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Abstract

This thesis explores the geometry of string theory backgrounds and the non-
geometric features of string theory that arise due to T-duality. For this reason,
it is divided into two complementary parts. Part I deals with the superalgebras
of symmetries of string theory and M-theory backgrounds, the so-called Killing
superalgebras. It is shown that one can define a Lie superalgebra consisting
of the infinitesimal field-preserving isometries and the supersymmetries of the
background. We also explore the extension of a Killing superalgebra with brane
charges. Part II deals with non-geometric backgrounds. In particular, we adopt
the framework of the doubled geometry, also known as the doubled torus. We
analyze the hamiltonian dynamics of the system and quantize a model T-fold.
Finally we extended the doubled torus system to include worldsheet supersym-
metry. Throughout part II, we focus on the equivalence, classical and quantum,

of the doubled formalism with the conventional formulation.



vi



Acknowledgments

I would like to thank first and foremost my parents and my sister. If it was not
for their invaluable emotional support, I would not have accomplished most of
my achievements. They supported me economically throughout my doctorate
research and made this work possible.

I have benefited extremely from being a student of Professor José Figueroa
O’Farrill. His deep and unique insight and style of mathematical physics has
definitively shaped my own. I feel privileged to have been his student.

I owe a great deal to my friend, colleague and collaborator Emily Hackett-
Jones. I have enjoyed our many conversations and I appreciate a lot the way she
works. It has been a delight and fortune to collaborate with her. Her input has
been decisive in completing this work.

I would like to thank Professor Harry Braden for patiently listening to my
frustrations through the years.

The string theory group of Edinburgh has benefited recently from the mem-
bership of Dr. Joan Simon. I would like to thank him for the many enthusiastic
discussions we have had.

Edinburgh would not be the same without my friends. I would like to thank
them for being so close to me, through all my joys and tribulations. Fatima,
Danilo, Sunil, Korina, Jan, Shirley, Tilman, Patricia, I will always be thankful
for our shared moments.

Finally, I would like to thank my sister, Emily and Patricia for proofreading
parts of this thesis.

vil



viil



Dedicated to my family

X






Contents

Abstract

Acknowledgments

1

Introduction

1.1 String Theory Backgrounds . .. .. . ..
1.2 T-duality . .. ... ... ... ......
1.3 Outlineof Thesis . . . . . ... ... ...

Geometry

Supersymmetry in M-theory

2.1  M-theory Backgrounds . . . .. ... ...
2.2 M-theory Supersymmetry . . .. .. ...
2.3 Superalgebra of Charges . . .. ... ...
2.4 Killing Superalgebras . . . . .. .. .. ..

Type IIb Killing Superalgebra

3.1 Spinors in 149 Dimensions . . . . . . . ..
3.2 Type IIb Supergravity and Supersymmetry
3.3 Killing Superalgebra . . . . . ... .. ..
3.4 Homogeneity . .. .. .. .. ... ....

Heterotic and Type I Killing Superalgebra
4.1 Theory and Supersymmetry . . . . . ...
4.2 Killing Superalgebra . . . ... ... ...

Maximally Extended Killing Superalgebra
5.1 Superalgebra Extensions . . . . . ... ..
5.2 Killing Objects . . . . ... .. ... ...
5.3 Freund-Rubin Backgrounds . . .. .. ..

II Non-Geometry

6

The Doubled Torus
6.1 Doubled Torus Backgrounds . . . . . . ..

xi

vii

OO W=

13

14
14
16
19
23

27
27
34
39
50

55
%)
57

62
63
69
79

83

84



6.2 Doubled Torus System . . . . . . . ... ... ... ... ..... 92

6.3 Euler-Lagrange Equations . . . . . .. ... .. ... ... .... 96
6.4 Passive and Active T-duality . . . . . ... ... ... ... .... 100
7 Hamiltonian Analysis 103
7.1 Dirac Second Class Constraints . . . . . . . . . . . . . ... ... 103
7.2 Hamiltonian and Constraints . . . . . . . . . . . . . . . ... ... 106
7.3 Energy Momentum Tensor . . . . . .. .. ... ... ... .... 111
7.4 Hamiltonian Reduction . . . . . . . . . . . ... 111
7.5 A Toy Model . . . ... ... . .. ... 114
8 Quantizing a T-fold 117
8.1 Setup. . . . . . . . 117
8.2 Quantization . . . . . . ... .. 123
8.3 The Partition Function . . . . . . . . . . ... ... 136
9 Supersymmetric Double Torus 151
9.1 Superspace Formalism . . . ... .. ... ... ... ... .. .. 152
9.2 Supersymmetric Lagrangian . . . . . .. .. .. ... 155
9.3 Constraint Analysis . . . . . . . ... ... L 157
10 Conclusion 163
A Conventions and Notation 167
B Spinors for Freund-Rubin Backgrounds 169
C The pp-wave Killing Superalgebra 175
Index 180
Bibliography 181

xii



Chapter 1

Introduction

String theory is currently the most prominent theory put forward to describe all
fundamental interactions, including gravity. In principal, it can be defined as the
study of the quantum relativistic string. In this chapter we describe some of its
main ingredients, before we set out our perspective and aim of the thesis.

The theory originates in the guise of the so-called dual models, which were put
forward in the ’60s to explain hadronic scattering [1]. The dual models, though,
were abandoned with the successes of quantum chromodynamics. It was later
found [2, 3] that a massless helicity-two particle in the theory has the properties
of the graviton. The discovery of the graviton in the string spectrum remains
one of the most striking and prominent features of string theory. By the late ’80s
there were five consistent string theories in 10 spacetime dimensions, which were
considered inherently different.

One can appreciate the advantage of quantum gravity derived from string
theory in the following way. The low energy dynamics of the five string theo-
ries are described by various supergravity theories of critical dimension 10. The
graviton fluctuates around its classical value as a massless string oscillation mode.
Whereas a canonical quantization of gravity is in principle non-renormalizable,
string theory smooths the ultraviolet divergences by replacing graviton Feynman
interactions with conformal worldsheet diagrams. This suggests that string the-
ory can describe concisely quantum gravity with no ultraviolet divergences.

One might ask how these extra dimensions are related to a 4-dimensional



world. It is interesting to take the extra dimensions literally [4] and there are
in principle two ways of deriving an effective 4-dimensional theory. In the first
approach [5], the extra dimensions are compact and of relatively small size. As-
suming a typical radius of the compact dimensions R, the massless fields can be
decomposed as a sum of Fourier modes around the compact directions, thereby
giving a tower of effective masses n/R [6]. For low energies, one would only
observe the massless states. In general, the massless spectrum of the so-called
Kaluza-Klein compactification depends on the internal, compact manifold that
is used [7]. A different approach is to combine the ideas of brane-world scenar-
ios [8] with the D-brane dynamics of string theory [9, 10]. In this approach the
4-dimensional universe is a 3-brane floating in an ambient space.

The quantum dynamics of string theory are further enriched with the dynam-
ics of D-branes. These are surfaces on which open strings can end and couple
to the gauge fields of a supersymmetric field theory [9]. The AdS/CFT corre-
spondence is a widely held and tested conjecture, that conformal field theories,
defined on typically 4 dimensions, are dual to string theories defined on AdSs x S°
spaces [11]. A further exciting result is a microscopic explanation of black hole
entropy [12]. These developments point towards a precise holographic principle
of quantum gravity in the context of string theory.

Nevertheless, it is difficult to extract definite experimental signatures from
string theory. One expects the string length to be of order of the Planck scale
and, therefore, the first string corrections are expected at very high energies.
String phenomenology is an active area of research. Interesting topics that are
pursued include large extra dimensions phenomenology [13], black hole produc-
tion at accelerators [14] and various string inspired field theories [15]. The next
half a decade will be very fruitful in the field of particle physics. With the LHC
probing energies of the TeV scale, it is very possible that new physics beyond the
standard model will emerge.

At the same time, string theory remains an active area of research with many
of its non-perturbative features unknown. A promising feature is the realization

that the five different string theories are limiting cases of a unifying membrane



theory. It is known that the five different theories are related, at certain regimes
of their moduli space, by quantum dualities [16, 17, 18]. The so-called M-theory
is a conjectured non-perturbative theory that exists in 11 dimensions and gives
the various string theories as limits. 11-dimensional supergravity would then be
a low energy limit of M-theory.

This thesis examines two theoretical aspects of string theory. The first as-
pect involves the geometry of string backgrounds, described at low energies by
supergravity theories. In particular, we prove that supergravity backgrounds
come with a Lie superalgebra structure, where the bosonic elements are the field-
preserving Killing vectors of the background and the fermionic elements are its
supersymmetries.

The second aspect involves a feature unique to string theory, that of T-duality.
This duality is non-geometric, in the sense that one cannot describe it with smooth
maps. This allows for the exotic case of a T-fold, that is a consistent string back-
ground that does not have a smooth geometry. In particular, we will study the
“non-geometricity” of string theory by using a duality-symmetric formulation [19]
that allows us to lift the non-geometric background to a globally defined smooth
manifold.

The following sections introduce some material that allow us to establish a
link with the overall picture. Firstly, we describe how the massless modes of
string theory correspond to supergravity fields. We then introduce T-duality and
motivate the duality-symmetric formulation. We conclude with an outline of the

thesis.

1.1 String Theory Backgrounds

An important feature of string theory is that the consistency of the worldsheet
dynamics determines the geometry of spacetime. At the same time the mass-
less states describe the quantum fluctuations around the classical background.
Furthermore, we will see that a consistent supersymmetric string determines a

geometry described by supergravity.



A bosonic string can couple to a metric g, a 2-form b and a scalar field, the

dilaton ¢, with dynamics prescribed by the Polyakov action

1
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where R is the scalar curvature of the worldsheet metric Nap- For ¢ constant,
gs = exp(—¢) can be taken as a worldsheet coupling constant [20]. The sigma
model will fail to preserve the conformal invariance unless the beta functions
vanish [21]. The beta functions can be calculated perturbatively in o/ and to
zeroth order we get the condition that the dimension is fixed to be d = 26. At
higher orders in o, we get differential conditions on the data (g, b, ¢), which can

be equivalently encoded in the spacetime action [22]

1
= d —¢ 2_ 2 /
S ////d x\/|gle (R—I— gl —12|H|g) +O(d) .

At the same time, the massless string states describe the quantum fluctuations
around the classical background. For definiteness let us take a flat spacetime with
vanishing b-field and dilaton, so the solution that minimizes (1.1), in the light
cone gauge, is X' = X% + Xt with

R P 1 -
Xp(o7) :§(Xo +ppo) + 7 2 7% "
) . - (1.2)
. . . 1a .
Xp (o) ==(Xg+phot) + —= > —Ee ™"
2 V2 o k

for i = 1,...8. The massless states in this case are a’ ;@' [0;pg = 0), 4,7 =1...8,
acting on a Fock space vacuum. Under the isotropy group SO(24) of the light
cone, the massless fields reduce according to 24 ® 24 = 299 & 276 @ 1, that
correspond to fluctuations around the background fields, respectively of ¢,un, bmn
and ¢. Coherent states of this type, can further correct the effective lagrangian
of (1.1).

There are two shortcomings of the bosonic string, namely the vacuum |0) is

tachyonic and the theory contains no spacetime fermions. It is for these reasons



Sector | spacetime SO(8) irreps massless fields
NS-NS boson 8, ®8,=3bD28d 1 Imns Do, @
NS-R fermion 8, ®8; = 8, @ 506, U, A
R-NS fermion 8 ® 8, = 8, D 56, wroN
R-R boson 8s ® 85 = p-forms Ramond-Ramond fields

Table 1.1: The massless states of the closed string. The fields in the last column
are identified according to their light-cone SO(8) irreducible representation and
a subscript v (s) denotes a vector (spinor) representation.

that we consider supersymmetric string theory. For simplicity, let us take a closed
string that couples to a flat metric g. In the superconformal gauge, the Polyakov

action generalizes to

1
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and is invariant under a global worldsheet supersymmetry, [23].

Similarly to the bosonic closed string, the solutions can be split into left-
handed and right-handed parts, which are respectively given by their chiral com-
ponents. But now for a closed string, the chiral components of the fermion fields
Y = (¢4,1_) can be either periodic (Ramond) or antiperiodic (Neveu-Schwarz)
along the string circumference. Furthermore, the zero modes of the Ramond sec-
tor furnish on-shell a representation of the Clifford algebra C¢(8). The Ramond
vacuum is thus an SO(8) spinor. Conformal invariance requires that we consider
all left-handed times right-handed sectors: NS-NS, R-R, NS-R and R-NS. The
massless sector is represented in table 1.1 .

The vacuum of the NS sector is tachyonic, but there is a consistent truncation
of the spectrum, the so-called Gliozzi-Scherk-Olivie (GSO) projection [24], that
projects out the tachyon. The NS sector is projected with 1 — (—1), where the
operator (—1)F anticommutes with the NS fermions. The R sector is projected
under 14 (—=1)¥, where now the operator (—1)¥ also acts on the spinorial SO(8)
Ramond vacuum as the chirality operator. Choosing the opposite sign of the GSO
projection for the left- versus the right-handed Ramond vacuum defines the type
[Ta string and the massless fields are the field content of type Ila supergravity.
Choosing the same sign for the GSO projection is the type IIb string and the



massless field content is that of type IIb supergravity [25].

The type I string can be obtained as an orientifold of the type IIb theory,
whereby we keep the diagonal sum of the type IIb chiral gravitini. The massless
field content is that of type I supergravity. The heterotic string takes a left-
handed fermionic superstring (d=10) and a right-handed bosonic string (d=26).
Conformal invariance is guaranteed, if the extra 16 dimensions are those of an
even, self-dual lattice, corresponding to the weight lattices of the groups SO(32)
and Eg x Eg [26]. The massless field content is that of heterotic supergravity.

Supergravity theories are very interesting in their own right. They are the
extensions of Einstein gravity which have spacetime supersymmetry. More pre-
cisely, they reproduce the Poincaré supergroup with either (1,0), (1,1) or (2,0)
chiral supersymmetries, so that the graviton is the highest helicity representation
within the field content. Although we shall focus on the supergravity theories, we
have shown here how these give consistent backgrounds for superstring theory.

One of the supergravity theories we will describe is the maximal d=11 su-
pergravity. This holds a primary role in supergravity theory. By dimensional
reduction we get type Ila supergravity that is in turn T-dual to type IIb su-
pergravity [27]. Classically, a type Ila background lifts to a d=11 background
compactified on a circle of radius Ry; = exp(2¢/3). Therefore, the strong cou-
pling of type Ila string theory suggests a theory of one extra dimension, whose
low energy limit is 11-dimensional supergravity.

In the next section, we focus on T-duality, which relates type Ila with type
ITb string theory. It is an introduction that will motivate the second part of the

thesis, namely a T-dual formulation of string theory.

1.2 T-duality

String theory possesses a duality-symmetry that does not have an analogue in
quantum point-particle mechanics. Two string theories are equivalent on respec-
tive manifolds that are related by a non-diffeomorphic map. In fact, for the case

of the type II string, it relates two theories with different field content.



To illustrate this, let us first consider a bosonic closed string on a flat manifold,
whose 26th dimension X = X2 is a circle of radius R. Because the coordinate is
identified under a translation of 27 R, we can allow a winding mode around the

spacetime circle

X(o+2m,7)=X(0o,7)+2rmR, meceZ.

Furthermore, because of quantization, the momentum of the center of mass! is

quantized. The solution of (1.2) generalizes to

1 1 ap .. —
Xp(o7) ==Xo+pro + —= Z —k giko
2 Vet (13)
. 1.3
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Xp(0") =2 X0+ prot 4 L3 e ikt
2 ﬂgﬁ% k
with
27
prL+DPrE —N, nez
R
pL — Pr € 2rRm , mewz.

T-duality in this case is the map from the bosonic string defined on a circle
of radius R to a bosonic string defined on a circle of radius 1/R, whereby the
ordinary derivatives of the maps tranform as X, — X, and Xp —» —Xpz. In
particular, the map exchanges the winding mode m with the momentum integer
n. We notice that T-duality is a map between two points in the moduli space of
the bosonic string, respectively defined at R and 1/R. That is, the map on the
worldsheet operators is accompanied with a map of the geometry. We refer to
the latter as the Buscher rules.

One can check that the two theories are equivalent by comparing the en-
ergy, momentum and the spin of a given configuration under T-duality. The

corresponding values match exactly. More importantly, one can show that the

lwe set henceforth o/ =1



partition function is invariant under T-duality. It is computed [20] to be

Z(1; R) = |n(7)]? Z exp <—7r7'2 (%22 +m2R2) + 2m’7’1mn) :
m,ne’

where 7 is the Dedekind function. We see that the partition function is invariant,
by simply replacing the dummy variables m «» n. The partition function cap-
tures, to first order in the string coupling constant, the spectrum of the bosonic
string. One can show that the partition function defined on worldsheets of higher
genus is again invariant.

The case of T-duality on a circle is a general feature of bosonic string theory
on a manifold where there is a compact field-preserving isometry [28, 29]. The

dual geometry is given, for vanishing dilaton, by the Buscher rules

5 1
Okk = —
Gkk
. bri
Gki =
Gkk
. 9ikgik — birbj
9ij = Gij + = =R
Jkk
Bki _ ki
Jkk
- bk — Girbpi
bij :bij+9k ki — 9jkOk ‘

Jkk

In the formulation of [30], the two theories are shown to be equivalent as conformal
field theories, by expressing them as descendants of a one-dimension higher parent
CFT where the isometry is represented by a chiral symmetry.

T-duality is also a perturbative duality of the superstring theories. On the
type II string it reverses the sign of the chirality operator, thereby exchanging
the type Ila with the type IIb string. T-duality will also act on the open string
spectrum, exchanging Dirichlet with Neumann conditions. Not surprisingly, the
Buscher rules express a symmetry map between type Ila and type IIb supergrav-
ity. By Kaluza-Klein reduction on a circle, the two type II supergravity theories
reduce to the unique N = 2 supergravity theory in 9 dimensions [27].

We will be interested mainly in bosonic T-duality and a useful concept is that



of the Narrain lattice. A compactification on an n-dimensional torus leads to the
grouping of the winding and momentum modes into a 2n vector, so that (pg, pr)
takes values in a self-dual even lattice A, defined by the radii of the torus. One

can show [31] that T-duality acts as the group O(n,n,Z), which is generated by
e Large diffeomorphisms of the torus in GL(n,Z),

e Gauge shifts of the b-field 0b € Mat(n, Z),

e Factorized T-duality that are inversions on each of the compactified radii

of the torus.

The group O(n,n,Z) effectively acts on the Narrain lattice A. Nevertheless, it is
known that even self-dual lattices are connected under O(n, n, R) transformations
and equivalent under O(n) x O(n) transformations, thereby giving the moduli
space O(n,n)/ (O(n) x O(n)). But as we have described, the moduli space of
string theory should be further identified under T-duality, giving the space

O(n,n)/ (O(n) x O(n))
O(n,n,7) '

This is to be considered as the moduli space of equivalent, that is T-dual, string
theories compactified on a torus 7™.

The Narrain lattice provides us with a conceptual tool to identify the moduli
space of tori compactifications. Furthermore, it hints towards the necessity of
enlarging the space of string compactifications to accommodate for T-duality.
A typical scattering process involves the addition of a vertex operator, e*, at
some moment on the worldsheet. As T-duality is a symmetry of string theory,
one might envision the need to consider separate conjugate momenta to the left
and right-handed momenta. This is related to dualizing the theory, so that both
X = X + Xg and its T-dual coordinate X =X, -X r are considered. It
is conjectured that string field theory would necessitate such a formulation and
allow the flow of the renormalization group into directions that are hidden by

T-duality.



Considering a duality-symmetric formulation of T-duality has appeared at the
level of equations of motion in [32, 33] and as a lagrangian system with no manifest
Lorentz symmetry in [34]. These formulations are related to the so-called doubled
geometry, or doubled torus formulation, which was proposed by C. Hull in [19].
T-duality allows for the construction of well-defined string backgrounds that do
not have a smooth spacetime interpretation, which are called T-folds. Such T-
folds can arise either as Scherk-Schwarz reductions with T-duality twists [35],
or even from a conventional string background after a nontrivial T-duality is
performed [36]. The doubled geometry provides a framework for studying T-
folds.

1.3 Outline of Thesis

The thesis is logically partitioned into two parts. Part I deals with smooth fea-
tures of string theory backgrounds. We mainly study the Killing superalgebra
of supergravity solutions and its superalgebra extensions. Part II deals with the
non-smooth features that arise due to T-duality. We study the duality-symmetric
formulation of string theory known as the doubled torus. In particular, we shall
analyze the system in its hamiltonian formulation and quantize a model T-fold.

In chapter 2 we give an overall presentation of supersymmetry in d=11 super-
gravity. The theory is characterized by 32 supersymmetries, a solution generating
symmetry modeled on the d=11 Poincaré superalgebra. We find that the super-
algebra of charges capture some further charges that extend the super-Poincaré
algebra. The Killing superalgebra of the background is also associated to every
background. This consists of the supersymmetries that leave the background in-
variant and the field-preserving isometries of the background. Most of chapter 2
contains well known concepts. However, we present some formulae? explicitly.
The extension of the charge superalgebra motivates the question of when and
how a Killing superalgebra can be extended. We return to this question in chap-

ter 5.

Zsuch as the curvature of the superconnection and the ADM superalgebra written in a
universal and covariant way.

10



In chapter 3 we construct the Killing superalgebra of type IIb backgrounds.
We explain the construction in detail and present the only nontrivial calculations
one has to perform. These are the proof that the odd-odd bracket closes on the
even subalgebra and that the odd-odd-odd Jacobi identity is satisfied. This last
calculation requires an intricate interplay of the supergravity Killing equations,
verifying that supersymmetry in supergravity has such a tight structure that
allows this construction. A theorem is also replicated from [37], which shows
that enough supersymmetry guarantees local homogeneity of the background.

Chapter 4 is devoted to heterotic string backgrounds. The construction of
the Killing superalgebra is repeated for this theory. Whereas many aspects are
similar, we find that heterotic backgrounds are often much simpler. In particular,
the holonomy of the supersymmetry transformations is contained in the spin
group of the geometry, thereby on the one hand simplifying the calculations and
on the other hand providing some stronger results concerning the homogeneity of
heterotic backgrounds.

In chapter 5 we return to the problem of extending the Killing superagebra
with additional geometric objects. In particular, we restrict our attention to the
so-called minimally full extensions. We show that whereas the Killing superalge-
bras of the maximally supersymmetric flat and the Freund-Rubin spaces admit
full extensions, the maximally supersymmetric pp-wave does not.

Part II deals with the T-dual symmetric formulation of the string [19]. Chap-
ter 6 is a review of the doubled geometry formalism in its lagrangian formulation.
In particular, we introduce a conceptual framework, whereby a doubled geome-
try is a target spacetime manifold obeying some restrictions and a doubled torus
system is a constrained pseudo-lagrangian system. We discuss T-duality in this
framework.

In chapter 7 we analyze the doubled torus system using Dirac’s theory of
constraints. Most importantly, we find that the constraints are of primary and
second class. We investigate the Dirac dynamics and discuss the energy momen-
tum tensor. We conclude with an interesting discussion of “what is T-duality?”

from the point of view of the hamiltonian formulation of the T-dual string. We

11



contrast this picture with the lagrangian formulation of chapter 6.

Chapter 8 uses the tools developed in the previous chapters, to study T-folds.
In particular, we specify a model T-fold and quantize the string canonically. We
investigate the Hilbert space and most importantly write the partition function.
The partition function is found to be modular invariant and equivalent to the
calculations of the model, when treated as an asymmetric orbifold in the conven-
tional formulation.

Finally, chapter 9 deals with the supersymmetric extension of the doubled
torus. The pseudo-lagrangian of the doubled torus can be extended with su-
persymmetric fields in the usual fashion. The constraint of the doubled torus
system, though, requires special attention. We propose a supersymmetric exten-
sion of the constraint and provide arguments that show the classical equivalence
to the conventional formulation.

We conclude the thesis with a short discussion of both parts. Appendix A
contains some generic conventions used. Appendix C contains the Killing super-
agebra of the maximally supersymmetric wave. The results of chapters 3 and 4
have been presented in collaboration with E. Hackett-Jones and J. M. Figueroa
O’Farrill in [38]. The results of chapters 7, 8 and 9 have been presented in col-
laboration with E. Hackett-Jones in [39].

12
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Geometry
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Chapter 2

Supersymmetry in M-theory

In this chapter we review 11-dimensional supergravity and elaborate on three
different but closely related superalgebra structures.

In section §2.1 we set up our conventions and introduce the theory. In sec-
tion §2.2 we talk about the supersymmetry of the theory, that is a superalgebra
of infinitesimal variations that preserve (on-shell) the equations of motion. As
a gauge symmetry that incorporates diffeomorphisms, the superalgebra of varia-
tions gives rise to a superalgebra of charges only under certain conditions. The
superalgebra of ADM supercharges, given in section §2.3, is precisely such a super-
algebra, and can be defined whenever the solution is asymptotically flat. Finally,
we talk about the Killing superalgebra, which is the superalgebra of infinitesimal
variations that leave the background invariant.

This chapter serves as an introduction to supersymmetry in string theory and
M-theory. The following chapters will concentrate on the Killing superalgebra of
type IIb and heterotic string backgrounds. We shall finally return to M-theory

Killing superalgebras and examine its extension in chapter 5.

2.1 M-theory Backgrounds

11-dimensional supergravity is the unique field theory in 11 dimensions with 32
supercharges such that the highest spin field it contains is the graviton. The

theory was constructed using Noether’s method to complete a theory with super-

14



symmetry [40]. The theory itself has a fascinating history and until the early '80s
was considered in its own right a candidate for ‘the’ fundamental quantum field
theory of nature [7]. Various non-renormalizability and chirality issues resulted
in string theory research superseding realistic supergravity models. Nevertheless,
the theory surfaced again as the low energy limit of M-theory.

The field content of 11-dimensional supergravity is the mostly minus metric
g, a closed 4-form field strength F', which can locally be written as F' = dA, and a
Rarita-Schwinger field, the gravitino ¥,; of odd Grassman parity. The dynamics

are given by the lagrangian

w+ow

1 1
L=-1R (w) dvol—§\I/MFMNPDN (
1
3125
1
+IrFAFAA,

1
) Up dvol—éF/\ x
Uy (FMNABCD + 12FCD6ANeBM) Uy (F + F’)A dvol

BCD

where r is the sign of the volume element in a representation of the Clifford

algebra C/(1,10), which is generated by the gamma matrices that obbey
{FAarB} = _277AB :
In the lagrangian we have defined two ‘supercovariant’ tensors

WMAB =WMAB — —‘IJCFMABCD‘I/D
4 (2.1)
- 3 - A B '
F:F+E\IJFABA\I/A6 Ne

They are called supercovariant, as they transform under supersymmetry in a
covariant way. In particular, the equation of motion of the gravitino is by con-

struction supercovariant

MMNPD Ty =0,

with D the supercovariant derivative

. 1 ~
Dy = Dy (&) — ST (8TPPeq, + T4PCP, ) Fupen
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and D is the exterior spin derivative.

As supergravity is considered a classical limit of a quantum theory, it is most
natural to take solutions for which the gravitino vanishes. Such backgrounds are
called bosonic M-theory backgrounds and are defined by the manifold .# with
metric g, the spinor bundle S and the field strength F'. The bosonic part of the

lagrangian is just

3

1 A2 A
L= —Z—LRdvol—?F/\*FJr gF/\F/\A . (2.2)

We use A = 1, but it is often useful to let the normalization of F' vary, in order

to make contact with other conventions.

2.2 M-theory Supersymmetry

The supergravity action is invariant [41] under the following transformations

delt =z

6V =D()e STEPeq, + TA5CP, ) Fupepe do™ = De (2.3)

g (
1
(SA:—ZéFAB\I’/\eA/\eB,

where D is the spin covariant exterior derivative and ¢ is a spinor field of odd
Grassman parity. The commutator algebra of supersymmetry variations generate
on-shell diffeomorphisms, spin rotations and gauge transformations [40]. Super-
symmetry is a solution-generating symmetry of supergravity solutions. Much
more can be said though. As an example, consider the well-known fact that in
supersymmetric field theories, the fermionic equations of motion transform under
supersymmetry into the bosonic equations of motion.

Indeed, let us define the curvature of the supercovariant derivative RP y;n =

[Dyr, Dn|, where the supercovariant derivative is, when ¥ = 0, in any conven-
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tions!

Dar = Di(w) + aFayapcTAPC + bFapopl P,

with @ = 8b. The term 2 = D — D can be written in the convenient form

1 1
QX—)\(E)CF—Z}WX) ,
for all vector fields X. We present the curvature RP;y on page 18. By varying
the gravitino equation of motion, with respect to an arbitrary supersymmetry
transformation, and then setting ¥,; = 0, we get TNPRP, v = 0. Contracting
with I'p, we equivalently have TM RP ,n = 0.

We find that the transformation of the gravitino equation is not just onto the
whole bosonic sector of equations of motion, but quite curiously there is ‘room’
for more information. It is tantalizing to view this as a sign for hidden symmetries
that are related to the holonomy of the supercovariant connection [42, 43, 44, 45].

In any case, the equations of motion we get from I'M RP;n = 0 are

2
RNC = — )\Q(QFJ%C — §F277NC)

dx F =AFN\F
dF =0 .
which are precisely those from the lagrangian (2.2) with A = —r%. This calcu-

lation provides an immediate argument that enough supersymmetry invariance

of a background can guarantee most of the bosonic equations of motion.

. 14!
lfixing A = —r2die

redefinition of fields.

is related to the so-called trombone symmetry, which amounts to a
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Expanding R?j,y gives

_RﬁN = R%N + a(vNFMAl...Ag)FAIWAS + b(VNFA1A4)FMA1A3

— G(VMFNAl.,.A3)FA1---A3 _ b(vMFAl...A4>FNA1'"A4

+anfa,. a,Fp, . BEMN
ALA foXXe,
+a21FMA1A201FN 1 202F 12
A1 A c
+ ap iy s A TN

A A c
— PN Es Ay T

Ay A
+agsla, A, F T yn

Al...A4Bl...B4CI‘\C

Ai1..A3B1..B Cy...C
+asiFara,. 4, FB, .., g7 T Ny o TR
Ai..AsB1..B C...C
- a/?)lZ?]\[Al...AgZ?B1...B48 ! . 4M01...03F ! 3
A1 A C1...C:
+an Fara, a0, F 2 000N
A1 A C1...C
—ag1 Fna, a0, 7 P oo TP
A C1..C
+ a42FMNA1C'1F 1C2CSC4F ! !
Ap. A C1...C
+asiFray. a3 FNay. 4687 0o T
A Bi..Bs C1..Cs
+ aso N By By A Bs. BsEMT T P oy T
A Bi..B C1...C
—aso By By By FA By BsENT T P 0y o TR
AL A Bi..B C1...C
+assF g By Fay asBsBiEMN T ey LR
The coefficients are given by
a1y :2[)27“ 921 :3(4')2[)2 99 =— — 234'b2 93 =— — 4‘2b2
8.5 272 572 4.
as] = — gb r 41 :(4‘) b 49 =412°b asq :gb r
4 6
2 2
a5y — — —b T as3 :—b T
5 5
The coefficients a = 8b are usually given by b = — =, while r is the sign of the

volume element dvol € Cl(.#, g) in the representation.
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2.3 Superalgebra of Charges

In equation (2.3), we gave the supersymmetry variations that transform the ac-
tion into a boundary term. It is a pedestal of field theory that symmetries give
rise to conserved charges and vice versa. Since supersymmetry generates diffeo-
morphisms, the existence of conserved currents is rather subtle. Indeed, if we
were able to find a local expression for the energy-momentum of a gravitating
system, this would contradict the equivalence principle.

Nevertheless under certain conditions, one can define conserved Noether quan-
tities corresponding to spacetime symmetries [46, 47, 48]. We shall use the la-
grangian Noether method of [49, 50, 51] to find the supercharges that correspond
to supersymmetry. For this we need the boundary term into which the action
transforms. This is

1 - .
Seusy £ = + 2><—3'd(\1/rABC A (D(Q) + Q(F))e A xeBC)
1 .
— 5d(gFABC A (D(Q) + Q(F)A)W A xeABY) (2.4)
oL
+ d(dgusy A=) .
( y aF)
The terms proportional to £ cancel, because of supersymmetry. Now on the
other hand, if we denote the Euler-Lagrange equations of any field ¢ = g, A, ¥
by 05/d¢, the variation of the lagrangian under any variation, and in particular

the supersymmetry variation, gives

Sousy £ = + Ld(\ir ABC N Ogusy U A %eBC) 4 d(ésusyAa—E)
PSR LAY S VA S |
susy 5@ susy SA susy Se .

By subtracting the two variations of the lagrangian, equations (2.4) and (2.5),
one obtains the so-called Noether cascade equations
1 .
— —d(eT 45 A (D(&) + Q(F)A)T A xe4PC)

3!
05 05 05

Y A% 2 (o
5susy SU + 5susy SA + 5susy€ Se ( 6)
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We partially integrate the left-hand side of (2.6) and write down the equivalent

1 . 1
— 5d(gTABC AQUE)AUA+TAD(D))*eB9) + 5d(D(@)g T apc AU AxeAB)
' 58 68 58
= Oy U — A= — . (2
5susy (S\If + 5susy 514 + 6susye 56 ( 7)

We can now define a Noether supercurrent and supercharge as follows. First

let us define the bare Noether current J € S Q T* .4 as

1 A
#J = = Dapc A (QUF)Y AT A+T A D(D)) * erBC

and the bare superpotential U € S @ A*°T* 4 as

1
«U = +§FABC AU A xe4BC

Equation (2.7) becomes

05 05

_ o - S
dExJ)+d(Dw)e xU) = §susy\IfE + 5susyAm + Osusy€— - (2.8)

de

If we use a set of spinors €, i = 1,...32, we can expand the spinor € as
e = p; e'. We then define the covariant quantities, the Noether currents J* € T*.#
and the superpotentials U® € A2T* .-

xJ' =% 8T+ (D(@)& % U)

) ) 1 .
«U'=—2'U = —§§ZFABC AU A xeABC

Since p; and dp; are arbitrary, using equation (2.8) and keeping terms proportional

to p; we get the first Noether conservation law, which says
d«J' =0,

when W, A and g are on-shell. The terms proportional to dp; give the second
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Noether conservation law, which says
xJ'+dxU" =0,

when ¥ is on-shell. This implies d * J° = 0 when VU is on-shell alone. Both
conservation laws are true irrespective of the choice of the &'.

We define the quantities Q' as

Qi:/z*ﬂ.

By using the second Noether conservation law, we can write them as

Qi:—/ *U" .
ox

We thus see that the quantities Q¢ depend on the boundary of the (d — 1)-surface
Y and any two surfaces > and ¥’ with the same boundary, 0¥ = 9%, yields the
same charge. Furthermore, since U is proportional to ¢, the charges depend
only on the value of the spinors & on the boundary.

Although the spinors €’ were chosen arbitrarily we can be more specific. Let us
choose ¥ to be a space-like surface that extends to the asymptotic boundary of the
manifold and S = 0¥ is then spatial infinity. If the surface is asymptotically flat,
then the € approach at spatial infinity constant spinors, that are the asymptotic
Killing spinors of the background. Their fall off rate can be further constrained
with a differential constraint ¥e = 0. Such a constraint seems natural to preserve
a gauge choice of the gravitino. It is also necessary for the superalgebra to close,
as we shall now see. The fall off rate however does not influence the vale of the
Q"

If we vary the supercharge with respect to a supersymmetry &/, we obtain

. 1 . ~ )
0. Q" = / gé’I’ABC(D(d)) + Q(F))e? A xe1BC
oy -

21



Using

. 1 - 1 -
FABCQB(F) — ZFCDFACDB + EFACCL..CAIFCIMCZI ,
we can write the right-hand side as
5ani =P+ Qe + Qm ) (29>
with
1 . )
P = /8 . 5gTABCD(@)gJ A xeABC (2.10)
1 L j, AB
Qe=—3 o\ Lape?e™ | AxF (2.11)
1 L j ArAs
Qm =+ 7’5 - 58 FA1~--A5€ (& NF . (212)

Note that these equations hold irrespective of S = 9% and the spinors &°.
Equation (2.9) is an extended version of the Poincaré superalgebra. Let us
assume that the spacetime is asymptotically flat and the spinors & approach
constant spinors at spatial infinity S = 9%. By expanding the term P, we find
the Nester-Witten form [52, 53], which gives the ADM momentum for asymptot-
icaly flat spacetimes, along with a term that corresponds to the charge of a KK

monopole [54]

1 . 4 1 . .
P = —wape'lee? A xeABC — ngABCDEsngE A %e4BC
ox 4 ox 4 x 3!

The Nester-Witten form has well-known origins in supergravity [55, 56]. Besides
the additional gravitational charge, the odd-odd bracket of charges is extended
to include an electric charge ). and a magnetic charge @),,.

The superalgebra of charges foretells the existence of electric and magnetic
sources of charge and could be derived from a supersymmetric worldvolume action

with a Wess-Zumino term [57].
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2.4 Killing Superalgebras

Given an M-theory background (.#, S, g, F'), one can ask the question, what are
the isometries of the background. That is, which diffeomorphisms of the manifold
leave the metric and the field F' invariant. An infinitesimal symmetry K of the
background is a vector field that satisfies Zxg = ZLxF = 0. We shall call
such vector fields (supergravity) Killing vectors. In particular, its derivative
A = —VK € End(T.#), should belong to the Lie algebra of so(T.#,g), or
equivalently via the metric should reduce to a two-form.

Since a Killing vector K is a pseudo-riemannian Killing vector, it is defined by
its value and the value of its first derivative at a point. Therefore, supergravity
Killing vectors span a finite-dimensional space £, whose dimesnion can range
from 0 to 11(11 +1)/2 = 66. Indeed, for two Killing vectors K*, i = 1,2, one can

prove an integrability condition, Killing’s identity
VxAgi =R(K', X) (2.13)
and the commutation property
[Agi, Ags] =Aigi i) + R(K', K7) . (2.14)

Proof of (2.13) and (2.14). We shall prove (2.13) using coordinates. The identity
translates into K ,,.np — Rinpg/K? = 0. Define the tensor 2, = Kinnp — Rinpg K9

and compute that
Qm}m = Km;pn - Rmpanq = Km;np - anquq - Rmpanq = anp )

where in the last equation we used the algebraic Bianchi identity. But note also
that €0, = —Qpmp, due to the Killing property and the antisymmetry properties
of the curvature. Hence Q,np = Qpn = —Qump = 0. The proof of (2.14) is faster
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without the use of coordinates. We have

Vx[K, K] = Vx(VgiK? — ViKY
= Vx(—AgiK'+ AgiK9)
= —Vx(Axi)) K"+ Vx(Agi)K) — A VxK' + AV x K
= —RK), X)K'+ R(K', X)K’ + ApiAgi X — A Agi X
= (~[Awi, Ags] + R(K", K7)) X

which yields (2.14). O

It is because of Killing’s identity that a pseudo-riemannian Killing vector is
defined by its value and the value of its first derivative at a point. This can be
equivalently understood as a correspondence of pseudo-riemannian Killing vectors
with parallel sections of the vector bundle & = T.# & so(T.#') with respect to

the connection

D Y\ [ VxY+ A(X)
& =
A ViA - R(X,Y)

where Y + A€ T# @ so(T#) and X € T.#. Supergravity Killing vectors will
also form a Lie algebra, since [Lx, Zy] = Zjx y]. Therefore, if X and Y preserve
the metric and the field F, so will [X,Y]. Since this Lie algebra is a finite-
dimensional subalgebra of the Lie algebra of vector fields, the Jacobi identity is
automatically satisfied.

A different question one can ask is how much supersymmetry a background
preserves. That is to say, how many spinor fields leave it invariant under the
supersymmetry transformations of (2.3). Since the gravitino is set to zero, such
a spinor field ¢ will satisfy the equation Dye = 0. We call such spinor fields
(supergravity) Killing spinors. The equation defining them is a first order R-
linear differential equation. Therefore, they span a real finite-dimensional space €,
and are determined by their value at a point. The dimension of ¢; can vary from 0
to 32. Equivalently, Killing spinors can be defined as the finite-dimensional space

of spinor fields that are left invariant under the holonomy group of the connection
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D [58].

The Zs-graded vector space £ = € @ €, can be given the structure of a Lie
superalgebra [37]. Indeed, it is well known that Killing spinors square to Killing
vectors, which also preserve F'. The odd-odd bracket of the Killing superalgebra

is therefore the map

[—,—] . 5221 — E()
(2.15)

e = &y,
while the even-even bracket is the Lie bracket of vector fields. The even-odd
bracket of a Killing vector field K and a Killing spinor ¢ is defined as the action

of the spinorial Lie derivative
1 MN
gKE:VKE—ZvMKNF [

The action closes on Killing spinors, because K preserves F' and so [ Ly, Dx| =
Dk x)- That is, if De = 0 and so ¢ is a Killing spinor, then the same holds for
Zre. Note that in this construction, we mod out the Grasmann odd parity of
the spinors. The bracket in (2.15) is therefore symmetric.

The even-odd-odd Jacobi identity of the Killing superalgebra holds, because

the spinorial Lie derivative is compatible with the spinorial inner product
Lx (EDMAne) = LyelMdng paldn Lyel

The even-even-odd Jacobi identity is the geometric identity [Zx, %] = Zx v
acting on Killing spinors. The odd-odd-odd Jacobi identity reduces to an alge-
braic identity, which was shown to hold in [37] using symbolic computing,.

Yet another question one can ask is whether the supersymmetry of a back-
ground can determine the geometry of the space. In [37], J. Figueroa O’Farrill
proved a useful theorem, which says that enough supersymmetry guarantees local
homogeneity of the background. In particular, if the amount of supersymmetry
is larger than the critical fraction of 24/32, then the tangent bundle is spanned
pointwise by a local frame of supergravity Killing vectors. In the following two

chapters, we shall establish the same results for type IIb and heterotic supergrav-

25



ity, namely the existence of a Killing superalgebra for the type IIb and heterotic
string backgrounds and prove the equivalent homogeneity theorems.

The type Ila results follow from those in [37] and show that 24+ implies lo-
cal homogeneity. Indeed, a 24+ Ila background oxidises to a 24+ background
of eleven-dimensional supergravity, which is therefore locally homogeneous. The
eleven-dimensional geometry is the total space of a circle bundle over the Ila ge-
ometry. Furthermore, the Killing spinors of the eleven-dimensional supergravity
background are constant on the fibers and so are the Killing vectors obtained by
squaring them. By dimensional reduction, this shows that the Ila background is
locally homogeneous.

The existence of the Killing superalgebra of M-theory backgrounds is a conse-
quence of the supersymmetry variations (2.3). That is to say, for Killing spinors,
the infinitesimal variations will reproduce the Killing superalgebra of the back-
ground. However we saw that under certain asymptotic conditions, the ADM
superalgebra of charges contains additional conserved quantities. The symmetric
square of a Killing spinor gives likewise a Killing one-form along with a two-form
and five-form. This suggests that the Killing superalgebra might be extended,
for certain backgrounds, with higher-degree (supergravity) Killing forms coming

from the square of Killing spinors. We shall return to this problem in chapter 5.
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Chapter 3

Type 1Ib Killing Superalgebra

In this chapter we repeat the construction made for M-theory in [37] for the case of
type IIb supergravity. That is, the infinitesimal bosonic and fermionic symmetries
of a type IIb bosonic background have the structure of a Lie superalgebra, which is
termed the Killing superalgebra of the background. The bosonic symmetries are
the Killing vectors that leave invariant all the fields of the type IIb background.
The fermionic symmetries are the Killing spinors of the background.

In section §3.1 we set up our spinorial conventions and prove a useful Fierz
identity. In §3.2 we set up our conventions for type IIb supergravity. In §3.3
we show that a Killing Lie superalgebra can indeed be constructed. There are
only two calculations that are involved with respect to the construction. The
first is to show that Killing spinors square to vectors that preserve all type IIb
fields. The second is to prove the validity of the odd-odd-odd Jacobi identity.
Having shown that the structure is indeed that of a Lie superalgebra, we discuss
in §3.4 some type IIb Killing superalgebras. We prove a useful theorem, which
shows that enough supersymmetry implies, at least locally, the homogeneity of

the background.

3.1 Spinors in 149 Dimensions

In this section we set up our conventions for spinors in 1+ 9 dimensions. At first,

we describe the spinor module, the spin invariant inner product and the bispinor
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representation as a reducible representation of the orthogonal group. We then

describe bispinors as spinor endomorphisms and deduce a useful Fierz identity.

3.1.1 Spin modules

The conventions we use are those of a mostly positive lorentzian metric n and the

Clifford algebra C/(1,9), which is generated by vectors X in the ideal
XX =+ X[,

where |X|? the squared length of the vector. A representation of the Clifford

algebra is generated by the gamma matrices ™ that satisfy
YUY AT =2 (3.1)

As areal associative algebra [59], the Clifford algebra is isomorphic to a matrix
algebra, C/(1,9) = C¢(9,1) = Mat(32,R). Hence, there is only one irreducible
representation given by real 32 x 32 matrices. These act on the Clifford module
of spinors A, which is a real vector space of dimension 32. The representation
further reduces under the spin group Spin(1,9) and the module splits into two
real 16-dimensional spaces A, @ A_ that are chiral. That is to say, they are the

eigenspaces of the volume form in the Clifford algebra
dvol 'Ai = :l:Ai .

There is a symplectic inner product on A, given by the charge conjugation

matrix C' = ~°. We shall use the following notation

ARA—TR

(61,82) — <€1,82> = £1&9 := €§C€2 .
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Besides being symplectic C* = —C, the inner product satisfies
(X—, =) =—(=,X-), (3.2)

for any vector X, or equivalently Cvy,, = —7!, C. The symplectic adjoint of any

p-form ¢ is thus

cF = (_1)p(p+1)/2c )

In particular, the inner product is Spin(1,9) invariant. Furthermore, the spin

modules A are lagrangian with respect to the inner product
(dvol —, =) = —(—,dvol —) .

The symplectic inner product C' is non-degenerate and pairs A, with A_. We
can, therefore, identify A_ with the dual of A,.

As representations of the spin group, the tensor square A®? is isomorphic to
the exterior algebra of the vector representation. The tensor square of the chiral
representation A?, though, is smaller and can be deduced as follows. A bispinor

(g,¢") € A ® A squares for any n to the n-form &,

1
€n<€75/) - ﬁg'yal...angl eatan (33)

The property in (3.2), along with the symplectic property C = —C", show that

the &, are symmetric in €1, for n = 1,2 mod 4 and antisymmetric otherwise

(e ') = —(=1)2"FD¢ (€ ¢) .

Also one can show that for positive chirality spinors the n-forms produced are

identically zero for n = 0 mod 2, as can be seen by the equality

(dvole, Va0, €Y = —(—1)"(€, Vay a,, dvOlE") |
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and they are also related by Hodge duality up to a sign

§n = (‘D%(nﬂ) * §10-n -

This last equation holds, since with n = 10 — n and any ¢,&’ € A we have

/Eul...;tﬁ Vi...Un,

Vl...Vne

*Es = ——€ _
gn n!ﬁ!€’Yﬂ1---Mn€

n 1
= (—1)5(”“)—'5%1,,,,,” dvol g’ e¥t¥n
n!

By counting dimensions, we conclude that the symmetric and antisymmetric

square of the chiral spinor representation A, is

S2AL = AN'RY @ AP RY? (3.4a)
A AL = APRY . (3.4b)

A single chiral spinor € squares to a 1-form K and an anti-self-dual 5-form
=. Both of these forms annihilate the spinor e for the following reason. The
stabilizer of a nonzero chiral spinor ¢ is isomorphic to Spin(7) x R® C Spin(1,9)
(see, e.g. , [60]). As the inner product is spin invariant, the stabilizer also leaves
the forms K and Z invariant. The R8-subgroup consists of null rotations around
a light-like direction spanned by the one-form K. A typical null rotation is thus
proportional to Y - Ke = 0, where Y is a space-like vector orthogonal to K. Since
Y is invertible, we get K™~v,,e = 0. The anti-self-dual 5-form takes the form
== K N ®, with & a Cayley 4-form on the transverse space-like dimensions to
K. Similarly, = - ¢ = 0 because K - ¢ = (0. We shall also prove this using a Fierz
identity in the next section, §3.1.2.

Globalising on a 1 4 9 spin manifold (.#, g, S) with fiber S, = A, we obtain
a squaring map from spinor fields to differential forms. In IIb supergravity the
relevant spinor fields are doublets of chiral spinors and we denote the spinor
bundle by S, = S, @& S,. The symplectic structure C' extends to C' ® 1 on
S =5@&.S9, relative to which S; and S_ := S_®S_ are complementary lagrangian

subspaces and hence naturally dual. There is a natural action of Spin(9,1) x
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GL(2,R) on S,, but only Spin(9,1) x SO(2) preserves the symplectic structure.
A typical endomorphism is of the form ¢ ® A, where ¢ is a p-form and A a 2 x 2

matrix, and its symplectic adjoint is ¢* @ AL

3.1.2 A Fierz identity

Our aim here is to produce a Fierz identity that will be useful in proving the
odd-odd-odd Jacobi identity for a type IIb Killing superalgebra.

We have reduced the tensor product of the spinor module A®? into irreducible
representations of the orthogonal group. These are the various forms &, in (3.3).
One can do more, since A®? is isomorphic as an associative algebra, via the spinor
pairing, to the endomorphisms of spinors End(A). Indeed, a bispinor is a rank

one endomorphism
€1 X Eg = 5152 : (8152)83 = (5263)81 = <€2,€3>€1 .

Since A" RY = C/(1,9) = Mat(32,R), the set of antisymmetric gamma ma-
trices {y*19"},, along with the identity matrix, comprises a basis for the endo-
morphisms of the Clifford module. The bispinor ;85 can be decomposed in the

gamma basis as

10

_ E(L— 1 _ ci...c
52o¢€1ﬁ = Z(—l)Q(k 1)%51%1...%52 (v k)aﬁ . (3.5)
k=0

The coefficients above are found using the traces
Tr(]lggxgg) = 32

and

Tr('yclmcn) — 0 ,

which can be easily derived from the defining relation (3.1).

We can adapt equation (3.5) for spinors of definite chirality. First note the
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identity

1

— (v

mi...Mn

1 )
o (Vmr.omn )y ' = = (v - dvol) P (Yomy . - dvol) | o (3.6)

@ n!

where n = 10 — n. Assume three spinors «;, ¢ = 1,2, 3, with definite chiralities
X1, X2, X3 and yo = —x1. The master Fierz identity for chiral spinors is

5
(@ag)as = 55 Z n(xixs) 1 (O1Veren @3) Y

n=0

c1+Cn

Q9 (37)

where the coefficients a,y,y,) are computed to be

1| Gn(£x) | Gn(xF)
0 0 2
1 2 0
2 0 -2
3| -2 0
4 0 2
S 1 0

When ‘fierzing” we shall find useful the following Clifford operation. For ¢, €
A" R we have

Y Ym = (=1)"(10 — 2n)c, . (3.8)

In particular, v"c5v,, = 0.
As a warm up in fierzing, let us prove using the master Fierz identity that the

one-form and five-form of the square of a positive chirality spinor ¢ leave it fixed

EVmeY e =0

1 = m m,
51 mams Y e =0

We use the Fierz identity (3.7), with a; = &v,,, ap = € and a3 = 7™e. Their
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chiralities are y; = —1 and y3 = —1, while we also employ equation (3.8)

1

(EYm - €)y"e = 5(2(—1)(10 — 2 x 1)&y.e7%
—2
+ ?(—1)(10 — 2 X 3)&ey..esEY P
3!
+ 5 (=1)(10 =2 5)EYer..cs €Y E)

Collecting terms and since &y®e = 0 we have &y,,ey™e = 0. The action of the

five-form on the chiral spinor

1

gé%mv..msg’Y

ml...m5€

is shown to be zero by using equation (3.6). In fact, any anti-self-dual 5-form
annihilates a positive chirality spinor. This is a consequence of the following

equality in the Clifford algebra

n

swcp = (—1)2" Ve, - dvol | (3.9)

with ¢, € A"RY. We are now ready to derive the main Fierz identity of this
section. To prove the odd-odd-odd Jacobi identity of the Killing superalgebra we

require

Lemma 1. For two positive chirality spinors €1, €5 and any k-form G%*) we have

(E1YmG P y,e2)7"™e) + (E1Yme1)GF ey =

(3.10)
—(=1)*(10 — 2k)(5:GWey)er + L(—1)%(10 — 2k)(E19mer)Y"GWey
Proof. We begin by fierzing
E1%m - G yea(v") - ey
with a1, = E17m, e = G(k’)”ynaz and ag = 7"y"e;. Their chiralities are y; = —1
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and y3 = +1. A straightforward application of the master Fierz identity gives

(E1vm - G ynen) 7"y "er

= 35 (2EMmY""e1) G mEr = F(E1ImVerer V" ED) T2 G P Y
2 (E1YmVeres VY E)Y LGPy

The third term is zero since Y"v®)y,, = 0 and £,v®e; = 0. Then, from the
second term, we keep the contraction of 4" with 7., in the spinor inner product
- the wedge part is zero, because £;7",.,£1 = 0. Using (3.8), we arrive at

(k)

1 1
(E1YmG P Y)Yy ey = —5(51%51)@’“)7%2 + 5(5wm61)7m”G(’“)%62

Using 4™ = 4™~™ — ™" on both sides of the equation and again equation (3.8)

we arrive at the wanted Fierz identity. O

3.2 Type IIb Supergravity and Supersymmetry

In this section we set up our conventions for type IIb supergravity and introduce

its two main ingredients, namely supersymmetry and S-duality.

3.2.1 The theory

Type IIb supergravity [61, 62, 63] is the unique 10-dimensional chiral supergravity
theory with 32 supercharges. It is also the field theory limit of type IIb superstring
theory.

The bosonic fields are a ten-dimensional lorentzian, mostly plus, metric g,
the dilaton ¢, the Ramond-Ramond (RR) gauge potentials C®, C® and C™
and the NS-NS 2-form gauge potential B. The axion C'®) and dilaton ¢ combine
into the axi-dilaton 7 = C©) + je~?, taking values in the upper half-plane. The
fermionic fields in the theory are often described as a complex chiral gravitino
¥, and a complex anti-chiral axi-dilatino A.

It is interesting to describe the so called ‘gauge fixed’ structure of the theory.
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The axi-dilaton is a map from the manifold into the upper half plane
T: M — SL(2,R)/SO(2).

The fermions are sections of a U(1) bundle with appropriate weights. A U(1)
bundle L, is defined as the pullback of SL(2,R) by 7

L, ——  SL(2,R)

-k

M —— SL(2,R)/SO(2)

The gravitino is a section then of T*.# ® L¥*® S, and the dilatino is a section
of LY?®S_.

The theory has a global SL(2,R) symmetry under which ¢ (in the Einstein
frame) and C™ are inert, whereas C® and B transform as a doublet, and 7
transforms via fractional linear transformations on the upper-half plane. That is,

for a global group element

g = € SL(2,R)
c d
they transform as
at +0b
T =
g ct+d
) a b c®?
g =
B c d B

Under the global SL(2, R) symmetry, all fermionic fields transform by appropriate
phases [64, 65|, which correspond to the local SO(2) automorphism of the L,
bundle. String theory will preserve only the SL(2,7Z) subgroup and it relates
the strong coupling regime with the weak coupling regime of the type IIb string.
We will call the supergravity symmetry S-duality, athough note that strictly-

speaking the duality refers to its integer subgroup.
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We are interested in bosonic backgrounds; that is, solutions of the theory
where the fermions are set to zero. The equations of motion for the bosonic fields
can be found by varying an SL(2,R) invariant pseudo-action [66]. In order to

write it, let us combine the potentials into the following field strengths

H=dB
G = q0©
3.11
G® = 0@ _ cO g ( )

G® = a0 —1dBAC@ + 1dCPD N B .
The RR potential C'¥) is constrained so that G is anti-self-dual. In the string

frame the pseudo-action is

I, = /dvol {e7* (R + 4|d¢|” — L|H|?)
_% (|G(1)|2 +|G®? + %|G(5)|2)}
— %/0(4) AdCP NdB  (3.12)
and the anti-self-duality G® = — « G® must then be imposed by hand.
The pseudo-action in (3.12) is S-duality invariant, although one has to go
to the Einstein frame, gg = e % gs, to see a manifest symmetry. Whereas the

terms involving the 5-form and Cern-Simons term are already manifestly SL(2, R)

invariant, the curvature plus axi-dilaton terms become

[ avolae) (Rie] ~ 3, )

and the 3-form terms become

1 -
- /dvol[gE]yG|§E ,
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where the complex 3-form

G- (rdB — dC®)

VT2

can be shown to transform under S duality with a phase.

3.2.2 Supersymmetry

When discussing type IIb supersymmetry, it is convenient to think of the complex
fermions as doublets of real fermions, because the supersymmetric derivative and
dilatino variation do not act complex-linearly. The supersymmetry parameters
are an SO(2) doublet of real chiral spinors € = (£1,£2). A spinor is a super-
gravity Killing spinor of a bosonic type IIb background, if the corresponding
supersymmetry variations of the fermionic fields vanish. Those of the bosonic
fields are automatically zero, because the fermions have been put to zero. The
variation of the gravitino gives rise to a differential equation, whereas the varia-

tion of the dilatino is an algebraic equation [67, 68]

D,e =V,e+ %Hmnpynp ® A3€ + fhme =0 (3.13)

Pe=(dp+iH@ XA+ Q) e=0,

where

1
Q=1 (G(l) @ X -GV @M+ 6P g A2> , (3.14)

and

~ 1 .
Q=7"Qy, = €? (QG(S) @M -GV e )\2> )
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while the 2 x 2 matrices \,, given by

01
/\1 = 01 =
10
‘ 0 1
)\2210'2:
-1 0
1 0
A3 =03 = )
0 -1

span s[(2,R).

In both D and P we have isolated the terms € and  that come from the RR
fields. In the forthcoming sections we will see that this is a useful separation to
make. They are related by Q = 4™, . Also note how the RR terms are all
self-adjoint with respect to the symplectic inner product C' ® 1, as explained at

the end of section §3.1.1. We have

*

GV @A) =GM @

(GO oN) =GP N

(GO @ X)) =G @\
(H®X3)" = H® A3

and therefore Q* = Q and Q* = Q. For the purpose of condensing notation in
some of the calculations that follow, we introduce the following mixed degree

forms

GE=agW+a® & lg(5)
2

They are related by G** = —GT. The RR part of the connection in De can then
be written as

§7m€ = %ed) (Gifymg% _G+7m51) .

The equations defining the Killing spinors are R-linear. Therefore, Killing
spinors span a real vector space, denoted by £, the space of Killing spinors of

a background. Since Killing spinors are parallel with respect to the connection
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D, the dimension of €; can range from 0 to 32 and is usually expressed as 32v,
where v is the fraction of the supersymmetry preserved. More precisely, 32v is
the multiplicity of the singlets that appear under the decomposition of S, into
Hol(D) irreducible representations and that are also annihilated by P.

Killing spinors are related to Killing vectors, the vector fields that are infinites-
imal symmetries of the background. The aim of the next section is to construct a
geometric superalgebra that contains all the infinitesimal symmetries of a bosonic

background, namely Killing vector fields and Killing spinors.

3.3 Killing Superalgebra

A lot of effort has been put into classifying bosonic backgrounds. The program
usually takes into account the fraction of supersymmetry it preserves, denoted
by v. At the high end of the supersymmetry fraction, there is a complete classi-

fication of maximally supersymmetric backgrounds [69] as well as non existence

31

results [70, 71, 72] for so-called preonic backgrounds preserving a fraction v = 3.

1

35, local expressions for the metric

At the low end of the fraction, e.g., v =
and fluxes have been derived using the various interplays between Killing spinors
and differential forms: either by considering the reduction of the structure group
of the manifold brought about by the existence of differential forms built out
of Killing spinors (the so-called “G-structure” approach) or else by thinking of
spinors themselves as differential forms (in the so-called “spinorial geometry”
approach of [73, 74, 75]).

A geometric Killing spinor (see chapter 5) on a spin manifold squares to a
Killing vector field. Twistor spinors are known to square to conformal Killing
vectors [76, 77| and are related to odd Killing vectors on an associated super-

geometry [78]. The supersymmetry connection D is indeed more complicated.

Nevertheless, two supergravity Killing spinors

€ =(e1,690), € =(],¢5),
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also square to a metric preserving vector field k [68], where k is given by
K" =8y @ 1’ = (817Me] +Ey™e)) .

More can be said of the vector field k. We shall show that it preserves, besides
the metric, all other fields of the theory. It is thus an infinitesimal symmetry of the
background. We shall call (pseudo)-riemannian Killing vector fields that leave
invariant all the fields of a type IIb supergravity background the Killing vectors
of the background. Killing vectors, when they exist, are determined uniquely by
their value and the value of their first derivative at a point, as explained in
§2.4. Therefore Killing vectors span an R-linear space that we denote £y, the
space of Killing vectors of a background, whose dimension can range from 0 to
10(10 + 1)/2 = 55. Note that, by using the metric, we identify a Killing vector
field with its dual one-form.

Perhaps it is not surprising that Killing spinors square to Killing vectors.
Type IIb supergravity is the unique gravity theory modeled on the chiral (2,0)

super Poincaré algebra
{Q4, Q5} = 69(CY™)ag P -

This has a nice realization on a supergravity background, whereby a supersym-
metry transformation along the direction of a Killing spinor acts trivially on the
background. Likewise, its square is a Killing vector that preserves the back-
ground. Were we to take this picture literally, the translation P,, above would
be replaced by a Lie derivative. This is precisely the way that the IIb equations
of motion were found in [62], by using the so-called Noether’s method.

We also expect a Killing spinor to give one and only one Killing vector. Note

that a Killing spinor is a chiral doublet € and one can construct the following
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three vector fields

k™ = g’)/m &® l1e = Ewmal —+ EQ’YmcEQ
[m = E")/m X )\38 = El")/mgl — gg’}/m€2

1
kg = §E’ym X )\26 = gl’ym€2 .

Under S-duality, the metric (in the Einstein frame) and RR 4-form gauge field
C™ remain fixed. The Killing spinors transform under an SO(2) transformation.
Only the vector field £ remains fixed under S-duality. Thus if there is such a
Killing vector field, it should be k.

The vector space £ = €, & £; can be equipped with a Lie superalgebra struc-
ture, which we call the Killing superalgebra of the type IIb background. The
construction for specific backgrounds is well-known and has been explained in
[79, 37]. The bracket between two Killing vector fields is the usual Lie derivative
of vector fields. The bracket of a Killing vector field with a Killing spinor will be
the action of the spinorial Lie derivative [80] on the spinor along the direction of
the Killing vector field. The bracket between two Killing spinors is the squaring

map we mentioned above. The brackets are collectively

[EO,EO] C & [k‘, k’] = —[k", k:] = %4k
[Eo,él] Q El [/{376] = —[k,E] = fké'
&1, 81] C & e, €] = [, e] = &y @ 1€’

We first show that the odd-odd bracket indeed closes. That is, Killing spinors
square to supergravity Killing vectors. We then complete the picture by showing
that all brackets close. We also check the Jacobi identities. Most of these are
satisfied for trivial geometric reasons. The odd-odd-odd Jacobi identity, though,
is satisfied through a delicate interplay of the supersymmetry conditions (3.13)
and for this we shall need the Fierz identity in §3.1.2.
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3.3.1 Closure

Closure of odd-odd bracket

As often in such calculations, we can polarize for a Killing vector that comes

from the square of a single Killing spinor k" = €7y™ ® le. If we show that k™

is a supergravity Killing vector, then closure of the odd-odd bracket follows from

“depolarizing”, that is replacing € — € + €'.

To show that k£ preserves the metric £,g = 0, it suffices to show that in

components V,,k, is antisymmetric in its indices. In what follows we shall also

use the vector

™ =8y"e; — g9y ™eg .
The derivative of k™ is
Vinkn = Vievme + €vaVme
whereas using the differential Killing spinor equation in the form
1 n ~
Ve = —gHmnp’y PAse — Qypme

and that  is self-conjugate (3.2.2), the expression becomes

1 - .
Vikn = —§Hmnplp + EYm e — TV QdYme .

(3.15)

This expression is clearly antisymmetric in its indices m, n, thus showing that &

preserves the metric.

Using similar steps, the derivative of [ is found to be

1 ~
Vln, = —§Hmnpkp — 28V A3 meE .
The second term is symmetric in the indices m,n. Indeed, by using \sQ = —Q\s,
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we see that A\3() is anti-self-conjugate and thus
EVAWimE = —TnEA3QVme = Tme(A3Q) e = —TmeAsQ e -

As already stated, the vector field [ cannot be a Killing vector. Its exterior
derivative is dl = —, H, from which we can show that k& conserves H. Indeed,

since H is closed, we have

To show that k conserves the dilaton, we take the inner product €Pe, which is
zero by the algebraic Killing equation. All the terms in P but the dilatino term

are self-adjoint, therefore, the only term that survives is éd¢p ® 1e, or
k(¢) = txdp =0 .

Conservation by k of the axion C follows by considering the inner product
EXoPe = 0. All terms vanish due to self-adjointness apart from e?2GY @ 1e.

With G = dC© we, therefore, have
k(CO) = 1xdC® =0 .

The calculations which show that k preserves G® and G®) are more involved.
In guessing how to go about, we rely on a list of calculations for the forms
produced by type IIb Killing spinors in [68]. For the case of G®) we focus on the
vector field

1
ks = §E’Ym ® Xoe =E17"e ,

whose derivative is

1 1
Vimkion = gngmpq”qu%@ + ggﬂnHmpﬂpq@
1, 1,
— §€¢52’YmG+’Yn€2 + §€¢51’YnG+’Ym51 .

The last two terms are not antisymmetric in the indices m, n. In fact the con-
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tribution from symmetrizing in m, n come from the forms G and G® in G*.
It thus fails to preserve the metric. On the other hand, if we antisymmetrize, we

get the exterior derivative of k1o

1 1
dklZ = ZHmpqgl’ynpq‘gdem A dx™ + Ze(b (Lk;G(g) + LG(3)E) N (316)

where = the 5 form from the Killing spinors Z,,,0pg = €Vmnopg @ €. The contrac-

tion of the three-form with the five-form has the following convention

! (3) = e A dpt

[’G<3>‘:‘ = 3'2 cicac3z—mn

We can manipulate the identity for dk;s by using the algebraic Killing spinor
equation. In particular, the identity €v,,, ® A\ Pe = 0 gives

1
2k N do + §€1Hm0162%016252dxm Adz"

1 1
+ §€¢LG(3)E — §6¢LkG(3) +e?lAGY =0 ,

which can be combined with (3.16) to yield
2d(e™%kyy) = =L A GV + 4,GO)
If we differentiate this, we get
d(u,G®) =dil NGV .

On the other hand, using the definition of G and the fact that ¢,G") = 0, we
also have

dG® = 1 (HAGW) =, HAGWY = —dI AGWY |

Therefore the two results give

Z.G% = 1, dG® + A, G®) =0

44



and the vector field k preserves G®).

We follow a similar procedure for G®. The mathematica package GAMMA
[81] has been helpful in simplifying the various gamma contractions. We focus
on the 3 form produced by the Killing spinors

3
§1(n?)w = €1Ymno€2 ,

whose derivative is

1 1
Vm 7(33)17 = gglﬂmqr’yqr’%ﬂopf‘b + ggl'ynopqur'que2
1

_ L,
— ged)&g’)/mGJr’)/nong + §€¢517nopG+7m51 .

We then compute its exterior derivative. We also take into account that G®) is

anti-self-dual and thus annihilates chiral spinors (3.9). The result is

1 3 1 1
d£(3) — _Hmcw2gl,ynopc1c2€2d$mnop + §k12 ANH + —€¢LGr(1)E + Zle(bl A G(3)

4! 2
1 1
o) 5 3 no
_ 56 LkG( ) _ ﬁesngnglCZ@nopcwzdxm P

where we used the additional 5-form from Killing spinors ©,,,0pqg = €¥mnopg @ A3€.
We can simplify this using the algebraic Killing spinor equation. We take the

equation &¥mnpg ® A2Pe = 0 which is expanded into

2
2k12 A d¢ - Eglfymna(:ngQHpclcgdl‘mnop + k12 NH

1 1
—GY Opop t 2dz™ P — §e¢l NGO 4 €¢Lg(1)E =0

4| mcica

L e?
and can be used to rewrite the above derivative d¢® as
(3) @ 4 Lopa e _ Lo, qo
d€ :]ﬂ12/\H+d¢/\§ +§€l/\G —56 LkG .
Differentiating and resubstituting the expressions for d¢é® and dki,, we have

diAG® —d(4,G®) + y,GIANH =0 .
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Now, we also have from the defining relation (3.11)
dG® = (HAG®) = —dIANG® — H A, G|
where we have used ¢, H = —dl. Combining the above two equations gives
L,GY = 1,dG® + duy,GP) =0 .

We have shown that the Killing vector k£ that comes from the square of a
Killing spinor is a supergravity Killing spinor. That is, the odd-odd bracket on

Killing spinors indeed closes on supergravity Killing vectors, [, €] C &.

Closure of even odd/even bracket

We have established that the bracket closes on & x €. The rest of the brackets
close for reasons that are geometrically obvious.

Assume two Killing vectors K and K’. Then the commutator of the Lie
derivative along the two Killing vectors is the Lie derivative along the commutator
of the vector fields, [Lx, Lx/| = Lk k). Therefore, since the left-hand side
preserves the type IIb background, so will the right-hand side. That is, [K, K'| =
Zx K’ is a Killing vector of the background and so the bracket [€, €] closes on
€.

For the even-odd bracket, assume a Killing vector K and a Killing spinor
g. The even-odd bracket is the action of the Lie derivative along K that acts

diagonally on the two chiral components of €
1
[K,e] = Lxe = (Vi + Z(VK)mn’an) ® le .

To show that [K, €] is a Killing vector, let us consider the identities [L, Dx] =
Dk x) and [ Lk, P] = 0. Indeed these are true, because K preserves all fields in
the connection D and the dilatino variation P, while %%, Vx| = V(k x]. Then
when we let these equations act on a Killing spinor e, we get Dx.Zxe = 0 and

P%xe = 0. Therefore, Lxe is a Killing spinor and the bracket [€, ;] closes on
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For flat Minkowski we have the N=2 chiral Poincaré superalgebra, where
by = RY @ 50(1,9) and & = A, ® A, are constant chiral spinors. By con-
struction, the odd derived algebra is just the translation part [}, €] = R the
elements of which have zero derivative. The translations R act trivially on €y,
because for parallel vectors the spinorial Lie derivative acts through the Levi-
Civita connection, whereas the Killing spinors are for this background constant.

Similarly the so(1,9) generators are the Killing vectors
Kay = 2,0y — 130,

but on parallel vectors and parallel spinors, they act through their derivative
Ly = %%b. This is precisely the structure of the Poincaré superalgebra.

An interesting remark is that, although the even part €, acts diagonally on
the two chiral components, the two chiral components of £; mix in the odd-odd
bracket. This might not seem to be the case when looking at the equation for
k, but let us remember that the Killing vector is given by its value, at a point,
and the value of its first derivative. It is the derivative Vk that mixes the two
chiral components and thus the Killing superalgebra is not a trivial extension of

a single chiral superalgebra.

3.3.2 Jacobi identities

We have shown closure of the brackets and what remains is to check that the
Jacobi identities are satisfied. The even-even-odd Jacobi is satisfied because of
the equality [Lx, Lx/| = Lk K, acting on a spinor doublet. The even-even-
even Jacobi identity is satisfied as the Jacobi identity of the Lie algebra of vector
fields. The even-odd-odd Jacobi identity is satisfied because the Lie derivative is
compatible with the spinor pairing. That is to say

Lk (Evm @ 1) = Lreym, @ 1’ + &y, @ 1.%k€"
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because the connection in Z is in spin(g), where g is the background metric.

In what follows we shall show that the odd-odd-odd Jacobi identity is satisfied.
We shall see that the identity is satisfied by the tight structure that supersym-
metry provides, whereby both the Killing spinor equations and the Fierz identity
found in §3.1.2 are used. We can polarize the identity, so that it suffices to show
that [[e, g],e] = Zre = 0. The Jacobi identity then follows by depolarizing, that
is setting e — e+ €'+ £”.

Assume a Killing spinor € = (e1,¢2) and its associated Killing form k,, =

E1YmE1 + E2Yme2. The Lie derivative acts diagonally on € as

1
e = k"V,e + vak‘,ﬁm”s )

We can turn the right-hand side, from a differential to a polynomial equation in

€. To this end, we use the differential Killing equation

1 ~
V€ = —gHmnp”y"p ® Az€ — Qvne
and re-express V,,k, like
1 o~
mGn = _iHmnplp - 26%19%716 s

where | was defined in (3.15). In both cases let us condense the R-R dependent

part of the connection to the form
0 L oo +
Qyme = ge (G Yme2, =G ymer)

where G* = G £ G® +1G06).
We now break up %€ into a part .#; that depends on the NS-NS form H and
a piece % that depends on the R-R fields, Z.e = 4 + %. The H-dependent

term is
1 —H,, 17 "e1yPe
S = ~e? prpSUTEEITEL (3.17)
‘f‘HMW)gQ’}/mEQ’}/nPEQ
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The G-dependent part becomes

—£17™e1G Ty es + E1Vm G YnE2 Y™ e
,ﬂ2:—e¢ 17 €1 YmE2 17 Tn€27Y 1 7 (3.18)

EoY"e2G e — Eaym G ey ™ ey

where we used g;v,,6;7"e; = 0, for « = 1,2, to get rid of those terms.

We shall show that the two terms add up to zero, after fierzing and using the
algebraic Killing property. The term .#, can be simplified further using the Fierz
identity

— E19mG P ey ™ e + E1yme1 GW e,
1
= (10 — 2k> (glG(k)Egé"l — égl’yme’fl’}/mG(k)éfQ) y
for any two positive chirality spinors ;, proved as lemma 1 (page 33). The terms

involving the R-R 5-form vanish identically, whereas the rest become after some

simplification

51 (%G(g) — G(l)) E9E1 — %Ewmgwm (%G(S) — G(l)) 9
¢ (3.19)
e . .
52 (%G(?)) + G(l)) E1E€9 — %52’}/m62’ym (%G(S) + G(l)) &1

The algebraic Killing spinor equation in components reads

1
e? (5(;(3) - G<1>> €2 = — (%H + d¢) - £

1
€¢ (%G(g) + G(1)> g1 = (§H — d(b) cE9

and so the expression in (3.19) becomes

P —E1dderer + 5817 e ymdder + E1Y eV Her
2 = )

—52d¢82€2 + %gg’ym62’7md¢€2 — Allgg’}/mﬁg’ymefg

where we get rid of the terms ;He; = 0, for ¢ = 1,2. It is easy to see that the
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dilaton-dependent terms vanish, since for any positive-chirality spinor ¢,
_ 1_ .
—Edpee + §€’Y EVYmdpe =0 |

where we use the Clifford algebra ~,,d¢ + d¢v,, = 2(d¢),, together with the
identity £y™evy,e = 0, which holds for chiral spinors.
By adding the contributions of .# and %, we find

1 | ey ervmHer — 1y e1 Hpnpy"Per
ZKE = Z s
—EoY"eaymHey — Exy e Hypnpy e

which is again seen to cancel after using the Clifford algebra and the identity

gi’}/mﬁi’}/méi = O, for 1 = 1, 2.

3.4 Homogeneity

We have verified that the Killing vectors and Killing spinors of a type IIb super-
gravity background belong to a Lie superalgebra. We now ask the question that
was answered in [37] for the M-theory Killing superalgebra. That is, since the
derived algebra [, €] is a Lie algebra of Killing vectors': “is there a minimum
amount of supersymmetry v, above which local homogeneity is ensured?”. Local
homogeneity is the property for which every point p of the manifold .#Z has a
local frame made up of Killing vectors. Equivalently, any two points p,q € 4
have neighborhoods U,, U,, for which there is a background preserving isometry
¢, with ¢(p) = g, see for instance the proof in [37].

For v = 1, the case of the maximally supersymmetric ITb backgrounds [69],
local homogeneity follows from representation theory alone. The nonexistence
of preonic solutions [72] puts v, < 12. On the low end, the existence of the
cohomogeneity-one %—BPS D3-brane background shows that if there is such a

critical fraction, then v, > 16/32. We find that for v > 3/4, the odd derived

!By using the even-odd-odd Jacobi identity and closure, the derived algebra is in fact an
ideal of &.
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subalgebra [¢1, %] spans pointwise T,.# thus ensuring local homogeneity. The
proof is identical to that in 11 dimensions [37], with a mere alteration due to the
fact that there is no symplectic inner product on S, .

To begin with, fix a point p € .#. Then the tangent bundle defines a vector
space with metric of signature (1,9), T,.# ~ R"? and the spinor bundle defines
a spinor module of chiral doublets, (S+)p ~ A, ®A,. In particular, the Killing
spinors of the background define a subspace W C A, & A, and we assume that
dim W > 16. If the squaring map on W does not surject T),M, then there is a
vector v € T,.# such that

7, @ 1ev* =0,

for all €,&’ € W. Therefore, the Clifford operation
ol .
U®H:A+@A+—>A_@A_ ~ <A+@A+)

sends W to its annihilator W in the dual space? of A, & A,. Since dim W > 16
and dim W + dim W° = 32, we have dim W° < 16 and thus v ® 1 must have
a kernel in W on dimensional grounds. Since v -v = |[v]?, v ® 1 can only have
a kernel if v is null. A null vector though has rank equal to the dimension of
its kernel. Indeed one can write v in a suitable basis and up to a constant as
70(1 +~%!) and since v, is invertible the kernel of v is that of a half-projection.
Therefore, the map v ® 1 on A, & A, has rank 16. Equivalently, the symmetric
bilinear § = (—,v ® 1—) has rank 16.

Let us split the two copies of chiral spinors A, & Ay into W & U, where U is

any complementary space. Then 3 has the following matrix form

0 A
A B

where A : U — W* and B : U — U*. The kernel of § are those w +u € W & U
for which Au = 0 and A*w + Bu = 0. Its rank is dimim 8 = 32 — dimker 3.

2the spinor inner product pairs chiral doublets with anti-chiral doublets and so maps anti-
chiral doublets to the dual space of chiral doublets, see e.g., pages 29 and 30.
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Evidently
im 3 = im Bper +im Blwes = im(A® B) + 0 @imA' C U@ U*,

where U is any vector subspace in W* of dimension dim U, obtained by completing
the image of A in W*. In particular rank # < 2dim U. The upper bound can be
achieved when ker A = 0 and so A! is onto. Indeed, the kernel of 3 is in this case
0+w, with w € ker A® and so dimker 3 = dim W —dim U = 32—2dim U. We thus
have an upper bound for the rank of 3, which we know to be 16. Equivalently
dimU > 8 or dim W < 24. Conversely, if dim W > 24, then no such v can exist
and hence [, €] surjects pointwise the tangent space.

The result would be made sharp, if we could find an v = 24/32 supersym-
metric background that is not locally homogeneous. Type IIb backgrounds with
24 supersymmetries have been given in [82, 83, 84, 85, 85, 86| . In [84] a 24-
supersymmetric background was constructed by discrete quotients of the maxi-
mally supersymmetric pp-wave [87] that breaks a quarter of the supersymmetries.
The resulting background inherits the local homogeneity of the maximally super-
symmetric pp-wave. In [82] (see also [83] and [85]) a homogeneous pp-wave with
24 supersymmetries is given, which can be obtained as a Penrose limit of a D3/D3
intersection. Only the 5-form is turned on, but it has a different structure to the
maximally supersymmetric one. In [86] there are two families of homogeneous pp-
waves with 24 supersymmetries. The above examples are all homogeneous plane
waves, which were classified in [88]. The metric of a plane wave in Brinkmann
coordinates is

g =2dztdr™ + A;2"2 (da™)? +dZ - dZ

where the 2%, i = 1,...,8 label the transverse coordinates.

It is proved in [89, 3.1] that eleven-dimensional plane waves admitting more
than 16 supersymmetries are automatically locally homogeneous. Their argument
also applies to the IIb plane waves with more than 16 supersymmetries, like the
ones described above. This is because plane waves always have 16 Killing spinors

€;,4 = 1,...16 which are annihilated by the null direction of the wave v* and
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hence

1
+ —
€ =—2 € .
27 v

They were named in [82] basic.

Let us essentially reduce® the problem to the square of single chiral basic
spinors ¢; € Sy,7 = 1...8. The square of basic spinors spans the null direction
of the wave. Indeed,

. 1. .. 0 m=1,+

gy = —gEnT e = BT e (3.20)
A basis for the single chiral basic spinors can be given as ¢; = ;x, where y is
an anti-chiral basic spinor*. If a plane wave has more than 16 supersymmetries,
then the extra Killing spinors, which are called “supernumerary”, are annihilated
by v~. A similar calculation to that of equation (3.20) shows that the square of
supernumerary spinors span e_. The square of basic spinors with a supernumer-
ary spinor, though, will span the remaining transverse space. Indeed, let us take
a supernumerary chiral spinor € and the 8 basic spinors in the basis €' = ~'y. If

we consider the vector £&4™¢’, then for the m = £ directions we have
=i_.m _/ 1 =t — M
eyt =—587 7ye =0,

because v € = 0 and (y")? = 0. For m = j we have &'n/e’ = —yyiyie’. If we

define the bilinear map
v:RExRS — R
(zi,y;) =  —Xz'ynle
we see that v is non-degenerate. Therefore, there is a one-to-one map from the

space of basic spinors onto the transverse directions of the tangent space, given

by the square of the chiral spinors with a supernumerary spinor. In summary, a

3for this we can use S-duality, which acts on the doublets like SO(2).
4to show linear independence assume \;e! = 0. Then by acting on it with A\;+*- we get A2 =0
or x =0
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plane wave with more than 16 supersymmetries will be locally homogeneous.
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Chapter 4

Heterotic and Type I Killing
Superalgebra

In this chapter we construct a Lie superalgebra structure on the infinitesimal
Zo-graded symmetries of a heterotic supergravity background. The bosonic sym-
metries are the Killing vectors that leave invariant all the fields of the background.
The fermionic symmetries are the Killing spinors of the background.

We use the same spinor conventions we used for type IIb supergravity, which
were explained in section §3.1. We first set up our conventions for heterotic
supergravity. We then show how the superalgebra is constructed. In particular,
we show closure of the algebra and that the Jacobi identities are satisfied. We
then discuss how supersymmetry can imply local homogeneity. The results can

be applied to type I supergravity, by setting the Yang-Mills fields to zero.

4.1 Theory and Supersymmetry

The field theory limit of the heterotic string [90] is given by ten-dimensional
N = 1 supergravity [91] coupled to N = 1 supersymmetric Yang-Mills [92]. The
theory was constructed in [93] by generalizing the construction in [94] for the
abelian case.

A heterotic background is a spin manifold (.#, g, S) with bosonic field content,
besides the metric, the dilaton ¢ , the NS-NS 3-form H and a gauge field-strength
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F. In heterotic string theory the gauge group is constrained, but we will work
with arbitrary gauge group in what follows.
The fields are subject to the equations of motion derived from the following

action (in string frame)
—2¢ o Lo 1o
I = dvol, e “?(R + 4|do|* — - |H|* — Z|F|7).
M 2 2
The 3-form H is not closed in the supergravity limit but instead satisfies
1
dH = §Tr (FNF) . (4.1)

The theory has a single chiral supersymmetry, generated by single chiral spinor
fields € € S;. Killing spinors of a bosonic background are spinors that obey
a differential equation, which comes from the variation of the gravitino, and two
algebraic equations, which come from varying the dilatino and the gaugino. They

are respectively

(Vm 1Hmnp,7 ) -0

Pe = (0™ — 35 Hpnpy™™) e =0 (4.2)
1 mn _.

Q5 = 5 mnY € =0.

The connection V7T is the metric compatible connection with torsion H. Note
that both the gravitino and gaugino variation lie in spin(g). As these equations
are linear, the set of Killing spinors is a real vector space, denoted £, and of
dimension 16v, where 0 < v < 1 is the fraction of supersymmetry preserved
by the background (.#,g,¢, H,F'). A lot of progress has been made on the
classification of supersymmetric heterotic backgrounds [95, 96, 69, 60].

A Killing vector field which preserves not only the metric but also ¢, H and F',
up to a gauge transformation, is said to be a Killing vector of the background.
It is clear that Killing vectors form a vector space £y, with real dimension ranging
from 0 to 10(10+1)/2 = 55. Moreover, they close under the Lie bracket of vector
fields, that is they form a Lie algebra. In the next section we will show that,

just as in the case of M-theory and type IIb supergravity, the vector superspace
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t = £y @ & carries the structure of a Lie superalgebra extending the Lie algebra
structure of ;. Note that type I supergravity is identical to the heterotic case,

but ignoring the gauge field strengths.

4.2 Killing Superalgebra

The vector space ¢ = € ® £, can be equipped with a Lie superalgebra struc-
ture, which we call the Killing superalgebra of the heterotic background. The
bracket between two Killing vector fields is the usual Lie derivative of vector fields
restricted to Killing vectors. The bracket of a Killing vector field with a Killing
spinor will be the action of the spinorial Lie derivative [80] on the spinor along
the direction of the Killing vector field. The bracket between two Killing spinors

is the squaring map. The brackets are collectively given by

[EO,EO] C ¥ []{7, /{Z/] = —[k?l, ]C] = gkk/
[EO,El] C El [k‘,&] = —[k,S] = .,E/pk{f
[61,81] C & [e,e'] = [€/,e] = Eyme .

In the following we show closure of the bracket and that the Jacobi identities are
satisfied.
Closure

We begin by showing that Killing spinors square to field-preserving Killing vec-
tors. Let us take k™ defined by squaring the Killing spinors €, ¢ and compute its

VT -derivative

VIK" =V, (ey"€)=éy"V}5e+ey"V,ie =0.

We, therefore, find that k is V'-parallel. Symmetrizing in m and n we get
%9 = 0, that is, k preserves g. Antisymmetrizing in m and n we get (, H = dk.
In view of (4.1), we have £ H = 1, dH = Tr(,. F' N F).
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By using the dilatino variation, we obtain
_ 1 / - / 1 _ /
0=¢&(do — 5]—[)5 = edpe’ — §€H€ :

The two terms in this sum should vanish separately, being respectively symmetric
and anti-symmetric in €,¢. Thus Z,¢ = 1xde = édpe’ = 0 and k preserves the
dilaton.

Using the gaugino variation now, we find for any vector X
0=¢X Fe' =e(XNF+.1xF)e

Again the two terms should vanish separately, being respectively antisymmetric
and symmetric in €,&’. The second term is in fact F(X,k) = —(4F)(X) =0
and since X is arbitrary we gain (/" = 0. Using the Bianchi identity for the
gauge field A whose field strength is F', dF' = —[A, F], and ¢, F' = 0 repeatedly,
we obtain

ZkF = deF—|— Lde = —[LkA,F] .

That is, F' is invariant up to a gauge transformation with gauge parameter —¢;, A.
It is always possible to choose the “temporal” gauge 1, A = 0, in which F' is truly
invariant under k. Finally, since (,F' = 0, we have . H = N Tr(txF A F) = 0.
That is, k preserves H.

We have shown that the square of a Killing spinor is a Killing vector of the
background, that is the Lie bracket indeed closes [¢;,%;] C €. The rest of the
brackets close similarly to the M-theory and type IIb case. Indeed, the commuta-
tor of the Lie derivative along two Killing vectors K, K’ is the Lie derivative along
the commutator of the vector fields, [Lx, Lx/| = Lk k). Since the right-hand
side preserves the background, so will the left-hand side. The even-odd bracket
closes because a Killing vector K preserves the Killing spinor equations. That is,
since K preserves all fields we have [Zy, V] = Vi v, [Zk, P] = [Zx, Q] = 0
and if ¢ satisfies the Killing spinor equations (4.2), so will Zxe.
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Jacobi identities

The odd-even-odd Jacobi identity is the statement that the Lie derivative is
spin(g) compatible. The even-even-even Jacobi identity is the even-even-even
Jacobi identity of vector fields restricted to Killing vectors. It is interesting to
see how the odd-odd-odd Jacobi identity is satisfied. For type IIb this involved
a nontrivial Fierz transformation and using both Killing equations. The type I
case is relatively easier, as no Fierz identity is involved. In particular, we shall
use the fact that a chiral spinor ¢ is annihilated by the vector produced by its
square ey,evy"e.

We shall use the polarization technique, whereby we show that [[e, ], ] = 0.
If k = [e, ] this amounts to %e = 0. First note that k is V*-parallel and so

P = Ve + E(Vk:)aw“be
1

1
— gkm Hmnpfyabg - ka Hmnp’yabg

and all we need to show is

E™ Hypnpy™e =0 .

We can rewrite the left-hand side as
§K Hepp (Y™™ 4+ 7™ € |
which, using the dilatino variation Pe = 0, can be rewritten further as
2kl O ryy™e + %lemnpvm”p%z—: )
Since k™0,,¢ = 0, we can further rewrite this as
—2kL 0 Y " yiE + %lemnpvm”pws )

which vanishes, because klye = 0.
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4.2.1 Homogeneity

Similarly to the M-theory and type IIb case, we can ask whether there is a critical
fraction of supersymmetry v., above which local homogeneity is ensured. We
know that there are half-BPS heterotic backgrounds of cohomogeneity 1 ([97]),
therefore v, > % We can apply the homogeneity theorem of §3.4 to show that if
v > %, then the Killing spinors squared span pointwise the tangent space.

Indeed, let us fix a point p € .#. The Killing spinors define a space W C A,
and we assume that dim W > 8. If the squaring map on W does not surject 7,,M,
then there is a vector v such that ve = 0, for all £, ¢’ € W. Therefore, v sends W
to its annihilator W% C (A,)* = A_. Since dim W > 8 and dim W + dim W° =
16, v must have a kernel in A, and since v - v = |v|? it must be null. Tts rank is
therefore 8. Equivalently, the symmetric bilinear defined by (-, —) = (—,v—)
on chiral spinors has rank 8.

Let us split A, = W ® U, where U is any complementary space. Then (3 has

the following matrix form

0 A

A B
where A: U — W* and B : U — U*. But ( has maximal rank 2dim U, that is
the case when A has zero kernel. We know that the rank of 3 is 8, so dimU > 4
or dimW < 12. Conversely, if dim W > 12, then no such v can exist and hence
W surjects pointwise the vector space. That is, for v, > 3/4 the Killing vectors in
[£1, 8] provide a frame of infinitesimal symmetries and the background is locally
homogeneous.

Type I and heterotic supergravity, though, present some novel features com-
pared to M-theory and type IIb. The differential Killing equation is given by
a metric compatible connection with torsion, the holonomy group of which lies
in Spin(1,9). Furthermore, Killing vectors constructed from Killing spinors are
parallel with respect to the connection.

Suppose, therefore, that we have a background with v > % In particular, this
means that the space of V*t-parallel spinors must have dimension d > 8. This

means that the holonomy group of V* must be contained in the subgroup of
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Spin(1,9) which fixes d > 8 linearly-independent spinors. The possible stabilizer

subgroups of spinors come in two families [95, 98, 60, 96], whose Lie algebras are

spin(7) x R® D gy D su(3) D sp(1)
spin(7) x R® D su(4) x R® D sp(2) x R® O (sp(1) x sp(1)) x R®* D R® |

along which the dimension of the subspace of invariant spinors increases from
left to right: being 1 for spin(7) x R® and 8 for either sp(1) or R®. Whence, if
d > 8 the holonomy algebra of V* must be trivial and V* must be flat. The
same group-theoretical argument shows that the kernel of the gaugino variation
(@ can be at most 8-dimensional, unless the gauge field is flat. Therefore, if the
space of Killing spinors has dimension bigger than 8, then F' = 0. By the results
of [95] the background must have constant dilaton and it follows from [99] that
it must be locally isometric to a Lie group with a bi-invariant lorentzian metric,
which in particular is locally homogeneous. We conclude that v, = % for heterotic
backgrounds. It is not clear though that a frame of local symmetries is provided
from the square of Killing spinors [€;, € ].

Type I is formally identical to the heterotic case, but ignoring the gauge fields.
In particular, the differential Killing spinor equation is the same and so the same
result applies: local homogeneity is guaranteed for backgrounds admitting more

than 8 supersymmetries.

61



Chapter 5

Maximally Extended Killing

Superalgebra

The most general supertranslation algebra can be extended with bosonic charges
on the right-hand side of the odd-odd bracket [100]. These charges can be gener-
ically realized from the spacetime global supersymmetries of an extended object
coupled to a Wess-Zumino term [101]. It is also understood that the charges do
not always arise as Kaluza-Klein modes of some higher-dimensional theory [102].
Indeed, in the maximally supersymmetric flat 1041 spacetime, the Poincaré su-
peralgebra is extended with the charges coming from an electric (M2) 2-brane
and a magnetic (M5) 5-brane [103, 104, 54].

The fundamental M2 and M5 branes can also be studied from the space-
time perspective and in the low energy limit of M-theory, there exist background
configurations that realize the back-reaction of branes [105]. For a general re-
view of branes in supergravity see [106]. Not surprisingly, we came across such
charges from the spacetime perspective in section §2.3. We found that the odd-
odd bracket of the Noether charges, when they can be defined, generate besides
the ADM momentum, the electric and magnetic charge, along with a gravitational
charge [54].

Similarly, in the context of supergravity, we raise the question: “when can a
Killing superalgebra be extended with additional charges?”. For the case of the

maximally supersymmetric flat spacetime, the Poincaré superalgebra is extended
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with a 2-form and a 5-form. These forms are central with respect to the super-
translational part and are realized as the constant 2-forms and 5-forms of flat
spacetime. The ‘M’ in the term ‘M-theory algebra’ of [103] stands in our perspec-
tive for the ‘M’ in Minkowski. For the general case, we shall see that extending
mazximally a Killing superalgebra is not always possible.

We restrict our attention to maximally supersymmetric backgrounds of M-
theory [69]. In section §5.1 we treat the problem algebraically and define a max-
imal extension of a superalgebra. We shall use the term ‘minimally full’ superal-
gebra, when the bosonic elements are equal to the symmetric square of the odd
elements and are generated by them. The definition is used to classify the mini-
mally full superalgebras, of which the maximally extended Poincaré superalgebra
of M-theory is an extreme case. We then argue that the Killing superalgebra
of the maximally supersymmetric plane wave does not admit a full extension.
We are left to examine the maximal extension of the Killing superalgebra of the
Freund-Rubin backgrounds.

In §5.2 we explore some geometric properties of Killing spinors and Killing-
Yano forms. The latter are a natural generalization of Killing one-forms, the
metric duals of Killing vectors. We prove different properties that we will find
useful later.

We focus on the AdS, x S7 maximally supersymmetric background. Its Killing
superalgebra is known to be o0sp(8|2) [79] and its maximally supersymmetric
extension is 0sp(1]32). In section §5.3 we find a geometric realization of 0sp(1]32).

We conclude with an interpretation of the supergravity Killing forms.

5.1 Superalgebra Extensions

In this section we develop a notion of a Lie superalgebra extension and obtain
some useful results in the context of M-theory. We begin with the following

definition

Definition. A superalgebra extension of (I,[, ), where | = [p @, is a

superalgebra (m, [, |w), on m = my @& my, such that
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e My = [1
o [y < mg is an even subalgebra of the extension

e the restriction of the Lie bracket [, |m on ly X Iy should agree with the even-

odd bracket of [, ;.

If we split the even part of the extension as mg = [y @ 3, where 3 is any com-
plement of [y, then the extension is defined essentially by the bracket restricted
to m x 3 and the odd-odd bracket, which generates the additional elements in 3.

The definition agrees with what we want to achieve. The space [; will be the
vector space of Killing spinors and [y will be the vector space of Killing vectors.
By extending we do not enlarge the space of Killing spinors and, furthermore,
the Killing vectors should obey the same algebra. The last clause essentially
preserves the action of Killing vectors on Killing spinors.

We shall concentrate on odd generated superalgebras, for which the odd ele-
ments generate the even part mg = [my, my]. Then, the size of the extension can
be characterized by the odd-odd bracket. When the span of the odd-odd bracket
of a superalgebra is isomorphic to the symmetric square S?m;, we call the su-
peralgebra full. A full superalgebra is dimension-wise the largest odd generated
extension we can construct. Such an extension will be called a minimally full
extension. This agrees with the notion of a maximal extension, the extension
though is minimally full in the sense that it can be further enlarged with bosonic
elements. Since [my, my] & my is an ideal of my @ my, the additional bosonic ele-
ments (when they exist) act as outer endomorphisms, the typical example being
the spin algebra of the (extended) Poincaré superalgebra.

The Poincaré superalgebra, without the Lorentz generators, extended with the
central constant 2-forms and 5-forms is minimally full. The osp(1]32) algebra is
another minimally full superalgebra. It contains the spinor representation A of 11
dimensions and the endomorphisms of A that are skewsymmetric with respect to
a symplectic bilinear on A. These two superalgebras are in fact the two extremal

cases of the following classification [107]
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Theorem 1. A minimally full superalgebra (m,[,]) is determined by an anti-

symmetric bilinear w € /\2 mj.

Proof. Let us choose a basis (), of the N-dimensional odd vector space m; and
define the odd generated elements Z,5 = [Qq, @s). Then the even-odd bracket is

defined by the structure coefficients

[Zaﬁ> Q’Y] = QaﬂveQe )

while the odd-odd-odd Jacobi identity implies that the cyclic sum ) Qapy©

By
is zero. The superalgebra being full implies the even-even bracket. From the

even-odd-odd Jacobi identity we have
[Zaﬁy de] = QQQB(VEZ(S)G = _2Q’y§(aezﬂ)e )

which implies

Qapy 05y + Lo 0y + € (=0

By contracting the ¢, d indices, we get
(N + 1)Qup + Qaps’ 0 + 20505 =0, (5.1)

where we used the cyclic identity. Contracting again with 7, e and using again

the cyclic identity, we find Q,3," = 0. Therefore, equation (5.1) becomes
5 5
Qapy” = 2w5a0p)

where wyg = —ﬁﬁaaﬁé- The cyclic property implies that w is antisymmetric

and the superalgebra coefficients become

[Qa; Qﬁ] = Zaﬁ
[Zap, Q] = wyaQp + wypQa

(Zaps Zrs) = WyaZps + WypZas + WsaZnp + WspZrya -
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]

A simple exercise shows that w is invariant under my. If a minimally full
superalgebra (m, [, |m) is an extension of (I, [, ];), then the bilinear w is invariant
under [5. An antisymmetric bilinear is given up to isomorphism by its rank and
so, minimally full superalgebras are classified up to isomorphism by the rank of
w, which is always an even number n = 0,...2 L%J For the case N = 32 and
n = 0, the superalgebra is the extended Poincaré superalgebra while for n = 32,
which is the case when w is non-degenerate, the superalgebra is osp(1|32).

We now turn our attention to Lie algebra contractions. We first give the

following definition of a Lie algebra isomorphism

Definition. A Lie algebra isomorphism ¢ : (m,[, ]) — (W' [, ') is a vector
space isomorphism ¢ : m — m' and the Lie algebra brackets satisfy [X,Y] =

o~ H([(X), 6(Y)]) for all X,Y" € m.

If we have a one-parameter Lie superalgebra isomorphism ¢, from (m,[, ])
onto (m, [, |¢), for e € R*, then one obtains a limiting superalgebra whenever the
limiting bracket [X, Y]y = lim,o[X, Y], exists for all X,Y € m. This defines a
contraction whenever the limiting superalgebra is not isomorphic to the original
superalgebra.

In fact all minimally full superalgebras can be obtained from contractions
of the extremal one, whose bilinear is non-degenerate. Indeed, let us split the
odd vector space into m; = mj @ mj, which induces a split of the even part
my = mi T ®md ®my, with m¥* = [mF, m{]. If we define the vector space

isomorphism ¢ (X) = e X, for X € m; where the weights are given by

1 if X em;

0 it X emy

w(X) =

then the map ¢, can be extended on mg, so that the contraction will remain

minimally full. For this to be the case, we define the superalgebra isomorphism
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¢ : m — m with the additional weights

2 if X emd™
w(X)=<¢ 1 if X em{™
0 f X emy™

It is easy to see that the contracted superalgebra is no other than the minimally

full superalgebra defined by the bilinear

0 if X or Y em;
wX,)Y) f XY emy

WQ(X, Y) =

The rank of wy is evidently 2 LmT;J

Flat Minkowski space, with F' = 0, is a maximally supersymmetric solution
of M-theory. Its supersymmetries are the constant spinors that square to the
constant translations of the Poincaré group. The supertranslational group can
be further extended with the constant 2-forms and 5-forms from the symmetric

square of the spinors. With
{Q7Q}:P+ZQ+Z5 )

all bosonic charges on the right-hand side are central. This defines a minimally full
superalgebra for which the form w is identically zero. The spin representation acts
in the usual way on the spinorial indices and the full superalgebra, with the spin
generators included, is the so-called M-theory algebra. The same construction
cannot be repeated for the other maximally supersymmetric backgrounds. In
fact as we shall now see, the maximally supersymmetric wave does not admit a
full extension.

Let us define a superalgebra on the vector space [, spanned by the odd elements
Qo in [} and the even elements K, in [o. Suppose (I,[,];) is extended to a
minimally full superalgebra (m,[,]y,), with Z; spanning the complement ¢ of [,

in mg, that is my = l[p ® (. With Z,5 = [Qa, Qs), we write K,, = ¢2’Z,5. Both
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brackets enjoy

[Kma Qa] = ng?waﬁQA/ . (52)

Let
F={Xech:wX,Y)=0forall Y €l;}

denote the radical of w. Then if Q € [{, we have [K,Q] = 0 for all K € [y and
so [ C 1) where [¥ contains the [y-invariant elements of [;. Therefore, if [¥ is
trivial, then the bilinear w is symplectic. On the other hand, if w is symplectic,
then (from equation (5.2)) we see that no element in [y can act trivially on the
whole of [;. Therefore, if a Lie superalgebra (I, [,]) is such that there exists an
element K € [y that commutes with all odd elements, but there are no [y-invariant
odd elements, then no minimally full extension for that superalgebra exists.
This is the case for the the maximally supersymmetric wave of M-theory. This

is the Kowalski-Glikman wave, with Cahen-Wallach metric
g = 2d{L‘+de’_ —f- Az‘jl'il‘j (dl'_)Q — de
and field strength F = pudx~ A dz'?3. The matrix A is given by

—sp?0;  1=1,2,3
—ae %0 i =4...9.

A:

We find the Killing superalgebra, originally computed in [108], in appendix C.
We note that the orthonormal frame in the direction of the wave, e™, acts trivially
on the supersymmetries, whereas there is no supersymmetry that is left invariant
by all Killing vectors. The maximally supersymmmetric wave, therefore, does
not admit a full extension of its Killing superalgebra.

The maximally supersymmetric solutions of 11d supergravity are flat space,
the Kowalski-Glikman wave and the two Freund-Rubin solutions, AdS, x.S7 and
AdS; xS* [69]. The Killing superalgebras of the Freund-Rubin backgrounds ad-
mit a minimally full extension. We shall show that the extension is osp(1]32),

which corresponds to w being the symplectic spinor inner product. In partic-
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ular, we shall take as an example the maximally supersymmetric background
AdS, xS7. We shall eventually find a geometric realization of the algebra. We
make, though, a detour in the following section, in order to develop familiarity

with the so-called Killing-Yano forms.

5.2 Killing Objects

The problem of the Killing superalgebras of the Freund-Rubin solutions and their
extension reduces to the study of geometric Killing spinors and Killing-Yano
forms, which are defined on the AdS space and the sphere. Killing-Yano forms
are the natural generalization of the metric dual of Killing vectors to higher
degree forms and we shall refer to them simply as Killing forms!. In this section
we suspend our focus on supergravity, in order to study the properties of these
geometric, in this sense purely riemannian, Killing objects.

For the rest of the section we assume a spin manifold (., g, .S) of dimension
d and positive scalar curvature R. When appropriate, we will specialize to AdS,

and S7.

5.2.1 The nature of Killing

With only geometric data on a manifold .Z the metric g and a spin structure .S,

we can define

Definition. A spinor field € is called a geometric Killing spinor, if it satisfies

the differential equation

Vxe=AX €,

for all vector fields X .

IThere is also a suitable generalization of conformal Killing vectors to higher degree forms,
of which Killing forms are a special case. Related to Killing 2-forms are also the Killing-Stackel
tensors; they are symmetric (2,0) tensors that roughly correspond to the square of a Killing
2-form [109].
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The integrability condition for the spinor is

1

_ZRABCD’YCD c€ = _2)\2FAB c €, (53)

from which we find that the scalar curvature R is constant and related to the

Killing number A via

R = X\4d(d—1) .

Since spinors do not sense’ a change in signature from (s,t) to (¢,s), we can
always take R > 0. In this case, the Killing number is real and we focus on the
positive value. It is evident that Killing spinors define a real finite-dimensional
space, which we denote K. For AdS spaces and spheres, the curvature two-form
is

R(X,Y)=4)X"AY"

where X° is the metric dual of X, X’ = g(X,—). Therefore, the integrability
condition is automatically satisfied. By the cone construction, we shall show that
only quadrics in flat spacetime admit the maximal dimension of ;. More gen-
erally, riemannian manifolds admitting real Killing spinors have been completely
classified [110] by using the holonomy classification of indecomposable metrics and
the cone construction. Partial results exist for the lorentzian case [111, 112, 113].

Whereas parallel spinors square to parallel forms, Killing spinors square to
Killing one-forms and their higher-degree analogues: Killing n-forms. For the
riemannian case, there are many results concerning Killing forms and their con-
formal analogues [114, 115]. In particular, the riemannian space must also admit
a Killing spinor. For our purposes, we shall show that Killing spinors square to

what we shall call square Killing forms. We first define Killing forms

Definition. An n-form b is called o Killing form, if its derivative Vb reduces
to an (n + 1)-form

Vb = L db .
n+1

The above definition is an immediate generalization of (the metric dual of) a

2the spin groups Spin(t, s) and Spin(s,t) are isomorphic and so are their modules.
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Killing vector. It is easy to see that they define a conserved (n—1)-form along the
trajectory of a geodesic. Indeed, consider a geodesic (7), so that V4 = 0. Then
for a Killing n-form b, the (n — 1)-form ¢ = ¢4b is conserved along ~. That is,
V;¢ = 0. Killing forms are useful in finding integrals of motion, see for instance
[109] and references therein.

The Killing forms satisfy an integrability condition, which is the generaliza-
tion of Killing’s identity of section §2.4, equation (2.13). One way to write the
condition is to extend the riemannian curvature tensor, defined by R(X,Y) =

Vx,Vy| = Vixy), to
R:TM& NT*M — N'TM e N~ 'T*M
(X,0) = Y, n"R(X,eqa) @ te,b

where e, is an orthonormal frame. Also consider the projection from the tensor
algebra to the exterior algebra p, : @PH'T*M — APT'T*M. Then Killing’s

identity for Killing forms is
Theorem 2. A Killing p-form b satisfies the integrability condition

n+1

VxVb=——p R(X,b) .

Proof. In components we want to prove

p+1 -
Vuasz"'Vp = _TR[VM\M bU|V2"'Vp] )

where a = Vb. Taking advantage of the antisymmetry of a, we have

_ o

vual/lllljz'“l/p - vl/auulug-ul/p - nR/,LV[l/l Kauz---up]
_ o

Vyaf,uylugmup - Vyla,uuygmup - _anll[;L KO'VQ"~VP]

o
vula,uw/zmup + v,uaw/lygmup - nRulu[u Kaugmyp] .
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By adding the three equations, we obtain
2V#CLW1,,2_._VP = nRW[VIUKJV2...Vp] — nRWI[MUKJW...Vp] + nRVW[VUKUV2...Vp] )

We notice that the right-hand side is antisymmetric in vvy - - - v,. If we manifest

the antisymmetry, we have

1
VUV Uy o o
2V 4y vy € ? = (R, " Koy, — ERWW Koy,

n—1
o o |22 R8%
n RVI/1V2 KO’;Lllgml/p + Ryl/.u/ Ko‘ug~~-up)€ P

The third summand on the right-hand side vanishes because of the Bianchi iden-
tity. Similarly the first and last term combine through the Bianchi identity to
yield Killing’s identity. O

As a result of the integrability condition, a Killing p-form has

d d d+1
_|_ —
p p+1 p+1

degrees of freedom. Of special importance are special Killing forms, for which

there is an integrability condition stronger than Killing’s identity

Definition. A special Killing form is a Killing form b, for which its derivative

satisfies the integrability condition
VxVb=—4)\2X"Ab |

for some constant X' and any vector X, where X° = g(X,—).

Special Killing forms on a constant scalar curvature space, for which the
constant )\ is precisely Killing’s constant A, are ‘doubly’ special. We shall call
them square Killing forms and denote the space of odd square Killing forms
by Ko. For AdS spaces and spheres, one can show that all Killing forms are
square. By the cone construction, we shall show that quadrics have the maximal

dimension of Killing forms.
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We now show that the square of Killing spinors are square Killing forms. The

spinor pairing (, ), with property

is for AdS, (S7) antisymmetric (symmetric). Any two spinors ¢, &’ square to an
n-form &,

1 ai--a
&, = E(e,%l...ane’k pran (5.4)

If the spinors are Killing, then the odd n-forms are square Killing and the even
forms are their derivatives
—2Aix€ni n = odd
21 AX® n=even .
In particular, the scalar &, is constant.
The even forms produced can be shown to be Hodge dual to square Killing

forms

—2X (=1)"XP A %E, n = odd
Vi %€, = (=1) St (5.6)

—2Aix &1 n = even .

For d odd, we only get odd Killing forms from Killing spinors. When the dimen-
sion of the manifold d is even, we get square Killing forms of all degrees. Notice
that, when the dimension d of the manifold is odd, the volume element dvol in

the Clifford module is trivial and one can show that
dvol &, = (=1)2 Y w gy, . (5.7)

Killing spinors and square Killing forms lift to parallel spinors and parallel

forms on the cone of the manifold, which we now describe.
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5.2.2 Killing on the Cone

The cone of a constant and positive scalar curvature R spin manifold (.#, g, S),

is the manifold .# = .# x R* with metric
g =dr*+4r*\%g ,

where A is the Killing number. The cones of AdS and spheres are independent of
A and flat. This is evident, since the AdS spaces and spheres are precisely defined
by their respective quadrics. In stereographic coordinates the cone metric of a
sphere (4) and an AdS space (—) are
[ T R ——
(14 A222)2
Let us choose the vielbein of the cone (€%, ¢é") = (dr, 2Are®), where e is a

vielbein of the base. The spin coefficients are found to be

W%, = 2 e
(5.8)
W =w
while the Christoffel coefficients can be conveniently written as
@rdr =0 @Mdr = 4)\27“guuda:”
(5.9)

A

A 1
V,(rdz") =0  V,dz" =V, dr" — =6 dr .
T
We have the correspondence

Theorem 3. A square Killing (p — 1)-form b on a manifold . is in one-to-one
correspondence with a parallel p-form b defined on the cone of the manifold. The
correspondence is given (up to a convenient factor) by

yY
b

b= (2A\)P 1 (rPVb + P Ndr A b) = (20)Pd(
p

) .
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Proof. We decompose a p-form on the cone like
b=rPa-+r"'dr Ab

and consider the condition Vb = 0. The component V,b=0 gives no r depen-

dence of a and b. The component @ui) = 0 expands to
P’V ,a — " tdr A 1a + 4/\2Tpgwdx” A b+ 1P dr A V,b=0.
Thus b is a square Killing (p — 1)-form and «a is its derivative

Vxb=1xa
R

— = X"Ab.
d(d—1)

VXa:—

]

We now show that Killing spinors lift to parallel spinors on the cone. The
even part of the Clifford algebra of the cone is isomorphic to the Clifford algebra
of the base

spin(s +1,¢1) C C(s +1,t) = Cl(s, ) .

For the dimensions that interest us, a spinor in signature (7,0) lifts to a chiral
spinor on (8,0) and a spinor in (1, 3) lifts to a spinor in (2,3). We elaborate on
this in the appendix B. We can find suitable representations, so that the spin

generators on the cone are in terms of the Clifford generators of the base

Fab —_ ,yab

rer :,.ya )

The spin generators, therefore, act as

. 1
Sar = 735
27
R 1
Sab = —5%17
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and so the cone spin connection, equation (5.8), on spinors on the cone is

where on the right-hand side we have the Clifford action on the base. We thus
have a one-to-one correspondence of Killing spinors on the base with parallel
spinors on the cone. Furthermore, we can easily show that the operations of
squaring a Killing spinor and lifting to, or lowering from, the cone commute.

The Killing spinors on S7 lift to parallel chiral spinors on R® and Killing
spinors on AdS, lift to parallel spinors on R?3. The cone metrics are flat and so
we get the maximal dimension of Killing spinors. For the same reason we get the
maximal dimension of square Killing forms.

We can combine the above results and construct a Killing algebra that is
induced by the Clifford algebra on the cone. This is a closed algebra of Killing
forms, whereas Killing forms also act on Killing spinors. We briefly describe this

and specialize for the spaces AdS, and S7.

5.2.3 Clifford-Killing algebra

Let us turn our attention to the endomorphisms of Killing spinors. Since Killing
spinors lift to parallel spinors on the cone, of definite chirality if the cone is even-
dimensional, the endomorphisms of Killing spinors correspond to parallel even
forms on the cone. Indeed, when the dimension of the cone is odd, the volume
element is trivial and so the constant forms act on the constant spinors up to
Hodge duality, as in equation (5.7). When the dimension of the cone is even, the
endomorphisms of chiral constant spinors are again the even constant forms that
preserve their chirality but they also act up to Hodge duality, again due to (5.7).
Therefore, the endomorphisms on the space of Killing spinors End (K ) are the odd
square Killing forms in Ky of degree n, where in quite generalityn = 1,3, ...2m—1
with d = 2m or d = 4m £ 1. Obviously constant functions on the base, which

lift to constant functions on the cone, also act trivially on Killing spinors. With
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this correspondence, the algebra of endomorphisms of Killing spinors is that of
the Clifford algebra of the corresponding parallel forms on the cone.

In the above discussion we considered the Hodge dual of constant forms on
the cone. Hodge duality on the cone relates the square Killing forms on the base

as follows
A(rPa+rPtdr Ab) = 20T (2N TP x b+ r?Pdr A xa)
This is illustrated in figure 5.1.

Parallel (a,b) (xb, xa)

Killing b * *b x4 <k o oa

Figure 5.1: The fate of Killing forms under Hodge duality

One can derive expressions for the Killing algebra and its action on Killing
spinors, entirely in terms of the base. The image of an even parallel form on the

cone of a manifold into the Clifford algebra of the base manifold is

12 CO(T* 4 ) — End(Ky)
(AP (Vb 4 P dr A D) — (20) 7'V —b .

The action of a Killing one-form b on a Killing spinor ¢ is proportional to the

spinorial Lie derivative
(2A)'Vb —b)e = (2N)'Vb— (A\) 7 'Vy)e = —(\) ' Le .

The symmetry operator of a Killing p-form b on a Killing spinor ¢ is generalized
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from the spinorial Lie derivative to

1 ap ., a1-+-a 1
,,%8 = (Hbal---ap1 p’y ! pilvap - §(Vb)> €.

The symmetry operator along square odd Killing forms will send Killing spinors
to Killing spinors. It can be further generalized to a symmetry operator of the
Dirac operator [116].

Clifford multiplication on the cone gives, in general, a sum of forms by con-
traction. The map p induces an algebra of odd square Killing forms. For two odd
square Killing forms b and b’ of degree p and ¢ respectively, the one-contraction is

given up to a factor by the Schouten-Nijenhuis bracket of the forms on the base
[0,0] = (—=1)Pg" 1, b AV, — (=1)P~ Vg 1) NN ,b .

In [117] the authors show that the Schouten-Nijenhuis bracket is closed when
the metric is of constant sectional curvature. We generalize their result for odd
square Killing forms on a constant and positive scalar curvature space. As noted
in [115], all examples of Killing forms that we have are these special square Killing
forms.

Let us now specialize for the spaces AdS, and S”. We denote the space
of Killing spinors on these spaces respectively by A, and Ag. By the cone
construction, A, is a Clifford module of C¢(2,3) and Ag is a chiral Clifford
module of C¢%(8,0). The endomorphisms of parallel spinors on the cones of both
AdS, and S” are the constant even forms and equivalent up to Hodge duality on
their cone

End(Ax) = A} & A% @ Al
End(As) = As @ As & A5
where for convenience we define A’} = A"R** and A§ = A"R®. Similarly, we

establish that the symmetric and antisymmetric square of the Killing spinors in
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A4 or Ag span their endomorphisms as follows

S*AL =N}
AN As= Ny ® NS
S*As = Ns @ N
N As= N5

5.3 Freund-Rubin Backgrounds

In this section we set up the maximally supersymmetric solution AdS, xS”. The
conventions we use for a supergravity background (g, F') are those of chapter 2
with A = 1. The background AdS, xS7 is one of the two Freund-Rubin solutions

of supergravity, with metric g and field strength F

g=49ga—4s

F= ,/? dvol(AdS,) .

The AdS, space has metric g4 with scalar curvature 8 R and the seven-sphere has
metric gg with scalar curvature 7R, where R > 0 is the total scalar curvature.
We choose a Clifford module by fixing the sign of the volume element. Su-
pergravity Killing spinors are in the kernel of the superderivative D. We denote
the space of supergravity Killing spinors ;. We shall show they belong to the
product of the geometric Killing spinor spaces of each factor AdS, and S7.

There is an isomorphism

Cl(1,10) = CL(1,3) ® CL(7,0)

a+ b+ dvol(1,3)a® 1+ dvol(1,3) ® b ,

where a + b € T*(AdS;) @ T*(S7) is an orthogonal split. Any vector Z can
be split into tangential parts Z = X +Y € T(AdS,) ® T(S7), but note how
g(—,Y) = —gs(—,Y). The spinor bundle of the background is isomorphic to the
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product of the spinor bundles over each factor Sy ® Ss. If we choose a ‘pure’

spinor € = a ® 3, we can solve for the Killing equation on each factor

Von—\/7X a on AdS,(8R)

VyB = \/7Y B on SY(7TR) .

The space of supergravity Killing spinors m; has maximal dimension 32. The
space of geometric Killing spinors on AdS4, which we denote by A4, has real
dimension 4 and on S7, which we denote by Ag, has real dimension 8. By

splitting the spinor we obtain all solutions
L =AL®0As.

From representation theory alone, the symmetric square of the Killing spinors
will span the tangent bundle. Furthermore, it is evident that it will span the
tensor product of the Killing algebra of each factor, which are the constant two-
forms on their respective cones. The Killing superalgebra (¥, [, ]¢), with & =

[El, El]g has
b= AU ®AsB AL ® A = spin(2,3) & spin(8) .

Let us assume that the Killing superalgebra extends to a minimally full su-
peralgebra (m, [,]w). Then the form w € A”#* that defines the extension should
be invariant under €. The dual of £; is naturally associated to £; using the spinor
inner product C'. We can decompose the two-forms in /\2 £, as a representation
of ¢,

At =S52000 A\ As ® N\ Aa© S*Ag
=N A (NG AL) ® (As@AS) -
Since £y is non-abelian, we conclude that the minimally full extension of the
Killing superalgebra is defined up to isomorphism by the unique €-invariant two-
form C, which defines the inner product in C¢(1, 10). It is symplectic and defines
0sp(1]32).
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Let us elaborate on the structure of 0sp(1/32) on AdS, x.S7. The endomor-
phisms of m; have a geometric realization. They are in the tensor product of

parallel even forms on the cone of each factor
End(m;) = End(A4) @ End(As) = (AR @ A3 & AD @ (As® Az @ AsT) -

Killing bispinors m; ® my are isomorphic to the endomorphisms of Killing spinors
End(m;), via the symplectic inner product C. That is (¢ ® €')e” = (¢/,&")e. We

are interested in the symmetric square

Theorem 4. The symmetric square is onto the endomorphisms that are skew

with respect to the spinor pairing
Proof. Polarizing for €€ € S*m; C End(m;) we have
(€€eq, €2) = (€, €1)(€, €2)
= —(€1, €€€9)

so €€ € SkewEnd(m,) and thus S*m; C SkewEnd(m,). By counting dimensions,

we find that S?m; = SkewEnd(m,). O

Furthermore the commutator of endomorphisms is closed on SkewEnd(m,).

We can show this again by polarizing for two endomorphisms
€€, €'e’ € SkewEnd(m,)

cee’e’ — e'd'ce = (¢,€)(e€' + €'€) € SkewEnd(m,) .

In terms of the classification of theorem 1 in §5.1, we have w = —C.

We then have a Lie superalgebra on m; & [my, m;| with Lie bracket
e [m;,m] — S*m; the natural symmetric squaring.
e [S?m;, m;] — m, acting as endomorphisms

o [S?my, S*m;] — S*m,; the commutator of endomorphisms .
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The Jacobi identities are satisfied because of the antisymmetry of the spinor inner
product (theorem 1).

We conclude by realizing (m, [, |m) = 0sp(1]32) in terms of geometric objects.
The odd part consists of the Killing spinors, m; = Ay ® Ag. We decompose
the even elements mg = [my, my] as representations of €y, which is the isometry

algebra of the background. The symmetric tensor square of m; is

5% = S2A4 @ SPAs® N As® N\ Ag
=A@ (Ns® AST) & (Aae A3) @ A
= (A& A &A@ N & (NZOAS) @ (Na@Ag) .
where we recognize the terms on the right as the tensor product of definite degree
Killing forms on each factor. The results of this chapter make it seem natural to

use a double-cone description for the embeddings of branes in the Freund-Rubin

backgrounds.
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Part 11

Non-Geometry
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Chapter 6

The Doubled Torus

Let us consider a string model, ¢ : ¥ — .#% | where the target space .# %
is a bundle with fibers some compact directions {z'} € T™. We assume that the
compact directions are generated by isometries and so T-duality can act on the
maps X' = 2 o ¢. The aim of the doubled torus formalism is to dualize the
X% and use both dual descriptions in the same framework. In this chapter we
introduce the doubled torus in the lagrangian formalism of [19] and investigate
some of its properties.

In string theory one first defines a background on which the string will propa-
gate. Then one solves for the dynamics of string propagation. The quantization of
string propagation depends on the background at hand, while the background is
constrained to satisfy certain conditions in order to preserve conformal invariance.
Similarly for the doubled torus, we shall first introduce doubled torus backgrounds
and then introduce the dynamics of string propagation on such backgrounds.

In section §6.1 we define a doubled torus background. The target space is now
a bundle with fiber the doubled torus 72", which has local coordinates x!. If one
trivializes the T?" as T" @ T", the geometric data of the doubled torus splits and
gives the original conventional data. This is achieved through a constant metric L
of signature (n,n), which fixes a subgroup O(n,n,Z) of the large diffeomorphism
group of the doubled torus. The group O(n,n,Z) is the T-duality group that
manifests itself geometrically. This is how we will recover the Buscher rules.

In section §6.2 we introduce the doubled torus system [19], which is a pseudo-
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action plus a constraint. In doubling the torus of the target space, we increase
the degrees of freedom of string propagation. In order to recover the conventional
formalism, we impose a constraint that removes the extra degrees of freedom. The
lagrangian and constraint are covariant under the geometric group O(n,n,7Z).

Solving the constraint amounts to splitting the string coordinates of 7" as
X! = (X, X;). In section §6.3 we solve the dual coordinates X, in terms of
the X% The resulting equations of motion for X? can be identified with the
conventional string. If we use the dual solution of the X; in terms of X’, we
recover the conventional T-dual model. We will show classical equivalence with
the conventional model.

The choice of which directions are the physical (independent) ones is called a
polarization P. T-duality manifests itself as a geometric group of transformations,
where a covariant choice P can, but not necessarily, be given. In section §6.4 we
comment on this and interpret conventional T-duality as a geometric group in
the doubled torus formalism. This chapter is a necessary introduction for the

succeeding chapters.

6.1 Doubled Torus Backgrounds

We give the following formal definition for a doubled torus background

Definition. A doubled torus background is a T*" fiber bundle &, with base
space N, such that n and the dimension of A add up to the critical dimension.
The bundle & has transition functions in O(n,n,Z) x U(1)*" that preserve a

constant metric L on the fiber.

loc

E~ N xT™
lm

N

The background is further specified with the geometric data (H, A, G, B)

o A local trivialization of the bundle & is T*" x A with coordinates (x!,y™).
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The triplet (H, A, G) make up the components of a metric on the total space

— H is a positive definite metric on the fiber with values Hyy,
— A are the mized components of the metric with values App,,

— @G a lorentzian signature metric on the base space with values émn.
and B is a b-field on the base space defined up to closed terms.
e Locally H is restricted to be a coset metric for O(n,n)/(O(n) x O(n)).

e The data (H,A,é, B) depend only on the base.

Conformal invariance of the sigma model will impose further differential con-
ditions upon quantization. Such an analysis was undertaken in [118, 119]. In
this section we shall work with the above definition. In the following we discuss
the transition functions of the bundle, the coset metric H and we will see how to

rewrite the Buscher rules.

6.1.1 Transition functions

The transition functions of any 7%"-bundle belong to the large diffeomorphism
group of the torus GL(2n,Z) times the periodic translations U(1)?". Tt is easy to
see that the group GL(2n,Z) factors as Zs x SL(2n,7Z). The transition functions
of the bundle & are the elements of GL(2n,Z) that fix the constant metric L of
signature (n,n). The isometry group of L is O(n,n), so the transition functions
belong to the subgroup

O(n,n,Z) C GL(2n,Z) .

Say for instance H is defined locally on the patches U, and U of the base space
4. On the intersection U,g, the metric H will transform, under the transition

functions g.5 € O(n,n,Z), as

H — H' = g{3Hgap. (6.1)
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Let us choose a basis so that the metric L has components

We shall call such a basis and the form of the metric canonical. This fixes
the group O(n,n) as a subgroup of GL(2n,R). As the transition functions are
chosen to be in the integer subgroup of this, the form of L remains canonical in
all patches.

We shall produce two sets of equations for elements of O(n,n). A typical

element ¢ in the canonical basis

satisfies the defining relation ¢'Lg = L, which is expanded as

alc+cta=0
bd + d'b = 0 (6.2)

ald+cb=1.
The relations can be ‘reversed’ in the following way. Since

A
g—l _ L—lgtL — ’
& a

we use gg~! = 1, to obtain a second set of equations

ab' + bat =0
cd +dct =0 . (6.3)
ad' + bt =1

We shall make use of these equations later on. Note that for the group O(n,n,Z),

the element g should furthermore have determinant +1 and integer entries.
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6.1.2 The coset metric

The metric H takes values of a metric for the coset space

O(n,n)/(O(n) x O(n)) .

To achieve this we first define a wvielbein V' so that for a patch U, C A4, V is a

local section

ViU, — O(n,n) . (6.4)

We then fix the maximal compact subgroup O(n) x O(n) by specifying a metric
A of signature (2n,0). The metric H is defined as

H=VTAV .

The vielbein in (6.4) can be identified under the left O(n) x O(n) action

V=hV forall he O(n)xO(n)CO(n,n) .

The transition functions g € O(n,n,Z) act on the representative of the coset V'
on the right. Therefore, the metric transforms like H — g7 Hg, while V may
transform with a compensating factor V' — hVg.

It might seem that there is a choice of the metric A, but this is not quite
so. Were we to choose a conjugate maximal compact subgroup O(n) x O(n), we
would change the metric A by the adjoint action of O(n,n). This would be in
effect a redefinition of V.

In a canonical basis a convenient choice for A is

The O(n) x O(n) C O(n,n) subgroup is given by precisely those elements in
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O(n,n) that preserve A. In the chosen basis they have the form

1fa+d a—d

g = € O(n) x O(n) C O(n,n) ,

a—d a+d

with (a,d) € O(n) x O(n).

Let us denote the inverse of L;; as L'’ and define S'; = L'  Hy ;. In sec-
tion §6.2 we shall need to use the relation S? = 1. The endomorphism S is an
almost product (or almost real) structure with respect to both L and H. We

show the equivalent

Lemma 2. The coset metric H commutes with the metric L

T(T?m)y L T (T

g e
T (1) L (1)

Proof. In the canonical basis it is clear that A™'L = L™'A and so if S = L7'H
then

2 =L WIAVL WIAV =L WAL T'AV = L' VILV = L7'L = 1,, .
N e’ N—— N——

-1 L L
Since it is true in one basis, it will be true in all. n

It is convenient to define a new object A by
Alm = _HIJLJKAKm .

By using S? = 1, we can consider this as a self-dual constraint on the doublet

(A, A).
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6.1.3 Buscher rules

The action of O(n,n,Z) on the coset metric H reproduces the Buscher rules. To
see this, we shall first find a canonical form of H. In particular, in a patch U,,
we can use the O(n) x O(n) gauge freedom V' = V'h to bring the vielbein into
the gauge fixed form

el 0
V= ) (6.5)
—e B et

Proof of (6.5). Assume the element i € O(n) x O(n) acts on V to give V = hV.

Let us write these as

1 {fa+b a—2» A B - A B
h:— y V: 9 V: ~
a—b a+b C D C D

with a,b € O(n). Then the action gives the following relations

A= (a+d)A+(a—d)C, B=(a+d)B+ (a—d)D,
C=(a—dA+ (a+d)C, D=(a—d)B+ (a+d)D .

Setting s = a’d € O(n) and demanding B = 0, we get the condition

But D — B is invertible. Were it not, then there would be a v € R?" such that
(D — B)v = 0. The defining conditions for V are, from equations (6.3),
CTA+A"C=B"D+D"B=0
o (6.6)
C"B+A"D=1.
Hence, (D — B)T(D — B) = B"B + D"D implies Bv = Dv = 0, but from
CTB + ATD = 1 we get v = 0. Thus, D — B is invertible and with s =
(B+D)(D — B)™', V assumes the form of (6.5). The remaining components are
fixed as V has to satisfy (6.6): B € A°T™ and e is a vielbein on T". O
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There is a residual gauge freedom in O(n) x O(n), namely elements with
a = d € O(n). These correspond to an identification e = ea for a € O(n).

Having fixed V', H is given locally by

G - BG'B BG™!
-G 'B G!

with G = eTe.
By using the transformation of H in (6.1) and making use of the relations in

6.3), we validate the equalit
(6.3) y
1+G'BYW(G+B)+d)=G""d(G+B)+ ).

This means that by defining the matrix £ = G + B, we can express the transfor-
mation of (G, B) in (6.1) in the compact form

E—FE=@E+)WE+d)". (6.7)

The above transformations are the celebrated Buscher rules, in the absence of
dilatonic and RR fields. In our formalism they appear as transition functions

(figure 6.1). They allow for the construction of non-geometric backgrounds.

©

Figure 6.1: Two tori that are patched together through O(n,n,Z).

T/Qn O(n,%n,Z) T2n

On the other hand, a global transformation on all patches by a constant

O(n,n,Z) element will leave the doubled torus data invariant, because the tran-
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sition functions stay the same. It will imply, though, a different parametrization
in terms of the moduli £. In the conventional formalism this would manifest
itself by working in the dual geometry. In the doubled formalism, the two ‘dual
geometries’ are geometrically equivalent.

We can identify the subgroup of O(n, n,Z) that in the conventional formalism
corresponds to geometric (diffeomorphism and gauge) transformations. We need
to set b = 0, so that in equation (6.7) E does not transform in terms of its inverse.

Thus ad® = 1,, and the transformation reduces to
E — E =dFa+ca,

where a € GL(n,Z) and c'a is a constant Z-valued antisymmetric matrix. This
means that the metric G transforms under a € GL(n,Z), the linear transforma-
tions that preserve the T" lattice, while B transforms under the same transfor-
mation plus a shift by a constant antisymmetric matrix.

Although we found the Buscher rules as a geometric transformation, we still
have not introduced any string dynamics. In the next section we present the
doubled torus system. We will show that the above transformations are the

transformations that correspond to T-duality.

6.2 Doubled Torus System

In section §6.1 we defined a doubled torus background as a 72" fiber bundle, with
data (&, H, A, G, B) that obey certain conditions. We now define the doubled
torus system, which is a string propagating on the doubled torus background
under a constraint. The system is defined by a pseudo-lagrangian plus a covariant

constraint, that were introduced in the work of [19]

Definition. The doubled torus system is a sigma model ¢ : ¥ — &, from
a worldsheet ¥ into a doubled torus background with data (&, H, A, é,é). If
we trivialize the background using coordinates (z',y™) and set X1 = z! o ¢,

Y™ =y o ¢, then the dynamics are obtained by
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e varying the doubled torus pseudo-action

1
S = / (§H1J(Y)de A*d X7 +dXT A xJ;(Y)
P

+ =G (Y)AY™ A%dY™ + =By (Y)AY™ AdY™) , (6.8)

1
2

N | —

where J 1is the current

Jr = Apn(Y)AY™ + App (V) % dY™ |

e imposing the doubled torus constraint

*xdXT = LM (Hye(Y)dXE + J;(Y)) . (6.9)

In the above d, A and x are operations on the worldsheet, while the dual
fields A and A are related as fllm = —H;;L7% Ag,,. Locally the worldsheet is

conformally flat and we can write the lagrangian as

1 N
L= §H1J8GX1817XJ77“” + A]naaXlaanT/ab - A]naaXIaaneab

1~ 1=
+ 5Gmnaaymabywb — §anaaymabweab . (6.10)

where g®?

= 7,0 are the worldsheet coordinates, n = diag(+1,—1) is the flat
worldsheet metric and ¢y, = +1. In the following we discuss the invariance of the
system and we give a first description of the degrees of freedom. We will solve

the system in section §6.3.

6.2.1 Symmetries

An important feature of the doubled torus system is the manifest O(n, n; Z) invari-
ance. The pseudo-action is invariant under GL(2n,R). Because the constraint
contains the metric L explicitly, the group elements are restricted in O(n,n). The

combined system is invariant under a global ¢ € O(n,n), with the X, H and J
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transforming as
X —g'X
H—g"Hyg (6.11)
J— gt J .
However, only the discrete subgroup O(n,n;Z) will leave the lattice of T?" in-
variant. This does not mean that all radii in the T?" are equal, but rather that
the radii enter through the metric Hy;.

The transition functions of the doubled torus background are in the large dif-
feomorphism group of 72" that preserve the metric L, which is O(n, n,Z). For a
nontrivial background, the O(n,n,Z) symmetry works as a monodromy condition
for the appropriate solutions of the system. This is similar to the Scherk-Schwarz
reductions in the context of supergravity, when there is a global symmetry group
[120]. If the structure group does not reduce, the solutions obtained are nontrivial
with respect to T-duality. Therefore, the doubled formalism can describe back-
grounds that would appear non-geometric in the conventional formalism. Such

duality twists were the focus of [121] and we shall return to them in chapter 8.

6.2.2 Degrees of freedom

We now investigate the constraint in relation to the Euler-Lagrange equations.

By varying X' one obtains its equation of motion
dx(HP+J)=0, (6.12)
where P = dX, or more explicitly
N0, (H 0, X7 + A0y Y™) — €0, An0,Ym0,Y™ = 0 .
The constraint (6.9) is

P =x (8", P+ L") (6.13)
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where we wrote S?; = L' Hy;. Note that
Aln = _HIJLJKAKTL

and because S? = 1, we have xSLJ = —LJ. Since x> = 1 on worldsheet one-
forms, the constraint is self-dual. Moreover, for a coset metric H = VIV, we
have that Tr(S) = Tr(VIVL™!) = Tr(L™!) = 0, so S has (pointwise) an equal
number of 1 eigenvalues. We effectively have n rather than 2n constraints.
The n constraints reduce the degrees of freedom from 2n + dim(.4") to n +
dim(.#"). That is, one arrives at a number of degrees of freedom equal to the
critical dimension. To elucidate this, we write the constraint in its two compo-

nents

V,=P.—-SP,—-LJ,=0

Wy=P, —SP, — LJ, ~0,

where we omit [-indices for brevity. Taking sums and differences of these two

equations one finds
1 1
5(]. + S)(PT + Pg) = §L<J0— + J7—> .

Now since S? = 1 and Tr S = 0, the (14 S)/2 are projectors onto two orthogonal
n-dimensional subspaces. Therefore, the constraint is forcing half of the X's to
be purely left-moving, and half to be purely right-moving.

The constraint is manifestly consistent with the dynamics of X?. By acting
on (6.13) with an exterior derivative, we get the Bianchi identity on the left-hand
side and the equation of motion on the right. This anticipates the solution of
the constraint in the following section, whereby n ‘unphysical’ coordinates are
solved in terms of n ‘physical’ ones. The choice of physical ones is related to the
choice of an L-lagrangian subspace. A different choice of subspace interchanges

the Bianchi identities with the equations of motion.
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6.3 FEuler-Lagrange Equations

We shall now proceed to solve the system. Our aim is to make contact with the
conventional formulation of a bosonic string propagating on 7.

We solve the system by solving the constraint first and then using the Euler-
Lagrange equations. To solve the constraint, one must divide the coordinates on
T2" into n physical coordinates, X? € T™, and n dual coordinates, X; € T", that
depend on the X?. This involves a choice and in the first subsection we introduce
the notion of a polarization. In the succeeding subsection, we will be able to solve
the system and arrive at a set of equations equivalent to a conventional string

model.

6.3.1 Solving the constraint

We solve the constraint by splitting the 2n coordinates into two complementary
and maximally null subspaces with respect to L. Let us assume we have a canon-

ical basis in which L has the form

L= . (6.14)

We can clearly choose the first n coordinates to be the physical ones X* and the
n last ones to be their dual XZ The metric is then L = 2dX'dX;. However,
this is not the most general choice. Any O(n,n,Z) transformation will provide
a different split of the coordinates. We thus see that the choice of split is an
element g € O(n,n,Z).

We define a choice of polarization P to be a transformation P : T%" — T*"

such that PL™'PT = L~!. In the basis of (6.14), we write P as
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Equations (6.2) imply the following relations for P

' LYT7 ;= 0
ﬁl‘[LIJﬁjJ = O (615)

HiILIJﬁjJ Y/

70

while we can also invert them as in (6.3) to get the equivalent
[y + Il = Ly

Whatever basis we start with, as long as (6.15) holds, P will transform the
coordinates so as to put L in canonical form. It is useful, though, to think that
L is already in canonical form and that the transformation P is a different choice
of split into null coordinates.

In group theoretic language, we are decomposing O(n,n) into representations
of GL(n). In particular, the 2n-dimensional representation of O(n,n) decom-
poses as 2n — n +n’, where n and n’ are the fundamental and anti-fundamental
representations of GL(n). The uppercase indices i, j, ... are used for the funda-
mental representation and the lowercase ones are used for the anti-fundamental.
In the transformed basis the embedding group GL(n,Z) in O(n,n,Z) is given by

matrices of the form

, (6.16)

with M € GL(n,Z). Polarizations under the equivalence P = hP give the same
split, but transform the physical coordinates X*.

Given a polarization P, we can solve the constraint. We henceforth work
in a given canonical basis or, equivalently, having given a projection P. The

coordinate momenta are written as

Pi
oF

Pl =aX! =
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and the current J is written as

In this set of coordinates, the metric H is given in canonical form as

G- BG™'B BG™!
-G7'B G™!

After rearranging terms, the constraint P = x(L™'HP + L~1.J) gives the solution

Qi = xGijdX’ — G K7 + Bj;d X7, (6.17)
while similarly the consistency equation for the current, J = — x HL™1J, yields

It is also useful to decompose the worldsheet one-form K* as

6.3.2 Solving the system

We can now solve the doubled torus system. Using (6.17), the Bianchi identity

dQ; = 0 becomes the equation of motion for X*, which reads
d (*GijdX? + BijdX? — kipm % dY™ 4 t;,dY™) =0, (6.20)
while for Y the equation of motion reads

A(*GrndY™ 4 BprndY™ — 2u,;d X

— 2k x X U x K+ ki K') = 0. (6.21)
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Since the equation of motion for Y™ differs from that given in [19], we shall
derive (6.21) here. This also illustrates the dynamics of the doubled torus as a

constrained system in the lagrangian picture.

Proof of (6.21). Varying the doubled torus action with respect to Y™ yields
d (*GmndY” + BondY "™ + % Apnd X! — AfdeI> =0.

Our focus is on the last two terms proportional to dX!. Using (6.17), the two

last terms after the d-operator are expanded as

xApndX! — A dXT =% A, dX' — A,,,dX!

The consistency equation A = —H LA gives

Agp = — GyAl, + By AV,
Ain = — Gy + By,

With these at hand, the two terms become

*Apmd X! — Ap,dX' = — %G A, d X" + Gy A d X' + «Bi A, d X
— B AT, dX" + Gij A", dX7 + B Al d X7
— %G A K7 — %Gy A" d X7 — By Al d X0
+ GyA, K7
=+ 2G A d X — %Gy A’ d X7
— %Gy Al KT+ Gy ALK

Then, using the definition (6.19), we arrive at the equation of motion for Y™

presented in (6.21). O

Both equations of motion can be derived from a sigma model action of n +
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dim .4 degrees of freedom with lagrangian
1 M N M N
L.= §(QMNdX A *dXY + B dX AN dXY) | (6.22)
where XM = (Y™, X?) and the metric and B-field are defined to be

gij Gz] y B zg 5 gzm = _kzm ; Bzm = Uim ,

1~ 1
gmn 5 + §G (k kjn - uimujn) )
1~ 1 ij

At this point it is useful to point out that the system given here is equivalent
to the system given in [122], if we rescale G and B by a factor of 1/2 and the

doubled torus action by a factor of 2.

6.4 Passive and Active T-duality

Having arrived at conventional string theory, we can now talk about T-duality and
how this descends from the doubled torus to the conventional formulation. We
shall see that T-duality can be viewed either as active or passive transformations.

An active transformation corresponds to keeping the same polarization (choice
of physical coordinates) but making an ‘active’ transformation on the data (H,
J, X). By construction of the theory, both background geometry and dynamics
are invariant under O(n,n,Z) transformations. These were given in (6.11). As

X transforms like

X —gX, g€On,nZ),

H transforms as

H— g THg! (6.23)

and reproduces the Buscher rules (6.7). For the transformation (6.23), this is

E— FE = (dE+c)(bE +a)™!
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The current J transforms as

J— g tJ,

which in the split (J;, K*) gives for K*
K'— K" =b9]J; + a';K’
or, by using the solution for J; given in (6.18),
K" = (0B, + a'y) K" — 09 Gpx K" .
The fields (K, wim) transform as
G (kjm £ wjm) — (071 B, G7 + a',G7 £ 07) (kjm £ wjm) -

A passive transformation consists in keeping the geometric data (H, A, X)
fixed, but choosing different physical coordinates. That is, using a different
choice of polarization P. To make this clear let us introduce some notation.
Having fixed (G, B), the conventional theory is said to be defined by the remain-
ing data (H,A,P). As was made clear in the previous discussion, a T-duality

transformation from the active viewpoint is a transformation
(H,J,P) — (¢ 'Hg ', g7"J, P) .
The passive transformation is a different choice of polarization
(H,J,P) — (H,J,Pg) .

This is completely equivalent to the active one through a large diffeomorphism of
the doubled torus. In fact, two theories are identical if the data that define them

are related by the equivalence relation

(H,J,hPg)=(¢g""Hg ', 97" J, P),
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for some h € GL(n,Z), where GL(n,Z) is embedded as in (6.16). The distin-
guishing feature of T-folds, compared to ordinary manifolds, is that in general no
global polarization P can be chosen, even though it is always possible locally.
Another point that has to be made clear is that all of the previous results
has been done classically. T-duality is a perturbative duality between quantum
theories. Remember that the string momenta are ‘quantized’ after quantization.
While the doubled torus manifests T-duality and equivalence at the classical level,
one has no control over whether this will still hold in the quantum realm. The
quantum effects have been studied and quantum equivalence has been shown using
different methods [118, 122, 123]. Our aim in the following chapter is to analyze
the hamiltonian dynamics of the theory, both because the classical dynamics
are elucidated, but also because this leads to the canonical quantization of the

system.

102



Chapter 7

Hamiltonian Analysis

In this chapter we analyze the hamiltonian dynamics of the doubled torus system.
Since the system is defined with an explicit constraint, the natural framework for
an analysis is Dirac’s theory of constraints [124, 125]. We find that the constraint
is of Dirac second class. This notion will be introduced in section §7.1. In
section §7.2 we analyze the constraint and write the hamiltonian. Because of its
importance in conformal field theories, we devote a separate section (§7.3) to the
energy-momentum tensor.

In section §7.4 we reduce the system to the constraint surface. An important
feature of the hamiltonian treatment is that a choice of polarization is not neces-
sary. We illustrate this with a toy model. This chapter serves well our ultimate

purpose, which is quantization.

7.1 Dirac Second Class Constraints

In this section we review the theory of Dirac second class constraints. For reasons
of simplicity, we work with a point particle mechanical system and assume that
Dirac’s algorithm for finding and classifying primary and secondary constraints
has been completed.

Let us assume that a point particle’s motion in phase space & = {(z',p;)}

is prescribed by a hamiltonian ‘H € C(4?). The phase space has a canonical
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symplectic structure w

w:dei/\dpi,

so that, for any quantity f € C'(Z?), there is an associated vector field called the

hamiltonian flow X and given by
df = —w(X f) .
The Poisson bracket is defined in terms of the canonical symplectic structure as

{1, 9}pp = w(Xy, Xy) - (7.1)

If the particle is unconstrained, the dynamic evolution of the quantity f is given
by

df

% = {f ) H}PB :

Often it is necessary to limit the motion of the particle by a constraint in phase
space. Constraints fall into two classes.

Dirac first class constraints are commonly related to singular lagrangians and
gauge degrees of freedom. On the constraint surface, there is a flow generated
by some remaining gauge freedom. The physical phase space is then the orbit
space of the constraint surface under that flow. We define a Dirac first class
constraint to be such that the Poisson bracket of the constraint with any of the
system’s constraints vanishes on the constraint surface. Equivalently, we define
a Dirac first class constraint to be such that it defines a coisotropic submanifold.
The process of finding the physical subspace, with a non-degenerate symplectic
structure, is known as a double symplectic reduction.

On the other hand, a Dirac second class constraint is such that on the con-
straint surface there is no gauge freedom. In fact one can work solely with the
canonical Poisson structure: if the initial conditions satisfy the constraint, then
time evolution will keep trajectories on the constraint surface. Dirac second class
constraints are those constraints that are not first class. Equivalently, we define a

Dirac second class constraint to be such that it defines a symplectic submanifold.
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For the case of second class constraints, Dirac’s motivated definition was that
of a Dirac bracket, that would replace the canonical Poisson bracket. On the

reduced phase space &, := {1 = 0}, it is a Poisson structure that satisfies

{f>w}D =0 ) (72)

for any quantity f € C'(Z?). Then one reduces the hamiltonian by setting ) = 0.
The dynamics for any quantity f € C(Z) are given by the Dirac bracket of f
with the reduced hamiltonian.

Assume we have a set of second class constraints ¥* = 0 that define the
subspace &y. The restriction w|g, is non-degenerate and as such there is a

unique decomposition of the tangent space T'Z, restricted at points of &, as
TP py=TPy O TPy,

where T2 the symplectic perpendicular of T%,. Note that TZ; is also a

symplectic subspace. We illustrate the decomposition of T'#|4, in figure 7.1,

where we have added a local coordinate system ¢® that complements the total

phase space {(¢*, ¢%)}.

phase space &

1
X;

G V’ ye=0

Figure 7.1: The flow X; decomposes into a flow parallel and perpendicular to the
constraint surface .
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The Dirac bracket defined in (7.2) is given by

{f.qp =w(X}, X)), (7.3)

where X is defined uniquely as the component of X parallel to the constraint
surface ¥® = 0 with respect to w. Equivalently, the Dirac bracket of f,g € C(%)

is given by the formula
{f.9tp={f 9tpp — Z {f, 0" tpp Mag {wﬁ’g}PB ; (7.4)
o,
where the matrix M,z is the inverse of
M = {0 7}y

Proof of (7.4). Since T3 is also symplectic, the inverse of M exists. The

flow parallel to the surface is given by

X) =X =) A" Xy
WX}, Xyo) =0

We solve for A\, by letting the first equation act on di®. Inserting the result into
(7.3) we get the Dirac bracket in the form of (7.4). O

7.2 Hamiltonian and Constraints

In this section we shall follow Dirac’s method to classify the constraints and
write the hamiltonian in a convenient way. It will be shown that the constraint
is second class and there are no secondary ones. The most interesting feature of
the hamiltonian formalism is the absence of a need to refer to a polarization, in
contrast to the lagrangian formalism. Therefore, it is an analysis of the doubled

torus with full credit to the system, without additional data.
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We begin by writing the lagrangian in the compact form

1 by e
L= §gwq“q +¢"5, = V(g , (7.5)

where the indices are . = I, n and the coordinates are ¢! = X7 and ¢" =Y™. A

dot is a derivative with respect to time, ¢* = 0,¢*. The metric in (7.5) is

Hr; Am
Guv =
AJm Gmn
The source terms j, are given by
jI :Alnym

jn = - A]nX,I + Bnmylm 5

and the potential is V(q) = % 9wq™q"”, where a prime is a derivative with respect
to the string parameter ¢* = 0,q¢".
We find the conjugate momenta 7, = g,,,¢"+7j,. More explicitly, the conjugate

momentum of X7 is

oL - J rn 1 m
I a7 HryX° + ApY" + AR Y™ |

and the conjugate momentum of Y is

)
oy

=G YY" + A X — A, X"+ B, Y™ .

T

This allows us to calculate the hamiltonian density

H =m,¢" — L
_1 nz . . 1 u v 7
_59 (Wu - ju)(ﬂu - ]1/) + ég;wq q . ( 6)

Note that g, is invertible as a metric on the doubled torus geometry, so its

inverse exists.
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We now turn towards the constraint and express it in phase space coordinates.

The constraint was given in (6.9) as
*P'=5",P7+L"J;.
Writing it in its two worldsheet components gives

Vv, =P, —-SP,—LJ, =0
Vy =P, —SP,—LJ. =0,

where we omitted the I,.J indices for brevity. Using S? =1 and SL* J = —LJ,

one finds that the two components above are related as
Uy, =—-SU,

and one can take ¥, as the only Dirac primary constraint. Using S? = 1 and
SL % J = —LJ again, one can write ¥, as H!/(7; — L PX) | where 7; is the
conjugate momentum for X’ defined above. Therefore, our primary constraint
can be taken to be

\I/[:T('[—L[JX/JQO. (77)

The hamiltonian dynamics are specified by the canonical Poisson structure,

which is given by the brackets

{XI(U)? TFJ(OJ)}pB :5§5(0 o OJ)
{Y"(0), mm(0") Yo =076(0 — o)

and all other brackets are zero. The time evolution of any quantity f is given by

).,

Our first task is to complete the Dirac method, by classifying the constraint

and obtaining any secondary constraints. That is, we have to study the closure
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and time evolution of the constraint. We find that the time evolution is weakly

vanishing

{\Il[(a), /a H}PB = 0, (—LiyH' " WUg) =~ 0. (7.8)

This means that there are no secondary constraints (provided the constraint
also closes). That is, if we impose initial conditions such that ¥ = 0, then the
constraint is satisfied for all other moments in time. We also have to check the

closure of the constraint. We find

{\I/[(O'l), \IJJ(O'Q)}PB = —2L[J5/(01 - 0'2) . (79)

The right-hand side is a non-vanishing distribution with non-zero determinant on
the constraint surface. This classifies the constraint as Dirac second class.

The Dirac bracket is given by (7.4) in the DeWitt multi-index notation for
field theories

{A= B}D = {A7 B}PB - / ) {A7 \III<U)}PB GIJ(UJ OJ) {\IIJ(O-/)v B}PB :

The functional inverse of the right-hand side of (7.9) is found to be

G (0,0') = {W1(0), W} =~ 1 (el = ') — (o’ — o)

Here €(0) is the Heaviside step function. We write it in the above convoluted form
to remind ourselves that, working with a string, all functions should be periodic.

We find the following Dirac brackets

{X"(0),X o)} = ——LU e(c—0')—e(d’ —0))
{X'(o),m }D = —5" d(c —a') (7.10)
{m(0),ms(0")}p = %LU(F’(U —0').
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The Dirac brackets of Y™ and ,, remain canonical

{X"(0),Y™(0")}, = {m1(0), Y™ (0")}p = 0
{X"(0), (o)}, = {m1(0), w0 }, =0 (7.11)
{Y™(0),m(0")}p = 66(0 — ') .

It is useful to adopt the rotated coordinates ®; = m; + L;;X’/. The Dirac

brackets of the rotated coordinates are given by

{Vi(0), A}p =0
{®1(0),2,(0")}yy =2L16' (0 — o) (7.12)

{©:(0),Y™(0")}p ={®1(0), Tm(0")}p =0,

where A is any quantity. The variables ®; and ¥, along with Y and =,,, are
not complete in phase space. This is because the transformation from (X7, 7)
to (@7, Uy) is not local. Essentially we lose information about the center of mass
XJ. For the rest of the chapter this will not matter because all the quantities
we are interested in depend on (®;, ¥, Y™ m,,). In particular, we will be able
to reduce on the constraint surface ¥ = 0. However, we will comment on the
importance of the center of mass X! whenever needed.

We conclude this subsection with the hamiltonian, written in the coordinates

(P, ¥, Y™ m,,). After some algebra we find

1 1 1
H=-g"2,7Z,— -H 0,0, + ZHU\I;I% +

~mnylmyln 1
5 1 G , (7.13)

N =

where we have collected the quantities

Zr =0 — A Y

Zom =Tm — B Y™ .

We notice that ¥ appears only quadratically.
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7.3 Energy Momentum Tensor

We define an energy momentum tensor from the doubled torus lagrangian as

2 0L
Top=—F—=s|
—h Gh“b h=n
hap is a general worldsheet metric and the above expression is evaluated when h

is flat.

By reducing to ¥; = 0 we impose upon physical quantum states
Tab|%zo|ph.state >=0.

Due to Weyl invariance Ty = 771, we need only investigate Ty and Tp;.

Written in phase space, for generic g, j,, one finds

TOO :H

1 1
Tor =m,q" = ZL”<I>1<I>J + 7, Y™ — ZLIJ\III\I!J ,

where H is the Hamiltonian density (7.6). We first check the closure under the
Poisson bracket. It is clear, though, that, since the elements T,;, form a closed
algebra of constraints, they will also form a closed algebra on the constraint
surface W; = 0. That is, by first setting ¥; = 0 in the above equations, the
algebra still closes. This is possible because ¥; appears quadratically in both
Too and Tp;. We have already shown that Ty closes with W, this is essentially
equation (7.8). Similarly, To; and ¥; close on W; = 0. Again, one can set
W, = 0 before calculating the Poisson brackets. The same is true if we switch

from Poisson brackets to Dirac brackets.

7.4 Hamiltonian Reduction

We have used the rotated coordinates (V;, &7, Y™, 7,,), rather than the defining
(XTI, 77, Y™ 7). In doing so we neglect the zero modes of X!, which do not

affect our results here. We now reduce the phase space by setting ¥ = 0. The
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reduced hamiltonian density is obtained from the hamiltonian density (7.13) by

setting U; = 0. We shall use the same symbol H. It is

1 1 1~
H=§¢”ZZ;—ZH”®@J+§QMYMYM, (7.14)
where the same definitions for Z,, as in equation (7.13) apply. We also use the

same symbol T}, for the energy momentum tensor on the constraint surface. We

thus have

T()() :H
Lor mi (7.15)
T01 :ZL (I)[(I)J+7TmY .

The dynamics are given by the Dirac bracket defined on the reduced phase space

coordinates, which were given in (7.12). The time evolution of any quantity f is

f:{ﬂ/HwLy

In the lagrangian picture we solved the system using a choice of polarization

then

P. We illustrate the process with the diagram of figure 7.2, where the conven-
tional theories A and B are T-dual. Although T-duality is not manifest in the
conventional formalism, theories A and B are derived from the manifestly T-dual

doubled torus formalism.

theory A

Lagrangian, _s—  Euler-Lagrange,
constraint constraint

'PI
theory B

Figure 7.2: Given a polarization P one arrives at a conventional T-dual theory.

It is interesting to compare the lagrangian method, figure 7.2, with the Dirac
method. In the Dirac method, we start with a hamiltonian, constraint and canon-
ical Poisson structure. We then reduce to the constraint surface. One can ask
whether the reduced hamiltonian and symplectic structure correspond to a sigma

model. The answer is that there are different conventional sigma models, which
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are in fact T-dual. This is shown in figure 7.3. Although we use the terms “theory

theory A
Hamiltonian, Reduced 5
constraint, s~ hamiltonian, o
{7 }PB {7 }D
theory B

Figure 7.3: First one obtains the reduced hamiltonian on the reduced phase
space and the Dirac brackets. Then one can use a polarization P, to show a
correspondence with a conventional sigma model.

A” or “theory B” for the conventional picture, it is evident that the theory is in
fact one, that of the doubled torus. A polarization is needed only if one wants to
interpret the reduced system as a sigma model.

Indeed, recall that the non-canonical Dirac bracket is
{(I)I(O'),(I)J(O'/)}D IQL[Jdl(O'—O'/) . (716)

A question one can pose is then “is there a sigma model for which one can write
the hamiltonian and Dirac brackets we have?”. The T-duality group O(n,n,Z)
appears as a subgroup of the group of symplectomorphisms: the group that pre-
serves the right-hand side of the above bracket. A polarization in the hamiltonian
formalism is a split of the ®; coordinates into canonical (X* ;) coordinates so

that they obey
{X(0),mi(d")}, = 8;6(0c — ') .

However there is a subtlety, since the transformation involved is non-local. In
doing so, one should reintroduce the zero modes of the physical field X*. Fur-
thermore, in the quantum interacting theory the zero modes of both T-dual coor-
dinates are important, as they are conjugate to the left and righ-handed momenta
seperately!.

Coming back to the choice, it corresponds precisely to an element in

O(n,n,Z)/GL(n,Z) .

T would like to thank Joan Simon and Chris Hull for pointing this out to me.
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To elucidate this, remember that we are looking for a lagrangian split of the
signature (n,n) metric L. This can be achieved by taking the first n coordinates,

canonically conjugate to the last n, when L is in the canonical basis

Any O(n,n,Z) transformation preserves the metric L and the periodic conditions
of ®;, hence, it provides a different split. There is, though, an equivalence be-
tween such transformations: transformations under the group GL(n,Z) that is

embedded in O(n,n,Z) as

M 0

, with M € GL(n,Z) .
0 M

This is equivalent to our definition of a polarization in the lagrangian picture.

7.5 A Toy Model

It is interesting to illustrate the correspondence of the figures 7.2 and 7.3 with
a toy model. Let us define the simplest possible doubled torus background. Let
it be a trivial T? fibration over a flat Minkowski space & = M4 x T? with

warped metric
g = R(Y)%d0? + R(Y)2d0? + 1)y dY™dY™ .

We read off that J = B = 0 and that G,,,, = Nmn 18 a flat lorentzian metric.
The metric Hy; is indeed an O(1,1)/(O(1) x O(1)) coset metric

R* 0
H p—
0 R

and we allow R to be an arbitrary? function of Y.

2it will be constrained by conformal invariance, but this will not matter here.
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By using the lagrangian method we can choose different polarizations, corre-

sponding to the two different elements of O(1,1,Z)/GL(1,Z):

They correspond to the physical coordinates 6 or 6 with equations of motion

dx (R%dF) =0 ,
dx (R72df) =0 ,

while for ¥ the same equation holds in both polarizations: d * (3Gnm,dY™) = 0.

The equations can be derived from the following lagrangians

1 1
L4 :§R2d9 A xdf + ZGmndym AxdY™

1 . -1
Lp :§R’2d9 A xdf + ZGmndym AxdY™ .

The reduced hamiltonian is
1 —252 2 2 1 mn myn
and the Dirac bracket is
{P1(0), @2(0')}]3 =20"(c —0') .

We can choose the physical coordinate to be 6 or 0, according to whether it
satisfies X' = %q)Q or X' = %@1. The canonical conjugate momentum of X is

then @, or ®5. By a Legendre transformation,

" o OH
L = ¢"'m, —H with q“:a—m,
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we obtain the lagrangians of the two theories
- 1
L4 =R*d0 A *df + 5 GmndY™ A xdY"
- ~ ~ 1
Lz =R2d0 N xdb + §G’mnde AxdY™ .

These are scaled by a factor of 2 with respect to what we got from the lagrangian

formalism, but the action principle gives identical dynamics

ZA/B =2L4/B .

This scaling will always occur, but it is irrelevant to the classical dynamics. We
could avoid it by a redefinition of the critical lagrangian in equation (6.22).
Note that 8 and 6 defined like this have the correct periodicity. Indeed, re-

member that on the constraint surface we have

I

U=
(I)[ :7T[+L]JX/J %OQL]JX/J .

Since X! = X' 4+ 1, we have ®; = ®&; + 2. It is important to note, though, that

quantization might and generically does impose further discretization.
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Chapter 8
Quantizing a T-fold

In this chapter we quantize a T-fold using the doubled torus formalism. T-folds
are often called monodrofolds. They are conformal field theory (CFT) orbifolds
where the monodromy element is a combination of a T-duality transformation and
a spacetime symmetry. They can be viewed as Scherck-Schwarz reductions, where
the monodromy element is a T-duality transformation. Although they cannot be
described by a globally smooth target spacetime, they are in principal of equal
importance with smooth backgrounds. There has been considerable interest in
these backgrounds [126, 127, 121, 128, 129, 130, 131, 132, 133, 134]. The doubled
torus geometry allows us to examine T-folds in the same geometric framework as
geometric backgrounds.

In section §8.1 we expand on the notion of a T-fold and set up a model T-
fold. In section §8.2 we quantize the model and in section §8.3 we show modular

invariance of its partition function.

8.1 Setup

In this section we describe a simple, but nontrivial, bosonic asymmetric orbifold.
Our aim is to see the usefulness of the doubled torus formalism. We first describe
the asymmetric orbifold in the conventional formulation. The non-smoothness is
lifted when we describe the geometry in the doubled torus formulation. We also

give the classical equations of motion, as derived from the hamiltonian.
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8.1.1 T-fold Geometry

The T-fold we are interested in is constructed, in the non-doubled language, as
an S! ‘fiber’ over an S! base, where a T-duality transformation acts on the fiber
as one transverses the base. We can appreciate that this defines a consistent CF'T
by considering its parent theory. Figure 8.1 shows the endpoints of a segment,
which will be glued together by a T-duality transformation. On top of each point
of the segment lies a fibered circle. The fiber has radius R and 1/R at the two
endpoints of the base respectively. As the T-duality transformation is not smooth,
one cannot construct a smooth S! target space bundle. This is illustrated quite
convincingly in figure 8.2, where the two endpoints cannot be patched together.

Nevertheless, T-duality is a symmetry of the parent theory and one expects a

well-defined CFT.

0 2R,

Figure 8.1: The parent theory as an S fiber over a segment

We now describe the same setup using the doubled torus. One has for a parent
geometry a two-torus fibration over a segment, figure 8.3. The modulus of the
torus is described by the radius R, which is now the size of one of the one-cycles,
the other being 1/R. As one transverses the base, the torus undergoes a trans-
formation which is the only nontrivial element of O(1,1;Z): it exchanges R with
1/R. The segment can be patched at its ends through a large diffeomorphism.
The result is a smooth T?-fiber bundle (figure 8.4).

Let us describe the doubled torus background in detail. The background
is a Minkowski space .4 times a nontrivial two-torus 72 fibered over a circle

S'. We take the coordinates on the doubled fiber to be (z!,2?), the coordinate

118



0=27R,

Figure 8.2: One cannot have a smooth target space for such a CFT

0=2rR,

Figure 8.4: The two tori at base points 0 and 27 R, can be patched together
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on the base S* to be y and the coordinates of the Minkowski space y*. The
background is locally A x S x T? . When we consider the doubled torus system,
we introduce embedding coordinates X!,Y,Y® that correspond to z’,v,y*. To
make the transition easier, we shall, from now on, use the capital letters X, Y, Y?
for the coordinates.

For simplicity, we turn all b-fields off. That is, we set
Amr = Apr = B =0
and we also require no Y dependence
OnHry = 0,Gpn =0,

where m, n are indices for the total base space, Y = (Y*Y'). The manifold .4
is flat with Minkowski metric 7,,. The coset metric Hy; is given pointwise over
the base by
o R* 0
0 R

We require the metric H to be constant so that the system becomes linear and
solvable. Consistency with the monodromy (see e.g., figure 8.1) means that we
have R = 1. Then the background can be seen as an asymmetric orbifold of a
geometric background and can be solved using orbifold techniques. We will never
the less treat the problem in the doubled formalism: a doubled-torus background
with a geometric monodromy around its base. In many of our formulas, when
this is possible, we will keep the radius R = 1 explicit.

To obtain the doubled torus geometry as the desired T-fold, we identify the
base points at 0 and 27 R,,. The fibers are patched with the nontrivial element of

0(1,1;2)

1
M= . (8.1)
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This results in the following identifications

Y — Y +21R,
X] BN MIJXJ
Yo —Y*.
It is useful to initially take Y to be the coordinate on a circle with radius 2R,:
Y =Y +47R,. The orbifold identifications correspond to a half-shift around the

parent circle. We note that the monodromy element is of order 2. The metric

H;; transforms as

H— (M YHY'HM™ .
From this we see that the monodromy corresponds to

R—>l

R Y

which is precisely what we want. We now proceed with the string dynamics.

8.1.2 Equations of Motion

Recall that the total phase space is & = (X! 7, Y™ 7,), but on the reduced
surface ¥ = 0 the physical phase space is &y = (®;,Y", m,). From (7.14) the

hamiltonian is

1 1 1
H = §g’WZMZ,, — ZH”(I>IQ>J + 5(‘;mny’my’” ,

with Z; = ®; and Z,, = m,,. The nontrivial Dirac brackets are

{Y"(0), mm(0")}p = 0,6(0 — o)

{®1(0), ®s(0")}p = 2L1s0'(0 = 0')
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so that the equations of motion, f = { fs f H(o }D,

&, = Ly H KD, (8.2)
dxdY =dxdY* =0 . (8.3)

Solving equation (8.3) for the the coordinates Y*, one obtains

Y =yi+p' 7+ —= Z ke Z ket (8.4)
k;éo k;éo
where the momenta p® are unconstrained. To solve the d’Alembert equation for
the periodic coordinate Y, it is useful to split it, in the usual fashion, into left
and right-movers

Y = YR(O'_) + YL(O'+) s

the solution of which are

1 ib ko™
Yr(07) =syo +pro” + —= Z Lok
2 = (8.5)

1 Zbk o—iko
Yi(o™) :§yo +prot + — Z ko™
k;éo

The boundary conditions for Y will determine a quantization rule for p; and pg.
We postpone this for section §8.2.3.
We solve equation (8.2) by diagonalizing

2
ST=LH'= o n
R?% 0

into £1 eigenspaces, which are spanned by the vectors

R
R
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The solution for ®; is
®;(0,7) = Bos + B (0t) + PV (07)

where ®g; is constant and @gﬂ)(ai) = f*(&)e+(R). Note that ®; does not have
linear terms in o*. This is because on the constraint surface we have the (weak)
equality ®; = II; + L;; X" =~ 2L;; X" and X"/ is periodic.

We now determine the periodicity conditions, which fix the solutions of ®;
and Y completely. We can distinguish two sectors. Sector I is the untwisted
sector: as one transverses the base, the closed string is periodic. The condition

for sector I is

O/ (0 +2m) =P;(0)

Y (o +27) =Y (o) + 47 R,m m e Z .

Sector II is the twisted sector: as one transverses the base a period of 2rR,, the
field ®; undergoes a monodromy transformation of order 2. The condition for

sector II is

(0 +21) =M ® (o)

Y(o0+2m) =Y (o) +21rR,(2m + 1) mezZ.

The periodicity conditions impose constraints on the zero modes ®,. Quantiza-

tion, though, imposes further constraints.

8.2 Quantization

This section is divided into four subsections, dedicated, in turn, to the following.
We first describe the quantization of the two sectors: I and II. We then find the
quantization condition of the zero modes in the direction of the fiber. Finally, we

give the mass formulae and level matching conditions.
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8.2.1 Sector 1

The boundary conditions are

O;(0+2m) = P;(0)

Y(o0+2n)=Y(0)+47R,m , meZ.

We see that the (ID? are periodic functions. Therefore, the solution for ®; is

O,(0,7) = o + Z are e, + Z are " * e (8.6)
q2 k0 k#£0

where the vectors es(R) are the £1 eigenstates of ST. The constants ¢; and ¢»
are related to the winding and momentum numbers that would appear in the
conventional non-doubled formalism. In subsection §8.2.3 we will show that ¢

and ¢y obey the quantization condition
q1q2 = 2mn7 m,n S Z . (87)

We now turn to the boundary conditions for Y. The solution for Y is given

in (8.5) and the boundary conditions give

+ ——1 €7
= n n
PL T PR 2Ryy> Yy
prL — Pr = 2Ryw, , wy € Z .

We are ready to quantize the oscillator modes of ®;,Y* Y. We begin with
Y™ = (YY), m = 0,1...24 and Y* = Y. The conjugate momenta are
Ty, = nanm and the Dirac bracket

{Y™o,7),m (0", )} = 0p'0(0 — ')

is quantized by replacing {,} — —i[,]. We obtain the following commutation
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relations for the modes associated to Y™:
[ Z"‘,b?] =kopn™"; [&?»@] =kopn™"; [ ?»5?] =0 . (8-8)
Next we consider ®;, with Dirac bracket
{®(0,7),P,(c",7)}p =2L1s0' (0 — o) . (8.9)
Replacing {, }, — —i[,] one arrives at
[ag, @] =kopyr;  [ag, @] =kép1;  [ar, @] =0 . (8.10)

Under M we have ®; — M;’®;, so, using the explicit form for M given in

(8.1), the eigenvectors which appear in the decomposition (8.6) transform as

oH (o R) 5 0@ (0* R,

together with ¢; <= go. Therefore, the associated action on the modes is
CNLk — dk, Qp — —ag, .

The Hilbert space for the untwisted sector, which we denote by H ), is built

upon a vacuum state |0) that is invariant under the monodromy: M |0) = |0).

+

) under the

We now decompose the Hilbert space H(,) into the eigenspaces H
action of M.

As explained by Hellerman et al. [135], the correct action of T-duality on
quantum states involves a nontrivial phase. This can be shown by considering
the operator product expansion (OPE) of two +1 T-eigenstates and requiring

that no —1 eigenstates appear on the right-hand side of the equation. In the
doubled language, the correct action of T-duality picks up the phase

q192

Mg, q2) = (=1)"2" |g2, q1) - (8.11)
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This phase is essential for the modular invariance of the partition function. The

. . . . + — .
Hilbert space splits into H(yy = H(+) &) H(+) with

N
HE) = {H @, | [ dcm,br b,
i=1 4.k,

q192

(|q17 q2; nyawy> + (_1)N+ny+T |QQ> Q1;ny7wy>>} . (812)

Note that the factor of (—1)™ is due to the Y-shift. The states we construct are
in fact “off-shell”, since we have not yet imposed physical state conditions. We
shall do so in section §8.2.4.

Before we move on to sector II we point out a few interesting features. First,
we observe that we have only one set of left-moving modes and one set of right-
moving modes. This means that there is no need to make a choice of polarization
for the quantum mechanical states. This is in contrast to the lagrangian formula-
tion, where a polarization must be chosen. Here we do not need to do so, because
we have moved on the constraint surface in phase space. Secondly, we notice
that our orbifold looks very similar to the interpolating orbifolds considered in
[135, 129]. This suggests that the doubled torus formalism is equivalent to the
conventional non-doubled formulation of these backgrounds. However, there may

still be differences in the physical state conditions or the partition function.

8.2.2 Sector 11

Sector II has boundary conditions

CI)[(O'—f— 27’(’) = M[JCI)J(O')

Y(oc+2m) =Y (o) + (2m+1)27R, , mez.

The solutions for Y and Y* are unchanged from sector I and are given in

equations (8.4) and (8.5) respectively. However, the quantization conditions for
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pr,pr are now changed to

Ty
=T €z
PL +Pr oR, Ty
pr —pr = Ry(2w, + 1), wy, €7,

because of the different boundary conditions of Y. The oscillator algebras for the
modes associated to Y and Y are unchanged from those of sector I and are given
by equation (8.8).

We now turn our attention to ®;, the solution of which can be written as
O = Qo7 + e (R)f(07) +e_(R)glo™) .

The boundary conditions imply that f is periodic and g is semi-periodic on the

closed string coordinate. Therefore, ®; can be expanded in modes as
q ~ —iko —iko ™
O,(0,7) = +er(R) Zake ko 4 e (R) Z are
q k0 k€Z+1

where the boundary conditions force the constant term to be self dual: &y =

®ys = ¢. The quantization condition on ¢ is

q:——(n—ﬁ), nez. (8.13)

This condition is chosen so that level matching in this sector makes sense [135].
We will prove this in the following section (§8.2.3).
We want to replace the Dirac bracket with an operator commutation relation.

Locally we naively have
[®;(0,7),P5(c",7)] =2iL;;0'(c — '),

but the distribution §’(c — ¢’) cannot be periodic, because this is incompatible
with the monodromy transformations that occur when ¢ — o + 27. To get a

correct global statement, we replace the right-hand side of the bracket with the
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monodromy invariant matrix

R%[6, (Ac) — 8, (Ao)] 3 (Ac) + 8. (Ao)

21'.[/[(]5/(0' — 0'/) =1
5571'(A0-) + 54/17T<A0-) R_2 [5éﬂ‘(AO-> - &lﬂ(AO_)]

where Ao = 0 — ¢’ and 0o, 04, are Dirac delta functions with period 27 and 47

respectively. By using this, we calculate the commutation relations for the modes

{aky al] :k5k+l; [amy dn] :m5m+n7 [ak, am] :07 (814)

where /{:,ZEZ—F% and m,n € Z.

The action of the monodromy on the modes is similar to that of sector I
ay +— ag, ap — —ag
In sector II there is also a nontrivial phase to take into account, namely
Mlg) = e % (=1)7 |q) (8.15)

This phase was obtained, in the non-doubled formulation, in the work of Heller-
man and Walcher [135].

We now discuss the off-shell Hilbert space of sector II, which we denote by
H_. First note that we need a twisted vacuum for the right-handed module
so that the vacuum flips sign under the monodromy. We only need one twisted
vacuum |0)_, such that M |0)_ = —|0)_. The Hilbert space decomposes into the
+1 eigenspaces under the monodromy, H_y = H (+_ ) D H ) with

/2 N

1+ (_1)N+ny+n(n71) ~ .
H(i_) — { 5 H a_p, H Amyb_r b, |q, 1y, wy) (8.16)
=1

j7k7l

and n € Z is related to g by (8.13). The factor of (—1)™ comes from the Y-shift.
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8.2.3 Quantization of Zero Modes

When we wrote the solutions in the two sectors I and I, we gave (equations (8.7)
and (8.13)), without proof, the quantization conditions for the zero modes of the

field ®;. They are

Sector | quantization

I q1q2 = 2mn

L |g=2(-Y)

with m,n € Z. In this section we shall prove them.

First, let us recall the simple case of a quantum point particle on a circle S*,
but considered as an orbifold R/Z. The parent Hilbert space on R is made up of
momentum states [p) . If we call the generator of translations ¢ : @ — x + 2,
then (due to the commutation [z, p| = i) we have the action ¢ |p) = exp(i27p) |p).

The Hilbert space is invariant under . It consists of the projected states
> ) = exp(in2mp) |p) = dax(27p) p)

which implies that p =0 mod 1. If for some reason the momentum was initially
quantized in even integers, the momentum can be further ‘fractionated’ to take
any integer value. Furthermore, we want the operator exp(ix) to be realized on
the Hilbert space and this requires the span of all integer values.

Now let us return to sector I. We will use two different proofs for the quantiza-
tion condition. We shall first prove it by “cheating” and looking at the equivalence
with the conventional model.

The doubled torus constraint (6.9) halves the physical degrees of momentum,
winding and oscillator modes. Because it is a differential constraint on X7, the
number of zero modes will not be halved. Therefore, we must put in an extra
constraint on X!, so that we have the degrees of freedom of a critical string

theory. We impose the physical constraint

', Xt = x¢ ;X! =0,
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where II°; and f[g are the projectors discussed in chapter 6. The indices 7 cor-
respond to the physical polarization, and i to the unphysical polarization. In
the above constraint, we have kept the center of mass X{ in the direction of the
physical space and put to zero the one in the other direction. The physical cen-
ter of mass should be identified with a coordinate on a circle of radius R. By

considering, though, the Dirac bracket from equation (8.9)
{X'(0),®,(c")}, = 050(c — o),
we can extract the following commutator of the zero mode
[ X5, ®os] =0,

where ®y; is the “physical” component.

That is, @; is the conjugate momentum to X¢ and hence ®¢; € Z, similarly
to the case of a quantum point particle on a circle. For the other direction we can
use the fact that L'/®; ~ 2X' on the constraint surface. Therefore, ®y,; inherits
the discretization of the winding modes. That is, ®y; € 2Z.

These conditions can be written concisely in matrix form as
1P, = m, [P, = 2n ,

where we are now thinking of ® as a column vector and m,n € Z. Using the
relation

(I + (M) =1L

we arrive at the covariant quantization condition
OLLdy=dmn, mnez. (8.17)

They are termed covariant, as they are independent of a polarization. This is

precisely the condition ¢;q2 = 2mn.
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We will now show an alternative derivation of this quantization, which will
be the method for sector II. Let us call ¢ the generator of Z of our orbifold
transformation. It acts like M on the fiber and translates by 27 R, on the base

circle. We write the zero modes as

Dy — q1
a2
We have the following action
: 142
tlqi, g2, ny) = exp (Zﬂ'(ny + T)) G2, q1,my) -

The factor of exp(imn,) is the usual phase coming from the translation on the cir-
cle base, whereas the phase exp(imq1¢2/2) is known [135] to be the right T-duality
realization for closure of OPEs in sector I. At this stage we do not restrict the
quantization of g1,g2. After projecting with the formal sum ) ¢", the existence

of invariant states requires

w(%—l—ny) =0 mod 27

and for generic n, € Z:

q192 = 2mn, m,n € 7

This is precisely the quantization condition (8.17). For specific n, only a subsector
of these modes gives invariant states. But our first aim is the discretization of
.

We finally turn to sector II. We write the zero mode as

D) =
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The generator ¢ acts [135] like

1

t|q,ny) = exp <i7r(q2 ~3 + ny)> g, ny)

Our construction is of an orbifold and we can show modular invariance, level
matching and quantization of zero modes by adopting the above phase. The

invariant Hilbert space requires, for generic n,,
1
2
——=0 modl1.
773

The most general choice, with even spacing of the modes g, is

¢ = % (n - %) | (8.18)

where n € Z. This is the quantization of the mode cited in equation (8.13).

8.2.4 Physical State Conditions

In this section we consider the physical state conditions that are imposed on the
states of the off-shell Hilbert spaces H(4). In particular, we will investigate the
level matching conditions and mass formulae. Our goal is to show that canonically
quantizing the doubled torus is consistent and equivalent to quantizing in the non-
doubled formulation. This claim is finally proved when we write the partition
function.

The energy-momentum tensor of the doubled torus system (7.15) is

To() :H

1
Toy :ZL”@I@J + Y™ .

In terms of the coordinates o*, the only non-zero components of T are Ty, =

+(Too = Tin), given explicitly by

T,y = (HIJ + LIJ) O;D; 4+ 0,LYO0LY + nab(?iY“ain ,

0|
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where 01 = %(80 + 01). We now substitute the mode expansions of &, Y, Y™ to
obtain the Virasoro operators Ly,, L,,. We will do this for both sectors in turn.

We begin with sector I and obtain

1 27 ) 3
L, =— e T _do~
2m J,
1
=3 Z (Am—k@x + bm—ibr, + nabbfnfkbl];) ;
k=—o00
where
1/ p*
(2 R), bo = V2pr, b= 1—. 8.19
ao 9 (R q2 0 \/_pR 0 \/§ ( )
Similarly,
T 1 2 imot +
m :% e T++d0
0
1 < - -
=3 Z (dm—k&k + bpm—rbr + nabbfn_kb@ ;
k=—oc0
where
. lyq - va D"
= (L1 R), by = V2pr, by = — . 8.20
o = 5 (R + q2 0= V2py 0= ( )
For the normal ordered zero modes Ly and EO we get
1 a1 2 2 1 a\2 - a 1.a
Lo =5 (E — q2R> + pR + zl(p )2+ (a_gay + b_yby + b4 b7)
L , : = (8.21)
Ly -3 (El + q2R> +p? + Zx(p“)2 + Z(d,kak + b_ibi, + b2 ,.0%) -
k=1
Therefore, the level matching condition is
1 2 2 Y
§q1Q2+pL—pR+N—N:0, (8.22)

where N and N are the usual occupation numbers. Observe that the first term
is an integer because of the quantization condition ¢;qs = 2mn with m,n € Z.

Hence, level matching s satisfied.
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The formula for the spectrum of massive states is

¢ @2 R? ~
M2:2(p%+p?%+4—}122+ 24 +N+N—2> , (8.23)

where the —2 arises as the zero point energy of 24 left-handed and 24 right-handed
integer moded bosonic oscillators, which each contribute —1/24.

From the mass formula we see that the state a_ja_; |k*), which corresponds
to the metric component along the fiber, is indeed massless as one would expect.
However, it belongs to H(jr), that is, it has eigenvalue —1 under the orbifold
action. Therefore, this state will be projected out. This is in agreement with
[121] and [129], where it is explained that when there is a nontrivial monodromy,
the moduli of the spacetime geometry must take values which are fixed under the
action of the monodromy. In our example R — R™!, so the component of the
metric with both legs in the fiber has fixed value R = 1.

We now consider sector II. First note that

ro- L) e} () 3 e

k€Z+3%

That is, T__ has both integer and half-integer modes. Therefore, it will generi-
cally be neither periodic nor anti-periodic. T',, is periodic and we require 7 _
to be periodic, but this is only satisfied when R = 1. We put R = 1 from now

on. We then obtain the following modes L,,

1 27 . -~
Ly = & [ emr o
27T 0
= 1 Qp—10F + 1 (bmfkbk + Uabbgn—ka) )
2 2
keZ+1 kez

where by and b¢ are related to the Y-momenta via (8.19). Similarly L, is

. 1 2
Lm = — elma T++d0'+
2m Jo
1 = ~ ~ ~ ~
=3 Z (am—k&k + bp— b + nabb%—kbz> ;

k=—o00
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where o = ¢, and by, 138 are related to the Y-momenta via (8.20). For the normal

ordered zero modes, Ly and L, we have

Lo =p% + -I—Za kak+z —kbr + b2 by)
(8.24)
1

“(p")? + D (a-plp + by, + b 55)
k=1

.1
Lo==¢*+p} + 1

2
The zero point energy for the right-movers will be —1, since we have a contribution
of —1/24 from each of the 24 periodic bosons. For the left-movers the zero point
energy is —45/48, since we have 23 periodic bosons contributing —1/24 each and
1 anti-periodic boson contributing +1/48. The condition imposed on physical

states 1s

~ 45
(Lo — 1) [phys) = (Lo — o) [phys) = 0.
Hence, the level matching condition and mass spectrum formula are given by

1, 9 1
- N—-N-—= 2
2q +p7 — + 16 0 (8.25)

1 - 1
M2:2(p%+p%+§q2+N+N—(2—1—6)) . (8.26)

The term —1/16 in the level matching condition looks problematic when the
formula is written in terms of the original zero mode ¢. Level matching problems
are well known to plague asymmetric orbifolds and generally one must make some
kind of amendment to make the level matching formula sensible. The solution
here is to quantize ¢ appropriately so that the —1/16 cancels. This happens if we
choose v2q = n — 1/2, with n € Z [135]. Moreover, in section §8.2.3 we showed
that the quantization rule follows directly from the phase adopted in equation
(8.15). This is a first success of our model. We now move on to investigate the
partition function for this model. We will see that the quantization for ¢ leads to

a modular invariant partition function.
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8.3 The Partition Function

We now have all the ingredients required to calculate the partition function. By
partition function we mean the one-loop vacuum energy contribution of the
doubled torus. We can imagine string field theory as a theory that allows for the
creation and absorption of closed strings, in an analogy to the Feynman diagrams
of quantum field theory. The zero-loop energy is by conformal invariance the
worldsheet of a sphere. The one-loop diagram will contain one handle, where a
string is created at some worldsheet time and reabsorbed at some time later. The
partition function we consider is, therefore, a doubled torus system defined on a

two-torus worldsheet.

0—loop 1-loop 2—loop

Figure 8.5: World-sheets of the 0, 1 and 2 loop contributions to the vacuum
energy.

The zero-loop contribution is a CFT on a sphere and as there are no mod-
uli describing it, it can be reabsorbed into the string coupling constant. The
torus worldsheet, on the other hand, has a nontrivial dependence on the complex
modulus 7 of the torus. For the CFT to be conformally invariant, the partition
function should be invariant under the Teichmueller group SL(2,Z), which is

generated by the discreet operations

T:7T—7+1
1
S:7T— ——.
T

We call this desired property modular invariance.
The partition function can also be seen as a one-dimensional generalization of
the Feynman-Kac path integral of closed loops. As such, we begin with a closed

string, evolve it in euclidean time by 271, and let it come back to itself, translated
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by 277 in the string direction. This gives the Hilbert trace
Z(1) = Try exp(2nm P — 271 H) |

where P and H are the momentum and hamiltonian respectively. Using the zero

order modes Ly, Ly, this is rewritten [136, 20] as
Z(r) =Y Tryz(a™a™) |

where the hats on Lg, Lo are included to remind us to include the zero point
energy [137]: each periodic boson will contribute a factor of g~'/?* to the energy,
while the twisted vacuum zero point energy for each anti-periodic boson is 1/48.
The nome is defined as q = exp(27i7).

It is always useful to use the trace over the Hilbert spaces H,, rather than the

invariant Hilbert spaces H;", so that the partition function is written like
Z(r)=>_ L za
- a,b 2 b

and the partition function in the sector H ) with b insertions is given by
Z%(7) = Trm,(g"a™q™) .

In this formula, the Z%, can be related to path integrals with appropriate bound-
ary conditions on the ¢ and 7 cycles of the torus. The advantage of this formalism

lies in the desired property of modular covariance

Z(t+1)% =Z(7)"a (8.27)
Z(=1/1)% =Z(7)"a

which implies the modular invariance of the partition function Z(7). Of course
modular invariance does not necessarily imply modular covariance. Nevertheless

the partition functions will be shown to be indeed modular covariant.
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To ease the proof of modular invariance we employ one further notion, that
of interpolating orbifolds. Our orbifold can be thought of as a nontrivial
product of a flat Minkowski space, a shift orbifold (the base space where we
identify Y = Y + 27 R,) and the doubled torus fiber with monodromy element

M. More precisely the partition function can be factorized as

1 a a
2(r) = 52n(7) D Zop(r) Zp(7) - (8.28)
a,b=0,1
In the above Z 4 comes from the Minkowski space, Z(y) comes from the non-
trivial base circle of radius R, and Z(¢) comes from the fiber. In fact, each factor

is separately modular covariant.

8.3.1 The Interpolating Orbifolds

The use of the term interpolating orbifold comes from [128] and references therein.
An interpolating orbifold combines a finite order discrete symmetry of a world-
sheet theory with a spacetime shift along a compact direction. The term reflects
the interpolating behavior as one takes the two extreme limits of the shift pa-
rameter. In our case the worldsheet symmetry is the monodromy M on the fiber
and the shift is Y — Y + 27R, on a circle of original radius, say 2R,. These
operations are both of order 2.

Equation (8.28) is of course a consequence of the formulae for the modes Ly
and Ly, as expressed for sector I in (8.21) and sector II in (8.24), and the direct
product structure of the Hilbert space, equations (8.12) and (8.16). In this section
we calculate the factors Z( s, Zy) and Z(g). After this we will be able to prove

modular invariance through modular covariance for each factor separately.

The Trivial Base

We begin with the partition function of the Minkowski space .#". The computa-
tion is straightforward but let us persist on it, because it will set the example for

the rest of the computations. The contribution from the Minkowski space comes
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from the following parts of the Virasoro zero modes

1 o
Ly :Z(PG)Q + Z(bika) +o
k=1

[e.9]

1 _
Lo :Z(PG)Q + Z(bika) +o,
k=1

with the trace over the Fock space of an oscillator algebra

(T ()" o]

kit Nk, 7pi

By choosing a light-cone gauge, only 22 space-like coordinates will contribute.

Each coordinate gives the same factor of

Zw(r) = (a@) ™/ / dk exp(—mak?) Y < qEim CobgRim i)

The (qq)~'/?* comes from the zero point energy of the vacuum, the gaussian
integral comes from the continuous momenta (p®)? and the sum is over the Fock
space of a single oscillator algebra [by, b;] = kdry; and its conjugate.

—-1/2

The gaussian integral gives a factor of () , while the trace breaks up into

a geometric sum as follows. For each state

..(a_n)k...|0> ’

the operator qX+=1(-+%) will give the value g™ and, thus, summing over all

partitions we have

S ITa*=]Ja-an".

k=1 n=1

The partition function of the Minkowski space is then Z( 4 = (Z(g)(7))** with

Zw) (1) = (12)[(7)] 72
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and
o

n(r)=q" (1 —q") .

i=1
The partition function is modular invariant due to the properties of the

Dedekind eta function
n(r+1) =n(1)

n(=1/7) =(~ir)"/*n(r)
The Shift Orbifold

We next turn to the partition function of the shift orbifold. The relevant parts

of the Virasoro zero modes are
Lo =ph + Z —ibr) +
Lo =p7, + Z kb)) o

where, in order to include both sectors, we rewrite the periodicity conditions in

a universal way

1 0 for Sector I

Ty
pr/r = =(z5- £ RyQRwy, +a)), nyw,€Z ,a=
22R, ! oY 1 for Sector II

The oscillator algebra and the zero point energy will give a factor of |n(7)|~2.

The gaussian integral over momenta is now replaced by a double sum over p;, and

pr. The result is

Zin(r) = In(r)|72 Y (=1)™x

Ny, Wy

n a , a
exp {—WTQﬁ — m19(2R,)* (w, + 5)2 — 2nTnyi(wy, + 5)} . (8.29)
v

One can recast equation (8.29) into the form

= > Y (Ve 2+ g+ 5]

nweZ q=0,1
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with

a
Zar [2n+ q‘w + 5} = n(7)|*x

2n + q)? a 4 a
exp {—WTQ <% + 4R*(w + 5)2) +2mim (2n + q)(w + 5)} .

This is the form presented in [39] and it can easily be generalized to include an
“N-shift” on a circle of original radius NR, as in [129].

We can use the Poisson resummation formula
—ran? + 2mibn} = o~/ {—f s 2} 8.30
;exp{ man® + 2wibn} = a ;exp a(n ) (8.30)

to rewrite equation (8.29) into

Zvy"o(7) = In()| (1) "V2(2R,) %

Zexp{—ﬂ(m:;ﬁ‘rm—g— (w—irg)T

2

2} . (8.31)

This form is manifestly modular covariant. Indeed, under 7 — 7 4 1 we replace

n — n + w, while under 7 — —1/7 we interchange n and w.

The Fiber Orbifold

Now we will obtain the partition function Z)%. We shall have to treat the

different values of a, b separately.

a = 1. For sector I the relevant part of the Virasoro zero modes are

Lo :% (% + QQR)Q + Z(d—kdk> + -

The quantization condition is ¢1g2 = 2mn and we write this as ¢; = v2me and

g2 = V2n/e for some € € R.
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The calculation of Z(g" is very similar to the calculation of Zy\%. After a

Poisson re-summation we get

_ _ T
Z(<I>)00 = [n(7)|7*(m2e?) Y2 % ;exp {__527'2 InT — m|2} ,
which indeed satisfies the modular (self-) covariance of equation (8.27).
For the partition function Z(q>)01, because of the insertion of the T-duality

operator M, there will be some changes. First the trace of the operator

NIqEi(asar)

will give a minus sign in the geometric series, thus counting a factor of

o0

[Ta+ay,

n=1

while the infinite sum of modes will collapse into a sum where ¢; = g2 = V2m.
In the sum we must also include the nontrivial phase of T-duality. The end result

18

Z(<I>)01 — (qq)—1/24 H(l + qn)—l H<1 . qn>—1 Z (_1)qf/2qqf/2 '
=l n=1 q1EV2Z

Using the definitions of the theta functions given in section §8.3.3, we have

the different factors expressed as

<2n(7))1/2 —q1/24ﬁ(1 +q")!

92(7’)
) =g -
0,21) =) (-1)"a"

Therefore,
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a = 2. For sector II the relevant part of the Virasoro zero modes are

LO :Za_kak +
=
- 1, o
Ly 25(] + a_ray +
k=1

of

must be used. The geometric sum is now over a half-integer power

S I[a*=T[a-a"2)".
k=1/2n=1 n=1

Also the twisted vacuum contributes a factor of q'/*® for the anti-periodic boson.

The partition function Z4)'y is found to be
Zw'o=a"Pa P [Ja—a ) [T —a) ' Y ai 2"
n=1 n=1

Using the definitions of the theta functions given in section §8.3.3, we express

the different factors as

(Z(Q))m :q_wﬁ(l -

_71 o 0 —n\—
n(r) =g [ -a)"
n=1

For the twisted sector with one insertion we include the nontrivial T-duality

143



phase
(-p3e-D.

As we show in section §8.3.3, the zero mode sum can be written as the complex
conjugate of the following theta function
T 1 2
S G 5(n—1) 4 3(n—73)
ﬁ92(2, 7 = (-1)z gt (8.32)

nez

The insertion will also send a_ — —a_g, so that the argument of the geometric

sum of oscillation modes picks up a sign. The result is

__ ! " Dip—1)=L(p—1
Zw' = @/ I+ q ) [T = @) D (1R Vg
n=1

n=1 nez

(35) =i

we finally express the partition function as

8.3.2 Modular Invariance

In section §8.3.1 we found the partition functions of the interpolated orbifolds.

The flat base orbifold

Ziny(r) = (1) 2m(r)] %)™

and the shift orbifold

Z) (1) = (1) |72 (12) V2 (2Ry) X




combine with the fiber orbifold

1 s
7 0 - = = 2
@ |n|%emnezexp< na " )

to give the partition function of our oribold as

2(r) = 52un(1) Y Ziay(r) Zivp(r)
a,b=0,1

As described in the beginning of section §8.3, modular invariance under the
action of SL(2,Z) on the parameter 7 is vital for a consistent CFT.

The partition function Z4) is modular invariant as a consequence of the
definition of the Dedekind eta function. Indeed, from equation (8.34) we see that
the combination (75)~/2|n(7)|~! is invariant under both S and 7. Furthermore,
we have noted that Zyy%(7) in equation (8.33) is modular covariant. Under
T :7 — 7+ 1, we replace n — n + w in the sum, while under S : 7 — —1/7
we interchange n and w. What is left to prove is modular covariance of the fiber
partition function Z(4)%,. We shall not show the calculation. It is straightforward,

but let us note the equations we use. The equations can be found in the next

section. Under 1" we have

Z@) ot + 1) =Z(2)%(7) similarly to Zy)%

Z@) 1 (1 + 1) =Za°1(7) using (8.35a),(8.35b) and (8.35¢)
Zay'o(T +1) =Z@)"1(7) using (8.35¢) and (8.39)
Z@oy1(T+ 1) =Z@) " o(7) using (8.35b) and (8.39) ,
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while under S we have

Z@) o(—1/7) =Z(3)%(7) similarly to Zyy%
Z@)1(=1/7) =Z(3)"o(7) using (8.36a) and (8.36¢)
Zioy'1(=1/7) =Za)"1(7) using (8.36b) and (8.38) .

The modular covariance of Z(4), relies crucially on the quantization condi-
tions on the zero modes. The quantization conditions were in turn obtained by
the phase factors upon quantizing the monodromy. These phases were introduced
in [135] in the non-doubled conventional formalism. This improves on earlier work
[128, 129, 126], where the same orbifold was found to not be modular invariant,
when calculated in the conventional formalism. Although the authors were aware
of the importance of the T-duality phases, they did not have the correct ones,
with the result of having to look for further solutions of consistency. On the
other hand, our results agree with the conventional formalism as presented in
[135], that is, we obtain the same partition function.

So we have shown that the doubled S! system, considered as a constraint
Hamiltonian system, is equivalent quantum mechanically to the conventional non-
doubled picture. An important point, though, is that we have not needed to make
any choice of ‘physical’ states. Even though we have not chosen a polarization,
it is not surprising that we obtain the same partition function. After all T-dual
theories must have the same partition function and our formalism is the T-duality

covariant form of the asymmetric orbifold.

8.3.3 Theta functions

In the definition of Z(4)%, we used several Jacobi theta functions [138]. Because
definitions of theta functions vary greatly in the literature, we write our definitions
here and note some of their properties that are of interest to us.

The theta functions we use are 0;(7, z), for i = 2,3,4. They can be defined by
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the following infinite sums

Zq2 - 6 m(2n—1)z

nez

n zZTrnz
)=2_a

ne”L

Os(732) =Y (~1)"q2" e,

nez

or expressed as the infinite products

1

0(7, z) =2n(7)q2 cos(mz) [ [ (1 + 29" cos(27z) + ™)
05(, 2) :77(T)q_i H (1 + 2q”_% cos(2mz) + q2"_1>

04(T, 2) :77(7')q’%l ﬁ (1 —2q": cos(2mz) + qQ"*I) .

In the definitions we used the nome q = exp(2mi7). The Dedekind eta function

can also be defined as an infinite product

lzlﬁ 1—q

The modular transformation of 7(7) is

n(t +1) =e'i2(7) (8.34a)
o(=) =(=im) n(r) (5.340)

The usual modular transformation properties of the theta functions [138] under

T:7—71+1 are

Oy(7 + 1, 2) =€ 0y(T, 2) (8.35a)
O3(7 + 1, 2) =04(7, 2) (8.35b)
O,(7 4+ 1,2) =05(; 2) , (8.35¢)
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while under S : 7 — —1/7, they are

1 =z 1 inz?
0, (—;,;) =(—iT)2e = O4(7, 2) (8.36a)
0 1 < o . 1 'i7f220 b
3 (_;7 ;) _(—ZT)Q@ ™ 3(7-7 Z) (836 )
0 1 z o . 1 i7rz20
4 (_;7 ;) _(_27-)2@ T 2(7-7 Z) X (836C)

As a first application, let us prove equation (8.32). It was stated that

T 1 \/§ nip—1)  L(n=1
o5 —7) = g > (DI Vi’

neEL

Proof of (8.32). We have the following consecutive equalities

S (- )E Vg3 =3 (-1)ql )

nez :\/;GZZ: . (m (i ) g>) Gib) (8.37)
—Va(Z. -1

The first equality is obtained by splitting the sum into even, n = 2m, and odd,
n = —2m + 1, integers and finding that they give the same contribution. For
the second equality, one splits the sum on the right-hand side into even and odd
integers and finds that they can be gathered into one sum with a factor of cos /4.

The last equality is true by the definition of 65. O]

Apart from the usual modular transformations (8.35) and (8.36), there are

two more transformations that we need. The first one reads

0, (—% —%) = (—iT)"/20, (g —i) . (8.38)

Proof of (8.38). We define 7/ = 27 and 2/ = —%T. We have the following equali-
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ties

1 1 1 2
Oy | ——,—= ) =0y | ——,——
2( 27’ 4) 2( T’ T’)
12
=(—ir") % exp <i7r—i_/ ) 04(7',2")

=(~ir)*V20" 0 3 (-1

neL

B

=(=in) 22 Y (=1 )

neL
. T 1
:(_ZT)1/202 (57 _1> )

where for the second equality we used the S modular transformation of 6, (8.36a)

and for the last equality we used equation (8.37). O

The second modular transformation we want to prove reads

11 -
V20, (T +3 71) = €56, (7,0) . (8.39)

Proof of (8.39). To begin with, we observe that 02(7,0) can be written as a sum

over positive integers only
02(r,0) =Y at 8 =23 qid)
n=1

ne”L

On the other hand, we can write
(8.40)

We defined implicitly the series f,,. One can show that it is periodic f,10 = f,
and that

fn + fn—i—l = \/iei% .

2
Now, due to the periodicity f,+1 = fi_n, and because the power of q%("fé) is
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symmetric under n — 1 — n, we can split the infinite sum of equation (8.40) into

n > 1 and n < 1 integers. We arrive at the sum

1 1 . e 1 1)\2 2 -
0, (7- + 5 _Z) = V25 ;q2("2) = geZSQQ(T, 0) .

This concludes the list of properties of theta functions we need to use.
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Chapter 9

Supersymmetric Double Torus

So far we have analyzed the bosonic sector of the doubled torus system as a con-
strained two-dimensional field theory. We showed the equivalence of the classical
field theory with the conventional sigma model. We also quantized a particular
T-fold, to show its consistency and quantum equivalence with the conventional
framework. In this chapter we extend the doubled torus system to include world-
sheet supersymmetry.

World-sheet fermions were added to string theory quite soon in its incep-
tion [139]. This is required, if one hopes to build realistic models of the world.
For the same reasons we are urged to extend the doubled torus to also include
fermions on the worldsheet. This will allow for the construction of more com-
plicated orbifolds, hopefully modular invariant and perhaps realistic. Supersym-
metric asymmetric orbifolds, corresponding to T-fold backgrounds, have been
considered in [128, 129, 135], but not in the doubled formalism.

We will employ the machinery of worldsheet superspace [140, 141]. We set our
conventions in section §9.1. In section §9.2 we extend the doubled torus lagrangian
into superspace. It is important though to investigate the fate of the constraint.
For this, we make an obvious choice that is presented in section §9.3. Our first
issue is whether the theory is equivalent to the conventional superstring. We find
that it is indeed and we immediately confirm that the nature of the constraint

retains its nature of Dirac second class.
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9.1 Swuperspace Formalism

Minkowski spacetime can be seen as the coset space of the Poincaré group mod-
ulo the Lorentz group. The induced Poincaré action on the space agrees with the
inhomogeneous Lorentz transformations. This led Salam [142] to propose super-
space as a generalization of spacetime for supersymmetric theories. Superspace
can be defined as the coset space of the Poincaré supergroup modulo the Lorentz
group. One of the nice features of superspace field theories is that often super-
symmetry closes off-shell due to the presence of auxiliary fields [140, 141, 143].
The supersymmetries are realized as translations in superspace.

The worldsheet metric n has signature (+, —) and we define the Clifford alge-

bra
{0 "} = 20"

A representation is

0 0 —1
p = (9.1a)
i 0
and
L 0 1
p = . (9.1b)
1 0

We also introduce the third Pauli matrix p; = p’p! = o3, which is the chirality

operator. We note the useful property that it acts on vectors as the Hodge dual

pPV=—%V,

for any V = V,p°.

In 1+1 dimensions one has the choice of Dirac, Majorana, Weyl or Majorana-
Weyl spinors. In the representation of (9.1), Majorana spinors are purely real
and the chiral components are diagonal. In order to incorporate N' = 1 super-

symmetry, we extend the worldsheet with one Majorana spinorial coordinate 6,,.
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We take spinorial indices a, # to be Grassmann odd and worldsheet indices a, b

to be Grassmann even. Berezin integration is defined by the linear operation

/ 0,05 = Sug

and 0 otherwise. The normalization of d?6 is such that

/d29(0_9) =1,

where 6, = Qﬁp%a as usual. Also in our conventions, complex conjugation trans-
poses spinors without a sign.
The supercharges ), will generate translations in superspace (0,,0,). We

define them as

o .
Qa —% + Z(p 9)0@1
_ 0 _
o * 0 _ s a
Qo =(Q"p")a = 0= i(0p")a0a

and they generate even translations through the anticommutator

{QmQﬁ} = —2i(pap0)a58a .

The super-derivatives

0
D, =— —1i(p*
@ = 5pa (p"0)a0a
_ 9 _
D, :(D*po)a = ———+i(0p")a0a

00

do not anticommute. They satisfy though the relation

{D,,Ds} = 2i(pap0)aﬂaa )

This follows from charge conjugation
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and

a. 0

() = oo -
The super-derivatives satisfy the important anti-commutativity property with the

supercharges

{QavDﬁ} =0.

Therefore, for a superfield F(o, 6), that transforms under supersymmetry as
604F = QaIF )
its super-derivative D,F also transforms as a superfield
0aDgF = Q. DgF .
We can expand any superfield F as
_ 1_
F(o,0) = F(o) + 0y(0) + 590]“(0) (9.2)
and its super-covariant derivative is given by
. i ~
DoF =1y + 0o f —i(p*0)00a F + §8a(p“¢)a99 )
To show this, we use the Fierz identity
_ 1.
005 = — 0,300 ,
2
which implies the useful relation
o 1
(961662 = —§€2€1€0 .

Given an unconstrained superfield [F, a supersymmetric action can be written
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as the integration over superspace
S[F] = /d2ad29F :

The worldsheet lagrangian can be found by replacing the Berezin integration
with (the spinorial inner product of) the super-derivatives D and setting 6 = 0,
or by expanding and keeping the term proportional to #2. In 1+1 dimensions,
by defining the component fields in (9.2), it becomes straightforward to use the
second method. In the next section we will extend the doubled torus lagrangian

into superspace.

9.2 Supersymmetric Lagrangian

The obvious supersymmetric generalization of the doubled torus lagrangian, such
that truncating the fermions gives the original lagrangian, is to functionally ex-
tend the original lagrangian into superspace. To be more precise, we first define

the superfields X and Y, so that they contain the bosonic embeddings X and Y

X =XT+ 0y" + %9‘9 1!

_ 1-
Y"=Y"+0x" + 599¢” .
It is useful to consider the collective coordinates Q* = (X!, Y™)
_ 1-
Qf =q¢" + 0" + 599]““ :
with super-derivative expansion
. i A
Do Q" = g + 0af" = i(p"0)adad” + 50a(p"¢")a(00) .

The functional generalization of the doubled torus lagrangian (6.8) is

L= /d29 {%gw(Y)DQ"DQV - %bw(\Y)DQ“(pg)DQ”} : (9.3)
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Note that all the spinor indices in the above equations are contracted. We
introduced ps, so that the b-field term will appear, due to p® -V = — %« V for a
worldsheet vector V. The fields g, b,, are defined as in the bosonic doubled

torus geometry of section §6.1, see also equation (7.5). That is, the metric is

HIJ Aln
G =
AJm Gmn
and the non-zero components of b, are br,, = —by,1 = fLm and b,,, = Byn. By

expanding the target spacetime indices we get

L= / dQQ{%HI J(V)DXIDX? + Ap,, (Y)DXIDY™ — A, (Y) DX (ps) DY™
1 _ 1 _
+ 5Goun(¥)DY" DY" — 5B,,m(Sa()D\ym(p?,)m(“} .

(9.4)

We integrate using [ d?0(09) = 1, to obtain a supersymmetric Lagrangian.
This gives the bosonic doubled torus lagrangian upon truncation. For example,

the first term in (9.4) is expanded as

Hi;(Y)DoX Do X7 =H; 7 (Y p” + 2H (YY) 0 F’
— 2iH 7 (Y)(" p*0)0, X7
+ Hpy(Y) (n™0, X0, X7 + ih' p* 0,07 + F'F7) 66

where

_ 1 _

. %amanHu(Y)(@xm)(@x”) -

Expanding everything in this way and integrating, we arrive at the following
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supersymmetric lagrangian

c —QQuuaaq“é’bq” n® — %b,wc? " 0pq €
SOt DY~ Lhuie P
+ %gpo,yizﬁ”p%” wd” — %byp,uilﬁ”p?’p“w“@aq’)
b St (—5%2/1% = L )
— S PV TN S B PG
We can keep this form, or choose to solve for f#. This is an auxiliary field with
non-propagating dynamics, that is to say its equation of motion is algebraic.

By inserting its solution into the lagrangian, worldsheet supersymmetry becomes

on-shell. After some work, we obtain the lagrangian

1
L= 2g,uuaaquabqy o _b;waaq 0 qV o
, (9.5)

1
+ QQNV'Lw“ /V+77Z) + 4 ,uypaw—l—qu)—i-l/}p QW

where N+ = aq“pavlf are the pull-backs of the torsion-full target spacetime
connections

v v 1 v
ViV = V.V E SHYV

to the worldsheet and R~ is the curvature

Ry = [V,,V,]"

9.3 Constraint Analysis

The supersymmetric lagrangian (9.5) is to be regarded, as in the bosonic case,
a pseudo-lagrangian. Although it contains the dynamics of the base coordinates
Y™ and their super-partners, most of the dynamics of the compact directions will

come from the constraint we impose.
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Remember the constraint of the bosonic theory can be written as
X — LAY = S(X' — LAY") , (9.6)

an equation that halves the independent vectors dX’. Now {dX'}; = X*T(T*"),
where X is the pull-back of the map from the worldsheet into the target space-
time, X : ¥ — T?". The fermions in the supersymmetric sigma model are sections
of the bundle

X*T(T*) @ VK |

with /K the, Grassmann odd, Majorana representation of SO(1,1). We want a
theory equivalent to the conventional superstring and we should impose a con-
straint that halves the fermionic degrees of freedom as well. Furthermore, the
constraint we impose should be supersymmetric. One can supersymmetrize (9.6)

with
DoX! — L' A, (Y) DY = =S, (Y) 2, (DﬁXJ - LJKAKn(Y)DBY”) . (9.7)

Observe that the constraint is still self-dual, because S? = 1 remains true on the
superfields and
Ap(Y) = —Hpy(Y) LK Ao (Y) . (9.8)

Of course the constraint in (9.7) reduces to (9.6) upon setting the fermions
and auxiliary fields to zero. The rest of the chapter presents some important
results. First, we show that the constraint is consistent with the lagrangian, in
the sense that by imposing it on the Euler-Lagrange equations we get nontriv-
ial dynamics. In the bosonic case an exterior derivative on the constraint gave
the Euler-Lagrange equation of X. For the supersymmetric case, acting on the
constraint with a D derivative gives the Euler-Lagrange equation of X.

The second task is to expand the constraint (9.7) in powers of §. The linear
term in @ gives the original bosonic constraint, corrected with some fermionic
terms. The constant term gives a constraint on the worldsheet fermions. We show

that the constraint on the fermions is such that it halves the fermionic degrees
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of freedom. This is precisely what we want, a theory that is supersymmetric and
that by truncation of the fermions we get a theory equivalent to the conventional
bosonic string model. We conclude that the supersymmetric generalization of the
doubled torus is indeed equivalent to the conventional superstring theory.

Note though that the last statement is true but for two tests, which we show
the theory passes successfully. First, we need to show that to order 62, the
constraint does not reduce the degrees of freedom furthermore. Indeed, we show
that, on-shell, the constraint to order 62 is implied by the constraints to order §°

and 0'. The second test is to show that the constraint is Dirac second class.

9.3.1 Consistency with Euler Lagrange equations

Using S? = 1 and the consistency equation (9.8), we write the constraint (9.7) in

the equivalent form

Cro = Hrj(Y)Do X! + Ap,(Y)D, Y™
- Aln(Y)ﬂigDBYn + LigpisDsX” =0. (9.9)

Now the Euler-Lagrange equations for X! can be written in a supersymmetric

form, by varying the superspace lagrangian (9.3) with respect to X. This gives
Da (91(Y)Da @ — by (V) 5D5Q") = 0 (9.10)
or by expanding g, and by,
D, (HIJ(Y)DQXJ A (Y)DY" — AIH(Y)pgﬁDﬁ\yn) ~0.

Observe that DapzﬂDﬁ = 0 is true as a consequence of the supersymmetry
algebra. Therefore, the constraint C';, = 0 implies the equations of motion for X,
in complete analogy with the bosonic doubled torus, see for example equations

(6.12) and (6.13). Schematically we have

CL=0= D,CL =0« eom(X) .
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9.3.2 Constraint on the components

We consider the constraint of (9.7) to each order in #. The constant term reads
= L7 A (Y)X" = =S", (V)™ + HY A p®X" . (9.11)

This halves the independence of the fermions ¢!, through using the endomor-
phism of the fiber S. A nice way of writing this is to split the fermions in their

chiral parts

(1+ )y =(1+ S) LA,
(1—S)_ =(1—S)LAy_ .

These constraints seem very natural as %(1 + S) are projectors. Therefore, half
of the 1!’s are constrained in terms of the x™’s.

The constraint can also be written in the following equivalent ways
(1+ p°8)r g = (HY + L") g = (14 Sp°) (v = LAX) = 0.

It is easy to show that the constraint on the fermions is in fact Dirac second
class.

From the linear term in 6 we obtain the following constraint

X - SX'— LAY + H'AY" = — %S}Z”plan (LAX — S0+ H*lAp?’X)
(9.12a)

f— LAp=— %—"an (LAX — S+ H*lflp?’x) . (9.12b)

The left-hand side of the first equation is the initial bosonic constraint, corrected

with additional fermionic terms on the right hand side
*xdX — SdX = LAdY + LA % dY + corrections ,

whereas the second equation is automatically satisfied when the auxiliary fields
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are put on-shell.
In phase space, equation (9.12a) can be written in exactly the same way as

the original bosonic constraint, namely
W[—L]JX/J =0 y

where 7; is the canonical momentum associated to X! that is derived from the

supersymmetric Lagrangian (9.5). The constraint is therefore Dirac second class.

9.3.3 Halving the Degrees of Freedom

We now turn to the term of the constraint that is quadratic in . To begin with,

let us expand the constraint C!, defined in (9.9), in its components
R
ClL=ClO 4 gei) + 5000
But it follows that

CI® =0  on shell

o

i =0 onshell =CI®=0.

87

D,CL =0 eom for X!

Therefore, we show that to order 6% the constraint is automatically satisfied, if
the constant and linear terms in 6 are conserved on shelll.
We have seen that the constraint, to zero and first order in 6, are Dirac second

class and halve the degrees of freedom. They are

mr— Ly X" =0 (9.13)

(1+p*9) 1 gs0" = 0. (9.14)

On-shell, the constraint to order #? does not provide additional component con-

straints. Furthermore, the constraint is supersymmetric by construction. It is

Lthat is to say, the time derivatives of these terms are also satisfied.
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also obvious that supersymmetrizing minimally a bosonic system, by extending
it into superspace, is a unique process. We are thus led to the conclusion that
the supersymmetric doubled torus system we presented is classically equivalent

to the conventional superstring formulation.
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Chapter 10

Conclusion

It is already clear that the concept of spacetime that emerges from string theory
has added features to the one used in general relativity or quantum field the-
ory. The consistency of superstring theory necessitates a spacetime described by
supergravity, while T-duality allows for backgrounds that are not smooth. In
this thesis we explored the supersymmetry of string theory backgrounds and the
non-geometric features that arise due to T-duality.

We showed that supergravity solutions possess a superalgebra of symmetries.
We presented the construction explicitly for the type IIb and heterotic supergrav-
ity theories. We also reproduced a theorem showing that enough supersymmetry
implies homogeneity. The Killing superalgbera of a string theory background can
be traced back to the supersymmetries of the massless string states. We have
thus shown the existence of a superalgebra, which acts on the massless string
states. We observe that the construction of a Killing superalgebra does not use
the supergravity equations of motion, besides the Bianchi identities. This is ev-
idence for the uniqueness of the supergravity theories we considered and their
underlying supergeometry.

Little is known about quantum corrections to supergravity, although the
amount of supersymmetry is presumed to persist to all orders [25, 144]. For
the heterotic case, which is more tractable, a first order o’ correction preserves
the construction of the Killing superalgebra [145]. Much less is known about M-
theory but there are some results. In the work of [146], it is assumed that both
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the 11d supergravity equations of motion and supersymmetry variations are cor-
rected to first order by higher derivative terms in such a way that supersymmetry
is preserved. In the work of [144], supersymmetric backgrounds are assumed to
be deformed, along with the supersymmetry variation, in such a way that su-
persymmetry is again preserved. If the dimension of the Killing superalgebra
remains fixed, it suggests looking at deformations of the Killing superalgebra.
The Poincaré superalgebra of flat space is known to be rigid under cohomol-
ogy deformations, but other backgrounds (such as the M2-brane and M5-brane
Killing superalgebras of d=11 supergravity) admit nontrivial deformations [147].
It is natural to assume the deformation parameter as a string theory or (for the
case of M-theory) Planck scale quantum correction.

Under certain conditions, one can extract a superalgebra of conserved charges
associated to a background. For asymptotically flat spacetimes this is the ADM
superalgebra. We computed this for M-theory and found that the odd charges
generate, in addition to the ADM momentum, some additional charges. Besides a
topological gravitational charge, which can exist in dimensions higher than 4, we
found the Page type charges associated to magnetic and electric configurations
of M-branes. The ADM formula we produced is universal and can be applied for
generic backgrounds, provided the charges converge.

Inspired by the extended ADM superalgebra, we investigated the extension of
the Killing superalgebra. From the spacetime perspective, we found a geometric
realization of osp(1|32) for the AdS, x.S7 background, whereas we argued that
the pp-wave does not admit a minimally full extension. This does not exclude the
possibility that the pp-wave superalgebra can be extended less than fully. We note
that the geometric realization of the Freund-Rubin backgrounds is not universal as
the Killing superalgebra is. This can be explained from the topological nature of
the extension, whereas the (non-extended) Killing superalgebra is local in nature.

The extended Killing superalgebra is related to the global supersymmetries of
a supersymmetric worldvolume theory. There are many results in the literature
about what type of charges to expect from this perspective [148, 149, 150, 151,

152]. Nevertheless, the superalgebra is in most cases unknown. osp(1/32), and
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its possible role in M-theory, has featured a lot in the literature from different
perspectives [153, 107, 154, 155].

The geometric symmetries we explored are important in string theory. In order
to investigate the non-geometric symmetries, we turned to the doubled geometry
framework, whereby the dimension of spacetime is increased. We reviewed the
framework from the lagrangian perspective and we analyzed the system from the
hamiltonian perspective. We found that in the hamiltonian framework, the notion
of a polarization, which selects the ‘physical’ spacetime, is not necessary. This
gives credit to the doubled formalism as the right formalism to study T-duality.
We found that T-duality in the hamiltonian formalism is a group that preserves
the Dirac bracket.

We also used the framework to quantize a model T-fold. We specified a
nontrivial doubled geometry and quantized the string canonically. We found that
the quantization is equivalent to the results one would find using the conventional
approach of asymmetric orbifolds. We found many interesting features of the T-
fold, mainly that it was modular invariant and that it stabilizes the modulus of
the internal circle. One of the difficulties we came across was the quantization
of the zero modes. It would be interesting to investigate the importance of a
topological term that was added to the action in [122], in particular its role in
our quantization.

The doubled geometry is a framework with many advantages and there is
considerable interest in its use [156, 157, 132, 122, 158, 159, 127, 132, 123]|. The
background field method has been used to find the constraints implied by con-
formal invariance on the doubed geometry [118, 119]. It would be interesting to
further investigate the hamiltonian dynamics and find how various other aspects
of T-duality fit in. This would include the study of D-branes and the relation of
the doubled geometry with generalized geometry.

We finally extended the doubled geometry to include fermions. We argued
that if we do so, we have a system that is at least classically equivalent to the
conventional string. Since supersymetry is interesting for theoretical and phe-

nomenological reasons, this was a vital step to make. One of our results was that
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the supersymmetric constraint is second class and, therefore, quantization can be

at least canonically tractable.
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Appendix A

Conventions and Notation

Most of our conventions are developed in the text. Nevertheless, we will summa-
rize here some generic conventions that we use.

In 11 dimensions we use a mostly minus signature and in 10 dimensions we use
a mostly plus. The Clifford algebra C/(s,t) implies the vector space R, where
d = s + t, with metric n of signature (s,t), ¢ being the negative eigenvalues of
the metric. It is defined by the ideal X - X = —n(X, X). A representation of
Cl(s,t) is given by the gamma matrices, ' in 11 dimensions and 4™ for other
signatures. An antisymmetric product 41" has strength factor 1. Spinors are
taken to be Grassmann odd when working with field variations and lagrangians
(eg. sections §2.1, §2.2, §2.3 and chapter 9) and Grassmann even when discussing
Killing spinors or Killing superalgebras of bosonic backgrounds.

An n-form w is expressed in components

1
W = —‘wml,,_mndxml A...dx™
n!

and the Hodge dual is defined by w A *w = \w\g dvol, which is in components

m. m,
W = T Winym € i1 mg AU o dx™

n!(d —n)!
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where ¢1_4 = 1. A basis of the n-th exterior vector space is often written as

dz™ " = dx™ AL dx™

or, given an orthonormal basis e?,

There are some symbols that we use consistently for the same objects.

e = A e,

present them in table A.1.

M, N
AV
S2V

manifolds

the n-exterior algebra of V'

the symmetric tensor square of V'

the Lie derivative

the subscript indicates the degree of the n-form ¢

a metric

the volume element of the metric

the Christoffel connection or the spin connection

the exterior spin derivative

the gravitino connection of a supergravity theory, or a
superspace covariant derivative

a lagrangian

a hamiltonian

a doubled torus fiber metric, or depending on the context
a subgroup

superspace fields

spinor bundles

spinor fields or Killing spinors

the spinor inner product of € and &’

a Lie (super-)algebra, £ being reserved for a Killing su-
peralgebra

the floor of z

Table A.1: Often used symbols
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Appendix B

Spinors for Freund-Rubin
Backgrounds

In section §5.3 we used spinors in signatures (1, 3), (2,3), (7,0), (8,0) and (1, 10).
In this appendix we elaborate on the respective Clifford modules and spinor inner
products.

For a metric n of arbitrary signature (s,t), a representation of the Clifford

algebra C{(s,t) is defined by
{T4,1%) =~

We choose a unitary representation (I'4)T4 = 1. A spin invariant pairing is

defined with either of the matrices

c= ] r

a=time
C= ] r

a=space

The two matrices are related by acting with dvol and so for d = s+t = odd they
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coincide up to a sign. Let us denote the two pairings respectively (,); and (, )a:

(e,€')1 = eTCe’

(e,€)y = £lCE .

Using I'AT = —p44T4 | with X € R, the two pairings have the properties

(B.1a)

g,y = (— L2J5'62
(e,€)2 = (-1) (€,e) (B.1b)

(X -e,€)y

(—1)S<87X . €>2

In the following we discuss the Clifford algebras for signatures (1,3), (2,3),
(7,0), (8,0) and (1,10). More details can be found in [59, 160].

B.0.4 CI(1,3) and Cl(2,3)

The algebra C/(1,3) is isomorphic to
Cl(1,3) = Mat(4,R) .

A real Clifford representation v* acts on Majorana spinors in Ay = R4,
We use the pairing (B.1b). The symmetric and antisymmetric square of A4

into A" R is

SQAA _ /\ IRL3 oy /\2 R1:3

/\2 Ay = /\0 R1:3 @ /\3 RL3 ® /\4 RL3
The algebra C/(2,3) is isomorphic to
Cl(2,3) = Mat(4,R) @ Mat(4,R) .

There are two real irreducible Clifford representations, which act on Majorana
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spinors in Ay = R* and A4 = R*. The two representations can be built from a

representation of gamma matrices y* of C/(1, 3)

' = dvol(1, 3)y*

" = +dvol(1,3) .

The two representations are differantiated by the sign of dvol(2, 3).
For our purposes we use the sign dvol(2,3) = +1, which act on Majorana

spinors in A 4. The spin generators Sap € spin(2, 3) are related to the generators

of Ce(1,3)

1 1
Sa:__ra:__a:a
b o ab 2’Yb Sab
1 1
Sar: __Far: = Va
> o7

and an even 2n-form in A" R?? gives a 2n-form and a 2n-1 form in A" R'3. They

act in terms of the representation of C/(1, 3) like

Layaz, = Yaraz,

r

ral1-a2n+1 T _’7a1~"a2n+1 .

We use the pairing (B.1b). Then the spinnor pairing coincides with the one
on C/(1,3)

(= =) = (= —)as -

The square of A, into A" R?3 is

SQAA — /\ 2R2’3

AN Ax=N\"R?»P @ \*R?3 .
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B.0.5 CI1(7,0) and C1(8,0)

The algebra C¢(7,0) is isomorphic to
Cl(7,0) = Mat(8,R) & Mat(8,R) .

There are two real irreducible representations, which are differentiated by the sign
of the volume element. We choose a real representation ~¢, with dvol(7,0) = [r],
acting on real spinors in Ag = RS,

We use the pairing (B.1a), which is equal to the other up to a sign. The

symmetric and antisymmetric square of Ag into A" R7 is

S?As = N'R7a A\*R”
AN As=A'R & N\ RT.

The algebra C/(8,0) is isomorphic to
C/((8,0) = Mat(16,R) = Mat(8,R) ® Mat(2,R) .

There is a real Clifford representation, which we can build from a representation

7" of Cl(7,0), where the volume element has sign [r]

0 -1

I, = ®1
1 0
0 1

Fa: ®7a
10

The volume element with orientation da” A [[._, dz® is

-1 0
dvol(8,0) = [r] ®1.
0 +1

A spinor in signature (8,0) splits into two chiral spinors. We fix a spinor in

signature (7,0), which belongs in the module Ag, to lift to a chiral spinor of
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signature (8,0). Its chirality is then —[r|. The spin elements in spin(8,0) act on
Ag in terms of the generators of C/(7,0)

1
Sij = Sab = —5%7‘
1
Sir = =% -
27

An even 2n-form in A*R?® gives a 2n-form and a (2n — 1)-form in A"R". The

latter act in terms of the representation of C¢(7,0)

Fil"'izn = Yiy-ion

r

Pitoiongr — T Viledon4r -

We use the pairing (B.1a). Then the spinnor pairing coincides with the one

on spinors of C¢(7,0)

(= =)o) ={(— )0 -

For chiral spinors of definite chirality —[r] and an odd form ¢ € /\Odcl R®, we have

(g,ce")y = —[r[{dvol(8,0) ¢, ce")
= —[r](e, dvol(8,0) c&’)
= — (g, ce)

=0

and the square of Ag into A\*R® is

S As = N'R¥ @ \"TR?
AN Ag=N\R8 .

B.0.6 CI(1,10)
The algebra is isomorphic to
Cl(1,10) = Mat(32,R) & Mat(32,R)
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and the two real Clifford irreducible representations are differentiated by the sign
of the volume element. We use a real representation where the sign is [r]. It acts
on spinors in the module A = R3?,

The representation I'* = {I'*, T'*} can be built from a representation of gamma

matrices for the Clifford algebras C¢(1,3) and C/(7,0)

' =dvol(1,3)7" ® 1
) (B.2)

I = dvol(1,3) ® v*

and A = AA X As.
We use the pairing (B.1b). Then the spinnor pairing is

<_7 _>|A = _<_’dV01_>|As X <_7 _>|As .
The symmetric square of spinors in A into A" R is

52A _ /\1 R110 ® /\2 R110 ® /\5 RL10
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Appendix C

The pp-wave Killing
Superalgebra

We shall reproduce the Killing superalgebra of the maximally supersymmetric
Kowalski-Glikman wave of M-theory [161, 162, 69, 108]. We use the conventions
of chapter 2 with A = 1. Flat indices X* will be denoted by an under-tilde, while
gamma matrices I'* will always have flat indices without the under-tilde required.
This appendix serves as an example of a Killing superalgebra. We also use the
form of the Killing superalgebra in section §5.1, in order to argue that it does not
admit a full extension.

The Kowalski-Glikman wave describes a Calan-Wallach space, which is a

lorentzian symmetric space, with metric
TR Q0 (70— )2 i3 .
g=dz"dx +§Aija:x(das) — §ydxtda? , i=1...9

and constant flux

F=pdz=AO, 0cA\’R.

The curvature two form is found to be RY; = —A;;dx? A dz' and 0 otherwise and
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so the Einstein equation of motion is satisfied provided® that
R,iC:: = Z A“ = —2u2@ijk@ijk .
i

The solution generically admits 16 ‘basic’ Killing spinors. It is maximally super-

symmetric, up to SO(9), for A;; = d;;a; and © = dx'?*, where

g/ﬂ 1< 3

sk >3
For later convenience we define w; = \/a; and

1 .
—zp 1 <3
)\i - 3# B
% w1 >3.
We immediately compute the nontrivial spin connection w_; = A;jz?dx~ and the

nontrivial Christoffel symbols

Vﬁz == Vza_ == Aij$ja+
V_0_ =) Ayalo; .

The gravitino connection is given by

where I = I'% and so I? = —1.

We will first find the Killing vectors and their algebra, then the Killing spinors
and finally find the remaining brackets of the Killing superalgebra, which we
denote as usual by £ = &, @ €. For the bosonic subalgebra, we express the

metric space as the coset space G/H, where the Lie algebra of G is an extended

Inote we use a negative signature for the flat directions ¢ =1...9.
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Heisenberg algebra g = span{e,,e_,e;, e}, with nontrivial brackets

le_,ef] = —aie; [e,e] = —aey (C.1)

)

[e.ei] = e}

and the Lie algebra of H, denoted by b, is spanned by e;. Indeed, let us express

a coset representative as

+

o(x) = exp(zTes) exp(ae;) exp(a'e;) .

Then the pull-back of the Maurer-Cartan form is
o do = ey drt +dx (epalel + Ar'ale,) + da'e; .

The Lie algebra split Lie(G) = g = p @ b, with p = span{e,,e_,e;}, is symmet-
ric [163] and the h-invariant metric B, with B(eq,e_) = 1 and B(e;, e;) = —d;j,
gives the metric of the Kowalski-Glikman wave. That is, we identify the tangent
space of G/H at the origin with p and the group G acts on the left of o as isome-
tries of the metric. This gives rise to a Lie algebra anti-isomorphism of g as the
Killing vectors of the isometry flows. If for instance X € g, then we can find the

Killing vector {x that is isomorphic to X, by solving
o Xo=—0"do(€x)+b.

We find the following Killing vectors

)
&y = =0,

€, = — cos(w;x™)0; + x'w; sin(w;z )0y
o = —wisin(w;z")d; — a;x'cos(wiax ™)y .

In many of these calculations we use the Campbell-Baker-Hausdorff formula in
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the form

exp(—Y)X exp(Y) = exp([X, —])Y .

These Killing vectors reproduce the Lie algebra of G, equation (C.1). Further-
more, the normalizer of H gives a consistent right action that is an isometry. The
remaining isometries are manifest, they are the rotations in the first three and

last six coordinates x?. That is,
gMij:xiﬁj—xjai, forl <i,j<3ord<ij>9

and they rotate canonically the &, and &.-. The even part of the Killing algebra
is thus ¢, = (s0(3) x s0(6)) X g.
The Killing spinors satisfy (V,, +€,)e = 0 and this reduces to

5+€ == O
(O + NI Til)e=0

1 . .
0. —~a@' T T =L (1-TTHTI)e=0,
2 6
from which we find the solution
. - - -
€ = exp <§Ix ) e_+ (1 — ;NI F,I) exp (glx ) o

where I'*e, = 0. After some calculations we find the odd-odd bracket. Two

Killing spinors €, &’ € ¢ square to V' € £ with

V=-aT7e¢ T &, + > aNIT/T e Ly,

7,7>3 (0'2)
— (eI, +5, e ) &, — wi (E_IT'¢, +e_T'Ie ) &r .

)

We will identify the Killing spinors with their value at the origin and denote
the corresponding superalgebra elements by () = ), +@_. The even-even bracket
is that of (C.1), along with the canonical action of s0(3) x s0(6). The odd-odd

bracket is that of (C.2). Many cancelations occur so that the brackets close.
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For instance, we frequently use the identity w; /T = —2\,I"*I, with no sum over
t. The same is true for the even odd part. The Killing vector acts as the Lie

derivative on Killing spinors. Using this, we find the remaining brackets

[6+7 Q} - 0
[6—7 Q—} - _gIQ—
- Q4] = —£1Q4 (C.3)

[ei, Q4] = ML I(IQ4)
€1, Q4] = —5 T Qy) .

while the rotations M;; act canonically as a subgroup of spin(1,10). We note that
the element e, is central in the superalgebra, whereas no elements of £, are left

invariant by the whole of £,.
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Index

doubled torus background
coset metric, 91, 120
definition, 85
T-fold, 94, 117

doubled torus system
constraint in phase space, 108
definition, 92
Dirac bracket, 109-110
energy momentum, 111, 132
equivalence, 100, 146
hamiltonian, 110, 112, 121

Fierz identity
C/(1,10) master, 32
type IIb, 33, 49

homogeneity
local, definition of, 50
of heterotic backgrounds, 6061
of plane waves, 52
theorem, 25, 50, 60

interpolating orbifold, 138

Killing
-’s identity, 23, 71
form, 70
square, 72
spinor
11-dimensional, 24
geometric, 69
heterotic, 56
type Ilb, 37
superalgebra
11-dimensional, 25
heterotic, 57
type IIb, 41
vector
11-dimensional, 23

heterotic, 56
type IIb, 40

M-theory, 2, 6, 15

partition function, 136-137

modular invariance, 136, 145-146

polarization

and T-duality, 101
definition, 96

S-duality of type IIb, 35

second class constraint

definition, 104
Dirac bracket, 106

string action

NSR, 5
Polyakov, 4

supergravity

11-dimensional, 15-16
connection, 17

heterotic, 55-56

massless string modes, 56

type Ila, 26

type 1Ib, 34-36

T-duality
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