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THE SECOND CURVATURE OF A SUB-SPACE
‘ By A. G. WALKER (Edinburgh)
[Received 11 March 1932]

1. Introduction. This paper is mainly a discussion of the first and
second curvatures of a Riemannian sub-space. The first curvature
is well known as the mean curvature, and has been examined by
Fisenhart and other writers; the second curvature is introduced
directly as a generalization of the squared torsion of a twisted curve.
The notation employed is, in general, that used by Eisenhart,* and
we shall quote many of his results without giving explicit references.

2. Notation. Consider a flat space V,, coordinates 2! ({ = 1,2,...,p).
Let V,,, coordinates y* (x = 1, 2,..., m), be a sub-space of V,, and
let V,, coordinates a? (i = 1, 2,..., n), be a sub-space of V,,. Then

V.., V, are given by equations of the form

2l =2(y); y*=yr), orz=2z(z), (t=1,2,..,p). (1.1)
As ¥, is a flat space, we can use the generalized vector analysis when
referring to this space. Let r be the position vector of a point of
V,. Then r is a function of the y’s for points of V,,, and of the 2’s
for points of ¥,. We shall use the Greek letters o, 8, v, 8, and the
roman letters &, i, j, & for suffixes when referring to ¥, and V,
respectively. Thus we shall write f, = @f/éy®, and f; = é&ffext. Also,
J.op and f;; will denote the second covariant derivatives of f with
respect to V,, and V,, respectively.

The fundamental tensors of V,,, V, are given by
o = To" Tg, Jij =TTy, (1.2)

and from the relation r; = r,y*;, we have at once g;; = a,5y*; yP .

There are m—n independent normals to V, in V,,, and p—m
normals to V), in V. We shall choose these to be mutually ortho-
gonal, writing them N, (¢ = 1,2,...,m—n), and N,; (r = m—n-1,
oy p—mn). Thus we have
Nyy'Nyy =0, Ni=e¢e==1; N;Ny=0 Nj=¢e =]
and Nyry=0, Nyr,=0, (1.3)

(o,p=1,2,....m—n, r8=m—n+l..p—n, i=12..,n,

o= 1,2....m; o p;r - e).
* Riemannian Geometry (1926).

T For an introduction to this use of the vector analysis, see the writer’s
paper ‘On deformation of sub-spaces’: Proe. Edinburgh Math. Soc. (1932).
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292 A. G. WALKER
As the normals N, are tangent to V,,, we can write
N, =¢r, (e=12..,m—n) (1.31,
where £,,* are the contravariant components of these normals in |
The second fundamental tensors of ¥, in V,, are given by
Qo’!ij = Na! R '_Na‘.,b"r:i' = _Na!,j'r’t
Hopli = No’l' N;..-.I,-i == __Ncr!,t" Np.l
For V, in ¥, we have the above tensors, together with the tensors
Q, 31mlla,r1y defined, and also the tensors
Morli = Ncr: Nr’i,i‘ (141}
From (1.4) and (1.41) we see that the fundamental equations for
V, in V, may now be written

L 2 eaQo!t‘J’ Nol + 2 erQ‘-"Ii:.‘ Nr'.
Sk . (15)
Na-’,a‘ — "_‘Q'afi;i gjkrf\. z ep P‘cr;.tla el z € Fogyl EN

and the equations for V, in Vm are found from these by omitting

vector components norma,l to V.

(1.4)

rligs Mrsli

For V, in V,, we have introduced the vector operator V = gi/r;

éa j
We can now extend this for 7, in ¥, and define the relative operator
[e]
V=yg"r,z%

where 0,,/éa7 is 6/0a7 followed by an operator for annihilating vector
components normal to V,.* In this way, we shall extend the operator
V2= V.V, ete.
Lemma. To show that
g“y“,i yﬁ,j = a®f — z g Eiﬂaé‘lﬂﬂ‘

Let A% (i,h = 1,2,...,n) be the components of an orthogonal en-
nuple in V,.. Then the components in V,, are A,* = Au'y®;, and these
n vectors, together with the (m—n) vectors £,,% form an orthogonal
m-uple in V,,. Hence, we have

a*f = % ekAJ¢|“)‘n|£ + e, gmascclﬂ- (2.1)
But g e MNP = y* B, ‘? e M = gy 9P ;. (2.11)

* For a discussion of the vector operator, see the writer’s paper above
mentioned. We shall use the same notation V for the relative operator: for
this is the only one with which we shall be concerned.
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Therefore gy P = a*f — 3 e, £,%,P. (2.2)
If m = n-}1, this becomes ¥

£8P = e(aP—gily*yP) = o, (2:3)

say. Hence the components of the normal to V, in V, ,; are given by

£ = e et (2.4

where ¢; = 1, and e, is the sign of ¢!%.
For a surface in V,, (2.4) becomes, with the usual notation,
X = {1—(GQa?—2Fx, v, Ba2)}'?, ete., (2.5)
where a; = ox/ou, ¥, = 8x/ov.

3. For a curve in Vj;, the vector operator reduces to V = td/ds,
where t is the unit-tangent vector. We find that the curvature vector
of the curve can be written

«n = Ver,
where n is the principal normal, and « the curvature. Generalizing
this expression to V, in V,,, we write
o

We see that N so defined is the mean-curvature normal, and M is
the mean curvature of ¥, in V,, these, then, being the generaliza-
tions of the principal normal and the curvature of a curve. We shall
call N the principal normal, and M the first curvature of V,, in V,,.
The second fundamental tensor for the normal N we shall write as

€Q;;. Hence,
-?’IQ-F-J' = z eo-Qr.rIQani'-i; Q'url = gijQ'oI-ij’ (3'11)
and @
M = eQ, MR =2 e 0 & Q = giiQ,;, N2=¢e= 41
Also, for a curve, we find that the torsion is given by
7P = —n-Vn—(V-n)?,

where n is the principal normal. Hence, generalizing, we shall define
the second curvature T of V, in V,, by

T = —N-VEN—(V-N)?, (3.2)
where N is the principal normal of ¥, in V,,. We have*
N-V2:N = gijN i [N.'i:i]m = ”[N,-i ’ N,i]m (3'21)

* The suffix m denotes that, after each operation on the veectors in the
brackets, the components normal to V,, must be omitted. This follows from
the definition of the relative operators.
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and (V:-N)2 = (g¥r;-N;)? = M2
Hence, choosing the remaining m—n— 1 normals N, to be orthogonal
to N, and writing p,;; = N-N,,;, we have, from (3.5),
T+M? = ghgi*Qu Quyt-g" 3, toti oty
and hence, ’
T = gihgik(Qy; Qpp—Qu Q) +9% g Boli Folj- (3.22)
From (3.21), we see that an alternative definition would be
T+M?2 = S(VN:NV), (3.23)
where NV is the dyadic conjugate to VN, and S denotes the scalar.
If m = n-1, we have
T = gg™ (€ Qi — 22 Q2. (3.3)
The Gauss equation for V, in V, ,, is
e(Qy Qr—Qu Q) = Ryn—Rig,sy™ P ry? 595,  (3.31)
where R, R’ are the curvature tensors of V,, V,,, respectively.
Hence, (3.3) becomes
T = eR—eggy® , yP . y7 ;9 Rugyss
ie. by (2.3), T = eR—e(a®®—ef¢d)(aPr—etPEr)Ryg,s,

ie. T = eR—eR'+2R g £¢B, (3.32)
where R, is the Ricei tensor for V,,, and R, R’ the scalar curvatures
gf I, Ve
If V,., is an Einstein space, we have Rig= ).a,“ﬁ, and (3.32) re-
g I = eR—e(n—1)\. (3.33)
If the Ricci tensor vanishes in V,,,;, we have

T = eR: (3.34)
In particular, this is satisfied if ¥, is a flat space. For the case of
a surface in V;, we have
T = R= —2K, (3.35)
where K is the total curvature. Weatherburn* showed that —2K
was a generalization of the squared torsion, and the mean curvature
a generalization of the curvature of a curve.
We observe that, for a curve in hyper-space, 7' is the squared
second curvature, and, from (3.33), this vanishes for a curve in 7,
the curvature tensor of a curve being zero.

* Messenger of Math. 56 (1927), 173.
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4. If the second fundamental tensors of V,, V,, in V, for the
normals N, are Q,;;, Q,,p, We have
Qg = —Nyo 1
and Quyy = —Nyjy- 1y = ‘_‘er,cc'rﬁya,iy'a,j'
Hence Qy1i5 = Qg ¥ P 5 (4.1)
Also, from (1.41), we have
Horli = Ncl 5 er.i = fulurnt' er,ﬂ_y's.'i:
Le. Horli = _'ertxﬁ' ‘Eo-lay'g.i' (4.11)
If N, N’ are the principal normals and M, M’ the first curvatures
of ¥, in V,, and V,, in V), respectively, we have
MN = z 6o"QrJrI Nal’
a

and M'N' = Z 6ar'Qur[ NUI = z e:'Qf'i N:'I' (42)
Hence, the principal normal of ¥, in V, is tangent to V,, if

Q,=0 (r=m—n+1,.,p—n). (4.21)
In this case, we see that _

and we may say that V, is an asymptotic sub-space of V,,. These
results are evidently true if V), is not necessarily a flat space.
Writing p,; = N- N, ;, from (3.22), (4¢.22) we see that, if 7', 7" are

the second curvatures of V, in V,,, V,, in V,,, we have

T'—T = g¥'S, €yt (4.23)
-
ie. from (4.11),
'—T= guy{x:‘i? Baf éyéS z erQJ'[aerIﬁS’ (4.24)
where N = &% ,. From (4.1), the equations (4.21) can be written
9% yP Qg = 0.
Hence, (4.24) can be written
IF'—7 = gijm,'i yﬁ,j éygs Z er(‘Qri{xyQ:'iﬁa_eraﬁQrin]' (4.25)
r
This equation is true if V), is not a flat space. If V), is a flat space,
the Gauss equations for V,, in V, are
z e’:'(Q'r‘;myQﬂ'ﬁﬁS_eruﬁeryS) 5 R&S}'ﬂ' (426)

-

Hence, from (2.2), (4.25) becomes
T'—T = B¢~ Ripp@® 3 e, b6 (427)
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If m = n+1, we have &, = £% and (4.27) reduces to
T'—T = Rigé¢h. (4.28)
Hence, from (3.32), we have
T' = eR—eR'+ 3R g£¢P. (4.29)
We observe that the direction of the vector ¢* is the principal
normal direction of ¥, in ¥, and 7" is the second curvature of V,
in V,. Also, R depends only on V,. Hence
Given a space V,, in a flat space V,, then all the spaces V, .4 which
contain V,, and the principal normal direction of V, in 'V, at points of V,
have the same value for the expression 3R géXP—eR' at points of V,
where Rig, R refer to V., and £ are the components in V, ., of the
principal normal of V, in V,,.
This could be written
All spaces V., of which V, is an asymptotic sub-space have the
same value for the above expression at points of V,,.
For a curve on a surface in V,, we haven = 1, m = 2, p = 3, and
«p = —Ka,g where K is the total curvature. Hence we have

T=—K,

R being zero for a curve. This is a well-known relation, for 7" is the
squared torsion of the curve, and the curve is an asymptotic line on
the surface.

If V, is any space, not necessarily flat, and if V), is a sub-space
of V,, V,, is said to be totally geodesic if all geodesics in V,, are

geodesics in V. The necessary and sufficient conditions for this are
easily shown to be

r=12..,p—mor =m—n+1,.,p—n,
'Qriuus =4 ( # + #

of=12,..m. ) (4.3)

From (4.26), we see that if V), is a flat space, then all totally geodesic
sub-spaces are flat spaces.
If V,, is a totally geodesic sub-space of ¥V, then (4.24) becomes

»?
T'—1T = 0, (4.31)

Le. if V,, is a geodesic sub-space of a space V,,, and if V,, is immersed
wn V,, then the second curvature of V,, in V,, is the second curvature
of V, in
For the case n =1, m = 2, p = 3, we have 7 = 0 and hence
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1" = 0. If V; is Buclidean, V, is a plane, and the above theorem
reduces to the property that the torsion of a plane curve is zero.

5. Consider a system of oo™~ spaces V, in V,, such that one

passes through each point of V,,. Then the normals N, may be

considered as functions of position in V,. We have r; = r y%,,
N, ; = N, g%#;, and hence, for the normal N, = £,°r,, we have
‘Qal = _g”ri ’ Nai',j' qT _—gﬁyﬁ,iyﬂ,j L Noi,ﬁ! (5.1)
i.e. substituting for N,
ch = ‘_-gﬁya,'iyﬁ,j gola,ﬂ' {5'11)
£ uPloing = —Eu8éuPloia = — Mo
where 7,* = £,%g fmﬁ is the principal or geodesic curvature vector
of the system of curves ¢,*in V. Hence, from (2.2), we have
Q= _fa!a,o: = z €plap faf‘%ﬂs- (5.12)
I

We have thus found the mean curvatures for the nermals as functions
of position of V,,. Obtaining the m—mn mean curvatures in this way,
we can now find the principal normal and the first curvature from
the relations

M= e Q&% M =a > 0 . (5.13)
Having found the principal normal and first curvature, we can find
the second curvature from the equation
T+M? = gU[N,?'.‘ N,j]m = gijy&,?‘. yﬁ,j[N.a' N,ﬂ:l
i.e., substituting from N = &2r , we have
T = —M2} (a,“ﬁ — E: e, 5#1“5”:,3)66},3 &8 (5.21)

If m = n4-1, there is one normal % this being the prineipal
normal, and we have

‘We have

(5.2)

m?:

Q= —¢, M = eQ), (5.3)
and T=—M2| (a“ﬁ~¢§“§ﬁ)a},§§?‘&§3,ﬁ, (5.31)
ie. T= _1142+a°‘43ay5§?’,a§5,3—ee’x2, (5.32)

where « is the principal curvature of the curves of congruence &%,
and ¢'i? = a5 7P, 1% = £%péh.

From the above equations, we see that, given m—n directions,
which we may take to be mutually orthogonal, at each point of 7,

then, if these satisfy the conditions of integrability of the system
of equations a,gé,%dyf = 0 (0 = 1,2,..,m—n), we can find the
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principal normal and the curvatures of the spaces V,, defined as being
normal to these m—mn directions.

Consider the case m = 3, n = 2, V; being referred to Cartesian
axes. Let the given direction be (X, Y, Z), the components being
functions of , ¥, 2.

The condition of integrability of > X dz = 0 is

X(Ya_zs)‘i‘ Y(Zl_XaH‘Z(Xz_Yﬂ =0 (5-4)
where X; = 6X/éx, ete. If this is satisfied, the above directions are
normal to a family of surfaces, and, from (5.3), (5.31), we see that
the mean curvature K, and the total curvature, K, of these surfaces

gy Ky = — Xy +Yo+2s), (5.41)
2K = (X1+Y2+Zs)2 + Z [(X-X1+ YX3+ZX3)2—(Xf+X§+X§)].
(5.42)

As an example, consider

X = ;-j, Y= ?, Z= ;, r? = a%4y%4-22
In this case, (5.41) reduces to K,, = —2/r, and (5.42) reduces to

K = 1/r%. These are the results we should expect, for the given
directions are evidently normal to a family of concentric spheres.

= ~: E e e 8 D
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SPATIAL DISTANCE IN GENERAL RELATlV]TY
By A. G. WALKER (Edinburgh)
[Received 20 August 1932]

A proBLEM introduced recently is that of finding a suitable definition
of spatial distance, i.e. the distance of a star from an observer, in
a general Riemannian space-time. Professor K. T. Whittaker* gave a
definition based on the method of comparing absolute with apparent
brightness of the star, and this has been modifiedf to allow for the
motion of the star. In this paper is introduced a similar definition,
made possible by a new theorem on null geodesics. Tt can easily be
verified that this definition is equivalent to that given by Etherington.

Relative coordinates are frequently used in this paper, these having
already been introduced by the author.f

1. Relative coordinates

If ¢ is a curve in a Riemannian space V), and if an orthogonal
ennuple is given at points of €, then at each point P of €' is defined
a system of normal coordinates with P as origin, the parametric
directions at P in these coordinates being the directions of the vectors
of the given ennuple at this point. Thus there is a system of reference
at each point of the curve. These coordinates are called relative
coordinates, and are written (2% 2%,...,2%-1). If the points of C' are
defined in terms of a parameter s, taken to be the arc if C'is not null,
any other curve ¢ may be given by the 2’s as functions of s, a (1, 1)
correspondence being set up between the points of €' and €. In
general, we only consider curves in the neighbourhood of €, so that
the third, and sometimes the second, powers of z may be neglected.
It is usually convenient to take a particular correspondence, the
most useful being such that 20 = 0, i.e. if A7 (0, i = 0, 1,..., n—1)
are the components of the vectors of the given ennuple, the point
@ of €’ corresponding to P of € is the point where €’ meets the
geodesic surface orthogonal to the direction A7 at P.

If 2’ are the given coordinates of 1, the curve C is defined by
equations of the form 2t = 27(s), and if g;; is the fundamental tensor,

* Proc. Roy. Soc., A, 133 (1931), 93.

+ Etherington (not yet published).
I Proc. Roy. Soc. Edin., 52 (1932), 345.
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the tangent vector of C' is A, where
N = daifds, gi; AN = e, (1.1)

and e = 0, -1 according as C' is, or is not, null. Invariants u? y,,
are defined by the equations

= w0, Yoo = Voo = Aoits NN, (1.2)
an index appearing as a subscript and also as a superscript indicating
summation, unless attached to ¢ = 4-1, the summation being from
0 to n—1 unless otherwise stated. With this notation, the are s of
a curve ¢’ near C' is given by

w2
£(G) = et a2 S et 3 e 20+
8

cr T
+ 2 lVouYor 22+ 10,2, (L.3)
a
where 7= d.z“/ ds: €e = gi}' Ao]Moi11 = i 1:
and ch : I‘w == R.’:-ijk Ah}"k’)‘oli)“vlj' (14)

If C is a geodesic, then, from (1.2),
Yo W' = Agjij AN = €, u”,

and hence Yo W2+ 3 e, uo%e = J,
g

where J =3 e,u%e. (L.5)
o

If C is a null geodesic,* and ¢’ a null curve, e = 0, and ds/ds = 0,
and from (1.3) we have
J = const. (1.6)

to the first order of approximation.

2. A theorem on null geodesics

It Py, P are points on a null geodesic C, let p denote the thint
pencil of co®~2 null geodesics through P, passing near P. We shall
prove that the volume of the (n—2)-dimensional cross-section of p by
a surface orthogonal to a vector Vi at P is independent of the direction
of Vi,

* Tt is assumed that when € is a null geodesic, the parameter s is so chosen
that the geodesic equations of € take the usual simplified form. The parameter
is then defined except for arbitrary additive and multiplicative constants.

t There should be no ambiguity in the use of the word ‘thin’. Although
‘the inner product of the tangent vectors at I of two members of the pencil
is zero to the first order, the angle hetween their projections on a space not
orthogonal to € at P is small, i.e. the solid angle of the pencil as measured
by an observer at I} is small.



SPATIAL DISTANCE IN GENERAL RELATIVITY 73

The pencil p being thin, the cross-section is evidently independent
of the particular surface orthogonal to V7. It is assumed that the
direction of V7 is such that the square of distances in the cross-section
may be neglected. Referring to relative coordinates along C, we shall
take 20 = 0, as explained in § 1, and we shall show that the volume
when Vi = Ay? is equal to the volume for any other cross-section.

The null geodesies belonging to the pencil p are given by equations
of the form

7= Z(s, ol 0d,..., c?) (r=12,..,n—1),

where 2" = 0 at P, and the o’s are constants, varying for the dif-
ferent geodesics. A surface orthogonal to Ay is 20 = 0 in relative
coordinates, and, writing Dz" = (82"/0a?)da?, the linear element of the
crogs-section at P by this surface is given by

+do? = 1:2—:1 e (D)2,
r=1

If the surface 20 = 0 at P meets a null geodesic " of p at the

point @, it has been shown that the tangent vector of €' at @ is
1%, where = "
‘uo — Sdig = uc+%_"eoyavzv'
Hence, a point @' of ¢, near @, has coordinates Z¢ = 2z7+¢u?, where
¢ is an arbitrary function of s, of the order of smallness of the 2’s.
Choosing ¢ so that @' is the point of intersection of €’ with a surface
orthogonal to a vector V7 at P, and neglecting second-order terms,
the points of the cross-section of p by this surface are 20 = 20 $u,
where ¢ is now a function of s and the o«’s. The element of length
of this cross-section is given by

+di? =3 (D5 = 3 e(De+usDg)e.
a=0 o

We have 3 e,(u)? = 0, and 3 e,u’Dz® = 0, the latter following
from (1.6), in which the constant is zero as the z’s all vanish at o

Hlstios d6® = 4+ 3 e (Do) = do?.

Thus the linear element of the cross-section is independent of the
particular cross-section through P, from which the theorem follows
immediately.

It has been pointed out to me that this theorem is a direct
generalization of a simple property of surfaces on a null cone in a
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flat space. In space of the form
ds® = di?—da?—dy*—dz?

the null cone through the origin is given by

=7l Y = rm, B ="1n, t=r7; Blm?4-n? =1,
and a surface on this cone is given by an expression for » as a func-
tion of I, m,n. Its line element is
' do? = —dr*+ S (rdl + Ldr) =23 di2,
since > 12 =1, > 1dl = 0. Thus the elements of distance and area
at any point are the same for all surfaces through this point.

3. The equations of geodesics
If C is a geodesic, not null, and the vectors A,* are given by
parallel displacement along C, then vy,, = 0, and, from (1.3),
T'= Ez—l: = 14-eJ—1J2+1e Y e,(29)2+%el,, 2%". (3.1)
Varying the z’s as functions of s, the geodesics near C' are given by
8| Tds=0,ie. by
a(er)_er
ds\dzo) 0z°

Substituting from (3.1), these equations become

=0 (o0=0,1,.,2—1). (3.2)

?

ir—e I\ 2 = eudl.
If, as before, we take 20 = 0, then
eudS = —e,I,2",

and hence, if Ay is not orthogonal to O, the geodesics are given by
Zr— (e,. I“,.s—%iurpm)z” =0 (r,s = 1,2,...,n—1) (3.3)

to the first order in the 2’s.

We observe that these equations are unaltered when e = 0, although
the method of obtaining them is not valid in this case. We should
therefore expect (3.3) to be the equations of geodesics when € is null.
This is true, and can be verified by an actual transformation of
coordinates in V. In what follows, we take C' to be a null geodesic,
the vectors A’ being given by parallel transport along €. From a
property of null vectors we may take the vectors Ayf,..., A,y to be
independent of A, and orthogonal to C. In this case %2..., u*!

vanish, and (1.6) becomes
2! = const. (3.4)
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From the identities I, u° = 0, Y e,(u°)* = 0, equation (3.3) for
» = 1 is now satisfied identically, and the remaining equations give
e T 27=0 (p=23,.,n—1), (3.5)

B Tpr
where 7 takes the values 1 to n—1. Hence, the null geodesics near

(' are given by equations (3.4), (3.5), together with 2° = 0.

4, Spatial distance in general relativity

Let 4 be a star, B an observer, and, in order that light may pass
from A to B, let A and B lic on a null geodesic. We shall adopt
the following definition:

The spatial distance of 4 from B is proportional to the square
root of the two-dimensional cross-section of a thin pencil of null
oeodesics issuing from A and passing near B, made by the three-
dimensional instantaneous space of the observer. The definition is
made complete by the requirement that when the observer is near
and has the motion of the star, the spatial distance must reduce to
the element of length in the observer’s instantaneous space.

The instantaneous space of an observer is orthogonal to his direc-
tion of motion, and hence, from the theorem of § 2, the above cross-
section is independent of the direction of motion of the observer.
Thus we see that spatial distance is independent of the observer’s
motion. It follows, from the definition, that the formula for spatial
distance will consist of two factors, the first being an invariant ©
depending only on the positions of the star and observer, the second
being independent of the position of the observer. The main problem
is to find the above invariant.

If Al is the tangent vector of the null geodesic C, let Ay, Ay be
two orthogonal vectors independent of A?, both being orthogonal to
€ and given by parallel transport along C'. Then, from (3.4) and
(3.5), the null geodesics through A passing near B are given by
71 = 0, and

éﬂ_i_quz’I = 0 (p’q = 2’ 3)’ (4‘1)
where I, are defined by (1.4), and are functions of s.* We have
assumed that the vectors are chosen so that e, = e; = —1, these

vectors being supposed to lie in the instantaneous space of some
dbserver at B. The problem therefore reduces to the solution of the
simultaneous linear differential equations (4.1).

# It is assumed that the parameter s is chosen so that it increases when
rassing from A to B along the null geodesic.
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If the position of A is given by s = s,, it is required that the
solutions of (4.1) should vanish when s = s,. They can therefore be
written in the form

= ay+Ps 2 = oty +Bifs, (4.2)

where ¢, ¢, ¥y, i, ave functions of s and s, vanishing at sy, and «, f
are small arbitrary constants. The cross-section of the pencil of null
geodesics by the plane z° = 0 at B is given by equations (4.2) and
2! = 0, the variables being «, B, and s having its value at B. The area
of cross-section is at once found to be proportional to (¢ i, —es i),
and the required invariant ® must be proportional to the square root
of this function. We therefore define

+0F= K(‘f’l ‘1‘2_&62 ) (4.3)
where the arbitrary constant K is chosen so that @ ~ s—s, as s — ;.
Fms 1 didoth

K 58 (8 -—-80)

From the definition, the spatial distance between the points s, and
s is given by an equation of the form

A =10, (4.4)

where v is independent of s. For an observer B’ at the point sy-e,
where ¢ is small, we have ©® = ¢, from (4.3), and A’ = ve. If the star
and the observer B’ both have the motion #?, the distance & between
the star and B’ in the instantaneous space of this observer is

8 = elgyv'N s,
Hence, to satisfy the second part of the definition, we must have
== |g-£jt’f(\jis=su' (4.5)

Thus the spatial distance between the star and the observer is
A = v0, where v is the inner product of the direction of motion of
the star and the tangent vector of the null geodesic, and @ is the
invariant defined as above. We observe that ® and v are not com-
pletely determined by the positions of the star and observer and the
motion of the star, owing to the arbitrary multiplicative constant
attached to the parameter s. This constant, however, is cancelled
in the product A = v0.
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SPATIAL DISTANCE IN GENERAL RELATIVITY
5. Spatial distance in space of constant curvature
In a space of constant curvature K;, the components of the
curvature tensor satisfy
Boijic = KoGns Gor—Inn9i5)-
We have g;; AN = 0, and g;;A°A,7 = 0 for p = 2,3, and hence, from

(1.4), ;=0 (p,q = 2,3).
From (4.1), the null geodesics through s, are given by
22 = a(s—sy), 2% = B(s—s,),

and from (4.3) we have 0 = s—s,

Hence, in a space of constant curvature, if the parameter s of the null
geodesic is chosen to vanish at the position of the star, the spatial
distance is proportional to s.*

6. A more general method of obtaining spatial distance

The method of § 4 depends on finding two solutions of the equa-
tions of parallel transport along the given null geodesic. In some
cases this may be impracticable ; it can be avoided as follows:

Let Ay%, Ay’ be two orthogonal vectors at points of the geodesic,
both being orthogonal to the curve and satisfying e, = e; = —1. As
before, we have %* = u®= 0, and z! = 0 for the null geodesics
through 4. Completing an orthogonal 4-uple at points of C, we find,
by a method similar to that of § 3, that the null geodesics through
4 are given by

W42y, 30 4p, 28 = 0, (6.1)
3
where Ppq = pq—‘f_ 7;0*?+ agnea Yap Voq
= Lpg '—)‘a!i,:i I ‘)‘J';]i)‘j?‘k' (8.3)

The invariant © can now be found as before in terms of the solutions
of the linear equations (6.1).

If one of the vectors, say A/, is a solution of the parallel transport
equations, we have y,, = 0 from (1.2). Also, it can easily be verified
that for any vector Agt orthogonal to such a vector and to the curve,

g o(Y30)® = G A" 1 Mg e AMAF = 0,

¥ This has been proposed by Professor E. T. Whittaker as an alternative
definition of spatial distance in a general space. Another definition by H. S.

Ruse, Proc. Roy. Soe. Edin., 52 (1932), 183, leads to this result in a general
space.
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and hence, from (6.2),
Ppq = Fqu (p.g =2, 3). (63)

Thus equations (4.1) are still true when only one of the vectors is
given by parallel transport along the geodesic.

7. The application to an important class of spaces
We shall now consider the application of the foregoing methods
to space of the common form*

ydt2—y~1dr?—r2d 0> —r%sin?0 d¢?, (7.1)
where y is a function of  alone. It is easily shown that, by a suitable

choice of s, the equations of a typical null geodesic can be written
in the form

e 1 dr dp h
e > e = L=, 7.2
ds v ds o O=im ds 12 )
u h?
where P = l—r—:’, e= —+1, (7.3)

and % is a constant. If the geodesic is through the origin, % is zero.
A solution of the transport equations along this curve is

A = (0,0,1/r,0), (7.4)
and a vector orthogonal to this vector and to the curve is
At = (0, —ehy[r, 0, /7). (7.5)
The non-vanishing components of the curvature tensor are
Ry = 3", Ry = Iryy's Rog39 = Jryy’sin®d,
Ryyo = —'-lz’*"ia Ry = _'%’*"E sin®d, Rygg0 = —1*(y—1)sin’),
v iy (7.6)

and hence, from (1.4), (7.2), (7.4), and (7.5), we find
R?,
Ty = ;_g(z’?"?’ —y+1),
I“gs = 0, (7.7)
hz L !
= @(W ~'):

* This form includes some well-known spaces in general relativity, e.g. the
gravitational fields of a material particle and an electron.



SPATIAL DISTANCE IN GENERAL RELATIVITY 79
If the geodesic passes through the origin, A = 0, and from
(7.7), [y=0 (p,qg = 2, 3).
The null geodesics through the point s = s, are therefore given by
2= als—s,), 2= Bls—s,),
and we have 0 = s—s,. (7.8)

In this case r4-s = const., and hence © = r-+7,, |r—r,|, according
as the star and observer are, or are not, separated by the origin.

If h 5= 0, write 22 = ra, 2% = rfy. Substituting (7.7) in (4.1), and
changing the independent variable from s to ¢ by (7.2), these equa-
tions become

dx
&.(;E-{-a, =0, (7.9)
dy 2 ﬁﬁlﬂ o= 7.10
ag ™ dg dg e
Hence we have 22 = arsin(—g,), (7.11)
23 = Bryp(V—V,), (7.12)
¢

d¢

h I’r = oY

where J.‘l’g

and the subscript , indicates the value at the position of the star.
The required invariant is now given by

02 = Kr(V—Ty)sin(d—go),
where % = HmTﬂsﬁ(V—T@)sm(sf»—%)_

55, (8—8g)?

We have

ds _ r* . sin(¢—d,) V=T, 1

sre=—y, WM TR T ], Iim -—°% = —.

b g, b bpbp—b0 4
Hence K = 124,/h%, and we have

+02 = 133y (V —Ty)sin($—gy). (7.13)

Tt is interesting to observe that, in certain cases, this method of
defining spatial distance will give unexpected results. These would
be due to the term sin(¢—d¢,) in the above formula, for it may be
possible for the null geodesics to be sufficiently curved so that ¢, and
7+, give distinct points on the curve for some values of ¢ In such
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a case, if the observer is placed near the point 7-¢,, the star would
appear to be very bright, and the above definition would indicate
only a small spatial distance. This could quite possibly occur when
light from a star passes near another heavy body, and it should be
possible to find two stars, satisfying the required conditions, such
that the earth is near the critical point of observation. It is seen that
the above peculiarities arise from equation (7.11), which shows that
it is possible for a pencil of null geodesics to converge again in one
direction.

In conclusion we may remark that the above method of calculating
spatial distance has been successfully applied to space of the more
general form

ds? = vdt*— R2(y—Ydr*+-12d0%4-rsin0 d¢?),
where R is any function of £, and v, y are any functions of 7.
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INTRODUCTION.

Ir Cis a given curve in a Riemannian space V,, a system of co-ordinates
(2",2% . . ., 2™) can be set up at each point P of C, thus generalising moving
axes along a twisted curve. If in these co-ordinates a point Q is defined
relative to the point P, then @) traces some curve as P moves along C; any
curve C’ can be defined in this way by setting up a (1, 1) correspondence
between points of C and C". We shall take the relative co-ordinates at P
to be normal co-ordinates with origin at P, the parametric directions at P
being the directions of an orthogonal ennuple defined at points of C. In
general, this work is too heavy except for the consideration of points within
a certain distance from the curve C, and we shall therefore consider only
points the cube of whose distance from C may be neglected. This is
sufficient for the application to such problems as the motion of a small
rigid body in space-time.

§ 1. RELATIVE CO-ORDINATES.

Let V, be a Riemannian space, co-ordinates (z, @ . . ., '), and let
C be a curve in V,, defined by the equations
a't=2¥(s), (E=1,8, « o« m) . ; ‘ - (1.1)

where s is the are, or a parameter if C is null. Let A,* be the components
of the vectors of an orthogonal ennuple * defined at points of C. The
ennuple chosen will depend in general on the particular problem under
consideration. The vectors of the ennuple may be given explicitly, or they
may be solutions of a set of differential equations. An example of the
former is obtained when the ennuple is formed by the tangent and
principal normals of C, and an example of the latter when the ennuple is
defined by Levi-Civita parallel transport from a given ennuple at some
point of C. In both cases the vectors of the ennuple are solutions of
displacement equations of the form

AVi+CiVida*=0, Ch=Th+A%L . . . (12

* The notation is that of Eisenhart, Riemannian Geometry (1926). In Aq[f, o indicates
the vector of the ennuple and ¢ the component.
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where I‘)-i are the Christoffel symbols of the second kind, and A?-i are the
components of a tensor. For if the vectors are given explicitly, and in-
variants v, are defined by

o) da®
P YL o Nt (&)

then, multiplying by e\, and summing for 0, we have

aot,
ds _,ii:‘\-a'| d = _'Zletﬂ’ﬂa’\ﬂ

= — >\ eotyyopho"Agi Aol
e

Hence, the vectors A\, * are solutions of (1.2), where

Ajit = X eoegyahoihyyy, @ =da¥/ds.
From this equation we see that if the vectors are given as solutions of
the equations (1.2), the invariants v, are given by

yoo=AgiNadgd. . . . .. (L4
By differentiating the equations of orthogonality, gi\e'As/ = €46}, it can be

seen at once from (1.3) that the invariants satisfy
Yoo +vpe =10, 6, ¢=1,2, ..., 'n)- . i . (L5)

It may here be of interest to discuss the forms (1.2) must take in order
that the vectors should satisfy certain conditions. It is always necessary
that the magnitude of a vector and the angle between two vectors should
be unaltered by the displacement, i.e., if u?, v are any two solutions, the
expression g;u’ must be constant. Differentiating this expression along
the curve, and substituting from (1.2), the required conditions become

(90Ade + guAj)3t = 0.

Thus, if this is all that is required, the most simple solution is A} =0,
giving the ordinary parallel transport.

If it is also required that the vectors should make constant angles with
the curve C, then &' must be a solution of the equations, i.e. substituting
in (1.2),

Ajdidh= —yf= — (& + Tjaiah),
y* being the curvature vector of the curve. The most simple solution of
these two sets of equations is evidently
Ajdk=eg(aint—dtyl),  emggiw. . . . (L6)

Let a point P of C be given by s=s;in (1.1), and let the subseript 0
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indicate the value at this point. Then with P as origin, a system of Rie-
mannian co-ordinates (3%, %% . . ., y") is defined by the equations

TR o (.
A=y = o (Dagho“¥? = 5i(

R e R (1.7)
where the coefficients are certain well-known functions of the Christoffel
symbols and their derivatives. Any other system of Riemannian co-ordin-
ates is now given by a linear transformation of the y’s with constant
coefficients, and a system of normal co-ordinates is given by such a trans-
formation so that the parametric directions at P are mutually orthogonal.
Wenow wish to find the transformation of the s giving normal co-ordinates
with dirvections (A;%), at P.
If (\'5*), are the components in the ¥’s of the veetors (A,%),, the required

normal co-ordinates (2!, 2% . . ., 2*) ave evidently given by

y*=(Ne|*)?"
We have (Ny2),=(\dy"/ox"t),, and from (1.7), (dy*/ox"),=6z Hence
(Ne®)g=(Ae|*)p, and the normal co-ordinates are given by

o= (A% i 5 ; v (1.8)
Substituting in (1.7), and dropping the subseript, we have at the point P(s)
of C a transformation of the form

ai=at+ Pis, 2), . ; ; . s (L)
this being given by (1.7), which can be written in the form
at=at 4 filo, y); . : 3 . . (1.10)
and by
7%= X%, . . . . : ol )

the @’s and \’s being known functions of s. The relative co-ordinates are
now completely defined at each point of C.

§ 2. FUNDAMENTAL FORMULZ.

Let Q be the point (2) in the co-ordinates at P(s), and let Q" be the point
(2+dz) in the co-ordinates at P(s+ds),and (z+ dz) in the co-ordinates at P.
We proceed to find the relation between §z and dz where dz is small. If
Q' is the point (&Y, £2 . . ., £7) in the co-ordinates of V,, we have from (1.9),

& =a¥(s) + Fi(s, 2+ 02)
and
&= wi(s + ds) + Fi(s 4 dls, 24 dz).
Expanding to the first order and equating, we get
o Dgr. ¢ OB 2.1
- auss - USRI
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where
Dzo = 8z0 — dze,

From (1.10) and (1.11) we have, writing fi=af¢/ay

LB F S L (29
o027
and
clt ot ik L i e
—a-s— a!‘L J{ ( o )-‘ 3
e, from (1.2),
or _ o, A FiC gty 2.3
_6: 8FL f C ?/ . 5 . . . {_l. )

If /2 is the minor of /7 in |fJ], divided by the determinant, then substituting
(2.2) and (2.3) in (2.1) and multiplying by 7% we get
,\,ﬁL:; -—H(a + 3’ Lk) ol .. L (24)
In expanding this expression, we shall neglect terms of order greater
than the second in the 2’s (or #/’s). The definition of relative co-ordinates
being independent of the particular system of original co-ordinates of V,,
the coefficients in the expansion are invariants with respect to these co-ordin-
ates. We may therefore assume that the @ co-ordinates are geodesic at P,
and if we express the result in invariant form, the expression so obtained
will be true whatever the original co-ordinates may have been.

We have
fie, y) =9 - 1I‘ o By 2.5
JE : 5] ur;q.r 3] ﬂ,,y?/:;.r; : : . (2.5)
and hence at P,
j“ -ir fy‘/d?j 5 0L ) . . . (2.6)
for the Christoffel symbols now \’iLlllSll at P. From _,‘a‘i}‘?:&; we have
f=8+iTi5. 98y . ; ; A .2
Also, from (2.5),
art . a
3;,):“ %Fuﬂ KYU5 I u.B*c ’WL‘I‘“{"’
and hence
ort 3
_?Lg( +q el )—-'1 + (I ;H.Y—PJ\ pudyrik
From the expression* for I',? , we have, at P,
o § 5 3 H 4 -~
Tigy = Loy k=3(Ts.y + Ty 1+ l.,k{_u) S
O 5 1 S |
—1{(1 _l Ay. i)+(1 k.8 ™ P-?I.je.k)]
= Ltlxqﬂ.ﬂ»,ﬂ) & em & g . (2.8)

* L.henh.ul op. u!‘ p- 92
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Substituting from (1.3) and (2.8) in (2.4),

Dze
v . [ B
¥ Ui ds = ,{,;’ - '\J "’ukyJ + .‘.IS-I{'ﬁ'}'kwkyﬁyY! . . . (29)

this being true whatever the original co-ordinates may be. Irom (2.9) we
cet at once
D

gﬂ
ds

=gy = AjpiFha1 7 + YRyt Na Py,

a repeated index not indicating summation if it is attached to e=--1.
From (1.4) and (1.11) we now have, writing 1" = e\, ;&
8z e 1 P 9 ;
—— = —— U — €Y ar? T 4o Yo 2 (o=1,2, ..40), . (2.10)
ds  ds .
where y,,.;, 18 the well-known invariant Ryua !\ Nk
If C is a geodesic, we can use Levi-Civita parallel transport along C,
taking A, #=df, in which case we have vy,, =0, u”=d}, and hence

8 dr 4
E=E+8,+§;eﬁm,1z"‘z : . . : . (2.11)

If C is not a geodesic, an interesting set of relative co-ordinates is found
by taking the vectors of reference to be in the principal dirvections of the
curve. In this case the Serret-Frenet formule give

Yor= — .-.',_15;__1 + K‘,SZI“,
and hence
827 dT . ;
o 4 01 o, 2771 = ko2t + A yaun 7 ; » (2.12)

where the k’s are the principal curvatuves of C. If V, is a flat space, we
have without any approximation
827 do

ds ds

This is an evident generalisation of the moving axes formula for a twisted
curve, where n=3, and &, is the curvature, «, the torsion.

1 o il _ g s saFl .
+Eu+e5,,:\,,._I." eyKq2 T, . 2 . (2.13)

§3. THE APPLICATION TO NEIGHBOURING CURVES,

For the further consideration of relative co-ordinates we require the metric
of V, referred to normal co-ordinates with a given point P as origin. Let
a.; be the fundamental tensor for the y co-ordinates defined by (1.7), and
b,, the tensor for the z co-ordinates defined by (1.7) and (1.8). Then from
the law of transformation, we have

oa't ga'd ay= éyP
oud = Yii7— bey = “’aﬁ‘,.'—f' 'i ' x - (8 1)

ay™ a?r-" 0z gzv
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By a method similar to that used in expanding (2.4) it can easily be shown
that we get

s = (Fupho + §(Rayop)oy"9* . : # . (3.2)
to the required order of approximation, and hence from (3.1) and (1.8),
Dop =€, 3" + 3 (Vrran)o? 2 i § i . (3.3)

If the co-ordinates of a point () relative to the point P(s) of C are given
as functions of s, then as P moves along C, Q traces a curve C. The
tangent vector of this curve at @ in the co-ordinates at P is dz7/ds, where §

is the arc, and is given by
di\? oz7 ozv
] el WS e s N g ¥ ; . (34
B (ufs) ds ds G4

Substituting from (2.10) and (3.3) we get

F\2
* (?) =+ dyulte + 2 2 UTET + Z‘e,(:"’)2 + 2y, 202
o o

(s
L (35)
+ zeo'}’oﬁ.}'nvzﬂzv + 'y_:m.,_r;’tc"‘tikzﬂz",

where e=Xe¢,(u?)?= 41, 0 according as C is not, or is null. If C is not
o

null, the sign on the left is evidently that of e.

If C is not null, and C" is a curve near C, we can take C’ to be the locus
of a point Q where the geodesic QP is orthogonal to C-at P. 'We now take
Aii=d% and C' is given by 2'=0,and 22 2% . . ., 2" as functions of s, If
C is not a geodesic, the simplest displacement of vectors along C which

transports the tangent at one point to the tangent at any other point was
found in § 1. This is detined by

Ajal=egp(itmt—abyt);  pt=af gk . L. (3.6)
from which we get
Yor=m,=8lv;  w=yige . . . . (37)
Substituting in (2.10) and (3.5), we have
?;_b—l—e?’ A TR s : . ; ; . (3.8)
st

—arad o
— =2 3 e?")’!'s.t]_“&‘ )
ds

(lf’s) 1 - Zew,s"+ BZ e(3")2 + (v,2") 2 + 57’1;-513"55

1.c.

C.?-_l-evz’-é-é Ze 2+ del 2" 5 2 . (8.9
ds
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where I'ys= Ls. = ¥rs = Brann® &N, A, and r, s, 1 take the values 2,3,. . ., n.
These equations hold if C is a geodesic, for in this case we have v,=0,
(r=1, 2,. .., n), and the above transport reduces to Levi-Civita parallel
transport.

§ 4. GEODESICS IN RELATIVE CO-ORDINATES.

To find the equations of the geodesics near C (not null) we use the
variational definition

§/MTds=0, . . . . . . (41

where T'=ds/ds, and 22, 2% . .. 2" are varied as functions of s. This
equation gives the differential equations

d(c’ﬂ‘) aT

SEY 93 5 L L L s v B

ds\gi"/ g7 =
and substituting from (3.9), we get

e k" — Ty gt® =, (r=2, 8; . . ;n). : 5 . (4.3)

These equations are only true when (2)* may be neglected. They show,
as expected, that v, must be of the order of smallness of 2, i.e. C cannot

lie near a geodesic unless the first curvature of C is small.
If C is a geodesic, we have v,=0, and the geodesics near C are given by

o —e =0 (r=2,3, . . 1) . " . (4.4)
We can at once find the general solution of equations (4.4) when V,, is
a space of constant curvature. In this case we have

Rpie= Kgn,0a: = Juedir)s

where K is constant, and hence

T, = KA A, (07 — eg¥) = — ee, K&, : . . (4.5)
Equations (4.4) now become
FeKer =0
and the solution is
z"=A"cos ( eKs + a’), AT cosh ( V=eKs+a"), . . (4.6)

according as el is 4we or —uve, where A", ¢ are arbitrary constants.

§ 5. Ricip MoTION IN A RIEMANNIAN SPACE.

Let L, L,, . . . be the paths, or world-lines, of a system of neighbour-
ing particles. Then we may say that the system of particles moves as a
rigid body if the orthogonal distance between any two world-lines is
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constant along these lines. We shall suppose that the lines are sufficiently
near together so that the cube of the greatest distance between them may
be neglected, and we shall refer to one line C and use relative co-ordinates
with the transport (1.6) in referring to the other lines.

In the co-ordinates at a point P of C it is evident from (3.3) that the
ceodesics are straight lines to the required order of smallness. Consider
any two lines L, I" of the system; let L meet the V,_, orthogonal to C at

P at the point (2% 2% . . . 2z"), and let 1" meet this space at the point
Q(#2 2%, . . ., 2. Let QQ be the geodesic orthogonal to L at Q, meeting

I/ at the point Q. Then it can easily be verified that QQ=QQ" to the
required ovder of approximation, 7.c. we have

+(QQ)?= D e (7~ 2)e ; : : . (5.1)

Hence, for rigid motion, this expression must be independent of s, and so
for each pair of world-lines. Thusif L, is the locus of Q,(z,2 2,% . . ., 2,"),
the conditions are

e i - %
ag,’r’,(; E z;_')“ =0 . ‘ b : . (5.2)

for all values of p, ¢. We have taken C to be the world-line of one of the
particles, and hence, from (5.2), the conditions are

d d — .
FoaEn=0, FXedu=0; . . . (63

.. the geodesic distance PQ,, and the angle at P between the geodesics
PQ,, PQ, are constant along C. Hence, we can write

g=E0s . . . . . . (54)

where the v's are constants, and &, (7, s=2, 8, . . ., n) are the coeflicients
of an orthogonal transformation in V,_, and are dependent only on s.
Equations (5.4) are the necessary and sufficient conditions that the lines
(#p) should be the world-lines of the particles of a small vigid body, referred
to relative co-ordinates along one of the world-lines.

Thomsen * has discussed the equations of motion of a rigid body in
space-time by considering the variation of the energy integral. For this
we require the energy of the particles, which is at once given by (3.9) and

* Thomsen, Math. Zeitschrift, 29, 1929, 96.
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(5.4). For the particle Q(z) the energy is mds/dt, and we can write ds/dt
in the form

ds s et 1 e s e 3 ot [y feMr t =

Eﬁzm(] - T, &%) + 23@(}.&9.; $&1+ Ryggpa Pt A AN FECE oS0, L (5.5)
where a dash denotes differentiation with respeet to ¢, and T, is written for
BN i =@%,@%, . In space-time we have n=4,e=1,¢,=—1 (r=2, 3. 4), and
we have Thomsen’s form, with a slight change of notation.

(Issued separately October 12, 1932.)
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On Small Deformation of Sub~Spaces of a Flat Space
By A. G. Warker, Edinburgh University.
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The object of this paper is to introduce the differential operator,
V, generalised for a Riemannian space 7, immersed in a flat space
V,, and then to discuss the general small deformation of V.

§1. Notation.

We shall use the notation of vector analysis in the flat space,
and tensor calculus in the Riemannian space. Consider a Riemannian
space V, immersed in a flat space V,, p>n. Let r=(z\, 2% .... 2"
be the position vector of a point of V,, the fundamental form of
V, being

b= él e, (dz=)?, e, = 1+ 1. (1.1)

The scalar product of two vectors a, b in ¥, is defined to be

ab= 321 e, a* be. (1.2)
The space ¥V, is given by equations of the form z* = 2*(a), where
2t (i=1,2, ....,n) are the coordinates of V,, and, substituting for
the z’s, we have r as a function of x for points of V,. From the
form (1.1), which can now be written ¢ = (dr)?, we find that the
fundamental tensor of V, is given by

g =T 15, T; =;—; (1-3)

We may consider r as an invariant in V,, and we can differentiate

the vector covariantly with respect to gy, obtaining vectors in
V, which have tensor forms in V..

By considering a small displacement in V, of a point of V,, we

find that the n vectors r; are tangent to V,; they must also be

independent in order that the coordinates a' should be independent.
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Hence a vector tangent to V, may be written in the form

t = Nr; (1.4)

where A’ are the components of a contravariant vector in V,. Thus
a vector tangent to ¥, can be defined either by a vector in V,, or by a
contravariant vector in V,. It can easily be verified that these
definitions define the same magnitude of such a vector and also the
same angle between two such vectors. These results are important as
showing some of the relations between the two methods of discussing
a Riemannian space.

Differentiating (1.3) covariantly, we get r ;T4 1;'r =0,
where r ; is the second covariant derivative! of r. Permuting i, j, £,
we at once find that

ré'r,j;_-=0, (%',j,k= ]., 2, R n). (1.5)

Hence r j is orthogonal to every direction tangent to V,, that is, is
normal to V,.

The normals to V, are given by N-r;=0, (¢=1, 2, ...., n).
There are p — n independent normals, and these can be chosen to be

mutually orthogonal, such a set of unit normals being written N, ,
(6=1,2, c..., p— n).

' We can define tensors Q, i, e : by the equations
Qy=No -1,y =—Nopitj=—No ;1
Povii=Ne"Nyj,i=—N,-Ngy 4. (1.6)

These tensors can easily be identified with the second fundamental
tensors?,

From (1.5) and (1.6), it follows that r, ;, N, ; can be written in
the forms

P=-n
ry= 2 e,Q N, (1.6)

p-n

No’].i: T Q(rgijgmr.(‘ = Zl e:anu‘avliNvl 3

where ¢, =N, = + 1.

1 This is the usual notation for covariant derivatives. With this notation, we could
write 1 ; for r;

2 Eisenhart, Riemannian Geomelry, §47. The notation used by Eisenhart will be
used throughout the paper.
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§2. Differential Operators.

Generalising the operator, V, we define

a 0
V=23 et, — 5
Z o B 50 (2.1)
where t,,, (h=1,2, ...., n) are the vectors of an orthogonal ennuple

in V,, e, = t,)® = 4 1, and &f/és, is the intrinsic derivative of f in the
direction t;;. From (1.4), using the usual notation for orthogonal
ennuples, we have t,, =), * r;, where A,;' are the contravariant
components of the vectors in V,. With this notation, we have
9/ 0s, = A" @/ 0x*; hence, using the equation

n
&EI e dn)t Ay =gv,

(2.1) becomes

g A
V=gVr, —. 2.2
g s o (2.2)
It is evident that this operator is independent of the ennuple chosen
in the definition.

Operating on a scalar function, f, we get a vector Vf=g¥f 1}

called the gradient of f. This vector is tangent to V,, and is in the
direction of critical variation of f, the magnitude being the variation.

Operating with closed product on a vector R, we get a scalar,
V.R=g"r;-R ;, called the divergence of R. For t = X'r,, we have,
from (1.5), _

divt =X;.

Operating with open product on a vector R, we get a dyadic,
VR = g".-" r; R,j-

It is easily shown that, if s, t are unit vectors tangent to V, at
points of V,, the necessary and sufficient condition that the vectors s should
be parallel in V, along the curves of congruence defined by t, is that
t Vs should be normal to V,. An equivalent condition is that (Vs)'R
should be orthogonal to t for all vectors R. In particular, t defines a
geodesic congruence if t-V t is normal to V.

Ift,, (h=1, 2, ...., n) are the vectors of an orthogonal ennuple
in V,, we find that the coefficients of rotation are given by

?ﬁ&£=t£]'Vthi't’k|' (2.3)
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Hence, if we define normal coefficients of rotation by

Iua=tk| 'Vtk[ ‘Na| =Qa|ﬁi2‘hli’)‘klj'
we have
Vi =Zeeyyupoto) ty) + Zeoeo Luoto Noys (24
o,

Where eg=tgl 2= :!: ].; e, = Na|g= j:l.
Prof. C. E. Weatherburn! has introduced an operator V, similar

to V, in the study of a surface V,. This can be generalised by con-
sidering some normal N of V,, and defining

€=Eeﬁ Kpy t_r& (2.5)
R

| é?k!
where the ennuple t;, is the principal ennuple for the normal N, and
x, are the corresponding principal curvatures. From the theory of
principal directions, we have

Zeprn gt X! = g g™ Q= QF,

where Q; is the tensor associate to the normal N.
Hence we have
V=oir.2. (2.51)
o’
It can easily be verified that
V=—(VN):V. (2.52)

A second order operator may be defined by V2=V -V. For an

invariant V, we have
V2 V = gi‘"i V’ ije (2.6)

Thus V? is the Beltrami operator A..

We see that
Vir=gir ; = MN, (2.7)

where N is the mean curvature normal?, and M is the mean curvature
of V,. This shows that the mean curvature normal, and the mean
curvature are generalisations of the principal normal and curvature of a
curve, for we have, for a curve, V = td /ds where t is the unit tangent,

¥ Quart. Journ. of Maths., 50 (1927), 277.
* Cf. Eisenhart, loc. cit., p. 169.
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and hence
' Vir=«n (2.71)

where n is the principle normal, and « is the curvature.

Another second order operator is V.V, For an invariant V,
we have

V.VV=Qiv, (2.8)

§3. The general small deformation.

We shall now examine the space V', obtained by deforming
V, in V,.

Let € be a constant of the order of magnitude of the greatest
displacement of points of V,, and let the deformation be such that
¢’ may be neglected. Then the position vector of a point of V', is
given by

Y =T +es (3.1)

where s is the displacement vector of the point r, s being a finite
function of position on V,. Let dashes refer to V',.

We have at once

r'i=ri+ e (3.11)

and hence,
g’fj = r’i . r:, = gf}' + EGQ‘J‘ (3.12)
where C;i=T;-8 + T8, (3.13)

From (3.12) and the identities g'; g¥* = 8, we get
g’V =gl — ecl (3.14)
where ¥ =gt g™ cpp.
From (3.12) we have
g =19"y|= g1+ eg?cy)
ie. Vg =Vg(l4eV-s). (3.15)

If dV, 4V’ are corresponding elements of volume of V,, V',
respectively, the dilation is defined to be the ratio (dV'—dV)/dV.
Hence, from (3.15), the dilation is given by

ﬂ”d_;ﬂ:gv-s, (3.16)

i.e. the dilation is the divergence of the displacement vector.
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Writing
204k = (Cy, % + Cir i — Ok d)s i = 9™ Clgs (3.2)
we have
'k =T} + €C}, (3.21)
where I, T'% are the Christoffel symbols of the second kind.
Hence the curvature tensor is given by

R = Rl + €(C% ; — CF ) (3.22)
and from (3.12), we have
Ry = Rugire + (e Bl + Cui, 5 — Cnj,x)- (3.23)
From this equation and (3.14), we get
R =R —e(c"R;+c¥; —gicy) (3.24)

where R; is the Ricei tensor, and ¢ =gV¢; =2V -s.

Let N be a unit normal of V,, and let N’ be a corresponding
. unit normal of 7’,. We have N'.v;,=0 (i=1,2, ...., n), and
writing N’ = N + ¢N, we find

N=—(Vs):N (3.3)
where N is taken to be tangent! to V,. Hence
N’ =N —¢(Vs)-N. (3.31)

If Q; is the second fundamental tensor in V, associate to the
normal N, and Q'; the corresponding tensor for N’, we have

ng; = — N', i rl‘; = Q” —|— EN % S’ iis (3.32)
and hence, the mean curvature for the normal N’ is given by
Q=g¥Q;=Q+¢(N-V3—-2V.5) (3.33)

where V is the operator given by the normal N.

The linear element of V", is given by

eds” = eds® + ec;da‘da’; eds® = g;da’da’. (3.4)
Hence, the extension for the direction t = A'r; is given by

where e =t = + 1.

1We need not take N tangent to ¥, but we do so to define the particular normal N”.
All we actually know is that N is orthogonal to N, and satisfies N 'r; + N +s; =0.
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If eB, (h =1, 2, ...., n)are the extensions for the directions of
an orthogonal ennuple, we have I, = ¢, ), 1* Au? ri-s; and hence
%Eﬁ=Vx. (3.42)

Thus the sum of the extensions for n mutually orthogonal directions is
independent of these directions and is equal to the dilation.

From (3.41), we see that the eatension has critical values for the
principal directions® determined by the tensor ¢y, and if p, are the corre-
sponding invariants, then 2K, = p;.

Writing
EM,=)‘.;A|")t'(.ijri'5j=t,{-|-\75‘t?‘|, (3.43)
Biy= M '8N, =t,,.Vs-N,,
where t,, are the vectors of any ortho;gonal ennuple, we have
Euh = € E."n and

VS=E¢’399¢E¢91‘»€[%| +Eeﬂecrﬁ9crtﬂ| No-. (8.44)
o, (A4

From (3.11), it is easily shown that a direction t tangent to
V. becomes the direction t' tangent to V,’ where
t =t 4+ e(t- Vs — Bt), (3.5)

elf being the extension in the direction t.
Hence, for two directions t,|, t;; making an angle w, the angle
between the new directions is w = ¢ # where g
9Sinw=?t||")(g|-‘-c,-);—-(E1+E2) COS w., (3.51)
In particular, if w = 7/2, we have
8=A1|£)\g|jﬂf)j=t1|'(V5+SV)-t2|, (3.52)
where sV is the dyadic conjugate to V s, and hence, two orthogonal
directions remain orthogonal if they satisfy
)(1|i)12|jﬂ,'_;=0. (3.53)
From this condition, we see that if {two directions are orthogonal, and
if one of them is a principal direction of c;, the directions remain
orthogonal.

Also the only orthogonal ennuple remaining orthogonal is the principal
ennuple of c;;.

1 An account of the principal directions of a tensor is given by Eisenhart,
loe. cit. §33.
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If the principal ennuple of ¢; is also the principal ennuple given
by a normal N, it becomes the principal ennuple in V,’ of the

normal N’ if .
(Qy — &ug's) Myt = 0. (3.54)

Writing «’, = k, + €k, and substituting from (3.12), (3.32), these
conditions become

{211 By, 4+ %1) g5 — Bt M) = 0 (3.55)

where k; = N-s . Hence the ennuple must also be the principal
ennuple of the tensor k;, and if p, are the principal invariants for this
tensor, the principal curvatures for the normal N’ are «, + ex, where

?C,rf_ el ] 2!(;‘ Eh. (356)

Let us now find the conditions that a geodesic congruence X' in
V., becomes geodesic in ¥,’. We have

ANr, = Nir', Ni=(1—ecB)X, E=eXXc; (3.6
Differentiating covariantly with respect to ¢y, and substituting
A;X¥=0in V,, we find

NG AT = eN M (CF, — 2eN X Cy). (3.61)
Hence the congruence remains geodesic if
XX (O — 2eXi A-€y) = 0. (3.62)
Multiplying by A; and summing, we get
NN M Cp = 0. (3.63)

Substituting in (3.62), we have the necessary and sufficient conditions
that the geodesic congruence X should remain geodesic are

MNC =0, (=], 2, ooy n) (3.64)
We at once see that the necessary and sufficient conditions that all
geodesics of V, should become geodesics of V,’ are

Cix=0 (5, 4,k=1,2,....,n). (3.65)

A more general theorem is as follows.

If the vectors u' are parallel along the curves of the. congruence X' in V.,
the corresponding wvectors are parallel along -the corresponding curves
wm V' if

Nt O;& = 0. (3.66)
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The differential equations (3.65) have been studied by Eisenhart! and
Levy? A particular result is that when ¥V, has constant Riemannian
curvature, the tensor c; must be a constant multiple of the funda-
mental tensor ¢;. In this case V,, V,” are conformal, and the
extension is constant in all directions and at all points of V,, being
ep where c; = p gij.

§4. Some particular types of deformation.

An inextensible deformation is such that all lengths remain
unaltered. For this, we must have ¢'; =g¢,;. Hence, the necessary
and sufficient conditions for an inextensible deformation are i

G.,‘I;ZO (‘E:,j=1, 2, ....,??r). (4.1)
In this case, we have V-5 =0, V:s =0, and (3.33) reduces to
Q =Q +eN-Vis, (4.11)

From the definition, the curvature tensors remain unaltered.

A normal deformation, is such that all points of V, are displaced
in directions normal to V,. If N is the normal direction of displace-
ment of the point r, the deformation is given by

s=sN (4.2)

where s is a function of position of V..

If Q; is the tensor associate to N, and Q the corresponding mean
curvature, we have

05 ='— 280y, (4.21)
and V.s=—sQ. : (4.22)
The normal to ¥V, corresponding to N is now

N'=N—eVs. (4.23)

Ifp=n+1, (3.24),(3.32), and (3.33) reduce to
R =R+2(sQVR; +V.Vs —QV), (4.24)
Q= Qy + e {5, — s (QQy + eRy)}, (4.25)
Q =0+ ¢{Vi+5(Q+ eR)}, (4.26)

where e = N2 = |- 1,

1 Trams. of the Amer. Math. Soc., 25 (1923), 297.
* Annals of Math., 27 (1926), 91.
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The only orthogonal ennuple remaining orthogonal for a normal
deformation is now the principal ennuple of the normal N, and substi-
tuting for k; in (3.55), we find that this becomes the principal ennuple
of N’ if it is also the ennuple given by the tensor s ; — Z e, pto i pto);

where p,;=N:-N,;, Ny (=1, 2,...., p —n — 1) being orthogonal
to N, and e, =N, >= 4 1. Also, if p» are the invariants of this
tensor, the principal curvatures «, of N become «;, + ex; where

K = pr + 8K;. (4.27)

A tangent deformation is such that all points of V, are displaced
in directions tangent to V,. Writing

§ = A'r; (4.3)
we have
=T elir; =1 (2 + X) (4.31)

to the first order of approximation.
Hence this tangent deformation is equivalent to a point transformation
of V., given by . ‘

2t — ot = el (4.32)
Tangent deformations have been discussed intrinsically from this
point of view by McConnell.!

In concluding, we may remark that, writing &/ for e and
considering s also as a function of the parameter #, the spaces V,, V,'
may be considered as members of a family of such spaces in V, i.e.
hypersurfaces of a V,.;. Many of the above results may then be
interpreted as giving the variation with respect to ¢ of the tensors,
etc., connected with V.

1 Annali di Mat., 6 (1928-1929), 207.
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Introduction.

The theory of relative co-ordinates wss first introduced
by the author (1), but only a few of the results of Part I
of this work were given. The theory wass afterwards applied
toa study of distance in relativity (2), the method outlined
being fundamentally that used in Part 1o In the following
work, the notation of the above two papers has been
considerably altered so that the same notatlon can be used
consistently throughout thls work. With very few
exceptions, symbols will retain their meanings in order to
avold continual references to previous definitions.

In the study of twisted curves in ordinary Euclidean
space, a very useful theory is that of moving axes? At a
point of e given curve, a set of axes 1s formed by the
tangent, principal normal and binormal of the curve, so, as
the point moves along the curve, we have a set of axes
moving in space. Any curves or surflaces associated with
the given curve can now be referred to these moving axes:
€.8¢, a curve 1is described by a point with given
co=ordinates relative to these axes: thus, the locus of
centres of curvature of the given curve 1ls described by the
point f.p. 0 where p 1s the radius of curvature.

The object of the following work 1s to develope systems
of reference similar to the above at points of a curve 'in

a general Riemannian space V. The first difficulty is

X bISOT’haI’t,(:.}, (/aﬁ.f‘;fr(.



to find the most convenlent system of reference at a given
point, and to overcome this, we shall use the theory of
normal co-ordinates (#3). The second difficulty is to
defide how the system of reference at one point of the
given curve is to be related to the system of refeorence at
any other point. This leads us to examine the theory of
transport slong the curve and this will be discussed at
length in §2.

Part 7 will be devoted entirely to the geometrical
developement and application of the theory of relative
co-ordinates. We believe that these co=-ordinates have
a purely geometrical interest, =nd severai methods and
results will be discussed at length on this assumption.
#ith their ald, we shall give short proofs of several
known results and we shall also state and prove some new
theorems.

Part 1 1s concerned with the study of motion in
relativity, From the theory of observation in relativity,
it will be seen that relative co-ordinates play a very
important part, and observable guantitles are naturally
expressed in terms of these co-ordinates.

In Part 1 , relative co-ordinstes play a secondary part.
The problem ofdefining distance in relativity has been
greatly discussed recently, and we shall not attempt to
eriticise the work already published on the subject. ie

shall be mainly concerned with two of the definitions of



distance and with the ald of some of the results of cheppiarrs,
we shall formulate these definltions more'naturally and glve
a practlical method of calculating the results in a given
space~time. To demonstrate the advantage of thils method

we shall find the formulae for distance in a very general
form of space-time, but the subject of this work is not

concerned with a detailed discussion of these results.



PART I.

GECHETR 1CH L THEORY.

1., Orthogonal n-uples.

Let V.. be a Rlemannlan spacs of n dimensions, co-ordinates
(X°.X%% ---,x™") .  Then at each point of V, there exlst oo™/m»2
sets of n mutunlly orthogonal non-null vectors each of unit
length. Such & set of vectors 1s called an orthogonal
n-upls, or, for short, sn n-unle, and the cuntravariant
componente of these vectors are usually written Javi,
where ths—subacript before the vertical bar indicates the
particular vactor of the n-uple, and the superscript
indicates the particular GSZEES:of this vector: From the
definitlion of an n=-uple, these components must satlisfy the
relations

Ly Ae‘Au® = b 702 0,1,,1) | -z
where Z;,; 1s the fundamental tensor of V, and the §% are

defined by

5‘17: 0 gfﬂ'z e;'—'- fl’ g /5#)’2 J:y: oi;',-»’”-.;)- (7.3)

If the above components are functions of the X+ and satlsfy
these conditions for all values of the X% we have an n-uple
at each pdint of V..

Given an n-uple 4~*,a new n-uple A5 * can be defined by

equations of the form

* The notation, unless otherwlse stated, ls that used by
Elsenhart,(4), and several of his results will be quoted

without giving explicit references. in account of orthogonal
n-uples %e given in chape. TI1.
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where the {4 sstisfy the relations
g Sda il s Bow 01, Gy b-u;
and &% is defined as in (1.2), with e% fore, . The '~

may be called the coeffilclents of an orthogonal

transformation in V,.

If an n-uple An* 18 glven at points of V. , then to a
dydye
tensor 7ii. there corresponds a set of invariants defined

by

.o ; :
Leiarsvme = G2 ']m"*b;,“-' 'Jmo', Jnu’, il -5

£

It can be shiown that the conditions (1.1) are equivalent
to the condltions
Zadoda? =gt Gjeen, (-6)
and, using these relations, we find, from (1.5)
Tl = Z tote-tnts Lonvine Aapidaic dnSdut o (1)
Ve shall often be dealing with invariants of the form
gilven in (1.5), i.e., invariants assoclated with a given
n-uple, and for this reason, we shall introduce what we
consider to be a natural and useful notation, a notation
that willl enable us to use the standard summation convent'on
when dealing with such Inveriants.
It willl be observed that when a tensor 1s obtained from
a set of n-uplet invariants, the terms of the sum always
include the unit e's, given by the n-uple. Let us

therefore make the following conventions:



(a) 'hen an invariant is formed as in (1.5), write the
n-uplet suffixes as subscripts.
{(b) Let an n-uplet subscript of an invariant be ralsed to
become a superscript when the invariant 1s multiplied by the
corresponding unit e, and let a superscript be lowered in the
same way.  Thus,

Cllgi 2 £ 5 SRR S R S (-5
Ve observe that these two operations are eonsistent, for (e,%:/.
(e) If an neuplet Index occurs in any term as a subscript
and superscript, let this indicate summation, unless the.
index is attached to a unit e. Thus, (1.7) can be written

Lhl = et it Ayl e 7.9
The exception should be noted, e.g., there is no surmation
in the second equation of (1.8).

From (1.1), we see that J§s are the n-uplet invariants
associated with the tensor 4; . Writing 6% =44, , then,
from (1.,2), 8% is the Kronecker delta, i.e., §$: &/ 0
according as ¢ is or is not equal to V. Al180, &°= %4 dou

and hence, §°” has the same value as Jdo . (1.6) can therefore

be wrlitten
5””&']‘:/‘7}‘; 7 5‘; < (% 0,

2. HN-uples at points of a curve.

Let C be a curve in V, given by the egquations

XJ-: x4(s) 3 ﬁ'—,a,h",“’l*;; : /Q-IJ
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where § 1s the are, or s paorsmeter if C 1s null, and let As”
be sn n-uple at polnts of C. Then the components are functions
of s, satisfying (1.1) for all values of §. The vectors
of the n-uple may be given expllicltly at each point of C, or
they may be obtained by some glven law of transport along C
from an n-uple given at a particular point of C. An example
of the former 1s obtained when the n-uple 1s formed by the
tangent and prineipal mormals of C, and an example of the
latter when the n-uple is displaced by parallel transport”
along C. In the second general case, the vectors are
golutions of transport equations of the form

Avé + Cjg Vidvt =0 » Cja=Gh + Aji ' (2.2
where (i 1s s Christoffel symbol of the second kind, and Aj
is the component of a tensor. It can be shown that this
case yncludes the first general case, for if the vectors
are gilven explicltly as funetions of §, let invariants .
be defined by

Yo ~daqa( Lt s GLA L) - Erienen By
Tren, multiplying by ¢ 4s* end sumring for s ,we have, from
{1.6),

é‘?“ "fl_; “}Wé-z/f‘ = ")"‘v ’{ﬂ‘. = '(/J’“Jairf}w} waé .

where ) %= €o¥ar , ¥ M= €4uyou. Hence, the vectors 4" are

X By parallel transpbrt, we shall always mean Levi-Civita
parallel transport.




solutions of (2.2) where
A 3% = P s s gk (2.4
Thus, when dealing with an n-uple at points of €, we shall
consider the vectors as solutlions of ecustions of the form
(2.2). The law of transport is given by the tensor 4j
but in our work, we shall not so much consider thils tensor
as the Invariants )s defined above. From (2.4), we see
that, given 4i ,the invariants are given by
Yo =ik dgidit it : 2.0
By differentiating (1.1), it can be seen at once from
(2.3) that the invarlants satisfy
Jev*tVus=0 ; @v=0,1,-m=1) (2-6)
Although it has only been assumed that the vedors are
defined at points of C, we can, from (2.3), write, for
convenlence
Vest yvez A s v (-2
where the comma denotes covarlant differentiation. The

~

vector JQﬂLi can be considered as the derivative of Ao”

along C, and may be written Q#%EJ ,or simply ds* , when
there 1s no ambiguity. Thus .k Y., =J,%).,. .

If the equations (2.2) give an n-uple at points of C,
as reqguired, the tensoraﬁi must satisfy certain conditions,
arising from the fact that the magnitude of a vector and
the angle between two vectors must be conserved during the

transport. These condltions are equivalent to saying that



if U¢, VPare any two solutions, the expression g4 v<vé
must be eonstint along the curve. Differentiating along C,
we must have
iy (Gvf cvipt) =0
1.6. substituting for 7' /7 from (2.2),

‘ /ﬁ’jng;‘i 4 9::4;‘2}0’V335'°‘=0 ]

This equation must be satisfied for all vectors U*, V*, and
hence Ajx must satisfy

(9,-,-,};,2 v GieAfs) x% =9 (F,8%0,0,-~,7) (2.3
From (2.8), we see that these conditions are egquivalent to
(2.6). If the tensor s-tisfies these conditions, then,
given an n-uple at a particular point of C, the vectors of
this n-uple,when displaced by the transport (2.2), give an
n-urle at each point of C.

If the n-uple need sstisfy no férther conditions, the most
simple solution of (2.8) is 4% =0 , giving parallel transport
along C. It is often reguired, however, that the n-uple
should s=tisfy certaln conditions, The most common conditilon
is that at each point of U a vector of the n-uple should be
tangent to C. It 1s evident th:t the further condition for
this 1s that the tangent vector at one point of C must be
transported to become the tangent vector at any other point,
i.e. the vector =+ must be a solution of (2.2).

Substituting * in (2.2), we get

~Ag sdite g At 2 gl &9

/2



7°belng the curvature vector of the curve. The most simple
golution of the above two sets of squations is easily found
to be

A h e Guyaigh-he¥] 0 ew Jputareid) FE:Se)
where 1t 1s assumed that C is not null. ¥ith this transport,
a vector V* orthogonal to C remsins orthogonal to C, and
satisfles the equations

%“ + G5 véit se/(gavirh E* = 0 (.o
i.2. Fermi's equationsﬂfor transporting a vector orthogonal to C.
Thus, the transport givenm by (2.10) reduces to Fermi transport
in the case of a vector orthogbnal to C, and, as Fermi does not
conglider the behaviour of other vectors, we shall call the

transport given by (2.10) Fermi transport. e now have

Ao*=#%,  and hence, by (2.5), the invariants y.. are
glven by
Vgy & B2 U= 88%s Az 7% Ay . (2.r2,

e observe that when C is a geodeslc, Fermi transport becomes
parsllel transport.

M:ny other interesting laws of transport can be found by
the above method, but these will not be used in this work.
There 1s, however, a set of n-uples of some geometrical

interest, these n-uples being formed by the tangent and

principal normals of C at each point of C. For such an n-uple,

x7

Fermi,(5).

x2 Eilsenhart,(4), §i2.



v/

we have Ao"<¥°, and the Serre/-Frrett foprmulae give

Ao . _

Aer® - “Cor Ko, /L--,; bz i Ko /‘Lrw‘ ¥ (T o, h=A=2)
where K.,= k.o  and K, ¥, -+, Kaa are the principal curvatures
of G

lience, from (2.7), the non-vanishing invariants sre

esu = “Yeoteg= Ke 1 @ 20,1 -~ -2 A‘-a?,

3. ERelative cc-ordinates.

Given a point P of V,, co-ordinates /z%z%-.,7*') can be
found such that y<<o at P, and the geodisics through P are
given by #4=f*‘s, where 8 1s the arc, and the f's are

constants, being the components of a unlt wvector at P. Sueh

co-ordinates are called Kiemannlan co-ordinates, and, with

the same point P as origin, any otler system of Riemannian
co-ordinstes is given by a limeer trznsformation with constant
coefficientsy In particular, for a given n-uple at P, we

can find a system of Riemannian co-ordinates such that the
parametriec directions at P are the directions of the vectors
of the n-uple. These co=-ordinates are c¢nlled normal

co-ordinates, and are completely determined by the given n-uple.

From the definition, it is evident that normal co-ordinates
in 2 Riemannian space correspond to cartesian co-ordinates in
Euclidean sp:ace.

Let P be the point s:s. of the curve C defined by (2.1),

© m—

X Eisenhtart,(4), §13.




and let As*  be an n-uple given at points of C, the n-uple
at P being (), . Then, with P as origin we can find
normal co-ordinates (z°%z/)--,z2") having the parametric directiors
Aa?)y =t Po If the subseript O indicates values at P,
then with P as origin, a system of Riemannlan co-ordinates is
glven by the transformation
Xi = Gt B ERATT -3 () T (32
wrere the coefficienta are certain welle-known functions of
the Christoffel symbols and their derivatives. The required
normal co-ordinates are now evidently given by 7¢ qﬁgg%zr
where ﬁigﬁg are the components in the y's of thé vectora&%?i;_
#e have ﬂiin”fﬁﬂﬂ‘.gﬁ;/, , and from (3.1) ,éﬂf;:/‘ - 6%  glving
Aq%fk = et - kence, the normal co-ordinates are given
by (3.1) and :
g= aﬂ“_}oz 9 (3.2
Dropping the subseript 0, the above Bquations give a
system of normal co-ordinates at each point F(s) of C.

These co-ordinates, which we shuzll call relative cc-ordinates,

give a direct gener:lisation of the theory of moving axes
along a curve in Fuclidean space. We observe that the
coefficients in (3.1) are now functions of =x4s) and we can

write
X&i: f‘:/¥'ij (’22)
wrere

o

EMRY) M ok AP =L R ATV (%4
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The relative co-ordinates sre thus given by (5.3) and
AR Lt s 0.5
The components A, are "unctions only of s, so we can write
X4 < Fs,2) (6
where fF‘(s,z) 1s given by (3.4) and (3.5). Ve shall say that

9 _1s tre point (z) referred to P(s) when ¢ has co-ordinates

(=z°z27%-- ,z] 1in the system of relative co-ordinates with P

ags origin,

4, Fundamental Formulae.

Let @ be the polnt (z) referred to P(s), and let Q' be the
point (z+dz) referred to p/sdsj, and /z+52) referred to P. e
proceed to find the relation between §= and dz, where ds and dz
are small. If GV is the polnt /x4 ,-~,4x77) Iin the
co-ordinates of V,, we have from (3.6),

' X% + Fi/seds, z+dz) = F4(5.2+62)
Expsanding to the first order, and writing F* for Fi(rnz), we
get A { i

£ ‘-“-:—F/I *—g/zf 4 ‘%5:. §=27

i.e., writing s S Sz‘-d—{z.‘,

From (3.4) and (3.5)
%ﬁ_ = % dg® (%10
_where fi=-1§; and also
LE . 283t o S A= (-2



77

s e 1 from (2.?}
O G o

If ¥% 1s the normalized co-factor of §i 1.e. 1s glven by
F155= 5%, then, substituting (4.2) and (4.3) in (4.1) and
multiplying-by &2
‘;Dz (ﬁ’g‘,ﬁa y ;ifr"ij'iﬁ

Changing the dummy suffixes, and multiplying both sides by
Asia , we get

220 o (FidE - Gy dan it l-s)
by (5.4), the expression in brackets can be expanded as a series

D25

= can be expressed

in the y's, so, substituting from (3.5),

as a series in the z's.
From (2.2), the expression on the right of (4.4) can be
written |
- e hjidei st v oo (FIE - Gi)dai St (D
and, from the nature of relative co-ordinates, thils expression
does not depend on the particular co-ordinate system (¥) of V,.
Hence, when expanded as a serles in the z's, the coefflelents
rust Ye invariants in V.. This 1s a2lready satisfied by the
first term of the expression, A being a tensor, and s the
gume must be true of the remaining pert. Hence, from the form
of this part of the expression, we bave at onge that when
£; 7"* - i 7 )

is expanded by (3.4) as a series in the y's, the coefficients,

when X* is written for x¢ are compmnents of tensors in V,..




/%

This 1is an unusval type of expression for generating a

sequence of tensors, and an independent proof of the above

property should be of some interest in the theory of tensors.
The first four tensors of the above sequence can easily be

found, but after thls stage, the calculation becomes very

complicated. driting the expaension in the form
il ¢ £ N > - o i s
fd Ea;fﬁ ..C"?J' = fﬁ." fﬂi-;g“;z-}' ?;;,‘.7/.?4_ % 44"-3- 7;,,__;“‘7}4’._7}'4.. <l A_?;
where 7 .4 are the components of a tensor symmetric in
o f--apt then to evaluate these tensors we can choose

any convenient system of co-ordinates in V,, providing the
expressions so obtalned are written in tensor form. Let us
therefore evaluate the tensors at some given point P, the
co-ordinates of V, being Riemannian with P as origin. In
this system of co-ordinates, we have
fap 20 y T E o Lt . o | lag)
at P, and hence, from (3.4),
£2: 42 FresR

s

and

£

%‘F{ 2, Bt Tph 7T =% Lppk 7907, f;,f;u.&: 5}?‘4& ,F:%. A
where the coefficlents are evaluated at P. Substituting in
(4.7), we get

Pl kR hit=0 e R 4.2
The required tensors can now be found by writing the expressions
on the right in tensor form, using the relations (4.8). The

first two are already in the reculred form, and we shall



e
=

proceed ‘to evaluate the next two tensors.
The [+ are given by”
s bl Tl 1)
where /I denotes the sum of products of two [+, m is the
number of subscripts, and P denotes the sum of terms obtained
by permuting the subscripts. Hence, at P ,
/;;;& = amw “lLph = 31'[()@;{&’&1..;:) bl G- {;Zu}] _
At P, the curvature tensor is‘glven by
= 7?,‘;,,5 z f,,!{,ﬁ— !;'i.p
and so we bave
7:;# e ARG Rk) - for0)

Similerly,

X £

- O = 7 e ik
Ty = Lyt = Lepyn ? & f.,é’, [ [pyucte f;.;x.-r]_

Also

foys = Tpgm = Tgypu AT .

llence, at P

fp;«.ﬁ* foph ?;':"-ﬁ-‘ Tpye e )
the covariant derivative at P of a tensor beling the ordinary
derivative, and therefore

layet = fpptn = Tpyah = Toyaio

giving

Eisen?artzfé),f17.



From the properties of the curvature tensor,

@};(/ZEL/ RO

Also,
Rp;:a(,x £ /t},;,,,;t + RP‘:.,&'},
l.e.
s 5 “ i »
o [ Rrga) = P Rpety] = FIRpaul
lL.ence,
Tibe 2 Rans Riwtip * Riptiy] 427

The first terms of the expansion of (4.6) can thus be written
65 ¢ RERTYE Ak Rty 7 styr e s

In 211 the following epplications of relative co-ordinates,
we shall conslder only the space in the nelghkbourhood of a
given curve C such that the eube, and sometimes the sguare, of
distances from C can be neglected. It is therefore only
necessary to expand ( 4.4) tc the second order in the z's,
From (3.5) and(2.5),

g dan 3 E X2

Hence, from (4.4), (4.5), (4.12), and (3.5), writing

s ’ 4 i g
U= o ey s Veurd t Rryk Jn‘r}m‘ die S At ] = fz ”{7—’; 3 (4.3,
we have, to the réguired order
§2 . 6430 6 v 42 y° ot 2 fo, s
75 rh =z 7)) ek U : L5y

o



5. Application to nelghbouring curves.

It 1s first required to find the fundamental tensor of V,
referred to the normal co-ordinates wlth the point F(s) of C
as origin. Let 7% De the fundamental tensor for the y
co-ordinates defined by (3.1) with s for s,, and 2a for the
z co-ordinates defined by (%.1) and (3.5). Then from the

law of transformation,

do'y = ? ,_t _.Z-' f 'l"o" /Jw

J’ 0% =¥

It 1s known that, to the second order;

Py 2 Tyt Riis7’ e
where 2,, Repj are evaluated =t P. [Hence, to the required
order,

@y £ Eie 5 )sy}izﬂzd. é.:g

If the co=-ordinates of a point ¢ referred to P(s) of C are
given as functions.of s, then as P moves along C, QO traces na
curve C'. Referred to P, a gmall displacement along C' at
is §=¢ and hence the tangent vector of C!' at §, referredto P

ia 62%4ds’ where s' is the are of C!', and is therefore given

b
y ¥ 1;/:_ a 2§z = /?.?J
) - o 5 75

Substituting from (4.14) and (5.2), we find

reLy
i/g‘slz‘—‘ € “'2‘3‘55“ ‘:2)/5;(‘.&"2-‘- + fgr2°2 + ?70')'2‘2
5
¥ v 2= H e 22 (%2

vhere e: uguts Jiyi¥” =210 asceording as C is not, or is

* Veblen,(6), p.27.
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null, and
[t dvens Vepvhutut, #Reiji DL L _ /5.5

If C 1s not null, tke sign on the left is evidently that of e.

Any curve C' near C can be defined as above for any system
of relative co-ordinates along C, by fixing =« (1,1)
correspondence between the points of C! and C. The most
useful correspondence, for a glven system of reference, is
found by taking =°z0 for all values of s, i.e. the point ¢ of
C' corresponding to P of C is the point where C' meets the
geodesic surface orthogonal to do® at P. In particular, if
C is not null and the n-uple of reference 1s chosen so that

/'lw& =i

the point Q of C' is such that the geodesic Pu

4

is orthogonal to €C =t P. The most convenlent system of

reference satisfylng this condition 1s given by Ferml transport

along C. With this system, ys is given by (2.12), and also,
¥ 88 ¢,~-¢=2/, and hence, taking z°70, we have
20 g =pre? sdef 350 C
ks F R a7
.75-:_-73 é-r‘.?l-},';(v z.rzc'
where r, s, t take the values 1,2,---,». Also, from (6.4),
A3’ . ) ~evyzT 44e 552727 sfelrszT27, (5.7
as -

From (5.6), (5.7), we see that, to the first order, the unit

vector tangent to C' 1is

fz‘=/ Sk Lid ﬁ—-fj
As* N TE

If Vv, is a flat space, it can easily be seen that, without

any approximstion,
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g .
I o YE 2yl R %9

If the n-uple of reference is formed by the principal
directions of C, ) 1s given by (2.13), and we have

%‘: 50 227+ Koy Z2°7 ~Cks 2 (5. 10,
In the case of a fuclidean space Vs , €sr<+1, k, 1s the
curvature, &, is the torsion, end (§.10) are the well-known

formulae for moving axes slong a twisted curvel

6. Formulae for vector displacements.

If @(z%z'---,z>") 1s a point of a curve C' near C, let
/a“' be a glven vector at @, referred to the point F(s) of C,
the u+= belng functions of s. Thus there is a vector at each
point of C', and if /u‘*d/ﬁ" 1s the vector at Q! referred to
P'(s+ds), it is requlred to refer this Vect'g;:::go P. Let thls
vector at Q' be u7+§p® referred to P.

Consider the point R(Z) referred to P, where Z<-=zsigur, ¢
belng 2 small constant, and let R'(£°'4% be the corresponding
point referred to P'(s+ds), so that the vector Q'R' is £(u’+dLu)
referred to P!, and £(u7*4#°) referred to P. Referring to
P, the point Q' is (=+§z) and R' 1s (=+5§Z]/, and hence

£C,u°‘+ Fpr) & FF AFERE~ (24 8=0) 1)

iriting f7= =7, uLaw §=7= A=+ p%ds | ard

5

"

557 =427+ Bds

A= + & ‘{/‘r 4(554*4{%;,/‘»)1,
S+ & (dpe e 380 Us

to the first order 1in € . Substituting in (6.1),

X Tl aanrart TR) . 67¢



24

Zpoip  afjur e ) o]
and hence,
F il (e2)
Substituting for g¢ from (4.14),

i R WD ey a2
where second order terms In z are now neglected. A higher
order of approximation in these formulae will not be required
for this work.

From the definition of the derivative of a vector along a
curve, (§2), the derivative of #¢ along C' 1s glven by
7& Rﬁ /fl.c}.;/‘ ”Z‘ (6-4)
where G5 are the Christoffel symbols formed from the

fundamental tensor 4,, at P, From (5.2),

[he ga?(ile, e b = -Yfyr, .yc )od fer
using the well-lkmown relations between the Invarlants », ...
Substituting (4.14), (6.3), and (6.5) in (6.4), we find, to
the first order, using the above relations again,
i R G e &y
From (6.6), we see at once that «“1s displsced by parallel

transport along C! if

%Q__ ),,;/‘y > Cutziu (6.2

It must be remembered that C' 1s now assumed to be sufficiently
near C so that the squares of distances between C snd C' san be
neglected,

If ¢ is not null, consider as an application of (6.6) the



derivative along C' of the vector =’ =8§2%ds'. Thig vector
1s the unlt vector tangent to C', so the derivative, -'¢ is
the curvature vector of C' at the point .. For shortness,
write ?/_;"—. /+4  to the first order. From (2.7), Jouuksdy. ik
and if 77 1s the curvature vector of C at P, A, :zii%.q,
Hence

)’fx’fl‘ =’fzr-’ff‘- /5_{_)

andy from (8.4)

A zeT-evz® ; T = wez€ &3,
From (4.14), the vector %=’¢ 1s, to the first order
T (T 2Ty 2 Sk
= J-A)yu® +27-y5, 27 (6.1,

Substituting in (6.6), we get, to the first order,
ATz by uT 427y 6,27 Y uflAgut 2y A Y putg A
= A HE -y u") —AUT 4ZC-2)0 2 —po, >
where
Po = Ty #few “Dupfs | AR 7
and /5, 1is given by (5.5). Hence, from (6.8),
e G2k -hus 2ZT-2)0 2 —phzY (.1
If the system of reference is given by Ferml transport
along C, #°85 ;20 |, Yoo §20-6Vs . and /o zo
Substituting in (6.11)
Pov = U» . Prs e e | (s go)
Taking =2°s0 as explained before, =0, £:«cev27, and the

curvature vector 1ls now given by



V' %2 | ' cffreviz) T 22725 .13,

If ¥ 1s the principal curvature of Cat P, e‘x*=72;z¢

24

¢’=2/, and from (6.13), the principal curvature of C' at Q

1s K! where

CRR Uy 2 eI+ QA2 4 21;,2'-21;,?72:‘

1]

L. " Kf++¢ 0'.72'7 ‘.).f_’(far;ﬁ”-};,z"'z.-’/ (.14,

Similarly, for the general case we have, from (6.12)
K2 Rl1-2h) L[5 - 2Yer U E” - Prrv2”) (6.r9)
For future reference, let us now find the conditions that
a vector ¢ orthogonal to €', should be displaced by Fermi
transport along C'. Using Ferml transport slong U with
z°=0, the condition that «< should be orthogonal to C' is,
from (5.8),

SRS | (&1

From (2.11), the components «~ must therefore satlsfy
Qu” s F=™ -
7{& e /vgus) =TS 0 .
Substituting from (5.6), (6.6), and (6.13), we get
%7 f/‘ﬂ"’fr" -t)':bzfa" Je/w,-}x’/z"’ =

l.e.
£ - D > A
d/ﬁs + f:/‘r/’b"’z-f"ﬁjzf/ “Vsko = /“ =0 /7”‘?-"3 a2 1(;’ 17

where s,t take the values /<,-- 2 _
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7« Geodesics In relative co-ordinates.

if t@e curve C!' near C is a geodesie, the components of
the curvature veetor «’'“ /#4) at each point of C!' all vanish. #
C is not null, then from (6.12), the co-ordinates (z) must
satisfy

(-2k) U7 -Au® +27-2y% 2" -p%hz¥ =0

It has been assumed that =, £Z are of the order of smallness
of z, so we see that, as we should expect, the abovéd equatlions
give geodesies only when the ¥ s are of the order of smallness
of z, i.e. when the principal ecurvature of C is small.
Assuming that the v -~ are sméll as reguired, 2 reduces to ¢ J
from (6,9), and A7“ can be neglected. The equations for

seodegics near C can therefore be written

Z0 -2y e L FTwe +u? =0 (20,0, ymmty (7.4
ihen Ferml transport 1s used slong C, and =°=o, the

geodesie equations reduce to

ST [Nz sy 20 Gr= 4 %pmei)i . 79y

+

Tre above geodeslec equations can be obtained at once by

using the varlstional definition of geodesics:

5//7‘(_‘37/: =0 7%

where As/{s is given by (5.4) or (5.7), the z's being varied

as functions of s.
driting V='é?s,!7.5) glves the equations

14 (PR :
Fg f%# "f%} 0 (7.4

and substituting for U, we get the above geodesic equations.



2§

When C 1is a geodesle, w"=z0 and Fermi transport becomes

parallel transport. In this case, equations (7.2) reduce to

ST, 200l 4 Crakiaaag s WD
As a particular case, consider a surface § in Euclidean /%
and let C be a curve on §,the geodesic curvature x, of C
being small. iWe have =2 and there is only one co-ordinate
z, which may be weassved 1in the direction of the geodesic
normal of C. If K is the total curvature of § then
Rz KI(EG-F?) with the usual notstlion, and hence at polnts
of C the remaining invariant I, is 4K. Thus from (7.2), the
geodesics near C are given by
Z +Kz *k; =0 (76
If C 1s 2 geodeslc, this equation becomes
S YK=' 0 (7.7
which 1s the classical formula of Jacobi. The above geodesic
equations in V_, when C 1is a geodesic are egquivalent to equat'ons
given by Levi-Civita:®
If V, is a space of constant curvature K, the curvature
tensor 1is given by
Ruiih = K34 9:4 ’éxﬁ?y} , (7§,
Using Fermi transport along C, we have, from (5.5),

[s = K(2°3¢ -0g%)]yidssy ==eKbpe | (79

* (7). pPp.2C8=220,
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and the geodesic equations (7.5) become

Z7+eKzm =0, (7.10)
These equations can be solved at once, ¥ being constant, and
we find

27 = AT anlfKS) + B Lod (VR 5)

1f eK 1s positive, and
27 AT (VERS] + BTk [/#eK 5] (.
if eX is negative, where 47, 8" are small arbitrary constants.
Thus, if K kus the sign of e, the nelghbouring geodesiecs keep
together, and 1f K has the slgn of Je, the geodesics diverge.
Ve oObserve that in a space of constant curvature, the
geodeslc eguations (7.85) separste into (»-/ Independent
eguations, snd 1t 1s an Interesting problem In tensor geometry
fo find the condlitlions that (7.5) should separate in this way.
e have %4=du® , [ie=0,and 1t is therefore necessary that
g Aa*Aut =0 ) (ady, 6.v= 0.4, 1) , (7.42
where 7y = ﬂx@ﬁi‘g#. These equations show that Ag”
must be the principal vectors*of the tensor 74 ,and hence, the
required necessary and sufficient conditions are that the
prineipal vectors of 2% should be dlsplaced by parallel

transport along the geodesic C. Eouatlions (7.12) are

X For an account of principal directlons of & tensor, see
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equivalent to the standard equations
7y - Ko gi5)Ae* =0 P (4,650, ) (703
where Kk, uare some Invarlants. Uifferentiating these equstions

along C, and wrilting 7 = Aeiins P A

s then, asssuming that
As* are displaced by parallel transport, we get

Py = Rey)Aer® = 0 (.18
Thus, the principal n-uple of 7 must be the principsl ne-uple
of 7 -~ These conditions ure necessary and also sufficient,
for assuming that de” s:tisfy

ﬁ"jd; - K7 ﬁg/«lq‘; =0
we get, by differentiating (7.13)

(ry = Ke 5’9‘)’3:”"; = (Ro=Ks)Aari

Hultiplying by A«* and using (7.13), we see that xk%=K.,
and hencs from ('?.1:35,),/ia-.«"E is in the direction of A«”.
But As*  1s o unit vector, glving .Jﬂ‘Jn¢==0 ., 2nd hence

4,,4=0 2 1.es the vectors Ae?% are displaced by parallel

transport.

Lemms .

The necessary and sufficient conditions that two symmetric
tensors &y ,#; should bave the same principal n-uple are
7 A4 i 4&,& = ?'M apjbhi i (g 20,1, (7.4
These conditions are nocessary, for 1f Aes* 13 thls comron

n-uple, then



i At v w den
bx; da® = Bedai
and hence,
f‘“d’,‘;l,;_; = ;Zé, Asfe /la';'irlﬂj 3
the expression on the right is symmetric in < ;, giving the
above eqguations.

The conditlons are also in general suffilcient, for asssuming

37

they are satisfled, then if Ao’ 1s the principal n-uple of 24,

;“/d;;f!a‘y bu, At = ﬁ‘ﬁ/ﬂg d?) ks An®
<. Ay 4 Ae® At = ay 44i Ay ﬁ'lﬂ; .
Thus, if sz, od a, # a , we have
“/”i,i "'Iﬂ';/}:ﬂ’i =08
showing that Ads?* 1s the principal n-uple of 4{4;; x

/e can now say at once that the necessary snd sufficient

LR A

conditions that the eguations (7.5) should separate are

I‘A > . -
PE7 (raeg g faa) O, (g *otemmm) | (244
where
O F R % Fig © Rayapstatat | 0
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8. Null geodesics.

%o shall proceed to consider null curves near C where C ig
now a null geodesic. It will be sssumed that the parameter s,
no longer the are of C, 1s chosen so thnt the geodesic ecurtions
of C iIn V, take the usual simplified form, s then being
determined except for arbltrary additive and multiplicative
constantss The veetor 4 which we shall always write
as A* 1s determined when s is chosen, snd will be calledthe
tangent vector of C. It 1s at once evident from the geodesic
equations that the veetor J4° at = point of C 1s displaced by
parallel transport slong ¢ to become the vector A° at any other
point, with the usual definitlion of parallel transport along a
null geodesic., Relative co-ordinates can be defined as before
with respect to C, and many of thé above general results are
st111 true, One important diffecrence, however, 1s that we

cannot now choose s convenient n-uple of reference with one

veetor of the n-uple tangent to C. e shall use the same
notation aes employed above, e.g., “%o=Adg: , etc.
e now hsve e=z-xsuc=0 and from (5.4), the arc s’ of a

curve C' near C 1s given, to the first order, by
!/o(z?{/’a =,y‘,¢1‘£zr AR = &0

by (6.8), where, as before,

¥ e ghall call such a parsmeter of a null geodesic a null

parameter.
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T DA, ﬁi} {L/I'E .f:'; z‘f{w‘. ; &2

If C' is a null curve, Js¥ds =0 and hence,

J = e, .3,

Thus, if C' is a null curve near a null geodesic C, »nd if

¢ 1s the veetor joining a ot P of C to a corresponding

Aot Q of €', then g 5447 is constant ss P moves along

Co This property of null geodesics is due to J. L. Synge a=o
A. J. M'Connell,(8).

The above invariant property has been generalised by Prof.
Le T. thittaker®who proved that J, us defined above, 1s
independent of the particular correspondence between polints
of C and C', sco that J depends only on the two curves ss a
whole; and not on any particular points on them, The following
is z short proof of thils generallsation,

If the correspondence between points of C and C' is glven
a small arbitrary varistion, the point of C' now correspondlng

to P of C 1s Q, where § isfound from § by-a small arbitrary

displacement along C'. Thus, the co-ordinates of 0 referred

to P are =T==“4 5%}:.-_6 : whers £ 1s 2 small arblitrary function
of 5.
Hience
T*85T =T = UeZ® = UsZ"® *2%;%‘
ok ST = £ Wf%’, s

From (4.14), to the first order,

* (9), theorem I.
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-u;%f:-’_‘: U U VU2 v YrguhzT = O

from (8.1) and «,x=0 . Iience, 87=0 for sll values
of £, 1.e. & 1s unaltered for sra2ll arbitrary variations in
the correspondence, which proves the theorem.

#le shall now state and prove a new theorem of great
importance in the study of spstial distonce in Relattvity.
If #,,P are points on the null geodesle C, let p denote a
thin pencil of c™* null geodesles through A passing near P.

Then the volume of the (n-2)-dimensional cross-sectlion of p

by the loeally flat sub-space J,, orthogonal to a vector ;iat P

is independent of ¥* 1.e. the volume of cross-section at P is

independent of the particular section chosen at P.

Referring to relative co~ordinates along C, we shall define
the correspondence between the points of C and any curve C' of
p by taking.z’=o_and we shall show that the volume when »7*=A,*
1s equal to the volume for any other cross-section.

The null geodesics belongingto the pencil p are glven by
egquations of the form

z7s =278 a%al- 4] , i, n)
where =270 at P ,and the a% are constants, varylng for the
different geodesics., The space J., at P orthogonal to
dos® 18 =z°:20 in relative co-ordinates, and, writing

»zT= ﬂfﬁkﬁJlﬁ*. the linear element of the ecross-section at

P by this space 1s given by
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2dsr= Z 0%, .o
If the space =°:0 at P meets a null geodesic C'(z) of p at the
point &, the vector ¢=%4s is tangent to C!' at {, and hence, a
point T of C', near Q, has co-ordinates =< -=svsd2’ where
€ is gome small function of s. Choosing £ so that § is the
point where C' meets the space orthogonal to a veetor V¢ at P,
and neglecting second-order terms, the points of the eross-sectim
of p by this space sre =°¢ ==< <fn” where £ 1s now a
function of ¢ and the « s .depending on ol

The element of length of this cross-section 1s given by
3ﬂg—-j" = “:{'efﬁi‘)t = "_;fe, (D= +uDE)"
= Foelos 2D UsD2T (D) U,
C is null, giving =,%«%=0 . Also, 7=0 for each menser of p,
the z's 211 vanishing at P.. Hence 27 =wup=c=0 , and we

have, from (8.5),

dz* = Ke?,
Thus tre linear element of the cross-section at P 1is
independent of the particular cross-scetion, from which the

theorem follows immediately.
The above theorem 1s a direct generaligation of a simple

property of surfaces on a null cone in a flat space. For

example, in space of the form
Lo2e dtr-dv -dy-dz
the null cone through the origin is given by

&L=y > aC“‘)"d B FE e = T T . fZtamrin®z [ :

*
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and a surface on this cone is given by an expression for r
as a function of 1,m,n.
Its lime element is

/J‘-:— -/y“ + ny/{ “(ﬁr)g Y {4

sinee 2¢%*/ , Zldlz=0 Thus the elements of distance and

area at any point sre the same for all surfaces through this

point.

9« Egquations of null geodesics.

ihen C is not null, a convenlent system of reference is
obtained by taking (n<l) vectors oﬁj%-uple orthogonal to C
at each point. This eannot be done, however, when € is null,
and we shall now find the mest convenient system of reference
in this case. e shall first prove some elementary properties
of null veetors and curves.

Let Ao’ be an orthogonal n-uple at a point P, and let J*
be a null vector at this point. If AP, /o2 ey are
(h-1) veetors orthogonal to A* we have A’dizo ; A°d,.=0, and

henece A*,4~* cannot all be independent. e have assumed

that J»* are independent, so, if -1 independent veetors

are orthogonal to a null veetor, this null vector ean be

expressed in terms of the (n-l) vectors. e can, however,

choose the (n=2) vectors As* ./#-2%-~7  to be orthogonal
to and independent of A° and if this 1s done, we see at once

that any vector orthogonal to A° can be expressed in terms of




A and Ao’ e, Hence, any otheér set of (n-2) mutually

orthogonal vectors orthogonal to and independent of 4° is glven
by ecuations of the form

At IF et v ap A fa.1)
where ¢ takes the values <.7,-- .7/, and from t;.he conditions
‘of orthogonality,the f+ must be coefficlents of an orthogonal
transformation in /,..

If, at P, ds® 1s an n-uple such that Jo* 1g not
orthogonal to A* and the (n-2) vectors Js‘ are orthogonal to
and independent of .J°, then J,¢ 1s determined to within sign
by 1ot el da® Also, 4° can be exrressed in terms of
Aos® and ds*, 1.e. dy* can be exprsssed in terms of

Aot and A*, and as Jds* 1is orthogonal to J.*, we see that
A% is determined completely to within sign by 4% and Ho” .

Hence, fr=/np the sign, the vector J,*, which may be called

the conjugate of Jo?, 1s glven by

/.Iu" =-4l|w-E -f:‘!-}%iJ g . (@.2)
and we have
€, = =€, 4 ,«]":.-I,“' £ "f"‘{"!" :
N

When € is a null geodesic, the tangent vector A4° st each
point is null, and we can assume that the n-uple of reference

satisfies the above conditions at each point of C. Henee, with

the usual notatlon, we have

=ty : 2, = U, . Hp =0 PRn 7y Gy

Also, if Jdo® 1s displaced by parallel transport along C, then,
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from (2.2), J4,* 1s also parallel along C, and «,=w,swmté..
If C' 1s a null curve near C, we find, wlith the above
system of reference, taking =°-=o,
T=uz'= usz' @4
Eence, all the null curves glving the same value to J meet the
locally flat space S orthogonal to do,* at P at points of «

flat space §,- glven by

=1 = Ir/‘xo /q' ‘fj

in the above co-ordinates at PY ' The normal to this sub-space
of S$»-» 1s the direction conjugate to H.,* and the distance
from the origin is /4% .

I£ t is any parameter, the null geodesics in V,_ are glven by

ot i dxt dxh
L5 RFE v F 69
where ¢ is a funetion of t,and a null parameter ls given by
Tz Pre) where ¢+ d%'/&y gf/ 2 In finding the

equations for;null geodesle C! near C, it must be remembered
that s, though a hull parameter of C, will not in general be
a& null parameter of C'.

If, with the usual notation, =’ ¢= §=%4s , then, from (9.6),

the null geodesics near C are given by
. = pru"' ﬁ-7j

As
wheye ¢ 1s some function of s. Using a general system of

reference and substituting from (4.14) and (6.6), these

equations become
'2' o ‘2)",&” —P',Z’-‘—' V—u“ /&'—o, et ﬁ- sj

Pl

C2F.(9), theorem .
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where Peov 1s defined as in (6.11). e have used the fact
that 2., =)s4u*, C being a geodesic, and also assumed, as
is evident, that ¢ is small. If Jdo,* 1is not orthogonal
to C, we can choose ¢ so that =°=0 for all values of s,
and we get
pur= —~2y% 3T -poizt
where (8) takes the values /.= -- ,»). Hence the geodesics are
glven by =°=0 and
$7 -2 ()% Kyt 3" = AP )220 Gunemy foy
It must slso be remembered that 7:u,27-wf, for this is not
given as an integral of the equations (2.9),
If the system of refsrence 1s chosen s0 that e=0 s:23-my,
the null geodeslics are glven by =°z¢ , 2,z’'2wf, and
A .2yp 57 -f{, 2 =0 (BeRp -, mr) @.1)
an important set of null geodesics near C are those for

whieh J=o0. Jith the last system of reference, « fo and hence

2420, These null geodesics are therefore given by
29 =24z 0 and
zA -2y%. 2% -f“yz? =0 (B9 me ﬁ-f{;

vhere ¢ takes the values =z3.-- 7. From (2.7) end (6.11),

fﬁ? £ [;‘5’ —;{? /‘iwi*{ﬁﬁ'/ = 7" "j”’j’j‘?”-

< oo o Hgpiitc = A5y Ani Gt

Hence, 1f Ju’ /pera---my) are given by parallel transport

along C,
Jps =0 7 fﬁ&‘f:w (P32, 9,7
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and equations (9.11) reduce to
sh f‘, S8 =p (B 2T ey (9.13,

It may happen that the geodesic equations reduce to this
gimplified form for some more general system of reference
satisfying #p:=0 ,p.%4%...»s/. Let Amt be (n=2) mutually
orthogonal veetors orthogonal to and independent of 4° and
glven by parallel transport along C. Then from (9.1), we
must have

dor® < SEpr” e d’
where the ¥+ are the coefficients of an orthogonal
transformation, and the a+ are some funetions of s. If
o refers to the «., we havé
Yagie s deiee Bap A LI0

It is required that ju, =0 |, and hence, 3s57477 = y

from which we get at once

Thus the vectors #s° are displaced by parallel

transport along C, snd we can write

. ; " o
Apr® = fpr® seip 4.4

where us,* are given by parallel trensport, and the «+- are

any functions of s. From (9.14), Aprt= dpi* and henece,

Thus, the necessary and sufficient

F»9=f,.,..
conditions that the geodesic equations should take the simplifled

form (9.13) are that the (n-2) vedors Jds% should be given by

(9.14). This result is very useful in applications, c.g.

wkeps2:4 and 4.,¢ 1is given by parallel transport along C,
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4* can be any veetor orthogonal to Ju¢ and A%,
If, however, d«° is given Dy parallel transport along C,
we find, by differentiating do’ du:zo that o =wwt.,
A et and hence, do‘ must be parallel along C.
In the following work, it will be assumed that 4., 1s not
orthogonal to C, snd the vectors de° are given by (9.14).
In space of constant curvature, the curvature tensor 1is
given by (7.8), and we find
By = & P ke = 6 Gossegasmy . oo,
The null geodesics for which 7 =0 are therefore given by
z°zo0 and
2’20 24 abs 1@t Py .14

where the o«+s, g+ are small arbltrary constants.

10, Pencllsz of null geodesics.

Ne shall now return to the consideration of a pencil p of
null geodesics through the point A./%) of the null geodeaioc,-

and passing near the point P(s). All the members of p satisfy

J=0, 80, with the convenlent system of reference given in ¢9,
the null geodesics of p are given by =°=z2'=o and

SA - ptaevcy 0.y
where z%=0 at 525 . If =242 25 [p=a5m ) are (n=-2)

independent sets of solutions of (10.1), each vanishing at

525, the general solution of (10.1) satisfying the

*

reguired conditions, can evidently be written
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2y Plat L D lo.2,
where the o+ sare (n-2) arbitrary constants, varying for the
different members of the penell p. Henee, from (846), the
linear element of the cross-section of p by the space z°:o

at P 1s given by

1 do* = Curgr da®da® flo.)
where
=i J
Carge = ‘Ml_; €p ?;}pr : 0.4,

and if /¢/ denotes the determinant of the C's, the volume of
the cross-section of p at P is

by = [/TG dederedem  Jag [dedede e
Thus the 1limits of the pencil p only occur in %, as a constant
factor, and, for each pencil, Y 1s proportional to /7/¢

a8 s varies. [EHach ¢ vanishes at s., and % is therefore of the

order /[5-s,)™™ as s->%5 . Hence, 1f we define
V = £ K Vﬁ)
y o 0.6
where ?<L = g-’*:_: F’Ej"“
and e is chogsen so that V ls positive, ghen /V~/s-w/"? as
§=25, and also, V 1s independent of the m rticular pencll
p chogen above. We have shown /¢s5 that the volume of cross

section at P is independent of the particular section. Thus,
V, as defined above, is completely determined by the null geodesie

C, and the points A, £, except for variations in the null

parameter of C.

We shall now prove that if s,.s are the values of the
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parameter s at P, P respectively, then V 1s unaltered by

interchanging 5,5, 1.e. the sameo value of V ig obtained by

considering the volume of eross-sectlon at # of a pencil of

null gesodesics through P.

To prove this, we shall use the matrix notation. Thus, A
is written for the square matrix with terms A; whers 1 denotes
the row and j the column. The product of two matrilecs A,B is
written2 =48 yhere D} =/f?lﬁ‘§ , the product belng row into column.
It must be remembered that, ingeneral, 44 ¢#4. The reciproecal
of a matrix A 1s written 47 and 1s glven by A47'=1 where I 1s
the unit matrix. It can be shown that AV 7'=4, end hence,
AA~T = A4 . The value of the determinant formed from a

sovare matrix A s wriltten /4/. If D=48, then /2/</48/= /AlsA,

and hence, /47 ~ Y14l The divergence of a matrix A 1ls the
sealar A snd ts written M./ Also, if « 1s the vector a+
written as a colurn, the vector g~ =47a* can be written p:4a.

Let @ denote the mattbx 8¢ and [ the matrix rj,h ete. Then,
from (10,1), we have the matrix equation
g =rg. Go.7)

From (10.4), we see that
Jef = babtay /@1 2 /BT

il e e K1Y
otore %" Do 4%»-2 PSS fo8)

The eomplste solution of (10.1) in terms of 2(n-2)
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arbitrary constants o«” p* can be written, in matrix notation

== 0a Pr yp 109
where 9% , ¥% are some functions of s satisfying
§=re v =Ty, fa.,

7

It 1s regulred that z-=o at s:s,, and hence, if a bar denotes

the value at s=% ,

0= 0o +VF.
Pre-multiplying by #°/, we get at once
: -9 0«
giving
== (B- ppe)d
Hence,

gz 0-y b o1

Pre-multiplying by ¢,
! SR (B A= v'9-2"0 (10.13,

and therefore
/Pl = IH.JA
From the form of 4, we see that /4/ is at most altered in sign

when s, and 8 are interchanged. Substituting in (10,8),
L o L MM gy L 14

K T ;. '(;,,011*1 ol ,,,ﬁ}ﬂ -

Now each term of A vanishes at s=5, , and hence,

. Al J) o 1
.‘f’; gf’;,u = /&/ . &= fEy = v fo.13
Thus,
o) tg LML o . g LWL/ awy
/#l /B 1F/%. 181

Ve see that /EB/L/W. 14/ is at most changed in sign when
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s and 8 are interchanged and /#/~/&/ is a funetion of s

only. To complete the proof of the theorem, we must

therefore show that /#°* /6/ is independent of s.
Writing &=¢7¢ , we have
AN A : P ;‘;F ‘

Also, from the formula for the derivative of a determinant,
Lty = 8 Ao B8 = Im1d(F B,
Ne have ¢F=#8 and therefore,
WF s2gF+ EF = é‘

From (10.10), & F=z r¢F=r0-" E, and hence,

i.e.
F=-Qu¢'éFf =--268
where
G= Vb (70. 15
Hence
,(%/“/ ~ /B A (~2GBET) < -2/8). A G, Go. 6,
Also,
/‘f,z-//ﬂ’/ T I (PFY ~ (K ) EEY
2 Sy A€, (0.1,
=] /‘-;‘{//MTIBI/ = Q/W.ij,{/:y .c/y‘dgm/ 20 70.13
lees s#/°M8/ is independent of sg. Hence, f rom (10.14),

V i{s unaltered when s and s are intcorchanged.
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fs a matter of interest, we shall now give another proof of
the theorem of £8, which states that the volume /% is
independent of the particular section of the pencil p at the
point P(s). Changing the section at P is equivalent to taking
s new set of (n-2) vectors Js,* and by (9.1), these vectors
can be written in terms of the original set of vectors and A°

thus

L ’ - '
Apts Win' vLad fio.g)

where the 7+ are coefficlients of an orthogonal transformation
and the f+» are any functions of s. e observe that the 7«
must be constants in order thet the new set of vectors should
satlsfy the required conditions of transport along C. The

new [+ are glven by
Fags R VAT T ? 7 Rpga AN TZTE diy

ae Tip'= opdsdl (id.20,

The new co-ordinates Z are therefore solutiong of the eguations

Fhe Frav 2 ity s?

which can be written
foliiar) s TR0,

Comparing with (10,1), we can write
it SR o

and hence, the new functions £4 are given by 2572 p4  which

fio.21)

cen be written
Z = {p ﬁévaﬂ‘,)

=

when 7 is the matrix 7,7 | Hence



/8] /31190 = 1P lo.23
from the fact that /#/ =2/ when § is an orthogonal

transformation; and the theorem follows immediately.

47
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PART I

KINEMATICS IN RELATI VITY .

11. Fundamental ideas of Kinematies.

A particle or observer can be considered as = curve, or
world—line{tin 4~dimensional space-time; 1in fact, the world-line
is the pbserver. ihen talking about the observerat a
particular 'instant', we are considering a Particular point P
of his world-line C.

At the instant P, the instantsneous space of t he observer

is the local 3S-dimensional Euvelidesn sub-space $ orthogonal to

C at P, and as P moves along'C, the observer appears to make
obsarvations in the series of sub-spaces so defined. At

each instant P, the most convenient frame of reference of the
observer 1s formed by a set of three mutually orthogonal axes

in 8(P)T and the obsérver is then referring to a system of
Carteslan co-ordinates. In space~time, the oObserver's frame

of refaerence is thus given by three vectors A4-* A-iz3/,
mutually oPthogonal and orthogonal to C, and these, together
with the tangent vector =¢:4”:l,? of C, define a system of
relative co-ordinates (2°z)2%27%) along C. The instantaneous
spaces S are the sub-spaces z°=o0 and the remeining co-ordinates

(2 enrar) are the Cartesian co-ordinates of S.

¥’ Eddington,$10), 4 §7.

X2. jhen there is no ambiguity, $ will alwsys denote an
instrantansous space, and S(P) the space =zt the Instant or

point P.
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The proper time of the above observer ¢ is the arc=-length
of his world-line. This time hss the dimension of length,
and the unit of time 1s the astronomical unit, which is sueh
that the veloelty of light 1s unity.

The observer C can now make observations. Suprose he 1s
observing & mrticle C} the world-line ¢’ of this particle
being near C. The curve C’will meet S(P) at a point Q, end
at the Instant P, € will say that the particle 1s at the
position . As P moves along C, ¢ will move in S, and this
moglon will be the motion of the particle as observed by C.
Thus C can measure the velocity, acceleration, ete. of the
particle with respect to some chosen frame of refersnce, and
his own proper time, In the above system of relative
co-ordinates, the correspondence between polnts of the curves
C and C’can be defined by taking z°:=o0 , and C'1s then givén
by, 22, =% =3 as functions of s,(§5). Hence, the motion
of the partiele as observed by C is at once seen to be given
by the Carteslan co-ordinabes (=% 2% z23%) as funetions of

s, where g is the time.

12. Proper, relative, and observed motion.

e see that, in the above system, C ecan make no observations
on himself, in fact, be would say that he ls statlonary at the
origin of his frame of reference. Yet, from the fact that
his world-line has eertain invariant properties such /s

curvature, it would seem that he ought to have some motion,
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which we may term proper motion, defined completely by the space

time and his world-line. This motion, if it exists, must
therefore be measured by some obsorver or obgervers whose

worldslines are determined by these data, and the most natural

observers to do this are those moving freely in space~time,i.e.

observers whose world-lines are geodesics’
At each point P of C is a geodesiec C(P) tangent to C, and

the frece observer corresponding to this world-line can be saild

to have the same ingtantaneous veloclty as the observer C at

the instant P, for any other observer will observe C and C to

be moving together for a short interval at P. Let us

therefore deflne the proper motion of C at an instant P as

being the motion of C as measured by the free observer at P

~ having the same instantaneous veloclty as C.

e at onee see that a free obssrver has no proper motion,

and the proper veloelty of any particle or observer ls zero.

It is now necessary to decids what frame of reference a
free observer will use. s his world-line is a geodesle,
" the most natural frame 1s formed by any set of three vectors,
mutually orthogonal and orthogonal to the geodesie, which are
displaced by psrallel transport along the geodesic. It 1s
not necessary 4o specify any particular set of vectors, for

the resulting measurements when expressed in terms of the

X

Eddington,(11), §15.



space=-time are elther acaler or vectop quantities, and are

therefore inderendent of the partieular frame of reforence.
Having decided upon this system of observation, we can

use it for more general purposes. 4o have alresdy explalned

the motion of C’as observed by C. Kow, at the instant P,

instead of C resasuring the rotion of C’let C(F) measurs this

motion. #e shall ecall this the rotlon of C'relative to C3

it can be considered as the motion of C'ss observed by C
with sare allowance being made for U's proper motion. Ir
T is the frame of reference useé by C, snd T(P) the framve
used by G(F), we shall generally sssume, for convenlence,
that T(P) coincides with T at P. Thus, when T is given
at all points of C, the frames of reference of all the
associated free obgervers are completely defined,
If & unit vector in S(P) is gilvern at each polnt P of €,

we can define the proper angulsr veloelty, acceleration, ete.
of tkis wvector in a mammer similasr to the above. If the
vector is 7° in the relative co-ordinztes. defined sbove,

T°=0 and T7 r/7>.33) are the direction cosinee of the
vector referred to C's frare of reference, the 4 being
funetions of s. Let us find the proper asngulsr veloclity

of this vector, when the frame of reference is displsced
by Fermi transport slong C. rltbough, from the theory

of relstivity, we imow that e,2¢:+47

shall retzin the e's for completeness,




If ¥° 1s the vector at P of C, let Q be a point a small
arbitrary distance from P along §° and let C’be the locus
of such points as P moves along C. Then referring to P, §
has co=-ordinates

zez0,  zTaoge s Fesr da

When dealing with problems such as the asbove, we shall
consider a point P{s) of C, and the geodesic T will be the
world-line of a free observer, near C at the point P. ie
shall find the results as observed by %, and then proceed
to the 1limit, P’'becoming the point P of C, and T the geodesie
tangent to C at P. #e shall consider the szbove problem in
detail in order to demonstrate this method of attacking suchk
problems,

Let C)C meet S(PF) at the pointsq,P respectively,and let
35 P’ve points of C, C such that the vectors F&’, 7°p°
ere both orthogonsl to C at P.  Then when C observes the

event P’ (at his instant P), he also observes a particle C’

to b

m

at the position 4. Thus, although the given vector
at P’1s in the direction P’9’, the vector observed by C is
in the direction P79".

5 € G are the co-ordinates of P referred to P, then
in the 1imit wheme P’1s at P, Z=27=0 , C being tangent to
C at P, and the same is evidently true of the co-ordinates
" of P referred to P% Thus, from (5.4), é—flﬂ ;20

when P”is at P, where d5” is the slement of =re of C at B

(N

=3

Similspy pesults exist in sll such problems, and we dedue

)

S
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that in all problems dealing only with veloeity and acceleration,

we _can take s, the are of C, to be the proper time of the

observer C.
The point {"of C’'is near Q. Hence, if Q'has co-ordinates
=7 .,r=°20), referred to P, the tangent vector of C’at Q 1s, from
(5.8), (7, #7) , and the co-ordinates of Q" are
8 o e 22

where £ 1is some small funetion of s, vanishing when P’is at

P. The unit veetor in the direction P’ 9" 1is therefore

f"‘ %" il ot "f‘o’&"/‘, 1.8. from (1?.1)
r(! = ‘_E; : f"’:l:' > ’2 =z o - ﬁ‘ ﬁ?-"/
- ",I 7 ’

Let/u"' referred to points of C, be a vector orthogonal to
T at points of C, and given by parallel transport along C.

Then from (6.7), 1f 47 1is the vector at P

Juer e, iy et
when P 1s at P. The cosine of the angle between this vector
and » £°° 1a = HT0, and hence, when P’ is at P,
e z 27 ot i o iy i o Lk grp “gfanraley
71-;! Z /”-rr /Tﬁ/';"/ & /7:’. E i,/i“-- 1253 -“._‘.'z;».u_{,--’.,,. Gae it s /20

Choosing vectors «7 to coincide with the frame of referencé
of C at P, we see at once that the proper rate of change of
the direction cosine 37 1is simply f7.

If $7=wmh. (433, the veetor 1s displaced by Ferml

trensport aleng C. Hence, if a vector at points of C has

no proper sngular velocity, it is displaced by Fermi transport

This indicates th‘e most suitable frame of reference

along |3

to be used by any observer, for if the three vectors are given



by Ferml transport, the frame of reference 8@ formed has no
proper angular velocity, e shall therefore define the

motion of C’as observed by € to be the motlon as measured

with respect to sueh a frame of reference. The above frame
of reference reduces to the naturasl frame when C is a free

observer.

13%. Aeceleration relative to0 an obsesrver.

We shall now £ind the acceleration of a particle C’
relative to the observer C. _Referring to relative
co-ordinates with Ferml transport slong €, we shall use a
method similar to that used above for angular velocity.

As before, let P’'be a point of C mew@s, and let S(P)
meet C, T at the points @, P respectively. Referring to
P; let (z) be the co-ordinates of ¢ end (Z) the co-ordinates
of P, Then if P is the polnt of T such that PG is orthogonul
to C at P, when the particle C’is observed by C at the instant
P/ i 1s also observed by C at the instant P, and the motion
of the mrticle relative to C at the Instant P is the 1limit
when P"1s at P of the motion of G'referred to P.

From (5,8), the tangent to C at P, referred to P, has /4¢

directiony (/. =27/ and as P is near P, the co-ordinates
of P can be written ="7 where
e TR e =T 2p=" %1

# belng some small function of s. The point Q71s (z),

and hence £ ¢’ 1s /z-2°7). The condition that Py-

$4
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should be orthogonal to T is thersfore
elz%8%) Yo, 2r(=7<57) 5
4.2, -ep ¢ F4,27(2>-37 '52;7} =0

ihen P'is at P, we have

smedTie L E7eew in
from (7.2), 2nd hence, at P,
(13. 3

If/ﬂ“referred to points of C, 1s a vector orthognnal to Vs

g =0 , B ez

C at points of T, we have, from (6.7), when evaluated at P,
e FVenpr 2 [vp) -pU,
Hence, at P,
i ST s /ﬁ, 2P fig0 | e - Uy (V) 734,
The veetor PQ is (2“-2°“) and the projection on to the
vector u° is  Me(z527,
Therefore if % refdrred to P 1s the acceleration of C’as

observed by C, the component in the dirsction ~7 1s

o Fn, gf':{/ﬁrfz ‘—5"7}
e (2R AR 2T A=

I

W

where the rilght hand side must be evaluated at P.

Substituting from (13.1), (13.8), (13.3) and (13.4), we get
s Fo o= /a.,f:%"’ YT -e'v’/ﬂt}zf)} .

Hence, the acceleration of the particle C’relative to C at

the instant P is

A e «fa—"{f-e’b}z’)_ (735

If C’colncides with C, the acceleration of C'relative to

C reduces to the proper accdleration of C. Writing =2"=0



in (13.5), we find

TV (17.4)

’

1.e. thé& proper acceleration of a particle at an instant is

the curvature vector of its world-line at this point. From

this, we see that the scalar acceleration 1is the principal
curva ture of the world-line.
The proper acceleration of C’at the point . is thersfore
v’? given by (6.13).
The component »’°=-€%,2" is orthogonal to S(P) and 1s

small. The remaining components <+’ glve the projection

onto S(P), and writing F57= ", we have
£ o fetwz) T 4 ET -TF27, i

Hence, from (13.5), the acceleration of C’relative to C ean

be written

2 = §7(1-e27) 2 52
1.8, from (5.7},
fr = f’“’é‘;‘?‘ sl o= (3.6
This is the type of relation we should expect, for As/ds  1s
the factor relating the proper times of C’and C, and the
term [ 2’ is due to the curvature of the space.
The acceleration of C’as observed by C is & =327,

and (13.5) can be written
£5 g7 WG e 5= 72.9)

The term -e¢f7%2) gives the deviation from the addition

law of accelerations. Actually, the world-line of a

particle or observer differs only very slightly from a
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geodesie, so the 7' are usually small, and the term
eV ZF) is very small compared to the other terms.
Hence, in general, the addition law of accelsration is a
very good approximation.,

The acceler:tion of C’relative to C can be expressed in
terms of V, by a vector F* glven by F< = 74, * 1f t°
1s the vector PQ, we have =z7=€ T lu _ and ¥°Ai 0. Also,

rrom (2.11}’ /l.-r;‘.:" —{’u.'l/];.

Hence,
svs i dus 26 E 00 5 4T A
and . o
- oyt e S
Aty D 1,14, 2 6T ’I-rx-" -ev i
From f4¢>0 , we have 7'« *-7'7, , ghere 7+-.4° is

the curvature vector, and we get
S f" >jd ‘e’vﬂr/?“‘?-").

Also, w,27= T‘;"ZJ and ﬁgt’v"wj'fw" xS e»iﬁ.‘,' . Hence, from (15.5),

£b aug i el LAt vt )
The term #°1s the component of the curvature veetor of C, and
the remaining terms give the component of the part of the

vector T-::4F/4* normal to C.

14, Uniform proper acceleration.

If the proper acceleration 1s constant at points of C, the

observer C can be said to be moving with uniform proper

acceleration. The conditlons for this are Z#7 =0 4wy, 1l.e.
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B (7 i) =0
We have A, *--ew%d* and 77dizo. Henee, we must have
744 = 0 et 7° must be in the direction A4° The
Serret«Irenet formulae give
i 2 4%= e’k )¢

and
- P T Y . .,J‘
7"‘ ~ €, K At <€ K f}u

o { g oy
= ‘ﬁ,a’z 4:}‘ — C-!,' x"r]‘ “'(, f., K“, /tq;

where 4,*, 4u° are the flrst two principal normals, and x
1s the principal curvature, & the second curvature.
Hence 1f k 1s not zero, the necessary and sufficilent
conditions are

X = o AL gnienn ey,
l.es If an observer 1is moving with uniform proper acceleration
the oprineipal curvature of his world-line 1le constant, and
the second curvature 1is zero.

In the flat space P special relativity, we must have
Zt= 209 =g
£t q<= ot ol 1s 4,9",;,‘,1,«:

where a“as= -f'fi=/ , «‘fizo, The four-dimensional position

veetor ig therefore given by
7 =& 4-)-:-/3(,3”.(3: +_gm£“fj Ge.2)

where g is an arbitrary constant vector, ande«,g are two unit

orthogonal vectors, ¥ being time-llke and g space~-like.

The curve 1s therefore a hyperbola in a two dimensional plane.
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For rectlilinear motion, take 2 -=zo and g==zz0 _ Vie can

write
X = /w,,z«,m«,o,o) ¢ F: yereas m&,o,a}

« belng constant, snd we gédt
kit = oharndus vrnla ok ks
Kx = ki ks + ko ok 1S

2 = -
C AT T ,J{-" (0.3,

To find the limiting case for classical rechanies, we write
“eT and, as « 1s the scalar acceleration, <= £: whew € is
the veloelty of 1ight, T is the classical time, and F the
acceleration. The curve is therelore,

x%= 272 «

—

Fl.

|

c & Fir?
L)

and hence
v s 2] 1 ED S OlAf] x ek 2ET S0l),
F

Haking c—o0 |, we gét
seie, zosil, =§ETT | 4 4

l.,es the parabola of classical mechanics,

15. Inertial fromes of reference.

ifhen the speeclal theory of relativity was extended to the
first general theory, 1t was assumed that at each point of a
geodesle in o Riemannlan space an inertial frame of reference

cen be found with respect to which all neighbouring geodesics

have no acceleration. #e shall now prove that inertial frames

of reference exist along all geodesics only when the space 1is
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flat.

Referring to relative co-ordinates using parallel transport
along 2 geodesiec C, the neighbouring geodesies are glven by
E e and
Br L prgiep it
If an inertial frame of reference is gilven by e «77 dw?* Ane3),
where 7 are the coefficients of an orthogonal transformation
in ¥ the new system of relative co-ordinates (w) is glven by
svd fR P and the geodesles are solutions of
17t 12fGast w(F5 -T7H5)w? =0 as.2)
It 1s therefore required that all curves given by equat!ons of
the form w#za’s +p* should be solutions of (15.2).
Substituting in (15.2) and equating to zero the coefficients
of d‘,ﬁ*, we f£ind that we must have
% gm0 R Y TRy 47.3)

The second equation shows that the vectors of an inertlal frame

of reference rmust be displaced by parallel transport along the

geodesic. Substituting in the first equation, we find that
we must heve [»c *0 b which, from (5.5), leads at once to

Ruoyh J4% =0 (p=042,9) 054
These, then, are the condltions that such a frame exists along
the geodesic with tangent vector 4°.  If these conditions are
required to be satisfied by all geodesles, the equations (15.4)

must hold at every point and for all unit vectors 4. The

*This pesult wes first obtained by Prof. L. T. WThittaker.
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necessary and sufficient conditions for this are
Raijs + Raiga =0 Ak =021, (5%
e have
Rayh = ~Repui -Reusy = Raijh + Rasiy
and by (15.5),
Rusij = = Rinin = Rujjs
hence, the conditions are

R "l;l“ = 0 (‘?"fu’?" ol Z,?J /?I—. {J

I3

i.e. the space must be flat.

16, Rigid motion.

Let Cp,Cs,--~, Dbe the world-lines of a system of particles
sufficiently near together so that the cubes of distances
between them can be neglected. Then we may say that the
system of particles moves as a rigid body if an observer on
each particle can find s frame of reference with respesect to
vhich all the other particles are stationary. This is
evidently equivalent to saying that the geodesic distance
between any two world-lines must be constant along these lines.

If C 1g éne of the world~lines, then, referring to such a

frame of reference as the above along C, the co-ordinates of

points of £, must satlafy

Z4 =0 =k (F2hT,1) féy

and we must now see if the condition that the distance

between £», €s should be constant follows from (16.1).



Let the geodesic space orthogmnal to C at P meet Cs at

W(Za] and G at @s(Zs)], and let the spuce orthogonal to
G at @ meet €5 at @% . The distances Pp s, Gp0% , and
the angle ( Gp9p. 9p0%) are first order quantities, and
therefore, to the required order, the distance @s 0% 1s
agual t0 the dlstance @p @5. From (6.5), we sce at once
that, tothe reculred order, the geodeslcs in normsl

co-ordinates are straight llnes, and we therefore have

Bp 05)° = = £ 6,(25, -23)" %y
Hence, from (16.1), the distance @»9% is constant along

(p, €5 , and this 1is true for all values of p,q. Thus, the
necessary and sufficient conditions that the system should
move as a rigld body are that, along sny world-line C of the
system, a frame of reference can be found with respect to
which the remaining world-lines are glven by equations of the
form (16.1).

The zbove frame of reference can be considered to be fixed
in the body. If 1t 1s given by Ferml transport along C, 1t
has no proper angular velocity, and we can say that the body
has no rotation relative to the partiele C.

If o frame of reference is given along C. it 1s not
necessarily fixed in the body, and the conditions that the
body should be rigld become, from (16.1},

=g = Tl (4.3
refors to the given frame of reference, the «

where =273

are constants, and the ¥+ are coefficients of an orthogonal
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transformation in /5. If this frame of reference 1s glven
by Ferml transport along C, the fs give the rotation of the
body and the components of angular veloelty are, from a
well-known result in classical kinematics,

# s £ EF2 wye ZEH wye SEIET s

rz) * 4

17. Nonerotating bodies.

If C is one of the worlde-linez and Fermi transport is used
along C, we have said that the body has no rotation relative
to the partiele C 1f the other world-lines are given by (16.1).
If these conditions are satisfled, let us find the conditions
that the body should have no rotation relative to another
particle C’of the body. e shall now assume that the body
is small so that the squares of distances between the world-
-lines can be neglected.

If P(s) is a point of C, let S(P) meet C’at the point Q(z)
end the world-line C of any other particle of the body at the
point G(Z). Then, from (16.1), =7>«ns, E7=enl, and the
tangent veetor of C'st @ 1s therefore /.2.0,0) l.e. QR is
orthogonal to C'at G. Hence, if 47 is any vector at polnts
of C’orthogonal to, and given by Ferml transport along C, we
reguire that the projection of QQ ohto this vector at Q
should be constant as P moves =2long C, l.e.

dé{/(" {_:,"_z-r)f) = 0 . 2

From (6.17), we have
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%‘ = Ry (IR Y 2 S L e
and hence, ags z7 zwmf, 5;=unt, we regquire
Vosto 250°(37-27] 20
This must be sztisfled for all such veetors 47 and for all
curves Z° and we must therefore have
Vosto2 20 (a,530,3) fr2.2)
These, then, are the necessary and sufficient conditions that
the body should have no rotation relative to the particle C1
From (17.2), we see éhat the body has no rotation relative
to any of the particles if
Vosto =0 fint = 42,3 (172,
referred to one of the world-lines C. e have
,é?LJﬂ;Jw‘-= §F-edin¢ P and hence, multiplying (17.3) by
Potsle dsptdvicdes; and sumning for -z =4, we
finally get the conditions in the form
€ Ruyhd® - dy pi; < difay =0 Gy
where pi; = Regyadd?® | and A“1s the tangent vector of C.
In space of constant curvature K,
Roiyn s K92y 9uh-926 %) . L T KRAidi-23)
and substituting in (17.4), we see that these conditions are

satisflied ilderntically. Hence, 1f, in space of constant

curvature, a body has no rotation relstive to ome of its

particles, 1t has no rotation relative to any other of 1ts

particles.

%e shall now show thet if a space is such that all rigid




65

bodles having no rotatlion relative to one particle have no

rotation relative to the other particles, the space must be

one of constant curvaturec.

The reguired conditions are that (17.4) should be satlsfled
for all unit veectors A, i.e., substituting ¢-=94;44%,  ye
must have

for all 4+ . Henece,

er’[ Ipy Reiju = Jur R pijy * Tui Rpx,'y] <10 fi7:5)
where the sum 1s taken over a}l possible arrangements of
Ly, lultiplying by ?ﬂ’ and summing for py, we at
once get

/Qx-t,m Z Rt '3"/4!} Jiw = Rij ﬁ,c‘,g) . (12,6

where Ri;= 7”Wp¢y is the Ricel tensor. Multiplying by

7% and swming agaln, we find
Runz %R Gra (177
where R= 79 Rij is the scalar curvature. Eence,

substituting in (17.6),
ﬁ)f'l'ld = —)ﬁ R /;‘/ ?4.;‘%.;91‘;/ (//7.[)

1,6. the space must be one of eonstant curvdure.
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18. A particulsr rigid motion.
i

‘A problem that arises naturally is to find the conditions

that a system of world-lines giving rigld motion should be
geodesics. Assumlng the world-lines are geodesles, and
using varallel transport slong one of these, C, the other
world=lines are solutions of
= TStz g (1§-1)
Thus, from (16.3),
=7z THhw? Ganagy
must be solutions for all values of the constants «~# , 1i.e,
the coefficients ¥» must satlsfy
T 5 =r33% <0 Ak 5.2
We have, substituting e,-¢-/, ¢:4:¢,-)
SGER I a0 frdss zran)  dnoy
and hence, from £Ff,--r7,
Foo = foTG A2 T = fiy o .4
The second form arises from fSs>f~ , and the third is found

by differentiating (18.3) twice. Hence, we see that

)‘Z\?; R (G5.5)
l.eq¢ from (16.4), the components % %, s of the angular

veloclty are constant. Thus, the motion must be one wlth

constant angular velocity about an axes fixed relative to C.

Substituting from (16.4) in (18.4), we find

2 . o -
L= wi- () e A e e Tty )/évs s 7 I4,2,9 ). ﬁ;‘o

Hence, if p4 '-A’,“,AJ"J‘, we have



/04'#' = -w? ,‘% !”'}"".4"’? —4,}??;; Yty Wiy JW‘.J”“- ’
The vector m<s= Ztw, Ar* is the angular veloelty vector,
and 2 € dwidvy = Ty did; e therefore have
Piy = =iy 3w dedy <ALy ‘r.7,
Now gYmip;= -w* and multiplying by 7% we get
/Q;‘;,?“'/I'i T odwt 2L E —Q0N

The magnitude of the angular veloclity is therefore given by
wr=z -z /?4,.;4"4““, G55
and the unit vector /'i‘- in the direction of the axls of
rotation is given by
iy e didg -3y e ﬁﬁy&»{ﬁé. (75.5)
The space Y. and the null geodesic C must satisfy certaln
conditions in order that the above rigld body should exist.
The first set of conditions is found by eliminating the four
components «: from the equations (18.9), and the sccond set
of conditions 1s that the s should be copstants. The
former conditions are complicated, but it may be of interest
to examine the latter.
if the w+s are constant, then from (18.6)
T sl bo3700,%, 22
l.e. remembering that the vectors A are displaced

by parallel transport,
/?xgé,{ /3‘45/,1411"4!!; =0

from which we get

£ 2 /F.H)
Raok Y =0

léad 243,73
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If these conditions are satisfied by all geodesics, (18.11)

must hold at each point and for all veetors 4°. Hence, from

Reys = Risky we must have

-4 Rhﬁ(g,&’ =0 (1§02
LA

where the sum 1s over all possible arrangements of #.A4 <.

Ve have

Raighy e > Rakty b+ Right o kel Razae) =0,

g0 (18.12) reduce to

Raotkne > Rehty b * Retkgh =0 ﬁf‘-’?}

Interchianging 2./ and adding,
’?"'(Ad:g "Ru(ﬂ.f»j 4+ Rathy, i “RA‘,;,{!,A =0

Substltuting A.sde,2 “R sty a2 Roshyt Ragathz ~Rutly pt Rathy, b |

Rinhyt -Raiktyh +Ritupp =0 J

Substituting for fipst and third torms by (18.13),
Ristyn *Rartyh =0 a2,
Replacing the first term of (18.13) by using (18.14),
—Ru‘;&d,‘ JR:A(,«,,{ ‘R;l,(w;,_ =0

P s "Rxlftﬂa;‘ 4R1(‘g;;§. 0 ]

Interchanglng «,, and adding ,

/{..«r
Rithy b + Rythih =0 ?

But 5
R t4i = = Rosat -Rjith = Ritky + R ijeh
and from (18.18),
Ruytah == Ryt hz Ritkyh,
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Eence, the conditions reduce to

RAI;‘J,A ER A‘-i'.‘,"a("oﬂ.t,']j fi-f{)

In space of constant ecurvatvre X, (18.16) are sutisfisd, but

a8 fs *-Kéws we find from (18.6) that if any sueh body
as the above exlsts, x,~w=w;320 and we must have
Kz0. Hence, the only space of constant curvature in

which such a body can exist is a flat space, and the body has

no rotation relative to any of its particles.




PART T

SPATIAL DiISTANCE 14 GENERAL :QELJT/V/?‘,V

12, DRefinltions of distance.

In the study of kinematles, we have already taken for
granted the conception of distence in an observer's
instantaneous space; such distances are small and esn be
consldered to be immedlately measurable by the observer.
ve now come to the ppoblem of deciding upon the meaning of
'distance' when the object 1s not accessible to the observer.

The observer's knowledge of the object, or star, must be
obtalined from obscrvations made by him upon rays of light
issuing from the star and intersecting his Instantaneous
space. The tracks of rays of light in space~time are null
geodesics, so if A 1s a position of the star and B the
position of the observer when receiving light emitted from
the star at the position 4, the peoints &4 B must lie on a
null geodesie in the space-tire. e are therefore faced
with the problem of defining dlstance along & null geodesic.
ije sce at onece that sueh 'distance' differs from 'interval’
for the intervsl 1s =z¢ro slong z null gecdesic,

This problem can be treated In two different ways. The
first 1s by reducing to mathematlesl terms the practical
methods used by astronomers when caleulating such distances.
This method was first suggested and examined by Prof. E. T.
thittaker (12) and later, the finer points of his definltion

were discussed and improved upom by I. M, B, Etherington (13},



the original 1dea, however, being retained. The seeond
procedure is more fundamentally mathematical, and consists
of finding expressiong in terms of the positions of two
points on a null geodesie, these expressions satisfying
certain limiting conditions and reducing to ordinary
conceptions of distance in the more elementary forms of
space-time., Some work on the subject by Dr. H. . Ruse
(14 and 15) belongs to this latter class, though he deals
mainly with observable quantities. Another definition of
such a dlstance was glven by Whittalker Q}b).

The following wor} 1s based upon ihittaker's original
definition with the modifications due to Etherington.
The definition adopted 1s, in faet, equivalent to that of
Ztherington, though, by a theorem alreasdy proved on null
geodesiecs, we are able to state the definition in a more

preclse way comformeble to the usuval conceptions of distance.

20. Apparent luminosity definition of distance,

Following Whittaker, let us examine the apparent luminosity
of a star A as observed by the observer at the position B.
Let C be the null geodesie AB, and let p be the thin pencil
of null geodesics issuilng from A and passing near B. The
instantaneous space of the observer will intersect p in a
two-dimensional cross section, and the apparent luminosity
is evidently inversely proportional to the area of this

ecross sectlion. By the last theorem of $8, this area is
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independent of the pafticular sectlion at B, and hence, the
apparent luminosity is independent of the observer's motion.

Ve can now adopt the inverse square law of light as used
by astronomers, and deflne the distance of A from B as being
proportional to the square root of the area of eross section of
p at B for varying positions of B along the null geodesie C.
Wie observe that thils would be meaningless but for the above
theorem, The factor of proportionality 1s thus independent
of the particular position of B on C. To determine this
faetor, we shall say that when the observer is near and has
the motion of the star, the above distance must reduce to
the ordinary distance as measured by the observer.

#ith Etherington's definition of absolute luminosity, it
can now easlly be verified that distance as defined above is
exactly that obtainéd_by comparing apparent with absolute
luminosity, glving a true translation of the practical
methods used by astronomers,

#ith the notation of §§ 8,92,10, let s be a null parameter
of C, the values at A, B being =, 5, respectively. Then,
defining the function 7 as in ¢ 10, with s for s, we sce at
once from the above definition that the distance so defined

can be writtenm

Ay ./(m/f (20.1)
where #» 1s independent ofs, . Let B’be an observer at
the point s ¢ of C, where £ is small. Then from the

definition of V, the distance of A from B reduces to



diy = M & - (20.2,
If the star and the observer B’ both have the motion A*
vhere 4° 1s the unit veector at A tangent to the star's
world-line, the dist:nce § betwsen the star and B in the
instantansous space of this observer is
§= &2 AN, ‘o.3,
where A° is the tangent veetor of C. But from the definition
of distunce dp = §. Hence,
Sy = 1 3 A, (a0,
and from (20.1), we now have the full expression for spatial
distance as defined above.
ie observe that V and A¢ are not completely determined
owing to the arbitrary multipllicative constant that can be
attached to the parameter s. This constant, however, 1is
cancelled in the product /ﬂm/F and leaves us with an
Invariant expression for 4de .
From the foet that the apparent lumlinogity of the star is
Independent of the observer's motion, we see that distance ds

defined above is also Independent of this motion, but is

dependent on that of the star.

21. Apparent magnitude definition of distance.

Another practlcal method of caleulating distances 1s by
using the inverse square law for magnitudes instead of
luminosities. then reducing this method to mathematleal

terms, we need not consider the star to ihave a definite

73
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magnitude, or rather, we need only consider any arbitrary
small part of the star. ‘e therefore consider the thin
pencll of null geodesics passing near A and converging to
pass through the point B, and deflne distance to be proportional
to the sguare root of the eross section of this pencil at A.
The factor of proportionalify will now be determined by saying
that for a star near and with the motion of the observer, the
above distance must reduce to that messured by the observer
in his instantaneous space. Thus, distance iz now independent
of the motion of the star, but dependent on the motion of the
observer., |

To caleulate this distance, we need only repeaby the
previous calculation, iInterchanging the star and the observer.
From the theorem of § 10,7 is unaltered when 5 and s, are
interchanged. e can therefore write at onee the expression
for this distance in the form

4o, = /‘,&)/7 1w
where
S ~ /95 84, (212

and &% is the unit vector giving the motlon of the observer at
B. This, then, 1e the distance found in practlce by comparing
the apparent with the actual magnitude of the star.

From (20.1), (20.2), we see at once that the two expressions

for distance are connected by the relation

4 e = /Lﬂ)
e 2
dﬁ” /a:‘” (, L



It has been proved” that the Pesler effect observed by the
observer is, with the above notation, .

[ %ij A°4%;.,,
/ fy f‘./id/,”‘

/2;.,19

Hence, the ratio of the distances as given by the luminosity

and magnitude definitions 1s the Doppler effect. This

rdsult was also obtained by Etherington (13).

202, Caleulation of distance.

From the above results, the main problem is to calculate
the funetion 7. From $9, the simplest method 1s to find a
veetor 4w; orthogonal to and displaced by parallel transport

along €, and then choose As*  to be orthogonal to 4a° and

Ai, the tangent vector of C, We then calculate the three
invariants /[, Ly, G from
s = ﬁiijﬁ /}ﬂéfl"f uu; (22.1)

and f£ind solutions of the equations

-~

= ‘!;zzz'z?z?zo

2.2,
2% v [y 27 thy 2720
in the form
22 zof +R “, 4 2%z a’?;*‘ﬂ“% (227
where ¢ .%., ¢, ¢a vanish wheng s=%, and «,p are arbltrary
constants., Then, from ¢§10, we have
V=2 K(Bu-8.4)
L = ﬁn. 2, “'a.‘a;“} /2}' ¥
where K D e
X

(9), D':'g'

7§
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Here we have assumed that s inecreases from A to B, i.e., in the
direction of the light.
As an example, consider a geodesie C in space of constant
curvature K. ie have
A . YR & E
fos = K( 94y 914792894 )JA4" A, “dsy* = 0 (22,5,

and hence, at once, -

2*= &[5 %) 2% p/57%)
and
7o G-
Hence
A:/a/.'l}‘f,} z (224,

Thus 1ln space of constant curvature, the élement of spatial

distance 1s proportional to the ézement of the null parameter.

Digstance as defined by Ruse leads to this result in general
spaces” It was also proposed as an alternative definition of
distance by L. T inittaker. It may be of interest to prove
Ruse's result by using relative co-ordinates along C.

A definition of distance as proposed by Ruse is as follows:
Let 8,,8.8--. & be a series of neighbouring observers
at rpositions along the null geodesie C, extending from A to B,

Also, let the directions of thelr worldelines at points of C

be obtained by parallel transport along C from the given

7. (15), D.B6

v2. (9), p.35.
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direct’'on at B. Then if each observer meossures the distance
from himself to the next observer in his instantaneous space,-
define the dlstance from A to B as being the sum of all such
small distances.

Let 4u® at points C be the dlrections of the above worlde
lines, and choose relative co-ordinates =s in #§9, so that
WMy 210 R A 2 the latter followlng ffom the
fact that J.° 1is glven by parallel transport along C. Then
the distance between obgervers at points s, s*4ds gs measured
by the observer at s 1s slmply -« /s and integrating along
C from s,4675, , we have, as U, Uy = /9;,— BH“/m, 7”.6., 1 ,{

A"/aﬁn {575, (227,

23. Spatial distance in an expanding universe.

Consider space of the form

vdtr - a?( f A 7O T %) s
where »,y are functions of the co-ordinate »,and (a) is a
funetion of &. Such space has spherical symmetry 1n the
'spatial' co-ordinates =,4,4, and thls form includes all
forms congldered up to dats In work on relativity, the older
statical universes being filven by a@zanf=/. Por a=zi/;
v=1, yz/=-7k2, we have the Einstein universe, and for
vzy = ;-»¥p* we have the De Sitter universe. For other

values of »,, we have various forms, including those with
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a gsingularity at the originlX

e shall now cqlculéte the formula for spstial distance in
the sbove general space-time.

First we must find the null geodesies, these being given in

terms of a null parameter s by 7=0 and
//BT _3‘T;0

Asl 3¥ 3t
and the three other similar equations, whore £'=4&us, and
T vl - 2 B Y et 2,

The third equation 1s

dg/a‘—y"{?a/ —a'v%fmﬂ@—&z 0 |
This is satlisfied identlecally by /F°%%  and hence, from the
spherical symmetry of the space, all null geodeslecs lie &n
such gub-gpaces. Thus, when examining a null geodesiec, we
can talke 1t to 1l'e #n this space #:%2 thils being a typleal
geodesle from the above symmetry. Substituting 0:%2 the
fourth sauvation becomes

£l Fl <o

80 we have

M. 4

As  air a2
where h 1g a constant, taken to be positive so that £ increases
with s. The first sguation 1s now

/‘}'-’/y;.:.? +d&f}f/ﬁ/’1‘47}ﬁ/‘f o , Gl

but, from 7°0,

e a7 i

* see (11), (18), (17), (18) and (19).
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Hence,

Lk FaH o
e ﬂy%’z yrf

iile can choose s so that thils constant is unity, s then
increasing with t as reguired, and we have
%’: d’f; : 271
Substituting (23.3), (23.5) in (23.4), we find
'é”eﬁ."i e pr= /ALK s €3] (274
Thus, the tangent vector A* 1s given by

g AR R e g
The constant h varies for the different geocdesics in the
space 2°=% .

Followlng the method outlined in §22, we now require a
veetor J.* orthogonal to A% and satisgfying the parallel
transport cquations along this geodesic, From the georetry
it is evident that the normal to the space =% wlll satlsfy
these conditions? so we have, making this vector of unit
length by (2%.1),

A0 g dwten 5 datagt 3 el (22

411 that now remains is to find a vector Juiorthogonal to

1* and 4..* . Such a vector is at once found to be given by
tl'g;':q-;—f-; = dy’z0 , d3,%=0 2 ,{?/7: d-‘f'-}" 27.9

where ¥ is given by (23.6).

* This can easlly be verified by calculating the Christoffel
symbols from (£3.1), and substituting in the equations

25 A o,
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From (23.1), the non-vanishing components of the curvature

tensor are”
Rissey # & 7‘-;"""; , Rowss = :"'a-,',gﬁ‘;-"""zﬁ /
Rissi=s ;f-/gy”-_%ff 4_1’;2’7 -){-dé' ” Ryaxy = 72217y "-;-—‘ a)aml /23.10)
ﬁzu;: r(Eyv-rail y R3003 = 'r(f}"’"""a/ a0 ’
Bwn BBt g L e,

Substituting (23.10), (23.7), (23.8) and (23.9) in (22.1), we

can find the invariants A, &y, h;. Ve shall omit this

purely algebraie work. The terms so obtalned can very

conveniently be collected and re-expressed by using the

de find
/2 (5. 7. 1)

differential relations (23.7).

o il a4 + %‘
raz = ar ,.{a'r} .{ZT‘;? »

e Ay Y G
r?? = M;}‘./Mj d”;;’.. ‘;7;:. i
and if A=zo ,the /s are given correctly by writing #£z0 in the

above expressions.

I. A#o.
The geodesic does not pass through origin (=9
driting =z=za»x ye

80 we ca=n

take £ as the independent varilable.

find, from (23.7),
gaint e )

Hence, from (22.2) and (25.11), =%=a7x where

5_;%:4):50

* These can e:sily be calculated by using (4), p.44.



Thus, iIn the reguired form,

&1

=% . d-r)u;u(’)@‘ﬁi/ Y (27.12)

Also, =z*=ary where

K . F z0

d¢= ﬁ‘ dﬁ""
Thus,

#
27 < f. d?#’ﬁ’ %‘_’; (2?07,
driting
- [? A
&( f '},—: i /27--’#)
we have
V2 Ka 7 (-t rm/bBs)
where
g L o Al @ TELG)rm/pH)
~”® L (5-%)%
3 v /Ap
T 4,° 7Ry, /7:/?.4 /7?_4 Y
Y d s

From (23.7), (23.14), ;’?(;0' }}ﬁ s . }? "-;f-‘;‘ ., angd hence,

K = ;{J;" ﬂﬂt'ra“"o
Thus,

Vi o2 At n by (Gl B G2
and
(22.¢4)

4= f. F OG0 b ta] O] hemby-bo)

where 4« is determined by (25.%), (23.7) and the given motion

of the star at s=5 .,

. A£=0

In this case, 4b/sz0 and the geodesic Pawses through the

origin, We have /hszo0 and
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2
sl g Flon).
We must therefore solve

A2 o=

A~ o 21/30 gL

and we get

5
Aas
= 0. a7 % atr? = /l?'}?)
Hence
ye K azn>/a-wy®
where
W= /r__i‘::[ ﬂ-?.za,
arr*
and
L= An Erfeemr
< 37, =5,
W 2
Thus,
Yz a}agt 7 nt /mi-we)’ (2744,
and
(2720
5/1, a,d, 7,7 (-
e now have Az0 80 g=/ and = eA/T . Hence, from
(23.18),
r
g tof LT (272,

¥y 7
where 1t is assumed that the star and observer are not
separated by the origin, so e does not change sign.

It may happen that the observer 1s at the origin, so that

% zo0. In this case, £=-/ and we must find
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e have
% Ta
./l/;%‘[’//j'#]; ‘,/:ﬁ/;,’-"—;ﬁ.'

if /A/}?/.{M fr 0STEe,
[PrEel Ml & = mlgE

Hence, as 5‘5‘* flgs z o we have
wE B AL U
Thus, writing ~ for =,
e /u/a/"/ ar (27.23

A simllar result holds if the star 1s at the origin, and
the observer at the Aed 7.

It is of interest to examine the above general results
before proceeding to dlscuss particular examples. From
{22:7), %",6 %4‘&/;—7 - Hence, if the path of the ray of
light in space /794 1s known, the time funection @) occurs
in the formula (23.20) for distance only in the part «aqg,,
and a similar result holds if A :=o.

If the star is 'stationary in space; its world-line
gsatisfies 2, 0.4 =z ot and hence, { rom (£3.1)

VAR TR AT
Thus, from (20.4)
= dj%
and, 1f £ #o,
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Yo g D7 gk )b n ]Gl am 64 ey
If A=0,
“¥,
Q) = ﬂ,'?',’.?;: /W,-—W‘} /z?.zg,

and 1f the observer is at the origin and the star at the
point =,
do = ﬁ,{y-'—_’/?‘o /;-: (2725

Similarly, if the star is at the origin and the observer at
the point -,
da = A‘;/,,,o G Gl

If the observer is stationery in space, we have

- =L . pt. b e
Oeo' Vy' 4 }? v 4 o4 "'0
and
N = a',":?y,

Thus, if L#o,

d(h)f- ’zcda'rp;j;/@ ﬁ"/“'y}/dv"ﬂ/ﬂ"ﬁp/ /5.?.2‘7)
1¢ 40
o, = W7o 2 [ 15-m) frzg

and if the star is at the origin and the observer at the

point -
z 7 3_ 2,29
Yo, 2 /a‘é: o yV

Similarly, if the observer is at the origin, the star at

the point r,
g, = 4')‘;,1: AT (27.%0)

If the universe 1s statliec, 2=/ and a typieal null

geodesic 1s given by 7272 and

54
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T . R < A Ab, 4
z;' =<t P IS As ‘/y_’ ; 75—— =
Ve now get, if £ 2,
g= pd ) Gk (G vy sl b (er.2
If A:z0,
4 ‘/“ e ] /“}'Wﬂ/ /i—?.?zj

and 1f the observer 1s at the origin, the star at the point»,

4 5/“//;’?/,:, i (27.22)
with a similar result if the star 1s at the origin and the
obgerver at the point .

If the observer is at the origin, 4. 1s evaluated at the
origin, and hence, from (23.33), the distance 4., 18
proportion to the value of r at the position of the star.
8imilarly, if the star is at the origin, 44 1s proportional

to the value of » at the position of the observer.

24, Particular cases of the general form.
z. - LN forer
ﬁl .

This is the form usually considered in discussions on the
expanding un:'Lvﬁrs:u:-zale’f}r and when a-e~f =/, i1t reduces to the
Einstein cylindrical univérse.

ihen A ¢0, we have »r:/, yz/%, a‘w-.;'-‘;,and 7‘% = % Ty Hence

[ 4 B T_x
s R IR e (o)

«7. §ee Lemaltre,(20)s Eddington,(21).’

*2. R 18 the 'radius' of the Einstein world, and in the
expanding form, fa(t) RJ/is the radius =t time t.
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Thls integral can easily be evaluated, and hence 4 can be
found explicitly when the motion of the star (or observer)
is knowmn.

ihen £z 0 then from (23.21) it is required to evaluate

> ‘4’
W= e/ et
al /;_-;i

iriting 7»: Raw7 .

:_{ﬂg i
wﬂfm‘z‘ .ﬁ-m(}f

and hence,

%70 /W) = R[sen(7-700]
Thus

4= m R a4, ay [1m(7,-7,]/ 2.3,

e observe that 7 is the co-ordinate often used instead of
7, the metric (24.1) then being

e R 2 (AT s T d O s Tan O APY) 244
It has been pointed out¥that + 1s a misleading co-ordinate
to use in describing the whole universe, for it 1ls required
that 7 should take the values oto 7. The other co-ordinate

proposed is p= 2R4~Z , when (24.1) takes the form
a® z z
e s e e e,
ihen an observei' or star is at the origin, the other
being at the point 7,
4= m Ra, arem 7 R, (244

or, using the co-ordinate p,

& Fe (2a MA.VM, 27) 5. 9. Floar auilors WAl G iy a i s aht > andf W
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4= d. & /—:;%; ; (242

If the observer 1is stationary at the origin, and the star

statbonary at the point 7,

dp7 RasmF = 8, L7 0 ) /248
dpn, = Rasnz =z Qa F/{/fﬁ./ 4 (249,

From p:2R&6m7;, ywe see that p can take the values
0-c0 , But keeping the time of observation fixed, a, 1is
constant and from (24.8), the maximum value of Ju is
given by a star in the position p-2#f,«¢. 7*"R. For this star

du, = 4, R . da,z aR 124.09

i.,e. the maximum obgerpable distance Jdw 1s equal to the

radius of the universe at the time of observation, and the

distance du., 1s then the radius of the universe at the time

of emission of the observed light.

Again, from (24.8), there are two positions in which a star
glves an aslgned distance 4o <4,k ; for one positidn, p<2R
and for the other K p>2R. The two stars can be distinguished,
however, by observing the Doppler effect now egual to 4, /a.
If the universe is continually expanding and the time of
observation remains fixed, @ decreases as p incresses, s0 the
Doppler effect for the star p>2R is greater than that for

the stars p¢2ﬂ-



. Statieal universes.
All the usval forms of statiecal unlverses are obtalned

from (£3.1) by writing 2:/. The two most comron are the

Einstelin end the De 8itter forms. The Einstein unlverse is
given by
wa: - /?i—'—;:{ 47‘#&’*7‘%‘”"97. Fa.n

and distances In this space can be obtained from those
imnediately above by writing z-:/. Thus, from (24.8/) and
(24.9), if the star and observer are both stationary and the
observer is at the origin, 4e-4s, *f//*L.),and the maximum
value of either 1s R, glven by p:2R, ~» 74,

The De Sitter universe is one of constant curvature, and

has the form

R (it ) o
nl.
Thus Y=y = /-%a*. Along the null geodesic through the

origin, we find at once, from (£3.21) and (23.20)

4= ) %-7/
it being assumed that the star and observer are not separated
by the origin,  This result is also given by (22.6), for we

now have A/ds=2/. If the star and observer are both

fixed in space,

T
4&) = . : ; d("-) = e
'l -_j' ;/-, wnt 5 fi&-nj

§&



59

Hence, if the observer is at the origin and the star at the

point »,

s

‘d?} =i d@u 2l /29-"'0

-
!,..&—‘-

Thus when » has 1ts maximum value R, 44 =R but de is infinite.

The above are only a few of the general results obtainad
when the astronomicel method of me:asuring distance 1s analysed
mathematically in the light of modern relativity. Several
interesting results are obtained when digtance ig discussed in
more detail in particular forms of space-time; for example,
peculiar results arise when the space 1s the gravitational
field of the sun and we consider the distance of the stars as
observed on the earth when the light grazes the sun. In this
case, the gravitational fileld of the sun acts as a convex
cylindrical lens and the pencil of rays of light issulng from
a star begins to converge after passing the sun. It may be
noticed that results such as this should be guite common, for
in (23.12), the expression for z* contains the term 2+/p-4).
Thus we may expeet 2* to decrease after some point, and the
eross-section of the pencil will become elongated, the area

decreasing.,
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