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THE SECOND CURVATURE OF A SUB -SPACE 
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[Received 11 March 1932] 

1. Introduction. This paper is mainly a discussion of the first and 
second curvatures of a Riemannian sub -space. The first curvature 
is well known as the mean curvature, and has been examined by 
Eisenhart and other writers; the second curvature is introduced 
directly as a generalization of the squared torsion of a twisted curve. 
The notation employed is, in general, that used by Eisenhart,* and 
we shall quote many of his results without giving explicit references. 

2. Notation.- Consider a flat space V coordinates zt (t = 1, 2,...,p). 
Let Vm, coordinates ya (a = 1, 2,..., m), be a sub -space of V and 
let Vn, coordinates xi (i = 1, 2,..., n); be a sub -space of V,Z. Then 
Vm, Vn are given by equations of the form 

zt = z(y); ya = ya(x), or zt = zt(x), (t = 1, 2,...,p). (1.1) 

As Vj, is a flat space, we can use the generalized vector analysis when 
referring to this space.t Let r be the position vector of a point of 
Vp. Then r is a function of the y's for points of Vm, and of the x's 
for points of K. We shall use the Greek letters a, /3, y, 8, and the 
roman letters h, i, j, k for suffixes when referring to V. and Vn 

respectively. Thus we shall write fa = of /aya, and fi = aflexi. Also, 
f aß and f ij will denote the second covariant derivatives of f with 
respect to V. and Vn respectively. 

The fundamental tensors of V,,,, T n are given by 
a043 = ra rß, go= ri r1, (1.2) 

and from the relation ri = ra ya i, we have at once g11 = aaß ya i yß 5. 

There are m -n independent normals to V,L in Vn and p -m 
normals to Vm in Vp. We shall choose these to be mutually ortho- 
gonal, writing them Nai (o = 1, 2,...,m -n), and NrI (r = m- n-ß-1, 
...,p-n). Thus we have 

O, NQ1= eQ = +1; Nr1N81 =O, N =e = +1 
and NQ1 ri = 0, N11 ra = 0, (1.3) 

(a, µ = 1, 2,..., m -n, r,s = m- n+1,..., p -n, i = 1, 2,..., n, 
a= 1,2,...,m, o ßµ;r s). 

* Riemannian Geometry (1926). 
t For an introduction to this use of the vector analysis, see the writer's 

paper `On deformation of sub -spaces': Proc. Edinburgh Math. Soc. (1932). 
U2 
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As the normals Nal are tangent to Vm, we can write 

Nui = ealara (v = 1, 2,...,m-n) (1.31¡ 

where are are the contravariant components of these normals in Vm. 

The second fundamental tensors of Vn in Vm are given by 

nalij = Nal r,ij = -Nati ri = -Noti ri (1.4) 
=N N =-N1N paµlx al 11,x a,1 ¡,l 

For Vn in V, we have the above tensors, together with the tensors 

rlíj µrsli similarly defined, and also the tensors 

N'arli = No] . Nrl,i (1.41) 

From (1.4) and (1.41) we see that the fundamental equations for 
Vn in Vp may now be written 

= eaûolij Nal + erOrlij Nr 
a 

Nol,i = -oli7 9 rk - eµ llaµli Nµl - er µmli Nrl 
¡L r 

and the equations for Vn in V, are found from these by omitting 
vector components normal to Vm. 

For V in Vp, we have introduced the vector operator V = 
ax) 

We can now extend this for Vn in V, and define the relative operator 

V = gx¡ri ám, 
âxj 

where 8m /ôxj is ô /0x/ followed by an operator for annihilating vector 
components normal to Vm. * In this way, we shall extend the operator 
V2 = V V, etc. 

LEMMA. To show that 
rr 

yß,j = aaß - G ea Bala olß 
a 

Let Ahli (i, h = 1, 2,..., n) be the components of an orthogonal en- 
nuple in Vn. Then the components in Vm are aJI« = ajtliyai, and these 
n vectors, together with the (m -n) vectors Bala, form an orthogonal 
m -uple in Vm. Hence, we have 

0/3 ß = eT,AhlaÀhlß + eaeala°¿y alß. 
h a 

eh,AhlaAhlß = ,5 .1 ehAhliAhlj = 9ijya,iyß,5 But 

(2.1) 

(2.11) 

* For a discussion of the vector operator, see the writer's paper above 
mentioned. We shall use the same notation V for the relative operator: for 
this is the only one with which we shall be concerned. 
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Therefore g2yaiyßj = aaß - ea eat" a1ß (2.2) 
a 

If m = n+1, this becomes 
ea ß = e(acaß- guiya,iyß,j) = caß, (2.3) 

say. Hence the components of the normal to V. in V,z +1 are given by 

= ea(0a)1 /2, (2.4) 

where e1 = 1, and ea is the sign of cla. 
For a surface in V3, (2.4) becomes, with the usual notation, 

X = {1- (GY4- 2Fxlx2+Fx2) }1/2, etc., (2.5) 

where x1 = ex /au, x2 = ex /ay. 

3. For a curve in V3, the vector operator reduces to V = td /ds, 
where t is the unit- tangent vector. We find that the curvature vector 
of the curve can be written 

Kn = V2r, 

where n is the principal normal, and K the curvature. Generalizing 
this expression to V in Vm, we write 

MN = V2r = gij eanalij Nat 
a 

We see that N so defined is the mean- curvature normal, and M is 
the mean curvature of Vn in Vm, these, then, being the generaliza- 
tions of the principal normal and the curvature of a curve. We shall 
call N the principal normal, and M the first curvature of Vn in Vm. 

The second fundamental tensor for the normal N we shall write as 
nip Hence, 

(3.1) 

= eaf2alnalii; E2a1 (3.11) 
and a 

M = ei), M2 = e 2 e,Oa12; = gz'ûij, N2 = e = +1. 
a 

Also, for a curve, we find that the torsion is given by 
T2 = -n .V2n -(V n)2, 

where n is the principal normal. Hence, generalizing, we shall define 
the second curvature T of Vn in Vm by 

T = -N V2N -(V N)2, (3.2) 
where N is thé principal normal of Vn in V, . We have* 

N. V2N = gi1N [Nijlm = - gii[Ni Nj]m (3.21) 
* The suffix m denotes that, after each operation on the vectors in the 

brackets, the components normal to V, must be omitted. This follows from 
the definition of the relative operators. 
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and (V N)2 = (giiri N,;)2 = M2. 

Hence, choosing the remaining m -n -1 normals Nal to be orthogonal 
to N, and writing ',tali = N Nad ,i, we have, from (3.5), 

T +M2 = gingikoiinhk +gii L ftoliNtal.7' 
a 

and hence, 
T = gZlag9k1k- 

""ih '"jk) +gZ FaliPali (3.22) 
a 

From (3.21), we see that an alternative definition would be 

T+M2 = S(VN NV), (3.23) 

where NV is the dyadic conjugate to VN, and S denotes the scalar. 

If m = n+1, we have 
T ginglk(niinhk- Oihi-2jk) 

The Gauss equation for V,Z in V. +i is 

e(û nhk- f2ihfljk) = RikJh- Raßy8ya,iyß,kyy,1ys,h, 

(3.3) 

(3.31) 

where R, R' are the curvature tensors of Vn, Vn +1 respectively. 
Hence, (3.3) becomes 

T = eR- egingiky ",i yß,k yy,; ys,h Raßys, 
i.e. by (2.3), T = eR- e(aas- ee«e8)(aßy- eeßey)R «ßy5, 

i.e. T = eR- eR'+2Raß e ß, (3.32) 

where Raß is the Ricci tensor for Vm, and R, R' the scalar curvatures 
of Vn, Vn. 

If Vn +3. is an Einstein space, we have Raß = Aa«ß, and (3.32) re- 
duces to T = eR- e(n -1)A. (3.33) 

If the Ricci tensor vanishes in Vn +l, we have 

T = eR: (3.34) 

In particular, this is satisfied if V,t +i is a flat space. For the case of 
a surface in V3, we have 

T = R = -2K, (3.35) 

where K is the total curvature. Weatherburn* showed that -2K 
was a generalization of the squared torsion, and the mean curvature 
a generalization of the curvature of a curve. 

We observe that, for a curve in hyper- space, T is the squared 
second curvature, and, from (3.33), this vanishes for a curve in V2, 

the curvature tensor of a curve being zero. 

* Messenger of Math. 56 (1927), 173. 
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4. If the second fundamental tensors of V, Vm in Vp for the 
normals NH are S2,.li S2r14nn, we have 

-Nrl,a rß 
and 
Hence 

rlí; = -Nr6i'r; = -Nrl,«' ris yáiyß,; 
°Chli; = S2rlaßy,iyfl,; (4.1) 

Also, from (1.41), we have 

farli = Na1 
. Nrl,i = ealara' Nrl,yß,í, 

i.e. farli, _ -S2rlaßealayß,i. (4.11) 

If N, N' are the principal normals and M, M' the first curvatures 
of Vz in Vm and Vn in Vp respectively, we have 

MN = eaS2al Nab 

and M'N' _ eaOal Nal + G e,.4.1 N,.1. (4.2) 
a 

Hence, the principal normal of V, in V2, is tangent to Vm if 

52:1 = 0 (r = m- n+1,...,p -n). (4.21) 

In this case, we see that 
N' = N, M' = M, 522 = S2i5, (4.22) 

and we may say that V, is an asymptotic sub -space of Vm. These 
results are evidently true if V is not necessarily a flat space. 

Writing µ,.1i = N N.I i from (3.22), (4.22) we see that, if T, T' are 
the second curvatures of V,L in V,,, Vn in V2 we have 

T' -T = g11 eflifl ;, (4.23) 

i.e. from (4.11), 

T' -T = g11ya,iyß;eyed erQrlay4rlßa, 

where N = eara. From (4.1), the equations (4.21) can be written 
0, ;52,.1a43 = O. 

Hence, (4.24) can be written 
T' -T = 9Z'yaiyß1eyes e,()rlay52rlßg-S2,.Iaß52rIy8)- 

, 

This equation is true if V, is not a flat space. If V is a flat space, 
the Gauss equations for V. in Vp are 

erPrlayS2rlßS- 52rlaßû,.1y5) = Ráayß. (4.26) 

Hence, from (2.2), (4.25) becomes 

T' -T = Ráß eaeß- Ráayß ey a ea ealaealß. (4.27) 

(4.24) 

(4.25) 
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If m = n-f-1, we have e11" = e°`, and (4.27) reduces to 

T' -T = Raße° ß. 

Hence, from (3.32), we have 

T' = eR- eR'+3Ráßecxeß 

(4.28) 

(4.29) 

We observe that the direction of the vector ea is the principal 
normal direction of V,, in Tip, and T' is the second curvature of Vn 

in T. Also, R depends only on Vn. Hence 

Given a space Vn in a flat space V then all the spaces V,+1 which 

contain V. and the principal normal direction of V,,, in VI, at points of Vn 

have the same value for the expression 3Ráßeaeß -eR' at points of V,,, 

where Re refer to V,t+1, and e" are the components in V,,,+1 of the 

principal normal of Vn in V,. 

This could be written 
All spaces Vn+1 of which V, is an asymptotic sub -space have the 

same value for the above expression at points of Tin. 

For a curve on a surface in V3, we have n = 1, m = 2, p = 3, and 
Ráß = -Kaaß where K is the total curvature. Hence we have 

T' = -K, 
R being zero for a curve. This is a well -known relation, for T' is the 
squared torsion of the curve, and the curve is an asymptotic line on 
the surface. 

If VI, is any space, not necessarily flat, and if Vm is a sub -space 
of V Vm is said to be totally geodesic if all geodesics in Vm are 
geodesics in Tip. The necessary and sufficient conditions for this are 
easily shown to be 

r = 1, 2,..., p -m or = ß-- m- n1,..., p -n, (4.3) 
.1 p 0 ) 

a, p = 1, 2,..., m. 

From (4.26), we see that if Vp is a flat space, then all totally geodesic 
sub -spaces are flat spaces. 

If V. is a totally geodesic sub -space of V,, then (4.24) becomes 

T' -T = 0, (4.31) 

i.e. if Vm is a geodesic sub -space of a space Vp, and if Vn is immersed 
in Vm, then the second curvature of Vn in T', is the second curvature 
of Vn in Vm. 

For the case n = 1, m = 2, p = 3, we have T = '0 and hence 
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T' = O. If V3 is Euclidean, V2 is a plane, and the above theorem 
reduces to the property that the torsion of a plane curve is zero. 

5. Consider a system of oom -n spaces V. in Vm, such that one 
passes through each point of Vm. Then the normals N01 may be 
considered as functions of position in Vm. We have ri = r« 

N01,5 = Nol,ßyß,;, and hence, for the normal N0.1= eal "r«, we have 

S201 -giiri Nl, _ -giiy «i yß,i r«' Nol,ß, (5.1) 

i.e. substituting for N01, 

Q0.1 

ee lßeola,ß = - µl ",ßeµlßeol« = -y7µ1"Salw 

where 770,1" _ e ß eµ1ß is the principal or geodesic curvature vector 
of the system of curves in in Vm. Hence, from (2.2), we have 

ûo1 
= 

al ",c: - eµ a «ßa1 "77µI. (5.12) 
µ 

We have thus found the mean curvatures for the normals as functions 
of position of V,,,. Obtaining the m -n mean curvatures in this war, 
we can now find the principal normal and the first curvature from 
the relations 

We have 
(5.11) 

Me" _ eai12al eal", M2 = e ea)al2. (5.13) 

Having found the principal normal and first curvature, we can find 
the second curvature from the equation 

T+M2 = $[N,1 N,i]m = giSy" yß,5[N,« N,ß].,,,, (5.2) 

i.e., substituting from N = e°4-,x, we have 

T = -M2+(a "ß - el, eµl«eµlß)aysy «es,ß. (5.21) 

If m = n+ 1, there is one normal ea, this being the principal 
normal, and we have 

S2 = - " M = ei), (5.3) 

and T = -1112+(a "ß- ee"eß)aysey, «es,ß, (5.31) 

i.e. T = -M2+0ßay8 eY, es,ß- ee'K2, (5.32) 

where K is the principal curvature of the curves of congruence e", 
and e'K2 = ays nv778, 77« _ "ß ß. 

From the above equations, we see that, given m -n directions, 
which we may take to be mutually orthogonal, at each point of Vm, 

then, if these satisfy the conditions of integrability of the system 
of equations a «ß eal "dyß = O (Q = 1, 2,..., m -n), we can find the 
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principal normal and the curvatures of the spaces V defined as being 
normal to these m -n directions. 

Consider the case m = 3, n = 2, V3 being referred to Cartesian 
axes. Let the given direction be (X, Y, Z), the components being 
functions of x, y, z. 

The condition of integrability of X dx = 0 is 

X(Y3- Z2) +Y(Z1- X3) +Z(X2 -Y1) = 0 (5.4) 

where X1--= ax/9x, etc. If this is satisfied, the above directions are 
normal to a family of surfaces, and, from (5.3), (5.31), we see that 
the mean curvature K,,,, and the total curvature, K, of these surfaces 
are given by 

I I 

Km - - (X1 +- I- Y2Z3), (5.41) 

2K = (X1 +Y2 +Z3)2 + Lr [(XXI +YX2 +ZX3)2- (X1 +X +X3)]. 
(5.42) 

As an example, consider 

X = x Y = , Z = z, r2 = x2- y2+z2. r r 
In this case, (5.41) reduces to Km= -2 /r, and (5.42) reduces to 
K = 1 /r2. These are the results we should expect, for the given 
directions are evidently normal to a family of concentric spheres. 
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SPATIAL DISTANCE IN GENERAL RELATIVITY 

By A. G. WALKER (Edinburgh) 

[Received 20 August 1932] 

A PROBLEM introduced recently is that of finding a suitable definition 
of spatial distance, i.e. the distance of a star from an observer, in 
a general Riemannian space -time. Professor E. T. Whittaker* gave a 
definition based on the method of comparing absolute with apparent 
brightness of the star, and this has been modifiedt to allow for the 
motion of the star. In this paper is introduced a similar definition, 
made possible by a new, theorem on null geodesics. It can easily be 
verified that this definition is equivalent to that given by Etherington. 

Relative coordinates are frequently used in this paper, these having 
already been introduced by the author. 

1. Relative coordinates 
If C is a curve in a Riemannian space V,L, and if an orthogonal 

ennuple is given at points of C, then at each point P- of C is defined 
a system of normal coordinates with P as origin, the parametric 
directions at P in these coordinates being the directions of the vectors 
of the given ennuple at this point. Thus there is a system of reference 
at each point of the curve. These coordinates are called relative 
coordinates, and are written (z °, z1,..., z'z-1). If the points of C are 
defined in terms of a parameter s, taken to be the arc if C is not null, 
any other curve C' may be given by the z's as functions of s, a (1, 1) 

correspondence being set up between the points of C and C'. In 
general, we only consider curves in the neighbourhood of C, so that 
the third, and sometimes the second, powers of z may be neglected. 
It is usually convenient to take a particular correspondence, the 
most useful being such that z° = 0, i.e. if A,, (a, i = 0, 1,..., n -1) 
are the components of the vectors of the given ennuple, the point 
Q of C' corresponding to P of C is the point where C' meets the 
geodesic surface orthogonal to the direction 1 °i at P. 

If x'i are the given coordinates of Vn, the curve C is defined by 
equations of the form x'i = x''(s), and if gi5 is the fundamental tensor, 

* Proc. Roy. Soc., A, 133 (1931), 93. 
t Etherington (not yet published). 
$ Proc. Roy. Soc. Edin., 52 (1932), 345. 
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the tangent vector of C is Ai, where 

ai = dxi /ds, gi1 A Al = e, (1.1) 

and e = 0, +1 according as C is, or is not, null. Invariants ua, yav 

are defined by the equations 
Ái = Yav = -Yva = Aali,5Av11A1, (1.2) 

an index appearing as a subscript and also as a superscript indicating 
summation, unless attached to e = + 1, the summation being from 

0 to n -1 unless otherwise stated. With this notation, the arcs of 

a curve C' near C is given by 

+(a 2 
h a ea(e)2+ v'v = e +2ye,uG z +2 eau z {- ZYavz z + 

ds a a 

+ G ev Yvµ Yvv ziLzv Pav z°zv, (1.3 ) 
a 

where za = dza/ds, ea = gi1 AaliAal1 _ + 1, 

and rav = rva = Rhi.7kíh'íkñaliívl. (1.4) 

If C is a geodesic, then, from (1.2), 

yoh 
uh = 41rri,1 ñ2Á7 = ea it', 

and hence yah uhza+ G ea uaza = J, 

where J = ea uaza. (1.5) 

If C is a null geodesic,* and C' a null curve, e = 0, and ds/ds = 0, 
and from (1.3) we have 

J = const. (1.6) 

to the first order of approximation. 

2. A theorem on null geodesics 
If P0, P are points on a null geodesic C, let p denote the thint 

pencil of cc -2 null geodesics through P0 passing near P. We shall 
prove that the volume of the (n -2)- dimensional cross -section of p by 
a surface orthogonal to a vector Vi at P is independent of the direction 
of Vi. 

* It is assumed that when C is a null geodesic, the parameter s is so chosen 
that the geodesic equations of C take the usual simplified form. The parameter 
is then defined except for arbitrary additive and multiplicative constants. 

t There should be no ambiguity in the use of the word `thin'. Although 
the inner product of the tangent vectors at Po of two members of the pencil 
is zero to the first order, the angle between their projections on a space not 
orthogonal to C at P0 is small, i.e. the solid angle of the pencil as measured 
by an observer at Po is small. 
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The pencil p being thin, the cross -section is evidently independent 
of the particular surface orthogonal to Vi. It is assumed that the 
direction of Vi is such that the square of distances in the cross -section 
may be neglected. Referring to relative coordinates along C, we shall 
take z° = 0, as explained in § 1, and we shall show that the volume 
when Vi = .loz is equal to the volume for any other cross -section. 

The null geodesics belonging to the pencil p are given by equations 
of the form 

zr = zr(s, al, a2,..., an -2) (r = 1, 2,..., 72 -1), 
where zr = 0 at Po, and the a's are constants, varying for the dif- 
ferent geodesics. A surface orthogonal to A011 is z° = 0 in relative 
coordinates, and, writing Dzr = (ôzr/âam)da2', the linear element of the 
cross -section at P by this surface is given by 

n-1 
±d(72 = e,.(Dzr)2. 

r=1 

If the surface z° = O at P meets a null geodesic C' of p at the 
point Q, it has been shown that the tangent vector of C' at Q is 

° where µ' oSz° ° dz° = 
ds = u + ds -eyovz 

Hence, a point Q' of C', near Q, has coordinates z° = za+gp , where 
0 is an arbitrary function of s, of the order of smallness of the z's. 
Choosing 0 so that Q' is the point of intersection of C' with a surface 
orthogonal to a vector Vi at P, and neglecting second -order terms, 
the points of the cross -section of p by this surface are z° = z°-} ku°, 
where 0 is now a function of s and the oc's. The element of length 
of this cross- section is given by 

n -`1 
/ CC ±dä2 = G e°(Dz °)2 = eo(Dz° +u6Dç)2. o =° 

We have .1 e °(u °)2 = 0, and e° u °Dz° = 0, the latter following 
from (1.6), in which the constant is zero as the z's all vanish at Po. 
Hence 

dal = + e°(Dz °)2 = da2. 

Thus the linear element of the cross -section is independent of the 
particular cross- section through P, from which the theorem follows 
immediately. 

It has been pointed out to me that this theorem is a direct 
generalization of a simple property of surfaces on a null cone in a 
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flat space. In space of the form 

ds2 = dt2 -dx2- dye -dz2 
the null cone through the origin is given by 

x =rl, y = rm, z = rn, t = r; 12+m2-I-n2 1, 

and a surface on this cone is given by an expression for r as a func- 

tion of 1, m, n. Its line element is 

dal = -dr2+ (r dl dr)2 = r2 d2, 

since l2 = 1, l dl = O. Thus the elements of distance and area 
at any point are the same for all surfaces through this point. 

3. The equations of geodesics 
If C is a geodesic, not null, and the vectors Acrii are given by 

parallel displacement along C, then yQ = 0, and, from (1.3), 

T = 
ds 

1--ef -2 J2--,e ea(z°)2+2e[Q zz. (3.1) 

Varying the z's as functions of s, the geodesics near C are given by 
3 f T ds = 0, i.e. by 

d aT aT 
ds(az° az° 

0 (Q = 0, 1...n -1). (3.2) 

Substituting from (3.1), these equations become 

rave = eu °J. °- ea ra 
If, as before, we take z° = 0, then 

eu °J = -e °Fo 

and hence, if a i is not orthogonal to C, the geodesics are given by 

(er zr - lrs- 
// 

Wilesfzs = 0 (r,s = 1,2,...,n -1) (3.3) 

to the first order in the z's. 
We observe that these equations are unaltered when e = 0, although 

the method of obtaining them is not valid in this case. We should 
therefore expect (3.3) to be the equations of geodesics when C is null. 
This is true, and can be verified by an actual transformation of 
coordinates in T. In what follows, we take C to be a null geodesic, 
the vectors Aaii being given by parallel transport along C. From a 
property of null vectors we may take the vectors A21í,..., íi,a_11z to be 
independent of Ai, and orthogonal to C. In this case u2,..., un-1 
vanish, and (1.6) becomes 

z1 = const. (3.4) 
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From the identities F u° = 0, eQ(u6)2 = 0, equation (3.3) for 
r = 1 is now satisfied identically, and the remaining equations give 

zp -e Pp,.zr = 0 (p = 2, 3,..., n -1), (3.5) 

where r takes the values 1 to n -1. Hence, the null geodesics near 
C are given by equations (3.4), (3.5), together with z° = O. 

4. Spatial distance in general relativity 
Let A be a star, B an observer, and, in order that light may pass 

from A to B, let A and B lie on a null geodesic. We shall adopt 
the following definition: 

The spatial distance of A from B is proportional to the square 
root of the two- dimensional cross -section of a thin pencil of null 
geodesics issuing from A and passing near B, made by the three - 
dimensional instantaneous space of the observer. The definition is 
made complete by the requirement that when the observer is near 
and has the motion of the star, the spatial distance must reduce to 
the element of length in the observer's instantaneous space. 

The instantaneous space of an observer is orthogonal to his direc- 
tion of motion, and hence, from the theorem of § 2, the above cross - 
section is independent of the direction of motion of the observer. 
Thus we see that spatial distance is independent of the observer's 
motion. It follows, from the definition, that the formula for spatial 
distance will consist of two factors, the first being an invariant 0 
depending only on the positions of the star and observer, the second 
being independent of the position of the observer. The main problem 
is to find the above invariant. 

If Ai is the tangent vector of the null geodesic C, let A21i, a31í be 
two orthogonal vectors independent of Ai, both being orthogonal to 
C and given by parallel transport along C. Then, from (3.4) and 
(3.5), the null geodesics through A passing near B are given by 
zi = 0, and 

i2"--F pm. zq = O (p, q = 2, 3), (4.1) 

where 11,3 are defined by (1.4), and are functions of s.* We have 
assumed that the vectors are chosen so that e2 = e3 = -1, these 
vectors being supposed to lie in the instantaneous space of some 
)bserver at B. The problem therefore reduces to the solution of the 
simultaneous linear differential equations (4.1). 

* It is assumed that the parameter s is chosen so that it increases when 
)assing from A to B along the null geodesic. 
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If the position of A is given by s = s°, it is required that the 

solutions of (4.1) should vanish when s = s°. They can therefore be 

written in the form 

1 ¡R I, ¡¡''I/II 
z2 = ai +NO2, z3 = aY'1 +¡ßy'2, (4.2) 

where c1, ti, 02 are functions of s and s° vanishing at s°, and a, ß 

are small arbitrary constants. The cross -section of the pencil of null 

geodesics by the plane z° = 0 at B is given by equations (4.2) and 

zl = 0, the variables being a, (3, and s having its value at B. The area 

of cross-section is at once found to be proportional to (81 2 -q2 Y 1)5 

and the required invariant 0 must be proportional to the square root 
of this function. We therefore define 

1 02 = K(01 Y'2- 2 01), 

(4.3) 

where the arbitrary constant K is chosen so that 0 ti s -s° as s --> s°. 

Thus 
1 =11m01Y'20201 

K s-->so (5-50)2 

From the definition, the spatial distance between the points s° and 
s is given by an equation of the form 

0 = v0, (4.4) 

where v is independent of s. For an observer B' at the point s °+e, 
where e is small, we have 0 = e, from (4.3), and A' = ve. If the star 
and the observer B' both have the motion vi, the distance 8 between 
the star and B' in the instantaneous space of this observer is 

8 = E Iij vZ /, IS =So 

Hence, to satisfy the second part of the definition, we must have 

V = I gi, ViAi IS =so. (4.5) 

Thus the spatial distance between the star and the observer is 

= v0, where v is the inner product of the direction of motion of 

the star and the tangent vector of the null geodesic, and O is the 
invariant defined as above. We observe that O and v are not com- 
pletely determined by the positions of the star and observer and the 
motion of the star, owing to the arbitrary multiplicative constant 
attached to the parameter s. This constant, however, is cancelled 
in the product 0 = v0. 
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5. Spatial distance in space of constant curvature 
In a space of constant curvature Ko, the components of the 

curvature tensor satisfy 

Rhijk = Ko(ghj gik -ghk gi,) 

We have gi, criai = 0, and gig ÁiA2,11 = 0 for p = 2, 3, and hence, from 
(1.4), Ppa = 0 (p, q = 2, 3). 

From (4.1), the null geodesics through so are given by 

z2 = cx(s -so), z3 = ß(s -so), 
and from (4.3) we have 

O = s -so. 
Hence, in a space of constant curvature, if the parameter s of the null 
geodesic is chosen to vanish at the position of the star, the spatial 
distance is proportional to s.* 

6. A more general method of obtaining spatial distance 
The method of § 4 depends on finding two solutions of the equa- 

tions of parallel transport along the given null geodesic. In some 
cases this may be impracticable; it can be avoided as follows: 

Let A211, A312 be two orthogonal vectors at points of the geodesic, 
both being orthogonal to the curve and satisfying e2 = e3 = -1. As 
before, we have u2 = u3 = O, and zi = 0 for the null geodesics 
through A. Completing an orthogonal 4 -uple at points of C, we find, 
by a method similar to that of § 3, that the null geodesics through 
A are given by 

2ypq iq+ ppa zq = 0, (6.1) 
3 

Ppa +Ypq+ ea Yap Yaq 
a =o 

Pp4- 4i.k ApliA'Ak (6.2) 
The invariant 0 can now be found as before in terms of the solutions 
of the linear equations (6.1). 

If one of the vectors, say A211, is a solution of the parallel transport 
equations, we have yea = 0 from (1.2). Also, it can easily be verified 
that for any vector A311 orthogonal to such a vector and to the curve, 

ea(Y3a)2 = ga; A3lz,h A311 ,k 
Al Ak = 0, 

a 
* This has been proposed by Professor E. T. Whittaker as an alternative 

definition of spatial distance in a general space. Another definition by H. S. 
Ruse, Proc. Roy. Soc. Edin., 52 (1932), 183, leads to this result in a general 
space. 

where Ppq 
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and hence, from (6.2), 

Ppq =Ppq (p,q =2,3). (6.3) 

Thus equations (4.1) are still true when only one of the vectors is 

given by parallel transport along the geodesic. 

7. The application to an important class of spaces 
We shall now consider the application of the foregoing methods 

to space of the common form* 

ydt2 -y ldr2- r2d02- r2sin2B d02, (7.1) 

where y is a function of r alone. It is easily shown that, by a suitable 
choice of s, the equations of a typical null geodesic can be written 
in the form 

dt -1 dr 
O =2r, dg5 -h 

ds 
- 
Y 

, 
ds ` r2 

(7.2) 

2 

where 02 = 1 -h2 e = ±1, (7.3) 
r 

and h is a constant. If the geodesic is through the origin, h is zero. 
A solution of the transport equations along this curve is 

Á21z = (0, 0, 1 /r, 0), (7.4) 

and a vector orthogonal to this vector and to the curve is 

A31 = (0, - ehy /r, 0, b /r). (7.5) 

The non -vanishing components of the curvature tensor are 

R 1 " R ?r ' 0110- = 2Y , 0220- = 
i l 

R1221 = 2r 
Y, 

R1331 = 2r 
Y 

sin28, 

R0330 = 2rYY 511128, 

82332 = -r2(y- 1)sh129, 
(7.6) 

and hence, from (1.4), (7.2), (7.4), and (7.5), we find 

h2 
P22 = r4 (zrY -y+1), 

123 = 0, (7.7) 

h2 
P33 2r3(77-Y') 

* This form includes some well -known spaces in general relativity, e.g. the 
gravitational fields of a material particle and an electron. 
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If the geodesic passes through the origin, h = 0, and from 
(7.7), 

rra = 0 (p, q = 2, 3). 

The null geodesics through the point s = so are therefore given by 

z2 = (s -so), z3 = ß(s -s0), 
and we have O = s-so. (7.8) 

In this case r ±s = const., and hence O = r+ro, Ir -rot, according 
as the star and observer are, or are not, separated by the origin. 

If h 0 0, write z2 = rx, z3 = rry. Substituting (7.7) in (4.1), and 
changing the independent variable from s to 56 by (7.2), these equa- 
tions become 

d2 
1 x = 0, (7.9) 

d2y2 dçr dy 0 (7.10) d2 dqd¢ . 

Hence we have 
z2 = ar sin(0 -00), (7.11) 

z3 = ßrtk(V -Vo), (7.12) 

r 
where V = 

J 
d911 , 

and the subscript 0 indicates the value at the position of the star. 
The required invariant is now given by 

±02 = Kr2i,11(V- V0)sin(0 -00), 

1 = limr2O(V- Vo)sm(9S -00) 
K s->s, (8-5o)2 

where 

We have 
ds r2 

4 = h' lim sm( -0°) = 1, 
((lim 

V -%,V 
''I/r1 4o 0-00 Y'-4a 0-7"0 Y'o 

Hence K = ró fro /h2, and we have 

±02 = h2r2ró q - 0b0(V- Vo)sin(0). (7.13) 

It is interesting to observe that, in certain cases, this method of 
defining spatial distance will give unexpected results. These would 
be due to the term sin(96-4) in the above formula, for it may be 
possible for the null geodesics to be sufficiently curved so that 00 and 
7T-1-9So give distinct points on the curve for some values of 9So. In such 
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a case, if the observer is placed near the point .74 -00, the star would 
appear to be very bright, and the above definition would indicate 
only a small spatial distance. This could quite possibly occur when 
light from a star passes near another heavy body, and it should be 

possible to find two stars, satisfying the required conditions, such 
that the earth is near the critical point of observation. It is seen that 
the above peculiarities arise from equation (7.11), which shows that 
it is possible for a pencil of null geodesics to converge again in one 
direction. 

In conclusion we may remark that the above method of calculating 
spatial distance has been successfully applied to space of the more 
general form 

ds2 = vdt2- R2(y- ldr2+r2d02- J- r2sin28 42) 
where R is any function of t, and y, y are any functions of r. 
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INTRODUCTION. 

IF C is a given curve in a Riemannian space V,,, a system of co- ordinates 
(z', z2, ... , zn) can be set up at each point P of C, thus generalising moving 
axes along a twisted curve. If in these co- ordinates a point Q is defined 
relative to the point P, then Q traces some curve as P moves along C ; any 
curve C' can be defined in this way by setting up a (1, 1) correspondence 
between points of C and C'. We shall take the relative co- ordinates at P 
to be normal co- ordinates with origin at P, the parametric directions at P 
being the directions of an orthogonal ennuple defined at points of C. In 
general, this work is too heavy except for the consideration of points within 
a certain distance from the curve C, and we shall therefore consider only 
points the cube of whose distance from C may be neglected. This is 
sufficient for the application to such problems as the motion of a small 
rigid body in space -time. 

1. RELATIVE CO- ORDINATES. 

Let V be a Riemannian space, co- ordinates (x'1, x 2, ... , en), and let 
C be a curve in V,,, defined by the equations 

(i = 1, 2, . . ., n.) . . . (1.1) 

where s is the arc, or a parameter if C is null. Let XQii be the components 
of the vectors of an orthogonal ennuple * defined at points of C. The 
ennuple chosen will depend in general on the particular problem under 
consideration. The vectors of the ennuple may be given explicitly, or they 
may be solutions of a set of differential equations. An example of the 
former is obtained when the ennuple is formed by the tangent and 
principal normals of C, and an example of the latter when the ennuple is 
defined by Levi - Civita parallel transport from a given ennuple at some 
point of C. In both cases the vectors of the ennuple are solutions of 
displacement equations of the form 

dVZ +CikVidxk =0, Ciik= riik + . (1.2) 

* The notation is that of Eisenhart, Riemannian Geometry (1926). In TQ11, a indicates 
the vector of the ennuple and i the component. 
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where Pik are the Christoffel symbols of the second kind, and Ask are the 
components of a tensor. For if the vectors are given explicitly, and in- 
variants yea are defined by 

yeo= - ABIZ(ddsl +rk °I dsk/ 

then, multiplying by e9X911, and summing for 0, we have 
l k dds +r5kx'dÇ 

= - 
e 

e9yeQÀeli 
ds 

= - eeeote0XeA951iXal' 
e, d, 

Hence, the vectors ioli are solutions of (1.2), where 

Aikxk= eee0yeoxB dxk /ds. 

From this equation we see that if the vectors are given as solutions of 

the equations (1.2), the invariants yeo are given by 

7e0= A.A4kXeliA-011. . (1.4) 

By differentiating the equations of orthogonality, giii9lii,li = e,S :, it can be 

seen at once from (1.3) that the invariants satisfy 

yeo + = 0, (0, = 1, 2, . . . , n). . . (1.5) 

It may here be of interest to discuss the forms (1.2) must take in order 
that the vectors should satisfy certain conditions. It is always necessary 
that the magnitude of a vector and the angle between two vectors should 
be unaltered by the displacement, i.e., if ui, vi are any two solutions, the 
expression giiuivi must be constant. Differentiating this expression along 
the curve, and substituting from (1.2), the required conditions become 

(9iiAkt + = 0. 

Thus, if this is all that is required, the most simple solution is A4=0, 
giving the ordinary parallel transport. 

If it is also required that the vectors should make constant angles with 
the curve C, then xi must be a solution of the equations, i.e. substituting 
in (1.2), 

. (1.3) 

Ajkxxk = - yea = - (xa + r kxixk) 

ni being the curvature vector of the curve. The most simple solution of 

these two sets of equations is evidently 

A k Zk = 6g ik(t 7k e = giiæixi. (1.6) 

Let a point P of C be given by s =so in (1.1), and let the subscript 0 
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indicate the value at this point. Then with P as origin, a system of Rie- 
mannian co- ordinates (yl, y2, .., yn) is defined by the equations 

- (r ß)ore - 31 
(la r)oysy/yr - . ., (1.7) 

where the coefficients are certain well -known functions of the Christoffel 
symbols and their derivatives. Any other system of Riemannian co- ordin- 
ates is now given by a linear transformation of the y's with constant 
coefficients, and a system of normal co- ordinates is given by such a trans- 
formation so that the parametric directions at P are mutually orthogonal. 
We now wish to find the transformation of the y's giving normal co- ordinates 
with directions (X,, -p at P. 

If (X'0.190 are the components in the y's of the vectors (X,)0, the required 
normal co- ordinates (z', z2, ..., z ") are evidently given by 

ya = (X'a1 °)oz°. 

We have (X'°Ia)o= (X,liarlaxz)o, and from (1.7), (aya /ax'i)0 =57. Hence 

(X'.1"),= (X0.1'), and the normal co- ordinates are given by 

y° = (A.ar)oz°. . (1.8) 

Substituting in (1.7), and dropping the subscript, we have at the point P(s) 
of C a transformation of the form 

xi= xi +Fi(s, z), . . (1.9) 

this being given by (1.7), which can be written in the form 

x'i = xi +,t(x, y); . (1.10) 
and by 

ya =QI °z . (1.11) 

the x's and X's being known functions of s. The relative co- ordinates are 
now completely defined at each point of C. 

2. FUNDAMENTAL FORMULE. 

Let Q be the point (z) in the co- ordinates at P(s), and let Q' be the point 
(z+dz) in the co- ordinates at P(s+ds), and (z+8z) in the co- ordinates at P. 

We proceed to find the relation between az and dz where dz is small. If 
Q' is the point (1 0, in the co- ordinates of V,,, we have from (1.9), 

i= xi(s) +Fi(s, z +8z) 
and 

' = xi(s + ds) + Fi(s + ds, z + dz). 

Expanding to the first order and equating, we get 

aFi Dz° = aFi xZ+ 
9zß ds as 

. (2.1) 
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where 
De- = 8zo- - d Q. 

From (1.10) and (1.11) we have, writing fa= afi /ôy 

ôF2 .ráN, 
and 

i.e. from (1.2), 

aFi afia;k +f; d(i°)-°; 
as - xk ads . 

ôFi- ax:k-fiCikyi. 
as - axk a Jk 

(2.2) 

. (2.3) 

If 17 is the minor of fá in fP, divided by the determinant, then substituting 
(2.2) and (2.3) in (2.1) and multiplying by J,, we get 

X0-11 
ds 

tit xz + kxk yk -C1' 

In expanding this expression, we shall neglect terms of order greater 
than the second in the z's (or y's). The definition of relative co- ordinates 
being independent of the particular system of original co- ordinates of V,,, 

the coefficients in the expansion are invariants with respect to these co- ordin- 
ates. We may therefore assume that the x co- ordinates are geodesic at P, 

and if we express the result in invariant form, the expression so obtained 
will he true whatever the original co- ordinates may have been. 

We have 

. (2.4) 

11(x, y) = yi - rar,yayß - rapiyryßyy, (2.5) 

`ta= Sa -°rßY" ßyi' . (2.6) 

for the Christoffel symbols now vanish at P. From fä f'7 = we have 

177=87+ ¿rider . (2.7) 

and hence at P, 

Also, from (2.5), 

and hence 
a=kk= -Pé.kya?/°, 

,, 

raß. k = axkraß 

f,(ve+ :Ck l=:i+(rkay 

From the expression * for rkii,, we have, at P, 

401,- 
a i t t a r _ (ras . v + r . á, + rYk ) _ rßY k 

i[(r r- rp,,a k) +(ryk 
. (2.8) 

* Eisenhart, op. cit., p. 53. 
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Substituting from (1.3) and (2.8) in (2.4), 

AQI 
a 

P ds 
cè6 - Ajkcukyi + á Rp7kxkyßyy, (2.9) 

this being true whatever the original co- ordinates may be. From (2.9) we 
get at once 

DzQ 
eQ 

dS 
= Qli - A,)kxhA.Q1 iyi + ilfR2RwAkkvl2yßy7 

a repeated index not indicating summation if it is attached to e= +1. 
From (1.4) and (1.11) we now have, writing uQ= eQXQlie:, 

SzQ der 
+ 26Q - e0.y,, zv + j evyoµ 7,267tz'-z . (0-= 1, 2, . . ., n), (2.10) 

ds ds 

where yQµ k is the well -known invariant 1 1j gXol¿XµliXpl'a>clk 

If C is a geodesic, we can use Levi -Civita parallel transport along C, 

taking Xi 12 = x, in which case we have yQ = °, µQ = SQ, and hence 

S.z dzQ - 

ds ds + S; 3eQyQµizµz (2.11) 

If C is not a geodesic, an interesting set of relative co- ordinates is found 
by taking the vectors of reference to be in the principal directions of the 
curve. In this case the Serret -Frenet formulae give 

y= - k,_18; _1+ K,, SQ +1, 

and hence 
SzQ dzQ 

+Ö +e K 1 ° 
ds ds 

v Q- 'v-1 - eQKQQ+l +eQyQ12 7., . (2.12) 

where the k's are the principal curvatures of C. If Vn is a flat space, we 
have without any approximation 

SzQ dzQ + Sl + e cQ_1zQ -1 - eQ,cQz +1. . (2.13) 
ds ds 

This is an evident generalisation of the moving axes formulæ for a twisted 
curve, where n = 3, and K is the curvature, K2 the torsion. 

3. THE APPLICATION TO NEIGHBOURING CURVES. 

For the further consideration of relative co- ordinates we require the metric 
of Vn referred to normal co- ordinates with a given point P as origin. Let 
aQß be the fundamental tensor for the y .co- ordinates defined by (1.7), and 
bQ the tensor for the z co- ordinates defined by (1.7) and (1.8). Then from 
the law of transformation, we have 

ax's aæ'5 ay byp aap= gi7ayq aye, 1) = aaßazQ 
az . . (3.1) 
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By a method similar to that used in expanding (2.4) it can easily be shown 

that we get 

aco = (9 °p), + 3(l3a7613)oyy /8 . . . . (3.2) 

to the required order of approximation, and hence from (3.1) and (1.8), 

v°v =e°Sv+ ('?'°rsv)oz'zs. (3.3) 
Q 

If the co- ordinates of a point Q relative to the point P(s) of C are given 
as functions of s, then as P moves along C, Q traces a curve C'. The 
tangent vector of this curve at Q in the co- ordinates at P is 8zQ /ds, where g 

is the arc, and is given by 

+ 
(dg\2 

L° 
clsJJ cls ds 

Substituting from (2.10) and (3.3) we get 
2 

+ ds = e + 2y,,hu °zQ + 21 edifi + 2y0 ozv 

- ds Q ° 

+ e 
°µy°vzµzv 

+Yhuvhuhuh,µzv, 

where e= Ee °(u °)2 = ±1, 0 according as C is not, or is null. If C is not 

null, the sign on the left is evidently that of e. 

If C is not null, and C' is a curve near C, we can take C' to be the locus 
of a point Q where the geodesic QP is orthogonal to Gat P. We now take 

ßt12 = æx, and C' is given by z1= 0, and z2, zS, ..., zn as functions of s. If 
C is not a geodesic, the simplest displacement of vectors along C which 
transports the tangent at one point to the tangent at any other point was 
found in §1. This is defined by 

A jk0 = eg11 (d'ink - rz"77i) ; lZ = :Lx h.z . (3.6) 

. (3.4) 

(3.5) 

from which we get 

y°v = Slovv Sv v8v114. ; 

Substituting in (2.10) and (3.5), we have 

ds 
1 - ev,.zr+ seY.stzrzsr 

Szr 

ds 
=^'r+ i3e2.7 2.sttzszt 

(ds2 -,, 
=1 - 2e2,,zr + eI e,.(zr)2 +(v,.z'')2 + eY1,stzrzs 

d ,. 

i.e. 

v°= . 

ds =1 - evrzr + ¡el ereL'r)2 + 2 ePrszrzs . 

cis 

. (3.7) 

. (3.8) 

. (3.9) 
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where r,8 = rsr - ylrsi - Rhiike X riiNsh, and r, s, t take the values 2, 3, . . ., n. 
These equations hold if C is a geodesic, for in this case we have v,.= 0, 

(r =1, 2, ..., n), and the above transport reduces to Levi -Civita parallel 
transport. 

4. GEODESICS IN RELATIVE CO- ORDINATES. 

To find the equations of the geodesics near C (not null) we use the 
variational definition 

Sf Tds = 0, . . (4.1) 

where T - cls/ds, and z2, z3, ..., z'n are varied as functions of s. This 
equation gives the differential equations 

d(VT\er 
ds \ôzr/ ôzr = Q 

and substituting from (3.9), we get 

e,.z''- rrszs =.ur, (r = 2, 3, . . ., n). . (4.3) 

. (4.2) 

These equations are only true when (z)2 may be neglected. They show, 
as expected, that yr must be of the order of smallness of z, i.e. C cannot 
lie near a geodesic unless the first curvature of C is small. 

If C is a geodesic, we have v,. =0, and the geodesics near C are given by 

zr - err rszs = O (r = 2, 3, . . ., n). . (4.4) 

We can at once find the general solution of equations (4.4) when V7, is 
a space of constant curvature. In this case we have 

Rhigk= K(gh riik - kh-gtil) 

where K is constant, and hence 

rrs = KÀrl iXsOia - e i) _ - 
Equations (4.4) now become 

zr + eKzr = 0 

. (4.5) 

and the solution is 

z'' =A r cos ( eKs + a''), Ar cosh ( - eKs + a''), . (4.6) 

according as eK is + ve or - ve, where Ar, ar are arbitrary constants. 

5. RIGID MOTION IN A RIEMANNIAN SPACE. 

Let Lp, Lq, ... be the paths, or world -lines, of a system of neighbour- 
ing particles. Then we may say that the system of particles moves as a 

rigid body if the orthogonal distance between any two world -lines is 
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constant along these lines. We shall suppose that the lines are sufficiently 

near together so that the cube of the greatest distance between them may 

be neglected, and we shall refer to one line C and use relative co- ordinates 
with the transport (1.6) in referring to the other lines. 

In the co- ordinates at a point P of C it is evident from (3.3) that the 
geodesics are straight lines to the required order of smallness. Consider 
any two lines L, L' of the system; let L meet the V_1 orthogonal to C at 
P at the point Q(z2, z3, ..., z"), and let L' meet this space at the point 
Q'( 2, z'3, . . ., z''). Let QQ be the geodesic orthogonal to L at Q, meeting 
L' at the point Q. Then it can easily be verified that QQ = QQ' to the 
required order of approximation, i.e. we have 

,t 

? (`9 Q)2 = er(z''' - zr)2. . (5.1) 
=2 

Hence, for rigid motion, this expression must be independent of s, and so 

for each pair of world- lines. Thus if 1,2, is the locus of Q,(z 2, zp3, . .., z,,"), 

the conditions are 
d 

er(z' zr)2 = o dsr_e 1 4 
. (5.2) 

for all values of p, q. We have taken C to be the world -line of one of the 
particles, and hence, from (5.2), the conditions are 

er(z)2 = o, 
d ,. 

ds ~ e,.zpzq = 0 , (5.3) 

i.e. the geodesic distance PQ,,, and the angle at P between the geodesics 
PQ,,, PQ3 are constant along C. Hence, we can write 

_ 6'4 . (5.4) 

where the v's are constants, and e;, (r, s= 2, 3, ..., n) are the coefficients 
of an orthogonal transformation in Vn_1 and are dependent only on s. 

Equations (5.4) are the necessary and sufficient conditions that the lines 
(zr) should be the world -lines of the particles of a small rigid body, referred 
to relative co- ordinates along one of the world -lines. 

Thomsen* has discussed the equations of motion-of a rigid body in 

space -time by considering the variation of the energy integral. For this 
we require the energy of the particles, which is at once given by (3.9) and 

* Thomsen, Math. Zeitschrift, 29, 1929, 96. 
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(5.4). For the particle Q(z) the energy is mds /dt, and we can write cls /dt 
in the form 

cls ds dt 
` ° s 1 ^t.'T 'h..'k i 1Gv. ; s t 5 

dt dt(l e l,.ÿsa,) + zeds(e,. s e + 1tlzi.jL.x : Aul , \ s sr )7' v (5.5) 

where a dash denotes differentiation with respect to t, and T. is written for 
,yi \,i ,7i =xi7ek. In space -time we have n =4, e =1, e,.= -1 (r =2, 3. 4), and 
we have Thomsen's form, with a slight change of notation. 

(Issued separately October 12, 1932.) 
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On Small Deformation of Sub -Spaces of a Flat Space 

By A. G. WALKER, Edinburgh University. 

(Received 20th November, 1931. Read 4th December, 1931.) 

The object of this paper is to introduce the differential operator, 
V, generalised for a Riemannian space V immersed in a flat space 
V,,, and then to discuss the general small deformation of V . 

§ 1. Notation. 

We shall use the notation of vector analysis in the flat space, 
and tensor calculus in the Riemannian space. Consider a Riemannian 
space V immersed in a flat space V,,, p > n. Let r = (z', z2, .... z21) 

be the position vector of a point of V11, the fundamental form of 
Vp being 

Cp = E ea (der, ea 1 = 1. 
a=7 

The scalar product of two vectors a, b in V,, is defined to be 

s 
ab = E ea aa ba. 

a=1 

The space V is given by equations of the form z0 = e(x), where 
xi (i = 1, 2, ...., n) are the coordinates of V , and, substituting for 
the z's, we have r as a function of x for points of V . From the 
form (1.1), which can now be written 0 = (dr)2, we find that the 
fundamental tensor of V is given by 

9z;=r='r;, 
ôr 

ri = 
ôx2 

. (1.3) 

We may consider r as an invariant in V , and we can differentiate 
the vector covariantly with respect to gù, obtaining vectors in 

V,, which have tensor forms in V,,. 

By considering a small displacement in V of a point of V , we 

find that the n vectors ri are tangent to V ; they must also be 

independent in order that the coordinates xi should be independent. 
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Hence a vector tangent to V may be written in the form 

t =Air, (1.4) 

where A' are the components of a contravariant vector in V . Thus 
a vector tangent to V can be defined either by a vector in Vi,, or by a 

contravariant vector in V . It can easily be verified that these 
definitions define the same magnitude of such a vector and also the 
same angle between two such vectors. These results are important as 

showing some of the relations between the two methods of discussing 
a Riemannian space. 

Differentiating (1.3) covariantly, we get r, ik ri r, ik = 0, 

where r, ii is the second covariant derivative' of r. Permuting i, j, k, 

we at once find that 

ri r,,jk = 0, (i, j, k = 1, 2, ...., n). (1.5) 

Hence r, jk is orthogonal to every direction tangent to V , that is, is 

normal to V.. 

The normals to V are given by N ri = 0, (i = 1, 2, .... , n). 
There are p -n independent normals, and these can be chosen to be 
mutually orthogonal, such a set of unit normals being written NQ 1, 

(a =1,2, ....,p -n). 
We can define tensors Skr i i µQS i i by the equations 

SZQi=N'ri =-NQi,i'ri=-N'ri, 
= Nvl Nvl,i = -NvNQI>i. (1.6) 

These tensors can easily be identified with the second fundamental 
tensors2. 

From (1.5) and (1.6), it follows that r, i;, Na. 1 i can be written in 
the forms p_ 

r, s ea. SZoi,NQ , 
Q=i 

p-n 
k -ii rk- E evp,vviNv , 

v=1 

where ea. = 2 = ± 1. 

(1.6) 

' This is the usual notation for covariant derivatives. With this notation, we could 
write r, i for ri 

2 Eisenhart, Riemannian Geometry, § 47. The notation used by Eisenhart will be 
used throughout the paper. 
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§ 2. Differential Operators. 

Generalising the operator, V, we define 

V= Éehth,á 
h =1 ash 

(2.1) 

where th i , (h = 1, 2, ...., n) are the vectors of an orthogonal ennuple 
in V , eh = th i 2 = + 1, and of /ash is the intrinsic derivative of f in the 
direction th . From (1.4), using the usual notation for orthogonal 
ennuples, we have th I = A i 

i r where Ah i 

i are the contravariant 
components of the vectors in V . With this notation, we have 
a / ash = Ah 1 i a / axi; hence, using the equation 

(2.1) becomes 

Fi eh. Ah íihijg', 
h=1 

V =gi;ri . (2.2) 

It is evident that this operator is independent of the ennuple chosen 
in the definition. 

Operating on a scalar function, f, we get a vector V f =g'' f,; r1 

called the gradient of f. This vector is tangent to V , and is in the 
direction of critical variation of f, the magnitude being the variation. 

Operating with closed product on a vector R, we get a scalar, 
V R = e ri R ,, called the divergence of R. For t = air,, we have, 
from (1.5), 

div t = . 

Operating with open product on a vector R, we get a dyadic, 
V R 

It is easily shown that, if s, t are unit vectors tangent to V at 
points of V,,, the necessary and sufficient condition that the vectors s should 
be parallel in V along the curves of congruence defined by t, is that 
t V s should be normal to V,,. An equivalent condition is that (Vs). R 

should be orthogonal to t for all vectors R. In particular, t defines a 
geodesic congruence if t V t is normal to V,,. 

If th (h = 1, 2, ...., n) are the vectors of an orthogonal ennuple 
in V , we find that the coefficients of rotation are given by 

yhki=tli'Othrtki (2.3) 
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Hence, if we define normal coefficients of rotation by 

IUfa- =tkl vthl'NvI = avlij Ah, l Alel, 
we have 

Vthl =EeeeoYhoeteI to +EeeeQlhevteILI, 

where ee = te 2 = 1; = NQ 2 
± 1. 

(2.4) 

Prof. C. E. Weatherburnl has introduced an operator 0, similar 
to V, in the study of a surface V2. This can be generalised by con- 

sidering some normal N of V,,, and defining 

Q =L.,eh, Khthl 
Ó 

, 
h ôsh, 

(2.5) 

where the ennuple th I is the principal ennuple for the normal N, and 
Kh are the corresponding principal curvatures. From the theory of 
principal directions, we have 

E eh Kh A1, I 

t Ah gsl gym 
him = 

where S24, is the tensor associate to the normal N. 

Hence we have 

(2.51) 

It can easily be verified that 

V = - (V N) V. (2.52) 

A second order operator may be defined by VJ2 = V V. For an 
invariant V, we have 

V2V =g V,;. 

Thus V2 is the Beltrami operator 02. 

We see that 

(2.6) 

Ver =gijr,;j =MN, (2.7) 

where N is the mean curvature normale, and M is the mean curvature 
of V,,. This shows that the mean curvature normal, and the mean 
curvature are generalisations of the principal normal and curvature of a 
curve, for we have, for a curve, V = t d l ds where t is the unit tangent, 

Quart. fourn. of Maths., 50 (1927), 277. 

Cf. Eisenhart, loc. cit., p. 169. 
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and hence 
Ver =Kn (2.71) 

where n is the principle normal, and K is the curvature. 
Another second order operator is V V. For an invariant V, 

we have 
. V V=Si'V,i (2.8) 

§ 3. The general small deformation. 

We shall now examine the space V', obtained by deforming 
V,, in Vh. 

Let E be a constant of the order of magnitude of the greatest 
displacement of points of V, and let the deformation be such that 
E2 may be neglected. Then the position vector of a point of V' is 
given by 

r' =r+Es (3.1) 

where Es is the displacement vector of the point r, s being a finite 
function of position on V,,. Let dashes refer to V',,. 

We have at once 

and hence, 

where 

= ri -F- Esi (3.11) 

g',=r'ir';=gi' +ECi.i 

ci;=ri.s;+r,;si. 
From (3.12) and the identities g'i, g'ik = Sk, we get 

g'ii -Eci.7 
= gil gim C. where 

From (3.12) we have 

g'=Ig'irl=g(1+ cii) 

i.e. V g' = Vg (1 E s). 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

If dV, d V' are corresponding elements of volume of V,,, V' 
respectively, the dilation is defined to be the ratio (dV' - dV) /dV. 

Hence, from (3.15), the dilation is given by 

dV' - dV 
dV 

=EVS, 

i.e. the dilation is the divergence of the displacement vector. 

(3.16) 
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Writing 

we have 
2Cijk = (cij k + cik, j - Cjk, i) ; CIA = gih Cijk, (3.2) 

I" I'7,k+ECk (3.21) 

where Pik, Ilk are the Christoffel symbols of the second kind. 

Hence the curvature tensor is given by 
Rn R ¿t + E(C' - C?t (3.22) ijk ¡l k j , k) 

and from (3.12), we have 

R hijk = Rhijk + E(Chi Ri;k + Chik, j - hij, k 

From this equation and (3.14), we get 

R' = R - E(c'i - gii c, ij) (3.24) 

where Ri; is the Ricci tensor, and c = g ) c;; = 2 V s. 

Let N be a unit normal of V,,, and let N' be a corresponding 
unit normal of V',,. We have N' r'i = 0 (i = 1, 2, .... , n), and 

writing N' = N + EN, we find 

N-- (vs)N 
where N is taken to be tangent' to V. Hence 

N'= N- E(VS) N. (3.31) 

(3.23) 

(3.3) 

If SI;; is the second fundamental tensor in V associate to the 
normal N, and S2';; the corresponding tensor for N', we have 

- N' ,i r' SZ { + EN S, i7, (3.32) 

and hence, the mean curvature for the normal N' is given by 

SZ = E(NV2s -2V.$) (3.33) 

where v is the operator given by the normal N. 

The linear element of V'n is given by 

eds'2 = eds2 + Eci; dxi dx'; eds2 = gi; dxi dx'. (3.4) 

Hence, the extension for the direction t = Ai ri is given by 

EE= ds' 
ds 

eEAZA' ci; = eEtVst (3.41) 

where e = t2 = + 1. 

' We need not take N tangent to Vn, but we do so to define the particular normal N'. 
All we actually know is that N is orthogonal to N, and satisfies Ñ ri + N si = O. 
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If Eh (h = 1, 2, .... , n) are the extensions for the directions of 
an orthogonal ennuple, we have Eh = eh Ah I 

i Ah ri . s and hence 
E Eh = V s. (3.42) 

h 

Thus the sum of the extensions for n mutually orthogonal directions is 
independent of these directions and is equal to the dilation. 

From (3.41), we see that the extension has critical values for the 
principal directions' determined by the tensor ci,, and if ph are the corre- 
sponding invariants, then 2E1, = ph. 

Writing 
Ehk= /thIijiri's =tk1 Vst41, (3.43) 

E4Q= Ah1isiNQ1 = thLVsNQI, 
where th i are the vectors of any orthogonal ennuple, we have 
E,,,, = eh, Eh, and 

V s = E e9 e,, Ego te to +E e9 e0. EoQ te i N.- I 
(3.44) 

From (3.11), it is easily shown that a direction t tangent to 
V becomes the direction t' tangent to V,' where 

t'= t+e(tVs -Et), (3.5) 

EE being the extension in the direction t. 
Hence, for two directions tl i , t2 i making an angle w, the angle 
between the new directions is w s1 e O where 

B sin w = Al 1 i A2 I' ci, - (El + E2) cos w. (3.51) 

In particular, if w = it /2, we have 

= A2 t1 .(VS SQ)'t21, (3.52) 

where s V is the dyadic conjugate to V s, and hence, two orthogonal 
directions remain orthogonal if they satisfy 

A2Ic, =0. (3.53) 

From this condition, we see that if two directions are orthogonal, and 
if one of them is a principal direction of c,» the directions remain 
orthogonal. 

Also the only orthogonal ennuple remaining orthogonal is the principal 
ennuple of ci,. 

1 An account of the principal directions of a tensor is given by Eisenhart, 
loc. cit. § 33. 
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If the principal ennuple of c ; is also the principal ennuple given 
by a normal N, it becomes the principal ennuple in Vn' of the 
normal N' if 

(S2,'¿ß -K h g'i,) Ah j' = 0. (3.54) 

Writing K'h = Kh + ETC h, and substituting from (3.12), (3.32), these 
conditions become 

{(2Kh Eh + Kla) gig - ki,} Ah I' = 0 (3.55) 

where kv = N s, i,. Hence the ennuple must also be the principal 
ennuple of the tensor kv, and if ph are the principal invariants for this 
tensor, the principal curvatures for the normal N' are Kh EKh where 

ich = ph - 2Kh Eh. (3.56) 

' Let us now find the conditions that a geodesic congruence Ai in 
Vn becomes geodesic in Ve,'. We have 

Ai ri -* A''r'i, A'i = (1 - EE) A', E = eAi (3.6) 

Differentiating covariantly with respect to g';, and substituting 
A',i = 0 in Vn, we find 

l !y 
A ",jA'i =EARAk(C,- 2eAiA ¿Vuk). (3.61) 

Hence the congruence remains geodesic if 

Ak (qt.' - 2eAi ii iyk) = 0. (3.62) 

Multiplying by Ai and summing, we get 

A' Ai Ak Ci¡k = 0. (3.63) 

Substituting in (3.62), we have the necessary and sufficient conditions 
that the geodesic congruence Ai should remain geodesic are 

AAkC; =0, (i =1, 2, ...., n). (3.64) 

We at once see that the necessary and sufficient conditions that all 
geodesics of Vn should become geodesics of Vn' are 

k = 0 (i, j, k = 1, 2, ...., n). (3.65) 

A more general theorem is as follows. 
If the vectors pi are parallel along the curves of the_ congruence Ai in V,,., 

the corresponding vectors are parallel along the corresponding curves 
in Vn' if 

A'kC,k = O. (3.66) 
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The differential equations (3.65) have been studied by Eisenhart' and 
Levy2. A particular result is that when V has constant Riemannian 
curvature, the tensor c,,; must be a constant multiple of the funda- 
mental tensor g;;. In this case V , V' are conformal, and the 
extension is constant in all directions and at all points of V, being 
Ep where c2, = p g;,;. 

§ 4. Some particular types of deformation. 

An inextensible deformation is such that all lengths remain 
unaltered. For this, we must have g',, = g,,. Hence, the necessary 
and sufficient conditions for an inextensible deformation are 

=0 (i,j= 1,2,....,n). (4.1) 

In this case, we have V s = 0, s =0, and (3.33) reduces to 

S2' =S2 - ENTs. (4.11) 

From the definition, the curvature tensors remain unaltered. 
A normal deformation, is such that all points of V,, are displaced 

in directions normal to V . If N is the normal direction of displace- 
ment of the point r, the deformation is given by 

s = s N (4.2) 

where s is a function of position of V . 
If S2,, is the tensor associate to N, and S2 the corresponding mean 

curvature, we have 
ci; = - 2s O . (4.21) 

and Vs = -sS2. 
The normal to V ' corresponding to N is now 

N'= N -eVs. 
If p = n + 1, (3.24), (3.32), and (3.33) reduce to 

R' = R +2e(s Rz; +T7Vs - S2V2s), 

S2'ß;= S2z, + E {s, i; -s (S2 52,, + eR;) }, 

S2' = S2 +E{V2s +s (Sr +eR) }, 

where e = N2 = ± 1. 

(4.22) 

(4.23) 

(4.24) 

(4.25) 

(4.26) 

1 Trams. of the Amer. Math. Soc., 25 (1923), 297. 

2 Annals of Math., 27 (1926), 91. 
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The only orthogonal ennuple remaining orthogonal for a normal 
deformation is now the principal ennuple of the normal N, and substi- 
tuting for k;, in (3.55), we find that this becomes the principal ennuple 
of N' if it is also the ennuple given by the tensor s, eP i M P o 

where µP 1; = N N,,.11, N0.1 (o. = 1, 2, .... , p -n -1) being orthogonal 
to N, and eP = 14,12 = + 1. Also, if ph are the invariants of this 
tensor, the principal curvatures Kh of N become Kh + eich where 

Kh = ph + Ski. (4.27) 

A tangent deformation is such that all points of V are displaced 
in directions tangent to V . Writing 

s = Az ri (4.3) 

r' = r EA' r;= r (xi +EAi) (4.31) 

to the first order of approximation. 
Hence this tangent deformation is equivalent to a point transformation 
of V , given by 

we have 

x'i - xi = A1. (4.32) 

Tangent deformations have been discussed intrinsically from this 
point of view by McConnell.' 

In concluding, we may remark that, writing 8t for e, and 
considering s also as a function of the parameter t, the spaces V , V,,,' 

may be considered as members of a family of such spaces in V,,, i.e. 
hypersurfaces of a V +1. Many of the above results may then be 
interpreted as giving the variation with respect to t of the tensors, 
etc., connected with V . 

' Annali di Mat., 6 (1928- 1929), 207. 
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Introduction. 

The theory of relative co-ordinates w s first introduced 

by the author (I), but only a few of the results of Part 1 

of this work were given. The theory was afterwards applied 

ton study of distance in relativity (2), the method outlined 

being fundamentally that used in Part 0. In the following 

work, the notation of the above two papers has been 

considerably altered so that the same notation can be used 

consistently throughout this work. .ith very few 

exceptions, symbols Till retain their meanings in order to 

evoid continual references to previous definitions. 

In the study of twisted curves in ordinary Luclidean 

space, a very useful theory is that of moving axes !,t a 

point of a given curve, a set of axes is formed by the 

tangent, principal normal and binormal of the curve, so, es 

the point roves alonE, the curve, we have a set of axes 

moving in space. Any curves or surfaces associated with 

the given curve can now be referred to these moving axes: 

e.g., a curve is described by a point with given 

co-ordinates relative to these axes: thus, the locus of 

centres of curvature of the given curve is described by the 

point (0,f,N where p is the radius of curvature. 

The object of the following work is to develope systems 

of reference similar to the above at points of a curveln 

a general Riemannian space V,. The first difficulty is 

Asenhart , f3), I rid 



to find the Lost convenient system of reference at a given 

point, and to overcome this, we shall use the theory of 

normel co-ordinates (§3). The second difficulty is to 

deeide how the system of ref-rence at one point of the 

given curve is to be related to the system of reference at 

any other point. This leads us to examine the theory of 

transport along, the curve nrd this will be discussed at 

length in J52. 

Part 1 All be devoted entirely to the geometrical 

develonenent and application of the theory of relative 

co-ordinates. e believe that these co-ordinates have 

9 purely geometrical Interest, .nd several rethods and 

results ill be discussed at length on this assumption. 

_ith their aid, we shell give short proofs of several 

known results and we shall also state and prove some now 

theorems. 

Part 11 is concerned eith the study of motion in 

rel-tivity. From the theory of observation in relativity, 

it will be seen that relative co-ordinates play a very 

important part, and observable quantities are naturally 

expressed in terms of these co-ordinates. 

In Parts, relative co-ordinates play a secondary part. 

The problem ofdefining distance in relativity has been 

greatly discussed recently, end we shall not etsempt to 

criticise the work already pub? shed on the subject. ,e 

shall be mainly conc-rned sith t of the definitions of 
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distance and with the aid of some of the results of 44eTewi, 

we shall formulate these definitions more naturally and give 

a practical method of calculating the results in a given 

space-time. To demonstrate the advantage of this method 

we shall find the formulae for distance in a very general 

form of space-time, but the subject of this work is not 

concerned with a detailed discussion of these results. 
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f( IP1g-7721C/1 TlifoRy, 

1. Ath9g2nal n-unies. 
- 

Let V, be a Riemnnian space of n dimensions, co-ordinates 

---4--7. Then at each point of V, there exist .00-in-v9- 

sets of n mutually orthogonal. non-null vectors each of unit 

length. tl,ch a set of vectors is called an orthogonal 

n-uple, or, for short, 41,1 n-uple, And the contravnriant 

components of these vectors are usually written. -40-/-i 

where the subscript before the vertical bar indleates the 

particular vector of the n-uple, and the superscript 

Indicates the particular vo444442 of this vector: From the 

definition of an n-uplo, these components must si3tsfy the 

relatons 

.467jA=4°' = 

where fic; is the fundamental tensor of V, and the (S.'s are 

defined by 

CS-6 1" 0 Sera 

If the above components &re functlons of the k's 9nd satisfy 

these conditions for all values of the X e have en n-uple 

at each peint of "V',. 

Given an n-uple Ào-/i,a new n-uple ,4;vi can be defined by 

equations of the form 

x The notation, unless otherwise stated, is that usd by 
Eisenhart,(4), and several of bis results will be quoted 

without giving explIcIt ref-renm,i. in account of orthogonal 
n-uples is giver In en. 77-T. 
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f, 

where the t's s-tisfy the relations 

and S, 

c fA I 
6- j .ks 0, 

is defined as in (1.2 ) , with eg for e.- . 

(i 14j 

The 

may be called the coefficients of an orthogonal 

transformation in V. 

If an n-uple is given at points of Vn,then to a 

tensor 7-4- .there corresponds a set of invariants defined 

by 

- .1,, 
}',/d, k./;,. 

It can be sLown that the conditions (1.1) are equivalent 

to the conditions 

(n,d 0, 7,1 e6_ 

and, usin these relations, we find, from (1.5) 

L A6ni -h4AY.n4 (/-7J 

e shall often be dealing with invariants of the form 

given in (1.5), i.e., invariants associated with a. given 

n-uple, and for this reason, we shall introduce that we 

consider to be a natural and useful notation, a notation 

that will enable us to use the standard summation convent'on 

when dealing with such Invariants. 

It will be observed that when. a tensor is obtained from 

a set of n-uplet invariants, the terms of the sum always 

include the unit e's, given by the n-uple. Let us 

therefore m&ce the following conventions: 



(a) -Jaen an invariant is formed as in (1.5), write the 

n-uplet suffixes as subscripts. 

(b ) Let an n-uplet subscript of en invariant be raised to 

become a superscript when the invariant is multiplied by the 

corresponding unit e, and let a superscript be lowered in the 

same way. Thus, 

f 

observe that these to operations T:re consistent, for (o)t,./. 

(c) If an n-uplet index occurs in any term as a subscript 

and superscript, let this indicate summation, unless the, 

index is attached to a unit e. Thus, (1.7) can be written 

The exception should be noted, e.g., there is no sunmation 

in the second equation of (1.6). 

From (1.1), we see that S,y are the n-upiet invariants 

associated with the tensor gij . , then, 

from (1.2), 4 Is the Kronecker delta, i.e., Sf: lkno 

according as o is or is not equal to V. lso, 

and hence, evhas the same value es J. (1.6) can therefore 

be written 

v 

2. N-uples at points of a curve. 

Let C be a curve in V.,,given by the equations 

X 



le 

where S is the are, or a parameter if C is null, and let ,4,17-c 

be an n-uple at points of C. Then the components are functions 

of s, satisfying (1.1) for all values of S. The vectors 

of the n-uple may be given explicitly at each point of C, or 

they may be obtained by some given law of transport along C 

from an n-upie given at a particular point of C. An example 

of the former is obtained when the n-uple is formed by the 

tangent and principal normals of C, and an example of the 

latter when the n-uple is displaced by parallel transportx 

along C. In the second general case, the vectors are 

solutions of transport eollations of the form 

CA /P1.4.4 o 

where 0,1 is Christoffel symbol of the second kind, and 

is the component of a tensor. It can be shown that this 

case tAcludes the first general case, for if the vectors 

are given eplicitly as functions of s, let Invariants 

be defined by 

- -46)4 1 1 :14 1 4 r, ,1 el (43'' (2. 9, 

Then, multiplying by -e,--1674: and sumr'ing for er we have, from 

f-;,1 441.14 ,464.; (Y 

Where ) a'm= ea5..y0Aw. Lence, the vectors Aw-i are 

," By nerailel transpZ)rt, we shall always mean Levi-Civita 
22.r2111;T-T3anspdwt. 



solutions of (2.2) where 

iA y.16,1,1/44 4 A/a, 4 
, - 

Thus, when dealing with an. n-uple at points of C, we shall 

consider the vectors as solutions of equations of the form 

(2.2). The law of transport is given by the tensor 14 

but in our work, we shall not so much consider this tensor 

as the invariants ysy defined above. Prom (2.4), we see 

that, given .et,the invariants are given by 

14 I .1 

By differentiating (1.1), it can be seen at once from 

(2.3) that the invariants stIsfy 

Although. it has only been assumed that the vectr)rs ere 

defined at points of C, we can, from (2.3), write, for 

convenience 

Ye 1, i,4 (2.7) 

where the comma denotes covariant differentiation. The 

vector .a,`,/..14 can be considered as the derivative of 

ZI a/ alorajl, and may be written dor simply 'Ls?'" , »Len 

there is no ambiguity. Thus 

If the equations (2.2) cive an n-uple at points of C,, 

as required, the tensor .9,-1 oust satisfy certain conditions, 

arising from the fact that the magnitude of a vector and 

the angle between two vectors must be conserved during the 

transport. These conditions are equivalent to saying that 



/2 

if Ui, Viare any two solutions, the expression 9 11/1. 

must be constant along the curve. 'Sifferentiating along C 

we must have 

o 

i.e. substituting for ù`, 1?'" from ( 2.2 ) , 

4e j U vt 

This equation must be satisfied for ail vectors U4, V, and 

hence A4 must satisfy 

* 

From (2.5), we see that these conditions are esuivslent to 

(2.6). If the tensor s-tisfles these conditions, then, 

given an n-uple at a particular point of C, the vectors of 

this n-uple,when displaced by the transport (2.2), give an 

n-usle at each point of C. 

If the n-uple need satisfy no f*rther conditions, the most 

simple solution of (2.8) is //A s o , giving pnrallel transport 

along C. It is often required, however, that the n-uple 

sh-uld sstisfy certain conditions. The most common condition 

is that at each point of C a vector of the n-uple should be 

tangent to C. It is evident thst the further condition. for 

this is that the tangent vector at one point of C must be 

transported to become the tangent vector at any other point, 

i.e. the vector must be a solution of (2.2). 

substituting i2 in (2.2), we get 



ta 

/being the curvature vector of the curve. The most simple 

solution of the above two sets of equations is easily found 

to be 

/1,1''t(IdAtiA7A--i'4741 

whets it is assumed that C is not null. A.th this transport, 

a vector orthogonal to U reme ins orthogonel to C, and 

setisfies the equations 

14;4 virij x 0 6.10 
ds 

i.e. Permits equationsxfor transporting a vector orthogonal to C. 

Thus, the transport given by (2.10) reduces to Fermi transport 

in the case of a vector orthogonal to C, end, as Fermi does not 

consider the behaviour of other vectors, we shall call the 

transport given by (7.10) Fermi trensport. We now have 

and hence, by (2.5), the invariants are 

given by 

(2.12, 

Je observe that when C is a geodesic, Fermi transport becomes 

parallel transport. 

M-ny other interesting laws of transport can be found by 

the above method, but these will not be used in this work. 

There is, however, a set of n-uples of some geometrical 

interest, these n-uples being formed by the tangent arid 

)( 

principal normals of C at each point of C. 

Xl Fermi,(5). 

ez Eiserhart,(4),§2. 

For such. an n-uple, 



-1 
we have and the 1ei-it-F-17-tt formulae give 

Ae/ -e, 
4 e6-4Y ROW 

, 4' c", 

where e., o and K., -k are the principal curvatures 

of C. 

Lenee, from (2.7), the non-vanishing invariants are 

3. Relative co-ordinates. 

Given a point P of V.., co-ordinates/i°4;--44"/) can be 

found such that 71,-o at P, and the geodisics through. P are 

given by -.Ps, where s is the arc, and the f'r are 

constnnts, being the components of a unit vector at P. Such 

co-ordinates are called Riemannian co-ordinates, and, with 

the same point P as origin, any other system of Riemannian 

co-ordinates Is given by a linear transformation with constant 

coefficients In particular, for a given n-uple at P, we 

can find a system of Riemannian co-ordinates such that the 

parametric directions at P are the directions of the vectors 

of the n-uple. These co-ordinates are called normal 

co-ordinates, and are completely determined by the given n-uple. 

From the definition, it is evident that normal co-ordinates 

in a Riemannian space correspond to cartesian co-ordinates in 

Euclidean space. 

Let P be the point s.s of the curve C defined by (2.1), 

Eiserart, (4 ), ,1.3. 



and let .147i be an n-uple given at points of Co the n-upie 

at P being 444, Then, with P as origin we can find 

normal co-ordinates (2°,z1,---,z4'-') having the parametric directions 

at t. If the subscript 0 indicates values at P, 

then Ath P as origin, a system of Riemannian co-ordinates is 

given by the transformation 

X (2r1 )0 41'1 -2-f; 6-4)ori 

where the coefficients are certain well-known functions of 

the Christoffel symbols and their derivatives. The reouired 

normal co-ordinates are now evidently given by 

where are the components in the yls of the vectors. 

;le have 4/47% Ael , and from (3.1) giving 

hence, the normal co-ordinates are given 

by (Z.1) and 

147%z° 

Dropping the subscript 0, the above equations give a 

system of normal co-ordinates at each point P(s) of C. 

These co-ordinates, Which we shall call relative co-ordinates, 

give a direct generlisation of the theory of moving axes 

along a curve in Euclidean space. We obs,-rve that the 

coefficients in (3.1) are now functions of x4(s) and we can 

wrfte 

WI ere 

f '444) j4r" I-44(P 
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The relative co-ordinates tre thus given by (3.3) and 

The components 'V are nunctions only of s, so we can write 

A A 

where F(z) is given by (3.4) and t3.5). s,1 that 

Q lstiheappint (z) referred to P(s) when .as co-ordinates 

,2--) In the system of relative co-ordinates with. P 

as origin, 

4. Fundamental Formulae. 

Let Q, be the point (z) referred to P(s), and let Q' be the 

point ìz4.1z) referred to P'isidsi, and iz4s2-.) referred to P. 

proceed to find the relation between and dz, Where ds and dy'. 

re small. If is the point (x'°,'1 ,-«,x') in the 

co-ordinwtes of V, we have from (6.6), 

s4ds, 2.42) f4(s,z4sz_./. 

Expanding to the first order, and writing F2 for F2(5,zi -Are 

get 
dF4 dze 

i.e., writing .../)2..a= 

From (3.4) and (L-L;) 

Sio 

and .,,A.so 
' 

"" 6/ / "7. 
6 5. dY4 



i.e. from (2.2) 

dri_(dij_fai(0747d.).¡A 
as - d''11 

If PI is the normalized co-factor of ft,' i.e. is given. by 

then, substituting (4.2) and (4.3) in (4.1) and 

multiplying by î 

6.743T 

Changing the dummy suffixes, and multiplying both sides by 

Acro , we get 

- )2 A4'_J 
ds 

b7 (5.4), the expression in brackets can be expanded as a series 

a in the yes, so, substituting from (3.5), z, 
c,-3n be expressed 

as a series in the z's. 

From (2.2), the expression on the right of (4.4) can be 

written 

eer e c1177;4' - 162-16*/4. 

and, from the nature of relative co-ordinates, this expression 

does not depend on the particular co-ordinate system (X) of 

Hence, when expanded as a series in the z's, the coefficients 

1Tuat be invariants in V,. This is already satisfied by the 

first term of the expression, /7,4 being a tensor, and sp the 

erne must be true of the remaining part. Hence, from the form 

of this part of the expression, we have at onve that when 

is PIR1122-222YntiLalisa1221112Ilairlstificientib 

when X2 is written for z are com nnents of tensors in V . 



if 

This is an unusual type of expression for generating a 

sequence of tensors, and an independent proof of the above 

property should be of some interest in the theory of tensors. 

The first four tensors of the above sequence can easily be 

found, but after this stage, the calculation becomes very 

complicated. 'A,iting the expansion in the form 

rts: Ta.'"?"` 4 2-,f 74;47'(/' 4- - 4-m41.; 7,;(,-/A/211-1) 4-1) 

,Jvhere are the components of a tensor symmetric in 

then to evaluate these tensors we can choose 

any convenient system of co-ordinates in V, providing the 

expressions so obtained are written in tensor form. Let us 

therefore evaluate the tensors at some given point F, the 

co-ordinates of V being Riemannian with. P as origin. In 

this system of co-ordinates, we have 

o gp , - z o (4. t, 

at P, and hence, from (Z5.4), 

(5:; T U2 

and 
Si -17 1;fifikrifr-ifi;i:/..A7,1?7)'----- firpi-20. 141' 

d 

-ere the coefficients are evaluated at F. Substituting in 

(4.7), we get 

- 4.A!) 

The reouired tensors can now be found by writing the expressions 

on the right in tensor form, using the relations (4.8). The 

first two are already in the resuired form, and e shall 



jq 

proceed to evaluate the next two tensors. 

The r Fiver by'' 

rcel::.1/4 

where rr denotes the sum of products of two ra-,m is the 

number of subscrIpts, 2nd P denotes the sum of terms obtained 

by permuting the subscripts, hence, at P 

r,,f4 44- - r4is_ rfl::,1- 0.4 
Lt P, the curvature tensor is 61ven by 

Ro7p.A f-44- 

and so we have 

TapjEA. 

Similarly, 

r4Y-A- 

- 

Also 

rpyi '('y-a 

hence, et P 

r. r; r ot.4.-- 

n 1 Ao 

11 1, fi,44 

p ri 
L TY4-4" 

TA 
« 

4 r r PP( 

the covariant derivative at P of a tensor being the ordinary 

derivative, and therefore 

r 
It 

Tryi 4,4( 

giving 

7:114 YA #1: (gg)i -1;4'4 . 

X 
Eisenh.art,(4)417. 



From the properties of the curvatur- tensor, 

Also, 

I, .e 

"enee, 

17T O 

R R e). D4 pdA.y 

( n4 P( R f' R ),"4 

ocry, Y 

TatiY. t R A,of R ytoi,p R 

The first terms of the expansion of (4.6/ can thus be written 

/if R:f; R 44y re/Pp' 

In all the following applications of relative co-ordinates, 

we shall consider only the space in the neighbourhood of a 

giver. curve 0 such that the cube, and sometimes the square, of 

distances from C can be neglected. It is therefore only 

necessary to expand ( 4.4) ta the second order ir the Z's. 

From (3.5) and(2.5), 

e z)- c 

hence, from (4.4), (4.5), (4.12), and (3.5), writing 

iIckz 

we ave, to the required order 

sx4- .s-,,. r r 
Z Z z z 

J r am. 2 - dS 

(KA) 

20 



5. Application to neWbouring curves. 

It is first required to find the fundamental tensor of V, 

referred to the normal co-ordinates with the point P(s) of C 

as origin. Let 79 be the fundamental tensor for the y 

co-ordinates defined by (3.1) with s for so, and a,A, for the 

z co-ordinates defined by (3.1) and (3.5). Than from the 

law of transformatlon, 

ad-k °` 

It is knoAl that, to the second order; 

Creilwil° 

There 4, Rtappi are evaluated .t 2 Hence, to the required 

order, o it, 4 .4- y,74*.z"z'i. 

If the co-ordinates of a point P referred to P(s) of C are 

giver as functions of s, then as P moves along C, .4 traces a 

curve C'. Referred to P, a small displacement along CI at 

Is s2' and hence the tangent vector of C' at referredto P 

is 5el4's' where s' is the arc of Ct, and is the 

by 

toz 1,, WRY 

2ubstituting from (4 .14 ) and (5.2), we find 

4/a/T/iz e -1,46-i6- 2y,(11.(z.f Ia.,' 2),2,1).' 
-rg77 

'.,:haro e --1,0 

Veblen (u), 0., 

refore given 

2ccording as C is not, or is 
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null, and 

R74iÀ 

If C is not null, the sign on the left is evidently that of e. 

Any curve C' near C can be defined as above for any system 

of relative co-ordinates along. C, by fixing a (1,1) 

correspondence between the points of C' and C. The most 

useful correspondence, for a given system of reference, is 

found by taking 2°..;,9 for all values of s, i.e. the point of 

C' corresponding to P of C is the point where C' meets the 

geodesic surface orthogonal to Aq at P. In particular, if 

C is not null and the n-uple of referenc is chosen so that 

, the point Ti, of C' is such that the geodesic 

is orthogonal to C t P. The most convenient system of 

reference satisfying this condition is given by Fermi transport 

along C. ::Ith this system, y,. is given by (2.12), and also, 

, e and hence, tine z°70, we have 
rr,-ztz" 

07;1.0 ZfZ4' 
77 

where r, s, t take the values 1, Also, from (6.4 ) , 

- / - 

From (5.6), (5.7), we see that, to the first order, the unit 

vector tangent to G' is 

izo s-z- -r z 

If V, is a flat space, it can easily be seen that, -AtLout 

any ri pproxim.,» t on, 
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Ext, 
an- ' 

If the n-uple of reference is formed by the principal 

directions of C, yey is given by (2.13), and we have 

ifr 4 -e, e, k, zd-41 

In the case of a Luclidean space , k.is the 

curvature, K, is the torsion, and (5.16) are the well-known 

formulae for moving axes along a twisted curve:' 

6. Formulae for vector displacements. 

If Q(z°,z1,--,z-1) is a point of a curve C' near C, let 

/a° be a given vector at Q,, referred to the point F(s) of C, 

the/a's being functions of s. Thus there is a vector at each 

point of C', and if /14'4'./4" is the vector at referred to 
Ferlfd 

P1(s4ds), it is required to refer this vector4to P. Let this 

vector at 6 be /a°-46,e referred to F. 

Consider the point R(z) referred to P. where E 

being a small constant, and let R'(4411) be the corresponding 

point referred to P'(s+ds), so that tie vector 

referred to P', and E(/44'45/4°) refered to P. Referring to 

P, the point is (z4Sz) and R' is (-24Si),and hence 

E(Ate4 o 4 54- (z4-4SZe) 

:ritIng 6' a" fi 

7. rb s z E 1/er 4 (ptr 4 E ,a44: pp( 
Sz' 4E(144-4-ErVis 

to the first order in E . Substituting in (6.1), 



£fj"`'S/..7 

and hence, 
, ap6 " 

y r d%` 

"ubstituting for 0` from (4.14), 

dS /5 y ",/` 3// 4>,A 4) yac/ 44 4 -zY 6. 

,.-scare second order terms in z are now neglected. A higher 

order of approximation in these formulae will not be required 

for this :ork. 

From the definition of the derivative of a vector ;along a 

curve, (¢2), the derivative of,` along C' is given by 

` if,` 4(r6J Yóz 
(1?.y 

where ("rì- are the C .ristoffel symbols formed from the 

fundamental tensor a6. at P. From (5.2), 

,6- 
. 2 r ¡ a.. c a 

t a2'' t a2- " 
èá- 

% -y/ - fy,i)Za 

using the well. -known relations between the invariants y,,,,c 

Substituting (4.14), (6.z), and (6.5) in (6.4), we find, to 

the first order, using the above relations again, 

A"( S d d s d /u /u 

From (6.6 ), we see at once trnit u° is displa.ced_b pe.ra_l.le1 

transport along. C' if 
y v,, " _ a,c u,cz , (7.) 

It must be remembered that C' is now as umed to be sufficiently 

near C so that the squares of distances between C and C' can be 

neglected. 

If C is not null, consider as an application of (6.6) the 

2 



'2s 

derivative along C of the vector -,ó _ "'Air'. This vector 
is the unit vector tangent to C', so the derivative, -&-", is 
the curvature vector of C' t the point For shortness, 
write r 

_ ijh to the first order. From (2.7), yórv4- ,4,,,,A,;1X4 

and if /4 is the curvature vector of C at P, 

hence 
)/6",t 11 o -1î6-?re 

and, from (5.4), 
X T - 

-zz6Z6 

on (4.14), the vector is, to the first order 

t% -xj2c d- j 
10, 

Substituting in (6.6), we get, 
fto 

the first 
jorder, (' }16 dl -J6 z-i z J -J /1-J?[`lz-i zYJ 1%Y,142l`z-1,24y 

26.-2/4-v1.'' -D ÿZr 

Pffy = rd; 4y0Y pa; 

and f;Y is given by (5.5). r.ience, from (6.3), 
/ f > jZ .. e. y -í2/ Zy 

If the system of reference is given. by Fermi trnsport 

along C, le ó-6; , -zr, =O , yóy=6j v'-ó°aró, 

:'.ubstStuting; i.n (6.11), 

P0y - --1;";r Pr,j ' /;.r a L°?ly?rr 

and r, _o 

(ä ¢OJ 

Taking z0 =o as exp1. -,inod before, T= o ,= -erz and the 

curvature vector is ro given. by 



?/'- =,+-e--zriZfJ-!ry ;Z'rszs 
If x is the principal curvature of Cat P, 

, and from (6.13), the principal curvature of C' at 

is K' Where 

,E'X2( i4. 2 1E-74.Z7) + 2'U7. z'-,Z17Y s ¡rYZt 

k( gv>Z'f jXIY-lTrZrzsl 

Similarly, for the general case we have, trom (6.12) 

J(' _ 1.1(/ -9- A,) J ( -v- yc,.? -d Pcv?r64 /fj !£ 

For future reference, let us now find the conditions that 

a vectorp orthogonal to C', should be displaced by Fermi 

transport rlong Using 1'erm.i transport along e with 

z° =o the condition that/oó should be orthogonal to G' is, 

from (5.8), 

/ u _ e/44,1'. 

From (2.11), the components /4- must therefore satisfy 

'- 
1 C /-71,7 6/ T .. O 

S 

Substituting 

fr/om 

(5.6), (6.6), and we get 

7 f/ °y J y Y.C.O ZY 1 `lstl zy -' 0 
s 

.i..e. 
it2r j e/af`ÚZ -r*."" iryZs) / .Epzj o 

/ 

t:,..F, YF, values 
':iriF s . I-/ 

`7'/ii,. rr/, . / J 
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7. Geodesics in relative co-ordinates. 

if the curve C near C is a geodesic, the components of 

the curvature vector -Zr" ,/J5G, at each point of CI all vanish, 4( 

C is not null, then from (6.12), the co-ordinstes (z) must 

sstisfy 

It has been assured that 2 are of the order of smallness 

of z, so we see that, as we should. expect, the sbovd equations 

give geodesics only when the gr's are of the order of smallness 

of z, i.e. when the principal curvature of C is small. 

Assuming that the gr's are small as required, A. reduces to ej 

from (6.9), and 4'y' can be neglected. The equations for 

ieodesics near C can therefore be written. 

-e Y-74f ÷ir° 

:,her. Fermi traneport is used along C, and z°=o the 

geodesic ouations reduce to 

/-";.z.' = 2, (z2, 

T'ce above geodesic equations can be obtained at once by 

using the variational definition of geodesics: 

O (z1) 

where loels is given by (5.4) or (5.7), the z's being varied 

as functions of s. 

:&iting '1)&17.3) gives the equations 

I/7") - so 
4271 i°-.1 - 

and substituting for U, we get the above geodesic equations. 
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then C is a geodesic, -nd Ferri transport becomes 

parallel transport. In this case, equations (7.2) reduce to 

- z' o (7-9 

As a particular case, consider a surf,ce S in Luclideon 

and let C be a curve on S,the geodesic curvature k, of C 

being small. ue have 4&t.'2 and ti-ere is only one co-ordinate 

z, vi'lc1-1 ray be -m-east,ed in the direction of the geodesic 

norma], of C. If E. Is the total curvature of S ti en 

F-2-) with the usual notation, and hence at points 

of C the remaining invariant 1; is K. Thus from (7.2), the 

geodesics near C are given by 

2 4 KZ ...Kg,. 0 (7. 6 

If C is e geodesic, this equation becomes 

2 4 Kz (Z 

which is the classical formula of Jacobi. The above geodesic 

equations !n. V when C is a geodesic are eouivalent to equ,)t ons 

given by Levi-Civita 

If V. is a space of constant curvature K, the curvature 

tensor is given by 

RkiiA k/$,,1 ,j 

Using Fermi transport along C, we have, from (5.5), 

rv, -e l< s, 

x (7) pp.208-22O. 

fJ 
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and the geodesic equations (7.5) become 

1z/of 

These equntions cwn be solved at once, being constant, and 

we find 

z' = A'44;iile-r(s) 4-4-6 f/i7i cj 

if eL is positive, and 

= 4"4,/./1.--7 3.) 4 8',eif(7-/4-Pri4 //i 

if .eK Is negative, :.here A 8" 8re small arbitrry constants. 

Thus, if the sign of o, the neigibouring geodesics keep 

together, ;Ynd if K hss the sign of 4e, the geodesics diverge. 

observe that in a space of constant curvature, the 

geodesic equations (7.5) separate into 07,-/) independent 

equations, and it is an interesting problem in tensor geometry 

to find the conditions that (7.5) should separate in this way. 

e have , r0 and it is therefore necessary. that 

Ad-1 
.= , 

ov 0, -, 

where 1-111z . These equations si..oa that Ad-12 

must be the principal vectorof the tensor -7-ii,and hence, te 

required necessery and sufficient conditions ere that the 

principal vectors should be displsced by parallel 

transport along the geodesic C. 1-letions (7.12) are 

For an account of principal directions of a tensor, see 
Lisenhart,(4).§. 



equivalent to the standard equati ors 

tiii1-1e/Oz ° 4.0111P (:(16-... c 1., Yr., I 

3o 

where R.,- re s orne invariants. Differentiating these equations 
along Co and writing 2 , then, assuming tint 

;- A displaced by parallel transport, ie get 

- 

Thus, the principal r-uple of -rid: must be the prinelpal n-uPle 

of --Aot - These conditions 1..e necessary and also suf'f'icient, 
for .a s s wring, that Awl' stisfy 

we get, by differentiating (7.l) 

...,ultiplying by e nd using (7.13), we see th!-!t ref,. 

and hence from (7.13) , Is ir th direction of 

cut ,-/°` is unit vector, giving ;14-/-4-i ú , ,rd hence 

o i.e. the vectors. 'lei are displacd by parallel 
transport. 

Lemra. 

The necessary and sufficient conditions that two synmetric 

teraors j A. should have the. same principal n-uple are 

y Xi ? IA 
a Ai (7. /f) 

These conditions are necessary, for if s this catr on 

n-uple, then 



Rnd hence, 

a -4074 -:. ,]f1; 

6A oi Air/4 

,f ',(i e-er "11 . 

the expression on the right in syrnrretric in , giving the 

above eow.tons, 

The conditions tire also ir g-tv'ral sufficient, for /1 ssuming 

they are satisfied, then if Ao-»; ts the principal n-uple of 

4.?. c'0. 61y '104,1v/i '64.i Av/,1 

Thus, if is ekoi e .0. cep , we have 

.):d y./ PI O 

showing that Ae/4 is the principal n-uple of 4 . 

can now say nt once tht the ncessary qnd sufficient 
conditions that the equations (7.5) shol)ld separate are 

94 7 -r,ci - ,r,s; 0 

who :re 
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8. Null crodesicq 

:e shall proceed to consider null curves near :ihere C is 

row 2 null. geodesic. It will be assumed that the parameter J., 

no longer the arc of C, is chosen so t1-..t the geodesic eqlryttons 

of G in V, take the usual simplified form, then being 

deterTlned except for arbitrery additive and multiplicative 

constents: The vector wk.ich we shall always write 

as Al is determined when s is chosen, and will be calledthe 

tengent vector of C. It Is at once evident from the geodesic 

equations that the vector /1 at a point of C is displaced by 

parallel trnsport along C to become the vector AL at any other 

Point, with the usual definition of parallel transport along a 

null geodesic. Relative co-ordinates can be defined as before 

with respect to G, and, many of thé above general results are 

still true, One Important difference, however, is that we 

cannot now choose a convenient n-uple of reference with one 

vector of the n-uple tangent te C. Y,E) shall use the same 

rotation es employed above, e.g., 
, 

::e now have e O 

etc. 

and from (4), the arc s'of a 

curve C' near C is given, to the first order, by 

14/7Ft 174xz.r 

(6.81, where, as before, 

4. 

x 
.e shall call such a parameter of a null geodesic a null 

parameter. 



J= 
If V is a null curve, z/C2'. s and. hence, 

47- 

2 

3? 

Thus, if C' is e null curve ner s null geodesic C :1-1(1 If 

is the vectoroining_at P of C to a correspor1111. 

ìdtuwt Q of 0'2 then &12,40' Is constant as P moves along 

C. This property of null geodesics is due to J. Synge and 

A. J. IlConnel1,(8) 

The above invariant property has been generalised. by Prof. 

E. T. 'llittakerxv,ho proved J, as defined above, is 

independent of the particular correspondence between points 

of C and C', so that J depends only on the two curves qs a 

whole- and not on any particular points on them. The follo,ing 

is a. short proof of this generalisation. 

if the correspondence between points of C and C' is given 

a small arbitrary variation, the point of C' now corresponding 

to P of C is where is found from *by-a small -rbitrary 

displacement along C'. Thus, the co-ordInfates of T referred 

to P are , where E is small arbitrary function 

of s. 

:hence 

(1- 4 S f 'Zia-E lea-2 E S 
d s 

,F7-` 
,T 6 -21,5-77.-- 

From (,:1.14), to the first order, 

(9), theorem 1. 

4.} 



14- 7°- 

from (8.1), and. . Hence, 6-0-..=o for all values 

of E, J.; is unaltered. for sq1l arbitrary variations in 

the correspondence, which proves the theorem. 

:Ìe shall now state and prove a new theorem of great 

importance in the study of sptial distlq,ce In Relattvity. 

If P0,7) are points on. the null geodesic C, let p 1enote a 

thin pencil of null geodesics through P. pasping near P. 

Then the volume of the (n-2)-dimensional cross-section of g 

by the locala flat sub-space .1, orthouonal to a vector YIJt 

is indeendent of v.', i.e. the volume of cross-section. -t P is 

ind222ndent of the particular section chosen et P. 

Referring to relative co-ordinates along C, we shall define 

the correspondence between the points of C and any curve C' of 

p by tal?:ing z°=o,and we shall show that the volume when 

is equal to the volume for any other cross-section. 

The null geodesics belongingto the pencil p are given by 

equations of the form 

-z '7s; »De') - -n-)) 

Where 2-'1-0 at ,and the a's are constants, varying for the 

different geodesics. The space at P orthogonal to 

is 26-q, In relative co-ordinatcs, and, writing 

the linear element of the cross-section at 

by this space is given by 



1-e 

If the space 2°=.0 at F meets 

point the vector Sz%is is 

3s" 

a null geodesic Cy(z) of p at the 

tangent to C' at and hence, a 

wherr point 7 of C', near J6 has co-ordinates 

is some sr-'all function of s. Choosing E so that is the 

point where C' meets the space orthogonal to a vector 1/4: at P, 

and neglecting second-order terms, the points of the cross-section 

of p by this space are where e is now a 

function of s and the «' depending on. Y2. 

The element of length of this cross-section is given by 

C is null, giving -R-ua 

the z's !sIll vanishing at Po. Hence ;),," and we 

have, from (8.5), 

- 2 2) E Ito 2:>z' 4(7;) )2. -utr-u" 

Also, tr.° for e,,,Ieh of p, 

Thus the linear element of the cross-section at P is 

independent of the particular cross-sction, from which the 

theorem follows immediately. 

The above theorem is a direct generalisation of a simple 

property of surfaces on a null cone in a flat space. For 

example, In space of the form 

jrz, 

the null cone through the origin is given by 

PC 1. 'ef 



and a surface on this cone is given by an expression for r 

as a funci on of l,n',r. 

Its line element is 

,,Lien 

s'nce 2-12= LtlL so Thus the elements of distance and 

area at any point are the same for all surfaces through this 

point. 

9. Equations of null geodesics. 

hen C is not null, a convenient system of reference is 

obtained by taking (n -1) vectors ofx n -uple orthogonal to C 

at o-'ch point. This cannot be done, however, when C is null, 

and we shall now find the most convenient system of reference 

in this case. ie shall first prove some elementary propert es 

of null vectors and curves. 

Let a04 be an orthogonal n-uple at a point r', and let A~ 

be a null vector at this point. If 

(n -l) vectors orthogonal to 2`, we have {' 

hence i1` 
, 2r/` 

are 

and 

cannot all be independent. e have ansira ̂ d 

that 4,1 ̀ .A, n independent, so, independent vectors 

are ortho onal to a null vector, this null vector can be 

expressed in terms of the (n -1) vectors. e can, however, 

choose the (n -2) vectors alai` , / /az,7,- ---^-'/ to be orthogonal 

to and independent of AV and if this is done, we see at once 

that any vector orthogonal to mil` can be expressed in terms of 
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A' and AP/ 7-/°".'-. ""/ . fence, any other set of (n-2) mutually 

orthogonal vectors orthogonal to and independent of A` is given 

by eauat' ons of the form. 

"°/; -. Ìp Agis ' cep 2' 19. /J 

where y takes the values 2. ?, n -ì, ;rd from the conditions 

of orthogonality, the must be coefficients of an orthogonal 

transformatI on in 

If, at P, 'Idyl is an n. -upie such that -L4 is not 

orthogonal to ,12 and the (n -2) vectors An' rire orthogonal to 

and. Independent of Al, then .1,/` is determined to within sign 

by -lo,` 0...1 AA/4. Also, ßi2 can be exressed in terms of 

Awl and 
Liz 

, i.e. '1i /" can be exprJsled in. terms of 

and AI, and as is orthogonal to A.'', we see that 

a` is determined completely to within sign by A' and ao /` . 

hence, f /x'- the sign, the vector -1,/, which may be called 

the con,jt, +.te of Ao/j, is given by 

Cri 
(a .(441.) 

nd we have 

le, = -0 
hen C is a null geodesic, the tangent vector -1' t each 

point is null, and we can assume that the n -uple of reference 

satisfies the above conditions at each point of C. Hence, with 

the usual notat'!on, we h ve 

1, c-fo "2(ico I!p =0 "'p, 

Also, if Aviz is displaced by parallel transport along C, then, 



from (9.2), is also parallel along C, and -v,-14+t.. 
If C is a null curve near C, we find, with the above 

system of reference, taking 

-u, Z' = -146z1 dr. 

hence, all the null curves giving the same value to J meet the 

locally flat space orthogonal to .-10,-` at P at points of a 

flat space given by 

A 5- 

in the above co-ordinates at P.x The normal to this sub-space 

of is the direction conjugate to and the distance 

from the or1L-,in is ,1/.1440,i 

If t is any parameter, the null geodesics in V,. are given by 

dze" 

where is a function of t ,and a null parameter is given by 

c There -1(1,1141. In finding the 

equations fora. xrull geodesic C I near C, it must be remembered 

that s, though a null parameter of C, will not in general be 

a null parameter of CI. 

If, with the usual notation, -zz' ó'c .r/is then, f rom (9.6 ), 

the null geodesics near C a re giver by 

-ze p -24,1 

1.here k is some function of s. Using a general system of 

reference and substituting from (4.14) and (6.6h these 

equations become 
Er z 

Clf. (9 ), theorem 



,Aere pa, is defined as in (6.11). .:Je have used the fact 

that -11, C being a geodesic, and also assumed, as 

is evident, that y/ is small. If A, is not orthogonal 

to C, we can choose k so that z°=o for all values of s, 

and we get 

Pie° - Y's 15- 

7here (s) takes the values Hence the geodesics are 

given by -z° o and 

-2 - rs.1 25 O 

It must ,Jso be remembered that 47-wiz,-,-.4e, for this is not 

given, as an integral of the equations (9.9), 

If the system of reference is chosen so that 

the null geodesics are given by .z.°=0 s 

- yAs _rAszf 

and 

3 9 

important set of null geodesics near C are those for 

which o. Zith the last system of reference.-',to and hence 

These null geodesics are therefore given by 

and 

- 2y 

where takes the values From (2.7) and (6.11), 

r-,5- -4 

hence, if )1,614. 

along C, 

.,/fty , 

0404,kif,i .4 /3 

are given by parallel transport 



and equations (9.11) reduce to 

ZA -T y,z5 c o c 2,9,- n-,). (9./7, 

It may happen that the geodesic eau ti ons reduce to this 

simplified form for some more general system of reference 

satisfying =o Let/NI be (n. -2) mutually 

orthogonal vectors orthogonal to and independent of A" and 

given: by parallel transport along C. Then from (9.1), we 

must have 

.1,., 
I 

where the f -J are the coefficients of an orthogonal 

transformation, and the a,s are some functions of s. If 

refer ,> to the/u ,s we have 

)7,45, 3pf- ÿ 
It is reeuired that );.,.0 

from which we get at once 

Thus th.e vectors f;2,i` 

and hence, 

4;4-:27--ri'/ 

are displaced by parallel 

tr °.nsport Along C, and we can write 

p)% /u i p / 

where are given by parallel transport, and the a . are 

any functions of s. From (9.14), AA/i". w,..l` , and hence, 

Thus, the necessar ° an;.i sufficient 

conditions that the geodesic equations should take the simplified 

form ( 9.13) are that the (n -2) vers A,2 should be given by 

(9.14). This result is very useful in applications, e.g. 

and As,' is 
_ 
iven by parallel : ransport along C, 



A711 can be any' vector orthogonal to .L4 and /12. 

If, however, )014 is given by parallel transport along C, 

we find, by differentiating At,; that 

and hence, must be parallel along C. 

In the following work, it will be assumed that is rot 

orthogonal to Op and the vectors A. are given by (9.14). 

In space of constant curvature, the curvature tensor is 

given by 07.3), and we find 

f;5 4./6 

The null geodesics for which 7..0 are therefore given by 

ze and 

o zA 0(74 sr6 
where the a are small arbitrary constants. 

#/6 

10. Pencils of null eodesics. 

de shall now raturn to the consideration of a pencil p of 

null geodesics through the point P.(so) of the null geodesicC, 

and passing near the point P(s). All the members of p satisfy 

jr=o, so, with the convenient system of reference given in §9, 

the null geodesics of p are given by and 

r-A,Z5' 0 

where O 

Ko. /) 

are (n-2) 

independent sets of solutions of (10.1), each vanishing at 

the general solution of (10.1) satisfying the 

recuired conditions, can evidently be written 



71-0 

where the a's :Ire (n-2) arbitrary constants, vrying for the 

different members of the pencil p. hence, from (8.5), the 

linear element of the cross-section of p by the space z°.7-,9 

at P is given by 

s 44'4 47) 

where 

CA V5, e 6.P. I e f P Ç 

and if /c/ denotes the determinant of the C's, the volume of 

the cross-section of p at P is 

Thus the limits of the pencil p only occur in K as a constant 

factor, and, for each pencil, 4, is proportional to /7747:7 

as s varies. Each 0 vanishes et s, and 4, is therefore of the 

order /-Y-Y.f' as s-J co . hence, if we define 

= e K 

where _ 
1. r 

and e is chosen so that V is positive, then as 

(io 

S S o and also, V is independent of the particular pencil 

p chosen above e have shown /is) that the volume of cross 

section at P is independent of the particular section. Thus, 

V, as defined above, is completely deterrined by the null geodesic 

C, and the points P., p, except for variations in the null 

parameter of C. 

shall prove that if are the values of the 



Parameter s at 4) respectively, then V is unaltered by 

interchanOng se,, s, i.e. the same value of V is obtained by 

considering the 7olume of cross-section at of a pencil of 

null geodesics through P. 

4? 

To prove this, we shall use the matrix notation. Thus, A 

is written for the square matrix with terms /9;,. where i denotes 

the row and j the column. The product of two matrics A,B is 

written-7).W where 24 -4A.4 , the product being row into column. 

It must be remembered that, inkeneral, The reciprocal 

of a matrix A is written and is given by- ///r =j where I is 

the unit matrix. It can be shown that 0-r1-4, and hence, 

-,9/1"/ The value of the determinant formed from a 

sc.usre matrix A is written /4/. If 2).9.8, then /.7,/.-41/3/-1, 

and henee, /4'7- ////4/- The divergence of a matrix A is the 

scalar ,1 and is written vI. Also, if a is the vector 

written as a column, the vector fi.; can be written. fi401. 

Let P denote the matttx 4 and rthe matrix f4,etc. Then, 

from (10.1), we have the matrix equation 

f 

From (10.4), we see that 

c/ ea 4-- /AP- 

LL 
41~, 

K Kr-roj"-2 

The complete solution. of (10.1) in terms of 2(n-2) 

l 7j 



arbitrary constants G,/3)6 can be written, in. matrix notation 

z 

where , 4 are some functions of s satisfying 

re 
It is required that z-;0 at and hence, if a bar denotes 

the value at s , 

Pre-multiplying by Vi we get 1:1.t once 

giving 

z = 

hence, 

Pre-multiplying by 

v'fb 

and therefore 

(id 11) 

(%0.1Q., 

/ib/ /1/.14/. 

From the form of 4, we see that /AI is at most altered in sign 

ten s0 and s are int-rchanged. Substituting in (10.8), 

(s-rj'-'- ,Z-11 0-icer2". 

Now each term of A vanishes at and hence, 

Thus, 

Ai 
(r- to' /1/ 

y / /A/ 

/ Tit /7/ 
ii7,4/#1(.44/ e 

Pi a ill 
o see that /J./P/./n/ is at most changed in sign when 



s, and s are int-rchanged and / P/./g/ is a function of s. 

only. To complete the proof of the theorem, we must 

therefore show that /P/g, /81 is independent of s. 
Vri ting S, ffe"B we have 

Aa; ÁF. 
Also, from the formula for the derivative of a determinant, 

A.- /8/ t: /0/. %z- r",ì /2/4r( 
have PP= and therefore, . 

JJF F 

From (10.10), re 01 and hence, 

7-0 

i.e. 
- 2 6-8 

where 

Hence 

/5/ - /N/ 14:sr (-2 8 - //11. 6:. 

Also, 

/%-d. .r} 

6.o . 

/A1,06.-/14-,A,/ 

9./WJA/44-10 4 /W/M/ .1 . 

1 e. /1,/./9/ is inriependent of s. hence, f rom (10.14), 

V is unaltered when sc, and s are intrchanged. 



As a matter of int rest, we shall now give another proof of 

the theorem of 18, u.hich states that the volume vr. is 

independent of the particular section of the pencil p at the 

point F(s). Changing the section at F is equivalent to taking 

e. new set of (n -2) vectors 2I ,s,"1 and by (9.1), these vectors 

can be °.'ritten in terms of the original set of vectors rind 44 

thus 
;T/6,4'*: 

, a 
p+' -I,$7 r,a a 

where the are coefficients of an orthogonaal transformation 

and the are any functions of s. iáe observe that the f'.* 

must be constants in order tY:,rt the new set of vectors s ould 

satisfy the required conditions of transport along C. The 

new r's are given by 

ry = Rc94 ,J(/14.-IP/-44` ' RxyA.,194 1,s'ly' 

, y' f;:,'159; 61'2°J F05, c. ¡' 
++ 

The new co-ordinates z are therefore solutions of the equations 

z= Tyzs _ rf,r,,4ÿ/1- `r 

which ca.n be written. 
Ayrpz)6/í T9'lf5;./5Afi. 

Co:nraaring with (10.1), we can write 
, 

rf . z . .y 
, 

and hence, the new functions are given by , = t;" :hïch 

can be written 

when .f is the matrix 7,:f Hence 
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/V -/r/,/0/ = t/111/ 

from the fact that /1/, ti when t is an orthogonal 

transformation; and the theorem follows immediately. 



P1-1 T 

Kimtc fidrics IN RELATI r Y 

11. Fundamental ideas of Kinematics. 

A particle or observer can be considered as a curve, or 

world-linet i , n 4-dimensional space-time; in fact, the world-line 

is the pbserver. When talking about the observerat a 

particular 'instant', we are considering a farticular point P 

of his world-line C. 

At the instant P, the instantaneous space of the observer 

is the local 3-dimensional Euclidean sub-space S orthogonal to 

C at P, and as P moves along Op the observer appears to make 

observations in the series of sub-spaces so defined. At 

each instant P, the most convenient frame of reference of the 

observer is formed by a set of three mutually orthogonal axes 

, 

in S(F)x2. , and the observer is then referring to a system of 

Cartesian co-ordinates. Ir space-time, the observer's frame 

of reference is thus given by three vectors 

rutually orthogonal and orthogonal to C, and these, toEether 

with the tangent vector 'ts1,-10,1 of C, define a system of 

relative co-ordinates (sc%zs/.z.9) along C. The instantaneous 

spaces S are the sub-spaces s°s0 and the remaining co-ordinates 

z 7.) are the Cartesian co-ordinates of S. 

Lddinat on, (7 0), A. S7- 

ehen there is no ambiguity, S will always denote an 

instantaneous space, and S(F) the space at the Instant or 

point F. 
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The aufr time of the above observer C is tie arc-length 

of his world-line. This time has the dimension of length, 

and the unit of time is the astronomical unit, -Allah is such 

that the velocity of light is unity. 

The observer C can now make observations. Suprose he is 

observing a particle the world-line C' of this particle 

being near C. The curve C'will meet S(P) at a point Q, and 

at the instant P, C will say that the particle is at the 

position As P moves along C, will move in S, and this 

motion will be the motion of the particle as observed by C. 

Thus C can measure the velocity, acceleration, etc. of the 

particle with respect to some chosen frame of reference, and 

his own proper time. In the above system of relative 

co-ordinates, the correspondence between points of the curves 

C and C'can be defined. by taking zo-L o and C'is then given 

by -z as functions of s,(f5). Hence, the motion 

of the particle as observed by C is at once seen to be given 

by the Cartesian co-ordinates (z,/,-z1,.z.') 

s, where s is the time. 

as furetons of 

- 12. Proper, relative fld observed motion. 

We see that, in the above system, G can make no observations 

on himself, in fact, he would say that he is stationary at the 

origin of his frame of reference. Yet, from the fact that 

his world-line hs certain invariant properties such -s 

curvature, it would seem that he ought to have some motion, 



which :Je may term proper ,'otion, defined completely by the spnce 

time and his world-line. Lis notion, if it exists, must 

therefore be measured by some ohs-rver or observers ,q osc- 

Torld4lines re determined by these data, and the most natural 

Observers to do this ,are those moving freely in space-time,i.e. 

observerr, w' ose world-lines are geodesics: 

t each point P of C is a geodesic U(1) t ngent to C, nnd 

the free observer corresponding to this world-line can be said 

to have tie same instantaneous velocIty_LI1_1h9c3bserver C at 

the instant P, for any other observer will observe G and d to 

be moving together for a short interval at P. Let us 

therefore define ILL=22.er motion of C at an instant P as 

being the notion of C as measured by the free observer at P 

haling, the same instantaneous velocity as C. 

Je at once see that free observer has no proper motion, 

and the mfopq' velocity of any,particle or observer is zero. 

it is now necessary to decide what frame of reference a 

free observer ;Till use. As lis world-line is a geodesic, 

the most natural franc is formed by any set of three vectors, 

mutually orthogonal and orthogonal to the geodesic, ñich are 

displaced by parallel transport along the geodeslc. It is 

not necessary to specify any particular set of vectors, for 

the resulting measurements when expressed in terms of the 

'Eddington,(11),115. 



space-time are either scalar or ventor quantities, and. are 

therefcre independent of the p9rticular frare of refrence. 

having. decided upofl this system of observation, we can 

use it for more general purposes, have already explained 

the motion of ('as obsrved by G. Now, at the instant F, 

instead, of G ,esuring the :otion of C'let :(7(i;) measure tris 

motion. ;:e shall call this the motion of C'relative to G; 

it can be considered s the motion of C'f:,s observed by C 

with acme allowance being. made for C's proper motion. If 

T -!2.3 the frame of reference used by C, rd T(F) ite, frame 

used by T;(F), e shell generally tIssume, for convenience, 

that T(P) coincides with T at Thus, y,::(.en T is given 

at all points of C, the frames c)f reference of all tKe 

associated free observers are comr'letely defined. 

If a unit vector in Is giver at each pint ? of C, 

we can tefine t proper angular velocity, acceleration, etc. 

of this vector in a manner similar to the above. it the 

vector is 1 in the relative co-erdint es. efined above, 

and 1' the direction cosines of the 

vector referred to C's frare of reference, the f,$ being, 

funct!ons of E. Let us find the proper angular velocity 

of this vector, when the frame of reference is displaced 

by Yerni trnport along C. Athough, from the theory 

of reatIvity, 'Jo know that 

shall retain the eis for completeness. 

s-1 



If is the vector at P of C, let Q. be a point a small 

arbitrary distance from P along S' and let C'be the locus 

of such points as P moves along C. Then referring to P, 

has co-ordinates 

zo,- , 
z -11'41-2-9z 

When dealing -iAth problems such as the above, we shall 

consider a point P'(s) of C, and the geodesic (7. will be the 

world-line of a free observer, near C at the point 

shall find the results 2S observed by (3, and then proceed 

to the limit, P'becoming the point P of C, and C the geodesic 

tangent to C at P. Ne shall consider the above problem in 

detail in order to demonstrate this method of attacking such 

problems. 

Let C',(7, meet S(P') at the points-respectivelytand let 

P4be points of C', (5 such that the vectors 

nre both orthogonal to d at P. Then when C observes the 

event P"(at his instant P"), he also observes a particle C' 

to bc .?,t the position Thus, although the given vector 

at Pdis in the direction P'9', the vector observed by t is 

in the direction ?"9'. 

If 2' are the co-ordinates of T'referred to then 

in the limit when P"is at i, , E being tangent to 

C at P. and the same Is evidentl-,j- true of the co-ordinates 

of 'referred to Thus, from (5.4), g-./, 64:=0 

when P'is at P, there dF'is the element of ,:re of 5. at f: 

similpr results exiEt Ir all such problems, and we deduce 
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that in all problems dealing only with velocity and acceleration, 

we can take s the arc of C, to be the_proper time of the 

observr C. 

The point .4'of C'is near n' Hence, if 'L'has co-ordinates 

7-zoso), referred to P the tangent vector of C'at from 

(5.8), (i, -r) , and the co-ordinates of Q" re 

where A is some small function of s, vanishing when P's at 

P. The unit vector in the direction P'9 Is therefore 

- "ì i.e. from (1.1) 

f ' 

-r 
52, (;Q3) 

Let,' referred to points of C, be a vector orthogonal to 

C. at points of and given by parallel transport along C. 

Then. from (6.7), if icee is the vector at F: 

r° o o 

when P'Is at P. The cosine of the angle between this vector 

and f"- is e - /aer`r and hence, when P'is at P, 

, ) 
, -r 

// -64 IS 

Choosing vectors to coincide with the frame of reference 

of C at P, we see at once that the proper rate of chane of 

the direction cosine S' is simply i-. 

If the vector is displaced by Fermi 

trDnsnort along C. hence, if a vector at points of C has 

112.22222/22ngular velocity, it is displaced by Fermi transport 

along C. This indicates the most suitable frame of reference 

to be used by any observer, for if the three vectors are given 



by Fermi transport, the frame of reference *0 formed has no 

proper angular velocity. e shall therefore define the 

motion of C's observ2L-p C to be the motion as mensured 

with respect to such a. frame of reference. The above frame 

of reference reduces to the natural frame when C is a free 

observer. 

l3. rcceleration relative to n observer. 

4e shall n w find the acceleration of a particle C' 

relative to the observer C. Referring to relative 

co-ordinates with Ferri transport along Co we shall use a 

method siml,r to that used ',Wove for angular velocity. 

s before, let P'be A point of C oopp.0, and let S(0 

meet C; 7 at the points Q:0 f'respectively. Referring to 

P; let (7) he the co-ordinates of ,'and (E) the co-ordinates 

of T: Then if f is the point of such that f 'is orthogon,1 

to C at Fo when the particle C'is observed by C at the instant 

P, it is also observed by E at the Instant f, and the motion 

of the lorttele relative to C at the instant P Is the limit 

when P'is et P of the motion of Q,'referred to T. 

From (5,8), the tangent to 7b- at P, referred to P, has 'We 

direction //, and as f is rear f; the co-ordinates 

of F can be written where 

being some small function of s. The point (7), 

and hence is lzcr-7. The condition that P' 



should be orthogonal to U is therefore 

e(zo-i'°.; 4 e, '7Z 7' 

'eP 

Yhen P'is at P, we have 

from (7.2), and hence, at P, 

A O ; - 

2) 

Iffy referred to points of G, is a vector orthognnal to x' 

at points of U, we have, from (6.7), when evaluated at P, 

s657-7ri/us.) 
. 

hence, t P 

A. eqr, 

The vector TQ'is 1zer--"i") and the projection on to the 

vector /46- is 

Therefore if fR refdrred to P Ts the acceleration of C's 

observed by C, the component in tha direction /or is 

/a, ( 2A,-( 

where the right hand side must be evaluated at P. 

Substituting from (13.1), (13.2), (13.3) and (13.4), we get 

/7. fo; /a7f 

hence, the acceleration of the particle C'relative to C at 

the instant P is 

If C'coincides with C, the acceleration of C'relative to 

C reduces to the proper accdleration of C. :riting 2-.0 
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in (1 X3.5) , e find 

i.e. th&.- proper acceleration of a p r. title at an instant is 

the curvature vector of its world-line at this point. From 

this, we see that the scalar acceleration is the principal 

curvavre of the world -line. 

The proper acceleration of Cat the point is therefore 

v. 6 given by (6.13). 

The component -Ir'° = -41".Z' 

small. 

is orthogonal to S(P) and is 

The remaining components give the projection 

onto S(P), and writing 

f'- = l' r 2 rJ -zr' 4 

we have 

Hence, from (13.5), the acceleration of C'rei tIve to C can 

be written 

fat", /-Q-vizrJ' 1 rs¿J 

i.e. from (5.7), 

This is the type of relation we should expect, for ds //s is 

the factor relating the proper times of C'and C, and the 

term f-:;2' is due to the curvature of the space. 

The acceleration of C'ss observed by C is .f,.; .:2- 

and (13.5) can be written 

ff,Z fY j f,-; - e f 27 0. Jf 

The term -ef' /ffz'I gives the deviation from the addition 

law of accelerations. Actually, the world -line of a 

particle or observer differs only very slightly 
fro 



geodesic, so the -1 -s are usually small, and the term 

C7r °tZtJ is very small compared to the other terms. 

Hence, in general, the addition law of acceleration is a 

very good approximation. 

The cceler Lion of C'relative to C can be expressed in 

terms of V.,, by a vector F` given by F` _ filly -1,/" If 1' 

is the vector P!, we have zY =e, !`'J7 /< and 74',1; =o. Also, 

from (2.11), 

Acnce, 
i er "11./..: 4 er f T 

i,Y 

t {i 
e, t ~ r/.i j %. 7 T/t ' -eT 

From "444 a 
, rtre, have .l = -ír` , where 7' _ -1 ` is 

the curvature vector, and we get 

Z 
.r ee r7 .t 

Also, T` 7< 

F _ 

and 

44,1).71`-I. 

Si- - P '14 t 

{ -e%d,1d>-i' 747. 

57 

hence, fron (13.5), 

/o) 

The terni -7` is the component of the curvature vector of C, and 

the remaining terms give the component of the part of the 

vector 12 = dzl /Ls normal t o C. 

14. Uniform pro er acceleration. 

If the proper acceleration is constant at Points of C, the 

observer C can be said to be moving with uniform 0roper 

acceleration. The conditions for this are 4--.0 , y:,,z,,) i.e. 



ss 

4 Se have and =o hence, we must have 

o "I/" must be in the direction Jl` The 

Serret-Pren et formulae give 

.7; 

and 
J 

f,'K 

- e1,' K ̀ l ptL K k, 4:, 

where -1,"»,-1,Y are the first two principal normals, and K 

is the principal curvature, x, the second curvature. 

hence if x is not zero, the necessary and sufficient 

conditions are 

e o , x, e o 

i.e. If an observer is moving Ath. uniform proper acceleration 

the principal curvature of his world -line is constant, and 

the second curvature is zero. 

In the flat space Oi special relativity, we must have 

where a`à: 

i = cY ` L4/ X$ f 19 `.i;rÁ K s 

_ i ar; The four-dimensional position 

vector is therefore given by 

Y d /A 4, lis t mks! 

where a is an arbitrary constant vector, and á,, are two unit 

orthogonal vectors, 0( being time -like and space-like. 

The curve is therefore a hyperbola in a two dimensional plane. 



S'? 

For rectilinear motion, take g so 

wr5te 

and 7szso 

r.r. 74074 o, ) f: /4 4 4. Z41.46 , o) 

a being constant, and we gdt 

g t 6( Ahle I. /0( CP-Ail A< I 

X 444.eal 441.4 s i ¿s( 

i.e.- x Z xt fi4,4 

Lie can 

To find the limiting case for classical rechanics, we write 

C T and, as k is the scalar acceleration, xsfi. where C is 
the velocity of light, T is the classical time, and F the 

acceleration. The curve is thereforet 

cz72 

and hence hence 

0 / I JFTZ 4 oiN, 

Making C-'oO , we gdt 

i.e. the parabola of classical mechanics. 

61-4 St} 

15. Inertial frames of reference. 

hen the special theory of relativity was extended to the 

first general theory, it was assumed that at each point of a 

geodesic in a Riemannian space an inertial frame of reference 

can be found with respect to which all neighbouring geodesics 

have no accoleratIon. le shall now prove that inertial frames 

of reference exist along all geodesics only when the space is 



o 

flat: 

Referring to relative co- ordinates using parallel transport 

along a geodesic U, the neighbouring geodesics are given by 

mot.. o and 

- o 

if an inertial frame of reference is given by //1,./'.1;4.),A. ,v !;, .1,,` 61479ß, 

'f -:here f; are the coefficients of an orthogonal transformation 

in 1/ 7 the new system of relative co- ordinates (m) is given by 

f;$44r1 , and the geodesics are solutions of 

f¿ .47A 4 2 í 4v15 f¡ ;e -r; f» S= o óf2J 

It is therefore required that all curves given. by equat'ons of 

the form .cvA_ a's } r6 should be solutions of (15.2). 

"ubstituting in (15.2) and equating to zero the coefficients 

of , 110', we find that we must ha ve 

1} = 0 i; t..o 

The second equation shows that the vectors of .sri inertial frame 

of reference must be dis laced b arellol trans ort along the 

geodesic. `'ubstitu.ting; in the first equation, we find that 

we rust have rte. o which, from (5.5), leads at once to 

R,44s.4 A9á o p,,,2,7 

These, then, ,re the conditions that such a frame exists along 

the geodesic with tangent vector 2 . If these conditions are 

required to be satisfied by all geodesics, the equations (15.4) 

must hold at every point and for all unit vectors A2. The 

XThis result wa.s first obtained by Prof. T. :hittal7er. 



necessary and sufficient conditions for this are 

"ti e have 

R 4 RA,l A o 

,2nd by (15.5), 

(i,4.4;A = 0,+i,7; 

fi I/4 } R,r4 *d 

R 44:/ ° - Rá,1,( 

hence, the conditions are 

R ,[.ids = 0 

i.e. th(, space must be flat. 

i 

16. `'ï ,id motion. 

Let C,ó Cg be the world-lines of a system of particles 

sufficiently near together so that the cubes of distances 

between them can be neglected. Then we may say that the 

system of particles moves as a rigid body if an observer on 

each particle can find a frame of reference with respect to 

dlich all the other particles are stationary. This is 

evidently equivalent to sying that the geodesic distance 

between any t-o world-lines must be constant along these lines. 

If C is ône of the world- lines, then, referring to such a 

frame of reference as the above along C, the co- ordinates of 

points of CA must satisfy 

and we must now see if the condition that the distance 

between Cis, cy should be constant follows from (16.1). 



Let the geodesic space orthogonal to C at P meet C, at 

(i4(zoi) and 4 at 05-(2/r4, and let the space orthogonal to 

C/6 at 4)/. meet C. at 9/9- . The distances 9,09*, Q,.<6., and 

the angle, ( (41- (e' are first order quantities, and 

therefore, to the required order, the distance OA (+)', is 

eoual to the distance QA 4)5,- From (6.5), we see at once 

that, tothe reuired order, the geodesics in normal 

co-ordinates are straight lines, and we therefore have 

0)/5 - -2;,t 
Eenpe, from (16.1), the distance 0169ç is constant along 

and this is true for all values of p,q. Thus, the 

necessary and sufficient conditions that the system should 

move as a rigid body are that, along any world-line C of the 

system, a frame of reference can be found with respect to 

which the remaining world-lines are given by equatons of the 

form. (16.1). 

The above frame of reference can be considered to be fixed 

in the body. If it is given by Fermi transport along C, it 

has no proper angular velocity, and we can say that the body 

has no rotation relative to the partiale C. 

If a frame of reference is given. along C. it is not 

necessarily fixed in the body, and the conditions that the 

body should be rigid become, from (16.1), 

z-L 

where z7, refers to the givenfrar,e of reference, the 

are constants, and the are coefficients of an orthogonal 



transformation in )115. If this fraTne of reference is given 

by Fermi transport along C, the f's give the rotation of the 

body and the components of angular velocity are, from a 

well-known result in classical kinematics, 

3 

17. Non-rotating_121i2a. 

If C is one of the world-lines and Fermi transport is used 

along C, we have said that the body has no rotation relative 

to the particle C if the other world-linos are given by (16.1). 

If these conditions are satisfied, let us find the conditions 

that the body should have no rotation relative to another 

particle C' of the body. Se shall now assume that the body 

is small so that the squares of distances between the world- 

-lines can be ne,Jected. 

If P(s) is a point of C, let S(P) meet Cat the point q(z) 

end the worldline C of any other particle of the body at the 

point 7.(E). Then, from (16.1), and the 

tangent vector of C'at Q is therefore .0.0,0) i.e. QQ is 

orthogonal to C'at hence, if,' is any vector at points 

of C'orthogonal to4 and given by Fermi transport along C; we 

require that the projection of Q onto this vector at Q. 

should be constant as P moves along C, i.e. 

1/57 75 z"7").1 111 o 

From (6.17), we have 

10-7. if 



r 
fzT-2y;rJ o 

- ?,G / -y rt. 2-7,1 7 / 
and hence, as Z' otn.! '-r+t., we require 

Ysto 2 ,aS( -Z'1 =a 

This must be satisfied for all such issctors /` and for -all 

curves Z' and we must therefore have 

Y-rro z Í a r : 73 
These, then, are the necessary ar..d sufficient conditions that 

the body should have no rotation relative to the particle C: 

Prom (17.2), we see that the body has ro r°ot ti.on relative 

to sny of the particles if 

Y754`0 47,?) /7,J 

referred to one of the world-lines C. We have 

, and hence, mul.tiply i.nt-, (17.3) by 

r,. .11'4 and sur,t.m in .R for we 

finally get the conditions in the form 

B R /94,i - 4,G P.ió j ; P xi O 

where i''d = R,cvh a.Ì , 

117. 4/ 

and 'Ills the tangent vector of C. 

In space of constant curvature K, 

K/A, 9,4- 9a 9.1./ 774o -e9<ef 

and substituting; in (17.4), we see that these conditions are 

satisfied identically. hence, if_, in space cf constant 

Cury ture s bed bas no rotation relstive to one of its 

particles 

particles. 

We shall now show tb' t If a 

:.as no rotation relativo to an other of its 

spc.e ts such that all rigid 



bodies having no rotation relative to on_particle have no 

rotation relative to the other particles, the space rust be 

one of constant curvature. 

The required conditions tre that (17.4) should be satisfied 

for ail unit vectors , i.e. substituting e- 94,11,1 we 

rust have 

(gliy R,(4,0 y 4 yd; R p y Y 0 

for all . Hence, 

fpy /244 - e.¡), 9.z /?1y] 
a,rt), 

where the sun is taken ov-e-y all possible arrangements of 

once get 

Lultiplying by ?" 

fi 7. fj 

and summing for pay, we et 

where 1Q4',/= ,(1)Wft*/ is the Ricci tensor. Lultiplying by 

rif and summing again, we find 

t/Z 

where R 
f4 is the scalar curvature. Hence, 

substituting in (17.6), 

R/94 a- R / 

i.e. the space must be one of constant curvture. 

(17.1) 



18. part i.cui :r rigid rr o, ion. 

problem that arises naturally is to find the conditions 

that a system of world -lines giving rigid motion should be 

geodesics. Assuming the world -lines : -ire geodesics, and 

using r :arallel transport along one of these, C, the other 

world -lines are solut" ons of 

z' - r f zJ - 0 l'ó 
Thus, from (16.3), 

.441-0 .441-0 -Z' A , ,T/ 

must be solutions for sil values of the constants - -'° , i.e. 

the coefficients to must satisfy 

f; o 

7e have, substituting e, =e = I, 

(1't 
P GI; 

í o 

and hence, from 6 , , -r 

The second form arises from %r rr. , and the third is found 

by differentiating (18.3) tyice. 

;Ap= 
i.e. from (16.4), the components 

rence, e see that 

GV,, Lu, l.V3 

4o 

of the angular 

velocity are constant. Thus, the motion must be one with 

con.st r:t angular velocity about an axes fixed relative to C. 

`ubstitut ing from (13.4) in (18.4 ), we find 

r,.= Ui-lWy)' , -wr wS 

G1 

wz--w,t,wt`+W,2 xs, r,r.,2,71. 

Fierce, if % = R,d, we have 



The vector /4-i 

and 

Is the anguler velocity vector, 

e therefore have 

607-44.i 4 -I.: 

Now y ̀.//44/./,i and multiplyinOby we get 

The magnitude of the angular velocity Is therefore given by 

and the unit vector 24 in the direction of the axis of 

rotation is given by 

Li - 

The space Pr4 and the null geodesic C must satisfy certain 

conditens in order that the above rigid body should exist. 

The first set of conditions is found by eliminating the four 

4.74: from the equations (18.9), and the sond set 

of conditions is that the w's should be constants. The 

former conditions are complicated, but it may be of interest 

to examine the latter. 

If the 4.,s are constant, then from (18.6) 

7 

i.e. remembering that the vectors 1 -1,.i are displaced 

by parallel transport, 

/11-01 'i 1 

4 7J 

from which we get 
,x,A it 

or4,4,1 4 4 4 

o 

(1..? z, 7.) 

6 '7 



If these conditions are satisfied by all geodesics, (18.11) 

must hold at each point and for all vectors AI. Hence, from 

R /4)4 = k.,tbi ,'Lie must have 

/44 zl /Qt,ád,f c 0 F.rz 

where the sum is over all possible arrangements of í,Á,1. 

e have 

R cc = R R.,s 4 14 R , 

so (18.1) reduce to 
.,,cád,t [d,,c ' R .1,Cd, r4 3 0 

Interchanging d,1 and adding, 

R4,C4d,e -R4441,, 4 Rir,cd,4 R.,d4Ì,4 

Substituting RA,c,ea,d ; Rd cr, _ -R,,ced, + Rrd,h ; 

R2,14d,1 - R O 

Substituting for first and thïrd terms by (18.13), 

,,11d,,e j R"ed,4 í 0 4 /4) 
Replacing the first túrm of (18.1:5) by using (13.14), 

- R. ehd,,e R A id,,t 4 R 

Ae - R,,dld,ñ 4 R,,r,cd, o 

Interchanging 4,1, and adding 

R4 /4,,,,k 4 Rd i,c. ,ia 
But 

R - - Qd: 1.4 _ Qi e,cd: + R .d e,t 

and from (18.15), 

(XI. /T.) 
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Fence, the condit S oras reduce to 

In space of constant curvature K, (13.16) .tre s .,tisf t ed, but 

as rf ' - K S,.: we find from (18.6) that if any such body 

as the above exists, w, wL- w3 =o and we must Lave 

K s o Lence, the on1T- space of constant curvature ir_ 

which such as body can exist is o flat space and the bad has 

no rot<at 7 on relative to an of its oarticlys. 
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19. Definitions of distance. 

Ir the study of have already taken for 

granted the conception of distrce in an Observer's 

Instantaneous space; such distances are small and be 

considered to be immediately measurable by the Observer. 

e now come to the problem of deciding upon the meaning of 

'distance' when the object is not accessible to the observer'. 

The observer's knowledge of the object, or sr, rust be 
Obtained from oborvations made_ by him upon rays of light 

issuing from the star and intersecting his Instantaneous 

space. The tracks of r9ys of Hat in space-time are null 
geodesics, so if A is a position of the star and E!) the 

position of the observer when receiving light emitted from 

the star at the position. A0 the points A 13 Trust lie on a 

null geodesic in the space-tine. 4e are therefore fnced 

with the problem of defining distance along a null geodesic. 

s,.7e at once that such 'distance' differs from 'interval' 

for the interval is ze-r0 5lonE ;1 null geodesic. 

This nroblern can be t7eated in two different ways. The 

first is by reducing to rathematical terms the prsctleal 

methods used by astronomers when calculating such distances. 

This method was first suggested and examined by Prof. T. 

:littale.er (12) and later, the finer points of his definition 

were discussed :111d inprovd upon by I. H. 1. theringtor (13), 
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the ori, °final idea, however, being retained. The second 

procedure is more fun iamentally mathematical, and consists 

of finding exressions in terms of the positions of two 

points on a null geodesic, these expressions satisfying 

certain lir.:: iting conditions and reducing to ordinary 

con.ce tions of distance in the more elementary forms of 

space -time. Some ::pork on the object by £r. h. ". Fuse 

(14 and 15) belongs to this latter class, though he deals 

mainly ::Ath obs rvable quantities. Another definition of 

such a distance gar_: s given by ,hittaker V9). 

the following wort is based upon khittaker's original 

definition the modifications due to Etherin.gton. 

The definition adopted is, in fact, equivalent to that of 

Ltherin ton, though, by a theorem already proved on null 

geodesics, we -re able to state the definition in a more 

precise lay conformable to the usual conceptions of distance. 

20. ',rparent luminosity definition of distpn_ce. 

Following Thittaker, let us examine the apparent luminosity 

of a star A as observed by the observer at the position B. 

Let C be the null geodesic AB, and let p be the thin. pencil 

of null geodesics issuing from tit. and passing near B. The 

instantaneous space of the observer will intersect p in a 

two -dimensional cross section, and the apparent luminosity 

is evidently inversely proportional to the area of this 

t theorem of §8 this area is cross secton. î3y tae last theorem , 



independent of the patticular section at B, and hence, the 

apparent luminosity is independent of the observer's motion. 

Ve can now adopt the inverse square law of light as used 

by astronomers, and define the distance of A from B as being 

proportional to the square root of the area of cross section of 

p at i for varying positions of B along the null geodesic C. 

Je observe that this would be meaningless but for the above 

theorem. The factor of proportionality is thus independent 

of the particular position of B on C. To determine this 

factor, we shall say that when the observer is near and has 

the motion of the star, the above distance must reduce to 

distance as measured by the observer. 

Ath Ltherington's definition of absolute luminosity, it 

can now easily be verified that distance as defined above is 

exactly that obtsinedby comparing apparent with absolute 

luminosity, giving a true translation of the practical 

rreth.ods used by astronomers. 

A.th the notation of 1§ 8,9,10, let s be a null parameter 

of C, the values at A, ß being Y., s, respectively. Then, 

defining the function V as in 110, with s, for s, we see at 

once from the above definition that the distance so defined 

can be written 
120.0 

Yilei/V 

where/" is independent ofs,. Let Labe an observer at 

the point 44E of C, where L is small. Then from the 

definition. of V, the distance of from h reduces to 
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--,144,E. (20.2, 

If the star and the observer B'both have the notion 

where 41 is the unit vector at A tangent to the starts 

world-line, the distnce S between the star and 8 in the 

instantaneous space of this observer is 

where A is the tangent vector of C. But from the definitie.)n 

of distance /*) S. ,once, 

/14) / /P/1/,. 

and from (20.1), we now have the full expression for spatial 

distance as defined above. 

e observe that V and/At are not completely determined 

owing to the arbitrary multiplicative constant that can be 

attached to the parameter s. This constant, heweeer, is 

cancelled in the product , end leaves us with an 

invariant expression for Az. 

From the fet that the apparent luminosity of the star is 

independent of the observer's motion, we see that distance is 

defined above is also independent of this motion, but is 

dependent on that of the star. 

21. Apparent namitude definition of distance. 

Another practical method of calculating distances is by 

using the inverse square law for magnitudes instead of 

luminosities. When reducing this method to mathematical 

terms, we need not consider the star to eave a definite 
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magnitude, or rather, we need only consider any arbitrary 

small part of the star. .e therefore consider the thin 

pencil of null geodesics passing near A and converging to 

pass through the point E, and define distance to be proportional 

to the square root of the cross section of this pencil at A. 

The factor of proportionality will now be determined by saying 

that for a star near and with the motion of the observer, the 

above distance must reduce to that measured by the observer 

Ir his instantaneous space. Thus, distance is now independent 

of the motion of the star, but dependent on the motion of the 

obs erver. 

To calculate this distance, we need only reped0 the 

previous calculation, interchanging the star and the observer. 

From the theorem. of j 10, V is unaltered when 4 and r, are 

interchanged. Ze can therefore write at once the expression 

for this distance in the form 

41A' 7f7 

where 

?id e2,V1i., 

(2 I. 

(2 4 2.) 

and 8 is the unit vector «iving the motion of the observer at 

B. This, then, is the distance found in practice by comparing 

the apparent with the actual magnitude of the star. 

From (20.1), (20.2), we see at once that the two expressions 

for distance are connected by the relation 



It has been proved that the -.7)0pnh-r effect observed by the 

observer is, !.Tith the above xi otat on . 

/ f,o; 
I. 4) 

Hence, the ratio of the distances as iiver, by the luminosily 

and Tfanyttude definitions ic the .2)0,012/4'r effect. This 

rdsult was also obtained by i-1.,therington (1.3). 

22. Calculation of d,istance. 

From the above results, the main problem is to calculate 

the function 7. From the simplest method is to ind a 

vector /12/ orthogonal to and displaced by parallel transport 

along C, and then choose A?» to be orthogonal to .4., and 

A the tangent vector of C. '..i;"e then calculate the three 

invariants ri, , r fro, 

R,60i4 1,44,1-v ,is1; 

and find solutions of the equations 

zz ra9z1 o 

,r, 
in the form. 

where V, vanish 1,vhen 

constants. Then, from i10, we haw:, 

K 

7:rhere 

(9), P.39. 

and. ce,p are arbitrary 

/ 

7s" 



Rere we have assumed that s Increases frory to B, i.e. in the 

direction of the light. 

As an example, consider a geodesic C in space of constant 

curvature K. e have 

and hence, at once, 

and 

hence 

AV .5" 'Sp) 

z 

7" 

Thus in space of constant curvature, the itlement of spatial 

distance is proportional to the 61ementof the null parameter. 

Listanc6 as defined by Ruse leads to this result in general 

space.r1. It was also proposed as an alternative definition of 

distance .b-f T. alittaker It may be of interest to prove 

Ruses result by using relative co-ordinates along C. 

A definition of distnce 2s proposed by Ruse is as follows: 

Let 8 be a series of neighbouring obs Tvers 

at -positions 1.ong the null geodesic C, extending from A to B. 

Also, let the directions of their world-lines at points of C 

be Obtained by parallel transport along C from the given 

(15), p4,86. 

v. (9), p.35. 
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direct'on at B. Then if each observer measures the distance 

from himself to the next observer in his instantaneous space, 

define the distance from A to B as being the su m. of all such 

small distances. 

Let ),.,1 at points C be the directions of the above world- 

lines, and choose relative co-ordinates s in /9, so that 

-eiiO -71 1--74 474 the latter following from the 

fact that is given by parallel transport along C. Then 

the distance between observers at points c, s'is as measured 

by the observer at s is simply -71,4 and integrating along . - 

C from S, we have, as --ze, 
iv..Aot 

23. Spatial distance in an expanding universe. 

Consider space of the form 

- a ( 

here v,./ are functlons of the coordinate-r,and (a) is a 

function of t. Such space has spherical symetry in the 

tspatial co-ordinates and this form. includes all 

forms considered up to date in 7:ork on relativity, the older 

statical universes being given by az,,,4../. For azi 

K2 

(27.1) 

Lzl, / vijz we have the Einstein univrse, and for 

vzy wo have the De Sitter universe. For other 

values of V,y we have various foms, including those with 



a singularity at the origirk 

Je shall now calculate the formula for spatial distance in 

the above general space-time, 

First we must find the null geodesics, these being given in 

terms of a null parameter s by 749 and 
44.!/ dr) _ d r 
dfi d 

0 5e/ -5-7i 

and the three other similar equqtons, whore t'4, and 

tYk2 4)-&4W-'-4r4-mY4Vi 

The third equation is 

/7a zVP - a t 4,JQ (1,-(Y o 

This is satisfied identically by 01'1e'. and hence, from the 

spherical symmetry of the space, all null geodesics lie shn 

ouch sub-spaces. Thus, when examining a null geodesic, we 

can take it to le In this space P:*z this being a typical 

geodesic from the above symmetry. substituting 0:xiiithe 

fourth ecmation becomes 

if/ee-f,0 =0 

so we have 

- 47.5,j 

7r 

where h is a constant, taken to be positive so that A increases 

with s. The first equation is now 

)112 4 a a ),L 
(í ¿'iii yip! 

but, from T1:0, 

01 4 -rzfr a: Of 

See (11), (16), (17), (13) 



7g 

Hence, 

4 . 
Y - 

We can choose s so that this constant is unity, s then 

increasing with t as required, and we have 

4"' 

Substituting (23.3), (23.5) in (26.4), we find 

/ 

Thus, the tangent vector is given by 

0- -L A' /f e Jr; f' - ° ; 17 ft ez-v7.-, 

The constant h varies for the different geodesics in the 

space 

Following the method outlined in /22, we now require a 

vector 1 ..,4 orthogonal to A and satisfying the parallel 

transport equations ,7,long this geodesic. From the geometry 

It is evident that the normal to the space e.is will satisfy 

these conditionsl so we have, making this vector of unit 

length by (27,1), 

-L,° co ; 0 : 
,4,17 o 47.6) 

All that now remains is to find a vector -4/1-orthogonal to 

A and 4,2 Such a vector Is at once found to be given by 

4/7 a 7/ p ik 

whore k is Liven by (23.6). 

This can esily be verified by calculating the Christoffel 
symbols from (23J), and substituting in the equations 

dkj' = 



From (23.1), the non-vanishing components of the curvature 

tensor ere> 

r'aá 
R,ao, t.122/' 

1:1, 

Yr/ -ÿaä 

: Ro?s, í 2 r' a á 
72z1 - 'Y a2( '' á2) 4....1e , 

rylZ t;')/--aäJ Rseos - y(iyY'-roä/ , 

R22 r a2( i},./ f^ G 7 t L i l da ).4.4. y v 2 RY y a( ZY á 

bU 

Substituting (23.10), (23.7), (23.3) and (23.2) in (22.1), 're 

can find. the invarionts l 1 , , 1-73. se shall omit this 

purely algebraic work. The terms so obtained can very 

conveniently be collected and re- expressed by using the 

differential re l a t i. ons (23.7). 

r,=o 
r2z _ `a,y Qr.a> 

r3q d2 
l 
/ ) _ Z.1dzP a- dr' ! a": y' a 

,e find 

and if k--0 ,the r1r are given correctly by writing e o in_ the 

above expressions. 

I. /A°. 

The geodesic does not pass through origin ly-0 so we can 

take fb as the independent variable. :r.iting z= avx 

find, from (23.7), 

d 22 _ Z 
Zz 

* x d ZAari 
77"- giYS 

hence, from (22.2) and ( 6 .11 ) , z Z = a 7x where 

d ZY ' _ x 0 
d9; 

These T°hese con e.si.1y be calculated by using (4), p.44. 

we 



Thus, In the required form, 

zZ_ or. a-r 60'001 

Also, z3 - a71 

Thus, 

J,Jriting 

we have 

,T;h(:,,r _P, 

Il"n.fC- 

dl/ 
o>%2 

z a-r fo e 

V - K a,z-r,z {` ( U,-vo) (óof 

a'YZ fe, /G'UO)a-H`OA) 
S-ro)z 

From (23.7), (23.14), yfi - 

1 
47? 

/K 

Thus, 

and 

27.,7, 

060 
Qi,: , aid hence, 

;21; a,2Qoz7:'YOZP,1°o lU-1/01-441,¡0,'00j 

4 - a, Qa7,^'. (` Po/!/,'l/oJ/ß,-0aI = c 

z,J 

where/cc is determined by (2.t), (23.7) and the given motion 

of the star at s=S. 

1I. .0 =o 

In this case, ' /Js =o and trie geodesic passes through the 

origin. 'e have /-.3,0 and 



rz -" 1-17 -,0;YL "44(a'ri 

Yle must therefore solve 

dz _ z 
177- 6PY ir" 

and we get 

Hence 

where 

f.Ind 

Thus, 

and 

fis Is z a-r 
ro a)Vz 

0 

y X a/ø-w0)2 

Iv i's 6117-- 

a, 6,7-F h). 2 are '7.6 

(a-1.1 7) 

Vs' a,a0t -y,'?"0'7)4",-;vo1' 

4 

Me now have /a so and 0 e;1=4. hence, from 

(23.18)0 

IV 
Ltr1/577 

72 V, 2, 

where it is assumed that the star and observer are not 

separated by the origin, so e does not change sign. 

It may happen that the observer is at the origin, so that 

. In this case, e.-i and aa ust find 



e have 

e -7' 

r ° - ° f,' 
JE r/ ";; , ve 

ir /447./ fe.,. 

hence, as /4::' "'YE o we have 
f± 

-Je C-) 
f-i 

0 x Ars'0 

Thus, writing -r for -7-0, 

K2.7.2 

A similar result holds if the star is at the origin, and 

the observer at the /4;,., 

It is of interest to examine the above general results 
before proceedIng to discuss particular examples. From 

(22.7), -;--"Te 5.A -rzfr4 . Fence, if th path of the ray of 

light in space /-r.o,P) is kno.-m. the time function (a) occurs 

in the formula (23.20) for distance only in the parta, 
and a similar result holds if 

If the star is 'stationary in space; its world-line 

s i;isfies and 'fence, rom ( 0.1 ) 

Thus, from (20.4) 

/4*) 4;4s 

and, if 



b 

If X,-0, 

/14?) Yi Q'ry 
1/Yo 

!p l ,"vi.L4la,f 

y (Wi _W6) 
0 

('a 1 j 

and if the observer is at the origin and the star at the 

point I-, 

A?. z r 

Similarly, if the star is at the origin and the observer at 

the point -r, 

and 

d(u- 

If the observer is sta.t onery in space, we have 

ß° 
17,1;, 

y1 
B'-ff 8'00 

, 

/16+,. ai 
Thus, if /#0, 

A'ypr,(",W6lU,'ij/4,-0p/ 
If ,e-C) 

( 6) 

/`).z.7j 

and if the star is at the origin and the observer at the 

r.-oint 7 , 

(a f y.o ÿy 
61,2y) 

Similarly, if the observer is at the origin, the st r at 

the point r, 
dh,, s iÿf,,p 

(z 90) 

If the universe is static, a/ and a typical null 

geodesic is given by 9-,r/2 and 



b- 5 

dt. l 
- v s y ry 

e now get, if s-o 

If s(- o, 

/Z. ?. ? 2J 

and if the observer i.s at the origin, the star at the point-r; 

4 = //y,o -r 97J 

..ith a similar result if the star is the origin and the 

observer at the point -r. 

If the observer is at the origin,''.., is evaluated at the 

origin, and hence, from (23.33), the distance 4., is 

proportion to the value of-rat the position of the star. 

Similarly, if the star is at the origin, 449 is proportional 

to the value of 'r at the position of the observer. 

24. Particular cases of the ';enera7. form. 

= !Z- 62(_ a -,:0'+ r'u,'OdpiZ 

This is the form usually considered in discussions on the 

expanding universes nd ° h.on a ='- 1, it reduces to the 

Einstein cylindrical universe:Z. 

Ten Xo we have k , yíß and . Hence 

". See Lerraaltre,(200- Eddington,(21). 

(e 4. 2, 

Xs. R Is the 'radius' of the Einstein world, and in the 
expanding form, fa(t) 1-3]i.s the radius :t time t. 



This integral can easily be evaluated, and hence A can be 

found explicitly when the motion of the star (or observer) 

is known. 

;Jaen 0, then from (23.21) it is required to evaluate 

e 1:Ar 
riting kA41,7 

and hence, 

Thus 

Iv f 
dQ J 

R a, ao 

R/4-,-/0.;--7-di 

75e observe that 0- is the co-ordinate often used insted of 

-7-, the metric (24.1) then being 

de-**R2,t4(.1- 

It has ben pointed outxtht -7" is a misleading co-ordinate 

to use in describing the whole universe, for it is required 

that should take the values oto 7T. The other co-ordinate 

proposed is e. 2,4.4 , when (24.1) takes the form 

az ( -riez ep'4,,/9d9') 

'hen an observer or star is at the origin, the other 

being at the point 2', 

4 /44 a, a 4", 47, (41.4 o 

or, using the co-ordinate p. 

1/7 ,Z4. ozoa/oPro use 4.2.-el -ce-Zhe f 

(54 



4 ./4 01 0 - 

Se IQ' 

If the obsy'rver is stationary at the origin, and the star 

stationary at the point ;r, 

R 19,/ 62%/ 
(7-2 

4, t: R a 

From p:2/2-t*n5, we see that p can take the values 

But keeping the time of observation fixed, a, is 

constant and f rom ( 24.3 ), the maximum value of 4 1) is 

given by a star in the position r2/2,4-e- A. For this star 

4 a, a R /744./yi 

5 7 

i.e. the maximun observable distance 4(0 is eclual to the 

radius of the universe at the time of observation and the 

distance 4 is then the radius of the universe at the time 

of emission of the observed liaht. 

Again, from (24.0), there are two positions In whIch a star 

gives an asigned distance 44, <a,R ; for one position, pz2R 

and for the other , /32R The two stars can be distinguished, 

however, by observing, the Loppler effet now equal to a,/a. 

If the universe is continually expanding and the time of 

observation remains fixed,(a) decreases es p increnses, so the 

Doppler effect for the star p>zR is greater than that for 

the stare r< 2R. 



Statical universes. 

All the usual forms of statical universes are obtained 

from (T6.1) by writing ai. The two most com-on are the 

I7Instein and the De Sitter forms. The binstein universe is 

given by 

de- /ii-!:;;-, 
1-7a; 

A,.1.) 

and distances in this space can be obtained from those 

Immediately above by writing Ci'L Thus, from (24.8) and 

(24.9), if the star and observer are both stationary and the 

observer is at the origin, ,r,4S),and the maximum 

value of either is R, given by 

The De Sitter universe is one of constant curvature, and 

has the form 
gJdtz 

7i= 

Thus along the null geodesic through the 

origin, we find at once, from (23.21) and (23.20) 

4 

it being asumed that the star and observer are not separated 

pi 4 "i7-44,'e 01#11 4 4 2 ) 

by the origin. - This result is also given by (22.6), for 

now have Xv.is. If the star and observer are both 

fixed in space, 

and, if 

44, - 
/1_ 

A A' 

we 



hence, if the observer is at the origin and the star at the 

point 

Thus when -r has its maximum value R, 44, 'R but 4is infinite. 

The above are only a few of the general results obtained 

when the astronomical method of me,,suring distance is analysed 

mathematically in the light of modern relativity. Several 

interesting results are obtained when distance is discussed in 

more detail in particular forms of space-time; for exnmple, 

peculiar results arise when the space is the gravitational 

field of the sur and we consider the distance of the stars as 

observed on the earth when the light grazes the sun. In this 

case, the gravitational field of the sun acts as a convex 

cylindrical lens and the pencil of rays of light issuing from 

a star begins to converge after passing the sun. It may be 

noticed that results such as this should be quite common, for 

in (23.12), the expression for z° contains the term A.(fp-h). 

Thus we may expect 2. to decrease after some point, and the 

cross-section of the pencil will become elongated, the area 

decreasing. 
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