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Abstract

In this thesis, we study discretizations of kinetic Langevin dynamics within the context of Markov

chain Monte Carlo. We compare the convergence properties for different choices of integrators, we

provide asymptotic bias estimates and numerics to compare them. We also present an alternative to

Metropolis-Hastings which corrects for the bias. This thesis consists of two parts.

In the first part, we provide a framework to analyze the convergence of discretized kinetic Langevin

dynamics for M -∇Lipschitz, m-convex potentials with and without stochastic gradients. Our approach

gives convergence rates of O(m/M), with explicit stepsize restrictions, which are of the same order as

the stability threshold for Gaussian targets and are valid for a large interval of the friction parameter.

We apply this methodology to various integration schemes which are popular in the molecular dynamics

and machine learning communities. Further, we introduce the property “γ-limit convergence” (GLC)

to characterize underdamped Langevin schemes that converge to overdamped dynamics in the high-

friction limit and which have stepsize restrictions that are independent of the friction parameter; we

show that this property is not generic by exhibiting methods from both the class and its complement.

We present numerical experiments for a Bayesian logistic regression example, where BAOAB is shown

to perform the best. Finally, we provide asymptotic bias estimates for the BAOAB scheme, which

remain accurate in the high-friction limit by comparison to a modified stochastic dynamics which

preserves the invariant measure.

In the second part, we present an unbiased method for Bayesian posterior means based on kinetic

Langevin dynamics that combines advanced splitting methods with enhanced gradient approximations.

Our approach avoids Metropolis correction by coupling Markov chains at different discretization levels

in a multilevel Monte Carlo approach. Theoretical analysis demonstrates that our proposed estimator

is unbiased, attains finite variance, and satisfies a central limit theorem. It can achieve accuracy

ϵ > 0 for estimating expectations of Lipschitz functions in d dimensions with O(d1/4ϵ−2) expected

gradient evaluations, without assuming warm start. We exhibit similar bounds using both approximate

and stochastic gradients, and our method’s computational cost is shown to scale independently of

the size of the dataset. The proposed method is tested using a multinomial regression problem on

the MNIST dataset and a Poisson regression model for soccer scores. Experiments indicate that the

number of gradient evaluations per effective sample is independent of dimension, even when using

inexact gradients. For product distributions, we give dimension-independent variance bounds. Our

results demonstrate that the unbiased algorithm we present can be much more efficient than the

“gold-standard” randomized Hamiltonian Monte Carlo.

iii



Lay Summary

This thesis is about studying the properties and introducing methodology for efficient methods for

generating samples from probability distributions and estimating expected quantities of that probability

distribution. This is particularly important in molecular dynamics, where one would want to calculate

expected configurations for example for protein configurations, and in statistical computations such

as Bayesian inference where one would want to estimate expected parameters of the posterior.

Typically these methods have computational cost that scale with the number of parameters in the

model and properties of the model. In this thesis, we study how the cost scales with these quantities,

and introduce more efficient methods for estimating these quantities.
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Chapter 1

Introduction

1.1 Markov chain Monte Carlo

Efficient sampling of high dimensional probability distributions is required for applications such as

Bayesian inference and molecular dynamics (see for example [76] and [21, 100]). Efficient sampling is

a challenge in many fields including pharmacology, economics, physics, political science and machine

learning [154].

Bayesian inference requires one to sample from some d-dimensional target measure π defined on Rd,

with Lebesgue density proportional to exp (−U(x)), where U is the negative log-density of π. We

then wish to approximate expectations of a function f : Rd → R, i.e.

π(f) :=

∫
Rd

f(x)dπ(x), (1.1.1)

where this could be expected parameters of a machine learning model under a posterior distribution

or this could be expected potential energy of a molecular dynamics model [100, 154].

A popular approach to estimate expectations and generate samples for high-dimensional Bayesian

inference [133] from our target measure is Markov chain Monte Carlo (MCMC). They enable the

computation of posterior means and variances and other observable averages by replacing ensemble

calculations with Monte Carlo sums over discrete Markov processes (1.1.1). More precisely, we sample

from a Markov chain Xi+1 ∼ p(· | Xi) with invariant measure π. Then we wish to construct a chain

such that

π(f) ≈ 1

K

K∑
i=1

f(Xi), (1.1.2)

and a central limit theorem holds

√
K

(
1

K

K∑
i=1

f(Xi)− π(f)

)
→ N (0, σ2), (1.1.3)

with asymptotic variance σ2.

MCMC relies on the construction of a Markov chain with the correct target measure or an approxim-

ation of the target measure as its invariant measure. A typical approach to constructing such a chain

is finding a continuous time stochastic process whose unique invariant measure is the given measure.

Then one can either simulate this process exactly or, more commonly, discretize the dynamics. Some

2



1.1. Markov chain Monte Carlo 3

popular MCMC methods which rely on discretizing continuous dynamics which preserve the target

measure are: overdamped Langevin dynamics [15, 136, 137], (randomized) Hamiltonian Monte Carlo

[29, 62], kinetic/underdamped Langevin dynamics [34, 47, 55], adaptive Langevin dynamics [88] and

generalized Langevin dynamics [2, 104].

There are also some recent approaches that rely on exact simulation of the continuous dynamics,

which include the bouncy particle sampler [30, 125], the zig-zag process [18], and the Boomerang

sampler [19]. However, these methods can also be discretized for use in MCMC procedures [13, 14].

A limitation to the broader uptake of Bayesian inference is the scaling of the computational cost of

MCMC algorithms with model dimension and dataset size. Typical MCMC methods (Metropolis

adjusted Langevin algorithm [16, 134], Hamiltonian Monte Carlo [62, 119]) employ Metropolis-

Hastings correction steps to ensure convergence to the desired invariant distribution. In order to

maintain a high acceptance rate, stepsizes must decrease as a function of the model dimension,

which implies that convergence rates are also dependent on dimension [17, 45, 135]. This is due

to the fact that the bias in the invariant measure due to discretization scales with dimension. To

control the bias one typically needs to scale the stepsize with dimension. By contrast, optimization

methods typically have convergence rates that are independent of the dimension and can make use of

stochastic gradients based on a subset of the data instead of the entire dataset [87]. For these reasons,

optimization algorithms are much more scalable than sampling methods, so practitioners often prefer

machine-learning approaches. The relative inefficiency of sampling compared to optimization also

limits the uptake of uncertainty quantification techniques (typically built on a Bayesian foundation)

in high-dimensional machine learning applications. In the next sections, we will provide an informal

overview of the relevant topics and literature to be made precise in the following chapters where

relevant.

1.2 Overdamped Langevin dynamics

The first mentioned approach is the overdamped Langevin dynamics stochastic differential equation

(SDE):

dXt = −∇U(Xt)dt+
√
2dWt, (1.2.4)

where t ≥ 0, Xt ∈ Rd, U is a “potential energy” function and may be taken to be the negative

log-density for a suitable target measure π and Wt is the driving d-dimensional Brownian motion. It is

known that (1.2.4) has a unique strong solution under mild conditions on ∇U , for example, Lipschitz

continuity (see [95, Sec. 5.2]). It can also be shown under mild assumptions on the potential U

that the invariant measure of this process π has density proportional to exp (−U(x)) [124]. Under the

assumption of a Poincaré inequality, convergence rate guarantees can be established for the continuous

dynamics [10].



1.2. Overdamped Langevin dynamics 4

Typical discretizations of these dynamics are the Euler-Maruyama discretization and the high-friction

limit of the popular kinetic Langevin dynamics scheme BAOAB [98]. The simplest discretization of

overdamped Langevin dynamics is using the Euler-Maruyama (EM) method which for a stepsize h > 0

is defined by the update rule

xn+1 = xn − h∇U (xn) +
√
2hξn+1, (1.2.5)

for some initial condition x0 ∈ Rd where (ξn)n∈N are independent d-dimensional standard Gaussian

random variables, that is ξn ∼ N (0d, Id) for all n ∈ N, where Id is the d-dimensional identity matrix.

An alternative method is the BAOAB limit method of Leimkuhler and Matthews (LM)([98], [102])

which is defined by the update rule

xn+1 = xn − h∇U (xn) +
√
2h
ξn+1 + ξn

2
. (1.2.6)

Under mild Lyapunov drift conditions, it can be shown that (1.2.4) and (1.2.6) have a unique invariant

measure (see [63, 65]).

Example 1.2.1. If we consider the discretizations for overdamped Langevin dynamics and implement

them, then we can illustrate using histograms convergence of the invariant measure. In Figures 1.1

and 1.2 we can see the histograms of the points along the sample path converging towards the target

density. Note that the Leimkuhler-Matthews method is exact for Gaussian targets and hence we can

see no bias in the invariant measure.
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Figure 1.1: h = 0.5, one-dimensional standard Gaussian target using the Euler-Maruyama
discretization (1.2.5).
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Figure 1.2: h = 0.5, one-dimensional standard Gaussian target using the Leimkuhler-Matthews
discretization (1.2.6).
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In Figures 1.3 and 1.4 we can see far more bias compared to the Gaussian case, with a smaller stepsize.

There is also bias in the invariant measure for the Leimkuhler-Matthews method as it is only exact

for Gaussian targets. However, the Leimkuhler Matthews method has significantly less bias than the

Euler-Maruyama method.
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Figure 1.3: h = 0.1, one-dimensional multimodal distribution using the Euler-Maruyama discretiza-
tion (1.2.5).

5 0 5
q

0.0

0.1

0.2

0.3

0.4

0.5

De
ns

ity

#steps=102

Experiment
Truth

5 0 5
q

#steps=103

5 0 5
q

#steps=104

5 0 5
q

#steps=105

5 0 5
q

#steps=106

Figure 1.4: h = 0.1, one-dimensional multimodal distribution using the Leimkuhler-Matthews
discretization (1.2.6).

For MCMC methods like Euler-Maruyama and Leimkuhler-Matthews it is important to quantify the

bias in the invariant measure as well as the convergence rate towards the invariant measure, illustrated

in the preceding figures. We can quantify these in terms of parameters such as dimension, parameters

from assumptions on the potential, stepsize and any parameters which define the dynamics. The

preceding figures illustrate the importance of the choice of your numerical integrator depending on

the application, for example, the Leimkuhler-Matthews method has a much smaller bias in the invariant

measure and there is no clear difference in convergence rate.

1.3 Kinetic Langevin dynamics

Another choice of stochastic dynamics and the main focus of this thesis is the kinetic Langevin

dynamics which is the stochastic differential equation system defined by

dXt = Vtdt,

dVt = −∇U(Xt)dt− γVtdt+
√

2γdWt,
(1.3.7)
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where Xt, Vt ∈ Rd, U is a“potential energy”function and may also be taken to be negative log-density

for a suitable target measure π, γ > 0 is a friction parameter and Wt is the driving d-dimensional

Brownian motion. Similarly to overdamped Langevin dynamics, one can show under mild conditions,

for example, Lipschitz continuity of ∇U that (1.3.7) admits a unique strong solution [128, Sec. 9.2]. It

can be shown under mild assumptions on the potential U that the invariant measure of this process is

proportional to exp
(
−U(x)− 1

2∥v∥
2
)

[124]. Normally, Langevin dynamics is developed in the physical

setting with additional parameters representing temperature and mass. However, our primary aim in

using (1.3.7) is, ultimately, the computation of statistical averages involving only the position X, and

in such situations, both parameters can be neglected without any loss of generality.

Taking the limit as γ → ∞ in (1.3.7), and introducing a suitable time-rescaling (t′ = γt) results

in the overdamped Langevin dynamics given in (1.2.4)(see [Sec. 6.5][124]). In the case of kinetic

Langevin dynamics, a more delicate argument is needed to establish exponential convergence than in

the overdamped case, due to the hypoelliptic nature of the SDE (see [9, 11, 12, 38, 59, 60, 70, 141,

158]).

Due to the additional complexity of the kinetic Langevin dynamics compared to the overdamped

dynamics, there have been far more integrators that have been proposed to discretize these dynamics.

Many of these perform much better than the Euler-Maruyama discretization of the dynamics. A class

of these rely on splitting methods [110, 144, 145, 149, 153], for example, a splitting method proposed

in [98] is based on the following decomposition(
dx

dv

)
=

(
0

−∇U(x)dt

)
︸ ︷︷ ︸

B

+

(
vdt

0

)
︸ ︷︷ ︸

A

+

(
0

−γvdt+
√
2γdWt

)
︸ ︷︷ ︸

O

,

where the B, A and O parts can be integrated exactly. Splitting methods (discretizations) can be

made by composing different orders of these parts, each of which is integrated over a time interval of

size h > 0. However, if a part is repeated, then one divides the timestep by the number of repeats,

for example in the BAOAB integrator B and A are repeated twice so you integrate each of the parts

over a time interval of size h/2, so that the total integration time of the B parts is of size h. Different

combinations of these parts include the popular integrators BAOAB, OBABO and OABAO, noting

that if the letters form a palindromic word, then this results in a method which has O(h2) bias with

respect to the stepsize in the invariant measure with respect to stepsize h > 0 [100].

Another splitting first considered in [148] and also studied in [3, 140] it requires only one gradient

evaluation per step, yet has strong order two pathwise accuracy. It is based on splitting the SDE

(1.3.7) into the following components(
dx

dv

)
=

(
0

−∇U(x)dt

)
︸ ︷︷ ︸

B

+

(
vdt

−γvdt+
√
2γdWt

)
︸ ︷︷ ︸

U

,
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each of which can be integrated in the weak sense exactly over an interval of size h > 0. Similar to

the overdamped case, under mild Lyapunov drift conditions, it can be shown that discretizations of

kinetic Langevin dynamics have a unique invariant measure and geometric convergence towards the

invariant measure (see [63]).

1.4 Non-asymptotic guarantees

The focus of this thesis is on Langevin dynamics in its kinetic and overdamped forms and using their

discretizations for MCMC. The discretization with a step size h > 0 will have an invariant measure πh

on R2d. However, there is an inherent bias due to the finite difference numerical approximation (π ̸=
πh) (this is illustrated in Example 1.2.1). This bias is usually addressed by choosing a sufficiently small

stepsize, or by adding bias correction by methods like Metropolis-Hastings adjustment or unbiased

estimation techniques. The choice of the discretization method has a significant effect on the quality

of the samples and also on the computational cost of producing accurate samples, through stability

properties, convergence rates, and asymptotic bias.

A metric that is typically used to quantify the performance of a sampling scheme is the number of

steps required to reach a certain level of accuracy in Wasserstein distance. Non-asymptotic bounds

in Wasserstein distance reflect computational complexity, convergence rate and accuracy. Achieving

such bounds relies on two steps:

(1) determining explicit convergence rates of the process to its invariant measure

and

(2) proving asymptotic bias estimates for the invariant measure,

which are two important factors to take into consideration in algorithm design for MCMC and one

wishes to optimise model parameters to maximise convergence rate and minimise discretization bias.

Each of these quantities are illustrated in Example 1.2.1.

Kinetic Langevin dynamics has been shown to converge faster than its overdamped counterpart [38],

it also allows for discretizations with higher orders of accuracy, for example, the UBU, BAOAB and

OBABO schemes have a second-order bias in the invariant measure [105, 115, 140] compared to the

Euler-Maruyama scheme for overdamped Langevin, which has first-order bias [65]. As a result, it has

improved non-asymptotic guarantees [41, 47, 55, 105, 116, 140, 142]. It has also been the preferred

method for sampling in molecular dynamics simulations for many years [100], due to its improved

sampling performance in practice over its overdamped counterpart.

1.4.1 Wasserstein distance

Let ρ : Rd × Rd → R≥0 be a metric on Rd, P(Rd) be the set of all probability measures on Rd

and Γ(µ, ν) be the set of all couplings between µ, ν ∈ Rd, i.e. the set of all probability measures

in P(Rd × Rd) with first marginal µ and second marginal ν. Then the p-Wasserstein distance with

respect to ρ is defined by

Wp,ρ(µ, ν) =

(
inf

γ∈Γ(µ,ν)

∫
Rd×Rd

ρ(x, y)pγ(dxdy)

)1/p

,
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for all µ, ν ∈ Pp,ρ(Rd), the set of all measures with finite p-th moment with respect to ρ. If ρ is

omitted from Wp,ρ(µ, ν), i.e. Wp(µ, ν), then ρ is the Euclidean metric.

Considering the Markov kernel (Pt)t≥0 of the continuous dynamics (1.2.4) or (1.3.7), or the transition

kernel Ph of one step of a discretization with a stepsize h > 0, if one can design a coupling between two

realizations of the continuous or discrete dynamics (for example shared Brownian motion or Gaussian

increments) such that the expected distance between the realizations with respect to ρ converges to

zero, then we have Wasserstein contraction. More precisely, for initial measures µ, ν ∈ Pp,ρ(Rd) and

a continuous Markov kernel (Pt)t≥0 we define p-Wasserstein contraction with respect to ρ by

Wp,ρ(µPt, νPt) ≤ e−ctWp,ρ(µ, ν),

with a rate c > 0 [58]. Equivalently for the transition kernel Ph of one step of a discretization with a

stepsize h > 0 we define p-Wasserstein contraction with respect to ρ by

Wp,ρ(µP
k
h , νP

k
h ) ≤ (1− ch)kWp,ρ(µ, ν).

A direct consequence of Wasserstein contraction is the existence of a unique invariant measure and

convergence towards it in Wasserstein distance. This can be proved by Banach’s fixed point theorem

[159, Corollary 5.22, Theorem 6.18].

Global strong order

In this thesis, we will be interested in the global strong order, that is pathwise accuracy estimates

which are independent of time.

Definition 1.4.1. Consider a discretization for (1.2.4) or (1.3.7), (Xt)t≥0 to be the solution to the

continuous dynamics and suppose they share Brownian motion. Then we say that a discretization

method is globally strong order p, if there exists h0 > 0 such that for all h < h0 there exists C > 0

independent of k and h such that (
E |xk −Xkh|2

)1/2
≤ Chp,

for all k ∈ N, where (xk)k∈N is a discretization with stepsize h > 0 such that x0 = X0.

Remark 1.4.2. Typically, strong order estimates are defined at a finite time [114], however, when we

have convergence of the discretization we are able to get uniform-in-time strong order estimates and

we define the global strong order in this way [140].
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Asymptotic bias

We will also be interested in asymptotic bias in the invariant measure, which is a weak order of

accuracy. We will define this in terms of the Wasserstein two distance.

Definition 1.4.3. Consider a discretization for (1.2.4) or (1.3.7). Let πh be the invariant measure

of the discretization method with stepsize h > 0. Then we say that the discretization method has

an asymptotic bias of order q in Wasserstein distance if there exists h0 > 0 such that for all h < h0

there exists C > 0 independent of h such that

W2(π, πh) ≤ Chq.

Remark 1.4.4. Typically in the literature (see [114]), the weak error of order q is defined by

|π(f)− πh(f)| ≤ Chq

for smooth functions f and the constant C > 0 depends on f . However, we will consider the stronger

notion of weak error in Wasserstein distance.

We remark that if a method is global strong order p, then it is at least order p in the asymptotic bias

according to Definitions 1.4.1 and 1.4.3. We provide the strong order and asymptotic bias orders of

some methods for kinetic Langevin dynamics in Table 1.1.

Algorithm Strong Order Asymptotic Bias Order Reference
Euler-Maruyama 1 1 [142]

BAOAB 1 2 [105]
OBABO 1 2 [115]

UBU 2 2 [140]

Table 1.1: Global strong and asymptotic bias order for some kinetic Langevin dynamics methods.

For the objective of sampling from a measure π, if we use a discretization with transition kernel Ph

with invariant measure πh and initial measure µ0, then we can consider the bias and convergence rate

together. It is natural to consider the quantity

W2(π, µ0P
k
h ) ≤ W2(πh, µ0P

k
h ) +W2(π, πh)

≤ (1− ch)kW2(πh, µ0)︸ ︷︷ ︸
convergence rate

+ W2(π, πh)︸ ︷︷ ︸
asymptotic bias

,

then one wishes to minimise the number of steps k in terms of parameters in the discretization to

achieve an accuracy ϵ > 0 [67, 115, 140].
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1.5 Metropolized and unbiased methods

Due to the fact that the discretized stochastic dynamics do not converge exactly to the correct target

distribution, one often uses a Metropolis-Hasting accept/reject step to create Markov chains with

the correct invariant measure. For example, the Metropolized version of the Euler-Maruyama scheme

for overdamped Langevin dynamics (1.2.5) is the popular Metropolis-adjusted Langevin algorithm

(MALA) (see [16, 134]). The MALA algorithm views the Euler scheme for overdamped Langevin as

a proposal in a Metropolis-Hastings algorithm [112] which leaves the target measure invariant.

Other examples of Metropolis-adjusted discretizations for sampling include (randomized) Hamiltonian

Monte Carlo (HMC) (see [29, 62, 119]) and generalized Hamiltonian Monte Carlo (GHMC) [80],

which in a special case is a Metropolis-adjusted version of the OBABO algorithm [115]. We also

introduce a (randomized) generalized Hamiltonian Monte Carlo in Algorithm 1, which we found to

perform the best in practice as a comparison to the methods we introduce in this thesis. We introduce

this in more detail in the following section.

1.5.1 Generalized Hamiltonian Monte Carlo

(Generalized) Hamiltonian Monte Carlo methods are based on Hamiltonian dynamics for the Hamilto-

nian H : Rd × Rd → R defined by H(x, v) = U(x) + 1
2∥v∥

2. More precisely the continuous solution

to

dXt = Vtdt,

dVt = −∇U(Xt)dt,
(1.5.8)

where Xt, Vt ∈ Rd, and U is a “potential energy” function and can be taken to be the negative log-

density of a suitable target measure. Then under mild assumptions, this has a unique invariant measure

with density proportional to exp
(
−U(X)− 1

2∥V ∥2
)
. If we define ΨH(x, v, t) to be the solution to

the continuous dynamics (1.5.8) with initial condition (x, v) ∈ R2d at time T > 0. Then for T > 0,

we define the transition kernel of the Markov chain for GHMC by the update rule

(Xk+1, Vk+1) := ΨH(Xk, αVk +
√

1− α2ξk+1),

where α ∈ [0, 1) is a partial velocity refreshment parameter, ξk are distributed according to N (0d, Id)

for all k ∈ N. The term generalized is used for the presence of the parameter α (see [80]), in

traditional HMC α = 0 (see [119]), however using partial velocity refreshment can lead to faster

convergence. Additionally, the integration time does not need to be deterministic at each step, for

example, T ∼ Geom (1/λ) for some rate λ > 0 in randomized Hamiltonian Monte Carlo, which has

many advantages in terms of ergodicity and preventing periodic behaviour [29].
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Except in special cases the Hamiltonian dynamics (1.5.8) cannot be solved exactly. Instead, a velocity

Verlet integrator is used (or BAB in the splitting methods introduced for (1.3.7)). This is given by

v → v − h

2
∇U(x),

x→ x+ hv,

v → v − h

2
∇U(x),

(1.5.9)

to integrate one step of size h > 0, then one performs L = T/h ∈ N steps. Then one can perform

a full or partial velocity refreshment. When the dynamics are discretized instead of simulated exactly,

there is an associated integration error which results in bias in the invariant measure. This is typically

removed by using the dynamics as a proposal in a Metropolis-Hastings accept/reject step [112]. The

acceptance ratio has a simplified form in terms of the difference between the Hamiltonian at the start

and end of the Hamiltonian simulation governed by (1.5.9). In Algorithm 1 we detail precisely the

algorithm for randomized Hamiltonian Monte Carlo with partial velocity refreshment, which, inspired

by [36, 41, 80], we call generalized randomized Hamiltonian Monte Carlo (GRHMC). We also provide

in Table 1.2 parameter selections for various popular methods in this general framework [80].

Algorithm 1 Randomized Hamiltonian Monte Carlo with Partial Refreshment (GRHMC)
1: Input:

• stepsize h.
• Initial distribution µ0 on Rd × Rd.
• Potential function U : Rd → R of target distribution.
• Number of samples parameter K.
• Expected number/Number of leapfrog steps parameter EL ≥ 1.
• Partial refreshment parameter α.

2: Initialise (x0, v0) ∼ µ0.
3: for i = 1, . . . ,K do
4: Sample L ∼ Geom(1/EL) or set L = EL.
5: Perform L leapfrog steps.
6: Set (x̃0, ṽ0) := (xi, vi).
7: for j = 0, . . . , L− 1 do
8: ṽj+1/2 := ṽj − h

2
∇U(x̃j)

9: x̃j+1 := x̃j + hṽj+1/2

10: ṽj+1 := ṽj+1/2 − h
2
∇U(x̃j+1)

11: end for
12: Let (x′

i, v
′
i) = (x̃L, ṽL)

13: Compute Hamiltonian.
14: H(xi, vi) = U(xi) +

1
2
∥vi∥2, H(x′

i, v
′
i) = U(x′

i) +
1
2
∥v′i∥2.

15: Perform Metropolis-Hastings accept/reject step.
16: With probability min [1, exp(H(xi, vi)−H(x′

i, v
′
i))], set (xi+1, vi+1) = (x′

i, v
′
i) (accept proposal).

17: Otherwise, set (xi+1, vi+1) = (xi,−vi) (reject proposal).
18: Partial velocity refreshment.
19: Sample Z ∼ N (0d, Id) and update vi+1 → αvi+1 + (1− α2)1/2Z.
20: end for
21: Output:
22: Samples (x1, v1), . . . , (xK , vK).

A disadvantage of Metropolis-adjustment is that dimension-dependent step size restrictions are needed

to keep the acceptance rate from collapsing to 0. In particular, for MALA, it is shown in [48] that

one requires h ∼ d−1/2, for HMC it is shown that one requires h ∼ d−1/2 [97], and an improvement

is shown for RHMC for a Gaussian target under a warm start assumption h ∼ d−1/4 [45]. In many
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Algorithm L α Reference
MALA L = 1 α = 0 [16, 134]

MAKLA L = 1 α = exp (−γh) ∈ (0, 1) [27, 80]
GHMC L > 1 α = [0, 1) [80]

GRHMC L ∼ Geom(1/EL), EL ≥ 1 α = [0, 1) [29, 40]

Table 1.2: Parameters in Algorithm 1 for different Metropolis-adjusted Hamiltonian & Langevin based
algorithms

applications of interest, for example, machine learning [154] and molecular dynamics [100] the target

measures are typically very high-dimensional and the dimension-dependent step size restrictions result

in a very high computational cost, for example, the computational cost for MALA with h ∼ d−1/2

would be O(d1/2).

We also mention that, in the area of molecular simulation, unadjusted numerical discretizations of

kinetic Langevin dynamics have been employed for sampling from complex distributions for many

years [34, 85, 98, 100]. Even though such discretizations introduce bias, this is often dominated by the

Monte Carlo error–even at substantially larger stepsizes than would typically be used in Metropolized

calculations [100]. On the other hand, the magnitude of the sampling bias due to finite stepsize is

problem-dependent and can be difficult to quantify; thus, there are situations where the ability to

ameliorate the discretization bias is crucial. Some methods have also been proposed for reducing the

discretization bias by decreasing stepsize asymptotically [65, 164]. However, such a procedure can

slow convergence or introduce heuristic schedules into the sampling apparatus.

1.5.2 Unbiased estimation

Ultimately, one is interested in producing an unbiased estimator for (1.1.1), and alternative methods to

Metropolis-adjustment have recently been introduced to de-bias the estimator produced from MCMC

methods based on discretizations. [79, 129] introduced methods to remove bias from (1.1.1) based

on providing a sequence of measures (πk)k∈N, such that limk→∞(πk) = π and then to create an

estimator of the form

π(f) = π0(f) +
∞∑
k=0

πk+1(f)− πk(f), (1.5.10)

where one can create an unbiased estimator of the form

π̂(f) =

L∑
k=0

ξk
PL(L ≥ k)

or π̂(f) =
ξL

PL(L)
, (1.5.11)

such that

E[ξ0] = π0(f),

E[ξl] = πl(f)− πl−1(f) l ∈ {1, 2, . . . },
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where L is a random variable with probability mass function PL on N that is independent of

the sequence {ξk}k∈N. For this to be a computationally implementable algorithm we require that

πk+1(f) − πk(f) → 0 at a fast rate. The sequence of measures considered in [78] for multilevel

Monte Carlo to approximate the invariant measure was to consider πk in (1.5.10) (using a truncated

sum up to a level K ∈ N) to be the invariant measure of the Euler scheme for overdamped Langevin

dynamics with stepsize hk = h02
−k at time Tk, where Tk → ∞, hence reducing the cost to reach a

desired accuracy for sampling the invariant measure. However, this approach had not been extended

to produce unbiased estimates under the invariant measure until the recent work [40], which is the

focus of Chapter 2, where we make use of kinetic Langevin dynamics discretization to increase the

rate at which πk+1(f) − πk(f) → 0 decreases. In principle, the framework introduced in [40] can

be applied to any discretization-based MCMC methods, for example, unadjusted Hamiltonian Monte

Carlo [26, 62], overdamped Langevin dynamics or discretized PDMPs [13, 14].

Unbiased Monte Carlo methods have been widely studied in the recent literature; see [86, Sec. 2.1] for

an overview. The goal of the methods [49, 79, 82, 86, 129] is to remove burn-in bias via couplings. [90]

proposed an alternative method for eliminating burn-in bias by considering a burn-in period of random

length. The cited papers above all require that the stationary distribution of the Markov chain has no

bias (hence, these methods typically involve Metropolization) and are not able to remove discretization

bias in the numerical integration of SDEs such as (1.3.7). [113] extended unbiased methods to

intractable likelihoods, and [61] created unbiased estimators of MCMC asymptotic variances. Recently,

[138] introduced a method which allows sampling from the invariant measure without the use of

Metropolis-Hastings accept/reject contrary to other work in the area, which offers an exciting new

alternative to Metropolis-adjustment. However, their implementation is complicated (requiring the

coupling of 4 Markov chains) and they have not demonstrated improvement over state-of-the-art

Metropolis-adjusted methods only their unbiased versions (eliminating the initialization bias).

1.6 Stochastic gradients

Using full gradients at each iteration can be computationally expensive, as the cost of a gradient

evaluation is high, as it requires an evaluation of the entire data set. The predominant approach used

in machine learning optimization is to rely on a stochastic approximation of the gradient (see e.g.

[132] for one of the first applications of such approaches). In many applications, this can dramatically

reduce the computational cost, as the approximation will usually come at a fraction of the workload.

In the context of sampling, there has been a great deal of interest to also use such ideas to improve

the scalability of MCMC to large datasets, see e.g. [164], or the recent review paper [120]. This is

typically done by considering a potential (the negative log-density) U : Rd → R of the form

U(x) = U0(x) +

ND∑
i=1

Ui(x), (1.6.12)
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where x ∈ Rd, ND is the size of your dataset and typically is large. After defining a posterior density,

U0 can be chosen to be the negative log density of the prior distribution. Then random variables of

the form ω ∈ [ND]
Nb , which is a random selection of Nb indices, are to be selected uniformly on

[ND] = {1, . . . , ND}, i.i.d. with replacement [8], then at each step of your MCMC method one uses

an unbiased estimator of (1.6.12) instead of the full gradient evaluation, for example

G(x, ω|x̂) = ∇U0(x) +

ND∑
i=1

∇Ui(x̂) +
ND

Nb

∑
i∈ω

[∇Ui(x)−∇Ui(x̂)], (1.6.13)

such that E(G(x, ω)) = ∇U(x).

When using stochastic gradients, the aim is to reduce the computational cost from O(ND), when

using full-gradients, to O(1) (in the regime where Nb << ND). However, the use of stochastic

gradients incurs an additional bias, for example, the BAOAB or UBU integrator with the control

variate stochastic gradient estimator [8] (setting x̂ to be the minimizer of U in (1.6.13), when

sampling a log-concave measure) has order one bias in the stepsize compared to order two when full

gradients are used [143]. When considering Metropolised methods, when using stochastic gradients,

the cost of implementing bias correction scales linearly with dataset size, O(ND), therefore mitigating

the improved computational efficiency. It is a significant challenge to implement stochastic gradient

algorithms in a computationally efficient way, whilst not significantly affecting the bias of your

estimate.

We remark that one of the most efficient samplers in the big data regime is the Zig-Zag sampler [18]

whose complexity is independent of the data size according to a limiting argument (although as stated

in [18], some logarithmic factors were ignored). [50] is another recent paper that proposes a Metropolis-

Hastings-type MCMC algorithm based on subsampling that only accesses O(1) or even O(1/
√
ND)

data points per step. Although this method was shown to have state-of-the-art performance on a

10-dimensional logistic regression example, its efficiency on high-dimensional models has not yet been

demonstrated. [40] introduce an estimation method which requires O(1) cost (in terms of ND) per

effective sample, which is the focus of Chapter 3, with state-of-the-art performance on a variety of

high-dimensional models.

1.7 Notation

• Let h > 0 denote the stepsize of a discretization.

• Let γ > 0 denote the friction parameter in kinetic Langevin dynamics.

• Let η := exp (−γh/2).
• Let m denote the strong convexity constant of a potential U .

• Let M denote the Lipschitz constant of the gradient of a potential ∇U .

• Let M1 denote the Lipschitz constant of the Hessian of a potential ∇2U .

• Let M s
1 denote the strongly-Hessian Lipschitz constant of a potential U .

• We let z0:k = (z0, z1, . . . , zk) denote a sequence of variables.

• Let Id denote the d-dimensional identity matrix.
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• Let C denote an absolute constant (whose value may differ in each proposition or theorem).

• Let C(var1, . . . , varn) denote a constant that is a function of variables var1, . . . , varn (this

function may differ in each proposition or theorem).

• Let G, SG and A denote an abbreviation for gradient, stochastic gradient and “approximate

gradient”.

• We let l ∈ R+ denote the level of discretization with respect to our discretized ULD, with

stepsize hl defined at each level.

• Let D0 denote the empirical average of samples at level 0.

• Let Dl,l+1 denote the difference of empirical averages of samples at levels l + 1 and l, which

are generated jointly via a synchronous coupling.

• N denotes the number of samples taken at level 0.

• Nl,l+1 denotes the number of samples taken from the coupling of levels l and l + 1.

• ND is the size of the dataset (number of terms in potential U(x) = U0(x) +
∑ND

i=1 Ui(x)).

• Nb is the minibatch size.

• Let zk = (xk, vk) denotes step k in a numerical discretization of kinetic Langevin dynamics with

time step h (specified each time this notation is used). Similarly, Zt is the solution of (1.3.7)

initialized at the invariant measure with synchronously coupled Brownian motion. Zk = Zkh

denotes the value of the continuous-time process at the same time as zk.

• x̂k denotes the point where the last gradient is evaluated for SVRG

• ∥ · ∥L2 :=
(
E∥ · ∥2

)1/2
and ∥ · ∥L2,a,b :=

(
E∥ · ∥2a,b

)1/2
.

• ψmethod(x, v, h) is the one-step map of the “method” discretization with initial conditions

(x, v) ∈ R2d and stepsize h > 0, where “method” is any discretization considered in the thesis.

ψmethod(x, v) may also be used when the stepsize is clear in the context.

1.8 Contributions and organisation of thesis

This thesis is organised as follows: Chapter 2 consists of the content of the papers:

Benedict J. Leimkuhler, Daniel Paulin and P.A.Whalley. Contraction and Convergence
Rates for Discretized Kinetic Langevin Dynamics. SIAM Journal on Numerical Analysis,

62(3):1226–1258, 2024,

and

Benedict J. Leimkuhler, Daniel Paulin and Peter A. Whalley. Contraction rate estimates
of stochastic gradient kinetic Langevin integrators. ESAIM: Mathematical Modelling

and Numerical Analysis, 2024.

Chapter 3 consists of the preprint

Neil K. Chada, Benedict J. Leimkuhler, Daniel Paulin & Peter A. Whalley. Unbiased
kinetic Langevin Monte Carlo methods. arXiv preprint arXiv:2311.05025, 2023.

In Chapter 2 (see [105] and [103]) we worked on proving Wasserstein convergence rates of numerical

methods for kinetic Langevin dynamics, which hold for stepsizes all the way up to the stability

threshold of the discretization. To achieve such convergence rates, it was necessary to construct

stepsize dependent quadratic norms, as simply extending the norms available for the continuous
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analysis was not possible in many cases. We further show a robustness property of certain schemes

in the high friction limit. This robustness property is shown in Figure 2.2 for OBABO, BAOAB and

rOABAO, where the convergence rate does not decrease like O(1/γ) like the other schemes. To

support this we provide asymptotic bias estimates which remain accurate in the high friction limit for

the BAOAB scheme by introducing modified stochastic dynamics which preserve the invariant measure

and exhibit this robustness property. This can be combined with the convergence rate estimates to

provide non-asymptotic guarantees.

In Chapter 3 (see [40]) we introduced the“UBUBU”algorithm, an alternative to Metropolis-Hastings

accept-reject. It is an unbiased method for estimating Bayesian posterior means based on a high

strong order numerical integrator for kinetic Langevin dynamics, which only requires one gradient

evaluation per step. Our approach avoids Metropolis correction by coupling different discretization

levels in a multilevel Monte Carlo approach and consequently removing bias [77] and making use of

the theoretical results achieved in Chapter 2. We provide theoretical analysis to demonstrate in the

setting, where the target measure is log-concave and under appropriate regularity assumptions on

the potential, that it can achieve accuracy ϵ > 0 for estimating expectations of Lipschitz functions

in d dimensions with O(d1/4ϵ−2) expected gradient evaluations. This is state-of-the-art in terms of

dimension dependence, as we do not assume a warm start. We successfully use this method to remove

stochastic gradient bias within subsampling methods and remove bias within approximate gradient

methods. We show that the computational complexity scales independently of the dataset size ND,

which is a significant improvement over O(ND) in the full gradient setting, whilst being unbiased.

We test this method on real-world data for classification of the MNIST dataset and predicting premier

league football scores. In these applications, we did not observe any dimension dependence and

theoretically, we show dimension-independent bounds for sampling from product distributions. In our

numerical experiments, we observe a major improvement of our method over the state-of-the-art

Metropolis-Hastings-based methods with computational savings of the order of O(102). Figure 3.4

illustrates the complexity scaling for an independent sample of our method compared to randomized

Hamiltonian Monte Carlo, the state-of-the-art method in terms of dimension dependence for Gaussian

targets.

Contribution by the author of the thesis

The work in Chapter 2 was a collaboration with my supervisors Prof. Benedict Leimkuhler and Dr.

Daniel Paulin. This project arose from trying to improve convergence bounds for unadjusted integrators

within the context of unbiased estimation. The majority of the work in this chapter was conducted

solely by me. However, Daniel performed the numerical experiments for the Bayesian logistic regression

problem and Daniel came up with the idea to use an interpolation argument to improve the BAOAB

bias bounds.
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The work in Chapter 3 was a collaboration with my supervisors Dr. Neil Chada, Prof. Benedict

Leimkuhler and Dr. Daniel Paulin. The original idea for the project was proposed by Daniel. My

contributions were to suggest the use of the UBU integrator and provide the majority of the theoretical

results in the Appendix, more specifically I contributed significantly to the results of Appendices C, D,

E, F, G and H building the key Theorems in the main text. My theoretical insights from these results

also led to improvements of the algorithm in the inexact and stochastic gradient setting to achieve

complexity bounds which are independent of the size of the dataset.



Chapter 2

Wasserstein convergence and bias

estimates of discretized kinetic

Langevin dynamics

2.1 Introduction

In this chapter, based on [105] and [103] we focus our attention to proving convergence rates of

numerical methods for kinetic Langevin sampling in Wasserstein distance (see [155]). We use coupling

methods to establish these convergence rates (see [81]), more specifically synchronous coupling as in

[47, 55, 80, 115, 140]. Proving contraction of a coupling has been a popular method for establishing

convergence both in the continuous time setting and for the discretization for Langevin dynamics and

Hamiltonian Monte Carlo ([22–24, 26, 57, 70, 131, 141]), since a consequence of such a contraction

is convergence in Wasserstein distance (viewed as the infimum over all possible couplings with respect

to some norm). The numerical methods we consider are the Euler-Maruyama discretisation (EM),

splitting methods based on B,A and O splitting including BAOAB and OBABO [35, 98], the Brunger-

Brooks Karplus discretisation (BBK) [34], the stochastic position and velocity Verlet (SPV, SVV)

[111], a randomized method based on the Hamiltonian integrator of [26] (rOABAO) and the stochastic

Euler scheme (SES/EB) [42, 71, 149].

When considering MCMC methods the performance of a sampling scheme is often assessed by

measuring the number of steps needed to achieve a certain level of accuracy in the Wasserstein

distance metric. By combining the results of this chapter with estimates of the stepsize-dependent

bias of the numerical methods, it is possible to develop such non-asymptotic bounds in Wasserstein

distance which can ultimately provide insight into the computational complexity, convergence rate,

and accuracy of the sampling scheme. Bias estimates of some relevant numerical methods have been

treated in [80, 115, 140]. Where available, bias analysis can be combined with our contraction results

to provide non-asymptotic guarantees. In this chapter, we also provide new asymptotic bias estimates

for a scheme (BAOAB) which remain finite in the high-friction limit, by comparing the scheme to

an alternative scheme which exactly preserves the invariant measure. This scheme switches between

exact Hamiltonian dynamics and Ornstein–Uhlenbeck process steps and we believe this technique can

be extended to other integrators of this type.

18
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Moreover, we discuss the use of stochastic gradients and how these proofs can be extended to that

setting, which is particularly important in the context of machine learning. We demonstrate our

results on an anisotropic Gaussian as well as a Bayesian logistic regression problem involving the

MNIST dataset. We verify the convergence results for the anisotropic Gaussian example, by computing

spectral gaps for the numerical methods.

It is also important to note that bias analysis of kinetic Langevin dynamics in the stochastic gradient

setting has been considered in [143][Proposition 4] using the techniques of [1, 160]. Assuming smooth

test functions that are compactly supported, they achieve order one bias estimates in the stepsize for

the stochastic gradient OABAO scheme. This aligns with what is observed in practice. It remains an

open problem to achieve order one in stepsize (for both overdamped Langevin and kinetic Langevin

dynamics) in Wasserstein distance, where bias estimates of order 1/2 have been shown in [43, 53, 80].

Algorithm stepsize restriction one-step contraction rate

EM O(1/γ) O(mh/γ)

BAO,OBA,AOB O((1− η2)/
√
M) O(mh2/(1− η2))

OAB, ABO, BOA O(1/γ) O(η2mh2/(1− η2))
BBK O(1/γ) O(mh/γ)
SPV O(1/γ) O(mh/γ)
SVV O(1/γ) O(mh/γ)

BAOAB O((1− η2)/
√
M) O(mh2/(1− η2))

OBABO O((1− η2)/
√
M) O(mh2/(1− η2)) [80]

rOABAO O((1− η2)/
√
M) O(mh2/(1− η2))

SES/EB O(1/γ) [140] O(mh/γ) [55, 140]

Table 2.1: The table provides our stepsize restrictions and optimal contraction rates of the discretized
kinetic Langevin dynamics with stepsize h for an m-convex, M -∇ Lipschitz potential and previous
results of [105] and other recent work for further integrators for comparison. We define η = e−γh/2.

There have been other recent work aimed at providing convergence rates for kinetic Langevin dynamics

under explicit restrictions on the parameters ([47, 55, 80, 115]), but these guarantees are valid only

with sharp restrictions on stepsize. There has also been the work of [140] which considers a slightly

different version of the SDE (1.3.7), where time is rescaled depending on the smallest and largest

eigenvalues of the Hessian to optimize contraction rates and bias. We have included their results in

Table 2.1 after converting them into our framework using [55, Lemma 1]. The results of [140] rely

on a stepsize restriction of O(1/γ), but their analysis does not provide the stepsize threshold [140,

Example 9], and the class of schemes considered is different, with only the stochastic Euler scheme

in common. Further, the techniques they use to quantify the asymptotic bias are not appropriate for

many of the schemes considered in this chapter, as they are designed for high strong-order numerical

integrators. For example, the BAOAB scheme is only strong order one but has asymptotic bias of order

two, which cannot be estimated by their approach. Other works on contraction of kinetic Langevin

and its discretization include [54, 73, 167].
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In the current chapter, we apply direct convergence analysis to various popular integration methods and

provide a general framework for establishing convergence rates of kinetic Langevin dynamics with tight

explicit stepsize restrictions of O (1/γ) or O(1/
√
M) (depending on the scheme). As a consequence,

we improve the contraction rates significantly for many of the available algorithms (see Table 2.1).

For a specific class of schemes, we establish explicit bounds on the convergence rate for stepsizes of

O(1/
√
M). In the limit of large friction, we distinguish two types of integrators – those that converge

to overdamped dynamics (“γ-limit-convergent”) and those that do not. We demonstrate with examples

that this property is not universal: some seemingly reasonable methods have the property that the

convergence rate falls to zero in the γ → ∞ limit. This is verified numerically and analytically for

an anisotropic Gaussian target. Further, our novel asymptotic bias estimates for the BAOAB scheme

demonstrate accuracy in the high-friction limit.

Further, we generalize the contraction rates for all schemes in Table 2.1 to appropriate versions of

these schemes using stochastic dynamics (see Table 2.3 for a summary of results). We allow for

a flexible choice of unbiased gradient estimators (i.e they do not necessarily have to be based on

subsampling) and control errors via expected variability in the Jacobian of the stochastic gradient

versus the Hessian of the true potential. It turns out that for all schemes, there is some reduction

in convergence rate as the gradient noise increases (we observed this in our numerical experiments

when using sub-sampling with very small batch sizes). Nevertheless, for a fixed level of gradient noise,

the relative reduction in the contraction rate due to stochastic gradients becomes negligible as the

stepsize decreases.

The remainder of this chapter is structured as follows. We first introduce overdamped Langevin

dynamics, the Euler-Maruyama (EM) and the high-friction limit of BAOAB (LM) and discuss their

convergence guarantees. Next, we introduce kinetic Langevin dynamics and describe various popular

discretizations, and give our results on convergence guarantees with mild stepsize assumptions. These

schemes include first and second-order splittings and the stochastic Euler scheme (SES). Further,

we compare the results of overdamped Langevin and kinetic Langevin and show how schemes like

BAOAB, OBABO, rOABAO exhibit the positive qualities of both cases with the “γ-limit convergent”

property, whereas schemes like EM, SES, BBK, SPV and SVV do not perform well for a large range

of γ. Finally, we give asymptotic bias estimates for the BAOAB scheme which support the “γ-limit

convergent” property.

2.2 Assumptions and definitions

2.2.1 Assumptions on U

We will make the following assumptions on the potential U : Rd → R.

Assumption 2.2.1 (M -∇Lipschitz). U is twice continuously differentiable and there exists a M > 0

such that for all X,Y ∈ Rd

|∇U (X)−∇U (Y )| ≤M |X − Y | .
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Assumption 2.2.2 (m-convexity). U is continuously differentiable and there exists a m > 0 such

that for all X,Y ∈ Rd

⟨∇U(X)−∇U(Y ), X − Y ⟩ ≥ m |X − Y |2 .
Assumption 2.2.3 (M1-Hessian Lipschitz). U is three times continuously differentiable and there

exists a M1 > 0 such that for all X,Y ∈ Rd

∣∣∇2U (X)−∇2U (Y )
∣∣ ≤M1 |X − Y | .

The first two assumptions are popular conditions used to obtain explicit convergence rates, see [52, 55]

for example. It is worth mentioning that these assumptions can also produce explicit convergence rates

for gradient descent [32]. The final assumption is only used for proving higher order asymptotic bias

estimates in Section 2.7.

2.2.2 Modified Euclidean norms

For kinetic Langevin dynamics, it is not possible to prove convergence with respect to the standard

Euclidean norm due to the fact that the generator is hypoelliptic. We therefore work with a modified

Euclidean norm as in [115]. For z = (x, v) ∈ R2d we introduce the weighted Euclidean norm

||z||2a,b = ||x||2 + 2b ⟨x, v⟩+ a ||v||2 ,

for a, b > 0, which is equivalent to the Euclidean norm on R2d as long as b2 < a. Under the condition

b2 < a/4, we have
1

2
||z||2a,0 ≤ ||z||2a,b ≤

3

2
||z||2a,0.

2.2.3 Wasserstein distance

We define Pp

(
R2d
)

to be the set of probability measures which have finite p-th moment, then for

p ∈ [0,∞) we define the p-Wasserstein distance on this space. Let µ and ν be two probability

measures. We define the p-Wasserstein distance between µ and ν with respect to the norm || · ||a,b
(introduced in Section 2.2.2) to be

Wp,a,b (ν, µ) =

(
inf

ξ∈Γ(ν,µ)

∫
R2d

||z1 − z2||pa,bdξ (z1, z2)
)1/p

,

where Γ (µ, ν) is the set of measures with marginals µ and ν (the set of all couplings between µ and

ν).

It is well known that the existence of couplings with a contractive property implies convergence in

Wasserstein distance, which can be interpreted as the infimum over all such couplings. The simplest

such coupling is the synchronous coupling, which considers simulations with common noise. If one can

show contraction of two simulations that share noise increments with an explicit contraction rate, then

one has convergence in Wasserstein distance at the same rate. Given all the constants and conditions

derived for contraction in all schemes, we have convergence in Wasserstein distance by the following

proposition:
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Proposition 2.2.4. Assume a numerical scheme for kinetic Langevin dynamics with a m-strongly

convex M -∇Lipschitz potential U and transition kernel Ph. Let (xn, vn) and (x̃n, ṽn) be two syn-

chronously coupled chains of the numerical scheme that have the contraction property

||(xn − x̃n, vn − ṽn)||2a,b ≤ C(1− c (h))n||(x0 − x̃0, v0 − ṽ0)||2a,b, (2.2.1)

for γ2 ≥ CγM and h ≤ Ch

(
γ,

√
M
)
for some a, b > 0 such that b2 < a/4. Then we have that for

all γ2 ≥ CγM , h ≤ Ch

(
γ,

√
M
)
, 1 ≤ p ≤ ∞ and all µ, ν ∈ Pp(R2d), and all n ∈ N,

W2
p (νP

n
h , µP

n
h ) ≤ 3Cmax

{
a,

1

a

}
(1− c (h))nW2

p (ν, µ) .

Further to this, Ph has a unique invariant measure which depends on the stepsize, πh, where πh ∈
Pp(R2d) for all 1 ≤ p ≤ ∞.

Proof. The proof is given in [115, Corollary 20], which relies on [159, Corollary 5.22, Theorem 6.18].

The focus of this chapter is to prove contractions of the form (2.2.1), and hence to achieve Wasser-

stein convergence rates by Proposition 2.2.4. With convergence to the invariant measure of the

discretizations of kinetic Langevin dynamics considered here it will be possible to combine our results

with estimates of the bias of each scheme as in [55], [115], [140] and [47] to obtain non-asymptotic

estimates. However, with the bias bounds provided in Section 2.7 we provide non-asymptotic estimates

for BAOAB.

2.3 Overdamped Langevin discretizations and contraction

We first consider two discretizations of the SDE (1.2.4), namely the Euler-Maruyama discretization

and the high-friction limit of the popular kinetic Langevin dynamics scheme BAOAB [98]. The simplest

discretization of overdamped Langevin dynamics is using the Euler-Maruyama (EM) method which is

defined by the update rule

xn+1 = xn − h∇U (xn) +
√
2hξn+1, (2.3.2)

where (ξn)n∈N are independent d-dimensional standard Gaussian random variables, that is ξn ∼
N (0d, Id) for all n ∈ N, where Id is the d-dimensional identity matrix. This scheme is combined with

Metropolization in the popular MALA algorithm.

An alternative method is the BAOAB limit method of Leimkuhler and Matthews (LM)([98], [102])

which is defined by the update rule

xn+1 = xn − h∇U (xn) +
√
2h
ξn+1 + ξn

2
. (2.3.3)

The advantage of this method is that it gains a weak order of accuracy asymptotically.



2.3. Overdamped Langevin discretizations and contraction 23

2.3.1 Convergence guarantees

The convergence guarantees of overdamped Langevin dynamics and its discretizations have been

extensively studied under the assumptions presented (see [46, 51, 52, 64–66, 69]). We use synchronous

coupling as a proof strategy to obtain convergence rates as in [52]. We first consider two chains xn

and yn with shared noise such that

xn+1 = xn − h∇U(xn) +
√
2hξn+1, yn+1 = yn − h∇U(yn) +

√
2hξn+1.

Then we have that

||xn+1 − yn+1||2 = ||xn − yn + h(−∇U(xn)− (−∇U(yn))||2

= ||xn − yn||2 − 2h⟨∇U(xn)−∇U(yn), xn − yn⟩+ h2||∇U(xn)−∇U(yn)||2

= ||xn − yn||2 − 2h⟨xn − yn, Q(xn − yn)⟩+ h2⟨xn − yn, Q
2(xn − yn)⟩,

where Q =
∫ 1
t=0∇

2U(xn + t(yn − xn))dt. Q has eigenvalues which are bounded between m and M ,

so Q2 ⪯MQ, and hence

h2⟨xn − yn, Q
2(xn − yn)⟩ ≤ h2M⟨xn − yn, Q(xn − yn)⟩.

Therefore ||xn+1−yn+1||2 ≤ ||xn−yn||2(1−hm(2−hM)), assuming that h ≤ 2
M we have contraction

and

||xn − yn|| ≤ (1− hm(2− hM))n/2||x0 − y0||. (2.3.4)

A consequence of this contraction result is that we have convergence in Wasserstein distance to the

invariant measure with rate hm (2− hM), under the imposed assumptions on h (as discussed in

Section 2.2.3)[115, 159].

This argument is similar to the LM discretization (2.3.3) of overdamped Langevin dynamics. Note

that (xn)n≥0 by itself does not define a Markov chain for this discretization, but by extending the

state space to include the noise, (xn, ξn)n≥0 does. For two initial points (x0, ξ0) and (y0, ξ
′
0), by using

shared noise ξn = ξ′n for n ≥ 1, it follows by the same argument that

||xn − yn|| ≤ (1− hm(2− hM))n/2||x1 − y1||, (2.3.5)

for n ≥ 2, since two processes have shared noise after n = 0.

The stepsize assumption for convergence of overdamped Langevin dynamics in this setting is weak

and is the same assumption as is needed to guarantee convergence of gradient descent in optimization

[32].
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2.4 Kinetic Langevin dynamics

We now consider several discretization methods for the SDE (1.3.7). The aim is to construct an

alternative Euclidean norm in which we can prove contraction (it is not possible to prove contraction

in the standard Euclidean norm). Essentially, we convert the problem of proving contraction to the

problem of showing that certain matrices are positive definite. First, in Section 2.4.1 we introduce

the discretization methods we consider; then in Section 2.4.2 we provide a framework for proving

contraction for these discretizations, and in Section 2.4.3 we detail the contraction results for each of

the schemes.

2.4.1 Discretization schemes

We will consider several popular numerical integrators for kinetic Langevin dynamics, arising in the

literatures of molecular dynamics and machine learning. The numerical methods are generally defined

by (xk, vk) ∈ Rd×Rd for k ∈ N with initial conditions (x0, v0) ∈ Rd×Rd and given noise sequences.

Choices for the algorithm include:

• the Euler-Maruyama discretization (EM)

• splitting methods based on breaking the dynamics into parts which can be solved analytically

(in the weak sense) [35, 98, 101]

• the stochastic Euler scheme (SES/EB) (see [42, 71, 149]), which is popular in the machine

learning literature (see [47, 55, 140]) and is based on keeping the force constant and integrating

exactly over the interval

• the Brunger-Brooks Karplus (BBK) scheme which uses a leapfrog-like approach to propagate

position and velocity components, combined with implicit and explicit Euler steps in velocity

[34, 72]

• the stochastic position and velocity Verlet schemes (SPV,SVV) based on integrating the force

and the OU process together in a splitting scheme introduced in [111]

• a new randomized midpoint method based on a Hamiltonian integrator from [26]

We recommend [63] and [72] for an introduction to many of these schemes. We next describe these

algorithms by giving their respective update rules.

The Euler-Maruyama method

First, we consider the simplest discretization, the Euler-Maruyama method. For the initial condition

(x0, v0) ∈ R2d, the iterates (xn, vn, ξn) for n ∈ N are defined by:

xn+1 = xn + hvn, (2.4.6)

vn+1 = vn − h∇U(xn)− hγvn +
√

2hγξn+1, (2.4.7)

where (ξn)n∈N are independent N (0, Id) draws.
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Splitting Methods

More advanced integrators than Euler-Maruyama can be constructed based on splitting. These rely

on an additive decomposition of the SDE into various terms which can be easily (often exactly)

integrated. A useful class of schemes relies on the exact integration of linear positional drift, impulse

due to the force and a dissipative-stochastic term corresponding to an Ornstein-Uhlenbeck equation

[35]. The solution maps corresponding to these parts may be denoted by B, A, and O with update

rules given by

B : (x, v) → (x, v − h∇U(x)) ,

A : (x, v) → (x+ hv, v) ,

O : (x, v) →
(
x, η2v +

√
1− η4ξ

)
,

(2.4.8)

where ξ ∼ N (0d, Id) and

η := exp (−γh/2).

The infinitesimal generator of the SDE dynamics (1.3.7) can be split as L = LA +LB + γLO, where

LA = ⟨v,∇x⟩ , LB = −⟨∇U (x) ,∇v⟩ , LO = −⟨v,∇v⟩+△v, (2.4.9)

where LA and LB are the deterministic dynamics related to the both A and B, while the dynamics of

γLO corresponds to the dynamics of an Ornstein-Uhlenbeck process. The idea of splitting schemes

is that we compose the maps A, B and O as functions in some way. Each of the deterministic terms

can be solved analytically, whereas exp(hLO) is realized by a weakly exact process. There are several

possible options for the ordering of the different parts which are denoted by different strings. For

example, the scheme ABO would apply, in sequence, the A, B and O propagators. Other alternative

options include BAO, BOA, AOB, OAB, and OBA. Such schemes are called first order because they

have a weak order of one.

Alternatively, we can go beyond first-order methods to attain higher weak orders than one by using

symmetric Strang splittings. These are defined by palindromic letter sequences such as ABOBA,

OBABO, etc. The interpretation of a string such as ABOBA is the following: we apply A for half a

timestep (drift), then B for half a timestep (kick), generate a stochastic path corresponding to the

Ornstein-Uhlenbeck equation in momentum, then follow with a half-step kick and finally a half-step

drift. Such symmetric schemes can typically be applied using only one new force evaluation at each

timestep (with the second force evaluation re-used at the start of the following step). Despite this,

the symmetry implies that they have second (weak) order of accuracy (see [98, 101]), meaning that

the bias in long run averages is O(h2) for stepsize h as h → 0. Thus they are efficient in providing

high accuracy at little additional cost compared to first-order methods. Moreover, as shown in [99], a

particular choice of splitting, namely the BAOAB method, has no bias at all for Gaussian targets.

We will use the notation ψBAOAB(x, v, h) throughout to denote the one-step map of the BAOAB

discretization with initial conditions (x, v) ∈ R2d and stepsize h > 0, and similarly for other discret-

izations.
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The stochastic exponential Euler method

See [63] for an introduction to the stochastic exponential Euler scheme and a derivation. This scheme

is based on keeping the force constant and analytically integrating the whole process over a time

interval. This scheme is the one considered in [47, 55] and has gained a lot of attention in the

machine learning community and we can apply our methods to this scheme. Similar schemes have

also been considered in [42, 71, 149] and it has been analyzed in [63, 147]. In the notation we have

used, it is defined by the updates

xn+1 = xn +
1− η2

γ
vn − γh+ η2 − 1

γ2
∇U (xn) + ζn+1,

vn+1 = η2vn − 1− η2

γ
∇U (xn) + ωn+1,

(2.4.10)

where

ζn+1 =
√

2γ

∫ h

0
e−γ(h−s)dWhγ+s, ωn+1 =

√
2γ

∫ h

0

1− e−γ(h−s)

γ
dWhγ+s. (2.4.11)

(ζn, ωn)n∈N are i.i.d Gaussian random vectors with covariances matrix Σ⊗ Id with Σ given by

Σ =

(
Σ1 Σ2

Σ2 Σ3

)
, (2.4.12)

where

Σ1 =
1

γ

(
2h− 3− 4η2 + η4

γ

)
,

Σ2 =
1

γ

(
1− η2

)2
,

Σ3 = 1− η4,

as defined in [63]. We can couple two trajectories which have common noise (ζn, ωn)n∈N to obtain

contraction rates by the previously introduced methods.

BBK

For initial conditions (x0, v0) ∈ R2d, the iterations (xk, vk) ∈ R2d for k ∈ N of the BBK method of

[34] are defined by the update rule

xk+1 = xk + h(1− γh

2
)vk −

h2

2
∇U(xk) +

√
2γ
h3/2

2
ξk,

vk+1 =
1− γh/2

1 + γh/2
vk −

h

2(1 + γh/2)
(∇U(xk) +∇U(xk+1)) +

√
2γh

2(1 + γh/2)
(ξk+1 + ξk),
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which can be rewritten as [72]

(B1) vk+1/2 = vk +
h

2

(
−∇U(xk)− γvk +

√
2γ√
h
ξk

)
,

(A) xk+1 = xk + hvk+1/2,

(B2) vk+1 = vk+1/2 +
h

2

(
−∇U(xk+1)− γvk+1 +

√
2γ√
h
ξk+1

)
.

This can be viewed as an explicit Euler step followed by a position update followed by an implicit

Euler step. We denote the explicit Euler step by B1 and the implicit Euler step by B2

Stochastic position and velocity Verlet

The stochastic position and velocity Verlet schemes are defined through an alternative splitting of

the dynamics based on keeping the B and O steps together in an exact integration. We define the

operators involved in the update rule by

V(h) : v → η2v − 1− η2

γ
∇U(x) +

√
1− η4ξ,

A(h) : x→ x+ hv,

where η = e−γh/2. Then the stochastic position Verlet is defined by A(h/2)V(h)A(h/2) and the

stochastic velocity Verlet is defined by V(h/2)A(h)V(h/2).

Randomized midpoint method

Other algorithms for kinetic Langevin dynamics include the randomized midpoint methods considered

in [146] and analyzed in [37], which have improved dimension dependence in non-asymptotic estimates.

However, they involve multiple gradient evaluations at each step and cannot be analyzed in our

framework; this problem has been discussed in [140]. For contractivity of algorithms involving several

gradient evaluations we refer the reader to [139].

In the recent paper [26] the authors consider such a method for Hamiltonian Monte Carlo, whose

discretization is closely related to the OBABO or OABAO discretization in the γ → ∞ limit [80].

More precisely one could consider the following procedure.

Fix a stepsize h then sample u ∼ [0, h] and compute

A : x→ x+ uv,

B : v → v − h∇U(x),

A : x→ x+ (h− u)v,

which is the following update

xk+1 = xk + hvk − h(h− u)∇U(xk + uvk),

vk+1 = vk − h∇U(xk + uvk),
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then only considering the randomness in the gradient evaluation we arrive at the Verlet scheme

considered in [26]. We define rABA to be the update

xk+1 = xk + hvk −
h2

2
∇U(xk + uvk),

vk+1 = vk − h∇U(xk + uvk),

where u ∼ U(0, h) as introduced in [26]. The key difference being that the gradient is evaluated at

a random midpoint in the interval of numerical integration. We define the kinetic Langevin dynamics

integrator rOABAO to be O (rABA)O.

We remark that we can achieve contraction rates by coupling two trajectories which have common

noise (in Brownian increment and randomized midpoint) (ζk, uk)k∈N with the previously introduced

methods. The convergence rates will be established in Section A.1.

2.4.2 Proof strategy

To prove contraction and Wasserstein convergence of the kinetic Langevin integrators we will consider

a modified Euclidean norm as defined in Section 2.2.2 for some choice of a and b. We aim to construct

an equivalent Euclidean norm such that contraction occurs for two Markov chains simulated by the

same discretization scheme zn = (xn, vn) ∈ R2d and z̃n = (x̃n, ṽn) ∈ R2d that are synchronously

coupled. That is, for some choice of a and b such that a, b > 0 and b2 < a/4

||z̃n+1 − zn+1||2a,b < (1− c (h)) ||z̃n − zn||2a,b, (2.4.13)

where a and b are chosen to provide reasonable explicit assumptions on the stepsize h and friction

parameter γ. Our initial choices of a and b for simple schemes are motivated by [115], and are derived

by considering contraction of the continuous dynamics. Let zj = z̃j − zj for j ∈ N, then (2.4.13) is

equivalent to showing that

zTn
(
(1− c (h))G− P TGP

)
zn > 0, where G =

(
Id bId

bId aId

)
, (2.4.14)

and zn+1 = Pzn (P depends on zn and z̃n, but we omit this in the notation).

Example 2.4.1. As an example, we have for the Euler-Maruyama method the update rule for zn

xn+1 = xn + hvn, vn+1 = vn − γhvn − hQxn,

where by the mean value theorem we can define Q =
∫ 1
t=0∇

2U(x̃n + t(xn − x̃n))dt, then ∇U(x̃n)−
∇U(xn) = Qx. One can show that in the notation of equation (2.4.14) we have

P =

(
Id hId

−hQ (1− γh) Id

)
. (2.4.15)
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Proving contraction for a general scheme is equivalent to showing that the matrix H := (1− c(h))G−
P TGP ≻ 0 is positive definite. The matrix H is symmetric and hence of the form

H =

(
A B

B C

)
, (2.4.16)

we can show that H is positive definite by applying the following Proposition 2.4.2.

Proposition 2.4.2. Let H be a symmetric matrix of the form (2.4.16), then H is positive definite if

and only if A ≻ 0 and C −BA−1B ≻ 0. Further if A, B and C commute then H is positive definite

if and only if A ≻ 0 and AC −B2 ≻ 0.

Remark 2.4.3. If A, C commute and are symmetric (which is true when H is symmetric), then

AC = CA is symmetric.

Proof. The proof of the first result is given in [84]. To establish the second statement, observe from

[83] that if two matrices are positive definite and they commute then the product is positive definite.

Also if A ≻ 0 then A−1 ≻ 0 (as A is symmetric positive definite). Further A,B and C commute and

hence B, C and A−1 commute. Therefore by applying the first result, we have that A ≻ 0 and

A−1
(
AC −B2

)
= C −BA−1B ≻ 0,

hence H is positive definite. If H is positive definite then A ≻ 0 and C − BA−1B ≻ 0 by the first

result. Thus as A, B and C commute we have AC −B2 ≻ 0.

Remark 2.4.4. An equivalent condition for a symmetric matrix H of the form (2.4.16) to be positive

definite is C ≻ 0 and AC −B2 ≻ 0 when A, B and C commute. One could equivalently prove that

C ≻ 0 instead of A ≻ 0 if it is more convenient.

Our general approach to prove contraction of kinetic Langevin dynamics schemes is to prove the

conditions of Proposition 2.4.2 are satisfied to establish contraction. We will use the notation laid out

in this section in the proofs given in the appendix.

2.4.3 Convergence results

We now detail contraction results of all the schemes introduced in Section 2.4.1. These results use

the proof strategy of Section 2.4.2.

Theorem 2.4.5. For the numerical schemes for kinetic Langevin dynamics given in Table 2.2 with

an m-strongly convex, M -∇Lipschitz potential U we consider any sequence of synchronously coupled

random variables with initial conditions (x0, v0) ∈ R2d and (x̃0, ṽ0) ∈ R2d.

Under stepsize restrictions h < h0 and γ ≥ γ0 for constants given in Table 2.2 we have the contraction

∥(xk − x̃k, vk − ṽk)∥a,b ≤ C(1− c(h))s/2∥(x0 − x̃0, v0 − ṽ0)∥a,b,

with norm given with constants a = 1/M and b, where b, the contraction rate c(h), the preconstant

C and the number of steps s are given in Table 2.2 and are specific to each scheme.
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Algorithm h0 γ0 b c(h) C s

BAO (1− η2)/
√
6M implicit h/(1− η2) h2m/4(1− η2) 1 k

OAB min
{
1/4γ, (1− η2)/

√
6M
}

implicit η2h/(1− η2) η2h2m/(1− η2) 1 k

EM 1/2γ 2
√
M 1/γ mh/2γ 1 k

BBK 1/4γ
√
12M h/2 + 1/γ mh/4γ 7 k − 1

SPV 1/2γ
√
11M h/(1− η2) mh/4γ 7 k − 1

SVV 1/2γ
√
11M h/(1− η2) mh/4γ 7 k − 1

BAOAB (1− η2)/2
√
M implicit h/(1− η2) h2m/4(1− η2) 7 k − 1

OBABO (1− η2)/4
√
M implicit h/(1− η2) h2m/4(1− η2) 7 k − 1

rOABAO (1− η2)/2
√
M implicit h/(1− η2) h2m/4(1− η2) 7 k − 1

SES/EB 1/2γ 5
√
M 1/γ mh/4γ 1 k

Table 2.2: Constants for contraction of each scheme. Implicit refers to the implicit assumption on γ
through the stepsize restriction h0, the value of γ2 must be greater than a certain constant multiple
of M . For example, the condition h0 = (1−η2)/α

√
M is satisfied when γ ≥ 2α

√
M and h < 1/(2γ)

and for h ≥ 1/(2γ) we have h0 ≥ 1/(6α
√
M).

Referring to Table 2.2 we have that the convergence rate c(h) is proportional to m/γ for small h,

which is shown to match the convergence rate of the continuous dynamics for large γ (see for example

[55]). We have that the convergence rate is hm/γ for all the schemes apart from BAOAB, OBABO

and rOABAO, which have convergence rates which are faster than the continuous dynamics for large

values of γ and h. This is due to the fact that the O step is integrated exactly separately and one

can take the high friction limit. Since the O step also leaves the measure invariant the bias in these

types of schemes comes from the discretization error of the Hamiltonian integrator and hence retains

high order asymptotic bias [101]. However, these splitting schemes are only strong order 1 and this

can be seen particularly for large values of friction when the convergence rates are higher than for

the continuous dynamics. (It fails to approximate the continuous dynamics, but it is accurate in the

sampling context as illustrated by the BAOAB asymptotic bias bounds in Section 2.7).

Example 2.4.6. An example to illustrate the tightness of the restrictions on the stepsize h and the

restriction on the friction parameter γ. We consider the anisotropic Gaussian distribution on R2 with

potential U : R2 7→ R given by U(x, y) = 1
2mx

2 + 1
2My2. This potential satisfies Assumptions

2.2.1 and 2.2.2 with constants M and m respectively. By computing the eigenvalues of the transition

matrix P (for contraction) we can see for what values of h contraction occurs. For a Gaussian target,

stability and asymptotic convergence speed are completely determined by the eigenvalues of P (which

is constant). For EM we have that

P =

(
I2 hI2

−hQ (1− γh) I2

)
, where Q =

(
m 0

0 M

)
,

with eigenvalues 1
2

(
2− γh± h

√
γ2 − 4λ

)
, for λ = m,M . For stability and contraction, we require

that

λmax := max
λ∈{m,M}

∣∣∣∣12 (2− γh± h
√
γ2 − 4λ

)∣∣∣∣ < 1. (2.4.17)
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By Gelfand’s formula, the asymptotic contraction rate exactly equals 1− λmax. For γ ≥ 2
√
M , all 4

eigenvalues are real, and this condition requires that h < 4/(γ+
√
γ2 − 4λ) ≈ 2/γ. Up to a constant,

this is consistent with the stepsize restriction in our contraction rate results. λmax in this range of

γ equals 1− 1
2hγ

(
1−

√
1− 4m

γ2

)
, so the best possible contraction rate is O(m/M) (for the choice

γ = 2
√
M), which is also consistent with our results.

For γ ∈ [2
√
m, 2

√
M), the absolute value of the eigenvalues are

√
1− γh+Mh2, and 1

2 |2 − γh ±
h
√
γ2 − 4m|, where we need all of these to be less than 1. The first condition 1 − γh +Mh2 ≤ 1

requires that h ≤ γ
M . The second condition 1

2

∣∣∣2− γh− h
√
γ2 − 4m

∣∣∣ ≤ 1 requires that h ≤
4

γ+
√

γ2−4m
. Using our assumption that γ ∈ [2

√
m, 2

√
M), γ2 ≤ 4M , so 4

γ+
√

γ2−4m
≥ 2γ

γ2 ≥ γ
2M ,

and the second condition holds whenever h ≤ γ
2M . The third condition is satisfied whenever the

second holds. Hence the stepsize restriction in this regime is γ
2M . One can show that the best possible

convergence rate is still O(m/M).

Finally, when γ < 2
√
m, (2.4.17) becomes equivalent to

√
1− γh+Mh2 < 1 and

√
1− γh+mh2 <

1, which results in the stepsize restriction h ≤ γ
M . The best possible convergence rate in this regime

is still O(m/M).

Example 2.4.7. An example to illustrate the tightness of the restrictions on the stepsize h and the

restriction on the friction parameter γ. We consider the anisotropic Gaussian distribution on R2 with

potential U : R2 7→ R given by U(x, y) = 1
2mx

2 + 1
2My2. By computing the eigenvalues of the

transition matrix P (for contraction) we can see for what values of h contraction occurs. For BAO

we have that

P =

(
I2 − h2Q hI2

−hη2Q η2I2

)
, where Q =

(
m 0

0 M

)
,

with eigenvalues 1
2

(
1 + η2 − h2λ±

√
−4η2 + (−1− η2 + h2λ)2

)
for λ = m,M , where η = exp {−γh/2}.

For stability and contraction, it is necessary and sufficient that

λmax := max
λ∈{m,M}

∣∣∣∣12
(
1 + η2 − h2λ±

√
−4η2 + (−1− η2 + h2λ)2

)∣∣∣∣ < 1.

Due to the convexity of the absolute value function, it is clear that |12(1+η
2−h2M)| < 1 is necessary

for the stability condition to hold, so for any value of γ and m, we need that h ≤ 2√
M
. Theorem

2.4.5 implies that the stepsize restriction h ≤ 1
8
√
M

suffices for stability for any γ ≥ 5
√
M . Further

when γ ≥ 5
√
M we have that the asymptotic contraction rate for this Gaussian target simplifies

to cN = 1
2

(
1− η2 + h2m−

√
(1− η2 + h2m)2 − 4h2m

)
. It can be shown that 4c(h) > cN for

γ ≥ 5
√
M,h ≤ 1

8
√
M
. It is shown in [116, Proposition 4] that for the continuous dynamics the

condition γ > c
√
M for some constant c > 0 is necessary to show contraction using a quadratic form

argument similar to ours.

Despite this fact, for Gaussian targets, faster convergence rates can be achieved for BAO in the low-

friction regime (γ < 5
√
M). In particular, when we set γ = 2

√
m, and use stepsize h = 1√

M
, with
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the notation ρ =
√
m√
M
, the maximum norm becomes

λmax :=

1

2
max

(∣∣∣e−2ρ ±
√
e−4ρ − 4e−2ρ

∣∣∣ , ∣∣∣1− ρ2 + e−2ρ ±
√

(1 + e−2ρ − ρ2)2 − 4e−2ρ
∣∣∣) .

It is not difficult to show with symbolic computing that for this choice of γ and h, for any 0 ≤ ρ ≤ 1,

we have

cN = 1− λmax ≥ 3

5
ρ =

3

5

√
m√
M
. (2.4.18)

This is an accelerated convergence rate that is faster than what we could prove for general strongly

convex and smooth potentials in Theorem 2.4.5.

Considering other splittings one could use the same techniques as above or we can use the con-

traction results of BAO and OAB to achieve a contraction result for the remaining permutations by

writing (ABO)n = AB(OAB)n−1O, (BOA)n = B(OAB)n−1OA, (OBA)n = O(BAO)n−1BA, and

(AOB)n = AO(BAO)n−1B. However, by applying direct arguments as done for OAB and BAO one

would achieve better preconstants. Let (x̃0, ṽ0) ∈ R2d and (x0, v0) ∈ R2d be two initial conditions for

a synchronous coupling of sample paths of the ABO splitting and x0 := x̃0 − x0, v0 := ṽ0 − v0. We

use the notation ψABO to denote the one-step map of the ABO discretization with stepsize h > 0,

and equivalently for other operators (omitting the stepsize in the argument, which is h > 0 for all the

one-step maps considered). We have that for h < min { 1
4γ ,

1−η2√
6M

}

|| (x̃n, ṽn)− (xn, vn) ||2a,b = || (ψABO)
n (x̃0, ṽ0)− (ψABO)

n (x0, v0) ||2a,b
= ||ψO ◦ (ψOAB)

n−1 ◦ ψAB (x̃0, ṽ0)− ψO ◦ (ψOAB)
n−1 ◦ ψAB (x0, v0) ||2a,b

≤ 3 (1− c (h))n−1 ||ψAB (x̃0, ṽ0)− ψAB (x0, v0) ||2a,b
≤ 9 (1− c (h))n−1 ((1 + 2h2M2a

)
||x0||2 +

(
h2 + a+ 2h4M2a

)
||v0||2

)
≤ 27 (1− c (h))n−1 || (x0, v0) ||2a,b,

where we have used the norm equivalence introduced in Section 2.2.2. The same method of argument

can be used for the other first-order splittings.

2.5 Overdamped limit

We will now compare and analyze how the different schemes behave in the high-friction limit, where

we first start with the first-order schemes. It is a desirable property that the high-friction limit is

a discretization of the overdamped dynamics, therefore if a user of such a scheme sets the friction

parameter γ large, they will not suffer from the O(1/γ) scaling of the convergence rate. We will call

schemes with this desirable property γ-limit convergent (GLC), out of the schemes we have analysed

it is only BAOAB and OBABO which are GLC.
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BAO

If we consider the update rule of the BAO scheme

xn+1 = xn + h (vn − h∇U(xn)) , vn+1 = η2vn − hη2∇U(xn) +
√

1− η4ξn+1,

and take the limit as γ → ∞ we obtain

xn+1 = xn − h2∇U(xn) + hξn,

which is simply the Euler-Maruyama scheme with stepsize h2/2 for potential Ũ := 2U , which

imposes stepsize restrictions which are consistent with our analysis. Further, if we take the limit

of the contraction rate and the modified Euclidean norm we have

lim
γ→∞

c (h) =
h2m

4
, lim

γ→∞
||x||2 + 2b⟨x, v⟩+ a||v||2 = ||x||2 + 2h⟨x, v⟩+ 1

M
||v||2,

which is again consistent with the convergence rates achieved in Section 2.3.1 and the norm is

essentially the Euclidean norm when considered on the overdamped process as v = 0. Due to the

fact that the potential is rescaled in the limit, this is not a discretization of the correct overdamped

dynamics.

OAB

If we consider the update rule of the OAB scheme

xn+1 = xn + hη2vn + h
√

1− η4ξn+1,

vn+1 = ηvn
√

1− η4ξn+1 − hη2∇U(xn + hη2vn + h
√

1− η4ξn+1),

and take the limit as γ → ∞ we obtain the update rule xn+1 = xn+hξn+1, therefore the overdamped

limit is not inherited by the scheme and further we do not expect contraction. This is consistent with

our analysis of OAB and our contraction rate which vanishes in the high-friction limit.

BAOAB

If we consider the update rule of the BAOAB scheme

xn+1 = xn +
h

2

(
1 + η2

)
vn − h2

4

(
1 + η2

)
∇U(xn) +

h

2

√
1− η4ξn+1,

vn+1 = η2
(
vn − h

2
∇U(xn)

)
+
√

1− η4ξn+1 −
h

2
∇U(xn+1),

and take the limit as γ → ∞ we obtain

xn+1 = xn − h2

2
∇U(xn) +

h

2
(ξn + ξn+1) ,



2.5. Overdamped limit 34

which is simply the LM scheme with stepsize h2/2 (as originally noted in [98]), which imposes stepsize

restrictions h2 ≤ 2/M and hence consistent with our analysis. Further, if we take the limit of the

contraction rate and the modified Euclidean norm we have

lim
γ→∞

c (h) =
h2m

4
, lim

γ→∞
||x||2 + 2b⟨x, v⟩+ a||v||2 = ||x||2 + 2h⟨x, v⟩+ 1

M
||v||2,

which is again consistent with the convergence rates achieved in Section 2.3.1 and the modified

Euclidean norm is essentially the Euclidean norm when considered on the overdamped process as

v = 0.

OBABO

If we consider the update rule of the OBABO scheme

xn+1 = xn + hηvn + h
√

1− η2ξ1,n+1 −
h2

2
∇U(xn),

vn+1 = η

(
ηv +

√
1− η2ξ1,n+1 −

h

2
∇U(xn)−

h

2
∇U(xn+1)

)
+
√

1− η2ξ2,n+1,

where (η = exp (−γh/2)) and for ease of notation in the above scheme and we have labelled the two

noises of one step ξ1 and ξ2. Now we take the limit as γ → ∞ we obtain

xn+1 = xn − h2

2
∇U(xn) + hξn+1,

which is the Euler-Maruyama scheme for overdamped Langevin with stepsize h2/2, which has conver-

gence rate O
(
h2m

)
. Hence consistent with our analysis of OBABO and our contraction rate which

tends towards h2m/4 in the high-friction limit.

SES

If we consider the limit as γ → ∞ of the scheme (2.4.10) we obtain the update rule xn+1 = xn

and therefore the overdamped limit is not inherited by the scheme and further we do not expect

contraction. Hence consistent with our analysis of the stochastic Euler scheme as the contraction rate

tends to zero in the high-friction limit.

BBK Integrator

Taking the limit as γ → ∞ and by considering two consecutive iterations (vk+1 = −vk in this limit)

one arrives at the following update rule

xk+2 = xk −
h2

2
(∇U(xk+1) +∇U(xk)) +

√
2γh3/2

2
(ξk + ξk+1) ,

and hence the method is not GLC as this does not converge to overdamped dynamics as the stepsize

is taken to zero.
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Stochastic position Verlet and stochastic velocity Verlet

If one takes the limit as γ → ∞ for the stochastic position and velocity Verlet then we get the

operators

V(h) : v → ξ,

A(h) : x→ x+ hv,

hence these schemes do not converge to the overdamped dynamics as one takes the stepsize to zero.

rOABAO

The rOABAO scheme is GLC and, interestingly, by taking the high friction limit one arrives at the

scheme

xk+1 = xk −
h2

2
∇U(xk + uξk) + hξk,

where u ∼ U(0, h), which has the correct invariant measure and is a randomized midpoint version of

the Euler-Maruyama scheme for overdamped Langevin dynamics and the one-step HMC scheme of

[26].

2.6 Stochastic gradients

An analysis of convergence rates of the discretizations with stochastic gradients is performed in [80].

Definition 2.6.1. A stochastic gradient approximation of a potential U is defined by a function

G : Rd×Ω → Rd and a probability distribution ρ on a Polish space Ω, satisfying that G is measurable

on (Ω,F), and that for every x ∈ Rd, for W ∼ ρ,

E(G(x,W )) = ∇U(x).

The function G and the distribution ρ together define the stochastic gradient, which we denote as

(G, ρ).

The numerical schemes considered in this chapter are roughly one gradient evaluation per sample,

roughly meaning when negating the extra gradient evaluations at the head and tail of the simulation

of the algorithm (for the first and last sample). This is done by using the same gradient evaluation in

consecutive velocity updates when the position has not been updated, for an increase in computational

efficiency. We treat this case when it also comes to stochastic gradients to improve computational

efficiency, for example in the BAOAB scheme the last B and first B of each iteration will share an

estimate of the force (using the same stochastic gradient evaluation). For clarity, a stochastic gradient

version of each algorithm is provided in Appendix A.3.

In our convergence rate estimates, we impose the assumption that the variance of the Jacobian of

the stochastic gradient is bounded.
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Assumption 2.6.2. We assume that the Jacobian of the stochastic gradient G, DxG(x,W ) exists

and it is measurable on (Ω,F). We also assume there exists CG > 0 such that for W ∼ ρ,

sup
x∈Rd

E∥DxG(x,W )−∇2U(x)∥2 ≤ CG.

Our results extend to the stochastic gradient setting by including a coupling in the mini-batches or

the stochastic gradients in the same way as OABAO in [80]. Further, the results for the other schemes

in this chapter are generalized to the case of stochastic gradients when the same stochastic gradient

is chosen as in Appendix A.3 for each algorithm. In this way, there is still one gradient evaluation per

step.

We remark that these assumptions hold when G is of the form G(x,W ) =
∑

i∈W ∇Ui(x), where

W ∈ Ω ⊂ [ND]
Nb , Nb is the batch size, and (Ui)i∈[ND] are strongly convex and gradient-Lipschitz,

this is the setting of minibatching in many Bayesian learning problems. The contraction results of

Theorem 2.4.5 are extended to the stochastic gradient setting in Theorem 2.6.3. We remark that

our assumptions are more flexible than the assumptions imposed in [80], where they assume that the

stochastic gradient is universally gradient Lipschitz and strongly convex over the entire state space

Ω.

Theorem 2.6.3. Consider the numerical schemes for stochastic gradient kinetic Langevin dynamics

given in Appendix A.3 and Table 2.3, where the potential U is m-strongly convex and M -∇Lipschitz.

Assume a stochastic gradient approximation defined by (G, ρ) (see Definition 2.6.1) satisfying Assump-

tion 2.6.2 with constant CG. We consider any sequence of synchronously coupled random variables (in

Brownian increment and stochastic gradient) with initial conditions (x0, v0) ∈ R2d and (x̃0, ṽ0) ∈ R2d.

Algorithm c(h) C(h)

EM mh/2γ − 2h2CG/M 1
BBK mh/4γ − 4h2CG/M 7 + 3h2CG/M
SPV mh/4γ − 4h2CG/M 7 + 12h2CG/M
SVV mh/4γ − 4h2CG/M 7 + 6h2CG/M

BAOAB h2m/4(1− η2)− 5h2CG

(
η2/M + 1

4h
2
)

7 + 3h2CG/M
OBABO h2m/4(1− η2)− 4h2CG/M 8 + 3h2CG/M
rOABAO h2m/4(1− η2)− 5h2CG

(
η2/M + 1

4h
2
)

8 + 8h2CG/M
SES/EB mh/4γ − 4h2CG/M 1

Table 2.3: Contraction rates c(h) and preconstants C(h) in (2.6.19).

Under stepsize restrictions h < h0 and γ ≥ γ0, where h0 and γ0 are given in Table 2.2, and given

initial conditions (x0, v0) ∈ R2d and (x̃0, ṽ0) ∈ R2d we have the expected contraction

(
E∥(xk − x̃k, vk − ṽk)∥2a,b

)1/2 ≤ C(h)(1− c(h))s/2∥(x0 − x̃0, v0 − ṽ0)∥a,b, (2.6.19)

with norm given with constants a = 1/M and b, where the contraction rate c(h) and the preconstant

C(h) are given in Table 2.3 and b and the number of steps s are given in Table 2.2 with all parameters

specific to each scheme.
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Remark 2.6.4. Compared to Theorem 2.4.5 with deterministic gradients, Theorem 2.6.3 demonstrates

expected contraction, because the randomness from the stochastic gradients can be integrated out.

This allows us to make Assumption 2.6.2 less restrictive than it would need to be otherwise. Rather

than deterministic contraction we have contraction in expectation.

Remark 2.6.5. Our analysis suggests a reduction in the convergence rate for large gradient noises,

which we have observed in numerical experiments when using sub-sampling and very small batches.

For large gradient noise CG and stepsize h it is possible that these bounds become vacuous and the

loss of convergence was also confirmed in our experiments.

Remark 2.6.6. The implementation of the BAOAB algorithm and other algorithms considered in

Section A.3 is non-Markovian, because the last B step of each iteration and the first B step of the

next iteration share the same stochastic gradient sample. This is not an issue in our convergence rate

framework as we consider convergence of a different operator, which is Markovian, for example ABAO
for BAOAB, which does not share stochastic gradients with consecutive iterations. We simplify the

problem into proving convergence of an operator which only has a single gradient evaluation and

hence is Markovian in the stochastic gradient setting.

Proof of Theorem 2.6.3. For stochastic gradients, we synchronously couple Brownian increments as

well as the stochastic gradients. We wish to instead consider expected contraction of the update

rule we used to prove contraction in the full gradient setting, i.e. for synchronously coupled (in

stochastic gradient and Brownian increment) iterates (xl, vl), (x̃l, ṽl) ∈ R2d for l ∈ N and (xl, vl) =

(x̃l, ṽl)− (xl, vl) and for k ∈ N

E∥(xk+1, vk+1)∥2a,b ≤ (1− c(h)) ∥(xk, vk)∥2a,b

then we have

E
(
zTk P

TMPzk
)
≤ (1− c(h)) zTkMzk.

Now if Q̃ is defined through the mean value theorem of DxG (the Jacobian of G) and is a random

variable in W , such that E(Q̃) = Q, then P TMP is of the form

P(Q̃) =

(
P1(Q̃) P2(Q̃)

P2(Q̃) P3(Q̃)

)
,

where P1, P2 and P3 are quadratics in Q̃ of the form

P1(Q̃) = a0 + a1Q̃+ a2Q̃
2,

P2(Q̃) = b0 + b1Q̃+ b2Q̃
2,

P3(Q̃) = c0 + c1Q̃+ c2Q̃
2.

Then we have

E(P TMP ) = P(Q) +

(
a2E(Q̃−Q)2 b2E(Q̃−Q)2

b2E(Q̃−Q)2 c2E(Q̃−Q)2

)
,
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in combination with the Theorem 2.4.5 result we have that

E∥(xk+1, vk+1)∥2a,b ≤ (1− c(h)) ∥(xk, vk)∥2a,b + zTk

(
a2E(Q̃−Q)2 b2E(Q̃−Q)2

b2E(Q̃−Q)2 c2E(Q̃−Q)2

)
zk

= (1− c(h)) ∥(xk, vk)∥2a,b + zTk R(Q̃)zk,

where we use the notation

R(Q̃) :=

(
a2E(Q̃−Q)2 b2E(Q̃−Q)2

b2E(Q̃−Q)2 c2E(Q̃−Q)2

)
.

Then we will bound the remainder term zTR(Q̃)z separately for each scheme and we refer the reader

to the contraction estimate proofs in Appendix A.1 and [105] for the coefficients a2, b2 and c2 for

Euler-Maruyama, BAOAB, OBABO and SES and to Appendix A.1 and [103] for the schemes analyzed

in this chapter. We remark that we analyze the update rules for which we proved contraction for all the

schemes, which aren’t necessarily the same as the scheme for example we analyze ABAO for BAOAB.

Throughout these estimates we use the equivalence of norms in Section 2.2.2 and the stepsize and

parameter restrictions imposed in the contraction estimates of the respective schemes. We define

Var(Q̃) := E(Q̃−Q)2, to be the variance of Q̃.

1. For the Euler-Maruyama a2 > 0 and b2 = c2 = 0, therefore we have for z = (x, v) ∈ R2d

zTR(Q̃)z ≤ h2aCG∥x∥2

≤ 2h2aCG∥z∥2a,b.

2. For BAOAB we have for ABAO

zTR(Q̃)z = ah2
(
η4 + bη2hM +

h2

4
M

)(
x+

h

2
v

)T

Var(Q̃)

(
x+

h

2
v

)
≤ 4ah2CG

(
η4 + bη2hM +

h2

4
M

)
∥(x, v)∥2a,b

≤ 5ah2CG

(
η2 +

h2

4
M

)
∥(x, v)∥2a,b.

For the other schemes they follow similarly and can be found in [103]. We have all desired preconstants

and penalty terms for the contraction rate when the gradient is a stochastic estimate.

Proposition 2.6.7. Consider the numerical schemes for stochastic gradient kinetic Langevin dynamics

given in Appendix A.3 and Table 2.3, where the potential U is m-strongly convex and M -∇Lipschitz.

Assume a stochastic gradient approximation defined by (G, ρ) (see Definition 2.6.1) satisfying Assump-

tion 2.6.2 with constant CG. We use Ph to denote the marginal transition kernel of the numerical

schemes. For the constants given in Table 2.2 and 2.3 we have for any two synchronously coupled

chains, (xk, vk) and (x̃k, ṽk) under the assumptions specific to the schemes imposed in Theorem 2.6.3
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we have for all µ, ν ∈ P2(R2d), and all k ∈ N,

W2
2

(
νP k

h , µP
k
h

)
≤ 3C(h)max

{
M,

1

M

}
(1− c (h))k W2

2 (ν, µ) .

Proof. We remark that the stochastic gradients are independent from position and hence can be

marginalized out in the following estimates over the extended state space. We first denote P̂h to be

the transition kernel for which contraction is proved in Theorem 2.4.5 or [105]. For example stochastic

gradient ABAO for BAOAB. From Theorem 2.6.3 and following [115, Corollary 20] we know that for

zk = (xk, vk), z̃k = (x̃k, ṽk) such that z0 = (x0, v0) ∼ µ and z̃0 = (x̃0, ṽ0) ∼ ν and (z0, z̃0) is a W2

optimal coupling of µ and ν then under P̂h

W2
2,a,b

(
µP̂ k

h , νP̂
k
h

)
≤ E∥zk − z̃k∥2a,b ≤ (1− c(h))kW2

2,a,b (µ, ν) ,

then we can use the equivalence of norms in Section 2.2.2 and the preconstant estimates of Table 2.3

to achieve the desired result for Ph.

Remark 2.6.8. We remark that the contraction rate of BAOAB and rOABAO can be upper bounded

by a simpler form, for example,O
(
mh2/(1− η2)− h2CG/M

)
, but we have included the more detailed

estimate because it has the property that as you take the friction parameter γ → ∞ then the

contraction rate is of the same order as the overdamped Langevin dynamics scheme as discussed in

[103].

If we take the limit as γ → ∞ for the BAOAB and rOABAO scheme we get a contribution from the

stochastic gradient of O
(
h4CG

)
in the convergence rate estimate, and for the overdamped analysis

in [103] we have a contribution of O
(
h4CG

)
in the high friction limit of BAOAB and rOABAO.

However, for OBABO we get a contribution of O
(
h2CG/M

)
, which agrees with the overdamped

Langevin analysis for the largest choice of stepsize.

2.7 Asymptotic bias of BAOAB

There are results for the asymptotic bias of OBABO available in [80, 115] and for the SES in [140]

which can easily be combined with our results. However there are no results for BAOAB available in

the literature, we will provide asymptotic bias estimates for this scheme. We will do this with the aim

of achieving bias estimates which remain finite in the high-friction limit to show that BAOAB and

GLC schemes remain useful for sampling even though they deviate from the continuous dynamics.

We define the solution map H to have update rule

H : (x, v) → ϕh(x, v), (2.7.20)

where ϕh(x, v) is the solution to the ODE

dXt = Vtdt, dVt = −∇U(Xt)dt,
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initialized at (X0, V0) := (x, v) ∈ R2d at time h > 0. Since the BAOAB scheme converges faster

than the continuous dynamics, if we compare BAOAB to the underdamped Langevin dynamics in the

high-friction regime, we will get discretization bounds which diverge as γ → ∞ and the stepsize is

kept constant. We instead compare BAOAB to a scheme which performs exact Hamiltonian dynamics

for half a step, followed by an OU-process for a full step, followed by Hamiltonian dynamics for half

a step. We call this scheme the HOH scheme with the update rule given by HOH with H defined in

(2.7.20). This process exactly preserves the invariant measure and is a more accurate approximation

of the BAOAB scheme than (1.3.7).

Remark 2.7.1. In [115] and [80], the authors provide bias estimates for the OBABO and OABAO

schemes. In their analysis of these schemes, they use the fact that the“O”step preserves the invariant

measure and doesn’t increase Wasserstein distance. They are then able to exploit L2-accuracy results

of the embedded Verlet integrators BAB and ABA in their analysis.

Proposition 2.7.2. Consider an HOH scheme initialized at (x, v) ∈ R2d and a BAOAB scheme

initialized at (x′, v′) ∈ R2d with synchronously coupled Gaussian increments and stepsize h > 0,

then we define (△x,△v) := ψHOH(x, v, h)− ψBAOAB(x
′, v′, h) with shared noise ξ ∼ N (0d, Id). We

assume that h < 1−η2

2
√
M

and Assumptions 2.2.1 - 2.2.2 on the potential, then we have that

∥△x∥L2 ≤
(
1 + (1 + η2)

h2

4
M

)
∥x− x′∥L2 +

h

2
(1 + η2)∥v − v′∥L2 +

3h3M
√
d

8
,

△v =

(
η2Id −

h2(1 + η2)

4
Q2

)
(v − v′) +

(
−hη

2

2
Q1 −

h

2
Q2 +

h3(1 + η2)

8
Q2Q1

)
(x− x′)

+ ϵv,

where ∥ϵv∥L2 ≤ 2h2M
√
d. Further if we assume Assumption 2.2.3 we have

△v =

(
η2Id −

h2(1 + η2)

4
Q2

)
(v − v′) +

(
−hη

2

2
Q1 −

h

2
Q2 +

h3(1 + η2)

8
Q2Q1

)
(x− x′)

+ ϵv + h2
√
1− η4A(x, x′)ξ,

where mId ≺ Q1, Q2 ≺ MId, ϵv ∈ R2d, A(x, x′) ∈ Rd×d and ∥ · ∥L2 := (E∥ · ∥2)1/2, with ∥ϵv∥L2 ≤
2h3

√
d(M3/2 +M1

√
d). Further we have that ∥A(x, x′)ξ∥L2 ≤ 3

8M
√
d.

Proof. The proof is found in Appendix A.2.

Proposition 2.7.3. Consider an HOH scheme, (xi, vi)i∈N and a BAOAB scheme (x′i, v
′
i)i∈N initialized

at (x0, v0) = (x′0, v
′
0) = (x, v) ∼ π in R2d with synchronously coupled Gaussian increments and

stepsize h < 1−η2

2
√
M
, for l ∈ N we define (△l

x,△l
v) := (xl−x′l, vl−v′l). For a = 1/M and b = h/(1−η2)

we have that under Assumptions 2.2.1-2.2.2, for any l ≥ 1,

∥(△l
x,△l

v)∥L2,a,b ≤ 4400
M

m

√
dh.

Additionally, if Assumption 2.2.3 is satisfied, we have for any l ≥ 1,

∥(△l
x,△l

v)∥L2,a,b ≤ 1500

√
M

m

(
4
√
Md+ 3

M1

M
d

)
h(1− η2).
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Proof. The proof is found in Appendix A.2.

Remark 2.7.4. In Proposition 2.7.3 we provide L2 error estimates over l ∈ N steps, this allows

one to go from order h5/2 local error to order h2 global error, as the h5/2 term in the local error

estimate is due to independent Gaussian increments. Similarly, the strong convergence of numerical

solutions of SDEs only loses an order of 1/2 accuracy (see [114, Theorem 1.1.1]), for example, the

Euler-Maruyama scheme or the UBU scheme in [140].

Theorem 2.7.5. Consider a BAOAB scheme with stepsize h < 1−η2

2
√
M

and invariant measure πh on

R2d, with target measure π on R2d. For a = 1/M and b = h/(1−η2) we have that under Assumptions

2.2.1-2.2.2

W2,a,b(π, πh) ≤ 4400
M

m

√
dh.

Additionally, if Assumption 2.2.3 is satisfied we have

W2,a,b(π, πh) ≤ 1500

√
M

m

(
4
√
Md+ 3

M1

M
d

)
h(1− η2).

Proof. Let Ph denote the transition kernel of the BAOAB scheme, which has invariant measure πh.

Then we have that for l ∈ N

W2,a,b(π, πh) ≤ W2,a,b(πP
l
h, πh) +W2,a,b(πP

l
h, π).

We now estimate each of the terms on the right-hand side separately. We have by Theorem 2.4.5

W2,a,b(πP
l
h, πh) = W2,a,b(πP

l
h, πhP

l
h) ≤ 7(1− c(h))(l−1)/2W2,a,b(π, πh).

This term tends to zero as l tends to infinity. By Proposition 2.7.3, and the definition of the Wasserstein

distance, we can bound the term W2,a,b(πP
l
h, π) uniformly for any l, hence our claims follow.

Note that the constraints on the stepsize and friction parameter are the same as for our contraction

result i.e. close to the stability threshold. A consequence of the asymptotic bias results together

with the contraction results is that when the potential satisfies Assumptions 2.2.1-2.2.2 the BAOAB

scheme requires O(d1/2/ϵ) steps to reach an accuracy ϵ > 0 in Wasserstein distance from the target.

If the potential further satisfies Assumption 2.2.3 this can be improved to O(d1/2/ϵ1/2) steps to reach

an accuracy ϵ > 0 in Wasserstein distance from the target. Perhaps under stronger assumptions like

the strongly Hessian Lipschitz assumption of [45], the dimension dependency can be improved. We

remark that the strongly Hessian Lipschitz assumption of [45] implies Assumption 2.2.3.
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This can be also shown to satisfy Definition 2.6.1 with W = INb
and G(q,W ) = ∇̂qU(q)V RSG. Both

(2.8.22) and (2.8.23) are unbiased estimators of the gradient. In situations where the distribution is

concentrated near the minimizer (as the sample size is large compared to the number of parameters,

or the prior is sufficiently strong), the (2.8.23) approximation has a much smaller variance, and we

found that this reduces the bias of sampling algorithms. In the following numerics, we first consider full

gradients for each scheme. We also implemented variance-reduced stochastic gradients for BAOAB,

based on (2.8.23) with batch size Nb = 100.

We minimized the potential based on the BFGS algorithm and computed the smallest and largest

eigenvalues of the Hessian at the minimizer, which were m = 103 and M = 1.7342 · 105. Note that

computing the upper and lower bounds on the Hessian globally is not easy for this problem, so we

used these eigenvalues at the minimizer instead for setting the parameters in our simulations. We

tried two different friction parameters: γ =
√
M (the lowest value of γ for which our theory works)

and γ =
√
m (a good choice based on the contraction rates for Gaussians shown on Figure 2.2). In

terms of stepsize, we tried h ∈ {2/
√
M, 1/

√
M, 1/(2

√
M), 1/(4

√
M)}. The stepsize h = 2/

√
M is

near the anticipated stability threshold of these methods, this is confirmed by the fact that a larger

stepsize (h = 4/
√
M) resulted in unstable behaviour and biases above 103 for all methods.

We used the potential U as a test function, which is often a good choice for examining convergence

of Markov chains. The ground truth posterior mean of U was established based on running a well-

tuned HMC with accept/reject steps (400 parallel runs, 440 million gradient evaluations in total, with

10% burn-in), this had a standard deviation of 0.023. The posterior standard deviation of U was also

estimated based on these samples, it was found to be 19.82.

All tested methods were run in parallel 80 times for 120000 iterations per run (20000 burn-in, 100000

samples), initiated from the minimum of the potential. We computed effective sample sizes based

on the approach of [156], using the Matlab package https://github.com/lacerbi/multiESS. All

methods were implemented in Matlab on a desktop computer using GPU acceleration.

Algorithm
h = 2/

√
M

γ =
√
M

h = 1/
√
M

γ =
√
M

h = 1/(2
√
M)

γ =
√
M

h = 1/(4
√
M)

γ =
√
M

EM 4.2(±0.089) 1.5(±0.13) 0.79(±0.18) 0.28(±0.23)

BBK 2.7(±0.061) 0.67(±0.099) 0.016(±0.14) −0.18(±0.2)

SPV 123(±0.079) 32.1(±0.091) 8.19(±0.13) 2.07(±0.18)

SVV 126(±0.097) 32.8(±0.091) 8.17(±0.13) 2.03(±0.17)

BAOAB −0.043(±0.049) −0.002(±0.058) 0.13(±0.086) −0.055(±0.12)

BAOAB VRSG 0.47(±0.043) 0.23(±0.066) 0.035(±0.087) 0.036(±0.12)

OBABO 2.7(±0.056) 0.67(±0.076) 0.22(±0.13) 0.17(±0.19)

rOABAO −2.6(±0.062) −0.61(±0.094) 0.025(±0.13) −0.16(±0.19)

SES/EB 2.6(±0.072) 1.2(±0.094) 0.71(±0.11) 0.2(±0.18)

Table 2.4: Bias for potential function, γ =
√
M
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Algorithm
h = 2/

√
M

γ =
√
m

h = 1/
√
M

γ =
√
m

h = 1/(2
√
M)

γ =
√
m

h = 1/(4
√
M)

γ =
√
m

EM 6.4 · 104(±0.82) 1.5 · 104(±0.72) 1.1 · 103(±0.73) 4.9(±0.11)

BBK 2.8(±0.034) 0.68(±0.041) 0.1(±0.05) 0.0038(±0.066)

SPV 0.72(±0.036) 0.14(±0.043) 0.06(±0.054) −0.014(±0.073)

SVV 3.5(±0.036) 0.81(±0.043) 0.26(±0.061) 0.05(±0.089)

BAOAB 0.03(±0.038) −0.011(±0.049) −0.046(±0.062) 0.043(±0.074)

BAOAB VRSG 6.4(±0.04) 2.4(±0.051) 1.1(±0.063) 0.55(±0.075)

OBABO 2.7(±0.032) 0.65(±0.041) 0.22(±0.052) 0.11(±0.071)

rOABAO −1.7(±0.041) −0.55(±0.041) −0.2(±0.054) −0.033(±0.081)

SES/EB 6.0 · 104(±0.61) 1.5 · 104(±0.48) 1.1 · 103(±0.59) 4.7(±0.068)

Table 2.5: Bias for potential function, γ =
√
m

Algorithm
h = 2/

√
M

γ =
√
M

h = 1/
√
M

γ =
√
M

h = 1/(2
√
M)

γ =
√
M

h = 1/(4
√
M)

γ =
√
M

EM 146(±0.7) 221(±0.998) 282(±0.822) 327(±0.581)

BBK 85(±0.535) 148(±0.726) 221(±0.969) 285(±0.933)

SPV 86.7(±0.554) 148(±0.775) 221(±0.887) 284(±0.992)

SVV 86.5(±0.645) 147(±0.801) 222(±0.916) 283(±0.825)

BAOAB 44.3(±0.304) 88.7(±0.585) 152(±0.812) 228(±0.822)

BAOAB VRSG 44.6(±0.332) 86.8(±0.578) 152(±0.915) 226(±0.934)

OBABO 68.6(±0.491) 140(±0.84) 218(±0.942) 282(±0.809)

rOABAO 68.5(±0.507) 140(±0.692) 219(±0.781) 283(±0.862)

SES/EB 87.4(±0.593) 149(±0.663) 220(±0.831) 284(±0.809)

Table 2.6: Gradient evaluations / ESS (potential function), γ =
√
M

Algorithm
h = 2/

√
M

γ =
√
m

h = 1/
√
M

γ =
√
m

h = 1/(2
√
M)

γ =
√
m

h = 1/(4
√
M)

γ =
√
m

EM N.A. N.A. N.A. 189(±0.955)

BBK 15(±0.124) 30.1(±0.233) 57.5(±0.352) 108(±0.717)

SPV 15.1(±0.106) 29.7(±0.209) 57.4(±0.408) 109(±0.725)

SVV 15(±0.121) 29.9(±0.222) 57.5(±0.341) 108(±0.628)

BAOAB 18.8(±0.128) 36.4(±0.288) 66.4(±0.461) 116(±0.849)

BAOAB VRSG 19.7(±0.169) 36.4(±0.242) 67.8(±0.447) 114(±0.662)

OBABO 15(±0.118) 30(±0.204) 57.5(±0.471) 108(±0.711)

rOABAO 16.5(±0.236) 29.7(±0.218) 58.2(±0.356) 109(±0.669)

SES/EB N.A. N.A. N.A. 108(±0.652)

Table 2.7: Gradient evaluations / ESS (potential function), γ =
√
m. N.A. indicates that the method

did not converge for the given stepsize.

Firstly, when changing from γ =
√
M to γ =

√
m, we can see that the changes in bias are not

significant for BAOAB, OBABO, rOABAO, and BBK, the bias increases significantly for EM and SES

(instability issues) and somewhat for BAOAB VRSG, and the bias decreases significantly for SPV

and SVV. In terms of gradient evaluations per ESS, the choice γ =
√
m is more efficient by a factor

of 2-6 for all methods except EM and SES. This is in line with the recent research in accelerated

convergence rates for underdamped Langevin dynamics ([38, 167]).
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We can see that BAOAB has an impressively low bias for the potential test function even at the largest

stepsize 2/
√
M , and it also has a competitive computational cost in terms of gradient evaluations /

effective sample size (ESS). The VRSG variant of BAOAB has a somewhat larger bias (especially at

lower frictions), but it requires a similar number of iterations per ESS, with much lower computational

cost per iteration compared to using full gradients. The rOABAO scheme based on randomized

midpoints has a relatively low bias at all stepsizes and requires a rather small number of gradient

evaluations per iteration. It is beyond the scope of this chapter, but we think that more significant

differences could arise between these schemes for less smooth potentials.



Chapter 3

Unbiased kinetic Langevin Monte Carlo

3.1 Introduction

3.1.1 Unbiased estimation without accept/reject steps

This chapter describes a technique for performing Bayesian inference based on unbiased unadjus-

ted Markov chain Monte Carlo that does not rely on Metropolis-Hastings accept/reject steps. Our

algorithm is based on a multilevel scheme [77] that combines several different unadjusted MCMC

chains to eliminate bias efficiently. Our approach is related to a recent paper [138] that introduced an

unbiased unadjusted MCMC method, however we employ state-of-the-art integrators, and we extend

the method with modifications for handling incomplete (or approximate) gradients, thus obtaining a

procedure with improved scalability and competitiveness compared to state-of-the-art algorithms such

as randomized Hamiltonian Monte Carlo (RHMC) [29, 45].

There have been several proposals for creating computationally efficient estimators for functions

of SDE paths based on numerical discretization using multilevel Monte Carlo variance reduction

techniques. Our scheme relates to the method of Muller et al [118] for approximating functions of

whole paths of kinetic Langevin dynamics using integrators based on splitting. Unlike our approach,

that work did not address the stationary distribution; moreover, the burn-in bias was not eliminated,

and they did not consider the incorporation of approximate or stochastic gradients. More recently,

Giles et al [78] introduced a general framework for multilevel approximation of expectations with

respect to the stationary distribution of overdamped Langevin dynamics and also considered stochastic

gradients. However, their approach does not produce unbiased samples, and overdamped Langevin

dynamics generally appear less efficient at exploring distributions with high condition numbers than

well-tuned kinetic Langevin dynamics [124], as considered here. Until this work, multilevel approaches

have not been shown to be competitive with Hamiltonian Monte Carlo methods for high-dimensional

sampling.

48
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where f is some arbitrary quantity of interest, π̂h0(f) is an unbiased estimator of πh0(f), and

π̂hl+1,hl
(f) is an unbiased estimator of πhl+1

(f) − πhl
(f). A sophisticated coupling construction

was used for defining π̂hl+1,hl
(f) based on four Markov chains using Euler–Maruyama discretization

of (3.1.1). Under certain weak assumptions, the estimator (3.1.3) was shown to have no bias, finite

variance and finite expected computational cost.

In our algorithm:

(i) The burn-in bias is eliminated differently, resulting in simpler couplings. Our estimator is still of

the form (3.1.3). However, instead of estimating πh0(f) and πhl+1
(f)− πhl

(f), which requires

eliminating the burn-in bias for both discretization levels, we let π̂h0(f) be an unbiased estimator

of π̃h0(f), and π̂hl+1,hl
(f) be an unbiased estimator π̃hl+1

(f)− π̃hl
(f). Here π̃hl

(f) denotes the

expected value of f according to the empirical distribution of a Markov chain using discretization

stepsize hl, thinning 2l, and burn-in period of length (B0 + l · B)/hl, for some constants

B0, B > 0. See Figure 3.2 for an illustration. Due to the increasing burn-in periods at smaller

stepsizes, the bias of π̃hl
(f) shrinks to zero as l → ∞. With this approach, we only need to

couple two chains for creating unbiased estimators of π̃hl+1
(f)−π̃hl

(f), and simple synchronous

couplings can be used.

(ii) We use UBU discretization instead of Euler-Maruyama. The higher accuracy of UBU means

that the differences between consecutive discretization levels hl and hl+1 are smaller, and as

a result, our estimator has a lower variance. We show that under certain assumptions, it is

unbiased, has finite variance and finite expected computational cost.

(iii) In our method, the number of samples per level is deterministic (except at very small stepsize),

and we can use Richardson extrapolation [130] to further lower the variance.

(iv) We show unbiasedness and finite variance even when using approximate or stochastic gradients.

This dramatically improves the scalability of our method to large datasets.

(v) The usual unbiased estimator of Rhee and Glynn takes the form

π̂(f) =
ξL

PL(L)
, (3.1.4)

such that

E[ξl∗ ] = πl∗(f),

E[ξl] = πl(f)− πl−1(f) l ∈ {l∗ + 1, l∗ + 2, . . .},

where L is a random variable with probability mass function PL on Nl∗ := {l∗, l∗ + 1, . . .}
that is independent of the sequence {ξl}l∈Nl∗

. This approach was also used in [138]. Various

alternative schemes with lower variance were proposed in [157].
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Burn-in Samples
KB0 Level 0

Stepsize h

KB0+B

KB0+2B

Level 1
Stepsize h

Level 2
Stepsize h

0

1

2

N copies of 
Level 0

}N0,1 copies

}N1,2 copies

Figure 3.2: Elimination of bias by increasing burn-in lengths at higher discretization levels.

3.1.3 Organization

This chapter is organized as follows. In Section 3.2, we provide the necessary background material

related to this work, including a discussion of splitting methods for kinetic Langevin dynamics, in

particular the UBU discretization, as well as others such as BAOAB. We then discuss variants of our

algorithm based on UBU, which includes an extension to stochastic gradients.

Section 3.3 is devoted to introducing our unbiased algorithms. We first provide some simple conditions

for creating unbiased estimators with finite variance based on telescopic sums, together with a central

limit theorem for such estimators. We then present our method using exact gradients and discuss

necessary assumptions for unbiasedness and finite variance including showing that the variance of the

estimator is finite. In addition to exact gradients, we also state versions of our method using stochastic

and approximate gradients, with theoretical analysis.

Numerical experiments are provided in Section 3.4 on a range of model problems, including a simple

Gaussian problem, an MNIST multinomial regression problem and a Poisson regression model applied

to soccer game outcome prediction. Our unbiased methods are compared to RHMC, and demonstrate

gains in terms of accuracy, and computational efficiency for high-dimensional problems, while elimin-

ating bias.

Finally, we provide detailed proofs of all theorems in the appendices, as summarized in B.1.

Table 3.1 compares various Metropolized methods of the literature with our approach. [45] states that

the warm start assumption cannot be removed as [97] has shown a lower bound of O(d1/2) without

it. [4] proposes an algorithmic warm start using unadjusted kinetic Langevin dynamics at O(d1/2)

gradient evaluations. For Gaussian targets, [5] has shown that it is possible to achieve a warm start

using O(d1/4) gradient evaluations.

Algorithm Gradient Evaluations Conditions Reference

MALA O(d3/7) h = O(d−3/7), warm start [45]

HMC O(d1/4) h = O(d−1/4), warm start [45]

RHMC O(d1/4) h = O(d−1/4), warm start, Gaussian target [5]

UBUBU O(d1/4) h0 = O(d−1/4) this work

Table 3.1: Dimension dependency of gradient evaluations per effective sample for different algorithms
for m-strongly convex, M -∇Lipschitz, M s

1 -strongly Hessian Lipschitz potentials, in comparison to
UBUBU.
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3.2 Background & preliminary material

In this section, we provide the essential background material on kinetic (underdamped) Langevin

dynamics and a splitting-type scheme called UBU. We then discuss the extension to stochastic

gradients and state assumptions required in the remainder of the chapter.

For this work, we consider Langevin dynamics as defined by Equation (3.1.1) under temporal discret-

ization. The simplest discretization is the Euler-Maruyama scheme. For a given stepsize h > 0, this

proceeds, after initialization of x0, v0, with the following recursion:

xk+1 = xk + hvk,

vk+1 = vk − h∇U(xk)− hγvk +
√

2γhξk+1,
(3.2.5)

where (ξk)k∈N are i.i.d. N (0d, Id) random variables. Under suitable assumptions on the potential

U , for h small enough, the discrete-time Markov chain expressed as {xk, vk}k∈N admits a unique

invariant measure πh and moreover converges geometrically, meaning that for suitable classes of

functions f : R2d → R,

E

(K−1
K∑
k=1

f(xk, vk)−
∫
f(x, v)πh(dxdv)

)2
 = O(K−1),

see [63]. In addition to this, πh converges to π in distribution, as h → 0. These types of results

regarding convergence and accuracy can be extended to other numerical discretizations for the

underdamped system, which we next discuss.

3.2.1 Splitting methods

Improved discretization methods with a high order of accuracy in both the weak and strong senses

can be constructed by splitting [21, 98, 149], in which the SDE is broken into parts that can be either

be solved analytically or which are in some way easier to handle numerically.

An accurate splitting method was introduced in [169] and was also studied in [140]. This splitting

method only requires one gradient evaluation per iteration but has strong order two. The method is

based on splitting the SDE (3.1.1) as follows(
dx

dv

)
=

(
0

−∇U(x)dt

)
︸ ︷︷ ︸

B

+

(
vdt

−γvdt+
√
2γdWt

)
︸ ︷︷ ︸

U

,

which can be integrated exactly over a step of size h. Given γ > 0, let η = exp (−γh/2), and for

ease of notation, we define the following operators

B(x, v, h) = (x, v − h∇U(x)), (3.2.6)
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and

U(x, v, h/2, ξ(1), ξ(2)) =
(
x+

1− η

γ
v +

√
2

γ

(
Z(1)

(
h/2, ξ(1)

)
−Z(2)

(
h/2, ξ(1), ξ(2)

))
,

ηv +
√

2γZ(2)
(
h/2, ξ(1), ξ(2)

))
,

(3.2.7)

where

Z(1)
(
h/2, ξ(1)

)
=

√
h

2
ξ(1),

Z(2)
(
h/2, ξ(1), ξ(2)

)
=

√
1− η2

2γ

(√
1− η

1 + η
· 4

γh
ξ(1) +

√
1− 1− η

1 + η
· 4

γh
ξ(2)

)
.

(3.2.8)

The B operator indicated here is as given previously, whereas U as defined above is the exact solution

in the weak sense of the remainder of the dynamics when ξ(1), ξ(2) ∼ N (0, Id) are independent

random vectors. Different orders of composition of B and U can be taken to define different numerical

integrators of kinetic Langevin dynamics, two such methods considered in [169] are BUB, a half step

in B, followed by a full step in U and a further half step in B and UBU, a half step in U followed by

a full B step, followed by a half U step.

The Markov kernel for an UBU step with stepsize h will be denoted by Ph, which can be described

by (3.2.9) as follows.(
ξ
(i)
k+1

)4
i=1

, ξ
(i)
k+1 ∼ N (0d, Id) for all i = 1, ..., 4.

(xk+1, vk+1) = UBU
(
xk, vk, h, ξ

(1)
k+1, ξ

(2)
k+1, ξ

(3)
k+1, ξ

(4)
k+1

)
= U

(
B
(
U
(
xk, vk, h/2, ξ

(1)
k+1, ξ

(2)
k+1

)
, h
)
, h/2, ξ

(3)
k+1, ξ

(4)
k+1

)
.

(3.2.9)

We have found that the strong second-order property and generally high accuracy of UBU makes it

suitable for unbiased estimation, as described in Section 3.3.

The BAOAB method is an alternative splitting scheme that is known to be second-order weakly

accurate and has small bias (see [28, 98, 99, 101]). BAOAB is exact for Gaussian targets and has

a robustness property for large values of the friction parameter γ (see [105]), but its strong order is

one. Theorem 3.3 of [152] claims that the stochastic velocity Verlet (SVV) method is, like UBU, also

strongly second-order accurate. Despite their strengths as raw sampling schemes, both BAOAB and

SVV exhibited worse performance than UBU in our preliminary numerical experiments in the setting

of unbiased estimation. For this reason, we focus on UBU in this chapter. Nevertheless, it is important

to note that the unbiased estimation approach of this chapter is by no means limited to the UBU

integrator, and its performance could be further improved by more accurate integrators developed in

the future.
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3.2.2 Extension to stochastic gradients

In this subsection, we consider extending splitting methods with the use of stochastic gradients. We

use the following definition from [103].

Definition 3.2.1. A stochastic gradient approximation of a potential U is defined by a function

G : Rd × Ω → Rd and a probability distribution ρ on a Polish space Ω, such that for every x ∈ Rd,

G(x, ·) is measurable on (Ω,F), and for ω ∼ ρ,

E(G(x, ω)) = ∇U(x).

The function G and the distribution ρ together define the stochastic gradient, which we denote as

(G, ρ).

The following assumption is useful for controlling the accuracy of the stochastic gradient approxima-

tions.

Assumption 3.2.2. We assume that the Jacobian of the stochastic gradient G, DxG(x, ω) exists and
it is measurable on (Ω,F). We also assume there exists CG > 0 such that for ω ∼ ρ,

sup
x∈Rd

E∥DxG(x, ω)−∇2U(x)∥2 ≤ CG.

Replacing the exact gradients with such stochastic gradients in the B step yields

BG(x, v, h, ω) = (x, v − hG(x, ω)), (3.2.10)

and we can use this inside BAOAB and UBU to obtain stochastic gradient variants.

[103] has proven convergence bounds for BAOAB with stochastic gradients in Wasserstein distance and

also shown that some widely used stochastic gradient schemes (random sampling with replacement,

control variate gradient estimator) satisfy the conditions of Definition 3.2.1 and Assumption 3.2.2.

3.3 Unbiased multilevel Monte Carlo methods

In this section, we introduce and motivate our proposed algorithm, which we refer to as Unbiased UBU

(UBUBU). We first describe the basic unbiased Monte Carlo scheme and introduce some essential

assumptions. We then give relevant results which help to motivate our estimator, including a central

limit theorem, a non-asymptotic bound on the variance with exact gradients, and other related results.

Finally, we state our algorithm.

Suppose that for each h ∈ (0, hmax] (stepsize parameter), Qh is a Markov kernel on some Polish state

space Λ with stationary distribution µh such that µh converges to µ in distribution as h → 0 (for

example, these might be discretizations of a diffusion with different time stepsizes). Assume that we

are interested in computing the expectation µ(f) of a function f satisfying πh(f
2) < ∞ for every

h ∈ (0, hmax] and µ(f2) <∞. [138] suggested a multilevel estimation method based on stepsizes

h0 ∈ (0, hmax] and hl = h0 · 2−l for l = 1, 2, . . . , (3.3.11)
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using a telescopic sum of the form

µ(f) = µh0(f) +

∞∑
j=1

(µhj
(f)− µhj−1

(f)).

Unbiased estimators of each term in the sum can be constructed via coupling. A challenge with

this approach is that obtaining an unbiased estimator for µh0(f) already requires two chains to be

coupled based on the approach proposed in the papers [39, 79, 82, 86]. Estimating the expectations

µhj
(f)− µhj−1

(f) is even more challenging, requiring the coupling of four chains. The nature of the

couplings means that it is not straightforward to use splitting methods such as UBU or BAOAB (as

Markov kernels from different starting points need to be coupled closely in total variation distance,

and this is difficult unless the distributions are Gaussian).

To overcome such issues, we propose a different telescoping sum for estimating µ(f),

µ(f) = µ̃h0(f) +

∞∑
l=0

(µ̃hl+1
(f)− µ̃hl

(f)). (3.3.12)

Here µ̃hl
are created using some empirical averages, which will be defined in the rest of this section

for exact, stochastic, and approximate gradients.

Suppose that D0 is a random variable satisfying that E(D0) = µ̃0(f). Let {D(r)
0 }Nr=1 be N i.i.d.

copies of D0, and we define

S0 =
1

N

N∑
r=1

D
(r)
0 . (3.3.13)

Then it is clear that E(S0) = E(D0) = µ̃h0(f).

Let Dl,l+1 be a random variable such that

EDl,l+1 = µ̃hl+1
(f)− µ̃hl

(f).

Let c0,1, c1,2, . . . be positive constants such that cl,l+1 → 0 as l → ∞, and let

L(N) = max {l ∈ N : cl,l+1N ≥ 0.5} ,

Nl,l+1 = ⌈cl,l+1N⌉ for l ≤ L(N),

Nl,l+1 ∼ Bernoulli(cl,l+1N) for l > L(N).

(3.3.14)

For each l ≥ 1, let {D(r)
l,l+1}

Nl,l+1

r=1 be Nl,l+1 i.i.d. copies of Dl,l+1, and

Sl,l+1 =
1

E(Nl,l+1)

Nl,l+1∑
r=1

D
(r)
l,l+1. (3.3.15)

It is clear from the definitions and Wald’s equation that

ESl,l+1 = EDl,l+1 = µ̃hl+1
(f)− µ̃hl

(f).
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Our first estimator is defined as

S = S0 +
∞∑
l=0

Sl,l+1, (3.3.16)

where the terms S0, S0,1, S1,2, . . . are independent.

The random Dl,l+1 variable will play a key role in our approach, as it is going to link two different

discretization levels with stepsizes hl and hl+1. Var(S) depends on Var(Dl,l+1), which is determined

by how closely we couple the two discretizations. This is closely related to the strong order of the

discretizations, determining how close they are to the underlying diffusion.

It is possible to improve estimator (3.3.16) slightly by the use of Richardson extrapolation [130].

The idea is that when h is sufficiently small, for Qh defined in terms of an SDE discretization,

the differences µh(f) − µ(f) tend to follow a certain asymptotic behaviour in h, which can be

characterized by an asymptotic expansion [98, 101]. For symmetric splittings like BAOAB it is known

that µh(f) − µ(f) = cf,µh
2(1 + O(h)) for some constant cf,µ depending on f and µ. The same

property can be established for UBU, using similar arguments. Based on this observation, and taking

into account that such behaviour may only be valid at small stepsizes, our refined estimator is defined

as

S(cR) = S0 +

L(N)−1∑
l=0

Sl,l+1 +
SL(N),L(N)+1

1− cR
+

∞∑
l=L(N)+1

Sl,l+1, (3.3.17)

Sl,l+1 =
1

E(Nl,l+1)

Nl,l+1∑
r=1

[
D

(r)
l,l+1 − SL(N),L(N)+1 · c

l−L(N)
R

]
,

where cR ∈ [0, 1) can be any number (we state the recommended choice of this in our algorithms).

Our first estimator S is a special case since S(0) = S.

The key assumptions we make on the variances are as follows:

Assumption 3.3.1. f : Λ → R is a measurable function. (µ̃hl
)l≥0 is a sequence of distributions

satisfying that µ̃hl
(f) → µ(f) as l → ∞. The random variable D0 satisfies that E(D0) = µh0(f),

Var(D0) <∞, for every l ≥ 0, the random variableDl,l+1 satisfies that E(Dl,l+1) = µ̃l+1(f)−µ̃l+1(f)

and |E(D2
l,l+1)| ≤ VDϕ

−l
D for some finite constants VD > 0, ϕD > 2.

Assumption 3.3.2. The constants cl,l+1 controlling Nl,l+1 satisfy

cNϕ
−l
N ≤ cl,l+1 ≤ cNϕ

−l
N ,

for some finite constants 0 < cN ≤ cN , ϕN > 2.

Assumption 3.3.3. The computational cost of generating a sample fromDl,l+1 isO(2l(K+lB+B0))

for some finite constants B, B0, and generating a sample from D0 has a finite computational cost.

Proposition 3.3.4. Suppose that Assumptions 3.3.1, 3.3.2 and 3.3.3 hold, and that 2 < ϕN < ϕD.

Then S as defined in (3.3.16) is an unbiased estimator of µ(f) that has finite variance

Var(S) ≤ Var(D0)

N
+

VD

NcN

(
1− ϕN

ϕD

) ,



3.3. Unbiased multilevel Monte Carlo methods 57

and finite expected computational cost.

Similarly, for any cR ∈ [0, 1), S(cR) as defined in (3.3.17) is also an unbiased estimator of µ(f) with

finite variance

Var(S(cR)) ≤

Var(D0)

N
+

VD

NcN

(
1− ϕN

ϕD

) +
VD

NcN

(
1− ϕN

ϕD

) 2

(1− cR)2

(
ϕN
ϕD

)log(2cNN/ϕN )/ log(ϕN )

,

and finite expected computational cost.

Proof. See Section B.2 of the Appendix.

We show below that a Central Limit Theorem (CLT) holds for these estimators.

Theorem 3.3.5. Under the assumptions of Proposition 3.3.4, we have that, as N → ∞,

√
N(S − µ(f)) ⇒ N (0, σ2S) and

√
N(S(cR)− µ(f)) ⇒ N (0, σ2S),

where

σ2S := Var(D0) +
∞∑
l=0

Var(Dl,l+1)

cl,l+1
. (3.3.18)

Proof. See Appendix B.2.

3.3.1 UBUBU with exact gradients

Now, we will specify the way D0 and Dl,l+1 are defined based on UBU discretization of (3.1.1) with

exact gradients, as defined in (3.2.9). Let µ0 be an initial distribution on Λ that we can readily sample

from, for example, a Dirac-δ at the maximum-a-posteriori (MAP) estimator. Let

R0 = Ph0 and Rl = P 2l

hl
for l = 1, 2, . . . . (3.3.19)

These Markov kernels correspond to the same amount of time h0 in the timescale of the limiting

diffusion (and clearly, Rl still has µhl
as its stationary distribution). Consider B0 burn-in steps with

kernel R0 at level 0, and Bl = B0+ lB steps with kernel Rl at level l. Define the approximate versions

of µhl
as

µ̃hl
=

1

K

K∑
i=1

µ0R
Bl+i
l . (3.3.20)

Estimates with respect to this can be computed by taking Bl burn-in steps according to Rl (equival-

ently 2lBl burn-in steps according to Phl
), and then K additional steps that are used for computing

an empirical average. In this way, we can compute expectations with respect to µ̃hl
without the use

of couplings. Moreover, given that at the diffusion time scale, the burn-in time tends to infinity as l

grows, it is reasonable to expect that under suitable assumptions, µ̃hl
converges to µ as l → ∞.
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Let D0 be the empirical average of a function f based on K samples from Markov chain with

kernel R0 with burn-in B0 initiated from µ0, i.e. for the Markov chain z
(0)
−B0

∼ µ0, z
(0)
−B0+1 ∼

R0(z
(0)
−B0

, ·), . . . , z(0)K ∼ R0(z
(0)
K−1, ·). Let ν0 denote the joint distribution of z

(0)
−B0

, . . . , z
(0)
K , and define

D0 =
1

K

K∑
i=1

f(z
(0)
i ). (3.3.21)

Let {D(r)
0 }Nr=1 be N i.i.d. copies of D0, and define

S0 =
1

N

N∑
r=1

D
(r)
0 . (3.3.22)

Then it is clear that E(S0) = E(D0) = µ̃h0(f). For l ≥ 0, let z
(l,l+1)
−Bl

, . . . , z
(l,l+1)
K , z′

(l,l+1)
−Bl+1

, . . . , z′
(l,l+1)
K

be Λ valued random variables defined on the same probability space (i.e. coupled) such that

• z
(l,l+1)
−Bl

, . . . , z
(l,l+1)
K is a Markov chain with kernel Rl initiated as z

(l,l+1)
−Bl

∼ µ0, and

• z′
(l,l+1)
−Bl+1

, . . . , z′
(l,l+1)
K is a Markov chain with kernel Rl+1 initiated z′

(l,l+1)
−Bl+1

∼ µ0.

Let

Dl,l+1 =
1

K

K∑
i=1

[f(z′
(l,l+1)
i )− f(z

(l,l+1)
i )]. (3.3.23)

From the definitions, it follows that

EDl,l+1 = µ̃hl+1
(f)− µ̃hl

(f),

hence Dl,l+1 is an unbiased estimator of the difference µ̃hl+1
(f)− µ̃hl

(f).

When these Markov chains are discretizations of the same diffusion, it is natural to create synchronous

couplings by using the same Brownian noise to generate the Gaussian random variables used during

the periods z−Bl
, . . . , zK and z′−Bl

, . . . , z′K . Such couplings can significantly reduce the variance of

Dl,l+1. Let B and U be as in (3.2.6-3.2.7). Further we define U2 to be

U2(x, v, h, ξ(1), ξ(2), ξ(3), ξ(4)) = U
(
U
(
x, v, h/2, ξ(1), ξ(2)

)
, h/2, ξ(3), ξ(4)

)
. (3.3.24)

As U is an exact solution in the weak sense to its respective component in the splitting, this is an

exact solution in the weak sense which uses Brownian increments
(
ξ(1), ξ(2)

)
in the first half step h/2

and
(
ξ(3), ξ(4)

)
in the second half step h/2. The U2 operator is an exact solution over stepsize h.

A coupling can be constructed between discretization levels so that the two discretization levels

share Brownian motion in the exact integration of the U steps. This is done by using the Brownian

increments from two respective U solutions at the higher level and concatenating them using the U2

operator at the lower level. Next, the stochastic integrals in the two levels are coupled by sharing the

same Brownian noise. The Markov kernel Ph,h/2 for the two discretization levels h, h/2 is defined as
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follows.(
ξ
(i)
k+1

)8
i=1

∼ N (0d, Id) for all i = 1, ..., 8.(
x′k+1/2, v

′
k+1/2

)
= U

(
B
(
U
(
x′k, v

′
k, h/4, ξ

(1)
k+1, ξ

(2)
k+1

)
, h/2

)
, h/4, ξ

(3)
k+1, ξ

(4)
k+1

)
(
x′k+1, v

′
k+1

)
= U

(
B
(
U
(
x′k+1/2, v

′
k+1/2, h/4, ξ

(5)
k+1, ξ

(6)
k+1

)
, h/2

)
, h/4, ξ

(7)
k+1, ξ

(8)
k+1

)
(xk+1, vk+1) =

U2
(
B
(
U2
(
xk, vk, h/2, ξ

(1)
k+1, ξ

(2)
k+1, ξ

(3)
k+1, ξ

(4)
k+1

)
, h
)
, h/2, ξ

(5)
k+1, ξ

(6)
k+1, ξ

(7)
k+1, ξ

(8)
k+1

)
.

(3.3.25)

This Markov chain acts on the state space Rd × Rd × Rd × Rd, moving from (xk, vk, x
′
k, v

′
k) to

(xk+1, vk+1, x
′
k+1, v

′
k+1) via the steps in (3.3.25). When looking at the individual components, (xk, vk) →

(xk+1, vk+1) corresponds to one UBU step at stepsize h, while (x′k, v
′
k) → (x′k+1, v

′
k+1) corresponds

to two UBU steps at stepsize h/2. A key property here is that the stochastic integrals between two

steps are synchronously coupled, which ensures that these two chains approximate the same underlying

diffusion (in the strong sense). Hence, they are expected to remain close, which was observed in our

numerical simulations.

We now create a coupling between levels l and l + 1, denoted by νl,l+1.

νl,l+1 coupling

1: For given initial distribution µ0 on Λ, we define z
(l,l+1)
−Bl

∼ µ0 and z
′(l,l+1)
−Bl+1

∼ µ0 as independent random variables.

2: We let z
′(l,l+1)
−Bl+1

, . . . , z
′(l,l+1)
−Bl

be a Markov chain evolving according to Rl+1 = (Phl+1)
2l+1

.

3: Let (z
(l,l+1)
−Bl

, z
′(l,l+1)
−Bl

), (z
(l,l+1)
−Bl+1, z

′(l,l+1)
−Bl+1 ), . . . , (z

(l,l+1)
K , z

′(l,l+1)
K ) be a Markov chain evolving according to Rl,l+1 =

(Phl,hl+1)
2l .

4: Let νl,l+1 denote the joint distribution of z
(l,l+1)
−Bl

, . . . , z
(l,l+1)
K , z

′(l,l+1)
−Bl+1

, . . . , z
′(l,l+1)
K .

The motivation for this νl,l+1 coupling is that if two coupled chains are driven by the same noise and

approximate the same diffusion, they are expected to be close most of the time. Given a sufficiently

long burn-in, they will likely stay close during the iterations 1, 2, . . . ,K used for computing the

differences in their empirical averages, reducing the variance of Dl,l+1. Let cN > 0 and ϕN > 2 be

constants, and let

cl,l+1 = cNϕ
−l
N for l ∈ N. (3.3.26)

We call the overall estimator S(cR) based on formula (3.3.17) with Dl,l+1 defined based on coupling

construction νl,l+1 as Unbiased UBU (or UBUBU, for short). The steps for constructing this estimator

are summarized in Algorithm 2.

Now, we will state our theoretical results for this algorithm. To prove unbiasedness and finite variance

for our estimator S(cR), we require several assumptions, which we state below. These include as-

sumptions on the smoothness and strong convexity of our potential, as well as restrictions on various

parameters of the algorithm.
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Algorithm 2 Unbiased-UBU (UBUBU)
1: Input:

• Maximum stepsize h0.
• Friction parameter γ > 0.
• Initial distribution µ0 on Rd × Rd for l ≥ 0.
• Potential function U : Rd → R of target distribution.
• Burn-in length parameters B0 and B.
• Number of samples parameter K.
• Number of parallel chains parameters N , cN and ϕN .
• Richardson extrapolation parameter cR ∈ [0, 1) (default value cR = 1

4
).

• Test function f .
2: Averages from level 0:
3: for r = 1, . . . , N do
4: Sample z

(0,r)
−B0

, . . . , z
(0,r)
K from ν0.

5: Compute D
(r)
0 based on (3.3.21) using the samples z

(0,r)
1 , . . . , z

(0,r)
K .

6: end for
7: Compute S0 using (3.3.22).
8: Generate number of chains:
9: Sample Nl,l+1 according to (3.3.14), let lmax = max{l : Nl,l+1 > 0}.
10: Averages of differences Dl,l+1 from l = 0, . . . , lmax:
11: for l = 0, . . . , lmax do
12: for r = 1, . . . , Nl,l+1 do

13: Sample z
(l,l+1,r)
−Bl

, . . . , z
(l,l+1,r)
K , z

′(l,l+1,r)
−Bl+1

, . . . , z
′(l,l+1,r)
K according to νl,l+1.

14: Compute D
(r)
l,l+1 based on (3.3.23) using z

(r,l,l+1)
1 , . . . , z

(r,l,l+1)
K , z

′(r,l,l+1)
1 , . . . , z

′(r,l,l+1)
K .

15: end for
16: Compute Sl,l+1 using (3.3.15).
17: end for
18: Compute S(cR) using (3.3.17).
19: Output:
20: Unbiased estimator S(cR),

21: Samples z
(0,r)
1 , . . . , z

(0,r)
K for parallel chains 1 ≤ r ≤ N ,

22: Samples z
(l,l+1,r)
1 , . . . , z

(l,l+1,r)
K , z

′(r,l,l+1)
1 , . . . , z

′(r,l,l+1)
K for 0 ≤ l ≤ lmax, chains 1 ≤ r ≤ Nl,l+1.

Assumption 3.3.6 (M -∇ Lipschitz). U : Rd → R is twice continuously differentiable and there

exists M > 0 such that for all x, y ∈ Rd

∥∇U(x)−∇U(y)∥ ≤M∥x− y∥.

Assumption 3.3.7 (m-strong convexity). U : Rd → R is continuously differentiable and there exists

m > 0 such that for all x, y ∈ Rd

⟨∇U(x)−∇U(y), x− y⟩ ≥ m|x− y|2.

The strongly Hessian Lipschitz property relies on the following tensor norm from [45], which we require

in our setup.

Definition 3.3.8. For A ∈ Rd×d×d, let

∥A∥{1,2}{3} = sup
x∈Rd×d,y∈Rd


d∑

i,j,k=1

Aijkxijyk

∣∣∣∣∣∣
d∑

i,j=1

x2ij ≤ 1,
d∑

k=1

y2k ≤ 1

 .
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Remark 3.3.9. The ∥A∥{1,2}{3} norm in Definition 3.3.8 can be equivalently written as

∥A∥{12}{3} =

∥∥∥∥∥∑
i1

AT
i1,·,· ·Ai1,·,·

∥∥∥∥∥
1/2

, (3.3.27)

where Ai1,·,· = (Ai1,i2,i3)1≤i2≤d,1≤i3≤d is a d× d matrix, see the proof of Lemma 7 of [123].

Assumption 3.3.10 (M s
1 -strongly Hessian Lipschitz). U : Rd → R is three times continuously

differentiable and M s
1 -strongly Hessian Lipschitz if there exists M s

1 > 0 such that

∥∇3U(x)∥{1,2}{3} ≤M s
1

for all x ∈ Rd.

Remark 3.3.11. In Lemma B.8.6 in the Appendix, we show that Bayesian multinomial regression

satisfies this assumption.

Assumption 3.3.12 (1-Lipschitzness of f). f is a 1-Lipschitz function with respect to the Euclidean

distance on R2d, that only depends on x, not v (i.e. f(x, v) = f(x, v′) for any x, v, v′ ∈ Rd).

Assumption 3.3.13 (Distance of initial distribution from target). The initial distribution on Λ = R2d

satisfy that W2(π, µ0) ≤ cµ0

√
d
m , for some cµ0 > 0.

Remark 3.3.14. It is easy to show that under Assumption (3.3.7), for µ0 = δx∗ ×N (0d, Id), and for

µ0 = N (x∗, (∇2U(x∗))−1)×N (0d, Id) (Gaussian approximation), this condition holds with cµ0 = 2.

The heart of the work is related to demonstrating unbiasedness and finite variance as a result of

the multilevel scheme presented in Figure 3.2. We now state our first main result, which is a non-

asymptotic bound on the variance of our estimator (3.3.17).

Theorem 3.3.15. Suppose that Assumptions 3.3.6, 3.3.7, 3.3.10, 3.3.12, 3.3.13 hold, and in addition,

γ ≥
√
8M, h0 ≤

1

γ
· m

264M
, B ≥ 16 log(4)γ

mh0
, B0 ≥

16γ

mh0
log

(
cµ0 + 1√
Mγh20

)
.

Suppose that cR ∈ [0, 1), and 2 < ϕN < 16. Then for any N ≥ 1, the UBUBU estimator S(cR) has

finite expected computational cost, ES(cR) = π(f), and it has finite variance. Moreover, it satisfies

a CLT as N → ∞, and the asymptotic variance σ2S defined in (3.3.18) can be bounded as

σ2S ≤ C(m,M,M s
1 , γ, cN , ϕN )

Kh0

(
1 +

1

h0K
+ dh40

)
.

Proof. See Section B.4.3 in the Appendix.

Remark 3.3.16. In particular, when setting h0 = O(d−1/4), and K > 1/h0, the bound simplifies

to Var(S(cR)) ≤ C(γ,m,M,M1)
NKh0

. This indicates that the overall number of gradient evaluations per

effective sample in this setting is O(d1/4), which matches the best available bounds for HMC in [45],

without the warm start assumption required in that paper.

The following proposition shows dimension-free bounds for product distributions. We are going to use

an assumption on the initial distribution µ0.
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Assumption 3.3.17. Suppose that µ0 and the target distribution π are of product form

µ0(dx, dv) =

d∏
i=1

µ0,i(dxi, dvi) for all l ≥ 0, π(dx, dv) =

d∏
i=1

π̃i(dxi)
e−v2i /2dvi√

2π
,

for x = (x1, ..., xd) ∈ Rd, v = (v1, ..., vd) ∈ Rd, and that

max
1≤i≤d

W2(πi, µ0,i) ≤ cµ0

√
1

m
,

for some finite constant cµ0 , where πi(dxi, dvi) = π̃i(dxi)
e−v2i /2√

2π
dvi is the joint distribution of (xi, vi)

according to the target π.

Proposition 3.3.18. Suppose that Assumption 3.3.17 holds, and denote the potential U as U(x) =∑d
i=1 Ui(xi). Suppose that Assumptions 3.3.6, 3.3.7, and 3.3.10 hold for each component (Ui)1≤i≤d,

and that

γ ≥
√
8M, h0 ≤

1

γ
· m

264M
, B ≥ 16 log(4)γ

mh0
, B0 ≥

16γ

mh0
log

(
cµ0 + 1√
Mγh20

)
.

Suppose that f is of the form

f(x, v) = g(⟨w(1), x⟩, . . . ⟨w(r), x⟩), (3.3.28)

where g : Rr → R is 1-Lipschitz, and w(1), . . . , w(r) ∈ Rd. Suppose that cR ∈ [0, 1) and 2 < ϕN < 16.

Then for any N ≥ 1, the UBUBU estimator S(cR) has finite expected computational cost, ES(cR) =
π(f), and it has finite variance. Moreover, it satisfies a CLT as N → ∞, and the asymptotic variance

can be bounded as

σ2S ≤ C(m,M,M1, γ, r, cN , ϕN )

Kh0

∑
1≤i≤r

∥w(i)∥2.

Proof. See Section B.4.3 in the Appendix.

Remark 3.3.19. These bounds are independent of the dimension d. This is not surprising as the

different components evolve independently according to the kinetic Langevin diffusion (3.1.1), and we

do not introduce any dependencies in the UBUBU algorithm. This is in contrast with Metropolized

methods, where the accept/reject steps introduce dependencies in the evolution of the components.

The results could be generalized to potentials which are separable into independent groups of coordin-

ates, i.e. U(x) =
∑s

i=1 Ui(xGi), where G1, . . . , Gs is a partition of [d], and the size of each group

|Gi| is small.
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3.3.2 UBUBU with stochastic gradients

In this section, we extend the unbiased estimation methods of the previous section to the setting

where we have instead stochastic or approximate gradient evaluations, combined with a control variate

approach that occasionally computes full gradients for variance reduction, as in [87, 168].

In many applications, particularly in data science and machine learning, gradient computations are

computationally expensive due to large datasets and the need to iterate through the entire dataset at

each gradient evaluation. A common approach for reducing the cost of the gradient-based methods

is to use stochastic gradient approximations based on subsampling the dataset to compute unbiased

estimates (see [8, 33, 87, 127, 151, 160]).

In these applications the potential U : Rd → R is typically of the form

U(x) = U0(x) +

ND∑
i=1

Ui(x), (3.3.29)

where x ∈ Rd, the dataset is of size ND ∈ N. U0 can be chosen as the negative log density of the prior

distribution or some other term that does not require accessing the data. In our examples, U0 can

be taken to be a quadratic function, for example, a quadratic matching the Hessian at the minimizer

(which can be computed before sampling).

We remark that one of the most efficient samplers in the big data regime is the Zig-Zag sampler [18]

whose complexity is independent of the data size according to a limiting argument (although as stated

in [18], some logarithmic factors were ignored). [50] is another recent paper that proposes a Metropolis-

Hastings-type MCMC algorithm based on subsampling that only accesses O(1) or even O(1/
√
ND)

data points per step. Although this method was shown to have state-of-the-art performance on a

10-dimensional logistic regression example, its efficiency on high-dimensional models has not yet been

demonstrated.

In this section, we will develop a version of UBUBU using stochastic gradients. We are going to use

random variables of the form ω ∈ [ND]
Nb , which is a random selection of Nb indices to be selected

uniformly on [ND] = {1, . . . , ND}, i.i.d. with replacement [8]. We denote the distribution of ω here

as SWR(ND, Nb).

Definition 3.3.20. The sub-sampled stochastic gradient of U at x with respect to x̂ is

G(x, ω|x̂) = ∇U0(x) +

ND∑
i=1

∇Ui(x̂) +
ND

Nb

∑
i∈ω

[∇Ui(x)−∇Ui(x̂)], (3.3.30)

where ω ∼ SWR(ND, Nb).

G(·|x̂) : Rd × Ω → Rd is an unbiased estimator of ∇U(x) in the sense of Definition 3.2.1. We can

use this estimator in UBU by replacing the B step with

BG(x, v, h, ω|x̂) = (x, v − hG(x, ω|x̂)). (3.3.31)
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Let x∗ ∈ Rd be the minimizer of the potential U , then the selection x̂ = x∗ at each step corresponds

to the control variate gradient estimator, see [8]. When approximating the step B in UBU using this

control variate approach, we can only achieve strong order 1/2.

Another possibility is to update x̂ every τ = ⌈ND/Nb⌉ iterations with the latest position where the

gradient was evaluated (this is not xk for UBU as the gradients are evaluated after moving forward

by a U step with stepsize h/2). We refer to this as the stochastic variance reduced gradient (SVRG)

approach (see [87, 168]). The overall computational cost of this approach is approximately twice that

of the control variate approach (due to the need for a full gradient evaluation). Since the gradient

is reevaluated every τ iterations, when h is small, the position x̂ becomes closer to the positions x

that are considered, and the approximate dynamics provide a better approximation of the underlying

diffusion (3.1.1). We will show that the SVRG discretization has strong order 3/2, which is better

than the control variate estimator, hence we will use it within our unbiasing scheme. The evolution

of SVRG steps can be written as follows,(
ξ
(i)
k+1

)4
i=1

∼ N (0d, Id) for all i = 1, ..., 4.

ωk+1 ∼ SWR(ND, Nb)

(xk, vk) = U
(
xk, vk, h/2, ξ

(1)
k+1, ξ

(2)
k+1

)
x̂k = x⌊k/τ⌋τ

(xk+1, vk+1) = U
(
BG (xk, vk, h, ωk+1| x̂k) , h/2, ξ

(3)
k+1, ξ

(4)
k+1

)
.

(3.3.32)

Let PSV RG
h denote the time inhomogenous Markov kernel describing the evolution of (xk, x̂k, vk)

according to the SVRG steps (3.3.32).

We use a Gaussian approximation of the target. Let

µG = N (x∗, (H∗)−1)×N (0d, Id) with H∗ = ∇2U(x∗), (3.3.33)

and define

H∗(x, v, h) =

(
x∗

0d

)
+ exp

(
h

(
0d Id

−H∗ 0d

))(
x− x∗

v

)
, (3.3.34)

O(x, v, h/2, ξ(1), ξ(2)) =
(
x, ηv +

√
2γZ(2)

(
h/2, ξ(1), ξ(2)

))
, (3.3.35)

O2(x, v, h, ξ(1), ξ(2), ξ(3), ξ(4)) = O
(
O
(
x, v, h/2, ξ(1), ξ(2)

)
, h/2, ξ(3), ξ(4)

)
. (3.3.36)
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with H∗(x, v, h) corresponding the solution of the Hamiltonian dynamics on target µG × N (0d, Id)

initiated in (x, v) at time h. It follows from (3.2.8) that
√
2γZ(2)

(
h/2, ξ(1), ξ(2)

)
∼ N (0d, (1−η2)Id),

so this O steps keeps the target invariant. We are going to use the OHO scheme as part of our

algorithm. (
ξ
(i)
k+1

)4
i=1

∼ N (0d, Id) for all i = 1, ..., 4.

(xk, vk) = O
(
xk, vk, h/2, ξ

(1)
k+1, ξ

(2)
k+1

)
(xk+1, vk+1) = O

(
H∗ (xk, vk, h) , h/2, ξ

(3)
k+1, ξ

(4)
k+1

)
.

(3.3.37)

Let POHO
h denote the time homogeneous Markov kernel describing the evolution of (xk, vk) according

to the OHO steps (3.3.37).

Two chains evolving according to SVRG with step size h and SVRG with step size h/2 can be coupled

as follows.(
ξ
(i)
k+1

)8
i=1

∼ N (0d, Id) for all i = 1, ..., 8.

ω′
k+1/2, ω

′
k+1 ∼ SWR(ND, Nb),

(xk, vk) = U2
(
xk, vk, h/2, ξ

(1)
k+1, ξ

(2)
k+1, ξ

(3)
k+1, ξ

(4)
k+1

)
x̂k = x⌊k/τ⌋τ

(xk+1, vk+1) = U2
(
BG (xk, vk, h, ωk+1| x̂k) , h/2, ξ

(5)
k+1, ξ

(6)
k+1, ξ

(7)
k+1, ξ

(8)
k+1

)
,(

x′k, v
′
k

)
= U

(
x′k, v

′
k, h/4, ξ

(1)
k+1, ξ

(2)
k+1

)
x̂′k = x′⌊2k/τ⌋τ/2(
x′k+1/2, v

′
k+1/2

)
= U

(
BG

(
x′k, v

′
k, h/2, ω

′
k+1/2, v

∣∣∣ x̂′k) , h/4, ξ(3)k+1, ξ
(4)
k+1

)
(
x′k+1/2, v

′
k+1/2

)
= U

(
x′k+1/2, v

′
k+1/2, h/4, ξ

(5)
k+1, ξ

(6)
k+1

)
x̂′k+1/2 = x′⌊(2k+1)/τ⌋τ/2(
x′k+1, v

′
k+1

)
= U

(
BG

(
x′k+1/2, v

′
k+1/2, h/2, ω

′
k+1

∣∣∣ x̂′k+1/2

)
, h/4, ξ

(7)
k+1, ξ

(8)
k+1

)
.

(3.3.38)

Let PSV RG
h,h/2 denote the time inhomogenous Markov kernel describing the evolution of

(xk, x̂k, vk, x
′
k, x̂

′
k, v

′
k) according to the SVRG steps (3.3.38).

Finally, we will also need to couple one chain with step size h running OHO on the Gaussian

approximation µG, and another chain running SVRG on the target with step size h/2.
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(
ξ
(i)
k+1

)8
i=1

∼ N (0d, Id) for all i = 1, ..., 8.

ω′
k+1/2, ω

′
k+1 ∼ SWR(ND, Nb),

(xk, vk) = O2
(
xk, vk, h/2, ξ

(1)
k+1, ξ

(2)
k+1, ξ

(3)
k+1, ξ

(4)
k+1

)
(xk+1, vk+1) = O2

(
H∗ (xk, vk, h) , h/2, ξ

(5)
k+1, ξ

(6)
k+1, ξ

(7)
k+1, ξ

(8)
k+1

)
,(

x′k, v
′
k

)
= U

(
x′k, v

′
k, h/4, ξ

(1)
k+1, ξ

(2)
k+1

)
x̂′k = x′⌊2k/τ⌋τ/2(
x′k+1/2, v

′
k+1/2

)
= U

(
BG

(
x′k, v

′
k, h/2, ω

′
k+1/2, v

∣∣∣ x̂′k) , h/4, ξ(3)k+1, ξ
(4)
k+1

)
(
x′k+1/2, v

′
k+1/2

)
= U

(
x′k+1/2, v

′
k+1/2, h/4, ξ

(5)
k+1, ξ

(6)
k+1

)
x̂′k+1/2 = x′⌊(2k+1)/τ⌋τ/2(
x′k+1, v

′
k+1

)
= U

(
BG

(
x′k+1/2, v

′
k+1/2, h/2, ω

′
k+1

∣∣∣ x̂′k+1/2

)
, h/4, ξ

(7)
k+1, ξ

(8)
k+1

)
.

(3.3.39)

Let P
OHO/SV RG
h,h/2 denote the time inhomogenous Markov kernel describing the evolution of

(xk, vk, x
′
k, x̂

′
k, v

′
k) according to the steps (3.3.39).

We now create a coupling between levels 0 and 1, denoted by νSG0,1 .

νSG0,1 coupling

1: Define z
(0,1)
−B1

∼ µG and let z
′(0,1)
−B1

= z
(0,1)
−B1

.

2: Let (z
(0,1)
−B1

, z
′(0,1)
−B1

, x̂
′(0,1)
−B1

), (z
(0,1)
−B1+1, z

′(0,1)
−B1+1, x̂

′(0,1)
−B1+1), . . . , (z

(0,1)
K , z

′(0,1)
K , x̂

′(0,1)
K ) be a Markov chain with kernel

R
OHO/SV RG
0,1 = P

OHO/SV RG
h0,h1

(satisfying that z
(0,1)
k ∼ µG for all k).

3: Let ν0,1 denote the joint distribution of z
(0,1)
−B0

, . . . , z
(0,1)
K , z

′(0,1)
−B1

, . . . , z
′(0,1)
K .

We now create a coupling between levels l and l + 1 for l ≥ 1, denoted by νSGl,l+1.

νSGl,l+1 coupling

1: Define z
(l,l+1)
−Bl+1

∼ µG and let z
′(l,l+1)
−Bl+1

= z
(l,l+1)
−Bl+1

.

2: Let
(
z
(l,l+1)
−Bl+1

, z
′(l,l+1)
−Bl+1

, x̂
′(l,l+1)
−Bl+1

)
, . . . ,

(
z
(l,l+1)
−Bl

, z
′(l,l+1)
−Bl

, x̂
′(l,l+1)
−Bl

)
be a Markov chain with kernel R

OHO/SV RG
l,l+1 =(

P
OHO/SV RG
hl,hl+1

)2l

(satisfying that z
(l,l+1)
−Bl

∼ µG).

3: Let
(
z
(l,l+1)
−Bl

, z
′(l,l+1)
−Bl

, x̂
′(l,l+1)
−Bl

)
,
(
z
(l,l+1)
−Bl+1, z

′(l,l+1)
−Bl+1 , x̂

′(l,l+1)
−Bl+1

)
, . . . ,

(
z
(l,l+1)
K , z

′(l,l+1)
K , x̂

′(l,l+1)
K

)
be a Markov chain

evolving according to RSV RG
l,l+1 = (PSV RG

hl,hl+1
)2

l

.

4: Let νSG
l,l+1 denote the joint distribution of z

(l,l+1)
−Bl

, . . . , z
(l,l+1)
K , z

′(l,l+1)
−Bl+1

, . . . , z
′(l,l+1)
K .

Figure 3.3 illustrates our couplings between different levels using OHO/UBU discretizations. Given

some constants cN > 0, ϕN > 2, we let

cl,l+1 = cNϕ
−l
N for l ∈ N. (3.3.40)
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Figure 3.3: Coupling scheme for UBUBU-SG.

Our stochastic gradient-based method (UBUBU-SG) proceeds as stated in Algorithm 3. We

recommend setting the Richardson extrapolation parameter cR = 1
2
√
2

in this case (as SVRG has

strong order 3/2).

In order to show variance bounds for this algorithm, we make the following assumptions.

Assumption 3.3.21 (∇Lipschitz property). For every 1 ≤ i ≤ ND, Ui : Rd → R is twice differentiable

and there exists a M̃ > 0 such that for all x, y ∈ Rd,

∥∇Ui(x)−∇Ui(y)∥ ≤ M̃∥x− y∥,

for every 1 ≤ i ≤ ND and moreover,

∥∇U(x)−∇U(y)∥ ≤M∥x− y∥ for M = NDM̃.

Assumption 3.3.22 (NDm̃-strong convexity). There exists a m̃ > 0 such that for all x, y ∈ Rd

⟨∇U(x)−∇U(y), x− y⟩ ≥ m∥x− y∥2 for m = NDm̃.

Assumption 3.3.23 (strongly Hessian Lipschitz property). U : Rd → R is three times continuously

differentiable and M s
1 -strongly Hessian Lipschitz if there exists M s

1 > 0 such that

∥∇3U(x)∥{1,2}{3} ≤M s
1 for M s

1 = NDM̃
s
1 ,

for all x ∈ Rd.

The next theorem states our bounds on the asymptotic variance for this algorithm.
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Algorithm 3 Unbiased-UBU with stochastic gradients (UBUBU-SG)
1: Input:

• Maximum stepsize h0.
• Friction parameter γ > 0.
• Individual potential terms (Ui)0≤i≤ND .
• Minimizer x∗ of Potential U(x) and its Hessian H∗ = ∇2U(x∗).
• Batch size parameter Nb (related to τ = ⌈ND/Nb⌉).
• Burn-in length parameters B0 and B.
• Number of samples parameter K.
• Number of parallel chains parameters N , cN and ϕN .
• Richardson extrapolation parameter cR ∈ [0, 1) (default value cR = 1

2
√

2
).

• Test function f .
2: Samples from Gaussian approximation at level 0:
3: Sample NK i.i.d. samples z

(0)
1 , . . . , z

(0)
NK from µG.

4: Compute S0 := 1
NK

∑NK
i=1 f(z

(0)
i ).

5: Generate number of chains:
6: Sample (Nl,l+1)l≥0 according to (3.3.14) and (3.3.40), let lmax = max{l : Nl,l+1 > 0}.
7: Averages of differences Dl,l+1 from l = 0, . . . , lmax:
8: for l = 0, . . . , lmax do
9: for r = 1, . . . , Nl,l+1 do

10: Sample z
(l,l+1,r)
−Bl

, . . . , z
(l,l+1,r)
K , z

′(l,l+1,r)
−Bl+1

, . . . , z
′(l,l+1,r)
K from νSG

l,l+1.

11: Compute D
(r)
l,l+1 based on (3.3.23) using z

(r,l,l+1)
1 , . . . , z

(r,l,l+1)
K , z

′(r,l,l+1)
1 , . . . , z

′(r,l,l+1)
K .

12: end for
13: Compute Sl,l+1 using (3.3.15).
14: end for
15: Compute S(cR) using (3.3.17).
16: Output:
17: Unbiased estimator S(cR),

18: Samples z
(0)
1 , . . . , z

(0)
NK ,

19: Samples z
(l,l+1,r)
1 , . . . , z

(l,l+1,r)
K , z

′(r,l,l+1)
1 , . . . , z

′(r,l,l+1)
K for levels 0 ≤ l ≤ lmax, parallel chains 1 ≤ r ≤ Nl,l+1.
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Theorem 3.3.24. Considering UBUBU with stochastic gradients, suppose that Assumptions 3.3.12,

3.3.21, 3.3.22, 3.3.23 hold, and in addition γ ≥
√
8M ,

h0 ≤
C(γ̃, m̃, M̃ , τ/ND, Nb)

N
3/2
D

, B ≥ 16 log(23/2)γ̃

m̃h0N
1/2
D

, B0 ≥
16γ̃

m̃h0N
1/2
D

log

(
1

N
9/4
D h

3/2
0

)
.

Suppose that cR ∈ [0, 1) and 2 < ϕN < 8. Then for any N ≥ 1, the UBUBU estimator S(cR) has

finite expected computational cost, ES(cR) = π(f), and it has finite variance. Moreover, it satisfies

a CLT as N → ∞, and the asymptotic variance σ2S defined in (3.3.18) can be bounded as

σ2S ≤ 1

m̃NDK
+ C(γ̃, m̃, M̃ , M̃ s

1 , τ/ND, Nb, ϕN )
d2

cNN2
D

.

Proof. See Section B.6.2 in the Appendix.

Remark 3.3.25. With the choice cN = O
(

1
ND

)
and K = O(1), we get a bound σ2S ≤ O

(
d2

m̃ND

)
,

which, except for the dimension dependence, is similar to the variance of a 1-Lipschitz function

according to the target. Hence obtaining an effective sample only requires evaluating a full gradient

only once per O(ND) iteration, so there is no increase in computational cost as the dataset size ND

increases. The dimension dependency O(d2) in our bound is likely not sharp as we have not observed

any dimension dependency in our simulations.

Remark 3.3.26. Although we have used Gaussian approximation at level 0 in Theorem 3.3.24 as this

allows us to obtain better computational complexity in terms of ND, one could also consider using

UBU discretizations with SVRG gradients starting from level 0. This might be advantageous when the

Gaussian approximation is not yet accurate. One could also consider different initial distributions. It

is straightforward to adapt the proofs of Theorem 3.3.24 to show that even in such situations, under

appropriate assumptions on the burn-in times, the UBUBU-SG method produces unbiased estimators

with finite variance.

3.3.3 UBUBU with approximate gradients

Stochastic gradients are not the only possible approach for computing accurate approximations of the

gradient. In case the potential is close to a Gaussian (which is typical in the big data regime due to

the Bernstein-von-Mises theorem), the following approximation can be quite accurate.

Definition 3.3.27. The quadratic approximate gradient of U at x with respect to x̂ is defined by

Q(x|x̂) = ∇U(x̂) +∇2U(x∗)(x− x̂), (3.3.41)

where x∗ is the minimizer of U .

When using this approximation for the gradient, the B step becomes

BQ(x, v, h|x̂) = (x, v − hQ(x|x̂)). (3.3.42)
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The UBU iterations in this case become(
ξ
(i)
k+1

)4
i=1

∼ N (0d, Id) for all i = 1, ..., 4.

(xk, vk) = U
(
xk, vk, h/2, ξ

(1)
k+1, ξ

(2)
k+1

)
,

x̂k = x⌊k/τ⌋τ

(xk+1, vk+1) = U
(
BQ (xk, vk, h| x̂k) , h/2, ξ

(3)
k+1, ξ

(4)
k+1

)
.

(3.3.43)

Let PA
h denote the time inhomogenous Markov kernel describing the evolution of (xk, x̂k, vk) according

to the approximate gradient steps (3.3.43).

The reference point x̂ is updated after every τ iterations for some τ ≥ 1. We only need to evaluate the

full gradient once per τ iterations, and use an approximation based on the Hessian at the minimizer

otherwise. Since the Hessian H∗ = ∇2U(x∗) only has to be computed once, this does not affect

overall efficiency when the number of samples N is sufficiently high. For many potentials of interest,

the approximation steps in (3.3.41) can be computed at a much smaller cost than the gradient of

U . Moreover, when thinning is used (such at levels l = 1 and higher), multiple steps according to

(3.3.43) can be combined into one using the fact that this is a linear system, further reducing the

number of matrix-vector products required.

We follow a similar strategy as in the UBUBU-SG case (see Figure 3.3). We use Gaussian samples at

level 0, and couplings involving both OHO and UBU discretizations.

Two chains evolving according to approximate gradients with step sizes h and h/2 can be coupled as

follows. (
ξ
(i)
k+1

)8
i=1

∼ N (0d, Id) for all i = 1, ..., 8.

(xk, vk) = U2
(
xk, vk, h/2, ξ

(1)
k+1, ξ

(2)
k+1, ξ

(3)
k+1, ξ

(4)
k+1

)
,

x̂k = x⌊k/τ⌋τ

(xk+1, vk+1) = U2
(
BQ (xk, vk, h| x̂k) , h/2, ξ

(5)
k+1, ξ

(6)
k+1, ξ

(7)
k+1, ξ

(8)
k+1

)
.(

x′k, v
′
k

)
= U

(
x′k, v

′
k, h/2, ξ

(1)
k+1, ξ

(2)
k+1

)
,

x̂′k = x′⌊2k/τ⌋τ/2(
x′k+1/2, v

′
k+1/2

)
= U

(
BQ
(
x′k, v

′
k, h/2, v

∣∣ x̂′k) , h/4, ξ(3)k+1, ξ
(4)
k+1

)
,(

x′k+1/2, v
′
k+1/2

)
= U

(
x′k+1/2, v

′
k+1/2, h/2, ξ

(5)
k+1, ξ

(6)
k+1

)
,

x̂′k+1/2 = x′⌊(2k+1)/τ⌋τ/2(
x′k+1, v

′
k+1

)
= U

(
BQ

(
x′k+1/2, v

′
k+1/2, h/2

∣∣∣ x̂′k+1/2

)
, h/4, ξ

(7)
k+1, ξ

(8)
k+1

)
,

(3.3.44)

Let PA
h,h/2 denote the time inhomogenous Markov kernel describing the evolution of

(xk, x̂k, vk, x
′
k, x̂

′
k, v

′
k) according to the coupled approximate gradient steps (3.3.44).
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As with stochastic gradients, will also need to couple one chain with step size h running OHO on

the Gaussian approximation µG, and another chain based on UBU with approximate gradients on the

target with step size h/2.

(
ξ
(i)
k+1

)8
i=1

∼ N (0d, Id) for all i = 1, ..., 8.

(xk, vk) = O2
(
xk, vk, h/2, ξ

(1)
k+1, ξ

(2)
k+1, ξ

(3)
k+1, ξ

(4)
k+1

)
(xk+1, vk+1) = O2

(
H∗ (xk, vk, h) , h/2, ξ

(5)
k+1, ξ

(6)
k+1, ξ

(7)
k+1, ξ

(8)
k+1

)
,(

x′k, v
′
k

)
= U

(
x′k, v

′
k, h/4, ξ

(1)
k+1, ξ

(2)
k+1

)
x̂′k = x′⌊2k/τ⌋τ/2(
x′k+1/2, v

′
k+1/2

)
= U

(
BQ
(
x′k, v

′
k, h/2

∣∣ x̂′k) , h/4, ξ(3)k+1, ξ
(4)
k+1

)
(
x′k+1/2, v

′
k+1/2

)
= U

(
x′k+1/2, v

′
k+1/2, h/4, ξ

(5)
k+1, ξ

(6)
k+1

)
x̂′k+1/2 = x′⌊(2k+1)/τ⌋τ/2(
x′k+1, v

′
k+1

)
= U

(
BQ(x

′
k+1/2, v

′
k+1/2, h/2|x̂

′
k+1/2), h/4, ξ

(7)
k+1, ξ

(8)
k+1

)

(3.3.45)

Let P
OHO/A
h,h/2 denote the time inhomogenous Markov kernel describing the evolution of

(xk, vk, x
′
k, x̂

′
k, v

′
k) according to the steps (3.3.45).

We define νA0,1 as joint distribution of z
(0,1)
−B0

, . . . , z
(0,1)
K , z

′(0,1)
−B1

, . . . , z
′(0,1)
K that is similar to the νSG0,1

coupling for UBUBU-SG, but using inhomogenous Markov kernels P
OHO/A
h,h/2 instead of P

OHO/SV RG
h,h/2 .

Similarly, we let νAl,l+1 denote the joint distribution of z
(l,l+1)
−Bl

, . . . , z
(l,l+1)
K , z

′(l,l+1)
−Bl+1

, . . . , z
′(l,l+1)
K , defined

analogously to νSGl,l+1 for UBUBU-SG, but using P
OHO/A
h,h/2 and PA

h,h/2 in place of P
OHO/SV RG
h,h/2 and

PSV RG
h,h/2 . We choose cl,l+1 as

cl,l+1 = cNϕ
−l
N for l ∈ N. (3.3.46)

The UBUBU-Approx method follows similar steps as in Algorithm 3, but it uses the couplings νA0 and

νAl,l+1 instead of νSG0 , and νSGl,l+1. In terms of input, unlike in Algorithm 3, we do not use individual

potential terms Ui(x) and batch size Nb, but require gradient calculation frequency τ . We recommend

setting the Richardson extrapolation parameter cR = 1
2 in this case (as this approximate gradient

scheme has strong order 1). A slightly weaker form of Assumption 3.3.21 will suffice here.

Assumption 3.3.28 (∇Lipschitz property). There is a M̃ > 0 such that for all x, y ∈ Rd,

∥∇U(x)−∇U(y)∥ ≤M∥x− y∥ for M = NDM̃.

Our results for this scheme are stated in Theorem 3.3.29.

Theorem 3.3.29. Considering UBUBU-Approx method, suppose that Assumptions 3.3.12, 3.3.22,

3.3.23, 3.3.28 hold, and in addition γ ≥
√
8M ,

h0 ≤
C(γ̃, m̃, M̃ , τ/ND)

N
3/2
D

, B ≥ 16 log(2)γ̃

m̃h0N
1/2
D

, B0 ≥
16γ̃

m̃N
1/2
D h0

log

(
1

N3
Dh

2
0

)
.
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Suppose that cR ∈ [0, 1) and 2 < ϕN < 4. Then for any N ≥ 1, S(cR) has finite expected

computational cost, ES(cR) = π(f), and it has finite variance. Moreover, it satisfies a CLT as

N → ∞, and the asymptotic variance σ2S defined in (3.3.18) can be bounded as

σ2S ≤ 1

m̃NDK
+
C(γ̃, m̃, M̃ , M̃ s

1 , τ/ND, ϕN )d2

cNN2
D

.

Proof. See Section B.7.3 in the Appendix.

Remark 3.3.30. To control the asymptotic variance of Theorem 3.3.24 and Theorem 3.3.29 for

large d we would need to set h0 < O(d−2); the dimension dependency in this bound might not be

sharp, and we did not observe such limitations in our simulations. UBU iterations with AG and SVRG

gradient approximations no longer form a time homogeneous Markov chain (unless the state space is

extended), so it is challenging to establish O(1/K) scaling in the bound on σ2S , like in Theorem 3.3.15.

If we select h0 ∼ O(1/N
3/2
D ), then for large ND, the total computational cost of the approximate

and stochastic gradient methods scales like O(N) due to Proposition 3.3.4. This is a significant

improvement over UBUBU with exact gradients, which has a computational cost of O(NDN).

Algorithm Computational Cost
UBUBU (Exact gradients) O(NDN)

UBUBU (stochastic gradients) O(N)
UBUBU (approximate gradients) O(N)

Table 3.2: Comparison of the computational cost of the various UBUBU methods in terms of N and
ND.

Remark 3.3.31. Although we have used Gaussian approximation at level 0 in Theorem 3.3.29 to

understand the complexity in terms of ND, one could also consider using UBU discretizations with

approximate gradients starting from level 0. We could also use different initial distributions. It is not

difficult to adapt the proof to show that even in such situations, under appropriate assumptions on

the burn-in times, the UBUBU-Approx method produces unbiased estimators with finite variance.

3.4 Numerical results

In this section, we provide numerical examples to demonstrate the effectiveness of our unbiased

estimator UBUBU with exact, approximate and stochastic gradients. We test this on a range of

problems, including a Gaussian example, a multinomial regression problem on the MNIST dataset, and

a Poisson regression model for soccer scores; these computations serve to highlight the comparisons

of our method with RHMC, which we view as the gold standard. We briefly describe the latter in

Algorithm 1, stated in the introduction.

For RHMC, we have used a partial refreshment parameter of α = 0.7, which typically performed

50%− 70% better than doing full velocity refreshment (α = 0). We choose parameters EL (expected

number of leapfrog steps) and h (stepsize) such that the acceptance rate is approximately 0.65 (as

recommended in [17]), and that ELh ≈ 1√
m

(m is the minimal eigenvalue of the Hessian at the



3.4. Numerical results 73

mode), in line with the theoretical results for optimal convergence of the continuous time RHMC

process [106]. We found that the effective sample sizes obtained in all of our experiments are in line

with the continuous convergence rates of [106] scaled by the stepsize h, so we do not think that other

parameter choices can significantly improve the performance of RHMC.

Our numerical experiments with unbiased estimators are specific to the UBU splitting method, as

was the analysis. We also ran some preliminary numerical experiments with an unbiased version of

BAOAB, but found that UBUBU was more efficient in all cases.

We estimated the ESS values based on at least 16 parallel runs in each simulation. For UBUBU,

the number of parallel chains N was chosen in the range N ∈ [64, 256], and we set cN = 1/16,

ϕN = 2
√
2 in each case.

We will post the Matlab code of our simulations at https://github.com/paulindani.

3.4.1 Gaussian target

Here we consider a Gaussian target in d dimensions whose precision matrix has eigenvalues

1, 1 +
κ− 1

d− 1
, 1 +

2(κ− 1)

d− 1
, . . . , κ.

Theorem 4 of [97] has shown that for some Gaussian targets with condition number κ, the inverse

spectral gap of HMC taking K leapfrog steps per iteration was shown to be at least O(Kκ
√
d/ log(d)).

More recently, it has been shown that randomizing the integration time can substantially improve the

performance of HMC [29]. In continuous time, sharp convergence results have been obtained for

RHMC in [106]. Moreover, for Gaussians with condition number κ, RHMC can approximate the

target distribution with O(
√
κd1/4) queries under a warm-start assumption [5]. In our preliminary

experiments, RHMC significantly outperformed HMC on high-dimensional problems, so we only

consider RHMC here.

We provided RHMC with the advantage of being initialized from the Gaussian target distribution,

while UBUBU was initialized in µ0(x, v) = δ0(x)N (v, Id).Our numerical simulations are presented in

Figures 3.4-3.6.

Figure 3.4 shows the maximum number gradient evaluations per effective sample (ESS) among all

components f(x) = xi for 1 ≤ i ≤ d as a function of the dimension d = 10, 102, . . . , 105, for

condition number κ ∈ {4, 100}. Figure 3.5 shows the number of gradient evaluations per ESS for the

norm test function f(x) = ∥x∥ as a function of the dimension d. As we can see, in both scenarios,

UBUBU does not show any dimension dependence, while the number of gradient evaluations per ESS

scales as O(d1/4) for RHMC. In our experiments, UBUBU is 20-40 times more efficient than RHMC

for d = 100000.

Figure 3.6 presents the histograms of the number of gradient evaluations per effective sample size

(ESS) amongst test functions f(x) = x1, . . . , f(x) = xd, when comparing UBUBU with RHMC. This

experiment is for a specific dimensions size of d = 105 and condition numbers κ ∈ {4, 100}. As we

can observe, UBUBU outperforms RHMC in terms of gradient evaluations per ESS.
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An important question related to this example is the dimension dependence of the original unbiased

kinetic Langevin scheme based on Euler–Maruyama discretization presented in [138]. Due to the

different estimator proposed there, the number of samples Nl,l+1 is random for every l, and the

variance of the term equivalent to Sl,l+1 = 1
Nl,l+1

∑Nl,l+1

i=1 D
(r)
l,l+1 will be proportional to E(D2

l,l+1),

not Var(Dl,l+1) like in our case. For functions like the norm f(x, v) = ∥x∥, in general, using the strong

order one property of the Euler–Maruyama scheme ([140]), E(Dl,l+1) = O(
√
dhl) and E(D2

l,l+1) =

O(dh2l ). So the asymptotic variance of the final estimator is O(1 + dh20), and by choosing h0 =

O(d−1/2), we expect that this will require O(d1/2) gradient evaluations per effective sample.

3.4.2 Bayesian multinomial regression

Our second numerical example is to consider a Bayesian multinomial regression (BMR) problem.

BMR is a generalized linear regression model which estimates probabilities for r different categories

of dependent variable y using a set of explanatory variables x. Here, provided m classes, we let

q = (q1, . . . qm) ∈ Rd with d = mdo and qi ∈ Rdo . The likelihood associated with the problem is

given as

p(yj |q) = exp(⟨xj , qyj ⟩)∑
1≤k≤m exp(⟨xj , qk⟩)

. (3.4.47)

Our focus is on estimating a posterior distribution, where the posterior potential is given as

U(q) = − log(p0(q))−
ND∑
k=1

log
(
p(yj |q)

)
. (3.4.48)

Here we chose p0 as a Gaussian prior p0(q) =
exp(−∥q∥2/(2σ2

0))

(πσ2
0)

d/2 . In Lemma B.8.6 in Appendix B.8, we

show that the gradient-Lipschitz and strongly Hessian Lipschitz conditions (Assumptions 3.3.6 and

3.3.10) hold for this example.

We are interested in applying our BMR model to the MINST dataset [96] about classifying handwritten

digits from 0 to 9, which are shown as examples in Figure 3.7. The dataset contains 60,000 training

data points and 10,000 test data points where the images are of size 28 by 28 pixels. The covariate

vectors xj are obtained by flattening the images into vectors taking values on the interval [0, 1], and

adding a 1 in the end for the intercept term. Hence d0 = 282+1 = 785, m = 10, and d = d0m = 7850.

We set the prior variance σ20 = 0.1 (this was tested to provide good prediction performance).

Figure 3.7: MNIST datasets containing images of handwritten digits from 0 to 9.
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We also included the implementation of the approximate gradient version UBUBU-Approx with the

same preconditioning as for UBUBU and set the frequency of full gradient evaluations as τ = 15.

This has drastically reduced the number of gradient evaluations without hurting performance, and it

shows approximately 100 times improvement over RHMC.

Figure 3.9: Gradient/ESS over all components for MNIST dataset without preconditioning.

Figure 3.10: Gradient/ESS over all components for MNIST dataset with preconditioning.
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In addition to the coordinate test functions, we have also evaluated the efficiency of these methods

for the posterior predictive probability of digits 0, 1 . . . , 9 on the test dataset (10000 images, 100000

test functions in total). Figure 3.11 presents experiments comparing RHMC and UBUBU-Approx on

these test functions. The experiments show approximately 60 times improvement in efficiency for

UBUBU-Approx compared to RHMC, which is in line with our theory proving that UBUBU does not

exhibit dimension dependency (Proposition 3.3.18).

Figure 3.11: Gradient/ESS for probabilities of all 10 digits over 10000 test images for MNIST dataset
with preconditioning.

3.4.3 Poisson regression model

Our final example is a Poisson regression model for predicting soccer scores taken from [94].

Let g = 1, . . . , G be the index of games. Let SH
g denote the number of goals scored by the home

team at game g, and let SA
g denote the number of goals scored by the away team. The independent

Poisson model [107] assumes that these scores are distributed as

SH
g ∼ Poisson(λHg ), SA

g ∼ Poisson(λAg ),

conditionally independently given the rates λHg and λAg .

In our implementation, the rates are connected to the linear predictors ηHg and ηAg using the function

softplus(x) = log(1 + exp(x)) (see Figure 3.12), i.e.

λAg = softplus(ηAg ), λHg = softplus(ηHg ). (3.4.49)

This function is Lipschitz and also gradient Lipschitz, which is desirable given our theory. Although

this is less frequently used in the literature than the log link function, it was shown to be more robust

and less sensitive to outliers [163, 165]. The linear predictors are modelled based on a random effect

model with time-dependent attacking and depending strengths for each team. Let w(g) denote the

week of game g, then we set

ηHg = ahome.team(g),w(g) + daway.team(g),w(g), ηAg = aaway.team(g),w(g) + dhome.team(g),w(g) (3.4.50)

Let a be all attacking strengths of all teams over the whole period, and d denote all defending
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Figure 3.12: Softplus and ReLU activation functions.

strengths. Then the log-likelihood is of the form

log(p(a,d)) =

C(SH
1 , . . . , S

H
G , S

A
1 , . . . , S

H
G ) +

G∑
g=1

(
−λHg + SH

g log(λHg )− λAg + SH
g log(λHg )

)
,

which can be written as a function of a and d using (3.4.49) and (3.4.50).

We used a Gaussian random walk prior for the attacking/defending strengths ateam,w and dteam,w,

together with a weak Gaussian prior on every attacking and defending strength. Let T denote the

set of teams during the whole period considered (teams change from season to season due to

relegation/promotion), then the overall log prior is of the form

log p0(a,d) = C(σ, σ0)−
∑

team∈T

 w(G)∑
w=w(1)

a2team,w

2σ20
+

w(G)−1∑
w=w(1)

(ateam,w+1 − ateam,w)
2

2σ2


−

∑
team∈T

 w(G)∑
w=w(1)

d2team,w

2σ20
+

w(G)−1∑
w=w(1)

(dteam,w+1 − dteam,w)
2

2σ2

 ,

We set σ2 = 0.01 (this means a strong correlation for about two years), and σ20 = 10 (weakly

informative prior).

We considered 20 years of Premier League data (7600 games) from 19/08/2000 until 26/07/2020.

Our model has d = 89526 parameters, and the condition number of the Hessian at the mode is

κ ≈ 4 · 103.

We have implemented RHMC, UBUBU and UBUBU-Approx with τ = 20 for this model. In the

UBUBU-Approx algorithm, the target at level 0 was chosen as the Gaussian approximation (with mean

x∗, and precision matrix ∇2U(x∗)), meaning that gradient evaluations were only used from level 1

onwards. The test functions were chosen as f(x) = x1, . . . , f(x) = xd. Our numerical simulations

are presented in Figure 3.13. As we can see, UBUBU uses approximately 30 times fewer gradient

evaluations per effective sample than RHMC, and UBUBU-Approx uses 2000 times fewer gradient

evaluations than RHMC.
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Figure 3.13: Gradient/ESS over all components of a Poisson regression model for soccer scores.



Chapter 4

Conclusion and future directions

To conclude Chapter 2, in [55] it is shown that the optimal convergence rate for the continuous

time dynamics is O(m/γ), therefore our contraction rates are consistent up to a constant for the

discretizations, however for some of the schemes considered for example BAOAB and OBABO we have

that the scheme inherits convergence to the overdamped Langevin dynamics (without time rescaling)

and this is reflected in our convergence rate estimates. For MCMC applications, our estimates of

convergence rate are independent of γ. In particular, in the case of γ-limit-convergence methods,

our convergence guarantees are valid for large friction. BAOAB and OBABO do not suffer from slow

convergence in the limit and we do not expect a large bias because they converge to a consistent

overdamped Langevin dynamics numerical scheme. This is shown by our provided asymptotic bias

estimates for the BAOAB scheme which remain finite in the high-friction limit and provide non-

asymptotic guarantees for this scheme. We recommend these schemes in the context of sampling due

to their robustness with respect to the choice of friction parameter and increased stability.

The constants in our arguments can be improved by sharper bounds and a more careful analysis,

but the restriction on γ is consistent with other works on synchronous coupling for the continuous

time Langevin diffusions [20, 47, 55, 57, 166]. Further it is shown in [116, Proposition 4] that the

continuous time process yields Wasserstein contraction by synchronous coupling for all M -∇Lipschitz

and m-strongly convex potentials U if and only if M −m < γ(
√
M +

√
m) for the norms that we

considered. This condition when M is much larger than m is O(
√
M). It may be possible to achieve

convergence rates for small γ, by using a more sophisticated argument like that of [70]. Using a

different Lyapunov function or techniques may lead to being able to extend these results to all γ > 0

[63, 126], but this is beyond the scope of this paper.

The constants for the discretization analysis for BAOAB can be improved. However, the dimension-

dependence of the non-asymptotic guarantees is in accordance with other numerical integrators for

kinetic Langevin dynamics without the use of randomized midpoint methods (see [146]).

We have shown BAO, OBA, AOB, BAOAB, OBABO and rOABAO have convergence guarantees for

stepsizes O(1/
√
M) and BAOAB, OBABO and rOABAO have the desirable GLC property which is

not common amongst the schemes we studied, for example EM, SES, BBK, SPV and SVV. For the

choice of parameters which achieve optimal contraction rate, we derive O(m/M) rates of contraction,

which are sharp up to a constant and we achieve this for every scheme that we studied.

81
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We further considered the case of stochastic gradients, where we allow a flexible choice of unbiased

gradient estimator under the assumption that the expected variance of the Jacobian of the estimator

is bounded. We show that this results in a reduced convergence rate based on the variance of the

Jacobian of the estimator, which coincides with what we have observed numerically for small batch

sizes in a subsampled stochastic gradient. Most previous results in the literature (see e.g. [53]) require

the mean square error of the stochastic gradients E(∥Gk − ∇U(xk)∥2) to be uniformly bounded,

which can be easily violated even for strongly convex and gradient-Lipschitz potentials Ui when using

standard subsampling schemes. We do not need such a stringent requirement; our conditions on the

stochastic gradients stated in Assumption 2.6.2 are applicable for subsampling-based estimators as

long as each Ui is gradient-Lipschitz.

We have provided numerical results comparing the bias of each of the numerical methods based on

choices of the friction parameter which are optimal according to our theory or the optimal choice

for the Gaussian distribution, where we solved for the convergence rates exactly. We compared the

errors of the integrators in a Bayesian logistic regression application and have seen that some of

the integrators performed well with large stepsizes, even in the presence of stochastic gradients. Our

theoretical and numerical results indicate that using stochastic gradients with advanced numerical

integrators can perform well and have significant computational advantages compared to full-gradient

methods. In the case of sufficiently large batch sizes, there is little change in terms of the stability

threshold and convergence rate compared to the full-gradient version.

In this thesis, in Chapter 2 we have developed theory to show convergence of discretizations of kinetic

Langevin dynamics all the way up to the stability threshold (with and without the use of stochastic

gradients). This theory was particularly useful in the analysis of the UBUBU method we introduced

in Chapter 3.

In Chapter 3, we presented a new unbiased estimator which can exploit high strong-order numerical

integrators for underdamped Langevin dynamics. We refer to our estimator as UBUBU which does not

rely on the Metropolis acceptance/reject step. Our estimator is influenced by the work of [138], and

instead is constructed using a telescoping sum for different discretization levels [79, 129]. We were able

to show various theoretical insights, which include showing unbiasedness and finite variance, a central

limit theorem, and asymptotic and non-asymptotic bounds on the variance for three algorithms, based

on exact, stochastic, and approximate gradients. We have studied the behaviour of our algorithm for

product target distributions and shown that for a large class of test functions, it has dimension-

independent computational complexity. For stochastic gradients, we also considered the dependency

on the size of the data in the big data limit and shown that our method is very efficient in such

situations. The proof of these results relies on Wasserstein contraction results for the UBU dynamics.

We provided numerical experiments verifying our theory and demonstrating the performance gains

over other well-known methods such as randomized HMC. We have considered a range of model

problems including an MNIST multinomial regression problem, and a Poisson regression model tested

on a real-world dataset. Our comparisons are based on gradient evaluations per effective sample size.
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In terms of future work, there are various directions which could be taken up. One of them is related to

exploiting higher-order schemes, which were provided in [73, 74]. Numerically, strong orders of up to

4 have been observed. [73] have proven strong order 3/2, 5/2 and 3 under gradient Lipschitz, Hessian

Lipschitz and third-order Lipschitz assumptions, respectively. However, the dimensional dependence

obtained under each of these assumptions has not been shown to improve on the UBU scheme in

[140]. Furthermore, such splitting schemes typically require more than one gradient evaluation per

step, unlike our strategy. In a different direction, one could consider integrators adapted to potentials

that do not have the gradient-Lipschitz property (such as in the case of sparsity-inducing priors [122]

or log link functions). Other potential directions are nested expectations [162] and static parameter

estimation [6, 56]. Finally, one could consider the setting where one does not assume convexity

[41, 70, 108, 142], where one could use an alternative coupling to synchronous coupling to achieve

theoretical guarantees in the setting where the potential is non-convex with potential applications in

sampling Bayesian neural networks, as an alternative to Hamiltonian Monte Carlo.



Appendix A

Appendix of Wasserstein convergence

and bias estimates of discretized kinetic

Langevin dynamics

A.1 Convergence rates

In this section, we detail proofs for the convergence rate for Euler-Maruyama (the simplest scheme),

BAOAB, OBABO and the stochastic Euler scheme. Proofs for the first-order splitting methods, BBK,

SVV, SPV and rOABAO can be found in [103, 105].

Proof for Euler-Maruyama. We will denote two synchronous realisations of EM as (xj , vj) and (x̃j , ṽj)

for j ∈ N. Now we will denote xj := (x̃j − xj), vj = (ṽj − vj) and zj = (xj , vj), where zj = (xj , vj)

for j = n, n+ 1 for n ∈ N. We have the following update rule for zn

xn+1 = xn + hvn, vn+1 = vn − γhvn − hQxn,

where by mean value theorem we define Q =
∫ 1
t=0∇

2U(x̃n+t(xn−x̃n))dt, then ∇U(x̃n)−∇U(xn) =

Qxn. One can show that in the notation of equation (2.4.14) we have

P =

(
Id hId

−hQ (1− γh) Id

)
, (A.1)

and therefore for Euler-Maruyama (using the notation of equation (2.4.16))

A = −c (h) Id + 2bhQ− h2aQ2,

B = −bc (h) Id + h ((bγ − 1)Id + (a+ h(b− aγ))Q) ,

C =
(
−c (h) a+ h

(
2aγ − 2b− h(1− 2bγ + aγ2)

))
Id.

We now invoke Proposition 2.4.2 as A, B and C commute as they are all polynomials in Q. A is

positive definite if and only if all its eigenvalues are positive. We note that the eigenvalues of A are

precisely PA(λ) := −c (h) + h
(
2bλ− haλ2

)
, where λ are the eigenvalues of Q, where m ≤ λ ≤M .

We wish to show that PA(λ) > 0 for all λ ∈ [m,M ]. This is equivalent to

PA (λ)

h
= −m

2γ
+

2λ

γ
− hλ2

M
≥ λ

(
− 1

2γ
+

2

γ
− h

)
> 0,
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which is satisfied when h < 1/γ. Hence we have that A ≻ 0. Now it remains to prove that AC−B2 ≻
0, where AC − B2 is a polynomial of Q, which we denote PAC−B2(Q). Hence it has eigenvalues

dictated by the eigenvalues λ of Q. That is the eigenvalues of AC − B2 are PAC−B2(λ) for λ an

eigenvalue of Q. Considering PAC−B2 we have

PAC−B2 (λ)

h2λ
=

4

M
− 4

γ2
+

m2

4γ2Mλ
− m2

4γ4λ
+

m

γ2λ
− m

Mλ
− λ

M2
+ h2

(
λ

M
− λ

γ2

)
+ h

(
2

γ
− m

γM
− m

2γλ
+
m

γ3
+

mλ

2γM2
+

γm

2Mλ
− 2γ

M

)
>

1

M
− h

2γ

M
> 0,

where we have used the fact that γ ≥ 2
√
M and h < 1

2γ and hence AC −B2 ≻ 0.

Proof for BAOAB. We first note that (BAOAB)n = BAO (ABAO)n−1AB. We will now focus our

attention on proving contraction of ABAO, by doing this we only have to deal with a single evaluation

of the Hessian at each step. We will denote two synchronous realizations of ABAO as (xj , vj) and

(x̃j , ṽj) for j ∈ N. Now we will denote xj := (x̃j − xj), vj = (ṽj − vj) and zj = (xj , vj), where

zj = (xj , vj) for j = n, n+ 1 for n ∈ N. We have the following update rule for zn

xn+1 = xn + hvn − h2

2
Q

(
x+

h

2
v

)
, vn+1 = η2vn − hη2Q

(
x+

h

2
v

)
,

where by mean value theorem we define Q =
∫ 1
t=0∇

2U(x̃n+
h
2 ṽn+ t(xn− x̃n+

h
2 (vn− ṽn)))dt, then

∇U
(
x̃n + h

2 ṽn
)
− ∇U

(
xn + h

2vn
)
= Q

(
x+ h

2v
)
. In the notation of (2.4.16) we have that for this

scheme

A = −c (h) Id +
(
2bη2h+ h2

)
Q+

(
−aη4h2 − bη2h3 − 1

4
h4
)
Q2,

B =
(
b
(
1− η2

)
− h− bc (h)

)
Id +

(
aη4h+ 2bη2h2 +

3

4
h3
)
Q

+

(
−1

2
aη4h3 − 1

2
bη2h4 − 1

8
h5
)
Q2,

C =
(
a
(
1− η4

)
− 2bη2h− h2 − ac (h)

)
Id +

(
aη4h2 +

3

2
bη2h3 +

1

2
h4
)
Q

+

(
−1

4
aη4h4 − 1

4
bη2h5 − 1

16
h6
)
Q2,

where η = exp {−γh/2}. For our choice of a and b, B simplifies to B = −bc (h) +(
aη4h+ 2bη2h2 + 3

4h
3
)
Q+

(
−1

2aη
4h3 − 1

2bη
2h4 − 1

8h
5
)
Q2. Now it is sufficient to prove that A ≻ 0

and that C −BA−1B ≻ 0, noting that A, B and C commute as they are all polynomials in Q; it is

sufficient to prove that A ≻ 0 and AC−B2 ≻ 0. First considering A we have that A is symmetric and

hence it is positive definite if and only if all its eigenvalues are positive. We note that the eigenvalues

of A are precisely

PA (λ) = h

(
−c (h)

h
+ (2bη2 + h)λ+ (−aη4h− bη2h2 − 1

4
h3)λ2

)
≥ hλ

(
7bη2

4
+

3h

4
− η4h− bη2h2M − h3M

4

)
≥ hλ

(
bη2

2
+

3h

4
− h

16

)
> 0,
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where λ are the eigenvalues of Q, where m ≤ λ ≤M and we have used the fact that h < 1−η2√
4M

and

b ≥ h. Hence we have that A ≻ 0. Now it remains to prove that AC − B2 ≻ 0, now we have that

AC −B2 is a polynomial of Q, which we denote PAC−B2(Q) and hence has eigenvalues dictated by

the eigenvalues λ of Q. Now considering

PAC−B2 (λ)

hλ
=

(
η4 − 1

)
c (h)

hMλ
+ h

(
1− η4

M
− η4λ

M2
+

2η2
(
1− η4

)
(1− η2)M

+
c (h)2

h2Mλ

)

+ h2
c (h)

h

(
−
(
1 + η2

)2
M

+
1 + η2

(1− η2)λ
+
η4λ

M2

)

+ h3

(
−1− 4η2

(1− η2)2
− c (h)2

h2 (1− η2)2 λ
− λ

4M
+

3η4λ

4M
−
η2λ

(
1− η4

)
(1− η2)M

)

+ h4
c (h)

h

(
1 +

4η2

(1− η2)2
+
λ
(
1 + η4

)
4M

+
η2λ

M

)
+ h5λ

(
3

16
+

η2

(1− η2)2

)
+ h6

c (h)

h

(
−3λ

16
− η2λ

(1− η2)2

)
≥ −

(
1 + η2

)
h

4M
+ h

(
1 + 2η2

M

)
+ h3

(
−5

4
− 4η2

(1− η2)2
− 1

64 (1− η2)2
− η2

(
1 + η2

))
− h3

32
> 0,

where we have used the fact that h < 1−η2√
4M

. Hence AC−B2 ≻ 0 and our contraction results hold. All

computations can be checked using symbolic computing. We can bound the AB operator on || · ||a,b
by

||ψAB (x̃n, ṽn, h/2)− ψAB (xn, vn, h/2) ||2a,b ≤

3

((
1 +

ah2M2

2

)
||xn||2 +

(
a+

h2

4
+
ah4M2

8

)
||vn||2

)
≤ 7||xn, vn||2a,b,

where we have used the norm equivalence in Section 2.2.2. We can also bound

||ψO (ψBA(x̃n, ṽn, h/2), h))− ψO (ψBA(xn, vn, h/2), h) ||2a,b

≤ 3

((
1 +

ah2M2

4
+
h4M2

8

)
||xn||2 +

(
h2

2
+ a

)
||vn||2

)
≤ 7||xn, vn||2a,b.

Combining these estimates we have the required result.

Proof for OBABO. We first note that (OBABO)n = OB (ABOB)n−1ABO. We will now focus our

attention on proving contraction of ABOB. Note we only have to deal with a single evaluation of the

Hessian at each step as the position variable is not updated between gradient evaluations. We will

denote two synchronous realisations of ABOB as (xj , vj) and (x̃j , ṽj) for j ∈ N. Now we will denote

xj := (x̃j − xj), vj = (ṽj − vj) and zj = (xj , vj), where zj = (xj , vj) for j = n, n + 1 for n ∈ N.

We have the following update rule for zn

xn+1 = xn + hvn, vn+1 = η2vn − h

2
(η2 + 1)Q (x+ hv) ,
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where by mean value theorem we define Q =
∫ 1
t=0∇

2U(x̃n+hṽn+ t(xn− x̃n+h(vn− ṽn)))dt, then

∇U (x̃n + hṽn) − ∇U (xn + hvn) = Q (x+ hv). In the notation of (2.4.16) we have that for this

scheme

A = −c (h) Id + bh
(
1 + η2

)
Q− (1 + η2)2

ah2Q2

4
,

B =
(
b
(
1− η2

)
− h− bc (h)

)
Id +

(
1

2
aη2 + bh

)(
η2 + 1

)
hQ−

(
η2 + 1

)2 ah3
4
Q2,

C =
(
a
(
1− η4

)
− 2bη2h− h2 − ac (h)

)
Id +

(
aη2 + bh

) (
η2 + 1

)
h2Q− a

(
η2 + 1

)2 h4
4
Q2,

where η = exp {−γh/2}. This form motivates the choice b = h
1−η2

and a = 1
M inspired by the

continuous dynamics. For our choice of a and b, B simplifies to B = −bc (h) + (12aη
2 + bh)(η2 +

1)hQ − (η2 + 1)2 ah
3

4 Q2. We will now apply Proposition 2.4.2, first considering A we have that the

eigenvalues are precisely

PA (λ) = −c (h) + bh(1 + η2)λ− (1 + η2)2
ah2λ2

4
≥ hλ

(
3b

4
+ bη2 − h

4
− 3bη2

4

)
> 0,

where λ are the eigenvalues of Q, where m ≤ λ ≤ M and we have used the fact that b ≥ h. Hence

we have that A ≻ 0. Now it remains to prove that AC − B2 ≻ 0, now we have that AC − B2 is a

polynomial of Q, which we denote PAC−B2(Q) and hence has eigenvalues dictated by the eigenvalues

λ of Q. Now considering

PAC−B2 (λ)

hλ
=

(
η4 − 1

)
c (h)

hMλ
+ h

((
1 + η2

)2
M

+
c (h)2

h2Mλ
−
(
1 + η2

)2
λ

4M2

)

+ h2
c (h)

h

(
−
(
1 + η2

)2
M

− 1

λ
+

2

(1− η2)λ
+
λ
(
1 + η2

)2
4M2

)

+ h3

(
−
(
1 + η2

)2
(1− η2)2

− c (h)2

(1− η2)2 h2λ
−
λ
(
1 + η2

)2
4M

+
λ
(
1 + η2

)2
2 (1− η2)M

)

+ h4
c (h)

h

((
1 + η2

)2
(1− η2)2

+
λ
(
1 + η2

)2
4M

−
λ
(
1 + η2

)2
2M (1− η2)

)

> −
h
(
1 + η2

)
4M

+ h

(
3
(
1 + η2

)2
4M

)
− h

(
3
(
1 + η2

)2
64M

)
+ h

(
−
(
1 + η2

)2
4M

− 1

64M

)
> 0,

where we have used the fact that h < 1−η2√
4M

. Hence AC − B2 ≻ 0 and our contraction results hold.

All computations can be checked using symbolic computing. We can bound the ABO operator on

|| · ||a,b by

||ψBO (ψA (x̃n, ṽn, h) , h/2)− ψBO (ψA (xn, vn, h) , h/2) ||2a,b ≤ 8||xn, vn||2a,b,

where we have used the norm equivalence in Section 2.2.2. Similarly, we can also bound

||ψOB (x̃n, ṽn, h/2)− ψOB (xn, vn, h/2) ||2a,b ≤ 6||xn, vn||2a,b.
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Combining these estimates we have the required result.

Proof for the Stochastic exponential Euler scheme. We remark that synchronous coupling between

two realisations of the stochastic Euler scheme results in a synchronous coupling of (ζn, ωn)n∈N. Now

we will denote xj := (x̃j − xj), vj = (ṽj − vj) and zj = (xj , vj), where zj = (xj , vj) for j = n, n+1

for n ∈ N. We have the following update rule for zn

xn+1 = xn +
1− η2

γ
vn − γh+ η2 − 1

γ2
Qxn, vn+1 = η2vn − 1− η2

γ
Qxn,

where by mean value theorem we define Q =
∫ 1
t=0∇

2U(x̃n+t(xn−x̃n))dt, then ∇U (x̃n)−∇U (xn) =

Q (x+ hv). In the notation of (2.4.16) we have that for this scheme

A = −c (h) Id + 2

(
b
(
1− η2

)
γ

+
η2 − 1 + γh

γ2

)
Q

−

(
a
(
1− η2

)2
γ2

+
2b
(
1− η2

) (
−1 + η2 + γh

)
γ3

+

(
−1 + η2 + γh

)2
γ4

)
Q2,

B =

(
b
(
1− η2

)
−
(
1− η2

)
γ

− bc (h)

)
Id

+

(
aη2

(
1− η2

)
γ

+
b
(
1− η2

)2
γ2

+
bη2
(
−1 + η2 + γh

)
γ2

+

(
1− η2

) (
−1 + η2 + γh

)
γ3

)
Q,

C =

(
a(1− η4)− ac (h)−

2bη2
(
1− η2

)
γ

−
(
1− η2

)2
γ2

)
Id,

where η = exp {−γh/2}. This form motivates the choice b = 1
γ and a = 1

M inspired by the continuous

dynamics. For our choice of a and b, B simplifies to B = −bc (h) + O (Q). We will now apply

Proposition 2.4.2, first considering A we wish to show that all its eigenvalues are positive which are

precisely

PA(λ) := −c (h) + 2

(
b
(
1− η2

)
γ

+
η2 − 1 + γh

γ2

)
λ

−

(
a
(
1− η2

)2
γ2

+
2b
(
1− η2

) (
−1 + η2 + γh

)
γ3

+

(
−1 + η2 + γh

)2
γ4

)
λ2,

≥ hλ

(
7

4γ
−
(
h+

h2M

γ
+
h3M

4

))
> 0,

where λ are the eigenvalues of Q, where m ≤ λ ≤M and using the fact that, γ2 ≥ 4M , 1−η2 ≤ hγ,

hγ + η2 − 1 ≤ (hγ)2

2 and h < 1
2γ . Hence we have that A ≻ 0. Now it remains to prove that

AC −B2 ≻ 0, now we have that AC −B2 is a polynomial of Q, which we denote PAC−B2(Q) and

hence has eigenvalues dictated by the eigenvalues λ of Q. Since the terms are more complicated than

the previous discretizations we choose a convenient way of expanding the expression which can obtain

positive definiteness. That is to expand the expression in terms of a. By using symbolic computing
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one can show that PAC−B2(λ) = c0 + c1a+ c2a
2, where

c1 + c2a =
(
η4 − 1

)
c (h) + c (h)2 + 2

(
1− η4

)(b (1− η2
)

γ
+

−1 + η2 + γh

γ2

)
λ

+
2b
(
1− η2

)
η2c (h)λ

γ
− 2

(
b
(
1− η2

)
γ

+
−1 + η2 + γh

γ2

)
c (h)λ+

(
1− η2

)4
λ2

γ4

−
2η2

(
1− η2

)2 (−1 + η2 + γh
)
λ2

γ4
−

2b
(
1− η2

) (
−1 + η2 + γh

)
λ2

γ3

−
(
1− η4

) (
−1 + η2 + γh

)2
λ2

γ4
+

2b
(
1− η2

) (
−1 + η2 + γh

)
c (h)λ2

γ3

+

(
−1 + η2 + γh

)2
c (h)λ2

γ4
+ a

(
−
(
1− η2

)2
λ2

γ2
+

(
1− η2

)2
c (h)λ2

γ2

)

≥ c1 −
(
1− η2

)2
λ

γ2
+

(
1− η2

)2
c (h)λ

γ2

≥
(
η4 − 1

)
c (h) +

(
1− η4

)(2h

γ
− 1− η2

(1 + η2) γ2

)
λ+ ...

≥ λ

((
−h

2

2

)
+ h2

(
2− 1

1 + η2

)
+ ...

)
> λ

(
h2

2
− h2

16
− h3γ

16
− h3γ

8
− h3γ

16

)
≥ λ

(
7h2

16
− h3γ

4

)
,

where h < 1
2γ , γ2 ≥ 8M ≥ 8m, hγ

2 ≤ 1− η2 ≤ hγ and hγ + η2 − 1 ≤ (hγ)2

2 . Further, we have that

c0 =

(
1− η2

)2
c (h)

γ2
+

2b
(
1− η2

)
η2c (h)

γ
− b2c (h)2 −

2b
(
1− η2

)3
λ

γ3

−
2
(
1− η2

)2 (−1 + η2 + γh
)
λ

γ4
−

4b2η2
(
1− η2

)2
λ

γ2
−

4bη2
(
1− η2

) (
−1 + η2 + γh

)
λ

γ3

− b2η4λ2(η2 + γh− 1)2

γ4
+

2b2(1− η2)2c (h)λ

γ2
+

2b2η2c (h)λ(η2 + γh− 1)

γ2

+
2b2η2(1− η2)2λ2(η2 + γh− 1)

γ4
− b2(1− η2)4λ2

γ4
+

2b(1− η2)c (h)λ(η2 + γh− 1)

γ3

> λ

(
−2 (hγ)3

γ4
− (hγ)4

γ4
− 4 (hγ)2

γ4
− 2 (hγ)3

γ4
− (hγ)4 λ

4γ6
− (hγ)4 λ

γ6

)
> λ

(
−7h2

γ2

)
,

now we can combine this with the previous estimate and we have

PAC−B2(λ) > λ

(
7h2

16M
− h3γ

4M
− 7h2

γ2

)
> h2λ

(
5

16M
− 7

γ2

)
≥ 0,

which is true when γ ≥ 5
√
M . Hence AC−B2 ≻ 0 and our contraction results hold. All computations

can be checked using symbolic computing.



A.2. Asymptotic bias of BAOAB 90

A.2 Asymptotic bias of BAOAB

Proof of Proposition 2.7.2. We start by estimating △x. We use the following Taylor expansion for

the Hamiltonian dynamics

ψH(z, h) =

(
x+ hv −

∫ h

0
∇U(x(t))(h− t)dt, v − h∇U(x)−

∫ h

0
∇2U(x(t))v(t)(h− t)dt

)
,

we then define (x(t), v(t)) to be Hamiltonian dynamics initialised at ψO(ψH(z, h/2), h) at time t > 0

and (x, v) := (x(0), v(0)). Then the x-component of the HOH scheme is

xHOH := x+
h

2
v(1 + η2)−

∫ h/2

0
∇U(x(t))

(
h

2
− t

)
dt−

∫ h/2

0
∇U(x(t))

(
h

2
− t

)
dt

+
h

2

(
η2

(
−h
2
∇U(x)−

∫ h/2

0
∇2U(x(t))v(t)

(
h

2
− t

)
dt

)
+
√

1− η4ξ

)

and the x-component of the BAOAB scheme is

xBAOAB := x′ +
h

2
v′(1 + η2)− h2

4
(1 + η2)∇U(x′) +

h

2

√
1− η4ξ.

Therefore the difference △x = xHOH − xBAOAB in x satisfies

∥△x∥L2 ≤
(
1 + η2

h2

4
M

)
∥x− x′∥L2 +

h

2
(1 + η2)∥v − v′∥L2

+

∥∥∥∥∥
∫ h/2

0

(
∇U(x(t))−∇U(x′)

)(h
2
− t

)
dt− η2

h

2

∫ h/2

0
∇2U(x(t))v(t)

(
h

2
− t

)
dt

+

∫ h/2

0

(
∇U(x(t))−∇U(x′)

)(h
2
− t

)
dt

∥∥∥∥∥
L2

.

We now bound the final expression by

M

∫ h/2

0

∥∥x(t)− x′
∥∥
L2

(
h

2
− t

)
dt+

hη2M

2

∫ h/2

0
∥v(t)∥L2

(
h

2
− t

)
dt

+M

∫ h/2

0

∥∥x(t)− x′
∥∥
L2

(
h

2
− t

)
dt,

where we have that the second term is bounded by h3η2M
16

√
d and considering the first term we have

for t ∈ [0, h/2]

∥x(t)− x′∥L2 ≤ ∥x− x′∥L2 + ∥tv −
∫ t

0
∇U(x(s))(t− s)ds∥L2 ≤ ∥x− x′∥L2 +

3h
√
d

4
,

similarly we can bound M
∫ h/2
0 ∥x(t)− x′∥L2

(
h
2 − t

)
dt. Therefore we have by summing the estimates

∥△x∥L2 ≤
(
1 + (1 + η2)

h2

4
M

)
∥x− x′∥L2 +

h

2
(1 + η2)∥v − v′∥L2 +

3h3M
√
d

8
,
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where we have used the fact that h < 1
2
√
M

. Now we estimate △v, considering the velocity components

we have that the v-component of the HOH scheme is

vHOH := η2

(
v − h

2
∇U(x)−

∫ h/2

0
∇2U(x(t))v(t)

(
h

2
− t

)
dt

)
+
√

1− η4ξ

− h

2
∇U(x)−

∫ h/2

0
∇2U(x(t))v(t)

(
h

2
− t

)
dt,

where x := x+ h
2v −

∫ h/2
0 ∇U(x(t))

(
h
2 − t

)
dt. The v-component of BAOAB is

vBAOAB := η2(v′ − h

2
∇U(x′)) +

√
1− η4ξ − h

2
∇U(x̂),

where x̂ := x′ + h
2 (1 + η2)v′ − h2

4 (1 + η2)∇U(x′) + h
2

√
1− η4ξ. For △v = vHOH − vBAOAB we have

that

△v = η2(v − v′)− hη2

2

(
∇U(x)−∇U(x′)

)
− η2

∫ h/2

0
∇2U(x(t))v(t)

(
h

2
− t

)
dt

− h

2
(∇U(x)−∇U(x̂))−

∫ h/2

0
∇2U(x(t))v(t)

(
h

2
− t

)
dt,

we now consider the Taylor expansion

∇U(x̂) = ∇U(x̂c)

−∇2U([x̂c, x̂])

(
x− x′ +

h

2
(1 + η2)(v − v′)− h2

4
(1 + η2)(∇U(x)−∇U(x′))

)
,

where we define

x̂c := x+
h

2
(1 + η2)v − h2

4
(1 + η2)∇U(x) +

h

2

√
1− η4ξ,

∇2U([v1, v2]) :=

∫ 1

0
∇2U(v1 + s(v2 − v1))ds,

for any v1, v2 ∈ Rd. We then define

αv := η2(v − v′)− hη2

2

(
∇U(x)−∇U(x′)

)
− h

2
∇2U([x̂c, x̂])

(
x− x′ +

h

2
(1 + η2)(v − v′)− h2

4
(1 + η2)

(
∇U(x)−∇U(x′)

))
= (η2Id −

h2(1 + η2)

4
Q2)(v − v′) +

(
−hη

2

2
Q1 −

h

2
Q2 +

h3(1 + η2)

8
Q2Q1

)
(x− x′),

where Q1 = ∇2U([x, x′]) and Q2 = ∇2U([x̂, x̂c]). Consider △v − αv, which can be written as

−η2
∫ h/2

0
∇2U(x(t))v(t)

(
h

2
− t

)
dt+

h

2
∇2U([x̂c, x])(x̂c − x)−

∫ h/2

0
∇2U(x(t))v(t)

(
h

2
− t

)
dt,
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which only contains terms from the continuous dynamics. Removing some third order terms which we

can bound in L2 by h3M3/2
√
d, where we have used that h < 1

2
√
M

, we have the additional terms

are given by

− η2
∫ h/2

0
∇2U(x(t))v

(
h

2
− t

)
dt+

h

2
∇2U([x̂c, x])

(
h

2
η2v +

h

2

√
1− η4ξ

)
−
∫ h/2

0
∇2U(x(t))

(
η2ṽ +

√
1− η4ξ

)(h
2
− t

)
dt,

where ṽ := v − h
2∇U(x)−

∫ h/2
0 ∇2U(x(t))v(t)

(
h
2 − t

)
dt and we can bound in L2

∥∥∥∥∥η2
∫ h/2

0
∇2U(x(t))v

(
h

2
− t

)
dt− η2

h2

4
∇2U([x̂c, x])v + η2

∫ h/2

0
∇2U(x(t))ṽ

(
h

2
− t

)
dt

∥∥∥∥∥
L2

≤ η2h3M3/2
√
d

8
+ η2

(∥∥∥∥∥
∫ h/2

0

(
∇2U(x(t))−∇2U([x̂c, x])

)
v

(
h

2
− t

)
dt

∥∥∥∥∥
L2

+

∥∥∥∥∥
∫ h/2

0

(
∇2U(x(t))−∇2U([x̂c, x])

)
v

(
h

2
− t

)
dt

∥∥∥∥∥
L2

)
,

and you can bound the second term under Assumption 2.2.3 by

η2M1

∫ h/2

0

∫ 1

0
∥∥x(t)− x̂c − s(x− x̂c)∥ ∥v∥∥L2

(
h

2
− t

)
dsdt

≤ η2M1

∫ h/2

0

∥∥∥∥(2h∥v∥+ 3

2
h2

√
Md+ h

√
1− η4∥ξ∥

)
∥v∥
∥∥∥∥
L2

(
h

2
− t

)
dt ≤ η2h3M1d

2

and similarly for the third term. Without Assumption 2.2.3, we can bound each of these terms by

η2 h
2M

√
d

4 .

The remaining terms we have are

√
1− η4

h2

4
∇2U([x̂c, x])ξ −

√
1− η4

∫ h/2

0
∇2U(x(t))

(
h

2
− t

)
ξdt, (A.2)

which can be bounded by 3h2M
√
d/8 in L2. For higher order estimates we have that the ∇2U terms

contain noise and hence we use the Taylor expansions

∇2U(x(t)) = ∇2U(x) +∇3U([x(t), x])

(
tv −

∫ t

0
∇U(x(s))(t− s)ds

)
,

∇2U([x̂c, x]) =

∫ 1

0
∇2U(x̂+ s(x− x̂)− (1− s)

h

2

√
1− η4ξ)ds

+
h

2

√
1− η4

∫ 1

0
∇3U([x̂+ s(x− x̂), x̂+ s(x− x̂)− (1− s)

h

2

√
1− η4ξ])(1− s)ξds.

Therefore we have (A.2) is of the form
√

1− η4h2A(x, x′)ξ + rh, where

A(x, x′) =
1

8

(
2

∫ 1

0
∇2U(x̂+ s(x− x̂)− (1− s)

h

2

√
1− η4ξ)ds−∇2U(x)

)
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is independent of ξ, ∥A(x, x′)ξ∥L2 ≤ 3
8M

√
d, and ∥rh∥L2 ≤ h3M1d. Combining all the estimates we

have

△v =

(
η2Id −

h2(1 + η2)

4
Q2

)
(v − v′) +

(
−hη

2

2
Q1 −

h

2
Q2 +

h3(1 + η2)

8
Q2Q1

)
(x− x′)

+ ϵv + h2
√
1− η4A(x, x′)ξ,

where ∥ϵv∥L2 ≤ 2h3
√
d(M3/2+M1

√
d) under Assumptions 2.2.1-2.2.3 and ∥ϵv∥L2 ≤ 2h2M

√
d with

A(x, x′) = 0 under Assumptions 2.2.1-3.3.7.

We will use the following proposition to control the evolution of the error between BAOAB and HOH

steps.

Proposition A.2.1. Consider an HOH scheme, (xi, vi)i∈N and a BAOAB scheme (x′i, v
′
i)i∈N initialized

at (x0, v0) = (x′0, v
′
0) = (x, v) ∼ π in R2d with synchronously coupled Gaussian increments and

stepsize h < 1−η2

2
√
M
, for l ∈ N we define (△l

x,△l
v) := (xl−x′l, vl−v′l). For a = 1/M and b = h/(1−η2)

we have that under Assumptions 2.2.1-3.3.7

∥(△l
x,△l

v)∥L2,a,b ≤
√
3e(l−1)5h

√
MCl,

where Cl =
3lh3M

√
d

8 + 2h2
√
Md

1−η2
. Additionally, if Assumption 2.2.3 is satisfied we have

∥(△l
x,△l

v)∥L2,a,b ≤
√
3e(l−1)4h

√
MCl,

where Cl := 3h3
√
d
(
M + M1√

M

√
d
)
l + 3h2

√
Md

8 .

Proof of Proposition A.2.1. Let (x′0, v
′
0) = (x0, v0) ∼ π and (xi, vi)

l
i=1 be defined by the HOH

scheme with stepsize h and friction parameter γ and (x′i, v
′
i)
l
i=1 be defined by the BAOAB scheme

with the same stepsize and friction parameter, we define these such that they have synchronously

coupled Gaussian increments in the O steps. Then let us define △i
x := xi − x′i and △i

v := vi − v′i for

i ∈ N, we have by Proposition 2.7.2 that

∥△l
x∥L2 ≤ ∥△l−1

x ∥L2 + h
(
2hM∥△l−1

x ∥L2 + ∥△l−1
v ∥L2

)
+

3h3M
√
d

8

≤
l−1∑
i=1

h
(
2hM∥△i

x∥L2 + ∥△i
v∥L2

)
+ l

3h3M
√
d

8
.

Without the additional Assumption 2.2.3 we have

∥△l
v∥L2 ≤ (η2 +

h2M

2
)∥△l−1

v ∥L2 + hM

(
2 +

h2M

4

)
∥△l−1

x ∥L2 + 2h2M
√
d

≤
l−1∑
i=1

η2(l−1−i)h

2

(
5M∥△i

x∥L2 + hM∥△i
v∥L2

)
+

l∑
i=1

η2(l−i)2h2M
√
d,
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and therefore we have ∥(△l
x,△l

v)∥L2,a,0 ≤
∑l−1

i=1 5h
√
M∥(△i

x,△i
v)∥L2,a,0+Cl, where Cl =

3lh3M
√
d

8 +
2h2

√
Md

1−η2
and hence

∥(△l
x,△l

v)∥L2,a,0 ≤ e(l−1)5h
√
MCl.

With Assumption 2.2.3 we have

△l
v =

l−1∑
i=1

η2(l−1−i)
(
Ai

v△i
v +Ai

x△i
x

)
+

l∑
i=1

η2(l−i)ϵiv +
l∑

i=1

η2(l−i)h2
√

1− η4Ai(xi, x
′
i)ξi,

where ξi is the noise increment from the iteration i of BAOAB, Ai and ϵiv are defined by Proposition

2.7.2 for each iteration and Ai
x := −hη2

2 Qi
1 − h

2Q
i
2 +

h3(1+η2)
8 Qi

2Q
i
1, A

i
v := −h2(1+η2)

4 Qi
2, where Qi

1

and Qi
2 are defined by Proposition 2.7.2 for each i. Therefore

∥△l
v∥L2 ≤

l−1∑
i=1

h2M

2
∥△i

v∥L2 + 2hM∥△i
x∥L2 + 2h3

√
d
(
M3/2 +M1

√
d
)
l + h2

3M
√
d

8
,

where we only lose an order of 1/2 in the last term due to the independence of the Gaussian increments,

more precisely for i ̸= j and without loss of generality assume i > j we have E ⟨Aiξi, Ajξj⟩ =

EξjE [⟨Aiξi, Ajξj⟩ | ξj ] = 0. We therefore have that

∥(△l
x,△l

v)∥L2,a,0 ≤
l−1∑
i=1

4h
√
M∥(△i

x,△i
v)∥L2,a,0 + Cl ≤ e(l−1)4h

√
MCl,

where Cl := 3h3
√
d
(
M + M1√

M

√
d
)
l + 3h2

√
Md

8 .

The previous error estimate can be refined using our contraction results, hence we can avoid blowing

up exponentially in l.

Proof of Proposition 2.7.3. We have (△l
x,△l

v) := (xl − x′l, vl − v′l), where (xl, vl) corresponds to l

steps of HOH initiated in (x0, v0) = (x, v) ∼ π, and (x′l, v
′
l) corresponds to l steps of BAOAB initiated

in (x′0, v
′
0) = (x, v), driven by the same noise.

We define a sequence of interpolating variants (x
(k)
l , v

(k)
l ) for every k = 0, 1, . . . , l as follows. First,

(x
(k)
0 , v

(k)
0 ) = (x, v). We then define (x

(k)
i , v

(k)
i )ki=1 as HOH steps, followed by (x

(k)
i , v

(k)
i )li=k+1 as

BAOAB steps. So we take k HOH steps, followed by l − k BAOAB steps. From the definition, it

follows that (x
(l)
l , v

(l)
l ) = (xl, vl) and (x

′(0)
l , v

′(0)
l ) = (x′l, v

′
l). We break l steps into blocks of size

l̃ =
⌈

1
2
√
Mh

⌉
, as follows,

∥(△l
x,△l

v)∥L2,a,b =
∥∥∥(x(0)l − x

(l)
l , v

(0)
l − v

(l)
l

)∥∥∥
L2,a,b

≤
⌊l/l̃⌋−1∑
j=0

∥∥∥(x(jl̃)l − x
((j+1)l̃)
l , v

(jl̃)
l − v

((j+1)l̃)
l

)∥∥∥
L2,a,b

+
∥∥∥(x(⌊l/l̃⌋l̃)l − x

(l)
l , v

(⌊l/l̃⌋l̃)
l − v

(l)
l

)∥∥∥
L2,a,b

.
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When we bound the terms
∥∥∥(x(jl̃)l − x

((j+1)l̃)
l , v

(jl̃)
l − v

((j+1)l̃)
l

)∥∥∥
L2,a,b

, we can use the fact that the

first jl̃ according to HOH keep the stationary distribution invariant, and the two chains deviate in

the following l̃ steps (since one of them is doing HOH, and the other one is doing BAOAB steps).

Still, the remaining steps are doing BAOAB for both chains (hence, there is a contraction). Using

Proposition A.2.1 with l chosen as l̃, and Theorem 2.4.5, we have∥∥∥(x(jl̃)l − x
((j+1)l̃)
l , v

(jl̃)
l − v

((j+1)l̃)
l

)∥∥∥
L2,a,b

≤
√
3e5/2Cl̃ · 7(1− c(h))

l−1−(j+1)l̃
2 .

Under Assumptions 2.2.1-3.3.7, Cl̃ =
3l̃h3M

√
d

8 + 2h2
√
Md

1−η2
≤ 3h2

√
Md

1−η2
. If we also include Assumption

2.2.3, Cl̃ := 3h3
√
d
(
M + M1√

M

√
d
)
l̃ + 3h2

√
Md

8 ≤ h2(4
√
Md+ 3M1

M d). By some simple algebra, we

have that

∥△l
x,△l

v∥L2,a,b ≤
√
3e5/2Cl̃

(
1 +

7

1− (1− c(h))l̃/2

)
≤ 170Cl̃ ·

1

1− e−c(h)l̃/2

= 170Cl̃ ·
1

1− e
− h2m

4(1−η2)
l̃/2

≤ 170Cl̃ ·
1

1− e
− hm

8
√

M(1−η2)

≤ 170Cl̃ ·

(
1 +

8
√
M
(
1− η2

)
hm

)
,

where we have used the fact that 1/(1 − e−x) ≤ 1 + 1/x for x > 0. The claims now follow by

rearrangement.

A.3 Stochastic gradient kinetic Langevin dynamics integrators

For the Euler-Maruyama, stochastic Euler scheme, rOABAO, stochastic position Verlet only one force

evaluation is used in each iteration, so every gradient evaluation is taken as a stochastic gradient

estimate. The complete algorithms are stated below in Algorithms 4,5, 6 and 7.

Algorithm 4 Stochastic Gradient Euler-Maruyama (EM)

• Initialize (x0, v0) ∈ R2d, stepsize h > 0 and friction parameter γ > 0.
• for k = 1, 2, ...,K do

Sample Wk ∼ ρ
Gk−1 → G(xk−1,Wk)
Sample ξk ∼ N (0d, Id)
xk → xk−1 + hvk−1

vk → vk−1 − hGk−1 − hγvk−1 +
√
2γhξk

• Output: Samples (xk)
K
k=0.

Algorithm 5 Stochastic Gradient Stochastic Euler Scheme (SES/EB)

• Initialize (x0, v0) ∈ R2d, stepsize h > 0 and friction parameter γ > 0.
• for k = 1, 2, ...,K do

Sample (ζk, ωk) ∼ N (02d,Σ), where Σ is given in (2.4.12).
Sample Wk ∼ ρ
Gk−1 → G(xk−1,Wk)

xk → xk−1 +
1−η2

γ
vk−1 − γh+η2−1

γ2 Gk−1 + ζk

vk → η2vk−1 − 1−η2

γ
G+ ωk

• Output: Samples (xk)
K
k=0.
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Algorithm 6 Stochastic Gradient rOABAO

• Initialize (x0, v0) ∈ R2d, stepsize h > 0 and friction parameter γ > 0.
• for k = 1, 2, ...,K do

Sample uk ∼ U(0, h)
Sample Wk ∼ ρ
Gk−1 → G(xk−1 + ukvk−1,Wk)
Sample ξk ∼ N (0d, Id)

(O) v → ηvk−1 +
√

1− η2ξk

xk → xk−1 + hvk−1 − h2

2
Gk−1

vk → vk−1 − hGk−1

Sample ξ′k ∼ N (0d, Id)
(O) vk → ηv +

√
1− η2ξ′k

• Output: Samples (xk)
K
k=0.

Algorithm 7 Stochastic Gradient Stochastic Velocity Verlet (SVV)

• Initialize (x0, v0) ∈ R2d, stepsize h > 0 and friction parameter γ > 0.
• for k = 1, 2, ...,K do

(A) x → xk−1 +
h
2
vk−1

Sample Wk ∼ ρ
Gk−1 → G(x,Wk)
Sample ξk ∼ N (0d, Id)

(V) vk → η2vk−1 − 1−η2

γ
Gk−1 +

√
1− η4ξk

(A) xk → x+ h
2
vk

• Output: Samples (xk)
K
k=0.

For BAOAB the first and last B of each iteration share a stochastic gradient evaluation to make the

algorithm roughly one gradient evaluation per step. The complete algorithm is given in Algorithm 8.

Algorithm 8 Stochastic Gradient BAOAB

• Initialize (x0, v0) ∈ R2d, stepsize h > 0 and friction parameter γ > 0.
• Sample W1 ∼ ρ
• G0 → G(x0,W1)
• for k = 1, 2, ...,K do

(B) v → vk−1 − h
2
Gk−1

(A) x → xk−1 +
h
2
v

Sample ξk ∼ N (0d, Id)
(O) v → η2v +

√
1− η4ξk

(A) xk → x+ h
2
v

Sample Wk+1 ∼ ρ
Gk → G(xk,Wk+1)

(B) vk → v − h
2
Gk

• Output: Samples (xk)
K
k=0.

Similarly for OBABO the first and last B of each iteration share a stochastic gradient evaluation to

make the algorithm roughly one gradient evaluation per step. The complete algorithm is given in

Algorithm 9.
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Algorithm 9 Stochastic Gradient OBABO

• Initialize (x0, v0) ∈ R2d, stepsize h > 0 and friction parameter γ > 0.
• Sample W1 ∼ ρ
• G0 → G(x0,W1)
• for k = 1, 2, ...,K do

Sample ξk ∼ N (0d, Id)
(O) v → ηvk−1 +

√
1− η2ξk

(B) x → xk−1 − h
2
Gk−1

(A) x → x+ hv
Sample Wk+1 ∼ ρ
Gk → G(x,Wk+1)

(B) xk → x− h
2
Gk

Sample ξ′k ∼ N (0d, Id)
(O) vk → ηv +

√
1− η2ξ′k

• Output: Samples (xk)
K
k=0.

If we express each iteration of the BBK methods as ΦB2 ◦ ΦA ◦ ΦB1 , then the last ΦB2 step of each

iteration and the first ΦB1 of the next iteration share the same stochastic gradient evaluation to make

the algorithm roughly one gradient evaluation per step. The complete algorithm is given in Algorithm

10.

Algorithm 10 Stochastic Gradient Brunger-Brooks Karplus (BBK)

• Initialize (x0, v0) ∈ R2d, stepsize h > 0 and friction parameter γ > 0.
• Sample W1 ∼ ρ
• G0 → G(x0,W1)
• for k = 1, 2, ...,K do

Sample ξk ∼ N (0d, Id)

(B1) v → vk−1 +
h
2

(
−Gk−1 − γvk−1 +

√
2γ√
h
ξk
)

(A) xk → xk−1 + hv
Sample Wk+1 ∼ ρ
Gk → G(xk,Wk+1)
Sample ξ′k ∼ N (0d, Id)

(B2) vk →
(
1 + h

2
γ
)−1

(
v − h

2
Gk +

√
2γ√
h
ξ′k

)
• Output: Samples (xk)

K
k=0.

Finally for SVV the last V step of each iteration and the first V of the next iteration share the same

stochastic gradient evaluation. The complete algorithm is given in Algorithm 11.

Algorithm 11 Stochastic Gradient Stochastic Velocity Verlet (SVV)

• Initialize (x0, v0) ∈ R2d, stepsize h > 0 and friction parameter γ > 0.
• Sample W1 ∼ ρ
• G0 → G(x0,W1)
• for k = 1, 2, ...,K do

Sample ξk ∼ N (0d, Id)
(V) v → ηvk−1 − 1−η

γ
Gk−1 +

√
1− η2ξk

(A) xk → xk−1 + hv
Gk → G(xk,Wk+1)
Sample ξ′k ∼ N (0d, Id)

(V) vk → ηv − 1−η
γ

Gk +
√

1− η2ξ′k

• Output: Samples (xk)
K
k=0.



Appendix B

Appendix of Unbiased kinetic Langevin

Monte Carlo

B.1 Discussion and outline of results

The beginning of this appendix is devoted to providing a road-map for our results. In Appendix B.2,

which follows, we provide variance estimates of the full gradient multilevel UBUBU method. The

approach we use is to bound Var(D0) using Theorem 2 of [89] and to use the strong error estimates

of [140] for UBU to estimate Var(Dl,l+1). [89] requires Ricci curvature of the UBU Markov chain and

extending [140] to global strong error estimates in Appendix B.4.1 requires Wasserstein convergence.

We provide this in Appendix B.3 in the full gradient setting using the methods of [105]. We provide

L4 Lyapunov drift inequalities in the full gradient setting. We can then bound the average distance

to the minimizer non-asymptotically, the key result needed to get complexity bounds in the big data

setting. We also provide the proof of the central limit theorem of the estimator in Appendix B.2.

In Appendix B.5 we describe the initialization and the OHO scheme for the approximate and stochastic

gradient methods and some estimates of the distance between the initial measure and the target

measure. We then use the techniques of [168] to provide global strong error estimates of the SVRG

method. We combine and extend the techniques of [140] and [168] to prove new non-asymptotic

stochastic gradient error bounds for the UBU integrator. From this we obtain in Appendix B.4

variance bounds and estimates on our estimator UBUBU with exact gradients. This is then extended

to providing estimates of the variance of our multilevel estimator in the SVRG stochastic gradient

setting in Appendix B.6.

We further develop bounds for our new approximate gradient UBU method in Appendix B.7 using

the same techniques, in the approximate gradient setting. In general, Appendices B.6, B.7 follow

similarly where one requires bounds on the variance of the quantity D0 and Dl,l+1. However, we use

an interpolation argument to improve the results in Appendix B.7 as opposed to the methods used

in Appendix B.6. We also use some classical results from the theory of ODEs to establish bounds

between continuous diffusions to establish the variance of D0,1 in Appendix B.6 and B.7. Finally, we

provide some auxiliary results in Appendix B.8.

98
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B.2 Unbiased multilevel estimators

Proposition 3.3.4. Suppose that Assumptions 3.3.1, 3.3.2 and 3.3.3 hold, and that 2 < ϕN < ϕD.

Then S as defined in (3.3.16) is an unbiased estimator of µ(f) that has finite variance

Var(S) ≤ Var(D0)

N
+

VD

NcN

(
1− ϕN

ϕD

) ,
and finite expected computational cost.

Similarly, for any cR ∈ [0, 1), S(cR) as defined in (3.3.17) is also an unbiased estimator of µ(f) with

finite variance

Var(S(cR)) ≤

Var(D0)

N
+

VD

NcN

(
1− ϕN

ϕD

) +
VD

NcN

(
1− ϕN

ϕD

) 2

(1− cR)2

(
ϕN
ϕD

)log(2cNN/ϕN )/ log(ϕN )

,

and finite expected computational cost.

Proof of Proposition 3.3.4. From Assumption 3.3.3, and the definition of S, it follows that the

expected computational cost of S is upper bounded as follows:

O

(
N +

∞∑
l=0

E(Nl,l+1)2
l(K + lB +B0)

)

≤ O

(
N

(
1 + cN

∞∑
l=0

(
2

ϕN

)l

(K + lB +B0)

))
<∞.

From Assumption 3.3.1, and the independence of the terms, we have that

Var(S) ≤ Var(D0)

N
+

∞∑
l=0

E(D2
l,l+1)

ENl,l+1
≤ Var(D0)

N
+

VD
cNN

∞∑
l=0

(
ϕD
ϕN

)−l

=
Var(D0)

N
+

VD

NcN

(
1− ϕN

ϕD

) <∞.

By Jensen’s inequality, and Assumption 3.3.1, E(|S0|+
∑∞

l=0 |Sl,l+1|) <∞, hence by the dominated

convergence theorem,

E(S) = E(S0) +
∞∑
l=0

E(Sl,l+1) = µ̃h0(f) +
∞∑
l=0

µ̃hl+1
(f)− µ̃hl

(f) = µ(f),

which concludes the proof for S.
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For S(cR), the computational cost is the same as for S, so it has finite expectation. For the variance,

we have

Var(S(cR)) ≤
Var(D0)

N
+

L(N)−1∑
l=0

E(D2
l,l+1)

ENl,l+1
+Var

SL(N),L(N)+1

1− cR
+

∞∑
l=L(N)+1

Sl,l+1

 .

The last term can be bounded as

Var

SL(N),L(N)+1

1− cR
+

∞∑
l=L(N)+1

Sl,l+1


= Var

SL(N),L(N)+1

 1

1− cR
−

∞∑
l=L(N)+1

1[Nl,l+1 = 1]

E(Nl,l+1)
c
l−L(N)
R

+
∞∑

l=L(N)+1

Sl,l+1


≤ 2 ·Var

SL(N),L(N)+1

 1

1− cR
−

∞∑
l=L(N)+1

1[Nl,l+1 = 1]

E(Nl,l+1)
c
l−L(N)
R


+ 2 ·Var

 ∞∑
l=L(N)+1

Sl,l+1

 ≤ 2

(1− cR)2
E(S2

L(N),L(N)+1) + 2
∞∑

l=L(N)+1

E(S2
l,l+1).

As before, we have E(S2
l,l+1) ≤ E(D2

l,l+1)

ENl,l+1
≤ VD

cNN ·
(
ϕD
ϕN

)−l
for any l ≥ 0. Using the fact that

ϕ
−L(N)−1
N ≤ 1

2cNN , we have ϕ
L(N)
N ≥ 2cNN

ϕN
, hence L(N) ≥ log(2cNN/ϕN )

log(ϕN ) . After some rearrangement,

we obtain that

Var(S(cR)) ≤

Var(D0)

N
+

VD

NcN

(
1− ϕN

ϕD

) +
VD

NcN

(
1− ϕN

ϕD

) 2

(1− cR)2

(
ϕN
ϕD

)log(2cNN/ϕN )/ log(ϕN )

,

where the factor
(
ϕN
ϕD

)log(2cNN/ϕN )/ log(ϕN )
tends to 0 as N → ∞. Finally, unbiasedness can be shown

as before using the dominated convergence theorem.

We show below that a central limit theorem holds for these estimators.

Theorem 3.3.5. Under the assumptions of Proposition 3.3.4, we have that, as N → ∞,

√
N(S − µ(f)) ⇒ N (0, σ2S) and

√
N(S(cR)− µ(f)) ⇒ N (0, σ2S),

where

σ2S := Var(D0) +
∞∑
l=0

Var(Dl,l+1)

cl,l+1
. (3.3.18)
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Proof of Theorem 3.3.5. First, we prove the result for H :=
√
N(S − µ(f)). For lmax ≥ 0, let

H lmax :=
√
N(S0 − E(S0)) +

lmax∑
l=0

(Sl,l+1 − E(Sl,l+1))

=
1√
N

N∑
r=1

(
D

(r)
0 − E(D(r)

0 )
)
+

lmax∑
l=0

√
N

E(Nl,l+1)

Nl,l+1∑
r=1

D
(r)
l,l+1 − E(Dl,l+1)

:= H0 +

lmax∑
l=0

Hl,l+1.

Then by using independence, and the fact that
( √

N
E(Nl,l+1)

)
/
(

1√
N

)
→ 1

cl,l+1
, by the proof of the

central limit theorem (see Sections 3.3-3.4 of [68]), for every t ∈ R, H0 and Hl,l+1 satisfies

E(eitH0) → e−t2V0/2 as N → ∞ for V0 = Var(D0),

E(eitHl) → e−t2Vl,l+1/2 as N → ∞ for Vl,l+1 =
Var(Dl,l+1)

cl,l+1
.

Using independence, we can multiply these together to obtain that for any t ∈ R,

E
(
eitH

lmax
)
→ e−t2(V0+

∑lmax
l=0 Vl,l+1)/2 as N → ∞.

By Lemma 3.3.19 of [68], it follows that for a random variable X with E(X) = 0 and E(X2) < ∞,

we have

|E(eitX)− 1| ≤ t2E(X2)

2
.

For X =
√
N(S − µ(f))−H lmax , we have

E(X2) = Var(X) ≤ N
∞∑

l=lmax+1

E(D2
l,l+1)

ENl,l+1
≤ VD
cN

∞∑
l=lmax+1

(
ϕD
ϕN

)−l

≤ VD
cN

(
ϕN
ϕD

)lmax

1− ϕN
ϕD

.

Using independence of H lmax and H −H lmax , E(eitH) = E(eitHlmax
) · E(eit(H−Hlmax )), so

lim sup
N→∞

∣∣∣E(eitH)− e−t2(V0+
∑lmax

l=0 Vl,l+1)/2
∣∣∣

≤ e−t2(V0+
∑lmax

l=0 Vl,l+1)/2 · VD
cN

∞∑
l=lmax+1

(
ϕD
ϕN

)−l

≤ VD
cN

(
ϕN
ϕD

)lmax

1− ϕN
ϕD

.

By letting lmax → ∞, it follows that lim supN→∞ E(eitH) = e−t2σ2
S , hence the convergence follows

by the Lévy-Cramér continuity theorem (see Theorem 3.3.17 of [68]).

The proof for S(cR) follows the same lines, except that the variances of the terms for l ≥ L(N) need

to be controlled separately using the same bounds as in the proof of Proposition 3.3.4, we omit the

details.
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B.3 Convergence results

The first set of results we prove are provided below for the convergence of the UBU scheme. Proving

contraction of a coupling has been a popular method for establishing convergence rates both in the

continuous time setting and for the discretization for Langevin dynamics (underdamped/kinetic) and

Hamiltonian Monte Carlo (see for example [22–24, 52, 55, 57, 65, 70, 80, 115, 116, 140, 141] and

many more).

Our approach to obtain convergence rates is based on proving contraction for a synchronous coupling.

We need an appropriate metric to attain convergence, and contraction of the UBU scheme. We

introduce the Wasserstein distance in this metric.

Definition B.3.1 (Weighted Euclidean norm). For z = (x, v) ∈ R2d we introduce the weighted

Euclidean norm

||z||2a,b = ||x||2 + 2b ⟨x, v⟩+ a ||v||2 ,

for a, b > 0 with b2 < a.

Remark B.3.2. Using the assumption b2 < a, we can show that this is equivalent to the Euclidean

norm on R2d. Under the condition b2 ≤ a/4, we have

1

2
min(a, 1)∥z∥2 ≤ 1

2
||z||2a,0 ≤ ||z||2a,b ≤

3

2
||z||2a,0 ≤

3

2
max(a, 1)∥z∥2. (B.1)

Definition B.3.3 (p-Wasserstein distance). Let us define Pp(R2d) to be the set of probability measures

which have p-th moment for p ∈ [1,∞) (i.e. E(∥Z∥p) < ∞). Then the p-Wasserstein distance in

norm ∥ · ∥a,b between two measures µ, ν ∈ Pp(R2d) is defined as

Wp,a,b(ν, µ) =
(

inf
ξ∈Γ(ν,µ)

∫
R2d

∥z1 − z2∥pa,bdξ(z1, z2)
)1/p

, (B.2)

where ∥ · ∥a,b is the norm introduced before and that Γ(ν, µ) is the set of measures with respective

marginals of ν and µ.

Before we proceed, we need to introduce the concept of Wasserstein convergence, which most of the

results rely upon.

Lemma B.3.4 (Wasserstein convergence). Let 1 ≤ p ≤ ∞, µ, ν ∈ Pp(R2d), and a, b > 0 with

b2 < a. Let us assume that (zk)k≥0 = (xk, vk)k≥0 and (z̃k)k≥0 = (x̃k, ṽk)k≥0 are two Markov chains

with state space Λ and kernel Ph defined on the same probability space (a coupling) such that z0 ∼ ν,

z̃0 ∼ µ, and E(∥z0 − z̃0∥p) = [Wp,a,b(ν, µ)]
p. If the following contractive property holds,

[
E(∥z̃k+1 − zk+1∥pa,b|z0:k, z̃0:k)

]1/p
≤ (1− c(h))∥z̃k − zk∥a,b for every k ≥ 0, (B.3)

then we have

Wp,a,b (νP
n
h , µP

n
h ) ≤ (1− c(h))nWp,a,b(ν, µ) for every n ≥ 0.

Remark B.3.5. The existence of an optimal coupling satisfying that E(∥z0− z̃0∥pa,b) = [Wp,a,b(ν, µ)]
p

follows by Theorem 4.1 of [159].
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Proof. By induction, we have E(∥z̃n− zn∥pa,b|z0, z̃0) ≤ (1− c(h))n∥z0− z̃0∥pa,b, and the result follows

by taking expectations and using Definition B.2.

Now, we present our first proposition, a convergence result of the UBU scheme with full gradients.

Proposition B.3.6. Suppose that U is m-strongly convex and M -∇Lipschitz. Let

a =
1

M
, b =

1

γ
, c2(h) =

mh

4γ
, c(h) =

mh

8γ
. (B.4)

Let Ph denote the transition kernel for a step of UBU with stepsize h. For all γ ≥
√
8M , h < 1

2γ ,

1 ≤ p ≤ ∞, µ, ν ∈ Pp(R2d), (B.2) holds. Hence for all n ∈ N,

Wp,a,b (νP
n
h , µP

n
h ) ≤ (1− c2(h))

n/2Wp,a,b (ν, µ) ≤ (1− c(h))nWp,a,b (ν, µ) .

Further to this, Ph has a unique invariant measure πh satisfying that πh ∈ Pp(R2d) for all 1 ≤ p ≤ ∞.

Remark B.3.7. We are going to use the same choices of a and b as stated in (B.4) everywhere in

the paper.

Corollary B.3.8. Suppose that U is an m-strongly convex M -∇Lipschitz potential, γ ≥
√
8M ,

1 ≤ p ≤ 2, µ, ν ∈ Pp(R2d). Suppose that (X0, V0) ∼ µ, then the solution of (3.1.1) exists in the

strong sense for any t ≥ 0, and the corresponding Markov kernel P cont
t satisfies

Wp,a,b

(
νP cont

t , µP cont
t

)
≤ exp

(
−mt
8γ

)
Wp,a,b (ν, µ) for a =

1

M
, b =

1

γ
. (B.5)

Remark B.3.9. One can improve the restriction on γ slightly by writing the potential as a perturbation

of a quadratic as in [141]. Due to the restrictions on the stepsize h and the friction parameter γ

in Proposition B.3.6, c(h) = O
(
m
M

)
for all allowed parameter choices. In general, for ∇Lipschitz,

strongly-convex potentials, it may be impossible to prove contraction using such a quadratic form

argument and synchronous coupling for γ ≤ O(
√
M) as explained in [116]. In the continuous time

dynamics, γ = O(
√
m) seems to yield the fastest convergence rate, as explained in [38]. In Example

B.3.11 in the Appendix, we show that for Gaussian targets, UBU has an accelerated convergence rate

c(h) = O(
√

m
M ) with the choice γ = O(

√
m) and h = O(1/

√
M).

Proof of Proposition B.3.6. We follow the approach of [115, Corollary 20]. It is sufficient to prove

contraction of a synchronous coupling of Markov chains in an appropriate norm, we will use the ∥·∥a,b
norm of Definition B.3.1 with a = 1

M , b = 1
γ . Based on the assumptions, we have b2 < a/4. Hence,

(B.1) holds.

We aim to show that contraction occurs in this norm for two Markov chains simulated by the same

discretization zn = (xn, vn) ∈ R2d and z̃n = (x̃n, ṽn) ∈ R2d that are synchronously coupled (i.e.

share the same Gaussian random variables ξ(1), . . . , ξ(4) in (3.2.9)), that is,

||z̃k+1 − zk+1||2a,b <
(
1− c (h)

)2||z̃k − zk||2a,b. (B.6)
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Let c2(h) = 1− (1− c(h))2, z△j = z̃j − zj for j ∈ N, then (B.6) is equivalent to showing that

(
z△k

)T (
(1− c2 (h))M−PTMP

)
z△k > 0, where M =

(
Id bId

bId aId

)
, (B.7)

and z△k+1 = Pz△k (P depends on zk and z̃k, but we omit this in the notation).

Proving contraction for a general scheme is equivalent to showing that the matrix H :=

(1− c2(h))M − PTMP ≻ 0 is positive definite. The matrix H is symmetric and hence of the

block form

H =

(
A B

BT C

)
, (B.8)

where A, B, C are d× d matrices, then

H ≻ 0 ⇔ A ≻ 0 and C −BA−1B ≻ 0, (B.9)

as shown in Theorem 7.7.7 of [83]. Further it is straightforward to show that if A, B and C commute

then

H ≻ 0 ⇔ A ≻ 0 and AC −B2 ≻ 0. (B.10)

Considering two synchronously coupled trajectories of the UBU scheme, such that they have common

noise and consider the difference process x△ := (x̃j − xj), v
△ = (ṽj − vj) and z△ =

(
x△, v△

)
,

where z△j =
(
x△j , v

△
j

)
for j = k, k + 1 for k ∈ N. Let η = exp {−γh/2}, and

Q =

∫ 1

0
∇2U (x̃k + t(xk − x̃k) dt.

By convexity, we have mId ⪯ Q ⪯ MId. Using the definition of the UBU scheme in (3.2.9), we can

show that z△k+1 = Pz△k and H := (1− c2(h))M−PTMP =

(
A B

BT C

)
has elements of the form

A = −c2(h)Id +Q

(
2bhη +

2h (1− η)

γ

)
+Q2

(
−ah2η2 − h2 (1− η)2

γ2
− 2bh2η (1− η)

γ

)

B =

((
1− η2

)(
b− 1

γ

)
− bc2(h)

)
Id +Q2

(
−ah

2η2 (1− η)

γ
− 2bh2η (1− η)2

γ2
− h2 (1− η)3

γ3

)

+Q

(
ahη3 +

h (η + 1) (1− η)2

γ2
+
h (1− η)2

γ2
+
bhη2 (1− η)

γ
+
bhη (1− η)

γ
+
bhη

(
1− η2

)
γ

)

C =

(
a(1− η4)−

2bη2
(
1− η2

)
γ

−
(
1− η2

)2
γ2

− ac2 (h)

)
Id

+Q2

(
−ah

2η2 (1− η)2

γ2
− 2bh2η (1− η)3

γ3
− h2 (1− η)4

γ4

)

+Q

(
2ahη3 (1− η)

γ
+

2bhη2 (1− η)2

γ2
+

2bhη (η + 1) (1− η)2

γ2
+

2h (η + 1) (1− η)3

γ3

)
.
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We will now check that H ≻ 0 using (B.10). By firstly considering A we wish to show that all its

eigenvalues are positive which can be precisely stated as

PA(λ) ≥ −c2 (h) +
2hλ

γ
+

(
− 1

M
− 2h

γ

)
h2λ2

≥ 7hλ

4γ
+

(
− 1

M
− 1

γ2

)
h2λ2 > 0,

where λ is an eigenvalue of Q (m ≤ λ ≤ M), PA(λ) denotes the eigenvalue of A according to the

same eigenvector (Q,A,B,C are all symmetric and have the same eigenvectors here). We used our

assumptions that γ2 ≥M , 1− η ≤ hγ/2, and h < 1
2γ . Hence, we have A ≻ 0.

Now it remains to prove that AC − B2 ≻ 0, now we have that AC − B2 is a polynomial of Q,

which we denote PAC−B2(Q) and hence has eigenvalues dictated by the eigenvalues λ of Q. Because

the terms are more complicated than the previous discretizations, we choose a convenient way of

expanding the expression, which can obtain positive definiteness. That is to expand the expression in

terms of a. Therefore one can show that PAC−B2(λ) = c0 + c1a+ c2a
2, where

c1 + c2a =
h2c2(h)λ

2η4

γ2
− 2h2c2(h)λ

2η2

γ2
− h2λ2η4

γ2
+

2h2λ2η2

γ2
+

2hc2(h)λη
4

γ
− 2hλη4

γ

+ c2(h)η
4 +

h2c2(h)λ
2

γ2
− h2λ2

γ2
− 2hc2(h)λ

γ
+

2hλ

γ
+ c2(h)

2 − c2(h)

+ a
(
−η2h2λ2 + η2h2c2(h)λ

2
)

≥ hλ

γ
(1− c2(h))

(
7

4
(1− η4)− 4hλ

γ
− hγ

)
.

Furthermore, we have that

c0 =
h2(1− c2(h))λ

2η4

γ4
− 2h2(1− c2(h))λ

2η2

γ4
+

2h(1− c2(h))λη
4

γ3
+
c2(h)(1− η4)

γ2

− c2(h)
2

γ2
+
h2λ2(1− c2(h))

γ4
− 2hλ(1− c2(h))

γ3

>
hλ

γ3
(1− c2(h))

(
hλ

γ3
(
1− η2

)2 − 2
(
1− η4

))
,

where now we combine this with the previous estimate

PAC−B2(λ) >
h (1− c2(h))

γ

(
7

4
(1− η4)− 4hλ

γ
− hγ −

2λ
(
1− η4

)
γ2

)
> 0,

which is true when γ ≥
√
8M and we have used the fact that 1− η4 ≥ hγ. Hence AC −B2 ≻ 0 and

our contraction results hold. All computations can be checked using Mathematica. The first claim

follows by Lemma B.3.4 using (B.6). The existence of a unique invariant distribution πh ∈ Pp(R2d)

follows by the same argument as in [115, Corollary 20].
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Proof of Corollary B.3.8. By the triangle inequality, we have that for a = 1
M , b = 1

γ , any n ∈ N such

that n > t · 2γ,

Wp,a,b

(
νP cont

t , µP cont
t

)
≤ Wp,a,b

(
νPn

t/n, µP
n
t/n

)
+Wp,a,b

(
νP cont

t , νPn
t/n

)
+Wp,a,b

(
µP cont

t , µPn
t/n

)
.

The first term can be bounded using Proposition B.3.6, and the upper bound can be shown to converge

to exp
(
−mt

8γ

)
as n → ∞. The second and third terms can be shown to converge to 0 as n → ∞

using the strong convergence of the UBU discretization towards the diffusion (strong order 1 under

these assumptions), which was established in Section 7.7 of [140], and the claim of the corollary now

follows.

Proposition B.3.10. Consider the UBU scheme using stochastic gradients, where the underlying

potential U is m-strongly convex and M -∇Lipschitz. Assume a stochastic gradient approximation

defined by (G, ρ) (see Definition 3.2.1) satisfying Assumption 3.2.2 with constant CG. We use Pn
h to

denote the marginal transition kernel of the numerical schemes. We have for any two synchronously

coupled chains, (xk, vk) and (x̃k, ṽk) under the same assumptions as imposed in Proposition B.3.6

we have for all µ, ν ∈ P2(R2d), and all n ∈ N,

W2
2 (νP

n
h , µP

n
h ) ≤ 3max

{
M,

1

M

}(
1− mh

4γ
+

5h2CG

M

)n

W2
2 (ν, µ) .

Proof. Using the technique of [103]. For stochastic gradients, we synchronously couple Brownian

noise as well as the stochastic gradients. We wish to instead consider expected contraction of the

update rule we used to prove contraction in the full gradient setting, i.e. for synchronously coupled (in

stochastic gradient and Brownian increment) iterates (xl, vl), (x̃l, ṽl) ∈ R2d for l ∈ N and (x△l , v
△
l ) =

(x̃l, ṽl)− (xl, vl) and for k ∈ N,

E∥(x△k+1, v
△
k+1)∥

2
a,b ≤ (1− c(h)) ∥(x△k , v

△
k )∥2a,b,

then we have

E
((

z△k

)T
P TMPz△k

)
≤ (1− c(h))

(
z△k

)T
Mz△k .

Now if Q̃ is defined through the mean value theorem of DxG (the Jacobian of G) and is a random

variable in W , such that E(Q̃) = Q. Then P TMP is of the form

P(Q̃) =

(
P1(Q̃) P2(Q̃)

P2(Q̃) P3(Q̃)

)
,

where P1, P2 and P3 are quadratics in Q̃ of the form

P1(Q̃) = a0 + a1Q̃+ a2Q̃
2,

P2(Q̃) = b0 + b1Q̃+ b2Q̃
2,

P3(Q̃) = c0 + c1Q̃+ c2Q̃
2.
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Then we have

E(P TMP ) = P(Q) +

(
a2E(Q̃−Q)2 b2E(Q̃−Q)2

b2E(Q̃−Q)2 c2E(Q̃−Q)2

)
,

in combination with the Proposition B.3.6 result we have that

E∥(x△k+1, v
△
k+1)∥

2
a,b ≤ (1− c(h)) ∥(x△k , v

△
k )∥2a,b +

(
z△k

)T (a2E(Q̃−Q)2 b2E(Q̃−Q)2

b2E(Q̃−Q)2 c2E(Q̃−Q)2

)
z△k

= (1− c(h)) ∥(x△k , v
△
k )∥2a,b +

(
z△k

)T
R(Q̃)z△k ,

where we use the notation

R(Q̃) :=

(
a2E(Q̃−Q)2 b2E(Q̃−Q)2

b2E(Q̃−Q)2 c2E(Q̃−Q)2

)
.

Then we will bound the remainder term zTR(Q̃)z for the UBU scheme. We have that

zTR(Q̃)z =

(
ah2η +

h2 (1− η)2

γ2
+

2bh2η (1− η)

γ

)(
x+

1− η

γ
v

)T

× Var(Q̃)

(
x+

1− η

γ
v

)
≤ 5ah2CG∥(x, v)∥2a,b,

for γ2 ≥ 8M and h < 1
2γ and where we define Var(Q̃) := E(Q̃ − Q)2. The claim follows using our

choice a = 1
M .

Example B.3.11. Considering the anisotropic Gaussian distribution on R2 with a m-strongly convex

and M -∇ Lipschitz potential U : R2 7→ R given by

U(x, y) =
1

2
mx2 +

1

2
My2.

For the BU scheme the transition matrix for the difference chain of synchronously coupled chains is

given by the matrix

P =

(
I − h

(
1−η2

γ

)
Q 1−η2

γ I

−hη2Q η2I

)
, where Q =

(
m 0

0 M

)
,

with eigenvalues

1 + η2 − h1−η2

γ λ±
√

−4η2 +
(
1 + η2 − h1−η2

γ λ
)2

2
,

for λ = m,M . For stability and contraction, we require that

λmax := max
λ∈{m,M}

∣∣∣∣∣∣∣∣
1 + η2 − h1−η2

γ λ±
√

−4η2 +
(
1 + η2 − h1−η2

γ λ
)2

2

∣∣∣∣∣∣∣∣ < 1. (B.11)
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From this, we can compute the stepsize restrictions and the best convergence rate as, by Gelfand’s

formula, the asymptotic contraction rate exactly equals 1−λmax. Due to the convexity of the absolute

value function it is necessary that 1
2 |1 + η2 − h1−η2

γ M | < 1, therefore h <
√

8
M , when h < 1

2γ . In

the moderate to high friction regime, the contraction rate can be written as

c =
1− η2 + h1−η2

γ m−
√

−4h
(
1−η2

γ

)
m+

(
1− η2 + h1−η2

γ m
)2

2

which can be shown to be O(mh/γ) for γ ≥ O(
√
M) and h < O( 1γ ) for appropriate constants. In the

low friction regime, we set γ such that −4η2 +
(
1 + η2 − h1−η2

γ m
)2

= 0, noting that the solution

to this yields γ to be O(
√
m). In this case, the eigenvalues of P are

η,
1

2

1 + η2 − h
1− η2

γ
M ±

√
−4η2 +

(
1 + η2 − h

1− η2

γ
M

)2
 ,

with modulus η when
(
1 + η2 − h1−η2

γ M
)2

< 4η2. This restriction implies that h is O(1/
√
M). The

contraction rate is therefore given by

c = 1− η ≥ hγ

4
= O

(√
m

M

)
,

where h is O(1/
√
M). We have the corresponding contraction rate results for UBU as well due to

the fact that (UBU)n = U(BU)n−1U and U is Lipschitz.

A key ingredient to establishing some variance bounds for the inexact gradient methods is to establish

non-asymptotic bounds on the fourth moment of the distance to the minimizer. To do this we use a

Lyapunov function similar to the one used for kinetic Langevin dynamics in [70] and inspired by [109].

Related Lyapunov functions have also been used in [63] for discretized kinetic Langevin dynamics and

[92] for optimizers based on Langevin dynamic methods. These bounds provide novel drift conditions

in L4 for UBU scheme and can be extended to the case of stochastic gradients.

The following lemma will be useful for the argument.

Lemma B.3.12 (Convexity bound). For all x ∈ Rd and for a m−strongly convex, M -∇Lipschitz

potential U : Rd → R with minimizer x∗ ∈ Rd such that ∇U(x∗) = 0, we have

(x− x∗) · (∇U(x)−∇U(x∗)) /2 ≥ λ
(
U(x)− U(x∗) + γ2∥x− x∗∥2/4

)
for

λ = min

(
1

4
,
m

γ2

)
. (B.12)

Proof. By convexity, it follows that (x− x∗) · (∇U(x)−∇U(x∗)) /4 ≥ (U(x) − U(x∗))/4, and by

m-strong convexity, we have (x− x∗) · (∇U(x)−∇U(x∗)) /4 ≥ m∥x−x∗∥2/4. We obtain the result

by adding up these two inequalities.
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Proposition B.3.13. Consider the UBU scheme with the underlying potential U : Rd → R is M -

∇Lipschitz and m-strongly convex. Denote x∗ ∈ Rd to be the minimizer of U such that ∇U(x∗) = 0

and (xk, vk, xk)k∈N to be defined by (B.41)-(B.43) the iterates of the full gradient UBU scheme and

the points of gradient evaluation within each iteration. Further assume that h < min
(
1, 1

2γ ,
λ

8γ(4+λ)

)
and γ2 ≥M , then we have

E
[
∥xk − x∗∥4 | x0, v0

]
≤ 4

m2

[
4

(
1− c4(h)

2

)k (
γ4∥x0 − x∗∥4 + ∥v0∥4 + 122γ2h2d2

)
+ 2

(6hγd+160hγ(1+λ2))2

4c4(h)
+ 24h2γ2d2

c4(h)

]
,

where

c4(h) := hλγ − 8h2γ2(4 + λ) (B.13)

Proof. Using the fact that (UBU)n = U(BU)n−1BU we can consider convergence of BU , We have

that the BU function can be written as the update rule

xk+1 = xk +
1− η2

γ
(vk − h∇U(xk)) +

√
2

γ

(
Z(1)

(
h, ξ

(1)
k+1

)
−Z(2)

(
h, ξ

(1)
k+1, ξ

(2)
k+1

))
, (B.14)

vk+1 = η2 (vk − h∇U(xk)) +
√

2γZ(2)
(
h, ξ

(1)
k+1, ξ

(2)
k+1

)
, (B.15)

where we used the notation (xk)k∈N because this is the point of the gradient evaluation at each step

of UBU and is the same as the (xk)k∈N in (B.42). As a reminder,

Z(1)
(
h, ξ

(1)
k+1

)
=

√
hξ

(1)
k+1

Z(2)
(
h, ξ

(1)
k+1, ξ

(2)
k+1

)
=

√
1− η4

2γ

(√
1− η2

1 + η2
· 2

γh
ξ
(1)
k+1 +

√
1− 1− η2

1 + η2
· 2

γh
ξ
(2)
k+1

)
.

We choose our Lyapunov function V : R2d → R, defined for (x, v) ∈ R2d by

V(x, v) := U(x)− U(x∗) +
1

4
γ2
(
∥x− x∗ + γ−1v∥2 + ∥γ−1v∥2 − λ∥x− x∗∥2

)
. (B.16)

It is easy to check that for all (x, v) ∈ R2d, ∥x − x∗ + γ−1v∥2 + ∥γ−1v∥2 ≥ 1
2∥x − x∗∥2 and hence

using (B.12),

V(x, v) ≥
(
m

2
+

1

16
γ2
)
∥x− x∗∥2. (B.17)

In order to have control over fourth moments E[∥xk − x∗∥4], we start with

E
[
V(xk+1, vk+1)

2 | xk, vk
]
= E

[(
U(xk+1)− U(x∗)

+
1

4
γ2
(
∥xk+1 − x∗ + γ−1vk+1∥2 + ∥γ−1vk+1∥2 − λ∥xk+1 − x∗∥2

))2

| xk, vk

]
,
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and using [121][Lemma 1.2.3] we have

U(xk+1)− U(x∗) ≤ U(xk)− U(x∗) + [∇U(xk) · (xk+1 − xk)] +
M

2
∥xk+1 − xk∥2

and

E
[
V(xk+1, vk+1)

2 | xk, vk
]
≤ E

[(
U(xk)− U(x∗) + [∇U(xk) · (xk+1 − xk)] +

M

2
∥xk+1 − xk∥2

+
1

4
γ2
(
∥xk+1 − x∗ + γ−1vk+1∥2 + ∥γ−1vk+1∥2 − λ∥xk+1 − x∗∥2

))2

| xk, vk

]
.

Now, we can decompose the right-hand side in the form

E
((

r(xk, vk) + s(xk, vk) · (ξ
(1)
k+1, ξ

(2)
k+1) + (ξ

(1)
k+1, ξ

(2)
k+1)

TT (ξ
(1)
k+1, ξ

(2)
k+1)

)2
| xk, vk

)
,

for r : R2d → R, s : R2d → R2d and T ∈ R2d×2d. We then have

E
[
V(xk+1, vk+1)

2 | xk, vk
]
≤ r2(xk, vk) + E

ξ
(1)
k+1,ξ

(2)
k+1

((
s(xk, vk) · (ξ

(1)
k+1, ξ

(2)
k+1)

)2
+
(
(ξ

(1)
k+1, ξ

(2)
k+1)

TT (ξ
(1)
k+1, ξ

(2)
k+1)

)2
+ 2r(xk, vk)(ξ

(1)
k+1, ξ

(2)
k+1)

TT (ξ
(1)
k+1, ξ

(2)
k+1)

)
,

using the fact that ξ
(1)
k+1 and ξ

(2)
k+1 are independently distributed and have zero first and third moments.

The terms r, s and T are given by

r(xk, vk) = V(xk, vk)−
hγ

2
∇U(xk) · (xk − x∗ + γ−1vk) +

1− η2

γ
vk · ∇U(xk)

− λ(1− η2)γ

2
⟨xk − x∗, vk⟩ −

1− η4

4
∥vk∥2 −

hη4

2
vk · ∇U(xk)− h

1− η2

γ
∇U(xk) · ∇U(xk)

+ h2
(1 + η4)

4
∥∇U(xk)∥2 +

(
M

2
− γ2λ

4

)(
1− η2

γ

)2

∥vk − h∇U(xk)∥2

+ h
λ(1− η2)γ

2
⟨xk − x∗,∇U(xk)⟩,

s(xk, vk) ·
(
ξ
(1)
k+1, ξ

(2)
k+1

)
= ((

√
h− a1)ξ

(1)
k+1 − a2ξ

(2)
k+1) ·

(
M

√
2γ

2γ

1− η2

γ
(vk − h∇U(xk)) +

√
2

γ
∇U(xk)

)
+

√
2γh

4
γ

(
xk − x∗ + γ−1vk −

h

γ
∇U(xk)

)
· ξ(1)k+1 +

η2
√
2γ

4
(vk − h∇U(xk)) ·

(
a1ξ

(1)
k+1 + a2ξ

(2)
k+1

)
− λγ

√
2γ

4

(
xk − x∗ +

1− η2

γ
(vk − h∇U(xk)) ·

(
(
√
h− a1)ξ

(1)
k+1 − a2ξ

(2)
k+1

))
,

(ξ
(1)
k+1, ξ

(2)
k+1)

TT (ξ
(1)
k+1, ξ

(2)
k+1) =

(
M

γ
− λγ

2

)∥∥∥(√h− a1

)
ξ
(1)
k+1 − a2ξ

(2)
k+1

∥∥∥2
+
hγ

2

∥∥∥ξ(1)k+1

∥∥∥2 + γ

2

∥∥∥a1ξ(1)k+1 + a2ξ
(2)
k+1

∥∥∥2 ,
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where we have defined Z(2)(h, ξ
(1)
k+1, ξ

(2)
k+1) := a1ξ

(1)
k+1 + a2ξ

(2)
k+1 and Z(1)(h, ξ

(1)
k+1) :=

√
hξ

(1)
k+1 and

Z(1)(h, ξ
(1)
k+1) − Z(2)(h, ξ

(1)
k+1, ξ

(2)
k+1) = (

√
h − a1)ξ

(1)
k+1 − a2ξ

(2)
k+1 with |

√
h − a1| ≤ 2

√
h, |a2| ≤

√
h

and |a1| ≤
√
h.

We start by bounding the deterministic component r:

r(xk, vk) = V(xk, vk)−
hγ

2
∇U(xk) · (xk − x∗ + γ−1vk) +

1− η2

γ
vk · ∇U(xk)

− λ(1− η2)γ

2
⟨xk − x∗, vk⟩ −

1− η4

4
∥vk∥2 −

hη4

2
vk · ∇U(xk) +O(h2)

where the higher-order terms are given by

− h
1− η2

γ
∇U(xk) · ∇U(xk) +

(
M

2
− γ2λ

4

)(
1− η2

γ

)2

∥vk − h∇U(xk)∥2

+ h
λ(1− η2)γ

2
⟨xk − x∗,∇U(xk)⟩+ h2

(1 + η4)

4
∥∇U(xk)∥2.

Using Lemma B.3.12 we have

r(xk, vk) ≤ V(xk, vk)

− hγλ

(
U(xk)− U(x∗) +

γ2

4
∥xk − x∗∥2 + 1− η2

2h
⟨xk − x∗, vk⟩+

1− η4

4hγλ
∥vk∥2

)
+O(h2)

≤ (1− hλγ)V(xk, vk) + hγλ

(
1− η4

4hγλ
− 1

2λ

)
∥vk∥2

+ hγλ

(
1− η2

2h
− γ

2

)
⟨xk − x∗, vk⟩+O(h2)

≤ (1− hλγ)V(xk, vk) + hγλ

(
1− η2

2h
− γ

2

)
⟨xk − x∗, vk⟩+O(h2),

where we have used(
−h
2
+

1− η2

γ
− hη4

2

)
vk · ∇U(xk) ≤

h2γ

2
|vk · ∇U(xk)| ,

due to the fact that for all 0 < x < 1, 0 ≤ −x + 2(1 − e−x) − xe−2x ≤ x2 and 0 < hγ < 1. We

group this term into higher-order terms and use the fact that 1− η2 ≥ hγ − (hγ)2

2 to arrive at

hγλ

(
1− η2

2h
− γ

2

)
⟨xk − x∗, vk⟩ ≤ hγλ

(
γ

2
− 1− η2

2h

)
|⟨xk − x∗, vk⟩| ≤ λ

h2γ3

4
|⟨xk − x∗, vk⟩| .

We again group this into the higher-order terms. Assuming h < 1, we find that the second-order

terms are bounded by

Mh2
(
∥vk∥2 + h2M2∥xk − x∗∥2

)
+ h2

γ2λ

2
M∥xk − x∗∥2

+
h2γ

2

(√
M∥vk∥2 +M3/2∥xk − x∗∥2

)
+ λ

h2γ3

4

(
γ∥xk − x∗∥2 + 1

γ
∥vk∥2

)
+
h2M2

2
∥xk − x∗∥2.
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Assuming that λ ≤ 1
4 we have, for all x, v ∈ Rd,

8V(x, v) ≥ ∥v∥2 16V(x, v) ≥ γ2∥x− x∗∥2

and using h < 1
2
√
M

, the O(h2) terms are bounded by

h2
(
γ2 +

γ2λ

4
+
γ2

2

)
∥vk∥2 + γ2h2

(
M

4
+
Mλ

2
+
M

2
+
γ2λ

4
+
M2

2γ2

)
∥xk − x∗∥2

≤ 8h2γ2 (4 + λ)V(xk, vk).

Therefore

r(xk, vk) ≤
(
1− hλγ + 8h2γ2 (4 + λ)

)
V(xk, vk).

Now let us define c4(h) := hλγ − 8h2γ2 (4 + λ), then we have that

r2(xk, vk) ≤ (1− c4(h))
2V2(xk, vk)

and

2r(xk, vk)Eξ
(1)
k+1,ξ

(2)
k+1

[
(ξ

(1)
k+1, ξ

(2)
k+1)

TT (ξ
(1)
k+1, ξ

(2)
k+1)

]
≤

2(1− c4(h))V(xk, vk)Eξ
(1)
k+1,ξ

(2)
k+1

[
(ξ

(1)
k+1, ξ

(2)
k+1)

TT (ξ
(1)
k+1, ξ

(2)
k+1)

]
.

From the fact that λγ/2 ≤M/γ (due to Lemma B.3.12) and γ2 ≥ 8M we have the estimates

E
ξ
(1)
k+1,ξ

(2)
k+1

[
(ξ

(1)
k+1, ξ

(2)
k+1)

TT (ξ
(1)
k+1, ξ

(2)
k+1)

]
= E

ξ
(1)
k+1,ξ

(2)
k+1

[(
M

γ
− λγ

2

)∥∥∥(√h− a1

)
ξ
(1)
k+1 − a2ξ

(2)
k+1

∥∥∥2
+
hγ

2

∥∥∥ξ(1)k+1

∥∥∥2 + γ

2

∥∥∥a1ξ(1)k+1 + a2ξ
(2)
k+1

∥∥∥2 ] ≤ 3hγd

E
ξ
(1)
k+1,ξ

(2)
k+1

[(
(ξ

(1)
k+1, ξ

(2)
k+1)

TT (ξ
(1)
k+1, ξ

(2)
k+1)

)2]
≤ E

ξ
(1)
k+1,ξ

(2)
k+1

[(
2hγ∥ξ(1)k+1∥

2 + 2hγ∥ξ(2)k+1∥
2
)2]

≤ 24h2γ2d2.

Therefore the remaining term we need to bound is E
ξ
(1)
k+1,ξ

(2)
k+1

(
s(xk, vk) · (ξ

(1)
k+1, ξ

(2)
k+1)

)2
=

∥s(xk, vk)∥2, where

s(xk, vk) ·
(
ξ
(1)
k+1, ξ

(2)
k+1

)
= ((

√
h− a1)ξ

(1)
k+1 − a2ξ

(2)
k+1) ·

(
M

√
2γ

2γ

1− η2

γ
(vk − h∇U(xk)) +

√
2

γ
∇U(xk)

)
+

√
2γh

4
γ

(
xk − x∗ + γ−1vk −

h

γ
∇U(xk)

)
· ξ(1)k+1 +

η2
√
2γ

4
(vk − h∇U(xk)) ·

(
a1ξ

(1)
k+1 + a2ξ

(2)
k+1

)
− λγ

√
2γ

4

(
xk − x∗ +

1− η2

γ
(vk − h∇U(xk)) ·

(
(
√
h− a1)ξ

(1)
k+1 − a2ξ

(2)
k+1

))
,
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using that γ2∥x− x∗∥2 ≤ 16V(x, v) and ∥v∥2 ≤ 8V(x, v) for all x, v ∈ Rd we have

∥s(xk, vk)∥2 = ∥s1(xk, vk)∥2 + ∥s2(xk, vk)∥2,

where

∥s1(xk, vk)∥2 ≤ h

((
2
M(1− η2)

γ
√
2γ

+
η2
√
2γ

4
+ 2

λ
√
2γ(1− η2)

4

)
∥vk∥

+

(
2
hM2(1− η2)

γ
√
2γ

+ 2

√
2

γ
M +

√
2γhM

4
+
η2
√
2γhM

4
+ 2

λ
√
2γ(1− η2)hM

4

)
∥xk − x∗∥

+

√
2γ3/2

4
∥xk − x∗ + γ−1vk∥

)2

≤ h

(
(2
√
γ + λ

√
γ)
√

V(xk, vk) +

(
2γ3/2√

8
+
λγ3/2

32

)
4

γ

√
V(xk, vk) +

5

2

√
γ
√
V(xk, vk)

)2

≤ 110hγ
(
1 + λ2

)
V(xk, vk)

for γ2 ≥
√
8M and h < 1

2γ and

∥s2(xk, vk)∥2 ≤ h

((
2
M(1− η2)

γ
√
2γ

+
η2
√
2γ

4
+ 2

λ
√
2γ(1− η2)

4

)
∥vk∥

+

(
2
hM2(1− η2)

γ
√
2γ

+ 2

√
2

γ
M +

η2
√
2γhM

4
+ 2

λ
√
2γ(1− η2)hM

4

)
∥xk − x∗∥

)2

≤ h

(
(2
√
γ + λ

√
γ)
√

V(xk, vk) +

(
2γ3/2√

8
+
λγ3/2

32

)
4

γ

√
V(xk, vk)

)2

≤ 50hγ
(
1 + λ2

)
V(xk, vk).

Therefore E
ξ
(1)
k+1,ξ

(2)
k+1

[(
s(xk, vk) · (ξ

(1)
k+1, ξ

(2)
k+1)

)2]
≤ 160hγ(1 + λ2)V(xk, vk). Combining estimates,

we have the drift inequality

E
[
V(xk+1, vk+1)

2 | xk, vk
]
≤ (1− c4(h))

2V2(xk, vk) + 6hγd (1− c4(h))V(xk, vk)

+ 160hγ(1 + λ2)V(xk, vk) + 24h2γ2d2.

We will now use the quadratic property that states, for b1, b2 > 0,

b2x
2 +

b21
4b2

≥ b1x,

for all x ∈ R and therefore

c4(h)V2(xk, vk)+
(6hγd+ 160hγ(1 + λ2))2

4c4(h)
≥ 6hγd (1− c4(h))V(xk, vk)+160hγ(1+λ2)V(xk, vk)
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and therefore for c4(h) <
1
2 (which is satisfied when h < 1

2γ and λ < 1, which is satisfied as

λ ≤M/2γ2 ≤ 1 for γ2 ≥ M
2 ) we have

E
[
V(xk+1, vk+1)

2 | xk, vk
]
≤
(
1− c4(h)

2

)
V2(xk, vk) +

(6hγd+ 160hγ(1 + λ2))2

4c4(h)
+ 24h2γ2d2,

(B.18)

then globally, we have

m2

4
E
[
∥xk − x∗∥4 | y0, v0

]
≤ E

[
V(xk, vk)2 | y0, v0

]
≤
(
1− c4(h)

2

)k

V2(x0, v0) + 2

(6hγd+160hγ(1+λ2))2

4c4(h)
+ 24h2γ2d2

c4(h)
.

Now, we have proved this for the iterates of BU , where we wish to use the relation (UBU)k =

U(BU)k−1BU . In this case, we have that xk, the (k + 1)-th point of approximate gradient/full

gradient evaluation, is precisely the position after U(BU)k. It follows that

m2

4
E
[
∥xk − x∗∥4 | x0, v0

]
≤
(
1− c4(h)

2

)k

V2(x0, v0) + 2

(6hγd+160hγ(1+λ2))2

4c4(h)
+ 24h2γ2d2

c4(h)
,

where (x0, v0) = U(x0, v0, h/2, ξ(1)0 , ξ
(2)
0 ). It is easy to show that V(x, v) ≤ γ2∥x − x∗∥2 + ∥v∥2 for

all (x, v) ∈ R2d using [121][Lemma 1.2.3] and that γ2 ≥M . Therefore

E
[
V2(U(x0, v0, h/2, ξ(1)0 , ξ

(2)
0 )) | x0, v0

]
≤ E

[
2γ4∥x0 − x∗∥4 + 2∥v0∥4 | x0, v0

]
≤ 2γ4E

∥∥∥∥x0 − x∗ +
1− η2

γ
v0 +

√
2

γ

(
Z(1)(h/2, ξ

(1)
0 )−Z(2)(h/2, ξ

(1)
0 , ξ

(2)
0 )
)∥∥∥∥4

+ 2E
∥∥∥ηv0 +√2γZ(2)(h/2, ξ

(1)
0 , ξ

(2)
0 )
∥∥∥4

≤ 4γ4∥x0 − x∗∥4 + 4∥v0∥4 + E
[
32γ2∥Z(1)(h/2, ξ

(1)
0 )∥4 + 40γ2∥Z(2)(h/2, ξ

(1)
0 , ξ

(2)
0 )∥4

]
≤ 4γ4∥x0 − x∗∥4 + 4∥v0∥4 + 8γ2h2d2 + 480γ2h2d2,

where we have used that U(x0)− U(x∗) ≤ M
2 ∥x0 − x∗∥2 in the first inequality and naive bounds on

the fourth moments of the Gaussian increments. Hence, we arrive at the estimate

E
[
∥xk − x∗∥4 | x0, v0

]
≤ 4

m2

[
4

(
1− c4(h)

2

)k (
γ4∥x0 − x∗∥4 + ∥v0∥4 + 122γ2h2d2

)
+ 2

(6hγd+160hγ(1+λ2))2

4c4(h)
+ 24h2γ2d2

c4(h)

]
,

for the UBU scheme with full gradients.
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B.4 Variance bounds for UBUBU estimator with exact gradients

B.4.1 Variance bound of Dl,l+1

To bound the variance of Dl,l+1 we use strong error estimates for the UBU integrator using the results

of [140].

In this analysis we define for random vectors z1, z2 ∈ R2d the L2 norm ∥z1∥L2,a,b = E
(
∥z1∥2a,b

)1/2
and respective inner product ⟨z1, z2⟩L2,a,b = E

(
zT1 Mz2

)
, where

M =

(
Id bId

bId aId

)
.

Assumption B.4.1 (Local Strong Error [140]). Let ϕ
(
z, t, (Ws)

t
s=0

)
be the solution of the continuous

dynamics (3.1.1) with initial condition z ∈ R2d up to time t, with Brownian motion (Ws)
t
s=0. Let

ψh

(
z, t, (Ws)

t
s=0

)
be the solution of a numerical discretization with initial condition z ∈ R2d up to

time t, with Brownian motion (Ws)
t
s=0 and stepsize h. Let z′ ∼ π, then we assume that

ψh

(
z′, h, (Ws)

h
s=0

)
− ϕ

(
z′, h, (Ws)

h
s=0

)
= αh

(
z′, (Ws)

h
s=0

)
+ βh

(
z′, (Ws)

h
s=0

)
,

where ∥∥∥αh

(
z′, (Ws)

h
s=0

)∥∥∥
L2,a,b

≤ C1h
q+1/2,∥∥∥βh (z′, (Ws)

h
s=0

)∥∥∥
L2,a,b

≤ C2h
q+1,

and ∣∣∣∣〈ψh

(
z′, h, (Ws)

h
s=0

)
− ψh

(
z, h, (Ws)

h
s=0

)
, αh

(
z′, (Ws)

h
s=0

)〉
L2,a,b

∣∣∣∣
≤ C0h

∥∥z′ − z
∥∥
L2,a,b

∥∥∥αh

(
z′, (Ws)

h
s=0

)∥∥∥
L2,a,b

.

for some C0, C1, C2 > 0.

We restate Assumptions 3.3.6-3.3.13 here for easier readability.

Assumption 3.3.6 (M -∇ Lipschitz). U : Rd → R is twice continuously differentiable and there

exists M > 0 such that for all x, y ∈ Rd

∥∇U(x)−∇U(y)∥ ≤M∥x− y∥.

Assumption 3.3.7 (m-strong convexity). U : Rd → R is continuously differentiable and there exists

m > 0 such that for all x, y ∈ Rd

⟨∇U(x)−∇U(y), x− y⟩ ≥ m|x− y|2.

Assumption 3.3.10 (M s
1 -strongly Hessian Lipschitz). U : Rd → R is three times continuously

differentiable and M s
1 -strongly Hessian Lipschitz if there exists M s

1 > 0 such that

∥∇3U(x)∥{1,2}{3} ≤M s
1



B.4. Variance bounds for UBUBU estimator with exact gradients 116

for all x ∈ Rd.

Assumption 3.3.12 (1-Lipschitzness of f). f is a 1-Lipschitz function with respect to the Euclidean

distance on R2d, that only depends on x, not v (i.e. f(x, v) = f(x, v′) for any x, v, v′ ∈ Rd).

Assumption 3.3.13 (Distance of initial distribution from target). The initial distribution on Λ = R2d

satisfy that W2(π, µ0) ≤ cµ0

√
d
m , for some cµ0 > 0.

We make use of the following proposition, essentially due to [140].

Proposition B.4.2. Suppose a numerical scheme approximating (3.1.1) satisfies Assumption B.4.1,

with a potential which satisfies Assumptions 3.3.6-3.3.10, and ψh(z, h, (Ws)
h
0) ∼ Ph(z, ·) satisfies the

Wasserstein contractivity condition (B.3) for p = 2, and some a, b > 0, b2 < a.

Let ϕ
(
z, t, (Ws)

t
s=0

)
be the solution of the continuous dynamics (3.1.1) with initial condition z ∈ R2d

up to time t, with Brownian motion (Ws)
t
s=0. Let ψh

(
z, t, (Ws)

t
s=0

)
be the solution of a numerical

discretization with initial condition z ∈ R2d up to time t, with Brownian motion (Ws)
t
s=0 and stepsize

h > 0 satisfying that

(1− c(h))2 + C2
0h

2 < 1. (B.19)

Then for any k ≥ 0, any z0 such that ∥z0∥L2,a,b <∞, and Z0 ∼ π, we have∥∥∥ψh

(
z0, kh, (Ws)

kh
s=0

)
− ϕ

(
Z0, kh, (Ws)

kh
s=0

)∥∥∥
L2,a,b

≤ (1−R(h))k∥z0 − Z0∥L2,a,b +
√
2C1

hq+1/2√
R(h)

+
2C2h

q+1

R(h)
,

where R(h) = 1−
√

(1− c(h))2 + C2
0h

2.

In particular, the discretization scheme admits a stationary distribution πh, and its bias can be bounded

as

W2,a,b(πh, π) ≤
√
2C1

hq+1/2√
R(h)

+
2C2h

q+1

R(h)
. (B.20)

Proof. Introduce the notation

Zn := ϕ
(
Z0, nh, (Ws)

nh
s=0

)
, zn := ψh

(
z0, nh, (Ws)

nh
s=0

)
for all n ∈ N. Using the assumption Z0 ∼ π, we also have Zn ∼ π, since the kinetic Langevin

dynamics keeps π invariant. By Assumption B.4.1, we then have
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∥∥∥zk − Zk
∥∥∥
L2,a,b

=
∥∥∥ψh

(
zk−1, h, (Ws)

kh
(k−1)h

)
− ϕ

(
Zk−1, h, (Ws)

kh
(k−1)h

)∥∥∥
L2,a,b

=

∥∥∥∥ψh

(
zk−1, h, (Ws)

kh
(k−1)h

)
− ψh

(
Zk−1, h, (Ws)

kh
(k−1)h

)
+ ψh

(
Zk−1, h, (Ws)

kh
(k−1)h

)
− ϕ

(
Zk−1, h, (Ws)

kh
(k−1)h

)∥∥∥∥
L2,a,b

=

∥∥∥∥ψh

(
zk−1, h, (Ws)

kh
(k−1)h

)
− ψh

(
Zk−1, h, (Ws)

kh
(k−1)h

)
+ αh

(
Zk−1, (Ws)

kh
(k−1)h

)
+ βh

(
Zk−1, (Ws)

kh
(k−1)h

)∥∥∥∥
L2,a,b

≤
∥∥∥βk−1

∥∥∥
L2,a,b

+
∥∥∥ψh

(
zk−1, h, (Ws)

kh
(k−1)h

)
− ψh

(
Zk−1, h, (Ws)

kh
(k−1)h

)
+ αk−1

∥∥∥
L2,a,b

,

(B.21)

where αk−1 and βk−1 are defined as

ψh

(
Zk−1, h, (Ws)

kh
(k−1)h

)
− ϕ

(
Zk−1, h, (Ws)

kh
(k−1)h

)
= αh

(
Zk−1, (Ws)

kh
(k−1)h

)
+ βh

(
Zk−1, (Ws)

kh
(k−1)h

)
:= αk−1 + βk−1.

Assumption B.4.1, and the Wasserstein contractivity condition (B.3) then together imply∥∥∥ψh

(
zk−1, h, (Ws)

kh
(k−1)h

)
− ψh

(
Zk−1, h, (Ws)

kh
(k−1)h

)
+ αk−1

∥∥∥
L2,a,b

=

(∥∥∥αk−1
∥∥∥2
L2,a,b

+
∥∥∥ψh

(
zk−1, h, (Ws)

kh
(k−1)h

)
− ψh

(
Zk−1, h, (Ws)

kh
(k−1)h

)∥∥∥2
L2,a,b

+ 2
〈
αk−1, ψh

(
zk−1, h, (Ws)

kh
(k−1)h

)
− ψh

(
Zk−1, h, (Ws)

kh
(k−1)h

)〉
L2,a,b

)1/2

≤

(∥∥∥αk−1
∥∥∥2
L2,a,b

+ (1− c(h))2
∥∥∥zk−1 − Zk−1

∥∥∥2
L2,a,b

+ 2C0h
∥∥∥αk−1

∥∥∥
L2,a,b

∥∥∥zk−1 − Zk−1
∥∥∥
L2,a,b

)1/2

≤
(
2
∥∥∥αk−1

∥∥∥2
L2,a,b

+ ((1− c(h))2 + C2
0h

2)
∥∥∥zk−1 − Zk−1

∥∥∥2
L2,a,b

)1/2

≤
(
2C2

1h
2q+1 + ((1− c(h))2 + C2

0h
2)
∥∥∥zk−1 − Zk−1

∥∥∥2
L2,a,b

)1/2

.

Lemma 28 of [140] states that if a sequence of nonnegative real numbers (an)n≥0 satisfies that

an+1 ≤
√

(1−A)2a2n +B + C with A ∈ (0, 1), B ≥ 0, C ≥ 0, then for every n ≥ 0,

an ≤ (1−A)na0 +

√
B

A
+
C

A
.
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Using this for an = ∥zn − Zn∥L2,a,b, we have that

∥∥∥zk − Zk
∥∥∥
L2,a,b

≤ (1−R(h))k∥z0 − Z0∥L2,a,b +
√
2
C1h

q+1/2√
R(h)

+
2C2h

q+1

R(h)
,

where R(h) = 1−
√

(1− c(h))2 + C2
0h

2, which is our first claim.

The existence of a stationary distribution πh follows from Lemma B.3.4. The bound on the bias follows

by letting k → ∞.

We now are in a position to present our first result related to the variance of our unbiased scheme,

which is a bound on the variance related to the global strong error or convergence. This is given

below.

Proposition B.4.3. Suppose a numerical scheme approximating (3.1.1) satisfies the same assump-

tions as in Proposition B.4.2, and f satisfies Assumption 3.3.12. If we have two chains at coarser

and finer discretization levels l and l + 1 using stepsizes hl and hl+1 = hl
2 satisfying (B.19) with

synchronously coupled Brownian motions (zk)k∈N and (z′k)k∈N, such that z0 ∼ π0 and z′0 ∼ π′0, then

we have

Var
(
f(z′k)− f(zk)

)
≤ E

[(
f(z′k)− f(zk)

)2] ≤ E∥z′k − zk∥2a,b

≤

(
exp

(
−mkhl

8γ

)(
∥z′0 − z0∥L2,a,b +W2,a,b(π0, π) +W2,a,b(π

′
0, π)

)
+ (1−R(hl))

kW2,a,b(π0, π) + (1−R(hl+1))
2kW2,a,b(π

′
0, π)

+
√
2C1

(
h
q+1/2
l+1√
R(hl+1)

+
h
q+1/2
l√
R(hl)

)
+ 2C2

(
hq+1
l+1

R(hl+1)
+

hq+1
l

R(hl)

))2

,

where R(hi) = 1−
√

(1− c(hi))2 + C2
0h

2
i for i = l, l + 1.

Proof of Proposition B.4.3. Consider the following variance bound:

Var
(
f(z′k)− f(zk)

)
≤ E

[(
f(z′k)− f(zk)

)2] ≤ E∥z′k − zk∥2a,b.

Let Z̃0 ∼ π be such that ∥Z̃0− z0∥L2,a,b = W2,a,b(π0, π), and Z̃ ′
0 ∼ π be such that ∥Z̃ ′

0− z′0∥L2,a,b =

W2,a,b(π
′
0, π) (the existence of optimal couplings was shown in Theorem 4.1 of [159]). We use the

estimate √
E∥z′k − zk∥2a,b = ∥z′k − zk∥L2,a,b

≤
∥∥∥zk − ϕ

(
Z̃0, khl, (Ws)

khl
s=0

)∥∥∥
L2,a,b

+
∥∥∥ϕ(Z̃0, khl, (Ws)

khl
s=0

)
− ϕ

(
Z̃ ′
0, khl, (Ws)

khl
s=0

)∥∥∥
L2,a,b

+
∥∥∥z′k − ϕ

(
Z̃ ′
0, khl, (Ws)

khl
s=0

)∥∥∥
L2,a,b

=: (I) + (II) + (III).
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We split this into two global error terms (I) and (III) and a contraction term (II). We estimate the

second term by Corollary B.3.8 as

(II) ≤ exp

(
−mkhl

8γ

)
∥Z̃ ′

0 − Z̃0∥L2,a,b

≤ exp

(
−mkhl

8γ

)(
∥z′0 − z0∥L2,a,b +W2,a,b(π0, π) +W2,a,b(π

′
0, π)

)
.

By Proposition B.4.2, we have

(I) ≤ (1−R(hl))
kW2,a,b(π0, π) +

√
2C1

2h
q+1/2
l√
R(hl)

+
2C2h

q+1
l

R(hl)
.

The same argument can be applied to (III) to obtain

(III) ≤ (1−R(hl+1))
2kW2,a,b(π

′
0, π) +

√
2C1

2h
q+1/2
l+1√
R(hl+1)

+
2C2h

q+1
l+1

R(hl+1)
.

Combining these we get the required result.

Below are a number of useful remarks to highlight from the above theorem.

Remark B.4.4. The local error, which arises from [140] is demonstrated through the bound on αh+βh

from Assumption B.4.1. This indicates there is an order of local strong order q+1/2. However, when

we go to the global strong order, the order is only reduced by 1/2 as it is order q. As stated in [140],

this is similar to the Euler–Maruyama scheme with local strong order 3/2, but global strong order 1

[114, Theorem 1.1].

Remark B.4.5. Proposition B.4.3 holds for q = 2 for the UBU scheme; [140] showed that the

assumptions are true. For the UBU scheme we have for γ2 ≥ M and h < 1
2γ that C2 ≤

√
d
(

7
10γ

2 +
Ms

1

10
√
M

)
, C1 =

√
6dMγ
24 and C0 ≤ 4

√
2M . These constants can be computed by following

[140, Section 7.6] where all computations are done with arbitrary γ, the constant c we consider to be

set to 1 in their estimates. Constants C1 and C2 are estimated in the second and third step, whilst C0

is estimated in the fourth step and fifth step. We remark that there is a missing term and a stronger

assumption is needed in [140, Section 7.6, fifth step] which has been corrected in [123]. The additional

term can be treated by the same argument as in the fourth step to arrive at the C0 bound.

Corollary B.4.6. Suppose that Assumptions 3.3.6, 3.3.7, 3.3.10, and 3.3.13 hold, γ ≥
√
8M and

h0 ≤
1

γ
· m

264M
. (B.22)
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Assume that the burn-in periods B ≥ 16 log(4)γ
mh0

, B0 ≥ 16γ
mh0

log
(

cµ0+1√
Mγh2

0

)
. Then for every l ≥ 0,

1 ≤ k ≤ K, the UBUBU samples satisfy

Var
(
f(z

′(l,l+1)
k )− f(z

(l,l+1)
k )

)
≤ E

[(
f(z

′(l,l+1)
k )− f(z

(l,l+1)
k )

)2]
≤ E∥z′(l,l+1)

k − z
(l,l+1)
k ∥2a,b

≤ Cd

((
γ4 +

(M s
1 )

2

M

)( γ
m

)2
+
Mγ2

m

)
h4l .

Proof of Corollary B.4.6. We have (B0 + Bl)2l burn-in steps at level l, and (B0 + B(l + 1))2l+1

burn-in steps at level l + 1. Let δ∗ = δx∗ × δ0d be a distribution on Λ that fixes x = x∗ and v = 0d.

Using the assumptions, we have

R(hi) = 1−
√

(1− c(hi))2 + C2
0h

2
i = 1−

√(
1− mhi

8γ

)2

+ C2
0h

2
i

= 1−

√√√√1− mhi
4γ

+

((
m

8γ

)2

+ C2
0

)
h2i ≥ 1−

√
1− mhi

8γ
≥ mhi

16γ
,

W2,a,b(π0, π) = W2,a,b(µ0, π) ≤ cµ0

√
d

m
,

W2,a,b(π
′
0, π) ≤ W2,a,b

(
µ0R

B
l+1, πhl+1

)
+W2,a,b

(
πhl+1

, π
)
,

≤ W2,a,b(µ0, π) + 2W2,a,b

(
πhl+1

, π
)
≤ cµ0

√
d

m
+ 2

√
2C1

h
q+1/2
l+1√
R(hl+1)

+
4C2h

q+1
l+1

R(hl+1)
,

and

∥z′0 − z0∥L2,a,b ≤ W2,a,b(π
′
0, δ∗) +W2,a,b(π0, δ∗)

≤ W2,a,b(π
′
0, π) +W2,a,b(µ0, π) + 2W2,a,b(π, δ∗)

≤ (3cµ0 + 3)

√
d

m
+ 2

√
2C1

h
q+1/2
l+1√
R(hl+1)

+
4C2h

q+1
l+1

R(hl+1)
.

It is easy to check that (B.22) together with C0 ≤ 4
√
2M implies that the condition (B.19) of

Proposition B.4.3 is satisfied, and we have

Var
(
f(z

′(l,l+1)
k )− f(z

(l,l+1)
k )

)
≤ E

[(
f(z

′(l,l+1)
k )− f(z

(l,l+1)
k )

)2]
≤

(
exp

(
−m(B0 + lB)h0

8γ

)(
∥z′0 − z0∥L2,a,b +W2,a,b(π0, π) +W2,a,b(π

′
0, π)

)
+ exp

(
−m(B0 + lB)h0

16γ

)
(W2,a,b(π0, π) +W2,a,b(π

′
0, π))

+
√
2C1

(
h
q+1/2
l+1√
R(hl+1)

+
h
q+1/2
l√
R(hl)

)
+ 2C2

(
hq+1
l+1

R(hl+1)
+

hq+1
l

R(hl)

))2

≤

(
exp

(
−m(B0 + lB)h0

16γ

)
(7cµ0 + 3)

√
d

m
+ 10

√
2C1

 h
5/2
l√
mhl
16γ

+ 20C2

(
h3l
mhl
16γ

))2
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using the assumptions on B0 and B

≤ C

(
C2
1

γ

m
+ C2

2

( γ
m

)2)
h4l ≤ Cd

((
γ4 +

(M s
1 )

2

M

)( γ
m

)2
+
Mγ2

m

)
h4l .

Proposition B.4.7. Suppose that the assumptions of Proposition B.3.6 hold for h = hl. Let Rl,l+1 =

(Phl,hl+1
)2

l
be the Markov kernel defined in Section 3.3.1 for two synchronously coupled UBU chains

at discretization levels l, l + 1. This chain is moving on state space Λ2. Let z1, . . . , zK be a Markov

chain with kernel Rl,l+1. Let F : Λ2 → R be 1-Lipschitz in norm ∥∥a,b on Λ2, defined as ∥z1, z2∥2a,b =
∥z1∥2a,b + ∥z2∥2a,b. Then we have

Var

(∑K
i=1 F (zi)

K

)
≤ 2

K2

K∑
i=1

K−i∑
k=0

min

(
Var(F (zi)) + Var(F (zi+k))

2
,

√
Var(F (zi))E

[
∥zi − Ezi∥2a,b

]
· exp

(
−mh0

8γ
· k
))

,

Proof. We need to bound

Cov(F (zi), F (zi+k)) = E[(F (zi)− E(F (zi)))(F (zi+k)− E(F (zi+k)))].

Let z̃i be an independent identically distributed copy of zi. For 0 ≤ l ≤ K − i− 1, and assume that

conditioned on z̃i:i+l and z1:i+l, z̃i+l+1 ∼ P (z̃i+l, ·), and (zi+l+1, z̃i+l+1) are synchronously coupled,

i.e. z̃i+l+1 is defined based on (3.3.25) using the same Gaussian variables that were used to move

from zi+l to zi+l+1. Since we have also used synchronous couplings in the proof of Proposition B.3.6,

it follows from Proposition B.3.6 that

E
(
∥z̃i+l+1 − zi+l+1∥2a,b

∣∣∣ zi:i+l, z̃i:i+l

)
≤ max

((
1− mhl

8γ

)2·2l

,

(
1− mhl+1

8γ

)2·2l+1
)
∥z̃i+l − zi+l∥2a,b

using that 1− x ≤ exp(−x) for x ≥ 0,

≤ exp

(
−mh0

4γ

)
∥z̃i+l − zi+l∥2a,b .

By using this bound recursively, we have

E
(
∥z̃i+k − zi+k∥2a,b

∣∣∣ zi, z̃i) ≤ exp

(
−mh0

4γ
· k
)
∥zi − z̃i∥2a,b.
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Since z̃i is independent of zi, and z̃i + 1, . . . , z̃i+k was constructed using z̃i and Gaussians that are

independent of zi (synchronous coupling with zi+1, . . . , zi+k), it follows that z̃i+k is still independent

of zi. Using this and the 1-Lipschitz property of F , we have

Cov(F (zi), F (zi+k)) = E[(F (zi)− E(F (zi)))(F (zi+k)− E(F (zi+k)))

= E[(F (zi)− E(F (zi)))(F (zi+k)− F (z̃i+k))]

= E[(F (zi)− E(F (zi)))E(F (zi+k)− F (z̃i+k)|zi, z̃i)]

≤
√
Var(F (zi))E

[
∥zi+k − z̃i+k∥2a,b

]
≤ exp

(
−mh0

8γ
· k
)√

Var(F (zi)) · E
[
∥zi − z̃i∥2a,b

]
= exp

(
−mh0

8γ
· k
)√

2Var(F (zi)) · E
[
∥zi − Ezi∥2a,b

]
,

and the claim follows by summation.

Proposition B.4.8. Under the same assumptions as in Corollary B.4.6, the UBUBU samples satisfy

that

Var(Dl,l+1) ≤
1

K
C(γ,m,M,M s

1 )dh
4
l

(
C(γ,m,M,M s

1 )− 2 log(h0) + log(4)l +
4γ

mh0

)
.

Proof. Note that the function F (z1, z1) = f(z1)−f(z2) is 1-Lipschitz with respect to ∥(z1, z2)∥a,b =
∥z1∥a,b + ∥z2∥a,b. Let zi = (z

(l,l+1)
i , z

′(l,l+1)
i ), then by Proposition B.4.7, we have that

Var(Dl,l+1) ≤
1

K2

K∑
i=1

K−i∑
k=0

min

(
Var(F (zi)) + Var(F (zi+k))

2
,

√
Var(F (zi))E

[
∥zi − Ezi∥2a,b

]
· exp

(
−mh0

8γ
· k
))

.

By a similar argument as in the proof of Corollary B.4.6, using our assumptions on B and B0, we can

show that (
E
[
∥zi − Ezi∥2a,b

])1/2 ≤ (E [∥zi − (x∗, 0d, x
∗, 0d)∥2a,b

])1/2 ≤ C

√
d

m
,

and by Proposition B.4.3, we have

Var(F (zi)) ≤ C(γ,m,M,M s
1 )dh

4
l .

Let

k∗(l) := max

(
log

(
C

√
1

m

)
− 1

2
log
(
C(γ,m,M,M1)h

4
l

)
, 0

)
,
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then for k ≥ ⌈k∗(l)⌉, we have√
Var(F (zi))E

[
∥zi − Ezi∥2a,b

]
· exp

(
−mh0

8γ
· k
)

≤ C(γ,m,M,M s
1 )dh

4
l exp

(
−mh0

8γ
· (k − ⌈k∗(l)⌉)

)
.

It is clear that ⌈k∗(l)⌉ ≤ C(γ,m,M,M s
1 ) − 2 log(h0) + log(4)l, and after some rearrangement, we

have

Var(Dl,l+1) ≤
1

K
C(γ,m,M,M s

1 )dh
4
l

(
C(γ,m,M,M s

1 )− 2 log(h0) + log(4)l +
4γ

mh0

)
.

B.4.2 Variance bound of D0

Proposition B.4.9. Consider an m-strongly convex M -∇Lipschitz potential U and let Ph be the

transition kernel of UBU with stepsize h. Suppose that f : Ω → R only depends on x and is a

1-Lipschitz function. Suppose that γ ≥
√
8M , and h < 1

2γ . Let µ0 be a distribution on Λ, and

the Markov chain z
(0)
−B0

∼ µ0, z
(0)
−B0+1 ∼ Ph(z

(0)
−B0

, ·), . . . , zK ∼ Ph(z
(0)
K−1, ·). Then D0 as defined in

(3.3.21) satisfies that

Var(D0) ≤
C

c(h)K

(
1 +

1

c(h)K

)(
1

γ
+

γ

M

)
h

c(h)
+

(1− c(h))2(B0+1)

2c(h)2K2
σ2µ0

,

where

c(h) =
mh

8γ
, σ2µ0

=

∫ ∫
∥w − w̃∥2a,bdµ0(w)dµ0(w̃),

for some absolute constant C.

Proof. The bound is based on Theorem 2 of [89]. We need to control the following quantities for

every z ∈ Λ:

σ(z)2 :=
1

2

∫ ∫
∥w − w̃∥2a,bPh(z, dw)Ph(z, dw̃), (B.23)

n(z) := inf
g:Λ→R,∥g∥a,b,Lip≤1

∫ ∫
∥w − w̃∥2a,bPh(z, dw)Ph(z, dw̃)∫ ∫

(g(w)− g(w̃))2Ph(z, dw)Ph(z, dw̃)
. (B.24)
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Here we choose a = 1
M , and b = 1

γ as in Proposition B.3.6. To control σ2(z), let us define two

independent identically distributed random variables w(z) ∼ Ph(z, ·) and w̃(z) ∼ Ph(z, ·). Using the

definition of UBU in (3.2.9), we have

σ(z)2 =
1

2
E(∥w(z)− w̃(z)∥2a,b)

=
1

2
E

(∥∥∥UBU (z, h, ξ(1), ξ(2), ξ(3), ξ(4))− UBU
(
z, h, ξ̃(1), ξ̃(2), ξ̃(3), ξ̃(4)

)∥∥∥2
a,b

)

≤ E

(∥∥∥∥U (B (U (z, h/2, ξ(1), ξ(2)) , h) , h/2, ξ(3), ξ(4))
− U

(
B
(
U
(
z, h/2, ξ(1), ξ(2)

)
, h
)
, h/2, ξ̃(3), ξ̃(4)

)∥∥∥∥2
a,b

)

+ E

(∥∥∥∥U (B (U (z, h/2, ξ(1), ξ(2)) , h) , h/2, ξ̃(3), ξ̃(4))
− U

(
B
(
U
(
z, h/2, ξ̃(1), ξ̃(2)

)
, h
)
, h/2, ξ̃(3), ξ̃(4)

)∥∥∥∥2
a,b

)
.

Recalling the definitions of U and B from equations (3.2.6-3.2.7), we have

B(x, v, h) = (x, v − h∇U(x)),

U(x, v, h/2, ξ(1), ξ(2)) =
(
x+

1− η

γ
v +

√
2

γ

(
Z(1)

(
h/2, ξ(1)

)
−Z(2)

(
h/2, ξ(1), ξ(2)

))
,

ηv +
√

2γZ(2)
(
h/2, ξ(1), ξ(2)

))
,

Z(1)
(
h/2, ξ(1)

)
=

√
h

2
ξ(1),

Z(2)
(
h/2, ξ(1), ξ(2)

)
=

√
1− η2

2γ

(√
1− η

1 + η
· 4

γh
ξ(1) +

√
1− 1− η

1 + η
· 4

γh
ξ(2)

)
.

First,

E

(∥∥∥∥U (B (U (z, h/2, ξ(1), ξ(2)) , h) , h/2, ξ(3), ξ(4))
− U

(
B
(
U
(
z, h/2, ξ(1), ξ(2)

)
, h
)
, h/2, ξ̃(3), ξ̃(4)

)∥∥∥∥2
a,b

)

= E

(∥∥∥∥∥
(√

2

γ

(
Z(1)

(
h

2
, ξ(1)

)
−Z(2)

(
h

2
, ξ(1), ξ(2)

))
−
√

2

γ

(
Z(1)

(
ξ̃(1)
)
−Z(2)

(
h

2
, ξ(1), ξ̃(2)

))
,

√
2γZ(2)

(
h

2
, ξ(1), ξ(2)

)
−
√

2γZ(2)

(
h

2
, ξ̃(1), ξ̃(2)

))∥∥∥∥∥
2

a,b

)
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using (B.1), and the fact that a = 1
M

≤ 6

γ
E

(∥∥∥∥Z(1)

(
h

2
, ξ(1)

)
−Z(2)

(
h

2
, ξ(1), ξ̃(2)

)∥∥∥∥2
)

+
6γ

M
E

(∥∥∥∥Z(2)

(
h

2
, ξ(1), ξ̃(2)

)∥∥∥∥2
)

≤
(
3

γ
+

3γ

M

)
dh.

Second, using the assumptions γ ≥
√
8M and h ≤ 1√

M
, for any x, v, x′, v′,

∥∥∥∥U (x, v, h/2, ξ̃(3), ξ̃(4))− U
(
x′, v′, h/2, ξ̃(3), ξ̃(4)

)∥∥∥∥2
a,b

≤ 3

2

∥∥∥∥U (x, v, h/2, ξ̃(3), ξ̃(4))− U
(
x′, v′, h/2, ξ̃(3), ξ̃(4)

)∥∥∥∥2
a,0

≤ 3

2

(
1

M
exp(−γh)∥v − v′∥2 + 2∥x− x′∥2 + 2(1− exp(−γh/2))2

γ2
∥v − v′∥2

)
≤ 3∥x− x′∥2 + 3

2

1

M
∥v − v′∥2 ≤ 6∥(x− x′, v − v′)∥2a,b, (B.25)

∥B(x, v, h)− B(x′, v′, h)∥2a,b ≤
3

2
∥(x− x′, v − v′ + h∇U(x′)− h∇U(x))∥20,a

≤ 3

2
∥x− x′∥2 + 3

M
∥v − v′∥2 + 3h2

M
∥∇U(x′)−∇U(x)∥2

≤
(
3

2
+ 3h2M

)
∥x− x′∥2 + 3

M
∥v − v′∥2 ≤ 6∥(x− x′, v − v′)∥2a,b (B.26)

hence

E

(∥∥∥∥U (B (U (z, h/2, ξ(1), ξ(2)) , h) , h/2, ξ̃(3), ξ̃(4))
− U

(
B
(
U
(
z, h/2, ξ̃(1), ξ̃(2)

)
, h
)
, h/2, ξ̃(3), ξ̃(4)

)∥∥∥∥2
a,b

)

≤ 36E
(∥∥∥U (z, h/2, ξ(1), ξ(2))− U

(
z, h/2, ξ̃(1), ξ̃(2)

)∥∥∥2
a,b

)
≤ 36E

(∥∥∥∥∥
(√

2

γ

(
Z(1)

(
h

2
, ξ(1)

)
−Z(2)

(
h

2
, ξ(1), ξ(2)

))
−
√

2

γ

(
Z(1)

(
ξ̃(1)
)
−Z(2)

(
h

2
, ξ(1), ξ̃(2)

))
,

√
2γZ(2)

(
h

2
, ξ(1), ξ(2)

)
−
√

2γZ(2)

(
h

2
, ξ̃(1), ξ̃(2)

))∥∥∥∥∥
2

a,b

)
≤ 36

(
3

γ
+

3γ

M

)
dh,

using the same argument as for the previous term. Hence by summing up the above bounds, we have

σ(z)2 ≤ 37

(
3

γ
+

3γ

M

)
dh. (B.27)
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Now, we will lower bound n(z) as defined in (B.24). By (B.1), we have

E(∥w(z)− w̃(z)∥2a,b) ≥
1

2
E(∥w(z)− w̃(z)∥2a,0)

= E

(∥∥∥∥∥U (B (U (z, h/2, ξ(1), ξ(2)) , h) , h/2, ξ(3), ξ(4)) (B.28)

− EU
(
B
(
U
(
z, h/2, ξ(1), ξ(2)

)
, h
)
, h/2, ξ(3), ξ(4)

)∥∥∥∥∥
2

a,0

)

≥ E

(∥∥∥∥∥
(√

2

γ

(
Z(1)

(
h

2
, ξ(3)

)
−Z(2)

(
h

2
, ξ(3), ξ(4)

))
,
√

2γZ(2)

(
h

2
, ξ(3), ξ(4)

))∥∥∥∥∥
2

a,0

)
≥ γ

M
dh. (B.29)

For the denominator, we have∫ ∫
(g(w)− g(w̃))2Ph(z, dw)Ph(z, dw̃) = 2 ·Varw∼Ph(z,·)(g(w))

= 2 ·Var
(
g
(
U
(
B
(
U
(
z, h/2, ξ(1), ξ(2)

)
, h
)
, h/2, ξ(3), ξ(4)

)))
by the Efron-Stein inequality [31, 150]

≤ 2E(Varξ(1),ξ(2)
(
g
(
U
(
B
(
U
(
z, h/2, ξ(1), ξ(2)

)
, h
)
, h/2, ξ(3), ξ(4)

)))
+ 2E(Varξ(3),ξ(4)

(
g
(
U
(
B
(
U
(
z, h/2, ξ(1), ξ(2)

)
, h
)
, h/2, ξ(3), ξ(4)

)))
,

where Varξ(1),ξ(2)(·) means that we compute the conditional variance with respect to ξ(3), ξ(4) (so the

ξ(3), ξ(4) are kept constant, and only the variance with respect to ξ(1), ξ(2) is considered). Let

JU (h) :=
∂U(x, v, h, ξ(1), ξ(2))

∂(ξ(1), ξ(2))

=

 (√
2h
γ −

√
2(1−e−γh)

γ3/2
√
h

)
Id, − (1−e−γh)

√
2√

γh
Id

− 1
γ

√
1− e−2γh − 2(1−e−γh)2

γh Id,
√

1− e−2γh − 2(1−e−γh)2

γh Id

 ,

g̃h(z) := g
(
U
(
B (z, h) , h/2, ξ(3), ξ(4)

))
.

Using the assumption that g in 1-Lipschitz in (B.24), and the bounds (B.25-B.26), it follows that g̃h

is a 6-Lipschitz function in ∥ · ∥a,b, and (B.1) implies that it is a 12-Lipschitz function in ∥ · ∥a,0. Since

the continuously differentiable Lipschitz functions are dense amongst Lipschitz functions (see [7]), we

can assume without loss of generality that g and thus g̃h are continuously differentiable. Note that

g̃h(z)− g̃h(z
′) =

〈
∇g̃h(z), z − z′

〉
+ o(∥z − z′∥a,0)

=

〈(
Id 0

0 a−1/2Id

)
∇g̃h(z),

(
Id 0

0 a1/2Id

)
(z − z′)

〉
+ o(∥z − z′∥a,0).
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Using this, it is easy to show that the 12-Lipschitz property of g̃h in ∥·∥a,0 implies that ∥∇g̃h(z)∥1/a,0 ≤
12 for every z ∈ Λ. Hence, we obtain∥∥∥∥ ∂

∂(ξ(1), ξ(2))

(
g
(
U
(
B
(
U
(
z, h/2, ξ(1), ξ(2)

)
, h
)
, h/2, ξ(3), ξ(4)

)))∥∥∥∥
=

∥∥∥∥ ∂

∂(ξ(1), ξ(2))
g̃h

(
U
(
z, h/2, ξ(1), ξ(2)

))∥∥∥∥ =
∥∥∥JU (h/2)∇g̃h (U (z, h/2, ξ(1), ξ(2)))∥∥∥

≤ 12 sup
w∈Λ:∥w∥1/a,0≤1

∥JU (h/2)w∥ = 12 sup
w∈Λ:∥w∥≤1

∥∥∥∥∥JU (h/2)
(
Id 0d

0d
1√
M
Id

)
w

∥∥∥∥∥
= 12

∥∥∥∥∥JU (h/2)
(
Id 0d

0d
1√
M
Id

)∥∥∥∥∥
= 12

∥∥∥∥∥∥
 (√

h
γ − 2(1−e−γh/2)

γ3/2
√
h

)
, −2(1−e−γh/2)√

Mγh

− 1
γ

√
1− e−γh − 4(1−e−γh/2)2

γh , 1√
M

√
1− e−γh − 4(1−e−γh/2)2

γh

∥∥∥∥∥∥ ,
using the fact that −(1− e−x)2 ≤ −x2 + x3 for x ≥ 0, and that γh ≤ 1

≤ 12

(√
h√
M

+
2γh√
M

)
.

From the Gaussian Poincaré inequality (see e.g. Theorem 3.20 of [31]), and the fact that ξ(1), ξ(2) are

standard normal, it follows that

2E(Varξ(1),ξ(2)
(
g
(
U
(
B
(
U
(
z, h/2, ξ(1), ξ(2)

)
, h
)
, h/2, ξ(3), ξ(4)

)))
≤ 2 · 122

(√
h√
M

+
2γh√
M

)2

≤ 576

(
h√
M

+ 4
γ2h2

M

)
.

We can bound the second term similarly, since∥∥∥∥ ∂

∂(ξ(3), ξ(4))

(
g
(
U
(
B
(
U
(
z, h/2, ξ(1), ξ(2)

)
, h
)
, h/2, ξ(3), ξ(4)

)))∥∥∥∥
=
∥∥∥JU (h/2)∇g (U (B (U (z, h/2, ξ(1), ξ(2)) , h) , h/2, ξ(3), ξ(4)))∥∥∥

using the fact that g is 2-Lipschitz with respect to ∥ · ∥a,0,

≤ 2

∥∥∥∥∥JU (h/2)
(
Id 0d

0d
1√
M
Id

)∥∥∥∥∥ ≤ 2

√
h√
M

+
2γh√
M
,

and thus by the Gaussian Poincaré inequality,

2E(Varξ(3),ξ(4)
(
g
(
U
(
B
(
U
(
z, h/2, ξ(1), ξ(2)

)
, h
)
, h/2, ξ(3), ξ(4)

)))
≤ 8

(√
h√
M

+
2γh√
M

)2

≤ 16

(
h√
M

+ 4
γ2h2

M

)
.
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By adding these up, we obtain∫ ∫
(g(w)− g(w̃))2Ph(z, dw)Ph(z, dw̃) ≤ 592

(
h√
M

+ 4
γ2h2

M

)
,

and hence by (B.24) and (B.29), we have

n(z) ≥
γ
M dh

592
(

h√
M

+ 4γ2h2

M

) ≥
γ
M dh

592 · 5
(
γh
M

) ≥ d

3000
. (B.30)

Combining this with (B.27), we have that

sup
z∈Λ

σ(z)2

n(z)
≤
(
37

(
3

γ
+

3γ

M

)
dh

)
· 3000

d
≤ 333000

(
1

γ
+

γ

M

)
h,

and the claim now follows by Theorem 2 of [89] and the bound on Var[E(π̂(f))|X0)] on page 2427

of [89], using the fact that κ ≥ 1−
√

1− mh
4γ ≥ mh

8γ by Proposition B.3.6.

B.4.3 Variance of S(cR)

Theorem 3.3.15. Suppose that Assumptions 3.3.6, 3.3.7, 3.3.10, 3.3.12, 3.3.13 hold, and in addition,

γ ≥
√
8M, h0 ≤

1

γ
· m

264M
, B ≥ 16 log(4)γ

mh0
, B0 ≥

16γ

mh0
log

(
cµ0 + 1√
Mγh20

)
.

Suppose that cR ∈ [0, 1), and 2 < ϕN < 16. Then for any N ≥ 1, the UBUBU estimator S(cR) has

finite expected computational cost, ES(cR) = π(f), and it has finite variance. Moreover, it satisfies

a CLT as N → ∞, and the asymptotic variance σ2S defined in (3.3.18) can be bounded as

σ2S ≤ C(m,M,M s
1 , γ, cN , ϕN )

Kh0

(
1 +

1

h0K
+ dh40

)
.

Proof of Theorem 3.3.15. By Corollary B.4.6, and the fact that

E(D2
l,l+1) ≤ max

1≤k≤K
E
[(
f(z

′(l,l+1)
k )− f(z

(l,l+1)
k )

)2]
,

it follows that under the assumptions of Corollary B.4.6, we have

E(D2
l,l+1) ≤ Cd

((
γ4 +

(M s
1 )

2

M

)( γ
m

)2
+
Mγ2

m

)
h4l ≤ VDϕ

−l
D ,

for VD = Ch40d
((
γ4 +

(Ms
1 )

2

M

) ( γ
m

)2
+ Mγ2

m

)
and ϕD = 16. From Proposition B.4.9, and using the

fact that c(h0) =
h0m
8γ , and our assumptions on B0, we have

Var(D0) ≤
C

c(h0)K

(
1 +

1

c(h0)K

)(
1

γ
+

γ

M

)
h0
c(h0)

+
(1− c(h0))

2(B0+1)

2c(h0)2K2
σ2µ0

≤ C

K
· 1

h0

(
8γ

m

)2(1

γ
+

γ

M

)(
1 +

8γ

h0m
· 1

K

)
. (B.31)
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The computational cost at each level satisfies the assumptions of Proposition 3.3.4, so if we fix

2 < ϕN < 16, all assumptions of this proposition are satisfied. Hence S(cR) is an unbiased estimator

with finite variance and computational cost.

The claim about the asymptotic variance follows by using the bounds in (B.31) and in Proposition

B.4.8, and adding up all terms according to (3.3.18).

Proposition B.4.10. Suppose that the assumptions of Proposition B.3.6 hold for h = hl. Let Rl,l+1 =

(Phl,hl+1
)2

l
be the Markov kernel defined in Section 3.3.1 for two synchronously coupled UBU chains

at discretization levels l, l + 1. This chain is moving on state space Λ2. Let z1, . . . , zK be a Markov

chain with kernel Rl,l+1. Let F : Λ2 → R be of the form F (z, z′) = f(z)− f(z′), where f is of the

form (3.3.28). Suppose that the target π is a product distribution, satisfying the same conditions as

in Proposition 3.3.18. Then we have

Var

(∑K
i=1 F (zi)

K

)
≤ 2

K2

K∑
i=1

K−i∑
k=0

min

(
Var(F (zi)) + Var(F (zi+k))

2
,√√√√4r

(
r∑

s=1

∥w(s)∥2
)√

Var(F (zi)) max
1≤j≤d

E
[
∥zi,j − Ezi,j∥2a,b

]
· exp

(
−mh0

8γ
· k
))

.

Proof. We proceed similarly to the proof of Proposition B.4.7.

Cov(F (zi), F (zi+k)) = E[(F (zi)− E(F (zi)))(F (zi+k)− E(F (zi+k)))].

Let z̃i be an independent identically distributed copy of zi, and define (zi:i+k, z̃i:i+k) as synchronously

coupled, in the same way as in the proof of Proposition B.4.7. It follows from applying Proposition

B.3.6 on each coordinate, and using independence that for every coordinate 1 ≤ j ≤ d,

E
(
∥z̃i+k,j − zi+k,j∥2a,b

∣∣∣ zi,j , z̃i,j) ≤ exp

(
−mh0

4γ
· k
)
∥zi,j − z̃i,j∥2a,b.

With a slight abuse of notation, index j here refers to both position and velocity components, hence

z̃i,j = (x̃i,j , ṽi,j , x̃
′
i,j , ṽ

′
i,j) ∈ R4. As previously, zi and z̃i+k are independent, and

Cov(F (zi), F (zi+k)) = E[(F (zi)− E(F (zi)))E(F (zi+k)− F (z̃i+k)|zi, z̃i)]

≤
√
Var (F (zi))Var (F (zi+k)− F (z̃i+k))

By the Efron-Stein inequality [31, 150], and some rearrangement, we have

Var (F (zi+k)− F (z̃i+k)) ≤ 2
d∑

j=1

(
r∑

s=1

|w(s)
j |

)2

E
(
∥z̃i+k,j − zi+k,j∥2a,b

)

≤ 2r

(
r∑

s=1

∥w(s)∥2
)
exp

(
−mh0

4γ
· k
)

max
1≤j≤d

E
[
∥zi,j − z̃i,j∥2a,b

]
= 4r

(
r∑

s=1

∥w(s)∥2
)
exp

(
−mh0

4γ
· k
)

max
1≤j≤d

E
[
∥zi,j − Ezi,j∥2a,b

]
,
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and the claim follows by rearrangement and summation.

Proposition 3.3.18. Suppose that Assumption 3.3.17 holds, and denote the potential U as U(x) =∑d
i=1 Ui(xi). Suppose that Assumptions 3.3.6, 3.3.7, and 3.3.10 hold for each component (Ui)1≤i≤d,

and that

γ ≥
√
8M, h0 ≤

1

γ
· m

264M
, B ≥ 16 log(4)γ

mh0
, B0 ≥

16γ

mh0
log

(
cµ0 + 1√
Mγh20

)
.

Suppose that f is of the form

f(x, v) = g(⟨w(1), x⟩, . . . ⟨w(r), x⟩), (3.3.28)

where g : Rr → R is 1-Lipschitz, and w(1), . . . , w(r) ∈ Rd. Suppose that cR ∈ [0, 1) and 2 < ϕN < 16.

Then for any N ≥ 1, the UBUBU estimator S(cR) has finite expected computational cost, ES(cR) =
π(f), and it has finite variance. Moreover, it satisfies a CLT as N → ∞, and the asymptotic variance

can be bounded as

σ2S ≤ C(m,M,M1, γ, r, cN , ϕN )

Kh0

∑
1≤i≤r

∥w(i)∥2.

Proof of Proposition 3.3.18. Unbiasedness, finite variance, and finite computational cost follow from

Theorem 3.3.15. By (3.3.18), the asymptotic variance can be expressed as

σ2S := Var(D0) +

∞∑
l=0

Var(Dl,l+1) ·
ϕlN
c
.

It is easy to show that f is
∑r

s=1 ∥w(s)∥-Lipschitz, so the variance term Var(D0) can be bounded

using Proposition B.4.9, relying on the burn-in assumptions.

To control Var(Dl,l+1), we first need to bound terms of the form Var(f(z′k) − f(zk)). Let zk,j =

(xk,j , vk,j) ∈ R2 denote components j in both x and v. Using the Efron-Stein inequality [31, 150],

and independence of the components, we have

Var(f(z
′(l,l+1)
k )− f(z

(l,l+1)
k )) ≤ 2

d∑
j=1

(
r∑

s=1

|w(s)
j |

)2

E
(∥∥∥z′(l,l+1)

k,j − z
(l,l+1)
k,j

∥∥∥2
a,b

)

≤ 2r

(
r∑

s=1

∥w(s)∥2
)

max
1≤j≤d

E
(∥∥∥z′(l,l+1)

k,j − z
(l,l+1)
k,j

∥∥∥2
a,b

)
.

By applying Corollary B.4.6 component-wise, it follows that under our assumptions,

max
1≤j≤d

E
(∥∥∥z′(l,l+1)

k,j − zk,j

∥∥∥2
a,b

)
≤ C(m,M, γ,M1)h

4
l ,

hence

Var(f(z
′(l,l+1)
k )− f(z

(l,l+1)
k )) ≤ C(m,M,M1, γ, r)

∑
1≤i≤r

∥w(i)∥2h4l .
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Using this, and Proposition B.4.10, by a similar argument as in the proof of Theorem 3.3.15, we can

show that

Var(Dl,l+1) ≤
C(m,M,M1, γ, r)

K

 ∑
1≤i≤r

∥w(i)∥2
h4l

(
1 +

4γ

mh0
+ log(4)l

)
,

and the claim follows by summation and rearrangement.

B.5 Initialization and Gaussian approximation

We will use the following assumptions in this section and sections B.6 and B.7, which we restate here

for easier readability. We will consider potentials of the form

U(x) = U0(x) +

ND∑
i=1

Ui(x), (B.32)

where we aim to understand the scaling of the computational complexity when inexact gradients are

used within the UBUBU framework in the large ND case. We assume that the potential has the form

(B.32) in this section and sections B.6 and B.7, and we impose the following assumptions on the

potential.

Assumption 3.3.21 (∇Lipschitz property). For every 1 ≤ i ≤ ND, Ui : Rd → R is twice differentiable

and there exists a M̃ > 0 such that for all x, y ∈ Rd,

∥∇Ui(x)−∇Ui(y)∥ ≤ M̃∥x− y∥,

for every 1 ≤ i ≤ ND and moreover,

∥∇U(x)−∇U(y)∥ ≤M∥x− y∥ for M = NDM̃.

Assumption 3.3.22 (NDm̃-strong convexity). There exists a m̃ > 0 such that for all x, y ∈ Rd

⟨∇U(x)−∇U(y), x− y⟩ ≥ m∥x− y∥2 for m = NDm̃.

Assumption 3.3.23 (strongly Hessian Lipschitz property). U : Rd → R is three times continuously

differentiable and M s
1 -strongly Hessian Lipschitz if there exists M s

1 > 0 such that

∥∇3U(x)∥{1,2}{3} ≤M s
1 for M s

1 = NDM̃
s
1 ,

for all x ∈ Rd.

For a better understanding of the scaling in terms of ND, we also introduce

γ̃ =
γ√
ND

, (B.33)

so that γ =
√
NDγ̃.
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B.5.1 OHO scheme

In this section, we detail some results for the OHO scheme we use for initialization in (3.3.34)-(3.3.36).

We state results for a potential that satisfies Assumptions 3.3.6 and 3.3.7 that can be applied in the

case of Gaussian approximation. In particular, we show strong error results using similar techniques

to [105] and [142].

We define the solution map H to have update rule

H : (x, v) → ϕh(x, v), (B.34)

where ϕh(x, v) is the solution to the ODE

dXt = Vtdt, dVt = −∇U(Xt)dt,

initialized at (X0, V0) := (x, v) ∈ R2d at time h > 0. We then define the OHO scheme with stepsize

h > 0 as a half step of O with stepsize h/2 (defined in (3.3.35)), followed by a full step of H with

stepsize h and a half step of O with stepsize h/2, which exactly preserves the invariant measure.

Remark B.5.1. We remark that the OHO scheme is a special case of the scheme studied in [117]

using a hypocoercivity approach. It has also been considered as an exact splitting for discretization

analysis in [25, 28, 80, 115]. In practice this scheme is only applicable when the Hamiltonian dynamics

can be solved exactly, for example for a Gaussian target.

Proposition B.5.2. Let h < 1/2γ, γ2 ≥ 4M , k ∈ N and (Xt, Vt)t≥0 := (Zt)t≥0 be the solution

of (3.1.1) and (xt, vt)t≥0 := (zt)t≥0 be the solution to the OHO scheme with stepsize h > 0, with

synchronously coupled Brownian motion and where both are initialized at z0 = Z0 ∼ π. We have that

∥Zkh − zkh∥L2,a,b ≤
√

3

2
e

3
2
hk

√
M

(
3hγ

√
kγhd+ 5k(hγ)2

√
d√

M

)
.

Proof. Considering the OHO scheme given by

(xh, vh) :=

(
x+ h

(
ηv +

√
1− η2ξ1

)
−
∫ h

0
∇U(x(t))(h− t)dt,

η

(
ηv +

√
1− η2ξ1 − h∇U(x)−

∫ h

0
∇2U(x(t))v(t)(h− t)dt

)
+
√

1− η2ξ2

)
,

where the Hamiltonian dynamics (x(t), v(t))ht=0 is initialized at (x, ηv +
√

1− η2ξ1). The kinetic

Langevin dynamics for one step can be written as

Vh = E(h)V0 −
∫ h

0
E(h− s)∇U(Xs)ds+

√
2γ

∫ h

0
E(h− s)dWs, (B.35)

Xh = X0 + F(h)V0 −
∫ h

0
F(h− s)∇U(Xs)ds+

√
2γ

∫ h

0
F(h− s)dWs, (B.36)



B.5. Initialization and Gaussian approximation 133

where E(h) = e−γh,F(h) = 1−e−γh

γ , and we couple the noises such that
√

1− η2ξ1 =
√
2γ
∫ h/2
0 E(h/2 − s)dWs and

√
1− η2ξ2 =

√
2γ
∫ h
h/2 E(h − s)dWs. Considering the velocity

component we have

∥Vh − vh∥L2 ≤

∥∥∥∥∥η2 (V0 − v0)−
∫ h

0
E(h− s) (∇U(Xs)−∇U(x)) ds+

+
√

2γ(1− η)

∫ h/2

0
E(h/2− s)dWs

∥∥∥∥∥
L2

+
√
Md

∣∣∣∣1− η2 − hγη

γ

∣∣∣∣+ h2M
√
d

2

≤

∥∥∥∥∥η2 (V0 − v0)−
∫ h

0
E(h− s) (∇U(X0)−∇U(x)) ds+

√
2γ(1− η)

∫ h/2

0
E(h/2− s)dWs

∥∥∥∥∥
L2

+

∥∥∥∥∫ h

0
E(h− s) (∇U(Xs)−∇U(X0)) ds

∥∥∥∥
L2

+

(
γ
√
M +

M

2

)
h2

√
d

≤

∥∥∥∥∥η2 (V0 − v0)−
∫ h

0
E(h− s) (∇U(X0)−∇U(x)) ds+

√
2γ(1− η)

∫ h/2

0
E(h/2− s)dWs

∥∥∥∥∥
L2

+
(
γ
√
M + 3M

)
h2

√
d,

where the final estimate is a rough estimate due to (B.35), (Xs, Vs) ∼ π for all s ∈ [0, h], the fact that

U is M -∇Lipschitz, h < 1
2γ and γ2 ≥ 4M . Now considering time kh ≥ 0 for k ∈ N and iteratively

applying the argument whilst keeping Brownian components in the same L2 norm, we have

∥Vkh − vkh∥L2 ≤
k∑

i=1

hMai +
√

2γ

∥∥∥∥∥
k∑

i=1

η2(k−i) (1− η)

∫ (i−1/2)h

(i−1)h
E((i− 1/2)h− s)dWs

∥∥∥∥∥
L2

+ 3kγ
√
Mh2

√
d

≤
k∑

i=1

hMai +
hγ

√
2γ

2

∥∥∥∥∥
k∑

i=1

∫ (i−1/2)h

(i−1)h
E((i− 1/2)h− s)dWs

∥∥∥∥∥
L2

+ k (hγ)2
√
d+ 3kγ

√
Mh2

√
d

≤
k∑

i=1

hMai + hγ
√
kγhd+ 3k (hγ)2

√
d,

where ai := ∥Xih − xih∥L2 for i ∈ N and bi := ∥Vih − vih∥L2 for i ∈ N. We have also used the

independence of the Brownian motion over independent time intervals.
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Now considering the position components we have

∥Xh − xh∥L2 ≤

∥∥∥∥∥X0 − x0 + F(h) (V0 − v0)−
∫ h

0
F(h− s) (∇U(Xs)−∇U(xs)) ds

+

∫ h

0

√
2γF(h− s)dWs − h

√
2γ

∫ h/2

0
E(h/2− s)dWs

∥∥∥∥∥
L2

+ 2γh2
√
d

≤

∥∥∥∥∥X0 − x0 + F(h)(V0 − v0)−
∫ h

0
F(h− s) (∇U(X0)−∇U(x0)) ds

+

∫ h

0

√
2γF(h− s)dWs − h

√
2γ

∫ h/2

0
E(h/2− s)dWs

∥∥∥∥∥
L2

+ 3γh2
√
d.

Then as before we consider time kh ≥ 0 for k ∈ N and we have

∥Xkh − xkh∥L2 ≤
k∑

i=1

(
hbi + h2Mai

)
+ 3kγh2

√
d

+
√
2γ

∥∥∥∥∥
k∑

i=1

∫ ih

(i−1)h
F(ih− s)dWs − h

∫ (i−1/2)h

(i−1)h
E((i− 1/2)h− s)dWs

∥∥∥∥∥
L2

≤
k∑

i=1

(
hbi + h2Mai

)
+ 3kγh2

√
d+ 2

√
2γh

√
hkd.

In ∥ · ∥L2,a,b using the preceding estimates we have

∥Zkh − zkh∥L2,a,0 ≤
3

2

k∑
i=1

h
√
M∥Zih − zih∥L2,a,0 +

3hγ
√
kγhd+ 5k(hγ)2

√
d√

M

≤ e
3
2
hk

√
M

(
3hγ

√
kγhd+ 5k(hγ)2

√
d√

M

)
.

Theorem B.5.3. Let h < 1/2γ, γ2 ≥ 4M , l ∈ N and (Xt, Vt)t≥0 := (Zt)t≥0 be the solution of

kinetic Langevin dynamics and (xl, vl)l∈N := (zl)l∈N be the iterates of the solution to the OHO
scheme with stepsize h > 0, where both are initialized at the same point according to the invariant

measure. We have that

∥Zlh − zl∥L2,a,b ≤ 104hγ2
√
d

3
√

2γ/
√
M + 10γ/

√
M

m

 .

Proof. We use an approach used in [105] to remove the exponential constant in Proposition B.5.2.

We define a sequence of interpolating variants Z
(k)
l for every k = 0, ..., l as follows. We first define

Z
(k)
0 = Z0, and then (Z

(k)
i )ki=1 are defined by OHO steps followed by (Z

(k)
i )li=k+1 steps of kinetic

Langevin dynamics with stepsize h > 0. We break the l steps into blocks of size l̃ = ⌈ 2
3h

√
M
⌉, then
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we have

∥Zlh − zl∥L2,a,b = ∥Z(0)
l − Z

(l)
l ∥L2,a,b

≤
⌊l/l̃⌋−1∑
j=0

∥∥∥(Z(jl̃)
l − Z

((j+1)l̃)
l

)∥∥∥
L2,a,b

+
∥∥∥(Z(⌊l/l̃⌋l) − Z(l)

)∥∥∥
L2,a,b

,

where we bound the terms using the fact that the first jl̃ steps according to OHO keep the stationary

distribution invariant and they only deviate in the following l̃ steps, where we will use Proposition

B.5.2 with l chosen as l̃. We finally use contraction of the continuous dynamics (Corollary B.3.8) in

the remaining steps and we have

∥∥∥(Z(jl̃)
l − Z

((j+1)l̃)
l

)∥∥∥
L2,a,b

≤ 4e−(l−1−(j+1)l̃)c(h)

3hγ

√
l̃γhd+ 5l̃(hγ)2

√
d

√
M

 .

Then summing up the terms we have that

∥Zlh − zl∥L2,a,b ≤ 4

3hγ

√
l̃γhd+ 5l̃(hγ)2

√
d

√
M

(1 + 1

1− e−c(h)l̃

)

≤ 8

3hγ

√
l̃γhd+ 5l̃(hγ)2

√
d

√
M

(1 + 12γ
√
M

m

)

≤ 104hγ2
√
d

3
√

2γ/
√
M + 10γ/

√
M

m

 ,

as required.

B.5.2 Initialization and bounds

For convex potentials, we can approximate the gradient with the Hessian at the minimizer by

Q(x | x∗) = ∇U(x∗) +H∗(x− x∗) = H∗(x− x∗), (B.37)

where x∗ ∈ Rd is the minimizer of U and H∗ = ∇2U(x∗).

Lemma B.5.4. Considering the gradient approximation Q given by (B.37), where the potential U

satisfies Assumption 3.3.23, and has a minimizer x∗ ∈ Rd we then have the property

E ∥∇U(x)−Q(x | x∗)∥p ≤ (M̃ s
1 )

pNp
D∥x− x∗∥2p

L2p ,

for any x ∈ Rd.

Proof. Follows from Taylor expansion.
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We then define the measure µG = N (x∗, (H∗)−1)×N (0d, Id) to be the Gaussian approximation of

the target as in (3.3.33), which is the invariant measure of the OHO scheme and continuous kinetic

Langevin dynamics with the use of the gradient approximation (B.37).

Proposition B.5.5. Let p = 2 or 4, then we have the following Wasserstein bound between a potential

U which satisfies Assumptions 3.3.22,3.3.23 and 3.3.28

Wp,a,b(π, µG) ≤
√

3

2

(
(2p)!

2pp!

)1/p M̃1d

m̃2ND
.

Proof. If we let πx denote the marginal in the position of π and (µG)x denote the marginal in position

of µG. We have from the equivalence of norms that for p = 2, 4

Wp,a,b(π, µG) ≤
√

3

2
Wp,a,0(π, µG) ≤

√
3

2
Wp(πx, (µG)x)

≤
√

3

2

∥∇U −Q(· | x∗)∥Lp

m
≤
√

3

2

M s
1∥x− x∗∥2L2p

m

≤
√

3

2

(
(2p)!

2pp!

)1/p M s
1d

m2

where the third inequality is due to Proposition 22 of [161], the fourth due to Lemma B.5.4 and the

final inequality by Lemma B.8.2.

B.6 Variance bounds for UBU with SVRG

For this section, we make use of the technique of the recent work of Hu et al [168], related to using

stochastic variance reduced gradient (SVRG).

A stochastic gradient version of the UBU scheme is simply constructed by replacing the B operator

with

BG(x, v, h, ω|x̂) = (x, v − hG(x, ω|x̂)),

where G is a stochastic gradient approximation of the potential U as defined in the approximation

given by (3.3.30).

We start with an alternative formula for the kinetic Langevin dynamics introduced in (3.1.1). This is

used for the analysis of the UBU scheme in the full gradient setting in [140] and alternative schemes

with the SVRG approximation in (3.3.30). The convenient way of expressing kinetic Langevin dynamics

is to use Itô’s formula on the product eγtVt. This results in the following set of equations for (3.1.1)

with initial condition (X0, V0) ∈ R2d:

Vt = E(t)V0 −
∫ t

0
E(t− s)∇U(Xs)ds+

√
2γ

∫ t

0
E(t− s)dWs, (B.38)

Xt = X0 + F(t)V0 −
∫ t

0
F(t− s)∇U(Xs)ds+

√
2γ

∫ t

0
F(t− s)dWs, (B.39)



B.6. Variance bounds for UBU with SVRG 137

where

E(t) = e−γt F(t) =
1− e−γt

γ
. (B.40)

Then the UBU scheme (as in [140]) can be expressed as

vk+1 = E(h)vk − hE(h/2)∇U(xk) +
√

2γ

∫ (k+1)h

kh
E((k + 1)h− s)dWs, (B.41)

xk = xk + F(h/2)vk +
√

2γ

∫ (k+1/2)h

kh
F((k + 1/2)h− s)dWs, (B.42)

xk+1 = xk + F(h)vk − hF(h/2)∇U(xk) +
√

2γ

∫ (k+1)h

kh
F((k + 1)h− s)dWs, (B.43)

which can be more easily compared to the true dynamics via (B.38) and (B.39). We will refer to

(xk)k∈N as the gradient evalution points of the scheme. Similarly, stochastic gradient UBU can be

expressed as (B.41)-(B.43) by replacing the gradients with stochastic gradient approximations,

vk+1 = E(h)vk − hE(h/2)G(xk, ωk+1|x̂k) +
√

2γ

∫ (k+1)h

kh
E((k + 1)h− s)dWs, (B.44)

xk = xk + F(h/2)vk +
√

2γ

∫ (k+1/2)h

kh
F((k + 1/2)h− s)dWs, (B.45)

x̂k = xL(k) for L(k) = τ⌊k/τ⌋, (B.46)

xk+1 = xk + F(h)vk − hF(h/2)G(xk, ωk+1|x̂k) +
√

2γ

∫ (k+1)h

kh
F((k + 1)h− s)dWs, (B.47)

If we are using a stochastic gradient approximation of the UBU dynamics, additional bias is introduce

by the use of gradient approximations. We wish to measure the local error caused by the stochastic

gradient approximation.

B.6.1 Variance bound of Dl,l+1

Suppose now we have two UBU schemes, a UBU scheme (zk)k∈N = (xk, vk)k∈N which uses

a stochastic gradient approximation as defined in Definition 3.2.1 with (ωk)k∈N such that

ωk ∼ SWR(ND, Nb) for each k ∈ N. Further at iteration k define zhk := (xhk , v
h
k ) :=

ψh

(
zk, h, (Wt′)

(k+1)h
t′=kh

)
to be a step of the full gradient UBU scheme at iteration zk, with

synchronously coupled Brownian motion. Then the local error after one step is

E∥(xk+1 − xhk , vk+1 − vhk )∥2 = h2 (E(h/2) + F(h/2))2 E∥∇U(xk)− G(xk, ωk+1)∥2,

and

E∥xk+1 − xhk∥2 ≤
h4

4
E∥∇U(xk)− G(xk, ωk+1)∥2,
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where expectations are taken over stochastic gradient approximation and Brownian increments. The

sequence (xk)k∈N are the points where the stochastic gradient approximations are evaluated defined

by (B.45). We now wish to bound the term E∥∇U(xk)−G(xk, ωk+1)∥2, uniformly in k to control the

error due to the stochastic gradient. For this, we state Lemma 1 of [168] with our notations, together

with its proof.

Lemma B.6.1. Considering iterates (xk, vk, xk)k∈N of stochastic gradient UBU with the SVRG

(G,SWR(ND, Nb)) for a potential U which has the form (3.3.29), with data size ND and batch

size Nb, epoch length τ = ⌈ND/Nb⌉, and initial condition (x0, v0) ∈ R2d, then we have the property

E
(∥∥G(xk, ωk+1 | xL(k))−∇U(xk)

∥∥2)
≤ ND(ND −Nb)(τ − 1)2

Nb(ND − 1)
.max
j<k

ND∑
i=1

E
(
∥∇Ui(xj+1)−∇Ui(xj)∥2

)
.

Corollary B.6.2. Suppose that Assumption 3.3.21 holds. For UBU with SVRG updates as defined by

(B.44)-(B.47), we have

E
(∥∥G(xk, ωk+1 | xL(k))−∇U(xk)

∥∥2) ≤ Θmax
j<k

E∥xj+1 − xj∥2, (B.48)

Θ=
M̃2N2

D(ND −Nb)(τ − 1)2

Nb(ND − 1)
. (B.49)

Proof of Lemma B.6.1. For the potential of the form U(x) = U0(x) +
∑ND

i=1 Ui(x) and for k ≥ 1 we

define Xi = ∇Ui(xk) −∇Ui(xL(k)) and we define Yi = NDXi −
∑ND

j=1Xj for i = 1, ..., ND. Then

we have that
∑ND

i=1 Yi = 0 and that

G(xk, ωk+1 | xL(k))−∇U(xk) =
1

Nb

∑
i∈ωk+1

Yi.

Therefore our aim is to establish a bound on 1
Nb

∑
i∈ωk+1

Yi. We have that

Eωk+1

∥∥∥∥∥∥ 1

Nb

∑
i∈ωk+1

Yi

∥∥∥∥∥∥
2

=
1

N2
b

Eωk+1

 ∑
i∈ωk+1

∥Yi∥2 +
∑

i̸=j∈ωk+1

⟨Yi, Yj⟩


=

1

NbND

ND∑
i=1

∥Yi∥2 +
b− 1

NbND(ND − 1)

∑
i̸=j

⟨Yi, Yj⟩

=
ND −Nb

ND − 1

1

NbND

ND∑
i=1

∥Yi∥2,
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where the last line is due to the fact that
∑ND

i=1 Yi = 0. Then using the fact that
∑ND

i=1 ∥Yi∥2 ≤
N2

D

∑ND
i=1 ∥Xi∥2 and the last full gradient evaluation is at k − τ + 1 ≤ L(k) ≤ k we have that

E
(
∥∇U(xk)− G(xk, ωk+1 | xL(k))∥2

)
=

ND −Nb

NbND(ND − 1)

ND∑
i=1

E∥Yi∥2

≤ ND(ND −Nb)

Nb(ND − 1)

ND∑
i=1

E∥Xi∥2

≤ ND(ND −Nb)

Nb(ND − 1)

ND∑
i=1

E∥∇Ui(xk)−∇Ui(xL(k))∥2

≤ ND(ND −Nb)(k − L(k))

Nb(ND − 1)

k−1∑
j=L(k)

ND∑
i=1

E∥∇Ui(xj+1)−∇Ui(xj)∥2

≤ ND(ND −Nb)(τ − 1)2

Nb(ND − 1)
max
j<k

ND∑
i=1

E∥∇Ui(xj+1)−∇Ui(xj)∥2,

which concludes the proof.

Hence it is sufficient to bound E∥xk+1−xk∥2 uniformly in k ∈ N, which will be done in the following

lemma.

Lemma B.6.3 (Displacement Lemma). Let a stochastic gradient UBU integrator defined by (B.44)-

(B.45) with stochastic gradient (G, ρ) satisfy

E
(
∥G(xk, ωk+1|x̂k)−∇U(xk)∥2

)
≤ Θmax

j<k
E∥xj+1 − xj∥2,

for some Θ > 0. If U satisfies Assumptions 3.3.21, 3.3.22, h < 1/2γ and γ2 ≥ 8M , then

∥xk+1 − xk∥L2 ≤ h2
√
Θ max

0≤i<k
∥xi+1 − xi∥L2 + 7h

√
M∥zk−1 − Zk−1∥L2,a,b + 6h

√
d,

where Zk := Zkh = ϕ(Z0, kh, (Wt′)
kh
t′=0) ∈ R2d is the solution to (3.1.1) initialized at the invariant

measure Z0 ∼ π at time kh for k ∈ N.

Proof. Then we use the following estimate

∥xk+1 − xk∥L2 = ∥xk+1 − xk+1 + xk+1 − xk + xk − xk∥L2

≤ ∥F(h/2)(vk − vk−1)∥L2 + ∥xk+1 − xk∥L2

+
√

2γ

∥∥∥∥∥
∫ (k+3/2)h

(k+1)h
F((k + 3/2)h− s)dWs

∥∥∥∥∥
L2

+
√

2γ

∥∥∥∥∥
∫ (k+1/2)h

kh
F((k + 1/2)h− s)dWs

∥∥∥∥∥
L2

=: (I) + (II) + (III) + (IV),
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and we bound (I), (II), (III) and (IV) separately. (III) and (IV) can be bounded above by
√
γh3d.

Firstly, we will bound (II), but first we denote

Aj = ∥xj+1 − xj∥2L2 ,

for j ∈ N, and zhk = (xhk , v
h
k ) := ψh(zk, h, (Wt′)

(k+1)h
t′=kh ) is an iterate with stepsize h and initial

point (xk, vk) of the full gradient UBU scheme and synchronously coupled Brownian motion to the

stochastic gradient scheme. We then estimate

∥xk+1 − xk∥L2 ≤ ∥xk+1 − xhk∥L2 + ∥xhk − xk∥L2

≤ h2

2

√
Θmax

j<k

√
Aj + ∥xhk − xk∥L2 ,

then if we define the notation Zt
k = (Xt

k, V
t
k ) := ϕ(zk, t, (Wt′)

kh+t
t′=kh) ∈ R2d for k ∈ N and t ≥ 0 to

be the continuous dynamics solution with initial condition (xk, vk) at time t defined by (B.38) and

(B.39). Then we can estimate the second term by splitting it up into discretization error and one-step

displacement and bounding each of these terms separately as

∥xhk − xk∥L2 ≤ ∥xhk −Xh
k ∥L2 + ∥Xh

k − xk∥L2 .

Then using [140, Section 7.6] we have that

∥xhk −Xh
k ∥L2 ≤∥∥∥∥∫ h

0
F(h/2) (∇U(Xs

k)−∇U(xk)) ds+

∫ h

0
(F(h− s)−F(h/2))∇U(Xs

k)ds

∥∥∥∥
L2

≤ h

2

∫ h

0
∥∇U(Xs

k)−∇U(xk)∥L2 ds+ h2 max
0≤s≤h

∥∇U(Xs
k)∥L2

≤ hM

2

∫ h

0

∥∥∥∥∥Xs
k −

(
xk + F (h/2) vk +

√
2γ

∫ (k+1/2)h

kh
F ((k + 1/2)h− s) dWs

)∥∥∥∥∥
L2

ds

+ h2 max
0≤s≤h

∥∇U(Xs
k)∥L2

≤ h2 max
0≤s≤h

∥∇U(Xs
k)∥L2 +

hM

2

∫ h

0
∥Xs

k − xk∥L2ds+
h3M

4
max
0≤s≤h

∥V s
k ∥L2 +

h7/2M
√
γd

4
.

Now, we bound∫ h

0
∥Xs

k − xk∥L2ds ≤ h2∥vk∥L2 + h3 max
0≤s≤h

∥∇U(Xs
k)∥L2 + h5/2

√
2γd,

and using the fact that h < min{ 1
5
√
M
, 1
2γ } we have

∥xhk −Xh
k ∥L2 ≤ 3h2

2
max
0≤s≤h

∥∇U(Xs
k)∥L2 + h max

0≤s≤h
∥V s

k ∥L2 + h
√
d,



B.6. Variance bounds for UBU with SVRG 141

and using (3.1.1) we have that

∥Xh
k − xk∥L2 =

∥∥∥∥F(h)vk −
∫ h

0
F(h)∇U(Xs

k)ds+
√

2γ

∫ h

0
F(h− s)dWs

∥∥∥∥
L2

≤ h∥vk∥L2 + h2 max
0≤s≤h

∥∇U(Xs
k)∥L2 +

√
2γh3d.

To bound the maximum terms we introduce (Zt)t≥0 = (Xt, Vt)t≥0 to be the solution to (3.1.1)

initialized at the invariant measure with synchronously coupled Brownian motion. We also define

Zk := Zkh for k ∈ N. Then we have, in expectation, for any 0 ≤ s ≤ h,

∥V s
k ∥L2 ≤ ∥V s

k − Vkh+s∥L2 + ∥Vkh+s∥L2

≤
√
2M∥zk − Zk∥L2,a,b +

√
d,

and for any 0 ≤ s ≤ h we have

∥∇U(Xs
k)∥L2 ≤ ∥∇U(Xs

k)−∇U(Xkh+s)∥L2 + ∥∇U(Xkh+s)∥L2

≤M∥Xs
k −Xkh+s∥L2 +

√
Md

≤
√
2M∥zk − Zk∥L2,a,b +

√
Md,

where we have used contraction of the continuous dynamics under synchronous coupling provided

in Corollary B.3.8 and [51, Lemma 2] to bound ∥∇U(Xkh+s)∥L2 . Therefore we have the following

bound on (II)

(II) ≤ h2

2

√
Θ max

0≤i<k

√
Ai + 4h

√
M∥zk − Zk∥L2,a,b +

9h
√
d

2
,

where h < 1
5
√
M

due to the fact that γ2 ≥ 8M and h < 1
2γ .

Next, we consider (I) and we can estimate

(I) ≤ h

2
∥vk − vk−1∥L2 ≤ h

2
∥vk − vhk−1∥L2 +

h

2
∥vhk−1 − vk−1∥L2

≤ h2

2

√
Θ max

0≤i<k

√
Ai +

h

2
∥vhk−1 − vk−1∥L2 ,

where

∥vhk−1 − vk−1∥L2 ≤ ∥vhk−1 − V h
k−1∥L2 + ∥V h

k−1 − vk−1∥L2 .
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Then we can bound

∥vhk−1 − V h
k−1∥L2 ≤∥∥∥∥∫ h

0
E(h/2)

(
∇U(Xs

k−1)ds−∇U(xk−1)
)
+ (E(h− s)− E(h/2))∇U(Xs

k−1)ds

∥∥∥∥
L2

≤M

∫ h

0

∥∥Xs
k−1 − xk−1

∥∥
L2 ds+ h max

0≤s≤h
∥∇U(Xs

k−1)∥L2

≤ 3

50
max
0≤s≤h

∥V s
k−1∥L2 + 2

51

50
h max

0≤s≤h
∥∇U(Xs

k−1)∥L2 +
2

25

√
d,

where we have used the estimate of
∫ h
0 ∥Xs

k−1 − xk−1∥L2 from the ∥xhk−1 −Xh
k−1∥L2 bound and the

fact that h < 1/5
√
M . Using (B.38) we have

∥V h
k−1 − vk−1∥L2 ≤

∥∥∥∥(E(h)− 1)vk−1 −
∫ h

0
E(h− s)∇U(Xs

k−1)ds+
√

2γ

∫ h

0
E(h− s)dWs

∥∥∥∥
L2

≤ hγ∥vk−1∥L2 + h max
0≤s≤h

∥∇U(Xs
k−1)∥L2 +

√
2γhd

≤ 2h
√
M
(
γ +

√
M
)
∥zk−1 − Zk−1∥L2,a,b + h

√
d
(
γ +

√
M
)
+
√

2γhd,

and we can combine terms to get the following bound on (I)

(I) ≤ h2

2
max
0≤i<k

√
ΘAi + 3h

√
M∥zk−1 − Zk−1∥L2,a,b +

5

4
h
√
d,

and summing all terms we have that

∥xk+1 − xk∥L2 ≤ h2 max
0≤i<k

√
ΘAi + 7h

√
M∥zk−1 − Zk−1∥L2,a,b + 6h

√
d.

Proposition B.6.4. For a stochastic gradient UBU integrator with iterates (zk)k∈N, gradient

evaluation points (xk)k∈N, transition kernel Ph and potential U satisfying Assumptions 3.3.21-3.3.22,

where we approximate the gradient using a unbiased stochastic gradient (G, ρ) satisfying

E
(
∥G(xk, ωk+1|x̂k)−∇U(xk)∥2

)
≤ Θmax

j<k
E∥xj+1 − xj∥2.

Consider the continuous solution to (3.1.1) initialized at the invariant measure, for k ∈ N define

Zk := Zkh = ϕ(Z0, kh, (Wt′)
kh
t′=0) ∈ R2d with synchronously coupled Brownian motion to (zk)k∈N,

then for all

h < min

{
1

2γ̃N
1/2
D

, 1/2,
m̃1/3N

1/6
D

24(Θγ̃)1/3
,

1

4Θ1/4
,

m̃

256M̃γ̃N
1/2
D

}
,

we have

∥zk − Zk∥L2,a,b ≤ 4(1−R2(h)/2)
k
(
∥z0 − Z0∥L2,a,b +

√
2C1h

5/2
)

+ C(γ̃, m̃, M̃ , M̃ s
1 )h

3/2d1/2N
−3/4
D Θ1/2,
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where R2(h) = 1− c2(h) + C2
0h

2.

Further for all µ ∈ P2(R2d), and all k ∈ N,

W2,a,b(µP
k
h , π) ≤ 4(1−R2(h)/2)

k
(
W2,a,b(µ, π) +

√
2C1h

5/2
)

+ C(γ̃, m̃, M̃ , M̃ s
1 )h

3/2d1/2N
−3/4
D Θ1/2.

Proof. Let us define the notation Zt
k = (Xt

k, V
t
k ) := ϕ(zk, t, (Wt′)

kh+t
t′=kh) ∈ R2d for k ∈ N and t ≥ 0

to be the continuous dynamics solution with initial condition (xk, vk) at time t defined by (B.38) and

(B.39). Further define zhk = (xhk , v
h
k ) := ψh(zk, h, (Wt′)

(k+1)h
t′=kh ) is an iterate with stepsize h and initial

point (xk, vk) of the full gradient UBU scheme and synchronously coupled Brownian motion to the

stochastic gradient scheme.

Firstly, we split up the difference in the following way

∥zk − Zk∥2L2,a,b =
∥∥∥(zk − zhk−1

)
+
(
zhk−1 − Zk

)∥∥∥2
L2,a,b

=
∥∥∥zk − zhk−1

∥∥∥2
L2,a,b

+ 2
〈
zk − zhk−1, z

h
k−1 − Zk

〉
L2,a,b

+ ∥zhk−1 − Zk∥2L2,a,b.

Considering the inner product we have the expectation conditional on zk−1 and (Wt′)
kh
t′=(k−1)h is

zero as it is independent of the Brownian motion (due to synchronous coupling) and the stochastic

gradient estimator is unbiased. Therefore

∥zk − Zk∥2L2,a,b ≤ ∥zk − zhk−1∥2L2,a,b + (∥βk−1∥L2,a,b

+ ∥zhk−1 − ψ(Zk−1, h, (Wt′)
kh
t′=(k−1)h) + αk−1∥L2,a,b)

2

= (I)′ + (II)′.

We have that

(I)′ ≤ 2h2Θ

M
max
j<k

∥xj+1 − xj∥2L2 ,

and

(II)′ ≤
(√

(1− c2(h) + C2
0h

2)∥zk−1 − Zk−1∥2
L2,a,b

+ 2C2
1h

5 + C2h
3
)2
.

Let R2(h) := c2(h)−C2
0h

2, then assuming that mh/8γ < R2(h) < 1/2 (which holds for h < 1
2γ and

h < m
256γM ), using Lemma B.8.1,

∥zk − Zk∥L2,a,b ≤
√
2(1−R2(h)/2)

k

(
∥z0 − Z0∥L2,a,b +

√
2C2

1h
5

)
+

2
√
2C2h

3

R2(h)

+ 2

√
2h2Θ
M maxj<k ∥xj+1 − xj∥2L2 + 2C2

1h
5

R2(h)
,



B.6. Variance bounds for UBU with SVRG 144

and now we wish to bound maxj<k ∥xj+1 − xj∥2L2 . Considering Lemma B.6.3 we have that

∥xk+1 − xk∥L2 ≤ h2
√

Θ max
0≤j≤k

∥xj+1 − xj∥2L2 + 6h
√
d

+ 7h
√
M

(
√
2(1−R2(h)/2)

k

(
∥z0 − Z0∥L2 +

√
2C2

1h
5

)
+

16
√
2γC2h

2

m

)

+ 56h

√
hγΘmaxj<k ∥xj+1 − xj∥2L2 + γC2

1h
4

m
.

If we assume that

h < min
{ m1/3

24(Θγ)1/3
,

1

4Θ1/4
, 1
}
,

then

max
j<k

∥xj+1 − xj∥L2 ≤ 21h
√
M

(
√
2(1−R2(h)/2)

k

(
∥z0 − Z0∥L2 +

√
2C2

1h
5

)
+

16
√
2γC2h

2

m

)

+ 18h
√
d+ 168h3

√
MC1

√
γ

m
,

and

∥zk − Zk∥L2,a,b ≤
√
2(1−R2(h)/2)

k
(
∥z0 − Z0∥L2,a,b +

√
2C1h

5/2
)

+
16
√
2γh2

(
C2

√
γ + C1

√
m
)

m
+ 2

√
16hγΘmaxj<k ∥xj+1 − xj∥2L2

mM

≤ 4(1−R2(h)/2)
k
(
∥z0 − Z0∥L2,a,b +

√
2C1h

5/2
)
+

24
√
2γh2

(
C2

√
γ + C1

√
m
)

m

+ 144h3/2
(
dγΘ

mM

)1/2

+ 1344h7/2C1
γ
√
Θ

m
,

and the first claim follow by rewriting this bound in terms of m̃, M̃ and γ̃. For non-asymptotic

Wasserstein results, we simply replace Zk−1 with the continuous dynamics initialized at Z̃k−1 ∼ π

be such that ∥Z̃k−1 − zk−1∥L2,a,b = W2,a,b(µP
k−1
h , π) as in [140, Theorem 23]. We can then apply

Lemma B.8.1 to get the required result.

Remark B.6.5. To get the non-asymptotic result to have discretization error which is of order

O(h3/2), the gradient approximation needs to be an unbiased estimator of the gradient, without

this property the discretization error reduces to order O(h).

Lemma B.6.6. Suppose we have two Langevin diffusions governed by (3.1.1) with synchronously

coupled Brownian motion, (Zt)t≥0 with potential U satisfying Assumptions 3.3.28-3.3.23 and (Z̃t)t≥0

with potential defined by (B.37), a Gaussian approximation of U . We further assume that the diffusions

are initialized at their invariant measures and γ ≥
√
8M . We then have that

∥Zt − Z̃t∥L2,a,b ≤ e
− mt

16γ ∥Z0 − Z̃0∥L2,a,b +
dC(γ̃, m̃, M̃ , M̃ s

1 )

ND
.
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Proof. We define (Xt, Vt)t≥0 := (Zt)t≥0 to be the diffusion according to (B.38)-(B.39) with potential

U and define (X̃t, Ṽt)t≥0 := (Z̃t)t≥0 to be the diffusion according to (B.38)-(B.39) with potential Ũ ,

defined by (B.37), and synchronously coupled Brownian motion. By the same argument as Corollary

B.3.8 with the expectations rather than Wasserstein distance we have that for h > 0,

∥Z(k+1)h − Z̃(k+1)h∥L2,a,b ≤
(
1− mh

16γ

)
∥Zkh − Z̃kh∥L2,a,b

+ h
∥∥∥(0,∇Ũ(X̃kh)−∇U(X̃kh)

)∥∥∥
L2,a,b

+ C(γ,M, d)h2

≤
(
1− mh

16γ

)
∥Zkh − Z̃kh∥L2,a,b +

hM s
1√
M

∥∥∥X̃kh − x∗
∥∥∥2
L4

+ C(γ,M, d)h2,

where the last inequality is due to Lemma B.5.4 and x∗ is the minimizer of U and Ũ . Then due to

Proposition B.3.13 taking the limit as h→ 0,

∥X̃kh − x∗∥2L4 ≤ 2

m

√4

(
1− hλγ

2

)k

(γ4∥X̃0 − x∗∥4
L4 + ∥Ṽ0∥4L4) +

(6d+ 160(1 + λ2))2

2λ2


using Lemma B.8.2,

≤ 2

m

[√
12γ4d2

m2
+ 12d2 +

(6d+ 160(1 + λ2))2

2λ2

]
,

where λ = min
(
1
4 ,

m
γ2

)
is defined as in (B.12). We choose k = t/h and define

cu :=
2M s

1

m
√
M

[√
12γ4d2

m
+ 12d2 +

(6d+ 160(1 + λ2))2

2λ2

]
,

then we have

lim sup
h→0

∥Zt+h − Z̃t+h∥L2,a,b − ∥Zt − Z̃t∥L2,a,b

h
≤ − m

16γ
∥Zt − Z̃t∥L2,a,b + cu.

All terms are bounded on the right-hand side due to the assumptions on the initial condition,

therefore due to the Denjoy–Young–Saks theorem we have the upper Dini derivative (upper right-hand

derivative) is finite. Hence considering u : R → R to be solution to the ODE

d

dt
u(t) = − m

16γ
u(t) + cu,

with initial condition u(0) = ∥Z0− Z̃0∥L2,a,b which we can solve exactly. Therefore by the comparison

principle for ODEs and Dini derivatives [93][Lemma 3.4] we have

∥Zt − Z̃t∥L2,a,b ≤ u(t) ≤ e
− mt

16γ ∥Z0 − Z̃0∥L2,a,b +
16γ

m
cu

≤ e
− mt

16γ ∥Z0 − Z̃0∥L2,a,b +
dC(γ̃, m̃, M̃ , M̃ s

1 )

ND
,
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as required.

Proposition B.6.7. Suppose two stochastic gradient UBU chains at coarser and finer discretization

levels l and l + 1, with synchronously coupled Brownian motions (zk)k∈N and (z′k)k∈N and stepsizes

hl and hl+1 = hl/2, satisfying the conditions of Proposition B.6.4, be such that z0 ∼ π0 and z
′
0 ∼ π′0.

Then for f satisfying Assumption 3.3.12 we have the following variance bound

Var
(
f(z′k)− f(zk)

)
≤ E

(
f(z′k)− f(zk)

)2 ≤(
exp

(
−mkhl

8γ

)(
∥z′0 − z0∥L2,a,b +W2,a,b(π0, π) +W2,a,b(π

′
0, π)

)
+ 4(1−R(hl)/2)

k
(
W2,a,b(π0, π) +

√
2C1h

5/2
l

)
+ 4(1−R(hl+1)/2)

2k
(
W2,a,b(π

′
0, π) +

√
2C1h

5/2
l+1

)
+ C(γ̃, m̃, M̃ , M̃ s

1 )d
1/2N

−3/4
D Θ1/2h

3/2
l

)2

.

Proof. By following the same argument as Proposition B.4.3 using Proposition B.6.4 we have the

desired result.

Proposition B.6.8. Suppose that the assumptions of Proposition B.6.4 hold for the potential U ,

h0 > 0 and γ > 0 and the SVRG stochastic gradient approximation. Assume that

h0 ≤
C(γ̃, m̃, M̃ , τ/ND, Nb)

N
3/2
D

, B ≥ 16 log(23/2)γ̃

m̃h0N
1/2
D

, B0 ≥
16γ̃

m̃h0N
1/2
D

log

(
1

N
9/4
D h

3/2
0

)
,

and the levels are initialized as described in Section B.5. Then for every l ≥ 1, 1 ≤ k ≤ K, for a test

function f which satisfies Assumption 3.3.12 the UBUBU samples satisfy

Var
(
f(z

′(l,l+1)
k )− f(z

(l,l+1)
k )

)
≤ E

[(
f(z

′(l,l+1)
k )− f(z

(l,l+1)
k )

)2]
≤ E∥z′(l,l+1)

k − z
(l,l+1)
k ∥2a,b

≤ C(γ̃, m̃, M̃ , M̃ s
1 , τ/ND, Nb)N

5/2
D h3l d,

and further

Var(Dl,l+1) ≤ C(γ̃, m̃, M̃ , M̃ s
1 , τ/ND, Nb)N

5/2
D h3l d. (B.50)

Proof of Proposition B.6.8. Following a similar proof as Corollary B.4.6, we need to be careful with

bounding the distance between z0 and z′0. This is the reason for our construction of the initial

conditions in Section B.5 using the OHO scheme. In particular, we wish to have at most O(1/ND)

distance in initialization. We define (Zt)t≥0 to be defined by (3.1.1) with the potential U and Z0 ∼ π

such that ∥Z0− z′0∥L2,a,b = W2,a,b(π, µG) are optimally coupled. We define (ZG
t )t≥0 to be defined by

(3.1.1) with the potential being a Gaussian approximation of the potential such that ZG
0 = z′0 ∼ µG,

(zGt )t≥0 to be the OHO scheme with the potential being a Gaussian approximation of the potential
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such that zG0 = z′0 ∼ µG. We therefore have zGB = z0 and

∥z0 − z′B/hl+1
∥L2,a,b ≤ ∥zGB − ZG

B∥L2,a,b + ∥ZG
B − ZB∥L2,a,b + ∥ZB − z′B/hl+1

∥L2,a,b

≤ h
√
dC(γ̃, m̃, M̃) +

dC(γ̃, m̃, M̃ , M̃ s
1 )

ND

+ 5∥Z0 − z′0∥L2,a,b + C(γ̃, m̃, M̃ , M̃ s
1 , τ/ND, Nb)N

5/2
D h3l d

≤ dC(γ̃, m̃, M̃ , M̃ s
1 , τ/ND, Nb)

ND
,

where we have used Theorem B.5.3 for the first term, Lemma B.6.6 for the second and Proposition

B.6.4 for the third.

We also have the following rough estimates for the Wasserstein distances

W2,a,b(µ
(l+1)
0 , π) = W2,a,b(π0, π) = W2,a,b(µG, π) ≤

dC(γ̃, m̃, M̃ , M̃ s
1 )

ND
,

which follow from Proposition B.5.5, where the estimate of W2,a,b(µ
(l+1)
0 , π) along with Proposition

B.6.4 implies W2,a,b(π
′
0, π) ≤

dC(γ̃,m̃,M̃,M̃s
1 ,τ/ND,Nb)

ND
.

We have (B0 + Bl)2l burn-in steps at level l, and (B0 + B(l + 1))2l+1 burn-in steps at level l + 1.

Using the assumption that h0 <
m̃

256M̃γ̃N
1/2
D

, we have for all i ∈ N R(hi) ≥ mhi
8γ , and using Proposition

B.6.4 we have

Var
(
f(z

′(l,l+1)
k )− f(z

(l,l+1)
k )

)
≤ E

[(
f(z

′(l,l+1)
k )− f(z

(l,l+1)
k )

)2]
≤

(
exp

(
−m̃

√
ND(B0 + lB)h0

8γ̃

)(
∥z′B/hl+1

− z0∥L2,a,b +W2,a,b(π0, π) +W2,a,b(π
′
0, π)

)
+ 4 exp

(
−m̃

√
ND(B0 + lB)h0

16γ̃

)
(W2,a,b(π0, π) +W2,a,b(π

′
0, π))

+ C(γ̃, m̃, M̃ , M̃ s
1 , τ/ND, Nb)h

3/2
l d1/2N

5/4
D

)2

≤

(
exp

(
−m(B0 + lB)h0

16γ

)
dC(γ̃, m̃, M̃ , M̃ s

1 , τ/ND)

ND
+ C(γ̃, m̃, M̃ , M̃ s

1 , τ/ND, Nb)h
3/2
l d1/2N

5/4
D

)2

using the assumptions on B0 and B

≤ C(γ̃, m̃, M̃ , M̃ s
1 , τ/ND, Nb)N

5/2
D h3l d.

We now use the simple bound

Var(Dl,l+1) ≤ E(D2
l,l+1) ≤ max

1≤k≤K
E
[(
f(z′l,l+1

k )− f(z
(l,l+1)
k

)2]
≤ C(γ̃, m̃, M̃ , M̃ s

1 , τ/ND, Nb)N
5/2
D h3l d

as required.
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Remark B.6.9. As an alternative, one can consider a coupling with a randomized midpoint scheme,

which was utilized in the work of [168] and [26] in the context of kinetic Langevin dynamics and

Hamiltonian Monte Carlo. This is beyond the scope of the work, and thus we leave this as a direction

to consider for future work.

Proposition B.6.10. Suppose a full gradient Gaussian approximation OHO chain (zk)k∈N at level

0 and a stochastic gradient UBU chain (z′k)k∈N at level 1 using the SVRG unbiased estimator, with

stepsizes h0 and h1 = h0
2 , respectively. Further, we assume that they have synchronously coupled

Brownian motions and z0 ∼ π0 = µG and z′0 ∼ π′0. Assuming the same assumptions as Proposition

B.4.3 for (zk)k∈N and Proposition B.6.4 for (z′k)k∈N. Then for f satisfying Assumption 3.3.12 we

have the following variance bound

Var
(
f(z′k)− f(zk)

)
≤ E

[(
f(z′k)− f(zk)

)2]
≤

(
exp

(
−m̃

√
NDkh0
8γ̃

)(
∥z′0 − z0∥L2,a,b +W2,a,b(π

′
0, π)

)
+ 4 (1−R(h1)/2)

2k W2,a,b(π
′
0, π) +

dC(γ̃, m̃, M̃ , M̃ s
1 )

ND
+ h0

√
dC(γ̃, m̃, M̃)

+ C(γ̃, m̃, M̃ , M̃ s
1 )d

1/2N
−3/4
D Θ1/2h

3/2
1

)2

,

where R(h1) = 1−
√

(1− c(h1))2 + C2
0h

2
0.

Proof. By following the same argument as Proposition B.4.3, but by using Proposition B.6.4 and

Theorem B.5.3 we have the desired result. However, because level zero and level one are approximating

different diffusions, we can’t use the contraction results for the continuous dynamics to bound (II),

so we consider an alternative argument. For this component, we use Lemma B.6.6. To bound (I) we

use Theorem B.5.3 and to bound (III) we use Proposition B.6.4 and we have the required result.

Proposition B.6.11. Suppose that the assumptions of Proposition B.6.10 hold for the potential U

and h0 > 0. Assume that

h0 ≤
C(γ̃, m̃, M̃ , τ/ND, Nb)

N
3/2
D

, B ≥ 16 log(23/2)γ̃

m̃h0N
1/2
D

, B0 ≥
16γ̃

m̃N
1/2
D h0

log

(
1

N
9/4
D h

3/2
0

)
,

1 < k ≤ K, the levels are initialized as described in Section B.5 and for a function f which satisfies

Assumption 3.3.12 for stochastic gradient UBUBU we have

Var(D0,1) ≤
C(γ̃, m̃, M̃ , M̃ s

1 )d
2

N2
D

+ C(γ̃, m̃, M̃ , M̃ s
1 , τ/ND, Nb)N

5/2
D h30d. (B.51)

Proof. Following the same proof as Proposition B.6.8 using the results of Proposition B.6.10.
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B.6.2 Variance of S(cR)

Theorem 3.3.24. Considering UBUBU with stochastic gradients, suppose that Assumptions 3.3.12,

3.3.21, 3.3.22, 3.3.23 hold, and in addition γ ≥
√
8M ,

h0 ≤
C(γ̃, m̃, M̃ , τ/ND, Nb)

N
3/2
D

, B ≥ 16 log(23/2)γ̃

m̃h0N
1/2
D

, B0 ≥
16γ̃

m̃h0N
1/2
D

log

(
1

N
9/4
D h

3/2
0

)
.

Suppose that cR ∈ [0, 1) and 2 < ϕN < 8. Then for any N ≥ 1, the UBUBU estimator S(cR) has

finite expected computational cost, ES(cR) = π(f), and it has finite variance. Moreover, it satisfies

a CLT as N → ∞, and the asymptotic variance σ2S defined in (3.3.18) can be bounded as

σ2S ≤ 1

m̃NDK
+ C(γ̃, m̃, M̃ , M̃ s

1 , τ/ND, Nb, ϕN )
d2

cNN2
D

.

Proof. By Propositions B.6.8 and B.6.11, we have for l ≥ 1 that

E(D2
l,l+1) ≤ C(γ̃, m̃, M̃ , M̃ s

1 , τ/ND, Nb)h
3
l dN

5/2
D ≤ VD1ϕ

−l
D1
,

for VD1 = C(γ̃, m̃, M̃ , M̃ s
1τ/ND, b)h

3
0dN

5/2
D and ϕD1 = 8. For l = 0 we have

E(D2
l,l+1) ≤ C(γ̃, m̃, M̃ , M̃ s

1 , τ/ND, Nb)
d2

N2
D

≤ VD2ϕ
−l
D2
,

for VD2 = C(γ̃, m̃, M̃ , M̃ s
1 , τ/ND, Nb)

d2

N2
D

and ϕD2 = 2.

Due to the fact that for D0 we take K i.i.d. Gaussian samples, it is easy to show using the Gaussian

Poincaré inequality that

Var(D0) ≤
1

m̃NDK
.

The computational cost at levels l ≥ 1 satisfies the assumptions of Proposition 3.3.4, so if we fix

2 < ϕN < 8, all assumptions of this proposition are satisfied. Hence S(cR) is an unbiased estimator

with finite variance and computational cost.

For the asymptotic variance using (3.3.18), and the above estimates we have

σ2S ≤ 1

m̃ND
+ C(γ̃, m̃, M̃ , M̃ s

1 , τ/ND, Nb)
d2

cNN2
D

+
∞∑
l=1

VD1ϕ
−l
D1

cNϕ
−l
N

≤ 1

m̃ND
+ C(γ̃, m̃, M̃ , M̃ s

1 , τ/ND, Nb, ϕN )

(
d2

cNN2
D

+
h30dN

5/2
D

cN

)
,

if we choose h0 to be of the order O(1/N
3/2
D ) then we have

≤ 1

m̃ND
+ C(γ̃, m̃, M̃ , M̃ s

1 , τ/ND, Nb, ϕN )
d2

cNN2
D

,

as required.
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B.7 Variance bounds for UBUBU estimator with approximate gradi-

ents

One can also approximate the gradient in a cheap way, which has bias, but such that the bias tends

to zero with the stepsize. The multilevel estimator will still be an unbiased estimator from the target

measure.

For convex potentials, we can approximate the gradient with the Hessian at the minimizer by

Q(x | x̂) = ∇U(x̂) +∇2U(x∗)(x− x̂). (B.52)

Despite the fact that this estimator is biased, in our multilevel approach, the overall estimator will

still be unbiased.

As before, the updates in (xk, vk)k≥0 form a BU step, so they can be expressed as

xk+1 = xk +
1− η2

γ

(
vk − hQ(xk|xL(k))

)
+

√
2

γ

(
Z(1)

(
h, ξ

(1)
k+1

)
−Z(2)

(
h, ξ

(1)
k+1, ξ

(2)
k+1

))
, (B.53)

vk+1 = η2
(
vk − hQ(xk|xL(k))

)
+
√

2γZ(2)
(
h, ξ

(1)
k+1, ξ

(2)
k+1

)
, (B.54)

where x̂k = xL(k) and L(k) = τ⌊k/τ⌋.

It turns out that at level 0, it can be advantageous to simply use the gradients of the Gaussian

approximation, and never compute gradients of U . This corresponds to gradient approximation of the

form

Q∗(x) = Q(x|x∗) = ∇2U(x∗)(x− x∗), (B.55)

and so (B.53)-(B.54) holds with x̂k = x∗ for every k ≥ 0 in this case.

B.7.1 Non-asymptotic guarantees

Lemma B.7.1. Considering iterates (xk, vk, xk)k∈N of approximate gradient UBU, with epoch length

τ and gradient approximation Q given by (B.52), and initial condition (x0, v0) ∈ R2d, we have the

property

E
∥∥∇U(xk)−Q(xk | xL(k))

∥∥2 ≤ M̃2
1N

2
D(τ − 1)2max

j≤k
∥xj − x∗∥2L4 ·max

j<k
∥xj+1 − xj∥2L4 ,

and we also have

E ∥∇U(xk)−Q(xk | x∗)∥2 ≤ M̃2
1N

2
D∥xk − x∗∥4L4 .
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Proof. Let the last full gradient evaluation be at iteration L(k), then

E∥∇U(xk)−Q(xk | xL(k))∥2 = E∥∇U(xk)−∇U(xL(k))−∇2U(x∗)(xk − xL(k))∥2

= E
∥∥∥∥(∫ 1

t=0
∇2U(xk + t(xL(k) − xk))dt−∇2U(x∗)

)
(xk − xL(k))

∥∥∥∥2
≤ M̃2

1N
2
DE

((∫ 1

t=0
∥xk + t(xL(k) − xk)− x∗∥

)2 ∥∥xk − xL(k)
∥∥2)

≤
M̃2

1N
2
D

2

(
∥xk − x∗∥2L4 + ∥xL(k) − x∗∥2L4

) ∥∥xk − xL(k)
∥∥2
L4

≤ M̃2
1N

2
D(τ − 1)2max

j≤k
∥xj − x∗∥2L4 ·max

j<k
∥xj+1 − xj∥2L4 .

The second claim follows by Taylor expansion.

Now, we are going to bound the terms ∥xj − x∗∥L4 and ∥xj+1 − xj∥L4 .

Lemma B.7.2. When using exact gradients, we have

∥xk+1 − xk∥L4 ≤ 2h
√
M∥zk − z∗∥L4,a,b + 2h

√
d.

With approximate gradients, we have

∥xk+1 − xk∥L4 ≤ 2h
√
M
(
∥zk − z∗∥L4,a,b +

√
2(1 +M/m)∥zL(k) − z∗∥L4,a,b

)
+ 2h

√
d.

Proof. In the case of exact gradients, we have

xk+1 = xk +
1− η2

γ
(vk − h∇U(xk)) +

√
2

γ

(
Z(1)

(
h, ξ

(1)
k+1

)
−Z(2)

(
h, ξ

(1)
k+1, ξ

(2)
k+1

))
,

vk+1 = η2 (vk − h∇U(xk)) +
√

2γZ(2)
(
h, ξ

(1)
k+1, ξ

(2)
k+1

)
,

so using ∥∇U(xk)∥ ≤ M∥xk − x∗∥, Lemma B.8.4, and the fact that ξ ∼ N(0, Id) satisfies that

E(∥ξ∥4) ≤ 3d2, we have that for h ≤ 1/
√
M , γ ≥

√
8M ,

∥xk+1 − xk∥L4 ≤ h∥vk∥L4 + h2M∥xk − x∗∥L4 + 31/421/2h
√
d ≤ 2h

√
M∥zk − z∗∥L4,a,b + 2h

√
d.

For approximate gradients, we have

xk+1 = xk +
1− η2

γ

(
vk − hQ(xk|xL(k))

)
+

√
2

γ

(
Z(1)

(
h, ξ

(1)
k+1

)
−Z(2)

(
h, ξ

(1)
k+1, ξ

(2)
k+1

))
, (B.56)

vk+1 = η2
(
vk − hQ(xk|xL(k))

)
+
√

2γZ(2)
(
h, ξ

(1)
k+1, ξ

(2)
k+1

)
. (B.57)
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Let x̃k = xL(k) − (∇2U(x∗))−1∇U(xL(k)), and Ũk(x) = 1
2(x − x̃k)

T∇2U(x∗)(x − x̃k). Then the

approximate gradient step is the same as an exact gradient step with respect to the potential Ũk. So

we have by the result for exact gradients that for approximate gradients,

∥xk+1 − xk∥L4 ≤ h∥vk∥L4 + h2M∥xk − x̃k∥L4 + 31/421/2hd

≤ 2h
√
M

∥∥∥∥∥zk −
(
x̃k

0d

)∥∥∥∥∥
L4,a,b

+ 2h
√
d.

Here using the triangle inequality, we have∥∥∥∥∥zk −
(
x̃k

0d

)∥∥∥∥∥
L4,a,b

≤ ∥zk − z∗∥L4,a,b +

∥∥∥∥∥
(
x̃k

0d

)
− z∗

∥∥∥∥∥
L4,a,b

≤ ∥zk − z∗∥L4,a,b +
√
2(1 +M/m)∥zL(k) − z∗∥L4,a,b,

hence

∥xk+1 − xk∥L4 ≤ 2h
√
M
(
∥zk − z∗∥L4,a,b +

√
2(1 +M/m)∥zL(k) − z∗∥L4,a,b

)
+ 2h

√
d.

We still need to control the evolution of ∥zk − z∗∥L4,a,b. As before in (B.16), we define the Lyapunov

function V as

V(x, v) = U(x)− U(x∗) +
1

4
γ2
(
∥x− x∗ + γ−1v∥2 + ∥γ−1v∥2 − λ∥x− x∗∥2

)
.

The following lemma establishes some useful properties about this.

Lemma B.7.3. Suppose that γ ≥
√
8M , and that Assumptions 3.3.6 and 3.3.7 hold for U . Then for

any z = (x, v) ∈ Λ, V(x, v) ≥ 0, and

V1/2(x, v) ≥ 1

8
(γ∥x− x∗∥+ ∥v∥) ≥

√
M

8
∥z − z∗∥a,b. (B.58)

Moreover, V1/2 is 8γ-Lipschitz with respect to the ∥ · ∥a,b norm.

Proof. Using the strong convexity of U ,

V(x, v) = U(x)− U(x∗) +
1

4
γ2
(
∥x− x∗ + γ−1v∥2 + ∥γ−1v∥2 − λ∥x− x∗∥2

)
≥ m

2
∥x− x∗∥2 + 1

4
γ2
(
(1− λ)∥x− x∗∥2 + 2γ−2∥v∥2 + 2

〈
x− x∗, γ−1v

〉)
using that

∣∣2 〈x− x∗, γ−1v
〉∣∣ ≤ ∥x−x∗∥2

c + c∥γ−1v∥2 with c = 8/5, and that 0 < λ ≤ 1
4 ,

≥ 1

4
γ2
(
1

8
∥x− x∗∥2 + 2

5
∥γ−1v∥2

)
≥ 1

64
(γ∥x− x∗∥+ ∥v∥)2 ≥ M

64
∥z − z∗∥2a,b,

and our first claim follows by taking square-root.
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For the second claim, note that ∇V1/2(x, v) = 1
2

∇V
V1/2(x,v)

. Here

∇xV(x, v) = ∇U(x) +
1

2
γ2((1− λ)(x− x∗) + γ−1v),

∥∇xV(x, v)∥ ≤
(
M +

γ2(1− λ)

2

)
∥x− x∗∥+ γ

2
∥v∥ ≤ γ2∥x− x∗∥+ γ

2
∥v∥,

∇vV(x, v) =
1

2
γ2(γ−1((x− x∗) + γ−1v) + γ−2v)

∥∇vV(x, v)∥ ≤ γ

2
∥x− x∗∥+ ∥v∥,

so we have

∥∇xV1/2(x, v)∥ =
∥∇xV(x, v)∥
2V1/2(x, v)

≤ 4γ,

∥∇vV1/2(x, v)∥ =
∥∇vV(x, v)∥
2V1/2(x, v)

≤ 4,

and since γ ≥
√
8M , for any (x, v), (x′, v′) ∈ Λ, we have

|V1/2(x, v)− V1/2(x′, v′)| =
〈∫ 1

t=0
∇V1/2(x+ t(x′ − x), v + t(x′ − v))dt, (x′ − x, v′ − v)

〉
≤ 4

√
2γ∥(x, v)− (x′, v′)∥a,0 ≤ 8γ∥(x, v)− (x′, v′)∥a,b.

As previously, let λ = min
(
1
4 ,

m
γ2

)
, and c4(h) = hλγ − 8h2γ2 (4 + λ). By (B.18), for the exact

gradient scheme, if c4(h) <
1
2 , we have

E
[
V(xk+1, vk+1)

2 | xk, vk
]
≤
(
1− c4(h)

2

)
V2(xk, vk) +

(6hγd+ 160hγ(1 + λ2))2

4c4(h)
+ 24h2γ2d2.

Let CV(h) :=
(6hγd+160hγ(1+λ2))2

4c4(h)
+ 24h2γ2d2, then by applying this j times, we have

E
[
V(xk+j , vk+j)

2 | xk, vk
]
≤
(
1− c4(h)

2

)j

V2(xk, vk) + CV(h)
1− (c4(h)/2)

j

1− c4(h)/2
. (B.59)

Now we are going to generalise this result to the approximate gradient scheme.

Lemma B.7.4. Consider iterates (xk, vk, xk)k∈N of approximate gradient UBU, with epoch length

τ and gradient approximation Q given by (B.52), and initial condition (x0, v0) ∈ R2d. Suppose that

L(k) = k (i.e. k is divisible by τ), and c4(h) > 0, then for any 1 ≤ j ≤ τ , we have

∥V1/2(zk+j)∥L4 ≤

[(
1− c4(h)

2

)j

∥V1/2(zk)∥4L4 + CV(h)j

]1/4
+ 8γ

(
48h2

√
M · j2(∥V1/2(zk)∥4L4 + CV(h)j)

1/4 + 6h2j2
√
dM

)
.
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Proof. We use an interpolation argument, inspired by the interpolation to independence coupling in

[44]. For 0 ≤ i ≤ j, let z
(i)
k+j =

(
x
(i)
k+j , v

(i)
k+j

)
be defined by performing j − i BU steps with exact

gradients starting from (xk, vk) according to (B.14)-(B.15), followed by i steps with approximate

gradients according to (B.53)-(B.54). Then we have zk+j = z
(j)
k+j , and z

(0)
k+j corresponds to taking j

steps with exact gradients. By the triangle inequality, we have

∥zk+j − z
(0)
k+j∥a,b ≤

j−1∑
i=0

∥z(i+1)
k+j − z

(i)
k+j∥a,b.

Using Proposition B.3.6, we have a contraction according to ∥ · ∥a,b with synchronous coupling when

using the approximate gradients (because these are exact gradients with respect to a Gaussian), so

we have

∥z(i+1)
k+j − z

(i)
k+j∥L4,a,b ≤ ∥z(1)k+i+1 − z

(0)
k+i+1∥L4,a,b,

which is the one-step error of the approximate gradient scheme versus the exact gradient scheme.

∥z(1)k+i+1 − z
(0)
k+i+1∥L4,a,b

=

∥∥∥∥((1− η2)h

γ
(Q(x

(0)
k+i|xk)−∇U(x

(0)
k+i)), η

2h(Q(x
(0)
k+i|xk)−∇U(x

(0)
k+i))

)∥∥∥∥
L4,a,b

≤
√
2∥x(0)k+i − xk∥L4 ·M

(
h2 +

h√
M

)
.

So, for h < 1√
M

, we have

∥zk+j − z
(0)
k+j∥L4,a,b ≤ 3h

√
M

j−1∑
i=0

∥x(0)k+i − xk∥L4

≤ 3h
√
M · j ·

∑
0≤i≤j−1

∥x(0)k+i+1 − x
(0)
k+i∥L4

using Lemma B.7.2,

≤ 6h2M · j ·
∑

0≤i≤j−1

∥z(0)k+i − z∗∥L4,a,b + 6h2j2
√
dM

using Lemma B.7.3,

≤ 48h2
√
M · j ·

∑
0≤i≤j−1

∥V1/2(z
(0)
k+i)∥L4 + 6h2j2

√
dM

using (B.59)

≤ 48h2
√
M · j2(∥V1/2(zk)∥4L4 + CV(h)j)

1/4 + 6h2j2
√
dM.
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We do know that

∥V1/2(z
(0)
k+j)∥

4
L4 ≤

(
1− c4(h)

2

)j

∥V1/2(zk)∥4L4 + CV(h),

so by the 8γ-Lipschitz property of V1/2 in ∥ · ∥a,b by Lemma B.7.3, we have

∥V1/2(zk+j)∥L4 ≤

[(
1− c4(h)

2

)j

∥V1/2(zk)∥4L4 + CV(h)j

]1/4
+ 8γ

(
48h2

√
M · j2(∥V1/2(zk)∥4L4 + CV(h)j)

1/4 + 6h2j2
√
dM

)
.

Corollary B.7.5. Consider iterates (xk, vk, xk)k∈N of approximate gradient UBU, with epoch length

τ and gradient approximation Q given by (B.52) approximating a potential U which satisfies

Assumptions 3.3.28 and 3.3.22 with z0 ∼ µG. Assume that

h < min

{
2/τγ, 1, 1/2γ,

λτ

64(432
√
Mτ2 + γ(1 + λ)τ)

}
, γ ≥

√
M,

then

∥zk − z∗∥L4,a,b ≤
C(γ̃, m̃, M̃)

√
d√

ND
.

Proof. If we define bk := ∥V1/2(zτk)∥L4 , then for γ ≥
√
8M and h < 8

τγ , we have c4(h) ≤ 2/τ (here

c4(h) and λ are defined as in (B.13) and (B.12)), and so

bk+1 ≤
[(

1− c4(h)

2

)τ

b4k + CV(h)τ

]1/4
+ 384h2γ

√
Mτ2

(
b4k + CV(h)τ

)1/4
+ 48γ

√
Mh2τ2

√
d

≤
[(

1− c4(h)τ

4

)
b4k + CV(h)τ

]1/4
+ 384h2γ

√
Mτ2

(
b4k + CV(h)τ

)1/4
+ 48γ

√
Mh2τ2

√
d.

(B.60)

Using this, for bk < max

{(
8CV (h)
c4(h)

)1/4
,
√
d

}
we have that

bk+1 ≤ (1 + 384h2γ
√
Mτ2)

[
8CV(h)

c4(h)
+ d2 + CV(h)τ

]1/4
+ 48γ

√
Mh2τ2

√
d. (B.61)

For bk ≥ max

{(
8CV (h)
c4(h)

)1/4
,
√
d

}
, using that (1 + x)1/4 ≤ 1 + x

4 for x ∈ [−1,∞), we have

bk+1 ≤ bk

[[(
1− c4(h)τ

4

)
+

CV(h)τ
b4k

]1/4
+ 384h2γ

√
Mτ2

(
1 +

CV(h)τ

b4k

)1/4

+
48γ

√
Mh2τ2

√
d

bk

]

≤
[
1− c4(h)τ

32
+ 432h2γ

√
Mτ2

]
bk
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using the definition c4(h) = hλγ − 8h2γ2 (4 + λ)

≤
[
1− h

λγτ

32
+ h2(432γ

√
Mτ2 + γ2(1 + λ)τ)

]
bk

using the assumption h ≤ λγτ

64(432γ
√
Mτ2+γ2(1+λ)τ)

≤
[
1− h

λγτ

64

]
bk.

Therefore we have that for all k ∈ N

bk ≤
[
1− h

λγτ

64

]k
b0 + (1 + 384h2γ

√
Mτ2)

[
8CV(h)

c4(h)
+ d2 + CV(h)τ

]1/4
+ 48γ

√
Mh2τ2

√
d.

Now considering bk,j := ∥V1/2(zτk+j)∥L4 we have that by the same argument replacing τ by j that

bk,j ≤
[
1− h

λγj

64

]j
bk + (1 + 384h2γ

√
Mj2)

[
8CV(h)

c4(h)
+ d2 + CV(h)j

]1/4
+ 48γ

√
Mh2j2

√
d.

Therefore considering the iterates of the approximate gradient UBU scheme we have√
M̃ND

8
∥zk − z∗∥L4,a,b ≤ C(γ̃, m̃, M̃)

(
∥V1/2(z0)∥L4 + hτ

√
ND +

√
d
)

and therefore using Lemma B.8.2 for the initial distribution we have

∥zk − z∗∥L4,a,b ≤
C(γ̃, m̃, M̃)

√
d√

ND
.

Proposition B.7.6. For an approximate gradient UBU integrator with iterates (zk)k∈N, transition

kernel Ph and a potential U satisfying Assumptions 3.3.6-3.3.10 and z0 ∼ µG, where we approximate

the gradient using the gradient approximation Q given in (B.52). Consider the continuous solution to

(3.1.1) (Zt)t≥0, and define Zk := Zkh for k ∈ N, where Z0 ∼ π is initialized at the invariant measure

with synchronously coupled Brownian motion to (zk)k∈N, then for all

h < min

{
2/τγ, 1, 1/2γ,

λτ

64(432
√
Mτ2 + γ(1 + λ)τ)

}
, γ ≥

√
8M,

k, l ∈ N such that k > l

∥zk − Zk∥L2,a,b ≤ (1− c(h))k−l∥zl − Z l∥L2,a,b +
h
(
(τ − 1)

√
d+

√
ND

)
C(γ̃, m̃, M̃ , M̃ s

1 )
√
d

√
ND

,

and further

W2,a,b(µGP
k
h , π) ≤ (1− c(h))k−lW2,a,b(µGP

l
h, π) +

h
(
(τ − 1)

√
d+

√
ND

)
C(γ̃, m̃, M̃ , M̃ s

1 )
√
d

√
ND

.
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Proof. Firstly, we introduce the notation zhk := (xhk , v
h
k ) := ψh

(
zk, h, (Wt′)

(k+1)h
t′=kh

)
for all k ∈ N,

an iteration of the full gradient scheme with stepsize h > 0 and initial point zk with synchronously

coupled Brownian motion to the approximate gradient scheme. We split up the difference in the

following way

∥zk − Zk∥L2,a,b ≤
∥∥∥zk − zhk−1

∥∥∥
L2,a,b

+ ∥zhk−1 − Zk∥L2,a,b

≤ ∥zk − zhk−1∥L2,a,b + ∥ψ(Zk−1, h, (Wt′)
kh
t′=(k−1)h)− Zk∥L2,a,b

+ ∥zhk−1 − ψ(Zk−1, h, (Wt′)
kh
t′=(k−1)h)∥L2,a,b

= (I)′ + (II)′ + (III)′.

We have by Corollary B.7.5, Lemma B.7.2 and Lemma B.7.1 that

(I)′ ≤
√
2h√
M
M s

1 (τ − 1) max
j≤k−1

∥xj − x∗∥L4 · max
j<k−1

∥xj+1 − xj∥L4

≤ (τ − 1)h2C(γ̃, m̃, M̃ , M̃ s
1 )d,

by the discretization results in Appendix B.8

(II)′ ≤ C̃h2 ≤ 3

7

√
d
(√

M + γ
)
h2

and

(III)′ ≤ (1− c(h))∥zk−1 − Zk−1∥L2,a,b,

where the inequality for (II)′ is shown in Appendix B.8. Therefore going from local to global we have

that

∥zk − Zk∥L2,a,b ≤ (1− c(h))k−l∥zl − Z l∥L2,a,b +
h2
(
(τ − 1)d+

√
NDd

)
C(γ̃, m̃, M̃ , M̃ s

1 )

c(h)

= (1− c(h))k−l∥zl − Z l∥L2,a,b +
h
(
(τ − 1)d+

√
NDd

)
C(γ̃, m̃, M̃ , M̃ s

1 )√
ND

.

For non-asymptotic Wasserstein results, we simply replace Zk−1 with the continuous dynamics

initialized at Z̃k−1 ∼ π be such that ∥Z̃k−1 − zk−1∥L2,a,b = W2,a,b(µP
k−1
h , π) as in [140, Theorem

23]. We can then apply Lemma B.8.1 to get the required result.

B.7.2 Variance bound of Dl,l+1

Proposition B.7.7. Suppose two approximate gradient UBU chains at coarser and finer discretization

levels l and l + 1, with synchronously coupled Brownian motions (zk)k∈N and (z′k)k∈N and stepsizes

hl and hl+1 = hl/2, satisfying the conditions of Proposition B.7.6, be such that z0 ∼ π0= µG and

z′0 ∼ π′0 = µG(P
A
hl+1

)B/hl+1 . Then for f satisfying Assumption 3.3.12 we have the following variance



B.7. Variance bounds for UBUBU estimator with approximate gradients 158

bound

Var
(
f(z′k)− f(zk)

)
≤ E

(
f(z′k)− f(zk)

)2 ≤(
exp

(
−m̃

√
NDkhl
8γ̃

)(
∥z′0 − z0∥L2,a,b +W2,a,b(π0, π) +W2,a,b(π

′
0, π)

)
+ (1− c(hl))

kW2,a,b(π0, π) + (1− c(hl+1))
2kW2,a,b(π

′
0, π)

+
hl
(
(τ − 1)d+

√
NDd

)
C(γ̃, m̃, M̃ , M̃ s

1 )√
ND

)2

.

Proof. By following the same argument as Proposition B.4.3 using Proposition B.7.6 we have the

desired result.

Corollary B.7.8. Suppose that the assumptions of Proposition B.7.7 hold for the potential U and

h0 > 0. Assume that

h0 ≤
C(γ̃, m̃, M̃ , τ/ND)

N
3/2
D

, B ≥ 16 log(2)γ̃

m̃h0N
1/2
D

, B0 ≥
16γ̃

m̃N
1/2
D h0

log

(
1

N3
Dh

2
0

)
,

and the levels are initialized as described in Section B.5, Let l ≥ 1, 1 ≤ k ≤ K, and a test function

f satisfy Assumption 3.3.12 then for approximate gradient UBUBU with τ = ND we have

Var(Dl,l+1) ≤ C(γ̃, m̃, M̃ , M̃ s
1 , τ/ND)d

2h2lND. (B.62)

Proof. Following the proof of Proposition B.6.8, but using the results of Proposition B.7.6 you get

the required result.

Proposition B.7.9. Suppose a OHO chain at level 0 using a full gradient Gaussian approximation and

a approximate gradient UBU chain at level 1, with synchronously coupled Brownian motions (zk)k∈N
and (z′k)k∈N and stepsizes h0 and h1 = h0/2, satisfying the conditions of Proposition B.7.6, be such

that z0 ∼ π0= µG and z′0 ∼ π′0= µG(P
A
h1
)B/h1 . Then for f satisfying Assumption 3.3.12 we have the

following variance bound

Var
(
f(z′k)− f(zk)

)
≤ E

[(
f(z′k)− f(zk)

)2] ≤ E∥z′k − zk∥2a,b

≤

(
exp

(
−mkh0

16γ

)(
∥z′0 − z0∥L2,a,b +W2,a,b(π

′
0, π)

)
+ (1− c(h1))

kW2,a,b(π
′
0, π) +

dC(γ̃, m̃, M̃ , M̃ s
1 )

ND
+ C(γ̃, m̃, M̃)h0

√
d

+
h1((τ − 1)d+

√
NDd)C(γ̃, m̃, M̃ , M̃ s

1 ))√
ND

)2

.

Proof. We aim to consider the same argument as Proposition B.6.10 using the results from Proposition

B.7.6, Lemma B.6.6 and Proposition B.5.3.



B.7. Variance bounds for UBUBU estimator with approximate gradients 159

Corollary B.7.10. Suppose that the assumptions of Proposition B.7.9 hold for the potential U and

h0 > 0. Assume that

h0 ≤
C(γ̃, m̃, M̃ , τ/ND)

N
3/2
D

, B ≥ 16 log(2)γ̃

m̃h0N
1/2
D

, B0 ≥
16γ̃

m̃N
1/2
D h0

log

(
1

N3
Dh

2
0

)
,

and the levels are initialized as described in Section B.5. Let 1 ≤ k ≤ K, and a test function f satisfy

Assumption 3.3.12 then for approximate gradient UBUBU with τ = ND we have

Var(D0,1) ≤
C(γ̃, m̃, M̃ , M̃ s

1 , τ/ND)d
2

N2
D

. (B.63)

Proof. Following the same argument as Corollary B.7.8, but using Proposition B.7.9.

B.7.3 Variance bound of S(cR)

Theorem 3.3.29. Considering UBUBU-Approx method, suppose that Assumptions 3.3.12, 3.3.22,

3.3.23, 3.3.28 hold, and in addition γ ≥
√
8M ,

h0 ≤
C(γ̃, m̃, M̃ , τ/ND)

N
3/2
D

, B ≥ 16 log(2)γ̃

m̃h0N
1/2
D

, B0 ≥
16γ̃

m̃N
1/2
D h0

log

(
1

N3
Dh

2
0

)
.

Suppose that cR ∈ [0, 1) and 2 < ϕN < 4. Then for any N ≥ 1, S(cR) has finite expected

computational cost, ES(cR) = π(f), and it has finite variance. Moreover, it satisfies a CLT as

N → ∞, and the asymptotic variance σ2S defined in (3.3.18) can be bounded as

σ2S ≤ 1

m̃NDK
+
C(γ̃, m̃, M̃ , M̃ s

1 , τ/ND, ϕN )d2

cNN2
D

.

Proof. Following the same argument as Theorem 3.3.24 using Corollaries B.7.8 and B.7.10.

B.8 Auxiliary results

Lemma B.8.1. If we have a sequence of non-negative numbers (rk)k∈N such that for constants

A ∈ (0, 1/2), B,C,D ∈ R≥0 such that

r2k+1 ≤
((

(1−A) r2k +B
)1/2

+ C
)2

+D

then

rk ≤
√
2

(
1− A

2

)k

(r0 +
√
B) +

2
√
2C

A
+ 2

√
D +B

A
.
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Proof. If we define r̃k :=
√

(1−A)r2k +B, then we have that

r̃2k+1 ≤ (1−A) (r̃k + C)2 + (1−A)D +B

≤ ((1−A/2)r̃k + C)2 +D +B.

Then using [51, Lemma 7] we have that

r̃k ≤ (1−A/2)kr̃0 +
2C

A
+

√
2(D +B)

A
,

then

rk
√
1−A ≤ r̃k ≤ (1−A/2)k

(
r0 +

√
B
)
+

2C

A
+

√
2(D +B)

A
,

and, using the fact that A ≤ 1/2, we obtain the required result.

Lemma B.8.2. If a potential U : Rd → R is such that ∇2U ≻ mI, and ∇U(x∗) = 0 then for

x ∼ π ∝ e−U(x) we have

E
[
∥x− x∗∥4

]1/4
≤ 31/4

√
d

m
and E

[
∥x− x∗∥8

]1/8
≤ 1051/8

√
d

m
.

Proof. By using integration by parts and the convexity of U we have that

∫
x∈Rd

∥x− x∗∥4e−U(x)dx ≤
∫
x∈Rd

d∑
i=1

d∑
j=1

(xi − x∗i )
2 (xj − x∗j

)2
e−U(x)dx

≤ d

d∑
i=1

∫
x∈Rd

(xi − x∗i )
4 e−U(x)dx

≤ d

m

d∑
i=1

∫
x−i∈Rd−1

∫
xi∈R

(xi − x∗i )
3 ∂iU(x)e−U(x)dxidx−i

=
3d

m

d∑
i=1

∫
x−i∈Rd−1

∫
xi∈R

(xi − x∗i )
2 e−U(x)dxidx−i

≤ 3d

m2

d∑
i=1

∫
x−i∈Rd−1

∫
xi∈R

(xi − x∗i ) ∂iU(x)e−U(x)dxidx−i

=
3d

m2

d∑
i=1

∫
x∈Rd

e−U(x)dx,
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and similarly, we have∫
x∈Rd

∥x− x∗∥8e−U(x)dx

≤
∫
x∈Rd

d∑
i,j,k,l=1

(xi − x∗i )
2 (xj − x∗j

)2
(xk − x∗k)

2 (xl − x∗l )
2 e−U(x)dx

≤
∫
x∈Rd

d3
d∑

i=1

(xi − x∗i )
8 e−U(x)dx

≤ 105d3

m4

d∑
i=1

∫
x∈Rd

e−U(x)dx,

as required.

Proposition B.8.3 (Local error bounds for UBU). Suppose we have a potential U which satisfies

Assumptions 3.3.6 and 3.3.7. Let ϕ
(
ξ, h, (Wt′)

h
t′=0

)
be the solution to (3.1.1) at time h with initial

condition ξ ∼ π, using Brownian motion (Wt′)
t
t′=0. Let ψh

(
ξ, h, (Wt′)

t
t′=0

)
to be the solution of the

numerical discretization UBU step, defined in Sec. 3.2.1, with stepsize h and the same initial condition

and Brownian motion. Then we have the following local error bound

∥ϕ(ξ, h, (Wt′)
h
t′=0)− ψh(ξ, h, (Wt′)

h
t′=0)∥L2,a,b ≤

3

7

√
d
(√

M + γ
)
h2,

for h < min
{

1
5
√
M
, 1
2γ

}
.

Proof. Using the method of [140] we wish to bound the local error of the UBU scheme, when initialized

at the target measure of the continuous dynamics. When considering (B.38) and (B.41) we have that

for ξ ∼ π

ϕ(ξ, h, (Wt′)
h
t′=0)− ψh(ξ, h, (Wt′)

h
t′=0) = (△x,△v),

△x = −
∫ h

0
F(h− s)∇U(x(s))ds+ hF(h/2)∇U(y).

and

△v = −
∫ h

0
E(h− s)∇U(x(s))ds+ hE(h/2)∇U(y).

Next, we use the fundamental theorem of calculus

E(h− s)∇U(x(s)) = E(h/2)∇U(x(h/2))

+

∫ s

h/2

(
E(h− s′)∇2U(x(s′))v(s′) + γE(h− s′)∇U(x(s′))

)
ds′.

Then

△v = −hE(h/2) (∇U(x(h/2))−∇U(y)) + Ĩ1 + Ĩ2,

where

Ĩ1 = −
∫ h

0

∫ s

h/2
E(h− s′)∇2U(x(s′))v(s′)ds′ds,
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and

Ĩ2 = −
∫ h

0

∫ s

h/2
γE(h− s′)∇U(x(s′))ds′ds.

Hence

∥hE(h/2) (∇U(x(h/2))−∇U(y)) ∥L2 ≤ h3M3/2
√
d√

48

from [140, Eq. 36]. Now, we estimate Ĩ1 as

E
(
∥Ĩ1∥2

)
≤ E

[(∫ h

0

∣∣∣∣∣
∫ s

h/2
E(h− s′)2ds′

∣∣∣∣∣ ds
)

×

(∫ h

0

∣∣∣∣∣
∫ s

h/2
∥∇2U(x(s′))v(s′)∥2ds′

∣∣∣∣∣ ds
)]

≤ F(h)2

4
× h2M2d

4
≤ h4M2d

16
,

and we estimate Ĩ2 as

E
(
∥Ĩ2∥2

)
≤ γ2E

[(∫ h

0

∣∣∣∣∣
∫ s

h/2
E(h− s′)2ds′

∣∣∣∣∣ ds
)

×

(∫ h

0

∣∣∣∣∣
∫ s

h/2

∥∥∇U(x(s′))
∥∥2 ds′∣∣∣∣∣ ds

)]

≤ γ2
F(h)2

4
× h2Md

4
≤ h4Mγ2d

16
,

then

∥△v∥L2 ≤ h3M3/2
√
d√

48
+
h2M

√
d

4
+
h2γ

√
Md

4
.

Using [140, Eq 42 Estimate] we get the bound

∥△x∥L2 ≤ h3

24

(
√
3hM3/2 +

(√
42

2
+ 1

)
M + γM1/2

)
√
d.

In the modified Euclidean norm we have

∥(△x,△v)∥L2,a,b ≤
√

3

2

(
∥△x∥L2 +

1√
M

∥△v∥L2

)
≤
√

3d

2
h2

(
h

24

(√
3hM3/2 +

9

2
M + γM1/2

)
+

√
M

4
+
γ

4

)
,

and under the assumption that h < min{ 1
5
√
M
, 1
2γ } we see that

∥(△x,△v)∥L2,a,b ≤
3

7

√
d
(√

M + γ
)
h2.

The following lemma will be bound the variances of Z(1), Z(2) and Z(1) −Z(2).
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Lemma B.8.4. For Z(1) and Z(2) as defined in (3.2.8), we have

Cov
(
Z(1)

(
h, ξ(1)

))
= hId,

Cov
(
Z(2)

(
h, ξ(1), ξ(2)

))
⪯ hId,

Cov
(
Z(1)

(
h, ξ(1)

)
−Z(2)

(
h, ξ(1), ξ(2)

))
⪯ γh2

4
Id.

Proof. From the definitions

Z(1)
(
h, ξ(1)

)
=

√
hξ(1),

Z(2)
(
h, ξ(1), ξ(2)

)
=

√
1− η4

2γ

(√
1− η2

1 + η2
· 2

γh
ξ(1) +

√
1− 1− η2

1 + η2
· 2

γh
ξ(2)

)
,

it is clear that Cov
(
Z(1)

(
h, ξ(1)

))
= hId and Cov

(
Z(2)

(
h, ξ(1), ξ(2)

))
= 1−η4

2γ Id ⪯ hId. For the last

claim, we have

Cov
(
Z(2)

(
h, ξ(1), ξ(2)

)
−Z(1)

(
h, ξ(1)

))
=

(√
1− η4

2γ

√
1− η2

1 + η2
· 2

γh
−
√
h

)2

+
1− η4

2γ

(
1− 1− η2

1 + η2
· 2

γh

)
=

1− η4

2γ
+ h− 2

(1− η2)

γ
=

1− e−2γh − 4(1− e−γh) + 2γh

2γ
≤ (γh)2

2
· 1

2γ
≤ γh2

4
.

Lemma B.8.5. Let A =
∑n

l=1A
(l), with A(l) ∈ Rd×d for every 1 ≤ l ≤ n. Then we have

∥A∥{12}{3} =

∥∥∥∥∥∥
∑
i1,l,m

(A
(l)
i1,·,·)

T ·A(m)
i1,·,·

∥∥∥∥∥∥
1/2

.

Proof. This follows by expanding the formula ∥A∥{12}{3} =
∥∥∥∑i1

AT
i1,·,· ·Ai1,·,·

∥∥∥1/2 shown in Lemma

7 of [123].

The following lemma shows some bounds for the gradient-Lipschitz constant M and strongly Hessian

Lipschitz constant M s
1 for the Bayesian multinomial regression example.

Lemma B.8.6. Consider the Bayesian multinomial regression likelihood of the form,

p(yj |q) = exp(⟨xj , qyj ⟩)∑
1≤k≤m exp(⟨xj , qk⟩)

, (B.64)

where the posterior potential is given as

U(q) = − log(p0(q))−
ND∑
k=1

log
(
p(yj |q)

)
, (B.65)
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with p0(q) =
exp(−∥q∥2/(2σ2

0))

(πσ2
0)

d/2 . This satisfies the following bounds,

sup
q∈Rd

∥∇2U(q)∥ ≤ σ−2
0 +

∥∥∥∥∥
ND∑
l=1

(xl)(xl)T

∥∥∥∥∥ ,
sup
q∈Rd

∥∇3U(q)∥{12}{3} ≤ 6

∥∥∥∥∥
ND∑
l=1

[
(xl)(xl)T

(
ND∑
m=1

⟨xl, xm⟩2
)]∥∥∥∥∥

1/2

.

Remark B.8.7. If ND → ∞, and (xl)1≤l≤ND
are i.i.d. samples from a continuous d-dimensional

distribution that is non-degenerate with E(∥xl∥6) = O(1), then we would expect ∥∇2U(q)∥ ∝ ND
d ,

and ∥∇3U(q)∥{12}{3} ∝ ND
d .

Proof. For 1 ≤ i ≤ m, let Ei =



0do
...

Ido
...

0do


be an d× do block matrix with an identity matrix at block

i. Let

S(x, q) =
∑

1≤l≤m

exp(⟨x, ql⟩).

Let x ⊗ y ⊗ z ∈ Rd×d×d denote the tensor product of 3 vectors, i.e. (x ⊗ y ⊗ z)ijk = xiyjzk. Then

we can express the likelihood term log (p(y|q)) and its derivatives as follows.

log (p(y|q)) = ⟨x, qy⟩ − log(S(x, q))

∇q log (p(y|q)) =
m∑
i=1

(Eix)
(
I[y = i]− exp(⟨x, qi⟩)(S(x, q))−1

)
∇2

q log (p(y|q)) =
m∑

i,j=1

(Eix)(Ejx)T exp(⟨x, qi⟩+ ⟨x, qj⟩)(S(x, q))−2

−
m∑
i=1

(Eix)(Eix)T exp(⟨x, qi⟩)(S(x, q))−1

∇3
q log (p(y|q)) = −

m∑
i=1

(S(x, q))−1 exp(⟨x, qi⟩)(Eix)⊗ (Eix)⊗ (Eix)

+
m∑

i,j=1

(S(x, q))−2 exp(⟨x, qi⟩+ ⟨x, qj⟩)·

·
(
(Eix)⊗ (Eix)⊗ (Ejx) + (Eix)⊗ (Ejx)⊗ (Eix) + (Eix)⊗ (Ejx)⊗ (Ejx)

)
− 2(S(x, q))−3

m∑
i,j,k=1

(Eix)⊗ (Ejx)⊗ (Ekx) exp(⟨x, qi⟩+ ⟨x, qj⟩+ ⟨x, qk⟩).

The first claim of the lemma bounding ∥∇2U(q)∥ follows from the fact that

0d ⪯ −∇2
q log (p(y|q)) ⪯

m∑
i

(Eix)(Eix)T exp(⟨x, qi⟩)(S(x, q))−1 ⪯
m∑
i

(Eix)(Eix)T ,
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here ⪯ denotes the semidefinite order.

For the second claim, note that∥∥∥∥∥−
ND∑
l=1

m∑
i=1

(S(xl, q))−1 exp(⟨xl, qi⟩)(Eixl)⊗ (Eixl)⊗ (Eixl)

∥∥∥∥∥
{12}{3}

using Lemma B.8.5

≤

∥∥∥∥∥∥
ND∑

l,m=1

⟨xl, xm⟩
(
(xl)(xm)T

)2∥∥∥∥∥∥
1/2

=

∥∥∥∥∥∥
ND∑

l,m=1

⟨xl, xm⟩2(xl)(xm)T

∥∥∥∥∥∥
1/2

≤

∥∥∥∥∥∥12
ND∑

l,m=1

⟨xl, xm⟩2[(xl)(xl)T + (xm)(xm)T ]

∥∥∥∥∥∥
1/2

=

∥∥∥∥∥
ND∑
l=1

[
(xl)(xl)T

(
ND∑
m=1

⟨xl, xm⟩2
)]∥∥∥∥∥

1/2

.

The other terms in the sum can be bounded similarly as∥∥∥∥∥
m∑

i,j=1

(S(x, q))−2 exp(⟨x, qi⟩+ ⟨x, qj⟩)·

·
(
(Eix)⊗ (Eix)⊗ (Ejx) + (Eix)⊗ (Ejx)⊗ (Eix) + (Eix)⊗ (Ejx)⊗ (Ejx)

) ∥∥∥∥∥
{12}{3}

≤ 3

∥∥∥∥∥
ND∑
l=1

[
(xl)(xl)T

(
ND∑
m=1

⟨xl, xm⟩2
)]∥∥∥∥∥

1/2

,∥∥∥∥∥∥−2(S(x, q))−3
m∑

i,j,k=1

(Eix)⊗ (Ejx)⊗ (Ekx) exp(⟨x, qi⟩+ ⟨x, qj⟩+ ⟨x, qk⟩)

∥∥∥∥∥∥
{12}{3}

≤ 2

∥∥∥∥∥
ND∑
l=1

[
(xl)(xl)T

(
ND∑
m=1

⟨xl, xm⟩2
)]∥∥∥∥∥

1/2

,

and the claim follows by the triangle inequality.
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