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SYNOPSIS

An elastic structure carrying a rigid tank containing a liquid
with a free surface is considered. Autoparametric interaction
between the vibrating structure modes and the liquid sloshing modes
is investigated theoretically and experimentally when the system

possesses two, three and four degrees of freedom.

The mathematical model for two structure modes interacting with
the liquid free surface modes inside the tank is formulated. The
~resulting governing equations are coupled through inertial nonlinear
terms. This. coupling is-significant since it determines the
behaviour of the system under internal resonance conditions. The
asymptotic expansion method due te Struble has been used to give an
approximate solution of the governing equations. The method |
predicts the autoparametric conditions (under which the response
of the system has been examined). The respoﬁse of the system is
obtained analytically and.numeficelly in the neighbourhood of the
internal resonance conditions. Under the principal internal resonaﬁce
. condition (i.e. when one of the normal mode frequencies is twice one
of the other mode frequencies), the system bossesses a steady;state
solution. Under tﬁe summed or -difference internal resonance conditions
(i.e; one of the normal mode frequencies equals the sum or difference
of another two mode frequency) the system does not.achieve a constant

amplitude steady-state response.

Experimental investiéations confirm the poseible existence of
most of the internal resonance conditions considered in the analytical
study, however theoretical amplitude—frequency'response curves are
rather higher than the experimental results. Experiments shoved that

other kinds of instabilities occur when the liquid free surface exhibits

(ii)



rotational flow at a forcing frequency just above twice the liquid
antisymmetric sloshing frequency. Under autoparametric resonance
conditions of four mode interaction experimental observations showed
that the system‘is severely unstable and structure failure could

occur if the excitation were not prevented.

(iii)



CHAPTER 1

- HISTORICAL REVIEW

Containers partially filled with liqgid and supported by an
elastic structure constitute a complex dynamic system and the
analysis of their response to various types of excitaticns is
rather complicated. These types of structure are-found in many
practical applications such as elevated ﬁater tanks, fuel or cargo
tanks of automotive vehicles and 1iqgid propellent space vehicles.
The dynamic behaviour of the fluids'and their influence ﬁpon the
surrounding structures have received a wide range of theoretical
and experiuental investigation; and in the following sections the

main outline of the results of these studies are reviewed.

I.1 ILiquid Dynamics in Stationary Structures:

Liquid sloshing and its interaction with its strucfural
system have interested civil engineers and seismologists studying
the performance of oil tanks, wa£er reservoirs and elevated water
tanks during earthquakes. Steinbrugge and Moran[S12]* showed that
the damage that occurred to wéter tanks and reservoirs in Sacramento,
California, in.1954 was a result of resonance occurrence between
the oscillations of the ground motion - caused by the earthquake -

and the natural frequency of the water.

During the Chilean earthquakes of May 1960, a number of

elevated vater tanks were badly damaged but others survived without

* . . . ~
Numbers in brackets [' ] refer to references in the Bibliograpny.
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" damage. Housner[HBJ in treating the dynamic analysis of these
’ -

3

tanks, took into account the motion of fhe water relative to the
tank as well as the motion of the tank relative to the ground.

He showed that the forces exerted on the tank by the wéter as.a
result of a horizontal ground acceleration are of two kinds:

one is the inertia force of a mass Mr éttached rigidly to the tank
wall, and the other called the sloshing force resulting from the
free water oscillations. The latter force is the same as would
be exerted by a mass Ms1 oscillating horizontally against a
restraining spring as shown in Fig. (1.1). The mass MS1 and its
associated spring are equivalent to the fundamental mode of water
free surface oscillation, which is the important mode for most

earthquake problems.

The technique of equivalent mechanical models is a very

useful mathematical tool in solving the complete dynamic problem

. A . -
of a systen containing liguid. Graham[q'], in 1951, developed an

equivalent pendulum to represent the free«surfage oscillations of a
fluid in é stationary tank. At the same time Graham and Rodrigues[G3]
established another model consisting of a sloshing point mass,
attachgd'with springs to the tank wall at a specified depth, and a
fixed rigid mass. The principL€S of constructing a mechanical model
are taken in the sense that the nasses, damping constants; moments

of inertia; cenéré of gravity; modes of oscillations; forces and
moments are completely equivalent to the physical system. Other

modified eguivalent models are found in details in reference [A2].

[c5,N2]

For a time civil engineers indicated in severai analyses
that ground motions might be idealised ordinarily as horizontal,

i.e; the vertical component could be neglected for the calculation of



ks m,: K
h i .
M@ —
re —I-ha
L

Fig(l.1)Housner Equivclent

Mechanical System For
an Elevated Water Tank.

1 I T R
(Deg-/sec) -
3-
2
1Y
oN

- 90 94
time(sec)

Anqulor Velocity in Rol.

time (Sec)

Fig.(I-2) Saturn-l Fuel Slosh Instability (ref A2)



-4-

hydrodynamic pressures without introducing undue errors. Yet,

a recen£ paper by Chopra[cs] has yielded surprisingly high values
of the hydrodynamic pressures due to vertical ground acceleration.
Another'analysis[Nz] indicates the decisive influence of the
direction of travel of earth waves relative to the dam. WVhen the
ground motion travels téwards +the structure, pressures may reach
several times the values predicted under the assumption that the
motion reaches the bottom simultaneously. They are many times

smaller when the earth waves travel away from the dam.

More receﬁtly, Newmark and Rosenblueth[Nz] have shown that
earthquake disturbances cause essentially two types of hydrodynamic
response: compression waves and surface waves. The influence of
each type on the behaviour of a structure is go&erned by the range
of frequencies involved. They fourd that in most cases one type
of phenomena is significant and the other can be ignored. However;
practically the.gntire hydrodynamic phenomenanin tanks is associated

with surface waves which occur at low frequencies.

I.2 Liquid Behaviour in Moving Tanks

More recently, with the advent of the jet age; the effects
of fuel motion in tanks of some high speed aircraft and large space
vehicles have been included in the dynamic stability studies. Since
the 1950°’s an active technical interest has been devoted to this
subject and the exponential increase in the number of reports and

papers on this problem is a reflection of this trend[A2’01o].

The tendency in modern space technology is towards a continuous
increase in the size of space vehicles, consequently both the fundamental

bending frequencies and the natural frequencies of the liquid



-5~

propellent become lower. The liquid sloshing is mainly a problem
during the launch stage since the fuel and oxidizer of the 1iquid
propellent boosters represents at least 90% of the total mass of

the vehicle. The oscillations of the free surface of the propellent
exert forces and moments on the missile and may couple with the
control system dynamics or the structufe system dynamics. Such
coupling may cause dynamic instabilities or structural failure.

Severe oscillations occur when the excitation frequency lies in the
neighbourhood of the lower mode of the fluid oscillation. Abramson[AZ]
reported an actual example taken from telemetry records of an early
Saturn-I, Configuration: A, flight. Figure (I.2) shows the liquid
propellent slosh amplitude in one of the outer LOX tanks against the
vehicle angular velocity in roll. The cause of the observed h
oscillétions (at t =100 sec) was attributed to a phase lag in the
filter network of the roll control loop that exhibited itself near

the frequency of the first rotational mode of that vehicle.

The cancellation or reduction of the deleterious effects of
liquid sloshing is the main target of design engineers in the
- preliminary design stage. The engineering solution consists of
building into the fuel and oxident tanks a system of mechanical
baffles or subdividing the ténk[A2]‘ Bisplinghoff and Douglass[B9]
gave an account showing the infiuvence of tank compartmentation on

the fuel sloshing frequency and the first bending mode frequency

of its structure. This relationship is resketched in Fig. (I.B).

The liquid sloshing characteristics of various tank geometries,
in different orientations and excitations have been the subject of
a wide range of studies. The following are the classifications of

the kinds of liquid motion which can occur in large liquid propellent

tanks£A1’2];
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Lateral Sloshing (or Normal Sloshing): resulting from
translational or pitching excitation of the tank. The
most important mode of this kind is the first antisymmetric,

Fig. (I.4a).

Parametric (or Vertical) Sloshing: is the response of the
liquid free surface when its container vibrates vertically.
Such motion is characterised primarily by symmetric modes,

Fig. (I.4b).

Rotational (Swirl) Sloshing: During translational excitation
of a partially filled tank at a frequency near the natural
frequency of the first antisymmetric mode the liquid exhibits
a rotational motion (as a type éf geating about the tank
logitudinal axis). The mechénism that causes rotary

fluid motion is a nonlinear coupling of fluid motions

parallel with and perpendicular to the excitation plane,

Fig. (I.4c).

Vortex Formation: occurs during the draining of propellant

from the tank. The vortex or rotational flow surrounds a

- hollow core and consequently causes a remarkable decrease

5)

6)

in the flow rate by reducing the effective cross-sectional

area ¢” the drain outlet, Fig. (I.44).

Surface Spray (Spatial Resonance): a development of a
dense spray of small droplets at the liquid-free surface
as a result of high frequency rigid body excitation or

elastic spatial vibration, Fig. (I.4e),

Dome Impact: under the conditions of abrupt thrust cut-off
while the rocket is in flight, impact of liquid propellant

against the opposing tank bulkhead can occur.
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7) Low Gravity Phenomena: under condifions of nearly zero
gravity- in orbital or ihterplanetary flight - the liquid
behaviour is governed primarily by surface tension (and
viscous) forces rather than by inertial forces and may be
orientated randomly within the tahk depending essentially

upon wetting cheracteristics on the tank wall, Fig. (1.41).

8) Docking Impact: liquid impact upon a tank bulhead arising
from docking or other manoeuvres in space flight, when the

liquid is initially controlled by low gravity conditions.

The first two types of fluid métion are the most significant
for the subject of the present thesis, therefore; the main dynamic

characteristics involved are reviewed in some detail.

J.3 Dynamics of Lateral Slosh:

Mathématical modelé for describing the free surface oscillations
“of the fluid under lateral excitation have been quite well developed
so that there is noﬁ a relatively complete body of theoretical work
available, well-supported by experimental results[Az]. The linear
theory has been déveloped on the assumption of irrotational flow in
an incompressible and inviscid fluid. These assumptions led to the
representation of the velocity vector as a gradient of velocity
potential, The velocity potential is consequently obtained by
solving Laplace’s equation - i.e; the equation of continuity for
incompressible flow —~ and satisfying the boundary conditions. Having
obtainéd the velocity potential function the fluid dynamic characteristics
such as pressure distribution, forces, and moments can be easily

determined.



Confining our attention to a circular cylindrical tank with
a flat bottom, the natural frequencies and mode shapes of the free
surface of the liquid are found to be[H12]:

2 5———-—ng tanh(fmn h/a.) o (I.1)

r]mn = -lg-;i;:o i1 @ Amn.sin(me).cosh(fmnh/a).Jm(gtmnr/a)cosmmt
(1.2)
where
a = radius of the ténk
h =— fluid depth
g = gravitational acceleration
4fnux = zeros of the first derivative of the Bessel function

of the first kind J, (fmn) -0

A = constant depending on the initial conditions of the

free surface of the fluid.

It is clear from Fig. (III.é) that most of the chénge in
frequency w ., occurs for shallow liguid depths. Fig. (I.5) shows
the contour lines of the free surface for the first and second_modes
as given by Lamb[L1]. These lines meet the boundary at right angles
anc. the simple harmonic oscillations of the fluid particles take
~ place in straight lines perpendicular to the plane of the contour

lines.

In forced sinusoidal excitation Socoth, the velocity

potential function<?.is given by the expreésion[A4],



2 3, z/a)_coshl, (z+h)/a]
$ = 08 cos(Qt) cosa{r +Z( 223 )( . )[ J (§ ) coshlgf h/a) }

n=1 -1
n “p

veesasl(Ie3)

The surface wave height is obtained by substituting (I.3) in the

Bernoulli equation[AA']

2
?

2 - ez - % - c(t) , (1.4)

where C(t) is an arbitrary function of time.

With P = 0, 2 =f] . Incorporating c(t) inCI)', takes the form:

~2

n-22

2 I, x/=)
. 28
s1n(§2t).cosﬂ{ — ( 2 )( 2 [ J (f ) ] (1'5)
n=1 W
m 1n
The total force exerted by the fluid onto the walls can be determined
by the integration ¢ P.dA where P is expressed in terms of CP, using

(1I.3) and (I.4). Along 6 = O the force is found to be [A4];

Fy = M 0 o 51n9t{1 +Z (a/h) (=) 2 '%anh(fmh/a)}

1n w - Q (52-1)
ceeee.(1.6)

where 50 amplitude of excitation.

il

0
Il

forced frequency.

=
]

total mass of the fluid.

Equafion (1.5) indicates that when the driving frequency @
approaches any sloshing frequency Wy r] becomes arbitrary large. In
such a case, these solutions are not valid due to the neglect of

fluid damping and other nonlinear effects. Eig. (1.6) is a typical
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plot of the sloshing force as a function of the forcing frequency for

h/a = 2.

I.4 Behaviour of Fluid/Structure Systems Under Longitudinal

Excitation:

The response of systems subjected to longitudinal excitation
can exhibit some form of the following instabilities depending on

excitation characteristics and the system configuration:

‘i) POGO Type Instability.
ii) Parametric- Resonance.

jii) Internal Resonance.

The last two types belong to one class of problemswhich is
quite different from the first one. The nature and conditions of
occurrence of these phenomena will be discussed in the follewing

sections, in some detail for types (ii) and (iii).

I.4.1 POG0 Type Instability

POCO0 oscillation is a nickname giveh to self-excited
longitudinal oscillation. This phenomenon was observed in 1962
on the Titan-II structure in the first stage flight. The vibration
was apparently caused by a regenerative feedback interactionr between
the vehicie’s propulsion " system and structure. The occurrence of
this oscillation is nét desirable in the carrier vehicles for it
would seriously degrade the astronaut’s ability to perform his
functions and could lead to physical injury. The prevention or
.reduction of the POGO oscillations coﬁld be achieved by suppressing
the propagation of pressure pulses in the liguid propellent feedlines

which coupled the vehicle’s structure with its propulsion system.



hadll IDP had

In the-oxidisér and fuel feedlines the pressure propagation is
amplified by the occurrence of resonances. It was found in °
Gemini[qz] that the feedline resonance were too close to the
vehicle’s lowest longitudinal structural frequency during the later
part of the first stage flight. Amon.z the various methods[Az] for
eliminating the pressure resonances, the hydrauliC resonators

system connected to the feedlines was found to be most effective.

I.4.2 DParametric Resonance

The well known'phenomenon of normal resonance in forced
vibration systems occurs when the disturbing frequency @ is near or
equal to one of the natural frequencies ©, of the system. In this
type the excitation function appears on its own on the right hand
side of the equation of motion. However, in parametric excitation,
the situation is altered and we are concerned with the so called
"Parametric resonance" which occurs when the forced excitation
frequency is equal to twice (or any'integef nultiple of) the natural
frequency of the system,:i.e. Q= an (or @ = mwn). This type of
resonance is found to occur when the loads are parametric with
respect to their perpendicular direction. The term "Parametric
Loads"[EZ] stems from the fact that such lcads appear as a parameter

in a perturbed equilibrium equation.

Parametric vibration can easily be illustrated by three
examples shown in Fig. (I.7). The beam shown in Fig. {I.7c) is
subjected to a pericdic longitudinal load and can respond with
either longitudinal vitrations or transverse (parametric) vibrations.
The fluid in the container; Fig. (I.7a),_can experience sloéhing

motion as a result of parametric excitation. The third example in
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Fig. (1.7v) is the motion of a pendulum resulting from vertical

oscillation of its support. Under that class of systems the

motion is governed by a differential equation whose stiffness

coefficient is function of the parametric load asj

QESW + (P - 29 cos2T)a_ = d (1.7)
m Im m

de

Equation (1.7) is the standard form of Mathieu’s equation[M3].

Béfore discussing the properties of equation (1.7), it is
}ﬁseful to review the historical development of parametric resonance.
In 1831 Faraday[F1] noticed that the fluid inéide a glass container
oscillated at one half of the external vertical excitatiocn frequency.
Another similar series of eiperiments conducted by Matthiessen[Mz’aﬂ
1868, 1870‘showed thgt the fluid vibrations were synchronous. The
sontradiction of the two observaiions led Lord Rayleighl® ~2) to
" make a further series of expefiments with improved equipment, and
his observations supported Faraday’s view. During that time,
Mathieu, 1868, formulated his equations which helped Rayleigh to
explain this phenomenon mathematically. Ince (1915—1941)[M3]
extended the work on Mathieu functions, and introduced the stability
chart in 1925. The problem was investigated again by Benjamin and
Ursell[B6] who.explained mathematically the descrepancy between
Faraday’s and Rayleigh’s observations on the one hand aqd Matthiessen's
: finaings on the other hand. Their analysis led to a system of

Mathieu equations in the fdrm (I.7) where:

am = nondimensional wave height parameter
2,2
P, = 44,m/sz

= amplitude of vertical excitation

a, = 2(6;/a)xo tanh@fmh/a)
i :
Ko
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Depending on the values of the characteristic numbers Pm and
q the solutions of (I.7) can be stable or unstable. The boundaries
of stabilitj are usually given in a chart such as shown in Fig. (1.8).
Mathematical expressions for these boundaries are well documented[AG’MB].
The shaded regions in that chart correspond to unstable solutions of
(I.7), i.e. if the point (p,q) lies in one of these areas the fluid
amplitude increases until eventually it is restrained by nonlinear
or damping effects, which are not considered in that theory, or until
the free surface disintegrates. If (p;q)-lies in the unshaded areas
then the solution of (I.7) will be bpunded. Benjamin and Ursell
also showed that if the plane free surface were unstable, the
resulting motion could have frequency (N/Q) times the excitation
frequency where N is an integer. Since the motion might be a half
frequency subharmonié, harmonic or superharmﬁnic, both Faraday and
Matthiessen could be correct, however, the experimental results of
Benjamin and Ursell only showed the half frequency subharmonic.
These results also showed that damping prevents the unstable regions
frém extending to the p-axis. Woodward[W1] suggested that in most
real fluids‘there is sufficient damping such that the unstable
regions - except the first several unstable ones - will be located
completely above the line q, = XOQZPm/Zg; and considerationlneéd only

be given to those modes in the lower frequency range.

Bolotin[B11], and Sorokin[S11] found that the domains of
" instability could be reduced somewhat if linear damping due to

viscosity was introduced in the Mathieu equation as;

a .+ 2Ca + (wi - 923:0)\ cosQt)a = O (1.8)
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V where

Cc = ZVA? the damping coefficient as assumed by Sorokin, see
Lamb[L1]

)\ = Vave number

Y = Kinematic viscosity

The regions of instability according to Sorokin are determined

by the inequality

2w
t- \I(zon)Z - 4(Z? Q—g—f)z i + \l (2x Q)% - 43D (1.9)
c.f. the uﬁdamped case[D2];
1 - 22 A (329)2 <1 + 2xo)\ (1.10)

(I.9) determines the critical excitation amplitude (Xc) under which .
the fluid would remain plain. This amplitude is determined by

equating the expression under the radical sign to zero at'E%— =1 as;
n

X, = 2¢/) @

For Xo:>XC the free surface amplitude increases at an exponential

C-c)t

where §-= %QXdA.and ({Lc) is positive,. Brand and

rate e
[B13] : i . ) .
Nyberg carried out a series of experiments to measure Xc, je.e.
the minimum values of X required for excitation of half frequency
surface wvaves. The measured values of Xc were found to be much

greater than those predicted by the theory. They attributed this

difference to the lack of development in the previous theories of the
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free surface damping coefficient. Considerable efforts have been
given in the last few years by’Miles[MBJ, and Mei and Liu[M4] to
improve the damping theories taking into account the most possible

sources of energy dissipation.

Owing to the mathematical difficulties involved in analysing
tanks of various geémetrical configurations; Kana[K1] conducted an
experimental investigation of liquid surface oscillations in 90o
sector cylindrical and spherical tanks. The liquid response in both
containers was found to be essentially similar to its behaviour in a
cylindrical tank)especially the half frequency subharmonic response.
The free surface modes in a spherical ténk are dependent on the fluid
depth. It was anticipated in that study that the motion of the
liquid in the first mode of the 900 sector tank could exert a net
torque about the longitudinal axis, if the proper phase relationships
exist in the motion. Such a torque cannot occur in a non-sectored

tank, or even in a sectored tank under lateral translational input.

The influénce of parametric excitation on the discharge of
liquid propellent from tanks of space vehicles has been determined
experimentally by Schoenhalls; Winter and Griggs[ss]. It was found
to be a remarkable flow retardation as the aﬁplitude of the acceleration
level increases, on the other hand the flow retardation decreases as

the frequency of excitation increases for a fixed acceleration amplitude.

In a recent field; the parametric response of the interface
between two dielectric liquids under an alternating electrostrictive

force has been studied by Reynolds[RSJ; Devitt and Melcher[D1] and

[B14]

Briskman and Shaidurov Their studies showed that, for stability
of the interface, the applied voltage must be high enough to suppress

surface tension effects and lower than a certain analytically determined

\’
e
-
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critical value. For voltages greater than this critical value,
experiments[Rs] indicated that the interface is unstable. The
critical voltage Vc in this case is analogogs to the critical onset
exciting amplitude Xc, and the stability criteria follows the

boundaries of the Mathieu Chart.

Mathieu’s equation (I.7) is adequate to predict the stability
of fluid motion; however it fails to give a unique bounded solution
for the liquid response amplitude. This fact led Skalak and
Yarymovych[S1o] to utilise the nonlinear mathematical model of free
oscillations of wave motion developed by Penny and Price[P1] to
investigate theoretically the finite amplitude surface motion for an
infinitly deep rectangular tank subjected to longitudinal excitations.
Vhile agreeing theoretically with Benjamin and Ursell; their
experiments yielded only one-half subharmonic fesponse. They
.suggested that damping was a secondary effect on the one-half

subharmonic motion.

Dodge; Kana, and Abramson[Dz] used the same method of attack
for the case of a circular cylindef subjected to the same type of
excitation., Thgy found that the symmetric liquid modes appear as
prominently as antisymmetric modes. In their experiments; both
half frequency subharmonic and harmonic liquid motion were observed;

but the latter was less common.

Chu[cg] followed another line of attack based on Moiseev
perturbation theory[M1o] to investigate the subtharmeonic liquid
response, Moiseev.theory however, is dependent on the accuracy of
the numerical construction of the Neumann function and the characteristic
function. Nevertheless this method has not received any more applications

in this field.
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The influence of the tank geometry was studied theoretically
by Woodward and Bauer[wz] who considered an annular sector cross-
section partially filled with 1iquid.- They showed that .stability
considerations would make the occurrence of harmonic and super-
harmonic responses very difficult. They concluded that a response
at frequency (NQ/Z) could be maintained if the disturbance, resuliing
from equipment imperfections, etc. was less than the order of (Xo/é)N

where N is integer.

04] and Bauer, Chang and Wang[BS] extended these

Chang[
studies to detérmine the effect of the tank bottom elasticity on the
liquid motion in a pircular tank under longitudiﬁal excitations.
They found that the influence of the elastic bottom vpon the liquid

response is more significant as the tank diameter increases and as

the bottom thickness and height decrease;

Fluids; structure elements and mechanisms (as pendulums)
exnibit the same characteristics of instability according to the
linear theory. However, it has been found[W1] that the nonlinear
formulation of the free surface dynamics is governed by an equation
(for one mode) similar to a certain extent to the nonlinear
differential equation of motion of avparametrically excited pinned-
end_beam; Fig.'(I.7c). Bolotin[B12] discussed the latter case
in detail and found that for a beam oscillating in the first mode

. with a deflection expressed in the form;

W(x,t) = £(t) sin(mx/t)

the time functiocn is governed by the nonlinear differential equation

. . ol . ..
£+ 2cf + wj(1 - 2p cosQt)f +\If1(,f) + W (£,£,8 ) =0

cenae (111)
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where
Y/i(f) = yf3 is a nonlinear function of>displacements characterising

the nonlinear stiffness of the system.

\P;(f;f,f ) = 2&ke[£f + (f )2] is a nonlinear function determining

the nonlinear inertia.

Yy = coefficient of nonlinear elasticity

K = coefficient of nonlinear inertia
n4EJ '

w, = [ 1 ] natural frequency of the first mode
mé

t = length of the beam

BJ = bending stiffness

m = mass per unit length of the beam
P
t . i n
p = ——5— excitation parameter
2(1>1 - PO)

P1 =. BEuler buckling load of the first mode (= nZEJ/ZZ)

¢ = Damping coefficient

Depending on‘the values y and K the characteristic of the
system response can be determined. Bolotin gave a typical picture
for the influence of nonlinear inertia; Fig. (I.9b), and nonlinear
stiffness Fig. (I.9a), where dotted lines indicate an unstable
solution. The response curve in Fig. (I.9a) is given for hard
systém, Y>O0. In most liquids the free surface response exhibits
soft characteristics, i.e. the amplitude increases in the direction

of decreasing forcing frequency.
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Nonlinear analytical solutions of parametric resonance problems
can be obtained by perturbation methods[813]yor by the averaging
techniques devised by Bogoliubov and Mitropolskii[B1o], Evan—Iwanowski[EZ]
presented a survey of the parametric response cf structure elements,
such as cclumns, arches, plates and members of aircraft structures
and listed the various techniques used for the determination of the

stability boundaries and the amplitude~frequency respounse.

The previous'discussion covers the phenomenon of parametric
resonance assuming that the excitation is sinusoidal which is an
ideal case. In practical applications such as the motion generated
by earthquake;; the excitatién consists of many harmonics and
sometimes appears as a beating type motion. This latter was
considered by Barr aand McWhannell[B1] who studied the stability
behavicur of a single—degree—of—freedom'syséem subjected to a vertical
ground motion consisting of two inputs of equal acceleration
amplitudes but with different frequencies Q and kQ; where k>1 is
a real number. Their analysis predicted two regions of instability

near the following resonance condition

14
il
S5

Q (k+ 1) (a)

(1.12)
¢ (G -1) (v)

e
Il
[NES

Where w is the natural frequency of the system. The first relation
(I.12a) was found to be of small influence because of its relatively
narrow instability region. Relation (I.120b) gave a considerably

wider instability region when k was not far from unity.
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A similar problem was treated by Yamamoto and Sa.ito[Yl‘:| but,
instead of applying two parametric excitations, they considered one
parametric load with frequency kQ and a disturbing force with
frequency Q acting laterally. They found that instability occurs

at;

R(k + 1) (a)

€
1}

Q(k - 1) (v) (1.42)

€
]

. . , "
Again the difference type (I.12b) was more significant in causing

. ' ¥
instability than the solution of the sum < type (I.1ZQ).

Combination Resonance: Systems with several degrees-of-freedom

can exhibit instobility of a resonancé type when the exciting frequéncy
and two or mocre natural frequencies satisfy a linear relation witu
integral coefficients. Under such circumstances the system

vibrates simultaneously in several normal modes. This phenomenon

is a special type of parametric resonance and the approach to it is

by the theory of linear differential equations with periodic |
coefficients. It is due to Cesari[cz] who deduced mathematically

the two regions of instability at;

Q

]

|
sl

v @ |
(1.13)

Q =-% \wk - wli | (v)

where Q is the frequency of excitation , W and w, are two natural
frequencies of the system, and n is a positive integer number. When

k # ¢ the instability is referred to as a "combination respnance of the
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second kind It is of the first kind if k = ¢, the case

which was discussed in the previous section. Furthermore, Bolotin[BI?]
referred to relation (I.13a) as the combination resonance for

canonical systems while (I.13b) is for non-canonical systems. The
subsequent motion of the system under resonance conditions (1.13)

can be described as two normal mode oscillations, with indices

kX and ¢, which are simultaneously excited. Typical mode shapes for

a simple vertical cantilever subjected to vertical excitation were

observed by Jaeger and Barr[J1] and are resketched in Fig. (1.10).

Mettler[M7] presented a survey containing most of the
important mathematical methods, results and various problems relating
to the combination resonance. Investigations have been extended
to many applications. In aircraft structures, Barr and Done[Bz]
found that for small fuselage excitation the substructures can
exhibit instabiiity regions of the summed type (I.13a). At the same
school; Barr and MCWhannell[B1] showed that the combination resonance
is one of the.remarkable gources of instability in multistorey

building structures subjected to vertical ground excitation.

Stability under conditions (I.13) has been investigated by
Gelfand and Lidskii[G1] and Hahn[Hz]. They éhowed that under
certain circumstances the system is unstable under the summed type
relation (I.13a) while it is stable in the difference type (I.13b).
In the first case the amplitude increases exponentially with time,
and thus introduces nonlinearities in inertia, stiffnesses and
damping and these factors alter the problem[B12] as we shall see in
the next section. In the second case the solutions are still
oscillafory. Sen Gupta[s4] indicated that the transition from
oscillatory or stable solutions to those of unstable ones should be

continuous with respect to the parameters of the equations of motion.
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Pypical stability boundaries of a straight bar subjected to an

axial pulsating loéd are delineated by Metéier[M7] and presented

in Fig. _(1.11) for the first three regions of instability (n =1,2,3).
In a comprehensive paper, however, Yamamoto™ and Saito[Y1]

showed that to the first approximation there is no unstable vibration
of summed and differential types of higher order (n=2,3,....).

Their conclusion was confirmed experimentally. For higher orders
however, vibrations of type (I.13) can appear at the nth approximation,
and there are unstable vibrations of higher order only of the

summed type.

As the damping was not considered in the Mettler example,
Fig. (1.11), the onset excitation amplitude is zero at w = Q. However,
contrary to the results for a single degree~of—freedom; the damping
forces do not always décrease the width of the unstable regions in
which two unstable vibrations of frequencies w, and w, build up
simultaneously. This destabilising effect of the damping
forces was found by Massa[M1], Hagedﬁrn[H1] and Pu .and Nemat-Nasser[FZJ.
The effect is similar to that found by Ziegler[Z1], Bolotin[B12] and
Herrmann[H6] for nonconservative elastic systems with two-degrees-

of -freedomn.

With three mode interaction, the system can exhibit instability

of the third kind as;
Q= w + Wyt g (1.14)

Some remarks on this type are found in ref. [MT7].
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I.4.3 Autoparametrig[internal (Nonlinear) Resonance

Within the scope of the classical theoryvof small oscillations
in multi-degrees-of-freedom systems, it is possible to perform a
linear transformation into the principal co-ordinates which results
in an ﬁncoupled set of : equations of moéion. The corrresponding
solufions are harmonié and.quite adequate to describeAthe response
of the system as long as the corresponding motions are not far from
the stable static equilibrium configuration. However; for some
systems it is not always possible to get a response to remain near
that stable configuration and unexpected types of motion can occur.
The response of systems in such situations can be determined by
considering the nonlinear terms which couple the different normal
modes. This fact has been realised by many authors[H9—1O’ 85,6 X2, B3’4]
and can be illustrated by the example given by Kane and Kahn[KZJ, of
a spring mass system free to oscillate about a horizontal axis. - They
showed that, if the spring is given an initial elongation with a small
angle 9, then under certain circumstances the value-of © grow with
successive oscillations. The motion eventually becomes almost
pendulum-like, the angular oscillations then decrease with a
corresponding increase in the sp?ing elongation and the process repeats
itself periodically. This énergy flow between the twWo modes cannot
be predicted by the linear theory; Sethna[S10] and Barr[B4] showed
that the nonlinearities in such systems appear as a product of the

different modes. Barr’s paper gave the equation§

.. 2 ’ - - .
Pt wP = €S S lngPPy - PPy - Krj( 1:)1)j -wd P - Fr(t)}

eeeenl(1215)
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Equation (1.15) in fact represents n equations (r = 1,2,...n) in
the nondimensional normal co-ordinates Pr' The first two terms on
the right hand side are the inertial nonlinearities; the third term
is the parametric excitation; the fourth is the damping and the last
is the forqing term. €& is a small parameter, lrij’ mrij and drr

are constants for a given structure.

The nonlinear inertia terms have an important influence upon
the behaviour of the system; especially undér the condition of
internal (or nonlinear) resonance. Internal reqonance indicates
the presence of a linear relationship between the natural frequencies
of the different modes. For a two degrece of freedom system with
quadratic nonlinearities internal resonance occurs when the natural
frequency of one mode equals twice the natural frequency of the other
mode, For three degrees of freedom system with quadratic nonlinearities
the natural frequency of one moie equals the sum or difference of

the natural frequencies cf the two other modes; viz.

W, = 2mj (a)
(1.16)
w, = wj‘i wy (b)
Vith a cubic'noniinearity Toméé[Tz] showed that internal resonunce
can occur.at one of the twe conditions§
2 .
w, =3 wj (a)
- (1.47)
1
w, = 3 wj (b)



-31=-

The motion arising due to the nonlinear coupling of the different
modes is similar to the energy exchange.between different modes as
observed in free vibration test[Kzl. In forced oscillation systems
one mode may act as a vibration absorber ?o another. This pfoperty
led Sev1n[88], Struble and Heinbockel[S18’19] and Haxton and Barr[H5]
to study the characteristics of systemé named by the latter authors,
as autoparametric vibration absorbers. It was Minérsky[Mg] vho
gave the term "autoparametric" to a vibrating elastic pendulum with
nonlinear inertia interaction between the modes. The autoparametric
coupling can be distinguished from the parametric case by the
presence of nonlinear terms linking two different modes such as Pifj.
Here Pj - an implicit function of time - acts as a parametric'load
with the stiffness Pi' In parametric problems the external periodic
excitation - an explicit function of time - appears as a coefficient
of Pi' The coefficient Pj "is not; however; an infinite energy
source independent of Pi but is linked to it throﬁgh the eguation

of motion[B4]".

With autoparametric courling there is a qorresponding
"autoparametric resonance" which occurs when the conditions of internal
resonance (I.16 or 17) and external resonance (when ., nearly equals
the external frequency Q) are met simultaneously. Under these
conditions it is found[B4] that the modes related by the internal
resonance can iﬁteract in such a way that, for example, ordinary

forced excitation of one mode will result in exponential growth of

another.

As a recent topic; these class of problems have been treated

(A5, R1-4, 55,6]

by a few authors considering some applications to

vibrating systems. Asmis and ’I‘so[AS:l studied the effect of intermal
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resonance on the combination resonant response in a two degrees-of-
freedom system. They found that ‘the internal resonance tends to
reinforce the combination resonance, resulting in a larger steady-state
dynamic response than that with the combination resonance alone.
However, the effect of the internal detuning was found to cause
desynchronisation of the system, which means that the system may not
be able to reach a steady state and beating results, due to the

continuous exchange of energy between the two modes.

Barr and McWhannell[B1] realised the importance of autoparametric
resonance on the instability of multi-storey building structures.
A qualitative analytical study; accompanied by an experiment illustratedv
the interaction of two normal modes of a frame arranged to have an
internal resonanée condition (I.16a). Barr and Done[B2.J demonstrated
the possibility of the occurrence of autoparametric instability in
an aeroelastic model wing (with a typical store). Hermann and
Hauger[H7] found that divergence and flutter emerge formally as special
cases of autoéarametric resonance. The dynamic response of a thin-
walled column subjected to parametric excitatioﬁ has been obtained
by Popelar[Pz] through a numerically integrated solution of the
nonlinear differential equation§. The results showed that a cyclic

interchange of energy occurs between the axial and torsional motion.

That field is still open for many investigations of different
systems; however, the mathematical tools for tackling suqh kinds of
problems are well documented. Among these tools the averaging
method by Bogoliuboff and Mitropolski [B]O] has been used by Sethna
[s5-S7] and others [M5].  Another powerful and straightforward technique,

the asymptotic method devised by Struble [S14], found applications to



this type of problem [C7, H5, S15, S17]. Kane and Kahn [K2]
presented two methods based on the Floquet Theory [c3] and the
Hamilton-Jacobi Theory [01] to obtain conditions of nonlinear
resonance. These different techniques and many others have been

well compiled more recently in a book by Nayfeh [N1].

I.5 Scove of the Prescnted Research

The present problem is an application of the theory of auto-
parametric coupling in a structure containing a liquid. . The dynamic
interaction of the strﬁcture modes with the fluid sloshing modes'are
investigated theoretically and experimentally. A generai mathematical
model is formulated from ﬁhich three cases of study have been |
'iﬁvestigated, namely two, three and four modes interaction. The
theory of asymptotic expaﬁsioﬁ due to Struble‘[s14] has been used
-in solving the coupled nonlinear differential equations in the
neighbourhood of the critiéal regions of autoparametric resonance.

In Chapters (III, IV) the Struble methcd shows that the éutoparametric
conditioﬁ ccnsists of one external and another intermal resonance
condition while in Chapter (V) it consists of one external and

two simultaneous'internal resonance conditions. | For two mode
interaction a sclution ;s obtaiﬁed-by considering cubic nonlinear
terms in the governing equations of motion. A FORTRAN CDPOLR
subroutine has been used to solve a polynomial of eighth order.

For higher modes, analysis is confined to second order terms. Use
has been made of the Continuous System Modelling Program (csmP)

to solve a system of six simultaneous nonlinear differential equations.
In some other cases the IMP Davden routines are used to solve a systeﬁ

of nonlinear algevtraic equations.
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CHAPTER II

GENERAL FORMULATION OF THE PROBLEM

An elevated water tower structure or a liquid propellsnt space
vehicle are examples of complicated structure systems. The analysis
of these systems, when subjected to various loads, can be greatly
simplified by representing the system'components by an appropriate
‘mechanical system. Figure (II.1) is a typical representation of

a structure system consisting of the thres sub-systems;

-a) The fluid which is contained in the top tank.
b) The spring-mass system carrying the fluid container.

c) A damped spring-mass system carrying the other two systems.

The interaction of the fluid dyanmics with the dynamics of the

structure systems will be studied when the base is subjected to a

vertical sinusoidal excitation‘?ocoth. Under this type of excitation

the fluid container moves up and down and, under certain conditions

(to be shown in Chapter IV); moves laterally as well, Accordingly,

the free surface of the fluid exhibits normal sloshing and hydrecdynamic

forces are fed back to the structure.
The mathematical model of the dynamics of the system will be
derived by studying the derivation of the fluid governing equations

and the equations of motion of the mechanical system.

IT.1 Fluid Field Equations

The general equations of motion of fluids have been documented

in books on theoretical hydrodynamics[L1’T1]. Using these equations

in
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in their exact form seems to be rather difficult, hence the problem

will be simplified by introducing the followingfassumptions;

i) The container is rigid and impermeable

ii) The fluid will be assumed inviscid* and incompressible
and initially irrotational

iii) Capillary or surface tension effects on the liquid surface

waves are neglected.

The tank will be displaced along some trajectory in space.
It is convenient to refer the fluid motion to a moving co-ordinate
system as the variables are to be measured by a measuring device which

is moving relative to the inertial systen.

However, it will be useful to write the fluid equation of

motion with reference to both stationary and moving co-ordinates.

I1I.1.1 Fixed Co-ordinate System

Let'd X'Y'i be the stationary Cartesian co-ordinates (an
inertial reference frame) in which the plane 0 X Y coincides with
the undisturbed free fluid surface: The Euler equations of motion
of the fluid are[T1]§

29 4 (3.9)q = - Ly ~v(ed) (11.1)

*
This assumption is applied only through the derivation of the fluid
equations. Damping term will be inserted after the formulation of

fluid equations.



where
q = fluid vector velocity
94 o ~
3% = local acceleration of the flow at a point whose

co-ordinates are not allowed to vary. This acceleration

is measured by a fixed observer.

(q.?@q = the convective acceleration for a particle drifting
with the stream at a velocity q in the flow &irection.
This acceleration is measufed by an observer moving with

the particle.

P = fluid pressure at the point in éuestion
p = fluid density

gZ = the gravitational potential field

for irrotational motion there exists a velocity potential functioan

whose negative gradient gives the fluid velocity; i.e.
q =-Y¢ (11.2)

Introducing this relation in equation (II.1) gives;

2 29

VS +3a" + et -5 =0 (11.3)

o |~

. after integration (IIQB) becomes;

T S o m

o |+

1
2 4q

where C(t) is an arbitrary function of time.
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Equation (11.4) is the general form of'Kelvin’s equation for
an unsteady fluid. In this equation the potential function P is
a function of space and time, and its derivative with respect to
time measures the unsteadness of the flow. However;%gg is iﬁterpreted
as the work done on a unit mass of fluid whose co-ordinates are

(X, Y, 2 ), due to local acceleration.

Equation (II.4) is valid only for incompressible flow; in
which the velocity potential function.@)should satisfy Laplace’s

equation of continuity;

v d= 0 : (11.5)

IT.1.2 Moving Co-ordinate System

Let OXYZ be another co-oriinate system fixed to the tank
such that the O0XY plare coincides with the undisturbed free surface.
The moving frgme 0XYZ coincides with the inertial fréme g X’Y(ZT when
the container is at rest. Let V, be the veloqity of the origin

P
O relative to the fixed origin O , where;

V=X, i+, 3+%,k

(Xocose + yos1n9);r + (yocose - Xos1n6)}9 + Zo%z
the second expression gives the velocity components in cylindrical

co-ordinates. The fluid particle velocity Qrel relative to the

moving co-ordinates is given by;

@V =-Vd -7, (11.5)
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The velocity potential function<p can now be split into two
functions, a disturbance potential function‘i>which accounts for

the fluid motion relative to the tank, and a potential function.d)o

which defines the tank motion. Thus<b is written as;

b=+,

Both ¢ andd  should satisfy Laplace’s equation (II.5).

the tank will oscillate in the plane oxz; Vo becomes
Yo = (X9 cose);r - (Xo s1n6)_16 + Zo i,
Thereforeélbo can be determined by integrating (II.S) asg
- . 3 Sy g2 22
¢>o = - X rcos®-Z%z -3 f(xo + AO) at

introducing (II.6 - II.9) in (II.4) we write

~

+ —12—(?(5.&7 C}S) + (g + 20)Z + iorcose -CPt

o I

Equation (IT.10) is the fluid field equation referred to

co-ordinate system which is moving with accelerations Xo

The complete solution of equation (II1.5) must satisfy the

relevant boundary conditions of the problem which are§

Since

= c(t)

the moving

and Zo'

(11.7)

(II.85

(11.9)

(11.10)

i) At the wetted rigid wall and bottom the velocity component normal

to the boundaries must vanish, i.e.,
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or r=q

_ (11.11)
2d .
oz z=-=h

ii) At the free surface we have two unknowns, the shape of the

free surface and the value of the velocity potential; therefore,

two conditions are required. These are:

a) Dynamic Free Surface Condition

The dynamic condition is obtained from equation (I1.10) by setting

P equal to zero on the free surface Z =f](r;e;t) asg

{}l

E.

- HYD YD) - (g + Z )N~ wX cos0 = 0 (11.12)

=1

where the function C(t) has been absorbed in the potential function &)

KN
CL

and q denotes the free‘surface wavgheight of the liquid.

'b) Kinematic Free Surface Condition

The kinematic condition requires that the vertical velocity of a
fluid particle located on the free‘surface should equal the
vertical velocity of the free surface itself. For zero

surface tension; the equation of the free surface is given by

z =r'|(r;e;t) | (11.13)

or
~ a ~ ~ ) . $
-$, =éD£ -d.N_ - 1;2(Peqe on Z=1) - (11.14)

where Lletter subscript (v, 8,7) denotes d/fferent/atlon w.nt. the
Subscnpted Variable-
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It is evident that equation (11.14) has been obtained from
the geometrical considerations of the free surface. The left hand
side of (II.14) issimply the velocity in the Z-direction of a fluid
particle on the free surface while the right hand side is a statement
tﬁat the same particle has the velocity of the free surface qt plus
the algebraic sum of the vertical c-omponenfs of the velocity relative

to the free surface.

The complete formulation of the boundary wvalue problem in

terms of the disturbance potential function is summarised as follows;

1) v cfp ~ 0  inside the fluid domain (a)
2)%% =0 at r=a (v)
3)%%) =0  at Z=-h (e) ‘}(11.15)
4)%% - ‘g(y?éy{f)) - (g + 'z'o)r] - ri'cocose =0 atz=N (a)
5)%% ‘i; qr——1—2‘~ '?e +q;Z=O ] at Z:ﬂ (e)J

A solution of equation (II.15a) thaf satisfies conditions (II.15’b,c)

is )
s o cosh[ A
$(r,0,2,t) = > §1o< (¢) 7 (>\ r).cosmb. czghm){l(?h)] (11.16)
. m=0 n= mn

" where k are the roots of JI (>\ a) =
mn m' mn

Alternatively an expression for the free surface elevation l’l can be

written

: r‘|(r 0,t) = E 5 a_ () J_( ‘énr)cosme (11.17)

m=0 n=1

*
this form of solution can easily be derived and is given in [D2] and
elsewhere.
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The coefficientsC*mn and a . (generalised co-ordinates of
the mn modes) are time dependent and obtaiged through satisfying
the free surface conditions (II.15q,e). The acceleration terms
20 and io in (II.154) are dependent upon the excitation of the asystem
and the mechanical characteristics of the system. Their values

as well ascﬁuland a ., are not known since they are coupled with the

equations of motion of the system.

II.2 System Equations of Motion

The equations'of motion of the system will be derived by

applying Lagrange’s equation

d pL 3L 9D (
- + = = Q, II.18)
gt G 9q, "oy U \ '
where
L = T-V, the Lagrangian
T = Kinetic energy of the system
V = Potential energy
Qi = Generalised forces, corresponding to those external
forces which cannot be derived from a potential
D = Dissipation function
Q; = Generalised co-ordinates which are independent of each
other and satisfy the configuration of the 'system at any
time, their number corresponds to the number of degrees
of freedom of the system, in this case they are;
f' = Vertical displacement of the main mass

Xd = Lateral displacement of the tank.

a__ = Fluid free surface displacement of the mode (mn)



The fluid forces will be considered as external forces.
Regarding the dissipation function D there are two sources of

energy dissipation;

a) The structural damping which is proportional to the amplitﬁde of
the elastic members and in phase with their velocities. Unfortunately,
this will lead to complex elements which would complicate the

analysis considerably. So for simplicity, Bauer[Az] assumed that

the dissipation function will be equivalent to linear viscous damping.
This is justifiable as long as the damping forces are small and only
of importance in the neighbourhood of the bending frequencies.

Making this assumption the dissipation function of the structure is

given by;A
D. =+ > . g5 (11.19a)

where Ci is the ST : . structural damping coefficient of the

{th mcde.

b) The liquid and any dashpots. Their dissipation function is

equivalent to linear viscous damping. This takes the formi

n: ) N "‘*'g"-

where C  is the damping coefficient of the nth mode.

The relationship of the displacements of the‘system members
in terms of the main mass displacement are still needed. For
the given configuration, Figure (II.Z); with 2 beam fixed at both
ends; the horizontal displacement Xd due to a lateral unit load

acting upon one end equals (13/12EI). This lateral displacement is



equivalent to twice the displacement prcduced by a cantilever whose
length is (2/2) Accoxtdingly it can be assumed without loss of
generality that the corresponding longitudinal displacement A of
the end is twice the vertical dropz{ of the end of the cantilever

of length (172)
O =} g‘/z (2)247  (11.20)

Let the deflection curve be given by;v

,

X
X = W [3 Z/2)Z -2 ] (II.21)

where X is the end lateral deflection (at [/,).

Introducing (II.21) in (I1.20) gives
< 6 (22
A = BZ(Xd)

But for the beam of length £iXy = 2X; and A= oA, therefore

NS

A=

Ui
:Nl ta!

(11.22)

which is the same form as that for the cantilever[Hs],- the only

difference being in the value of Xd which depends on end conditions.

The actual vertical displacement of the tank is; = -A
- 2 x2
_F - =7 X3
. . 6 :
and its velocity = § 5—' X

d-d



Fig(ll- 2)
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The kinetic and potential energies are therefore:

L B2 4 x2 m2  12F 36 222
T=FHET + Fm (X5 +E° - 5¢§ded+ 25£2dedl)

(11.23)

V=12-KS1EZ+%KS

2

X+ Mgé’ + ug(€ - —5% xg)

Applying equation (II.138) gives;

System equation of Motiom in the vertical direction:

5 ' L6 2 6 .z a2 :
mE + ¢ + K + nfF - 57 Xq - 57 Xgkgl = -1° "prardd + KS,|§ocoth

eeo.o(I1.24)

System equation of Motion in the horizontal direction:

.

: 6 E N T -
Xy + C%g + KXy = g7 ms X + . Xg[X Xy + X3] =, 0 { "Pcos9.ad0dz

36m
m, o

o . el (11a28)
"‘where KSI and R‘SZ are the SPV/'ng : StiffneSSeS yshown' n flgul-?)
In equation (11.24) the origin of co—ordinatelg has been chosen at
the position of static equilibrium where the gravitational forces
ZE m.g are balanced by the spring force KS1§ (where & is the static
i

deflection of the spring due to the weightzzmig). Therefore only
L

forces due to displacement from-this position are included.

The acceleration expressioas 7 and X in equation (II.12)

are now easily written asj

- ‘e 6 -2 .
2 =5 - 57 (X3 + XgXy)
> (11.26)

. _ .o _6_" . 36 e -2
X =Xy - Szé’xd o Xq(X Xy + X3)




Introducing the expressions (II.16;17) in the nonlinear fluid
free surface boundary conditions (II,15d,e) produces a major difficulty
because of the high degree of nonlinearity of the different modes
and equations (II.15d,e) apply on a surface which is not known
beforehand. In order to get any quantitative information, it
appears essential to introduce approximatioh in the free surface
equations. The previous literature has shown that methods have
been developed for treating the large liquid surface amplitudes in
rectangular and circular cylindrical containers. Three of the main

theories will be summarised briefly;

a) Moiseev’s Theory[M1o]: this theory is based on constructing
characteristic functions - normal mode functions - and characteristic
numbers expressed by integral equations in terms of Green’s function

of the second kind. . Moiseev’s theory did not indicate how the
characteristic function could be obtained. Chu[c9] generalised it

by employing a perturbation method using the characteristic functions

to determnine the subharmonic response to an oscillatory axial exeitation,
however; the computations involved in its applications appear to be

rather difficult.

b) Penney and Price Theory[P1]: this theory is dependent upon successive
approximation. The potential function is expressed as a Fourier}

series in space with coefficients as functions of time. These coefficienté
are approximated by Fourier Series in time using the method of
perturbation. The resulting solution is in thé form of a double

Fourier Series in space and time. This method has been applied by

Skalak and'Yarymovich[SSJ; and Dodge et al[D2].
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¢) Hutton’s Theory[H1 2] :

this theory is simply based on expanding
the dynamic and kinematic free surface fluid equations in Taylor
series about a stationary free surface position. .The order of
approx1mat10n could be obtained more easily and in a straightforward ‘
way. This method has been used recently by Woodward and Bauer[ ]

in the case of parametric excitation of a circular cylindrical tank

with sector-annular cross-section.

Using the last of these theories up to the third order
approximation by inserting (II.26) in (II.15d;e) and expanding about

q =0 gives ,

21’3-—’2—@ + 1—2¢)2 +C§2) -r[-}'( ;ifx. 4 == 36 (}x +X2)]cose +
2P t¥2 a " 55%a 25l2d a =0

+
!

Ly WL PR £ e xil) 0

e
(@)

and
{qt - erﬂr - iz r]e~e +cpz} =0 +{cbzz - qxérz - :12 qeqbez}qzo. N+
{ 7.2 - ‘brz7 : qe&;ezz }q=o'q/2 Fonens -0 (11.28)

Substituting (I1.16) and (II.17) in (II.27) and (II.28) gives;



. _6—" 6 - <2
- (X, - seEXd + ——3——2522 Xd(XdXd + xd)]cose

+ % % {é(mn - (e +é (X + X )]a }cosme.Jm(}\mnr)

m=0 n=1

00
>
n

=1

00
-5 2>
il

=0

E E 9. F@- .J

A
+ 2 o(mno(p mp.sinm®, sinp6.J (>‘ r). Jp(%qr)

o sm6. cosph A 1),
+ mnO(pqco m6 cospeJm(Amnr)Jp( pqr) A

\ %\Dq.tanh( >\mnh) . tanh()\pqh )

- 20(mnapqcosn_19.cospO.Jm(Amnr) .Jp( )i)qr) %\nntanh( >1\nnh) } |

® 0 ® o x )
-S S > 2 > 2> {O(mnO(ank‘lcoome .cospb.cosk®. >~ >\ J (A 1)
gq= =

pq m mn

1
+ -;— O‘mno% a,klmn .sinm6, sinpHo. coska Aq Jm( %\nllr)Jp(qur)Jk( élr)tanh(%\)qh)

+O(mn0§)qaklcosme.cosp9.ccske A Az J (A r)J (>\ r) J (%‘dr)tanh( A h)

- 170( a a.klcosme.’cospecoske.}inJm(%\mr)Jp( %\;qr)Jk( %\clr)} teceane =0

mn pq

Ceeeee (11.29)

and;
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{'a + A tamh A _h.& }cosme.J (A r) -
mn mn mn ° mn n'‘mn

00

_§ %o %o > {O(mnapq.cosme.cospe AAS (A I‘)J (>‘ r)
1

mn pgq m' mn

1 . . .
- O(mnaqum(Amnr)Jp( >I\)qr)[:2- m?31nme.s1np6

+ Xincosme. cosPO]}

> > 222 2

©® @ W W O 00
m=0 n=1 p=1 q=1 k=0 1=1{

2 ’
Y A
Pq k1l on )\pqcosmecospecoske.Jm( mnr)

3

C(A A
JP( pqr) Jk( klr)‘l:anh >r\nnh
+ -;15 X Sn®pg®k1 PP /ém sinm®.sinpd.cosk6.J (>\ r)J (A r)J ( klr)tanh A -

o1 > A
> mnapqaklcosmecospe coskoO. >\mn Jm( Z\nnr)Jp( %qr)Jk( 1 r)tanh >r}1¥.1 }

Feeonne = 0u..... (11.30)

The radial component r in equation (II.29) could be expanded

in Dini series as
00
- ' A
- n2=1 Fn J1( 1nr)

Pre multiplying both sides by rJ1 (>1‘n r) and integrating from r=o to

r=a, the value of Fn is obtained as

2a

» " ( 2na2_1) J1()%11'3)

= 1.4386 a for n=i
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Equations (II.29) and (II.BO) can be re-written in another form of

Jm( >n\mr)cosm6 terms as follows

The dynamic free surface equation (II.29)

¥ b E 36 _ 23
_{[xd - SKEXd + oz Xg(x %y + X ) 20 )}coseJ1()s1nr)
A1na— 1V
(0.0} o0 .
.2 N
+ mZ—o nZ_ { - [g £ - g%‘(xd + ded)]a‘mn} cosmeJm(}\mne)
+ s(r,e,o<o1,o<“,...,og1,o<“,...,ao1, ajs-ee) = 0. (11.31)

Where S represents all the other nonlinear terms in eguation (II.29).
Consider 0<mn’ &n and itheir time derivatives in S as parameters and

expand S in a Fourier-Bessel series:

0w . . 2\
mz_o %‘1 S ( o1 ? 1,...6101 ,O(11 peesesB g 9By yeoa.)cOSDO. J ( mnl/
..... . (11.%32)
where
ofaofan. r. COSme.Jm(>‘mnr)d9dI‘ _
mn y (11.33)
a 2n .
oJof x cos me.Jm(Amnr)dedr
substituting (I1.32) in (II.31) gives
- = -2 2¢
-9 [%; - 5—615)((1 . 25 2 d(X +X)] == 2 }cose.J1 (>\.1nr)
251 (X2 -1)3, (A, j2)

m=0 n=i}

m m o ' | L
> > {‘an - [g +& - —5% (xi v XX e o+ S, }cosme Jm(/\mnr)

ceee.o(11.34)
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Similarly, for equation (II.30)

% %1 {é‘mn + (>n\1ntanh %‘nnh)(xmn }Cosme’Jm(')x\nnr)

m=0 n=

+ H(r, 0,00, , 0, 1500058, T I A (11.35)

Expanding H asj

00 00 . . .
H= > > hmn((xm,CX.“,...,ao1,a11,....,ém,,éﬁ,...)cosme.Jm(%\nnr)
m=0 n=1

eeed..(11.36)

where;

a 27
of of Hr cosmG.Jm(Xmlr)dedr

h = (11.37)
mn a 2% 2 2 /
of of TCos me.Jm(%\mr)dedr

Introducing (II.36) in (II.35) results

>

mn
m=0 n=t

Q 00" '
> > {é + (%\nntanh 21\mh)o][<nn + hmn}cosme.l]'m(zmne) =0 (11.38)

The functiors cosm® Jm('>l}m6) in (II.34, 38) form an orthogonal set“,
such that their coefficients for every mode m and n constitute an
equation ino(mn and & ne The coupling of modes appears if nonlinear

terms in X and a are considered.
nn mn

By Avirtue of (II.10) the hydrodynamic pressuré can be expressed
in terms of the potential function in the system equations of motion

as;
[M 4 m ]g+c E+K f—im (XX +)'(2)
o t1 s1 s 51 +1'7dd d

a 21 2 1 x2 x2 .
+ o 0 ) [CP,C - %—@r + -;ECPG +C[>Z)g_—hrde.dr = 1g1gocos§2t ‘ (11.39)
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" . - 6 36 .2
meaRg + CpXg + KXy — 5y mB Xy + o512 my 1% (RgKg + X3)
0 on (72 1R2 &2
-0 I B, - 02 + r2<I>e +<Pz)l_aacose 46 dz = O (11.40)

where m,, is the mass of the top structure with its Liquid

Considerable simplification is possible in the evaluation of the
integrals in equations (II.34, 38, 39 and 40) by using the orthogonal

and recurrence relations given in Appendix (A).

The problem ié now described mathématically by the four
equations (II.34,38,39,40) which are coupled through nonlinear terms.
However, the fluid free surface equa%ions (11.34,38) are still
unbounded due to the presence of an infinite number of modes, and
consequently an infinite number of equations. The order of magnitude
o:l’:‘O(.mn and 2 nave to be known in order to decide the appropriate
number of significanf modes. This will limit the problem to a
finite number of equations corresponding %to the number of modes. In
their studies of free standing waves; Penney and Price[P1] assumed
that the forced waves are very ﬁearly free waves. Skalak and
Yarymovich[SBJ showed the validity of that assumption and found
that large amplitude surface waves can be maintained by small values
of the excitation amplitude. They also developed an analysis of the
or@ers of magnitude of an and(an for forced waves. Ip egperiments

"“ﬁéffofmédeith a circular cross section tank, Dodge, Kamand Abramson[Dz]

- found that the (0,1) and(2,1) modes appeared as the secondary modes

vhen the primary was the first antisymmetric mode (1,1). The mode
(0,2) appeared as the secondary mode when the primary was the first

symmetric mode (0,1), and so on for the other modes.

These relations can be expressed as follows.



1) Taking the first

11
ol

21

2) Taking the first

If

ol

)
]

o2
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By induction the orders of magnitude of the

can be written.

antisymmetric mode as the predominant:

O(a)
O(a2)
0(a?)

U{am)

11
Xof

X4

= 0(a)
= 0(a?)

= 0(a®)

'=. O(am)

symmetric mode as the primary:

O(a)
O(a)

O(an)

O(a)

0(a?)

Il

O(an)

1l

other higher modes
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CHAPTER III

FLUID-STRUCTURE INTERACTION IN PURELY VERTICAL OSCILLATIONS

IIT.A

By assuming the container to oscillate only in the vertical
direction, as shown schematically in Fig. (III;1), the governing
equations of motion (11.34, 38, 39) will be considered and take

the following form;

x - (& +2§)amn +8 = 0 (111.1)

mn

a o+ (A tahA h) +h_ =0 (111.2)
mn mn mn mn

’ e . ~ — ~2 ~
[+ my,]1E+ ¢ F+ K &+ poszn[cl) - %@i + —%cpe +§7 2y]rasdr

= Ks1éfocos9t (111.3)

where dots refer to differentiation with respect to time, and a
letter subscript (r, o, z) denotes the partial differentiation

with respect to fhe subscripted variable.

Only the first antisymmetric sloshing mode (m=1, n= 1) will
be considered. The functions S in equation (II.32), and H in

equation (I11.36) are;
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Fig(il-1) Schematic Diagram ot Two Degree-

. of Freedom Autoparametric System.
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Sy = - %0412 J ()\ r)cos 0 - 2r_ 11 1()“11‘)sin29
- 11 1( 1‘lr)cosze tanh2'>§1h
-+é‘11a11 %1' J12(>1‘1r)cosze tanh>1\1h
- “ )\ >‘ r) J12(>1\1r)cos29-tanh >\11h

- L2 A3 .2 by
20(1 a 11 J1(>§1r)cose sin~© tanh 11h

—o<11 “)\ 7\ r)cos otanh >\ /b

+ 170.<11 31212\121 J13()}Hr)cos39. (III.4.)
By = By Mpydy >§1r)°°sze N fimﬂaﬁ 'J12(>\11r)s‘in29

+0 8y, 11 >‘ r)c°s2e

--(>(11a121 J (>\11r) J (>\ r)cosae tanh?l\,I h

1 o 2 30N . 2
- r2 11 a11>1\1. J1( 1,Ir)s1n ] ‘cose tanh >}1h

‘§£><”a1 1)131 >\ r)cos ® tanh >\11h (111.5)

where a prime denotes partial differentiation with respect to r.

Introducing (III.4) and (III.5) in (II.33) and(II.36) respectively
and evaluating the Bessel integrals up to seven decimal figures by

using the digital computer leads to,



0
I

0.1045682 )\121 ' - 0.2810256 A“ot a tanh>\ b (111.6)

11 11 11 1171

h - 0.12251 5)\ tanh A, h (111.7)

11

4
Il

The numerical integration of the hydrodynamic pressure in (III.S)
gives; 2

O.202Onpo(11
F = -—>53— (111.8)

cosh }\ h
"
This means that the linear theory gives zero net force at the
tank bottom. The nonlinear term of the sloshirg force FS decreases
rapidly as h/a increases due to the presence of (1/cosh27\11h). For.
, N .

spall fluid depths , the fluid motion is governed by the shallow

water theory in which the pressure variations are hydrostatic and

hence no vertica. acceleration of fluid particles takes place.

Introducing. (III.6, 7) and the sloshing force term (III.8) in

equations (III.1, 2, 3) gives;

g - 22 2 2
S - . _
i gﬁu‘g‘)a11 + 0.1045682 >\“ §127; — 0.2810256A) 10<Ha“tdnh>;1h =0
' ....(111.9)
: A )% - =
P (>1\1tanh A X, - o, 122515)\11 <, 11tan_h>h =0 (111.10)
- . : O.2021tpo(
11
[Mm, ]E+ ¢ & + K & —— - K & cosat (111.11)
. cosh 11h :

.X.

In private communication, Professor F.T. Dodge mentioned also that the
term (e'z.“)2 in equation (III.13) is identically zero if the forcing
frequency is not in one of the critical ranges. For é,” # C the

forcing frequency must obey the relation;

(Agtamn 3m)? 5 (ytenn 0)°
- —<L "< '
1+ 2€ 1 -2€
as h/a*-_O then it can be seen that Q must approach zero like >\ ’ca*]_h>\ h.

11
Since 53.11 = AQcosQt then (éH)Z approaches zero like ( >1\1 ’canh h)2

and FS approaches a finite limit rather than infinity.



Eliminating (><11 and 01“ gives;

.. o - 2 i 4 E v 2 .
ayy + 20,Gay + o (T +Dayy + Ajy aqq(0.2270832a,,5,

+ 0.52605565.121) -0 (1I1.12)

- -y 2 0.202m. -2 2 ‘
Evow L Fv ol F - : al, = w, & cosat (III.13)
sl st 315 [Mo'”ntl]%z{ sinh(}‘“h) 1" s1>o

where W, 4 dg )1\1tanh>1\1h the first antisymmetric sloshing frequency
' Fig. (111.2)

K

Wy = —-S—L— the structure natural frequency
[M 4+m ]
o 1
‘5? = Damping ratio of the fluid (a damping term has been

introduced in the fluid equation since it was rather
difficult to consider the viscosity terms in

Bernoulli’s equation)

€s1 = Damping ratio of the structure.

Equationé (II1.12) and (III.13) represent an autoparametric
coupling case in which the term Edaﬂ arises linking the coordinates
é:and a4 andé; isirnl.mplicit-__ function of time. If § is directly
expressed as a function of time“, the two equations are reduced to
(1 -1 ) with E = f(t) and the problem reduces to .the case of liquid
oscillations under parametric excitation [DZ]. The present problem,
however, 'is similar to a certain extent to the autoparametric vibration
absorber studied by Haxton and Barr [HE5]. The-difference lies in
the nature of the nonlinear term in equation (III.13) and the sign
of the autoparametric 1’;erm in (III.12). This similarity is of

considerable help in anticipating the results of the present analysis.



It is convenient to write equations (¥I1.12, 13) in a non-
dimensional form. Referring to Struble’s Analysis [S16, 17] of

the simple pendulum motion under parametric excitation and to the

analysis of the liquid surface oscillations under the same excitation

by Dodge et al [D2], non-dimensional parameters that suit our

problem can be derived;

oy
T= m11t “1 "M +m
oy
€5==g?o/a my = npach mass of the fluid
6 = 0w, z; =€¢;
Ts1 = ws1/w11
34 Ay
€

—
E Ay qtanh b
Using (III.14) in (III.12, 13) gives;

v

’ . 1 2 .// /3 _
A, +26QAH-+U néZ)AH—ugAH(QAHA“-+CA“) =0

2
7 ’ 2 /2
Z + 2 - =
ers1§°s1z + T5,% - €Ly A, € feoss T
where:
0, 2270832
¢y = 2
tanh )%1h

_ 0.5260556

2 ‘tanh2 >1\1h
L - 0.202 ™
1 7 ’ 2 A s ZA
(h/d)§11.tanh y{P-sinh A.h
r2 ) ’canh;K h
¢ . 81501 11

€

(111.14)

(11I.15)

(111.16)
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and prime denotes differentiation with respect to the non-

dimensional time parameterT .

In order to study the behaviour of the system at multiple sub-
harmonic frequencies, it is convenient to re-write equations (III.15,

16) in the standard form devised by Bogoliuboff and MitropolsKi. [B10]

v 22 -1,.2 2 2 ’ 72
7+ S1 y 2 =€{E (S1 y - Tgy )Z - 2rS1CS1Z + I_-1A11 + fcosnp‘[} (111.17)

2 2 2 1,422 / v v /2
A+ Sy —5{6 (5507 - 1)ayy - oG hyy = A2 - @by (G Ay + O

ve.o(I11.18)

The forcing frequency parameter o has been replaced by n) where
n is a number and ) is in the neighbourhood of the lowest frequency
of the liquid mode, i.e.)=l, 5, = P1/q1 and S, = P2/q2 where P,
and q; are integer numbers, S1 and S‘2 are introduced such that

SAI2 ))2 - r§1'<€ and l Sgyzl— 1’<€.

The solution of equations (III.17,- 18) can be obtained by using
the approximate asymptotic method outlined by Struble [81 5]. Let

the solution take the form;

Z = B(T)cos[rs1T +9 (D] + €2, () + 62Z2(‘L‘)+....

(II1.19)

Ay = A(T) cos[T + o(T)] +ea,(T) +52a2('t) +oaeae

where A; B, &P, and © are slowly varying functions of the time parameter
T, and exhibit only long period perturbations, while the additive
perturbations Z,‘ s Z2,.. and Ay Bpyeee depict higher harmonics of
motion and are referred to as short period perturbations (a

designation borrowed from celestial mechanics [816]). However, the



Struble method of asymptotic expansion (II1.19) is carried out by
the familiar process of successive approximations with certain
innovations.  For ¢ = O, equations (111.17, 18) will be decoupled
and possess the elementary general solutions Z =D cos(rs1T +‘;P),
and AH = a cos (T+e) where the amplitudes b and a are constants.
Fore;é 0, the method is té permit slow vari.étions in each of the
amplitudes a, b and the phases {p and 6, and this deiermines these
variations successively to increasing orders of powers of &

together with the additive corrections Z1 s Z1 goo , and Bys Bpsenes

Substituting the expansions (III.19) in (III.17, 18) results in

the equations;

4

[B’/— B(rs1 +5‘3)2]cos(rs1‘[' +P) - [BSF;/+ 2]§(rs1 .+S‘;)]sin(rs1'f +5P) +6Z1,+...

+ 87)Boos (r T +¢P) +es1‘2)/221 T
,—_6{6“1 (3121/2 - r;)[Bcos(rs{L’ +P) +E€ 2, +]}

- 2€I's1§;1[Bcos(rS1T +L_P) - B(rs‘l +‘-ﬁ)sin(rs1_[ +P) +eZ’,I T]

+€L1[1'xzcosg('l'+ 8) - 2A1((1 + é)sin('lf + 0)cos(T + 6)
+ 22(1 + 6)? sin®(T+ 0)]
+ 2&8, 1, [£ cos(T+ 6) = A(1 + ) sin(T+ 0)] +..

+ ef cos(n))'[)

(111.20)



K- a1 + é)2 cos(T+ 0) - A6+ 28(1 + é)]sin(T+ 0) +ed +...
. 1

+ Sgp2 Acos(T+ @) + Sgyzea,I o,
_ -1/,.2 2
—E{é (S2y - 1)[Acos(T + 6)+ea1 + ]}
- 2€§;[Aicos(7.'+ 8) - A(1 + 8)sin(T+ ©) +ea’1 + oaee
‘6{ A[E;,-— B(rS1 +¢‘)2]cos(r 1'[' +@P)cos(T+ 0)
S .

- A[ng+ 2]3/(1-3,I +95)]sin(rs1'1’ +¥P)cos(T + 9)}

—62{ a1[B”- B(rS1 +‘75)2]cos(rs1"f +p) - a1[BSg+ 213/(1‘.S1 +‘f;)]sin(rs1T +P)

4

+ 2, Acos(T+ ©)

-

'€2C1{ AZ'[A:,— A1 +'é)2]0033(1'+ 8) - Az[Aé + 21((1 + é)]sin(’l'+ e)cos‘g('l.'-l-e).L

J

-eZCZ{A szcos3("c+ 9) - op? £(1 + 8)sin(T+ 6)cosz(T+ )
+ A2(1 + 8)2cos(T+ 0)sin(T+ e)} Feee (111.21)

The prccess is carried on by equating the coefficients of equal
powers ineg€. ‘The first equations that will be generated from the
terms of order zero in € are called variational equations while the
- other equations that come from coefficients of ¢, 52,... are referred
to as perturbational equatibns. At each step of the iteration
process the variational equatiohs are associated with the fundamental
harmonic tems{ggi(rs,l'f + 50)} and {g;i(’t# 9)} and the perturbational
equations with the remaining nonresonant terms_. Should a term appear

which is "nearly" resonant, such as cos[(rg, - 1) T+%¥-8] for
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T 2 +&, this is transferred to the variational equations. In
this way all potentially resonant or neérly resonant terms which
would lead to either secular terms or small divisors ; in the édditive

perturbations Z1.' Z?,... and 845 8py... BTE treated in the variational

equations.

Since A, B, © and ¢ are slowly varying functions of time,

7 4 0

2 7/ ¢ 7/
terms involving A B, yp, 6, AB, and BY can be neglected. At the
same time terms such as A, B/, é and on the right hand side will

also be ignored since they are of brdere.

Terms of zero order of & give the fundamental variational

equations;

2r B(P é{e (S1 y —rs1)B
nd e}
- =C{’1(s -H)A}

24 = {2§A

(111.22)

7

Perms of first crder of ¢ give the first order perturbation equations;

7 2 2

2 . 2
Zy + Ty Ly = 2rs1CS1Bs1n(rs1T +S°) + 1§L1A - 11, A%cos (2T + 20)

1
+ £ cos(nyT) : (111.23)
a/; +a, = ZgonAsin(T# 8) + + ABri1 {c§s[(rs1 - 1)+ - 8]

+ cos| (rs,I + 1)+ @+ 9]} . (111.24)"
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In (111.23, 24) use has been made of the elementary identities;
sin?(T + 0) = {1 - cos(2T + 20)]

cos(rS1T +Pcos(T + 8) = '7{ cos[ (rsj -1)T+9 - 6]

+ cos[ (I‘S1 + 1)+ P 9]}

The damping terms are secular terms; also some other terms give

resonance at;

r

1 2 internal resonance

n )

(111.25)

I

To external resonance

An internal resonance condition occurs if the structure frequency
is equal (or approximately equal) to twice the fluid frequency. If
this condition holds, then the system will lie in the region of
parametric instability if the external forcing frequency approaches

h 9 3 1 —_— — ' —
T4 (or 2). This implies n = 2, 8 = 2, and s, = 1.

Removing @11 secular terms in (111.23%,24) to (III.22) and

keeping non-rescnant terms results in

“ 2 4 2
Z1 + rs1z1 =7 L1A
[ (111.26)
7 _ A 2 -
al +a, =3 ABrs1cos[(rs1+1 T+ P+ 6]
The steady state solutions of these equations arej
L -
1,2
Z1 =73 A
( (111.27)
a, = Af cos(3T+ ¥+ 0)
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Now introducing the removed terms from (III.23, 24) to (III.22) the

variational equations take the form;

4B35=€ 6—1(312))2 - r; )B - -;- L1A2cos(29 —(,P) + fcosSP} :

(111.28)

(S B

— 4B =€ {8€1B + L1A25in(26 -¢) + fsin® }

240 =€{6~1 (S‘ZVZ 1)A + 2ABcos(26 -L,P)}

24 =€{2§'£A + 2AB sin(20 -S")}

In order to write (II1.28) in a more concise form, the following

parameters will be introduced;

)
2
T =41/t v =0 -y)elt
_ ﬁjb1 8o 7 (I11.29)
B{ ™ lbz r]s‘l - '/? .
. et i '
Sy =2 Ve ==
< !/—f— J
S, =1
Equations (III.28) become;
- A
b, P= 4vb, + %L1bfcos(2e -P) - cosp
b, =-17 b, - 4L b2 sin(20 - ) - sin{p
2 = st’2 7 70 ¢ -
> (I111.30)
b6 = 2yb, - 4b1b2cos(26 -@)
L= - 2"221)1 - 4b,b,sin(20 -¥) )

where a dot refers to differentiation with respect to T.



The steady state solution of (I11.30) can be obtained by setting
the left hand side to zero. The solution of the resulting algebraic

equations is,

v 2 n2
|b2| =+ vy +']Q (111.31)

: 1 2 2 2
b =-i-1— - 4y +r]£r)s1 _tl/4 - (r\s1 + 4q£) (111.32)

- N

There is another solution given by b, = O and

1

1 .
b2 = ————— (111.%3)
" 16y + r\S1 ‘

Solution (III.31) exhibits the characteristics of the auto-
parametric vibration absorber [H5] while the fluid response given by
(111.%2) is different from the absorber mass response of reference [H5],
the difference lies in the sign of the first two tefms. This
difference changes the picture of the response curves as shown in
Figs. (III.3, 4). Examining these results shows unhrealistic values
for the fluid amplitude especially af n=1., This means that the
second order solution is not adequate enough to predict the

response of the system, and recourse must be made to consider third

order terms in e?.

IIT1.2 Third Order Solution

2 .
Considering terms of second order in « in (III.ZO, 21) gives
the second order perturbation equations,

- . w

s 2 ’ .
22 + Ty Z2 = - 2rs1 S1Z1 - 2a1L1A131n(T'+ 9)

3

. ¢ z
52 +a, = - 2@;5} + a1Brs1cos(rS117+-¥ﬂ + C,h cos”(T + 8) ’ (111.%4)

- CZABCOS(T'!' 9)Sin2(—t+ e)
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~ Invoking the solutions of ay and Z1 (111.27), the equations (111.29)

take the form;

. o L1AZB -
Zy+ Toyby = - [sin(4 T+ ¥ - 20) - sin(2T +¥P)]
s1™2 4 -
C yoay =2 aBsin(2T+ Pr 0) 4 -2k 4524 cos[ ( YT+ 0 + 24]
a, + a, = 5 G ,ABsin + Y+ + g cos rs1+3 + 6 + 2¢

+4-

3
cos[ (3 - r, )T + 9]} + %{01[cos(2T+ 30) + 3cos(t + 6)]

Cz[cos(T+ 0) - cos(3T + 39)]}
oo (1I11.35)

The following relations have been used in (III.SO)

sin{T+ 0)cos(3T+YP + 0)

il

‘7{ sin(4T+Y + 20) - sin(2T+5P)}
cos”(T + ©) = Heos(5T+ 30) + Feos(T+ 0)]
Equations (I11.30) show that resonance occurs if;

1 =2, OT Iy =4

Removing all resonance terms corresponding to Ty = 2 in (III.35) and
adding them to the variational equations (III.28) results in the

« following equations;

- 4B¢=€{6—-1 (S;?)/Z - I';)B, - —12-L1A2cos(29 -@) + fcosg’}

- 4B/ =e{8§;13 + * L1A2sin(29 -+ r sin‘f}

L
+ 62 ;;— A2B
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_ opb =6{6—1 (Sgy2 - 1)A + 2ABc§s(26 -50)}
+ 62{% 8% + (3¢, - 02)A3 } (I111.36)
- 24 =€{2§2A + 2AB sin(20 —‘P)}

Using the same parametcrs of (III.29), equations (III.36) become

-

- 2
b2q>= 4yb, + %L1b,I cos(26 - P)- cosp
. n 2 . .
b, == Igyby = L, b sin(26 -P)- sinQ
2 .
- 52b1b2 ¢ (111.37)
b.& = 2yb. - 4b,bocos(20 ) — B, b, b2 — C, b7
17 = <Y 1°2 1°21P2 = Y12
B, = - .2']£b1 - 4b,b,sin(26 - @) J
where
s el
1574
s _E e
2=7%

It seems rather laborious to obtain an analytic steady-state
solution for .(III.37) due to the presence of cubic terms. However,
the term 82‘r)12b2 can be dropped since 52 is very émall. Moreover
an attempt was made to investigate the influence of 81b1b§ without
considering C1 2b13’ and it was found that that term has a negl‘igible

effect since the resulting solution was nearly similar to the solution

(£11.30, %1). Previous theories [D2, S10] showed that the fluid
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amplitude can be obtained more accurately by considering third order

terms in b?. Accordingly the term C12b? will be considered.

The steady state solution is given in the form;

2 1 2 2 2 2 .4
b5 = 12 [4(v° + My) = 4oy ovd) + Cfp Y] (111.38)

and b1 is given by solving the quartic equation in b?

2

8 6 4 2 2a)
Agby + A4b1 + AsDy + AbT + Ay =0 (111.39)

where

' 4 ... 2 n2 3 2 2
Ag = 0.0625 012(167 +']s1) = YL, €7, + 0.25LICY,
B 3 2 2 2 2 2
A4 = - 0.5701(16Y + 081) + L1C12(6y - U.5'%’L1) - YC12L1
2 ;.. 2 2 \(a 2 2 L2 2
A3 =% 012(|6Y + qs1)(3( + ql’,) - 4L1C12Y()Y +v]§_) + 2")2'-].21,111‘10'!5{

2,2 N2y _ 2
+ 17067 19 - ol

, 2 p2 2 n2y. 2, 0?4y
A2=—¢C12Y(Y +'?Z)(16Y +rls1)+2L1(Y +r)e>(4-Y —qzqs1

)

+ 4C12Y

A

(Y‘? +‘”]2£) [16v° +"?§1)(72 +")i) - 4]

Numerical solution of (III.39) are obtained by using the IEM
Fortran Subroutine CDPOLR (Roots of a Pclynomial with Complex
' Coefficients). Shown in Figs. (III.S - 10) are the steady-state

solutions for two fluid depth ratios h/a = 1 and 2, different values
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of éz and 521, and two values of Fhe excitation amplitude parameter
& = 0.0025 and 0.005. It can be noticed that there are two real
solutions for b1, one is given by the dotted curve kf and the other
is indicated by the full curve kmn in Fig. (III.5). Only the latter
sélution kmn, is observed experimentally. Hence the dotted curve

of b1 must be unstable. It can be seen that this curve is bounded

by two vertical tangents where ol _ 0, one is at b, = 0 (point f)

dn 1

and the other at the collapse amplitude defined by point k. From
Figs. (I11.5~10) it can be concluded that the collapse amplitude is
governed mainly by the fluid damping ratiC)gl and the excitation

amplitude g“’o (or e) .

It is seen also that when the forcing frequency is increased
from "1" to "f" the fluid amplitude remains identically zero; it
then jumps from "f" to "a" and follows the continuous curve amn.
With decreasing forcing frequency the fluid response follows the
curve nmak until the collapse amplitude is reaéhed (point k). In

this particular case the behaviour of the fluid response is typical

of a nonlinear soft system.

In connection with the respoﬁse of the main mass, it is seen

- that there is a remarkable difference between the two solutions
(111.3%1, 38). While the sbluﬁién (III.%1) gives a suppression
efféct to the motion of the main mass, the cubic solution (III.38)
brings it back up to the linear solution level (I11.33) as shown in

Fig. (III.S).A 'To clarify that apparent contradiction,
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consider conditions at resonance (Y = O.@, assuming the liquid is

inviscid, (é} = 0.0) and ignoring éhe vertical sloshing effect

(L1 = O{O). In this case the three solutions of the main mass are:

b, = 0.0 (i) from the quadratic solution (ITI.31)

=2
Il

5 + 1/rlS1 (ii) from the linear resonance solution (III.33)

b, =& %-012b$ (iii) from the cubic solution (III.38)

b1 can be obtained by solving (III.39) after inserting the relevant

coefficients, it gives:

4 2 .8
°12Tst 1 24 o
16 12%1 =

This equation has the solutioms;

4 4 16
b1 =0 or b1 =5 ?2
¢y

Substituting the second solution in (iii) gives:

1
b :_—t—_
2 qs1

which coincides with the linear resonance solution (ii).

This implies that if the liquid free surface doeé not contribute

any vertical force the structure response would be similar to that

of a single degree of freedom systen. The amplitude response curves
b, shown in Figs. (II1.5-10) indicate that the liquid sloshing
effect on.the main mess is very tiny and disappears when h/a
increases. The liquid sloshing generates horizontal forces which

are reacted by the vertical guides to the tank motion. These forces
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are significant when the container is released to horizontal motion,

and such a situation will be investigated in Chaptexs(IV,V).

In the present case, however, the effects of the cubic térms
in (52 in the governing equations of motion are very important in
defining the characteristics of the syétem properly. Moreover,
the coupling between the liquid motion and the structure is éo weak
that it can be imagined that the two equations (III.15, 16) are
decoupled in the sense that the liquid ie subjected to a direct
parametric excitation Z which is the solution of the linear equation

(111.16) if L1 were equated to zero.

JII.3 Stability of the Steady-State Solutions

The stability of the steady-state solutions of equations (III.30)
or (III.37) could be investigated by imposing a small pertﬁrbation
from these solutions and examining the subsequent motion. If the
motion following the perturbation decreases with time, the solution
is called stable, if the motion increases with time, the solution
is unstable. The steady-state solution cf (III1.%0) or (III.37) will

be denoted by the superscript (O). Let

b, = b§o) + 51ékT 0 = 9(0) + SééAT
A (111.40)
A
b2 = béo) +52e T P = (}O) +§4e>\T

where Si_are assumed to be small. Stable solutions correspond to

the values of ) with a negative real part, while positive values
indicate unstable motion. Introducing (TIT.40) in (ITI.30) or (IIT.37),
neglecting products of‘%iileads to the following set of homogeneous

algebraic equations.



— — r “~N r -
Dn"}‘ D5 D, Dy 54 0
Dy Dyp= A Dys 7 Dy | 52 r . J 0
. A
' = (111.41)
D34 D3> Dy~ A Dy S5 0 r
| P4 Dyo D43 Dy A ][54 0 J

. .

where Dij are the derivatives of b1, b

(III.37) with respect to b1, b2, © and  respectively and are given

o é, and ¢ of (III.30) or

in Appendix (III.A).
Equations (III.41) are homogeneous iILSiﬁand nontrivial solution
will exist only if the determinant of the coefficients is gzero.

Expanding the determinant gives;
4. 5 2 B o
A47\ + A3)\ + AN+ A1}\+ Ay =0 (111.42)

the coefficient Ai corresponding to equations (III.BO) and (III.B?)

are given in Appendix (III.B).

The question of stability re&uees to an examination of the roots
of (III.42). The values of the roots of (III.42) are dependent
upon the physical properties of the system and the detuning parameter vy.
Sco for a particular system configuration the behaviour of the roots
is dependent on Y‘only. The location of these roots in the A plane
as Y is chaﬁging gives a direct measure of the degree of stability
in the systemn. This method is powerful only when the characteristic
equétion is of low order, as a direct analytical solution for a
higher order equation is laborious. In wany cases it is sufficient
to know whether or not the roots have a negative real part. A

nécessaiy and sufficient condition that the equation (III.42) has only



roots with negative real part is that A£>>O and all the Hurwitz

determinants H, should also be positive [R6];

H, = A,
AL A ‘ A, Ay O

H,= " , Hy = |Ag Ay A (111.43)
3 B 0 A, Ay

Insérting solutions (III.31, 32" in the coefficients A,
given in Appendix (III.B) and Hi’ and evaluating their numerical
values shows that AO and A3 are a;ways positive while A1, A2, H2 and
H3 are negative. This implies that the steady-state solutions
(III.31-32) are unstable in the frequency range spanned by the response
of b1.
In connection with the third order steady-state solutiomns, the
stability test is performed by inserting numerical values of the
two solutions indicated by the dotted and full curves in Fig. (111.5-10)
Oﬁe of these solutions (the dotted one) is always ﬁnstable and the
other solution (full cﬁrve b1) is stable exceptlét the regions in

the neighbourhood of its terminals where coll;ﬁse occurs.

I1T.4 Conclusions

The response of a structure system containing a liquid subjected
to parametric excitation has been investigated theoretically. It
has been found that the second order perturbation solution (inf&) was
not adequate enough to predict the response of the system. Third
order terms (in<§2) were considered and the corresponding solution
showed an essential difference from the second order solution.

Unlike the response of the autoparametric vibration absorber [HS], the
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fluid free surface sloshing forces do not act with a significant
absorber effect in the vertical direction and consequently the
response of the main mass is identically a linear resonance single

degree of freedom system.

Because the linear theory gives zero sloshing force in the vertical
direction and predicts higher forces in the lateral direction, it is
anticipated that the fluid structure coupliné will be more
significant if the lateral constraints afe released. This case will

be studied in the rext Chapter.



APPENDIX (III.A)
Values of Di,j in (II1I.41)

D11 =0

Dy, = 21, b/,

2
D5 = = 2by(2y - €y 50)

2
Dy 4 = by (2v = €y 5p7)

Dy, = 0.5 L1'7£b1/b2

Doy = =gy ,
Do = - 0.25 Lb2(2y - ¢, b2)/b.
r b R AL A -
Dy, = = 4¥b,
Dgy = - 2C; b,
2
Dgp = =(2v - ¢, ,0))/b,
Dy = - 41,
D, = 0.25 L,b, (2y = C, b°)/b>
41 T ¢ 10189Y = 2P0
Dy, = 4v/%v,
N 2n2
Dy = 0.5 LY bi/b3
Dpg = - qs1

for the second order solution equate C 5 to zero.

1
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APPENDIX (III.B)

Coefficients of (III.42) for the second order solution (III.31, 32)

are:
Ay = 1.0
Az = 2(781 + 2%)
A, = - 8L1b'12 +16Y° + ')81 (sqz + '731)

A, =.4'?£(f)§1 +16v%) = 1, (b, /0,)°[22 0y + 4P + ¥, + 8]

+ 410y (o, /0,) 70y = 8y (T, + 47/,

ho = 34700y {1, oy 02T, + 7Y 2 alarf, 4 0 < 1,0,

Coefficients of (III.42) for the third order solution (III.3%,39)

are:
A =1.0
Ay = 2(0, + 21)
8, = g c16r? 8,7, - 21,7, (%2')2 - 404 o2y - ¢, 1)
T 7s,c§§>2(zy ¢y 29)°]

o 1 ~ ')
Ay = 47(1672 +'7§1) 16L, b; ( =1 + 1) - 2’012(2«( - C, b 1) + 4.012731)

, 2
Ao = ﬂe(b ) [L (_ 47317 801'2“’12] + b12(2Y - 012b12)[4c12(16Y2’7§1-)
2
8
+ L1‘] b2
+L1C12(__) (2Y—f) r])] + L, (—) (2Y—C b 2y2 [ er
b,

+2(y - 1,11

2y
2121y 214
T (bz) (2y—C12b1)



CHAPTER (IV)

FLUID-STRUCTURE INTERACTION WHEN THE FLUID CONTAINER

IS FREZ TO MOVE LATERALLY

IV.1

In this Chapter, the general situation of the system shown
in Figure (II.1) will be considered. The fiuid container will
oscillate laterally when the'conditions éf autoparametric resonance
are fulfilled. Under these circumstances autoparametric coupling
will take place between the fluid free surface motion; the tank
lateral and vertical motions and the vertical motion of the main
mass. The first antisymmetric sloshing mode will be considered and

equations (II.34,38,39 and 40) take the form;

The dynamic free surface equation (II.34) becomes:

_ & a2
Xqq = [g gf Sl\ld + XdXd)]a11 + 0. 1045682,X X, ajy
3 2
- 0.2810256 )7, X7, a,, tanh ). h
- ['x 1Ex . 25 Xq (X Xy +x2)] 2a = 0 (1v.1)
25¢°

€, - 15,

The kinematic free surface -equation (II.38) becdmes;

Ay, + (A tamn A )OS - 0122515 )0, X aZ, tammAh =0 (17.2)

)X
11 11780 48y

The equation of motion along the vertical direction (II.39) becomes;



2
0.202 npo(1 1 6

(M, + m )8+ c &+ kT - 2%, St tl(X + XgXq)
cosh
= Ks‘lE cosQt (1v.3)

. The equation of motion along the horizontal direction (11.40)

becomes;
. . _6_ o §6 )
me Xy + Coolq + (Kgp = 57 mtl§ )Xy + 2512 my Xy (XX, + X3)
_ 13 (X _
e % 3, (511).tanh)1\1h =0 (1v.4)

Elimination ofO(11 and 0(11 results in the three equations:-

.2 2 &

_ . 2 oe .2
Byq + ufyay = - u Zay —7\”&111(0.227083 a, 8y, + 0.5260556 a“)

6 52 %
- ﬁ?\ﬂ[xd + X% Ja,, tanh A h

2& . .tanh A, h
fx + 255 1 (x %, +x2)] 1] i1

251° €5y - 15E,)

ceee..(IV.5)

.2
§+2w§’§+m £ = —ﬂ(X-+X )+ a
s s 2 h§121 olnhZ)\ 11
2 é: - ’
+ Wy G, cosQt (1v.6)
v - . > 6 y 36 )
Xa * 2“’32&;82}((1 L 51§Xd T oeg2 Xy (xgXy + X3)
P3J1 (511) . 2 .2
+7£-)‘-§f-2'——[— G —.122515>\1 3‘11(‘311 11 +Za1)]
a 11

ceeees (TV.T)



where:

2

Wy = g/ tanh Ah oy o= my/(Mg 4 myy)
>

wgy = EKgy/(My + myy) by = my /(Mg e my)
A K /m = m'/m

Wsp = Pg2/Myp T T |

The nondimensional parameters used in Chaptef (III) take the form;

T= oyt [ 244 ] Ay
' E
€=8/a 1€ (= namani 2 |
| *a ¢ X
- & ) , o ) (1v.8)
e | Sy ) 5y
-, . _
T = 40w =€ a1 L
< st (.u114 st [ 2 ﬂCS‘l g ﬁgu‘l
Ts2 ¥s2 Tso | L4232
o P J
. J - 7

Introducing (IV.8) in (IV.5-7) gives;

V4

r ' s 2
Ayy + 265k + Ay + C X = —€2(a = CX) - <4y (

// — /2
CiAg Ay + CiAYy)

- 03A11(X + XX) + C x(xx + xz)} (1v.9)

4 2 K2x(xx + £2)
X+2€r82 SZ)(-O-I'S2X+kA11 = k1XZ 6 XXX+X

- 4 .2
‘ + koh (A A + 2A“)} | (1v.10)

7

o’ . - /’ 2 _ 2 4 2
Z v 2er G 7%+ 1,2 —E{Lz(x + XK) + L, A7, + fcose"[} (1v.11)



c - 24 tanh 4 h | c _ 0.227083

0~ /3?2 1 2
&,-1)3,6,,) tanh”A 1h
c, - 2.4 ¢, _ 0:5260556
2 (0/a) B2, 1), &) ' tam®
. o .
c, = C.C . C, = (1v.12)
4 2’ E (Qa/a)f“ranhA h
11(h/a)tanh/}1h.sinh )1\1h
2 4 2
£ = (1%, tann ) n)/e K, = w57, (8157, (8/2)]
2% .
K, = C K, = .122515 k_/tanh >1\1n

A fluid free surface'damping term has been‘ihtroduced in (IV.9).

IV.2 Transformation into a Principal Co--ordinate System

Any pos31b*v zolution for equations (IV.J—11) gives the total
motion as a sum of responses in its characteristic modes of vibration.
In order to derive the solution in terms of thesé modes (principal
modes) transformation from generalised co-ordinates to principal ones
should be carried out. In an undamped linear vibration system the
principal co-ordinates of a system are the natural co-ordinates apd
each principal mode responds to an applied force as a single degree

of freedom system, i.e. the modes are decoupled.

Vhen the damping is considered; other principal co-ordinates
known as "damped principal co—ordinates[BSJ" exist. Bishop and
Gladwell[BB] showed that the general representation of the damping

has the effect of coupling the principal modes of the system, "so that



> 2 s

a force which would have excited just one principal mode in the
undamped system now excites other modes asﬂwell". Due to the lack
of experimental information of the'nature and influence of damping
and its imprecise value there is no simple mathematical theory

to reprezsent it properly. Furthernore there is no conclusive
experimental evidence to show whether the damping dbes in fact couple
the modes or not. Any evidence of coupling that may appear in the
experimental results does not refer only to the presence of off-

diagonal damping terms because other sources of coupling, such as non-

linear coupling of modes, may have a great influence.

It‘is common practice to carry out the transformation, first,
for the undamped linear homogenéous equations and then introduce
damping terms after the equations have been transformed into principal
co-ordinates. Simplifications can be achieved by assuming viscousA
damping and the modal damping matrix is taken to be diagonal thus
implying that the modes are not coupled by damping fOrces in the

structure.

[B7, c6]

Meny standard references consider some special cases
in which the damping matrix is diagonalised by a transformation into
principal co-ordinates. One of these cases is known as "proportional
damping" where the damping matrix is a linear combination of the mass

and stiffness matrix. RayleighLR4]

showed that such systems possess
classical principal modes. Caughy[C1] proved that the necessary
and sufficient condition for a damped dynamic system to have classical

principal modes is that the damping matrix be diagonalised by the

same transformation which uncouples the undamped system.

Recently, Hasselman[H4} has shown that the off-diagonal terms
in the undamped principal co-ordinates are; in some cases, of the same

order as the diagonal ones. He assumed viscous demping to devise a



method of measuring the off-diagonal terms in the principal damping
ratrix. The method is based on the coincident and quadrature - Co-

quad - technique currently employed to measure modal frequencies and

damping[HbJ.

Due to the presence of nonlinear coupling terms, it is
convenient to transform the linear undamped homogeneous equations
(IV.9 and IV.10) and then introduce damping terms into the principal
co-ordinate equation. In this case; viscous damping will be

introduced and the normal damping matrix will be taken to be diagonal.

1 c, ] Ay, LY Ay,
+ = 0 (1v.13)
2 |
ko 1 X 0 Too X

Apply the linear transformationg

b
o

11 1 |
= [R] (1v.14)

>4
Y

Such that in Pi’ the linear equations of motion are all independent

oxr uncoupled, and [R] is a nonsingular real square matrix.

To determine [R] let:~

11
(1v.15)

Substituting (1v.15) into (IV.13) gives two equations whose non-

trivial solution exists if the determinant



1 -AZ ~C, Az
_ = 0 (1v.16)
2 2 2
ko)" Ty2 - X

The characteristic equation (Iv.16) has two roots for )xz given by;

2 { \2 2
+ T,k (1+r82) - 4(1_Coko)152

2 = = .
A 2= 21 - 0.x) (Iv.17)

2 2
The eigenvectors corresponding to A1 and }\2 are;

A J 1 A 1 5
= 2 =
1=A1 ! 145
B, PV ' B |, 32 (1v.18)
o1 o2
The transformation matrix [R] can now be constructed as
[ 1 1
12 1242
1 2
[R] = 2 }"2
' Lco’)“l Coto
1 1
= (1v.19)
o
where
2
o )
Y
T f (1v.20)
1-
n =
2 2
cs5 ]
Introducing (IV.19) in (IV.14) and invoking (IV.20)
(1v.21)

X = n1P1 + n2P2
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The transformation (IV.T41 can now be introduced into (IV.13) and
1 C -1 -

pre-multiplying by [k 1°][R]gives;

0

I 5 =0 ' (1v.22)

where

2
r12 = >\12 and r2 = )é

Relationships of T, and T, versus structure frequency T, are
given in Figs (Iv.1-3) for different fluid depth ratios. The

generalised co-ordinate Z becomes P3 in the principal co-ordinate

frame.

Introducing into (IV.22) a diagonal damping matrix whose
diagonal terms are the damping corresponding to each mode, equations
(IV.9-11) can be written in the principal damped co-ordinate system

ass
7 2.2 -1,.22 2 ¢ 7 2
P, + S|P, =€ {6 (s1y -ry)P, - 2r1§1P1—05P1P3—06P2P3 }

2 . w27 o 2 7 s
+E {07131131 + CgPyP,+CoP PP, +C, (P PP,

+ C..P2P 40, .P2P’4C. P.P%4C, P.P.P,
+ Ut ottt st gt T e

s 7 ,2 12 /2
+ €y PPy Py, (P Po4C, P PT4C, oPy PY } (1v.23)



4 22 ~1,.2.2 2 po ! v P
P, + S;) P, = € {e (s2y —|r2)1>2-2r2§'21>2+1<3191 Po+K, PPy }

4
+ 62 {K P12P' +K P12

s v P v
1t P, +2K P, PP +2K..,P1 2P2

277612

K_P2P. 4K P°P.+K P, P°4+2K, P.P.P
+ RgPoPotKgP o PotK Py Pr+2K, Py Py Py

+K, P 1512+K P, P° } (1v.24)

7 22 1,22 2%, G-
P, + S5/ Py =€ {6— (s3 y -r3)--r_r3§3P3+L3P1 +L,Py P,

’ 2 4 L4 4
+ L5P2+L6P1 'P1 +L7P1 P2+L7P2P1

+ L8P2P'2 + fco:@)}t)} (1v.25)

Where the constants C,, K, and L; are given in Appendix (IV-A)
The forcing frequency oo has been replaced by n) where n is a + ve
real number and ) is in the neighbourhood of one of the principal

mode frequencies. S1 ,82 and 83 are +ve real numbers such that

22 2
Siy—riké.

Applying the approximate‘. asymptotic solution as explained in

Chapter (III), the solutions take the form,

+d
1l

P1cos(r1l'+5p) +€ay +...

= P2cos(r2"E+e) +EDy +... ’ (1v.26)

N
!

— T e o0
P3 P3cos(r3 +Y) -+ 6d1 +

J

As defined in Chapter (III), the amplitudes P1 ’ P2 and P3,

and phases gp,e, and vy are slowly-time varying.
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Substituting (IV.26) in (IV.23-25) yields the following

approximate equations up to the second order terms ine

[P: - P, (r,‘ +‘é)2]cos(r1'l: +5")—[F‘,“,{;’+2P’1 (r1 +‘f,’)]sin(r1'[ +)")+Eé/1
+ S12))2[P1 cos(r1T+‘_P)+€a1+. .. ]
= 6{6_1 (312)}2—1'2)[P cos(rT +¥9)+€a +62a2]

- 2r1C1 [—r1 P, sin(r{[ +3’)+eé'1 ]

+C51§P1PBCOS(I'1T+‘)°)COS(I‘3I+‘Y)—EC5[P1d, cos(rT+‘f)—r3 1 3cos(:c3't+y)]

6 3 2 3cos(r'li+e)cos(r T+Y) 606[P cos(r‘lf+€3)—r3 ] 3cos(r3T+Y)]}

+ 62{—C7r12P13cos3(r1T+3’)—P (C8 2+09 1\cos (r'[+5°,cos(r’[+e)
L

)cos(r”[+§”)cos (r'[+e) ~C, T 9P20053(I‘T+9/

2 2
P, (C L+ CpyTy

+C, r12P13cos (r1T+§°) sin? (ri’f+§°)+2c1 4T r2P12P2s1n(2r1'[ +24) sin(rét+8)

3

L]

+40

1551 2 1 31n(rT+§")31n(2r 'E+29)+C1612 cos(r T+6)81n (rT+9)

2.2
+ C r1‘I

1751 %

. 2 2 2
P.sin (r1T+Y)cos(r2T+9)+C18 o0 P

5 cos(r1f+9)si112(réf+e) }

¢ 7.2 7 /7 / . P
[?2 - P2(1r2+9) ]cos(r2'E+9)—[P29+2P2(r2+6)]s1n(r2T+e)+eb’1.

+ Sg ))2[P2cos(r2"[+e)+eb1 Heee]

= E{C (52 2_ 2)[P cos(r T+6)+eb +eb2]
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(1v.28) continued.....
_ . ,
-2r2§‘2[-r2P2s1n(r2"l_'+6)+eb1 ]

2 z 2
_K3I3P‘| P3c:os (r{L‘ +S")cos(1‘3'1'+Y)+61(3[P1 d1 cos (r.lT +¥) —x-3a1 P3cos (r3T+Y) ]

2 7 2
—K4r3P2P300s (r2T +0)cos (r3T+y )+5K4[P2d1 cos (:c'2'17+6)--r3b1 P.cos (r3‘t+y )]

+ & o et e e e st

_1(‘7131 Pg (2r§+r12)cos(r1’t+¥’) cos2 (1'2_l:+e)—K81c'§chcs3 (r2T+9)

+K 1'12

9 P13cos (r{[ +S”)sin2 (r1T+ 9’)+K1 %1 r2P$P2sin(2r;f+Zé?)sin(;-ét-&@j

+K ry 1'2P1 Pgsin(r{fﬁo) sin( 21-2T+ 20)+K

1 r§P1 chos(r;[ +5?)sin2(r2'l'+6)

i1

2 2
r B

10 stin2 (r1T+SP)cos (I'2T+9)+K1 2r§P2cos (r2T+9)sin2(I‘2T+9) }

[P/;-P3 ( r3+y' )2 ]Jcos (r3T+y ) -—[PBY/’+ 2P/3 (r3+y/) Jsin( r3T+~( )+e d;

+ S2 2[P cos{r T+y)+ed, +... 1

3V 3 (v} 3 .Y e 1 Q..-.

—- 22 2 2

= 6{61 (s3 Y, '_rB)[PBCOS(r3T+Y)+6d1+e d2]
- 2r3§’3[—r3PSSin(r3T+y)+éd1]
+ L [rszsinz(rT+S°)-2€r a, P, sin(z,T+¥)]

311 1 17171 1

. . K4 . . - N
+ L4r1 I'2P1 stln(rff+5°)s1n(r2'[+e)-eL4[ T, b1 P, §1n(r1L +¥)

, .
+ T8, P2s1n(r2T+e)]



(IV.29) continued......

+ 5[1‘2P281n (r T+9) 2€r2b1P2s1n(r T+6)]

+ 1,6[—1-12P12cos2 (r1T +S°)+€(€f1 -2, 1'12)P1 cos (1'1_[.*'3)):l

1'71'21)1 P, cos (r{f+5")cos (1-2'[,'+e)+eL7[t;/1 cos (r'[ +) - 2 cos (r2—[+8)]

212

L7r1 P, P,cos (r,I'E+50)cos (r2‘1:+6)+eL,7[a’/1 P,cos (rélf+6)--r12b1 P, cos (r;C +9)]

+

L[ -1, P cos? ST+6) +€(b ~b, T )P cos r‘£+e)] + fcoiny'[) (1Iv.29)

The fundamental variational equations are obtained by equating

terms of zero order in ¢ in equations (1v.27-29);

| =1 (42,2 2
- 2r P1q> = {e_ (s] y-—r1)P1}
- 21‘1}?1 = 0
- 2r,p6 = { (Sgy2 r2)P } / (1v.30)
/
- 21'2P2 = 0

!
N
in]
+d
il
(@]

On the other hand the first order terms of &€ in (-IV.27—29)

give the first order perturbation equations as;



v 2
a,+r,a

This equation contains secular

if:-

b0+r b

Resonance

Finally;

v 2
d1+r3d1

2r§§;P1sin(r{(+$ﬁ

%C5r§P1P3 {COS[(r3—r1)T'+y-yﬂ+cos[(r3+r1)r47+yq }

+

-+

-%CsrgPZP3 {COS[(rS—rZ)T4Y‘9]+°OS[(r3+r2)t4y+9]

w

r3 = .:r1
I'3 = 1‘1 +I‘2 7’
1'3 = 1‘1' —I‘2

= 2r2§’P sin(r.(+0)

- 2°2°2 2

L

- %K3r§P1P3.Icos[(rs-r1)t+y—9ﬂ+coS[(r3+r1)T+Y+3ﬂ:}

- %K4r§P2P3-{cos[(rB—rzyt+y—e]+cos[(r3+r2)T;y+e]}

occurs if}

. 2.2

= 2r§§;P3s1n(réf+y)+%L3r1P1[1—cos(2r{f+2§0]
’ I
+ ‘;‘L4r1r2P1P2 {}os[(r1—r2yt+ylej—cos[(r1+rZYT+Y46] f

Ay 2.2 A 2.2 —_
+ ?L5r2P2[1—cos(cr£f+26)]-%L6r1P1[1+cos(2r1L+2§ﬂ]

(1v.31)

terms which exhibit nonlinear rescnance

v ozx)
(1v.%%)

(1v.34)



(IV.35) continued......

- 7r2P P .{cos[(r1-r2)T+9L6]+cos[(r1+r2)f+¥49] }
- 7r$P1P2.{cos[(r1-r2)T+§LG]+cos[(r1+r2)F+¥46] }
- %L8r§P§[1+cos(2réf+2e)] + fcofaVT) (1v.35)

This equation contains two kinds of resonance, these are;

a) Nonlinear internal resonance which occurs at:

1'3 = 1‘1 +I‘2 ]

1‘3 = 1'1 —1‘2

ey = 2m, [ (1v.36a)
Ty = 2r2 )

b) External resonance, due to the forcing function term, which occurs

at

= n) : (1v.26b)

It is evident from (IV.32; 34, 36a) that there are four cases

of internal resonance, two of these are sum and difference of two
normal frequencies (some investigators call thrsm conjugate frequencies[MVJ),
and the others take place at twice the normal frequencies of modes 1 or

2. The analysis of each case will be given in the subsequent sectioms.

IV.3 Autoparametric Resonance of the Summed Type

In this section vibrations of the so-called "summed type" under
parametric excitation are treated. The frequencies of the system are

governed by the following relations;



]

1‘3 I‘1 +I'2 1

(Iv.37)
ny

3
The resonant terms in equations (IV.31; 33, 35) corresponding
to resonance conditions (IV.37) must be removed to the variational

equations (1v.30). The resulting first order perturbation equations

become; -

r/

a’1 +r12a1 = '%CSI‘;P,‘ P {cos(r2T+7—Y’)+cos[ (21"1 +I‘2)T+Y+5°] }
2
+ %06r3P2P300s[(2r2+r1 )T+y+0]

The particular solution of this equation isj;

¢ r.P,P. C_r.P,P
a, w2213 cos(z T+y-¥)- 2313 cos[ (21, +r, JT+y+¥]
L 2(zr,-2,) 2 2(3r, +r,) 12
1 72 172
C,r.P.P
_-6323 cos[(2r2+r1YT+y+e] (1v.38)
8r
2
Y. 41°b, = — 1K _1°P P cos[ (2r,+r, ) T+y+¥] - X 2P, P cos(rT +y-0)
1+T0 = ~ 25735 Y Tyt /Ty 22y T3 053 1=

+cos[(2r1+r2)fky+e]}

« The steady state solution of this equation is;

K.xr P, P K r. PP
b, =-—zgg—l—zcos[(2r1+r2)f4y+%ﬂ ;2323 cos(r{t+y—6)
1 2(r1—r2

K, r PP
, 432

cos[(2r2+r1)T;Y+e] (1v.39)
2(3r2+r1) ’ :

Finally,



2 2 2 2 2 2
d +r3 ;= 7T (LB-LG)P1 -2} (L3+L6)P1cos(2r1't +250)+%r2(L5_L8)p2
e §(L )P cos(2r'f+26)+2[L7(r +T )+L4 1 T5JB P,cos[ (z, -r, JT+£-6]

The solution is found in the form;

2
. 122 o, T2,2 1
a, = H(L5-Lg) ()P + HIL )(—) HIg+Lg) () Po cos (21T +29)
T 1 376 _41,
T3~
2 1 L7(r +r )+L4 172
(L5+L8)( )P cos(2rT+29) + §[ ]P COSKI' -1, ) T+¥-
_4 2 T T, 1t 72
T3

..:...(IV.40)

" Terms of second order in 62 in equations (IV.27—29) give the

second order perturbation equations

4

: 14
a2+r12a2 CS[ P,d, cos(r{f +‘5>)—r§a1 PBCos(rgﬁy)]

7/
== 2ry5a -

- C6[P2 cos(rT+6) r3b1P3cos(r3T+y)]-C7r12P13cos3(r1T+‘f)

-(cgr §+C9r1 )P P c:osz(:c'1'1.'+‘5’)cos(r2"f+6)-c1 2r2P cos3(rT+e)

(010 2+C11r1)P cos(r‘t+5°)COS (rT+e)+C13 P?cos(r‘l'#?)

. sin2 ( r1T +)

+ 3C 30, 4, r2P1P s1n(2rT+2‘:P)s1n(rT+G)+—C15 1 TP P 31n(rT+‘:P)

sin(2r2T+29)
1 6T 2P300s(r T+6)31n (r T+6)+C1 7r12P12P2sin2(r1T +¥)cos (ré\'. +6)

chos(r;f+"?)sin2(r2'f+9) (1v.41)

2
+ C r2P1 5

18



b +1

v 2
272

3 12P1Bcos3 (r1T +P)

’ 4 2
b, = - 21'2§,'2b1+1{3[P1 d, cos (r1T+'P)—r a1P300s(r3T+y)]—K5r

+ K4[P2d; cos (1'2'['+9)—r§b1 P3§os (r3T+y ) ]—K6P12P2 (r§+2rf)cos2 (r1.’t+SP).

- COS (I‘2T+9)

- K7P1 PS (2r§+r12)cos (r1T+‘f) coszh(r2T+9)—K8r§P20033 (r2T+9)

2.3 20 4o 2 . .
+ K9r1 P1 cos (r1T +P)sin (r{l'+. )+K,l o%1 r2P1 P231n(2r1'[ +2<_P)s1n(r2’l'+9)

+ K1 1T :r'zP1 Pgsin(r;lf ~§—‘,9)sin(2r2'['+29)+K4l 1 r§P1 chos (r1T +9) sin2(r£C+6)

+ K1 Or12P12P2sin2(r1T+‘;P)cos (r?:['+9)+K1 2I‘Schos (r2T+9)sin2 (r2T+e)

Ceeee.o(TV.42)

7 f

2 . . /
d2+r3d2 = - 2r3€'3d1 —2L3r1 a,P, 31n(r1T+S°)-L

471 b1 P1 sin( r1T+S°)

L,r.a,P sin(r27.'+9)—2L

4T221 P sin(1‘2f+6) )

57201 P,

-+

Lg (:3?1 P,-a, 1'12P1 )cos(1'1'{;'+‘P)+I..7[b,’1 P, cos (r;f +%)

1'12a1 P,cos (r2T+6)fa”1 P,cos (r2'1‘+9)—r12b1 P, cos (rF+‘P) ]

+

L8(52P2—b1r§P2)cos(réf+9) A (1v.43)

Extracting the terms that give the resonance condition T5=T 4T,

from equations (IV.41-43) gives

> 2 2 “
3P4 Po+Cq, gToP Pz]cos ( r,T +¥F)

from equation (IV.41)

K rep3 2n2n . 25 =2 \
[ 482 2P2+K361 T P,!P2+K344r3P21’3]cos(r2T+9)
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(IV.44) continued......

and from equation (IV.43)

[L43r1 P1P3+L4 r5 P 3]cos(r T+Y)

Constants in (IV.44) are given in Appendix (IV.B).

(1Iv.44)

The addition of resonant terms of the first and second order

to the variational equations gives the following variational

-

-er P, P=€ {é (512V2_r2)P +3Cr §P2P.300s(y—‘ﬁ_'e) }

2P o 2 2 2 2 2
+& Py £ Oy Ty Pi+C55¢T3P5+Cg, gToP)
¢ 2
_2::'1P1 = é { 2r @'1 6 5 2 3s:m(y-—‘"f—@) }

_2r2P26 = & {é1 (Sgy2 r2)P —X. T P P”cos(y-—?—'e) }

37371

2 2.2 2.2
+CP2 L 482r2P2+K361 r1 P1 +K

VN

2
314737
y r 5
-2r, P, = ei 2r; 2PZ+%K§1*3P1 P3s1n(y—(‘f—e) }

= 1,22 2 2 . |
_2r3P37 - {e (331; -r3) 3 %T3L47P1 P,cos (y-—‘f’-@}+fcosy }

NN

2 2.2 2
+e P3{ L43r1 P1 +L45r2P

2

equations;

(1v.45)

—21-3P3 6{21'3 3P3 21’311.47]&I P2s1n(y—'f—e)+fsiny}

Introducing the following transformation variables;



A o IR 1
Ts By ]
2 2
r —-—
5~V 2 :
e T Ny =55 =l =)
T3 € ‘ 47 \ 47
>
S1 = 1'1/1'3 S2 = :’2_/1'3 (1v.46)
'\,(/'= y-f- 83 =1
5-—€ L
r5figrl (|t
equations (IV.45) taks the form
, Ce , | q
- b1(P: - Siyb1+?2—(_1,—- b300s'\;f
1 47. 2
S
> Cs56 2
+0, { 574S1b1*_1"' b3 + Co1g's )b } (a)
..b’1 =q1 ’ . e , s1n\{f (v)
1| 47 -
4 3
- 1,0 S¥b,=5( N l)b1b3cos1)f
217470
S2 K
2 344 .2
+0b 4{.48252102&{361 )b+ s, 03} (¢) L (1v.47)
- 5, =T by l)b1 bysiny” , (a)
52 47
, L
b3Y |L |b1b »cosY+ cosy
2 2
+5b5[ 1,587 b7+L, oS5 2] , (e)
L
. r 47 ; i
- b3 = ]3 3.,%7 IL | b1b231n1/+ siny ()
47| o




where prime denotes differentiation with respect to the new time

parameter T.

.$he steady-state solution of this set of equations can be
obtained by setting the left hand side to zero, however the resulting
six nbnlinear algebraic equations are incompatible because they
contain only five unknowns. This means either that one or more
of the variables do not achieve steady state or that one of the equations
is related to another through their coefficients (which implies that
the virtwal number of these eduations is five). ' These equations
are consistent only if the damping of the first two normal modes is
neglected. This situation leads to four algebraic equations with

four unknowns.

The behaviour of each possible case will be investigated separately.

Case A ']1 =1,=0

In order to simplify the analysis the third order terms are
dropped as the numerical values of their coefficients are very small

compared to those of the second order. The resulting equations

are;
-
C
6
- J I R S -
Sy¥by & 2.(S1|L47|)b2b3 =0
K
(3 -
S,Yb, + 2(S2|L47| )b1b3 = 0 . (1v.48)
. -
L
47
Ybz + ¥ b, b = cosy
3 |L47| 1°2
- q3b3 = -—siny




The solution of these equations is

4853372 5
by = - =2 T,
377 0 Ky 4T
2
2__J6% 2
1 Ky g2 %2
1
s¢ K.C
2 1 2 3°6
bS = 4 — lL P 4y - —=2
A [ o

There is another solution can be obtained with b1»= b2 = O, and b

given by

b, = !

which is a normal resonance solution.

(1v.49)

(1v.50)

(1v.51)

(1v.52)

The amplitude response curves are determined for (W0 : different cases

of fluid depth ratios-% = 1, ~ and 2, and for two excitation

parameters € = 0.021, ana 0.0105. From the relationship of r, and

T, Vvis. Ty given in Figs. (IV.1—3) the value of rs
for the condition Ty = r1+r2:$2.0. Having obtained Too the length
of the leaf springs L/a can be determined from Fig: (VI-6 ) for the
relevant top masses. With these data the constants in (IV.49-51)

are determined. Figs. (IV{4—9) depict the tiicoretical cdrves for

can be defined

b1, b2 and b3. It has been indicated in similar studies [HS’B4J that

the points of vertical tangency on the response curves b1 and b, are

important as they define the boundaries of the region of parametric

instability of these modes. Two kinds of vertical tangents exist on

each side of the resonance frequency n=1, the first occurs at the

forcing frequency where b1 = b2 = 0.0.

At this frequency by in (1v.49)

is equal to b3 in (IV.52) and the values of b1 and b2 Jump from point

A to point B on b1 and C on b2 Fig. (IV.4).

The responses of b1 and
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b2 follow the curves BDE and CFG respectively with peaks at E and

db1 db?
G at which —— = —=== o, (the second kind of vertical tangency),

and the values b1 and b2 drop to point H. The mode b3 is
suppressed through the autoparametric action and meets the n axis
ét n=1.0 becauseér1 =€:2 = 0.0; and instead of the linear resonance
response of b3 represented by equation (IV.52) and the curve UvW,
the large response occurs in the first and ;econd modes which
exhibit large peaks on either side of resonance n=1. Haxton and
Barr[H5] showed that if the internal resonance, in the present case
T3 = Ty4T,, is not met precisely the effect of imperfect tuning in
this respect is to shift the diagram of Fig. (1v.4) té left or to

right of n=1.

Case B "}1/02 = S1/S2

This relation is generated as a condition for consistency of
the six equations, which are reduced to five if this condition holds.‘
The damping ratios relation can be easily realised if the possible
steady-state solutions of (IV;47), after neglecting third order

terms, are considered.

Setting the left hand side of equations (IV.47) to zero and

considering (IV.47a,c) gives

2
b S, , C
‘ 2
= - (B (1v.53)
2 1 3 .
" .
2
where K3 = _K3°
Considering (IV.47 b,d) gives
2
b ST, G

1 _22°6 (1v.54)
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Another solution is obtained by squaring (IV.47a), (IV.47b) and
adding and squaring (1v.47¢), (IV.474) and adding, the resulting

relations are divided to give;

i Ll L
b2 TS K
2

17 55T+ (0,/8))°]

It can be seen that (IV.52-55) are consistent if qz/q1 = 32/31.
If this condition holds the other amplitudes are given by;

2

b5 = 4515, Tk )(r + /5D (

and

{IV.55)

1V.56)

S

2

The amplitude response curves given by (1v.54, 56, 57) are shown -
in Figs. (IV.10—13). The influence of{\1(or']2) on the behaviour

of the system appears by the offset amplitude of b3 at n=1.

Case C "]'1/f]2¢ 5,/8,

If the relation ) 1 MNp=5,/8, is not satisfied, then the
solution of eciuation (IV.47) with the presence of their left hand
terms should be investigated. However, the available tools of
analysis appear to be inadequéte to find an explicit analytical
solution. A numerical soiution of the simultaneous equations will
give an idga as to whether the system possesses a steady state or
not. Inserting the six equations in a CSMP (Continuous Sysfem
Modeling Progrém) simulatiog and using the Milne integration routine

gives the results shown in Figs. (IV.14”15). With zero initial



conditions for b1 and b2 the CSMP simulation is indetermined since
there will be terms invglving division (zero by zero) such as b2b3/4%
and the result is (%) which is invalid. Initial values for b1

and b2 should be assumed. The importance of this fact may be
visualised in the experimental work in which the steady state
responses cannot be created unless initial values have been applied.
The numerical results show that a steady state solution could be
achieved only for the amplitudes b1,b2,b3 and the phase y but { and

6 exhibit only unsteady solution whose degree of unsteadiness
decreases as n—=1. 'At n=1 the system possesses a complete stéady
state. The normal resonance curve does not exist within the frequency
range ﬁ:shtO(EE) where the autoparametric action takes place, and

the upper branches of b1 and b2 are obtained. The peaks or

collapse amplitudes that are found in cases (A) and (B) do not

appear as the solution is virtually unstable. The positions where

b3 changes its behaviour.from normal linear resonance response to

that similar to autcparametric absorber define the region of stable

modes for b1 and. b2.

The CSMP simulation does not delineate the complete picture

of the stable solution of b1, bz and b3, where the parts MB,NE on

b1; PC, g& on b, and UJ,WK on b, of Fig. (Iv.4) do not exist in

2 3
Figs. (1Iv.14,15). These parts could appear ia the CSMP solutvion

if the pfoper initial conditions were inserted. The transient solution
for selected detuning parameters (n=1.04 and 1.0) is delineated in

Figs. (IV.16,17). For n=1 it is evident that the interaction

takes place in a form of energy exchange between the first two modes

and the third mode.
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IV.4 Autoparametric Resonance of Differential Type

Ty = ?1—r2
(1v.58)
Ty = n)

Considering quadratic terms in the first order perturbation
equations (IV.31, 33 and 35) and transférring terms which resonate
under conditions (IV.58); the variational equations become;

—21‘ P ‘)D [~ & (52 )
{ Y -r )P1 + —C6r3P2P300s(Y+9-?)
—2r, P | =€ 2r2§’ P - 10,r2P, P sin(y+6-¥)
171 - 12171 ‘ 2¥6737 273 .
. e .
~2r,F,0 = {e (S y -r )P2 + 3 3:c'3P,lP300s(‘y+e‘-"5’)} r (1v.59)
'-—2r L =& 2r2§' P + ii'{ 2P, P sin(y+0-%)
_ 32 22272 s o B el e ‘
’ _ —1 2 2_ 2 _ 9 2 _\P :
—2r3P37 —E{é (SBV 1'3)1:‘3 —gr3L74P1Pecos(Y+e )_+ fcosy}
~2r f =& ZrZZ'P - lr2L P, P, sin(y+6-9) + fsiny
33 39373 2537747172
' y
. where
K3 = - K3

2 2
L74 = L7(r1+r2) - L4r1r2

These equations are transformed to a simple form by using the following

" parameters:-



€| £|L74] A
2ri N r,
"‘]1= , Sy = r,/r » Sy=7- , Sg=1
f|L74| 3
"\}q =y +06-=-Y
eeees.(TV.60)
Introducing (IV.60) into (IV.59) gives;
|
- bY=-s,7b +H—— )b2b3cos Y
5| 74|
. Cs :
- b = r]1b1 - —%—(—_Ij_-)b s1n.\{/1
1 | T4
. Ky
- 0,0 = - Syb, + 3+ )b1 b3cos\lf (1v.61)
2| 74| [
-5, =70, + 7(5 . )by bysin Y
2|L74]
- b3f'= ~Ybs - F(—= 274 )b1b20031Pa + cosy
: Laq
. vl
- bs = q3b3 - 5(];;—-—)b1b231n1fq + siny
74 ' J

Setting the left hand side of (IV.61) to zero, one redundant equation
is obtained as in the previous section. Proceeding on the same

lines of analysis for the various cases:



¥ =

Case A) Y]1 = qz =0

The solution is found to be,

]
o = Y515 tog
3 - -
Ceks
s, |c
2 6 >
b, =+ b, o b (1v.62)
: 3
02 _ 4 2\[ JKBCe 12 quvz
2 c61L Lag¥ 152 2 74 ¥ '3
J

There is another solution with b1 = b2 = 0 and b3 is given by (1v.52).
Theoretical amplitude responses are given in Figs. (1v.18519) and

follow the same argument aé section ( IV.B).

.CiS_Q_B.) q1/{]2 = 5‘1/52
The solution is, .

b = + 28,8 \ 74\ [72+((:]1/S1)2

6 I—% | ‘
c, S
2 61,2212
by = (=)=
1 K;''s,
b2 - 4(}1_&)(72 (I ) _s_1_ X 2L (.45 )2
2= 7 %e, ’r)13 Co | g2 -8 -4y r\1+1ri3

ceeeso(IV.63)

The main features of this solution are similar to those of section

IV.3B} and the response curves are delineated in Figé. (1v.20, 21).

Sase €)',/ # 5/5;

The same treatment and comments as‘given in IV.3C are

applied for this case. Numerical solutions using the CSMP simulation
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are shown in Figs. (IV.22_, 23). The transient solution for n=1,

and 0.97 are depicted in Figs. (IV.24, 25).

IV.5 -Autoparametric Resonance of the Principal Type (Modes 1,3)

This kind of resonance takes place between the first and

third modes;

r3 = 21‘1 |
(1v.64)
Tz = ny
The second mode has no influence on the frequency response of the
system. The variational equations of this case are§
R
y - 1,22 2 2
— = - 1 -
- 2, P9 —E{e (sy “=={)P, + 705r3P1P3cos(y zp)}
s 2
- r, P, =€ {21'1(1131 - %05r§P1 PBSln(Y—Z‘,P)}
(1v.65)
1,2 2 2.2
3P3Y e {E \83 r3)P3 ‘L36r1P1cos(Y 2‘1’)+fcosy}
- 2r PI =& 2r2<'P L r2P2sin(y—2(}>)+fsinY
3°3 3°373 27367171
wheré:
L36 = L3 + L6
With the following transformation parameters:
-\
! f 2T
P, = — b , T=
i r3 lL36| i o flL%l
2 2
rz -} . 2r. q
y =23 . r)i e (1v.66)
- €xg| tiigg] <{f| 6]
S, = fl = 0.5
1 T ) J
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equations (IV.65) become:

~
b, -fii—— b (y-2v)
- 19’: -.5’{b1 + T b, 3c0s (Y- b
a6
. %
-b, =:q1b1 - |L36| b1b3s1n(y—2q0
\
, 1 Y36 2
—b3y = -yb3 -8 T b1003(y-29$ + cosy (Iv.67)
|%36]
b, =".b, - = 36 b2sin(y-2§) + sin

Secking again steady-state solutions of (IV.67), it is found,
contrary to the previous two sections that these equations are

compatible and have the solution;

' L
by = %'lcz6| V?Z + 4q$ ' (2)

) C;; {LBG(“Z‘%%) .

and

o
=N
il

- _
Lg| J4(_fz—6')2 - (2% 1 ()
ceeees(1V.68)

There is also another possible solution with b1 = 0 and b3 given b&
(1v.52). Examinatioﬁ#the theoretical solutions (IV.68) shows that
there is only one feal solution for~b1 defined by the vertical

. téngéncy at b1 =.0 at which b3 is changed from linear resonance (1v.52)
to an autoparametric absorber response (IV.68a), Figs. (1v.26.-29)

r

shov the amplitude response curves for different fluid depth ratios.

IV.6 Autoparametric Resonance of Principal Type (Médes 2, and 3)

2r

(1v.69)
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th
This case is similar toxgrevious section but the interaction will
take place between the second and.third modes. The variational

equations are found to take the formj

s 2 ’ 2
- 2r,P,0 =e{ 1(32y -r )P2 - 12K4r3P2P3cos(y-2e) }
. 2 2 i
- 2r,P, =e{2;~2«;"2P2 + %K4r3P2P331n(Y-29) }
] » (1Iv.70)
- 2r3P3{ =é{ 1 (82 2 2)P - -{,—Lssrgl’gcos (7-29)+fcosv}
- 2r,F, =€ 2120 P - 0 r2P2sin(y-20)+fsiny
33 32373 2¥587272
where
Log = I + Ig
Using the transformation pafameters§
or | ]
- ‘ ‘ 58‘
2 2
ro - 21‘.(.
3 y 101 (
_ 3 Y e IV.71)
5 s > |
Ers |’ f \LSB\ ) {flLssl
i g
_ 2 _ 1 _
S, = r, =7 S5 =1
equations (IV.70) take the form;
K4 h
- b,0 = =0.5y'b, lL b2b cos(y-26)
X4
-b, = ']2b2 + lL58| b2b331n(y—29) ? (1v.72)

1 8
zY = -¥b3 3 _‘L5 ‘b2cos(7-29)+cosv

. '1 -8 - ( _29) .
- b = + ‘b2 sinly +siny
3 o578 {Leg| , : |
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Again the steady-state solution is given by

|L | ’2
|b3|=%AK58 %*”}3

4

o’
NN
{

I~

X
X, {LSB(YZ - 2,05) ,L581 V4('Ié8)2 - ?2(r13+2q2)2 (1v.73)

The theoretical curves of b3 and b2 vis. the forcinq frequency are
given in Figs. (IV.30-32). The action of this case is similar to
that of an autoparametric vibration absorber D45] in every respect.
b2 has two branches, the upper branch is stable while thé lower branch

. ) db
is unstable and bounded by two vertical tangents, — = o.

&y

IV.7 Gen=2ral Stability Considerations

It has been indicated in the previous four sections that there
are two possible kinds of steady-state solution; one gives non-
zero amplitude iesponse in the vicinity of n=1 + OGE); and the
other gives a linear resonénce response for éhe main mass with.
Zero—response for the other amplitudes. In the first two sections,
stability analysié appears rather difficult because of the incompatibility
of the steady—state equations of the system. Howevef, previous
stability studies of a compatible autoparameéric system together with
"the stability of the fluid free surface will be useful in anticipating
some remarkable features of the stability of the present problem.
As the fluid container is mounted in such a way that longitudinal
and lateral motions are possible; the fluid free surface can undergo

the following types of motions{

a) Suppose that; in the first instance; the tank receives purely
vertical harmonic excitation at a frequency below double the fluid

natural frequency (Q<:2w11). The behaviour of the free surface of
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the fluid is mainly governed by the Mathieu stability chart and,
as long as the excitation amplitude and frequency are not in one
of the instability regions, the free surface remains identically

zero and the system follows the solution (1v.52).

b) As the amplitude and frequency of the main mass approach the
instability boundary, the free surface starts to move back-and-
forth, this sloshing motion exerts a lateral force which causes
lateral oscillation of the container with its structure system.

This in turn acts as a lateral excitation to éhe liquid and energy
gxchange between the two éystems will proceed until either a steady-
state condition is achieved or the resulting motion becomes a beating
type. In the steady state case the fluid motion has a constant
peak:wavg height anq a siﬁgle nodél diameter perpendicular to the
direction of excitationm. Bulitz and Glasser[E1] showed that as

the excitation frequency (structure lateral frequency) increases

the fluid wave height increéses. ‘Then; at a frequency a little
less than the natural frequency; the nodal diameter begins to rotate
and the peak wave height varies. | This unstable behaviour takes place
up to a frequency a little above the fluid hatufal frequency; where
once again the steady state fluid motion has a constant peak wave

_ height and a éingle nodal diameter perpendicular to the direction

of excitation. An additional inqrease in the excitation frequency
from this stable point reduces the wave height until the cycle begins
again as the next resonance is approéched; Theyconcluded also

that unstable sloshing will occur only when the peak acceleration of
a fluid pafticle on the free surface becomes equal to the acceleration

due to gravity (i.e. at qw$1 =g).
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Although many investigators have reported the rotatiomal
motion of the fluid free surface about the vertical axis of symmetry,
they gave different descriptions of its manner. Abramson; Chu,
and Dodge[Az] described the essential features of that motion as
aﬁ apparent "rotation" of the liquid superimposed on ‘the normal

sloshing motion which results in a type of "beating" motion.

HuttonlE12] ciassified the £luid motion into three types,
stable planar, stable nonplanar; and unstable. Stable planar
motion is a steady-state fluid motion with a constant peak wave
height and a stationary single nodal'diameter‘perpendicular to the
direction of excitation. Stable nonplanar motion ié a steady-
state fluid motion with a constant peak wave height and a single nodal
diameter that rotates at a constant speed around the tank. This
motion haé the appéafance of a surface wave travelling around the
tank at a constaﬁt speed and in a éingle direction. Unstable
motion is a.fluid motidn that never attains a steady-state harmonic
response; the peak'wave height and nodal diameter rotation rate
and direction continually change with time. The surface wave
may build up and then decay, it may rotate first in one direction;
then stop and rotate the other way. At times; the wave may slosh
for several cycles in a plane perpendicular to the plane in which
tiie tank is being driven; then rotate around and slosh in the

driven plane for several cycles.

This complex motion has been attributed to a strong coupling
betgeen the. two orthogonal directions, Lateral and transverse; where
the slosh frequencies are the same in both directions; causing
unstable motion to occur rapidly; unlike the case of a rectangular

tank where the two natural frequencies in these directions are different.
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In connection with the other type of system response, where
the steady state may not be achieved and B;ating results due to
the continuous exchange of energy .between the two modes, it has
been shown in a paper by Asmis and Tso[AS] that the amplitude of the
beating decreases as the internal detuning increases. For large
internal detuning the amplitude of beating becomes so small that
for most purposes; the system can be considered as having reached
steady-state. However, the CSMP simulation solution described in
Sections 1IV.3,4 shows that with the autoparametric resonance condition
satisfied exactly (y = 0) the system can achieve a complete steady-

state. This latter result has been also obtained by Asmis and Tso.

These concepts lead to the following conclusions{

1) At zero detuning (y = O) the system may or may not achieve a

steady-state depending on the internal resonance detuning; which

determines the state of the fluid free surface.

db1 db1
2) The vertical tangents =@ gnd/or o = ® at b1 = b2 =0

determines the boundaries of identically zero planar motion.

IV.8 Conclusions

Autoparametric coupling of the structure vibration modes
with the fluid antisymmetric sloshing mode has been investigated
theoretically. Nonlinear analysis up to the second order terms in€&
has generated four possible cases of internal resonance. The
contribution of higher terms, say in152, vas found to be negligible,
although further internal resonance conditions; such és r3 = 3r1;
r3 = 3r2, r3 = 2r1+r2; r3 = r1+2r2 and many others arise. ,In
general it has been shown that the first two normal modes act as an

autoparametric absorber for the third mode.
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When the third mode frequency equals the sum or difference
of the first two mode frequencies, Ty = T,iTo, the system may not
achieve a steady-state depending on the damping relation between the
first modes; q1:q2, as well as the detuning frequency parameter ¥y.
There are two cases under which the system achieves a steady-starte,
namely q1 =’72 =0, or'q1:72 = ryir,. If q1 £ 72 #£ 0 and q1/05 £
r1/r2 the unsteadiness takes pl,ce in the phases of the modes 1 and
2 and tends to a steady state as y—0 (n——1). At ¥y = O the

: 3nalysis

system is completely stable within the scope of the presentf However,
previous studies on the behaviour of fluid near its natural frequency

predicts unsteady, unstable nonplanar fluid ffee surface motion which

affects the stability of the system near y= O.

The other two internal resonance conditions occur between the
third mode and one of the other twc modes, i.e. either r3 = 2r1, or
Ty = 2r2. In both cases there are two forcing frequencies which
determine fhe region of autoparametric action. The responses of
the absorber ﬁodes are different in both cases but the behaviour
of the third mode is similar to that of fhe caée of three mode
interaction. The condition Ty = 2r1 gives one real solutionvfor the
mode 1, while the condition Ty = 2r2 gives two solutions for the mode

2 one is statle and the other is unstable.

These theoretical predictions will be checked experimentally

in Chapter (VI).
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APPENDIX (IV.A)

Constants of equation (IV.23)

C5 =1 - Czn1 . 06 =1 - C.2n2
_ 2 3 . _ .2
C,7 = C3n1 + (:A{n1 - C1 C8 = C4n1n2 + CBn,ln2 - C1
2 2
09 = 2C4n1n2 + 03(n4l + n1n2) - 2C1
C =2Cnn2+nC(n+n)-ZC
10 47172 273 Y2 1
2 _ 3 2
C11 = C4n,|n2 + 03n1n2 - C1 012 = C4n2 + 03112 - C.I
C —Cn3+Cn2—E c =2Cn2n + 2C.n,n, - 2C.
15 7 471 31 1 14 47172 3172 1
2 - _ 3 2 =
015 = 204n1n2 + 203n1n2 - 2()1 C16 = C4n2 + 03n2 - C1
2 2 = _ 2 2 -
017 = 04111n2 + ()3111 - C1 018 = ()4n1n‘2 + 03n2 - C1

Constantsof equation (IV.24)

K3 = n1K1 K4 = n2K1
_ 23 B 22
K5 = —K2 K1n1 K6 = —K2 - K1n1n2
_ 2 2 B 2 3
K7 = -K2 - 1{11f11n2 K8 = —K2 - K1n2
~ 23 B 22
K9 = 2K2 K1n1 K1O —2K2 - K1n1n2
_ 2 2 _ 23
K,y =-2K, - Kmyn, Kjp = =2k, - Kymj
Constants of equations (IV.25)

L. =1Ln° 4L L, = 2L 2L
3 = Loy oy 4 = Bt oy
2 2
L5 = L2n2 + ]'.:1 L6 = L2n1
L. =1 . L, =1 n2
7 = 2o g = L2
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APPENDIX (IV.B)

Constants of terms in (IV.44) are,

2
o Slste) 5 g
574 | (rg _ 4r$) 4 77 4 713
02r (r +r ) CK,r
c _ 531 72 + 633
556 2(r1—r2)(3r1+r2) 16r1
2 2
C L, (r5+rS) + L,r 1] T
Cryn _ 6T T1¥T2) + 24T T2 2 4 PRPRRLTY
T1%2
2
e Emlety) 5 1
482 ~ ( 2 4 2) 4 78 4 12
rz-4T,
2 2 2
. . _V—KB[L7(r1+r2) + L4r1r2](r1-r2) 1g Cfg)z K oaix
361 ~ 3 : 27%'r 6 " 2710
16r1r2 1
2 2
KT r
_ L DBy 1475
K344 = 76 rz)‘scs‘z(

?1‘r2)(3r2+r1)

. . L;C5r,Ts ) L3C5r3(2r1+r2) . L4K4r2(2r1+r2)
- 2
43 2r1(r1—r2) 2r1(3r1+r2) 16r1
L_C._ror L C.r.(2r,+r.)°  L.C.r L.C.r
65273 + 653 "1 2" 653 N 653
4r$(r1-r2) 4r$(3r1 +“r2) 4(r1-r2) 4(3r1+r2)
) L7K3r3(5r$ + 4r1r2 + rg)
16r? |
L L4C6r3(2r2+r1) L5K4r1r3 L5K4r3(2r2+r1)
45 < 7 - *

2
16r2 2r2(r1—r2) 2r2(3r2+r1)

2 2 2
. L6c6r3(r1 + 21 T, + 2r2) i L8K4r1r3

3 2
8r; 4r2(r1—r2)
2
) L8K4r3(2r2+r1)

1 1 1
- = LK r[ + ]
4r§(3r2+r1) 78t 3 (r1-r2) (3r2+r1)



157

— CHAPTER (V)

AUTOPARAMETRIC COUPLING UNDER TWO SIMULTANEOUS
INTERNAL RESONANCE CONDITIONS

V.1

It is evident from the previous chapter that the dangerous
autoparametric coupling of thé liquid and structure first modes
is governed mainly by the internal resonance conditions. It is
useful to eitend the analysis by considering more sloshing modes-
‘and discovering the corresponding critical autoparametric resonénce

conditions.

Previous theoretical étudies [D2], of the coupling of liquid

4 free surface modes in rigid contéiners subjected to parametric
excitation has shown that the modes (0,1), and (0,2) are secondary
when the primary is (1;1)} Accordingly the analysis in the present
chapter will be confined to these three sloshing modes,vsketched

in Pig. (V.1), together with the modes of the structure.

" The dynamic free’ surface condition equation (II.31) leads to the

following equations

_.[jid --—5—62‘€'Xd +‘——2226£ x4 (Xy X + XZ)] 5 =2 ,—O'§1

-[g+é-5—6£'(5( +XX):|aH +8, = O (v.1)

— ' - 6 .2 ..
Xy -le+& -5 @G+ 2Zlagyy +5 = O (v.2)
X oy - [g+& - 36” (X + XX )]a'w te T ° (v.3)
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2nd sym:
mode” a,
1st. antisy m:

mode q,

zeroth sym.
mode q,

undisturbed liquid
free surface

Fi.g(V.1 )Liguid Sloshing Modes
Considered in chapter V.
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~The kinematic free surface conditionj; equation (11.35) gives:

ag, (A, tanh A, n)Of, + by =0 (v.4)
ay + ()\ tanh 3\1h)061 . + hy = 0] (v.5)
ay + (A, tanh>\21h)0<21 -+ h, =0 (v.6)

where the nonlinear functions Smn and hmn are determined by using

(11.33) and (II.37) which give:

8,y = 0.1045682 X, & 1a'121—0.2810256>‘1310‘” a, tanh X h
- 0.3446801 A% 012118 anh ,h-0.1655938 X, X a , tanh A, h
+ 0.1987524 _}1\1%1a21tanh>1\1h+o.3297056 2,6%,2, tanh A b
F X >\121 [0.53570485+0.5446801 tah A h.tanh X h]
X %%, A [o 2125628+0.3297066 barh )1h.ténh>§1h]

Sy = —o<11)\121[0.0696505—0.0614991 ta_nh2 >1\1h]-o.12299é1 )}1O§1a“tanh7\
S, = -0, )\121[-0..06551 81+0.1751103tanh® %1h]+o.3502201 A (%42 tanh A b -
h,, =- 0, 122515)\11 11a“tanh>\ h- 0.360395‘6>\HC><01 a,,+0. 1‘9145477\1 $ 1201

+ 0.274491 4)‘12 1%51811-0- 07381 °3>\2 1911221
hoy = - 0.261 2992)\1210§1a11
h,, = 0.4812568X", X a,,

Introducing these fluid modes,the overall system equations of motion

become;



Equation of motion in the vertical direction:
e . oo 6 ..
HE + Cgif + K+ my (5 - SEXd 5¢ Xa¥a)
- a2 X 7.2 1 52 X2 = 62 6
+ pfo ‘ro {cPt - %@r + ?CPe +CPZ) + (E - 5_£-Xd axdxd)h

. - N
- o[, - = d§ —Lzﬂ X, (XX, + X3)] cos 6} rde dr

—~
<.

2
= 2 E cosat v.7)

Equation of motion in the horizontal direction

s : 6
m,X +CSZXd+KX —_— §X+

.2
+£a s2%d ~ ¢ Xq(XgXy + X3)

25z2 "ta

L G2 132 &2 652 6 . %
- Ifhjiﬁ{¢_ 12 + ?cpe +&0)- [E- (15 - o XE) e

e -—6-" 6 . ‘2 h B
- a[Xd - 5£§Xd - —L25£2'Xd(xdxd + Xd)]cose} a co0sb.d0.dz = 0 (v.8)

The evaluation of the integrals will be considerably simplified by
using the orthogonal -and recurrence relations in Appendix A of
Chapter (II). Performing the integrals in (V.7, 8) gives

0 202ﬂrx12 p
. . 6 ) . 1 5
[Mo + mtl]§ + Cs1§ + Ks1§ 5q t]Z(X + Xy d) -— ms1§ocos€2t

cosh2 )1\1h
cees (V.T)

Ex . 35
25¢

X.+0 X +K .X

.2
mip Xa * Csofq M KgoXg - sz nig 2 tld(X a* %)

- 1;-%\3(5%1J1(§1)tanh(>1\1h) .
J1(§11)J2(§21) 1 + Oo5§1é1 vl
% si ((A A )h)
+ 5pa oy 1.1 21icosh>1\1h.cosh 72\1h 4:21(;;1*_@1) 111 24 .
1 - 0.557, 5
+
é:21(421 B g:ﬂ)

0( {Jo(§21')J, (&) sl (Ae 4]
cosh>\01h.003h %1h (501 + §1 1 )

T

ssmn((y - 47

(v.8)
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Eliminating6>in andtﬁén from (V.1-8) and using the following non-

dimensional parameters;

-C- =(1)11't . ) -
€ =5,/ [ 4y, | 214
A a
- o ~ fQ W o1 41133.1111 %111 o1
s s 7 ’
d r. b ———11 w 9
s2({  w s2 ’
11 ! X J Xd
. J
I‘01 w01
T w
. 21; \. 214
S, b m
e1 §;1 1 1 i my

=6 s = 9 = e—
Loz $ao bo|  Motmegmy E

the following five equations are obtained:

= CohyqByy = Cohgydyy

A11 + A11 + COX =G{CZXZ—AHZ + C1Ao1 11

= kit~ Celorhy * 09A1.1A21}

of . 2 v L2 -2
+€{010“11“‘11 - CR(EK + X%) + Cpyhy 47,

+ 03A11(5{2 + xx)} (v.10)

e 2 P a2 2 -
Agt + Torhg =€{N1A11A11 - NoAy - ro1Ao1z}

+ €M, (% 4 xE) (v.11)

1291 11 ~ To1hp2

+<52M

-2 % ) 2
Ay + To A, = e{m A, AL M,A

. 2 - )
Ao (X° + XX) | (v.12)
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w 2 .2 2 :
Z+ 1,2 =6{L1A” + Ly(X° + xX) - 2rs1§'s1z}

‘ > .
+ §1rs1tanh( >1\1h).cos6"[ : (v.13)

e 2 .o .. . - e -
X+ 1 X+ KA =€{K1ZX - 21'.«=,2<_s,.2X + KAy - K3hy 4y
- Ephihoy — Kohyhyy —Kph Ay 4+ K7A21A11}

2 2 .o .2 2 - ) .2
+ _E {- K1x(xx + X°) + K8A”AH + KgAHA“} | (v.12)

A” » Ay and A,, are the nondimensional amplitudes of the first

antisymmetric, zero symmetric and second symmetric sloshing modes
respectively, Z is the vertical amplitude of the main mass, and X
is the amplitude of the tank lateral oscillatioms. The constants

of equations (V.10—14) are defined in Appendix (V.I).

Transforming (V,."1 0-14) into principal coordinates by using the
transformation (IV.14), introducing a linear diagonal damping matrix
after transformation, and taking Z=P3, Ao‘f =P4, and A21 =P5 allows
equations (V.10-14)to be written in the form:

-C,.P,P,~C,.P.P_+C,P,P,+C, PP

. 22 1,22 2 -
Pi+S, VP =e{€ (S_1V'r1)P1‘2r1g1P1 12F1P37C45PoP5+C Py Py+C PP,

- 05P1 PS—CSPZPS—C6P1 P4—06P2P4-C7P1 P5

- C7P2P5_08P1 P 4-08P2P 4+C 9P1 P5-i-09P2P5 }

2 - D . e D .- -.
* € 1014011 + CysPy Py Pl gFPotCy P PotCy gy PPy

2.. .2 .. .2 .
+ Gy gPaPotCooFy P+Co Py Py PptCopPy P C23P12P2

+

L s 22 A
CogB PPy + CpgPoFs } (v.15)



P2+S

2V P,

__f 122 2 : v e
=€ (s v 2)P,-2r 4§4P4+N1 P, B, 4N, P, B,eN,. B, P,

-163=-

- K3P1 P5—K3P2P5—K4P1 P4--K4P2P4—K5P1 ?5—K5P2P5

- K6P1 P4-K6P2P4+K7P] P5+K7P2P5}

2 2.. .o ..
* € K12P Pyt 5P B PorK By By

2

25 o b B2 - 2 2
+ Ky PPy Ky 6Py Pi+2K, Py By Pk, Py Pk By 2,

1817272719172

4+ 2K, P, P.P.+K 1’>21>}

= 6{6—1 (Sg Vz-rg)P3—2r3c3153+L31512+L 4P1 f’2+L5i’§

+ L6P1 PAl +L7P1. P2+L.7P1 P2+L8P2P2+f0086"[f }

o . . .2 2. - 1
+ N, P,P52N,P, P—N,P -1, PP, — N, PP ]

+ 62{1\1 41312P 4+2N5151.152P 4+N6I3§P 12 P \By

+_~:i\TSP1 PZP 4+I\75P1 P2P 4+1\T 6P2P2P 4 }

= 22 122 2 : 2 T
PS5 ) Pg =e{e (55 -r5)Ps-2r G P 4M P, P, 41, P P+, P, P,

The new conétants of these equations are given in Appendix (V.II).

575" 5717171711 1

- .o .. .2 2.
+ M1 P2P2+M2P1 +21"12P1 P2+M2P2—r5P3P5}

+ ez{M 4P1295+2M5i>1 1 6P§P5+M Al P, P

+ M5P1 P2P5+M 5P1 P2P5+M 6P2P2P5 }

1,22 2 - TS i
é{e (s5y -rZ)P2-2r2€’ oPo+Ky oPy Ptk  PoPotK, P Py +K PP,

2.. ”
+K1 3P‘I P3+2K1 4P1 P2P2

(v.16)

(v.17)

(v.18) :

(v.19)
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The cubic nonlinearities in equations (v.15,16,18,19) are not
very important in the present chapter because quadratic nonlinearities
such as P1i53 and P2-I.’3 are quite adequate to define the characteristics

of the system.

Following the same argument as in chapter (III) for the method
of solution, the following asymptotic solutions for equations

(V.15—19) are assumed.

P, =P, (T)cos[r1‘t +9(T)] +€ay + oen
P, = P2(T.')cos[r2‘c‘+ e(T) ] +EDy + ...
Py = Py(T)cos[r;T+ ¥(T)] +ed, * e (v.20)
Py = P4(’C)cos[r4T +xX (T)] +EU, + ...
P45‘= PS(T)cps[r5T+5(’E)] TEV, * ee

Introducing (V.ZO) into (V.15-1 9») gives;

[3-51 ~P, (r1 +"P)2]cos(r1'l.'+5°)—[ P1C'}’+2 (r1 +9’)i"1 :lsin(r1'f+‘P)+e'a'1
s2 [P, cos(z;T+9) ]
+ 8y 1c?s rT+Y) +ea+...

- 6{6_1 (5517-55) [P cos(xT+9)ren, Jo2x 1Py sin(xiT +9)

+ Cy 2r§P1 I’3cos(1-1T+EP)cos(1'3'['+1)+C1 3r§P2_1’3003(r2T+9)cos(r3T+2{)

2
+ (Csri-c1rf)P1 P4COS(I'1T+§P)COS(I'41:+0‘)+(CBI'4—C1 rS)P2P4cos(r£[+9‘)cos(r2C+’b')
+ (c ro—C r2)P P_cos(rT+¥)cos(r T+8)+(C r2-C r2)P P_cos(rT+6)cos(rT+9)
T Y517Y9T5 05 1 5 TO/TAYsT2TYgT 55205 2 5

- C6r1 1'4.1’1 P4sin(r1T+£P)sin( rA:E+o()—06r2r4P2P4sin(r2T+e)sin(r;f+ok)

- C7r1 I'5P1 Pssin (r1‘t+30) sin(r5T+5)—C7r2r5P2P5»sin ( rEE+9)sin( r§f+3) }

(v.21)
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[152—P2(r2+-e) 2]cos ( rX +e)—[P2'é(-2i’2(r2+'9) Jsin( 1-2'l3+6)+e13'1

[§3"

2 2r
+S7Y [chos(rZT+e)+5b1+.. ..
~e{‘1(32 7 r2)[ P, cos(z.T+6) b'] 2728 P, sin{r. T+60)
=€\€ (8] ) -15)[Pycos(r T0)+eb, J+2r G P osin{r T+
K, Or%P,lPBCOS(r;C+9’)cos(_r3T+2{)-K r: P P,cos(r"ﬁe)cos(r T+‘x)
+(K6r4 )P1 P4cos(r1T+‘_P)cos(rT+o<)+(K6r -2 2)P cos(r2T+6)cos_(r[;f+o<)
+ (K31“,|2—K71:'§)P1 Pscos(r{fﬁo) cos(rST+5)+(KBrg—K.f'g)PZPScos(r2T+G)cos(r§Y+'5)
K4r1 r4P1 PA31n(r1T+'~j7)sin(rliT~lo<)-K r.r,P.P uln(r2T+ e)sin(rd:f#x)

47T 0"y

—K5r1 r5_.P1 531n(rT+S°)Sln(I' T_..é)_K5 oT 5 5 5s1n(r2—t+6)sin(r5T+5)}

..... (v.22)
«\2 oo . . .
P3 (;?3+y) Jeos( r3T+1)~[P3’x+2P3(r3+x) ]s1n(r3"f+y)+5d1
452 2[P cos{z T+ )+ dotenn ]
5 Y [Pzeos(rl+y)+red, +...
—6% '(b —rn)[P7cos(r T+'g)+ed I- 2r3§;P3s1n(r +2r)
+L3r12P12s1n (I-T+£P)+L4 1 TP, 2»1n(rT+‘P)u1n(r T+6)
Lsrg sin (1 T+6)-—L6r cos (rT-{-&P)
—L7(r12+r )P1P cos(rT+‘P)coD(rT+S°)—L T, P cos (r_[+e)
+ féos(nVT)} | (v.23)

[ﬁ4_P4(r4+6() 2]cos (rA:C+O<)—[P4&+2154(r4+6<) Jsin (rA:L_+oL)+eii1

+S[2+ y2[P4C°S(I’A:E+O‘)+eu1 teel]

=€{ 1(82 ° )[P cos(r'lf+(><)+eu1 Tvor &Z 45111(1"(,'-10()
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Pfcos2 (r{f+50) —N1 rgP,l PZCOS (r,‘T +5°)co?(r2'lf+e)

~N r2P,' PZCos(r{f+'>°) cos (r?jf+6)—N1 rngcosz( r£C+6)

-N.r

5 12]?’12sin2 (rF +':>")-;2N21'1,J:'2P1 stin(r1T+5°) sin( r2T+e)

_NzlangsinZ (réE#e)+r§r§rP3P4cos (r3T+7()cos (rzrf%)}

[?5'P5(r5+$)2]cos(r§t+5)“[P§$+ 2155(r5+s)]Sin(r§t+6)+6ﬁ1
+52 /[P cos (r, T+ 8)+eV J
5 LPgeos{rgl+o)eel +...
—6{ -1 (52 2—1-2)[P cos(rT+5)+ v ]+2r2§°P sin(rT@—é)
=€\€ \PgV ~T5ilty 5 €'y 57575 5

2.2 2 2
—M1 T P1 cos (r,l”l_—+55')~-IVLl r2P1 P2cos(r1T+S°)cos(r£[+e)

<M, 72D, P cos(r]’[?so)cos(rgl}e)—M

2.2 2
1718 Ps 11'2132003 (r;:C+9)

2.2
+M 1"11’1

5 sinz(rF+9)+2M2r1r2P1P2sin(r1—f+\?)sin(ré'C+e)

+M2r§P§s in® (r2T+é)+r§r'§P3P500s (r%t'#g)cos (r§f+6)}\

The fundamental variational equations corresponding to this set of

equations are:

2r PP =€ {6_1 (s7y-r])P, }

~

- =3
21',I P1 =

l
il

: 4,22 2
2r,P0 E{e (SzV —r2)P2}

.

—2I'2P2 =O

— 22 Py = 3o (821P-12)P }
3730 = €\E \P3) ~T3/Y3

- 2r.P, =0

373

(v.24)

(v.25)

(v.26)
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- 2P o= e{§_1 (Sz)/2 i)P }

- 2r4i34 =0

- 2r5P55 = {6 (SS)) -r )f5}

- 21Pg =0 _ J

The first order perturbation equations are obtained by collectiing
terms of order g in equations (V.21—25). The resulting equations

are given as follows:

51+r$a1:2f$§]PTsin(r{F+90+—C12r3P1P3 cos[(r1+r3)f4fﬁy]+cos[(r3~r1)T#y—%j}
+§C1312P P {cos[(r3+r2)T}x+9ﬂ+cos[(rB—rZ)T%y;el}
+%(08ri-c1r$)P1P4{?os[(r4+r1yfﬂx+gﬂ+cos[(r4—r1)Tim;!ﬂ}
+2(C8 4~C rq)P2P4{cosL(*4 2)T4&&6]+cos[(r4—rz 4x_el}
+£(C r, -C )P1 5{?03[(r5+r1)T4§+9ﬂ+cos[(r5—r17F+§—%ﬂ}
+l(C5 g Cq b)P {%os[(r5+r2)T45+e]+cos[(rS—rz)TES—e]}
_%06 1r4P1P4{cos[(r4—r1ytﬂx—gﬂ—cos[(r4+r1YFKX+9ﬂ}
—%06r2r4P2P4{cos[(r4—r2)%4«—6]—cos[(r4+r2ffﬂx+ e]}
-%C7r1r5P1P5{cos[(r5—r1)T45—$ﬂ—cos[(f5+r1)T¥5+Hﬂ}
7r2r5P2P5{?os[(rs—rZYT+5—e]—cos[(r5+r2)745+9]} (v.27)
As indicated in Chapter (III), there are some secular terms in
equation (v.27) giving rise to instability in the steady state

solution of the first order perturbation terms, when one or more of

the followinzg internal resonance relations are met:
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Ty = 2r1 Ty = Ty,
T, = 2r, T, = TyiT, , (v.28)
rr = 2r Tr = T 4T

5 1 5 1772 J

The first order perturbation terms of equation (v.22) are:

) , 2 '
b1+r§b2=2r§§;P231n(r£f+e)~%K1Or3P1P3 cos[(r3+r1ff+x+%ﬂ+cos[(r3—r1)Tfy-}ﬂ}

-%K11r?PZPg{cos[(r3+r2yT+7+e]+cos[(r3—r2)T41—6]}

+%(K6ri—K2r$)P1f4{cos[(r4+r1)T4a+gﬂ+cos[(r4-r1)T%M—S#}

2
.+%(K6ri—K2r2)P2P4 cos[(r4+rZYT¥X+9]+cos[(r4—rZYF#X—91}

+%(K3rf—K7r§)P1P5{cos[(r5+r17T+S+9ﬂ+cos[(r5—r1YT¥5—%ﬂ}

J

2 2

(K, ro-K )PZPS{cos[(r5+r2)T45+@]+cos[(r5—r2)f+8~6]}

3275
—%K4r1r4P1P4,cos[<r4—r1)TQXLyﬂ—cos[(r4+r1)T%a+9ﬂ}
_%K4r2r4P2P4{cos[(r4—r2yr«x—9]—cos[(r4+r2YT«X+6]}
—%K5r1r5?1P5{cos[(r5-r1)T%S~§ﬂ—cos[(r5+r1)f45+9j}
-%KSrZrBPZPB{oos[(r5~r2Ir+5—9]—cos[(r5+r2yt}6+91} (v.29)
This equation contains resonant terms at the following frequenzy

relations:

3
Iy = 2r,, Ty = TyAT,
T, = 2r, T, = LT, r (v.30)

1
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The first order perturbation terms of equation (V.23) are:
a, +r2d —2r2§‘P sin{r t+y)+3(L,-L )r2P2[1—cos(2rT+2‘.:°)]
177344 =T353"3 SR AR e Tal b 1
+2L4r1r2P1P {c0s[(r{_rB)T4§Le]§os[(r1+r27f+f4e]}

+%(L5 g )r P2[1 cos(2rr+2ej

—%L7(r$+r§)P1P2{cos[(r1—r2)T4TL9]+cos[(r1+r2yt#f46]}

+feosny T) (v.31)

Two types of resonance are found in this equation:

i) the external resonance r3 = n)
ii) the internal resonance r3 = 2:c'1 (V.BZ)
}-
= 2
rz = 2T,
T3 = TiE0 J

The first order perturbgtion terms of equations (v.24) are:~

L2 ) 2.2 22
u, +Tyu = 214§ZP4SLn(1'f+DJ (N +N )(r P 4T, P )
+%(N2—N1)r$ cos(2r‘f+2%ﬁT2(N —N )r cos(2réf+2e)

«%H1(r?+r§)P1Pz{c0s[(r1+r2)T4%46]+cos[(r1—r2)T4§LO]}
N2r1r2P1P2{cos[(r1—r2)TlYLG]—cos[(r1+r2yr49461}

A 4{@3[ (wg+r rysosoos] (r5mz, )T+y—0k]} w3)

Resonance occurs at:

(v.34)
T, = 2r1 _ r4=2:1i;2
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Finally the first order perturbation terms of equation (V.25) are:

V1+r§V1 - or ;;P551n(r§f+5) ~3(m, - )(r2P2+r2P2)

-%(M1+M2)rfpfcos(2:{r+299-%(M1+M2)r§P§cos(2r§r+2e)
L%M1(r +T )P1P2 cos[(r +T )f¢f+9]¢coq[ =T 7(#?—6]}
+Mr cos[ (z,-r )Fﬁf ej—cos[(r +r )T#Y#Gl}

271 2 1 2

~—r3r5P3P5{cos[(r3+r5yf4x+5]+cos[(r3—r5)f47~5]}

Internal resonance relations. of this equation are:

n
il
H
Ul
|
B
[+
H
N

V.2 CL?SSlfwcaflon of Re sonance Corditious: Relations(V.28,30,

(v.35)

(v.36)

" 32,34,and36) can D° comblnea tc ive the following autoparametric
’ b

resonance ccnditions: N
1) r3 = r1+r2 2)<r3 = r1+r2
=% =5
= n) = n)
3) r3 = 2r2 . 4) Ty = 2r2
= r4 = 2r5
= ny = nY >
5) Ty = Ty-T, 6) T
=r4 :1‘5
=nv =nl)
7) Ty = 2r1 8) Ty = 2r2
= n}) =n}y
9) Ty = 2r4 10) rz = 2r5

(v.%7)
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The last four conditions represent principal parametric resonance
conditions. for fouf modes of the system. Conditions 7 and 8 have
been investigated in Chapter (IV) and the last two conditions
lead to an analysis similar to Chapter (III). In the following

sections study will be confined to the first six conditioms.

V.3 Condition(1)

Tg = T 4T,
=l =ny

The autoparametric interaction ﬁakes place between four modes,
the first two normal modes P1,P2, the vertical main mass motion P3
and the zeroth symmetric liquid sloshing mode P4. The resonance
terms corresponding tothe present condition will be removed from
equations (v.27, 29, 31, 33) and inserted ih the fundamental
variational equationé (v.26). The resulting variational equations

become;

2 2
-21 PﬁP C{e (S y -r \P1+—C17r3P2PBCos(7~9—9§—*6816I P o cos@X o- )}

~-21 é1:=€{?r$§?P1 - —C T P P 31n(1—9—%%+“0 P P 31n@X—9 V%l

13737273 81673 2

: N f -1 22 2 1 1 2
—2r2P29_E{e§ (32))7r2)P2 2K1Or5P1chos({-9—¥3—2K426r3 1P4nos¢x 9-3%}
. 2 1
-2r,P, =e{2r2§‘21>2+21<1 Or3P1 P3s1n(y-e-9+-§{< 126 3P1 P 4sm(o<_e-8")}
~2r;P e{e (s2 2—r2)P S T P P,cos(y-F-0)+Tco
5 = 3V 372R47TT 5 ¥ ¥

. 2
_2r3P3 =65{2r3§;P3—2L477 3 1P sln(xhgle)+fs1ny}

A 1,22 2 2
_2r4P40(=6{€ (84)/ - )P4 2N“2r3P1P2cos(O(—9—§P)}
_2r4P _61Lf4 R 21\“213P1P sin ((X- 9-50)} | (v.38)

where



Introducing

1,

2 2
Carg =.C155%C65,5, — Cgy
X =X,s,5,+K.8 K S°
426 = "4 4+21' 6°4
Lyg7 = L4S1SZ+L7(S +S )
2 2 .
Nyyp = By (85485) - N85,
S4‘ = r.,/r3 R 82 = 1‘2/1'3 , S4= 1'4/:('3

the following parameters;
bi y f 2T
TR g pp—
r,’) i leqr} eyt }qur\
2 2
gy PR A
- v

j[iETqur‘

equations (V.38) take the form;

c
-5, bff— -S Yb +5 12— 1 _b,cos( Vf) 26
! Tyl 23 \L 7l
c
-8, ¥, = 5,1, ~% 1L2;7| bbasin(y="¥ )+ i;i‘
' Y %0
oS 426
~5,b,0 = -S5Yb,-3 To] b, byeos (y="4)-= 7]
K K
. i 10 426
_szb2 = SZr]2b2+? |L477l b1b751n(y 'W)+— ‘ 477\-
L
- 477
~b.y = =Yby—F Tr——b cos(y-Y )+cos
5 57 Tyl 12 1 eosy
L
S N . .
b = ’131)3 > |L4'77I b1b251n(y—%+s1ny
N .
. 2. 4 12 v
-.34b4o( = —84{04 p) ’L4.77‘ b1b2COS(‘X- a1)
N
112
-S,b, = S4v4b4 3 b1b2s1n(0( 'Y/)

\[{ =0+Y
. : r
¥, - oY
W5=2 J
b b cos(O(—'\Llf)
b,b 31n(0( )
b b cos(O( \ff)
. b{%sin@(—}'{)

(v.39)

(v.40)
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To obtain the steady state solution, the left hand sides of
equations (V,40) afe equated to zero, however the resulting aligebraic
equations are not compatible since their number is greater than the
number of unknowns. Such a situation has been treated in Chapter
(zv) by considering some special casec. Again some special cases

of (V.40) will be investigéted.

a)q1==72=74:=o

This condition results in the five compatible equations

C c
2 13 - 4 816 3
-STYb, + & b.b, T % - b,b, =0
= B Lyy) 72737 % | Tyqe] 24
K K
s?%zi%-“fo mb3i—fm6 bb, =0
477 47|
Yb3 + 1 L477 b1 b2 . = CO08 'X Y (V.41)
\ L4717
q3b3 = —-sin Y
N
2 1 112 -
S,Yb, +72—= b, b, =0
AT Tygg) 12 J

The analytical solution of equations (Vv.41) is found to be:

the zero symmetric sloshing aﬁplitude b, -

4

_70:5 Ny y
b4—-—;-2—;———-‘- b1 b2 (V.42a,
Y 4|J477 :

the first normal mode amplitude b1:

e 2
2 Y055

—

(K, Carr + CyaK, or)
10816 * ©135%426 2 2
[ PR Ni12] By = oS (v.42)

YLy Sy
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the vertical mass motion amplitude b3

ST Cqe N
2y ‘ 477' 816 ~112
by = [—5— - =551, (v.42c)

13 b 45

2 4 Y

where the second normal mode amplitude b2 is given by the solution

of the quadratic equation in bgt

S5 e .
816112[ 47'7 I 2 4
=y —=] + 4+ C, .S Y} b
{ 2sj 73 \Bg77l 15727) 2
2 2 \L47710816N112 2 2 112(K1o 8167C15K426) | 2
287S5YL [y v+ 2)] - b,
2yt~ 2 3 L 12 2 2
L4171 v13 8 ‘ 477 54 Y
20002 ,2 2
4y°8T85L Y o (Y ,
b oysi— AT g =0 (V.42a)
13

The amplitude—rgsponse curves b1,b2,b3 and b4 are Shown in
Figs. (V.2—5) for two values of liquid depth ratio h/é =1, and 2,
and for a perturbation parameter &= 0;0105. The characteristic
of the theoretical solution of the four mode interaction is rather
complex and differs from the case of the three mode 1nteract10n of
chapter (IV). BecaLse the damping parameters 71,7 and q were
assumed. zero,‘the amplitude response curves are not bounded on both
sides of n=1. It is anticipated, from the previous chapter, that
the damping causes the cross over at which the amplitudes collapse.
However, there are some remarkable features that can be deduced from
vertical tangents of the graphs in Fig. (V.2,3). When the forcing
frequency increases from G to A, a jump AB occurs in the first two
normal amplitudes b1 and b2 (Figs. (V.2a,b)) and the zero symmetric
sloshing amplitude b, (rig. (Vv.33)) while the main mass amplitude

b3 follows the iinear resonance curve HIB. The first normal mode
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amplitude b1 exhibits a suppression effect BCD while the other modes
follow the resonant curves BJKD with inétability at n=1. A further
increase in the forcing frequency causes a continuous decrease in

b2,b3 and b4 indicated by the path DM, while b2 increases until

its collapse which would have appeared if the damping parameters were

db4

included. VWhen b4 reaches.its minimum'value at M (—EE = O), the
first antisymmetric sloshing mode dominates the liquid_free surface
motion until its collapse which brings the main mass response down
to a point on the curve DGP. As the forcing frequency is decreased

the system follows the paths indicated by the reversed arrows where

the collapse location is defined on the left hand side of n = 1.0,

) 1, £, 40, 40

An attempt has been made to investigate equations (v.40) in
a CSMP simulation, however it was difficult to observe any regular
response in the numerical solutién. The simulation showed that
the system does not achieve any steady stéte solution during the
long period of time inserted in the program, (7=150). Thé
amplitudes b1,b215nd b4 are increasing with time which indicates that

the system is unstable.

" V.4 Condition (2}

Here the interaction takes place between the first two normal
modes P1, P2 the vertical mass motion P3, and the second symmetric
sloshing mode PS' Resonance terms corresponding to this condition

are removed from the perturbation equations and inserted in the
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fundamental variational equations which become:-
2 2
P‘P C{e (S‘I )) -} )P +'2'C151'3P2P3008(X —0- SU)--—C,7591'3 5 5003(5—6-‘;?)}

-2r, P ..e{zr@ P1~—C13 3 P, 58111('{—9—‘?)-:{759 3Po Posin(8 —e_‘ﬁ'}

: ~1,.22 2 2
_2r2P26 =€{€ (52)/ -r )P -r—K1 Or3P1 P3cos(x—9_?)‘%K537r3P1 Pscos(é'—e—‘?)}

. ) 1, 2 . \
-2r, P, = {21«2?21324»—1{ , Or3P1 PBSln(y-e-sp)+2K537r3P1 P5s1n(5-6—"9;}

?22

-2rz jy e{g (s )Ps-r’z—L477r3P1chos(y—e—‘)o)-kfcosy}

_2r3 5 =€ 2r3§; 5 ~2L T 3 1 231n('x~9-‘,f’)+fsin'g}

-2r P55 e{ 1(S§y?—r2 —5M 112r§1>11D COS(5-9-‘P)}

~2r Py = E{zrzz“ P, | T 3 1 Zom(s-e-\f)} (v.43)
where |

Cosg = CqS,S5 = 0532 + 082

2

X K.S,S. - K;S +Kr_S2

537 — 75175 31 5
Ly = 1,818, + L7(S§ + 312)
My, =N, (312 + sg) + 1,8, S,
Si = :r'i/r3

Using (V.39), equations (V.43) can be written in the form:

C

-S b1‘P~ —S1 YD, +5 |L13 7 b,b cos(‘g-‘/’)-— -j——T b,b cos(5 “*/f)
477
. C
--S1b1 = 1 1b 13 b b sa.n(y ‘;V)+2 —129_ b b 31n(5 "/f)
‘T 477l \Larl
< T () K537 )
-S,b,0 = =S, yb,—+ b, becos(y-Y)~F === b.bcos(6-Y
2°2 2'72 lL477( 173 1 IL477I 175 1



- iy
vy =y -+
5 ==
-s§>8_—s§b * |42j
~Sgbs = Sg¥bg - %'|L4;;T

b, b, cos(® WV)

b1bzsin(54Vf)

~1O1=-

K

b, b sin(y- Vf)+2 231 TPy b Dln(é—ﬁk7
\ 477\

b b cos(y—\V)+cos Y

b, b cos(g—'\}f)+51n Y

Again, a set of incompatible equations is obtained when the left

hand side are equated to z

ero.

As in the previous condition a

special case will be considered.

a)q1=q2=q5

The response of the system is determined by the equations,

2 1 13 ‘ - 3
-SyYb, £ % 73— b, b + %
1 \Lgz7) 23
K - K
Sngz £ Ty Byby k£ T
477 1T4m]
L
477 '
Yby £ & b, b
5 \baz7| 12
505
M
> _ ., "M12
—ScYbe + 7 b, b
5175 ]L477! 172

The analytical solution of equations (V.45) can be obtained in a .

similar form to (V.42) as:

Crr5g

Lyr7l

Kszg
477)

b b

b,b

N
0
0

o
cos {
-sin} Y
0 J

The second symmetric sloshing mode (amplitude b5)

5 =

-0.5M

112

L477'Y35

b1b

2

(V.44)

(V.45)

(v.46a)
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where the normal modes b1 and b, have the relation -

2

2 .2
02 _ Y05 S by |
17 /K .C + C K
0 2
L 7592 52 537)]b N
MWog77°5

the amplitude of the

b -

37 C

where b2 is given by

2
{-32C759M112 [y% 2

vertical mass motion b

5"

2
2y [|L477,S1 Cosgthi12
13 b2 452 4P
2 5 Y

Jo,v,

solving the quadratic egquation in bgz

477 2 4
e %'01332f} LP!

255 57 Tl
c M, , (K +¢, K
N 23232yL [Yz 477’ 759 112 2 2} 112%410 759 13 537
17212477 L 4L 2 2
477°13° 5 477 S5Y
2222 2 n2
4yesesois . (voeN5)
+ YS? 12 477, 3 + K1o] = 0
c
13

(v.46b)

(v.46¢)

b

(v.464d)

Figs. (V}6,7) depict the amplitude response curves for the case h/a

= 1.0 and €= 0.0105.

solution in the ﬁeighbourhood of n=1 indicated by the unbounded

response curves at that frequency region.

(V.464) has no rsal s

v) 1,47, £ # 0.0

A CSMP simulation for the complete set of equation (V.44) gives an

Again the system possesses an unstable

olution.

unsteady, unstable solution.

At h/a = 2.0, equation
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V.5 Condition (3)

The interaction imder this condition will take place between
three .modes, the second normal mode P2, the main mass motion P3,
and the zeroth symmetric sloshing mode P4. The variational equations

of this case are found to be:

: ~1 /.2 2 2
_2r2P26 =5{§ (S2V -T, )P2 2K11r3P2P3c:os(7{—2e)_1 °46r"P P4cos( —26?}

ot _ 2 2 " RE -
—2r, b, =¢ 2r2§"21>2 K, TP, P 351n(7—29)+2K2 4613P2P481n(0(—29)}

_2r3P3j =EE{Ef1(Sg)?—rz)P3‘2L58T§P§C°S(7“291*’5057}

_2r3.fe3 =€ 2r§§;P3 - Hggr g Zs1n(7{—29)+fs1n‘y}

-21~4 —E{E (841}'-—3:' )P4 ?N12r cos\ -29)}

~2r,P, 6{21'4@2}? -—N T sin(O(-Ze)} (v.47)
where:

Ké46 = K8 +K4S1S4 K684

Lgg = Lgtlg

N = M-

Writing (V.47) in terms of the new variables (V.39):
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K
< 2 1 11 1 246
—S2b26 = —S2Yb2—2 |L58l b2 3003\7 ) \L \ b b COS( ""\/g)
. K14 446 .
_Szb2 = 8572b2+2 LSS‘ b b731n(y *‘)+2 \ 58\ b2b481nGX—Q%)
L )
’ 4 58 2
“bgy = -Yby -3 o] Szbzcos(y~?%)+cosx
L
- 4 58 2.2 . .
—b3 = q3b3 -3 lL58l 32b231n(x;yg)+51n7
-5,b o(— SZYb - T2 52 2cos(o(—'\{//
#1% ¥ Thgg] 72
: N
< _ A 12 2,2 . _
-85, = 34'\4b4 T 55b5 sin(X-15) (v.48)

On setting the left hand sides of (V.48) equal to zero, the
resulting algebraic equations are consistent. The analytical
solution of this set of equations was found to be rather difficult,
however an algorithm DAVDEN, (IMP External Routine) due to Davidenko
was used to solve the nonlinear algebraic equations of (V.48), The
amplitude-response curves are displayed in Figé. (V.8,9) and show
a discontinuity in the second normal mode response b2 at n=1 while
the main mass response b3 and the zeroth symmetric sloshing response
b4 follow resonance curves near n=1, The response curves shown
in these figuresfrepresent one of the solutions of (V.48), and other
solutions could be obtained if another attempt were made by inserting

suitable trial values of the bi’s.

Special Case q :fl =0

This assumption reduces the algebraic equations of (V.48) to

four equations whose solution is found to be:

the zeroth symmetric sloshing mode b4:

;12__

8‘ ) b | (v.492)
5
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the vertical main mass amplitude b.:

3
252y |1, & . N S, 2
b - - 2Y\ 58| L 246 " 12 (=2) p2 (v.49p)
¥ Kip - 2vKyy|Lsgl 'S4 2

where the second normal mode amplitude b2 is given by the solution

of the quadratic equation in bg:

246 M12 52 2 6 12
{ 12 2) [__ﬂ___l_T (y 2, 75 )4 4 + %]}'bg
%4 11'L5§‘Y 4 vet
4 4 2_2
2 2 8 2
i { 246 12?(Y2 VP)sey Lrs}b +{_____2_i_ (rB)- }— 0 (v.49)
1 K8, K11

Equatiocn (V.49c)‘has.two real solutions shown in Fig. (V.10,12),
The positions of verti~al tangency determine the regions of
instability in the system under the two internal resonance conditions
Ty = 2)& . r3=r4. The figures show that when the sjstem is excited
at a frequency below the resonance (n<:1) the main mass response
follows the respons ¢ of a single degzee of freedom system AB while
b2 and b4 reméin identically zero AB. A continuous increase in the
forcing frequency brings the system in the regibn of avtoparametric
instability in which b2 an@ b4 Jump to C, in the same time an
autoparametric absorber effect appears in the response of the main
mass CD. A further increase in n causes the zeroth symmetric sloshing
mode b4 to dominate the motion of the liquid free surface. Tuis
mode foliows a typical resonant curve near n=1 while b2 exhibits a

discontinuity at n=1. At a frequency greater than resonance h§>1)

there is another type of vertical tangency EF which brings b, and b

2 4
down to zero and b3 follows again the linear resonance curve. Fig.
(V.10b) shows another solution for the main mass indicated by the

response JKIMN which may occur if the first antisymmetric sloshing

mode is overcome by the motion of the zeroth symmetric sloshing mode,
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in that case there are two frequencies at K and N at which an

absorbing effect in b3 takes place.

V.6 Condition (4)

Following the same analysis of the previous condition and

considering the second symmetric sloshing mode P5 instead of the

~193-

zeroth one, the following variational equations are found:

22 2

w2p
~2r,P,0 e{ SzV -r )P2 ~3K, |

5

—212P2 f ?C'ZP2+2K111'3P2P7S111(X—29) %KS 37T 3 5 5~1n(5—29)}

€’
oo 122 2 2
~21. Py =_6{6 (55 ) -r5)P VP5=3Llggrs

{ 252 . . PR
...21- i 4.3 3 9L58r3P231n(x—26)+¢51n‘{j

R R AL 200s(5—ce)}

- : _ (.. 2 . 1 2 2 .
-2rPy = 612;5;51’5-71\’[1 212P2s1n(5-26)}
where

2
K537 = K55285 - K382 - K.7S5

Lgg = Lgtlg » My, = MM,

Writing (V.SO) in terms of the new parameters(v.39):

5008 (y-20)~3K

chos(y-26 )+fcosy}

557 3I’2P5cos, (&-2

os (S—Vg)

_82b2é = —Sgybz-«;— I?H b,b cos([—’v/)—‘é K537 b,bec
. |Lsg| 273 5 |L58\ 27>
- v K‘H
__Szb2 = 8272b2,+'5 IL58‘ b b s1n(x ’\//)+ "58\ b b qln(é—V)
L 1 Lss
_03r = —yb3 -5 s(y y/)+cos ‘{

e)}

(v.50)
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5 =y -

|-
(=

, .
—S5b5 5 = “S5Yb5 5 —_—ll‘ . Szbzcoo(O\ %)

- 2.2 .
- - b e bo sin(&- .5
The steady state solutiocn of equations-(V.51) is obtained by using
the Davidenko algorithm as described in condition 3. Figs. (V.13,

14) show the amplitude freguency response of the system for two

values of liquid depth ratios h/a = 1, and 2, when &= 0.0105.

It is seen that when the forcing frequency is below resonance
(n<:1) both b2 and b5 are identically zero AB, and the main mass
amplitude b3'follows the linear resonance curve AE: At B

instability occurs in b

/
5 and b4 indicated by the jumps BC and BC

respectively, the main mass shows a change in its response to the
curve ﬁbE. Both the second symmetric sloshing mode b5 and the main
mass amplitude b3 follow resonant curves at n—1 with a discontinuity
in b2 at n=1. It is anticipated that there is a collapse in b2

and b5 somewhere at n;>1 which is not indicated in the graph since

the algorithm gives only one real solution.

Unlike the case of oﬁe internal resonance condition studied in
Chapter (VI) in which the absorbing effect occurs once at n=1, the
present case shows that there are two forcing freéuencies n=1 -+ OGE)
at which the suppression takes place in b3. This can be
interpreted as the liquid free surface motion being dominated at
n=1. mainly by the second sloshing mode b5 which does not exert any
lateral sloshing force and therefore does not participate in the
autoparametric coupling; it is the first antisymmetric sloshing mode
which, because it has a significant value at n221, exerts the lateral

sloshing force that interacted with the Vvertical mass motion b3.
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A special case can be studied by assumingq2 =']5 = 0, This
assumption simplifies the algebraic manipulation and yields an

explicit analytic solution of the form:

The second symmetric sloshing amplitude bs:

M S, 4 b

b5 = - %'—T%EL'(gg)L';g (v.52a)
|ssl S5T v

The vertical mass amplitude b
K. M
2 2 53712 >
by = = =— v55. | Lg| + 52— ( )b (v.53b)
3 7. K11 2 '~58‘ 2YK11lL58| .

where b2 is given by solving the equation

K M S
T 2, 2 2 1 «2r 53712 2.4 4

HD AL (2, 2) g 220002 (22 11}
1~4 YlLSSlK11 3 5-Lgg Ky 'Sy 2

255 X Koz 12 > 2 > T .2
"{ ' r \Y‘+13) + Y Lsgi}bg
11 L1135

2
23 y'L
2 8l 12, 2 2
+ [___i:_E—L] (Y + 3) -1 =0

-

eevoo(V.5%)
Figs. (V.56 show the amplitude frequency response curves

b,,b, and b

2103 5 When the system is excited paraﬁetrically at frequency

below resonance,_ the main mass amplitude b3 follows the resonance

> and the

second symmetric sloshing mode b5 are identically zero. With a

curve AB, while both the second normal mode amplitude b

continuous increase in the forcing frequency, the main mass fcllows
_the suppression curve BC at first with a sudden stimulation to the
modes b2 and b5. The continuous increase in the second symmetric
sloshing amplitﬁde dominates the motion of the liquid free
surface and the main mass then changes its response to another
resonance cuvrve CD. Because the curves are symmetric about n=1 the

second half follows the direction of the indicated arrovs.
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V.7 Condition 5:

The modes considered in the

of section (V.S) however, here the internal resonance condition is

of the

(v.39)

~5,b g>_ -

where

681

246

747 —

21

difference type.

are:

2

3 = 1T
= I

4
:nv

c ¢
2 1
S1yb1+% B 3 i b2b3003(y+¥§)~l 68H
747 74/
c : c
13 681
=5 b, —+ b,b 81n( + )#L-—*
L D R yrip)e gl
K e
2 , 6
= =85y, ! —E%EL—-b1bBCos(y+%%) + 'L24
|L747] 1%747)
K Koy
. ™0 .
=8 q b~ b, bosin(y+ V) -5 =
212727 oy o P15 |L747
= -ngw% |LZ4Z b, b cos({kﬂV)+cosy
- 4
1 747
:r] b —7 b b 1nk3’+'(, )+s1n‘f
[L747] 2
2 Mo
= -S4yb4~% l 747' b b cos@X+V/)
. T
= S4lab42 7] by bysin(*+yL)
¢ S.S. - C.S° + C.S
= Ug=po4 ~ Pgog v My
2 <2
2 2
-L,SS, + L7(s1+52)
N,S,S, + N, (s +u2)

=200~

The variational equations after using

b,b,cos (0(+'\V)

b2b431n@X+\F7

T bybycos &HYS)

b1b4s1n@X+Vé)

present section are the same modes

(v.

2

4)
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Setting the left hand sides of (V.54) to gzero, gives eight

equations and seven unknowns which implies that the system does not

possess- any steady solution.  CSMP simulation did not give any

regular response.

Special case 71 = VE ='75 =0
Using this assumption gives the analytical solution:

the zeroth symmetric sloshing amplitude b4;

N b, b ,
b -2l 12 . (V.552)
4 2y ‘L ‘32
747 74
thie first two normal modes b and b have the relation:
> C138? b2 .
be = (v.55b)
B P #T Koge Mot 2 2
[ R 1 by = YKy 65y
4vL S
747 T4
the vertical motion of the main mass b_;
- ]
. L
’ >
by = - [l_Zéli,s1 —éﬁ%—-z Tob, - (v.55¢)
13 b 457 3 :
2 4 ¥

where b2 is given by the solution of the equation:

C,ou N
2 2 2 2
{_12‘82[ 6812 1 (Y +7 3 {47 )+2 17Y]} 4

L
55 \ 747|
22 L747IC681N21 2 a2 Ny (K oCogp € 5% 40) 2
259857 747[ C,x 57 (o + N7 - 7 2 by
. 747 13 4L747 S4 Y
220 2
4Y°s5s) L +r +X
+ ysf[ 1.2 747 3/ 10 - 0 (v.55¢)
€3

Solving (V.55d) for the particular constants of the system,
gives no real solution,so no results could be displayed. This leads
to the conclusion that the system may not respond under the resonance

condition of the present section.
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V.8 Condition (6)

Considering the second symmetric sloshing mode instead of the
zeroth one, the previous section can be modified to involve the
present four modes. The variational equations, after using the

parameters (v.39) are:

C
~S,b (30 = —S12Yb1 +r !L13 b2b3cos(Y+‘\}§)—'1§ 279 b2b5cos(5+'\,l§)

77| \%747]
. Ci3 . %519
-5,5, =8 q1b -+ Tore] boby sin(y+¥)+s s b bgsin(5+Y5)
B K,
~8,b,€ = —SSYb? - l’?l b, b oos(7(+'\{f) % TL/SI_ b, b cos(vﬂf)
, Ko g K53
8,8, =8, T,0.-% TEzpa] Pt b, b Sln\¥¥Vé)—%‘wL747\ b, bysin(6+Y5)
. L. -
/ 747 .
~bzy = -Yb -5 —~ b, b cos(){+"}£)+cosy
3 3 ‘L747 172 2
L
’ 747 . .
Y5 = qu'ﬁ_;— T b1b281n(y+%)+31n7{
T47
S.b S’ §2y bt a1 b'b (©+Y5)
~S5P50 = "S5vbs L T P1Pa00S ¥
. Mo
_85b5 = 85 Sbs-r- ‘L'747{ b b231n(5+\}")
where
c - - 0.8% - ¢S S + C 52
579 = T Ygop T UqPovg t bgUs
L2 g2
K753 = Kq85 + 5555 - K35,
2y
Logq = ~LyS8yS, + T (s4+s2,
2
M, = (s +S ) - %,5,5,

(v.56)
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Equations (V.56) are similar to (v.54) and have no steady state
sclution. . Considering the special case by setting q1 72, and

75 equal zero a solution similgr to (V.55) with the relevant constants
of the present case. Again the resulting solution has no real

response.

V.9 Conclusions

Allowing more degrees-of-freedom for the motion of an auto-
parametric system generates further internmal resonance conditions.
The response of the syétem near these critical conditions seems %o
be rather complex and exhibits unsteadiness or instability. It has
been féund that with a combination resonance of the summed type the
system response .is in genefal vnsteady, while in the principal
resonance. it is steady. However, CSMP simulation showed unsteadiness
of the system vnder the first four resonance conditions examined in
this chapter. With a copbination resonance of a difference type no

response has been obtained by analyiical and simulation nethods.

‘The behaviour of the systen, under two intérnal resonance
conditions when one of the modes is externally excited is still
obscure however, the present analysis needs further interpretation
which can be obtained from the experimental observations and

results given in Chapter (VI).
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APPENDIX (VI)

Constants 6f Equation (V.10)

10

1"

2-§Htanh?1\1 h

) (5121‘1) 3,(83)

1 . 21914547
pr— Ah [0.1655938 + == %\1}1]
, 1.2
(z/a)gj1tanh>1\1h
c, C

1 .0738103
m‘_canh}\ﬁh [0.1987524 + s nh?\ h]

1 ﬁo.wzz-,z; LIUSAT _ o g7gtamn A ] 3570485

’canh?hh tanh/}ﬂh - tanh}\ﬂh

-~

. 34468%tanh %1 h.’r,anh?% 1h]}

1 { 164694  .0738103

T A 5 | Fanbg B " Swnn?, B T 60281 2tanh7§111_[.2725628'

- 0.3297066 tanh)\ Betanh J},
2511112/\1:?11.@111}5& = 0.1651
ié:ﬂiif?i.tanh)mh - 0.197826
o - 8 e - SR )
e - 8 - ;;zi;g:h.mw

+ 0.125498(0.3570485+0. 3446801 tanh )\01 htanh}\,l /)

+ 0.288754(0.2725628+.3297066tanh %1htanh>\1 1h)}
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Constants of equation QV.H)

i 0.2612992

N, = ———-——tanh/\nh [o. 25678tanh>\ h - anh A 1 ]
1 0.2612992 L1454

Ny, = tanhA, b [tanh7\”h + '(tanh2)\”h - '12839)tanh}'o1h]
1.2 r§1

Ny = &, (¢/a)tanh A | h

Constants of equation (V.12)

1 0.4812568

M, = -
1 tann)\,l 1h tanh)\] 1h

~ 0.583Ttanh A, h]

0.4812568 0.10919
M, = [ + ( ~ 0.2918)tanh A, h]
2 tanh)a 1h tanh )‘I 1h tanhz)\1 1h 21
. )
1.2¢
M = 21
3 gﬂ(e/a tanh,?\nh

Constants of eguation (V.13)
0.202 p,

L, =
L (h/a tanh% h.sinh }\ n

1.2 By
L, = .
o} r
2 7 (t/a Zi ‘tanh)\ﬂh

Constants of equation (V.14)
“3J1(§11)
KO 2
(n/a)

c - 1.2
17 fﬂ(E/a)tanh/\Hh

0.1914547 1z 3, (%))
121 (h/a)tamhg)\1 /b

K2=

. . 0-0738103 ng J, (%"H)

2 : 2
11(h/a)tanh Aﬂh
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H3 { 0.17244  0.1914547
K, = 7 (& - ]
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1,6

1—n2C2
c —n2(C n, ~C )

10 41 )
2¢, 2C4n1n2+03n1(n +n )
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CHAPTER (VI)

EXPERIMENTAL PROGRAMME AND RESULTS

The purpose of this Chapter is to explore the characteristics
of the autoparametric systems studied in the previous three chapters

and to check the validity of the theoretical results.

VI.1.0 Apparatus

Figures (VI.1-3) show the basic layout of the rig. It consists
of an upright circﬁlar perspex container of length 31.0 cm, inner
diamater 9.5 cm and thickness 0.3 cm. The container is rigidly
supporied cn a rectangular base made of dural (16.2 x 13.4 x 2.25 cm).
Depending on the number of degrees of freedem required, the container
and its base are supported vertically by either twe rigid panels,

(to give purely vertical tank motion; see Fig. VI.1), or four leaf
springs (to‘permit lateral motion of the tank, see Fig. VI.2). Thé
panels or leaf springs are attached at their lower ends to the main
mass (a 16.2 x 13.4 x 3.6 cn piece of dural). in externally
pressurised éir 1ubricated bearing is placed in the centre of the‘
main mass in order to guarantee its motion in purely vertical direction
with negligiblg damping. The whole system is carried on a platform
bty two compression springs. The platform itself is connected
directly to the head of a fyé~Ling vibrator type V1006 (maximum thrust
500 1bf). The excitation provided by the vibrator is controlled by
an accurate function generator (Hewlett Packard type 203A) via a
Pye;Ling power amplifier type PP1/2P. To prevent the'full load
being applied to the vibrator head the platform is suspended by four
elastic ropes from a surrounding stationary frame. An adjustable

dashpot — fitted between the main mass and a stationary point - provides
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Fig(VI.1) Two Degrees of Freedom Experimental Apparatus,
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damping to the motion of the main mass. Any torsional or roll
oscillations created by torsion in the compression springs is
prevented by two long parallel wires extending (under slight tension)

from the main mass to a fixed stand.

The design of the air'bearing, compression springs and leaf

springs will be discussed briefly in the following sections.

VI.1.1 Design of the Air Bearing

Tor the design of an externally pressurised air lubricated
journal bearing which is inherently compensated (i.e. the air
feeder holes are not furnished with orifices) there are four

governing dimensionless parameters, namely [M11]y

1) The length-to~diameter ratio : (I1/D)
(»./P,)
(€)

2) The supply pressure ratio

_3) The eccentricity ratio

o
4) The restrictor coefficient :_/g = §££Q;“55i
PSC
where
L = the overall bearing length
D = the bearing diameter
PS = the supply pressure
Pa = the ambient pressure
g = viscosity of air
n = total number of feeding holes
d = diameter of feeding hcles

(B = gas constant

3
i

absolute temperature

C = radizal clearance
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With suitable values of the first three dimensionless parameters

there is an optimum value ofJﬁé for maximum stiffness.

In the present application it'is important that the response
of the nain mass due to lateral motion of the tank should be as
small as possible. The arigular stiffness of the bearing was designed
to give a resonantfrequency of the main mass/bearing system alone
of the order 100 Hz, (well above the experimental frequency range of
0O~ 10 Hz). A check was also made to ensure that the maximum
pitching movement of the tank about the bearing centre would not cause

contact between the bearing surfaces.

The selection of the bearing geometrv was made using the
information of reference [M11]. Fig. 5.5.13 of this reference
shows & plot of dimensionless angular stiffness againstdﬁs, for
various values of PS/Pa with L/D =1.0 and E—-0. For the maximum
available pressure ratio of about 6.0, the optimum value Ofaﬁéc:O.B.
The following bearing dimensions were selected in order to achieve

the required angular stiffness of 4.8 x 10”7 1b in/rad;

L =2.5 in. 62.5 mm.

= 2.0 in.

(=]
|

50.0 mm.

+C = 0.001 in, = 0,025 um.
n =10 Single admission plane (equi-
spaced holes distributed circumferential

in the central plane).

d = 0.0465 in = 1.17 nm.

A detailed drawing of & section through the bearing is shown in Fig. (VI.4:
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VI.1.2 Design of the Compression Springs

The specifications for the compression springs are chosen so

that *the internal resonance conditions can be achieved.

Accordingly,

the dimensions can be determined by using the simple relation of

the natural frequency of a spring-mass system;

where

M +
(o]

D

m

sl

tl

modulus of rigidity [11.5 x 100 1b/inch’]

wire diameter
number of active coils [= total number-2,
for closed and ground ends]

mean coil diameter [= outside diameter-d]

= total mass carried by the spring

Among the available springs, it has been found that twc springs

of & = 0.093" and D = O0.777" are suitable.

depends'on the resonance condition and the total mass. Fig. (VI.5)

shows the relationship between fs1 and the active number of coils n

for two values of MO + Mg = 13.11 and 13.85 1b. Table (VI.1)

gives the required number of active coils for each autoparametric

resonance condition,

The number of active coils
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TABLE (VI.1)

*
Resonance Conditions h/a f11(Hz) T, r, r3—_—rs1 fg1(Hz) Too t(cm) N
=2 11 3.05 - - 6.1 - - 9
5 21 35.11 - - 6.22 | - - 9
- .05 - .8 . . .
T = Ty4T 113%.05 [1.15 [0.85 | 2.0 6.1 0.96 13.7 9
=n) 213.11 [1.12 |0.90 | 2.0 6.22 |0.95| 11.4 9
10
r; = T,°T, 113%.05 |3.0 |0.99 | 2.01 | 6.13 |2.9 5.9 9
, 4.8
=n) 213,41 [3.0 [0.99 | 2.01 | 6.25 [2.9 5.7 9
4.7 ‘
T, = 21 1.0 3%.05 |1.33 | - 2.66 | 8.113 |0.95( 12.06 -
3 1 10 6
. _3
' 9.9
ry = 21, 1.0 ] 3.05 - 0.805] 1.61 | 4.91 ]0.85]| 12.9 12
10.6
=n}) 2.0 | 3.1 - 0.8431 1.6 | 5.23 ]0.90| 11.9
12
10.1
Ty = r1+r2 i.0]13.05 [|1.04 [{0.43 | 1.47 4.46 0.45 12.7 15
= Tot 2.0 3.11 |1.05 |0.40 | 1.45 | 4.51 [0.42] 20.0 -
Ty =TT, 1.03.05 [1.05 [0.30 | 1.35 | 4.12 [0.30|>20 [>18
= T2 2.0 |3.11 [1.04 [0.25 | 1.29 | 4.01 |0.26 |20 |18
= n)}
Ty = 21, 1.0 13.05 - 0.73. | 1.46 | 4.45 ]0.82 }?.? 16
= I . ¢
01
_ 2.0 | 3.11 - 0.72 | 1.44 | 4.48 [0.73|13.5
=ny - 1.2 | 16
"o 2.0 [3.41 | - [0.64 |1.29 | 4.01 [0.65|14.75 | g
=n) 12.0 >
rs = T-T, 1.0 13.05 |2.49 [0.99 | 1.5 4.58 [2.35( 5.7 16
= Toy 2.0 |3.11  [2.45 {0.99 | 1.46 | 4.54 |2.35| 5.4 16
= I 2.0 {3.11 |2.27 10.99 |1.28 } 4.08 2.2 5.8 [>18
= nV

* two values given for £, the first is
second is experimental Fig. (vi.15a)

theoretical, Fig. (VI.6) and the
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VI.1.3 Design of the lLeaf Springs

Applying the same procedure as for the compression springs;

s2
where:
KsZ = spring stiffness
=12 nEI/z3
n = total number of leaf springs = 4
E = Young’s Modulus (30 x 100 1b/in2)
1 = Area moment of inertia of the leaf spring cress-section

about the bending axis.
L = length of the leafl spring

m.q = total mass carried by the springs.

For the elastic beam of width 0.75" and thickness 0.02", the
relationship between the natural frequency fS2 and the length { is

shown in Tig. (VI.6) for various values of LY

With the help of the relationships between the normal mode
frequencies r, and r, and Too shown in Figs. (IV.1-3) the required
value of fs2 correspending to the relevant internal-resonance conditions
can be defined. Having obtained fSZ’ the length £ can be determined,

see table (VI.1).

VI.2.0 Instrumentation

The response of the system when it is being excited parametrically
needs to be measured. The response of each degree of freedom of the
apparatus has its own measuring device as shown in Figs. (VI.3, 9 and 10).

The measuring instruments are:
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VI.2.17 Liquid Surface Amplitude Transducer

The electrical methods of detecting liguid displacements are
based on the variation of one parameter in an electrical sensing
circuit, caused by a variation of the liquid depth. Lion [I2],
cléssified these methods as resistive, inductive and capacitive. For
the purpose of the present experimental investigation it has been

found that the resistive type is the simplest.

The device, shown schematically in Fig. (vi.7), consists'
basically of two uniformly spaced (%" apart) electrical resistance
wi;és (¢ilby-Brunton, No. A-g, 0.0124" diam, 5.74 ohm/yrd). Each
ﬁair of these wires is stretched between the tank bottom and its top,
a sufficient space being.left between the wires and the tank wail to
avoid any fluid being trapped. At each 45O angle around the inside

wall of the  tank there is a pair of wire detectors tc moaitor the

fluid surface displacement at these positions.

An A.C. carrier signal of 8.4 KHz at 5V r.m.s. is applied across

Rt and the fluid transducer in series. This signal is modulated
~according to the wave height across the probe. To block any d.c.
signal an a.c. couiling capacitor C1 is provided through which the
modulated signal passes to the amplifier, Al, R2, R3 and R4. The
vratio R4/R2 determines the gain of the amplifier. RVl is the offset
null control and the amplifier subply is +15V and ~15V d.c. The
amplifie& éutput is then applied to a diode detector (D1, €2, and R5).
The original modulating signal is extracted from the carrier and this

signal directly represents the wave motion of the fluid free surface.
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VI.2.2 Input Excitation and Main Mass Response Measurements

The vibrator head amplitude‘fo and the main mass amplitude
are measured by two linear displacement transducers (Hewlett-Packard
Sanborn "Type 7DCDT-250). This type of transducer is basically a

linear variable differertial transformex with a built in carrier
oscillator and demodulator system. The coil assemblies of both
transducers are hung by vertical strings from the stationary frame.
The co?e of one transducer is fixed to the wall of the platform (to
measure Eo) and the other is fixed on the edge of the dashpot arm of
the main mass (to measwﬂag), see Fig. (VI.1). Both transducers‘
are energised by a 6 volt d.c. supply. When the core is displaced
axially within the core of the coil assembly it produces a voltage

change in the output proportional to the displacement.

VI.2.3 Tank Lateral Response Measurement

The lateral displecement of the container is monitored by a

" probe which is mounted on tﬁe main mass and brought into proximity
with the flat surface of cne of the leaf springs carrying the tank.
The capacitance, formed between the probe Tace and the metallic
surface of the leaf spring is displayed in terms of distance and peak
to peak vibration amplitude on a Wayne Kerr Vibration meter B731B.

The location of the proximity probe is shown in Fig. (VI.B). The
displacement shown by the Wayne Kerr proximity probe r@presents the
lateral displacement at the station where the probe is located. This

displacement is proportional to the actual displacement of the tank.

VI.2.4 Recording the Results

The four transducers described previously convert the displacements

into electricel zignals, These signals are amplified«(at the suitable

sensitivity) and then fed on to highly sensitive mirror galvanometers in
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the Bell and Howell oscillograph-type S-137. The amplified signals
vary the mirror positions, i.e. the galvanometers are electro-
mechanical transducers which accept electrical energy and transform
it into mechanical rotation. Light from a mercury arc U.V. lamp is
reflected by the galvanometer mirrors through a simple optical
system to focus a spot of liéht on a moving strip of light-sensitive
paper. The trace of each signal represents the signal from the

corresponding transducer in the system.

VI.3.0 Calibration

The traces obtained from the oscillograph represent the variation
of the electrical signals produced by the four transducers which are in
turn proportional to the displacements of the systen. The ordinate
of each trace can be calibrated to read directly the corresponding
displacement of each transducer. The calibration curve of each

transducer depends on the sensitivity of its galvanometer amplifier.

For the ligquid wave height transducer the dynamic calibration
was obtained by excifing the container laterally with a small vibrator
(Goodmans type %90) as shown in Fig. (VI.11). The wall of the
container is graduvated in half centimetres so that the waveheight
can be read off directly at each excitation frequency. Fig. (vi.12)
gives two calibration curves corresponding to two sensitivity values

V/in = 0.25 and 0.5.

The reading of the Wayne-Kerr meter does not indicate the
actual displacement of the tank because the proximity probe detects
only the displacement at its location. In order to calibrate the
reading of the trace with the actual tank displacement, a static
calibration was carried out using a dial indicator of accuracy 0.001"

to indicate the actual tank displacement. Fig;(VI.13) shows two



Pig(VI.11) Dynamic Calibration of the Liquid Free Surface

Wave Height.
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calibration curves for two sensitivities V/in = 0.1 and 0.25, when
the tank was at height 10 cm from the main mass upper surface.

For other tank heights similar calibration curves were obtained.

Regarding the linear fransducers that measure Eo and g , the
calibration was found to he linear when the sensitivity was 0.5V/in
for E transducer and 0.2V/in for é; transducer. It was also found
that if the reading on the oscillograph is L mm., then.éf:: 0.264 L mm.
and when the reading corresponding to the other transducer is LO mm

then & = 0.06 L_mm,

Accuracy of Measurements

The accuracy of the measurements is estimated as follows;

Driving frequency Q/2n = 4 0,05 Hz
Driving amplitudecfg/a = + 0,0005
Main mass amplitude%f/a =+ 0.01
Awave height amplitude a11/a =+ 0.1

¢

VI.4.0 Experimental Procedure and Results

Before condﬁcting the forced oscillation tests it is necessary
to measure the natural frequency and dampingbratio of each system in
the absence of any interaction from the other systems. Basically
there are three systems whose natural frequencies and damping ratios

are measured as follows;

VI.4.1 Measurements of the Natural Freguencies and Damping Ratios

7) First System: The first system consists of the compression springs

Ks1’ the dashpot<:;1 and the total mass [Mo + mtl]‘ The liquid motion
effects are ecliminated by removing the water from the tank and replacing

it by an equal solid mass. The lsteral motion of the tank is prevented
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by attaching the tank base to the main mass by two rigid panels whose
combined mass is 0.326 kg. A series of free oscillation tests

were conducted for different values of the solid mass, with and without
the dashpot. Using the methpé of logarithmic decrement [TB], the
damﬁing ratioéiﬂ, is determined.' In Fig. (VI.14) the natural
frequency fs1 and the damping ratio é11 are plotted against the total

mass.

2) Second System: The second system comprises the leaf springs Ks2’
ana the upper mass My The influence of the main mass vertical
motion is eliminated by fixing it to the platform by strong studs
while the effect ot the liquid motion is eliminated as described in
the first systemn. A series of free oscillation tests was conducted
for different values of My and the values of éiZ and fS2 were

determined. - These tests were repeated for different values of leaf

springs length ¢ and the results are plotted in Figs. (VI.15).

3) Third System: The water inside the tank forms the third system.

The damping.ratio gl_and the natural frequency f11 of the water free

_surface were obtained by knocking the container gently and recording
the subsequent response of the free surface. For two values of water

depth ratios h/a, g} and f11 were found as

1.0 , ¢,
2.0 , §7£

h/a
h/a

0.01035 £,, = 3.0 Hz

il
it

0.0092 , f

il
it

%.05 Hz

It

1

VI.4.2 Response of the Two—Degrees—of-Freedom Systen
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There is a slight change in the natural frequency of the fluid
free surface. between the two liquid -depth ratios h/a = 1,0 and 2.0
caused by a difference of 0.74 lb in the total mass [Mo + mtl]' This
causes a 2.69/ variation in the natural frequency of the mass~spring-

= 2w

dashpot system. So the condition of internal resonance Wy 11

is not met exactly.

‘To obtain the amplitude-frequency response of the system in the
neighbourhood of the parametric resonance conéition rS1::2.O, a series
of forced oscillation tests were conducted. Keeping the amplitude
of the vibrator head at a constant level, the excitation frequency
was increased and decreased in a step-wise manner. Figs. (VI.16—19)
show the amplitude-frequency responses for an excitation amplitude 52 =
0.125 mm. With and without the dashpot. As the excitation frequency
is increased from a value below 2wH (o1 Weq i.e. n<(1) the response
of the sysfem, path CD, is identical to that of a single degree of
freedom system with an identically zero liquid amplitude response.

As n approaches 1.0 the state of the liquid free. - surface begins
to_oscillate and achieves a steady-state. This transition in the
'liquid response appears as the jump DE with a considerable reduction

in the main mass amplitude indicated by the drop BJ. A further
increase in frequency results in ; continuous decrease in the liquid
amplitude, path EFG , until the free liquid surf:ce beccmes planec,
while the main mass response follows a typical linear resonance response
J1M. Reversing the procedure by decreasing @ starting from a value
higher than 2w,, gives the paths HGFEI for the liquid amplitude response

1=

with a collapse at I and MLJK for the mein mass response.
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Comparison with Theory

In Figs. (VI.16—19) a comparison between theoretical and
experimental results is given. It can be seen that the theoretical
amplitude.response curves are rather higher than the experimental ones,
however the overall system characteristic is the same in both results.
It can be seen that vhen the.liquid sloshing begins, the main mass
response drops to the lower curve JLM, the lower curve is thought
to be associated with the increased damping of the vertical OScillatiéns
of the main mass in the air bearing due to the lateral force on the
bearing resultiﬁg from fhe liquid free surface motion. This is
indicated by the unsymmetrical nature of the main mass experimental
reéponseicuxve about n =1 (seé Fig, VI.19). On the right side of
n=1, the main mass response'is rather higher than on the left side.

This results from a lowering g

1 due to the continuous decrease in the

liquid free surface amplitude as n increases.

VI.4.3 Response of the Three-Degrees—of--Freedom System

Case a) K Ty = 4T,

=nY

With internal resonance of the summea type, the configuration
of the system is given accordinghto the information of table (VI.1).
According to the experimental observations and the time history
record of the three mode response shown in Fig. (VI.ZO), the system
does not achieve a constant amplitude steady-state and an energy
exchangé between the fluid and the structure takes place in a form of
beating with ccnstant meximum amplitude. It was also observed that
the system did not reépond to any pvarametric excitation - except at

the exact rescnance — unless an initial lateral disturbance was applied.
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At exact resonance, it is a long time before the liquid free surface
starts to oscillate with a very tiny amplitude. The resulting small
sloshing force causes the structure to oscillate laterally. This
cnergy flow continues with a build up in amplitude until the damping
of each mode controls this growth and the system follows the response
given in Fig. (VI.ZO). The.envelopés of the liquid and upper
structure responses oscillate with a long peripd of 1.5 sec at a constant
amplitude. The transient time before thg system achkieves the steady

beating response is about 40 sec.

If the internal resonance condition is distorted by reducing
or increasing Z/a, the system possesses a cémplete steady response.
The transien’t and steady-state responses for £/a = 1.% are shown in
Fig. (VI.21); and it can be seen that slight beating occurs during

the transient period.

The anplitude~frequency response curves are ohtained by a
similar procedure to the previous section. Figs. (VI.22_24) show the
experimental amplitude response curveséf/a, 311/a, and X/a respectively
for two values of excitation amplitude when 521 = 0,0282, and h/a = 2.0.
For the same fluid:depth ratio but with a different damping ratio
é;1 = 0.0444, similar curves are given in Figs. (VI.25-27) for two
excitation amplitudes. Both the liquid and upper structure amplitude
curves possess instability at an excitation frequency less than fs1’
indicated by the jump and the collapse amplitudes. On the right side
of n =1, the amplitudes a4 and x decrease gradually as n increases
until they cease at an excitation fregquency slightly higher than 2f11.
Within the frequency range bounded by 2f11(1 - OQE))<:Q<:2f11, the
liquid free surfaée oscillates about a nodal diameter perpendicular to

the direction of the tank oscillations.  When Q approaches 2f,, the
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1iquid amplitude shows a large decrease and then ceases. If Q is.
then increased slightly, eventually the ﬁodal diamter begins to rotate
around the longitudinal centre line of the tank and there is a new
increase in the liquid wave height. This rotation scometimes réverses
its direction and sometimes continues in the same direction without
achieving constant amplitude.in both casés. This phenomena has been
studied before [H12] and is discussed in chapfer (1v). The unsymmetry
in the a11/a, and x/a curves can this time be attributed to two causes
viz. the nonlinear soft character of the liquid and the rotation of

the nodal diameter.

The main mass responsetg/a shows the characteristic of the auto-~
parameiric vibration absorber. The effect of air bearing damping
vibration is also apparent in the unsymmetry of %that response. The
absorber effect does not occur exactly at n=1 because it was difficult
to produce experimentally a systém with an exact internal resonance

condition.

More experimental results shown in Fig. (VI.28) delineate the
response of the qutom when £/a =1.9. It can be seen that the response
of the system when Q is 1ncreaslng is dlfferent to the response when
Q is decreasing. However, the main mass response does not show

-any autoparametric suppression.

Case b) r3 =T, - T,

:n))

The behaviour of the system under the present condition is
similar to that of case{a), however, the system now requires a strong
initial condition to trigger its response. It was observed that with

a small lateral disturbance, the liquid with its structure oscillate for
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a few seconds and then rapidly regain their original position. With
a stronger disturbance, under the same eicit;tion frequency and amplitude,
the system achieves a beating type response between the fluid and its
structure, while the main mass response follows the absorber curve.
This indicates that the system possesses two limit cyclesjone is
stable and the other is unstable. Figs; (VI.29-31) show the amplitude
frequency response curves a11/a, X/a and.f/é for two values of‘é;1.

Case c) 2r

1
n)

T3

In the present case it was observed that there are two other
1iquid‘slosﬁing nodes that can be stimulated. These two sloshing
modes are the zero end the second symmetric modes. Figs.(VI.32—33)
show the Formation of these modes when the excitation fregquency equals
2f01 and 2f21 resﬁectively. For this reason it was difficuit to isolate
the first antisymmetric sloshihg‘mode from these two modes,; and no

amplitude frequency response curves could be obtained.

3 2
ny

Case d) S r, = 2r

A complete steady-state response was observed. Fig..(VI.34)
shows the steady-state time histery of the two normal mode (three
generalised modes) interaction. The amplitude frequency response

curves a11/a, x/a and%f/a are given in Figs. (VI.%5-37) for two values

of §;1. For the higher damping ratio §;1, the system does not

respond for €= 0.0052 and the main mass motion_folléws the normal
resonance curve o a single degree of freedom system as shown in Fig.(VI.Z?),
The responses of the liquid. free surface and its structure follow -

similar curves as in cases (a)and(bl
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Comparison with the Theory

The experimental results given in this section represent the
response of the system in its generalised co-ordinates, however, the
theo?etical results of ohapte; (IV) vere given in terms of the normal
modes. Tt is necessary to transform tihese results into generalised
modes (by using‘the transformation matrix IV.19) in order to make a

direct comparison betweeu the two methods.

Figs. (VI.22—24) compare in a dimensionless form the theoretical
response of the system apd the experimental one for the sumred type
internal resonance r3 = Ty +T5, with h/a = 2.0 and Z/a = 2.1. Because
the damping ratios in the normal mode configuration are difficult to
transform into the corresponding values in the generalised modes,
both the excitation amplitude and the damping ratios of the theoretical
curves were chosen within the practical range. While the theory
agrees with the experiment in predicting the dangeroué regions of
autoparametric instability, there is poor agreement between the
amplitude Tesponse curves. Moreover, the theoretical curves are
bounded within a narrow frequency band.  The response of th:s main mass
in Fig. (vi.22) hag the same features in both approaches. Unlike
the theoretical response curves, shown in section (IV.S) which reveal
two kinds of instability on both §ides of n=1, the experimental
results possess only the characteristics of a nonlinear soft svztem

with two kinds of instability on the left side of n=1.

Figs. (VI.29—31) give also a comparison between the theoretical
and experimental results for the difference type internal resonance
.’r,5 =T, =T with-h/a = 2 and Z/a = 1.05. Theoretical response curves

show higher values than the experimental ones. The experimental regions

of instability occur on the left side of n=i.
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‘In the principal internal resonance condition Ty = 2r2 the theoretical
results were so much higher than the eiperimental ones that their

locations lie out of the range of the diagrams of Figs. (VI.?35-37).

The discrepancies between theory and experiment can be

attributed to the following factors;

i) The transformation into normal modes does not include the
damping of the system before transformation, However an assumed
diagonal damping matrix has been inserted. Both theory and
experiment show that the damping plays a great role in defining the

characteristic of the system.

ii) The fheoretical results were derived from the analytical

solution which assumes the condition q1/72 = r1/r2. This condition

is a special case. A preliminary free test was conducteda on the

top structure with its liquid and after transformation of the responses
into the normal modes, This showed that the condition.q1/n2 = r1/r2

diq not holid.

iii) The theoretical solutions were derived up to the first order
in € which contains only quadratic terms and it is the third order
terms which define accurately the characteristics of the system as

indicated in Chapter (III).

iv) As a result of the lateral forces created by the liquid sloshing
and the lateral structure motions, the damping of the air bearing>

is subjected to continuous change.
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VI.4.4 Response of the Two Ligquid Sloshing Modes Coupled with

the Structure Modes

a) Conditions of Summed Internal Resonance

i) r3 = r1 + Ty ii) r3 = r1 + T,
= To1 ' = Ty
= nv = nl)

Experimental observations showed that when the apparatus is excited
in the neighbourhood of the above relations vibrations of the
structure and liguid free surface started to appear simultaneously
with a continuous increase in their amplitudes. This growth
could lead to structural failure if the vibrator were not stopped.

The amplitudes were very large‘and showed no regular mode shapes.,

Tn the earlier period of excitation, according to the first
resonance relations (i) a central spike of the liquid free surface
together with the fifst antisymmetric sloshing mode and lateral
oscillations of the tank were observed simultaneously. The anti-
symmetric sloshing mode cause the spike to move forward and backward
as'shown in Fig.t(VI.BQ). This type of interaction led to an in-
definite growth of amplitudes and the development of this kind of

instability is photographed as shown in Fig. (VI.39).

Regarding relations (ii), four circumferential 1iquid peaks
with two nodal diameters were eicited as well as'the antisymmetric
mode and the lateral structure mode. The mode shape of the
resulting motion is illustrated in Fig. (VI.40 ). Due to the
large lateral displacement of the container, the amplitudes of the

modes were not maintained for a long time and a continuous increase
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in the values of amplitudes led to instability of the system
response. In Fig. (VI.41) a few pictures show the way in which

the instability developed.

b) Conditions of Principal Resonance:

. i) r3;2r2

= Iy =ny

Under this type of resonance condition, expérimental observatioﬁs
showed a steady-state response over a frequency range defined by

the regions of instability. The amplitude-frequency relations

of the liquid free surface amplitude at the tank wall, lateral tank
displacement,fand the main mass response are shown in Eigs-(VI.42—44).
Measurements are Pbtained for two excitation amplitules (e =008 ,

and <0116 ) and two damping ratios §;1 = .0282 and 0.0444.
, .

The results show two regions of instability indicated by the
collapse amplitudes AB (or Aé) and CD (or EF). Another type of
instability occurs ;t the collapse amplitudes on the right side of
resonance is much strouger than that on the left side. The time
history ‘of the responsé at Q/2n = 4.65Hz (n =1.045 EF) is shown
in Fig. (VI.45).' At that frequency the fluid free surface oscillates
with a continuous increase in the amplitudes of the tank lateral
oscillations and the main mass. For another few cycles the
seguence is reversed.  This type of energy flow appears in a form
of beating until the fluid free surface oscillations and the tank
lateral motion cease and the main mass response adjusts itself to

that of a single degree of freedom system.
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The othexr type of instability which appears as a jump in
amplitudes is formed by a weak energy flow between the fluid modes
and structure modes for a few cycles. Within a few seconds the

system achieves steady-state response.

The liguid amplitude response represents the resultant
liquid free surface displacement at the tank wall, however it is
difficult to display the two fluid amplitudes 2,4 and a1 since

they are coupled.

Shown in Figs. (VI.46) are the mode shapes as photographed
. while the apparatus was excited

ii) 7., = 2r

3 2

= Ty

It

ny

It is indicated in table (VI.1) that the critical resonance
frequency occurs at 4Hz. However, exciting the system at that
freaquency does not give any response unless a small lateral
disturbance is applied to the tank. The response starts first
with two nodal diamaters at the free liquid surface aﬁ@jbur peaks
distributed around the tank ﬁall at 90? apart. 4t the same time
the tank is oscilated laterally; and this is associated with the
first antisymmetric liquid sloshing mode. This mode disturbs the
symmetric mode in such a way that the liquid free surface motion
becomes unstable. The unstable fluid motion appeared as a rotation
of one peak and a change in the orientation of the others. On
increasing the forcing frequency a non—unifor@ynsteady response of

a strong beating type was obtained. The ligquid amplitude at the tank
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wall and the upper structure responses are exchanging their energy
with the main mass response as shown in the record Fig. (VI.47).
The interaction is so severe.that it reflects its effect on to the
platform. When the frequency is further increased to 4.3 Hz the
Zero symmetric sloshing mode appears with a spike moving in t wo

dimensions till the collapse amplitude occurs at Q/Zn = 4.5Hz.

c) Conditions of Difference Internal Resonance:

i) r3 =T, -, ii) r3 =Ty - rz
= Tot = Ty
= ny = n)

The response of the system is observed to take place only
between the main mass and the zero symmetric liquid sloshing mode
(for condition i) o£ the second symmetric sloshing mode (for
condition ii). The first two normal modes are not likely tc be
excited experimentally even with applying a strong lateral disturbarce.
The shape o6f the liquid free surface is similar to that shown in

Figs. (VI.32, %3).

VI.5.0 Remarks on the Experimental Investigations

The results and observations discussed in this Chapter

exhibited important conclusions summarised in the following points:

i) The liquid free surface oscillations, inside a container
suppofted on an elastic structure which is subjected to parametric
excitation, does not contribute any influence on the structure
vertical response as long as the container is constrained from
lateral motion.. This means that the liquid forces in the vertical

direction are secondary effects.
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ii) It is the horizontal component of the liquid sloshing forces
which has a significant effect when the sfructure is free to
oscillate horizontally. The structure - ligquid interaction has

a feed back influencé on the vertical motion of the structure. This
auto-parametric coupling occurs when one of the auvtoparametric

resonance conditions is met.

iii) The liquid free surface and the structure modes do not exhibit
an ordinary steady-state response when the autoparametric resonance

conditions are of the summed or difference type, i.e. when Ty = TytT

N

iv) For more than one liquid sloshing mode, the system does not

achieve either a steady-state or a stable response in most cases.

v)  Observations showed that the system in general possesses two
limit eycles while it is excited parametrically. If an external
disturbance whoée magnitude is less than a critical value is

applied the system feturns to its original state. If the disturbance
exceeds that oritical value the system achieves either a beating

response of maximum constant amplitude or a steady-state response.

vi) Due to the well known phenomenon of the liquid swirling motion
near the sloshing frequency of the antisymmetric mode, the system

shows instability when Q;>2w11.
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CHAPTER (VII)

CONCLUSIONS

The interaction of the structure vibrating modes with the
ligquid sloshing modes under parametric harmonic excitation has
been investigated theoretiéally and experimentally for a limited
number of mcdes. A general mathematical model, involving two
structural modes and an infinite number of liguid sloshing modes,
hag been formulated such that the problem can be examined for
any number of modes with the required degree of nonlinearifty.

The interaction has been studied when the syétem is taken to
possess two, three and four degrees of freedom. In each case there
were a certain number of nonlinear internal resonance conditions
which could hold, depending on the degree of nonlinearity and the

number of medes involved.

In the case when the liquid container is constrained so that
it can only perform vertical motion, the second order nonlinear
analysis fails to predict the behaviour of the system when the
= 2w11. It is the

third order terms which determine the response of the system as

internal resonance is half subharmonic w

confirmed by the experiments. Coupling between one structure
mede and the first antisymmetric liquid sloshing mode is very weak
because the vertical ligquid sloshing forces are very small and
vanish as the liquid depth ratio h/a exceeds 0.5. The liquid
behaviour would be governed by Mathieu’s eéuation if the structure

amplitude and freguency were taken as the forcing parameters.

The other two cases, when the gystem possesses three or four
cegrees of freedom, have been studied by considering only quadratic

terms in . In these cases the latexrsal sloshing forces are
&
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significant and the analysis was carried out in terms of normal
modes, A-number of nonlinear resonance conditions such as T3
= T1.i Thy r3'= 2r1, r3 = 2f2, r3 =Ty = r1ir2, r3 = Thy T TyiToyee.
etc. were found. The theoretical analysis is satisfactory for
determining the dangerous regions of instability, however it is not
adequate to determine the fesponse'of the system as can be seen

rom comparison between the theoretical and experimental results.
Moreover, the theory and the experiments shaw that there is suppression
in the response of the main mass near resonance, and the system
does not achieve a steady state response under the conditions
r3 = TyATo. Experimental investigafions have shown that both
the liquid free surface and the upper structure responses follow

the behaviour of a nonlinear soft system.

Considerations ‘of more sloshing modes leaa to a rather
complex response. Both the liquid free surface and the upper
structure responses are unstable. The first antisymmetric mode
and.the zeroth (or second ) symmetric sloshing modes ars excited
simultaneously wifh the amplitudes increasing up to a level which
could lead to a -catastrophe in the system if the excitation were

allowed to continue.

The theoretical analysis would be more refined if the third
order terms in¢§2 and a proper transformation into normal modes,
including the damping terms, were considered. It seems that if
higher order terms were included in the analysis other resonance
conditions may be obtained such as r3 =Ty ATy, F T, r3 = r1 i Ty + Thys
Ty = Toy + Top r1,...etc. It also appears that these conditions

would be difficult to observe experimentally as they could not be

isolated from the adjacent modes.
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Autoparametric interaction between the modes in a vibrating
system deserves more investigations. for the example the case
could be studied when systems are subjected to random excitations
or combinations of different harmonics. The question of stability
still needs more investigation under a wide range of autoparametric

resonance conditions.

"Until Here God Helped Me"

"Amen, Come My Lord Jesus"
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PRINCIPAL NOTATION

A11 Nondimensional liquid wave height parameter
a, . Maximum liquid surface wave height of the mth

mode (éq. I.7)

a Tank inside radius

pexturbed solufions of the nth order

n’ n’ n n

bi amplitude parameter of the ith mode

C damping coefficient

C(t) arbitrary function of time

D dissipation function (eq. II.i8)

E Yorng’s Modulus

F ) Excitation amplitude parameter

Fn coefficients of the Dini Series

FX liquid sloshing force in x direction

f time function in equation (1.11)

g gravitational acceleration .

B function of nonlinear terms in equaticn (eq. 11.%4)
h k expansion parameter of Fourier-Bessel Series

(eq. II.%5,. 36)

h liquid depth inside the tank

J . Area moment of inertia

Jm( ) Bessel series of the 1st kind of the order m

X Elastic stiffness

L the Lagrangian

L total length of the leaf spring (or the beam)
MO ) the mass of the first structure in the system of

Fig. (II.] )
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total mass of the liquid inside the tank
total mass of the top structure with its liquid

moving Cari@sian co-ordinates
inertial Carte@sian co-ordinates

characteristic numbers of Mathieu’s equation (1.7)
for the mth mode

hydrodynamic pressure

Normal modes

Eu}er 5uck1ing load of thé first mode
generalised forces

liquid velocity

relative velocity of the liquid particle w.r.t.

the moving co-ordinates

generalised co-ordinates

normal mode frequencies
frequency parameter

cylindrical co-ordinates
function of nonlinear terms in equation (II.31)

expansion parameter of Fourier-Bessel series
equation (I1.32, 33)

/
frequency ratio parameter KG./@)

non—-dimensional time parameter
kinetic energy

time

potential energy

tank velocity

lateral displacement of the main mass
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Xo’ Zo horizontal and vertical acceleration components
of the tank
Xo ' excitation amplitude in Mathieu’s equation
O<mn generalised co-ordinates of the liquid velocity
potential function of the mode mn
%o tre excitation amplitude (eq. 1.3)
D the Croneker
qi damping parameter
t’] (r,e) free surface wave height at a point r,0 on the
Jiquid free surface
5—‘; : damping ratio
o non-dimensional forcing frequency parameter
g mn zeros of the first derivative of the Bessel
function of the first kind J/ (f ) =0
T m T mn
g vertical displacement of the main mass
f o vertical excitation amplitude

Am S/

>\ wavenumber (eq. I.8)
CID " velocity potential function
yf phase parameter

*

f
f (f) , yfé(f,f/,f/ ) nonlinear functions in equation (I.1 1 )

P,0,Y,0 0 phases of the fundamental harmonic solution

detuning parameter

V ' kinematic viscosity (eq. I.8)
3} excitation parameter (eq. I.11)
p’,pz,u.j mass ratios

P | liquid density
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s
A the vertical drop of the tank due to its lateral
displacenent
T non-dimensional time parameter (IV.8)
€ : perturbatibn parameter
w naturai frequency
Q | excitation frequency
Subscripts
si first structure
s2 upper structure
i1 _ _ first antisymmetric liquid sloshing mode

2 . liquid
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