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ABSTPRACT

The background, both in terms of theory and practice,

to current memory management systems is presented. 1}t
is suggested that current paged meﬁory management systems
havé serious operational deficiencies, particularly with
respect to the behaviour of page replacement algorithms.

Examples of these operational deficiencies are presented.

Consequently, an alternative approach to memofy management,
based on the notion of a segment, is developed. 1In this
system, the segments are determined at compile © time based
on a knowledge of the structure of the high-level language
program. This segment information is passed to thé run-
time system which uses this information as the basis of its

memory allocation policyﬁ

An experimental implementation of such a system for PASCAL
programs has been achieved and results from this system

are presented.
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1. INTRODUCTION

The behéviour of programs with respect to their residency
in a storage hierarchy, even in the most restricted case
of a two-level system, has provoked a great deal of '
research. General characteristics of program behaviour
have been proposed and these have, within the context of
demand paging systems, stimulated the development of
replacement algorithms which depend upon some subset of

these characteristics.

The work reported in this thesis calls into gquestion
deductions made from these characteristics, and aims to
show that real programs can frequently burst out of the
restrictions that are theoretically imposed upon them.
This leads to poor program behaviour and a general
reduction in efficiency of computer systems using:such

algorithms.

The major flaw in such approaches is that progfams are
considered to be relatively unstructured "black-boxes"
which generate storage references in some predictabie

but poorly-understood fashion. It is the major contention
of this thesis that programs do currently, and, with
developments in programming languéges, will in the

future, show distinct structure which is known at compile
time. This thesis maintains that, if such structural
information can be passed to the run-time system, then
that system can satisfactorily tailor itself to theAneeds

of the running programs. Such a éystem is adaptable to
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each program currently running on it, and does not
attempt- to fit each program into the strait-jacket of

"average" or "normal" behaviour.

The structural information gained could, it is suggested,
be incorporated into a more general form of the capability
(Den 66) called the "operational capability". This, it is
suggested, is a unifying concept which creates an efficient

run-time environment for programs.

The remaining chapters of this thesis are as follows:-

Chapter 2 - Historical Background
Chapter 3 - Theoretical Development
Chapter 4 - Behavioural Characteristics of Conventional

Memory Management Systems
Chapter 5 - A proposal for Memory Management Systems

based on a Knowledge of Program Structure

Chapter 6 - An Experimental Implementation
Chapter 7 - Results

Chapter 8 .- Conclusions

Chapter 9 - References ‘
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2. HISTORICAL DEVELOPMENT

2.1 Introduction

In this chapter the origins of the current state-of-
the-art in automatic memory management are traced. This
function is carried out in an environment which consists
of a paged virtual memory space, filled by page-on-demand
strategies and freed by a standard page-replacement

algorithm.

2.2 The Problem

Hansen (Han 73) states that:-
"Store management raises three basic questions:
l. What is the appropriate unit of storage to assign
to computations?
2. How are these units placed in an internal store
prior to their use?
3. How are they referenced by computations during

execution?"

Following Hansen a number of features of storage systems
can be identified. Firstly, to the user of a high-level

language a virtual store exists. This consists of data

identified (or addressed) by text strings called identifiers.

Consequently a virtual store can be considered to be a
mapping of identifiers into values:

Virtual store: identifier - value (2.1)

On the other hand, the physical store is made up of

locations identified by consecutive numbers called addresses.
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Since these locations hold values of one form or another,
physical store can be thought of as a mapping from
addresses to values:

physical store: address -» value (2.2)

In order to complete the link between the user ahd the
"real machine”" some process must be carried out, before a
program is run, which associates identifiers with addresses.

This is the store allocation process which defines an

intermediate mapping of identifiers into addresses:

store allocation: idéntifier -+ address (2.3)

These three mappings are of fundamental importance to the

storage management process.

Mapping (2.2) is clearly outwith the control of the soft-
ware designer, yet what is provided at this hardware level
has a significant effect on what can be achieved by systéms
programmers and user programmers alike. In this field alone,
variations exist from the potentially bit-addressable B1700
(Wil 7%) to the 512-bit stofage accesses performed in CDC

Star (Pur 74).
However if all the above factors are considered, a signifi-
cant amount of useful information about the storage manage-

ment task can be obtained.

2.3 The Appropriate Unit of Storage to Assign to

Computétions - Early History

The simplest answer to this problem was to assign the whole
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of the available store to a computation. This approach,
attractive in its simplicity, had a number of disadvantages.
Firstly store was almost invariably wasted. If a sufficient
amount of store was to be available for most problems,
particularly the relatively large ones, then for the smaller
problems during their running time (possibly large) amounts
of store were unused. Even in modern storage hierarchies
such wastefulness of a rélatively expensive resource would
not be tolerated. Equally, the need to deal with large
problems meant that large amounts of store had to be avail-

able, thereby compounding the first problem.

Two problems arose from this technique:-

1. How to deal with wasted space in store?

2. .How to accommodate large programs Qhose total
memory requirements were larger than the available
main storage space?

The simplest solution to the first problem was by means

of partitions of main store. This technique, used in

0OS 360 MFT (IBM 71), operated as follows:-
Any memory not used by the control program was divided

into partitions (see Figure 2.1).

PO | Pl ' P

Figure 2.1
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The size of each partition was set by the operator
and its associated priority was determined by its
position relative to other partitions. PO was
reserved for jobs of the highest priority, while Pn
was reserved for jobs of the lowest priority. When
a job was initiated it was allocated a partition for

the class of the job.

This technique has the advantage of allowing multi-programm-
ing, but does not successfully overcome the problem of
wasted memory space. With this technique, jobs do not
normally fill their allocated partition completely and con-
sequently, as with the whole memory approach storage is

wasted.

The second problem, i.e. how to accommodate programs whose
storage requirements were greater than the available

storage, was first solved using overlays.

This method requires that the programmer divides his

program into sections, one of which must be designated the

main section. The remaining sections are called dependent

sections. By using a linking loader, the main section at
run time could call in the dependent sections for execution.
By placing the main section in the available memory and
sharing the rest of the memory among the dependent sections,
the main section can replace dependent sections when they
are no longer needed with other dependent sections. This

technique was used in operating systems for CDC-6000,
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UNIVAC 1108, GE 635, and IBM System 360 (Lan 69).

This technique allows a user to utilise small amounts of
physical storage for large programs. However, there are
some significant drawbacks:-
1. The user is responsible for the division of his
program into its main and dependent sections.
2. Careful job preparation is required, so that the
-relation between the main section and its dependents
is clear.
3. References between dependent sections should be
minimised.

4. The amount of main store allocated to the main
section and its dependents - is fixed during the
entire execution period. This implies that
dynamic space variations cannot be utilised and
that the maximum amount of memory required be
allocated initially.

5. All of the sections of a job must be available at

linkage time.

This overlaying technique was most severely criticised by
Sayre (Say 69), who compared results by Brawn et al.

(Bra 68) and measurements on a demand paging unit built

by Belady et al., against manual "folding" techniques (such
as overlaying) and concluded that

... a folding mechanism will probably become a

normal part of most computing systems"
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Sayre gives six reasons for his support of "automatic

folding":-

l.

Programming Cost I

Manual folding is difficult to do and get right.
Programming Cost II

Once folded for a particular size of memory, a
program will not run efficiently in another size
of memory.

Multiprogramming and Timesharing

Once folded, a program must have the size of
memory it was folded for. This is not a good
starting point for systems which involve the
dynamic sharing of memory among programs.

System Availability

Since a pre-folded program must have the memory
it was‘foldéd for, this will be a significant
drawback if that amount of memory is temporarily
unavailable due to system failures.

Design Predictability

The performance of a progfam will depend
critically on how well it is folded.

Retention of Technical Optioné

The large amount of investment in pre-folded
programs does not take account of techﬁological
advance (for example) making more memory

available.
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2.4 The Appropriate Unit of Storage to Assign to

Computations - Pages and Segments

Largely due to the unsatisfactory nature of overlaying and
partitioning - static memory allocation - other techniques,
collectively known as dynamic memory allocation, were being
developed. These were based on two units:-

1. Pages

2. Segments.

2.4.1 Pages

The aim of this technique was to ease a number of the
problems mentioned above by dividing a program's address
space into equal fixed-size areas called pages. Main store
was alsé divided into identical fixed-size areas called

page frames. A number of page frames would be allocated to

a program during its run and these would be filled with
program pages as necessary. All addressing was done in

terms of these pages.

With the'adoption of this technique, the pages belonging

to a program could become scattered throughout store in
order to take advantage of any unused page frames that

might become available. This meant that the addresses

used by the pfogram (virtual addresses) had to be translated
into the correct physical addresses before they were used

to access the main store.

Figure 2.2 shows a possible arrangement for address
mapping under a paging scheme. Each user has a page table

which contains an entry for each of the user's pages. If a
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page is in main store then the main store address is
included in this entry, whereas if it is currently

resident in backing store then the backing store address

is given.

An address within a program is of the form of a pair:-

Page Table

_ Pnysical
Addess

page uddress +

Figure 2.2
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<page no. , displacement>

where the displacement gives the position of the addressed
item within the specified page. To access any item, the
entry for the specified page is examined in the page table.
If that page is in the main store then the main store
address of the start of the page has the displacement
added to it to give the physical address of the item. If
the page is not in main store, then it is brought into
some free position in main store and the page table updated
accordingly. The above procedure is then followed to
obtain the desired physical address. 1In practice, the
page table itself may be held in main store and each user
will be given a hérdware register to indicate the base of
his page table. Such an addressing scheme is usually
performed by hardware, but even so this results in ﬁwo
store accesses for every word accessed (one for the page
table and one for the word itself). Some computer systems
overcome this by holding current pnage table entries in
associative memories and attempting to ensure that all

current page descriptors are in these memories at all times.

This technique was introduced on the Atlas computer (Kil 62).
In this system main store was divided into blocks of 512
words. This system also yielded one of the earliest page

replacement algorithms which will be discussed later.

Within a paged system placement of pages in main store is

not a significant problem, since any freed page frame will
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accommodate any page. The real problems are:-
a) when to bring pages into store, and
b) what page should be removed, if-necessary, to
accommodate the new page.
The simplest way to deal with a) is to page on demand.
That is to say, a page is brought into store if and when a
program requests an item on that page. Consequently, the

most significant study refers to page replacement algorithms.

The case in support of the use of demand paging algorithms
will be put forward in Chapter 3 and this chapter restricts

itself to a study of available page replacement techniques.

2.,4.1.1 Atlas Loop Detection

This technique, described by Baylis et al. (Bay 68)
assumes a strictly cyclic pattern of use of the blocks (pages)
within a givén program. For each page of store two para-
meters are computed:-
t - the time the block has been idle in core store
since last being accessed,
T - the total time the block remained idle the
last time it was written to backing store.
Measurement of both t and T are made .in terms of process
time. The implication of the cyclic strategy is that if
t > T then the block is no longer in use in the current
cycle and can be written out to backing store. If no
block satisfies this property then the block (excluding
the current blocks) with the largest (T - t) is the best

candidate for replacement.
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In the studies presented (Bay 68) this aléorithm was
compared with two others:-

a) selecting a candidate for replacement at random

b) selecting the page with the largest t.
It appeared from the studies that, overall, the system
behaved best under (b) and that the loop detection method
was about 10% worse than (b). However this was explained
by the non-cyclic nature of the Supervisor program which
was also included in the study. The feeling of the study
was that, although the cyclic strategy was inferior to (b),
strategy (b) penalised programs with cyclic behaviour to
such an extent that the loop detection method represented
the "safest" approach. This was particularly true if, as
was thought likely, cyclic prograﬁs could dominate the job

mix over a period of time.

The authors did conclude that applying an algorithm based
on store usage was worthwhile but that the particular

algorithm had only marginal effect.

2.4.1.2 Least Recently Used (LRU)

This method is exactly the alternative (b) mentioned above.
That is to say, the page replaced is that page'that has

remained unreferenced for the longest time.

Two types of LRU can be distinguished:-
a) Global LRU - The replaced page is that page which

has not been referenced for the
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longest period of real time, reéardless
of the task to which it belongs. This
technique has been used in CP/67 (Ale 69),
(Bay 68b), Multics (Org 69), MTS (Ale 69),
vsSl (IBM), VS2 (IBM).

b) Local LRU - This allocates a fixed number of memory
pages per task. The least recently
used selection is made from pages belong
ing to the task which generéted the page
fault. This has been implemented in the

original IBM version of TSS (IBM 70).

2.4.1.3 First-in-First-out (FIFO)

This is probably one of the simplest algorithms to
implement, the page which has resided in main store for
the longest time is chosen to be replaced. This technique
has been used on the B5500 (Bat 69). Belady (Bel 66) has
shown that this algorithm can behave quite well in most
cases. However, it is possible (Bel 69b) that it will
increase the number of page transfers made by a program

when the main store made available to that program is

increased.

2.4.1.4 Working Set Algorithm

This technique developed by Denning (Den 70) involves the
examination of the pages that have been referenced in a

fixed process time interval before the current reference.

2.12



All pages in this set, known as the Working Set of the
program; remain in core. All others are marked as
candidates for removal. Some implementations of this
technique exist where the replaced page is the least
recently used page which does not belong to the Working

Set of any program (DohI7O).

?his algorithm, as will be shown below, has been
extensively analysed and with LRU forms the basis for

much of the work done on the analysis of program behaviour.

2.4.1.5 Page Faulty Frequency Algorithm (PFF)

This algorithm was first suggested by Chu and Opderbeck
(Chu 72). It attempts to dynamically control the rate of
page faults by varying the memory space allocated to a

program.

The PFF aigorithm measures the inter-page fault intervals
during execution of the program. At page fault times, it
compares these intervals with previously selected threshold T.
If the inter-page fault time exceeds T then all the pages in
main memory belonging to the program that have not been
referenced since the last page fault are candidates for
removal. Otherwise no page is removéd and the program's

allocation is increased by one page.

A modification to this algorithm was suggested by Sadeh
(Ssad 75) wherein a program is prevented from collecting

all its pages in main memory (otherwise no page faults
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would be generated during its remaining execution). This
is achieved by placing a limit, z, on the inter page
fault interval. Whenever this limit is reached a memory
allocation is made without waiting for a page fault to

occur.

The operation of this algorithm is described in (Chu 76)

among others.

These, then, represent the major page replacement algorithms

that have been proposed and studied.

2.4.1.6 Other Technigues

A mention must be made at this point of pre-paging. The

aim of this technique, wherein a page is brought into main
store before it is referenced, is to reduce or eliminate
page waits so that CPU utilisation can increase. Pre-
paging involves a balance between initiating the pagevfetch
early enough to overcome the délays involved in the use of
backing store with high latency periods, and initiating the
fetch late enough to ensure that the page does not wait
around in memory for a significant period before it is
referenced (if at all). Studies on EMAS (Whi 73) by Adams
(Ada 75), (Ada 76) indicate that pre-~paging does tend to
outweigh any disadvantages caused by moving in unwanted
pages. On the other hand, Hoare and McKeag (Hoa 72) con-
cluded that pre-paging is not only difficult to use but

may be actually prejudicial in its effect on system

performance.
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Another technique worthy of mention at this point is

that of~page recapture. The idea behind this approach

is that when a page replacement algorithm marks a page

as free, it may be some time before that page is actually
overwritten by an incoming page. This is due to the fact
that many algorithms free a number of page frames when,’
perhaps, only one is needed at that time. Consequently,
the system remembers what the contenfs of a page frame
are, whether that page is marked as free or not. It has
been shown in the studies by Adams'mentidned above, that
recapture can play a significaht role in the operation

of a system. It is only fair to point out however, that
any successthat recapture might display tends to imply
the.failure of the replacement algorithm in that pages

- are being marked as free (and consequently not needed)

only to be needed again after a very short time.

2.4.2 Segments

As will be shown in Chapter 3, one of the major problems
with paging systems is the choice of an appropriate page
size. Again the problem is a matter of balancing
conflicting requirements:-
1. If the page size is too small:-
i) the size of the page tables increases and
this implies a loss of main memory space,
if the tables are held in store (Téble

fragmentation).
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ii) the unit of transfer chosen may be
inappropriate for the devices involved.
iii) if large amounts of store are required, a
comparatively large number of pages must be
freed and transferred, thus increasing the
system overheads.
2. If the page size is too _large.:-

i) the region of the store required by a program
may be considerably less than a page, but a
whole page must be allocated to it; This
results in a waste of space within pages

(Internal fragmentation).

These matters are dealt with by Randell (Ran 69). In this
paper he suggests that few designers have reduced single
page sizes below 1024 words because of the overheads
involved in storing and processing page tables. However
it transpires that the logical unit of transfer (the
segment) can frequently be small (eg 60 words (McK 67) ).
Although this mean is small, the variation appears to be
quite large and some designers have provided two page
sizes (Cor 65) to attempt to attack this problem.

Randell further comments, however, that compilers and
programming conventions are likely to have a considerable
effect on the mean segment size (but less likely to remove
the problem of the variation in sizes). This remark will

be considered at a later stage.
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To return to the notion of segmentation as such, this
technigue was introduced by Dennis (Den 65). He intro-

duced the concept of a name space, that is, the set of

addresses a program can generate, and contrasted with this

the memory space of physical memory locations that are

accessible to a program. Dennis proposed that:-

1. A computation should have the use of a name
space sufficiently large that ail information
it references may be assigned unique names, and
such that the re-allocation of information
within its name space is never necessary.

2. Data objects of a computation should be
expandable without re-allocation of name space.

3. Information referenced in common by several
computations should have the same name for all
computations that reference it.

4, A protection mechanism should operate in name
space to permit access by a computation only in
an authorised manner.

Dennis claimed that this cpuld be achieved by a sytem in

which information was addressed by a two component address:-
<segment name, word address>

A segment is an ordered collection of words with an

associated segment name.
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S-(segment name)

word
address

length

Diagram 2.3

A particular word in a given segment S is accessed as

shown in diagram 2. 3.

To use such a system, programs and data are split into
segments which consist of related information. In much
the same fashion as a paging system, the base addresses
of all segments belonging to a computation are kept in

a single table called a segment table. More information
must be retained than for a paged system because no
‘limitation has been put on the length of such a segment.
Consequently, the storage management system must have
the segment length available to it at all times (see

Diagram 2.4).
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Segment Table

Base |[Longth |— - — sl
Address

Diagram 2.4

A consequence of the choice of segments means that, in
theory at least, such a system would not be susceptible
to internal fragmentation. A proliferation of small
segments would lead to the same table fragmentation as
in a paged system. However such a system is prone to

another form of fragmentation as will be shown below.

Unlike a paging system, the placement of segments poses

a problem. With a paged system any free page frame can,
by definition;,accommodate any page.. Howevér, since
segments are oflvariable size, the same is not true.
Consequently, suitable space must be found in some other
way for a desired segment in main store. A typical memory

layout is shown in Diagram 2.5.
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Diagram 2.5

This random pattern 6f holes and segments has been caused

by the allocation and de—allocation'of segments.

If a new segment is required in memory then, given that
the length of a segment will be fixed during its lifetime,
a suitable hole can be chosen by one of the following
algorithms:-
First Fit - a segment is placed in the first hole.
large enough to hold it)
Best Fit - a segment is placed in the smallest

hole capable of holding it.

Knuth (Knu 69) has shown that, contrary to expectation,
the First Fit algorithm tends to be superior. As it
also tends to be easier to implement it has been ‘used in
the B55004MCP (McK 71). Knuth also suggested a third
approach, known as the Buddy System, which involves

maintamwwg holes of fixed sizes on lists. The sizes

chosen are 2,4,8,....2k words . so that a 2h hole can be
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split into two adjoining 2h-l holes, and similarly two
adjacent holes of the same size can if necessary be
coalesced into one hole of the next larger size. This
technique attempts to tailor the hole sizes to the requests
that might be made on them. But it seems a rather complex
task to maintain these lists in the appropriate fashion.
However Knuth states that it does marginally outperform

the other two techniques mentioned above.

A problem with segmentation is that small holes tend to
proliferate and there comes a point at which it is impossible
to find a suitable hole for a required segment, although the
total free space is sufficient to meet its needs. This loss
of space has been called External Fragmentation (Ran 69) and
can be overcome by moving all used segments to one end of
store (see Diagram 2.6). This teqhnique is known as

compaction.

Compaction is a time-consuming business since large amounts
of information must be moved from one place in store to
another (see Chapter 3). It is suggested that in a well-
designed system compaction occurs so rarely that processor

time spent on this relocation is negligible.
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R

Before compacting After compacting

Diagram 2.6

Both paging and segmentation have their drawbacks in
the utilisation of main storage. However attempts have

been made to combine the best of both systems.

2.4.3 Paging and Segmentafion

Such a combined technigue has been proposed by Arden et al.
(Ard 66). This system involves a three-component address
for informations:- |

<Segment Number,Page Number,Address>
The requiréments for such a system are shown in Diagram 2.7.

The segment table is defined by a Segment Table Register
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which contains the Segment Table Length (STL) and the

address  of the

Physical

S fa % PPB P p—
Address

STL |STB — +

v [—————?——‘PnysknltheEkse
—— | PTL | PTBase — +

Diagram 2.7

Segment Table Base (STB). The required segment is used
as an index to the Segment table whose entries consist of
a pair:-

<Page Table Length, Page Tablé Base>.
The Page Table Base is the base address of the required

page table. The required page is then used as an index
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to the page table which contains the base address of
the required page. This base address then has the dis-
placement added to it in the usual way to provide the

final physical address of the required information.

2.5 Conclusion

This chapter has attempted to trace the development of
memory maﬁagement systems to the present day. Some
indications of the reasons for the development.of the
current demand pagedlsystems have been given. Much more
of the motivation for the choices that have been made lies
in the theoretical analysis of program and paging
behaviour that has also developed. This is considered

in the next chapter.

It is also useful to note, at this stage, that good
theoretical analysis is of vital importance'in this field.
It is often the case that, despite the apparent simplicity
of the technigques described abéve, implementation may be
difficult and costly in real systems. Also, it is true
that it is difficult to evaluate the benefits that may

accrue from these features alone in real situations.
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3. THEORETICAL DEVELOPMENT

3.1 1Introduction

In this chapter the theoretical development of current
storage management systems is investigated. Thié theor-
etical work has tended to be carried out in parallel with
the actual implementation of the techniques, and this has,
perhaps, overly restricted the areas‘of theoreti;al study.
However in this chapter the arguments for the conventional

approaches to storage management are put forward.

3.2 Storage Utilisation in Segmented Systems

In his paper on virtual memory (Den 70), probably the most
influential paper in this area, Denning identifies three
policies that must be considered in stofage management
systems: -
1. Replacement policies
N
- which information is to be removed from memory.
2. Fetch policies
- when information is to be loaded.
3. Placement policies
- where information is to be put in memory.
Replacement and fetch policies are much the same for paged
" and non-paged sysﬁems, but, as will be showh, placement

policies for non-paged systems are considerably more com-

plex than those for paged systems.
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If a non-paged system is considered, two important results

can be derived:-

PROPOSITION 3.1 The Fifty-Percent Rule

If a segmented memory system is in equilibrium
having n segments and h holes (see Figure 3.1),

where n and h are large, then h is approximately n/2.

PROOF

Consider an arbitary segment s, then it is necessary
to find the probability, p, that this segment has a
right neighbour. During the residency of a segment
in store, half the transactions to the region on its
~ . - right are insertions and half are deletions (because
the system is an equilibrium). This implies
p =1/2
=> No. of segments with holes as right neighbours
= np = n/2

=> No. of holes = n/2.

N NZZR

%A
tal

Figure 3.1
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PROPOSITION 3.2 The Unused Memory Rule

If a segmented memory system is in equilibrium and

f = the fraction of memory occupied by holes

so = the average segmen£ size
kso = the lower bound on the average hole size (k;O)
then |

f = k/(k+2)

PROOF
Let the memory size = m words. By Proposition 3.1,
if there are n segments in memory then there are n/2
holes.. The total amount of space occupied by holes

is
m - nsg

and the average space occupied per hole is therefore
2{(m - nsgp)/n
Now since it has been assumed that
2(m - nsg)/n2ks,
- (n/m)sg € 2/(k+2)
2 f = (m=-nsg)/m=1- (n/m)sy
> 1=-2/(k+2) = k/(k+2).
Diagram 3.2 shows the relationship between f and k
graphically. The curve in the diagram represents a
lower bound on the fraction, £, of unused memory. It can
be seen that as the average hole size becomes large with
respect to the average segment size, i.e. k » «, then so

the fraction of unused memory becomes large f -+ 1.
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Diagram 3.2

situation is thus, for large k, we have a number of holes,
n/2, whose average size is considerably greater than the

average segment size.

Two states may be distinguished:-

1. There is insufficient work waiting in the system,
consequently memory is under-utilisea. Herein a
large £ is reasonable.

2. There is sufficient work waiting in the system.

If this work has the same segment size profile,
then it would seem to be reasonable that there are
segments waiting to be loaded which will fit into

some of the available holes.

In this latter case, the action of loading another segment
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reduces the average hole size.

Since, if n increases to n', and the amount of memory
allocated increases from ns, to'n'sO , then the amount of
memory unused decreases from m - nsy, tom - n'sy . Con-

sequently the average hole size decreases from 2(m - nsg)/n'.

It is clear therefore:that the a&erage hole size, e, , must
lie in the range

0 < eo.4 so* (3.1)
otherwise case 2 above applies. . Consequéntly an upper bound
can be placed on the average hole size. Hence

kso £ €0 < So

.0 = k < 1.
Thus k must be restricted to the range shown in Diagram 3.2.

Using equation 3.1, the following may be derived:-

Given eo < So |
and m = nsgy +(n/2)eq

then m < nsg +(n/2)sq

= m < (3nso)/é

=> Se > (2m)/(3n)

Now since
f = (m-nsgy)/m

= £ (m=(n(2m)/3n )/m = 1-2/3 = 1/3

A

Consequently, in practice a management system can achieve
k/(k+2) & £ < 1/3 (3.2)

This is the area shown by the cross-hatching in Diagram 3.2
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Three placement algorithms were considered by Knuth

(Knu 68), which have been discussed in 2.4.2 above.

The following compaction result is reported by Denning

(Den 70) :-

PROPOSITION 3.3 Compaction Result

Suppose a non-paged memory system is in equilibrium

immediately after compaction, a fraction f of memory

being unused; suppose that each segment is referenced
an average r times before being deleted and that the

average segment size is so. Then the fraction F of

the time the system spends on compaction satisfies

F2 (L-£5)/(1 -£ + (£/2)(x/sg))

PROOF

< m(1-f) < mf >

SEGMENTS HOLE

Diagram 3.3
Diagram 3.3 shows the memory state immediately after

compaction.

If it is assumed that a segment is referenced éach
time unit, then a segment is deletea every r time
units, and, since the system is in equilibrium, a
new'segment is inserted every r time units. Con-

sequently, the boundary moves at the rate sg/r.
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The system will operate happily for t, = fmr/s,, the time

for the boundary to cross the hole.

Since the compaction operation requires at least two
operations for each of the (1 - f)m words to be moved,

then te, the time taken for compaction satisfies:-

te 2 2(1 - f)m
Consequently, the time spent compacting as a fraction
of the total time is

F=1-tg/(tg + tg)

=> F

>1 - to/(to + 2(1 - £f)m )

> F » (to + 2( 1—f)m—to)/(to+2(l—f)m‘)
= F>»(1-f@n/(fmr/so + 2( 1 - £)m) )

= F=z2(1-150)/001-1£) + (£/2)(x/s0) )

Diagram 3.4 shows a plot of F against £

Diagram 3.4
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The use of relation 3.2 has enabled the range of f to be

considerably reduced over that presented by Denning.

It is perhaps even more clear now, in diagram 3.3, that
only in a situation where compaction is carried out

relatively infrequently due to high reference density

in segments can compaction be tolerated (i.e. r/sy large).

Denning because of the overhead of compaction and the
possibility of a large amount of unused memory (without
the benefit of relation 3.2), discounts segmentation and

turns to paged systems.

3.3 Paged Systems - Page Size

The simplicity of paged systems in terms of their implement-
ation and the consequently high number of successful
implementations, has prompted much theoretical interest.
Equally, theoretical investigations have shown that although
thé underlying idea is simple, what actually goes on in a
paged’system is not at all clear and model building. is
necessary in order to achieve some understanding of the

real situation.

Placement policies as such have no relevance to paged
systems since all that is required in order to place k

pages is that k page frames be freed.

Using Denning (Den 70) again as a starting point, the

following proposition is relevant:-
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PROPOSITION 3.4 Optimal Page Size Result

Let z be the page size and So the average segment

size; Suppose c; is the cost of losing a word to
table fragmentation and c; is the cost of losing a
word to internal fragmentation, and let ¢ = ci1/¢co.
.If z <« sp then the optimal pége size is approxi-

L
mately (2csg) °.

PROOF

The cost for any given z is
c(z) = clso/z + Crz/2 (Since if z << s then
z2/2 words will be

wasted in internal

fragmentation)
This has an optimal value when c'(z) =0
=> ' -(ciso)/zf +c,/2 =0
= z2 = 2ciso/c2
= Ze =,(2cso)%

It is fairly reasonable to assume, in a system where page
tables are held in store, that c = 1. Consequently, it can

be shown that
(3.3)

 ze= (250)
Although this is in itself an important relationsh;p, it is
useful to note that if available data on segment sizes
(Bat 70) implies that s, £ 1000 words then equation 3.3
implies that z,< 45 words. This is somewhat contradictory

to the current practice of page sizes of 512 or 1024 words.

Although there are other good system reasons for these
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choices of page sizes it is essential to observe that

such sizes will necessarily increase the amount of s?ace
wasted within a page. Not because the page does not con-
tain information but because the pége‘contains information

that is not relevant to the segment currently being accessed.

Hatfield (Hat 72) examined the effect of varying the page
size on system behaviour. The time to process a page fault
has three‘components:—
a - the access time to the device where the page
resides
b - the time to transfer the page
c - the software overhead.
It can be argued that a and ¢ remain more or less constant
irrespective of the page size; Consequently, if two page
sizes b, and b, are considered then the relative costs can be
shown as follows:- |
(a + by +c)/(a + by, + <)
Now the time to transfer the page, b, is given by
where t, is the transfer rate for
the device.
If ¢ is assumed to be small compared with a + b then
relative cost =~ (a + b;)/(a + by).

If actual figures are substituted, for example

a =50 x 10 secs

b=5 x 10'6 secs/word (for disk storage)
= relative cost = (5000 + 5z;) /5000 + 5z,)

=  relative cost = (1000 + zq1) /(1000 + z,)
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This shows that unless page sizes are very large, or z,

and 2z, are very different then the page size does not have

a significant effect on the system overhead (see Table

3.5).

2, 25 Relative Cost
256 512 0.83
256 1024 - 0.62
256 2048 : 0.41
512 256 1.20
512 1024 0.75
512 2048 0. 49

1024 256 1.61

1024 5i2 1.33

1024 2048 0.66

2048 256 | 2.42

2048 - 512 2.01

2048 1024 1.50
Table 3.5

For example, an ,; eight-fold increase in the page size from
256 to 2048 words causes a little less than a factor of

2.5 increase in the overheads.

It is useful to note that these figures are very much

dependent on the storage devices being used.
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3.4 Paged Systems - Demand Paging

The term demand paging refers to a process whereby pages

are 6nly brought into main storage when a program refers

to them.

To fully present the notions of demand paging it is
necessary to introduce some formal representation of program

behaviour.

Consequently the following definitions are presented:-

DEFINITION 3.1

Let N = {O,l,2,...,n-l} be the set of pages of

a program.

DEFINITION 3.2

Let S(t) be the set of pages belonging to a program
that are in main store after the reference at time t.
This is somteimes known as the Store Set of the

program at time t.

DEFINITION 3.3

The memory references of a program afe'denoted by:-
r(l) ,r(2),r(3),..... r(k) where r(t) € N

and r(t) is the page referenced at reference t.

A sequence of such references is known as a

reference string.

PROPOSITION 3.5 The Principle of Locality (Den 70).

During any interval of execution a program tends to
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PROOF

favour a subset of its pages, and this set of

favoured pages tends to change its membership

slowly.

Denning maintains that this is an experimentally
observed phenomenon, but formalises the notion as

follows: -~

DEFINITION 3.4 Reference Density

The reference density for a page i is denoted by
a(i,k) where

a(i,k) = Pr| (reference r(k) = i)l

DEFINITION 3.5 Ranking

A ranking R(k) of a program's pages is an ordering

where p eN,Vi, d<isn-1
n-=1l i

such that
a(po,k)za(pl,k)>/ « o 0 >,a(pn—1’k).
Such a ranking is strict if

a(pg/k) > a(py,k)>... >a(pp-1./k).

DEFINITION 3.6 Ranking Change

There is a ranking change at reference k if

R(k) # R(k-1)

DEFINITION 3.7 Ranking Lifetime

A ranking'lifetime is the number of references

between consecutive ranking changes.
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Now can be stated:-

PROPOSITION 3.5a The Principle of Locality

The rankings R(k) are strict and the expected

ranking lifetimes long.

This will be considered in more detail later. For complete-
ness, it is necessary to include alternative definitions of

locality due to Madnick.(Mad 73).

DEFINITION 3.8 Temporal Locality

If the logical addresses a(l), a(2),.... are
referenced during the time interval t - T to t,
there is a high probability that these same
addresses will be referenced during the time

interval t to t + T.

DEFINITION 3.9 Spatial Locality

If the logical address a is referenced at time t,
then there is a high probability that a logical
address in the range a - A to a + A will be

referenced at time t + 1.

These definitions probably have a greater intuitive appeal

than those of Denning.

DEFINITION 3.10 Paging Algorithm

A paging algorithm gives S(t + 1) as follows:-
S(t + 1) = S(t) + X(t + 1) - Z(t + 1)

where X(t + 1) is the set of pages brought in at
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time t + 1 and Z(t + 1), the replaced page set,

is a possibly non-empty subset of S(t). It is
possible that at a given time t' both X(t') and
Z(t') are empty, and this represents no change in

the storage allocation for a program.

DEFINITION 3.11 Strict Demand Paging Algorithm (Spi 77)

A strict demand paging algorithm gives S(t + 1)
‘as a function of S(t):-
S(t) if x(t + 1) € s(t)

S(t + 1) =
S(t) + r(t + 1) - 2(t + 1) if r(t + 1)

£ s(tv)

A variation of this type of algorithm which allows pages
to be removed at any time rather than just at the time of

a page fault is given below:-

DEFINITION 3.12 Loose Demand Paging Algorithm

A loose demand paging algorithm gives S(t + 1) as
a function of S(t):- |
S(t) - z(t + 1) if r(t + 1)e S(t)
S(t + 1) =

S(t) + r(t + 1) - Z2(t + 1) if r(t + 1)
&£ S(t)

In opposition to pre-paging, demand paging algorithms
have been used because of the difficulty ascribed to the
prediction involved in a pre-paging algorithm. This in

itself would not be sufficient to justify demand paging
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as an acceptable approach if demand paging were shown to

be considerably more expensive than pre-fetching.

The following result, due to Mattson et al. (Mat 70), has

been used to support the case for demand paging:-

PROPOSITION 3.6

Given any reference string and replacement algorithm,
(not necessarily using demand paging)‘another
replacement algorithm exists that uses demand paging
and causes the same or fewer page faults.
This result is intuitively réasonable, since pre-paging can
be considered as only causing page faults to occur earlier
than they would have done under demand paging. If the page
movements are done too soon then it is possible that a
removed page will be referred to before the page that has

been brought in.

Aho, Denning, and Ullman (Aho. 71) have given a ¢eneralisation

of this result, which requires the following definition:-

DEFINITION 3.13 The Cost of Replacement Algorithms

If h(k) denotes the cost of an operation that places

k (1) pages in memory, where h(k) 2 h(1l) = 1, then

the cost for processihg a reference string
R=1r(1),r(2),..... r(n)

with a given algorithm A starting from an initial

memory allocation S is given by:-

n
C(a,S,R) =§_ h(|x(t)])
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where X(t) is the set of pages brought into memory

at time t.

If A is a demand paging algorithm thenix(t)‘él, for

1<t4¢n and consequently
n

C(a,S,R) = tE X(t) .

The following can now be stated:-

PROPOSITION 3.7

If A is a paging algorithm, and further if h(k)> k,

for k21 and h(l) = 1, then there exists a demand

paging algo;ithm A' such that

c(a',s,R) < C(A,S,R)

for all S and R.
Despite the fact that the situation h(k) < k occurs
frequently in practice, this result is used as a justifi-
cation for a restriction of theoretical consideration to
demand paging alone. This and the other limitations of
the theory will be considered later. A formal representation
of current page replacement algorithms in a demand paging

environment is given below:-

DEFINITION 3.14 First-in First-out (FIFO)

The page which has been in memory for the longest

time is replaced.

If R(p), peS(t) is defined as
R(p) =t - t' where t' is the latest value of t

where

x(t) ={p} .
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then an ordering of the pages in S(t) can be

defined such that
S(t) =1 pl,pzr----Pw
and
R(pl)< R(p2)< R(p3) < uue <R(pk)

If r(t + 1) ¢ S(t) then

X(t + 1) r(t + 1)

Z2(t + 1) = Py -

-

and the new ordering of S(t + 1) is
S(t + 1) = lr(t + 1), P1/P2/se--Pk=1]

NOTE: This is a strict demand paging algorithm.

DEFINITION 3.15 Least Recently Used (LRU)

The page in memory which has not been referenced

for the longest time ié replaced.

If U(p), p € S(t) is defined as
U(p) =t - t' where t' is the latest t such
that r(t) = p
then an ordering of the pages in S(t) can be
defined such that
S(t) = | pl’p2""f(pk]
and

U(P)« U(Py) ¢  wun..cU(py).

If r(t + 1) € S(t) . then

X(t + 1)

ri(t + 1)

Z(t + 1) Py
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and the new ordering of S(t + 1) is

S(t + 1) =[x(t + 1), PysPoreseesPp 1] -

DEFINITION 3.16 Wiorking Set Algorithm (Den 68a).(Den 68b)

The working set of a program is that set of distinct
pages referenced in the T most recent references,
r¢(t =T+ 1),..... ,r(t), where T is called the

window size.

where W(t,T) denotes the working set at time t with

a window size of T.

DEFINITION 3.17 Page Faulty Frequency Algorithm‘(Chu 72)

‘Let t' be the time of the most recent page fault,
if a subsequent page fault occurs at time t + 1
then: -

S(t) + r(t+1) ift' -t + 1% 1/p

S(t + 1) =

W(t,t-t') + r(t + 1) 4if t' -t + 1> 1/p
where p is an estimated page fault frequency

parameter.

These definitions correspond to the algorithms that have
largely been used in practice. However, two better,

theoretically obtainable, algorithms exist:-

DEFINITION 3.18 VMIN Algorithm (Pri 76)

V(t,T), the VMIN set at time t is defined as

follows: -
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v(0,T)

o
vV(l,T) = xr(l)
and for t>1
V(t,T) + r(t + 1) if r(t) € W(t + T,T)
Vit + 1,T) =
V(t,T) + r(t + 1) - r(t) if

r(t) € w(t + T,T)

In this algorithm a page is replaced if it is not referenced
in the next T references. Clearly this involves knowledge

of the page reference string in advance.

DEFINITION 3.19 OPT Algorithm (Mat 70)

All pages are assigned a forward distance which

for page p is defined, at time t, as
FD(p) = F - t
F = t' where t' is the least t such that
r(t')=p and t'> t.
Consequently, a priority list PL can be defined at
time to to be:-

PL(t) =1 Pys/Pyre-v-s P,

where p; = r(t + 1) and FD(pi)< FD(pi+1)'

If a page is never referenced after time t it can
be arbitarily assigned a forward distance of

infinity.

Thus, the algorithm works as follows:-
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S(t) + «r(t+l) - p, if r(t+l) ¢ s(t)
s(t + 1) =
S(t) if r(t+l)e s(t)
where p € S(t) :Vp'é S(t) FD(p) ¢« FD(p"')
NOTE: After each reference the priority list must

be re-created.

As mentioned above, these algorithms although theoretically
obtainable cannot be implemented in practice since a
complete "dry run" through the program would be necessary

to create the reference string upon which they depend.

The four practical algorithms however need only retain
information on the past behaviour of the programs to
estimate the future beha&iour. The main use of VMIN and
OPT is as estimators of the success of the practical

algorithms in test situations.

To return to the Principle of Locality, it is possible to
measure the effectiveness of a management strategy by its

success in estimating the locality at any time T.

Initially, it is sufficient to observe that it is those
pages in the current locality which will be referenced in

the near future that must be estimated.

Calling upon the notation used to describe the principle of
the Working Set algorithm, the temporal locality at time t
of width 2T can be defined as follows:-

TL(t,T) = W(t,T) UW(t + T, T)
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NOTE: In a paged system, spatial locality about refer-
enced addresses normally is automatically handled

by the loading of the surrounding page.

Thus it can be stated that an estimator of W(t + T, T)

is regquired.

Apart from the problem of finding a suitable estimator,
another difficulty arises, namely the size of T. Coffman
and Denning (Cof'73) suggest tha£ for W(t,T) two criteria
must be satisfied:- |

l. T must be large enough to ensure that the
probability of a member of the current locality
being missing from the working set is small.

2. T must be small enough to ensure that the
probability of more than one inter-locality
transition being containéd in the working set
is small; (An inter-locality transition occurs
when a program moves from one favoured subset

of its pages to another.)
This can be presented formally:-

Let r(l),r(2),...,x(t),... be the reference string
generated by a program, then the Principle of Locality

suggests that the program passes through a series of

localities Ll’LZ""‘ where Lie-N. That is to say, if L,
the current locality, is given by

L = Ly for tj<t ¢ty
then

r(t) €L for tj ¢t «ty.
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The management policy generates a sequence of store

" sets Si’SZ"“ and the aim is that if at time t
i) the store set = 53
ii) the locality = Ln
then
Sl = Lm.

In order to support the theoretical analysis of replacement
algorithms, Coffman and Denning make the folloﬁing
assumptions about reference strings (Cof 73):-

l. The probability that r(t + x) = j, given that

r(t) =i (i,jJ€N) is independent of t.

2. For aniy t, and any i€ N, there exists a t'» t

such that r(t') = i.

3. r(t) and r(t + x) become uncorrelated as x

becomes large.

Coffmén and Denning are aware of the significant restriction
placed on reference strings by 1. Over a comélete reference
string there is no good evidence that 1. should hold.
Within a locality, however, 1. is more reasonable. That is
to say:-

If L(k) ={r(t) : t1¢ t<ty)

and t] €t ety , 1€t + X €tg

then it would appear that 1. is intuitively more reasonable.

This is an example of what Spirn (Spi 77) and Denning and

Kahn (Den 75) observe to be a difference between micro-
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behaviour and macro-behaviour in reference strings. To

further expand this notion, Denning and Schwartz (Den 72)
give some important properties of localities:-
1. During any interval of time a program distributes

its references non-uniformly over its pages.

2. Taken as a functioh of time, the frequency with
which a given page is referenced tends to change

slowly.

3. Correlation between immediate past and immediate
future patterns of behaviour tends to be high.
Whereas the correlation between disjoint reference
patterns tends to zero as the distance between
them tends to infinity.

In the same paper they make a significant admission:-
"W2: The stochastic mechanism underlying the
generation of a reference string is stationary,

i.e. independent of the time of origin.

Assumption W2 does restrict the results somewhat,
limiting the analysis to the context of a single
program locality in the following sense. As
mentioned above a program passes through a sequence
of localities és it generates references. One
would'expect that whatever non-stationarities
exist depend only on the locality. In other
words, we could approximate a referénce string r

as a seguence of substrings
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r = rlrz......

" where each substring r, obeys W2. Therefore
the reéults are applicable locally in a given
reference string, but not necessarily globally
cereseans assumption W2 wi;l not be severe as
long as the measurement intervals are com-
parable to or less than the average inter-

locality transition time."

This in effect restricts analysis of algorithms to the
micro-behavioural phase, and avoids consideration of

locality transitions.

It is the contention of this thesis that this and other
assumptions place significant restrictions on the utility
. of page replacement algérithms, and consequently cast
doubts on the global validity of demand paging. These

contentions are laid out in the following section.

3.5 Assumptions Inherent in the Theoretical Support

for Current Algorithms

1. JIgnoring all aspects considered above, it
would seem that from the pointfof—view of
system throughput demand paging has a detri-
mental effect. Stated simply at each page
fault occurrence in a demand paged system the
program must wait the maximum possible time
before its request is satisfied, since the

page is only sought once it has been referenced.
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Following on 1. above, since the models on
which paging algorithms are based are effective
only w1th1n localities, the éffects of locallty
transitions are amollfled by demand paging.
During a locality transition, a high page
activity must be expected. The adoption of
demand paging implies that each page fault will
be treated singly aﬁd no optimisation 6f, say,

disk seeks will be possible.

The effectiveness of demand paging is based on
a rather unimpressive proof (Propositions 3.6

& 3.7). These provositions admit the existence
of optimal demand paging algorithms. However,

what is not shown is:-

a) that this demand paging algorithm can
indeed be achieved without a complete pre-
determination of the reference string.

b) that the same demand paging algorithm is.
optimal in all cases. It seems
intuitively likely that OPT should fall
into this category but it is reported
(Aho 71) tha£ counter-examples can be
found.

c) Proposition 3.7 depends for its proof on
assumptions about the cost of a page fetch
that do.not hold for conventional main

store - drum/disk hierarchies.

3.25



d) The cost of an algorithm is estimated only
in terms of the cost of its page faults.
This is not sufficient since this implies
that an algorithm which generates no page
faults by the simple expedient of holding
all of a program's address space in main

store is optimal and has zero cost.

4ﬂ The optimal choice of page size seems to be
dependent on the segment size for a given
program. This is in conflict with:-
a) the need to achieve efficient transfers
between backing store and main store.
b) the convenience of establishing a system- -

wide norm for page size.

5. All the major replacement aléorithms depend on
the éstablishment,of an arbitrary system-wide
behavioural parameter:-

a) LRU - requires a stack-length to be fixed.
‘'b) Working Set - requires a window size to be
fixed.
c) PFF - requireé a critical page fault
frequency to be fixed.
As will be shown in the next chapter, the choice
of the values for these parameters is critical
to the efficient operétion of the algorithm in

question.
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6. As with 2 above, the algorithms presented make
no significant attempt to deal with locality
transitions, thereby restricting their general
effectiveness. To be fair this is perhaps
least applicable to the Page Fault Frequency

algorithm. -

3.6 Conclusion

This chapter has attempted to show the theoretical back-
ground of the page replacement algorithms of current
systéms. It has also shown that some of the claims made
are questionable and that conclusions drawn from these
‘propositions are untrustwofthy. That the theory has its
limitations is undoubtedly true, however it'will be shown
in the next chapter that despite these limitations, the
algorithms can be used to some effect if suitably

limited contexts are chosen.
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CHAPTER 4 BEHAVIOURAL CHARACTERISTICS OF CONVENTIONAL

MEMORY MANAGEMENT SYSTEMS

4.1 Introduction

In this chapter are presented results showing both
theoretically and in practical situations, the strengths

and limitations of current memory management systems.

4.2 The Working Set Algorithm (Den 70)

This élgorithm, which attempts to estimate the current
locality of a program by examination of the pages refer-
enced during a fixed time interval in the past, T (called
its window), has been extensively studied. But before
these studies are considered, it is instructive to examine

Denning's own claims for this algorithm.

Denning claims the following:-
"WORKING SET PRINCIPLE:. Suppose memory manage-
ment operates’ according to the following rule:
A program may run if and only if its working set
is in memory, and a page may-not be removed if
it is a member of the working set of a running
program. Then according to the principle of
locality, this rule is an implementation of the

principle of optimality."
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The proof he presents firmly depends on the consideration
only of the micro-behavioural characteristics of programs
mentioned in Chapter 3. Equally, the related principle of
locality (Proposition 3.5a) which he presents depends on
estimates of the lengths of localities, i.e. the number of

references that a program makes whilein a locality.

Much support for his work has been taken from the work by
Belady (Bel 66) on program lifetime functioné'and from the
manner in which prbgrams acquire pages on demand from the

beginning of a time quantum (Cof 68), (Fin 66).

In his paper (Bel 66), Belady describes simulation
experiments which together with simulation studies per-
formed on the 360/67 at SDC (Fin 66) and at Princeton

(Var 67) lent supportAto the following major results:-

PROPOSITION 4.1 Belady Lifetime Function-

If e is the expected length of time between page
faults and s represents the amount of storage
assigned to a program, then the relationship

between e and s can be approximated by

e = as
where a varies with the individual program and
k has been observed to take values in the
vicinity of 2.

This relationship is shown graphically in Diagram 4.1
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Two points P and R are to be noted on this graph. Firstly
R repfesents the amount of storage required to totally con-

tain the program and P represents the point of divergence

between

actuat curve -

Relationship of mean execution interval between page

and storage allocated.

Diagram 4.1
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the approximation and the actual curve. Belady explains
this divergence in two ways:-
a) e is the average of all execution intervals,
and in the initial loading phase, a program
goes through a number of short execution periods
which contribute to the reduction of e.
b) if programs are given sufficient space to
accumu;ate-their current locality, then little
or no paging will occur until a locaiity change

is made.

From this and the work of Coffman and Varian (Cof 68)

reported below, Denning extracts the following relationship:-

PROPOSITION 4.2 Fault Probability

Let F(A,m,r) denote the number of faults generated
as algorithm A processes reference string r under
demand paging in an initially empty memory of size m,

the fault probability £(A,m) can be defined as

follows: -

£(A,m) Pr(r) (F(A,m,r)/lrl)

- =
all r
where Pr(r) denotes the probability of occurrence
of r and |r] represents the length of r.
This, apparently, yields the £following graphical relation-

ship (Diagram 4.2):-
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,/=

f(A,m) )
1

| \
! Random programs
| N

\ N

AN

Realisade A N

Unrealisable

Diagram 4.2

It is stated that "reasonable" algorithms lie in the

shaded region on the graph and that the dotted line

represents what could be achieved by optimai unrealisable

algorithms such as that of Belady. The argument is that

for reasonable A, f(A,m) is much more sensitive to m than
to A.

The dashed line above is meant to indicate the behaviour

that would exist if programs exhibited a random reference

pattern.

One of the most unfortunate features of the above diagram

is that, although it shows that the number of page faults
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decreases for "reasonable" algorithms with the increase
of allocated memory, it does not give any quantifiable
estimates of the behaviour of algorithms either in general

or in particular cases.

Further work on the relationship between locality and
lifetime functions has been performed by Denning and Kahn
(Den 75). These authors again quote considerable ekperi-
mental evidence supporting the notion of locality (Bry 75),
(Hat 71), and (Rod 71). 1In the same paper they present two

important properties of lifetime functions:-

PROPOSITION 4.3

A lifetime function typically has the convex/concave
shape. The convex region is approximated by cxk,

where x is the allocated store size, for some c,k.

PROPOSITION 4.4

For a given reference string, the Working Set life-
time function will tend to exceed that of LRU for

wide ranges of memory allocations.

Evidence for this proposition has been found in the work of

Bard (Bar 73), (Bar 75);

As mentioned above, a memory management strategy can best be
considered as an estimator of program localitieé. An ideal
estimator is said to have three propertiés (Den 75):-

a) the store set is always a subset of the current

locality set
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b) at a locality transition, the resident set
' contains only the pages in common to the old and
new locality sets
c) page faults occur only for first references to

entering pages.

The working set algorithm is consequently not an ideal
estimator, since at a locality transition old locality

pages can remain for up to T references after the transition.

However, if T is short enough to include only one locality
transition, then the only penalty is the excess store
allocation made to the program. Later some examples will
be presented which estimate how significant this over-

allocation is.

In another paper (Den 72),’Denning and Schwartz establish
behavioural characteristics of the Working Set algorithm.

Given that:-

S(T) = average working set size

m(T) = missing page rate, i.e. the number of
pages per unit time returning to the
working set ,

f(x) = the over-all inter-reference density

F(x) = the ovef-alf inter-reference distribution

n. = the number of recurrent pages.

PROPOSITION 4.5

1 = S(1)¢S(T)¢S(T + 1k{min n, T + 1



This states that the average working set size is non-
decreasing with T and that the working set size is bounded
below by 1 and above by either one more than the current
window size or n the number of pages (whichever is the

smaller).

PROPOSITION 4.6

S(T + 1) - S(T) = m(T)
This states that the difference between the average working
set size for a window of T+l and that for a window of T is

equal to the missing page rate.

PROPOSITION 4.7

O<«<m(T + 1) € m(T)€ m(0) =1
This states that the missing page rate does not increase

with T.

PROPOSITION 4.8

-1 - - =
m(T) = 1 - F(T) =T f(y)

This states that m(T) can be regarded as the probability

that x° T.
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PROPOSITION 4.9

m(T + 1) - m(T) = -£(T + 1)

This states that the difference between m(T + 1) and
m(T) is the negative value of the over-all inter-

reference density £f.

PROPOSITION 4.10

(S(T - 1) + S(T + 1) )/2<S(T)

This states that the curve S(T) is concave down.

PROPOSITION 4.11

18 (D) =,

As T—e the working set size tends to the number of

recurrent pages.

PROPOSITION 4.12

Tl&g m(T) = 0O

As T— =~ the missing page rate tends to zero.
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These properties are far from remarkéble, and as such do
not provide any insight into the physical operation of the
Working Set algorithm. /However they do provide two useful
indicators to the4sizé of T. As was mentioned above, this
arbitrary paraﬁéter must be chosen with great care in order

to increase the effectiveness of working set policies.

Firstly, if a specified lower bound is placed on the
efficiency required of our'algorithm, then this implies (in
a limited context) an upper bound on the value of m(T). This,

in turn,implies a lower bound on T, by Proposition 4.7.

Secondly, the concave down property of S(T) indicates that

varying T need not be advantageous.

From a practical point-of-view, it is fairly clear that these
considerations do not give a clear indication of how a
Working Set algorithm will behave. Much measurement has been
done in practical situations, particularly in comparison with
LRU strategies. In the remainder of this section, and in the
next (dealing with the LRU algorithm itself) these results

will be presented.

Spirn and Denning (Spi 72) present thé results of their
experiments. They compare the behaviour of intrinsic models
of locality with the working set algorithm as an estimator

of locality. Experiments were carried out on two machines

(a PDP-8 and System 360) using both assembly code and FORTRAN

programs.
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Measurements were made of the average working set size and
the missing page probability for each of the techniques

studied, compared with possible window sizes.

The work presented in this paper is rather interesting, in
that it attempts to compare the behaviour of the intrinsic
models with that of real programs by comparing how weil the
intrinsic compare with the Working Set algorithm. As this
thesis-has attempted to show, insufficient evidence has been
produced to show that the Working Sgt algorithm is indeed a
good estimator of real program behaviour. Even if it were,
it has already been admitted that it only presents a model

of the micro-behaviour within localities and does not deal

with locality transitions. This is contradictory to the
claim in this paper (Spi 72):-
"We are concerﬂed, however, with locality'
transition behaviour."
However, some useful data can be extracted from these
experiments.
For the reference strings used the following statistics

can be obtained:-
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Refergnce Wipdow Working,Set.Size ()
- 8tring Size Program Size
2 250 25
4 250 50
6 250 40
2 500 26
4 500 63
6 500 63
2 750 28
4 750 70
6 750 65
2 1000 30
4 1000 75
6 1000 - 69

Figure 4.1

In Figure 4.1, the column headed "Reference String"
refers to the identifying number used in the original

paper.

It is interesting to note that Spirn later (Spi 77)

suggests that window sizes of "practical interest" satisfy:
10,000 « T £ 100,000 references.

This later statement has also been supported by the work of

Rodriguez-Rosell (Rod 73). In this paper, Rodriguez-Rosell

commented on the lack of published data on working set

behaviour from actual program measurements. The measure-
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ments used in his study were made on an assembler program
running on the System 360. The minimum value used for the

window size was 5000 references.

It is puzzling, therefore, to considef the data in Figure
4.1, particularly considering that in all but one of the
reference strings shown, a working set of greater than 70%
of the address space available is achieved with a window
size of the.order of 1000 references. It is equally
puzzling that reference strings 4 and 6 are high-level
language generated program reference strings (FORTRAN)and
that reference string 2 is that of a compiler. Another
peculiar feature is that all experiments quoted here were

carried out on the System 360, also.

It is useful, at this point, to remember a conjecture of
Randell (Ran 69) that programming languages, styles, and
conventions might have an effect on the behaviour of

programs.
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To further support the doubts expressed above, some
experiméntal evidence is presented which shows that, in
practical cases, the Working Set algorithm acts as a poor

estimator of locality size.

EXAMPLE 4.1.1

On the following page is shown a bubblesort algorithm
taken from Wirth (Wir 76). This well-known technique

was run under two sets of conditions:-

a) with window size 10,000 references

500 references

b) with window size

In both cases the page size was 256 words.

The results are presented on the following pages.

This particular example brings up some interesting points.
Firstly,; the localities are easily determinable by inspection
for £he sort part of the program. The references to the
address space can be divided into 3 categories:-
i) the current code page
ii) the page containing the index variables i,j,k
iii) the page currently being worked upon in the
array.
Consequently, it is to be expected that, since in this example
there is only one code page, and since there are few variables
other than the array elements, the locality estimate will, at
worst, consist of gggg pages: -
i) the current code page
ii) the page containing the index variables

iii) two (adjacent) pages from the array
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Thu Jan 18 15317148 1979

rrogram bubblesort(inrutyoutrut)s
var
irdsktinteders
elementiarragll..2048lof inteders$
bedin
Ji=lihi=-1%
for il=1 to 2048 do
bedin
Ji=-(Jt1)}
ki=-(k-1)}
elementlili=it+J-k}
ends
for i31=2 to 2048 do
for Ji=2048 downto i do
bedin
if elementld-1lrelementlJl then
bedin
ki=elementC.j-11+
elementl.-1]!=elementl[Jl}
elementl.jli=L}
endj;
ends

' end.,

bubble

@
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VN ADWN-

T AL

KKKKKKKKKRKKRK KK KKK KKK KKK KK KKK
LRU FFF Wor
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c: 0 1

LRU Store
c:t 0 1
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cC: 0 1

v

KKK KR KKK KKK KR KKK KK KKK KK KKK
KRR KK KKK KKK KRR KKK KKK KK KKK KK
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ct: 0o 1 D23 2
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ct 0 1 D23 2
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LRU Store
c: 0 1 m23 2 npd o 3

FFF Store
Ci 0 1 DI23 2 Nt o 3

ort ' y ‘Se 1

Algorithms causing page fault.

Contents of memory at page fault for each algorithm

In this case, note the Working set store with a window size

of 600 references
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Thié manifestly does not happen in some situations.
The reasons for this are varied. Firstly, with the large
window size all pages referenced in the last 10,000 refer-
ences remain in the working set. This will obviously
include:-

i) the current code page

ii) the page containing the index variables
but depending on the complexity of the operations being
carried out within a loop (in térms of the number of store
references made) then an undetermined number of pages will

be held in store.

Slightly modifying the current exaﬁple'could'produce the
following code:-
for i:= 1 to 2048 do
element (i] :=0;
For each time round the loop there might be, say, five daté
stogage accesses. Consequently, if memory accesses are
estimated as roughly equivalent then as much as half of the

array will be accumulated into the working set.

It would appear that the smaller window sizes are required

for "techniques" of this type.

When the output for the smaller window size run is con= .
sidered, an interesting anomaly appears. It is possible for

the algorithm to swop out the current code page. This,

theoretically, undesirable occurence stems from the partic-

ular implementation being considered, and the code page is

4,15



removed when the array is being "initialised" to an
internal "undefined" value. This is done by a single
virtual machine instruction. Yet this machine instruction
initiates 2048 storage references. After 500 of these,
the current code page is no longer in the estimated local-

ity.

This leads to the following results:-

PROPOSITION 4.13

There exists a non-empty class of "real" programs
for which the Working Set algorithm is a non-

optimal estimator of locality.

PROOF

See Examples 4.1.2 and 4.1.3.

Another drawback of this algorithm is its inability to
determine quickly the cause of an increase in the working
set size. Such an apparent expansion of‘the working set
can be caused by:-

é) a change of locality, or

b) a true expansion of the working set.

No differentation can be made between these two cases until
a time interval has elapsed. 1In fact, it is clear that, by
the retrospective nature of this algorithm, it will always
tend to over-estimate the working set size (See Example

4.1.4 and Diagram 4.3).

4,16
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Example 4.1.2

Here the Working set algorithm

swops out the current code page.

Example 4.1.3

782
16 269 D117 525
1038
ni17 525 Di1g 781
1294

The same will happen in any program with

niig 781 D19 782 array initialisation,
ef the programs of’ etamples
4,2.4 and 4.3.5.
D19 1037 Di20 1038



i81
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
209
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224

225

226
227
228
229
230
231

232

233

234
235
236
237
238

4]
5]
(4]

DP O 7 DI1S 13 D16 269 D

..
[

7 5

FFF Store
N:20 1293 D21 1294

KAOKKK KK KRR AKKK KKK KK KK KKK KKK KKK K
KERKKEKRKEREKKKKEKEKRRKKKERRKK KKK KKK
LRU FFF Wor

W8 Store
D19 1037 D20 1293 Di21 1549 D22 1550

LRU Store
DI1S 13 Diié 269 Di17 525 Dii18 781 D19 1037 L[i20

FFF Store
Di21 1549 Di22 1550

KRKKKRKK KK AR KKK KAKOKRK KK KKK KR KKK K
KRR KKK KK ACK KKK KKK AR KKK KKK KKK KK
LRU FFF Wor

WS Store
D121 1549 DI22 1805 D23 1806

LRU Store

Dils 269 D117 525 D18 781 D119 1037 DI20 1293 Di2

FFF Store
D22 1805 Ni23 1806

KHKKKIKIKRKK KK KKKK KK KK KKKKKKK

132222332 ¢2323203320233238383¢8¢3
LRU FPFF Wor

WS Store
Di21 1549 D22 1805 D23 2058 D0t 0 2059

LRU Store
N¢17 S25% 0!18 781 D19 1027 NH!20 1293 nit2?21 1549 N

niig 781 Di19 1037

D20 1293 Di21
1293 D21 1549 D
1549 122 1805
N 1805 TNi27 2058

1294

ni23

T

*
H

0

180

20

6

=

[

N

s

~



241

(M 242 FFF Store
" 243 n:23 2058 D! 0 2059
244
{: 245
2446
247 XK KK K KK K KK OK K AOK KKK K K KK KK KK KK
L 248 KEKKKK KKK KKKKR KKK KKK KRR KKK
249 LRU FFF Wor
250
{ 251 WS Stare
’ 52 D21 1549 D22 1805 D23 2088 Dt 0 2059 C: 0 2060
253
s 254
255
256 LRU Store
( 257 . pi1g 781 D19 1037 NDiI20 1293 Ni21 1549 DNDi22 1805 D23 2088 I8 0 2059 C: 0 2060
258 .
259
( 260
261 FFF Store
262 D23 2058 D! 0 2059 C!: 0 2060
N 263 :
264
265
{ 266 KEKKKEKRRKKKRRKKKKK KR KKK KKK KK KK
" 267 KKK KKK KKK KKK KKK ROKR KKK KKKk K
248 FFF Wor
. 269
270 WS Store
271 023 31932 D! 0 31941 (C: 0 31939 D22 31942
- 272
' 273
274
( ] 275 LRU Store
' 276 Di1g 781 D19 1037 D20 1293 D21 1549 D23 31932 C3 0 31939 D! 0 31941 D022 31942
277
N 278
279
280 FFF Store .
. 281 D23 31932 D! 0 31941 C! O 31939 Di22 31942
282
283
. 284
N 285 L3233 9223 0333083333383 3332883%3
286 KRKEKRAOKKKKKRKKKKKKKK KRR KKKKK
. 287 ~FFF Wor
i 288
289 WS Store
; 290 DI23 62326 it 0 62405 C! 0 62403 DNi22 62287 21 42406
291
292
. 293
294 LRU Store
295 Dii8 781  Di19 1037 D20 1293 NI22 4632287 Di23 62396 Cf: 0 62403 D! 0 62405 D21 62406
296 '
297

298



4

301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322

323

324 -

325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
3585
356
357
358

KAAOKK KK KK KKK K KKK KK KKK KKK
KKK KA KKK KK RO KKK KKK K Kk K X

FFF Wor

WS Store
D23 92860 Iit

LRU Store
niig 781 DNDi19

FFF Store
D23 92860 I

0 92869 C: 0 92847 Di21 92751 D320 92870

li

1037 D22 62287 DI21 92751 DI23 92860 C! 0 92867 D! 0 92869 D20 92870

0 92869 Ci: 0 92867 D21 92751 D20 92870

12222030303 0382023230 828332008 ¢y
0333800000332 0800328330838483]

FFF Wor

WS Store .
Di23 123324 Dt

LRU Store
niig 781 D322

FPFF Store
D23 123324 it

0 123333 C: 0 123331 DI20 123215 D119 123334
62287 DI21 92751 D20 123215 D23 123324 C! 0 123331 D! O 123333 D319

0 123333 C: 0 123331 D320 123215 D19 123334

KRRKKIKKKKRKRKKKKK KKK KKK KKK
KOKRRAKRRIOK KK KK KKK AKRK KKK KK KKK KK

FFF Wor

WS Store
Di23 153788 D!

LRU Store

0 153797 C! 0 153795 D119 153479 Di18 153798

P22 462287 Di21 92751 DI20 123215 D19 153679 D23 153788 C! 0 153795 D! 0 153797 Ditl

FFF Store
ni23 153788 1!

v

0 153797 C! 0 153795 D19 153679 Dii8 153798

123334

8 153798

-



361
362
363
364
365
366
367
348
349
370
371
372
373
374
375
376
377
378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
a11
412
413
414
415
416
417
418

HORRRKK KK KRR IKKKRAK KRR AR KKK KKK
KXAOKR KKK KR KKK KKK KKK KK AR KKK KKK K
LRU FFF Wor

WS Store
D23 184252 D! O 184261 C: 0 184259 D318 184143 Di17 184242

LRU Store '
D21 92751 DI20 123215 D19 153679 D18 184143 23 184252 C! 0 1842859 D! 0 184261

FFF Store
DI23 184252 D! 0 184261 C! O 184259 D18 184143 D17 184242

KRAKKAKKAKK KA KKK KKK KA KKK K KKKk K
L2 223023333333338033¢382338303¢%
LRU FFF Wor

WS Store ‘
D23 214716 D! 0 214725 C! 0 214723 Dil17 214607 Dilé 214726

LRU Store
DI20 123215 D19 153679 D118 184143 D17 214607 Di23 214714 C: O 214723 D! 0 214725

FFF Store
D23 214716 Dt 0 214725 C! 0 214723 D17 214607 D16 214726

RRRKKRRKA KK KRR KK KKK KK A oK KK K K
RKAAOKAKK KKK KKK KKK KKK KA KKK KKK KKK
LRU FFF Wor

WS Store
DI23 245180 1t 0 245189 C! 0 245187 D16 245071 DiiS 245190

LRU Store
D19 153679 D18 184143 D17 214607 D16 245071 D23 245180 C: 0 245187 D! 0 245189

FPFF Store
DI23 245180 D! 0 245189 C! 0 245187 Di1é 245071 DI1S 245190

BRI ROR SRR R R KKK KK KK KK

[V 73 TR TRY 7RV RV PRT TRV VR PV PR PR PR PRY VR VR PR T T VY VO P PUr S ST AT S PP S PR T

0317 184262

D16 214726

0115 245190

.



N
~s

~

421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478

WS Store
DNI23 246426 DIt O 2446427 C! O

LRU Store
DI19 193679 D118 184143 D17

FFF Store
Di23 246426 D! 0 246427 Ci O

0328223832028 022304033283283 2328843
KRKRFOKKAKKKKKKKRKAKKKRKKRKK KK KKK
FFF Wor

WS Store
Di23 276378 Dt 0 276379 Ci O

LRU Store
D119 153679 D18 184143 D15

FFF Store
D:23 276378 D! 0 276379 C! O

KRR KKK KKK KKK IOKK KKK KKK KKK KKKk
b3 220332933333 333333332388880¢;
FFF Wor

WS Store
D23 306330 Dt 0 306331 Ct: O

LRU Store
DIL? 1534679 DI1S 246534 Dilé

PFF Store
n:23 306330 Dt 0 306331 C! O

L3223 23202202 0333838332322283% %3¢
AOKK K AOK KKK KK KK 30K K KKK KoK Kok KK koK Kk
FFF Wor

2446425

214607

244425

276377

246534

276377

306329

276486

306329

Nni1s

Di1é

Dilé

ni1sé

D31z

2446367

246367

246428

276319

276319

276319

306271

306271

276486

Di1s

ni1z

0i1s

246428

246367

276380

276377

306332

306329

306271

123

Di17

D23

D

+
+

i8

276378

276380

306330

306332

Di

[(H

|

0 246427
0 276379
0 306331

Dil1é 2456428

D17 276380

ni1g 306332

D



481

482

483

484 LRU Storvre

485 DILS 246534 D16 276486 117 306438 D18 336223 C! 0 336281 LI23 336282 D! 0 336283 D19 336284
486

487

488

489 FFF Store

490 D323 336282 D! 0 336283 C€C! 0 336281 D17 306438 D18 336223 DI1? 336284
491

492

493

494 KEKEKEKKKKKKEERERKKR KK KKK KK KKK

495 KKK KKK I AR K KKK RKKK KKK KK KKK KKK

494 LRU FFF Wor

497

498 WS Store

499 DI2F 366234 D! 0 366235 C! 0 366233 D19 366175 DI20 366236

500

501

502

503 LRU Store :

504 D16 276486 D17 306438 DI18 336390 DI19 366175 C! 0 366233 D123 366234 D! 0 366235 Di20 366236
S5095

506

507

508 FFF Store
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EXAMPLE 4.1.4

Implementations of Working Set algorithms do not,
in practice, follow exactly the theoretical model.
It would be too expensive to check, after every
reference, whether a given page remains in the
working set or not. Consequently, the contents of
the working set are only checked at intervals,
usually known as strobe periods. This is also done
after page faulté. The size of the strobe interval
is another arbitrary parameter that must be built
into implementations‘of this algorithm. However
there is a more significant disadvantage. This is

most easily shown in a diagram (Diagram 4.3).

In this diagram is shown the memory reguirements of
a hypothetical program. At point (A) it is assumed
that the program loses a number of pages from its
current locality, but does not completely change it.
Point (B) however represents a complete change of
locality. The divisions along the horizontal axis
are given in terms of strobe periods and T = 4/3 S.
Note that it usually requires a strobe (or a page
fault) at least T units after a locality change for
the pages in that locality to be removed from the

working set, if they are no longer required.
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4.2 The LRU Replacement Algorithm

This is-an example of what is known as a fixed-space policy
(Den 75) in that the size of the set of pages in memory
belonging to a program is kept fixed. 1In the theoretical
model of the Working Set policy, this is not the case. 1In
practical systems, more or less based on the Working Sét

philosophy, this is not always true however (Whi 73).

Coffman.and Ryan (Cof 72) using a mathematical model of
locality, showed, as might be anticipated, that variable
space policies are ‘always better than fixed. However the
implementation of a pure Working Set strategy is very expen-
sive. This is due to the fact that pages are freed whenever
they leave the window and not simply at page fault times.

As mentioned above this would involve testing each page in
the working set after each reference, or decrementing some
kind of counter associated with each page to see if that

page was still eligible for membership of the working set.
The implementation of a strobing technique to remove this
large overhead widens the gap between theoretically

achievable performance and the best practical implementations.

As a result of this cost, LRU algorithms, which are much

cheaper to implement, have achieved considerable popularity.

With regard to the comparison of local LRU strategies and
global LRU strategies, Oliver (Oli 74) has shown that the
global LRU strategy performs better than the local LRU

strategy where thrashing does not arise.
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This is to some extent surprising and perplexing. Surprising
because the most obvious criticism of the global LRU strategy
is that those pages which have been, globally, unreferenced
for the longest period of time are those belonging to the
program which has not been running for the longest time. So,
if the program, scheduling algorithm is to any extent "fair",
then this program will have a high probability of being the
next allowed to run. As a result of this, the global LRU
algofithm would appear to tend to remove pages thch might

be referenced in the near future. Oliver states'that,
although evidence of‘this was found in his studies, it

turned out that any such space could be more effectively

used by the current program than by reserving it for future
programs. These results are perplexing because the two

other major algorithms are local algorithms, that is to

say, they concern themselves 6nly with pages belonging to

the current program. To compare a global strategy with such
local strategies is an extremely complex business. Not only
does the mix of programs have to be considered for global
strategies, but also the scheduling algorithm for the programs
themselves has a significant effect. Both these factors
concern the observed behaviour of a program as far as the
user is concerned, in that a change.of program mix over a
number of runs of a programjor a change of the scheduling
algorithm (or its parameters) could affect the paging
behaviour (and, consequently, on some systems the cost)

of a running program.
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For these reasons, it is proposed that a global algorithm

is not a good idea on principle, and the local LRU only will

be considered below.

With the local strategy the élgorithm can be formulated as

follows: -
A program will be allocated a fixed amount of
épace, L pages. Initially, it will be allowed to
acquire pages, if it requires them, up'to this
limit. The pages are conceived of as being ordered
on a stack with the most recently used at the top
and the least recently used page at the foot. 1If,
when the program has acquired its L pages, it re-
quests another page not already in store, then the
page at the foot of the stack is freed and the new
page will be brought in and placed at the top of
the stack. Thus the memory allocation stays con-

stant at L pages.

Theoretically some of the limitations of this approach are
immediately apparent. (That these limitations can occur

in practice will also be shown below.

Firstly, the store set size for a program remains fixed
once it has acquired L pages. This tends ‘to imply that
programs whose locality sizes do not match this size
behave poorly. This can manifest itself in two ways.
Firstly, a program which requires more space than it has

been allocated will thrash. That is to éay, it will spend
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EXAMPLE _ 4.2.1
Let N = {0,1,2,3,4,5,6,7}
L = 3
and R = 0,0,1,2,7,0,1,2,7,0,1,2,7,....

then Store Set =0 012 7012 70127
-=-0127012 7012

-=-=-0127012701

* * % % *x %k % % % % * *x

where * implies the occurrence of a page fault.

Whereas, in the same situation, if L = 4 the
following takes place:-
R = 0,0,1,2,7,0,1,2,7,0,1,2,7,....
then Store Set = 0012 701270127
--01270127012
---0127012701

-=---012701270

* * % %

with a significant reduction in. the number of page

faults.
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EXAMPLE 4.2.2

Let N {0,1,2,3,4,5,6,7}

L =3
and R = .0,0,1,2,7,0,1,2,7,0,1,2,7,3,4,5,3,5,4,4,3,..

then Store Set

0012701270127 345351443
- -0 2701270127345 3525 4

1
-=--012701270127344335

* * * % % *x * *x % %k *x %k *k % *%x

showing poor behaviour in the first part of the reference

string but impeccable behaviour in the second part.

Again, with the same reference string and now L = 4
the following occurs:-
R = 0,0,1,2,7,0,1,2,7,0,1,2,7,3,4,5,3,5,4,4,3
then Store Set = 0012 7012 7012734535443
-=-012701270127345352514
---012701270127344335

-=-=-=-01270127012777777

* * *x % ' * * *

Although the paging behaviour has been improved in the
first part of the string, in the second part the algorithm

consistently over-estimates the locality size.
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EXAMPLE 4.2.3

Let N {0,1,2,3,4,5,6,7}

L= 3
and R = 1,2,3,1,2,3,1,3,2,4,2,3,4,4,3,2,....
then Store Set =12 312 3132 42 3 4432

-123123132423343

-=-123122133422214

* * % *

As can be seen a "heavily" used page which is totally

discarded can be readily handled.

However, an almost identical situation produces a
different result:- |
R = ‘ i,2,3,,2,3,1,3,2,1,4,3,2,2,3,4,4,3,..
then Store Set =12 312 3132143223443
-123 lA2 313214332334

- -1231221321444222

* % % * % *

A "hiccup" has occurred due to the exact timing of the
reference to the new page. This is eguivalent to the
disruption caused by a "casual" reference to one.page:-
R= 1,2,3,1,2,3,4,1,2,3,1,2,3,..
then Store Set =12 31234123123
-123123412312

--123123412231

* *x % * % % *
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more time paging than doing useful work (sée Example 4.2.1).
Secondly, é program whose locality size varies will
alternate between a thrashing state (or a reasonably
satisfactory state if L has been weil chosen) and a

state in which the memory in the system is poorly

utilised (See Example 4.2.2).

Secondly, such a LRU strategy tends to favour programs
which heavily use sets of pages and then discard them

(see Example 4.2.3).

That these examples can be generated is not sufficient.
It must be true that similar observations can be made
in practice before the represesent a significant

criticism of the algorithm itself.

The following examples (4.2.4, 4.2.5, 4.2.6) again in

PASCAL show that these situations do indeed occur.

4.3 The Page Fault Frequency Algorithm

The underlying assumption of this algorithm is that a
high page fault frequency indicates that a program is
running inefficiently due to the fact that it has too

little space allocated to it. Consequently, a page
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