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J. J.' .0.1) c [ .. o ... 

Pr·ev~ous \.or· ~s 
======== ====== 

'l' w 1' ~r·s ... s .... ccessl'ul '"' >lie a tion o1· ouantum 

cc i'""nicc to t11e roule11 o 11,.,t• llic cohcsio. '· f' .. de 

'Y \, ~ ·ner· c. .J.C.. Sei t z , .9vo) . J.ll.ey n ) ·oxim tcd f'OO.i J.: I 

lC ~, .... 1 o r "' nu .tber 0- iso_~ted G her·es o_· enual ,. to 1iiC 

volill u "'nd _nteuratea., for· various v lut:s of' the ·ndius 

o1 tne n wre, t .. e Sc.lr5c inr:;c;r· 'avo..; cruation 1'01· t 1c 

e_ectron ui t 1 tne oounua'!.'Y condition t tat the 

ueriv~tive o!' t1e \:·ve funct.J.on GllOulu. vantsll ·t t1e 

Puri':..:ce of' the s Jhcre . _o outain tne ene~;y oer 

t,le .ne .,·tl, they fi.n•tner CO!:l·ected the energy 0!' 

t w s ne.~:e ·uy the .. ean l'1er;ai ener;:;y of free e ectrons. 

P!~om the rest... ... L llt deoende. ce of' the encrcy n the 

l'[..dius of' ~.~he s ncre, "they uer.~-ved the _attJ..ce const nt ; 

the n~.:t..-c o1 SLlblim~tion ~er atoJ ., c:. 10. tLso roughly the 

c~1 ressiu1lity. 

\ J.cne_• ~rul Seit<;"(- t. ·1-) l~ .. 'LCl" considered tncir 

r'irct <...tte ... t as .::m indil' Lct · proach to the sol.1tion 

of - oc ,. ' s ,l"!uc.t.:.ons 1or· t 1e \ .101.. .. collection of the 

valence e.Lect'!.·ons J..L tne ~et· ... . 

'·a no· c .... lcu-nteu. by 1ertur ... ntJ..o .. net ~ods. ··:1ich 

veri..1. ied "heir I ..,yious uSSUi •• tion O..L f'ree electron:J . 



Ot 1er coi·-·~cti0.1 to tnc cner·gy :.~.nt1·oducea y the 

..._ >ro:~.:!.. .. l' tion 01 the lL ttica oy icol' ... e s .Lres er.., 

tne '~xc.1c. ;e • int .r·uct i on a;.10ng tnc 

electilons \'it 1 ~arallel r in"' (a s cial f'e'lturc o:f 

t 1e _•oc~~ J wtnod,) · [ s ~ lso inclu(teo.. ut the 

~ ·ree1 ient 1 i th ex )cri . .1entc.l vnlues ( <.... . • ~blc ~.~elm/) 

occ~1e considereolJ ~oorer. _n~;;y wer·e ablu, ho· ever , 

to ~ D~·ove ;reatly the calculatec..t values of' t.w l:.1ttice 

constu.nt :1.11.<.. t w Ilea ... o1· su1 _i nation )e~· a to,. by an 

extension of' ~ oc.r.' s lr etnod to ta .e into account the 

cor1·ela .,ion uet,.ee ,lectrons i th r...nti ur· llel S"'>ins, 

th~;.; tneory ot trns corr·elation IJeinr-; t:i ven in , 1ore 

c .. ctails i.:y .. i ·ncr( l~u·~) in ~ se 1arate a.per. 

'-he f ol.!..o1:in_; v ole indicates the ade0u~cy of the 

v .... ri us a )P.Llo:::-. ations'~ sed by . i ;ne1· and Sci tz f'o · 

GOd.J..U..l . 

Swnr.mry o.· .: .:. ·n r and S i tz' r>esul ts l'or soaiu.n . 

vn_uc c· le . to the 
isolatec. ~ _e:r·es a ip ro. 

vc.:::..~.a · ca ..... c . ...o v .e 
~oc~ o > ~ .• Jation 

vr Ut.: c.-..lc . to the 
.. ~ ner roxi .c.tion 

E.:tr· .... olatea. expe!li­
nent~.L va.l.ue 

.L tt :!c e cons tunt !eat of' 
in A. sublimation 1n 

'"X • J '15 . 6 

4 . 86 9 . 0 

~1 . 62 • .J... 

. • ·.,.5 2o . 3 

- he a~:.;ove metnod \/as then a.._)T.>l ied o;; Se i t~~ 1 >u5) 



to l~ tn~um, by Fucns( hM5) to eo Cl' '1rul r,y Lro •in( 1 vo 
to potrsci~., itl ~ucces~. 

On the othei· nan , ~ n.tl..1.ytical C"lcu ation<> by 

.~;'ein ur· · Jv ) mu nu tlC .• :ica ... calculc ..... ions uy 3latcr· 

a.na ..... r·u t Lt-1' .... :J;:,5) \Ji tn the '.1.'r.o .. 1 s - .1.• c . ·r. 1. .1et~ou fail ea 

to out· in a mininwa in t.:1e ener._;y -.. ~ th r·en cct to 

v:.. r· :~.ous va.Lues of lattice constant . .'hen the 

u~:c.u.1nge inter·t.ction runon · tne electr ons n.s ne ;lected , 

ooth c~lculations ag reed .... n t1at t1e ener ·y o_ the 

t.etal \IO..!lu continuously u._crease · .. it 1 ~ncreasillcS 

l't~Jice constant . 

tnat ~.his \:oulc.t also be the case il' the excrlal1[;;e 

intcr•actio .. a.wn_; the electrons uere ner;lectcd in 

.. isner- anc~ Seit~ ' s c~lculations . Slater· anu 

•. r·u t ve!' snoued that consia.e .. ble i .m_•ove.7!ent coula. be 

JJ1· u.e by adopt in'; Di ·"c ' s( 1:1<50) I.1ouification of' the 

J.'ho.na~ -... er ... i . et •• ocl to ta .c .:.nto account the e:.cllanue 

effec t . L:i s o..e r·essed tne ene1•g,;, ut it ··.as not 

enougH to rouuce n ... inilrl1.Ln of the bind.il1[; .Jnerc_;;y . 

Basea. on the resulvs of t1e ~nvestigations of 

. icrnur· '.r.d. Seitz · nd . .>ei tz · na. his o1:.rn rcsul t , 

uc s( :..~v 11 aa.e cert 1. sir 1l i 1 yin ass U! .. t i ons ~r..d 

cnlculated t1~ elast.:.c constants at 

B:...sed on tne an::::.lyticc._ c.tte ... t .ude 

C 0"1S ... ~ • C \roltt. C . 
•!Jb) '/3J)'I'Jj j) 

r.- • • ~ l. • • .l.Cn, .l·or 
.J A 

t·w c .tculs. .... ion of tne ener·gy of t 1e s"Jhere introciuced 

abov by .1 i ;ne!· anu Sei t7 , _ 'u.chs( lJ . .;6a) tJr>dc f\u·ther 



S inc I< .e,n :Le ' 

tion o_ t h., co11d.J. ... ion e 

0 e e · :.Y o1' tn 

J.ll vhe ... r·actJ..OM- C.lnngt.: 0 ' t.l •aa.ius OJ. t te "' ere, 

1n lylllg 'r 'hllen' f'oi· .• lu.l ~..oo tnc calculu ...... on o 

t 1e eo. r·c.·sJ.vilJ.ty, ... uchs tad to ... ntroa.;.lc cei·t- J.n 

... ecent_ uc 1s 1 . 0 ... : evelo )0 · • o e1•ato.· ea ·ulu$ 

,.. ·t:~.cu.l.. .. rly c esi.;nea lo · electron theo ·y of' tet"l"' --no. 

em nasi~ed t wt .rJI. :tch' .,J.·tu.eb" ion of the liO no l'Y 

·onul tio could not J .. ect the ,eneru.l d.e.nana. for· the 

calc.'l.l t-lon of t.1e clastic const"n-cs ~nd the no ·.n' 1 

lr·enuenc ics of' tlle tne '!.!a:: osc :;.llations of LC v~ .. s . 

e J. urther ointec1 ou~ tnut l t a 1oul ue ocsicHe to 

~cvelop a consist~nt c ·tur~at ... on theory fo~ tnc 

C"'lculation of' vhese ru• ..... i tie • _he ai.rn o· t 1e 

l'ese.lt - lVCst.:.g viO.l ..... uv deve_o J S ..... ch <:1 el•tUl'lJUtion 

theory. 

Present lnvesti~~tion 
======= ============= 

In · ho.t f'ollo· ·s I SJlt..-1 aea1. ' it . a uyna 1ical 

te ... , ~-c 1 cons1s t"' o .... a l'ir._ te latti~c o ions o 

c -~~~- i .lE;:'C· _ic elc .. nt nd a number of' e ..... ectrons . 

J..s \1 ole, ~.he syste _ 1 u_ect.•J.cally !leu tra_, ca.'!.'ies 

··· I .. ,isn to thanr.: ... ;:. l<'uchs lor nlloui11[; .. :e to see 

t 1e . nnuscri"Pt . 



no ulectrJ.c current, n .s 1 ·net1ca ly un 1 ri e Ly 

i~.~self' or· <...xte!·nal !'ielt..s; l..u t 1 t inay be elustic lJ 

aef'or·. 1ea. oy a constant ext. rnal stress . 

y t~: s .. if' to SJ.m lify 'tne above dynwnic 1 systc . 

tot fo~, nccesRi~le ~.~o n~o.i ~tc trcat.~nt by 

ctutistical lCc~anics . 1.'h ~ :a. ollo',ling thr·ce 

·1 r·oxiHlations 'r·e ... ntroducecl 1'or t lis 1ur ..,ose . 

Tte 1irst c oncern t E ~tion of' t1e electrons as 

c~.~are~ r:t1 that of the 1ons. It is ::tllO\.aolc to 

ansume t.1a\; t 1e .110tion 01 the ions J.S very :mc'l slouer 

t1~n tha\; or the electrons . ~lis en· o_ep the 10'tio~ 

o l.o~lC electrons nnd t 1at o the J.ons to ne tr-e::tted 

se ai·a. tcly; J.n con::;iderin.r:.; the l'a >.:.d 1.10 0ion of the 

eJ.ec t_ onn . t w ::; __ 0\: .lotion o_· the J.Onf-1 . .lay be ne ·lecteu , 

na. l.o 1ey .1ay be uss~, cd t ue E:t rBst in arbi tJ.·, ry 

)Osi t:on:> . .... :n ti·ec.tin-- t 1e rlou .lotion o tn 10n"" , 

t 1e a vera ;ed tota_ energy of' the 1·n.uid 1 wtion of' t w 

elect1·ons, ·rh icn still ue >ends on the coni'.:. 'tLation of 

the ionG, nay tneJ1 be COilsidered · s a contri1 ut ion to 

tne oten\;.:.~1 cne~cy or the iorF . 

... \1e "'econd u pro::i .. ·.,~.don .:.nti'OLlUcecl concern-- the 

o i n o1 t1e ~lectro s. ..1.llis mu.st , of· course , be 

treat ea. · cc ordin.: to Nl.antl.L.l 1:1ecnanic s, · ut a ri ·orous 

trt;'"'t .. lent in~:ol ves se-·iouc .!a-che.l..,ticn.L dif'fic.1l t i c. . 

_n v~e' · 01 the 

!'Oule.n I n.1;·11 

ni;. •ccision 1 .. eu in the "I ·esent 

u e the ... oc.:- .Jir. c .1ethod o!' a roxinmt ·on. 

\. ie;ncr ' ,., ·xtensio.1 of t~le .:oc ~-Dirac 11ethod is 



. t c "Ll.c J../ t ,.. lV V • ' .1. 1 no ~, o , ..., "t 

lC • • 

. ~ ;n • 

..: J.(:; eo ·rect... 1 to st~c const 1tP to t e 

ted , in o~de~ to ee 

i. 1 ·ovc .. tcnt u on t 1e ..tc oc ~-Dirac 1 .~;;t od i 

..: 10 thi t•tl · nd 1 st u m ... :o::i .• a.., ~on needed c 1ce •nr-

t1e .tot.ion o.~. t..ll~ tt~ce of ~o -'.tL .. ,.... .1ay e 

t·eatec.. uy c_·ssicalllecn n~cs, ~nd J.. sh 11 ollo· the 

.... et 1od evc .... o >eu oy orn. .L tnc .. ·e .... ore ssumc that 

t.1c .... ·c .:i t..S ::... niaue con:f' i ·:..1 "1t on o1 the ~ons 1 o.· 

·hic1 ~nu o~entirl encr y o th. lattice ~s nini rrw 1, 

an that t:w t.c ~, w com' .L..;u.ro..tl.o 1 oL· t 1e .:..onr- l oes ot 

Vi::J.tC V~"!."'J .... UC l fl"O"l t liS . -1 l.C l it follo· S 1 l'O 1 

tte ~encrnl ll.cory of ~illlJ.. wti0np l.n clcssic"l 

vllC I.lOtions O!' the ions re hr · lOfilC . 

t_ m to o_ al co~rdin.:"l~ ... s in tur, IS of 

Otenti 1 ene!'c... ' of t 1C ~ C tu,.- lattice e;::c Cd;' 

its . ininu.:.t vo.l:..lv by ~ su:1 of scua •es, t e att_ce i"' 

l'tJduciule t'? "' c l_lcct~on o .• : inde )Cndcnt "'~ . le " ·:tonic 

·~.ic~ can ~wsily be tru~te by ctntiGticnl 

ic . 

... t 1 ~, 1.... el o .... ·o .... _ 1· t ... ns, t e 

J.. · r .o ic o ci_ ,.. ~,o .,.., . _ v c .ie 

culatio1 involved is the devclo2men~ , up to t1e 

ur tic e .... · .... l • vJ c .... u:. ..L aie .. :.:c ..• .ts of tne ions' 

( 



t ~ :>t..~Ilt 1 e.·· of t te t., ce. 'J 

cont •::. t y "1 c1c..: . 
c C'! 

' 
t lt.: vV" 0 1<...nt 0- .:th -"'~.;8 cct to c 

s L ce.lCnts OJ.' t c s 01 the 1 ion o· 

u lC e OC vl'O l_:C . oGion y erturc...a .... ion wt d£ . 

'.1. d l. C<.,; t..: u V Lf.~o..t.! t c c c ... r 

... o OY~ o .... i a e u - 0 'vC u.~.~ 0 

u .... o. 1 J.. J. 0 ce . lC u 

t-cte y~ ~ '"'0 1, et t i 

c -ode_ t ·~n: tne • J ~ ':'IV r u sue. 

t u l I'll ... i vt od occo. ,.. 

l ..... 1~;; c turb t.:. n "'wo 'J is .1. 

t..cr - · t the c~lcu1 tib 1 
,.. t ,.. an is :!.ie V" ... -
0 > e.J..'Stlc eo "' ..., ll~S. n 1 ; r tL..' .1.li vO t C 

c .1. u tl 1 0 r C' o the t 1o;.;r· 1a1 

sci.. .. tlO s l -~ t, lie tt1c 

1 l. ... .no Ct..lCll a ... i con~tr ts, s cc1 1 

t tcnti n S r i to C • d ""' V s .... 

B> ~O~inations 1ntro uced in vlC 

ll' ~S .l:UV io· CC.. G.u VC . A .o .. · t w .. •,.;sul tc c d...:vcd I 

t:.. ~ 1.e e.•J.. ...i o ... .r ... ·t;--lic ' 

.. ~.. n J. on, a .1.cl t lC f' ... 'ttc .. s ' 

... .:.on J ' t.. e 1 ~tic CO :lS v"' t., ,...t cons't nt 

s ~u .. 01 .. ly . ~ut .oot 1 • ore nt o 

ccur to c .1.cul~ ... J.ons can e ~ae; it t1e 

rov ~ed ultlu vl.C n ~rtu ·~c Ci0C~unctlons 



n ... - E.; cl re - 0 1 . 

3 
.J.. l ~ lC c [' f' t erm l o .... c~.l t ons, ·ene < -

ns~ r ti ne I'' ·iv n to 0' t .l t l t le.· . V \.. 

e enueJ1t, 1 t t t u ucnci .... o_• 

ls 0 il.l _o .J. .tt~cu st~\rcture ne ..., _·t~cle c,_• 

n~s 1 ... n., ·1 . .all 'ave cctorr;. 

/l..-C •· te C'lCil. , l..o :L of tw no ... T •• .l.- . ut..ncies ... o_· n t 

... l ve Vt..CtO.L' re 0 r ~c 0 r·oviaea V lD. V tw 

ei ·_m unctions nee ... ·c :no·.n. . ou .n 

c~~cil.l ions 1 r . ll vc vt..:c ..... rs e oulu ue " a.e · t 

1· P nt, ou" t ns ~s not ~ncl.il.aed ~ t .e 'ollo nnr· 

tne ..... ~s . 



.. O'l'ION OJI"' EL ~C ... <O ... S 1... .J .1. 0l.S IH •. lli:TALS 

1. 

-he !ollo in.:.> 1otation \ill be uce thr·ou ·'1o 1t 

c t -· ... b 

t.C ist.i.n.:; .1 lCQ. I.J./ t• b ·c ·r t.> o 

t lC 

0 ... _·e, o ... ·s ..... .1'u~ction ·nl UC'-lrlly be i::tin-

0Ulshed by · ri tin ou l> t .. e a · 'l.L ,u nts . 

. 1. '"" :::...ti .... cu~-· .inat..Js . - lU"'v ' i 

«=1,2 ,3, _·e t.1 eo .. o ..... 1ts o 

t v c ..,Q_ r 

T 

t .. u vt..:cto r -~ ·~.,.; - Y lutJc .... n t .. tr ns o .. ::tcd 

... t 

t.y 

~ 

V • tin 

.. t 1 -'i _ect ·on 

eo ll.'l u " t~on o t 1 

vect re r- r/ r'1 

- '- I -I 

+ 
V 

. ~ 1n 'oe · inst . o1 n 

"' c 1 c ~.~rons. 

!\.(. ; t 1 e_ec., •o ic 

1P~trons ~ s ~cified 

t..:c tron is s , · .. _c 1 



1, 

c 

f, 

oc 

....... t 

~ ,.... 

s~ ~ 
~ I 

sf~tt 

JifC , S) 

J.'uncti J lo 0 

rp. (~ ) 
) 

t 

IJ 

' t.' V 

t:ctr "'·.:. "i r 

o· - ne .. $ (/) . 
• 1 .t Ill.. ) eno ? , 

c.. 1e e.Lwct ' OilS i 1cluui11,:, i 

) - -1 J. • , , 

OC. l.\UlCv ns Ol. v J.t;: U..l.t:C~rons ~-Cl d~n;"' in. 

18 

t 

01 ..... " t .• : o · n 

Llectron ~. r 

en tt! t 0 ~in ... tic ..... nt;•· o er t r o 

u ulect ·o 

o~.~e t pot e nt i al ne1· ·y o 

ec t1·o 1 _r:;t ... ice o ... io son y . 

o ... · t o 

. ..... . 
I 

'1" 

J · :cols r-..1' t ... JJ.C to t te ions . 

~' .. le tote.l 1u .ber· of' .:.on i 

I I 

. i ·u ... :a 11ion o1· the ions 1.<"' r. Jci'fi 

• ·c 

~ u 

Vt;;C to1·r" r I , \ nc.·e t r... n-.1 e ·rcr i 

1 i ~e ·!· _ '\T"' lues f'ro .. 
J 

N.,. = ( J.,f.. • I ) . 

-L to 

1 

lie . 

-f L 

7'(!:_1/ (.; ot t lC .o .enta ..., ... to 0 "'n on 
t rl . 7'1 10 ll ... .... t lu 10 H.mtu. .. 0 r.:n i on < 1 rt 

V,(r~ I' l/ 
~-~- otcs t 1e inte · ~ct :i on 0 t-r·o i ons . t 

F 
,.. # 1/ o·.i. ~ 1 du .. ot c t 1 inte.~..·c.cti')n of y+- - ) -

. 

/0 



an ... on t .,.,! nd l e_ectro t Y' 

oJ; wols r~:..l .... t irlt." to t l...: cr·yst lcttJ.CC . 

~he lrt ice vwctor~ ol' tt.q l .o ;'-'r4eou.sl c 0 led 

..... [tt_cc ' l'C enot .... c... U T 

" a., 
- I 

J.L J.J . ~ 1e .!.'CCi rocr). 

l·ttic .... vector·c ru < e. tC: by b, b ~ ~J ~, lC 

I'CULl.Ced ,,~ye vectors ,.., ~· '~ "icd bv Jh, ' nich <-4• 

;" ( l 11- 6 / J./l vr rrtc.no.s ~0-' 
1t I :u:;i -~ 1f"l~U -it ~ 7 "j l./..~1 b J 

\ 1crc J1, }11- .,, ti <.4 ...... l.l J.UlJt; l ' c..J. y, lu .... .., LJ...:t· ~;;;en 

-L a nu. +-L 

Qu nt it ies ·c1 err J.n to t w UD.C.L-.:f'or•J .ed :u. t t ice 

' ill ue ~stil1£'Ui~h~.,;u Ly r :::cro 'Love t w 1 ~.te1· , 

•• Ot~.,; vlat ~n .:Jl.WOlS r•elat~l\_; to tnc .... tt~ce 

CUJ?C.I.'r;cr· ~ t 2. :: 1· n.yc to ue t' .:t.:n c J.'(.;: , J.'cscntin.; 

t L-'ue 1ndices. 

1 ... S ... _n tion and :tnL.e._;rations. .hen t 1e 

l'CI ~e OJ. o. cu.,~n"' tion ll.e e.1a.s 011 tne nu .1ber of o •ticles 

conside1·eu in t 10 >roole .1, ..~. use t 1e su .I; mtio.1 si_;... S , 
OL.lle l' . i...,e l unc t.1c su. nG.ti n sign Z ~he 

ra.n •e of the su "''·atJ.on is i. 1 ... i~a. in 'tne f'Ul1UJ1S.t i on 

. 1 • ... ne... e ... , urry su.. 1 iP to uc ta .. cn ovur the eomnlete r·un ;e 

o_ V .... J.ll.CS . l:tCll u l.LS ... n .... <..x na~· tc. •. e . For doub.~c 

S:.L .... rti ns, 0 y ne SUlu i.D. t ion "'~ ·n ., - _ i ten. 

In the "-ccented S...u ... uti OJ1 si..:;n sj ' 
tne sin..;le 

tcr.. ,f = ooo J.S ·:c ua.ea. !n t . .~.e ... ccentAd 

ill:'.! 1' tion t. i ·n 

si.mltaneoucly ·re excluaed . 

if 



For ~ntc._;rations, .. ne t..o .. ..: ... n i" J.. L l' ... n .. ne 

.... nt-.:r;r[...tion volw 10 elc .. ,t..nt or ourr cc elc ncH~.~ ; t1w 

t..OJ .nin of' t 1e J.n~,e._;r ~.oi n i [.1\. ·s eo • le .. ~:;; . ... is 

c.lso 

1. 6 . Sca:.ar· rou.ucts . .L 12 real· 1' roduct of' 

t·. o c .t ti 1 vectorr i a.en".>tcu. oy .... uot OCv\'een t w 

n·ou.uc t. . _ .. le se' l· r r·ou.uct oi' ... • ') unctio 

a11CJ t--. Cr,J) l.C cle.Linea ~s .I, / 

n~~ J.s a.enoted uy ·1 i tn ul""'C ;:t}tS 

.... n c J.osin-.J t w ro uct. 

inte['" .. : tion , o_• f"UIP.l •• ~,ioh in the SC"ln · .·o ..... uct is 

Jl.l )_ieu. ln the rcu tent 01' tne f\.u.c vio 1" . .J..Il 

lUrticul· ~, tne Cflrr rod~ct 

l'C n ·esent£ C!. VOlUJUC int ~grc.tiOll 0\ ~." ~,ne UI'[SU lCnt [ 1 

a.n.a. yielc.:.s a function 01 t 1e u.·r;u. 1c .~.c. r 'l'ne 

dou~..~le sco..Lar o.~.·oduct ( 

is t .~.en u con t·,nt . 

0 t.wr sy ... to_s not l~stea. '!·Love \ ill uc c .. ... :. _ned 

\ H.;;n u ~e.,' ... ..:. 'S 1.. OCCUl' . 

1.l 



2 . '-'he 1.1otion of tne electrons in nctals 
-----­~- ----- ------------------ -- ------- - ------

In c1.eulin; '· i th the rapio. motion of th- electrons, 

the ~ons r.1ay be asswned to be at !·est in arbi t1·ary 

osi t ions. The elect.~.·ons tnen fo!-:..1 a conser·vative 

dyn .1licul syote .. 1 descr iocd by ~,he .. f<l!uiltonian 

(2. 1) 

\'the!'~;;; the te£•, 1s on the right r·epresent r ·specti vely 

the kinetic energy of the clc.;ctrons, t1e pot~ntia.l 

ene.J.·t:::.' of the elect_·ons due m tne ions, ·1na. the 

elect1·ost· tic ener{-;y of the >airs of elect · )ns 

_roperly coun~cQ. !t "all be shorrn in the next 

section ~. at tnc state o_· .11otion or· this systcr.1 ie 

S ~at iono.1•y. 

Accordin · to ou.:..ntu.. .. mechanics, the stationa.·J 

state o1 .no ... ion or a consc_•vatlve dJn~L ical syste.il is 

char.-;cterised by the va!'iational princi )le t 1at the 

enei·-y, i.e . the e ect~tl.on vt.lue o_ t:h..: ... a..nil to:ni&n, 

of th SJste .1 is o. un:urr . .li... 

' . ) 
. . 
~ 

'..:'he e .. uct va_·iational e('Ju tionr; obt::ined f'1·o .. thif-' 

f 41.1.. r: ~ ~ ... _•·'J, s ,, ) 'or uete.·.ninin · t.dle \I've f\1nction "~"'1, , 

\:llich dccc ·ibes the >recise stat .... of .. lot i on 01 the 

/J 



nUtlel'ous el ct1·ons nBea. not bu .r·i tten dm n he1·e, nd 

t 1 'l'e ~s no ~ay o · tt."c rin.:; ... ne .·otle .. ~n t.1i for 1 • 

... or an n n·ox.:. 1 te tro "' .. ent, I sh- l.L adopt t te .. et 10 

of' • oc ... a .• d Dir·· c. 

2 . 1. j_'ne method of· ... ·oc .• ( 1~. ) · ne ..) rac ( 1950 ' . 

In tnin .le"C.tOcl vhe a su ... ptiO.l io . 'k.'tUC that th..., \l:lVC 

function of the elect ·ons i of the :fo1'm o:f u 

deter .. !inc.nt 

~~ < ~- r; 

I 
1. I I 

1 
('C,S) 

l • .:>) iW] 
(.41. ·I) 

!!, ( '[ 
) 

Y.ttr .sJ ..... . -
<.!~. {t,', r~ 

cP..-fJ s ) 

fl. <t,S> 
1(. 

f I 

Y'll_ '-!:. ~) 

f+.· l ) (11'.•1) 

j'(r_,r) 
,-t_ 

ln this \•nY the r1 ;inul single :func t ion o:f .f. ,..Y_ 

V2l'iaoles is L..ecomposed. _n .. f'lutct~ons o · ... our 

( .,' ::::: I, ~ •. -~ 

\Tithou1:. violntin; the Puuli P.L'iHcip ..... . · lich demands 

that "'he ','Jo.ve function of o. ntL11ber of electrons should 

be antisy. 1et1•ic ·.it. r•espcct to an int~:;; ·chan'":e o_· the 

col)rdin· tes of o.ny t\.o lectr:ms . nese functions 

a1·e to ·uc aete1· .. ined acco1•d.in_; to th~;;.: va!•iatio 10.1 

.tl'irlCiY)l ( . ~) . ~he syste . of variation~l 

eouations thus ootained .. 11n • oe abor·evie ~..e~,... as follom~ 

( . . , W.) Y..(r,.O = o . ' 

( '' -;: f I ,!, ' ~~~- ) 

If 



in \'hic.1 tne supe .. · c_·iptc ol the c.. ' "';o.L1.cnts have teen 

d1·oo )CQ. . :.the par·ameters VV: ( ,.· .= / , 1., tV: ) 

are ~st uef:ned or t1e Goove svste. 01 e uat1ons. 
a 

J.'hc op -',.. rs P(!",S) A c !, s; c no. ar·c defined 

in ter. 1s o.J..' the 'ollouin..; o_uanti ties 

(2. 5) s. 
t 

fC!,S ) f (!", fj j ! . s) 

( • I ) 

ao folloym 

( 2 . 8) 

\ . J) 

I I) ..s.(~'"S' t.s 
/ , -I ) 

- y the a.ef'::.ni tion ( 2 . 9) , the o )eJ.·t 1· 

is sel~- djo::.nt , i . e . 

. la) ( 'f., <r. ! ) . 
• 

t ~~ ~.s · ~lr,r '!., ~ rlj = 
' 

d. 

Tne otnc1· o_ ..... ,.."' -·s a_:1pea1•i:ru in tht.: Poc~--Dirac syste.1 

OL O~"ll .v1ons a1,e also self-adjo:!.nt . fence t he 
f'unct1ons :f.. 

l ~= 1. l . --/\1..) u,c: , .utually OI·tnogons.l. 

IS" 



..... u r,st ... tutir1; · \. ... . .:>) into ( J . ) , anu. 1a : i nz use o lo 

fl.. ' l 
e f'ind for tut;.; ortao ·onn._J.ty o ... the f'unctions 

the tot:.ll energy of' the clc ctr·ons 

, .... . 11) 0. • 
( ~(~.s)· 

f>r! ,rl -A (Y, t/ ) 
( /'(~J"~~J+ _ ) ~f!,S) 

~ 

01· , in ter u1s of' the EL'C..1l~ ters a.cf'1.ned t;y· 0 • 5), 

(· .. _ ,) 

By .ru1t iplyin ~ the ·.:avc 1"u. ctio 1s(2. ) b;,r i ts 

co •. 1 Jl~,;;x conju ;&te , anc su.:,rr.1i~; and i n t e£;rat in"; over 

Fill the s i n and the S)D.tJ.· 1 eo~ ·clinates ;:i t. 1 t 1~ 

exc c tion of r. s and .! : s 1 
, it i .... seen thn. t the 

de"t e r• ... inant 

I 

fC't,J) 

fc r-'s' · r..s) 
~ ) ) 

( ,3 . lu) 
fc..r ~ s' ) ! 

Ei ves the total prooabil i ty o fi ndin:; n pair· of' 

1 t ,.. I I e_cc rons at !: , s am _ , s 

S imi1arl,/ the "Uant 1. ty 

~1 

·i vt:s t he tot~l H'obaiJ il it · or f' i !din:; a s i n:;· l e 

elcc tr'on at r , s 



~he total electrostatic energy of the · irs of 

C.Lectrons is, by 2 . 1· J, 

( ... . 15) 
) 

f cr..,.s fc r .S; r. ' s~J I 
.J. ~ , Jjrlr Jr-' 1( lr .r.'> z L-l S S - - - I I I I 1 

f ([,si r .s) p~..~.sJ 

\th<:-rt. the factor O!le-hali' i nee~.ss: l'J in o.~.·der· to 

avoid countin; every interaction t'.ict . 

use oi (L. o) - (2 . J), , . l>) can Else be· ritten 1n 

the f'ol '.al 

\2 • .Lb) s. 
"' z 

de::;a ... 'ation of the sp1. l(:...:..rillouin( 193 \ 
' .. 

.H,or mct:.1ls · ·hici~ ;..re mr:t netic .lly un olar•ised~ the 

totaJ. s in o.r the electrons .. !ust carwel. J.n this 

C';..' c, the N- fu.nct_n 1s cc.. ·uc ;1·ouoed, LY a rope1· 

ar·ran ·e .. tent , l1lt') ~l~s, so tnat the _unctions 

·uelong.~.11[; to tnc sru1c )air do Jlot uiil.e_· in tneir 

dependence on t~1e s )atial co~rdin tcs. 

L tn OJ. tne .. ! cl on_:; to the so.. ... e :para: .. eter . 

. f' ue a...;r·cc l-0 u.enote tn 1uncvions o.~ tn l -th 

air y !f.. ~ r:r = f' .l , and t.O replace the SJ.n&le ; ' 
...t..:.t:L. • oove ~Y tne double nldices j. a- , 

:... . lt) - w. 
J 



( 2 . 18) Cf. C:! ,SJ - 'f._ cr,s> 
• }lv 

_ ~(er) J (J) 
Tq - tr 

uhere t 1c s .:..n- o.e enu.ent p<.u•t is s ... mply .~~ ·oneck~r ' 

a. cl tu . 

( -.·.r) , 

.y subo.- itu-c ifll~ \'3 . 11) 'tOO~ . _3) in .. o 
\ · f)·na\.) 

it is reac.ily V(Jrir'iea that~ f'or.n a s~..:lf'-consiste!nt 

solution of' ( . · ) ) .. :ovided that the 1_.(!.)' s S' tisf'~r the 
J 

1'ollo ;in_;; s:,'ste .. l o:: ca".J.ations 

( '.- . 19) 
Au:J 

( r<r> .,. ~(o + 'P<r.>- T - T-vj )~."t) =o 

~'he o ~e!'ators Per. J and Ac~) are dcf~ned by 

d~·o ).?int; tne s Ji n coo:r'dlll.a.tt.-c::o e ver,nJhere in ( · • 5 ) - ( . . ) , 

Lnd 'by su st itu.tL1 ~nd l, s. 
J 

1'01' s . 
f 

-" • ~ . ' I. • ) oeco .. !•..:s 

~ne conncct~ Jn of' 

-- t S. 
) 

I f (!; t) . i th 

W! e~·e vhe 8 >in-de_t)ena.eHt !)f. L't J.S Si.n::>:_y I~Onec .>.e r' S 

elta. 

is 

l<'!·o. . ( '.) . "'-) a n.t f .'o, . , J . ::.0) , i.... follo\/s t hat the 

toc..al 1·ob ao i l i ty o1· 1 indinJ a pa ir of' e l ectrons r 

1/ 



c.nd rJ Hi th their spillS p· rullel or· anti r·alle l is If 

( 8 ins no _•all cl) 

01' 

• 2u) 

r _>ins aut ipu ·alle1) . 

l,l 1 ) I \ . + f 11 .f. t } t ... r·o.. 1.. • ' an \ '-J o -·.!: j ' 1 V 0 0\7S vll'. . V lC l-0 . J. 

::_) rob:....uili tJ ot' r'i:nding an elect.L·on ut r of a 

s ec i~ied or an uns~eciried s in is 

\ . · ~) fcc, 1J ::: fcr ,.{J 1 r C.!J 

ts':leuified s in) 

or 

( • .,5) Fcr ,1J ~ ( lt.l) fC ~) 

(uns~ecified s~i &) • 

-he rct what tne tne CX>~BSSlOn . 2~) ir the product 

0 ' . ~ ana. 1.. • ; ) s .ous t11at , in this a proximation, 

ther• . in no statist:tcal CO ·rl)l.: .• t:!-011 bet· ree .• the 

osi tionP. of' t·.:o clcctr·o!'ls \ i tn t.1ei1· s ins 



y ( ~ . l 1 ) : m \2 . . ) , the total ener· ;y of the 

~lect!'ons ct.L1 be 1•educ cl to 

2 . 2 ) ~S. W. 
J ) 

. i~ne.l'' s ext~ns.1.on 01 the aLove , 1ethocl . 

. i ·n .... r·( .... 9o·.h) has maue an i . n·ovc .•. ent u.po.1 ... he atov~ 

1 1et .. o to s.llm .1. or· a s .,at 1sticu r:o 'l ... clation i:>et;T~en 

cene1:alisir.g one hu_f of t.w Ai functions of \ . .s' 

... o be .o .. 1e fur.ct._o.1s _r.vol vin: t11e •elati ve coo.L·.iinateo 

~lro. __ le .1et !Od is cesi nea. rs an exten. i..)n o_ 

t H. 1.1et lOu. of' ... o~ .. n.r.<.t ..Ji:..'·~c. t.nd ir to " c a '1licd 

OJ ly t:'f'ter the f ln~t10ns ~­
J-

foun . 

O.L (2 . J.J) have ueen 

_ 1 the s.:.. .. >-~ C<lse · n L t~1e ~ - a.L'e )l~ne · ~. ve 

fu .. ctions, \. ir~ncr ' s calcu.lt ... t ... no s 1o·.; that t 1e 

r,>.L·ooa.bl_ity (2 , 2u) o1' f'Hldin· u n!=1il' o electL·OnP ·:ith 

t •. eii· s )in~ D.!ltip.,:::.·~llel sho ..... lu l;c CO.L'.:ected i..y a 

f cto · e ndi 1t.,; on ~heL.' .·elative o.istr;.nce . .he 

to~ 1 enc~ · of tne ~lcc.,rons is to ~e de res~ed by an 

a.. .. ou " e CH.d_n- on the vo_u..t>J o. t 1e .!'le ... al. 

"c •· 't>lution enert;.' ( .... _. ,, .. .:. ·n .... r,. vc • ..:lt. >. -010. ~ 

!ont 'lLt,t .... s ....... c.l to t 1e 'oi. .... .:..n · t.;llCl· -; • o.' .11etals , tut 

.... t .. c..y no.., flf_ect t. e elL. t.1. • an .,}le_· .. lic 

of .wtuls so ·e ·iounlJ. .his ·.:ilJ. iJe discussed 

lat 



b. '.!.'ne .10t io . ol· tne ionP .LJ~ • t;tal ~ 
- - - --------- --------- ----- - - ----- - ---·---

In u.ec:l in; \li t.1 the mot io of' tnc J.On"' i 1 •• t[' l c. , 
~ asslL e t . .~.a"' t~te u1oti01. of the electrons r "'ches :!. ts 

str 'ti-:>Hery state J.Hsto.H ... .:lneo~tsly. The 

inn;ant· aeous stntioru:1ry stt te of th, noti n o1' the 

clec V ·ons C' n tiC ue ve · ... ineu Ly the J .etLO<l8 ;i Vt.;;n i 

the ~ecealn· section. 'lhis oint o1' v ie\: is a 

fOOet a.> 1:.:oxi.rlC. t J.on, ... or· O\/ln · to the enor.aou 

dif.1.'erunce :.!1 the .·c. idi ty of the r e; )ecti ve .otion ... , 

an 1 L1s vant11 to th~:: J.Ollf" ic <...n 'c.·a11 t.O the elect ·ons, 

t .e transient motio. or' the electrons in th, ea!•lie ... · 

pu_•io of \l.~ic 1 er.~ therei'o:!.•e be J~e ;lee tea. on t .e 

uvcr·a · . 'Ehe c·uail'tit· tive j ... t..L.~ication ot' cnir; 

assu..ption \:.:._.!. u, ...;iven l:. .... e.· . 

As t 1e con.t i ;ul •ct~ n o~· the i n ch::.<nr;ec. the 

s ..,£tio:ru -'./ ... otion OJ. tne __ ectr·ons c~w.n-~c ... \it 1 it . 

~he a ap~<..tion o_ tne 'L~ti Jl1al'Y .oti ~n o1' the 

elect.•ons 'to the lm._y c .... an ·in· co.rlf'i ·utL.tJ.0n OJ. the 

ions 1vcs ~-s. to ... :ind o ... potential er er ·y .icn 

~ot ivn of the .:. r..s . . he 

t ove c nsiu.er:.. ... ion the ·e1 _•.J c-no· c- th::n t ~e ori :- UJ.l 

J.l ...... ic 1 syst. ....... o± ~o iS 2.n elect.·ons .. my be so ... eho" 

-·--u.uc e<.L to a syst .... ~ in · .Jlir;ll on.!..y t.1e coordiM tes o _ 

t e ion. a:p >ea_·, _ his .. a.,r i. c cl n n.s follo· s . 



~ . ... . ... {cdu<.: .. ion o... the tot1 ... l .Iar lil toi.i n o · 

the weia . .· 1 toni n o ... the .1etr!. i'"' 

-he ter·I.!, 0.1.' t1 1s ..., • ·<;,..,._,_on re > •csent ~--- -~.wtic 

energy 0.1. the ions rn£i of' the elect ·ns and th 

in .. er·action ene ... ·cy of 1..he vo._·ion"' <::o:::•ts o mL·s of 

As the ten •• 

st na.s just .L'Ol' the let ... ice su.11 

t.!.!C C"'UD.t i0.1 ' . .':l.J also, t, • 1), be · · ·i ttcn in 

of' 

_he state o notion o th2s cn:rol:~ate~ systa . 

y 1 e c w.eu to be "'v(...tio tar·y , as t:L..1e coes not 

. ... x lic-tl, in 

tJ. .. is ain cnt..-·r ctc.~.·-ned y the V[:!' iatJ.o:r..al 

) ... •J.nci le o.r t w t Jtal ~::nCl'£SJ, i.e. 



11 thJ ,I I c iven constants, 

( 3. ·.) I·...,uuce..., ~..o ) , \J.UC!l thu.~.·ef'orc c..escribcs t te 

inn -.·.11tane US S ..,3ti OCl'Y • lOtion 0 the elect ·o s . 

J. no· • s..u 1e that t 1<:.: • avt:! lunctJ.on of t.1e 1 1etu ... is 

tu. ) 

(/) ( r''" r d;} 
\7!1e ·e J el~cfrPts - ' ~ 

tn0 · ~f'OJ.', 1nv _ ... -en t 1e r- 1 1 onl..,r us pa~· -- ..... t ·-'" · 

•-. · ) , CO .m lt_n; 

(L • .1a ~in;,.) us<:.: of 

t .• C .0 • .: J.i 'L.a.O.t1 CuTh.r..1.viOJl O.L vhe m .... v~ funct::.on of 

V o I) , 

:!.n VJ.C'. 0.1.. v!lat 

.L - t.~..·~at t.w • otJ.on o~· the ions t.y clasC'!:!.cal 

1.o,.;CI .1lCS . 

0 1.: ntu. .•. 1echan..:.c an is s..l .. .'.L icit:ntl · accJ.rat ... fO:!.' 

t. ·et..vll'\; t.w .1 tion O.L heavy pa ·ticles i.1.. t.1ey are 

~ot too c::os0 to eac:t otner , _ .. ay _ass fro n n ~.an tu . 

r11ccnu .ics to clas::>ical mecaa des LY relJlaci:ng the 



va_·iational >-·~nci>lc ( . u) Ly i-cs -ruuo e , na.e.y 

th ..... I:.... • .:.ltoni!:.Jl ·ouut..tons uer·i ved f·or. tne o. lt-niu 

\ 3 . I) H ioh& 
1 r- I V <- rl ,..ll) t:. 

t ? ..l"t' - . - t- 1:.._ I ..J.-
.4v ' of 4- J «CC.LYoi\..S 

.~.1his is t- 1e .ia. .. il toni n de::- •.u in· ... he s~m. .otion of 

the ions ........ 1.ctuls, \llle l .t11e .otJ.o 1 01 the .1 .et_ n'"" 

in l·~;;.._;nrded ns S..lr.Ol\l.innte . -'ne >Oter'.ti l encr•gy 

in ( u . t ) i 

i (""' u,ua L, \:hetJ. tne ... e thoa. o ...... •'t.1c .. ~:lild i ·ac is used 

fo!· a.p .r.•m:i mtiru t 1e ... t.io.11 of' the electron , 

C·"' 2 \ * 0 ~ J.. . ,,. V~''' V 

\.. . ) 

J ... lthou; 1 (,J , I i .... VC-·' rnuc 1 n.: ... >-e • t 1a 1 (3 . 1, , 

it s~vill involvcn L la_'L};: n.U!rli.;e · of co<J ... •d.tn3.tes. 

: n u ... [ et nolu t- 1.0 .... of a , .c.n;-uoo..y oro~... _e .. is 
ea. 

L.,rL·act..r..,.L .... e _n clu sical ,echaaJ..c::: as \.e.Ll as in 

C'U tlL. .ec 1 ..... i · . _ u.•nJ..n,s to ,..., ,n_•oxiuate 

llt.:t 0 ... 
..... ' .... s ul_ c.ao >t _ o_'!l ' s tnco..~.:y o.:: CJ.'ysta_s, 

orn' s t~eorJ o_ crystcls,_J~~,l03 ) . 

o_· .. 1. _icity o ..ly C..lLic c_• to.lr- · _ 1 ue cons.:dt: r ed . 

Su_•f: c e1'i'ec-cs ' il._ le ne ·_ec vCd. 

J.t ry~.r.·o t · .•. pe_·uture r Jl.C... .... • ..... sE'cs , tile i ons are 

at I '0St .d. a ur.i 'C Cvlct' -.._;Ul' t io. , S!)CC i.1. icd u;y the 

lo.tticc oints 0 1 a , 



6 ( 
a ( 1 I I :::- -L -'--~~ ·- f-1-) 

/1 ~I J I ( v . J) 

.i'lCW [..fl ex..,t,;_•na_ St ·es. , vht.J C yst._. _ ..:.~ ) 10 ·c. OUSl t 

Uc.-.LO,.:.u~d. v~1· t- ~S to 8 J, t l<.lv tne or;~tion~ f 'the 

ion> u ... ·c 

0 . 10) j_ I +-
(.(l :::.1,l.,] ) 

01 1 I ( = -L -· +L } 
( I • •, l 

-IlC )0!?_!..iOnS J.p may also Le ~> ..- •if'ied 'l:.J 

.t, d., I <1,1)1 : -L:·-tLJ 
I' 

, ~c ·e t.,c ,_ ··t ice VvCto~·r; ~I a,~ 3l - I 
a ·c •cl· teu. to 

0 () () a, a,J ~~ L.JY •el' t..:. 111o •. - •. li..!.3_ _l "' \ '-" · 10) . - I 

utOt i >Jl 01 'L.l-.; ion <..re s ... al! , and th--·ef'ore ha · .o lit; . 

. dw .. a.1.·.no •• ic o, 1.! -L.:;. t J.on of· t.1e ions . 1a.y 1-J · .taly:sed, 
tne 

t...y a li O'l.t ·ic_· . e ·ics, _r1vo L. n1 )u • >osi ":_on o 11 -called 

t 1e ~!lUl ·,: vcs: -

. l +S. 
)t 

. ~ ~, - o_-... ~l \, •-C 1 tne · . .: ve Yl.3ctor·s t- · 

· it 1 latt_ce ve cto1•s 

}r 
lJi 1 

:::! __, 111 
..2/.. f/ -

e t'~"· ~ ~ ..J t ( '}fl 11,.11, = -.... ·~ 

( i, ~~ ~ :: -L tL.} 
' . 

lattice 



'£nu vectcx· s 6, bz.. 63 
- I- I -

of ( • 1·...,) a1·-.. the vccto •s 

l'UC iprocal to a 1 ,1& ~3 I ' 
u.e:r..~.neu cy -

: , . b ~ CLJ • ~j = 1 ... ~ .. - -( 0 • . 15) 

. lv), v!l8.t tile .l.OllO\ in; lO.I:l.t,..~- ies 

' f~ I ·~~'a./ I , · a -4 • 

N+ 
( Jt"-

S; ( - e ..;::::.. c) 

s1l 
I ~ ( I ), { 1 

e 1 f . c! 9 _, j. . 4 
;:C.. 

N' $.(~ I 
-1-

hola , \ilie~u thJ uelt ' ith Pu~erscr~~ts ~cnrescnt the 

n •o uc t o1· th~·e~ .. _ n e; ... er ' s c....el tar-. -'he se id nti ti«fs 

a .. lituc..ec of' .... n~ s ... ll oscJ._l· -r, .... ons oJ.· the i ons . 

_ .. e a. t!) l i tua.es ar· ... eneJ.·o.lly co ... lex, c-~ tisfy 

= 

· + d ~ t · ~1 of~ the nu. C' ... u use , ~n .,~,.;a o_ n~_; )OS-t:!.ons , V 

.;.ons, t ~;;C ify t 1e dyru tic J. st· te o..~. ,_, te c ·yE' tal. 

o· <"'ul>st i t..1te v . 1.... ~ • tn e·~ ~eE>SJ.OI1 ( v . 8) lo.· 

oter,t ... a_ u 1En·(.; • o..~. the . .1-.. t<1_ c... ~:.::: an:i. the l'esul l. 

res. cct to t 1e ~()(lt a. 1 .... · s tne nua ·e~tic -... ~ ·.,.s , 

lt,; lectir · t.1~ ter. s o.~. ilJ.gher orde_·, the nor·. tal 



1r•e0uo....cies for· · . .a_ oscl. lat.L 1 of' the ins 

thun to o~ aetc~ in LY tJ.' ns O.i:.lin.J v .. c ruu ~r tic 

form "t .u o tc..L~.ed to 1. t ... 'l.nc i ..... J. ..... x G • ... .nt- e 

1 •cru -Ilc 1. !S de "'Jld. or1 t11 . -rtc ·n· 1 s 1·esse~ ( or... J. ) 
- - "" - ·- ... V 0 ' 1' V I • 

;,. statistical t .. :-..:, tu1cnt or ~,he se noi· .. tal osc ... llations 

·i VvS t~h0 the ·.1n.. ,r·o )e ·ties o1 t 1e crystnl . 

..:h-..l el· stic rope ... ·tics o1 t 1e crJstal ut zc ·o 

tt; ..... r·o. t.ur•e . ! .,· C Sii.l - • out· inec.. oy C ... vUndl.l1g t le 

o-centic.l c 1ex· :. \. . 8) , i tn ·~ ect to the t .... ai 

L-. •• ht:L.., ,,:S i .tr·oduced o., the JlO. 10 · neous 

uel·or·. l&tion ( v . .... "') . 

rt 0.1. .. ne ot .... ntial \~ . 8) of the net"'). 

le cont.e ... lmtuc.... ·uy ~.-.. 1c cJ.cctrons, the ex >licit ux · nsion 

HIU.Sv ce >OSv.)Ol1l;;U until later, after '1 stuay of the 

.wt ion o1 the el~.:;c tr·o.w . n ~ J. t ... ice" o_ ionr 

by tn~i~ ctual osl.ti .~ . -he 'o ... ·d 

us~d h.re deviate" ·o. t its u Ut 1 , teanJ.r.g 

E.~.nu. ; ·~ ... 1 o 3 ex: Knne uelo· . 

5 . ..:> . Jenerr.lis--tion of tn .... · ;o ·d '1 tticc" . 

- 1, ..l.SU 1 .va .• in..; o... t.lv or '1 tt ict: ' .. ~se' in the 

~, 1 o ... ·y o c .... ·.,rstals l.S l:.est seen I ... ·o . vne equatim s 

v . J I , u. -1) and , · , 1.:>) • _ne..: \lO ·u c onveys\the 

iuea of' a . ut o1 ')Oints osscss.Lr(; tn_·ee tr~.n!"lati -mal 

eri us , 11£';,.~ ly , l-h .. lattice vecto ·o. I J. , ht t 

ol.~.o· .rs, _ E.lall use ~ o • + . . v,ll.£ l. ua the 0' 11 p ~riocli...: 

lattice" a!ll r· .... se~·ve the · OI' •1 ttice" for th v:, :ue 



~ue OI D. S(;)u o .d. 

... HUS tnc HlS t. nt· Le ll. o. ~t~ons o~ t1~ ~ or • 

r let i~. ~n the a ov· sen e . - ~ 1 vt ce ~c not 

_f \le extc.;nu t .. c o . .1.a.:.n o 1, , 1~ , 11 to -1 

an nu ;~tivl. intc..,r•al vc.luee , t.w ./, , / • . /; 

l~ lJ. vCCl vO the _n ... e~.·· ~ V .L lC l'l•o . - L 

C..~.o • V • .:.J, . tl.c · .... su.l tunt -'-ru1ni t . : ... t~.J..CC f'o_·. ed ~y 

th o1· (a . 1~ ~ ~s noth1n,; ·out < .. r ss~.; .bl ,_.v 0.1. 

... or .. tA... y t.!.e lUGut •• lt'1J.~;;ous OS:Ltiuns of tue ions. 

uc c· ll d 'cJclic lrt~.J,.c~ 1
• .ote ... hat 0riodic 

r rtic tlrr kind 0.1.' cyc_ic 1 ttices . 

After t.1i li t0.:ar. · ui .• :ess .... on, _ .• ust re'tur •• eo 

t ... u nysic<:L ; .. :oulu .. I . 

ex a nu v .... e ot0l.tial er..eL·g~r 9.!: une .. etal ( . 8 \ it 1 

.!..'vS ~,.;..;t v O tm.: p .L'':t.:.e't , -·s ,»(1 of' ~ v • ) tnd 

I. .1 c.; t..·a. ~et l ' ~: 0 ,v. l..,) . ... '.niG ·:ill 

.._ don .1. .. t ~..: nex ... sec ... i n. 



'4 . '.1.'nc .0t:on of t1e electrons 
----- - -- --- --------- ----------- - ---- -- --- --------- --------- -· ---

dls 1<. cc.aents of' thu io •. .., 
==~-=======~= == === ==== 

_n this scct.1. >•l .... general .. ut 1od , ~11 be 

ueveloued .l or· the t.;;: anr ~ n o t....l ~ .... ot· 1 enel'g./ of t 1e 

t.:1ec~,l•ons ~n solic....-. · itn •es ect to ~.1e a._s ,lace.nem:.. 

O.L ~,ne ~ons. ':..ne a. is > Lace1 1ents of t w J.ons .. 1: ... y 

L(.; C...U to eithe~ tneha&l osc:1lationr • . 1·~)) 01' 
' I 

a 10... .eneous <...cfor. ~at-on (et . , .; . 10), . '-'lle la ,r 
the 

o ... ~s L ... cc .. en~, o ... t.1 .... J.on, saJ, t1 e f- "' 1, ay be 

;n·J. ten in ~ne fo_·.r. 

--
o/ 

-«. {T ) 
,( -

-S lucuu a:rt'l "L .e ur.lf.l...;.s laced osi tions ol' tht- / t 1 

ion. 

_ht-..: .1otion of ~,.w o,_;lect :oi~c in cyc_ic 

1 t tic;eco . As :::>ho· n iu ~v . v, t... .v ,os ... tions of tne 

... n r l io~. n cyc- ic latt..;.ce . 

..... · t.~1e 11'0 erty of t,w cyclic lo.ttice ..;i ven _n tne 

·r· ,ro.ph alrvau.y C"UOt a. , t. v tne do.:t.i.. o_ s ·ce 

-n · .li(! 1 the electron ... ov-u .1. st assess ,aralle_ , 

o~ )OSi te faces , se )~.,;.l·uted L·Y t .'! ..... d:i!. e. sions of the 

c1·ys ... ul. 1._ u.~.' ....... _•o ... tn1s, "t .. t: c toic e of the 



t 0-.LOOC.l'Y is '"' • ~ t.~.\ ... ·.,r; - c can _·.c.. ·c efor. 1 the 

1' llt.;;_, oppo. ~tu J.'· c e ~n 1111e S" .e arb it .·ary \7 y . 

'.!.n..:.s a 'L ~ tr r·~ 1eE:':" .... n tne cho~ce o ... t.w uoun n.ry 

Ol' ~...w o.o.,.- _n ·;i Vv •• ·~ne to the J. >l_ ' in; bounc.a ·y 

COndition on ~ .• c 1\lnct~o .. ~ (!}:>.~. (2 . .LU, . ...1c 

.. .'unctJ.0 .• s 1;·rt}, '·nE:n CY.'Ct.:nu \..'C.. ac.·oss ne f'ace of the 

LOlli.!O.£' I'Y 0.... v •• e C10Jt a in, S.lOU.ld .•e 1l' OC.LUC e ~ohC va.Lt:.~;..::' 

~.~lt..Y c. SCtU11vU at t ~e cort·eG ona.il18 Joints by tl1e 

.!.~ tnin recess is 

c i>nt inuev.. inc-~cf'inl tely, the t::.:tendt:d f'unc t J.ono n.re 

tnen coi1tinuous .u.nc-c~ons \.~t ... ttw ne ·iJclc "t 

C" n et.:: t 11.1 
di.tlencions o! tn_ cr·ys .al. 'unction ... 'nic 

of the 
t n ed 

lt' -11 

ue called 'cyclic 1·uncti .:mn" , so tn::-t ~-he i. ound· l 'Y 

cou.d.it:r.ons OH vile 1}-( t::j bee ... e Gl n )ly tilat they ar·e 

cyclic . 

_ t in .. 'LJ.s!acto.·y t 1at tn no ·.na_isution of the 

1/)·<rj .·e iiLe .r1a.ent o tn.... c_·tic .. t~o.-· o tuin 

C10S~1~ 10.· v.lC l'Un_;e Of int ... ~l'atiol, AG c .atter 

off et, 1t -. . ..:. .1 be seu .• ~on t l_ h.ysic;_,l 1untitiuf' 

-IJJ.. e 

ollO\. t ... is , J. t is on -,/ necessa ... :y vO ·:rer·ify that 
a. 

t w o .. ~... .·s a 1ear· .... .1. • i1~ ( . _J) ·e 11 11 cyclic 

o IJ rc:t o ... · ' , _ . a. 
) )"" ·,~. t·s w •• .i.Ch c· n i.. .... '1 1 ied 

01' 

... en t _ _. e:~ c...ctatio!1 Vc..~U':..S of ... hcse o ~;...~~~ rs ill be 

-ndc .) .. ncknt or ~. 1 ..... choice of v .e \..:.omain o1' :tnJ.,~;;~r·atio~ . . 

.:Jo 



.... f t ., te -.lnt! tic e .. er- ..> t; ~... r· To:::) . :.; 

lf' C C .LC 0 Ll ~~octlJ fro t ~.c · et th t tLe 

ctcrivut~ves o ... cyclic funct~Oil<) a.· ... cv'CLi~ 111ct ... 

... c ot ...rt"t 1 - enc!'fiJ 1 t .c ulcctron du to ~.. 1 n. , 

t 1 vC '11 /-4- ( t) 01.' ( • 19), is 11.2 uUl' 1 'f ·;ye lie ! 0!' 0 

CJclic lf tt1ce . 'he 0 uh ~· t· o 0 ?t!:) 
f'l s.r·e o.~fincu. "uJ e; • \ • tj , , • J), no.( . 2 ) ) 

I • v) 

\ .. CI'I.,; V.: _l.f; C
1
} CJLOj.res t le C ") 1 1 0 .1u inte r act 1 ll1 Of t 0 

re_ ~.~i v coo -.. ... in ....... ~......; , n ... s ..,h'"' ... • .... st o... the invc ,r·andr-

t 1~ inte .::-·at ions u.·u eye .Lie .. r ... cti JrlS Ul 

: l"'&;IL .e.nt r 
:...n ...., I.' also cycl.c 

~n · 1.. ove c s1u. ·at1 n . u. h si. n·.s cen ·i ven 

.... ..> 1.1 ""•''-'lt • r •iness .Lh t.1e cho ... ce of tt1e LounJ.: . ·y o ... 

t ~ a.o ... in of a cycl1c lutt i 

~.he rlv_ l conuiti n th£..~, the do.nain !,IUst contau .. "the 

~ons . J.. t ..:"'ollo·.1s 1 ro .• t • .l.l t 1 .., , .:.r the ion~ ~ re 

a.i >luced , the a.o ... a_.. L. '. n.:.cll t.1e el<;;c "L _' ;ns move . ust 

r 
o/ .uo .o._;...!n~or:.s u.er'o!· :w.tion, 

1f 



eo .• c ionc · ~1- 1.,.~:; u.is _ ccd, ii uct, t out si e .. h<.; 

Ol"'i _n _ o .. t[:~n. ... lis if'fe ·~.,;nee ot tht.,; u.o!Ylnins 

ly ui •ect .... y t .• e o ·~in _•y 

Je.t.'tur·r.- t i n . 10 LllOd fo1· a.e· 1 ~n · ' it 1 tn~ • t io 1 of thu 

elt:ctr·ol.. ~r. l di 'l' cea. la et ice. 

cont· et trans1 o_· .. at~o .... t"' .• cc:..ns of ,,h1.c .. 1 t 1~ · · 10le; 

c:J .. !'t:ct 01 t 1e d~s .J..ace .• wnts of tne ion ... aJ be 

.L'e >-·cJsented as ~ chan.:;e o... o .. ent~al onl;:r, so that 

t11e or•u..i.nar· - )"'!' _u.ruati .. theo ... ·y L.. ,c 1 ,es a) >licuble • 

·i. • .!. .·ansi.·or•.n· t i ~.1 to t 1e ~.a ·e-s 1c.ce . 

tn..: _n..,r•oc.t.uction Oi. the cocL·dinate trc.LlSf'O.!':•l tio 

( . • -J;) r 
cl 

' ... l _ c~L , be in-- !'l o.ne-to-one contim1ous transfor.t at ion, 

.1ay ue c nven1.en ... ly cone vi ved as r:ta :pin:; -'eal s ace 

\ w ·e tne c o •ui..2tcs are on an i.na ·e ce 

\ lt. ·0 t 1 coor·o..:.nat s are -,...o( 

ove ... · nu .ntity · 1-- t _. · ys enote t his transf'or·.T'..a.tion. 

... r·o ... \' . . _)an (· . 1.1:) , ,,e se., that the 11 iiJ'"' ;e--'' 

of th · 1.ons _ . ...., ..;1 ven Ly 

t . 5, - I 
'I" 

Cl.1U. t'o.· 1 ar.. unuis')._· ·ed lat ... ice . :Lnce it is 

conve1.ien.... to c .. oose tne uomn.in R of' the aisplaced 



luttice EO vhut 1ts i rge R eo tc io.e itt t {, 33 
(J 

c.o. 1 .... in {{ Jf' t le undis 11 cc 1 vt1ce . 

of c :.> u·Pe, <.... .. 1-:> Lu~e, fo · so ..1.0.1C ar- ul .:. lF: 

tnc !L .• ccss· I',./ conui t.:. ns ·i ·en i. J·=· l of' 1e:!.n · 

do.nuin o_· tlw c., c~ic J.atticc l. oz· .. 1eu. by tne u.1dis laced 

ions, v .. 1e R s CHosen 1 uove, ·ulf'ills the•· · 

cotltL-t1ons _o · ... h uis 1 ceu _ tticc . 'l'he 

u v ... 1t'"' ;e o1· t .::.s cnoice o1 R ., " ill oe ~ een im •. eui ... ~ly ; 

"'1...: uo ... o.l.l R 0:1. tne ..J.Y'-':1.-~ 1lacea lut-cice 1.:· • be 

ass~.~u a~ ;iven. 

"'le __ •• o·• trc nsfor .. 1 tne eru'"'tions of .10tio11 o_ 

tn0 cl0c -c _'or:s , " . .... ~ ) t the .:. .[. ·e - s <.Cc; OJ . 1plying 

tne ..:..'oL O\ll~; contrAct tr·c.nsfo1•._ -'c:..on 11 ~nsociatect 1 ·itn 

the coo_·u.:. .ate t_· ns..:.. o ... ·J .. t.1.on ( .1. • l) : -

( . . 6) 

• • I ) 

... 1 1 ;..1 t ... 'u 1c ... i n 

\ . 0) W(f ) 

.1.6 u_· 0 e~ .. · .:.r;c .. ut..eu lJ1 ( • 6 in orde_· to si i1-;;:>li1 r the 



Y- -) - -J,) - J. 1r -i_ ·,r_- ) .;, ( i) ( . c r · r_ ' t 'I - - q - ; r- 'J , , l' P. 

- j_J~ 
R 

~~ ~~ ~, fj) 

~ ~. i:,r~) 

&I~ - 1 , • • f: :1.n or·ucr· to . 1 •• lu.y "1 c .. cul tion o_ 

t .... u ex c t t ion vc lu(; oi the o >t-J ·t rs, f' o ~, 1 ~,, 

( . J.O) 

T £' l S J i \J • t - J1 ; ( • • 4, ~ •. t { () ) 
\ . ... , ' l.'C-

Ly 1JC ~ ) , cnr..~. .J .... i!l[; UBe of th ue_.:.niti ::mr ( . ) 

C('IU[ tions :..>f ( ~ . l:.l) c n ue · ·i ten .. n t w fOJ.',J. si lil · 

ld) • 1~ 1 ' 

\ ••. ..!. ) 

· i c.. ~,ne 1 oll 0\, ill£; s ~ .• Iil· L' c.;.t;.L ::.n..:.. ~, i n 

- -.If _ , 

\. . L .. ) {J...._ ( y . ;: /) - .z s. ~. (,:) p. (~ J - J - J ) J - (~) t( ;-.;) . -v) f - -,I-

-I - i:./J f (Eii:..;'J 
. .... 

I A r r j r ) - V:- l f l 

. . 15) p ( r) - J -/ - / 'c. -v.:- ( .f;' ! ) r(f':; 

A ( i-) Y-:.rtJ j ~ -/ ~ - I - - 1 -= ! ( f.j !.) ?_. (r_) J l 

J..l~ (;!,.., Ht-1. n,.. ( -. .) ' - .. .r. lu ~ con::. ir.il tl ... th" 1, 



t · sf'cr. ..... t ~o a.eJ: 1 w ~ • • ~., , '. • , , 1. c:. on t c t 

t1• ns1 or· •.• .j.. 

v!.On. 

l.•'r J "' ... Lou.ru. · C 0 - "'l. 0 LS t • t t C ~ ~ t ) 'E.l 

... n v.H.: 0 .ain ollo· t l t 

t .. ...:L· conti -~lou:::; tr·rns.~.o ·.t n •t; cycl~c 

f'u.cc_onR :!.n ... nu t ... •£.1S-Ol' e 

.1. Ul't 1 r· or· , it i.. ~... ('! i 1. • ver .:.1 _ ~d, uY ( • • ) n (. 

v.l v t .'0 , ~i..; lv 'f .C'tl J1 1-.ltf} l c •cl1 .1. n t >n 

1 n t w o.o .• 1 R .:. t i .... eo 1 ·v nt o · · 

·u c · OP i v on o1 .Lr ne · ve I unc t _o .. 'cco!' in- vO 

;: let-he:.• tne ..... is l~ce .. tents OJ. tne io A· : re uu~.:: to he 
t'ht.. 

l 0 .1() •enCOllf' U.~o;J.'O • •• tat lOll or a. t, 1.. At. lel· ... ' _ 03C1ll v10 

£.t • ...,), th.:; ·uomJ.ar·:,- CO!lt. . .~.~;_osl, 01 tnt~ 

l't..: vla ... t .C'v' Ul'v cyc ...... 1C -·.1. V lC a.o .... _r. i< 
Sin il~·1·J.v "11 o )C'"'to ·s 0 JC~t ·ir..· _, , . l:..) : · ' c 

.... or· va .. J.1Jh_n · u.:::f· .lace •. 1u.1Ls o .. t'te i . ', in 

cr.: St;; t 1 t ·:::..nsi'or· .. 1at io.1 t .., 1 . _,. ;e f3 1: ce .·cu .. .tc 8 to 

tue i e ~ity t1·, n-=--for ..• ation o ... .1.·cpl~ .. ci .:; t; uy r-0( 

) 
I ' 

e(1 l' vJ.O "'•, ·•• .!. ) Ll.CO .• lC :.- 10 •...:_'or·~ the Cll't t .... 0n • of' 

·ons 1n tnc uLu_r ,1· cco. la tt ic;, 
-o. y • '1. uen J.Ii t 1e eo .. · l.m te~ "« As t .e 

A c a:,c c .Locen to eo_ ,~.c ::!.a.e · .1 t. tne o ... air. o_· 

v tG u lE luced lattict,; and the iou '.IJ.D..l'Y condi t1on of 

t.J.c 7"- < .r J 
) 

1·e t..ht:: S"' c c. tne t Olt u...ary con"J.i t io l" or 

lthe 1 -1 :..tnctlons in t l\J U.r1d.1S)lr'CC...l lat u-C e , trle 

. 11) ... s.J u w.·u_ ore lHJ solved by the Ol'din _. 

er· vl l'utl .... lon .. l~t lOd . 



. . . P ·tu. ... ·~:.· t.i'Jn " 1 .o ·y ... t ....... oc ::- .Jir c 

f' .. c.. ••• o... enu.u"' .. nr . All u. nt i v ... es ~ l ... he 

c U.< v:LOllS _, ll) - (· . J.t.> · ~1..~.. I.Je e.: 3P.ded '.~tl 

.~.·es a~ct to t.w o.is lacc ... ents of· t w ~ons . 

Succcss~ve o.·u..c .· teru 01.' t 1e ex ans-ono \'J.ll uG 

a.~..: •• o t...e LY v!.C n .... e .. ·£ .Lcbr. ove vhtJ _et V .. :fl ' e . ~ · 
' 

( .. 1 f) 

In tn.: ex ::1ns :!. ns o \ . ..~..~ ~ . lb) , ~·-. 16), 1.t iP 

convenient t o ao.u c.nother llU: .• c:.·al, euclosed in n 

tn•:...c .• et , t inc~lc:ate tm, .~.·u.er OJ. t .. c f a c tor f 

involvco.. . 

( ·- · 18. 

• _L') ) 

. , t:1e s ~cond- o.·a.e.!' t.. 0 · .. 1 ol. , . ... 6 ' is 

t 
A< f) 

(} 

P.· ( i) 
J 

l f) 1..1~) 

+A ,f J -t li < 2 J 

~ -1< r o 
- fJ r v <f). E)t 'f.~) Y.tfJ j £ - - - J 

CO , tion OJ. ( r . l J. ) SS1.L .06 t .e f'OI'.n 

~ ~) 

o, o} A f!) 
/lflf)-1'~ f.J-r?cf) -./ ,(,- _.... 

Q 0 

U\ ~ } v. cf.) =-c:l 
J IJ 

( j -::. '· .. c 11-- /.c- ) 

l .G clc l 'ly :nc..icatco. 'Oy the urac ... e -v vL.. nu.:.1ero.l 31'1 i xed 



a 0 0 
(. uuC ~v P ci J l'U A ti. J vhi oyr::t • 0~ 

0 0 u u· 't ons :..... 'e lOT.-lin '"'r, ... 01' f i olveo t 1 0· 

'OLle .. 1 _s ,.. sstL •• eo. :.1s h ~ri n r c'"'n "'~ viouf" y ool ved • 

-
1
H:l.G 1Cl'1 · SO, 1-nt.; 0 

c\ , . . ,.v ... .7.:.!}) - 0/.?J - ; ? ._z:J ·nd A~:. 

t .e 

(·.s: . 2.L) 

- .e .. 1Ulv1D-ic t_on o Cl' tor 
lj 0) 

::.ne ;r" l o e_·tor A ~..~) it 

r C!:) stcnus :.'or · .1 ~._::..,i "'G_':.J.!'Y cyclic ~u .ct:.on. 

·"';" us cousic...c · tlw. tht: ..L:!.nu~. · er"J.[. tion, the 

ei ;er valt.::.e ..?l' Ot..._e •. t, 

, . . 2 ) 0 

wn ,_'lJ 

11 

\,ivl tnc LOUI1'" .... !." cond.J."io1 t.1at t1.e "?­
..; · ·e cyclic . 

... 1i .... ~:.o rui-:.~.·... condi ti m 2s con"'l.~t ~:r.t · . i t.1 t~e 

J.i t.ht..~ tne .o. -~ntu . .1 
a. ti . nd ' t..; ... ~;:;nv ) ~--0-' 

A 19 conccouc rL_, the .:.n tic e.er·y v,_. -~"G "" '!'~.f.) Ot:['ht -
to I.JC G~,; _ - "'G.jOLlt . o.: the d::..:L'~rence o... t 1e 

r-cnlo.r roal.lc v 

3i 

' 



Lcinc ·e 4 .... c iul J, l.JJ l' ... • ..... c., . ' s v 1e r·e .• , ... o t • ...; "U"' ace 

-Hte ·r·u. 

t>.JI 0 

~ ( i ) ~ J i) 
J J 

(' hc ... ·c ;.> 

__ anc.: connta.lt \ va .:!.shes id~.~ ... t_c l.LJ. The 

cor~.tr-~..:.tion dut_; to o.~c 1'uce or ".e uo .. <.in ::....; ju::;~_, 
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eo f ... ic.:. n .. s . 

o1· ·ucc ess.:..ve 

c "'>ro ....... at _ons c· ... i:..e .Lh:u o ... · the solut ... c-n nf 

_n "C11e ea e of t .. lel'. L:.ll dis >l' c ·.1ents , 

sJ 



.., 11 .LLl lOu ..... . c,ro I t - c.., .. .._ . -'0. . 
t LC •• : • l VC vcc to ... ·. 1 it ' 111 b\..! c n 1, .u tn tlC ' 0 0 
CO ,.1. ic~~nt ~y.J' - Jv'. f' ~ls to be la·· 0 11.;: J ' 
O"'"'" COC.1. ... ic ie .. .., • 5u) op~ ·inate i t lt 

c\ V J .-.1 . ,. 1 ( 1) 

P<iJ ·, ~ Le l .. ··e . o· u~ ce u 10 0 
<\. 

..., ~ \J l ' 
?(1) 

( .;) 

,~et.. b.: ~ 1e c .·nee o "~c 
-( 

el-ctron.-.c e s~ty,~ . e . f r £~ 

th t ~ .. tll~ c . c o... t le_· ... 1 .. s 1& •~:J .. e n ts, :1..., ~F 

~1cccs .............. y t t~·eat t ::.c 110t~on o1 t.;~ .... c ~r"' .s t y 

o l-1.:. • u1· eouat_or .• . :. 'ur·t.le • ~i:::c .. u ion ' L.l 

be i ·.rcn late!' . 



l.l.. 

5 . ...ott tio11 
======== 

_n tni!"' en: ... er only )Cr•J.ouic lu.., t ices( cl'. j 5 . 3. 

'"'re dt lt ',fit.l. and :.. li; t .tuu.i.~.:.c£ tio. o ... t .e 

v.I.Of .. if' COJlVCnient . 

·~iJen::.'u .ct.Lons or periodi c ...... tt.;.ce"' . 

\.ill t e cmunc1· ted '-' Y t\:o i.~icos K anu .B 

1.1 lucc of' tne S.!. le :!..ruw.:. J used .:. •. the last 

c ta 1ter·. _, 1c inu.e:: K l.t ...... c. sun'"' ·sci·i t 

a.lU it r·c. euc 1 o: 
\'.'lliC.l v' .e ~11 J.ntc;r~- v lues 1~~~ to + L 

•..: e orie-l. _ .r oc •. ' s er a.enotea. 'b ~ f 
. 2 . d 1, ._ __ coo.\ ... :..n tes . J, )U.L' lOC.J.C ~.tt_cd 

... ay i .... til v::.d.e _ u r;. .Lnto con ;r·ucnt c. to ... ic >olynca.r·P .. 

.• wn 'the o.o.nc.in of' ~~ 1C spc.. tial coo.u.:.natec i s not 

s 1eciall:· rcst:!.·ictt:d. to tn :..asic )Oly .ea. ·o 1, 1ic • in 

COC~n· ..... _ lUvuS , t. 

... 1 t 1e J. st c.d~a t ·. .ut ·1.1w.l tw ciOlL.il o_ tle 

col:;r· .... .. u..,e ; ... _ ....., f: 8~"'ia_l,/ .!C t_'i tee to t.te la i' 

)Oly~lec... ·o •. tne c ~ 1te . , 
\/1,_ - e u.cnoteu. 'bJ W.,< 

T .e uo.n ... .1. •• ?f t u LC.SiC olyhcc .. ·on '..fi_l ~u de.1otc.c. iy 

.11 , · nd. t.1e urf.- ..:u ele 1e .t of' t .. e 1 , t-y .1. (!" • 

A c~ • .!.-fr notu .... un is uoe. Io • tnc tra sfo~~d 



co\)_·u. ... L:J. to. u ...d OJ 1 ... ne 1 t .... c.~ r·" tJ.l o.lstin._~u.ishe 

uy · LU!' ur ove tno y .eo~ . 

, • u. 1at~·1 ... ind.1ces anc ... t 1 SLl.. - .• a ... io. 

conve 1t ~O:l. 

o.ll nsert o .. : the c ati~l in< ... ice uHd sw._, at1o ... over 

re e"'.ted Jre . __ nuiceG .. ngin · 1 ro • 1 

unuwr·stood. 

t0 3 1S 

t 1er• SJ. 1i. ols U. ... eu. 1.r. v1lC last C~l' ) te · ' ill lave 

the elec~ron1c cnarge 

is El_ tne sout.. ·e of' tne electrontc charr;e ... s ~L 

111 the case of ,,1onovalent m tals, the nu .1bE:.. r- o · 

lone 1/f and the nu .. wer of eL.ctrons N. aru ooth 

s2mp:.~ H 



ti . ...10, oee; teous dcr 0 1' lC:H l.On ",, t 
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~ne >e turLat1on t1eory teV0~0 ed in t 1. _asv 

C.13.,~)tC · \ i.L.L no\ IJU a) _ieu vO C lcul.a te t le .... 1ast1 

c onst nts o:.: lCL.u.J.s rt zu_·o te .. )u.~.·a.ture . Pol"' t llf' 

Ul' OGU , lt -
:~,; coc- .... a ·' 

onLy A "o cC:Sns · a.c:: • t 1 

t>~ lCE botn t.1e u.e:.:f'or1 .eu. JiU. tHe u.nucfor·,ncc.. 

lutt1cer- al'u 2er·iodic in t 1...: sense oss~;;;sninz t!lJ:Ce 

tr~ .• slrt-orur. __ .J' ' ' '1'o"r., ;. ·ne .. eo ..;Cl"·"· :o.-. o · t1e - - _ ....... .....,_ _ Jv _c.-~ h _., v ... C4 v- U - • 

•. :otion o .... t .. 1e t..:l~ct.t:o c in ..... riou.ic .... att1ces !_ U b(, 

1 or tnt..: 

.1.: or· co .. lver.l.ClJ.Ce, J.U .ct1.ons ossessi l[j t e t r ee 

t ... ·ar.slat101al JC •i:JUB of' tne -Ulltl. u \ -ll U Gl..iLY 

ca.J.leu JC~io, ic !~ ctJ.ons, en~ o~e~tors th t can be 

::.. J ~lied to c ... ·iodi; fu.nct:t.ons .,') • J.e .Ld c ... ·iodi! 

f'u .c.., ions · . _ ~1 i. e ca.tle ) .!'i0u.ic o a ,:c )rs . 

·~ , rllld."'o ... , o v . ...... . - ~ j'"' t.,_ 4ol. o1' ~ 1e e..~.tJctr n"' l -'10d1C 

1 tt1c _ne .1 ti , of ~lectrons 1. .. a )C.~:.'i 'XL:..c 

l~eiu .~s uven s;uuied uy. loc l~2cl) . Accord.:.!"'; 

... loc. ' ( t.1eo.·0 .• , t 1e <;i nf'u ct_onc: o.t. t 1c e.tectrons 

( . . 1) 

lO!:'t! 

J,X ( r: J 

't-
·­--



~n \t lCll t 1e J K 
-·~ 'U U.C<.;c.L eve V •• vOr 

· r... '"'•,.;.Jc....ic _ :1c.:t~onn. l. 1 • C' 

f fr ) t • o ·e L 

·~ve£' ~. S{.l.L-consi te .t so~ .1.t ... on. .~: r· , i · c 

: csun t t. t. e oc .• funct~o .. s l ' o · t1e l'o · 1 • • ::.), 

.:. . e . ' 

( t ) 

·.e nave, 10 • t1 ....... ,..u·.ntit,/ fC!=i 1
) ~ . 12), 

(u . 3) 

I J.. I 
~' f. . r - r-

;V.,. 

t v le o 

ana. A ~) · • 1. .. ) - (, . 1 ) , · c sec t.1 t t:1-.. l t t 

operators , .·e · ·t--.. _ 0J.' .!.Cu .. 0 . 11 .1..1.el due to 

lica. to LOtl tLt! 

e o '1. u nu. tn"' uno.e.L or· ..• ea. _. ttice .... . 

t.1e 1e a r u ent sea. in connect .. o~ 

0 ·tors , , J- . ... . ) , ~ t ollo .. ·s t ll 

of rot.Lon o thu e_ec~rons in a.e1o~~d lattice a~e 

tr nsi o.· tea -eo -c.w i .. gv-s ace arul e::: andea. 1i th 

:::·e oct t t 10 is 1luce .. te 1ts oJ.· the ions , the .·e::ul tant 

crturcat.Lon o e~·tors r_·e 1er2odic _n the undefor.ned 



lctticc . 

~u . 4) 

Tne t.:i ·cnf'unct~ons o!' the u.1 e or·meu 

D 

o K­r a er) , 

lK a1•e reuuocu \'/._ ve vectorG L1 th~ 

l'~;,C.L r·oca ..... attice o_ ttlC unuefor·,Jed la~ticc 

..... t ic 1·euuil., seen t!ll"t f'o.~.· an:y 

a er) ' t.le ·ol_o\ ing c H lar· L'OUUC ... 

,. l' 

,o . 5) 
I 

( ¥ : ;iJ · a_,,,; : cr1) = ~. (U.J.;lJ· i!'i_J( 0i,l i.~1U§tb) 

V:J. •• ishcs ::...n ;ener•:.1l exee t uhen I 
7( -- K . 'his 

d. 
~"' . fo_lows ::...r~J the fact t at for a ~e~iouic 

(tJ.6) 

, the fol.Lo· .. iUJ or: 

. ore­
" <L • r &_cjJ e ,_ - -- K_ 

Q, ([J 

is also .. er·iod.ic, anr.l. thv f;...ct that funetions of t 1e 

for .•. rf ( o . L_) ;ti t.1 if'f'el'ent values of ]{ a ·e 

o ·t.1o ,oru- 1. 

Since t.e e~tur ati no 
c). 

-~ r are ne~iodic, · e 

CJ.~enfu .ctio •. s '0 . •..: \ \.ith diffe_·ent K do not e o. ii::.J1ne 

una.er tne ertu!•uatJ.on of ho.noc:eneous defol'Hla'tion. 

:1ne1. tue cor.a.itiou J( '--K is s.ti21ied , (6 . v) 



cc..n uc ... ·t.:u.uced to t 10 vo tL 1c ~nt~;.;.._; ·r. ovc · tlw u.o 1 i . 

• !G), cu,,r .... o.· u.-.:J. ini ten ..... et., t 10 uas~c o ·hed ·on ..(l 

cont in~n. th~ or·i·in 0.1. co)'c...iJJ.a~,t.;s . \ 1en it i 

uesix·c ~ to e.n w.::: ~ Z ·J ~,he li.l.litat ... o O- the uom ~n of 
-

t 1e L at..ial coB1·a.inutes ... o D 

.. lo ... ._.t_O!l, 6 . 5) (;[,n uC f'i:.l -Y \ .• :~~'I. 1.n t.L f'Ol'J.l 

-
( 6 . () -- v 

"·~ s ec 1.a.1. select 1.0.. l'U.L~;; • 1ic 1 .. tOlc.lP onl i or· 

t1le .. . . ,.(• t J/ ~ \ X -- O'" "') • U .. _Jer vU .. .'UCC... Cl 'C!l.L U.IlC . .LOllS vt. ,.... ., v . .sl~ le 

Ot,t· L1el .. 1~ sy ..... 1e ... !';/ consia.c_·n.tion ·ivt.:.ll uelo .. 

Since ~,ne ..... e fuac :.-ivm· U {f ]( ()0 0 

the U!J. C • vU .·..., OU 0 i.._;envalu l!'OU..!.e , 

( K - o o ~ ' 
' 

rJ 

an siJJ.cu tne oper. 'tO.L' HtC.} _s J..1.varia .. t \li t.1 .•es lee t 

f'ollO\ .. t at vl.e u ei enf'un~t~on ... ~:,· i..e c_as~ J..f i~( 

:nto O~U 0~ evea funct_o n \ ith ~J~>CC't t~ ... lC 'th~ee 

r·ef e~.ioi.o.c ln ... u.tuaJ.l,/ ~e ... · >e.lC.iCtlla_• nnes . 

it is .1.:noun t l .... 't11..: JJ,OC£. funct_Oil Uf i ()00 ' 

"" . ) . 

_n the n ·ese:nt consia.e .. :ation \le need o 1 ... y to cl'""ssify 



t1 ~e a ct_on .nto OQ o · uvu unct on ·it 

t t 1 .. C\.: l.t ........ 1· .f .... eJ .• ~..~1 a.efo · 10 l ... ti ·e 

£ u. 1i tf' ~ 1 c cnt1· 1 r· -...~.lu .• :ton ud ._ne ·el'cru 1.1 1 

encc 'c ... ,.e 

t seL .. c t ... o 1 rule t 1 v "tJl 

01 uii!Cr'i.mt .'"> 1·ity · itn .·es cct to ..,he centr< l 

1"..:..1'1 •• 10 • o .ot ~ .. 11 111. u '.L:.L r· 1..11C u ·tui.·"c.. ... ~o .. o 

lQ.O e ne US U\.:L0~1Cvl0l1. 

'..!1ur·u i. no s~tc.r ·.1ect-Oll'U1L; fo· •t itl" l ' r 

v 1ue"' af K f'o1· t l\.:n .... w J.. u 1ctton • r< .f 8 c. nno t r e 

_f' . e 

uustitutc 6 .·-, into t.1e un)e.·tw:oeu el · nvt:.. .u 

• a, ) , re oot in tnc 1.. o_ o· i l · 

c- :or "t 1..-

,t.- . J) 

" JC 
nhe _·e t( I! J 

~ K- " K ~ n '!J -- We / a ff (£ J ==- o 
• is d.cri vea. ll'O • tl cl J "'CCOl'CiirJ.. • tc \. • ~ ) • 

•x ~-x 
.·y :. ccn~,ral ~·e.~.le ... 1 n, H · .LJ.- ·o to H 'nic 1 is in 

~ K 
r;ene.·a- a.if_~;.; .. :ent f.:ou H 

u . 2 . .~.ne 1 .. , of t.:1e 

o.is ,_c.c ....... nts of t 1e :tons ::::o.~..· .1o ... o ;c .• e m,.. e1 o • a ... on 

1s ·1 vcn LJJ . • J.O ~ · te.·~ t..l.e L".i 1 eo .. >OnenGs ;I (1 

.. en as c n:--"l.i tr- • "t_s :i 18 

. l ) 

.:.'ne cot'Jru.i .ut\,; t.· .si J r ....... n to t 1c i ._. · - ac e ic 

c -I'f1cients 

o . lJ.) 

l) .• 0 ·o C UD 

li 1ec. · tr s .... o_ ..... 111011 , .1. tn c ~nst nt 
11 

r: CEJ 

tf 



_he u C.CO ~U l 0 ~.o!l.l.S trar. 0 • ... t....)..O 1 is CO!. ub.llt hen C 

t ... lc t l'unsi o · .- ... 10.1 Ol' tne o 

vni'J.' 1les to · tne.l· \ J. t . 

a. 
,.. r·s r .. AJ.u.;eo to a 

.~.ne t1·ansf'?I' .atJ.o of 

Gubstit ~.oJ. 

a 
~'n.) "arf nsfor·.1cr.t )P~ ~t ors .. 1·c. then ex uru eci · i th 

1· s ec... to t.t rt · in c .ilU011 ni..'" . ouccc.msive ~e .. 'It<-l 

o1 tne e;-:: ~r..nsiOJtG \ i.Ll ue dunotea. ~..., y •.. r.-ol o , f , 2. 

UL ove t. lC _et ... e1·n , o _ ..LO\ i. .. · u t ~I·e_y tn · notatJ.o:l 

usca. .:.n t.1c ·- st cm .. t~r·. .1.,1C Vfll.' iOUS te_·,n Ol. 

t l 
H <iJ ,}-I er -.L _ • e i V'-'1- uclo· 

.1. or t.te eX.]' 1 s~o •. o1 rr ( r J , 1 t ie only nccesr<= ...... 

·~.o o note tnat ~, te • l w.~ ... Ll . 00~ ·utor• _s t_•a.mfor. 1 l.t 

ra. \ C Out~? J. • t.1e C X n.ns ~Oil 

u •u ... 1e ex .s1on o. rr er> .:.s 

- • t 

y ... nvcr· .... inu 

nd J. ( r) . OI' 
(T «. -

.l 
~ . \3 ) T <fJ - T'c!J+ ,....., (f) +- r-r ,;:J - -1-L • .J.. - . .. .. . . 

t I 'T'C£) 
zm \.- i.. ~o(J '"'<iJ fi (f ) 

3 - .I 
( .J.+ ~ 

2. I ~ 1 ((.} I (i) T(!J \.. + ..) ~ll( l 
2. '1"\ ! ( GC. ( ) 

(6 .15) 



- l' t.1 ... e..-. ansion o:J V./~ , it ~,.. eo .ve .:.t;n~.~ o 6J 

... ·oxJ.. 1 tc ~( r } t; f 1 t ... ic() u. o ... t w con ... ·~Ll.ltJ.Oil 

c...ue to t w ... l.U.:. • ic....u· ·- ~on 

./6 

\.' i t .... rt 

ion at ueiJ10 t .e 1 · s au cnu.l .., · onL r on t .. e 

r~.::lctive coor un,.tes o t11es.... > .•ticles. '-'his 

Ilt..:GlCC CS t l<.... CuU l; 01 t lC in .,. ...,_'fCt_on oct· C, • 011 

"nd a. eL.:ct_·o. duc ""o t.1c . ·e_o.tiv c...is 1· ce 1e ts o 

tne io . .~ \ !llC.l c· usv · ~ ~.[.n t1e corG electr ns o1 

Assu ..... !'u .~.·tlle · 

t.1c.:."" Y._t t - !_P J <.:un tJe expandeu. u,/ _ ay.to~· ' n e.~.·J.cs , 

1 .-( 
. y- f; 

.b .1r~\ V,t tr } =:. J( ~ (Y 

.1. l. 
r ( v +- t-r I = Jf ~ ( , I 

tle ·t.: 
'( 

Vt-(r-;--1; l..O. 
t - -t t0.- ( y - (.. } .... .L·e ;iven ~..elm: 

{ 
r - Y )-< 

~ .1~ ) 

-'ne expans i on o_ tne o e :!.'Gitor·s /.J c y 



,...r-t: uauble ce.:~e"' 1~ .e 

\. . 1) 

'..'i t. 1 

( 0 . ~~~) 

6 . 23) 
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I 

)
. / ;I)' c / 
dr y ( ,. r 0 r ( r 

; 
tfA I I I) 
~. t r r J f r , ,· r 

ccn be cd!•cc t.Ly e.i' . ..) ... ' ss d ~n tc.r .1 

,./,} ,-;- 8 follous , 

( . 5) 

of t-h 

a.er·-vcd I'ro .. 
J u (t J cco •di.I'\"S to 

is still to be ae~~ ·J~nea . 

1 1 t 1e c ~.ou. J. c· .c~ .. at ...... m O.L t11c •• : ... ... ·~ .c •. ts 

of~~ wOVC 0 er to~S :~h resect . 

nee o.ccoi·d~r .... to (li . ') the ope ·ator 

c...e1·ivvd f1· , vll COrN~S ono..in. 0 <;;.1.' ... o ... T O.v~'"" ... J.-

/l 

e 

e ... ,.. ~ . 

\ t> . , • ... or· th1 i.l._ti _._ic&tio 1 o er .tor~•, e . g . V+-

cr: ')"L K .s en ... i_·ely ... 1 !'lte.ci a_ .. n:... e .. ce 



t lC o) · ...... .,or \tiu 1 "'1e '"'U e.·::cri "' K c .1 .-i re 

o1 V ... . cu. ... -·0 .• 1 t J.e c .'Cf' o l!l~ ittu.tte 

L r l'C l• C~ 1 

1
1 

lUS 6 • .L·J: ;.LVVB 

~t> . 2r) 

~ O!.' ~he -nte 1· .l op1 · V • 

can be obu~~ned ~~o 

(u . Bu) 

G. v . 

il r;v 
A cr.) 

/ 
r- r 

,iven uy '·'- · ·..!:), \ ir! . on ·~J lacin · t~w inclC) J L y 

r 1.e u.cu.o:.e iru~.ices 

f -e .. 1ents acco!.'din, to 

6 . 2J) 

1 un·t f1·o .. 

6 . 30) 

nd. cvnluo.t.:.n,... t te . at -'-A 

\6 . r) , ·occoJ.tc in t 1 cn.n J , 

0 



\lnic1 ic a connc'"'uencc o t1~-' cl€ ·t1.on rul ,""Jld {( 

t 1: 
(o . vl) u "" 

0 

\I llCil is a conseq_ut.:nc o ... tw normn._:i."at.Lon cona "' l, 

,jk t 1e l. ol o· 1n · unu:J.'tion I' or· t e a.eter i'1"tion ()' &.6 

r0; vJ I A._ 
10} 1f1)* 

w 
) UB6 -1- ?~b lAst 

o . u2) 
" A 1 f(O) I l l OJ }(, ((3~./,J 

- 7e& ~ &b 7' ~~ t-..z ABt 

..l ""vrJ.o_t_ons t!J* ~l tc . , .... e \ll.'i te11 ~lStC,(..(. 0 

f J ~ r\c,AJAk 
i6 Bh 

Up~ , A8b tc . ±or· "{;.le • r. lJ. c..:.· ·on .... l in t 1e 

GU v 'l~.:.'-H k lCCOl'Cl.illJ vO (6 . f), \',lie .. 8-SO SlQ\,S thctt 

t 0 uu) 

and si, .ilarly fo_· t:w o .... w l • 

'J.nc secorJ.(.._ or·der ,e.'turu ...... tion energy of tne clcctr·ono 

Given b; 

b . u•.) 

or 

u • ...,5, 



'fnu f'irs v fo.·.n .10•. s tu. o ·i..;in 

occur~nc _ tne uouu.Le .Lnt ·...,t·e.. 

1 the ..~:.ntu •· nu 

of tne c nL. 

\l.tn~ ~s r·e.1.'e .. ·t..d ~n. ctll. ... c· lcul t ... on. 

~ne aoovc e~u~~ on re su..1.1·~c ~ent :to-· t 1 

OI' 1, 

culcu.lflt ~o •. oJ..· the c ... ' s't ic cons t .1tc , ro•rided that 

the cigmLf'ur.cti:m.., o~ -:he electrons in ~:­

lattic0 ·re ..nm:n. 

unuc-·o .. 1ed 



( . Sim Jle • 1onov lent .. eta.~-s 
------ - - --------- ------------ ---------- ------

A 1:n0\ leu ·e o.r the unpe.·tu..·ucd et._; .r.i..l.unctJ.one:. if' 

nt:Jccssa •y ~n solv:u · the c ·tu:''uat~o ... ecu t.:.on and 

cvnhu: .... in~ the e ... ·tu ·tr..t:._on ener· 7 y ·iven i n the last 

section. ' ... 'his is only avnilat..le for som,_. uonov~:lent 

It1Cta-s , for '\Jh~c! ... t 1 .. "nctho oJ,.: .. iJne_· ana Sei ... z • :orks. 

·t . l . Eicenfunct ... ons o .•. : elcct.L·or.s in tne 

~or· ,,1onovalent 11etals, l: hnvn 

l' or· a :t. . .~.;:ea 8 tn0 .. :e are 

ei ·en:.. unct ~on cbr .·cspotld~nj .. o t~w AI~ valuen \lhich 

J.Il r;ene_·t _ c r 1 assu. 10. 
T ,1-_ ,.y , I ne.,., =z .•oc •• s 

1'unct ions u.iffc::..• on.~y J.n th(, ~J1UC.~.. k , i. ut not in P 

~1 te pc •.. 'ti. .et c :.· assu .. tes •. ini:n.lL~ ... o · le ~ 0 00 

oi 
-..hen the correr o ~ l..~ Poc .' s f" .. H ... c ... ion ~ P ( 

OSSCSBC3 a.L t!..e sy .. ~,lC"tl'.,' 01' the lattice . 

~0 a voL .. the "'a-·e t C"~S k ~ 0 0 0 ) · .. llicn ·.·ou ld 
oK 

X \ \lil.l 60 of tell OCCU.1.' b _0\:' U.. B ' /)()0 I uc de . .toted 

~ 0 ~ > 

by 1)..8 :..nd W;; )( - ()~ 0 ) 'i!ill be a.cnotea. uy w 
\ I p 

t.ssu.. tcs t 1e >a-·ticul ... :L· v~ ... uc .... Oi..' o :Jcrator•s 

t ~s is c~tanatica_ly t~ue accordin· to the aefinition 
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J_ .2 .r I r ~"0 1 

I ,){ 1 t. .J!fi"/1 -( ~,;;;-6-JJL- j(i-tX.ViJY.)-4J 
E;). /;/1 s:. l t s o Cff /~ .- 'f 

<.~~IN' = J /; ~ 4Jf' ~ - ( Vff'V -~J J 
~Le~ st v ~.of 

\ • \J ) 



It ~s e . ~lY V rif_eu. t l ll E.,, ~-l ' 
ne ~9-+' 

f' ti J.Y th .. otronic com it on, 01' . )._•.., ~rectly een 

1 ·o, 1 ~ ~.c.8 . 
.l.l1 t,le f -·~ J.CUla ... · ea G .... oi un-±o .. : • U~-"'t· u:l.On, ··hen 

HO htVC 

,8.vv) 

it t wn 

".1. t 1 t H~ i,X 'nc_on COCl'f ::!.C i.. .. nt C' .LCU-'" te .... . LJ,l " le 

ei·tu_.-ut:. ... on .. cu oa., r;ive.1 .... n ,13 . >o) - ( . i)l), ·e nave 

tne ·cforc tne d_ffc~cnt.a_ cnuat1ons 

\ • .:>5 

\u . vv) 

lu is enc1ly vu~-~~ea. · y . <>5 1 , 

0 , 

• J. t 1 t 1..... on dilla ~:.or'" ~~ - w 6 

b1 the f c ~,o_· ~ J..11tl'OO.J.CC l'Y 

v . l) 

. vu) tnat. t.le te~ns 

1·e _·csent t 1e chan--;e 

\ i.e. 

1( 



.... 1c ~--· t. ~flu· nt-'1 enu t-o ( . 0 ) .as ucon ?I 

C...Ol'lV~J uy .1.' •\)l.J. .• ( , , -~· u) r.;y t1.~,.. • 1 t 1 ) o... t 1e 

n _ieu. t > "' 1~ c .J.cul "t~o 1 o.~. co.n ·~ ci u i li ty~ .1. uchs( 1. . a)) 

• '"'Ci.lltJ..IlJ t.lte .1. c to:!.· I to oe const" ... tt. ...n t.~1c 

'CS ,nt rtU!'u' .... io 1. 1 t 1od , t tc chr n e f the 

bou ~· r ... r condition h 

col) ui l[. u vl'<!DSfO .. ' .n:t on l.O t.tL i tU e-6 ,p,ce, SO th"' t 

1:; ,, C"n... , ~ff ea .. 'be c -Cll ntea. ..! '<. tely. 

o . v . _he t .... ·. s ~.n tnis 1 rq ;1·n. I 

S de e.n.u.c 

only on 'L!le vu .... ,L. • .. 1 or· l !Ost . onova ~ent .n0 vcls. 

S .:.11CC .CA ·u1 .... ..ua Lave Luen cu.!.c.J.latcn. _n the 

.l'eced_n; ) l'& ;!.'<~ Ju, • ~:.- neca. on~~' cons~u.er· the t 1·. S . 
'ri~).. • .ding .... 1 I ;I U.l' (V . 10) J.fl v.1e i.!,1' ·e "' )"'cc' 

'.C • ave, C.CCO.'di... vO the Jl.Ovf.l.vl • 0 u . J.l) , t11C 

1 ol_o\ ... n _nte...;_" _s ovc_• the ClJ •. tain )J. a snh ~r·e in t .• e 

0 j lcJ (r tJ) 
e~c 

( . "J) s iN - ti.J/ 

d 
4-e-

s c/J/N = ji~V lr~l (~/ 

(8 . uJ) 
C(}.,~ -0-

10t e,~-~. 
sot3)'~N fl- ~ - I ~ 1~/-

• W) 
=- !£ ~~ .2) ~D(. )' ;; '1) l ~[' 

' & 

-here 1s .~- ·ce_lJ n:> need to .:.ntcgr te all of the.n, for 

th0rc ar·e :11 ·er..>1· .le r elation"' · .on_; the .1, c . ·. t .1e 



isot~·o ic condi tio.l, 

( . -) 
'_hr·ec o" 1er r 1 • c..- ~~.2c rclationr .~J be ~erivu as 

1ic .• · ·::!.-1 en...'1Lle us to ex re ss ft , S, J 1 L 

SI) · 11cn nn.J ue tl •ectly 

:!.nte '!'Cltvu.. 

) a~d ~ul ~ 1 0 vheo~a. on 

no.no ·entJO;.IS u ... ctions, (..tat 

u . ) 

S l1.1ilc:....r .l.J , _)- Jin_; •.u..lc1.•' s t.1eo ·em to ( . 40) , · e tave 

ih::!.le a l l·rinr; PoL .. son' s ~.;r .... :.:t _on 

~t. 
- I 

J~ J1~ 1~1 
'- • •:r) 

t-tJr-t- 1) 0 -- s 
~ 

0 

s 

\lhe 1•0 f c ~V.) u.eno ~.. cs Dir·ac ' s el t..t. function, · .•e _;et 

cnot lCJ.' r0la ~~on ll' O \ V o •..:0) ' 

( • tJ) -o 

J. a ... 1 t .. 3 r>lld ':J • . _b) , 1 .... n J.l r·e.,lace (3 . 4o) oy 

0 

u . ·- ) s 
. ccoru.d ·to ttte notat-on o. \ . 1~ ); , 8 . ·x2) ,( . •15) , and 

\ . ) iilay 'Le -Y. J.'CS eel l1l tel'i lS OI S, , J" , s,.l , s~'l­
o 

S al:;eo.:aicall · s 1 ollo· s : 

1! 



0 

~ . ' ( ) 3 SI - s 
' 0 

( o • . 8) 3 ( s,, ' 
.I ) s 

\.. 0 

( 9) 6 ( s,, .) ) - s . !,.. ~ "y 

' 'lie ...... o~etnc_· ·,.itn (o . · 1) c;cn c oolvcu for· J, " , 
V 

jt\- a ld s~y. in te · .. lf' 01' S \' l.1.Ci1 la./ C l.nte~l' ted 

~ 1e res <"" . 
VOJ ~ ir·ect.!.y. 
3) 

J 

( 
0 e~- f_ S11..v' -js Jv ~ -jl!!:.t-

0) ~I# = :: 
.), ;;, - .J ro 

( 1) So /;V ' Cl 
I I p~ C-. :: /) s /;{( y .) TG -

( • 5' ) .S,)- .4 t :/ ltV " 
c ,~ -

/ /'0 

( . 5. ) :< J(l.<f .N - /f 11// I~ y 
~,.e. - >"0 

· .id'l t e co.uJiil· l.-O.lS 

~- ~~e~.!.: 
~ Yv 

1 (" c:~--e-
r ,..--. 

L J 

1< S/N .2J;.s /N -

The factor j :...-'iSvS i ·u.11 the fact t.1.al. in t 4c 

a.ivision 0.1. "tll, C lJ.Ol.lO intc.~.·c.ct_on of thu lat tice 

-nto L S , only the ..~.ect1·on d .'"'i ty at the 

_he te"r... L ls also to l;e .. ul t:..plicd uy tne !'actor 

rY . \et. .J.C!1S , lJati) -, . 629) . 

On c o .. T'') .L' in_; ( 8 . 5·-) · i th . v2. , 'e see tnat the 

c .. bin: t_,:m c - S u.c:pends oni.y on tne vollli .e . 

.~.ne _·~vunon fo · t 1is. l. t 1at the .inctic energ:;.r of the 

clectr·on ~n:..s :..n cont'" l. .eu :lJl C!J by v . ~v. ) is 

ractica_l not a .~.ectcd · y t he a.:..stortions Keeu irr· 

the volw e uncn:...n:?;ea. , \1 ile thal. .... he c_lal10~ of the 

otenti<...l cn~J..·gy due to distol't-ons in l:..b ;u-..d in 



s ltV l '[ ctic lly cnncel. 1 t hlO.J ue aa. eel he.·e t..l· t 

.l ·nor· . nd Sei tz ne V~;; s 10'1!. t~1a t t 1e er·r·or· in t w 

~inetic enerey i ntrouucecl 'uy re la"' inu the .... t . 1ic 

olyhcar·on uy tHe ato.J.J.c s he ·e is t:Xt ,:e .. ~lJ s. mll 

( 'i ;ner· "ne .. u\,;J. tz( 1-:J.;cr )A·nellO. ... :{: I)······ 

_ne consiac.cu.tJ.OI 
l ..... o 

o~ this r_a ~aJfl a Jlies to ,.. 

lithiu .. , out 'JL'oc,c."~Jly not to eo Jcr. 

d . t~ . "l~stic co1~~.~ants a t c>nsu nt vol..u.1e . 

- UC~lC, _J.;ti) US C:AlC l ted. vllC C..!..::lSt iC const-,nts 1 v 

con t._nt vo-"X.le O- 11 nov,. h;nt . 1etuln r::.ascc... on t 1c 

ass .1 1tio11 t 1at 

8 . 55) 

.h.:'o 11 t.w l' esul-.., ol' ( . 5 thr:t the o. ... f f" r·ence £: - S 

a.o enu only on the volw .~ t..nd. f' .:o.n ~.~he c. pl:oximute 

rcsu..l t o. ~ • ._, tha... the _. C!-'• 1i energy and thtJ 

co!·r·elat :..oa vne · ;y uCt\.r8cn elect 'OllS '.n t.L p:ll':llic;l s 'ina 

u.ei'e~ld , ... o ... · sodiu .. , or:ly on the volU;t.e , ;w cue that 

:.~'uc!l ' : ssu .. pt_on J.S co.n )let:c ly just~l'icd J. 1 t B case 

.p • 
0. SOUJ.U. .. . l!'or· lit iu.. t , so •. e correcti > .. is nec~.,;seary 

f c_· the ... .L.'. ,:.. en J.'ciY 01 t:- cf,., ·.11eu J..att ice arisin'; 
DJ.. d 

f_·o.l .., w c. .. :::.f ... ~ ·\,;nee o1· u 11 ana. 46 ... ay no,; be; 

t:,. _·E:so.u le J.n ~.~e~. s of tt:e vol..t..l ..... alone . 

~ ~.~ io l'urther estJJ:latel that tne ne ;lected ter . . , the 

-ast on OL ,8 . 26), oes not af1e~t ~his conclusion. 



. '( . Bull: t 1od.ul~ o ... : 10 lOV .lcnv 1netu ... . /6~ 

·uul . modu i c n uc c. lci.ll"':.ec. i1 the 1., indin · energ,,r c. r; 

a ..... \ulct ..... on of' the volu..1, is .... o .. n. ln o1·der t< 

avoiu nwnerica_ c· lcu .... ution, 01 tne "o.:.ncLill[:" ~nt.: • ·y .1. o:· 

varioun lattice d.l.s tan..:es, .1. l' Olll~cn ( 193 f) t l::l3 ) 

condit_on' an ........ er~vtXL the i'~1·st o_'der dl.~.fe ·0ntial 

C(IUD. t _ n ( J . v5) . ucqs,l9u6a) then a.plied t1-S 

f'o:!' .. lllu , assu...1in_; tilt; I'· ctor j t > ue cons ... ant · nd 

CC:UU- vO onu . e ~.~oo .. : o.s the to V,-- ene.~.· y Ol' u.le 

--att .:.ce, s:1..11 Jly 

[. + F +I 
. ) 
u, 

nd ca.!.cu_o.teo. t 1c oul.. ,,wau _ J. o1' ,,1 novalent eto.J..s b r 

c.. i:·.L·e.1:entiat _ons, assuuin_; t 1a t tne -•'e!· ... li ener,;y is 

r;iven L.f Son.le_•fel<l' s for .. mlu .~.o .. : f'rec clec ... 1·o 1S . 

J..1e cor.·ection..., to Er~ 1J..icn ' c .1.0r.nul8. fa.· E and 

So .. r:ne.·fcld ' s fo_·JJ..~.l· IOl' F vnl not be con"'ider 'd 

he_·e, 'tlough tnt: ...-rtu ''-'"":. ... o.1~ 111ethou ;1ve .. bavc is 

Eu 1 ..... ci n ... ~o~ thrs . t 1s on.1.,; intended to 

t.:~-U. .ine the correctio. s due t ) vhe other· i-ce .. s of ( • 0) ' 

::.. . e . L , V! 1ic11 l.,ust be aa. ed to 

• v6) ~n "Lhe _ oc -.:.~ir c a !:oxi :atio •. ; ana. 1\lrthe ·.nore 

.. ne COl'J.'Cct.:.on due to tac cor1•elatio 1 ene _'EY for 

electron~ i ~ 1 :1n i'Oa ·~1-el snins , <.'hlic 1 has not bee.'l. 

t .. un .1nto ;,.cco.1n ... _n t e ~ o~:~-.J ir·c.;.~ a pr·.):v::imatio.l but 



h· o ue.... s 1o;.rn 1:. bf.- v r·y .u.nor· ...,. nt 1n tnc w 01 

stu-1.:. ... tion of H.,; u' s . 'r u. · du.i tiona L en · ·.1 

~~C vO tlC cor~~. tio 01 ~lcct '0. \~tl nt1 r ll~ 

1l.1£' .... as cee. ...nvest 1 ut e .... LY .l. ne.:~ _J3t1) lll 

oe .cnou<:u oy 

.. ~ y e J.' 1cc.te .. e1•,__ . 3'1·0 tw c('luat1on 0 t,te 

, u ave, . t ~e ·o ) . scu •t., 

jc£ le ./;: )[ 
\ • 5 ( -I) i. E; . lro 

r 
lro 

+ <I 

A r 0 
"-r,. 

.J..tn th .... hel_ of Pl'l)lli-..;1' f'm·.ula nu So.1llt;.!.'feld ' c 

. bJ 

t11i... bee oncr-

t io.t, 

I 

,.I(, 

r ~ 
6 

is vle n c~lc~l tcd by another 

- t) 

o ·e ~-';:;) m r LIC eli! linated L"' 'the enuntion 

i stc. • vo) . - 1e !'in _ c ... _ · .... cnJ.on f:o ... · -;: 

tne 1·e ... ore 

, . oo) 



I... \ e -J1t.J · ~r·ct " .to: I in 

- lCludii.v th~;.; .... di-.iO~J.. te ' Lv L- S-t{' tL _no.l 

: :) .. 't: . ~on ) . 1 . J.ll ... <. 
·ut; st~l o1' thu 1'o_>. 1 ' . 

.cncc v .... ., C J_'.._'0l: u-. Jll to t lC IJU .. tOd:.l- t"' Ul "') L -s 
J., 

' . ) 

01' 

( . 63) 

L- S' f "l;ar~f(el :.;~ 

N 

llC~O ·d.~n. vO .• e t..he ' t. CO-' ·~latiOJl enc ... ·[;. 10 ' 

c<!count o ... · not. .Lne n ....... e_·ical vu- te ori ·in::llly 

ca.Lculntcu uy l.' ue 1s en~ ... ne Yt.lUt.>S co · L'ecte · ccOl'...Linr-

to , . bl) and ( • 6 ) a •e f',L,w.,' r•ir:ea. J. vh J t t. C uelm 

wher~;., the expe~i..Jental value ext ... "'apolated by 

BEL· ec.;Yl( l v ) t zcr.:> te .. )t:l'"t,.t.&.·e ana. >I'...:Sc;J.r ir- lso 

~nc-ud a. ·o1· c') o.-·is n . 

ull .. 10U\.lli.ls 01' sou ... UJ,l .1.11 ·.g. s . uni ts 

Vu Ut,; c _c . f ... ·o . .l 

11 
10 

o. d'18 

/ o-4-



' ... he nw.l ric<... v· lue o1· L ~s t ~en i'r >, 1 

n ~x .LI , n . 1el r 

(c . t>v) L ltv 

The de 1Cnucne e of t l J- . ,. ~L ... tion ... ne ~ _; r for· clcctrOllG 
0 Y0 

··~l- • .l. a nt ... pn..1.·nllel spine~ siven by Fi · . '1 \ri._;nel·(l u·-Y) 

\/HJ.c.l 1 .nJ r..e reorecented by t .. c 1.ntc~· ola t-ion o , IUla 

8 . 0 _) 

;,i thin 'the _•:.:nge 

uctual valu~ 01 ~ is t· .:en 

The nu..1erical ux .J ·essions 1 or· 

;iven i.~ \..J · u; t.!'l!. \. • • .;0) . 

~.ne 

o 1~"' ur1i ts . 

J UlCl 

· 1 luc :.3 in 'the t0.ie unJ.tA u::- ..... d Love . 
nu.uer~c~·-- va.-



(o( 

~ n .. >:..:A .... OSC.l.LLA ........ S ~ 

9 . .ota.t.L n 
- ----------------

... n t .iP cater t,~ u11~~turoeu _~ttice is p~riodic 

os se 
_, 

s_n_; t ll'Ct;,; tro..1sla t ionu 

AJ.J. e •ioa.ic r•u.· t1ti ies 1' '"' ... e_· to tncse ::> riods . 

-'he un e~·t;J.rr:;, .a i ·un.Llllctio s re e.1tL 1erntea. it. er 

by t o i l.Uice'"' 1( !( or t-... t 1.· .:e ... ldice... e. , LK 

..... lU o , or O.f ·.nothe.~.· et o tn · e ~ru .:.c s rKJ, e nu 

B . '.l1e i 1(.Lce. £ ana. e , s x.1 • . .;t o v l:.ws cc· .1, 

, lliJ.~.;; < K) ans.L .on on·~ .: L.. O.L tho v 1 tss · nicll K 

ssu:nc. 

The Poc ... ;: "!..' tnctJ.ons a_·e ui ..... tin:;u~s.led by eo tn.ll 

.Lctte!' ~ k , b o1· £ J<J " 0 1' tK) e. b r·e le. ClllC 

t 1e ea i to. ... --~ttvrs in tne J.nd.tces . _'ne in~ ::r.: k 

o .... s not , ,•r, .e all ~,.1~ V'"'J.ues \ 1ic K assu 1e. 

-'he cu. ~ .ation i · S 1 cvve .. : .. <...11 ~,uc oc .. functions , 

'1' le stu.l.!.!C. tJ.on si ..::ovcr·s ~ .. 1 the e10enfuncti 1 s . 

o ... i uion o1' "lC i n iP JlOt e~l~ c..il! I t.Ut it is c relic . 

'. h: ic- .... c0 .entc of t .e ... o Lf' .·e cr..c lyz.J · .:.nto tner .cl 

vc . - .t.; sw ~ latio. s1cn Sn.. covers ell moo.cc of' 

Tn{; e_·turb~.;;ct ei t.!'llU.lct_ons r·e o .1~· cnumerc tod b~ 
{tfl e 8 .... 1.Ci t w c .:turu-..d .. OCL: ..... net iom;' l J rAJ' e ' j, • 



10. ihe.·. 1al u.J.sulu ·e .entc us :... e1·tur·ba.., ion 
------- -~------------------ ------------- = =-============ 

'1'11e ·ene.~.·.-1 pr·ocea.ure o.t t1·eatil'l,2; t 1e (tie >~cce.ncntfi 

01 the ions as a p~rturoatio. to tne .o~ion of the 

clec t1· J!lf.i nac ocen a.cscr·:!..bed 1.r ~ • ...n2s v1.ll no 1 

be a~lied tot. e case o~ thc~aa~ ~ionlacaoents of the 

1.ons ~escribed uy 

( 10.1) 
;'"( 

0( 

f 

vJ/1 
\.ner .... the · .ave ... oli ~.~ucJ.es u satisfy 

( u. o) 0 fO'!." 

coua .... ion ( ..!..0 . 2 1 eAo ... ·'"'.;sos the ..::ona.i tJ.on that t 1e 

P-is >ln.ce ... ents o1' t.h.. _o!J.S ~ .1.'8 l'e,..- · 1ile H . • v) 

·li1.linutes th0 .,ranslation of tne .1.~ t-l- as a hole . 

':..'he 1irst stel) of the _)ertul'lm.t-iO.l .1et.ho ic the 

~ontuct trans_ o_· .. mtJ.on to t.1e ir.~o._;e-spuce . 1.Lllls 

rtr nsfOl'.i1at ... Ol -S C. vtt. ' .. inCd LJ t.lC la;! of the dir' )lac~-

!lent ... of tne ions. _ 1 the ~~esent case, the 

col)x·ul.nste transfo_"' •. m t-Oll to the i !a_:;e- spacc is 

10. 4) r-
" 

·ro.11 rhicn t11e tra .sf'o.~.·. !at ion o1· the opereto!'S und the 

ci ;eiLf'unctio.ls •. 1ay be a.e.L'i ved acco1>d.in-; to ( 4 . 6), , • 1, . 



J.he tra.lsf o.·mcd uant ~ uie ~n t 10 i 1C. ·c- s H .. ce. 

a. is tin -uinnec.... oy the bars ~ L ov the e t ~e · nu .:.n tl1e 

ar ·~.1 1ent"', : .·e t.~.1en to Le ex anc...cd ' i th resr>ect to t 1e 

"'"'' ro.. .. ete ·s et{: . 
10. 1. Jer·turbution o >cr>ator' s . 

oi' tr1C va.·ious o C.!.\ ... to1•s con"LP ~ned in the pertm·bed 

ei ·cnvn1ue r·ool ....... , ·1: . ~5) '.111.- nm ue ci ven, tei· . ~.;y 

tei· .. 1. l.'.~.lc ,ene.·ul 1'or· . of t .epx ansion is · ·i ten a ... 

~/ { r J 
0 -= Htr) ~ 

or , _n ett.1::.s, 

(J.c . o) 

H.le.·e the s~.u n<lt:Lo .... ove_· re ....,c.tee. .. G ·ee.!'C i.l.C...icef' ~s 

UT'.d~l'S vOOU . '~he .~.ndl.CCf' 1-t 11( 1ave Le en '· ·i ven on 

tne .Left CO.'fiJ.!.'S of' tnc onerr tOl'S 0(>1 H c.C) ctc . in 

o.·de'!:' ... 0 r... void n.ny con. usl.on t t 1e notat n""' 0 .1·:ttrioc 

Eae ...... nts . 
.l~~ H -; 

, 11(/ai { k!-

to 
e .... c . Ul-- "oe re1e ·-·· c . a~ t.1e ex ansion coefflcients of 

!'0 be ·in ' i tn , t.ile otenti 1 ene!'GY v;fl:: ) :!. .. tnc 

real s ucu · _ll be ss~.~a. t~ re of tne for~ 0.1. u 

_att1ce SU.lil, 

~tr) (' I/ {Y- i/) 
-- J I V .J. \ ... o. ·r) 

-~· o·uotitut_nc \.!.0 . 1: , o. ) into (10 . t) and e:.)andin~ 

t .. w l'Coul t r..y .a.,r _or ' s serit,;S, ·m octo. in the .~.'ollo• ;ing 



expansion coetr·~c ient"" of v~ { r J 
I 

(lo . o; v+ (y ) SI v, ( f a/J 

oclr V: fr J Sr 
1J~·~ lft/ ) ~-c (-1; 

.: ' e - b - ) / ; -
)n - Cl( 10. 9) 

.F 
'/' ' ·t'/ ~ '\~v.r· f 

f ~ o· J 
. f I . y I~·~ t}f' i~~~l T )' L_J 

1 
( e - t: J(r - e ) J.' ,t _ ~ ~ 

• Y-d'j' (!; i'" 1c . lo) ((I ol f' 

.1.t i"' sceil .!, _·o ~ - • J ) t 1at j_ j4c.Y/ is .., 1e J.' duct o:: 

·~ 4. ~ e t- c..r1d. ::.1 pe .. :~ouic funct_o :1 of r- , the pc.eiod<" 

ue~ .;:; tne latti ce vec to-·s 0.1. the LlnlLis l~tced lattice . 

}'or convcn~ence, sue 1 1'unct~ons _ll be cull ·d "cyclic 

f u. nc tions ot the class -n 

Simi la .. .> l~,r ~t is seen __ ·o ... 

tn·e cyclic 1'.1nct ... o - o.· tne class ;,
1 
i' )1. 

'1'hc 

0 

::e_• - o ... ·de-· -r.e1• .~ V/ r) Ls oi' cour. c o. ...,e_·ioa.ic 

1\:.nctl.Oll, 0 -' r Cc~C.l..!.C .L'L.LnCt~on of' tne claGS tr-&0 

~.cxt, t H~ ti·z.ns.1.o1• . . c .inet ic cner·; • T t r ; 

~ .1. • 11) 7 (.,; ) 
m J- 1 w (Y J '/ ( r( ;:-J} { I.J(r J 

e ·e Tr ~ c,.. ;) c...cnotec t e 0 0l'f tOl' o"utainea .... •o. 

r( v:J uy tie suustl t v_on 0 ;rpri ::;.i..,lcs :::..o . •-:) , a.d 

.,)(~) 't 1e C" u I'O ·oot o ..... 't!le "'OLJ:Lan o=- t ... e 

suust~ tutioll. y ~ c iLstJ.tu~..ion 0 variable'", · c 

have 
J ~ r.,.. l -

- I I ~ r..._ J 
( . 1~: - )t ,,.C( tvt'i:) 

~ "'J 
) ) ~? 

lo'J 



.1. ·o • · hich '7' c Y" ) c· L lv c cul lll:U. 
_ ... l. 

" t : r { rf f. J c . ( . ) - ) > 
-J.J ·c . . \ ~ 

l.S t.te <.lC"t 0.1. 
" ,,.. 'j." -e - 0 

' 

'1--11 -

c1 ~ti!), a rl 

in ... w OL UC.., 0-· " . ~ e una. "' CO lSv._. t. ence 

:'re y J 1.0 "t 1c n•'Ja.uct of ~~J ~ 1 
n d. .... n - ,'.:'> ·cneou · 

C"U a. •rt~c '0 '. O!' 

J.C' ... ne .·o uc"' o c.na ,. . J.ruo. 10 ·e .eous 

ru ~atic 10: of 

_ne ex .LiCl.v X'1 ·..:ssl.ono o "'0. J ) • tne e:. \ nsl.on 

OCfl. J.C J.Cr ... ts OJ. 'f ( y J ere ·i VG.rl b lo \1 .ic l .J. • .... 

su1'i'J.cie.lt 1' l' "ne ... ate · c lcul..._ tio s : 

( lC • .1.~) 

- - j 
2~ 

Sine- J t i:/ 1r y oe consiue ·eu. us '1 "J·'l.O ic 

o ercto ·. i . e . ~n oJuret ~ \hich cun LC P.-iect to 

L;rl.oa.ic .1. nct ... on t J~vl e .... ·.~.o ic _\lnct ons, i~.~ 

1 0\ C' 1'-•o . 1 . lo) t .. [ ~ 7c,-) ic t.1e .. ·ouuct of ... a: 
. ~ -e•t ·r- a c_·:i.o l.C 0 e· tCD:" . .'o_ .. convenie 1co, 

"'UC . o v.: tors · .dl tc c ..... lleu. 'CJC ic o 1e. tors of t e 

~l::s 
ro ( • - ~' by ire~ ... 

_v 

c culatio~, ... na~ t c cyclic 1'unct1.onC' of 

t1e cl s .... In "' ·t .1.. cul'" "' _, lr 7'·£) .... .. _ ~· • 1\/ t( 

/10 



, l • '-' • 111 

crio ic o e~ L r. 

- 1t.: ;c lt,.;.l.:&l o •. OJ. t .... e ... cion c e.~~clv ts o 

ld A r; I ~ y b of t 

J. OJ.: 1 l. . ll.J ~ f (. ,:, ) J,/J, /) ( l' ) . vC . " . 1 . c:;c ic 
' p("' ' 

j_ ~l .c t n "' .t.: C ... , G .., l,/IIJ t~ . nd 1:. e 

?. 11 - ;,/"A- -; 
tl ' y J, Of/" t z:- , t.:tc . r 1e C,/C .:.c 0 ' 't rs t c .... ....... 

cl s. , ">I I 7 )) {.;..,(.; -"' .:.s .~:c di ,_ . ... een, 
.... 

·r0 1 " lv ue .:.ni t-.1.011 0 t 'lL p (J:..) u."k.. t e ;{( t: ) 

1. \ - { . . ~ ) \it 1 t 1e l - o' t ...... e ... .. ns1on 0~ ,, . - .... , I, 

I, - • 1 ) 

t.1~ " t e ~_:.:;-: )ansio coeff .... c 1ent 0 · t lL ;J c 1::."'/ t 1c 

-IJ er-) \ i-1 oe OJ. t •. ;:.l : ;co'ted nr 1 provl hat the 

r nsion coeff~c lL:fltG 0.1 t e t:J. ........ V f Cr / ~) l'C 01 

1'01· , 

H ~ r-,} - -/) Qo--; (t;-/J 
~ e 1- y tr-.,.. tr - -

= e'l~,. e ~~J!.!;- (ct!-i..J 1,1 {ti_,~ 

i... .. nct.:.on n.d. f ~.<.v o ... e 

. ote Litr. r·.r ~ ·~o~ic func t1ons • 

;onv rsely, .. o· ey _.. i , c .s. :un t 1at t 1e 

1sion o-..ffic ivn~,s : If Ci) a 



nd 
)t ~~ .) 

()('(;( I (I' J ' t . .-~ .. c . r .!' CJC 0 c .. t :...' c c .ic 

iu 1c .,1 " c , ,tc. , t C[ lh, 

\ u.J .:.c ... ' il bv 

,_,...,.Lo - -/ f ( y J. r:..) 

.. :er...lly .J1' v.LC 10 '.! .. .... _c ... [ t c.,ov~(- .l () I, . 

lCU t (..; L-OV"-' .•tic 1.., -· ""'"0.' ~ : ttiJ•f 
nu. :per..) -t~. ' 

V -c 1n,...:. tent ·e \:) . 1 

c-olJ.t- ... ... )l' t lC motion o:r elect.·'1nc in displaced 

_t "'_0\c :t:co .. 1, c .... ),,-~· r,, by ut.til[; 

n ... 

l > ... 

!"' ::.. ~/ thr.t t lC \..J. C.1SJ.OU CO~;,lficiC t"" : fCi..~, 

?, I~ ft .;1; 
10(11( 

, C vC. •c c,,.rclic funct~o .. s Q t le cl· r )r 

'h 1 t 1t , ~ tc . nee ~ 1rve th t 1 01·~ t at both 

... l<..,; otentir..l end 1"' u.~,; sit · o ... · tne ._ '!.ec~ · >nn n th 

dis nc~;,d lattic._ iti n o 

OU.Cllvl uit.: S ,l) U~ te lJ," t..'lC VG I' ... 0 lS t lv ' 1i...- VC 

10 . . oe_ect_on l ... ..t ..... es. ~ince t ~ undisplaced 

latti~:e is p~r·ioclic in the senae o"'cesrane t 1rec. 

t.• r~sl--tion 1 eriou~·, t 1c un' .rtu ·beu ,i · nf 1nct on. 

o.re ..;i ven l y Bloch ' s thco.L·em, 

o. 1 ) --

I? 
..:; J..'.., t l.... -'<..,;O.UC ea. e· t-he V0 V~,;<.;tt:r S on th 

t.l'- ·iocl~c func t..l.ons. c_l _•c_ erri.l1(; to the 

IIZ 



cu · ... t: .. t, 1 • n .... 1 ..... ~,, c >-'l' ~.J ..... o V\ 0 ·• oc . 1 
l 

... s ..... 1 t 1. .. • ... oc . ' o 1 ncti 
0 -k 

f'J (r/ 

ut;lon.c;:.t.n tu 1-ne .n 1e o-* o,t 
t-.." w ~ = ~/ J 

0 
-n- et, J.u fol-078 ~~ 1 , lO. - ' 

c} -k 
. th.... act t t Hti J 

lC l'..,·l, tl't 'C ay ut '¥' J = 

#<? -K _ o K f" 
r /3 -1fe 

- .. lie '..l~l )C reJ. r· ... · ... tw a.e 

of' the \1 ve vectors J!C 

) 

0 I. .-y 6 , or, J.n ·enera 1, 

... (/ .,./(' .) -/{" w ·-:: ;:: w 
8 8 

e t i n of' the "'Cnoe 

J .. et us nor consia.-.. · thv f J.rst - o.~.·der e ·turb. tion 

)e .·c.. tor· uue to t e; tne.~.· ..al dls ... ' ce .• cnts o th . ir> s, 

( 10. 2(.,) 

.her ... , s s ... 1o· n atJovc, t te -;Hr €..) are cyclic o er tors 

of' t1c clasce~ ~ ~~ ~ollo· n dir~ct y ~ro 1 the 

Cl'J.ni t1onr- of t e ClO.f' -..S of' the c~rcl .._. -..I'.; t J ~s C.IlJ. 

I 'it o /{ 
the cyclJc f et ions that, .• 0( HcEJ 1f 6 . n cyclic 

! unctl n of' the cL cs ~-+ Jt 
i'unct .... n 01 if'! cr ... t c o.sces c.rc o ... tho1onal, t w 

1-ctr 
.o. t 'l : C-e .. ent H .8' !!> r ac ces to a sin ·le t .:.r..l 

eontrJ.but .... o. 0 that - ....... u.LCUla ... · J H <'i:.) for \ lie 1 ~.he 

t:ouatlon 

.LO. ldl) 

cc.n oc sa.tlsfiea. uy so.ne inte ·r. VP, • c:. of {« 
I? ~r: ... ' Sincl' o.ll t 1e three intc ;er ~ , .Aot A." 11 11 ted ~..o 

11 



t w r r ; .... - L' L t !__ . . J, L j er:. 1 nl • .r Le - 1 , o , 

f. I _t 1~ n ~lJ e~n ~~01 (10 . ) .. h .... 

.L o.~-· ;i ven v· .1 t 0 J(ql tl L ... n 

t -c n~ , r e ueter•,,,J.nca unJ. uel::r . 

.. e .my tnc ·n re \:l·ite 

(10 . 22, 

\:Ler t 1c f'U)t.n·scrJ.pt~ " a _·e un'1.0r t >oa to 

~nt.LPfy t.e selectJ.on ra~e ( o. 1) . 
'" t 

convc .• J.ent t J _·e ,ar ...... , lG . , ) cs t11.., SC;lcct. 0 . t le 

e 1oice f uny on, of n lr/ ' .K u. hen the ot-her t\.o 

Ul' C giycn. 

£" ec1.ull.r .. 1entionea., it 

!'ollo· :-- _· ... ·o . .l (lo. ~l~.(lO . '2) anu 1 . .... ) that 

10 . ..,.;, ) . -0 

... " ·1 ... 1• appear .u ve 

u nnec esscry 1or thut 

v e con~ition (lO. v) is 

nnoulo. vanis<l identical +• 
J.·or t 1e ~;;X :. nsJ.on coefl ... -...; . ..,~ .. 1. ~ H "!3: l , .... nvol v i ng a 

f" , vanishes idc lticc.d.l:J i ts::.elf _ 01· 1t ~~o . 

cf . t .e 0 .. -.. ),.. ns ~on coeffic ient.s of ; }';(£), .tO. r?.!'.d of 

: 7'1 i: I 10, ~ ) ) ~o.ue eC1UO.t.LOTI tlO. b) os be 

ucsc!'J.oed by GaJ"l.I ~ "n"t ... he cyclic functJ.ons 

o .... tne nx.te cluss a.o not co ... iJine und.e .... ihe fir·st - o •de.· 

) r·tur oatiou a.ue ... o tnc d-s ;lace .6 t - of th ..... i ons, 

;(a 



,, e H~ Vtj also t. 1e c· se ( ...... ) · nen 

1 ollo :s i ~ 1 ( 10. 21 , th· t _n ~encr 1 

13 /=13. 
, gl IS-

H 
13 5 

by no 

I t 

T.l~J u.i1.u.; •ence o~ t lt- a_·u .cter 

.Ju' , u very p, i l-1 for s m.11 uifl'er·..,nce 

t:i ·emi.Llct_ n o < t ... 11 eo. ,bin . ...a 

>· .~:ticu.... ' l( tne de~ n0 · te ei ~n-,9: f'unc .... ions Y" 
0 

Ol'del' )el'v.l!'OC.vlO .. J.U.L' vilCr c;.iSvS l\ [ ys SUCh an )(, J 

l'vS 0 16.:..1 le fOl' ..,'liS, s· vis.~.., -11_:; 

io~ t J. L+ J 

It is to oe noved t.lC V ~.0~ a iven n ' ( 10. 2 ) 

e;ives a uni ue K ' 
an v.:.se Vl) ·s a on -to-one 

cor · ~P onuence Ott\ Cell t 1e • :educeCL t• ....... 1 n~ ve vecto ·s 

!)£ nd vhe r-ednccd \. ve vectorf' ~K )~ t .. c 

_ i<.> _.ru'ul.c t ions. 

or the secon ... - or· er· JCl' ti.l:::bat..~..Ol. one.~.· vO ·, 

.L • }5) 

t le · le • 1 ""e1ectio 1 l'U1e :L Ol' vhe • latr·ix e1e .. ents 

1. si.lil r to 1 .L'- • . 1) i tn -"" 
1+ lt ).: 1lacing 

Llui t.eu to t 1e secoru.l- O::."' ~ 

ener~y, on.Ly v~c aiagonal e_c~ents O- the seconc..-

oru~ · c~tLrbction o er~t~n-eu to be cons1der~ . 
"l k~ 

..?ne sele :t ion . .'ulc for t 1<:: a~ gonul eleu.ents 11 J 6 



i ' LiY ·e •lac in__, J1 or (~ . by ~ ";), ld by 

uttJ.n...; ){ -k/ in ( o. 31)' S~:l ly 

.LO . ,t.J) h()l 
I ft( t.<l. +!) a(- ~, ..... s ) ...; },ol t 

Sine both lr< 
/ 

Jrot .re li ni te to the ·an,.....e 

L ~ L... , tnis eauatJ.O.l c n only G tis.'ied uy 

10 . ..., t) htt I ~"''/ · 0 .... . . 

ence, \le have for the a.J.aeonal •lell.ent I ~~ it J J, b , the 

c u!l 1 e su.r::na "ion 

(10. 28) 

It is for tnis ~eaAon tna~ tne ~x ansion eoef¥i~:ents 

of the second oru.er or 7 cc ) other tnm -:,~: 7' ( P) 

have not De en _;i ven in connexion \ i t11 ( 10. 1.:~:) . 

- (.!0 . 2), 10.1 ;, t.1e \t::.vc c.;,.~)litu es f(lt 1ui 

~J-+ t/f-' re_'el· to tnc so.. te the ·.tal · avc, on .... y !"UrulJ.n 

in o~nosite censer . Ouin.:: to t .e Gelection .'Ules 

' aves ar·e ::!.IldC end.ent t v•!C se Ond. OJ:der ter· ,S in 

t 1e \ avc 1 litucles 

10 . 0 . P _•e ar·a t ::.on - tne unpe.r·turbed 

eJ. en...f'unct ions. 
~C'1 

It h. tcw·n aLove t ha.t the degener te 

CJ.._.e:n.functions 
0 -tr 

'lrl! f 6 \.l.O co ... oine uncle!' the 

lirst- orde~ ~er~~ -~tion. It 1.s .no m. then, the 

uertu l.- cd cigcnf'unct iilons \ ill appro:...ch nc i t.11er of' 

1/t 



thcPc ei--;cn:fanctions · i.-c 1 ... ne pe •t..1ruation n,... ... ie ... err' 

•7/ " vt _, a > roac 1 ZCJ ... • >, l:..ut the;.r · ill a"1 .·each ce ·t in 

1 in er l ' c 01 .. c ina t - ons of' the 

Since all nor .. laJ.iSCCJ. eicenfunctions ~I ..... vl .. lY 

uete~Jineu to ~ithin a ~itrary constant D ctors of 

. 10duli unity, .., l.C 
1 

lll ·acto.•s 1
, the required lin(3 a r 

o ~ c -G 
)'-lS an'-1. t.1e Y .d :!..,.nnot be c ombina tions o! tue 

s >CC ified Ut,;fini tely \LL ... wut s ecifyin_. tne choice o1' 

tnese hasu ~ac ... ors . 

t .. e >hase _ac to ·s of tne 

)ll:JSC fac'tO!'S of the 

fo:lor:in..: , rn..,,. 
"' . 

tJY (:c . 1~), ' e 111ay ro._;ard 
t· -d:. 

y d s rixed provided 

a.·e 1 i.:ecl. ...'he 

', ..~..11 no\J ·oe fixed in the 

- t r: 
b <.t.>\ 

a ,.."' • '.1n aoove t. 1at for a given , the1· i 

exJ.sts a unJ. r.u e }{ , such tnut ( 10. '3·r) is satisfied. 

v: e then h8.ve, 

(10 . ')) 
1 -XX 

H -5 s 

1:[' ... he 1·ignt hano. side o1 this .~.s \ !.~J. ten out J.n the 

1 Ol'.t1 01' c. VO-U..ltJ inve "l'~.!. , it \ ill be seer , "u ( 0 . 19) , 

t tat lt contains OrllY vhe ei~eL.:t'unct ion , r...a.'Tiely , 

lO . vO) 
I 

Since t .. e .~ase facto~c o~ the a r e ·i ven a !d 

s.:.nce t 1e corresnondcnce ( 10. ·.:) · e·c· een the a und 

tne K is one- to- one, 1e . ~ay fix t te phase f':J.c'tors 



' If ' -K If. 
01 the ~1 sue 1 ~..hu.t t 1e H .8 .15 

r _•e ·e 1 10. all 

K. '3 . lt ~s ossi~.le 0 uo 30, ..... o .... ~ correc ond_. 

t ) .... 
'"" ·iven .}{ \ e llave. r...,.r (10 . 2· ),P articular )L 

anu since ~.ohe hc.se rc.ctors ol' "Lhe va.,.>ious ~..f a. ·e 
4' 

f ·I! /{" 
entil·ely indepena.ent, t.JlC conCJ.i tion' that tne fl .-:S d 

a.1•~;.; ·cE'l f'or "the v •iou" X, 13 can be i'ulf'illed 

1n e endently. 

J. t fo_lo · s f . ·o.n 10. 1:;)) unci the fact tJ'lat the 
f 

... ertP · :.on opera to.· H(~l is ·c· l. that. once the 
I 

t-/ K K. :: r·e re l, 
BJ3 

HI K -/{. 
the d 13 u .. ·c alro ·c-l. 

In ,{enero.l, thvy arc conju ;ate compl ex. 

l.ou l.:;t us a.i vide t w a.o.na:n of t ,e reduced \tave 

vectors }( int t;o erual lart..S by a plane p~ssirB 

Let the left hall LC 

u.cnoted uy - rK , ~ne. the ris 1t h"lf, by -t r..K) , the 

of K J bCiJ\.: only onc-'lalf oi' tA1at of } (. 

The un ert ,_.,bee. e..:..r;eruunct.:.ons 

accord in_.?; to t..ne u~ve vectors, c..nd denoted by 
o t K 
~ d 

ci ·en1'Unct..i.ons u wn comasts oJ. t.:e transi'Orillation of 

t 1e ollO\ iil,!; ... aJ~.ori::-: o ... : t\!O .·o; s an' ... t· !O colu me to 

io.--~onrJ. 1 or.~. : 

( ' - 1!.1 
-(I() 1 ttK ) - /: 

) Hu~/ 1. U{J) H s 13 
h B , j 

( C. u_) ( ... ~-( - l 3 8 rf - '{ I f~ l() rl HV 
3 .& i3 I) I I 

i,!. = +' -
Since vhe l .. ut:::•ix 10 • .:>1) is, by the aboye ch0ice 

of '!he >ilo.se .L~CtOl'E una uy tllC nelection l'ule ( - ) • 33 ~ ' 

!1/ 



ol thl: J.Or.n 

( ~ 1 ) 
1 (K) 

,lO. u ... , 
() 

HL3 
ith 

1 K -K 
1 t kJ 1-I(K 

(.LO. uvJ H t3 
.:=rr H t313 

- H B 6 

ueinc:; I'f.nl-, t..HC tr·:...nsf or· ... ation to diu....; on: 1 fo .. :.n may oe 

acco.11 lif'ne: ..... uy tne fol ... m.i~ ch'"'n:;e of basis, 

.Q . u·-) 

.. e then have 

(lO. v5) 

rlf fK} e 
13 

1.. f 
I) -<1\) e. o "" CK I 

- y. "t'" (-) 'f J R 6 8 I 

H KJ I \ XJ 
lO. vu) ( !J B 

fftiJJ. (/<)t 
~~ d 

~he couation (lo . ~~) ·.:. ves, t.ler·~fo_·e, the n ·e )Ul'ed 

un >Crtur"'ued ci..;enfunctions \lhi<.:h a 'e to ue u.'beu ~n the 

subsecucnt pe.·turuation calcu1a t_ons . 1 t ex )resses 
1~ l, (}\) 

a uni tn.r·y transfo!:l.lation fro.n t.1e .,. d l.. =- 1-,- ) 

to t 1e e = f, <.. ) , and i1C.Y be !.nverted to 

·i ve t.JlP t1•ansi'o .. :.r ~ t.i..on i'l'o 1 .. ne ) to 

t 11.) Y- ~.0.. [ :;. 4, - ) ··ri th vhe ... ·es 1 t' 

(lO . ul) 

It is rto )ed that t.1e indices l r no. s '.1~11 not be 

.1ixeu u . 

Jlf 



10. ·1: . Perturoution er.uct~on nu 1erturbation 

enCl'GY . Subs~,itutinc; ._ , 6 .... ; 1nto ( • . . s; nnu then 

l 'C ~lu.cul£: t .c Sl \_;le 1 ..o.ux 1 by tJl~J tri l indices 

e have fo~ tne r irst - or er 

ertu~Lut~on ener~y of t he elec t · ~ " 

1 : st;l .xt. " (KJ e 
Gr-(t~ 

s:r. o/ ~ 
-f(fj 

(lO . u8 ) -1 1 "'!(f) ArtJ 
,( sr(; 2. 'fo· - 41iJ 1- }> c.£/ .;rv~ v }l~Je -; , ,.-_ .L ir,./, 

J e ,o-
,l 

i s CO.l)lete , s ince ue have 

ori~ ina ly 'oc .' s func tions 1 f(-t 
6 

nm ... . (cf . }10 . ~. 

r . ..':he i'i!:st - o ... ·acr pcr•tu1'or t i on e9_uat . on '·ill ue 

Y!rit en in tne m: ... t r L r fo.·., .. ( cf. ~ · . 41 ), ) , . 

(lC. u9) 
or, tcJ. . 

\ 
I \ c. ' 

~ I I f.l 1 1 
VV'V ., r w t H --~ - " = "::! • ~ - -

·- . '.1:5) ) ' 

~ b -~ ~ 1C1) 1(11 
1 f 1Cb) I 1JO) 

lA ,..,:.- T.-;-V - to~- i A_ + ~ 2, ~ :::. = t - -
:::>­... 

tBec uu se of' ~,he a.egcnc.·acy of the oen8e oi the · ave 

vec tor s .f-K , t he ... atrb: ele .. . ent.s J 8/e ~!.J c 1cannot b 
J.1 0 

d~ter •. lil1CLi. b y the l'i •s t-or der )el·tUJ.'uation eouution. 

l'ney arc to be nete ·mincu CJY th..: second- oruel.' 

e rturoution eC'ua .... _on. ,cf . _,_.or n and Jorda1 (l~c ) . 20 o . ) . 

It v . .1.Ll be sho;rn 1n tne next sec t i on tnnt fo r the 

jcalcul u t ion of t 1... )ertu r lA .• t .:.on enert;:_,• of t he s ec ond 

Ol'de.L' , tne se mat1•i:>: e l eracnts will not be n eecLed. 

-o 'Llel' . . . 
~ 1.e second" er·t , l 'Uut J.on ener ;y J. S c:i ven , i:ty 

r e lacll~_; th~ J.n:.~.ex j of \ ·- · t ) l:.y tn tripl e i nd ices 

;.< 0 



( k) , e , b . 

10 . . 1) 

-'J..'ne ex ~nq:!.on oi' Y y. ;::' ~- - J- I 1as ce :n ·iven above(l0 . 1b) . 

To o~tr1n t1e Jotentia1 ene~·y of the lawt1ce, 

ue • 11s.., adu. · ... o the ab ve ener y ot the electronP t.1e 

ene.gy or the _airs of the ions . _he lutter is 

re[) ·esented by a latt1ce SU111 , 

(.L ) , .~) 

• .. herB the inter·action oet\.e~n e. 1 io" rt ':. I and an ion 

nt ':..p.r a.c:;; Jnan only on t 1e _·el:ltive c )Ol·a.inates . 

Substitutin_; 10. 1) ~nto 10 . ·~~) anu ex nndin~ j;he 

r csul t by -'uylo:!-' 1 s s ... ·ies, we obtain the 1'0.Llo ant:; 

exn·.nsion 

(.L0 . 43) I sI 
.% Jl' 

+S , 
"'"' 

_ t \ 111 ot..: sno·m 1r. the next sec t :!.on t 1at tne 

li~st - lrac · Jotential energy o. the lattice vanishes 

identicall./ , The second -oJ.·der· potential e.J.e_• ·y 

or t A tt1ce wlle .• ·ives the nor· .. a.L f'_·eouencies ot the 

... \,;tal. 

;.t1 



1. . • F i · .... - o · v • t~ .ti. 1 e .. · .. : o · t 

J. t · ~1 oe s o\ n in "' u ..... ra t 1 .. t 

lli~C" ... lJ . 

rtu.etJ" .t. 1 cnc · y of tn ..... 

e_ectr ns i · ... - .... n 1,/ 

_c . uv), ·o1• 

.ne ~irs~ te~ . 01 

1 tA;r 
W ;, if',i.y lC' . iSJJ , 

"'imn J 

:.s 1vS oy 

H (J/e Wr 
~ 0 

_ ~c r~st of \1 . 8) v nishes 

nsi ~ cociJ. icJ.cr _,.... i A tO 

ourntitie of the class h • 

U r 
t) 

" v -,;I r~ · ·e cycl..:.c 

_ lv first - ordc · n~;;rg..,r of t L ion· ( ..... ~. ( lC . v 

__ one o · t1e uouolc s L1ct1on 

cv:..lu~tcer., then e ncconc.t. f' 

1-L . ... . 

- t ·.ill ue .·.1o· n ~ l t~his a .. • 
\.4 .. 

I&~>i n yonishes i::y 

t a.t 1or t 1e 

~ lcul t.~.o. o tn, secoru...- ora.c.· e.·t··:- ti 1 ene ... · -~- of 

lectro.~ is not 

1UVC to S lO"l t a 

disc ears in 



I I 
Le ... ... tr ... x u I,.,C = e in ea. tw .... _lo in 

1at1•ix u1e ... ..,nts: 

I I (~Je I Jv( -=-" 1 . 1; u J 6 

J/ rK)el r4Je O rKJr1 ( /0~ 
11. 2) - 8" B 131 8 

'·J..er·u tile c Jco J.U. ar•t O.L t.1e el"ini tJ.on cover c . 11 

cuse" 1 o.• , hicn t .c fJ.1·st t •t OJ.' t .c del J.ni tJ.on c· nnot 

~,.,e ;,.. J1ie . 

( 11. 3) 

8:1nce "!. 1c sw ~ ....... t io:r.s ov e1' t~J ~ r lC cb/ . --e Lot 1 comolcte, 

l. LJ , il. I' t th 1 ].., 1e ~.ndiceo tlf/e E:.nu vcJe , 1.-.J ue in e.•c 1ance ~ in e ast 

·er·,. or· t .c second line oi ( l- 4 . ~,n~ s econd. lJ.ne 

01 ~ l. £) t -"'n vanishes oy tne lOl' •. la.Lis~tJ.on cond.J. tion 

. \ . ._.~) . 
I I 

oL.liJ.ar·l.,r , let U r-r/ . resent the o ~~tor 

t /r I 
~ssociutc '\lith the .. a ·ix u 

' l. 5) 

J ' -1'/ , uhe C"Uant i ty (¥ (~ J• r_ 

Here tne l ast lin .., disa~ c~rs e~· ctly Q.I,.,OV e . 

; .l] 



11. .:;. .L'vU 'LJ t 

r 1 - - Lri.~~ 
I I u 1 ...... • ..... uc LOV ~ ' L . ) c n tJ .. 

co l!)1...:t 1 d te ... · rt.; y t1e irst order rtu1't at on 

.... uat~on 

1 I 11~) t;JClY ~ IJf 
,., . I I ' f - ' 

- ~ • Vf - ,7. • 

· 1ere t w c l • l ... e t u "' C.' C .. ~;.: vC~..<. l'U. le ' 

c C v ) Cv .... JU..., v t.; 1atri.. 

· ~·c cont .:.n..;u J. • t .e 
_, _r 

-he ln ~r Oi>CI·ato.·n invo .... v~;.; t L: u n ... i ty f <~i c. J , 

- l U
1 ct1 e/ ti!J F 

1 
; e. not 

L:' l' . 

J.v wtio 1 

1. B, • i th "1~;.: L: ... L:n:. ..1 1ction lC 1 .:.s • 

'- 11..: _ndex l.. •• a.; .L L .. ~ncl~.t< c ... n t 1 • v v cto · 

'-".us, t in_ · t 1 .... 1 • .1 nt 

-1. 6 ) · i ... l r~- )cct to t 1e ~.;~ ... u. nc ... i lf' 

o ,f 
y J , · e ve 

( 11. ( 

'h~ch o. o• s 

(
(if} (~/) 
~ 4' j, 

t 1..:! ex ansi n coef'ficent : U "e-r:.) of the 

o e_•ator 
f I 

U ( r / is ...... cyclic o )e · .... to!' o1' t e class 

~~iS rusult ~ustifics vlC USSlli. t i on (10. 16) . 

Acco!'dine to ( 11. 5), t 1c last L~ne o ( 11. 5) be in: 

iuenticnlly zer , , 0y a caan,e o~ basiQ _ . ~4 , e 

;.u-



.Llave fo.1.· tne ex 

( 11.8) 

Si 1ce ; U 1
CY J if a cyclic o:per'" to I· of' t!J. class 1t 

?t:u" ~>A t 1.e I'unc tion « C.EI ¥-p ') CJClJ.c function o + •0 

class 11 + ~ _he :!:oduct :u'cr:J t1d) ;: •c.~/; 
is tneru~ore o~ tne to~ 10. 16) . And si.Jilarly 

tle ~cconu t-..:1·.n of (11...;) is also of t .. e for .• 1 (lO. lo) . 

..l. t · ill ·uc sno\lll. later tn:.... t e.:_Jlici t solution of 

( ll. '() ue .und.s .uch kno\JlCd.tSC 0~.' vhC un )C ... •turbed 

e~ ;e:nf'unct ... ons. .1.vvurtnelesn , so .. 1e ·ene ·al tneore1.1p 

at,OU ~.. t11C tn~ •. 1· l os<;il.Lation of t 1e ions Cl n be uer·iveh 

"t t 1 . 'l 1) . d .... , YIJ. JlOU. SO-V~n.; \ J.. ~n e vC.~-S . 

roce• ,._ .., t.1e econc.:. - o uer potenti .... l encrcy of the 

lattice. 

11. '- · 

1 -4- • _c. ... ..,JCe. 

S .cc. . .tr - O"'' er ::;otenti: 1 ener ·y of t e 

It 
bee" 

... " > .n o.oove that the .• tatri:{ 0le .. 10nt 

0 (t5~/ r.J.;e does 10t rca-.LY a >pear in ":1e exnression 
J h 

( 1 . · ) for· tne '"'Cc~no. -o ·der· c.·tu.r·i.Jat .:.on energy of 

t l cl.ctronC'" , '3.Lnce the SW•L. ~a.tion over t~1e .:.n'icx 

is CO.l')lete in t e 1·1rst te1· ..... of (.LO . · l), by a 

ch·ne 
r,; d;e ~c.~ of' unsis 1 ro.n tne 7 ~ ... o the '"er J (cf. ( 10. <)4)), 

ue 1 ve, 
l, -

~Jei4t"U-

~ -L J) +JJ~/ 

-~-!(~ 



1 o_·e e i.1 x £.. as sor ed 1 V 

vecto _· j 't lOU u '-'r·u.c t . ec uPe o 

s c 011 0 . 2-..~ c· ... s o e ac t a 

:;' U tf y ) is · cyclic o )CI' " .L ' o h · class ' 1-f t c 
~ver )f. 

t, · .. t of 11 . ; ) 0 CO . . G ·· ~-··:Pl S J\ aco lOllo· C, 

L -Jr;,ri-1 -uu~.t -~-l K( .. ,rjJ<. - ~~ v. ~K~ ~ u /1!1 · 
~L c) * tc: tl ,/- .1 s; "''" ;t ,. ""' •uJ L3 "'-< t.. a .,, 'ttY O( -~>• .,. ~-

' i i l ) J t e · .. st of' 'll . J , ··· ves o11ly 

• l- ) 

u y _ i r c c t in · e g · ·3.. l o , .. i -c 1 t ~ 1 e ne l o · 10 . l ) ' .L 0 . 1· 

~ si, :9 . . er )roceu.ure i s t ) trans!'or .. t~ e _est o 

i "tO t. ne :fo o in0 I o:t· .. , c· ·. r ··= · · ± ( . . ?o; 

oeco . .1e , e~~u.ct 

1 . ) 

( f>J 
~ ~ (y I .te .. ~O i 

-1 {D) 

e:::p ....... nsion coe· ·1 icie t o: fJ r£ J e 



'file •· esul tc ( ll. 11) r .ld ( .Ll. 1 .... ) ar·e <.:aul. va .en . 

t•tnc~.ore, ~ mt t te 

sec o~10.- or·d.er ener ·y 0.1. t.~e ions ( cf'. ( 10. ~0)) is c.1so 

of the !Ol'. o_ a s~ •. le sw, aation over the ther ... al 

uoven -Jt l•'or, if' one su 11.J8. t ion o_ the doub.1.e 

swn..1at1.on over I, 1,. .. us ocen cvaluatea., t11e second 

S..Lun:..:.ti0 ... 11:....y tnen be evaluuteu l,y (u . l6). 

result is, 

( 11.14) 

for the S1Jcor1d order potentic.1. ener&-;Y of t lC lattice 

( ... .L , .Lj) 

\ i tn 

~~he connection of the ex".1:....nsion coe .... 'f'icients , 11.16) 

of t11c ,tc .. t.J." l e1.e1•gy of t 1e lattJ.C E: uit.l the nor. tal 

fr·c;Q_tH.mcies of tne .1etul uill be. given iilLediately. 

--=------ -· 



.Ll. 5 . ~ o .. :.nal 1 .. :eouenc ies of .. eta-s. '.~.he IJ.I 

.·a. i.Ltonian escY·-u~JlG the 1otion of' the ions is, by 

(a . 1), t 1e GULl o..~.· the .• inetic energy of tne ~ons --nd 

the 1otcntiel energy of t1e lattice. ~'he ... .:inetic 

enerGy of t:te ions ~s given by 

( ll. 1 {) Jj ,f t! 
2~ 

' .. here tne •• 10 .. 1ent ,L&l ;:f of the /1 -t.l. i>n is 

pf f'1 
J t f 

( 11.18; - - fl(' ~ 
ol Jt 

Substitutinc ( . . ..... ) I'or tf and uva.luating the 

GU!.~. 1a~.~ion over f u:r ~ v • .Lt.>), '• e .h~ve l'OI' t te \.inetic 

encr&;y of the ions, 

(- .19) 

J:'!le I:lmil ton:::.o.n c.escriLin~ the s. 1ull motion oi' the ionP. 

is therefore 

( .Ll . .. o) 

ueHotes t.1e otent 1,... __ e11erg;)-· :>f t. non-

v~brn.tlllg lattice af 

.o~ it ~s easily ve~ified t~t the tr~nnfon.at ion 

(~ . 12) .my Le ~nte-~rcted as a contact tl~nsfo~aation 

1_·o.. tne 'genc'!·alised co~rdinatcs 11 to thv 

· ;ner·alised co~rdinn. ... es 'If: , _ tne ·ener·:..li s ... d momenta 



canonically conjug· ... e to tnc 1/: _•t;; 

Lcing dete1·.nined. fro. t J. ollo\lin · condi tio11 

11. ) 

.i'he tr: nsfor .. 1ed d •. i.l 'ton;.~"" ,ouations are then, 

r/ fij (vll ? v" 
-"-1. • v) lt- )p: ~;t:t 

\.'lnc.l J.S t, .B s::~.1e as ~ ll. 21)' and. 

jp} "of! u ~ - -+ ~ tP ,. -~ .P; ( 11. 2 11) - (J( I ( o('~o( f 

Jt 'Jfj~ o( ""' 

·mich .~ives the eau.-.tion of :notion of' t.w ~/ " ~ ..... tA...ot ' 

( ... 1 . ~.~5) 

Putt; in: . .) 

( 11.26) 

.... not~s the a. .. lituo.e, _.0. the -,e.:'.~ 

value o! , nm , the nor .UL fre~uencies, 

· .e nuvt.,;, fro .. ( l.L. !do) the 1 ollo· lin.E seculo.r eCluation 

1'ol· tne u.et .... 1· .ino.tion of' t.t ... c normal f'.·eC'uencies 

- "~ tP + ~ ... t.P 
I ,J- 'J'f 

/V-(- /1 

._ l.r .. ;;: ' 4 v.\ ~ 
~,~ -~-J .t. ==0 

1\t~ flt 



11. 6 . Small · ve vectors . _n this · ra · 'C::. 'B 
the 

it is intend ea. to verify tn .... the ore 1 t .. 1at A threc.: nori-;ml 

f' ·uoucnc ... es 

\ C.Vl! vectors. 

s1oula. v n1sh \~tn vunichingly s .a 1 

J.' w \ vc vector J11 
·,111_ b .. tren tcd 

us a mn& _ nuontity of tnc first orde ·. If the 

lead in_; ter· .. 1 o ... .' ~ r-uanti ty 18 o t w i'irst o~·d.! · in 

.;; . t .e ru--ntitJ ''~Ll. ue r·eierrea. s to oe of tne 

1'irnt ordc_· atla. \ _ LL be ucn )tcd by '""" C J: 
~:.u.lila~·.Ly f'uantlties 01 t.1e seconc o..::> er ·i-1 be 

de OvCO. by '-- 0 ( ~~ !) ' . 
:.t f'ollo· s _r·o. ,-.L . l ,, I.t:. ~.Ll. ~I) t.1nt tne tlleor ' .. 

wou ..... d. be Vf;l' il ieu if t11c l'ollo .in:; relations c.:·•n ·oc 

Yeri!'ied : 

J.l. IJJ) 

-l. vC) 

-11~..: . ·oo ... OJ.' , 11 . 2J) r>nd 1 ll. _.tj) ,..., ·e si~.~ilc -·· 

• t u -!onsic. .1· , J. • 2J: . 'lt..c left 1and siue 

u.oco lot vun2 s 1 only 1en t11e r..1 c. scri ts -, , k , .A 

satJ..s1 t"w select..:.o. r·.t-e SJ..l •• i...i.,·: 'to (_Q , ,..,_), ""'OO 

· nwn tne n lection ru-e is satisr i .d, i t cc.o. .. ue reu.ucud 

vO ... volu:..w ir. ... e ;r· .l ovel· t.1e do .. uin of: the o"sic 

oly wa..·oH. 'l'he l.o .. 1ain of t.1e t,c.sic olylwdron 

/3() 



l 0 d· 0 ea J r {l n .f.. i . es __ •e 0 v - v 

1e ..... it t.:.o 01' lJ l of Cl 8 t·' 

··o .· 0 ( l t s 0. i eo r~din .. e il-

ue ot..:: J (()cV encE; 't i·""' ~0 s ... o· 

(oJ <•J o(;:J - J.t 7' :~ V: (41 ) 
- 4 ;J rw '>1 l -· ) c¥1 (~ ) + '1- .(ql. { 4>) 
~~ -

11 l 
... ~:,.. ... c 0 . o e .... : ·· 01~ 

r • .l· ' ' v 

- (t:J ) 
P o )e ,.... -o,..· " .JJ ~ l ....... ..._ __ c '· .... ot' r1 '? , ;: . y 

() - - / u et on ft~;C J 

e lec 0·.:ons, :.. ox· e.~:~ .1 )le, - e l ave; 

I -.l . 0 

" L ' (;j i - - /' 
V - I .J__ n l{ L:l ,.,._ • >:-r:.. 
/J('L/LJ - v ~ r !V .{2.. 

,-le:..:e t .~.c pl~ne · 1". Vc; ;.· 1.nc t i J.dS 
'f-1 - - / 1 /( . ,..._,.. 

e - - inve j. ere 
- / ,.... er· . 'j·, ·• ~)'- -.:.t.ll·:)uin 

s~· ce t e inter...>:.. an_ o··· . ..L. - · 

-- '::> r) 111 t • 
fJ( ' J.lG J (A 

-.' 9 ~!.) 
e -f -

l.t -~ <!) kl:! 
o~' 11 s B 

I I r..: ~ • I' ) 
!... ..;r ~J~ ~ • 1..1 l • 

fo~ varishin_; 

h 

( tt:lc 

131 



·.r u otur.-t:.. 1 ~ (t,; - <J 
1; ( /\. ()~o ) ue to ions ut ide 

t w ucs.:. • ol.11. r n . :: y Le ·c 1 cea. L".J Goulo .. L. 

Ou~nt~rl, G ulCt 

( .L . uG) 

e,..e:j 
l<:i/ 

() /, 
• fCr ') 

_) 

... ho 1L.st u.1.'~ c:~ct conve ... "' ·es 1 >r <' .all '""'~ D\::C'"'U ~e t c 

tot....l c 1:::..·,_;o is neut1·.l , nu :, L .• :c_o.·c V' i"' 1 "' 'ith 

J ~ /_$~ 41-Jf .,.,· / ~' o-r" 
, .; cc. se o1· tlle f et 1 t 1 e: 1- - - > .. • t 1 t ,. - - J 

. Lilce 

, _1. G) vnni t ... c 1·o ... · v~ icnin ? " , 
1. :'9 il"l l ''/VoJC • 

. . . ' . 8) u~ tJ..L" .·~ • , ·vve~ , .... o · t ~ Joulo 

1 conta~ cto ... ·. o1' t lC second orcl.er c,.. fo t • 

1·ovin · ~1. '30}, t ' ·o c':1ses 1aJ be isting lished. 

o.· not. \. .. nen 

f3 ~ 6 , t w 1 irst- or·aer ')urt;.t.l.'i ~tio "'uat~on 

/JJ.. 



e n 'Le t<'"e J) . s.:.nec t 

Si( C f --· _(' 1 to CJe of t .. e first or e · 

in i~ · 10. "' ~.; e cf.Licient 
I>< I ' 

.~ /\ 4 ; K<>l<. t"-
'V I~ - V . \ ) 

i s ...... it ... o .. · v· .li3 in .. ; ty, n; o ... o s th t 

\ l_ • . ) 
' 

~ u/Ki... 
o( & .b '\..-- 0 c v ) 

f oe' 

rovidca. t1at 

( , \ 
- . .. •.J ~ 

( -I/ 

-1( 1) 
<"'Urmtity ~~C'r ), r.,<;.;Llg t c eo ...... : ieieht 01 ft,J _n 

, ft) 
I s 

(- • ·.u ~ 

' .1e1•c J (c.; /) is · eyel c ~tne t1on o t te e s 1l 

... 

.L . 

l_ . ·-

-.:: ;r. 

. ruled. i lto v!'l.cl ... 0 l ·if. .. ~· 

c. 

~ \.4 ' • • ~ 

eo .. es 

·---------

, J{ - / 
vr1.. t1 • r 

, r ( -(.." J, ',.. 
(. - -

.ot"' nna. .. assev~ lJ..>o' ,Ato:nic Coll1.sions, o. h>l 

IJ) 



i 

(1) 

... ~u .... 1 01·u r t '"'" ) F rr) 
( 

I' 

) 

1'0 • / - "- ; t!> O(J 

o· <. .. t> do 

b ... o .. : t e i • 

J f f r'- q, tt; l. OL 11: / 

:I'~ '-" 0 ( ~: ) 

') 

co.1SCr wnce o1 \ --· -.. 1, . 

' .• :'..11-i 1 or1 wr . 1 ",./ cc c 10 n s ... c llm .. . 

C OflG iu.c.n• t lC l •C -......... er nerturc~tion u~u· ~ion 

( J. I . i. t l ... lle COCI.i.~Cient 0 

:ujj t· .ely t w u.~f J ... ·ence o nd ,:; 1 
, - ·t:ner-· 1_. o tne ... il·st or e.• ir. 'l' lC 

ri...; tt n· 1ld sicle o...' , _ . '-c) is L J.so nf' t 1e f ~r ...... o ... e ... ". 

_ ._ o~s not ..t.'o __ J.O'., .o· '"'vc1·. t 1~t } u 1
f /-is o · t te 

... cr·oti.t-Ol· .... e.~.· .:.1 f; , , nich is ~n 1··.ct , i')J\_' • 

... 0 l' J ; ( l' ) ' 11( ( -· ..... 1 ') ) f , 1 'f ( -£) ' 

( ... 1. 4 ) 

...... e ter.1. \ 

l. 0) 
r>~ (- Wre~ 
I~ ~~~ 

') r s ... c.l L {- ~ for t e 

C. _:'ll''X4CJ1CS unity oy 

.iO!' .. t' lis:::.tion~ ot:Ln .. :: v.lc.t K .::: A r ?r, 

'..l.' ... is s o· c t 1ut t 1e ... irs ... - .:>ra.er )C ... ·turba ... 1on 

c."'~u:tlon , -- · •.0) cannot b~ use"" to solve -or· 0(" u'f/- , but 

Dividing 



uy 

, _. vl) 

\.lie 1 >rove c.- ( I < 1) 
' _.._ • - I • _nis c : etes ttle .• :oo:C 1. O!' 

- - 00) · 1~n tne ex~ "' 'Kk t1on o:t 01 U ;; . 

.... w ele .. en ... er nnot oe o.uter .. une . 'ro .. ~ne 

~·J.r'c t - O!:·ue · ">erl:ur'"uat ... on eoun" .!.On. out it is >rob~bly 

of thelsvcond Ol"'.C!' J.n tne /o<" , oy the fo .. .J.o· ·i~; 

1'!'.::> • ~ o.efini t ion o K"fo I tl.c c oef ~·ic J. ... 1t o1' _, tc: ln fer / \le 1 ve 

( 1_ , .1) 
t< ft)-o) 

- ~ J- ,} f 1},.., ~ ) tft~) 

-t..(J /;.IB~h j l/"r,) ..J[c't../ 

rJt.J.P, 

J.. • v, 

l"Ol' ~. al_ '}~ , t 1~ ler air..~; t.l..I'•. o the ri ..... '1t land side 

~1 t.L_ , •.-u) J.S 

l W 



.tilt.: tr1e _e t hana. f' io.e o ( .Ll. "', 1· 8 bee 9 o' n to 

uc of t1.c t.1ir·u. o_·o.cl'· Y\ J: Si. <;e, by 

de1'1nit.~.on ll. 1)' 
~ I .E it. • ()( U ; 11 van1snes il K J. -f k. 1:1 1n 

t.w uo.no.in 01' )-_ tne r·nn ;e of ..... s~ of . Sll.l ..... a ~.~_on 

( &. • • uf:) is of t 1e 

11 U /KA 
()I " ; 

-; o1' t1~C 

t'irst orde_· J.l1 

seco ~ "'1'dCl' in 

;: Hen·e 

;: 
J. 

u ;ncr )l'CLer 1n J'.< 

E.J.O\,':J t 1at in t 1e ..t.....a.i ~..J.n · c< so o"" •• o .o ·c 1eouE:' 

a.ei or . . a v ion, 

1 ... n1t(.; . 

U
l k 
bb v· .us. e::- • rli ... t:: 

y u::-in · t.11e cy1 levl'Y c 1Ul'8.cter of t.1c funct::.').lf' 
l.. · ( '-. Z - () " c , \ 1 t.L re"' ')Cct to the ceutr: 1 

r·(.;f lv:-:.io L\ c J \ , + 
• u • - • J' ->J 

t'or 

..., .. nl- f -t • no. i c.1 1\ =-a o" i"' 0.1. tne 11rs ~ o · ~;;~.;Ond 

Ol'....t.C • 1n }If c.ccurding to .wtht:J.' -(.( ..<3 and -t1. j, 

0.!.' the Satue 0 · 0 .. ) )QSJ..te S , LilO vl'Y char cter. In the 

-l:i1i tii¥· cr:.se o · ho 10:;e 1eou.s uei or· . .c.tion, t uc buco.n s 

t le se cct_o 1 rru.l ... f'o_· cent .... l f'y.11etry OJ.. j . . - · 

.~.1. I . 

ut ~.- 1e act.1al calcJ._atio.l of t.te no_.~l re u.encies 

or · n:y • An J.ndi-.!~tJ.o_. o~ ;Lat e::..-enf'unctions 

o... t lt;: un ....: · ~, r·betL ei..;(.; .vt:;l le _•o!.]_e. 1 a .. ·e needed 1 or 

... 11c cu.lc lativn Ol.' al ..ali 1e .... aJ.s tot_;etlle.· · i tn a 

cr;,,r "l'i8on · .L tn t.1c calculation ot' tne elus-'~ic const'1nt~ 

l:.;ivcn :tn the las ... cho..Jt".l.' ·ill conclude "thl"' thesis . 
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