Spectral Families and Geometry Of
Banach Spaces

Danilo Blagojevic

Doctor of Philosophy
University of Edinburgh
2007



To my aunty Teka



Acknowledgements

I would like to thank first and foremost my supervisor Prof. Alastair Gillespie,
who has invested considerable time and energy into guiding me through my PhD.
His professional help and pastoral support have been most invaluable. I would
like to thank Prof. Jim Wright for his help and ideas during a critical period. I
am also grateful to my fellow PhD friends for their support and sharing in the

ups and downs of the research experience.

Last but not least, [ want to thank my family, especially my aunty Diana, for their

unwavering emotional support and firm belief in me throughout my research.



Declaration

I declare that this thesis was composed by myself and that the work contained

therein is my own, except where explicitly stated otherwise in the text.

(Danilo Blagojevic)



Abstract

The principal objects of study in this thesis are arbitrary spectral families, E, on
a complex Banach space X. The central theme is the relationship between the
geometry of X and the p—variation of E. We show that provided X is super-
reflexive, then given any F, there exists a value 1 < p < 0o, depending only on F
and X, such that var,(E) < co. If X is uniformly smooth we provide an explicit

range of such values p, which depends only on E and the modulus of convexity
of X*, dx+(+).

We show that given a trigonometrically well bounded operator 7" on a super-
reflexive X, there exist constants C' > 0 and 0 < a < 1, depending on T" and X,
such that for all n € Z \ {0}, we have ||T"| < C|n|*. This is an improvement on
the previously known upper growth bound of O(|n|).

We show that in a Hilbert space H, a spectral family E arises from a spectral
measure if and only if both vary(E) < oo and vary(E*) < co. Further, given any
k-fold logarithmic power growth, log®)(|n|), there exists a Hilbert space H and
trigonometrically well-bounded T such that |77 ~ log™(|n|) and the spectral
family F of T satisfies vary(E) = oo. This contrasts with the power-bounded

case, where sup,, ||7"]| < K implies vary(E) < oo.

We prove that BV, spectral integration is possible with respect to any trigonomet-
rically well bounded operator, provided the space X is super-reflexive. In other
words, we dispense with the previous requirement that 7" be power bounded. We
also prove a BV, multiplier theorem for UMD spaces, and indicate under which

conditions an 9, multiplier theorem also holds.
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Common Notation

There is a comprehensive list of notation at the back of this thesis. Much of it is
specific to the work undertaken herein. The following notation, however, relates

to objects of study in many areas of analysis and will be required from the outset.

(i) The letter X always denotes a complex Banach space, and H a complex
Hilbert space.

(ii) Bx is the closed unit ball in X.

(iii) By B(X) and B(H) we denote the spaces of bounded linear operators on X
and H respectively.

(iv) For an invertible operator T' € B(X), ||T™]| ~ |n|* means that there exists a
constant Cr > 0 such that for all n € Z \ {0} we have ||[T"| < Cr|n|®.

(v) For a < b € R, P|, denotes the set of all partitions u = {a = Ay < ... < Ay =
b} of the interval [a, b] partially ordered and directed to increase by refinement.
(vi) C2° and C°(R) denote the space of smooth complex-valued functions on R
with compact support.

(vii) C°(X) and C°(R, X)) denote the space of smooth X-valued functions on R

of compact support.



Introduction

This thesis is devoted to the study of spectral families {E(\)} er on a complex
Banach space X, and the way they interact with the geometry of X. In chapter 1
we outline the origins of the study of spectral families and trigonometrically well
bounded operators. T is trigonometrically well bounded if, for some (essentially)
unique spectral family E concentrated on [0,27], T' = fOQZT e*dE(N). We give an
account of key results characterizing these operators, and describe how spectral
families can be used to construct continuous algebra homomorphisms from vari-
ous function algebras A into B(X). We then define the geometric UMD property
and state a key result linking it to the Hilbert transform on vector valued L%
spaces. This leads us finally to give a summary of the current state of knowledge

in vector valued multiplier theory.

In chapter 2 we introduce new geometric notions, those of super-reflexivity, uni-
form convexity and uniform smoothness. We prove some background results on
the geometry of X. We then define the p variation of an arbitrary spectral family
E on X, as

N
vary(E) = sup  sup sup{ Z |E(\j)x — E()\j_l)xﬂp}l/p, (1)

2| <1 uEP_qq a>0 T
where v = {—a = A\ < ... < Ay = a} are partitions of the interval [—a,a].
The central result states that, provided X is super-reflexive, there exists a num-
ber 1 < p < oo, depending on only X and sup, ||[E(N)|| = ||F||«, such that
var,(E) < oco. We go even further when X is uniformly smooth. In this setting
we provide an explicit range of such values p for which var,(E) < co. This range

depends only on ||E||, and the modulus of convexity of X*, dx=.

Using these results on p-variation we prove power growth estimates for trigono-
metrically well bounded operators. We show that, provided X is super-reflexive
and T is trigonometrically well bounded, there are constants C' > 0 and 0 < a <
1, depending on 7" and X, such that for all n € Z \ {0}, we have ||T"| < Cln|®.

This is an improvement on the previously known upper estimate of O(|n|).

In chapter 3 we turn to Hilbert space, H. We show that, given a spectral family



E on H the joint condition vary(E) < oo and vary(E*) < oo is equivalent to E
arising from a spectral measure € on the Borel o-algebra on R. We show that
this does not occur with all spectral families: we produce, for any given s > 2,
a Hilbert space H and a spectral family E such that varg(E) = co. We finish
by showing that given any k-fold composition of the logarithm, ln(k)(|n|), there
is a trigonometrically well-bounded T' € B(H) such that ||7"|| ~ In™(|n|), and
its spectral family E satisfies vary(E) = oo. This shows a sharp departure from
power bounded operators T, for which it is known that the spectral family E

arises from a spectral measure €, and so must satisfy vary(FE) < oco.

In chapter 4 we concentrate on spectral integration. It is known that on a UMD
space X, both a power-bounded operator T', and a uniformly bounded, strongly
continuous operator group {U;}, have representations in terms of a spectral fam-
ily E. The current theory asserts that, for a special type of UMD space, these
associated families allow for spectral integration of certain function algebras. We
now show that if X is super-reflexive, the power boundedness assumption on
T can be dropped. Specifically, we show that given any trigonometrically well
bounded T on a super-reflexive X, there is some sy > 1 such that the map
BV(T) — B(X), ¢— fozfr (e*)dE(N) is a well defined continuous algebra ho-
momorphism for all 1 < s < sp. We then proceed to prove a vector-valued BV;(R)
multiplier theorem for UMD spaces. This is accomplished using p-variation prop-
erties of the spectral family E of the right shift group {R;} on L% (R). Finally, we
show that this result extends to a Marcinkiewicz 99T, multiplier theorem, provided
that for each ¢ € M (R) the set {flj Y dE'}jEZ is R-bounded (where I; are the
dyadic intervals of R).

Chapter 5 deals with densely defined operator groups {U; }ser and {U*}rcz. We
say that a densely defined group {U;} with domains D(U;) has a densely defined

spectral decomposition if for some unique spectral family £ we have

Uiz = lim EMAE(N)z dt for € D(U,). (2)

We show that an arbitrary spectral family E gives rise to a densely defined one pa-
rameter operator group {U,}. We prove a partial converse to this: a given densely
defined operator group {U,} satisfies (2) on a certain subspace of NyerD(U;) pro-
vided that, for each ¢ € C2°, the operator [, ¢(t)U_,dt is well defined and satisfies
| [ o()U_dt|| < v||¢|| v for some > 0 independent of ¢. To illustrate these
phenomena we examine weighted LP(R) spaces, where the weight function w(t)

is an A, weight.



CHAPTER 1

1.1 Spectral Theory of Trigonometrically well-
bounded operators

The key motivation for this work is the study of trigonometrically well-bounded
operators. Over the years various Banach space analogues of self-adjointness of
operators have been developed, to mirror some aspect of the theory in a Hilbert
space. One key concept is the idea of well-bounded operators, introduced and
studied by Smart and Ringrose in [28], [29] and [30]. By definition, 7" € B(X) is
well-bounded if it has a functional calculus on the Banach algebra of absolutely
continuous functions on a compact interval. Berkson and Dowson [2] refined this
notion further; they defined 7" to be well bounded (B) if this functional calculus
is weakly compact. It is readily verifiable that if X is reflexive then every well
bounded T is automatically well bounded (B).

It is easy to check that, in a Hilbert space H, any scalar-type operator is well
bounded. That the two notions do not coincide was neatly dealt with by Gillespie
in [21]; it is known that for two commuting scalar type operators on a Hilbert
space H, both the sum and the product are also scalar-type. Gillespie showed
that in the case of two commuting well bounded operators on H, neither the sum

nor the product need be well-bounded.

Returning to self-adjointness, an alternative approach is motivated by the Spec-
tral Theorem for a normal operator N on a Hilbert space. The theorem gives a
projection-valued measure £(-) on the Borel o-algebra of its spectrum, B (o (N)).
The measure €(-) is strongly countably additive and N = fa( Ny ? E(dz). Moti-
vated by this representation, Dunford introduced the idea of a scalar-type op-
erator on a Banach space, S € B(X) which, by definition, can be written as
S = fo(s) z €(dz), for some projection-valued measure £(-) on B(c(S)). Now,
one way to mimic the idea of self-adjointness was to stipulate that o(S) C [a, b],
for some —oco < a < b < oo. Then &(-) can be extended to all of R by set-
ting it to be zero on B(R \ ¢(9)). By defining EF(\) = E((—o0, A]), A € R, the

3



representation of S becomes

S = aE(a) + /b AE()) (1.1)

where the integral exists as a strong Riemann-Stieltjes limit. But now it becomes
clear that the integral on the right side of (1.1) makes sense for a wider class
of projection-valued functions than only those arising from a spectral measure.

Such a function is called a spectral family, and is defined as follows.

Definition 1.1. Let X be a Banach space. A spectral family on X is a
projection-valued function E : R — B(X) having the following properties:

(i) supg [[EQA)|| = [|E]le < 00;

(i) EQ)E(p) = E()E) = E(AA p);

(iii) for each v € X, Mlirih E(u)z = E(Nz and ,}ig\l— E(p)x = E(A7)x ezists;
(iv) for each x € X, 11_%10 E(p)x =z and 1_i)1}100E(,u)x = 0.

We say that E is conljcentrated on [a,b] Mif E\) =1 forall\>band E(A\) =0
forall A < a.

Any spectral family E gives rise to a Riemann-Stieltjes notion of spectral inte-
gration with respect to E; see [36] for a rigorous treatment, or [4] for a succinct
account. Briefly, let Pg (respectively Pp,)) denote the collection of partitions of
R (respectively [a,b]), directed to increase by refinement (so that v < v means
that v is a refinement of u). For a bounded function f : [a,b] — C and a partition

u={—oc0<a=X<..<Ay=>b< oo}, we define

=> FO{EN) — E(A-)}-

If the net {S(u, f)} converges in the strong-operator topology as u increases
through P, 4, we denote the strong limit by fab F(NAE(X) and define

/f JAE(A /f JAE(\ (1.2)

If f is defined on all of R we proceed in the same manner: S(u, f) is defined as
above, and if the net {8(u, f)} converges in the strong-operator topology as u
increases through Pg, we denote the limit by [, f(A)dE()). Notice that such f

is automatically integrable with respect to E over any interval [a, b]:

/ ’ fap = / JAE{E®) - E(@)} and st lm [ fdE - / fdE.

The Banach algebras BV (.J) and AC(J) are central in the study of well bounded
4



operators, so let us give their formal definitions. Let J = [a,b] be a compact

interval. BV'(J) is the space of functions f : [a,b] — C of bounded variation:

var(f,|a,b]) = sup Z lf(Ak) — fF(Ak—1)| < o0.

ueiPa b]

The quantity || f||sv(s) = sup, |f(t)| +var(f, J) defines a complete algebra norm
on BV(J). Tt is also a complete algebra norm on AC(J) C BV (J), the space of
absolutely continuous functions on J. We can similarly define BV (T) to be the

Banach algebra of functions f : T — C satisfying

LBy = [f (V)] +var(f,T) < o0

Similarly, AC(T) c BV(T) is the Banach subalgebra of absolutely continuous
functions on T. Both AC(R) and AC(T) are the || - || pv-closures of the polyno-
mial and trigonometric polynomial spaces in BV (R) and BV (T) respectively.

Let E be a spectral family concentrated on a compact interval J. If f € BV(J)

then the operator [ " F(N)dE()) exists in the sense described in (1.2). Moreover,
Hf f(A N < HfHBV )| Elloo (see [4]), so we have a continuous algebra
homomorphlsm
b
On: BV(J) — B(X), f|—>/ FOVE(). (1.3)

Equally, if J is replaced by R we have a continuous algebra homomorphism
f€BV(R) [ fdE with || [p fAE|| < ||fllav|E] -

Now, from (1.3) it can be readily deduced that if X is reflexive and {F(\)}
is a spectral family concentrated on [0, 27], then the map AC[0,27] — B(X),
f— 0 " f(NdE()) is a weakly compact functional calculus for the operator
A = fOQ_ﬂ A dE(X). So in particular, A is well bounded (B). Furthermore, the
operator T=[~ o erdE()) satisfies T = ¢4 and has a AC(T) functional calculus

f eMdE(N). Glllespie and Berkson [3] formalized these ideas by defining

a new type of operator.

Definition 1.2. Let X be a Banach space. We say that'T' is trigonometrically

well-bounded if it has a weakly compact AC(T) functional calculus.

At this juncture Gillespie and Berkson established the following key result ([3])

which ties in the ideas of spectral families and well bounded (B) operators.



Theorem 1.1. Let T € B(X). T is trigonometrically well-bounded if and only if
there exists a spectral family on X concentrated on [0,2w] such that

2T
T = / eMdE(N).
0

In this case it is possible to arrange matters so that E(2r~) = I. With this extra

property E is uniquely determined and is called the spectral family of T

There is a useful characterization of trigonometrically well-bounded operators.
Let B(T) denote the space of trigonometric polynomials. So if ¢ € PB(T) then
q(e™) = Z]_VN gre™ where §;, are the usual Fourier coefficients of g. The space
PB(T) is dense in AC(T). For a trigonometric polynomial ¢ and an invertible T’

it is natural to define N
S
-N
[3] establishes the following useful result.

Proposition 1.1. T is trigonometrically well-bounded if and only if it is invert-
wble, and
(i) there exists K > 0 such that

la(D)} < Kllallpvery for all g & B(T),

(ii) the set {q(T) : q € B(T), |qllsvir) < 1} has compact closure in the weak
operator topology.

If X is reflexive condition (i1) can be dispensed with.

1.2 UMD Spaces

The geometry of a Banach space affects the nature of operators acting on it. One
key property is the Unconditional Martingale Difference property. To define this
notion, let ([0, 1], F, 1) be a probability measure space, and let {F, } be a filtration
for F. We say that {dy}r>0 is an X-valued martingale difference sequence if each
di : (2,3, u) — X is strongly measurable and Zy = dy, Z = Zo d; for k > 0 is
an X-valued martingale with respect to the filtration {Fy} on €.

Definition 1.3. A Banach space X is said to be UMD 1if, for some, or equivalently
each, 1 < p < oo, there exists a constant C, such that, for all martingale difference
sequences {dg }rez € L5 ([0,1], 1) and all {Ek;}kez € {0,1}*° we have

[0

L% ([0,1], LP(01



The list of UMD spaces includes many of the more common spaces encountered
in functional analysis: any finite dimensional and any Hilbert space; the scalar-
valued LP(Q, 1) spaces, for 1 < p < oo and (€, 1) an arbitrary measure space;
the Schatten-p spaces C,, for 1 < p < oco. If X is UMD, then so are the X valued
function spaces in Definition 1.4 below. Burkholder and Bourgain established
an alternative characterization of the UMD property. It involves the Hilbert
transform operator on spaces LP(R,X), LP(T,X) and [,(X). These function
spaces have natural definitions, which we now give. Throughout the rest of the

section we assume that 1 < p < oc.

Definition 1.4. (i) For G =R or T, let dt denote Haar measure on G. LP(G, X) =
L% (G) is the space of X -valued strongly measurable, Bochner-integrable functions
f such that

1/p
T { / Hf(t)ﬂ%;dt} < oo.

(1) 1,(X) is the space of X -valued sequences {xy} such that

2|, x) = {Z kaHp}l/p < 00.

(iii) For G =R or T, L%(G) is the space of strongly measurable X -valued func-

tions on G. 1% is the space of finitely supported X -valued sequences.

We shall use both notations L?(G, X) and L% (G), as they are both used widely

in literature.

Just as in the classical case, we can define the Hilbert transform operator of
X-valued functions. This is done via their truncated versions. For € > 0 and
N > 1 we define

, 1 v
Hef(e") = - cot(s/2) f (") ds,
21 Je<)s)<n
1
(HN l‘)m - Z Exm—ka
[k|<N, k0

H.f(x) = / 1f(a:—s)als.

<|s|<1/e S

Then, provided the following limits exist in X, we define
Definition 1.5. H f(e") = hI% H.f(e"), Hx,, = A}im (HNT)m, and H f(z) = lir% H.f(z).

The following result by Burkholder and Bourgain([17] and [16]) is very important
because it shows that the geometric property UMD is very closely linked to the
behaviour of the Hilbert transform. It links the geometry of a Banach space X

to properties of an operator on X-valued functions.

7



Theorem 1.2. The following conditions are equivalent:

(i) X is UMD.

(i1) For some (or equivalently all) p € (1,00), the Hilbert transform is a bounded
operator on any one of L5 (T), 1,(X) and L% (R).

A key result in [15] states that an invertible power-bounded operator 7" on a
UMD space is necessarily trigonometrically well-bounded. By Theorem 1.1 there
is an associated spectral family F, which can be used in special cases to define
spectral integrals of function algebras BV,(T) and 9t,(T) (see section 1.3). The
technique used is the Coifman-Weiss transference principle (see [10] for details),
and the power-boundedness of T" plays an indispensable role. One central theme
of this thesis is to show that if we replace the UMD property with a different ge-
ometric notion, any trigonometrically well-bounded 7' gives rise to such spectral

integration (for appropriate values of q).

Finally, the UMD property is used to establish a variety of multiplier theorems,

which we now address.

1.3 L? Multipliers and Spectral Integration

We start with the classical setting of scalar-valued LP(G) spaces (G = Z, T or R)
with 1 < p < co. For brevity of exposition, let us use G = R. For f € L'(R) the
usual Fourier Transform of f is denoted by f, so f(t) = o~ fpe ™ f(z)dz. The
inverse transform is denoted by f. A complex bounded measurable ¢ € L*>*(R)

is an L-p multiplier if the map
Ty CXR) = L*R),  fr (4f)

in fact maps into LP(R) and extends to a bounded linear map on all of LP(R). In
this case we denote the extension with 7, and write ) € M,(R). We can define
Fourier Multipliers of vector valued functions too, in the following manner. Let
G be any of the above groups and let m be the usual Haar measure. G denotes
the dual group of G. Now consider the algebraic tensor product L' N L>®(G) ® X
consisting of finite sums ) fiz;; this space is dense in LP(G, X)) under the norm
in Definition 1.4. By Parseval’s Theorem, any v € LOO(G) is a bounded multiplier
transform on L?(G), denoted by Ty,. For a function F' =Y fiz; € L'NL>*(G)®@ X

we define
TyF =Y Ty(fi)w:.
Thus T, F € L*(G, X). We say that ¢ is an LP(G, X ) multiplier if T}, extends
to a bounded linear map from all of LP(G, X) into LP(G, X). In that case we
8



write ¢ € M, x(G). The classical space of multipliers on LP(G) is denoted

~

simply by M,(G). Note that, unless X = {0}, we have the strict inclusion
M, x(G) € M,(G). The reverse inclusion, however, is certainly not true in gen-
eral. For example, if X is not UMD, then the Hilbert transform is not bounded on
LP(G, X). But the Hilbert transform arises as a multiplier from the sign function

N

on R, o(t). Thus we have o € M,(G), but o ¢ M, x(G).

Remark Somewhat abusing the terminology, we shall use the term multiplier
for both the function ¢ and the operator T;. This will not however cause any

ambiguities or conflicts.

A key task in vector-valued multiplier theory is to establish which algebras of
functions give rise to elements of M, X(G’) The theory is well developed in the
scalar setting, where the main result is the Strong Marcinkiewicz Theorem in [38].
One aim of this thesis is to find which algebras of functions belong to M, x(G),
for a given space X. Let us define the algebras of concern to us.

We have already defined the spaces BV (R) and BV(T), as well as BV (J), for
an arbitrary compact interval. These spaces have a natural generalization, by
considering the p variation, 1 < p < oo, of a given function f : [a,b] — C. More

precisely, we define

vary(f,[a,6) = sup (Y F () = Fun) )7 (1.4)
uEfP[a’b] 1

If we replace the compact interval [a, b] with R (or T), the definition remains the

same, with the difference that we consider partitions u € Pg (Pr respectively)

Definition 1.6. For 1 < p < oo, BV,(R) is the Banach algebra of functions
f: R — C with the norm

I fllBv, = Stlel]lI{? |f(t)] +vary(f) < oc.

For 1 <p < oo, BV,(T) is the Banach algebra of functions f : T — C with the

norm

1 fllv, = |f(1)] 4+ vary(f) < oo.

Of particular interest are functions whose p-variation on the dyadic intervals is
uniformly bounded. More precisely, let {s,},cz be the dyadic points of R given
by: s, = 2" forn > 0 and s, = ;—nl for n < 0. The dyadic intervals I,, of R
are given by I, = [sp, Spt1) for n > 0, I, = (8p, Sp11] for n < 0 and Iy = (s, 51).

We treat T analogously: let t,, = 2" 7 for n < 0 and ¢, = 27 — o for n > 0.

9



Then the dyadic intervals on T are given by J, = {e® : ¢, < t < t,.1} for
n >0 and J, = {e? : t, <t < tp,1} forn < 0. For 1 < p < oo and a

bounded measurable function f : T — C we have, using (1.4), var,(f, J,) =
1

SUPyep; (Ziv |f( A1) — f()\j)!”> E, so we can define
[ fllom,(my = [f(D)] + supwary(f, J,).

Similarly for a bounded measurable f : R — C, we define || f||on,r) = supg | f(£)|+

sup,, var,(f, I,).
The situation is somewhat simpler when G = Z. Here the dyadic intervals are
Sn+171

I, =1,NZ. So, given = € lo, we have simply varp(x,fn) = {Zk:8n |Tps1 —
xk|p}1/p, and then ||$||%(Z) = supy |zk| + sup, varp(a:,fn).

Definition 1.7. For 1 <p < oo, let M,(Z) ={ v €l = ||2]lom,z) < o0},
M, (T) = { f € L=(T): [[fllan,r) < 00} and
M,(R) ={ f € L) : ||fllom,r) < 0o}. These are Banach algebras, collectively

called the Marcinkiewicz-p classes.

Classical multiplier theory is well developed. The Strong Marcinkiewicz Multi-
plier Theorem asserts that for all 1 < p < oo, ¢ € My(R) is a multiplier for
LP(R), with the norm not exceeding C,||¢||sm, for some constant C, > 0. More

recently, the following extension has been established in [18].

Theorem 1.3. Let 1 < p < oo. Provided q € [1,00) satisfies |}D — %| < %, then
every ¢ € M,(R) gives rise to a multiplier Ty € M,(R), with norm not exceeding

Cpqll@llom, for some constant C, 4 independent of ¢.

The vector-valued analogues of multiplier theorems are not as fully understood;
but there has been a substantial breakthrough, by Berkson and Gillespie, for a
special type of UMD space. Specifically, they define the class J of UMD spaces
as follows. For a Hilbert space Yy and a UMD space Y7, which are compatible,
we let [Yp, Y1]s, 0 < t < 1, denote the usual complex-interpolated space. Then
J consists of those X which are isomorphic to some [Yp, Y3, space. (It is in fact
an open question whether all UMD spaces belong to J). The main result, to be

found in [14], is the following.

Proposition 1.2. Suppose X € J. Then there is a real number sy € (1,00),
depending only on X, such that for 1 < q < sx, each ¢ € M (R) gives a multiplier
T, € My x(R) with |[Ty|| < Apqll@llom, for some Ay > 0 independent of ¢.

We have already addressed spectral families associated with trigonometrically
well bounded operators. In fact, spectral families can arise from a wider class of

operators, namely strongly continuous one-parameter operator groups.
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Definition 1.8. Let (G,0) be one of (R, +), (T, ) or (Z,+), with identity element
e. A family of bounded operators {U,}.cc is a strongly continuous operator
group on X if

(i) Ue = Ix;

(i) for all 5, v € G, UgU, = U,Ug = Upgoy;

(111) for each v € X the map v — U,x is continuous from G into X.

Berkson and Gillespie have shown in [10] that, provided X is UMD and {U,} is
uniformly bounded, then the group has a spectral family associated with it. Of
particular interest to us is the right translation group {R,},e¢ on the classical
scalar spaces LP(G) and the vector-valued analogues L% (G) (of course, {R,} is
not in general a strongly continuous group; for example, if X is a certain weighted
LP(R) space - see chapter 4).

Now, both scalar and vector valued multipliers (with UMD X in the latter case)
can be viewed as special types of spectral integrals. This integration is with re-
spect to the spectral family of { R, },eq on L% (G). (The existence of the spectral
family is guaranteed by the fact the X is UMD). Thus multiplier problems are
linked to the following key question in spectral integration theory. For a given
spectral family E on a given space X, which Banach algebras give rise to spectral

integrals?

There are many important results in this area, again due to Berkson and Gille-
spie. They are to be found in [11], [8] and [13]. Here is a selection which gives the
general flavour. The results, stated here for T, are equally proved by the authors
for Z and R. Proposition (b) relates to mean-2 bounded operators T' on a Hilbert
space. These are bounded invertible operators characterized by the existence of a
constant C' > 0 such that for all z € H and N > 1, 555 SV 2| < ]2

Proposition 1.3. (a) Let (2, F, ) be a measure space and X C LP(pn), 1 <p <
00, a closed subspace. Let U be a power bounded (and hence trigonometrically
well-bounded) operator on X, with spectral family {E(X)}. Then if either

(i) € BV(T), or

(ii) ¢ € M (T) where q € [1oo) satisfies |]lo -3l < é,

we have a bounded operator Ty := 02_7r d(eM)dE(N) such that in (i) the bound
is |To]] < Cullollsy for some C, > 0 independent of ¢, and in (ii) we have
|To|| < Kpgll@llom, for some K, 4 > 0 independent of ¢.

(b) Let H be a Hilbert space and T' € B(H) a mean-2 bounded operator such that

the family {T*(T*)k} commutes. Then T is trigonometrically well bounded and
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there is a number s > 2 such that provided 1 < q < s, each ¢ € M,(T) gives a
bounded operator T, = OZ,W P(eM)dE(N) with | Ty|| < Cpqll@llon, for some Cypq >0
independent of ¢.

In chapter 4 we prove a BV, (R) version of the multiplier theorem for any UMD
space. We further show that, provided certain conditions hold, there is also a

M, (R) multiplier theorem for an arbitrary UMD space X.

1.4 A, weights

An important class of Banach spaces consists of weighted analogues of [,, LP(R)
and LP(T). We shall deal in chapters 2 and 5 with the first two, so let us treat
them in some detail here. LP(T) is similar in many ways to L?(R), to which we
turn now.

A measurable function w : R — [0, co] which satisfies w(t) € (0,00) a.e.(t), is
called a weight function. The space LP(w) is then the Banach space of measur-
able functions f : R — C for which {wa(t)]f(t)]pdt}l/p < 00. This quantity is
indeed a complete norm on LP(w).

An important class of weights are those which satisfy the A, condition of Muck-
enhoupt [25] and [26]. We say that w belongs to the A,(R) class, 1 < p < oo, if
there is a constant C}, > 0 such that for all compact intervals K of length |K| > 0,

{%/Kw(t)dt}{%ﬂ/l(w(t)&dt}p_l <G, (1.5)

The theory of A, weights is rich and well understood, and we refer the reader
to [25] and [7] for a full discussion of the main results and properties. We do,
however, record a couple of features, both of which are stated and proved in the

above references.

Proposition 1.4. (a) Let w(t) be a weight function and 1 < p < co. Then the
following three statements are equivalent:

(1) w e A,(R).

(ii) The Hilbert transform is a bounded operator from LP(w) into itself.

(b) If =1 < a < p— 1, the function w(t) = [t|* belongs to A,(R).

The treatment of [, (w) is entirely analogous, and somewhat easier to deal with, as
we avoid any measure-theoretic issues. A scalar sequence {wy, }rez satisfies the A,
condition, 1 < p < oo, or equivalently belongs to A,(Z) if there exists a constant
B, > 0 such that for all finite intervals K C Z,

L T

keK keK
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Importantly, Proposition 1.4 remains true for [,(w) spaces. In particular, if
—1 < o < p—1, the sequence wy = |k|*, wy =1, is an A, weight.

The right translation operator R plays a central role in the study of [,(w) spaces.

For j,k € Z we have (RFz); = x;_;, and an easy computation shows that
|R*|| = sup, w;—:’“ Crucially, the operator R is trigonometrically well bounded

on l,(w) if and only if H is a bounded operator from l,(w) into itself (see [7]).

There is an analogue of R in LP(R) spaces. It is the right translation group
{R;}ter, where for a measurable function f € LO(R), R, f(s) = f(s —t) a.e.(s).

However, we defer its treatment until Chapter 5.
The aim of this chapter was to give an outline of the theory pertaining to this

thesis. We now turn to a detailed treatment of the geometry of a Banach space

X and the way this interacts with spectral families on X.
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CHAPTER 2

2.1 Geometric properties of a Banach space

The central theme of this report is the interplay between the geometric properties
of a Banach space and operators acting on it. The UMD property, as explained,
has been shown to yield a rich array of results, centering on the Hilbert trans-
form. In this chapter we shall investigate several geometric properties, namely the
notions of super-reflexivity, uniform convexity and uniform smoothness. These
properties are extensively studied in [33]. James and Gurarii ([22], [23] and [24])
have produced a series of results concerning sequences in a space enjoying these
properties. We shall use some of their ideas to build new results about spec-
tral families, and thence prove new properties of trigonometrically well bounded

operators. We begin with a few definitions.

Definition 2.1. Let Y and X be Banach spaces.

(i) We say that Y is finitely representable in X if for each finite dimensional
F CY and € > 0 there exists a (finite dimensional) subspace E C X and an
isomorphism T : E — F such that ||T|| || T < (1+¢).

(i) Let P be a geometric property. We say that X has super-P if every Y
finitely representable in X has property P

Thus we immediately get our first key definition: a Banach space X is super-

reflexive if every Y finitely representable in X is reflexive.

Definition 2.2. Let X be a Banach space.
(i) Let 0 < 0 <1 and N > 1. We say that the matriz condition holds for
(N, 0) if there exist {x1,....,an} € Bx and {1, ...,En} € Bx- satisfying

(1,&1) - (21,8N)
' ' (2.1)

DD D

6

: : = 0 .

(Tn, &) - (2N, ¢N) 0 0
(i1) For 0 < 6 < 1 define

Nx(0) = min{ N : the matriz condition fails for (N,0) }.
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The definition of super-reflexivity is rather abstract to deal with in concrete situa-

tions. There is a more useful characterization of in terms of the matrix condition.

Proposition 2.1. Let X be a Banach space. The following are equivalent:

(i) X is not super-reflezive.

(i1) For some, or equivalently all, 0 € (0,1), the matriz condition holds for all
(N,0), N >1.

Proof. See 4.1.3 in [33]. O

Observe that this says that X is super-reflexive if and only if for some, or equiv-
alently all, 0 < § < 1, Nx(0) < oo. We shall rephrase Proposition 2.1 in the

following manner, for later use in Theorem 2.1.

Proposition 2.2. The following two conditions are equivalent:
(A) For some 6 € (0,1), the matriz condition holds for all (N,0), N > 1;
(B) there exist constants 0 < o < [3 such that for all integers N > 1 we can find

a sequence {x1,...,xy} € X satisfying

k
(1) HZ@H < B forallk <N,
i=1

N
(17) H ZaziaiH > asup |a;| for all sequences {aq,...,an} C C.
i=1

Proof. Suppose that (A) holds. So, there is some 0 < 6 < 1 such that Nx(0) = co.
Let N > 1 be given and suppose {z;} and {¢;} satisfy the matrix condition for
(N, 0). Define

T1 =21 ;=2 — Zi—1 for Z:2,,N

Then (x;,&;) = d;;0, so that, for each &k < N,

N N F
0|ay,| = |<Z&jxj’£k>‘ < H Zajxj and H ij
j=1 Jj=1 =1

Hence (i) and (ii) are satisfied with & = # and any 3 > 1.

— Jall < 1

Conversely, suppose there exist constants 0 < a < [ as in the statement of
(B). Let N > 1 be given and let {x)}r—1, n be the chosen sequence satisfying (i)
and (ii). Define 2z, = %Z’f z; and define & on lin{xy,...,xn} by (z;,§;) = ady;.
Then ||zx|| < 1 and

N

N
1O ajas, &) = alar] <1 aja

j=1 j=1
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So we can extend each & to all of X with ||&| < 1. Also, {&} and {z;} satisfy
the matrix condition for (N, 3). O

Remark

Observe that Proposition 2.2 gives the following result: X is super-reflexive if
and only if, for all constants 0 < o < 3, we have Nx(a/3) < oco. We shall use
this fact in the proof of Theorem 2.1 later on. For now we continue with more

geometric properties.

Definition 2.3. (i) Let 6 € (0,2]. A (1,0) branch is a pair of points {x1,xs} C
Bx satisfying ||xo — x1|| > 0.

Suppose N > 1 and that an (N, 0) branch has been defined. An (N +1,60) branch
is a collection of points {x1,...,x9nv+1} C Bx such that ||z — x9;1|| > 0 for
i=1,...2N and {%(3521 +x2¢,1)} v 18 an (N, 0) branch.

(ii) For 0 < 0 < 2 define

i=1,...,

Mx(0) = min{ M : By does not contain an (M, ) branch }.
(11i) X has the Finite Tree Property if, given 6 € (0,2] and N > 1, there is
an (N, 0) branch in Bx.
(iv) X has the Infinite Tree Property if, given 0 € (0, 2], there is a sequence
{z;}i>1 C Bx such that for each N > 1, the set {x1,...,xon} is an (N, 0) branch
m Bx.
Akin to Proposition 2.2, there is another useful way of characterizing super-
reflexivity.
Proposition 2.3. Let X be a Banach space. The following are equivalent.
(i) X is super-reflezive.
(ii) For some, or equivalently all, 0 < 6 <2, Mx(0) < oco.
Proof. Theorem 2 in 4.(i)3 in [33] says that X is super-reflexive if and only if it

does not have the Finite Tree Property. But this is precisely equivalent to saying
Mx(0) < oo forall 0 <6 <2. O

Definition 2.4. Let Sx denote the unit sphere of X. Fore € [0,2], the modulus
of convexity of X is
. 1 .

dx(€) =inf{l — Hi(x +y)|l : x,y € Bx with ||t —y|| > € }.

For 7 > 0 the modulus of smoothness of X is
1

px(r) =suw{g(lz +yl +llo—yl) =1 : =€ Sx |yl <}

X is uniformly convex if 0x(e) > 0 whenever € > 0. It is uniformly smooth

if lim 27 _
T

T7—0
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An important fact is that X is uniformly convex if and only if X* is uniformly

smooth. A proof is provided in [33]. We shall use this property in section 2.3.

The standard properties of dx : [0,2) — [0,1), are treated in [39] and [33]
and we refer the reader there for the details. It is noteworthy that dx(-) is not
easy to calculate for an arbitrary Banach space. There is a formula for X = LP(u),
for 2 < p < oo, but even for 1 < p < 2 there is no explicit form (see [39] for an
approximate behaviour). The functions Mx(-) and Nx/(-) are similarly non-trivial

to calculate. We can, however, see how they relate to each other, and to dx(-).

Proposition 2.4. Let X be a uniformly convex space, with modulus of convexity
5(). Let 0 <n<2,0<60<1and K> 1. Then provided 1 — 0 < 6(nf™) we
have

Mx(n6™) < Mx(n) + K.

Proof. Letn, 0, K satisfy the hypothesis. Then we have nf% < nf% -1 < ... < nf.

Since ¢ is a strictly increasing function, it follows that
1—0<dno) <o) < ... < (nb). (2.2)

We shall first show:
Claim
If Bx contains an (N + 1,70) branch, then it contains an (N, 7) branch.
Proof of Claim
Let {a9,...,20y,} be an (N 4 1,70) branch in Bx. Then the mid-points z; =
(@8 +29_1),1=1,...,2%, form an (N,n6) branch. Note that
2% — 2% all =2 00 = [l <1—0d(nf) i=1,..2%

Let y? = gaf for i = 1,...,2". Then {y{} form an (N,7) branch in Bx. To sece

this, note that [|3?|| < %(”9) < 1, so that y) € Bx. Also,

1 1
||y(2)i - ?ng‘—1|| = 5||$%z - xéi—l” > 577‘9 =1n.

Continuing inductively we set, for M = 0,...,N—1, yM = Lz = (@) +2)! )
fori=1,....,.28 "M Then

1 —4(nd)
0

lwgi — @i all =00 = [yl < <1 so that y;" € By.

Also,

1 1
||yé\14 - y%_l\l = 5”@:“1 - xgﬁf” > 5779 =n.
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Thus {y?} satisfy the definition of an (INV,7) branch in By, and hence the claim
follows. Observe that we have used only 1 — 6 < §(nf) in the proof. In other
words we have: provided 1 — 60 < §(nf)

B(N,n) branch = H(N + 1,70) branch.
By replacing n with nf", forn = 1, ..., K —1, we deduce: provided 1—6 < §(no"*!)
B(N,n0") branch = H(N + 1,n0""") branch.

But these conditions are simultaneously guaranteed for all n € {1,..., K — 1} by
(2.2), so we deduce that provided 1 — 6 < §(n6¥)

B(N,n) branch = AN + K,n0™) branch.

Finally, by applying this to N = Mx(n) we see that Mx(n) + K is in the mini-
mizing set for nfX in Definition 2.3 (ii). But the minimum of that set is precisely
Mx (nf%), so that

Mx (™) < Mx(n) + K.

O

The relationship between the Finite Tree Property and the matrix condition is

quite explicit, and we describe it with the aid of the following lemma.

Lemma 2.1. Let X be a Banach space and suppose the matrixz condition holds
for (2V,0), for some N > 1 and 0 < 0 < 1 . Then there exists an (N,0) branch
m BX-

Proof. Let {z;} € Bx and {§;} € Bx+, i = 1,...,2" satisfy the matrix condition.
Then, for each 0 < k < 2V we have

dist(conv(z1, ..., ), conv(Tpi1, ..., Ton)) > 6. (2.3)

To see this, let u = Z’f o;r; and v = Ziil Gix; with oy, 5; > 0 and Zlf o =
Ziil B; = 1. Then, as (z;,&) = 0 for i > k, we have

6= }Zeazi = !<waz Z@%fmﬂ <|l Zw’z Z@%H

k+1 k+1
As this holds for all such v and v, (2.3) follows.

Hence, for each k = 0,...,N — 1 we have 2¥7%~! pairs of points of the form
ok (.I'leJrl +.. —|—£I§'2k 1+1) ) and 2% (‘Tzk(l+1)+1 +.. +x2k(l+2)) (Wlth = O, ceey 2N_k —2),
which satisfy

Tokpr1 + oo+ Tok(y1)  Tok(g1)41 T T Tok(42)
2k N 2k
This shows that {z1,...,zov } form an (XN, ) branch. O
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Corollary 2.1. Let 0 < § < 1. Then we have Nx(f) < 2Mx(©),

Proof. Let N > 1. From Lemma 2.1 we deduce that if Bx does not contain an
(N, 0) branch, then the pair (2V,6) does not satisfy the matrix condition. Hence,
taking N = Mx(6), we see that 2% belongs to the minimizing set in Definition
2.2 (ii). But Nx(0) is the minimum of this set, so the result follows. O

It is worth pausing here to consider what happens in a Hilbert space H. Here we
can in fact calculate exactly Ny (). Provided 6 € (2/v/5,1], we have Ny (6) = 2.

It follows from the following Lemma.

Lemma 2.2. Let H be a Hilbert space. If 6 € (2/\/5’ 1] then there are no vectors
{5U17932>y1,y2} € By such that

(y1,71)  (y1,72) 0 0
- . 2.4
( (42, 21)  (y2,22) 0 6 (2.4)
Proof. Suppose on the contrary that such {x1, 2, 41,y2} € By exist. Then x1, 7,

are linearly independent, for
axy +bry =0 = 0= (yp,azy +bxy) =00 =b=0 =a=0.

Similarly y;,y> are linearly independent. Now let {ej,es} be the orthonormal

basis of lin{x1,z2} obtained from x1,xs by applying Gramm-Schmidt. Thus

x1
€1 = T

[

1?22 — (22, 21)24
€2

|| 21|22 — (22, $1>$1H '

Let P : H — lin{zy, 22} be the usual projection. Since (Py;,z;) = (y;,x;), we
may assume without loss that yi,ys € lin{zy,z2}. Then, with respect to the

basis {e1, €2} we can write
r1 = (d,0) x9 = (a,b),
Y1 = (Sut) Y2 = (ng)
But, we know that

(g, x1) |1z 1222 — (@2, 21)a: ||

1
[l [l |2

To = €2

so that b € R and d = ||z1]] € R. We now have (ys,29) = 6 € R so that
6 = gb = gb. Hence 0 # b € R implies that gb = gb and % = g € R. Similarly,
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0 = (y1, 1) = sd, which implies that sd = sd = 3d. But d # 0 and so s = 5 =

So now we can write

. 0 ) 6
xy = (a1 +iay, b), Yy = <E’ ty +ita), y2 = (0, g)-

Now, for ¢ = 1,2 we have 6 < [[z;[|, [[yi|| < 1. So |[ly2]| <1 implies that 6 < [b],
0 < ||y1]| gives 0 < s and |[|y1]| < 1 gives § < d. Hence

<1 = EB+82+£2<1
= BH+t<1-6 (2.5)

and ||2p)| <1 = al+a3<1—6%

Now 0 = (y1,x2) = s(ay —iay) + (t; +it2)b € R implies that t30 = say and so
ty = %9. Also, 0 = ays + bt gives t; = %(1 —a).

Putting all this into (2.5) gives [1 — %1]2 + j—§ < (1-6*%. But, since 1 > 6 >
2/4/5, it follows that (1 — #%)/6% < 1/4. Thus

2 2
[1—2}2+@<%§

1
d d? 4

From this we have {1 — %1}2 < landso0< ¢ <a < Hence © < al,
Putting all this together we have

2 2, .2 32 .2, 12 9_2 2 1\ /4 4
12|’x2” _a1+a2+b 2a1+b>4+9 > 1 5 _|_5_1’

which is a contradiction. ]

Finally, a key point to note is that there is a hierarchical relationship between
super-reflexivity, uniform smoothness, and the UMD property. All uniformly
smooth spaces and all UMD spaces are super-reflexive ([19]). However, Pisier has

shown ([27], [19]) that there is a super-reflexive space which is not UMD.

2.2 Spectral Families on a Super-reflexive Space

We begin this section by extending the notion of p-variation, var,(E), to spectral
families. It turns out that the geometry of the space X determines the nature of
var,(E), for a given spectral family {E(\)}.

We begin by extending the idea of p—variation of a scalar function to the vector-
valued case. Let us recall that P, is the collection of partitions u = {a =X <

... < Ay = b} of the interval [a, b], directed to increase by refinement.
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Definition 2.5. Let E be a spectral family on X and let v € X. For q € [1,00)

we define the g-variation of E(-)r as

N
1
vary(E(-)x) =sup  sup (Z IE(\j)z — E(\j_q)z||?) 9.
a>0 UEK‘P[fa,a] j=1

The q-variation of E is

vary,(E) = sup vary(E(-)z). (2.6)

[Jz]|<1

We say that E has bounded g-variation if var,(E) < co.

Observe the following property of a spectral family, which follows directly from
the definition: for x € X and d < ¢ < b < a we have
{E(b) — E(c)}{E(a) — E(d)}z = {E(b) — E(c)}z. Hence

I{E(D) — E(c)}z|| < 2||E||o|[{E(a) — E(d)}z]| forallz e X, d<c<b<a
This property allows us to make the following definition.

char(E) = sup{K > 0: K|{E(b) — E(c)}z| <[{E(a) — EQ)}z]  (2.7)
forallz € X, d<c<b<a}.
In particular we always have char(FE) > m Let us prove a useful lemma.
Lemma 2.3. WI(E) = sup,.» [[E(A) — E(u)|

Proof. Let d < c<b< aand x € X. Then we have

IE®)z—E(c)z| < [|E®)=E()] [[E(a)z—E(d)z]| < sup IEN) =EWl |E(a)r—E(d)x].

Thus we have

char(E) < sup [EA) = E(u)-

Conversely, fix A > u and x € Sx, the unit sphere in X. Then we have

1
E —F < —||F — BE(— for all .
1B ) = Blp)all < s B — E(-v)ei] for all v > AV |
So, letting v — oo, we get
1
E\Nzx—F < — |zl
1B — Ep)el) < sl

Now take supg, to obtain ||E()X) — E(u)| < m But this holds for all A > p

and so we get

1
sup IE(A) — E(p)]| < har ()

as required. O
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Now, by a two-sided partition of R we mean a sequence u = {S;}jez, with s; —
+o0 as j — +oo. We denote the set of such partitions with Pr. Given a spectral
family {E(\)} and a partition u € Pr let {A;} = {[E(s;) — E(Sj—l)]}jez be
the associated Schauder decomposition. That is, Y > A; = I (with strong
operator convergence) and A; Ay = 0,,A;, where §;; is the Kronecker delta. That
this is so follows immediately from the definition of a spectral family. If we wish
to distinguish between two decompositions arising from two different partitions,
u and v say, we shall use the superscript notation {A,(C“)} and {A,(:)}. Observe

also the following properties of var,(E).

Lemma 2.4. Let E be a spectral family on X and suppose vary,(E) < oo for
some 1 < q < oo. Then

(1) vary(E(-)z) < ||z|| vary(E) for any v € X;

(i) var,(E) = inf{K : {3 [|Asz||7}Y7 < K|z||, z€X, uePg}.

Proof. (i) Let a >0 and u = {—a = A_y < ... < Ay = a} € P|_qq. Let {A,(cu)}

be the associated Schauder decomposition. Then
q}l/q

{ S N Tl S i |8 @/l
I sup{ZnAk i}

[HES R

IN

” 1/q
< ellsup sup sup Z\\A,i’ynq} = Jall var, (E).

a>0 TI’G(P[,G’E] ”yllgl —N+1

Taking sup sup on the left hand side gives the desired result.
a>0 ue:])[fa,a]

(ii) Let & be the set on the right hand side of (ii), and let S = inf &. From (i) it
follows that S < war,(E). Suppose, though, that S < var,(E). Then there is an
€ > 0 such that (S + €/2) < vary(E) and (S + €/2) € &. But then by definition

1
of &, we have for all x € X and u € Pg, {Ziooo ||A,(€u)x||q} ! < (S +€/2)||x]-
So taking supy, <, and sup,cqp, on the left gives var,(E) < (S + ¢/2) which is a

contradiction. O

We can now state and prove the central result. It asserts that if X is super-
reflexive, then every spectral family on X has bounded ¢ variation for some
1 < g < 0.

Theorem 2.1. Let X be a super—reﬂexz've Banach space and let E be a spectral
famaly on X. Given any 0 < ¢ <
on ¢ and X, such that

e there exists q € (1,00), depending only

var,(E) < (2.8)

=
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Theorem 2.1 is more substantial when stated in the following manner.

Corollary 2.2. Let X be a super-reflexive Banach space and let E be a spectral
family on X. Then there ezists q € (1,00), depending only on X and || E||~, such
that

vary(E) < oo. (2.9)

The proof of Theorem 2.1 is rather involved, and requires several technical results.
The following Lemma is implicitly used by James in [24]. We provide an original

proof herein.

Lemma 2.5. Let {a_p, ...,apn } be a sequence in RT with M > 3. Let1 < N < M
and 0 < 0 < 1. Suppose we have

0

i <
GBS ON T

M
Zak for each a € {—M,..M}.
M

(i) There is a subsequence {0 = My < My < ... < My = M} C{1,..., M} such
that

M; j M 0 M
‘_ZMak—Ng;ak <ﬁ_2ak for j=0,..N. (2.10)

(i1) Furthermore, for j =1,..., N we have

1M
ar — —— a
DRSS St

M1 <|k|<M;

0 M
< N;;ak. (2.11)

Proof. (i) The statement is trivially true for j = 0. Let us write by = a¢ and for
j=1,.,N, b= ZJ_] ar. Then we have

0

bj _bj—l =a—; +aj < ON & 1bM < NbM
Let us divide [0, by, into N intervals
Kj = []Tb]\/[, %bM) for ] = 1, ,N - 1, KN = [TbM,bM]

Note that by < 6by /N and 6by /N < by /N. Hence by € Ky, and each K;
contains an element of {by,...,by}. Therefore, the following are well-defined:
U; =maz{i : b € Kj}, j=1,..,N
Lj :mm{z : biEKj+1}, j:07,N—1

Note that U; +1=L; for j=1,..., N — 1. (1)
Further, we set My = M and for j =1,.... N — 1

Mj = Uj if %bM — ij < bLj — %bM,

M; = L; otherwise.
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The sequence {M;}, j = 0,...,N — 1 is strictly increasing. For, if M; = U,
then Mj+1 Z Uj+1 Z Lj > Uj = MJ, and, if Mj = Lj, then bl—l—Lj € Kj+1,
so Ujy1 > Lj +1 and so M1 > Lj +1 > M;. Moreover, we have, for each
j=1,..,N

|bar, — ibM| <

N 2N
To see this, suppose, on the contrary, that
0
|bM — —bM} > —by for some j. (2.12)

2N

Then, using (}), in the case M; = L; we have |ij — %bM‘ =br, — %bM > 0 and

SO
L bar — by, = (br. — by,) + (“=bar — by, — < b, — 55b
NM U; (L] U])_'_(NM LJ) < N 2N 2N — NM

But this is precisely the condition for M; = Uj, giving a contradiction. Similarly,
in the other case, namely M; = Uj, (2.12) would give ‘ij—i]\',bM‘ = i&bM—ij >0
and

N 9N 9N = NM Uit

bLj — %bM = (bLj — ij) — (%b]\/[ — ij) <

But this is precisely the condition for M; = L;, again giving a contradiction.
Finally note that the construction of the sequence {b;} implies that (2.12) is
precisely (2.10) in the statement of (i). Thus we have constructed the desired
subsequence {M,} of {1,..., M}.

(i) Inequality (2.11) now follows immediately. For, if j = 1,..., N, the left hand

side can be rewritten as

| Zak——zak} (Y ak——zak}

|k|<M; |k|<M;_q
—1
< Iy ak——zak} Y k—f—zak}
|I<:|<M [k|<Mj_1

M

—Z S _ﬁi
N 2T oN 2% = N 2.
M M M

Let us now prove Theorem 2.1.

Proof of Theorem 2.1 For ease of notation let us write € = . Observe that

2||E lloo
char(E) > e. We shall prove the following claim.

Claim

24



There exists 1 < q < oo, independent of the partition {s;}jcz € Pr, such that,

forallz e X,
1/q
o( ) <

JEZ.

S A =zl

JET

This claim immediately gives the desired result, first by taking the supremum
over partitions {s;} N [—a, a], then over {a > 0} and finally over {x € Bx}.
Proof of the claim

Suppose the claim is false. We shall establish the existence of o < # and 3 > %
such that Nx(a/() = oo. This will contradict the super-reflexivity of X, by the
remark following Proposition 2.2.

So, let N > 2 be any integer. Pick 0 < X < 1 such that 2¢ < A\%¢. Now pick ¢ > 1
sufficiently large such that (1 +2N)Y4 < $(1 — X\)"/4. Then, if 3; > 0 for i € Z,

we have
il 1
(3-8)"" < S sup ™. (2.13)
i=1 i

Now, if the claim is wrong then there is 2y € X and a partition (A;) of R such
that

2ol < 6 (D 11A;20]1%) .

Let 0 < n < 2||20|| be such that
& 1
lzoll +1 < & (3 az]17) ",

Then there are positive integers Uy, Ly such that

U

1
lz0]] + g <o(3 11829 forall U =Ty, L= L.

—L

Also, there are positive integers Ay and By such that
n - n
lzoll = 5 < 1> Ajzl| < llzoll + o forall A> 4, B> 5,
-B

Now let My = max{Uy, Lo, Ao, By, N + 1}. Then for all K, L > M, we have

K Mo
157 A5zl < floll + 5 < 3 1aszal) ™,
L

— M,

Consider now 0 # yo = {E(An,) — E(A_pp—1) }20. We then have Ajyo = Az for
Jj=—Moy,..., My and Ajyo = 0 otherwise. Thus we have, for all K, L > M,

%) My My 1 K
D 18wl = 3 1Al = D185zl > D Azl
o -L

— Mo — My
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Taking K = L = M,, we obtain

Mo ) 1, 1
(S 1am0l9)" > 5l ST Aol = ool

—Mop —Mo

In other words, we have found an M = My and 0 £y € {E(A\y) — E(A_p-1)}X

such that
ol

(Z|j|§M ||Ajyo||q)l/q

Now let

]l

A= inf{ 7
(Z\j\SM HijHq)

0%z e {EOw) — E(/\_M_l)}X}. (2.14)

The calculations above imply that A is well-defined, and moreover 0 < A < ¢.
To show that A > 0, suppose on the contrary that A = 0. Then for each § > 0,

we can find an ¢ € X such that
1
KEOw) — EQ_y—)}ll < 6( ) 1Az .
|71<M

But, since char(E) > €, we have for each k € {—M, ..., M }

M
13" Ajz|| > el Agall.
-M

Thus for each k we have €?||Apz (| < 6937 ;o5 1A,z
So, summing over {k : |k| < M}, we get
€Y I Akz]|T < (2M +1)67 > | Al
|k|<M k| <M
and so € < (2M +1)1/95. But § > 0 was arbitrary and so we get the contradiction
e = 0. Hence A > 0.
Observing that A < A/\, we choose zg € {E(Ay) — E(A_p—1) } X with ||z =1

and

/g <
(Z|j|§M ”ijOHq)
Again, as char(FE) > ¢, we know that for all y € X and k € {—M, ..., M}

M
1" Asy]l = el Ayl
M
Hence for each k£ we have

A
lAkoll < 5 (D7 1Azo]9) .

lil<M
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Now, the fact that A < ¢ < &€ and 2;[ +i gives

M

M
1—A
Ao < X]ZM 8520l < 37 3 WAl

Then Lemma 2.5 gives a subsequence {0 = My, My,...,My = M} C {1,... M}
such that for 7 =0, ..., N we have

Mj 1M
> Il - £ | A Al @9
—M,; —-M
Now let
—Mg-1—1 M,
Uj = Z AJZO—F Z AZEO j:27...,N, U,1:ZA]‘IQ,
Mj—1)+1 M; —M
M; —Mg-n—1 M,
u o= Y Al Y Al S=2 N w= Y A
Mg1)+1 —M; —M

Note that xy = Zjvzl u; and uj € {E(Ay) — E(A_p—1)}X for j =1,..., N. Then
by Lemma 2.5 (ii) we have

1 M
Vi T N > (1 Akzo|
M

Hence for each j € {1,..., N}

p 2\ 1 Y
¥ _EA; Azl < v; < T% | Agol|? < m; | Agol|?,

and this implies:

1 -\
< TZM”A’““”Q‘

v; >\ sup v, forj=1,.., N. (2.17)
1<k<N

Thus we have, for each j,

A s
< AL
1/ -
(=M 1A kao]je) o'
| I
N sup ol (SN A aoll)
1<k<N

These inequalities follow by (2.15), (2.14), (2.17) and (2.13) respectively. Using

the terms on the extreme left and right we obtain

|u || > A* for each j =1,..., N.
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But we also know that char(E) > € and \* > 46%2 so that for any sequence {a;}
of scalars and k=1,..., N

N M 202
IS all = Sllavd > Sl > 2ol
1

Let a = @ = 4]|E||so®?. Observe also

N k
L= llaoll = [ 3wl = 50 > w for allk < A.
1 1

Hence H Z]f UJH < % for all £k < N. Now we choose any [ > % satisfying a < f3.
In particular, for example, § = % = ﬁ Hence, using Proposition 2.2, we
have constructed a < 3 such that the matrix condition holds for (N, §), so that
N X(%) > N. Since N was arbitrary, and « and (3 are independent of N, it follows
that Nx(§) = oco. By the remark following Proposition 2.2 this contradicts the

super-reflexivity of X.[J.

Theorem 2.1, or equivalently Corollary 2.2, both have important applications
both in vector valued multiplier theory and in the study of trigonometrically well
bounded operators. We turn to the latter now, and deal with multipliers in chap-
ter 4.

The notion of trigonometric well-boundedness was discussed in detail in chap-
ter 1. Recall that T € B(X) is trigonometrically well-bounded precisely if there

is a spectral family £ on X, concentrated on [0, 27| such that

T = / 27rei’\dE()\)E E(0) + /0 QWeMdE(/\).

The resulting AC(T) functional calculus automatically gives a representation for
powers of T', T" = f o e™dE()N), for n € Z. Using integration by parts we

calculate

2T
™ = / " dE(N)

27
= E(0)+ [ei”AE()\)]zW — in / e E(N) dX
2w ) ’
= I— in / e E(N\) dA.
0
Hence an easy estimate for the power growth of 7' is

1T < 14 27| E||oo|n]- (2.18)
28



In other words, 7" has at most ~ |n| power growth. We can now show that if X is
super-reflexive, then every trigonometrically well-bounded T has a slower power
growth. ||7"|| is dominated by C|n|* where C' > 0 and « € (0, 1) are constants
depending on X and 7. In fact, the dependence on T is only through || F|| .

Theorem 2.2. Let X be a super-reflexive Banach space and suppose T € B(X)
is trigonometrically well-bounded, with spectral family {E(\)}. Then there exist
constants C' > 0 and o € (0,1), both depending on X and ||E|«, such that for
alln € Z\ {0}

17" < Clnfe. (2.19)

The two key ingredients involved here are Theorem 2.1, and the following Holder-

type inequality, due to L.C. Young, [32].

Lemma 2.6. Let J be a compact interval and let 1 < p, q < oo satisfy %—l—% > 1.
If f € BV,(J) and g € BV,(J) have no common discontinuities, then

‘/Jf(t) dg(t)‘ < Kpqll flly, vare(g).

where Ko =1+ ¢(1/p+1/q) and {(s) = 7" = is the zeta function.

In order to apply Lemma 2.6 in the proof of Theorem 2.2, we need the following

estimate on the p-variation of the functions €,(\) = e™*, X € [0, 27].
Lemma 2.7. Forn € Z let
€, :[0,27] = C, X — ™,
Then for all p € [1,00)
vary(e,) < (2w + 13)\n|%

Proof. Let n € Z be fixed. In line with previous notation, let P 24 be the set of
partitions of [0, 27]. For u = {0 = Ay < ... < Ay = 27} € Pjg2q), define

vary () = { i en\y) enw_lnp}up.

Hence vary(€n) = sup,egy, ,  vary(en, u). Observe also that

0,27]
2
mmw:/|qmw:%m
0
Now, for any u € Pgan), let
1
Gu={j21: 0<[n|(dj = Aj-1) < 37 }

. 1
Bo={jz1: gm<nl(A =) }-
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Then

U(M‘p(en,u)p = Z |€n(/\ ) — Aj-1 )P+ Z len(Nj) — Aj— )P (2.20)
jEC j€Bu
Let K = |B, | Since for j € B, we have (\; — ;1) >
have K <
that

ﬁ, it follows that we also

/3‘ = 6|n|. Also, for any j € G, we have |e,();) — €,(A;—1)] < 1 so0

len(A) — €n(Aj21) P < |en(Nj) — en(Nj21)| for j € G.

Hence we have from (2.20)

vary(en, u)’ <Y len(A) = en(Ajm1)| + 2°.6n]
JjEGY
< wvari(e,, u) + 2°|n/

< 2m|n| + 2P6|n| = (27 + 2P6)|n|.

This is true for all u € P2, and so

vary(e,) < (2w + 12)\n\%

Now we are ready to prove Theorem 2.2.

Proof. We have at hand a super-reflexive Banach space X and a trigonometrically
well-bounded T" € B(X). Let E be its spectral family, Concentrated on the
interval [0, 27]. In the statement of Theorem 2.1 let us take ¢ = STET= EH . We also
had € = m The conclusion of Theorem 2.1 now gives a value ¢ € (1,00),
depending on ¢ and X, such that

vary(E) < — = 8|| || co-

o=

Now, we have T" = 0, en(N)dE(N) for n € Z\ {0} (n = 0 simply gives Ix). Let
€ X and € € X*. Let also p € (1,q'), where é + qi, =1,so that 1/p+1/¢ > 1.

Then we have

g - [ "V AEOV), €).

The scalar functions €, and (£, E(.)z) have no common discontinuities in [0, 27].

So, applying Lemma 2.6 we have

(T2, ) < {1+ C(1/p+ 1/q) }{1 + vary(en) } vary((€, E()z)).

Observe that 1+ ((1/p+1/q) < %)pq Further, by Lemma 2.7 (i),

1+ vary(e,) < (27 4+ 13)|n|/? for n # 0 and by Lemma 2.4 (i),
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Uarq((ﬁ,E(.)x» < wary(E)||z|| €]l < 8||E|leol|z] [|€]]. Putting this information
together, we get

2(g+p) —pq | n
Tz, €)] < 8|| Bl (21 +13) 2L LI TP /m o 1]l 9221
K ) < 8JE] oo )(q+p)_q|| ]| [I€]] (2.21)
Now, this holds for any p € (1,¢'), so in particular it holds for p = 1% = %.
In this case we also have W — 2 Hence
a+p)—pq q
2 2

2
q (g—1)
7 Il izl flE]l-

(T2, §)] < 8||E||oo(27f+7)q —

Since this holds for any z € X and £ € X*, we finally have

2 2 2(g—1
77 < {81 Ell(2r +18) 2L L (055 for n 0.
q_

As the value ¢ depends on ¢ = m and X only, it follows that the constants

2¢? 2(g — 1
g and az—(q )

C = 8||E|| (27 + 13
|22 + 1) o

do as well. Hence we have established (2.19), noting that 0 < o < 1. O

Remarks

(i) In Theorem 2.1 we have shown that for any ¢ € (0 thereisa g, € (1, 00)

1
4B Hoo)
such that var, ¢(E) < 00. The proof, however, does not give an explicit value of
s, it only asserts the existence of one.

(ii) In the proof of Theorem 2.2 we make a choice of ¢ € (0 namely

BT
¢ = m. This clearly impacts the value of q. However, since we do not have
an explicit relationship between ¢ and ¢, it would be futile trying to pick an
“optimal” ¢, which minimizes q.

(iii) Note that inequality (2.21) holds for any p € (1,¢'). Hence we can in fact
obtain power growth arbitrarily close to ~ |n|!/ ¢, The problem is, however, that

lim,, ./ % = 00, so we cannot say that there is a constant C, such that

1T < C,ln|Y4 for all n # 0.

The point argued in these remarks is that we have proved the existence of q¢ €
(1,00) and a € (0,1) for which (2.9) and (2.19) hold, rather than calculating
explicit values. The situation is different if we are dealing with uniformly smooth
spaces, as we shall see in the next section.

But before closing off this part, let us illustrate that super-reflexivity is genuinely

needed for Theorem 2.2 to hold. It cannot be relaxed to reflexivity.

31



Example
There exist a reflexive, non-super-reflexive Banach space X, and a trigonometri-
cally well-bounded T € B(X) such that

|1T"|| = 1+ 27|n| for all n € Z.

Let QF be the set of dyadic points in [0, 27) of order n. That is Qf = {0 = 51 <

... < Son } where s = ”éﬁfll). For a function f: Qf — C let

1By = [F(O)] + Z |F(s5) = f(s5-0)]-

Let X, = { f: Q% — C} equipped with the norm || - || gv(,). Define
My : X3, — Xj, by My f(t) = €' f(t). Then, for a trigonometric polynomial p(e),
we have p(My,)f(t) = p(e™)f(t). Hence |[p(My)|| = |Ipl|sv ), where of course
IpllBva = |p(1)] + Efiz [p(e™) — p(e™-1)|. Now let

X =1y(Xg) and M = @My,
observing that X is reflexive. Since U,,>1Qp N [0, 27) is dense in [0, 27), we have

supy |2l Bvk) = |IpllBv and so
()1 = sup 1p (1)) = gl

So by Proposition 1.1 in Chapter 1, M is trigonometrically well bounded. But,

we also have
MY = SUp I(M)N]| = 1|V gy = 1+ 27| N|.

so M has exact power growth of order N.
That X is not super-reflexive follows from Proposition 2.3, because Mx (2) = oc.
This is quite straightforward to see, by finding an (n,2) branch in By, for any
n > 1. First note that each X, is isometrically isomorphic to l§2n) via the map
Up: X, — 1%,
[ = (f(81)> f(Sz) - f(Sl), e f(Szn) - f(Sznfl))-
The inverse is given by (Un_la:)(sk) = 21 + ... + x5. Hence the map
U= : X — LY.
is an isometric isomorphism. Now, l%zn) contains an (n,2) branch in its unit ball,

given by the canonical basis {ey, ..., ean }. For,

||€1 - 62H - ||€3 - €4H = ... = H€2n,1 — 6271” = 27
er + e €3+ €4 B | €2n-3 + ean_o €on_1 + €on .
| 2 2 == 5 - 5 | =2

and so on. Hence Ml I(Zn)) (2) = co. Now U, being an isometric isomorphism,
2\1

transfers this branch to X. O
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2.3 Spectral Families on a Uniformly Smooth
Space

The situation is somewhat clearer when dealing with a uniformly smooth space
(recall this property from Definition 2.4). In this case, given an arbitrary spectral
family E we can, in fact, find an explicit range of values ¢ for which var,(E) < oo.
This range depends only on dx«(¢(E*)), where dx+ is the modulus of convexity
of X* and ¢(E*) is defined in Definition 2.6.

At the end of this chapter we return to trigonometrically well bounded operators,
in particular the shift operator on weighted sequence spaces. Motivated by its
power growth we pose the following question: if T is a trigonometrically well-
bounded operator on an LP(u) space (with 1 < p < 00), is the power growth of

T™ at most ~ |n|'/P?

Before dealing with uniformly smooth spaces, let us turn to uniformly convex
ones. The reason for this is that a space X is uniformly convex if and only if its
dual X* 1s uniformly smooth. We shall use duality arguments to deduce results

about a spectral family E by looking at its dual E*.

To start with, let E be a spectral family on a uniformly convex space X. As
before, let {s;}jez be a two-sided partition of R and let {A;} be the associated

Schauder decomposition of E. For j > ¢ > 0 we define subspaces

j —i
X, = [m< A+ Y Ak) = [E(s;) — E(si) + E(s-;) — B(s_;)] X.
k=i+1 k=—j+1
Definition 2.6. Let Sx be the unit sphere in X.

(i) For 0 # 2,y € X, o(wy) = | & - 4.
(i1) For subspaces P,QQ C X, with PN Q = {0}, let

oPQ) = inf  ozy)=dist(Sp,5).

(111) For a spectral family E and u € Py let

gbu(E) = inf Qb(XO,i;Xi,j) = II;f dZ'St(SXOJ,SXi’].)
j>i

§>i>0

O(E) = inf 6u(E).

Note that we always have ¢, (F) > ¢(E) > 5=—. Let us record two Lemmas

[Elloo

required for future use.
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Lemma 2.8. Let X be a uniformly convex Banach space. Let € > 0 and A\ =
(1) If X <1, then for allt >0, p > 1 and x,y € Sx with ||z — y|| > € we have

|z +ty||” <1+t

(i) If A > 1, let pg = log, 2. In this case, for any 1 < p < po there erists a
A(XN,p) > 0, such that for all x,y € Sx with ||x —y|| > € and |1 —t| < A(X, p)

o+ ty||? < 1+ P, (2.22)

Proof. Observe that if z,y € Sy with [z — y|| > ¢, then 1 — ||5(z + y)|| > d(e),
ie. [z +yl <A

(i) This part is easy. Note that A < 1 implies ||z + y|| < 1 for all z,y as above.
Suppose, contrary to the claim, that there are some ty > 0, p > 1 and x,y such
that 1+ ¢ < ||l + toy||P. If to > 1 then we have

[z +toyll < llz+yll + (Lo =Dyl <1 + (o—1) = to.

Then 1+ 5 < ||z + toy||P? < 5, which is a contradiction. Otherwise, if 5 < 1,
then

Iz +toyll < tollz +yll + (L—to)llzll <to + (1—t0) = 1.

This gives 1 + t) < ||z + toy||” < 1, that is o = 0 which is again a contradiction.
Hence no such ¢y > 0 and p > 1 exist.

(ii) Observe that p < py implies that A’ < A = 2. Hence inequality (2.22) is
true at ¢t = 1.

But, the family { f, , }+yesy given by f.,(t) = ||z +ty||” —1 -1t is equi-continuous
in ¢t with f,,(1) < 0. Hence there exists A > 0 such that, for all z,y € Sx and
|1 —t] < A we have f,,(t) <O. O

Remark
Observe that uniform convexity is genuinely needed in this Lemma. If € > 0 then
A < 2. The latter is required for (ii).

Lemma 2.9. Let (a;) and (b;), i = 1,...,N, be two sequences of non-negative

reals. Suppose there exists € > 0 such that
a;—by >0, ay—by <0, l|aj1—a)| <e and|by—bi| <e for i=1,.. N.

Then there ezists 1 < iy < N such that |a;, — b;,| < €.
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Proof. Suppose, on the contrary, that no such iy exists, i.e. that |a; — b;| > € for
all 7. Then we have

ap—by > € and by —ay > e

So there exists an 7y such that

ap—by>¢€ ... aj—1—0bjy—1 > € and b, —a;, > €.
So, if a;, < a;,—1, then

bip—1 < Gig—1 — € < @iy < by —€ = |bj, — biy_1| > €,
which is a contradiction. On the other hand, if a;,—; < a;,, then

big—1 < @jg—1 — € < ajy — € < by —2€ = |by, — big_1| > 2e.

This is again a contradiction. Il

We shall now prove a lower bound g-variation result for a spectral family on a
uniformly conver space X. Observe that we already know that for such a family
E, there is some g € (1,00) such that var,(E) < co. This follows from the fact

that a uniformly convex space is super-reflexive (see [33]).

Proposition 2.5. Let X be a uniformly convex space and E a spectral family on
X. Let 0 < d < ¢(E) and set X =2[1 — x(d)].

(1) If X < 1, then for any p > 1 there exists a constant A, > 0 such that for all
x € X and u € Pr we have

> 1/p
ol < Ap( 3 Iaeal?) ™

(11) If X > 1 then for any 1 < p <log, 2 there exists a constant A, > 0 such that
for all z € X and u € Pr we have

> /
ol < Ay (S Iaelr) " (2.23)

Proof. Let uw = {\} € Pgr be fixed. As before, {Ar} = {(E(A\) — E(M\r—1))} is

the associated Schauder decomposition. Define
Xo={x e X : Agz=0 for all but finitely many & }.

We shall prove (i) and (i7) for x € Xy, using induction on K = number of non-
zero terms in the sum » > Ayz. Then density of X, in X will imply that (7)
and (i) hold for all z € X. We shall show that in case of (ii), A, = ﬁ where

p,A)’
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A(p, A) is the number appearing in Lemma 2.8, chosen so that A(p, A) < 2. For
(i) we shall simply fix A(p, \) = 3 and appeal to the same argument as for (i7).

Observe that both choices of A, are independent of the particular partition w.

So, let us prove (ii). Clearly inequality (2.23) is true for K = 1, for then we
have x = Ayx for some k € Z.
Suppose now (2.23) holds, with A, =

Now let x € X have K + 1 non-zero terms. Pick the smallest positive integer M

such that Az =0 for k> M and k < —M + 1, so that x = Z]YMH Arz. Let us

now define

A for all z with K non-zero terms in
A(p,A)

Ty = Z Ajxz fork=1,..,M; xy=0

and
M —k
Yk = ZAj:U—l— Z Ajx, fork=0,..,M—1; yu=0.
j=k+1 j=—M+1
Note that we then have z); = © = xp + yi for k = 0,..., M. We now have two

cases to consider.

Case I [|Ajz]| < 28Xz for all j € {~M +1,..., M}.
Then we have ||zo]| — ||yol| <O, ||za|| — |lyal|| > 0 and for i € {1,..., M — 1}

A(p, ) A(p,\)
v = llll| < =5 llwarlls Jllyisall = llgall| < —5—llwall.
The last two follow from, for example,
A(p,N)
|zinall =Nzl < i —@il] = Az + Aizl] < —F—lzal.

Hence, by Lemma 2.9, there exists 1 < r < M such that

A(p, A)

2

‘er” - ||y7"||| <

(Note that r # 0 or M because |lyo|| = ||zm]| = ||z]| £ %HQEM”) By homo-

geneity of the last equation, we may assume that ||z,.|| = 1. For, if this is not

the case, we merely set 3, = ”’;—’“” and g, = IIzk-H for kK = 0,...,M. Then all the
inequalities under Case I still hold with 2%, y; in place of x, yx.
Moreover, without loss of generality we may assume that ||z,|| > ||ly.|| (otherwise

we interchange the two). Note that

r=2xy =1z, +y, implies |z| < |z + [Jy-] < 2.
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Hence
A(p, \)

1= < =L lal| < A, N). (2.24)

Now set 9, = ¥,/|ly-|| and observe that x, € Sx,, and 9, € Sx,,,. Since
&(Xor, Xear) > ¢(E) > d, we have ||z, — g,|| > d. So, using (2.24) and Lemma
2.8 with ¢t = ||y,||, we have

— [llzoll = D

[ ll” = Nzarll” = llwr + e ||” < 1T+ 87 = [lze||” + |y |I”- (2.25)

But, x, and y, have at most K non-zero terms in their defining sums, and so by

the inductive hypothesis we have, with A, = ﬁ,

-

- 1/p M 1/p
ool < Ap (D0 IAl?) "l < A (DS Al + Y IAl)

—r+1 k=—M+1 k=r+1
Putting this into (2.25), we obtain [[z[|P = |lz[|P < AP Z]YMH | Agz||P, which

completes the inductive step.

Case II: There exists some 1 < r < M such that

A(p, \)
1A 2] > == .

But then we immediately have, on rearranging,

4
A(p, M)

4

M 1/
1Az < Ap< Z \|Ak$”p> p7 again with A, = m

—M+1

[zl = llzadl <

So, in either case we see that inequality (2.23) holds for all z with K + 1 non-zero
terms in Zfooo Arx. Hence by induction it holds for all x € X,. The latter is
dense in X, and this establishes (i).

As noted above, case (i) is proved in exactly the same manner. But this time,

1

Lemma 2.8 holds with any A(p,\) > 0, so we can fix it to be 3,
) is independent of the

observe that in both (i) and (ii) the constant A, = A(%

particular partition u, and so the proposition is proved. Il

say. Finally,

We are now ready to turn to uniformly smooth spaces. We know that X is
uniformly smooth if and only if the dual X* is uniformly convex (see, for example,
[33]). Furthermore, given a spectral family £ on such X, the operators E*(\) =
E(\)* define a spectral family on X*. This follows from the reflexivity of X, as

this Lemma shows.
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Lemma 2.10. Let E be a spectral family on a reflexive space X. The family E*
satisfies the following properties:

(1) E* (W) E*(A) = E* (1t A N);

(i1) 112" oo = |1 Ello;

(i1i) E is right continuous and has left limits in the strong-operator topology of
X*;

() im0 E*(X) = I and limy_,_ o E*(\) = 0 in the strong-operator topology of
X*.

Proof. (i) and (ii) are straightforward. (iii) and (iv) use the same following ar-
gument. It is a general fact that a family of bounded projections on a reflexive
space, which is increasing in the sense of (i), has strong right and left limits.
Hence we know that for each & € X* and A € R, E*(A\")¢ and E*(A7)¢ exist
in the strong operator topology. But we also know that these limits exist in the

weak-* topology because

(2, EXAN)E) = (2, E* ()| = (EN)z,§) — (E(p)zf)|
< €l IENz = E(u)x].

So, if we fix A € R and let u \, XA or /A, we see that, in weak-* convergence
E*(A\T)¢ = E*(M\)€ and the limit E*(A\7)¢ exists. But, as X is reflexive, weak-*
limits are precisely the weak limits, and so the strong limits must coincide with

them. Exactly the same reasoning works for (iv). O

Now we are ready to state and prove our main result. Recall that for r € (1, 00),

r’ is the conjugate index, i.e.  + r—l, =1.

Theorem 2.3. Let X be a uniformly smooth space, and let E be a spectral family
on X. Let d = ¢(E*) and suppose X = 2[1 — dx«(d)] > 1. Then for any
1 <7 < log, 2, we have var, (E) < oo, where 1/r + 1/r = 1.

Proof. Let r € (1,log, 2). Our aim is to find a constant B, > 0 such that for any
re€ X, u={sj}jez € Pr and N > 1 we have

!

N , 1/r
(Z ||Akx||7“> < B (2.26)
—N

Then we can take suprema over N > 1, u € Pg, and x € Sx respectively, to obtain
var,,(E) < B,. As before, let {A;} = {(E(s;) — E(sj_1))} be the Schauder de-
composition associated with u = {s;}. Let us also write A} = E*(s;) — E*(s;-1).
Observe that by Lemma 2.10 E* is a spectral family on the uniformly convex

space X*. The key tool is to apply Proposition 2.5 to E* in place of E.
38



Let us show (2.26). So, let z = > Agzr € X. Fix N € N and for each
lil < N choose ¢; € X* such that (A;z,¢;) = ||Az| and ||¢i]] = 1. Let
F; = || As]|V/""Yg;. Then we have (A, Fy) = ||Asz||”. Also, for any y € X we

have

[y, ATE) " = (A, B = [[Aal|”[(Asy, ¢2)|"
2| A" BNy

IN

Hence we have [|[AZF|” < 27| A||” | Bl Now set F = SN AMF, € X*
and observe that, since ATF = AZF; for all [j| < N, we still have

(Aja, F) = [|Aze]|” and  [|ATF)" < 27| A [ |5 (2.27)

Now, by Proposition 2.5 there is a constant A, > 0, independent of the partition
u, such that

17 < A _X_j lazer) "

Observe also that |[(z, F)| < ||F||.||z||. Hence

@ P Al F)
(v 1aerr)”

But, using the first equation in (2.27), and the fact that (Apz, ATF) = 0 F(Aj2),

where 9, is the Kronecker delta, we have

Z () A, A F) = Z (Ajz, F) = Z Az (2.29)

—N keZ

(2.28)

Now let B, = m, and observe that it is independent of the partition w.
Substituting (2.27) and (2.29) into (2.28) gives

1
lzff > —=

(e asrr)”

N ' r’
Claal” BNy A
- N , 1/
(=0 1aall”)

N Y
= B,( D lael”)
-N

This last inequality holds for any N > 1, and so we have proved (2.26), as
required. ]
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Remark
Let us return to power growth of trigonometrically well bounded operators on a

given space X. Motivated by Theorem 2.2, we define the quantity ax,
ax = inf{a: ||[T"| ~ |n|* for all trig well bounded T and n € Z \ {0} }.

Equation (2.18) shows that axy < 1. We can in fact calculate a lower bound too,

for certain weighted [,(w) sequence spaces.

Proposition 2.6. Let 0 < 0 < 1. Let l,(w) be the scalar weighted sequence
space, with the weight {w,(f)} given by w(()e) =1 and w,(:)) = |k|? for k # 0. Then

0
Ay (w) = -

Proof. Suppose, on the contrary, that this is not so. Then there exists ay €

(), IQJ) such that ||T™]| ~ |n|* for all trigonometrically well-bounded T". How-

ever, this is not satisfied by the right shift R operator: an easy calculation shows

that, for any weight sequence {wy}, ||R"|| = sup, w;—:k Hence, for the weight
{w,(f)}, we have |R"|| = (1+ |n|)% But we also know that this weight sequence is
an A, weight, and that therefore R is trigonometrically well bounded (see section

1.4 in chapter 1). Hence no such «y exists, giving the desired contradiction. [

Observe that 6 can be chosen arbitrarily close to 1. So, motivated by this exam-
ple, we pose the following question.

Let 1 < p < o0, let (,F, ) be an arbitrary measure space and X = LP(u). If
T € B(X) is trigonometrically well bounded, does there ezists a constant Kt such
that for alln € Z\ {0}, |T"|| < Kgp|n|'/?P?

This question is still open to solve.

We now turn to Hilbert spaces, where the 2-variation of a spectral family F,

and its adjoint £, play a key role.
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CHAPTER 3

The results of Chapter 2 are all equally valid when X = H is a Hilbert space.
However, two extra features are noteworthy. First, if E is a spectral family on
H, then E* is a spectral family on the same space; so we shall consider their
behaviour simultaneously. Secondly, since any Hilbert space can be realized as

some L*(p) space, the index ¢ = 2 is of particular interest.

Some surprising features occur in a Hilbert space. On the one hand, the joint con-
dition vary(E) < oo and vary(E*) < oo is equivalent to F arising from a spectral
measure on R. On the other hand, given any s € [2,00) (in particular s = 2! ), it
is possible to construct a Hilbert space H and a spectral family £ on H such that
vary(E) = co. Further still, given any k-fold composition In® of the logarithm,
E can be chosen so that the resulting spectral integral fR eAdE()) is a bounded,
trigonometrically well bounded operator and has power growth ~ In®(|n|). This
is in sharp contrast with the power bounded operators. For, if T' € B(X) is power
bounded, its spectral family automatically arises from a spectral measure and so
vars(E) < oo for all s € [2,00).

3.1 Spectral Measures and Spectral Families

Let us first address the significance of vary(E) and vars(E*). As before we denote
with Pg the set of partitions of R, namely u = {A;}rez such that A\, — +o0 as
k — 4oo. For a given u € P we denote the associated Schauder decomposition
with Ay = {E(M\x) — E(M—1)} € B(H). Further, since H is reflexive, the dual
family defined by E*(\) = (E()))" is also a spectral family (see Proposition 2.10).
We denote the group {£1}°° by D> and a typical element {¢}rez by €.

Proposition 3.1. Let H be a complex Hilbert space, and E a spectral family on
H. The following two conditions are equivalent.

(i) K1 = vary(E) < 0o and Ky = vary(E*) < oo

(ii) For each v € H, u € Pg, the series Y, ., Ayx converges unconditionally,

uniformly in u

Remarks
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(1) We say that Y ™ Az converges unconditionally if, for each ¢ € D, the
balanced partial sums Z]_VN exApx converge to an element z, . € H as N — oo.
(ii) By uniform convergence in u we mean that for each z € H there exists a
constant M, < oo such that ||z,.|| < M, for all u € Pg and € € D>,

Lemma 3.1. Let 2 < p < oo and suppose that K = var,(E*) < co. Then
z|| < K(Z ||Akx||p/)1/p for each x € H u € Pp.

Proof. Let a > 0 and = € {E(a) — E(—a)}H and write £ = Tay SO that (x,&) =
||| Let u € Pg. Then there exists some N > 1 such that z = -V Az, Hence

we have

ol = (& Y Auz) = Y (6 Axa)

[k|I<N |k|I<N
= D (&A% = > (AR M),
|k|<N k|<N

So, using Holder’s inequality in the last term we have
1/p s & . 1/p
el < (3 Hawl) " (32 lajel)
[k|<N —o0

But we know from Lemma 2.4 that
(Z agel) " < var,(E)l) = K
Hence -
N /
el < KO3l Aw]”)" (3.1)

Since (J,»,{F(a) — E(—a)}H is dense in H, the last inequality holds for all
x € H. For suppose not; then there exists x € H and € > 0 such that ||z| =

e+ K(Y™, HA;{pr,)l/p . We can pick M > 1 such that ||z — 3™, Arz| <

Then we have

1
ZHMHP L 5 = llall = 5 < Il - |x—ZAkxn<uZAkxn

N

But || Y, Az < K(ZZXIM ||Ak:v||p/)1/p . Hence we get (Y>> ||Akx||p/)1/p +
s < (X7, HAkap,)l/p which is a contradiction. O
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Proof of Proposition 3.1
Let us show (i)= (ii). Let K; = vary(E) and Ky = vare(E*). Using Lemma 3.1
with p = 2 we have, for each x € H and u € Pg,

1 e 0o
(O ) < ol < K3 I8P

This shows that for each x € H and {\;} € Pr, > Ayx converges uncondi-
tionally. To see this, let € € D> and § > 0. Since {E(Ay) — E(A_n)}z — © as
N — oo, we can find Ny > 1 such that

1/2 5
( > HAk:cHQ) < o= forall No<N <M. (3.2)
2

N<|k|l<M
Then we have
| S atuz| < Ko Y a]?)? < KiKolz|| foral N>1,  (3.3)
|k|<N k=—o00
and

1/2
|| Z ekAk:EH < Kg( Z ||Ak;17\|2) <§ forall Ny < N < M.

N<|k|<M N<|k|
o0

Hence E e Az is Cauchy and so converges to some z,,. € H. Furthermore,

—00
(3.3) shows that the convergence is uniform in wu, in the sense defined in the

above Remark.

To show (ii) = (i), suppose that, for each x € H, the series > Apx converges

unconditionally, uniformly in w. So there exists a constant M, > 0 such that

H Z ekAka < M, forall uwe Pgr, €€ D*. (3.4)

k=—00

But this means that all the balanced partial sums are also bounded:

H Z ekAka <M, forall K >1,uePr €€ D™

k<K

To see this, let us fix {¢;}. Define €, = ¢, = ¢ for || < K and ¢, = —¢, = 1 for
|k| > K. Then we have

2” Z ekAka = || Z e;Akx—i— Z eZAkx”

|k|I<K k=—o00 k=—o00
[o.¢] o
< || Z e;Akx“ + H Z e;Aka < 2M,.
k=—0c0 k=—00
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Hence we can apply the Uniform Boundedness Principle to the collection of op-
erators {}_ cx &xQr : K > 1Lu € Pr € € D™} to deduce the existence of a
constant C' > 0 such that || 32, o exApl| < Cforall K > 1, u € Pr and € € D™,
Hence || % exAgz|| < C|lz|| for all z € H. So the operators A., = > e,
are uniformly bounded by C, i.e. the collection G = {A., : v € Pr e € D®}is
bounded above by C'. Observe that this is in fact a well-defined Abelian group.
For, let A®™ and A® correspond to partitions v and v € Py respectively, and let
A =D ekA,(Cu) and As, = > (5kA,(f). Let w be the union of the points of
w and v (so that it refines both). Now rewrite A, = >~ Q-AEM), where for each
J, we define €; = ¢, with k being the unique integer for which A§w)A,(€“) # 0. We
can rewrite Az, = Y 5jA§-w), in terms of w in an exactly analogous manner.

Then the product of the two operators is uniquely given by

Ae,uAé,u = Z €]§~]A§w)

—0o0

We now apply a result of B. Sz. Nagy: there exists an inner product ( , ) on H,
equivalent to the original ( , ), with respect to which all A., are unitary. That

is, there exist constants C'; and C5 such that

(Aewr, Acwy) = (z,y) forall z,ye H
Ci{z,z) < (z,x) <Cy{x,x) forallx € H.

Now, for any partition u, the operators { A} are orthogonal with respect to this
new inner product, in the sense that (Ayx, A;z) = 01if k # j. To see this, let us
fix a partition v and k # j. Choose € € D> such that €;e;, = —1. Then, using the
unitary property, we have (A.,Apz, Ao Ajx) = (Agx, Ajz). But we also have
AcwAir = €Az for any i € Z so that

<Ae,uAk$7 A€7uij‘> = €i€j (Akx, AJ.T) = —<Aka, AjiL'>

Combining the last two equations we get (Agx, Ajz) = —(Agz,Ajz) = 0, as
claimed.
Now let @ > 0 and = € {E(a) — E(—a)}H. So x = ZyM Agzx for some M > 1.

Then, denoting the new norm by ||z||% = (z, z),

(o) = (3 Ava, Y- M) = (3 1 Awel3)

Hence we have
M M
CoY A} < llz)* < Co > A}
M -M
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But we also have & [|Axz||* < |Apz]|} < &-[|Axz|]>. Combining these two we

obtain

\F (18w < e |r<\/72 (2 1l) ™ (1)

This holds for any x € {E(a) — E(—a)}H, and any partition u. But |J,. {£(a)—

E(—a)}H is dense in H, so (f) holds for all x € H. So, taking the supremum

Cy

over u € Pg and x € By in the left inequality, we deduce that vary(E) < &

Let us show that vars(E*) < 2||E|| sy /g—f. Again, let ¢ € {E*(a) — E*(—a)}H
for some fixed @ > 0 and let u € Pr. So there exists some N > 1 such that
&= z A€ Set z; = AfE for i = —N, ..., N. Then we have for each i

1Azl = [AAZE] < 2] Elloo | ATE]l (1)

Now set z = ZTN A;z;. Then

Az = Apz, for k=—-N,...,N, (3.5)
(2, 01) = (Apa€) = (s AE) = | ALE] (3.6)
Now, by (1) we have [|2]) < /% (5" 1Au2]12)"* and also |(z. )] < [l [
"o that (2,8) (2,6)
lef > B > =

[ E2] — \/g:?< ZJXN ||Akz||2)1/2

But now we have from (f) and (3.5)

(S Al < 2B (S 1Az,

k|<N lk|<N

(26 = Y Al

|k|I<N

> on AP

- (3 Iaiel?)
20| Bl /% (S Az N2) 2|!E||oo\/>1

So we have

1/2 Co

Z IAKEIR) " < 201Ellooy/ €1
1
This holds for any ¢ € Ua>0{E*(a) — E*(—a)}H and any partition u € Pg, so
taking suprema we obtain
* 02 .
vary(E*) < 2||El| s co required. d
1

This Proposition helps establish the main result of this chapter.
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Theorem 3.1. Let E be a spectral family on a complex Hilbert space H. If both
vary(E) = K; < 00 and vary(E*) = Ky < o0, then E gives rise to a spectral
measure on B, the Borel c—algebra on R. That is there exists a spectral measure

& on B such that for any A = (a,b] CR, E(A) ={E(b) — E(a)}.

Proof. Let us use the notation from the statement and proof of Proposition 3.1.
We have shown therein that provided vars(E) < oo and vary(E*) < oo, the oper-
ators A, = Ziooo €Ay are well-defined and bounded, and moreover the Abelian

group G = {A., : u€ Pr €€ D*} is uniformly well-bounded.

Now, by XV 6.1 in [37], there exists an invertible self-adjoint S € B(H) such
that for every A., € G, the operator B, , = S_lAwS is unitary. Observe that,
since A? | = Iy, we have B? = Iy = B., B, so that each B., is self-adjoint.
Now, observe that for any p € R, E(u) € G. To see this, simply define u € Pg to
be Z, with the exception A\g = p. Then choose € € D* to be e; = —1 for 7 <0
and e; = 1 for j > 0. Then we have A., = I — 2E(p) and hence

1
E(n) = 51— Ac). (3.7)
Now let F'(p) = S~'E(u)S. This is a well-defined spectral family in H and (3.7)
gives F(u) = 3(I — Be,) so that F is in fact self-adjoint. Let us now write
H,={F(n)—F(n—1)}H and z,, = {F(n) — F(n — 1)}z for x € H. Then H is
a direct-sum decomposition H = @ H,. Let

T, :/AdF(A)\H .
]R n

Then T, is a bounded self-adjoint operator on H,,. Hence by the classical Spectral
Theorem there exists a spectral measure J,, on the Borel o-algebra %((n -1, n])
such that T, = [ | AF,(d\). Now define an operator-valued set function

F(A) = é&’n(Aﬂ (n—1,n)) A€ BR).

First observe that F(A) is well-defined, since F,,(AN(n—1,n]) is a bounded oper-
ator from H,, into itself and so F(A)xr = @G> F.(AN(n—1,n])z, is well-defined.
In fact, F defines a projection-valued measure, for it satisfies the following three
properties:
(i) F(R) = Ig;
(ii) if A, B € B(R) then F(AN B) = F(A)F(B);
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(iii) if {Ax} € B(R) is a sequence of pairwise disjoint sets, then for each z € H,

(i) is trivially true, as F,((n — 1,n]) = Iy, for all n. (ii) is equally easy. For
if A, B € B(R), then AN(n—1,n],BN(n—1,n] € ‘B((n— l,n]) for each n. So,

F,. being a spectral measure, we have
F.(ANBN(n—1,n]) =F,(AN(n—1,n))F,.(BN(n—1,n]).
Hence

FANB) = éffn(AOBﬂ(n—l,n])

= {PFAn-1DH{PF.(BNn-1)} (38

- 9(55(3).

(The equality in (3.8) is just the definition of the product of direct-sum operators.)
Finally, to check (iii), let {A;} C B(R) be a sequence of disjoint Borel sets, set
A=;2, Ay and let € H. Using orthogonality of the spaces H,, we have

(F(A)x,z) = < @ Fo(AN(n— 1,n])x,x> = Z (Fn(AN(n—1,n]))z0, ).
T T (3.9)

Now, since each &, is a spectral measure on (n — 1,n], we have

<3"n(Aﬂ(n— 1,n] a:n,xn Z Akﬂ (n—1 n])xn,xn)

k=1
Moreover, for every n € Z, (F,(-)Tn, z,) is a positive Borel measure. Hence we
can swap the order of summation in line (3.10) below.

oo o0

(F(A)zx,x) = Z Z (AN (n—1,n)) 20, )

n=—oo k=1

= i{ i (Fo(AxN(n— 1,n])xn,xn>} (3.10)

k=1 n=—o0
o0

= Z<EB 2 (AN (n—1,n])z,, :c>

n=—oo

= ) (F(Ap)r, ).
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N
To put this another way, A}im <{IT(A) — Z ?(Ak)}w, x> = 0. Now, the operators
> k=1
F(A) and {Z,ivzl 9(Ak)}N>l are self-adjoint, so by polarization we have

N—o0

N
lim <{9’ Z? (Ar) }:z: Y —0 for all z, y € H.
k=1

Hence )", | F(Ax)x converges weakly, and so strongly, to F(A)z, and this estab-

lishes (iii). Thus JF is a genuine spectral measure.

Now, suppose A = (a,b] is an interval such that n — 1 <a<n <b<n+1 for
some integer n € Z. Then Fp(AN(k—1,k]) = 01if k # n or n+ 1. Furthermore,

n

FalAn = Lal) = Fallen)) = [ TanTa@

[ s, = P~ @),

Similarly F,1(AN (n,n+1]) = {F(b) — F(n)}|H ,,» and so writing somewhat
clumsily,

n—1

FA4) = P 0], ® {F(n) = F(a)}|, ©{FO0)-Fn)}|, @ 0y, -

k=—o00 k=n+2

But this says precisely that F(A) = F(b) — F(a). In a similar manner we can
show that F((c,d]) = F(d) — F(c) for any interval (c,d]. So, we finally define

E(A) = SF(A)S™'  for A € B(R).

E(+) is then a well defined spectral measure on B(R) and the last calculation

shows that satisfies E(A) = {E(b) — E(a)} for a subset A = (a,b] € R. O

3.2 An Example of vary(E) = oo

Proposition 3.1 clearly shows that vary(E) < oo and vare(E*) < oo is a very
restrictive condition: it is equivalent to F being a spectral measure. It is of
interest, therefore, to establish that not all spectral families on a Hilbert space
exhibit this phenomenon. In fact, we can show more. Given any s > 2, there
exists a Hilbert space H and a spectral family £ on H such that vars(FE) = oo.

To achieve this, we shall construct a conditional basic sequence {e;}x>1 in L?*(T)
and let H = lin{e;}. Then we shall define a spectral family £ and an x € H,
dependant on the given value of s, such that for all sufficiently fine partitions
u e Pr, Y7 ||Agx||3; = co. The search for a suitable conditional basic sequence

is motivated by [23], in particular the following theorem therein.
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Theorem 3.2. Let 0 < b < 1/2 and 1 < p < oo satisfy zlo > = —b. Let {ax}r>0
be a positive monotonic decreasing sequence such that, Y - ah < co. Then the

series Y po o ag|t|’ cos kt converges in L*(T).
Proof. See [23]. O

It is necessary for our basic sequence to be bounded below, and the following

Lemma ensures that is the case.

Lemma 3.2. Let 0 < b < 3 and define functions e, € L*|—m, | by ex(t) =
|t|° coskt for k > 0 Then there exits a constant My > 0 such that |ex| 2 > M,

for all k > 0.

Proof. For any k > 0 we have ||eg||> = [7_[¢|** cos® kt dt =2 [ t** cos® kt dt.
Let us consider k£ > 3. Let

o )
L — [(QEI‘Z’j)W,(422j)W} =0, k-2

Then U< <o 15 C [0, 2] and on each I; we have cos® kt > +. Hence

k-2
lex|®* > QZ/t%COS2k‘t dt
=0 " 1i
=
=N [t
23 /Ij
1§ 1 [4+3j ]1+2b [2+3j ]1+2b
= — v — 7
24T+ 2\ 3k 3k

_ m<%>l+2b §{(4+3j)1+%—(2+3j)1+2b}. (3.11)

=0

v

Now, the function f(z) = (4 + 32)**% — (2 + 32)*% is increasing and concave

on z > 0, so that

k2

k
Z{ 4+3j 1+2b (2+3j)1+2b}-
0

0

Hence

1 k—2

2 = 2b{<3k_2)2+21)_(3k_4)2+2b_42+2b+22+2b} Z { 4_|_3] 1+2b (2+3j)1+2b}-
0

Substituting this into (3.11) we have, for k > 3,

7T1+2b (3]-{3 _ 2)2+2b _ (3]{5 _ 4)2+2b o 42+2b + 22+2b
) .

2
>
leul™ = s o (3k)1+2
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Now the right hand side of this inequality is increasing as k — oo. Moreover, at

k = 3 the right side is equal to

120 72426 _ 52420 _ 42425 | 92+2b 0
2(1 4 2b)(2 + 2b) 91+2b '
Thus, for we have
1420 2+2b 2+2b 2+2b 24-2b
> for all k> 3.
lexl” = sa e+ 2b){ 91+2 oral =

Further, we can let m = min{||e;||* : j =0,1,2} > 0 and then set

, 1420 T2 52426 4242 4 92+2b
M, = mi .
» = min{ m, 2(1 + 2b)(2 + 2) { gLF2b }}
And from this it follows that ||ex|| > M, for all k > 0 as required. O

Proposition 3.2. For any s > 2 there exists a Hilbert space H and a spectral
family E{(\)}rer on H such that vary(E) = oo.

Proof. Let PrN[—a,a] denote the set of partitions of R, restricted to the interval
[—a,a]. As, before, if {E()\)} is a spectral family and v = (ug)kez € Pr, then
{Ar} = {(E(ur) — E(ug—1))} is the associated Schauder decomposition. Then,
by definition, vary(E) = sup sup  sup Z ||Akx||s)1/s.

lz<1 a>0 wePrn[-a,a] "

Therefore, given 2 < s < o0, it will suffice to construct a spectral family F
and x € H such that

sup ( Z ||Akm||s)1/s = 0.

u€Pr k——o0

So, let s > 2 be given. Choose —% < a < 0 and s; > s such that

1
5

N | —

1 1
I<=-4a< —<

<
2 S1 B

Let ex(t) = |¢| “coskt € L?|—m, 7] for k > 0. By Lemma 3.2 there exists a
constant M, > 0 such that |lex||zz > M, for all k. This is a conditional basic
sequence in L2[—, 7] (see [1], so the space H = lin{e;, : k > 0} is a Hilbert space.
Let {ar} € ls, be given by ag = 1 and a = le/ for k > 1. Now the basis
{ex}, the sequence {ay}, and s; satisfy the conditions of Theorem 3.2, so that the

series Yo apex converges in H. But we also note that (Y g \akys)l/s = 00

Now we are ready to construct the required spectral family on H. Let {\;}
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be a monotone strictly increasing sequence with \y = 0 and A\ " 27. Let

{&} be the bi-orthogonal functionals associated with {e;} in the sense that

(en, &) = [T _en(t)&;(t)dt = 0 for k # j. Define
P.:H—H y— (y&)eg, fork>0.
Now define E(u) as follows

E(p) = 0 for p € (—00,0),
k
E(u) = Y _ P for g€ M Arr), k=0, (3.12)

=0
E(n) = I for ue€ 2w 00).

FE is now a spectral family on H and is concentrated on [0,27]. Note that, in
particular, E(A;) — E(Ag—1) = Px. Let © =" ° apey, with {a;} as defined above.

Since this sum converges in L? norm, x is a genuine element of H.

Claim

sup { Z ||Akx||s}1/s = 0.

uePr k——o0

It suffices to show that for each N > 1 there exists a partition uy € Pgr such that
(Z HAk:cHS)l/S > N. Solet N > 1 be given. Since (> |ak]5)1/s = 00, we

can pick Jy such that Ma(EO‘JN |ak\5)1/s > N.

Let us define uy as follows: let {1 }r<o be any partition of (—oo, 0] with 1o = 0.
Let p; = A\j for j = 1,..., Jy and, without loss of generality, let ux = 27 for some
K > Jy.

Finally, let {y;};>x be any partition of [27, 00).

Thus, for any y € H, we have Ay =0 for £ < 0 and k > K, and Ayy = Py for
0 <k < Jy. Hence

[e%S) JIN K JN
SolAll =Pl + D 1Al > D IRl
—0o0 k=0 k=Jn+1 k=0

We now apply this to y = z and note that P.x = age, for £ > 0. Thus we have

00 JN
N all 3 = 0 lalleall*
—00 k=0

JN
> MY '} > N
k=0

This proves the Claim, and hence the Proposition. Il
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Thus we have settled the question of existence of a spectral family on a Hilbert
space, which does not arise from a spectral measure. In fact the above construc-
tion gives a trigonometrically well bounded operator Sy f o erdE()\) with

interesting power growth properties.

3.2.1 Power Growth Revisited

In chapter 2 we used the spectral family F(\) of a trigonometrically well-bounded
operator T' € B(X) on a super-reflexive space X, to estimate the power growth
of T'. Specifically, we showed that if var,(E) < oo for some 1 < ¢ < oo, then for
every 1 < p < ¢ there is a constant K, such that ||7"|| < K,, [n|'/P. The vehicle
for this proof was Young’s inequality for Riemann-Stieltjes integrals (Lemma
2.6). However, we can now demonstrate that in a Hilbert space the condition
vary,(E) < oo is not necessary for this power growth, it is merely sufficient.
More specifically, given any 2 < g < oo there is a trigonometrically well-bounded
operator 7" on a Hilbert space H such that var,(E) = oo and yet || T"|| < K In(|n|)
for all n # 0, 1.

To find such a 7', we shall exploit the spectral family in Section 3.2. The following

Lemma will help define the sequence {\;} used therein.

Lemma 3.3. Let {\;}rez be the sequence g = 0 and N\, = 27(1 — 27) for
k # 0. Forn € Z define v™ = {e™i},cz. Then for each n € Z, we have
Y™ € M (7). Further, ||[vM||on, < 3 and

1™ lan, < 161n(|n)) ~ for [n| > 2.

Proof. Trivially ¢(© € 90,(Z) and ||¢™]|ogn, = 1. So let n # 0 be fixed. Let I,
| € Z, denote the [-th dyadic interval on Z (see section 1.3). We wish to calculate

Sup Z |wk+1 wk Sup Z |em)\k+1 _ ez‘nAk"

k‘EIl kEIl

Since the sequence {w,g")}kez is symmetric (in that 2/1,(9”) = 1/1(_”,3 for k > 1), we
need only deal with [ > 1. Note that for each k > 1

|6in)\k+1 o zn>\k| < 2N |n|()\k+1 — )\k) =2A 7T2’n’

Now, we can split Z* into a disjoint union

7TInl

zt = {1:2< U vkenyu{ufl: 2> ||VkeIl}
= Ly U {ln} U Ly, wherel, is determined by (1) below.
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inA inA w|n| 1 :
Suppose I € Ly. Then 7, p [e™t — e[ < 37 ) S < =m[n|. But since

27t e I = {271 ..., 2t — 1}, we have 27;‘7,1'1 < 2, so that Zkeh |einAkst — eindi| < 2

Next, if | € Lo, then Y7, [e™t — ™| < 2T = 2 27", But this time
211 ¢ [, implies 227" < ™ 50 2171 < L(In T 4+ In|n|) < 31n|n| for |n| > 2.

Finally, for [, we can write I;, = {271 .. kg, ...,2"" — 1} (1), where 2 < %
for 21 < k < ky and 2 > % for ky < k < 2. Then

ko 2ln—1
Z |€in)\k+1 _ ein)\k| — Z |€in/\k+1 _ ein)\k’ + Z |€in)\k+1 _ ein)\k’
kEIln 2(In—1) ko+1
7n| o= 1 L_1 . 2mn|
0

Again, note that 22(‘)—71‘1 <2and2 < 22(7;7‘1—"_“) Hence 20"~ < L (InZ + In|n|) <
3In|n| for |n| > 2. Using this on the right side of (3.13) gives >, ., [e"+ —

ek < 61n|n|+4 < 141n|n| for |n| > 2. Hence we have shown that for |n| > 1,

supz |emAret — k| < max{2, 14 1n |n|}.
21 e,

Finally, since |wl(€")| =1 for all n,k € Z, and 1 < 2In|n| for |n| > 2, we get
1 ||on, < 161In|n| for |n] > 2 and ||™M||gn, < 3 as claimed. O

The Hilbert space H in Section 3.2 can be viewed as a weighted space. Given
a number 0 < b < 1/2, we define a weight on L*(T), by w(t) = [¢t|** for
—m <t < 7. Then L?(T) is the space of functions f : T — C with the norm
JEtPLf () Pdt = || 172, < oo. Now, the sequence {[t|"¢™" }yez is a conditional
basis for L?(T) (see [1]). This is precisely equivalent to saying that {e*'}.cz
is a conditional basis for L2 (T). That is, if f € L2(T), then limy_ || f —
Sy fue™| 2 = 0.

This weighted space context is useful in that there is a rich theory of multipli-
ers in this setting. In particular, the following Theorem in [9] provides the key

ingredient.

Theorem 3.3. Let 1 < p < oo and let w(t) € A,(T). Then, for any 1 < g < o0

satisfying Il)— %| < %, M,(Z) C M,.,(T). Moreover, there exists a constant K, ,,

such that if Ty, is the multiplier associated with v € M (Z), then

1Tl < Kpgllllam,-

Collecting all these ideas together we have the following Theorem.
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Theorem 3.4. Given any s > 2 there exists a Hilbert space H and a trigonomet-
rically well-bounded T' € B(H) with spectral family E(X\) such that | T"|| ~ In |n|
and yet vars(E) = co.

Proof. Recalling the discussion of weighted spaces in section 1.4, we know that
provided —1 < a < p—1, the function w(t) = |t|*, ¢t € [—m, 7], is an A,(T) weight.
Let us choose p = 2 and ¢ = 1 in Theorem 3.3 and fix 0 < b < 1/2. Observe
that this choice of p and b ensures that w(t) = [t|?® is an A(T) weight. Further,
Lemma 3.3 gives that ™ € 9 (Z) for all n € Z. Thus Theorem 3.3 ensures
that the associated multipliers Ty : f — (™) f)Y are bounded from L2 (T) into
itself. Note that for f = 32> fre* € L2(T), we have Ty f =220 w,(cn)fkeikt,
with conditional convergence in || - ||z norm. Moreover, since (1/),(61))” = " and
(w") ™ = vV, it follows that (T,m) " = Tyen and (Tyw)" = Ty for all
n € 2.

As in Section 3.2, let H = lin {|t|’coskt}r>o C L*(T) (the closure is in the
| - || z2¢ry norm). Note that for f € H,

N 0 N
_ b _ Ak, 1b ikt Ak b ikt
f= ]\}I_Iil)Okz_Oak|t‘ cos kt = J\}linm{; 5 |t|°e +ZO: 5 |t|°e }, (3.14)

N
these being the || - || .2(r) limits. Thus if also f = A}im Z B|t|Pe™®®, it must follow
N

that By = ap and O, = B_p = %ak for k # 0. This comes simply by pairing both

expressions against (-, &), where {&, }rez are bi-orthogonal to {|t|’e™*'} in L?(T).
N

Conversely, if f = A}im Zﬁk|t|beikt satisfies By = [_; for all k& # 0, it follows
-N

trivially that f = Bo|t|” + limy_se 232V Bi|t|’ cos kt, that is f € H.

Now, let us fix s such that § —b < 1 < 1, and let {\} = ¥ be the se-

quence in Lemma 3.3. Observe that 0 = A\ < A\ < Ay < ... and )\, " 27. Now
let E(\) be the spectral family constructed in the manner of Section 3.2, and

define

2w
Sy:H—H, Sy :/ erdE ().

o
Clearly Sy is automatically trigonometrically well-bounded. Let us also define,

for n € Z, the operators
S(n) . L2(T) _ LQ(T), Zﬁkmbeikt N Zem/\kﬁﬂﬂb@ikt.
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We can check directly that S,y are indeed bounded operators on L*(T). For, if

f=35 Biltle™ € LX(T), then g = 3% fre™ € Li(T), and || f]lz2 = [lglrz -
Furthermore, for each n € Z,

" - in ikt |2
IS My = [ 1] 32 ™ edie™ e = [1Zymgl.
Hence

1Swy fllzry = [ Tpmgllze, < 1Ty llszz) llgllzs, = 1Ty sz | f]l2cr)s

and so every S, is bounded. It remains to verify that for any n € Z,

Smyf = (SH)nf, feH. (3.15)

To show this we note the simple form which Sy actually takes.

Claim

For f =312 ot coskt € H, we have (Su)" f =Y pey €™ a|t|® cos kt.
Proof of Claim: By definition (S H)n is the strong limit

(Su)" =lim E(0) + Y ™ {B(u) — E(uu-1)},

where u = {0 = py < ... < uy = 27}. Let 8(u) denote the approximating sum
on the right. Without loss of generality we can assume that for some K > 1,
{1, Ak} Cu, and that A\ = puny_1 < pny = 2m. Moreover, using the definition
of E(u) in (3.12) we sce that E(0) = Py and S(u) = Py + Y. b, e Py, 4 {1 —

S | Pi}. Hence we have, in || - | £2(T) norm,
K K
TR TR D SCY YR PRI AT
% k=t o k=1

Considering that Py f = a|t|’ cos kt (for k > 0) and || f=S"0 | ay|t|’ cos kt||L2ory —
0, we deduce that (SH)nf = > p e ray|t|’ coskt as required to prove the
Claim.

Returning to the proof of (3.15), let f = Y™ Bi|t|’¢™** € H. By (3.14) and the
discussion following it, we deduce that f = By|t|® + 237" Bk lt|* cos kt. So,

N
Sood = Jm D el

N
Bolt]® + A}LmOOZZ e B |t|P coskt,  since €M B, = e™A kB for k>0,
1

= (SH)nf7
B}



with all the limits in the || - [|,2¢ry norm. The last equality follows by defining
ag = B, ag = 20 for k > 1, and appealing to the Claim. Using this, Theorem
3.3 and Lemma 3.3, we have for all |n| > 2,

1(Su)" | 82m) = 1Smllaeemy < 1Tym llses)
S KQ,le(n)Hf)ﬁl S 16K271 ln]n’

Hence (Sp)" has power growth ~ In|n|, and yet vary(E) = co. So this con-
struction shows that vars(E) < oo is not necessary for a slow power growth of a

trigonometrically well-bounded operator. Il

The machinery set up in this section can be used to produce trigonometrically

well bounded operators with arbitrary N—fold logarithmic power growth.

Corollary 3.1. Let s > 2 and 0 < b < 1/2 satisfy the conditions in Theorem
8.4. Let H = lin {|t|’cos kt}r>o C L*(T). Given any N > 1 there exists a
trigonometrically well bounded operator T € B(H) and a constant K1 > 0 such
that for alln # 0, || T"|| < Kp In™)(|n|), where ™ (-) is the N-fold composition
of In(-). Furthermore, if E is the spectral family of T, then vars(E) = oo.

Proof. Let N > 1 be fixed. In Lemma 3.3 we choose \g = 0 and A\, = 27(1 —
~ik|

2. For n € Z define 9™ = {¢™N }jez. Then, arguing in the same manner as

) for k # 0, where the term in the brackets contains an N-fold power of

in Lemma 3.3, there is a constant Ky > 0 such that for each n # 0,1, we have
Y™ e M(Z) and [ |on, < KnyIn™(|n|). Feeding this into Theorem 3.4

immediately gives the desired result. ]

As explained at the beginning of the chapter, it is interesting to contrast this result
with the situation where the operator 7' € B(H) is power bounded. For, we know
that if T € B(H) is invertible and ||T"|| < K for all n € Z, then it is equivalent
to a unitary operator. In particular it is trigonometrically well-bounded and its
spectral family {E£(A)} comes from a spectral measure €. But any such spectral
family automatically has the property vary(E) < oo and vary(E*) < oco. Here
we see that relaxing power-boundedness of T' to arbitrarily slow power growth

immediately destroys this property: we simply choose s = 2 in Corollary 3.1.
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CHAPTER 4

4.1 BYV,(T) Functional Calculus

We turn to the second key application of results in chapter 2, namely in the the-
ory of spectral integration and vector valued multipliers. The following question
is a recurring task in vector valued harmonic analysis.

Given a space X and a spectral family on X, for which function algebras A is the
map ¥ — [ W(N)AE(X) a well-defined continuous algebra homomorphism into
B(X)?

An argument in [4] shows that, given any space X and a trigonometrically well-
bounded T, with spectral family £, the algebra BV (T) fits the bill. Other func-
tion algebras give rise to spectral integration too: see [8], [6] and [14]. These
results deal with three types of spectral family:

(i) the spectral family of the right translation operator group {R,},eq on L5 (G) ,
where 1 < p < oo, G=7,T and R and X is UMD;

(ii) the spectral family of a power bounded operator 7' on a UMD X.

(iii) the spectral family of a uniformly bounded, strongly continuous operator
group {U,},e¢ on a UMD X.

In (ii) and (iii) the space X is of a special interpolated kind (see chapter 1 sec-
tion 1.3 for details). Furthermore, in both (ii) and (iii), the power boundedness
of T and {U,} ¢ is a necessary requirement. We are now in a position to dis-
pense with this restriction. We can formulate a BV,(T) spectral theorem for any

trigonometrically well bounded T', provided the space X is super-reflezive.

Theorem 4.1. Let X be a super-reflexive space and let T € B(X) be a trigono-
metrically well bounded operator with spectral family E. Then there exists 1 <
reg < oo, depending only on E, such that for all 1 < q < TIE, the map

21
Ory: BV,(T) — B(X), o / B(eM)AE(N),
o
is a well defined, norm continuous algebra homomorphism.

Proof. By Theorem 2.1 there exists some 1 < p < oo such that var,(E) <

oo. So the number rp = inf{r : wvar,(E) < oo} is finite. Let 7} denote its
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conjugate index and observe that 1 < r’E < 00. Suppose now 1 < ¢ < rjg is
fixed. We choose any number 7 € (rg,¢). So ¢ < r' < ry and var.(E) < ooc.
Now let ¢ € BV,(T) N BV;i(T), noting that this is a dense subspace of BV,(T).
Define ¢ € BV,[0,27] N BV;[0,27] by ¥(\) = (™). Observe that ||¢]| gy, 0.2, <
2||¥|| v, (m)- Since ¥ € BV;(T), the operator fOer P(e?)dE()) is well-defined (see
[4]). Furthermore, for each x € X and £ € X*, we have, by Lemma 2.6,

VONAEN2,6)| < [[0]lsv,[(E(O0)z,€)|

+ Koq |95y, var (B)lz|| [I€]l-

‘ 2
0-

where K,, =1+ ((1/r +1/q) and ( is Euler’s zeta function. Hence

I /0_ YNAEN)|| < 209y {1l + Krq var,(B)} < oo

Thus the map Oz, : ¢ — f02_7r P (e*)dE()) is a norm-continuous linear map from
BV, (T)N BV;(T) into B(X), and so has a continuous extension to all of BV,(T).

It remains to show that ©r, is multiplicative. So, let u = {0 = Xy < ... < Ay =
21} € Ploon and write 8(¢,u) = Y(1)E(0) + Zjilw(e“f){E(Aj) — E(\_1)}

2m
Then, for ¢ € BV,(T), Org()= [ ¢(eMdE\) =st lim 8(ib,u). Ob-
0-

UGT[OQW]

serve that the net {8(¢, u)}uep, ,,, is uniformly bounded, by

20| Elloc + Krq vare(EVHYllsv, = Crgll¥llsy,:

Suppose now ¢, ¢ € BV, (T) and € X. Observe that 8(¢, u)8(¢, u) = 8(1ep, u).

Then, suppressing the limits 0~ and 27 in the integrals,

| S(wgb,u)x—/o%z/sz/O%qde || = HS(w,u)S(gb,u)x—/wdE/cédE x|
< ||8(¥, w)8(¢, u)x — (1, u) /gde || + st,u)/qde x—/wE/gzsdExH

Y

2w
< Cullvllow|I8(6.0a— [0 dB 2l + |8y~ [ vaE y

where y = f02f ¢ dE x. So, given € > (0, we can choose a partition ug such that
HS(qb,u)gz:_fO?_7T ¢ dE x| < ol #nd 18(¢, u)y— [WdE y|| < < for all u D uy.
Then we choose u; such that || [ ¥¢ dE ©—8(¢¢, u)x| < § for all u D uy. Hence,
for all u D uy Uwuy, we have || [¢ dE x — [¢ dE [ ¢ dE x| < e. Since € is
arbitrary, this gives [ ¢ dE x = [ dE [ ¢ dE . O
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4.2 BV, (R) Multiplier Theorem

As we remarked in section 1.3 in chapter 1, multipliers on L% (G), (G = R,Z
or T), can be viewed essentially as special examples of spectral integrals. The
integration is with respect to the spectral family (when it exists) of the right
translation (or shift) group {R,},eq. We shall concentrate on G = R in this
section. Let us recall the definition of the space of multipliers, M, x(R). We say
that a bounded complex measurable function 1) : R — C is a member of M, x(R)

if the linear map
N N )
Sp: CX@X — L, Y fron— Y (Wfi) a
1 1

is a bounded linear map into L%, with [|Sy f||zz < K[| fl|z for all f € CF ® X.
Suppose we fix 1 < ¢ < oo and ¢ € BV, (R). Then, in particular, ¢ € L>*(R) so
that for f € C°* ® X, Sy, f makes sense pointwise almost everywhere. It is shown
in [18] that, provided p € (1, 00) and \217 -i< %, then ¢ € M, ¢(R) (that is, ¢ is
a scalar-valued multiplier). Here we give an analogous result in the vector-valued

setting.

Theorem 4.2. Let X be a UMD space and let 1 < p < oo. Then there exists
gp > 1 such that for all 1 < q < g, we have

BV, (R) C M, x(R).
Before proving the Theorem, let us state and prove some relevant Lemmas.

Lemma 4.1. Let k € L'(R) satisfy [, |k(s)|ds = 1, and let ¢ € BV,(R), with
1 < g < oo. Then vary(k x ) < wvary(y).

Proof. This is easy to show. Let u = {A\ < A1 < ... < Axy} € Pr. Then we
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simply compute, using Minkowski’s inequality in the third line:

{i\k*w()\jﬂ)_k*w()\j)’q}l/q:
{i|/ﬂ{k(5)[¢o\j+1—s) (A — 8) }
XN: /’k M (Njg1 — s) — (A —5|d5>}

le R

(
< / { i E 0 g =) — vy = s)l7} ds

k(s) Zw o1 = 5) = w0y — o)} s

R

gvarq(w)/R]k(s)\ds = wvary(y).
]

Lemma 4.2. Let f € BV,[a,b] and g € BV,[a,b] with + + 1 > 1. Write K, , =
1+ (24 1) < 2===2_ where ((-) is Buler’s zeta function. Letn > 0 and let

u={a= X <A <..<Ay=0b} be a partition of [a,b]. Writing I;, = [Mx—_1, M,

we define

osc(f, Iy) = sup [f(x) = f(y)].

zyEl}
Let vy > r and sy > s satisfy % + i > 1. Then:
(i) for any € € (A\p_1, \k),

|| L0 = F@Yg(0)| < Koyosvare, (£, 13) var., (9, )

(i1) suppose further that u satisfies osc(g, Iy) <mn for all k =1,...,N; then

N s1=s s
Zvarsl g, Ix) var,, (f, Ir) <n =t (vars g)= var, (f).
k=1

Proof. See 10.8 and 10.9 in [32]. O

Lemma 4.3. Let 1 <r,s < oo be such that%—l—% > 1 and let —0o < a < b < .
Let { f,} € BV,.(|a,b]) be a collection of functions satisfying

(i) fu(x) — 0 for x € [a,b];

(i1) var,(f,) < My for alln > 1.

Let {ga}aca € BVi([a,b]) be a collection indexed by an arbitrary set A, such that
(1) vars(ga) < My for each o € A,
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(i1) {ga} are equi-continuous: for each x € [a,b] and € > 0, there exists § > 0
such that for all « € A and y € [a,b] N (x — 6,2 + ), |ga(z) — ga(y)| < €.

Then ,

lim [ f.(2)dga(xz) =0 uniformly in o € A.

n—oo

Proof. Since [a, b] is compact, each g, is uniformly continuous, and hence { g4 }aca
are uniformly equi-continuous. Suppose € > 0 is given. We can choose r; > r
and s; > s such that % + i > 1 and then 0 < n < 1 small enough so that
{K,ﬂhsll\@gil Ml}n%zs < 5. By uniform equi-continuity of {ga }aca, we can choose
a fine enough partition u = {a = \g < Ay < ... < Ay = b} of [a,b] such that
05¢(ga, Iy) < mfor all @ € A and k = 1,...,N (here I}, = [Ap_1, \]). We now
fix any points points & € (Ap—1, k), K =1,..., N. So f.(&) — 0 for each k and
maxi<p<n | fn(&k)| — 0. So there exists N, > 1 such that max;<z<n | [ (&)| < 35
for all n > N,. Hence,

1<r<N

N
‘Zfn(fk){ga(kk)—ga()\kq)}‘ < Nn max |f, (&) < € foralla e A, n>M,.
=1

Also, with the aid of Lemma 4.2 we have for all o € A,

N
Kyy o Y007, (Gor It) vare, (fo, Ir)

k=1

IN

’ Z {fn fn(fk)}dga()\)‘

IN

K, 3177 g vaTS(ga) T Uarm (fn)

€
< {KTlslM Ml}n Sl < 5

Now we can write

/ Jn(N)dga (A —Z 2 (E{9a(Ar) —ga(Mk-1)} + Z {fn = fu(&k) Ydga(A).

So, using the last two inequalities we deduce that for all n > N, and all o € A,

[ hdg ] < £+ £ =

i n Ja 5 5 = €.
This holds for all @ € A and hence the desired result. O
Let us now prove Theorem 4.2

Proof. Keeping in line with previous notation, let C2°(X) denote the space of
functions f : R — X which are smooth and of compact support. This is of course
a dense subspace in L% (R) = L%.. Since X is UMD, so is L%, (as 1 < p < 0).
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Hence by Theorem 3.8 in [5] we deduce that { R, }+cr has a spectral decomposition.
Namely there exists a spectral family F on L% such that
R, = strong lim e AE(N).

a—00
—a

Moreover, this family F is strongly continuous, not merely right-continuous (this
is a consequence of Corollary 5.1 in chapter 5 below). Now, X being UMD, and
so super-reflexive, we know that there exists a number 1 < r, < oo such that
var,,(E) < oo. Let g, be its conjugate index. We can now argue as in the proof
of Theorem 2.2, to deduce that for each 1 < ¢ < ¢, and ¢ € BV,(R), the operator
[(=N)dE()) is well-defined and bounded on L% (R) (note that the function )
defined by 9 (\) := ¢(=\) is also in BV,(R) and |WHBVq = |[¥|lsv,). We further

have

I /w(—)\)dE()\)H < Cpqvar,, (E) [|1||By,, for some constant C,, (4.1)

Henceforth let us fix ¢ € (1, gp).

The first aim is to show that for each ¢ € BV, N L'(R) the (well-defined) linear
map

Sy CE(X) = LER), [ (f)Y,

is a bounded map into L% (R), with a norm not exceeding K||¢| gy, for some
K > 0 independent of ). We shall then deal with general ¢v € BV, (R) by
approximating with a sequence {¢,,} C L' N BV,(R). So, let v € L' N BV, (R),
so that ¢ is uniformly continuous on R. Let f € C®(X). We claim that,
for each s € R, we have fRz/;(t)R,tf(s)dt = (f)V(s). To see this, first note
that [, Q/AJ(t)R_tf (s)dt makes sense pointwise ar each s € R because the function
t — (t)f(t + s) (with s fixed) is continuous and of compact support. We now

have

/t OB fd = [ s+

teR

- i//e—iut¢(u)f(s+t)du dt
Y I T

- / 4 (u) ()
= (0f)Y(s) = Suf(s). (4.2)
The use of Fubini in the third line is justified because

/ / 1£(s + )Ll dtdu < [|Flls ]l < oo.
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Now let k, denote the nt" Fejer kernel on R. Let us also define

V) = SO0 +E0)} AER

Then k, * (X)) — W(\) pointwise, and from Lemma 4.1 it follows that for any
n > 1, vary(k, * ) < vary(¢). In particular, k, *x¢» € BV, (R), so that the
operators [, kn * ¥(—A)dE()) are well-defined members of B(L%).

Claim

n—oo

/ U(=AN)dE(N) =st- lim [ k, * p(=A)dE(N).

To prove this Claim, let us fix a > 0 and let f € {E(a) — E(—a)} L% (R). Let us
also take £ € L% (R) with [|¢]| < 1. Then

/Rkn*w(—)\)dE()\)f - /_an*w(—A)dE()\)f, (4.3)
and so </Rkn*w(—>\)dE()\)f, 5> — /_an*w(—A)(dE()\)f,g).

Now the scalar function A — (E(X)f, §) is continuous and is a member of BV, ([—a, a]).

Hence we can apply Lemma 4.3 with (r,s) = (¢,7,),

{faA) bzt = {(ka * ¥)(=A) = U(=A)}uz1 and {gataea = {(E()f. €)1},

€B LP*)
The Lemma then gives
tin [ ko NGEWE © = [ WENEEWLY (44

= </a\1’(—k)dE(A)f,£> = </R\If(—>\)dE()\)f,§>.

—a

But in fact Lemma 4.3 shows that this convergence is uniform in ¢ € L%.(R),
[€]] < 1. So, using (4.3) and (4.4), we deduce that for each f € |, ,{F(a) —
E(—a)}L% (R) we have

nlggoH/ NAEO)f — /k OB, =0 (49)
However, the family of operators { [ &, *t(— ), JU(=N)dE(N)} oy 18 Ui

formly bounded, so the convergence in equatlon (4.5) holds for all f e L% (R).

In fact, the operators [k, * ¢¥(—A)dE()\) are precisely 5= [* /{;1/1 R_.dt. To
show this let us again fix f € {E(a) — E(—a)} L5 (R) and £ € Ji .(R). We have

/_ Z/én(t)z;(t)Rtfdt: /u Sn(kn*w)A(t){ /lMSae“tdE()\) i @)
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Now, using integration by parts,

/|A< e MdE\Nf,€) = [‘“t< N, €>] + z‘t/|A< e ME(A) f, €)dA
= e Yf,6) + it / e (BN f, €)d.

|Al<a

Substituting this into (4.6),
([ ey Orasan €)= [ ey o o
= +i Ky % )" e MBS, E)dN d
+i [ ) /|| (B F,€)dA dt
= 2k, + 0(-a)(.€) + 27 [ (b ) (FAEWS AN

|Al<a

= 27r/ (kn x ) (=A)(dE(N) f,€), integrating by parts,
A<a

=2w</£§fkn*¢x—xﬁuﬂxxﬁs>

As this holds for all f € J,.{E(a) — E(—a)} L% (R) and £ € L’;;*(R) we deduce
that for all n > 1

% - ket (t) R_ydt = /_OO ke % h(=A)dE(N). (4.7)

Combining this with equation (4.5) we deduce that

H/ A f - —/kfnz;(t)z-ztf dt|, —0 forall feLk.  (48)

Now let f € C°(X) C L%(R). Since the || - ||z convergence in (4.8) holds, there

exists a subsequence {n;} such that, a.e.(s),

| [wenimse - o [Rior soa] ~o @)

However, for any s € R,

| [ orre w—/w Rf(|

= || [ 40 0 = bk + 0] < sl = 000 = SO 15l
< kst =l flly — 0.

The last convergence is due to {k,} being an approximate identity. Combining
this with (4.9) we deduce that

—/w R, fdt = / (“NEO)f for f € C=(X).
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But as noted in (4.1), [W(=M)dE()) is indeed a bounded operator, and so
Ik Qﬂ(t)R_tdt extends to a bounded linear operator on all of L% (R Wlth f 77/1

J ¥(=X)dE(X). But we have already shown in (4.2) that fl/) _tdt = Sy on
C(X), so that Sy is also a bounded operator on L% (R) and

%% :/R\IJ(—)\)dE()\). (4.10)

Let T}, denote the bounded map on the right side of (??). These calculations
show that T, = S, for v € BV, N LIA(]R). Now let ¢ € BV,(R). We wish to
show that for f € C* ® X, T, f = (¢ f)¥. Thence Ty, = Sy on a dense subspace
of L%, so that Sy is a bounded linear map, i.e. ¥ € M, x(R). To this end, let
us go back to the definition of Sy;. For f € C* ® X, f = Zjlv frxr we had
Su(f) = SN fr)Vak. Let us take a sequence {¢,} € BV, N L'(R) such that
|14 —|| By, — 0. Then the first part of the proof shows that for each f € C*®X
we have

N

Tyt = [ W(-NAEW)S = 3-S0f = 5 WIS (4.11)

Claim For each f € C2* ® X,

N N

Z(¢nfk)v$k(5) — Z(¢fk>vxk(5) a.e.(s).
1 1
To prove the Claim, let us fix 1 < r < oo such that |1 — 1| < % For each
k=1,..,N, we have f;, € C° C L"(R). Since [18] says that BV (R) C M, ¢(R),
we know that {¢5},v € M,c(R), and that ||, — ¥||x, < Crglltn — ¥lBv,,
for some constant C,,. Hence, for each & > 1, ||(¥nfr)" — (Unfi)"|lr@) <

Crgllttn — ¥|lBv, — 0. So there exist for each k = 1,...N subsets €, C R of full

measure such that
W fi)V () — (W fi)¥(s) for all s € Q.

Hence for s € (2, Q% we have S0 (¢ fr)V(s) — SV (1 f)V(s), and the Claim
is proved. Combining this with (4.11) shows that Ty, f converges a.e to Sy f.

Now, since each v, € BV, N L'(R), the first part of the proof gives that (wnf)v =
Ty, f and HTwnf_wa|’L§< — 0. Thus {7}, f} converges a.e. to Sy f and to Ty, f in
|- |z norm, so that Ty f = Sy, f. Hence Sy extends to a bounded linear operator
on all of L%, and ||Sy|| = |27 [ U(=N)dE(N)|| < 47C), qvar,, (E)||¢]| v, O
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An Alternative Proof

It is worth noting that there is a shorter proof of Theorem 4.2. However, it does
not give the explicit description of Sy as [ W(—A)dE(N).

Proof. In [18] Coifman and Rubio introduced the spaces Rs, 1 < s < oo, which
are defined as follows. Let us write I4 for the indicator function of a half-open
interval A = (a,b].

Definition 4.1. For 1 < s < oo let
Re={f=> Mla, : > [M" <1, {As} are disjoint }.
E>1 E>1

The space

Rsz{f:Zozjgj D g; € Ry, Z]aj|<oo},

i>1 i>1
r, =1nf{> |a| © f =3, a;9;}.

Note that in particular, if f € Ry, then || f||z, < 1. In [18] it is proved that

is a Banach space under the norm || f|

BV, C Ry for 1<¢q<s<o0. (4.12)

We are ready to start the proof. As before, let 1 < r, < oo be such that
var,, (E) < oo, and suppose - + é = 1. Let ¢ = Y, Mla, € Ry, with

Tp

Ay = (ay, b being disjoint intervals satisfying by < ag,1. Note that for A = (a, b,
the associated multiplier on L% is Sy, = E(b) — E(a), where E is the spectral
family of the right translation {R;}. Hence Sy = >, Mi{E(br) — E(ax)}. This is

indeed a bounded operator, since, using Holder’s inequality we have

ISty < { S} " { S IE®) - By}
k ko
< wvar, (EC)f) < (£l var, (B).

Hence ||Sy|| < var,,(E). Now suppose ¢ = 3.1 aythy € R,,. Then

N N
Sy = Zakkaa and so [|Sy]| < wvar,, (E) Z | vk
1 1

Since this holds for any such representation of ¢ it follows that ||Sy|| < var,,(E)|¢||r,, -
Hence every ¢ € R,, is an L% (R)-multiplier. In other words, R, C M, x(R).

Now using inclusion (4.12) we deduce that
BV,(R) C R,, C M, x(R) for all ¢ (1,qp,).

As noted earlier, this is a shorter proof of Theorem 4.2, but does not establish
the description of Sy as 27 [ W(=\)dE(N). O
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4.3 M (R) Multiplier Theorem and a Conjecture

In the scalar valued setting, the BV, (R) multiplier theorem for LP(R) com-
bines with Littlewood-Paley theory to give rise to 9, multipliers (for values
of g € (1, 00) satistying |1/p —1/2| < 1/q); we refer the reader to [18] for the full
details. Furthermore, the account in [14] extends the 9, multiplier theorem to
vector valued spaces L%, provided X is of class J (see the definition in chapter
1). This is a special type of UMD space.

We can now show that, provided certain conditions hold, the 9, multiplier the-
orem will hold for any UMD space X. The condition in question relates to

R-boundedness, defined herein.

Definition 4.2. Let X be a Banach space, T C B(X), and let {ri}r>o be the
Rademacher functions on [0,1]. T is R-bounded if there exists a constant K > 0
such that for all finite sequences x1,...,xny € X and T, ...,Ty € T the following
inequality holds:

/01 H g:Tk(t)Tkkadt < K/Ol H irk(t)kadt.

K is called an R-bound for T. The infimum over such K is the R-bound.

Proposition 4.1. Let T C B(X). For 1 <p < oo define

acoy(T) = {iaka : {Tx} C T, i lafP < 1}.

(i) If T is R-bounded, then so is acoi(T). Moreover, if K is an R-bound of T,
then 2K is an R-bound of acoi(7T).
(i1) If T is R-bounded, then so is T, the closure of T in the strong operator topology.

Proof. See [31] O

Now let X be UMD and L% = L% (R), where 1 < p < co. Let {I;} denote the
dyadic intervals on R under the usual enumeration. That is, s; = 277! for j > 0
and s; = —5; for j < 0. Then I; = [s;,5;41) for j > 0, I; = (s, 8541 for j <0
and Iy = (sg,s1). Let M,(R) be the Marcinkiewicz ¢-class of functions on R.
Note that if ¢ € 9, (R), then ¢, = L;p € BV, (I;), where I} is the indicator
function of the closed interval I;. Let S; denote the multiplier operator on L%
associated with I;. Thus, if { E(\)} is the spectral family of the right translation
group {R:}ier, then S; = {E(sj41) — E(s;)} and for every f € L%, we have
[ =>""_5;f unconditionally (see, for example, [6]).
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Proposition 4.2. Let X be UMD and 1 < p < co. Let {E(X)} be the spectral
family of the right translation group on L% . Then T = { E(\) : A € R } is
R-bounded.

Proof. See [6]. O

Proposition 4.3. Let 1 < p < co. There exists a constant C, > 0 such that for
all f e L%

Collfllzz, < /OlHim(t)SkaLgdt < inHf“Lg(-

Proof. See [31]. O

In trying to extend the BV, (R) multiplier theorem to 9,(R) we require R-
boundedness of a certain subset of aco,(T), which we now describe. Let ¢ €
M, (R) with [|[¢]|on, < 3, and let u € Pg be a partition which includes the dyadic
points {s;}. Writing ux = {sr = Ao < ... < Ax = Si1} € Ploys0,4), We define
S(tr, up) = SN Y(A){E(N;) — E(A\;_1)}. In order to establish an 90,(R) multi-
plier result, we require that the set { 8(¢,ux) : k € Z, u € Pr} be R-bounded.
Now, by rearrangement we can write 8(vx, ug) = ¥ (Sk+1) E(Sk41) — ¥(sp) E(sy) —
Zf[{@b()\jﬂ) — (X)) }E(X;). Hence 8(¢y, ux) is a member of aco, <{E()\)}>, be-

cause

N
[W(si)+ [W(ske)l” + D [0(Aar) — (M)
1
< ZSliplw(A)\“rva?"q(w,fk)q

< 2{81}1\p|w()\)\+varq(¢jk)}q < 2[[Yllon,®) < 1.

It may not be the case that aco, ({ £(A)}) is in general R-bounded (for appropriate
values 1 < ¢ < 00). However, at least in a Hilbert space, we can show that the
set { S(Yg,ux) : k € Z, u € Pr} is R-bounded. The Proposition below is
a rather more straightforward result than at first seems, because in a Hilbert
space R-boundedness is equivalent to uniform boundedness. The reason for the

formal-looking setup and proof is that it motivates the Conjecture which follows.

Proposition 4.4. Let H be a Hilbert space, and let E(X\) be the spectral family
of the right translation group {Ri}ier on L%, so that vars(E) < co. As before
let T={EX\): AXe€R}. Then for any 1l < g < 2, and ¢ € M,(R), the set
Cp={ S, ux) : k€Z, ue Pr}is R-bounded.
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Proof. Without loss of generality, assume that [|1)[[sn, < 1. Due to Kahane’s
inequality, it will suffice to find a constant C' > 0 such that for all xy,...,xx € L%
and Wy, ...,Wy € €y we have

{/01 ;{dt}l/2 < C’{ /01 lev:rk(t):ck

However, since L% is a Hilbert space itself, (4.13) reduces to showing

N N
S IWeanlizs, < 02 sl
1 1

This in turn is equivalent to showing that €, is uniformly bounded, that is
18 (¢r, ug)|| < C for all 8(¢bg, ux) € Cp. But this follows easily from Young’s
inequality. Let z,y € L?%. From the definition of §(¢y, uy) we have

}I/th. (4.13)

N
Z Tk (t)WkSCk
1

2
2
L

N

(S ue)z, y) =Y \)H{ER) — E(Aj1)}a,y).

1

Writing K, = {1+ ((1/2+1/q)}, Young’s inequality ([32], 6.2) gives

(8w un)z,y) = (Elsia)z, y){(sk41) — ¥ (s0)}]
Kqvary(yr) vars((E(-)z,y))

< Ky varg(y) vary(E)l L, [lyllzz-

IN

Hence, using the triangle inequality in the left term, and the fact that var,(vy) <
[© ]|, < 1,

(8w, un)z, )| < Nwllzz, Nyllzz L 1Mo, [ Ellco + Kyllthllam, vars(E)}
< lllzz, Nyl { 1Bl + Kqvary(E)}.

Hence ||8(¢g, uk)|| < { || El|oc + Kqvara(E)} for any 8(¢y, ux) € Cy, and so (4.13)
is satisfied with C' = {||E|| + K vars(E)}. O

Proposition 4.4 motivates us to conjecture that a similar result is true for any

UMD space X and any 1 < p < co. More precisely, we conjecture the following.

Conjecture 4.1. Let X be UMD and 1 < p < co. Let E()\) be the spectral family
of the right translation group on L% and set T = { E(A) : XA € R }. Suppose
1 <1, < 00 is such that var,, (E) < co. Then for any 1 < q < 7“; and ¢ € M,(R)
with ||]|om,my < 1, the set Cy = { 8(Vy, up) : k € Z, u € Pr} is R-bounded, with
an R-bound depending only on q and X.
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Using Proposition 4.1 (ii) we can immediately deduce the following from Conjec-
ture 4.1

Conjecture 4.2. Let the setup be the same as in Conjecture 4.1. Then the set
{ e e(NAE(N) : k € Z} is R-bounded, with the same R-bound as Cy.

That this follows from Conjecture 4.1, simply note that the set { [, x(A\)dE(N) :
k e Z} is the closure in the strong operator topology of C,. Proposition 4.1 (ii)
now yields the desired conclusion. With this at hand we can state an 97,(R)

multiplier result.

Proposition 4.5. Let X be a UMD space and 1 < p < oco. Suppose that
Congecture 4.2 holds. Then there exists 1 < q, < 0o such that for all1 < q <

dp
M, (R) C M, x(R).

The proof of Proposition 4.5 requires the following technical Lemma.

Lemma 4.4. Let {F(\)} be any spectral family on an arbitrary reflexive space
Y. Let ¢ € BV(R). Suppose F is strongly continuous at ¢ € (a,b). Then

JLONAF(N) = [Co(NAF(N) + [ ¢(AdF(N).

Proof. Let P43 be the set of partitions of [a,b] containing ¢, so u € Py
looks like u = {a = N\ < ... < ¢ = Ay < ... < Ay}. For any z € Y,
b N
NdFN)z = i { MIFO) — F(\- }:1' (), u)z. W
[ oiree = tim >SN FO) = FOv-))e | = Jim $(0we. We
can now split this up:

S(Wu) = Y SMHER) — F(A\o1)}e (4.14)

+ D OOEM) = FOy-)e — d(){F(e) = F(An-1)}a(4.15)

Due to strong continuity of F' at ¢ we have liym F(Ay—1)x = /\lim F(\)z = F(c)x.
ue [a,b] —c

Hence, taking limits in (4.14) as w runs through P gives fab d(N)dF(N)x =
S #NAE Nz + [ 9N dF (M)a. =

Proof of Proposition 4.5

Since X is UMD, and so super-reflexive, we know that the spectral family { F(\)}
of { R; }+er has bounded r,-variation, for some 1 < r, < co. Let g, be its conjugate
index, and let us fix ¢ € (1,¢,). It will suffice to show that for each ¢ € Boy, (w)
and f € L%,

b
lim/ Y(N)AE(N) =T, f exists.
b

b—oo
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and [Ty fllzz, < [ flley for some v > 0. Let Ty, = [, ¥(NdEQN) =
Jz Ye(N)dE(X). Then Ty, € B(L%) by the BV,(R) multiplier Theorem 4.2. Note

that
Ty, fork=j

0 fork#j°
So for f =3 _S;f=>"_f;, we have Ty, f = Ty, fr. Now, if Conjecture 4.2
holds, let K, be an R-bound of the set {7y, }rez. We shall first show that
> Ty, f converges. It suffices to show that the balanced partial sums form

a Cauchy sequence. To that end we apply (4.16), Conjecture 4.2 and Proposi-

tion 4.3 twice.

| 3 mus S%/;Hiw { > Tt

M<|k|<L X j M<|k|<L
1 1
P IO p<ljl<L LX M< H<L

K,

K,
/ H Sif), < 73 Z S, f ‘Lg(. (4.17)
M<|jI<L P M<|jI<L

But the balanced partial sums Z]_VN S;f converge to f and so form a Cauchy se-
quence. Hence HZM<IJ'I<L if||, = 0as L>M — oo. Thus {ZTNkaf} is
< 1z,

<

L

also Cauchy and so converges. Moreover, we see from (4.17) that H S T f

K,
4 7l

Next we show that the limit T, f exists and Ty, f = Y>> Ty, f. To show this, let
b > s; and pick N such that sy < b < sy;1 and s_y < —b < s_y41 (such N
exists uniquely, because s_p = —sg11 for £ > 1). Since E is strongly continuous

(see Corollary 5.1 in chapter 5), we can use Lemma 4.4 to write
b b SN S—N+1
/ @DdEf:/ wdEf—i—/ wdEf—I—/ Y dEf. (4.18)
—b SN S_N+1 —b
Applying Lemma 4.4 to the dyadic points {s;}, we have

N-1

[ vasr- }: u/d%dEf—- S Tt

S—N+1 —N+1 =—N+1

Substituting this into (4.18) gives

b S H/ wdEer/SNH

_ H/ wdEfNJr/s NdeEf_NHLg(

< Ky g vare, (B) (v lloy 4 [1/-~llzg 3
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Here K, , = 1+ ¢(1/r, + 1/q). Note that N — oo as b — oo, and also
||fN||L§(7 Hf—N”L?)’( — 0as N — oo. Hence, letting b — oo in the last inequality we
get Ty f =37 Ty, f as claimed. Finally, (4.17) gives || Ty |z < g—§||f||Lz;( 0.
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CHAPTER 5

In this Chapter we shall address the relationship between spectral families and
densely defined one-parameter operator groups. We shall, in particular, look at
(i) X valued function spaces Sx with the right translation group {R;}ier;

(ii) X valued sequence spaces with the right shift operators { R¥},cz.

However, we shall first treat more general spaces X and densely defined groups
{Ut}ier.

5.1 Unbounded Operator Groups

It is shown in [5] that, provided {U; }er is a strongly continuous operator group,
it has an associated spectral family if and only if there is a constant v > 0 such
that || [ o(t)U_dt]| < v]|é||pv for every ¢ € C>° (see Theorem 5.1 below). This
result does not generalize if we drop the strong continuity of {U; };cr, but instead
merely stipulate that each U; is densely defined. In fact, in this situation the
result is not true, and we shall give an example to demonstrate this. We begin

with some definitions.

Definition 5.1. We say that (U;)er is o densely defined one-parameter
group of operators on X if:

(i) Uy = Ix;

(i) Xor = {x € (e D(Uy) : t = Uz is continuous} is dense in X ;

(111) for all s,t € R, we have UU, C Ugyy and D(UU,) = D(Usyy) N D(Uy).

Definition 5.2. We say that (Uy)er has a densely defined spectral decom-
position if there exists a spectral family E on X such that for each t € R and
z € D(U;) we have

a

Uz = lim [ eMdE(\)x. (5.1)

If it happens that D(U;) = X for each ¢, we drop the 'densely defined’ phrase,
and say simply that {U;} has a spectral decomposition. As mentioned above,
the motivating result in this chapter is the following Theorem in [5]. We state it

precisely:
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Theorem 5.1. Let {U,}ier be a strongly continuous one-parameter group of op-
erators. Then the following two statements are equivalent:

(1) {U:} has a spectral decomposition.

(11) There exists a constant vy > 0 such that:

| [owuiat] < olla sor at o€ czm),

and the set
{ / SOt = ¢ € CE(R), [dllsv <1}

15 relatively compact in the weak-operator topology.

If the space X 1is reflexive, the second condition can be dropped.

In view of Definitions 5.1 and 5.2, it is natural to ask in what sense Theorem 5.1
can be generalized to densely defined operator groups of unbounded operators.
The first point to note is that if we drop the notion of strong continuity of {U,},
it does not even make sense to talk about [ ¢(t)U_,dt. However, Definition 5.1
(ii) does imply that [¢(t)U_x dt € X is well defined if z € Xj;. Then, if it
happens that there is a constant A > 0 such that || [ ¢(t)U_iz dt|| < Al|z|| for
all z € Xy, we denote the linear extension of [ ¢(t)U_dt to all of X with ¢(U).
We state in two separate parts the weaker result which holds for densely defined

operator groups.

Theorem 5.2. Let E be a spectral family on a reflexive space X. Define

DU;) ={zxzeX : lim eMAE(N)x emists };  (5.2)

—a

and forx € DU;) , Uz = lim eMAE(N)a.

—a

Then (Uy)ier is a densely defined one-parameter group of closed operators on X
with Xy 2 Xo, where Xo =, < {E(n) — E(—n)} X.

Further, there exists a constant; > 0 such that for each ¢ € C(R) the operator
[ o(t)U_idt - Xo — X has a bounded extension G(U) on all of X with

o)1l < AIJllzv- (5.3)

Remark
Observe that the convergence in (5.2) can in fact be restricted to intervals [—n, n]
with n € N. To show this, let |a] denote the floor of any a € RT and [a] the

ceiling. So suppose we know that lim eMdE(N)x exists, with n € N. Then

n—oo
-n
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n+1 -n
lim ei’\tdE()\)x—l—/ eMdE(N)z = 0. Then, writing f” eMdE(\)x

n—oo n n—1
o]
(I=BO){ fa eMdENa-+[ i eMdE(N)a} it follows that lim N eMABE(\)x =
~la)
Similarly, using £(0) in place of (I — F(0)), lim eMdE(N)z = 0. Now,
a—00 _[a-l

fLC;J eMdE(N)z = E(a) fL[;]] eMdE(N)z. Since the family {F(A\)} is uniformly

bounded it follows that lim [ e*dE(\)x = 0.

a—00 \_a/J
—la)
Similarly lim eMdE(N)z = 0. Hence, as

a—00
—a

a ~la] la) a
/ eMdE(\N)x = / eMAEN)z + / eMAE(N)x + / eMdE(N)x,
—a —a —|a] la]

it follows that lim eMdE(N)x exists, because the outer two terms on the right

a—0o0
—a

side vanish.

Theorem 5.3. Let (Uy)ier be a densely defined one-parameter group of operators
on X, satisfying (1) to (iii) of Definition 5.1. Suppose there exists v > 0 such that
for all € C(R), the linear map [ ¢(t)U_dt, defined on Xy, has a continuous
extension QAS(U ) which satisfies inequality (5.3). Then there ezists a unique spectral

family E on X such that

a

Uir = lim NAEN)z for all x € Xy (5.4)

We shall need the following simple Lemma in proving Theorem 5.2

Lemma 5.1. Let {ymn} € X be a doubly indexed sequence such that
(i) lim lm vy, =y exists,

(i1) lim Yy, exists for each m,
n—oo

(111) lim Y, exists, uniformly in n.
m—0o0

Then lim lim y,,, exists and equals y.

n—oo MmMm—00

Proof. Let hm Ymn = Ym and hm Ymn = Zn. We have to show that lim Zn =Y.
So, let € > 0be given. Choose M > 1 such that ||y —yu|| < § and HyMn ZnH <3
for all n > 1. Then choose Ny, > 1 such that ||yy — yMnH < g foralln > NM.

Hence, for all n > N,; we have

1y = 2nll < Ny = yarll + Nyar — yamll + [lyam — znll <€
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Proof of Theorem 5.2. Let us prove (i) to (iii) in Definition 5.1.

Property (i) is obvious, since, for any € X we have [* dE(N)z = {E(a) —
E(—a)}x — .

For (ii), it suffices to show that X satisfies the defining property of X,,. So, let
t € R and 2 € Xy, so that x = {E(n) — E(—n)}y for some fixed n € N and
y € X. Then for any a > n we have

/ eMAE(N)z = / eMAE(N)z.

a -

Hence lim, .o [ e*dE(N)z exists, so € D(Uy). Thus Xq C D(U;) and this
also shows that each U, is densely defined.

To prove the strong continuity assertion in (ii), again let =z € X,, with = =
{E(n) — E(—n)}y. Then Uz = [" eMdE(A)x. Let & € X*. Using integration

by parts we have

U — Us€) — / "6 — BN, €)

-
n

= [ — M ENn )" —i / (56 — 1) B(\)a, )

—-n
n

= (" — ")z, &) — Z/ (se™ — te™)(E(N)x, £)dA.

—n

Now, given € > 0, we can find § > 0 such that |t — s| < ¢ implies

SUP|y (<, |56 — te| < e and |etsn — eitn| < e —ay- Then [t —s| <0
implies [(Usx — Uz, §)| < 2¢l|z||.||€]| and hence ||[Usz — Upz|| < e. Thus {U;} is
strongly continuous for z € X,.

To prove (iii) requires more work. Recall that Py, denotes the collection of
partitions of the interval [a,b], directed and partially ordered by inclusion. For
u,v € Plap we write u < v if v refines u. For f € BV[a,b] and v = {a = Ay <
.. < Ay = b} € Pla, b] we write

8(f,u,[a,b)x = f(a)E(a)z + Z FONER) = E(io1) .

If f(\) = ¢e** and [a,b] = [~a,a], we shall use the shorter notation 8(s,u)x.
Also, to make the calculations easier to follow, let us write

a

Ul = / eMAE(N).

—a

Note that each U is a bounded operator on X with |U”|| < 2| E|leo(1 + alt|).
Let 0 < a < b be fixed. For v, € P[—b,b], let v, denote its restriction to [—a, a]

(without loss of generality we can assume that v, = {—=b = A\ < ... < Ag =
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—a < ..<Ay=a<..<Ay=0>}). Let x € D(UU;). We have to show that
x € D(Usyy). Since 8(s,v,) and 8(t,v,) commute, we have

8(s,va)8(t, vp)w = [e“bE(—b)—i—Zemﬂ'{E(Aj) —E(AH)}}

N

[ e E(—a) + Y eiSM{E(Aj)—E(Aj_l)}}x

j=K+1

K
= e M E(=b)z + e Y e™{E(\) — E(\1)}a
7j=1

N
+ Y NI — E(\o) e
J=K+1
K
= S(t+s,v)r + e e™{E(N) - E(\ 1)}

j=1
. €_i(s+t)aE<—CL)l’ + €_isa6_ith(—b)l’.

Since the family {S(S,UQ) DoV, € T[,a,a]} is uniformly bounded, we can take
lim,, ep—p4) On both sides to obtain
UOUP e = Uz + e / eMEN)z — e T B(—q) . (5.5)
—b
Now, since U is continuous and z € D(Uy), we can let b — oo on the left to
obtain U Uyx. But this implies that the limit of the right side must exist as an

element of X. Hence [~7 ¢™*dE(X)x is a well-defined element of X and we have

U9z = Us(i)tx + 6_”“/ ePdEN)z — e SR (—q)x. (5.6)

Further, Uyz € D(Us) so we can let a — oo on the left hand side of (5.6) to obtain
U,Uix. But

—a

lim e*dE(N)z =0, and lim E(—a)z = 0.

Using this in (5.6) implies that lim, . U, S(i)tw exists. In other words x € D(Us,4)
and U;Uprx = U4z, This says precisely that U;U;, C Ugyy. Note that we have
just established D(Usiy) N D(U;) D D(UU;). We can use (5.6) to show the
reverse inclusion too. For, if € D(Ugyy) N D(Uy), we just need to show that
limg o0 Ul Uir exists. But this follows immediately from (5.6): we know that
lim, o U, ii)tx exists, and the other two terms on the right side of (5.6) vanish.
Thus lim,_ Us(a)Utx exists, and so € D(U,U;). Thus we have

Q(Us—i-t) N D(Ut) - Q(UsUt)
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We have verified (i)-(iii) in Definition 5.1. Finally let us check that the operators
{U;} are closed. Let t be fixed and let {x,,}m>1 € D(U;) be a sequence such that
(T, Uryy) — (z,y). We need to show that x € D(U;) and y = Upz. Observe
that by the Remark following Theorem 5.2, we can say that for each m > 1,
Uy = limy,_.oo U™z, with n € N. We thus have the following
y = lim Uz,
= lim lim U™,

m—00 N—00

= lim lim {E(n) — E(—n)}Uizy,.

m—00 N—00

Now, the operators {E(n) — E(—n)},>1 are uniformly bounded, so that

lim {E(n) — E(—n)}Uixy, = {E(n) — E(—n)}y  uniformly in n.

m—00

Hence, by Lemma 5.1, we can interchange the limits above. This, together with
cach U™ being bounded, yields

y = lim lim {E(n) — E(—n)}Uz,,

n—oo mMm—00

= lim lim {E(n) — E(—n)}Ut(n)xm

n—oo m—oo

= Jim {B(n) = B(=n)}U;"

= lim U™z

n—oo

In other words = € D(U;) and y = Uz as claimed.

It remains to establish inequality (5.3). For ¢ € C°(R) and x € X, the Bochner
integral [ ¢(t)U_zdt is a well defined element of X because Uz is a continuous

map on the compact support of ¢ into X. Moreover, we have a linear map

/¢(t)Utdt3 Xo— X, x+ /QS(t)Uta:dt.

We shall find v > 0, independent of ¢, such that for any x € X, we have
H f¢(t)U,txdtH < yl¢|lpv|lz||. This will imply that [ ¢(t)U_,dt has a continuous
extension to all of X, denoted with ¢(U), with [|o(U)|| < 7|l sv-

So, let x € Xy, say z € {E(n) — E(—n)}X for some fixed n. Then we have

U%z = U™z for all b > n.

Let £ € X*. Then, integrating by parts, we have

n

(U_yw, &) = e "z, €) +/ ite” M (E(N)x, £)d.

—n
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Since the map t +— ¢(t)(Ux, &) is continuous on supp(¢),

n

( / S(OU_jz dt,€) = 2rd(n)(z,&) +i / w)(t){ / e—ME(A)g;,@dA}dt

—-n
n

— 2rd(n){z.€) - 2m / (&) (EN)z, €)dx

—-n

Hence |([ o(t)U_ix dt,&)| < 2xlz]| €] 1Elwldlloy. But & € X* is arbi-
trary, so H [ o(t)U_z dtH < 27| E|lw||dllsv || z]| and this establishes (5.3) with
vy = 27| E||w. O

Before giving a full proof of Theorem 5.3, let us prove a Lemma used therein.

Lemma 5.2. Let {U,} be an operator group satisfying the conditions of Theorem
5.8 Let C= ={f: feC>}.

(i) For every s € R, x € Xy and g € CX(R), we have g(U)x € Xy and
Usg(U)z = g(U)Usz.

(ii) The map U : 5@5 — B(X), f— f(U) is an algebra homomorphism.

Proof. (i) To show that g(U)x € D(Uy), observe that §(U)x = f_KK gt)U_yz dt
where supp(g) C [-K,K]. Let m = {—K =t;,...,ty = K} denote a partition of
[— K, K] with rational points. Then

N

§(U)a = st lim > (tesr — te)g(te) Uy, . (5.7)
k=1

Now, for any k, x € D(U_y,) N D(Us—y,) = D(U,U_y,), and UsU_y,x = Us,_

Hence,

tpL-

(Z ten — t)g(t) Uy, a ) =3 (tear — t)g(t) Uy (5.8)

But st lim, ZkN:1(tk+1 —t1)g(ti)Us—y,x = f_KKg(t)US_tx dt, and since U, is closed
it follows from (5.7) and (5.8) that §(U)z = [*_ g(t)U_z dt € D(U,) and

Usg(U)x = /_Kg(t)Us_t:E dt. (5.9)

To show that Usx € X, it suffices to verify that the map t — UUsx is
continuous and Ugz € (g D(Uy). But both of these are trivial. For, given
any t, * € D(Usy) N DWUs) = D(UUs) which means Uz € D(U;). Fur-
thermore, U;Usx = Upisx, and the map ¢ — U sx is certainly continuous as
x € Xy Thus Use € X)py. Now, using the definition of §(U) on X/, we have
G Ux = [* g(t)U_Ugz dt. But again, z € D(U_,,) N D(U,) = D(U_,U,) for
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all t € [-K, K], and U_,Usx = U_y4 sz, and hence §(U)Usx = f_KK g U_yy sz dt.
Comparing this with (5.9) gives Usg(U)x = g(U)Usx. Finally, since the map
s+ g(U)Usz is continuous and §(U)x € (,cg D(Us), it follows that g(U)x € Xy

(ii)) The map ¥ defined in (ii) is clearly well defined and linear. We have to
check it is multiplicative. So, let f,g € C°(R). We claim that, as operators on
X, (fxg)"(U) = g(U)f(U). Tt suffices to show they agree on X,;. So, let z € Xy
be fixed. Then

(F g\ (U)x = /<f DOV dt

_ //ft_s Uy ds dt. (5.10)

Since x € D(U_y) N D(U_1—s)) = D(U_sU_(1—s)) for all s, ¢, we can write U_,x =
U_U_—sz, and so (5.10) becomes

//f(t —5)9(s)U_U_1—qx ds dt. (5.11)

tJs

By pairing with an arbitrary £ € X*, (5.11) equals [, g(s){ [, f(t—s)U_U_q_sx dt} ds.
Now, by part (i), J, f(t=$)U- Uz dt = U f, f(t=s)U- sxdt) The lat-
ter is precisely U_, f(U)z, because € Xy;. Hence (fxg) (U)x = L 9(s (U)x ds.

But again by (i) f(U)a: € Xjr and so this is precisely g(U)f(U)x as clalmed. ]

Proof of Theorem 5.3 . This argument is a mild adaptation Theorem 2.4 in [5].
Let

ACo(R) = {f € AC(R) = lim f(t) =0}, AGH(T) ={f € AC(T) : f(1) =0},
The set ég; is || - ||y dense in ACH(R). The map ¥ : a‘f\o — B(X), f— f(U)
is a well-defined algebra homomorphism, by Lemma 5.2. ¥ is norm continuous

because {U,} satisfies (5.3), and so extends to a continuous linear map on all of

ACH(R).

Now, fix § € C=(R) such that for all t € R, §'(t) > 0 and 6 is surjective onto
(0,27). Let © : ACy(T) — ACH(R), f + Oy be given by O(t) = f(e?®)). Then
O is an isometric algebra isomorphism. Define &5 = Vo O : ACy(T) — B(X), so
that [|®g]] = ||¥] < ~. Since AC(T) = {f+a: f e ACy(T) a € C}, &y can
be extended to all of AC(T) by defining ®(f + «) = $o(f) + al. Clearly ® is an
algebra homomorphism from AC(T) into B(X) and ||| <~V 1.
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This set-up now implies that there exists a spectral family {F(\)}\er, concen-
trated on [0, 27], with F'(27~) = I and

27
O(h) = / h(AN)dF(\) for h e AC(T). (5.12)
We now claim that F'(0) = 0. Let f € ACy(T), so that f(1)F(0) = 0. Then for
any u = {0 = Ay < ... < Ay = 27} we have

N

S(u, ))F(0) = 37 F(0) {F(N) — F(\-)}F(0) =0,

1

Since this holds for any partition of [0, 2], it follows that f02,7r FNAF(N)F(0) =0
Hence ®(f)F(0) = 0 for all f € ACy(T), and so ¥(g)F(0) = ®(O g)F(0) =0
for all g € ACH(R). (1)

Now, if ¢ € C, then U(¢) = ¢(U). Also, {F()\)} commutes with ®(g) for
any g € AC(T). Using this, (1), and the fact that ¢(U)z = [ o(t)U_sx dt for
x € X7, we have, for each = € X,
0=U(Q)F(0)r = FO)¥(Pz = FO)$U)x
— F(0) / SO 4 dt
- / SOF(OV 4o dt, € Xar.

This holds for all ¢ € CZ°. Also Uz is strongly continuous for z € Xy, so the
last equation implies that F(0)U,z = 0 for all ¢. In particular F'(0)z = 0. Hence
the density of Xj; in X implies F'(0) = 0, as claimed.

Now define E(A) = F(A(\)) for A € R. Then E is a spectral family and we
have, in strong operator topology, limy_., E(\) = F(2r~) = I and
limy—,_o F(A) = F(0) = 0. Further, for z € X and ¢ € C°,

~ ~ ~

o(U)r = (P = P(O7'd)z
= /ﬂ@_lgg(ei’\)dF()\)x since F'(0) =0

= lim O (e dF (N

—€

~ bim [ d()dE(p)z. (5.13)

a—00
—a

Now let y € {E(a) — E(—a)} X, say y = {E(a) — E(—a)}z with 2 € X;. Since
E(#a) both commute with ¢(U) = ¥(¢), we have

o(U)y = {E(a) - E(=a)}d(U)z = {E(a) — E(—a)}/Rcb(t)U_txdt
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Also, for any b > a, [*, 6(NdEN)y = [* d(NdEN)y = [* d(\)dE(N)z. Hence

(5.13) gives o(U)y = [* d(N)dE(N)y.
Now let £ € X*. Then, using integration by parts, we have

«mw-—E«myéwmux@5> ({E(a) y/¢ JAE(N)z,€)
- ﬂ@@f)—/mﬁOXﬂM%QdA

_ / et (1) dily, €) + i /_ a /tte% (\)z, &) dt d
= [ow{em e + i [ e m™ENng i a

_ /t (1) /_ e’“’\(dE(A)x,ﬁ)} dt
= { /t o(1){ /_ Zede()\)x} dt, €).

Hence

(E(a) — E(—a)} /R S(OU_z dt = /R ¢(t){ /_ e"“dE()\)x} dt.

This holds for all ¢ € C°. Since the function ¢t — {E(a) — E(—a)}U_sz is
continuous (as x € Xy), then {E(a) — E(—a)}U_z = [ e "dE(\)x for all
t € R. Letting a — oo we obtain

U_iz = lim e dENax for x € Xy,

a—00
—a

and this establishes (5.4).

Finally, let us address the uniqueness of E. So, suppose there are two spec-
tral families E' and E satisfying (5.4). Let # € Xj; and € € X*. Then by (5.13)

and integration by parts, we have

/ 6 = HU x—/ 7,€).

This holds for all ¢ € C2°(R). Following the argument in [5], ¢’ can be replaced
by any 9" where ¢ belongs to the Schwartz class $(R). But this implies that the
function X — ({E(X) — E(\)}x, ) is constant a.e()). Since both F and E are
right continuous and have left limits, the above function is constant for all A € R.
Finally, letting A — —oo gives that this constant is zero. Hence E(\) = E()) for
all A e R. [J
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Let us observe that Theorems 5.2 and 5.3 are not complete converses of each
other. For, equation (5.4) holds only for x € X}, not necessarily all z € D(U,),
as in (5.2). The spectral family {F(\)} derived in Theorem 5.3 can be used to
define a new densely defined operator group as in Theorem 5.2, {W,} say. The
latter need not necessarily satisfy D(W;) = D(U;). Informally speaking, {E(\)}
need not recover the original {U;}. However, it is the case that for each ¢ € C
the two operators [ ¢(t)W_; dt : Xo — X and [ ¢(¢t)U_; dt : Xy — X have the
same linear extension to all of X, that is ¢(U) = ¢(W).

Weighted Space Example

The motivation for examining unbounded operator groups is the right translation
group {R;} on weighted LP(w) spaces. These spaces were discussed in Chapter
1 Section 1.4. We concentrate here on 1 < p < oo. The right translation group
{R:}ier is the natural one parameter group to examine in LP(w). Indeed, it
provides an example which illustrates the phenomenon in Theorems 5.2 and 5.3.
We shall show by direct calculation that if the weight w(¢) is chosen appropriately,
then {R;} satisfies the conditions and conclusion of Theorem 5.3.

Let a € (—1,p — 1) and define w(t) = |t|*. Following the discussion in Chapter
1 Section 1.4, w(t) is an A, weight, and it is easy to verify that {R,} satisfies
Definition 5.1. For the domains D(R;) are naturally defined as

D(R) = { f € IP(w) - /Rw(s)]f(s—t)\pds <o},

It follows automatically that D(RsR;) = D(Rsi+) N D(R:). The following lemma
helps prove that {R,;} is only densely defined.

Lemma 5.3. Let w(t) be an arbitrary weight function on R. Then for all s # 0,
R is bounded from LP(w) into LP(w) if and only Zf% € L>®(R). In this case,
| Rs|| = H%Hzp where || - ||« is the essential supremum over R.
Proof. Observe that if f € LP(w), then g = w |f|? € L'(R). Then
IRy = [ wnmspa = [ wolse—spar
R R

/ w(t +s)|f(t)[Pdt = /Rw(t)|f(t)|pM

w(t)
_ / 19 t+ s) w(t+s)
Hence

IR = sup{IR. fll’ip(w Ml < 1)
t+s w s
= swnf [ o0 5 Byl < 1) = |
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The last equality follows from the fact that L>°(R) is the dual of L'(R). O

It can readily be seen from Lemma 5.3 that if —1 < o < p —1 and w(t) = |¢|%,

then || R,|| = sup,, |2=2|% = oo for all s # 0. Let us make a further restriction on
to to

a , by specifying a € (0,1 A (p—1)). This ensures that for all f € LP(w)N LP(R),

1R oy < 181120 @y + 10 ) (5.14)

Hence LP(w) N LP(R) C (\,cg D(Rs) and so {R;} is densely defined.

To show that {R;} satisfies the other conditions of Theorem 5.3, it remains to
establish inequality (5.3). But this follows from the boundedness of the Hilbert
transform. For, Theorem 5.4, in section 5.2.2 below, shows that if the Hilbert
transform is bounded on LP(w) (or indeed a more general X-valued function
space Sx), then the right translation group {R;} satisfies inequality (5.3) for ev-
ery ¢ € C2°(R). But in the current setting, w(t) being an A, weight ensures that
the Hilbert transform is indeed bounded.

To illustrate the conclusion of Theorem 5.3, we shall explicitly describe the spec-
tral family {E“(A\)} which has the property that for all f € LP(R) N LP(w),
Rif =limg oo [7, edE”(N)f in || - ||1r@w) norm. To avoid confusion, let {S,}
denote the right translation on the unweighted space LP(R). The spectral family
{E"(\)} of {S;} is just the family of multipliers associated with the characteristic
functions T(_n . So E*(N) f = (I_sox f)Y for f € LP(R) N L*(R).

Proposition 5.1. The family {I(_ ) }rer gives rise to bounded multipliers on
LP(w), denoted with {E™(X\)}. This is a spectral family on LP(w) and, if f €
LP(R) N LP(w), then

lim ||Rtf—/ e dE" (N f| ) = 0-

a—00
—a

Proof. Let H* and H" denote the Hilbert transform on LP(w) and LP(R) re-
spectively. They are both bounded, the former because w(t) = [t|* is an A,
weight, the latter by the classical result of M.Riesz. Let o(t) = i{2](_oo,0) — 1}
Then H™ and H" are precisely the multipliers associated with o: So, if f €
LP(w)NLPNLA(R), then H* f(s) = H"f(s) = (o f)¥(s) a.e.(s). Let us also write
M, : L®(R) — L®(R), Myf(s) = e f(s) and let E“()\) and E*(\) be the
multipliers on LP(w) N L*(R) and LP(R) N L*(R), associated with I(_ . Then

1
E"(\) = SMA(I —iH")M-.
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so each £*(\) is bounded on LP(w). Moreover, an argument analogous to that in
[15] shows that {E™“(\)} is a spectral family on LP(w). The calculations in [15]
also show that {E“(\)} is the spectral family of {S;}; that is, for all f € LP(R)

a

Sif = lim eMdE“(N)f in | ||zr) norm. (5.15)

Claim: For all f € LP(R) N LP(w), [* eMdE"(N)f = [* eMdE"(N)f.

Proof of Claim

First observe that for any f € LP(w) N LP(R) N L*(R),

E¥(N) f(s) = E*(\)f(s) a.e.(s). This subspace is || - || Lrry and || - || r(w) dense in
LP(w) N LP(R). So, given f € LP(w) N LP(R), we can choose an appropriate se-
quence { f,,} in the first subspace to show that E“(X) f(s) = E“(\) f(s) a.e.(s).

So, let f € LP(w) N LP(R) be fixed. Let PY be the (countable) set of partitions of
[—a, a] with rational points. Since both E* and E* are strongly continuous (by

Corollary 5.1 in section 5.2.1 below), we have

/a eMNAEC (N f = Iim {e MEY(—a)f + Zeme ) — E (N}

—a

/a eMdE*(N)f = lim {e"E"(—a)f + Ze”‘ "B (N;) — E*(X\j—1)|p116)
—a vePl
Again, these limits are in the || - || r(w) and || - || Lr(r) norms respectively. (Usually,
the limits would involve P[_,,, but the strong continuity of £* and E* ensures
we can use PY). Let §(v, E*)f and 8(v, E*)f denote the sums on the right. By
observation (*), there exists for each partition v € PY a full-measure set 2, C R
such that for all t € Q,, 8(v, E")f(t) = 8(v, E")f(t). Further, by (5.16) we can
pass to a (countable) subset T C P2 such that for all s € Ay C R, a set of full
measure,

lim S(v, ) f(s) = / N NVE" (V) f(s)

veT _a

lim (v, B*)f(s) — / " OB () f(s).

veT _a

So for s € ﬂQUﬂAf,

veT
/ EMAE"(\) f(s) = / eMAE () f(5).
But the set N,eg€2, N Ay has full measure, so the last equation says precisely that
for f € LP(R) N LP(w),

/ ' eMN)AEY () f = ' eEMN)AE" (N f. (5.17)

—a —a
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Hence the claim is proved.
Now fix a > 0 and let f € L?(R) N LP(w). Writing g, = {E"(a) — E*(—a)}f =
{£"(a) — E¥(—=a)}f,

/ b eMN)YAEY (M) gy = / ’ eMN)AEY(N)f for all b > a.

—b —a
The analogous expression holds for E* as well, and so (5.15) implies that S;g, =
J2 e (N)dE"(N)f. Combining this with the Claim, it follows that

Rig.(s) = /a EMNAEY (V) f(s)  a.e.(s). (5.18)

—a

Now using (5.14),

|Rtga — Refllow)y = [[RAE"(a) — E*(=a)} f — RifllLow)
< [HHE (@) = E¥(=a)} f — fllom)
+ H{E"(a) = E¥(=a)} f — flliow)-

Since E" is a spectral family, the right side tends to zero as a — oo. Hence
substituting (5.18) into the left hand side gives
lim H/ eMNAE N f = Ref|| iy =0

a—00

as was required to prove. 0

5.2 Function Spaces

5.2.1 R-function Spaces

LP(w) is an example of a scalar valued function space on R. A detailed treatment
of function spaces is provided in [39] and [34], and we refer the reader there for a
full exposition. Here we collect only the definitions and properties of concern to
us. Let G(R) temporarily denote the space of simple functions on R. Let || - ||s
be a non-negative, sub-additive functional on &(R) satisfying:

(i) [leflls = lal [ f]ls for a € C;

(ii) || flls = 0 implies f(s) =0 a.e.(s);

(iii) ||Lalls < oo for every Borel set A C R with finite Lebesgue measure.

We define 8 to be the completion of G(R) under || - ||s and define S to be the

quotient Banach space §/{null functions}.

Definition 5.3. Let S* be the dual of S and let {,)s denote the usual Banach
space pairing between S and S*. The Banach space S is called a scalar R-

function space if the following conditions hold.
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(i) S has the Fatou Property: for each non-negative sequence {f,} C S,
fu(t) 7 f(t) a.e(t) and sup, ||fulls < oo together imply that f € S and
1flls = Timy, || ful]s-

(i1) || - ||s is a lattice norm: for f,g € S

IF@OI < 1g(@)] a.e.(t) implies || flls < llglls-

(1) || - ||s s absolutely continuous: given a decreasing sequence of measurable
sets {E,} such that E, \, 0 a.e., then || flg, ||s \, 0.

Given such a space S we define the space of integrals on S by
S"={g:R — C: g measurable, gf € L*(R) for all f € S}.

To complete the list of terminology, a subset T C S* is a norming subset if,
given f € S, ||flls =sup{ (f,9)s: g €T, ||lglls+ < 1}. The following results are
proved in [39].

Lemma 5.4. (i) S' C S* and (f,g)s = [, f(t)g(t)dt for all f € S and g € S'.
(ii) S is reflexive if and only if both S and S’ ha,ve absolutely continuous norms.

(111) S" is canonically isometrically isomorphic to S* if and only if S is reflexive.

Scalar valued function spaces have vector valued analogues. Let X be a Banach
space and let LY be the space of strongly measurable X valued functions on R.
For f € L% define || f||x : R — C, t — ||f(¢)||x. This is a measurable function.
Define

Sx(R)={f R— X : [f]xeS}

For brevity we suppress R in the notation and write Sx. This is a Banach space
under the norm given by [|f]ls, = || [Iflx HS It is, in fact, the completion,
under this norm, of the algebraic tensor product S ® X. The latter consists of
finite formal sums >, fyxg, fr € S, x € X. Let also C°(X) denote the space
of X-valued smooth functions of compact support. Motivated by the scalar case,

we assume that this is a dense subspace of Sx.

Now, since S" is also a function space, Sy. is formed in an entirely analogous
manner to Sx. It can readily be identified as a subspace of (S X)*‘ the action of
g€ Sy. on fe Sy isgiven by (f,9)s, = = [ (f( x dt. It may happen that
S is a proper subspace of (SX) . For example, for 1 § p < 00, (LI)’() = L’;ﬁ if
and only if X* has the Radon-Nikodym property (see [35]). However Sy. is always

a norming subset of (S X) ". Moreover, if both X and S are reflexive, then so is Sx.
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With all the background set up, let us turn to the question of concern. The-
orem 5.1 proves a result for strongly continuous operator groups {U;} on an
arbitrary Banach space Y. In Section 5.1 we saw that if {U;} is just densely
defined then it has only a densely defined spectral decomposition (as defined in
Definition 5.2). In fact, the strong continuity of {U;} (not merely the fact that
all Uy are bounded), is key in establishing Theorem 5.1. Our main result here is
that this condition can be relaxed in the special case Y = Sx and {U;} = {R;},
where {R;} is the right translation group. In this case, strong continuity can be

relaxed to local boundedness for Theorem 5.1 still to hold.

Definition 5.4. An operator group {U;} on a Banach space'Y is locally bounded
if Uy € B(Y) for allt € R and for any K > 0, sup <k [|U| < oc.

The following Proposition shows that Theorem 5.1 holds if the original assumption

on {R;} is relaxed from strong continuity to local boundedness.

Proposition 5.2. Let S and X be reflexive and let S satisfy Definition 5.3. Sup-
pose that {R;} is locally bounded.

(1) If {R:} has a spectral decomposition {E(\)}er, as in Definition 5.2, then R
15 strongly continuous.

(ii) Suppose there exists v > 0 such that for each ¢ € CX(R) the operator
[o(t)R_ydt : C(X) — CX(X) eatends to a bounded operator &(R) on all of
Sx and satisfies

(R < 0]l sv- (5.19)

Then R is strongly continuous.

Observe that [ ¢(t)R_.dt is a well defined linear map on C°(X). For, given f €
Ceo(X) with supp(f)Nsupp(¢) = A, then s+ [@(t)R_f(s) dt = [, o(t)f(s —
t)dt is also a well defined element of C°(X).

Before setting out the proof of Proposition 5.2, let us prove some preliminary

results first.

Lemma 5.5. Let {U;}icr be a locally bounded operator group on a Banach space
V. Let Y C V be a dense subspace. If {U;} is strongly continuous on Y then it

s strongly continuous on V.

Proof. Let x € V,t € Rand € > 0. We wish to find § > 0 such that | Uz —Usz|| <
¢ whenever s € B(t,0). Let A = [t — 1,t + 1]. Since {Us} is locally bounded,
supgen [|Us]] = 7 < oo. Since Y is dense in V, there exists y € Y such that
ly =l < e/37.

Now choose 0 < 0 < 1 such that ||Usy — Upy|| < €/3 whenever s € B(t,d). Then
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s € B(t,0) implies s,t € A and so |Usy — Usz|| < ||Us|-||ly — z|| < €/3. Hence,
whenever s € B(x,0) we have
|Use = U] < |0y = Upe|| + [|Usy = Uyl + |Usy = Usz|
1Ol [l =yl + €/3 + [[Us]|- [l =yl
v (e/37) +e/3+7(e/37) = e

IN

IA

O

Lemma 5.6. Let f € CX(R, X) and let ¢ € CP(R) be even and non-negative,
with [ ¢(t)dt = ||¢|| 1) = 1. Define

6uw) = ~0(%) and u0(u) = ~o

Then:

(1) lim_q ||¢c * f(t) — f(D)]|x = 0 uniformly in t € R.

(ii) im g ||pc * f — fllsx =0

(11i) Given t € R and r > 0, lim._q ||¢£s) x f — Rsfllsxy = 0 uniformly for
s € B(t,r).

Proof. Recall that B(a,r) ={z: |a — x| <r}.
First choose K > 0 such that supp(f)U supp(¢) C [-K, K].
(i) Observe that

s = | [ o) s0-syas—go] = [ otsist-es)-rionas]

Let n > 0 be given. Since f is uniformly continuous, we can pick ¢ > 0 such that
|f(t —s)— f(t)]|x <n whenever |s| < . Then if € < §/K we have |es| < ¢ for
all s € [-K, K] so

[fe x f(£) = F(D)lx < nlldllLr@) = n-

The ¢ is independent of ¢ € R and so (i) follows.

(ii) Note that for 0 < e < 1, supp(¢e * f) C [-2K,2K]. Let M. = supyy <oy [|de *
ft) — f@)]lx. By (i) limesoMe = 0. Let 6 € C°(R) be a bump function
identically 1 on [—2K,2K]. Then

pe x f(t) — fF(O)|lx < MO(t) forallt € R.

Since [|¢e * f — fl|lx and M0 are in S, and || - ||s is a lattice norm, it follows that
e * f— fllsx < M||0]|s,. Hence letting € — 0 gives (ii).
(iii) Let t € R and r > 0 be given. We have, uniformly in A € R and s € B(t,r),
lim [+ f(A) = Raf (M)|x = 0.
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To show this first note that
6 FO) = Rg Ol = | [ 20250 = wds = £ =)
=H/¢Wﬁ@—quﬂu—ﬂk—$
:HA%K¢mMﬂA—ﬂr—@—fM—swm\- (5.20)

)

<

X

Now let n > 0. Pick 0 < § < K such that |[f(z) — f(y)|lx < n whenever
|z —y| < 0. Then, if e < 6/K we have |eu| < § for all p € [-K, K]. So

IfON—€en—38)— f(A=3)||x <n forall AeR, se€ B(t,r) and p € [—-K, K].
Hence from (5.20) we have, for e < 6/K, A € R and s € B(t,r),

[0 % F(A) = Rof(N)||x < -

Now let M, = sup sup [[¢" % f(A\) — R.f(A\)|lx. The preceding argument
s€B(t,r) AeB(s,K)

shows that lim. o M. = 0. Let 6 € C°(R) be a bump function such that (\) = 1
for A € B(t,2K +r). Then

116 % f(A) = Rof(N)||x < MA(\) forall A€R and s € B(t,r).

Again, the left hand side and M.0 are both members of S. But || - ||s is a lattice
norm and hence |[¢p{” % f — Rifllsy < M.||0||s. Letting ¢ — 0 completes the proof
of (ii). O
Proof of Proposition 5.2.

(i) The space U7 {E(n) — E(—n)}Sx = Y is dense in Sx. So, it suffices to
show that for a fixed n > 1 and f € {E(n) — E(—n)}Sx, the map t — R;f is

continuous. Observe that for all @ > n and ¢t € R, we have

/_ EMAEN) f = /_ Z eMAE(N) f.

Since {E(A)} is the spectral family of {R;}, equation (5.1) in Definition 5.2 gives
Rif = [T eMdE(N)f for all t € R. Now let t be fixed and let £ € S Then,
integrating by parts,

(R=RILE| = | [ (@ =B 9)

smmmmm%mww+/

—n

|ter — et |d)\} :

Since t and n are fixed, it is clear that the term in the braces vanishes as

s — t. Thus the right side vanishes uniformly in & € Bx+, which implies that
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(R, — Rs)f|| — 0 as s — t. Hence by Lemma 5.5 {R;} is strongly continuous on
all of Sx.

To prove (ii), let ¢ € C°(R) be an even, non-negative function such that [ ¢(t)dt =
@]l ry = 1. Define ¢ and wét) as in Lemma 5.6. As before, for any f € C(X)
let gbe f denote the usual convolution. Since ¢(s) = ¢(—s) for all s € R,
de* f(t) = [ (bE f(t —s)ds = [, ¢e(s)f(t + s)ds. But the right hand side is
premsely Jg @e(s ,sfds( ) and so ¢, * f( )= ¢€( )f(t) pointwise for all ¢t € R.
Now let f € C°(X) and choose K > 0 such that supp(f)U supp(¢) C [—K, K].
Then, by Lemma 5.6 (ii), lim. ¢ ||¢e * f — f||sy = 0. In other words,

li_r)l% |¢e(R)f — fllsx = 0. Furthermore, for any fixed ¢ we have the following con-

vergence, uniform in s € B(¢,1):

lim [|(07)" (R)f = Raf sy = lim [0+ f = Rofls, = 0. (5.21)

This is again using Lemma 5.6 (iii) with § = 1. Supposenowt € Rand 0 <n < 1
are given. For any ¢ > 0 and s € B(t, 1), we have zzzé“ — wés) € C*(X) and so
(5.19) gives

WO (R)f = o (R) fllsy < AN =) svIfllsy-

Using Fourier inversion we have,

206~ vONNE) = 1 [eto(T - L [ e o(t )

€

—ité A - —is& )
o € /e—l($—t)f¢(x t)dx_ € /e—z($—8)§¢<x
€ €

€

S)dx

= 2m(e7™ — e7) (€€). (5.22)

Hence
d%(wé” — ENN(E) = —(ite™™ — ise ) P(ef) + e(e ™ — e7) () (€€).
So, for s € B(t, 1),

|0 =@ < @+ DI + 208) ()]

d .
Further, from (5.22), hm d_{’w(t) (&) — YN (€) = 0 pointwise. Observing that ¢
and (¢)" are in Ll(R), Dominated Convergence Theorem gives

hm/ CZ(@/J“) — ¢£8))A(£)|df = 0, and so 15112 Hwe(t) O

||BV = 0. Now we can

write

IRif — Rofllsy < [[Ref — 0P (R)flsx
+ WOR)f — v (R) fllsy + | Rsf — ¥ (R) £l s -
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for all
| Bv

Using (5.21) we can choose ¢ > 0 such that ||Rsf — 1/)65)(R)f||gx

s € B(t,1). Then we pick § < 1 such that s € B(t,d) implies ||( —
i Then s € B(t,6) implies that || Ryf — R fs, <.

Hence {R;} is strongly continuous for all f € C*(R, X). So, by Lemma 5.5 it is
strongly continuous for all f € Sx. I

)"

Corollary 5.1. Let X be a reflexive Banach space and S a scalar valued function
space satisfying Definition 5.3. Suppose {R;} is locally bounded on Sx. Then the
conclusion of Theorem 5.1 still holds. Moreover, the spectral family {E(\)} of

{R:} is strongly continuous on the left.
The following Lemma helps prove the left continuity of E.

Lemma 5.7. Let S, and X be as in Corollary 5.1. Let a € R be fized. Suppose
g : R — X s a strongly measurable function such that for all s € R we have
R.g € Sx and Ryg = e***g. Then g = 0.

Proof. Since ||.||s, is an absolutely continuous norm we know that

191,00yl sx \¢ 0 @s n — oco. But now, taking s = 1 we have

19%m.00) 155 = le™g(- = Do) llse = llgTps1,00) 15

Hence

191m,00)lsx = [|90pm,00) || s for all n,m € R.

So these must all be zero. Hence gllj,, oy = 0 for all n, so we must have g =0. [

Proof of Corollary 5.1. Let us first show that the conclusion of Theorem 5.1
holds. Since S is reflexive, we need only show that statements 5.1 (i) and the
first part of 5.1 (ii) are equivalent. Now, if (i) is true, then by Proposition 5.2 (i)
{R;} is strongly continuous. Hence it satisfies the full conditions of Theorem 5.1
(i) and so (ii) of Theorem 5.1 holds.

Conversely, if Theorem 5.1 (ii) is true, then by Proposition 5.2 (ii), {R;} is again
strongly continuous. Thus the full conditions of Theorem 5.1 (ii) hold and so
Theorem 5.1 (i) follows.

Now let us show that the spectral family of {R;} is left-continuous. Suppose,
on the contrary, that it is not. Then there exists a € R such that E(a™) # E(a).
So there is some f € C2°(X) such that g = {F(a) — E(a™)}f # 0 and g € Sy.
Then, for any s € R, Rsg # 0 and

b
R.g = lim e ME(N)g.

b—o00 b
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Observe that, by definition of g, Lbb e AE(N)g = [* e**E(N)g for any b > a.
Hence R,g = [° e dE())g. Now, for a partition u = {—a = Xy < ... < Ay =
a} S :P[_a’a], let

N
S(u,5)g = €**E(a)g — > {e"Y — " }E(\;1)g.
j=1

Then

Rsg = gm S(u,s)g  in |- ||sy norm. (5.23)
ue [—a,a]

Now note that F(a)g = g and that for any A\ € (—o0,a), E(A\)g = 0. This is
because E(\)g = lim, », E(A\){E(a) — E(c)}f. But the right hand side is zero,
since

E(M{E(a) — E(c)} =0 for all c € (A a).

Hence, for any u € Pi_qq], 8(u,s)g = €"**g and so (5.23) gives that R,g = e"*"g.
But this now holds for all s € R and so by Lemma 5.7 ¢ = 0. But this contradicts
our original assumption on a and f and so there is no a € R at which E(a) #
E(a™). O

5.2.2 The Hilbert Transform

Let us tie the ideas from the Section 5.2 with the Hilbert transform. Recall from
chapter 1 the operators H. and H on the scalar-valued LP(R) spaces:

Hgf(t):/ 1f(t—s) ds, and Hf(t) =lmH.f(t).
e<|s|<1/e S 0

We know from [38] that for 1 < p < oo, H is bounded from LP(R) into LP(R)
and sup.. ||He|| < 2||H||. This state of affairs remains the same when we re-
place LP(R) with L% (R), with X UMD. It is therefore of interest to examine
those function spaces Sx which have the property that both ||H| < oo and
SUP,sg ||Hel| < oo. In fact, if Sy has the Fatou property then the latter condition
implies the former. In this case, we obtain the same final conclusion as in Theo-

rem 5.2 (inequality (5.3)), with the right translations { R;} replacing the arbitrary
group {U:}.

Theorem 5.4. Let Sx be a function space as in Definition 5.3, and let {R;} be
the right translation group on Sx. Suppose sup.q ||Hel|sy—sx = K < 0o. Then
there exists a constant v > 0 such that for each ¢ € CX(R),

| [ooroar [ <ldllay 17lsy for ait £ € C(3).
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Proof. Let ¢ € C°(R) be fixed and let f € C°(X). Let € > 0 be small enough
so that supp(¢)U supp(f) C [—1/e,1/¢] and write ¢ = ¢lfr<q. Note that
for ¢ € R, the function A — ¢(\)f(t + A) is continuous on [—1/¢,1/¢], so that
Jz & f)dx = [y #(A) f(t+A)dA makes sense pointwise at each ¢ € R.
Sphttmg thls integral gives

/ SONVR_AF(E) d\ = / SO+ NN + [ SO)f(E+ NN (5.24)

R e<IN<1/e IA|<e

In the first integral we use Fourier inversion on ¢, integration by parts and Fubini’s
theorem respectively to obtain

/ES|A|S1/€¢(>\)f(t+A)d>\ _ /%1/6{ [ o tc s s

6_

- i/e<|)\<1/6 { / R A(é) (s)e R S+ /\)ds}d)\

1 L
= / / —(¢) (5)e7te™ O (¢ 4+ N)d ds
seR Je<|A|<1 /e )‘

=i @ (5.25)

where, as before, M,f(t) = e*'f(t). The use of Fubini’s theorem is justified
because [ _p { focere ﬁ|(¢)’(s)|d)\}ds < 46|l pv log(1/€) < .

Let us write @, for the convolution by the function ¢.(—t). Substituting this and
(5.25) into (5.24) gives

/ SRS d\ =i / @ MM ds + Quf

for all € > 0 small enough. We shall show that lim. o ||Q.f||s, = 0. To that end,
we fix K > 0 such that supp(¢)U supp(f) C [ K, K] and consider only € € (0, K).
Observe that if [t + A| > K for all A € (—¢,€), we have [©_¢(A)f(t+ X) d\ = 0.
Hence, supp(Q.f) C [-2K,2K]. Let

—sup [ 6ONF e+ Nlx dr < 2 [ |

teR
Observe that lim._,o M, = 0. Let § € C'° be a bump function which is identically
1 on [-2K,2K]. Then || [ ¢(\)f(t + \) d)\HX < MA(t) for all t € R. Hence

< M.||f]|s. But the latter tends to zero as € — oo, and this gives the

required convergence for ||Q.f|lsy, — 0.
Hence, using (5.24) and (5.25), we have for f € C°(X) and all € > 0 small

enough,

| [omat s, < | / M HM,S dslly + QS sy
< Jllv sgﬂgnM_sHeMsfnsx 11Q sy
< 1l IH Iflsx + Qe liss- (5.26)
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Now, sup,. [[He|| = K < 00, so letting € tend to zero in (5.26) gives

| [ 600R-AF aXg, < KUdl 1flsv-

Hence, as C°°(X) is dense in Sy, there exists a linear extension ¢(R) of Sz @A) R_xdX
to all of Sx satisfying ||¢(R)|| < K||¢|| sy as claimed. O

This theorem has implications for the right translation group {R;} on Sx. The
domain of each R; is naturally defined as D(R;) = {f : f(- —t) € Sx}, and the
space C2°(X) C MerD(Ry) is dense in Sx. Furthermore, by Proposition 5.2 (ii),
{R;} is strongly continuous on C'°(X). Hence {R;} is a densely defined operator
group on Sy, satisfying Definition 5.1 and the conditions of Theorem 5.3. Hence

we have the following Corollary.

Corollary 5.2. Let Sx be a function space as in Theorem 5.4. Then the right
translation group {R;} has a densely defined spectral decomposition, in the sense
that there exists a spectral family {E(N)} on Sx such that for each t € R,

a

R, f = lim eMdE(N), for all f € C°(X).

5.2.3 Sequence Spaces

Note that Theorem 5.4 gives a one-way implication: it does not show that H is
bounded on Sy if {R;} satisfies inequality (5.3). However, if we replace (R, dt)
with (Z, dn), then the converse of Theorem 5.4 is also true. The setup for scalar
sequence spaces is somewhat easier than that of R-function spaces as there are no
measure theoretic issues to deal with. So, we begin with a scalar valued sequence
space S C I equipped with a complete lattice norm || - ||s which has the Fatou

property. Furthermore, [y, the space of finitely supported sequences, is norm dense
in S.

Definition 5.5. Let S be a scalar sequence space as described above. We call
Sx(Z) C loo(X) an X-valued sequence space if:

(1) {zx}rez € Sx(Z) if and only if {||:Uk||X}k€Z € S and define ||{zr}lsx @)
(NS

(ii) 1%, the space of finitely supported X -valued sequences, is norm dense in
Sx(Z).

(iii) The projection operators Py : Sx(Z) — Sx(Z), {z;} — (...0,24,0...) are
all bounded.

Analogous to {R;}wcr we now have the right shift group {R*},cz generated by
the right shift operator R. So, for z € Sx(Z), (R*z); = z;_x. We can now

95



formulate the ideas of Section 5.2 entirely analogously. Recall that the algebra
{6: ¢ € C®}is || | py-dense in ACH(R). Similarly, {p(e’) € C(T) : p € Iy}
is || - ||pv-dense in AC(T). But this is precisely the collection of trigonometric
polynomials p(e’) = SV pre’*. So the operators Jg &(t)R_ydt now get replaced
by p(R) = ZTN prR*. Moreover, inequality (5.3) is now replaced by

(R < Allpll BV (T)- (5.27)

The picture we now have contrasts with that in Section 5.2, because we now have

a complete relationship between the Hilbert transform and inequality (5.27).

Theorem 5.5. Let S be a sequence space satisfying Definition 5.5 and X be a
reflexive Banach space. Let Sx(Z) be defined as above. Then the following two
are equivalent.

(1) The discrete Hilbert transform is a bounded operator from Sx(Z) into itself.
(i1) The right shift operator on Sx(Z) is trigonometrically well-bounded.

Proof. To show that (i) implies (ii), it suffices, by Proposition 1.1, to find ay > 0
such that for all trigonometric polynomials g(e), inequality (5.27) is satisfied.
To fix notation, let f % g denote the usual convolution of sequences. This is well-
defined pointwise if f € [y and g is an arbitrary X valued sequence. Now, for any

x € Sx(Z), q(R)x = § * x, because

(G* 2= Gtnr= Y @R ) = (q(R)(x)) . (5.28)

n
k|<N k<N

We define as before the operator M; : Sx(Z) — Sx(Z) by (x1) — (wre*"). This
operator is bounded, by definition of Sx(Z). Let x € [% and let us compute
g ()M HM,(x) dt.

Pick N such that 2, = ¢ = 0 for |k| > N. Then we have

? l

— [ (") (M_HM(z)) dt = — [ ¢(e")e ™ (HM(z)) dt
2 Jr n 2 Jr "
i (A=A
_ (it ,—int = Ji(n—k)t dt
o Tq (e")e Z e Tk
k=n—N,k#0
. N+4n
= Z kZEn k —|- - Z / Zt ktZEn_k dt
[k|<N, k#0 T
N+n 1
= Z QTn—r + Z ék%xn—k = Z QkTn—k-
[k|<N, k#0 N+1 k|<N, k0

Now, since the coordinate projections are bounded, we have,

/T ¢ (") (M_HM,(z)) dt = ( /T q’(e“)M_tHMt(:v)dt> . (5.29)

n
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So, using (5.28) and the preceding calculation we have
(q(R)(@) = Qoxn 2n<f1r e YM_ H M, (z )dt) . Thus for z € 1%,
q(R)x = Gor + fT e"YM_H Mz dt.

Hence
N 1
laR)zl < {liol + 5= varz(a) 1]} J]
1
< {1+ m)} |
< {1+ IHI Dl lallsv

Since [% is dense in Sx(Z), it follows that ||g(R)|| < {14—% ||H||} llg|lsv. Hence
inequality (5.27) is established with v = {1 + o | H|| }

Let us prove the converse. For z € % the Fourier transform is well-defined
pointwise for all ¢ € T, as &(e™) = ;- >, zpe ™ (note that this is a finite
sum). For an integrable X-valued function f : T — X the inverse Fourier trans-
form is given by f, = fT e)e*dt. This is again well-defined pointwise. It is
easily seen that for any mtegrable scalar-valued ¢ and X-valued f, fx§ = (fg)".
Now let {h;} denote the discrete Hilbert kernel, so hy = % for k # 0 and hy = 0.
Let ¢ : T — C, ¢+ i(m —t), so that 1) = hy. Then for z € %, we have
Hx = hxx =1 +x = (¢2)". Now let &, denote the n'" Fejer kernel on T and
let p™ = K, *1p. Then {p™} is a sequence of trigonometric polynomials such
that lim,, ., |[p™ (e®) — ¥ ()| = 0 pointwise and sup,, ||[p™ || sy < |[#|sv < oo.

Then, by bounded convergence,

lim |(p(”)) hijl=0 for each j € Z. (5.30)

Now fix 2 € [{ and let M be an integer such that zj = 0 for all [k| > M. Then,
since ((p™)Y x x)k = Z;t;?{M(p(")) xj—;, we have that

lim ||((p(”))v xx), — (hx x)kHX =0 for each k € Z.

This follows by applying (5.30) to each j € {k — M, ...,k + M}. Hence
i (") ) — b 2

n— oo ||X

and the fact that || - ||s has the Fatou property, we have

= 0. Now, using the definition of || - ||s,(z)

Ihsallse = | €IChsa)

. < limigf H {H((p(”))v * :L’)kHX} HS
_ hmigf“ {((™) *2),} HSX(Z) = liminf [[p"™ (R)z sy z)

Now, since R is trigonometrically well bounded, there is a v > 0 such that
1p™(R)|| < 7|[p™ ||z < Y||¥|lpv for all n > 1 (see Proposition 1.1). Observing
that ||y = (1 + 27) we have for z € %,

1A * zllsxz) = [H | sxz) < v(1+27)[|2]| sy 2)
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Finally, [ is dense in Sx(Z) and so H is a bounded operator from Sx(Z) into
itself, and || H|| < ~v(1 + 2m). O

We have already seen an example of an R-function space (the LP(w) in section
5.1) where ||H|| < oo and yet {R;} does not have an everywhere defined spectral
decomposition. This anomaly does not occur in scalar valued sequence spaces
l,(w). Here the boundedness of the Hilbert transform is equivalent to R, the
right shift operator on [,(w), being trigonometrically well bounded (so that, in

particular, the group {R¥} has an everywhere defined spectral decomposition).

The accounts in sections 5.2.2 and 5.2.3 show that this equivalence extends to

more general X valued sequence spaces Sx(Z), but not Sx(R).

5.3 Closing Remarks

The main thrust of this thesis is in the spirit of vector valued harmonic analysis
and operator theory; its aim is to establish new connections between geometric
properties of a space X and operators acting on it. This has been a key idea
behind previous work on UMD spaces and the Hilbert transform. In view of this,
chapters 2 and 4 make a useful contribution. Chapter 3 essentially shows that the
extra geometric features in a Hilbert space do not yield a significant improvement

on the super-reflexive setting.

Some questions do, however, remain open to further investigation.
1. Conjecture 4.1 in chapter 4 remains elusive. It may be that extra geometric
conditions have to be imposed on X for it to hold. One such property worth

investigating is Pisier’s property («).

2. Section 2.3 on uniformly smooth spaces was closed off with a question about
LP (1) spaces for an arbitrary measure space (€2, 1) and 1 < p < oo. It conjectures
that any trigonometrically well bounded operator T on L”(i) can have at most

O(|n|"/?) power growth. Again, this remains open to settle.

As we have just seen in chapter 5, if the Hilbert transform is bounded from
Sx(R) into itself, then the right translation group {R;} has a densely defined
spectral decomposition in terms of a spectral family. Indeed, if X is UMD, and
Sx(R) = L% (1 < p < o), the converse is also true. But it remains open for

more general function spaces.
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LIST OF NOTATION

The following is a list of notation used in this thesis.

AC(J) Banach algebra of absolutely continuous functions on the compact interval
J. The same definition holds with T or R in place of J.

B(X) The space of bounded linear operators on a Banach space X.
Bx The unit ball of a space X, {vr € X : |z] < 1}.

B(€2) The Borel o algebra of a topological space (.

B(t,0) The unit ball of radius 4, centered at t.

BV, (J) Banach algebra of complex-valued functions of bounded p-variation, 1 <
p < 0o, on the interval J. Analogous definition holds with T or R in place
of J.

char(E) The characteristic of a spectral family F, given by
char(E) = sup{K > 0: K[{E() - E(c)}z| < [{E(a) = E(b)}z]]
forallz € X, d<c<b<a}
D(T) The domain of an operator 7" on a space X.

dx(€) The modulus of convexity of a Banach space X, defined for € € [0, 2] as
: 1 :
0x(e) = infil = ISz +y)ll + llzll = llyll = 1 with [lz —y[} = € }
|E|loc For a given spectral family {E(\)}, this is sup || E(M)]|.
AR

H The Hilbert transform operator. See Definition 1.5.
Iio4 The indicator function of the interval [a, b].

L% (G) The space of X valued strongly measurable p-Bochner integrable functions
on the Haar group G.

1% The space of finitely supported X valued sequences.

M, x(G) The space of multipliers on L% (G).

M, (R) Banach algebra of complex-valued functions on R for which sup var,(f, Ix) < oo,
Iy,
where [, are the dyadic intervals of R.

Plap) The set of all partitions v = {a = Ay < ... < Ay = b} of the interval [a, b]
partially ordered and directed to increase by refinement.

Sx(R), Sx A general X valued function space on R. See Definition 5.3.
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Sx(Z) A general X valued sequence space. See Definition 5.5.

st-lim The limit in the strong operator topology; for example, T = st- lim T,

n—oo

means lim ||7,x — Tz|| =0 for all z € X.

T, The multiplier operator associated with the function 1, namely the map f €

C2(X) — (f)V.

The truncated operator , [ e™dE()), associated with a spectral family

{EMN)}

Ak,A,(C“) The Schauder decomposition operator {E(Ag11) — F(Ar)} associated
with a partition u = {\z} of an interval J or R.

o

¢®(F) See Definition 2.6.

¢(U) The continuous extension (if it exists) of the operator [ p(t)U_dt defined
on the dense subspace Xy C NierD(Uy).
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