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Abstract

In this thesis, we study discretizations of kinetic Langevin dynamics within the context of Markov
chain Monte Carlo. We compare the convergence properties for different choices of integrators, we
provide asymptotic bias estimates and numerics to compare them. We also present an alternative to

Metropolis-Hastings which corrects for the bias. This thesis consists of two parts.

In the first part, we provide a framework to analyze the convergence of discretized kinetic Langevin
dynamics for M-V Lipschitz, m-convex potentials with and without stochastic gradients. Our approach
gives convergence rates of O(m/M), with explicit stepsize restrictions, which are of the same order as
the stability threshold for Gaussian targets and are valid for a large interval of the friction parameter.
We apply this methodology to various integration schemes which are popular in the molecular dynamics
and machine learning communities. Further, we introduce the property “y-limit convergence” (GLC)
to characterize underdamped Langevin schemes that converge to overdamped dynamics in the high-
friction limit and which have stepsize restrictions that are independent of the friction parameter; we
show that this property is not generic by exhibiting methods from both the class and its complement.
We present numerical experiments for a Bayesian logistic regression example, where BAOAB is shown
to perform the best. Finally, we provide asymptotic bias estimates for the BAOAB scheme, which
remain accurate in the high-friction limit by comparison to a modified stochastic dynamics which

preserves the invariant measure.

In the second part, we present an unbiased method for Bayesian posterior means based on kinetic
Langevin dynamics that combines advanced splitting methods with enhanced gradient approximations.
Our approach avoids Metropolis correction by coupling Markov chains at different discretization levels
in a multilevel Monte Carlo approach. Theoretical analysis demonstrates that our proposed estimator
is unbiased, attains finite variance, and satisfies a central limit theorem. It can achieve accuracy
€ > 0 for estimating expectations of Lipschitz functions in d dimensions with O(d1/4e_2) expected
gradient evaluations, without assuming warm start. We exhibit similar bounds using both approximate
and stochastic gradients, and our method’'s computational cost is shown to scale independently of
the size of the dataset. The proposed method is tested using a multinomial regression problem on
the MNIST dataset and a Poisson regression model for soccer scores. Experiments indicate that the
number of gradient evaluations per effective sample is independent of dimension, even when using
inexact gradients. For product distributions, we give dimension-independent variance bounds. Our
results demonstrate that the unbiased algorithm we present can be much more efficient than the

“gold-standard” randomized Hamiltonian Monte Carlo.



Lay Summary

This thesis is about studying the properties and introducing methodology for efficient methods for
generating samples from probability distributions and estimating expected quantities of that probability
distribution. This is particularly important in molecular dynamics, where one would want to calculate
expected configurations for example for protein configurations, and in statistical computations such

as Bayesian inference where one would want to estimate expected parameters of the posterior.

Typically these methods have computational cost that scale with the number of parameters in the
model and properties of the model. In this thesis, we study how the cost scales with these quantities,

and introduce more efficient methods for estimating these quantities.
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Chapter 1

Introduction

1.1 Markov chain Monte Carlo

Efficient sampling of high dimensional probability distributions is required for applications such as
Bayesian inference and molecular dynamics (see for example [76] and [21, 100]). Efficient sampling is
a challenge in many fields including pharmacology, economics, physics, political science and machine
learning [154].

Bayesian inference requires one to sample from some d-dimensional target measure 7 defined on R¢,
with Lebesgue density proportional to exp (—U(x)), where U is the negative log-density of w. We
then wish to approximate expectations of a function f : R — R, i.e.

w(f) = y f(x)dm(z), (1.1.1)

where this could be expected parameters of a machine learning model under a posterior distribution

or this could be expected potential energy of a molecular dynamics model [100, 154].

A popular approach to estimate expectations and generate samples for high-dimensional Bayesian
inference [133] from our target measure is Markov chain Monte Carlo (MCMC). They enable the
computation of posterior means and variances and other observable averages by replacing ensemble
calculations with Monte Carlo sums over discrete Markov processes (1.1.1). More precisely, we sample
from a Markov chain X;y; ~ p(- | X;) with invariant measure 7. Then we wish to construct a chain
such that

T
m(f) =~ 5 > (X, (1.1.2)
i=1
and a central limit theorem holds
| XK
\/E<K§f(Xi)—W(f)> — N(0,0%), (1.1.3)

with asymptotic variance 2.

MCMC relies on the construction of a Markov chain with the correct target measure or an approxim-
ation of the target measure as its invariant measure. A typical approach to constructing such a chain
is finding a continuous time stochastic process whose unique invariant measure is the given measure.

Then one can either simulate this process exactly or, more commonly, discretize the dynamics. Some
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popular MCMC methods which rely on discretizing continuous dynamics which preserve the target
measure are: overdamped Langevin dynamics [15, 136, 137], (randomized) Hamiltonian Monte Carlo
[29, 62], kinetic/underdamped Langevin dynamics [34, 47, 55|, adaptive Langevin dynamics [88] and
generalized Langevin dynamics [2, 104].

There are also some recent approaches that rely on exact simulation of the continuous dynamics,
which include the bouncy particle sampler [30, 125], the zig-zag process [18], and the Boomerang

sampler [19]. However, these methods can also be discretized for use in MCMC procedures [13, 14].

A limitation to the broader uptake of Bayesian inference is the scaling of the computational cost of
MCMC algorithms with model dimension and dataset size. Typical MCMC methods (Metropolis
adjusted Langevin algorithm [16, 134], Hamiltonian Monte Carlo [62, 119]) employ Metropolis-
Hastings correction steps to ensure convergence to the desired invariant distribution. In order to
maintain a high acceptance rate, stepsizes must decrease as a function of the model dimension,
which implies that convergence rates are also dependent on dimension [17, 45, 135]. This is due
to the fact that the bias in the invariant measure due to discretization scales with dimension. To
control the bias one typically needs to scale the stepsize with dimension. By contrast, optimization
methods typically have convergence rates that are independent of the dimension and can make use of
stochastic gradients based on a subset of the data instead of the entire dataset [87]. For these reasons,
optimization algorithms are much more scalable than sampling methods, so practitioners often prefer
machine-learning approaches. The relative inefficiency of sampling compared to optimization also
limits the uptake of uncertainty quantification techniques (typically built on a Bayesian foundation)
in high-dimensional machine learning applications. In the next sections, we will provide an informal
overview of the relevant topics and literature to be made precise in the following chapters where

relevant.

1.2 Overdamped Langevin dynamics

The first mentioned approach is the overdamped Langevin dynamics stochastic differential equation
(SDE):
dX; = —VU(Xy)dt + V2dWy, (1.2.4)

where t > 0, X; € R% U is a “potential energy” function and may be taken to be the negative
log-density for a suitable target measure w and W, is the driving d-dimensional Brownian motion. It is
known that (1.2.4) has a unique strong solution under mild conditions on VU, for example, Lipschitz
continuity (see [95, Sec. 5.2]). It can also be shown under mild assumptions on the potential U
that the invariant measure of this process 7 has density proportional to exp (—U(z)) [124]. Under the
assumption of a Poincaré inequality, convergence rate guarantees can be established for the continuous

dynamics [10].
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Typical discretizations of these dynamics are the Euler-Maruyama discretization and the high-friction
limit of the popular kinetic Langevin dynamics scheme BAOAB [98]. The simplest discretization of
overdamped Langevin dynamics is using the Euler-Maruyama (EM) method which for a stepsize h > 0

is defined by the update rule

Tnt1 = Tp — hVU () + V2h&n41, (1.2.5)

for some initial condition 2o € R where (&n)nen are independent d-dimensional standard Gaussian

random variables, that is &, ~ N (04, I;) for all n € N, where I is the d-dimensional identity matrix.

An alternative method is the BAOAB limit method of Leimkuhler and Matthews (LM)([98], [102])
which is defined by the update rule

Under mild Lyapunov drift conditions, it can be shown that (1.2.4) and (1.2.6) have a unique invariant
measure (see [63, 65]).

Example 1.2.1. If we consider the discretizations for overdamped Langevin dynamics and implement
them, then we can illustrate using histograms convergence of the invariant measure. In Figures 1.1
and 1.2 we can see the histograms of the points along the sample path converging towards the target
density. Note that the Leimkuhler-Matthews method is exact for Gaussian targets and hence we can

see no bias in the invariant measure.

05 #steps=10? #steps=103 #steps=10* #steps=10° #steps=10°
. ThIT
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N
203 \ (W\ ] /\ /\
z ‘ f[ f \ /o
3.2 N / \ /
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25 00 25 -25 00 25 -25 00 25 -25 00 25 -25 00 25
q q q q q
Figure 1.1: h = 0.5, one-dimensional standard Gaussian target using the Euler-Maruyama

discretization (1.2.5).
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Figure 1.2: h = 0.5, one-dimensional standard Gaussian

discretization (1.2.6).

target using the Leimkuhler-Matthews

-25 00 25
q




1.2. Overdamped Langevin dynamics 5

In Figures 1.3 and 1.4 we can see far more bias compared to the Gaussian case, with a smaller stepsize.
There is also bias in the invariant measure for the Leimkuhler-Matthews method as it is only exact

for Gaussian targets. However, the Leimkuhler Matthews method has significantly less bias than the

Euler-Maruyama method.
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q q q q q

Figure 1.3: h = 0.1, one-dimensional multimodal distribution using the Euler-Maruyama discretiza-
tion (1.2.5).
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Figure 1.4: h = 0.1, one-dimensional multimodal distribution using the Leimkuhler-Matthews

discretization (1.2.6).

For MCMC methods like Euler-Maruyama and Leimkuhler-Matthews it is important to quantify the
bias in the invariant measure as well as the convergence rate towards the invariant measure, illustrated
in the preceding figures. We can quantify these in terms of parameters such as dimension, parameters
from assumptions on the potential, stepsize and any parameters which define the dynamics. The
preceding figures illustrate the importance of the choice of your numerical integrator depending on
the application, for example, the Leimkuhler-Matthews method has a much smaller bias in the invariant

measure and there is no clear difference in convergence rate.

1.3 Kinetic Langevin dynamics

Another choice of stochastic dynamics and the main focus of this thesis is the kinetic Langevin

dynamics which is the stochastic differential equation system defined by

dX, = Vidt,

(1.3.7)
dV; = —VU(X,)dt — yVdt + \/27dW,
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where Xy, V; € R?, U is a “potential energy” function and may also be taken to be negative log-density
for a suitable target measure 7, v > 0 is a friction parameter and W, is the driving d-dimensional
Brownian motion. Similarly to overdamped Langevin dynamics, one can show under mild conditions,
for example, Lipschitz continuity of VU that (1.3.7) admits a unique strong solution [128, Sec. 9.2]. It
can be shown under mild assumptions on the potential U that the invariant measure of this process is
proportional to exp (—U(m) — %Hv”z) [124]. Normally, Langevin dynamics is developed in the physical
setting with additional parameters representing temperature and mass. However, our primary aim in
using (1.3.7) is, ultimately, the computation of statistical averages involving only the position X, and

in such situations, both parameters can be neglected without any loss of generality.

Taking the limit as v — oo in (1.3.7), and introducing a suitable time-rescaling (¢ = ~t) results
in the overdamped Langevin dynamics given in (1.2.4)(see [Sec. 6.5][124]). In the case of kinetic
Langevin dynamics, a more delicate argument is needed to establish exponential convergence than in
the overdamped case, due to the hypoelliptic nature of the SDE (see [9, 11, 12, 38, 59, 60, 70, 141,
158]).

Due to the additional complexity of the kinetic Langevin dynamics compared to the overdamped
dynamics, there have been far more integrators that have been proposed to discretize these dynamics.
Many of these perform much better than the Euler-Maruyama discretization of the dynamics. A class
of these rely on splitting methods [110, 144, 145, 149, 153], for example, a splitting method proposed

in [98] is based on the following decomposition

dx B 0 n vdt n 0
dv)  \=VU(z)dt 0 —yvdt + /27dWy )
—_— N

B A @

where the B, A and O parts can be integrated exactly. Splitting methods (discretizations) can be
made by composing different orders of these parts, each of which is integrated over a time interval of
size h > 0. However, if a part is repeated, then one divides the timestep by the number of repeats,
for example in the BAOAB integrator B and A are repeated twice so you integrate each of the parts
over a time interval of size h/2, so that the total integration time of the B parts is of size h. Different
combinations of these parts include the popular integrators BAOAB, OBABO and OABAO, noting
that if the letters form a palindromic word, then this results in a method which has O(h?) bias with

respect to the stepsize in the invariant measure with respect to stepsize h > 0 [100].

Another splitting first considered in [148] and also studied in [3, 140] it requires only one gradient
evaluation per step, yet has strong order two pathwise accuracy. It is based on splitting the SDE

(1.3.7) into the following components

dr\ 0 n vdt
dv)  \=VU(z)dt —yvdt 4 /2ydW; )

B u
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each of which can be integrated in the weak sense exactly over an interval of size h > 0. Similar to
the overdamped case, under mild Lyapunov drift conditions, it can be shown that discretizations of
kinetic Langevin dynamics have a unique invariant measure and geometric convergence towards the

invariant measure (see [63]).

1.4 Non-asymptotic guarantees

The focus of this thesis is on Langevin dynamics in its kinetic and overdamped forms and using their
discretizations for MCMC. The discretization with a step size i > 0 will have an invariant measure 7,
on R??. However, there is an inherent bias due to the finite difference numerical approximation (7 #
7p,) (this is illustrated in Example 1.2.1). This bias is usually addressed by choosing a sufficiently small
stepsize, or by adding bias correction by methods like Metropolis-Hastings adjustment or unbiased
estimation techniques. The choice of the discretization method has a significant effect on the quality
of the samples and also on the computational cost of producing accurate samples, through stability

properties, convergence rates, and asymptotic bias.

A metric that is typically used to quantify the performance of a sampling scheme is the number of
steps required to reach a certain level of accuracy in Wasserstein distance. Non-asymptotic bounds
in Wasserstein distance reflect computational complexity, convergence rate and accuracy. Achieving

such bounds relies on two steps:
(1) determining explicit convergence rates of the process to its invariant measure
and
(2) proving asymptotic bias estimates for the invariant measure,

which are two important factors to take into consideration in algorithm design for MCMC and one
wishes to optimise model parameters to maximise convergence rate and minimise discretization bias.

Each of these quantities are illustrated in Example 1.2.1.

Kinetic Langevin dynamics has been shown to converge faster than its overdamped counterpart [38],
it also allows for discretizations with higher orders of accuracy, for example, the UBU, BAOAB and
OBABO schemes have a second-order bias in the invariant measure [105, 115, 140] compared to the
Euler-Maruyama scheme for overdamped Langevin, which has first-order bias [65]. As a result, it has
improved non-asymptotic guarantees [41, 47, 55, 105, 116, 140, 142]. It has also been the preferred
method for sampling in molecular dynamics simulations for many years [100], due to its improved

sampling performance in practice over its overdamped counterpart.

1.4.1 Wasserstein distance

Let p : R? x RY — Rs( be a metric on R?, P(R?) be the set of all probability measures on R?
and T'(u,v) be the set of all couplings between 1, € R?, i.e. the set of all probability measures
in P(R% x R?) with first marginal 1 and second marginal v. Then the p-Wasserstein distance with
respect to p is defined by

1/p
)47 V) = inf / z,y)Pvy(dxd > ,
(1, V) <wer<w) Rdedﬂ( y)Py(dzdy)
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for all u,v € Ppw(Rd), the set of all measures with finite p-th moment with respect to p. If p is
omitted from W, ,(u1,v), i.e. Wp(, ), then p is the Euclidean metric.

Considering the Markov kernel (P;),~, of the continuous dynamics (1.2.4) or (1.3.7), or the transition
kernel P, of one step of a discretization with a stepsize h > 0, if one can design a coupling between two
realizations of the continuous or discrete dynamics (for example shared Brownian motion or Gaussian
increments) such that the expected distance between the realizations with respect to p converges to
zero, then we have Wasserstein contraction. More precisely, for initial measures u,v € Ppm(Rd) and

a continuous Markov kernel (Pt)tzo we define p-Wasserstein contraction with respect to p by
Wp,p(MPt» vP;) < G_Cth,p(M, v),

with a rate ¢ > 0 [58]. Equivalently for the transition kernel P}, of one step of a discretization with a

stepsize h > 0 we define p-Wasserstein contraction with respect to p by
Wy (uPF, vPE) < (1 = ch)*W, (1, v).

A direct consequence of Wasserstein contraction is the existence of a unique invariant measure and
convergence towards it in Wasserstein distance. This can be proved by Banach's fixed point theorem
[159, Corollary 5.22, Theorem 6.18].

Global strong order

In this thesis, we will be interested in the global strong order, that is pathwise accuracy estimates

which are independent of time.

Definition 1.4.1. Consider a discretization for (1.2.4) or (1.3.7), (Xt)t>0 to be the solution to the
continuous dynamics and suppose they share Brownian motion. Then we say that a discretization
method is globally strong order p, if there exists hg > 0 such that for all h < hg there exists C > 0
independent of k and h such that

(E |zp — Xk:h|2>1/2 < Ch?,

for all k € N, where (xy)ren is a discretization with stepsize h > 0 such that xy = Xj.

Remark 1.4.2. Typically, strong order estimates are defined at a finite time [114], however, when we
have convergence of the discretization we are able to get uniform-in-time strong order estimates and
we define the global strong order in this way [140].
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Asymptotic bias

We will also be interested in asymptotic bias in the invariant measure, which is a weak order of
accuracy. We will define this in terms of the Wasserstein two distance.

Definition 1.4.3. Consider a discretization for (1.2.4) or (1.3.7). Let 7, be the invariant measure
of the discretization method with stepsize h > 0. Then we say that the discretization method has
an asymptotic bias of order q in Wasserstein distance if there exists hg > 0 such that for all h < hg
there exists C' > 0 independent of h such that

Wa(m,mp) < Chi.

Remark 1.4.4. Typically in the literature (see [114]), the weak error of order q is defined by

7 (f) = mn(f)| < Ch

for smooth functions f and the constant C > 0 depends on f. However, we will consider the stronger

notion of weak error in Wasserstein distance.

We remark that if a method is global strong order p, then it is at least order p in the asymptotic bias
according to Definitions 1.4.1 and 1.4.3. We provide the strong order and asymptotic bias orders of
some methods for kinetic Langevin dynamics in Table 1.1.

Algorithm Strong Order | Asymptotic Bias Order | Reference
Euler-Maruyama 1 1 [142]
BAOAB 1 2 [105]
OBABO 1 2 [115]
UBU 2 2 [140]

Table 1.1: Global strong and asymptotic bias order for some kinetic Langevin dynamics methods.

For the objective of sampling from a measure , if we use a discretization with transition kernel P
with invariant measure 7, and initial measure 1o, then we can consider the bias and convergence rate

together. It is natural to consider the quantity

Wi(m, uoPr) < Wa(mh, pioPf) + Wa(m, 1)
g (1 - Ch)kWQ(ﬂ'h,[L()) + W2(7T>7Th) 5

convergence rate asymptotic bias

then one wishes to minimise the number of steps k in terms of parameters in the discretization to
achieve an accuracy € > 0 [67, 115, 140].
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1.5 Metropolized and unbiased methods

Due to the fact that the discretized stochastic dynamics do not converge exactly to the correct target
distribution, one often uses a Metropolis-Hasting accept/reject step to create Markov chains with
the correct invariant measure. For example, the Metropolized version of the Euler-Maruyama scheme
for overdamped Langevin dynamics (1.2.5) is the popular Metropolis-adjusted Langevin algorithm
(MALA) (see [16, 134]). The MALA algorithm views the Euler scheme for overdamped Langevin as
a proposal in a Metropolis-Hastings algorithm [112] which leaves the target measure invariant.

Other examples of Metropolis-adjusted discretizations for sampling include (randomized) Hamiltonian
Monte Carlo (HMC) (see [29, 62, 119]) and generalized Hamiltonian Monte Carlo (GHMC) [80],
which in a special case is a Metropolis-adjusted version of the OBABO algorithm [115]. We also
introduce a (randomized) generalized Hamiltonian Monte Carlo in Algorithm 1, which we found to
perform the best in practice as a comparison to the methods we introduce in this thesis. We introduce

this in more detail in the following section.

1.5.1 Generalized Hamiltonian Monte Carlo

(Generalized) Hamiltonian Monte Carlo methods are based on Hamiltonian dynamics for the Hamilto-
nian H : RY x R? — R defined by H(z,v) = U(z) + 1||v||>. More precisely the continuous solution

to

dX; = Vidt,

(1.5.8)
AV, = —VU(X,)dt,

where X;,V; € R?, and U is a “potential energy” function and can be taken to be the negative log-
density of a suitable target measure. Then under mild assumptions, this has a unique invariant measure
with density proportional to exp (—U(X) — 1||V||?). If we define ¥ (z,v,t) to be the solution to
the continuous dynamics (1.5.8) with initial condition (z,v) € R?? at time T' > 0. Then for T' > 0,
we define the transition kernel of the Markov chain for GHMC by the update rule

(Xkt1, Vip1) := U (Xp, Vi + V1 — a2&41),

where « € [0, 1) is a partial velocity refreshment parameter, & are distributed according to N' (04, I4)
for all k € N. The term generalized is used for the presence of the parameter o (see [80]), in
traditional HMC a = 0 (see [119]), however using partial velocity refreshment can lead to faster
convergence. Additionally, the integration time does not need to be deterministic at each step, for
example, T' ~ Geom (1/X) for some rate A > 0 in randomized Hamiltonian Monte Carlo, which has

many advantages in terms of ergodicity and preventing periodic behaviour [29].
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Except in special cases the Hamiltonian dynamics (1.5.8) cannot be solved exactly. Instead, a velocity

Verlet integrator is used (or BAB in the splitting methods introduced for (1.3.7)). This is given by

v v — gVU(x),
x — x+ hv, (1.5.9)

v—=v— gVU(a:),

to integrate one step of size h > 0, then one performs L = T'/h € N steps. Then one can perform
a full or partial velocity refreshment. When the dynamics are discretized instead of simulated exactly,
there is an associated integration error which results in bias in the invariant measure. This is typically
removed by using the dynamics as a proposal in a Metropolis-Hastings accept/reject step [112]. The
acceptance ratio has a simplified form in terms of the difference between the Hamiltonian at the start
and end of the Hamiltonian simulation governed by (1.5.9). In Algorithm 1 we detail precisely the
algorithm for randomized Hamiltonian Monte Carlo with partial velocity refreshment, which, inspired
by [36, 41, 80], we call generalized randomized Hamiltonian Monte Carlo (GRHMC). We also provide
in Table 1.2 parameter selections for various popular methods in this general framework [80].

Algorithm 1 Randomized Hamiltonian Monte Carlo with Partial Refreshment (GRHMC)
1: Input:

stepsize h.

Initial distribution o on R? x R<.

Potential function U : R — R of target distribution.

Number of samples parameter K.

Expected number/Number of leapfrog steps parameter Ep > 1.
° Partial refreshment parameter a.

2: Initialise (zo,v0) ~ po-

3: fori=1,...,K do

4: Sample L ~ Geom(1/EL) or set L = Ey..

5: Perform L leapfrog steps.

6.

7

8

Set (507170) = (mi,vi).
for j=0,...,L—1do
Tjg1/2 =05 — 5 VU(Z;)

9: Tjy1:=2; + hﬁj_;,_l/g

10: ’L~)]'+1 = 1~}j+1/2 — %VU(.%j.{.l)
11: end for

12: Let (zj,v;) = (Z1,01)

13: Compute Hamiltonian.

14 H(wiv) = Uz) + ol Hlol) = UG + Lol

15: Perform Metropolis-Hastings accept/reject step.

16: With probability min [1, exp(H (z;,v;) — H(x},v5))], set (xit1,vit1) = (x5, v;) (accept proposal).
17: Otherwise, set (2i41,vi+1) = (z:, —v;) (reject proposal).

18: Partial velocity refreshment.

19: Sample Z ~ N(0q, 14) and update viy1 — avit1 + (1 — a2)1/2Z.

20: end for

21: Output:

22: Samples (z1,v1),..., (TK,VK).

A disadvantage of Metropolis-adjustment is that dimension-dependent step size restrictions are needed

to keep the acceptance rate from collapsing to 0. In particular, for MALA, it is shown in [48] that

one requires h ~ d~1/2, for HMC it is shown that one requires h ~ d—1/2 [97], and an improvement

is shown for RHMC for a Gaussian target under a warm start assumption h ~ d—'/4 [45]. In many
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Algorithm L e Reference
MALA L=1 a=0 [16, 134]
MAKLA L=1 a =exp(—yh) € (0,1) | [27, 80]
GHMC L>1 a=0,1) [80]
GRHMC | L ~ Geom(1/EL), Er, > 1 a=10,1) [29, 40]

Table 1.2: Parameters in Algorithm 1 for different Metropolis-adjusted Hamiltonian & Langevin based
algorithms

applications of interest, for example, machine learning [154] and molecular dynamics [100] the target
measures are typically very high-dimensional and the dimension-dependent step size restrictions result
in a very high computational cost, for example, the computational cost for MALA with h ~ d—/2

would be O(d'/?).

We also mention that, in the area of molecular simulation, unadjusted numerical discretizations of
kinetic Langevin dynamics have been employed for sampling from complex distributions for many
years [34, 85, 98, 100]. Even though such discretizations introduce bias, this is often dominated by the
Monte Carlo error—even at substantially larger stepsizes than would typically be used in Metropolized
calculations [100]. On the other hand, the magnitude of the sampling bias due to finite stepsize is
problem-dependent and can be difficult to quantify; thus, there are situations where the ability to
ameliorate the discretization bias is crucial. Some methods have also been proposed for reducing the
discretization bias by decreasing stepsize asymptotically [65, 164]. However, such a procedure can

slow convergence or introduce heuristic schedules into the sampling apparatus.

1.5.2 Unbiased estimation

Ultimately, one is interested in producing an unbiased estimator for (1.1.1), and alternative methods to
Metropolis-adjustment have recently been introduced to de-bias the estimator produced from MCMC
methods based on discretizations. [79, 129] introduced methods to remove bias from (1.1.1) based
on providing a sequence of measures (7 )ren, such that limg o (7x) = 7 and then to create an

estimator of the form

7(f) =mo(f) + D mrpa(f) = me(f), (1.5.10)
k=0
where one can create an unbiased estimator of the form
L &k L
7(f) = kz::ow or  w(f)= Pr(L)’ (1.5.11)
such that
Eléo] = mo(f),

El&] = m(f) —m-(f) le{l,2,...},
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where L is a random variable with probability mass function P;, on N that is independent of
the sequence {&}ren. For this to be a computationally implementable algorithm we require that
Tr+1(f) — me(f) — 0 at a fast rate. The sequence of measures considered in [78] for multilevel
Monte Carlo to approximate the invariant measure was to consider 7 in (1.5.10) (using a truncated
sum up to a level K € N) to be the invariant measure of the Euler scheme for overdamped Langevin
dynamics with stepsize hj;, = ho2~* at time T}, where T}, — 0o, hence reducing the cost to reach a
desired accuracy for sampling the invariant measure. However, this approach had not been extended
to produce unbiased estimates under the invariant measure until the recent work [40], which is the
focus of Chapter 2, where we make use of kinetic Langevin dynamics discretization to increase the
rate at which mp11(f) — mx(f) — O decreases. In principle, the framework introduced in [40] can
be applied to any discretization-based MCMC methods, for example, unadjusted Hamiltonian Monte
Carlo [26, 62], overdamped Langevin dynamics or discretized PDMPs [13, 14].

Unbiased Monte Carlo methods have been widely studied in the recent literature; see [86, Sec. 2.1] for
an overview. The goal of the methods [49, 79, 82, 86, 129] is to remove burn-in bias via couplings. [90]
proposed an alternative method for eliminating burn-in bias by considering a burn-in period of random
length. The cited papers above all require that the stationary distribution of the Markov chain has no
bias (hence, these methods typically involve Metropolization) and are not able to remove discretization
bias in the numerical integration of SDEs such as (1.3.7). [113] extended unbiased methods to
intractable likelihoods, and [61] created unbiased estimators of MCMC asymptotic variances. Recently,
[138] introduced a method which allows sampling from the invariant measure without the use of
Metropolis-Hastings accept/reject contrary to other work in the area, which offers an exciting new
alternative to Metropolis-adjustment. However, their implementation is complicated (requiring the
coupling of 4 Markov chains) and they have not demonstrated improvement over state-of-the-art

Metropolis-adjusted methods only their unbiased versions (eliminating the initialization bias).

1.6 Stochastic gradients

Using full gradients at each iteration can be computationally expensive, as the cost of a gradient
evaluation is high, as it requires an evaluation of the entire data set. The predominant approach used
in machine learning optimization is to rely on a stochastic approximation of the gradient (see e.g.
[132] for one of the first applications of such approaches). In many applications, this can dramatically
reduce the computational cost, as the approximation will usually come at a fraction of the workload.
In the context of sampling, there has been a great deal of interest to also use such ideas to improve
the scalability of MCMC to large datasets, see e.g. [164], or the recent review paper [120]. This is
typically done by considering a potential (the negative log-density) U : R? — R of the form

Np
U(z) = Up(z) + > _ Ui(x), (1.6.12)
=1
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where z € RY, Np is the size of your dataset and typically is large. After defining a posterior density,
Uy can be chosen to be the negative log density of the prior distribution. Then random variables of
the form w € [ND}Nb, which is a random selection of N indices, are to be selected uniformly on
[Np] ={1,...,Np}, i.i.d. with replacement [8], then at each step of your MCMC method one uses

an unbiased estimator of (1.6.12) instead of the full gradient evaluation, for example
Np N
G(z,w|t) = VUp(x) + Y _ VUi(2) + =2 3 [VUi(z) — VUi(&)], (1.6.13)
i=1

such that E(G(z,w)) = VU (z).

When using stochastic gradients, the aim is to reduce the computational cost from O(Np), when
using full-gradients, to O(1) (in the regime where N, << Np). However, the use of stochastic
gradients incurs an additional bias, for example, the BAOAB or UBU integrator with the control
variate stochastic gradient estimator [8] (setting & to be the minimizer of U in (1.6.13), when
sampling a log-concave measure) has order one bias in the stepsize compared to order two when full
gradients are used [143]. When considering Metropolised methods, when using stochastic gradients,
the cost of implementing bias correction scales linearly with dataset size, O(Np), therefore mitigating
the improved computational efficiency. It is a significant challenge to implement stochastic gradient
algorithms in a computationally efficient way, whilst not significantly affecting the bias of your

estimate.

We remark that one of the most efficient samplers in the big data regime is the Zig-Zag sampler [18]
whose complexity is independent of the data size according to a limiting argument (although as stated
in [18], some logarithmic factors were ignored). [50] is another recent paper that proposes a Metropolis-
Hastings-type MCMC algorithm based on subsampling that only accesses O(1) or even O(1/+/Np)
data points per step. Although this method was shown to have state-of-the-art performance on a
10-dimensional logistic regression example, its efficiency on high-dimensional models has not yet been
demonstrated. [40] introduce an estimation method which requires O(1) cost (in terms of Np) per
effective sample, which is the focus of Chapter 3, with state-of-the-art performance on a variety of

high-dimensional models.

1.7 Notation

° Let h > 0 denote the stepsize of a discretization.

° Let v > 0 denote the friction parameter in kinetic Langevin dynamics.
o Let n := exp (—yh/2).

° Let m denote the strong convexity constant of a potential U.

° Let M denote the Lipschitz constant of the gradient of a potential VU.

° Let M; denote the Lipschitz constant of the Hessian of a potential V2U.
° Let M7 denote the strongly-Hessian Lipschitz constant of a potential U.
° We let 2. = (20, 21, - ., 2x) denote a sequence of variables.

° Let I; denote the d-dimensional identity matrix.
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. Let C' denote an absolute constant (whose value may differ in each proposition or theorem).

° Let C(vary,...,var,) denote a constant that is a function of variables vary,...,var, (this
function may differ in each proposition or theorem).

° Let G, SG and A denote an abbreviation for gradient, stochastic gradient and “approximate
gradient”.

° We let | € R denote the level of discretization with respect to our discretized ULD, with
stepsize h; defined at each level.

° Let Dg denote the empirical average of samples at level 0.

° Let D; ;41 denote the difference of empirical averages of samples at levels [ 4+ 1 and [, which
are generated jointly via a synchronous coupling.

° N denotes the number of samples taken at level 0.

° Nj 41 denotes the number of samples taken from the coupling of levels [ and [ + 1.

. Np is the size of the dataset (number of terms in potential U(z) = Up(x) + S35 Us(x)).

° Ny is the minibatch size.

. Let 2z = (x, vi) denotes step k in a numerical discretization of kinetic Langevin dynamics with
time step h (specified each time this notation is used). Similarly, Z; is the solution of (1.3.7)
initialized at the invariant measure with synchronously coupled Brownian motion. Z¥ = Zy,,

denotes the value of the continuous-time process at the same time as z;.

° I} denotes the point where the last gradient is evaluated for SVRG
1/9 1/2
o -l = (B2 and [l ag = (B 1E2,)
° Ymethod (T, v, h) is the one-step map of the “method” discretization with initial conditions

(z,v) € R?? and stepsize h > 0, where “method” is any discretization considered in the thesis.

Ymethod (T, V) may also be used when the stepsize is clear in the context.

1.8 Contributions and organisation of thesis

This thesis is organised as follows: Chapter 2 consists of the content of the papers:

Benedict J. Leimkuhler, Daniel Paulin and P.A.Whalley. Contraction and Convergence
Rates for Discretized Kinetic Langevin Dynamics. SIAM Journal on Numerical Analysis,
62(3):1226-1258, 2024,

and

Benedict J. Leimkuhler, Daniel Paulin and Peter A. Whalley. Contraction rate estimates
of stochastic gradient kinetic Langevin integrators. ESAIM: Mathematical Modelling
and Numerical Analysis, 2024.

Chapter 3 consists of the preprint

Neil K. Chada, Benedict J. Leimkuhler, Daniel Paulin & Peter A. Whalley. Unbiased
kinetic Langevin Monte Carlo methods. arXiv preprint arXiv:2311.05025, 2023.
In Chapter 2 (see [105] and [103]) we worked on proving Wasserstein convergence rates of numerical
methods for kinetic Langevin dynamics, which hold for stepsizes all the way up to the stability
threshold of the discretization. To achieve such convergence rates, it was necessary to construct

stepsize dependent quadratic norms, as simply extending the norms available for the continuous
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analysis was not possible in many cases. We further show a robustness property of certain schemes
in the high friction limit. This robustness property is shown in Figure 2.2 for OBABO, BAOAB and
rOABAO, where the convergence rate does not decrease like O(1/v) like the other schemes. To
support this we provide asymptotic bias estimates which remain accurate in the high friction limit for
the BAOAB scheme by introducing modified stochastic dynamics which preserve the invariant measure
and exhibit this robustness property. This can be combined with the convergence rate estimates to

provide non-asymptotic guarantees.

In Chapter 3 (see [40]) we introduced the “UBUBU" algorithm, an alternative to Metropolis-Hastings
accept-reject. It is an unbiased method for estimating Bayesian posterior means based on a high
strong order numerical integrator for kinetic Langevin dynamics, which only requires one gradient
evaluation per step. Our approach avoids Metropolis correction by coupling different discretization
levels in a multilevel Monte Carlo approach and consequently removing bias [77] and making use of
the theoretical results achieved in Chapter 2. We provide theoretical analysis to demonstrate in the
setting, where the target measure is log-concave and under appropriate regularity assumptions on
the potential, that it can achieve accuracy € > 0 for estimating expectations of Lipschitz functions
in d dimensions with O(d'/*¢~2) expected gradient evaluations. This is state-of-the-art in terms of
dimension dependence, as we do not assume a warm start. We successfully use this method to remove
stochastic gradient bias within subsampling methods and remove bias within approximate gradient
methods. We show that the computational complexity scales independently of the dataset size Np,

which is a significant improvement over O(Np) in the full gradient setting, whilst being unbiased.

We test this method on real-world data for classification of the MNIST dataset and predicting premier
league football scores. In these applications, we did not observe any dimension dependence and
theoretically, we show dimension-independent bounds for sampling from product distributions. In our
numerical experiments, we observe a major improvement of our method over the state-of-the-art
Metropolis-Hastings-based methods with computational savings of the order of O(10?). Figure 3.4
illustrates the complexity scaling for an independent sample of our method compared to randomized
Hamiltonian Monte Carlo, the state-of-the-art method in terms of dimension dependence for Gaussian

targets.

Contribution by the author of the thesis

The work in Chapter 2 was a collaboration with my supervisors Prof. Benedict Leimkuhler and Dr.
Daniel Paulin. This project arose from trying to improve convergence bounds for unadjusted integrators
within the context of unbiased estimation. The majority of the work in this chapter was conducted
solely by me. However, Daniel performed the numerical experiments for the Bayesian logistic regression
problem and Daniel came up with the idea to use an interpolation argument to improve the BAOAB

bias bounds.
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The work in Chapter 3 was a collaboration with my supervisors Dr. Neil Chada, Prof. Benedict
Leimkuhler and Dr. Daniel Paulin. The original idea for the project was proposed by Daniel. My
contributions were to suggest the use of the UBU integrator and provide the majority of the theoretical
results in the Appendix, more specifically | contributed significantly to the results of Appendices C, D,
E, F, G and H building the key Theorems in the main text. My theoretical insights from these results
also led to improvements of the algorithm in the inexact and stochastic gradient setting to achieve

complexity bounds which are independent of the size of the dataset.



Chapter 2

Wasserstein convergence and bias
estimates of discretized kinetic

Langevin dynamics

2.1 Introduction

In this chapter, based on [105] and [103] we focus our attention to proving convergence rates of
numerical methods for kinetic Langevin sampling in Wasserstein distance (see [155]). We use coupling
methods to establish these convergence rates (see [81]), more specifically synchronous coupling as in
[47, 55, 80, 115, 140]. Proving contraction of a coupling has been a popular method for establishing
convergence both in the continuous time setting and for the discretization for Langevin dynamics and
Hamiltonian Monte Carlo ([22-24, 26, 57, 70, 131, 141]), since a consequence of such a contraction
is convergence in Wasserstein distance (viewed as the infimum over all possible couplings with respect
to some norm). The numerical methods we consider are the Euler-Maruyama discretisation (EM),
splitting methods based on B,A and O splitting including BAOAB and OBABO [35, 98], the Brunger-
Brooks Karplus discretisation (BBK) [34], the stochastic position and velocity Verlet (SPV, SVV)
[111], a randomized method based on the Hamiltonian integrator of [26] (rOABAQ) and the stochastic
Euler scheme (SES/EB) [42, 71, 149].

When considering MCMC methods the performance of a sampling scheme is often assessed by
measuring the number of steps needed to achieve a certain level of accuracy in the Wasserstein
distance metric. By combining the results of this chapter with estimates of the stepsize-dependent
bias of the numerical methods, it is possible to develop such non-asymptotic bounds in Wasserstein
distance which can ultimately provide insight into the computational complexity, convergence rate,
and accuracy of the sampling scheme. Bias estimates of some relevant numerical methods have been
treated in [80, 115, 140]. Where available, bias analysis can be combined with our contraction results
to provide non-asymptotic guarantees. In this chapter, we also provide new asymptotic bias estimates
for a scheme (BAOAB) which remain finite in the high-friction limit, by comparing the scheme to
an alternative scheme which exactly preserves the invariant measure. This scheme switches between
exact Hamiltonian dynamics and Ornstein—Uhlenbeck process steps and we believe this technique can

be extended to other integrators of this type.

18
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Moreover, we discuss the use of stochastic gradients and how these proofs can be extended to that
setting, which is particularly important in the context of machine learning. We demonstrate our
results on an anisotropic Gaussian as well as a Bayesian logistic regression problem involving the
MNIST dataset. We verify the convergence results for the anisotropic Gaussian example, by computing

spectral gaps for the numerical methods.

It is also important to note that bias analysis of kinetic Langevin dynamics in the stochastic gradient
setting has been considered in [143][Proposition 4] using the techniques of [1, 160]. Assuming smooth
test functions that are compactly supported, they achieve order one bias estimates in the stepsize for
the stochastic gradient OABAO scheme. This aligns with what is observed in practice. It remains an
open problem to achieve order one in stepsize (for both overdamped Langevin and kinetic Langevin

dynamics) in Wasserstein distance, where bias estimates of order 1/2 have been shown in [43, 53, 80].

Algorithm stepsize restriction | one-step contraction rate

EM O(1/7) O(mh/v)

BAO,OBA,AOB | O((1 —n?)/vVM) O(mh?/(1 —n?))
OAB, ABO, BOA O(1/7) O(n*mh?/(1 —n?))

BBK O(1/7) O(mh/)

SPV O(1/7) O(mh/~)

SVV o(1/7) O(mh/~)
BAOAB | O((1—®)/VM) |  O(mh?/(1-n?)
OBABO O((1=n*)/VM) | O(mh?/(1~n?)) [80]
rOABAO O((1 —n?)/VM) O(mh?/(1 —n?))
SES/EB O(1/~) [140] O(mh/v) [55, 140]

Table 2.1: The table provides our stepsize restrictions and optimal contraction rates of the discretized
kinetic Langevin dynamics with stepsize h for an m-convex, M-V Lipschitz potential and previous
results of [105] and other recent work for further integrators for comparison. We define 1 = e=7"/2,

There have been other recent work aimed at providing convergence rates for kinetic Langevin dynamics
under explicit restrictions on the parameters ([47, 55, 80, 115]), but these guarantees are valid only
with sharp restrictions on stepsize. There has also been the work of [140] which considers a slightly
different version of the SDE (1.3.7), where time is rescaled depending on the smallest and largest
eigenvalues of the Hessian to optimize contraction rates and bias. We have included their results in
Table 2.1 after converting them into our framework using [55, Lemma 1]. The results of [140] rely
on a stepsize restriction of O(1/7), but their analysis does not provide the stepsize threshold [140,
Example 9], and the class of schemes considered is different, with only the stochastic Euler scheme
in common. Further, the techniques they use to quantify the asymptotic bias are not appropriate for
many of the schemes considered in this chapter, as they are designed for high strong-order numerical
integrators. For example, the BAOAB scheme is only strong order one but has asymptotic bias of order
two, which cannot be estimated by their approach. Other works on contraction of kinetic Langevin
and its discretization include [54, 73, 167].
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In the current chapter, we apply direct convergence analysis to various popular integration methods and
provide a general framework for establishing convergence rates of kinetic Langevin dynamics with tight
explicit stepsize restrictions of O (1/7) or O(1/v/M) (depending on the scheme). As a consequence,
we improve the contraction rates significantly for many of the available algorithms (see Table 2.1).
For a specific class of schemes, we establish explicit bounds on the convergence rate for stepsizes of
O(1/v/M). In the limit of large friction, we distinguish two types of integrators — those that converge
to overdamped dynamics (“y-limit-convergent”) and those that do not. We demonstrate with examples
that this property is not universal: some seemingly reasonable methods have the property that the
convergence rate falls to zero in the v — oo limit. This is verified numerically and analytically for
an anisotropic Gaussian target. Further, our novel asymptotic bias estimates for the BAOAB scheme

demonstrate accuracy in the high-friction limit.

Further, we generalize the contraction rates for all schemes in Table 2.1 to appropriate versions of
these schemes using stochastic dynamics (see Table 2.3 for a summary of results). We allow for
a flexible choice of unbiased gradient estimators (i.e they do not necessarily have to be based on
subsampling) and control errors via expected variability in the Jacobian of the stochastic gradient
versus the Hessian of the true potential. It turns out that for all schemes, there is some reduction
in convergence rate as the gradient noise increases (we observed this in our numerical experiments
when using sub-sampling with very small batch sizes). Nevertheless, for a fixed level of gradient noise,
the relative reduction in the contraction rate due to stochastic gradients becomes negligible as the

stepsize decreases.

The remainder of this chapter is structured as follows. We first introduce overdamped Langevin
dynamics, the Euler-Maruyama (EM) and the high-friction limit of BAOAB (LM) and discuss their
convergence guarantees. Next, we introduce kinetic Langevin dynamics and describe various popular
discretizations, and give our results on convergence guarantees with mild stepsize assumptions. These
schemes include first and second-order splittings and the stochastic Euler scheme (SES). Further,
we compare the results of overdamped Langevin and kinetic Langevin and show how schemes like
BAOAB, OBABO, rOABAO exhibit the positive qualities of both cases with the “~-limit convergent”
property, whereas schemes like EM, SES, BBK, SPV and SVV do not perform well for a large range
of ~. Finally, we give asymptotic bias estimates for the BAOAB scheme which support the “y-limit

convergent” property.

2.2 Assumptions and definitions

2.2.1 Assumptions on U

We will make the following assumptions on the potential U : R¢ — R.

Assumption 2.2.1 (M-VLipschitz). U is twice continuously differentiable and there exists a M > 0
such that for all X,Y € R¢

VU (X)-VU (V) <M|X -Y]|.
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Assumption 2.2.2 (m-convexity). U is continuously differentiable and there exists a m > 0 such
that for all X,Y € R¢

(VUX)=VU(Y),X -Y)>m|X —Y|?.
Assumption 2.2.3 (M;-Hessian Lipschitz). U is three times continuously differentiable and there
exists a My > 0 such that for all X,Y € R?

|V?U (X) = VU (V)| < My |X - Y.

The first two assumptions are popular conditions used to obtain explicit convergence rates, see [52, 55]
for example. It is worth mentioning that these assumptions can also produce explicit convergence rates
for gradient descent [32]. The final assumption is only used for proving higher order asymptotic bias

estimates in Section 2.7.

2.2.2 Modified Euclidean norms

For kinetic Langevin dynamics, it is not possible to prove convergence with respect to the standard
Euclidean norm due to the fact that the generator is hypoelliptic. We therefore work with a modified

Euclidean norm as in [115]. For z = (x,v) € R2? we introduce the weighted Euclidean norm
2 2 2
lzllap = lll]” + 20 (2, v) + alv][*,

for a,b > 0, which is equivalent to the Euclidean norm on R?¢ as long as b? < a. Under the condition
b? < a/4, we have

L2 2 32
Sllzllao = ll=llap < Sll=lGo-

2.2.3 Wasserstein distance

We define P, (RM) to be the set of probability measures which have finite p-th moment, then for
p € [0,00) we define the p-Wasserstein distance on this space. Let p and v be two probability
measures. We define the p-Wasserstein distance between 1 and v with respect to the norm || - ||4
(introduced in Section 2.2.2) to be

1/p
Woas o) = (_int [l =l (o))
R

§€T (v,p)

where T' (i, v) is the set of measures with marginals 1 and v (the set of all couplings between p and
v).

It is well known that the existence of couplings with a contractive property implies convergence in
Wasserstein distance, which can be interpreted as the infimum over all such couplings. The simplest
such coupling is the synchronous coupling, which considers simulations with common noise. If one can
show contraction of two simulations that share noise increments with an explicit contraction rate, then
one has convergence in Wasserstein distance at the same rate. Given all the constants and conditions
derived for contraction in all schemes, we have convergence in Wasserstein distance by the following

proposition:
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Proposition 2.2.4. Assume a numerical scheme for kinetic Langevin dynamics with a m-strongly
convex M-V Lipschitz potential U and transition kernel Py. Let (xy,v,) and (Z,,0,) be two syn-

chronously coupled chains of the numerical scheme that have the contraction property

(@0 = Zn,vn — )l < C(L = (h))"||(z0 — Zo,v0 — B0)I[7 4, (2.2.1)

for v* > C,M and h < Cj, (7, \/M) for some a,b > 0 such that b> < a/4. Then we have that for
all 72 > C,M, h < C), (7, \/M>, 1< p<ooandall i,v € Py(R2), and all n € N,

1
W2 (vBp, uPy) < 3C max { } (1= ()" W2 (v, ).

Further to this, P, has a unique invariant measure which depends on the stepsize, my,, where T, €
Pp(R) for all 1 < p < oo.

Proof. The proof is given in [115, Corollary 20], which relies on [159, Corollary 5.22, Theorem 6.18].
O

The focus of this chapter is to prove contractions of the form (2.2.1), and hence to achieve Wasser-
stein convergence rates by Proposition 2.2.4. With convergence to the invariant measure of the
discretizations of kinetic Langevin dynamics considered here it will be possible to combine our results
with estimates of the bias of each scheme as in [55], [115], [140] and [47] to obtain non-asymptotic
estimates. However, with the bias bounds provided in Section 2.7 we provide non-asymptotic estimates
for BAOAB.

2.3 Overdamped Langevin discretizations and contraction

We first consider two discretizations of the SDE (1.2.4), namely the Euler-Maruyama discretization
and the high-friction limit of the popular kinetic Langevin dynamics scheme BAOAB [98]. The simplest
discretization of overdamped Langevin dynamics is using the Euler-Maruyama (EM) method which is
defined by the update rule

Tnp1 = Tn — hVU (2,) + V2h&En i1, (2.3.2)

where (&,)nen are independent d-dimensional standard Gaussian random variables, that is &, ~
N (04, 1) for all n € N, where 1, is the d-dimensional identity matrix. This scheme is combined with
Metropolization in the popular MALA algorithm.

An alternative method is the BAOAB limit method of Leimkuhler and Matthews (LM)([98], [102])
which is defined by the update rule

Tpt1 = Tp — hVU (zy) + \/ﬂ% (2.3.3)

The advantage of this method is that it gains a weak order of accuracy asymptotically.
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2.3.1 Convergence guarantees

The convergence guarantees of overdamped Langevin dynamics and its discretizations have been
extensively studied under the assumptions presented (see [46, 51, 52, 64-66, 69]). We use synchronous

coupling as a proof strategy to obtain convergence rates as in [52]. We first consider two chains x,,

and y,, with shared noise such that
Tn4+1 = Tpn — hVU(CCn) + v 2h€n+1a Yn+1 = Yn — hVU(yn) + v 2h€n+l-

Then we have that

|Zn1 = Yngall* = l[2n — yn + h(=VU (20) — (=VU (y))||*
= |z — ynl? = 20(VU (20) = VU (yn), Tn — yn) + B*||VU (24) — VU (yn)||?
= Hajn - ynH2 - 2h<1’n — Yn, Q(xn - yn)> + h2<$n — Yn, QQ(wn - yn)>a

where @ = ftlzo V2U (2, + t(yn — x,))dt. Q has eigenvalues which are bounded between m and M,
so Q> = M@, and hence

h2<$n — Yn, QQ(*TTL - yn)> S h2M<xn — Yn, Q(xn - yn)>

Therefore ||z 41—Yn+1]|? < ||2n—ynl|*(1—hm(2—hM)), assuming that h < 2 we have contraction
and
[l = ynll < (1= hm(2 = RM))"?||z0 = yol |- (2.3.4)

A consequence of this contraction result is that we have convergence in Wasserstein distance to the
invariant measure with rate hm (2 — hM), under the imposed assumptions on h (as discussed in
Section 2.2.3)[115, 159].

This argument is similar to the LM discretization (2.3.3) of overdamped Langevin dynamics. Note
that (z,,)n>0 by itself does not define a Markov chain for this discretization, but by extending the
state space to include the noise, (2, &, )n>0 does. For two initial points (zo,&o) and (yo, &), by using

shared noise &, = ¢/, for n > 1, it follows by the same argument that
lln = ynl| < (1= hm(2 = hM))" 2|21 — ], (2.3.5)

for n > 2, since two processes have shared noise after n = 0.

The stepsize assumption for convergence of overdamped Langevin dynamics in this setting is weak
and is the same assumption as is needed to guarantee convergence of gradient descent in optimization
[32].
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2.4 Kinetic Langevin dynamics

We now consider several discretization methods for the SDE (1.3.7). The aim is to construct an
alternative Euclidean norm in which we can prove contraction (it is not possible to prove contraction
in the standard Euclidean norm). Essentially, we convert the problem of proving contraction to the
problem of showing that certain matrices are positive definite. First, in Section 2.4.1 we introduce
the discretization methods we consider; then in Section 2.4.2 we provide a framework for proving
contraction for these discretizations, and in Section 2.4.3 we detail the contraction results for each of
the schemes.

2.4.1 Discretization schemes

We will consider several popular numerical integrators for kinetic Langevin dynamics, arising in the
literatures of molecular dynamics and machine learning. The numerical methods are generally defined
by (z,vr) € RY x R? for k € N with initial conditions (g, v9) € R? x R? and given noise sequences.

Choices for the algorithm include:

o the Euler-Maruyama discretization (EM)

° splitting methods based on breaking the dynamics into parts which can be solved analytically
(in the weak sense) [35, 98, 101]

. the stochastic Euler scheme (SES/EB) (see [42, 71, 149]), which is popular in the machine
learning literature (see [47, 55, 140]) and is based on keeping the force constant and integrating
exactly over the interval

° the Brunger-Brooks Karplus (BBK) scheme which uses a leapfrog-like approach to propagate
position and velocity components, combined with implicit and explicit Euler steps in velocity
[34, 72]

° the stochastic position and velocity Verlet schemes (SPV,SVV) based on integrating the force
and the OU process together in a splitting scheme introduced in [111]

o a new randomized midpoint method based on a Hamiltonian integrator from [26]

We recommend [63] and [72] for an introduction to many of these schemes. We next describe these

algorithms by giving their respective update rules.

The Euler-Maruyama method

First, we consider the simplest discretization, the Euler-Maruyama method. For the initial condition
(zg,v0) € R??, the iterates (,,, vy, &n) for n € N are defined by:

Tpyl = Tp+ hop, (2.4.6)
Uni1 = U — hVU(2n) — hyon + /207611, (2.4.7)

where (&,)nen are independent A(0, I;) draws.
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Splitting Methods

More advanced integrators than Euler-Maruyama can be constructed based on splitting. These rely
on an additive decomposition of the SDE into various terms which can be easily (often exactly)
integrated. A useful class of schemes relies on the exact integration of linear positional drift, impulse
due to the force and a dissipative-stochastic term corresponding to an Ornstein-Uhlenbeck equation
[35]. The solution maps corresponding to these parts may be denoted by 5, A, and O with update

rules given by

B — (z,v — hVU(x)),
A (z,v) = (z+ ho,v), (2.4.8)
@) —

=

where & ~ N(04, 1) and
1= exp (—vh/2).

The infinitesimal generator of the SDE dynamics (1.3.7) can be split as £ = L4+ L + vLo, where
Lg=(v,Vy), L =—(VU (x),V,), Lo=—{(v,Vy)+ Ay, (2.4.9)

where £ 4 and Lp are the deterministic dynamics related to the both A and B3, while the dynamics of
vLo corresponds to the dynamics of an Ornstein-Uhlenbeck process. The idea of splitting schemes
is that we compose the maps A, B and O as functions in some way. Each of the deterministic terms
can be solved analytically, whereas exp(hL) is realized by a weakly exact process. There are several
possible options for the ordering of the different parts which are denoted by different strings. For
example, the scheme ABO would apply, in sequence, the A, B and O propagators. Other alternative
options include BAO, BOA, AOB, OAB, and OBA. Such schemes are called first order because they

have a weak order of one.

Alternatively, we can go beyond first-order methods to attain higher weak orders than one by using
symmetric Strang splittings. These are defined by palindromic letter sequences such as ABOBA,
OBABO, etc. The interpretation of a string such as ABOBA is the following: we apply A for half a
timestep (drift), then B for half a timestep (kick), generate a stochastic path corresponding to the
Ornstein-Uhlenbeck equation in momentum, then follow with a half-step kick and finally a half-step
drift. Such symmetric schemes can typically be applied using only one new force evaluation at each
timestep (with the second force evaluation re-used at the start of the following step). Despite this,
the symmetry implies that they have second (weak) order of accuracy (see [98, 101]), meaning that
the bias in long run averages is O(h?) for stepsize h as h — 0. Thus they are efficient in providing
high accuracy at little additional cost compared to first-order methods. Moreover, as shown in [99], a

particular choice of splitting, namely the BAOAB method, has no bias at all for Gaussian targets.

We will use the notation ¥gaoaB(x, v, h) throughout to denote the one-step map of the BAOAB
discretization with initial conditions (z,v) € R?? and stepsize h > 0, and similarly for other discret-

izations.
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The stochastic exponential Euler method

See [63] for an introduction to the stochastic exponential Euler scheme and a derivation. This scheme
is based on keeping the force constant and analytically integrating the whole process over a time
interval. This scheme is the one considered in [47, 55] and has gained a lot of attention in the
machine learning community and we can apply our methods to this scheme. Similar schemes have
also been considered in [42, 71, 149] and it has been analyzed in [63, 147]. In the notation we have
used, it is defined by the updates

1—n? h+n*—1
Tptl = Tn + nvn_fy d

5 VU (2n) + Cnt 1,
7 (2.4.10)

2 1- 7]2
Un+1 =1 Up — vU (xn) + Wnt1,
where
h _ (h_ ) h 1 — efw(hfs)
Cosl = \/27/ e AW, o) wpay = \/27/ Wi (2.4.11)
0 0

(CnyWn)pen are i.i.d Gaussian random vectors with covariances matrix ¥ ® I; with ¥ given by

IIEDY
="t 7%, (2.4.12)
Yo s
where
1 3—dn? +nt
21_(%— ”“7),
gl ¥
22:1(1_7,}2)2
’y )]
Ly =1-1",

as defined in [63]. We can couple two trajectories which have common noise ((,,wn ), <y to obtain

contraction rates by the previously introduced methods.

BBK

For initial conditions (z9,v9) € R2?, the iterations (z3,vy) € R?? for k € N of the BBK method of
[34] are defined by the update rule

Yh h? h3/2

Tpt1 =T + h(1 — ?>'Uk — ?VU(JCIC) + v/ Q’YTfla

mvk _ MM (VU(ex) + VU (i) + 5 v29h

B 2(1+7h/2)

(Ek+1 + &k),
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which can be rewritten as [72]

h
(B1)  whppp=unt g <—VU(~”%) — Yk + \/\/Qgﬁk> :

(A) Tht1 = Tk + hugyy /o,

h 2y
B = | = _ )
(Ba) Vk+1 = Up+1/2 t 5 ( VU(Zpy1) = YUky1 + Th §k+1>

This can be viewed as an explicit Euler step followed by a position update followed by an implicit
Euler step. We denote the explicit Euler step by B; and the implicit Euler step by By

Stochastic position and velocity Verlet

The stochastic position and velocity Verlet schemes are defined through an alternative splitting of
the dynamics based on keeping the B and O steps together in an exact integration. We define the
operators involved in the update rule by

2

/] VU (z) + /1=,

V(h):v—>7721)—1

A(h) 1z — z + ho,

where 7 = e=7"/2. Then the stochastic position Verlet is defined by A(h/2)V(h).A(h/2) and the
stochastic velocity Verlet is defined by V(h/2)A(h)V(h/2).

Randomized midpoint method

Other algorithms for kinetic Langevin dynamics include the randomized midpoint methods considered
in [146] and analyzed in [37], which have improved dimension dependence in non-asymptotic estimates.
However, they involve multiple gradient evaluations at each step and cannot be analyzed in our
framework; this problem has been discussed in [140]. For contractivity of algorithms involving several

gradient evaluations we refer the reader to [139].

In the recent paper [26] the authors consider such a method for Hamiltonian Monte Carlo, whose
discretization is closely related to the OBABO or OABAO discretization in the v — oo limit [80].
More precisely one could consider the following procedure.

Fix a stepsize h then sample u ~ [0, h] and compute

A:x — 2+ uv,
B:v—wv—hVU(x),
A:x— x4+ (h—u)v,

which is the following update

Tit+1 = T + hvg — h(h — w)VU (z) + uvy),
Vg+1 = v — hVU (zg + uvg),
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then only considering the randomness in the gradient evaluation we arrive at the Verlet scheme
considered in [26]. We define rABA to be the update

h2
Tpt1 = Tk + hvg — ?VU(CCIC + uwg),

Vi+1 = Vg — hVU(Z’k + uvk),

where u ~ U(0, h) as introduced in [26]. The key difference being that the gradient is evaluated at
a random midpoint in the interval of numerical integration. We define the kinetic Langevin dynamics
integrator rOABAO to be O (rABA) O.

We remark that we can achieve contraction rates by coupling two trajectories which have common
noise (in Brownian increment and randomized midpoint) ((x, ),y With the previously introduced

methods. The convergence rates will be established in Section A.1.

2.4.2 Proof strategy

To prove contraction and Wasserstein convergence of the kinetic Langevin integrators we will consider
a modified Euclidean norm as defined in Section 2.2.2 for some choice of @ and b. We aim to construct
an equivalent Euclidean norm such that contraction occurs for two Markov chains simulated by the
same discretization scheme z, = (z,,,v,) € R?*? and %, = (&,,7,) € R?? that are synchronously

coupled. That is, for some choice of @ and b such that a,b > 0 and b? < a/4
Zs1 = zas1l2 < (L= ¢ () 120 — a2 (2.4.13)

where a and b are chosen to provide reasonable explicit assumptions on the stepsize h and friction
parameter . Our initial choices of a and b for simple schemes are motivated by [115], and are derived
by considering contraction of the continuous dynamics. Let Z; = Z; — z; for j € N, then (2.4.13) is

equivalent to showing that

I; bl
zZ (1 —c(h))G — PTGP)z, >0, where G=[ "% "], (2.4.14)
bly aly

and Z,4+1 = Pz, (P depends on z, and Z,, but we omit this in the notation).

Example 2.4.1. As an example, we have for the Euler-Maruyama method the update rule for Z,,
Tpy1 = Tp + hﬁrm Up+1 = Un — 'Vh@n - thna

where by the mean value theorem we can define QQ = ftlzo V2U (Zp + t(zy — Tn))dt, then VU (Z,,) —
VU(x,) = QT. One can show that in the notation of equation (2.4.14) we have

pP= < Ia hla ) . (2.4.15)
~hQ (1 -h) I
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Proving contraction for a general scheme is equivalent to showing that the matrix # := (1 — ¢(h)) G—

PTGP = 0 is positive definite. The matrix H is symmetric and hence of the form

(s )
H= : (2.4.16)
B C

we can show that H is positive definite by applying the following Proposition 2.4.2.

Proposition 2.4.2. Let H be a symmetric matrix of the form (2.4.16), then H is positive definite if
and only if A= 0 and C — BA™'B = 0. Further if A, B and C commute then H is positive definite
if and only if A= 0 and AC — B? = 0.

Remark 2.4.3. If A, C commute and are symmetric (which is true when H is symmetric), then
AC = CA is symmetric.

Proof. The proof of the first result is given in [84]. To establish the second statement, observe from
[83] that if two matrices are positive definite and they commute then the product is positive definite.
Also if A= 0 then A~ = 0 (as A is symmetric positive definite). Further A, B and C' commute and
hence B, C and A~!' commute. Therefore by applying the first result, we have that A > 0 and

A" (AC-B*)=C-BA'B >0,

hence H is positive definite. If H is positive definite then A = 0 and C — BA™'B > 0 by the first
result. Thus as A, B and C' commute we have AC — B? > 0. ]

Remark 2.4.4. An equivalent condition for a symmetric matrix H of the form (2.4.16) to be positive
definite is C' = 0 and AC — B?> = 0 when A, B and C commute. One could equivalently prove that
C > 0 instead of A 0 if it is more convenient.

Our general approach to prove contraction of kinetic Langevin dynamics schemes is to prove the
conditions of Proposition 2.4.2 are satisfied to establish contraction. We will use the notation laid out

in this section in the proofs given in the appendix.

2.4.3 Convergence results

We now detail contraction results of all the schemes introduced in Section 2.4.1. These results use

the proof strategy of Section 2.4.2.

Theorem 2.4.5. For the numerical schemes for kinetic Langevin dynamics given in Table 2.2 with
an m-strongly convex, M-V Lipschitz potential U we consider any sequence of synchronously coupled

random variables with initial conditions (xq,vo) € R?? and (&, 7y) € R4,

Under stepsize restrictions h < hg and ~ > ~yg for constants given in Table 2.2 we have the contraction
@k = Fx on = 58 [lap < C(1 = e(h)*?|| (@0 — Fo,v0 = T0)laps

with norm given with constants a = 1/M and b, where b, the contraction rate c(h), the preconstant

C and the number of steps s are given in Table 2.2 and are specific to each scheme.
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Algorithm ho o) b c(h) C s
BAO (1—n?)/vV6M implicit | A/(1—2%) | h2m/4(1—n?) | 1| k
OAB | min {1/47, (1- 772)/\/@} implicit | n?h/(1— %) | n?h®m/(1—n2) | 1| &k

EM 1/2y 2V M 1/~ mh/2vy 1| k
BBK 1/4y VI2M | h/2+1/y mh/4y 7Tl k—1
SPV 1/2y VIIM | h/(1—n?) mh/4y 7T k-1
SVV 1/2y VIIM | h/(1—n?) mh/4y 71 k-1
BAOAB (1—-n?)/2vM implicit | h/(1—n%) | h2m/4(1—n?) | 7| k-1
OBABO (1—n?)/4vM implicit | A/(1—=7%) | h2m/4(1—n?) | 7| k-1
rOABAO (1—-n?)/2vM implicit | A/(1—7%) | h2m/4(1—n?) | 7| k-1
SES/EB 1/2y 5vVM 1/v mh/4y 1| k

Table 2.2: Constants for contraction of each scheme. Implicit refers to the implicit assumption on
through the stepsize restriction hq, the value of ¥? must be greater than a certain constant multiple
of M. For example, the condition hg = (1 —n?)/a/M is satisfied when v > 2av/M and h < 1/(27)
and for b > 1/(27) we have hg > 1/(6avV/M).

Referring to Table 2.2 we have that the convergence rate c¢(h) is proportional to m/~ for small h,
which is shown to match the convergence rate of the continuous dynamics for large -y (see for example
[55]). We have that the convergence rate is hm/~ for all the schemes apart from BAOAB, OBABO
and rOABAO, which have convergence rates which are faster than the continuous dynamics for large
values of v and h. This is due to the fact that the O step is integrated exactly separately and one
can take the high friction limit. Since the O step also leaves the measure invariant the bias in these
types of schemes comes from the discretization error of the Hamiltonian integrator and hence retains
high order asymptotic bias [101]. However, these splitting schemes are only strong order 1 and this
can be seen particularly for large values of friction when the convergence rates are higher than for
the continuous dynamics. (It fails to approximate the continuous dynamics, but it is accurate in the

sampling context as illustrated by the BAOAB asymptotic bias bounds in Section 2.7).

Example 2.4.6. An example to illustrate the tightness of the restrictions on the stepsize h and the
restriction on the friction parameter . We consider the anisotropic Gaussian distribution on R? with
potential U : R? — R given by U(x,y) = %me + %MyQ. This potential satisfies Assumptions
2.2.1 and 2.2.2 with constants M and m respectively. By computing the eigenvalues of the transition
matrix P (for contraction) we can see for what values of h contraction occurs. For a Gaussian target,
stability and asymptotic convergence speed are completely determined by the eigenvalues of P (which
is constant). For EM we have that

P:< L2 hlz ),WhereQ:<m O),
—hQ (1—~h)Iy 0 M

with eigenvalues % (2 —vh + hy/~2 — 4/\>, for A\ = m, M. For stability and contraction, we require
that

Amax (=  max ‘; (2 — b+ hy/A2 — 4)\>‘ <1 (2.4.17)

Ae{m,M}
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By Gelfand’s formula, the asymptotic contraction rate exactly equals 1 — Amax. For v > 2v/M, all 4
eigenvalues are real, and this condition requires that h < 4/(y++/~2 — 4\) ~ 2/~. Up to a constant,
this is consistent with the stepsize restriction in our contraction rate results. Amax in this range of
vy equals 1 — Shry <1 —4/1- 47—’2”) so the best possible contraction rate is O(m/M) (for the choice

v =2V M), which is also consistent with our results.

For v € [2¢/m,2v/M), the absolute value of the eigenvalues are \/1 —vh + Mh?, and |2 — vh £
h/~% — 4m)|, where we need all of these to be less than 1. The first condition 1 — vh + Mh? < 1

requires that h < % The second condition %’2 — yh — hy/~2 — 4m‘ < 1 requires that h <
— A Using our assumption that 2v/m, 2v M 2 <4M,s0o —A >0 > 1
T Using p v € [2vm, 2V M), v < 4M, T 2 2 A
and the second condition holds whenever h < ﬁ The third condition is satisfied whenever the
second holds. Hence the stepsize restriction in this regime is ﬁ One can show that the best possible

convergence rate is still O(m/M).

Finally, when v < 2+/m, (2.4.17) becomes equivalent to /1 — vh + Mh? < 1 and \/1 — vh + mh? <

1, which results in the stepsize restriction h < ;. The best possible convergence rate in this regime
is still O(m/M).

Example 2.4.7. An example to illustrate the tightness of the restrictions on the stepsize h and the
restriction on the friction parameter . We consider the anisotropic Gaussian distribution on R? with
potential U : R? — R given by U(x,y) = %mﬁ + %Myg. By computing the eigenvalues of the
transition matrix P (for contraction) we can see for what values of h contraction occurs. For BAO

I —h?Q hI
p=|" @ > , where @) = m 0 ,
—h?Q n*l 0 M

with eigenva/ues% <1 +n?2 —hi\+ \/—4772 +(=1—n2+ h2)\)2> for \ = m, M, wheren = exp {—vh/2}.

we have that

For stability and contraction, it is necessary and sufficient that

1
Ao 1= (14 n? —R2N 4+ —4n2 4+ (=1 — 2 + h2)\)? 1.
o= s[5 (10—t s )| <

Due to the convexity of the absolute value function, it is clear that |5(1+n?—h?M)| < 1 is necessary

for the stability condition to hold, so for any value of v and m, we need that h < \/% Theorem
1

2.4.5 implies that the stepsize restriction h < I suffices for stability for any v > 5/ M. Further
when v > 5V M we have that the asymptotic contraction rate for this Gaussian target simplifies

tocy = 3 <1 —n? 4+ h®m — \/(1 — 2+ h2m)* — 4h2m> . It can be shown that 4c(h) > ¢y for

v > 5VM,h < ﬁ. It is shown in [116, Proposition 4] that for the continuous dynamics the

condition v > cv/ M for some constant ¢ > 0 is necessary to show contraction using a quadratic form
argument similar to ours.
Despite this fact, for Gaussian targets, faster convergence rates can be achieved for BAO in the low-

friction regime (v < 5V M ). In particular, when we set v = 2y/m, and use stepsize h = ﬁ with
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Jm

the notation p = NOTL the maximum norm becomes

Amax =

1
5 max (‘e_zp + Ve 4 — 46_29‘ ; )1 —p?P e+ \/(1 +e20 — p?)2 — 4@‘2/JD .

It is not difficult to show with symbolic computing that for this choice of v and h, for any 0 < p <1,

we have

3 3v/m
=1—Apax > =p= - —~——. 2.4.18

CN max = 5p 5 \/M ( )

This is an accelerated convergence rate that is faster than what we could prove for general strongly

convex and smooth potentials in Theorem 2.4.5.

Considering other splittings one could use the same techniques as above or we can use the con-
traction results of BAO and OAB to achieve a contraction result for the remaining permutations by
writing (ABO)" = AB(OAB)" 10, (BOA)" = B(OAB)"10A, (OBA)" = O(BAO)" 'BA, and
(AOB)" = AO(BAO)" 1 B. However, by applying direct arguments as done for OAB and BAO one
would achieve better preconstants. Let (Zo, ) € R?? and (g, v9) € R?? be two initial conditions for
a synchronous coupling of sample paths of the ABO splitting and Ty := Z¢ — xo, Do := Uy — vg. We
use the notation ¥apo to denote the one-step map of the ABO discretization with stepsize h > 0,

and equivalently for other operators (omitting the stepsize in the argument, which is & > 0 for all the

one-step maps considered). We have that for h < min {%, b;i]\;}

| (Zn, Bn) = (Tn, vn) |2 = || (¥aBO)" (Z0, o) — (¥aB0)" (20, v0) |12

= ||v0 © (YoaB)" " © ¥aB (0, 70) — Yo © (YoaB)" " © YaB (0, v0) |2
<3(1—c(h)" " |[¥aB (Zo,B0) — YaB (z0,v0) |24

<9(1—c(h)" " (1420 M?a) |[To|]* + (h* + a + 2" M?a) ||To|?)
<27 (1 —c(h)" ™ || (T0,v0) |12 5

where we have used the norm equivalence introduced in Section 2.2.2. The same method of argument

can be used for the other first-order splittings.

2.5 Overdamped limit

We will now compare and analyze how the different schemes behave in the high-friction limit, where
we first start with the first-order schemes. It is a desirable property that the high-friction limit is
a discretization of the overdamped dynamics, therefore if a user of such a scheme sets the friction
parameter 7 large, they will not suffer from the O(1/7) scaling of the convergence rate. We will call
schemes with this desirable property ~-limit convergent (GLC), out of the schemes we have analysed
it is only BAOAB and OBABO which are GLC.
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BAO

If we consider the update rule of the BAO scheme
Tpt1 = Tp + h (v, — RVU(zy)), Uny1 = n*v, — thVU(mn) + M{nﬂ,
and take the limit as v — oo we obtain
Tni1 = Tn — W*VU (z0) + hép,

which is simply the Euler-Maruyama scheme with stepsize h?/2 for potential U := 2U, which
imposes stepsize restrictions which are consistent with our analysis. Further, if we take the limit

of the contraction rate and the modified Euclidean norm we have

2
lim () = 2"

~y—00 4’

. 1
lim ||z|* + 2b(z, v) + a|[v]|* = ||z]|* + 2h{z, v) + —|[v]?,
~y—00 M

which is again consistent with the convergence rates achieved in Section 2.3.1 and the norm is
essentially the Euclidean norm when considered on the overdamped process as v = 0. Due to the
fact that the potential is rescaled in the limit, this is not a discretization of the correct overdamped

dynamics.

OAB

If we consider the update rule of the OAB scheme

Tpyl = Tp + h772vn +h V 1- 774571-1—17
Vps1 = Mo/ 1 — 13ni1 — MV U (20 + b, + ha/1 — 1260 11),
and take the limit as v — oo we obtain the update rule x,,+1 = =, +h&,+1, therefore the overdamped

limit is not inherited by the scheme and further we do not expect contraction. This is consistent with

our analysis of OAB and our contraction rate which vanishes in the high-friction limit.

BAOAB

If we consider the update rule of the BAOAB scheme
h 9 h? 9 h 1
1‘n+1:$n+§(1+77 )Un_z(l'f‘n )VU(xn)+§\/1_n En+1,
h h
Vpy1 = 1° (vn — 2VU(:1:n)> +vV1=n*41 — §VU(xn+1),

and take the limit as v — co we obtain

h2 h
Tptl = Tp — ?VU(%) + 5 (&n +&nv1),
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which is simply the LM scheme with stepsize h%/2 (as originally noted in [98]), which imposes stepsize
restrictions h? < 2/M and hence consistent with our analysis. Further, if we take the limit of the
contraction rate and the modified Euclidean norm we have

h?
lim c(h) = Lm

, lim
~y—00 4 ~y—+00

1
[l + 26w, v) + al[v][* = [|2]|* + 2héw, v) + L llo]l%,

which is again consistent with the convergence rates achieved in Section 2.3.1 and the modified
Euclidean norm is essentially the Euclidean norm when considered on the overdamped process as
v =0.

OBABO

If we consider the update rule of the OBABO scheme

h2
Tpt1 = T + vy + hy/1 — 0281 g1 — ?VU(xn),

h h
Un+1 =1 (777} + v 1— 77251,n+1 - §VU(xn) - QVU(xn—‘rl)) + v 1- 77252,n+17

where (n = exp (—vh/2)) and for ease of notation in the above scheme and we have labelled the two
noises of one step &1 and &. Now we take the limit as v — oo we obtain

h2
Ln+l = Tn — ?VU("LVJ + hén+1,

which is the Euler-Maruyama scheme for overdamped Langevin with stepsize h2/2, which has conver-
gence rate O (th). Hence consistent with our analysis of OBABO and our contraction rate which
tends towards h?m /4 in the high-friction limit.

SES

If we consider the limit as 7 — oo of the scheme (2.4.10) we obtain the update rule x,11 = x,
and therefore the overdamped limit is not inherited by the scheme and further we do not expect
contraction. Hence consistent with our analysis of the stochastic Euler scheme as the contraction rate

tends to zero in the high-friction limit.

BBK Integrator

Taking the limit as v — oo and by considering two consecutive iterations (vy11 = —vj in this limit)
one arrives at the following update rule

h2 \/ﬂh3/2

Th42 = Tk — (VU (zgy1) + VU (7x)) + 2 (& + &rv1)

and hence the method is not GLC as this does not converge to overdamped dynamics as the stepsize

is taken to zero.
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Stochastic position Verlet and stochastic velocity Verlet

If one takes the limit as v — oo for the stochastic position and velocity Verlet then we get the

operators

V(h):v—E,
A(h) : x — z + ho,

hence these schemes do not converge to the overdamped dynamics as one takes the stepsize to zero.

rOABAO

The rOABAO scheme is GLC and, interestingly, by taking the high friction limit one arrives at the

scheme )

h
Tkl = Tk — ?VU(xk + u{k) + hég,
where u ~ U(0, h), which has the correct invariant measure and is a randomized midpoint version of

the Euler-Maruyama scheme for overdamped Langevin dynamics and the one-step HMC scheme of
[26].

2.6 Stochastic gradients

An analysis of convergence rates of the discretizations with stochastic gradients is performed in [80].

Definition 2.6.1. A stochastic gradient approximation of a potential U is defined by a function
G :R?x Q — R? and a probability distribution p on a Polish space Q, satisfying that G is measurable
on (Q, F), and that for every x € R?, for W ~ p,

E(G(z, W)) = VU(x).

The function G and the distribution p together define the stochastic gradient, which we denote as
(G.p).

The numerical schemes considered in this chapter are roughly one gradient evaluation per sample,
roughly meaning when negating the extra gradient evaluations at the head and tail of the simulation
of the algorithm (for the first and last sample). This is done by using the same gradient evaluation in
consecutive velocity updates when the position has not been updated, for an increase in computational
efficiency. We treat this case when it also comes to stochastic gradients to improve computational
efficiency, for example in the BAOAB scheme the last B and first B of each iteration will share an
estimate of the force (using the same stochastic gradient evaluation). For clarity, a stochastic gradient

version of each algorithm is provided in Appendix A.3.

In our convergence rate estimates, we impose the assumption that the variance of the Jacobian of

the stochastic gradient is bounded.
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Assumption 2.6.2. We assume that the Jacobian of the stochastic gradient G, D,G(x, W) exists
and it is measurable on (Q, F). We also assume there exists C > 0 such that for W ~ p,

sup E||D,G(x, W) — VU (z)[]* < Cg.
zERC

Our results extend to the stochastic gradient setting by including a coupling in the mini-batches or
the stochastic gradients in the same way as OABAO in [80]. Further, the results for the other schemes
in this chapter are generalized to the case of stochastic gradients when the same stochastic gradient
is chosen as in Appendix A.3 for each algorithm. In this way, there is still one gradient evaluation per

step.

We remark that these assumptions hold when G is of the form G(z, W) = > .y, VU;(z), where
W € Q C [Np]™, Ny is the batch size, and (Ui)ie|np) are strongly convex and gradient-Lipschitz,
this is the setting of minibatching in many Bayesian learning problems. The contraction results of
Theorem 2.4.5 are extended to the stochastic gradient setting in Theorem 2.6.3. We remark that
our assumptions are more flexible than the assumptions imposed in [80], where they assume that the

stochastic gradient is universally gradient Lipschitz and strongly convex over the entire state space
Q.

Theorem 2.6.3. Consider the numerical schemes for stochastic gradient kinetic Langevin dynamics
given in Appendix A.3 and Table 2.3, where the potential U is m-strongly convex and M-V Lipschitz.
Assume a stochastic gradient approximation defined by (G, p) (see Definition 2.6.1) satisfying Assump-
tion 2.6.2 with constant C¢. We consider any sequence of synchronously coupled random variables (in

Brownian increment and stochastic gradient) with initial conditions (¢, vg) € R?*? and (&, 7p) € R??.

Algorithm c(h) C(h)
EM mh/2y — 2h*Cq/M 1
BBK mh /4y — 4h*Cq /M 7+ 3h2Cq/M
SPV mh/dy — 4h?Cq /M 7+ 12h2Cq/M
SVV mh /4y — 4h*Cq /M 7+ 6h*Cq/M
BAOAB | h2m/4(1 — n?) — 5h2Cq (n*/M + $h?) | 7+ 3h2Cq/M
OBABO h*m/4(1 — n?) — 4h2Ce /M 8+ 3h2Cq/M
rOABAO | h?m/4(1 — n?) — 5h2Cq (n*/M + 3h?) | 8+ 8h*Ce/M
SES/EB mh/4y — 4h*Cq /M 1

Table 2.3: Contraction rates c¢(h) and preconstants C'(h) in (2.6.19).

Under stepsize restrictions h < hg and v > =g, where hg and ~y are given in Table 2.2, and given

initial conditions (xo,vo) € R* and (&g, 0p) € R?? we have the expected contraction
- - 1/2 s - -
(Bl (e — o vr — 30)125) " < CU(L = e(1))2]| (20 — Fo,v0 — T0)llas (26.19)

with norm given with constants a = 1/M and b, where the contraction rate c(h) and the preconstant
C'(h) are given in Table 2.3 and b and the number of steps s are given in Table 2.2 with all parameters

specific to each scheme.
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Remark 2.6.4. Compared to Theorem 2.4.5 with deterministic gradients, Theorem 2.6.3 demonstrates
expected contraction, because the randomness from the stochastic gradients can be integrated out.
This allows us to make Assumption 2.6.2 less restrictive than it would need to be otherwise. Rather

than deterministic contraction we have contraction in expectation.

Remark 2.6.5. Our analysis suggests a reduction in the convergence rate for large gradient noises,
which we have observed in numerical experiments when using sub-sampling and very small batches.
For large gradient noise C; and stepsize h it is possible that these bounds become vacuous and the

loss of convergence was also confirmed in our experiments.

Remark 2.6.6. The implementation of the BAOAB algorithm and other algorithms considered in
Section A.3 is non-Markovian, because the last B step of each iteration and the first B step of the
next iteration share the same stochastic gradient sample. This is not an issue in our convergence rate
framework as we consider convergence of a different operator, which is Markovian, for example ABAO
for BAOAB, which does not share stochastic gradients with consecutive iterations. We simplify the
problem into proving convergence of an operator which only has a single gradient evaluation and

hence is Markovian in the stochastic gradient setting.

Proof of Theorem 2.6.3. For stochastic gradients, we synchronously couple Brownian increments as
well as the stochastic gradients. We wish to instead consider expected contraction of the update
rule we used to prove contraction in the full gradient setting, i.e. for synchronously coupled (in
stochastic gradient and Brownian increment) iterates (z;,;), (Z;,7;) € R?? for I € N and (7, 7)) =
(Z1,7;) — (x1,v;) and for k € N

E||(@ks1, Ors )]z < (1= c()) @, T0) 12,5

then we have
E (zf PTMPz;) < (1 —c(h)) z, Mz,

Now if Q is defined through the mean value theorem of D,G (the Jacobian of G) and is a random
variable in W, such that E(Q) = @, then PTMP is of the form

where Py, P, and P3 are quadratics in @ of the form

0+ a1Q + a20Q?,
Py(Q) = by + b1Q + b2Q?,
Pg(@) =c¢o+ c1Q + Q2.

o
3
Il
=)

Then we have
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in combination with the Theorem 2.4.5 result we have that

o
EWHMMM@SU—WMM%WMMHgGﬁ@ Q) @MQém)%

hEQ - Q) E@Q - Q)
= (1= c(h) (@, vr) 2y + 2 R(Q) 2k,

where we use the notation

~ [aE(Q - Q) hE(Q - Q)
R@”‘<me—QF QMQ—QV>’

Then we will bound the remainder term zTR(Q)z separately for each scheme and we refer the reader
to the contraction estimate proofs in Appendix A.1 and [105] for the coefficients ag, by and ¢y for
Euler-Maruyama, BAOAB, OBABO and SES and to Appendix A.1 and [103] for the schemes analyzed
in this chapter. We remark that we analyze the update rules for which we proved contraction for all the
schemes, which aren't necessarily the same as the scheme for example we analyze ABAQO for BAOAB.
Throughout these estimates we use the equivalence of norms in Section 2.2.2 and the stepsize and
parameter restrictions imposed in the contraction estimates of the respective schemes. We define
Var(Q) := E(Q — Q)?, to be the variance of Q.

1. For the Euler-Maruyama ay > 0 and by = co = 0, therefore we have for z = (z,v) € R%

ZR(Q)z < h*aCgllx|®

< 2h%aCq| 2|2,

2. For BAOAB we have for ABAQO

- h? h " h
2TR(Q)z = ah? (774 + bn*hM + 4M> (35 + 2v> Var(Q) <:c + 2v>

h2
< 4ah?Cg <n4 + bn?hM + 4M> 1z, v)I2,
2 o, h? 2
< Hah CG n-+ ZM H(xav)Ha,b'

For the other schemes they follow similarly and can be found in [103]. We have all desired preconstants

and penalty terms for the contraction rate when the gradient is a stochastic estimate.

O
Proposition 2.6.7. Consider the numerical schemes for stochastic gradient kinetic Langevin dynamics
given in Appendix A.3 and Table 2.3, where the potential U is m-strongly convex and M-V Lipschitz.
Assume a stochastic gradient approximation defined by (G, p) (see Definition 2.6.1) satisfying Assump-
tion 2.6.2 with constant Cg. We use P, to denote the marginal transition kernel of the numerical
schemes. For the constants given in Table 2.2 and 2.3 we have for any two synchronously coupled

chains, (zj,vi) and (Zy, Ux) under the assumptions specific to the schemes imposed in Theorem 2.6.3
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we have for all u,v € PQ(de), and all k € N,

Wi (VP;’f,qu) < 3C(h) max {M, ]\14} (1—c(h)* W2, p).
Proof. We remark that the stochastic gradients are independent from position and hence can be
marginalized out in the following estimates over the extended state space. We first denote P, to be
the transition kernel for which contraction is proved in Theorem 2.4.5 or [105]. For example stochastic
gradient ABAQ for BAOAB. From Theorem 2.6.3 and following [115, Corollary 20] we know that for
2z = (g, vg), Zk = (T, V) such that zo = (2o, v0) ~ 1 and Zp = (o, Vo) ~ v and (2o, Z0) is a Wa
optimal coupling of p and v then under b,

W3 (1PEVBE) < Bllzk = 512, < (1= e(h) W (1, 0),

then we can use the equivalence of norms in Section 2.2.2 and the preconstant estimates of Table 2.3
to achieve the desired result for P,. ]
Remark 2.6.8. We remark that the contraction rate of BAOAB and rOABAOQ can be upper bounded
by a simpler form, for example, O (mh? /(1 — n*) — h*Cq /M), but we have included the more detailed
estimate because it has the property that as you take the friction parameter v — oo then the

contraction rate is of the same order as the overdamped Langevin dynamics scheme as discussed in
[103].

If we take the limit as v — oo for the BAOAB and rOABAQO scheme we get a contribution from the
stochastic gradient of O (h4Cg) in the convergence rate estimate, and for the overdamped analysis
in [103] we have a contribution of O (h*C¢) in the high friction limit of BAOAB and rOABAO.
However, for OBABO we get a contribution of O (hQCG /M ) which agrees with the overdamped
Langevin analysis for the largest choice of stepsize.

2.7 Asymptotic bias of BAOAB

There are results for the asymptotic bias of OBABO available in [80, 115] and for the SES in [140]
which can easily be combined with our results. However there are no results for BAOAB available in
the literature, we will provide asymptotic bias estimates for this scheme. We will do this with the aim
of achieving bias estimates which remain finite in the high-friction limit to show that BAOAB and

GLC schemes remain useful for sampling even though they deviate from the continuous dynamics.

We define the solution map H to have update rule
H:(x,v) = on(x,v), (2.7.20)
where ¢y (x,v) is the solution to the ODE

dX, = Vidt,  dV; = —VU(X,)dt,
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initialized at (Xo,Vp) := (z,v) € R?? at time h > 0. Since the BAOAB scheme converges faster
than the continuous dynamics, if we compare BAOAB to the underdamped Langevin dynamics in the
high-friction regime, we will get discretization bounds which diverge as v — oo and the stepsize is
kept constant. We instead compare BAOAB to a scheme which performs exact Hamiltonian dynamics
for half a step, followed by an OU-process for a full step, followed by Hamiltonian dynamics for half
a step. We call this scheme the HOH scheme with the update rule given by HOH with H defined in
(2.7.20). This process exactly preserves the invariant measure and is a more accurate approximation
of the BAOAB scheme than (1.3.7).

Remark 2.7.1. In [115] and [80], the authors provide bias estimates for the OBABO and OABAO
schemes. In their analysis of these schemes, they use the fact that the “O” step preserves the invariant
measure and doesn't increase Wasserstein distance. They are then able to exploit L?-accuracy results
of the embedded Verlet integrators BAB and ABA in their analysis.

Proposition 2.7.2. Consider an HOH scheme initialized at (z,v) € R?*? and a BAOAB scheme
initialized at (2/,v') € R?? with synchronously coupled Gaussian increments and stepsize h > 0,
then we define (A, \y) := Yuon(x, v, h) — ¥eaoas(z’, v, h) with shared noise & ~ N'(04, I). We
assume that h < =2 and Assumptions 2.2.1 - 2.2.2 on the potential, then we have that

2V M
h? h 3h3MVd
I8ullis < (1 (4500 o= 2l + B0+ = s+ P4
h2(1 + 7 hi? h R3(1 + n?
Loy = <772[d - (477)Q2> (v—20") + <—;7 1— 5@2 + (877)Qle> (x — ')

+ €y,

where ||€, |12 < 2h2M/d. Further if we assume Assumption 2.2.3 we have

2 2 2 3 2
8= (1= DG ) o=y + (<M1 - e+ D001 ) - )

+ €y + h2 V31— 7]4A(.’E, 93,)5,

where mIg < Q1,Q2 < M1y, €, € R??, A(z,2") € R and || - || 12 := (E|| - \]2)1/2, with ||ey |12 <
2h3V/d(M3/? + MyV/d). Further we have that || A(z,2)¢|| 2 < M Vd.

Proof. The proof is found in Appendix A.2. O

Proposition 2.7.3. Consider an HOH scheme, (x;, v;)ien and a BAOAB scheme (), v})icn initialized
at (zo,v0) = (vh,vy) = (w,v) ~ 7 in R*? with synchronously coupled Gaussian increments and
stepsize h < ;\_/—7\72 forl € N we define (AL, AL) := (z;—x),v,—]). Fora =1/M and b = h/(1—n?)
we have that under Assumptions 2.2.1-2.2.2, for any [ > 1,

M
(AL A 22,0 < 4400 Vdh.
Additionally, if Assumption 2.2.3 is satisfied, we have for any [ > 1,

m

M M
H(AL AL < 1500 (4¢Md+ 3Mld) W1 —2).
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Proof. The proof is found in Appendix A.2. O

Remark 2.7.4. In Proposition 2.7.3 we provide L? error estimates over | € N steps, this allows
one to go from order h®/2 local error to order h? global error, as the h®/% term in the local error
estimate is due to independent Gaussian increments. Similarly, the strong convergence of numerical
solutions of SDEs only loses an order of 1/2 accuracy (see [114, Theorem 1.1.1]), for example, the
Euler-Maruyama scheme or the UBU scheme in [140].

Theorem 2.7.5. Consider a BAOAB scheme with stepsize h < ;&—’](72 and invariant measure Ty on
R4, with target measure m on R??. Fora = 1/M and b = h/(1—n?) we have that under Assumptions

221222 Y
Wa,ap(m,mh) < 4400E\/ﬁh.

Additionally, if Assumption 2.2.3 is satisfied we have

m

M M
Waab(m,mh) < 1500£ (4\/Md + 3Mld) h(1—n?).

Proof. Let Py, denote the transition kernel of the BAOAB scheme, which has invariant measure 7.
Then we have that for [ € N

Wgﬂ,b(?'r, 7Th) < Wgﬂ,b(ﬂpfll, 7Th) + W27a7b(7TP}lL, 7T).
We now estimate each of the terms on the right-hand side separately. We have by Theorem 2.4.5
W ab(TPL ) = Waap(mPL mnPL) < T(1 — e(h) Y2 Wy 4 (m, 1),

This term tends to zero as [ tends to infinity. By Proposition 2.7.3, and the definition of the Wasserstein
distance, we can bound the term Wy , (7P}, ) uniformly for any [, hence our claims follow. O

Note that the constraints on the stepsize and friction parameter are the same as for our contraction
result i.e. close to the stability threshold. A consequence of the asymptotic bias results together
with the contraction results is that when the potential satisfies Assumptions 2.2.1-2.2.2 the BAOAB
scheme requires O(d'/? /€) steps to reach an accuracy € > 0 in Wasserstein distance from the target.
If the potential further satisfies Assumption 2.2.3 this can be improved to O(d1/2/61/2) steps to reach
an accuracy € > 0 in Wasserstein distance from the target. Perhaps under stronger assumptions like
the strongly Hessian Lipschitz assumption of [45], the dimension dependency can be improved. We

remark that the strongly Hessian Lipschitz assumption of [45] implies Assumption 2.2.3.
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2.8. Numerical experiments

2.8 Numerical experiments
To quantify and validate our convergence results and contraction rates we approximate the spectral

gap of the numerical scheme ¢(h) for an Anisotropic Gaussian example. We then compare this to the

1 —c¢(h)

continuous dynamics via
h b

which converges to the spectral gap of the continuous dynamics as A — 0, and is normalized by
stepsize. We also compare the bias of the numerical integrators in a Bayesian classification application.

2.8.1 Anisotropic Gaussian
We first consider a simple low-dimensional example to compare the convergence rates, the anisotropic

Gaussian distribution on R? with potential U : R? ~ R given by U(z,y) = %mmz + %]\/Iyz. This
potential satisfies Assumption 2.2.1 with constants M and m respectively. For this example, we can
analytically solve for the contraction rates, which coincide with the convergence rates of E(X,,). We
can do this by computing the spectral gap of the transition matrix P, by 1 — |Apax|, where Ay is
the largest eigenvalue of the matrix P due to Gelfand's formula. This converges to the spectral gap

of the continuous dynamics as h — 0.
The dependence of the convergence rate on the friction parameter ~ is given in Figure 2.1. We will

study how this changes for the discretisations with contour plots of stepsize versus contraction rate
for all the numerical methods we consider. If we take a slice of our contour plots for small stepsizes

then this will coincide with Figure 2.1. This is given in Figure 2.2.

X (2Vm,Vm)
——= r=0.5y

— r=0.5(y—Vy¥—4m)

Convergence Rate

0
Y

Figure 2.1: Contraction rate of continuous kinetic Langevin dynamics for an anisotropic Gaussian

with parameters m and M.
Due to the fact that each update matrix P for the anisotropic Gaussian using the rOABAO scheme

is in fact a random matrix, we estimate the contraction rate using [75, 91|, where

A}im log ||P1Ps...Px||/N — log(1 — e(h)),
—00

i*? jteration. We approximate this limit by

where P; for i € N is the transition matrix of the
Monte Carlo simulations with a random u ~ [0,h] from the randomized midpoint at each stage

to approximate the spectral radius.
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Figure 2.2: Contour plots of In (llh(h)) for various schemes in the case of an anisotropic Gaussian

with parameters m = 1 and M = 10. Regions of white indicate instability. The rOABAO contour plot
is approximate and all other plots are exact (analytic).

Figure 2.2 illustrates the exact synchronously coupled contraction rates for all the numerical integrators
we consider (apart from for rOABAO, which is an approximate Monte Carlo estimation) for a range
of stepsizes h and friction parameters v. BAOAB, OBABO, rOABAO fail to approximate the true
kinetic Langevin dynamics for large stepsizes, but still have low bias in the invariant measure as they
act like overdamped Langevin dynamics. The ~-limit convergent property is reflected in Figure 2.2 for
large v as BAOAB, OBABO and rOABAO have large contraction rates for large values of the stepsize
and no longer scale with 1/, like the other schemes. SVV, SPV and BBK remain stable, but have
convergence rates which scale with 1/7, indicated by the parallel contour lines in Figure 2.2. The SES
and EM methods have large regions of instability, SES being unstable for small values of the friction
parameter when h scales larger than +.

We have only illustrated convergence results towards the invariant measure, there has been work
which provides Wasserstein bias estimates for a few of the numerical methods explored (see [80, 115,
140]). Although the focus of this chapter is to provide convergence rate estimates, we will provide a
comparative numerical study of the bias of each of these numerical methods for some choices of the

friction parameter for an application in the following section.

2.8.2 Bayesian logistic regression on MNIST

We next consider a more involved example, which has a V-Lipschitz and convex potential. This is a
Bayesian posterior sampling application in multinomial logistic regression using the MNIST machine
learning data set [96]. The data set contains 60, 000 training data points and 10, 000 test data points.
The images are of size 28 by 28 pixels and hence can be represented in R”®4. However, we will consider

the reduced problem of classifying digits 3 and 5. Sample images are shown in Figure 3.7.
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We use a i.i.d. Gaussian prior pop with mean 0 and variance 02 = 0.001. The likelihood function for

Figure 2.3: MNIST 3 and 5 digits.

logistic regression is o
exp (¥ (27,q))
1+ exp (¥ (27,q))’

where there are 2 classes (i.e. ¥’ can take values 0 and 1, with 1 corresponding to digit 5, and 0

p(y’ |27,q) =

corresponding to digit 3) and (mj,yj);.szl are the respective training points and labels for a data set

of size Np (there are Np = 11552 training images of 3 or 5). We then define the posterior potential
by

U(q) = —log (po(q Zlog y | mj,q)). (2.8.21)

A commonly used method in machine learning and other fields relies on a stochastic gradient approx-
imation, an unbiased estimator of the gradient of the potential defined in (2.8.21). This is typically
obtained based on a sub-sample of size N, of a data set of size Np, where N << Np, i.e. for a

random selection I, C [Np] := {1, ..., Np} one would consider the gradient of

VaU(a) g = —Vqlog (po(q Z Vqlog (p (v | 27,9)), (2.8.22)

zGINb

where the sub-samples are chosen i.i.d at each gradient evaluation (or iteration) of the algorithm. Let
W = I, as defined above, and G(q, W) = VU (q) 4, then it is easy to see that the conditions of
Definition 2.6.1 hold.

One more accurate estimator for the gradient is the variance-reduced stochastic gradient ([87]), also
called the control variate method in the context of MCMC (see [8, 127]). This estimator uses the

minimizer (or an approximation) and estimates the gradient as

Amin:

—

VaU(a)ypse = —Valog (po(a)) — Vi, Z log (p (yj | 27, Umin)) (2.8.23)

~ 223 [Valog (p (7 127,0)) ~ Vag, 108 (0 (¢ | 2, 0]

iGINb
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o —

This can be also shown to satisfy Definition 2.6.1 with W = I, and G(q, W) = VqU () pgc- Both
(2.8.22) and (2.8.23) are unbiased estimators of the gradient. In situations where the distribution is
concentrated near the minimizer (as the sample size is large compared to the number of parameters,
or the prior is sufficiently strong), the (2.8.23) approximation has a much smaller variance, and we
found that this reduces the bias of sampling algorithms. In the following numerics, we first consider full
gradients for each scheme. We also implemented variance-reduced stochastic gradients for BAOAB,
based on (2.8.23) with batch size N;, = 100.

We minimized the potential based on the BFGS algorithm and computed the smallest and largest
eigenvalues of the Hessian at the minimizer, which were m = 103 and M = 1.7342 - 10°. Note that
computing the upper and lower bounds on the Hessian globally is not easy for this problem, so we
used these eigenvalues at the minimizer instead for setting the parameters in our simulations. We
tried two different friction parameters: v = /M (the lowest value of + for which our theory works)
and v = y/m (a good choice based on the contraction rates for Gaussians shown on Figure 2.2). In
terms of stepsize, we tried h € {2/v/M,1/v/M,1/(2v/M),1/(4V/M)}. The stepsize h = 2/v/M is
near the anticipated stability threshold of these methods, this is confirmed by the fact that a larger
stepsize (h = 4/v/M) resulted in unstable behaviour and biases above 10% for all methods.

We used the potential U as a test function, which is often a good choice for examining convergence
of Markov chains. The ground truth posterior mean of U was established based on running a well-
tuned HMC with accept/reject steps (400 parallel runs, 440 million gradient evaluations in total, with
10% burn-in), this had a standard deviation of 0.023. The posterior standard deviation of U was also

estimated based on these samples, it was found to be 19.82.

All tested methods were run in parallel 80 times for 120000 iterations per run (20000 burn-in, 100000
samples), initiated from the minimum of the potential. We computed effective sample sizes based
on the approach of [156], using the Matlab package https://github.com/lacerbi/multiESS. All

methods were implemented in Matlab on a desktop computer using GPU acceleration.

Algorithm h=2/vVM h=1/YM | h=1/2VM) | h=1/(4VM)
v=vM y=vVM v=vM y=vVM
EM 4.2(£0.089) 1.5(£0.13) 0.79(+0.18) | 0.28(£0.23)
BBK 2.7(£0.061) 0.67(£0.099) | 0.016(£0.14) | —0.18(£0.2)
SPV 123(+£0.079) 32.1(+0.091) | 8.19(+0.13) | 2.07(£0.18)
SVV 126(£0.097) 32.8(+0.091) | 8.17(£0.13) | 2.03(£0.17)
BAOAB —0.043(£0.049) | —0.002(40.058) | 0.13(£0.086) | —0.055(£0.12)
BAOAB VRSG | 0.47(+0.043) | 0.23(£0.066) | 0.035(£0.087) | 0.036(-£0.12)
OBABO 2.7(£0.056) 0.67(+0.076) | 0.22(%0.13) | 0.17(%0.19)
rOABAO —2.6(+0.062) | —0.61(£0.094) | 0.025(£0.13) | —0.16(£0.19)
SES/EB 2.6(£0.072) 1.2(£0.094) 0.71(%0.11) 0.2(£0.18)

Table 2.4: Bias for potential function, v = v M
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Algorithm h=2/vVM h=1/vVM h=1/2VM) | h=1/(4VM)
v=vm v =vm v =vm v =vm
EM 6.4 - 10%(£0.82) | 1.5-10%(£0.72) | 1.1-103(£0.73) 4.9(£0.11)
BBK 2.8(+0.034) 0.68(£0.041) 0.1(+£0.05) 0.0038(=£0.066)
SPV 0.72(£0.036) 0.14(£0.043) 0.06(%0.054) | —0.014(%0.073)
SWV 3.5(£0.036) 0.81(40.043) 0.26(+0.061) 0.05(+0.089)
BAOAB 0.03(£0.038) | —0.011(%£0.049) | —0.046(%0.062) | 0.043(+0.074)
BAOAB VRSG 6.4(£0.04) 2.4(£0.051) 1.1(%0.063) 0.55(£0.075)
OBABO 2.7(£0.032) 0.65(40.041) 0.22(+£0.052) 0.11(%£0.071)
rOABAO —1.7(£0.041) | —0.55(%0.041) | —0.2(£0.054) | —0.033(40.081)
SES/EB 6.0 -10%(£0.61) | 1.5-10%(£0.48) | 1.1-103(40.59) 4.7(£0.068)
Table 2.5: Bias for potential function, v = v/m
Algorithm h=2/VM | h=1/VM | h=1/2VM) | h=1/(4V/M)
v=vVM v=vVM v=vVM v=vVM
EM 146(+0.7) | 221(£0.998) | 282(£0.822) | 327(%0.581)
BBK 85(40.535) | 148(+0.726) | 221(£0.969) | 285(+0.933)
SPV 86.7(£0.554) | 148(40.775) | 221(+0.887) | 284(40.992)
SWV 86.5(+0.645) | 147(+0.801) | 222(+0.916) | 283(40.825)
BAOAB 44.3(£0.304) | 88.7(£0.585) | 152(+0.812) | 228(40.822)
BAOAB VRSG | 44.6(%0.332) | 86.8(0.578) | 152(#0.915) | 226(£0.934)
OBABO 68.6(0.491) | 140(£0.84) | 218(£0.942) | 282(40.809)
rOABAO 68.5(%0.507) | 140(£0.692) | 219(£0.781) | 283(40.862)
SES/EB 87.4(£0.593) | 149(£0.663) | 220(£0.831) | 284(%0.809)
Table 2.6: Gradient evaluations / ESS (potential function), v = v M
Algorithm h=2/VM | h=1/VM | h=1/2VM) | h=1/(4V/M)
v =Vm v =Vm v =Vm v =Vm
EM N.A. NA. N.A. 189(%0.955)
BBK 15(£0.124) | 30.1(%0.233) | 57.5(£0.352) | 108(=£0.717)
SPV 15.1(£0.106) | 29.7(£0.209) | 57.4(40.408) | 109(%0.725)
SVV 15(£0.121) | 29.9(£0.222) | 57.5(40.341) | 108(40.628)
BAOAB 18.8(£0.128) | 36.4(+0.288) | 66.4(0.461) 16(j:0.849)
BAOAB VRSG | 19.7(£0.169) | 36.4(£0.242) | 67.8(40.447) | 114(%0.662)
OBABO 15(£0.118) | 30(£0.204) | 57.5(£0.471) | 108(=£0.711)
rOABAO 16.5(£0.236) | 29.7(£0.218) | 58.2(£0.356) | 109(%0.669)
SES/EB N.A. N.A. N.A. 108(%0.652)

Table 2.7: Gradient evaluations / ESS (potential function), v = /m. N.A. indicates that the method
did not converge for the given stepsize.

Firstly, when changing from v = /M to v = \/m, we can see that the changes in bias are not
significant for BAOAB, OBABO, rOABAO, and BBK, the bias increases significantly for EM and SES
(instability issues) and somewhat for BAOAB VRSG, and the bias decreases significantly for SPV
and SVV. In terms of gradient evaluations per ESS, the choice v = \/m is more efficient by a factor
of 2-6 for all methods except EM and SES. This is in line with the recent research in accelerated

convergence rates for underdamped Langevin dynamics ([38, 167]).



2.8. Numerical experiments 47

We can see that BAOAB has an impressively low bias for the potential test function even at the largest
stepsize 2/v/M, and it also has a competitive computational cost in terms of gradient evaluations /
effective sample size (ESS). The VRSG variant of BAOAB has a somewhat larger bias (especially at
lower frictions), but it requires a similar number of iterations per ESS, with much lower computational
cost per iteration compared to using full gradients. The rOABAQO scheme based on randomized
midpoints has a relatively low bias at all stepsizes and requires a rather small number of gradient
evaluations per iteration. It is beyond the scope of this chapter, but we think that more significant

differences could arise between these schemes for less smooth potentials.



Chapter 3

Unbiased kinetic Langevin Monte Carlo

3.1 Introduction

3.1.1 Unbiased estimation without accept/reject steps

This chapter describes a technique for performing Bayesian inference based on unbiased unadjus-
ted Markov chain Monte Carlo that does not rely on Metropolis-Hastings accept/reject steps. Our
algorithm is based on a multilevel scheme [77] that combines several different unadjusted MCMC
chains to eliminate bias efficiently. Our approach is related to a recent paper [138] that introduced an
unbiased unadjusted MCMC method, however we employ state-of-the-art integrators, and we extend
the method with modifications for handling incomplete (or approximate) gradients, thus obtaining a
procedure with improved scalability and competitiveness compared to state-of-the-art algorithms such
as randomized Hamiltonian Monte Carlo (RHMC) [29, 45].

There have been several proposals for creating computationally efficient estimators for functions
of SDE paths based on numerical discretization using multilevel Monte Carlo variance reduction
techniques. Our scheme relates to the method of Muller et al [118] for approximating functions of
whole paths of kinetic Langevin dynamics using integrators based on splitting. Unlike our approach,
that work did not address the stationary distribution; moreover, the burn-in bias was not eliminated,
and they did not consider the incorporation of approximate or stochastic gradients. More recently,
Giles et al [78] introduced a general framework for multilevel approximation of expectations with
respect to the stationary distribution of overdamped Langevin dynamics and also considered stochastic
gradients. However, their approach does not produce unbiased samples, and overdamped Langevin
dynamics generally appear less efficient at exploring distributions with high condition numbers than
well-tuned kinetic Langevin dynamics [124], as considered here. Until this work, multilevel approaches
have not been shown to be competitive with Hamiltonian Monte Carlo methods for high-dimensional

sampling.

48
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Figure 3.1: Coupled sample paths based on synchronous coupling from UBU (Section 3.2)
discretization scheme of kinetic Langevin diffusion for a Gaussian target at stepsizes h = 1.5,0.75
and h = 0.75,0.375. UBU is strong order 2, so the typical distance between coupled paths is O(h?).

3.1.2 Proposed methodology

We consider kinetic Langevin dynamics (also referred to as underdamped Langevin dynamics [47, 55]):

dX, = Vidt,

3.1.1
dV, = —VU(X,)dt — YV,dt + /2vdW,, (3.1.1)

where U : R? — R is a potential energy function, {W¢}i>0 is a standard d—dimensional Brownian
motion, and v > 0 is a friction coefficient. Under fairly weak assumptions, the unique invariant
measure of the process {X;, V;}+>0 is of the form

lI2
m(dzdv) o exp (—U(z) - %) dzdv. (3.1.2)

This dynamics forms the basis of many sampling methods [34, 105], and it has a dimension-independent
convergence rate for a large class of distributions [38]. In this chapter, we expand on the work of
[138] and develop a comprehensive and practical framework for unbiased estimation. Specifically, we
consider using a splitting integrator called UBU [140], which is strongly second-order accurate, where
the unbiased estimator we introduce is referred to as UBUBU (Unbiased-UBU). Figure 3.1 illustrates
the synchronously coupled paths of UBU discretizations of kinetic Langevin dynamics.

In Figure 3.1 we see that UBU discretization can be pathwise accurate even at large stepsize.
Nevertheless, there is always some residual bias, and the stationary distribution of the discretization
with stepsize h, 7, differs from the target distribution 7. The idea of unbiased estimation as proposed
in [138] was to consider a sequence of discretization levels h; = 2~'hg for I = 0,1,2,... to create an

estimator of the form

’fl’(f) = frho(f) + Z 7Arh1+1,hz(f), (3.1.3)
=0
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where f is some arbitrary quantity of interest, 7,(f) is an unbiased estimator of m,(f), and

Thier, iy (f) is an unbiased estimator of 7, (f) — mp,(f). A sophisticated coupling construction

was used for defining 7y, | n, (f) based on four Markov chains using Euler—Maruyama discretization

of (3.1.1). Under certain weak assumptions, the estimator (3.1.3) was shown to have no bias, finite

variance and finite expected computational cost.

In our algorithm:

(i)

(ii)

The burn-in bias is eliminated differently, resulting in simpler couplings. Our estimator is still of
the form (3.1.3). However, instead of estimating 74, (f) and 7y, (f) — 7, (f), which requires
eliminating the burn-in bias for both discretization levels, we let 7, (f) be an unbiased estimator
of Thy(f), and 7y, n, (f) be an unbiased estimator 7y, , (f) —7p, (f). Here 7y, (f) denotes the
expected value of f according to the empirical distribution of a Markov chain using discretization
stepsize h;, thinning 2!, and burn-in period of length (By + [ - B)/h;, for some constants
By, B > 0. See Figure 3.2 for an illustration. Due to the increasing burn-in periods at smaller
stepsizes, the bias of 7y, (f) shrinks to zero as [ — oo. With this approach, we only need to
couple two chains for creating unbiased estimators of 7, (f) —7p, (f), and simple synchronous
couplings can be used.

We use UBU discretization instead of Euler-Maruyama. The higher accuracy of UBU means
that the differences between consecutive discretization levels h; and h;y1 are smaller, and as
a result, our estimator has a lower variance. We show that under certain assumptions, it is
unbiased, has finite variance and finite expected computational cost.

In our method, the number of samples per level is deterministic (except at very small stepsize),
and we can use Richardson extrapolation [130] to further lower the variance.

We show unbiasedness and finite variance even when using approximate or stochastic gradients.
This dramatically improves the scalability of our method to large datasets.

The usual unbiased estimator of Rhee and Glynn takes the form

~ L
T = , 3.1.4
=5t (314)
such that
El&.] = m.(f),
El&g] = m(f)—ma(f) le{li+1,L+2,..}
where L is a random variable with probability mass function Pz, on Ny := {l,,l. + 1,...}

that is independent of the sequence {;}icn,, . This approach was also used in [138]. Various

alternative schemes with lower variance were proposed in [157].
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Figure 3.2: Elimination of bias by increasing burn-in lengths at higher discretization levels.

3.1.3 Organization

This chapter is organized as follows. In Section 3.2, we provide the necessary background material
related to this work, including a discussion of splitting methods for kinetic Langevin dynamics, in
particular the UBU discretization, as well as others such as BAOAB. We then discuss variants of our
algorithm based on UBU, which includes an extension to stochastic gradients.

Section 3.3 is devoted to introducing our unbiased algorithms. We first provide some simple conditions
for creating unbiased estimators with finite variance based on telescopic sums, together with a central
limit theorem for such estimators. We then present our method using exact gradients and discuss
necessary assumptions for unbiasedness and finite variance including showing that the variance of the
estimator is finite. In addition to exact gradients, we also state versions of our method using stochastic
and approximate gradients, with theoretical analysis.

Numerical experiments are provided in Section 3.4 on a range of model problems, including a simple
Gaussian problem, an MNIST multinomial regression problem and a Poisson regression model applied
to soccer game outcome prediction. Our unbiased methods are compared to RHMC, and demonstrate
gains in terms of accuracy, and computational efficiency for high-dimensional problems, while elimin-
ating bias.

Finally, we provide detailed proofs of all theorems in the appendices, as summarized in B.1.

Table 3.1 compares various Metropolized methods of the literature with our approach. [45] states that
the warm start assumption cannot be removed as [97] has shown a lower bound of O(d'/?) without
it. [4] proposes an algorithmic warm start using unadjusted kinetic Langevin dynamics at O(d'/?)
gradient evaluations. For Gaussian targets, [5] has shown that it is possible to achieve a warm start

using O(d'/*) gradient evaluations.

Algorithm | Gradient Evaluations Conditions Reference
MALA O(d3/7) h=0O(d=3/7), warm start [45]
HMC O(d"*) h = O(d~"*), warm start [45]
RHMC O(d'*) h = O(d~'/*), warm start, Gaussian target [5]

UBUBU O(d'*) ho = O(d~1/%) this work

Table 3.1: Dimension dependency of gradient evaluations per effective sample for different algorithms
for m-strongly convex, M-VLipschitz, M;-strongly Hessian Lipschitz potentials, in comparison to
UBUBU.
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3.2 Background & preliminary material

In this section, we provide the essential background material on kinetic (underdamped) Langevin
dynamics and a splitting-type scheme called UBU. We then discuss the extension to stochastic

gradients and state assumptions required in the remainder of the chapter.

For this work, we consider Langevin dynamics as defined by Equation (3.1.1) under temporal discret-
ization. The simplest discretization is the Euler-Maruyama scheme. For a given stepsize h > 0, this

proceeds, after initialization of g, vy, with the following recursion:

Tp+1 = T + hoy,

(3.2.5)
Vg1 = Uk — hVU () — hyvg + /27041,

where (& )ken are i.i.d. N (04, I4) random variables. Under suitable assumptions on the potential
U, for h small enough, the discrete-time Markov chain expressed as {xj, vk }ren admits a unique
invariant measure 7, and moreover converges geometrically, meaning that for suitable classes of
functions f : R?¢ —» R,

. 2
E (Klzf($k7vk> —/f(x,v)ﬂh(dxdv)> =O(K™),
=1

see [63]. In addition to this, 7, converges to 7 in distribution, as A — 0. These types of results
regarding convergence and accuracy can be extended to other numerical discretizations for the

underdamped system, which we next discuss.

3.2.1 Splitting methods

Improved discretization methods with a high order of accuracy in both the weak and strong senses
can be constructed by splitting [21, 98, 149], in which the SDE is broken into parts that can be either

be solved analytically or which are in some way easier to handle numerically.

An accurate splitting method was introduced in [169] and was also studied in [140]. This splitting
method only requires one gradient evaluation per iteration but has strong order two. The method is
based on splitting the SDE (3.1.1) as follows

de\ 0 . vdt
dv)  \=VU(z)dt —yvdt 4 /2ydW; )’

B u

which can be integrated exactly over a step of size h. Given v > 0, let n = exp (—vh/2), and for

ease of notation, we define the following operators

B(x,v,h) = (x,v — hVU(x)), (3.2.6)
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and

U, v h/2,60,69) = (o4 o+ \/3 (2 (1/2:60) = 2 (/2.60.€9)). (327)
o+ /2722 (h/Q’éf(l)?g(?)) )

) (m/20) = fhew,
2) W@\ L= Jlon 4. [,_L1on 4 .o
(h/2’£ € >_ 2 ( 1+1n whg Tyt 1+7 ’yhg '

The B operator indicated here is as given previously, whereas U/ as defined above is the exact solution

where

(3.2.8)

in the weak sense of the remainder of the dynamics when &) ¢(2) ~ N (0,1;) are independent
random vectors. Different orders of composition of B and I/ can be taken to define different numerical
integrators of kinetic Langevin dynamics, two such methods considered in [169] are BUB, a half step
in B, followed by a full step in U and a further half step in 5 and UBU, a half step in I/ followed by
a full B step, followed by a half U/ step.

The Markov kernel for an UBU step with stepsize h will be denoted by P, which can be described
by (3.2.9) as follows.

. 4
(féll)izl, D~ N(0g, 1) forall i = 1,...,4.
(w1, V1) = UBU (g, v, b €110, 600 680,602, (32.9)

=U (B (U <$k7vk7 h/lﬁl&ﬁlagl(jzl) 7h> 7h/27§l(c?—)21751(c?1> :

We have found that the strong second-order property and generally high accuracy of UBU makes it

suitable for unbiased estimation, as described in Section 3.3.

The BAOAB method is an alternative splitting scheme that is known to be second-order weakly
accurate and has small bias (see [28, 98, 99, 101]). BAOAB is exact for Gaussian targets and has
a robustness property for large values of the friction parameter v (see [105]), but its strong order is
one. Theorem 3.3 of [152] claims that the stochastic velocity Verlet (SVV) method is, like UBU, also
strongly second-order accurate. Despite their strengths as raw sampling schemes, both BAOAB and
SVV exhibited worse performance than UBU in our preliminary numerical experiments in the setting
of unbiased estimation. For this reason, we focus on UBU in this chapter. Nevertheless, it is important
to note that the unbiased estimation approach of this chapter is by no means limited to the UBU
integrator, and its performance could be further improved by more accurate integrators developed in
the future.
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3.2.2 Extension to stochastic gradients

In this subsection, we consider extending splitting methods with the use of stochastic gradients. We

use the following definition from [103].

Definition 3.2.1. A stochastic gradient approximation of a potential U is defined by a function
G : R? x Q — R and a probability distribution p on a Polish space ), such that for every = € RY,

G(z,-) is measurable on (2, F), and for w ~ p,
E(G(z,w)) = VU(x).

The function G and the distribution p together define the stochastic gradient, which we denote as
(G p).

The following assumption is useful for controlling the accuracy of the stochastic gradient approxima-

tions.

Assumption 3.2.2. We assume that the Jacobian of the stochastic gradient G, D,G(x,w) exists and

it is measurable on (Q, F). We also assume there exists C > 0 such that for w ~ p,

sup E||D,G(z,w) — V2U(93)||2 < Cgq.
zERI

Replacing the exact gradients with such stochastic gradients in the B step yields
Bg(z,v,h,w) = (z,v — hG(z,w)), (3.2.10)

and we can use this inside BAOAB and UBU to obtain stochastic gradient variants.

[103] has proven convergence bounds for BAOAB with stochastic gradients in Wasserstein distance and
also shown that some widely used stochastic gradient schemes (random sampling with replacement,

control variate gradient estimator) satisfy the conditions of Definition 3.2.1 and Assumption 3.2.2.

3.3 Unbiased multilevel Monte Carlo methods

In this section, we introduce and motivate our proposed algorithm, which we refer to as Unbiased UBU
(UBUBU). We first describe the basic unbiased Monte Carlo scheme and introduce some essential
assumptions. We then give relevant results which help to motivate our estimator, including a central
limit theorem, a non-asymptotic bound on the variance with exact gradients, and other related results.

Finally, we state our algorithm.

Suppose that for each h € (0, hmax] (Stepsize parameter), ), is a Markov kernel on some Polish state
space A with stationary distribution uj; such that p; converges to p in distribution as h — 0 (for
example, these might be discretizations of a diffusion with different time stepsizes). Assume that we
are interested in computing the expectation p(f) of a function f satisfying 7, (f?) < oo for every

h € (0, hmax) and p(f?) < oo. [138] suggested a multilevel estimation method based on stepsizes

ho € (0, hmax] and by = ho - 27  for 1 =1,2,.. ., (3.3.11)
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using a telescopic sum of the form
oo
() = pno () + D (pn; (F) = g1 ())-
7j=1

Unbiased estimators of each term in the sum can be constructed via coupling. A challenge with
this approach is that obtaining an unbiased estimator for yp,(f) already requires two chains to be
coupled based on the approach proposed in the papers [39, 79, 82, 86]. Estimating the expectations
tin; (f) — pn;_, (f) is even more challenging, requiring the coupling of four chains. The nature of the
couplings means that it is not straightforward to use splitting methods such as UBU or BAOAB (as
Markov kernels from different starting points need to be coupled closely in total variation distance,

and this is difficult unless the distributions are Gaussian).

To overcome such issues, we propose a different telescoping sum for estimating p(f),

n(f) :uho )+ Z /“th+1 lahz(f)) (3.3.12)
=0

Here [i5, are created using some empirical averages, which will be defined in the rest of this section

for exact, stochastic, and approximate gradients.

Suppose that Dy is a random variable satisfying that E(Dg) = fio(f). Let {D((]T) N | be N i.id.
copies of Dy, and we define

| X
-2 Dy, (3.3.13)
r=1
Then it is clear that E(Sy) = E(Do) = fin, (f)-

Let D; ;41 be a random variable such that

ED!,Hl = ﬂhz+1 (f) - ﬂhl (f)

Let co,1,c¢1,2, ... be positive constants such that ¢;;,1 — 0 as [ — oo, and let

L(N)=max{l e N:¢ ;41N > 0.5},
Nl,l+1 = fcl’lJrlN-l for [ < L(N), (3.3.14)
Nii41 ~ Bernoulli(¢; 41 N) for I > L(N).

For each [ > 1, let {D; H_I}Nl 1" be Njj4q i.i.d. copies of Dy 41, and

Nii+1

Z D)., (3.3.15)

r=1

Sti1 = Nz i+1)

It is clear from the definitions and Wald's equation that

ES 141 = EDyi1 = fing,, (f) — fin, (f)-
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Our first estimator is defined as -
S=5S0+> Sis, (3.3.16)
1=0

where the terms Sp, So.1, 51,2, ... are independent.

The random D ;¢ variable will play a key role in our approach, as it is going to link two different
discretization levels with stepsizes h; and hj41. Var(S) depends on Var(D;;11), which is determined
by how closely we couple the two discretizations. This is closely related to the strong order of the

discretizations, determining how close they are to the underlying diffusion.

It is possible to improve estimator (3.3.16) slightly by the use of Richardson extrapolation [130].
The idea is that when h is sufficiently small, for Q);, defined in terms of an SDE discretization,
the differences pp,(f) — p(f) tend to follow a certain asymptotic behaviour in h, which can be
characterized by an asymptotic expansion [98, 101]. For symmetric splittings like BAOAB it is known
that up(f) — p(f) = cpuh®(1 + O(h)) for some constant ¢y, depending on f and p. The same
property can be established for UBU, using similar arguments. Based on this observation, and taking

into account that such behaviour may only be valid at small stepsizes, our refined estimator is defined

as
L(N)-1 s,
L(N
S(er) =So+ D St + I Z Suisi, (3.3.17)
1=0 R I=L(N)+1
Nii41

< 1 (r) I—L(N)
Sii41 = m TZ [Dl,l—l-l — SL(N).L(N)+1 " CR } ]

where cgr € [0,1) can be any number (we state the recommended choice of this in our algorithms).

Our first estimator S is a special case since S(0) = S.

The key assumptions we make on the variances are as follows:

Assumption 3.3.1. f : A — R is a measurable function. (fip,);>0 is a sequence of distributions
satisfying that fip, (f) — p(f) as | — oo. The random variable Dy satisfies that E(Dy) = pn, (f),
Var(Dy) < oo, for everyl > 0, the random variable Dy satisfies that E(Dj41) = fi1(f)—fi+1(f)
and [E(D7;, )| < Vo) for some finite constants Vp > 0, ¢p > 2.

Assumption 3.3.2. The constants c¢; ;1 controlling Ny ;.1 satisfy

1 _
CNOy S CLi+1 STNON

for some finite constants 0 < ¢y < Ty, ON > 2.

Assumption 3.3.3. The computational cost of generating a sample from Dy ;11 is O(2 (K +1B+ By))
for some finite constants B, By, and generating a sample from Dgy has a finite computational cost.
Proposition 3.3.4. Suppose that Assumptions 3.3.1, 3.3.2 and 3.3.3 hold, and that 2 < ¢n < ¢p.
Then S as defined in (3.3.16) is an unbiased estimator of j(f) that has finite variance

Var(S) < Var(Dy) N Vb

v e g)




3.3. Unbiased multilevel Monte Carlo methods 57

and finite expected computational cost.

Similarly, for any cr € [0,1), S(cr) as defined in (3.3.17) is also an unbiased estimator of u(f) with

finite variance

Var(S(cr)) <

Var(Do) VD VD 2 (bN log(2¢cy N/on)/ log(én)
N T 2 * on) (1—cg)? \ ép ’
Ney (1 - ?ﬁ) Ney (1 - (Tg) r)* \ ép
and finite expected computational cost.
Proof. See Section B.2 of the Appendix. O

We show below that a Central Limit Theorem (CLT) holds for these estimators.

Theorem 3.3.5. Under the assumptions of Proposition 3.3.4, we have that, as N — oo,
VN(S = pu(f)) = N(0,03) and VN(S(cr) — u(f)) = N(0,0%),

where

r(D
0% = Var(Dy) Z Li+1) (3.3.18)
-0 ClLi+1

Proof. See Appendix B.2. O

3.3.1 UBUBU with exact gradients

Now, we will specify the way Dy and Dy are defined based on UBU discretization of (3.1.1) with
exact gradients, as defined in (3.2.9). Let p be an initial distribution on A that we can readily sample

from, for example, a Dirac-§ at the maximum-a-posteriori (MAP) estimator. Let
Ry= Py, and R = P for [ =1,2,.... (3.3.19)

These Markov kernels correspond to the same amount of time hg in the timescale of the limiting
diffusion (and clearly, R; still has py, as its stationary distribution). Consider By burn-in steps with
kernel Ry at level 0, and B; = By + 1B steps with kernel R; at level [. Define the approximate versions
of pup, as

fin, = Z po R (3.3.20)

Estimates with respect to this can be computed by taking B; burn-in steps according to R; (equival-
ently 2! B; burn-in steps according to Py,), and then K additional steps that are used for computing
an empirical average. In this way, we can compute expectations with respect to /i, without the use
of couplings. Moreover, given that at the diffusion time scale, the burn-in time tends to infinity as [

grows, it is reasonable to expect that under suitable assumptions, fi;, converges to p as [ — oo.
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Let Dy be the empirical average of a function f based on K samples from Markov chain with

kernel Rg with burn-in By initiated from pg, i.e. for the Markov chain z(_ol)go ~ U, Z(—OJ)30+1 ~

Ro(ziol)go, ) I z&?) ~ Ro(Zgg),l, -). Let vy denote the joint distribution of 29)30, . ,zﬁ?), and define

K
Z (). (3.3.21)

Let {D(()T) N | be N i.i.d. copies of Dy, and define

N
1 r
So=5> Dy, (3.3.22)
r=1
Then it is clear that E(Sy) = E(Dy) = fip, (f). Fori >0, let z(l H'l), Ces zg’lﬂ), z’(_l’gjz, Cees z’%lﬂ)

be A valued random variables defined on the same probability space (i.e. coupled) such that
(LI41) (LI+1) (LI41)

° TB s AR is a Markov chain with kernel R; initiated as z “p, ™~ Ko, and
o (—lgﬂ’ e ,z’gl(’lﬂ) is a Markov chain with kernel R;, initiated z'(l]l;l)
Let

Dijs1 = D) — p D). (3.3.23)

||Mx

From the definitions, it follows that

EDZ,H—I = Iahu_l(f) - ﬂhz(f)a

hence Dy ;1 is an unbiased estimator of the difference fip,, , (f) — fin,(f).

When these Markov chains are discretizations of the same diffusion, it is natural to create synchronous
couplings by using the same Brownian noise to generate the Gaussian random variables used during
the periods z_p,,..., 2K and 2/ ..., z}. Such couplings can significantly reduce the variance of
Dyyy1. Let B and U be as in (3.2.6-3.2.7). Further we define U2 to be

U, 0,1, 60,6260 D) =1 (U (,0,1/2,60,@)  1/2,6® 6@ (3.3.24)

As U is an exact solution in the weak sense to its respective component in the splitting, this is an
exact solution in the weak sense which uses Brownian increments (5(1),§(2)) in the first half step h/2

and (6(3),5(4)) in the second half step h/2. The U? operator is an exact solution over stepsize h.

A coupling can be constructed between discretization levels so that the two discretization levels
share Brownian motion in the exact integration of the U/ steps. This is done by using the Brownian
increments from two respective I solutions at the higher level and concatenating them using the /2
operator at the lower level. Next, the stochastic integrals in the two levels are coupled by sharing the

same Brownian noise. The Markov kernel P, ;, /5, for the two discretization levels h, h/2 is defined as
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follows.

(5k+1> (

($k+1/2’“k+1/ ) ”( ( (”/’2»”%7}&/4751221751@1) >h/2) ,h/47£;(f+)1>£,(ﬁ1)

(%1 Vhs1) =U (B (L{ (xk+1/27vk+1/27h/4 fkﬂ,ékH) ,h/2> ,h/4,€,g?1,§,(§1) (3.3.25)
(Ths1, Vk41) =

1 2 3 4 5 6 7 8
U’ (B (Zf (xk,vk,h/2,£,(€+)1,£,(€£1,£,(€+)1,£,(€421> vh) ’h/2751£421’§1(c+)1751£421’§1(c+)1) ‘

N(0g,I4) for all i =1,...,8.

This Markov chain acts on the state space R? x R% x R? x R moving from (xk, Vg, T}, V) tO
(Th41, Vkt1, Ty q, Uy ) Via the stepsin (3.3.25). When looking at the individual components, (g, v) —
(Tk+1,vr41) corresponds to one UBU step at stepsize h, while (7}, v;) — (},,1, v}, ) corresponds
to two UBU steps at stepsize h/2. A key property here is that the stochastic integrals between two
steps are synchronously coupled, which ensures that these two chains approximate the same underlying
diffusion (in the strong sense). Hence, they are expected to remain close, which was observed in our

numerical simulations.

We now create a coupling between levels [ and [ + 1, denoted by v ;41.

V1,141 coupling

{, l+ ) (1, l+1)

~ po and z “By, ™ Mo as independent random variables.
2l+1

1: For given initial distribution 1o on A, we define 2.

2: We let z'(lBl:rll), R zﬁlBllH) be a Markov chain evolvmg according to Rl+1 = (Pryyy)

3: Let (2" a, lJ’rl) (@, z+1))7 (Z(z,z+1) /(z,z+1)) .”’(Z(z,zﬂ)’ Z;gl,l+1))

I —B] —B;+1» Z_Bl+1 ’ K be a Markov Chain eVOlViI g according to Rl,l+1 =
(IDh h )
141
l l+1 I,l+1 Li+1 141
( ) Z(KY ) Z/( ; ) Z/;(’ )

l

4: Let v;,+1 denote the joint distribution of 2z e S By

The motivation for this 1,1 coupling is that if two coupled chains are driven by the same noise and
approximate the same diffusion, they are expected to be close most of the time. Given a sufficiently
long burn-in, they will likely stay close during the iterations 1,2,..., K used for computing the
differences in their empirical averages, reducing the variance of D;;1. Let cy > 0 and ¢ > 2 be
constants, and let

i1 = endy for € N. (3.3.26)

We call the overall estimator S(cr) based on formula (3.3.17) with D; ;4 defined based on coupling
construction vy ;11 as Unbiased UBU (or UBUBU, for short). The steps for constructing this estimator
are summarized in Algorithm 2.

Now, we will state our theoretical results for this algorithm. To prove unbiasedness and finite variance
for our estimator S(cgr), we require several assumptions, which we state below. These include as-
sumptions on the smoothness and strong convexity of our potential, as well as restrictions on various

parameters of the algorithm.
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Algorithm 2 Unbiased-UBU (UBUBU)

1: Input:

Maximum stepsize ho.

Friction parameter v > 0.

Initial distribution po on R¢ x R for I > 0.

Potential function U : R? — R of target distribution.

Burn-in length parameters By and B.

Number of samples parameter K.

Number of parallel chains parameters N, ¢y and ¢n.

Richardson extrapolation parameter cr € [0,1) (default value cr = 7).
° Test function f.

Compute Sy using (3.3.22).

Generate number of chains:

9: Sample Ny ;41 according to (3.3.14), let lmax = max{l : Ny ;41 > 0}.
10: Averages of differences D; ;11 from [ =0,..., lnax:

11: for [ =0,...,lmax do

12: forr=1,...,N; 41 do

2: Averages from level 0:

3: forr=1,...,N do

4: Sample zg‘gro), e zﬁ?’r) from vp.

5: Compute D(()T) based on (3.3.21) using the samples 2\, ..., zﬁ?’”.
6: end for

7:

8:

13: Sample z(_lg]rl”), e zf,é’l“’r), z'_(lgltll‘r), ey Z;EZ’ZH’T) according to v;11.

14: Compute Dl(;:_l based on (3.3.23) using 2" zg’l’l+1)7 AR N z}({’l’l“).
15: end for

16: Compute S;;;4+1 using (3.3.15).

17: end for

18: Compute S(cr) using (3.3.17).

19: Output:

20: Unbiased estimator S(cr),

21: Samples zEO’T), .. .,zﬁ?’r) for parallel chains 1 < r < N,

22: Samples zil’lﬂ’”, cee, z%’l"'l’r), zi“’l’lﬂ), ce z}?’l’lﬂ) for 0 <1 < lmax, chains 1 <7 < Nj41.

Assumption 3.3.6 (M-V Lipschitz). U : R — R is twice continuously differentiable and there

exists M > 0 such that for all x,y € R?

IVU(z) = VU(y)l| < M|z —yl|.

Assumption 3.3.7 (m-strong convexity). U : R? — R is continuously differentiable and there exists

m > 0 such that for all z,y € R?

(VU(z) = VU(y),z —y) > m|z —y|*.

The strongly Hessian Lipschitz property relies on the following tensor norm from [45], which we require

in our setup.

Definition 3.3.8. For A € R4xdxd [t

d d d
1Al 11,2343y = dSUlP Z AjjkTijy Z 9022]' < LZZ/;% <1
k=1

d d S
TERVOYERT | 5 k=1 ij=1
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Remark 3.3.9. The || Al|{1 2y(3y norm in Definition 3.3.8 can be equivalently written as

1/2

[All {12y {3y = : (3.3.27)

§ T
Ail,',' : Ailf:'
i1

where A;, .. = (Aiyigjis)1<ip<d1<is<d 15 @ X d matrix, see the proof of Lemma 7 of [123].
Assumption 3.3.10 (M;-strongly Hessian Lipschitz). U : RY — R is three times continuously
differentiable and M3 -strongly Hessian Lipschitz if there exists M; > 0 such that

IV3U ()l {1,2y 31 < M

for all x € RY.

Remark 3.3.11. In Lemma B.8.6 in the Appendix, we show that Bayesian multinomial regression
satisfies this assumption.

Assumption 3.3.12 (1-Lipschitzness of f). f is a I-Lipschitz function with respect to the Euclidean
distance on R?, that only depends on x, not v (i.e. f(xz,v) = f(z,v') for any x,v,v" € R%).
Assumption 3.3.13 (Distance of initial distribution from target). The initial distribution on A = R?¢
satisfy that Wa (T, 110) < ¢p \/%, for some ¢;,, > 0.

Remark 3.3.14. It is easy to show that under Assumption (3.3.7), for jip = 8.+ X N'(0g, I5), and for
po = N (z*, (V2U (2*)) 1) x N'(04, 14) (Gaussian approximation), this condition holds with c,, = 2.
The heart of the work is related to demonstrating unbiasedness and finite variance as a result of
the multilevel scheme presented in Figure 3.2. We now state our first main result, which is a non-

asymptotic bound on the variance of our estimator (3.3.17).

Theorem 3.3.15. Suppose that Assumptions 3.3.6, 3.3.7, 3.3.10, 3.3.12, 3.3.13 hold, and in addition,

1 m 16 log(4)~y 16~y Cup + 1
>VRM, hg<-—-—1_ p>22088Y g 1 .
v= C =S4 T T mhe 0 0T by P\ VA2

Suppose that cr € [0,1), and 2 < ¢ < 16. Then for any N > 1, the UBUBU estimator S(cgr) has
finite expected computational cost, ES(cr) = w(f), and it has finite variance. Moreover, it satisfies
a CLT as N — oo, and the asymptotic variance 0% defined in (3.3.18) can be bounded as

agg

C(m,M,Mf,’}/,CN,QZ)N) <

1
14+ —— +dht).
Rhe + + 0)

hoK

Proof. See Section B.4.3 in the Appendix. O]
Remark 3.3.16. In particular, when setting hg = O(d_1/4), and K > 1/hg, the bound simplifies
to Var(S(cr)) < %%)Ml) This indicates that the overall number of gradient evaluations per
effective sample in this setting is O(d'/*), which matches the best available bounds for HMC in [45],

without the warm start assumption required in that paper.

The following proposition shows dimension-free bounds for product distributions. We are going to use

an assumption on the initial distribution p.
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Assumption 3.3.17. Suppose that o and the target distribution 7 are of product form

d d —v2/2

e dvi

po(dx, dv) = | | poi(dx;, dv;)  foralll >0, w(dx,dv)= || 7i(dz;)——,
( ) z'|:|1 ( ) i|:|1 ( o

for x = (w1, ...,7q) € RY, v = (vy,...,v4) € R?, and that

1
max Ws(m; ) < Cugt/ —
1<i<d ( zvﬂO,z) = Cpg mv

for some finite constant c,,,, where m;(dx;, dv;) = ﬁi(da:i)%dvi is the joint distribution of (x;,v;)
according to the target .

Proposition 3.3.18. Suppose that Assumption 3.3.17 holds, and denote the potential U as U(x) =
Zle Ui(x;). Suppose that Assumptions 3.3.6, 3.3.7, and 3.3.10 hold for each component (U;)1<i<d,

and that

1 m 16 log(4)~y 16y Cup +1
>VRM, hg<-—-—"_ p>208WT B 1 .
v2V8M, hosTeoenr B2 0 B0z g los VM2

Suppose that f is of the form
f(x,v) = g((w, ), .. (W, z)), (3.3.28)

where g : R” — R is 1-Lipschitz, and wV), ... w() € RY. Suppose that cp € [0,1) and 2 < ¢y < 16.
Then for any N > 1, the UBUBU estimator S(cr) has finite expected computational cost, ES(cr) =
7(f), and it has finite variance. Moreover, it satisfies a CLT as N — oo, and the asymptotic variance

can be bounded as
C(m7M7M1777r7CN7¢N) Z ||w(l)||2

2
<
98 = Khyg

1<i<r

Proof. See Section B.4.3 in the Appendix. O

Remark 3.3.19. These bounds are independent of the dimension d. This is not surprising as the
different components evolve independently according to the kinetic Langevin diffusion (3.1.1), and we
do not introduce any dependencies in the UBUBU algorithm. This is in contrast with Metropolized
methods, where the accept/reject steps introduce dependencies in the evolution of the components.
The results could be generalized to potentials which are separable into independent groups of coordin-
ates, i.e. U(x) = >°7  Ui(zq,), where G1,...,Gy is a partition of |d], and the size of each group

|G| is small.
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3.3.2 UBUBU with stochastic gradients

In this section, we extend the unbiased estimation methods of the previous section to the setting
where we have instead stochastic or approximate gradient evaluations, combined with a control variate

approach that occasionally computes full gradients for variance reduction, as in [87, 168].

In many applications, particularly in data science and machine learning, gradient computations are
computationally expensive due to large datasets and the need to iterate through the entire dataset at
each gradient evaluation. A common approach for reducing the cost of the gradient-based methods
is to use stochastic gradient approximations based on subsampling the dataset to compute unbiased
estimates (see [8, 33, 87, 127, 151, 160]).

In these applications the potential U : R? — R is typically of the form

Np

U(z) = Up(z) + > _ Ui(x), (3.3.29)
=1

where 2 € R?, the dataset is of size Np € N. Uy can be chosen as the negative log density of the prior
distribution or some other term that does not require accessing the data. In our examples, Uy can
be taken to be a quadratic function, for example, a quadratic matching the Hessian at the minimizer

(which can be computed before sampling).

We remark that one of the most efficient samplers in the big data regime is the Zig-Zag sampler [18]
whose complexity is independent of the data size according to a limiting argument (although as stated
in [18], some logarithmic factors were ignored). [50] is another recent paper that proposes a Metropolis-
Hastings-type MCMC algorithm based on subsampling that only accesses O(1) or even O(1/v/Np)
data points per step. Although this method was shown to have state-of-the-art performance on a
10-dimensional logistic regression example, its efficiency on high-dimensional models has not yet been

demonstrated.

In this section, we will develop a version of UBUBU using stochastic gradients. We are going to use

Ny

random variables of the form w € [Np]™**, which is a random selection of N, indices to be selected

uniformly on [Np] = {1,..., Np}, i.i.d. with replacement [8]. We denote the distribution of w here
as SWR(Np, Ny).

Definition 3.3.20. The sub-sampled stochastic gradient of U at x with respect to & is
Np N
G(z,w|t) = VUp(x) + Y _ VUi(@) + == Y _[VUi(x) — VUi(@)], (3.3.30)
i=1

where w ~ SWR(Np, Ny).

G(-|2) : R x 2 — R is an unbiased estimator of VU(x) in the sense of Definition 3.2.1. We can
use this estimator in UBU by replacing the B step with

Bg(z,v,h,w|t) = (z,v — hG(z,w|T)). (3.3.31)
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Let z* € R? be the minimizer of the potential U, then the selection & = z* at each step corresponds
to the control variate gradient estimator, see [8]. When approximating the step B in UBU using this

control variate approach, we can only achieve strong order 1/2.

Another possibility is to update & every 7 = [Np/Ny]| iterations with the latest position where the
gradient was evaluated (this is not z; for UBU as the gradients are evaluated after moving forward
by a U step with stepsize h/2). We refer to this as the stochastic variance reduced gradient (SVRG)
approach (see [87, 168]). The overall computational cost of this approach is approximately twice that
of the control variate approach (due to the need for a full gradient evaluation). Since the gradient
is reevaluated every 7 iterations, when h is small, the position & becomes closer to the positions x
that are considered, and the approximate dynamics provide a better approximation of the underlying
diffusion (3.1.1). We will show that the SVRG discretization has strong order 3/2, which is better
than the control variate estimator, hence we will use it within our unbiasing scheme. The evolution

of SVRG steps can be written as follows,

(g(i) )4 ~ N(0g, 1) for all i = 1, ..., 4.
k+1 i=1 ) ) )
Wk41 SWR(ND, Nb)
@) = U (wr, 00, h/2, 60,65 (33.32)
Tk = T|k/r|r
(xk+17 Uk+1) = Z/[ (Bg (Ekaﬁka h7wk+1’ ‘f:k) 7h/27 5153:217 gé?l) .
Let P;EVRG denote the time inhomogenous Markov kernel describing the evolution of (z, &k, vg)
according to the SVRG steps (3.3.32).

We use a Gaussian approximation of the target. Let

pg =N(*, (H) ™) x N(0g,I;)  with  H* = V2U(z*), (3.3.33)
and define
r* 04 14 r—x*
s\ L, ,h = h y 3.34
Hai(x,v,h) <0d>+exp< (—H* Od>)< ; ) (3.3.34)
O(w,v,h/2,6M,6®) = (2,0 + /292P (h/2,6D,6) ), (3.3.35)

O%(z, v, h, 1,62, 60, 69) = 0 (O (w,0,/2,6M,6D)  1/2,6D, ). (3.3.36)
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with H.(x,v, h) corresponding the solution of the Hamiltonian dynamics on target ug x N(0g, 1)
initiated in (z, v) at time h. It follows from (3.2.8) that \/2v2® (h/2,£W, ¢3)) ~ N (04, (1—0%)1,),
so this O steps keeps the target invariant. We are going to use the OHO scheme as part of our
algorithm.

(5“) )4 ~ N (0g, Iy) for all i = 1, ..., 4.

k+1 i=1 ’ ) 5

(fkvﬁk) =0 (xkavk7h/27€]§217£](£:1> (3337)

(‘Tk-‘rlu Uk-i—l) =0 (H* (Ekvﬁkv h) ’h/2> S]Eizlv 5](:21) .
Let P,?HO denote the time homogeneous Markov kernel describing the evolution of (xy, vx) according

to the OHO steps (3.3.37).

Two chains evolving according to SVRG with step size A and SVRG with step size h/2 can be coupled

as follows.

(é,ffll)il ~ N(0g, 1) forall i = 1,..,8.

Wit1/2:Wha1 ~ SWR(Np, Np),

(Zk, Uk) = U <xk,vk, h/2,§,(€£21,§,(321,§,(€?1,§](ﬁl>

Tk = Tk/r)r

(Tht1, Viy1) = U (Bg (T, Vgs by i1 | k) h/2,€;(321,£;(§1,€,£21,£;(§1) ,

(T Tk) =U (:vﬁw Uk h/4,§,§1+)1,§,§2+)1) (3.3.38)
Tk = Tok/r)r/2

($2+1/27U2;+1/2) =Uu (BQ (%ﬂ%,h/?,%ﬂ/zw
(

. 3 4
5”2;) ah/4v51(g421»£l(¢+)1>
_ _ 5 6

x;€+1/271};€+1/2) =Uu <$;<+1/2a”1;+1/27h/47§i(c£1751(#1)

k12 = T|(okt1)/7] /2

z
/ / =/ —/ /
(xk+17vk+1) =u <Bg <$k+1/2>“k+1/27h/2awk+1

. 7 8

x§~c+1/2> ’h/4>£l(c+)l7£l(6421> .

Let Pfx/’;G denote the time inhomogenous Markov kernel describing the evolution of
(zk, Tk, Vg, T}, T, v),) according to the SVRG steps (3.3.38).

Finally, we will also need to couple one chain with step size A running OHO on the Gaussian

approximation p¢, and another chain running SVRG on the target with step size h/2.
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(5}31); ~ N(0g, 1) forall i = 1,..,8.

W1 /90 W1 ~ SWR(Np, Np),

(Th, Tp) = O° (xkv“’f’h/27§£21751(c%217§1(32175ﬁ1>

(Th1, Vp41) = O? (7—[* Tk, Up, h) , /2, §k+1,§k+1,gk+1,gk+l)
( Uy) = (5% vy, h/4, §k+17€1(jzl)

(3.3.39)
/
\_2k:/7'J7'/2
- N 3 4
( k+1/2’ ,U.;c—i—l/Q) =U (Bg <$;§’ U?m h/2a w;q;+1/27 U‘ .CC;) ) h/47 5]2_217 gls;_izl)
6
<$k+1/2vvk+1/2) =Uu (xk+1/2>vk+1/2’h’/4 §k+17‘51(6421)
a7 k+1/2 = xL(2k+1)/TJT/2
_ _ . 7 8
(xk+1’vk+1) U (Bg (x;c+1/27v./’€+1/2’h/2’w1,€+1 $§s+1/2> ,h/4,§,(€421,§,(€£1) :
Let Phoigg/SVRG denote the time inhomogenous Markov kernel describing the evolution of

(xk, vk, T, &), v},) according to the steps (3.3.39).

We now create a coupling between levels 0 and 1, denoted by 1/0 1

I/C‘]SlG coupling

1: Define z( ; ) ~ pc and let z/(o :) ngl)

2: Let (z(O];),z/(%i),i'/(%?),(z(oBll)H,z'(%ﬂl,ilf(%ill), .7(Z§?,1)7Z;(<0,1)7£;({0,1)) be a Markov chain with kernel
ROHO/SVRG _ Phooi?/SVRG (satisfying that Z( RO pe for all k).

3: Let vp,1 denote the joint distribution of z( Blg, A zgg‘l), zﬁ%’i), ceey z}&o’m.

We now create a coupling between levels [ and [ 4 1 for [ > 1, denoted by Vlslcj;l.

SG ;
V4 coupling

1: Define z(l + ) ~ pe and let zlelLHl) (141

—Biy1-
} LIHL) (L) ar(Li+1 L1 _r(41) Ar(1 z+1 P OHO/SVRG
2: Let (z(—BL+3’Z—(Bl+1)’x—(Bl+1>) yee ( (Bz )»Z—<B, )@y )) be a Markov chain with kernel Rz,z+1/ =
ol
OHO/SVRG u+1
(thpr/1 (satisfying that z( ) ~pa).
LA (41 (L4l LI (LD ar(lI4+1 L) (1) ar(lI41 .

3: Let (ZSBL ) IB ) xfB )) ( (Bl+)1,z£Bl+1),x£Bl+f) e (zﬁ( ),2;5 >,x15, >> be a Markov chain

evoIving according to stlvgc (Phslvhlffl)
4: Let v, denote the joint distribution of z(l l“) .. ,z%’lH), zflél;ll), e z}ﬁl’lﬂ).

Figure 3.3 illustrates our couplings between different levels using OHO/UBU discretizations. Given

some constants cy > 0, on > 2, we let

i1 = endy for 1€ N. (3.3.40)
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NK iid Gaussians

Burn-in Samples for D,
r——?——+——5i0—— . K . ~ Level0
OHO OHO | OHO ~OHO OHO OHO OHO  Stepsize o Xy copies
B Bo K ., . Levelt
b--t--d--t-- 1 o
UBU UBU | UBU UBU UBU UBU UBU psize h

|-—_+B__+__?__+__B+O__ ! ! }(. | | Level 1
OHO ' UBU T UBU | UBU ' UBU « UBU & UBU = UBU = Stepsize h

N, , copies
|-_|_.|.B_|_+_|_?_|_+_|_B+O_|_ Il Il [ Il [ | |’<| [ Il [ Il [ | LeVe|2
UBU ~UBU ~ UBU | UBU ~UBU ~ UBU " UBU ' UBU  Stepsize h,

Figure 3.3: Coupling scheme for UBUBU-SG.

Our stochastic gradient-based method (UBUBU-SG) proceeds as stated in Algorithm 3. We
recommend setting the Richardson extrapolation parameter cp = ﬁ in this case (as SVRG has
strong order 3/2).

In order to show variance bounds for this algorithm, we make the following assumptions.

Assumption 3.3.21 (VLipschitz property). Foreveryl <i < Np, U; : R? — R is twice differentiable
and there exists a M > 0 such that for all z,y € R?,

IVUi(x) = VU(y)|| < M|z — y],
for every 1 < i < Np and moreover,
IVU (@)~ VU@ < Mz —yl| for M = NpAT.
Assumption 3.3.22 (Npr-strong convexity). There exists a i > 0 such that for all z,y € R?
(VU(2) = VU(y).z = y) Zmla —yl*  for m = Npn.

Assumption 3.3.23 (strongly Hessian Lipschitz property). U : R? — R is three times continuously
differentiable and M3 -strongly Hessian Lipschitz if there exists M > 0 such that

IV3U ()| (10y(3y < M§  for M; = Npbiy,

for all x € R<.

The next theorem states our bounds on the asymptotic variance for this algorithm.
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Algorithm 3 Unbiased-UBU with stochastic gradients (UBUBU-SG)

1: Input:

Maximum stepsize ho.

Friction parameter v > 0.

Individual potential terms (U;)o<i<np -

Minimizer z* of Potential U(xz) and its Hessian H* = V2U(z*).
Batch size parameter N, (related to 7 = [Np/Nyp]).

Burn-in length parameters By and B.

Number of samples parameter K.

Number of parallel chains parameters N, ¢y and ¢n.
Richardson extrapolation parameter cr € [0,1) (default value cg = ﬁ)
. Test function f.

2: Samples from Gaussian approximation at level 0:

3: Sample NK i.i.d. samples z§0), .. A,ZE\?}K from pc.

4: Compute Sp := ' Zf:’f (zfo)).

5: Generate number of chains:

6: Sample (Ny,141)i>0 according to (3.3.14) and (3.3.40), let lmax = max{l: Ny ;41 > 0}.

7: Averages of differences D; ;1 from [ =0, ..., lnax:

8: forl=0,...,lmax do

9: for r = 1,...,N171+1 do

10: Sample zg}éj'l’r), e zg’lﬂ’”, zﬁlgltll’r), e z;y’H'l’r) from v%,.

11: Compute Df;il based on (3.3.23) using zir’l’lﬂ), e zg’l’lﬂ), zi(r’l‘l“), e z;gr’l‘l“).
12: end for

13: Compute Si;41 using (3.3.15).

14: end for

15: Compute S(cr) using (3.3.17).

16: Output:

17: Unbiased estimator S(cr),

18: Samples zﬁo), R 20

19: Samples {10 z%’lﬂ‘”, At z}(g"l’l“) for levels 0 < I < lmax, parallel chains 1 <7 < Ny 41.




3.3. Unbiased multilevel Monte Carlo methods 69

Theorem 3.3.24. Considering UBUBU with stochastic gradients, suppose that Assumptions 3.3.12,
3.3.21, 3.3.22, 3.3.23 hold, and in addition v > v/8M,

C(§,m, M,7/Np, Ny) 16log(2%/?)7 167 1
3/2 , B= 1/2 ° 0= 1/2 log 9/4,3/2 | °
N ihoN )] imhoN ) NYnd

Suppose that cp € [0,1) and 2 < ¢ < 8. Then for any N > 1, the UBUBU estimator S(cr) has
finite expected computational cost, ES(cg) = w(f), and it has finite variance. Moreover, it satisfies

ho <

V

a CLT as N — oo, and the asymptotic variance 0% defined in (3.3.18) can be bounded as

1 - d?
2 < C(#3,m, M, M?{ 7/Np, N, —_—
JS_T?LNDK—’_ (77m7 B 17T/ D, b7¢N)CNN%
Proof. See Section B.6.2 in the Appendix. O
Remark 3.3.25. With the choice cyy = O <NLD> and K = O(1), we get a bound U?g <0 <md71\2/,3>

which, except for the dimension dependence, is similar to the variance of a 1-Lipschitz function
according to the target. Hence obtaining an effective sample only requires evaluating a full gradient
only once per O(Np) iteration, so there is no increase in computational cost as the dataset size Np
increases. The dimension dependency O(d?) in our bound is likely not sharp as we have not observed

any dimension dependency in our simulations.

Remark 3.3.26. Although we have used Gaussian approximation at level 0 in Theorem 3.3.24 as this
allows us to obtain better computational complexity in terms of Np, one could also consider using
UBU discretizations with SVRG gradients starting from level 0. This might be advantageous when the
Gaussian approximation is not yet accurate. One could also consider different initial distributions. It
is straightforward to adapt the proofs of Theorem 3.3.24 to show that even in such situations, under
appropriate assumptions on the burn-in times, the UBUBU-SG method produces unbiased estimators

with finite variance.

3.3.3 UBUBU with approximate gradients

Stochastic gradients are not the only possible approach for computing accurate approximations of the
gradient. In case the potential is close to a Gaussian (which is typical in the big data regime due to

the Bernstein-von-Mises theorem), the following approximation can be quite accurate.

Definition 3.3.27. The quadratic approximate gradient of U at x with respect to & is defined by
Q(z|#) = VU(#) + VU (z*)(x — 2), (3.3.41)

where x* is the minimizer of U .

When using this approximation for the gradient, the BB step becomes

Bo(z,v,h|2) = (x,v — hQ(x|T)). (3.3.42)
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The UBU iterations in this case become
GH )4 ~ N(0g, 1) for all i =1, ... 4.
k+1 1 ) ) )

=

(T, Uk) =U (iﬂk, Uk h/2>§l(cl+)17fl(jlzl> ; (3.3.43)

Tk = T\k/7)r

(w41, vk1) =U (Bo (T, bl k) /2,670 41, )

Let P;l4 denote the time inhomogenous Markov kernel describing the evolution of (zy, &1, vx) according

to the approximate gradient steps (3.3.43).

The reference point & is updated after every 7 iterations for some 7 > 1. We only need to evaluate the
full gradient once per 7 iterations, and use an approximation based on the Hessian at the minimizer
otherwise. Since the Hessian H* = V2U(x*) only has to be computed once, this does not affect
overall efficiency when the number of samples IV is sufficiently high. For many potentials of interest,
the approximation steps in (3.3.41) can be computed at a much smaller cost than the gradient of
U. Moreover, when thinning is used (such at levels [ = 1 and higher), multiple steps according to
(3.3.43) can be combined into one using the fact that this is a linear system, further reducing the

number of matrix-vector products required.

We follow a similar strategy as in the UBUBU-SG case (see Figure 3.3). We use Gaussian samples at
level 0, and couplings involving both OHO and UBU discretizations.

Two chains evolving according to approximate gradients with step sizes h and h/2 can be coupled as

follows.
(5,&21); ~ N0y, ) forall i = 1,...,8.
(@, 00) = U2 (a0 b/ 2,601, 6701 600,600, )
Tp = T\k/r)r
(Tht1, V1) = U (BQ (Tk, Uk, h| &%) 7h/27§;(g?1,§;(§17§;(£1,5@1> :
(7o) = U (oo of h/2.600. 67 ) o
Bl = Toksr)r/2
(#hs1/2 ) = U (Bo (ks 2,0 35) /4, €602 )
(f;c+l/2’@;~c+1/2) =Uu (x;c+1/2’vll~c+1/27 h/lff;ﬁpf;i%) :
Thi1/2 = T\ (2t 1)/7]7/2
(Th1, Vhr) = U (BQ <52+1/2762;+1/2»h/2 i“;g+1/z) 7h/4a515217§;(€?1> ,
Let PA denote the time inhomogenous Markov kernel describing the evolution of

h,h)2
(xk, Tk, vk, T}, &), v),) according to the coupled approximate gradient steps (3.3.44).
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As with stochastic gradients, will also need to couple one chain with step size h running OHO on
the Gaussian approximation pg, and another chain based on UBU with approximate gradients on the

target with step size h/2.

(5211)8 ~ N (0g, 1) forall i =1, ..., 8,

=1

(Th, Tp) = O (xkv Uk, h/27§i(e21751(3217§i(217§1(ﬁ1)

(241, V1) = OF (Ha (@0 T, 1) /2,600, €10, 600,680, )
(@5, ) =U (*’Bk’%h/‘l £k+17‘£k+1)

Tk = Togr|r/2

(332;+1/2a U;<;+1/2> =U (BQ (T}, Uy, h/2| £1,) ,h/4,££3+)1,£,§?1)

(

E;c+1/2’6;c+1/2> =Uu <xk+1/27vk+l/2>h/4 §k+1v§k+1)

(3.3.45)

k+1/2 = $L(2k+1)/TJT/2

&,
— _ 5 7 8
(13k+171’k+1) u (BQ($k+1/2’U§c+1/27 h/2|x;€+1/2), h/4v§1(9421a51(<421>

Let Phof/g/A denote the time inhomogenous Markov kernel describing the evolution of
(xg, vk, T, &), v},) according to the steps (3.3.45).
We define V(‘)41 as joint distribution of z(oBl), .. .,z&?’l),zf%?,. ,z}&o ) that is similar to the I/SG
coupling for UBUBU-SG, but using inhomogenous Markov kernels P, h/(;/A instead of P}?ZS/SVRG
Similarly, we let VZAIH denote the joint distribution of z(lgl), cey 2 %ZH), z_(lél:i), ceey I((l 1) , defined
analogously to Vl l+1 for UBUBU-SG, but using Pho}gg/A and PhAh/2 in place of P f}ﬁg/SVRG and
P;Lg‘h//’;G We choose ¢; ;11 as

ClLi+1 = CN¢N for [ € N. (3346)

The UBUBU-Approx method follows similar steps as in Algorithm 3, but it uses the couplings 1/64 and
Vlfll—i-l instead of y(*)gg, and ufﬁ_l. In terms of input, unlike in Algorithm 3, we do not use individual
potential terms U;(x) and batch size Ny, but require gradient calculation frequency 7. We recommend
setting the Richardson extrapolation parameter cp = % in this case (as this approximate gradient

scheme has strong order 1). A slightly weaker form of Assumption 3.3.21 will suffice here.

Assumption 3.3.28 (VLipschitz property). There is a M > 0 such that for all z,y € R?,

IVU(z) = VU@l < M|z —y|| for M = NpM.

Our results for this scheme are stated in Theorem 3.3.29.

Theorem 3.3.29. Considering UBUBU-Approx method, suppose that Assumptions 3.3.12, 3.3.22,
3.3.23, 3.3.28 hold, and in addition v > /8 M,

C(3,m,M,7/Np) 1610g(2)7 167 1
ho < N2 , Bz2— o N1/2 , Boz——5—lo N3z )
D 0 mND ho D0
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Suppose that cr € [0,1) and 2 < ¢n < 4. Then for any N > 1, S(cgr) has finite expected
computational cost, ES(cr) = =(f), and it has finite variance. Moreover, it satisfies a CLT as

N — oo, and the asymptotic variance 0% defined in (3.3.18) can be bounded as

2 1 C(’?7m7M7M157T/ND7¢N>d2
US S = —+ B} .
mNDK CNND
Proof. See Section B.7.3 in the Appendix. O

Remark 3.3.30. To control the asymptotic variance of Theorem 3.3.24 and Theorem 3.3.29 for
large d we would need to set hg < O(d~2); the dimension dependency in this bound might not be
sharp, and we did not observe such limitations in our simulations. UBU iterations with AG and SVRG
gradient approximations no longer form a time homogeneous Markov chain (unless the state space is
extended), so it is challenging to establish O(1/K) scaling in the bound on 0%, like in Theorem 3.3.15.
If we select hg ~ O(1 /NE’)/ 2), then for large Np, the total computational cost of the approximate
and stochastic gradient methods scales like O(N) due to Proposition 3.3.4. This is a significant

improvement over UBUBU with exact gradients, which has a computational cost of O(NpN).

Algorithm Computational Cost
UBUBU (Exact gradients) O(NpN)
UBUBU (stochastic gradients) O(N)
UBUBU (approximate gradients) O(N)

Table 3.2: Comparison of the computational cost of the various UBUBU methods in terms of IV and
Np.

Remark 3.3.31. Although we have used Gaussian approximation at level 0 in Theorem 3.3.29 to
understand the complexity in terms of Np, one could also consider using UBU discretizations with
approximate gradients starting from level 0. We could also use different initial distributions. It is not
difficult to adapt the proof to show that even in such situations, under appropriate assumptions on

the burn-in times, the UBUBU-Approx method produces unbiased estimators with finite variance.

3.4 Numerical results

In this section, we provide numerical examples to demonstrate the effectiveness of our unbiased
estimator UBUBU with exact, approximate and stochastic gradients. We test this on a range of
problems, including a Gaussian example, a multinomial regression problem on the MNIST dataset, and
a Poisson regression model for soccer scores; these computations serve to highlight the comparisons
of our method with RHMC, which we view as the gold standard. We briefly describe the latter in
Algorithm 1, stated in the introduction.

For RHMC, we have used a partial refreshment parameter of a = 0.7, which typically performed
50% — 70% better than doing full velocity refreshment (e = 0). We choose parameters E}, (expected
number of leapfrog steps) and h (stepsize) such that the acceptance rate is approximately 0.65 (as

recommended in [17]), and that Eph ~ \/% (m is the minimal eigenvalue of the Hessian at the
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mode), in line with the theoretical results for optimal convergence of the continuous time RHMC
process [106]. We found that the effective sample sizes obtained in all of our experiments are in line
with the continuous convergence rates of [106] scaled by the stepsize h, so we do not think that other

parameter choices can significantly improve the performance of RHMC.

Our numerical experiments with unbiased estimators are specific to the UBU splitting method, as
was the analysis. We also ran some preliminary numerical experiments with an unbiased version of
BAOAB, but found that UBUBU was more efficient in all cases.

We estimated the ESS values based on at least 16 parallel runs in each simulation. For UBUBU,
the number of parallel chains N was chosen in the range N € [64,256], and we set ¢y = 1/16,
én = 2v/2 in each case.

We will post the Matlab code of our simulations at https://github.com/paulindani.

3.4.1 Gaussian target

Here we consider a Gaussian target in d dimensions whose precision matrix has eigenvalues

k—1 2(k —1)
1,1 1
R

) K.

Theorem 4 of [97] has shown that for some Gaussian targets with condition number &, the inverse
spectral gap of HMC taking K leapfrog steps per iteration was shown to be at least O(K rv/d/ log(d)).
More recently, it has been shown that randomizing the integration time can substantially improve the
performance of HMC [29]. In continuous time, sharp convergence results have been obtained for
RHMC in [106]. Moreover, for Gaussians with condition number x, RHMC can approximate the
target distribution with O(y/rkd'/*) queries under a warm-start assumption [5]. In our preliminary
experiments, RHMC significantly outperformed HMC on high-dimensional problems, so we only
consider RHMC here.

We provided RHMC with the advantage of being initialized from the Gaussian target distribution,
while UBUBU was initialized in po(z,v) = do(x)N (v, I;).Our numerical simulations are presented in
Figures 3.4-3.6.

Figure 3.4 shows the maximum number gradient evaluations per effective sample (ESS) among all
components f(z) = x; for 1 < i < d as a function of the dimension d = 10,102, ...,10°, for
condition number x € {4,100}. Figure 3.5 shows the number of gradient evaluations per ESS for the
norm test function f(x) = ||z|| as a function of the dimension d. As we can see, in both scenarios,
UBUBU does not show any dimension dependence, while the number of gradient evaluations per ESS
scales as O(d'/*) for RHMC. In our experiments, UBUBU is 20-40 times more efficient than RHMC
for d = 100000.

Figure 3.6 presents the histograms of the number of gradient evaluations per effective sample size
(ESS) amongst test functions f(z) = z1,..., f(x) = x4, when comparing UBUBU with RHMC. This
experiment is for a specific dimensions size of d = 10 and condition numbers x € {4,100}. As we
can observe, UBUBU outperforms RHMC in terms of gradient evaluations per ESS.
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Figure 3.4: Dimensional dependence of gradients/ESS over all components for Gaussian targets.
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Figure 3.5: Dimension dependence of gradients/ESS for test function ||z|| for Gaussian targets.

5000

Number of coordinates

o

Number of coordinates
i - - ) N w
8§ 8 8 8 8 8

o

Gradients/ESS - RHMC - Gaussian,d=10°,x=4 Gradients/ESS - UBUBU - Gaussian,d=10°,x=4

2500 ¢
Min gred/ESS --22.45 Min gred/ESS --0.67
Max grad/ESS - 51.65 ¢ 2000 | Max grad/ESS - 2.28 | 1
©
£
©
S 1500 -
3
§ 1000 |
8
£
=
Z 5m.
P oy — e
25 30 35 40 45 50 06 08 1 12 14 16 18 2 2.2
Gradients/ESS amongst all coordinates Gradients/ESS amongst all coordinates

4 - - =10° 5=
 Gradients/ESS - RHMC - Gaussian,d=10%,x=100 , »10° Gradients/ESS - UBUBU - Gaussian,d=10,x=100

|Min grad/ESS — 116.24 | 25/ m‘_“ gr:i/IEEsSSS - %1077 |
| Méx grad/ESS - 247.10 (Mex gradiess - 8.97 |

Number of coordinates
n

| o —
120 140 160 180 200 220 240 0 1 2 3 4 5 6 7 8

Gradients/ESS amongst all ccordinates Gradients/ESS amongst all coordinates

Figure 3.6: Gradient/ESS over all components for the Gaussian target example.
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An important question related to this example is the dimension dependence of the original unbiased
kinetic Langevin scheme based on Euler-Maruyama discretization presented in [138]. Due to the
different estimator proposed there, the number of samples N;;;1 is random for every [, and the
variance of the term equivalent to S;;11 = ﬁ valll“ Dl( lzrl will be proportional to E(D? 1)
not Var(D;;+1) like in our case. For functions like the norm f(z,v) = ||z||, in general, using the strong
order one property of the Euler-Maruyama scheme ([140]), E(D;;.1) = O(vdh;) and E(D ll+1) =
O(dh}). So the asymptotic variance of the final estimator is O(1 + dh?), and by choosing ho =

O(d=/?), we expect that this will require O(d'/?) gradient evaluations per effective sample.

3.4.2 Bayesian multinomial regression

Our second numerical example is to consider a Bayesian multinomial regression (BMR) problem.
BMR is a generalized linear regression model which estimates probabilities for r different categories
of dependent variable y using a set of explanatory variables x. Here, provided m classes, we let
q=(¢',...q") € R? with d = md, and ¢* € R%. The likelihood associated with the problem is

given as ‘
exp((a7,¢*))
p(y’la) = (3.4.47)
D 1<k<m exXP((27, ¢%))
Our focus is on estimating a posterior distribution, where the posterior potential is given as
U(g) = —log(po(q Zlog p(¥’19)) (3.4.48)

exp(—|la]|*/(20%))
(71'0 )d/2

show that the gradient-Lipschitz and strongly Hessian Lipschitz conditions (Assumptions 3.3.6 and
3.3.10) hold for this example.

Here we chose py as a Gaussian prior py(q) = . In Lemma B.8.6 in Appendix B.8, we

We are interested in applying our BMR model to the MINST dataset [96] about classifying handwritten
digits from 0 to 9, which are shown as examples in Figure 3.7. The dataset contains 60,000 training
data points and 10,000 test data points where the images are of size 28 by 28 pixels. The covariate
vectors 27 are obtained by flattening the images into vectors taking values on the interval [0, 1], and
adding a 1 in the end for the intercept term. Hence dg = 28241 = 785, m = 10, and d = dgm = 7850.

We set the prior variance 08 = 0.1 (this was tested to provide good prediction performance).

Figure 3.7: MNIST datasets containing images of handwritten digits from 0 to 9.



3.4. Numerical results 76

For our numerical simulations, we will present two different scenarios: one without preconditioning
(Figure 3.9) and one with preconditioning (Figure 3.10). In both figures, we evaluated the efficiency

of the methods in terms of gradient evaluations per ESS for the coordinate test functions f(z) =

21, f(@) = 7a.

To compare the posterior distribution with a Gaussian approximation, we have selected a component
with a relatively large third derivative. Figure 3.8 illustrates the potential function and the Gaussian
approximation with precision V2U (z*) along the line =* + te;. Here e; = (0,...,0,1,0,...,0) is the
unit vector of the chosen component (i = 7491 in our implementation), and ¢ is chosen to cover up to
3 times the standard deviation difference from z}. As we can see, the distribution of this component
has a significant skewness, and the density values can differ by up 40% even in the bulk of the

distribution.
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Figure 3.8: MNIST example. Left: Comparison between potential and quadratic approximation. Right:
Difference between the potential and quadratic approximation.

In the first scenario (no preconditioning), the condition number of the Hessian at the mode V2U (z*)
is k ~ 7.2 x 103. We included simulation results with RHMC, UBUBU, and UBUBU-SG. For UBUBU-
SG, we used a 10% batch (N = 6000, Np = 60000), and set the maximum level with control variate

stochastic gradient approximation as Smax = 2. As we can see, UBUBU improves upon RHMC, and

this is further improved by UBUBU-SG.

By preconditioning, we mean that we obtain samples from a transformed potential U(Azx) for some
matrix A, which may have a better condition number than the original potential. It is easy to see that
if X follows a distribution with density proportional to exp(—U(z)), then X’ = A='X has a density
proportional to exp(—U(Az)).

In the case of RHMC, the best performance was obtained by preconditioning using the matrix square
root of the Hessian at the mode, A = (V2U(z*))~1/2. For UBUBU, this same approach worked
reasonably well, but the best performance was obtained by only preconditioning in the eigenvectors
corresponding to the largest 1000 eigenvalues of V2U (z*) (i.e. shrinking them to the same size as the
1000th largest eigenvalue), and keeping the other directions unchanged. This resulted in a condition

number of k =~ 4.5 for the Hessian of the transformed potential at its mode.
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We also included the implementation of the approximate gradient version UBUBU-Approx with the
same preconditioning as for UBUBU and set the frequency of full gradient evaluations as 7 = 15.
This has drastically reduced the number of gradient evaluations without hurting performance, and it

shows approximately 100 times improvement over RHMC.
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Figure 3.9: Gradient/ESS over all components for MNIST dataset without preconditioning.
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Figure 3.10: Gradient/ESS over all components for MNIST dataset with preconditioning.
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In addition to the coordinate test functions, we have also evaluated the efficiency of these methods
for the posterior predictive probability of digits 0,1...,9 on the test dataset (10000 images, 100000
test functions in total). Figure 3.11 presents experiments comparing RHMC and UBUBU-Approx on
these test functions. The experiments show approximately 60 times improvement in efficiency for
UBUBU-Approx compared to RHMC, which is in line with our theory proving that UBUBU does not
exhibit dimension dependency (Proposition 3.3.18).
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Figure 3.11: Gradient/ESS for probabilities of all 10 digits over 10000 test images for MNIST dataset
with preconditioning.

3.4.3 Poisson regression model
Our final example is a Poisson regression model for predicting soccer scores taken from [94].

Let ¢ = 1,...,G be the index of games. Let Sf denote the number of goals scored by the home
team at game ¢, and let S;;‘ denote the number of goals scored by the away team. The independent
Poisson model [107] assumes that these scores are distributed as

H . H A . A
S, ~ Poisson(A;), S; ~ Poisson(\),

conditionally independently given the rates )\f and )\g‘.

In our implementation, the rates are connected to the linear predictors 775 and %4 using the function
softplus(x) = log(1 + exp(x)) (see Figure 3.12), i.e.
A _ A H _ H

Ay = softplus(n;’), A, = softplus(n,’). (3.4.49)
This function is Lipschitz and also gradient Lipschitz, which is desirable given our theory. Although
this is less frequently used in the literature than the log link function, it was shown to be more robust
and less sensitive to outliers [163, 165]. The linear predictors are modelled based on a random effect
model with time-dependent attacking and depending strengths for each team. Let w(g) denote the

week of game g, then we set

H A
Mg = Ghome.team(g),w(g) + daway.team(g),’w(g)7 Ny = Qaway.team(g),w(g) + dhome.team(g),w(g) (3450)

Let a be all attacking strengths of all teams over the whole period, and d denote all defending
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Figure 3.12: Softplus and ReLU activation functions.

strengths. Then the log-likelihood is of the form

log(p(a,d)) =

G
(St .. SH. St SEY ) (A + S log(A) — A+ ST 1og(A)
g=1

which can be written as a function of a and d using (3.4.49) and (3.4.50).

We used a Gaussian random walk prior for the attacking/defending strengths ateam w and dream,w,
together with a weak Gaussian prior on every attacking and defending strength. Let T denote the
set of teams during the whole period considered (teams change from season to season due to

relegation /promotion), then the overall log prior is of the form

w(G) a2 w(G)— 1

2
logpo(a,d) = C(o,00) — Z Z teamw + Z (Gream. w1 2ateam w)

teameT \w=w(1)
w(G) w(G)—1

. Z Z d’?eamw_i_ Z dteamw+1 dteamw)2

2 )
teameT \w=w(1)

We set 02 = 0.01 (this means a strong correlation for about two years), and o = 10 (weakly

informative prior).

We considered 20 years of Premier League data (7600 games) from 19/08/2000 until 26/07/2020.
Our model has d = 89526 parameters, and the condition number of the Hessian at the mode is
K~ 4103

We have implemented RHMC, UBUBU and UBUBU-Approx with 7 = 20 for this model. In the
UBUBU-Approx algorithm, the target at level 0 was chosen as the Gaussian approximation (with mean
x*, and precision matrix V2U(z*)), meaning that gradient evaluations were only used from level 1
onwards. The test functions were chosen as f(x) = z1,..., f(x) = x4. Our numerical simulations
are presented in Figure 3.13. As we can see, UBUBU uses approximately 30 times fewer gradient
evaluations per effective sample than RHMC, and UBUBU-Approx uses 2000 times fewer gradient

evaluations than RHMC.
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Chapter 4

Conclusion and future directions

To conclude Chapter 2, in [55] it is shown that the optimal convergence rate for the continuous
time dynamics is O(m/7), therefore our contraction rates are consistent up to a constant for the
discretizations, however for some of the schemes considered for example BAOAB and OBABO we have
that the scheme inherits convergence to the overdamped Langevin dynamics (without time rescaling)
and this is reflected in our convergence rate estimates. For MCMC applications, our estimates of
convergence rate are independent of ~. In particular, in the case of ~-limit-convergence methods,
our convergence guarantees are valid for large friction. BAOAB and OBABO do not suffer from slow
convergence in the limit and we do not expect a large bias because they converge to a consistent
overdamped Langevin dynamics numerical scheme. This is shown by our provided asymptotic bias
estimates for the BAOAB scheme which remain finite in the high-friction limit and provide non-
asymptotic guarantees for this scheme. We recommend these schemes in the context of sampling due

to their robustness with respect to the choice of friction parameter and increased stability.

The constants in our arguments can be improved by sharper bounds and a more careful analysis,
but the restriction on -y is consistent with other works on synchronous coupling for the continuous
time Langevin diffusions [20, 47, 55, 57, 166]. Further it is shown in [116, Proposition 4] that the
continuous time process yields Wasserstein contraction by synchronous coupling for all M-V Lipschitz
and m-strongly convex potentials U if and only if M —m < ~(v/M + \/m) for the norms that we
considered. This condition when M is much larger than m is O(v/M). It may be possible to achieve
convergence rates for small , by using a more sophisticated argument like that of [70]. Using a
different Lyapunov function or techniques may lead to being able to extend these results to all v > 0
[63, 126], but this is beyond the scope of this paper.

The constants for the discretization analysis for BAOAB can be improved. However, the dimension-
dependence of the non-asymptotic guarantees is in accordance with other numerical integrators for

kinetic Langevin dynamics without the use of randomized midpoint methods (see [146]).

We have shown BAO, OBA, AOB, BAOAB, OBABO and rOABAO have convergence guarantees for
stepsizes O(1/v/M) and BAOAB, OBABO and rOABAQ have the desirable GLC property which is
not common amongst the schemes we studied, for example EM, SES, BBK, SPV and SVV. For the
choice of parameters which achieve optimal contraction rate, we derive O(m/M) rates of contraction,

which are sharp up to a constant and we achieve this for every scheme that we studied.

81
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We further considered the case of stochastic gradients, where we allow a flexible choice of unbiased
gradient estimator under the assumption that the expected variance of the Jacobian of the estimator
is bounded. We show that this results in a reduced convergence rate based on the variance of the
Jacobian of the estimator, which coincides with what we have observed numerically for small batch
sizes in a subsampled stochastic gradient. Most previous results in the literature (see e.g. [53]) require
the mean square error of the stochastic gradients E(||Gy — VU (z1)||?) to be uniformly bounded,
which can be easily violated even for strongly convex and gradient-Lipschitz potentials U; when using
standard subsampling schemes. We do not need such a stringent requirement; our conditions on the
stochastic gradients stated in Assumption 2.6.2 are applicable for subsampling-based estimators as

long as each U; is gradient-Lipschitz.

We have provided numerical results comparing the bias of each of the numerical methods based on
choices of the friction parameter which are optimal according to our theory or the optimal choice
for the Gaussian distribution, where we solved for the convergence rates exactly. We compared the
errors of the integrators in a Bayesian logistic regression application and have seen that some of
the integrators performed well with large stepsizes, even in the presence of stochastic gradients. Our
theoretical and numerical results indicate that using stochastic gradients with advanced numerical
integrators can perform well and have significant computational advantages compared to full-gradient
methods. In the case of sufficiently large batch sizes, there is little change in terms of the stability

threshold and convergence rate compared to the full-gradient version.

In this thesis, in Chapter 2 we have developed theory to show convergence of discretizations of kinetic
Langevin dynamics all the way up to the stability threshold (with and without the use of stochastic
gradients). This theory was particularly useful in the analysis of the UBUBU method we introduced
in Chapter 3.

In Chapter 3, we presented a new unbiased estimator which can exploit high strong-order numerical
integrators for underdamped Langevin dynamics. We refer to our estimator as UBUBU which does not
rely on the Metropolis acceptance/reject step. Our estimator is influenced by the work of [138], and
instead is constructed using a telescoping sum for different discretization levels [79, 129]. We were able
to show various theoretical insights, which include showing unbiasedness and finite variance, a central
limit theorem, and asymptotic and non-asymptotic bounds on the variance for three algorithms, based
on exact, stochastic, and approximate gradients. We have studied the behaviour of our algorithm for
product target distributions and shown that for a large class of test functions, it has dimension-
independent computational complexity. For stochastic gradients, we also considered the dependency
on the size of the data in the big data limit and shown that our method is very efficient in such
situations. The proof of these results relies on Wasserstein contraction results for the UBU dynamics.
We provided numerical experiments verifying our theory and demonstrating the performance gains
over other well-known methods such as randomized HMC. We have considered a range of model
problems including an MNIST multinomial regression problem, and a Poisson regression model tested

on a real-world dataset. Our comparisons are based on gradient evaluations per effective sample size.
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In terms of future work, there are various directions which could be taken up. One of them is related to
exploiting higher-order schemes, which were provided in [73, 74]. Numerically, strong orders of up to
4 have been observed. [73] have proven strong order 3/2,5/2 and 3 under gradient Lipschitz, Hessian
Lipschitz and third-order Lipschitz assumptions, respectively. However, the dimensional dependence
obtained under each of these assumptions has not been shown to improve on the UBU scheme in
[140]. Furthermore, such splitting schemes typically require more than one gradient evaluation per
step, unlike our strategy. In a different direction, one could consider integrators adapted to potentials
that do not have the gradient-Lipschitz property (such as in the case of sparsity-inducing priors [122]
or log link functions). Other potential directions are nested expectations [162] and static parameter
estimation [6, 56]. Finally, one could consider the setting where one does not assume convexity
[41, 70, 108, 142], where one could use an alternative coupling to synchronous coupling to achieve
theoretical guarantees in the setting where the potential is non-convex with potential applications in

sampling Bayesian neural networks, as an alternative to Hamiltonian Monte Carlo.



Appendix A

Appendix of Wasserstein convergence
and bias estimates of discretized kinetic
Langevin dynamics

A.1 Convergence rates

In this section, we detail proofs for the convergence rate for Euler-Maruyama (the simplest scheme),
BAOAB, OBABO and the stochastic Euler scheme. Proofs for the first-order splitting methods, BBK,
SVV, SPV and rOABAO can be found in [103, 105].

Proof for Euler-Maruyama. We will denote two synchronous realisations of EM as (z;, v;) and (2, ;)

for j € N. Now we will denote Zj = (JNZ]' — .’L‘j), vj = (@j — Uj) and z; = (Tj,@j), where Z; = (fj,ﬁj)

for j =n,n+ 1 for n € N. We have the following update rule for z,,
Tntl = Tn + Wy, Upt1 = Un — YUy — hQTh,

where by mean value theorem we define Q) = ftl:o V2U (Zp+t(zn—Tn))dt, then VU (3,)—VU (z,,) =
QT,. One can show that in the notation of equation (2.4.14) we have

p:< I hiy ) (A1)
~hQ (1 —h) Iy

and therefore for Euler-Maruyama (using the notation of equation (2.4.16))

A= —c(h) I+ 2bhQ — h%aQ?,
B = —=bc(h) g+ h((by —1)la+ (a+h(b—av))Q),
C = (—c(h)a+h(2ay—2b—h(1 —2b’y+a72)))ld.

We now invoke Proposition 2.4.2 as A, B and C' commute as they are all polynomials in Q. A is
positive definite if and only if all its eigenvalues are positive. We note that the eigenvalues of A are
precisely Pa(\) := —c (h) + h (2bA — haA?), where X are the eigenvalues of @, where m < X\ < M.
We wish to show that P4(\) > 0 for all A € [m, M]. This is equivalent to

Py (N m 2\ hA? 1 2
=——+———>A|—-—=—+=-—-h)>0
7 27+7 2 27+7 >0,
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which is satisfied when h < 1/+. Hence we have that A = 0. Now it remains to prove that AC — B? >~
0, where AC' — B? is a polynomial of @, which we denote P4c_p2(Q). Hence it has eigenvalues
dictated by the eigenvalues A\ of Q. That is the eigenvalues of AC' — B? are Pyc_p2()\) for A an
eigenvalue of (). Considering Pyc_p2 we have

Pio_p2(N) 4 4 m? m? m m A o A A
= e - e iy L (A
hZ )\ M 42 4y2MN 4N 2N MX M2 M A2
2 A 2 1 2
pf2omo_m o m o mA gm 2\ 1 oy
vooyM 29N 3 29M?2Z2 2MN M M M
where we have used the fact that v > 2v/ M and h < % and hence AC — B? > 0. O

Proof for BAOAB. We first note that (BAOAB)" = BAO (ABAO)" ' AB. We will now focus our
attention on proving contraction of ABAQ, by doing this we only have to deal with a single evaluation
of the Hessian at each step. We will denote two synchronous realizations of ABAO as (z;,v;) and
(z,0;) for j € N. Now we will denote T; := (Z; — z;), v; = (0; —v;) and Z; = (T;,7;), where

zZj = (T;,v;) for j =n,n+ 1 for n € N. We have the following update rule for z,

_ _ Rk [ h_ _ 9 o {_  h_
Tntl :mn+hvn—?Q l‘+§v ,  Un+l = 0°0p — hn°Q x+§v ,
where by mean value theorem we define ) = ftlzo V2U (% + B0, + t(zn — Fn + 2 (vs — Tp)))dt, then
vU (:ﬁn + %f}n) - VU (:Un + %vn) =@ (f—i— %@) In the notation of (2.4.16) we have that for this

scheme

1
A=—c(h)Is+ (200°h + 1) Q + <—an4h2 — bn*h3 — 4h4> Q?,

1 413 1 21.4 15 2
—an*h® — Zbn?h* — Zh
5 501 3 Q°,

1
C=(a(l-n*)—2bm*h—h®—ac(h)) I+ <an4h2 + gbn%” + 2h4> Q

Loaga 1905 1.6Y 2
+< 4a77h 4b17h 16h Q-
where = exp{—~h/2}. For our choice of a and b, B simplifies to B = —bc(h) +
(an4h + 20m%h? + %h?’) Q+ (—%an‘lh?’ — %bn2h4 — %h5) Q?. Now it is sufficient to prove that A > 0
and that C' — BA~!B = 0, noting that A, B and C commute as they are all polynomials in Q; it is
sufficient to prove that A = 0 and AC' — B? ~ 0. First considering A we have that A is symmetric and
hence it is positive definite if and only if all its eigenvalues are positive. We note that the eigenvalues
of A are precisely
(h)

1
Py(\) =h (—Ch + (260 + R)A + (—an*h — bn*h* — 4h3)>\2>

Ton?  3h h3M b 3h  h
2h>\<f+4—n4h—bn2h2M—4>2h>\<n+—>>0,
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where A are the eigenvalues of @), where m < A\ < M and we have used the fact that h < }/;—l]\; and
b > h. Hence we have that A > 0. Now it remains to prove that AC — B2 = 0, now we have that
AC — B? is a polynomial of @, which we denote P4_p2(Q) and hence has eigenvalues dictated by

the eigenvalues A of (). Now considering

- M M2 (1—n)M ' hIMA

Pic—pr (N (n*=1)c(h) 1—n*  p*x 202 (1—n%)  c(h)?
Ach]i hM\ ”‘( *

2
+h20(h) 1+ N 1+n? +niA
h M (1—n2)x = M?

1—n2)? h2(1—n2) X 4M  4M  (1-n)M

h 4n? A1+nt 2\ 2
+h4c()<1+ i— (+n)+n>+h5/\(3+n )

3 (‘1 a2 e’ A3ty A (1Y)
(

h (1—n2)? AM M 16 (1—n2)?
2 1 2 2
+h66(h) _%_L Z_M‘Fh ﬂ
h 16 (1—72)? AM M
5 4n? 1 h3
wi (-3 - P (1)) = gy >0
O N YT O L () =5
where we have used the fact that h < %_ Hence AC — B? = 0 and our contraction results hold. All
computations can be checked using symbolic computing. We can bound the AB operator on || - ||

by
HwAB (-i'm @m h/2) - wAB (xna Un, h/z) szb S

ah?M? h?  ah*M?
3 (1 25 )l (o o+ 5 ) ) < 7l a2

where we have used the norm equivalence in Section 2.2.2. We can also bound

1Yo (VBA (En, Ty 1/2), ) — Yo (VBA (Tn, vn, B/2), 1) |2,

h2M?  hiM? h?
<3 ((1+ 75 + 0 ) Il + (% +a) Il ) < i,

Combining these estimates we have the required result. O

Proof for OBABO. We first note that (OBABO)" = OB (ABOB)" ' ABO. We will now focus our
attention on proving contraction of ABOB. Note we only have to deal with a single evaluation of the
Hessian at each step as the position variable is not updated between gradient evaluations. We will
denote two synchronous realisations of ABOB as (z;,v;) and (Z;,7;) for j € N. Now we will denote
Zj = (&; — z;), v; = (V; —v;) and Z; = (T;,V;), where Z; = (T;,7;) for j =n,n+ 1 forn € N.

We have the following update rule for Z,,

h
Tp+1 = Tn + hUna Un+1 = "72671 - 5(772 + 1)@ (T + hﬁ) )
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where by mean value theorem we define ) = ftlzo V2U (%, + hn + t(zn, — T + h(v, — 0y)))dt, then
VU (Zy, + hty) — VU (2, + hv,) = Q (T + hv). In the notation of (2.4.16) we have that for this

scheme

A= () T+ b (14 72) Q= (1 +72 22
3
B = (b (1 _772) — h—bC(h)) I;+ <;a772+bh> (772+ 1) hQ — (772+1)2 %QZ,
C= (CL (1 —774) —2b7]2h—h2 _ac(h)) Id+ (0/172 +bh) (772 + 1) h2Q_a(n2+1)2TQ27

where 7 = exp {—vh/2}. This form motivates the choice b = # and a = ﬁ inspired by the

continuous dynamics. For our choice of a and b, B simplifies to B = —bc (h) + (3an® + bh)(n* +
HhQ — (n* + 1)2“%3622. We will now apply Proposition 2.4.2, first considering A we have that the
eigenvalues are precisely

h2\? 3b h  3bn?

Py (N) = —c(h) +bh(1+n*)A - (1 +n2)2aT > hA <4 +bn? — 1 Z) >0,
where A are the eigenvalues of @), where m < A < M and we have used the fact that b > h. Hence
we have that A = 0. Now it remains to prove that AC — B? = 0, now we have that AC — B? is a
polynomial of @, which we denote P,-_p2(Q) and hence has eigenvalues dictated by the eigenvalues
A of Q. Now considering

hA hMA

Pac_pz (V) (n*=1)c(n) (1+m2)°  ch)?  (1+72)%A
o +h< M T2 e

2 2
+h2c(h) C(L+?) L2 +)\(1+n2)
h M A (1T=n?)A 4M?
Ly eyt ew)? _A(1+n2)2+ A1 +77)”
(1=n2)%  (1—n2)?h2A 4M 2(1=n*)M
e (R A A(ew)?
he \ (1—n2)? 4M 2M (1 —n?)
h(1+n? 3(1+n?)? 3(1+n?)? 1+ 1
>—( 77)+h ( 77) —hﬂjth —( ?7)_ > 0,
AM AM 64M A4M 64M
where we have used the fact that h < %' Hence AC — B2 »~ 0 and our contraction results hold.

All computations can be checked using symbolic computing. We can bound the ABQO operator on
H *la,b by

’WBO (wA (@na 1~)7Z7 h‘) ) h/2) - wBO (wA (3:'”, Un, h) 7h'/2) H?L,b < 8H§n75n‘|37b7

where we have used the norm equivalence in Section 2.2.2. Similarly, we can also bound

1408 (#n, Bn, h/2) = 0B (20, vns 1/2) |2 < 6][Tn, TnllZ -
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Combining these estimates we have the required result. O

Proof for the Stochastic exponential Euler scheme. We remark that synchronous coupling between
two realisations of the stochastic Euler scheme results in a synchronous coupling of (¢, wn),,cry- Now
we will denote T = (.i’j - .17]'), Vi = (f)j — ’Uj) and Zj = (Tj,ﬁj), where Zj = (fj,@j) forj=n,n+1
for n € N. We have the following update rule for z,
1—-n?_  yh+n?-1

/l) —

2 1- 772
Tn—i—l =Tn+ n 2 ana 6n—&—l =N"Up —
Y Y Y

QTn,

where by mean value theorem we define Q) = ftl:o V2U (& +t(2—Tn))dt, then VU (2,)—VU (x,,) =
Q (T + hv). In the notation of (2.4.16) we have that for this scheme

_n2 _
A:—c(h)ld+2<b(1 ) H”h)Q

gl 72
- <a (17—2172)2 L) (7—31 + 177 4+ ~h) N (—1 +7;24+ 'yh)2> o
B= (b (1—n?) — ( _7772) - bc(h)) Iy
. <a772 (17 —7%)  b(1 ;2772)2 b (—1 ;772 +qh) (11— (—713+ U +7h)> 0.
o <a<1 o) ey~ 2T (,1[ w)_a ;2"2)2) I

where 7 = exp {—+h/2}. This form motivates the choice b = % and a = 1 inspired by the continuous
dynamics. For our choice of a and b, B simplifies to B = —bc(h) + O (Q). We will now apply
Proposition 2.4.2, first considering A we wish to show that all its eigenvalues are positive which are

precisely

Pa(N) == —c(h) +2 (b(l_”z) + 7721+7h> A

Y y?
1—12)2 20(1=n2) (=1+12+~h —1 412 +~h)?
_(a( ) B0 (i) ”4”))&
v v
2 3
zhA(7—<h+hM+hM>>>0,
4y 5 4

where ) are the eigenvalues of Q, where m < X\ < M and using the fact that, v2 > 4M, 1 —n? < hy,

hy +n% -1 < @ and h < 217. Hence we have that A > 0. Now it remains to prove that
AC — B? = 0, now we have that AC — B2 is a polynomial of @, which we denote P,~_p2(Q) and
hence has eigenvalues dictated by the eigenvalues A of Q. Since the terms are more complicated than
the previous discretizations we choose a convenient way of expanding the expression which can obtain

positive definiteness. That is to expand the expression in terms of a. By using symbolic computing
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one can show that Pyc_p2(N) = co + c1a + coa?, where

crtea=(n'=1)c(h)+e(h)+2(1-n) (b(l_m) + _1+n2+7h>A

v ¥
25 (1 — n2) n2¢ (B) A b(1—n2) —14n2 1—n2)? )2
N (1 —=n%)n*c(h) 2(( 77)+ +n2+7h>c(hn+( 774)
ol ¥ ol ¥
22 (1 =) (1 + 2 +~vh) A2 2b(1—n?) (=1 47> +~h) \?
- 74 73
(T=nY) (1470 +~0)" X% 2b(1—n?) (=14 7> +~h) c(h) \?
- 4 * 3
(=1 + 7%+ yh)* ¢ (h) N2 ( (1—n?) A2 (1—n2)2c(h))\2>
1 ta 2 2
¥ ¥ ¥
.2 _2)\2
> e (1 772) A (1 17)2c(h))\
ol

()it )

2
where h < % 72 >8M > 8m, %7 <1- 772 < h~v and h7+n2 —-1< % Further, we have that

3

1—n®)?c(h)  2b(1—n2) n%e(h 2 (1 —12)° A
COI( 772 C( )+ ( 77)770( )_bQC(h)2_ ( 377)
Y Y Y
2(1—m2)? (<142 +R) A 4622 (1 =)’ X 4bp® (1= n2) (=1 +n2 +~h) A
- 4 o 72 - ~3
PN +yh = 1) 20*(1 =) (W)X | 20°nc () A(p* + vh — 1)
- 4 + 2 + 2
¢! g g
L 2P )N k=) DL = )TN 26(1 = e (W) A +9h — 1)
74 74 73
[ 20 )t A 2()t ()TN ()tAN (TR
~4 ~4 ~4 ~4 NG ~6 N2 )

now we can combine this with the previous estimate and we have

T By TR 57
P A) > A — | >N [ — =) >0
Ac-p2(A) > (16M M 2 ) ~ (16M 72> =5

which is true when v > 5v/M. Hence AC' —B? >~ 0 and our contraction results hold. All computations

can be checked using symbolic computing. O
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A.2 Asymptotic bias of BAOAB

Proof of Proposition 2.7.2. We start by estimating A\,. We use the following Taylor expansion for
the Hamiltonian dynamics

h h
tnz h) = (x b ho - /0 VU (@) (h — t)dt,v — hVU (z) — / V2U (2 ()0 (t) (h — t)dt) ,

0

we then define (Z(t),v(t)) to be Hamiltonian dynamics initialised at ¥o(¢u(z,h/2),h) at time ¢ > 0
and (Z,v) := (z(0),7(0)). Then the z-component of the HOH scheme is

h/2

h h b2 o (h
THOH := T + 51}(1 +n%) — ; VU (z(t)) (2 - t> dt — ; VU (Z(t)) <2 - t) dt

h/2
+ g <n2 (—ZVU(m) - /O V2U (x(t))o(t) <Z - t) dt) +/1- n4§>

and the z-component of the BAOAB scheme is

2
- %(1 +7?)VU(z') + g\/1 —nie.

h
reaoAB =2’ + 511/(1 +7%)

Therefore the difference A, = THoH — TBAOAB IN X satisfies

h? h
82l < (147250 ) o = @z + 50420 = s

+ /Oh/2 (VU(z(t)) — VU (2")) (Z — t) dt — 172% /Oh/2 V32U (z(t))v(t) (Z — t) dt

+ /0 " UEW) - U E) (;L - t) dt

L2

We now bound the final expression by

h/2 h hi2 M h/2 h
o [0 = s (5 - ) e+ P [ e (5 o) a
0 0
h/2 h
+ M/ |Z(t) —2'|| . <2 - t> dt,
0

where we have that the second term is bounded by
for t € [0,h/2]

h3n2 M

16 Vd and considering the first term we have

3h/d

t
l2(8) = 2llz2 < o — 2"l 2 + [Jtv — / VU(@(s))(t = s)ds| 2 < [lo = 2|l 2 + —
0

similarly we can bound M foh/2 |Z(t) — 2’| ;2 (& — t) dt. Therefore we have by summing the estimates
h? h 3r3MVd
8l < (14 U+ 00 ) o =l 4 50+ Pl = ole + 25
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where we have used the fact that h < ﬁ Now we estimate A\, considering the velocity components

we have that the v-component of the HOH scheme is

h/2
VHOH = 172 (U — gVU(x) — /0 VQU(x(t))’U(t) (;L — t) dt> + 41— »,745
h_ h/2 o (h
-5 VU(@) - i VU (z(t))u(t) (2 - t> dt,

where T := x + %v - Oh/2 VU (x(t)) (% — t) dt. The v-component of BAOAB is

h h .
UBAOAB = 772(7}, — §VU($I)) + vV 1-— 7745 — §VU(?L‘),

where & = 2’ + %(1 + )’ — %(1 +n?)VU(2') + %\/1 — €. For A\, = vHoH — UBAOAB We have
that

h772

Dy =nP(v—0") - 9

h/2
(VU(z) — VU(2)) — n2/0 V2U (z(t))v(t) <Z - t> dt

h hiz h
2 (VU@) - VU @) - / V20U (F(0)5(t) <2 - t) dt,
0
we now consider the Taylor expansion

VU(&) = VU (i)

2
- V(e (2 -0+ G0+ 0~ ) = L+ PTU) - TUW)).
where we define

h h? h
fei=a+ G (L) = (14 7")VU (@) + 5V =7,

1
V23U ([v1,v2]) == / V2U (v1 + s(vg — v1))ds,
0
for any vy, v2 € R%. We then define

ap i=n2(v =) — — (VU(z) - VU(z"))

- SVQU([:%C@D (x -+ g(l + ) (v =) = (L) (VU (@) - VU(x’)))

2 2 9 3 5
= (1"1s - h(ljn)@z)(v — )+ (—’“7 . gQZ N h<18+77>

5 Q2Q1> (z — "),

where Q1 = V2U ([z,2']) and Q2 = V2U([Z, %]). Consider A\, — cv,, which can be written as

h/2 h h/2

—n? 0 V2U (x(t))o(t) <2 - t> dt + gV2U([iC,E])(£C —7) - V2U (z(t))o(t) <h - t> dt,

0
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which only contains terms from the continuous dynamics. Removing some third order terms which we
can bound in L? by h®M?/2\/d, where we have used that h <

are given by
2 [ VR (; _ t) dt + ﬁVQU([gf:c,f]) (Zn% + ZMﬁ)
— [ VRU@®) (26 + V1) (t)

0

1 .
suar e have the additional terms

where ¥ := v — %VU(I‘) - foh/2 V2U (z(t))v(t) (% — t) dt and we can bound in L?

h/2

2
2 [ VU (Z _ t> dt — n2hZV2U([:i’C,f})v o
0

27,37 73/2
<77hM \/&_1_772(

h/2

V2U(F(t))5 (Z _ t> dt

0 12

h/2
< S /0 (V2U (z(t)) — VU ([ge, T])) v (Z — t> dt

I
L2

and you can bound the second term under Assumption 2.2.3 by
) R/2 p1 h
3 [ [ a0 2 s -2 ol (5 o) asa
h/2 3 h 23 Mqd
<ot | (2nlol+ 3vaT+ v T=ilel ) ol (G —¢) de < TR
0 L2

and similarly for the third term. Without Assumption 2.2.3, we can bound each of these terms by
772M
.

L2

h/2 7 o h
+ /0 (VU@(1)) — VU ([0, 7)) 0 (2 _ t> dt

The remaining terms we have are

2

2 h/2
V1-— 774%V2U([:%c,f])§ — /1 - n4/0 V32U (%(t)) <h — t) &dt, (A.2)

which can be bounded by 3h2M+/d/8 in L. For higher order estimates we have that the V2U terms

contain noise and hence we use the Taylor expansions
V2U(E(L) = VXU (@) + VU (F( (w —/ VU @(s))(t — 5)ds >
([&e, T /V2 (z+s(z (1—ys) \/1—75
+ QM/O V3U([z+s(T — ), +s(T— &) — (1 — s)§ﬂg])(1 — 5)&ds.
Therefore we have (A.2) is of the form \/1 — n*h?A(z, z')€ + 7, where

A(x,x’):;<2/01v2U(:e+s(x (1—35) \/1— i¢)ds — VAU ( )>
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is independent of &, || A(x, 2/)¢]|72 < %M\/g, and |72 < h3M;d. Combining all the estimates we
have

2
Ay = <772[d _ h(1—1—77)Q2> (v — v’) + <_h727 | — gQQ + MQ2Q1) (z — 3:’)
+ ey + B2/1 — n*A(z, 2’

where ||e,|| 2 < 203V d(M3/? + My+\/d) under Assumptions 2.2.1-2.2.3 and ||e, |2 < 2h2M+/d with
A(xz,2") = 0 under Assumptions 2.2.1-3.3.7. O

We will use the following proposition to control the evolution of the error between BAOAB and HOH

steps.

Proposition A.2.1. Consider an HOH scheme, (x;, v;);en and a BAOAB scheme (', v});en initialized
at (zo,vg) = (a:o,vo) = (z,v) ~ m in R* with synchronously coupled Gaussian increments and
stepsize h < \ﬁ forl € N we define (AL, Al) := (z;—x),v,—]). Fora=1/M and b= h/(1—n?)
we have that under Assumptions 2.2.1-3.3.7

H(AL ALY 12ap < VBl Gy

where C) = 3lh3M\f_|_ 2h2\/n d

. Additionally, if Assumption 2.2.3 is satisfied we have
1AL AL 112,0p < VBN E,
where Cy i= 3h*/d (M + 21.v/d) 1+ ML,

Proof of Proposition A.2.1. Let (z},vh) = (wo,v9) ~ 7 and (z;,v;)'_, be defined by the HOH
scheme with stepsize h and friction parameter v and (z7, Z)Z 1 be defined by the BAOAB scheme
with the same stepsize and friction parameter, we define these such that they have synchronously
coupled Gaussian increments in the O steps. Then let us define AL := z; — 2} and Al := v; — 0] for
t € N, we have by Proposition 2.7.2 that

3h3MVd
1AL < 1A e + b (M AL g2 + A5 152 ) + S\f
-1
7 i 3h3M\/g
< DR (RMAY e + Ay lpe) + 17
=1

Without the additional Assumption 2.2.3 we have

h2

h2
1AL e < (2 + P2 Al 1uLz+hM<z+ )nal o 4 2h2MV

-1 l
—1—3 h 7 ) —1
<y ! )5 (M AL g2 + hM A 2) + Y n* D202 MV,

i=1
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and therefore we have [[(AL, ALY 12,00 < S2021 5AVM||[(AL, AL) | 12.0.0+Ch, where C) = W—i—
2h2\/
T 4 and hence

1A%, Az 00 < 7V,
With Assumption 2.2.3 we have

-1 l
AL =P (AN + ALAL) + P 0é +Zn (=D R2 /1T = 0 Ay (s, 7)),

=1 =1

where ; is the noise increment from the iteration i of BAOAB, A; and ¢! are defined by Proposition
2.7.2 for each iteration and A% := —hT”QQﬁ hQb + MQz , AL = MQ% where Q}
and Q% are defined by Proposition 2.7.2 for each i. Therefore

I ‘ 3MV/d
1412 < Z A g2+ 2hM AL + 253V (M2 4+ M) 1+ 12 8\7’

where we only lose an order of 1/2 in the last term due to the independence of the Gaussian increments,
more precisely for i # j and without loss of generality assume ¢ > j we have E (A4;&;, A;&5) =
E¢, E[(A:i&i, Aj€5) | €] = 0. We therefore have that

1AL, ALz 00 < S 4RVM(AL, )| 12,40 + Cr < DIV o
=1

where C} := 3h3\/g<M+\J/V%\/g>l+@‘ -

The previous error estimate can be refined using our contraction results, hence we can avoid blowing

up exponentially in [.

Proof of Proposition 2.7.3. We have (AL, Al) := (z; — 2},v, — v]), where (z;,v;) corresponds to !
steps of HOH initiated in (z9,v9) = (z,v) ~ 7, and (z},v]) corresponds to [ steps of BAOAB initiated
in (z(,v() = (z,v), driven by the same noise.

We define a sequence of interpolating variants (xl(k), vl(k)) for every k = 0,1,...,1 as follows. First,

(a:ék),v((] )) = (z,v). We then define (x§k),v§k))f:1 as HOH steps, followed by (J;Ek),vz(k))ézk+1 as
BAOAB steps. So we take k¥ HOH steps, followed by I — kK BAOAB steps. From the definition, it
follows that (:xl(l),vl()) = (x7,v;) and (z (0), 0 )) = (z7,v]). We break [ steps into blocks of size

-

1
2\/Mh] as follows,

0 l
IAL A lzzap = [ (2 = 200 = o)
/1)1 )

<y H( l(j)_xl((jJrl)Z)vvl(ﬂ)_Ul((jJrl)i))’

=0
n H( z( /1)1 xl(z)’vl(u/iji) _UZ(Z)M

L2?,ab

L2.a,b

L2ab )
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When we bound the terms H (xl(ﬂ) — xl((jﬂ)[),vl(ﬂ) — vl((jH) ))‘ , we can use the fact that the

LQ,(I,
first jl according to HOH keep the stationary distribution invariant, and the two chains deviate in

the following [ steps (since one of them is doing HOH, and the other one is doing BAOAB steps).
Still, the remaining steps are doing BAOAB for both chains (hence, there is a contraction). Using

Proposition A.2.1 with [ chosen as l~, and Theorem 2.4.5, we have

Under Assumptions 2.2.1-3.3.7, C} = SlhsM\[ + h2V d < ‘5h12 Vn . If we also include Assumption

223, Ci= 303V (M + 2 Vd) I+ w17 VALd < h2(4\/‘ d+ 3M1.4). By some simple algebra, we
have that

H(xl(ﬂ)— (G+DD -, (5D ((Hl)))

1=1—(G+1)I
x) U =y 2 .

< V3e52C; - 7(1 — ¢(h))

L2.a,b

7 1
AL AL <3520 1 — | <170C; - ————
[1850: Bulliz ap < V3G { 1+ 1—(1—c(h)/2 )~ Ey — emeh)if2
8v/M (1 — 12
= 170C5 - —— < 170C; - — < 170C; - (1 + w) 7
| ¢ T 1 — ¢ SO hm

where we have used the fact that 1/(1 —e™*) < 1+ 1/x for z > 0. The claims now follow by
rearrangement. O

A.3 Stochastic gradient kinetic Langevin dynamics integrators

For the Euler-Maruyama, stochastic Euler scheme, rOABAO, stochastic position Verlet only one force
evaluation is used in each iteration, so every gradient evaluation is taken as a stochastic gradient

estimate. The complete algorithms are stated below in Algorithms 4,5, 6 and 7.

Algorithm 4 Stochastic Gradient Euler-Maruyama (EM)

° Initialize (zo,v0) € R?¢, stepsize h > 0 and friction parameter v > 0.
° fork=1,2,..., K do

Sample Wi, ~ p

Gr-1— G(xr_1, Wi)

Sample & ~ N(0q, I4)

Tk — Th—1 + hvp—1

Vi — Vk—1 — hGr_1 — h/}/’l)k71 + \/Q’Yhfk
. Output: Samples (zx)i,.

Algorithm 5 Stochastic Gradient Stochastic Euler Scheme (SES/EB)

° Initialize (zo,v0) € R?¢, stepsize h > 0 and friction parameter v > 0.
° fork=1,2,..., K do
Sample (Ck,wr) ~ N (024, ), where ¥ is given in (2.4.12).
Sample Wi ~ p
Gr-1 — G(zp— 17Wk)
Uk— — W%ZZ_IGICA + Ck

Tl — Th— 1+

. Output: Samples (mk)ﬁio.
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Algorithm 6 Stochastic Gradient rOABAO

Initialize (zo,v0) € R?4, stepsize h > 0 and friction parameter v > 0.
fork=1,2,..., K do

(0)

(0)

Sample uy ~ U(0, h)

Sample Wi ~ p

Gr-1 — G(xp—1 + upve—1, Wg)
Sample fk ~ ./\/’(Od7 Id)

v = nuk—1 + /1 —n?k

Tk — Th—1 + hvr—1 — %2ka1
U — Vp—1 — hGr—1

Sample &, ~ N (04, 14)

v = U+ /1 —n2&,

Output: Samples (z1)E_,.

Algorithm 7 Stochastic Gradient Stochastic Velocity Verlet (SVV)

Initialize (z0,v0) € R?¢, stepsize h > 0 and friction parameter v > 0.
fork=1,2,..., K do

(A)

V)
(A)

T — Tp-1 4 Lvk_a
Sample Wi, ~ p

kal — g(l‘, Wk)
Sample & ~ N(0q, I4)

2
v = NPup_1 — 1_7" Gr-1+ 1 —n%

$k*}l’+g'{)k

Output: Samples (x1)5_,.

For BAOAB the first and last B of each iteration share a stochastic gradient evaluation to make the

algorithm roughly one gradient evaluation per step. The complete algorithm is given in Algorithm 8.

Algorithm 8 Stochastic Gradient BAOAB

Initialize (o, v0) € R24, stepsize h > 0 and friction parameter v > 0.
Sample Wy ~ p

Go — G(xo, W1)

fork=1,2,..., K do

(B)
(A)

(0)
(A)

(B)

UV — Vg—1 — %Gk—l

T — Tk—1+ %v
Sample & ~ N (04, I4)
v = v+ /1 — &,
T — T+ %U

Sample Wi41 ~ p

Gr = G(xk, Wit1)

Ukﬁv—%Gk
K

Output: Samples (zx)i—o-

Similarly for OBABO the first and last B of each iteration share a stochastic gradient evaluation to

make the algorithm roughly one gradient evaluation per step. The complete algorithm is given in
Algorithm 9.
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Algorithm 9 Stochastic Gradient OBABO

° Initialize (zo,v0) € R?4, stepsize h > 0 and friction parameter v > 0.
° Sample W7 ~ p
° Go — g(]}o, W1)
° fork=1,2,..., K do
Sample & ~ N (04, 14)
(0) v—=nur—1++/1—-1%
(B) T —> Tip—1 — %Gk,1
(A) z—=z+hv
Sample Wii1 ~p
Gr — g(a:, Wk+1)
(B) =z — LGy
Sample 62 ~ ./\/’(Od7 Id)
(0) vk = v+ /1—n%,
. Output: Samples (zx)i,.

If we express each iteration of the BBK methods as &g, o &4 o ®p,, then the last $p, step of each

iteration and the first ®p, of the next iteration share the same stochastic gradient evaluation to make

the algorithm roughly one gradient evaluation per step. The complete algorithm is given in Algorithm

10.

Algorithm 10 Stochastic Gradient Brunger-Brooks Karplus (BBK)

Initialize (zo,v0) € R?¢, stepsize h > 0 and friction parameter v > 0.
Sample W7 ~ p
Go — G(xo, W1)
fork=1,2,..., K do
Sample &, ~ N (04, 14)
(B1) v = g1+ % (_kal — YUk-1 + %&)
(A) =k — Tp—1+ hv
Sample Wit1 ~ p
Gr — G(xp, Wii1)
Sample &, ~ N(0q, 14)
(B2) ve— (14 49) ! (0= b+ 261

. Output: Samples (x1)5_,.

Finally for SVV the last V step of each iteration and the first V of the next iteration share the same

stochastic gradient evaluation. The complete algorithm is given in Algorithm 11.

Algorithm 11 Stochastic Gradient Stochastic Velocity Verlet (SVV)

Initialize (2o, v0) € R24, stepsize h > 0 and friction parameter y > 0.
Sample W7 ~ p
Go — G(zo, Wh)
fork=1,2,..., K do
Sample fk ~ ./\/’(Od7 Id)
V) v— g1 — FTnkal + /1 —n2&
(A) xp = xp—1 +hv
Gk — g(l'k, Wk+1)
Sample &}, ~ N (04, I4)
W) vk%r/vfl_T"Gk+\/1fn2 &

. Output: Samples (z3)5 .




Appendix B

Appendix of Unbiased kinetic Langevin
Monte Carlo

B.1 Discussion and outline of results

The beginning of this appendix is devoted to providing a road-map for our results. In Appendix B.2,
which follows, we provide variance estimates of the full gradient multilevel UBUBU method. The
approach we use is to bound Var(Dy) using Theorem 2 of [89] and to use the strong error estimates
of [140] for UBU to estimate Var(D;;11). [89] requires Ricci curvature of the UBU Markov chain and
extending [140] to global strong error estimates in Appendix B.4.1 requires Wasserstein convergence.
We provide this in Appendix B.3 in the full gradient setting using the methods of [105]. We provide
L* Lyapunov drift inequalities in the full gradient setting. We can then bound the average distance
to the minimizer non-asymptotically, the key result needed to get complexity bounds in the big data

setting. We also provide the proof of the central limit theorem of the estimator in Appendix B.2.

In Appendix B.5 we describe the initialization and the OHO scheme for the approximate and stochastic
gradient methods and some estimates of the distance between the initial measure and the target
measure. We then use the techniques of [168] to provide global strong error estimates of the SVRG
method. We combine and extend the techniques of [140] and [168] to prove new non-asymptotic
stochastic gradient error bounds for the UBU integrator. From this we obtain in Appendix B.4
variance bounds and estimates on our estimator UBUBU with exact gradients. This is then extended
to providing estimates of the variance of our multilevel estimator in the SVRG stochastic gradient

setting in Appendix B.6.

We further develop bounds for our new approximate gradient UBU method in Appendix B.7 using
the same techniques, in the approximate gradient setting. In general, Appendices B.6, B.7 follow
similarly where one requires bounds on the variance of the quantity Dy and D; ;1. However, we use
an interpolation argument to improve the results in Appendix B.7 as opposed to the methods used
in Appendix B.6. We also use some classical results from the theory of ODEs to establish bounds
between continuous diffusions to establish the variance of Dy 1 in Appendix B.6 and B.7. Finally, we

provide some auxiliary results in Appendix B.8.
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B.2 Unbiased multilevel estimators

Proposition 3.3.4. Suppose that Assumptions 3.3.1, 3.3.2 and 3.3.3 hold, and that 2 < ¢n < ¢p.
Then S as defined in (3.3.16) is an unbiased estimator of u(f) that has finite variance

Var(D Vi
ar( 0)+ D

e i-g)

Var(S) <

and finite expected computational cost.

Similarly, for any cg € [0,1), S(cgr) as defined in (3.3.17) is also an unbiased estimator of u(f) with

finite variance

Var(S(cr)) <
Var(Dy) N Vp Vb 9 <¢N)log(20NN/¢N)/log(¢N)

_I_ -
N NQN< —ﬁ—g) NQN<1—%> (1-cr)* \¢p

9

and finite expected computational cost.

Proof of Proposition 3.3.4. From Assumption 3.3.3, and the definition of S, it follows that the

expected computational cost of S is upper bounded as follows:

o (N + > E(Niys1)2 (K +1B + BO)>
=0

<(9<N<1+ i( 2 )Z(K+ZB+B)>> <
> CN - 0 Q0.
— \ON

From Assumption 3.3.1, and the independence of the terms, we have that

Var(Dg) = E(Dzz,l 1) _ Var Vb ~— -
Var(S) € 4D g S ( CNZ
P Li4+1 entV 15
_ Var(Do) 4 VD < o0
7 8

By Jensen's inequality, and Assumption 3.3.1, E(|.So| + > ;2 [Si,1+1]) < o0, hence by the dominated

convergence theorem,

E(S) = E(Sp) +ZE Stit1) = fing (f +Zuhm — fin, (f) = p(f),
=0

which concludes the proof for S.
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For S(cgr), the computational cost is the same as for S, so it has finite expectation. For the variance,

we have

L(N)-1 2
Var(D E(D Sy
Var(S(cg)) < Var(Do) + Z WDii1) + Var 7(1 )L Z St

N = BN T CR I=L(N)+1
The last term can be bounded as
Var SL(N),L(N)+1 N i 5
“1oen Li+1
1 LNy =1 v -
=Var | S — — T ¢ + S
1 I[Ny =1]
< 2-Var | Spv),L(v)+1 - Z BT v
1—cpr L)1 E(Ny141)
oo 2 oo
+2-Var [ > S| < mE(S%(N) 2 ) E(St)-
R I=L(N)+1

E(D -l
As before, we have E(Slle) < ]E(Ni ji) < cﬁv . (Z—ﬁ) for any [ > 0. Using the fact that

—L(N)-1 1

oN < g N We have ¢L(N) > Qfng hence L(N) > %. After some rearrangement,
we obtain that
Var(S(cr)) <
Var(Dy) Vb Vb 2 o\ 08 2enN/on)/ log(én)
N New (1-25) " Ney (1 ox) A —en)? \ép ’
ew(1-85)  New (1-83)

e tends to 0 as N — oo. Finally, unbiasedness can be shown

as before using the dominated convergence theorem. O

where the factor <¢7N>log(2§NN/¢N)/1°g(¢N)

We show below that a central limit theorem holds for these estimators.

Theorem 3.3.5. Under the assumptions of Proposition 3.3.4, we have that, as N — oo,
VN(S = u(f) = N(0,0%)  and  VN(S(er) - ul(f)) = N(0,02),
where

Var(D, z+1)
ClLl+1

0% := Var(Dg) + Z (3.3.18)
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Proof of Theorem 3.3.5. First, we prove the result for H := \/]V(S — u(f)). For lmax > 0, let

lnlax

Hlmax . \/N(SO —E(Sp)) + Z(Su.u — E(Sl,l—i-l))

1=0
N Niit1
1 (o VN
= =3 (P - EDf) + D) ~E(Dyn
\/N; 0 ZEN”H ; ll+1 +1)

ln)aX

:= Ho + Z Hija.
1=0

Then by using independence, and the fact that (ﬂ) / <i> — , by the proof of the

E(Ni,141) VN Cl A+l
central limit theorem (see Sections 3.3-3.4 of [68]), for every t € R, Hy and Hj; satisfies

E(e™0) — ¢7#Y0/2 a5 N — oo for Vy = Var(Dy),

; 2
E(eHt) — ¢t Vir1/2 35 N — oo for Viig1 =
ClLi+1

Using independence, we can multiply these together to obtain that for any ¢ € R,
. 1 2 Imax
E (eltH max) — e P (VFEE Vi)/2 95 N 5 o0,

By Lemma 3.3.19 of [68], it follows that for a random variable X with E(X) = 0 and E(X?) <
we have

) 2E X2
‘E(eti)_HSt ( )

For X = V/N(S — pu(f)) — H'max, we have

N . -
E(X?) = Var(X) < N Z ”'H <o Z <¢D> <VD()N.
%D

IEN T c T c
= lmax+1 ll+1 =N l:lmax+1 (bN =N 1

Using independence of H'max and H — Hlmax RE(eH) = E(eitHlmax) . E(eit(H—Hlmax)), )

limsup |E(e

itH) _ e—tQ(Vo-i-ZEZSX Vz,l+1)/2’
N—o0

lmax
00 -1 oN
< eftQ(VoJrZ;t:"SX Viis1)/2 | @ Z <¢>D> VD ()

C —cC N
=N I=lmax+1 (bN =N 1 ¢D

By letting lmax — 00, it follows that limsupy . E(e) = ¢=°%, hence the convergence follows

by the Lévy-Cramér continuity theorem (see Theorem 3.3.17 of [68]).

The proof for S(cr) follows the same lines, except that the variances of the terms for [ > L(IN) need
to be controlled separately using the same bounds as in the proof of Proposition 3.3.4, we omit the
details. O
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B.3 Convergence results

The first set of results we prove are provided below for the convergence of the UBU scheme. Proving
contraction of a coupling has been a popular method for establishing convergence rates both in the
continuous time setting and for the discretization for Langevin dynamics (underdamped/kinetic) and
Hamiltonian Monte Carlo (see for example [22-24, 52, 55, 57, 65, 70, 80, 115, 116, 140, 141] and

many more).

Our approach to obtain convergence rates is based on proving contraction for a synchronous coupling.
We need an appropriate metric to attain convergence, and contraction of the UBU scheme. We

introduce the Wasserstein distance in this metric.

Definition B.3.1 (Weighted Euclidean norm). For z = (x,v) € R?? we introduce the weighted
Euclidean norm
121155 = lll” +2b (z, v) +a|lol*,

for a,b > 0 with b*> < a.

Remark B.3.2. Using the assumption b> < a, we can show that this is equivalent to the Euclidean

norm on R2%. Under the condition b? < a/4, we have

1 . 1 3 3
S min(a, D212 < 512120 < 1121125 < S22 < 5 max(e, ]l21, (B.1)

Definition B.3.3 (p-Wasserstein distance). Let us define P,(R??) to be the set of probability measures
which have p-th moment for p € [1,00) (i.e. E(||Z]|P) < o0). Then the p-Wasserstein distance in

norm || - ||la.b between two measures p,v € P,(R??) is defined as
Waolvss) = (int [l = 2l eer, ) (82)
v, ) = in 21— 2 21, 2 , :
p,a,b\Y K éEF(V,,LL) R2d 1 2 a,b 1, <2
where || - |45 is the norm introduced before and that I'(v, 1) is the set of measures with respective

marginals of v and p.

Before we proceed, we need to introduce the concept of Wasserstein convergence, which most of the

results rely upon.

Lemma B.3.4 (Wasserstein convergence). Let 1 < p < oo, u,v € P,(R??), and a,b > 0 with
b? < a. Let us assume that (21)k>0 = (Tk, Vk)k>0 and (Zx)k>0 = (Tk, Tk )k>0 are two Markov chains
with state space A and kernel P}, defined on the same probability space (a coupling) such that zo ~ v,
Zo ~ p, and E(||zo — 20||P) = Wy ap(v, )P If the following contractive property holds,

. N R .
[E(szﬂ - Zk+1||5,b|20:k7 20:k) < (I —=c(h)||Zk — 2kllap for every k>0, (B.3)

then we have

Wp.ap WP, uPp') < (1 —c(h))" Wy ap(v, )  for every n > 0.
Remark B.3.5. The existence of an optimal coupling satisfying that E(||z0— 20|}, ;) = Wp,ab(v, 1))
follows by Theorem 4.1 of [159].
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Proof. By induction, we have E(||Z, — zn||€7b|zo, Z0) < (1 —c(h)™||z0 — 50”571;' and the result follows

by taking expectations and using Definition B.2. O

Now, we present our first proposition, a convergence result of the UBU scheme with full gradients.

Proposition B.3.6. Suppose that U is m-strongly convex and M-V Lipschitz. Let

1 1 mh mh
=—, b=- h)=— h)=—. B.4
Mv /7’ CQ( ) 47 ) C( ) 8’7 ( )
Let P, denote the transition kernel for a step of UBU with stepsize h. For all v > v8M, h < %
1<p<oo, p,v € Pp(RQd), (B.2) holds. Hence for all n € N,

Woap (VPR uPE) < (1 — ca(h)* Wy ap (v, 1) < (1 — c(h))" Wya (v, 1) -

Further to this, Py has a unique invariant measure 7y, satisfying that m, € PP(RM) forall1 <p < oc.

Remark B.3.7. We are going to use the same choices of a and b as stated in (B.4) everywhere in
the paper.
Corollary B.3.8. Suppose that U is an m-strongly convex M-V Lipschitz potential, v > /8M,
1 <p<2 pve Py(R*). Suppose that (Xo, Vo) ~ 1, then the solution of (3.1.1) exists in the
strong sense for any t > 0, and the corresponding Markov kernel Pf°™ satisfies

Wo.ap (VPP uPF™) < exp (mt) Wpap (vsp)  for a= i, b= 1 (B.5)

" 8y " M ~y

Remark B.3.9. One can improve the restriction on +y slightly by writing the potential as a perturbation
of a quadratic as in [141]. Due to the restrictions on the stepsize h and the friction parameter -y
in Proposition B.3.6, ¢(h) = O (%) for all allowed parameter choices. In general, for V Lipschitz,
strongly-convex potentials, it may be impossible to prove contraction using such a quadratic form
argument and synchronous coupling for v < O(v/M) as explained in [116]. In the continuous time
dynamics, v = O(y/m) seems to yield the fastest convergence rate, as explained in [38]. In Example
B.3.11 in the Appendix, we show that for Gaussian targets, UBU has an accelerated convergence rate
c(h) = O(\/3Z) with the choice v = O(y/m) and h = O(1/v/M).

Proof of Proposition B.3.6. We follow the approach of [115, Corollary 20]. It is sufficient to prove

contraction of a synchronous coupling of Markov chains in an appropriate norm, we will use the || - ||45

1

norm of Definition B.3.1 with a = 5,

(B.1) holds.

b= % Based on the assumptions, we have b2 < a/4. Hence,

We aim to show that contraction occurs in this norm for two Markov chains simulated by the same
discretization z, = (2p,v,) € R* and Z, = (Z,,0,) € R?® that are synchronously coupled (i.e.

share the same Gaussian random variables ¢, ... ¢®) in (3.2.9)), that is,

~ 20~
31 — 21l < (1= e ()13 — 2l (B.6)



B.3. Convergence results 104

Let co(h) =1 — (1 —c(h))?, sz = Zj — z; for j € N, then (B.6) is equivalent to showing that

T I; bl
(z,f) (1= ca (h)) M —PTMP) 2> >0, where M = (b;d aIZ) : (B.7)

and Zk;A+1 = szA (P depends on zj and Zj, but we omit this in the notation).

Proving contraction for a general scheme is equivalent to showing that the matrix H :=
(1 —ca(h)) M — PTMP = 0 is positive definite. The matrix H is symmetric and hence of the

block form
A B
H= , B.8
(BT C) 59

where A, B, C are d X d matrices, then
H~0 < A=0 and C—-BA'B»>0, (B.9)

as shown in Theorem 7.7.7 of [83]. Further it is straightforward to show that if A, B and C commute
then

H~0 < A=0 and AC - B?*>0. (B.10)
Considering two synchronously coupled trajectories of the UBU scheme, such that they have common
noise and consider the difference process 22 := (%; — z;), v~ = (¥; —v;) and 22 = (22,v%),
where sz = (xf,vf) for j =k,k+1 for k € N. Let n = exp {—vh/2}, and

1
Q= / ViU (Tg + t(xx — Ty) dt.
0

By convexity, we have mI; < Q < M1I,. Using the definition of the UBU scheme in (3.2.9), we can
A

show that zkAH = szA and H := (1 — co(h)) M — PTMP = (BT

B
C’) has elements of the form

2

2
A= —co(h)I;+Q (25}”7 + %(17_77)> +Q? (—ah2n2 B h? (1 —mn) B 20h%7 (1 — 77))

g y

2,201 _ 2 )2 201 _»)3

B= ((1 — %) <b— i) —bCQ(h)> I+ @Q? <—ah 7 ,(Yl ) _ 2bh 77$ et (1,y3 ) )

_ 2 - 2 2 N _ .2

+Q<ahn3+h(n+1§2(1 n) +h(17277) +bh77(71 n)+bhn(}y 77)+bh77(17 77))

2 (1 _ .2 _2)\2

C:(a(l—n4)_2bn (}y 77)_(1 72) —a@(h))[d
RZn2(1—n)  20h2n(1—n)> K21 —n)?
+Q2<_a 7752 - ni?) n” (74?7))

+Q<2ahn37<1—n>+2bhn2$—n)2+2bhn<n+712)<1—n>2+2h(n+}y>3<1—n>3>_
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We will now check that H > 0 using (B.10). By firstly considering A we wish to show that all its

eigenvalues are positive which can be precisely stated as

2hA 1 2h
Py(N\) > —c h++<——>h2/\2
Nz —er )+ =2+ (=7 =
ThA 1 1
> R — h22
_47+< i 72) A“ >0,

where X is an eigenvalue of @ (m < A\ < M), P4()) denotes the eigenvalue of A according to the
same eigenvector (Q, A, B, C' are all symmetric and have the same eigenvectors here). We used our
assumptions that WQ >M,1—n<hy/2 and h < % Hence, we have A > 0.

Now it remains to prove that AC — B? = 0, now we have that AC — B? is a polynomial of Q,
which we denote Py _p2(Q) and hence has eigenvalues dictated by the eigenvalues A of Q). Because
the terms are more complicated than the previous discretizations, we choose a convenient way of
expanding the expression, which can obtain positive definiteness. That is to expand the expression in

terms of a. Therefore one can show that Pyc_p2(A\) = ¢o + c1a + c2a?, where

h2co(h)A2n* B 2h%ca(h) \2n? B h2\2p* N 2h%\2n? n 2hca(h)Ant B 2hAn*

c1+ coa =
e y? v? y? v? Y v
h2cQ(h)A2 h2X2 2hcy(h)A 2R )
ca(h)n o " + + c2(h)? — ca(h)

+a (=n*R* X + n*hPca(h)A\?)

A\ 7 4h\
> 2 M- S(1—nhH -2
z 7 (1 —ca(h)) <4( n") S >

Furthermore, we have that

P21 = )Nt 21— W)X (= o)A o)=Y
€ = 1 - 1 + 3 + 2
Y Y Y Y
oa(h)? W21 —co(h))  2BA(1 — ea(h))
2 + A4 n ~3

>}€(L—@m»<zxﬁ—n)2—2@—nﬁ),

y

where now we combine this with the previous estimate

Pac_p2(A) >

h(1—cs(h) (7
4

(L=t - == —hy - 22| >0,
g ( 7 72 )

which is true when v > v/8M and we have used the fact that 1 —n* > h~y. Hence AC' — B? > 0 and
our contraction results hold. All computations can be checked using Mathematica. The first claim
follows by Lemma B.3.4 using (B.6). The existence of a unique invariant distribution 7, € P,(R??)
follows by the same argument as in [115, Corollary 20]. O
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Proof of Corollary B.3.8. By the triangle inequality, we have that for a = ﬁ b= % any n € N such

that n >t - 27,

Wp,a,b (thcont’ MPtcont)

< Wp,a,b (Vpg}n?:u t?n) + Wpa b ( Pcont v g}n) + Wp,a,b ( Pcont’ H t/n) .

The first term can be bounded using Proposition B.3.6, and the upper bound can be shown to converge
to exp (—%t) as n — 00. The second and third terms can be shown to converge to 0 as n — oo
using the strong convergence of the UBU discretization towards the diffusion (strong order 1 under
these assumptions), which was established in Section 7.7 of [140], and the claim of the corollary now

follows. O

Proposition B.3.10. Consider the UBU scheme using stochastic gradients, where the underlying
potential U is m-strongly convex and M-V Lipschitz. Assume a stochastic gradient approximation
defined by (G, p) (see Definition 3.2.1) satisfying Assumption 3.2.2 with constant Cg. We use P} to
denote the marginal transition kernel of the numerical schemes. We have for any two synchronously
coupled chains, (xy,vg) and (Zy, ) under the same assumptions as imposed in Proposition B.3.6
we have for all p,v € Pg(RQd), and alln €N,

2
W; (vBfp, nPy) < Smax{M, 1 }( mh  5h*Cq

Bl O N 2 .
i b (1 ) g

Proof. Using the technique of [103]. For stochastic gradients, we synchronously couple Brownian
noise as well as the stochastic gradients. We wish to instead consider expected contraction of the
update rule we used to prove contraction in the full gradient setting, i.e. for synchronously coupled (in
stochastic gradient and Brownian increment) iterates (7, v;), (Z;,7;) € R?? for I € N and (xlA,le) =
(Z1,77) — (x,v;) and for k € N,

AN AN
EH(kaaka)Hg,b < (1 —=c¢(h)) H(xk » Uk )

then we have

E <<zkA)T pTMszA) < (1 —=c(h)) (zﬁ)TMZkA'

Now if Q is defined through the mean value theorem of D,G (the Jacobian of G) and is a random
variable in W, such that E(Q) = Q. Then PTMP is of the form

(@ P@)
P(Q)_<Pz<@> P3<@>>’

where P;, P, and P are quadratics in Q of the form

Pi(Q) = ap + a1Q + a2Q?,
(Q) = b+ b1Q + b Q?,
P3(Q) = co + c1Q + 2Q*.
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Then we have ~ ) R ,
E PTMP — 7) azE(Q - Q) bQE(C’g - Q) ’
(PMP)=PQ)+ (sz(Q CQ? Q- QP

in combination with the Proposition B.3.6 result we have that

GQE(

bolE(

Ell(afy vE) 20 < (- elh) [l o) + () ( L02 e

~Q)? hE@Q- Q)2> b
Q-Qr)™"

”D @H@z

= (1= ) 2 oD + () R

where we use the notation

~ [aE(Q - Q) hE(Q - Q)?
RQ) = <b2E<@ CQP? RO - Q)2> |

Then we will bound the remainder term 27 R(Q)z for the UBU scheme. We have that
- h2(1—n)*  2bh2p (1 — 1—n \"
TR(G)x = (ahzn . (wz n? |, 2bhn( n)) (H - nv>

gl
x Var(Q) (x - 1777 )

< 5ah*Cg||(x,0) |7 5,

for 42 > 8M and h < % and where we define Var(Q) := E(Q — Q)?. The claim follows using our

. _ 1
choice a = A O

Example B.3.11. Considering the anisotropic Gaussian distribution on R? with a m-strongly convex
and M-V Lipschitz potential U : R? — R given by

1 1
U(z,y) = ime + §My2.

For the BU scheme the transition matrix for the difference chain of synchronously coupled chains is

given by the matrix
1-n(=E)Q Hr1 0
P= ( 27 @ 72 , where ) = " )
—hn"Q n°I

with eigenvalues

2 1*?72 2 9 1,172 2
Ln? —hAZ N+ [ —an +(1+n —hT)\>
2 )

for A\ = m, M. For stability and contraction, we require that

2
1492 — hiZT Ai\/—4n2+(1+n2—hljzx)

Amax 1= 1. B.11
Ae?rgﬁ/l} 2 < ( )
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From this, we can compute the stepsize restrictions and the best convergence rate as, by Gelfand’s

formula, the asymptotic contraction rate exactly equals 1 — \,ax. Due to the convexity of the absolute
)

value function it is necessary that %|1 +n? - th"M] < 1, therefore h < \/%, when h < % In

the moderate to high friction regime, the contraction rate can be written as

2
L1 +hiTm — \/—4h (=) m+ (1= +n=Em)
2

CcC =

which can be shown to be O(mh/~v) fory > O(V M) and h < (’)(%) for appropriate constants. In the
2

low friction regime, we set v such that —4n? + (1 +n? - h#m) = 0, noting that the solution

to this yields ~y to be O(y/m). In this case, the eigenvalues of P are

1 1— 172 1—n2 \?
g 14+n*—h 7” Mi\/—4772+<1+172—h ,Y” M) ,

2
with modulus  when (1 +n? - h#M) < 4n?. This restriction implies that h is O(1/v/M). The
contraction rate is therefore given by

h~y m
¢ ="y O( M)’

where h is O(1/v/M). We have the corresponding contraction rate results for UBU as well due to
the fact that (UBU)™ = U(BU)"~'U and U is Lipschitz.

A key ingredient to establishing some variance bounds for the inexact gradient methods is to establish
non-asymptotic bounds on the fourth moment of the distance to the minimizer. To do this we use a
Lyapunov function similar to the one used for kinetic Langevin dynamics in [70] and inspired by [109].
Related Lyapunov functions have also been used in [63] for discretized kinetic Langevin dynamics and
[92] for optimizers based on Langevin dynamic methods. These bounds provide novel drift conditions

in L* for UBU scheme and can be extended to the case of stochastic gradients.

The following lemma will be useful for the argument.

Lemma B.3.12 (Convexity bound). For all z € R? and for a m—strongly convex, M-V Lipschitz
potential U : RY — R with minimizer z* € R% such that VU (z*) = 0, we have

(2 —a%) - (VU(2) = VU(2")) /2 > A (U(2) = U(2") + 7*|z — 2™]|*/4)

for .
A = min (4, f;;) . (B.12)

Proof. By convexity, it follows that (z — z*) - (VU(z) — VU (z*)) /4 > (U(z) — U(z*))/4, and by
m-strong convexity, we have (z — x*)- (VU (x) — VU (z*)) /4 > m||x —x*||?/4. We obtain the result
by adding up these two inequalities. O
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Proposition B.3.13. Consider the UBU scheme with the underlying potential U : R¢ — R is M-
V Lipschitz and m-strongly convex. Denote z* € R? to be the minimizer of U such that VU (z*) = 0
and (z, vk, Tk )ken to be defined by (B.41)-(B.43) the iterates of the full gradient UBU scheme and
the points of gradient evaluation within each iteration. Further assume that h < min (1, %, m)
and v? > M, then we have

N 4 ca(h)\F N
E [z — 2** | zo,v0] < — [4 (1 - Klé)) (YHlwo — 2*|[* + lwoll* + 1229%h%d?)

4ey (h)

+ 2 C4(h)

I

(6hyd+160hy(14+22))2 + 24h272d2 ]

where
ca(h) := h\y — 8h2y2(4 + \) (B.13)

Proof. Using the fact that (UBU)™ = U(BU)"~BU we can consider convergence of BU, We have
that the BU function can be written as the update rule

2

1-— 2
Tp1 = Tk + ,Yn (v, — hVU(T1)) + \/; (Z(l) (h,fzil+)1) - z® (h,éélﬁl,ﬁ;(ﬁl)) , (B.14)

1 =17 (0, — hVU (Tk)) + /2723 <h,§;(€21,5,(321> ; (B.15)

where we used the notation (Zy), .y because this is the point of the gradient evaluation at each step
of UBU and is the same as the (Zy),cy in (B.42). As a reminder,

z® (’%515;21) - \/};515321
2 W @\ _ (L=t [1-9* 2 q L—n* 2 (9
ZU(hvka,ﬁkH)—\/ o (\/1+n2'w5’“+l+ - b |

We choose our Lyapunov function V : R?? — R, defined for (z,v) € R?? by

* 1 * — — *
V(z,v) :=U(x) = U(z") + 172 (e =2 + 77 ol® + [yl = Az — 27|%) . (B.16)

It is easy to check that for all (z,v) € R*, ||z — 2* + v || + ||y 'v||? > ||z — 2*||? and hence
using (B.12),

m 1 N
V) 2 (5 + 377 ool (B.17)

In order to have control over fourth moments E[||Z}, — x*||*], we start with

E [V(@t1,0641)* | T, Uk ) = E

(U(ﬂﬁkﬂ) - U(z")

2
1 _ 1 1 _ _
+ 57 (k1 — 2+ 77 a2 + I B2 = Mg — x*r\2)) | xkk] 7
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and using [121][Lemma 1.2.3] we have

U(E) ~Ul) U~ UG) + (VU@ - Frer — )] + . [Frs — T
and

. N _ M _
E [V(@kt1,0511)? | Thoo ) <E (U(Uck) —U(z") + [VU(Tk) - (Tpy1 — Tn)] + > | Tpr1 — T ||

2
1 * —1— —1— — * [ —
+172(ka+1—33 1 P+ Iy Ot P = M Tpgr — H2)> | T, Vg |-

Now, we can decompose the right-hand side in the form

2
E <(r<xk,vk> + 5@, ) - (600 600 + (6 62T T 620) | xkk) ,

for r: R24 5 R, s:R24 — R2 apd T € R24%24_\\e then have

E [V(@kt1,0k11)? | Tho O] < 72 (T, Tk) +E0) (@ ((S(Tkﬁk) (§k+1,§k+1)>

k4175k41
(1) (1)

2
+ ((f;(izp g}i?ﬂTT(fi(ng 5](321)) + QT(Tkvﬁk)(fk—Hv §£?1)T7'(5k+17€k+1)),

using the fact that ka and §k+1 are independently distributed and have zero first and third moments.

The terms r,s and T are given by

1— 2
Vn vy, - VU (T)

h N 1
7(Tk, Uk) = V(T, Uk) — %VU(@) (T — 2+ ) +

A1 —n? . 1—n hy*
AN gy - L 2 - M v, -

2 _ 2\ 2
s o+ (- 22) (1) - wvoeol?

+ hW@k — 2", VU(Zy)),

S(l’k,Uk) <£k+1a£k2421)
9
(i - anefy - ) - (M - wvua) + Py

2y
27vh h
= <33k —z* + 7 o — 7VU(95k)> §k+1 +7 \ﬁ( — hVU(@k)) - (algl(“izl + GQE’SF)J

4
2
_ MZ@ (xk — oty 1 777 (v — VU (7)) - ((\/E — al)g,E}H a2§k+1)>
M X
(€k+1’§k231)TT(€;§1+)1’€;(€231) = (’Y - 7) H <\/E - a1) a2§k+1”

2|

’Y
H@;HH + 5@ §k+1 +az §k+1‘



B.3. Convergence results 111

where we have defined Z()(h, fkl_s_l,fl(jzl) = fk+1 + a2£k+1 and Z(h, 5k+1) = \/Ef,(igl and
Z(l)(h,ﬁ,(izl) - Z(Q)(hv‘fi(izl?gkﬂ) = (Vh - a1)§k+1 a2‘fk+1 with [Vh —a1] < 2v/h, |az| < Vh
and |a| < Vh.

We start by bounding the deterministic component r:

9
" @kVU(fk)

h |
(T, Tk) = V(Th, T) — JVU(@) (@ — 2y o) +

A - 1- P!
<2M (T — o, Tg) — —n* I? = = - VU @) + O(k?)

where the higher-order terms are given by

1 _7”2 (Th) - VU(T3) + (M - 72)‘) <1 772)2 5% — hVU (@) |

2 4
M=) o 1+ 7" _
= h(2”)'y<xk — &, VU (@) + h2(477)||VU(xk)H2.
Using Lemma B.3.12 we have
T(fk,@k) < V(fk,@k)
Cho (UG~ UG + D — 124 2 w0t m) + L ) + 002)
¥ T T 4a:k T o T — X,V 4h)\v
1—n* 1 )
< _
< (=) Ve m) + o (0 - ) il

- v
+h /\< - —2> (T — 2, T3) + O(h?)
2

s<1—hm>v<xk,vk>+m( o —g) (@ — "7 + O(2),

where we have used

h2'y

2 ¥ 2

h 1-n" h
( +——1 ’7>vk VU (T,) <

due to the fact that forall 0 < 2 < 1, 0 < —z +2(1 —e®) —ze 2 < 2% and 0 < hy < 1. We

group this term into higher-order terms and use the fact that 1 — n? > hy — () 'Y) to arrive at
1— 2 1— 2 h2 3
m (1t~ 3) -t < i (3= 25 ) - ol < AT e -7 .

We again group this into the higher-order terms. Assuming h < 1, we find that the second-order

terms are bounded by
72
M2 ([ ])* + B2 M [z — 27 |%) + h* =Mz — ||

’Y\ﬁf2 3/2|= 12 h*~? - w2 L2
5 (VI o+ A3, = P ) + A (= P+ Sl ) +
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Assuming that A < i we have, for all x,v € R¢,
8V(z,v) > vl>  16V(x,v) > ¥*|lx — z*|?

and using h < ﬁ the O(h?) terms are bounded by

D) M M\ M ~*\ M?
2 LA 2 212 - - o R X 2
h(+4+ )|]ka+’yh<4+2+2+4+22>||xk ||
< 8h%42 (4 + \) V(T Uk).

Therefore
(xk, Uk) (1 — hA\y + 8h2 2 (4 + )\)) V(Ek,ﬁk).

Now let us define c4(h) := hAy — 8h%~% (4 + )), then we have that

T2($k,vk) (1 - 04(h))2V2(§k,5k)

and
_ (1) T 2)
27’($kavk)E£Igl7§gl [(§k+1a€k+1) T(fk+1a§k+1)] <
_ T (1) #(2)
2(1 - C4(h)>v($k77}k)E§l(€l+>175}(€2+)l [(€k+17€k+1) T(§k+17§k+1)} :

From the fact that \y/2 < M/~ (due to Lemma B.3.12) and v2 > 8 M we have the estimates

k+1’ k+1 k+1°5k+1

E.o o [(5&)1,fiﬁl)TT(f,ilﬁl,ffﬁl)] =E0) @ [(ﬂj - A;) H( - al) ‘fk+1 a2§;i2+)1H2

(1)

’Y y 2
R+ 2ot ] <

2
E. ) .o [((5;&21,51&2421)T7-(§;E;1421,§1(321)> ]

ISR Il

2
=P [<2h7”§’(€1+)1”2+ 26 12) ] < 4R,

k+1 ’£k+1

2
Therefore the remaining term we need to bound is E (S(Ek’ﬁk)'(fl(c21vfl(ﬁl)> _
e el
|ls(Zk, Uk )||?, where

s ) - (6600
2
= (A - anefy - a2 - (P - hvua) + \/fvka))
n \ﬁ

MU N
+ 2, <:ck — 2t T - 7W(sck)) e+ D @ = iU @) - (g, + asg?))

)
M2y (xk gl fyn (Tx — hVU (1)) - ((\/E - al)g,(jjl - agg,(fjl» ,
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using that v2||z — z*||? < 16V(x,v) and ||v||?> < 8V(x,v) for all 2,v € R? we have

I8(@5, V) [1” = lls1 (@, 01 + [|52(@k, o) |1

where
o M1-n% n*V2y  AW2vA -2\
2<hl (2 2
ll51(Z, ) [|© < ool et 1 |||
hM?(1 —n hM 2/2vhM 27(1 — n®)hM
+< ( \/>M V2 v LAV =) )ka—w*H
YV 2y 4
2

ﬁ 3/2 B . L

+ ol — 2ty

3/2 )\,.Y3/2

h<(2ﬁ+/\ﬁ) V(xk,vk)—i-(?\y/g ) —/V(Zk, V1) + \fm)

< 110hy (1 + A?) V(T vk

for v2 > v/8M and h < % and

— 2 )
52(F0, ) 2 §h<<2M(1\ﬁ ) . f f<41 n ))Hvku
201 _ ) 2
+< hM 1 \[M 7 \ﬁhM Ly m(14 7 )hM> ka_x*o

2,)/3/2 )\73/2 4 2
< 50hy (1 + A?) V(T Tk).

2
Therefore E_1) (o) [(s(mk,vk) . ({,&21,5,(321» } < 160h~y(1 + A2)V(Zk, D). Combining estimates,

Eht1Sht1
we have the drift inequality

E [V(@kt1,0541)% | Ta Tx) < (1= ca(R)*VA (@5, ) + 6hyd (1 — ca(h)) V(T T)
+ 1607~ (1 + A2)V(Tk, i) + 24h%42d>.

We will now use the quadratic property that states, for by, b2 > 0,
2

b
box? L >y
2L +4b2 17,

for all z € R and therefore

(6hyd + 160hy(1 + X2))?
404(h)

ca(h)V2(Ty, Tg) + > 6hyd (1 — ca(h)) V(Tk, k) + 160hy (L + )V (T, D)
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and therefore for cs(h) < 1 (which is satisfied when h < % and A < 1, which is satisfied as

A< M/2y? <1 for 42 > %) we have

h 6hyd + 160h~(1 + A?))?
E [V(@k+1,041)% | Ths 0g) < (1 - 642 )) V2(Tk, Ug) + (6hy " (Z)( ) + 24h**d?,
4

(B.18)

then globally, we have

2
TE 7 — | | yo, o] < E [V@r,00)? | 0, vo]

(6hyd-+160hy(14+X?))? 2 22

C4(h) k 0 dca(h) +24h Y d
<|({l—-—= 2
< (1-%7) Viom+ ea(h)

Now, we have proved this for the iterates of B, where we wish to use the relation (UBU)* =
U(BU)*1BU. In this case, we have that Ty, the (k + 1)-th point of approximate gradient/full
gradient evaluation, is precisely the position after /(Bi4)*. It follows that

) i (6hyd+160hy(14+22))2 + 24h272d2

Mo e calh)\" 2 - dca(h)
E [||[Z — =*|* <|1- 2
4 [ka T H ‘wo,’l)o] S ( 9 > )% (1’0,1}0) + C4(h) 5

where (Zo, Do) = U(xo, vo, h/2, €7, €P). It is easy to show that V(z,v) < 72|z — 2*||2 + [|v]? for
all (z,v) € R?? using [121][Lemma 1.2.3] and that ¥2 > M. Therefore

E VAWU(0,v0,1/2,68", &7)) | 20, 00| < E [29* 70 — *|* + 2|[70l|* | 2o, vo]
4

2

1— 2
so—a+ 2T + \ﬁ (20 0/2,6%) - 2@ (0/2,60, 6 H

4
+ 2E || + V2720 (/2,80 60
< 4y lzo — |1 + dllvoll* + E [32421 20 (/2,51 + 40921 23 (/2,6 €6 1

< 29'E

< dyt|lwo — 2*||* + 4lvol|* + 8v7h?d® + 480y R d?,

where we have used that U(Zp) — U(z*) < %Hfo — 2*||? in the first inequality and naive bounds on

the fourth moments of the Gaussian increments. Hence, we arrive at the estimate

ca(h)

k
2 (o — a4 ol + 122720%2)

4
E [||z, — || < —4(1-
[lZx —=*[I* | xo,vo] m2[ <

4cq(h)
C4(h)

+2

9

(6hyd+160hy(14+22))?2 i 24h272d2 ]

for the UBU scheme with full gradients.



B.4. Variance bounds for UBUBU estimator with exact gradients 115

B.4 Variance bounds for UBUBU estimator with exact gradients

B.4.1 Variance bound of D,;;

To bound the variance of D; ;1 we use strong error estimates for the UBU integrator using the results
of [140].

1/2
In this analysis we define for random vectors z1, 2o € R*® the L? norm ||z1|12,,5 = E (Hlezb)

and respective inner product (21, 22) 12 45 = E (2{ Mz3), where

I; bl
M=|"4 T
bId a[d
Assumption B.4.1 (Local Strong Error [140]). Let ¢ (z,t, (WS)’;ZO) be the solution of the continuous
dynamics (3.1.1) with initial condition z € R?? up to time t, with Brownian motion (W)'_,. Let

(i (z,t, (WS)Z:O) be the solution of a numerical discretization with initial condition z € R?*% up to

time t, with Brownian motion (W5)'_, and stepsize h. Let 2’ ~ m, then we assume that

Un (3 (W)lg ) = & (2/shy (W)lg) = an (2, (W)lg) + B (£ (W)l

where

< Clhq+l/2,
L2.ab

Jow (= 09020

< Cth+17
L2?.ab

EXERUSN]

and

‘<¢h (Zlv h, (Ws)?=0) —¥n (z’ h, (WS)LO) Ok (zl’ (WS)ZZO»L?,a,b

S R P Y CAUAN |

L2.ab '

for some Cy, C1,Co > 0.
We restate Assumptions 3.3.6-3.3.13 here for easier readability.

Assumption 3.3.6 (M-V Lipschitz). U : RY — R is twice continuously differentiable and there
exists M > 0 such that for all z,y € R?

IVU(z) = VU(y)l| < M|z —yl|.

Assumption 3.3.7 (m-strong convexity). U : R — R is continuously differentiable and there exists
m > 0 such that for all z,y € R?

(VU(z) = VU(y),z — y) > m|z —y|*.

Assumption 3.3.10 (M;-strongly Hessian Lipschitz). U : RY — R is three times continuously
differentiable and M3 -strongly Hessian Lipschitz if there exists M > 0 such that

IV3U (@) (1,233 < M}
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for all = € RY.

Assumption 3.3.12 (1-Lipschitzness of f). f is a I-Lipschitz function with respect to the Euclidean
distance on R?, that only depends on x, not v (i.e. f(z,v) = f(z,v') for any z,v,v" € R%).
Assumption 3.3.13 (Distance of initial distribution from target). The initial distribution on A = R?¢
satisfy that Wa (7, po) < ¢y \/%, for some ¢,,, > 0.

We make use of the following proposition, essentially due to [140].

Proposition B.4.2. Suppose a numerical scheme approximating (3.1.1) satisfies Assumption B.4.1,

with a potential which satisfies Assumptions 3.3.6-3.3.10, and ¥y, (2, h, (Ws)k) ~ Py (2, ) satisfies the

Wasserstein contractivity condition (B.3) for p = 2, and some a,b > 0, b* < a.

Let ¢ (z,t, (WS)Z:O) be the solution of the continuous dynamics (3.1.1) with initial condition z € R?¢
up to time t, with Brownian motion (Wy)'_. Let 1y, (2,t, (W;)._,) be the solution of a numerical
discretization with initial condition z € R?® up to time t, with Brownian motion (VVS)ZZ0 and stepsize
h > 0 satisfying that

(1 —c(h)*+ Cgh* < 1. (B.19)

Then for any k > 0, any zy such that ||zo| 12,45 < 00, and Z° ~ m, we have

Jin (2o ke, (Wi2o) = 6 (2° k. (W)L, |,

hat1/2 205 hat1
+ )
R(h)  R(h)

< (1 — R(h)||20 — Z°)| 12 0 + V2C!

where R(h) =1 — /(1 — c(h))2 + CZh2.

In particular, the discretization scheme admits a stationary distribution 7y, and its bias can be bounded

as
hat1/2 205 hat1

Ry | R(h)

Wa.ap(mh, m) < V2C) (B.20)

Proof. Introduce the notation

Z":=¢ (Zo,nh, (Ws)ZZo) s Zn = (’Zoa nh, (WS)?ZO)

for all n € N. Using the assumption Z° ~ 7, we also have Z" ~ T, since the kinetic Langevin

dynamics keeps 7 invariant. By Assumption B.4.1, we then have
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!

= Hwh (qu, h, (WS)](ﬁlilfl)h> —¢ (Zk_l’ h, (Ws)?gfl)hﬂ

sz -7

o (257 W) = 6 (257 B (W)

on (21 (W) + o (257 (W)

L2?.ab L2?,ab

Yn, (Zk—h h, (Ws)lglil_l)h) —¥n, (Zk_I’ h, (Ws)@?_nh)

L2ab (B.21)

O (2 e VDR 4) = o (2570 (W)

L2?,ab

< [}s*]

[ (s B VG ) = (2570 B (W) + 07|

L2,a.b L2.ab’

where a1 and 3%~ are defined as

U (Zk_l, h, (WS)?I?—l)h> —¢ (Zk_l, h, (WS)](CI::Z—l)h>
= o (2 (Wl ) + 0 (25 WS

= aFt 4 ghl
Assumption B.4.1, and the Wasserstein contractivity condition (B.3) then together imply

deh (Zkfl,h, (Ws)l(c;?,l)h) — iy, (Zk—l, h, (WS)IEIQLU;J X ak—1‘

- (Je

1/2
+2 <ozk_1, U, (Zkfla h, (Ws)l(glgfl)h) — Y (Zk_l’ h, (Ws>l(€]?,1)h> >L2,a,b>

< (e

+2Coh Ha’HH

< (2]l

< <2cl2h2q+1 + (1 = e(h))? + C2h?) HZ,H - Z’H‘

L2?,ab

2

o (srno s ) = (25 W),

L2,a,b

2 2

+ (1= c(h)? sz_l - ZH]

1/2
Lz,a,b>

(1= e(h)? + G2 ||z 1 — 257

L2,a,b L2?,a,b

o2 =27

L2.ab

2

) 1/2
L2.ab

9 1/2
L2,a,b> '

Lemma 28 of [140] states that if a sequence of nonnegative real numbers (ay),>0 satisfies that
ant1 < /(1 — A)2a2 + B+ C with A € (0,1), B >0, C > 0, then for every n > 0,

/B C
Qp, S (1—A)”a0+ Z+Z

L2.ab
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Using this for a, = ||z, — Z"| 12,4, We have that

Clhq+1/2 205 hat1
+ )
R(h) R(h)

|=2", < @= RO 20 = 202 0p+ V2

where R(h) =1 — /(1 —c(h))2 + C2h2, which is our first claim.

The existence of a stationary distribution 7, follows from Lemma B.3.4. The bound on the bias follows
by letting k — oo. O

We now are in a position to present our first result related to the variance of our unbiased scheme,
which is a bound on the variance related to the global strong error or convergence. This is given

below.

Proposition B.4.3. Suppose a numerical scheme approximating (3.1.1) satisfies the same assump-
tions as in Proposition B.4.2, and f satisfies Assumption 3.3.12. If we have two chains at coarser
and finer discretization levels | and | + 1 using stepsizes h; and h; 1 = % satisfying (B.19) with
synchronously coupled Brownian motions (i) ey and (2,) ey Such that zo ~ mo and zy ~ 7, then

we have

Var (£(:4) = f()) < E[(fh) ~ £(20))°] < Bllg — aul,

k) —
mk:h
(GXP< l ||Zo 200l 22,0, + Wayap (0, T) + Wa,a (), 7))

(1 = R(h))*Wa a5 (0, ) + (1 — R(hi31)) W qp(70f, )
Rat1/2 hq+1/2 pat+l patl 2
+\/§C I+1 +2C +1 + 1 ’
! <\/R(hz+1 VR(h) *\ R(hi11) " R(m)

where R(hi) =1 = /(1= c(hi))2 + C3h? fori = 1,1+ 1.

Proof of Proposition B.4.3. Consider the following variance bound:
2
Var (£(z4) = f(21)) SE [ (F(z4) = f(20)°] S Bllzf = 2l

Let Zy ~ 7 be such that || Zo — 20| 2.4 = Wa,ap(m0, ), and Z) ~ 7 be such that || Z) — z)|| 2.0 =
Wa q.4(m(, ™) (the existence of optimal couplings was shown in Theorem 4.1 of [159]). We use the

Ellz;, — ZkHab = ||z, — ZellL2,0

< sz — ¢ (ZO, khy, (WS)§ZZO> ‘

estimate

L2,a,b

+ H¢> (Zo, khy, (WS)Q@U) —¢ (Z(), khi, (Ws)lscilo> ‘
o (Zb ke, (W)

= (1) + (1) + (1N).

L2,a,b

L2,a,b
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We split this into two global error terms (I) and (I11) and a contraction term (I1). We estimate the

second term by Corollary B.3.8 as

mkhl ~ ~
(1) < exp (-5 ) 12 Zallzas

mk:hl
< exp (=) (12— ol + Wanalos )+ Wl ).
By Proposition B.4.2, we have

T AR To N Al

() < (1= R(b) Waap(mo, m) + V2O Zems + =5 s

The same argument can be applied to (I1) to obtain

hq+1/2 20 hq+1
(1) < (1 — R(hy41))*Wa o p(mh, ) + V20, —=EL 41

VR(hii1) R (hiy1)

Combining these we get the required result. O

Below are a number of useful remarks to highlight from the above theorem.

Remark B.4.4. The local error, which arises from [140] is demonstrated through the bound on ay,+fy,
from Assumption B.4.1. This indicates there is an order of local strong order g+ 1/2. However, when
we go to the global strong order, the order is only reduced by 1/2 as it is order q. As stated in [140],
this is similar to the Euler—-Maruyama scheme with local strong order 3/2, but global strong order 1
[114, Theorem 1.1].

Remark B.4.5. Proposition B.4.3 holds for ¢ = 2 for the UBU scheme; [140] showed that the

assumptions are true. For the UBU scheme we have for 72 > M and h < % that Cy <

Vd (107 + 10W> Cy =8 24 T and Cy < 4v/2M . These constants can be computed by following
[140, Section 7.6] where all computations are done with arbitrary ~y, the constant ¢ we consider to be

set to 1 in their estimates. Constants C7 and Cs are estimated in the second and third step, whilst Cy
is estimated in the fourth step and fifth step. We remark that there is a missing term and a stronger
assumption is needed in [140, Section 7.6, fifth step] which has been corrected in [123]. The additional
term can be treated by the same argument as in the fourth step to arrive at the Cy bound.
Corollary B.4.6. Suppose that Assumptions 3.3.6, 3.3.7, 3.3.10, and 3.3.13 hold, v > V8M and

1 m
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Assume that the burn-in periods B > %, By > ;S;g log (\;‘]*T‘}j;g) Then for every | > 0,
1 <k < K, the UBUBU samples satisfy ’

2
Var (f(zz/c(l’lﬂ))—f(zz(cl’lﬂ))) SJE[(f(z,;(l’lﬂ))—f(z,gl’l+1))) ] <E” 11141 Z(l’lH)Hi,b
M{)?N (v\2 , My?
< 4 (M i 4
_Cd<<fy + >(m) + =L ) ni.

Proof of Corollary B.4.6. We have (Bo + Bl)2! burn-in steps at level I, and (By + B(l + 1))2+!
burn-in steps at level [ + 1. Let 0, = ;= X dp, be a distribution on A that fixes z = 2* and v = 04.
Using the assumptions, we have

2
R(hi) =1~ \/(1 —c(hi))? + C§h =1 - \/(1 - mh") + C2h?

S R QL (R e A I Ty
4y 8y ! 8y 167y

Wa o.p(m0, ™) = Wa 05 (10, ) < cpy

Wa o (6, ) < Waap (RoRE1s Thy, ) + Worab (Thyyy s T)

d h(I+1/2 402hq+1
< Waap(po, ™) +2Waap (Trhl+1 ) W) < Cpo \/; + 2\/501 H_l I+l

Vv R(hi41) R (hi1)’

and

120 — 20/l £2,0.0 < Wa,a (70, 0x) + Waa (70, 0x)
< W ap(Th, ™) + Waap (o, ™) + 2Wa 45(, 65)

d hq+1/2 4C hq+1
< (3 +3))/ - +2V20 l“ 2741

v R(his1) R (his1)

It is easy to check that (B.22) together with Cy < 4+/2M implies that the condition (B.19) of

Proposition B.4.3 is satisfied, and we have

Var <f(z;€(z,z+1)) B f(Zl(f’lH))) <E Kf(zgz,un) B f(z,(f’m))y]

By +IB)h
< (exp (_Tn(o)o) (||26 — ZO”L2,a,b + Wg}a’b(ﬂ'o,ﬂ') + Wza,b(ﬂ'é, 7T))

8y

( m(Bo + lB)ho)

+ exp (WQ,a,b(ﬂ-Ov 77) + W?,a,b(ﬂ-g)’ 7T))

hq+1/2 hq+1/2 patl pat1 2
+ \[C I+1 + 20 I+1 + l
< Rha) /() “\ R(hi1) " R()

2
m(By + 1B)h d e h}
( < °+ 0>(7C“0+3)‘/m+10\/§cl lh +20C% | i
V 16y

16y
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using the assumptions on By and B

2 5\2 2 2
gc(c%%+c§(;) >hl4§0d(<74+wj\})> (%) +J\fn” )h?.

O

Proposition B.4.7. Suppose that the assumptions of Proposition B.3.6 hold for h = h;. Let R; ;1 =
(Phl,hHl)Ql be the Markov kernel defined in Section 3.3.1 for two synchronously coupled UBU chains
at discretization levels 1,1 + 1. This chain is moving on state space A2. Let Z1,...,Zx be a Markov
chain with kernel Ry 1. Let F : A> — R be I-Lipschitz in norm |||, on A2, defined as | z1, 22||L21,b =
||21||Z’b + ||22||§7b. Then we have

K 2 ’

\/Var(F(zi))E [HEZ- - Eziugb} . exp <—";z° : k:) >

Proof. We need to bound

Var <m> < 25N <Var<F<zi>> + Var(F(zis)

Cov(F'(Zi), F(Zivr)) = E[(F(Z:) — E(F(2:)(F (Zirk) — E(F(Zizx)))]-

Let Z; be an independent identically distributed copy of Z;. For 0 <[ < K — 4 — 1, and assume that
conditioned on Z;.;4+; and Z1.4y, Ziti4+1 ~ P(Ziy1, ), and (Zi4i41, Zit1+1) are synchronously coupled,
i.e. Ziti4+1 is defined based on (3.3.25) using the same Gaussian variables that were used to move
from Z;1; to Z;1;11. Since we have also used synchronous couplings in the proof of Proposition B.3.6,

it follows from Proposition B.3.6 that

- _ 2 | -
E <||Zz‘+l+1 = Zitit1llap| Zaitts Zi:i-i—l)

L 2.9l h 2.2t+1
mhy mhyyq - _
S max ((1 — &7) y <1 - 8";_) ) ”ZZ+Z - Z’Z-‘rl”i,b

using that 1 — 2 < exp(—x) for z > 0,

mho'\ | 2
< exp Ty 21 — Zitallyp -

By using this bound recursively, we have

- _ _ . mhy _ .
E (o~ Zosala[705) < oxp (=70 -k ) [ = 52
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Since Z; is independent of Z;, and Z; + 1,..., Z;1; was constructed using Z; and Gaussians that are
independent of Z; (synchronous coupling with Z;11,...,Z;1x), it follows that Z; is still independent
of Z;. Using this and the 1-Lipschitz property of F', we have

Cov(F(z;), F(Zitr)) = E[(F(z:) — E(F(2:)))(F (Zitx) — E(F(Zitx)))
=E[(F(zi) — E(F(z:)))(F(Zitk) — F(Zisr))]
=E[(F(z) — E(F(2:)))E(F (Zisk) — F(Zisr)|Zis %)

< \/Var ))E {szrk - ZwkHw}
< exp <—ﬂ;:0 k?) \/Var [sz - 21'”421,17}
h
= exp <_T7;’y0 ) \/ZVar [HZ - ]EZ‘H?L()},

and the claim follows by summation. O

(z
(z

Proposition B.4.8. Under the same assumptions as in Corollary B.4.6, the UBUBU samples satisfy
that

1 4
Var(Dyzs) < e Clomn, M M) ( Cloymn, M, M) — 21og(h) + o)1 + )
0

Proof. Note that the function F(z1,21) = f(21) — f(22) is 1-Lipschitz with respect to ||(z1, 22)||ap =

= y %4

, then by Proposition B.4.7, we have that

2 )

\/Var(F(zi))E [”zi - E§i|]§7b] - exp <—”;’;0 - k> )

By a similar argument as in the proof of Corollary B.4.6, using our assumptions on B and By, we can
show that

K K—i _ 3
Var(Dj 1) < L Z min (Var(F(Zi)) + Var(F (Zitr))

* * d
(B (I~ B=il12,)) "7 < (B [ — (2", 00,2, 00) [2,]) 7* < c\/;,

and by Proposition B.4.3, we have
Var(F(z;)) < C(y,m, M, Mf)dhi.

Let
k*(1) := max <log ((J 1) — %log (C(vy,m, M, My)h}) ,0) ,

m
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then for k > [k*(I)], we have

\/Var(F(zi))E [Hz,- - Eziuib} - exp <—”;Z° : k)

< Clym M Myt exp (=520 1))

It is clear that [k*(I)] < C(v,m, M, M;) — 2log(ho) + log(4)l, and after some rearrangement, we
have

1

< — Gl
=K

o, M. M} (o, M. M) — 2log(h) + log(a)1 + ).

Var(D
ar( l,l+1) mho

B.4.2 Variance bound of D,

Proposition B.4.9. Consider an m-strongly convex M-V Lipschitz potential U and let P;, be the
transition kernel of UBU with stepsize h. Suppose that f : Q@ — R only depends on x and is a

1-Lipschitz function. Suppose that v > v8M, and h < % Let ug be a distribution on A, and
the Markov chain zg)BO ~ Lo, Z(—OJ)30+1 ~ Ph(zg%o, ) I Ph(zgg)_l, -). Then Dy as defined in

(3.3.21) satisfies that

e (i) (4 3) - S

Dy) < 1 -+ =
Var(Do) < + ~ M) ) 2e(h2K2  Tho
where L
m ~ ~
o =5 oty = [ [ o= ol sduow)duol),

for some absolute constant C.

Proof. The bound is based on Theorem 2 of [89]. We need to control the following quantities for
every z € A:

o(2)2 = ;//||w—ﬁ)HibPh(z,dw)Ph(z,dw), (B.23)

._ . J [ llw = @12, Pu(z, dw) Py (z, did)
n(z) := g!A—>R7H19n||£,b,Lip§1 f f(g(w> _ 9(711))2Ph(2:, dw)Ph(Z,dﬁ)). (B.24)
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Here we choose a = ﬁ and b = % as in Proposition B.3.6. To control 02(2), let us define two
independent identically distributed random variables w(z) ~ Py(z,-) and w(z) ~ Py(z,-). Using the
definition of UBU in (3.2.9), we have

o= = JE(Ju(z) — d(2)]2,)

_ ;E< Hugu (27 h, e ¢ () 5(4)) —UBU (Z, B, E0) £ £3) g<4>>

< E(Hu (B (u (z, h/2,§(1),§(2)) ,h) ,h/2,§(3>,§<4>)
- 5 2
( (z h)2,eW ),h) ,h/2,§(3)7§(4)> a’b>

(5
+ E(Hu z  hy2,eD ) ,h) ,h/2,§(3>,£<4>)
(

2
a,b

Recalling the definitions of &/ and B from equations (3.2.6-3.2.7), we have

2
a,b

-U

"y B( (z h/2, €W )h) ,h/2,£<3>,§<4>)

B(xz,v,h) = (x,v — hVU(x)),

2. 60,60) = (e o 2 (20 (y260) 2 (172,60,
v+ /2723 (h/2,§(1)7€(2)> )

h/2€ \/>§
2(2) (1) /1— [z Ay fi_tzn 4
(h/Qf £ ( 147 'yh§ 1+77 'yhg )

First,

E (Hu (B (u <z h/2,W, g<2>> ,h> b2, §<3),5<4>>

iy (B (u (Z hy2,e®) §<2)) ’h> Jh)2, g(s)ygu)) 2 )
ab

_ 2 (a) (h <1>>_ (@) (h (1) (2)>>_\/7< W (Z0) _ 2@ (h (1) ~(2)))
—E(H(ﬁ(z 5 €0) =22 (.0 S(20(E0) 20 (560,89,
o -
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1
2 2
6y @ (P ~(2))
)+ME(HZ (5:6m.8

using (B.1), and the fact that a = 4;

Splllzm (b ) z@ (1 o o
7 27 27 9

3 3y
(7 + M) dh.

Second, using the assumptions v > +/8M and h < ﬁ for any z,v,2/,v,

IN

IN

Hu (x,v,h/2,£<3>,g<4>) —u (g;/,vgh/gg(s),g(@) i

a,b
2

< ;)HU (x,v,h/Q,g(?’),é(‘l)) -Uu (x/,v’,h/2,g(3),§(4)>

a,0
3(1 2(1 — exp(—vh/2))?
<3 (q7expamllo = v+ 2o = o2 4 2RIy, )
31
<3lo = 2|+ 3l = oI S 6l - 2w = )R, (8.2

1B(z,v,h) = Ba', o', h)|I3, < g\l(w —a',v =0 + hVU(2') = hVU(2))]3 4

3 3h2
Sl =2IP + SFIVU @) = VU ()]

< (2 + 3h2M) |z — '||> + %

3 /(12
< = _
< Slle—a'|* +

lv = o'l* < 6](z — 2’,0 = v)I[Z, (B.26)

hence
E Hu (B (u (z,h/2,§(1)7§(2)> ,h) ,h/2,£(3),§(4))

—u (B (u (Z h/27g<1>,g(2)> ,h> 7h/2,g<3>,g<4>)

2
a,b

< 308 e (22,669 s (s./2.60.62)" )

< 36IE< ' <\/7 <z<1> (h §<1)> _ 2@ <h £ 5(2)))
— ,Y 27 27 9
12 (2 (200 _ 2@ (P o) 2o
\/;<Zl<£1) 2¢ (2,51,52 ,
2
3 3y
ab>é36<V+M)dh,

h h =1 -
o0~z [ Z ) @) _ | forz@) [ 2 1) £2)
V2y (2,§ & V2y 58 8
using the same argument as for the previous term. Hence by summing up the above bounds, we have

o(2)? <37 <3 + ?’;) dh. (B.27)
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Now, we will lower bound n(z) as defined in (B.24). By (B.1), we have

E([lw(z) — @(2)]30)

N

E(llw(z) — @ (2)]I3,5) =

:E<

— EUY (B (u (z, h/2,§(1),£(2)) ,h) ,h/2,£(3),£(4))

U (B (u (z, h/2,§(1),§(2)) ,h) ,h/2,§<3>,g<4>) (B.28)

)
sof| (3 (0 ()2 (hene)) s (o))

Y
> —dh. .
> Ldh (B.29)

For the denominator, we have

// 2Py (2, dw)Py(z, dip) = 2 - Var,p, (=, (9(w))

— 2. Var (g (u (B (U (2:1/2,60,6@) B) 12,69 6D)))

by the Efron-Stein inequality [31, 150]

< 2E(Varg) ¢ <g <U (B (U (z,h/2,§(1),§(2)> 7h> ,h/27§(3)7§(4)>))
+ 2E(Varge) ¢ (g (U (B (u (z,h/2,§(1),§(2)> ,h) ,h/2,§(3),§(4)>)) ’

where Varga) ) (-) means that we compute the conditional variance with respect to £(3), () (so the

€3 €M™ are kept constant, and only the variance with respect to £, £(2) s considered). Let

U (z,v, h, D) ¢2)

Juy(h) ==

o(6M, @)
\f 2(1—e “/h 1—e=7M)/2
( Y e )Id’ —%Id )
_ 2(1— e —7hy2 2(1—e—7h)2 ’
7 2yh _ 2(1—e"7h)2 \/1 —~2yh _ - iy

%uwzg@dswnmwzé%é@».

Using the assumption that g in 1-Lipschitz in (B.24), and the bounds (B.25-B.26), it follows that g,
is a 6-Lipschitz function in || - ||, and (B.1) implies that it is a 12-Lipschitz function in || - ||4,0. Since
the continuously differentiable Lipschitz functions are dense amongst Lipschitz functions (see [7]), we

can assume without loss of generality that g and thus g are continuously differentiable. Note that

n(2) = gn(2') = (Vin(2), 2 = &) + o(llz = 'lla)

1, 0 B 1, 0
_<<0 a*%) Vgh(z>’<o awd) <Z—z’>>+o<||z—z'ua,o>.
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g (Z)Hl/a,O <

12 for every z € A. Hence, we obtain

Hﬁ(f(l?,{(?)) (g <Z/f (B (U (z,h/2,§(1)’§(2)> ,h) 7},1/275(?»)75(4)))) H

_ H 9 S (U (2,1/2,60,62)) H = | hr2)Van (U (= h/2,€0,62)) |

O, €0
Iy 0q
<12 sup |Ju(h/2)w| =12  sup Ju(h/2) 0 L
d /std

weA:||w|l1/q,0<1 weA:||w||<1

I 0y
— 12| Ju(h/2) (0 X 1)
d VM d
h 2(1—e-7"/2) —vh/2) _ 2(1—e —7h/2)
=12 ( T PRVE ) m )
1 4(1—e—vh/2)2 Wh/Q)Q A/h/z)
i e

using the fact that —(1 — e ®)2 < —22 4+ 23 for > 0, and that yh < 1

el [,

- vM VM|
From the Gaussian Poincaré inequality (see e.g. Theorem 3.20 of [31]), and the fact that £, £() are
standard normal, it follows that

2E(Vare) ¢2) (g (U (B (Ll (z,h/2,§(1),5(2)) ’h> 7h/2’5(3)’§(4)>>>

2
h 2vh h 72h2>
<2.12? + == <576< +4
- (\/ VM \/M> - VM M

We can bound the second term similarly, since

e e ) s

- HJU(h/Z)Vg (u (B (u (z, h/2,§(1),§(2)) 7h> ,h/2,§(3),§(4)>) H

using the fact that g is 2-Lipschitz with respect to || - |40,

1y / h 2vh
2| Ju(h/2) (Od 1 Id)H ﬁ‘Fﬁv

and thus by the Gaussian Poincaré inequality,

2E(Vargs) ¢ (g (U (8 (Z/l (z,h/2,§’(1),5(2)) ’h> ,h/2,f(3),§(4))>>

2
h 2vh ( h 72h2>
<8 —+—==] <16 +4
o ( vM \/M) - v M M
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By adding these up, we obtain

// ))2 Pa(z, dw) Py (=, dib) < 592 (\/hM +4 j\f) ,

and hence by (B.24) and (B.29), we have

Ldh dh d

72h2> - 592.5 <L]\ZL) 2 3000

(B.30)

_592<r+4

Combining this with (B.27), we have that

o(z)? ( <3 3fy) ) 3000 ( ~y>
su < (37> dh | - —— < 333000 | h,
Seh n(z) v M d v M

and the claim now follows by Theorem 2 of [89] and the bound on Var[E(7(f))|Xo)] on page 2427
of [89], using the fact that k > 1 — /1 — mh > mh by Proposition B.3.6. O

B.4.3 Variance of S(cg)
Theorem 3.3.15. Suppose that Assumptions 3.3.6, 3.3.7, 3.3.10, 3.3.12, 3.3.13 hold, and in addition,

1 m 16log(4)~y 16+ Cup + 1
>VRM, hg< -1 p>208WT B 1 .
v2V8M, hos Do B2 Bz g los VM2

Suppose that cg € [0,1), and 2 < ¢ < 16. Then for any N > 1, the UBUBU estimator S(cgr) has
finite expected computational cost, ES(cr) = w(f), and it has finite variance. Moreover, it satisfies
a CLT as N — oo, and the asymptotic variance 0% defined in (3.3.18) can be bounded as

C M, M?
O_%g (m, ) 1a77CN7¢N)<

1—dh4
j L1y )

ho K

Proof of Theorem 3.3.15. By Corollary B.4.6, and the fact that

1l 1l 2
BDR.) < s B | (710 = 10

it follows that under the assumptions of Corollary B.4.6, we have

m

M3 2 2 M 2
B0 < Ca (7 + S0 ) (2074 20 ) i < v

for Vp = Ch4d (( (Ml ) )2 + MWA’Q> and ¢p = 16. From Proposition B.4.9, and using the

fact that c(ho) T' nd our assumptions on By, we have
C 1 L 7Y\ ho (1= c(hg))*PotD)
Var(Dg) < —— [ 14+ —— -+ —
ar(Do) < 7557 < * c(ho)K> <’y + M> cho) T 2e(hg)PK2 o

C 1 /87\*[/1 ~ 8y 1
<Ly (L) e 2 ). B.31
K h0<m> (WM)( T hom K (B:31)
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The computational cost at each level satisfies the assumptions of Proposition 3.3.4, so if we fix
2 < ¢n < 16, all assumptions of this proposition are satisfied. Hence S(cg) is an unbiased estimator

with finite variance and computational cost.

The claim about the asymptotic variance follows by using the bounds in (B.31) and in Proposition
B.4.8, and adding up all terms according to (3.3.18). O
Proposition B.4.10. Suppose that the assumptions of Proposition B.3.6 hold forh = h;. Let R; ;1 =
(Ph,.h, +1)2l be the Markov kernel defined in Section 3.3.1 for two synchronously coupled UBU chains
at discretization levels 1,1 + 1. This chain is moving on state space A2. Let Z1,...,Zx be a Markov
chain with kernel Ry;+1. Let F: A> — R be of the form F(z,2') = f(z) — f(2'), where f is of the
form (3.3.28). Suppose that the target 7 is a product distribution, satisfying the same conditions as
in Proposition 3.3.18. Then we have

F(z) 2 K K Var(F Var(F(z;
Var (z“K ) 2Zme< ) + VarlFGivs)

mho
()

(s)]|2 2 =

r @ ] NVarw(zl)) max E |7 ~ Ezi;

Proof. We proceed similarly to the proof of Proposition B.4.7.
Cov(F(zi), F(Zitk)) = E[(F(2:) — E(F(2:)))(F (Zitk) — E(F (Zitx)))]-

Let Z; be an independent identically distributed copy of Z;, and define (Z;.; 1k, Zi.i+k) as synchronously
coupled, in the same way as in the proof of Proposition B.4.7. It follows from applying Proposition

B.3.6 on each coordinate, and using independence that for every coordinate 1 < j < d,
_ . mhy _ -
zmzm) < exp <—47 k) 1Zi,5 — Zi4ll24

With a slight abuse of notation, index j here refers to both position and velocity components, hence

~ — 2
E (sz‘ﬂw — Zithjllap

Zij = (ii,j,vw,x”, ”) € R*. As previously, Z; and Z;+) are independent, and

Cov(F(2i), F(Zitk)) = E[(F(2:) — E(F (%)) E(F (Zivr) — F(Zitk) |23, %))
< \/Var (F(z)) Var (F(Zisx) — F(Ziy1))

By the Efron-Stein inequality [31, 150], and some rearrangement, we have

d T 2
Var (F'(Zitx) — F(Zi+)) Z (Z \w ) ( |Zithj — Zith,j i,b)
<o (Z rrw<s>||2>
s=1

r s mho
- (Z”w()”2> p (~TE2 k) o 1, — Bzl
s=1

/_\
g‘s

0k Elllz: . — 3 .12
) 1??3}% 1755 — Zigllas]
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and the claim follows by rearrangement and summation. O

Proposition 3.3.18. Suppose that Assumption 3.3.17 holds, and denote the potential U as U(x) =
Zle Ui(x;). Suppose that Assumptions 3.3.6, 3.3.7, and 3.3.10 hold for each component (U;)1<i<d,
and that

1 m 16 log(4)~y 16y Cug + 1
>V8M, ho< -t B>2800 0 pos 1 0 .
= 0= 96aM = " kg "= mhg B\ Va2

Suppose that f is of the form

f(z,v) = g((w,2), .. (W, z)), (3.3.28)

where g : R" — R is I-Lipschitz, and w® ..., w() € R?. Suppose that cp € [0,1) and 2 < ¢ < 16.
Then for any N > 1, the UBUBU estimator S(cr) has finite expected computational cost, ES(cr) =
7(f), and it has finite variance. Moreover, it satisfies a CLT as N — oo, and the asymptotic variance

can be bounded as

C(m, M7 M17 Y, T, CN, ¢N) Z ”'UJ(l)HQ

2
<
78 = Kho

1<i<r

Proof of Proposition 3.3.18. Unbiasedness, finite variance, and finite computational cost follow from

Theorem 3.3.15. By (3.3.18), the asymptotic variance can be expressed as

o) l
U% := Var(Dy) + ZVar(Dl,H-l) : ¢7N
=0

It is easy to show that fis >.7_, |[w®|-Lipschitz, so the variance term Var(Dg) can be bounded

using Proposition B.4.9, relying on the burn-in assumptions.

To control Var(D;;11), we first need to bound terms of the form Var(f(z;) — f(zx)). Let z; =
(zk.j,vk,;) € R? denote components j in both = and v. Using the Efron-Stein inequality [31, 150],

2
a,b

and independence of the components, we have
Li+1 ll 1 d -
/ s
) =) <23 (S ”) (I
< (s))12 i(Gi+1) (@, l+1)
< 2r (; )] ) gfng( z w0

k.j k.j
By applying Corollary B.4.6 component-wise, it follows that under our assumptions,

max E ‘ z
1<5<d

(1) (1)
k,j

k,j

hence
Var(f (") = (")) < C(m, M My, r) Y w2,

1<i<r
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Using this, and Proposition B.4.10, by a similar argument as in the proof of Theorem 3.3.15, we can
show that

C(m, M, My,~,r) (@2 ] 4 4y
< —
Var(Dy 1) < - 1<§i<:r\w I ) hit {1+ log(4)T )

and the claim follows by summation and rearrangement. O

B.5 Initialization and Gaussian approximation

We will use the following assumptions in this section and sections B.6 and B.7, which we restate here

for easier readability. We will consider potentials of the form

Np
U(z) = Up(x) + > Ui(x), (B.32)
1=1

where we aim to understand the scaling of the computational complexity when inexact gradients are
used within the UBUBU framework in the large Np case. We assume that the potential has the form
(B.32) in this section and sections B.6 and B.7, and we impose the following assumptions on the

potential.

Assumption 3.3.21 (VLipschitz property). Foreveryl <i < Np, U; : R? — R is twice differentiable
and there exists a M > 0 such that for all z,y € R?,

IVUi(z) = VUi(y)|| < M|z —yll,
for every 1 < i < Np and moreover,

IVU(x) = VU()|| < M|z —y|| for M = NpM.

Assumption 3.3.22 (Npr-strong convexity). There exists a i > 0 such that for all z,y € R?

(VU(z) = VU(y),z —y) >ml|z—y||*> for m= Npm.

Assumption 3.3.23 (strongly Hessian Lipschitz property). U : R? — R is three times continuously
differentiable and M7 -strongly Hessian Lipschitz if there exists M7 > 0 such that

IV3U ()| 1,243y < M for M; = NpM;,

for all x € RY.

For a better understanding of the scaling in terms of Np, we also introduce

so that v = +/Np#A.
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B.5.1 OHO scheme

In this section, we detail some results for the OHO scheme we use for initialization in (3.3.34)-(3.3.36).
We state results for a potential that satisfies Assumptions 3.3.6 and 3.3.7 that can be applied in the
case of Gaussian approximation. In particular, we show strong error results using similar techniques
to [105] and [142].

We define the solution map H to have update rule
H:(z,v) = op(x,v), (B.34)
where ¢y (x,v) is the solution to the ODE
dXy = Vidt, AV, = —=VU(Xy)dt,

initialized at (Xo, Vp) := (x,v) € R?? at time h > 0. We then define the OHO scheme with stepsize
h > 0 as a half step of O with stepsize h/2 (defined in (3.3.35)), followed by a full step of H with
stepsize h and a half step of O with stepsize h/2, which exactly preserves the invariant measure.
Remark B.5.1. We remark that the OHO scheme is a special case of the scheme studied in [117]
using a hypocoercivity approach. It has also been considered as an exact splitting for discretization
analysis in [25, 28, 80, 115]. In practice this scheme is only applicable when the Hamiltonian dynamics
can be solved exactly, for example for a Gaussian target.

Proposition B.5.2. Let h < 1/2v, v > 4M, k € N and (X, V;)i>0 := (Zi)i>0 be the solution
of (3.1.1) and (x¢,vt)t>0 := (2¢)e>0 be the solution to the OHO scheme with stepsize h > 0, with

synchronously coupled Brownian motion and where both are initialized at zo = Zy ~ w. We have that

3 st [ 3hv/Fyhd + 5k(hy)2Vd
30— sl < 1St (S EL 4 Sk V),
2 VM

Proof. Considering the OHO scheme given by
h
(1, 0n) = (ac b (o4 VI=1P6) = [ VUE©)b -t
0
h
<771) +v1—n%6 — hVU(x / V2U (z(t))v(t)(h — t)dt) ++1-—n2 2),

0

where the Hamiltonian dynamics (z(t),v(t))P is initialized at (z,nv + /1 — n2&1). The kinetic
Langevin dynamics for one step can be written as

h h
Vi = E(R)Vy — /0 E(h — s)VU(X,)ds + \/ﬂ/o E(h — s)dWs, (B.35)

h h
X, =Xo+ F(h) Vo — /0 F(h —s)VU(Xs)ds + m/o F(h — s)dWs, (B.36)
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where £(h) = e F(h) = 17‘;—%, and we couple the noises such that /1 —n?§ =
V2 fh/2 E(h/2 — 5)dWs and /1 —n2& = /2y fh/z s)dWs. Considering the velocity

component we have

h
IV = vllz2 < ||n? (Vovo)/0 E(h = s) (VU(Xs) = VU(z)) ds+

+/27(1 - n) " E(h)2 — s)dW,|| + F‘ hw‘ WMV
0
g h/2
7 (Vo — vo) — /0 £(h—5) (VU(Xo) = VU @) ds + V(1L =) [ &(h/2 = s)aw,
L2
h—s)(VU(X,) — VU(Xo))ds| + <WM+ A;) h2Vd
h " h/2
< ||n* (Vo — wo) — /0 E(h —s) (VU(Xp) — VU (z)) ds + /2v(1 — n) i E(h/2 — 5)dW,
L2
n (’y\/ﬂ n 3M) h2Vd,

where the final estimate is a rough estimate due to (B.35), (X, Vi) ~ 7 for all s € [0, h], the fact that
U is M-VLipschitz, h < % and 2 > 4M. Now considering time kh > 0 for k € N and iteratively

applying the argument whilst keeping Brownian components in the same L? norm, we have

(i—1/2)h
(1- )/(4 E((i — 1/2)h — s)dW,

i—1)h 12
+3km/ Mh*Vd
(i—1/2)h
<ZhM ai + E((i—1/2)h — s)dW,
i—1)h 2

+ k (hy)* Vd + 3kyvVM hzf

k
<" hMa; + hy/kyhd + 3k (hy)* Vi,

=1

where a; := || X — w2 for i € N and b; := [|[Vip — vinl|p2 for i € N. We have also used the

independence of the Brownian motion over independent time intervals.
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Now considering the position components we have

h
| Xn — xnllr2 < Xo—xo—l—}"(h)(vo—vo)—/o F(h—s)(VU(Xs) — VU(xs)) ds

h h/2
+ / V2V F (h — 8)dWy — ha/2y E(h)2 — s)dW,|| + 2vh*Vd
0 0

L2

h
< || x50 = w0 + F(B) (Ve = wo) — /0 F(h=s) (VU(Xo) = VU (o)) ds

h/2

h
+ / V27 F (h — 5)dW, — hy/2y E(h)2 — s)dW,|| + 3yh2Vd.
0 0 L2
Then as before we consider time kh > 0 for £ € N and we have
k
Hth — xkh||L2 < Z (hbi + h2Mai) + 3/47’)/}12\/&
i=1
k ih (i—1/2)h
+ /27 Z/ F(ih — s)dW, — h/ E((i —1/2)h — s)dW,
— J-1n (i-1)h 12
k
<> (hbi + h*Ma;) + 3kyh®Vd + 2y/2yhV/ hikd.
i=1
In || - || 12 4,5 Using the preceding estimates we have
3hyvEvhd + 5k(hy)?Vd

k
3
| Zin — zknll 12,00 < 3 Z; hWM|| Zip, — zin| 12,00 + il

< EEVT 3hyvkvhd + 5k(hy)*Vd
B VM '
O

Theorem B.5.3. Let h < 1/2y, v > 4M, | € N and (X, Vi)i>0 := (Zi)1>0 be the solution of
kinetic Langevin dynamics and (z;,v;)ien := (21)ieny be the iterates of the solution to the OHQO
scheme with stepsize h > 0, where both are initialized at the same point according to the invariant

measure. We have that

3v/2v/VM + 10v/vVM

m

1Zin — 2l 2, 0p < 104Ry*Vd

Proof. We use an approach used in [105] to remove the exponential constant in Proposition B.5.2.
We define a sequence of interpolating variants Zl(k) for every k = 0, ...,1 as follows. We first define

Z(()k) = Zp, and then (ZZ-(k'))f:1 are defined by OHO steps followed by (Z'(k))ézk+1 steps of kinetic

7

Langevin dynamics with stepsize h > 0. We break the I steps into blocks of size [ = {3h\2/M1, then
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we have

0 I
1 Zin — 21l 12,06 = HZz( ) - Zz( )HLQ,a,b

/1)1 . o
< Jz:% H(Zl(ﬂ) _Zl((a+1)l)

)

where we bound the terms using the fact that the first jl~steps according to OHO keep the stationary

I H (Z(umn _ Z(l))‘

L2.a.b L2.ab’

distribution invariant and they only deviate in the following [ steps, where we will use Proposition
B.5.2 with [ chosen as [. We finally use contraction of the continuous dynamics (Corollary B.3.8) in

the remaining steps and we have

[ (12
< 4o (=1=GH+DDe(h) 3hy/Iyhd + 51(hv)*Vd
L2ab \/M

H (Zl(ﬂ) _ Zl((j+1)f)) ‘

Then summing up the terms we have that

3hy\/lvhd + 51(hy)2Vd 1
1Zin — 2l . < 4 (1 n )

VM 1 — e—chi
3hyy/lvhd + 51(hy)%Vd - 129+/M
v M m
31/2v/VM + 10y /v M
< 104hy*Vd / - ,
as required. ]

B.5.2 Initialization and bounds
For convex potentials, we can approximate the gradient with the Hessian at the minimizer by
Qx| z*)=VU(@")+ H (v —2*) = H" (v — 2¥), (B.37)

where z* € R? is the minimizer of U and H* = V2U(z*).

Lemma B.5.4. Considering the gradient approximation Q given by (B.37), where the potential U

satisfies Assumption 3.3.23, and has a minimizer z* € R? we then have the property

E|VU(z) — Qx| «*)|P < (M})PNB & — * |2,

for any x € R?.

Proof. Follows from Taylor expansion. O
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We then define the measure ug = N (x*, (H*)™!) x N(04, I;) to be the Gaussian approximation of
the target as in (3.3.33), which is the invariant measure of the OHO scheme and continuous kinetic

Langevin dynamics with the use of the gradient approximation (B.37).

Proposition B.5.5. Letp = 2 or 4, then we have the following Wasserstein bound between a potential
U which satisfies Assumptions 3.3.22,3.3.23 and 3.3.28

3 ((@2p)\V? Md
<43/ = .
WILCL,b(ﬂ'a /’LG) — \/; ( 2pp| mQND

Proof. If we let 7, denote the marginal in the position of 7 and (1), denote the marginal in position

of ug. We have from the equivalence of norms that for p = 2,4

3 3
Wp,a,b(ﬂ"ﬂG) < \/7W ,a,O(WaNG) < \/7Wp(77xa (1G)z)
\/>||VU Q- | )|l e \/>M1H$_33 HL2p
\/> ( ) 1/1’ Msd
<
— vV 2\ 2pp! m2

where the third inequality is due to Proposition 22 of [161], the fourth due to Lemma B.5.4 and the

final inequality by Lemma B.8.2. 0

B.6 Variance bounds for UBU with SVRG

For this section, we make use of the technique of the recent work of Hu et al [168], related to using

stochastic variance reduced gradient (SVRG).

A stochastic gradient version of the UBU scheme is simply constructed by replacing the 5 operator
with
Bg(IE,U, h7w|‘%) = (:E?U - hg(:E,WLCE)),

where G is a stochastic gradient approximation of the potential U as defined in the approximation
given by (3.3.30).

We start with an alternative formula for the kinetic Langevin dynamics introduced in (3.1.1). This is
used for the analysis of the UBU scheme in the full gradient setting in [140] and alternative schemes
with the SVRG approximation in (3.3.30). The convenient way of expressing kinetic Langevin dynamics
is to use Itd’s formula on the product €*V;. This results in the following set of equations for (3.1.1)
with initial condition (X, V) € R?%:

Vi = E()Vp — /Ot E(t —s)VU(X,)ds + \/ﬂ/ots(t — $)dWs, (B.38)

X, = Xo+ Ft)Vp — /Ot F(t —s)VU(X,)ds + \/ﬂ/ot F(t — s)dWs, (B.39)
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where

1—e

Et)y=e"  F(t)= Y (B.40)
Then the UBU scheme (as in [140]) can be expressed as
(k+1)h
Vi1 = E(h)vg — hE(h/2)VU (Tk) + /2y E((k+1)h — s)dWs, (B.41)
kh
(k+1/2)h
Tk = + F(h/2)vg + \/27/ F((k+1/2)h — s)dWs, (B.42)
kh
(k+1)h
Tpy1 = xf + F(h)vg — hF(h/2)VU(T) + /27y F((k+1)h —s)dWs, (B.43)
kh

which can be more easily compared to the true dynamics via (B.38) and (B.39). We will refer to
(ZTk)ken as the gradient evalution points of the scheme. Similarly, stochastic gradient UBU can be
expressed as (B.41)-(B.43) by replacing the gradients with stochastic gradient approximations,

(k+1)h

Vi1 = g(h)?}k — hg(h/Q)g(fk,warl’i’k) + /27 g((k + 1)h — S)dWS, (B.44)
kh
(k+1/2)h
Tk =z + F(h/2)ve + /27 F((k+1/2)h — s)dWs, (B.45)
kh
Ty = fL(k) for L(k}) = TU{Z/TJ, (B46)
(k+1)h

Tht1 = Tk + .F(h)?)k — h}"(h/Q)Q(Tk,wkH]fck) + \/ﬂ A ./r((k + l)h — S)dWS, (B.47)
h

If we are using a stochastic gradient approximation of the UBU dynamics, additional bias is introduce
by the use of gradient approximations. We wish to measure the local error caused by the stochastic

gradient approximation.

B.6.1 Variance bound of D;;

Suppose now we have two UBU schemes, a UBU scheme (zx)ren = (xk,vk)ken which uses
a stochastic gradient approximation as defined in Definition 3.2.1 with (wg)ken such that
wr ~ SWR(Np,Np) for each k € N. Further at iteration k define zl' := (2f,0}) =
p (zk,h, (Wt/)g,kikl,zh) to be a step of the full gradient UBU scheme at iteration 2z, with

synchronously coupled Brownian motion. Then the local error after one step is
Ell(zri1 — @ty ver = vp)IIP = 1 (E(h/2) + F(h/2))*E|VU (@) — G(@x, wier )|,
and

h4
Ellzgr — zpl|® < IEHVU(@) — G(Tp, wi1)|%,
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where expectations are taken over stochastic gradient approximation and Brownian increments. The
sequence (T )keN are the points where the stochastic gradient approximations are evaluated defined
by (B.45). We now wish to bound the term E||VU (%) — G(Zk, wr+1)||?, uniformly in k to control the
error due to the stochastic gradient. For this, we state Lemma 1 of [168] with our notations, together
with its proof.

Lemma B.6.1. Considering iterates (xy,vi, T )reny Of stochastic gradient UBU with the SVRG
(G, SWR(Np, Ny)) for a potential U which has the form (3.3.29), with data size Np and batch
size N}, epoch length 7 = [Np/N,], and initial condition (x9,vo) € R??, then we have the property

E (Hg(fk,wkﬂ | Trk)) — VU(fk)W)
Np

No(Np — M) = 17 P
N1y e 2 B IVUE) = VU@ )IE)

Corollary B.6.2. Suppose that Assumption 3.3.21 holds. For UBU with SVRG updates as defined by
(B.44)-(B.47), we have

E (||9(F.wie | Zrg9) — VU@)|?) < @ maxE|z;e — 2 (B.48)

_ M2N}3(Np — Np) (7 — 1)?
0= DNb(ND ) : (B.49)

Proof of Lemma B.6.1. For the potential of the form U(z) = Up(z) + ZZ]\LDl Ui(z) and for k > 1 we
define X; = VU;(@) — VU;(Ty1)) and we define ¥; = NpX; — S5 X for i = 1,..., Np. Then
we have that Zf\g Y; = 0 and that

1
G(Tk, w1 | Try) — VU (Tk) = N, > v

1EWE 41

Therefore our aim is to establish a bound on Nib > Y;. We have that

1€EWE 1

2
1 1
Wk+1 ﬁb Z Y; :FI)QE%H Z HYlHQ+ Z <Y17YJ>

1€WE 41 €WK 11 1#JEWE 1

1 & b—1
= v D Il + Y., Y;

i#]
N
S Mo N 1§ty
Np—1 NpNp 211
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where the last line is due to the fact that Z Y; = 0. Then using the fact that 21—1 V5% <
N2 SN2 |IX||? and the last full gradient evaluatlon isat k— 7+ 1< L(k) < k we have that

_ _ _ Np — Nb
E (IVU @) — G(Tk, wis1 | Trp)l®) = NyNp(N Z:IEHYH2

Np(Np Nb )
< — E|X;
<2 }ju H

Np(Np —

- 2
< No(Np —1) ZEHVU Ty) — VUi(Trm) |l
k—1 Np
Np(Np — Ny)(k — L(k)) - 2
< E|VU;(Zj41) — VU;(T;

Np
Np(Np — Np) (T —1)? _ 2
< E||VUi(Z:41) — VU2,
S ALy I?gg; IVU;(Tj11) ()]

which concludes the proof. O

Hence it is sufficient to bound E||Zx; 1 — Zx||? uniformly in & € N, which will be done in the following

lemma.

Lemma B.6.3 (Displacement Lemma). Let a stochastic gradient UBU integrator defined by (B.44)-
(B.45) with stochastic gradient (G, p) satisfy

E (6@, wislx) — VU@ < © max B[z, — %]
for some © > 0. If U satisfies Assumptions 3.3.21, 3.3.22, h < 1/2v and 72 > 8M, then
1Zkt1 — Tkl 22 < hz\@ofgixk i1 — Till g2 + Thv/M||zk—1 — ZF 7|12, + 6hVd,
<i

where Z% 1= Zy, = ¢(Zo, kh, (Wy ) ) € R? s the solution to (3.1.1) initialized at the invariant
measure Zy ~ 7 at time kh for k € N.

Proof. Then we use the following estimate

1Zr+1 — Trllp2 = |Thg1 — Thgr + Tpa1 — Tk + Tp — Tpl| 12

< N F(h/2) (v = vr-1)llz2 + lZprs — 222

+V2y

(k+3/2)
/ F((k+3/2)h — s)dW,
(

k+1)h L2
(k+1/2)
+ /2y / F((k+1/2)h — $)dW,
kh L2

= (1) + (1) + (1) + (IV),
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and we bound (), (I1), (1) and (IV) separately. (Ill) and (IV) can be bounded above by \/~vh3d.
Firstly, we will bound (1), but first we denote

Aj = [T — 7572,
for j € N, and 2 = (af,vl) == (2, h, (Wt/)g,]“Jrkl}zh) is an iterate with stepsize h and initial
point (z,vy) of the full gradient UBU scheme and synchronously coupled Brownian motion to the
stochastic gradient scheme. We then estimate

1 = @nllzz < lower — akllze + llzf — a2

h2
< 5 VOmax/A; + |laf — w2,
J

then if we define the notation Z} = (X}, V) := ¢(zk, t, (Wy)EHL) € R? for k € N and ¢ > 0 to
be the continuous dynamics solution with initial condition (z,v;) at time t defined by (B.38) and
(B.39). Then we can estimate the second term by splitting it up into discretization error and one-step

displacement and bounding each of these terms separately as
s — k|2 < Il — XEl e + 1XE — @l 2.
Then using [140, Section 7.6] we have that
g — XE e <

h h
/O F(h)2) (VU(X?) — VU ()) ds + /0 (F(h — ) — F(h/2)) VU(X)ds

L2

h h
<3 / IVU (X)) — VU@ 2 ds + B masx [ VUK 1

(k+1/2)h
< M2 Xk o+ F (h)2) v, + /2 / F((k+1/2)h—s)dW, ||| ds
L2
2

0 g VUKD

RT2M/~vd
< — s S
< s VOO + 0 [ 1 M 11+ 1

Now, we bound
h >
/ X2 — el eds < %ol + B¥ max VU] 2 +52/27d,
0 SSS

and using the fact that 7 < min{—— S 27} we have

3h2
h h S s
”xk Xk||L2 B 0111‘?;<XhH (Xk)H[Q +h()IESa<XhH k”LZ —l—h\/&,
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and using (3.1.1) we have that

h h
||X£—xk\|p—”f<h>vk— | Favoeeas o [ Fn- ga,

< Aol 2 + b2 mas [IVU(XP)]| g2+ v/20 7.

L2

To bound the maximum terms we introduce (Z;)¢>0 = (X¢, Vi)i>0 to be the solution to (3.1.1)
initialized at the invariant measure with synchronously coupled Brownian motion. We also define

Zk .= Zy;, for k € N. Then we have, in expectation, for any 0 < s < h,

WVillLe < Vi — Vinesllzz + [Vihts 2

< VoM ||z — ZF| 12,0 + Vd,

and for any 0 < s < h we have

IVU(XP) 2 < (IVU(XRE) = VU (Xkhts) 22 + VU (Xghts) [ 2
< M| X} — Xghsll2 + vV Md
<V2M||zg = ZF(| 2,04 + VM,

where we have used contraction of the continuous dynamics under synchronous coupling provided
in Corollary B.3.8 and [51, Lemma 2] to bound ||VU(Xgpis)|lz2. Therefore we have the following
bound on (II)

h? k 9h\f
(1 < ?\@Orgagk VAi +4hVM ||z, — Z 2,00+ —5—

where h < r due to the fact that 42 > 8M and h < 2

Next, we consider (1) and we can estimate

h h h
(1) < Sllve = vk—1l2 = *Hvk vz + g llvk1 — vk-aflze

<—\Fmaxx/ A+ = ]vk 1 — Vk—1|lr2,

where

lop_y = vk—1llze < lvp_y — Vi allpe + IV ) — ve—1]l 22
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Then we can bound

Jop_y = Vil il e <

h
< M/O | X7, —@HHLQ ds+h [max, ||VU(X,§_1)||L2

h
/0 E(h)2) (VU (X} ))ds — VU (@_1)) + (E(h — 5) — E(h/2)) VU(XE,)ds

L2
¥ \f
= 50 0%esh IViallze +2 h Jnax HVU(Xk: Dz +

where we have used the estimate of foh | X7 | — Tk—1l|z2 from the ||zl | — X[ |||;> bound and the
fact that h < 1/5v/ M. Using (B.38) we have

h h
\wg—mmmmsuwm»—nwA—/"ah—ﬁvwxanw+y@¢/sm
0 0
< Mlver 2+ max [VUCKE )52+ v/23hd

< 20M (7 + VM) |21 = 212 0+ VA (7 + V) + v/290d,

and we can combine terms to get the following bound on (1)

h? 5
() < = max /OA; + 30V M|zp—1 — ZF 7| 1205 + Zhﬁ’

2 0<i<k

and summing all terms we have that
||Tk+1 - TkHLQ < h? Orila<Xk \OA; + Thv MHZk—l - Zk_IHLQ,mb + 6h\/g.
<z

O

Proposition B.6.4. For a stochastic gradient UBU integrator with iterates (zx)ken, gradient
evaluation points (Ty)ren, transition kernel Py, and potential U satisfying Assumptions 3.3.21-3.3.22,

where we approximate the gradient using a unbiased stochastic gradient (G, p) satisfying

E (|G@k, wis1lk) — VU (@k)|* ) < © maxE||7;41 — 7;]%
i<k

Consider the continuous solution to (3.1.1) initialized at the invariant measure, for k € N define

ZF = Zy, = ¢(Zo, kh, (Wt/) 0) € R24 with synchronously coupled Brownian motion to (z;)ken,

then for all
b < mi L 1 ml BN 1 m
mim-< ———, ) ~ 3 ) ~
2yN/2 T 24(09)8T 4OV 956 115 N

we have

ok = Z°0 2 0 < 401 = Ra(1)/2)F (I120 = 20012, + V2C117?)
+ C(F, 1w, M, V)R> 2dVAN Y e1?,
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where Ro(h) = 1 — co(h) + C2h2.

Further for all i € Po(R??), and all k € N,

Waap(iPsm) < 4(1 = Ra(R)/2) (Waap(, ) + V2C1172)

+ O(F, 1w, M, MR 2d AN o1,
Proof. Let us define the notation Z! = (X!, V) := é(zk,t, (Wy)E'HL) € R* for k € Nand ¢ > 0
to be the continuous dynamics solution with initial condition (z, vx) at time ¢ defined by (B.38) and
(B.39). Further define 2! = (2}, v}') 1= ¥y, (21, b, (Wt/)gzjlzh) is an iterate with stepsize h and initial

point (z,vy) of the full gradient UBU scheme and synchronously coupled Brownian motion to the

stochastic gradient scheme.

Firstly, we split up the difference in the following way

2
-2 4) ¢ (-2
[E72 ||L2,a,b k k—1) T (%1 L2.ab
2
— _h _h h ok h k)2
_sz Zk*l’L2,a,b+2<zk k=10 Zh-1 Z>L2,a,b+sz71 ZHL2"1’b'

Considering the inner product we have the expectation conditional on z;_q and (Wt/)fﬁ:(k_l)h is
zero as it is independent of the Brownian motion (due to synchronous coupling) and the stochastic

gradient estimator is unbiased. Therefore

2 = Z*122 0 < N2k = 2l 0+ (1Bsllz2.a
+[l2iey = (2 W) y) + ar1llr2,ap)”

=)+ (.
We have that 20
2h _ _
() < 7 I?glz(H:UHl_ijH%%

and

/ _ 21,2 _ 7k—1]2 21,5 3 2
(M) < (y/ (L= ca(h) + CGh?)||zk—1 — ZF7 M2, +2CTR° + Cah” )

Let Ra(h) := ca2(h) — C3h?, then assuming that mh/8y < Ra(h) < 1/2 (which holds for h < 5 and
h < ﬁ) using Lemma B.8.1,

2v/2C5h3
7k . k 70 215
2k — Z¥|| 12,00 < V2(1 — Ra(h)/2) <Hzo 2% 2.0p + 1/ 2CER > + Fah)

M0 maxjop |[Tjer — 75|25 + 20205

Ra(h) ’

+2
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and now we wish to bound max;y, [|Z;4+1 — Z;||3.. Considering Lemma B.6.3 we have that

Iiss =2 <, 0 o 542 = 23l + 6h Vi

+ 7Thv'M <\f2(1 — Ro(h)/2)k (Hzo — 22 + \/@) I W)

m

N 56h¢h7@ max;<, [[Tj+1 — |7, +yC7h?
m

If we assume that

mt/3 1 1}

h<m1n{24(®7)1/3,4®1/4,

then

_ _ 16v/2yCoh?
max |74 = 7|2 < 210V M (fzu — Ro(h)/2)" (HzO — 2% + \/20%5) + ’”)

m

+ 18hV/d + 168h3V/ M /%,

and

2 = Z¥l g2 0 < V201 = Ba(B)/2)* (J120 = 2] 12,03 + V2C1072)

N 16y/2vh* (Ca /7 + C1y/m) N 2\/16h’y@ max;<y, [|Tj41 — ;|25
m

mM
24/27h? (Cay/7 + C
401 = Ba()/2)* (Jl20 = 20 12,03 + VZOIRY?) + VI ( Zﬁ w'm)

1/2 5
1 1444372 (dyj\@;) +1344p720, V2
m

and the first claim follow by rewriting this bound in terms of 7, M and 4. For non-asymptotic
Wasserstein results, we simply replace Z¥~! with the continuous dynamics initialized at Zy_q ~ 7
be such that || Z;,_; — Ze-1llr2,0p = Waap(ptPF~t, ) as in [140, Theorem 23]. We can then apply
Lemma B.8.1 to get the required result. O
Remark B.6.5. To get the non-asymptotic result to have discretization error which is of order
O(h3/ 2), the gradient approximation needs to be an unbiased estimator of the gradient, without

this property the discretization error reduces to order O(h).

Lemma B.6.6. Suppose we have two Langevin diffusions governed by (3.1.1) with synchronously
coupled Brownian motion, (Z;)¢>o with potential U satisfying Assumptions 3.3.28-3.3.23 and (Zt)tzo
with potential defined by (B.37), a Gaussian approximation of U. We further assume that the diffusions
are initialized at their invariant measures and v > +/8M. We then have that

dC(%, 1, M, M)

~ _ mt ~
1Zt = Zi||lp2ap < € || Z0 — Zol| 12,00 + ~
D
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Proof. We define (X¢, Vi)i>0 := (Z¢)t>0 to be the diffusion according to (B.38)-(B.39) with potential
U and define (X;, V;)i>0 := (Z4)¢>0 to be the diffusion according to (B.38)-(B.39) with potential U,
defined by (B.37), and synchronously coupled Brownian motion. By the same argument as Corollary

B.3.8 with the expectations rather than Wasserstein distance we have that for h > 0,

~ mh ~
1 Zk+1)n — Zgrynll 22,0 < <1 - 167) 1 Zkn — Zknll 12,0

+h H (o, VU (Xip) — VU()?kh)) HL Oy M,
hMS

VM

mh =
< <1 — ) 1 Zkh — Zin |l 2,00 +

~ 2
Xpn — H C(vy, M, d)h2,
167 kh =T\ F (v )

where the last inequality is due to Lemma B.5.4 and z* is the minimizer of U and U. Then due to
Proposition B.3.13 taking the limit as h — 0,

hA~y

k
B . ~ ~ 6d + 160(1 + \2))?
[ Xpn — 2174 < = [{/4 (1= ==) (¥ Xo—a*[}s + HVoHi4>+( ( )
m 2

2)2

using Lemma B.8.2,

D) 2712
c2f [yt 61600 3]
m?2 2)2

where A = min (i, ;”—2) is defined as in (B.12). We choose k = t/h and define

20 [ (1292 d+ 160(1 + A2))?
Cy 1= — \/ TE | ygqy BEHIOUF X))
mv M 2)2

then we have

y 1 Zesn = Zownllzz.ap — 112e — Zill 2.0
im sup

h—0 h

m ~
< —ﬁHZt = Ztllz2.0p + Cu-

All terms are bounded on the right-hand side due to the assumptions on the initial condition,
therefore due to the Denjoy—Young—Saks theorem we have the upper Dini derivative (upper right-hand
derivative) is finite. Hence considering u : R — R to be solution to the ODE

d m
Zut) = ——ult
a1 = "yl e
with initial condition u(0) = || Zo — ZO||L2,a,b which we can solve exactly. Therefore by the comparison

principle for ODEs and Dini derivatives [93][Lemma 3.4] we have

~ _ mt ~

1Zt — Zt|| 12,0 < u(t) < e 67| Zo — Zol| 12,00 + o Cu

dC(%, 7, M, M?)
Np ’

_mt ~
<e || Zo = Zoll 12,0 +
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as required. ]

Proposition B.6.7. Suppose two stochastic gradient UBU chains at coarser and finer discretization
levels I and | 41, with synchronously coupled Brownian motions (z1,),cy and (2;,),.cy and stepsizes
hy and hi41 = hy/2, satisfying the conditions of Proposition B.6.4, be such that zy ~ my and z{, ~ .

Then for f satisfying Assumption 3.3.12 we have the following variance bound

Var (f(z) — f(z1)) <E (f(zh) — f(=))” <

mkh
( exp (=T (125 = 2l 05+ Waal0, ) + Woaasl )

+4(1 — R(hy)/2)" (W2,a,b(7707 ™) + \@Clhf’/z)

+4(1 = R(hi41)/2)* (WQ,a,b(Wf), m) + \/501h15421>
2
+ C(7,m, M, Mls)dl/2ND3/4®1/2h?/2> '

Proof. By following the same argument as Proposition B.4.3 using Proposition B.6.4 we have the

desired result. O

Proposition B.6.8. Suppose that the assumptions of Proposition B.6.4 hold for the potential U,
ho > 0 and v > 0 and the SVRG stochastic gradient approximation. Assume that

he < GO MM T/Np, Ny) - 1610g(2P2)5 165 1
- N2 C T heNY? " mhoNy? NYARE2 )

and the levels are initialized as described in Section B.5. Then foreveryl > 1,1 < k < K, for a test
function f which satisfies Assumption 3.3.12 the UBUBU samples satisfy

Var (f(zl;(l,l-i-l)) B f(z](f’lﬂ))) <E [(Jf(zé(z,z“)) B f(Z;gl’l+1))>2]

1(LI+1 LI4+1) 2
< El| MY — 202,

< C(ﬁ/ama Mv MfaT/NDa Nb)Ng/2h?da

and further
Var(Dj 1) < C(5,m, M, M, 7/Np, Ny)N/*hid. (B.50)

Proof of Proposition B.6.8. Following a similar proof as Corollary B.4.6, we need to be careful with
bounding the distance between zy and z{. This is the reason for our construction of the initial
conditions in Section B.5 using the OHO scheme. In particular, we wish to have at most O(1/Np)
distance in initialization. We define (Z;):>0 to be defined by (3.1.1) with the potential U and Zy ~ 7
such that || Zo — 212,06 = Wa,a,5(7, i) are optimally coupled. We define (Z9) >0 to be defined by
(3.1.1) with the potential being a Gaussian approximation of the potential such that Z§ = 2} ~ ug.

(ztg)tzo to be the OHO scheme with the potential being a Gaussian approximation of the potential
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G _

such that z§ = z{ ~ pug. We therefore have zg = 2o and
/ g g g /
120 = 2g/n, 1L2.a0 < 125 = ZEl 220 + 125 — ZBllL2.0p + 128 — 25/n,., 122,00

dC(%,m, M, M)

Np
+511Z0 — %]l 12, + C (3,700, M, M}, 7/Np, Ny) Ny *hi¥d
< dc(;%m’MaMf?T/ND)Nb)
= ND b

< hVdC (7,7, M) +

where we have used Theorem B.5.3 for the first term, Lemma B.6.6 for the second and Proposition
B.6.4 for the third.

We also have the following rough estimates for the Wasserstein distances

dC (3,7, M, M)
Np ’

Wz,a,b(/tg+1)7 ) = Wa o p(m0, ™) = Waap(pic, )

IN

which follow from Proposition B.5.5, where the estimate of W27a,b(u(()l+1), ) along with Proposition
B.6.4 implies W2,a7b(ﬂ'6,ﬂ-> < dc(’?7m7M7]]V\4fyT/ND7Nb)-

D

We have (Bg + Bl)2! burn-in steps at level [, and (Bg + B(I 4 1))2!*! burn-in steps at level [ + 1.
Using the assumption that hy <
B.6.4 we have

Var (f(Z’;(l,l+1)) _ f(zl(cz,lﬂ))) <E [<f(21/€(l,l+1)) _ f(zl(cUH)))Q]

( ( 7/ Np(Bo + 1B)hy

< | exp |- 5

Th\/ND(Bo+lB)h0
167

— ™ ___ we have foralli € N R(h;) > mh", and using Proposition
256 AN, > (hi) = 8y g rrop

) (HZ:B/th — 20ll 22,06 + Wa,a,6(m0, ) + Wa,ap(m0, W))

+ 4eXp (- ) (WZ,a,b(T‘h) ﬂ-) + W2,a,b(7r(,)a W))

2
+ C(;% ﬁl, M: Mf? 7—/*NvDa Nb)h:lg/zdl/zNg/Ll)

o [ oxp (Bo +1B)ho\ dC(F,m, M, M, 7/Np
=P 16+ Np

2
L4 O, L 88 /N, N 2N 4)

using the assumptions on By and B
< C(F, 100, M, M3, 7/Np, Ny) Ny *hid.

We now use the simple bound

2 1,I4+1 (1,1+1)\ 2
Var(Dy41) < E(Djyyq) < lg}fg%E |:<f(2;c ) — [z ) ]

< C(3,m, M, N3, 7/Np, Ny))Ny/*h}d

as required. O
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Remark B.6.9. As an alternative, one can consider a coupling with a randomized midpoint scheme,
which was utilized in the work of [168] and [26] in the context of kinetic Langevin dynamics and
Hamiltonian Monte Carlo. This is beyond the scope of the work, and thus we leave this as a direction
to consider for future work.

Proposition B.6.10. Suppose a full gradient Gaussian approximation OHO chain (zy,), .y at level

ke
0 and a stochastic gradient UBU chain (2},), o at level 1 using the SVRG unbiased estimator, with
stepsizes hg and h; = % respectively. Further, we assume that they have synchronously coupled
Brownian motions and zy ~ my = pg and z{, ~ m,. Assuming the same assumptions as Proposition
B.4.3 for (z),en and Proposition B.6.4 for (z},)

have the following variance bound

wen- Then for f satisfying Assumption 3.3.12 we

Var (7(4) — £(z0)) < E[(F(h) — 1))

v/ Npkh

< <exp (—7”850) (I125 = 20llz2.00 + Waap(mh, m)
dC (5, m, M, M
Np

+4( )/2) W2ab 7T07 )+ f)—i-ho\/gC(ﬁ/,m,M)

where R(h1) =1 — /(1 — c¢(h1))? + C3hZ.

Proof. By following the same argument as Proposition B.4.3, but by using Proposition B.6.4 and
Theorem B.5.3 we have the desired result. However, because level zero and level one are approximating
different diffusions, we can’t use the contraction results for the continuous dynamics to bound (II),
so we consider an alternative argument. For this component, we use Lemma B.6.6. To bound (I) we

use Theorem B.5.3 and to bound (IIT) we use Proposition B.6.4 and we have the required result. [

Proposition B.6.11. Suppose that the assumptions of Proposition B.6.10 hold for the potential U
and hg > 0. Assume that

O N.v/Nn. N, 1610g(2%/2)5 167 !
ho < (7., ;;-2/ D, b)7 B_le)v Bozf’/yz 08 A79/4,3/2
N hoN ) mNp “ho Np hg

1 < k < K, the levels are initialized as described in Section B.5 and for a function f which satisfies
Assumption 3.3.12 for stochastic gradient UBUBU we have

C (3,1, M, M
Np

s

M;,7/Np, Ny) N2 *hid. (B.51)

Var(DQl) < —I-C(”Ny,ﬁl,M,

Proof. Following the same proof as Proposition B.6.8 using the results of Proposition B.6.10. O
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B.6.2 Variance of S(cg)

Theorem 3.3.24. Considering UBUBU with stochastic gradients, suppose that Assumptions 3.3.12,
3.3.21, 3.3.22, 3.3.23 hold, and in addition v > v/8M,

C(§,m, M,7/Np, Ny) 16log(2%/?)7 167 1
ho < 3/2 , B2 — 1/2 Bo 2 — 12 © 9/4,3/2 | -
Np mhoNp mhoN Np hy

Suppose that cp € [0,1) and 2 < ¢ < 8. Then for any N > 1, the UBUBU estimator S(cr) has
finite expected computational cost, ES(cg) = w(f), and it has finite variance. Moreover, it satisfies

a CLT as N — oo, and the asymptotic variance o% defined in (3.3.18) can be bounded as

d2
CNN% '

1
mNpK

J%’S +C(:Yam7M7MfaT/NDaNbv¢N)

Proof. By Propositions B.6.8 and B.6.11, we have for [ > 1 that
E(D},,y) < C(3,1m, M, N;,7/Np, N))h¥dNy* < Vp, ¢35,

for Vip, = C(3, i, M, M7 /Np, b)h3dN/? and ¢p, = 8. For I = 0 we have
2

JUU d _
E(Dl2,l+1) < C(’Y)manMf>T/ND7Nb)W < VD2¢DZZ7
D

for Vp, = C(¥,7m, M, Mf,T/ND,Nb)J% and ¢p, = 2.

Due to the fact that for Dy we take K i.i.d. Gaussian samples, it is easy to show using the Gaussian

Poincaré inequality that

1
mNpK '’

Var(DQ) <

The computational cost at levels [ > 1 satisfies the assumptions of Proposition 3.3.4, so if we fix
2 < ¢n < 8, all assumptions of this proposition are satisfied. Hence S(cg) is an unbiased estimator

with finite variance and computational cost.

For the asymptotic variance using (3.3.18), and the above estimates we have

1 o d? > Vp,bp
2 < C(3.m. M, M?:. 7/Np, Nj)) —— 17Dy
US — mND + (77 m7 9 177-/ D, b)CNN% + — CN(b]_Vl
1 o 2 ANy’
< C(3,m, M, M?.7/Np, N, 0™ D
= ThND + (’7,771, 5 177-/ D, b7¢N) (CNN% + cn 5

if we choose h to be of the order (’)(I/Ngm) then we have

1 N d?

< +C(§/7maM7 faT/NDaNbvqu)Wa
D

mNp

as required.
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B.7 Variance bounds for UBUBU estimator with approximate gradi-
ents

One can also approximate the gradient in a cheap way, which has bias, but such that the bias tends
to zero with the stepsize. The multilevel estimator will still be an unbiased estimator from the target

measure.

For convex potentials, we can approximate the gradient with the Hessian at the minimizer by
Oz | &) = VU(2) + VU (z*)(z — ). (B.52)

Despite the fact that this estimator is biased, in our multilevel approach, the overall estimator will

still be unbiased.

As before, the updates in (T, Tk )r>0 form a BU step, so they can be expressed as

3
(T — hQ@k[Trh))) + \E <g<1> (h,g,(jjl) e (mg,gljl,g,ﬁl)) , (B.53)

Vg1 =1 (Uk — hQ( l‘k|ZL‘L(k ) + \/>Z(2 (h 5k+1,5k2+)1) , (B.54)

2

Tpr1 = Tk +

where Ty = T and L(k) = 7|k/7].

It turns out that at level 0, it can be advantageous to simply use the gradients of the Gaussian
approximation, and never compute gradients of U. This corresponds to gradient approximation of the

form

Q*(x) = Q(x|z*) = V2U(:U*)(:U —z¥), (B.55)

and so (B.53)-(B.54) holds with & = x* for every k > 0 in this case.

B.7.1 Non-asymptotic guarantees

Lemma B.7.1. Considering iterates (zy, v, Tk )ken of approximate gradient UBU, with epoch length
7 and gradient approximation Q given by (B.52), and initial condition (xg,vo) € R??, we have the

property
E||VU(z) — Q@x | Tr)||? < MEN} (1 — 1) T — ¥ Tj1 — T2
IVU@) — Q@ | Zrao)||” < MINp(r — 1) max||#; — 2 |[7s - max [T1 — ;] 74,

and we also have
E VU (@) — Q@k | 2°)|* < MENB |7, — 2*||74-
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Proof. Let the last full gradient evaluation be at iteration L(k), then

E|VU () — Q@k | Zrp)II” = ElIVU (@k) — VU (T L) — VU ()@ — Tro) P

1 2
=E H < VQU(fk + t(fL(k) — fk))dt — V2U($*)) (fk — jL(k))
=0

o 1 2 2

< MiNpE (/ . |k + (T rg) — Tk) — 90*”) |Zk — Zr)|
t=

M?N% , . _ . _ 2

< 12 D (|2 — 2* 174 + IZLe) — 2 [174) ||k — Tyl 1a

< MYNp(r — 1)* max |[7; — o7 - max |[Tj41 — 75 4.
i<k <k
The second claim follows by Taylor expansion. O

Now, we are going to bound the terms ||Z; — 2*| 4 and ||Zj41 — Tj]| 4.

Lemma B.7.2. When using exact gradients, we have
[Zri1 — Trllpa < 20V M|z — 2% 14 0 + 20Vd.
With approximate gradients, we have
[e1 = Tl < 20V (IFw = 2Lt g + V2O M/m) 219 — = 0 + 20V

Proof. In the case of exact gradients, we have

2

1— 2
Tpy1 = T + 777 (Tx — hVU (Ty)) + \/; (Z(l) (h’51(<1+)1) AR (hvfi(slﬁpﬁ;(ﬁ%)) :

Wit =0 (O — hVU (@) + V272 (e, 62))

so using |VU (zy)|| < M||zp — 2*||, Lemma B.8.4, and the fact that £ ~ N(0, ;) satisfies that
E([|¢]|*) < 3d?, we have that for h < 1/vV/M, v > /8M,

[Trs1 — Trllpa < BTkl e + B2M ||y — a*||pa + 34220/ d < 20V M ||25, — 2% || 14 0 + 20V d.

For approximate gradients, we have

Tg+1 = Tk +

_n2 D)
(o — hQ(Tk|TL (1)) + \[y (29 (nel)) - 2@ (nele))) - (B56)

Vpy1 =1 (T — hQ(Tk|T L)) + v 2y2®@ (hagl(i:l’gl(jzl) . (B.57)
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Let & = zp4) — (VU (2*))"'VU(Tr), and Up(z) = 3(z — 2,)TV2U (2*)(z — Z). Then the
approximate gradient step is the same as an exact gradient step with respect to the potential Uy. So

we have by the result for exact gradients that for approximate gradients,
IZr1 = Zhll s < BIORl| s + 1> M| xg — Zg |l ps + 342"/ hd

< 2hVv M ||Z — <§k>
d

Here using the triangle inequality, we have
< |Ze — 2"|[za,0p +

Tk Tk .
2k — —z
Od L4ab Od

< 12k = 2"l 1,0 + V201 + M/m)|Z1k) = 2 1.0

+ 2hVd.
L4.a,b

L*.ab

hence
[Tht1 — Tpllps < 20V M (H?k — 2| paap + V201 + M/m)|ZLp) — Z*||L47a,b) +2hVd.
O

We still need to control the evolution of ||Z; — 2|/ 14 4 ;- As before in (B.16), we define the Lyapunov

function V as

* 1 * — - *
V(w,v) = U(z) = U@@") + 37 (lz =2 + 97 0l + Iy ol* = Allz = 27])

The following lemma establishes some useful properties about this.

Lemma B.7.3. Suppose that v > +/8M, and that Assumptions 3.3.6 and 3.3.7 hold for U. Then for
any z = (z,v) € A, V(z,v) >0, and

1 * M *
V2a) > Lol - a4 ol 2 Yz 2. (B.56)
Moreover, V/2 is 8y-Lipschitz with respect to the || - ||o norm.

Proof. Using the strong convexity of U,
* 1 * — — *
V(w,v) =U(x) = U@") + 37 (lr = 2" + 57 ol* + Iy oll* = Ml — 2%[%)

1
> o llz —2*[* + 172 (X =Nllz = 2*| +2972[|o]* + 2(z — 2*,7'v))

| 3

using that ‘2 <$ — m*,7_1v>’ < Ml =z ||

c

+ ¢|[y~v||? with ¢ = 8/5, and that 0 < A < 1,

1, /1 e 2 1 . o M \
> 17 (gl = o+ 210l 2 g ke = o7+ 101D 2 gl = 12

~ 64 — 64

and our first claim follows by taking square-root.
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For the second claim, note that VV/2(z,v) = %Vl/zi(\;v) Here

VaV(e,v) = VU (@) + 272(1 = M@ — ) + 7).

p
71— gl e Y
IVaV(z, )| < <M + =) e =2+ glvll < 7l — | + S lll;

VoV(@,0) = 7207 (@ = ") + o)+ %)

2 *
IVoV(z, 0)ll < g lle =27 + [lv]],

so we have
1/2 _ IVaV(z, v
HV;EV (x7U)H 2V1/2($,’U) S 4’}/7
e i IVl _
IV )l = s S

and since v > v/8M, for any (z,v), (z/,v") € A, we have

1
VY2 (2, 0) — VY22 0')| = < VVY2(z + t(a! — 2), 0+ t(z' —v))dt, (&' — z, 0 — v)>

t=0
< V2 (2,0) = (@)oo < 891(2,0) = (@)l

O

5
gradient scheme, if c4(h) < % we have

As previously, let A = min (i, %) and c4(h) = hAy — 8h%2y2 (4 + \). By (B.18), for the exact

(6hyd + 160hy(1 + A2))?

_ _ ca(h _
E [V(Zps1,0511)° | Tr, k) < (1 - ;)> V(T Tr) + ) + 24h%~2d2.
Let Cy(h) 1= LPAEIOBALAI | 94729242, then by applying this j times, we have

1 — (ca(h)/2)

ENOTR (B.59)

E [V(Zptjs Okrg) | T, Ts] < (1 - C4§h>>] V2(@k, Uk) + Oy (h)

Now we are going to generalise this result to the approximate gradient scheme.

Lemma B.7.4. Consider iterates (xy, vy, Tr)keny of approximate gradient UBU, with epoch length
7 and gradient approximation Q given by (B.52), and initial condition (xg,v) € R??. Suppose that
L(k) =k (i.e. k is divisible by T), and c4(h) > 0, then for any 1 < j < T, we have

ca(h)
2

. 1/4
J
VY2 ) s < [(1 =S G+ Ov(hM]

+ 8y (48h2\/M P2V @) |34 + Cy(h) )V + 6h2j2\/dM> .
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Proof. We use an interpolation argument, inspired by the interpolation to independence coupling in
[44]. For 0 < i < j, let 70— (T(Z) ) ) be defined by performing j — ¢ BU steps with exact

k+j k+j° k+]
gradients starting from (T, 7)) according to (B.14)-(B.15), followed by i steps with approximate
gradients according to (B.53)-(B.54). Then we have Zj; = z,@r] and 2,(32]. corresponds to taking j

steps with exact gradients. By the triangle inequality, we have

j—1
(i+1)
Zh4s — Zoosllas < Z [ S
=0
Using Proposition B.3.6, we have a contraction according to || - ||4,» with synchronous coupling when
using the approximate gradients (because these are exact gradients with respect to a Gaussian), so

we have
1) (i _©
B ;(;ﬂ — Z,I(;+j||L4,a,b < |z — Zl(c—i)—i-i-lHL“,&b’

which is the one-step error of the approximate gradient scheme versus the exact gradient scheme.

(1) =(0)
1Zktit1 — Zhpitrllzaad

2
<W(Q(xi(21’$k) - VU(wgz)) n h(Q(ESEJ@) _ VU(QCQZ)))

h
— 2
<\f||aj‘k+z—l‘k‘L4'M<h +\/M>

L4 .a,b

So, for h < ﬁ we have

7j—1
_ —(0 _(0 _
1Zhts — Zonill e ap < 30VM S |[T), — T s
=0

<3hW/M-j- Z ||33k+z+1 - $k+z”L4

0<i<j—1

using Lemma B.7.2,

SORAM o 3 3 = 2 s 0+ 612V

0<i<j—1

using Lemma B.7.3,

<A8hAVM G > [VVAED)Ipa + 622 VaM

0<i<j—1

using (B.59)

< A8KAVM - 52 (VY2 () (|74 + Cv(h)§)* + 6h252VdM.
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We do know that

(0 ca(h)’ _
VG < (1- 950 ) I REIL + Cuin),
so by the 8y-Lipschitz property of V1/2 in || - lla,p by Lemma B.7.3, we have

ca(h)
2

4 1/4
J
V2 E)los < [(1 - ) V2@l + Cv<h>ﬂ']

+8y (48h2\/M VP ER+ Co())Y + 6h2j2\/dM> :

O
Corollary B.7.5. Consider iterates (xy, vk, T )ken of approximate gradient UBU, with epoch length
T and gradient approximation Q given by (B.52) approximating a potential U which satisfies
Assumptions 3.3.28 and 3.3.22 with zy ~ ug. Assume that

AT
h <min< 2/7v,1,1/2, , >VM,
{/ ML/ 64(432\/M72+7(1+)\)7')} !

then _
k L4ab = \/N7D .

Proof. If we define by, := |VY/2(Z,1)| 14, then for v > v/8M and h < %, we have c4(h) < 2/7 (here
c4(h) and X are defined as in (B.13) and (B.12)), and so

T 1/4
beor = (1= A9 by optuye] s T O+ o)+ a8V

1/4
< [(1 - C4(h)7> by, + Cv(h)T] + 384029V M2 (b + Cy(h)r) " + 489V Mh2 2V,

4
(B.60)
- , 8Cy(h)\ /4
Using this, for b, < max ( cﬁh) ) ,V/d } we have that
2 oy [8Cv(h) | i 2 2
b1 < (1 + 384h%yV/M7?) ) +d>+ Cy(h)T| 4 489V MK/, (B.61)
4

1/4
For by > max { (%) ,\/ﬁ} using that (14 )14 <1+ 2 for 2 € [~1,00), we have

1/4 VA e T2
b1 < bi ”(1 — 64(?7) + CVZEPT] + 384h2y/ M1 (1 + CVb(f)T> L BBy bh 2Vd
k k k

< [1 _ c‘*g;)T + 432h2fy\/M72} by
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using the definition c4(h) = hAy — 8h242 (4 + \)

A
< [1 - h% + h2(4329V M 7% 4+ 42(1 + M) 1) | by,

. . A\yT
<
using the assumption h < BT AT 2 (L)

AYT
< |1 —h—1/ bg.
_[ 64]k

Therefore we have that for all £k € N

AYT

64

’ 8Cy(h) 1/
] bo + (14 384h*yv/M7?) [ +d2 Cv(h)T] 48TV,

b < |:1—h ca(h)

Now considering by j := ||[V'/2(Z,44;)|| 4 we have that by the same argument replacing 7 by j that

.97 1/4
by < [1 — h%ﬂ br, + (1 + 384h2yV M 52) [85‘&(3) +d* + Cy(h) j] + 48V Mh%52V/d.
4

Therefore considering the iterates of the approximate gradient UBU scheme we have

VMNp

2Bk = =" 10 < CGy, 31 (IV/2(Z0) |14 + hry/Np + V)

and therefore using Lemma B.8.2 for the initial distribution we have

C(3,m, M)Vd
12k — 2"l paap < M
VNp

O]

Proposition B.7.6. For an approximate gradient UBU integrator with iterates (zj)ren, transition
kernel Py, and a potential U satisfying Assumptions 3.3.6-3.3.10 and zy ~ ¢, where we approximate
the gradient using the gradient approximation Q given in (B.52). Consider the continuous solution to
(3.1.1) (Zy)t>0, and define Z¥ .= Zyy, for k € N, where Z° ~ 7 is initialized at the invariant measure

with synchronously coupled Brownian motion to (zx)ken, then for all

AT
h < mind2/m,1,1/27, , 4> VBN,
{/7 /% 64(432\/M7'2+’y(1+>\)7')} 7

k,l € N such that k > |

) . l h ((T —1)Vd+ \/ND) C (3,1, M, M)V
2k — Z%|[ 12,00 < (L —c(R)" 2t — Z|| L2 ,ap +

and further

WQ,a,b('uGPf]f? 71‘) < (1 - C(h))k_lWQ,a,b(:uGP}lu 7T) +
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Proof. Firstly, we introduce the notation 2 := (a2}, v}) = v, (zk,h, (Wt/)(kH) ) for all k € N,
an iteration of the full gradient scheme with stepsize h > 0 and initial point z; with synchronously
coupled Brownian motion to the approximate gradient scheme. We split up the difference in the

following way

+ Hzl}cl—l - ZkHL2,a,b

k h
26 = Z"|| 2,0 < sz B Z’f—l‘ L2,a,b

<z = 2iillzzan + 102 b (W) i g n) = 281122,
+lzio = (25, (Wt')ﬁi(kq)h)\\m,a,b
= (I)"+ ()" + (my".

We have by Corollary B.7.5, Lemma B.7.2 and Lemma B.7.1 that

V2h o
(1) < —=M;i(r - 1) max [z — 2%z - max [T =220

VM j<k—1
< (1 — 1)h?C(¥,7m, M, M$)d,

by the discretization results in Appendix B.8
(1Y < Ch? < f (\ﬁ n 7>
and

(Y < (1= e(h)|lzk—1 — Z* Y 12,00

where the inequality for (11)" is shown in Appendix B.8. Therefore going from local to global we have
that

h? ((r — 1)d 4+ /Npd) C (3,7, M, M})
c(h)
vNp '

For non-asymptotic Wasserstein results, we simply replace Z*~! with the continuous dynamics

121 = Z*) 12,0 < (1= c()* |2t = 2" 120y +

=(1- c(h))kilHZz - ZZHLQ,a,b +

initialized at Zj,_1 ~ 7 be such that || Zx—1 — 2k—112.05 = Woap(uPy ', 7) as in [140, Theorem
23]. We can then apply Lemma B.8.1 to get the required result. O

B.7.2 Variance bound of D,;;

Proposition B.7.7. Suppose two approximate gradient UBU chains at coarser and finer discretization
levels I and | + 1, with synchronously coupled Brownian motions (z1,),cy and (2;,),.cy and stepsizes
hy and h;1 = h;/2, satisfying the conditions of Proposition B.7.6, be such that zy ~ my= pg and
2y ~ T = ug(P,ﬁﬂ)B/th. Then for f satisfying Assumption 3.3.12 we have the following variance
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bound

Var (f(21) — f(z)) <E (f(21) = f(=))* <
<exp <_7h\/]8\77:5)km> (||Z(/) - ZO||L2,a,b + WQ,a,b(ﬂ'Ovﬂ) + WQ,a,b(W()»W))

+ (1 = c(h))*"Wa ap(m0, ©) 4+ (1 — c(hy41))* W g p(7h, )

N h ((r — 1)d + v/Npd) C(3,7m, M, M;) ?
VNp '

Proof. By following the same argument as Proposition B.4.3 using Proposition B.7.6 we have the

desired result. ]

Corollary B.7.8. Suppose that the assumptions of Proposition B.7.7 hold for the potential U and
hg > 0. Assume that

C(3,7m, M, 7/Np) 161log(2)y 167 1
hO < 3/2 ) B> ~ 1/2° By > ~ o 1/2 1Og N3R2 )’
Ny mhoN mNp “ho DY

and the levels are initialized as described in Section B.5, Let ]l > 1,1 < k < K, and a test function
f satisfy Assumption 3.3.12 then for approximate gradient UBUBU with T = Np we have

Var(Dl,lJrl) < C(&7m7M7Mf7T/ND)d2hl2ND' (862)

Proof. Following the proof of Proposition B.6.8, but using the results of Proposition B.7.6 you get
the required result. ]

Proposition B.7.9. Suppose a OHO chain at level 0 using a full gradient Gaussian approximation and
a approximate gradient UBU chain at level 1, with synchronously coupled Brownian motions (2,)cx
and (z},) ey and stepsizes hg and hy = ho /2, satisfying the conditions of Proposition B.7.6, be such
that zo ~ o= p and z{) ~ m\= ug(P;i)B/hl. Then for f satisfying Assumption 3.3.12 we have the

following variance bound
Var (£(z4) = f(20) SE [(F(zh) = f())*] S Ellsh = 2l12,

mkho
< (exp <_ 16’}’ > (HZ(,) - ZOHL2,a,b + WQ,a,b(ﬂ-é)v TF))

dC(%,, M, M?)

+ (1= c(h1))"Waap(mp, ) + + O, m, Mhovd

Np
| Mallr =)+ VNDC G, M, 317\
VN |

Proof. We aim to consider the same argument as Proposition B.6.10 using the results from Proposition
B.7.6, Lemma B.6.6 and Proposition B.5.3. ]
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Corollary B.7.10. Suppose that the assumptions of Proposition B.7.9 hold for the potential U and
ho > 0. Assume that

ho

IN

C(7,m, M, 7/N 16log(2)7 167 1
Ny mhoN

oo (L
mNYhy  \Nphi

and the levels are initialized as described in Section B.5. Let 1 < k < K, and a test function f satisfy
Assumption 3.3.12 then for approximate gradient UBUBU with T = Np we have

C(3,mm, M, M?,7/Np)d>

Var(Dp 1) < )

(B.63)

Proof. Following the same argument as Corollary B.7.8, but using Proposition B.7.9. O

B.7.3 Variance bound of S(cg)

Theorem 3.3.29. Considering UBUBU-Approx method, suppose that Assumptions 3.3.12, 3.3.22,
3.3.23, 3.3.28 hold, and in addition v > /8 M,

C('Y:mJg/;T/ND) B> 1610g(?227, By > 1?72 10g< 312>
Ny mho N N ho Nphi

>
o
IN

9 il

Suppose that cp € [0,1) and 2 < ¢n < 4. Then for any N > 1, S(cg) has finite expected
computational cost, ES(cr) = w(f), and it has finite variance. Moreover, it satisfies a CLT as

N — oo, and the asymptotic variance 0% defined in (3.3.18) can be bounded as

1 + C(’?vm,MvavT/NDa¢N)d2
MNpK v N '

O'%S

Proof. Following the same argument as Theorem 3.3.24 using Corollaries B.7.8 and B.7.10.

B.8 Auxiliary results

Lemma B.8.1. If we have a sequence of non-negative numbers (ri)ren Such that for constants
A€ (0,1/2), B,C,D € R such that

2
i < (((1—A)r§+B)1/Q+C> + D

rkﬁﬁ(l—?)k(ro_{_\/ﬁ)_‘_?\{fC_'_Q\/leﬁ'

then
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Proof. If we define 7, := /(1 — A)r? 4+ B, then we have that

o <(1—A) (7 +C)P*+(1-A)D+B
< ((1-A/2)7,+C)*+ D+ B.

Then using [51, Lemma 7] we have that

2 2(D + B
ka(I—A/Q)kfo+—C+ (D + B)

A A ’
then
2 2(D+ B
rVT=A <7 < (1 4/2) (r0+ VB) +§+ (A“,
and, using the fact that A < 1/2, we obtain the required result. O
Lemma B.8.2. If a potential U : R? — R is such that V?U = ml, and VU(x*) = 0 then for
z~7moce V@ we have

1/4 d 1/8 d
E “]:): — x*|]4] < 31/4\/; and E [ch _ JE*HS} < 1051/8\/;.

Proof. By using integration by parts and the convexity of U we have that

d d
/ i o — 2*[*e "V ®da < / i Z Z (z; — x3)? (zj — x;)2 e V@ gy
e Te

i=1 j=1
d
< dZ/xERd (z; —a})* e V@ dy

< i / / BoiU(2)e V@ dyda_;
m z_;ERI-1
_3d Z/ / (zi — 23)? e VD da;da_;
m ;€RI-1 Jz;€R
Z / / (zi — ) 0;U (2)e V@ dayda_;
x_;€ERI-1 Jg,eR
z [
xERd
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and similarly, we have

/ |z — 2*||Be V@) da

/ — $;k)2 (acj — x;)Q (zr — :BZ)2 (z; — x?)2 e V@) gy
l7]7 7 1
d

u/‘ Y (2 —a})* eV da

=1

105d3
Z /aceJRd

as required.

O]

Proposition B.8.3 (Local error bounds for UBU). Suppose we have a potential U which satisfies
Assumptions 3.3.6 and 3.3.7. Let ¢ (£, h, (Wy)l_,) be the solution to (3.1.1) at time h with initial
condition & ~ m, using Brownian motion (Wy )% _,. Let 1y (&, h, (Wy)i,_,) to be the solution of the
numerical discretization UBU step, defined in Sec. 3.2.1, with stepsize h and the same initial condition

and Brownian motion. Then we have the following local error bound
3
166,y (Wer)th—o) = (&, by (Werlfho)l2.0 < 5V (VAL +7) 2

for h < min{ﬁ, %}

Proof. Using the method of [140] we wish to bound the local error of the UBU scheme, when initialized
at the target measure of the continuous dynamics. When considering (B.38) and (B.41) we have that
for{ ~ 7

S(E R, (Wir)i_o) = Yn(& by Wi )p_o) = (D, ),
=— /h F(h—s)VU(x(s))ds + hF(h/2)VU (y).
0

and

_ /h E(h — s)VU (x(s))ds + hE(h/2)VU (y).
0

Next, we use the fundamental theorem of calculus

E(h — 8)VU(z(s)) = E(h/2)VU (x(h/2))

+ /s (E(h — VU (z(s))v(s") +vE(h — §)VU (2(s))) ds'.
h/2

Then
Ay = —hE(h)2) (VU (2(h/2)) — VU(y)) + I + I,

where

h ps
— / E(h — s"V2U (z(s"))v(s")ds'ds,
0 Jh/2
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and
- h s / o
- _/0 /h/2 vE(h = $)VU (a(s))ds'ds.
Hence -y
|hE(h/2) (VU (2(h/2)) — VU (1)) |12 < mw@gd

s

from [140, Eq. 36]. Now, we estimate I; as
(h — s")2ds’

(L

F(h)?  h2M?d _ h*M?3d
< X < ,
- 4 4 — 16

E(I0)2) <E

ds) » (/Oh

| I et s
h/2

d)]

and we estimate 1:2 as
S
(h — s")%ds’

E (HI~2H2) = ’yzE (/Oh h/2

_ sz(h)Q L h2Md _ hMAd
=71y 4 =16

ds) » (/Oh

R3M3/2\/d N h2MAVd N h2yV/Md
VA 4 4

Using [140, Eq 42 Estimate] we get the bound

/s VU @ ()| ds’
h/2

d>]

then

HAUHB <

3
[Agllre < % (\/311]\43/2 + <\/2472 + 1) M+’YM1/2> V.

In the modified Euclidean norm we have

3 1
1(Ba Dolllp2ap <05 | 1Dalle + 7= 1Dl 2
2 VM

3d o5 ( h 59 9 VM v
<= = M3 4 M 4 yMV2 ) T
< 2h<24<\/§h +5 M+ + "t

and under the assumption that 4 < min{ } we see that

1 1
5V M 2y

3
H(Aafa A'U)HL27(1’[) < ?\/g <\/M+,y) h2.

The following lemma will be bound the variances of Z(1), 2(2) and 2 — z(2),
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Lemma B.8.4. For Z() and 2 as defined in (3.2.8), we have

Cov (Z<1> (h,§<1>)) — h,
Cov <z<2> (h,gﬂ),g(?))) < hly,
Cov (20 () = 20 (1, ,¢®)) = VZQ I

Proof. From the definitions

z0 (h,f(n) — VheW,

1—nt 1-n 1 — p2
2) M @) = N = - (2)
2 (1.60.0) \/z7 (\/1—1—77 A \/ e )

it is clear that Cov (Z(l) (h,f(l))) = hl; and Cov (2(2) (h,g(l),§(2>)) = #Id =< hly. For the last

claim, we have

Cov (2(2) (h,f(l),§(2)> _zM (h,f(l)))

s m |

1—nt 1—n% 2
h — 1l (1- L=
f) Ty < L+n* ~h
= +

) 1—e 2" 41 —e ) +29h _ (vh)? 1 Lh2
27 v 2y -2 2y 4

— < <

Lemma B.8.5. Let A=)} A ), with AV ¢ RIxd for every 1 <1 < n. Then we have

1/2
l m
1Al oy = || Y (AP )T A8,

i1,l,m

1/2
Proof. This follows by expanding the formula [|A[| {12143} = HZ 11” A“H shown in Lemma
7 of [123]. 0

The following lemma shows some bounds for the gradient-Lipschitz constant M and strongly Hessian

Lipschitz constant M7 for the Bayesian multinomial regression example.

Lemma B.8.6. Consider the Bayesian multinomial regression likelihood of the form,

exp((27, ¢*'))
Zlgkgm exp((z7, ¢*))’

p(y]q) = (B.64)

where the posterior potential is given as

U(q) = —log(po(q Zlog p(v’|9)) (B.65)
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with po(q) = oo Nal/2o8) Tpis satisfies the following bounds,

(mo3)d/2
Np
sup [|V2U(q)| < 05 + || D (=) ()T,
geR? 1=1
Np Np 1/2
sup IV3U ()l {12y43y < 6] [(ﬂfl)(ﬂ«“l)T <Z<$17$m>2>]
q =1 m=1

Remark B.8.7. If Np — oo, and (-TZ)ISZSND are i.i.d. samples from a continuous d-dimensional
distribution that is non-degenerate with E(||z'||®) = O(1), then we would expect |[V2U(q)| o 22,
and ||V3U(C])H{12}{3} x NTD

Og

o

Proof. For 1 <i < m, let B' = I;, | beand xd, block matrix with an identity matrix at block

0gq,
7. Let
S(@,q)= Y exp((z,q)).
1<Il<m
Let 2 ® y ® z € R¥*?*? denote the tensor product of 3 vectors, i.e. (z ®y ® 2)ijk = T;Y;Zk. Then

we can express the likelihood term log (p(y|q)) and its derivatives as follows.

log (p(ylqg)) = (=, ¢¥) —log(S(z, q))

¥, log (o(s]a)) = zm;wiw) (tly = ] — exp((z, ))(S (. 0) ™)

V21og ((414)) — fjlwisc)(Efx)Texp«x, )+ (@, (S, q)
e

_ iwix)(m)%xp«x, )(S(a,q) "

¥ log (p(310)) = — §<s<x, D) expl(e, ) (E'a) @ (') @ (')

+ Ailwu, ) exp({z,¢) + (7))

((B'z) @ (B'z) ® (B2) + (B'2) @ (B'2) @ (B'z) + (B'7) ® (B2) ® (E'x))

_ BN (B Tx) @ (B*z) exp((z,q") + (z,¢") + (x,4")).
i,5,k=1

The first claim of the lemma bounding ||V2U(q)|| follows from the fact that

m m

04 < —Velog (p(ylg)) Z )" exp((z,q"))(S ' Z (E'z)(E'x)
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here < denotes the semidefinite order.

For the second claim, note that

H >3 (5t ) (el ) @ () (5!

{12}{3}
using Lemma B.8.5
Np ) 1/2 Ny 1/2
< X @ (@) =X @i et
I,m=1 I,m=1
| Mo 1/2
<3 (@, ™) (@) (@) + (™) (@™)T]
I,m=1
|5 @ ()
=1 m=1
The other terms in the sum can be bounded similarly as
> (S(@,0) 2 exp((w,q') + (w,4°))-
i,j=1

((E'2) ® (B'z) ® (E'2) + (E'z) ® (B/z) ® (E'z) + (B'z) @ (Ez) ® (1))

{12){3}

Np Np 1/2
<3)5° @ (z<xaxm>2) ,

=1 m=1

Y (B ® (B*z) exp((z,q") + (z,¢’) + (x,4"))
b=l {12){3}

Np Np 1/2
<2(> [(:r’)(wl)T <Z<wl,wm>2>] :

=1 m=1

and the claim follows by the triangle inequality. O
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