg, so the calculation of its determinant

can be simplified using a recursive formula, a useful fact when considering the numerical

implementation of the stationary phase approximation. Consider first the case where µ = 1.

Under this assumption (3.3.5) becomes

φ(t) = φ(a) +
∞∑
s=0

φs(t− a)s+1 . (3.3.9)

Hence, taking µ = 1 and v = φ(t) − φ(a), and using expression (B.1.2) the following alter-

native expression for h(t) around a is found

h(t) =
∞∑
s=0

as(φ(t)− φ(a))s+λ−1 . (3.3.10)

To derive an expansion in powers of (t− a), use (3.3.9) to write

φ(t)− φ(a) =
∞∑
s=0

φs(t− a)s+1 , (3.3.11)

and substitute this expression into (3.3.10), yielding

h(t) =
∞∑
s=0

as

(
∞∑
m=0

φm(t− a)m+1

)s+λ−1

= (t− a)λ−1

∞∑
s=0

as(t− a)s

(
∞∑
m=0

φm(t− a)m

)sλ

,

(3.3.12)

where for brevity we have defined sλ = s+λ− 1. Next, note that for a fixed positive integer
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sλ we have(
∞∑
m=0

φm(t− a)m

)sλ

=
∞∑
m=0

 ∑
p∈P(m)

(sλ)|q|
q!

φ
sλ−|q|
0 φp

 (t− a)m , (3.3.13)

where multi-index notation is used as described at the beginning of this Section. Substituting

(3.3.13) into (3.3.12) yields

h(t) = (t− a)λ−1

∞∑
s=0

∞∑
m=0

asΦ
λ1
ms(t− a)m+s , (3.3.14)

where

Φλ1
ms =

∑
p∈P(m)

(sλ)|q|
q!

φ
sλ−|q|
0 φp , (3.3.15)

and the superscripts stand for λ and µ = 1, respectively. For the case m = 0 the convention

is taken that there is no integer partition of zero. Further, we use the conventions that an

empty sum is zero and an empty product is one, respectively. Hence Φλµ
0s = φsλ0 . When

µ = 1, (3.3.6) becomes

h(t) = (t− a)λ−1

∞∑
s=0

ds(t− a)s . (3.3.16)

Next we note that since both (3.3.16) and (3.3.14) are expansions of h(t) in powers of

t− a, their coefficients must be the same. They can be directly compared to determine the

coefficients as. This procedure yields

ds =
s∑
i=0

aiΦ
λ1
s−i i .

The latter expression can be rearranged to yield a recurrence relation for the coefficients as,

namely

as =
1

Φλ1
0s

(
ds −

s−1∑
i=0

aiΦ
λ1
s−i i

)
, a0 =

d0

Φλ1
00

. (3.3.17)

Expression (3.3.17) provides a recursive formula to calculate the coefficients as for the case

µ = 1. The term ds is determined by equation (3.3.7) in terms of coefficients in the expansions

of f(t) and φ(t), which are assumed to be known to the required order. The terms Φλ1
r−i i

are determined using (3.3.15), taking the specified combinations of the coefficients of φ. The

next step is to consider the more general case of µ ≥ 1. An explicit formula is derived

for this general case. We proceed similarly, noting that from (3.2.13) and the fact that



CHAPTER 3. ERROR IN THE STATIONARY PHASE APPROXIMATION 75

v = φ(t)− φ(a), we have

v =
∞∑
m=0

φm(t− a)m+µ . (3.3.18)

We can now substitute (3.3.18) in (3.3.10) to obtain

h(t) = (t− a)λ−µ
∞∑
s=0

as(t− a)s

(
∞∑
m=0

φm(t− a)m

)sλµ

, (3.3.19)

where

sλµ =
s+ λ

µ
− 1 .

Next we expand the fractional exponent sλµ and collect powers of (t−a) in order to compare

the coefficients with those of (3.3.6) and obtain a recurrence relation for as, valid for any

real values of λ and µ. Using multi-index notation we have by the multinomial theorem that

(
∞∑
m=0

φm(t− a)m

)sλµ

=
∞∑
m=0

 ∑
p∈P(m)

(sλµ)|q|
q!

φ
sλµ−|q|
0 φp

 (t− a)m , (3.3.20)

where multi-index notation is used as defined at the beginning of this Section, and we further

define

Φλµ
ms =

∑
p∈P(m)

(sλµ)|q|
q!

φ
sλµ−|q|
0 φp .

As before, for the case m = 0 the convention is taken that there is no integer partition of

zero, and that empty sums and products are zero and one, respectively. Hence Φλµ
0s = φ

sλµ
0 .

This notation allows us to rewrite (3.3.20) in a more tractable way as(
∞∑
m=0

φm(t− a)m

)sλµ

=
∞∑
m=0

Φλµ
ms(t− a)m .

If we now turn our attention back to (3.3.19), we have that

h(t) = (t− a)λ−µ
∞∑
s=0

∞∑
m=0

asΦ
λµ
ms(t− a)m+s , (3.3.21)

and by the same argument used for the case µ = 1 we can equate the series for h(t) given in

(3.3.16) to the series (3.3.21), leading to

∞∑
s=0

ds(t− a)s =
∞∑
r=0

∞∑
m=0

arΦ
λµ
mr(t− a)m+r , (3.3.22)
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where the index in the right hand side has been changed from s to r, for clarity. Equating

coefficients in (3.3.22) results in

ds =
s∑
i=0

aiΦ
λµ
s−i i .

Finally, rearranging the terms in this expression yields as before a recurrence relation for the

coefficients as. Namely

as =
1

Φλµ
0s

(
ds −

s−1∑
i=0

aiΦ
λµ
s−i i

)
, a0 =

d0

Φλµ
00

. (3.3.23)

This result for the general case µ ≥ 1 agrees with (3.3.17), since sλ1 = sλ. In order to prevent

numerical instabilities in the forthcoming implementations, we derive an explicit solution to

the recurrence relation (3.3.23) as follows. Rearranging equation (3.3.23) we have

as =
ds

Φλµ
0 s

+
s−1∑
i=0

(
−

Φλµ
s−i i

Φλµ
0 s

)
ai . (3.3.24)

Let

Bλµ
si = −

Φλµ
s−i i

Φλµ
0 s

,

and

Dλµ(s) =
ds

Φλµ
0 s

.

Then equation (3.3.24) may be recast as

as =
s−1∑
i=0

Bλµ
si ai +Dλµ(s) ,

and it becomes apparent this is a non-homogeneous linear recurrence with variable coeffi-

cients Bλµ
si and forcing function Dλµ(s). Hence a solution can be directly given in the fashion

of e.g. Mallik (1998) as

as =
s−1∑
i=0

Cλµ
si D

λµ(i) +Dλµ(s) , (3.3.25)

where the coefficients Cλµ
si are given by

Cλµ
si =

∑
p∈P̃(s−i)

`(p)∏
j=1

Bλµ
s−|p|j−1 s−|p|j , (3.3.26)
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where P̃(s − i) again denotes integer partitions, but in this case their permutations are

counted separately, 1 p is one of such partitions, `(p) denotes the length of p and

|p|j =

j∑
k=1

pk ,

so that |p|`(p) = |p| = s− i, and |p|0 = 0 (see remarks after equation (3.3.13)). For the case

s = 0, we note that a0 = Dλµ(0), which is in agreement with the known analytical value

of a0 (see (3.3.27) below). The coefficients defined in (3.3.26) yield expression (3.3.3), and

together with equation (3.3.25) establish the result set out in Proposition 3.3.1.

In the next Section, result (3.3.2) is numerically validated.

Validation of the coefficient formula

The coefficients calculated using the explicit formula (3.3.2) are in full agreement with the

analytical expressions for a0, a1 and a2 given in Olver (1970) and Olver (1974), as well as

the particular cases presented in Cooke (1978). These coefficients are restated below for

reference.

a0 =
f0

µφ
λ
µ

0

, (3.3.27)

a1 =
1

φ
λ+1
µ

0

(
f1

µ
− (λ+ 1)φ1f0

µ2φ0

)
, (3.3.28)

a2 =
1

φ
λ+2
µ

0

(
f2

µ
− (λ+ 2)φ1f1

µ2φ0

+
{

(λ+ µ+ 2)φ2
1 − 2µφ0φ2

} (λ+ 2)f0

2µ3φ2
0

)
. (3.3.29)

1For example, (2, 1) and (1, 2) count as different partitions of 3 in equation (3.3.26). The behaviour of the
sub-indices in this case is not commutative, as opposed to equation (3.3.15) for example, where only sums

and products of coefficients were involved. Hence the notation P̃ is introduced.
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For illustration purposes, formula (3.3.2) is used to calculate the value for the next asymptotic

coefficient, yielding

a3 =
1

φ
λ+3
µ

0

(
f3

µ
− (λ+ 3)f2φ1

µ2φ0

+
(λ+ 3)f1

2µ3φ2
0

(
2µφ0φ2 − (λ+ µ+ 3)φ2

1

)
+

+
f0(λ+ 3)

6µ4φ3
0

{
φ1(λ+ µ+ 3)(φ2

1(λ+ 2µ+ 3)− 6µφ0φ2) + 6µ2φ2
oφ3

})
.

(3.3.30)

The coefficients (3.3.27) - (3.3.30) further agree with the sample case presented in Sections 5

and 6 of Cooke (1978).

Formula (3.3.2) was numerically validated in MATLAB. One example is presented below

for illustrations purposes. For this example, the phase and amplitude functions for an integral

of the form (3.2.1) are

φ(t) = cos(t) , and f(t) = sin2(t) .

These choices result in the function h(v) (see remarks above equation (B.1.2)) given by

h̃(v) =
√
−v2 + 2v . (3.3.31)

The phase function φ(t) given above has a minimum at a = π. Expanding the phase

and amplitude functions about a = π in the manner of (3.2.13) and (3.2.12) respectively,

yields the parameters µ = 2, and λ = 3. Figure 3.2 shows the first fifty exact asymptotic

coefficients calculated from the Puiseux series expansion of h̃(v) in blue circles, and the

coefficients calculated using equation (3.3.2) as orange crosses, exhibiting good agreement.

Further test cases may be found in Appendix B, as well as a summary of the numerical

challenges encountered in this implementation and how they were addressed, pertaining in

particular ratios of gamma functions.

Having established these results, we proceed to implement the stationary phase method

in MATLAB, testing the implementation using the example given in Section 7 of Olver

(1974), where exact expressions are readily available for comparison and validation.
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Figure 3.2: Comparison of the first fifty coefficients {as}50
s=1 calculated from (3.3.25) (blue circles)

and those extracted directly from the Puiseaux series expansion of h̃ in (3.3.31) about a = π (orange
crosses).

3.4 Numerical implementation of the stationary phase

method

While literature covering the subject commonly evaluates the first few terms of the stationary

phase asymptotic expansion, details of higher order terms are not generally given (Cooke,

1978) owing to the generality of Erdelyi’s derivations (Erdélyi, 1955, 1956) and the cum-

bersome series inversion techniques involved. The first and second term are stated in Olver

(1974), and the third term is further included in Olver (1970). Cooke (1978) gives the first

three terms for a simplified case. However, a general formula for the coefficients has not yet

been given. In this Section, an explicit general formula for the asymptotic coefficients aj is

derived (see equation (B.1.2) and accompanying remarks). These coefficients are indispens-

able to calculate the terms in the stationary phase approximation, as well as the associated

error bounds. With this formula, we are able to systematically implement the stationary

phase method in MATLAB. This implementation is tested using as a reference the example

provided in Section 7 of Olver (1974), so that explicit expressions are readily available to

verify the correctness of the implementation and illustrate the approximation as well as the

bounds, on the error incurred. The bounds on these errors are illustrated and the numerical

challenges encountered are highlighted, as well as the strategy employed to address them.

The formula (3.3.2) derived in the preceding Section comprises an extension of the work

in Olver (1970) and Olver (1974), as it explicitly produces the asymptotic coefficients indis-

pensable a general and accurate numerical implementation of the stationary phase method,
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as well as the evaluation of the error incurred. In this Section, the MATLAB implementation

of the stationary phase approximation is presented and validated. In order to test this imple-

mentation, we apply it to an example presented in Section 7 of Olver (1974), where explicit

expressions are readily available for comparison and validation. Consider the integral

I(k) =

π∫
0

eik(t−sin(t)) dt . (3.4.1)

In accordance with expression (3.2.1) we have the limits of integration a = 0 and b = π,

the phase function φ(t) = t− sin(t), which has a minimum at the lower limit of integration

a = 0, and amplitude function f(t) = 1. These functions are infinitely differentiable, so that

the expansions (3.2.12) and (3.2.13) are in fact their Taylor series about a = 0. Taking these

series expansions readily shows that µ = 3 and λ = 1. Next, definition (3.2.7) yields

Pj(t) =
1

2j+1

{
1

sin2
(
t
2

) d
dt

}j
1

sin2
(
t
2

) .
It is straightforward to verify that

P0(t) =
1

2 sin2
(
t
2

) , P1(t) = −
cos
(
t
2

)
4 sin5

(
t
2

) , P2(t) =
5− 4 sin2

(
t
2

)
16 sin8

(
t
2

) . (3.4.2)

On the other hand, direct use of equation (3.3.25) shows that the asymptotic coefficients of

odd index vanish, which yields the following values for the even indexed coefficients,

a0 = 1
3

3
√

6 , a2 = 1
10
, a4 = 324

35

3
√

6 , a6 = 648
25

3
√

6 , a8 = 3483
2156000

, . . . (3.4.3)

and so on, which are in agreement with those derived in Olver (1974). Then, using (3.2.3)

and (3.2.4) together with (3.2.2) we have that the stationary phase approximation to (3.4.1)

is

π∫
0

eik( t−sin(t) ) ∼
n−1∑
j=0

e(j+1)iπ
6 Γ
(
j+1

3

) aj

k
j+1

3

− eπik
m−1∑
j=0

Pj(π)
(
i
k

)j+1
, k � 1 , (3.4.4)

where m is an arbitrary non-negative integer, owing to the fact that both φ(t) and f(t)

are infinitely differentiable, n is a non-negative integer such that 3m − 1 ≤ n < 3m + 3,

in accordance to (3.2.5). The error in this approximation is given using (3.2.8) together
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with (3.2.9) and (3.2.10), yielding

Emn(k) =
(
i
k

)m π∫
0

eik( t−sin(t) )Q′mn(t) dt−
n−1∑
j=0

eiπ
j+1

6
Γ
(
j+1

3

)
Γ
(
j+1

3
−m

)Γ
(
j+1

3
−m, −ikπ

) aj

k
j+1

3

,

where the functions Qmn(t) are

Qmn(t) = Pm−1(t)−
n−1∑
j=0

Γ
(
j+1

3

)
Γ
(
j+1

3
+ 1−m

) aj

( t− sin(t) )m−
j+1

3

. (3.4.5)

To show a concrete example, take m = 0 and n = 1. For this choice of m and n, approxi-

mation (3.4.4) yields

π∫
0

eik(t−sin(t)) ∼ 1

3
ei
π
6 Γ
(

1
3

) (
6
x

) 1
3 , k � 1 . (3.4.6)

Figure 3.3 shows the resulting phase and amplitude estimated using approximation (3.4.6),

as a function of k. As expected, there is a noticeable error for low values of k and the

approximation improves as k grows larger.

Figure 3.3: Comparison of the value of the integral I(k) given in (3.4.1) in grey, and its
stationary phase approximation (3.4.6) as a function of k. The amplitude (top) and phase
(bottom) are compared. Logarithmic scale is used in both axes.
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The error in the approximation (3.4.6) is given by

E01(k) =

π∫
0

eik( t−sin(t) )Q′01(t)dt− ei
π
6

(
2
9k

) 1
3 Γ
(

1
3
,−ikπ

)
. (3.4.7)

where (3.4.5) has been used to calculate

Q′01(t) = 1− 2−2 cos(t)

{ 6t−6 sin(t) }
2
3
. (3.4.8)

To derive a bound for (3.4.7) the bound for the term δ01(k) is evaluated first using (B.1.13).

Equation (3.2.11) is used again to obtain

Q11(t) =
1

2 sin2
(
t
2

) − 2

{6(t− sin(t))}
2
3

, (3.4.9)

and after simplification the right hand side of (B.1.13), yields the following

|δ01(k)| ≤

3

5
− 2

(6π)
2
3

+

π∫
0

|Q′11(t)|dt

 1

k
. (3.4.10)

On the other hand, the bound (B.1.14) for ε is given by

|ε01(k)| ≤ 4

(6π)
2
3

1

k
. (3.4.11)

Therefore, a bound for the error (3.4.7) can be given combining (3.4.10) and (3.4.11) with

the triangle inequality, yielding

|E01(k)| ≤

3

5
+

2

(6π)
2
3

+

π∫
0

|Q′11(t)|dt

 1

k
. (3.4.12)

The top panel of Figure 3.4 shows the error (3.4.7) as well as the bound (3.4.12). For illus-

tration purposes, that same figure shows the terms δ01(k) and ε01(k) and their corresponding

bounds (3.4.10) and (3.4.11), respectively. For illustration, some examples of the numerical

value of the error |E01(k)| and the bound (3.4.12) shown in the top panel of Figure 3.4 are

given below across different scales of the wavenumber k.
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k |E01(k)| |δ01(k)− ε01(k)|
0.1 1.4591 10.0475

1 0.5657 1.0048

10 0.0397 0.1005

100 0.0040 0.0100

As visible in the Figure, the bound overestimates the error for small values of k, and

becomes tighter as k increases. This is likely due to the relatively rough upper bound taken

for δmn(k) in (B.1.12), and the roughness of this bound for low k values can be appreciated

in the middle panel of Figure 3.4, whereas the bound for the εmn is relatively tighter. In the

subsequent sections, the integral δmn(k) is addressed analytically in order to circumvent this

issue. Note that Olver (1974) does give a further bound that is one order higher, with the

caveat that convergence of the relevant integrals can no longer be guaranteed.

Figure 3.4: Error E01(k) in the stationary phase approximation (3.4.4) as given by equa-
tion (3.4.7) in blue, and the corresponding bound (3.4.12) in orange dashes (top). For illus-
tration purposes, the error term δ01(k) calculated directly from (3.2.9) and its bound (3.4.10)
are included (middle), as well as the error term ε01(k) and its bound (3.4.11) (bottom).
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3.5 Stationary phase approximation in wavefield inter-

ferometry

In this Section, we apply the stationary phase approximation to wavefield interferometry in

two dimensions, using the framework developed in Chapter 2 for error quantification. In

this context, we consider an active-source scenario, so that recordings are available for each

location x on a source boundary S, and ambient noise is assumed to not have significantly

interfered with these active-source recordings. Accordingly we set the term β to zero in the

empirical interferometric equation (1.1.2), which results in the representation

ĝint(xA,xB, k ; α, 0) = −2ik

∮
S

|α(x)|2 Ĝ(xA,x, k)Ĝ∗(xB,x, k)dx , (3.5.1)

where α(x) denotes a realisation of a random field at x and S is a source boundary that

encloses the receiver pair xA, xB. Moreover, in this Chapter we assume for simplicity that

the random field α(x) is real-valued, so that |α(x)|2 = α2(x). For simplicity, the term β ≡ 0

is left implicit throughout.

Proposition 3.5.1 (Stationary phase approximation to the interferometric estimate). The

stationary phase approximation to (3.5.1) is given by

ĝint(xA,xB, k ; α, 0) ≈ α2
S(0)Ĝ(xA,xB, k)− α2

S(π)Ĝ∗(xA,xB, k) .

where α2
S(0) and α2

S(π) are the squared values of the random field α at the points where the

line through the receiver pair intersects the source boundary S. When the Ĝ(x,y, k) is the

far-field Green’s function of the Helmholtz equation in two dimensions, defined in (1.2.20)

and reproduced below for reference

Ĝ(x,x′, k) = − i
4
e−i(k|x−x

′|−π
4 )

√
2

πk|x− x′|
,

the stationary phase approximation is given by

ĝint(xA,xB, k ; α, 0) ≈ − i
4

(
e−i(2kd−π

4 )α2
S(0)

√
π

kd
+ ei(2kd−π

4 )α2
S(π)

√
π

kd

)
.

where 2d = |xA − xB| is the inter-receiver distance.

The validity of this proposition is derived in this Section. As a starting point the sta-

tionary phase approximation to equation (3.5.1) is considered, and highlighting the fact that
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the presence of the random field α(x) does not affect the phase of the integrand in (3.5.1)

as it enters the integral with a modulus square. We wish to write equation (3.5.1) in the

form given by (3.2.1) in such a way that the phase and amplitude functions are analytically

tractable, with the goal of applying the analytical results from Sections 3.2 and 3.3, and

derive explicit expressions for the error incurred in taking a stationary phase approximation,

as well as bounds for these errors. We begin by recalling that the stationary phase approx-

imation is valid in a high frequency regime, i.e. k � 1, therefore the asymptotic (far-field)

form of the Green’s function of the Helmholtz equation in two dimensions (1.2.20) will be

use, i.e.

Ĝ(x,x′, k) = − i
4
e−i(k|x−x

′|−π
4 )

√
2

πk|x− x′|
,

for a receiver location x, a source location x′ and a wavenumber k = ω/c where c denotes

the speed in a homogeneous medium, assumed in this work to be constant. As previously

discussed, in the context of wavefield interferometry, equation (1.2.20) is interpreted as the

far-field of the wavefield (see for example Appendix A in Galetti et al. (2013)). This cor-

responds in the current context to the regime where kr � 1 where r is the source-receiver

distance and k is a wavenumber. As discussed in Section 1.2.2, the monopole approximation

(1.2.13) to the full interferometric retrieval given by equation (1.2.12) is valid in this regime.

Substituting equation (1.2.20) into the monopole retrieval equation (3.5.1) for each receiver

and simplifying yields

ĝint(xA,xB, k; α, 0) = − i

4π

∮
S

α2(x)√
|xA − x||xB − x|

eik( |xB−x|−|xA−x| )dx . (3.5.2)

Assume that S is a circular boundary of radius r as depicted in Figure 3.5 and that the

reference axes have been placed at the centre of S. Moreover, assume that the receivers xA

and xB are placed symmetrically with respect to the origin and along the x-axis, with an

inter-receiver distance given by

|xA − xB| = 2d for d > 0 ,

as depicted in Figure 3.5, so that the coordinates of the receivers are given by

xA = [−d, 0 ] , and xB = [ d, 0 ] . (3.5.3)

Having set the geometry of the problem, consider the following parametrisation of the
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xA xB

S
r

2d

Figure 3.5: Sketch of source boundary and receiver layout used for wavefield interferometry in
this Chapter. The radius r � d of the boundary S is not to scale for illustration purposes.

boundary x(t) ∈ S,

x(t) = [ r cos(t), r sin(t) ] for t ∈
[
−π

2
, 3π

2

)
, (3.5.4)

where the range of the parametrisation has been chosen for convenience without loss of gener-

ality. Note that over the range defined in (3.5.4), the integrand phase φ(t) is not monotonous.

However, this issue is easily circumvented by subdividing the interval of integration appro-

priately as will be shown below. Using this parametrisation the integral in the right hand

side of equation (3.5.2) can be written as

ĝint(xA,xB, k; α, 0) = − i

4π
Iα(xA,xB, k) , (3.5.5)

where Iα(xA,xB, k) is given as

Iα(xA,xB, k) =

3π/2∫
−π/2

fα(t) eikφ(t) dt , (3.5.6)

φ(t) is the deterministic phase function

φ(t) =
√
r2 − 2 rd cos(t) + d2 −

√
r2 + 2 rd cos(t) + d2 , (3.5.7)

and fα(t) is the random amplitude function

fα(t) =
r α2(t)

{ (r2 + d2)2 − 4r2d2 cos2(t) }
1
4

, (3.5.8)
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Figure 3.6: Amplitude (left) and phase (right) of the two-dimensional correlation integrand
in (3.5.2), showing the symmetry with respect to the axis defined by the receiver locations.

where the notation α(t) is used to denote the restriction of the spatial random field α(x′) to

the parametrised boundary x(t) ∈ S, defined as

αS(t) := α(x(t)) for t ∈
[
−π

2
, 3π

2

)
,

noting that a fixed value of the parameter t corresponds to a fixed location x(t) and hence

αS(t) is a random field continuous in t, since it is a restriction the spatially continuous

random field α to the source boundary S. Moreover, define for convenience the deterministic

amplitude function

f(t) =
r

{ (r2 + d2)2 − 4r2d2 cos2(t) }
1
4

, (3.5.9)

then the random amplitude function fα(t) can be expressed in terms of f(t) and the random

field αS(t) as

fα(t) = α2
S(t)f(t) . (3.5.10)

We now consider the stationary phase approximation to the random integral Iα(xA,xB, k).

The first task is to find the stationary points of the phase function (3.5.7), which are given

by the zeros of the first derivative

φ′(t) =
dr sin(t)√

r2 − 2 rd cos(t) + d2
+

dr sin(t)√
r2 + 2 rd cos(t) + d2

. (3.5.11)

where (·)′ denotes a differentiation with respect to t. It is immediate that t = 0 and t = π
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are roots of equation (3.5.11), since the factor sin(t) is zero for these two values of t. On the

other hand, it is straightforward to show that φ′(t) is zero if and only if√
r2 − 2 rd cos(t) + d2 +

√
r2 + 2 rd cos(t) + d2 = 0 , (3.5.12)

where we that the condition r > d > 0 imposed by the geometry of the problem implies

the only roots of (3.5.12) (and hence φ′(t)) are t = 0 and t = π. Therefore, these are the

only stationary points of the phase φ(t). Direct evaluation of φ′′(t) at these points readily

shows that φ′′(0) > 0 and φ′′(π) < 0, A similar analysis shows that t = 0 and t = π are

maxima of the amplitude f , though this has no bearing on the principle of stationary phase

approximation. Figure 3.7 shows the plots of the phase and amplitude functions (3.5.7) and

(3.7.6), where the phase φ(t) exhibits a minimum at t = 0 and a maximum at t = π.

Figure 3.7: Plot of the phase function (3.5.7) (top) and amplitude function (3.7.6) (bottom) in
terms of the parameter t. The values r = 1000 m and d = 100 m were used to generate these plots.

Note that φ(t) is 2π-periodic and f(t) is π-periodic, so that for any t

φ(t+ 2nπ) = φ(t) and f(t+ nπ) = f(t) for n ∈ Z , (3.5.13)

Moreover, direct evaluation shows that both φ(t) and f(t) are even functions, so that for

any t

φ(−t) = φ(t) and f(−t) = f(t) . (3.5.14)
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Both their periodicity and their symmetry around t = 0 can be plainly appreciated in Figure

3.7. Finally, the following property will be useful

φ(t± π) =
√
r2 − 2 rd cos(t± π) + d2 −

√
r2 + 2 rd cos(t± π) + d2

=
√
r2 + 2 rd cos(t) + d2 −

√
r2 − 2 rd cos(t) + d2

= −φ(t) .

(3.5.15)

Note that while these properties cannot immediately be extended to fα(t), the properties

presented below may nevertheless be derived by combining (3.5.10) with (3.5.14) and (3.5.13),

respectively,

fα(−t) = α2
S(−t)f(t) , (3.5.16)

and

fα(t+ nπ) = α2
S(t+ nπ)f(t) for n ∈ Z , (3.5.17)

The locations on the boundary corresponding to the stationary points of the phase are,

according to the parametrisation given in (3.5.4),

x0 = x(0) = [ r, 0 ] , (3.5.18)

and

xπ = x(π) = [−r, 0 ] . (3.5.19)

Hence the stationary phase approximation is taken around the antipodal points on the

boundary S that result from the intersection of the boundary and the axis on which the

receiver pair lies. Moreover, this analysis agrees with the well-known geometry of the Fresnel

zones for a pair of receivers enclosed by a boundary, which are found in neighbourhoods of the

intersection of the axis determined by the receiver pair with the enclosing source boundary

(see for example van Kampen (1958); Curtis and Halliday (2010a)).

Since the interval t ∈ [π
2
, 3π

2
) contains two stationary points, we split the interval of

integration into the four quadrants

Iα(xA,xB, k) = Iα, 0
−

(xA,xB, k) + Iα, 0
+

(xA,xB, k) +

+ Iα, π
−

(xA,xB, k) + Iα, π
+

(xA,xB, k) ,

(3.5.20)
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where we define

Iα, 0
−

(xA,xB, k) =

0∫
−π/2

fα(t)eikφ(t) dt , (3.5.21)

Iα, 0
+

(xA,xB, k) =

π/2∫
0

fα(t)eikφ(t) dt , (3.5.22)

Iα, π
−

(xA,xB, k) =

π∫
π/2

fα(t)eikφ(t) dt , (3.5.23)

and

Iα, π
+

(xA,xB, k) =

3π/2∫
π

fα(t)eikφ(t) dt . (3.5.24)

The stationary phase approximation to Iα(xA,xB, k) will be implemented by applying the

results from Sections 3.2 and 3.3 separately to each of the four integrals (3.5.21) to (3.5.24).

By decomposing the original interval of integration in this manner, we are closer to satisfying

conditions 3.2.2, as none of the four intervals of integrations contains any interior stationary

points, so that we can ensure that the phase φ(t) is monotonic. Furthermore, the stationary

points t ∈ {0, π} appear only at one of the limits of integration in each of these four integrals.

It is apparent however that only Iα, 0
+

(xA,xB, k), satisfies conditions 3.2.2 since t = 0 is a

minimum of the the phase φ(t), this phase is strictly increasing on the interval t ∈ (0, π
2
),

and the upper limit of this integral, t = π
2
, is not a stationary point of φ(t). The other three

integrals require similar manipulations before they meet all conditions and the stationary

phase approximation can be applied. The stationary phase approximation to Iα, 0
+

(xA,xB, k)

is considered first. Each of the other three integrals will be considered later on a case-by-

case basis, though the procedure is analogous so that the calculations for the latter three are

relegated to the Appendix B.

First, consider the stationary phase approximation to the integral Iα, 0
+

at t = 0

Iα, 0
+

(xA,xB, k) =

π/2∫
0

fα(t)eikφ(t) dt ,

An expansion of the form (3.2.13) is now derived for the phase of the integrand. The phase
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function φ(t) is analytic and can therefore be expanded about t = 0 in a Taylor series.

Moreover, the previous analysis of the stationary points and the first and second derivatives

of φ(t) shows that the first non-trivial power of t to appear in the series about t = 0 is t2

(since φ′(0) = 0 but φ′′(0) 6= 0), and hence using equation (3.2.13) we have µ = 2. Therefore

φ(t) can be expressed as

φ(t) = φ(0) + φ0t
2 + φ1t

3 + . . .

where

φj = φ(j+2)(t)

∣∣∣∣
t=0

.

Calculating these coefficients yields

φ(t) ≈ −2d+
r2d

r2 − d2
t2 +O(t4) , (3.5.25)

which is of the form (3.2.13), noting that φ(a) = φ(0) = −2d and µ = 2. Moreover, all

coefficients corresponding to odd powers of t are found to be zero (consistent with the fact

that φ(t) is an even function). The first few non-trivial coefficients in the series expansion

of φ(t) are given explicitly as

φ0 =
r2d

r2 − d2
, (3.5.26)

φ2 = −r2d
r4 + 7 r2d2 + 4 d2

12 (r2 − d2)3
,

φ4 = r2d
r8 + 86 r6d2 + 381 r4d4 + 236 r2d6 + 16 d8

360 (r2 − d2)5
,

φ6 = −r2d
r12 + 813 r10d2 + 15387 r8d4 + 47167 r6d6

128 (r2 − d2)7
−

− r2d
32712 r4d8 + 4656 r2d10 + 64 d12

128 (r2 − d2)7
(3.5.27)

with φj = 0 for odd values of the index j. These higher order coefficients are given here

explicitly due to their utility in deriving accurate approximations of the error terms, for their

subsequent numerical implementation.

In order to derive a local expansion of the form (3.2.12) for the random amplitude fα(t)

around t = 0, the first the deterministic part of f(t) defined in (3.5.9) is analysed first. This
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function is analytic and therefore can be expressed as the series

f(t) = f0 + f1t+ f2t
2 + . . .

where the coefficients fj are given as

fj = f (j)(t)

∣∣∣∣
t=0

, (3.5.28)

so that

f(t) ≈ r√
r2 − d2

− r3d2√
(r2 − d2)5

t2 +O(t4) , (3.5.29)

noting that (3.5.28) yields fj = 0 for odd indices j, consistent with the fact that f(t) is an

even function. Comparing this expansion to the expansion for f(t) in (3.2.12), we note that

λ = 1. The first few coefficients of this expansion of f(t) are given by

f0 =
r√

r2 − d2
, (3.5.30)

f2 = − r3d2√
(r2 − d2)5

,

f4 =
r3d2(2 r4 + 11 r2d2 + 2 d4)

6
√

(r2 − d2)9
,

f6 = −r
3d2(4 r8 + 134 r6d2 + 399 r4d4 + 134 r2d6 + 4 d8)

90
√

(r2 − d2)13
,

with fj = 0 for odd indices j. Figure 3.8 shows an example of the phase φ(t) and the

homogeneous amplitude f(t) (in grey) and their corresponding approximations (3.5.25) and

(3.5.29) over the current interval of integration (0, π
2
), showing the series (3.5.25) and (3.5.29)

truncated up to one (yellow), two (green) and three (orange) non-trivial terms, using the

coefficients (3.5.26) and (3.5.30), respectively.

The expansion of the random amplitude fα(t) = αS(t)2f(t) is now derived. Note that,

αS(t) may be interpreted as a real-valued smooth function of t. Hence, using the Leibniz

formula we have {
αS(t)2f(t)

}(j)
=

j∑
`=1

(
j

`

){
α2
S(t)

}(j−`)
f (`)(t) , (3.5.31)
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Figure 3.8: Plot of the phase function (3.5.7) (top) and amplitude function (3.7.6) (bottom)
in terms of the parameter t over the interval (−π

2 ,
3π
2 ) in grey, and their approximations including

terms up to second order (yellow), fourth order (green) and sixth order (orange) in dots and dashes.
The values r = 1000 m and d = 100 m were used to generate these plots.

where (·)(j) denotes the jth derivative with respect to t and the superindex is omitted if

j = 0. The Leibniz formula may be used again to find the derivatives of α2
S(t) as

{
α2
S(t)

}(j)
=

j∑
`=1

(
j

`

)
{αS(t)}(j−`) {αS(t)}(`) . (3.5.32)

Then fα(t) can be expanded around t = 0 as

fα(t) ≈ fα, 00 + fα, 01 t+ fα, 02 t2 + . . .

where the coefficients fα, 0j are defined as

fα, 0j =
{
αS(t)2f(t)

}(j)
∣∣∣
t=0

.

Moreover, for simplicity let α0
j denote the jth derivative of αS(t) at t = 0, i.e.

α0
j = {αS(t)}(j)

∣∣∣
t=0

,
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where the superindex (·)0 has been used to highlight the fact that these coefficients corre-

spond to the values of αS(t) and its derivatives at the stationary point t = 0 (that corresponds

to location x0 on S), and distinguish them from the coefficients resulting from the corre-

sponding expansion around the other stationary point, namely t = π, that will be taken

later on. Then using (3.5.31) and the coefficients fj given for the homogeneous amplitude

function f(t) in (3.5.30), the first few coefficients fα, 0
+

j are given explicitly by

fα, 0
+

0 =
(
α0

0

)2 r√
r2 − d2

,

fα, 0
+

1 = α0
0α

0
1

2 r√
r2 − d2

,

fα, 0
+

2 =
(
α0

0α
0
2 +

(
α0

1

)2
) 2 r√

r2 − d2
−
(
α0

0

)2 r3d2√
(r2 − d2)5

,

fα, 0
+

3 =
(
α0

0α
0
3 + 3α0

1α
0
2

) 2 r√
r2 − d2

− α0
0α

0
1

6 r3d2√
(r2 − d2)5

(3.5.33)

and so on, noting that the fact that fj = 0 for odd values of j simplifies the calculation of

these coefficients somewhat. Figure 3.9 shows an example of one realisation of the random

amplitude fα(t) and its series approximation about t = 0 using the random coefficients

calculated in (3.5.33). Compare this random amplitude with the homogeneous amplitude

shown in the bottom panel of Figure 3.8. An important distinction between the homogeneous

amplitude f(t) and the random amplitude fα(t) is that in general fα(t) is not symmetric

about t = 0, and correspondingly the coefficients fα, 0
+

j are no longer zero for odd values of

the index j.

Remark 3.5.1. Moreover, note that the allowable order of this approximation depends on

the order of differentiability of the random amplitude fα(t) of the cross-correlation integrand,

which is in turn linked to the smoothness of the random field α.

Having determined the coefficients (3.5.26) and (3.5.33) for the phase φ(t) and the random

amplitude fα(t), respectively, the coefficients aα, 0
+

j can now be calculated directly using the

formula (3.3.25) derived in Section 3.3. The first few coefficients are given explicitly below,

as they can be used directly to implement higher-order stationary phase approximations,

aα, 0
+

0 =
(α0

0)
2

2
√
d
,
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Figure 3.9: Example of a realisation of the random amplitude fα(t) (in grey) and its series
approximation about t = 0 using the random coefficients calculated in (3.5.33), using two (yellow),
three (green) and four terms (orange). Note the loss of symmetry as well as the increased radius
of convergence as the order of approximation is increased.

aα, 0
+

1 = α0
0α

0
1

√
r2 − d2

rd
,

(3.5.34)

aα, 0
+

2 =
( (
α0

1

)2
+ α0

0α
0
2

) r2 − d2

2 r2
√
d3

+
(
α0

0

)2 r4 − r2d2 + 4d4

16 r2 (r2 − d2)
√
d3
,

aα, 0
+

3 =
(
α0

0α
0
3 + 3α0

1α
0
2

) √(r2 − d2)3

6 r3d2
+ α0

0α
0
1

r4 + r2d2 + 4d4

6 r3d2
√
r2 − d2

,

and so on.

Having successfully derived the coefficients (3.5.34), we can proceed to write the station-

ary phase approximation to the integral Iα, 0
+

(xA,xB, k). First we use equations (3.2.11)

and (3.2.7) to define the auxiliary functions Qα, 0+

mn (t) and Pα, 0+

m (t) as

Qα, 0+

mn (t) = Pα, 0+

m−1 (t)−
n−1∑
j=0

Γ
(
j+1

2

)
Γ
(
j+1

2
+ 1−m

) aα, 0
+

j

(φ(t) + 2d )m−
j+1

2

, (3.5.35)

for t ∈
(
0, π

2

)
, where

Pα, 0+

m (t) =

{
1

φ′(t)

d

dt

}m
fα(t)

φ′(t)
for t ∈

(
0, π

2

)
. (3.5.36)
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Therefore, using equation (B.1.1) and definitions (3.2.3) to (3.2.10), as well as the formula

for the gamma function with positive half-integer argument (see for example Section 8.339

in Gradshteyn and Ryzhik (2014))

Γ
(
n
2

)
=

√
π

2
n−1

2

(n− 2)!! ,

where (·)!! denotes the double factorial, the nth order stationary phase approximation of

Iα, 0
+

(xA,xB, k) defined in (3.5.22) is given by

Iα, 0
+

(xA,xB, k) ≈ Aα, 0
+

n (k)−Bα, 0+

m (k) (3.5.37)

where

Aα, 0
+

n (k) = e−2d ik
√
π

n−η∑
j=0

e(j+1)π
4
i (j − 1)!!√

2jkj+1
aα, 0

+

j , (3.5.38)

and

Bα, 0+

m (k) =
m−1∑
j=0

Pα, 0+

j

(
π
2

)( i
k

)j+1

, (3.5.39)

where φ
(
π
2

)
= 0 has been used in (3.5.39), noting that the term Aα, 0

+

n (k) comprehends the

main contribution to the approximation, and Bα, 0+

m (k) can be interpreted as an endpoint

effect at the upper limit of integration t = π
2
. That this interpretation is appropriate for the

application in mind will become apparent when inspecting the waveforms associated with

these terms later on. Furthermore,

2m− 1 ≤ n < 2m+ 2 (3.5.40)

according to (3.2.5), and η = 1 unless n = 2m−1, in which case η = 0 as specified by (3.2.6).

The error incurred in the approximation (3.5.37) is given by

Eα, 0+

mn (k) = δα, 0
+

mn (k)− εα, 0+

mn (k), , (3.5.41)

where

δα, 0
+

mn (k) =

(
i

k

)m π/2∫
0

eikφ(t)Qα, 0+ ′

mn (t) dt (3.5.42)
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and

εα, 0
+

mn (k) = e−2dik

n−1∑
j=0

e(j+1)π
4
i Γ

(
j+1

2

)
Γ
(
j+1

2
−m

)Γ
(
j+1

2
−m, −2d ik

) aα, 0+

j

k
j+1

2

, (3.5.43)

and bounds for each of these error terms are determined using (B.1.12) and (B.1.14), yielding

|δα, 0+

mn (k)| ≤
(

1

k

)m π/2∫
0

|Qα 0+ ′

mn (t)| dt (3.5.44)

and

|εα, 0+

mn (k)| ≤ 2

km+1

n−1∑
j=0

Γ
(
j+1

2

)∣∣Γ ( j+1
2
−m

)∣∣
∣∣∣aα, 0+

j

∣∣∣
( 2d )m+1− j+1

2

, (3.5.45)

noting that φ(π
2
) = 0 and φ(0) = −2d has been used in the right-hand side of (3.5.45), so

that using the triangle inequality the bound for the total error Eα, 0+

mn (k) defined in (3.5.41)

is given by

|Eα, 0+

mn (k)| ≤
(

1

k

)m π/2∫
0

|Qα, 0+ ′

mn (t)| dt+
2

km+1

n−1∑
j=0

Γ
(
j+1

2

)∣∣Γ ( j+1
2
−m

)∣∣
∣∣∣aα, 0+

j

∣∣∣
( 2d )m+1− j+1

2

. (3.5.46)

equation (3.5.37) provides a general expression for the stationary phase contribution from

the stationary point at x0 to the empirical interferometric retrieval of the Green’s function

in a two-dimensional homogeneous medium, where variations in the energy arriving to the

receiver pair from different directions is accounted for by the random field α. Moreover,

expression (3.5.41) quantifies the error incurred in this approximation and inequality (3.5.46)

provides a bound for this error. Note further that due to the presence of the random field

α, all these quantities are themselves random.

The procedure outlined above is applied similarly to the integrals (3.5.21), (3.5.23)

and (3.5.24). The details of these calculations can be found in Appendix B and through

the rest of this section, expressions from this Appendix are referenced directly without fur-

ther proof.

The main contribution from the stationary point at t = π is given by the stationary phase

approximation to the integral Iα(xA,xB, k) restricted to the interval t ∈
(
π
2
, 3π

2

)
, which can
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be stated combining equations (B.3.41) and (B.3.26), resulting in the exact equation

3π/2∫
π/2

fα(t)eikφ(t) dt =
(
Iα, π

−
(xA,xB, k)

)∗
+
(
Iα, π

+

(xA,xB, k)
)∗

=
(
Aα, π

−

n (k) + Aα, π
+

n (k)
)∗
−
(
Bα, π−

m (k) +Bα, π+

m (k)
)∗

+
(
δα, π

−

mn (k) + δα, π
+

mn (k)
)∗
−
(
εα, π

−

mn (k) + εα, π
+

mn (k)
)∗

(3.5.47)

Hence, the stationary phase approximation corresponding to the stationary point at t = π

is given by

3π/2∫
π/2

fα(t)eikφ(t) dt ≈
(
Aα, π

−

n (k) + Aα, π
+

n (k)
)∗
−
(
Bα, π−

m (k) +Bα, π+

m (k)
)∗

, (3.5.48)

with the associated error given by

Eα,π
mn (k) =

(
δα, π

−

mn (k) + δα, π
+

mn (k)
)∗
−
(
εα, π

−

mn (k) + εα, π
+

mn (k)
)∗

(3.5.49)

equation (3.5.47) added together with (B.3.18) provide the general expression of the

stationary phase approximation to the integral Iα(xA,xB, k), as well as the associated error

terms, with a general bound given by the sum of the bounds (3.5.46), (B.3.17),(B.3.35) and

(B.3.49).

In order to derive concrete expressions for the stationary phase approximation and its

associated error bounds, we consider2 the case n = m = 1, noting that this choice satisfies

the restriction (3.5.40), and that according to the remark made under that equation, η = 0

in this case. We begin by evaluating the auxiliary functions (3.5.36), (B.3.4), (B.3.24) and

(B.3.39) at π
2
, for the order m− 1 = 0

Pα, 0+

0

(
π
2

)
=

fα(t)

φ′(t)

∣∣∣∣
t=π

2

= |α
(
π
2

)
|2 1

2d
, (3.5.50)

Pα, 0−

0

(
π
2

)
=

fα(−t)
φ′(t)

∣∣∣∣
t=π

2

= |α
(
−π

2

)
|2 1

2d
, (3.5.51)

2Further note that this choice of the approximation order is consistent with the random field framework
applied earlier, where the possibility of non-smooth random amplitude fα(t) is allowed. When the differ-
entiability of the source amplitude variations can be guaranteed, the expressions presented so far can be
readily used to derive higher order approximations.
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Pα, π+

0

(
π
2

)
=
fα(π + t)

φ′(t)

∣∣∣∣
t=π

2

= |α
(
−π

2

)
|2 1

2d
, (3.5.52)

Pα, π−
(
π
2

)
=
fα(π − t)
φ′(t)

∣∣∣∣
t=π

2

= |α
(
π
2

)
|2 1

2d
, (3.5.53)

where the properties of the random amplitude function fα derived in (3.5.16) and (3.5.17)

have been used in these evaluations. The identity α
(

3π
2

)
= α

(
−π

2

)
has been used in (3.5.52),

noting that owing to the 2π-periodicity of the parametrisation (3.5.4), the location on the

boundary corresponding to the direction t = 3π
2

is the same as for t = −π
2
. Next the auxiliary

functions (3.5.35) (B.3.6) (B.3.25) (B.3.40) are examined for m = n = 1, resulting in

Qα, 0+

11 (t) = Pα, 0+

0 (t)− aα, 0
+

0√
φ(t) + 2d

= α2
S(t)

f(t)

φ′(t)
− α2

S(0)

2
√
d(φ(t) + 2d)

, (3.5.54)

Qα, 0−

11 (t) = Pα, 0−

0 (t)− aα, 0
−

0√
φ(t) + 2d

= α2
S(−t) f(t)

φ′(t)
− α2

S(0)

2
√
d(φ(t) + 2d)

, (3.5.55)

Qα, π+

11 (t) = Pα, π+

0 (t)− aα, π
+

0√
φ(t) + 2d

= α2
S(π + t)

f(t)

φ′(t)
− α2

S(π)

2
√
d(φ(t) + 2d)

, (3.5.56)

Qα, π−

11 (t) = Pα, π−

0 (t)− aα, π
−

0√
φ(t) + 2d

= α2
S(π − t) f(t)

φ′(t)
− α2

S(π)

2
√
d(φ(t) + 2d)

, (3.5.57)

Bα, 0+

1 (k) = α2
(
π
2

) i

2kd
Bα, 0−

1 (k) = α2
(
−π

2

) i

2kd

(3.5.58)

Bα, π+

1 (k) = α2
(
−π

2

) i

2kd
Bα, π−

1 (k) = α2
(
π
2

) i

2kd

Aα, 0
+

1 (k) = e−i(2kd−π
4 )α2

S(0)

√
π

4 kd
+ e−i(2kd−π

2 )αS(0)α′S(0)

√
π
2
(r2 − d2)

rkd
(3.5.59)
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Aα, 0
−

1 (k) = e−i(2kd−π
4 )α2

S(0)

√
π

4 kd
− e−i(2kd−π

2 )αS(0)α′S(0)

√
π
2
(r2 − d2)

rkd
(3.5.60)

Aα, π
+

1 (k) = e−i(2kd−π
4 )α2

S(π)

√
π

4 kd
+ e−i(2kd−π

2 )αS(π)α′S(π)

√
π
2
(r2 − d2)

rkd
(3.5.61)

Aα, π
−

1 (k) = e−i(2kd−π
4 )α2

S(π)

√
π

4 kd
− e−i(2kd−π

2 )αS(π)α′S(π)

√
π
2
(r2 − d2)

rkd
, (3.5.62)

where the first two asymptotic coefficients (3.5.34), (B.3.3), (B.3.23) and (B.3.38) have been

used. Using (3.5.43) and (B.3.32) we note that

εα, 0
+

11 (k) = εα, 0
−

11 (k) and εα, π
+

11 (k) = εα, π
−

11 (k) .

Hence we define

εα, 011 (k) := εα, 0
−

11 (k) = εα, 0
+

11 (k) ,

and

εα, π11 (k) := εα, π
−

11 (k) = εα, π
+

11 (k) ,

where

εα, 011 (k) = −Γ
(
−1

2
, −2d ik

) aα, 00

2
√
k
e−i(2kd−π

4 ) (3.5.63)

= −α2
S(0)Γ

(
−1

2
, −2d ik

) 1

4
√
kd
e−i(2kd−π

4 )

εα, π11 (k) = −Γ
(
−1

2
, −2d ik

) aα, π0

2
√
k
e−i(2kd−π

4 ) (3.5.64)

= −α2
S(π)Γ

(
−1

2
, −2d ik

) 1

4
√
kd
e−i(2kd−π

4 )

The delta terms are defined for ` ∈ {0+, 0−, π+, π−} as

δα, `11 (k) =
i

k

π
2∫

0

eikφ(t)Qα, ` ′

11 (t)dt ,

where each of the functions Qα, `
11 (t) are defined in equations (3.5.54) to (3.5.57).
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Hence, using equation (B.3.19) for the contribution from the stationary point at t = 0,

together with equation (3.5.48) for the contribution from the stationary point at t = π, the

stationary phase approximation to the integral Iα(xA,xB, k) is given by

Iα(xA,xB, k) =

3π
2∫

−π
2

fα(t)eikφ(t)dt =

π
2∫

−π
2

fα(t)eikφ(t)dt+

3π
2∫

π
2

fα(t)eikφ(t)dt

≈ Aα, 0
+

1 (k) + Aα, 0
−

1 (k) +
(
Aα, π

+

1 (k) + Aα, π
−

1 (k)
)∗
−

−
(
Bα, 0−

1 (k) +Bα, 0+

1 (k) +
(
Bα, π−

1 (k) +Bα, π−

1 (k)
)∗ )

Using equations (3.5.58) for the endpoint terms corresponding to t = π
2
.

Bα, 0+

1 (k) +
(
Bα, π−

1 (k)
)∗

= α2
(
π
2

) i

2kd
− α2

(
π
2

) i

2kd
= 0 , (3.5.65)

and similarly for the endpoint terms corresponding to t = −π
2
.

Bα, 0−

1 (k) +
(
Bα, π+

1 (k)
)∗

= α2
(
−π

2

) i

2kd
− α2

(
−π

2

) i

2kd
= 0 . (3.5.66)

equations (3.5.65) and (3.5.66) behave as expected, as integrating over the whole contour

implies there must be no contributions from endpoints, and so it is natural that these terms

cancel out. However, note the important physical implication to wavefield interferometry,

that is that by incorporating the contributions from both stationary points, each of which

lies on either side of the receiver pair, endpoint effects are mitigated even in the presence of

the random field α. On the other hand, using equations (3.5.59) and (3.5.60) we have

Aα, 0
+

1 (k) + Aα, 0
−

1 (k) = e−i(2kd−π
4 )α2

S(0)

√
π

kd
,

Aα, π
+

1 (k) + Aα, π
−

1 (k) = e−i(2kd−π
4 )α2

S(π)

√
π

kd
.

Therefore, the stationary phase approximation to Iα(xA,xB, k) is given by

Iα(xA,xB, k) ≈ e−i(2kd−π
4 )α2

S(0)

√
π

kd
+ ei(2kd−π

4 )α2
S(π)

√
π

kd
,

Finally, using 2d = |xA−xB|, the stationary phase approximation to the empirical retrieval
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given in equation (3.5.5) is given by

ĝ(xA,xB, k ; α, 0) = − i

4π
Iα(xA,xB, k)

≈ − i
4

√
2

πk|xA − xB|

{
α2
S(0)e−i(k|xA−xB|−π4 )

+α2
S(π)ei(k|xA−xB|−π4 )

}
and using the Green’s function defined in (1.2.20) we conclude

ĝ(xA,xB, k ; α, 0) ≈ α2
S(0)Ĝ(xA,xB, k)− α2

S(π)Ĝ∗(xA,xB, k) .

Let ĝsp(xA,xB, k ; α) denote the stationary phase approximation to ĝ(xA,xB, k ; α, 0). Then

motivated by the result derived above we define this approximation as

ĝsp(xA,xB, k ; α) := α2
S(0)Ĝ(xA,xB, k)− α2

S(π)Ĝ∗(xA,xB, k) .

In the subsequent sections, we return to the notation (3.5.18) and (3.5.19) for the station-

ary phase locations α2
S(0) and α2

S(π), so that the stationary phase estimate above can be

equivalently written as

ĝsp(xA,xB, k ; α) = α2(x0)Ĝ(xA,xB, k)− α2(xπ)Ĝ∗(xA,xB, k) . (3.5.67)

Remark 3.5.2. While the present derivation for (3.5.67) has been performed in two dimen-

sions, this expression can nevertheless be interpreted for inter-receiver Green’s functions in

one, two or three dimensions. In the following Section, the behaviour of the error is analised

in this light whenever possible.

3.5.1 Error in the stationary phase approximation ĝsp(xA,xB, k ; α)

While it is possible to quantify the error incurred in approximating ĝint(xA,xB, k ; α, 0)

through the stationary method using the framework developed in Section 3.2, we remark that

the quantity we wish to approximate is in fact ĝint(xA,xB, k ; 1, 0), i.e. the interferometric

estimate in the ideal case when the source intensity is equal along the whole boundary S (i.e.

α ≡ 1). The case where the stationary phase approximation is applied in the ideal scenario

of sources of equal intensity is considered separately in Section 3.7 of this Chapter, where

the results from Section 3.2 are applied.
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Hence, rather than examining the quantity ĝsp(xA,xB, k ; α)− ĝint(xA,xB, k ; α), we wish

to consider

ĝsp(xA,xB, k ; α)− ĝint(xA,xB, k ; 1) .

Accordingly, we define the error in the stationary phase approximation as

Esp(xA,xB, k ; α) := ĝsp(xA,xB, k)− ĝint(xA,xB, k ; 1) . (3.5.68)

To investigate the quantity above, note that in this Chapter the far-field conditions are

assumed to be satisfied (kr � 1),3 as this is the appropriate regime for the application of

the stationary phase method. Therefore we assume

ĝint(xA,xB, k ; 1) = Ĝhom(xA,xB, k) , k � 1 ,

where for clarity we recall the definition (1.1.2) of the homogeneous Green’s function,

Ĝhom(xA,xB, k) := Ĝ(xA,xB, k)− Ĝ∗hom(xA,xB, k) .

Hence, (3.5.68) may we written as

Esp(xA,xB, k ; α) = ĝsp(xA,xB, k)− Ĝhom(xA,xB, k ; α)

=
(
α2(x0)− 1

)
Ĝ(xA,xB, k)−

(
α2(xπ)− 1

)
Ĝ∗(xA,xB, k) .

(3.5.69)

where (3.5.67) has been used. Note that in the ideal scenario where the source traces are

acquired perfectly (i.e. α is a degenerate random field such that α ≡ 1, so that µα = 1 and

σ2
α = 0) the error Esp(xA,xB, k ; α) is immediately zero.

A bound for this error can be given directly as

∣∣Esp(xA,xB, k ; α)
∣∣ ≤ {|α2(x0)− 1|+ |α2(xπ)− 1|

}
|Ĝ(xA,xB, k)| .

Remark 3.5.3. While we have assumed a two-dimensional medium, the error in the sta-

tionary phase approximation (3.5.69) can be interpreted more generally in one, two or three

dimensions. The behaviour of its amplitude with respect to the wavenumber k and the inter-

receiver distance |xA − xB| can be contrasted using the Green’s functions in Section 1.2.6.

In one dimension, |Esp(xA,xB, k ; α)| decays linearly with k, while the inter-receiver dis-

tance has no bearing on the error behaviour (see (1.2.17)). In two dimensions, the error

exhibits an inverse-square law with the frequency and the inter-receiver distance, decaying

3Essentially kr � 1. See Section 1.2, equation (1.2.13), and accompanying arguments.
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with
√
k|xA − xB| (see (1.2.20)). Finally, in three dimensions, the error decays linearly

with the inter-receiver distance |xA − xB|, but there is no decay with the wavenumber k. A

stationary phase regime is assumed throughout (i.e. kr � 1 for the wavenumber k and the

source boundary radius r).

We now turn our attention back to the two-dimensional case. Using definition (3.5.2) we

can immediately give the bound.

∣∣Esp(xA,xB, k ; α)
∣∣ ≤ (|α2(x0)− 1|+ |α2(xπ)− 1|

)√ 1

8πk|xA − xB|
,

where we note that the error in the stationary phase approximation in two dimensions decays

with the wavenumber k and the inter-receiver distance |xA − xB|.

3.5.2 Mean and variance of Esp(xA,xB, k, α)

The expected value of the error Esp(xA,xB, k, α) can be calculated directly from (3.5.69),

yielding

E [Esp(xA,xB, k ; α) ] =
(
E
[
α2(x0)

]
− 1
)
Ĝ(xA,xB, k)

−
(
E
[
α2(xπ)

]
− 1
)
Ĝ∗(xA,xB, k) .

(3.5.70)

Using expression (3.5.70), we can readily establish conditions for the stationary phase ap-

proximate to be an unbiased estimator of the inter-receiver homogeneous Green’s function.

These conditions are established in the following

Proposition 3.5.2. The stationary phase estimate ĝsp(xA,xB, k) is an unbiased estimator of

the homogeneous inter-receiver Green’s function Ĝhom(xA,xB, k) (i.e. E [Esp(xA,xB, k ; α) ] =

0) if and only if one or more of the following conditions are satisfied:

(i) E [α2(x0) ] = E [α2(xπ) ] = 1.

(ii) E [α2(x0) ] + E [α2(xπ) ] = 2 and Re
{
Ĝ(xA,xB, k)

}
vanishes at k

(iii) Ĝ(xA,xB, k) vanishes at k.

Proof. It is immediate that any of conditions (i)-(iii) are sufficient for the right hand side

of (3.5.70) to vanish. To establish the necessity of these conditions, assume that

E [Esp(xA,xB, k ; α) ] = 0 .
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Then the real and imaginary parts of the right hand side of (3.5.70) must be zero, i.e.

Re
{
Ĝ(xA,xB, k)

}(
E
[
α2(x0)

]
− E

[
α2(x0)

])
= 0 ,

and

Im
{
Ĝ(xA,xB, k)

}(
E
[
α2(x0)

]
+ E

[
α2(x0)

]
− 2
)

= 0 .

It readily follows that one of conditions (i)-(iii) must be true for the equations above to be

satisfied simultaneously.

Next, the expected value of the error E [Esp(xA,xB, k ; α) ] is considered under condi-

tion (3.1.4) established at the beginning of this Chapter.

Proposition 3.5.3. If the first and second moment of the random variables α(x0) and α(xπ)

coincide, i.e.

E [α(x0) ] = E [α(xπ) ] = µα ,

and

Var [α(x0) ] = Var [α(xπ) ] = σ2
α ,

then

E [Esp(xA,xB, k ; α) ] = (µ2
α + σ2

α − 1 )
(
Ĝ(xA,xB, k)− Ĝ∗(xA,xB, k)

)

= (µ2
α + σ2

α − 1 ) Ĝhom(xA,xB, k) .

Proof. Under the assumptions imposed on the first and second moments of α at x0 and xπ, we

have that E [α2(x0) ] = E [α2(xπ) ] = µα + σ2
α. The result follows directly from (3.5.70) .

Remark 3.5.4. Note that under the assumptions (3.1.4), ĝsp(xA,xB, k) is an unbiased

estimator of the homogeneous inter-receiver phase even though the amplitude is in general

biased. In practice, these assumptions translate to the condition that the statistics of the

noise at the stationary phase source locations be sufficiently similar. This is a reasonable

assumption in an active source experiment, where one has control over the time and location

that the sources fire, and where presumably the same mechanism is used to generate the

source signals (e.g. dynamite explosions down a well or a seismic vibrator). On the other

hand, while ambient noise is often assumed to be essentially isotropic (Pilz and Parolai, 2014),

facilitating conditions (3.1.4), this cannot always be expected in practical applications. For

example, a survey performed near the coast or a highway would have a strong directional bias

in the source strength, and conditions (3.1.4) would likely be invalid in such circumstances.
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Nevertheless, even in those situations the directional bias of the energy can be quantified (e.g.

using beamforming techniques (Löer et al., 2018)) and the more general expressions (3.1.1)

to (3.1.3) applied to quantify the error introduced by the stationary phase approximation in

such circumstances.

On the other hand, any random field satisfying

µ2
α + σ2

α = 1 (3.5.71)

would guarantee E [Esp(xA,xB, k ; α) ] = 0. Hence, the condition α ≡ 1 is not necessary for

unbiased estimation of the inter-receiver Green’s function. It suffices that

µα ∈ (0, 1)

and

σ2
α = 1− µ2

α .

The phase and amplitude error are discussed further in Sections 3.5.3 and 3.5.4, respectively.

We now move on to calculate the variance of Esp(xA,xB, k, α). The variance of a complex-

valued random variable Z is defined as

Var [Z ] = E
[
|Z − E [Z ] |2

]
, (3.5.72)

noting that the variance is always real and non-negative. Direct calculation shows that this

definition is equivalent to the sum of the variances of the real and imaginary parts of Z, i.e.

Var [Z ] = Var [ Re {Z} ] + Var [ Im {Z} ] .

Hence

Var [Esp(xA,xB, k ; α) ] = |Ĝ(xA,xB, k)|2
{

Var
[
α2(x0)

]
) + Var

[
α2(xπ)

]}
+ 2Λ(xA,xB, k) Cov

[
α2(x0), α2(xπ)

]
.

(3.5.73)

where for convenience the quantity Λ(xA,xB, k) is defined as

Λ(xA,xB, k) = Im
{
Ĝ(xA,xB, k)

}2

− Re
{
Ĝ(xA,xB, k)

}2

. (3.5.74)
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An alternative expression for the variance (3.5.73) can be written using the identity

Cov
[
α2(x0), α2(xπ)

]
= Var [α(x0)α(xπ) ]− E

[
α2(x0)

]
E
[
α2(xπ)

]
+ (Cov [α(x0), α(xπ) ] + E [α(x0) ]E [α(xπ) ])2 ,

(3.5.75)

which yields

Var [Esp(xA,xB, k ; α) ] =|Ĝ(xA,xB, k)|2
{
E
[
α4(x0)

]
) + E

[
α4(xπ)

]
−E

[
α2(x0)

]2 − E
[
α2(xπ)

]2}
+ 2Λ(xA,xB, k)

{
Var [α(x0)α(xπ) ]− E

[
α2(x0)

]
E
[
α2(xπ)

]
+ (Cov [α(x0), α(xπ) ] + E [α(x0) ]E [α(xπ) ])2 } .

(3.5.76)

If conditions (3.1.4) and (3.1.5) are satisfied, i.e. the first, second and fourth moments of

the random field α coincide at the stationary locations, expression (3.5.76) reduces to

Var [Esp(xA,xB, k ; α) ] =2 |Ĝ(xA,xB, k)|2(κα − (µ2
α + σ2

α)2)

+ 2 Λ(xA,xB, k)
{

Var [α(x0)α(xπ) ]− (µ2
α + σ2

α)2

+
(
Cov [α(x0), α(xπ) ] + µ2

α

)2 }
,

(3.5.77)

where it becomes apparent that the variance of the error in the stationary phase approxima-

tion depends not only on the moments of the random field α at the stationary phase locations,

but on the particular distribution of the product α(x0)α(xπ), specifically its variance, as well

as a square dependence on the covariance of this pair of variables.

Remark 3.5.5. Recall that due to the presence of the second order terms |Ĝ(xA,xB, k)|2

and Λ(xA,xB, k), the variance for the one dimensional case decays linearly with k2 but not

with the inter-receiver distance. The decay in two dimensions is proportional to k|xA−xB|,
and in three dimensions the error decays linearly with the squared inter-receiver distance

|xA − xB|2 but not with the wavenumber k.

3.5.3 Expected error in phase

In this Section, we show that the phase of the stationary phase estimate ĝsp(xA,xB, k ; α)

is an unbiased estimator of the phase of the homogeneous Green’s function when conditions

when the first, second and fourth moments of the random field α coincide at the stationary

phase locations (i.e. conditions (3.1.4) and (3.1.5)).
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Begin by defining the phase error in the stationary phase approximation as

eph(xA,xB, k ; α)) = arg ĝsp(xA,xB, k ; α)− arg Ĝhom(xA,xB, k). (3.5.78)

where the function arg z is defined for z ∈ C, z = x+ iy, as

arg z =



atan
(
y
x

)
if x > 0 ,

atan
(
y
x

)
+ π if x < 0 and y ≥ 0 ,

atan
(
y
x

)
− π if x < 0 and y < 0 ,

π
2

if x = 0 and y > 0 ,

−π
2

if x = 0 and y < 0 ,

undefined if x = 0 and y = 0 .

(3.5.79)

Then we have the following

Proposition 3.5.4. If the first and second moment of the random variables α(x0) and α(xπ)

coincide, i.e.

E [α(x0) ] = E [α(xπ) ] = µα ,

Var [α(x0) ] = Var [α(xπ) ] = σ2
α ,

and

E
[
α4(x0)

]
= E

[
α4(xπ)

]
= κα ,

then

E [ eph(xA,xB, k ; α)) ] = 0 ,

i.e. arg ĝsp(xA,xB, k ; α) is an unbiased estimator of the phase of the homogeneous inter-

receiver Green’s function.

Proof. We begin by evaluating the real and imaginary parts of the stationary phase estimate

as well as the homogeneous Green’s function, in order to apply definition (3.5.79) to calculate

their phases. For the former, recall

ĝsp(xA,xB, k ; α) = α2(x0) Ĝ(xA,xB, k) − α2(xπ) Ĝ∗(xA,xB, k) .

Then

Re {ĝsp(xA,xB, k ; α)} =
(
α2(x0)− α2(xπ)

)
Re
{
Ĝ(xA,xB, k)

}
(3.5.80)
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Im {ĝsp(xA,xB, k ; α)} =
(
α2(x0) + α2(xπ)

)
Im
{
Ĝ(xA,xB, k)

}
. (3.5.81)

On the other hand, recall the definition of the homogeneous Green’s function

Ĝhom(xA,xB, k) = Ĝ(xA,xB, k) − Ĝ∗(xA,xB, k) .

Then

Re
{
Ĝhom(xA,xB, k)

}
= 0 and Im

{
Ĝhom(xA,xB, k)

}
= 2 Im

{
Ĝ(xA,xB, k)

}
, (3.5.82)

so that

argGhom(xA,xB, k) = sgn Im
{
Ĝ(xA,xB, k)

} π
2
, (3.5.83)

where sgn(·) stands for the sign function. Therefore, the error in phase incurred by the

stationary phase approximation is

eph(xA,xB, k ; α)) = arg ĝsp(xA,xB, k ; α)− sgn Im
{
Ĝ(xA,xB, k)

} π
2
.

Note that if Re{Ĝ(xA,xB, k)} = 0, then by (3.5.80), (3.5.79) and (3.5.83) we have that

arg ĝsp(xA,xB, k ; α) = arg(Ĝhom(xA,xB, k) and no phase error is incurred. Therefore, we

consider the expected value of eph(xA,xB, k ; α)) in the case when Re{Ĝ(xA,xB, k)} 6= 0.

Under this assumption we have by (3.5.79) that eph(xA,xB, k ; α)) depends on the random

quantity

atan

(α2(x0) + α2(xπ)
)

Im
{
Ĝ(xA,xB, k)

}
(
α2(x0)− α2(xπ)

)
Re
{
Ĝ(xA,xB, k)

}
 . (3.5.84)

We will determine the expected value of (3.5.84) by estimating the expected value of the

quantity inside the brackets, and then taking a Taylor approximation of the inverse tangent

function. To this end, consider the auxiliary random variable

Xε =

(
α2(x0) + α2(xπ)

)
Im
{
Ĝ(xA,xB, k)

}
ε+

(
α2(x0)− α2(xπ)

)
Re
{
Ĝ(xA,xB, k)

} , for ε > 0 .

so that owing to the continuity of the inverse tangent function, we have

lim
ε→0

atanXε = atan

(α2(x0) + α2(xπ)
)

Im
{
Ĝ(xA,xB, k)

}
(
α2(x0)− α2(xπ)

)
Re
{
Ĝ(xA,xB, k)

}
 . (3.5.85)
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Further define

Y+ =
(
α2(x0) + α2(xπ)

)
Im
{
Ĝ(xA,xB, k)

}
(3.5.86)

Y− =
(
ε+ α2(x0)− α2(xπ)

)
Re
{
Ĝ(xA,xB, k)

}
, (3.5.87)

so that Xε = Y+/Y−. The first moments of Y+ and Y− are given respectively by

E [Y+ ] = 2(µ2
α + σ2

α) Im
{
Ĝ(xA,xB, k)

}
(3.5.88)

E [Y− ] = εRe
{
Ĝ(xA,xB, k)

}
. (3.5.89)

Direct calculation shows that the corresponding variances are given by

Var [Y+ ] = 2 Im
{
Ĝ(xA,xB, k)

}2 (
κα − (µ2

α + σ2
α)2 + Cov

[
α2(x0), α2(xπ)

] )
, (3.5.90)

and

Var [Y− ] = 2 Im
{
Ĝ(xA,xB, k)

}2 (
κα − (µ2

α + σ2
α)2 − Cov

[
α2(x0), α2(xπ)

] )
, (3.5.91)

where (3.1.4) and (3.1.5) have been used to calculate

Var
[
α2(x0)

]
= Var

[
α2(xπ)

]
= κα − (µ2

α + σ2
α)2 . (3.5.92)

Next, using the bilinearity and translation invariance of the covariance operator, we have

that the covariance of Y+ and Y− is given by

Cov [Y+, Y− ] = Im
{
Ĝ(xA,xB, k)

}
· Re

{
Ĝ(xA,xB, k)

}
×

Cov
[
α2(x0) + α2(xπ), α2(x0)− α2(xπ)

]
= Im

{
Ĝ(xA,xB, k)

}
· Re

{
Ĝ(xA,xB, k)

}(
Var

[
α2(x0)

]
− Var

[
α2(xπ)

])
.

= 0 ,

(3.5.93)

where (3.5.92) has been used in the last equality.

We have established the necessary elements to estimate the mean and variance of Xε.

Consider the following multivariate Taylor approximations to the mean and variance of the
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ratio Y+/Y−

E
[
Y+

Y−

]
≈ E [Y+ ]

E [Y− ]
− 1

E [Y− ]2
Cov [Y+, Y− ] +

E [Y+ ]

E [Y− ]3
Var [Y− ] ,

and

Var

[
Y+

Y−

]
≈ Var [Y+ ]

E [Y− ]2
− 2

E [Y+ ]

E [Y− ]3
Cov [Y+, Y− ] +

E [Y+ ]2

E [Y− ]4
Var [Y− ] .

Using (3.5.88), (3.5.90), (3.5.91) and (3.5.93) we have the approximations

E [Xε ] ≈ Im{Ĝ(xA,xB, k)}
Re{Ĝ(xA,xB, k)}

(
2(µ2

α + σ2
α)

ε

+
4(µ2

α + σ2
α)

ε3
(
κα − (µ2

α + σ2
α)2 − Cov

[
α2(x0), α2(xπ)

] ))
,

(3.5.94)

and

Var [Xε ] ≈Im{Ĝ(xA,xB, k)}2

Re{Ĝ(xA,xB, k)}2

(
2

ε2
+

8(µ2
α + σ2

α)2

ε4

)
×
(
κα − (µ2

α + σ2
α)2 − Cov

[
α2(x0), α2(xπ)

] )
,

(3.5.95)

noting that for fixed ε > 0 and Re{Ĝ(xA,xB, k)} 6= 0 as we have assumed, the first two

moments of Xε are finite. Next, we estimate the expected value of atan(Xε). To this end,

consider the following Taylor approximations to the mean and variance of a smooth function

f of a random variable, for f sufficiently differentiable and a random variable Xε of finite

moments.

E [ f(Xε) ] ≈ f(E [Xε ]) +
1

2
f
′′
(E [Xε ]) Var [Xε ] .

Taking f(x) = atan(x), we have

E [ atan(Xε) ] ≈ atan(E [Xε ])− E [Xε ] Var [Xε ]

( 1 + E [Xε ]2 )2
. (3.5.96)

Invoking the continuity of the arctangent function (equation (3.5.85)), we have that

E

 atan

(α2(x0) + α2(xπ)
)

Im
{
Ĝ(xA,xB, k)

}
(
α2(x0)− α2(xπ)

)
Re
{
Ĝ(xA,xB, k)

}
 ≈ lim

ε→0
atan(E [Xε ])−E [Xε ] Var [Xε ]

( 1 + E [Xε ]2 )2
.

We now determine the limit of the right hand side of equation (3.5.96) as ε → 0. Using
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equations (3.5.94) and (3.5.95) we have that

lim
ε→0

E [Xε ] Var [Xε ]

( 1 + E [Xε ]2 )2
= 0 ,

and

lim
ε→0

atan(E [Xε ]) = sgn

(
Im{Ĝ(xA,xB, k)}
Re{Ĝ(xA,xB, k)}

)
π

2
.

Hence,

lim
ε→0

E [ atanXε ] = sgn

(
Im{Ĝ(xA,xB, k)}
Re{Ĝ(xA,xB, k)}

)
π

2
.

Combining this result with the application of Lemma 2.4.2 to definition (3.5.79) yields

E [ arg ĝsp(xA,xB, k; α) ] = sgn
(

Im{Ĝ(xA,xB, k)}
) π

2
= arg Ĝhom(xA,xB, k)

Therefore, we conclude that under assumptions (3.1.4) and (3.1.5),

E [ eph(xA,xB, k; α) ] = 0 ,

i.e. the stationary phase estimate is an unbiased estimator of the phase of the inter-receiver

Green’s function.

Remark 3.5.6. Allowing for the interpretation of (3.1.1) in one, two or three dimensions

the result above is in general valid, as no specific form of the Green’s function is assumed

within the proof Proposition 3.5.4. Only conditions (3.1.4) and (3.1.5) on the moments of

the random field α at the stationary locations are required for the unbiased estimation of

the phase of the inter-receiver Green’s function via the stationary phase approximation.

3.5.4 Expected error in amplitude

For convenience, we define the square amplitude error in the stationary phase approximation

as

e2
amp(xA,xB, k; α) = |ĝsp(xA,xB, k; α)|2 − |Ĝhom(xA,xB, k)|2 ,

where we note using the definition of the homogeneous Green’s function, we have

|Ĝhom(xA,xB, k)|2 = 4 Im
{
Ĝ(xA,xB, k)

}2

. (3.5.97)
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On the other hand, using (3.5.80) and (3.5.81) we have

|ĝsp(xA,xB, k; α)|2 = |Ĝ(xA,xB, k)|2
(
α4(x0) + α4(xπ)

)
+ 2 Λ(xA,xB, k)

(
α2(x0)α2(xπ)

)
,

(3.5.98)

for the function Λ(xA,xB, k) given in (3.5.74). Therefore

e2
amp(xA,xB, k; α) = |Ĝ(xA,xB, k)|2

(
α4(x0) + α4(xπ)

)
+ 2 Λ(xA,xB, k)

(
α2(x0)α2(xπ)

)
− 4 Im

{
Ĝ(xA,xB, k)

}2

.

(3.5.99)

and its expected value is given directly by

E
[
e2

amp(xA,xB, k; α)
]

= |Ĝ(xA,xB, k)|2
(
E
[
α4(x0)

]
+ E

[
α4(xπ)

])
+ 2 Λ(xA,xB, k)E

[
α2(x0)α2(xπ)

]
− 4 Im

{
Ĝ(xA,xB, k)

}2

.

(3.5.100)

Under assumptions (3.1.4) and (3.1.5), the expected value of the stationary phase approxi-

mation reduces to

E
[
e2

amp(xA,xB, k; α)
]

= 2|Ĝ(xA,xB, k)|2κα

+ 2 Λ(xA,xB, k)
(

Var [α(x0)α(xπ) ]−
(
Cov [α(x0), α(xπ) ] + µ2

α

)2
)

− 4 Im
{
Ĝ(xA,xB, k)

}2

.

(3.5.101)

Consistent with the discussion of the general error Esp(xA,xB, k; α) in Section 3.5.2, the error

in amplitude depends on the first, second and fourth moments of the random variables α(x0)

and α(xπ), as well as the covariance of these random variables and the variance of their prod-

uct. Importantly, even under these simplifying assumptions, the error E
[
e2

amp(xA,xB, k; α)
]

is in general not zero, and so the stationary phase estimate is always biased in amplitude.

Considering expressions (3.5.77) or (3.5.101), it becomes apparent that even under as-

sumptions (3.1.4) and (3.1.5), further information regarding the distribution of the product

α(x0)α(xπ) and the covariance of α(x0) and α(xπ) is necessary to give bounds in probability

for the error in the stationary phase approximation. To this end, we consider a particu-

lar choice of covariance structure and probability distribution of the random field α in the

following section.
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3.6 Numerical study and results

In order to be concrete, we consider the error in the stationary phase approximation for

the case where the random field α is Matérn-correlated and log-normally distributed. The

suitability of this choice of covariance function and probability distribution for geostatistical

applications has been established in Section 2.4.2. In what follows, 2.5× 104 realisations of

random fields α were simulated with the parameters detailed in the table below.

Parameter Range Number of samples (uniform)

Mean of log-normal distribution µα = 1 -

Variance of log-normal distribution 0.05 ≤ σ2
α ≤ 1 20

Matérn correlation length 2−4 ≤ ρα ≤ 2 6

Matérn smoothness 2−4 ≤ να ≤ 2 11

We remark that the correlation length ρα is scaled with respect to the source-receiver

array, so that a correlation length of e.g. ρα = 0.25 should be interpreted as a correlation

length of roughly a quarter of the scale of the source boundary S. Section 3.6.1 presents a

numerical study of the phase error defined in Sections 3.5.3, exploring how this error and

its empirical probability distribution relates to the long-range correlations of the random

field α, parametrised by ρα, and the smoothness of α which is parametrised by να, recalling

that this parameter can also be interpreted as a measure of local correlations in the random

field. Next, Section 3.6.2 presents a brief exploration of the amplitude errors defined in 3.5.4.

Finally, Section 3.6.3 gives analytical bounds for the error in probability using the results

derived in Section 3.5.2, in terms of the parameters that control the behaviour of the random

field α, as well as the wavenumber and the inter-receiver distance, and explores these bounds

numerically.

3.6.1 Phase error in the stationary phase approximate

The phase error eph(xA,xB, k; α) defined in (3.5.78) was simulated with a Matérn-correlated

random field α, which was log-normally distributed with mean µα = 1. An appropriate far-

field regime was ensured by fixing the value of the wavenumber at k = 10 m-1 with a boundary

radius of r = 5000 m. The empirical probability density function (henceforth abbreviated as

p.d.f.) of eph(xA,xB, k; α) was estimated from the simulated data, and a scaled Beta distri-

bution was fitted to the empirical data. The Beta distribution is well-suited to this purpose

for a number of reasons. First, it is compactly supported. Secondly, it can transition between

unimodal and bimodal regimes, a behaviour that was observed in the empirical distributions.
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Finally, it is a more general case of some inverse trigonometric distributions (such as the Arc-

sine distribution), and therefore compatible with the presence of the arctangent function in

the definition of the phase error in the stationary phase approximation.

Figure 3.10 illustrates the convergence of the empirical p.d.f. of the phase error as the

sample number increases, in blue, to the Beta fit in orange dashes. The bottom panels show

the empirical p.d.f. for a very rough random field α (i.e. low correlation length ρα and low

smoothness να), while conversely the top panels show the corresponding p.d.f.s for a very

smooth random field α (high correlation length ρα and high smoothness να). The former case

exhibits a bimodal behaviour, with a minimum at zero, whereas the latter case is unimodal

with a maximum at zero. The distributions are symmetric.

Remark 3.6.1. The bimodal distribution in Figure 3.10 is striking. While the stationary

phase estimate has been shown to be an unbiased estimator of the homogeneous inter-receiver

phase, the bimodal distribution with a minimum at zero implies there are regimes of noise

correlation and smoothness that make a small value of the error the least likely.

Figure 3.10: Illustration of the convergence of the empirically estimated probability density func-
tion of the phase error Eph(xA,xB, k; α) (in blue) and the Beta-distributed fit (in orange dashes),
for increasing number of samples from left to right. The random field parameters (correlation
length, smoothness and variance) were chosen to produce the two behaviours of interest: unimodal
(top) and bimodal (bottom). A value of k = 10 was used in these simulations.

Figure 3.11 shows the empirically estimated p.d.f.s of the phase error in blue, and the

corresponding Beta fitted p.d.f.s in orange for a random field of high variance σ2
α = 1 and for
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a range of smoothness and correlation values να and ρα. In this figure, all but the bottom

right p.d.f.s are bimodal with a minimum at zero. The bottom left panel corresponds to a

very smooth random field, with practically constant values with respect to the scale of the

source-receiver geometry (see, e.g., the bottom right panel of Figure 2.5 for an illustration of

this behaviour). Note that for this higher value of the variance, all the the error p.d.f.s are all

bimodal, and this is only mitigated when the noise is very smooth a both local and long range

scales. As previously discussed, as a consequence of the symmetric bimodal distribution, a

small phase error is possible but unlikely. It is in fact the least likely outcome. On the other

hand, once the random field smoothness at local and global scales is sufficiently high, the

transition to a unimodal behaviour appears to be sharp. In the unimodal regime, small error

values are the most likely.

Figure 3.11: Examples of the empirically estimated probability density function of the phase
error eph(xA,xB, k; α) (in blue) and the Beta-distributed fit (in orange), for a random field variance
of σ2

α = 1, and varying values of the correlation length ρα (along rows) and smoothness parameter
να (along columns). A value of k = 10 was used in these simulations.

Figure 3.12 shows the empirically estimated p.d.f.s of the phase error in blue, and the

corresponding Beta fitted p.d.f.s in orange for a random field of medium variance σ2
α = 0.5

and for a range of smoothness and correlation values να and ρα. The bimodality of the

p.d.f.s is relatively mitigated in comparison to a higher variance of α. Nevertheless, most of

the distributions in this figure are almost completely flat, which corresponds to a uniform

distribution. In terms of the error this is not favourable behaviour, as a low value error

is as likely as any other. This error behaviour becomes mitigated as the smoothness and
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correlation length of the random field increase, with the correlation length appearing to play

a larger role in the transition to a more desirable unimodal behaviour.

Remark 3.6.2. While a reduced noise variance mitigates the bimodality of the phase error

distribution, there remains a high degree of uncertainty as for rougher fields the p.d.f. is

essentially uniform over its support, so that any error value is as likely as any other.

Figure 3.12: Examples of the empirically estimated probability density function of the phase
error eph(xA,xB, k; α) (in blue) and the Beta-distributed fit (in orange), for a random field variance
of σ2

α = 0.5, and varying values of the correlation length ρα (along rows) and smoothness parameter
να (along columns). A value of k = 10 was used in these simulations.

Figure 3.13 shows the empirically estimated p.d.f.s of the phase error in blue, and the

corresponding Beta fitted p.d.f.s in orange for a random field of low variance σ2
α = 0.05 and

for a range of smoothness and correlation values να and ρα. The probability distribution

concentrates around the mean and all p.d.f.s are unimodal, but an very low variance had to

be imposed in order to achieve this for rough random fields α (i.e. low ρα, low να).
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Figure 3.13: Examples of the empirically estimated probability density function of the phase
error eph(xA,xB, k; α) (in blue) and the Beta-distributed fit (in orange), for a random field variance
of σ2

α = 0.05, and varying values of the correlation length ρα (along rows) and smoothness parameter
να (along columns). A value of k = 10 was used.

The transitions between unimodal and bimodal behaviours are illustrated in Figure 3.14,

in terms of the full range of parameters simulated. Each panel in the figure shows the

modulus of the maximum likelihood value of the phase error eph(xA,xB, k; α), estimated

numerically using the Beta p.d.f.s illustrated in Figures 3.11-3.13. Each panel corresponds

to a different value of the correlation length ρα. Within each panel, the y-axis corresponds

to decreasing values of the variance σ2
α, and the x-axis corresponds to increasing values of

the smoothness parameter να. The blue regions correspond to a most likely value of zero for

the error, whereas the yellow region corresponds to a non-zero value.
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Figure 3.14: Numerical estimation of the maximum likelihood value of the absolute value of
the phase error |eph(xA,xB, k; α)| for k = 10. Each insert corresponds to a different value of the
correlation length ρα of the random field α, ranging from 2−4 to 2, in proportion to the scale of the
source boundary. The horizontal axis of each insert corresponds to the random field smoothness
parameter να, ranging from 2−4 to 2, while the vertical axis corresponds to the variance σ2

α of the
random field, ranging from 0.05 to 1.

Finally, Figure 3.15 shows the variance of eph(xA,xB, k; α) for each of the parameter

ranges in Figure 3.14. Overlaid over each panel is the transition line separating unimodal

and bimodal distributions extracted from Figure 3.15, in solid white, as well as the level

curve of the variance at 0.012 for all the panels.
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Figure 3.15: Numerical estimation of the variance of the phase error E(xA,xB, k; α) for k = 10.
Each insert corresponds to a different value of the correlation length ρα of the random field α,
ranging from 2−4 to 2, in proportion to the scale of the source boundary. The horizontal axis of
each insert corresponds to the random field smoothness parameter να, ranging from 2−4 to 2, while
the vertical axis corresponds to the variance σ2

α of the random field, ranging from 0.05 to 1. The
dashed solid line corresponds to the boundary between unimodal and bimodal p.d.f.’s extracted
from the data shown in Figure 3.14, whereas the white solid line is the level curve for the variance
value Var [E(xA,xB, k; α) ] = 0.012.*

*Please note that this particular value of the variance is chosen with the sole purpose of illus-
trating the transition between unimodal and bimodal regimes of the error p.d.f., and is itself of no
specific significance.
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3.6.2 Amplitude error in the stationary phase approximate

Figure 3.16: Representative examples of the numerically estimated probability density functions
of the relative amplitude error eamp(xA,xB, k; α)/|Ghom(xA,xB, k)| for k = 10. The correlation
length is set to ρα = 2−2, and the smoothness parameter is να = 2−1. Each colour corresponds
to a different value of the variance of the random field σ2

α, ranging from 0.05 to 1. The scale is
logarithmic in both axes and a simple moving average smoothing has been applied.

In this Section, examples of the numerically estimated p.d.f. of the relative amplitude error

defined in (3.5.4) are presented for a rough field, illustrating that the stationary phase

approximate is a biased estimator of the amplitude of the homogeneous inter-receiver Green’s

function. Figure 3.16 shows numerically calculated examples of the p.d.f. of the relative

amplitude error
eamp(xA,xB, k; α)

|Ghom(xA,xB, k)|
,

where

eamp(xA,xB, k; α) =

√
|ĝsp(xA,xB, k; α)|2 − |Ĝhom(xA,xB, k)|2 .

The p.d.f.s were calculated for five values of σ2
α ranging from 0.05 to 1, each illustrated with

a different colour in the Figure. A logarithmic scale was used in both axes to better illustrate

the behaviour of this error. As one would expect, the Figure illustrates how the likelihood

of large errors increases as the variance of the source amplitudes σ2
α increases. Interestingly,

even when this variance is small (e.g. σ2
α = 0.05, in blue) the amplitude is likely to be
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underestimated. As the value of the variance increases, it becomes very likely that the

amplitude if the inter-receiver Green’s function will be overestimated. This is consistent

with the previous discussions in Sections 3.5.4 and 3.5.2, where the analytical derivations

of the error in amplitude make it apparent that the interferometric estimate of the inter-

receiver Green’s function is biased in all but the most favourable conditions for isotropic

medium illumination.

While Figure 3.16 shows the behaviour of the relative amplitude error in terms of the

variance of the random field α for a specific choice of the smoothness and correlation length

parameters, να and ρα, Figure 3.17 shows the mean of this relative amplitude error for a

range of values of the random field parameters. The mean was chosen as an illustrative

statistic to explore the bias in the amplitude estimation. This Figure shows six panels, each

corresponding to a different correlation length, ranging from ρα = 2−4 to ρα = 2. Within

a single panel, the horizontal axes corresponds to the value of the smoothness parameter

ranging from να = 2−4 to να = 2, and the vertical axis corresponds to the variance of the

random field σ2
α decreasing from 1 to 0.05. The value of the error mean is colour coded,

with blue corresponding to lower values and yellow corresponding to the largest values. It

is notable that the expected relative error exhibits a strong dependence on the variance of

the random field σ2
α. For the smallest variance value explored, the relative error is about

4%, while a variance of σ2
α = 5 induces a bias of around 60% in the estimated amplitude.

For the largest variance value explored, σ2
α = 1, the expected amplitude bias increases to

approximately 120%. On the other hand, there appear to be little qualitative or quantitative

effects either in terms of the correlation length ρα or the smoothness να of the random field.

Hence, the amplitude bias of the stationary phase approximate of the interferometric inter-

receiver Green’s function depends primarily on the variance of the source intensities along

the boundary. This is consistent with the analytical expressions (3.5.100) and (3.5.101),

where it is apparent that the moments of the random field α control to a large extent the

behaviour of this error.
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Figure 3.17: Numerical estimation of the mean of the relative amplitude error
Eamp(xA,xB, k; α)/|Ghom(xA,xB, k)| for k = 10. Each insert corresponds to a different value
of the correlation length ρα of the random field α, ranging from 2−4 to 2, in proportion to the
scale of the source boundary. The horizontal axis of each insert corresponds to the random field
smoothness parameter να, ranging from 2−4 to 2, while the vertical axis corresponds to the variance
σα of the random field, ranging from 0.05 to 1.
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3.6.3 Bounds in probability on the error in the stationary phase

approximation

Consider now the complex-valued random variable Esp(xA,xB, k ; α), which summarises the

error in the stationary phase approximation. Lemma (2.4.1) will be used in this Section to

give a bound for this error. In order to apply the Lemma, an explicit expressions for the

mean and variance of Esp(xA,xB, k ; α) are required. We derive these quantities under the

log-normal and Matérn assumptions below.

Recall from Section 3.5.2 the expected value and variance of this error under assump-

tion (3.1.4), reproduced below for reference.

E [Esp(xA,xB, k ; α) ] = (µ2
α + σ2

α − 1 ) Ĝhom(xA,xB, k) .

and

Var [Esp(xA,xB, k ; α) ] =|Ĝ(xA,xB, k)|2(κα − 2(µ2
α + σ2

α)2)

+ 2Λ(xA,xB, k)
{

Var [α(x0)α(xπ) ]− (µ2
α + σ2

α)2

+
(
Cov [α(x0), α(xπ) ] + µ2

α

)2 }
,

While the assumption of a log-normal Matérn-correlated random field α has no further

implications for the expected value of the error Esp(xA,xB, k ; α), its variance can be further

specified under these assumptions. First, consider the value of the fourth moment κα. Note

that for in the log-normal case, (3.1.5) follows from (3.1.4). Using formula (2.4.9) for the 4th

moment of α(x0), along with (2.4.6) and (2.4.7), we have

κα =
(µ2

α + σ2
α)6

µ8
α

. (3.6.1)

Next, we calculate the term Var [α(x0)α(xπ) ] under the log-normal assumption. To this end,

recall Remark 2.4.2 regarding the log-normality of the product of log-normally distributed

random variables. We have that α(x0)α(xπ) is a log-normal random variable with variance

Var [α(x0)α(xπ) ] =
(

exp
(
2s2 + 2 Cov [ logα(x0), logα(xπ) ]

)
− 1

)
×

exp
(
4m+ 2s2 + 2 Cov [ logα(x0), logα(xπ) ]

)
,

(3.6.2)

where m and s2 can be given in terms of µα and σ2
α using (2.4.6) and (2.4.7). Next, note
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that

Cov [ logX, log Y ] = log

(
1 +

Cov [X, Y ]

E [X ]E [Y ]

)
. (3.6.3)

The validity4 of (3.6.3) can be established by direct calculation, invoking Remark (2.4.2)

again along with equations (2.4.6) and (2.4.7). Combining (3.6.2) and (3.6.3) results in

Var [α(x0)α(xπ) ] =
(µ2

α + σ2
α)2

µ8
α

(
Cov [α(x0), α(xπ) ] + µ2

α

)4

−
(
Cov [α(x0), α(xπ) ] + µ2

α

)2

(3.6.4)

Having fully specified Var [α(x0)α(xπ) ], we introduce the the Matérn correlation assumption,

i.e.

Cov [α(x), α(x′) ] = M(|x− x′|; ρα, να) , (3.6.5)

whereM(|x− x′|; ρα, να) is defined in (2.4.4). Finally, substituting (3.6.1), (3.6.4) and (3.6.5)

into (3.1.4) yields

Var [Esp(xA,xB, k ; α) ] =2|Ĝ(xA,xB, k)|2
{

(µ2
α + σ2

α)6

µ8
α

− (µ2
α + σ2

α)2

}
+ 2Λ(xA,xB, k)

{
(µ2

α + σ2
α)2

µ8
α

(
M(2r; ρα, να) + µ2

α

)4

− (µ2
α + σ2

α)2

}
,

(3.6.6)

where 2r = |x0 − xπ| is the diameter of the source boundary S. This expression was

validated by comparing it against the numerically calculated variance of the simulated error

Esp(xA,xB, k; α) for a range of values of the field variance σα, and the Matérn correlation

parameters ρα and να. Figure 3.18 shows an illustrative example of the validation for a

particular set of parameters. The rate of decay with the wavenumber k corresponds to

the decay of the Green’s function Ĝ(xA,xB, k) in two dimensions (1.2.20), which decays

with 1/
√
k|xA − xB|. This Green’s function enters the variance (3.6.6) squared, so that the

variance decays with 1/k|xA − xB| in two dimensions.

4Equation (3.6.3) is in general approximately true. This can be shown by taking the change of variables
X = eU and Y = eV , and a Taylor expansion of the exponential function to approximate the expectations.
It is exact when X and Y are log-normally distributed.
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Figure 3.18: Example of the validation of equation (3.6.6) for the variance of
Esp(xA,xB, k; α), in terms of the wavenumber k. The error was simulated and its numerical
variance (orange dashes) was compared to (3.6.6) (solid blue), exhibiting good agreement.
In this figure, results are shown for a log-correlated random field α with mean µα = 1 and
variance σ2

α = 0.5, with Matérn correlation (2.4.4) parameters ρα = 0.25 and να = 1. The
inter-receiver distance was |xA − xB| = 100 m and the radius of the source boundary S was
r = 5000 m. The wavenumber k ranges from 10 to 100, and a logarithmic scale is used in
both axes.

Remark 3.6.3. Due to the presence of the second-order terms in (3.6.6), the variance in

the one dimensional case would decay with k2 (see (1.2.17)), whereas in three dimensions

the variance would decay with the square of the inter-receiver distance |xA − xB| but not

with k (see (1.2.21)). The two-dimensional case is discussed above.

With an analytical expression for the variance in the case of log-normally distributed,

Matérn-correlated random fields, a bound for the centred error can be give directly using

Lemma 2.4.1.

Proposition 3.6.1 (Chebyshev bound for the error in the stationary phase approximation).

When α is a log-normally distributed random field with mean µα and variance σ2
α, Matérn-

correlated in space with correlation length ρα and smoothness να, the probability that the

centred error in the stationary phase approximation to the homogeneous inter-receiver Green’s

function Ĝ(xA,xB, k) exceeds any given real positive value ξ is no larger than the function

B(ξ,xA,xB, k; α), defined as

B(ξ,xA,xB, k; α) =
2

ξ2

(
|Ĝ(xA,xB, k)|2

{
(µ2

α + σ2
α)6

µ8
α

− (µ2
α + σ2

α)2

}
+ Λ(xA,xB, k)

{
(µ2

α + σ2
α)2

µ8
α

(
M(1; ρα, να) + µ2

α

)4

− (µ2
α + σ2

α)2

})
,

(3.6.7)
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i.e.

P (|Esp(xA,xB, k; α)− E [Esp(xA,xB, k; α) ] | > ξ) ≤ B(ξ,xA,xB, k; α) (3.6.8)

Proof. Combining equations (2.4.1) with (3.6.6) yields the bound.

In definition (3.6.7), the correlation length ρα of the random field α has been normalised

with respect to the diameter of the source boundary S, hence the Matérn correlation function

is evaluated at d = 1 and ρα should be interpreted accordingly. Note that for the case

where the random field α oscillates around the amplitude of the homogeneous inter-receiver

Ghom(xA,xB, k), i.e. µα = 1 and σ2
α = 1, the bound above can be written as

P
(
|Esp(xA,xB, k; α)− σ2

αĜhom(xA,xB, k)| > ξ
)
≤ B(ξ,xA,xB, k; α) , (3.6.9)

where

B(ξ,xA,xB, k; α) =
2

ξ2

(
|Ĝ(xA,xB, k)|2

{
(1 + σ2

α)6 − (1 + σ2
α)2
}

+ Λ(xA,xB, k)

{
(1 + σ2

α)2 (M(2r; ρα, να) + 1)4

− (1 + σ2
α)2

})
.

(3.6.10)

Figure 3.19 illustrates the Chevyshev bound (2.4.1) for a log-normally distributed, Matérn

correlated random field α of mean µα = 1 and a range of values of the variance σα. In this

Figure, the correlation length of the random field ρα is scaled with respect to the diameter

of the source boundary S. The Figure shows the probability of incurring a large error

in the stationary phase approximation (left hand side of (3.6.8)), numerically estimated

from 2.5 × 104 samples of the error Esp(xA,xB, k; α) in solid blue, and the corresponding

Chebyshev bound B(ξ) in dashes.
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Figure 3.19: Comparison of the left (solid) and right hand side (dashes) of bound (3.6.8)
for k = 10 (top panel) and k = 1 (bottom panel). In each panel bound is shown for highly
smooth α (ρα = να = 2) (top), and very rough α (ρα = να = 2−4) (bottom). Low (left),
medium (middle) and high (right) values of the variance σα are shown. A logarithmic scale
is used on the vertical axes. The inter-receiver distance is |xA − xB| = 100 m. The mean of
the random field is µα = 1.
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3.7 Error quantification when sources are of equal in-

tensity

In this Section, we consider error quantification in the case where the source intensity is

equal along the whole source boundary S. We assume the random field α to be identically 1.

A bound for the error is given in terms of the wavenumber k and the inter-receiver distance

|xA − xB|. Namely, we prove the following

Proposition 3.7.1. The error incurred through the stationary phase approximation in wave-

field interferometry to the inter-receiver homogeneous Green’s function in two dimensions is

bounded above by

|ĝsp(xA,xB, k; 1, 0)− Ĝhom(xA,xB, k)| ≤ 2
√

2

( √
2− 1

k |xA − xB|
+

1

k2 |xA − xB|2

)
, (3.7.1)

where |xA − xB| is the inter-receiver distance and k is a fixed wavenumber.

This result is established in the arguments presented below. As opposed to the preceding

sections where a probabilistic approach is taken, the error bounds derived by Olver (1974),

introduced in the Section 3.2.3 are used directly in this context.

Consider the interferometric equation (3.5.1) in the ideal case of α ≡ 1 and β ≡ 0,

ĝint(xA,xB, k; 1, 0) = −2ik

∮
S

Ĝ(xA,x, k)Ĝ∗(xB,x, k)dx . (3.7.2)

Then the integral in equation (3.5.2) can be parametrised as in (3.5.5), reproduced below

for convenience

ĝint(xA,xB; 1, 0) =
i

4π

3π/2∫
−π/2

reik( |xA−x(t)| − |xB−x(t)| )√
|xA − x(t)| |xB − x(t)|

dt ,

where we note that the integral

I(xA,xB, k) =

3π/2∫
−π/2

eik( |xB−x(t)| − |xA−x(t)| )√
|xA − x(t)| |xB − x(t)|

dt (3.7.3)

is of the form (3.2.1) with phase function

φ(t) = |xB − x(t)| − |xA − x(t)| (3.7.4)
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and amplitude function

f(t) =
r√

|xA − x(t)| |xB − x(t)|
. (3.7.5)

Consider the placement of a two dimensional coordinate system so that the origin is in the

midpoint of the receiver pair and the receivers lie along the x-axis. Moreover, place the

centre of the source boundary S at the origin. Finally, denote the inter-receiver distance

as 2d. See Figure 3.5 for a sketch illustrating this layout (not to scale, as the radius r is

assumed to be very much larger than the inter-receiver distance 2d) Hence, the coefficients

of the expansion of fα(t) about t = 0 are given by

f(t) =
r

( (r2 + d2)2 − 4r2d2 cos2(t) )
1
4

, (3.7.6)

respectively.

with the amplitude function f(t) given by equation (3.7.6) and the phase function φ(t)

given by (3.5.7). Next, recall that the stationary phase approximation derived in Section 3.2

requires that stationary point corresponds to the lower limit of the integral, that this sta-

tionary point is a minimum and that the phase is increasing in the interval of integration.

To bring the integrals in the right hand side of (3.5.6) to the required form, consider first

the the change of variable η = −t for the first integral,

0∫
−π/2

f(t)eikφ(t) dt = −
0∫

π/2

f(−η)eikφ(−η)dη

=

π/2∫
0

f(−η)eikφ(−η)dη ,

=

π/2∫
0

f(η)eikφ(η)dη ,

where the even property given in (3.5.14) has been used. This change of variable ensures

that the lower limit of the first integral is indeed a minimum (t = 0) and that the interval

of integration
(
0, π

2

)
is such that the phase is increasing, in agreement with conditions 3.2.2.

Hence, if we define

I0(xA,xB, k) =

π/2∫
0

f(t)eikφ(t) dt , (3.7.7)
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we have
0∫

−π/2

f(t)eikφ(t) dt +

π/2∫
0

f(t)eikφ(t) dt = 2I0(xA,xB, k) . (3.7.8)

For the remaining two integrals, consider the change of variable η = 2π − t in the third

integral appearing on the right hand side of equation (3.7.7), so that

π∫
π/2

f(t)eikφ(t) dt = −
π∫

3π/2

f(2π − η)eikφ(2π−η)dη

=

3π/2∫
π

f(η)eikφ(η)dη ,

where both the even property and the periodicity of f(t) and φ(t) has been used (see equa-

tions (3.5.14) and (3.5.13). Therefore

π∫
π/2

f(t)eikφ(t) dt+

3π/2∫
π

f(t)eikφ(t) dt = 2

3π/2∫
π

f(t)eikφ(t) dt . (3.7.9)

The integral in the right hand side of equation (3.7.9) satisfies the requirement that the lower

limit be a stationary point. However, this integral is not yet suitable for the application of

the stationary phase approximation as described in Section 3.2, as the stationary point

corresponding to t = π is a maximum rather than a minimum, and the phase φ(t) is not

increasing in the range of integration (π, 3π/2). This can be remedied however by defining

Iπ(xA,xB, k) =

3π/2∫
π

f(t)eikφ
−(t) dt , (3.7.10)

where φ−(t) = −φ(t), so that t = π is a minimum of φ−(t), and this phase function is

decreasing in the interval of integration. Hence, the integral Iπ(xA,xB, k) is in a suitable
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form for the application of the stationary phase approximation, and moreover

3π/2∫
π

f(t)eikφ(t) dt =

 3π/2∫
π

f(t)e−ikφ(t) dt

∗

=

 3π/2∫
π

f(t)eikφ
−(t) dt

∗

= I∗π(xA,xB, k) ,

where (·)∗ denotes complex conjugation, so that the sign of the phase is recovered. In

consequence, the original integral can be expressed as

I(xA,xB, k) = 2 I0(xA,xB, k) + 2 I∗π(xA,xB, k) , (3.7.11)

where each of the integrals I0(xA,xB, k) and Iπ(xA,xB, k), defined in equations (3.7.7)

and (3.7.10) respectively, is in a form suitable to be approximated by the stationary phase

method. The approximation to the integral I(xA,xB, k) will comprise of the sum of the

approximations to each of the integrals on the right hand side of equation (3.7.11).

The stationary phase approximation to I0(xA,xB, k) is considered first, corresponding

to the stationary point of the phase at t = 0 (i.e. x′(0) = [r, 0]), noting that 2I0(xA,xB, k)

corresponds to integrating along the half boundary from t = −π/2 to t = π/2. Revisiting the

conditions (i)-(viii) laid out in Section 3.2, we note that a = 0 is a minimum. Furthermore,

b = π
2

and using equation (3.5.11) yields

φ′(b) = φ′
(
π
2

)
=

2 rd√
r2 + d2

6= 0 .

so that the functions Pm(t) given by equation (3.2.7) are well defined. Furthermore, we

have by equation (3.5.11) and the argument under equation (3.5.12) that φ′(t) > 0 for

t ∈ (0, b) (as sin(t) > 0 in this interval) and hence φ(t) is strictly increasing in this open

interval as required. Finally, as per the earlier analysis, the arguments of the radicals in

expression (3.5.7) for φ(t) are bounded away from zero, so that each radical function is

infinitely differentiable. Hence a series expansion for φ(t) as defined by (3.5.7) may be taken

around t = 0.

Hence, using equation (B.1.1) and definitions (3.2.3) to (3.2.10) , as well as the formula

for the gamma function with positive half-integer argument (see for example Section 8.339
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in Gradshteyn and Ryzhik (2014))

Γ
(
n
2

)
=

√
π

2
n−1

2

(n− 2)!! ,

where (·)!! denotes the double factorial, the nth order stationary phase approximation of

I0+(xA,xB, k) is given by

I0(xA,xB, k) = An(k)−Bm(k) + δmn(k)− εmn(k)

with the stationary phase approximation given by

I0(xA,xB, k) ≈ An(k)−Bm(k) , (3.7.12)

with

An(k) = e−2d ik
√
π
n−ν∑
j=0

e(j+1)π
4
i (j − 1)!!√

2jkj+1
aj , (3.7.13)

and

Bm(k) = eik
m−1∑
j=0

Pj
(
π
2

)( i
k

)j+1

, (3.7.14)

where φ
(
π
2

)
= 0 has been used, and the error terms are given by

δmn(k) =

(
i

k

)m π/2∫
0

eikφ(t)Q′mn(t) dt (3.7.15)

and

εmn(k) = e−2dik

n−1∑
j=0

e(j+1)π
4
i Γ

(
j+1

2

)
Γ
(
j+1

2
−m

)Γ
(
j+1

2
−m, −2d ik

) aj

k
j+1

2

, (3.7.16)

with φ(t) given by (3.5.7), 2m − 1 ≤ n < 2(m + 1) according to (3.2.5), and ν = 1 unless

n = 2m − 1, in which case ν = 0 (see (3.2.6)). The total error is given using the triangle

inequality as

|δmn(k)− εmn(k)| ≤ |δmn(k)|+ |εmn(k)| (3.7.17)

Consider now the approximation for n = 1 and m = 1 (noting that for this choice of n and
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m we have ν = 0 according to the restriction given in (3.2.5)) and b = π/2. Then we have

A1(k) =

√
π

4kd
ei(

π
4
−2kd) ,

B1(k) =
i

2d k
,

δ11(k) =
i

k

π/2∫
0

eikφ(t)Q′11(t) dt ,

ε11(k) =
1

4
√
kd

ei(
π
4
−2kd)Γ

(
−1

2
, −2kdi

)
,

(3.7.18)

where the function Q′11(t) is the derivative of Q11(t) with respect to t, and Q11(t) is defined

according to equation (3.2.11) as

Q11(t) =
f(t)

φ′(t)
− 1

2
√
d(φ(t) + 2d)

, (3.7.19)

with f(t)/φ′(t) given explicitly by

f(t)

φ′(t)
=

{ (r2 + d2)2 − 4r2d2 cos2(t) }
1
4

d sin(t)
(√

r2 − 2 rd cos(t) + d2 +
√
r2 + 2 rd cos(t) + d2

) . (3.7.20)

Hence, we have the following exact decomposition,

I0(xA,xB, k) = A1(k)−B1(k) + δ11(k)− ε11(k) .

Therefore the stationary phase approximation to the interferometric integral (3.7.7) is given

by the difference

I0(xA,xB, k) ≈ A1(k)−B1(k) =
1√
k

√
π

4d
ei(

π
4
−2kd) − i

2d k
. (3.7.21)

Moreover, the error bounds for this approximation are given by (B.1.14) and (B.1.12), yield-
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ing for the case at hand

|δ11(k)| ≤ 1

k

π
2∫

0

|Q′11(t)| dt (3.7.22)

and

|ε11(k)| ≤ 1

4
√

2 d2 k2
, (3.7.23)

Note that all terms depend on the inter-receiver distance 2d (in the case of δ11(k), this

dependence is implicit through the function Q11(t) defined in (3.7.19)). This dependence

is not made explicit in the notation for simplicity’s sake, and the dependence on the inter-

receiver distance is introduced explicitly again once the final error bounds have been derived.

The bound for the error term ε11(k) given is given explicitly in (3.7.23). It decreases with

k2, which agrees with the physical intuition that the stationary phase approximation is

better at higher frequencies. It also decreases with the square of the inter-receiver distance

4d2 = |xA − xB|2. On the other hand, the bound for the error term δ11(k) given in (3.7.22)

decreases with k, in continued agreement with the physical intuition that the stationary

phase approximation improves at higher frequencies. However, this bound is not explicit,

and as previously discussed the δ11(k) term itself is difficult to calculate numerically as the

integrand is highly oscillatory. Hence, we aim to derive an explicit expression for this bound.

In order to to this consider the the sign of Q′11(t) on the interval (0, π
2
). Taking a derivative

of equation (3.7.19) results in

Q′11(t) =
f ′(t)φ′(t)− f(t)φ′′(t)

φ′(t)2
+

dφ′(t)

4
√
d3(φ(t) + 2d)3

,

and direct evaluation shows that this derivative is non negative on the interval t ∈ (0, π
2
).

Therefore |Q′11(t)| = Q′11(t) and integrating over t ∈ (0, π
2
) we have

π/2∫
0

|Q′11(t)| dt =

π/2∫
0

Q′11(t) dt = Q11(π/2)−Q11(0) . (3.7.24)

To show that Q11(t) is well-defined at t = 0, consider the expansion of h(t) = f(t)/φ′(t)

around a = 0 given in (3.3.6), together with (3.3.7). We have for small t

h(t) ≈
√
r2 − d2

2 rd

1

t
+

r4 + d2r2 + 4d4

12 rd
√

(r2 − d2)3
t+O(t3) .

On the other hand, by equation (3.5.25) and using the previously derived value for φ2 we
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have for small t

φ(t) + 2d ≈ r2d

r2 − d2
t2 − r2d

r4 + 7 r2d2 + 4 d4

12(r2 − d2)3
t4 +O(t6) ,

so that taking the composition of this approximation to φ(t) + 2d and the series expansion

for (1− t2)−
1
2 the following approximation is derived

1

2
√
d(φ(t) + 2d)

≈
√
r2 − d2

2 rd

1

t
+
r4 + 7r2d2 + 4d4

48rd
√

(r2 − d2)3
t+O(t3)

Substituting these approximations into the right-hand side of (3.7.19) and simplifying we

have

Q11(t) ≈ r4 − r2d2 + 4d4

16rd
√

(r2 − d2)3
t+O(t3) , t� 1 . (3.7.25)

Figure 3.20 shows a an example of the function Q11(t) for a source boundary radius of

r = 1000 m and an inter-receiver distance of 200 m (i.e. d = 100), and the linear term in the

right hand side of the approximation of Q11(t) for small t given in (3.7.25). Furthermore,

a high order approximation to Q11(t) using the asymptotic coefficient formula derived in

Section 3.3 is depicted with yellow dashes, exhibiting excellent agreement. This approxi-

mation was used in the numerical implementation of the bound for the error term δ11(k),

given in (3.7.22) and used to verify the explicit bound calculated below in (3.7.26). Nineteen

coefficients calculated with formula (3.3.2) were taken to ensure the integral in (3.7.22) could

be numerically estimated with sufficient accuracy.
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Figure 3.20: Comparison of Q11(t) in grey, its linear approximation (3.7.25) in orange, and the
high order approximation used in the numerical implementation, using the coefficients derived in
Section 3.3, for r = 1000 m and d = 100 m.

The approximation given in (3.7.25) allows us to conclude that

Q11(t) −→
t→ 0+

0 ,

and this behaviour can be plainly appreciated in Figure 3.20. Hence, using equations (3.7.24)

and (3.7.19) , noting that direct evaluation shows that

Q11(π/2) =

√
2− 1

2
√

2 d

the bound for the error term δ0
11(k) can be given explicitly by

|δ11(k)| ≤
√

2− 1

2
√

2d k
. (3.7.26)

In conclusion, the stationary phase approximation to I0(xA,xB, k) is

I0(xA,xB, k) ≈ A1(k)−B1(k) =
1√
k

√
π

4d
ei(

π
4
−2kd) − i

2d k
,
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Figure 3.21: Comparison of the numerically calculated ε11(k) in grey to the bound (3.7.23) in
orange (top), and the numerically calculated δ11(k) in grey to the bound (3.7.26) in orange (top)
for an inter-receiver distance of 200 m (i.e. d = 100). The inset in the bottom panel shows the the
bound in detail for low values of k

and noting that 2d = |xA − xB| we have

I0(xA,xB, k) ≈ 1√
k

√
π

2|xA − xB|
ei(

π
4
−|xA−xB|k) − i

k |xA − xB|
, (3.7.27)

Figure 3.22 illustrates the approximation (3.7.27) for an inter-receiver distance of |xA−xB| =
50 m as a function of the wavenumber k in the range 0 < k ≤ 10. The integral I0(xA,xB, k)

given by (3.7.7) was numerically calculated for reference, and the approximation (3.7.21)

was calculated directly. In this Figure, a logarithmic scale is used in the horizontal axis to

illustrate the behaviour of the approximation across different scales of k. As expected, the

error is visible for lower values of k, ranging from 10-3 to approximately 0.5 × 10−3. On

the approximation is very good for larger values of k. The particular cut-off value of k that

ensures a good approximation depends on the inter-receiver distance, and this is explored

more carefully in equation (3.7.30) below, as well as the accompanying remarks.

Note that the integral I0(xA,xB, k) is highly oscillatory and therefore challenging to a

calculate numerically with accuracy. To address this, a trapezoidal rule was implemented

with increasingly fine partitions of the domain while monitoring the error to avoid introduc-

ing numerical instability due to a too-fine partition. On the other hand, the value of the
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wavenumber k ranged from 10-3 to 101, which is realistic for applications while avoiding a

frequency regime so high that numerical integration of I0(xA,xB, k) became unfeasible.

Figure 3.22: Comparison of the real (top) and imaginary (bottom) parts of the numerically
calculated value of I0(xA,xB, k) in grey, and the stationary phase approximation given in (3.7.27)
in orange dashes, as a function of the wavenumber k. An inter-receiver distance of |xA − xB| = 50
m was used. Logarithmic scale is used in the horizontal k-axis. The approximation was calculated
for 0 < k ≤ 10.

Figure 3.23 illustrates the same approximation and parameters for the amplitude and

the phase of I0(xA,xB, k) compared to the amplitude and phase of the stationary phase

approximation (3.7.27). A logarithmic scale is used in both axes to illustrate the behaviour

of the stationary phase approximation across different scales of the wavenumber k. Note that

the approximation to the phase becomes accurate very rapidly The bounds given in (3.7.22)

and (3.7.23) are used to define the total error bound for the stationary phase approximation

to the interferometric integral I0(xA,xB, k) as

| I0(xA,xB, k)− (A1(k)−B1(k)) | ≤ E0(xA,xB, k) (3.7.28)

where the bound on the right hand side is given by (3.7.17) as the sum of the bounds (3.7.23)

and (3.7.26)

E0(xA,xB, k) =
1√
2

( √
2− 1

k |xA − xB|
+

1

k2 |xA − xB|2

)
, (3.7.29)
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Figure 3.23: Comparison of the amplitude (top) and phase (bottom) of the numerically cal-
culated value of I0(xA,xB, k) in grey, and the stationary phase approximation given in (3.7.27) in
orange dashes, as a function of the wavenumber k. An inter-receiver distance of |xA − xB| = 50 m
was used. Logarithmic scale is used in both axes. The approximation was calculated for 0 < k ≤ 10.

noting that 2d = |xA − xB| has been used. Figure 3.24 compares the direct error calculated

directly from the right hand side of (3.7.28) with the direct implementation of the error

bound E0(xA,xB, k) given by (3.7.29). The direct error and the bound were calculated

as a function of the wavenumber k, for 0 < k ≤ 10, and a fixed inter-receiver distance of

|xA−xB| = 50 m. A logarithmic scale has been used in both axes to illustrate the behaviour

of the error and its bound across different scales of the wavenumber k. Using the error bound

E0(xA,xB, k) given in equation (3.7.29) we find that for a wavenumber k and n > 0, the

inter-receiver distance

|xA − xB| =

√
3 + (2n+2 − 1)

√
2 +

√
2− 1

2n+1
√

2 k
(3.7.30)

ensures that the error in the stationary phase approximation to I0(xA,xB, k) satisfies

| I0(xA,xB, k)− (A1(k)−B1(k)) | ≤ 2n .
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Figure 3.24: Comparison of the direct error
∣∣ I0(xA,xB, k)−

(
A0

1(k)−B0
1(k)

) ∣∣ in grey with the
bound E0(xA,xB, k) given in equation (3.7.29) on orange, as a function of the wavenumber k for
0 < k ≤ 10 and a fixed inter-receiver distance of |xA − xB| = 50 m.

For small values of n the distance (3.7.30) can be estimated by

|xA − xB| = ( 1 + Cn )
1

k
(3.7.31)

where C = (
√

2 − 2) log(2). This approximation was derived by taking a Taylor series

expansion of (3.7.30) in terms of n around n = 0, with the Lagrange form of the remainder

no larger than n2/4, so that the error incurred by using the approximate distance (3.7.31)

instead of the exact expression (3.7.30) is no larger than n2/4, ensuring that the total error

of the stationary phase approximation will be no larger than 2n for small n.

We now consider the stationary phase approximation to the integral Iπ(xA,xB, k), with

the same amplitude function f(t) as defined in (3.7.6) but phase function φ−(t) = −φ(t),

where φ(t) is given by (3.5.7). Recall the definition of Iπ(xA,xB, k) given in (3.7.10), and
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consider the change of variable t = η − π, then

Iπ(xA,xB, k) =

3π/2∫
π

f(t)eikφ
−(t) dt

=

π/2∫
0

f(η − π)eikφ
−(η−π)dη

=

π/2∫
0

f(η)eikφ
−(η−π)dη ,

where the π-periodicity of f(t) has been used. Moreover, using the property cos(t) =

− cos(t− π) we have

φ−(η − π) = −φ(η − π)

= −
(√

r2 − 2 rd cos(η − π) + d2 −
√
r2 + 2 rd cos(η − π) + d2

)
= −

√
r2 + 2 rd cos(η) + d2 +

√
r2 − 2 rd cos(η) + d2

= φ(η) .

Therefore

Iπ(xA,xB, k) =

π/2∫
0

f(η)eikφ(η)dη = I0(xA,xB, k) ,

so that using equation (3.7.11) we have

I(xA,xB, k) = 2 I0(xA,xB, k) + 2 I∗π(xA,xB, k)

= 2 (I0(xA,xB, k) + I∗0 (xA,xB, k))

= 4Re {I0(xA,xB, k)} ,

where Re {·} denotes the real part of the argument. Hence, using equation (3.7.12) the
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stationary phase approximation to the integral I(xA,xB, k) is given by

I(xA,xB, k) ≈ 4Re

{
e−2d ik

√
π

n−ν∑
j=0

e(j+1)π
4
i (j − 1)!!√

2jkj+1
aj−

− eik
m−1∑
j=0

Pj

(π
2

)( i
k

)j+1
} (3.7.32)

with the error given using equations (3.7.15) and (3.7.16) by

4Re {δmn(k) −εmn(k)} = 4Re


(
i

k

)m π/2∫
0

eikφ(t)Q′mn(t) dt−

− e−2d ik

n−1∑
j=0

e(j+1)π
4
i Γ

(
j+1

2

)
Γ
(
j+1

2
−m

)Γ

(
j + 1

2
−m,−ik(2d)

)
aj

k
j+1

2

}
.

An error bound for this approximation can be derived directly from the bounds given in

(B.1.12) (B.1.14), and using the triangle inequality to derive

|4Re {δmn(k)− εmn(k)}| ≤ 8

km+1

n−1∑
j=0

Γ
(
j+1

2

)∣∣Γ ( j+1
2
−m

)∣∣ |aj|
|xA − xB|(m+1)−(j+1)/2

+
4

km

π/2∫
0

|Q′mn(t)| dt .

A tighter bound can be derived for the approximation derived for n = m = 1, noting that in

that case the term B1(k) given in (3.7.18) is purely imaginary and hence disappears when

the real part is taken, so that using equation (3.7.21)

I(xA,xB, k) ≈ 4Re {A1(k)−B1(k)}

= 4Re

{
1√
k

√
π

4d
ei(

π
4
−2kd) − i

2d k

}
= 4Re

{
1√
k

√
π

4d
ei(

π
4
−2kd)

} (3.7.33)

with the total error given by

4Re {δ11(k)− ε11(k)}

and therefore, using the triangle inequality and the bound (3.7.29) for |δ0
11(k)|+ |ε011(k)| we
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have the bound

|4Re {δ11(k)− ε11(k)}| ≤ 4E0(xA,xB, k) . (3.7.34)

Figure 3.25 illustrates the approximation (3.7.33) as a function of the wavenumber k in the

range 0 < k ≤ 10. The integral I0(xA,xB, k) given by (3.7.7) was numerically calculated for

reference, and the approximation (3.7.33) was implemented directly. A logarithmic scale is

used in the horizontal axis to illustrate the behaviour of the approximation across different

scales of k. As expected, the approximation is accurate for large values of k.

Figure 3.25: Comparison of the real (top) and imaginary (bottom) parts of I(xA,xB, k) in grey,
and the stationary phase approximation (3.7.33) in orange dashes, as a function of the wavenumber
k ∈ (0, 10). An inter-receiver distance of |xA − xB| = 50 m was used. Logarithmic scale is used in
the horizontal k-axis.

Figure 3.26 illustrates the same approximation and parameters for the amplitude and

the phase of I0(xA,xB, k) compared to the amplitude and phase of the stationary phase

approximation (3.7.33). A logarithmic scale is used in both axes to illustrate the behaviour

of the stationary phase approximation across different scales of the wavenumber k. Note

that the approximation to the phase becomes accurate very rapidly
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Figure 3.26: Comparison of the amplitude (top) and phase (bottom) of the numerically cal-
culated value of I(xA,xB, k) in grey, and the stationary phase approximation given in (3.7.33) in
orange dashes, as a function of the wavenumber k. An inter-receiver distance of |xA − xB| = 50 m
was used. Logarithmic scale is used in both axes. The approximation was calculated for 0 < k ≤ 10.

Figure 3.27 compares the error calculated directly from the right hand side of (3.7.28)

with the numerical implementation of the error bound E0(xA,xB, k) given by (3.7.29). The

direct error and the bound were calculated as a function of the wavenumber k, for 0 < k ≤ 10,

and a fixed inter-receiver distance of |xA − xB| = 50 m. A logarithmic scale has been used

in both axes to illustrate the behaviour of the error and its bound across different scales of

the wavenumber k.

Regarding the relevance of the results presented in Figure 3.27 in realistic applications,

recall Remark 2.2.1, where it is established that in common practical applications of active

source interferometry, frequency regimes can vary for example from 5 Hz to 50 Hz. For

medium speeds ranging from c = 500 m/s t0 c = 5000 m/s this results in a range of

wavenumber values ranging from k = 0.0063 to k = 0.6283. This example illustrates, firstly,

that the range of values taken for k in this study (ranging from 10−3 to 10) encompasses

realistic applications well; and secondly, that the amplitude error of order 10 observed in the

top panel of Figure 3.27 for low values of k is indeed relevant for these practical applications.

On the other hand, the bottom panel of this Figure illustrates how well the interferometric

estimate predicts the inter-receiver phase, even in low wavenumber regimes. This is consistent

with the analytically derived stationary phase approximation (3.7.32), where examination
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of the exponential term reveals a phase of 2dk = ω|xA − xB|/c, i.e. the inter-receiver travel

time.

Figure 3.27: Comparison of the numerically calculated error
∣∣∣ Î(xA,xB, k)− 4

(
Â0

1(k)− B̂0
1(k)

) ∣∣∣
in grey with the bound 4E0(xA,xB, k) given in equation (3.7.34) on orange, as a function of the
wavenumber k for 0 < k ≤ 10 and a fixed inter-receiver distance of |xA − xB| = 50 m.

Finally, Figure 3.28 shows the waveforms A1(t) and B1(t) associated to the components

Â1(k) and B̂1(k) in the stationary phase approximation (3.7.33), obtained by numerical

inverse Fourier transform. As discussed in Remark 3.2.1, the term B1(t), (or B̂1(k) in

the frequency domain) corresponds to the contribution from the endpoint t = π/2 of the

interval of integration. In the parametrisation of the source boundary S this source location

corresponds to the point where the y-axis intersects the upper half of S, which is equidistant

to each of the receivers xA and xB (see Figure 3.5), and hence the travel time from this

source location to each of the receivers is the same. Recalling that the cross-correlation of

these traces in the interferometric integrand yields the travel-time difference of the signal

emitted from a source location to each receiver, we have that the endpoint contribution from

the source location corresponding to t = π/2 is an arrival at time t = 0, which can be

appreciated in the top and bottom panels of Figure 3.28, albeit with an almost negligible

amplitude compared to the main inter-receiver arrival at t = |xA − xB|/c. This figure

further illustrates that the stationary phase method approximates the phase of the inter-

receiver Green’s function well, but the amplitude is not accurately retrieved as shown by the

insets in the top panel that compares the stationary phase approximation A1(t) − B1(t) to
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the true integral I0(xA,xB, t).

-

Figure 3.28: Illustration of the waveform associated with the monopole interferometric retrieval,
given by the right hand side of equation (3.7.2) in grey and the stationary phase approximation
given by (3.7.33) in orange. The horizontal axis corresponds ti time and the inter-receiver arrival
time is labelled as |xA − xB|/c. The amplitude is normalised with respect to the amplitude of
(3.7.2). The insets show detail at the main arrival and the endpoint effect corresponding to the
term B1(t).

3.8 Discussion

The numerical and analytical results presented in this Chapter contribute a series of tools

to quantify error and uncertainty introduced through the stationary phase approximation in

wavefield interferometry.

The explicit formula derived in Section 3.3 for the asymptotic coefficients in the sta-

tionary phase approximation allow for accurate numerical implementation of the method

and are indispensable for higher order approximations. In practical settings, the stationary

phase approximation is applied by taking a neighbourhood of the source boundaries around

the sources. The radius of this neighbourhood is linked to the aperture of the the Fresnel

zones of the receiver array (van Kampen, 1958; Southwell, 1981), and potentially restricted

by data availability and other practical concerns. As discussed in Section 3.2, the radius

encompassed by the stationary phase approximation depends on the order m of the approx-
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imation, which is in turn directly limited by the differentiability of the amplitude of the

cross-correlation integrand (see Figure 3.9 and accompanying Remark). Hence when the

azimuthal inhomogeneities of source intensity along neighbourhoods of the stationary points

on the boundary S do not vary slowly, the stationary phase approximation is not appro-

priate and likely to introduce errors in the retrieval. Hence the accuracy of the stationary

phase approximation is linked to the smoothness of the noise-field surrounding the receivers,

modelled in this Chapter by the random field α. When the Matérn covariance model is

used, the smoothness parameter could therefore be used to estimate the reliability of the

stationary phase approximate. This becomes apparent in the numerical study presented in

Section 3.6.1. While the error eph(xA,xB, k; α) was proven to be of mean zero, we found

its probability distribution oscillated between symmetric unimodal and bimodal behaviours,

consistent with our findings in Chapter 2. The bimodal behaviour is striking in the sense

that while the stationary phase estimator is unbiased, there are regimes of noise smoothness

and correlation where a zero error is the least likely (namely low smoothness να and low cor-

relation length ρα), and where convergence to this mean would be slow. We showed that the

variance of the noise needs to be very small to overcome the bimodality effect. While taking

a full boundary integration could benefit from a very rough (noisy) field, if the integral over

S is interpreter as a spatial average, the stationary phase approximation loses that advan-

tage through the restriction of the integral to the two stationary point locations. However,

it continues to benefit from very large correlation lengths and very large smoothness, as in

this case the difference between the values of the random field α at the stationary points is

more likely to be small, so that appropriate phase cancellation occurs and one is more likely

to be left with a purely (or nearly so) imaginary quantity, consistent with the homogeneous

Green’s function one expects to retrieve. The numerical study shows that the transition be-

tween unimodal and bimodal regimes happens at a critical value of the variance of the phase

error (Figures 3.15 and 3.14). This error variance is encoded in the more general variance

studied in Sections 3.5.2 and 3.6.3. The error variance is itself a predictor of uncertainty in

the estimate, and for the Matérn-correlated log-normal scenario studied in Section 3.6.3 an

explicit expression was given in terms of the Matérn covariance function defined in (2.4.4),

which is in turn defined in terms of a modified Bessel function of the second kind, whose

asymptotic behaviour with respect to the argument (which is inversely proportional to ρα)

and the smoothness parameter να is well known. For example, for να � 1 we have5

Kνα(x) ∼
√

π

2να

(
ex

2να

)να
, (3.8.1)

5This is a standard asymptotic result for the modified Bessel function of the second kind. See for example
Section 10.41 of the Digital Library of Mathematical Functions.
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so that the Matérn covariance function becomes

M(d; ρα, να) ∼ 21−να/2

Γ(να)
e−να
√
πνα

να

(
2r

ρα

)να−1

.

As ρα →∞, the Matérn covariance function grows unbounded (see Figure 3.29).

Figure 3.29: Variance of the error in the stationary phase approximation in the presence
of a log-distributed, Matérn-correlated perturbing random field, implemented directly from
equation (2.4.4), for k = 1, field variance σα = 1 and field mean µα = 1. The variance is
shown as a function of the local smoothness of the field, να, for four increasing values of the
correlation length ρα.

Considering that it enters the variance of the stationary phase error with a fourth power

(see equation (3.6.6)), the variance of the error becomes unbounded, even if the original

field α has bounded moments. While the phase can conceivably still be retrieved in such

a scenario, a very smooth highly correlated would result by this argument in amplitude

errors of very large variance. Similar analyses can be performed using other asymptotic

approximations of the modified Bessel function. Moreover, this variance was used to give

a probabilistic bound for the error which, while rough due to the nature of the Chebyshev

inequality, has the advantage of being very general, requiring only that the first and second

moments of the noise field be finite. Figure 3.19 shows examples of the Chebyshev bound

for a high wavenumber k = 10 but also for a lower wavenumber k = 1. In realistic practical

applications, the range of wavenumbers may be quite low, making the Chebyshev boundary
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relevant ad the error would be larger. For example, in a medium with a realistic speed of

c = 500 m/s, a signal at 40 Hz (which is significantly high for some applications, ocean noise

for example produces frequencies in a range lower than 0.5 Hz, but reasonable for example

for some types of urban noise), results in a wavenumber of k ≈ 0.5, so that the error bounds

in this Chapter are relevant for applications where the wavenumber regime may be low but

the stationary phase approximation is nonetheless performed.

For such practical applications the mean, variance, smoothness and correlation length

parameters could be empirically estimated in a variety of contexts. For example, in the case

of ocean noise the work of Ardhuin et al. (2011) on models of ocean noise could be combined

with the approach presented in this Chapter to yield practical applications. Finally, in a

setting where there is less randomness, like a controlled-source experiment, the bound (3.1.7)

can be used directly to estimate a bound on the error incurred by the stationary phase

approximation in terms of the estimated wavenumber and the inter-receiver distance.

3.9 Conclusions

In this Chapter, we presented a formal derivation of the stationary phase approximation in

two-dimensional wavefield interferometry, applying the results of Olver (1974). We expanded

upon that work by deriving an explicit closed formula for the asymptotic expansion of Fourier

integrals with a random amplitude.

We further developed expressions for the error incurred in the spectrum, the phase and

the amplitude when making use of the stationary phase approximation. The expected value

and variance of some of these expressions were calculated. We also showed that the estimated

amplitude is always biased. On the other hand, we gave sufficient conditions to ensure that

the stationary phase approximation is an unbiased estimator of the phase of the interferomet-

ric inter-receiver Green’s function, in terms of the statistical properties of the perturbations

in source intensity along the source boundary. In this way we have addressed the common-

place assumption that sources of seismic energy impart equal energy upon the medium, and

quantified the effect that violating this assumption has on the stationary phase approximate.

For the sake of concreteness we implemented the analytical results using a Matérn-correlated

random field with a log-normal distribution, in order to investigate the effect that source

correlation and smoothness have on the stationary phase approximation. We concluded that

this approximation benefits from smoothly varying perturbations along the source bound-

ary, and from longer range source correlations as this helps mitigate spurious effects due to

anisotropy.

Furthermore, we derived the corresponding expressions for the stationary phase approx-
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imation when the sources are of equal intensity (that is, the perturbing random field is

constant and normalised to 1 for simplicity). In this case error expressions and bounds were

given applying the results of Olver (1974), explicitly linking the effectiveness of the stationary

phase approximation to the wavenumber and the inter-receiver distance. A derivation was

also given for the stationary phase approximation when the source boundary is a straight

line, which is relevant for Chapter 4.



Chapter4
Error quantification in ambient noise

interferometry from correlated noise sources

This thesis is concerned with quantifying errors associated with the use of interferometric

equations of the type (1.2.13), when they are used for the estimation inter-receiver Green’s

functions. Furthermore, we propose methods to mitigate these errors in some cases. So far

we have considered scenarios where individual recordings are at least roughly available for

each source location x on a source boundary S, and the ambient noise has been successfully

filtered out of the recordings (i.e β ≡ 0 in the framework developed in Chapter 2).

As discussed in Section 1.4 of Chapter 1, the theoretical assumptions that underpin many

interferometric methods include that recorded energy comes from sources that are distributed

isotropically in space around the receivers, and that the time series emitted by the sources are

statistically uncorrelated between pairs of sources. The latter assumption precludes sources

that are spatio-temporally correlated. However, it is often necessary or even desirable to

rely on noise sources that are already present in the environment. This is especially true

in areas of the Earth where environmental constraints preclude the use of active artificial

seismic source, or when we wish to illuminate large volumes of the Earth that require more

powerful sources than can be generated artificially. Sources of freely available ambient noise

abound in the Earth and interferometry has been successfully performed by cross-correlating

earthquake codas (the long tail of energy that is recorded after the initial impulses from first-

arriving seismic waves) which are assumed to act as an approximately diffuse, reverberating

wavefield approaching receivers from all directions (Campillo and Paul, 2003), or by using

recorded wavefields assumed to come from isotropic noise fields (Curtis et al., 2006; Wapenaar

and Fokkema, 2006; Bensen et al., 2007; Wapenaar et al., 2011; Nicolson et al., 2012). Many

known physical noise sources that contribute to ambient noise are in motion, e.g. storm

152
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sources, ocean waves or wind (Ardhuin et al., 2019, 2011), and man-made activities such

as shipping (Sabra et al., 2005a) or noise from traffic. Recently it has been recognised that

highway and/or railway traffic can comprise a dominant component of the ambient noise

field, and interferometry has been applied to highway traffic noise (Halliday et al., 2008a;

Nakata et al., 2011; Behm and Snieder, 2013), railway noise (Quiros et al., 2016; Zhang

et al., 2019; Brenguier et al., 2019; Dales et al., 2020; Pinzon-Rincon et al., 2021; Liu et al.,

2021), and noise generated from waves breaking along coastlines (Gerstoft et al., 2006),

as illustrated in Figure 4.1. However, all of these sources of ambient noise are inherently

correlated in space and time, which is in direct contradiction to the theoretical assumptions

outlined above. Importantly, the extent of the error in the interferometric estimates of the

Green’s function due to the assumption of uncorrelated noise sources has so far not been

quantified, and no general methods to reduce these errors have been published1.

In this Chapter, we present a unified theory of inter-receiver wavefield interferometry

that encompasses correlated and uncorrelated noise sources in both the near and far fields,

including the case of moving sources. The theoretical framework allows us to develop a

novel workflow that mitigates the spurious effects arising from the use of correlated noise

sources, leading to the retrieval of the Green’s function from a short-time recording of a single

statistically correlated moving noise source. Moreover, our framework provides a systematic

insight into the mechanisms through which the correlation in the sources induces errors in

the estimates of the Green’s function and its phase. We quantify these errors and show that

they have a significant effect for commonly used noise sources, with spurious effects that

obscure the estimates of phase (and hence of wave travel times). We also mitigate them

using our novel method, which is based on an appropriate randomisation of the recorded

traces and allows for an accurate interferometric retrieval even from a single moving energy

source. Furthermore, our analysis explains why stacking multiple traces may reduce errors

due to noise correlation in the interferometric estimates, but also highlights limitations of

this approach, and identifies potentially commonly-occurring circumstances in which it will

fail. This unified methodology is applicable to both correlated and uncorrelated ambient

noise, and is particularly useful in cases where stacking does not improve the signal to noise

ratio in the retrieval.

In what follows we begin by briefly presenting the theoretical principles of standard wave-

field interferometry for the case when individual recordings from static impulsive sources are

available, as well as for an ambient noise scenario. Subsequently, we highlight the challenges

in retrieving the interferometric inter-receiver Green’s function from ambient noise. The im-

portant case of performing interferometric retrieval from wavefields generated by correlated

1We have published such a method in Ayala-Garcia et al. (2021).



CHAPTER 4. CORRELATED NOISE SOURCES 154

moving sources is considered next, and the corrupting effect due to the Doppler spread on

the quality of the interferometric retrieval is discussed. We then review the standard en-

semble average approach in ambient noise interferometry, which is referred to as stacking.

Potential pitfalls of the retrieval through the stacking average are discussed in terms of the

correlation structure of the source signature. Moreover, an analytical decomposition of the

ambient noise retrieval is derived which, based on the characteristic correlation length of

the source signature, separates the retrieval into a term comprising predominantly coherent

contributions that correctly approximate the inter-receiver phase, and the cross-talk term

associated with spurious incoherent contributions. These analytical findings motivate the

development of a novel and versatile technique, referred to as the random windowing ap-

proach. In contrast to the standard stacking average, the random-windowing average does

not rely on spatial localisation of the correlation structure of the source signature, and it can

be used for interferometric phase retrieval from short recordings of a correlated noise signal.

We conclude by outlining an algorithm for carrying out the random-windowing retrieval and

present an example with the resulting phases retrieved successfully from both correlated and

uncorrelated ambient noise.

In practice, recordings for individual active source locations are often not available.

Hence, it becomes necessary and even desirable to rely on noise that is already present

in the environment, commonly referred to as “ambient noise”. In order to successfully es-

timate inter-receiver Green’s function from ambient noise recordings, there is a theoretical

requirement that the noise sources be uncorrelated in time. Indeed, many applications of

ambient noise interferometry explicitly make this assumption (see e.g. Lobkis and Weaver

(2001); Wapenaar (2004); Snieder et al. (2009); Wapenaar et al. (2010a); Sabra (2010);

Nakata et al. (2011)). However, many real-world noise sources such as trains, highway traffic

and ocean waves are inherently correlated in space and time, in direct contradiction to the

these theoretical foundations. Applying standard interferometric techniques to recordings

from correlated energy sources makes the Green’s function estimate liable to errors that so

far have not been fully accounted for theoretically nor in practice.

This Chapter is organised as follows: Section 4.1 contrasts the equations for active and

ambient noise interferometry, highlighting the technical differences and the consequences of

the Doppler effect. Next, our analysis in Section 4.2 explains why standard stacking may

reduce the phase errors, but also shows that in commonly encountered circumstances this

widely used technique will not remediate the problem. This analytical insight allowed us

to develop a novel workflow in Section 4.3 that significantly mitigates effects arising from

the use of correlated noise sources. The methodology presented can be used in conjunction

with already existing approaches, and improves results from both correlated and uncorrelated
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ambient noise, shown in Section 4.3.5. Hence, we expect it to be widely applicable in ambient

noise interferometry studies. Results from this Chapter have been published in Ayala-Garcia

et al. (2021).

In the framework set out in Chapter 2, the situation where individual active source

recordings are not available corresponds to α ≡ 0 in equation (2.2.8), so that the retrieval

relies entirely on the recorded ambient noise terms β, and equation (2.2.8) reduces to

ĝ(xA,xB, k; 0, β) ∝ β̂(xA, k)β̂∗(xB, k)`(S) , (4.0.1)

where `(S) is interpreted as the arc-length of an implicit source boundary, and a proportion-

ality symbol is used for consistency with the framework set out in Wapenaar and Fokkema

(2006), where volume injection sources are used instead of volume injection rate sources,

as discussed in Chapter 1. Equation (4.0.1) above represents the standard formulation of

ambient noise retrieval for uncorrelated noise sources.

4.1 Introduction

It is a well-established principle that cross-correlating seismic observations recorded at differ-

ent receiver locations yields seismic responses that under certain conditions, provide useful

estimates of the inter-receiver Green’s function of linear wave equations. This principle

has been expressed in a variety of ways, often via the acoustic or elastic representation

theorems, and using either the convolution, deconvolution or cross-correlation of recorded

seismic traces. For our purposes, a cross-correlational Green’s function representation theo-

rem is used in line with Wapenaar and Fokkema (2006) and Schuster (2009), in a regime of

volume-injection rate impulsive sources.

Consider a medium of density ρ and sound speed c, and let Ĝ(x,x′, ω) denote the

frequency-domain response of the medium to an impulsive source located at x′ and recorded

at location x. Throughout, ·̂ denotes quantities in the frequency domain, and ·∗ denotes

complex conjugation. Given a pair of receiver locations xA and xB we assume an empirical

estimate ĝ(xA,xB, ω) of the inter-receiver Green’s function Ĝ(xA,xB, ω) can be represented

as

ĝ(xA,xB, ω) =
2

ρc

∫
S

Ĝ∗(xA,x
′, ω)Ĝ(xB,x

′, ω)dx′ , (4.1.1)

where each x′ is an impulsive source location along the boundary S (see leftmost panel

in Figure 4.1). The integrand in equation (4.1.1) is equivalent to the convolution of the

time-reversed trace recorded at xA with the trace recorded at xB, and this operation corre-
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sponds to a cross-correlation in the time domain. This statement holds exactly for recordings

G(x,x′, t) defined for all time. Please note that ĝ in equation (4.1.1) is proportional to the

spatial average of the integrand in the right-hand side of equation (4.1.1) over S; this inter-

pretation will be helpful below.

xA

xB

S
x'

xA

xB

S
x' x''

UNCORRELATED NOISE SOURCE

x' - Source location at time t'
x'' - Source location at time t''

CORRELATED NOISE SOURCE

Highway
Railroad

5 km band around highway

20 km
ChâteaurouxChâteauroux

BourgesBourges

VierzonVierzon

Romorantin-
Lanthenay
Romorantin-
Lanthenay

NeversNevers

Saint-Amand-
Montrond
Saint-Amand-
Montrond

City/Town 5 km band around railroad
SPATIOTEMPORAL 
CORRELATION

Figure 4.1: Geometry of a boundary S of uncorrelated, impulsive sources (see equation (4.1.1))
versus a time-ordered train of impulsive sources (see equation (4.1.4)). Blue triangles denote re-
ceivers and source locations are represented by orange stars. Orange arrows in the source boundary
indicate the presence of a spatiotemporal correlation of sources along the boundary. The top right
panel shows the main roads (solid black) and railways (black dashes) within an area of about 9000
km2 around Bourges, France. A zone of 5 km on either side of each road (blue) and railway (or-
ange) highlights the prevalence of near-field traffic noise. The bottom panel shows oblique waves
breaking against the coast of Skeleton Bay, Namibia. These are common examples of correlated
noise sources.

The main theoretical requirements for equation (4.1.1) to provide a good estimate of

the inter-receiver Green’s function are: (i) that the medium is lossless, (ii) that the source

boundary S encloses the receivers and that energy is emitted equally from all directions,

(iii) that S is sufficiently far from the receivers for the recorded energy flux to be emitted

approximately perpendicular to the boundary, and (iv) that individual recordings are ac-

quired independently for each impulsive source location x′ within S. Under these idealized

conditions, the empirical estimate ĝ(xA,xB, ω) provides a good approximation to the homo-

geneous inter-receiver Green’s function (Wapenaar and Fokkema, 2006), i.e., ĝ(xA,xB, ω) =

Ĝ(xA,xB, ω)−Ĝ∗(xA,xB, ω) or, equivalently g(xA,xB, t) = G(xA,xB, t)−G(xA,xB,−t) in

the time domain. Wapenaar et al. (2011) discuss spurious effects that are introduced when

the above theoretical assumptions are violated. However, in practice artefacts due to the vi-

olation of these theoretical assumptions are usually assumed to be sufficiently weak to allow

for retrieval of useful empirical estimates of the Green’s function. In particular, wavefield
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interferometry has been shown empirically to be applicable in regimes where the medium

illumination is one-sided (Halliday and Curtis, 2008b; Wapenaar et al., 2011; Mehta et al.,

2007b; Snieder, 2004). Hence, while the boundary S in equation (4.1.1) is typically assumed

to be a closed contour which is sufficiently distant from the receivers, we assume S to be a

straight source-line as depicted in the left insets of Figure 4.1. It is worth noting that while

the amplitudes of empirical Green’s function estimates are acknowledged to be unreliable,

the phases of the Green’s function recovered through such a procedure are assumed to be well

approximated (see for example, Wapenaar and Fokkema (2006); Thorbecke and Wapenaar

(2008), and remarks under equation (4.2.4) below).

The main practical obstacle in the context of ambient noise interferometry stems from

the fact that the medium’s response to impulsive sources is not readily available. Hence, the

information required for constructing the integrand in equation (4.1.1) cannot be obtained

directly. Instead, Wapenaar and Fokkema (2006) propose the ambient noise interferometric

relationship defined as

ĥ(xA,xB, ω) :=
2

ρc
p̂∗(xA, ω) p̂(xB, ω) , (4.1.2)

where p̂(x, ω) denotes ambient noise recorded at a receiver location x for frequency ω. It

is useful (and theoretically appropriate) to consider each recording p̂(x, ω) as a random

field which is obtained via the Fourier transform of a realization of a stochastic process

p(x, t) (these statements hold for t, ω ∈ R, we do not delve into the accuracy of finite-time

approximations of the Fourier transform). In such a framework source locations x′ ∈ S are

no longer required to be known explicitly. Instead, the source characteristics are implicitly

present in the ambient noise representation in equation (4.1.2) and they are accounted for,

in principle, in the ambient noise recordings represented via

β̂(x, ω) =

∫
S

F̂ (x′, ω)Ĝ(x,x′, ω)dx′ , (4.1.3)

where F̂ (x, ω) characterizes the unknown source signature. Wapenaar and Fokkema (2006)

showed that provided that β̂(xA, ω) and β̂(xB, ω) are obtained from recordings of uncorre-

lated noise sources, taking the empirical average over a large number (N � 1) of realizations

of ĥ(xA,xB, ω) in equation (4.1.2), referred to hereafter as stacking, leads to a good approx-

imation of the phase of the inter-receiver Green’s function Ĝ(xA,xB, ω). Such an approx-

imation is increasingly accurate for N, t → ∞ provided that h(xA,xB, t) is ergodic, which
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seems to be a reasonable assumption in practice2. However, as discussed in the subsequent

sections, the stacking average is likely to produce unsatisfactory results in the presence of

correlated noise sources even when long-time recordings are available.

In this Section, we delve deeper into the relationship between the estimates ĝ(xA,xB, ω)

and ĥ(xA,xB, ω) in order to identify conditions under which the ambient noise retrieval based

on equation (4.1.2) provides a satisfactory approximation of the retrieval equation (4.1.1),

and to develop techniques that allow us to achieve this for both uncorrelated and correlated

noise sources.

To understand the need for statistical averaging over multiple realizations of the ambient

noise recordings in the retrieval (4.1.2) for some fixed boundary S, substitute the integral

expression (4.1.3) for the noise recordings at receivers xA and xB into equation (4.1.2) to

obtain

ĥ(xA,xB, ω) =
2

ρc

∫
S

∫
S

F̂ ∗(x′, ω)F̂ (x′′, ω) Ĝ∗(xA,x
′, ω)Ĝ(xB,x

′′, ω)dx′′ dx′ . (4.1.4)

Please note that the above formula represents a product of two independent integrals which

are re-written in a form suitable for the subsequent analysis; to simplify notation, we skip

the explicit dependence of F̂ in equation (4.1.4) on the particular recording of ambient

noise, but this remains implicit. The geometry corresponding to the retrieval based on,

respectively, equations (4.1.1) and (4.1.4) is sketched on the left side of Figure 4.1. In contrast

to ĝ(xA,xB, ω) in equation (4.1.1), where averaging over the source locations x′ ∈ S leads to

the cancellation of all phases except for the inter-receiver phase, the ambient noise retrieval

ĥ(xA,xB, ω) in equation (4.1.4) does not represent a spatial average over S. Consequently,

the retrieval in equation (4.1.4) is dominated by acausal and spurious information contained

in the integrand for x′ 6= x′′ (see middle panel of Figure 4.1).

It turns out that a reliable phase retrieval of the inter-receiver Green’s function from

equation (4.1.4) relies on an appropriate statistical average which couples the source char-

acteristics F̂ (x′, ω) and F̂ (x′′, ω) for all x′,x′′ ∈ S to generate an integral kernel which is

localized in the neighborhood of x′ = x′′. As discussed in subsequent sections, the suit-

able statistical average depends on the nature of the noise. In particular, for correlated

noise sources the (stacking) average over multiple realizations of equation (4.1.2) is largely

unsatisfactory regardless of the amount of available data, and a more versatile averaging

approach must be used. Please note that while a constant medium density and propagation

2See for example Weaver and Lobkis (2001), Shapiro and Campillo (2004), Sabra et al. (2005b), Snieder
(2004) or Curtis et al. (2006) for representative literature examples where ergodicity is implicitly assumed
and and wavefield interferometry is then successfully applied
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speed have been assumed, the analysis presented still holds when these two quantities are

space-dependent.

In light of the above discussion, it is clear that the non-averaged relationship in equation

(4.1.4) is dominated by contributions from incongruous source locations, and these may lead

to spurious contributions that completely obscure the phase of the inter-receiver Green’s

function. Consider, for example, the interferometric retrieval from a simulated sequence of

sources which generate seismic impulses in a time-ordered fashion; hereafter, we refer to such

a sequence as a train of sources. The train of sources is not to be confused with a set of

impulsive sources recorded individually and used to calculate the retrieval equation (4.1.1);

these two cases will be compared in what follows. In both cases we assume that the signal

is recorded by a pair of receivers deployed in the vicinity of the source-line S. To simulate

the wavefield generated by trains of sources, we derived an analytical two-dimensional model

which is described in Section 4.1.1.

4.1.1 Analytical derivation of a moving point source model

In this Section, the wavefield generated by a band-limited point source in motion is calculated

in order to provide synthetic data that helps illustrate the theory and methods presented in

the latter Sections. We begin by assuming a monochromatic point source, emitting sound

at a constant angular frequency ω̃, that moves with constant speed v in a two-dimensional

homogeneous medium. This wavefield is denoted by pω̃(t,x,v) when measured at time a t

and at a receiver location x. We may also refer to the constant source frequency as f̃ when

we wish to express it in Hertz, so that ω̃ = 2πf̃ . The moving point source is characterised

through the function

sω̃(t,x,v) = e−iω̃tδ(x− vt) . (4.1.5)

It is assumed without loss of generality that at time t = 0 the monochromatic source is

located at the origin of the coordinate system. It is further assumed that the medium

density ρ and sound speed c are constant. Then we have that the wavefield, denoted by pω̃,

satisfies the linear wave equation

1

c2

∂2pω̃
∂t2
−∇2pω̃ = ρ

∂sω̃
∂t

(4.1.6)

where we restrict ourselves to real solutions. In order to solve equation (4.1.6) we introduce

the abstract complex potential φCω̃(t,x,v) of the particle velocity, so that

pω̃ = ρR

{
∂φCω̃
∂t

}
. (4.1.7)
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This potential satisfies the wave equation

1

c2

∂2φCω̃
∂t2

−∇2φCω̃ = sω̃ , (4.1.8)

which can be derived directly from (4.1.6) by integrating once with respect to time and

cancelling a factor of ρ. Note that if φCω̃ is a solution to equation (4.1.8), then pω̃ as defined

by equation (4.1.7) will satisfy equation (4.1.6).

A solution to (4.1.8) can be immediately written down by convolving the source term (4.1.5)

with the outgoing Green’s function of the wave equation in time and space for a volume in-

jection source. This Green’s function is given by

G(t,x) =
Θ
(
t− |x|

c

)
2π
√
t2 − |x|2

c2

, (4.1.9)

where Θ denotes the Heaviside function. Hence, the complex potential φCω̃(t,x,v) can be

expressed in integral form as

φCω̃(t,x,v) =
1

2π

∞∫
−∞

∫
R2

e−iω̃t
′
δ(x′ − vt′)

Θ
(
t− t′ − |x−x

′|
c

)
√

(t− t′)2 − |x−x′|2
c2

dx′dt′ . (4.1.10)

Performing the integral in space is straightforward owing to the sifting property of the delta

distribution, yielding

φCω̃(t,x,v) =
1

2π

∞∫
−∞

e−iω̃t
′

Θ
(
t− t′ − |x−vt

′|
c

)
√

(t− t′)2 − |x−vt′|2
c2

dt′ . (4.1.11)

In order to perform the time integral in equation (4.1.11), define the auxiliary functions

q1(t,x,v) =
c2t− x · v
c2 − |v|2

, (4.1.12)

and

q2(t,x,v) = q1(t,x,v)2 − c2t2 − |x|2

c2 − |v|2
, (4.1.13)

noting that we assume a subsonic source throughout this work, i.e. v < c. Then, by the
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definition of the Heaviside function, we have

Θ

(
t− t′ − |x− vt′|

c

)
=

1 if t′ ≤ t̊ ,

0 if t′ > t̊ ,
(4.1.14)

where

t̊ = q1(t,x,v)−
√
q2(t,x,v) . (4.1.15)

It is useful highlight the physical interpretation of time t̊. This value is such that the

argument of the Heaviside function in the left hand side becomes zero or, equivalently,

c(t− t̊) = |x− v̊t| .

Note that t − t̊ is the time it takes for energy to travel from the location of the source at

time t̊ (given by v̊t) to the receiver location x. In other words, t̊ represents the time at

which the wave arriving at time t and location x was emitted. Equation (4.1.15), scaled by

the source speed v, is useful later on in Section 4.3 to calculate the location of the spatial

window induced by a time window in Section 4.3.

Next, performing the time integral in equation (4.1.11) yields the following solution for

the potential:

φCω̃(t,x,v) =
ie−iω̃ q1(t,x,v)

4c
√
c2 − |v|2

H(1)
0

(
ω̃
√
q2(t,x,v)

)
, (4.1.16)

where H(1)
0 denotes the first-kind Hankel function of order zero, and q1 and q2 are defined

by equations (4.1.12) and (4.1.13). In order to simplify our expressions, we define the non-

dimensional parameter M = |v|
c

i.e. the Mach number, which quantifies the ratio of the

source speed with respect to the speed in the medium and is in this work always assumed to

be smaller than one. This parameter simplifies our analysis when considering the Doppler

effect below. Further, we place the origin of our reference system at the instantaneous

location where the source is collinear with the perpendicular receiver pair. Hence we assume

the receiver to be of the form x = [ 0 , xy ], and that the source speed can be written as

v = [ v , 0 ]. Finally, we define for simplicity

tx =
|x|
c
, (4.1.17)

that is, the travel time from the reference origin described above to the receiver location x.

Under these assumptions we can write the wavefield generated by a monochromatic moving
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point source as

pω̃(t,x,M) = R

{
− iρ ω̃

4c2(1−M2)
3
2

exp

{
−i ω̃

1−M2
t

}

×

[
M2 t√

M2t2 + (1−M2) t2x
H(1)

1

(
ω̃

1−M2

√
M2t2 + (1−M2) t2x

)

+ iH
(1)
0

(
ω̃

1−M2

√
M2t2 + (1−M2) t2x

)]}
.

(4.1.18)

Expressing the wavefield in this way allows us to see how its behaviour depends on the

source speed |v| and the distance to the road |x|, albeit always scaled by the medium speed

c. It also allows us to see how the distance from the receiver to the source boundary S

affects the wavefield’s behaviour. See Figure 4.2 for a direct implementation of this equation

in the time domain, as well as its numerically calculated frequency spectrum. In order to

obtain a frequency-domain expression for the interferometric retrieval, we derive an analytical

expression for the spectrum of equation (4.1.18). Consider the following Fourier transform

of the real part of the potential (4.1.16)

φ̂ω̃(ω,x,v) =

∞∫
−∞

e−iωtRe
{
φCω̃(t,x,v)

}
dt . (4.1.19)

To perform this integration, we start by taking an integral representation for the spectrum

of the potential by taking the real part of the integral representation (4.1.11), where only

the spatial integration has been performed, yielding

Re
{
φCω̃(t,x,v)

}
=

∞∫
−∞

cos(ω̃t′)
Θ
(
t− t′ − |x−vt

′|
c

)
√

(t− t′)2 − |x−vt′|2
c2

dt′ (4.1.20)

Substituting equation (4.1.20) into equation (4.1.19) results after a few manipulations in the
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Figure 4.2: Example of simulated monochromatic wavefield pω̃. Medium speed is c = 500m/s
and medium density is set to ρ = 1. The receiver location is x = ( 0 m , 100 m ). The monochromatic
source travels with speed |v| = 150 m/s along the positive direction of the x-axis, emitting sound
at f̃ = 5 Hz. It crosses the origin at time t = 0 according to our parametrisation. For illustration
purposes, source parameters were chosen so that the Doppler effect could be plainly appreciated
in the waveform (low emitting frequency f̃ , relatively high value of M at 0.3). The top panel
shows the waveform in the time domain directly implemented from equation (4.1.18). We can see
how the perceived frequency increases or decreases when the source is moving towards or away
from the receiver, respectively. The bottom panel shows the spectrum of this source, calculated
numerically via fast Fourier transform in MATLAB. The spectrum spreads between the frequency

values predicted by the standard Doppler formula, f̃
1±M , highlighted in grey dotted lines.

following expression for the spectrum of the wavefield generated by a moving point source

φ̂ω̃(ω,x,v) = − i
4

∞∫
−∞

e−iωt
′
cos(ω̃t′)H(2)

0

(ω
c
|x− vt′|

)
dt′ . (4.1.21)

where H
(2)
0 denotes the second-kind Hankel function of order zero. Finally, to derive the

spectrum of the wavefield pω̃ equation (4.1.7) is Fourier transformed so that (4.1.21) is simply

multiplied by the corresponding frequency factor iω that corresponds to a differentiation in

the time domain, that is

p̂ω̃(ω,x,v) =
ωρ

4

∞∫
−∞

e−iωt
′
cos(ω̃t′)H(2)

0

( ω
c
|x− vt′|

)
dt′ . (4.1.22)
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Numerical implementation of the integral (4.1.22) agrees with the spectrum of the time

domain wavefield (4.1.18) calculated using the fast Fourier transform algorithm. More-

over, the spectrum (4.1.22) can be written in the standard form of a recording given by

equation (4.1.3), or more generally equation (2.1.5) in the time domain, where the source

boundary S is parametrised by t′ (via x′(t′) = t′v) and the source kernel is given explicitly

by

F̂ (x′(t′), ω) = e−iωt
′
cos(ω̃t′)

and the Green’s function is indeed the Green’s function of the Helmholtz operator for a

volume injection rate source, given by

Ĝ(x,x′(t′), ω) =
ωρ

4
H(2)

0

( ω
c
|x− x′(t′)|

)
.

4.1.2 The Doppler effect

With frequency-domain analytical expressions available, the instantaneous frequency of the

model can be evaluated. The complex model will be used. An analytical expression is derived

for the instantaneous phase of the recorded source and then a derivative is taken to find the

instantaneous frequency.

Consider the asymptotic approximation of the Hankel function for a large argument x

(see e.g. Goldstein and Thaler (1958) or Appendix A of Galetti et al. (2013)),

H(2)
0 (x) ∼ e−i(x−

π
4

)

√
2

πx
. (4.1.23)

The frequency regime and the source-receiver distance are already required to be sufficiently

large for the monopole interferometry equation to be applied, which makes approxima-

tion (4.1.23) reasonable. Using this approximation, the spectrum of the theoretical complex

wavefield p̂Cω̃(ω,x,v) (which is derived in a manner analogous to equation (4.1.22), taking

the full complex potential) can be expressed as

p̂Cω̃(ω,x,v) ∼ ωρ

4

∞∫
−∞

e−i{(ω+ω̃)t′+ω
c
|x−vt′|−π

4}
√

2c

πω|x− vt′|
dt′ . (4.1.24)

The instantaneous phase recorded at a receiver location x will be denoted by phx(t′) and

given by

phx(t′) = (ω + ω̃)t′ +
ω

c
|x− vt′| − π

4
, (4.1.25)
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and differentiating once in time yields

d

dt′
phx(t′) = ω + ω̃ − ω

c

(
x− vt′

|x− vt′|

)
· v . (4.1.26)

The integral (4.1.24) is highly oscillatory and in accordance to the stationary phase ap-

proximation the main contributions correspond stationary points of the phase (4.1.25). The

spectrum will be otherwise negligibly small by the Riemann-Lebesgue lemma. Hence the

spectrum will be largely negligible except at the zeros of (4.1.26). Solving the resulting

equation and using the fact that x − vt′ is the position of the source with respect to the

receiver at time t′ results in the following expression for the instantaneous frequency recorded

at location x and time t′

ω̆(x, t′) =
ω̃

1− |v|
c

cos θx(t′)
. (4.1.27)

The instantaneous recorded frequency (4.1.27) exhibits the Doppler shift induced by the

movement of the source with respect to the receiver. Note that for any time t′ the relative

position angle cos θx(t′) is bounded between −π (when the source is infinitely far to the

left of the receiver) and π (when the source is infinitely far to the right), corresponding

to the frequencies ω̃/(1 ± M) where M = |v|/c. Equation (4.1.27) agrees with the well

known expressions for the recorded frequency when the receiver is directly in the path of

the source, and is more general as the instantaneous frequency can be calculated for an

arbitrary recording location x. Moreover, it is straightforward to show that (4.1.27) is larger

than ω̃ when the source is moving towards the receiver and smaller when the source is moving

away, with the true emitted frequency ω̃ recorded the moment the source-receiver ray-path

is perpendicular to the source boundary.

4.1.3 Broadband moving source model

We construct a broadband source emitting noise on a discrete frequency domain ω̃ ∈ Ω̃

by applying the principle of superposition to the monochromatic wavefields (4.1.22), and

imposing a random phase shift for each emitted frequency. That is, we define the broadband

wavefield

p̂(x, ω) =
∑
ω̃∈Ω̃

cω̃p̂ω̃(x, ω) , (4.1.28)

where cω̃ is an appropriate scaling coefficient that depends on how the spectrum Ω̃ is con-

structed, and the dependence on the source speed v is left implicit. In this work, it is
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assumed that the source spectrum can be represented in the form (4.1.28). A more general

representation can be achieved by taking the Fourier transform of a wavefield of the form

p(x, t) =
∑
ω̃∈Ω̃

cω̃(t)pω̃(x, t) ,

where the coefficients cω̃(t) and time dependent and random with their own correlation

structure. While we do not deal with this case in detail here, we point out such a setup

would be necessary to derive a kernel that becomes localised for the case of a monochromatic

source, as remarked under equation (4.2.9).

Assuming that the source spectrum can be represented in the form (4.1.28), we have

p̂(x, ω) =
ωρ

4

∑
ω̃∈Ω̃

cω̃

∞∫
−∞

e−iωt
′
cos(ω̃t′ + θω̃)H(2)

0

(
ω
|x− vt′ |

c

)
dt′ , (4.1.29)

where θω̃ are a collection of random variables indexed by ω̃. The random quantity

F (t′; θΩ̃) =
∑
ω̃∈Ω̃

cω̃ cos(ω̃t′ + θω̃) (4.1.30)

characterises the spectrum emitted by the source, as well as how the component frequencies

interact with each other depending on the distribution of θω̃ and their correlation structure.

Equation (4.1.29) can then be written more compactly as

p̂(x, ω) =
ωρ

4

∞∫
−∞

F (t′; θΩ̃) e−iωt
′H(2)

0

(
ω
|x− vt′ |

c

)
dt′ , (4.1.31)

where it becomes apparent that p̂ is itself a random quantity.
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4.1.4 Analytical kernel for a band-limited source train with random-

phase emitted frequency components

The stacking average interferometric retrieval from the recordings of the form (4.1.31) at a

receiver pair xA and xB can be written for a source travelling at speed v as

E[ ĥ(xA,xB,v, ω) ] =
2

ρc
E[ p̂∗(xA, ω)p̂(xB, ω) ]

=
ω2ρ

8c

∞∫
−∞

∞∫
−∞

E[F (t′; θΩ̃)F (t′′; θΩ̃) ] e−iω(t′′−t′)

× H(1)
0

(
ω
|xA − vt′ |

c

)
H(2)

0

(
ω
|xB − vt′′ |

c

)
dt′dt′′

(4.1.32)

For an arbitrary discrete source spectrum Ω̃ and associated source signature in the form

of (4.1.30), the generalised average source kernel in an ambient noise interferometric retrieval

is given by

E[F (t′; θΩ̃)F (t′′; θΩ̃) ] =
∑
ω̃∈Ω̃

c2
ω̃

(
cos(ω̃t′) cos(ω̃t′′) E[ cos2(θω̃) ]

− sin(ω̃(t′ + t′′)) E[ cos(θω̃) sin(θω̃) ]

+ sin(ω̃t′) sin(ω̃t′′) E[ sin2(θω̃) ]
)

+
∑
ω̃∈Ω̃

∑
ω̃′∈Ω̃
ω̃ 6=ω̃′

cω̃cω̃′
(

cos(ω̃t′) cos(ω̃′t′′) E[ cos(θω̃) cos(θω̃′) ]

− cos(ω̃t′) sin(ω̃′t′′) E[ cos(θω̃) sin(θω̃′) ]

− sin(ω̃t′) cos(ω̃′t′′) E[ sin(θω̃) cos(θω̃′) ]

+ sin(ω̃t′) sin(ω̃′t′′) E[ sin(θω̃) sin(θω̃′) ]
)
,

(4.1.33)

where the double summation is split into diagonal terms and cross-terms ω̃ 6= ω̃′. Equa-

tion (4.1.33) shows that the standard ensemble average operator depends on the phases of

the emitted frequency components of the source, as well as their correlation.

For example, consider the case when the source spectrum is a regular partition of a
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bounded interval, that is Ω̃ = {ω̃j}|Ω̃|j=1 for some finite spacing4ω̃ = ω̃j+1−ω̃j, and associated

random phase shifts θj for each frequency ω̃j. Moreover, assume that the random shifts are

such that θj ∼ Unif(0, 2π) for all j ∈ {1, . . . , |Ω̃|}. Further, assume that the phase shifts

θj and θk are independent whenever ω̃j 6= ω̃k. These assumptions result in the following

probability distributions for the random variables in (4.1.33)

sin(θ) , cos(θ) ∼ ArcSin(−1, 1) ,

sin(θ) cos(θ) ∼ ArcSin
(
−1

2
, 1

2

)
,

and

sin(θ)2 , cos2(θ) ∼ ArcSin(0, 1) ,

where ArcSin(a, b) denotes the arcsine probability distribution over the bounded support

(a, b). Moreover, assume that the coefficients cω̃ in (4.1.30) do not depend on the individual

frequencies ω̃, and let this coefficient be denoted henceforth simply as cΩ̃. Then the random

source kernel (4.1.33) reduces to the deterministic expression

E [F (t′; θΩ̃)F (t′′; θΩ̃) ] = c2
Ω̃

1

|Ω̃|

|Ω̃|∑
j=0

cos( ω̃j(t
′′ − t′) ). (4.1.34)

Next, one can deduce in a standard fashion Rudin (1976) that

E [F (t′; θΩ̃)F (t′′; θΩ̃) ] −→
4ω̃→0

|Ω̃|4ω̃=const.

c2
Ω̃

ω̃max − ω̃min

ω̃max∫
ω̃min

cos(ω̃(t′′ − t′))dω̃ ,

where 4ω̃ = ω̃j+1 − ω̃j and ω̃max − ω̃min = |Ω̃|4ω̃, which leads to

E [F (t′; θΩ̃)F (t′′; θΩ̃) ] ≈ c2
Ω̃

sin( ω̃max(t′′ − t) )− sin( ω̃min(t′′ − t) )

(ω̃max − ω̃min)(t′′ − t′)
. (4.1.35)

Finally, the right hand side of equation (4.1.35) can be expanded using well-known trigono-

metric identities to derive

E [F (t′; θΩ̃)F (t′′; θΩ̃) ] ≈ c2
ω̃ cos

(
(ω̃max + ω̃min)

2
(t′′ − t′)

)
sinc

(
(ω̃max − ω̃min)

2
(t′′ − t′)

)
(4.1.36)

The kernel equation (4.1.36) is parametrised in time. Under the assumption that the source

is in motion, that is v 6= 0, equation (4.1.36) leads to expression (4.2.9). To see this, let x′
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be the source location at time t′, and x′′ the source location at time t′′, so that x′ = [ |v|t′, 0 ]

and x′′ = [ |v|t′′, 0 ]. Hence

|t′′ − t′| = ||v|t
′′ − |v|t′|
|v|

=
|x′′ − x′|
|v|

. (4.1.37)

Combining equations (4.1.36) and (4.1.37) yields an expression proportional to equation (4.2.9).

Figure 4.3 illustrates the situation where the interferometric trace retrieved via equa-

tion (4.1.4) from a train of sources differs significantly from the retrieval obtained from

individually recorded impulsive sources, according to equation (4.1.1). Both retrievals are

based on sources on the same boundary S and recorded over the same time interval, except

that the impulses in the train of sources are generated in a time-ordered sequence of physical

locations which span S. When the sources are individually recorded (bottom of Figure 4.3)
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Figure 4.3: Comparison of the interferometric estimate of the Green’s function from a simulated
train of sources as per equation (4.1.4) (top), versus the estimate from a boundary of static point
sources (bottom) recorded individually, according to equation (4.1.1). The left side panels show
the waveforms in time, while the panels to the right show the corresponding estimated phases
(unwrapped). The source train moves along the boundary line at 25 m/s (90 km/h) and emits
sound in a frequency range between 10 and 25 Hertz. The receiver pair is oriented perpendicularly
to the source boundary and 2000 m away from each other. Sound speed in the medium was set at
1000 m/s. The receiver closest to the source boundary was 400 m away.
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the inter-receiver Green’s function is retrieved accurately with the main arrival found around

2 s, which corresponds to the inter-receiver travel time. In the top panels, the inter-receiver

arrival is completely obscured by spurious arrivals, and the phase does not reproduce the

reference estimate in the bottom panels.

In addition to the above issues, if the noise source is in motion, one must take into

account both the spatiotemporal correlations of the noise sources, as well as the Doppler

effect which shifts the energy emitted by the source at each frequency to a range of other

recorded frequencies, even if the source is monochromatic. The instantaneous frequency

ω̆(x, t′) of the train of sources recorded at location x and time t′ can be derived analytically

from equation (4.1.3) when it is used to represent a continuously moving source, resulting in

the following expression (see the derivation of equation (4.1.27) in Appendix 4.1.1)

ω̆(x, t′) =
ω̃

1− |v|
c

cos θx(t′)
, (4.1.38)

where ω̃ is the frequency emitted by the source, and θx(t′) is the angle between the line

from the instantaneous source location at time t′ to the receiver location x, and the source-

line S. Equation (4.1.38) agrees with the well-known expressions for the Doppler shift for

the instantaneous frequency when the source is moving directly towards, or away from, the

receiver. However, it is more general in that it quantifies the Doppler spread in the recorded

frequency in terms of the relative source-receiver position angle θx(t′), when the source has an

azimuthal velocity component. It is clear from equation (4.1.38) that for a pair of distinct

receivers xA and xB, the corresponding relative position angles of the source θxA
(t′) and

θxB
(t′) will be different; this means that the same source emitting the single frequency ω̃ will

be recorded with a different frequency at each location. Figure 4.4 illustrates the relationship

between the instantaneous location of a moving noise source and the recorded frequency ω̆

at each receiver xA and xB. As expected, the recorded frequency is higher when the source

is moving towards the receivers, and lower as it moves away. Clearly, as can be deduced from

equation (4.1.38) and observed in Figure 4.4, the only (instantaneous) location of the source

that will lead to recording the true emitted frequency occurs when the source is collinear

with the pair of receivers, and the line through xA and xB is perpendicular to the boundary

S; depending on the geometry of the problem, such a location need not exist. Thus, in

general, the frequency emitted by a moving noise source and recorded at the receivers will

differ from the true frequency ω̃, and the frequency bias will be different at xA and xB at

all instantaneous locations except when the source is collinear with the receiver pair.

This has important implications for wavefield interferometry, since recordings at any par-

ticular frequency will usually have been emitted at different source locations. For example, in
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Figure 4.4: Relationship between source location and instantaneous frequency recorded at two
different receiver locations xA, and xB. The simulated source was travelling at 30 m/s (108 km/h)
and the medium speed was set at 1000 m/s. For illustration purposes the source was set to be
monochromatic, emitting noise at a fixed frequency of 25 Hz. The limiting values for the Doppler
spread, given by 25/(1± |v|/c) Hz, are marked with vertical dotted lines.

Figure 4.4 the spectrum value recorded at 24.5 Hz would have been emitted by a source that

was 800 m along the boundary for receiver xA, but only 400 m for receiver xB. Given that

interferometry is performed frequency by frequency, this inconsistency in the recorded fre-

quency is conceptually equivalent to introducing further spurious contributions from spatially

incongruous source locations. Moreover, in the case of a more realistic broadband source the

spread and consequent interaction among different frequencies becomes compounded, with

multiple source locations along the boundary S introducing spatially incongruous contribu-

tions for every recorded frequency. Hence, the Doppler shift associated with moving noise

sources further compounds the spurious effects inherent to ambient noise interferometry if

we use the retrieval (4.1.2).

Equation (4.1.38) shows that the Doppler shift is amplified for higher frequencies, as well

as increasing source train speeds. In addition, larger inter-receiver distances, as well as near-

field recordings, will increase the discrepancies in frequencies recorded xA and xB, resulting in

further deterioration of the interferometric retrieval. Figure 4.5 illustrates the deterioration

of the interferometric retrieval h(t) as the source speed v increases. To produce this figure,

the receiver pair was placed perpendicularly oriented with respect to the source line, and
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the inter-receiver distance was set at 2000 m. The medium speed was c = 1000 m/s and the

train of sources was simulated at increasing speeds from 10 m/s to 100 m/s, emitting noise at

a frequency range between 10 Hz and 25 Hz. In order to produce comparable estimates, the

recording time was adjusted for each value of the source speed to ensure the source traversed

the exact same spatial boundary S in all cases. In Figure 4.5 one can see that at the slowest

source speed (10 m/s, bottom of the Figure), the inter-receiver arrival emerges clearly at

about two seconds, whereas at higher source speeds acausal arrivals become more prevalent,

and the inter-receiver arrival finally becomes indistinguishable from the surrounding noise

when the source is travelling at 100 m/s (top of the Figure). Because the spatial coverage of

the source is the same in all traces shown in Figure 4.5, the increased prevalence of spurious

arrivals can be attributed directly to the increase in source speed and subsequent increase

in the differential Doppler spread (see Figure 4.4).

Figure 4.5: Waveforms of the ambient noise retrieval h(t) obtained from a recorded train of
sources travelling at increasing speeds v. The medium speed was set at c = 1000 m/s and the train
of sources moved at a range of speeds varying from 36 km/h to 360 km/h (10 m/s to 100 m/s)
and emitted noise in the frequency range of 10 Hz to 25 Hz. The recording time for each source
speed was adjusted to ensure the source traversed the same spatial boundary S in every case. The
inter-receiver distance was of 2000 m. The amplitudes have been normalised.

Similarly, Figure 4.6 shows the deterioration of the estimated inter-receiver signal h(t)

when the inter-receiver distance increases (left panel), and when the distance from the re-

ceivers to the source line increases (right panel).
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Figure 4.6: Waveforms of the ambient noise retrieval h(t) obtained from a recorded train of
sources for decreasing inter-receiver distances (right) and increasing source-line to receiver distances
(left). The medium speed was set at c = 1000 m/s, and the train of sources moved at a fixed speed
of 90 km/h (25 m/s), emitting noise in the frequency range of 10 Hz to 25 Hz. The recording time
was 300 s in all cases. The receiver pairs were always oriented perpendicularly to the source line. In
the left panel, the inter-receiver distance was fixed at 500 m and the distance to the source line was
varied from 25 m to 1600 m. In the right panel, the distance to the source line was fixed at 500 m,
and the inter-receiver distance ranges from 25 m to 1600 m. A portion of the acausal negative-time
axis is included for illustration purposes. All amplitudes have been normalised.

Some of the potential obstacles for retrieving inter-receiver Green’s functions from sources

in motion have been considered theoretically by Sabra (2010), where the inconsistency in-

duced by the differential Doppler effect at the receivers is mitigated via a stationary phase

approximation, consistent with the discussion above, but under the assumption that the

ambient noise sources are statistically uncorrelated in time. More recent work by Liu et al.

(2021), applies standard ambient noise interferometry (4.1.2) to an expression for the wave-

field generated by a train, and the potential retrievable wave types are discussed using in-

tuitive ray-path arguments which are then tested on train recordings. However, the explicit

role of the source speed in the retrieval, and systematic methods for mitigating these effects
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have not been addressed (and the Doppler effect is not considered in the latter study).

In summary, the crosstalk terms associated with the integrand in equation (4.1.2) for

x′ 6= x′′ emerge naturally in systematic ambient noise interferometry analysis but their

effects are commonly removed from considerations by imposing the assumption that the

ambient noise field is uncorrelated. Such an assumption greatly simplifies the theoretical

retrieval procedure, but it is often unrealistic. This is the case, for example, when performing

traffic or railway noise interferometry. Moreover, ambient noise interferometry (4.1.2) using

moving point sources must contend with the Doppler effect, in addition to the unavoidable

correlations between the noise sources.

We discuss consequences of these issues in detail in the following Section, where we point

out that the delta-correlated assumption is unnecessarily restrictive, and that excluding near-

diagonal terms reduces uncertainty in the retrieved amplitudes. We show in detail how the

success of the standard stacking procedure depends on the properties of the source signature

and on the source speed in cases where the noise sources are in motion. Moreover, we

show how this standard stacking technique may fail, and propose an alternative workflow in

Section 4.3 which proves to be successful at isolating terms from the incongruous crosstalk

terms, leading to the extraction of the underlying inter-receiver phase regardless of the

presence of correlation in the ambient noise field. Finally, for the scenario where the presence

of correlation is caused by motion of the source, the workflow presented implicitly mitigates

spurious contributions due the Doppler spread as explained above.

4.2 Standard stacking technique

A commonly used averaging procedure in ambient noise interferometry (stacking), relies on

the arithmetic average over several interferometric retrievals ĥ(xA,xB, ω) in equation (4.1.2))—

e.g., Wapenaar and Fokkema (2006). Here, we define stacking more formally as the operation

consisting of taking the statistical average of functions evaluated on an ensemble of record-

ings of the ambient noise field over some time interval; we denote such an ensemble average

by E[ · ]. Below, we formally link the interferometric retrieval (4.1.2) to the retrieval (4.1.1)

and determine conditions leading to the likely failure of the stacking average retrieval when

the ambient noise field is correlated.

Application of the stacking average operator to the ambient noise retrieval represented

via equation (4.1.4) leads to

E[ ĥ(xA,xB, ω) ] =
2

ρc

∫
S

∫
S

E[ F̂ ∗F̂ ](x′,x′′, ω) Ĝ∗(xA,x
′, ω)Ĝ(xB,x

′′, ω)dx′ dx′′ , (4.2.1)
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where

E[ F̂ ∗F̂ ](x′,x′′, ω) := E
[
F̂ ∗(x′, ω)F̂ (x′′, ω)

]
(4.2.2)

is referred to as the kernel of the stacking average or simply as the stacking average kernel.

This is determined by the correlation structure of the noise source characteristics F̂ .Recall

that for brevity of notation we consistently skip the explicit dependence of F̂ in equa-

tion (4.2.1) on the particular recording of ambient noise, and that for any fixed x and ω, the

source signature F̂ (x, ω) should be thought of as a random variable, since it is associated

with the Fourier transform of the ambient noise recording p(x, t). The stacking average 〈 · 〉 is

linear by construction and we assume that the order of integration is irrelevant (Fubini’s the-

orem is satisfied). Please note that the averaging in E[ ĥ(xA,xB, ω) ] effectively couples the

two integrals which contribute to the single-recording ambient noise retrieval ĥ(xA,xB, ω)

in equation (4.1.4). The formula in equation (4.2.1) formally highlights the link between

ĝ(xA,xB, ω) in equation (4.1.1), the stacked ambient noise retrieval E[ ĥ(xA,xB, ω) ], and

the properties of the stacking average kernel E[ F̂ ∗F̂ ]. Clearly, the properties of the kernel

of the stacking average control the discrepancy between E[ ĥ(xA,xB, ω) ] and ĝ(xA,xB, ω),

which one is interested in minimizing.

In particular, the common interferometric assumption that the ambient noise field is

uncorrelated leads to the stacking average kernel in equation (4.2.1) of the form

E[ F̂ ∗F̂ ](x′,x′′, ω) ∝ δ(x′ − x′′)|ŝ(ω)|2 , (4.2.3)

where ŝ(ω) is the power spectrum of the ambient noise source. There is a further implicit

assumption in equation (4.2.3) that the power spectrum of the source does not depend on the

spatial variables. Clearly, if equation (4.2.3) holds, evaluating the integrals in equation (4.2.1)

leads to

E[ ĥ(xA,xB, ω) ] ∝ ĝ(xA,xB, ω)|ŝ(ω)|2 , (4.2.4)

where ĝ(xA,xB, ω) represents the retrieval from individually recorded discrete sources de-

fined by equation (4.1.1). The result in equation (4.2.4) implies that even in the idealized

scenario when equation (4.2.3) holds, ambient noise interferometry does not generally allow

for accurate retrieval of the amplitude of the Green’s function due to the presence of the

noise power spectrum |ŝ(ω)|2, and the lack of individual source recordings which could allow

for a source-specific spectrum correction. On the other hand, the estimated phase remains

unaffected by the presence of the real factor |ŝ(ω)|2 in equation (4.2.4). Note also that in

practice, one has to consider empirical averages in equations (4.2.1)–(4.2.3) based on a finite

number of ambient noise recordings instead of the abstract stacking in terms of the statistical
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average over an ‘infinite’ number of recordings implied by the operator 〈 · 〉. In such a case, if

the relationship in equation (4.2.3) holds in the limit of averaging over several samples tend-

ing to infinity, it can be shown that the acausal contributions from off-diagonal, incongruent

source locations (i.e., when x′ 6= x′′) decay with the number of samples and equation (4.2.4)

holds asymptotically. A related derivation of a bound on the signal-to-noise ratio can be

found in Appendix B of van Manen et al. (2006), and Weaver and Lobkis (2005) discuss the

rate of convergence for a statistically uncorrelated model using the signal-to-noise ratio.

The requirement that ambient noise be delta-correlated in space is restrictive and it is

often unrealistic to assume in applications. As pointed out in van Dalen et al. (2014), most

sources in practice are, unsurprisingly, neither fully correlated nor fully uncorrelated, with

source correlation slowing down convergence to the inter-receiver Green’s function (Kimman

and Trampert, 2010). Although some advances have been made in the context of simultane-

ously acting sources (Wapenaar et al., 2012; van Dalen et al., 2015) based on deconvolution

techniques to tackle the resulting underdetermined systems, further investigation of such

deconvolution techniques is required. Nevertheless, the relationship in equations (4.2.3) and

(4.2.4) is desirable, as it allows for the retrieval of correct phases of the associated Green’s

functions from equation (4.2.1). Therefore, in what follows we consider approaches which

resemble the relationship in equation (4.2.3) but without the requirement for the spatially

uncorrelated noise sources. The remainder of this Section is devoted to the analysis of the

stacking average through the properties of the stacking average kernel E[ F̂ ∗F̂ ] in equa-

tion (4.2.2). A new approach, which exploits a different averaging kernel and applies to both

correlated and uncorrelated noise sources, is proposed and analyzed in Section 4.3.

To gain a theoretical insight into the ambient noise retrieval, we decompose equation (4.1.4)

as

ĥ(xA,xB, ω) = ĝε(xA,xB, ω) + x̂ε(xA,xB, ω) , (4.2.5)

where ε > 0 and

ĝε(xA,xB, ω) =
2

ρc

∫
x′∈S

∫
x′′∈S

|x′−x′′|<ε

F̂ ∗(x′, ω)F̂ (x′′, ω) Ĝ∗(xA,x
′, ω)Ĝ(xB,x

′′, ω) dx′′ dx′ ,

(4.2.6)

and

x̂ε(xA,xB, ω) =
2

ρc

∫
x′∈S

∫
x′′∈S

|x′−x′′|> ε

F̂ ∗(x′, ω)F̂ (x′′, ω) Ĝ∗(xA,x
′, ω)Ĝ(xB,x

′′, ω) dx′′ dx′ .

(4.2.7)
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The term ĝε(xA,xB, ω), referred to hereafter as the ε-diagonal term, accounts for the

contributions from sources such that |x′− x′′| < ε, and one might consider sufficiently small

ε > 0, in order to minimize the contribution from acausal arrivals from incongruous source

locations in ĝε. The decomposition in equation (4.2.5) holds for any choice of ε > 0 but taking

ε → 0 does not necessarily remove all acausal arrivals from ĝε for moving noise sources, as

explained in the discussion in Section 4.1. However, the aim of the above decomposition is to

find an appropriate choice of the spatial correlation length cut-off ε so that ĝε is dominated by

the coherent terms, whereas x̂ε is dominated by the acausal contributions due to incongruous

source locations. Please note that the decomposition in equation (4.2.5) could be applied to

the integral with respect to x′ instead of x′′ without loss of generality.

Finally, we consider the stacking average of the decomposition in equation (4.2.5) given by

E[ ĥ(xA,xB, ω) ] = E[ ĝε(xA,xB, ω) ] + E[ x̂ε(xA,xB, ω) ] (4.2.8)

with the aim of linking the characteristics of the stacking average kernel E[ F̂ ∗F̂ ](x′,x′′, ω)

to the spatial correlation length cut-off ε in the above decomposition. Please note that in

this Section no specific assumptions have been made about the source or its spectrum, as

the representation (4.1.3) used to arrive at equations (4.2.5) and (4.2.8) is general.

Interferometric retrieval from spatially correlated noise due to a

source in motion

To show the usefulness of the ε-diagonal decomposition (4.2.5) in interferometric analysis, we

consider a specific but common example of a broadband source train travelling at speed v 6= 0

and emitting sound within the frequency band
[
ω̃min, ω̃max

]
, such that the phases for different

emitted frequencies are random and independent from each other (we address correlation of

the phase across different frequencies below), i.e., for each frequency ω̃ emitted by the source,

there is a corresponding random phase shift θω̃ uniformly distributed between 0 and 2π, and

we assume that the phase shifts θω̃ and θω̃′ are independent whenever ω̃ 6= ω̃′. In such a case

we find (see equation (4.1.36) for details) that the stacking average kernel in equation (4.2.2)

is given by

E[ F̂ ∗F̂ ](x′,x′′, ω) = cos

(
¯̃ω
|x′′ − x′|
|v|

)
sinc

(
1
2
∆ω̃
|x′′ − x′|
|v|

)
|ŝ(ω)|2, (4.2.9)

which depends on the train speed v 6= 0, the mean emitted frequency ¯̃ω := 1
2
(ω̃max + ω̃min)

and the bandwidth ∆ω̃ := ω̃max − ω̃min, and where sinc(x) := sin(x)/x. The model and

the resulting stacking average kernel (4.2.9) implicitly take account of the Doppler effect
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(see model derivations in Appendix 4.1.1). Expression (4.2.9) for the kernel holds for non-

monochromatic sources travelling at speeds v 6= 0, and for sources whose spectrum can

be represented in the form equation (4.1.30). In the limit of ∆ω̃ → 0, i.e., when the

source is monochromatic with frequency ω̃, this kernel reduces to E[ F̂ ∗F̂ ](x′,x′′, ω) =

cos(ω̃(|x′′−x′|)|ŝ(ω)|2)/|v| which is no longer localized. See remarks under equation (4.1.28)

in Appendix 4.1.1 concerning a more general model that allows for appropriate localiza-

tion. For simplicity, we consider the parametrization of the straight boundary S given by

x = (x, 0 ), where x = 0 corresponds to the location where the line through the receiver

pair intersects the boundary S, so that x′ = (x′, 0 ) and similarly x′′ = (x′′, 0 ). Using this

parametrization we have that |x′−x′′| = |x′−x′′| in equation (4.2.9). For further details see

equation (4.1.37) and accompanying remarks in Appendix 4.1.4.

The movement of the noise source allows us to parameterize any locations x′,x′′ ∈ S via

the travel time so that x′ = ( |v|t′ , 0 ) and x′′ = ( |v|t′′, 0 ). The analytical expression for the

stacking average kernel associated with a broadband correlated train of sources allows one to

identify the approximate correlation length beyond which the envelope of the kernel (4.2.9)

decays rapidly. The unwanted long-range correlations contributing to the kernel away from

the neighborhood of x′ = x′′, x′,x′′ ∈ S, represent the main contribution to
〈
ĥ(xA,xB, ω)

〉
in equation (4.2.8) from the acausal arrivals. Based on equation (4.2.9), we set the spatial

correlation length cut-off ε to twice the value of the first zero of the envelope of the stacking

average kernel (see the bottom panel of Figure 4.7), which is given by

ε =
|v|

ω̃max − ω̃min

, (4.2.10)

for non-monochromatic sources travelling at speeds v 6= 0. Figure 4.7 shows the numerically

approximated stacking average kernel E[ F̂ ∗F̂ ](x′,x′′, ω) and its exact form (4.2.9). The rate

of decay of the source kernel in terms of the spatial discrepancy |x′−x′′| is controlled by the

envelope of the sinc(x) factor in equation (4.2.9). As noted before, the spatial discrepancy

can be represented in terms of the travel times so that |x′−x′′| = |t′− t′′||v|, where v is the

train speed.

Although the choice of the spatial correlation cut-off length ε has so far been somewhat

arbitrary, the main principle in its determination is to use the structure of the stacking

average kernel E[ F̂ ∗F̂ ] in order to approximately identify the correlation length beyond

which the crosstalk terms dominate the correlation structure represented by E[ F̂ ∗F̂ ]. In the

ideal case of statistically uncorrelated ambient noise, the interferometric phase estimate is

robust in the sense that it converges to the inter-receiver phase under stacking (see equa-

tion (4.2.2)). In later sections it will be seen that this is not the case when the sources are
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Figure 4.7: Example of the structure of the source kernel F̂ ∗(x′, ω)F̂ (x′′, ω) and the stacking

average kernel E
[
F̂ ∗F̂

]
(x′,x′′, ω) derived in equation (4.2.9). Top left panel shows the spatial

part of the source kernel (4.2.9) (i.e., without including the frequency-dependent term |ŝ(ω)|2) as
a function of the location of a single train of sources recorded at each receiver. The simulated
train travels at 90 km/h and its spectrum ranges from 10 Hz to 25 Hz. The top-right panel shows
the kernel after stacking 1000 source train recordings, each five minutes long. The bottom panel
compares the numerical anti-diagonal Section in black dashes, extracted from the numerical mean
in the top-right panel, with the prediction given by equation (4.2.9) in blue, as well as its analytical
envelope in solid grey and the rate of decay in dashed grey, in terms of the signed spatial discrepancy
x′ − x′′, where the parametrization x′ = (x′, 0), x′′ = (x′′, 0) has been used. The rate of decay is
derived from the envelope of the sinc factor in equation (4.2.9). The orange dots highlight the first
pair of zeros of the analytical envelope, capturing the energy around the mean. The radius ε will
be taken to be the distance between these zeros.

statistically correlated, and the choice of an appropriate cut-off length is critical in these

non-ideal circumstances.

Please note that while the decomposition (4.2.5) and its stacking average equation (4.2.8)

are given in the frequency domain to highlight the interaction between incongruous source
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locations, the corresponding stacking average decomposition in the time domain is given by

h(xA,xB, t) = gε(xA,xB, t) + xε(xA,xB, t) , (4.2.11)

and its stacking average is given by

E[h(xA,xB, t) ] = E[ gε(xA,xB, t) ] + E[xε(xA,xB, t) ] . (4.2.12)

The above time-domain decompositions hold due to the linearity of the inverse Fourier

transform; as is standard in the interferometric literature, we assume throughout that h is

square-integrable in t ∈ R (so that the Fourier transform is well-defined on h ∈ L2(R)) and

that F̂ and Ĝ are such that Fubini’s theorem holds throughout. Thus, the diagonal band

decompositions of h and ĥ are dual to each other and they can be considered interchangeably.

The formulation of the ε-diagonal decomposition in the time domain (i.e., representation

(4.2.11)) lends itself directly to the analysis based on time series recordings provided that a

suitable spatial correlation length cut-off ε can be determined. When the noise source is in

motion, as in the case considered here, the spatial correlation length cut-off ε has a temporal

counterpart Tε = ε/|v| for v 6= 0. In Section 4.3, we will focus on a procedure for recovering

the ε-diagonal band structure, analogous to that in 〈gε〉 in equation (4.2.12), from a single

short recording when the value of the spatial correlation length cut-off ε cannot be estimated

from the stacking average kernel. First, however, we outline the general properties of the

stacking average and its potential pitfalls when retrieving the inter-receiver interferometric

Green’s function. To this end we consider two different classes of noise sources, and we

compare the standard stacked retrieval h(xA,xB, t) and its stacking average E[h(xA,xB, t) ]

with retrievals based on isolating the ε-diagonal band terms gε(xA,xB, t) and E[ gε(xA,xB, t) ]

in the decomposition equations (4.2.11) and (4.2.12), respectively, using an ‘informed’ choice

of the spatial correlation length cut-off ε given by equation (4.2.10).

In Figure 4.8 we use the spatial cut-off radius ε determined in equation (4.2.10) and apply

the ε-diagonal decomposition procedure laid out in equation (4.2.11). First, we assume that

individual recordings are statistically independent. In particular, for a noise source with

a broadband spectrum this constraint translates to the requirement that the frequencies

associated with the random source signature F̂ be independent. To generate this figure,

a train of sources travelling at 90 km/h along a straight boundary and emitting sound

between 10 Hz and 25 Hz was simulated to generate the ambient noise recordings p(xA, t)

and p(xB, t). The receiver pair was oriented perpendicularly to the source-line, with an

inter-receiver distance of 2000 m and the closest receiver 400 m from the source-line. The

medium speed was set to 1000 m/s. The ambient noise recordings were transformed to the
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frequency domain and ĥ(xA,xB, ω) was computed according to equation (4.1.2). Then the

ε-decomposition was calculated for a single run to generate the insets in the top row. The

frequency-domain data were used to extract the phase in the top-right panel of Figure 4.8,

as well as transformed back to the time domain to generate the time series h(xA,xB, t),

gε(xA,xB, t), and xε(xA,xB, t) in the top left panel of the same Figure. This procedure was

repeated 1000 times and averaged to calculate 〈ĥ(xA,xB, ω)〉, as well as its ε-decomposition

with the associated phases (right) and waveforms (left) in the bottom row of this figure.

Figure 4.8: Example of the ε-diagonal decomposition procedure (see equation (4.2.11)) and its
stacking average version (equation (4.2.12)) for a train travelling at 90 km/h with the emitted
spectrum between 10 Hz and 25 Hz. The receiver pair was perpendicularly oriented to the road,
with an inter-receiver distance of 2000 m and a distance of 400 m from the source-line to the
closest receiver. The medium speed was set at 1000 m/s. The value of ε = 6 m (Tε = 0.25 s) is
determined from equation (4.2.10)) for a single five-minute recorded source train (top) and for a
stacked retrieval over 1000 five-minute train source recordings (bottom). The left panels show
the waveforms of the components equations (4.2.11)) and (4.2.12)), and the right panels show the
corresponding phases in the frequency domain obtained from the frequency representation of the
retrieval given by equations (4.2.5) and (4.2.8). The retrieval h(t) and its stacking average E[h(t) ]
are shown in grey, and their components gε(t), E[ gε(t) ], and xε(t), E[xε(t) ], are shown in blue
and orange, respectively. The phase plots include the phase of the inter-receiver Green’s function
(dashed black) estimated from discrete sources, as prescribed by equation (4.1.1) as a reference.
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In this setup, and given the stacking average kernel in equation (4.2.9), the retrieval of

the inter-receiver Green’s function is shown in grey in both the temporal and the spatial

domains, with the ε-diagonal terms gε, ĝε in blue and the crosstalk xε, x̂ε shown in orange.

According to equation (4.2.10), we chose ε = 6 m which corresponds to a time window length

Tε ≈ 0.25 s. The resulting spectra were transformed to the temporal domain via inverse

Fourier transform to show the effect of the decomposition on the retrieved waveforms; the

components of equation (4.2.11) are shown in the left panels of Figure 4.8. The decomposition

was applied to a single five-minute recording of a source train (top), and to the averaged

waveform resulting from stacking 1000 such recordings (bottom). The phases corresponding

to each waveform are shown in the panels to the right in Figure 4.8.

This illustrates the improvement in the retrieval using the decomposition (4.2.5) which

satisfactorily separates the causal contributions to the inter-receiver phase from the spuri-

ous crosstalk.

Note that the phase of E
[
ĥ(ω)

]
in the bottom right panel of Figure 4.8 (in blue) typifies

the phase retrieved from the standard ambient noise interferometry approach, which relies on

averaging over stacked independent recordings of ambient noise of the form (4.1.2). Although

stacking can clearly improve the quality of the retrieved phase of the inter-receiver Green’s

function, significant discrepancies remain. This is especially in the higher frequency range

of the spectrum due to the increased influence of the Doppler shift, even for many stacked

recordings. It should be noted that sources travelling at different speeds and overlapping

with each other may help improve the rate of convergence of the standard stacking to the

correct phase. On the other hand, the phase of the ε-diagonal term ĝε(ω) shows a much better

agreement with the uncorrelated reference estimate even for a single short recording (blue

phase in top-right panel of Figure 4.8). Application of the stacking average to the ε-diagonal

term E [ ĝε(ω) ] leads to a further but slight improvement over the standard stacking applied

directly to ĥ which is evident in the higher frequency range of the spectrum. This increased

uncertainty for higher frequencies is to be expected given the presence of the Doppler shift.

Please further note that at this point the decomposition is solely theoretical, and not

yet directly applicable, as this would require thorough knowledge of the source locations and

signatures. A method to implement this decomposition in practice is presented in Section 4.3.

The above experiment indicates that although there is some flexibility in the choice of

the spatial correlation length cut-off ε, it is possible to carry out the ε-diagonal decompo-

sition (4.2.5) in a way which on average, largely separates the desired contributions from

coherent sources and the crosstalk between incongruous source locations into two distinct

terms ĝε(t) and x̂ε(t) respectively. In the case of correlated moving noise sources, a suf-

ficiently small correlation length cut-off ε results in attributing a significant proportion of
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the coherent noise contributions which should be captured by ĝε relative to the ‘crosstalk’

term x̂ε; the situation is reversed for a sufficiently large ε. If we were to evaluate these

integrals explicitly in order to estimate the true phase, the challenge lies in determining an

optimal value of the spatial correlation length cut-off ε that minimizes the error in the phase

retrieval in the absence of knowledge of the spatial correlation structure contained in the

stacking average kernel
〈
F̂ ∗F̂

〉
(x′,x′′, ω) in equation (4.2.2).

It is worth noting that a successful phase retrieval of the inter-receiver Green’s function

based on the empirical average of stacked recordings fundamentally relies, via the law of large

numbers, on the statistical independence of the individual recordings. In particular, for a

noise source with a broadband spectrum this constraint translates to the requirement that

the frequencies associated with the random source signature F̂ are independent; otherwise,

the empirical average of the stacked retrieval 1
N

∑N
n=1 ĥ

(n)(xA,xB, ω) might still converge as

N →∞ but there are no guarantees that the resulting limit
〈
ĥ(xA,xB, ω)

〉
will lead to the

recovery of the true inter-receiver phase. Figure 4.9 shows one such example, where the setup

and parameters are identical to those in Figure 4.8, except that the phases of the frequencies

emitted by the sources are no longer uncorrelated. Such a scenario would be likely to occur,

for example, due to an interaction between sleepers on a rail track and the wheels of the

train (Brenguier et al., 2019). Specifically, for each frequency ω̃ emitted by the source, the

random phases associated with each emitted frequency are such that for a pair of emitted

frequencies ω̃ and ω̃′, |ω̃− ω̃′| � 1, the phase shifts satisfy θω̃ = θ′ω̃ + r, where r is uniformly

distributed between 0 and 2π, so that the phase shifts θω̃ and θω̃′ are no longer uncorrelated.

The grey trace in the middle panel of Figure 4.9 shows the averaged waveform in the

time domain obtained by stacking 1000 five-minute long recordings. In contrast to the result

of the equivalent procedure shown in Figure 4.8 (bottom left), stacking the recordings does

not converge (or does not converge sufficiently quickly) to the correct inter-receiver arrival,

and the crosstalk term (orange) in the middle panel does not decay. The corresponding

phases are shown in the right panel of Figure 4.9 with the phase estimated from stationary

discrete sources (see equation (4.1.1) in dashed black as a reference. However, the phase of

the inter-receiver signal is still successfully isolated by the ε-diagonal decomposition (4.2.5),

as indicated by the blue line, showing a good agreement with the phase of the inter-receiver

Green’s function estimated from discrete sources, as per equation (4.1.1).
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Figure 4.9: Example of a source signature from which the interferometric Green’s function esti-
mate cannot be retrieved by stacking. The left panel shows the numerical/empirical approximation
of the stacking average kernel 〈F̂ ∗F̂ 〉(x′,x′′, ω) in equation (4.2.2) estimated by stacking 1000 trains
of sources travelling at 90 km/h with an emitted spectrum between 10 Hz and 25 Hz. The receivers
were placed perpendicularly to the source-line, with an inter-receiver distance of 200 m and the re-
ceiver closest to the source-line at a distance of 400 m. Away from the diagonal, non-zero elements
persist. The middle panel shows the stacked waveform E[h(t) ] and its ε-diagonal decomposition
into E[ gε(t) ] and E[xε(t) ]. The right panel shows the corresponding unwrapped phases for the
full term E[ ĥ(ω) ] (grey) and its decomposition into the ε-diagonal term E[ ĝε(ω) ] (blue) and the
crosstalk term and E[ x̂ε(ω) ] (orange), as well as the phase of the inter-receiver Green’s function
(dashed black) estimated from discrete sources as per equation (4.1.1) as a reference. In this case,
the stacking average kernel

〈
F̂ ∗F̂

〉
(x′,x′′, ω) in equation (4.2.2) is not localized and the value of

the correlation length cut-off ε was chosen according to the approach described in Section 4.3. The
phase retrieval from E[ ĝε(ω) ] and ĝε(ω) is similar and not shown.

Clearly, in most real-world applications it is not possible to gauge the retrieval against

some reference benchmark, which leaves the retrieved results and the convergence trends open

to subjective interpretation. Moreover, even if enough recorded data are available to allow

for stacked averaging but the stacking average kernel
〈
F̂ ∗F̂

〉
(x′,x′′, ω) in equation (4.2.2)

is not spatially localized, there is no a priori criteria for estimating the appropriate value

for the spatial correlation length cut-off ε needed in the decomposition (4.2.5) (compare

the example in Figure 4.9 with that illustrated in Figures 4.7 and 4.8). The key point of

these considerations is that in principle it remains possible to estimate the correct phase of

the underlying Green’s function from a single short recording of a correlated ambient noise

source, and that the cause of the noise correlation is not relevant in such considerations.

In summary, in this Section we discussed a constructive example of the interferometric

retrieval of the inter-receiver Green’s function which was based on an abstract decomposition

of the retrieval (4.1.2) as ĥ = ĝε + x̂ε, as in equations (4.2.5) or (4.2.11), and based on an

‘informed’ choice of the spatial correlation length cut-off ε so that the undesirable crosstalk

terms are largely contained in the x̂ε term. This construct, driven by analytical insight

and illustrated in Figures 4.7–4.9, suggests that it should be possible to carry out such

a decomposition and subsequently obtain the phase estimate of the inter-receiver Green’s
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function if a suitable correlation cut-off length ε can be estimated. Importantly, this approach

would allow one to sidestep the classical stacking average approach and avoid its potential

pitfalls. In the following Section we propose a workflow that facilitates the extraction of

the interferometric phase estimate from a single short recording of a passing train (i.e., an

instance of a moving correlated noise source). In fact, the choice of the correlation length

cut-off ε in the example in Figure 4.9 was determined via a procedure described in the next

Section, since in the setup of Figure 4.9 the stacking average kernel E[ F̂ ∗F̂ ](x′,x′′, ω) was

not spatially localized due to implicit correlations between the noise sources.

4.3 The random windowing technique

Based on the analytical insight outlined in the previous sections, we consider the problem

of estimating the phase of the inter-receiver Green’s function from a single short recording

of a train of sources, without resorting to the standard averaging over a stacked ensem-

ble of recordings. Nevertheless, the retrieval based on this procedure effectively results in

the extraction of the ε-diagonal term in the decomposition ĥ(xA,xB, ω) = ĝε(xA,xB, ω) +

x̂ε(xA,xB, ω) introduced in equation (4.2.5), where ε is determined without the explicit

knowledge of the stacking average kernel E[ F̂ ∗F̂ ](x′,x′′, ω) and the need for it to be local-

ized. Importantly, the technique applies to both correlated and uncorrelated noise sources.

Consider a single time-domain recording of a train of sources at a receiver pair xA and xB

and denote these recordings by, respectively, p(xA, t) and p(xB, t) whose Fourier transform

leads to the retrieval ĥ(xA,xB, ω) = p̂∗(xA, ω)p̂(xB, ω) in equation (4.1.2), representing

the interferometric approximation of the inter-receiver Green’s function Ĝ(xA,xB, ω). In

the previous Section the correlation length cut-off ε had to be estimated from the stacking

average kernel E[ F̂ ∗F̂ ](x′,x′′, ω) in equation (4.2.1), assuming that the stacking average

had a localized kernel (e.g., Figure 4.7) which is not always the case for correlated noise

sources (e.g., Figure 4.9). We now determine an optimal spatial/temporal window size that

minimizes the effect of acausal arrivals in the interferometric retrieval from a single short

recording. The approach relies on the use of an appropriate randomization technique, termed

random windowing, in order to introduce incoherence into the acausal part of the phase in the

retrieval ĥ(xA,xB, ω) in the available recording and mitigate the influence of the crosstalk

terms, largely contained in x̂ε(xA,xB, ω) of the ε-diagonal decomposition of ĥ(xA,xB, ω),

which hinder the accurate retrieval of the Green’s function Ĝ(xA,xB, ω).
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4.3.1 General setup

First, consider the interferometric retrieval h(xA,xB, t) in equation (4.1.2) obtained from

recorded time series data within an interval/window of duration T > 0 and centered at some

randomly drawn time tn. For a pair of receiver locations xA and xB restrict the recorded

time series p(xA, t) and p(xB, t) to that temporal window (see Figure 4.10). The random

windowing method introduced below can be applied to recorded time series generated by

arbitrary noise sources. However, in what follows we consider correlated noise generated by

a source moving with speed v 6= 0. This setup is relevant in applications, and it also aids

understanding of the theoretical underpinning of the random windowing method, since it

allows one to link the windowing of the time series to the corresponding spatial windowing,

as illustrated in Figure 4.10.
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Figure 4.10: Illustration of the random windowing procedure for a single realization of a window
of size T in the temporal domain (left), and the corresponding window of length T |v| in the spatial
domain (right) for v 6= 0. The panels on the left show the waveforms recorded at a pair of receivers
generated by a moving noise source. The approximate time at which the moving source is collinear
with the receiver pair is denoted by t0, and the location of a window of duration T (blue) is centered
around the randomly drawn time tn. The background in the inset on the right shows the spatial
part of the source kernel 〈F̂ ∗(x′, ω)F̂ (x′′, ω)〉 in equation (4.2.1), where x0 corresponds to the spatial
location of the moving source at time t0. The boundary of the spatial window, centered at a random
location xn = tn|v|, and its projections are highlighted in blue and denoted by S(x,v, T, tn) for
each receiver; the resulting square window (of size T |v|) is slightly off the diagonal. The parts of
the source kernel excluded from this random window are greyed out.

For time series generated by arbitrary noise sources, v does not correspond to a physical

velocity, and stands for an abstract parameter that allows for the space time transformation.

Next, for a given average source velocity, the window of duration T is linked to a spatial

window which we define for a receiver location x as

S(x,v, T, tn) =
{

x′ ∈ S : x′ = vt′ for |t′ − tn| < 1
2
T
}
, (4.3.1)
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and which corresponds to the segment of the (spatial) source boundary traversed by the

source moving at speed v from the origin at time zero, and recorded at a receiver location

x within the time window of duration T centered at tn. As illustrated in the right panel

of Figure 4.10, these boundary segments will differ for each receiver, depending on the

inter-receiver distance, the distance to the source-line, and the speed of the source. The

theoretical spatial location of S(x,v, T, tn) for each receiver can be calculated explicitly using

equation (4.1.15) and scaling by the source speed (or by its estimated mean), as described

in Section 4.1.1. The frequency-domain representation of the time-windowed data at each

receiver can be expressed as

p̂(xA, ω ; T, tn) =

∫
S(xA,v,T,tn)

F̂ (x′, ω)Ĝ(xA,x
′, ω)dx′ ,

p̂(xB, ω ; T, tn) =

∫
S(xB,v,T,tn)

F̂ (x′, ω)Ĝ(xB,x
′, ω)dx′ ,

(4.3.2)

where S(x,v, T, tn) is given by equation (4.3.1). Please note that explicit knowledge of the

signals integrated along boundary sections is not required in practice, as the windowing

procedure is performed directly on the full recorded time series. A source travelling at

speed |v| will span a distance no greater than |v|T during a time window of duration T , so

that for any random time window location tn the corresponding spatial location xn = |v|tn
satisfies |x′ − xn| 6 |v|T . Restricting the time window size to T will implicitly restrict the

spatial locations contributing to the cross-correlation terms, and it will limit the crosstalk

between incongruous source locations. Choosing the set of source locations x′ such that

|x′ − xn| 6 |v|T allows us to write a recording equation (4.3.2) in a manner consistent with

representation (4.1.3); namely

p̂(x, ω ; T, tn) :=

∫
S

F̂ (x′, ω)Ĝ(x,x′, ω)χ{|x′−xn|≤T |v|}(x
′) dx′ , (4.3.3)

where χA(x) is the indicator function of a set A; i.e., χA(x) = 1 if x ∈ A and χA(x) = 0 if

x /∈ A. Then, applying the ambient noise retrieval equation (4.1.2) to the time-windowed

recordings (see Figure 4.10) for a window of duration T centered at tn results in the win-

dowed retrieval.

ĥ(xA,xB, ω ; T, tn) :=
2

ρc
p̂∗(xA, ω ; T, tn) p̂(xB, ω ; T, tn)
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=
2

ρc

∫
S

∫
S

F̂ ∗(x′, ω)F̂ (x′′, ω)Ĝ∗(x,x′, ω)Ĝ(x,x′′, ω)

× χ{|x′−xn|≤T |v|}(x′)χ{|x′′−xn|≤T |v|}(x′′) dx′dx′′, (4.3.4)

where the second equality is derived by substituting equation (4.3.3) for each recording,

and recasting the resulting product of integrals in a manner consistent with the form of

equation (4.1.4). Please note that as in equation (4.1.4), the term F̂ ∗(x′, ω)F̂ (x′′, ω) is

still present in equation (4.3.4), and one could consider applying the standard stacking to

equation (4.3.4). However, if the resulting stacked source kernel E[ F̂ ∗(x′, ω)F̂ (x′′, ω) ] is

not sufficiently localized (as discussed in Section 4.2), there are no guarantees that we will

retrieve the correct inter-receiver phase. Instead, we consider a new averaging operator which

relies on averaging over randomized window locations tn. We denote this operator by ET [ · ]
and define it for a scalar function γ : R→ R as

ET [ γ ] :=

∫
R

γ(τ)fT (τ)dτ, (4.3.5)

where fT is the probability density function associated with the choice of locations tn which

is parameterized by T and assumed to be non-zero only on a bounded interval, and the

function γ is integrable with respect to fT . Next, we define the averaged retrieval for a time

window of duration T as

ĥT (xA,xB, ω) := E[ ĥ(xA,xB, ω ; T, · ) ]T

=
2

ρc

∫
S

∫
S

ET [χχ](x′,x′′)F̂ ∗(x′, ω)F̂ (x′′, ω)Ĝ∗(x,x′, ω)Ĝ(x,x′′, ω)dx′dx ,

(4.3.6)

where we assume that Fubini’s theorem is satisfied and the random windowing averaging

kernel is defined as

ET [χχ ] (x′,x′′) := ET
[
χ{|x′−xn|≤T |v|}(x

′)χ{|x′′−xn|≤T |v|}(x
′′)
]
. (4.3.7)

Please note that given the above formulation and the ε-diagonal decomposition (4.2.5),

we have

ĥT (xA,xB, ω) ∝ ĝε(xA,xB, ω), ε = 2T |v|. (4.3.8)

Furthermore, similarly to standard averaging via the stacking of recordings as in equa-
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tion (4.2.1), the structure of the random windowing averaging kernel determines the quality

of the retrieval of the interferometric phase estimate from ĥT (xA,xB, ω). Note, in particular,

that the random windowing averaging kernel ET [χχ ](x′,x′′) is a symmetric function of the

locations x′,x′′ ∈ S, and is concentrated in the neighborhood of x′ = x′′. Note also that

the source speed |v| affects the properties of the random windowing averaging kernel. As

suggested by the results illustrated in Figure 4.10 and confirmed by analytical estimates for

a typical setup in Section 4.3.2, the random windowing procedure has an analogous effect to

the ε-localization procedure in decomposition (4.2.8) in the sense that interactions between

incongruous source locations are implicitly restricted to within the time/space window of

the recordings before cross-correlating. Hence, the contribution of the acausal crosstalk is

mitigated. Moreover, if sufficient data are available, one can additionally apply the standard

stacking operation to ĥT (xA,xB, ω) which yields the general retrieval

E[ ĥT (xA,xB, ω) ] =
2

ρc

∫
S

∫
S

E[ F̂ ∗(x′, ω)F̂ (x′′, ω) ]E[ χ{|x′−xn|≤T |v|}(x
′)χ{|x′′−xn|≤T |v|}(x

′′) ]T

× Ĝ∗(x,x′, ω)Ĝ(x,x′′, ω) dx′dx′′ , (4.3.9)

since the standard stacking operator E [ · ] and the window randomization operator ET [·] are

independent by design, and therefore they commute. Importantly, the form of (4.3.9) implies

that the random window average and the stacking average play, in principle, a similar role

in the elimination of the crosstalk contributions in the ambient noise retrieval, in the spirit

of the ε-diagonal decomposition (4.2.5). For T � 1 the random windowing kernel
〈
χχ
〉
T

will concentrate the integrand in (4.3.9) to within the O(T |v|) neighborhood of x′ = x′′. A

similar effect is achieved if enough data are available, and the noise sources are such that the

stacking average kernel
〈
F̂ ∗F̂

〉
localizes around x′ = x′′ (see Section 4.2 and Figure 4.7). In

principle, both operations can be applied concurrently. However, in contrast to the stacking

average, the use of random windowing averaging relies on a single recording provided that

a suitable value T of the time window can be determined; derivation of such a procedure

described in Sections 4.3.3 and 4.3.4 is preceded by an example which is aimed at elucidating

the main properties of the random windowing average.
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4.3.2 Example: Uniformly distributed window locations

Consider a default situation in which the temporal window location tn is uniformly dis-

tributed within the interval D =
[
t0 − T, t0 + T

]
. We then have

fT (tn) =
1

2T
,

〈
tn
〉
T

= t0, Var(tn) =
〈
(tn − t0)2

〉
T

= T 2/3.

Then, if we define the spatial source location at time tn as xn = tnv, we have
〈
xn
〉
T

=

vt0 = x0. Applying the operator ET [ · ] with the uniform density fT to the product of

the indicator functions in equation (4.3.7) corresponds to the convolution of two boxcar

functions of constant height one and width T |v|, parameterized in terms of the source location

discrepancy |x′ − x′′|, x′,x′′ ∈ S.

A standard calculation shows that applying operator ET [ · ] to the product of indicator

functions in equation (4.3.9) yields a symmetric kernel in the random windowing averaging

of the form

E[ χ{|x′−xn|≤T |v|}(x
′)χ{|x′′−xn|≤T |v|}(x

′′) ]T =
(
|x′ − x′′|+ T |v|

)
Θ
(
|x′ − x′′|+ T |v|

)
+
(
|x′ − x′′| − T |v|

)
Θ
(
|x′ − x′′| − T |v|

)
− 2|x′ − x′′|Θ

(
|x′ − x′′|

)
, (4.3.10)

which represents the tent map supported on the interval −2T |v| 6 x′ − x′′ 6 2T |v| and

centered at x′ − x′′ = 0, where Θ denotes the Heaviside function. An example of equa-

tion (4.3.10) is plotted in the right inset in Figure 4.11, where the kernel (4.3.10) is plotted

in blue, and its approximation obtained via direct simulations is indicated by the dotted

black line.

It is informative to compare the kernel
〈
χχ
〉
T

of the random windowing average in

equation (4.3.10) illustrated in Figure 4.11 with the stacking average kernel
〈
F̂ ∗F̂

〉
in equa-

tion (4.2.2) which is illustrated in Figure 4.7. Recall that both these kernels are present in

the retrieval (4.3.9) and that they play, in principle, a similar role aimed at reducing the

contribution from the off-diagonal, crosstalk terms into the retrieval. One can see that the

random windowing procedure is akin to extraction of the ε-diagonal term ĝε in the decompo-

sition (4.2.5), in the sense that for any pair of sources such that |x′−x′′| > 2T |v| the random

windowing kernel mutes the corresponding acausal contributions. For uniformly distributed

locations of the random windows around t0, only the contributions satisfying |x′−x′′| 6 2T |v|
are included in the resulting retrieval (4.3.9). Moreover, the analytical expression (4.3.10)

implies that the width of the diagonal band induced by the random windowing procedure
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is directly proportional to the source speed |v|. This suggests that a progressively shorter

time window size T should be chosen for increasing train speeds to mitigate acausal arrivals

associated with the crosstalk terms in the ambient noise retrieval (4.2.5).

4.3.3 Estimation of the retrieval ĥT (xA,xB, ω)

In this Section, we describe a procedure for the estimation of the random windowing average

ET [ · ] with some fixed time window length T > 0. A systematic way of choosing the optimal

time window size Topt for any given single recording by means of estimating the acausal

energy present in each averaged retrieval ĥT (xA,xB, ω) in equation (4.3.6) is discussed in

Section 4.3.4.
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Figure 4.11: The structure of the kernel 〈χχ〉T in equation (4.3.7) of random windowing averaging
(4.3.6) based on the uniform distribution of window locations. The kernel is given by a tent map
(4.3.10) with height T |v| and width 2T |v|, centered at x′ = x′′. The right panel shows the kernel
parameterized in terms of the distance from the source locations x′ (for receiver xA) and x′′ (for
receiver xB) to the location of the source boundary with the receiver line (see the parametrization
used in Figure 4.7); the analytical solution (4.3.10) is shown in blue and its approximation within
the anti-diagonal section of the random windowing kernel (see the left panel) obtained via direct
simulations is indicated by the dotted black line. The left panel shows the numerical approximation
of the random window kernel based on 1000 windows for a single source train recording travelling
at speed |v| = 25 m/s (90 km/h), with T = 2.5 s. Compare the structure of the above random
windowing kernel 〈χχ〉T with the stacking average kernel 〈F̂ ∗F̂ 〉 illustrated in Figure 4.7. Both
kernels are present in the general retrieval (4.3.9).

As outlined in Section 4.3.1 and illustrated in Section 4.3.2, the random windowing

procedure will lead to an improved phase retrieval through damping the contributions from

the cross-correlation terms in equation (4.3.9) provided that a suitable temporal window

length T > 0 is identified, so that the random windowing kernel
〈
χχ
〉
T

in equation (4.3.6)

effectively enforces the recovery of the diagonal band term ĝε in the decomposition (4.2.5).

In the case of standard stacking the choice of the spatial correlation length cut-off ε can

be inferred from the form of stacking average kernel 〈F̂ ∗F̂ 〉 in equation (4.2.2), assuming
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that the kernel is sufficiently localized. Clearly, the structure of the stacking average kernel

cannot be determined from a single short recording or in situations when the stacking average

kernel can be estimated but it is not sufficiently localized (e.g., as in the example presented

in Figure 4.9). On the other hand, the random windowing average with an appropriately

chosen T can be applied to obtain the retrieval ĥT (xA,xB, ω) in the most challenging case

where only a single (possibly short) recording of a source train is available. Moreover, as

mentioned earlier and expressed via equation (4.3.9), if enough recorded data are available,

one can combine both averaging techniques to recover E[ ĥT (xA,xB, ω) ]. It is clear that the

use of such a doubly averaged approach is more versatile than using only standard stacking

in the absence of knowledge about the structure of the noise sources, and it will lead to an

improved retrieval, as long as at least one of the kernels is sufficiently concentrated around

the set x′ = x′′, x′,x′′ ∈ S.

The first step in the procedure for the empirical approximation of the random windowing

average ET [ · ] with some fixed time window length T is to identify the approximate time

in the recorded traces when the source train is collinear with the receiver pair (see for

instance Dales et al. (2020) for one example of a method that achieves this using plane-

wave beamforming). We chose a configuration in which the line through the receiver pair

is perpendicular to the source boundary, as depicted in Figure 2. In such a geometry the

Fresnel zone of the receiver pair is symmetric about the stationary phase point (see van Dalen

et al. (2015)) on the source boundary but this is not essential to the random windowing

method. To see this note that when the instantaneous source location is collinear with

the receiver pair the signal recorded at the two receivers is generated at x′ = x′′, and the

frequency recorded at each receiver, as well as the Doppler bias, are the same (θxA
(t′) =

θxB
(t′) in equation (4.1.38)). Thus, in this instantaneous configuration the effect of spurious

contributions to the retrieval is minimized. Finally, note that regardless of whether or not

the noise source is in motion, the source location contained in the line through the receiver

pair coincides with the stationary phase point (on the source boundary) which is always

contained in the Fresnel zone of the receiver pair, unless the line through the receivers is

parallel to the source boundary.

The time tag at which the source is collinear with the receivers is denoted by t0 (see left

panels of Figure 4.10) and the corresponding source location is denoted by x0 = vt0. Please

note that while t0 is a known time tag, explicit knowledge of x0 is not necessary in practice.

However, this notation will be useful when describing our method in the steps below. We

note further that x0 will by construction be in the middle of the Fresnel zone of the receiver

pair. Note also that for a given recording of a single source moving in one direction, the time

tag t0 remains fixed throughout the procedure.
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To estimate ĥT (xA,xB, ω) consider the sequence n = 1, . . . , N , N � 1, and perform the

following steps for the given pair of recordings p(xA, t) and p(xB, t):

(i) Generate a set of random window locations {tn}Nn=1 of a fixed duration T by sampling

from the distribution associated with fT in equation (4.3.5), and such that |tn−t0| < T .

There is flexibility in the choice of the probability distribution fT of tn provided that

〈 t(·) 〉T = t0 and that fT is non-zero only on a bounded interval.

(ii) For each tn extract the windowed recordings p(xA, t;T, tn) and p(xB, t;T, tn) of duration

T and centered at tn from p(xA, t) and p(xB, t). This procedure is illustrated in the left

panels of Figure 4.10 and is performed on the recorded time series for each receiver.

(iii) Perform interferometry using the windowed data in order to derive one realization of

ĥ(xA,xB, ω ; T, tn) according to equation (4.3.6), using the Fourier transforms of the

windowed recordings from (ii).

(iv) Repeat Steps (i)–(iii) for a large number N of random window locations tn and take

the arithmetic mean of {ĥ(xA,xB, ω ; T, tn)}Nn=1 in order to approximate the random

windowing kernel
〈
χχ
〉
T

given by equation (4.3.7), and to obtain the ambient noise

retrieval ĥT (xA,xB, ω) in equation (4.3.6).

Due to the law of large numbers, one has

1

N

N∑
n=1

ĥ(xA,xB, ω ; T, tn) −→
N→∞

ĥT (xA,xB, ω), (4.3.11)

and the empirical mean of the sample {ĥ(xA,xB, ω ; T, tn)}Nn=1 converges, in the limit of

N →∞, to the expectation of ĥ(xA,xB, ω ; T, τ) as in equation (4.3.5) provided that τ has a

finite variance (i.e.,
∫
R τ

2fT (τ)dτ <∞) and the locations {tn}Nn=1 are sampled independently

from fT . Finally, note that the steps outlined above do not require knowledge of the source

speed v, or for the source to be in motion, as long as it is possible to identify a suitable

recorded time t0 corresponding to the emission of energy from a source location collinear

with the receiver pair.

4.3.4 Optimal time window size Topt in ĥTopt(xA,xB, ω)

The procedure described in the previous Section can be applied to any time window of size

0 < T < ∞. However, similarly to the general ε-diagonal decomposition defined in equa-

tion (4.2.5), a successful approximation of the phase of the inter-receiver Green’s function



CHAPTER 4. MOVING POINT SOURCE MODEL 194

depends on the choice of an optimal support of the random windowing kernel E[χχ ]T in

equation (4.3.7). The steps outlined below provide a systematic way to choose an optimal

time window size Topt for any given single recording by estimating the acausal energy present

in each averaged retrieval ĥT (xA,xB, ω) in equation (4.3.6).

To determine Topt for a given pair of recordings p(xA, t) and p(xB, t), consider first a

sufficiently large range of test values T ∈ (Tmin, Tmax); this range will necessarily be limited

by the length of the recordings available. Steps to find the optimal window size Topt for any

fixed pair of recordings p(xA, t) and p(xB, t) are:

(1) Choose an ordered collection of time window sizes {T (j)}Jj=1 contained in the test range

T ∈ (Tmin, Tmax).

(2) Estimate the averaged retrieval ĥT (j)(xA,xB, ω) for each time window size {T (j)}Jj=1

using the procedure described in Section 4.3.3.

(3) Transform each estimate
{
ĥT (j)(xA,xB, ω)

}J
j=1

to the time domain to obtain the cor-

responding waveforms
{
hT (j)(xA,xB, t)

}J
j=1

.

(4) Order the waveforms hT (j)(xA,xB, t) according to the time window size T (j) (see bottom

panel of Figure 4.12).

(5) Use the ordered family of waveforms hT (j)(xA,xB, t) to identify the time tag of the

feature of interest, which is normally the first-arriving dominant wave, denoted by tI .

In Figure 4.12, tI = 0.4 s and is highlighted in orange.

(6) Calculate the waveform energy of each trace hT (j)(xA,xB, t) from time t = 0 to a time

slightly before tI . This calculation quantifies the acausal energy present in each of the

traces as a function of T (j). (In Figure 4.12 the waveform energy is calculated for each

trace between t = 0 and t = 0.3 s. Please note that this curve would be different for

different recordings.)

(7) Compute the spurious waveform energy calculated in equation (4) as a function of the

time window sizes T (j) (see the top panel of Figure 4.12).

(8) Minimize the spurious energy with respect to T (j); the minimizer is denoted by Topt.

(9) Use the optimal window size Topt determined in equation (8) for the interferometric

retrieval by following the steps described in Section 4.3.3. Compute the final/optimal

ambient noise retrieval of the inter-receiver Greens function ĥTopt(xA,xB, ω) given by

equation (4.3.6)) or its time-domain counterpart hTopt(xA,xB, t).
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Figure 4.12: Calculation of acausal energy curve for a recording of a single moving source. Values
of T tested ranged between 0.25 s and 250 s. The bottom panel shows the waveforms corresponding
to the average random window retrieval for T only in the range between 0.25 s and 75 s, for clarity.
The waveforms are arranged by window size T . The arrival of interest is highlighted in orange
at time tI = 0.4 s. The top panel shows the acausal energy curve in blue. The waveform energy
was calculated for each waveform in the range from t = 0 to t = 0.3 s. The acausal energy curve
exhibits a clear initial peak for small values of T , followed by a sharp drop and then a slow increase
with T . The minimum is achieved at Topt ≈ 15 s.

Please note that the above procedure can easily be automated. For multiple source train

recordings Steps (1)–(8) can be performed for each recording, noting that the optimal window
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size Topt will, in general, be different for each recording. Then, the standard stacking average

can be applied to estimate E
[
ĥTopt(xA,xB, ω)

]
and thus potentially improve the retrieval

even further.

4.3.5 Results

We now present some examples of the interferometric retrieval obtained via the random

windowing method described in Section 4.3.3 which is carried out for the optimal time

window size Topt determined according to the procedure described in Section 4.3.4. We

present results for a receiver pair that is perpendicularly oriented with respect to the source-

line, as well as results for a receiver pair that is oriented at 30 degrees with respect to the

source-line. The results are of essentially identical quality. The distribution of the window

locations is chosen to be uniform, as in the example of Section 4.3.2. The random windowing

method was applied to the two configurations discussed in Section 4.2. These configurations

corresponded to, first, the case where the stacking average kernel E[ F̂ ∗F̂ ] of the ambient

noise is localized, as in Figure 4.8 (left panels of Figure 4.13), and second, the challenging

scenario when E[ F̂ ∗F̂ ] is not localized and the spurious crosstalk arrivals do not decay

(right panels of Figure 4.13). The random windowing method leading to ĥTopt(xA,xB, ω)

is applied in all cases to a single short recording of a train of sources, and the stacking

average is not applied to ĥTopt(xA,xB, ω) unless otherwise stated. Figure 4.13 shows phase

estimates produced by the random windowing average in blue and the phase estimate based

on ĥ(xA,xB, ω) in light grey for comparison. Receivers oriented perpendicularly with respect

to the source-line were used in the top row, whereas the bottom row of Figure 4.13 shows the

results for a receiver pair oriented at 30 degrees with respect to the source-line. The phase

estimated from individually recorded sources, which allows us to calculate the reference

retrieval using equation (4.1.1), is indicated in dashed black. We also show the phase of

the inter-receiver Green’s function retrieved through the standard stacking average over six

source train recordings restricted to a one-minute-long window in a similar fashion to Pinzon-

Rincon et al. (2021). To generate the blue random windowing estimates in this Figure, a

single five-minute recording was used, and exhibit a significant improvement over traditional

approaches. In particular, the standard approach in light grey, which also made use of five

minutes of data, is shown to be very poor when such short recordings are used. When 30

minutes of recorded noise is taken, as in the dark grey estimate which uses six five-minute

recordings, the estimate is only accurate when the sources and their phases are statistically

uncorrelated (top left panel). On the other hand, the random windowing method produces

a significantly more accurate phase in all cases, even with a drastically short five-minute
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Figure 4.13: Phase estimates obtained from the random windowing scheme applied to a short
(5 min) recording of a single source using receivers that are perpendicularly oriented with respect
to the source-line (top) and oriented at 30 degrees with respect to the source-line (bottom). The
left column shows the results for correlated noise where source phases at different frequencies are
independent (as in Figure 4.7). The phase estimated from discrete sources, in black dashes, is
used for reference. The phases produced by the random windowing scheme are shown in blue and
exhibit very good agreement with the reference phase. The phase of the retrieval using the standard
method and no stacking is shown in light grey, and the phase of six stacked sources is shown in
dark grey for comparison. The same phase estimates are shown in the right column for correlated
noise with correlated source phases (as shown in Figure 4.9). The phase estimates from the random
windowing scheme, in blue, are better than the retrieval obtained using the standard method, with
slightly reduced accuracy at higher frequencies.
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recording.

For illustration, Figure 4.14 shows the waveforms corresponding to the phases depicted in

the top-right panel of Figure 4.13 (i.e., a correlated noise source with correlated phases, and

perpendicularly oriented receivers) with normalized amplitudes. As expected, the waveform

corresponding to the random windowing estimate (in blue) exhibits the best agreement

with the reference waveform (in black dashes). The phases estimated from the random

windowing scheme agree well with the reference phase in all cases, showing that our method

is effective in mitigating the undesired effects of correlation in the noise sources in ambient

noise interferometry, especially where moving sources such as trains or traffic on a highway

are concerned.
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Figure 4.14: Waveforms corresponding to the estimated phases shown in the top-right panel
of Figure 4.13, for correlated noise with source phases recorded at a perpendicularly oriented pair
of receivers 400 m apart, with the medium speed set at 1000 m/s. For reference, the estimate
calculated from individual point sources is depicted in black dashes (top), exhibiting the inter-
receiver arrival at 0.4 s. The estimate produced by standard interferometry without stacking is
shown in light grey (second from top). The waveform resulting from standard stacking of six
estimates is depicted in dark grey (third from top). The estimate obtained from the random
windowing method applied to a short recording of a single source is shown in blue (bottom).

To further illustrate the utility of the random windowing approach, Figure 4.15 shows an

example of the waveforms (right) and phases (left) estimated from a single realisation of a

window centred at t0, of length Topt, precisely when the source is aligned with the receiver

pair. While noise in the single-window signal is reduced by the spatial restriction induced
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by the data windowing, which helps reduce the cross-talk, in the example presented there is

a strong acausal component and the phase estimated from a single window is incorrect (see

reference in black dashes for comparison). Using the random windowing method minimises

acausal energy in the retrieval, and the correct phase is sucessfully estimated (see data in

blue).
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Figure 4.15: Comparison of the phase estimate resulting from using a single windowed retrieval
in green, and using the full random windowing procedure in blue. Phase estimates are shown to
the right and normalised waveforms to the left. For reference, we include the original retrieval ĥ
in grey, and the reference estimate from individually recorded point sources in black dashes. The
receivers were perpendicularly oriented, with an inter-receiver distance of 1000 m in a medium with
propagation speed of 1000 m/s. The receiver closest to the source line was 400 m away. The source
was set to travel at 108 km/h (30 m/s) and emit sound between 10 Hz and 25 Hz.

We note that the workflow outlined in Section 4.3.4 and illustrated above is not restricted

to ambient noise interferometry from correlated noise. In fact, this methodology can be ap-

plied to short recordings of uncorrelated noise to find an optimal window size that minimizes

spurious arrivals. In this scenario, the choice of t0 as described in Section 4.3.3 is more

flexible as the source no longer exhibits coherent spatiotemporal correlation or a Doppler

spread differential, as would be the case for a source in motion. Therefore, the choice of

time tag t0 may be arbitrary and the random windowing method can still be applied as

described in Section 4.3.4. Figure 4.16 shows the phase estimated by the random windowing

method when the ambient noise recording is uncorrelated. The random windowing method
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was applied to a short (five-minute) recording of uncorrelated ambient noise, producing sat-

isfactory results. These numerical results illustrate that the random windowing approach has

the potential to retrieve the inter-receiver phase from recordings that are to short for tradi-

tional interferometry to be feasible (see the degraded phases in Figure 4.13 when one applies

traditional interferometric methods to a five-minute recording of strongly correlated noise).

Significantly less data is required to estimate the inter-receiver phase with accuracy. Hence,

the approach presented here has the potential to speed up convergence to the inter-receiver

phase when applied to uncorrelated ambient noise.

10 20 30 40 50
Frequency [Hz]

-140

-120

-100

-80

-60

-40

-20

0

20

40

Ph
as

e 
[r

ad
]

0 20 40 60 80 100 120 140 160 180 200
Window size [s]

8

10

12

14

16

18

20

22

24

26

E
n
er

g
y 

of
 n

or
m

al
is

ed
 t

ra
ce

Optimal window size ≈ 62s.

Spurious energy curve - one recording Method comparison for uncorrelated ambient noise 

Estimate from correlated noise train - standard interferometry (5000 min.)

Estimate from individual impulsive sources  - reference

Estimate from random windowing  - one source train   (5 min.)

Figure 4.16: Random windowing method applied to uncorrelated ambient noise. The left panel
shows the acausal energy curve estimated from one ambient noise recording. The right panel shows
the resulting estimated phase in blue, which matches the reference phase in black dashes well. For
comparison, the phase estimated from stacking 1000 simulated recordings of ambient noise five
minutes long is shown in dark grey. We can see the stacking in this case will converge to the correct
phase estimate as expected for truly uncorrelated ambient noise, but only after a very large number
of ambient noise recordings are processed and stacked.

Finally, Figure 4.17 shows the mean optimal window sizes Topt as a function of the

distance from the closest receiver to the source-line; in the illustrated case the inter-receiver

distance is 400 m, and three different source speeds are considered.
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Figure 4.17: Estimated optimal window size for the random windowing scheme, calculated for
trains travelling at 45 km/ (in blue), 90 km/h (in red) and 180 km/h (in orange), in terms of the
distance between the receivers and the road (using the closest receiver as reference) and averaged
over 30 samples each. The receivers were 400 m apart from each other. The average optimal
window sizes are shown as coloured circles. For each speed, linear regression was performed to
estimate the best linear fit, which is shown as a solid line. The statistic R2 for each linear fit is
stated in the legend.

Recall that optimal window sizes Topt are, to some extent, recording-dependent due to the

randomness in recorded signals, so their value will vary for different recordings even if the

receiver geometry remains fixed; hence, 30 samples for each considered closest receiver dis-

tance and velocity were calculated and averaged to produce the linear fits in Figure 4.17; the

fluctuations in the data diminish with the number of samples used. Linear regression was

performed to estimate the line of best fit for each speed, which is shown as solid lines in the

Figure. The R2 statistic is stated for each estimated line, as a measure of goodness-of-fit.

This statistic is a classical measure of goodness-of fit in linear regression, defined as

R2 =

∑n
j=1(yj − ŷj)2∑n
j=1(yj − ȳ)2

,

where n is the number of data points, {yj}nj=1 denote the original data, {ŷj}nj=1 denote the

fitted values and ȳ denotes the mean of the original data. This statistic takes values be-

tween 0 and 1, and values closer to 1 indicate a better fit. The relationship illustrated in

Figure 4.17 indicates that for a fixed source speed and a fixed inter-receiver distance, the

optimal window size decreases with the distance of the receivers to the source boundary.

Moreover, the optimal window size decreases for increasing source speeds, which agrees with

physical intuition and with the form of the random windowing average kernel (4.3.10) illus-

trated in Figure 4.11. Furthermore, as can be deduced from equations (4.1.38) and (4.1.15),
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the spatial discrepancy of the implicit source locations (i.e., the difference x′ − x′′) will be

smaller for decreasing inter-receiver distances. Consequently, the error due to the presence of

the residual crosstalk terms in the retrieval decreases with decreasing inter-receiver distance,

while larger inter-receiver distances require smaller values of the time window size Topt to

mitigate this error.

4.4 Discussion

The ambient noise interferometric retrieval based on the random windowing average (Sec-

tions 4.3.3 and 4.3.4) is capable of accurately estimating the phase of the inter-receiver

Green’s function based on a short pair of recordings of a correlated noise source (Sec-

tion 4.3.5). As pointed out in equation (4.3.8), the random windowing average allows

one to extract the ε-diagonal term in decomposition (4.2.5) of the ambient noise retrieval

ĥ(xA,xB, ω) without the explicit knowledge of the stacking average kernel E[ F̂ ∗F̂ ] which

need not be localized. For a given pair of recordings this new technique requires one to

pre-process the spurious energy to determine the optimal time window size Topt; then, the

optimal spatial window length can be used in decomposition (4.2.5) to retrieve ĝε with the

optimal cut-off length ε = Topt|v|. This procedure, illustrated in Figure 4.12, can be au-

tomated in practical applications. Based on the derivations and the discussion in Sections

4.2 and 4.3, the optimal value Topt of the temporal window size decreases with the inter-

receiver distance and with the distance between the source-line and the receiver pair, since

the Doppler shift and the spatial incongruence become increasingly important. Moreover,

the optimal value of the temporal window size decreases for increasing speeds of the moving

noise source, as indicated in equation (4.3.10). These trends are consistent with physical

intuition, as faster source speeds have the compound effect of increasing the spatial coverage

(and hence the prevalence of the crosstalk contributions to the ambient noise retrieval), and

increasing the importance of the Doppler shift for the retrieval.

The random windowing approach can be used in conjunction with the standard stacking

average procedure as discussed in Section 4.3. This is especially tractable when estimating

inter-receiver Green’s functions from a small ensemble of source train recordings, where

the random windowing procedure can be applied to each individual train recording before

performing standard stacking to optimize the extraction of causal information. In Pinzon-

Rincon et al. (2021), the distance from the receiver array to the rail track on which trains

provide source energy is of the order of 5–10 km. This large distance combined with the

stationary phase zone approach likely mitigates spurious effects arising from the Doppler

effect induced by the trains’ motion, since such a receiver array configuration and their
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localization methodology implicitly restrict the recordings to regions of the source boundary

on which the train is roughly collinear with the receiver pairs. In fact, the choice of the

optimal time window size in Pinzon-Rincon et al. (2021) in the stacked retrieval is consistent

with our findings. Incorporating our methodology in such a setup could allow for the retrieval

of inter-receiver estimates from near-field recordings (closer to the rail tracks) maintaining

the optimality of extraction of coherent information from each recorded trace.

Sabra (2010) concludes that under some circumstances the Doppler effect does not have

a significant effect on the interferometric estimate of the inter-receiver Green’s function.

However, that work explicitly assumes that the ambient noise field is uncorrelated in time. To

achieve this the sources considered were randomly, statistically independent, and uniformly

distributed in space around the receiver pair. The situation where the ambient noise field is

statistically correlated is not considered. Moreover, to mitigate the differential Doppler effect,

a stationary phase approximation is performed throughout, and the far-field assumption is

made. These approaches are consistent with the findings presented in this Chapter, as well

as with the random windowing method presented in Section 4.3.

In interferometric studies from traffic noise, such as the one performed by Behm and

Snieder (2013), wave velocities are retrieved from a linear array of receivers which crosses

the main road perpendicularly. In this setup, the choice of the time window sizes could

be further informed by our proposed framework, possibly using consistently shorter time

windows for receiver pairs which are closer to the road. This interesting study points out

that longer observation periods do not necessarily lead to better results, which indicates

that correlations in the underlying ambient noise are too significant for the stacked-averaged

retrieval to be appropriate, analogously to the case illustrated in Figure 4.9. Thus, integrat-

ing the random windowing approach could be beneficial by providing an informed method

for selecting temporal window sizes so that the effect of spurious arrivals is minimized, or

even averaging over different time window sizes. Liu et al. (2021) conclude, using physically

motivated ray-path arguments, that the crosstalk can be negligible when performing inter-

ferometry using seismic noise generated by high-speed trains in the case of direct, scattered

and refraction waves. Our approach to interferometry from correlated noise sources links the

quality of the retrieved phase of the inter-receiver Green’s function from direct waves explic-

itly to the correlation structure of the noise source, as well as the receiver array geometry

(inter-receiver distance and distance to the source-line) while further providing a methodol-

ogy to mitigate the spurious effects induced by any of these causes. In the common case of

sources in motion, we established a link between the spurious energy in the retrieved trace

and the speed of the source, and the proposed methodology has the potential to mitigate

spurious effects induced by the Doppler spread for this type of source. We further note that
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the receivers in Liu et al. (2021) are very close to the location of the source train, confirming

that correlated noise interferometry is applicable in the near-field of seismic noise generated

by road traffic and trains.

We constrained our study to estimating the direct wave arrivals in two dimensions, which

loosely resembles the case of surface waves in the three-dimensional setup. Similar derivations

could be carried out for body waves that have been critically refracted in three dimensions

along horizontal interfaces in the subsurface and then refract back up to the surface. Our

methodology could be used to image and monitor the subsurface using these non-physical

refracted arrivals, as suggested by King and Curtis (2011a) and Brenguier et al. (2019),

respectively.

Finally, our method is optimized when the location of the source in motion can be

identified from a location tracker or from the acquired data. The latter approach has been

shown to be possible for example in Yin et al. (2018); Brenguier et al. (2019); Pinzon-Rincon

et al. (2021), but may not be feasible in an urban environment with a more complicated road

network and multiple simultaneous sources. In those situations, one could apply directional

decomposition of the wavefield into constituent energy from its different individual sources

prior to using these methods, similarly to the methods employed by Maranò et al. (2012).

Although we have focused on the application of interferometry from noise sources in motion,

representative of most known physical sources that contribute to ambient noise, the random

windowing method can be used regardless of the underlying cause of statistical correlation

in the ambient noise field.

4.5 Conclusions

A novel and robust procedure was developed for the accurate retrieval of the phase of the

inter-receiver Green’s function from a short recording of a single source of ambient noise,

without the need to rely on the commonly used stacking average method, and thus avoiding

the potential pitfalls of standard ambient noise interferometry. The random windowing

approach provides a versatile framework for ambient noise interferometry, and it should

prove useful either as a stand-alone technique when only short recordings of correlated noise

are available or in situations where the standard stacking operation fails to resolve the inter-

receiver Green’s function phase due to significant correlations in the recorded signal, or

insufficiently long recordings of the seismic noise. The random windowing method mitigates

the spurious crosstalk effects introduced by the presence of statistical correlations in the

ambient noise, regardless of the cause of this correlation. It includes the common case

of correlation caused by a spatially migrating train of sources, and in that case it also
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potentially mitigates the bias introduced by the Doppler effect. This approach is general

in the sense that it improves the quality of the phase of the inter-receiver Green’s function

without detriment to the retrieval obtained using the standard stacking average methodology,

and it applies to both correlated and uncorrelated ambient noise in both near and far-field

configurations. Thus, this unified framework offers a novel workflow that can be deployed

for robust estimation of inter-receiver phases from ambient noise interferometry, regardless

of the statistical characteristics of the ambient noise and, in general, using less data than

are required for standard interferometry that uses the stacking average approach.



Chapter5
Conclusions

Wavefield recordings carry information about the medium that allow geoscientists to infer

the properties and structure of the Earth’s subsurface. In the last two decades, wavefield

interferometry has emerged as a powerful technique to extract useful medium information

that ambient and active noise recording carry within them. A classical and widely used

form of wavefield interferometry is implemented by cross-correlating recordings made at a

pair of receivers, which yields an approximate of the inter-receiver Green’s function. These

estimates can be used at a later stage to image the subsurface structures.

The theoretical foundations of wavefield interferometry are comprised of Green’s functions

representation theorems that by necessity impose a number of assumptions on the medium

and the way energy arrives at the receiver. Moreover, in practical settings these idealised

mathematical formulations undergo a number of further assumptions and approximations

that make them more amenable for applications. Some of the most important assumptions

include that the wavefields recorded at the receivers arrive from sources that are statistically

uncorrelated and that illuminate the medium around the receiver pair isotropically. If vari-

ations in these illumination are allowed, they are required to do so slowly and smoothly. In

this thesis, we considered the interesting effects of violating this assumption while carrying

wavefield interferometry through.

In Chapter 1, we briefly summarised the theoretical foundations of seismic interferome-

try, highlighting both implicit and explicit assumptions as well as the derivations required

to take the representation theorem of the correlation type to the cross-correlation form of

wavefield interferometry. These assumptions and their interplay were discussed and com-

pared, highlighting current approaches to mitigate, quantify, and generally address them.

We found the assumption of uncorrelated sources an area of interest due to its persistence

in theoretical and practical studies, and the need to investigate, quantify and mitigate the

206
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errors introduced to the interferometric estimate when violating this assumption.

In Chapter 2, we derived from first principles a unified error quantification framework

that can be applied to active source and passive noise interferometry. We found conditions

for the phase estimate to be unbiased and that the amplitude estimate is generally biased.

We prioritised studying the phase, as this part of the Green’s function estimate is the most

relevant for imaging applications. We performed a preliminary numerical exploration of

these errors by implementing a geostatistical model that accounts both for long-range sta-

tistical spatial correlations in the source, as well as local-range correlations. The local-range

correlation parameter can also be interpreted as the smoothness of the random field in a

mean square differentiability sense. We generally found a non-trivial the interplay between

the correlations at the large and local scale, as well as with the frequency of the wave.

Counter-intuitively, we found that a rougher field is beneficial to the retrieval interferometry

is interpreted as s spatial averaging over the source locations. We explored a multi-contour

approach to mitigate errors in the phase.

In Chapter 3 we considered the interplay of these long and short range correlations with

the stationary phase approximation. Finding that, as opposed to taking a full boundary

as in Chapter 2, a rougher field has negative effects on the stationary phase estimate that

are difficult to mitigate, even if the estimate is unbiased. We found this is due to the

theoretical requirements of the stationary phase approximation, which imposes smoothness

requirements on the source amplitude on the neighbourhood of the stationary points. We

extended existing frameworks to quantify error in the stationary phase approximation and

derived bounds for the errors in terms of the statistical parameters of the random field, as

well as error bounds in ideal conditions when randomness is absent.

Finally, we addressed source correlations in ambient noise interferometry in Chapter 4.

We theoretically addressed this assumption in general, and considered the important case

of correlation induced by motion of the source. We found that the statistical structure

of the source phase is critical for the success of traditional ambient noise interferometry

and we discussed the interplay between interferometry and the Doppler effect. Finally,

we developed a novel and robust methodology to significantly mitigate spurious effects in

interferometric traces due to source correlations, and tested it on synthetic data, showing

significant improvement in the phase retrieved.



AppendixA
Framework for uncertainty quantification in

source-receiver interferometry

In this Appendix, we outline a mathematical framework that would allow the implementation

of the multi-contour technique explored in Section 2.5 and inspired by the work of Curtis

and Halliday (2010a), where an array of receivers can be used to assemble boundaries of

virtual sources. When a relatively dense array of receivers is available, one can envision

the construction of multiple virtual source boundaries to which the averaging multi-contour

technique illustrated in this thesis could be applied, in order to reduce the uncertainty

in the phase retrieved. This application would require the integration of the uncertainty

quantification framework presented in Chapter 2 with the source-receiver interferometry

formulas introduced by Curtis and Halliday. This derivation is presented below.

A.1 Uncertainty in source-receiver interferometry with

active sources

Curtis and Halliday (2010a) propose a more general interferometric formula that integrates

both the cross-correlation and the convolution representation theorems. This formula is

given for a specific canonical configuration of an active source boundary S and a receiver

boundary R by

Gemp(xA,xB) =

∮
S

∮
R

Ĝ(r,xA)Ĝ∗(r,x′)Ĝ(xB,x
′) dr dx′ , (A.1.1)
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where xA is a source and xB is a receiver. The empirical Green’s function approach may

be applied to equation (A.1.1) by substituting each of the Green’s functions G on the right

hand side by its corresponding empirical version gαβ as defined by equation (2.1.11).

If we were interested, for example, in studying source-generated error we would apply

the same approach as before to define

Gemp(xA,xB, k;α, β) =

∮
S

∮
R

α(xA)|α(x′)|2G(r,xA, k)Ĝ∗(r,x′, k)Ĝ(xB,x
′, k) dr dx′

+ β

∮
S

∮
R

α(xA)α∗(x′)Ĝ(r,xA, k)Ĝ∗(r,x′, k) + |α(x′)|2G∗(r,x′, k)Ĝ(xB,x
′, k)dr dx′

+ β∗
∮
S

∮
R

α(xA)α(x′)Ĝ(r,xA, k)Ĝ(xB,x
′, k) dr dx′ (A.1.2)

+ β2

∮
S

∮
R

α(xA)α∗(x′)Ĝ∗(r,x′, k) dr dx′ .

from this point onwards we would quantify the error exactly as in the previous scenarios via

definition (2.3.1). A multi-contour approach on S would be used as described in Section 2.5.

On the other hand, receiver-generated error could be studied by applying the source-receiver

reciprocity relation to the Green’s functions in the right hand side of equation (A.1.1), and

proceeding a completely analogous manner.

A.2 Uncertainty in a receiver-generated noise scenario

Now we are interested in quantifying the uncertainty introduced by faults in the receiver

equipment, in an active source scenario. We assume that a dense grid of receivers is available

to record signals within the contour S. One could in principle construct a number of different

contours of receivers and use each of these in turn to retrieve the interferometric Green’s

function, as illustrated in Figure A.2. These receivers rj, for j ∈ {1, . . . , N}, could be placed

arbitrarily within S with the only restriction that they contain both xA and xB (other

layouts could be considered). Then we could use one of the many available interferometric

formulas to estimate the Green’s function between xA and xB (as illustrated by Figure A.2)

using the Green’s functions between each of xA, xB and the surrounding receivers r ∈ rj.
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x1 x2

s

R1

R2R3

Figure A.1: Construction of multiple contours of receivers in blue, within an active source
contour S in red. All contours contain both points of interest xA and xB, which are themselves
receivers represented by green triangles.

xA xB

s
Rj

r

Figure A.2: Illustration of the retrieval of Ĝ(xA,xB) (thick black dashes) via cross-correlation
of Green’s functions between these receivers and those on the blue receiver contour rj (grey dotted
lines).

Now we ask how the latter Green’s functions may be retrieved in the first place (i.e.

Ĝ(rj, xi) for rj ∈ rj and i ∈ {A,B}. We can simply use the interferometric formula of our

choice again, this time using the active source contour S as illustrated in Figure A.3.

xA xB

s
Rj

r

Figure A.3: Illustration of the retrieval of Ĝ(xA,xB) (thick black dashes) via cross-correlation
of Green’s functions between these receivers and those on the blue receiver contour rj (grey dotted
lines).

To express source-receiver interferometry in a more compact way, we define the bilinear
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operator ⊗
S

as

Ĝ[xA]⊗
S
G[xB](k) =

∮
S

G∗(x,xB, k)∂nxĜ(xA,x, k)− Ĝ(xA,x, k)∂nxĜ
∗(x,xB, k) dx ,

(A.2.1)

for a pair of receiver locations xA and xB enclosed by a boundary S. Furthermore, in the

presence of the random field α we define

Ĝ[xA]
α
⊗
S
G[xB](k) =

∮
S

α∗(x)G∗(x,xB, k)∂nxα(x)Ĝ(xA,x, k)

− α(x)Ĝ(xA,x, k)∂nxα
∗(x)Ĝ∗(x,xB, k) dx .

(A.2.2)

Hence, we can express the retrieved homogeneous Green’s function between xA and xB as

Gemp(xA,xB, k) =

(
G[r]⊗

S
G[xA]

)
⊗
R

(
G[r]⊗

S
G[xB]

)
(k) , (A.2.3)

where for illustration purposes the bilinear operator ⊗ is defined again by equation (A.2.1)

(i.e. we have chosen a cross-correlational form of interferometry). In Section 2.5 it was

seen that for an array of boundaries, we would have a corresponding collection of different

recovered Green’s functions Gemp(xA,xB). These functions can be interpreted as particular

realisations of some appropriately constructed random variable. One could then hope to

improve the retrieval of the Green’s function and study the behaviour of the error by taking

the average of these realisations.

Following a procedure analogous to the one presented in Section 2.2, we argue that

the Green’s function in the right hand side of (A.2.3) is more accurately described by the

empirical expression given by equation (2.1.11). Then we would have

Gemp(xA,xB, k;α, β) =

(
gαβ[r]⊗

S
gαβ[xA]

)
⊗
R

(
gαβ[r]⊗

S
gαβ[xB]

)
(k) , (A.2.4)

for a contour of active sources S, a given contour of receivers R and a wavenumber k.

Expression (A.2.4) captures how the uncertainty in the measured Green’s function (de-

scribed by α and β) propagates through the interferometric reconstruction given by our

choice of bilinear operator ⊗.

Using definition (A.2.2) for the operator
α
⊗, we expand equation (A.2.4) as shown below

Gemp(xA,xB, k;α, β) = α∗(xA)α(xB)

(
G[xA]

α
⊗
R
G[xB] (k)

)
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+ βα∗(xA)

G[xA]
α
⊗
R
S∂(r) + α(xB)S∗∂(xA)

∮
R

∂nr

{
α(r)Ĝ(r,xB)

}∗
dr



+ β∗α(xB)

S∂(r)
α
⊗
R
G[xB]− α∗(xA)S∂(xB)

∮
R

∂nr

{
α(r)Ĝ(r,xA)

}
dr

 (A.2.5)

+ |β|2
(
S∂(r)

α
⊗
R
S∂(r)

)

+ β2α∗(xA)S∗∂(xA)

∮
R

∂nr {α(r)S∂(r)}∗ dr (A.2.6)

− β∗2α(xB)S∂(xB)

∮
R

∂nr {α(r)S∂(r, k)} dr ,

where

S∂(r, k) =

∮
S

∂nsĜ(x′, r, k) dx′ , (A.2.7)

Note as before that when operator notation is used there is always an implicit dependency

on the integration variable r ∈ R. This dependency has been made explicit in some cases

for clarity’s sake.

Since the ideal recovery of the Green’s function happens again when α ≡ 1 and β ≡ 0,

we define the error exactly as in equation (2.3.1), reproduced below as reference.

ε(xA,xB, k;α, β) = Gemp(xA,xB, k; 1, 0)−Gemp(xA,xB, k;α, β) . (A.2.8)

Substituting the expression (A.2.5) into the error given by equation (A.2.8) we obtain

ε(xA,xB, k;α, β) = G[xA]⊗
R
G[xB]−G[xA]

α
⊗
R
G[xB]
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+ βα∗(xA)

G[xA]
α
⊗
R
S∂(r) + α(xB)S∗∂(xA)

∮
R

∂nr

{
α(r)Ĝ(r,xB)

}∗
dr



+ β∗α(xB)

S∂(r)
α
⊗
R
G[xB]− α∗(xA)S∂(xB)

∮
R

∂nr

{
α(r)Ĝ(r,xA)

}
dr



+ |β|2
(
S∂(r)

α
⊗
R
S∂(r)

)
(A.2.9)

+ β2α∗(xA)S∗∂(xA)

∮
R

∂nr {α(r)S∂(r)}∗ dr

− β∗2α(xB)S∂(xB)

∮
R

∂nr {α(r)S∂(r)} dr .

(A.2.10)

and we note as before that

G[xA]
1
⊗
Rj
G[xB] = G[xA] ⊗

Rj
G[xB] .

As previously discussed, we wish to simplify the error expression given by equation (A.2.9)

so that it requires only monopole sources. To this end we apply the Sommerfeld condition

(see Section 1.2.2), as well as the specific condition for α described by equation (2.2.12) to

the error expression (A.2.9). We obtain the following simplified error formula

εαβ(xA,xB, k) = 2ik

∮
R

(
1− α∗(xA)α(xB)|α(r)|2

)
G∗(r,xB)Ĝ(r,xA)dr

+ k2βα∗(xA)

2

∮
R

|α(r)|2Ĝ(r,xA)S∗(r) dr + α(xB)S∗(xA)

∮
R

α(r)∗Ĝ(r,xB)∗dr


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+ k2β∗α(xB)

2

∮
R

|α(r)|2Ĝ∗(r,xB)S(r) dr− α∗(xA)S(xB)

∮
R

α(r)Ĝ(r,xA)dr



− 2ik3|β|2
∮
R

|α(r)|2|S(r)|2dr (A.2.11)

− ik3β2α∗(xA)S∗(xA)

∮
R

α∗(r)S∗(r) dr

− ik3β∗2α(xB)S(xB)

∮
R

α(r)S(r) dr ,

It is interesting to note that in this scenario the modulating factor α will only affect the

phase of the measured Green’s functions when β is not zero. This is a direct consequence

of having chosen a cross-correlational form of interferometry (as it introduces products of

the form αα∗, which in turn enter the retrieval as a real squared modulus). If we were to

construct these expressions via convolutions, this would not be the case.



AppendixB
Numerical validation and calculations for the

stationary phase approximation

B.1 Summary of the derivation of the stationary phase

approximation and the bounds on its error

A justification of Proposition 3.2.1 is now briefly summarised here for the reader, follow-

ing Olver (1974). In order to establish the validity of this Proposition, three preliminary

results regarding convergence of certain integrals are necessary. For brevity, the proofs of

these auxiliary statements are only outlined. They can be established from the results found

in Hardy (1903, 1908) and Olver (1974).

Lemma B.1.1.

(a) For k > 0 and x > 0,

lim
ξ→0+

∞∫
0

e(ik−ξ)vvx−1 dv = eix
π
2

Γ(x)

kx
.

(b) If φ(v) is piecewise continuous on (0,∞) and
∫∞

0
φ(v)dv converges, then∫∞

0
e−ξvφ(v)dv converges for every ξ > 0, and furthermore

∞∫
0

e−ξvφ(v)dv −→
ξ→0+

∞∫
0

φ(v)dv .
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(c) For k > 0 and y > 0,

lim
ξ→0+

∞∫
y

e(ik−ξ)vvx−1 dv =
eix

π
2

kx
Γ(x,−iky) .

Proof. Part (a) of this Lemma may be established by rotation of the path of integration

to coincide with the ray arg(v) = atan(x/η), performing an appropriate change of variable

and taking the limit. It is in fact a particular case of part (b), which is a result established

by Hardy (1903). Part (c) can be proven in a manner similar to part (a). For details see

Hardy (1903, 1908) and Olver (1974).

The main result is now stated.

Proposition B.1.1. Under the assumptions (i) - (vii) set out in Section 3.2.2, the inte-

gral (3.2.1) can be expressed for k � 1 as

b∫
a

f(t)eikφ(t) = An(k)−Bm(k) + δmn(k)− εmn(k) , (B.1.1)

where the terms in the right hand side have been defined in (3.2.3), (3.2.4), (3.2.9) and

(3.2.10), respectively.

Proof. To establish the validity of the result given in (B.1.1), begin by making the change

of variable v = φ(t) − φ(a) in in (3.2.1). This change of variable is well-defined by the

monotonicity of φ(t) on (a, b) (assumption (vi)). In terms of v, the integral I(k) in (3.2.1)

becomes

I(k) = eikφ(a)

φ(b)−φ(a)∫
0

eikvh(v)dv ,

where the function h(v) is defined as

h(v) = h(φ(t)− φ(a)) :=
f(t)

φ′(t)
.

Next, h(v) and t− a are expanded for small v in the asymptotic series

t− a ∼
∞∑
j=0

cjv
j/µ ,
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and

h(v) ∼
∞∑
j=0

ajv
(j+λ−µ)/µ . (B.1.2)

Note that the coefficients aj in (B.1.2) are explicitly required in order to determine the

terms An(k) and εmn(k) in (B.1.1) (see equations (3.7.13) and (3.2.10)). These coefficients

can calculated in terms of φj and fj in (3.2.13) and (3.2.12), normally by series inversion

techniques. Later on, in Section 3.3, a general formula for the coefficients aj is derived, so

that manual series inversion is no longer necessary.

Let y = φ(b)− φ(a), and for n ∈ N define the functions θn(v) as

θn(v) = h(v)−
n−1∑
j=0

ajv
j+λ
µ
−1

for 0 < v < y, so that using (B.1.2) we have θn(v) ∼ anv
n+λ
µ
−1 + an+1v

n+1+λ
µ
−1 + . . . , as

v → 0+, and the `th derivative of θn(v) is given by

θ(`)
n (v) = h(l)(v)−

n−1∑
j=0

Γ
(
j+λ
µ

)
Γ
(
j+λ
µ
− `
)ajv j+λµ −(`+1) , (B.1.3)

for ` ∈ {0, . . . ,m}. Note that h(`)(v) = P`(t), and that the functions h(v), θn(v) and their

first m derivatives are continuous for v ∈ (0, y] under the assumptions made in this Section.

Next, for any ξ > 0 we have

y∫
0

e(ik−ξ)vh(v) dv =
n−1∑
j=0

aj

∞∫
0

e(ik−ξ)vv
j+λ
µ
−1 dv + En(ξ, k)− Fn(ξ, k) , (B.1.4)

where

En(ξ, k) =

y∫
0

e−ξveikvθn(v) dv , (B.1.5)

and

Fn(ξ, k) =
n−1∑
j=0

aj

∞∫
y

e−ξveikvv
j+λ
µ
−1 dv . (B.1.6)
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Taking the limit as ξ → 0 and applying parts (a) and (b) of Lemma B.1.1 yields

y∫
0

eikvh(v)dv =
n−1∑
j=0

eiπ
j+λ
2µ Γ

(
j+λ
µ

) aj

k
j+λ
µ

+ En(k)− Fn(k) ,

where En(k) = limξ→0En(ξ, k) and Fn(k) = limξ→0 Fn(ξ, k). To determine En(k), repeated

integration by parts is applied to expression (B.1.5) m − 1 times. The next step is to note

that condition (3.2.5) results in all the necessary derivatives of θn(v) vanishing at v = 0,

except maybe the (m− 1)th derivative. Taking the limit as ξ → 0 and applying part (b) of

Lemma B.1.1 finally yields

En(k) =

(
i

k

)m
θ(m−1)
n (0)eiky

m−1∑
j=0

θ(j)
n (y)

(
i
k

)j+1
+
(
i
k

)m y∫
0

eikvθ(m)
n (v) dv . (B.1.7)

Similarly, to determine the corresponding expression for Fn(k) part (c) of B.1.1 is applied to

(B.1.6). Integration by parts is performed on the incomplete Gamma function term m − 1

times, finally yielding

Fn(k) = eiky
n−1∑
j=0

m−1∑
`=0

aj
Γ
(
j+λ
µ

)
Γ
(
j+λ
µ
− `
) ( i

k

)l+1
y
j+λ
µ
−(1+`) + e−ikφ(a) + εmn(k) , (B.1.8)

where εmn(k) is defined in (3.2.10). Finally, substituting the expression for θ
(l)
n (v) given in

(B.1.3) into (B.1.7) and subtracting the result from (B.1.8) cancels out the double sum, so

that the remaining expression is

En(k)− Fn(k) = −eiky
m−1∑
j=0

h(j)(y)
(
i
k

)j+1
+
(
i
k

)m
θm−1
n (0) + eikφ(a) ( δmn(k)− εmn(k) ) ,

(B.1.9)

where

δmn(k) = eikφ(a)
(
i
k

)m y∫
0

eikvθ(m)
n (v) dv . (B.1.10)

It can be directly verified that θ
(m)
n (v) = Q′mn(t)/φ′(t), and thus (B.1.10) is in agreement with

(3.2.9). On the other hand, the restriction set out in (3.2.5) ensures that θm−1
n (0) vanishes

except when n = mµ− λ, in which case it is equal to (m− 1)!an. These assertions, together

with (B.1.4) and (B.1.9), establish the result set out in (B.1.1).
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Proposition B.1.2 (Olver (1974)). The total error (3.2.8) is bounded above by

|Emn(k)| ≤ 1

km

b∫
a

|Q′mn(t)| dt+
2

km+1

n−1∑
j=0

Γ
(
j+λ
µ

)
∣∣∣Γ( j+λµ −m)∣∣∣

|aj|
(φ(b)− φ(a) )m+1− j+λ

µ

. (B.1.11)

Proof. It can be established directly from (3.2.9) that

|δmn(k)| ≤ 1

km

b∫
a

|Q′mn(t)| dt , (B.1.12)

where the integral in the right hand side corresponds to the arc-length of Qmn(t) over the

interval of integration (a, b) (i.e. the total variation of Qmn(t) over the interval of integra-

tion). Note that as discussed in Remark 3.2.2, numerical calculation of this bound may

be challenging due to cancellation errors. This issue can be circumvented by either finding

a closed form for the integral in (B.1.12) or deriving high-order series approximations to

Qmn(t) that can be integrated exactly and provide an accurate estimate of the bound. A

higher order bound can be given by partial integration of (3.2.9), yielding

|δmn(k)| ≤ 1

km+1

|Qm+1n(a)|+ |Qm+1n(b)|+
π∫

0

Q′m+1n(t)dt

 , (B.1.13)

when the right hand side is finite. The finiteness of the bound (B.1.12) is guaranteed by

assumptions (i) - (viii), however this may not suffice in the case of bound (B.1.13).

For the remaining error term, εmn(k), the auxiliary inequality1

|Γ(x,± iy)| ≤ 2yx−1

for x < 1 and y > 0 is used directly to establish

|εmn(k)| ≤ 2

km+1

n−1∑
j=0

Γ
(
j+λ
µ

)
∣∣∣Γ( j+λµ −m)∣∣∣

|aj|
(φ(b)− φ(a) )m+1− j+λ

µ

. (B.1.14)

Finally, using the triangle inequality and combining (B.1.12) and (B.1.14) yields (3.2.14)

directly.

1To establish this bound, the path of integration in the incomplete Gamma function may be deformed
into the imaginary axis. Then integration by parts is applied.
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B.2 Numerical validations of the explicit formula for

asymptotic coefficients in the stationary phase ap-

proximation

The analytical expression for the coefficients as given in (3.3.25) was implemented in MAT-

LAB and in Mathematica for several test cases. Test functions were chosen to produce

different values of µ and to result in h̃(v) relatively straightforward to expand in Puiseaux

series form, in order to have an exact reference to compare the coefficients produced by

(3.3.25). The expansion points a were always chosen to be minima of the phase φ, in ac-

cordance with the default theoretical framework. The coefficient produced by (3.3.25) were

tested up to index s = 50, and in all cases they produce a satisfactory result. In the following

Figures the reference coefficients, extracted from the series expansion of h̃(v), are plotted as

blue circles, whereas the coefficients calculated from equation (3.3.25) are depicted as orange

crosses. Results are presented below.

Test 1

� φ(t) = cos(t)

� f(t) = sin2(t)

� h̃(v) =
√
−v2 + 2v

� a = π

� λ = 3

� µ = 2

Figure B.1: Comparison of the first 50 coefficients calculated from (3.3.25) (blue circles) and
those extracted directly from the Puiseaux series expansion of h̃ (orange crosses). Coefficients
match up very well.
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Test 2

� φ(t) = sin(t)

� f(t) = 1
t

� h̃(v) = − 1
arcsin(1−v)

√
−v2+2v

� a = −π
2

� λ = 1

� µ = 2

0 5 10 15 20 25 30 35 40 45 50

s

a
s

Exact

Eq. (3.1.62)

-0.45

-0.5

-0.4

Figure B.2: Comparison of the first 50 coefficients calculated from (3.3.25) (blue circles) and
those extracted directly from the Puiseaux series expansion of h̃ (orange crosses). Coefficients
match up very well.

Test 3

� φ(t) = t2 − 2t

� f(t) = 1
t

� h̃(v) = 1
2v+2

√
v

� a = 1

� λ = 1

� µ = 2
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0 5 10 15 20 25 30 35 40 45 50

s

a
s

Exact

Eq. (3.1.62)
0

-0.5

0.5

Figure B.3: Comparison of the first 50 coefficients calculated from (3.3.25) (blue circles) and
those extracted directly from the Puiseaux series expansion of h̃ (orange crosses). Coefficients
match up very well.

Test 4

� φ(t) = t3

� f(t) = 1
t+1

� h̃(v) = − 1
3(v+v2/3)

� a = 0

� λ = 1

� µ = 3

0 5 10 15 20 25 30 35 40 45 50

s

a
s

Exact

Eq. (3.1.62)
0

-0.4

0.4

Figure B.4: Comparison of the first 50 coefficients calculated from (3.3.25) (blue circles) and
those extracted directly from the Puiseaux series expansion of h̃ (orange crosses). Coefficients
match up very well.
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B.3 Calculation of stationary phase approximation in

wavefield interferometry

We now move on to performing this analysis for the integral Iα, 0
−

(xA,xB, k) which corre-

sponds to the interval of integration t ∈ (−π
2
, 0), as defined in (3.5.21). In order to bring

this integral to a form that satisfies the requirements set out in Section 3.2.2, specifically

that the stationary point t = 0 be the lower limit of integration, and that the phase φ(t) be

increasing over the interval of integration, the following manipulations are performed,

Iα, 0
−

(xA,xB, k) =

0∫
−π/2

fα(t)eikφ(t) dt

= −
−π/2∫
0

fα(t)eikφ(t) dt

=

π/2∫
0

fα(−t)eikφ(−t) dt

=

π/2∫
0

|α(−t)|2f(t)eikφ(t) dt

(B.3.1)

where the change of variable t → −t has been performed in the third equality, and the

properties (3.5.14) and (3.5.16) have been used in the last. The representation (B.3.1) for

Iα, 0
−

(xA,xB, k) satisfies the conditions set out in Section 3.2.2 for the application of the

stationary phase method. Moreover, in this representation the phase of the integrand in

Iα, 0
−

(xA,xB, k) the same as the phase of Iα, 0
+

(xA,xB, k). The random amplitude however

is in general different, as it involves evaluation of the random field at locations parametrised

by −t rather than t. On the other hand the expansions continue to be taken around t = 0,

so that

α(−t) = α(t) for t = 0 ,

and hence, using the chain rule and formulas (3.5.31) and (3.5.32) the coefficients of the

expansion of fα(−t) around t = 0 are given in general by

fα, 0
−

j = (−1)jfα, 0
+

j ,



APPENDIX B. NUMERICAL VALIDATION OF COEFFICIENT FORMULA 224

where the coefficients fα, 0
−

j are those given in (3.5.33), or explicitly

fα, 0
−

0 =
(
α0

0

)2 r√
r2 − d2

,

fα, 0
−

1 = −α0
0α

0
1

2 r√
r2 − d2

,

fα, 0
−

2 =
(
α0

0α
0
2 +

(
α0

1

)2
) 2 r√

r2 − d2
−
(
α0

0

)2 r3d2√
(r2 − d2)5

,

fα, 0
−

3 = −
(
α0

0α
0
3 + 3α0

1α
0
2

) 2 r√
r2 − d2

− α0
0α

0
1

6 r3d2√
(r2 − d2)5

,

(B.3.2)

and so on. Hence, using formula (3.3.25) the coefficients aα, 0
−

j are determined to be

aα, 0
−

j = (−1)jaα, 0
+

j ,

where the coefficients aα, 0
−

j have been given in (3.5.34), explicitly

aα, 0
−

0 =
(α0

0)
2

2
√
d
,

aα, 0
−

1 = −α0
0α

0
1

√
r2 − d2

rd
,

aα, 0
−

2 =
( (
α0

1

)2
+ α0

0α
0
2

) r2 − d2

2 r2
√
d3

+
(
α0

0

)2 r4 − r2d2 + 4d4

16 r2 (r2 − d2)
√
d3
,

aα, 0
−

3 = −
(
α0

0α
0
3 + 3α0

1α
0
2

) √(r2 − d2)3

6 r3d2
+ α0

0α
0
1

r4 + r2d2 + 4d4

6 r3d2
√
r2 − d2

(B.3.3)

and so on. Next we define the auxiliary functions Qα, 0−
mn (t) and Pα, 0−

m as

Pα, 0−

m (t) =

{
1

φ′(t)

d

dt

}m
fα(−t)
φ′(t)

, (B.3.4)
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and using the fact that φ′(t) is an odd function (which is determined by direct evaluation in

(3.5.11)) and the linearity of the differentiation operation, we have

Pα
m, 0−(−t) =

{
1

φ′(−t)
d

dt

}m
fα(t)

φ′(−t)

= (−1)m+1

{
1

φ′(t)

d

dt

}m
fα(t)

φ′(t)

= (−1)m+1Pα
m, 0+(t)

(B.3.5)

a property that will not be used just yet but comes in useful later on. We further define

Qα, 0−

mn (t) = Pα, 0−

m−1 −
n−1∑
j=0

Γ
(
j+1

2

)
Γ
(
j+1

2
+ 1−m

) aα, 0
−

j

(φ(t) + 2d )m−
j+1

2

, (B.3.6)

Hence, applying (B.1.1) to Iα, 0
−

(xA,xB, k) results in the exact equation

Iα, 0
−

(xA,xB, k) = Aα, 0
−

n (k)−Bα, 0−

m (k) + δα, 0
−

mn (k)− εα, 0−mn (k) , (B.3.7)

where

Aα, 0
−

n (k) = e−2d ik
√
π
n−ν∑
j=0

e(j+1)π
4
i (j − 1)!!√

2jkj+1
aα, 0

−

j , (B.3.8)

Bα, 0−

m (k) =
m−1∑
j=0

Pα, 0−

j

(
π
2

)( i
k

)j+1

, (B.3.9)

δα, 0
−

mn (k) =

(
i

k

)m π/2∫
0

eikφ(t)Qα, 0− ′

mn (t) dt (B.3.10)

and

εα, 0
−

mn (k) = e−2dik

n−1∑
j=0

e(j+1)π
4
i Γ

(
j+1

2

)
Γ
(
j+1

2
−m

)Γ
(
j+1

2
−m, −2d ik

) aα, 0−j

k
j+1

2

. (B.3.11)

Similarly to (3.5.41), the error incurred in the approximation (B.3.7) is given by

Eα, 0−

mn (k) = δα, 0
−

mn (k)− εα, 0−mn (k), , (B.3.12)
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with

δα, 0
−

mn (k) =

(
i

k

)m π/2∫
0

eikφ(t)Qα, 0− ′

mn (t) dt (B.3.13)

and

εα, 0
−

mn (k) = e−2dik

n−1∑
j=0

e(j+1)π
4
i Γ

(
j+1

2

)
Γ
(
j+1

2
−m

)Γ
(
j+1

2
−m, −2d ik

) aα, 0−j

k
j+1

2

, (B.3.14)

As before, bounds for each of these error terms are determined using (B.1.12) and (B.1.14),

yielding

|δα, 0−mn (k)| ≤
(

1

k

)m π/2∫
0

|Qα, 0− ′

mn (t)| dt (B.3.15)

and

|εα, 0−mn (k)| ≤ 2

km+1

n−1∑
j=0

Γ
(
j+1

2

)∣∣Γ ( j+1
2
−m

)∣∣ |aα, 0j |
( 2d )m+1− j+1

2

, (B.3.16)

Finally, the bound for the total error Eα, 0−
mn (k) defined in (B.3.12) is given by

|Eα, 0−

mn (k)| ≤
(

1

k

)m π/2∫
0

|Qα, 0− ′

mn (t)| dt +
2

km+1

n−1∑
j=0

Γ
(
j+1

2

)∣∣Γ ( j+1
2
−m

)∣∣ |aα, 0j |
( 2d )m+1− j+1

2

. (B.3.17)

Approximations (3.5.37) and (B.3.7) together capture the contribution of the stationary

point t = 0 to the original integral (3.5.6), so that

π/2∫
−π/2

fα(t)eikφ(t) dt = Iα, 0
−

(xA,xB, k) + Iα, 0
+

(xA,xB, k)

= Aα, 0
+

n (k) + Aα, 0
−

n (k)−
(
Bα, 0−

m (k) +Bα, 0+

m (k)
)

+

+ δα, 0
−

mn (k) + δα, 0
+

mn (k)−
(
εα, 0

+

mn (k) + εα, 0
−

mn (k)
)
.

(B.3.18)
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Hence the stationary phase contribution from the stationary point corresponding to t = 0 is

given by the approximation

π/2∫
−π/2

fα(t)eikφ(t) dt ≈ Aα, 0
+

n (k) + Aα, 0
−

n (k)−
(
Bα, 0−

m (k) +Bα, 0+

m (k)
)
, (B.3.19)

and the error incurred is given by the term

Eα, 0
mn (k) = δα, 0

−

mn (k) + δα, 0
+

mn (k)−
(
εα, 0

+

mn (k) + εα, 0
−

mn (k)
)
. (B.3.20)

Now we proceed to capturing the approximation at the stationary point corresponding to

t = π, starting with the integral Iα, π
+

(xA,xB, k) defined in (3.5.24), corresponding to the

interval t ∈ (π, 3π
2

). Note that this stationary point is a maximum rather than a minimum

of the phase φ(t), so the integral needs to be manipulated as follows

Iα, π
+

(xA,xB, k) =

3π/2∫
π

fα(t)eikφ(t) dt

=

 3π/2∫
π

fα(t)e−ikφ(t) dt

∗

=

 π/2∫
0

fα(π + t)e−ikφ(π+t) dt

∗

where the change of variable t → π + t has been used on the third equality and the π-

periodicity of f(t) as stated in (3.5.13) has been used. Finally, using the property (3.5.15)

for −φ(π + t) we have

Iα, π
+

(xA,xB, k) =

 π/2∫
0

fα(π + t)eikφ(t) dt

∗ , (B.3.21)

where the integral inside the brackets satisfies the necessary conditions in Section 3.2.2 for

the application of the stationary phase approximation. Moreover, by virtue of these manip-

ulations the expansion of the phase φ(t) is taken again around t = 0, so that the coefficients
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calculated in (3.5.26) may be used again. On the other hand, the random amplitude of the

integrand is no longer evaluated around zero, but rather at t = π, which is appropriate as

the stationary point at hand is t = π. Then fα(π + t) can be expanded around t = 0 as

fα(t) ≈ fα, π
+

0 + fα, π
+

1 t+ fα, π
+

2 t2 + . . .

where the coefficients fα, π
+

j are defined as

fα, π
+

j =
{
α(π + t)2f(t)

}(j)
∣∣∣
t=0

.

Moreover, for simplicity let απj denote the jth derivative of α(π + t) at t = 0, i.e.

απj = {α(π + t)}(j)
∣∣∣
t=0

,

where the superindex (·)π has been used to highlight the fact that these coefficients corre-

spond to the values of α(t) and it derivatives at the stationary point t = π (that corresponds

to location xπ on S), and distinguish them from the coefficients resulting from the corre-

sponding expansion around the other stationary point, namely t = π, that will be taken

later on. Then using (3.5.31) and the coefficients fj given for the homogeneous amplitude

function f(t) in (3.5.30), the first few coefficients fα, π
+

j are given explicitly by

fα, π
+

0 = (απ0 )2 r√
r2 − d2

,

fα, π
+

1 = απ0α
π
1

2 r√
r2 − d2

,

fα, π
+

2 =
(
απ0α

π
2 + (απ1 )2 ) 2 r√

r2 − d2
− (απ0 )2 r3d2√

(r2 − d2)5
,

fα, π
+

3 = (απ0α
π
3 + 3απ1α

π
2 )

2 r√
r2 − d2

− απ0απ1
6 r3d2√

(r2 − d2)5

(B.3.22)

Nevertheless, the deterministic part of the amplitude of the integrand, namely f(t) is the

same as in our earlier derivations, and therefore for small t we take

fα(π + t) ≈ |α(π)|2f(t) ,
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where the π-periodicity of f(t) has been used again. Hence, the coefficients necessary for the

stationary phase approximation of Iα, π
+

(xA,xB, k) are given explicitly by

aα, π
+

0 =
(απ0 )2

2
√
d
,

aα, π
+

1 = απ0α
π
1

√
r2 − d2

rd
,

aα, π
+

2 =
(

(απ1 )2 + απ0α
π
2

) r2 − d2

2 r2
√
d3

+ (απ0 )2 r4 − r2d2 + 4d4

16 r2 (r2 − d2)
√
d3
,

aα, π
+

3 = (απ0α
π
3 + 3απ1α

π
2 )

√
(r2 − d2)3

6 r3d2
+ απ0α

π
1

r4 + r2d2 + 4d4

6 r3d2
√
r2 − d2

(B.3.23)

and so on. Finally, the auxiliary functions Pα, π+

m (t) and Qα
mnπ+(t) are defined as

Pα, π+

m (t) =

{
1

φ′(t)

d

dt

}m
fα(π + t)

φ′(t)
, (B.3.24)

and

Qα, π+

mn (t) = Pα, π+

m−1 (t)−
n−1∑
j=0

Γ
(
j+1

2

)
Γ
(
j+1

2
+ 1−m

) aα, π
+

j

(φ(t) + 2d )m−
j+1

2

, (B.3.25)

for t ∈
(
0, π

2

)
. Therefore applying equation (B.1.1) to the integral within the brackets in the

right hand side of (B.3.21), the integral Iα, π
+

(xA,xB, k) can be written exactly as

Iα, π
+

(xA,xB, k) =
(
Aα, π

+

n (k)
)∗
−
(
Bα, π+

m (k)
)∗

+
(
δα, π

+

mn (k)
)∗
−
(
εα, π

+

mn (k)
)∗

(B.3.26)

with stationary phase approximation given by

Iα, π
+

(xA,xB, k) ≈
(
Aα, π

+

n (k)
)∗
−
(
Bα, π+

m (k)
)∗

(B.3.27)

where

Aα, π
+

n (k) = e−2d ik
√
π

n−ν∑
j=0

e(j+1)π
4
i (j − 1)!!√

2jkj+1
aα, π

+

j , (B.3.28)
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and

Bα, π+

m (k) =
m−1∑
j=0

Pα, π+

j

(
π
2

)( i
k

)j+1

, (B.3.29)

and the error incurred in the approximation (B.3.27) is given by the terms

Eα, π+

mn (k) =
(
δα, π

+

mn (k)
)∗
−
(
εα, π

+

mn (k)
)∗

, (B.3.30)

with

δα, π
+

mn (k) =

(
i

k

)m π/2∫
0

eikφ(t)Qα, π+ ′

mn (t) dt (B.3.31)

and

εαmn, π+(k) = e−2dik

n−1∑
j=0

e(j+1)π
4
i Γ

(
j+1

2

)
Γ
(
j+1

2
−m

)Γ
(
j+1

2
−m, −2d ik

) aα, π+

j

k
j+1

2

. (B.3.32)

noting that the complex conjugation taken does not affect the bound. As before, bounds for

each of these error terms are determined using (B.1.12) and (B.1.14), yielding

|
(
δα, π

+

mn (k)
)∗
| ≤

(
1

k

)m π/2∫
0

|Qα, π+ ′

mn (t)| dt (B.3.33)

and

|
(
εα, π

+

mn (k)
)∗
| ≤ 2

km+1

n−1∑
j=0

Γ
(
j+1

2

)∣∣Γ ( j+1
2
−m

)∣∣ |aα, π
+

j |
( 2d )m+1− j+1

2

, (B.3.34)

Finally, the bound for the total error Eα, π+

mn (k) defined in (B.3.30) is given by

|Eα, π+

mn (k)| ≤
(

1

k

)m π/2∫
0

|Qα, π+ ′

mn (t)| dt +
2

km+1

n−1∑
j=0

Γ
(
j+1

2

)∣∣Γ ( j+1
2
−m

)∣∣ |aα, π
+

j |
( 2d )m+1− j+1

2

. (B.3.35)
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The remaining portion of the boundary corresponds to the integral Iα, π
−

(xA,xB, k). In a

procedure entirely analogous to the preceding cases we note that

Iα, π
−

(xA,xB, k) =

π∫
π/2

fα(t)eikφ(t) dt

=

 π∫
π/2

fα(t)e−ikφ(t) dt


∗

=

− π/2∫
π

fα(t)e−ikφ(t) dt

∗

=

 π/2∫
0

fα(π − t)e−ikφ(π−t) dt

∗

where the change of variable t → π − t has been performed to obtain the last equality.

Finally, using property (3.5.15) for −φ(π − t) we derive

Iα, π
−

(xA,xB, k) =

 π/2∫
0

fα(π − t)eikφ(t) dt

∗ , (B.3.36)

where the integral inside the brackets is in an appropriate form for the application of the

stationary phase method. As before, the expansions of the phase and the amplitude are

taken around t = 0, with the coefficients for φ(t) remaining the same. In regards to the

phase, we take for small t

fα(π − t) ≈ |α(π)|2f(π − t) = |α(π)|2f(t) ,

where (3.5.13) and (3.5.14) have been used in the last equality (that is the π-periodicity

and evenness of f(t)). Hence, using the chain rule and formulas (3.5.31) and (3.5.32) the

coefficients of the expansion of fα(π − t) around t = 0 are given in general by

fα, π
−

j = (−1)jfα, π
+

j ,
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where the coefficients fα, π
−

j are those given in (B.3.37), or explicitly

fα, π
−

0 = (απ0 )2 r√
r2 − d2

,

fα, π
−

1 = −απ0απ1
2 r√
r2 − d2

,

fα, π
−

2 =
(
απ0α

π
2 + (απ1 )2 ) 2 r√

r2 − d2
− (απ0 )2 r3d2√

(r2 − d2)5
,

fα, π
−

3 = − (απ0α
π
3 + 3απ1α

π
2 )

2 r√
r2 − d2

− απ0α
π
1

6 r3d2√
(r2 − d2)5

,

(B.3.37)

Hence, using formula (3.3.25) the coefficients aα, 0
−

j are determined to be

aα, π
−

j = (−1)jaα, π
+

j ,

where the coefficients aα, 0
−

j have been given in (3.5.34), or explicitly

aα, π
−

0 =
(απ0 )2

2
√
d
,

aα, π
−

1 = −απ0απ1

√
r2 − d2

rd
,

aα, π
−

2 =
(

(απ1 )2 + απ0α
π
2

) r2 − d2

2 r2
√
d3

+ (απ0 )2 r4 − r2d2 + 4d4

16 r2 (r2 − d2)
√
d3
,

aα, π
−

3 = − (απ0α
π
3 + 3απ1α

π
2 )

√
(r2 − d2)3

6 r3d2
+ απ0α

π
1

r4 + r2d2 + 4d4

6 r3d2
√
r2 − d2

(B.3.38)

All that remains is to define the auxiliary functions Pα, π−
m (t) and Qαπ−

mn (t) are defined as

Pα, π−

m (t) =

{
1

φ′(t)

d

dt

}m
fα(π − t)
φ′(t)

, (B.3.39)
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and

Qαπ−

mn (t) = Pα, π−

m−1 (t)−
n−1∑
j=0

Γ
(
j+1

2

)
Γ
(
j+1

2
+ 1−m

) aα, π
−

j

(φ(t) + 2d )m−
j+1

2

. (B.3.40)

Therefore, applying equation (B.1.1) to the integral within the brackets in (B.3.36), the

integral Iα, π
−

(xA,xB, k) can be written as

Iα, π
−

(xA,xB, k) =
(
Aα, π

−

n (k)
)∗
−
(
Bα, π−

m (k)
)∗

+
(
δα, π

−

mn (k)
)∗
−
(
εα, π

−

mn (k)
)∗

(B.3.41)

where

Aα, π
−

n (k) = e−2d ik
√
π

n−ν∑
j=0

e(j+1)π
4
i (j − 1)!!√

2jkj+1
aα, π

−

j , (B.3.42)

Bα, π−

m (k) =
m−1∑
j=0

Pα, π−

j

(
π
2

)( i
k

)j+1

. (B.3.43)

δα, π
−

mn (k) =

(
i

k

)m π/2∫
0

eikφ(t)Qα, π− ′

mn (t) dt (B.3.44)

and

εα, π
−

mn (k) = e−2dik

n−1∑
j=0

e(j+1)π
4
i Γ

(
j+1

2

)
Γ
(
j+1

2
−m

)Γ
(
j+1

2
−m, −2d ik

) aα, π−j

k
j+1

2

. (B.3.45)

The stationary phase approximation is given as

Iα, π
−

(xA,xB, k) ≈
(
Aα, π

−

n (k)
)∗
−
(
Bα, π−

m (k)
)∗

and the error incurred in this approximation is given by the terms

Eα, π−

mn (k) =
(
δα, π

−

mn (k)
)∗
−
(
εα, π

−

mn (k)
)∗

, (B.3.46)

We have analogous bounds for these error terms given by

|
(
δα, π

−

mn (k)
)∗
| ≤

(
1

k

)m π/2∫
0

|Qα, π− ′

mn (t)| dt (B.3.47)

and

|
(
εα, π

−

mn (k)
)∗
| ≤ 2

km+1

n−1∑
j=0

Γ
(
j+1

2

)∣∣Γ ( j+1
2
−m

)∣∣ |aα, π
−

j |
( 2d )m+1− j+1

2

, (B.3.48)
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noting as before that the complex conjugation does not affect the bound for the modulus.

Hence, the bound for the total error Eα, π−
mn (k) defined in (B.3.46) is given by

|Eα, π−

mn (k)| ≤
(

1

k

)m π/2∫
0

|Qα, π− ′

mn (t)| dt +
2

km+1

n−1∑
j=0

Γ
(
j+1

2

)∣∣Γ ( j+1
2
−m

)∣∣ |aα, π
−

j |
( 2d )m+1− j+1

2

. (B.3.49)
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F. Lavoué, O. Coutant, P. Boué, L. Pinzon-Rincon, F. Brenguier, R. Brossier, P. Dales,

M. Rezaeifar, and C. J. Bean. Understanding Seismic Waves Generated by Train Traffic

via Modeling: Implications for Seismic Imaging and Monitoring. Seismological Research

Letters, 92(1):287–300, 2020.

Y. Liu, Y. Yue, Y. Li, and Y. Luo. On the Retrievability of Seismic Waves From High-Speed-

Train-Induced Vibrations Using Seismic Interferometry. IEEE Geoscience and Remote

Sensing Letters, 2021.

C.-F. Lo. The sum and difference of two lognormal random variables. Journal of Applied

Mathematics, 2012, 2012.

C.-F. Lo. WKB approximation for the sum of two correlated lognormal random variables.

Applied Mathematical Sciences, 7(128):6355–6367, 2013.

O. I. Lobkis and R. L. Weaver. On the emergence of the Green’s function in the correlations

of a diffuse field. The Journal of the Acoustical Society of America, 110(6):3011–3017,

2001.
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