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I. THERMAL SCATTERING OF X-RAYS BY A CLUSE~PACKED

HEXAGOHAL LATTICE,

l. INTRODUCTICH

The first theoretical investigation of the
influence of the thermal motion on the scattering of
X-rays in crystals was given by Debye (1913). The

main result of his calculationrt;@::dg;;;ease in the
intensity, but no influence on the sharpness of the
Lave spots, or Bragg reflections and a general
diffuse background. In actual fact, the general
background of Laue photographs is not structureless,
but consists of more or less well-defined spots and
streamers, These extra srots differ from the Laue
spots in that they do not depend on definite positions
of the crystal relative to 2 monochromatic incident
beam, but exist for a continuous range of angles,
though with decreasing intensity for increasing
distance from the Laue srots. A characteristic
feature of the spots ia the decrease of intensity as
the temperature is lowered. A full account of the
experimental material has apreared in "Reports on
Progress in Physics," (Lonsdale 1942-43),

Since Debye's first the retical imvestigation,
many resesrches have been made into the problem, of

which the most important is due to ualler (Uppsala
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1925). A condensed presentation of this theory
appeared in "Reports on Progress in Physics,” (Born,
1942-4%), which contains a bibliography of the =subject
and an account of its development. The main point of
this report is that the scattering by a molecule or a
crystal, instead of being expressed in terms of the
frequencies of il's normal modes of vibration, is
given in terms of the "dynamical matrix" of the
system, The latter 1s the matrix of the coefiicients
of the guadratic terms in the expansion of the
potential energy in powers of small displacerents of
the particles from their ecuilibrium positions, In
particular, for crystals where the normal modes of
vibration have the form of waves, the result is a
funetion of the transforred dynamical matrix (in

wave vector space,)

In the case in which the wave vector tends to
zero, 1.e. elastic waves, the transformed dynamical
metrix can be expressed in terms of the elastic
constants (Waller, 1925, Born and Sarginson, 1941,
Jahn, 1942). This allows one to write the scattering
in the region of the reciirocal lattice points,

(Laue spots), as & funetion of the elastic eonstants -
the so-called Jahn aprroxzimation.

To investigate the intermediate region of
reciprocal space, cne has to know the value of the
transformed dynamical matrix for all wave vectors, or

use 8 model, for which it mmay be calculated. Begbie
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and Born (1947), have proposed & model in which only
neighbouring prarticles ac¢t on one another, while the
law of force is quite arbitrary, except in so far as
it has to satisfy the symmetry of the lattice. In
this case, the elements of the dynamical matrix can
be exyressed in terms of a snmall number of constants,
(the atomic constants). The application to a face=
centred cubic lsttice has been carried out by Begbie
(1947). 1In this case, the atomic constants, being
equal in number to the elastic constants, can be
expressed in terms of the latter. Thus the dynamical
matrix, its transform in wave vector space and the
scattering for all reciprocal space are functions of
the elastic constants, The final result shows that a
considerable intensity of scattering, with a guite
definite structure can be axpeetad in the region
between the Lsue spots,

This metheod fails when it is applied to the
close-packed hexagonsl lattice, becsuse in this case,
the number of inderendent stomic constants (seven) is
greater than the elastic constants (five). In these
circumstances, Begbie 1limi ted his caleulation to the
regions in the neighbourhocod of the reeivrocal
lattice points, Results were given for bheryls The
purvose of the present investigation is to extend the

work of Beghie into the regions of recliproeal space
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between the lattice points, by the assumption of
central forces., The effect of this assumption is to
reduce both the number of independent atomic and
elastic constants to one, The elastic constants for
a8 close~packed hexagonal lattice under the assumption
of centrsl forces have been calculated by Born (1942).
Beryl is the only hexagonal crystal for which the _
complete set of elastic constants is known, and in
this case, the ratio between the constanls agrees
guite well with that calculated by Born. This
suggests that the assumption of central forces is

quite a reasonable approximation.



£, LATTICE DYNAMICS.

This section summarizes briefly the results
already obtained by Born (1942-43), sand Born and
Begbie, (1947). The lattice cell is described by
three elementary vectors (, U, K A, « Then the
position vector of the particle at the vertex of any
cell is

(242) Y- g, + bpat dsus
where /,

f{
S particles in the unit cell with masses /74 (h-12 5)

, LQ » 1; » are integers. If there are

/4
abd Y, is the position vector of the ~ particle

from the ¢ell vertex, then
" 4,
(2:8) Y- Y'v1y

defines the position of the particle (ﬁ/ in
equilibrium, The rectangular components of IT&) are

M) (K=123) e

Now consider srmll srbitrary displaoemantétiﬂi}

of the particles from equilibrium, The potential
energy @ of the deformed lattice can be expanded
in powers of the rectangulsr componentsiiqtﬁ} (A=42,3)
of _Qé[*  The whole domain of the values of
o(,lﬁ h,.is 3s N , where N is the number of cells
and S the number of particles in each cells The
linear terms of @5 vanish in equilibrium and the

second order terms are

0, - ’Z\Z%www b)) @re29)

(2.3) AR LK <3



where

b o) [30 )+ b
(2.4) Cosli [‘ahi} Bxaé;l-lo &) Y

[}/
For the case Lﬁ) = (fa’) see (2.7).

These second dsrivatives in ecuilibrium depend

only on the difference of cell indices k{.-—_{ ",-‘ "
and satisfy the conditione.

28 Bl = O G

The equation of motion of a particle of tyre . ,
mass /77 is then

(.60 it fh)+> W, MUZ)MA&/_.—O

From this one sees that the qusntities J,; @L )
rerresent the quasi-clastic forces between any point
Lﬁ) and a point of the base Lﬁ) In particular,

the so-oalled "force of a point %) on itself”

@(ﬁ;) , can be determined from all the other
forces, for if the _whole lattice is subjected to =a
translation (L, tﬁ) = CUYLSE) {,(O(é) =0 then
from (£.6) one obtains

(2.7) Z@ dfdﬂc oy Qc{ﬂu/ﬁ)“‘ ,%’U’:’“’)

df/{f
where a dash on the summation sign denotes that the
term in whiech /-0 , /-4 1s %o be omittea from

the summation. One can remove the mass factor in
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(£.6) by introducing the reduced displacement vector
(2.0) V) = Jrg )

and the coefficients
) D, iat) = T |
(249 oi”’\ﬁ T £ 2 )

which satisfy

(2.58) Dy \ﬁﬂfd = D-?o(@fﬁ' /
Then the eguations of motion become
s N 1/ \
| gy .3 L) v
(2.62) MJ T D&;ﬂﬂ) \/:gz-’) .

.._f’
UM k{ud considered as a function of the two

trisds (4, ,«) s®m (4 /')') 1s en element of
the Cynamieal mtrix, It is now easy enough to show
that the ecuations of motion can be satisfied by
plane waves, An altermative yrocedure is the follow-
-ing. The kinetiu energy of the particles ?T , 48

‘0_.: - i 2 - , l
' / | v

| =2 <. /Py Y, @ g’ ‘{. - vl
(£410) L s / Jjﬁcx of \H )

It is well known that both (E , and | ocan be
trans formed into sums of sguares, by introducing
normal co-ordinates., Only the results will be given.
Let (1 |  be the complex normal cu-ordinetes, where
the index J asswes the same number of values 35SV

as the domains of <, f, A together. Then one has

(2411) \{W‘-{j i aLW -2 '?qtﬁ‘lj)f/t?)
F
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99 <3 &) ul)=Z & Go)d)

(2.12)

The coefficlents are the solutions of the linear

' equations for free vibrations of waves, 1In conse-
-quence of the periodicity of the lattice, these ecan
be split into V sets of 35 equations,

120, &) [ i \

W e (k)= 0, (fn)e,CH19)

(2413) Gl T
where Dy, @w}' , the transformed dynamiecal
mtrix in recirrocsl space, is given by

s g L
Oulll)=3 Dlte) (1 0hrtyhao b

(2.14) )
3 ince

ECUPREE 5
(2.15) Do::’}\uz'} = D%_\i,ll)é

it foilows that
(2.16) e (h19) = ex Chl)
P"he index J hes been split into two indlces

\?) where /=12~ 35  pepresents the aifferent
branches of the spectrum, amd @ (G, ¢y Qs) the
dif ferent waves of each brench. The choice of
possible wave vectors ¢ 1is restricted by the
"eyolic lattice! condition (Born, 1923)., The basie
vectors Dy  of the reeimrocal lattice (Ewald, 1923)

are given by



ey
AnX -
(2aam) 217 ——— | b, - 2X4 . BiX 8y
(o dy) X 0 Qe xag ) =3 & dg)X A 5
The vector
| h h h
(£.18) Q= 'k, + G b, + G b,

foies h h g
vhere G?'/;;m) Qa /:?FC @3/ eve integers, determines
the reciprocal lattice points, Them if
I'L= f_,_qtff?_ T .iff_; a4, the scalar product

(2419) - gth+oh it gl ks

is an integral multiple of 211 . The cyclie
lattice condition postulates that the lattice
deformations have a period large comyared with the
dimensions of the cell, so that any function
() = ) o Pl m - (,9,3)

h A
cl |
hence for ¢ 4ex to be periodic in this way the

-

permitted velues of §' must be such that

~h T, h s |
(2420) Q{ =m Q % —/E ) Q? = _ﬁ“ k’lhh%h?:q[,i""-n"

The coefficients in (£,11) and (£,12) are the

elements of = unitary mtrix and can be written

e oy i Q)
(2.21) ead-f‘tm = e’d\\.f:/f_)— e (Alf)e |
where the €,(k/Y) must satisfy the identities
‘{;f Sy (k19) % (h19)= Zeq(} 1) e} k1g)= s Sh

(£.5%)
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Since the L_l \,%_) are real, one has
-\ _ * Q)
953 = 7()
(2.23)
Now each complex 7/@) rerresents two real

normal co-ordinates, but on account of the last
relation, the number of these can be reduced to the
correcl value agaiﬂab@ restricting the ( values to
the points in ,\the unit cellof ragirpiroeal STRC6,

The elements of the matrix Dkﬂl}u ) are
related to one ancther through the symmetry of the
lattice, in the following way:

A lattice point is defined by the veetor Y (i) ,
referred to rectangulsr axes, A symmetry oreration
of the lattice is represented by a transformation
matrix | such that some other lattice point \'g)
exists for which

k) = Fré)
(2e24)
‘The elements of the matrix will then have the

trans formation law

-4 32

' fiee " _—
(2.25) DCR:‘:') = kD\M")-’F’

where |c 1is the transpose of To ana the ehenge
of indices || , is obtained from (2.24).
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8. THE FXPRESSION FOR THE THERMAL SCATTERING OF
X=RAYS.

Let 1t be assumed that a beam of XI-rays is
rassing through a crystal and let K be the
wave vector of the incident beam and i\1 be the
wave vector of the scattered beam, Then, if the
scattering power is defined as the ratio of the
scattered intensity in any direction to the incldent
intensity, and if _’S—'E = 0 it ean be shown,
(Born, 1942-43}), that the scattering produced by the
thermal motion is given by
= & = G, N% % NVAVIDRURCRIATY
where 54/3@@[) are the elements of a matrix, the
scattering matrix, which in first approximmtion is
proportional to the reeciprocal o the transformed
dynamiecal matrix,

(3.2) S\9)= AT Dy
Here /L 1s Boltzmann's constant” and T  1is the
absolute temrersture.

The other symbols have the following meanings-

£ LQ.Y
‘3:3) wk_}q)f_ J—%T-;L eLQ-—R Q

x: the fact that k is slso used as a suffix is not
likely to cause confusion.
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fi . the modified seattering factor dependent

on T

N , the number of cells in the crystal;

[ \2

) = Gar) B o)

the Thom son factor

¢ » the electronic charge;

m o the mess of the electron;

C » the velocity of light;

Yy + the distance of the smmll scattering volume
from the point of observationg

X , the angie of deflection of the I-ray beam,
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4., THE DYNAMICAL MATRIX.

In the viork of Born and Begbie, all the elements
of the dynamical matrix were assumed to be arbitrary
constants and then relations were found between them,
by applying symrmetry transformations desceribed in
(2425). _

In the case of central forces, the elements of
the dynamical matrix are given explicitly in terms of
the atomic constants, and hence already satisfy the
negessary symmetry relations, The dynamics of a
orystal lattice under the assumption of central
forces haw been completely worked out by Born,
(Atomtheorie des festen Zustandes, 1923), Here it is
assumed that the potential energy hetween any two
mrticles {ﬁ(ﬁu depends only on the mture of the
rerticles, and T@fﬁj = l ) if)z'_) ' the distance
be tween thems Accordingly, the elements of the
dynardcal m trix are given by

(4,1) _ @43@'& e (;;;J) -t-h(ﬁw st‘j:,ﬁ'JQLﬁﬂ}

where

'/(g V&/J

d s
w [!éﬁ“d_’%} 4y dw‘ 4
0

(4,2) F{rgﬁ') = %{) pLT@fjl:)

and [ ] b means the values of the varizbles are
te be taken at the egquilibrium position,
The condition for equilibrium is

\_,-‘_/

(4.3) Z PLﬂr % w feles i 23
yy7) P(“’*)x‘@)xﬁw“o
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Kow, in the special case where only first neighbours
are considered o sct on one another, and all the

prarticles are the same, one has

(4.4) PW/Z‘X“W’) & (?%:l.z,?, / restricted to
first naighbem.) :

So 1t follows that 12P° represents PQ{A{/
for first neighbours

‘405) Pl:(j

and the elements of the dynamical mirix reduce to

wer Dl =llw) Xstty) Qi

( | restricted to firet neighbours).

The value of the remaining atomic constant o
say, cen be obbsined by comperison with the mateix (Crs)

of the olasstic constauts (see(4.11)). KRou the
elemerts of the dynsumicel metrix can be written down,
as socen as the form of the lattice is known,

In the close packed hexagonal 1mttice, there are
two identical particles of mess V)l 1ia the unit oell,
distinguisked by k=1 , 4=2 « The eell vecturs

Ay, Aq, dq4 ean be chosen ir such a way that the
anéle betwesn 4 and d, is /3 ana dy 18 at
right-angles te the plsne of A, amd Q, ic the
direction that makes the system of axzes right-handed,
The lengths of lattice vectors are given by
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The Csrtesian co-ordinate system used is so
orientated that ), 1lies along the positive
direction of (3 and X3 along the positive

direction of , o (Figu)

For simplicity, 1t is assumed that the base
vector of particles of the type K=/ is zero,
while that of the type k=2 1is given by

(4e8) Yo=Y, =3%a& +ha,+5a,
or, in rectangular co-ordinates by

— [ (g
(4.9) r?.l' = LO, U3, :1)

Particles of the sare type lie in ollernale planes,
perpendicular to the L3 sexis,
It is only necgessary to conzider those m trices

D\f;,;"_) which arise from the first neighbouwrs of
the two particles in a chosen unit cell. These two
particles are lsbelled © and o in figs. 1 and 2.
fagh point has twelve first neighbours, six in a
plane containing the point, and three above and three
below this plene. The lire joining O or O to
a2 neighbouring point ;1-') is lahe:l.'l.ad.'by the
letter f” and [)’L is written for DQ{;}%’) o The
twelve neighbours of (O are again split into two
grours U, ]/“L those of O' 1nto /@/ " /_fL/
as indicated by the following scheme.



rojection of the Structure in Figure I on to a
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The connection between the symbols /L and (é&f)
is given in Table 1.

TABLE 1.
N e
ibl g 1 (e o Hle =l 6 o
Il =) or pe 0 I @ g @
lLhle o o 4 4 -1|lo 0 0 p 0 o0
kL) @) ) @ @ @ @) @) @) @) @)]
f,n |’ 9lat h.f o '-|-_Ir 7’ 3! I:l A
s e A e e [
Pl 6 = o o] 0 6 .0 .|
Lo 00 o ol o0 s @ 0 f. 4 4
Wl22) @) (22 @) @) 12) [@2) @) @) ) (Y (3)

The notation ie due to Beghie (1947).

The components of X.I:Z

in the Cartesian

system are given in Table 2.
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TABLE 2.
B e s s bl 7 3% 5B
Mo 4 3 ° § 2laqa s § o84
il B G LAl T Y 5 &
e o o 5 5 5|0 o o .5 F S
CMLQ) W) W) @) @) el @) @) @) @) @)l
N TN
Ma % 2 o & Fla g 5 0 % 4
o 25 8 A BT ad S
G L e e O R s
[k)]62) @2 @) (2) (12) (2)[e2) €2) 22) (¥ () u2)

The elements of the dynamical matrix being given by
- Yyt /
(4.10) DO{; =25 X Xl g

can be read off imwediately from the above table.

They are given in lTable 3, All Ihe clemenls have
o be rultiplied b\‘ the Facforag%,
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Jhe elements of E)él) ((=000) ochbtained
from the condition (£,7) are

Do St =l o= DO
o) 0 —&

The elastic constants of the olove-pached
hexagonal lattice have been considered by Dorn (1042)
in an investigation of the stebility of such a
lattice, The matrix ((,s)  of the elsstic constants,
{case of first neighbowrs omly), esn be uritten in
‘the form j

29 0 8 o0 © o]
Il 29 ¢ O ‘O o)
a'q |¢ g 39
c o= O8O0
f G0 o 8§ ¢ |
0 6 0 0 °4q]

(4.11)

where Veigt's form for the elastic energy ror unit

volune is

(4.12) @ -,z;'_ il@

{
and A\ 1s the wzm of the unit cells Thus &’ con be
obtained by a deternmination of the elastic constants,
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5. DTHE TRANSFORMED DYNAMICAL MATRIX,

The elements of the dynamical metrix in the
recirrocal lattice space, (which for a hexagonal
lattice is another hexagonal lattice), are obtained
grom the [, (ﬁ};;/} by means of {2.,14). Before
doing this, houe'}er. it is convenient to denote the
co=ordinstes of a wave vector ( in reciprocal
space by four symbols instead of three. This is done
in order to utilize fully the symetry of the lattice
and corresponds to the fact that, in a hexagonal
direct lattice, there are three symmetry lines in
the glane ,E%::c + 8ny two of which may be taken
for the direction of the gell vectors. The co-ordinates
of the point §  are thus denoted by (Q;,L‘)._;_}Qg,ﬂhr)
where (; denotes the new co-ordinate and the one
rreviously called 9; now becomes (, o+ As 2 point is
now specified by four co-priinates instead of three,
a relation must hold between them., This is given by

(5.1) Q1 Qy + (s =0

The elements of the matrix are thus given by

(542) 04. 3@}\!; = % Q{ g\i}’ Je (‘_2 : lﬂj; Q .:’_"'.‘-,r Rala*@ L3 )

It is not necessary to caloulate all the matrices, as

certain symmetry relotions hold between them. Since
from Table 3

(5.3) pk = ph'



w2l

and

‘ = /
(5.4) pli et
and as is eesily seen from Table 1,

1 /
and
(5.6) YA =~ (Y
L It

it foilows thet
(5.7) DY) = D'G?ﬂ)
and
(5.8) D@) 2 D\",ﬁ)

Thus only the csses D\ﬂ) and D'@) sre worked
out in deteil. 7The carresponding | velues sre given
below in Tsble 4,

ZTABLE 4.
) | 2375?745‘61;5:3
e R s T L s e
e e e e B
1ol Il S L N
&l o ) @) W) @) fen e enen en el
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G A DU?}L') matrices are given by
DL“ D' % D e D+ D™ DR 0Pe® O

(5,8) D @,) = Dt oy U.s"_.__,i(ﬂ.“hr) . Db()i“'b;"?e)ih o +D§e'w" ” D‘ge;g'

As in the case of Begbie, the caleulation is
confined to the plame =0 e With this condit-
~ion, the non-vanishing elements reduce to

: i Q\.4 Qiyo Qs _
Dﬂﬁj &Llﬂlmlw‘?)'&r 1 u\&l,eJ (e & ) )

D)= 2 (Grs) - 4 g’ D&@J)‘% % (QEQ'H’:%) &
a8 .X{m
Dii\?ﬁ)" B (o6) < Dzﬂj;_) ukz;) 3 (e '“q) DZ'(Z)
D. q = - f ok ; 5
il b ) gl e®)
(5410) .

where

(5011) Cq = o8y
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6. THE RECIPROCAL OF THE TRAHSFORIED DYNAMICAL MATRIX,

The matrix D) 4s of order 6 x 6, corresponding
to the six possible values of the pair of indices

oA k o If the rows and columns ere so ordered that the

elenents Dy; ({y)  which ocowr in the £ifth ana
sixth rows and columns have =2t least one of the
indlces J.3 =2 , then the matrix can be written
in the form

A 1l Ail

A Aaa
(6e1) -

Here the A'rs are sub-matrices, A,, consists of the
sixteen elemsnts for which ol =2md J are egual to
1 or 2, A the four elements for which both o
and 2 are equal to 3, snd An A2 ere composed of
the remaining terms for which one of the indices
al‘a is equsl to 3. From the yrevious section, it
follows that the subematrices A:-z_, Aa) ere zere
matrices,
How, 1f the reciprocal matrix is partitioned in
' a corresponding msnner, the sub-mntriees being dencted
by Brs o £t will have the sare form as the originsl
mtrix, and the subematrices B, , [(,, are the
reciproeals of A, , A, resvectivelye.
A glance at the scattering formula, (3,1), shows
that the sub=matrix B,; slways acts on the component
Q3 or, @s it is now ocslled Oy . Since the
ealculation is confined to the plame (), = 0 , this
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sub-matriz will contribute nothing to the scatitering.
Henco, in the segquel the tern transposed dynsmical
metrix D) will be sprlied to the LX) subemtrix
All - :

The reciprocal of the X4 sub-mstrix csn be
written

Dy =0y Ny =Dy |
D—:Q) o 3_ D Ay A A
| AB 023 As3z ~Ax3
L{lm Aoy -Asy A

{6e2)
where /\ 1is the detorminent

Dsk?;) D.z\?f) Dll\ﬂl) D \?2)
Dy () Dzzkﬂ) Da) D)

Dudt) Du‘@,) Du@i) Dli\g‘l)

Dx) Dx\%) Da($) Diy()

(6.3)
and A,. sre the nimors of the elerenta in the r™

row and the s ulm.* They satiafy the relations

(644) Ayg = Ny
and

For ense in writisg, the deterninant /\ 13 written

(646)
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where the values of the constants obtained from (5.10)

720
(omitting for the present the factor — ‘*;,;L{‘)- ) are
a-= 515:1'*‘5&&’&»}“# b= %ﬁ (Cr_LB) C= '?.‘.i (c,*c}‘)-ir
x=4 (e e®) Y= a5 %) 7= L4k (e"Q#e“f‘t’S)
g & 9 1=¢g a i
U= =g W= 5 1Z]= 7 t:xtwuﬁ%mﬁﬁ

(6e7)

Instead of working out the elements of the
recirrocal matrix in detail, the calculation is
simplified by taking certain linear combinations,
which, being related to the symmetry of the lattice,
simplify the expression of the scattering power.

This will be shown in detall in the next section,

In the next paragraph, combinations of 4, , A,, ,
A2 are evalustea, then combinations of Ag o Ay
AM and finally the determinant /4

The explicit exyressions for the first set of

minors are
¥ 7
Ay- l(% a b} =—a!z(2+b(5f“z+-i;.-z“)-q ¢ clac-b')
2 b ¢ -
(6+8)
@ )L*--'{_ ;*
A2p= [ a b= —afyid bOCy +xy)-cld *+ alac—b?)
Y b c X :
(649)

@ b]: ~a 7 + bl xrz)-c Xy + b (ac-b*)
2P

A! ;o

(6,10)



-26-

The first two ex ressions are real, If the real
part of the last one is called A’Zl it is given
by

No="%(2ty z*)+b(f-%‘ﬂ§)d‘2 Fhx2¥)-§ Oy puphrblac -b*)
(6411)

In the following, the symbol K before a
quantity means that the resl part of that quantity
has to be taken. HNow three quantities /A, , /.

/|, are introduced as follows.
A| = KL ’au“flll)
=—|li"‘§t Yo ry 29 j*b? Xy Qk)bzt-)("*)“-'ﬁl Lﬂ‘LL ‘*a mc/j-i
(6.12) +a-3 b)(ac—bqj

Ay=5(30y— N2
=3 i"w 431zf)ebl s By 2y e (b E gl )+ (3c-a)w@c—b?) %
(6.13) ¢
A, =R (3Ax +/152)
= _-ai Uz 2)ipd LtbEy ?;,,__kfmxz‘);,}g‘ ) }"“2_ 20 Y Hy’rlxlj

(6 _14 ) +(L(‘h jb)((lffb)

om (6,7) it follows that
b & =;‘ff-JL'f;}'* =0
(6415) Wzry? =25 (c-Cs)
ZX +tzZ2 = 3 Lﬂ(clrcs)fcz +I§
and that the gquantities Ao oA, ® A 5 and Y
can be introduced as follows:
s, = a-5b = 2(CarCs)-¢ -4
°< 3C—-a

2 = -‘;'i" = A LC|+C3)-C;L_4L}

(6.16) °£3 = a+3b = 2 rCa)-C3 -4

(6.17) Y = 3(ac—b*)= q(t‘.‘f_gfL;ngf‘(;C,)-—Zl‘_U{.;*(lfig) +A4 8
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If the substitutions (8.15), (6.16), (6.17) are put
1!“ ‘6.12). ‘6.15)' ‘6.14) (_l{ ] (_l.)- v ﬂ; »

reduce to

A=y —CHCEHCE MG G +3(Cans) -8 + €
Ap= A Y +eRB+cd -4 GG +3(0GH0) 818
As= o, y * CEHc3 (3 -4 G +3(¢tCa)-8C3 +8

(6.18)

The second set of minors is given by

b xX* 45" 2 _ a
Asi= | 9 2*|=-2cH b —7%b + Z O -4
Z-b €
"6019 )
b SO ,a?[.&‘
Alff = c y¥ i/ =0btif B -2¥ab + 4 (’GZ*“%:)
y a
{6.20)
a (¥ L}* ;
A4Q= b ax T Blm.y)‘ab—Z*a?H(u*Z*ﬂ?’*?)
XX G b
(6.21)

and the required linear combinations by
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AQQ-JS D)r} = _b(b—vf'j f))c‘.‘l* L:!ab -J2 b%@ﬂ,()’%a(gﬁ b)zw_d;,y,)@(xz'k_y*?

% LB Ag[_ ﬂgrg_) ; i i(b“z_g (.J‘) )('1' +2b(3 (Aa_),y,*_'(a?;_? bz) 2_*_',. (3 Z“x—) L)O’z”‘f_ y,* 2)}

AT =-b(b;ﬁc)x*+(2abn5bz+@a¢)fy)‘_ A (a5 D) OBy JodH-p)
(6.22)

~ Now the factor
X* 2y 2 J(,{g L‘;’;'e‘Q{H‘,Zfﬂe Q’+e‘q”)} R (e "Q'})

= _13 (e—lqa‘f_e;‘(‘}sf—ei((\’g*‘?g))
(6.23)

Substituting for this and )L} Y, 2 in (6.22)
gives
A!'{ I.B ﬂzr,=-gtb-u’jc){€'£?£e“q’)+(d§ L(X i Lqﬂ “'(Q‘ﬁb){ﬂfﬁ( "‘Ql t.l{j)}

+§ e"‘qs e"‘ile‘q?_ o L(‘q’aﬂa

: W lies Sl : S
%(333,‘114:1)=l:1[ bfﬁz(ﬁ- “iletqﬂ’f}b} L3C“"~'~)(€Jﬁ’elq’) +@_2__3_[3) iﬂ*ﬁ (e qu)}
r3 (ot twa—a.ﬁl
ARG W “‘"“Lb*ﬁc)(e"’ﬂ’ LQ,),_(‘;P b_t»__C)( -»LQ; .,t;‘) g({lﬂfﬁb)iﬂﬁ 9 ;q)} |

+ﬂbew‘(e“§'e“{'ze“"°*"'))
(6.24)

Rearranging (6.,24) acocording to the exponentials
leads to

M Bl 5 H3bGE ”““u‘““rbje Lq‘tﬁb“ﬁ?’*ac' } e ~2a-3b)

# mﬂﬂli—f’ q)
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; z _
%‘.(3!33;_&1‘2) e é[{‘% +£ L?;(—d_)-f%—i} e # U(‘ﬂ.)f'g} € Y2 Kﬂ -3 bz)
+ o (@ L) L!Jg L(%'QQ)]

ac -(q 3 .
/ﬂqgfﬁﬂ!ﬂ &@_J}b(_ [L} ! {-— %bc—‘ﬁab % d }& %Qa’(ﬁh}-‘j’b)
(6.25) (e 01, i)

The coefficlents of the exponentials can be

factorized thus:
A B, = (a-~b)G-§-4)e 9 Q*-)L(b‘tf?b)t"qi “f"“)ka -53b)
g( "L{Qr‘ﬁ"s) ﬂi,(,)l)

L0057d42)= K )t" ”"*“) L‘{Q' +\:‘-£c)kb%*%\)ewﬂmhf@b)(a,{;b/
+h (e} = ‘% "“rﬁ“?f)
a=3¢ _q L3¢
Aygrs Ly, 5& )Lﬁb ) 4 (anpb)anb ) 4 2 & (2u) @r3b)

(6.26) b5 (et ] &%)

But

ahﬁb* = LG+t 8 20 = GHlCares =3 %—-.F}b-&%= GH2HLC —F

(6,27  “atls = o +d3 = o+

On substituting (6.27), (6.26) reduces %o

Uig~5dy, = B4ty gy Boldrty e Y, +e‘“ﬂ

$60570,4) :é[‘“‘z‘“‘v*’”‘ﬂ)ﬁ’_{-?'—ﬁ[‘iz*“‘s)et% T (P ‘““"“Jﬂ

Bighat, =3[ &My sy e 8 i
(6.28) g 3 Rer) e 2“’43@1#’4‘3%! +e"f“)f“'ﬂ+)e‘%}

From (6.,28) it follows that



@VMQ L=ORN E’W*"‘ )e L@—_‘LM %)e )#, h) 1dip
t%(qzie,]

560 0,0)e () [ (g2 2L %ﬁﬂ%‘%;u) is): @-9)

o Swﬁaﬂ
; Q_‘.?J
@4 Jéﬂz..)e [o«.d\ze _)q @2@9)9 6 3 ? 44 Hﬁ)e@_z),f )(r’ﬂz
‘ ‘.29) +e %UJ;—Q;)]

Now the quantities A: i A’3 , are
introduced by

A RLA,M* L‘}&lg)ec\ % ) KLﬂLMg 3(-\1”) (‘ﬁ:ﬁh)

LQ‘L“L""
No= RG45 -&L\v“'f)e\ }) R2BA,~ ﬂq,()e(v_é)

A K (A211+J§ﬂ23) e ?)“ R LAL,Q'"J— Ah!) ) %@)
(6.30)

The values of these quantities are oblained From
(6.29).

{ oo -Q L)
3=~ (pelo) c0 Lt asty €0 5D (oA lg) co0 By 0 Bt

#og 151+ ) i)

Ea o
305 ~e =) eoo Qz-z.ﬁL“"‘ﬂ.L"‘?f"{g)cw%‘q‘%q As, 00 Q.;%, Lo L?s 42

+ 7 "15*% w9 L*)
o Ag S °(Q[,J’}' "12 24 —"Lg("lz*‘“{s)wq—z °{-3 (01.*"’“3)@0@'9’({34- 7

(6.31)
fm‘?ig—‘“#m (‘?_;&)

From (6.6.) it follows that the determinant /\
is given by
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2= LQC—BL.)EQ R(ayrbX)Layf_bz*)—mz-b«yﬂ_ |bf%{xj2+ |x24yﬂﬁ
a8 A (a0 lyiRaizl 4 2bR{zayZHaou b4t

(6.32)
Elimination of X, 7/ and 2 from (6.32) gives

A=7g vz L)) %%%)012)4 a?{)\d AC+Ca)t- '—%} (¢,Cs)

Q_.b, +(q .
(633) =l Tfa)%i”’“‘c'“ﬂ"’)&

or
q d- CQUL—.?L)" 2(Q+C3)(Q+3b2)+ ?&Lb g—(u%-cz) 3{2me)+3+_2(£,+(2#(3)

(6.34)
The values of the terms in (6.84) are

J.i(ataﬁc)"l: 2c3+8 Cgtc,fcg)’izfch ~8CNCCs) =32 (GH3) +1b 3

Q@A) = R (Gr3 BCR(C s Ao (s) 3R Ca ) 1) -8 () 3 dirkeicd)
+ 32(¢ri)

ALY = 125 (G=C3) # 3(C-C5) (2 c2) - 24 (G- ()R

'% (@4 -3L2b2+a9) =-18C3- gﬁ‘Z(CIsz)Q— % G 1805, Ho) g b(citCatcs)-1G2

(6.38)

This yields for the final value of /\ (except
for omiited bactors )

qA =YZa(cHcire})-19Cca s~ 34& HC3 4G G Catcs FC3C) Wblerot)1 0

6.36)
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7. IHE SCATTERING POWER AND ISCDIFFUSION LINES.

Since all the atoms in the hexagonal lattice are
of the same kind, the formula for the scattering power

(3.1) reduces to

H—l‘i ~| -
GG T S D9, o~@ Xgu
(7.1) Hete % Lz e 9% s

In this equation, dashes are placed over the Qo(’
in order to show that they are co-ordinates in the
(mtesian system, HNow write (7.1) in the form

Cr s !ﬂ}‘i} / !
(7.2) G =26, NKT nL:"EAotho(Q.S
where A.; 1s given by

: = QY
(7.3) A&L;v&%, D sGu) e "

If the expansion is written out in full, this is found

to reduce to

(7.4) A =R {D:s@) +Dj;@1)ﬂ'ig‘r‘2'}

for from (5.7) and (5.8) it follows that

/e - X r 4 x
(7.5) D’Lﬁ)f—[)léq) and D'@):U\ﬁ;)

The dashed co-ordinates of ( (¢, @) ¢{) 4in the
Cartesian system sre now replaced by the hexagonal
system '\Q, q2,q5 ,QL,) referred to the basie vectors
of the reeiprocal lattice by means of the transformat-

-ion
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(7,6) Q = %’ gh= 2 (8,=2)

Jz A

In these co=-ordinates, the scattering power

becomes

B=2G,NAT r iA" B+ A(9102) s A-za.(@.&;aa:q’gw;)} ..
(7.7)

or, rearranging
—h “Ttﬂ%'i(ﬂ 3 AR 2/ A
(7.8) G = £ NAT gl Y22 3/4‘;&)@; +QL3A.¢*AM)Q1+(A£¢BAIQ)Q§

If (7.8) is written in the form
LF1* < -Begd

3 %o atq < A
the coefficients D, are given by
_c(9Ys /
B|= R {qu‘tfiﬂzlq-mzq—u?(_\n)e H )j = A+ A .

- < _{_’[ . ?\ /
B,= R iék?ﬂu"ﬂzg)J—{l(BA”-ﬂ 2) € ngi)j =\t A

; 3 /
Bg = R idzgf'ﬁ/_\if 12 (A-‘.)_,{J’L»Fjaj?) Q‘L@J';B—}) = L\;“' A'S

(7.10)

where use has been made of
0 —Gs

".11) Q‘rﬁ_l o _L\3

/
Introdueing the values of /\;, =ana /; from
(6.18) and (6.31) the coefficients [, become

- 2l
F 3 Where the eonstant factor- .-%L omitted
in (6.7) has been re-introduced,
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3Bi=% )"Cli“’i’:—‘*‘:} ~4Co(313C913(53~8C 18 —vl,(cqfoig)(m#’(g‘i}tn-“{,(x, t43)Cp3
+Ca G 3_*'{‘{?32‘1%@

3B, = oy~ 3 +GHHCR L e, 303430001 8- (at) e G5 by,
+C2+G oo 2@!’

3 83 =A3Yy— GG -1 GG +3( +3‘«:.‘t?ffﬁ8—°<3(iﬂ‘°{i)%Mjﬁﬁzi—%&%’*@cﬂ
(7.12) +C3+O2 e 2 (‘i;’é—cf

and re-writing (6.36) for A
(6.36) A= Y22 B) 49 Gl PG P blcat s Ko relet 2915

and with definitions
X—'- 9 ((—{Lg_f-(:_(;g +Cay -2 (G240 Hb ’{uf 2Grea1) ‘_?{u —k
(7,13) o= (€00 Qaa%_tjﬁ Caz 2988

the scattering power is given explicitly as a functim
of §

For the purpose of calculation it is worthwhile
to separate the B into the parts A, , ﬂ"* :
because
3 QAR 059+ 4:%)=[8% q';"'(""")’:“"ﬁr’z): qu’*’f—"& + P03 @)t
(7.14)

The problem of finding an analytical expression
for the "extra spots" or intensity maxima of the
background radiation, when the experimental arrange-
-ments are specified, is rather complicated, (Born

and Sarginson, 1941; Sarginson, 1942). On the other
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hand, the well-kncwn conditions for selective
reflections have been shown (e.ge Born, 1942-43) to
be egquivalent to the statement that the intensity
distribution of the lLaue scattering has infinitely
high and sharp maxina when

(v.18) @ = k-K' = 8
where
(7.16) Q" u. = 2Tha Coleni 12 5)

and the /'« are integers. The similarity of this
with

(7.17) ) ad S 2

has suggested (Lonsdale and Smith, 1941; Jahn 1941-42;
Weigle 1941-42) that the vectors I/27  be interyreted
as position vectors in the space of the recimrocal
lattice, Thus the recirrocal lattice points corres;
-pond to selective reflections, which will be
surrounded by a distribution () of background
secattering It has thus becore customary to express
the results of observations in the reciyrocal sypace
and compare them directly with theory.

If the formula (7.1) for the scattering power is
written in the form
(7.18)
where
D) e 434 QL

) 17 o
o~ RP2

(7.29) (@)= 2



the funetion d@) is known as the "diffusion
funetion” tBorn,.1942-43) since it describes the
diffusion of scattered intensity about a Laue spot,
in virtue of the thermal motion., The so-called
"surfaces of isodiffusion” (/))= consl. , give
a graphiecal representstion of the scattering.
In the mresent case, the isodiffusion fumection
is given from (7.9) by
: e« B
(7.20) dg) = 5 g Z’“Z‘ gi
The rrocess of celeulating this function can be
considersbly reduced on account of various symmetry
relations. In the first place, the determinant A\
and the three co-efficients /\« are periodiec in
the O« , Then, it is easily shown that replacing
the point (Q,}Qz,('?f;) by (-02,-43,-9|) eerresponds
to a rotation of 60° in the plane ¢)-0 .« /A is
invariant under such substitution and the tried
(By B2, B;) becomes (152, I35,i3)s Thus it follows that
d\Q) is invariant under 60° rotations in the plane
@,=0 , and so it is only necessary to evaluate it
in one sextant. Further, replacing the point
(X=%, y,>-#) vy (-X-%,Y, *-%) eorrespenis
to 8 reflection in the line Qo 12g,=0 Inspection
shows that ( I3, B4, f?%) becomes (3, B2, 3) , 80
that (L) 4is invarient with respect to reflections
in the six liues of the type () +2¢,=0 , and so it
is only necessary to caleulate it for a2 sector of 309%.



FIGURE IIl. The Isodiffusion Lines of a Close-Packed

Hexagonal Lattice in the Flane Q4 = O

b

The Reciprocal ILattice Vectorss




The isodiffusion function 3(9_)13 caleulated from

(7.20) for a network of points lying in the plane

Gq,: O « They form a lattice which has unit vectors
in the plane (@, = O of magnitude !z th of the
reciprocal lattice vectors., In order to check the
accuracy of the calculation, the points were taken in
a sector of 60°, so that each value is evaluated twice.
The results, which include the nine reciprocal lattice
points (0,0),(0,1), (-1, 0), (-,1) (-, ‘3-)) 'L*l,O)J 1), 32), (0,2)
where the co-ordinates refer to the axes ¢, ¢, are
shown in Fig, III, The numbers plotted are actually
the values ot~@%fZ_B“Q“ and to get the true d}ffusion
function, have to be multiplied by the factor?gé Sdhﬂ
where, of course, (' is obtained from the elastic
constants in the manner already described. This
factor will, naturally, only change the scgale of the
isodiffusion lines, but not their form, The isodiff:
~usion lines in Fig. III were drawn from the numbers
plotted.

Prom this chert of the isodiffusion lines in the
plane O, =0 s it is seen that the most intense
scattering is represented by those areas which lie
close to the points of the reeciproeal lattice. These
areas of intense scattering are, of course, the so-
called "extra spots,” which are surrounded by a weak
background. levertheless, although the background is

relatively weak, it possesses a considerable amount of
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fine structure. The "extras spots' associated with the
first ring of recimrocal lattice points are almost
isclated by regions of very lew scadtering power.
However, there are ridges of higher seattering power
connecting the second ring of reciproeal lattiece
points,

Further general features of the chart are that
it is invariant for 60° rotations about the origin,
and for reflections in any of the twelve lines Jjoining
the second ring of reciproecal lattice points to the
origin, Since it can be shown that these features
follow from general symmetry considerations, they must
be a general consequence of the close-packed arrange:
-ment, and not of the particular assumption of centrsl
forces, Another feature of the close-packed arrange:
-rent is that the isodiffusion function itself apart
from the factors Qi‘ s is periodic for displacements of
three cells in the reciproeal lattice,

It is rather difficult to see what features are
general consequences of the assumption of central forces.
In the general case, the eguation for an isodiffusion
line will contain the seven atomic constants., By the
assumption of central forces, these seven atomic con:
-stants can be exyrressed in terms of one independent
constant ¢ . Thus, the particular form of the isodiff:
-usion lines within the general framework of the feat:
-ures discussed above, is a direct result of the assump:

-tion of central forces.
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The innermost contour around each reciprocal
lattice point of the chart apprroximates very closely
to the isodiffusion lines obtained by Begbie (1947)
for the limiting case of the Jahn approximation. This
is only tc be exrected, since Begbie used the elastiec
constants of Beryl, which as has been stated earlier,
satisfy arproximately the conditions required for cen:
-tral forces, The general shape of the contours
changes as one rroceeds outwards from a reciprocal
lattice point,

There are no signs of the very strong streaks
connecting the lLaue spots, which have been rerorted
by Dr, Lonsdale {(1946) for the case of ice a2nd smmonium
fluoride. This would suggest that the origin of these
streaks (Born, 1946) is not due to the ordinery thermal
motion, but that there exist in these crystals, atoms,
which have twoe possible positions of equilibrium, In
the case of ice, the hydrogen atons are assumed to lie
on 8 line Jjoining two oxygen atoms. The eqgquilibrium
position of the hydrogen atom is not at the mid point
of this line, but a2t a position which is nearer to
either one or the cther of the oxygen atoms, A survey
of the evidence for this is given in a paper by iliss
Penny, (1947), If it is assumed that the oxygen atoms
can exchange hydrogen atons, this would lead to a
statisticel distribution of the hydrogen atoms,
Professor Born has shown that this would give rise to
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a8 continuous distribution of scattering power in
reciprocal space, |

It is to be noted that the chart cannot be
extended indefinitely in C-space, for the general form:

=ula {3.1), for the scattering power, is valid only for
points of (-space which are not too far from the origin.
This distance depends on the temperature, A full dis;
-gussion of the walidity of the general theory is given
in the report by Born (1942-43).

Fimally, 1t should be remembered that the calecul:
-ation hes been mede using a model in which oniy the
forces between next neighbours sre considered. The
negleet of longe-range forces will be of 1little influence
for lonz waves ( corresponding . vectors will lie near a
reciprocal lattice point.), but will be very essential
for waves of the same order of length as the lattice
constant, Thus, in the case of an ionic lattice, where
long-range forces are important, the value obtained above
for the isodiffusion function for those wave vectors
which lie in the region between the reciproeal 1lattice
points can be regarded only as s first approximation,

As hes been stated by Begbie (1947) the reason for using
2 model, which certainly is not a good picture of reality
is that the method of next neighbours can be generalised;
it can be used for all kinds of substances, and all kinds

of symmetry.
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SUMNARY.

The dynamical properties of a erystal for smell
vibrations can be described by the set of coefficients
of the potential energy forming the dynamical matrix,

The elastic constants and many other observable quan:
-tities can be calculated in terms of the elements of

the dqynamical matrix, but, in general, the reverse does
not hold, On the assumptions that only central forges
need to be comsidered, and that only next-neighbouwr

atons act on one another, the dynamiecal matrix for a
close~yacked hexagonal lattiee is expressed in terms of
one atomic donstant, which can be determined by compar;
-ing the expressions for the elestic constants with
exreriment, The Fourier transform of the dynamical
matrix and its reciproesl, which in first approxination
is proporticmal toc the scattering matrix, are then cal;
~culated.s A dlagram of the equidiffusion lines, which
covers a yart of reciprocal spsge contalning nine lattice
pointe, is drawn. The disgram shows that the "extra
spots” are surrounded by a wesk background, which exhibits
considerable fine structure, The equidiffusion linmes con:
~structed for the vieinity of the selective reflections
(Jahn csse) agree with those ealeulated by Begbie for
Beryl. lio trace is found of the intense star pattern

observed by Lonsdale for ice a2nd ammonium fluoride.
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PART II.

ON _THE FINE STRUCTURE IN THE INFRA«RED SPECTRUM OF

IONRIC CRYSTALS.

8. INTRODUCTION.

In 2 paper on the quantum theory of pyroelectriec:
-ity (Born, 1945) Professor Born has pointed out that
observations of certain phenomena are at variance
with the results predicted by lattice dynamics, =s
worked out in his book, "Atomtheorie des festen
Zustandes" (Born, 1923)., As an example, he discusses
the theory of pyrvelectricity. According to theory,
the pyroelectric moment should obey =a T 1ew for
low temperatures, while the careful experiments of
Ackermann (1915) show that 2 = l2w would give much
better agreement with observation. Coupled with this
are the many new and accurate observations of electric
-al, optical and X-ray phenomena produced by the
Raman school of Indian physicists, which have led them
to deny the validity of the whole theory of lattice
dynamics, They rropose an altermative theory, which
will be mentioned later,

The reason for discrepancy between experiment
and theory is that Professor Born's book was written
before the discovery of quantum mechanies, It is
based on the Bohr modification of opties and classic:
-2] mechanios snd therefore does not obtain all the

more refined details, Although quantum mechanics

have been in existence for nearly 25 years, it is only
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recently that the investigation of the optical
rroverties of a erystal has been taken up from the
modern point of view, The method is described in
the paper on pyroelectricity (Born, 1945) and leads
to the required T 1aw for the temperature dependence
of the pyroelectric moment. The principle of the
method is that the wave funetion for = system such as
a2 crystal can be written in the form (Born and
Oppenheimer, 1927)

(8,1) Y 0eX) = £ X) PoaX)

where X rerresents the co-ordinates of the nuclei,
and X those of t})aa electrons, HNow any physical
(;o";o;:;:ﬂ;;o tr;:lfcrystsl will be represented by an
orepator, which is a function of both the nuclear
co-ordinates X and the electronic co-ordimates X

ext) and which acts on the wave

function (8.1). The properties of the system are
given by the matrix elements of the operators, which
can be formed in two steps, The first step consists
in building the electronic matrix elements with
respeet to the fanction (/(xX) , which is a
solution of the wave equation when the nuclei are
considered fixed in the positions X . The second
step consists in forming the matrix elements between
the different vibrational states, 1In general the
system can be considered to be in the electronic
ground state, The corresponding wave funetion can

only be calculated by seclving the electronie problem
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explicitly, and hence the electronic matrix elements
are assumed to be definite but unknown funections of
the nuclear co-ordinates. They can be expanded

with resyect to small displacements from the equili:
~brium position of the particles and then the
vibrational ﬁstrix elements can be formed. Not only
has the quantum mechanical approach been successful

in its spplicstion to pyroelectrieity, but it has also
been used in giving a satisfactory explenation of the
Raman effect in orystals, e.g. rocksalt (Born and
Bradburn, 1947) and dlamond (Smith, 1948), THe
rurpose of the rresent investigation is to see how

far this gquantum mechanical approach ean go in explain
-ing the fine structure which has been observed in

the infra-red absorption bands of ionic crystals,

A cubic erystal of the NaCl type should possess
according to the lattiece theory (Born, 1923)_on1y one
frequeney which would respond to infra-red light, the
corresponding vibration being caused by the motion of
the positive ions, against the negative ones,

One would therefore expect a single maximam in
thsorption and in reflection. Fauli (1925) attempted
f6 account for  the sbsorption by suggesting that the main
vibration should be damped, =s on account of the
anharmonic charascter of the potential funetion, the
main vibration becomes coupled to combinations of the
other normal vibrations, In 1930, however, Czerny
(1920) initiated a series of experiments, with the
8im of determining the refractive index and the
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extinetion co-efficient of rock-salt between 30 (L
and 100 /L , a spectral region containing the eigen
frequency of Na(l . Czerny took great pains to
vurify his spectrum from all traces of wavelengths
shorter than those under consideration, by means of
suitable filters, and preliminary reflection of the
incident light from residual ray plates, He measur:
-ed the transmitting and reflecting power of rock
salt, and later extended his experiments to sylvine
in collaboration with Barnes (Barnes and Czerny,l1931).
The reflecting power of the crystals showed a very
broad meximum whose centre of pgravity did not coin:
-gide with the lattice vibration. In order to
determine the eigen fregquengcy, measurements were
first made with erystalline plates and finally by
evaporating rock salt and sylvine in a vacuum to form
layers a few /. thiek on thin transparent films of
nitro-cellulose, The surprising resnit of ﬂmso oh:
-servations was the discovery of two subsidiary
maxima in absorption and reflection for rock salt and
sylvine, Czerny found that he could represent the
reflective power very well by using & Drude formuls
for the mein vibration and the prinecipal subsidiary
one, While ihe okLserved wvalues of the extineticn
co-efficient agreed gquite well with those calculated
from the Drude formula between 30 /[ and 46 (/ , below
30 (- they were arproximately one thousand tirmes
smaller then those calculated, 0On the long wavelength
side Cartwright and Czerny (1933-34) found that the
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extinction eo-~efficient retained mmeh higher values
than expected from the Drude fermmle, Similar
results have been found for all the alkali hslides.
Following the publication of these results, Born and
Blackman (1923) using classical mechanies investigat:
-2d the effect of third order terns in the potentisl
energy in the case of 2 linear chein., Blackmen
(1933-36) extended this treatment to the three-
dimensional lattice of the Mau Cl type., These
investigations gave a possible qualitative interpret:
-ation of the subsidiery raxima,

Guite extraordinary results were obtained in
experiments on absorption and reflection of My (0 by
Barnes, Brattain and Seitz (1935). Using both thin
plates and evaporated films they observed & great
number of narrow weak Sbsorption bands from 6 [
omwards, suprerimposed on 2 main abscrption maximum
at 15.4 /. « On the other hand, Fock (1934) found
only three absorption maximes, Iernes, Brattain and
Seitz develored a quantum mechanical theory for the
absorption of a three~dimensionsl lattice of the

[V €U type in whieh third order terms sre consider:
-ed in the potential energy. By making the assumption
that the maxima of the density of the normal vibrat:
=ions cgoincide with the boundary of the frequenecy
surfaces in reciprocal spsce, they cbtained an extrem:
-8ly complicated secondary structure. The validity
of this sssumption is very doubtful. Another attempl

to explain the complicated secondary structure has
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been made by Ramen (1947), by using a few lattice
frequencies and several orders of thelr combination
frequencies.

However, another determination of the sbsorption
of M0 hes just been made by Willmott, (to be
published in "lature”). lio trace whatsoever was
found of the complicated secondary structure, and
iillmott concludes thet the anomalous results
obtained by Barnes, Brattain and Seits ue:i:eer;nsuu:
-able scattering of the short wave-length radiation
from thelr source.

Ancther parer on infra-red abserption has been
published recently by Pomeranchuk (1943), in which it
is elsimed that the energy of interaction of a
erystal, with a centre of symmetry in an electric
fiele, must vanish, anless there is attributed to
each ion & polarisability which is a function of the
position of all the atoms in the lattice, A detailed
theory is not given, but Pomeranchuk deduces that the
width of the infra-red absorption,lines should be
rroportional to the square of the temperature and not
to the temperature itself, as had been shown by
Pauli (1925) for the case cf a linear chain with =
cubic interaction potential function.

A general account of dispersion in the far
infra-red is to be found in "Reports on Progress in
Physics,” by Kellner in 1941 and "Ergebnisse der
exakten lNaturwissenschaften,” by latossi (1938).
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In the following pages the theory of norml
dispersion in crystals is developed on the assumpt:
«~ion that the electric moment, as has been explained
already, is a funection of the nuclear co-ordinstes,
This leads to a first order line spectrum with a
continuous secondary structure surerposed on it,

By making suitable assumptions about the forn
of the distribution of the second order combination
frequencies, it is shown that the continuous second:
-ary structure behaves qualitatively as if the
erystal had a few sdditional absorption lines.
Detailed calculaticuns are given for the case of

sodium chloride,



-4 7=

9. THE THEORY OF DISPERSION 1N SOLIDS.

The cls=ssical theory of the optieal properties
of solids is based upon lisxwell's eguations for an
uncharged polarisable medium

div (€ + KT Mb)=0 div-Fo=o

curl & s ?a{-é curlb=¢ -%% ’L%T %Afé % A'f'g#‘
(9.1)
where (/._{0 1s the eleetric moment rer unit volume and
5{4 is the current per unit area, The magnetic
moment per unit volure has been neglected and in all
the applicaticns %o be considered here, it can be
assumed thet </~ ana _ﬁa are related to & , the
electric field mmity by the equations
& E e_ewﬁ _E_*e‘-‘Ut %t Mé"—uf- *e"wt %: _J_-E-ewf J;eecwt

—_—

(9.2) P'H'“’%R{‘g S Ja=% % Es

where |%: and ©., are the polarisability snd the
conductivity tensors of the medium. Ilaxwell's
egquations in a meterial medium sre phenomenalozicsl
in so far as these tensors are phenomenalogical
descriptions of the mediunm,

Among the many attempts that have been mmde to
base the equations on more or less definite atomie
models and to deduce the dielectric tensor from
atomic properties, Ewald's (1912, 1916) theory is the
most rrecise, Originally he set out to show that an

orfhorhombic lattice arrangement of isotropic atoms can
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agcount for optical anisotropy in crystals, In his
treatment, the isotropic atoms are represented by
isotropic harmonic oscillators, which he placed on a
simple rhombic lattice of infinite extent, He
showed that if all the oseillators vibrate with the
same frequeney and with phuses corresponding to the
rassage of a plane wave, the resultant elestromagnet:
-i¢ field has the same phase at the letiice points as
the oscillators themselves, IFor =2 given wave-length
and diresction of propagation, it is possible to
choose s frequency such that the electro-magnetic
field just suffices to maintain the assumed vibrations
of the oscillators. A self-susteining escillation of
this kind, corresponds to the rassage of an optieal
wave,

The oseilliaters in the Ewald theory correspond
to the cleetronic oscillations within the atoms them:
selves, If the atoms are charged, i.e. the lattice
is ionie, the ions will move as a whole under the
influence of the electro-magnetic field, But, as it
is well-knouwn, the lattice particles are so closely
coupled, that they do not oscillate independently of
one snothere 1% i2 not possible, therefore, to treat
the ions as individual oscillators and aprly the
Ewald theory directly. Born,(19£3), has extended the
Ewald theory, by assunming, ruch as in the original
case, that all the ions vibrate with the same fre:
-quencey, and with phases corresponding to the passage
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of a plane wave, Since the electro-nagnetic fielad,
together with the other appllied forces must Just
suffice to cause the assumed vibration, Born is able
to obtain on the one hand, equations of optics, in
agreenent with the laxwell theory, and on the other
hand, ecuations to determine the dielectric tensor
from the lattice foreces, In this treatment, the
motion of the lattice particles has to be dealt with
by clsssical mechanics, However, in a paper by Iwe.
Huang, to be published soon, the cusntum mechanical
treatment of the lattice motion is given, and the
result sgrees exactly with the classical theory.

Such detailed considerations will nct be employed
here., Instead, the method of introducing the theory
of normel dispersion (Sectionms 9 - 12), will follow
closely the manuscript of & boeok, to be published in
the near futwre, by lis Born and K, Fuang. The
forrulae develored by them for a generasl atomic system
are modified for the particulsr case of crystal
lattices, and when necessary, rut in a form more suited
to the present rwrpose, The crystal will be treated as
if it were 2 molecule in which an electric moment is
produced by an applied fields The field will be
treated according to elassiwfim’:: but guantum
mechanics applied to the crystal itself, This semi-
elassical aprroach has the disadvantage that the
¢lassical theory of radiation does not account for

spontaneous emission, and hence leads to the result
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that the redistion damping, belns solely dme o
induced effects, derends on the incident intonsitye.
¢n the other hand, the semieglinassical rethod has the
decided advantage over the Dirac theory cf radiction
that, in cbhtaining the polerisability, the order of
perturdation theory reguired, is halved, In the
effects to be disowssed, Tirst order perturbation
theory will be waed, but to chbtoin the equivalent
results, using the iMree Sheory, secong oxmder
rerturbetions would be needed, with ® @Orresponding
increase in the complexity of the calculntiomns,

Let Hf, dencte the uszdltonien of the systen,
and suprose it is acted uron by an electrie field
of the form

* cwt

\m

£E-E e-cwt+

(268}

On account of the action of the externsl eleotric

field the energy of the systen becomes changed by
He—-M. g whore MM 1s the operator electric

moment of the unperturbed systen, This gives for the

total Hamiltonien

(9e4) H= Hq-DM-g

The interaction term H' 1s now trested in the well-
kncwn menner os a perturbstion in the tire-dependent
Schrddinger eguation, which couses transitions from
one state o another. If the field is sero, the
systen is unrerturbded, and cannct change its state,
1f, on the other hand, the field 18 finite,
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seattering and induced emission or absorption of the
light will take place.
Let the stationary states of the unperturbed
%
system be Y, Ev where
(9.5) Hy Y- = Ey- Uy

and try to obtain a solution of

(946) (HM'!'Hf)'F =-ﬁ"2—aﬁf

L

which reduces to a given state Y, st a $ime =0 .
If f is exrended in the usual way,

i ExT
(947) f=2drure j

and substituted in the Schridinger ezuation (2.6),
there arise equations for the coeffieients A, of the

form

: ' i (Ey-Cr)t
(9.8) —%a,v:% HH%Q%C;{ )

CR) Hyk = J¥r HurdT

The exyansion co-efficients are, of course, dependent
on  time, sna |0J? is interyreted as the probab:
-111%y of finding the system in the state |1 |’at the
¢ime T ,

The initiel conditions are that et [ =0 o aA,=|
and all the other d,.=0 o For small times, aprrox:
-imate aolutiom of (9+8) can be obtained by inserting
the initial values of the co-efficients (4 in the
right-hand side of the equation, If this is done,

¥ The amplitude of the electric field is denoted
by E , but this should not lead to confusion,
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and 1t 1s noted, using (9.,%) that

isa20l  Hyp)= —Mm,(g e"'wf E*eiwt)

The equations for the co-efficients A becone

: f  hE Rt | et
(9.11) —% a,T:: '_MTO- {E“i DL +f_5_*€ ﬁ{(to v~ hi)

The integral of this equation, that vanishes at -, ,
is

i '_e.;q(eo-fzﬁﬁw)’f : ik ErEFRWITE
= Myo, | E b
= BrEythWw i Eo-'t:y‘—ﬁw

(9,12)

~

Unless one of the relations

(%13 Eo~Ey thiW =0

is nearly satisfied, a/r oscillates very rapidly
about the value zero. Thus it may be said that the
system remains in the state |, , and behaves es
if it were undergoing forced oseilistions, far from
resonance, On the other hand, when either one of
the relations in (9.13) is satisfisd, the system
resonates and changes its state, In the ease of
resonance, ]CLT[!‘Z is the vrobability thaet, at the time
T , the system is found in the state Uy . Since

in which

AW 1s positive, th"mffq{\ﬁE.,P.fK:ﬁw must correspond

to induced emission, while, £, 5,= 710 4o absorption.
In order to calculate the scattering of 1ight by

the semi-classical method, when the frecuency is not

too near resonsnce, it is ususl to take the mean value
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of the induced electric moment, with respect to the
wave functions given above (Placzek, 1934), Here,
the mean value of the perturbation energy H/ is
evaluated, and the electric mumf is obtained by
comparing this energy with the emgﬁ that would be
rroduced hyl a classical moment of the form

/-bbl)t “wi
(9414) 1/%9 Me *-’L

and the polarissbility tensor is introduced in the

form
M:(: 2 PyEs
(9-15) /6 y

The energy produced by this moment, interacting with
the applied field is

% E'"{Z Md.tc( l‘f [:emwt qu('i"M& E“ﬂ}

(9.16) =5 {% Pal/,EqE@ e‘mwfp:g E: E:ezr.wt Pus E‘,(E +[5'r Eq E/,-}

The mean value of the intersction enmergy I say
L.fé/ » is

/ o
(9.a7) = ~JfMefdr
Subshiluting  the expension of { from (9,7) this

becomes

¢/l te
’ P Ty . et ~( UWpy
(9.28) 7 Mot zia,-f.‘jm%ew"* ol t}

The first term of this equaiion represents the energy
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duve to the permsnent moment of the sysfem, and will
not be considered further. Substituling the value of
A~v #from (9.12), the value of the next term is

-i- ‘Wt
-'Z' {M_yg,E{Moﬁﬁe +Mor- .} Eﬂro E{Mm'g = +MOT.E‘_} }

h (Wort W) R (Wyy-w)

(9.19)

-

where b Wy = Eo=Er

The value of “ﬂ’/ is obtsined by adding the
conjugate complex expression to (9.19). The result
hes the same form es (9.16). By comraring co-effic:
~ients of o 2wt , the polarisability is seen
to be given by

| M kMﬂ or Ma)vo Ma)sy- (Me)yo }
azo) (B, “Fag o=@ erte

where 'lo is the number of systems per unit volune.
This is the usual dispersion formula, e.g. Flaczek,
(1924).

The thermal average of this quantity gives the
polarisability whieh has to be used in constructing

the mean electric moment of laxwell's theory
¢ M= (D-£) ),
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10 PIACZEK'S APTROXINATION.

If the wave funotions of the system can be taken
as the produst of the electronic wave funmetion (/X X)
for fixed nuclei and the nuclesr wave funetion LX)
as in (8.,1), the expressicn for the polarisability can
be simplified by a method due to Placzek (1934), 1In
this case, the energy levels are represented by sums of
electronic energies -1 and much smeller vibrational

energies -

(10.1) = Bt S
Thus the freguencies also split additively

(10.2) ‘-’"‘)Y‘_‘, = l"t)nv; W tid = Woam! + Waruf

where (Wiy1/is smll compared with (W .,/ o Therefore
one can aprroximately neglect (v,/in the dencminators
of (9.203 except for the diagonal elements Wu,-0
rovided always that the incident frequeney W is not
too close to an;:oef the transition frequenecies (.,
of the electronic levels,

If only properties of the electronic ground state

are considered, in (9.20)

(10.3) 0O —7 oU
where O now means the state of lowest electronie
energye For the intermediate state

(10.4)

>4 5 B g
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The intermediate matrix elements of Mq are wuritten

in the form
(2008) M) = M), = | 0] 00 M ) (KA

then

(10.6) M= Mo

How the term V>0V is split off from the summation

| w
in (9.,20), then omitting the index o in KP&'/;-)OVIOU' .
the sprroximate expression for the polarisability is

I\P ) 1"»'? M(J)ov,ovJWﬂ\ 0V oV i Mc{.)olr,gtr-’M-E)mrjmr)
<8 hrv ‘1';7 Wik’ = W Wit + w

Z y_,kM ovw”M*m{,mr+ Z/(Ma) mrmr’m 3)?11"{01?)

+£ Wnp =W Wmp + W

(10.7)

In the first sum, the matrix elements occurring have
the form

(10.8) ¢ ID‘”"’ —(MQ(DO) w= M2

They are the vibrational elements of the electronio
ground state, and the indices oy 0 ©an be omitted.
Since the second sum has resonant mmxima at the
electronic levels, it will not be comsidered further,
How the infra-red part of the polarisability is
expliecitly rerresented by

xod) P <TLs | Malwr Mty Malnr! M) vr )
. B yv A L’U_“T E Rt — TR
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where the MdlX) are regardea ss kmown functions of

the nuclear co-ordinates, The refractive propertics

depend on the thermal average, written thus (ez:e WWM)
or explicitly, it is given by

<Poz Y >= Lo o 5 @"Mﬂwr MO <M-D‘)W’M;@)wf>)

v! Waslyr W Warhr + W

(10.10) o
= WZ_ W=t f_Wva&M&Y bt MR, wyuwkt(m%m:ﬁ"@}
ul!



The forzmlse of the proceding scotion show that
the polarisability can be expressced in terms of the
funetion MQ\’) s Or, more correctly, ns a funetion of
the vibrational metrix elementa MyX)vv/ o It is
now necessary to expand the eleotric moment into e
rower series of the oseiliation amplitudes uu‘fi) .
Similarly, os in the case of the potential energy,
the expansion is nritten

(2.2) Mal)= M+ Myr MY

where the upper indices ( 0, |, 2 ) dencte the crder
in the nuclear co-ordinates, 7The last tuwo torns of
this equaticn sre given by

(11.2) ML=;%L Mo(}_.eé‘.) WUz (ﬁ)

(11.3) ,\/'\:1 2%}}-&” t%;) U, L}?/‘/{jk&')

The co-effictents Mg Mq,;tﬁ M,;,(% ere the

values of M (X) naa na derivatives vith resreet to

X, (L) . taken for oquilitrium, These eo-effie:
=ients satisfy a nusher of 1dentities, The first of
these are consocuenges of the rericdicity of the
lattice, Any ouantity vhich describes an eguilibrium
proverty, and depends on only one single particle,

'{Iﬁ) o Dust be the sace for oll cells, and henge

1]

inderendent of [ . Thus , Mq,\f) moy bo uritten

for ’V,g}g&) o In the same way, any eguilibrium
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qmntlty depending on m points 6“1} s 2nd

H._L" 1s invarfent 1 | ana [ are subject to the
same ¢ell displacements and heme aemnda only on
the difference -4 ( - ;, o=k, .;e;. ) so one
can write
(11.4) ,;)\" o 4 atlzﬂ)

A second set of identities is obtained from the con;
~g8ideration that sny translation of the erystal as a
whole, does not‘; change its electric moment. Hence,
if all the '&‘6&3 are taken equal, {independent of /
and 1) MJ{ , Mi mst venish. Therefore

{(11.5) z f\"/'..{l_}.»*‘k}-; O Z [”oz 7y \mu')

R LK

A simpler relal};fion can be found between the coeffic:
-ients Mq* _;E-K’i-*‘") by the following consideration,
which applies the condition of the invarianceof the
electric moment against displacement, to a displace:
-ment of the lattice when the particles are not
necessarily at their equilibrium positions. The
differential of M“f is given by

d ML oL Uy ()
(.60 AMI=> 2 =i

| k5
Thus, the condition of invarisnce is

M S S G wil)=o
B oL\ W/ oy )/
( 11.7] LI'—' r}) l-‘{ : I':}l.'l A o {' _F‘_zf\ ] ;Y C

Lk g 5P [
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il
FPor this to be independent of the disvlscements u(a,LfﬁJ)

o~ / (1 D)

(11.8)

Further relations follow from infinitesimal rdntions,
but these will not be required.
low, normal co-ordinates are introduced by

| | : e Cl
(13,90 W=, S e (h)9) et 94)
Qy " i

Then one can write

(1,200 M, = > M) 9/%)
Q/ '

gere My(7) 1s given by

Mok\q‘):t £, Ma s’ e L.k/?/ccum

<~ vy ) A 3

(11.11) : BLR

4
there the ractur:?__ e splits off, It is N

times a 5 — f\mation vanishing except for §=0 « Hence

M= MADGE) MU= V7 Mgk
(11,12) '

The first order polarisability is therefore due only
to vibrations of wave numbers zero or infinite wave-
lengths, where each of the simple lattices, corres:
-ponding to the points of the base moves like a

rigid system.
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The matrix elements (), vanish except for
transitions bhelonging to the frequenecies + wu) .
Therefere the first order effect is a line spectrum
of not more tham 35-3 lines (omitting the three
acoustic branghes), each line corresponding to a
normal mode of the system of S interpenetrating
rigid simple lattices. In the same way it follows
from (11.3) and (11.,9) that

..ﬂ
——L—-'—" L ‘,(3}*( ‘17,,]
(ll.la‘M(,{ lf—r?—i [PCh g Mo{ ;HVIN)Q L}{,Q ‘;’( f‘,,} B\ Ek_ Q;J
,}Jj;h\'a/ J v
C ("f’ Q*@’)

12 /-1 g replaced by | , the factor% €
splits off; again it is NV times & 5 — function

of ( +Q' )e Hence, in the sum (11.13) only the
terms, (/- -Q appear, Using this fact, one esn

write

(11.14) Mc{ Z P’L(@ E/*[fif)

QY
where
NY Sl K\izf\!) 102
d‘k’ ) e ey ??l;{ My }\/ ,?3’ e " qe {,HQ) { hfl‘Q)
(11-15) Lﬁh" g)/

Before proceedin: further, it is instructive to
consider & special case, where the expression for _l‘_/l
is simplified in virtue of its physieal reening. At
first, it is supposed, that exchange ¢f electrons,

between the atoms, can be neglected, so that all the
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electrons in the system can be assigned %o their oun
nuclei., For simplicity, only the case of a melecule
is discussed, Let Zfz be the atonie nunber of the
nucleus k , Xl , its co-ordinates: ;K J)
the co-ordinates of the electrons in the cloud sur:
-rounding this nuweleus, J-1,J - Zfﬁz where Z(R

is the number of these electrons. Ilience

—
(11.16) Fop= iy =y

the electro-valency of the particle [ (ion or atom)
then

(1ar) M= L‘z ilb_ Ndda)—" = & %JJ}
R
and

(11.18) o=2> Xy~ f,a) =2

since the total system is neutral, Now is considered
the extreme case of atoms, which are only lwsely bound
togzether, in such 2 way, that the electron cloud sur:
-rounding the nucleus is unaffected by the motion of
the other nueleci, (the approximation of rigid ions).
Then the total electronic wave function (/  will
contain the co-~ordinstes of the nucld and electrouns

only in the combin=ticnse

(11.29) Xild) = Xon%?rj)“xiﬁ) '
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If these relative co-ordinates are taken as the
variables, determining the position of the electrons,
and substituted into (11.17) one gets

=T { ZX0-3 (o]

: i
= e?_ {zjkxn{l@) = ‘;_, Xy Chs 5)}
(11.20) A

The intermediate matrix element of this quantity
¥ E
Md\Q():J GO My ,xX)1x  becomes by the substitutim
(11.19)

10 = 3 00 Ma gy
(11.21) M-x‘x) S(/ KAV TR

where /,0) 1s independent of the X , Using the
exrression (11,20), one obtains

(12.22) |1¥)= e}&— 2 K49 + UG

where 5(3{ is the electronic contribution to the
moment, and independent & the X . In this extreme

case, one has therefore
0 : 0,
M = e% Zp Xoll) + 1§
i _
M,’('_)L € Zp, 243
2 M7 o
For neutral atoms, ( »,-0), the electric moment
is therefore 2 constant, and for ions, it hehaves as

f 3
if the total cherge c%; - ¢(7,— 7, ) were concentrat:

-ed in the nucleus, In general, if the ions are
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polarisable, and exchange of electrons and free

electrons are taken into scecount, one has

Mfﬁe% 2 Uell) + 4y

MmA

)"

M%
(11.24)

where /' ' will be smll,

The constant term M° , drops out when the
vibrational matrix elements are foried, and therefore
rlays no part in the optiesl phenomens (unless the
rotational levels of = system are included).
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12, THERMAL AVERAGES OF PHYSICAL QUANTITIES.

In the last section, the electric moment was
expanded in a power series of the displacements of
the nuclei from the equilibrium positions, and then
normal co-ordinates were introduced. 1In order to
obtain the laxwell polarisability of the system,
these exransions have {obeput inte (10.10) for the
polarisability, and the thernal average takene Thus,
it is necessary to consider thermal averages of the
form Avit Byt = N/ where the two functions
AX),2%) , are functions of the nuclear eonfigur:
-ation for any transition U — v/ e It is
now supposed that Jqﬁj is expanded into a power

series.,

Al) = AX%s) = A%+ Al + A
(12,1) '
where the uprer index indicates the order in U or
in the norm2l co-ordinates, Z ¢« At first Z will
be taken as real. The vibration matrix elements
have similar expansions,
A vt =A G + vl + Aot

(12,2)

1f By! 1is also expanded, one has for |V, |

(12.3) N = N?J !+ Vs vl +NV4ra)

where
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D 0
N.JU'"H AOUU' B'Utr‘I

I
Nltrd"= A(-iqr’ Blmﬂ +A-mﬂ B ?r'u"

(12.4) Nirv's A%t BLor + AL B St +A 1 Burt |

Bow, every N/ with am odd v , venishes,
for it is & sum of products Aif;lf’ ]33}4 with ¥+, =7
odd; hence, elther), is even, and V; odd, or vice
versa, The corresponding rroducts of the % , have
no elements belonging to the same trensition, |,/ >/
(see below).

fhe N,/ for even ; are the following

0 = A°B° Survf

vul™

Ntz (A° B +A%rBO)Suut + Aar! By
‘ 1215’}/ A (A°By,+ *Pfivx BO)s vt +A;§rlﬂ B2+ A st Byt A Bt

How, it is easily seen that A-?u.rl only exists
for VU=U' o thot is, zero frequeney. A'/,/ is zero,
unless one oscillator Gr) o Jumps by ome, fe€elsair,
and thus it is sssocisted with the freguencies t wW;
In the same way AQUUI ic sssociated with the fre;
~—-quencies tWwyt wy , Thus it follows that the
terma of N\ - may be ordered sceording to the
frequencies %o which they belenge The diagoml terns
beleng te the frequency serc; the term Al B,
belongs to the frequeney © W , and A'y/ B« to
the same frequeney, a8 it is the only jump that is
cormon to the matrix elemeats of Zg/g;}lr and Z:r 3
finally, AL 4 |g?{m_, belongs to the frequencies

twytw,, Hence one can write, up to the fourth order
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(12.5] N»U-ﬂu’f {fU_’ +Nnﬂ+NU’U"

where
o b o
NO =AY UBDU'HH anmrﬂ AU‘U)+AJJBU‘1F RJiTAUUfAWP Ui e iy
Wyp=a
(& AWB,UU’-' t+ Lf“‘l 1r"B it +B IFIF'A U'U') {val:twj
UU
2 2
N'U‘U"‘- AU‘UI" B U‘Lr' Uit = '_ITLUJ 1'1:"{_}‘

(12,7)

How assume the nornsl co-ordinate expansion

A' :':j: AR)Y 5
A = 2 A7) fo

5!

(12.8)

where all the co-efficients are supprosed to be
symmetrical in the arguments - 7' - and,
similsrly, for [ . All matrix elements can be collect:
-ed together into groups, which belong to a given
tyre of frequency combination, Here these groups will
be restricted to O I Wy (s + Wi ;: to each of
these belong meny transitions U — v « 8nd it is
necessary to calculate the thermsl average of these,

The matrix elements are given below in Table V..



TABLE 1V,

3 = 1 PO e e o e
.lz;r e |G .
i G R i) (oot
% e T & ) =
A
Cs = Vawy

Fach matrix element oan be multiplied by & factor
of modulus one, which can be arbitrarily chosen for
one of the transitions U — gl e U=V , But
is conjugate imaginary for the other. Hence, products
such as L’*\i J__j o Lrj_g]:} i~ 8re real, and are
obizined by squaring the quantities given in Table V.

All vhysical properties depend on thermal
averages of the matrix elements of functions of
oscillator amplitudes, If these are expanded in power
series, (as above), these natrix elements can be reduc:
=ed to those given in Tasble V. Hence, all such aver:
=-ages can be expressed in terus of the averages of the
powers of the quantum number of a single oscillator,
It is therefore sufficient in the present case to give
the averages of U and U , Using the abbreviations

nw
(12,9) L% 2e A o

B 5 e .
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these becone

2 —B8YU =
(1-”)2.%0 Ue _ 1 dz . Adygz = .L |
§ AV ==Z 1z A3 o=
V=0
(12,10)
; P
_AV -
\U_,2> - ‘-?::-0 U'QL'-' _____J_ u(:_z_? . {2-“1?1 V(ﬁf ‘:).2 8'64-!
S AV N A UL (/3 / "kg-fbl)z
(12.11) U=0D

The following abbreviations will also be used

S 1 fawy

12.12) = o
‘ 4 | — Q'nwo/,.ﬁT

Elementary calculations lead to the following
Table,

[ . |

Wy |05 guwy | -2 Wkl |0ty s
g bes| 1,
BRI e 2k ”
Gothrutlas)i oo™ bt Jo ool

So far, only real osoillators have been considered.

However, products of matrix elements of complex co-or:

-dinates can always be reduced to those of the reasl and



imaginary parts of the complex co-ordinates, Let

(12,13) 9= 'f; # Zb; , then

. Ny i
\a)vv! if:’»’-mrt%_f.-,.-w xmf”akyf’)b’”'@ﬂ)m"+L3£5,)Ji”\}f: Ju

o ‘
(12.1‘) + L kZJ)lr“_f;EJ!)!F'}r

The iast two products are zero as they always
contein different oscillators. The first two exist,
1f /1= Y5 or ¢ . In the first csse, the first
two terms are equal, but of oprosite sign, but in the
latter case, they have the same sign. So the only
possible product is

g i (Y
(12028)  (0),01 (£3)yr = 2(G, ot \f 7 )tor

In the same way,

¥ ¥ Wi > g
‘12¢16) @J’%y’)v ’J"(i/a. Zj’)v‘* V= )*-l' (‘EJ f:"’)’W(Zj E_[jf ) Vi

* - 5 T:?') .63 )
(12.17) @3 75 ) (ijzj)lrlv = 2 (g5 hrt (¢5)vivr

All other products vanish,
From the results of this section, it is clear

that

(12028)  (Ma) 0 (Mo)rs = M3, + M + M,

where



* A g * -
(124390 M%,= IMA MG + MAME) i+ (MDDt Mo+ § S

I Ao ¥
(1%20) Mil;; = Ma)yt (M t%ﬁnf’* tML{JW’ (\_'@)ZWQ\’]Q)W "'-._l\'i,ls,hﬂu}

(12.71) *\/}537' LM%l)vlr' \Mgs)vm

M2; w111 not be discussed further, for the
reasons given at the end of the last section.

If the second term im equation (12.20) for ““fﬁg
is dropred (because it is of s lower order then the

first one), one has for ME*,; .
(32,28) ML, =3 MMl 12) vt (3 Forve
s=2 .

The thermal averages, ordered according to the fre:

-quencies, are

ML —wg)) = Qrfﬁk‘}) ”u"‘u;) .
< 45 ) . )= M) Mat)

i o= 2l Dt

(12,28)

In the same way, the second order terms in the

moment give

1.0\ 0 A% 0N ABY ] [
(12,24 ’Mi—; ?;‘;}7 fv(g@;)/t { *\ﬁﬂ)#@iﬂﬁm vy Lyt‘j)y*@h .::Ul

with the thermsl averages
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(ML 20y =2.66)e ) m,6)

[ X
24 ") =i M)
'\/LE '-'2[‘{%?: QA 2@' ) nlls q. / t})/ "I“}.- \JJ

\//
(12.25)

<M,E; W'SI;“@> =Y b 5, LJQ") o ;-t;r«{‘g,) Py {grf)

N\ ME; -{{'\&'!_wﬁ‘ > =l ’b\j / }\f) " LQ’/ Py .fQ-f}* Vi ) )
h A, ,\” = R\]J’.! ;s {w’

ML wg-ugh= 248)65) 28 my, 8

QMLI, —'Ll}‘j'.J “ot},";ﬁ oL J& ) ’\73:) L;-- . &U Y ?‘1__.1{} \tf};)

(12,£6)

In these formulae, the summation over §y has
again been extended to all the points in reeciprocal
space,

If one considers the special case of s system
with independent rigid atoms, where the electric

moment ((, 4n (11,24) vanishes, then only the first
order thermal average, given by (17.23) exists. In
the general case, where the system is not necessarily
2 erystal, the wlue of [\;w{) is given by

z
(zzm  My)= = o (ki)

vilh

This is real, and hence also the polarisability,
(10.10)e It follows that

9M (-UJ‘ [3"3-
(12428) P ,(wx) = “J‘}r

A ¢
Wt - w X

sl ) (- erj(__)

but, according to (12.12),
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Hence,

Moy ) I i*q )
-

( 12.30, \,’l '__‘_\(A)r/'{' )11 U’? = S__

el

Wyt —w

This is the classical dispersion formula for
ions considered =2s vibrating mass points, and it
would aprear that so far, no one has worked out the
generalisations which ere contsined in the preceding
generasl theorye.

The remarkable Ifeature of this formmia (1£,50)
is that the dependence on temperature has completely
disapreared. This is due to the fsctor U*—a"”ﬂj- ) in
(12,28} where the tern _ o) obviously has its
origin in the anti-Stoke's terms (+ (1)) of the
scattering.s They produce the "negative dispersion”

( Ladenburg, 18£1); ordinary and negative dispersion
together are thus independent of temperasture.

The formuls (12,30) will be the main term in the
infra-red refraction in ionic crystals, where the
resultant charges, ¢z, , do not vanish., But the
general theory deveiomd here adds to these ionic
terms, others with the combination frequencies
£y byt oy . Aand these will be the dominant
ones in non-ionic crystals, where (12,30) vanishes.

In the general aase<\]’d_,;; \“’X\")UU:> can be written

(12,31 )<kP o{(_,,,.u..,-y )L-" U/\’ = \P: :;\w.x\)vu_\> : <kPi7"‘w‘X}')1""“r>

where the first term corresponds to the single jump

T w({)and the sscond to the doublé Jumps rw§)tuw(y).
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They are second and fourth order with respect to the
exransion (11,1). Their explicit expressions are
obtained by substituting (12,23), (12.25), (12.26),
in (10.10). After some reduction, cne obtairs

(12.32) <(P w) >,. Zm_—‘wl { ~Wisay! QML ww?ﬂwa(l‘L/} wmﬂ)}

(12,38) =P dugmn [BRmwl) riw fggre F)Rimyp)

Q\_.\

and sinilsrly

[ﬁ 3@) v) %%wf;f%ﬂ w2 ﬂg@-}fﬁdfﬂﬂ'e B§)-5% ‘7 R .**fa;\;%-?
Fiw E+ e"gﬁ'-"iffr'f{] RC my, cﬂ’j
iolB) -ﬁj Ri M,u}

The secent on the swmstion sign of the difference
term in (12.33) indicates that the term d) = L‘f,)

hass to be omitted, while in the summation term,

8—} :\‘gs) is included, A8 /1;=M« M5 one has
e, = ML . Hence, the average polarisability ten:
-sor is [ermitean, The optical meaning of this is
that the two elementary elliptic waves, into which the
field can be decomposed, are mropagated with different
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velocities (elliptical birefraction, optical activity).
The formulese, of course, only hold for W sufficiently
aifferent from the resonance frequenciesiils  fuws*u
If the immediate neighbourhood of these is to be
included, one has to introduce damping. Born and
Huang have done this, perhaps rather srbitrarily by
replacing Wy By Wyl , Wrtwsl by b‘lﬁ%’f‘;’;' and
W+ -1 by wjhwjrﬂf;yf o The damping constants
can bde, in prineiple, calcuvliated from lattice dynam;
-ics, but this is s very complicated thecrye The
are taken as given small constants (srall compsered
with the frequencies themseives), One hes then to
replace in {12,93) @L—,Jf by

gt ST |
(12,35) B8l W= w2l wl)re)

{1

wgi=w?~ 2 cwl) r§)
fy-w2]" + & wy? Ty

2
12 |'§) 1is neglected, this ogain ecsn aypproximately

be replaced by

l 1 wh-w—cr§)
(12.36) QW\J ) WE-w+r§) 206 (W) -w)? + 83

and correspondingly in (12.34), Henee there appear
new imaginary terms, which make the diagonal terms

of the polarisability complex. They indicate abscrpt:
-ion of the light wave. With neglect of elliptical
birefraction ané optiecal activity the complex pelar;

-isability now becones
/(i M {,U@\Q-—LUQ-—QI- (,Uifl}}“’g-')
L)) = T 2 ooy w5 wf” G

R 7usi)
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which, in the region of resonance reduces to

uUﬁj_ wﬂ [_U Y

and = '/6!‘36'}

710 +UE
<(Pdg i lﬁ A_&UU%;) 2)));1+ me)l /L"W U@’)R W}G) {—SJ‘J} g

& ) = w§) t W)

The dash over the summation sign denotes that the

(12,39)

term =) 48 to be included when the plus sign is
taken, and excluded when the negative sign is taken.
The surmetion over § will be replaced by an 1ﬁtegrat:

-ion.
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18, [THE SUCOND ORDER POIARISABILITY THISCRe

rom the preceding sections, it follows that the
gecond order polarinulity tensor is given by

2me w@)-wriar -)-,.;:[5,)'
Ps= Z (Wktz” 0 r_ij): oo V’)RM’“(}J g(tj,) ) ;@ﬁiﬁ

(13.1)

The factors }?Ld,_e(ffy) gan be eiuplified by
means of symeetry conéiﬁeratiorm. This hwwever, would
be extremely invoived if it hed %o be done for all
points, Q_ of the recimoecsl spmcee., The integ:
«-rel {1%2,1) will actevally depend very little on the
whele distribution of

- e__gﬁ-) —JLSJ) ;
/@@) b §) R my,55) {(5’?\3’)__ 20

( 13.2 )

in Q- space, buit mainly on those parts nhaz;c the
frequencies have s maximum densitye IFven the general
rrohlem of findino these regions of space weuld be
very involveds HMere the apprcximetion is mmde that
the point 'QuLT :[J:‘z ;Ja,éj in reeciproesl space at which
the fenotious (5 '\3-;‘;) are con:tant eorrespends to a
maximun in the frequency demsitye. Thus it is assumed
thet no great error ocecurs in taking the factor (13.2)
out of the integral and taking its value at Q/ﬁﬁ:LéJéfJij"
Thus (13.1) becones



~-76-

(183.3)
where | 1is written for L’\Lj}).\ when %W=L{115!5J
Similar approximations have been immde by Born and
Bradburn (1947) and Smith (1948) in discussing the
Raman effect.,

tne further simplification has yet to be mmde.
Up fo fhis point, a damping constant FE \j_;ff has been
assoclated with each combination freiuency L% \gi__‘-_,)
but now, 2ll the damping constants will be taken as
equal t- a single comstant, | e A8 will be
seen, the final expression for the pelsrisability
will not contain | . The physical me2ning of this
is that the absorption depends not on the shape of
the individual lines, but on the denmsity of their
distribution on the frequency scale,

low integraiion over ¥ mey be replaced by
integrals over the corresponding combination
frequencies, Uith the definition
(13.6) 715" = \ Y

£ + B g I
(o8 7 < k{-'{‘jj' N< L } A ‘i':"-{-u/:j ¥

¥

and the substitution

| e—?_,’ —/3 yl
+ J7 P T T e S e o et <AL [J
( 15‘5 l ’{, )= ‘H’ {, L?__I?': l< K}L&- 3 pr):) 1 e.., ._g} 115 & ~ {

f



{13.3) becomes

. Li - W i‘ L ; ) !
(13.6) h’ﬂ m Jk“’,va’ W Ly i

'I'he real and imaginary parts of the polarisability
P&, ) Poxg are now discussed in turn., From the

last equation, one obtains from the imaginsry part

T‘ )t — prandhat
’ (w ;J_)t w}i

I1f the first fagtor in the integrand of (13.,7) is
taken s a delte funetion, |, simplifies to

( 9 - £ 2
aner =73, 453,00

In the same way, one has for the real rart of the
rolarisability

) J’ ; LL = _i‘] U»U J)
(13.9) Poz--; ;* ("UU}'“’) F 2 f—'r,.f

It is iwmposeible to evaluate this integral without

knowing the fumetion, j” -

liow it has begn assumed that the frecuency
density funetion 2__;:;' (LE'_{}’) , has a prineipal
magimun corresponding to the freguencies in the
neighbourhood of the point &y =[4%5% ] .
Hence, in order to make further progress, the

T o
assumption is made that ;' (35i')  oan be reyresented



by
A Jl_j-'ﬂ b r}‘ rJH

e N
(yj-wji) + by

{13,10)
This function has & maximum of height L,/ and width
: . 1 E f :

bl gy W=yl o« Hom 12 zg-lg@,,a'_) is replaced

by (13.10), the imaginary pert of the polarisability

becomes,

{ —] t F .l
(asda) P2 =+T2 £ A by %
g 3 i ast Cdigy-w)™+ byl

and the resl vart

—|
T.2 =
syl

oo, o
g [ Al b ! :

3 N1y ('t"’— )2+ 2 RN P

(38.38) 7 T L7 ZeST T ()

w /| J‘!

where it has been sssumed that no great error cccwrs,
in extending ithe limits of the integration fo infinity

By the theorem of residues, it is easy to show,
(Avpendix 1), that

S 2
J  Xdw _ e =8 G
(13.13) J o D) (X2 HD) b (cAhEat)? ¥ hatc?

The two integrals Lecome identieal, if one puts

1 + A
(18,24) X= Gojji-co, A=, C=W@)-w b= by

This gives
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ﬂZ 4 AL G- -) + (By-r)]
(13'15)&’3 7 [Cig -w)s bi-r ] ar (dg) -w)?

Now |~ will always be small compared with brd,:r_};f "
so that terms containing [ can be neglected in
13,15,

So,

) t 0'1 )
PJ—WSM}"A ’F s

(12.16) Y& % = KLU\”'*UJ)-Fb }'_(;f-"

On combining (13,11) end (13,16) one obtains for the
complex polarisability.

T ! ﬁz,;?" A‘}'ﬂ

(13.17) P =
. A3 Li{‘?_ﬂ) —'bUfi: bth}l

From these gquations, one sees that in the approx:
-imation that hes heen us2d, the second order polar:
-isability 1o eguivalent ¢o a number of simple
absorptiocn lines, The tolal number of these addition:
-8l lines is, of course \,—45)2*35 , but syrmetry
consideratiors may reduce this numher, that is, the
factor ?\L y’ may be zero, Thus one sees th=t dis:
-persion in crystals of the NiC| type is due to @
first order absorption line on to which are super-pos:
-ed a few second order absorption "lines.” This result
is in agreement with the cbserved spectrum, but diffns
from that predioted by Raman's theory. Frum the
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theory worked out in the preceding sections, it
follows that the secondary absorption "lines' are
really continuous bands of absorption, while in
Raman's theory, the absorption is assuned to ke due
to alne eigen~-freguencies and their combination
frequencies, up to the third order, Farmsn claims to
have identified thirty lines im the case of |VIy0),

but he uses the anomalous results of Barnes, Brattain
and Seitz (1935). It is to be streesed that Willmott
finds only threec seccndary abscrr$ion lines on the
short wave iength side of the first order 1ime, (as
is the ease in \/; (| ), and one on the long wave=
length side.

It is, of course, not possible to measure the
refractive index directly in the absorption region.
In rractice, measurepments are made of the reflection
and trassnicsion co=-efficients, From these, the
refractive index and the 4xiinetion co-cfficilent can
be cbtained. The twe latter are, of course, related
to the real and imagimary rarts of the nelsrisnbility.
Before appiyirz the theery specifiesily to Vu (L
8 brief acocunt of thesc reolaticns i= given.

For the case of sn isotropic body, {(or a cuble
erystel), it follows frem iexwell's egustions, that
if " 1s the refractive index for 2 plane wave pass:

-ing throagh 2 medium of dielectric censtant K
2
{(13.18) M™ = [+ ATTP =K

In the case of absorption, these quantities become

sompley, TP L da wenlsced hy )| —( A | whews | 4a
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the extinction co-efficient, then

Q ¥ .
(L=ih)® = 1+ 4T P 4T
1.2, }l;?‘ __’91‘1 — ibr )-tnP
2 L
e a7 P

13.,19)

The reflectlion co-efficient X is related to .
and . by
I L_;-—_/Jf,)zaL%z
(13.20% K (1+m)2 4+ &2
The trensmission co-efficient [) , (Kellner,

1929, and Czerny, 1920), is given by

R+g —2c009y

(13,21) D =
" Re-zf"%{ge?ﬁé’_a{wmm 41v)
where
24
tany =~
(13,22) o u_i_(i(
30

and ({ s the thickness of the plate measured in //

and the frequensy of the irecident light is given by
Y5 x 10 sec’!
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14, THE POLARISABILITY OF SQDIUM CHLORIDE.

The vibration spectrum of the [Vy(| lsttice hes
been caleulated by Kellermanm (194¢), for 2 set of
values sufficiently complets to get a2 goed idea of =1l
the branches, His sssumptions sre Cculombk forces
acting tetween =1l the 1oms, and repuisive foree
betwesn next neighbours; tne two constants appesring
from the latter can be caleulated by using the exper:
=-imental values of “he lattice consisnt and the
comprassibility., Henece, hils »esults are indspendent
of arbitrary assunpitlcons snud they are ghaceked by the
ecdevlation of the specifie hest {gellermann, 194l1).

In the case of NaClL , there are twe aifferent
martieles in each eell, -2 . Now, if one intro -
duces a reclangular co-ordinale Sjsl“em with
oxes qu-a"e:l ks The edges of a cubic cell
the  rhombohedral cel1l vectors =na the basis of
the [VaC(l 1ettice, zre givem by

a = (oa,a) dy= @ 0a) A .= (4, a,0)
l

= = 1
(14.1) L = (0 00) Yo =9 = (q,8,a) Up=2da

where (| 1s the distance beineen nearest neighbours
rhombohedru|

orfthe lattice comstant, snd Uz the volume of the cell.

The positions of the particles are therefore given by
: / Ml s :
I:fgﬁ_z g.{ - Itg Q’F ‘J’rc’ (—‘-—"_! “_’{'34 o ( {.-3\"[’}. f{} tif;f‘,é:IL(} £ ‘tf‘iﬂ): L_,Exj,f,yy({;})

(14.2) f.ﬁ_ﬁ =& {+ Yo = ( Lyt Lot a) ’_;Ir*_" &, Litlo+ a) = ( Py Plyymy)



First Heighbours of a Point in the Unit Cell of the

Sodium Chloride ILattice.

—— - e - — -

- -
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where [t/ t;*)‘{l is an even integer ana 'l 7/tyt iz
| is an odd integer times o fach particle has
six first neighbours, which are of a different kind.
If those of the particle at the origin )_’? =01 =
| ave labelled (/L= 2 U ), Figs IV., the co=ordirates

and cell vectors are given by table VII.

TABLE VII.
Mo 2 ] 3 ¥ | & |6

Py a B 3 O =/ ) 0
YNAY 0 a 0 0 il O

M5 0 0 a (0] 0] = J
fl- —| ' 0 0 0 = =]

|' |

L 0 = 0 - | 0 ]

S IR A e I e I

As stated before, the constants in the exransion
of the electric moment, |/, _-,;;g"”-) , can be simplif:
-ied by symnetry considerations, The constants will
be taken as zero, except those which refer to nearest
neighbours, They behave like covariant tensors with
respect to the suffizes o~ 3 ) « It follows that,

in the case of a symmetry transformetion (c.f. 3ection

2)e

M k) = Tax, Tgs To v M v{ﬁ)
(3681 1, o0 T T PA ey Ty
where

{14.4)
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The symmetry operators of a cubie lattice, are

rerresented in mstrix notation, by

0O 0 (O 0,
=1l o o ol To=|' 00
ol o O D*l ‘o) (0)
(14.5) 321) (65%) (36) 12) 45

where the change in the indices yb ¢+ is given by
the substitution groups under each matrix, The mean;
-ing of a bracket is that a co-efficient P) ,y with
a certain number in a gyele, is to be darived from
the co-efficient with the number following it in the
cyele, in the manner described by (14.4k The effect
of these operators can be described by the schenme,

(14,6) T, =(T13 12) T53) | To= (T Toa - ‘3‘3)) T =12 Toy Ts3)
where

/
(14,7) i._ o3 M!L.a }c(h,.

=

[
Now, it is easily seen that n44rgy is inver:
~iant under the transformstiocns 1., amd |t [/

where

(168)  Ton= (TiToa-Tos)  TeTus TuTas Tsa)
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From this, 1% follows firstly, that all shese M sy
which can be got by interchanging all suffixes 2 and
3 must be equal, and secondly, that all those terms
containing an odd number of suffixes & (and by the
first rule, the same holds for the suffixes 2) must

vanish. The non-vanishing constants are

M! M!53=b

i;.u_

R = T Lich L
he.9) Mgfm—””;,rri M3 2= Ms31=d

Moqw ana [V 3,..9)/ can be obtained by
cyelic interchange from ,\/)4} 3y « By application
of the transformation | e it follows for the
non-venishing co-efficients that M# 33/ =-M" 9.8y
and so, by cyclic interchange, that Md Ry= Mq By
e My =- M{ sy ~ or from the fact thatVaCl
has a centre of symmetry, | - (—Tu) —Tﬂ}*—fn) it is seen
that

}’l k) _ I (hat)
B ==

where the particles that have been denoted by )1-/,¢
are now taken to be /l=—1,-2 =3 respectively.
By definition

I "}L-"",fl
(14.11) Mf,,;f‘ =iy )

2 l-0 . ek AFE e sereieces

concerned are not next neighbowrs, and so
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' (0]
' (14.12) M«g;f) =0

| [
'1£ /=0 ena L=k , from (11.8) 1t folloms

' that :
Mq}fgﬁg = _E &U =

. k! “‘f 24
' (14,13)

|

i'rhin completes the simplification of the expansion
coefficients., However, what is reqguired are the
co=-efficients for the expransion in normal co-ordinates

at 2= [24%5 | «  Inserting this value of (/
in (11,15) and using (14,10) and (14.11) gives

| 9&/} L;I@ffiffs)
.M"m Z “”””‘ﬁ”‘/h‘ e/;(ﬁu)ea,c&’u’)

g%%tﬁ{[ ML ) € a1
1'[’\ IL%’) h@"ﬂ &2y e*(I[}’)}

173

:N:%;b'ﬁu_? M }Waﬂ’ JEY)- Mn l)ew)ﬂ*uff’ﬁ

(23

-
i Ty~ ;; {Mirgk;)eguw)ey(m/)ﬂvf e LZIJ)&XUU")}

"

(14,14)
23 h
Let Z }V]ﬂ(ﬁg}) = M‘*;-’?’?{
| n

then
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(14,15)Mc<w \]—WZ Mx 33/{9504’)83,(29)* UV’)QBAQU}

1t is well-known that only those elements of the
polarissbility tensor [ for N QU exist
for which « = /3 and that these elements are 2ll
equal, For this reason, it is only necessary to cong
-sider P.« @nd in perticulsr | M,Qf./l:l s It is
easy to show that the constants M«i 3% have the

values

Mt):.'za

M.,m = M,;33=b
Mu,st = My =c
Mcjta =My3=4
Mia3 = Mia2=*

' (14,17)

In order to evaluate €o{Lﬁf} ) the equatiorns of
motion must be established at the point 4r=[%, 5% |
It can be shown by simple symmetry considerations
(Kellermann, 1940), that the six equations (2.13)
split into two sets of three., The first equation of

either set is of the form

(14.18) (A -/my, w'ﬂ e’(j;(/‘) 4 BLQQU% 1))+ €s( .ﬁuﬂﬁ 0
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with two others, obtained by cyeclie interchange of
‘the suffix o , of €u(k//) « The two sets are
daistinguished by L = | or 2 . The values of J
are chosen to correspond with Kellermann's notation.
With the help of the orthogonality relations (£.22)
the solutions of these equations are casily obtained
(Born and Bradburn, 1947), and are shown by Table VIII.

TABLE I1I.

(N S A 5 E
, Ul) UL;“ o | [T ei¥=0 %e‘*um:o O 0

Ly | = ‘
| @) El ° s edam=1| > edum=I 0 0
1B | % o |2 - 0 0

\:,'2) 0 "blr‘; 0 O ";@\(a,‘ﬁzo :% eﬂdzlip);o

B)|o|®| o 0 b ]

ex (2I9)=1 IS o2 (2)b)-=

1G] o | 0 0 e B el

liow one can obtain Mllﬁ’_} by substituting the
values of My sy  from (14,17) ana ¢4(k)j) 4into
equation (14,16). Inspection of Table VIII., shows that
the six values of | ean be split into the two
groups (J-/%4) and (j=254) end only those values of
Mji') exist for which j snd |/ are taken from
different grours. Simple caleulations show that the

non-vanishing co-efficients are given by
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M orz).=3\r:—]i’f'—m Lt albtcrd)§

M, Ci5) = J?TLWQ {Cl—b—(i +‘JC} e’;’(mg)

| M, (1p)= jf%%?ﬁ‘{a-b-dfgc}eftww

M, (35)= J_:'Né,,ﬂ:_{a-b—c-d}e (uz)ey(ars)

M, (36) = W ta~b- C‘M e,(i13)e¥ carb)
N

_i M ( s)= \l/mmr {a-b C-ﬁ(} €, (I(lf)e (as)

M G- l_‘_m, e La=b-c~d } e, Ciy) & carb)

M, (32) = \'Brm,fmg ia b- C+2d§ €.013)

M,quih \l’;m,--wq {a“'b“(‘-ﬁzd}e![”%)

(14,19’

with the relation /() = Mlufj)* from (14.16).
From these, it is easy to ﬁia ””‘ttﬁ?.’)=|l‘4.(ii9l"‘
They are given by
NQ

2
/My, (y2) = WQ {Cli-Q(b-FCf&U}

my U,jf) s

2 2 '
fa-b-dract” o5 ¢
:

| IV

2
mia (5 2)= g g ‘Lu~b—c+:2d} J=34

e 7 2 -
ai))= grmmia ia‘chhd} gf;?z

(14420)
i) = (i)
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As regards the constants occuring in the first
order polarisability PL(./; , it is easy to show
that the only non-vanishing co-efficients in the
exransion (11.2) of the first order moment are

® _ U) =
(14.21) Mm M2 = Mg = Ms

and with the help of (11,.5)

(1a22) MO =M = MY, - M

From (11.12) it follows that the co-efficients
in the expension in terms of normsl co-ordinates

Mulf) are given by

(14230 M) = NMs(75, /) W= 1,23

and so
S e 1
(1428)  Mali)= N'ME (B ) (X=12,3)

This conpletes the simplification of the
expension co-efficlents in the moment by means of
symmetry considerations,



It is well known that Na(l  possesses one
first order absorption line, From (12.,37) the
corresponding polarisability is written

Wil —w? +20 W by
(@) kol b

(15.1) P'Kw) = A,

where the two constants Ag and bo will be a2djusted
to give the best possible fit with exreriment for the
range of frequencies which will be considered. (U,

is taken from the observations of Barnes and Czerny
(1921) as 3-1x [0" sec” -

In Section 13, it has been shown that the second
order polarisability consists of a sum of terms
corresponding to the possible combinatidns of ; ana(}’
for both summation and difference frequencies. In the
last section, it was shown that on acecount of symmetry
considerations, only those terms will occur in the
sumation for which / hss onme of the values f 3,2 )
and ' (2,5,0) or vice versa. The constants

j»g' ) b‘tJ;J,f and bﬁu"}f\_ have to be determined so
that the function (13.10) gives a best fis for the
freguency density functicn ‘E‘ L .

The latter functions have‘ been calculated by
Dr. Smith from Kellermann's results. The result of the
caleulstion appear in graphical form in the paper of
Born and hradburn, (1947), on the Raman effect. There,

the mean has been taken between the , — 3 amd - .

branches, and between the ) =5 88 ) = b nurenches
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)2

corresponding to the fact that w@) w\(ff) , and
U%%) = ua%) at the point % :%J

Omitting the bmnche—s F =% and
j"“* b one has only the four combinstions
Qiif = (1,2); ,5)3 (2,3); (35, The corresponding
density ourves are plotted in ligs Ve

Barnes and Czerny (1931) have shown that the
frequency corresronding to a maximum of sbsorption
of a 1light ray in its passage through 2 thin film,
is near the resonance freguency of an absorption line.
From the theory given here, it follows that the
maxima in absorption should correspond to the maximm
of the frequency density functions in Fig. V. The
results of observation (Barnes, and Czerny, 1931,
Czerny, 1980, lentzel, 19324) show that secondary
absorption mexime occur at wave-lengths of 5/ «
LOSi o 34 M/ » The one at ),p.c/( with s corres:
~ponding maximum in reflection at 39 , 1is the most
rrominent. These wave lengths have been marked in
Fige Vo It is seen that ohly one of the maxim of
the alloned freguency density functions corresponds
with the given wave—lengths, This is the maximum of
the frequency density ;;#:€; sum combination of the
transverse vibrations ) - 3) i'= (5) , correspond:
-ing to the principal secondary sbscrption maximum,
Since no absorption uas been observed corresponding
to combinations which include the frequencies of the
longitudinal vibrations, the constants o b, C,/

of equation (14.,20) are given the following values,,



Frequenecy Deasity Funmetion for the Branch (.-
by Interpolation of Kellermann's DPesults.
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(15.2) Q=9-Clo> b:ao) C__..o\.;__qo

. where a5 is still arbitrary. According to
(14.20) this assumption causes /mdp(‘i’v and
' hence {MFH) to vanish, if o) = V2 (1.0,
| corresponding te lengitudinal vibrations ).

In order to acgount for the existence of the two;

'snbaidiary maxime at 5! 4 ana 34 u s 1t is
| necessary to extend kellermann's wiork on the

| ealeulation f the frequency spectrum of scdium
chloride, Besides the maximum of the density curve

' of @ near the point Q/-‘ZT f[ 2 -3] s Other maxima
' may occur. For, to a given smmll interval of fre:
'=queney AN (U , there correspond also other parts

| of the freaouency surface which cannot be found

analytically, but only by Just counting out a
sufficiently dense table of the frequeneies. This

has been dorne in the following way for the branch
W; + Wg « Kellermann evaluated the

frequencies correaponding to a network of a thousand

points in the unit cell of the reciprocal lattice.

i'.i‘he network was based on cell vectors which were one

|tenth of the cell vectors of the recirroeal lattice.
' The number of points are now to be extended to eight
!thousam!. by basing the network on cell vectors

%uhioh were one twentieth of the cell vectors of the

' reciprocsl lattice. Thus, the additional points

|
i

due to the flat section of the freqnency as a fumtioq




J1GURE VII.

The Additiomal Frequeney Density Punctions, |




‘Fig. V1, showing the maximum st (o= 4+4+xio"

=04

considered are the midpoints of every two adjacent
points in U-spagce which were considered by
Kellermann, The frequencies associated with these |
points have been taken as the mean of those ‘
associated with the corresponding adjacent points, i
This has ensbled the density to be obtained by '
counting the number of frequencies that fall in
intervals of A w=-1X 0  instesd of Aw- 6 x10*

as was done by Born and Bradburn (1947), The result

for the branch w:tWs is the curve in

associated with the point @y = "92} Ji: 51 , and

3
two other maxima at W= 44X T and w=54x10"

These last two maximm cannot be associated with a

|
|
|
|
|
o
|
|
definite state of vibration, and therefore no '-
selection rules can be given for them, Hevertheleas,._
they may contribute to the optical behaviour, Vhile
the experimental results show no trace of an |
absorption maximum at w=4q X |0‘3 the main maximum |
at w=54x 00" =almost coincides with the subsid: l
-iary absorption maximmobserved at /-"?\:34— & e U
The density curves for other cn/mhination fre:
=quencies should be treated in the same way.
However, an examination of the frequency density |
curves of Born snd Bradburn for the combinations !

lW; and 2@We  which have been reproduced
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in Mg. VII , shows that the maxima of these curves
do not occur at freguencies corresponding to
%r’ﬂiﬁ.”z] o« 1t is therefore assumed that these
mexima are due to frequencies which come from other
unknown psrts of =spage, just as is the case for the
main maximum in the density cwrve for (W;+(livu, .
It has alresdy been shown that for the curves for

2ws and 2wy no absorption is to be
expected for the raxims corresponding to Y/ - H,é,ﬁ.]
and so these maxima need notbe considered further,
From Fig. VII 1t is seen that the maxima of the den:
-sity curves for JW3 at w= 5 4x 10" and 2w at
Cw= 35x 10" agree quite well with the frequencies
of the two subsidisry maxima observed at A= 344 and
A=51 4 respectively. No absorption maxima have
been observed for freguencies which would correspond
to the combinations containing the freqguencies of
longitudinal modes of vibration.

If second neighbours are taken into account in the

expansion of the electric moment, (still with the
restriction of (-space to the region of Q/.‘Z(T *-L‘i, é,éj é)
one would expect, since the second neighbours of a
given particle are of the same kind as the particle
itself, additional terms to appear in the polarisabil:

~-ity, corresponding to the values of both a‘/ ana}'
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beinz taken from either one of the groups (|, 3, 4 )
or (2, 5, b ) However, since the Na () 1sttice has
a centre of symmetry, it is easily verified that the
additional constants appearing in the aipnmion of
the moment in the displacements (L, 51_) s have
values such thet the additionel terms |V (/) appear:
-ing in the expansion in normel co-ordinates %‘f
gor Ly7-1%5" [venishe Thus, the introduction of
second neighbours contributes nothing further to the
polarisability.

The polarisability of the principal secondary
line is mroportional tc the faetor / L’ A .
Besides the arbitrary constant « ., L7
contains the temperature dependence of t!ie polarisa;
~bility, but since no investigation has been mmde of
the tempersture dependence of the 2bsorption, the
two constants will be combined into one AV =
the intensity factor of the line, A relistion exists
between the two constants / +U-*"I" ) and _1,4' 1}’}'? =
corresponding to the lines, ldue to the smﬂ and
difference combination, However, practically no
observations exist in the region of the difference
line, 80 one cannot compare this relation with
observation,.

The same form for the polarisability is taken

for the two remaining secondary lines, TFor since

their origin is due to the consideration of regions
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of () -space other than the neighbourhccd of

Q,ﬂ? = J‘Z)L‘_Z_,{i_-l » there seems no reason for taking
one valve of  , rather than another, in evaluating
the constant fk:»))’/ » Therefore, in comparing the
theory with observation, the polarisability of the

crystal is taken in the form

w-w'+2. W, bo -fi;A Wy W L by

05,2 ,,2\2 4+ AL - L S )
(th) -LU) + J‘F(’Uﬂ hu s ",21,3 \.i-U‘r-wJ S5 b‘r

(15.8) P=)-328+A

The effect of the ultra-violet terms on the polarisa:
-bility has been taken from the work of Fuchs and
Wolff (1928) as 1,228, The A and D are taken as
arbitrary constants, but one expects, however, that
the b, (r=1,2,3) will be of the order of the width
of the corresponding frequeney distribution.

Cn account of the rresence of the abritrary cons
-gtants in (15.3), the simplest method of commring
the theory with experiment would be to start from the
experimental values of the reflection and transmission
co-efficients R and |) . Using these, one could solve
(13,20} and (1%421) for the refractive index ) , and
the extinetion eco-efficient /; «+ These sre directly
related to the real and imginary parts of the polar:
-isability, by equetion (13,19)., The equation (13.21)

for the transmission co-efficient |) , is transcend:

-entale However, one can solve (13.2V) for /| thus
[tR :
(15.4) /M= ;—IJQ’:’;), BT



FIGURE VIII
The Reflection Co-efficient.
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_ Then the transcendental equation for D s

ean be solved by testing various values for | .
This procedure was carried out for several sets of
plates, but the resulting vealues of the polarics:
-bility showed a fair smount of scatter, and in the
region of the first order meximum, it wes impossible
to find solutions, This was presumebly due to the
faet that the relation (15,4) between Il and k

is very sensitive to the velue of R when R is
nesy unity.

In view of these facts, it was decided %o
reverse the rrocedure. The constants A and D were
adjusted to give a best fi® for the refleetion and
transmission co-efficients, The results are shown
in Pigs, VIII and IX. The vaiues of the co~-eific:
~-jents used are

Wy =31 Ap=13-75 0=°05%

Q=45 A =1 b= +32 {7}

Wy =36 HA2=°05  po=l0 (10)

uw, = 5.4 A} = G').‘. }33 = e }7 L"C‘h‘

2

(15.5)
The unit of engulsr frequency is taken as [0 sec’
The numbers in brackets after b, , b, , b, , are tae
widths of the corresponding frequency deansity
functions, estimated from Figs. VI. and Vil.

The experimental values for K are from Czerny
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(1930) and Bernes =nd Czerny (1931). The walues of

D for (=30/l are from Barnes ana Czerny (1931),
and for (= 24 4y from Nentzel, (1934). The agree:
-ment between the theoretical and experimental curves
can no doubt be improved by further manipulation of
the constants, The mrocess is tedious, and in view of
the number of apprroximestions mede, the additionsl work
inveolved is hardly Justified. From the preceding work,
it is seen that as far as the positions of the second:
-ary lines are concerned, the agreement between theory
and experiment is quite good. Further, the values
selected for the comstamts b, , b, , b, , are of the
correct order of magnitude. The values of the refract:
-ive index /| and the extinction co-efficient X =are
shown in Fige X.

So far, the difference terms have not been consid:
-ered in the rolarisability. They will give rise to
absorption on the long wave-length side of the first
order line, Corresponding to the yrincircl secondary
surmation line at L 0-5 /L , one would expect from
Fige V. a difference 1line - .~ x/0” « The only
additional terms that could appear would be due to the
combimation |/J') = (3%) emd (°©) . From Fig, VII
1t 1s seen they would give rise to a 1line at (w--3x10" ,
There are only a few single measurements in this region,
They are cuoted in Czerny (1930). The wvalues of the
extinction co-efficient /© are shown by crosses in Fig.

XI. The full curves are values of 4 obtained from a



LIGURE XI . : |
|
~ The Extinotion Co-efficlent for Long Wave Lengths.
The experimental velues are shown by crosses. '

The full curve is obvtained by Czerny from a Irunde
formals with two infra-ved torms.
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Drude formula, for the first order line and the
prineipal secondary line, by CzZerny. It is seen that
the prediction of maximum absorption at the frequen:
=gles (w=.7X [0‘3 eand w = -3X10'3 agrees quite
well with the observations,

it can thus be said, that the secondary struct:
-ure in the absorption spectrum and the maxima in
reflection, can be explained by assuming that the
electric moment of the crystasl can be expanded in
terms of the nuclear displacements. This is equiv;
-alent, @s has been stated before to assuming that
the ions are polarisable, and that exchange of
electrons can take place between them,

In eonclusion, the author wishes to express his
gratitude to Professor Born for suggesting these two
problems, and for his kindly supervision during the
progress of the work.

SUMMARY

An account is given of Professor Born's modern
quantun-mechanical theory of dispersion in crystals,
in which the polarisability is given as a function of
the vibrational matrix elements of the electric
moment of the unperturbed crystal. The electric mom:
-ent is expanded with respect to the amplitudes of
vibrations, and the polarisability consists of
contributions of different orders. The first order
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effect is a line spectrum depending only on the
vibrations of infinite wavelength, the second order
effect is a continucus spectrum depending on combin:
-ation frequencies of all pairs of branches of the
lattice vibrations, each pair taken for the same
wave-vector. Absorption is taken account of in e
phencmenclogical way, by introducing a damping
constant for each absorbing frequency. ¥ach branch
of the second order polarisability is expressed as the
integral over all wave vectors of the produect of
factors derending on the temperature, the moment, and
the shape of the individual lines,

Professor Born's general theory is simplified in
order to obtain results which can be conmpared directly
with experiment. The integral over all wave vectors
is transformed into one over the spectrum of the
combination freguencies by introducing a frequency
density function, The freguency range of integration
is divided so that each division contasins one maximunm
of the frequency demamity function. The moment and
temperature factors being slowly varying functions,
are assumed to have a definite value for each range
of integration. Zach maximum of a frequency density
function is rerresented by an analytical form and

the integrations over the freguency spectrum are

carried oute In the final result, the polarisability
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is represented by a superposition of a number of
simple "Drude” lines with arbitrary intensity factors.

The theory is applied in detail to sodium
chloride. The freguency density curves are obtained
from Kellermann's calculation of the frequencies of
vibration of the sodium chloride lattice, By extend:
=ing this work, it is shown that the density curves
have several maxim, Without any abitrary assumptions
the theory predicts the frequencies of all the
observed secondary sbsorption msxima in fair agree:
-ment with experiment.

Une maximum in each frequeney dcasity function
is due to frequencies associated with wave vectors
nearly equal to [ﬂ,lT;fT] « In this case, the
intensity factors of the corresponding ebsorption
maxima are given explieitly in terms of the four
independent first-neighbour coupling constants, By
adapting the arbitrary intonsity factors for the
frequency region of the sum combination branches, a
good fit is obtained with the experimentally observed
reflection and transmission coefficients, This is
not done for the difference branches, because one
cannot fit the first order effect over such a wide
range of the spectrum,

The results show that latticve «ynamics can
account quantitatively for the fine structure observed
in the absorption spectra of crystals, and that

Raman's attacks against the theory are unfounded.
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APPLHDIX Io

X dw

The evaluation of Jw (2(2*“11)[?(*?)?’*‘51]

The integrand has poles at X =1t (@, crub.
The residue:s at these poles are given by

| 2eb—at £ 20ac

2 (tbear-2iac) | 2 (a%b%cts 2b°C 20 C—2ath) Oe=ca)
(1)
9 .
creb . U"%b)[“zf'cz"b -2ib] 'x=c+Cb)
2¢hflceib)+ a2 ] T 2B Crab’c2a' 24 b') «

(2)

If the value of the integral is | , one has

I 2T ( sum of the vescdues)

(3) _c @b+
b (c%b=a)? + facc?

|
(arb) ¥ +c™

Sk
b
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