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SYNOPSIS
The approximate theories of flexural vibration

dealt with in the thesis are those in which the
problem is reduced to the solution of a differential

equation with one dependent variable (the transverse
displacement of the neutral line of the beam) by a

. process of making reasonable assmpiions during the
derivation of the equation, In order to facilitate |
compearisons of the effects of the various assunptions !

made in the different theories, the differential equ~

atione are derived from the general elastic equilibrium
equations weitten in terms of the stress components, |
Particular attention is given to the equation
which includes the effects of rotatory inertia and .
transverse shear (usually referred to a2s the Timaahenk#}
equation) because of its interesting prediction for a ‘
finite veam of the possible existence of more than |
one natural freguency with the same number of nodes |
(14es a second spectrum of freguencies), This }
qualitative effect is shown to be a conseguence of I
considering a longltudinal motion independent of the
transverse motion, The boundary conditions for the |
Timoshenko eguation are derived from the general l
elastic eguations, snd the frecuency equation for the |
symmetric modes of a Timoshenko beam on elastic end |
supports is given, From this the freguency eguations
for the frese-end and pinned-~end conditions sare |

obtained and discussed,
By a logieal continuation the theory is then



extended to include in addition the effect of an
independent lateral motion, the differential equation
and boundary conditions sgain being derived from the
general elastic equations,. I% is found that
solutions of this new eguation include the Timoshenko
solution exactly, but also contain a third solution
which defines a third spectrum of natural freguencies
for a beamy The equation.  also defines three
branches to the dispersion curve for flexural waves
on an infinite beam,

Experimental work on three deep rectangular
sectioned beams is described and it is found thsat
the predictions of the Timoshenko theory ere closely
followed, including the second spectrum frequencics,
Third spectrum frequencies are detected very faintly
for only one of the three beams, this is probably
because lateral inertia is relatively unimportant
for a cross-section of deep rectangular form, How-
ever, some experiments on an || «sectioned beam
give two distinet spectra of natural freguencies and
it is shown that the higher of these sets of
frequencies is probably of the third spectrum type.

| Thus these higher mode freguencies may be important

for "open" sections, for which a high lateral inertia |

obtains without undue transverse stiffness,
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1, INTRODUCTION.

The problem of the flexural vibration of beams

has received much consideration since the original

setting up of the "classical" diifferential eguation
for this type of motion by Daniel Bernoulli in 1735,
This eqguation has been widely used in problems I
associated with flexure, Its use has generally been
restiricted to examination of the vibration character-
istics of slender beams vibrating in the fundamental

mode or in a low order harmonic, the increasing

inaccuracy of this equation for flexural wavelengths }
approaching the order of the radius of gyration of the !
bar being well appreciated, ;

Several more precise differential equations have |

been proposed by various authors (see section 2), Each |

|
of these equations includes the effect of some factor [
which is neglected in the derivation of the classical ‘
equation, and gives improved results for the higher |
modes of vibration, l
The most important of these eguations is that i
usuelly known as the Timoshenko equation (sce section
3,5), which includes the effects of the rotatory inertia
of the cross-sections and the shearing action between |
them, The use of this eguation is necessary if reason-
ably accurate values for the fregquencies of higher

modes are desired, In impact problems on beams where
|

the contribution of the higher modes may be 1mportant,:
the use of the Timoshenko equation may again be |

necessary,



. can be scen and a method for including yet further
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However, beyond the added accuracy of frequency

prediction obtainable with the Timoshenko equation,

there arises a new gualitative phenomenon, When the

Bernoulli eguation is considered for the propagation ‘
of flexural waves in an infinite bar, the propagation

velocity is found to be a single valued function of !
the wavelength, This is not so however, for the §
Timoshenko eguution which predicts two possible valuasi
of wave velocity for a given wavelength, Or, in
terms of a pin-ended beam of finite length the equation
predicts that for any chosen number of nodes on the

length of the beam there are two distinect possible

natural frequencies,

It seems pertinent to ask what consideration is
included in the derivation of the Timoshenko equation
to introduce this new effect, and also to ask whether
the introduction of further corrections beyond those
contained in the Timoshenko eguation might lead to

the prediction of further such effectis,
To examine these questions it was felt that re- |
course should be made to the genersl elastic equationa:
as a starting point, From these egquutions the |

assumptions behind the various approximate theories

corrections to the equations may be suggested, Indeed
the usual method of seitting up these differential |
equations by physical arguments of the "strength of
materials" type becomes increasingly difficult as

more refincments are involved, Under these circum-
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stances the use of the general elastic equations in

; aonjunctiahlwlthjplauaible simplifications will pro-

bably be the most straightforward method of approach,
Prom these features arose the scope of the present

works The primary objects are, firstly, to examine

briefly the assunptions implicit in the approximate

- flexural theogiea by deriving the differential

f equations from the general elastic equations, and

| hence to determine the cheracteristic which leads to

a dual=valued dispersion curve for the Timoshenko

equation, Secondly to inspect the possibility of

extending the theory to include the three-dimensional

motion of the typical particle and to exaemine any

resulting differential eguation, Finally, to conduct

experimental tests on beams to see whether there might

be any evidence for the existence of branches to the
flexure frequency curves, and if so, to compare them
with the theoretical predictions, For these purposes
it was felt to be sufficient to restrict attention

to the symmetric modes,




}motian of beams was found in 1735 by Daniel Bernoulli,;

| This equation is the well-known "classlical" or
elementary equation which is used for the majority of
beam problems being unsatisfactory only for fore-
shortened beams or short wavelengths comparable with
the radius of gyration of the beam,

| To provide a theory which would be physically

|
satisfactory at short wavelengths various corrections |

have been suggested for inclusion in the derivation |
of the differential eguation,

A covrection suggested by Bresse (1859)% and
independently by Rayleigh (1877) allows for the 1nert14
possessed by cross-sections of the beam by virtue of
their rotation about the neutral axis during vibration,

- the so-c¢alled correction for rotatory inertia of

cross=sections, This eguation is physically more

satisfactory in that it does not lead to infinite

| group velocities for very short wavelengths, but its
accuracy for freguency prediction in the higher modés

. of vibration still leaves much to be desired,

Timoshenko (1921) showed, however, that '

correction for the shearing motion of crasé-aectiana

- is as important as the rotatory inertia correction,

and proposed a revised differential eguation (hereafte#,

referred to as the Timoshenko equation, see section 3.$).
s}

g Bibliography 1é presented at the end of the thesis,
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;Nmrical results from this equation are in very good

agreement with those calculated from the genereal elaatil'

|
equations for a circular cylinder (section 2,3). It |

is of interest to note that this correction for shear

' was also proposed by Bresse (1859). vk
: Other less important corrections have been

| suggested, Love (1927) by an energy method made

| allowance for the inertia of the motion whereby cross-
sections are distorted in their own planes, Arnold
(1951) proposed a method to allow for the fact that

crosg=-gections which are plane when unstrained, become

'eurved surfaces during the motion, Volterra (1955)
suggests a slightly modified form of the Timoshenke |
 equation,

2‘2.

The problem of the propagation of flexural waves
Eon an infinite beam where the assumption of plane
strain or plane stress can be made, was solved by
Lamb (1917), Timoshenko (1922) and Prescott (1942).
The solutions are generally too complicated to be of

mach use, as they contain all the possible flexural
modes including those in which the beam has several
‘nodal planes in its depth, Prescott, however, shows |
‘that in the first mode at high freguencies, the '

'stresses tend to a maximum near the surface of the
‘beam, This demonstrates the inaccuracy involved
in determining the Timoshenko shear coefficient (see

'Bection 3e5) from an assumed static shear stress
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distribution, This theory also predicts that at very
| short wavelengths the propagation velocity approaches
the Rayleigh surface wave velocity in the medium,

2435 the Exact Solution
Pochhammey (1876) and independently Chree (1889)
. solved the general elastic eguations for the pro-

pagation of waves along a circular c¢ylinder whose
length is very great compared with its diameter,
This solution includes the flexural modes,

The frequency eguation for flexural waves is
given in determinantal form by Baneroft (1941) and
| Hudson (1943) has carried out the necessary compute
| ations for the first branch and has obtained values
which show how the phase velocity of flexural waves
depends on the ratio between their wavelength and the
radius of the ecylinder, Davies (1948) found that
values calculated from the Timoshenko differential
| equation are in remarkably good agreement with those
obtained by Hudson, The resulis are also discussed
- by Kelsky (1953).

There have been numerous recent papers on the
Timoshenko equation mainly referring to its use in
- impact problems, Few of these papers make speeifiec
mention of the equation's prediction of a double
frequency spectrum for a pin-ended beam,

This double frequency spectrum was probably first
noticed by Arnold (1951) who obtained the freguency




Timoshenko eguation and set up frequency equations
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equation by substitution of a sinusoildal shape
function which fits the end conditions,
Traill-Nash and Collar (1953) have solved the

for the standard end conditions, They observed the
existence of itwo spectra of ﬁequémiea for the pine~
ended beam, For the free-beam they discuss briefly
a numerical éxample for which in certain isolated
instances they obtained two freguencies with the same
number of nodes, However, their results do not secem

to agree quite with the calculations of section 6,1,

|
|
and it is felt that there may be errors in their !
|
|

| computation,

- equation from the two dimensional eguations of

| of successive approximations,

The double frequency spectirum for the pinned tnaazu.|
is also noted by Anderson (1953), and Volterra (1955) |
notices that the dispersion curve of the Timoshenko :
equation has two branches, but he ignores the higher |
roots considering them to be without physical signifi-
cance -~ a remark discussed in section 7,4.

Sutherland and Goodman (1951) derive the Timab&ano

elasticity, Mindlin (1951) gives a solution for the
Timoshenko free-beam frequency eguation by a method

Several other papers on the vibration of
Timoshenko bheams have boen published but none of these :
appears o make specific mention of the itwo frequency g

|
spectra or to discuss their characteristiecs, They are
thus felt not to be important from the point of view
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of this work, although publications by Mindlin and
Deresiewicz (1954) and Goodman (1954) have general
bearing on the selection of the Timoshenko shear
coefficient v

There has been no previous experimental work to

investigate the existence of higher spectra of flexural

vibration,




The general problem of the vibrations of an
elastic solid can be stated in the following way.
Determine values for the components of stress
( ox, 04,02, Tay, T2 » Tyz ) and for the displace=~

ments (u, Vv, w ), which, in the region occupied by the

‘beam, satisfy the set of nine equations
| "

)O'x Bta _)Lt.’.‘.’- = o
| ) S Y e L

| Degieg . ) e D
| B AERS

bo—z i htl&‘& T B'qu = szw

3z dx 3Y ot?

and,

F_'_%- [cr -v(o'a-i-c;.] E_-'_a z[a' (cs‘q-a‘)] Eb_ [o-z..v o;‘w:;)]

1) % + e W) ate Bt untaem)

The first set of equations (3.1), are the equilibrium
equations for a small element and in the form gquwited

body forces over snd shove the acceleration terms are

assumed 2zZero, {

In addition the components must satisfy the i
boundary conditions over the whole external surface }
of the body and the stress components must satisfy the ‘
Beltrami-Michell compatibility equations in order that ‘
deformation without discontinuities should be obtained, |

The complete dynamic problem will also include I
initial conditions with respect to time, but for premﬁ

purposes steady state free oscillation will be assumed ‘
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so that the displacement components are in phase and
.[ sinusoidal with respect to time, |

The boundary conditions at any point on the sur-
face of the body, where X , Y , Z are the components
of the surface forces per unit area at this point, are

o, coa(n.x) 5 'Cuj%("‘!'j) + Typ coo (W2) ‘r

ves(3:3)

~<i Xi
]

Oy ¢ (ﬂ,g) + ‘[‘._',,,_Cm(ﬂ,z—) 7 t‘,ﬂc.a;- (‘n,x)

o, coo (w,z) o 'z-ucoa(n,x) + ‘Cb.‘coo(n,s)

NI
I

|
'in whieh  cw (», ) ere the direction cosines of
| the external normal to the surface at the point,

(The problem as postulated above is that solved
by Le Pochhammer (1876) = with transformation to
eylindrical co-ordinates « for the case of a ecircular
eylinder of infinite length),

The solution of the above seét of equations far

even the most simple shape of body presente formidable
conplications, and for obtaining solutions suitable

for practical purposes the eguations are artificially
simplified and plausible assumptions are made,

In the sections which follow, it will be seen
that the "classical" theory of bending vibration makes
the most sweeping essumptions while the more exact
theories make fewer simplifications and so more nearly

approach an accurate solution,

What is desired, and what is actually carried

|

i out in the various approximate solutions, is not to
provide a complete solution to some simplified form |
|
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of the equations (3.,1) to (3.3)®; but to eliminate
dependent and independent varigbles in a reasonable
menner so that the problem is reduced to the solution
of one p.artiél diffa;-éntial equation in one dependent
varisble (the deflection of the beam), and two
independent varisbles (time, and a co-ordinate giving
distance of a point along the beam)s This eguation
cen then be solved by normel methods for a beam with
any set end boundary conditions,

In what follows the assumption o =o0:= Tz =O
will often be made, If the beam is visualised as
being made up of long fibres parallel to the axis of
>,< (see Fig, 5) this assumption implies that these
fibres exert neither direct nor shear forces on each
other in transverse directions but exert cohesive
forces in the longitudinal direction only,

Further assumpiions regarding the stresses or
the displacements will be introduced in the solution
of each problem, Strictly speaking, assumptions are
Justified only when they lead to a solution that
satisfies the eguations of egquilibrium along with the
boundary and compatibility conditions, But such a
solution is exact and unigue and here not an exact

' solution but a simplified one is sought, so that, in

general, there will not be complete fulfilment of

| equilibrium or boundary or compatibility equations

and the justification for assumptions cen lie only

Xpor example, The assumption of plane stress or
flana strain, This treatment is given by Timoshenko
1922) and Prescott (1942).




3.2. the Ulasaicsl HGuatlon,

| vibrations alone,
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in the pragmatic value of the resulting solutions E
It will be observed that the above set of |
equilibrium equations does not distinguish between
the various types of vibration and contains extensional
and torsional modes as well as the flexural type.
For beams whose cross-sections have synmetry about Y
and Z axes (see Fige 5 ), 1t can be postulated that
for bending, displacement « should be an odd function
of z and an even function of y , v should be an odd
function of = and of Yy , and « should be an even
function of z and 4 + Under these conditions,
the equations should yield solutions for flexural

Here simplification of the eguilibrium equation
(3.1) is carried to the extreme, The direct stress
o~ and the shear stress <. are the only ones
considered, while of the inertiz forces those in the
X @and Y directions are tsken as zero, The equations
of equilibrium are thereby reduced to

b P b‘r‘xz i

'5%-_ * dz Q)
ﬁz o5 é"ﬂ ll.(S"h‘)
Boe =g 32

Nowy, 1f it is borne in mind that the aim is to reduce
the two above equations to one containing only daﬂe‘ct-—.!
ion w as dependent veriable and that the above |
equations represent eguilibrium in any very small region
of the beams, Then it is apparent that (3.4) must be

integrated over the cross-section of the beam, |
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Multiplying the first of (3s4) by =z.dydz ana

the second by dy.dz and integrating over the region
(R) eontained by the cross-section we obtain

_/f% Z-dnctz +ﬂ§%’zc(tja,z = O
R R

3!
Jimdste = ¢ [[idge ) sea(3:5)

If further the assumption is made that stresses and
i displacements have no variation across the width
| of the seection (Y=wise),; then the sbove equations

| (345) can be replaced by
[ 32 e JE==dz - 0

z/%‘ L(z) dz = e/g._;“%- L(z)c’z sss(3.6)

where b()represents the section width at any height

z » and the symbol f implies integration over the
z
total depth of the section,

The second integral of the first equation of
(3.6) can be expanded by paris to give

ZL(Z)t:al~ I‘fn b)dz — !th-_z %EAZ se(3:7)

and the first term is zZero since the shear stress

idia'appears at the surface of the beam, If, in
addition, it is assumed that the width of the section
ihaa only small variations with height, the final
term containing %—L:: can also be disce#arded and the

'equations (3,6) now read,
|




| a9
é_g-b.z.az_/uz,z,,gz 2 S

ot*

am R efbar bz | sen(3s8) |

|
|
|
|
|
|

| A reasonable form for the displacement 4 is now taken.

If plane sections of the beam are considered to remain
plane and normal to the distorted beam axis during
vibrationy; then the X~wise displacement is a con~

. sequence of the slope of the beam axis and the co-

ordinate z of a typical point, Thus, approximately,

M= —Z g:: sse(3.9)
and hence
“ERL i Bmo-Ee e
| and w is esssumed to be a function
| of (xt)alone, '

Using these displacements the first of (3.8) becomes

; - E }'w‘[ bzdz — f'r,,_ bdz =

which can be differentiated with respect to x gand
substitution made for g Tie.bdz 4n the second

equation of (3.,8) giving,
4
~E %qul’-‘z‘iz— ¢ af* S

<

the Classical equation, originally derived by
Daniel Bernoulll in the eighteenth century,

chosen the equations of compatibility need not be
' considered; this will be true in all the following
; sections,

1

i L, ;;irq * eA btt = 0O GOO(S.!]-O);

| Since displacements which are continuous have been
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It may be observed that the assumed siress amd
displacement simplifications are not consistent with
the set of equations (3,2) but this is typical of this
approach in that the equations (3.1) and (3.2) are
not regarded as requiring rigorous satisfaction but are
used selectively, terms that are considered inmportant
being retained; the remainder disregarded,

3630

Consideration of the inertia of the motion in which
eross-gsections of the beam rotate about ‘thair neutral
axis during flexural vibration gives rise to a
corrected form of ecuation (3,10)s All the assumptions
of the classical equation are included with the
 exceptlon that the inertia term in the X direction is
not disregarded, |
The eqguilibrium equations arve taken as

0% iy T Su
dx g -Sf R R
e L

= ST

following through the reasoning of the previous
section we obtain

;)2-‘ z
S b — [obde =[S

fci(stu)
e d, — o [ S
[Bx i by e
Assuming again the displacement functions
w=—= %‘g

v =0
W = w(x:t)
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and substituting stress
components caleulated from these into (3.11) there

results the equations,

3

—EIYQ;;_,; 5 ftﬂj}dz =~ eI" ;axhgtz'
at.:z — 'a_:ig
[ax L:v.clz = QA Y o

Finally T« cean be eliminated from these two eguations
giving the final form
. dir 7
EL 5 —el 323 * A5 = O sne(3e12)
This eguation was originally derived independently
by Bresse and Rayleigh, The middle term of (3.12)
represents the correction allowing for the rotatory

inertia of the cross-sections,

3ol

~ Here, the physical feature that shear forces acte
ing are also capable of deflecting the beam independ-
ently of the action of the bending itself, is taken
into account,

Let the general point on the beam axis be con=
sideredy Then at any time the slope of the axis |
through that point can be represented by bw/ dx s |
and this quantity must be the combination of that
slope at the point which would be caused by bending
action alone and that which would be caused by shearing
action alone, Referring to these quantities as ¢
and f respectively, then




_—.4>+p

[V (ol
¥ Ig
|

The w-motion is now assumed Lo be a conseguence

of the Lending action alone and displacement components

AL = —-zd:(x,t)
= O see(3:13)
W = W(")b)

are taken,
The simplified equations of equilibrium (3.4)
are sgain used, Stress components oo and T.. can be

ecaleulated from the displecement components (3:13).
In order to meke some compensation for the
essunption that .. or ¥= does not vary over the
depth of the crogs<section a numerical factor (q )
is introduced such that
Srabdz = nan (¥ —d)

| is thus tl:e well known shear deflection :

coefficlent of Timoshenko,

The eqguilibrium equations begcome on substitution |
g1, O dw _ o
eL 38 — (¥ -4¢)ac = O

1 (- 3)ac = oA 3

from which ¢ ecan be eliminated to give the final
équation

4 4 = ,
El,-gf;“’i = %ll&g' ?x‘:gtz B EA%E{= O ssef3:14)

At this juncture it is very important to see the

formal nature of the change in the assumed displacement
forms from those of the ¢lassical theory, This




!
i
i
|
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change lies in the independence of the displacements
w and w in (3:,13)s Whereas in (3.,9) the dis-
placements are linked by the relation a=-z %% "
in (3.,13) no such coupling exists,
Now we have sarrived at the Independence of u by

a physical argument involving shear slope and bending
slope, but strictly spesking such reasoning was not
necessarys Formally, we have lerely postulated the |
independence of the displacement w by the relation

m=~-z¢(=t) and nothing further need be said
about the funection $(xt) 4 This approach will be
used in a later section when motion in the three
orthogonal directions is being eonsidered.

5¢De

In this equation the corrections of sections 3.3
and 3.4 are combined. The displacement components

of equation (3.13) are assumed and ere used in con=
Junetion with the eguations of eguilibrium includiag

X-wise inertia, S S e e
P A R ]

é'_C'_x_:r. — B’Lr
dx Q_SE" ]

The equations ere manipulated in the manner of thei]
preceding pages and with the same assumptions, the ,l
numerical factor v 1is again introduced, The i
equilibrium equations integrated over the cross aeot:!.oné

reduce to the pair



39 »
er, 38 4 (3 _¢)Ac = o], 3:;
"l(gx‘ &)“G Al SF evs(3415)

The ¢-function can now be eliminated from (3415)
giving the final differentisl equation

"IG T
Equation (3.16) is well known as the Timoshenko
eguations The seeond term can be seen to be the sum
of the corrections obtained separately in equations
(3.22) and (3.14) while the final term has not
appeared before, This term in ( °/3) will be
shown %o be of some importance; being responsible for
the possibility of a second freguency spectrum,; and
it is instructive to coneider why it should make
its appearance in this eguation while being sbsent
from those previous,.

Sém consideration will show that the appearance
of this term follows from the allowance of two degrees
of freedom for the typical particle of the beam;
ene in the transverse direction and one axiallys
This implies that the axial motion (u ) of the particle
is independent of the transverse motion ( w ); and
| that inertia terms in both directions are taken into

| accowmnt,

Thus no such term arcse when the rotatory inertia

_Ecarrectian alone was made, because there the assumed

Emot-ion parallel to the axis was related to the vertical

éw' i "
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motion by the relation u=-= 3¢ , go that ~
was not an independent co-ordinate, Similerly, when
correcting for shear displacement alone, only second
order derivatives with respect to time were obtained,
For, although the axial displacement of a point was
not functionally related to its transverse displace-
ment (i.e, was independent), the inertia parallel to
the axis of the point was neglected,

A rough qualitative model of the effeet can be
constructed, If the vibrating beam is considered
as a slmple spring-mass system, then the effect of the
shearing action of the beam is to increase its
flexibllity that is to reduce the effective spring
contact of the linear oscillator, This can be
conceived as being the initroducition of a spring in
series with the normal "bending flexibility" one
(see Fige 6 )o

The effect of the rotatory inertia correction is
to add an inertia or mass to the system and this can
be shown as 2 small mass rigidly fixed to the main
Mogs,

Either of these corrections will have reduced
the natural freguency of the system but there will still
be only one degree of freedomy

Ir hpth corrections are applied simultaneously
however, then as shown in Fig, © , there will
result a coupled pair of spring mass systems with
therefore two degrees of freedomy The freguency
equation for the system will be a quadratic in :l.“‘t-equ:r.elmpP




P
squargd which is the equivalent of the (B/ 3{4) of
egquation (3,16).

3464

i In the previous sections it has been assumed that
 under deformation, transverse planes originally normal
| to the neutrasl surface of the unstrained beam, remained
plane, Thé:t. iz, the longitudinal displacement w
has been taken as a linear function of =z 4 This
will, in general, be only a good approximetion and
a method of assessing the effect of twisting of the
plane will now be presented, This theory is basically

that of Arnold (1951)

J- The following displacement conponents are

| The simplified equilibrium equations of section 3,5

. assumed

| W e Bt e ]

z et |

]‘ w = w(x,t) san(3.17
i )

| 5

}Sathat, o'x_-:.E( %%""'S?E

! = (é&é‘ $ + )

1

|

: are taken and the usual integration over the crosse

| section yields the following two equations

‘ “Ebe;gz+Ef‘a;e'bZdz—GA_—“¢) G/éebdz 'I
~ L3 +Qf§f,_!:z,clz

Y Y
AG(A::; - S&;) ) ba:;zbdz = eA btz

ses(3.18)




|
|
|
|

| both the shear slope of the beam and the total angle

| distribution of shear strain is applicable; this

| the problem physically, Fige7 shows a typical thin

From the second of (3,18)

" e Y| T s
e TN &&Mz’%a

see{3419)

while,eliminating ¢ from the equations (3,18),leads
to

_EI}‘[g;;. S:-ebz L-A — £ s ;;&1] + Efa 3 L'ZCIZ ~+ PI [a ‘étz

¥ \d. ] |
" J ¥dx 3 5‘ It f’/ bedz = QA Y2 sse(3420)
The ahear coefficient n has not been introduced

here because <T.. 48 now no longer independent of =z
end - will be chosen so that T.. is a reasonable
function,

It is now necessary to find an expression for

2(xzt) and for this purpose it is helpful to consider

transverse slice from a vibrating beam, At the
neutral axis the shear strain is asssumed to be entirely
devoted to providing shear slope, so that at this poini

of shear are the same, At points some distance from
the neutral axis it will be assumed that the slope
remains the same as that on the neutral axis (so that
f is a function of x alone) but that en additional
angular distortion oz 1is present such that ). = E—‘":
where Yz 1s the total shear strain at height z .
Furthermore, it will be assumed that the statie
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Idistribﬁtion is easily obtained for any cross-section
.'b;r caleulation or by graphical means from the ecuations
| glven in books on the strength of materials,

| Now it is apparent from Fig, 7 s that the
Idiaplacemant 2 13 the sum of displacements of the

| type oxdz g0 we can write
| PN fo(z_clz

=f(§_ b’,_)dz ese(3421)

,é is the value of shear strain on the neutral axis
while y: is the value of the shear strain at a dis-
tance =z from the axis, Both these quantities
are obtainable from the static shear strain distributio
80 that the above integral for ¢ can readily be
evaluated, graphically or otherwise,

Two constants for the cross-section will now be
defined, These are readily computed when the curves
of o against =z are obtained by equation (3.21),.
| They are

—— .__ _——ﬁ_

I
€ = i?[lae.z.dz svul3:22)
and
; = _—f‘:’ B.e clz n‘u(Soa}}
|

'In the equation (3.,20) there remain four terms which

' require expansion,

e . e Lode

=t

= E:Iv _&_C;_ 2 aﬁ 2
; ALY oz e ‘[ bz Axézét’




| With the use of these relastions the four terms can

' calculated and has the value 2/3 which is the
. for the Timoshenko equation, It is also known that

| strain energy considerations (or the value 1‘/;2_ ;} see
| Mindlin and Deresiewicz (1954)), Thus, this analyaisq

- introduction of the 1 constant, is unlikely to give
. any better results than the Timeshenko equation, and

- Pl

using the constants defined in (3,22) end (3.23);
these terms can be writien respectively |:

A = 3
-E'[,e,_i'é . EIre:é' ) eIg?__&

: B
bx; ’ Iaxg ax'bt‘; 3"_PLEI

)
dx O
Further, it is known that B = (%' - Cb) snal{3s2h)

while from (3,19),

M N ¥
dx i dx? (i:’EQG’ a,tz : int(3125)

be written with aw as dependent varisble, and the
final differential eguation is

Y bw e [E:I,p[l-i-e,) ]
EI”ax el ey AL G \l+e bl

', (146 ) s
g ?Gu (I+e,_ 3+ T O see(326)

Bquation (3.26) is the seme as the Timoshenko equation
(3,16) except that the shear constent v 1s replaced
by the factor ('—"‘5‘—) 5

| +¢€,
Por & rectangular section this factor can be

corresponding value for 1 obtained by normal methods

2/3 is an inferior value to the 5/6 obtained for | by

though avoiding the rather erude process of the |
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when the v value is judiciously chosen may give
inferior results to that eguation,

BeTe

A logical exiension of the preceding sections
is now made by allowing for the lateral motion of the
beam, This motion will be chosen to be independent
of the 4 and w motion because this independence can

be expected to provide new features in the equation,

after the manner of the Timoshenko egquation in section
3«5+ In the spirit of the remarks ai the end of !
gsection 344, it will not be necessary to conceive

the mechanism whereby v receives its independence
(although it is fairly obvious that it is due to the
influence of the lateral shearing stresses in much

the same way as the independence of u comes from '
the transverse shear stress), That the displacements
must, in general, be independent follows from the fact
that flexurel vibration is an elastic problem in three
dimensions; if any of the displacements could be ;
expressed in terms of another, the problem would reduce

to one in two dimensions because one of the displace=

' ments could be eliminated from the equations,

The lateral inertia will also be considered so
that the typical particle will have three degrecs of
freedom,

The eguilibrium eguations for a small element are
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 taken as

|

| 2

| BU: htx thz 15 Bl& A

; A e R

| _3_153 AT, Ts _33’:
T T S G
Oy Ot _ &
33 2 dx € ot? J

wee(3427)

The first equation is now multiplied by zdydz, the

- second by T4 dydz . 4 the third by dy.d=

and the

' three eguations are then integrated over the region

(R) of the ¥Z-plane cccupied by the cross~sectionj

this gives

‘)""‘zdtadz % f at‘”?—%‘ﬁ + f/b etz = % at‘zaf’dz

S dye S dyd= = ¢ j =

[ gt */ oesdd = e fSE B B Lty

If the eventual displacement components which are

| assumed ere such that none of the terms i, w , b1':""’/‘33

a'tst.

can be written,

| [%zba)z +§./%§AZ'LAZ+; %;'Ezbdz = E’

at‘z i

/ zc[tsA?.. 1:/3‘5% 'Z.A:j‘{z-— e air' ZJ:IAZ

.a_'P_:ﬁ bd= +ﬁ1‘x= bdz = /B“" bdz

whete b= /;43 ; the section width,

3y » are functions of vy ; the equations(3,28)

(ees(3029)




The term % z.bdz of the first equation of
(3+29) can be de:tlt with in the menner of equation
(3+7) s0 that it will be replaced by the term

- _z/- e nBdz .

The first term of the second equation of (3,29)
can be similarly treated and can be replaced by the
term — [Ta,,%at,az ‘

It is now necessary to choose reasonsble displace-
ment functions, The axial ( u ) and transverse ( w- )
. components might well be taken the same as those chosen
.: for the Timoshenko equation in section 3,5, but a
| function for the latersl displacement  v- ) will have
to be invented, Some consideration suggests that
a linear relationship with respect to y and =z would
not be unreansonable and is of the simplest possible
form, |

Conseguently displacement components

.= -_z__dp(x,t) |
Vo= Eljc(xits o y(}ujo) |
e hles

are t&k&n-

Stress components can now be eveluated and substituted
in (3.,29) with the result

e 8 [vbde 63 [ a3 —‘9[ s
S w[ bdz
K R

Gf/bdz-%—"qﬁ -;&;)fbdzze%%zb-_dz :
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where the shesr coefficient 1 has again been
introduced and ¢ (x;t) J((x,t) s and ur(x,t), have been

written as ¢ , { , and w respectively,

The remaining integrals in (3,31) obviously
represent the area of the crosse-section (A) and the
second moment of area of the cross-section about its

lateral axis I, . Thus (3.31) becoms,

MEIY%.{.CI’,S'E qGA(a'J d)): —er_b%

_.GA{. e GI,_%&{ = I,.%:é: 00*(3932)

aaf + oA )= hl
It now remains to eliminate from the three eguations
(3.32), the two unknowns &(x.t) and fG,t) and a
differential equation in w as dependent verieble will
result,

From the third eguation,

> Y Y
o 3 +s,ZE —gl%.%g ess(3:33)

This can be substituted in the first equation
differentiated with respect to x , giving eventually

the equation,

EL ﬁ_, Iv b’“
[G‘Il—-ra 1 ,yl 'ax'x G GA == _e"'.,l" 'S't_s.]:)c

it E‘i‘_{“ E;Le_ 4 2 bﬁ
= {EI., 3t ('*]G & GI) 'bt’+?A bt""'—rf%‘}t“ }son(:ﬁqy&)

while the second equation of (3+32) can be written,

2 __ A . '

We now operate on both sides of Squation (3.34) with
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P e} A
ax* T G T T, s and on both sides of
(3.35) with I:GI"ax —,]—b = + GA + %]“ sp | and subtract, |

giving the final result |
e A ELp |
(af &® “I‘,')(EI*ax* ( I’)a B e
coe
oA+ Tﬁg‘ %) O

f or exptmdins
S EL L )
E:Ir b = axf b‘t‘( +?IY+ ) i ax;atq ("‘;"é‘% +
a A S _ (o}
EA ’at’ (EPA-F%) 3‘%{ atG(%&+'$]'é) 001(3137)
- - N
—E 0 T &

‘ Equat:tan (3437) contains the sixth order derivative with
respect to time that was expected by analogy with the
 enalysis of the Timoshenko equation, This will

 give rise to the possilility of three frequency
' spectra or three branches to the dispersion curves for

The effects of anticlastic curvature can be
' included in the analysis of the previous section by
assuming the statical deflection

| wizyzt) = w(at)+ % B_g(z@(z;_ ¥ see(3438)

 along with the « and v displacement fumctions of
 section 3.7. Here w; is the transverse deflection
| of the neutral line of the beam and VvV is Poiscon's
 ratio.

Following the procedure of section 3.7 the
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equilibrium equations become
en,38 + e - A6 (5E-¢)- Gy 38 (1, )

=—9L3%
—GAf + vGA YL 4+ e,z,, = _aE olee(3e39)

GAf ~vGAY +qGA(g‘f;-—bx) 1 %—5- M(I,_L)

=AdE 4 or B 1 1)

I, is the second moment of area of the cross-section
about an axis in the plane of bending, The constant

1 has been introduced before that part of <.. which
is dependent on the shear deflection because this
should vary across the aegt:lon independently of the
other part which 1s due to the anticlaestie curvature,
Boley (1955) suggests that the value taken for v
should depend on the width/depth ratio for the beam
because of the effect of the other shear stresses,
and finds that 5/6 is a suitable value up to width/
depth ratios of 3, the value decreasing more rapidly
thereafter,

The functions ¢ eand { cen be eliminated from

equations (3.39) and after manipulation a differentiel |

equation in w, as dependent varisble is obtained,

é Thie 13

6
EL, 3% -

E N
Ee .l + B2 se (1,-1)(1- 4p)) + D5 (ELS L

. ‘*"?C%I" ik et__l:,_f‘ = """e: (L'Iz)(l_ I/Tl))_ %(EA_EG\’A} By zatz(aeA

. +%]—%‘!£ — e\!A(I-I- !/-,D--%%—(L—Iz)(l* I/;l)) - —E-A—é_“_rp

NG 2G
E 3 2

I, o

oL . D '®

5 bwo(gf&+ rlG) *16, — oo s(3.140)

at*
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Equation (3437) is a special case of (3.,40) with
[ =1, « TPor cross sections which have not
too radical a departure from kinetie symmetry (LA=IJ s

 equation (3,37) will be a good approximation.




Derivation of the Boundery Conditions.
4e.1.1. Introductory. Applying the Timoshenko
|mm of flexure to a beam of finite length, the

‘displacement w(xt) must ve such as to satisfy both
‘the differential eguation and the conditions obtaining
i'at the snds of the beam, | E
! These end conditions will, in general, be a
lspeeif:lcation as to displacement, slope, shear force

or bending moment; consequently it is necessary to
ibewle to evaluate these quantities, It will be i
'shown how expressions for them can be obtained from
| the equilibrium equations, The method can then be |
iused in similar fashion to yield end boundary cunditiomi:

irar the more complicated equation (3.37).

|

| Uals2,
| By definition the shear force over any cross
'section of the beam is given by

Q- f e vos(isel)

This expression also appesrs in the first of
' the equilibrium equations (see eguations (3,11) for
:exam;:»le) foomwhich

[t =/—§i’£b;dz-e %k,

iIf the relevant displacement components (3,13) are
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substituted in the above equation, and if harmonic
time variation is assumed (steady state resonance) so

that the operator b‘/bt, may be replaced by —l:{"' p thm

@ = -EL§S — oL cnbheal |

' Alsoy from the second eguilibrium equation (3.15)

Lsle 3,

d 2
32 = - ofAw vas(lhe3)
while by definition,
Y @
(—alf_cp) W, YlAG eonllialy) |

From equations (4e2), (4a3), and (Lels), the
expression for shear force in terms of the diuplacemmté
is obtained,

@[’-%*}—LF -1, —ELQGE ?‘f%]% see(lieB)

By definition the bending moment at any cross-
section of the beam is given by

M =[o;.b.zdz anbibe

Using the assumed displacement form for u  (equation
(3413))s (4a6) vecomes

M -_.-:[-Ez’j% bclz .ll(h’..?)

From the second equilibrium equation (3.15), ?ﬁ—

can be found in terms of w ; thus,



- 3 - |

il o [ 3 Y
M -—/LEZ.E{:S%—;‘?{G-B%]AZ

or since w 18 assumed independent of =z the

integration can be cearried out and the final form,
" with —|:>" in place of Z’/atu is

M= —-Elr[%l-“’-;*“ %%“’] eea(leB)

Lalosle The standard

| end conditions are those generally described as "pinned"
- "free" and "fixed", Their definitions in this case

. are

| Pinned Endi- w=0 . oeM=0
Free End - G M=0 ;3 Taw@=O0
Fixed End 3= =0 ; w = O

| The above conditions are all contained in the
| equations following,

Displacement Zero w= O

ET: N _3_@( ELob | _
Bending Slope Zero 'ﬁ"ﬁ‘é‘)ﬁ o) I+ﬁ§ =0
Direct Strees (o:) or R e

bending Moment Zero

Shear Stress ( T ) or ¥y gg[_l_+§]ég= O
8hear Force Zero dx? G

- The eguation for bending slope can be obiained almost
direct from the equilibrium equations (3.15).

Le2,

The Timoshenko eguation



S _ (ELe )bw T
ELax"‘(q.e et STl e Tc?éf: = 4

can easily be solved for a

' beam under set end conditions when it is krown that

it is vibrating in a normal mode. For, under such

eonditions, the time veriation of the displacement will

be sinusoidal of frequency p (say) and the displace-
ment can be taken in the form

ur(x,ﬂ = W (x) Cosl-"t

where W(x) is the "shape
function”, Inserting this in the differential
eguation and making the substitutions

2 5 )

¢ = B8

o( — ‘%’i 5 l“(h‘lg)
B
= e

(wvhere K is the radius of gyration of the crosse
section about YY') the ordinary @ifferentisl eguation
for the shape function is obtained

£ R VN0 st

Assuming exponential solutions, eéquation (4,10) can
be solved by normal methods giving the shape function,

W(x) = Als:'n/ux + A,_cos):x +Ass§nkq'x B A4co5hqx eee(liell)

where A, . .A, are coefficients to be determined

- from the end conditions of the beam and



- 36 =

2p = ¢ (1+p)+ J[w‘(r—p)‘+ o]
2q =9 1+p)+ /[W-8+ 4«¢']

The two relations

ees(lal2) |

pe-qt = Y(+A) mmd g = (- 4B e (lel3)
can also be deduced,
From (4412) it follows that u’ is always positive
g0 from (4413)- q: becomes negative or q, imaginary
when | >% , Under this condition the last two

2
terme of the shape function (4411) will change from

| hyperbolic functions to their respective eircular
. functions,

- Le 30

The freguency equation for the symmetric modes
of a beamy the ends of which are similarly elastically |
supported in deflection on horizontal hinges, will
now be derived,

Consider a beam of total length 2l with spring
supports of rate A\ (1Bs,/inch) at x=0O and |
x=2f , vibrating in a mode symmetric sbout the centre

of the beam, An imaginary cut can be made through

- the beam at ite centre, and the boundary conditions

at x=0 and x=/[ can be considered, ‘Using the
boundary conditions at x=0O and x=21 would be
leas resirictive in that the resulting frequency
equation would contain both symmetric and antisymmetric
freguencies whereas the boundary conditions at =x-= /E
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can be speciaelly chosen to include only one tyve.
The boundary conditions can be written,

M -0 ; @] -3], |
W T

[%f]xd,: oo M [@L =)

where M refers to bending moment and @ to shear force:
the second pair of conditions follow by reason of the
symmetry existing about xwﬂ . Using the relations
derived in section 4,1, equations (Le1l) can Dbe

' written in terms of the shape function W(x) s giving

Pl U e

A(x P‘P)S:}m oAl -6 F)dx’]"’}-.(u.w)
ks

[24 o ppepd] -0

x= J

'The shape function (L4.11) is now substituted in (L4e15) |
fleading to four equations each contailning the four
'constants A,A,,A,,A,. The condition for independ= |

ence of these constants, the vanishing of their
determinant, is the frequency eguation, which after
simplification reduces t¢ the form

(x— ﬁ‘p‘)(/uu qf)c::s/uf.cosluzi - (%) A9, { /.s(;f’- Pc}f)cos/nj SmLch

+$(Qz+p¢‘)sﬂ‘/~l,mqu/f,} =0 s

The terms of (4,16) are defined in equations (L4,9) end |
(hel2)} ‘l’ » m and q are all functions of frequency..



Lieliels Pinned Ends  From (h;16) the ﬂ'equmcy
equation for a beam with pinned ends vibrating in a
symmetric mode can be obitained by letting the apring
constant N\ become very large so that only the first

- part of the equation remains important,; and the

frequency equation is comsequently
Cas/"eml“lﬂ s O iot(hcl?)

However, for freguencies greater than a certain
value, cf becomes negative, From (L4.13) this
"epritical" freguency is given by the relation

2 =3
e = B ses(liel8)
Let, ;
cl/"":. —_ voe(le19)

where v 1s a positive number,
Then q=ir in equation (4:17) medifying the

frequency equation to

cos Ecastﬂ =) ('Pz> 4’:) see{Le20)

belis2 JFree Ends. From equation (L4,16) the

| frequency equation for a beam with free ends vibrating
' in a symmetric mode can be obtained by taking A\

negligibly small, so that the second part only of the
equation is of inportance, Incorporating the modi~-

- fications of seetion L.L4s1 for qf negative, the

| frequency equation can be written,



m ( ff L qu‘)ccs/ag. sfnLcLE *+q, (cl’+ F’q})-ﬂ:ﬂ. ' .aosL‘i/f =0y ue{le2l)

for ¢‘<g—,am-- |

ﬁ@z—ﬁy’)m/‘ﬁs&wf + r(Pqﬁ—r‘)s' .cosr/P'= O suullatn)

For values of freguency less than the value
prescribed by the relation ¢ = % the transcendental
frequency equation for a pin-ended beam is from (L4.17) ,i

cos /u,f = () :
while for ¢°> X the equation becomes cns/wgaosr£=-0i
which is satisfied if either

cos/wﬂ=o

or cosryf e ool(h!23)

The condition cosff=0then defines a second band

of natural frequencies which does not begin until |
¢° > % « This second spectrum of freguencies is |

not evident in the classical theory and is a consequence
of the consideration of the shear and rotatory inertia
effects, |

This can also be seen for a pin-ended beam by
substituting in the differential equation (4,10) the
shape function



! W(x) = D sin mg’fax

- where the positive integer m is the nunber of half-
waves along the beam, This shape function willl be

| found to satisfy the end conditions for a pinned

| beam and its substitution in (L,10) will give an

| equation of condition for the frequency for each |

f value of m |

This 1s

| 1252 *P[‘ET 3 ("},E)(Z—Tf‘)] i -é-(g—}f-)‘; O seellio2n)

! Since (' ]Dz the sbove eguation is a quadratic in 5

- and prescribes two real values of frequency for each |
bossible value of m , That the roots are resl for .
| possible velues of P cen be seen by considering the |
aiscriminant of (he2ls) .

| This is

(B (N + el - 26

m TT\* :
Considering only the terms in (27-) we have

&) G +1-4)
. which is positive for all
fvazues of p>| + How p=_.E_ = -;"—T(Hv) so the
 smallest possible value for p (teking v=! and
v=0 ) will be 23 therefore™a fortiori" the
| discriminant will be positive, giving real values to the
frequencies,
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|

!

‘ Frequency curves can be drawn from equation (L.24).

i The equation is reduced to a non-~dimensional form by l
considering a frequency parameter ¢J2 and a parameter
«l' wnich 1s the ({4) ratio for the beam, Thus

. in non-dimensional form the roots for equation (4e24)
are obtained from |

[t v S o A e

Figure ( 8 ) shows curves drawn from (4.,25) for a |
! rectangular sectioned beam where the stress ﬁiatri‘buﬁoﬁ:
factor n has been taken as 5/6 and Poisson's ratio :
! v as 0,293 these values making Fu= 3.097 , These

curves relate the frequency paremeter Yl with number

of halfewaves elong the beam (m), for different (—b—)

ratios, i

For each (&) ratio it is clear that two seperate

branches to the yl/m curve exist, As the (%)
value decreases, the separate branches approasch one |
| another; the lower branch freguency parameter
| inereasing and the upper branch decreasings The
upper branch is perticularly sensitive te (%) changes,
values of V[ dropping from infinity for infinitely
slender beams to the inclined straight line ¢4 = =T
for () zeros For the lower branch, the y{ curves
| range fram Lpf-—- O for l—lz-=oo to the straight line
¢l = 'EVfS m for = =0,
It can also be noted from the curves that the
 upper branch natural frequencies are considerably
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| higher then the corresponding frequencies of the lower |
(brench, For example the stubby beam of (5)=pO ,
ihaa its fundemental frequeneies (m=1) for the higher

i and lower branch in the ratio of appraximtqu 2131,

| The second spectrum is thus essentially a high
frequency effect and as such is probably not of !
much inmportance in most cases in practice, However, |
- with problems involving very foreshortened beams,
or involving impact or transient behaeviour whez'é

' high harmonics are of some importance, consideration

of the higher branch of the curfe may be necessary,
'This might also be the case when considering the
vibration _or very large structures excited by

i reciprocating machinery, for then the freguency of the |
| exeiting force may be sbove the first few harmonics

iaf the lower spectrum and thehigher spectrum fre- I
}quenoiea mey be important, |
; As has been previously mentioned the second branch
iaf frequencies does not begin until .t_he frequency
‘mmﬁa that corresponding to the condition (*=
It is of interest to calculate at what proportion
‘higher than ¢’= == J (hereafter called the
eritical frecuency) the first freguency of the higher

branch (,¢,) oceurs. This cen be carried out from

- e
B 2

the equatiaz_z yielding the roots of the upper branch,
‘namely cosnE:O & The first root of this equation |
‘will be given by wf = %— where

|

| vt = £ 0P Y- 4]
|
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Substituting rf=1r or rL=T ana reducing to
P

. non-dimensional form, an equation relating the ratio

(%1 /¢.) with (L) for different values of £ cen

' be obtained, thus,

"~ el ) - + <) § evetmer

In Figure ( © ) is plotted the frequency ratio
(¥/4.) against (L) for values of B of 2, 3, amd

| 304 For normal cross-sections and materials the

value is generally between 3 and 4,

The point to be noted from the graph is that
for (-k‘-) greater then about 30, the frequency of the
fundemental of the second spectrum is within 5% of |
the eritical frequency. Therefore, for most cases

|
the second spectrum will begin close o the value !
|

o= 5'&% o ean(ba27)

The reciprocal dependence of ﬁ on the radius
of gyration emphasises sgain how the higher spectrum
frequencies may be of importance for large beam like
structures ( K large) when the frequency £ may be
of the order of the frequency of exeiting forces.
Le5s2¢s Beam with Free
The roots of the transcendental frequency equation

for the free-ended beam are not so immediastely
apparent as those of the pin-ended beam and some

' consideration will need to be given to the nature of

the equations both below and sbove the critical



The frequency equations (4,21) and (4.22) cen

be re-written in non-dimensional form as

: £y a4il)
,;zz _‘1‘_& tq 1-..—_—‘1)8(112 ﬁq} 7\ eo e °
Yh< i pl—pyl) G sethent
| 431827 é:f T T o (Bd}‘f—- r‘/r)m/i ves(11a29) |

B k(- poid)
| The roots of these equations are not available .
‘ by inspection, as in the case of the pin~ended beam , i
and resort must be made to numerical or 'aliap'hiéal |
methods, For this purpose, it is desirable to |
have plots of the parameters /wf and q,ﬂ versus the ‘
frequency parameter Lﬂ . These are easily drawn
up from the cguations defining /J and ?f (equation
(4Le12)), and can be gconstructed for various (—Lﬁ) |
 ratios for any chosen value of B |
i A set of these curves for v =029, VL-‘—% are |
' shown in Figure (10 )& Decreasing slenderness of the
 beam brings the gl gzero towards the origin, for each
cage 1E becoming zere at the value ufef corresponding
to the critical frequency: beyond this point the
imaginery values of ‘lE are plotted below the Mi axis,
At large values of u})B the q’f curves become asymptotic
to the q}ﬁ line for (%): O s ‘The /uf curves are
less affected by (-%) changes and all become asymptotic
- to }»E-ﬂ,,/ﬁnpf for large values of t[.uf» .

With the aid of these curves, various values



 functions will define the natural frequencies, |
!

of t[/f can be chosen and the two sides of equation

- 45 = |

(4e28) and (4429) can be plotted separately es |
functions of tﬂ ;3 the intersections of the two

Now for equation (4.28) tanhqﬂ will necessarily

be between zero and (+1) , and since the coefficient

gl (g8 +p¢d)

ul (2t = Pyt s |

of tan/oi is essentially |

positive, there will be a root to 4,28 somewhere be~
tween /;;.R="-%rand /.Jl=h*—'al)£ where m is an odd integer.

Thus within a 2N interval of /wﬂ we expect 2 roots.

For equation (L4e29) it is not possible to say |
how many roots c¢an be expected in general in any \
interval of pe s because the answer will depend on ‘
the relative periods of T'f and /w[ within the mteml!.
Obviously if the period of Tf iz very large compared
with that of /w[ s then we can expect sbout the same
number of roots in an interval of /uf as from eguaticn

' (4Le28)s except in regions close %o Y»E=-“—‘§1§ (m odd)

where an extra root may be obtained due to the sudden
change in sign of tan rf + However, examination
of the /wﬂ § q,f versus q;/ﬁ curves,shows that due
to the rapid increase of it beyond . , the vl
periods are of the same order as the )u.f periods,
and generally, in each range of T of /u,f s there will
fall an Wf ﬂ“—':—?_T—t- value, thus providing in each
range of T of /uj an additional root,

Thus tentatively we can say that within a
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'reasonable range of /.wk (or frequency),equation (4.29) |
;will,. provide more roots than eqguation (4.28), The
| extra roots will interrupt the normal progression
iof roots and will belong to the second spectrum,

' specious argument,

' be5e 30

The previous argument for the existence of a

a8 was found for the pin-ended beam by a less

[
| second fregquency spectrum in the free beam freguency
:equation, with an obvious extenaio_ri to the case when
;the ends are elastically supported in deflection,
;can also be put forward by the following method,

| If the frequency equation (L4,16) is modified

for the region ("> % it becomes

(=) comlesel — (E8)ue (- 7)cosl. sl
e r(qu—v"‘) sfn/wf.msrf } = 0O

If the products of trigonometric functions are now
written as sums, this equation can be reduced to the
form

— sinf(ul e )~ §]+ Efsinf(pd-rl)+ § ]} = Qs tia30)

where

- =J(%% el =g v o) + (E(py-=d—r

and

i i/ (8 e - (89-F ) + (=0~
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and é and & are phase angles defined by, .

1 R PR o\ ()

s EWM D . R R

' It can be seen that F € F always, the values

depending on the spring constant N\ , while <I>, and
$, will lie between zero snd L

For pin-ends A\ 1is made very large so that &

and $ Dboth tend to ".g and F, —F so that in the

limit, the pin end frequency eqguation becomes

-—sm[(}lﬂ*f‘f “]+Sm[(}|1 Y{ T-E O 'oou(h-o31)

Bguation (4,31) can also be deduced from the equation
(4420) 4

For free~ends )\ ismsde vanishingly small and
the eguation is

= sin (o) + Bosin (-d) = O Lasquaze)
in which case

(-8 = v (B¢~ |
p (- pa)+ v (39-r) )

Thus from (L4.31), the natural freguencies

B
F

' for the pin-ended beam are obtained at the inter-

sections of two sine curves of different (and continu~
ously varying) periods, and of equal amplitudes

(if considered plotted to a base of y for example),
From (4.32), natural frecuencies for the free-ended



' of ¢ , both these operations will leave the number

- 4B -
beam are obtained by redusing by the factor (1:-3—)
the amplitude of the sine wave of larger period, and |

by shifting the relative phase of the curves, Due |
consideration will show that over & reasonable interval

I
of intersections within the interval unaffected, = But

it is already known by studying (4e31) in the form of
(4¢20) that the number of roots is increased when
qf>£é- thus introducing a second spectrum of

frequencies, so this must also be true for (L,32)
the free beam, and similarly for equation (Ls30),
the elastically supported beam,

From these considerations then it can be said
that the free ended beam also demonsirates the double
frequency spectrum that is predicted for the pinw-ended |

beamy, This 1e alse true for the beam with elastiaallsj;

supported ends, 1
It should be noted that what has gone before |

has concerned only the number of freguencies and has

not seid enything about the shape functions acecompany-
ing these frequencies, These would need to be
evaluated separately from space function expressions,



vation of the Boundary Conditions.

5slsls Introductory The solution to the

| inertia, shear, and sn independent lateral motion
will now be considered, 1In this case, three
quentities or end conditions must be specified for
each end of the beam, The plane ends of the beam
belng assumed perallel to the YZ plane, the boumdary

- eonditions ai these ends from equations (3,3) reduce
| 0

o = X 5 Tay = ¥ y Te = Z senlBel)

since the direction-cosines of the external normal
on the ¥ and Z directions are zero,

The solution to the differential equation (3.37)
will be found to have six arbitrary constants so that
three cvonditions at either end will be needed to
define them,

The equations representing the various end

| equations after the memner of section 4.1,

; conditions can now be drawn up from the eguilibrium
|

5«1s2 Zero lateral Sheer Force Along Cean,
Firetly it can be observed that for purely
zewise bending vibrations there should be no nett

' lateral (Y-wise) shear force at sny eross section

equation (3.,37) which includes the effects of rotatory
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Thie can be represented symbolically as
[mgdsd= = 0 vea(5e2)
for all relevant values of x.

Substitution of the assumed displacements (3,30)
in (5,2) gives

%{;—c@zﬁj z dndz = 0O

or Irz. =Q ese(563)

where I is the product of mart#a
- of the cross section, and since sections with symmetry
about at least one axis are considered in this theory,
the condition (5,3) and hence (5,2) will always be
satisfied,

Sele3e

By definition the shear force over any cross
section of the beam is given by

Q= [oubde veu(5b)

which is the simplified form of
| ®= )/ Badydz  when it is assumed that =. is |
'not a function of y and that the section width b
i varies little with z ,
|

The integral of (5.4) eppears in the modified '
form of the firet equilibrium eguation of section 3.7

| @_—./&;lx{z =f§%‘bz¢|z + %“’bzdz S= Q[-g;%'_bzdz o.pc(505) '
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If the relevant displacement componentis (3.30) are

subatituted in (5,5) and the operator replaced

a!,

'S%z.
| by -—P" ( }: the cireular frequency), (5.5) becomes
!

©=_EI?%L$=_PPZI7¢+GL% ses(5:6)

The third equilibrium equation (3.31) gives

i 30 _ AR — GA £6) ess(5a7)
i while by definition

| Sy R

( dx d)) NAG

BEliminating ¢ , (5.6) reduces to the form

@(I—%E%i) ~e3 e L. 6|
|

|

|

Yl = be “_5(5‘8) !
+S£[GI,—%J] ‘
|

To eliminate the term in (%{;) from (5.,8) recourse is
'made to the equations (3,34) and (3.35) from which

|
|
' ean be deduced the result ‘

fuo L2 - op1,(1- e - E\?} - E13%

b; EI,[ G] +w_p:ig‘_1_ P?A}
| _ vee(5:9)

i (5.9) can be differentisted and substituted in !
(548) to give the complete expression for sheasr force
at any point along the length of the beam,
Belolis g of ]
By definition the bending moment at any eross
|aect-i0n of the beam is given by
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M= Ox- b.z dZ . ".(5.10)

Using the assumed displacement form for u
(equation (3.30))s (5410) becomes

M=-—-E[§—$Zz-bdz_ - oac(fhll) :

From the final equilibrium equation (3.32) or from
(3433) directly,

& _ ¥ F&) | ob
ax—ax.{_ Yl +-$l—%w-

and the expression for f(<) is
avaeilable from equation (549). Substituting these
results in (5.11) gives the final result,

|/ 4
- — gL\ 3¢ 4 Be. ‘1 g S
: EI"S""Z-‘- ne {ocA-opL,(1-E e '1)“’ }[ i

5;1.5. at Shear tre T

Bince this stress does not appear in the derivatiﬁn
of the Timoshenko eguation there is no boundary |
condition referring to it snd here we are left with
a certain arbiirariness as to what should be c.nnaidered
sultable end conditions for .y for each of the |
standard types of beam,

Apparently it is suilisble for a free end to put
the condition %,= O which should be exactly true

gsince there are no external forces,
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For pinned=ends, the end can be imagined con-
strained to maintain 1ts undistorted shape so that v
is gero and also so that (™) is zero which
implies aero c}n*vature of v at the ends, These also
seem reasonable conditions for a fixed end,

56146

The standard end conditions are thus defined as

Pinned Endi- w=Q t oorM = 0O b'a and v = O

. Ay o =
Fixed Endt~ w =0 =0 ,}%’ wd v = O

| Free Endi= oo ovr M=0Q; Taovr@=0; T =0

The above eguations are all contained in the

| equations following

' Bending Slope Zero

| Bhear Force or Gz Zero

Displacement Zero w =0

(%é—)g% - %%(H E—‘:}Eg) =0

Bend.ing Moment or !‘/:, Zero a"

.5_'*! " 11 W G

R L
(B2 _goA)l = O
(B - pol)] -

S F alow o
(if &, zero also) _55,,_%‘}2[_{.,._‘5]&_0

Zero )
"‘I*ax‘ * EIL?‘{ S ]-peAli- GA] 550
The last eqmiuion difi‘erentiateﬂ with respect to
x gives the condition for (°%9/y,) zero,

When v is zero the latter part of the condition




for o, zero disappears,

The differential eguation for which a solution
is sought is

do _ ¥ (ELp EI S T,
B 5 a*at‘(qa vl + ke )+ a=at*(q +J"’c‘;‘“”‘"‘—

..EAb 5 afw(e?‘“%)"%'%% s .‘5_'__(_?&_4. )

AP bur_,
“%é‘*w“o

| Assuming a displacement harmonic with respect to time

and of circular frequency p , the disclacement can be

| taken in the form

of the type Aaz?‘" s and writing § = )\” s Tthe

w(x,t) = W(x). cospt.

Ageain meking the substitutions of (4.9)

y=£ ]

= ;
B ._____‘]_%_ .o.(5-13)1i
2= = |

and assuming exponentisl solutions
|

auxiliary eqguation for the differential eguation

becomes,

£ g"‘{qu"(ng,-s §)—x | + g{+‘(p+8+p8)—¢‘(2« )

+ B - P xS+ xR) + ) = O

' The three roots of this cubie in XN will define

the shape function W(X) . Bauation (5.14) can,
however, be factorised to give
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E- (< -ySI[E+ $(1+p)E — P-9B)] = O vee(5e15) |

‘The quadratic factor of (5,15) cen be seen to be the
auxilisry eguation for the Timoshenko shape function
| (see sguation (4,10)), which implies that two of the

'roots to (5.14) are the w and q roots of the Timo-
 shenko eguation, as defined in (L4,12), while the third ‘
root comes from the linear factor of (5.15). |

Thus the shepe function W(x) can be written as |

follows,

W(c) = Aysinuec+ Acosper + Asinhgx + A,coshqx + Assinhex + A coshex
5:“" O < LIJZ < %

- W) = Asipux + Acosux + Agsinese + Agcosyx + Agsinhex + A, coshex

i ;or% 44,1(_ _g‘— nua(ﬁnls)i

| W) = A snpux + A cospx + A,sfnr;c + Aycosrx + Agsingx + Acosgx

j‘or '~Pl>" -gi
! Whers, ; :
| 2if = W +8) +y[ -8+ 9y’ |
ECL’- = -4’2([+P)+J[kp(l-p)z 5 4“4,"] ? e (5.17)
| P = 2 ("‘ ~ ‘[-’25) |
. ;
|
LRSS, il PEE ...(5,18):

and it has been assumed that | is less then unity
so that & < ?‘ .

| P



Se3s1 Irec Beam.
The symmetric modes of a free beam obeying the

differential equation (3,37) will now be considered,

Ho generslity 'is lost by consldering resonant

| frequencics for which ¢'> £ , for which the shape

| funetion from (5,16) is gl |

&

W(x) = Asinpx + A,cospx + Asinrx + A cosex + Agsingx + A cosgx
If the origin of co-ordinates is taken at the centre
of the beam then for symmetric modes, only even
functions of x can appear in the shape function, which

 prewriting the constants, will become

W(e) = Acospex + Aycosrx + A cosqx soe(5419)

Alternatively this could have been shown by considering

the central (x=O) boundary conditions of zero total
slope, zero transverse shear force, and zero lateral

shear, which are necessary by conditions of symmetrys

| These lead to conditions (b-“—" = (383) = (g;“zl_ozo

ox N

x=0

which in turn eliminete the odd functions of x irom
the shape Twction,
At x=/E the boundary conditions arec Bending

XED

- Moment Zero, Shear Force Zero, Lateral Shear Stress

Zero,
From the boundary condition equations of section
5,1.6 these can be expressed in turn by,




{% +4}pW+]" (% Ji q,"([-{-ﬁ)% o q}(o(—\ljzp)W)K ot OT i

x=f
{% + ¢‘<'+#'>%—‘3L,,g i P..,.(5.20)i
where
I =gy ~¢(-pr )5 cva(5:21)

The shape function (eguation (5.19)) is now
; sdbsﬁituted in the equations (5,20). It is evident |
i that since M and r have been derlived from the ‘
Timoshenko equation, and since that equation appears, !
| (multiplied by the factor ' ), in the first equation |
| of (5.20), and (differentieted) in the third; then |

|
these two parts of (5,20) will remain nonezero for |

Thus equations (5.20) become

-

|
|
| only the cosgx part of the shepe function,
|

A=) eosd + A Ep-eosrl + A B eesgl = O

A, \}43 '}‘-‘PZ(H f.’;)] 51}1)1.1 + A_L[rs— rul)l( I+ p}] siavl
| & A;[‘ﬂs' 34’1(l+[3):,51;1 =0 1-0(5.22)|

A + AL + A [-3’+ & ¢1+p) + ¥ (x - ¢B)sigl = O

where .
|

O() = {\Pp-e,%r (3‘- +‘(i+ﬁ)a‘—¢’(d-¢’53)§ ....(5.23)5

Setting the determinant of (5,22) equal to zero gives
the frequency egquation
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WB- /u‘) ooS/&P (‘I”F’ -7 ccivl 6ls) Cﬂ&jt =0

- }u‘ﬂ. sin pf —v Sthrf [93~ ad( +§)] sfnal
. LR ( 5! 2‘#)
© O g+ (+8) + a4 -y ) swel

where the reletions between ' and v* of equation
(h-ql}) have been used,
The expansion of (5.,24) gives the frequeney

equation
[—9’ + $¢(1+p)+ 9y (- ¢’ﬁ)] sn'nsf { (yB- ﬁ’)(frﬁ)sinrf.cb%ﬂ
+(‘Jr’zﬁ-rz)pr15thpj.c‘asr£} =) too(5'25)-

Thus, either
2 X /.fr (q}f}, -ﬁ').sfm'{cos}wf + /*r‘(tp‘,s = r‘) s;%uﬂ.cosv‘f g =0 sss(5:26)

singl = O see(5627)

Bouation (5426) is the frequeney equation for a free-

ended Timoshenko beam (cof. equation (L4.22)), while
(5.27) defines a new set of natural frequencies,
DeSe2 Ein-Ended Beam.
Agein the ¢o~ordinate origin is taken at the
centre of the beam so that the shape funection for
symmetric modes is

W(x,) = A|cas}1x B A,_cosrx + A3 Cosgx ooo(5a25}l

|
| The boundary condition egquations can be obtained from |



|
- 59 % |
gsection Helebs 'The assumption that the ends retain |
| |
| their shape so that v 1s zero simplifies the eqguation

for bending moment as derived in 5.l.4 and the bomdarsT
equations are, |

| Displacement Zero Wl =0 0

| Bending Moment Zero

[% +4}F'w]x.ﬂ 50

f ses(5e29)

( gﬁ”’ R e ;
[dx°+¢(l+@§_4)(d—+ﬁ>3;’_] ;O J ‘
|

x®

Substituting (5.28) in (5,29) leads to the set of

equations
Aok + Mol + Aol = O ) |

Alpgdegd + Algp-dasd + A(g-Sesgl = O

Joa(5430)
AR) + ML) + A[-ag¢(+B)+ Vs k-yp)esl =0

| Bxpanding the determinant of (5.30) the freguenay

- equation is oblained in the form
|

| [ g*¢+8) + P - R X
i Cwapcos}jmrg Kﬁﬁ-ﬁ)—wﬁ-r‘)} = O ans(5431)

' Thus either

| cosph = O
or coST/E ____..O 0-:0(5032)
or C093’E = O

The first two eguations of (5,32) define the
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natural froguencies for a pinned Timoshenko beam, whilj
| the third equation defines a new spectrum of freguencigs,

relation of the differential equation (3,37) with the
| Timoshenko equation (3,16) is interesting and is &

; consequence of the assumed displacement forms,  For;

I examining the integrated equilibrium equations (3,32)

| 4% is apparent that with f(x,t) taken as zero they
reduce to the equilibrium eyuations for the Timoshenko
equation, so that one solution of system (3,32) is gf(x,t)
erv) = O, and the Timoshenko equation, This ean
also be seen from the equation (3.,36).

| The siresses =, and T, are not contributed
to by the displacements « or w so that a solution
lw:lth zero v 1is possible, When either w or u

| eontribute to <., or v, it will no longer be poasible

| to have v zero, This can be aeezi from the set of
| equilibrium equations (3.39) for the case when w
‘eontributes 0 v through the medium of the anti~-
' elastic curvature, The Timoshenko eguation will .
therefore not be a solution %o the system (3.39).
Selte2

There are now two "eritical" frequencies, There

is the one which appeared in the solution %o the
Timoshenko equation in section L, defined from

z

i
q.) P -.-(5;33}
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and there is the critieal frequenecy for the third
spectrum defined from

AL %i eus(5e3h)

The second spectrum begins above the frequency
defined in (5.33)s while the third one begins above |
the frequency defined in (5.34). Since § = -g- = v].f?.:
and since Y is generally less than uwnity, the second
eritical frequency (5,34) will be higher than the
first (5.33)s It does not necessarily follow that
the fundamental of the third spectrum is at higher
frequency than the fundamental of the second spectrum,
although this will be true for most cases (see
section Selie3).

Selte 3

The frequency equation in this case is |
msrvﬁ.wsrf.cosge =0 |

The cages for aﬁﬁl or coscl zero are discussed in
section 4,5, The third spectrum of freguencies :
is defined by the final factor

c«:xs# =g sse(5e35)

|
This is satisfied if |

gl =,n%E' (m odd ) ses(5.36)

| while from (5417) and (5,18) q=(¢8-o)*  so that |
| eondition (5.36) can be reduced to the form, i

_ [T+ CAY
g}»[ -J 8(1+\!) ves(5437)
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Baguation (5,37) defines the symmetric natural
frequencies of the third spectrum for a given (l:ﬁ)
and Poisson's Retio (v) .

Tt ic of interest tc see by how much the funda-
mental (m=1) of (5,37) exceeds the lower criticel
frequency (5433).

The ratio between these frequencies is

al) _ e+ () |
kit Ay s 508)
 where LY, is the third spectrum fundamental and

« [BEquation (5,38) is plotted on Figs ( 2 )
for =2 along with the ratio («¥1/4,) o
section LeBele It can be secen from the figure that
for a 'B value of 35 the fundamental of the third
gpecirum is at higher frequency than the fundamental
of the second spectrum for (llz-) greater than 12,

The shape function for the pin-ended beam at
resonance in the third spectrum can be found from the
equation (5,30) relating the constents A , A, , andA,,
Bquation (5,30) shows that for cosgl zere, A, and

A, must be zero so that the shape function reduces to

WE = Ayosgl() ves(5439)

It can be noted that for d,:"éi'si » Cosrg[ becomes
coshed and since coslacf is always non=zero, A3
must slways be zero to satisfy the final equation of

(5.30) 4

For resonance in either of the other two spectra

|
|
|
|
|
|
|
|
|
|
|
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cosgi will not be zero so As must be zero by (5.30) |
and the shapes reduce to the appropriate functions
as found for the Timoshenko equation, .

Thué by (5.39) the m of (5.37) defines the '
shape function in terms of number of halfewaves along
the beam's length,  ®ig.(!l) shows the curves of Y/ .
against m for various (k) values for n=2 and v=O-29.}
The curves of the other Spectra are shown for ccm,parisdn.
Beyond a certain nodal pattern, the third spectrum |
frequencies appear to be lower than the correspanﬁing
second specirum frequenciess the nodal pattern where
the two curves cross becoming of highcer order as the

G:{") ratio 1s increased,

It ¢an also be noted that, in the range shown,
the third speetrum lines converge slightly towards
their respective first spectrun lines, while those
of the seceond spectrum diverge from them,

Saltalt

The frequency equation for the free beam is given
in section 54541¢ For the Timoshenko frequencies

where s{mjzﬁ is not zero, A, must be zero by |

equations (5.22) and the complete Timoshenko solution |

- both in freguency and shape function follows, 'Thm f

sojution has been treated in section U,
The third spectrum frequencies sre defined by
Slhjff, =0
or using the definition of g from (5,17) and (5,18) :

this can be written



(m=123..) ens(5e40)

| Bouation (5.40) defines the symmetrie naturel
| frequencies of the third spectrum for any given (L‘ﬁ)
and (v) values,

The shapé function ot rescnance can be obtained
from equations (5.22). Lxpressing the conatanis

in terms of A

wie) = Al ) - (e )

i [( ‘-P:ﬁ'- f-)cosﬂ,[ _(tpiﬁ_rz)casrfk.;;i::ri‘: .] CoSﬁB (ﬁ);
0(g). cosal L

where ©() is defined in equation (5.23). The shape

function would require to be evaluated in each case

e ‘(5“4‘1)

for it is not possible %o predict the shape by exem~
ination of (5,41) as it stands, |

When the frequency 1s less than the third
spectrum critical freguency, sfnﬂzf becomes Sihlm:zf
| end by (5.22) A, is necessarily zero, There is
| thus no 31 component in the shape function except
 during a resonance defined by sfnazﬂ =) o




~samosnenko Free Beam
| 6¢1s1 General, Solutions of the frequency
equation for the Timoshenko free-beam will be examined

ieapaaially in the neighbourhoed of the eritical fre-
quency ¢ = % '

Different frequency curves are obtained for each
pair of values of C-,?) and p 4 1In each case plots
are mede with ebseissa the frequency proportional
factor q;ﬂ . -
| For y4'< xd
ere plotted while for qfi‘:—%z , tnvd ana —g’tan/uf
are plotted, Where

g = _ch (qf»£:+ ﬁnﬂa) L K's A (ﬁtpzfz-— r’f)

A= 308) * " (el ol

eee(6.1)

ances around Je for -}% = 20 will be ezamined,
Fig, 12 , shows the frequency eguation curves in the
neighbourhoed of the critical frequency (i = -g— for
p=3097 « The line of -—}ftan/wf can be seen to
intercept tzmk:)ﬂ at point A not far above the value of
'q/,ﬁ corresponding to )u[ =3%T , At . both curves
reduce to zero,

The next natural frequency is at the point B
shortly above /A«P——-‘i-‘ﬂ' and below v{=T . Further
frequencies accﬁr Just above /u,f =4%T end just above

J:S‘r{‘ > These figures show that resonances -

5 the two functions tcmlquﬂ and -lﬁan,u,f

L
6ele2 (K = 2 As a typical case, the reson- |
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| are ocewrring more frequently sbove (. than below
 where resonsnces above each &Pj-r (modd) of /uﬂ were
the only ones encountered,
Zﬁ order to plot curves of frequeney sgainst
' Bome shape criterion such as the number of nodes, the
| shape functions corresponding to the resonances must |
be evaluated, i
6ele3. 1 s, If the
origin of the x-co-ordinate is taken at the centre of
the beam and symmetric modes only are considered the

| shape nmeiion becomes

; Wi {q/i SM}‘Q cos)«q[(ﬁ /J.Sml\q{f Cosf‘ﬂ g
| Y - ,(.Q =
! - | i r ese (6.2):
i W) o< { vl Sm/UI a:sr,f % /wf SWJ % MQ)E | :
i c.la,ﬁ KA J |

The shapes for each resonance nee% to be calculated |
| from these equations, For the second equation the |
| shape comprises two components of different periods; |

the cosyf@:’) term providng more half wavessalong the |

length of the bean then the cestl(]) term, since

/u[ > r/ﬂ '« For any resonance for which the anmlitu;dai

of the higher freguency (in terms of distance not time)

component ( /uﬂ) is greater than that of the lower (wf) |
one, the shape corresponding to the higher one will
predominatey Therefore for resonances where

)js{nrf > \"/?an/\bﬂ the number of half waves along‘
the semi-beam will usually correspond with the number :
of half waves in /‘f at that particular resonant |
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frequency, (The term "halfewave" is used loosely
ih.ere to refer to any shape _between ad jacent nodes), ;
! Consider for example the case treated in the |
‘prévious section, Resonance A occurs just above ‘
i /uj = 3%T and the shape function displays Just ‘
|over 3% half-waves in one half length of the beem, i.e.
'8 nodes over the whole length, Similarly resonance
!B ocecurs above /ui = 4N and the shape function has |
Just over 4 half-waves in one half length and there |
‘are stlll 8 nodes on the beam at this higher frequamy.i
From this example it is obvious that the :raqugmy}(
shape pattern is different from that of the pineended |
ibeam.".. For the pinned beam there are two distinct |

;spectra of frequencies corresponding to two distinct
!aeta of roots of the frequency equation, and the first

root of the higher spectrum starts at the lowest nodal |
shape.  Two frequencies with the same number of half=
waves in their shape are widely separated,

For the free~beam there are not the two distinet
‘lspeetra in as much as the frequency equation cannot be
iai?mad into two separate parts either of which may

‘be zero, However, there is the eguivalent of the two
!apectra because of the increase in the number of fre-
quencies above Y. . The extra roots have shape
patterns corresponding with their neighbouring roots

80 that similar shapes are near to each other in fre~
queney,

: A frequency/shape curve for L =20 is shown
iin Pig, 13 and shows the incréase in the number of

resonances above . .
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belelts K =30,
| Frequeney curves are also drawn up for —LKz =30 s
! v=03 4 The roots immediately sbove Y. are
:nlustrated in Pigs 14 , and the curves follow a similer
!pattern to those of Fig. 12 & for '§-=20¢
| However, if the curves ave inspected 1t will be
:seen that the -.pf corresponding to 53T of ,u.f occurs
|hefore the qu corresponding to % of vi + Therefore
the first resonance sbove (. must necessarily fall |
at a value of qz/f for which /-LE exceeds 53T , Now
i the resonance just below yecoccurs Just above /wE = 44T
iso unlike the %:EO case, the ﬁrai resonance above
; y. will have a @ifferent shape from the last resanancei
before ¢. o Furthermore, the figure shows that there
are three roots existing in the interval 5"2“'<ﬂ-£<- 64T |

| 4,64 ‘there are three roots with the same number of

| nodes in their shape,
| It wes also found that the interval T4T </U'B < 84T
i is entirely contained within the interval 2hN< rf < 35T
i so that only one root occurs for which the shape funetion
' contains 15 complete half-waves on the length L of the
beam,
These features are shown in the Ifreguency/shape
E curve of Fig. |5 4 This plot can nolonger exist as
a set of diserete points making up a smooth curve

but hes steps and isolated points above (. .
i

6:1¢5s . ZC = 20,4
For L =294 and p=3007 ; v[-T ocours at
lower qi_ than /.i = 54T (in contradistinction to
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the % =30 ecase)s The first resonance asbove Y«

will therefore lie below wl=S4W ana will have the
same number of complete half-waves (viz, 9) as the last
resonence oceurring before Y. . Again only one
resonant frequency has the 15 complete half-waves

| or 16 node configuration,

| The resulting frequency/shepe curves are shown

'in Figs 16. . They ere similar to those for 5 = 30

' but the lowest freguency for 12 nodes has been shifted |
down to 10 nodes, corresponding to the shape of the |
highest resonance before .

The virtually straight line which connects the

' resonant frequencies before . is not continued above
! ¢. 3 the dotted straight line drawn in to Jjoin

 frequencies below and ebove . being at an angle o
_ | the lower line,

The frequency eguation (4.16 ) for the symmetrie

| nodes of a beam with spring end supports can be ;

wz-it.tefx in non-dimensional form as :

tm]n (od M) ;UEHLF) clf £+ﬁqﬂ2)t }J \
ENSRL b - g LT

&g  sse(6s3)
of>
s 4(@4;?" xﬂ)(pf’—'rfz Sk ri(ﬁqaf 29 )J
i
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| |
émthaut the first term on the right-liend side of (6..,,3),I
‘aach frequency equation is the same as the free~beam ‘|
'equation; =0 the first term is a factor to be added |
!ta -—}fi‘auff (or —-h”thn)uj as the case may be). (See i
equation (64,1))s The natural fr&quencias may thus be

' obtained from the curves for the free case, by increan-i
:mg the ordinate of the —Kizm/uf curve by a factor |
| obtaineble from the equation (6.3)s Inspection shows
f that this factor is always positive so its addition

| to the —.\{i‘an}»[) curve will represent a bodily 1lifting

' of thie curve plus some distortion of it, due to the
varistion of the factor with ¢l

f For a chosen = value, the size of the factor

| depends on the ratio (EI"/)\P) 3 a larger spring |
 constant meking for a larger factor and thus increasing
}turther the natural frequencies as read off from the

‘ CUrves,

e When values corresponding to the rectangular

‘m@hﬁ&nt&l beams are considered, the factor turns

iau'& to be very small, HNatural freguencies shove

ithe fundamental are virtually unaffected, which |

' Justifies referring to the beams as free at the higher
modes,

' 642424

The shape function at resonance for the symustrie
modes of the elastically supported beam can be
caleulated, For ¢*> %g it takes the form

| - Yk
@s r"ﬁf‘ s{nﬁf :
iW(")“ [mﬂj(i) £ {g Eﬁ;é( %Cﬁj +:§ }‘F sinvd [ msrf(z)] enelBals)
A




where the origin of x is at
the centre of the beam, Thus at resonance the beam
'will adopt a shape either with the number of nodes
L of cos or with the nunber of nodes of cc:..spl‘fT 9 |
‘depending on whether the miltiplying facter of cosel(})
in (6u4), 15 less then or greater than wnity, The
magnitude of the factor will in turn depend on the i
 yalues of /J end v[ at resonance, end on the ratio i
: [EI,/)J;) + The relationship is complicated by ‘ .
|
|

the fact that )J and vl of (6sl4) are dependent on

the (57/A[°) ratio by the cquation (6.3)s Thus when
smll (EI’/AP) values are selected, some of the roots of
the frequency equation will tend to those of cosud =0
others to sl = O ,  Por the roots of the former
typey; the multiplying factor will be small, and for
roote of the latter type it will be large.

Without undertaXking lengthy caleulations based
on the frequency equation (6,3) and the shape equation
(6ali)y 211 that can be saild about the frequency/shape
Echaraeteristic for a beam with elastic end supports

is thet for spring supporis with stiffhess of an
order generally associated with the term, the ﬂ'eqmmm}'
shape curve will be similar to that of the free-free .
beam, However for large stiffness (574> smai1) |
the frequency/shape characteristic might follow the
pattern for the pineended beam,

An interesting corollary to the sbove is that
for some stubby beams, it may be impossidle to produce
effectively pinned ends, Even the elasticity of the |
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materials of the pin itself may be sufficient to cause

| the frequency/shape curves to be of the free~free type.

6436

Mindlin (1951) in his atuﬂy
of the flexural vibration of free crystal plates is
led to an anisotropic version of the Timoshenko |

beam equation and hence to o similar frequency

! equation to (429 )s He presents the roots of this
i equation in the form of a set of ewrves relating o

| frequency factor to the (%) of the beam, This is v
 convenient since for any chosen (L) in the renge
 plotted, the resonant frequencies can be read off

direetly. His presentation suffers from the drawback
that the shape functions = with respeet to number of
inodea = are not included, However, it will be shown
that lines can be constructed on the diagram to

resonence; any frequency lying within the regien
enclosed by a given pair of lines having a certain
nunber of nodes.
64342, Method of Solutior
In the came of interest, the solutions of the

I
|

' indicate the nodal c-onfigﬁratmn at any particulapr W7
i

eguation

t‘lhf»f SE Z,EL Y/P ) aae (655)
f‘j et=pet) o ol =4

are required,

‘Proceeding in the manner of Mindlin, the following



‘substitutions are made,

=

After manipulation (645) then simplifies to

» =L s04(646
9= 3 v0e(6e6)

\s:l-s

 (a*-9)tanay = a(1-ga*) tany sl

end the following relations are found for a
rectangular section

i / a'_ . 2 1,
i (%PP—‘) . [( ¥ _‘j_((ll:f%?:l : sse(648)
| (K) 'J_?' ( ) ;(T:;) ses(6e9) |

It 18 now mﬁu:!.red %o construct on the ( LP/q,c , L/K>
«planes; curves on which lie all the points satisfying |
the frequency equation (6.75 and the two relations (6.8)
and (6.9).

For a given beamy, q 1s caleculated; then an a
value is chosen and ¥/y,  can be caleculated from
(648)s The roots of Y which satisfy (6,7) for these

values can be substituted in (6.,9) and the relevant -k— |
|

velues caleulateds This procedure is repeated as
often as necessary for different values of a 4 |
The lengthy part of the computation is that |
involved in finding the Y ~roets of the transcendental '
frequency egquation, Recourse can be made to plottins j
' the functions as discussed in sSetion 6,1 : Mindlin
'also gives a method of solution by successive approx- |

imations,
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The above calculations have been carried out for |

'a rectangular section beam with " taken as 5/6 and |
V 88 0,29, for a range of ({) from 10 to 50 end
(¥/4) from 1 to 1,5, This is shown in Fig, 17 o \
Croasing the freguency root lines on this figure !

|

'are the dotted lines Jjoining points which satisfy

‘These lines are determined from the relation (6.9) !
between y and (5) for chosen values of ('4’/4,) . ;
| The significance of these ) lines is evident wheni
Ithe nodal configuration corresponding to any point |
on & resonence line is considered, It was aeen'earlie:i'
‘m section 6,1,3 that in general, the shape at reson=

ance is mostly determined by the value of /L»E {ory )

‘at the resonant frequency, For resonances between

| /.:,E = 32T and 44T for example, there will be 4 nodes

It:ln gither half-length of the beam and, more generally,

for resonances between the lines of = “- and
U=%W » there will be (m + 1) nodes on the I

‘length of the beam ( m odd), Thus roots lying ‘netmen:

any pair of the y 1ines will display the same number '

of nodes,

It is interesting to check up from the diagram
the calculations of section 6,1, In particular, it
can be seen that at L =30 three rescnance lines are
Antersected in the band between K_g:_ﬂ' and Y = “T ’
:I..e{.I three frequencies are predicted with 12 nodes,

When 'l}-'«'(" is reduced to 29,4 the first resonance above
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Je 518 in the (9>1)T  band, so heving 10
.'nodea, and only two frequencies have 12 nodess These
;reaturea agree with the calculations of section 6.1, |
| Some resonance points can be found aetually on
!the ¥- lines; these are special cases. Apparently
since y is an odd multiple of T , fany must ve
infinite and for the frequency equation to hold, tanay
must also be infinite or ay must be an odd multiple
éa:t' TEL « In such cases, the shape function, which
:c-onmrmes the two components cosy and csay , will have
'a node at the free ends of the beam, sinece both ﬂcosx

jand cosay  will be zero theres

Gelte ZThe Third Spectrum Freguency Solutions,
The natural frequencies in the third spectrum for

the free ended beam can be calculated (for given =

and v vélues) from equation (5.40) where m is taken

as 1y 25 35 ase Successively,

| In order to plot these freguencies to a base of
number of nodes, the shape function for each case has
‘%o be evaluated from equation (5.41)s This equation
'shows that the shape is the summation of three cosine
ceuwrves of different wave lengths and amplitudes. In
' general, therefore, the shape will be complicated,
ami the number of nodes on the beam will depend on
ithe relative amplitudes of each of the component ea*s:l.ne;

curves,
For all the values calculated howevery it was

found that the cos/uf [f‘) component was overwhelming, and
|
|
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‘hence the number of nodes appearing in the complete
iaha,pe function will equal the number contained in l
cospl 3 this feature was fownd also in section 6.1.3
' for the second specirum shape functions, Due to the
complicated nature of the expression (5,41) it is not
possible to say that casul(7) will always e tne
dominant component; each case w.ll require evaluation

on its own,

The third spectrum natural freqguencies are shown
in Figes 13 15, and 16 , for &£ =20, 30 and 29.4
regpectivelys The points in each case can be seen
te be no longer in the smooth curve of the pin-ended

cagse (Pigs || )o» The first resonance in the third '-

' speetrum has the same number of nodes as its nearest
neighbour in frequenecy in the first spectrum, This
.behaviour is very similar to that of the second apectru*n
for the free Timoshenko beam (section G,1.3).
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| 7+1l. Genoral,
For an infinite train of sinusoidal flexural

waves propagating along an infinite beam with phase

! velocity ¢’ , the transverse displacement ean be taken

| in the form

| This solution (7.1) can be substituted into

any of' the differcntial eguations for flexural motion
and there will result an expression relating the phase
veloeity with the wave length,

The velocity of propagation for the energy of a

wave pocket of flexural vibrations, i,e, the group
velocity, can be related to the phase velocity by
the eguation

Gq=c'— A.ﬁ

The substitution of eguation (7.,1) into the
classical equation (3,10) gives the result that
infinitely short waves have an infinite group velocity
which is physically impossible. The equation is

- thus suitable for long wavelengths only : however
it does demonstirate that the velocity is dependent

l

|

| i = D. cas(pt = 5x) waltell
where
8 = ..g‘.K
o |
’E_chf ooi(?oz)l
RS |

[

and /A 1is the wavelength. l

|
i
|
|
|
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on the wavelength or thet there is dispersion, |
| The effect of the rotatory inertia correction

'is to give a velocity expression which does not lead

' to infinite group velocity for very short wavelengths;

the expression, however, is still only eccurate for

the longer wavelengths, The subject is further
discussed in Kolsky.

Substitution of equation (7,1) into the Timoshenko
- equation (3.16) gives the eguation ; :

) - (&gt b} 96 =0 stz |
where

1 ; A 4 '
'; = m ’ Co _N/_E’- . aao(?oh) |

Equation (7.3) defines two branches to the |

dispersion curves, Previous investigations seem
to have been confined to the lower of these branches,
the upper one being disregarded, Volterra (1955)
ignores the upper branch, feeling that it has no
physical significance, this decision being partly
based on a remark by Hudson (1943) which will be
referred to later,
| The lower branch of (7.3) is fully exemined by

Davies (1948) his results being quoted in Kolsky.
It is shown there, that the lower branch of (7.3) is,
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I
| for a circular rod, a very good approximation to the

exact solution, For infinitely short wavelengths
: the exact theory predicts a propagation velocity
i equal to the Rayleigh surface wave velocity of
! 04576l . for Vv = 0,29 while the lower branch of
\ (743) tends to 0.5906C, . The higher branch of (7.3) |
! tends to c, for very éhort wavelengths,

If the expression (7.1) is substituted in the

:;differential equation (3,37) the following expressien
is obtained,

(& - @D SRer 1o+ 3 ]+ ({3 - 225

 rEeiegengd - (854 08) = 0 v 7e5)

in which ¢ end c, are defined in equation (7.4).
| Equation (7,5) can be factorised into,

(e ][5+ 35} +15] 0 et

‘Thus (7.6) predicts three brenches to the dispersion
curve, The second bracketed expression can be seen
to be the expression (7.3) so that two of the branches |
of (7.6) are the branches from the Timoshenko equation
while the third is new and is defined by

i (&)= [f?s(%)z*r ’3],& ees(747)
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For infinitely short wavelengths the branch (7.7)
tends to ;bl Cs. = Gy the velocity of shear waves
in the medium,

The three branches of (7.5) are shown in Fig, /8
for a cirecular sectioned beam of v = 0,29 where v

has been taken 8 2o .

The problem of the propagation of flexural waves
along a circular e¢ylinder was first investigated by
Pochhemmer (1876), The frequency eguation resulting ‘
from this exact theory was expressed in determinantal
form by Bancroft (1941), and Hudson (1943) computed the
flexural wave dispersion curve corresponding to the |

lowest brench obtained from equation (7.6) illustrated |
in Fig, 18 4+ Hudson further stated that the flexural

dispersion curve consists of just one branch, but giveﬂ
no reason for this statement, Of this statement, |
Holden (1951) says that the many branched relation .
between wavelength and phase velocity "is true in
particular of the flexural type of mode, and in his
otherwise excellent treatment of flexure, Hudson's
statement to the contrary must be disregarded", l
Thus, although there is no support from the exact |

|

theory for the three branches of (7.6), neither is :

there eny definite coatradiction,
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Since the ph&sical existence of higher spectra
' of bending freguencies was to be examined, it wes

necessary to choose a size of beam for which these :
5 frequencies would be cxperimentally available, .:
| Pheoretically it was known that the second I
spectrum of the Timoshenko equation would begin shortly
above the critical frequency f. = _EJTR' \/_%% s 80 that
a large raedius of gyration was desirable to reduce

| fc « However, a larger radius of gyration necess-

arily implies an increased flexural stiffness, and

excitation of the vibration would become a problem {:
if the beam were mede too massive, A compromise had
therefore to be made betwsen a low value for f and
a low value for the flexural rigidity, the decision

' being influenced by the maximum excitation force

' known to be obtainable and by the available signal

|
|

amplification for the vibration picke-up (see sections
842 and 845)s It was decided that a rectangular
sectional beam of depth about 4" would be suitable if
' made from mild steel or some other material with |
|

a %— value of the same order; a rectangular cross
; section being amenable to theoretical treatment, A
depth/width ratio of sbout 2 was chosen: it was
| feared that a lower value would make for too great

rigidity while a higher value would be t0o near the



{
|
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plane-sirese case and would not allow the threew
dimensional stress system to develops The beam length

was chosen to give a reasonable (~'—‘K—) ratio about 30,
The method of supporting the ends of the beam

- were considered, There are practica; ifficulties

involved in representing pinned or fixed end |
conditions in that as the freguency or mode of |
motion of the beam increases s0 also increases the |
demand for rigidity of the supports. Any elastic !
yielding will change the end conditions from pinned
or fixed to something between these and the free case,
Since the higher frequencies and modes were of most
interest, it was decided not to atiempt to produce
Pinned or fixed ends, |

Free-ends can effectively be produced by ampenﬂio%
on long wires normal to the plane of bending, or by |
supporting on soft springs., The 'free' end condition :
is more exactly approximsted to the higher the mode of
motion in which the beam is vibrating, a feature which
recommends the method,

With these considerations it was decided to make
the experimental beam effectively free ended and to

support 1t at both ends on 2" x 1" x 1" rectangular

‘blocks of hard rubbers This would provide reasonable |

support for the beam, which would be necessary for the |

type of vibrator used, while still being flexible enough

‘%o be considered as a free end condition at the hihher |

i modes of vibration,

In the asctual experimental setup the rubber
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aupporta'atood on steel plates clamped to the keyway
of a large lathe-bed, Fixing of the rubber was not

required as the vibrations were never sufficiently
severe to give accelerations approaching 'g'.
Beams of mild steel, cast iron and cast brass

were made near the size indicated sbove, Some earlg
| experiments were conducted with a 60" length of 33" I
| section vibrated in its plane of greatest flexibility,

8s2. Vibration Exeiter.

It was decided to exclte the beam centrally,
This it was thought would restrict the resonences to
the symmetric cases, which would simplify experimental
work,

Three possible methods of execitation were cone

sidered, These were excitation by rotating outeof-
balance masses, magnetic excitation, and excitation
by an attached moving coil,

Out-ofebalance excitation was considered unsuit-
able because of the restricted range of frequency
available and the speed squared dependence of the
applied force,

Hagnetic excitation is very easy to apply but
suffers from the tendancy to execite higher harmonie

frequencies due to its impure force output, In
addition its use is generally restricted to magnetic

imateriala. It was considered inferior to moving

|
]

| lioving coil excitation by a short attachment

coil exeitation for these reasons,




| the vibrator by nuts (see Figs 3 )e Thus arose
| the necessity for lateral rigidity of the beam

was decided on, Virtually pure sinusoidal forces
can then be applied to the beam and if desired the
value of the force can be obtained by calibration,

i
'The moving coil adds a vibrating mass to the beam but ‘

if the beam is large enough this mass can be neglected.
The vibrator chosen was the smallest of a range |
produced by Goodmans Litd., having a maximum force
output of over 1 1b, The coil operates in the field
of a permanent magnet, The vibrator was bolted
onto é steel plate which was clamped to the keyway
of the lathe~bedy A short 4 B.As brass rod Whiuli
screwed into the moving coil portion ef the vibrator
also serewed into a tapped hole in the centre of the
base of the beam and was locked to the beam and

supports mentioned in 8,1, since any angular movement
of this rod might have damaged the vibrators

8e35¢ Hxcitation Circuit.

The moving coil of the vibration exciter was
suvplied with alternating current of variable
frequency from an audio~freguency oscillator and a
power amplifier (see Fige 4 )& ‘

A Muirhead decade oseillator (type D=650-B) was
used, The output frequency was varisble by a eyele
at a time below 10 Ke/s, and a frequency fine adjuste
ment varied the freguency within the range of 1 eycle/
Sec, Thus the frequency could be increased very




 freguencies of the order of 20 Ke/s.

gradually so fha’s resconant frequencies could be
accurately obtained, and very sharp resonances which
might be missed with a coarser frequency alteration.
would be noticed.

The output from the osecillator passed through a
pover amplifier sod thence via a transformer, an
ammeter and an on/off switch to the vibratory The
ammeter was used at the lower ffequencics to indicate |
when the meximum safe current for the vibrator was being

approached, '

The output from the power amplifier was monitored |
on a small Phillip's oseilloscope (type GH 5655)
which showed any distortion of the oulcoming wave
from the amplifier, Such distortion would be harmful
t0 the amplifier and might affedt the vibrator to
excite higher harmonies,

Belie ibracion Pick-ub,

The main requiremenis which were considered
desirable for the method of picke-up were: (a) tho'
arrangement should allow amplitude reasdings to be taken
from any point of the beam so that nodal’ patterns
could be determined, (b) the presence of the pick-up |
should have a negligible effect on the beam's vibration,
(e) the unit should be sensitive to very small
eseillations and should be sble to respond up to |

Under (a) must be consideréd whether one pick-up
unit, which could be varied in position along the beam,




.| The contact pin is also attached internsally %o a

or a plurality of fixed pileck~ups with perhaps a

selector switeh, should be used, It was eventually
decided that for simplicity's sake a single pick-up
would be more suitable, It was further decided that
in order %o give 2 high degree of mobility to the
plek-up, displacement-sensitive response was undesirable
as re-seiting would be required at each point, |

In view of these features, the use of differential
transformer, reluctance variation, capacitance
variation, and strain gauge methods was felt to be
unsuiiebley while the requirement (e¢) of high
sensliivity, along with the ineconvenience involved,
precluded the sdoption of optical methods such as
microscope readings,

A velocity-sensitive picke-up became maﬂ.lﬁble :
in the form of a Phillips (type G.ls 5526) moving
coil instrument, This pick~up is actuated by a
small movable contact pin to which the coil is attached
internally, moving in the field of a permanent magnets

buckled diaphragm to provide a resction when the pin |
is held against the beam, A loaé of some 850 gms. |
is needed to start the buekling, but thereafiers ‘
by the nature of elastic instability the increase

in force for change of pin displacement is negliglble !
80 that the instrument's own natural frequency is low |

'and quite outwith the range of interest for this work,
_' Although the pick-up was not recommended by the makers |

for use sbove 1000 cycles/sec,s it was found satis-
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|

factory in performance up to frequencies over 20 Ke/s,
i The pick-up was bolted to a steel plate supported
on two wooden blocks resting on the top of the lathe-
bed (see Figs 3 ), one to cach side of the beam,
The blocks and pick-up could thus be slid bedily to
any desired position along the beam,

The pick-up could also be used held in the hand
and this feature proved very useful when amplitude
distributions were being exemined,

A medical stethescope was also used for resonant
frequencies in the auvdie-range as a rough guide %o

nodal pattern.

845

The output from the pick-up #as led to a Phillips
"emplitude measuring apparatus" (type GM 5522) which
cen be used for calibration of the pickeup and also
can differentiate or integrate the incoming signal
80 that an output proportional to the acceleration
or the displacement of the pickeup point can be
obtained, At the high frequencies used, the accelw-
eration-proportional output proved to give the
larggst signal,

The output from this apparatus was then passed
through a Phillips battery operated pre-amplifier
(type Gy Ma 4,570)3 this could be set to give a signal
amplification of e¢ither 8 or 35 times, approximately.

The amplified output was then passes into the
first anplifier of a Cossor 1035 A,C, double beam

|




| elements congtituted a simple high freguency pass
| filter which very effectively eliminated ‘a considerable

| interfere with the important part of the incoming

- available from the two oscilloscope anmplifiers were
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oseilloscope via a condenser in series and a parallel
reslsiance to earth, The inclusion of these cireuit

50 eycle hum, $8ince the frequencies of interest were
very much greater than 50 c.p«sSss the filter did not

signals .

The output from the first amplifier of the
oscllloscope was then passed via a similar high pass
filter into the second amplifier, the output of which
was displayed on the oscilloscope screen,

The total amplification of the pickeup output
voliage was thﬁa very great, The maximum gains ,-

in the region of 3000 and 30 respectively, so that
arranged in cascade the gain was of the order of
90,000, The pre-amplifier further increased this
value so that between the "differentiating box"

and the oscilloscope screen, the totsl amplification
was of the order of 3 x 195; "I‘h:!.a. enabled the very
small oscillations obtaining at the higher frequencies

to be displayed on the oscilloscope screen,




9«1s The Res

The apparatus was run for about fifteen minutes
prior to any experiments since the resonent fre-
quencies were inclined to wander slightly immediately
after swibehing on,

The plek-up was usually placed at the centre
of the upper face of the beam,s pesition at which it

should pick up the maximum amplitude of symmetric
mode s, If antioyametrie modes wers being examined, 4
l

' the pick-up was placed a few inches from the centre

freaonant frequencys For frequencies below 10 Ke/s
' the frequency was increased by 1 cycle/see¢ increments

of the beam to avoid the node there, The resonant |
frequencies were virtually unaffected by the position
of the plck-up along the beam,

The oscillator freguency was incressed from a low
value and the oseilloscope trace watched for signs
of a resonance, any frequency at which a maximum in

the trace length occurred being considered as a

and for frequencies greater than 10 Ke/s, a freguency |
increment of 10 ecycles/sec., was made and the frequency
Tine adjustment control then used to sweep continucusly

through the 10 eyele freguency range,

When a resonance was located, the frequency was
get to give maximum amplitude on the oscilloscope |
trace, after which the beam was examined for nodal
configuration,.
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At the high freguencies when the beam response
was lowy, the maximum output ﬁ-am the oscillator and
power amplifier that wes consistent with maintaining
an undistorted waveforms as shown on the monitor

osecilloscope, was used,

It was found that all the possible modes of
vibration for a bar were being excited, The anti-
symmetric bending modes and the torsion modes woere
presumably excited by virtue of slight assymmetry

in the execitation, or in the bar 1tself, Extensional
modes would be exeited because the vibrator was foreing

the lateral contraction associaled with longitudinal
mo tion,

With all these different modes being excited,
some method of classifying resonances was necessary.
At a given resonsnce this was done by examining with
the picke-up the amplitude distribution on the surfaces
of the beam, motion in each of the co-ordinate
directions being considered,

The following criteria were used to distinguish
between the types,

On Endss-

u-motion, Z-wise distribution - one central

node,
On Flanksie

|
v-motion, Zewise distribution = one mtr$

node,
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On Upper Face:=-

wemotion, Yewise distribution - virtually

constant,

u-motion, Zewise distribution « maximum
amplitude at centre with no nodeé or
possibly two nodes,

On Flankst-
vemotion, Z-wise disiribution - maximum
amplitude at centre with no nodes or
prossibly two nodes,

On Upper Pacet=-
w-motion, Y-wise distribution -~ viriually

constant,

On Flanksiw
v-motion, Zewise distribution - one
central node,

On Upper Facei=
w-motion, Y=-wise distribution - one
c:antral node,

The extension mode with two nodes in the longitudinal

' motion is eguivalent to the extensional mode with a
' nodal cylinder predicted by the Pochhammer Theory for
' & cireular rod (sce Bancroft (1941)).

The above amp;ituda distributions were examined
experimentally by exploration of the appropriate
external faces of the beam with the pick~up held in
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the hand, The random motion of the hand was at low
frequency and did not affect the pickeup signal,

Two types of parasitic resonance were possible
g0 that resonances had to be checked to make sure
they were resonances of the beam, These two types
of resonance were, contact resonance of the pick-up
pin, and resonance of the beam supports or vibrator
gupporting plate,

The contact resonence is due to the pick-up
peint bouncing on the beam surface and is therefore
a function of the elasticity of the materials in
contact, After a resonance had been found with the
normal pick-up contact pin, a short attachment was
fitted over the pin, This attachment is provided
with en insulated point of a plastic materiasl end will
therefore have a different contact resonance freguency
from the eontact pin itself, Thus, if a resonance |
showed both with the attachment and without, it was
considered not to be a contact resonance, The only
resonance which was established as contact resonance
was at 3885 cyeles/sec,

Some very small resonances found with the pick=- |
up on the beam turned out %o be rescnance of the plate }
holding the vibrator, In these cases, the motion of ‘
the plate was examined with the plek-up and was found ‘

|

' %o be much greater than the motion of the beam,

No case of resonance of the plates supporting the rubbepr
blocks at the ends of the beam was found, I
Another possibility of extraneous resonance is
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the extensional motion of the short driving rod from
| the vibrator to the beam, Conegidering the beam as
| a mass on the rod as a weightlessspring, brief
caleculation shows that the natural frequency is well
below the frequencies examined experimentally; while
for the rod in extensional vibration itself, the
caleulated frequency is well above the experimental
range,

Je3e

Once a resonant frequency had been located and
its type determined by the methods of section 9,1,
the distribution of nodes in the lateral (w) motion
along the top surface of the beam was examined, To
do this, the pick-up was held in the hand end epplied
to the beam at close intervals along its length:
points where the oscilloscope trace was zero were
marked as nodes, The nullﬁbar and location of these
nodes were noted,

The pick-up wes thus used meinly as a null-reading
]matrumant. It was found that with the plek-up

placed on its supports the oseilloscope signel depended
on the contact of the pick-up pin with the beam so

that it was difficult to repeat amplitude readings,
The pick-up was thérefore not suitable for taeking
complete amplitude distribution curves, buit was quite
satisfactory as a null-reading device,

For some of the lower frequencies, a stethescope
was used as a guide to nodal configuration but the
Pick-up was always used to confirm the pattern,



10,1+ Steel Beam,

The dimensions of the rectangular section steel
| beam were
Length  35,65"
Depth  4.20"
Width 1.86"
' from these figures an %
ratio of 29,4 is obtained,

The observed resonant frequencies were classified
| in the manner outlined in section 942, The bending
natural frequencies with thelr associated number of
nodes on the beam are guoted in the table in seciion
10ehe
| The esmplitade of the resonances dropped off
fairly repidly as the 10 and 12 node configurations
were approached and no bending resonances were found
beyond the last one listed in the table, Extensional
modeswere being excited up to n-equenéiee in the

region of 25 Ke/s,
| The natural freguencies are plotted on Fig. IO
which also shows some of the extension and torsion
resonances which were picked up.. Other extension
frequencies were found beyond the frequency range
shown but these were not examined seriously, being
beyond the scope of this work,

The responses of the two 10 node frequencies were
of the same order of magnitwie; as was also the case

for the two 12 node frequencies,




- occurred very iregaently in a frequency band between
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10,2 Cast Iron Beam,

The dimensions of the rectanguler section caste-

iron beam vere
Length 35.60"

Depth Le15"
Width 1,85" |
|
giving an % ratio of 29,k

The bending resonant frequencies are given in sec-
tion 10,4 and are plotted against nodal number in ‘
Fige 20 ¢ The responses of the higher 10 node
configuratior and the 12 node configurations were
poor, while the 14 node resonance wds very small,

This falling off in response is presumably psrtly a
consequence of the high internal damping of cast iron, |

Some of the torsion and extension frequencies |
picked up are also shown in Fig, 20, These extension
frequencies marked E' had two nodes in the longitudin

motion (see section 9.2), IExtensional resonances

16,500 c4DeBe and 20,000 ¢.p.8s but were not examined

generally, .
As in the case of the steel beam the responses of |

' both frequencies with 10 nodes were of similar magnitude

as was the case with the two 12 node frequencies,

10,3 Brass Beam,

The dimensions of the rectangular section brass

beam were

Length 35464"
Depth Le12%
Width 1.88"



- many extensional resonences occurred and several
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giving en & patio of 29,98,
K

The bvending resonant frequencles are glven _ b
in the table in the following section and are plotted |
in Pig, 20 , | |

The 12 node resonance at 10,588 c¢.p.ss and the 1
node resonances at 12,156 c.p«ss and 13,742 CePeSe
were very smalljs the responses of the two remaining

pairs of 12 and 14 node frequencies were much larger,
In the region of the higher bending frequencies |
of these exhibited the two nodes in longitudinal muol!!x
mentioned sbove for the cast-iron beam, Some of f
these extensional resonances were examined for nodal !
pattern and these poinis are shown on Fig, 2! . |
In this case there were one or two resonances at
higher freguency than those showvn in the tuble which |

appeared to be of bending type, but their nodal pattern

. was very difficult to establish, The pick-up itrace

at some points went to zero and at others showed a ;
minimum end it was not possible to say which of these |
points were nodes and which were noi,

A cut of ,080" was taken off the upper face

. of the beam to reduce the depth and increase the 'L/K

| natural frequencies very slightly but the number

ratio slightlys, The effect of this was to change the

- of nodes corresponding to each resonance remained the

same except for the 10 node case at 9790 c.p«8. In |
this case one half of the beam displayed 6 nodes, the I
last node being very near the end of the beam, while |



the other half still had only 5 nodes, but the vibration
amplitude at the end was very small, This pPhenomenon

is presumebly due to unhomogensousness in the beam
and the new L4«  is obviously very near to the
transition case when nodes will appear on the ends
of the beam, Under these circumstances the
frequency that was the second 10 node case will move

across and become the first 12 node case,

1044,

The following table includes all the observed
bending resonances for the three rectangular section
baamﬂ.

H refers to the total number of nodes on the

beam,
Frequency (eycles per second)
il Steel Cast=iron Brass
2 618 465 LO9
3 - 1232 -
b 3047 2232 1850
5 4550 3354 2770
6 6182 L573 3803
7 7858 5805 14,861
8 9600 7057 5921
9 11,312 8270 6952
10 12,983 9513 8009
11 1,506 10,663 9032
10 15,650 11,405 9790
12 16,773 12,276 10,452




12
11

12
L
1y
i3
14
4

17,040
18,552
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- 10,588
12,430 10,685
13,520 11,520

- 12,156
144950 12,498

- 12,562

- 13,523

- © 13,742

1045, ZIzSection Beoam.

As was mentioned in section 8,1 some early

experiments were conducted with an I-section beam
lying on its side and thue vibrated in its plane of
The hard rubber blocks were |
glued to the ends of the beam and to the plates on
the lathe bed, otherwise the apparatus used was the
- same as that for the rectangular section beams,

The beam was a 3" x 13" stendard rolled steel
Joist and the length of the beam between the centres

greatest flexibility,

of the rubber end supports was 60%,

The curves of bending resonant frequencies arve

shown in Fig, 22 .,

obtained,

Two specira of freguencies were

The amplitude distribution patiterns were
checked es being bending in each case, For the

higher set of frequencies it was found generally that
the maximum latersl motion on the flanks of the beam

was greater than the maximum transverse motion (w )

on the upper face, while for the lower set the transe- |

verse motion was always considerably greater than the

. lateral motion,



- with the theoretical calculations of section 6;

. values for Poisson's ratio (v ), the density (o),

In order to compare the experimental resulis of
section 10, for the rectangular sectioned beams, |

and the elastic modulus (E ) for each material have |

to be assumed, |
The value of Poisson's ratio for steel and cast~ |

iron has been taken as 0,29, while that for the brass

has been taken as 0,32 {a value quoted by Loves).

The weight densities have been taken as 0,28, 0,26,

0e32 (1’33./‘.‘._:13) for steel, cast-iron, and brass

|
respeciively, To obtain an assessment of the elastie
modulus for each metal, the following method was

adopted,

The expression for the extensional natural

- frequencies of a circulsr cylinder of length L

are given by the eguation |

|
f""‘E“EE" (0 =305 veelila)

Now, while this equation is probably not accurate
for predicting the correct values of f for a
rectangular section, its derivative ( 3}/&" ) will

- presumably still be fairly close to the true value at

the low modes, Thus a value of E is chosen such that
when inserted along with the assumed value of ¢ in

- equation (1141), the resulting straight line relating



! f and m 18 parallel to the expeorimental straight

line obtained for the lower oxtension modes of the

| beam in question, (see Figs, 19, 20 , 21 ).
- This procedure gives the following values for E,

caﬂt‘irun. E = mgu x 106 Ibag / 1!"3& L]
Brass B =123 x 106 1bs,/inst

The theoretical natural freguencies have already

been calculated in section 6 where the results are

given in terms of the frequency proportional parameter
quﬁ . These values can readily be converted into

values of freguency, by the relation

WA = wf-LJ’g. ...(11..@);

where f is the freguency in cycles per second.
Using the values for elastic modulus quoted in

section 1ll,1, the conversion factors are,

Steel f = 1785 ol
Cast~-iron f = 1306 Wi
Brass # = 1105 q«l

The calculated frequency factors shown on Figs.

15, 16 , are now converted by these relations and the

following tables show both the calculated and the
experimentel values of natural frequency for each
beam,

Steel Beam: The values of Fig, (6 , for Y4 = 29.4;

Vv = 0,29, are used, N refers to the total number
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of nodes on the heam,

Frequency (CeDeSs)
| N Experimental Calculated
| 2 618 610
| b 3047 3017
| 6 6182 6158
8 9600 9461
10 12,983 12,673
10 15,650 15,315
‘ 12 16,773 16,547
| 12 (3) - 16,939
| 12 (3) - 17,850
12 18,552 18,099

| The number (3) indicates that a resonance belongs to
the third spectrum,

: on  Beam: The values of Fig, |16 , for
'7’;( " 29.&’*3

v= 0,29 are again useds
| Frequency (ce.pess)
N Experimental Caleculated
2 165 450
L 2232 2208
| 6 4573 4507
8 7057 6923
10 9513 9275
10 11,405 11,208
12 12,276 12,109
12 (3) - 12,396
12 (3) - 13,063
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| 12 13,520 13,233
1y (3) - 14,238
i 14 14,950 14539

Beam: The values of Pig, |5 , for % = 30,

and Vv = 0,32 are used,

|

| :

| Frequency (eypess)

! N Experimental Caleculated
2 409 377
N 1850 1856
6 3803 3757
8 5921 5768
10 8009 7757
10 970 o

| 12 - 9437
12 10,452 10,144
12 (3) 10,588 10,420
12 (3) - 11,083

| SRR 11,520 11,049

| W (3) | 12,156 12,0u4

| 1y 12,498 12,210
i (3) 13,742 13,315
14 13,523 13,415

|

- Symmetric rescnances only are given in the sbove table
because the calculated freguencies refer only to these

! nodes, Generally the anti-symmetric freguencies are

. found in the mean position between two symmetric

resonances,
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It can be seen from the tables that the ealculateé
and experimental results eompare reasonably well, |
The error apparent for the 2 node cases can be i
attributed to the stiffening effect of the rubber end
supports, the calculsted results being for free ends, |
Otherwise, the maximum error in frequency is less |
than 3# for the steel beam and the cast-iron beam, and.
Just over LY for the brass beam, |

A comparison of the figures in the tables for the

| steel and cast-iron beams is msde in Figs, £3 , and

24 4+ The calculated values are given by the contin-
uous curve, though it is to be understood that this
curve is meaningful only at the points where it crosaet‘;
integral values of N, To clarify the curves, the :
calculated third spectrum points are omitted because |
none of them were picked up experimentally. The
patterns of the calculated curve and the experimental
points are very similar, In all cases, the experimm‘-:'

al frequencies are higher than those calculated, Thié
4 _

- may be due to slight error in the choice of = or v

€ |
for the materialss . |

The tabulated figures for the brass beam sre in
some respects not so satisfactory, The first
discrepancy can be seen to be that the 10 nede 9790

CePsB8e eXperimental resonance is predicted at

95437 cepese but with 12 nodes, However, this is

' not really a serious error since previous caleulation

(section 6.) has shown that the L4c ratio of this
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beam is near the transition value vhen the upper 10
nede case will become & 12 node case due to the
appearance of nodes on the ends of the beam, Slight
error in the choosing of the Poisson's Ratio for
example, would be sufficient to make the caleulated

shape have the wrong nunber of nodess That the beam
is near the transition L/K is made clear by the

. remerks at the end of section 10,3, |

Also in this case three small resonsnces |
poassibly corresponding to third spectrum frequencies I
are found experimentally, Thelr freguencies are l
near the predicted values but the 14 node 13,742 c.p.si
resonance, calculated to appear at a lower frequency
then the 14 node second spectrum fregueney, is sctually
at a higher frequency; the latter resonance being !
135523 coepess The third spectrum frequencies
obtained thus follow the calculated pattern for ,

L/K = 29,4 more than that for L/K = 30, Taking thié

| into account along with the above note on the 10 node

|
cases, 1t is probable that the caleulated pattern is }
slightly in error due to a poor choice of Poisson's !
ratio, However, these remarks refer only to the |
frequency/shape curve pattern, and do not reflect on
the asccuraey of frequency predictions In Fige 25 ,
the calculated velues are given by the continuous
curve for first and second spectrum frequencies and byl
the dotted curve and the isolated square points for
the third spectrum,

The question arises as to why third spectrum



- maximum for the cast-iron and brass beams, Probably

-' Now for the steel beam, the freguency of the 12 node

frequencies were obiained experimentally for the brass
beam but not for the other two. In the first place
it must be noiled that in the brass beam these '
freguencies had a very poor response compared with

nelghbouring resonances not of the third spectrum,

resonsnces was greater then 17 Ke/s, and the response
of the beam was poor even for the "ordinary"™ natural
frequencies, so that third spectrum resonances would i
be too small to be observed (presuming they were of i

|

. the same relative magnitude as for the brass beam),
| Similarly for the cast-lron beam the response at the

higher resonances was poor, presumably partly hecause
of high internal damping, and this lack of response
may have been sufficient to conceal the comparatively
small third spectrum freguencies, i
The reason for this poor response of the third
spectrum ie thought to lie in the shape of the cross- |
section used, which was probably too small in breadth,

Hed the section been broader, say a 4" square section, .

and the enticlastic curvature more pronounced, making
the lateral inertia more inmportant,

For the steel beam no bending frequencies with
more than 12 nodes were obtained, while 14 was the

|
|
the lateral stresses would have been better developed i
|
|
|
|
|

 this is due to the limitations of the apparatus both as
|

| regards available exciting force and available pick-Up

sensitivity, However, the possibility of a ﬂ!eqmcyi
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Meut-eff" due to damping cannot be excluded, Such

;a cut=~off is predicted if internal damping of the |
Voigt type is assumed for the material, MNore |
|powarfu1 excitation and more sensiliive pickeup equip-

ment would be necessary to examine the question,

1l.4

The theory developed in section 3 for a beam of

near-gquare cross section cannot be expected to apply

with sccuracy to the | — section of this beam for

| any but the lower frequencies of the first spectrum,
' However, the two spectra obtained experimentelly are |
interesting, and some general remarks can be made about

|

them,
The experimental second hranch is at neithér of

the higher spectra freqguencies that would be preiicted I
|
by the theory of section 3, By that theory neither

of the higher spectra can begin below the critical

 frequeney e = % which for this beam ( ' = 185,

K = 04326") is at very much higher frequency than

1840 c.pess (where the experimental branch begins). i

However, a comparison of the shapes of the two |

curves is informative, Firstly, it can be seen that i

. the upper curve is slightly convergent on the lower ané-

. As shown in Fig. || s this is also true for the |
theoretical third spectrum for a rectangular heam
while the second spectrum curve diverges from the
lowest branch, Secondly, to emphasise the above

point, an idea of the velocity versus wave length, or

dispersion curves, can be obtained from the observed



values by plotting the guantity Jc @_ e against
(N-1) 4 The former quantity is roughly proportional
to the flexurel wave velocity (with aslight error

which decreases with larger N, due to the final nodes
not being right on the ends of the beam), and the
latter guantity is roughly proportional to the

‘reciprocal of the wave-length (the proportionality

being more exact for larger N), Curves relating

| these factors are shomn in Tige 26 5 and 1t can be

very much afiter the manner of the first and third
branches of the dispersion curve of Fig, I8

|

|

| seen that the two curves are approaching each other ‘
bl

|

|

These two features suggest that there may be some
relaﬁon between the third spectrum of frequencies and
this second experimental branch for the H ~beam,

On reflection, this can be seen to be a reasonable
prossibility, For, in the shepe of the besm we have
what might be considered a good model to display the
effects of lateral inertia, During vibration, the |
lateral curvature of the comparatively flexible

middle portion of the bsam will set up rotation of thal
flanges and this rotation, being about an axis parallai
to the longitudinal exis, will contribute to the lateral
inertis, Thus a section of this shape, obtains a |
relatively high lateral inertia for a moderate

| transverse stiffness, This feature might well be

expected to enhance the importance of the third
spectrum and to lower the critical frequency for this |

spectrum,



- 108 -

In a somewhat similer way a model could be
devised to demonstrate the second spectrum (due to the
influence of the longitudinal or rotatory inertia),
In that case, a deep rectangular beam could be made,
with cute in lateral planes parasllel to the YZ<plane,
| into both the upper and lower surfaces and at close
intervals slong the length, Such a beam would
exhibit a relatively high rotatory inertia for a
n';!oderate transverse stiffness, and ﬁeulﬂ. be expected
to show the second spectrum at freguencies below the

¢ for the bear,
| She axperimentsl sewond Urench of Pley 22 g 48
of the tyi.e expected for pin-ended beams since all
the nodal configurations of the lower branch are
| duplicated in the upper branchs This may be due to
the high relative stiffness of the rubber end supports
which were attached %o the beam, or may be a con-

seguence of the unusual cross-sectional shape,




| (a) It has been shown that the inclusion of
‘an independent longitudinal inertia in the derivation
of an equation forflexural vibration, leads to the
Timoshenko equations, This equation hag been found
to predict for a finite beam, different natural fre-

quencies which have the same nuwiber of nodes,
This duplication of nodal number at resonance

can occur only at frequencies greater than a certain

:critical frequency which is inversely proportional to the

radius of (¢ gyration of the cross-seciion Gﬁilﬁ. /—E%J

(b) For the Timoshenko beam with pinnedeends,
the frequency equation is separable into two parts
each defining a spectrum of frequencies, The second
spectrum repeats the nodal patterns of the first

of the second spectrum has the same number of nodes
a8 the fundamental of the lower spectrum,

For the Timoshenko free~beam, the freguency aquatia'n

is no leonger directly separable, but there is still
!the equivalent of two spectra of frequencies because
of the increase in the number of resonences in a given
_ranga above the critical frequency. The extra fre-
quencies have shape patterns corresponding with that
|p!' their neighbouring frequencies so that similar

|apectrum but at higher frequency; the first resonance
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 shapes are close in frequency, Thus the first

resonance of the second spectrum has the same nunmber

of nodes as i1ts nearest neighbour in the first

. spectrum,

(e) An extension of the theory to include the
effects of an independent lateral inertia has provided
another differential eguation which predicts yet
another set of natural frequenciesj; a third spectrum,
The displacement forms assumed for this equat;on
are such that the solution retains, umnodified, the
roots of the Timoshenko equation, while still
providing an additional root,

From this extended theopry, the shape function of
a free beam comprises three sinusoidsl functions of

differing periods, The shape of the beam at resonance

depende on which is the dominant compohnent, Thus
there may be five resonant frequencies with the same
number of nodes (two of which are from the third
spectrun), but more usually there will be four

resonances (two from the third spectrum), end
occasionally there will be fewer, cach case having

to be considered individuslly,
(d) The eguation which includes the effect of
lateral inertia gives three values for the velocity

of propagation of flexural waves of given wave length.

 that is, 1t defines & three branch dispersion curve,

|
!'I‘wo of these branches are also obtainable from the

}Timahenko equation, TFor the two higher branches,

at very small wavelengths the phase velocity tends




' to J%% in the one case, and to shear wave velocity
| in the other. The latter branch is the one peculiar

! - 111 -
|
|

to the eguation with lateral inertia,

12,3.2, BExpsrimental,
(a) The experimental frequencies and their

correlation with the caleulated frequencies have
demonstrated fairly conclusively the physical exiatencé
of the second spectrum of natural freguencies for a
free beam, a8 predicted by the theory,

(b) The experimental evidence for the third

gpectrum of freguencies is not 50 conclusive, It

was detected very faintly, for only one of the three

| rectangular sectioned beams: as explained in the

- estimated by comparing the slopes of the extension |

text,; this may have been a result of the shape of the }
beam, However, this third spectrum type of frequancy.{
which arises on asccount of lateral inertia effects, !
may be important for beams which in virtue of their |
cross~sectional shape, can have a high lateral

inertia during bending, This feature is suggested

by the H- beam experiments,

(¢) The difference between the calculated and |
experimental frequencies is qiz.:lte small, The method
for estimating E is open to some error end Poisson's
Radio v wes just guessed although it might have been |
and torsion frequency curves, Assuming these errors
in the choice of the elastic constants to be fairly

small, the experimente ean be said to have confirmed
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the validity of the theory, at least for first end

second spectrum frequencies, In all cases, the

experimental frequencies were slightly greater than '

| the corresponding calculated frequencies, presumably
because of the inaccuracies in the values for the |

‘elastic constants, The rubber end supports would

- also tend to make the calculated frequencies somewhat

. smaller although the theory indicates that this

| effect is negligible after the first two or three

' harmonics,

(a) The experiments have also confirmed the

physical existence of higher modes of longitudinal
vibration for the rectangular bars, l

1242 Remarks, :
(a) The equation which includes lateral inertia

|
is easily solved because the assumed displacement
forms are such thet its solution incluies the known |
solutions of the Timoshenko aquafian. It may be
found from further experiments for example, that this |
eguation having the simplest possible displacement

forms, is not accurete enough, and that refinements

' such as anticlastic curvature or léngitudinel dis-

| placement a function of lateral position (u=(xyzt) )

uima.v have to be included to provide a satisfactory

! solution, In that case, the more involved dirferantial
‘eguation that will be derived (c+fy equation(3,40))

|w111 not contain the Timoshenko eguation and the

i solution will be more complicated,

| (b) As can be seen from the figures, the plottinsi

| |

| Feg



of natural freguency agelnst number of nodes on the

' beam, although quite satisfactory for a pin-ended

' beamy gives a relatively disordered array of points

for a free-beam sbove the eritical freguency, This
follows because the flexural motion is propagated

at three different velocities along the beam with a
different wave length and amplitude associated with

; eachy For the free beam it appears that for all

resonances, the lowest velocity (and shortest wave-
length) component has the largest amplitude so

that the nodal shape always correspands to this com-
ponenty Thus it would not be permissable to use the

nunber of nodes on the beam %o obtain an approximation

to the wavelength associated with a particular fre-
guency (as was done in section 11,4 for the H «beam
results) ¢ in order words, the higher branches

of the dispersion curve cannot be drawn from freguency

and nodal observations on a free-~beams Because of
the practical difficulties involved in making an end
effectively pinned, it follows that pulse propagation

. technique is probably the only satisfactory method

. for obtaining these dispersion curves,

(e) The existence of higher spectra of bending
frequencies is probably not of much practicel sig-
nificances, They may possibly require consideration
for accurate computations of deflection response in
impact problems, particularly on roraahortanéd beams
when the second spectrum begins at a relatively low
order of vibration, The experiments showed that
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the response of the beam in the second spectrum was
of the same order of megnitude am neighbouring fre=-
quencies of the first spectrum,

The experiments on the +— «~beam show that the
third spectrum frequencies may be important for open=
section beams where an apprecisble proportion of the

| eross-gsectional area is situated near vertical planes

some distance from the longitudinal axis, Such
cross—-sections will exaggerate the influence of
lateral inertia and third spectrum type freguencies
may be important,

(d) Por Puture investigation, a theory describ-

ing the vibration characteristics of beams of cross

section of the type mentioned above, would be useful,
| Sueh a theory might be derived by an extension of

the methods of section 3; that is, plausible assumptio
could be made regerding the displacement functions,

and these, substituted in the equations of equilibrium

and integrated over the cross-section, would give &

differential equation for the displacement of the beams

Experimentally, further work is necessary %o
examine the third spectrum frequencies for a rect~-
angular section, For this, a broader section than

' that used experimentally, and a greater available

driving force would probably be required,



;thia will be made clear in the relevant portions of

The following 1list defines the principal usage

of the symbols indicated,

In certain sections other

meanings may be attached to some of the symbols but

:the text,

The symbols are arranged in approximately the

order in which they appear in the text,

—t
<

>

Pt) , BB

,e(_x,z,t)

Direct stress components
Shear stress components

Young's Modulus

Rigidity lodulus

Poisson's Ratio

Longitudinal (X-wise), lateral
E!hwise and transverse
Z-wise), displacement

components,

Cartesian co-ordinate axes,

(See Fig, 5

Co~ordinates

lass Density

Time

Section breadth (Y-wise) '

Second moment of area of creaa+
section about YY',

Area of cross-section
Functions representing bending
slope and neutral axis shear
slope respectively

Timoshenko shear coefficient,

Funcition representing dis-
tortion of cross-sections,
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Constants for cross-section,

Deflection of neutral line of 1

beam,

Second moment af area of crnaa#
section shout 2z°'

Shear force over any crosse
section

Bending moment at any cross- |
section, '

Circular frequency
(P/2)

|
Shape function corresponding |
e wix,t) s '

|

(Fe/E)* ; freguency pro-
portional paramecter,

Radius of gyration of section
about YY v

(%)
(Efqe)
Constants (1 = 15 2, 35 wes)
Parameters defined in terms of
Y,x ,8 see equations
(4e12) ana fu.la).
Total length of beam
Spring constant,
Pogltive integer,

G*/E parameter defining
the critieal" freguency.,

L [ .
ETT( oK : "eritical"
frequency.

|
FMndamental frequencies

(parametric) of the second and |
third spectra respectively. !

g = 2(1+V)

Parameters defined by !
g"c(\!}é-—l’() H ci'= =9 ®
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Wavelength of flemural waves
(BT/7)

Phase velocity, group velocity,

of flexural waves,
(E/o)*
S-I
G/ \2
CA

Integer;' total number of
nodes on beam,
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