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Abstract

In this thesis, we study the Cauchy problem for nonlinear Schrédinger equations (NLS) in
various settings.

Firstly, we consider NLS with a quadratic nonlinearity |u|? on the two-dimensional torus. By
separately estimating the contributions from the nearly resonant and highly non-resonant inter-
actions, we prove its sharp deterministic local well-posedness, thus resolving an open problem
of thirty years since Bourgain (1993).

Secondly, we investigate the well-posedness issues of NLS with a quadratic nonlinearity @? in
negative Sobolev spaces on the one-dimensional and the two-dimensional tori. By introducing
modified versions of the Fourier restriction norm spaces and overcome the failure of the crucial
bilinear estimates, we establish deterministic local well-posedness in negative Sobolev spaces.

Thirdly, we come back to study NLS with the quadratic nonlinearity |u|?> on the two-
dimensional torus with random initial data distributed according to a fractional derivative of
the Gaussian free field. We prove almost sure local well-posedness below the deterministic
threshold and a probabilistic ill-posedness result when the random initial data becomes too
irregular.

Finally, we consider the dispersive Anderson model, namely NLS with a multiplicative
spatial white noise, on the two-dimensional Euclidean space. We prove its global well-posedness
by using a gauge-transform and constructing the solution as a limit of solutions to a family of
approximating equations.






Lay summary

In this thesis, we study nonlinear Schrédinger equations in various settings. Nonlinear
Schrédinger equations are typical examples of nonlinear dispersive partial differential equations
(PDEs), which model wave-like phenomena that appear ubiquitously in physics and engineering
such as quantum mechanics, plasma physics, nonlinear optics, water waves, etc.

We explore the fundamental aspects on nonlinear Schrodinger equations: existence (the PDE
has a solution given a certain initial condition), uniqueness (the solution of the PDE is the only
solution), and stability (the solution has a small change if we perturb the initial condition).
Our goal is to find the lowest condition on the initial data so that the above properties hold for
a certain equation.

Moreover, we incorporate randomness into nonlinear Schrodinger equations, either via ran-
dom initial condition or via a random forcing in the equation. From the physical point of view,
the randomness models the disturbance in a physical system in real world applications. Under
certain level of randomness, we are still able to establish existence, uniqueness, and stability of
nonlinear Schrodinger equations.
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Chapter 1

Introduction

In this thesis, we study well-posedness issues of nonlinear dispersive partial differential equa-
tions (PDEs). In particular, we focus on the Cauchy problem for the nonlinear Schrédinger
equations (NLS):

(t,a:) eR x M, (1.1)
U\tzo = Uq,

{i@tu = Au+ F(u,§)
where £ denotes a stochastic forcing, F is a general forcing term depending on w and &, and
M =R? or T? = (R/(27Z))? for some dimension d > 1.

The Schrédinger equations are typical examples of dispersive PDEs, which have wave-like
solutions with speed depending on their frequencies; see [118, 111, 38] for more discussion on
dispersive PDEs. Other examples of dispersive PDEs include wave equations, Korteweg-de
Vries equations, beam equations, etc. These dispersive PDEs appear ubiquitously in physics
and engineering, such as quantum mechanics, plasma physics, nonlinear optics, water waves,
etc.

One of the central questions in the field of dispersive PDEs is well-posedness of a PDE:
existence of a solution, uniqueness of the solution, and continuous dependence of solutions on
initial data. A first step for studying well-posedness of a dispersive PDE, such as NLS in (1.1),
is to construct a local-in-time solution, which we refer to as local well-posedness. An important
tool for studying local well-posedness of NLS (1.1) is the L?-based Sobolev space H*(M) defined
via the norm

[l (v = V)" Fll L2 ()

where () = (1 +|-])2. Such a choice is natural for NLS because the linear Schrodinger
flow S(t) = e~"2, denoting the Fourier multiplier by e/¢l" (when M = R9) or ¢il"l" (when
M = T%), is an isometry under the H*(M)-norm for any s € R.

One important approach for studying local well-posedness of dispersive PDEs is through
perturbative argument. In other words, by writing out the Duhamel formulation of (1.1):

u(t) = S(t)ug — z/o S(t—t)F(u,&)dt’, (1.2)

we view the nonlinear solution u as a perturbation of the linear solution S(¢)ug. When the
initial data ug is regular enough and the nonlinearity F(u,&) is nice enough, one can use
the Banach fixed-point theorem to construct a unique solution to (1.2) on the function space
C(R; H°(M)). However, when the initial data ug becomes irregular, one encounters difficulty in
closing the contraction argument. This is mainly due to the fact that at a fixed time, there is no
smoothing property of the linear Schodinger propagator. Nevertheless, by using the Strichartz
spaces LP(R; L1(M)) for 1 < p,q < oo, one can exploit smoothing of the linear Schédinger
propagator by considering the time averaging effect via the Strichartz estimates. It turns out
that the Strichartz spaces work well when M = R?, but it is more difficult for M = T? if
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one wants to cover well-posedness for the full subcritical regime. This issue was addressed by
Bourgain in [9], where he introduced the Fourier restriction norm method via the following
X*b-gpace:

lull xo ey = 1{V)*(0)* S (=) u(t)ll Lz 2 mxray = [1{0)* (T = [n[*)*G(T, )| L2 63 e 29y

where u denotes the space-time Fourier transform of w. This space captures the dispersive
nature of the Schrédinger equations by penalizing functions that are away from being the linear
Schrédinger solution (supported on the curve 7 = [£]?). See Section A.4 for more details on
this space.

Recently, there is also a growing interest in the study of random dispersive PDEs. Namely,
one can consider dispersive PDEs with random initial data, which was first initiated by Bour-
gain [10]. Such study is natural from the physical point of view since physical systems are often
perturbed by the random noise in many applications. From an analytic point of view, this
study allows us to go beyond the deterministic analysis of dispersive equations. Indeed, in the
case of rough initial data, by combining deterministic analysis and probabilistic tools, one can
prove almost sure well-posedness of a dispersive PDE by removing an exceptional set of initial
data with probability measure zero.

In addition to the difficulty in dealing with rough initial data, the nonlinearity F'(u, ) may
also not be nice in some settings, especially when the stochastic forcing £ is very rough. In this
case, a contraction argument based on the Banach fixed-point theorem may not be possible.
An alternative approach to deal with this issue is to use the classical energy method to prove
local well-posedness via a compactness argument. In other words, one starts with a smoothed
equation, establishes a priori bounds of approximating solutions in suitable function spaces,
and shows the convergence of the approximating solutions with the limit solving the original
equation.

A next natural question after establishing local-in-time well-posedness of a dispersive PDE
is how to prove global-in-time well-posedness. In order to extend the local-in-time solution
globally-in-time, we usually need to provide an a priori control of the H?®(M)-norm of the
(smoothed) solution. For the compactness argument mentioned above, this a priori control
allows us to extract a convergent sequence of approximating solutions. As for the contraction
argument, the local time of existence, at least in the subcritical regime, depends on the size of
the initial data, and so the H®(M) a priori bound of the solution allows us to iterate the local
well-posedness argument arbitrarily many times. In the field of dispersive PDEs, such H*(M)
a priori bound is usually shown by using the conservation laws. For example, for the classical
cubic NLS

i0pu = Au — |ul?u, (1.3)

assuming that u has sufficient regularity, we have conservation of mass

M(u(t)) = /M fu(t)[2dz = M (u(0))

and conservation of energy (Hamiltonian)

1 1

Hu(t) = 3 /M V)P + | /M lu(t)|*dz = H(u(0)).

In this thesis, we study well-posedness of NLS (1.1) in the following settings.

e In Chapter 2, we consider the two-dimensional periodic NLS with a quadratic nonlin-
earity |u|?. Specifically, we prove sharp local well-posedness of (1.1) with M = T2,
F(u,€) = |ul?, and uy € L?*(T?). This is based on the following joint work with my
supervisor Tadahiro Oh (University of Edinburgh):

[85] R. Liu, T. Oh, Sharp local well-posedness of the two-dimensional periodic nonlinear
Schrédinger equation with a quadratic nonlinearity |u|?, to appear in Math. Res. Lett.

e In Chapter 3, we consider the one-dimensional and two-dimensional periodic NLS with
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a quadratic nonlinearity %> in negative Sobolev spaces. More precisely, we prove local
well-posedness of (1.1) with M = T or T?, F(u,£) = @, and up € H*(M) for s > —2.
This is based on the following work:

[84] R. Liu, Local well-posedness of the periodic nonlinear Schridinger equation with a
quadratic nonlinearity > in negative Sobolev spaces, to appear in J. Dyn. Diff. Equat.

e In Chapter 4, we again consider the two-dimensional periodic NLS with a quadratic non-
linearity |u|?, but this time with random initial data distributed according to a fractional
derivative (of order o > 0) of the Gaussian free field. More precisely, for (1.1) with
M =T? and F(u,&) = |u|?, we prove almost sure local well-posedness for o < 1 and we
prove a probabilistic ill-posedness result for o > % in a suitable sense. This is based on
the following work:

[83] R. Liu, On the probabilistic well-posedness of the two-dimensional periodic nonlinear
Schrédinger equation with the quadratic nonlinearity |u|?, J. Math. Pures Appl. 171
(2023), 75-101.

e In Chapter 5, we consider NLS with a multiplicative spatial white noise and a polynomial
nonlinearity on the two-dimensional full space domain. Specifically, we prove global well-
posedness of (1.1) with M = R2, F(u,£) = &u — MulP~lu for some A € R, and ug
satisfying some structural assumptions. This is based on the following joint work with
Arnaud Debussche (ENS Rennes), Nikolay Tzvetkov (ENS Lyon), and Nicola Visciglia
(University of Pisa):

[28] A. Debussche, R. Liu, N. Tzvetkov, N. Visciglia, Global well-posedness of the 2D
nonlinear Schrédinger equation with multiplicative spatial white noise on the full space,
to appear in Probab. Theory Related Fields.

In the rest of the introduction, we discuss the literature and backgrounds on each setting
listed above and state our main results in a more detailed manner. In Chapters 2-5, we present
the proofs of these results. For notations, functions spaces, and some preliminary lemmas that
are useful for proving our main results, we introduce them in the Appendix.

1.1 Deterministic local well-posedness of quadratic NLS
with nonlinearity |u|?

Let us first provide some background on the following quadratic NLS
i0u = Aux N (u,u), (1.4)

where N (u,u) can be u?, u%, or |u|2. Note that on R?, if u is a solution to (1.4), then for any
A > 0, ux(t,r) = N2u(A\?t, \z) is also a solution to (1.4). This scaling symmetry induces the
following scaling critical Sobolev regularity:

d
Scrit = D) 2.
When d = 1,2, 3, the scaling critical regularity becomes negative, which often fails to predict
well-posedness and ill-posedness issues. In this thesis, we mainly focus on the cases when d = 1
and d = 2.

We now review some previous results on the quadratic NLS (1.4). On the real line R, Kenig-
Ponce-Vega [70] used the Fourier restriction norm method via the X *:*-spaces (see Section A.4)
to prove local well-posedness of (1.4) for all types of nonlinearities u?, %2, and |u|?. In particular,
they established the crucial bilinear estimates

ol ey S Nl g 00 oo

170 se S lull oo M0l s (15)
lewl g Sl oye 0l e,
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Setting R R?
uadratic nonlineari U, U U u U u u U
d t 1 tyN 2 2 2 2 2 2
Scaling critical regularity Serit = —% Serit = —1

X**bilinear estimate 5> —% 5> —% s > —i 5> —% s>—% 5> —i
Failure of X*’-bilinear estimate [ s < -3 [ s< -3 [s< -1 |s<-3|s<-3|s<-1
Local well-posedness s>—-1]1s>-11|s> f% s>—-1]s>—-11]s> f%
Tll-posedness s<—1]s<—-1]s< f% s<—-11]1s<-1]|s< *i

Table 1.1: Known results for quadratic NLS on R and R2. Note that in all cases, local well-
posedness results and ill-posedness results are sharp.

where the range of admissible s varies in each case and can be found in Table 1.1. These
bilinear estimates fail when s gets below certain threshold; see [70, 91]. Despite the failure of
the bilinear estimate, Bejenaru-Tao [5] showed sharp local well-posedness of (1.4) on R with
N (u,u) = u? by introducing weighted X *°-spaces. Later, sharp local well-posedness results of
(1.4) on R with AN'(u,u) = u? and N (u,u) = |u|?> were shown by Kishimoto [72, 73]. As for
ill-posedness results for (1.4) on R, see [5, 72, 73, 79, 64, 65, 78]. See Table 1.1 for the specific
ranges of s for these results, where we note that for all nonlinearities, ill-posedness occurs before
s reaches the scaling critical regularity of (1.4) on R: st = —%. Also, all local well-posedness
and ill-posedness results are sharp on R.

Let us also mention well-posedness results of (1.4) on R?, again summarized in Table 1.1.
The X *b-bilinear estimates (1.5) were established in [107, 22]. The failure of these X *:-bilinear
estimates for lower s was shown in [22, 91]. Local well-posedness results of (1.4) on R? were
shown in [4, 73, 74]. Tll-posedness results of (1.4) on R? were shown in [64, 65, 78]. As in the
case of R, all local well-posedness and ill-posedness results of (1.4) on R? are sharp.

We now turn to well-posedness issues of (1.4) on periodic domains T and T?. The results
are summarized in Table 1.2, where the boldface texts refer to the results to be presented in
this thesis. On the circle T, the X **-bilinear estimates (1.5) for s > 0 follow immediately from
the L3-Strichartz estimate:

le ™2 fllpars (e1axm) S IFllL2 .

which is obtained by interpolating the L*-Strichartz estimate on T (see [119, 9]) and the trivial
L?-bound. For nonlinearities u? and %2, Kenig-Ponce-Vega [70] showed X *®-bilinear estimates
for negative values of s. In the same paper, they also showed the failure of these bilinear
estimates when s gets below a threshold. For ill-posedness of (1.4) on T, see [78]. From
Table 1.2, we see that for nonlinearities u? and @2, there are gaps between local well-posedness
and ill-posedness results. Also, the nonlinearity |u|? behaves worse on T than on R, since
ill-posedness on T holds for a wider range of s than on R.

For (1.4) on T?, fewer results are known. In [47], Griinrock showed the X *:*-bilinear estimate
for the nonlinearity @? and proved the corresponding local well-posedness result. For the failure
of the X*-bilinear estimates for nonlinearities u? and w2, see also [47]. For ill-posedness of
(1.4) on T?, see [78], where ill-posedness for the nonlinearity |u|? implies the failure of its X -
bilinear estimate. As in the case of T, there are some gaps between local well-posedness and
ill-posedness results for (1.4) on T2.

There has also been studies on long-time behaviors of the quadratic NLS (1.4). For global
existence and scattering, see [40, 42, 59, 67, 87, 103]. For finite-time blowup results, see [63, 94].

Let us now focus our attention on the following quadratic NLS with nonlinearity |u|? posed
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Setting T T2
Nonlinearity N (u, ) u? u? |u|? u? u? |u|?
Scaling critical regularity Scrit = —% Serit = —1
Xt bilinear estimate 5> —% 5> —% s>0| §>20 | s> —% s>0
Failure of X *b-bilinear estimate | s < -3 | s< -1 |s<0| s<0 |s<-1]s<0
Local well-posedness s> f% s> —% s>0| s>0 | s> —% s>0
Tll-posedness s<—-1]s<—-1]|s<0]s<-1]s<-11]s<0

Table 1.2: Currect results for the quadratic NLS on T and T2. The boldface texts in the table
refer to the results of this thesis. Note that for the nonlinearity |u|?, local well-posedness and
ill-posedness results are sharp on both T and T?. For nonlinearities u? and @? on either T or
T2, there are gaps between local well-posedness and ill-posedness results.

on the two-dimensional torus TZ:

9 2
{z@tu = Au = |ul (1.6)

u|t:0 = Up.

Our goal is to prove local well-posedness of (1.6) in the low regularity setting. As mentioned
above, in the case of a periodic domain T? Bourgain [9] introduced the Fourier restriction
norm method via the X*®-spaces that allowed him to prove local well-posedness of NLS in the
low regularity setting. In particular, on the two-dimensional torus T2, he proved the following
L*-Strichartz estimate with a derivative loss:

le ™2 Fllpara1axme) S Il ae 2 (1.7)

for any s > 0, which allowed him to prove local well-posedness of the cubic NLS (1.3) in
H*(T?) for any s > 0. We point out that the L*-Strichartz estimate (1.7) fails when s = 0 (see
[9, 109, 77]) and that the well-posedness issue of the cubic NLS in L?(T?) remains a challenging
open problem.

As for the quadratic NLS (1.6), by interpolating the L*-Strichartz estimate (1.7) with the
trivial L2-bound, we obtain the L3-Strichartz estimate with a derivative loss. Then, by pro-
ceeding as in [9], we immediately obtain local well-posedness of (1.6) in H*(T?) for any s > 0.
However, due to the derivative loss in the L3-Strichartz estimate, local well-posedness of (1.6)
in L?(T?) has been open for the last thirty years. In this thesis, we prove that (1.6) is indeed
locally well-posed in L?(T?).

Theorem 1.1.1. The quadratic NLS (1.6) is locally well-posed in L*(T?). More precisely,
given any initial data ug € L*(T?), there exists T = T(||uo|z2) > 0 and a unique solution
u € C([-T,T); L*(T?)) to (1.6) with u|;—g = ug, and the solution u depends continuously on
the initial data ug.

Note that our proof is based on the Fourier restriction norm method, so that the uniqueness
in the statement of Theorem 1.1.1 holds only in (the local-in-time version of) the relevant
X -space; see Section A.4 below.

Our local well-posedness result for the quadratic NLS (1.6) is a sharp result. On the one
hand, in [78], Kishimoto proved ill-posedness of (1.6) in H*(T?) for s < 0, so that our local
well-posedness result completes the picture of well-posedness of (1.6). On the other hand, The-
orem 1.1.1 is also sharp in the sense that the local-in-time solution constructed in Theorem 1.1.1
cannot be in general extended globally-in-time. Indeed, in [94], Oh proved a finite-time blowup
result for the quadratic NLS (1.6). The argument in [94] can be easily extended to L?(T?),
which results in the following proposition.
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Proposition 1.1.2. Let s > 0 and ug € H*(T?). If the initial data ug satisfies

Im upgdr <0 or Re/ ugdx # 0,
T2 T2

then the forward mazimal existence time T of the solution u to (1.6) with ul|i=o = ug s finite
u(t)|| s = oo.

and liminf; ~p-

See [41] for the lifespan of solutions to (1.6). We point out that Fujiwara-Georgiev [40]
proved the criterion for global existence of (1.6) on the circle T. Namely, they proved that
there exists a global L2-solution to (1.6) on T if and only if Reug = 0 and Im ug = i for some
i > 0 and that any global L2-solution is necessarily constant in space. It would be of interest
to investigate this property in the two-dimensional setting.

As mentioned before, our proof of local well-posedness of (1.6) in Theorem 1.1.1 is based
on the Fourier restriction norm method. In particular, Theorem 1.1.1 follows from a stan-
dard contraction argument (see Section 2.2) given that the following bilinear estimate can be
established.

Proposition 1.1.3. Let 0 < T <1, s > 0, and 0 < d2 < 1 be sufficiently small. Then, we
have

[wtll oy Sl ogvsn 01 o gvss (1.8)

Sy
T XT T

Here, the X;’b—norm denotes a local-in-time version of the X**-norm; see Section A.4. As
mentioned above, the L3-Strichartz estimate is only known with a derivative loss and so cannot
be used directly to prove the bilinear estimate (1.8). Instead, we separate the proof into two
main cases: non-resonant interaction and nearly resonant interaction. For the non-resonant
interaction, we have gain of derivative from multilinear dispersion, so that we can make up
for the loss of derivative in the L3-Strichartz estimate. For the nearly resonant interaction,
we notice that the angle between the second incoming wave and the outgoing wave is almost
perpendicular, which allows us to prove the estimate without any derivative loss; see also
[110, 24]. See Chapter 2 for details.

We conclude this section with several remarks.

Remark 1.1.4. Unlike [9], our proof does not rely on number theoretic properties and so
Theorem 1.1.1 also holds on a general torus T2 = (R/a1Z) x (R/asZ) for any ratio a = (avy, va)
with a1, as > 0. This is essentially due to the fact that the bilinear estimate in Lemma A.4.6,
the counting estimate in Lemma A.5.3, and the L*-Strichartz estimate in Lemma A.4.5 hold
on a general torus; see [76, Lemma 2.5], [76, Lemma 2.9], and [14, Theorem 2.4]. For further
discussions on the Strichartz estimates and well-posedness of NLS on general tori, see [13, 19,
52, 14, 71, 31).

Remark 1.1.5. The bilinear estimate (1.8) also holds with uT on the left-hand-side replaced
by uv or wv. Indeed, for the bilinear term wv, Griinrock [47] proved the corresponding bilinear
estimate for s > —%. As for the bilinear term uw, one can a slight modification of the proof of
Proposition 1.1.3 to obtain the corresponding bilinear estimate for s > 0; see Remark 2.1.3 be-
low. These X *-bilinear estimates yield local well-posedness for corresponding s via a standard
contraction argument.

Remark 1.1.6. It is conjectured in [9] that on T2, the LP-Strichartz estimate on T? for 2 <
p < 4 holds without any derivative loss. At this point, this conjecture remains open since
the LP-Strichartz estimate on T? for 2 < p < 4 is only known to hold with a slight loss of
derivative. Nevertheless, by considering a multilinear version of the Strichartz estimate, we
obtain the following trilinear L3-Strichartz estimate without any derivative loss:

1 3 3
’ N H(e‘imfj)*dxdt’SHIIijL% (19)
—1JT2 55 j=1
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where u* denotes u or u. The estimate (1.9) follows directly from the bilinear estimate (1.8)
(also with uv and wo on the left-hand-side) and duality. We point out that the product structure
on the left-hand-side of (1.9) is crucial.

Remark 1.1.7. Lastly, we consider the following quadratic NLS with a gauge-invariant non-
linearity on T?:

i0yu = Au + |u|u. (1.10)

The equation (1.10) is interesting in view of the mass and energy conservations. In particular, if
one can prove local well-posedness of (1.10) in L?(T?), then one can immediately obtain global
well-posedness of (1.10) in L?(T?) by using the mass conservation.

When s > 0, we easily obtain local well-posedness of (1.10) in H*(T?) by using the L*-
Strichartz estimate (1.7). When s = 0, however, local well-posedness problem of (1.10) becomes
challenging due to the non-algebraic nature of the nonlinearity. For instance, the trilinear
estimate (1.9) is not applicable to study (1.10). In fact, multilinear analysis via the Fourier
restriction norm method is not useful for studying (1.10) due to the presence of |u|. While
there are well-posedness results for NLS on periodic domains with non-algebraic gauge-invariant
nonlinearities [96, 82], one needs much more intricate analysis to prove well-posedness of (1.10)
in L2(T?).

1.2 Deterministic local well-posedness of quadratic NLS
with nonlinearity u>

In this section, we consider the following quadratic NLS with nonlinearity @2 posed on a periodic
domain T¢ with d =1 or d = 2:

. _ =2
{z@tuAu:I:u (1.11)

U|t:0 = UgQ-.

Our main goal is to establish local well-posedness of (1.11) in negative Sobolev spaces.

In the previous section, we discussed well-posedness results for quadratic NLS with nonlin-
earities u?, w%, and |u|?. As can be seen from Table 1.2 above, these three nonlinearities have
different behaviors in terms of X*t-bilinear estimates and well-posedness issues on periodic
domains. This difference is closely related to their distinct phase functions. By letting n; and
ng be the frequencies of the two incoming waves and n be the frequency of the outgoing wave,
we can write out the frequency interactions and phase functions for these three nonlinearities in
Table 1.3. When the phase function is large, we expect some gain of regularities in bilinear es-
timates. For instance, for nonlinearity ? on T2, the phase function |n|? + |n1|? 4 |n2|? is always
large compared to the three frequencies n, ni, and nsy, and so provides gain of derivatives. As
a result, one can establish local well-posedness for nonlinearity %? with very rough initial data.
On the other hand, for nonlinearity u? on T?, the phase function |n|? — |n1|? — |n2|? = 2n1 - ny
can be very small if the frequencies n; and ny are almost perpendicular to each other. Conse-
quently, it is much harder to prove local well-posedness for nonlinearity u? with rough initial
data.

We now focus on low regularity local well-posedness of quadratic NLS (1.11) and state our
main result as follows.

Theorem 1.2.1. Let M = T or T?. Then, the quadratic NLS (1.11) is locally well-posed

in H¥(M) for s > f%. More precisely, given any initial data uwg € H*®(M), there exists
T = T(|luollg=) > 0 and a unique solution u € C([—T,T]; H*(M)) to (1.11) with u|i=o = uo,

and the solution u depends continuously on the initial data ug.

We present the proof of Theorem 1.2.1 in Chapter 3. Our local well-posedness results in
Theorem 1.2.1 improve previous local well-posedness results in [70] (where Kenig-Ponce-Vega
proved local well-posedness for (1.11) on T for s > —3) and [47] (where Griinrock proved local
well-posedness for (1.11) on T?). Also, as mentioned above, the usual X*’-bilinear estimates
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Nonlinearity N (u,u) u? u? |u|?
Frequency interaction n—mp—ng =0 n+ny+ny=0 n—my+n,=0
Phase function In|?2 = n1|? = |n2)? | [n|? + [n1|? + [n2)? | |n|? = [n1|? + |no)?

Table 1.3: Frequency interactions and phase functions for the quadratic NLS with nonlinearities

u?, w2, and |ul?.

for (1.11) on T and T? fail when s < —1 (see also Table 1.2), and our results seem to be the
first local well-posedness result for the quadratic NLS on periodic domains below the regularity
thresholds where the usual X*’-bilinear estimates fail.

Since local well-posedness of (1.11) for s > —% was already shown in [70] on T and in [47]
on T?, we mainly focus on the case —% < s < —% in our proof. In proving Theorem 1.2.1,
we construct the solution in modified X ®?-spaces, and so the uniqueness statement in Theo-
rem 1.2.1 holds only in the relevant function space; see the Z;’b—norm in Section 3.1. Also,
for the proof of Theorem 1.2.1, we will mainly focus on the case M = T2, since the proof for

M =T follows from the proof for M = T? with minor modifications.

We now explain our strategy for proving Theorem 1.2.1. In [5], Bejenaru-Tao reduced the
well-posedness problem of the quadratic NLS (1.4) in H*(M) (with M = R? or T%) to finding
a space-time norm || - ||w- that satisfy the following properties:

(i) (Monotonicity) If |ﬂ < |g| pointwise with f denoting the space-time Fourier transform of f,
then

[ fllws < ligliw (1.12)

(ii) (H?®-energy estimate) The following inequality holds true:

o~

1) F (Ol 2 S Ml (1.13)

(iii) (Homogeneous linear estimate) There exists b € R such that
[fllwe S 11f 1 xep- (1.14)

(iv) (Bilinear estimate) The following inequality holds true:

lr =16 7B )l S 11w gl (1.15)

where W* is the same norm W* on the Fourier side and B(f, g) is f* g if N(u,u) = u?, f* g
if N'(u,u) =2, and f g if N'(u,u) = [uf?. Here, f(r,&) = f(—7,—£).

The main task is to find a suitable function space satisfying the above properties. From
now on, we restrict our focus on the nonlinearity N (u,u) = u> and M = T? in this section.
As mentioned above, the usual X*®?-bilinear estimate fails when the regularity s is very low.
This failure is due to certain “dangerous” frequency interactions. Thus, we need to introduce
modifications on the X*P-norm in order to reduce the effect from those “dangerous” frequency
interactions. Below, we discuss some examples of such frequency interactions and our strategy
to deal with them.

Example 1. For a large number N € N, we let

61\\7(7—? n) = 1{TL:N81}1[—1,1] (7' — NQ)’
ON(T,n) = Lp——nNe 3 1 —1,1)(T — NQ),

On T4, this framework only works for small initial data. See Remark 1.2.2 below for a discussion on local
well-posedness on T for large initial data.
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where e; = (1,0). In this case, we have |[un|xso ~ N® and ||vn|xse ~ N®. A direct
computation yields

m(’ra TL) Z 1{n=0}1[—1,1] (T + 2N2)7

and 50 |[unON || xsv-1 = N2°72. Thus, the bilinear estimate (1.5) holds only if 26—2 < 2s, which
is equivalent to s > b— 1. Since we need b > 1 to ensure that the solution lies in C(R; H*(T?)),
we require that s > —%.

In the above example, the frequency interaction is “high-high to low” an(ﬁh\e modulation
interaction (i.e. 7 — |n|?) is “low-low to high”. However, the modulation for vy is not high
enough for the usual X $b_hilinear estimate to hold when s < —%. To deal with the above
interaction for s < —1, we consider the following ¥ **-norm introduced by Kishimoto [74]:

nT

def ~ NN
lullyee = R @, m) ez 11 ey + 167 = 102 E 1) 2 2 ey

and we define the space Z5% = X* 4+ Y*? via the norm

def .
[ullzo0 = inf{[lu ]l xo0 + [Juzllyss s ur +uz = ul.

The 2 Ll -norm in the Y**-norm is needed in order to ensure that the Z**-norm satisfies the H*-
energy estimate (1.13). It is not hard to see that the Z*’-norm also satisfies the monotonicity
property (1.12) and the homogeneous linear estimate (1.14). Note that for s < 0 and b > 1, if

suppd C {|7 — |n|?| < |n|?}, then we have

[l

zew ~ |ullxen S llullyes;
if suppu C {|7 — |[n|?| 2 |n|?}, then we have
[ullzes ~ llullyer S lluflxe.

In Section 3.1 below, we will revisite this Z*°-norm, which will be defined in a more precise
manner for practical purposes.

In Example 1, due to the high modulation of ﬁ, the desired bilinear estimate (1.15)
holds for the Z**-norm since the Z**-norm (i.e. the Z%’-norm on the Fourier side) of the term

(T— \n|2>m is small enough. One can easily check that the bilinear estimate for Example 1

holds for the Z*P-norm for s > 2b — 2. This is better than the usual X*?-bilinear estimate as

1 3
longas§<b§1.

Let us now take a look at another example using the Z**-norm with s < 0.
Example 2. For a large number N € N, we let
an(1,n) = Lipeney -10y(T — N?),
UN(T,n) = Lin=—NeyLi-1)(T + N?).

A direct computation yields

TnoN (1, 1) 2 Lneoy 1 1.0)(7)-

In this case, the frequency interaction is “high-high to low” and the modulation interaction is
“low-high to low”. Their corresponding Z*°-norms can be computed as follows:

lunllzes ~ llunllxss ~ N°,

oo ~ Jowllyes ~ N2,
> 1

Tsb ~

[on]

[(r — |n|?) " anon|

Thus, the bilinear estimate (1.15) with W = Z* holds only if 0 < 2s + 2b, which is equivalent
to s > —b.
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Combining Example 1 and Example 2, we note that the regularity s needs to satisfy s > 2b—2
and s > —b. These two lower bounds of s become optimal when b = %7 so that s = —% seems to
be the threshold regularity of the bilinear estimate (1.15) with W* = Z**. In Section 3.2, we
show that the bilinear estimate (1.15) with W* = Z*® holds when s > —Z. See Remark 1.2.3

2

below for a discussion on the end point s = —%.

We conclude this section with several remarks.

Remark 1.2.2. On T?, suppose that one can obtain local well-posedness with small initial
data, one can use a scaling argument to prove local well-posedness for large initial data; see [23].
Nevertheless, we do not pursue the scaling argument in this thesis and rely instead on the time
localization lemma for the X*°-space (see Lemma A.4.4 below) to prove local well-posedness
for large initial data.

Remark 1.2.3. In [5, 72], a Besov refinement was considered in constructing function spaces
in order to cover the endpoint regularity (i.e. s = —1 for the quadratic NLS (1.4) on R with
N(u,u) = u? or w?). Similar Besov refinements were used by [51, 75] in the context of the
Korteweg-de Vris equation.

For the quadratic NLS on T, it seems possible to adapt the Besov modification to our
estimate so that the endpoint case s = —2 can be covered. For the quadratic NLS (1.11) on
T2, however, due to the derivative loss of the L*-Strichartz estimate on T? (see (1.7) or Lemma
A.4.5 below), such Besov modification does not seem to be enough to cover the case when

2

8:_3.

Remark 1.2.4. For the quadratic NLS (1.11) on T and T?, there are still gaps between local
well-posedness and ill-posedness results; see Table 1.2. Specifically, well-posedness of (1.11)
on T is open for —1 < s < —% and well-posedness of (1.11) on T? is open for —1 < s < —%.
One possible strategy for covering these ranges of regularity is to introduce weighted function
spaces as in [4, 5, 72, 74] in the context of Euclidean spaces.

Remark 1.2.5. Let us consider the quadratic NLS (1.4) with nonlinearity N(u,u) = u?.
On the one-dimensional torus T, local well-posedness is known in the range s > —% and ill-
posedness holds for s < —1; see Table 1.2. It is possible to use modified function spaces to
cover well-posedness in the range —1 < s < f%, but one may need to use the weighted spaces
as in [4, 5] to obtain the desired bilinear estimate.

For nonlinearity A (u,u) = u? on T?, local well-posedness of (1.4) is known to hold for s > 0
and ill-posedness holds for s < —1; see Table 1.2. However, it seems unlikely that the method
of finding modified function spaces W?* as illustrated above works in the range s < 0. This is
mainly due to the following example from [47]. For a large number N € N, we let

Un(1,n) = Lipeney —11y(1 — N?),

ON(T,n) = Linones Lm0 (T — N?),
where e; = (1,0) and ex = (0,1). A direct computation yields

UNUN = Lin=nN(e,+es)) max {0, min{2 + 7 — 2N?,2 — 7 + 2N?} }
> 1{n=N(erten)} 11,1 (T — 2N?).

In this example, the frequency interaction is “high-high to high” and the modulation interaction
is “low-low to low”. The means that there seems to be no way to use the modulation to
improve the bilinear estimate. Note that this “low-low to low” interaction does not occur for
the nonlinearity N (u,u) = @ studied in this thesis, which can be seem from the computations
at the beginning of Subcase 2.3 of Lemma 3.2.2 below and Case 3 of Lemma 3.2.3 below.

For any s € R and b € R, we have

1

lunllxo0 ~ lowllxer ~ [[(r = [n]*) " anon]| g ~ N7,

where the X*®-norm is the X*%-norm on the Fourier side. Thus, in view of the homogeneous
linear estimate (1.14) and the similar structures of iy, Uy, and uyvy, we observe that any
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valid norm || - |y-s should decrease the corresponding norms of @y, Uy, and (7 — |n|?) " layvy
with the same rate with respect to V. Suppose that there exists a > 0 such that

lun llw ~ llowllwe ~ [[{r = |n*) " anon ||, ~ N*7°
Then, in order for the bilinear estimate (1.15) to hold, we need
Ns—a /S N2572a’

so that we must have s > a > 0. Therefore, we do not expect that the method of finding the
suitable W*-norm works for the quadratic NLS with N (u, u) = u? on T? for s < 0. It is possible
that some ill-posedness results may hold in this range.

1.3 Probabilistic well-posedness of quadratic NLS with
random initial data

In this section, we go back to the quadratic NLS with nonlinearity |u|?, but with random initial
data. More precisely, we consider the Cauchy problem for the following quadratic NLS on the
two-dimensional torus T?:

{i@tu = Au £ (fuf* — f uf?) (1.16)

Ulp—o = uf.

Here, f f = (2m)~! [ f and u§ is the following Gaussian random initial data:

ug(@) =Y é';(l‘fl e, (1.17)

nez?

where a € R and {g, }nez2 is a set of independent standard complex-valued Gaussian random
variables on a probability space (2, F,P) with E(g,) = 0 and E(|g,|?) = 1. Note that when
a = 0, the initial data ug is distributed according to the massive Gaussian free field on H*(T?)
with s < 0.

The idea of constructing solutions of NLS using random initial data was first introduced
by Bourgain in [10], where he proved almost sure local well-posedness of the (renormalized)
cubic NLS on T? with random initial data (1.17) with o = 0. See also [11, 25, 33, 39, 34] for
more results on almost sure local well-posedness of NLS with other power-type nonlinearities
on periodic domains with random initial data of the form (1.17). In this thesis, we choose to
work with quadratic NLS (1.16) with random initial data (1.17); see Remark 1.3.2 below for
the necessity of removing the mean of the nonlinearity.

Note that the initial data u% in (1.17) almost surely belongs to H~~¢(T?)\ H~%(T?) for any
g > 0; see [18, Lemma B.1]. When o < 0, u§ almost surely belongs to H*(T?) for some s > 0,
so that we can easily prove almost sure local well-posedness of (1.16) using purely deterministic
methods as described in Section 1.1. Our goal in this thesis is to obtain probabilistic local well-
posedness of (1.16) with & > 0 and to identify bad behaviors of (1.16) when « becomes too
large. Specifically, we first show that (1.16) is almost surely locally well-posed when 0 < a < %;
see Subsection 1.3.1 below. Then, we show that (1.16) is probabilistically ill-posed in a suitable
sense when o > %; see Subsection 1.3.2 below.

1.3.1 Almost sure local well-posedness of the renormalized quadratic
NLS

Let us first consider probabilistic well-posedness of the quadratic NLS (1.16). We define

Z(t) — Zw(t) d:ef e—itAug; _ Z <i71>(1w?l eit|n|2+in~z’ (1.18)
nez?
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which is the solution to the linear Schrodinger equation with random initial data ug:
10i2 = Az
Z|t=0 = uf.

We are now ready to state our almost sure local well-posedness result.

Theorem 1.3.1. Let 0 < o < 1 and s > 0. Then, the quadratic NLS (1.16) is almost surely
locally well-posed in the class z + C([~T,T); H*(T?)). More precisely, there exist Ty > 0 and
constants C,c,0 > 0 such that for all 0 < T < Ty, there exists a set Qp C Q with the following
properties:

(i) P2\ Qr) < Cexp(—77).

(ii) For each w € Qr, there exists a unique solution v = u* to (1.16) on [T, T) with u|i—g = ug
in the class z + C([-T,T); H*(T?)).

To prove Theorem 1.3.1, we use the following first order expansion [86, 10, 26]:
u=z+uv, (1.19)

where z is as defined in (1.18) and v is a residual term satisfying the following equation:

{i&tv:Avi (240> = flz+ ) (1.20)

U|t:0 =0.

Note that the uniqueness statement in Theorem 1.3.1 refers to the uniqueness of v as a solution
to the equation (1.20) in the corresponding function space (i.e. the local-in-time X*®*-space in
Section A.4).

To prove local well-posedness of the perturbed quadratic NLS (1.20), we need to establish
bilinear estimates to the quadratic terms |v|?, vZ, 20, and |z|?. For this purpose, we use the
operator norm approach based on the random tensor theory developed by Deng-Nahmod-Yue
in [34]; see Subsection 4.1. See also [34, 15, 100, 102, 16] for more applications of the random
tensor theory in the study of local well-posedness of random dispersive PDEs. We show the
details of bilinear estimates in Section 4.2 and we prove Theorem 1.3.1 in Section 4.3.

Remark 1.3.2. Let us consider the following quadratic NLS:

! (1.21)
u|t:O = uO )

{i@tu = Au + |u?
where uf is the Gaussian random initial data given by (1.17). For N € N, we denote uj y as

the sharp frequency truncation of u§ onto {|n| < N} and we define zy(t) = e‘imu‘é’) ~- Then,
one can easily check that the zeroth frequency of the following Picard second iterate

t
/ efi(tft/)A (|ZN (tl)‘2)dt/
0

diverges almost surely when o > 0; see, for example, [95, Subsection 4.4]. Thus, in order
to establish well-posedness, we need to remove this singular behavior of (1.21) at the zeroth
frequency.

A more natural way of dealing with the above issue is to consider the following renormalized
quadratic NLS:

(1.22)

z‘@tuN = AUN + (|’LLN|2 — O'N)
uNli=o0 = u§ y»

where o = E[|ug y|*]. The renormalization in (1.22) was used by Bourgain [10] when studying
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the cubic NLS
iatuN ZA’LLNZE (|UN|2UN—2CTNUN), (123)

and he used a Gauge transform un = exp(2i(f |un|*—on)t)-vy to show that (1.23) is equivalent
to the following cubic NLS:

1Oy = Avy + (UN|2 — 2][ |’UN|2>’UN.

Here, in the case of the cubic NLS, we note that the quantity f |u ~|?— o is time invariant and
one can easily recover uy from vy since f |uy|? = f |v%|. However, in the case of quadratic
NLS, since the nonlinearity |u|? is not gauge invariant, there seems to be no way to establish
the equivalence between the quadratic NLS (1.16) and the equation (1.22).

One can also directly proceed with the quadratic NLS (1.22), but there are some issues.
Firstly, after using the first order expansion uy = zy +wvy, there are some problems in bounding
the zeroth frequency of the bilinear terms vyZx, 2n0n, and |zy|? when o > 0. Secondly, the
remainder term vy is not necessarily of mean zero, which makes it difficult to estimate the
bilinear term zyTxy when a > 0. See Remark 4.2.3 for more details. Therefore, in this thesis,
we choose to focus on the quadratic NLS (1.16), i.e. with nonlinearity |ul? — f [u|?.

Remark 1.3.3. Let p € C(R?) be smooth mollification kernel such that [p =1, p > 0, and
we define p.(z) = e 2p(e~'z). Using a slight modification of the proof of Theorem 1.3.1, we
can show that when 0 < a < if u. is the solution to the quadratic NLS with a mollified
initial data:

1
29

10, = Au, £ (|u&-|2 —f |ug|2)
u6|t=0 = Pe * u(617

then wu. converges 2 in probability to some unique limiting distribution uw €

C([-T,, T,); H =) with ¢ > 0 arbitrarily small and T, > 0 for almost sure w € Q. Here,

the limiting distribution u is independent of the choice of the mollification kernel p.

Remark 1.3.4. Let us consider NLS with other quadratic nonlinearities with random initial
data:

(1.24)

i0u = Au = N (u, u)
ult:O = ’U/L(,)J7

where N (u,u) = u? or u? and u§ is as defined in (1.17). We point out that these nonlinearities

have different phase functions. By letting n; and no be the frequencies of the two incoming

waves and letting n be the frequency of the outgoing wave, we have the following phase functions

for different quadratic nonlinearities: 2n - ny for |u|?, 2ny - ny for w2, and —|n|? — |ny|? — |no|?

for w>.

For nonlinearity A/ (u,u) = u?, by using similar steps from the proof of Theorem 1.3.1, we
can obtain almost sure local well-posedness of (1.24) with a < % Note that in this case, we
do not need to remove any singularities from the zeroth frequency as compared to the case of
N(u,u) = |ul?.

For nonlinearity N (u,u) = @2, since the phase function is always large compared to any
single frequency, we expect that one can establish almost sure local well-posedness of (1.24)
beyong the range a < % for nonlinearities |u|?> and u?. However, the method for proving
Theorem 1.3.1 based on the first order expansion (1.19) does not seem to be enough to go
beyond o < %, since the crucial bilinear estimate for the produce of two random linear solutions
(Proposition 4.2.2 (iii)) is only valid for v < 1. In this case, it is possible to establish almost
sure local well-posedness for some range of o > % using higher order expansions as in [6, 97, 99]..

This also includes the paracontrolled approach in [49, 15, 16]
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1.3.2 Probabilistic ill-posedness of the renormalized quadratic NLS

Let us now consider probabilistic ill-posedness issues of the quadratic NLS (1.16) with random
initial data (1.17) for large values of a. Given N € N, we consider the following Picard second
iterate:

t
D0 = [ @3 (el - f () ) ar. (129
0
where zp is the truncation of the random linear solution z in (1.18) onto frequencies {|n| < N}:

ZN(t): Z <g7;l>(1(j‘jleitn|2+in.z.

Our probabilistic ill-posedness result refers to the non-convergence of every non-zero Fourier

coefficient of the Picard second iterate z](\?), which we state in the following theorem.

Theorem 1.3.5. Let a > 3, n # 0, and t # 0. Then, the sequence {EU}‘TZJ(\?) (t,n))?] }NEN

increases to infinity as N — oco. Consequently, any subsequence of the sequence of random
variables {]—}z](\?) (t,n)}Nen is not tight.

The non-convergence of the Picard second iterate zj(\?) is mainly caused by the “high-high

to low” frequency interaction. See Section 4.4 for the proof of Theorem 1.3.5.

Theorem 1.3.5 implies that when o > %, any subsequence of the Fourier coefficients
{}'xzj(\?)(t,n)}NeN (with n # 0) does not converge in law. This means that standard methods
for establishing probabilistic local well-posedness, such as the first order expansion [86, 10, 26]

or its higher order variants [6, 97, 99] do not work for o > 2.

We now discuss an important consequence of our probabilistic ill-posedness result. In [33],
Deng-Nahmod-Yue introduced the probabilistic scaling and the associated critical regularity of
NLS with random initial data. Their notion is based on the observation that, in order to obtain
local well-posedness, the Picard second iterate should not be rougher than the random linear
solution. This observation allowed them to compute the probabilistic scaling critical regularity
of NLS without too much difficulty, and they conjectured in [33] that for NLS with nonlinearities
|ulP~tu (p € 2N+1), almost sure local well-posedness should hold for all subcritical regularities.
Indeed, later in [34], Deng-Nahmod-Yue proved almost sure local well-posedness for NLS with
nonlinearities |u[P~!u (p € 2N + 1) on T? in the full subcritical range with respect to the
probabilistic scaling.

As for NLS with a quadratic nonlinearity |u|?, however, the probabilistic scaling does not
seem to provide a useful prediction for probabilistic well-posedness issues. Let us compute the
probabilistic scaling critical regularity for NLS with nonlinearity |u|? in the following, which
is similar the procedure in [33]. Given a dyadic number N € 2V{%} we consider the initial
data uf in (1.17) truncated on frequencies {|n| ~ N}:

PNng Z gn(w) ein'z.

()=

nez?
[n|~N

Note that || Pyuf ||g—o(12) ~ 1. We now consider the following Picard second iterate:

t
ug\g) (t) = /0 efi(tft')A(|efz‘t Au¢61|2)dt/’

where we do not need to subtract the zeroth frequency as in (1.25) since later we only focus on
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the case when |n| ~ N. We can compute the nth Fourier coefficient as follows:

t .
; it (jn)>— W) Gns (W)
]:U(Q) t.n :/ ezt\n|2 e it’ (|n|? —|n1|%+|n2|?) gnl( 2 dr.
=, 2 Ty 1= ()=
ni,n2€ZL
ni—n2=n
[n1|~N,|na|~N

Thus, restricting our attention to {|n| ~ N}, by using the Wiener chaos estimate (Lemma A.6.1

below along with Chebyshev’s inequality) and a counting estimate (Lemma A.5.2 (i) below),

we have the following estimate for uE\Q,):

u(2) 2 ~ n)—2e 9ny (w)%(w) ?
[ 7 2y > () ( ) (nlZ = [ + n22><n1>1a<n2>1a>

nez? n1,n2€Z>
In|~N ni—ns=n
[n1|~N,[n2|~N

(n) 2
SR VN Tl e R I T

n,n1,n2€Z°
ny—n2=n
[n];Inal,|ne|~N

1
~ C N2a—4
N 2 (Inf? = [na]? + [n2f?)?

n,ny,ny€Z>
ny—n2=n
[n],[n1],In2|~N

S CwN2a72+5’
where C,, > 0 is a constant and € > 0 is arbitrarily small. In order for ug\?) to be smoother than
the random linear solution, we need 2a — 2 + ¢ < 0, which is equivalent to o < 1.

The above computation suggests that the probabilistic scaling critical regularity is a, = 1.
However, Theorem 1.3.5 shows that every nonzero Fourier coefficient of the Picard second iterate
diverges when o > %7 which happens before « reaches the critical value a, = 1. This means that
the probabilistic scaling introduced in [33] fails in the case of the quadratic nonlinearity |u|2.
We point out that this discrepancy is mainly due to the fact that the probabilistic scaling does
not take into account the “high-high to low” frequency interaction, which is the main issue that
results in probabilistic ill-posedness. Indeed, in a recent work [35], Deng-Nahmod-Yue refined
their probabilistic scaling paradigm by taking into account the “high-high to low” interactions
for quadratic nonlinearities, and their new scaling critical value matches the index for our
probabilistic ill-posedness result. Also, this discrepancy is closely related to the fact that we
are considering very rough random initial data, which is in particular relevant in studying NLS
with a power-type nonlinearity of low degree and in low dimensions; see Remark 1.3.7 below.

We end this section by stating several remarks.

Remark 1.3.6. We point out that there is a gap % <a< % between our almost sure local well-
posedness and probabilistic ill-posedness of the quadratic NLS (1.16). If some well-posedness
results of the quadratic NLS (1.16) can be established in the range % <a< %, this will mean
that NLS behaves better than the nonlinear wave equation (NLW) for a quadratic nonlinearity;
see Remark 1.3.8 below. This will be an interesting result, because usually NLW behaves better
than NLS in terms of well-posedness.

Remark 1.3.7. The proof of Theorem 1.3.5, probabilistic ill-posedness of the quadratic
NLS (1.16), also works in general dimensions. Specifically, on T¢, given o > % — %, n # 0, and
t # 0, any subsequence of {]—'zzg\?)(u n)} Nen is not tight.

The probabilistic scaling for the quadratic NLS (1.16) presented above can also be extended
to general T?, in which the critical regularity is ., = 2 — 4. Note that when d = 1 or d = 2,

2
probabilistic ill-posedness occurs before « reaches the critical value a.

Remark 1.3.8. In [95], Oh-Okamoto studied well-posedness and ill-posedness of the stochastic
nonlinear wave equation (NLW) with a quadratic nonlinearity on T2?. Let us consider the
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following quadratic NLW on T? with random initial data:

{afu + (1 - A)u=u? (1.26)

(u7 atuﬂt:() = (u‘é’, uLf)v

where

(i) = (X ke, X (o w)e ).

n€ez? nez?

Here, o € R and {gn, b }nez2 is a sequence of independent standard complex Gaussian random
variables conditioned such that g_,, = g, and h_,, = h,, for all n € Z2. We point out that, after
a suitable renormalization, well-posedness and ill-posedness results in [95] also apply to (1.26):
almost sure local well-posedness holds when a < % and probabilistic ill-posedness (in the sense
that every Fourier coefficient of the Picard second iterate diverges almost surely) holds when
a > %

We note that the quadratic NLS (1.16) and the quadratic NLW (1.26) are both almost
surely locally well-posed when a < % The probabilistic ill-posedness, however, holds for the
quadratic NLS (1.16) when o > 2 and holds for the quadratic NLW (1.26) when a > 3. The
difference of the ill-posedness behaviors of the two quadratic equations is mainly due to the
different structures of the corresponding Duhamel operators.

Remark 1.3.9. Let us also mention some failures of scaling analysis that happen in parabolic
PDEs with stochastic forcing. In the past decade, there has been a tremendous progress in
the study of stochastic parabolic PDEs using the theory of regularity structures introduced by
Hairer [53, 54, 55, 56]. In particular, the theory of regularity structures can be used to solve a
wide range of parabolic PDEs with an additive space-time white noise forcing that are subcritical
according to the notion of local subcriticality as introduced by Hairer [54]. However, when the
stochastic forcing is very rough, the scaling analysis may fail to provide a valid prediction for
well-posedness issues. Indeed, in [61], Hoshino showed that for the KPZ equation forced by a
fractional derivative of the space-time white noise, the standard solution theory breaks down
before reaching the predicted critical regularity. Also, in [95], Oh-Okamoto showed a similar
phenomenon occurring in the context of the stochastic nonlinear heat equation driven by a
fractional derivative of the space-time white noise.

1.4 Global well-posedness of the dispersive Anderson
model

In this section, we study the following Cauchy problem for NLS with a multiplicative spatial
white noise on R?:

. _ . p—1
{z@tu Au+ &u — MulP~u (127)

U|t:0 = Ug,

where p > 1 and A > 0. Here, £ stands for a real-valued spatial white noise. More precisely, given
a probability space (2, F,P), £ : Q — S’(R?) is a random variable such that for each f € S(R?),
(&, f) is a real-valued centered Gaussian random variable such that E[(&, f)?] = || f||2..

One can view the equation (1.27) as a stochastic version of the deterministic NLS with a
power-type nonlinearity. On the other hand, the equation (1.27) can be viewed as the dispersive
counterpart of the well-studied parabolic Anderson model (i.e. with i0,u replaced by dyu), and
so we also refer to (1.27) as the dispersive Anderson model.

The dispersive Anderson model (1.27) was first considered by Debussche-Weber in [30] on T2.
To deal with the ill-defined nature of the term &u, they used a gauge transform v = ¥ u with
Y = A~!£. This gauge transform is called the Doss-Sussmann transform [36, 108] and was later
used by Hairer-Labbé [57] in the context of the parabolic Anderson model on R? (the definition
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of Y is slightly different on R?). We can then write out the equation for v:
{i@tv = Av —2VY - Vo + |[VY 20 — e~ = DY |y|p—1y (1.28)

’U\tzo = eYan

which is easier to deal with since the most singular term is canceled. However, the term VY is
merely a distribution, so that [VY'|? needs to be replaced by a Wick ordered product :|VY|?:
as in [57, 30]; see below for more detailed explanations.

In [30], Debussche-Weber showed global well-posedness of (1.28) on T? in the cubic case
p = 3. They considered a mollified noise &, and a smoothed process Y. = A7, and then
constructed the solution v as a limit of v, in probability, where v. satisfies (1.28) with Y
replaced by Y.. The key ingredient for the convergence of v, is an H? a priori bound for v,
with a logarithmic loss in €, which was obtained by exploiting the mass conservation and the
energy conservation of the gauge-transformed NLS (1.28). Later on, Tzvetkov-Visciglia [113]
improved the result in [30] by proving global well-posedness of (1.28) on T? for 3 < p < 4. In
particular, they introduced modified energies that allow them to obtain the H? a priori bound
for a larger range of p. In a subsequent work [114], Tzvetkov-Visciglia further improved their
global well-posedness of (1.28) on T? by covering all p > 1. Specifically, they exploited the
time averaging effect via the Strichartz estimates to obtain the H? a priori bound for the whole
range of p > 1. Moreover, the authors in [113, 114] proved almost sure convergence of v, to v,
which improved the convergence in probability in [30].

We now turn our attention to the dispersive Anderson model (1.27) on R?, which is the
main concern in this thesis. The additional difficulty on R? comes from the logarithmic growth
of the (mollified) spatial white noise. In [29], Debussche-Martin showed global well-posedness
of a gauge-transformed NLS similar to (1.28) (see (1.30) below) for 1 < p < 2 via convergence of
ve to v in probability. In particular, they used weighted Sobolev and Besov spaces to overcome
the growth of the (mollified) noise and obtained a weighted H? a priori bound for v.. In this
situation, we require more assumptions on the regularity of the initial data than those on the
T? setting. This approach of using the weighted Sobolev and Besov spaces had also been used
in [57, 88, 58, 48, 98] in the study of stochastic PDEs. In this thesis, we extend the result in [29]
by proving global well-posedness for all p > 1, using an intricate combination of the methods
mentioned above. Moreover, we prove almost sure convergence of v. to v, which is a stronger
convergence result than that in [29].

We now describe our setup in details and state our main results. We proceed as in [57] and
use a truncated Green’s function G € C*°(R?\ {0}) such that G is supported on {|z| < 1} and

G(z) = —5= log || for |z| small enough. We define ¥ LG« £, so that Y satisfies
AY =¢+pxt

for some ¢ € C>®(R?). By writing v = eYu, we convert (1.27) into the following gauge-

transformed NLS for v:

Y

0 = Av—2VY - Vo + ([VY 2 — px £)v — Ae” P~ DY |yp~1y
V|i=0 = e* up.

As mentioned above, the term |VY|? needs to be replaced by a meaningful object : [VY|?:,
which is defined almost surely as a distribution:

VY0 [ [ o@VGe - VG — medn€dne) (1.29)

with ¢ € S(R?) and € denoting the Gaussian measure on R? induced by the white noise ¢;
see [66, page 95-99]. We recall that for fi, f € L?(R?) and Gaussian random variables X; =
Jre [r(®)€(dy) and Xy = [4o f2(y)€(dy), we have the following identity from [66, Theorem 7.26]:

X\ Xyim / i) fo(y2)& (dy1 )& (dys),
R2 JR2
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where : X7 X5 : denotes the Wick product between X; and Xs. From this perspective, the object
:|[VY|2: can be viewed as a Wick product of the distribution VY with itself. For more details
on Wick calculus, see [60, 66, 93].

From now on, we focus on the following equation

10w = AU—QVY'Vv—l—:W/}TQ:U—)\G’@’UYWV”% (1.30)
Ult:O = Vo,
where vy df eYuy and
(VYR L VYR — g g (1.31)

In order to construct a solution to (1.30), we consider the following approximating equation:

(1.32)
’Us|t:0 = 0.

{i@tvg = Av, — 2VY. - Vo, +:|[VYL 210, — de=P=DYe |y [P~ 1y,
Here, Y. is defined as
Yo=pe+xY =pexGx§ =G &,

where p.(z) = e ?p(e'x) with p € C°(R?) supported on {|z| < 1}, p > 0, [z p = 1, and

& = pe x & is a mollification of the spatial white noise. Also, : |[VY|?: is defined as

VY2 = | VY —p & (1.33)
where the Wick product :|VY.|?: is defined as
VY2 = | VY —c. with ¢ = E[|VY.?] = ||pe * VG]|2.. (1.34)

We will show in Section 5.1 that Y. converges to Y, VY. converges to VY, and : |[VY.|? :
converges to :|[VY|?: almost surely in corresponding function spaces.

To state our main result, we need weighted Sobolev spaces, whose definitions and properties
are presented in Section A.2. For now, we consider the following equivalent norm H (R?) for
s, eR:

11l erg 2y ~ (20" Fll e e2)-

We now state the following result regarding global well-posedness of the approximating
equation (1.32) for v,.

Theorem 1.4.1. Letp > 1, T > 0,090 >0,6 >0,0< e < %, and 1 < s < 2. Then, there
exists Qo C Q with P(Qo) = 1 such that for each w € Q, there exists 61 > 0 and a unique

solution v. to the equation (1.32) with initial data vo € Hy (R?) in the class
L*(R; H25(R?)) N C(R; H, (R?)).
Moreover, there exist constants C,C(w) > 0 independent of € such that
lvell oo (-7 11,12, (m2)) < C(w)|log el®.
Well-posedness of the approximating equation (1.32) is not obvious since the stochastic
objects VY., : |[VY.|? :, &, and e~ (P=DY= are smooth but unbounded. Because of this, the
classical Strichartz estimates are not available and so we cannot apply a standard contraction

argument. In fact, we will establish some weighted Strichartz estimates that will enable us to
perform a compactness argument as in [29] and construct a unique global solution v, as a limit
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of solutions v, , satisfying

{i@tvsﬁn = Av., — 2V(0,Ye) - Ve, + 0, \gY\;TQ TVen — e~ (P—1)0nYe Ve n|P ™ e n (1.35)

UE,n't:O = Yo,

where 0,,(z) = 0(z/n) with § € C(R?), § > 0, n = 1 on {|z| < 1}. To see that (1.35) is

globally well-posed, we define u. ,, = e 0nYe Ve, n, Which satisfies the following equation:

104U = AUg p, + (Hn: IVY.|]2: — V(0,Y.)% + A(GnYE))ue,n — Nten [P ue (1.36)
Us,n|t:0 = 670"YEUO~ .
Note that 0,Y. € S(R?), so that e~?»Y<vy € H?(R?) given that vy € H*(R?) C Hj (R?).
Since the equation (1.36) is a nonlinear Schrédinger equation containing only bounded and
smooth terms, by classical results in [44, 68, 20], there exists a unique global solution u. , to
(1.36) in C(R; H?(IR?)). This shows that there exists a unique global solution v, , to (1.35)
in C(R; H%(R?)). Then, once we establish a weighted H? a priori bound for v, , independent
of n, we can use a similar argument in [29] to prove Theorem 1.4.1. We present the proof in
Chapter 5 (in particular Subsection 5.6.1).

Next, once we have the global unique solution v to (1.35), we would like to take the limit
€ — 0. We remark that this can also be interpreted as the convergence (up to a phase shift) of
u. satisfying the following smoothed version of (1.27):

(1.37)

i0pue = Aue + Ecue — Mue|P~Lu,e
Ue =0 = e Yevy.

Note that it is not obvious to prove well-posedness of the equation (1.37). Nevertheless, by a
direct computation, one can easily show that

U, = e Cte Yoy,

solves (1.37) given that v. solves (1.32).
We are now ready to state our global well-posedness result of the limiting equation (1.30).

Theorem 1.4.2. Letp >1,T >0,909 >0, >0, and 1 < s < 2. Then, there exists Qg C
with P(Q) = 1 such that for each w € Qq, there exists 5 > 0 and v € C(R; Hj (R?)) such that
the following convergence holds:

[[ve — UHC([fT,T];Hgl ®2)) = 0
as € — 0, where v is given by Theorem 1.4.1. In particular, u. = e~ *“<te=Ye0_ solves (1.37)
and

lefete¥ug = vlloqr,ryms, w2y = 0

as € — 0, where c. ~ |loge| is the constant defined in (1.34). Moreover, v is the unique global
solution to (1.30) in the class C([-T,T); Hy (R?)).

Theorem 1.4.2 extends the result proved in [29] in the case 1 < p < 2. We will focus on the
situation p > 2 in the proof of Theorem 1.4.2. Also, note that we prove almost sure convergence
of v. in Theorem 1.4.2; which is stronger than the convergence in probability of v. in [29]. We
present the proof of Theorem 1.4.2 in Chapter 5 (in particular Subsection 5.6.2).

We conclude this section by stating several remarks.

Remark 1.4.3. In Theorem 1.4.2, we are mainly concerned with the defocusing case A > 0.
For the focusing case A < 0, the only place that requires a different proof is Proposition 5.3.1.
In particular, Theorem 1.4.2 also holds with A < 0 and 1 < p < 3. If A < 0 and p > 3, one
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need to impose a smallness assumption on [|vo|[s; to obtain Theorem 1.4.2. For details, see
0
Remark 5.3.2.

Remark 1.4.4. It is not clear whether our approach based on the gauge-transform works for
the dispersive Anderson model (1.27) in dimension 3. The main challenge in dimension 3 is that
the spatial white noise is too rough (with regularity < —%) One can compare the situation
with the 3-dimensional parabolic Anderson model in [58], where Hairer-Labbé used the theory
of regularity structures introduced by Hairer [54].

Remark 1.4.5. The authors in [50, 115, 90] introduced another approach to study the dis-
persive Anderson model (1.27). Their methods are based on the realization of the Anderson
Hamiltonian, formally written as H = A+ ¢, as a self-adjoint operator on L?. In their settings,
the initial data ug is required to belong to the domain of H. One cam compare the the initial
condition in [50, 115] and the initial condition in Theorem 1.4.2 and also in [30, 29, 113, 114],
where the initial data ug is required to have a specific structure e~Y vy with v belonging to a
weighted H? space. See also [1, 81, 21, 3, 89] for more discussions on the Anderson Hamiltonian.
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Chapter 2

Deterministic local
well-posedness of quadratic NLS
with nonlinearity |u|?

In this chapter, we study local well-posedness of the quadratic NLS with nonlinearity |u|? on
the two-dimensional torus T2. In particular, we prove Theorem 1.1.1, local well-posedness of
the quadratic NLS (1.6) in L?(T?).

2.1 Proof of the bilinear estimate

In this section, we present the proof of Proposition 1.1.3. By the triangle inequality (n)® <
(n1)®{ng)® under n = ny + ny for s > 0, our goal is to prove the following bilinear estimate
(with s =0):

lutll o~ 34s S llull o o4+ sz 1201 o 0 y+oz (2.1)
T

where 0 < T' < 1 and d; > d2 > 0 are sufficiently small. In view of the definitions (A.26) and
(A.27) of the X*P-spaces, the bilinear estimate (2.1) follows once we prove

u(r1,m1)0(72,n2)
Z 146 +4 2\:-§ dm
= 71— ng[2) 30 (ry — |ny|2) 3 +02 (7 — [nf2) 20

ni 622 T
By duality, the estimate (2.2) follows once we prove the following estimate:

(11, 11)0(72, n2)W(7, 1)
RN e e e

S lullzpz vl 2pe-
n n1€Z2 =T1—T2
n=ni—ns
We first note that if n = 0, ny = 0, or ne = 0, then the estimate (2.3) follows easily from the
Cauchy-Schwarz inequality, provided that §; > 0 is sufficiently small. Thus, for the remaining
part of this section, we assume that n # 0, ny; # 0, and ng # 0.
Before proceeding further, we recall the following key algebraic relation:

L2 (2.2)

(2.3)

S HUHLfL?T||UHL$L§HU’||L§L§~

(7= nf*) = (11 = [m[*) + (12 — [n2|?) = 2n - ny, (2.4)

where n = n; —ng and 7 = 7, — 7. The main difficulty in proving (2.3) comes from the failure
of the L*-Strichartz estimate without a derivative loss. In order to overcome this difficulty, we
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separately estimate the contributions coming from (i) non-resonant case: |n-nq| 2 |n|¥|n2|® and
(ii) nearly resonant case: |n - na| < |n|%|nz2|® for some small € > 0. In the non-resonant case,
we can use the multilinear dispersion to make up for the derivative loss in the L*-Strichartz
estimate (Lemma A.4.5). In the nearly resonant case, by noting that the frequencies n and
ny are almost perpendicular, we make use of this angular restriction to prove a multilinear
estimate without a derivative loss in the spirit of [110, 24].

2.1.1 Non-resonant interaction

In this subsection, we consider the non-resonant case
[n - no| 2 |nf"|ne|® (255)
for some small € > 0 sufficiently small. From (2.4) and (2.5), we have
def
MAX = max (<T - |n|2>, (1 — \n1|2), (T2 — |n2|2>)

2.6
2 (n-ng) 2 (n)(n2)". 20

We then consider the following three cases.

Case 1: MAX = (7 — |n|?).
In this case, we directly prove (2.2). Then, with e; = £(3 — d1) > 0, it follows from (2.6)
that

(n1)7 (n2)™ = (n+n2)™ (n2)™ S (n)* (n2) ™ S (m— [nf?)2 ", (2.7)

~

We let

o
h

=5 e

U(ry,n1) = (1)~ (m — | |?) "2 %207y, na)

=5 _ 150~
V(r2,m2) = (n2) (12 — na|?) "2~ %0(72, n2).

Q.
-

Then, by (2.7), Plancherel’s theorem, Hélder’s inequality, and the L*-Strichartz estimate
(Lemma A.4.5), we obtain that the left-hand-side of (2.2) is bounded by

||UV||L$L3 < ||UHL§L§HV||L§L§, S ||U||X£1,%+52||V||X61,%+52 = ”uHLngHUHLfLiv
as desired.
Case 2: MAX = (1] — |n1|?).
In this case, we prove (2.3). With &5 = (3 — d1) > 0, it follows from (2.6) that

(n)°2 (na)*2 < (1 — |ng[2) 2700 (2.8)

Then, letting

~

1 ~
V(r2,m2) = (n2) (12 — Ina|*) "2~ %0(72, na),

W(r,n) € (n)~2(r — [n|*) "5 2@ (7, n),

o
-

o
h

it follows from the Cauchy-Schwarz inequality in 71 and nq, (2.8), Plancherel’s theorem, Holder’s
inequality, and the L*-Strichartz estimate (Lemma A.4.5) that the left-hand-side of (2.3) is
bounded by

||UHL§L§, ||V||L§L§ ||W||L;1Lg
Sllullezrz VI yep 450 Wl on 45
= HUHLng||7JHL§L§HW||L3L3,

as desired.
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Case 3: MAX = (1, — |na|?).

This case follows from proceeding as in Case 2 and thus we omit details.

2.1.2 Resonant interaction

We now consider the resonant case |n - na| < [n|%|nz|®. With 6 = 0(n, ng) we

rewrite this condition as

= [n[T=&na| ¢
In - na| < O)n||ns.

In the following, we divide the argument into three main cases, depending on the sizes of n
and ns.

Case 1: |n|2 < |ny| < |nf2.

In this case, we follow the idea from the proof of [110, Proposition 10.1] (see also [24]).

Subcase 1.1: |n| ~ |ng|.

By applying the dyadic decompositions to the frequencies n and ns, we obtain that the
left-hand-side of (2.3) is bounded by

Z Z //T: 1{|cosé(n,n2)\<<9}

N~N2>10 pongez? T
dyadic n=ni—ns (29)
R — —
U(Tlinl)PN2U(7—27n22PNw(Tv n) . dTldT .
(1= na[2) 2% {1y — [n2]2) 2192 (1 — n[2) 2~
2+42¢

Note that when |n| ~ |ng| ~ N, we have 0 = W ~ N~*t2¢. We now restrict n and nq

to the following angular sectors:

def
A=

def
Ay, =

(€ 22 o]~ N, arg(n) = EN245 + O(N-2429},

2.10
2. _ —242¢ —242¢ (2.10)
{na € 7% : [ns| ~ No, arg(ng) = loN +O(N )}

where £,0, € Iy % [1,27N27] N Z. Since | cos Z(n, n2)| < 0 ~ N=2+2 we have |arg(n) —
arg(na)| = Z + O(N~272¢) or | arg(n) — arg(n2)| = 2F + O(N~2*2¢). This means that for each
fixed £, there exists a set La(£) of size O(1) such that 14,(n) - 14,, (n2) = 0 unless {3 € La(¥).

Continuing with the right-hand-side of (2.9), we insert the angular restrictions (2.10) and
set

—

Nyt (T2, m2) = 1a,,(n2) - Pn,v(Te,n2) and wn.(1,n) = 14,(n) - Pyw(r,n).

Then, by applying the Cauchy-Schwarz inequalities in 73 and n;, the Cauchy-Schwarz inequal-
ities in 7 and n, and Holder’s inequality in 71 and ny, we obtain that the left-hand-side of (2.3)
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is bounded by

XY Y| X e

N~No>1LeIN L2€L2(0) ' nyng €22 T2
dyadic n=ni—nso

a(T17n1)’U/1VQZ(T27n2)w/]V\,Z(T7 n)
(r1 = [ [2) 2402 (13 — |na[2) 2402 (r — [n?) 2~

Z Z Z HuHLf_lﬁil Z /1{\0084 (n,n1—n)|KN—2+2¢}

N~N2>1 Leln br€Lo (¢ nez?
dyadic

—_— —
y ONat (T = Ty — n)wn (T, )

(r1 =7 — |ny —n|2)2 1%

5 dridr

(2.11)

L2 ¢2

T1 M1

<lullgezz Y, Do Y lomslez,e, [onidlize

N~No>1LeIn £o€Lo(4)
dyadic

1
1y cos (n,ni—n a1 n -14,(n 2
X sup (Z/ oo Znamy “n)l N7 s (m —n) - La,( )dr)

1,11 Tl - T |n1 - n| >1+262

1
S llullzere Z Z Z 10Nz a2 e 0Nl L2z sup [Anee, (n1)]2,

N~No>1L€ly t2€Lo(f) bl
dyadic

where Ay ¢.¢,(n1) is defined by

An,0,(n1) def {neZ?:|coss(n,n —n)| < N>t neAyn —neA,}

In view of (2.10), for fixed n; € Z? and fixed ¢, ¢y € Iy, we note that any n € Ay sy, is
contained in a rectangle with sides of length ~

|TL|N72+2E ~ N71+2£ and |7'L1 o n|N72+25 ~ N71+2€.
Hence, for 0 < e < %, we have

sup |An.e,(n1)] < 1. (2.12)

ny,¢,lo

Therefore, by estimating (2.11) with (2.12), the Cauchy-Schwarz inequality in ¢, and the
Cauchy-Schwarz inequality in N ~ N, we obtain the desired inequality (2.3).

Subcase 1.2: |ny| < |n| < |nal?

Since |n| > |na| and n; = n + ng, we have |ni| ~ |n|. Note that when |n| ~ N < |na|?, we
have 6 = N=3+3 We proceed as in Subcase 1.1 by restricting n and ny to the
following angular sectors:

1
AT T2 ~

, {ne€Z®:|n| ~ N,arg(n) = (N—3t3e 4 O(N7%+%E)}

(2.13)
dci {n c7?: N2 < |ng] < Nyarg(ng) = €o N~ 2+3e +O(N %8)}7

where ¢, 0y € I}y def [1 271']\72*%5} NZ. Under |cos Z(n,na)| < N™3%3¢ we have |arg(n) —

arg(ng)| = T+ O(N~2%2°) or |arg(n) — arg(ns)| = 3 + O(N~2%32%). Hence, for each fixed ¢,
there exists a set Ly(¢) of size O(1) such that 1p,(n) - 1p,, (n2) = 0 unless {2 € Ly(¢). With a
slight abuse of notation, we set

N, (T2, n2) = 1p,,(n2) - (72, n2) and wyn¢(T,n) = 1p,(n) - Pyw(r,n).

Then, by proceeding as in (2.11), i.e. by applying the Cauchy-Schwarz inequalities in 71 and nq,
the Cauchy-Schwarz inequalities in 7 and n, and Holder’s inequality in 7y and ny, we obtain
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that the left-hand-side of (2.3) is bounded by

Z Z Z Z ‘//‘F T1—T2 1{|C054(n,712)‘<<1\[’%+%5}

N~N1210el)y bo€Ll (€)' nonqez?
dyadic n=ni—mnso

—_—
« PNI (Tlanl)m(T%nQ)m(T?n)
(r1 = Ina[2) 2402 (75 — |ng|2) 502 (r — |n[2) 20

DD Z | P

N~N1>1 el 2L (¢
dyadic

« UN., e, (71 —T,N1 — n)m(ﬂ n)

<7.1 —r— |n1 _ n|2>%+62

dridr

22 {\cosé n,ni—n)|<KN"~ 2*25}

L2 52

DD DD HPNluHL2 o Ivels,e,

N~N1 >10ell, L2l (0)
dyadic

T n

{|cosé(n m )< N +%5}1322 (n1—n)-1g,(n) 1/2
X sup Z/ T — 1 = 1 — [y dr

T1,M1

Z Z Z HPN1U||L2 e HUN22||L2 02 HmHsz SUP|BNMQ(7”L1)|%

T2 N2
N~N1>12€I/ LaeLh(£)
dyadic

where By ¢,¢,(n1) is defined by

3

Bn,e,e,(n1) f {ne€Z?:|cosZL(n,n —n)| < N=3t3¢ ne Byny —ne By, }.

Then, the desired bound (2.3) follows from the Cauchy-Schwarz inequality in ¢ and then in the
Cauchy-Schwarz inequality in NV ~ Nj, once we prove

sup ‘BN%[Q (77,1)‘ 5 1. (214)

ny,¢,lo

In view of (2.13), for fixed ny € Z?* and fixed ¢,¢y € I}y, we note that any n € By gy, is
contained in a rectangle with sides of length ~

343 143 343 143
In|N"2t2° ~ N7272¢ and |ny —n|N-212¢ < NT2T2E

Therefore, as long as 0 < € < %, there are at most O(1) many n's in By ¢,¢,, which implies (2.14).

Subcase 1.3: |n| < |na| < |n>.
This subcase follows from Subcase 1.2 by switching the roles of (7,n) and (72, n2) and thus
we omit details.

Case 2: |n]? < |na|.
We divide the argument into two subcases, depending on the sizes of Ny and the largest
modulation L. = max(Lg, L1, La).

Subcase 2.1: L.y 2 No (high-modulation case).

In this subcase, recalling the notations in Section A.1, we dyadically decompose the spatial
frequencies and modulations of u, v, and w so that supp PFI’L\lu C By, NSy, supp PE,L\QU C
Pn, N S,, and supp PN/O,;w C Bn, NG, for dyadic N;,L; > 1, j = 0,1,2. Note that we
have NZ < Ny ~ Nj. Our main goal is to show the following lemma.

Lemma 2.1.1. Let N;,L; > 1, j = 0,1,2, be dyadic numbers with N; < Ny ~ Nj and
Luax = No. Suppose that f,g,h € L*(R x Z?) are real-valued nonnegative functions such that

supp f C Bn, NSr,, suppg CPwn, NSr,, and supph C Py, N Sp,. (2.15)
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Then, we have

Z //T: f(r1,m1)g(2, n2)h(1,n)drdr

T1—T2
n,nlezz
n=ni—nsz

(2.16)

l+ l+ l+ _
SLf Ly L Nzo I fllzz 2 Ngllzz ez [Pl L2e2 -

TNy T g TN

We first present the proof of (2.3) in this case by assuming Lemma 2.1.1. Under N¢ <
Ny ~ Ny and Lyax 2 No, by applying Lemma 2.1.1, we obtain that the left-hand-side of (2.3)
is bounded by

1 1 1
3 3 P N S )
2 2 2
Ll L2 LO

Ni,N2,No>1Ly,Lz,Lo>1
dyadic dyadic

3+ 73t It a0
x Li L3 " Lg Ny ||Pny,pyullpzr2 [ Pny,paovl L2 2 (| Prg,owll L2 22

< Z Z LY Ly Ly Ny~ llull gz e ol 2z llwll 2 e
Ni1,N2,No>1L1,L3,Lo>1
dyadic dyadic

S ||U||L§Lg||U||L$L§Hw||L§Lg,
as desired.

We now present the proof of Lemma 2.1.1.

Proof of Lemma 2.1.1. By the Cauchy-Schwarz inequality in 7 and n, Lemma A.4.6, and the
condition L.y = Na > NZ, we obtain that the left-hand-side of (2.16) is bounded by

,
Iz min{s, £y (=22 1) 5111 g, oo,
0
< (LELE +min{Ly, L} N[ £z, 2 Nlglzz, e 1Bl 2z
S LT L3 LT NS e 2 N9l e Ihllczes.
which gives (2.16). O

Subcase 2.2: Ly,x < N3 (low-modulation case).
Our goal in this subcase is to show the following lemma.

Lemma 2.1.2. Let Ny, Ny, Lo, L1, Lo > 1 be dyadic numbers with N1 ~ Ny and Lpyax < No.
Suppose that f,g,h € L?(R x Z?) are real-valued nonnegative functions such that

Suppf - mN1 N 6L17 suppg C mNQ N 6L2a and
supph C {n € Z?:1 < |n]* < No} NGy,

Then, we have

Z //_ J(m1,m1)9(T2,n2)M(T, 1) - 1| cos £(n,ns)| <6} deﬁ‘

T1—T2
n,ny €22
n=ni—ns

(2.17)

3 3
S Liealivax| fllzz ez ll9llz. e

h 292
2 2, ol el ass,

where 0 = W < 1 and Lpeq is the second largest among Lo, L1, and L.

We first assume Lemma 2.1.2 and prove (2.3). Recall that |n|? < |na| ~ |n1| in this case.
Then, by Lemma 2.1.2 (with 8 as above) and the Cauchy-Schwarz inequality in Ny ~ Na, we
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obtain that the left-hand-side of (2.3) is bounded by

1l 5, —1_ 45, —145
> L PRL LT Y // 1{] cos £(n,n)|<6}

Ni~N2>1Ly,L2,Lo>1 n,n1 €22 T
dyadic dyadic n=ni—nsy

— T —_—
X 1|n‘2<<N2PN1’L1u(T1, 7711)131\]2’[/21)(7'2,7’L2)QLO’UJ(T7 n)dTldT

S Y WL Pyl o 1Pyl e Q0w .0
Made P!

< Nalles, e 190z, 5, 18] c2es,

as desired.
We now present the proof of Lemma 2.1.2, where we use the idea from the proofs of of [76,
Proposition 3.6, Proposition 3.9].

Proof of Lemma 2.1.2. We first consider the case when |n| < Lyax. In this case, we decompose
the spatial frequencies of h on the left-hand side of (2.17) into dyadic blocks {|n| ~ Ny},
where the dyadic number Ny > 1 satisfies N¢ < Na. For fixed Ny, we decompose the spatial
frequencies of f and g into balls of radius ~ Ny, indexed by J; € J; and Jo € J5, respectively.
With a slight abuse of notation, we also use J; and J> to denote the balls themselves. Note
that for each fixed J; € Ji, the product 1, (71,n1) - 15,(71 — 7,1 — n) is nonzero for at most
O(1) many Jo € J2, and we denote the set of these indices Jo’s as Ja(J1).
Since

([n1]? = [n2f?| = |[nf* + (7 = [n]*) = (11 = [n1[*) + (72 = [n2]*)| S NG + Linax,
we have
|[n1] = [n2]] S No ' (NG + Limax) < 1. (2.18)
Given j € N, we let Aj = {(11,n1) : j < |m| < j+1} and Bj = {(m2,n2) : j < |n2| < j+ 1}
In view of (2.18), we see that the product 1a, (t1,m1) - 1p, (72,n2) is nonzero if and only if

|j1 — j2| < 1. Hence, by letting f;, s, (71,71) = 1a; as, (11,71) - f(71,11) and gy, 1,(72,n2) =
15;,07,(T2,m2) - g(T2,12), We can estimate the left-hand-side of (2.17) by

Z Z Z Z //T: fiv,an (T1,11) 955,05 (T2, 102)

No>1 J1€Jr = j1,j2€N ' non cz? T
dyadic J2€J2(J1) [j1—72|<1 n=ni—n2
|n|~No
x h(r,n)-1s, ., . ., . (171,n)drdr|,

where the set S; 1, j,.j2,71,7, 1 defined by

def
Sr’n’jl’jz’Jl’J2 = {(7’17n1) cR x Z2 : (Tl,’nl) S le n 6L1 OAJ-U ny € J1
(7—177_777117”) emszngmszvnlanJ% (219)
|cos Z(n,ny —n)| < 6}.

By the Cauchy-Schwarz inequality in 71 and n;, Holder’s inequality in 7 and n, and Holder’s
inequality in 7, we then bound the left-hand-side of (2.17) by

DD DD DD D S S

No>1 J1€J1  j1,j2€N n:n|~No
dyadic Jo€J2(J1) |j1—j2|<1

X [ fi0,00 (T1,11) G50, (710 = 7m0 = )22 g2 [R(T,m)|dT
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. 1
<> ¥ > min{Ly, Lo}2 | fron ez, 2 197,002, 62, [l 2e2
No>1 J1€T J1,J2€N
dyadic Jo€J2(J1) |j1—j2|<1
~ 1
X sup |ST,T1,7L,j17j27J17J2’2
T,7T1,N

[n|~No
. 1
< Z Z min{Lq, Lo} |1, -f||L?_1£%1 11, 'gHL?-Qf%z”hHLE_Z%
No>1 J1e€J1
dyadic J2€72(J1)
5 1
x Sup . |S"'ﬂ'17n7j17j27J1,J2|2,
T,T1,1,71,]2
[n|~No
where the set S;T,Thn,jl’jz”]l“]z is defined by
g def
Srormiigeids =4 € L2 1 (T1,1m1) € Sron i o gz ) - (2.20)

We claim that the following bound holds:

o . LI X
Sup sup ‘ST,TlmlethJz’ 5 min {NO’ o= } (2'21)

JIEJL T,T1,m,] No
J2€T2(J1) |n|~Ny

1
For now, let us assume (2.21). Note that the right-hand-side of (2.21) is bounded by L ax.
Then, by applying the Cauchy-Schwarz inequality in J; € J; and summing over dyadic Ny > 1
together with (2.21), we obtain the desired bound (2.17).

It remains to prove (2.21). For ny € gr,mn,jl,jz,Jthv it follows from (2.20) with (2.19) that
T1 € (|TL1|2 + [7CL17CL1]) n (T + |7’Ll — TL|2 + [7CL2,CL2]),

for some constant C' > 0. Since this intersection of the two sets is nonempty, we must have
|[[n1* = (7 + [n1 — n|?)| = O(max{L1, Ly}), which in turn implies

n T n
IO TR

maX{Ll,Lg}
] = 3 7) (2.22)

Ny

On the other hand, for n; € §T’Tl’n’j1,j2’J1’J2, we also have n; € J; where J; is a ball of radius
~ Ny. Hence, together with (2.22), we see that the component of n; which is parallel to n is
restricted to an interval of length ~ min{ Ny, Ly,ax/No}. Furthermore, we have

eos L Il < ol I =)
R P P R T N I P T
< Inl +|cosZ(ng — n,n)|7|n1 il
] or]
n| | lna—nff
<K — — K1
] g S

since |nq| ~ [n1 — n| > |n|?. Hence, by Lemma A.5.3 with g =1, v ~ min{No, Lmax/No}, and
B = 7, we obtain (2.21).

The case Lyax < |n| is similar and much simpler. We apply the same steps as in the
previous case (Lmax 2 |1]), except that we do not need to decompose the spatial frequencies
of n into dyadic piece or to localize n; and ns on balls of smaller radii. In this case, we apply
Lemma A.5.3 with v ~ 1 to obtain the desired bound. O

Case 3: |ns|? < |n|.
This case is similar to Case 2, so we will be brief here. For the low-modulation case
(i-e. Limax < Np), the same argument works by switching the roles of (7,n) and (72, n2).
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For the high-modulation case (i.e. Liyax = No), simply switching the roles of (7,n) and
(12,m2) does not work, since we need to ensure that on the right-hand-side of (2.16) in
Lemma 2.1.1, the power of Ly is less than % With f, g, and h as in the statement of
Lemma 2.1.1, when N2 < Ng ~ Nj and L. 2> No, we use the Cauchy-Schwarz inequal-

ity in 7 and n and apply Lemma A.4.6 to bound the left-hand-side of (2.16) by

1
. 1 (max{Ly, Lo 21
Ihllzze min(Er, £y (2224 0) N1 ol e,
0
11 ) 11
S(LELS +min{Ly, Lo} 2 NG ) [ fllzz, 2 lgllzz ez 1Pl z2ez,

T1 "1 T2 M2

1.1 . 11y _
S(LELILYS, +min{Ly, Lo} 2 Liax) Ny 1 fllz2 2 llgllrz, e2

h 2p2
2.1 Nolliz, e, Iz,

which suffices for our purpose.

Remark 2.1.3. The bilinear estimate (1.8) in Proposition 1.1.3 also holds if we replace uv by
uv. In fact, a slight modification of the argument allows us to show

ool o —yasy Sl oy 0] o5 (2.23)
T T

0,
T

where 0 < 7' < 1 and §; > d2 > 0 are sufficiently small. Note that, in this case, by denoting n1,
ng, and n as the frequency of u, v, and the duality term w, respectively, we have n = ny + ny
and 7 = 71 + 72 so that

(= [nl*) = (1 = [ *) = (12 = [naf?) = =201 - na.

Hence, we need to perform case-by-case analysis, depending on the interaction between n;
and ns.

The proof of (2.23) follows essentially as in the proof of (1.8) except for Lemma 2.1.1. With
f, g, and h as in the statement of Lemma 2.1.1, when N? < Ny ~ Ny and Lyax = No, the
Cauchy-Schwarz inequality in 75 and n, and Lemma A.4.6 yield

‘ Z //T: f(11,m1)g(T2, n2)h(T,n)drdT

T1+72
n,ni €Z?
n=ni+nz

(2.24)

11 1 . 11
S (LELENy * +min{Lo, L1 }2 N3 ) || £ 2 e lgllez ez lIhllLze

1M To YNy

In order to repeat the argument in Subcase 2.2 in the proof of Proposition 1.1.3, we need the
power of Lo to be less than %, especially when L,,x = Lo. Namely, the bound (2.24) can not
be used directly as it is.

By Holder’s inequality in 7 and n, Young’s inequality, and Holder’s inequality with (2.15),
we obtain

Z //T: f(r1,n1)g(72, n2)h(T,n)drdT|

n,n, €72 T1+72
e (2.25)
Ul 43 ol oz, 1], g
1 3
S LoLy N2||f||L31zg1 ||£7||L§2£,212 |hHL3eg-

Then, by interpolating (2.24) and (2.25), we obtain the desired inequality. A similar inequality
also holds when NJ < Ny ~ Ny and L.y = Np by switching the roles of (71,n1) and (72, n2).
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2.2 Local well-posedness of the quadratic NLS with non-
linearity |u|?

In this section, we present the proof of Theorem 1.1.1, local well-posedness of the quadratic
NLS (1.6) in L?(T?). By writing (1.6) in the following Duhamel formulation, we have

t
w(t) = T(u) % e=it8yy — / e~ =1IA 2 ()t (2.26)
0

Let € > 0 be sufficiently small. Then, by (2.26), Lemma A.4.1 with & = 0, Lemma A.4.2,
Lemma A.4.4, and Proposition 1.1.3, we have

0,1+e

t
IOl gge < Dol e+ | [ uteyaterar
Xr X 0

2
T

S lluollze + T8 ua|l o -4
‘XT

2

S ol + Tl

Similarly, we obtain the following difference estimate:

1000 = D)o e STl o goc + 0l o Yl = o1l o o

Therefore, by choosing T' = T'(||ug||2) > 0 sufficiently small, we conclude that I is a contraction

1
on the ball B C X;’EJFE of radius R ~ ||lug||pz. This proves Theorem 1.1.1.
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Chapter 3

Deterministic local
well-posedness of quadratic NLS
with nonlinearity -

In this chapter, we study local well-posedness of the quadratic NLS with nonlinearity %2 on
the one-dimensional torus T and the two-dimensional torus T2. Specifically, we prove Theo-
rem 1.2.1, local well-posedness of the quadratic NLS (1.11) in H*(M) for M = T or T? and
—% <s< —%. As mentioned after the statement of Theorem 1.2.1, we mainly focus on proving
local well-posedness for the case M = T2,

3.1 Modified function spaces

In this section, we define our solution space for the quadratic NLS (1.11) in the low regularity
setting and establish corresponding linear estimates.

Given s,b € R, we define the space Y** = Y**(R x T?) to be the completion of functions
that are smooth in space and Schwartz in time with respect to the norm

def

lllyea % |tmy*r,m) |, + 147 = 0250007, )| (3.1)

The idea of this modification comes from Kishimoto [74].
We now define the space Z** = Z*%(R x T?) via the norm

def
lull ze0 = [Potllxce + ([Pl e (3.2)

where P, is the space-time frequency projector onto the frequencies {|7 — |n|?| < 27%n|?} and
Py is the space-time frequency projector onto the frequencies {|7 — |n|?| > 271°n|?}. From the
definition, we observe that the Z**-norm has the monotonicity property: if [u1| < |uz|, then

Zsb. (33)

[url| 7= < [luz|

For T > 0, we define the space Z;’b as the restriction of the Z*%-space onto the time interval
[T, T] via the norm

[l

def
z3t = inf {||v|

Zs,b L v|[—T,T] = U} (34)
Note that the Z;’b—space is complete.

For convenience and conciseness, later on we may use the notations X*°, Y and Z%°
to denote the corresponding norms on the Fourier side. In other words, for a complex-valued
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function f defined on R x Z?, we write

£l 20 = IFez (Dllxess,
1 £llges = 1Fea ()
£l 220 = 1Fez ()]

Ys:by

Zs.b.

We now establish some linear estimates of the Z*%-norm, starting with the following H*-
energy estimate.

Lemma 3.1.1. Let s € R and b > % Then, we have
my .| 1y S Il e

Proof. By the definition of the Z**-norm in (3.2), we know that it suffices to show the following
two estimates:

||<n>8a(7—7 n)HE%Li S Hu”Xs’bv (35)

||<n>sa(7—7 n)“g%L}_ S HUHY“" (36)
Since b > %, we use the Cauchy-Schwarz inequality in 7 to obtain
) a(r,m) o S [[60)* (7 = [nf)*a(r, n)| 2 < llulle,

so that we obtain (3.5). Also, note that (3.6) is easily obtained from the definition of the
Y*’norm in (3.1). O

The above lemma implies the following embedding result.

Lemma 3.1.2. Letse R, b> %, and T > 0. Then, we have

lullexrs S -
Consequently, the embedding

zZsb < O([-T, T); H*(T?))
holds.

Proof. Let € > 0 and let v be an extension of u outside of [—T,T] such that

lollzso < |l zy0 TE (3.7)
Note that we have the following embedding
lellerm < (m)*8trm) s .- (3.8)

Thus, by (3.8), Lemma 3.1.1, and (3.7), we obtain
lullerss = [Wllerme S 1) 50rm) | p0 S Iollzes < lull oo+,
and so the desired estimate follows since € > 0 can be arbitrarily small. O

Lastly, we show the following lemma, which shows that the X*®-space is embedded in the
Z%b_space.

Lemma 3.1.3. Let s <0 and b > % Then, we have

lall 7o S e
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Proof. We recall from (3.2) that

[ullzer = [[Boullxes + [ Prite]ly=,

where P, projects the space-time frequencies onto {|7 — |n|?| < 271%|n|?} and P,; projects the
space-time frequencies onto {|7 — |n|?| > 271%|n|?}. Note that we have

1Poullxon < fJulxen-

For the || Pyul

ys term, note that by the Cauchy-Schwarz inequality, we have
im0 S ()4 = ) atr )| = e,
since b > % Also, we have
[ = 1m0, oo 00y g S (107 = [f2) im0 | 1 = e

Thus, we obtain that || Pyul

yeb S llullxs.s, so that we achieve the desired inequality. O

3.2 Bilinear estimate

In this section, we establish the crucial bilinear estimate with respect to the Z%%-norm intro-
duced in the previous section. Specifically, we show the following proposition.

Proposition 3.2.1. Let —% <s< —% and 0 < T < % Let ¢ : R — [0, 1] be a smooth function
such that ¢ =1 on [—1,1] and ¢ = 0 outside of [—2,2], and let o7 (t) = @(t/T). Then, we have

e Tl

2

H<T — |n|2>*1ft’x (LpTﬂ . QOT@) (’T, n)| 2 HU| 752

55,2 ,
Z%3 z*

for some 6 > 0.

Let us first consider two particular cases of Proposition 3.2.1. We start with the following
“high-low interaction” estimate.
Lemma 3.2.2. Let —% < s < —%, 0<T< %, and N,Ny, No > 1 be dyadic numbers. Let
p: R = [0,1] be a smooth function such that ¢ =1 on [—1,1] and ¢ = 0 outside of [—2,2], and
let or(t) = o(t/T).
(i) If27°N < Ny < 25N and Ny < 25N, we have

—ob
25,%(;)31\7) 580 N2 T ||uN1|

[(m = [nl*) ™ Fro (orun; - orun, ) (7,1)] oz lonzll..

o

for some § >0 and 6 > 0.
(i) If 27° N < Ny < 25N and Ny < 2°N, we have

< —df
23y ov NTT e |

{7 = In*) "' Fra (orum, - 1N, ) (1,1)] 3 o, |

who

AL VAL

for some § >0 and 6 > 0.

Proof. By the symmetry of v and v, it suffices to prove (i). Below we use (71, n1) as the variables
of prunN, or tiy, and (72,n2) as the variables of ¢7vy, or vn,. Note that we have the relations
T+ 71 +7 =0and n+ny +ny =0. We also recall the notation f(a:) = f(—x).

We divide the argument into two main cases depending on the relationship between the

modulation function 7 — |n|? and |n|?.

Case 1: |7 — |n|?| > 2719 n)2.

In this case, we need to evaluate the F; , ((,DTUNl : SDTW) term using the st%-morm7 and
we need to evaluate both the ¢2 L1 term and the ¢2 L2 term. We consider the following three
subcases.
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Subcase 1.1: |11 — |[ng|?| > 2710ny|?.
In this subcase, we need to estimate uy, using the Y*3-norm. By Young’s convolution
inequality, Lemma A.4.4, the Cauchy-Schwarz inequality, and Lemma 3.1.1, we obtain

H (r— |n|2>%—%]-‘t)x (<pTUTrl : @TW) Hszz(mw)

i —

s_ 1 ——
<T - |7’L|2>2 3()0%1141\/1 *UN,

2L2(PN)

< s—
<N o 1P lley o, (3.9)
2
Se N? 3TEH<7'1 - \nl\ )Tun; 2 12 N2 “|(n2) “N2H62 L,
_2 2 —
< NeoRTeN; Y Munllyez No ol . 2

SNPENT T uy, |z fomll 3,

where € > 0 is arbitrarily small. Since —s+1 > 0 given s < —%, the above estimate is acceptable
if —s — 1+ 2e < 0, which is valid given s > —% and ¢ > 0 sufficiently small.

Also, by the Cauchy-Schwarz inequality, we get
[(n)*(m = |n[*) "' Fro (ortn; - o108;) ||43LL1(13N)
S r = [nl) 73 Fro (010 - 027%:) [l g2 12 s

which can be estimated similarly as in (3.9). Combining the above two estimates, we obtain
the desired inequality.

Subcase 1.2: |15 — |na|?| > 2719|ny|?.
In this subcase, we need to estimate vy, using the Y3 -norm. By Young’s convolution
inequality, the Cauchy-Schwarz inequality, Lemma A.4.4, and Lemma 3.1.1, we obtain

I(r - In|?)3 "5 F,, (ertn; - PTUN,) Hszz(mw)

s_1—>=— 5
(r—n*)35ay, * phon,

2L2(PN)

SN, o
1T 0,12, (3.10)
Se NN [(n) uw [ g T€N2H 72 = [n2 ) ol s
NN g TN
S N-%N;S‘%“ETEHW |z lowal . 2
where € > 0 is arbitrarily small. Since —s — = + 2e >0 glven s < 75, the above estimate is

acceptable if —s — 1 + 2¢ < 0, which is valid glven §>—% and € > 0 sufficiently small.
Also, by the Cauchy-Schwarz inequality, we get

[(n)* (7 = In[*) "' Fo o (ortn, - ‘PTW)HQLL;(%)
S e = [n) 73 P (0108 0170 [l g2 12 (s

which can be estimated similarly as in (3.10). Combining the above two estimates, we obtain
the desired inequality.

Subcase 1.3: |11 — [n1]?] < 27 ny|? and |12 — |n2|?| < 2710 no|?.
In this subcase, we need to estimate both uy, and vy, using the X*3-norm. Using the
fact that or is supported on [—1,1] given 0 < T < %, by the Plancherel theorem, Holder’s
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inequality, Lemma A.4.5, and Lemma A.4.4, we obtain

||<7_ _ |n‘2>§*%]-"t,x ((pTTNl : <PTW) HeﬁL’-;(‘BN)

SN R | oran, - orv, lz2L2((-1,1)xT2)

_2
S N5 |lerun, | paps -1, x12) oo, (| Lapa (=111 x12)

< NS—2 arde 4e (311)
S NN lerun, || o.q -« No"llervns | o 1 -
s—2 nr—stdeps —s+dens
So N TENT T fu | oy g NE 9T o, g
_2 —
< N-BHENT e || s lowallz,
where € > 0 is arbitrarily small. Since s < —% < 0, the above estimate is acceptable if

-5 — % + 8¢ < 0, which is valid given s > —% and € > 0 small enough.

Also, by the Cauchy-Schwarz inequality, we get

[n)* (7 — 1))~ Froa (01N, - 0778,) [l 2 11 (.09

S ) (r = |nl) "3 Foo (prum, - 019 [l g2 12 o0

which can be estimated similarly as in (3.11). Combining the above two estimates, we obtain
the desired inequality.

Case 2: |1 — |n|?| < 2719 n]2
In this case, we need to evaluate the ]:$7t(g0TuNl . ngng) term using the X*3 norm.

We assume that n # 0. Note that if n = 0, we have N = 1 which then implies that N; < 2°
and Ny < 25, and so the estimate will follow in a similar (and much easier) manner.

We consider the following three subcases.

Subcase 2.1: |7 — [n1]?] > 27190y |? and |75 — |no|?| > 2710|ny?.

In this subcase, we need to estimate both uy, and vy, using the Y3 -norm. By Holder’s
inequality, Young’s convolution inequality, and Lemma A.4.4, we have

() (7 — |n‘2>*%]-‘t7m (ertn; - ¢TUN;) ||€$LLE(Q3N)

1= 5
<’n‘>s<7— - ‘n|2> Supn,; * QO%UNZ

G L2(BN)

~

S [[{n)* (r = nf?

it — 2
) # e 2 o 17l 22, “pTUNZ 3,12,

1. —s—42 _—
Sp NENENT w3 T (72 = o) 0 s

—s—5+2

STl o3 Ny ™ Jloms |
—s—%49

SN, u || g owal ez

Wiy

Y

where € > 0 is arbitrarily small. The above estimate is acceptable if —s — % + 2e¢ < 0, which is
valid given s > f% and e > 0 sufficiently small.

Subcase 2.2: |71 — |n1]?| > 27%ny|? and | — |n2)?| < 2719 no)%

. . . 2 . .
In this subcase, we need to estimate uy, using the Y®5-norm and estimate vy, using the

47



X*3-norm. By duality and the Cauchy-Schwarz inequality, we have

||<n>s<7_ _ |n‘2>7%]:t,x ((pTTM : @Tm) ||sz3(‘nN)

<N sw i TN, (11,11 FT0N, (72, m2)
”h”l%LE(q}N)Sl n,ny,ng€Z? T+71+72=0
n+ni+nz2=0
h(r,n)
——————drdn,
(r—In|?)3 (3.12)
< Nlerisile, o, |, s [ e
ny T HhHg%Lg_(mN)Sl n,nQEZ2 T4+ =0
n+ni1+n2=0
h
_hmm)
(T —In|?)s 02 L2

Let wy be a space-time distribution that satisfy wx (r,n) = h(r,n)/(r — |n|2)3. Then, using
the fact that op is supported on [—1,1] given 0 < T < %, by the Plancherel theorem, Holder’s
inequality, Lemma A.4.5, and Lemma A.4.4, we have

_— h(t,n
/ SDTUNQ(TZ,nZ)i( 2) Tdr
T+71+72=0 (T —Inl?)s

2 12

n,ng c€z? 1T

n+ni+ns=0

= H(PT'UN2@\IVHL%L§([71,1]><T2)

S llervn, llpapa =112 lwn || papa (=112
1 L3 ([-1,1]xT?) L2 ([-1,1]xT?)

1
< Ny®lervm, | N fwy|l

1
Xx%3

2 L2(PN)»

1_
XO,Q €

Se Ny T3 fluw, || 3 N3

where € > 0 is arbitrarily small. Thus, continuing with (3.12), we use Lemma A.4.4 to obtain

[(n)* (7 — [n]2) =3 Fs o (orun, - ro,)

1 _ 4 =
Sﬂp NS+3+5H§0TUN1 ||g%1L31 N2 sHiers HUN2||XS,%

1 _ £ _—~
<, NoTh+en; s+46TsH<7_1 _ |n1|2>;UN1||431L21 ||UN2HZS,%

4
s+itenr—st+deqe pny—S—3+E
< NotiteNsHere N

lun ..z o,

73
S ]Vf1+2s]\72—5—',-457-15”uN1 |

gzl .z

Since s < 0, the above estimate is acceptable if —s — 1 + 6 < 0, which is valid given s > f%
and € > 0 small enough.

Subcase 2.3: |11 — |[n1]?] < 2719 nq|?.
In this subcase, we first note that

7> n? =270 and 7 > |ng|? — 2702
Note that since we assumed n # 0, we have
_ _ 1
m=—1—1 <290 = |n]2 + 270> — |ny1]? < —§|n|2.
Thus, we have
|79 — |ng|?| > N2 (3.13)

and |12 — |n2|?| > |na|? > 2710 ny|2.
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We need to estimate uy, using the X*3-norm and estimate vN, using the Y*%-norm. By
using similar steps as in Subcase 2.2 by switching the roles of uy, and vy, along with the
additional condition (3.13), we obtain

[(n)* (7 = Inf*) =3 Fro (orm - 79%) 12 2 )

1 _ £
5‘/7 N5+3+5N1 S+4ET§ ||UN1 ||Xs,% Hm H£$L2L32

L4 5eqe
<, NstoeT

£ _—
3 [[{r2 = [n2|*) 20, Hzgngz
1 _g_4
< NES T | N s

g N7571+6€T€ ||UN1 |

z3

where € > 0 is arbitrarily small. The above estimate is acceptable if —s — 1 4 6¢ < 0, which is
valid given s > f% and € > 0 small enough.

Thus, we have finished our proof. O

We now show the following “high-high interaction” estimate.

Lemma 3.2.3. Let —% < s < 75 and 0 < T < L. Let N, Ny, Ny > 1 be dyadic numbers such
that 1N1 < Ny < 2N1 and N < 27°Nj. Let ¢ v : R = [0,1] be a smooth function such that
w=1on[-1,1] and p =0 outside of [—2,2], and let pr(t) = ¢(t/T). Then, we have

[~}

< —omb
255 (pn) VF N

[{m = [n1*) ™ Feo (ortn; - orUn;) (7, 1)|
for some § >0 and 6 > 0.

Proof. As in the proof of the previous lemma, we use (n1,71) as the variables of run, or Ty, ,
and (ng, 72) as the variables of v, or Un,. Note that we have the relations 7+ 7 + 7 =0
and n +ny +nz = 0. Also, the assumptions on the sizes of N, Ni, and N2 ensure that n; # 0
and ng # 0. We also recall the notation f(z) = f(—x).

We consider the following four main cases.

Case 1: |1 — |n]?| > 2710 2.
In this case, we have |7 — |n|?| > 271%n|? > 2~ 10|n|2 given N < 275Ny, so that we need

to evaluate the F; , ((pTuN1 ngvN2) term using the ysi. -norm, and we need to evaluate both
the 2LL term and the ¢2 L2 term. We consider the following three subcases.

Subcase 1.1: |11 — |[n1]?| > 2710 ny]?.
In this subcase, we need to estimate uy, using the Y*3-norm. By Young’s convolution
inequality, Lemma A.4.4, the Cauchy-Schwarz inequality, and Lemma 3.1.1, we obtain

H<T _ |n‘2>%*%ft,x ((pTTNl : <PTW) HZELLE(‘BN)

s __ 1 i
<T - |’I7,|2>§ 3802TUN1 * UN,

2L2(PN)
s_2
SN

lonalley, ps
Z%IL?_I by Lry

S Ny |(m — I 3)° ul\h”ez 12, No T (n2) UN2||42 L,

s—2 —s—4+42 —
SN TITENT T u |y Ny om0

S NPT fu, |

2

7530

Z°%3

which is acceptable given s > —% and € > 0 sufficiently small.
Also, by Hélder’s inequality, Young’s convolution inequality, Lemma A.4.4, and Lemma
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3.1.1, we have

m)* (7 = 101%) 7 Fo (o 0178) 3 11

(n)* (7 — [n|?) " @R, * Tny
LpTuNl * UN2

GZLL(BN)

SN (n)*(r — [nf?) 2 E
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(P EREN 7%l 1,
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where € > 0 is arbitrarily small. Since s+1 > 0 given s > f%, the above estimate is acceptable

if —s— % + 4¢ < 0, which is valid given s > —% and € > 0 small enough. Combining the above
two estimates, we obtain the desired inequality.

Subcase 1.2: |15 — [n2|?| > 271%ny|?.
This subcase is similar to Subcase 1.1 by switching the roles of uy, and vy,, and so we omit
details.

Subcase 1.3: |1 — [n1]?] < 2719%n1|? and |72 — |na|?| < 2710|ny?.
In this subcase, we need to estimate both uy, and vy, using the X*3-norm. Using the

fact that ¢p is supported on [—1,1] given 0 < T < %, by the Plancherel theorem, Holder’s
inequality, Lemma A.4.5, and Lemma A.4.4, we obtain

s_ 1 N —
[¢r = Inf*) 275 Fe o (o7, - ¢T1}N2)HZ%L§(‘,BN)
_2
SNy B lertn, - o1, 2z (- 1) xm2)
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SNy B lerun, [l psps—1,1yxm2) 19708, |24 £a (1,1 %72)
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S Ny PNTTETE |

—s—248
SN u ||z lowa 2

—sH4demE
s Ny T oy, |

X x4

where € > 0 is arbitrarily small. The above estimate is acceptable if —s — % + 8¢ < 0, which is
valid given s > —% and € > 0 small enough.
Regarding the 2 L1 norm of the Fia ((pTuNl -(,DTW) term, we first let £1,e5 > 0 satisfying

12
14+e l4es

1+

Note that both €; and €2 can be arbitrarily small. By Holder’s inequality, Young’s convolution
inequality, Holder’s inequalities twice, and Lemma A.4.4, we have

H<n>é<7 —n]*) ' Fia (1N, - ©1UN,) Hzﬂ;(mm

= |7 = Il i, + o,
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for some 6 > 0. Since s+1 > 0 given s > —%, the above estimate is acceptable if —s—142¢; < 0,
which is valid given s > —% and g1 > 0 sufficiently small. Combining the above two estimates,
we obtain the desired 1nequality.

Case 2: |7 — [n|?| < 27192, |71 — [n1|?] > 270y |?, and |75 — |no|?| > 2710|nsyl?.
In this case, we need to estimate both uy, and vy, using the Y*3%-norm. We consider the
following two subcases.

Subcase 2.1: |7 — |n|?| < 2710|n|2.

In this subcase, we need to evaluate the F; , (gaTuNl . ‘PTW) term using the X% norm.
By Holder’s inequality, Young’s convolution inequality, and Lemma A.4.4, we have

[(n)* (7 = 1) =3 Fro (01w 79%) 12 12 )

= ([t = tnl2y 3 i, » G
TUN; * PTUN,

L LE(BN)
< —_— —_—
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o NNETE (1 = PR g T 72 = e PO g
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S NN L TN o g
4 25844
< NNy R | Z.g,%nmnzs,%,
where € > 0 is arbltrarlly small. Since s > —%, we have s —|— > (0. Thus, the above estimate is

acceptable if —s — = —|— 4e < 0, which is vahd glven s> —3

Subcase 2.2: 271%n|? < |7 — |n|?| < 271%ny|%
In this subcase, we need to evaluate the F; , (QOTUNl : @TW) term using the Y% -norm.
By Holder’s inequality, Young’s convolution inequality, and Lemma A.4.4, we have

GZL2(BN)
—_—

< [ = Inf?)5~ HﬂL?(mN)H@T“Nl

—

‘62 L2, ||<PT”N2||1{2 2,
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S Ns+%+2€T25N*S*§+2€HuN1” 2J\] 5*§+25||1)N2HY 2

NS+ +2£N_26_7+4E

where € > 0 i 1s arbitrarily small. Note that the second inequality is vahd since s + +2e <0
given s < —3 and € > 0 small enough. Since s + +2>0 glven s > —%, the above estimate
is acceptable if —s — + 6e < 0, which is valid glven §> —%

Also, by the Cauchy—SChwarz inequality, Holder’s mequahty, Young’s convolution inequality,
and Lemma A.4.4, we get
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25— 848
3 5.2,
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S NIND

where ¢ > 0 is arbitrarily small. Since s+1 > O given s > —%, the above estimate is acceptable

if —s—2 + 8¢ < 0, which is valid given s > —% and e>0 small enough. Combining the above
two estlmates we obtain the desired mequahty

Case 3: |7 — |[n]?| < 2719 01|12 and |7 — |n1]?] < 2719 nq |2
In this case, we need to estimate uy, using the X s:3-norm. Note that we have

T9 — —T —T1
= (=7 + ) + (=1 + [ ?) = [nf* = a2
< 2_10|7’L1|2 +2—10|n1|2 _ |n1|2

<0,

. . 2
and so |1a — |nal?| > |nal? > 2719 ny|%. Thus, we need to estimate vy, using the Y*'5-norm.
We consider the following two subcases.

Subcase 3.1: |7 — |n|?| < 271%n|%

In this subcase, we need to evaluate the F; , (<,0Tuz\/1 . ‘PTW) term using the X3 norm.
By duality and the Cauchy-Schwarz inequality, we have

[ (n)* (7 — |n|2>_%}—t,w (prun, - oTON,) Hzgng(mN)

< N# sup // orun, (11,m1)P1UN, (T2, N2)
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Let wy be a space-time distribution that satisfy wx (r,n) = h(r,n)/(r — |n|?)3. Then, using
the fact that ¢ is supported on [—1,1] given 0 < T < %, by the Plancherel theorem, Holder’s
inequality, Lemma A.4.5, and Lemma A.4.4, we have
—— h(t,n
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where € > 0 is arbitrarily small. Thus, continuing with (3.14), we use Lemma A.4.4 to obtain
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Since s < —%, we have s + % + e < 0 for € > 0 small enough. Thus, the above estimate is

acceptable if —2s — % + 5¢ < 0, which is valid given s > f% and ¢ > 0 sufficiently small.

Subcase 3.2: 2710n|2 < |7 — |n|?| < 2719 ny |2
In this subcase, we need to evaluate the F; , ((pTUNl : @TW) term using the Y3 -norm.
By duality and the Cauchy-Schwarz inequality, we have

(r - |n|2>§—%]-“t7$ (ertn; - oTUN;) Hszz(‘nw)

1
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1

5. Let wyn be a space-
time distribution that satisfy wx(r,n) = h(r,n)/(r — |n|2)2. Then, using the fact that or
is supported on [—1,1] given 0 < T < %, by the Plancherel theorem, Hoélder’s inequality,
Lemma A.4.5, and Lemma A.4.4, we have

Note that the first inequality is valid since s + % < 0 given s < —
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H Z / @run, (11,11) X (7’2);d7'
n,nq €2° THTI+T2=0 <T o |TL| >2 Z%Qng
’I’L+’I’7741+7L2:0

= H(PTUNJUEV/”L’;’L;"E([*LI]><']I‘2)
S H(pTuN1”L‘}L‘;([fl,l]x’ﬂ?)||wN||L‘t‘L§([71,1]><’]I‘2)
< N llorum, | oy Nelwnll oy

—s4+4dermE
S Ny D5 Jun, || o3 NEIRIez 22030
where € > 0 is arbitrarily small. Thus, continuing with (3.15), we use Lemma A.4.4 to obtain
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Since s < —%, we have s + % +¢e < 0 for € > 0 small enough. Thus, the above estimate is

acceptable if —2s — % + 5e < 0, which is valid given s > —% and e > 0 sufficiently small.
Also, by the Cauchy-Schwarz inequality, we get

[()* (7 = In*) ™ Fea (01 - 0178 |2 11 g
S ny (e = [nl) "2 = F o (ortm, - 0108) |2 12

where € > 0 is arbitrarily small. The above term can be estimated similarly as above (along
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with (7 — [n|?)¢ < N) for the £2L2 term. Combining the above two estimates, we obtain the
desired inequality.

Case 4: |7 — |[n]?| < 2719 n1]2 and |rp — |nal?| < 2719 ny 2.

This case follows similarly from Case 3 by switching the roles of un, and vy,. We thus omit
details.

Thus, we have finished our proof. O

Before moving on to the proof of our main bilinear estimate in Proposition 3.2.1, we first
observe that by definition of the X*®-norm in (A.26) and the Y**-norm in (3.1), we have the
following decompositions:

lalfen = D lunlies,

N>1
dyadic

3o ~ Y NunlFen:

N>1
dyadic

Thus, it follows that we have the following decomposition regarding the Z*° norm:

el Zew ~ 1 Ploull e + || Phieel3-o.0

~ 3 (1Poun e + | Priunles)

dyadic (3.16)

~ > lunl

N>1
dyadic

2
Zs.b-

Proof of Proposition 3.2.1. By (3.16), we have

2

[ = [n*) = Fra (o7 - 017) (7,m)

S 2 < 2 ||<T|n|2>1‘Ft=$(¢TW"PT%)(T’n)Hfs%(‘IJ’N)) ' 17

N>1 *Np,N2>1
dyadic dyadic

For each nonzero summand on the right-hand-side of (3.17), we know that N, Ny, and Ny must
satisfy one of the following:

1. 275N < N; <2°N and N, < 25N,
2. 27°N < Ny < 25N and N; < 26N,
3. ANy < N, <2N; and N < 27°N;.
We now treat the above three cases separately.

Case 1: 275N < N; < 25N and N, < 26V,
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In this case, by Lemma 3.2.2, the Cauchy-Schwarz inequality, and (3.16) twice, we have

2
CEUED DN (D SENNED DI - o I I P Y

N>1 N;>1 dyadic Ny>1 dyadic
dyadic  27°<N; /N<2® No<26N

1/24 2
< (% b (X Iewizs) )
No>1

N>1 N1>1 dyadic
dyadic  27°< N, /NSQS dyadic

ST 5 S fuw

N2>1 N;2>1 dyadic
dyadic 279<N; /N<2°

ST Nul?, 5 ol

2
VAN

o2, 5

s,%’

where in the right-hand side of the first inequality we have § > 0.

Case 2: 27°N < Ny < 2°N and N; < 26N.
This case can be treated in the same way as Case 1, and so we omit details.

Case 3: 1N; < N, <2N; and N < 275N,
In this case, by Lemma 3.2.3, the Cauchy-Schwarz inequality, and (3.16) twice, we have

(3.17) < Z( >y ST Ny .z o)

2
;. 2
Z“S)
N>1 N1>1 dyadic N2>1 dyadic
dyadic N1>2°N  1/2<N3/N:<2

2
0 —20
$7 SN S k) S (T ewleg)
N>1 Ni>1 Ni>1 N No>1 dyadic
dyadic dyadic dyadic  1/2<N/N;<2
ST,y Y ow 2,
Ni>1
dyadic
0
STl 5 ol 5.

where in the right-hand side of the first inequality we have § > 0.

Combining the above three cases, we have thus finished our proof. O

3.3 Local well-posedness of the quadratic NLS with non-
linearity u?

In this section, we present the proof of Theorem 1.2.1, local well-posedness of the quadratic
NLS (1.11) in the low regularity setting. As mentioned in Section 1.2, we mainly focus our
attention on local well-posedness of (1.11) on H*(T?) for —2 < s < —1, using the estimates of
the Z*%-norm in Section 3.1 and Section 3.2.

By writing (1.11) in the Duhamel formulation, we have
t
U(t) _ F[u](t) d:ef e*itAuo o 'L/ e*i(tft’)AEZ(t/)dt/. (318)
0

Since we are only interested in local well-posedness, we can insert time cut-off functions. For
0<T <3, welet n: R — [0,1] be a smooth function such that n =1 on [-1,1] and n = 0
outside of [—2,2] and let 127 (t) = n(t/2T). We first replace the two @’s on the right-hand side
of (3.18) by noru. Also, note that for any function F' that is smooth in space and Schwartz in
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time, we have

t t
[ e re e = 3
0 0

nez?

ein~wei(t—t/)|n|2 / eit/'rﬁ<7_7 n)det/
R

eit(r=In|?) _

= itinl* fp A F(r,n) dT
=2 / i(r —|n|?)

nez?
pit(r—Inl) _

= 3 e [ RGeS

nez?
_ it|n|? F w(T — |7’L‘ )dT
2" e i(r =P
itT 1)[}(’7’ _ |n| )
F(r ——————fm,
t2, e e i(r— [nf?)

where ¢ : R — [0, 1] is a smooth cut-off function such that v = 1 on [—1, 1] and ¥ = 0 outside
of [—2,2]. Let us define the following nonlinear terms.

N1 (u, v)d:e —in(t Z / it|n? Fia (772TU 772TU)(7' n)

nez?
git(r—Inl?) _ 1
X ¢ T— 1N 2 ,7 T,
1—9Y(r—1n ’
N2 Z / zt|n\ ft 772Tu WQTU) (T Tl) 1!)( | | )dT,
i)

def 1—9Y(r—|n

Ni(u,v) = —i Z / 7 Fra(n2r - m21) (7, n)u}(—‘gndr
i —nl?)
We consider the following formulation of the quadratic NLS (1.11):
ult) = Taful () € n(t)e S ug + N (u, w) + No(u,u) + N (u, ). (3.20)

3.3.1 Relevant estimates

In this subsection, we present some relevant estimates for proving our local well-posedness
result. We first show the following homogeneous linear estimate.

Lemma 3.3.1. Let s <0, b>f, and 0 < T < 1. Then, we have

[n(t)e~ 20|

Z;,b 577 H¢||HS(T2)7

Proof. By the definition of the Z;’b—norm in (3.4), Lemma 3.1.3, and Lemma A.4.1 with k = 0,
we have

In(t)e=**29|

2o < In(t)e=*)

2o S N®)e™ "2 xen Sy 11011 (r2),

as desired. O

We now take b = % and show the following bilinear estimate.
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Lemma 3.3.2. Let —% <s< —% and 0 < T < i, Then, we have

0
N30} % T
0
Wa(w, o)l .3 S T ||u||
T
0
N3 )5 % T°) %| Z;%

for some 6 > 0, where N1, Na, and N3 are as defined in (3.19).

Proof. The idea of the proof comes from [9]. As in the proof of Lemma 3.1.2, by working with
the extensions of u and v outside [—T, T, it suffices to show the following three estimates:

0
2 S, T

IV, 0]l .3 2lloll .z
N2 (w, ) .z Sn T° Y
N5 () ez g TOllul oz 0l e 2

for some 6 > 0.
To deal with the Nj term, by Lemma 3.1.3, the Taylor
Lemma 3.1.1, and Proposition 3.2.1, we obtain

IN(u, )] ez S V1w, 0)]] 2
— 1
Z o —itA Z /]—'z ¢ nQTu ngTv) (1,m)
k=1 nez?
x (1 — |n[*){r — [n)*" tdr
X3
< i i f w - v)(T n)Y(r — [n]?) (1t — [n|>)*dr
~~n Ll t,x 772T T
k=1
Syl = ) Fie (er@ - mar) (7 )| 2 11
k=1 """
S; ’ T — |n‘2>_1ft,m(772Tﬂ'772T@) (T, TL)| 5.3
<o TNl g 01

for some 6 > 0.

expansion, Lemma A.4.1,

2
L n

For the A5 term, using Lemma 3.1.3, Lemma A.4.1 with k& = 0, the fact that 1 — ¢ is

bounded by 1 and supported outside of [—

N2 (u, )] ez S IN2(u, 0)] 2
H emitA 37 i /]—“m o1 - 12r) (T, 1)
nez?
1—(r —|n|?
TR
<y 77/>5/]R]:t’x(772Tﬂ-772T§)(T, n)WdT .
S )™ (7 — )™ Foa (ner - 1220) (1.1) | 2 1
S = ) T P e (2@ - m2r) (71| 5002
S Tllull 5.2 [0l .2

for some 6 > 0.

For the N3 term, since 1 — 9 is bounded by 1 and supported outside of [—1,

o7

1,1], Lemma 3.1.1, and Proposition 3.2.1, we have

1], by the



monotonicity property (3.3) and Proposition 3.2.1, we have

R R I L
S H<T — [n?) "' Frw (21 - n2rD) 5.2
So Tllull .z 1011,
for some 6 > 0. Thus, we finish our proof. O

3.3.2 Local well-posedness

We now use the formulation (3.20) and the estimates in Subsection 3.3.1 to prove our local
well-posedness result. As mentioned in Subsection 1.2, we only focus on the case M = T2.

Welet 0 < T < § and fix —2 < s < —1. By (3.20), Lemma 3.3.1, and Lemma 3.3.2, we
have

3
[T [u]| o3 S [n(t)e™ S uq| 2t Z IV (s w)ll . 3
T =1 (3.21)
S llwoll s (r2) + Tl 3
T
for some 6 > 0. Similarly, we obtain the following difference estimate:
3
IPafe = Talell g £ 32 (NG w =)o+ ING (= w01 1)
j=1 T (3.22)
gn T9< 5,2> 5,2'
z;3 z3

Thus, by choosing T' = T'(||ug|| g+(12)) > 0 sufficiently small, we have that I'; is a contraction

on the ball B C Z*% of radius R ~ |t || g+ 72y This gives the existence part of Theorem 1.2.1
when M = T? and the uniqueness in the ball Br. Also, the continuous dependence of solutions
on the initial data follows easily from the formulation (3.20), Lemma 3.3.1, (3 21), and (3.22).

It remains to extend the umqueness of solutions to (1.6) to the entire Z 3—space We let u

and v be two solutions of (1.6) in ZT 3. Note that u and v satisfy the formulation (3.20) for
€ [-T,T]. For 0 < Ty < T, we use (3.22) to obtain
o3 Sn T (el oz +10llz)le—oll_.3

lu—wll .
To Ty TO T

s,

< T (lhull g + ol .z ) Ihu =]
T T

43
'3
T
Thus, by choosing
Ty =To(Jull . 3.3 >0
sufficiently small, we can use Lemma 3.1.2 to obtain
[ = vlle-m.mpme ) S -3 =0,
To
so that v = v on [-Tp,Tp]. Since Ty depends only on | ul 43 and ||v|| %, we can iterate

the above argument on [—T, —Tp] and [Ty, T]. This shows that u=wvon [ T T)] after a finite

2
number of iterations, and so the uniqueness of (1.6) on the entire Z % -space follows.
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Chapter 4

Probabilistic well-posedness of
quadratic NLS with random
initial data

In this chapter, we study probabilistic well-posedness of the quadratic NLS with nonlinearity |u|?
with Gaussian random initial data on the two-dimensional torus T2. Specifically, we prove
almost sure local well-posedness (Theorem 1.3.1) and probabilistic ill-posedness (Theorem 1.3.5)
of the quadratic NLS (1.16).

4.1 Random tensor and deterministic tensor estimates

In this section, we recall some useful results of random tensor estimates developed in [34] and
also show some deterministic tensor estimates.

Let us first recall the definition of (random) tensors. Let A be a finite index set. We denote
n4 as the tuple (n; : j € A). A tensor h = h,, is a function from (Z*)“ to C with n4 being
the input variables. The support of h is the set of n4 such that h,, # 0. Note that A may also
depend on w € €2, in which case h is called a random tensor.

Given a finite index set A, we define the norm || - ||, by

1
g 0l = B )
lls = W0llez, = > Nhaal®)

na€(Z2)A

For any partition (B,C) of A, i.e. BUC = A and BN C = &, we define the norm || - ||lnz—ne
by

2

Z hnA 'an

def
||h|iwc=sup{ 3 )3 fn32=1}-

For any tensor h, by duality, we have ||h]/n; sne = |Pllne—ng = ||Pllng—ne- If either B = @
or C =@, we have [|h||n;—ne = [|Pllna-

We also need the following definitions to state the random tensor estimates. For a complex
number a, we define a™ = @ and a~ = @. Let A be a finite index set. For each j € A, we
associate j with a sign (; € {£}. For ji, jo € A, we say that (n;,,n;,) is a pairing if n;, = n;,
and (;, = —(j,. Also, recall that {g,}nez2 is a set of independent standard complex-valued

Gaussian random variables. For each n € Z2, we can write

In(w) = pn(w)nn(w),

where p,, = |g,| and 1, = p,, g, are independent. Note that each 7, is uniformly distributed
on the unit circle of C.
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We now record the following random tensor estimate. For a proof, see [34, Proposition 4.14].

Lemma 4.1.1. Let 0 < T < 1. Let hayayns = Pajasns (W) be a random tensor, where each
nj € Z* and (a1,az) € (Z*)9 for some integer ¢ > 2. Given a dyadic number M > 1, we
assume that {a1), (a2) S M and (n;) S M for all j € A. We also assume that in the support
0f hajasn ., there is no pairing in na. Moreover, we assume that {ha,a,n, } s independent with

{Nn}nezz. Define the tensor
alaz Z ha1a2nA H 77
jeEA

Then, there exists constants C,c > 0 such that outside an exceptional set of probability <
Cexp(—%F5 MY with @ > 0, we have

[Hayasllas—as S T-M° . mfﬁi) HhHamA1 —azna,s

1,42
where (A1, Ag) runs over all partitions of A.
We also record the following variant of Lemma 4.1.1. For a proof, see [34, Proposition 4.15].
Lemma 4.1.2. Consider the same setting as in Lemma 4.1.1 with the following differences:
(1) We only restrict (nj) S M for all j € A but do not impose any condition on (a1) or (asz).

(2) We assume that a1,ay € Z* and that in the support of the random tensor ha,ayn, we have
lar — Cao| S M where ¢ € {£}.

(3) The random tensor ha ayn, only depends on ay — Caz, |ai|* — (las|?, and na, and is
supported in the set where ||a1|? — (|ag|?| < M.

Then, there exists constants C,c > 0 such that outside an exceptional set of probability <
Cexp(—% o ) with 8 > 0, we have

Hayasllay—an ST~ “M° . max Hh”al’ﬂAl*’aQ’ﬂAQ’
Ap,Az)

where (A1, As) runs over all partitions of A.

We now turn our attention to some deterministic tensor estimates. Given m € Z, we define

the base tensor hy;, .. as

hgmm = 1"*n1+n2:01|n\2—\n1|2+|n2\2:m1n¢01n2;é()~ (4.1)
We now show the following estimates regarding the base tensor A"

nning

Lemma 4.1.3. Let N, N1, Ny > 1 be dyadic numbers and € > 0. Let J be a ball of radius ~ N,
J1 be a ball of radius ~ N1, and Jo be a ball of radius ~ No. We define

S d—ef{(n ni,ng) € (Z*)® :n € Jyny € Ji,ng € Jo}.

Thus, we have the following estimates:

1 1
||hnn1n2 . 15”'“”1”2 S, ]\/vl2 N22 ma‘X{Nf7N§}7 (42)
1ins - 18 llny—nn, S max{N®, N3}, (4.3)
1 1
||hnn1n2 1s- 1”2750Hn2%7m1 Sz min {Njale }7 (44)
1 1
||hnn1n2 . 1S||n—)n1n2 S min {N127N22 } (45)

Proof. For (4.2), we use Lemma A.5.2 (i) to obtain

11
[ “15llnnyn, S Ni Ny max{N7, N5}.

nning
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For (4.3), we use Schur’s test and Lemma A.5.2 (ii) to obtain

1

2
||hnmn1n2 ' 1SHTL1—>7’L712 < (Sup Z hnmnlng ' 15) <Sup thlnlng ' 1S>

n n,n:
1 nng L.

[SIC

< max{N°®, N;}.

For (4.4), we use Schur’s test and Lemma A.5.2 (iii) to obtain

1

2
||h?n1n2 ! 15“”2‘”“11 < (Sup Z h?nlng ' 15) (Sup Z Zlnlng ! 1S>

n n,n
2 g ML

Nl

S/min{N%,Nl%}.

For (4.5), we use Schur’s test and Lemma A.5.2 (iv) to obtain

1 1
2 2
||h’?n1n2 ' 1S||TL—>’VL1"2 < (Sup § h’nmnlng ' 15) ( Sup E :hnmnlng ' 15)
n
n

ny,no ni,n2
11
1 2 2
< min {N?, N7 }.

We thus finish our proof. O

Remark 4.1.4. The conditions n # 0 and ny # 0 in the base tensor (4.1) are necessary for the
tensor estimates (4.4) and (4.5) to hold in view of the restriction ng # 0 in Lemma A.5.1 (iii)
and the restriction n # 0 in Lemma A.5.1 (iv).

4.2 Bilinear estimates

In this section, we establish several bilinear estimates that are crucial for proving Theorem 1.3.1,
the almost sure local well-posedness result of the quadratic NLS (1.16). Specifically, we need
to estimate the following term

JZOW) g
T

where 5,0 > 0 are sufficiently small and 0 < T < 1, and Z = Z, is the truncated Duhamel
operator as defined in (A.28) with y being a smooth cut-off function such that x =1 on [—1, 1]
and y = 0 outside of [—2,2]. Here, each of v and v is either an arbitrary space-time
function supported on [—1, 1] x T? or the random linear solution with a time cut-off x - z, where
z is as defined in (1.18).

We first consider the case when neither v™") nor v(® is x - z. Specifically, we show the
following bilinear estimate.

Proposition 4.2.1. Let s > 0, § > 0 be sufficiently small, and 0 < T < 1. Then, we have

[ZEDo PN s ST sl 0Py

Proof. By Lemma A.4.4 and Lemma A.4.2, we have

~

IGO0 | gos ST | gons ST Ly (40
T T

Xr

In the following, we work on extensions of ) and v(®) outside of [~T',T], we can ignore the
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subscript T for the X*®-norm. By duality and dyadic decomposition, we have

o5 g = [ [y eimmasl
ol 01 25 <11 /R T2
(4.7)
S sup / / * (P, vV Py, v®) Pyw dadt|.
el o1 25§1NN1 No>1 T2

dyadic

Let n1,n2,n be the frequencies corresponding to the three terms Pva(l), PN2’U(2), Pnw, respec-
tively. In order for the above integral on T? to be nonzero, we must have n; —ny —n = 0. This
leads us to the following three cases.

Case 1: N; ~ Ns.
In this case, we have N < N; ~ Ny. By Hoélder’s inequality and Lemma A.4.5, we have

‘ / / * (Py, v P, v®) Pyw davdt
’]1‘2

S N°|| Py 1)||L;1L§HPN2“(2)HL§L§ HPNw”LfLi

_ i+ s
S N[N Py |NF P01 Pl s (48
S NP 0| s 1 Pra 0Py s [ Py oo

<N0 ||v(1)|| 2+5Hv(2)||XSY%+5||w||XD,%725~

Combining (4.6), (4.7), (4.8) and summing over N; ~ Ny = N, we obtain the desired estimate.

Case 2: N1 > N,.

In this case, we have N ~ Nj > N;. We partition the annulus {|ni| ~ N1} into balls of radius
~ Ny and denote the set of these balls as 77, and we partition the annulus {|n| ~ N} into balls
of radius ~ Ny and denote the set of these balls as J. Note that for each fixed J, € Ji, the
product 1, (n1)-1;(n) is nonzero for at most O(1) many J € J, and we denote the set of these
J’s as J(J1). Thus, by Holder’s inequality, Lemma A.4.5, and the Cauchy-Schwarz inequality
in Ji, we have

‘/ / f)]\/'1 )PNQ’U(Q))PNwdl‘dt
T2

S YL Y NP, Py oW s 1Ph, 0P | papa | Py Pyl gz
JieJr JeT (J1)

S Z Z NfN20+||PJ1PN1v(1)”Xo,%ﬁHPNQU(Q)HXO,%M”PJPNw”Xo,%—za
J1€J1 JeT (J1)

S NPN ™[ Pyo)|
~ Ny~ || Py o™

(4.9)

2ol Py @

|PN2U

X0 % Xs‘%thSHPNw”XU,%—Qé

L+s HPNwHXo,%—z&

s 1P @

Combining (4.6), (4.7), (4.9), applying the Cauchy-Schwarz inequality in N1 ~ N, and summing
over N1 ~ N > Ny, we obtain the desired estimate.

Case 3: N; < Ns.
The steps in this case are the same as those in Case 2 by switching the roles of v(!) and v(®,
so that we omit details. O

We now consider the case when at least one of v and v(?) is the random linear solution with
a time cut-off x - z. Our goal is to prove the following estimates. The idea of the computations
in the proof comes from [117].

Proposition 4.2.2. Let 0 < o < % 5, 8,0 >0 be sufficiently small, and 0 <T < 1.
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(i) We have

|Poo(@0 XD e yes ST ol g (4.10)
T T

outside an exceptional set of probability < Cexp(—#%) with C,c > 0 being constants and
0<oki.

(ii) If v has mean zero (i.e. has no zeroth frequency term), we have

HP;éo (I(X Tz 6)) HXS,%‘F& S T6729HU||X.@,%+6 (4~11)
T T

(&

outside an exceptional set of probability < Cexp(—75) with C,c > 0 being constants and
0<0ki.

(iii) We have

[P2o(Z0x 2 XD ooges ST (4.12)
T

C

outside an exceptional set of probability < Cexp(—#%) with C,c > 0 being constants and
0<0<ki.

Proof. As in the proof of Proposition 4.2.1, we can drop the subscript T' for the X*°-norm.
We first do the following general setup. Let v and v® be two space-time functions. By
Lemma A.4.4, Lemma A.4.3, duality, and dyadic decomposition, we have

[P0 (Z (@) .

ST||Pao(Z ((”v(?))H A2

=710 1,20(n)*(T +26/K T, T)U(l)v(z)(T +\n|2 n)dr’

2 L2

=7° sup

i <
HwH[%L%,l

// K (7, ~[n? + (1 + [m]?) = (72 + [na]?))

nnl,n2622
ni—ns=n#0

— = _ (4.13)
X <T>%+261}(1)(T1 + [n1]?, n1)v@ (12 + |na|?, no)W (1, n) drdTidrs
ST sup S
1@llez n2 <1 N Ny No>1 gy ppez?
dyadic ni—no=n#0
< I Kl ) = (2 )
X F’N1 ( )(7'1 —+ |TL1| ,nl)PNQ”U@)(TQ —+ |7’L2| TLQ)PNU)(T TL) deTld’TQ s
where the kernel K given by Lemma A.4.3 satisfies
, 1
|K (7, 7)| < (4.14)

(=)
We now separately discuss (i), (ii), and (iii).
(i) We consider the following two cases.

Case 1: (1) > NJO.
In this case, by (4.14), the Cauchy-Schwarz inequalities in 71,7, and n, and Lemma A.5.4,
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we have

(4.13) <T°  sup > NN PRONNg e
1@l 22 <1 N, Ny N 21
dyadic
s [t = )+ ot sy
(”2 "‘N2<
X ‘PN1 v(11 + |n + nal?, n 4 ng) ||gn2 )X\(TQ)HPN’ZU(T, n)‘ drdradr (4.15)
_ 155
S Y NN sup g, (@)l (r) E B+ maPm) |
N,Ni,Np>1 no€Z? 1
dyadic (n2)~N2
S NINTENTPOT sup g, ()1 Pay 0l g
N,Ni,N>>1 na €27
dyadic (n2)~N2
Note that we have the following Gaussian tail bound:
N6
3" Plgn, > T7ONg) < Cexp ( - CW) (4.16)
n26Z2
(na2)~Ns

for some constants C,¢ > 0 and 0 < 6 < §, so that (4.15) gives

(413) 5 T—O Z NstsN;4+216+a|‘PN1U||

N,N1,N2>1
dyadic

(4.17)

Xs,%+5

outside an exceptional set of probability < Cexp(—cN3/T?). Recall that § and s can be made
sufficiently small and o < 1. If N > Ny, we have N ~ Ny, so that we can use N* ~ NO~ N5+
and sum up dyadic N, N1, Ny in (4.17) to obtain (4.10). If N < Ny, we have N1 ~ Na, so that
we can use N* < N°~ N5 and sum up dyadic N, Ny, Ny in (4.17) to obtain (4.10). If N ~ Ny,
we can use the Cauchy-Schwarz inequality in N ~ N; and sum up dyadic N, Ny, Ny > 1 in
(4.17) to obtain (4.10).

Case 2: (1) < NjY.
We further split this case into two subcases.
Subcase 2.1: N < Ns.

In this case, we have N1 < Ny. By the Cauchy-Schwarz inequalities in 7 and n, (4.14), and
Minkowski’s inequality, we have

(4.13) <T°  sup NSN30

1@l 22 <1 N, Ny N 21
dyadic

) e R I R R P

nnl,nZEZ2
ni1—ns=n#0

X P/N?)(Tl + |n1|2,n1)g7127@1§(72)m(7, n) drdridrs
(nz) (4.18)
§T5 Z NSNQ?’O‘S{/ —1=20 (Z//T—T1+T2+m>
N,Ny,Np>1 mez
dyadic

X (r) 75"

Z honansLs: - wﬁlﬁﬂ

ni,na€Z2

- 2 1172
XPNI’U(T1+|TL1|2,TL1) dTldTg) dT:| ,

n
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where A" is the base tensor as defined in (4.1) and S; is a set defined by

nning
def
Sl _Sl(N N17N2) (4 19)
= {(n,m1,n2) € (Z*)° : [n| ~ N, [n1] ~ Ny, |na| ~ No}.
Note that for (n,n1,ns9) restricted in S7, we have < N3 choices for the value
m = [n* = 1 [* + [naf?,
which implies that
Z(T—71+T2+m>_1 <log(1+ N2) < NJ. (4.20)

mEeZ

Thus, continuing with (4.18), by (4.20) and the Cauchy-Schwarz inequality in 71, we obtain

S Gnp (W) w)
Z hnn1n2 < >1 @

no €72

(413) S7° ) N°NgY

N,N;,N>>1
dyadic

1Py vl

n—sni

(4.21)

XS»%+5'

By Lemma 4.1.1, the Gaussian tail bound (4.16), and Lemma 4.1.3, we have

Z M 1 Iz (w)
4 &
< T 2 N IH2ota max{||hnn1n2151”nn2ﬁn17 Hh’g’nln2151‘|n*>nln2}

1425+a

n—sni

(4.22)

ST N,

outside an exceptional set of probability < C exp(—cNg /T?) for some universal constants C, ¢ >
0. Thus, combining (4.21) and (4.22), using the fact that o < %, N < No, Ny SNy, 6,5 >0
are sufficiently small, and summing over dyadic NV, N1, N2 > 1, we obtain the desired inequality
(4.10).

Subcase 2.2: N > Ns.

In this subcase, note that due to (4.14), we can assume that ((7+ |n|?) — (71 +|n1|?) + (72 +
In2)?)) < NJO, since otherwise we can conclude by using similar steps as in Case 1. Similarly,
we can assume that (r1) < N3% and also (r2) < N3%. Thus, we have |[n|* —|n1|? + |n2|?| < N3°,
so that ||n[? — |ny[?| < N3°.

We now perform an orthogonality argument. Note that we have N; ~ N > N, in this
subcase. We decompose the set {|n| ~ N} into balls of radius ~ Ny and denote the set of these
balls as 7, and we decompose the set {|ni| ~ Ny} into balls of radius ~ N3 and denote the set
of these balls as J;. Note that for each fixed J € J, the product 1;(n) - 1, (n1) is non-zero
for at most O(1) many J; € J1, and we denote the set of these Ji’s as Ji(J). Thus, by the
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Cauchy-Schwarz inequalities in 7 and n, (4.14), and Minkowski’s inequality, we have

(4.13) <T°  sup o> Y NeNg®

1@lle2 22 <L N Ny No>1T€T Jieq ()
dyadic

x‘ > // K (7, —[nf? + (71 + [n]?) = (72 + o)) (1) 7 °

n nl,n2622
ni—nz=n#0

On, (W) = =
<‘Zl;>(1_)a X(72)Pyw(T,n) drdrdr

§T6 sup Z Z Z N§N306HP1w|‘e2L2

11z L2 <1 N Ny Ny>1J€T Jiedi(J)
dyadlc

X [/ —1- 25(2//Tn+¢2+m> Ur) "2 0% ()

MEZL

>y Ins(W) | \1isp
hnnlng Sa * <n”2>17a <T1> 2+61:)J1U(7'1 + |’I’L1|277’l1)
ny,na€Z2 2

x Py v(m + |n1|2,n1)
(4.23)

2 112
dmy dTg) dT:| ,

n

where A" is the base tensor as defined in (4.1) and S5 is a set defined by

nning

def
Sy = 85(Na) = {(n,n1,n2) € (Z°)° : [n]* = [n1|* S N3°, [na| ~ N}

Note that for (n,n1,ns9) restricted in Sz, we have < N0 choices for the value
= [nf* = [na]? + [n2f?,
which implies that

d r—m+rt+m) ! Slog(l+ N;%) SN (4.24)
MEZL

Thus, continuing with (4.23), by (4.24) and the Cauchy-Schwarz inequalities in 7y, J, and
Ny ~ N, we obtain

1) ST s > 3 Y NPy,

1Dl 2 L2<1NN1 No>1JeJ J1eJi(J)

dyadlc
Jns (W)
> b iy I1Prvll oz4s
= nning 1 (ng)1—e - 1ol xs 3 (4.25)
s Z Z Gnz (W)
5 T hnn1n2 Sz * <n”2>17a HU”XS‘%‘F(S'
No>1 ! ppez2 2 n—n
dyadic

By Lemma 4.1.2, the Gaussian tail bound (4.16), and Lemma 4.1.3, we have

Z hnnmz ’ gnz(l"i)a
e (n2)

6 1)
< T 2 N 1420t maX{”hnn1n2152”nn2—>n17 ||hnn1n2152Hn—>n1n2}

—20 1+25+a
ST Ny

n—sni

(4.26)

outside an exceptional set of probability < C exp(—cNg /T?) for some universal constants C, ¢ >
0. Thus, combining (4.25) and (4.26), using the fact that o < % and d,s > 0 are sufficiently
small, and summing over dyadic No > 1, we obtain the desired inequality (4.10).

(ii) This part follows similarly from part (i), so that we will be brief here. Using similar steps
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as in Case 1 of part (i), we can assume that (7) < N{°.
When N < Ny, we use the Cauchy-Schwarz inequalities in 7 and n, (4.14), and Minkowski’s

inequality to obtain
(4.13) <T1° Z N®N31 [/ —1- 25( Z // ) E55(m)

N,Ni,No>1 mez
dyadic (427)
9 (@) |\ 1isE 2 ke
Z hning 1s 'W<ﬁ>2 Prn,v(12 + 2], n2)|| dmidrs | dr|
ny,no€7Z2 1 n

where " is the base tensor as defined in (4.1) and S3 is a set defined by

nning

Sy 4! S3(N, N1, Na)

={(n,n1,n9) € (Z*)? :ny #0, |n| ~ N,|ni| ~ Ny, |n2| ~ Na}.

Then, by (4.27), the Cauchy-Schwarz inequality in 75, Lemma 4.1.1, the Gaussian tail bound,
and Lemma 4.1.3, we obtain

5 5 In, (W)
(413) 5 T Z NSNSl Z hnnlnz Ss <nn1>1,a ||PN2U||XS,%+5
N,N1,N»>1 n, €72 1 n—no
dyadic

S T5720 Z NSN 1880t max{”hnnm 153||7L711—>7L27 thnlnzlss‘lﬂ—ﬂllﬂa}
N,Ni,N>>1
dyadic
< 6—20 Z NSN—%+335+a
~ 1

N,N1,N2>1
dyadic

outside an exceptional set of probability < C exp(—cN{ /T?) for some universal constants C, ¢ >
0. Thus, since a < 5, N < N1, No < Ny, and 4,5 > 0 are sufficiently small, we can sum over
dyadic N, Ny, Ny > 1 to obtam the desired inequality (4.11).

When N > Ny, as in Subcase 2.2 in part (i), we can assume that (7 + |n|?) — (11 + |n1]?) +
(12 + [n2]?)) < N0, (m) < N2 and () < Ni°, so that |n|? + |na|? < Ni°. We perform an
orthogonality argument as in Subcase 2.2 in part (i) to decompose {|n| ~ N} into a set of balls
(denoted as J) of radius ~ Ny and decompose {|na| ~ N2} into a set of balls (denoted as J»)
of radius ~ N;. For each J € J, 1;(n) - 15,(n2) is non-zero for at most O(1) many Jo € Ja,
and we denote the set of these Jy’s as Jo(J). By the Cauchy-Schwarz inequalities in 7 and n,
(4.14), Minkowski’s inequality, and the Cauchy-Schwarz inequalities in 75, J, and Ny ~ N, we
have

(4.13) ST°  sup Z Z Z NSNSO(SHPJ“JHPL?
1®lle2 22 <1 N Ny No>1JT€T Joedo(J)

dyadic
>< [/ (S [l m ) )
mezZ
— 2 q1/2 (4.28)
1 w 1 —
Z hoin, 1 4'W<Tl>é+5PJ2U(T2+|n2|2,n2) dT1d7'2) dT]
ni1,n2€Z2 ! n
0 gnl(w)
ST Z Z hiining 1s 'W ||U||st%+5’
N1>1 " n;€z? n—mn2
dyadic

where A" is the base tensor as defined in (4.1) and Sy is a set defined by

nning

def
Sy = Sa(N1) = {(n,n1,n2) € (Z°)® :ny # 0, n|* + n2|* < N{°, Ina| ~ N1}
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By Lemma 4.1.2, the Gaussian tail bound, and Lemma 4.1.3, we have

oyt (n1)

0 é
< T 2 N 2ot maX{”hnn1n2154”nn1—>n2v ||hnn1n2154Hn—>n1n2}

—20 1+25+a
ST N,

n—rng

(4.29)

outside an exceptional set of probability < C exp(—cN? /T?) for some universal constants C, ¢ >
0. Thus, since & < % and 6, s > 0 are sufficiently small, we can combine (4.28) and (4.29) and
sum over dyadic ny > 1 to obtain the desired inequality (4.11).

(iii) We consider the following two cases.

Case 1: (1) > N{ONjY.

In this case, by (4.14) and Lemma A.5.4, we have

(413) S_, T§ sup Z NSN 5+205N 5+20§N2N2N 1+(¥N 1+«
Ilez 2 <1 NNy No>1
dyadic

|PNw T,n1 — ng)f

X sup  sup |gn, (w)||gn, (w I/ dr

n1622 TLQEZ
(n1)~N1 (n2)~Na

S ) NSNpEPRORaNARRe qupsup g, (w)]lgn, (w)]-

N,Ni,Na>1 n1€Z%  no€Z?
dyadic (n1)~N1 (n2)~N2

(T4 In1 —n2f?> = [na > + [n2]?)

By using the following Gaussian tail bounds:

8
S P(lga| > TONY) <CeXp(—c%) (4.30)
n1622
(n1)~N1
o N3
S Pllgnl>T N2)<Cexp(—cﬁ) (4.31)
n2622
(n2)~Na

we obtain
(4.13) < 1°-° Z N N H210a a4 210 ta

N,N1,Nx>1
dyadic

outside an exceptional set of probability < Cexp(—cN7 /T%)+ C exp(—cN3/T?). Note that we
have either N < Ny or N < Ny. Thus, since a < % and d, s > 0 are sufficiently small, we can
sum over dyadic N, N1, N2 > 1 to obtain (4.12).

Case 2: (1) < N{ONJO.

In this case, by the Cauchy-Schwarz inequalities in 7 and n, (4.14), and Minkowski’s in-
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equality, we have

(4.13) <T°  sup NN N300

I19llez 12 <1 N Ny Np>1
dyadic

T // K(r,—|nf2 + (11 + [na[?) = (72 + naf?)) (7) 370

n,ni, no€Z?
ni1—na=n#0

Iny (UJ) /\(7_ ) %(w)

7(7’2).?]\]71)(7’, n) drdridrs

X X\(71 X
n et n l-«
(n1) (n2) (4.32)
ST(s Z NSN§06N2306|:/<7—>126
N,N1,N2>1
dyadic
(Z//T—ﬁ+m+m> LX)
meZ

S a1 I Tal)

2 1/2
()= (o)L d71d72> d’T:| ,

ny,ns€Z2 n

where h]" . is the base tensor as defined in (4.1) and S; is as defined in (4.19). Note that for

nning
(n,n1,nz) restricted in Sy, we have < max{NZ, N3} choices for the value

m = nf* —[m|? + |na?,
which implies that

Y (r—mi+m+m)! Slog(l+ NPN3) < NJNS. (4.33)
meZ

Thus, continuing with (4.32), by (4.33), Lemma 4.1.1, the Gaussian tail bounds (4.30) and
(4.31), and Lemma 4.1.3, we have

(413) ST > NNPUNGY
N,N1,N2>1
dyadic
6—20 s 14336+« 1+336+«a
ST > NNy Ny [T T -

N,N1,N>>1
dyadic

1 _1
5 T8-260 Z NSNl— 2+346+(1N2 5+340+a

N,N1,N2>1
dyadic

) gm( ) na (w)
Z hnnan > >1 «

n1,n2 €72 < <

outside an exceptional set of probability < Cexp(—cN{N$/T?) for some universal constants
C,c > 0. Note that we have either N < Ny or N < Np. Thus, since a < 3 and 6,s > 0 are
sufficiently small, we can sum over dyadic N, N1, N3 > 1 to obtain the desired inequality (4.12).

O

Remark 4.2.3. The frequency projectors Pq in all bilinear estimates in Proposition 4.2.2 are
necessary in our approach. For (4.10) and (4.11), we need to avoid the zeroth frequencies in
view of the condition n # 0 in the base tensor (4.1); see also Remark 4.1.4.

Moreover, for (4.11), the assumption that that v has mean zero is important for the desired
bilinear estimate to hold. If we do not have this assumption, we can let v be a non-zero constant,
so that the left-hand-side of (4.11) essentially becomes ||Z(x- z)|| -4 1,5, which is equal to infinity

almost surely for « > 0 and s > 0.
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4.3 Almost sure local well-posedness

In this section, we prove Theorem 1.3.1, the almost sure local well-posedness result of the
quadratic NLS (1.16). We fix 0 < a < % throughout this section.
We recall from (1.19) the following first order expansion:

u==z-+u.

Here, z is the random linear solution as in (1.18) and v is the remainder term that satisfies
(1.20), which we can write in the following Duhamel formulation:

o(t) =T)(t) & —iI(z o2 — 7[ |z + v|2> (1), (4.34)

where 0 < ¢ <1 and 7 is the Duhamel operator as defined in (A.28). We note from (4.34) that
v has mean zero (i.e. has no zeroth frequency term). Our goal is to show that T" is a contraction
map on a ball of the space X;’b C C([-T,T); H*(T?)) for some s > 0 and b >  outside an
exceptional set of exponentially small probability.

Let s,0 > 0 be sufficiently small. By the definition of X;’b—norm, (4.34), Proposition 4.2.1,
and Proposition 4.2.2, we have that for every 0 < T <1,

HF[U]HX;%” < HP¢0 (Z(Ix-=z+v*) HX;%“'

<|Z(P) oges + [P0 (Z (0 - X2)) [ oot
T

e
+[[P2o(Z0¢- 2 DD eops + [1Po(Z (- 2P)) | o gvs
T T

I

6—0 2
ST (00 sy 0l o gos +1).

outside an exceptional set of probability < Cexp(—7) with C,c > 0 being constants and
0 < # < 6. Similarly, we obtain the following difference estimate outside an exceptional set of
probability < Cexp(—7%):

5
Iter] = Tloalll e yos S TENon = wall s (Horll s + 2]l yas +1).
T T T T

Therefore, for a fixed R > 0, by choosing T' = T(R) > 0 sufficiently small, we obtain that I'

is a contraction on the ball B C X;’EH of radius R outside an exceptional set of probability
< Cexp(—#%). This finishes the proof of Theorem 1.3.1.

4.4 Probabilistic ill-posedness

In this section, we prove Theorem 1.3.5, the non-convergence of the Picard second iterate z](\?)

as defined in (1.25).

We fix n # 0, t # 0, and o > 3. Let us first show that 1imN_>OOIE[|fwz](\?)(t,n)|2] =o00. A
direct computation yields

t J—
F, 2) (4 :/ i(t—t")|n|? it’ |n+k|2—it’ k| In+k(W)Tk (W) dt'
2y’ (tn) 0 € Z ¢ (n+ k)l-a(k)l-a

kcz?
0<|k|<N
0<|n+k|<N
_ 2itn-k (435)
_ Z gn+k(w)gk(w) ez‘tlnI2 !
(n+ k)Ll (k)l-« 2in -k
kez?
0<\%|SN
0<|n+k|<N
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By independence, we can compute that

@) _ 1 2sin(tn - k)2
E[|Fezy’ (tn)?] = Z (n+ k)2 20(k)22a | k2 (4.36)
kez?
0<|k|<N
0<|n+k|<N

We focus on the case when n-k = 0, so that (4.36) is bounded from below (up to some constant
depending only on n and t) by

Z 1
W. (4.37)
kez?
n-k=0
0<|k|<N

We write n = (n!,n?). Note that if either n! = O or n? = 0, then we can easily see that (4.37)
diverges as N — oo when o > 3. If n' # 0 and n? # 0, we note that all k’s that satisfy n-k = 0
are of the form k = ak’, Where a € Z and

2 1

b n n
W= ( ged(nt, n?)’ gcd(nlmz))'

Thus, (4.37) is bounded from below by

Z 1
|a| = 4e (k)A—4a”

a€Z
0<|a|<N/|K'|

which increases to infinity as N — oo when a > % This shows that
(| F, 28 (t,n)?] — oo (4.38)

as N — oo.
We now show that for any sequence {Ny}een, the sequence of random variables
{}}zj(\?[) (t,n)}een is not tight. Assume for the sake of contradiction that {F, 2532 (t,n)}een is

tight. Using the explicit formula of }—121(\?@) (t,n) in (4.35), we can write F, 2 )( t,n) = X, +1Yp,
where Xy, Y, € H<o are real-valued. Here, we recall that the space H<s is as deﬁned in (A.29).
By Lemma A.6.1, we have

B{17uef) ] < B B[y
< 3E[1X,%)* + 3E[|V2]* (4:39)
< 3VIE[|Fo2@ (t,m)[2]*.

By the Paley-Zygmund inequality and (4.39), we have

F. (2) (4 F, @)t w1212 1
p( e > HE OO LEWP AL 1 o
2 LE[Fy, )] 1296
By tightness, we know that there exists a constant A > 0 such that for all £ € N,
1

Due to (4.40) and (4.41), we must have E[|F, z(z)(t n)[?] < 2A?% for all £ € N, which is a

contradiction to (4.38). Therefore, the sequence {F,z Nz) (t,n)}een is not tight. This finishes the
proof of Theorem 1.3.5.
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Remark 4.4.1. In the proof above, although we only considered the case when n - k = 0, we
point out that the range o > % for the divergence of E[|]—"mz](3)(t, n)\z] is sharp. More precisely,
suppose that we have a < 3. Note that the right-hand-side of (4.36) converges as N — oo if
and only if the following integral converges:

1 sin(tn - z)?
/{mER2:|x§N} (z)yd—4  |n-x|? dr. (4.42)

By using a change of variable, we note that the convergence of (4.42) is equivalent to the
convergence of the following term:

/N /N 1 sin(tyl)zd 4
— Y1ay2,
o Jo U+l +y22)272 [yf?

which can easily be seen to converge when o < %.
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Chapter 5

Global well-posedness of the
dispersive Anderson model

In this chapter, we study global well-posedness of the dispersive Anderson model (1.27). Specif-
ically, we prove Theorem 1.4.1 and Theorem 1.4.2, global well-posedness of the equation (1.32)
for v, and global well-posedness of the equation (1.30) for v, respectively.

5.1 Bounds for stochastic terms

In this section, we prove some useful bounds for stochastic terms mentioned in Section 1.4.
These estimates hold almost surely, and so improve some results from [57] and [29], where
similar estimates were given in terms of moments.

5.1.1 Estimates in classical spaces
Let us first show some estimates in classical spaces.

1

5, we have

Proposition 5.1.1. For0<d<1,2<r <oo withdr >2, and 0 <e <

IVYe]

RN\ AL

L, < Cw)|loge] (5.1)

for almost sure w € . Moreover, for 0 < a <1,6 >0, 3€R, 0<¢e <1, and p € C*(R?),
there exists 0 < k < 1 such that

IYe = Yllea, +llp* & —px&lles < Clw)e” (5.2)
for almost sure w € €.

To prove Proposition 5.1.1, we shall use the following result; see [62, Proposition 3.1] and
[116, Proposition 2.3].

Lemma 5.1.2. Let (X, | - ||x) be a separable Banach space and {n,}nen be a sequence of X -
valued random variables. Assume that there exists a sequence {0y }nen of real numbers such
that for all f € X*,

]E(<77m f>2) § 0—121”]0“%(*3

Then, we have

E(sup Innllx ) < supE([nnx) +3p(0n),
neN neN
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where

p(o,) = inf {5 >0: Z o025 2 exp(—271 (80, 1)?) < 1}.

neN
Remark 5.1.3. As recalled in [116], if 0,, < o™ then p(o,) ~ y/log(l — a)~ 1.
We also need the following result, which is an immediate consequence of [29, Lemma 2.5].
Lemma 5.1.4. Let 0 < a <1 and d > 0. Then, we have
Yllea, + l€llce-2 < Clw) (5.3)
for almost sure w € Q.
Proof of Proposition 5.1.1. Let us first show that

E(|VY | _ ) <oo, (5.4)

whose proof is a generalization of [116, Theorem 3.4]. Let N2K(N-) be the kernel corresponding
to the Littlewood-Paley projection Apn. We know that Ax&(z) is a Gaussian random random
variable for any fixed = € R?, so that

B(1AxelE:,) = [ B(ANE@N ) @) " ds

r
2

<0 [ (B(axe@))" o)

for some constant C' > 0. Moreover, we have
E(|ane@)*) = N'E[(¢, K(N(z )] = NIK(N(z =)l = N*| K3

and hence

E(|An¢|

provided that dr > 2. Also, for any f € Lg/ with % + % =1, we have

Lr,) <CN (5.5)

]E(<AN£7 f>2) = E((ga ANf)Q)
= N*|K(N-) = fz-

4 N 2 5.6
< NYEWN)IP 2, 1515 (5.6)
2(r—2)
<CONTTOISIE,

By using the fact that L§ = (L” 5)*, (5.5), and (5.6), we can apply Lemma 5.1.2, where we
take X = L" 5, nn = N71'ANE on = N—7. Hence, we obtain

Bllels: ) =5 sw N axeler, ) sCreaNHsC Ga)
dyadic
where we used Remark 5.1.3 in the last inequality. The estimate (5.4) then follows from (5.7).

Next, we claim that

lpe * VY [0, ;< llpell s (5.8)

,2,—8 1,2,8

1Y g0 _

=5
Once this estimate is established, by combining (5.4) with Lemma A.3.6, we can obtain

IVYellir, < Clw)lloge]
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and also
|| VYe 2 |7, < Cw)|logel

since : |[VY.|? := VY2 — ¢, with ¢ ~ |loge|. Hence, (5.1) follows from (5.8), which we now
prove as follows. By using (A% + AN + Agn)Ax = Ay for any dyadic N > 1, we have

loe ¥ VY30, = D I1AN(p- * VY)|ir

)
N>1
dyadic

S D Ampe x AN(VY)|r,

N2>1 M=4 N2N
dyadic

S D > 1A IANVY |12
N>1 M=X N2N
dyadic 2

S lleellze, VY I3

where we have used the inequality (z) ™! < 2(y)(z —y)~!. Thus, (5.8) follows.
We now consider (5.2). The bound

lo* & —pxéles. < Clw)e”

follows by combining Lemma A.3.8 with Lemma A.3.5 and (5.3). Also, by Lemma A.3.8 and
(5.3), we obtain

[Ye = Yllea, < C(w)e”,
which then gives (5.2). O
We now establish the following uniform bound and convergence result for ¥+ for any a € R.
Proposition 5.1.5. For0 < a <1, >0, and a € R, we have

sup [|e®*lea, < C(w) (5.9)
c€(0,1)

for almost sure w € Q. Moreover, there exists 0 < k < 1 such that
e — Y |, < Clw)e” (5.10)
for almost sure w € €.
To prove Proposition 5.1.5, we shall use the following lemma (see [29, Corollary 2.6]).
Lemma 5.1.6. Forany0 < a <1, a €R, and § >0, we have
e fles, < Cw)
for almost sure w € Q.

We also need the following result (see [29, Lemma 2.3] and [1, Lemma 5.3]). Below we shall
use the functions y, € C(R?) with k € N, supp xx C [~k — 1,k + 1], and xx = 1 on [k, k],

Lemma 5.1.7. For a < 1, there exist A\, \' > 0 such that

» E(ep(Ahglign-2))

kEN EX =

We are now ready to prove Proposition 5.1.5.
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Proof of Prop. 5.1.5. We first establish the uniform bound (5.9), whose proof is similar to that
of [29, Corollary 2.6]. For every k € N, we have

1Yellca((—kk12) = lpe * Y llca((—k k12
<Y lleo((=k—1,k+1)2)
S G * xrr2€llca
S HXk-i—2§||Ca*2

(5.11)

uniformly in 0 < € < 1, where in the second inequality we used Y = G % £ and the fact that G
is supported on {|z| < 1}, and in the last inequality we used a Schauder estimate (see [106]).
We also note that

[l llea ((—k.x12) < sup exp(ClalllYelleo (-r.p2)
k? keN k?

le®*lca, < sup (5.12)
keN

Thus, for p > 1 large enough, by (5.12), (5.11), and Lemma 5.1.7, we get

exp(Clal||Yzl|ca (- P
E( sup e[ ) §E< . sup SPCIellesn) )
€€(0,1) -4 e€(0,1) keEN A
) P
§E< sup exp(C|a\HXl;+2f||ca—z) )
keN k

& E(exp(pClall i ex )

N

kP
k=1
R e I )
k=1
< 00,

where in the last step we used exp(pCla|z) < Cexp(Az?) and we picked p large enough such
that dp > 2 + A. The bound (5.9) then follows.
To prove (5.10), by (5.2), (5.9), and Lemma 5.1.6, we get
e = e llpm, S IV = Yliow, (el + e 1=, ) < Cw)e",
2 2 2

which is the desired estimate. O

5.1.2 Estimates in spaces at negative regularity

In this subsection, we aim to prove the following convergence result in negative regularity.
Proposition 5.1.8. For0<a<1,6>0, and 0 <e < %, there exists 0 < k < 1 such that

IVYe — VYHcfgl VY = VY Hcfgl < Cw)e” (5.13)
for almost sure w € Q). Moreover, we have

Hﬁﬁ?: - ;|/v§//|2:H < Clw)e” (5.14)

cogt
for almost sure w € 1, where : |§}\/€/|2 and : |V/§;|/2: are defined in (1.33) and (1.31), respectively.

To prove Proposition 5.1.8, we need the following result which follows from [57] and [29,
Lemma 2.7].

76



Lemma 5.1.9. For any 0 < a <1 and é > 0, we have the bound

[¥lles, + VY lgns + VY P lens < C(w)
for almost sure w € €.

We are now ready to prove Proposition 5.1.8.

Proof of Proposition 5.1.8. The estimate ||VY. — VY”cigl < C(w)e" follows by combining
Lemma A.3.8 with ”VYHcfgl < C(w) (by Lemma 5.1.9). Also, the estimate (5.14) follows
immediately from (5.13) and (5.2)

Hence, we focus on the proof of || :|[VY|?: — :|[VY|?: ||Cc_xg1 < C(w)e”. The argument is a

little more complicated since Wick products cannot be estimated pathwise. It is shown in [57]
that there exists kg > 0 such that for all £k > 1 we have:

IE(|| (VYL — | VY2 Hﬁﬁgl) < ghro, (5.15)

By (1.34) and Young’s convolution inequality, we have that for any 0 < ¢ < n < % and
1<g<oo,

jc= =l < e = ) VGl (llp= # VG2 + llog = VGl (5.16)

1
S logel|2|pe — pyllLa,

where we used VG € LP for any p € (1,2) and the fact that ||p. * VG||3, = c. ~ |loge| as
€ — 0. On the other hand, we have for any 0 < e <7 < % and ¢ > 1,

lpe = pylla S e+ — . (5.17)
Combining (5.16) and (5.17), we obtain
lee = cal S =) (5.18)

for some v > 1. Moreover, by Lemma A.2.4 and the estimate VG * fllcs < C||f
s, it € R (see [57]), we obtain that for 1 —a < <1 and p > 52~

2—a?

it for any

VYl = VYo

SIVY: = VYoot (IVellgn | + V%o )
-2 T2 T2
(5.19)
Sl = Eallere (1¥ellgnss + [¥allgnss
T2 -2 -2

Slé = &llze , (I¥ellgrss + 1¥alles )
T2 2 T2

where we used L” ; C C*;? for p > % in the last inequality. In fact, this embedding comes
2 2
from the following estimate by (A.1) and the Sobolev embedding:
_ _s o _s
sup N [An((2) "2 )|z < sup N 2NAN(2) =2 Hllwe-er S Ifller -

N>1 >
dyadic dyadic

2

Then, by the Gaussian hypercontractivity, Minkowski’s integral inequality, and (5.17), we have
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that for & > p,

3|3

Bl -6lt, ) < ([ @ ¥ (6w - gl o)

2

S

S ( /R (@) ¥E (lee(2) - &(@)P) dac)le (5.20)

= |lpe — pn”I/Ii2
Se e —nlt.

Then, by (5.19), (5.20), and Lemma A.3.7, the Cauchy-Schwarz inequality, and Lemma 5.1.9,
we have that for any k large enough,

E (VY = VY2l ) S e~ @H+Ok ) — i, (5:21)

By (5.21), (5.18) and (1.34), we obtain
B[Vl = V¥ s ) S a7 CHP4OMe — g, (5.22)

On the other hand, by (5.15), we have
E(I1: VY2 =0V ) S ot (5.23)

We now consider the following several cases.

Case 1: 2¢ < 7. Then, we have 1 < 2|e — 7|, so that by (5.23), we obtain

kx
E (H VY2 — :VYUQ: ||§a,1) < e —nlkRo < e — 77|42+no+0ﬁ+4.
-5

Case 2: e <n <2 ande<|e—1)| RoTERAC Then, again by (5.23), we obtain

kk
E (H :VYE: - :VY772: ||§a,1) < ghro <le— 77|no+2+oﬁ+c,
-5

Case 3: e <y <2cande>le— 77|”0+271+‘*+< In this case, we use (5.22) to obtain
E (II VY2 — VY2 Hgigl) < e @HBOR| _ ik < |0 _ p| T
Summarizing the above cases, we obtain that for any 0 < e <n < %7
E (H VY2 — VY2 ||§igl) < Cle — | FotmTe.

It remains to choose k large enough so that L e >1 and we can invoke the Kolmogorov

2+rKo+p+
continuity criterion (see [27, Theorem 3.3]) to deduce that £ +—:|VY.|?: from [0,1] to C*5*

is almost surely Holder continuous of exponent less than 5 f};o — % on [0,1]. This finishes the

proof of Proposition 5.1.8. O

5.2 Linear estimates

In this section, we study an abstract linear equation and prove some useful linear estimates.
We introduce the propagator S4 v (t) of the equation

10w = Aw — 2VA - Vw + Vw. (5.24)
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We also denote for simplicity

Hiy=A—2VA-V+V. (5.25)

In the following, we assume that for all § > 0, there exists C' > 0 such that for any ¢ € H 6% ,
[(z)0eF4 |~ < C (5.26)

and

’/ V|g0\2e_2Adx
RQ

By using the assumption (5.26) and (A.1), we have for any ¢ > 0,

< Cllgll - (5.27)
HS

lull gz, < Aue™ g2 + fue™* 2 < llull g2 (5.28)
One can easily check that any solution to (5.24) satisfies the following conservation laws:
d 2 —24
— lw(t)|?e™* dx =0 (5.29)
dt Jge

and
d
il (|Vw(t)\26—% - V|w(t)|26_2’4>dx = 0. (5.30)

We also define the following quantity for any 6 > 0 and 2 < r < oc:

(A V)5, = )0V Ae™ 4|1 + [[(2) "2V A2V 5 + (@)~ Ve |
+ (@) e P oo 4 ||(2) OV PERA L,
+[[(2) OV Aem A L 4 | (@) 0PI e (5.31)
+ [[(2) OV Ae PO Lo 4 (@) 0P e
+ |[{2) 0V Ae P4 L.

LT

5.2.1 Linear energy estimates

In this subsection, we first prove some weighted L? estimates for the linear propagator S v (t)
associated with (5.24).

Proposition 5.2.1. Let A and V satisfy (5.26) and (5.27).
(i) For any 6 > 0, we have

1Sav®ellrerz, S llellez- (5.32)

it) For any T >0 and 0 < § < 6% satisfying & + 20% < 1, we have
2
||SA,V(t)“P||L;°L§ S ||<PHH51+- (5.33)
(iii) For any T >0,0<s <1, and 0 < § < §* satisfying § + 90" < 4s, we have

1S4y Ollzzrs < Clielasy - (5.34)

we have

(iv) For any T > 0,2 <r < oo, and 0 < § < & satisfying § + 267 < 325,

ISav@®ellrgmz, < P(I(A, V)|5,T)H90HH(2 (5.35)

)
3r42
r—2 st
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where we recall from Section A.1 that P(ai,...,a,) is a polynomial function depending on
A1y...,0p.

Proof. For simplicity, we denote w(t) = Sa v (t)e.
(i) The conservation of mass (5.29) along with (5.26) imply (5.32).

(ii) To prove (5.33), we need to use both conservation laws (5.29) and (5.30). By integration in
time, (5.27), interpolation (Lemma A.2.1), and (5.26), we have

le™w(®)Z2 + lle™*Vw(®)|7-

< lle™w(0)[12: + lle™*Vw(0) |22 + w(0)|*  + [lw(®)]® 4
H5 H5
1 1
S w1, + lw®l 2 lw®)lla -
b1 2
By using (5.26) again, we obtain the bound
lw@la, S NwO)la:, + llw@®)llz:- (5.36)

2
Next, by letting § € (6,6%) and following the proof of [29, Lemma 3.1], we obtain

d
dt Jge

— 2Re /R @0t ds

()% |w(t)[Pe2A

=2Im [ (2)®(Aw(t) — 2Vw(t) - VA)w(t)e 2Ada (5.37)
]RZ

=—2Im [ V{(2)* - Vwt)w(t)e > da
R?

256—1 —2A
< [V ulele e

~

By integration in time, (5.26), and the Cauchy-Schwartz inequality, we have

t
lw()e™ |72 < llw(0)e™ 72 + C/ Vw2, Nw(t)pzdt
0 (5.38)

t t
<o)y + 0 [ IVu(Eli o +C [ el

for some constant C > 0, where we used the condition g + 257 < 1 in order to guarantee
(x)2°-1 < <x>_% By inserting in (5.38) the estimate (5.36) and using (5.26) again, we deduce

t
le(®)l3; < COU+T)[w ), +C / o (t') |2 ',

and so we can conclude (5.33) using Gronwall’s inequality.

(iii) To prove (5.34), we let n, u > 0 be such that

sn—(L=s)p=90, n=_+"—F (5.39)

Then, for any 0 < ¢ < T, we use interpolation (Lemma A.2.1) and (5.32) to obtain

1Sav®ellz < Y I1SavB)Anell

N>1
dyadic
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S > 1S,y OANlL2 1Sy AN

N>1
dyadic

< Y ISav®Aveliallavel:®.
N>1 s
dyadic

In view of the conditions § + 95" < 4s and 6T > 4§, by (5.33), we continue the estimate above
as

1—
ISav el S Y IIANwll%;illszwlle;

N>1
dyadic
s ; 1—
S Y MlAwelis 1Avel S Heles -
N>1 s s B
dyadic

where we used Lemma A.3.1 and Lemma A.3.3.

(iv) We postpone the proof of (5.35) to Section 5.4 since the proof uses a special case of modified
energies. However, we emphasize that the tools from modified energies that are needed to prove
(5.35) follow from direct computations and elementary elements (such as Hélder’s inequality).
In particular, these tools do not rely on any estimates in Subsection 5.2.2 and Section 5.3. [

5.2.2 Linear Strichartz estimates

In this subsection, we show some linear Strichartz estimates for the linear propagator Sy4 v (t)
associated with (5.24). For this purpose, we will need the following norm for any ¢ > 0 and
1<k <o

1AVl = IV le + IV Al . (5.40)
We first prove some useful lemmas.

Lemma 5.2.2. Let 0 < s <1 and § > 0. Let A and V satisfy (5.26) and (5.27). Then, we
have

[(Hav = Aullzz S (A V)52 l[ull s

_2
Proof. For any 0 < s < 1 and § > 0, by using the embedding Hy C L;~* (Lemma A.2.2), the
commutator bound (A.2), and (A.1), we have

ol -

IVu- VAl < [VA]| 2 [IVull 20 SIVA] 2
-5 L L—S

1
s
Similarly, we have

Vullez STV 2 llullzg,
Zs
which finishes the proof. O

Lemma 5.2.3. Let T >0 and 4 <r < co. Let A and V satisfy (5.26) and (5.27). Then, there
exists 6 > 0 such that for any 0 < § < §, we have

1Sav@ellpgmes  <PAV]s) el

VE(1-6) .
sttt

H4\/§

Proof. By Proposition 5.2.1 (iii) with s = v/, we know that there exists § > 0 such that for
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0 < d < 0, we have
1S OellLz s, S el ve- (5.41)
From Proposition 5.2.1 (iv) and the assumption r > 4, we have
1SavOellLeemz, < P(A,V)sr) ol 2, (5.42)

Next, we note that by interpolation (Lemma A.2.1), (5.41), and (5.42), we obtain

||SA,V(t)<PHLgsH};+(5 5 < Z |SA V( )ANSO||LooH1+6
5(1-3

N>1 $(1-30)
dyadic
1-5 148
2 2
< Z HSA,V(t)ANQDHL%oLgé ||SA7V(t)AN(pHL39H36
N>1
dyadic
<PAV)]sr) > ||AN<P||Hr||AN80||H2
N>1 s
dyadic
U541+
PAV)s) S N N
N>1
dyadic
The desired estimate then follows from Lemma A.3.1. O

Lemma 5.2.4. LetT >0 and 4 <17 < oco. Let A and V satisfy (5.26) and (5.27). Then, there
exists 6 > 0 such that for any 0 < 6 < §, we have

14 (16l ey < P(IA Vs )llell g5,
Vit

Proof. By interpolation (Lemma A.2.1), Proposition 5.2.1 (iv), Proposition 5.2.1 (iii) with § > 0
sufficiently small, we have

1Sav®el,z < 3 I1SavOANel 3

N>1
dyadlc
S ISav(t )AN<p||LxH2 [Sa,v(t )ANSOHLooLz
N>1
dyadic
<P(I(AV)se) > ||AN<PHH2 IIANs&IIHf+
N>1 Vit
dyadic
<P((AV)s,) Y NETE
N>1
dyadic
The desired estimate then follows from Lemma A.3.1. O

We are now ready to prove the Strichartz estimates associated with S4 v (¢).

Prop051t10n 5.2.5. Let T >0, 6,8 > 0, and 4 < r < oo. Let 2 < {,q < oo be such that
3 + L— 1 Let A and V satisfy (5.26) and (5.27). Then, there exist 6,01, s, > 0 with 51 >1
such that

1S4y ®)ellzs e < P(I(AV)5,)P(I(AV)lls,, 2 )||<P||

Proof. Note that by Lemma 5.2.3, for any do,s2 > 0 and 4 < r < 0o, there exist 5,51,51 >0
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such that

1S40 Ol s rrees < PUAVIERN 1z (5.43)
1 5o

Moreover, by (A.3) we can assume that % is larger than 1. By Proposition 5.2.1 (iii), we also
have the following bound for any given sz, dy > 0:

1S4y ®O¢llrgre S lell 2 - (5.44)

52

Next, following [17, 80], we split the interval [T, 7] into an essentially disjoint union of
intervals of size N~!, and we denote

7,7 =1 (5.45)

We aim to estimate ||Sa,v(t)Anel[Le pa. Suppose that I; = [a,b]. Then, for t € [a,b] we can
J

write

SA,V(t)ANQO = ei(t_a)ASAy(a)ANgo

e (5.46)
+i/ eTMHyy — A)Sav () Anepdt'.

We now estimate each term on the right-hand-side of (5.46). By using the Strichartz estimates
on R? (see [20, 45, 69]), (5.44), and Lemma A.3.4, we obtain

Hei(t_a)ASA,V(G)ANWHij Ls

< 184 (@Axel
S lavel,

< _1_ 352 ’

SNEE S Al e,
N <M<4AN %2
dyadic

_1_ 52
SN £z HQPHH%+52'

82

By using Minkowski’s inequality, the Strichartz estimates on R?, Lemma 5.2.2, and (5.43) (with
s9 small), and Lemma A.3.4, we obtain

t
H / A Hy v — A)Say () Aypdt!

Lf;ijz
< / |(Hay — A)Sav(t) Ayl de’
I;
< H(A,V)Hal,%P(KAvV)ls,,-)N_lllﬁNsﬂllHH%z
52

s

SIA s, 2 (A V) )N TN F ]y,
82

Summarizing the above two estimates, we obtain

_1_ 352
1S4y () ANy Lo SPUA,) AV s, 2 )N 7220l g,

2

Note that the number of intervals I; in (5.45) is O(T'N). Thus, by taking the £’th power of the
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previous bound and summing over j, we obtain

1 2
1Sav (ANl e STTP((AV)5,) 1+ 1A Vs, 2 )N 72Nl o,
52
and hence we obtain the desired estimate by summation over dyadic N > 1. O

In later sections, we will need the following Strichartz estimates.

Proposition 5.2.6. Let T' > 0, 6,5 > 0 be sufficiently small, and 4 < r < oo. Let A and V
satisfy (5.26) and (5.27). Then, there exist 6,8,,s, > 0 with 51 > 1 such that

1540 Ol g 3 -0s < PUA V)2 )P IAV)5,) P Vs, 2) o]l (5.47)

and

H/sAvt—t farl|
pgwi-e (5.48)

P(IA V) sz )P (A V)5,)PUA Vs, 2) 1 ey -

Proof. Note that (5.48) follows from (5.47) and Minkowski’s integral inequality. Thus, we focus
on the proof of (5.47).
For any 0 < s < %

5, there exists 2 < ¢ < oo such that the following Gagliardo-Nirenberg
inequality holds:

1
lollyg-ocs S el Falll?

Hence, by integration in time, Holder’s inequality in time, and Lemma 5.2.4, we have

1Sav(®)ell? PENE S SUSav@®)elzapallSav(t )@HQLsz
SP(I(A, Vs JlISav(t el Lq||80||2 FRon
2+

where ¢ > 2 satisfies % + % = % By using Proposition (5.2.5), we continue the estimate above
and obtain

< P>IA V)]s ) P(I(A V)5, ) PIA Vs, 2 )Ilsﬁll2

L4Wf*34— T T 3+3+0
2+

ISav(®el’

where 8,01,s1 > 0 depend on s,d. Replacing ¢ by Ax¢ for a dyadic number N > 1 in the
previous estimate, we obtain

1S4y ANl 4y 300
< PUAV2 JPUAV) )P U s, 2 IANPH gssige sy
5

We conclude (5.47) by summing over dyadic N > 1 and using Lemma A.3.1, as long as i—l—% <1
for £ > 2 and s, > 0 sufficiently small. O
5.3 Nonlinear estimates

In this section, we focus on the following nonlinear equation
10w = Hayv — Ae” P=DA Py, (5.49)

where A > 0 and H4 v is defined in (5.25).
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5.3.1 Nonlinear energy estimates

In this subsection, we prove some nonlinear energy estimates for any solution v to the equa-
tion (5.49) with v|;—g = wvg. One can easily check that any solution to (5.49) satisfies the
following conservation laws:

d
— [ Ju@®)|Pe *dz =0 (5.50)
dt Jge

and

d

= 7|U(t)|p+1e_(p+1)‘4)da: = 0. (5.51)
]RZ

1 2 o4 1 2v,,—24
- — )PV
(5Iveie2 = So@)Pve +
Proposition 5.3.1. Let T > 0 and let A and V satisfy (5.26) and (5.27). Let v be a solution

to (5.49). Then, for any 0 < 6 < %, we have

p+1
lollrgerz < (1 + HUOHHE{S) (5.52)
and
PTH
lollgrm, S (1+leoll ) (5.53)

1
Moreover, for any 2 < q < oo and 0 <6 < 362q=T)7 We have
1—1
lollewre S ol Pllvolla,, ,,)- (5.54)
Proof. By using conservations (5.50) and (5.51) and the fact that A > 0, we have

/ %(Ivv(t)|2+|v(t)|2)e*2Adx— / %\v(t)|2Ve’2Adx
R2 ]R2

1 1
S/ =(IVwol* + \vo|2)672Adx —/ ~|wo?Ve dx
]R2 2 ]R2 2

+/ A luo[PHie~(PTDAGy,
rR2 P +1

Then, by (5.27), we obtain

[ 50700 + oR)e s

1 _
< u(t) + /R2 5(\Vv0|2 + |vol*)e 24,4, (5.55)

I

H

+/ luo[PHie=(PTDAGy,
rzp+1

By (5.26), the Sobolev embedding H} C Lg’“ (Lemma A.2.2), and interpolation (Lemma
A.2.1), we obtain

> (NN

@Iz, S (L + ool + I e o)l s, - (5.56)
-5 s S5 5

Hence, by Cauchy’s inequality, we obtain

lo(®)lizr, S (1+ llooll5?) + (@)1, - (5.57)
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Next, by following the computation in [29, Lemma 3.1] (see also (5.37)), we have

= \<x>5v(t)|26_2’4dx§/ (@) Vo(®)lu(t)|e”*d.
R2 R2

Thus, by integration in time, (5.26), and the Cauchy-Schwartz inequality, we obtain

t
—A —A
lo()e ™13 < lle~*voll3; + / IVo@)llzz, o)1
0 2

so that by using (5.26) again, we get

t
O, S ol + [ 1901 i+ / o) I3
2

where we used (z)20~1 < (2)~% given that 0 < § < &. By combining this estimate with (5.57),

we obtain

t
oo & ol + o1+ looll5') + [ ez ae.
2

We deduce (5.52) by Gronwall’s inequality. The estimate (5.53) follows from (5.52) and (5.57).

The estimate (5.54) follows from Lemma A.2.3 and (5.52).

O

Remark 5.3.2. We consider (5.49) with A\ < 0. If 1 < p < 3, (5.52) follows from [29,
Corollary 3.3] and (5.53) follows from [29, Proposition 3.2]. If p > 3, we further assume that

Hv0||H§0 < 1 for some dp > 0. In this case, (5.55) needs to be replaced by

|5 (900 + o)R)e s

1
ST + [ 5(V0P +lwP)e da

m\a. [

b [ e s / Ay (g prierrDAgy,
R2 p+1

p+1

Thus, instead of (5.56), we obtain from (5.26), the Sobolev embedding H
€ R (Lemma A.2.2), and interpolation (Lemma A.2.1) that

lv®7, < Cllvollz + Cllv@ i lo®)llzs,, + Cllv(t)H’;Cil

C Lb*! for any

pé+5
p+1
1 +1
< Cllwollzs + s lo@lF +Cllv@)7s  + Cllo@)|™,,
s 2 s 2ps Pl
3pé+d
pFI
< Clluoll 3 + 1||v(7f)||2 +Cllo@®I7:  +Cllo®)5a ||v( )3
< ollg; ™ 5 H L,s L35

where C' > 0 is a constant and we need to take § > 0 sufficiently small. Assume that [[v(t)[|z2 | <

1, so that we have the bound

()% < Cllvollzs +Cllo@3s

2pd

(5.58)

Then, by arguing as in the proof of Proposition 5.3.1 and using (5.58) instead of (5.57), we get

t
o015, < C+ Oy, +C [ o) a.
P P 0 P

By applying the Gronwall inequality and taking HUOH%I to be sufficiently small, we obtain
4pé
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||v(t)|\2L§ . < 1565, SO that (5.58) gives [v@)a, < 1. Thus, by a standard continuity argu-

ment, we get the following two uniform bounds for § > 0 sufficiently small:
[vllpeerz <1,
[vllpeerr, < 1.
The next proposition will also be useful.

Prop051t10n 5.3.3. Lett > 0 and let A and V satisfy (5.26) and (5.27). Let v be a solution
to (5.49). Then, for any0 < <1l and0<d < mm{g, 56— 4n)}’ we have the bound

lo@l 2, Pl M@ (5.59)
H 45(851)

5 = 2")
In particular, for any 0 < ny < % and &y > 0, there exists 6 > 0 such that for any 0 < & < 6,

1ol 2 S Pl Iv©R: - (5.60)

)

Proof. By interpolation (Lemma A.2.1), for any § > 0 and 0 < s < 1, we obtain

1—s
Tts
1F Lz S 1715

flIl“
U
and
< 1—s s
0o S A

Summarizing the above two estimates, we obtain

(ARSI ||f|| i IIfIIL”i ||f||“s

—8CE)

Next, we select 0 < s < 1 such that 7 =

+1’ namely s = % By Proposition 5.3.1, we obtain

)H LV

The estimate (5.59) follows since 8§ < 46(677_477) for any 0 < 7 < 1. The estimate (5.60) is an
easy consequence of (5.59). O

@Il 2. < CP(llvollmy,)P (Ilvo||H1

2T

5.3.2 Nonlinear Strichartz estimates

In this subsection, we establish some local-in-time Strichartz estimates for any solution v to the
equation (5.49) with initial data vy € Hj for a fixed dy > 0. We will also use the quantities
[(A, V)]s, and [|(A, V)||s.x introduced in (5.31) and (5.40), respectively.

Proposition 5.3.4. Let T > 0,4 <r < oo, and s > 0. Let A and V satisfy (5.26) and (5.27).

Then, for any0 < <1 and 0 < < mln{ i8> T8(6= 4n)} there exist s1,01,0 > 0 with ‘51 > 1
such that

190l g 3 -es < PUA Vs PO, V)15, ) POA V)2 ) PUA V), 2)

< (ol 2 (1o oy Yl )
Gl

In particular, for any 0 < ng < %, there exists & > 0 such that for any 0 < § < 8, there are

(5.61)
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51751,5 > 0 with ;% > 1 such that

190 g -es < PUA ) POCA V)5, ) POA V)2 )P A V)5, 2)

x P[00l g ) 0122 2

(5.62)

Proof. By Proposition 5.2.6, we have

o]

o SPAV)E)PIA VL JPIA V)5, )

3
LiWi

T
x (nvonH; ) ||e-(p-1>A|v<t’>|p-1v<t’>||H;dt’).

2
We also note that by the Sobolev embedding Hy; " C Lis for any 2 < ¢ < co (Lemma A.2.2),
we have

le= =D ot

S lle™ @D 0P o) 2 + [VAe~ P D40 o) 2+ le” T DAVO[0 T 2

S )~ 2e™ DA poe vl g vl + (@) "V Ae™ DA L flof| 2 [loflf
25 L =) L
26

SIAVselloll” 2 -
H27T

26

Thus, By using Proposition 5.3.3, we obtain

—(p—1)A -1 p7
e oty S P (ol o W
which gives (5.61). The estimate (5.62) follows directly from (5.61). O

As a consequence, we can show the following estimates.

Proposition 5.3.5. Let T > 0,4 <r <o0, 0 <s< %, and 0 < ny < % Let A and V' satisfy
(5.26) and (5.27). Then, there exists § > 0 such that for any 0 < § < 6, there exist s1,01,6 > 0

with % > 1 such that

lollzzwra < P(I(AV)]5r) P(I(A V)5, P A V)2 )P (1A V)5, 2)
2(1—2s)png (1+45)(2—s) (5.63)
XP(||UO||H§O)”UHL;9H335 HU”L%OH% 55
BEICED]

In particular, by choosing s = %6 and 0 < § < min {5, ﬁ}, we get
16

lollzgwes < PUCA V) PA V) PIA VL2 JPIA V)5, )

x P(llvollm ol 5 >
Proof. By interpolation, we have
2(1—2s) 144s
lo@llwre S @5 @3-
Thus, by integration in time and Hoélder’s inequality in time, we obtain
2(1—2s) 1+44s
oOllgwse S I, 54 IO (5.65)
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We also note that by interpolation (Lemma A.2.1), we have
lo@llg2—: S ot )||L2 @l - (5.66)
Heen) f “atn

Thus, the estimate (5.63) follows from (5.62) in Proposition 5.3.4, (5.65), (5.66), and (5.52)
in Proposition 5.3.1. The estimate (5.64) follows from (5.63) since the condition 0 < § <

ﬁ implies the embedding H2 - H2 .5, for s = 1—16, so that one can bound the term
16 T A(a—s)
0]l 2o mr2 o by [|v]l o< ((0.7);m2 ;) on the rlght hand-side of (5.63). O

Td(d-s)

5.4 Modified energies

In this section, we introduce modified energies (originally introduced in [113]) and establish
some useful estimates for these energies. We denote by v a solution to the following equation
with time-independent A and V:

10w = Av —2VA - Vo + Vo — de” P=DA P 1y, (5.67)

where A > 0 and the initial data vg € Hgo for some fixed dy > 0.
We first show the following conservation of modified energies.

Proposition 5.4.1. Let v be a solution to (5.67), then we have the following identity:

0

SEaw (1) = —NHa v (v(1)), (5.68)

where

Eav(e(®) = [ 1Bv(t)P ez + Fay (v(t) = Aay (o(1))

and the energies Fav,Gav,Hav are defined as follows:

Fayvwt) € —4Re [ Av(t)VA- Vo(t)e 2Ada
Rz

— - Vo)2e 2 dy e v u(t) - e ?Ndz
4/RQ(VA Vo)Ze2Aq +2R/ (V) - V(e-24)d

+ 2Re . Av(t)o(t) Ve Adx + - lu(t)|>V2e~*dx,
Gy (o) = [ 190l 0o

—2Re/ oV ([P~ - Vo(t)e D Ady

+ 2 [ VPPt 0

/ lu(t) |p+1V€—(p+1)Ad$
p+1

+2(p— 1)Re /R OV A Vot Ay,
Har o) ™ = [ [Fo@Fa ol da

— 9Re / Do)V (Jo(®)[PY) - Vot e=®+DAdy

. / V(o) oy (fo(t) P~ e DAy

p—1 Re/ A (Jo(t) P~ (1)) VA - Vo(t)e” PHIAdy,
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Proof. We denote by (-, -) the usual scalar product in L?. By using the equation (5.67), we have

%(AU, Ave 1) = 2Re (0, Av, Ave ?4)
= 2Re (0, Av, idwe™*4) + 4Re (9, Av, VA - Vve 24) (5.69)
— 2Re (0, Av,vVe™21) + 2)Re (9, Av, \v\p_lve_(pH)A)
=1+I11+I1IT+1V.
Note that

I = —2Re (9, Vv,i0,Vve *4) — 2Re (9,Vv,id;vV (e *4)) (5.70)
= —2Im (6,5V'U, 8tvv(ei2A))' |
Moreover, we have

IT = 4Re (0;Av, VA - Ve 24)

= 2Re (Av, 3, Vv - V(e™24)) + 4%Re (Av, VA - Ve 24,

and by using again the equation (5.67), we obtain

IT = 4%Re (Av, VA - Voe 24) — 2Im (9,0, 0; Vv - V(e~24))
+4Re (VA - Vv,0,Vv - V(e ) — 2Re (Vv,9; Vv - V(e %))
+ 2XRe (e~ P~ VAP Ly, §, Vv - V(e724))
= 4£Re (Av, VA - Voe 1) 4 2Im (9, Vv, d,uV (e~24))

dt
+4Re (VA - Vv,0,Vv - V(e ) — 2Re (Vv,9; Vv - V(e %))

+ 2XRe (e~ P~VAy|P71y, 5,V - V(e724)).
Hence, by (5.70), we obtain

II= 4%Re (Av,VA-Voe ) — I +4Re (VA - Vv,9,Vov - V(e )
—2Re (Vu,8; Vv - V(e™24)) + 2ARe (e~ P~ DAy [P~ 1y, 9, Vv - V(e 24))

= 4%39, (Av,VA-Voe ) — I +4Re (VA - Vv,9,Vv- V(e 1))
d
= 2-Re (Vv, Vu- V(e ) + 2Re (VOwv, Vv - V(e 24))

+ 2ARe (e~ P~ VAy|P~1y, 5, Vv - V(e724)).
Namely, we have
I +1II=2Re(VOw,Vov-V(e )+ 4%Re (Av, VA - Voe 24)
+4Re (VA - Vv,0;Vv - V(e ) — 2%Re (Vu, Vv - V(e ?4))
+ 2\Re (e~ P~ DAy|P~1y, 9,V - V(e 24)).

On the other hand, we can compute the last term in the above identity as

2ARe (e~ P~ VAP~ 1y, 5, Vv - V(e 24))
= —2\Re (V(e~ P~ DA)yP=1y), 9, Vve 24) — 2)\Re (e~ P~ DA |yP~1y, 9, Ave24)
= —2\Re (V(e~ P DA)yP~1y), §,Vve™24) — IV
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= —2\Re (e~ P~ VAT [p[P~1, 9, Vve 24) — 2ARe (e~ P~ VAV (J0[P), 8, Ve 24)
— 2\Re (V(e~ @~ D) |y[P~1y, 9, Ve 24) — TV

— CAG( V)Pl e~ DAY 2)\%Re (WY ([o]P~1), Voe~ D4
+ 2XRe (0,0 V(Jv|P71), Voe~ ®FDA) L 9XRe (vV O, ([o[P~1), Ve (PHDA)
— 2\Re (V(e~ P~ D) |y[P~ 1y, 9, Ve 24) — IV

= LRI, e D) ATy (o), e )

- 2)\%1{6 (wV(JoP~1Y), Voe~ PHDA) L 9XRe (9,0V ([v|P~1), Voe~ (PHD4)

* /\(pz_ D @ (o) ol7=2), (jof2)e=7+D4)

— 92)Re (V(ef(pfl)A)Mpv, 5the*2A) -1V

d
= A (VP o=t e @A) £ A (Vo oy (o), e TH D)

- ZA%Re (WY (|v|P~1), Voe™ PTDA) L 9XRe (9,0 V (|u[P~1), Ve~ PHDA)

Ap—1 e Ap—1 _ _

+ 2228 6,09 (o) ) e, =+ 04) 1+ AL ()0, (o] =2), W (uf2)e 004
— 2\Re (V(e~P=DA)|yP~Ly, 9, Ve 24) — IV

= AL (TR O AV (o) e 0D

d
—2\Re (wV(Jo[P7Y), Voe~ PHIAY L 9XRe (9,0V ([v|P71), Voe (PHDA)

AMp—1)d s Ap—1 _ _
$ 222D g2y 2o, =0y 4 AL =L (g(10j2) 2, o), 004

—2XRe (V(e_(p_l)A)Mp_lU, 8the_2A) —1V.

By combining the identities above, we obtain

T+ IT+1V
= 2Re (8,vV, Vv - V(e 24)) + Q%Re (Av,2V A - Ve 24)
+4Re (VA - Vv,9, Vv - V(e™ ) — 2L Re (Vo, Vo - V(e 24))

dt
_ )\%Re (IVo[2|v[P~t, e~ @FDA) L ARe (|V0|?0;([o|P~1), e PFTDA)
- 2)\%Re WV (|o]P1), Voe~ DAY 1 2ARe (8,0 V (JufP 1), Ve~ PHD4)

Ap—-1)d 2121, p—3 —(piDay . AP —1)
D4 (9o Plofrs, w14y 1 2P 1)

— 2\Re (V(e~®=D)|yP=Ly, 9, Vve 24).

+ (IV ([0 Por(jofP=2), e~ ®HD4)

Since 111 = —24Re (Av, Vve?4) + 2Re (Av, d;vVe 24), we obtain the following identity:

I+ IT4+1IT+1V
= 2Re (VOw, Vo - V(e ) + 4%1% (Av, VA - Ve 24)
+4Re (VA - Vv,9,Vu - V(e ?4)) — 2 Re (Vu, Vo - V(e 24))

dt
— /\%Re (|Vv|2|v|p_1, e_(p+1)A) + ARe (\Vv|28t(|v|p_1), e_(p+1)A)
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- 2/\%1{(3 (wV (Jo[P), Voe~ PTDA) L 2XRe (8,0 (Jo[P71), Ve~ PFHDA)

Ap—1)
4
Ap—1)

+ = IV (eP)Pau(ulr=?), e D4

- QA%RG (V(e~ P~ DA |y~ Ly, Voe 24)
+ 2ARe (V(e~ D)9, (Ju|P~1v), Ve 24)

+ Lo Plofp=?, =P +14)

d
- Q%Re (Av, Ve 24) + 2Re (Av, doVe 24).

Next, by using the equation (5.67) again, we compute the first, the third, and the last term on
the right-hand-side above as
2Re (,0V, Vv - V(e 24)) + 4Re (VA - Vv, 8, Vv - V(e 24))
+ 2Re (Av, d;vVe 24)
= 2Re (9wV, Vv - V(e 1)) — 8Re (VA - Vu,d;Vu - VAe 24
+4Re (Vv - VA, dwVe ) — 2Re (Vu, dwVe 24)
+ 2XRe (e~ P VAP~ 1y, BV e 24)

= —4Re (0,0V, Vv - VAe 24) — 4%((VA V)% e 24)

+4Re (Vv - VA, dwVe ?4) — 2Re (Vu, dwVe 24)
+ 2XRe (|[v|P 1w, oV e~ PTDA)

dt

2\ d
pt+l /o~ (P+1)A
p—|—1dtRe(|v‘ e )

= 4 (VA Vo e - L vea

The proof of (5.68) then follows by combining the above two identities with (5.69). O

We now provide some useful estimates for the energies F4 v,Ga,v,Ha,v, starting with
Fa,v. We recall the quantity |(4, V)]s, from (5.31).

Proposition 5.4.2. Let A and V satisfy (5.26) and (5.27). Then, for any 6 >0 and 2 <r <
oo, we have

Fav @] < PAV)s) (e Awlzeliwl oz 4wl , o). (571
Wy Wy "

Moreover, let v be a solution to (5.67). Then, for any T >0 and 4 < r < oo, there exists § > 0
such that for any 0 < § < §, we have

sup |Fav(v(t))| < P(|(AvV)|5,T)P(||U(O)HH§O)
tel-n T (5.72)

—4 rt2 rt2
x (e avllpg palloll Z e+ 10l oo )-
Proof. By Holder’s inequalities, we obtain

[Fav ()] < lle”* Awl 2 [|(z)° Vuw(t)
+ [(z) e 4V A|

I, 2o, (2) "0V Ae™ 4 1r

5 2
(x) VwHL ar

r—2

2
LT

+ [{2) "2V A2V g @) Vol 2 [[(2) ]| |

r—2

—A é -0 —A
+ e Awl 2 [|(2) w] | 2z, [[(2) Ve e
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—d —A 5
@) Ve AR ) Pl s

which in turn implies (5.71). On the other hand, by (5.54) in Proposition 5.3.1, for 0 < ¢ <

r—2
oGy Ve have

1ol 1 S 10 e P (0O )

(5.73)
S IIvIILmHz P, ),

where at the last step we used that for r > 4 we have 40(2£2) < 28§ < §y provided that § > 0
is small enough. This proves (5.72). O

Recall we have not provided a proof for part (iv) in Proposition 5.2.1. Now we have the
necessary tools for proving it.

Proof of Proposition 5.2.1 (iv). We denote for simplicity w(t) = Sa,v(t)¢. Concerning (5.35),
we need to use the conservation (5.68) with A = 0:

d

o (|Aw( )2e 24 4+ .FA,V(w(t)))dx =0,

which in turn after integration in time implies
|Aw(t)|?e”dx = / |Aw(0)|?e2Adx — Fav(w(t)) + Fav(w(0)).
2 R2

By (5.71) in Proposition 5.4.2 (whose proof only involves Holder’s inequality) along with the
conservation (5.29), we obtain that for any u > 0,

[ (O + Au()e s
w 2 w He 24 dy
< [ (wO)F + 1Auw©)R)e 4

P ) (e B + (14 50 ) 0P L )

2

+ (A Vo) (e Aw(O)]| 2 [w ()| s 2s, + [w(©)]? , ).
Ws W ”

In particular, we can choose = . and obtain

1
2P(I(A V)]s,

1

1 w(t)|? wt)2)e=2Ad
5 (0 OF +au(oR)e>4d

S/ ([w(0)* + [Aw(0)|*)e~*Adw + P (|(A, V) sr) [w(®)? | 2 (5.74)
R2 W(; r—2
+ P4V o) (e Aw(O)| 2 [w(O) | s e, + [w(O)]? , )
W W,
Then, by Lemma A.2.3 with ¢ = -2 and Proposition 5.2.1 (ii), we get
lw®) i 2e < Cllw(t 13 ||w( I < Cllwt) B ||w( ) ; (5.75)
w s(3r42) s 22

8

where we used the assumptions % +20T < ;;22 and 67 > §. We conclude the desired estimate

(5.35) by combining (5.74), (5.75), and (5.28). O

We now move on and prove the following estimate for the energy G4 v .
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Proposition 5.4.3. Let T > 0,4 <r < oo, 0 <1 < %, and let A and V' satisfy (5.26) and

(5.27). Then, there exists 6 > 0 such that for any 0 < § < §, we have

1,1
sup_[Gav (v(®)] < [(A V)]s (o)l ) (1 + Il 2527 7). (5.76)
te[—T,T) 0 T8

Proof. By Holder’s inequalities, we have
|Gav (@) S V@I ., () (Pl 5
+ @) fo@) P = 1) Ve PEDA L (5.77)
+ [|[Vo(t)

(@) 0=+ o

I, 2o, (@) [0 (O || 2| () 0V Ae™ DA 1

By the Sobolev embedding L{, C H;™™ for 2 < q<ooand p € R (Lemma A.2.2) and (5.60)
in Proposition 5.3.3, we obtain

1@ @5 = @I sy < P00y )08,
L ,2 N

() lo@) P =r = llo(t)]

p—1

1
Pen < P10 1y )o@,

r—1
L ;

p+1

) [Pl 2 = 0@ 20 < PO 1, )@z -

P

By combining the estimates above with (5.77) and (5.54) in Proposition 5.3.1 with ¢ = -2, we
conclude our desired estimate. O

Lastly, we show the following estimate for the energy H v .

Proposition 5.4.4. Let T > 0,4 <r < oo, 0 <1 < %, and let A and V satisfy (5.26) and

(5.27). Then, there exists 6 > 0 such that for any 0 < § < §, we have

T
/ [Haw (ot")]dt < [(A,V)]rsP([[0(0)] 2 ) |0ve™ | Lge 12
T 0 (5.78)

X (110l ) (1 Bellgems) "7,

Proof. We only focus on the case when p > 2. The case p = 2 will follow in a similar (and
easier) manner. By Holder’s inequalities, we have

[Ha v (W) < IVo@)l[7a10we™ e () [o(®) P2 || oo [[{z) e 74|
+ Vo) zalldewe ™ 2 ll{z) o) PHI | an, [1{2) [V Ale™ |

2

By (5.60) in Proposition 5.3.3 and the Sobolev embedding H, ™ C L4 for 2 < ¢ < oo and
1 € R (Lemma A.2.2), we obtain

1@ @, e, = 0@ 2y < POy Ol

r

L 4
p—1
and
_ _2 -2
[ o P2~ = oI5 < Pl )o@
=2
After integrating in time and applying Holder’s inequality in time, we obtain (5.78). O
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5.5 H? a priori bounds

In this section, we use the results from previous sections to prove key H? a priori bounds.

Let us first introduce the following family of regularized and localized potentials, for € > 0

and n € N:
Ae,n = an,Ysy ‘/s,n = 971, :|V}/E|2:

where 6, (z) = 0(%£), § € C*(R?), § > 0, and 0(0) = 1. Note that due to (5.9) in Proposi-
tion 5.1.5, if we choose A = A., and V =V, then the condition (5.26) holds uniformly in
n € N and € > 0 with the constant C replaced by a random constant C(w). The same holds
true for (5.27) uniformly in n € N and ¢ > 0 with a random constant C(w), which can be
proved by (5.13) in Proposition 5.1.8, Lemma 5.1.9, (5.2) in Proposition 5.1.1, Lemma 5.1.4,
and [29] (more precisely, see at page 1160 three lines below (33)).

Following the notations in (5.25), we introduce the operators
HE,TL = HAs‘nyva,n
and the associated nonlinear Cauchy problem

{a = Hepve+ de™ 0 Do P, (5.79)

Ve,n|t=0 = V0,

where A > 0 and vg € H(;Q0 for some fixed dg > 0. The main goal in this section is to establish
the following a propri bound for any 7' > 0 and any sufficiently small § > 0:

sup [venllzse 2, < Cw) 10g6|07’(llvoHHgo) (5.80)

for almost sure w € .

We now focus on proving the bound (5.80). Recall the quantity |(A, V)]s, defined in (5.31).
We fix § > 0 in such a way that (5.72) in Proposition 5.4.2, (5.76) in Proposition 5.4.3, and
(5.78) in Proposition 5.4.4 are satisfied with A = A, ,, and V =V, ,. Note that by (5.31), (5.1)
in Proposition 5.1.1, and (5.9) in Proposition 5.1.5, we can choose r > 4 large enough in such
a way that

sup [(Ae ny Ven)lsr < C(w)| log5|C (5.81)
neN

for some constant C' > 0 and almost sure w € €2, where the cutoff 6,, can be easily handled by
an elementary argument and the bounds are uniform in n € N. Moreover, by Proposition 5.4.1,
we obtain

/ |Ave ()26~ 25 da
R2
= [ 1Bue s — F. | (uen(0) + 7. () 6.52)
]R2
t
— AGe n (Ve n()) + AGen(vo) + / He (0o (1))t
0

where
-7:6,n = an,ngvz,n’ ge,n = gAs,n,VE,na Hs,n = HAE,'n.gVE,n
are the energies defined in Proposition 5.4.1 with A = A.,, and V = V_,,.
Next, by (5.72) in Proposition 5.4.2 along with (5.81) and r > 4 sufficiently large, we have
sup [Fem(ven(t))] < C(w)[log e| P ([|ve.n(0)lrz, )
te[0.T] (5.83)
X (HeiAE’"AUs,n||L%°L2 ||U5,n||}:?oH35 + ||,U5’”||2L§9H35)) .
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We also choose 19 > 0 sufficiently small that

1 1
STyt +2) <L (5.84)
7 155
- — -1 1 5.85
gl + 195 TP —1) <1, (5.85)
nop < 1. (5.86)

By Proposition 5.4.3, (5.81), and (5.84), we obtain

sup |ga,n(va,n(t))|
te[~T,T) (5.87)
< C(w)1og el “P(lvzn ()l ) (1 + [ven (Bl 2 )-

Note that with sufficiently large r > 4, we have

sup [(Az,n, Ven)| 52
neN 4

sup (Aeins Vel < C(w)|logel©
ne

, < C(w)|logel°,

)

(5.88)

for almost sure w € €2, where § > 0 is the one that appears in (5.64) in Proposition 5.3.5. Also,

by (5.1) in Proposition 5.1.1 along with the fact that in (5.64) we can assume % > 1, we also

have (see (5.40))
Slé§|\(z4€,n,Ve,n)Hah% < C(w)O(|logel|®) (5.89)

for almost sure w € Q. Thus, by Proposition 5.4.4, (5.64) in Proposition 5.3.5, (5.85), (5.88),
and (5.89) we obtain

[ Hen(wen(® it < @) 10g el P (0en (0)])

-T

(5.90)

_ 1—
X ||O¢ve ne AE’””L;’?LQ(I + ||Ue,n||L;°H35) )

for almost sure w € Q. Then, we note that by using the equation (5.79), Holder’s inequality, the

2
Sobolev embedding H; " C LI with 2 < ¢ < oo (Lemma A.2.2), (5.54) in Proposition 5.3.1,
(5.60) in Proposition 5.3.3, (5.89), and (5.86),

Hatve,n(t)e_AE’n 22
—Acn C 1—
< 8w (B4 52 + C@) 108 lP (1m0 Mvenl s
+ C(w)|log | [l[ve,n (B)P~ ven (B)l] 2
< | Ave o (t)e e || L2 + C(w)| 10g€|c7’(|\vs,n(0)|\Hgo)||Us,n||1L§ToH35
+ C(w)] 10g5|CP(||U6’n(O)HH§O)||U6’nllz%€H36

< | Ave n(B)e™ A7 12 + C()] g el “P (e n(O)lary el s

(5.91)

for almost sure w € Q. Hence, we can gather together (5.82), (5.83), (5.87), (5.90), and (5.91)
to obtain

/ Ave  (B)2e 2o dz < C / |Ave (0)2e 24 da
R2 R2

+ Cllvenl| Tz g2, + C(w)llogel +P([[ven(0)lly, ).
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which in turn by (5.28) implies that
Hve,nH%%ﬁHza < 7)(||U6,n(0)”H§0) + CHUE,TLH%I;OHEE + O(w)l 10g€|c'

By Young’s inequality, we obtain (5.80).

5.6 Global well-posedness

In this section, we first prove Theorem 1.4.1, global well-posedness of the mollified equation
(1.32). After that, we prove Theorem 1.4.2, the convergence of the solutions of the mollified
problem to a unique solution of (1.30).

5.6.1 Global well-posedness of the mollified equation

We first follow the steps from [29, Proposition 2.11] to show the existence of a solution v. to
(1.32), where 0 < e < 1 is fixed. Fix 6y >0, T > 0, and let v € Hj, . By the H? a priori bound
(5.80), (5.60) in Proposition 5.3.3, and interpolation (Lemma A.2.1), we have the following
bound for any 1 < v < 2 and for some ¢ > 0:

sup lvemllopmy < Cw)lloge|“P(|lvollmz ) (5.92)

for almost sure w € Q. Also, by (5.2) in Proposition 5.1.1, (5.13) in Proposition 5.1.8, and
(5.9) in Proposition 5.1.5, for any 0 < a < 1,0 < §~ < §, and ¢ € (0, 3) we have the following
bounds:

sup (16, Yelles, +||6n: (VY2P3|| ., + 171, ) < Cw) (5.98)
neN - (g -9

for almost sure w € Q. Using the equation (1.35), (5.92), (5.93), and the Sobolev embedding
(Lemma A.2.2), we can easily deduce that {9,ve . }nen is bounded (uniformly in n € N) in
C([-T,TY; H}_Q) for any 0 < ¢’ < §. By the Arzela-Ascoli theorem along with the compact
embedding (A.3), we obtain a convergent subsequence {v. ., }ren in C([~T, T]; Hji~?) for any
v < 7 and 6" < §, and we denote the limit as v.. By the H? a priori bound (5.80) and
interpolation (Lemma A.2.1), the convergence also holds in C([-T,T]; Hj ) for any 1 < s < 2
and some §; > 0. Also, by the H? a priori bound (5.80), the Banach-Alaoglu theorem, and
taking a further subsequence if necessary, we obtain the following bound:

lvell g 2, < C(w)[1oge|“P([lvollz ) (5.94)

for some ¢ > 0 and almost sure w € Q. Furthermore, v, satisfies the equation (1.32).
Next, we show the uniqueness of v in C([~T,T]; H,). Assume v} and v? are two solutions
to (1.32). For =T <t < T, we define

re(t) = vi(t) — vZ(t).
Then, r. satisfies the equation:

v [Pl — 2P ie?)

{i@trs =Ar. —2VY. - Vr. +: \@_:\2 e — )\e’(p’l)yi(

Tele=o = 0.

Using the equation for r, we can deduce that

1d

% |r5(t)|26_zyfdx = )\Im/ ﬁ(t)(|v€1(t)|p_1v;(t) — |v§(t)|p_1vg(t))e_(p“)YSdm.
R2 R2

Thus, using the Sobolev embedding H§ C L§® (Lemma A.2.2) and (5.9) in Proposition 5.1.5,
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there exists § > 0 small enough such that

1d _ _ -1 - -1
3o [P e < e a1+ eI e 2

< O ree™ 22 (o= ()7 + [l (¢ >HH‘;1>~

By Gronwall’s inequality, we obtain r.(t) = 0 for any -7 < ¢t < T, so the uniqueness result
follows. This implies that the whole sequence {ve n}nen converges to v. in C([-T,T]; Hy ).

5.6.2 Global well-posedness of the main equation

We now consider the equation (1.30) and prove Theorem 1.4.2. The scheme of the proof is
similar to the previous works on NLS equation with white noise potential.
We first note that by taking

A=Y, and V=:|VY.72,
the conditions (5.26) and (5.27) hold almost surely uniformly in € € (0, ) by using the same

reasoning as in the beginning of Section 5.5. In particular, we can use Propomtlon 5.3.1 and
Proposition 5.3.3 with v replaced by v..

Fix 69 > 0 and assume that vy € H(?O. Let 0 <eg <1 < % For —T <t < T, we define

r(t) = vz, () — v, (D).

Then, r satisfies the equation:

0 = Ar + VYL, [2:7 + (: VYL, 20— :|VYL, |2 :)vez — VYL, - Vr
—2(VY., — VY,,) - Vo, — Mug, e Y1 [Pu, + Ao, e Vo2 |Po,

Tlt:O =0.

Using the equation for r, we can deduce that

53 o ds
Im/ |VY;1|2 VYL, P2 )062() —2ey gy
— 2Im F(t)(VYEl —VY.,) - Vo, (t)e ?1da (5.95)
— Alm / ) (lve, ()1 [P o, (1) = Jve, ()2 [P o, (1)) e 21 d
T Ir+ 111

We now estimate I, 11, and II] in (5.95). By duality (Lemma A.2.5), the product es-
timate (Lemma A.2.4), (5.14) in Proposition 5.1.8, (5.9) in Proposition 5.1.5, interpolation
(Lemma A.2.1), and Proposition 5.3.1, we get that for 0 < o < there exists 6 > 0 small

100’
enough and x > 0 such that
1< Cllr@ees e g, [ (92— 292
< C(@)E5 (0| rze vy (O przelle~2¥ |l caa (5.96)

< CW)EFP(llvollmy, )-

Similarly, by duality (Lemma A.2.5), the product estimate (Lemma A.2.4), (5.13) in Proposi-
tion 5.1.8, (5.9) in Proposition 5.1.5, (5.60) in Proposition 5.3.3, and the H? a priori bound
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(5.94), there exists 6 > 0 small enough and x > 0 such that
11| < C|IF(t) Ve, (e 1 |5y, IVYe, = VVeylo-a
lr (8l r2e [V 0e, ()| e[l ™51 e

P(llvollmy, ) o= ()52,

C(w)ef] log52|c73(|\vo||H2 ).

C(w

(

: (5.97)
C(w)e

)

Concerning III, using the Sobolev embedding H = C L% with 7,6 > 0 small enough
(Lemma A.2.2), (5.9) in Proposition 5.1.5, (5. 52) in Proposition 5.3.1, (5.10) in Proposi-
tion 5.1.5, (5.60) in Proposition 5.3.3, and the H? a priori bound (5.94), there exists § > 0
small enough and x > 0 such that

— —1 —1 — -1
[IIT| < Cllre™ |2 (lve, (DI |+ ey (DI e 17

Iz lfoea ()1 le™@™0Yr — o e |1,
< C@)lre ™ B (o O 5+l (1P ) (5.98)
H2—n HQ_T, .
(p—1)8 (p—1)5

+ C@)etlloe, O 2, P(lleollny )

< Cw) 10g52|”73(||vo||Hgo)||7‘6_ 1|72 + Clw)ef|log e “P (|[voll w2 )

for some 0 < y < 1.

Now, by letting e; = 27% and 5 = 2= *D for k € N, we can combine (5.95), (5.96), (5.97),
and (5.98) and apply Gronwall’s inequality to obtain

sup / Ir(t)|?e= Yo~ dx

te[-T,7] JR2
C(w)T|1og 2™ “FD T P(|lvo| 72 )
0

< Cw)2 ™ (k+ 1)P(lvoll 2 )e

ks ‘/(k+1)C(W)T7’(HvoHH§O)

< C(w)2~ %2 P(llvollzzz )

where we used el °2(+2)1" < Cz7 for 0 < 4 < 1 with 4 > 0 arbitrarily small and = > 0 large.
Thus, by (5.9) in Proposition 5.1.5, we obtain that for any ¢ > 0,

kr
4 .

[va—r — Vo) ”%TL% < C(w)2

Using interpolation (Lemma A.2.1) along with (5.60) in Proposition 5.3.3 and the H? a priori
bound (5.94), we can deduce that for any 1 < s < 2, there exists §; > 0 such that {vy—r }ren is
a Cauchy sequence in C([~T,T]; Hj ) and converges to some function v € C([-T,T]; H§ ). By
using similar steps as above, we can also deduce that

sup s —vykllermg, < CwW)27H P (Jleollaz )
e€(2—(k+1) 2-F) 0

for some K > 0, so that the whole sequence {ve}.¢ (g 1) converges to v in C([=T,T]; Hj,) as
€ — 0. This finishes the proof of the convergence part of Theorem 1.4.2.

Lastly, we prove the uniqueness of the solution v in C([-T,T]; Hj,) to the equation (1.30).
Assume that v! and v? are two solutions to (1.30). For —T <t < T, we define

ro(t) = vt (t) — v3(t).
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Then, r( satisfies the equation:
i0srg = Aro + :|[VY|2:19 — 2VY - Vrg — Ae~ = DY (Jpl [P~ 1yt — |2 [P~ 1p2)
T0|t:0 =0.

Using the equation for rg, we can deduce that

1
5o L Iro®Pe ¥ de =M [ w0 (0! OF 0} 0) - [0 o 0)e Y
th R2 R2

Thus, using the Sobolev embedding Hj C L§° (Lemma A.2.2) and Lemma 5.1.6, there exists
0 > 0 small enough such that

1d 2 -2V —-Y 12 1 p—1 2 p—1 —Y p—1
53 | ImFe o < roe Y I3 (O, + 1020 )lle™ 17

_ —1 _
< C)llroe™ I3 (I @l + 10 0)I3)-

By Gronwall’s inequality, we obtain ro(t) = 0 for any -7 < ¢ < T, so the uniqueness result
follows.
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Appendix A

Notations, function spaces, and
preliminary lemmas

A.1 Notations

Throughout the thesis, we drop the harmless factor 2r. We use A < B to denote A < CB for
some constant C' > 0. We write A ~ B if we have A < B and B < A. We may use subscripts
to denote dependence on external parameters. Also, we use a+ and a— to denote a + ¢ and
a — ¢, respectively, for sufficiently small € > 0. L

In this chapter, we let M = R? or T?, and we let M = R? or Z2, respectively. For a
space-time distribution u, we write @ or F; zu to denote the space-time Fourier transform of .
We also write J,u to denote the spatial Fourier transform of u. If a function ¢ only has a space
(or time) variable, then we use ¢ to denote the Fourier transform of ¢ with respect to the space
(or time, respectively) variable. We also denote F~! as the inverse Fourier transform. For any
function f, we denote f as the reflection of f, i.e. f(z) = f(—z). Weset (-) = (1+]-|)2. For
x € M and r > 0, we also denote B(z,r) as the ball in M centered at x of radius r.

Given a dyadic number N € 2V10} we let Py be the spatial frequency projector onto the
frequencies

def =
Py = {LeM:J < (¢ <N}
Also, given a dyadic number L € 2810} we define @, to be the modulation projector onto the
space-time frequencies

def

6L E (o) eRx M: L < (r—n) <L}

For simplicity, we set Py,;, = PnvQr. For a space-time distribution u, we write uy = Pyu for
simplicity. We also use Pq to denote the restriction to nonzero frequencies.

In dealing with space-time functions, we usually use the short-hand notations such as
LLILY = L9([0,T]; L"(M)). We also denote by P(aq,...,a,) a polynomial function depending
ON G, .., 0p.

A.2 Sobolev and Besov spaces

Let s € R and 1 < p < co. We define the L?-based Sobolev space H*(M) by the norm

def

1z < 140" FO o on

and we define the LP-based Sobolev space W*P?(M) by the norm

def

L lwer S 07 Fllze = |5 1E) T
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When p = 2, we have H*(M) = W*2(M).
We will need weighted function spaces on R%. Given 1 < p < co and i € R, we define the

weighted L? space as
1
lof »
11 ([ termispas)”,
R2

with the usual interpretation if p = co. We also define

def
oz 0l + 1971 g

If u =0, we write L? = L5 and Wh? = WP,

We will also need the Besov spaces. Let ¢ : R — [0, 1] be a smooth bump function supported
on [—%, 8] and ¢ =1 on [-2,2]. For £ € R?, we set ¢o(&) = ¢(|¢]) and

o6 = 0(2) — o (5o

for j € N. Then, for j € Z>o = NU {0}, we define the Littlewood-Paley projector A,; as the
Fourier multiplier operator with a symbol ¢;. Note that we have

e =1
=0

for each ¢ € R2. Thus, we have

= Axf.

N>1
dyadic

For s € R, 1 < p,q < oo, and p € R, we define the Besov space By , , = B;7q7M(R2) by the
norm

q

15, = (3 M*Ian sl )
N>1
dyadic
If p =0, we write B, , = B, - A convenient property of the weighted Besov spaces B, , , is
that the weight can be “pulled in”, i.e.
1fllB; ., ~ &) fliBs s (A.1)

see [37, Theorem 4.2.2]. The relation (A.1) can be used to translate results from the unweighted
spaces to their weighted analogues. We will also need the following commutator bound

V@)V f || o S NN (A.2)

with 0 < o < 1, which follows from interpolating the L? — L? bound and the H! — H' bound
of the commutator [V, (z)9].

When (p,q) = (2,2), the weighted Besov spaces are generalizations of weighted Sobolev
spaces B3, , = H,;, where

def
ez = (V) fl 2.
Note that we have the following obvious continuous embedding for s; > so and p1 > po:

Hy C H:2. (A.3)
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The embedding (A.3) is compact if s > so and w3 > po; see [37, Section 4.2.3]. When
(p,q) = (00,00), we denote C;, = B3, ,; in the case s > 0 and s ¢ Z, the space C* is
equivalent to the classical weighted Holder-Zygmund space:

10 f (@) — 0" f(y)
|z —y|s~ L]

/]

i~ Y sup (@) @)+ Y sup (x)

R2 R2
k|<|s] € k= x,y€
[k|<|s] |k|=s] 0<lrsyl<1

)

which can be seen from (A.1) and [46].
We now present and recall some useful properties of the weighted Besov spaces, starting
with the following interpolation inequality. For a proof, see [104, Theorem 3.8].

Lemma A.2.1. Let s,s1, 82, i, pi1, 02 € R, 1 < p,p1,p2,4,q1,92 < 00, and 6 € [0,1] be such
that
1 1-0 6 1 _1-0 0

- + =, = +—, s=(1-0)s1+0s2, p=(1—0)u+0buo.
p P1 P q q1 q2

Then, we have

/1

) < 1-60 0
By S Ml sz

where the underlying constant may depend on all the parameters but independent of f.

Next, we state a Sobolev embedding for weighted Sobolev spaces, whose proof follows from
(A.1) and the usual Sobolev embedding for unweighted Sobolev spaces.

Lemma A.2.2. Let2<p<oo,s>1-— %, and p,v € R with v < u. Then, we have

Iy < W f k-

Moreover, for any s > 1, we have

[fllzee S 111l -

As a consequence, we have the following estimate.

Lemma A.2.3. Let 2 < g < oo and 0 < d < 1. Then, we have

1—1 1
< q q
1F o S 17t 1A

Proof. By the commutator bound (A.2), the Sobolev embedding (Lemma A.2.2), and interpo-
lations (Lemma A.2.1), we obtain

<
g S 171, o3

1—2 2
S

1-2 L :
q a q
S Hf”H35||fHHE5||f||L?2q_1)5,

which is the desired estimate. O

We will also need the following product estimate. For a proof, see [2] or [101].

Lemma A.2.4. Let s, 1, S2, i, i1, 2 € R and 1 < p,p1,p2 < oo be such that
1 1

. 1
51482 >0, s=min(s,s2,51 +52), p=p+p, —=—+—.
p p1 b2
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Then, for any k > 0, we have

1f1- follpzse, S WAllBgr,, L 12l
Also, we have
If1- falleg S Wfillez [l fallesz -

Finally, we record the following duality property. For a proof, see [112, Theorem 2.11.2].

Lemma A.2.5. Let s,y € R and 1 < p,q < co. Let p’ and ¢’ be the Holder conjugates of p
and q, respectively. Then, we have

L

A.3 Preliminary estimates on weighted spaces

S Il

B ol

In this section, we gather some properties of the weighted Besov spaces and will be used later.

A.3.1 Some properties of the Littlewood-Paley projection

In this subsection, we present some properties of the Littlewood-Paley projection on weighted
Besov spaces. We start with the following elementary but useful property.

Lemma A.3.1. Let 5,6 > 0 and sg > 0. Then, we have

S NANFllzz S 1]l
N>1
dyadic

Proof. By the Cauchy-Schwarz inequality, we have

1
> Nlanfli S (50 NIANSIE) = 1l

N>1 N>1
dyadic dyadic
which is the desired estimate. ]

We now show the following commutator estimates.
Lemma A.3.2. Let0<d<1,1<p<o0, and N > 1 be a dyadic number. Then, we have

H[AN7<$>6]JCHL1) SN_IHfHL”v (A'4>
1V, AN @) || o S NI lee (A.5)

Proof. Let N?K(N-) be the kernel that corresponds to the Littlewood-Paley projection A .
Note that we have

[An, (2)’] = N? / ((W)° = (@)°) K(N (2 = ))f(y)dy. (A.6)

Rz
Since |(y)? — ()°| < |z — y| for 6 < 1, we have
sup (N2 / ty)? — <x>5|K<N<xy>>|dy) < NIl K@),
zER?2 2

sup (32 [ 10)° = @ KOV~ )y N el )

yER2

so that by (A.6) and Schur’s test, we obtain the desired estimate (A.4).
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For (A.5), we denote by K (z,y) = N2({(y)? —(z)?) the kernel of the commutator [A, (z)?].
Thus, we have

[V, [An, (2)°])f = . (VoEn(2,y) + Vy Ky (2,9)) f(y)dy.

Since
and | =V, (z)°+V,(y)°| < |z—y|, we can then conclude (A.5) by using Schur’s test as above. [

Next, we show a useful property of the Littlewood-Paley projector Ay in weighted Sobolev
spaces.

Lemma A.3.3. Let 0<d <1,0<s5<2, and N > 1 be a dyadic number. Then, we have
AN fllag < NS(HAngLg + AN fllzz + [[Aon fllz2) (A7)
with the understanding that Ay =0 if M < 1.

Proof. The case s = 0 is obvious. We consider the following three cases.

Case 1: 0 < s < 1.
By using (A.1) and (A.4) in Lemma A.3.2, we obtain

IANFlIZy S Y0 MP|| A (@) Ax )l

M>1
dyadic

S Y ME@) Au(ANDZ + Y MP AN (A.8)
! M>1 .
dyadic dyadic

S Y M@ A f e + AN,
M=% N2N

where we used 2s —2 < 0 for 0 < s < 1. Thus, we obtain

|ANf||§{§ S st(”Agf”Lg +1AN L2 + [[Aan fllL2) + N72S||ANfH%{§- (A.9)

From (A.9), we obtain the desired estimate (A.7) provided that N > Ny, with Ny chosen in
such a way that the right-hand-side of (A.9) can be absorbed on the left-hand-side. Moreover,
we have finitely many dyadic numbers N with 1 < N < Ny, so that (A.7) holds for these values
of N provided that the underlying constant on the right-hand-side of (A.7) is large enough.

Case 2: 1 <s< 2.
We first note that by (A.1) and (A.2), we have

IANfllas S @) An £l a
S K@) Anfllez + IV (@) An )| e

[(2)° AN fllz2 + 1) (ANV Al g1 + || [V, @) JAN ] oy
S Anfllze + @) (ANV Al e + | AN fllze-r

A.10
< |l (A.10)

Thus, by (A.10) and (A.7) from Case 1, we have

ANl S N (1A fllze + AN flloz + 1 22n fl2)
+NTH([Ax Ve + ANV fllzz + | A2n VI z2)-

Then, for any dyadic number M > 1, by the fact that (A% + Ay 4 Dop)An = Apg, (A2),
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and Lemma A.3.2, we have

1AMV s S IV (@ Aarfllze + (1), VIAwf| .
S Y (VA @A)l + IV ([ B @18 )| .)
M'=M M2M
+ 1 An fllz2
S Y (IR @8 o+ 19, s @ NAx S )
M'=M M2M
+ M|An fll 2
S M| A fll Lz

(A.11)

The desired estimate (A.7) then follows from (A.10) and (A.11).
Case 3: s =2.
Note that (A.10) also holds for s = 2. Thus, by (A.10) and (A.7) from Case 2, we obtain
AN fllaz S NANfllar + ANV fll
SN([Ax fllzz + 1ANFllLz +1A2n fllz2)
+N([Ax Ve + ANV fllz + 228V £l 2)-

We can then conclude (A.7) by using (A.11). O

We will also need the following estimate of the Littlewood-Paley projector Ay in weighted
Sobolev spaces.

Lemma A.3.4. Let § >0,0<s<2, s €R, and N > 1 be a dyadic number. Then, we have

IANfllay S N* > 1A fll gyo=20 (A.12)

L <M<4N
dyadic

with the understanding that Ay =0 if M < 1.

Proof. We consider the following two cases.

Case 1: 0 < s < 1.
By (A.8) and (A.4) in Lemma A.3.2, we obtain

AN flIF: S > MEa)’ Auflis + 1ANFIZ
M=% N2N
SNZo N MPTEO () Aprfll7e + ANl

M=4 N2N

SN 3T DD MR A (@) A f) 2

M=% M2M M=% N2N

FNE S MR A £l + AN

M/'=2 M2M M=% N2N

We can then conclude as in the proof of Lemma A.3.3 by absorbing ||Ay f||%. on the left-hand-
side.

Case 2: 1 <s< 2.
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From (A.10) and (A.12) from Case 1, we have
185 1ag S 1AW+ IANT I,

SN ST A + AN I

% <M<4N
dyadic

+ N280 Z ||AvaHiI§flfso + HANVfH%2

L <M<4N
dyadic

As in the proof of Lemma A.3.3, we can absorb ||Ay f||2, and |AxV ]|, on the left-hand-side,
so that by (A.11) we obtain

[ANFll; S N*0 30 IAMFI e + N 3 ANVl

A <M<4N N <M<4N
dyadic dyadic
2s 2 2s 25—2s 2
SRS S 1 e D DI Gl I V¥ [
N <M<4N J<M<4N
dyadic dyadic
We can then conclude the desired estimate. O

We close this subsection with the following result.
Lemma A.3.5. Let s1,s0 €R, § >0, and ¢ € C>(R?). Then, we have

o * flless, < 11

so .
(i}

Proof. For any dyadic N > 1, since (Ay + Ay + Azn)Ay = Ay and ()" < (y)(z —y) 7,
by Holder’s inequality we obtain

N AN(p* flliz=, =N > [Aue* AnflLe,

M=XY N2N
<N ANflle=, >, [Amel
M=% N2N
<SN=2|ANflle=, Y, MUTRAnelng,,
M=X N2N
where ¢ > 0. We can then conclude since ¢ € C3} 572, O

A.3.2 Some estimates on the approximation identity

In this subsection, we present some useful estimates for p.(z) = £ 2p(e~'z), where p €

C*(B(0,1)), p >0, and 5. p = 1. We start with the following estimate, which was proved in
[7] and in [8, Lemma 8] (in a different case with a similar proof).
Lemma A.3.6. Let § >0 and 0 < e < % Then, we have

loellBe, , S VIlogel.

Proof. We first note that

An((z)°pe)(ex) = N? g K(eN(z — y))(ey)’ p(y)dy.

107



Thus, we deduce that

e AN ((2)°p) |t S NP K (eNa)| L1 || (e2)° ol 1
= e ?|IK ]| [[(ex)’ pll 1 (A.13)
< e ?|K el s

Let Ny be the dyadic number such that Ny < % < 2Np. Thus, from (A.13), we get

> IAN(@)°pe)lI7h < logel. (A.14)
1<N<8Ny

We now focus on the case N > 8Ny. Note that

E(a)p. = Y AM(<5x>5p)(§), (A.15)
M>1
dyadic

where the Fourier transform of each summand on the right-hand-side of (A.15) is supported in

(3512 c (20

< l¢l < 4MNo }.
2¢e

Thus, we obtain

SAn(@p) = Y Av(AulEen’n)(2)). (A.16)

which implies that

2
L1>

an(@rol < (Y < autenn(2)]

SN )
dyadic
<6 > [Am(ex)’p)ll7
e
dyadic
This shows that
Do IAN(@) )7 <36 Y [[AM((ex)p)l[7: S ew)pll o - (A.17)
N>8N, M>1 '
dyadic dyadic

Combining (A.14) and (A.17) along with the obvious bound sup.¢ (g, 1) \\(£m>5p||3?2 < 00,
we can conclude our estimate. O

We will also need the following estimate.

Lemma A.3.7. Let 0 > 0,0<e<1,0<s1 <1, and so > 0 with s1 + s2 < 1. Then, we have

Hp8 * f‘ Ci15+1 S/ 6751782||f”(317?552 .

Proof. As in the proof of Lemma A.3.5, we get

N AN (pe # lln=, < N2 Axfllo=, > MF22 ][ Aprpe | L1
M=% N2N
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Thus, we only need to show that
(EN) 22 [[AnpellLy < C < o0 (A.18)

uniformly in € and N.
To prove (A.18), since 0 < s1 + s2 < 1, by (A.4) in Lemma A.3.2, we only need to prove

(eN)* 52| An((2)°p2)|| 11 < C < o0 (A.19)

uniformly in £ and N. Let Ny be the dyadic number such that No < 1 < 2Ny. When N < 8Ny,
we can easily obtain (A.19). When N > 8Ny, by (A.16), we obtain

IAN(@) p)llr < D IAM({ex) o),

8N0<M<4N
dyadic

so that

N \ s1+s2

(%) Ian(@ )l S sup (1)l e sen-

No c€(0,1) Leo

This implies (A.19) since sup.¢ g 1) | (ex)?p Be1ten - O
’ 1,00

We close this subsection with the following convergence result.

Lemma A.3.8. Lets€ R, 0<e,n<1, and § > 0. Then, we have

lpe s f = flles 5 S €Il f]

s4m .
C5

Proof. Let N > 1 be a dyadic number. If eN > 1, by the fact that (z)~! < (y){x — y)~! and
Holder’s inequality, we have

N An(pe * ) = AN fllLe;, < N¥|[pe x An fllres, + N¥||AN f[l o=,
< N¥|[pellpallAn fllpes, + NP[[ AN fllL (A.20)
SN AN flzs, -

If eN < 1, we write

@7 @nloe s 1) =B f) = [ Ko} )

where

For fixed x, we can compute that
/ |Ke,n (2, y)|dy
RQ

< Nﬁ | [ K@V = N2) = K (Ve = Nylpe(z — 9) ) dyd=
(A.21)

R2
EN s
= e |K(Nx —eNz) — K(Nx — eNy)|p(z — y){ey)°dydz
R2 JR

< gﬁ LLC s (VK@) = slole — w)en i,

wE[Nx—eNz,Nr—eNy]
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where we denoted by [a, b] the segment between a and b. We define

G(z)= sup |VK(w)|.
weB(xz,1)

Note that for any 2 € R? and 0 < A < 1, we have

LLC s (9@ slolc - e dy:
R2 JR?

WE[T—Az,T— )\y]

/ / sup |VK(w)|)<ez>5dzdy
R2 J|z—y|<1 wGB:E Az,\)

(A.22)
< G(T — A\2)(e2)’dz
R2
=22 | Gu)(er™(Z — u))’du.
R2
Thus, from (A.21) and (A.22) with Z = Nz and A = €N, we obtain
/ Bon (@ y)ldy < eN@) 0 [ Glu)(e — N-'u)du < eN. (A.23)
R2 R2
uniformly in z € R2. Also, for fixed 7, we use similar steps to obtain
[ Retag)lds
R2
= N%(y)° / |K( z—eNz— Ny) — K(Nz — Ny)|p(z)(z) " °dedz
SNy [ / sup VE@)|) o)) Cdrds (421
R2 JR2 Ywe€[Nz—eNz—Ny,Nz—Ny]
SN [ [ OG- g)e) Cdado
R2 Jz|<1
<SeN@) [ Gx)(N"'z+y)%dr < eN.
R2
Combining (A.23) and (A.24) and using Schur’s test, we obtain
[AN(pe * f) = ANnfllr=, S eN|ANfllL=, S e"NANfllLes,- (A.25)
We can then conclude by combining (A.20) and (A.25). O

A.4 Fourier restriction norm method

In this section, we recall the definition and properties of X**-spaces for the Schrédinger equa-
tions, known as the Fourier restriction norm method introduced by Bourgain [9]. For s,b € R,
we define the space X** = X*°(R x T?) to be the completion of functions that are smooth in
space and Schwartz in time with respect to the norm

”uHXSb = H |”‘ n)"ng%(szz)' (A'26)
For T' > 0, we define the space X;’b to be the restriction of the X **-space onto the time interval
[-T,T] via the norm

def .
Hu||XTb = inf {|Jv[|xs0 : V|77 = u}. (A.27)

Note that X; is complete. Given any s € R and b > 1, we have X7 b C([-T,T); H*(T2)).
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We now present and recall some useful properties related to X **-spaces, starting with the
following homogeneous linear estimate of the X**-norm as in [9].

Lemma A.4.1. Let s € R, b < 1, and k € Z>g. Let n be a smooth function supported on
[—2,2]. Then, we have

[t*n()e™ 2| .o S 3" 100 15 (r2).-

Proof. Note that since b < 1, we have

[#(06*20] o = [ 27 = o260
= 5@ gy I8l e 22)
S (0@ g2y + 106 EnE| 2 ) 111112 (r2)

S @+ k2" D (Il 2@ + 10l L2@) |6l (r2)
<o 3Fl19l ae 2y,

L2e2

which is the desired estimate. O

Let us define the following Duhamel operator
¢

TF(t) = T F(H) < x (1) / ()= =D P ay, (A.28)
0

where y : R — [0,1] is a smooth function such that x = 1 on [—1,1] and x = 0 outside of
[~2,2]. We now record the inhomogeneous linear estimate of the X*°-norm for the Duhamel
operator Z. For a proof, see [9, 43, 111].

Lemma A.4.2. Let s € R and b > % Then, we have
IZF |l xcs0 S 1 F [l x0-1-
We also record the following formula. For a proof, see [32, Lemma 3.1].

Lemma A.4.3. For any 7 € R and n € Z2, we have the formula
TF(+nPon) = [ Koo ) B + ol w)ar
R

where the kernel K satisfies

1 1 1 1
K g (g ) s L
|K(m, 7)< K + =3 ) Ty ~ Ioir — 77
Next, we recall the following time localization estimate. For a proof, see [9, 111].

Lemma A.4.4. Let s € R, —% <b <by< %, and 0 < T < 1. Let i be a Schwartz function
in time and let np = n(t/T). Then, we have

Izl o Sp T2 ull xo.0z

Lastly, we record the following L*-Strichartz estimate on T2. For a proof, see [9, 12].

Lemma A.4.5. Let 0 < s < % and b > 155. Let @ be a ball of radius N > 1 (not necessarily

centered at the origin) and let Py be the spatial frequency projector onto {n € 72 :n € Q}.
Then, we have

[Poullzars—1,11x12) S N®[[ul xs0.

We conclude this section by recording the following lemma. For a proof, see [76, Lemma 2.5].
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Lemma A.4.6. Let N;,L; > 1, j =0,1,2, be dyadic numbers. Suppose that ui,us € L?L2(Rx
T?) satisfy

suppu; C Py, NS, and suppuz C P, N Sy,.
Then, we have

. 1 . 1
(| Fte (wr2)|| 22 (p ) S min(Lia, L2)? min(No, N1, Na)2

max(L1 LQ) %
(TR ) el ez s

A.5 Counting estimates and a convolution lemma

In this section, we recall some counting estimates and a convolution lemma. We start with the
following fact from number theory. For a proof, see [33, Lemma 4.3].

Lemma A.5.1. Let ag,bg € C, m € Z[i] \ {0}, and My, My > 0. Then, the number of tuples
(a,b) € (Z[i])? that satisfies

ab=m, |a—ag| <M, |b—"bo| < Mo

is O(M§M§5) for any small e > 0, where the underlying constant depends only on e.
We now show the following counting estimates.

Lemma A.5.2. Let Ny, N1, No > 1 be dyadic numbers and let ng,n1,ne € Z2 be such that n;
lies in a ball of radius N; for j = 0,1,2, no —ny +n2 = 0, and |ng|? — |n1|> + [n2|?> = m for
some fized m € 7.

(i) The number of tuples (ng,ni,n2) € (Z*)® that satisfy the above conditions is
O(N1 Nz max{N§, N5}) for any small e > 0, where the underlying constant depends only on .

(ii) If ny is fived, then the number of tuples (ng,n2) € (Z*)? that satisfy the above conditions is
O(max{N§, N5}) for any small € > 0, where the underlying constant depends only on e.

(iii) If no is fized and ny # 0, then the number of tuples (ng,n1) € (Z*)? that satisfy the above
conditions is O(min{ Ny, N1}).

(iv) If n is fized and n # 0, then the number of tuples (n1,n2) € (Z*)? that satisfy the above
conditions is O(min{Ny, Na}).

Proof. (i) See [33, Lemma 4.3] for the proof of this part.

(ii) Since n; is fixed, we know that ng + ne = ny is fixed. Let k = (k1, k2) = no — na, so that
we have

(k}l + Zkg)(kl - ’Lkg) = |]€‘2 = 2|n0|2 + 2")7/2‘2 — |n0 + TL2|2 =2m —+ |TL1|2

is fixed. Since k lies in a ball of radius < Ny + No, by Lemma A.5.1, we know that the number
of choices for k is O(max{N§, N5}) for any small € > 0.

(iii) Note that since ng = n; — ng, we have
m = |ny —nal® — |n1|> + |n2|® = —2n1 - ng + 2o %
This shows that nq - ny is fixed, which means that n; is restricted to a line. Also, we have
m = |n|? — |ng 4+ n2|* + |n2|? = —2n0 - na.

This shows that ng - ny is fixed, which means that ng is restricted to a line. Thus, the number
of choices for (ng,n1) is O(min{Ny, N1}).

(iv) The proof of this part is the same as that in part (iii). Thus, we omit details. O

We also record the following counting lemma. For a proof, see [76, Lemma 2.9(ii)], which
was stated in a general dimension d > 2 but we only need the d = 2 case.
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Lemma A.5.3. Let N > 1, N~' < wv <N, M >0, and

DE{E=(61,6) eR*: N[/ S N+ M <& < M+v}.

Let R be an arbitrary rotation operator on R?. Moreover, with e; = (1,0) € R?, we set

B

K {5 cR?: 5 < 4&e) < 26},

where Z(€, e1) denotes the angle between £ and e; and § > 0 satisfies

(,u+min{1/,1}>% <B<

T
N 4’

Then, we have
1Z*> NR(DNK)| < max{v,1}(8~" (1 + min{r,1}) + 1).

We end this section by recording the following convolution inequality. For a proof, see [43,
Lemma 4.2].

Lemma A.5.4. Let 0 < g <~ with v > 1. Then, for any a € R, we hae

/ 1 _ 1
R (2)P(x —a)7 ~ (a)P’
A.6 Wiener chaos estimate

In this section, we recall the Wiener chaos estimate. Let (H, B, i) be an abstract Wiener space,
where p is a Gaussian measure on a separable Banach space B and H C B is its Cameron-
Martin space. Let {e;};en C B be an orthonormal system of H* = H. We define a polynomial
chaos of order k as an element of the form Hj’;l Hy, ({z,e;)), where x € B, k; # 0 for finitely
many j’s, k = Y72, kj, Hy, is the Hermite polynomial of degree k;, and (-,-) = p(-,-)p-
denotes the B-B* duality pairing. We denote by Hj; the closure of all polynomial chaoses of
order k in the space L?(B, ). We also denote

k
’Hgk = @Hj (A.29)
§=0

for k € N.

Let L be the Ornstein-Uhlenbeck operator. It is known that any element in Hj is an
eigenfunction of L with eigenvalue —k. Then, we have the following Wiener chaos estimate as
a consequence of the hypercontractivity of the Ornstein-Uhlenbeck semigroup U(t) = e'r due
to Nelson [92]. For a proof, see [105, Theorem I1.22].

Lemma A.6.1. Let k € N and p > 2. Then, for any X € H<y, we have

k
”X”LP(Q) < (p - ]-) 2 ||X||L2(Q)
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