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Abstract

A Euclidean SU(2) monopole consists of a connection and Higgs field on an
SU(2) bundle over R?, satisfying certain partial differential equations. Monopoles
may equivalently be described in terms of holomorphic vector bundles on twistor
space, algebraic curves in twistor space, rational maps, or solutions to Nahm’s
equations (a set of ODEs for matrix-valued functions), all satisfying some fur-
ther conditions. Research by Atiyah, Donaldson, Hitchin, Nahm and others has
provided a beautiful and relatively complete picture of these different viewpoints
and the links between them.

Monopoles have also been studied on hyperbolic space HB, although the cor-
responding picture in this case is less well understood. One difficulty is that the
conditions which must be imposed in order for all the various correspondences
to be valid have not yet been completely determined. A partial answer is given
in Chapter 2, where it is proved that any hyperbolic monopole arising from a
spectral curve satisfies a certain natural boundary condition. The proof uses the
algebraic geometry of the spectral curve and is similar to Hurtubise’s proof of the
analogous result in the Euclidean case.

A large part of this thesis concentrates on the “Braam-Austin” description of
hyperbolic monopoles. This is the hyperbolic version of Nahm’s description of
Euclidean monopoles; a monopole corresponds to a pair of discrete matrix-valued
functions satisfying some difference equations. Euclidean monopoles appear as
limits of hyperbolic monopoles as the curvature of H? tends to zero. This “Eu-
clidean limit” is described geometrically and is studied in terms of Braam-Austin
data. Explicit conditions are given for such a sequence to have a subsequence
converging to a Euclidean monopole. The result depends on a conjecture (8§4.5)
about properties of Braam-Austin monopole solutions.

Explicit solutions are given in the case of charge 2, based on Ward’s solution of
the discrete Toda equations. The geometry of hyperbolic 2-monopoles is discussed
in some detail, including their spectral curves and the case of “widely separated”

monopoles. The Euclidean limit for charge 2 is illustrated explicitly.
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Chapter 1

Introduction

A monopole on a 3-manifold M is a soliton solution (meaning it behaves in
some sense like a particle) to the Bogomolny equations (§1.2). These are partial
differential equations for a connection and Higgs field defined on a bundle over
M and are a dimensional reduction of the Yang-Mills equations for a 4-manifold.
For nontrivial solutions to exist M must be noncompact, and for the purposes of
this thesis M will always be either Euclidean space R?® or hyperbolic space H3.
A monopole has two topological invariants, the charge k € Z and the mass
m € Rso. The mass may be rescaled, at the cost of rescaling the curvature of
M, so the mass of a Euclidean monopole is generally assumed to be 1. On H3
however, or any space with nonzero curvature, the mass is a significant parameter
(the curvature of hyperbolic space is usually fixed to be —1). On the other hand,
scaling the curvature of M is equivalent to scaling the mass. It was conjectured
by Atiyah [4] and proved by Jarvis and Norbury {20] that in a precise sense the
moduli space of hyperbolic monopoles becomes the Euclidean monopole moduli
space as the curvature of H® tends to zero. This corresponds to the mass tending
to infinity. Their result used a description of monopoles in terms of rational
maps f : CP' — CP!. A large part of this thesis is devoted to studying the same
Euclidean limit in terms of more explicit descriptions; it is not easy to recover
any other description of a monopole from its rational map. The aim here is not
to study the moduli spaces but instead to understand the convergence in terms
of sequences of hyperbolic monopoles whose limit is a Euclidean monopole.
There are several equivalent ways to study monopoles, and the relations be-
tween them are interesting in their own right. The correspondence between “ex-
tended” monopole moduli spaces and spaces of rational maps was proved by Don-
aldson [13] in the Euclidean case, by Atiyah (4] for hyperbolic monopoles with
integral mass and by Munari [22] for general hyperbolic monopoles. If the mass
of a hyperbolic monopole is an integer, the monopole defines a circle-invariant

instanton on R*; if not the same process gives an instanton on R* \ R? with non-

3



trivial holonomy around the removed R2. Thus results about integral hyperbolic
monopoles may be obtained using known facts about instantons, in particular the
“ADHM?” description; but these are not easily generalised to the nonintegral case.
A Euclidean monopole may be thought of as a translation-invariant “instanton”,
though it will have infinite action (the action is the integral of the norm-squared
of the curvature over R*).

Using twistor theory, both Euclidean and hyperbolic monopoles have descrip-
tions in terms of holomorphic bundles over a “minitwistor” space Z [16], which
is the total space of TP! in the Euclidean case and P* x P! in the hyperbolic case
(where P! denotes the complex projective line). A consequence of this is that a
monopole determines and is determined by an algebraic curve S in Z, called the
spectral curve. The procedure for obtaining S is explained by Hitchin in [16],
and by Murray and Singer in [23] for the hyperbolic case. It will be discussed in
more detail later.

The other very useful description of monopoles is related to the ADHM con-
struction for instantons and was first used by Nahm [25]. The ADHM construction
represents instantons in terms of algebraic objects: vector spaces and a linear map
between them which depends linearly on z € R*. In Nahm’s version, for certain
instantons with infinite action, the vector spaces are infinite dimensional and the
linear map is replaced by a differential operator. This operator is determined by
three functions Ti(s), T2(s) and T3(s) on the interval (0, 2), which have values
in the 2 x 2 matrices. They must satisfy certain conditions, including Nahm'’s

equations:
dT;

ds
for each cyclic permutation (4, §, k) of (1,2,3). In the hyperbolic case it is more

= [T}, Tk]

obvious how to adapt the ADHM description for integral monopoles, by restricting
to the circle-invariant case. This was done by Braam and Austin in [12]. The
result is again a set of matrix-valued functions, this time on a discrete subset of
the interval and satisfying a set of difference equations, which will be referred
to as the “Braam-Austin equations”. There is as yet no similar description for
non-integral monopoles.

Although similar tools may be used to study Euclidean and hyperbolic mono-
poles, the picture in the hyperbolic case is less well understood. In particular it
is not known what boundary conditions must be imposed on the connection and
Higgs field of the monopole to ensure that all the correspondences between the
various descriptions hold. It is shown in Chapter 2 that every monopole (with

connection V, Higgs field ® and mass m > %) which arises from a spectral curve



satisfies the boundary condition
|®] = m +O(e™?)

where r is the geodesic distance from the origin in H3. This is a step towards
finding a complete set of boundary conditions for (V,®). The “Braam-Austin”
description of integral monopoles, in terms of matrices and difference equations,
is given in Chapter 3, where it is compared to the standard form of ADHM
data. Solutions for 1-monopoles and an axially symmetric 2-monopole are given,
together with some results on centring. Chapter 4 is concerned with the Euclidean
limit in this picture and describes the way in which Braam-Austin data becomes
Nahm data as the curvature of H3 tends to zero. In Chapter 5 a full solution for
charge 2 monopoles with fixed centre and orientation is given, following Richard
Ward’s solution of the “discrete Toda” equations [29]; these are essentially the
same as the Braam-Austin equations. The centre, spectral curve and Euclidean
limit are discussed in detail for this solution. Some of the results on which the
Braam-Austin description rests have proofs in terms of equivariant cohomology,
and these are mentioned briefly in Appendix A. The rest of this chapter contains
definitions of monopoles and instantons, together with some details about the
link between them and the correspondence with holomorphic bundles via twistor

theory.

1.1 Bundles and connections

Let E be a vector bundle over a manifold M. Then the p-forms Q?(M) on M
and the E-valued p-forms QP(F) are given by

P(M) = T(APT*M)

PE) = TINWT*M®E)
where T*M is the dual of the tangent bundle of M, I'(F) denotes the space of
sections of the bundle F, and AP refers to the pth exterior power. A connection

A on E may be thought of as a covariant derivative D4, which is a map from

sections of E to bundle-valued one-forms:
Dy QO(E) — Ql(E) '

A will also sometimes be used to denote a one-form with values in EndE, such
that in a local frame for E, the map D, is given by d+ A, i.e. D4s = ds+ As where
d is the (de Rham) exterior derivative. From this point of view the curvature
F4 of A is given by

Fy =dA + A, A
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which is an endomorphism-valued 2-form. In fact, if £ has structure group G,
with Lie algebra g, then Fj4 has values in the adjoint bundle of E. For G =
SU(n), this is the subbundle of EndE consisting of trace-free endomorphisms.
For general G, its fibres may be identified with g. The 1-form A may also be
thought of as g-valued, or as a 1-form on the adjoint bundle of E. Note that
the commutator [A, A] in the above expression is a matrix commutator, but with
ordinary multiplication replaced by exterior multiplication (wedge product).
The covariant derivative D, extends to a covariant exterior derivative

ds: Q(E) —» PTY(E)
by imposing the Leibnitz rule. To be more precise, using the isomorphism
P(E)~QP(M)®T(E)
the map d,4 is given by
da(¢®s) = d¢® s+ (—1)98()¢ @ Dys

where ¢ € Q?(M), s € I'(E) and d is the exterior derivative. There is an equivalent

definition of curvature in terms of d4, which is
Fy=dsoda
and any connection A satisfies the Bianchi identity:
daFaq=0

Given bundles E and E' on M, with connections A and A’ respectively, there is

a direct sum connection defined on F = E @ E' by
DA@AI(S O] S’) = DAS D DA/S’

Any connection on F which may be written in this form as a direct sum is said to
be reducible. On the other hand, a connection which does not fix any nontrivial
subbundle is called irreducible.

If M is an n-dimensional, oriented Riemannian manifold (so that it has a
metric (,) and a fixed n-form [vol]), then the Hodge star operator is defined.

This is a map
x: OP(M) - Q"P(M)

defined by the identity
a A *b = (a, b).[vol]
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where a,b € QP(M). In future, *4 will always denote the Hodge star on R* with
the Euclidean metric, and *3 the star on H® with the hyperbolic upper half space
metric. Usually no subscript is needed as it should be clear which metric is being
used. For clarity, connections on bundles over R* will often be denoted by a bold

A, and connections on R® or H® by A.

1.2 Definitions of monopoles and instantons

Definition 1. A monopole is a solution (A, ®) to the Bogomolny equations:
DAq) = *FA (11)

over an oriented Riemannian 3-manifold M, where A is a connection on an
SU(2)-bundle E — M, Fy4 is its curvature, and ®, the Higgs field, is a section of
the adjoint bundle.

There are monopoles for other Lie groups, and most of the theory generalises
to these cases, but the generalisations will not be considered here. The group will
always be SU(2), and so ® may be thought of as an su(2)-valued section.

A hyperbolic monopole is a solution to these equations over hyperbolic
3-space HP®, which will usually be thought of in terms of the upper half space
model, with coordinates (u,t) € C @ Rso. Monopoles on R*® with its standard
metric will always be referred to as Euclidean monopoles.

Monopoles are studied modulo the action of the gauge group, G, which may
be thought of as the group of bundle automorphisms of E fixing H2, or the group
of transformations between local trivialisations of E. (Physicists refer to “fixing a
gauge” when they mean choosing a trivialisation.) Two monopoles are equivalent

if they are related by a bundle automorphism
g: 2 — SU(2)

(a smooth map giving a “change of coordinates” in each fibre). If the action
of G on sections of E is s — gs, then the action on the monopole is given
by (Da,®) = (9Dag™",g®g™"). The action on Fy is Fs gFag™ .
framing (or local trivialisation) of E this is, for ® and Fjy, conjugation of matrices
in the usual sense (although the entries of F4 are 2-forms). D, is a differential
operator, thus if it has connection 1-form «, so that D(f) = df + of, then the

action of g € G on « is

Given a

o= gozg_1 + dgg‘1

There are several boundary conditions which are usually imposed on monopoles

to ensure that the space of solutions is finite dimensional; one of these is that it
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must have finite energy, i.e. that
U + 2ol
B

is finite. The norms are su(2)-norms, so |®|> = —3tr®2. The space of monopoles
with fixed mass and charge is defined to be the space of solutions which have
finite energy, modulo gauge.

F4 will sometimes be shortened to F'. Another important boundary condition
is that |®| has a constant (nonzero) limit at infinity, i.e. that if z € JH’ is a
boundary point, choose local coordinates (u,t) centred at z (so z is the point
(0,0)), then

i [2(0,)] = m
This limit m € Ry is called the mass of the monopole. For Euclidean monopoles
m can always be taken to be 1, but in the hyperbolic case scaling the mass also
scales the curvature. The assumption that H? has constant curvature —1 means
that the mass is a topological invariant. Usually, a slightly stronger boundary
condition is imposed: that the errors in this boundary approximation decay like
£2. So there is a local frame near the boundary where
o= (”(;” _?m) +0(?) (1.2)

One justification for this is that it holds for any monopole arising from a spectral
curve. Further explanation of this and a proof will be given in Chapter 2.

The charge of a monopole is a topological invariant defined by

k= lim — [ t(@F) (1.3)

r—00 47TM §2
F;

where S? is the sphere radius r in HP, centred at the origin. The charge is always
a positive integer which may be identified with the degree of the map

P

— 525 5?
||

where r is large and the image S? is the unit sphere in su(2) = R® (for a proof,
see [15], page 372).

Definition 2. An instanton on an oriented Riemannian 4-manifold My is a

solution A to one of the equations
*FA = :tFA (14)

where A is a connection on an SU(2)-bundle over My and Fy is its curvature,
which will often be written F. An instanton is called self-dual (SD) or anti-self-
dual (ASD) depending whether the sign in (1.4) is plus or minus.
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Instantons are also considered up to gauge, where the gauge group G is the
group of smooth maps g : My — SU(2). For the space of instantons on a
manifold, modulo gauge, to be finite dimensional, instantons are required to have

finite action. In other words, the integral

/ IF|?d*x
R4

must be finite. For R* instantons this means that A and F extend from R* to S*,
by a result of Uhlenbeck on removable singularities [28].

SU(2) instantons on S* have a single topological invariant, the instanton
number & € Zsy, given by evaluating the second Chern class of the bundle on

the fundamental class [S*].

1.3 Monopoles as circle-invariant instantons

When its mass is an integer, a hyperbolic monopole can be described as a circle-
invariant instanton. These are relatively well understood, so this is a useful point
of view for studying monopoles. It was first pointed out by Atiyah in [4] and is
the hyperbolic analogue of the description of Euclidean monopoles as translation
invariant solutions of (1.4) (see [7], p120). The hyperbolic case seems simpler
in this respect than the Euclidean case, since it involves finite action instantons;
Euclidean monopoles correspond to “instantons” with infinite action.

To see how the correspondence works, first take coordinates (z,y,t,6) on R*

(where (t, ) are polar coordinates on R?). Then the metric is

ds? = di® + dy? + dt* + t°d6?

dz? + dy? + dt?
= t2{$+t§{+"+d92}

Hence there is a conformal equivalence
R\ R~ H x S (1.5)

because (dz? + dy® + dt?)/t? is the hyperbolic metric for the upper half space
model of H? (¢t > 0). This means that H’ may be thought of as the quotient
of R* \ R? by the natural circle action (given by 8). The fixed point set is the
R? spanned by z and y, which is the set {¢ = 0}, and this corresponds to the
boundary of H3.

An instanton A is given by

A = Agdz + Aydy + Adt + Aygdf
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and A circle invariant just means that (in some gauge) the functions A; must be

independent of 8. Writing
A=A+ odo

gives a way to change between instantons and monopoles (suppressing the pro-

jection map 7 : S* — HP), provided the following is true:

Lemma 1.1. A pair (A, ®) satisfies (1.1) iff A = A + ®df satisfies (1.4) with a
fized sign.

The sign depends on the orientations, so monopoles may correspond to SD or
ASD instantons depending on the conventions chosen. The proof below uses the
conventions of Atiyah in [4], starting from a given orientation of R* and giving a

correspondence with ASD instantons.

Proof Use the circle action to orient the ¢, plane. The orientation of R* then
induces an orientation on the fixed R? (the z, y plane) and this, in turn, orients H®,
which has the fixed R? as boundary. The orientation of the fixed R? corresponds
to an “inward-pointing” normal, so that H* inherits the opposite orientation by
this method to the one it has from the equivalence (1.5). If A = A + ®df then

F = F+ (Dy+ ®d0)®d — &dO(D 4 + db)
= F+ Du(®)Adb

So, taking account of the orientations,
*4]F = — %3 F Adf— *3DA(¢)

Thus F = — %, F if and only if %3F = D4(®), i.e. A is an instanton if and only if
(A, ®@) is a hyperbolic monopole. d

This shows that every hyperbolic monopole is equivalent to an instanton on
R? \ R2, though there is no reason to expect it to extend to the whole of R.

Generally it does not extend:

Lemma 1.2. If m ¢ Z then the instanton A given by the monopole (A, ®) does
not extend to the whole of R*.

Proof The problem with extending A to R* is that df is singular. If (z,y,u,v)

are Euclidean coordinates on R?*, where u = tcos# and v = tsin, then

dt = du.cos@ + dv.sinf
4 = dv.cos @ — du.sin 6

t
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which shows that df is singular at ¢ = 0, but ¢df is not. The connection A cannot
be extended across ¢ = 0 unless there is a gauge where the df term is zero. By

the boundary condition (1.2), there is a local frame where

o =i (73 Om) +O(#)

(recall that “oco” is at t = 0). If m is an integer, g € G given by

e—ime 0
9= ( 0 6im0) (16)

is well defined on R* \ R?. Changing gauge with g, the df part of A becomes
g ®dfg + O(t?)df + g~ 949 = O(t*)db

which is nonsingular, so in this case A may extend.

On the other hand, any g € G which removes the df term must involve e*™™,

im0 _ 09
0 —im /)3T "o

near t = 0. Solving these differential equations for the entries of g gives terms

since g must satisfy

Ce*r™®  These functions are not well defined for m ¢ Z, and so instantons on
R* \ R? with nonintegral mass do not extend to R*. O

It is a theorem of Sibner and Sibner [26] that the converse is true: when the
mass is an integer, the instanton does extend to R* (and so to S*), provided the
connection and curvature lie in certain Sobolev spaces.

This shows that the singularity at ¢ = 0 is removable precisely for integral
monopoles, which seems to imply that the only monopoles for which the S4
picture makes sense are those with integral mass. However, looking for a gauge
where everything is independent of 8 is a fairly crude (and not gauge invariant)
method of looking for circle invariance. Braam’s more sophisticated approach
([11], pp 430-431) shows that the S* picture is in fact useful for m € $Z.

1.3.1 Half integral mass and double covers

To understand Braam’s argument it is necessary to look more closely at actions
of S' on SU(2)-bundles over S*. The structure of SU(2) is important here - there
are no such complications if, for example, the group is SO(3).

Let X be a manifold with a circle action g : S! — Diff(X), E an SU(2)-
bundle on X (the construction is no more complicated in this general case than
for 54), and let .A* denote the set of irreducible connections on E. If £ € 5%, the
diffeomorphism ;(€) of X is covered by some bundle autemorphism of E (because
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S! is connected). This automorphism is determined up to gauge because the
group of automorphisms covering the identity is exactly G. In other words, let
T c Diff(X) be the group

T ={u):£€S'}

and let 7 be the group of all bundle automorphisms covering some element of 7'.

Then
e—>G—>H—-T e (1.7)

is exact. Now the natural way to define an action of S! on FE is as a homomorphism
é : S' — H which covers the action on X:

i

Sl—ﬂ*T

where p is the natural projection.
Given such an action, S* acts on B* = A*/G and if [A] is a fixed point of this
action, A is fixed by the action on E up to gauge.

Lemma 1.3. Let Ga C G and H4 C H be the stabilisers of a connection A.
Then [A] € B* is a fized point iff

e >Ga—o>HAa>T —e (1.8)

18 exact.

Proof If [A] is a fixed point then (1.8) is exact: By exactness of (1.7), the
projection H — T is onto; every u(§) € T is covered by something in H. So if
H .4 — T is not onto then there is some element of H which moves [A], and [A] is
not a fixed point. The group G4 is the subgroup of #4 covering the identity, so
(1.8) is exact for the same reasons that (1.7) is exact.

If (1.8) is exact then [A] is a fixed point: In this case the map H 4 — T is onto,
so any diffeomorphism of X induced by some £ € S! is covered by something in
H 4, which fixes A. Since the lift to 7 is unique up to gauge, any lift fixes [4]. O

For an irreducible connection A, the stabiliser G4 is {£1}, so H 4 is an extension
e > {xl} >Ha=>T —e

For hyperbolic monopoles, as described above, T ~ S'. Thus H4 = Z, x S or
Ha= S, where S1 is the double cover of S'. The interpretation of this is that

12



the natural way to lift an action of S' on X to an SU(2)-bundle E over X is as
an S! action which covers the S! action on X, as this allows either possibility
for H4. A circle invariant connection is then one which is invariant under such
a lift. Note that if there is an S! action on the bundle as well, the weights with
respect to this action will be half those of the S! weights. This is the fact which
allows Braam and Austin in [12] to consider monopoles with half-integral weights,
and corresponds to the fact that if m is half-integral (but not integral) then the
matrix g in (1.6) is defined only up to sign, but gauge transformation with g is
well-defined.

1.4 Mass, charge and instanton number

The aim of this section is to find interpretations of the mass and charge of a

monopole, in terms of bundles and circle actions, and to prove

Proposition 1.4. Let (A,®) be a monopole with charge k and integral mass
m € Z. Let  be the instanton number of the corresponding instanton A on S*.
Then

k = 2mk

First consider the definition of ®. Let E be the bundle over S* (so & =
c2(E)) and E the bundle on H?. @ is the df component of a circle-invariant
connection on E, so it encodes information about the circle action. More precisely,
differentiating the circle action on F gives rise to a vector field X (a “lift of 3/06”).
Contracting with the connection, A(X) is an su(2)-valued section over S4, and
& = f*(A(X)) where f : H® — S* is the composition H> — H? x S' — S*. The
second map is the conformal equivalence (together with the inclusion into the
whole S%) and HB is identified with H® x {1} C H® x S*.

Over a fixed point of S%, the circle action is vertical, so ®o is given by the
infinitesimal action on the fibre. Since SZ is pointwise fixed by the circle action,
El|sz, splits by Grothendieck’s theorem as a direct sum L @ L*, with respect to

e?? 0
60— ( 0 e—i”">
some p € Z. The infinitesimal action on a fibre is given by (z(z)) —213)7 SO
comparing with (1.2), p = m. In this way m appears as the weight of the circle

which the circle acts via

action at infinity. The invariant k has an interpretation as the first Chern number
of the positive weight bundle L, which will be a consequence of the proof of

Proposition 1.4.
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The next step is to find the action of the instanton and the energy of the

monopole in terms of x, m and k using the

Lemma 1.5 (Chern & Weil). If F' is a curvature 2-form on a bundle B — M,
then .
det(1 + —Q%F) =1+ao1(B)+o(B)+...

where a;(B) € Q% (M) is a closed 2i-form on M such that the cohomology classes
[a;(B)] € H¥(M) are the Chern classes ci(B) of B.

For a proof see, for example, [9]. O

Suppose F = (91 92 ), then by Lemma 1.5

gs —0
-1 F =
f= g 0 F =g (91 A g1+ g2 A gs)

So
Action = / tr(F A #4F) = —/ tr(F A F) (since F is ASD)
54 St

= —/42(91 A g1+ g2 A gs) = —2(4m°k)
S

Thus Action = —8m2k.
Similarly for the Energy. Note first that |F|?> = | DA®|? because of the mono-

pole equations. Then

Energy = / 2tr(F/\*3F)=/ 2tr(F A Dy @)
S HB

= / 2dir(DF) (d4F4 = 0 by the Bianchi identity)
R

= —/S2 2tr(®F)

by Stokes’ theorem (the sign is due to the orientation of S2). So Energy =
—8mmk, by (1.3).

Proof of Proposition 1.4 All that remains for the proof is to relate the Action
and the Energy. The map 7 : S$* — H3 will be written explicitly this time for

clarity.

Action:/ tr(FA*4F) :/ tr{7* (FA*3F)AdO+7*(Da®A*3Da®)Adb} (1.9)
sS4 S4
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(cross terms cancel using the Bogomolny equations (1.1)). Everything in the trace
is independent of 8, so doing the df integral (1.9) becomes

27r/ tr(F A x3F + Da® A %3D 4 ®P)
m

i.e. Action = 27.Energy.
Substituting the expressions for the Action and Energy already found gives
the result K = 2mk, proving Proposition 1.4. O
A second proof of (1.4) using equivariant cohomology is given in Appendix A.

As promised, there is also

Corollary 1.6. The monopole charge k is the first Chern number of the positive

weight line bundle L over S,

Proof From the proof of Proposition 1.4,

/ tr(®F) = 4mmk
S

2
=]

00 _ mm 0 _ F1 . . . _
On S5°, @ = ( 0 —im) and F' = ( 0 —F ) , diagonal because F' is circle
invariant. So F} is a curvature form on L, tr(®F) = 2imF; and
%m | F, =4rmk (1.10)
5%,

Let ¢ be the first Chern number of L, then by (1.5)

1
c=— Fy
27{ Sgo

Comparing this with (1.10) gives the result. a

1.5 Twistor descriptions

Roughly speaking, Penrose’s “twistor programme” provides a method for trans-
forming vector bundles with connections into holomorphic bundles over a different
space. Twistor theory is a vast subject with many applications, and has proved
an essential tool for the study of instantons and monopoles. One reason for de-
scribing hyperbolic monopoles as circle-invariant instantons is to allow the use of

the twistor correspondence for S*.

15



1.5.1 Twistors for S*

In [3], Atiyah describes the twistor correspondence for S* in terms of the quater-
nions H. Recall that

H= {(L‘] +i$2+j$3+k$4 Iy € R}
where i2 = j2 = k2 = —1 and ij = —ji = k. H can also be identified with C2:
H = {w;, + jws : wy,w, € C}

The 4-sphere S* is isomorphic to HP!, the quotient of H? by scalars acting on
the right. The twistor fibration : CP? — HP' is the map

e [21,22, 23,24](: = [zl +jz2)z3 +jz4]H

and CP3 is called the twistor space of S%. The fibre over a point of HP' is
a complex line CP! in CP?; for example the fibre over [0, 1] is {[0,0, 23, z4]c :
23,24 € C}. The fibre over a general point [a + jb, 1]u € S* is given by

(2) - (Z :—f) (Z) (1.11)

Right multiplication by j on HP' induces an antiholomorphic involution o on
CP3, namely

g: [zla 22 23, 24] — [_2_27 z—la _Z_4a 2'73]

This has no fixed points, but there are fixed lines; these are the fibres of 7 and
are called real lines. The map o gives a “real structure” on CP3, which can be
thought of as an alternative version of the conjugation map.

A vector bundle E on S* lifts to a bundle E on CP3, and there are lifts of
the connection and curvature forms. The reason twistors are important is that
a 2-form w on S* is ASD iff its lift @ to CP® is of type (1,1) (see [3], Chapter
IV, Proposition 2.7). Since the curvature of a holomorphic bundle always has
type (1,1) and any bundle with curvature of type (1,1) has a unique holomorphic
structure compatible with the connection, E is ASD iff E is holomorphic.

To be more precise about the relation between E and E, suppose P is the
real line in CP3 corresponding to z € S*. Then because E is a pullback, E|p,
is trivial. So a basis of E, defines a holomorphic basis for E|p,. Conversely
the fibre F, is the space of holomorphic sections of E|p,. The bundle E has
a unitary structure, or positive Hermitian form. This may be thought of as an

antilinear isomorphism 7 : E — E* such that the Hermitian form on E' is given
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by (u,v) = (u,7v). Then 7 defines a lifting of o to E via

F

Ccp? ——CP?

(because o fixes real lines Py, and E|p, ~ E; x P;). T is recovered from 7 as the

map induced by 7 on holomorphic sections of E‘| P,

Proposition 1.7. There is a natural 1-1 correspondence between anti-self-dual
SU(2)-instantons on S* (up to gauge) and holomorphic SL(2,C) vector bundles

on CP?® with an antiholomorphic lift ¥ of o (up to isomorphism).

This is Theorem 2.9 of [3], Chapter IV. O
Note that the bundles E each have a natural symplectic structure.

1.5.2 Circle action
In this picture, the circle action on S* = HP! can be written
6 _i6
0: (g1, Ju [e72q1,e7 2 golm (1.12)

R? is included in S* via
g+ [g,1]n

so the action (1.12) corresponds to the action g — e‘igqe% on R?, i.e.
2+ a2 + 5Pz

which is rotation in the second factor, as before. The action lifts to CP® and

complexifies to a C* action:
1 1 1 1
A [21, 29,23, Z4] —> [)\_2 AR A2 29, )\_223, /\224]
There are two lines which are fixed pointwise:
]Pl_ :{21:0:2'3} anle’i ={22:0:Z4}

and each of these projects back to the fixed S? in S*. They are interchanged by
o. The C* action on CP3 defines a flow, where PL is the stable manifold and P

the unstable manifold. Given z € CP?®, and multiplying by A*z,

Az = [z1, A22, 23, Aza] = [N"121, 22, A 23, 24)
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So

Az — [0,22,0,2] € P} as |A\| = o0
Az — [2,0,23,0] € PL as || — 0
Because of this,
CP?® — (PL UPL)
C*
which is the twistor space analogue of the isomorphism (R* \ R?)/S* = H®. The
space PL x P! is called the minitwistor space of HB (the closure of H?). The

> P! x PL

minitwistor space for H? is the same with the points corresponding to S2, = oH’

removed. The points of S2, in S* are
{[z1,1]a : 21 € C} U {[1,0]}
and the fibres over these points are the complex projective lines
L, = {[z123, %124, 23, 24) : 23,24 € C\ 0}

together with Lo, = {[z1, 22,0,0]}. Looking at the limit points as |A| tends to
0 and oo, the lines L, correspond to [0,2;,0,1] € P} and [2,0,1,0] € PL; and
these points are related by 0. Lo, corresponds to [0,1,0,0] and [1,0,0,0] in PL
and P! respectively and these are also related by o. This set of points represents
all pairs of points related by o. So let A be the antidiagonal, the set of points
(w4, w_) in P} x P! such that w; = o(w_), then the minitwistor space of H? is
Z = (P} x PL)\ A. The space Z is the hyperbolic analogue of Hitchin’s space
TP! in the Euclidean case ([16], §3).

1.5.3 Spectral curve

A consequence of Hitchin’s minitwistor correspondence is an expression for the
holomorphic bundle E — TP! as an extension in two ways. These extensions
may be used to define the spectral curve. A similar result ([4], §4) holds in
the hyperbolic case, where the monopole defines a holomorphic bundle E —
(PL x PL)\ A = Z, and this will be of use. Let 7. : Z — P} be the natural
projections and let O(r) be the complex line bundle on P! of degree . Then the
line bundle O(p, ¢) — Z is defined to be the bundle

O(p,q) = 74(O(p)) ® 72(O(0))
Using this notation, the two extensions of [4] for E are

0 O(-m—km)—=FE—Om+k,—m)—0
0> O(m,—-m—k) = E—= O(-m,m+k)—0
18



The involution o induces an involution on Z which lifts to a quaternionic structure
on E. Pullback under this lift followed by complex conjugation exchanges the
two extensions. The extensions may be combined to produce a map ¢ : O(—m —
k,m) — O(—m,m+k). This map is multiplication by a section F of O(k, k), and
the spectral curve of the monopole is defined to be its zero set {F = 0}. From the
definition, the spectral curve is the set of points in Z over which the two bundles
O(—m—k,m) and O(m, —m—k) coincide and, in particular, O(—2m—k, 2m+k)
is trivial on the spectral curve.

The points of the spectral curve correspond to geodesics in H®. Atiyah ([4],
pp29,30) showed that these geodesics | are precisely those on which the solution

s to
Vis+i1Ps=0

(where V,; is the component of V along [) decays exponentially as a function of
geodesic distance from the origin, in both directions along [.

It is necessary for the next chapter to make it clear which curves will be
considered as spectral curves of monopoles. It was shown in (23] that the spectral
curve of a hyperbolic monopole with mass m and charge k is a compact algebraic
curve S C Z in the linear system |O(k, k)| (so it has genus (k — 1)?) such that

@ S is real with respect to o
e the restriction of O(—2m — k,2m + k) to S is trivial

There are two more conditions suggested by those satisfied by the spectral curves
of Euclidean monopoles. One is that S has no multiple components, and the other
is an analogue of Hitchin’s nonsingularity condition [17}, that H %S, L*(k-2)) =0
for z € (0,2) where L is a canonically defined line bundle. Murray and Singer are
currently working on these as part of their programme [24]. What follows does
not use them, so the monopoles obtained from spectral curves in the next chapter

may have singularities.
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Chapter 2

Boundary conditions

The aim of this chapter is to prove that the boundary condition (1.2), describing
the rate of decay of the Higgs field, is satisfied for hyperbolic monopoles arising
from spectral curves. A similar result was proved by Hurtubise [19] in the Eu-
clidean case, by analysing the algebraic geometry of the spectral curve and its

relation to the bundle E. His strategy will be used to prove

Theorem 2.1. If (V,®) is a hyperbolic monopole coming from a spectral curve,
with mass m > %, then ® is asymptotically constant and the error terms decay

like e~ (where r denotes geodesic distance from the origin). In other words
|Bos| = m + O(e™)

The proof uses the structure of the minitwistor correspondence, and so the
first task is to understand this in more detail. The reason for the condition m > %
will become clear towards the end of the chapter. All the results of this chapter

hold for monopoles with nonintegral as well as integral mass.

2.1 The minitwistor correspondence

Hitchin ([16], §3) constructs the Euclidean minitwistor space TP! as the space of
oriented lines in R3. In the same way, Z = P! x PL \ A is the space of oriented
geodesics in H®. This is intuitively clear, thinking of H3 as the interior of the
unit ball, since a geodesic is determined by its past and future endpoints, i.e. by
a point of S? x S? (minus the diagonal, since the past and future endpoints must
be different). The complex structures arising from Hitchin’s construction give
the second sphere the opposite orientation to the first, so that in fact it is the
antidiagonal A = {(n, on)} which is removed. Coordinates on Z will sometimes be

written (7, ¢) and sometimes ([wg, w1), [20, 21]), Where 7 = wi/wo and ¢ = z1/ 2.
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These are related to the CP? coordinates of the previous chapter by
23 22
= (=-2=2

’]7 =
21 24
The twistor correspondence gives a formula relating points of Z and geodesics in

H? via the formula (1.11):

21\ u —te™® 23
z ) \ te¥ a 24
where (u,t) € COR, = H® are upper half space coordinates on H3. Eliminating

0, this pair of equations reduces to
t22324 = (uz3 — 21)(22 — U24)

which, in terms of the coordinates (n,{) on Z, is

t?n = (1 —un)(¢ + 1) (2.1)
The relationship between H® and Z may be thought of in terms of a correspon-
dence space C C Z x HB consisting of those points of Z x H® satisfying (2.1).
Since Z is the space of oriented geodesics in H?, an equivalent way to define C
is as the space whose points consist of a geodesic in HB® and a point of H® which
lies on it. There are natural maps from C to Z and to H®.

It is a straightforward check that the real structure o on CP? descends to a

real structure y on Z given by:

¥(n,¢) = (—%-%)

which corresponds to changing the orientation of the geodesics.

Fixing a point z = (u,t) € H® fixes a complex projective line L, in Z via
(2.1), corresponding to the set of oriented geodesics through z (the antidiagonal
does not meet any of the lines L;). What is more, L is real, in the sense of being
fixed by ~, and all real lines in Z arise in this way. Two of these real lines Ly and
L,, corresponding to z,y € H3, meet in exactly two points in Z, which represent
the two oriented geodesics joining z and y.

Thus a geodesic in H® defines a pencil of real lines in Z (with one real param-
eter), all of which pass through two points (corresponding to the two orientations
of the geodesic) and no two of which meet at any other point. For example,
suppose the geodesic is given by {u = 0}, the t-axis in the upper half space
model. Then for fixed ¢ the real line L) is given by (2.1) to be n = b(, where
b= 1/t € Ry (or equivalently {( = b'n with b’ = t?). So the pencil of real lines
defined by the geodesic {u = 0} is

P={n=0b:bec(0,00)}
The lines in P all meet in the points (1,¢) = (0,0) and (n,¢) = ¥(0,0).
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2.1.1 A different viewpoint

A neat way of writing the twistor correspondence for H?® is described by Mur-
ray and Singer in ([23], §2); their argument will be summarised in this section.
Twistor theory was originally developed for Minkowski space M, and hyperbolic
3-space is isomorphic to the quotient U /Rs0, where U is the open cone of future-
pointing timelike vectors in M and R acts by scalar multiplication. Geodesics
in HB are represented by null geodesics in U, i.e. geodesics which have null di-
rection. The Rsq-orbit of such a geodesic is a time-like 2-plane in U, and such
a 2-plane ¥ contains two families of null geodesics. These two families provide a

coordinate system on ¥ (see Figures 1 and 2).

0 0
Fig 1 Fig 2

Figure 1 shows the time-like 2-plane ¥ in U (with one dimension
suppressed) and Figure 2 illustrates the two families of null geodesics
contained in ¥. Note that each family may be thought of as the Ry
orbit of any one geodesic in the family. The limiting geodesics form
the boundary of 2.

Matrix version

Minkowski space M may be identified with the space of 2 x 2 complex Hermitian

matrices, under

_ Xo+ X3 Xy +iXy
(Xo, X1, Xo, X3) » X = (Xl —1Xs  Xo— X3

Then | X|? = det X and U becomes the cone of positive definite matrices in M.
The lift of (2.1) to this picture is

w=Xz (2.2)
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where w = (wq, w1)%, 2 = (20,21)¢ (and still n = wy/wo, ¢ = 21/20). There is a

correspondence space diagram

P/CI\U
L]

where the bottom two arrows both represent taking the quotient by a R action.

P is the space
P = {[wo, w1, 20, 21] € CP? : Wozg + W21 € Ryo}
and C’ is the the subset of U x P given by
C'={(X:w,2)eUxP:w=Xz}

A point [w, z] of P corresponds via (2.2) to the null geodesic

ww* Jz(Jz2)*

7[w,z](s) = <w’ z) +s |z|2

in U, where s € Ry, * denotes conjugate transpose, J(2o,21)" = (=21, Z)t and
(w,z) = w*2. (Ywz(s) is a matrix since w and z are column vectors.) Thus P
may be identified with the set of null geodesics in U.

The Rsq-action on P is

X : [wo, wy, 20, 21) — [ANFwo, AFwy, A% 20, AT 2]
and taking the quotient recovers the twistor space Z of HB:

P/Rso = {([w],[2]) € P! x P': (w,2) # 0}
= Z

A point ([w],[z]) of Z corresponds to the Ryg-orbit of the null geodesic Yw,z),
which is a null 2-plane in U. So it defines a geodesic in H®. Thus the quotient of
the correspondence recovers the original twistor correspondence. The advantage
of the Minkowski space picture is that it makes it easier to find a formula for
the Higgs field ® along a fixed geodesic [ = {u = 0}. This geodesic ! is now
represented by the time-like 2-plane

In= {(g 2) : u,v are real and positive}

which is the intersection of the 2-plane of real, diagonal matrices with U.
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2.1.2 Correspondence for II

The restriction of the twistor correspondence to the timelike 2-plane IT will now
be explained in more detail. For a point X € II, the line Lx € P is given by
w= Xz, ie.

Wy = U2 w, = V23 (2.3)

(so the quotient is the line n = b( in Z where b = v/u). The points of II
correspond to a pencil P of real lines in P. If [w, z] € P lies on one of the lines

in this pencil, then (2.3) may be solved for v and v:

Wo
U = — v =
20 21

w

except at points of P of the form [0, w1, 0, z] or [wo, 0, 2,0]. In the first case u is
left undefined, and in the second case the same happens for v. The reason is that
these special points of P correspond to null geodesics in U which lie completely
inside IT. All the other geodesics corresponding to points of P lying on lines in P
intersect I1 exactly once, and u and v give the coordinates of the intersection. So
the two families of null geodesics on II are the families {u = uo} and {v = vo}.

A point X = (u,v) € II defines a real projective line Lx in P, given by
z’X = {[UZO, ’UZl,zOle] 120,21 € (C} (24)

Any two such lines Lx and Ly descend to real lines Lx and Ly in Z, which

intersect in the two points

P = ([LO], [1’0]) P2 = ([Oa 1]’ [0’ 1])

(coming from 2; = 0 and z = 0 respectively in (2.4)). This fact will become
important for the calculation of the parallel transport coming from the Ward

transform.

2.2 Ward transform

The Ward transform relates bundles with connection on HP® to holomorphic bun-
dles on Z. This section contains a brief explanation, which is then used to find a
formula for ® (near OH®, along the fixed geodesic [) in terms of the geometry of II
and U. Given a bundle E — HB, its Ward transform E —» Z is the holomorphic
bundle with fibres '

gy = {e €T(L, B) : (Vi — i®)e = 0}
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where [ is the geodesic in H® corresponding to (7,{) € Z and V| is the covariant

derivative in the direction of I. E' is recovered from E by
E, = H(L,,O(E))

(certainly, E thus defined is a vector bundle, since the restriction of E to any real
line L, is trivial). The connection and Higgs field on E are also defined by E, in
a more involved way which will be explained in §2.2.1, §2.2.2 and §2.2.3.

There is a similar relation between the pullbacks Ey — U and E(p) — P of
E and E to U and P respectively. P is a 5-dimensional real manifold, so E'(p)
cannot be holomorphic, but it is a CR-bundle. A definition of CR-bundles will
not be given here; it is enough to know that the restriction of E‘(p) to any real
line Ly & P!, corresponding to a point X of U, has a complex structure with
respect to which the restricted bundle is holomorphically trivial. In addition, if
E ) is the pullback of a bundle on H3, with a pullback connection, then E(p) is
the pullback of a holomorphic bundle on Z. For details of this correspondence
see ([23], §3).

2.2.1 Parallel transport

Let E — Z, a holomorphic bundle, be the Ward transform of the bundle £ —
H® with connection A, and suppose z,y € H? lie on the geodesic I. Then the
corresponding projective real lines L, and L, in Z meet in two points. Let p be
the one which represents [, when it is oriented so that the positive direction is
from z to y. Let e € E; be a point in the fibre of E over z. To define the parallel
transport of e along ! from z to y, first recall that

E, = HO(LmO(E)) E, = HO(Lw O(E))

So e is represented by a section s of E over L,. The restriction of E to any real
line is trivial, so there is a unique holomorphic section s’ of E over L, such that
s(p) = s'(p). This section &' represents a point e’ € E, which is defined to be the
parallel transport of e along [ to E,. The fact that this parallel transport does
determine a connection A is a consequence of the existence of a Ward transform.

2.2.2 R,g-invariant bundles over II

Suppose Eyy — U, with connection Ay, is the pullback of E — H?, connection
A. Then (Eq), Aw)) is Ryo-invariant, as is its transform E‘(p) — P, and E(p) is
the pullback of some holomorphic E — Z. The plane I in U corresponds to the

geodesic [ in H®. By §2.1.2, evaluation at p; and at p; each define a connection on
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E|;, because if z,y € | then the real lines L,,L, in Z intersect at p and p,. But
these connections also lift to connections V?, V2 on E)ln. To see what these
are, note from (2.4) that if (u,v), (u,v2) € II then the corresponding lines in P
intersect at [u,0,1,0] € P, which is in the preimage of ([1,0],[1,0])) =p1 € Z. So
parallel transport with V!, the lift of the connection on £ defined by evaluation
at pi, is the same as parallel transport along one of the null geodesics u = ug in
IT with Ay (i.e. in the v direction). In the same way, parallel transport with
V? is parallel transport along v = vy with A). They are defined for parallel
transport between any pair of points in II, because the orbit of any point of II
has a representative on any given one of the null geodesics in either of the two

families. It makes no difference which geodesic in the family is chosen.

2.2.3 A formula for ¢

The coordinates (u, v) on I give homogeneous coordinates on the quotient I1/Rso,
since the action of R is given by (u,v) — (Au, Av). This symmetry is generated
by the Euler field

X = uly + v0,

A 1-form on II is horizontal if its contraction with x is zero (i.e. if it is pulled

back from H®) so any horizontal 1-form (2 may be written

du dv
Q=al|l—-—) =
a ( s ) adlog(u/v)

for some function o which is homogeneous of degree 0 in (u,v).

Suppose A(yy has covariant derivative

DA:d+Q<d%) +R(%}E>

Any connection may be written in this way, for some matrix-valued functions @
and R. Because Ay is Ryq-invariant, @ and R are homogeneous of degree 0 in
(u,v) in an appropriate gauge. The Higgs field is 7.9, where 9 is the component
of Ay in the direction of the symmetry. So % is the contraction of Ay with x:

v=Dasx)=Q+R

Because V! and V? are pulled back from H?, they may be written

V1=d+a(d—u—d—v) V2=d+ﬁ(5l3—d—v>

u (Y u v

Parallel transport with V? is just parallel transport with Ay, in the u direction,

so the contractions of V2 and D4 with 8, (i.e. their du components) must be the
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same. Thus Q = § and by a similar argument, R = —a. Substituting these,
V! =d - Rdlog(u/v) V? = d + Qdlog(u/v)

SO

V2 - V! = (Q + R)dlog(u/v) = ¢dlog(u/v)

It remains to show that log(u/v) = 2r, where 7 is geodesic distance in H® along

the t-axis [ from t = 1, to obtain the result:
2&dr = i(V? - V) (2.5)

But a point (u,v) € II corresponds to the line n = b( in Z, where b = v/u
(see §2.1.2), and b = 1/t*>. Geodesic distance along the t-axis is given by the

coordinate 7 = log t, measured from the point ¢ = 1. So
log(u/v) = log(t?) = 2r

completing the proof that (2.5) gives a formula for ®. O

2.3 Blowing up Z

The idea for the proof of Theorem 2.1 is to use this formula for @ and look at
what happens as ¢t — 0, that is, as b — oo. This section contains the necessary
groundwork, including finding a good coordinate system on (a blowup of) Z.
Recall that [ is the geodesic {u = 0} in H3, which defines a pencil P of real lines
{n = b(} in Z (taking the quotient of the pencil defined in P).

The twistor space Z can be covered by the two charts: V; = {n,¢ # o0} N
Z and Vo = {1, # 0} N Z, since the two points of P} x P! not contained in
V, U V, lie on the antidiagonal A. The transition map from V; to V; is given by
(n,¢) = (1/n,1/¢).

All the lines in the pencil P meet in the two points p; = (0,0) and p =
7(0,0) = (00, 00), and these are the only two points where a pair of lines in P
meet. So blowing up Z at these two points turns the pencil into a ruling of lines
R.o x P'. Using coordinates (b, () on the blowup Z, the map n = b( describes the
projection 7z : Z — Z. Pulling everything back to Z is equivalent to pulling back
to the correspondence space C, because it separates all pairs {(L,z) : z € L},
where z € HB is such that L, € P and L is a geodesic in H®. This is useful, since
the natural coordinates (b,¢) on P are much more convenient than (7,() on Z.
They are nonsingular (on the pullback P of P to Z), and some coordinate system

including b is needed to make the behaviour as b — oo clear. Also, the lines
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{b = constant} are real, whereas the lines {¢ = constant} and {n = constant} are
not. Calculating the transition matrix for the lift of E|p to Z is the same as finding
the transition matrix on Z from V; = V; — {{ = 0, # 0} to v(V;) = V,. The
idea is to find an explicit formula for this matrix. The notation Ly = {n = b},

Ey = E|(o,5) and E,=F |, will be used frequently.

2.3.1 Intersection of P with the spectral curve

The aim of this section is to describe the intersection points Ly N S, and their
behaviour as b — oo. These results underpin all that follows.

The spectral curve S of the monopole is given by F € I'(Z,0(k,k)), so it is
an algebraic curve on Z of bidegree (k, k). This means that for each b € (0, 0)
there are 2k intersection points of L, with S. As b — oo half of these intersection
points approach the line {¢ = 0} and the other half tend to limits on {n = oo} (see
picture). Reality of S and of L, means that the whole picture must be symmetric
under «y, which, in Figure 3, may be thought of as reflection in the antidiagonal
A. So the intersection points must come in pairs related by 7, and for large b
there will be a natural way to split the points into two sets, with one from each
pair in each set. Similarly as b — 0 the intersection points approach {n = 0}
and {¢ = oo}. For large b, label the intersection points Ly N S by {(n:(b), (b))},
where 7;(b) = b(;(b) and, choose the ordering so that

(7:,¢) = (¢,0)for 1 < i< kasb— o0 (2.6)

and
(Mt Crti) = Y(Mis G) (2.7)

Assume that ¢; # 0 Vi, i.e. that (0,0) € S. This can always be arranged by

choice of coordinates so there is no loss of generality. Then by (2.7)
(Mhis Gee) = (=1/Gi, —1/7)

so as b — 0o,
Mesi — 00 and (eyi = —1/6;

The relation 7, = b(, implies that
Nk+i — O(b) and Ci = O(b—l) (28)

when 1 <1< k.
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Fig 3: An intuitive picture to illustrate the pencil P. The diagram
shows the four (horizontal and vertical) lines {¢ = 0}, {¢ = oo},
{n =0} and {n = oo} and also the points (0,0) and (0, 0) where all
the lines in the pencil intersect, which are to be blown up. Despite
appearances, A does not intersect S or any of the lines in P.

2.4 An expression for the transition map of E

The next task is to make explicit the dependence of E on the spectral curve, by
finding the transition map from Vi to V.

First recall (§1.5.3) that E can be described as an extension in two ways:

0— O(-m —k,m) = E — O(m+k,—m) =0 (2.9)
0 O(m,—m—k)—>E—O(-m,m+k)—0 (2.10)
and O(—m — k,m) and O(m, —m — k) coincide on the spectral curve S, given
by {F = 0}. Here F is the composition of the maps from O(-m — k,m) to E

to O(—m, m + k). Because O(—m — k,m) and O(m, —m — k) coincide on S, the
bundle O(—2m — k, 2m + k)|s is trivial.

29



2.4.1 Note on extensions

In general, extensions E given by an exact sequence
0O->L—->E—-M=0

of bundles over a manifold X, are classified by H'(X, L& M*). To see this, first let
{U;} be an open cover of X, so that E|y, = L|y, ® M|y, and choose trivialisations

S; - XXCn:_—)LIUi
ti : X xC™ = My,

for each i. These give a trivialisation of E|y, for each 7; and the transition

functions of L and M are

-1
¢z’j = $8i$;

vy = tt;

respectively. Because L is a subbundle of E and M is a quotient (of E by L), the
transition function g;; on U;; = U; N U; must be a matrix of the form

w=(% &)

mapping L|y, ® M|y, (in the j trivialisation) to itself (in the 3 trivialisation).
To make the trivialisations clearer, &; : M|y,; = L|y,; may be written

& = Sz‘nijtfl

where 7;; : X x C™ — X x C" is the identity on the first factor (note no triviali-
sations are seen by ). Then the cocycle condition gi;g;rgr: = 1 translates to the
condition

sty b + simgrty '+ simkaty L =0

so {si;xt; 1} is a Cech cocycle representing an element of H'(X, L® M*) (in the
i trivialisation). The other elements of the same equivalence class are obtained by
changing the trivialisations of L and M. This shows that extensions are classified
by HY(X,L ® M*). Conversely, if v is a representative of an extension class and
vi; is the (ij) part (in the j trivialisation) then, comparing definitions, the entry
§;; of the transition matrix g;; is given by sisj‘luij = ¢ijv;5. This correspondence
between bundles and extension classes via the transition map will be used now

in the case of extension (2.9).
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2.4.2 Calculating the transition map

Extensions of type (2.9) are determined by elements of H'(Z, O(—2m — 2k, 2m)).
Atiyah ([4], pp 14-15) explains how to obtain the extension class for E from S as
follows. Given F, there is a short exact sequence:

0 — O(=2m — 2k,2m) 23 O(=2m — k,2m + k) = O(—2m — k,2m + k)|s — 0
which has coboundary map

§: HY(S, O(=2m — k,2m + k)) — H'(Z, O(—2m — 2k,2m)).
The space H'(Z, O(—2m — 2k, 2m)) determines the extensions (2.9).

Lemma 2.2. All nonzero sections f € H°(S,O(=2m — k,2m + k)) define the
same eztension (as in (2.9)) via the eztension class §(f) € H'(Z,0(—2m —
2k,2m)).

Proof: The space, H(S,O(—2m — k,2m + k)), is one dimensional, since the
bundle is trivial on S, so the result is true provided ¢ is injective. The kernel of
J is

kerd = H*(Z, O(-2m — k,2m + k))
(with equality since H(Z, O(—2m — 2k,2m)) = 0).

The restriction of the bundle O(—2m — k,2m + k) to a generator {¢ = 0} is
O(—2m — k), which has no sections. But any section of O(—2m —k,2m+k) over
7 restricts to a section over the generator. Thus H°(Z, O(—2m —k,2m+k)) = 0,
so kerd = 0 and the lemma is proved. a

The extension F defined in this way is the holomorphic bundle corresponding
to the spectral curve S (see [4], p15).

The transition function of E is obtained by combining this extension class with
the transition functions of the other bundles in (2.9). The transition function of
O(-2m — k,2m + k) from V; to V5 is (n/¢)®™**) (since the transition function
of O(—1,1) is n/¢ = b, which is real on P). Write f = f;(b, () for the restriction
of f to V; NS, so that fo(b,¢) = b*™**f1(b,(). Then the transition matrix is

mikok  pmtk ok
Ty = (b OC b b_,f_;fc({;)cl?) | (2.11)
Here 0(f)12 is the (12) part of a Cech representative of 6(f) in H'(Z,O0(-2m —
2k, 2m)). Write f;;(b) = fs(b,(i(b)), where i € {1,...,2k}, J € {1,2}. Then
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Lemma 2.3. If the (i(b) are all distinct, the (12) entry of the transition matriz
T, 1s given by

bHRCRS(f) —b"”’“Za, (CF+ GO+ + GO,

where

fir ()
bkCi(b) Hj;ei(Ci(b) - Cj(b)) .
The main part of the proof is calculating 6(f), which extends f from S to the
whole of Z. The f; have to be extended to functions F; on V;. One way to do
this is to use Lagrange interpolation, which gives a formula for a polynomial g

a; (b) =

of degree r — 1 taking the values a1, ...,a, at specified distinct points (y,..., ¢

respectively. The formula is

d Ht=1 '#i(g - Cj)
= 19 ) h 1 = g .
zZ:; a:9:(¢) where g;(¢) Hj:l,j;éi(gi _ CJ)

(see, for example, [21]).

Proof of lemma First interpolate for fixed b, and then regard the coefficients
of the polynomial as functions of . The resulting polynomials are supposed to
be functions pulled back to the blowup Z from Z, which means that they must
be constant on the exceptional divisor. So impose the additional condition

Fl(b, 0) =0= Fg(b, OO)

Then the extended functions F; are given by
le ].—.[ ;éz(c - CJ)
1(5,¢) = d)z ), where ¢;(¢) = =~
Z [T — )
[T, = ¢)
11— ¢)
Here ¢’ = 1/( is a coordinate on V,, and ¢} = 1/, so substituting 1/¢ for (',
#(0) = (6.0
The coboundary map is constructed from F; and F; by
F, — b2 kF,
5(flia =
e ="11c—0)
since [J(¢ — ¢;(b)) = F. Putting all this together, remembering that fio =
b2™+k £, and simplifying,
P = i fi1(<2k +CRIG 4 +<<2k——1 +Ci2k)
12 = .
C‘i<2k H];éz (C CJ)
Multiplying by b™**¢*, the result follows from (2.11). O
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2.4.3 Limit of a;(b)

The reason for the factor b=* in the definition of a;(b) is so that the following

result holds:

Lemma 2.4. Suppose the limits {¢;} are all distinct. Then the function a;(b)
has a finite nonzero limit as b — oo when 1 < i < k and is O(b~?""%) when

k+1<1<2k.

Proof Recall that the points (7, (;) tend to (c;,0) for 1 <4 < k as b tends to
infinity. Because the section f is continuous, f; is bounded near ¢ = 0o, so for

large b and 7 > k,

fa(d) = O(b™*™F). (2.12)
Since
1 N (—Cig)*t!
G H#i(Ci - Cj) Hj>k,j;éi—k(1/éj—k - 1/5i—k),

which is finite and nonzero, and using (2.12),

fa —k Ay (p—2m—k —2m—2k
a;(b) = =b"*OB™" ") = O™ ). 2.13
( ) bk ¢ Hj;éi(Ci - Cj) ( ) ( ) ( )
Now suppose that i < k, then fi, = fi(m, ) — fi(ci, 0), as b — oo, which is
finite and nonzero. Also:
1 B 1
€ Hj;ei(fi - Cj) b¢ Hj;éi,jgk(bci - ij) Hj>k(Cz‘ - Cj),

which tends to

1 H_l;::l(c_J)

ei [z jer(ei — &) TT=1 (1/65) — e [Tule — )

as b — 00. So a;(b) has a finite limit in this case, given by

_ A0 Il 6
¢i [ Liilci — ¢5)

and the proof is complete. (]

a;(c0)

2.5 A nonsingularity condition

Starting from the spectral curve, there is no guarantee that the monopole obtained
will be nonsingular (i.e. that E will be holomorphically trivial on all real lines).

One use of the above results is to prove
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Proposition 2.5. Let (A, ®) be the monopole corresponding to the spectral curve
S, or equivalently to the holomorphic bundle E, as above. Then (A, ®) is non-

singular outside a compact set in HS.

The proof goes by first finding a condition for the monopole to be nonsingular
at a given point on the t-axis (i.e. restricting to the pencil P in Z), then showing
that this condition holds as & — 0o, and finally extending to other directions in
HB.

Each point (0,t) € H® corresponds to a line Ly € P, where b = 1/t% and
the solution (A, ®) is nonsingular at (0,?) iff E, is holomorphically trivial. Since
e (E) =0, E is holomorphically trivial on all lines except the jumping lines, the
exceptional lines on which the splitting type of the bundle changes. So the first
part of the problem is reduced to finding necessary and sufficient conditions on b

for L, € P to be a jumping line.

Lemma 2.6. Using the notation of the preceding sections, the line Ly is a jump-
ing line for E iff the matriz

Salt Yaltt L Ya!

k-1 k 2k—2
M(b) - E a”L'Cz Z C."icz ot E a‘L'Cz

Yot Sald ... Yk

is singular, where all the sums are over i between 1 and 2k.

Proof of Lemma The restriction of E to Ly is Ey = O(m) & O(—m) for some
m € Z, the jumping lines being those where m # 0. Thus L, is a jumping line
iff HO(E,(—1)) # 0. Restrict (2.9) to Ly and twist with O(-1), to see that the

extension
0— O(=k—1) = Ey(-1) 2 O(k—1) =0 (2.14)

is given by the transition matrix (T (restricted to L), since O(—1) has transition
function (. The condition for triviality of E, is that E,(—1) has no sections. If
there is a section, given by f = (f1, f2)f on V{ and g = (g1,92)" on V;, where
g =(Tnf on V{NV;, then (putting 5™ *¢*6(f)12 = K)

g\ _ (0" A+ CK S
g2 - b_m_kc—k+1f2
is holomorphic in ¢~!. Because f; is holomorphic in ¢ and g, is holomorphic

in ¢!, f, must be a polynomial of degree < (k —1) in (, say fo = Zf;é bVch

Then looking at g, since f; is holomorphic, (K f» must have no terms of order
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1,2,...,kin (; i.e. K f, can have no terms of order 0,...,k — 1.
Kf — bm+2k Za Clc + Cz(b)Ck 1 +Cz(b 2k< Z/\ CJ

and the coefficients of 1,¢,¢2,...,¢*"! in this (ignoring the factor b™*+* and
collecting powers of () are given by the entries of the column vector

Salt Yalftt . S et Ao

P LD DL DL R

2 ;liCi > ('lin DY &,-gf /\,c._l

where this is the matrix M of the lemma. There can only be a section of Ey(-1)
if M)A = 0, and this can only happen if all the A; are zero (i.e. fo = 0) or the
matrix M is singular. But f, = 0 = f; = 0 (from the expression for g1)- So
Ey(—1) has no sections (and hence L; is not a jumping line for E) unless the
matrix M is singular. O

Note that this condition extends to the case where the (;(b) are not all distinct.

An invariant version: Part of the long exact sequence associated to (2.14) is
0 — HO(Ly, B(=1)) = H(Ly, O(k — 1)) = H' (L, O(=k — 1))

where § is a map between k-dimensional vector spaces. This map has matrix M
(with appropriate choices of coordinates), so clearly H O(Ly, E(-1)) = 0 iff M is

nonsingular.

Proof of Proposition It is not possible to take the b — oo limit of this matrix
as it stands, since all the entries tend to zero. Row and column operations do not
affect the singularity of M, so multiply row ¢ by ¥~* and column j by b’. This
just makes explicit the dependence of the A; on b. It is natural to put in the extra
factor b, so that g, = b™t*%g,. So if M;; is the (7, j) entry of the transformed M,

= an(bGa (b)) = M;; + €5,

where M;; = SF_ an(bGu)F~* and ¢; = 2K i1 an(bCa)F~ 9. The matrix M
has a finite limit, since a,, and b(, have finite limits:

E :an k ’l.+j

35



Furthermore, this limit is nonsingular. The determinant of M is calculated in
[19] by expressing it in terms of Vandermonde matrices. Let V, W and D be the
matrices V;; = cf‘i Wi; = ¢} and D = diag{a;(c0)}. Then M(c0) = VDW, and

Y

det M(c0) = detV det DdetW
= (-0* ]I (i —c) [Tae) [[e I (e—e)
k>i>j>1 k>i>j>1

which is finite and nonzero (Lemma 2.4). M can be approximated by M for large
b, since by (2.13), and the calculations in (2.3.1), €; = O(b~2m=2k).0(bF~+7) =
O(b~2m—k=i+3), The entry which decays slowest is in the top right hand corner,
where i = 1 and j = k. This term is O(b~?™"!). So € decays as b — oco. This
shows that for large enough b, say b > by, the matrix M (b) is nonsingular and so Ly
is not a jumping line of E. The proof extends to show that the monopole defined
by E is nonsingular outside a compact set: varying the choice of coordinates gives
the result for an open patch of directions away from the origin in H3. Then the
(compact) sphere of directions has a covering of these patches, with a bound for
b on each. (It was assumed that the ¢; were distinct, but even if this is not the
case the result still holds because of the factor [[(c; — ¢;) in the denominator of
a;(00).) ' O

2.6 The asymptotic expression for ®

This is the section which leads to the proof of Theorem 2.1. Suppose that b > by,
then L, is not a jumping line and the restriction E, is holomorphically trivial.
Then any section is completely determined by its value at a point. Remember
that E, = H°(Ls, O(E)), so that sections of E over a real line correspond to
points in the fibre E,. By Proposition (1.7) and the argument before it, there is

a symplectic form on these sections of E, given by

() (5)) = o=

evaluated at a point of the line. It does not depend on the point chosen. Let

s(6,¢) = (51(6,0), 2(6, Q)" 16, ¢) = (t1(b, ), ta(b, )’

be the sections in the V{ trivialisation with s(b,0) = (1,0)* and ¢(b,0) = (0,1)%.
Then {s,t} is a V!-flat basis for E;. Recall that V! is the connection corre-
sponding to evaluation at (n,¢) = (0,0) € Z and V? corresponds to evaluation
at 7(0,0) (i.e. the two connections come from evaluation at ¢ = 0 and ( = oo
on the blowup). Let u(b,¢) and v(b, () be the functions corresponding to s and ¢
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in the V; trivialisation, so that {u,v} is a V-flat basis and the change of basis

matrix is
_{ ui(b,00) v1(b, 00)

9= (uQ(b, 00)  va(b, oo)) '
In a V1-flat basis, V! = d and V2 = d + ¢~'8,g, where r = 2 logb is the geodesic
distance along the line in H®. Substituting these into the formula for ®,

(2.15)

P = %g—larg (2.16)

Using the symplectic structure,

(u(,€),v(b,¢)) = (u(b,0),v(b,0)) = 1

for all (. But
(u(b, 00),v(b,00)) = det g

So det g = 1. The idea now is to use similar arguments to those of the previous
section to find formulae for u and v at { = oo in terms of the poihts (i, and then
use these in the formula for ®.

Using the transition matrix T3, to relate s and v,

Uy _ bm+k<k K(ba C) S1 _ bm+kck31 + K(ba 6)32 (2 17)
Us - 0 b—m—k(—k So - b—m—kzc——kzs2 .
Put
U1 (b7 C) = bm+ka1 (b’ C)’ u?(b7 C) = bvm_kiZZ(b7 C): (218)

and let s;(b,¢) = ) 81 (b)¢". Then
2%
U = ZslnCHn + Zbkai(ck +oe+ PR ZSZnCn
=1

Uy = ZS2nCn_k

The section 4, is continuous at ¢ = co so only negative powers of { can have
nonzero coefficients. Hence, from (2.17), s, only has powers of ¢ which are less
than or equal to k, and s2(b,() = ZS $2,(™ because s is continuous at { = 0.
Similarly, looking at 4, there can be no positive powers of ¢. The positive powers
of ¢ coming from s; must cancel with those from the other term in the sum and
hence also s;(b,¢) = Zg $1,C".

2.6.1 A matrix formula

The constant term of @ is sqx = (b, 00). The coeflicients of ¢, . .. , ¢k in @, must

all vanish, and the coefficient of 1 is (b, 00) = ;0. Writing these as a matrix
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equation,

> fkaig . > bkgi@k:l e Zi’kaz‘g{k . $20 U1o
b a, (™ b*a; i R b*a; P
> {LQ > a G 2 ?C Sfl - ? (2.19)
Z bkai Z b"aiCi N Z bka,-(ik Sok —S810

where the sums are all from ¢ = 1 to 2k, and s;p = 1 from the definition of s.
If there is a form of (2.19) which has a good limit as b — oo, it will provide a
formula for 4o in terms of the ;. This problem is similar to that of §2.5. To check
that the matrix has a good limit, write Sz, = b*~"s,, and do the row operations
r; — b5~ so that (2.19) becomes:
S a; (G Y ai(bG)r L. 3" a;(b¢;)%* 320 bF 0
Sa(G)E Tt Y a(G)r . Y ai(bg)*! 21 0

Zjai > ai.(bCi) e S ai(bG)k §;k —-1
(2.20)

It is also necessary to know the behaviour of the &3, as b — co. Note that s =0
(since s = 0), so leaving out the first row and first column of the matrix,

S a(dG) . Y a(bG) 321 0

Z a; (bCz) ce Z a,;(b(i)k §2k -1
This matrix is the matrix M of Lemma 2.6 (after row and column operations), so,
from the proof of Proposition 2.5, M = M + € where M has a finite nonsingular
limit as b — oo and € = O(b~?™"!). Hence

S21 0

=M i +007™ )
Sok -1
Because M has a finite nonsingular limit, so does M~ and then each 3o, must

also have a finite limit as b — oco. In particular, 3ox = sgx = 12(b, 00) has a finite
limit. Now let H denote the (k + 1) x (k + 1) matrix of (2.20), then

H;; = Hij + pi

k 2k
= > an(bG) T+ Y an(bGa)FT
n=1 n=k+1
where p,;; = O(b~2™%).0(b*~**7). Again, the slowest decaying entry is in the top
right hand corner: ),y = O(b=?™), which tends to zero as b — co. So H can
be approximated by H for large b, in other words by the same matrix but with

sums from 1 to k instead of 1 to 2k. Using this approximation and row reducing
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(2.20) with the row operations {r; — r; — (bC)T1 omrs {rj o mi— (bCz)er}f;ll,
...y 11 > 11 — (bCk )72, the top row is

k
bing = (—1)*0F [ ] G +0067™")
=1
SO
k
i = (1) [[ &+ 006 ").
=1

(this is OK because the 53, have finite limits). For the other entries, put

v1(b,¢) = 0™, (5,¢), wa(b,¢) = b F02(b,¢) (2.21)

then a calculation like the one above shows that ©;(b,00) = 919 = O(b7?™F)

(because t;o = 0). Using these results and the symplectic structure, g0 = Uy -

Note: The approximations are all valid up to terms of order b=2m—k  Cal-
culating ® involves differentiating, but with respect to the geodesic distance
r = —1/2logb, rather than with respect to b. Since L) = O(b™), the
derivatives of the approximation will also be valid up to terms of order b~>™~F,

and differentiating the approximations will not cause any problems.

2.6.2 Calculating ®

From (2.16):
=" ( va(b,00)  —u1(b, 00)) 9, (ul(b, o) (b, 00))

2 \ —uz(b,00)  ui(b, o) ug(b, 00)  v2(b, 0)
(recall det g = 1) where 7 is geodesic distance and b = e?". Substituting, ® is
given by the matrix

i (2(m + k) + 8, log [ G + O(e™*™) (e )
2 O(e—QkT) —2(m + k) — O logl—[ G+ O(e—4mr)

which means that .
1
|@las = 5{2(m + k) + 0, log [ ] ¢}

=1
The formula for ® is correct up to terms of order b=2™; this is where the condition
m > % becomes important. Otherwise the error terms will be larger than the
approximations. But provided the condition is satisfied there is no problem in
what follows. Note that the formula makes sense whether the (;(b) are distinct
or not. To see that the limit as b — oo is the right one, use the fact that [](;, as

a function of b, has a zero of order k at b = oo (from (2.8)). Write

H Cn(b) = b—k io: anb‘" = 3_2;" i ane—2nr
n=0 n=0

39



where ag # 0. Then, since dlog f = 8f/f,

87‘ H Cn _ _2ke—-2kr Z ane—an + 6—2/91' Z(_Zn)ane—mzr

H Cn B e—2kr Z ane=mnr =—2k+ O(e—QT)

So

- %{2(m + k) — 2k + O(e)}
= m+0(e™)

The error in this approximation is O(e~*™), which is smaller than the O(e™")
error because 4m > 2. Thus |®|,; — m as r — oo. This calculation proves
Theorem 2.1. O

2.6.3 Comparison with the Euclidean case

Although the method used here is very similar to Hurtubise’s method in the
Euclidean case, there are some significant differences, besides the fact that the
boundary conditions for monopoles are different in the two cases. The most
obvious difference is that the rates of decay of the errors must be kept track of
much more carefully here; in the Euclidean case all errors decay exponentially in
b instead of only polynomially. The Euclidean case may be thought of as the limit
of the hyperbolic case as m — oo (see Chapter 4) and clearly as m increases so
does the rate of decay of the errors. In the Euclidean case the limits of the points
(; are either zero or infinity, there are no finite limits. Another difference is that
the Euclidean minitwistor space TP! is already a fibration, whereas Z is not. This
is no problem when restricting to P and finding a formula for ® along a single
geodesic, but it does become an obstacle to extending results “horizontally”.
The same method as used above gives a formula for the component V3 of the
connection in the direction of [, namely V3 = d+ ®dr, but not for the components

V1, V3 perpendicular to it.
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Chapter 3

Braam and Austin’s description

Braam and Austin’s description of hyperbolic monopoles [12] is a circle-invariant
version of the ADHM construction (see below). It will be used to study monopoles
with large mass in the hope of understanding the Euclidean limit m — oo. It only
holds for instantons on S*, i.e. monopoles with m € %Z, but is still useful as it
consists of algebraic data, matrices and difference equations, which are relatively
tractable. What follows is a review of Braam and Austin’s construction, from
[12], together with some details not in that paper. From now on, hyperbolic

monopoles will be assumed to have mass m € %Z.

3.1 The ADHM construction

There is a by now well-known description of instantons on 5% in terms of linear
algebra [6] using the twistor correspondence and results of Horrocks and Barth.
«“ADHM data” for an instanton with invariant x consists of complex vector spaces
W and V, dimension k and 2k + 2 respectively, and a map A(z) : W — V which
depends linearly on z € C* (i.e. A(z) = >_ A;2; for constant matrices A;).

There is also an antilinear map o, such that 0> =1 on W; 02 =—1onV, and
o on C4 is given by o(z) = (—#, %1, —%4, 73). The conditions on these objects are
that

o V has a fixed skew, nondegenerate bilinear form compatible with o (in other

words, (ovy,0vs) = (v1,v2))

o The Hermitian form (,) defined by (vi,0vs) = (v1,v2) must be positive
definite

e W has a real structure (given by o)

A(z) is injective and U, = A(z)W is isotropic with respect to the skew form
onV,Vz #0
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e A(z) is compatible with o, i.e. o[A(z)w] = A(oz)ow

The first three conditions ensure that V may be identified with a quaternionic
vector space, and W with Wg ® C, in a natural way. The map o represents
multiplication by the quaternion j on V and complex conjugation on W. This
data describes a holomorphic bundle E on CP? which corresponds to an instanton
on §% by E, = UY/U,, where U? is the annihilator of U,. The fibre E, has

complex dimension 2 and is the cohomology of
w 2%y 22y

with A* defined using the quaternionic structure on V. The connection on Eis
the projection onto E of the trivial connection on V x CP3. The fourth condition
above is that F really is a bundle; A must be injective so that the fibre dimen-
sion does not jump, and the isotropy condition implies that U, C U2. The last
condition is that the whole construction respects o, so E inherits a quaternionic

structure.

The group G = GL(Wg) x Sp(V) acts on (W, V, A) by
(g:uw) : (W, V, A) = (gW,uV,udg™)

where GL(Wg) is the subgroup of GL(W) preserving the real structure and Sp(V)
preserves the quaternionic structure on V. This action defines an equivalence
relation on the set of ADHM data. Because of the equivalence between instantons

and holomorphic bundles, there is the

Theorem 3.1 (ADHM). There is a 1-1 correspondence between
(i) equivalence classes of ADHM data, and
(ii) ASD instantons on S* up to gauge. O

3.2 Adaptation for monopoles

When the instanton is circle-invariant, the Sl-action lifts in a natural way to an
action on all the ADHM data. Note that the circle acting now is the double
cover 51, so it acts with weight 2 on R*. With this natural action, the map A
is Sl-equivariant and the vector spaces V and W are representation spaces for
S' which split into direct sums of weight spaces. The integral and half-integral
cases are slightly different; in what follows, M will always denote an odd number
(m = M/2 in the case where m ¢ Z). Let Z, denote the odd integers. The first

thing to do is to find the characters of the representations, by proving
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Lemma 3.2. The vector spaces V and W, written as compler representation
spaces, are given by:

—2m

V= CHHl %, L, oC% .. 0CeCe.. @ k1l o mel
C‘i}}@C{’“MH@Ci’“MH...@C{ﬁ@@fkea...eac’;}l 9m=M € Z,

and

W = C,igm+1@Cﬁ2m+3®---®C§_l@C’f@...@clgm_l :m€EZ
CEM+1®CEM+3®®C§@C§@®CIFW_I 2m=M€Zo

where C8 is the s-dimensional complez vector space on which S! acts with weight

r.

The proof of this lemma involves the use of the equivariant Atiyah-Singer index
formula, and some details are given in Appendix A. The most important point is
that V and W are kernels of Dirac operators (explained in [14]). The quaternionic
structure on V and the real structure on W arise from the quaternionic structures
on E and on the spin bundles of S*. Then the equivariant index theorem may be
used to calculate the equivariant Chern characters of W and V, which give the

weight space decompositions.

Write V = @ V; and W = @ W;, where j is the weight of the S! representation,
and note that dim¢(W) = 2mk and dime(V) = 4mk + 2. Fix isomorphisms
W; — CF such that the real structure on W is given by o(w) = Rw, where R is
the (2mk) x (2mk) matrix with £ x k blocks:

Iy
R =
Iy

For V fix unitary bases such that o(v) = Jv where J is the matrix

( Ik+1\

I
Iy

\"Ik+1 )

If 2m = M, where M € Z,, this definition is fine. If m € Z there is a block

Jo in the middle of the matrix giving the symplectic structure on Vo. Let Jp =

(? —OI k ) . This extra slight complication is why Braam and Austin only treat
k

the case 2m odd in their paper.
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The map A(z) = Y A;z; must respect the decompositions of V and W, in other
words it may only change the weight of a representation by £1. So A;z;W; C Vi1,
with the sign depending on the circle action on z;. The only other conditions on A
are the last two listed in §3.1, which are that A(z) is injective for all 2, compatible
with o (quaternion linear), and that A(2)W is isotropic with respect to the skew

form on V.
The S! action on C* is

Az (A2, Az, A1z, Azy)
i.e. the double cover of the S! action defined earlier. Circle equivariance
A.(A(z)w) = A(A.z)(A.w)
means that

Al,A3 : Wj—-)‘/j_l
A2,A4 : Wj'—>‘/j+1

and the bases for W and V may be chosen (using the injectivity of A;) so that

(0 \

Iy
O
I
0
A = k 0
I
O
I
O

\ 0

where the blocks are the weight spaces, with the largest negative weight at the
top. The two middle blocks are

Ik . W_1 - V..g when m € Z
0 ) | Wo— V. when 2m =M € Z,

0\ [ Wi—VywhenmeZ
I. )] | Wo— V, when 2m =M € Z,
The quaternionic linearity condition A(cz)(cw) = o(A(z)w), expressed in

terms of R and J, is

(—A1272 + A22,71 - A3Z—4 + A4Z_3)R’lf) = J(A121 + A222 =+ A323 + A4Z4)'LD
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Equating coefficients of Z;, this is equivalent to

A, = JAIR A4 = JAsR
Using this,
O
) \
Ok
I
O
Ii
Ay = 0
I
—I,
O

—I,

\ 0

where this time the two middle blocks are

0 . W_3 — V_2 when m € Z
I, ] | Wo—>V_when2m =M € Z,

—I; \ . W_, — Vo whenm € Z
0% "l Wy — Vi when 2m =M € Z,

With A; and A, fixed, A3 must have the same diagonal form as Ay, and Ay
is related to it by quaternion linearity (and has the same shape as Ay), so they

may be taken to be

IB—m
( qu +1 \

B-2m+3
Y-2m+2

B-1

A3 — 7—2

—70
B
—Y2m-2
ﬂ2m—-l
Ok

45



where 3; : W; — V;_; and v; : Wy, =V}, and

0
[ )
__'72m—2
ﬂ2m—1
—Yom—4
B?m—3
A= —Y2
o
—b
—Yo
) —B-2m+1
\ 5 )

These are matrices for A3 and Ay when m € Z. The matrices in the half-integral
case are similar, but the numbering of the §; and +y; changes slightly. The gauge
fixing means that the bundle is trivialised over P,,, the fibre in CP?® over co =
[1,0] € S* (this is the line z3 = z4 = 0).

3.3 Gauge group

The group acting on this data is GS' = GL(WR)S.1 X Sp(V)S-1, the Sl-equivariant
subgroup of G. The aim of this section is to find the subgroup of GS' which
preserves the chosen form of A.

If (g,u) € GSH, then ¢ and v must have the form g = diag{g;} and v =
diag{u;}, where g; : W; —» W; and u, : V; — Vj. In addition, the blocks u; must
be unitary and u; = @_;, from the condition Ju = uJ.

The condition that the action of (g,u) preserves A; and A, is

Hence the group acting in this case is
Gm = {maps{-2m +1,-2m+3,...,2m - 3,2m — 1} - U(k) : g; = §—;}

acting on Braam and Austin’s matrices by

Bi = 9,895 (3.1)
Vi = G- (3.2)
v - U9 mi (3.3)
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There is also a circle action on v on the left, which corresponds to changing
the trivialisation of E at infinity. It is sometimes useful to include this (but see
Theorem 3.3 part (ii)).

3.4 Isotropy conditions

The isotropy condition on A(z)W = U, is that U, C U, i.e. that A(z)"A(z) = 0
for all z. The adjoint A* of A is with respect to the symplectic structure on V,
and in terms of matrices A* = A'J, using the diagram

wW—2->v
el
J
W*\*A,—V*

The equation Y z;AtJA;z; = 0, Vz, is the same as the conditions

ALTA; =0
and AlJA; + ALJA; =0fori#j

Once these are multiplied out (using the explicit matrices defined above) their

entries give the difference equations:

v =72 =0 (3.4)
B —p,;=0 (3.5)
Bi—1v; — ViBj+1 =0 (3.6)
(85, B5] + Vi -1%i-1 — Vi+1Vi1 = 0 (3.7)
[Bam—1, ﬂsmq] + 00— Yom—2Y2m-2 =0 (3.8)

These will be referred to as the Braam-Austin equations. If m € Z, B; is
defined for odd j and «; is defined for even j, with —2m +1 < j<2m-1.1If
2m = M is odd, B; is defined for even j and -; for odd j, with —M+1 < j < M-1.

So Braam and Austin’s data consists of a set of matrices {f;,7;,v} for 0 <
j < 2m—1 (using (3.4) and (3.5)) which satisfy (3.6), (3.7) and (3.8), up to the
action of G,,,. There is a circle-invariant version of Theorem 3.1:

Theorem 3.3 (Braam and Austin). There s a I-1 correspondence between
(i) Equivalence classes of Braam-Austin data
(ii) Gauge equivalence classes of monopoles with a fized U(1) trivialisation at
infinity O
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3.5 Standard form

Atiyah ([3], Chapter IV, §§2,3) has a formulation of the ADHM data as a quater-
nionic linear map, for a bundle on S* = HP! in terms of homogeneous coordinates
(a1, 92):

v(q1,92) = Cq1 + Do

The conditions on v are that v(qy,gz) has maximal rank for all (g1, ¢2) # (0,0)
and that

v*v is real (3.9)
The gauge group acting is Sp(2mk + 1) x GL(2mk, R), where

(z,y) : v zvy~ "

Let ¢ = ¢1/g2. Then the map v may be put into a “standard form” (see [3])

v(g) = (B_Aqlk>

where A is a k-row vector and B is a k x k matrix. The condition (3.9) translates
to

i) A*A + BB is real, and

i1) B is symmetric

Writing the ADHM data this way brings the bundle back from twistor space to
R*, and so describes the monopole more “directly”. The Braam-Austin matrix
A(z) may also be written in this form after some changes of basis. This will
be done for the case where m = M/2 with M odd; the case m € Z is similar.
The idea is to change bases so that Braam and Austin’s real and quaternionic

structures on W and V become the standard ones.

3.5.1 Quaternion linear map

First, the vector space V must be identified with a quaternionic vector space, and

W with a real vector space
W=RoR!e. oR}_|)xgC

using the quaternionic and real structures on W and V. In the current basis,
the circle acts on W, as €%, whereas in terms of a real basis W, is split into R?
factors on which the circle acts by

cos2rf  sin2rf
—sin2r8 cos?2rf
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If {e1, ey} is such a real basis, put

M = e€1-+ies

My = € — 1€

then the circle acts in terms of the new basis by

e‘2ir9 0
( 0 e—2ir0 )

making explicit the isomorphism RZ2 g C = C, ®C_,. So a change of basis matrix
from the complex to the real coordinates is given by '

1(1 —i
2 \1 i

and the Braam-Austin matrices must be postmultiplied by the matrix

I, —il,
( ) I, —ily \

I, —u
21

Do |

I,

I, il

\Ik 1l }

The other identification is V ~ H?™*! using H, = C, & C_, where C, may be
thought of as the “complex part” and C_, as the “j part”. This corresponds
to premultiplying the matrices by blocks (I, —jl2 ), i.e. multiplying the full
matrices by

T —J 1
Iy — 71
Iy —jl

(this matrix is not square because pairs of basis vectors are being added together

to form quaternionic basis vectors). The transformed matrices A; satisfy
Ay = Ay
Ay = Agj
so that writing q; = z; + j22 and ¢o = 23 + jz4, Braam and Austin’s map is now

A(Qlu q2) = 1‘11(]1 + /13Q2
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The matrix coefficient A, is

/ I —ily
0 0
Ok Ox
-1k k1
fil -
and ;13 is the matrix
( B-2m+1 —if_2m+1
v —v
j72m—2 _k’72m—-2
—JjBam—1 kBam-1

\

Iy —11}

Ok O

0x 0%
—J1k kI

Ok
=51k
B—2m+3 —1B_2m+3
Y-2m+2 _7:7——2m+2
JV2m—a —kYam—4
—JBam-3 kBam-3

The gauge group may be used to transform A to

the necessary transformations being a permutation (so that the nonzero entries

are in 2 x 2 blocks on the diagonal), a matrix which multiplies each of the blocks

(-

)
Ika ’

by its inverse, and a rescaling. Aj is then (using (3.4), (3.5))

where

v v
([ & —
52m-1 02m-1
?%m—l S2m—-1
$Yom—2 —_'§72m—2
57Y2m—2 %72m—2

j k
%géT_Q 5’)’%771-2
—5Y2m-2 %'}’2m-2
S9 DQ ﬁ,ﬁ
04 L) —%’Yi
%71 —%’Yl ﬂo }
1 t
Sj = §(ﬁj+ﬁj)
1
o = 565
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B-2

Y-3

m
—JB2

21y

Ok)

—1f_o

—1Y-3

—km
kB2

200
27




This is in Atiyah’s standard form (g) with B symmetric. Because the ~y; are

injective, there is no gauge in which this is a “t’Hooft type” solution with A real
and B = diag{b;} diagonal. (The b; should also be distinct and the entries of A
positive. These solutions were discussed in ([3], p26) and represent a superposition
of instantons with centres b;.) Atiyah’s ADHM condition (3.9) on these matrices
corresponds precisely to the Braam-Austin equations (3.4)-(3.8). The calculation
is not hard, but it is tedious, and has therefore been omitted.

Thus Braam-Austin data may be viewed as matrix blocks in ADHM data for
an instanton with large x. Alternatively it may be thought of as a set of discrete
matrix valued functions (which have interpretations as “discrete endomorphisms”
and “discrete connections” on a “discrete vector bundle” of rank k). This second
approach will be the more useful in finding explicit solutions and for considering

the Euclidean limit.

3.6 Solutions of the difference equations

Finding explicit solutions to the Braam-Austin difference equations is not at all
easy, though there are some existence and uniqueness results. Braam and Austin
[12] proved that hyperbolic monopoles are “determined by their boundary data”,
and it may be seen that fixed boundary data determine a unique solution of the
difference equations, modulo G,,. To see what this boundary data is, restrict to
the negative weight space C2 C C!, where 2z, = z4 = 0. The projectivisation PL
covers S2, C S*,which is the boundary of B, with Elsz = L & L*. The ADHM
data has no cohomology here except at the “ends”, the spaces with largest weight,
so ([12])

L, = Voou/(A(Z)W_2mi1)
Lz = ker(A(z)* : ‘/Qm — WZm—l)

and the “boundary value” is the map

< :8—2m+1 -z > : W_2m+1 — V_Qm

v

where here z = —21/z3 is an inhomogeneous coordinate on 52 . The condition
A(z) injective for all z implies that the matrices y; must all be injective (see [12],
Lemma 4.2). Using this, and fixing B_2m41 and v, the Braam-Austin equations
may be solved successively to find the other §; and ;. Equation (3.5) gives Bom—1
and then (3.8) gives an expression for 73, _y7¥2m—2. To fix gauge, assume v; = ;.
There is always such a choice, provided 73,,_7Y2m—2 is positive definite (a necessary
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condition for a solution). Then 73, ,¥2m—2 = h? for some Hermitian h, and
Rl oYam—oh~! = I, which implies that y;h™! = u, unitary. So 7; = hu and
taking y; = h provides a canonical way to choose the ;. Once yzm—2 is fixed (since
it is known to be invertible), Bom_3 is determined uniquely by (3.6). Continuing
this procedure the full solution may be found. Note that if the condition v; = ;
is imposed, the only remaining gauge freedom is conjugation by a constant matrix
g9; = 9 € O(k,R).

So {B-2m+1,v} determines a unique solution, i.e. a unique monopole, pro-
vided it determines a solution at all. There is no guarantee, starting from arbi-
trary {B_om+1,v}, that all the «; will be injective, so there may be no solution.
It is known that v must be a cyclic vector for §, in other words that the set
{v, Bv,...,B* v} must span C*, but it is still an open problem to determine
which {8_2m+1,v} are boundary data for a hyperbolic monopole. Donaldson [13]
showed that Euclidean monopoles correspond to pairs {3, v} with v cyclic for 3,
up to the action of the complexified gauge group GL(k,C). The rational map

associated to the monopole is then
f(z) =v'(z = B) "'

The rational map is defined in the same way in the hyperbolic case [12]. So
although hyperbolic monopoles correspond to pairs {3, v} with  symmetric and
v cyclic for 8 up to the action of the complexified gauge group, it is not easy to
see how to get back from this to solutions of the Braam-Austin equations with
group U (k).

3.6.1 Example: the 1-monopole

The case where all solutions can be found easily is that of the 1-monopole, where
k = 1. It is known via other methods that there is a unique such monopole (up
to its position), and that it is spherically symmetric. The Braam-Austin data
gives another prdof of this, since in this case the matrices are all scalars, so the
commutators in the difference equations vanish. From (3.6), the §; are all equal
to some fixed complex number 3. Using the 7} = ; gauge, the ; may all be
set equal to a fixed positive real number v, and by changing the trivialisation at
infinity, v may be chosen so that v =y (otherwise |v| = 7). Thus a 1-monopole
is determined by (8,7) € C x Ry and it will be shown shortly that these are

precisely the centre coordinates of the monopole in the upper half space model

of HB.
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3.6.2 Example: 2-monopoles

In this case the form of the boundary data is less obvious. What follows demon-
strates a method of calculating it in the case where the monopole is axially sym-

metric.

A second circle action

Braam-Austin data is already invariant under the S1 action
Az = (/\_1Z1, /\Zz, /\_123, )\24)
To find an axially symmetric monopole, impose invariance under another action:

p(w)z = (pz1, b~ 22, ™" 23, p24)

On R* the original action corresponds to a rotation in the second factor (the
(t,8)-plane). This new action is rotation in the first factor (the (z,y)-plane). It
commutes with both the original action and with the real structure o, and so it
descends to a circle action on H®. Thus a solution invariant under both these cir-
cle actions will describe a circle-invariant instanton on H?. To say that a solution
{B;,7;,v} to the Braam-Austin equations is invariant under both actions means
that it may be recovered from its pullback p(u)*({8;,v;,v}) by a gauge transfor-
mation. The transformation will not be in G,,, since p(u) does not preserve A;
and A,; instead there will be a representation of St defining a circle subgroup
of the full gauge group GL(W]R)S~1 X Sp(V)gl, and this will contain the required

map. The pullback is
Al — [,LAl
. ) As pTA,
) Az — /,l,_lAg
A4 — NA4

p(u)

Because the gauge transformation (u,g) must restore A; and A, the block diag-
onal matrices u = diag{w;} and g = diag{g;} must satisfy

-1 -1,
gy = (N 962m+1 g) and u_,; = (M %—J+1 'U’gO‘ 1)
-

for positive j, where all diagonal blocks are 2 x 2 except .S, which is a complex
number with modulus 1. There are similar formulae for u; when j > 0. Looking
at u_om and the first block of Az, the pullback condition is

-1
B B_om+1 - B-2m+1
U_2m ( u-1,;n+ ) 9—%m+1 = ( :+ )
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so that

#_29—2m+1ﬂ—2m+19:21m+1 = B_om41 (3.10)
Sy 0gThey = v (3.11)

The matrices g; are representations of the circle, so for some choice of coordinates

_(¥ 0
9; = ( 0 uy)
Putting this into (3.10), either

0 d
/8—2771.—{-1— (O 0) andx—y_ 2

or
0 O
,3—2m+1=<d O) andy —z =2

and these two possibilities for B_sm 1 are gauge equivalent (by gauge fixing d may

also be taken to be real and positive). Suppose B_gmi1 = 2 g) Then by

(3.11), v is a left eigenvector of g_sm41 (With eigenvalue S “1u),sov=1(c 0)or

v=(0 c¢). The condition (’8_21:”“ injective implies v = (0 c¢).

Summary

This shows that boundary data for a symmetric ¥ = 2 monopole must (in some

gauge) have the form

13—2m+1=<2 g) v=(0 c)

In fact, the full solution may be found in this case, which fixes the dependence of

con d.

3.7 Solution for the symmetric charge 2 mono-
pole

The general solution of Braam and Austin’s equations for k = 2, based on Ward’s
solution [29] to the discrete Toda equations, will be given in Chapter 5. The
method will be illustrated here for the simpler case of the axially symmetric
monopole, in the hope of making the general case more transparent later. In-
stead of solving iteratively from the boundary values, the whole system will be
considered at once. Because of this, it is convenient to use a more index-free
notation. Knowing the form of the boundary data is useful for guessing a good
gauge in which to solve the equations. Once the boundary condition is imposed,

the solution prescribes the relationship between the constants c and d above.

o4



3.7.1 Ward’s notation

The matrices 8 and v are now to be thought of as functions of j, rather than as
blocks inside a larger matrix. The subscripts “+” and “—” are used to denote a
shift of 2 in j. Thus

v o= v =70)
v+ = v([F+2)
- = (i —-2)

where j is an odd number. Because BJ is defined for even j there is a slight change

in the labelling:

B =B +1)
with 8, = B(j +3) etc. defined in the obvious way. The Braam-Austin equations
(3.6) and (3.7) are now

By—vB+ = 0 (3.12)
Yy =y + (68 = 0 (3.13)

3.7.2 Gauge choice

Since tr(y*y) is independent of j, looking at the boundary conditions it seems

reasonable to guess that there is a gauge in which 3 and 7 have the form

om(§)) (T ) e

where w and g are functions of 7 and the solution is trivialised so that a and b
are real, positive constants. This is a special case of Ward’s choice of matrices
for the “discrete Toda” equations. Substituting these into (3.12) and (3.13), the

difference equations in terms of w and g are:

wy/1l+¢g = wi/l—g (3.14)

g = w+g- (3.15)

3.7.3 A conserved quantity

Conserved quantities such as tr3 and tr(y*y) are relatively easy to spot from the

Braam-Austin equations, but there is another, less obvious one:

Lemma 3.4. Let
Q=w*1+g) —g*

Then ) is independent of j.
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Proof:

Q. = wi(l+g)-g2
= w214 g) - (- )
1+g-
= w1l - g+w?) - g>+ 29w —w'
= w(l+g)-g°
= Q
Thus 2 does not depend on j. O

3.7.4 Solution for g

Writing w in terms of €2,

2
w2 = 29 (3.16)
1+g¢
the equation (3.15) becomes a difference equation for g only:
N+g
= — 3.17
9+ =7 g ( )

The way to solve this is to guess a solution and then show that it satisfies the
equation. However, by analogy with the Euclidean case [27], there should be a
solution in terms of trigonometric functions and the difference equation should

be essentially an addition formula. So guess that
g = Atan(Bj) (3.18)

then A(tan(Bj) + tan(2B))
1 — tan(Bj) tan(2B)

Clearly if A = tan(2B) and Q2 = A?, this g satisfies (3.17).

g4+ = Atan(B(j +2)) =

3.7.5 Solution for w
Putting g back into (3.16) and taking the square root shows that

_ Asec(Bj)
/17 Atan(Bj)

(3.19)

3.7.6 Change of gauge

The above g and w certainly lead to solutions of (3.6) and (3.7) but these do not
obviously satisfy the other Braam-Austin equations. Assume (3.18) and (3.19)

give the solution for j > 1, then changing to a gauge in which § is symmetric
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makes it clearer how the solution extends to negative j. The required element of

= (1
i=9=4\i 1

and (using (3.1), (3.2) and (3.3)) the new matrices are
bw [ —1 1 a .
p=2 (7 1), e=Z5an,

)
7:é<_(x/1+g+\/1—g) i(x/1+g—ﬁ—g))

2 \i(vI=g-v1+g) VI+g+v1-y9)
Because g is odd, the condition (3.4) is satisfied when the solution is extended to
negative j. Condition (3.5), that B_; = B} is also satisfied: First note that

the gauge group 1is

cos(2B)VI + A2 = |/ cos?(2B) + sin’(2B) = 1

Now
Cbw(+1) (=i 1
fi=—5 1
o bw(—j+1) (=i 1
ﬂ"'_'_2—_<1 z)
but
w(—j+1) = Asec(—B(j + 1) + 2B)

1+ Atan(—B(j + 1) + 2B)
A(cos(B(j + 1)) cos(2B) + sin(B(j + 1)) sin(2B)) !

1
tan(2B)—tan(B(j+1)) |
(1+A 1+Atan?;13(]'+11)) ))

A\/1+ Atan(B(j + 1))
cos(B(j + 1)) cos(2B)(1 + Atan(B(j + 1)))V1+ A2
Asec(B(j + 1))
V1+ Atan(B(j + 1))
= w(j+1)

so (3 satisfies (3.5).

3.7.7 Boundary conditions

Substituting the solution into the boundary condition (3.8) yields

bw?(2m) (? _02> + %2 <_12 ;) ad (—ig(271n ~2) ig(znlz— 2)> =0
thus a2 = 2b% and w?(2m) — 1 + g(2m — 2) = 0. Substituting for w and g and
simplifying, the second equation is
Atan(2Bm) =1
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i.e.

tan(2B) tan(2Bm) = 1
= cos((2m+2)B) =0
s s
= B= =

22m+2) 4(m+1)
All this leads to the result:

Proposition 3.5. The solution
bw (-1 1
b=~ ( 1 z)

729( VIitg+vI—yg i(x/1+g—\/1-9))
2\i(vI—g—-v1+g) VI+g+V1-g

v=>b(¢t 1)
where
, Asec(Bj)
w() v/1+ Atan(Bj)
9(j) = Atan(Bj)
A = tan(2B)
B = m+D

(for fized b) is the Braam-Austin data for an azially symmetric charge 2 hyperbolic

monopole (with fized centre and orientation).

The proposition follows because it is known that there is a unique such mono-
pole, up to the position of the centre and the axis of symmetry, and that sets
of Braam-Austin data correspond precisely to monopoles and are completely de-
termined by their boundary data {B8_am+1,v}. The scaling b corresponds to a
dilation of H3. O

Solving the difference equations in this way is much better than solving iter-
atively from the boundary data because it gives formulae for § and 7 in terms
of discretised analytic functions. The fact that these functions exist in general
will become important in Chapter 4. This method does not rely on knowing the

boundary conditions, as will become clear in Chapter 5.

3.8 Centre of a monopole

It is known ([12], p821) that hyperbolic monopoles have a well-defined centre
(at least for m € %Z), but it is not easy to find the centre of a given monopole
explicitly from its Braam-Austin description. The answer is known in the case
k=1:
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Proposition 3.6. The centre of the 1-monopole (3,7), where the solution is in
the gauge with v =y € Ry, is the point

(B,7) € B’ =~ C x Ry

This is proved in §3.8.2. Recall that for a 1-monopole, § and -y are independent
of j. These centre coordinates may be written gauge invariantly as (8, /7).

3.8.1 Definition of centre

There is more than one way to calculate the centre of a monopole. One method
is to use the boundary data. The restriction of the bundle E to the sphere at
infinity splits as E|sgs = L @ L*. The connection on E induces U (1) connections
on L and L* whose curvatures are nowhere vanishing (see [12]). Let A, be the
connection on L* and let F,, be its curvature. Then the 2-form F,, defines a
measure on OH® = S%. Any measure on a sphere has an associated “conformal
centre of mass”, which is a point in H® (using the ball model) defined by the
measure and behaving naturally under isometries of H® (any isometry extends
conformally to OH?®). The centre of the monopole is defined to be this conformal
centre. The definition of the conformal centre of mass may be found in [8], 85,
where its equivariance under isometries is discussed. The proofs of existence and
uniqueness are given in Appendix A of that paper. If the monopole has any
symmetry (this includes all monopoles of charge 1 or 2), an alternative definition
of the centre is to take the centre of symmetry, which may be found by considering
symmetries of the spectral curve (see Chapter 5). The centre obtained this way
agrees with the conformal centre because of the naturality of the conformal centre
under symmetries of H. Another consequence of naturality is the fact that,
identifying H® with the unit ball in R3, the conformal centre of mass is at the
origin if and only if the Euclidean centre of mass is at the origin. The Euclidean
centre of mass is given by the integrals of the coordinate functions restricted to

S? against the measure.

3.8.2 Proof of Proposition 3.6

Braam and Austin have a way of calculating Fi,, as the pullback of the Kahler form
on CP* under a map f : S2 — CP*. The map f is induced by the “boundary

monad map”
ﬂ_ ™m —u
( 2 ;1 : Cymgr — Cohp,
with v a coordinate on S2,. Then f(u) = [n(u)], where n(u) is the normal in

Ck*! to the image Bomer —u Cck . This image is always k-dimensional
2m g v 2m+1 g
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by injectivity.
When k = 1 the boundary map is

(ﬁ;“> . 52 — CP!

L
so f(u) is the point [ b :Y_ v } € CP! and a representative is

=[]

In inhomogeneous coordinates f(u) = —(—ﬂ;—‘l and the pullback of the Kahler form
° df(u) Adf(u) _ |ylPdunda

A+ 1F@P)? (v +18 —uf)?

The idea is to pull back the form Fy, to the ball model B = {(z,y,2) € R :
22 + 92 + 22 < 1} of H? by a conformal map which sends 0 € B to (8,7) € U.
Then (8, ) is the centre of mass of Fi iff the integrals of the coordinate functions
of B against the pulled-back Fi vanish. It is enough to do this for (8,7) =(0,1),
since any point may be moved to (0,1) by an isometry of I, and it is easier

Fo =

in practice to pull the coordinate functions back from B to U and to do the
integration there.

The correspondence between U with coordinates (u,t) and B with coordinates
(z,y,2), which restricts to stereographic projection on the boundary (t=0o0r
22 +y? + 22 = 1) and sends 0 € B to (0,1) € U, is given by

£ +iy = 2u v 2(z + iy)
uf> + (1 +1)? 22 4+ 92 + (2 — 1)?2
 upP -1 L 1—2% —y?— 22
|ul? + (1 +¢) 22 4+ 2 + (2 — 1)2

So the integrals of the pulled-back coordinate functions are

2u _
/u e Wdudu = 0 by symmetry

and

2 _ 2w oo ; 2 _
/ (Jul® = 1) duds = / / zﬂ(r_ﬂ)—l)-drcw where u = re
u 0

cc (T +TaPY
- wi{ [, [y

- ooy ), e )

completing the proof of the proposition, provided the coordinates behave in the

expected way under isometries of HP. This is shown in the next section. O
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3.8.3 Isometries of H?

It remains to check the effect of isometries on Braam-Austin matrices. The
Braam-Austin formulation fixes a point at infinity, so the only relevant isome-
tries are those that fix this point. They are generated by

o3

(u,t) — (u+ o, t) aeC
(u, ) 2 (Au, AL) X € Ry

Including H® in S* and using the fact (equation 1.11) that the fibre in CP?® over
a+ jb € S* = HP! is the real line

(2)=(; 2)(2)

the isometries ¢; and ¢, lift to CP3. For ¢,
2\ _[(et+a —b aY_ (=), az3
Zé - b a+a 24 - Z92 \ (24

‘lgl[z] = (21 + azs, 20 + Q24, 23, 24

So

and similarly
$2[Z] = [A—%Zla)\_%z2,A%23,A%Z4]
= |21, 22, A23, A24]
Pulling back the matrices A; by these maps,
(51* (Z AiZi) = Ayz; + Agzp + (A3 + aAl)z3 + (A4 + &A2)Z4

which means that

B; = Bj+al

Yo%

and for ¢,,
ng* (Z Ai%‘) = A1z1 + AgZQ + )\A3Z3 + /\A4Z4

so in this case 8; — AB; and ; — Ay;. Thus when k = 1 the coordinates (8,7)
do indeed behave correctly under isometries of H?.
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3.8.4 Higher charge

In general, the centre coordinates must be given by some expressions in B and vy
which do not depend on j (of course these expressions will involve traces so that
the result is a scalar). They must also be independent of gauge and transform
in the right way under isometries of H®. Conversely, any invariant formula for
the centre which is correct for centred, oriented monopoles and transforms as it
should will be valid for all monopoles of that charge. This fact was used in the
proof of Proposition 3.6.

Using coordinates (u,t) € H* = C & R, the obvious choice for the complex
coordinate is to take u = %trﬁ. This will be correct provided a general monopole
(with a fixed orientation), centred at (0, t) for some ¢, is defined by Braam-Austin
data-with tr3 = 0. The other coordinate is more complicated, as the following

result illustrates.

Proposition 3.7. The centre coordinates of the 2-monopole specified by Braam-

Austin data {B,v, v}, given in the upper half space model, are

INT

(w,0) = (5076, =X

7 )

where

x = (trBH)? = 2tr(v*y(v*y — 26°6)) + 2(try*y)? + %(trﬁ)4 — (trB)%trp®
—2rBtrB*y*y — 2trB* trBy*y + trBtrf*try*y

A proof will be given in Chapter 5 (see §5.6.2). It may be checked that in the
case of the centred symmetric 2-monopole solution given in Proposition 3.5, the
formula for the centre simplifies to

b
V2

The check is relatively easy because tr3 and tr?

(u,t) = (0, —{sec(2B)}?)

T
4(m+1) "

both vanish so there are only two terms of x to calculate.

where as before, B =
This formula for the centre is only valid for £ = 2. It was obtained by using

explicit solutions and knowing the invariants of the Braam-Austin equations for
k = 2. Finding a formula for ¢ when k£ > 2 seems very hard at present.
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Chapter 4

Euclidean limit

The aim of this chapter is to understand how the Braam-Austin description of
monopoles becomes the Euclidean (Nahm) description for large mass. Euclidean
space R® may be thought of as a limit of hyperbolic spaces with curvatures tend-
ing to zero. It is conjectured that Braam-Austin data should be discretisations
of analytic functions and, on the strength of this, conditions for a sequence of
hyperbolic monopoles of fixed charge and increasing mass to have a subsequence

converging to a Euclidean monopole are given.

4.1 Changing the curvature of H’

Recall that the correspondence between hyperbolic monopoles and instantons was
based on the conformal equivalence R* \ R? ~ H?® x S!, which was illustrated by
writing the R? metric as

2 2 2
d32:t2{d‘”" to - +d92}

There is a similar formula for any R € R,¢, given by

2 2 2 2
4s? t {R2da: +dy’ +dt +R2d62}

TR 12
and so a conformal equivalence R \ R? ~ H?(R) x S*(R) where S*(R) is the
circle of radius R and HP (R) is hyperbolic space with constant curvature —1/R?.
The charge of a monopole is not changed by this rescaling of H?, but because

o
A=A+odf= A+ -Rdf (4.1)

it is clear that a monopole of mass m on H* corresponds to one with mass m/R
on HB(R). Euclidean monopoles may always be scaled to have mass 1. As R
increases, the curvature of H?(R) tends to zero, so it is reasonable to hope that a
sequence of monopoles with increasing mass has some sensible limit as a Euclidean

monopole of finite mass, using a rescaling of this sort.
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4.2 Moving the boundary of H’

Atiyah’s picture ([4], §5) of the limiting process is to consider shifting the axis of
rotation along the real axis in the (¢, 6)-plane. Recall that if R? is identified with
the quaternions H, with coordinate ¢ = a + jb = z + iy + jte® then the circle
action is

Aia+jbes a+jAb

As the axis of rotation moves away from the origin in the (¢, #)-plane the circle ac-
tion near the origin becomes closer to the translation action (along the imaginary

axis). This is illustrated in the following diagrams of the (t,0)-plane:

Im Im

o) ;//o

In the upper half space picture, this corresponds to changing from U = {t > 0}
to Ug = {t > —R} and rescaling the metric, so the boundary of hyperbolic space

drops away from the origin; and on any compact set containing the origin the

metric tends to the Euclidean metric as R — oo.

NN
NN

To find out what effect this shift of the axis has on the Braam-Austin matrices it

must first be lifted to CP3.

U

7
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4.2.1 Lift to CP3

Translation along the real axis (in the (t,0)-plane) by R corresponds in R* to
a+ jb— a+j(b+ R). Since

a -b—R 23y _[a —b 23 + —Rzy

b + R a 24 o b a 24 RZ3
(and using the equation (1.11) for the fibre over a point of S%) a lift of this
translation to twistor space is given by

z +— (21 — Rzy, 20 + Rz, 23, 24)
Conjugating the circle action by this lift, the new rotation action with axis at —-R
is given by
pr(A) sz [AEzy + RO — A" 3) 24, A2y + R(AF — X71)z5, A"825, A7 2]

Given matrices solving the Braam-Austin equations, their pullbacks under trans-

lation by —R will be invariant under the new action. In other words if { A;} solves

the Braam-Austin equations and is invariant under the original circle action, then
Az + Aszo + (Ag - RAQ)ZQ. + (A4 + RA1)24

is invariant under pg. This formula may be used to convert between pg-invariant
data and data invariant under the original circle action.

4.2.2 Limit of this action

To confirm that the action has the expected limit for large R, put A = e/ R,

where u will remain finite. Then Az —1as R — oo and

11 o (U
R(A\Z2 —A7z) = 2iRsin (ﬁ)
— was R— oo

So in the limit, the action pgr(A) becomes
z > (21 + iuzy, 20 + tu2s, 23, 24)

When this is restricted to R* = {[g,1]} it is just translation by u in the (t,6)-

plane, which is the limit of the actions previously described in pictures.

4.3 Nahm’s equations

From the method of construction, it would seem reasonable to expect Braam and
Austin’s difference equations to be related to the Nahm equations for Euclidean
monopoles. This section contains a summary of Nahm’s results, and Donaldson’s

reformulation of them.
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Euclidean monopoles correspond to ASD connections on R*, invariant under a
translation action (translation in the z4 direction, say). This is less pleasant than
a circle invariant connection since the “instanton” no longer has finite action. In
the “ADHMN?” description of monopoles (see [17], §2, for details), Nahm replaced
the vector spaces V and W by infinite dimensional spaces and the map A(z) by a
differential operator A(z). To be more precise, let C? represent the quaternions
and H® := £2[—1,1] with real structure o(f)(s) = f(—s); then V := H'®@C*@C?
and

W:={feH ®C: f(-1)= f(1) =0}

where H! is the Sobolev space of differentiable functions on [—1, 1] whose deriva-
tives are in £2. Note that W has a real structure and V' a quaternionic structure
arising from similar structures on the individual fibres. Using homogeneous co-
ordinates and letting e, e; and e; be right multiplication by the quaternions i, j

and k respectively, the map A(z) may be taken to have the form
3 df 3
Alz)f = (20 + ; zie))f + Z% +1 ; Ti(s)eif

where Tj(s) is a k x k matrix depending analytically on s € (-1, 1), with simple
poles at the endpoints (the C* coordinate is now (zo, 21, 22, 23) as this is more
convenient here).

In this setup, the conditions for A to define a monopole become

T+ T} = 0
T(s) = ~Ti(-9)
and Nahm’s equations:
Cil—j;l = [, T3]
%:1; = [T5,T4]
% = [T1,T3)

Then E, := kerA*(z) is a 1-dimensional quaternionic vector bundle on R*, with a
connection defined by orthogonal projection of the trivial connection on V. It was
proved by Nahm [25] and Hitchin [17] that such bundles correspond to Euclidean
monopoles.

In fact Hitchin (as well as Nahm) uses the interval (0, 2) instead of (—1,1),

but this latter interval will prove more convenient later.
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4.3.1 Donaldson’s description

Donaldson, in [13], has a way of rewriting Nahm’s equations, by noticing that
they are equivalent to the ASD equations for a connection A = S Ti(s)dp; on
the R* with coordinates (s, p:,p2,p3). From this point of view, it is natural to
introduce a fourth matrix Ty(s) and extend Nahm’s equations to the full ASD

equations (in the case where the coefficients depend on only one variable):

dly

e + [To, Th] — [T2,T5) = O
dT:
Tlsl +[To, To) - [T5,T1) = O
dT:
71;3 +[To, T3] — [T1,T2) = O

considered up to the action of the gauge group
G={u:(-1,1) = Uk):u(-s) =u'(s)""}

G acts via

u(T;) =uTw™t fort=1,2,3

’U,(To) = UTou_l — (Z—Z) U_l
so there is always a gauge where Ty = 0. Donaldson’s point of view is that of
complex coordinates, since there is already a splitting R3 = R@ C. So he defines

the coordinates s + ip; and p; + ip3, and the matrices
1 4 1 .
o = §(T0+1T1) ,8: §(T2+’LT3)

The original matrices 7; may be recovered from o and f by taking the adjoint

and skew adjoint parts (because T; € su(2), skew adjoint). Nahm’s equations are

%g+2[a,ﬂ] =0 (4.2)
2o+ o) +2(a 0] +[8,87) = 0 (4.3)

ds

4.3.2 Poles and residues

Nahm’s matrices Tj(s) have simple poles at the endpoints s = %1. Hitchin, in
([17], p150), argues that near s =1, the matrix T;(s) may be written

a

Ti(s) = “S + bi(s)

where a; is constant and b;(s) is analytic in a neighbourhood of s = 1. Then

dTi __ a; dbl

s (Q=s2  ds
67



Putting this into Nahm’s equations and taking the coefficient of 1/(1 — s)?,

—a; = [02703]

plus cyclic permutations

so that the residues a; form a k-dimensional representation of su(2). The fact that
this representation must be the unique irreducible one of dimension k& was proved
in Proposition 5.24 of [17]. By the property T;(—s) = —T;(s), the representation

of the residues at the other pole will then also be irreducible.

4.4 Shift of axis

It is pointed out in ([12], p817) that if v; = ZI; + a; then the continuum limit
of the Braam-Austin equations is exactly the Nahm equations in Donaldson’s
form. For example, using this substitution in (3.6) and rearranging produces the

equation

%ﬂ(%+1%/)771_ﬂ(%) :5(3'_2;_1> a(ﬁ) _a(%> 3 (Z;_ml> (4.4)

Because Nahm’s equations depend on a variable s € (—1,1), it is sometimes

convenient to rescale j by setting j/2m = s. Using this, it is possible to take
continuum limits, by letting j and m tend to infinity in such a way that s re-
mains fixed. Doing this to (4.4), the left hand side becomes a derivative and (4.4)
becomes equation (4.2) above. Similarly, substituting into (3.7), rearranging and
taking the limit gives (4.3). These are Donaldson’s form of Nahm’s equations.
In future, the relation s = j/2m will often be used to switch between the con-
sideration of 8 and v as functions on a lattice and as discretised functions on
(—1,1).

To obtain a Euclidean monopole from a sequence {A(™}, where A(™ =
{48 ... AU™} is Braam-Austin data representing a hyperbolic monopole of mass
m, the curvature of hyperbolic space is changed by moving the axis of rotation
to —R,, in the (¢, 6)-plane, i.e. to the point (¢,8) = (Rm, —%) (§4.2). It turns out

from the above that the correct axis shift is R,, = 7.

Justification: The following is a formal argument, in that it is assumed there
are no difficulties with existence of derivatives or the continuum limit, but it is
nevertheless useful and provides the motivation for the rest of the chapter. If

A s pulled back to pg,,-invariant data A™) then

Amg = Az + A 2 + (A — R A) 25 + (AYY + RnAT™) 24
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by §4.2.1, where the matrices Az(-m) of A(™ are in Braam and Austin’s standard
form, Agm) having blocks ﬂj(.m), 'yj(-m) and v™. Recall AMz : W™ — ym),
where W™ and V(™ have the weight space decompositions given in Lemma 3.2.
A vector f(™ € W™ may be thought of as a discrete function { f;m)} with f}m) a
k-vector in the weight space W of W. Consider the coefficient of z3 in Amg f(m).

/ Bl f o \
(™) f£r2nr)n+1
,B( 2m+3f( 2m+3

—R'mf( om+1 T ’7—2m+2f( 2m+3

ATV = R AS™ < £ o ™ €V (49)

Rm ém) - ’ng)fém)

(m) (m)
2m—1J2m-—1

Rfmf2(rr;:) 1

\ 0 /

If there is to be a nonsingular limit as m — co, the entries of this column vector,

and in particular the functions

— R i) + 4™ 1 (4.6)
must have finite nonzero limits (for a general f (m)) as m — oo. To keep them
from becoming arbitrarily large, fy](-m) must have the form

= Rlj + o™

where ag-m) has a limit as a finite matrix-valued function . Thus it is natural to
use the pair (agm), ﬂ](m)) to represent Braam-Austin data, especially when consid-
ering the Euclidean limit. Comparing with the substitution v; = 31 4+ o; gives
R, = 2. The expression (4.6) becomes

o(s) £(5) + 5= ()
in the continuum limit.

Note that a shift of the axis by m/2 for a mass m monopole corresponds to
scaling so that the monopoles all have mass 2, by equation (4.1).
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4.5 Analytic functions

Recall that solutions (vy;, §;) to the Braam-Austin equations may be thought of as
discrete functions (y(s), 8(s)) on the interval (-1, 1) by setting s = j/2m. This
is the viewpoint taken in the following conjecture:

Conjecture 1. For each solution (784, BBa,v) to the Braam- Austin equations
for hyperbolic monopoles with mass m and charge k > 1, there exist matriz- valued
functions a(s) and B(s) such that

i) o and B are analytic on the intervals (=1 — £,1 + L) and (-1,1 + L
m m m

respectively with simple poles at the endpoints

i) The functions v = JIx + and B satisfy the Braam-Austin equations for
mass m for all s € (—1,1)

iii) ypa and Bpa are discretisations of v and B respectively, so that (vBa); =

y(j/(2m)) and (Bpa); = B(( +1)/(2m))

i) The matriz (s) is invertible for all s away from the poles, except at s = +1

where it s singular

When considering (vpa, Opa) as discrete functions it is convenient to use the
notation of §3.7.1. There, the domain of definition of B was shifted so that 8 and
~ were defined at the same points. This conventlon has been adopted here. The
«unshifted” domain for B is thus (=1 — 5,1+ 5.

The conjecture is satisfied for £ = 2, which may be verified from the solutions

2m’

given in Chapter 5. In the case k = 1, the matrices are constant and there are
no poles.

While Conjecture 1 remains a conjecture for k > 3, there is very good evidence
that it, or something very similar, is true. This evidence is mostly based on work of
Murray and Singer [24], who describe how to construct “discrete Nahm” data (i.e.
a solution to the Braam-Austin equations) from the spectral curve of a monopole,

following Hitchin’s construction [17] for the Euclidean case.

4.5.1 Murray and Singer’s construction

Starting from the spectral curve S, construct vector spaces V. as spaces of sections

of line bundles over S:
V, = H*S, L (k — 1,0)) (4.7)

where L is the restriction of the line bundle O(1, —1) over Z to S and L™(k—1,0)
is a shorthand for L' ® O(k—1,0)|s = O(r+k—1, —7)|s. The bundle L™(k—1,0)
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represents a point on the Jacobian, Jack—1)(S), of line bundles on S with degree
k(k — 1). The theta divisor © of S lies in Jac,1(S) = Jack(k—2)(S) (recall S
has genus (k — 1)2). Murray and Singer ([24], Definition 2.1) make the following
definition

Definition 3. A bundle £ € Jacky—1)(S) is regular if
L(—1,0) € Jacgk-2)(S)\ © and L£(0,—1) € Jackk-2(S) \ ©

The degrees work out because S has bidegree (k, k), so tensoring with O(—1, 0)
or O(0, —1) reduces the degree by k. Murray and Singer then prove

Proposition 4.1. If £ € Jackk-1)(S) is regular, then
hO(S, L) = k=h(S,L® L)
(this is true for generic L by Riemann-Roch), and there is an ezact sequence
0 — H(S, L) = H%S, L) ® H°(S,0(1,1)) B H*(S,£(1,1)) » 0 (48)
where m 1s the multiplication map. O

Thus V, has dimension k and depends holomorphically on r, for 7 in some
region of C such that L"(k — 1,0) is regular. For integral v, L"(k — 1,0) is
certainly not regular for 2m + 1 < r < 2m + k. To see this note that

LI'(k—1,00® O(-1,0) = L"(k—2,0)

= O(T+k - 2,—7‘)l5
O(r —2m — 2,—r +2m + k)|s

1%

because O(—2m — k,2m + k)|s = Ols. When 2m +2 < r < 2m + k, both of
r—9m —2 and —r + 2m + k are positive and so the bundle L™(k — 2,0) has
sections (for example, the restrictions of global sections, since r € Z). A generic
bundle of degree k(k — 2) has no sections, and so L”(k — 2,0) must lie on the
theta divisor. Thus L™(k — 1,0) is not regular for 2m +2 < r < 2m + k. The
same argument using O(0, —1) instead of O(—1,0) shows that L™(k — 1, 0) is not
regular for 2m + 1 < r < 2m + k — 1. This region where L™(k — 1,0) is not
regular occurs periodically, since L°(k —1,0) = L*™**(k —1,0). The claim is that
L"(k — 1,0) is regular for real r outside [2m + 1,2m + k] and its translates, and
so for r in some region € C containing the interval [1,2m].

The kernel K, of the multiplication map

V, ® H(S,0(1,1)) — H°(S, L7 (k, 1))
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is then k& dimensional and may be identified with V;, by Proposition 4.1. An

element of K, is a set of four elements {soo, So1, S10, S11} of V; such that
W1 21 Sgo + W120S01 + Wo21810 + Wo20511 = 0 (49)
on S, where 7 = w, /wp and { = 2, /2o are coordinates on Z. So (4.9) implies that

(w1800 + WoS10, W1So1 + wosy) = (20, —21)t+

(21500 + 20501, 21510 + 20511) = (wo, —w1)t_

on &, for some sections ¢1. In fact, from these formulae ty € V;4; so the procedure
defines maps P* : K, — V,4;. These maps depend holomorphically on r € Q.
Murray and Singer prove that for r € €2, the PZ are isomorphisms. The identifi-
cation of K, with V, is by projecting to s;0, and so there are endomorphisms A,,

B,, D, of V, such that (reverting to inhomogeneous coordinates)
(Am¢ + B+ +D;)s, =0 Vs, €V,

These endomorphisms also vary holomorphically with r. Fixing a basis for the
V. (and making the identification with K;), the maps P*, A, and D, may be
written as matrices. It turns out [24] that these matrices satisfy the Braam-
Austin equations, with the P taking the roles of the v; and v;, and A, and D,
the roles of 3; and f;.

This construction makes it clear that difference equations, rather than differ-
ential equations, arise naturally from the geometry of S. Although the difference
equations are satisfied at all points of {2, there is a natural discrete set of points to
choose, namely those corresponding to real integral 7. In this case, the points of
Jac(k—1)(S) represented by the L7(k —1,0) meet the boundary of the non-regular
region (after a finite number of steps and without crossing non-regular points).
This should give rise to the poles at the endpoints and the singular behaviour of
7 there.

In the case k = 2, the spectral curve is an elliptic curve and Jac(S) may
be identified with S. Writing S as C/A, the lattice A must be rectangular (i.e.
must be generated by {1,it} with ¢ real) because of the reality conditions on S.
Thus S is determined as an abstract curve by one positive real number. The
theta divisor is the single point 0 € Jaco(S). Choose coordinates so that the
L7(1,0) € Jaco(S) (with r real) lie along the real axis in C. Then looking at
integral values of r divides the real interval [0,1] C C into equal steps, with the
L7(1,0) only non-regular at the endpoints.

Murray and Singer [24] prove that the above matrix data may be constructed

from the spectral curve of any monopole. They have a procedure (see §5.6) for
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finding the spectral curve from the matrices and prove that this recovers the
original spectral curve. They also prove that for any such solution, V; has the

form

Vi = HO(S7 E])

where £; € Jack(k-1)(S) is isomorphic to Lo® L. The original definition of V; fits
this pattern, but calculating £y remains a problem. So it remains a conjecture at
present that the V. are always given by (4.7). In any case, the maps P*, A, and

D, depend analytically on r € 2.

4.5.2 Note

The particular endpoint conditions of Conjecture 1 are satisfied by the symmetric
2-monopole and by the 2-monopole solutions given in the next chapter. For larger
k the lattice A is still rectangular, but the theta divisor is more complicated
and the situation less easy to understand. The precise endpoint condition does
not affect the results deduced from the conjecture, however, provided («, 3) are
analytic on an interval containing (—1,1) with poles at the endpoints and that
the positions of the poles tend to +1 as m tends to infinity. This much should
follow from Murray and Singer’s work. Part iv) will not be used in what follows.
The rest of this chapter will be based on the assumption that Conjecture 1 is

true.

4.6 Convergence definition

It is now possible to make sense of the statement that “hyperbolic monopoles of
increasing mass tend to Euclidean monopoles”. The idea is to let A(™) denote a
set of Braam-Austin data for a monopole of mass m, and to look at sequences
{A™} of such monopoles of fixed charge k, one for each integral mass. The
rescaling is equivalent to writing 7J(~m) =20+ agm) and considering the functions
(agm), ﬂj(-m)) instead of (’y](.m), ﬁj(m)) (using the arguments of §4.4). By Conjecture
1, (a§m),ﬁ§m),v(m)) corresponds to a pair of analytic functions (o™, ™) on
an interval containing (—1, 1), together with the vector v(™) . If these functions
converge to analytic functions on (—1,1) with poles at the endpoints, the limit
functions (o, 8) will satisfy Nahm’s equations (again by §4.4) and so describe a
Euclidean monopole.

Most sequences {A{™} of monopoles do have a Euclidean limit in this sense.

To make this precise,
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Definition 4. A sequence {A(™} of monopoles of increasing mass is a se-
quence of Braam-Austin data, where Am) = (7,‘9"}3, g:?, v{™) represents a mono-
pole of mass m and the sequence contains one such A™) for each integral mass

m. The sequence is indezed by m.
The following theorem gives conditions for such a sequence to converge.

Theorem 4.2. Assume Conjecture 1 is true. Let {AT™} be a sequence of mono-
poles of increasing mass with fized charge k, such that the corresponding Sequences
{a™}, {B™} of analytic functions and {v™} of vectors satisfy

i) The functions o™ B gl extend as meromorphic functions on some fized
region 0 C C containing the interval [—1, 1} with at most two simple poles
(depending whether £(1+--) € Q) and are uniformly bounded on any compact
subset of Q excluding the poles

i1) There is a subsequence of the boundary data {(B™(1)/m,v™ /m)} converg-
ing to (b,v) where v is a cyclic vector for b (i.e. {v,bv,...,b* v} span C*)

then there is a subsequence {A("‘")} converging to a Euclidean monopole of charge
k.

Notes

e Condition i) of Theorem 4.2 is the condition that no charge escapes to in-
finity, or in other words that “the monopoles remain inside a compact set”
in H2. It will become clear in Chapter 5 that in the case of 2-monopoles the
condition that the functions extend to meromorphic functions on a fixed
set Q) corresponds to the “monopole separation” remaining finite, and that
for a monopole with “finite separation”, the uniformly bounded condition
corresponds to the centre of the monopole remaining inside a compact set.
An example will be given in Chapter 5 of a sequence of 2-monopoles where
some, but not all, of the charge “escapes to infinity”. The result is a Eu-

clidean monopole of charge 1.

e Any analytic function on a real interval extends as a holomorphic function
on some region €2 of C. The important part of condition i) is that this Q is

the same for all o™ and (™.

e Condition ii) that v is cyclic for b in the limit ensures that the representation
formed by the residues of the limit is irreducible, and so the limit really is

an SU(2) monopole and does not degenerate in any way.
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e In fact the theorem almost gives both necessary and sufficient conditions
for a sequence of monopoles of increasing mass and fixed charge to have a
subsequence with limit a Euclidean monopole of the same charge: such a
limit exists if and only if i) and ii) of Theorem 4.2 hold for some infinite
subset of the {A(™)}.

4.6.1 Proof of Theorem 4.2

Assume Conjecture 1 is true and suppose the sequence {A(™} satisfies i) and ii)
of Theorem 4.2. Then by the conjecture, the poles of the corresponding analytic
functions o{™ =: (™ — I, and (™ are at =(1+ 1) and —1, 1+ L respectively.

Assume 7 is large enough that (1 + 1) € Q, and for convenience that

(£

as m — oo, with v cyclic for b. If this were not true, it would be true for some

subsequence by ii) of the theorem. This kind of assumption will be made again
during the proof because it is notationally cumbersome to take subsequences and
renumber when the original sequence is indexed by the mass. The proof is in two
main parts; the first is that limit functions («, ) exist and the second that they
represent a Euclidean monopole. The first part subdivides into the proof that the
functions minus their poles converge, and the proofs that the residues and hence

the original functions converge.

Existence of limit

Both o™ and $™ extend to meromorphic functions on © (given by part i) of
the theorem) which have two simple poles and are holomorphic otherwise. So let
RT be the residues of (™ at £(1 + 1) respectively and ST the residues of 5™
at —1 and 1+ % Define holomorphic functions &™) and ™ by

R™ R™
5(m) = o™(g) — + _ - 4.1
as) o (s) 1+4L—s 1+14s (4.10)
B(s) = B™(s) - > > (4.11)

1+%—s_1+3

Now by the conditions of the theorem, the families {&™} and {3(™} are uni-
formly bounded on all compact subsets of 2. Any such sequence has a subse-
quence converging to an analytic function on 2, the convergence is uniform on
compact sets and the derivatives also converge uniformly to the derivative of the

limit (see, for example, [2]). So there is a subsequence {m,} such that the pair
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(&(mn), B(mn)) converges to a pair of holomorphic functions (&, 3) defined on ©,
with the derivatives also converging. Again, for notational reasons, assume this is
in fact the whole sequence. Thus (a(™, 3(™)) converges to a pair of meromorphic

functions on € with simple poles at 41 provided the residues converge.

Convergence of residues Note first the obvious fact that if {a,} is a sequence
of points in D := {|z| < R} C C with a, — 0 as n — oo, then for any compact
set Q@ C D* = D\ {0} there exists Nq € N such that a, ¢ Q for n > Ng. The
idea is to consider a sequence {f,} of functions meromorphic on D with simple

poles at a,, residues c,, and no other poles. Using this framework we can state:

Lemma 4.3. Suppose {f.} is a sequence of meromorphic functions on D as
described above, and that there is a holomorphic function f on D* such that for
any compact set 2 C D*, the sequence { fn}n>n, converges uniformly to f. Then
f extends to a meromorphic function on D with at worst a simple pole at 0 € C,

and the residues ¢, converge to the residue ¢ of f at the pole.

Proof of Lemma 4.3

A holomorphic function g on {0 < |2| < R} has Laurent expansion

where

and 7y is a small loop around w = 0 in C. Choose € < R, then there exists N. € N
such that a, € {|2| < €} for all n > N,. Then for n > N, the residue ¢, of f, at
a, 1s
1
= - (w)d
Cn = 5— e fn(w)dw
But f,, converges to f uniformly on the compact set {|z| = €}, so

1
n —> — flw)dw =
c /le:E (w)dw = ¢

2mt

It remains to check that f has at worst a simple pole (it may have none at all
if ¢ = 0). Clearly the only possible bad point is z = 0. The coefficient of z7*
(where k£ > 2) in the Laurent expansion of f is given by

1 k-1 T 1 k-1 _
5 |w|=ew flw)dw = 7111_’r1;1o 5 /|w|:e(w — )" fr(w)dw =0
since the functions f, all have only simple poles. O
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This lemma may be applied to neighbourhoods of +1 to show that the se-
quences of residues converge, say R? — Ry and ST — Sy. Thus the functions
(al™, (™)) converge to analytic functions (a, 8) with simple poles at &1 (the fact
that the limit residues are nonzero, and so the functions do have simple poles,

will be shown in the last part of the proof of the theorem).

Reality and boundary conditions

Because each A(™ satisfies the Braam-Austin equations for mass m, it follows
from §4.4 that the pair (o, 3) satisfy Donaldson’s form of Nahm’s equations. It
remains to check the other conditions which, in this formulation, are

o a(-s) = a(s)" and A(—s) = B(s)’

e In a gauge where o is Hermitian, the residue of  at 1 and the Hermitian
and skew-Hermitian parts of the residue of 3 at 1 define an irreducible

representation of su(2)

The first condition is satisfied because a™ and 8™ satisfy the Braam-Austin
equations (3.4) and (3.5), namely o™ (—s) = al™(s)* and B (—s +1/2m) =
B (s +1/2m)t for all s € (—1,1).

If the second condition is to be satisfied, the residues must in particular be

nonzero. To see this note that
Lemma 4.4. The residue S, of B at 1 satisfies
S+ = b

where b is the limit as m — oo of the boundary data B (1) /m.

Proof of Lemma 4.4

The function 3™ is bounded on Q, so evaluating (4.11) at s = 1 and dividing by

m,
g™y M) o ST
= =
m m 2m
Taking the limit as m — oo gives the result, since b = limym_eo 3™ (1)/m. O

Then the condition follows from the argument of §4.3.2, which proves that
any solution to Nahm’s equations which satisfies all the other conditions must
define a k-dimensional representation of su(2) via the residues at its poles. By
condition ii) of the theorem, b = S, has a cyclic vector and so the representation
is irreducible. This completes the proof of Theorem 4.2. Note that this proof is
also valid (with only small modifications) assuming the slightly weaker version of

Conjecture 1 given in §4.5.2. O
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Chapter 5

Monopoles of charge 2

The general solution of Nahm’s equations for a charge 2 monopole may be ex-
pressed in terms of Jacobi elliptic functions, and the same is true in the hyperbolic
case. Ward’s solution of the discrete Toda equations provides explicit solutions
to the Braam-Austin equations. The Euclidean limit may be calculated explicitly
as well as the spectral curve, and the behaviour of “widely separated” monopoles
studied.

5.1 Jacobi elliptic functions

This section lists some basic facts about elliptic functions, for reference, as they
will be needed in what follows. These and further details may be found in [1].

An elliptic function is a doubly periodic meromorphic function on C. The
Jacobi elliptic functions are defined by the rectangular lattice:

n .d n .d
s . .8 .C
n d .n .d
s . .S .C

in C, where zero is one of the points s, the real axis is horizontal and the imaginary
axis is vertical. The horizontal distance between s and c is

! dt
K:K(n)z/o N R

and the vertical distance between s and n is K’ = K (k') with 7 =1 — k2. Ifp

and ¢ are any two of the letters s, ¢, d, n and p # g, then the function pq(u) is
defined by :

1. pq has a simple zero at p and a simple pole at ¢ and no other zeros or poles

2. The step from p to ¢ is a half-period, the steps from p to the other two

corners of the square are quarter-periods
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3. The leading coefficient in the expansion about u = 0is 1 (i.e. the first term

is u, 1 or 1/u according as 0 is a zero, regular point or pole of pq)

As might be expected, sn(z)/cn(z) = sc(z) and cn(z)nc(z) = 1 etc., so formulae
will be given only for sn, cn and dn. The equivalents for the other functions may
be deduced from these. The functions where one of p and ¢ is s are odd, and the
others are even. All the functions pg(z) are real for real z. In this case sn(z) is
positive for z € (0,2K) and cn(z) is positive for z € (— K, K), both vanishing at
the endpoints of these intervals. dn(z) is always positive for real =, and all three
functions have modulus less than 1. Note that, in particular, this means |nc(z)|
and dc(z) are greater than or equal to 1 for real z.

The number k is called the elliptic modulus, and to denote this dependence
sn will sometimes be written sn,. The elliptic functions have properties similar to
the trigonometric functions, indeed when & is 0 or 1 they become trigonometric

or hyperbolic functions:

sng = sin sn; = tanh
cng = COS cn; = sech
dng =1 dn; = sech

Relations between squares

sn?(u) + cn®(u) =1 x%sn?(u) + dn’(u) =1

Addition formulae

sn(a)cn(b)dn(b) + sn(b)en(a)dn(a)

snfe+b) = 1 — x2sn2(a)sn?(b)

_ cn(a)en(b) — sn(a)sn(b)dn(a)dn(b)
en(a+0b) = 1 — k2sn?(a)sn?(b)
dn(a+b) = dn(a)dn(b) — x%sn(a)sn(b)cn(a)cn(b)

1 — k2sn?(a)sn?(b)

Special arguments

sn(0) =0 sn(K) =1
cn(0) =1 en(K)=0
dn(0) =1 dn(K) = '
Imaginary transform
sn (1u) = isc.(u) cny (1u) = ncg(u) dn, (tu) = dek(u)
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Taylor series

sneu = u—(1+ 52)1—{— + O(u®)

3!
w2
engu = 1— o+ O(u)
2
dncu = 1— nZ% + O(u*)

All these properties are needed to verify the calculations in this chapter.

5.2 The general solution

The general solution to the Braam-Austin equations for charge 2 is essentially
Ward’s k = 2 discrete Toda solution [29] and is found by the same method as
the symmetric solution (§3.7). Using the notation of §3.7.1, write v; = v(7),
B; = B(j + 1) and look for a solution of the form

(i 0 _ 0 u+z
v=s(h ) Y
where fi = /T —g, f2 = /1 + g. Then the Braam-Austin equations

By = ’Y—lﬂ’)’
Yy = Yy + (8L, Byl

are equivalent to

u+ g

T + ug
T, = — 5.2
ToVi-g )
g+ = g+duszy (5.3)

The discrete Toda equations are the same except that the first two have numer-
ators u — zg and z — ug on the right hand sides. The solution given here is
essentially the same as Ward’s discrete Toda solution, but because those solu-
tions were bounded with fixed centring it is necessary to change to an imaginary
variable and convenient to have the scaling b clearly visible. Thus it is easier to
solve the equations again from the beginning, incorporating the differences from
the start.
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5.2.1 Conserved quantities

As in the symmetric case, the equations have conserved quantities (where © no

longer denotes the theta divisor):
Lemma 5.1. Let
0 = 22—
QO = g¢*>—2u?—22° —4guz
then © and ) are independent of j.
Proof

Qr = (g9+4uyzy)? — 202 — 222 — 4(g + duszy)ugzy

= ¢®+4dguyzy — 20> — 222
,  4g(u+ gz)(z + gu) — 2(u + g7)? — 2(z + gu)?
9+ -

= ¢%—2u?—22° — 4gux

= Q
This shows that Q is conserved. The proof for © is simpler, following the same
lines, and so is omitted. O

5.2.2 An equation for g

In order to solve the equations, first use the change of variable p = z—u, ¢ = T+,
so that

© = pg
Q= ¢?-p"—+9(*— 4%

Solving these (by substituting ¢ = ©/p and solving a quadratic equation for %,

and likewise for ¢?),

P 2(1—g)
s ?-Q—-R
T T3+9
with
R* = (¢* — Q)* - 4(1 — ¢*)©? (5.4)

81



These can be solved for u and z to get
' 1
u = 5(99-— Q- 20)1/2 (5.5)
r = %(gg_ _Q+20)2 (5.6)

Note that these are interchangeable since the difference equations do not distin-
guish between u and z. This is reflected by the fact that the sign of © is not
determined by the equations. It will be shown that p? and ¢? are real and positive,
over a suitable range for j, so that v and z are well-defined.

Substituting into equation (5.3) leads to a difference equation in terms of g

alone:

g+ = g +tdugzy
= g-pi+q;
9+ — g3 — Ry

g+
1-g3

which (translating j) simplifies to
g—(1-g%9--9Q+R= (5.7)

5.2.3 Solution for g

The discrete Toda equations, which are almost identical to Braam and Austin’s
equations, also lead to (5.7). Ward [29] has a solution in terms of the Jacobi
elliptic function sn, although because his variable is real, the solution is bounded.
For a monopole, the function g must have poles at the endpoints of the interval
and behave something like tan. The most obvious way to accomplish this is to
use the fact that sn, (iz) = isck(z), in other words to make the argument purely
imaginary. It is easier to work with sn than with sc for the moment (because of

the form of the addition formula), so start by assuming that
g = Asny (1Bj)

where B is real. Then

sn(iBj)cn(2iB)dn(2iB) — sn(2iB)cn(:Bj)dn(iBj)

g-=4 1 — k?sn2(2iB)sn?(iBj)

and
1 —g? =1— A%n*(iBj)
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Set A = —k'sn. (2iB) (the sign is chosen so that g = &' sc.(2B)sc.(Bj) using the

imaginary transform), which simplifies the g_ term:
(1-g%g. = —w'sn(2iB){sn(iBj)en(2iB)dn(2iB) — sn(2iB)cn(iBj)dn(iBj)}
— &'sc(2B){sc(Bj)nc(2B)dc(2B) — sc(2B)nc(Bj)de(Bj)}

Using this expression for g in (5.7) and cancelling two of the terms by setting
Q) = 1 — nc(2B)dc(2B), the equation simplifies to

R = —&'sc?(2B)nc(Bj)dc(Byj) (5.8)

Equation (5.8) fixes which root of R is needed, provided the squares of the two
sides are equal (which must be checked since (5.8) must agree with (5.4)). This
is equivalent to the condition 402 = (nc(2B) —dc(2B))?. The check is messy but
not hard, using properties of the elliptic functions. The calculation is given in
§5.2.4. Thus g = x'sc(2B)sc(Bj) solves the difference equations, since (5.5) and
(5.6) are formulae for u and z in terms of g.

5.2.4 Proof of (5.8)

It remains to check that
R? — ksc*(2B)nc?(Bj)dc?(Bj) = 0 (5.9)

if and only if 402 = (nc(2B) — dc(2B))?. Substituting from (5.4), the left hand
side of (5.9) is

(g% — Q)% — 4(1 — ¢%)©? — ksc*(2B)nc*(Bj)dc’(Bj) (5.10)
Multiplying out the brackets, using the formulae for g and  and the identities
nc?(u) = 1 +sc’(u) dc?(u) = 1+ ksc®(u)
the expression (5.10) simplifies to
{1 — ksc?(2B)sc®(Bj) {2 + sc*(2B) + K2sc?(2B) — 2nc(2B)dc(2B) — 40°}

= {1 — &"sc*(2B)sc*(Bj)H{nc*(2B) + dc?(2B) — 2nc(2B)dc(2B) — 40%}

= {1 — &"sc?(2B)sc*(Bj)H{(nc(2B) — dc(2B))? — 40%}
which is identically zero if and only if

40? = (nc(2B) — dc(2B))?

The above calculation verifies that the solution for g is consistent with all the

equations for this (and only this) choice of 02,
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5.3 Other conditions

The solution is not yet in a form satisfying all the Braam-Austin equations. It
remains to impose the boundary condition and to find a gauge where the reality
conditions (3.4): y—; = 7¢ and (3.5): B—; = B} hold.

5.3.1 Change of gauge

As in the symmetric case, change to a more convenient gauge using the constant

#0)

ﬁ:b<—ifﬂ U) ,y:?_(‘f1+f2 i(fz—fl))

u 1z 2\i(fi—fa) fth

(where f2 =1 — g and ff = 1+ g as before). It is now clear that (3.4) holds,
since replacing j by —j exchanges fi and f3, as sc is odd, and that (3.5) reduces
to the conditions u(j + 1) = u(—j + 1) and z(j + 1) = z(—j + 1), which by (5.5)
and (5.6) is equivalent to gg_(j +1) = gg_(—j + 1). This is straightforward to
check from the formula for g, verifying that the solution satisfies (3.4) and (3.5).

unitary matrix

so that

Note also that in this gauge

* __ 12 1 'Lg x] __ 9. 0 -1
The vector v appears in the boundary condition and nowhere else. Let v =
b(z vy).
5.3.2 Boundary condition
The boundary condition (3.8) is
[B(2m), B*(2m)] + v'o — ¥*(2m — 2)7(2m — 2) =0
the left-hand side of which, in terms of matrices, is
2 0 -1 o (12> zF \ 2 1 ig(2m — 2)

4ib*u(2m)z(2m) (1 0 +b vi |l? b —ig(2m —2) 1
Thus |z|> = |y|? = 1, yZ = —x§ = *i, and

4u(2m)z(2m) £ 1+ g(2m —2) =0 (5.11)
Using the difference equation for g, (5.11) becomes

g(2m) = F1

i.e. k'sc(2B)sc(2mB) = F1.
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Proposition 5.2. The boundary condition K'sc(2B)sc(2mB) = F1 is satisfied

when
_ K

2(mF 1)
Proof: First note that
1
K'sc(2B)sc(2mB) = 1 & —cs(2B)ces(2mB) = 1
K
and that

cs(a)cs(b) — dn(a)dn(b)
cs(a)dn(a) + cs(b)dn(d)

(from the addition formulae for sn and cn n). So when B = 5 +1),

o () = (<~ 7)

cs(K)cs —"T+—) dn(K)dn (m+l)
CS(K)dIl( + ¢S (m+1) dn (m+1>

K K'

cs (A7) ~ cs(2B)

cs(a+b) =

cs(2mB)

thus Lcs(2B)cs(2mB) = 1. The check for the other case is almost identical. [
The constant B can take no other values since sc has a pole at K, so g would
then have poles in the interval where 8 and 7y are defined (which can’t happen by
Conjecture 1).
Because of the shift 3; = 3(j+1), g must be defined for all j between —2m-+2

and 2m, so B = %Kfl—) is no good either and the only possibility is
B = _K
2(m +1)

corresponding to g(2m) = 1. The vector v may be taken tobe v =b(7 1) (itis
easy to check that the matrix (ﬁ _2;"“) is injective for this choice).

5.3.3 Reality of u and z

It was assumed from the beginning that u and z were real, so it remains to check
that this is true; or equivalently that p? and ¢? are always positive, as g, Q, ©
and R are all real. Recall that
p2:g2—Q+R q2:g2—Q—R
2(1-9) 2(1+9)
and that R? = (g2 — Q)2 — 4(1 — ¢%)©?, so p’¢*> = ©% > 0 and hence p? and ¢°
have the same sign. For real z, nc(z)dc(z) > 1, so

Q0 =1-nc(2B)dc(2B) <0
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Let I,, be the interval (—2m + 2,2m). By (5.8), R = —«'sc?(2B)nc(Bj)dc(Bj),
which is always negative for j € I,,. On that interval —1 < g < 1. These facts
together show that ¢? is always positive on I,,,, and hence so is p2. Since g reaches
the value 1 (at j = 2m), it looks as though p? is undefined there. In fact, taking

the limit,
207
1-0Q

as j — 2m (remembering to use the negative root of R?). So u and z are

P’ =

defined and real on I,,, and this solution solves the Braam-Austin equations for
a hyperbolic monopole of charge 2.
5.3.4 Summary

The general solution to the Braam-Austin equations for a charge 2 monopole

(with a fixed centre and orientation; it will be explained later exactly what these

are) is '
ﬂ=b<_f ;;) v=>b(i 1)
729( vIi-g+I¥yg i(\/1+9"\/1—9))
2\i(v1-g—V1+g) VI-g+/I+g
where

g = «'sc(2B)sc(Bj)

K
B = 2(m+1)
u = —;—(gg_—Q—Q@)l/2

r = %(gg_ —- 0 +20)?

= 1 —nc(2B)dc(2B)

0 = %(nc(2B)—dc(2B))

and the number € [0,1) is the modulus of the elliptic functions, x? = 1 — &2

and K is the complete elliptic integral of the first kind with parameter .

All 2-monopoles, up to centre and orientation, are obtained this way, since
an elliptic curve is determined as an abstract curve by the modulus £ € [0,1)
and there is a solution for each x. Changing the embedding of the curve in Z
corresponds to changing the centre and orientation of the monopole. The general
solution may be used to demonstrate various properties of monopoles and to begin
to clarify the role of k. For example, as k — 0, we recover the symmetric solution.

On the other hand, as k — 1, the solution becomes an approximate superposition
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of two widely separated 1-monopoles. The Euclidean limit of the solution is the
general solution for (centred, oriented) Euclidean 2-monopoles, and by modifying
the data to incorporate a translation it is possible to illustrate the phenomenon
noted by Jarvis and Norbury [20] of charge “escaping to infinity”. More precisely,
this will be done by giving an explicit sequence of 2-monopoles on hyperbolic
spaces with decreasing curvature, whose limit is a Euclidean monopole of charge
1. Note that the functions o and B of Conjecture 1 are obvious in this case. It
may be verified that this solution satisfies all the conditions of the conjecture. In

addition, the vector v appears as
v = imy(2m) = kery(—2m)

so that the degeneracy of v at £2m defines v. Murray and Singer conjecture that

something similar to this should be true in general.

5.4 FEuclidean limit

The method for taking the Euclidean limit was described in Chapter 4. The
general Euclidean 2-monopole solution will be briefly reviewed first, and then

shown to be the same as the limit of this hyperbolic solution.

5.4.1 Euclidean monopoles

It is known (see Sutcliffe [27]) that the Nahm data for a charge 2 monopole (with

fixed centre and orientation) may be expressed in the form

_hf0 1 _fof—-i O _f3 (0 i
hi=51-1 0) =510 i) B=%5\i o
and then the Nahm equations are
fi = fafs fo=fafi fa=HAl (5.12)

To solve these for a symmetric monopole two of these functions are equal, say
fo = f3. Then equations (5.12) become

f=f3 fo=Fif
Using these,
A 2fofa = 2f1ff =2f1h

= fi= f2 4+ C?* (the constant must be positive for a solution in terms of

I

trigonometric functions)

:>/f1+C'2 /ds

= = CtanC(s — K)
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for constants C and K. Because f; must be defined for s € (-1, 1), with poles at
-1 and 1, the constants are K =0 and C = 3. Putting this into the first of the

Nahm equations,
: s s

So the solution, in this gauge, of Nahm’s equations for a symmetric charge 2

monopole 1s:

T s
= —t _
fi 5 tan 5

In general, the equations (5.12) are the Euler top equations, which have a

solution in terms of elliptic functions (see [27]):

fi = —Kcs(Ks')
fa = —Kns(Ks')
fo = Kds(Ks)

As before, ns, cs and ds are Jacobi elliptic functions with modulus x and K is the
complete elliptic integral of the first kind with parameter x. The variable s’ lies
in the interval (0,2), which is the standard interval for solving Nahm’s equations.
Braam and Austin’s construction leads us to use s € (—1,1) instead, and the two
versions may be compared by setting s’ = s + 1. The symmetric solution is the

special case k = 0.

5.4.2 Limit of the discrete solution

If x is fixed, the corresponding family {A(™} of 2-monopoles satisfies Conjecture
1 and i) and ii) of Theorem 4.2, so a limit exists. The first step in finding a limit
is to replace the parameter j € (—2m + 2,2m) by s € (—1,1), where s = 7/2m.
Then j = 2ms and

2mK
Bj = MBS U Ks for large m
2(m + 1)
K K
sc(2B) = sc (m-&—l)N—_m—l—l for large m

For a limit to exist, v must have the form vy = 31 + o Since g is small for large
m, at least near the centre of the interval I,,, choose the constant bimy = - This
corresponds to shifting the axis of rotation in R* by the right amount (as in §4.4).

For fixed s and large m,

g = k'sc(2B)sc(2mBs) = O(1/m)
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and so
1
149 = 1_+—2—g+0(1/m2)
Ji—g = 1——;—g+0(1/m2)

Thus, putting this into the formula for 7,

_myimg (0 1) o (L
7—2I+ 1 <_1 0>+O(m)

: . -
EZ—Q = %n—n'sc(2B)sc(2mBs) ~ =

with K
sc(Ks)

for large m.
For the limits of u and z, it is easiest to start by using the Taylor expansions

of sn, cn and dn. Observe that

Q) = 1-cng(2iB)dny(2iB)
= 1- (1 _ (%f) + 0(34)> (1 - ﬁ—@;—B)— + 0(34))
= —2B%(1+ %) +O(B*)

and

20 = cnw(2iB) — dng(2iB)
= 201 -£?%)B?+0(BY

Using the fact that gg— = (—%SH(K s) + O(B*) and putting these into the

expressions for v and z,

2u = (gg- —Q—20)"?

K2 K2 1/2
<m5c2(xs) +2B%(1 + &) — 2B%(1 — %) + O(1 /m2)>

K,'2K2 9 9 12
= ((—m(sc (Ks) +1)+0(1/m ))

H/2K2 ) 9 1/2
= <m+1nc (Ks)+0(1/m ))

There is a similar calculation for  so that (in terms of elliptic functions with

modulus k),

KK
K
r = ——2(m+1)dc(Ks)+O(1/m) (5.14)
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So the limits as m — oo of a™ and B(™ are matrix-valued functions a(*®) and

K
Ol(oo) — 711434 SC(KS) (_(_)1 (1)>
g = K (0ot el

4 \ k'nc(Ks) idc(Ks)

((*), given by

5.4.3 Recovering the Nahm matrices

Recall that (in a gauge where « is Hermitian) the Donaldson matrices o and f
are related to Nahm data by
i 1 .
a = §T1 ,B = §(T2 + ZT3)
Thus T3 is given by the skew Hermitian part of 3 and T3 by the Hermitian part,
and the Nahm data corresponding to {a(>), B} is:

k'K 0 1
T, = TSC(KS) (_1 0)

T, = %dc(Ks) ("0’ 9)

4
k'K 0 ¢
T3 = —'—Q—HC(KS) (Z 0>

in other words
fi = k' Ksc(Ks) fa = Kdc(K's) f3 = —k'Knc(Ks)
Using the addition formulae to evaluate f; (s+1),
fi(s +1) = —Kcs(Ks) fa(s +1) = —Kns(Ks) fa(s +1) = Kds(Ks)

which is precisely the solution in Sutcliffe’s paper.

5.5 Small and large separation of centres

The aim of the rest of this chapter is to illustrate properties of the solution given
in §5.3.4 and its Euclidean limit. In this section the limiting situations x = 0 and
« — 1 are studied. The case x = 0 corresponds to the symmetric solution and
as k becomes close to 1 the solution approximates a superposition of two widely
spaced 1-monopoles. The approximate separation in this case is found and the
Euclidean limit compared to results of Atiyah and Hitchin.

The corresponding spectral curves are given in the final section, which lead
to results on 2-monopole centring. The behaviour in the “s close to 1” case 1s
studied and shown to agree with results found directly from the Braam-Austin
data.
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5.5.1 =0

The check that the general solution reduces to the symmetric case already found

in Proposition 3.5 is fairly straightforward. Recall

scg = tan
ncy = sec
dcg = sec

Also K - n/2and k' — 1 as Kk = 0. So

1= (27) () o ) o ()

and « becomes the symmetric -y in the limit. The limits of the constants © and

Q are

Q0 — %(nco(ZB) _ deo(2B))Y? = 0
Q° = 1-—nce(2B)dco(2B) =1 — sec?(2B,) = tan®(2B,)

where By = gy S0 (by (5.5) and (5.6)) u and z are both equal when £ = 0:
W =20 = %(tan2(230) tan(Byj) tan(Boj — 2By) — tan?(2B,))"/?

Expanding using the addition formula for tan and simplifying, this is equal to

1 tan(2By) sec(Byj)
2 /1 + tan(2B,) tan(Boj)

leading to exactly the symmetric solution for 3. As expected, the Euclidean limit

of this symmetric solution is the Euclidean symmetric monopole.

5.5.2 “Widely separated” monopoles

The limit as k — 1 corresponds to the monopoles becoming infinitely separated.
The limit itself is meaningless, because the monopoles have disappeared to infinity
in opposite directions, but it is possible to see how the solution is an approximate
superposition of widely spaced 1-monopoles for k close to 1. Note that " — 0
and K — oo as k — 1. There are also approximations for sc, nc and dc in terms

of hyperbolic functions when & is close to 1 (see [1]):

sc(z) = sinh(z) + O(k")
nc(z) = cosh(z) + O(xk)
de(z) = 1+ O(k?)
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Recall s = j/2m, so that for any m the variable s lies in the interval [—1,1].
Although the function g = &'sc(2B)sc(Bj) = 'sc(2B)sc(2mBs) takes the value

+1 at s = +1, for other values of s it is “small” for  close to 1. More precisely:
Lemma 5.3. For fized mass m and fized so € (—1,1),

gx(s0) = 0 as K —1
The rate of convergence increases as |sq| decreases and as m increases.

Proof

Using the approximations above, and the fact [7] that K ~ —log k' when k is

close to 1,

g(s¢) ~ «'sinh(2B)sinh(2mBso)
K,I —log w' log w' —msgq log x' msg log w!
~ Z (e m+1 — e m+1 ) e m+1 -— e m-+1

1 ,m(=s9) ,2+m(1+sg) ,2+m=sg) ,m(1+s0)
(e )

~ —-— + K m+1 — K m+1 — K m+l

All the powers of k' in this expression are positive, so g(so) — 0 as ' — 0, i.e.
as k — 1. Note that this expression tends to zero as |so| — 0 or as m — o0
regardless of ', hence the increased rates of convergence when |so} is small or m

is large. O

This lemma shows the sense in which for & close to 1, the matrix 7 is approxi-

mately bl (I denoting the 2 x 2 identity matrix).

An approximation for

The matrix 3 also becomes approximately diagonal when « is close to 1. First

approximate © and € in terms of hyperbolic functions:

Q = 1—nc(2B)dc(2B)
= 1—cosh(2B) + O(x"?)
— —2sinh%(B) + O(k?)

and similarly 20 = 2sinh?(B) + O(x"). So, by (5.5) and (5.6),

u ~ 0

z ~ sinh(B)

when k is close to 1.
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Thus when & is close to 1 both v and (3 are approximately diagonal, and
so correspond to an approximate superposition of widely spaced 1-monopoles
with centres (ibz,b) ~ (&ibsinh(B),b) in upper half space coordinates (HB ~
C x Ryg). The separation of the two centres is then approximately 2sinh(B),
determined by K and m (it is independent of b because of the factor 1 /t? in the
hyperbolic metric).

5.5.3 FEuclidean limit in the widely-separated case

If  is fixed close to 1 we may take m — oo in this picture. As before, b must be
set equal to m/2, so in this case o ~ 0. For 3,

(m ., ®m (-1 0]
b 2 (0 1

where

Tm m sinh K
2 2(m + 1)
imK
~ ——+0(1
e O™
Thus the limit is an approximate superposition of Euclidean monopoles with
centres (+£iK/4,0) in R® ~ C @ R. The separation of the centres is K /2 in
the limiting Fuclidean metric. Recall from §4.4 that the Euclidean limit gives
monopoles of mass 2. If the metric is rescaled so that the limit has mass 1, then
the separation of centres is precisely K, as calculated by Atiyah and Hitchin ({7],

p62).

Example of charge “escaping to infinity”

It has been shown that the x = 1 solution is not a monopole because the charge
(concentrated at the monopole “centres”) has escaped to the boundary OH?®. This
highlights one of the problems in trying to find a Euclidean limit for a general
sequence of hyperbolic monopoles, one for each integer mass. It may be that
some or all of the charge “escapes” in the limit. This was addressed in condition
i) of Theorem 4.2. The following is an example where that condition is violated.
The example shows that it is possible for only a part of the charge to escape,
in particular that it is possible to have a sequence of hyperbolic 2-monopoles

converging to a Euclidean 1-monopole.

The idea is simple; to take a sequence of 2-monopoles which approximate a

pair of widely separated 1-monopoles, with the spacing increasing with m, and
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to translate so that one of the “centres” is fixed at the origin and the other
disappears to infinity. Recall that the effect on the matrices of translations in H?
was given in §3.8.3.

Let A™ = (3™, 3™ 5(™) be the monopole solution of §5.3.4 with modulus
Km such that &/, = L. Let A(™ be the translated data

gm = gm 4 EQﬁ sinh(Bp)I>
o™ =

As m tends to infinity, ., tends to zero, £, tends to 1 and K, tends to infinity.
So 4™ behaves as before in the limit and a{™ — 0,. For large m, the modulus
Km is close to 1, so (putting b = m/2)
o) m (O(l/mz) 0 )
2 0 24 sinh(B,,)

As m — oo, the top left-hand entry of 8™ tends to 0 while the bottom right-
hand entry tends to infinity. Thus the Euclidean limit is a 1-monopole situated
at the origin. The “other charge” has escaped.

This is an example of a sequence violating the conditions of Theorem 4.2 but
which has a limit of lower charge. The sequence clearly does not satisfy condition
i) of the theorem, as the functions are not uniformly bounded on any fixed (2.
(As a consequence of this, condition ii) is not satisfied either.) It should be the
case that for larger k any number of the charges can escape in this way, and the
rest have a limit as a Euclidean monopole.

Thus, geometrically, the reason for condition i) of Theorem 4.2 becomes clear,
at least in the case of charge 2. The spectral curve S ~ C/A is defined by the
lattice A, generated by {1,it}. The real number ¢ is given by t = K '/K, so the
monopoles becoming infinitely separated corresponds to ¢ tending to zero. In this
case the lattice “collapses”. Recall that the theta divisor is the single point 0 € C
modulo A, or in other words the lattice points in C. As the lattice collapses, the
shortest distance between lattice points becomes arbitrarily small. On the other
hand, the functions a and § can only be extended to meromorphic functions on
Q C C with at most two poles if Q contains at most two lattice points. So the

first part of condition i) is precisely that the “monopole spacing” remains finite.

5.6 Spectral curve

Murray and Singer ([24], p5, equation (1.19)) have a formula for the spectral

curve S of a monopole in terms of “discrete Nahm” data, which is essentially
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the condition for a real line in P* (the fibre over a point of 5%) to be a jumping
line (in the sense described in [4], Proposition 3.5). The formula in terms of

Braam-Austin matrices is:

det(Bn¢ + (v'y + BB+ + ¢+ 87) =0 (5.15)

where 1 and ¢ are inhomogeneous coordinates on Z = CP' x CP! \ A. Recall

(from (2.1)) that the correspondence with HP is given by

2n = (1 —un)(¢ + @) (5.16)

Murray and Singer prove that (5.15) is independent of j. Substituting the k = 2
solution into the formula and simplifying, the spectral curve of this solution is
given by F(n,¢) = 0 where

F(n,¢) = Pon*¢® + PO +1 - Q)+ + 200 + b*O

In the last part of this chapter, the behaviour of the spectral curve under sym-
metries of H? will be examined in some detail. A formula for the centre will be
found and a proof of Proposition 3.7 given. The case k — 1 is studied and the
results compared to those of §5.5.2. There is also a comparison with results of
Atiyah and Hitchin [7].

5.6.1 Symmetries of S and centring

Note that o*F = 0 & F = 0, so the spectral curve is invariant under the real

structure o. It is also invariant under the involution

I:(n,¢) = (A7¢, )

where A = b?(62 + 1 — Q)/2. This gives a way t0 calculate the centre. The
involution I has a fixed line ¢ = An which via (5.16) corresponds to the point
(u,t) = (0, Al/2): hence the monopole is centred at this point. If the solution is
scaled by setting b = (©*+1— Q)~1/4, the monopoles are all centred at the point
(0,1). The factor (©°+1— Q)/*is {3 sec(2Bo)}# when k = 0, which is the factor
in the formula for the centre of a symmetric monopole mentioned in §3.8.4. It 1s

now possible to prove Proposition 3.7 of Chapter 3.

5.6.2 Proof of Proposition 3.7

Recall that this was the proposition that the centre coordinates of a 2-monopole

are

N

(1) = (318, 53
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where

X = (B — 2tx(yr (7 - 26°B) + 2iry ) + 3(6xB) — (tx6)Pers”
—2trfBtrB*y*y — 2trB trBy"y + trftrfrtry*y

It was remarked in Chapter 3 that it is enough to show the formula holds for a
general centred, oriented monopole and transforms the right way under isometries
of H®. It has now been shown that in the special case u = 0 the centre is given
by
0 _ opd(O)2
X' =20'(0°+1-9Q) (5.17)

Ward [29] has pointed out that the conserved quantities of the Braam-Austin
equations for charge 2 are

tr8, trf*, trf?, tef%,  tryty, tByty, BTy, tr(yty(vty — 26°6))

These are independent of j and gauge invariant. They may be used to express b,
© and  in terms of B and 7:

202 = try*y
W1+ Q) = te(yv(v'y —26°8))
-2’0 = trf?

Substituting, (5.17) becomes
x° = (t16%)? = 2tr(y*y(v"y — 26°6)) + 2(try"y)*

This is a candidate for x in general, but unfortunately it is not invariant under
B+ B+ al. By adding combinations of order 4 (so that the scaling still works)
of the conserved quantities which vanish when tr3 = 0, it is possible to arrive
at a formula which is invariant under translating 8. This is the formula of the
proposition, which was obtained by the ugly method of adding combinations
of the invariant quantities and solving for their coefficients using the invariance

condition. 0O

5.6.3 Inversions

The symmetries of the spectral curve will now be studied in more detail. Hitchin,
Manton and Murray [18] look at the effect on S of inversions of M to find Eu-
clidean monopoles with symmetry. This approach is also useful to clarify the
geometry of hyperbolic 2-monopoles. An inversion I of H® changes the orien-

tation, so it induces an antiholomorphic map (which will also be denoted I) on

96



7. Since S is invariant under the real structure, the method of [18] is to study
the holomorphic map ¢*I, the pullback of I under the real structure. Then the

condition for S to be invariant under [ is
Foloo(n()=0& F(n,¢)=0
so that all points of S also lie on the pullback of S under Joo. All 2-monopoles

are invariant under some inversion; for example

Proposition 5.4. Let h be the geodesic hemisphere in H? which is symmetric
about the t-azis and contains the point (0,1). If the 2-monopole solution 0f§5.8.4

is scaled by b= (02 + 1 — Q)~V4, then it is invariant under inversion in h.

Proof: Inversion in h is the map

¢
(u,t) L
|u|? + 27 |u|? + 2

in hyperbolic 3-space. This is transferred to Z via (5.16), by finding (7', ¢’) such

that
t 2 ! __ 1 unl <I+ ’I_'_l’
) T T\ T P ul? + 2

which simplifies to t2¢’ = (7' —@)(1+u(¢). Comparing with the complex conjugate
of (5.16), the antiholomorphic map induced on Z is (n,¢) — (1/7,1/(). The
pullback with o is the holomorphic map

In: (n,¢) = (=C, =)
When b = (02 +1 — Q)~1/4, the spectral curve is

on*¢? 2 2 2n¢ ©
=0
@ i T T @i (@ i-)”
which is clearly invariant under Ij. O

The solutions of §5.3.4 are also invariant in this sense under inversions in
certain planes perpendicular to the boundary {t =0} of H3. Inversion in the plane
making an angle ¢ with the real axis {Im(u) = 0} is given by (u, t) = (e*¥a,1),
which corresponds to (7, ¢) — (e~2¥7, e~%¥(). The holomorphic version is

Iy: (,) (—e_m w)

The monopole is invariant under the inversion if I3F = 0 for all points on the

¢’ 0

original spectral curve S, i.e. if
eV On2(? 2mC e~ Q
@ 11— @ F1-Q) 2 (@2 r1-Q)P
for all points (1, ¢) of S. Thus of all the I, S is only invariant under inversion
in {Im(u) = 0} (when ¥ = 0) or in {Re(u) = 0} (when ¢ = 7/2) unless © = 0.
This is precisely the symmetric monopole, and is invariant under all the Iy.
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These calculations show that all the monopoles of §5.3.4 with the given scaling
are invariant under inversion in h, {Im(u) = 0} and {Re(u) = 0}. The only point
fixed by of all of these is the centre, (0,1).

Symmetry group

It was shown in ([7], p58) that the symmetry group of a Euclidean 2-monopole is
Zo X Ly, or Zy x S! in the axially symmetric case. This is also true for hyperbolic
monopoles. The inversions discussed above can be composed in pairs to make
orientation-preserving maps. Still keeping the fixed scaling for b, the symmetry
group Zy X Z, is generated by the two maps

m,¢) — (=n,—¢)
11

The first corresponds to a rotation by m about the t-axis and the second to a
rotation by 7 about the geodesic ¢; := h N {Re(u) = 0}. Their composition cor-
responds to rotation by 7 about ¢ := hN {Im(u) = 0}. In the axially symmetric
case there are also all other rotations about the t-axis as described earlier. The
geodesics ¢; and ¢, are fixed (setwise) by the action of Z; X Z», and the only fixed

point is the centre ¢; N ¢z = (0, 1).

5.6.4 Wide separation

Again, it is possible to check that S has the correct behaviour as k — 1. Using

the approximations
Q ~ —2sinh’B
© ~ sinh’B

of §5.5.2,
1 1

@ +1- Q)" " cosh(B)
Putting this into the equation for S (and using the fact that tanh(B) ~ 1 and
1/ cosh(B) ~ 0 for large K) the spectral curve is approximated by

b=

"¢ +n++1=0

The left hand side factorises as (1 —17)(1+in)({+1)(¢(—1%),s0 S is approximately
the product of two real lines (1 —in)(¢ —4) = 0 and (1 +14n)(¢ +1i) = 0. These are
the points (i,0) and (—7,0) on OH®. The monopoles of this particular solution

are in some sense constrained to the two fixed geodesics ¢; and ¢z, so it is to be
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expected that the limit as & — 1 will be either the pair (&4, 0) or (+1,0) on OH’.
Some choices were made during the solution regarding the sign of ©; if these
had been made differently the limit would have been the second pair of points.
This is the phenomenon noted by Atiyah and Hitchin ([7], p63) where two of the
axes may swap roles. Using Atiyah and Hitchin’s terminology, the t¢-axis is the
“main axis” of these monopoles, ¢; is the “Higgs axis” and c; is the “third axis”.
Changing the sign of © exchanges ¢; and ¢z, which happens as the solution passes

through the symmetric monopole © = 0.

Unscaled version

If b is not scaled, the result for widely separated monopoles agrees with that
obtained in §5.5.2. The spectral curve calculation shows that the centre of the

monopole is at the point
(u,t) = (0,b(0% + 1 — Q)*) ~ (0, beosh(B))

for x close to 1, whereas the calculation via the matrices demonstrates that for
x close to 1 the monopole is an approximate superposition of 1-monopoles at the
points

(u,t) = (+ibsinh(B), b)

It is a short calculation to check that these points and the centre all lie on the
intersection of the hemisphere |u|2+12 = b? cosh?(B) with the plane {Re(u) = 0},

which is a geodesic symmetric about the t-axis (see picture).

t
(0, b cosh(B))

(-ib sinh(B), b) (ib sinh(B), b)

So the centre of mass of the two widely separated 1-monopoles is the same as the

centre calculated from the spectral curve.
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Appendix A

Equivariant cohomology

This appendix contains the equivariant cohomology proof of Proposition 1.4, that
k = 2mk, and the proof of Lemma 3.2. The aim is not to develop the theory of
equivariant cohomology, so only some basic definitions will be given. The details
may be found at the beginning of [5]. '

A.1 Background

Let G be a topological group. Then EG denotes a contractible space (not neces-
sarily unique) on which G acts freely, with quotient BG = EG /G, so that

G — EG = BG

is a fibration. The space BG is also not necessarily unique, but for fixed G all

possible BG are homotopy equivalent.

Example: EG and BG when G = S'. The case G = S is the only one which
will be needed. To find ES' note that S! acts freely on odd-dimensional spheres.
To obtain the contractible space ES', take the direct limit of all these spheres,
which can be included inside one another. Taking the quotient, BS! is CP*:

S3ﬁ 55( Ceec ; 52n+1(___> Ce ESI

L |

CP!l«¢ CP:’— ¢ CP" BS!

The first vertical arrow is the Hopf fibration, and the others are higher dimensional
analogues of it.
Note that if G acts on X, then G acts freely on X x¢ EG, where if X and
Y are spaces with G-actions, the space X x¢ Y is the quotient of X x Y by the
relations
(z.9,y)=(z,9y) g€GCG
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These spaces fit into a “mixing diagram”:

X~——Xx EG—EG

o]

X/Gx—U—X XGEG]r—‘BG

The map = is a fibration; X xg EG is a fibre bundle over BG with fibre X. On
the other hand, ¢ is not usually a fibration. If G, is the stabiliser of z in G then
the fibre of o is

o Y(zG) = EG/G, = BG,

If G acts freely on an orbit G then 07! (zG) = EG, whereas if z is a fixed point
of the action, 0~ !(zG) = BG. If G acts freely, o is a fibration.

Definition 5. The equivariant cohomology H&(X) of a space X with a G-
action is defined by
H:(X) = H (X x¢ EG)

so that H5(X) is a H*(BG)-module, where H* denotes ordinary cohomology.

This is a good way to define cohomology for quotients X/G when the action
of (' is not free. If the action is free, then H%(X) = H*(X/G x EG) = H*(X/G)
since EG is contractible. Using these definitions, most of the constructions of
cohomology extend to the equivariant case, including the theory of characteristic

classes.

A.2 Proof of Proposition 1.4

Recall that A = A+ ®df, where A is an instanton on 5%\ S? with invariant x, and
(A, ®) is a monopole on HB with charge k and mass m. The proposition kK = 2mk
will be proved here in the case m € Z, so that the instanton A extends to the
whole of S4. The connections A and A are defined on vector bundles E and E
over S* and HB respectively, where E is the pullback of E to S*. The second
Chern number of E is « and the restriction E|Sg° = E|sz, of E to the sphere at
infinity splits as L @ L*, with [, ¢i(L) = k, and the circle action defined by ®
has weight m when restricted to °2

Let & be a generator of H2(S2%) and u a generator of H*(BS') = H?*(CP!) =
H2,, where Hg, is the equivariant cohomology of a point. Then the equivariant

first Chern class of L is given by

(c1)sr (L) = kz — mu
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To see this, first note that S2 is the fixed point set of the action, so
H%. (S%) = H*(S%, x BS*) = (P H*(S%,) © H*(BS")

by Kunneth’s formula. Therefore H2, (S%) = H?(S%) @ H?(BS'), and the “or-

dinary” and equivariant parts can be treated separately. The ordinary part of

(c1)s1(L) is the first Chern class ¢;(L) = kz. The equivariant part is given by

the circle action. Because the orientation of SZ is opposite to the one it inherits

from S*, this part will be —mu. The claim that (c¢1)s1(L) = kz — mu follows.
The Chern class of the dual L* is the negative of this, and so

(Cz)sl(Elsgo) = —(kz — mu)? = 2mkzu — m*u?

because E is a direct sum on S2, and 22 = 0 (z is the volume form on S%).

Integration formula

As in the mixing diagram, let 7% be the fibration 7% : X xqg EG — BG, so that
X HiH(X) — HE
is given by integration over X; and let 7 be the inclusion
i:5% — st
Then

(c2)s1(Elsz,) = i*(co)s2 (B)
Atiyah and Bott ([5] p9) deduce the integration formula

4 2 i*(p
TP = oo (—e—)

where e is the equivariant Euler class of vg: , the normal bundle of S2, in S*.
Since S! acts on the (trivial) normal bundle with weight 1, in this case e is just
the generator u. Applying the integration formula to the restricted second Chern

class provides a way to calculate the equivariant second Chern number of E:

/54(62)51(E) = 75 (e))s1(E) = 5% (M)

e
o2mkzu — m2u®
S u

2
oo

= / (2mkz — m*u) = 2mk
s

2
oo
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Because H3, (S*) = H*(S*) ® H*(CP*) (see §A.2.1), H%.(S*) is generated by y
and u2, where y is a volume form on S%. So (c2)s1(E) = sy + Au®. Integrating

over S%, the u? term vanishes and

[ e (B) == [

So the equivariant second Chern number of E' is equal to the ordinary one, K.

Thus k = 2mk, which proves the proposition. O

A21 HL(SY
This section contains a brief explanation of why
H (S*) = H*(S*) ® H*(CP®)

which was needed above. The map 7 of the mixing diagram is a fibration, which
in this case is

St 8% xg1 ES' 5 CP*®
There is a corresponding Serre spectral sequence, with E. = H *(S* x5 EST).
The F, term is

EP? = HP(S*) ® HI(CP*)
since CP* is simply connected and H*(S*) is finite dimensional (see [10], page
170). A diagram for the E; term is

H*(S%)
X X X X X
X X - -
0 2 4 6 8
H*(CP™)

since H*(S*) has one generator in dimension 4 and one in dimension 0, and
H*(CP*) has a generator in each even (real) dimension. But all the differentials
are zero, since

d, : BP9 — EPYTTHL
The only one which maps the 4th row to the baseline is ds, one of which is marked
in the diagram, and there is nothing in the image of those differentials ds which

start somewhere nonzero. Thus F5? = E?¥ and
H::(SY) = H*(S* xs1 ES") = H*(S*) ® H*(CP™).
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A.3 Proof of Lemma 3.2

The methods of equivariant cohomology are needed for the proof of

Lemma 3.2. Let Z, denote the odd integers. The vector spaces V and W, written
as complex representation spaces, are given by:
Ve { C’I;;}neaci’gmﬁ C%, ., .. 0CoCFe.. . 0C mecZ

Ctlgct, 0, . . 0ChoCte.. . 0Cl' 2m=MeZ
and

W= Ctopr1 @ Cps @ ... 0C  @Ct®... 005, :meL
Crs @C 0. 0CG oG O®... 0C, 2m=Me€Z,

where C? is the s-dimensional complez vector space on which S acts with weight

T.

To prove the lemma, some further theory is needed, and then the proof is the
character calculation below. Remember that the circle acting now is the double

cover St of SL.

Braam and Austin have the formulae

V = ker{Dp:T(SLE®S-®S_) > (S, E®S:®S-)}
W = (ker{Da:T(SL,E®S.)—=TD(S4, E® S}

for V and W in terms of the spin bundles Sy on S*, the bundle E and Da, the
adjoint of the Dirac operator with coefficients in S_ ® E' and E (see [12], p813).

Note: Because A is an SU(2)-connection and SU(2) = Sp(1), the bundles E
and S_ each carry a quaternionic structure o such that 0? = —1. These induce

the real structure on W and the quaternionic structure on V.

A.3.1 Character calculation

Following [11], using the fact that V' is the kernel of a Dirac operator and applying

the equivariant version of the Atiyah-Singer index theorem,

chs-l(V):/S e (N) g, (B ® S_)|sz-Agi (S)lsz (A1)

2
where S2 is the fixed point set of the action, N is the normal bundle of S2, in S*
and chg, is the equivariant Chern character. The A genus of a bundle E is given
by

7 T ui/2
AE)=||———
() E sinh y; /2
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where E has total Pontrjagin class

n

p(B)=1+p(E)+...=]J(+¢)
i=1
For a manifold X, A(X) means A(TX), and the equivariant genus /15-1 is cal-
culated in the same way but using the equivariant Pontrjagin classes pg, (E). It
remains to calculate the various parts of (A.1) and substitute back (noting that
the Pontrjagin classes of S* vanish except for p;).

Using (as before) the notation z for a generator of H?(S2,, Z) (so that z* = 0)
and @ for a generator of H2(BS'), the equivariant Euler class eg(N) is 24,
because N is trivial and the circle acts on it with weight 1 (so the double cover
S1 acts with weight 2).

Calculation of A§1(S4)|Sg°:

The class Ag (S*)|sz, involves knowing (p1) g (T'S*)|sz, = (p1) 1 (T'S%|sz,), Which
may be calculated using the following facts:

P)g = ()% —2c)s (A.2)
TS5, = TSL®N (A.3)
Because ¢;(T*S2,) = 2z (and there is no equivariant part), (c1)g (T S5%2) = —2z.

So, using (A.3),

(@6 (TS%s2,) = ()5(TSe) (s (NV) = (1 - 22)(1 +24)
= 1-2z+2u—4uzx

(take the parts in dimensions 2 and 4)

:{ ()i (TS%sz,) = 2u—2z
() (TSYs) = —diia

Then by (A.2), (p1) g (TS%sz,) = 4@
Hence

Aa(SYs2 = —

" sinh 4

Calculation of chg (E ® S_)|sz.:

This will be done by first working out the Chern characters of the two parts, since
cha(E ®S-)|sz, = chgi (E)|sz, chgi(S-)|sz,- The Chern character of St|sz, may
be calculated using the result from ([11], p437):

S: ® Silsz, = C® (A"(S%) ®c N*) @ (A™'(Sg,) @c N) @ C
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so that, substituting results already calculated,

cha(S: ®Sy)|sa, = 2+ 2472 = (270 4772

= cha(Selsz) = "% 4+ et = 2 cosh i — 2z sinh @

because z* = 0. This also calculates chg (S-)|sz, = —chg (S+)]sz,
The Chern character of F|s2 may be calculated easily, using the splitting
E|sz, = L ® L* and the additive property of the Chern character:

chg (B)lsz, = chg(L)+chg (L") =t 2me 4 gmkeremt

= 2cosh2mi — 2kx sinh 2mu
Putting these results together,

chg (E®S-)|sz, = —4cosh 2mi cosh @ + 4z cosh 2mi sinh %+ 4kx cosh 4 sinh 2ma

Back to the index formula

Putting all this back into the RHS of (A.1) and integrating gives

2k cosh @ sinh 2mu

chg (V) = 2cosh 2mi + (A.4)

sinh @
because integrating over S2 the terms not containing z vanish and the integral
of z over SZ is 1. It is not obvious how to write out a formula for (A.4) as a
polynomial in 4, but it isn’t too hard to multiply it out in specific cases and to
see from that what the formula will be. Repeated use of the hyperbolic double

angle formulae produces the useful identities (for t € Zo):

t
sinh 2tz = Z < 27‘2ﬁ ) ) sinh? =2 +! zcosh® ! z

+

D |
— =

Sinh(2t + l)m = ( g:t 11 ) sinh2 !  cosh2~27+2 ¢
r=1
t 2t : 2t—2r 27
cosh 2tz = Z o0 sinh 7 cosh? z

r=0

1l

cosh(2t + 1)z =

Mﬁ

( 2t+1 ) sinh®~% z cosh® ' ¢

2r+1
0

T

which allow the first part of the calculation to be done in general. When m € Z,
. ~ . 12m—1 -~ ~ 2m . 12m-3 ~ 3~
sinh2ma = 2msinh wcoshu + < 3 ) sinh wcosh®u+ ...

+ ( 27r2zni 3 > sinh® @ cosh?™ 3 & + 2m sinh @ cosh?™ ™' @
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This has a factor of sinh @, so substituting into the expression for chg, (V') and

writing sinh and cosh in terms of exponentials,

LA

chge (V) = ™ +e 2™ + 5o (e + e ™2 {2m(e* — e *)*"?

+ ( 2;n > (€% — e )Pt (el e + . ..

2m G -\2(,0 | ,—T)2m—4 @ —i)2m—2
+<2m—-3)(6 e”")?(e" +e7Y) +2m(e* +e™") }

When m = 1 this is just

_ R _
cha(V) = e +e 4+ Z(ez" +e 4+ 2)(2+2)

= (k+1)e % 42k + (k+1)e*

which corresponds to the representation C*4! @ C3F @ C5*'.
When m = 2, (A.4) becomes
_ _ k- _ _ _ _ _
cha(V) = et 4 e 4 y(e“ + e~ %)?(8(e? — e )2 4 8(e* +e7%)?)
= (k+ 1)e™*® + 2ke % 4 2k + 2ke”™ + (k + 1)e*™

i.e., the representation is
CHl o C* o Ck @ CF & CiH

In general, for m € Z, this pattern continues, and V' is as given in Lemma 3.2.
Similarly for m = M/2 where M € Z is odd, the calculation yields the result of
the lemma, expanding sinh M4 in terms of sinh @ and cosh @&. The calculation for

W is almost the same, starting from

chy (W) = /S eq(N)Mehg(B)lsyAgi (S

o0

This completes the proof of Lemma 3.2. O
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