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II'TRODUCTION

Previous works

e e
- T T Ty

The first successiul application of quantum
mechanics to the problem of metallic cohegion was made
by Wigner and Seitz(19565), They approximated sodium
metal by a nmuaber of isclated spheres of equal atomic
volume and integrated, Tor various values of the radius
of' the sphere, the Schridinger wave eaquation for the
valence electron with the boundary condition that the |
derivetive of the wave function should wvanish st the
surface of the sphere, To obtain the energy per
atom of the metal, they further corrected the energy of |

the sphere by the mean ¥Fermi energy of free electrons,

From the resultant dependence of the energy on the

radius of the sphere, they derived the lattice constant

the heat of sublimation per atom, and also roughly the

[compressibility.

| Wigner and Seitz(1l9u54) later considered their
Tirst attempt as an indirect approach to the solution
of TFock's equations for the wﬁble collection of the
valence electrons in the metal. The Fermi energy .
|Was now calculated by perturiation methods, waich

verified their previous assumption of free electrons.




Other corrections to the energy introduced by the
egpproximation of the lattice by isolated spheres were
investigated; the"exchange" interaction among the
electrons with parallel spins (a special feature of
the Fock method,) was also included. But the
agreenent with experimental values (cf. Table below)
became considersbly poorer. They were able, howevern
to improve greatly the calculated values of the lattice
constant-and the heat of sublimation per atom by an
extension of Fock's method to take into account the
correlation between electrons with antiparallel spins,
the theory of this correlation being given in more
detaills by Wigner(1l934) in a separate paper.

The following table indicates the adecuacy of the
various approximation#used by Vigner and Seitz for
sodiwn.

Summary of Wigner and Seitz' results for sodium. |

Lattic e constant Heat of
in A, . sublimation in Caljfol.
value cale. to the
isolated spheres appro. 4,2 25,6
| value cale., to the
Fock epproximation 4,86 9.0
value cale. to the
Wigner approximstion 4,62 86,1
Extrapolated experi- :
mental value 4,25 26.9

The above method was then applied by Seitz(1955)




to lithium, by Fuchs(1935) to copper, and by Gorin( 193¢
to potassiuwm, with success.
On the other hand, analytical caslculations by
Feinburg(1955) and numerical calculations by Slater
and Krutter(l935) with the Thomass-Fermi method failed
to obtain & minimum in the energy with respect to
various valués of lattice constant. When the
exchange interaction among the electrons was neglected,
both caleulations ggreed in that the energy of the
metal would continuously decrease with increasing
lattice constant. Feinberg further pointed out
that this would also be the case il the exchange
interaction among the electrons were neglected in
Wigner and Seitz's calculations. Slater and
Krutter showed that considerable improvement could be
made by sdopting Dirsc's(1930) modification of the
Thomas-Fermi method to take into account the exchange
effect. This depressed the energy, but it was not
enough to produce a minimum of the binding energy.
Based on the results of the investigations of
Wigner and Seitz and Seitz and his own result,
fachs(1956) made ecertain simplifyinz assumptions end
calculated the elastic constants at constant volume.
(1§36) (1932)1738)
Based on the anglytical attempt made by Frﬁhlich)for
the calculation of the energy of the sphere introduced

above by Viigner and Seitz, Fuchs(l056a) made further




calculation orf the comressibility. Since FPrbnlichls
"serturvation of the boundary condition" gave the
change of the energy of the sphere to the first order
in the fractional change of the radius of the sphere,
in applying Frthlich's formule to the calculation of
the coupressibility, Fuchs had to introduce certain
sluplifying assumptions.

Recently Fuchs(1940)*developed an operator calculu?
';articularly designed for electron theory of metals and
emphasized that Frbnlich's perturba.ion of the boundary
condition could not meet the general demand for the
caleculation of the elastic constants and the normal
frequencies of the thermal oscdllations of metsls.

He Turther pointed out that it should be possible to
develop a consistent perturbation theory for the
calculation of these cuautities. The aim of the
present investigatlion is to develop such a perturbation

theory.

e R e ———
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In what follows I shall deal with a dynsmical
system vwhich consists of a finite lattice of ions of a
cerivain metallic element and a nuiber of electrons.

As a whole, the systen is electrically neutral, carries

* I wish to thank Dy, Fuchs for allowing me to see

the mamuscript.




no electric current,and is magnetically unpolarised by
itself or external fields; but it may be elastically
deformed by a constant external stress.

My tasX is to simplify the above dynamical systen
to a Toru accessible Lo approximate treatment by

statistical mechanies. The following three

approximations are introduced for this purnose,

The Tfirst concern the motion of the electrons as
compared with that of the ions. It is allowable to
|

assume that the motion of the ions is very much slower

of the electrons and that o the ions to be treated |
separately; in considering the rapid motion of the
electrons, the slow motion of the ions may be neglected
and they may be assumed to be at rest in arbitrary
positions. In treating the elow motion of the ions,
the averaged total energy of the rapid motion of the
electrons, which still depends on the configuration of
the ions, may then be considered ns a contribution to
the'potential energy of the ions.

The second approximation introduced concerns the
motion of the electrons. This must, of course, be
treated according to ouantun mechanics, but a rigorous
treatment involves serious mathematical difficulties.
In view of the high precision needed in the present
problem I shall use the Fock-Dirac method of asproximati

Wigner's extension of the Focik-Dirac method is

than that of the electrons. This ensbles the motion

on.




mathematically too involved and will not be attempted
here., The correction to elastic comnstants to the
Wigner approximation is estimated, in order to see
whether improvement upon the Fock-Dirac method is
Necessary or not.

The third and last approximation needed concerns
the motion of the lattice of ions. This may be
treated by classical mechanies, and I shall follow the
method developed by Eorn. I therefore assume that
there exists a unigue configuration of the ions for
which the potential enersy of the lattice is.a minimun,
and that the actual configuration of the ions does not
deviate very much from this, Then it follows from
the general theory of small motions in classical
meehanice that the motions of the ions are harmmonic.

By a transformation to normal cobrdinstes in terms of
which the potential energy of the actual lattice exceed
its minimum velue by a swa of sguares, the lattice is
reducible to a collection of independent simple harmoni
oseillators which can easily be treated by statistical
mechanies,

With the help of these three approximations, the
original dynamical system is reducible 1o a collection
of simnle harmonic oscillators. The chief
calculation involved is the development, up to the

ouadratic terms in the small displecements of the ions,

T el
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of the potential energy of the lattice, Part of
this potential energy is contributed by the electrons,
the developuent of this part with respect to the
disolacements of the lons depends on the solution of
the electronic motion by perturbation methods.

The dlsplacements of the ions cause the electirons
to move not only in a different Tield of foree bul also
in a differsnt domain oi space when surface effecis
are neglected. By applying a contact transformsiio]
1 have succeeded to bring the osroblem over to such a
form that the orvdinary verturbation method becomes
eappliceable, The verturbation theory is developed in
Chapter I and is applied in Chapter 11 to the ealculati
of elastic constantis, and in Chapter 111 to the
calculation of normal freouencies of the thermal
oscilletions of metallic lattices.

In the calculation of elastic constants, special
attention is paid to examine the simmlifying
approximations introduced in the various previous
works reviewed above, Among the results achieved 1
aay mention the derivation of Prbhlich's formula and
its extension, and the justification of Fuchs'
celculation of the elastic constants at constant volume
for sodium only. But wmost important of all is that
more accurate calculations can be made with the present

method provided that the unperturved eigenfunctions

=
-
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are independent, and that the normal freguencies for

i R

nesded are known.
In the case of thermal oscillations, genersl

considerations are given to ahow that the thermal waves

metals oi simple lattice structure(one particle per
cell) vanish with vanishinzly small wave vectors,
Accurzte caleulstione of the normsl Ffreocuencies for not
too smell wave vectors are possible provided that the
unverturbed eigenfunctions needed are known. Rough
caleculations for smell wave vectors could be made at
present, but this is not included in the following

thesis.
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L Notation
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The Tollowing notation will be used throughout
this chaptexr,

Vectors will be distinguished by a bar below the
B8yinbol,

the syauol.
guished by writing out the arguments,
denoted by r, ( «=17.2,3) and are the comnponents of

the wcetor . the /X4 take resl values in a

domain A .

by &

the vector £ tale real values in the transformed

domain R ,

the total nuwuber of electrons is AL : the electronic

s

by

1
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satrices will be distinguished by two bars below

Ooerators and functions will usuglly be Aistin-

125 Spatial cobrdinastes. These will be

f

Transformed spatial cobrdinstes will be distinguisled

bar stove the letter. The components 4 of

e L1 Symbols relsting to the electrons.

¥

is m

<12 configuration of the electrons is specified
vectors .!‘.."_“’, ,4:.4: cm.-f/ or in genersl ﬁm .

ihe spin cobrdinate of an electron is § , whieh




takes either of the two values 1l and 2, The epin

configuration of the electrons is specified by

A ~1,
SR g

#r,s) (=72 --- 4 ) denotes the

th
or in general (%,

Pock functions of the electrons ineluding spin,
7?, try 3 ke, s #./2 ) denotes the
Ldock functions of the elecitrons exeluding snin,

f £/ denotes the momentun operator of an
electron at » .,

Tcr) denotes the kinetic energy operator of
an electron at » .

V, ¢r/ denotes the potentisl enersy of an
¢lectron at r due to the lattice of ions only.
[4r;thdenotes the electrostetic interaction
of two electrons at ¢ and _;7_" 5

1.8, Symbols relating to the ions.

The total number of ione is W, 3 the ionic mass

¥ S The configuration of the ions is s»ecified

by vecltors r! y Where the superscript - actuall
reprcsents three indices /, B < ) /ﬂ » €ach of which
taces all integrsl values from --[. to + L ’
. 3
Thuse W, = (U+1) ,
7°c_r_’/ denotes the momentun operator of an io
P o magls ?
at po § 9 acnotes the momentun of an ion st »
ol S0 ]
V(eirYaenotes the interaction of two ions at

r‘( and r"l, ](q_ Q:'; */ denotes the intersetion of

- -

70
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an ion at _3:, and an electron at »r .,
1.4, Symbols relating to the erystal lattice.

The lattice vectors of thghomogeneously def'ormed

lattice are denoted by 4, 2, 'a; . The reciproeal
lattice vectors are denoted by & , é., . é; . The
reduced wave vectors are denoted by o s Which

_‘ A /2.)7

(>} | b o

stands fox £ -811" _)4 £) + 3{21.” é}
Where #n, »x, %, taze all J.ntegra.e. values between
-L anda +L

Quantities referring to the undeformed lattice

of

will be distinguished by a zero above the letter, ag2”

liote that in symools relating to the lattice a f
superseript is slways to be taken as representing
three indices,

B Summation and integrations. YWhen the
range or a swmmation depends on the muuber of narticleg
considered in the problem, I use the swunation sign S )
otherwise I use the swanation sign Z . The
range of the swunation is implied in the summation
index, any swi is to be taken over the complete range
ol values which this index may take. For double
swinations, only one swumation sign is writen.

In the accented swmation sign ,S‘[/ , the single
tern Jf=000 is excluded. In the accented
sumnation sign J‘jl, the terus for vhich A, 2’/’/,

7 /7
J =L" , ana /s =/, simltaneously are excluded.




For integrations, the domain is implied in the
integration volume element or surface element; the
domain of the integration is always complete, This
also applies to double integrations.

1.6, Scalar products. The scalar product of
two spatial vectors is denoted by a dot between the
vectors without any brackets enclosing the whole
product. The scalar product of two functions ger,s)
and y.., {r,5) is defined as Zr /ﬂ’r 9;*(5,:) $s (r,5)
and is denoted by (ﬂ(r,;) . x,(;,_n) with brackets
enclosing the product. Ihe domain of the voluﬁe
integration(or summation) in the scalar nroduct is
implied in the argument of the funetions. In
particular, the scalar product (Zf(:’/ . V_fz,-c’/ jf,,!c'}}
represents & volwne integration over the argumnent f’
and yields a function of the arguument e iy The
double scalar product ( fjt:l- ( }Jf’r_{i-'f{?_r,-c’/,;‘ﬁf.r_’l) ’}}i,(_:;))
is then a constant.

Other symbols not listed above will be explained

when they Tirst occur.
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2. The motion of the electrons in metals

=== ====== =S== DmommEmnE SR S

In dealing with the rapid motion of the electrons
the ions may be assumed to be at rest in arbitrary
positions. The electrons then form a conservative
dynamical system deseribed by the Hamiltonian
¢ P “) « 09
r = r)e+ : i (r;r
_‘) fo)ﬂjs “Euv ;

)

{e:d) }{ﬁﬁ

vhere the terms on the right represent respectively
the kinetie eﬁergy of the electrons, the potential
energy of the electrons due ® the ions, and the
electrostatic energy of the pairs of electrons
properly counted, It will be shown in the next
section that the state of motion of this system is
stationary.

Accordins to guantwn mechanics, the stationary
state of motion of a conservative dynamical system is
characterised by the variational principle that the
energy, 1il.e. the expectation value of the Hamiltonian,

of' the systeu is a minimun,
f W t.) e/ ) )
(2.2) ( }{<H§'""=))
zzﬂﬁl Sas
The exact variational equeations obtained from this

for determinin: the wave funetion ?‘ Gl fa,sﬂv

which describes the precise state of motion of the

/3



nunerous electrons need not be written down here, and
there is no way of attacking the provlem in this forua.
For an approximate treatment, I shall adopt the method
of Yock and Dirac.

-2 The method of Foe.(1l9.0) and Dirac(1950),
In this method the assunption is made that the wave
function of the electrons is of the form of a

deteruinant

1 . ‘:".- -~ - r’s)
$(rs) irs g
» ’ » |
s AR gl RS U S R R T T
! N e
(2.5) N1 B v v % 2 "
Wl o (4.1 (w1}
s AT ke A AN

in this way the original single function of 4.
variables is decomposed into M functions of four
veriables eac., denoted by 5: ( /=r2--m ),
without violating the Pauli prineiple.which demands
that the wave function of & nuuber of electrons should
be antisymmetric with respeect to an interchange of the
cobrdinates of any two eleetrons., These functions
are to ve deteruined according to the variationsl

prineiple (2.2). The system of variational

equations thus obtained may be abbreviated as follows

(20d) (T s Vi ¢ P - A9 - W) Gas) =0

("2'1‘61 ."V—)

4



in which the superscripts of the argunents have been
dropped. the parameters W, ( 4 = /.2, --#)
are just defined by the asbove system of equations.
The operitors Pcr,s) ana Acz s) are defined

in terms of the following quantities

(2.5) Pexs, 2i8) = & S8 $ ers)
(2.8) Pix,s) =2 per,s; r,s)

(8. 7) Are.s P T W Y peLs; r.s)
as Tollows

(2.8) Pcr,s) = Zg Jdr' V.cz ) pcts)
(2.9) Ar,S) fer5) = Ly A AR AY 5:.’(&,'1"}.

By the definition (2,9), the opertor Az, s)

’is self-ad joint, i,e,
\
| - 3
(2.10) (Gxrs)-Aas p,05) = (g0 Awenfes)
a
The other opertors asppearing in the Focik-Dirac system

of equations are also self-adjoint. lience the

Tunctions Lir ey 2.--M.) are mutually orthogonal,

5
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Substituting (2.8) into (2.2), and making use of
the orthozonality of the functions 9: , we find for

the total energy of the electrons

(2.11) o, (g (%neycyf-?'ﬂgiﬁ”) 5"!!.31)

or, in terms of the parameters defined by (2.5),

Pers) —Aas)
.

(2 13) 3, W; - 5 (g9

< T

5¢x,5))

By multiplying the wave Tunctions(2.5) by its
complex conjugate, and summing and integrating over
all the spin and the spatisl cobrdinates with the
exception of ¥,s and 2x'¢' , it is seen that the
deterninant

B AL s R

Peris e85} por’ s

gives the total probability of finding a pair of
electrons at r 5 and r’§° (Dirac(1931)).
Similarly the quantity

(2114) £ ex,s)

gives the total probability of finding a single

electron at r, 6§ .

/6
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The total electrostatic energy of the vairs of

electrons is, by (2.14),

rez,s)  fLer.s;t's)
i [j..' &' V(e
2,16 DI § L1l AL 4 , v
( ) # b PQ".S;I-S) Per,$")
where the factor one-hglf is necessary in order to
avold counting every interaction twice. By making
use of (2.5) = (2.9), (2.15) can also be written in
the form

Pex, 57 = Aixr,s)

(2.16) & S‘., (j:.tz:,s)- 2 ~ ?":b.’:,SJ).

2.2,  Beparation of the spin(Brillouin( 1934) ),
For metals which are magnetically unpolarised, the
total snin of the electrons must cancel. In this
case, the N, functions can be grouped, Ly a proper
arrangement, into g- peirs, so that the funections
belonging to the same pair do not differ in their
dependence on the spatial eo8rdinstes. Furthermore,
(botn oi them belong to the same parameier,

1f' we agree to denote the functions of ‘the # ~th
pair by _9;.’0_{ o = f,2) and to replace the single
index ¢ wused sbove by the double indices pIRT

then we may write

2.17) W, = W, a W;

@



= = Y.(r) 4.(3)
(2.18) g Cr.8) = ?j,r‘r'S) Uospd
where the soin-dependent part is simply Kronecker's
delta, By substituting (2,17) and (2. 18) into
2,17) and (2.18)
(2.4), it is readily verifie that,form a sclf-consiste
Jsolution of (2.4) provided that the 15(11'5 satisfy the
| following system of eoustions
Acx)
(2.19) ( T + Ver) + Pa) - g "%)%‘U =0
The operators: P¢z) and Acr) are defined by
dropping the spin coordinates everywhere in (2.5)=(2.9)
and by substituting ‘y" for v land 2.8, for J, .

i
E.8., (2.5) becomes

” ¥ /
(2.20) er,ry = Z\S}‘. Pokedihoer

The - 3 v 104 & ¢
the conneetion of E(r,r) with Pers; £.s) is

(2.21) Prr5; £y == éﬁ‘ ) §ex:s

wiere the spin-dependent part is simply Kronecker's
delta,
. ¥rom (2.21) and from (2.13), it follows that the

total probability of Tinding a pair of electrons at r

nt




and £ with their spins parallel or entiparallel is

pir 1) p(!_l;{flll+l prr,2) ("5‘;"—’-“[ = Iﬁfl F‘!;-’-'T
o
(-.c. 22) P‘y”‘ 5'11 P‘)_’J!) ﬂ?:l;f,l) P‘!'faj 2 Po."a'" F‘!"

(spins parallel)
or
- 4

L piriz.rt) fcv,2) Peyyra) pell)

-t I

(8pins antiparallel),
From (2.21) and (2.14), it follows that the total
probability of finding an electron at r of a

specified or an unspecified snin is

= &
(2.24) Peen =pird) = 3 per)

(specified spin)
or
(2. 25) Ccr,1) + fLre) = ey

(unspecified spin).
“he fact that the the expression (2.25) is the product
or (2.24) and (2.25) shows that, in this approximation
therc is no statistical correlation between the T
positions of two electrons with their soins

anti-parallel.

44



By (2.1¢) and (2.18), the total energy of the

glectrons can be reduccd to

5. W ¥ Pfr)'muy )
2426 N TR B A D )
P zd ) ius 2 7

B Be Wigner's extension of the above method.

Viigner(1954) has made an improvement upon the above
methioa to sllow for a siatistical correlation between
the positions of electrons with antiparsllel spins, by
generalising one half of the A, functions of (2.3)

Lo become functions involving the relative codrdinates

o

1so. The method is desizned as an extension of
the method of Focs and Dirac, and is to be applied
only after the functions ’}g of (2.19) have been
Tound.

In the siuple case when the ']g are plane wave
funetions, Wigner's calculations show that the
probability (2,25) of finding a pair of electrons with
their spins antiparallel should be corrected by a
| fector depending on their relative distance. The
'toL;l energ; of the electrons is to be depressed by an
aaount adepending on the volwne of the metal. This
"ecorrelation energy" (Iig.7,Wigner,loc.cit.p.1010.)
contritutes much to the binding energy of metals, but
it wey not aflfect the elastic and themnic »sroperties
of metals so seriously. This will be discussed

later.

20
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5 The motion of the ions in metals

e e — m—— ——— o e
=== == = SR ERs SEmmnssmm smesse

In dealing with the motion of the ions in metals,
I assume thaat the motion of the electrons reaches its
stationary state instantaneously. The
instantcneous stationary state of the motion of the
electrons can be determined by the methods given in
the precedins section. This point of view is a
good approximation, for owing to the enormous
difference in the rapidity of the resnective motions,
an "instant" to the ions is an "era" to the electrons,
the transient motion of the electrons in the earlier
period. of which can therefore be nezlected on the
average. The cuantitative justification of this
asswiption will be given later.

As the configuration of the ions changes, the
stationary motion of the elecirons changes with it.
The adaptation ol the stationary .otion of the
electrons to the eslowly changing configutation of the
ions zives rise to a kind of potential energy whiech
paritly deteraines the motion of the ions. The
avove consideration therefore shows that the original
dynamical system of ions and electrons may be somehow
redueed to a system in which only the cobrdinates of

the ions appear. This may bte dong as follows.

21



o Reduction of the total Hamiltonian of

the metal. The total Hamiltonian of the metal is
Porh. puch : A4l
Ve = Fal? S!l" Vol %)
(3.1) Hm‘fal i< % *-5} 'Yu‘) V. ‘L Py
e &-‘; T[l:“.') < l mﬁ"fvf "’ '}

“he terms of tiiis expression represent tne Kinetie

f energy ol the ions and of the electorns and the

interaction energy of the wvarious sorts of pairs of
particles. As the tenm V,(’? )useci i 4R1)

stands just for the lattice sum

rci) )

1

(& 2) V+ ( Z'm) = ‘YI V*_ (r

the egmation ($.1) may also, by (2.1), be written in

the form /

(6.8) Hhc"‘a(.(’;" ':w) =

The state of motion of this complicated system

| _ d ; .
Lay ve ossumed to be stationary, as time does not

-

| arpes r explicitly in (8.1). The stationary state
of motion is again characterised by the variational
principle of' the total energy, i.e.

) H)

(6.4) (j:‘réff s MM):MM = E‘VM

2L
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1f the r & are regarded as given constants,
(8.4) reduces to (2.2), which therefore describes the
instantaneous slationary motion oi the electrons.

I now assume that the wave function of the metal is

approximately

’ ('tI o) ’ f,u‘l “)
T ¥ B B wem g e ) 0 e
L -9;,1‘,,3 € S S / '?m ‘gle»m

(3 ¢
where ﬁ(,dw( gt ’) satisfies (2.2) and

¥

Therefiore involves the ¥ & only as parameters.

Substituting (3.82) and (8.85) into {u.4), commuting
$ Pl poch
¢ M

the normunelisation condition of the wave funetion of

{ 1) o
and -Zlea’m.f ) , and making use of

the electrons, we obttain

{
( %o ™

\
N
.“-‘
Co
\l
+
o
<Y
~
"y
bV, S
b
-\
N

(3.6)

’ g
* Edeofmu } "S?ngtj
== A = E;-.et‘al
pc:’j. Pt;’)

2M
- ( r"‘h "“‘f} N b - - . . f t
o T i+ Y Ly
and ?",“.( Le b neve been drouped in view o hat

in vhich terms arising from commmuting ,S}

L shall treat the motion of the ions by classical
mechanics.,

As classical mechanics is the limiting cese of
auantwn mechanics an! is sufficiently accurate for
treating the .iotion of heavy particles if they are
not too close to each other, I may pass from ouantuu

mechanics to classical mechanics by renlacing the

23



variational prineiple (..8) by its znalogue, naniely

the Hanlltonian eouations derived from the Hamiltonian

) 1 :
= & i ko, L ¥ ¥
(5.17) g To0L oot 8 AR T

This is the ﬁauiltonimg describing the slow motion of
the ions in metals, when .the motion of the zleetrons
is regarded as subordinate. The potential energy
in (8.7) is partly contributed by the eleectrons, and
is eoual, when the method ol Foek and Dirac is used
for approximating the motion of the electrons,
( af.(8:86), ), o

Ae)

Peey= ==
(3.8) 25, W, - 25 (fer — = fhar)) # £8, b
d

i

Although (38.7) is very much simpler than (3.1),
it still involves a large number of cobrdinates.
An exact solution of a many-body oproulen is
impractgile in classical mechanics as well as in
qusatwa mechanies, Turning to approximate
metnous, i snall adopt EBorn's theory of crystals.

5.%2. Born's theory of crystals{1923,1933).
Zor slmpliedity, only cubic eryotals will be considered
Surface effects will be neglected.

At zero temperature and stresses, the ions are
at rest in a unicue ccnfiguration, specified by the

o}

lattice points a

—
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(3.0

(seoy &l = 4 o hdooddy. (bh= bt oi)

s 2

Under an external stress, the crystal is homogeneously

deformed, that is to say, that the positions of the

!

(]
ions are d , related to ét as follows:

(L, p=1,2,3)
ot oo 1o i gl A,
SR e BRI . 5 ity s

7

The positions d may also ve soceified by

(8.11) _a:’ = 4 +4a t % (":,I‘,I:’"-'"'L]

Vhere the lattiice vectors d, 4,

0
a

&; are related to

/

0
afz d; by relations similar to (&.1Q).

)

U Tinite tempertures, according to Born, the
motion of the ions are small, and therefore haraonic.

The harmonic oscillstions of the ions may be analysed,
the
Ly a Fourier series,into g superposition ol  so-called

thermal waves. -

vgh, 7 o
v ol =l ag o FE e
in wiich the wave vectors 12_" {fora a lattice
(.38) ?3 = 7 ;’ ""’»Zy 'f";;g ft,"'.’ﬁ,sq...-iLJ
with lattice vectors
(6.14) 1 3:—3 3 s ﬁff;".;

L1/
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The vectars 5} é 5 of (0.14) are the vectors

'-,-

reciprocal to a; a, &3 , defined by

S R
El'él = &lg,'é_u. = ‘1‘3'_%3 =1

(5115)

é;: a-lu"éf = tz,'é, 1!-:33‘& = A ﬁ ‘; =0

o -’.

e

1t is easily verified, by (5.11), (8.13), (3.14) and
(v.15), that the following identities

” 1 n
(8.16) ;' A& S
|
e}d —4)'(,:"_%5!4‘

(3, 1%) h

hold, where the delta with superscrints represent the

o

product of three .ironccker's deltas, these identitig
]

show that the " of (5.12) represent the Pourier

amplitudes of the suall oscilletions of the ions.

n
The aumplitudes 6&( are generally couplex, satisfy

* i
(3.18) :7__(” B

—

I

|
{
@and can be used, instead of the positions f! of the

ions, to soecify the dynsmical state of the erystal.
How substitute (6.12) iu the expression (3,8) for

the potential energy of the metal and exnhand the result

with respect to the f&a? as far as the ouadratiec terms,

neglecting the terms of higher order, the normal

e U A el ] et
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Trequencies for emall oseillations of the ions are
then to be determined by transforeming the cuadratic
form thus obtazined to its principal axes. These
frecuencies depend on the external stresses(Born(1759))
A statistieal treatment of ithese normal oscillations
gives the thermal oroperties of the crystal.

The elastic proverties of the crystal at zero
temperature may be simply obtained by expanding the
potential energy (8.8) with respect to the strain
parameters /ﬂiﬁg introduced by the homogeneous
deformation (5.10).

Becguse 'a part of the potential (5.8) of the metal
ie contributed by the electrons, the explicit expensiorn
mist be postponed until later, after a study of the
motion of the electrons in & “"lattice" of ione
specified by their actual positions. The word
"lattice" used here deviates Tfrom its usual meaning
and will be expained below,

5.5. Generalisation of the word "lattice",
| The usual meaning of the word "lattice" used in the
theory of crystals is best seen frou the equations
(5.9),(8.11), and (5.13). The word conveyslthe
idea of a cet of points possessing three translational
periods, namely, the lattice vectors. In what
follows, I shall use for this idea the word "periodic

lattice" and reserve the word"lattice" for the vague

L




idea or a set ol points arbitrarily arranged.

~“hus the instantanecus positions of the ions form
a lattice in the avove sense, This lattice is not
periodic, but it possesses the Tollowing property.
If we extend the domain of 4, /., 4, to all positive
and negative integralivalues,(the 4,, {., !, were

limited to the integral values from ~Z to  +L ¥

N
1

cf.(5.9),) the resultant infinite lattice formed by
the .f'f of (6,12) is nothing but an asseublage of
siialler lattices congruent to the original lattice
formed by the instantaneous positions of the ions.
Lattices possessing this property will, in general,
be eslled "eyelic lattices", liote that neriodic
lattices,(i.e. lattices in the usual sense,) are &
particular kind of eyecike lattices.

After this literary digression, I must return to
the physical problem. The problem at hand is to
expand the potential energysof the metal (J.8) with
respect to the parameters /vgd of (3.10) and

" n i
e paraneters ﬁﬁfa_ of (&8.12). This will

| te done in the next section.

iy




4. The wotion of tne electrons perturbed by the

SE=EE SDDm=E=ER DN DSS EDNEDsmSooSs EEIsomOoms = o =mms

displacements of the ions

o s e e B Wy
gt b R —$—i ]

in this section a general method will be

developed Tor the expansion of the total energy of the
electrons in solide with respect to the displacements
of the ions. The displacements of the ions may
Le due to either thermal oscillations (cf.(3.12)) or
& homnogeneous deformation (ef.(9.10)). The law

the
of ,displacement ol the ion, say, the f -th, may be
writen in the form
'

(4.1) »1 24 4 % (27
ol o

i

/

0
where )“I and r represent respectively the
displaced and the undisplaced positions of the /—th
ion. The functions <4, gare either superpositions

of plane wave functions or simply linear funetions.

4.1, The motion of the electrons in cyeclic
lattices. As shown in $3.3, the positions of the
lons _l_'_'/ form a cyeclic lattice. 1t follovs

frou the property of the eyclic lattice given in the
paragraph already ocuoted, that the domain of spsce
in which the electrons move uust possess parallel,
opposite faces, seperated vy the dimensions of the

erystal, Apart froa this, the choice of the
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toundary is arbitrary), - we can always deform the
barellel,opposite face in the same arbitrary way.
This arvitrariness in the choice of the boundary
of the domain givee rise to the following boundary
comdition on the functions Z.fx)of (2.19). The
funetions 7§(t), vhen extended across one face of the
boundary of the domain, should renroduce the wvalues
lney assumed at the corresponding points by the
parallel,opposite Tace. if this process is
contimied indef'initely, the extended functions are
then contimaous functions with the periodicity of the
can be thus extended
dimensions of thez cryslal. Functions which ,will
ve called "ecyclie functions", so that the boundary
conditions on the VJ-!‘L’} become simply that they are
cyclie, |
-t 1s szatisfactory that the normalisation of the
‘?&trjare independent of the particular domain
chosen for the range of integration. As a matter
of fact, it will be seen that =211 ohysical ouantities
ace inceperent of the choice of the domsi n,
~0 show this, it is only necessary to verify that
the Opexi'tors appearing in (2.19) are all "eyelie
operaters®, i,e. opef&ers witich can be applied to
cyclic functions to yield eyclic functions. For
then the expectation values of these opeﬁ&ors will be

independent of the choice of the domain of integration

Jo



Lhat the 4inetic energy o;ez*',‘.tor 'T'(?:) of (2.19)
is cyclic rollowe directly from the fuet that the
derivatives ol cyclic functions are cyeclic functions.
Lhe potential energy of the electron duc to the ions,
the term | (k) of (2.19), is naturslly cyclic for a

eyelic lattice. The other two opeftors P(r)

(4.2) Px) = [drirr)z ,’gg 7141:)

4.3) Atr)’¢ (x) = [ bx;T) zS,,”f,Cf 7)‘-,25’)3,‘(&’)
where M_cr; C’) denoyes the couloub interaction of two
electrons. As V.e;L) is a function of the
relative codrdinates, and g8 the rest of the integrands
of (4.2) and (4.5) are cyelie functions, the results
of the integrations are eyclic functions in the

argument Y . dence the opertors P(r)

anc A £y are also cyclic opertors,
in the scove consideration, eumphasis has teen Five
(to tac arvitrariness in the choice of the boundary of
;the domain of a cyeclic lattice. There is, however
the trivial conditio-n that the domsin must contain the
ions. it follows fron this that, if the ions are
displaced, the domain in which the electrons move must

be displaced also. Ly & homnogeneous deformation,

and A(xr) are defined by (o1, (2.8),(2.9),8nd(=.20))

»




some ions will be displaced, in fact, to outside the
orizinsl domain., This difference of the domains
makes 1t lapossible to apply directly the ordinary
verturbation method for dealing with the motion of the
electrons in & displaced lattice.

I shall avold this difficulty by applying a
contaet transforuation by means of which the whole
effect of the displacements of the ions may be
represented as a change ol potential only, so that
the ordinary perturbation theory Lecomes applicable.

4.2, Transformation to the image-space.

The lew of the displecements (4.1) of the ionssuggests

the introduction of the cobdrdinate transfomation

+ «u (]

[
R

(4.4) Y,

which, being a one-to-one continuous transforuation,

may be conveniently conceived as mapping real space

where the cobrdinates are 7, on an imaze space

vhere the codrdinates are F( " The "bar"

over a cuantity will always denote this transformation
From (4£.1) and («.4), we see that the "imsges"

of the ions are given by

(4.5) 7:’ == J’fl

and Torm an undisplaced lattice. Hence it is

convenient to cioose the domein R of the displaced




—

lattice so that its image R coineides with the
domain }i of the undispleced lattice, This is
of course, allowable, for go long as ﬁ fulfills
the necessary conditions given in f4.1 of being »
domain of the cyclic lattice formed by the undisplaced
ions, the R , as chosen sbove, fulfills these

conditions for the displaced lattice, The

advantage ol this choice of R will be seen immedistély;

L]
the domain KR of the undisplaced lattice may be

assuned as given.

I shell now transform the eguations of motion of
the electrons (2.19) ' to the iuage-space by applying
the Tollowing contact transfommation "associated" with

the codrdinate transformuation (4.1): -

e 6) Y(r) = wir) }Jcrrf)) (for all the ’¢—functions)
=y - - - < ""f
(4.%7) QE) = H(E)Q(ﬂr))ﬁd(z?} (for all operators).

ihe weight function

is purposely included in (4.6) in order to simplify the

normaiisation of ',&('f) s0 that
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- o — Py - P AT
(2.12) pF(E;2) = 29 Y8 ¥ (E)
(:...Lu) (5- (¥) = F(E,E)
(4.14) ACF, ) = T4 £;2') FEED
(2.18) PAE}, .. W JAE W ABE B
(4.16) ACE) V2] = [d7 Aoz, 2) JiE)

)Y (£)
¥,

|‘ll

() 4.-5 ?

= ./K;d_‘ g(r'":_‘"}) *(r‘y’%;rcr)) zjalrﬁ’(!‘)?i;") "'('fm-flj

and in (4.7) in order to simplify the calculation of

the exicetation values of the opertors, so that,

P

(4.10) ('}ggg/- QE) 73:,@) = (]?m « Q) 1{,}.‘:»

Sy substituting (4.4) into (2.12), pre-multiplying it
PY #(r) , and making use of the definitions (2.8)

and (4.7), it is readily verified that the transformed
equations of (2.19) con be writen'in the form siluilar

to \:f:‘:. lg),

—

A7)

(F) =0

(£.11) (7"'(’5} +V<?-)1~Pm-)— w")

(1 = f,z,.- v./2 )

With the following similar delinitions

<& f

the equations (4.9) - (4.16) confirm that the

——
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| in the domain KA s — it is 2 constant or a

bl = 11 Jr

transfamation defined by (4.6),(4.7) is a contasect
transformuation,

From the boundary conditions that the ’)‘(”-( r ) ard
cyelic funetions in the domain A, it follows that
thelr contimuous transfora 3‘;-(!:(_?)} are cyelic
functions in the transfor.ed domain ﬁ .
Furthermore, it is easily verified, by (4.4) and (4.8),
that the weight funetions &¢r) is & eyelic funetion
superpoeition of plane wove functions gccording to
viiether the displacements of the ions are due to the
nouogeneous defomaation or due ’c;:l‘ghermal oscillations,
Hence, by (4.¢), ths boundary conditions of the 1?”?‘_’_"")
are that they are eyclic in the domain ﬁ $

Similer gh jc}ll opertors _e.nuearir%il in (4.11) are cﬁrcl

For wvani ng displacemesnts of e fons, in which

case the transformation to the image soace reduces to

—

the identity transformation of replacing r, by oy
the eguations(4.1l) becomes therefore the equations of
motion of the electrons in the undispleced lattice,

only writen in the cobrdinates &5 e As the
lomain /-R- can be chosen to coincide with the domain of
Lne undisplaced lattice and the boundery conditions of
the ‘}-0: (¥) are the same as the boundary conditions of
the 4 -functions ifi the undisplaced latiice, the

couations («=.ll) mey therefore be solved by the ordinary

perturcvation metnod.

ic.



&, De Perturvation theory of the Fock-Dirse
sysiem of equations, All oguantities in the
ecuations (4.11) - (4.16) will be exvanded with
respect 1o the displacements of the ions.
Successive order terms of the ex,ansions will be

denoted Ly the numeralapbove the letters, e.g.

EY
~

(B PR+ FLE)

(4.17) '5},_ )
J

Q..Té a
~.
S

In the expansionsof (4.14),(+.15),(4.16), it is
convenient to add another muneral, enclosed in &

braczet, to indicate the order of the factor

involved. R . ,the second-order temn of (4.16) is
(4.18) ,'4?! ) &= /é(?f) +:‘i”rf} fj‘ﬁ’f)
where

(4.19) Ae) 1% ) = [IF J{Cjﬁ( -":-’3’)/‘/";-'?:’33 '52-‘5')

According to the avove notation, the zero-order

equation of (4.11) assumes the form

aa)
9¢o) Aci) o ° R
(4.20) )Il})'(f}'fl%.(f/ *PtrJ-' 2'-“ -—w)ffz (£) =0

(=02 - & )

As clearly indicated by the bracxeted numeral affixed




to the opeftors }gtf) and ﬁff) s this system of
Ccuat.ons are non-linear, Tor tg - involwes the'g .
In the perturbation theory, however, this unperturted
Pr'oblem is assumed as having been nreviously solved.

g
y— ) » a
This being so, the o ertore P ch and /?U‘)

are known o:geftors. ‘iae multiplication operator
(0)_ : ) &[o)
¢£) is linear, and the integral opertor () is
also linear, i.e.
"“" 477 ) B ED 5cr.F }écr)
(4.21) W)’PCI:J ==f Ll " 2 2 /°..

Where ’Pff} stends for an arbitrery cyelie funetion.
Let us consider then the linear ecuation, the

eilgenvalue probleu,

o . o e e
(2.22) (HCE) =Wp ) ¥p(8) = ¢
where m(,)..
Q 0 = i
(4.28) HE) = P +vue) «Piz) =

o
with the toundary condition that the ?‘7’ are egyclic,

+this poundary condition is consistent witnh the
renuirement that the momentum opef;};or _f(f) and
consequently the ..inctic energy opez?‘tor- 7".;{:'_ ) ought
to be seli-adjoint. For the difTerence of the

Scalar product
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0 ) 0 =
(YE) . o) ¥, £2))
and

[ S S
(¥ 45) pe) ¥y E)

: )

being reducible, by Green's theoren, to the surface

integral

0 ¥ g% | .
-a;ffg V(E) ¥ 42 dS

(where Y denotes the outward normal and 2"‘&.‘ , the
Planck constant) vanishes identicslly. The
contricvution due to one face of the domain is just
cancelled Ly that due to the opposite, parallel face,
on which the outward normusl reverses its sign.

And siullarly the diflerence of the scalar products
9 [ L o o o _ 1k
(Ve£)s Teg) ye£)) ena (%58 Te2) 1@::.9

vanishes identically.
dence the o;eﬁtor i:(f) is a linear self-adjoint
Opeﬁtor. Accordin: to the theory of such opef’:bors,
(4.22) sdmits and defines a coupletec set of orthogonal
elgzenfunctions to which set the originsl functions
35',,5, naturally cvelong, in virtue of (4.20).

This set of eigenfunctlions can be used as a basis for

the expansion of any cyclic function cefined in the same




domain as the eigenfunciions ’%Cf).
-]
The original ’%’,—functions will be specially
called Foek's functions.

The perturbed Fock's functions ’,V ¥) , being

cyelic, may be expanded in the set ’}“';_tf ’
PR ocF‘) g
(4.24) ’}"; (r) = ZJ ke J},
where UJ’)' are constant coefficients. After

the perturbed Fock's functions are obtained, a
perturbed eigenvalue probiem similar to (4.28){4¢24)
May be introduced to construct the complete set of
Perturbed eigenfunctions. Although for the
calculation of the energy of the electrons, no
perturbed eigeniunctions other then the perturbed Fockh
functions are needed, it is convenient, however, to
expand the complete set '7?/‘;_0_’_' Jof the perturbed

eigenvalue problem

_—
i
-
~
L
(o (|
S

[ldsr & o oa ! 3& o -
REpeF gl I e Ot
in the set '%7(5}

T -
(4.28) ¥, &) ZJ, ¥o£) U,

in order to use the abstrsct perturbation ~theory. of

Born and Jordan(l930).

8




N B

‘ the
in the avstract notation, seouation (4,26) ean 40
ve writen simply
— - " 2 -
(<.27) W LE) = feR) ’thr)
J

vihere [J¢Z) is to ve rezarded as an oPeI?.tor, in fact

o
a cyclie opedtor, For both the ‘YJJ_ and the ¥,

are cyeclic functions, With every cyeclic opeﬁtor

—

-

Q(f} , & matrix Q_ of elements QJ‘J‘ defined
o

o

o o —
1.9 . > = C_") 7

gy be associated, so that the matrix elements
associated with the product of two eyclic ope:cﬂ’cora
/ ~ - : , 5
& (¥) and er_/ can be calculated according to

matrix ealculius, i.e.

7 £
(wpe) o (E@L, =56, 4,

This follows by a consistent application of the

definition (4.28), namely on the one hand one writes

. 50 Q(E) QE) Yir) = ) (7) (QQ)
(4.350) (Q(E) Q1 )}S_‘Z Zy ')f’r_,f (QQJTT

Wille on the other hand, using (4. 28) twice in




successlion, one writes

: Z . " % ) A b
(4.51) G2 qee) k) =2 e feid, =2z
A comparison of these Ways of’ weiting gives (4.29),

(2]
for the functions "V’J, are uutually orthozonal,
The practieal vay ol calculatinz the matrix element
QJ,J. of a «nowa eyeclic opc-}'tor Q (¥) is, by

(+.28), to calculate the scalar product

P o oy ”_

(4.52) (qg,fr)- Q£ i‘“)

ded, Perturbation enuations, As shown abovel
all the oge;&tors appearing in the perturbed and the
unperturbec eigenvalue problems are ecyelic overtors,
and for eyclic opertors, matrix representations ave
defined, I ean therefopre apply the perturLation theory
of Born and Jordan(1930, Kep.5), using matrix
representations for all operators. In partieular,
the ceterninstion of the pesrturved functions ’};':T is
equivalent to the determination of thae matrix UJf
ef'. (4.26).

in the matrix representetions, the deteruination
of the eigenfunctions of an operator @(F)is eouivalent
to the transforuation of the matrix g, to diagongl

Tomu. Ae the unperturbed eigenvalue problem is
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asswned as naving veen vreviously solved, the matrix

]
H i2 in diagonal form
—
' o o o
(&.33) H = W ( W being a diagonsl watrix).

Solution of (4.25) by the expansion (4.26) of the

e

’V’J le squiwalent to transforustion of the matrix

to diagonal foru by the chanse of basis defined

by (4.26), i.e.

. i s
.\ "':‘-‘o 'J‘; ) U ‘ ’
] =

e

— L\f if_\/’. being a diag

Pre-maltiplying this cequation by the matrix UJ y The
eocuation for the determirmltion of U uwmay be taken as

(4. 35)

(gt
NS

il

N
l
a

ihis is equivalent to the equations of motion of the

electrons in fhe displaced latitice.

J'roa the nomnalisation conditions imposed on the

= o : . "
’\,bJ,tf) and the "}S_u:) y it Tollows that the matrix
is unitary

s
-~

f.

(&.86) Y

il
I~

]

g denoting the watrix adjoint to g y defined by

#2



+ e

{4.87) UJ’] = U

/

This is ecuivalent to the normarlisation condition of
the perturved Ifunctions V}Jf/.
™ e
~d

xpansion of the operdtors in the manner descrived
"

by (4.17),(2.18) corrscsponds to expansion of the

corresponding matrices, The expansion ol the metri
a

matrices will be denoted b.jnsu..-uila: notation, 2.g.

] o 1 1

(w0 58)  SSue W U & L

(%.59)

| .
It
>
+
>
+
('S

vhere the bracketed nwueral now signifies the total

2 _ TN
oraer of the factor UJ.. involved in the A
) =

Phe matrix eounations (4.85),(4.585) for the determinatig

of U may therefore be expanded into egustions

T'or the determninztion oi

|

2
.4 ete., the zero-

order ecuation gives simply (4.85) and the trivial

solution

(4.40) J

i
(B

By (4.58) and (4.40), the perturbation eguations of
the Pirst order and of the secondi order are

respectively

n
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\."}-’o el :'

(2. 42 )

and

(£.48)

(‘i. J:‘:)

tICu

The special feature of

( é-'a "}:5 :)

and

by taking

ve obtain

=

fx~

Craciteted

The matrix

the Fock-Diraec

the diagonal elemenis of

+Ta

9}

"'La;

Iy

% Lw) I/ 2e0)
Py # ¥peinPrnn i
= 2¢2)
2qe) /

+ p - & {i_

r ) , |
munersle show that H
1 4

elements .. U..
% Yy
("‘k.‘.ﬂl}

nmay

be seen from

m) o ,3”’
u 2 9
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The matrix element AJ’J' may be calculated from the

ano

3 2 1 4 4. 4
= H _ +(HU-UW)
e i i iy

1

z
viileh can only Le evaluated arter UW.. ang U

L J}.

are smown, It will be shown later, howeve ¢y that

i

in the caleulation of the periurbation energy of the

'
electrons, Ua-' %ill not be needed,for the Firet-
/
2
order energy, and similarly U..: will not be needed

I

Lor the second-order energy.

3 e -3 41 T 4 = - * . & { 47 »

LYy teding tvhe non-diagonal element of \4.41), we
obtain

1ct) 4(1}

(e 43 )

T 4 J} ‘T}

1(1)

1(1)
pertor A (g)(4.19) by forming the sealar nroduct
-“” 5 {ct)

(2. 50) ’}6 () AvE) 7)4:2)) =A_.

J)

L : g Ty, Al O Ll = :
frou the definition of LCE; 5’} (ef(4.,18)) and from the

expansion (4.26) or (4.27), (4.50) may be writen in

vhe explixit form
1(1) o

A = zs Z (qtr (yfﬁﬁ-fﬁfﬁgcﬂ)iﬁ@ i
(4.51) 7)

7 4
o) ~V =P +L
( 9 -w.) U “'P = “7‘;;. V; 3 % Z

@

L]
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(#.52 o i ;?,; of S 4 T |
/ :
|
| wWilere :
i !
|
| 0 9, R O, S L. [
i Le :.'_"u .v.:- J". - JI, = (73_(5,' (r&f‘! )'Z-"J'J%‘t)) V.J'I(.: ))
| T
e - . & 5 ‘
Since W.5;E" is symuetric in the two arguments 7 end
. - i
23 s Ve hnave .
o 0 |
e 54.} . 1 = V_ '/ Gt
Lanein Ve 35575 5Ty
1 v . xr <} PR SE TR g R N u“ n r ~ ST 3 ofe |
Sl:lllld;‘?l_y vhe matrix element )?J_ g 8y pe riten
in the foru & u a ! ¥
= il -
| (FI Y/ CF;0) PiF) )‘"L"J) &l
| _ﬁu v .zs;,,zJ, rmmf_ VAEE ) ; -
J. B s °‘ > ]
(4.55) / +2~S',2 (40 ”"”5'('{,’ *Tfr'))flwu;")"
: T 4 e i L
VR S A X 3
=2 ,\; ,ZJ, 2] JJJf Iy )
Substituting (<.55) and Q4.59) into (4.49), we obtein
( $ ;
i Bystem of eaguations in IJJ.. ( ) =t 'V‘/z ) which
J
ie equivalont to the perturbed Fock-Dirsc system of

| €auatlions to the first-order perturbvation, nam-ly
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Solution of tnis system of equations is needed for the
calculation of the second-order périurvation energy
of the electrons.

-

4, b, Perturbation energy of the electrons.

The expression (z.;v)fwr the total energy of the ‘

électrons, when transforued +to the image space,

vecomes |
!-‘ : _" |

0y &gy =S W -28kw TS Ao

(4. 57) Lk J v i :

I this expression is expanded with respect to the

displacements of the lons in accordance with the

notation used avove, we obtain for the perturcation

energy of the first order and of the second order

o ; A 4
7l -7/ r) — ~
-a$ [qu' ”'ljé sl ::,1) +(1)Z,¢Eh Fe e Wer))
a 2 }&F)*'ﬂf} o

J
b Z o 1
(4.59) =23, (bt 13‘:72: < o) # (e P2 i)

respeciively. These expressions will be transformed

L0 convenient forus as Tollows,

_ 1
Substituting for hg the expression (4.47) into

(4.58), and making use of the equivalense »f the

1
latrix element P -4L A, and the scalar product

7



0 7 - » 2 .
(“y:(l'-"} ) {?‘E}_ ,if_;/'l ‘p( f)) , We obtain

4 7 o :
B, = 28 (Tyrhy) *25¢ feor =2 %) |
(4.60)
1 n-)‘ l‘fr s "lsq’lfr )

With the help of the first-order ecuation of (4.12),

1
|
s PR T8 i
|
|
|
|

(4.61) /g‘ £,8) = zﬁfftr)g;fi’/*‘fﬁlf.?fﬁj
and the sero-order equations of (4.12) - (4.18), it 1;
S Vel'ni:'“ hﬁllaf ‘Aru pe) -ff‘fw '
L9 . 2
2 .S:} [( J_‘f' - )-Z)‘(r_‘)/ + ( }%Q’)’ "‘z“* ):_c_::y-)
= ;es},ﬂ r k! y}’iff Y'-Eff’f? [ &) ‘5‘;@ L pE ) "3 7))
+ A5 ffdf;“’ 1%.‘:_;) ;;:'J'_:-,}[/&Ef, \3,@) -4 p i) ﬁ.u”u |
R L LA | put foe) 4 bz, 20 Pl )
(4.6 = [k i‘-{';‘ﬁ[ﬁcf’ 2 -4 AFE) f?cf, 1)

the last step being a conseguence of the notation

explained svove in (4.18),(4.19).
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Hence, by substituting (4.62) into (4.60), we
obtain finally for the Tirst-order perturvation energy
of the electrons

1¢0) )
» P( )~{Aw)

= .Z.S f”’ *I/ J*&S(W) = 155,::')

or, ot (4.68) ),

(F;C

1
: 1 o
(&.64) élgm.=2.§'j('7§5*‘4;j)*ff‘(’f"f v

It is satisfactory to sec¢ that for the calculation of
the first-order perturbation energy, the first-order
perturved eigenfunctions need not be Known.
in order to transform the second-order encrgy

(4.59), in & way similar to the above, the rollowing
preliminary step is necessary. Since the
perturbation opertors are self-ddjoint and coneequentl]

1 2 F3

w oW are real, the expression (4.48) for W.

J

mey be replaced by the wean of (4.48) and its adjoint,

-= 1

3:0s

1 1 I %
2 HrH_U—LJh/)J' Sl

(4.65) WJ g 4

-,

. 1
2y (4.42), and that W is diasgonal and real, we have
Tt
S G i
(dw -(Ow) }J-) f-dw- W'Ji

\'&066) f
= f-dw+w

-

}o'J' e

lm;#jprg £1]
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.ence (4.65) becomes eimply

2 (B+RU),. + (H*H&)LI;
U(}r W, = j*-—-—-—w-—-'—-'—‘_"
J Koo
or, explicitliy 4 4 it t
’ “ 3 ) e ,JU
o (e s D (P00
wo== " 2, -
A 68 I -f i | 1
(4.68) J e ((}3“ d)(j ! ,)_{))“
R =5 + o samtell)
270 <

Now with the help ol the Pirst-order ecguation of

(4.27),1.e.

iT,

/ _0
(-—:-L:g) ’lf} T U f k

4
the terms of (4.68) depending on the P ani the #A

can be transforn2d as follow:

e ———————

(US‘E')__U + U (71“{{)

e o 4
| = (vig) PE T Jwnpey)
-

| L ' (x/ 0
(2. 709 (g PEEE )
J Z
PSR MO 1. B PR
f z_ﬂ 7 L)
= E o
* { ‘é-fr‘/ R SN ’V;-QJ}

Ey)



|
|
%
|

| of (4,%70) for cancelling terus, we find

(4. 71) Eeledrm il 2‘5

the identity (ef,(4.62),)

dence substituting (4.68) into (4.57), and making use 57

2

% A o

) Lﬁ(z’) 1 Aw) .
425 (Pees - -, 2 %.rr.d J
' Po-#Ac5) 2
2 p ) .’éf!) ;“)‘L te) 1 4( (z) ._,L \5
“/1% [( "5!‘?)- Is %—L‘i- ﬁrr)) Hfrz) 1‘ 7)) ¥' | 4 )

which may be coampared with (4.60). The rest of

the transformation is similar, with the help of

J'lﬂr/
ﬁlrl‘ A(:) 1‘9 ?t_r) Al: I-LPJL.}-P’—E-—-‘: ck))J

{4 'ffj) e ﬁu;) o o

f
XY
.63
3
%
(\J
o
=

we obtain finally for the second-order perturbation

energy of the elecbrons (cf.(4.63),) i
(#+ 7+ CP0) 0), (ot 4 P4) U

—

A

- J

(2.75) = = . A u} w A
isa +2.§. (}5{(?)' £

oy (CI (—.w—-) ) the equivalent Torm .
U’H/.- ft?*wu) f{?’#l/..“f?"l/,)w |

are involved.




NOTE ADDED IN PROOF: - The last line of (4.74) '

can be transformed, by a procedure similar to (4.62),
into
”) ”0) ”)..[ 1(‘)
(4.75) 28, —

i (,

Lhe second line of (4.74) is originelly (cf.(4.75))

(u 2(p)
_l
- A-14 /
J 2. 1
1
Hence (4.v4) may be writen in the form s l
u} a}f el A 0)
; ‘zg(yz"l/;- /U).J) +{( Pt "HJU{U ‘
(£.76) 4, y. P, ‘ a
20p) Loy
P -iA

t 3
4,2._);_ (T*V;"

’ ) : / ‘f(d)
The combination Vi, 4+ 7P represents the change of

the potential of the ions and the unperturved eleclron

cloud, and is finite. When the energy of the ions|
S
is addel to the combination 25 0V, + - i

the resultant enepgy will be finite ror finite crystal,

or, the energy per atom will be finite.




e

4,06, Concluding remarks, To solve the
nerturbation ecuations(4.41) + (4.44) and to evaluate
the perturbation eneegy (4.64),(4.74) in the two
case of the homogeneows deformation and the thermal
displacements forms the tasc of the next two chapters
There is considerable difierence in the two cases
vhieh mey be noted hnere.

1t will be shown that the perturbation opcr:tors
in the two cases obey different selection rules with
the conseouence that, Tor themusl displacements of th
ions, the unperturbed systiem behaves ag a degenerate
system in the sense of perturbation theory, while for
homogeneous deform: tion, tne unopeeturbed systen
benaves, at least for monovelent metals, as u
non-degenerate systeu. ¥For this reason, the
nouogeneous deformation is treated prior to the
thermal displacements.

It will be shown, furthermore, tnat the systen
of verturbations (4.56) tehave differently in the
two cases. In the case of homogeneous
deformation, the coefficient v:/, - l:/j in (4.56)
will always be large in comparison with the other
ceesfficients. By d;vil,ﬁaing the equations hy}this
larse coefficient, the method of suscessive
approximetions can be applied for the solution of

(4.56). In the case of therusl displacements,

v
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this will not always be the case. For small
thermzl wave vectors, it will be seen that, when the
coelficient PQT "d% fails to be large, some
otiler coefficient in (4.56) originated in the opedtor
P‘;.:?) will be large. Since the opel‘}t-or #ﬂ'&)
represents the potential produced by the change of the
electronic density,i,e. fngO, (ef, (4.15) ), this shows
th:t in the case ol thermal displacements, it is
necessary to treat the motion of elecirons by

non-linear eguations, ¥urther discussion will

be given later.
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¥ &
BLASTIC PROPERTIES OF METALS
5. Notation

in this chapter only periodic lattices( cf‘._fs.ﬁ)
are dealt with and a slight modilication of the
notation is convenient.

5.1, Bigenfunctions of pepindiec lattices.
These will Le enuwmersted by two indices J} and B
in place of the single index J used in the last
chapter. The index K is put as a superscrint
and it represents three indices K, X, K, each of
which teies all integral values frou = O

Tae original Fock's functions are denoted by ;éf ’

B¢ 2. Spatial cobrdinutes. A periodic latticH
may ve divided up.into songruent atomic polynedra.
When the domain of the spatiasl cobrdinates is not
specially restricted to the basic polyhedron, whiech is
that atomic polyhedron containins the origin of
cobriinates, the cobrdinsiecs will be denoted by g as
in the last chapter. but when the douwain of tae
cobrdinates ies specially resctricted to the basic
polyhedron the ca‘&ilmtes will Le denoted by &k .

The domain of the basie polyhedron will be denoted by
{2 , and the surface eleuent of the {2 , by Ay .

A pluiiar notation is used Tor the transformed




cobrdinates and domains, which ure etill distinguished
by a bar above the syubol.

iy Spatial indices and the suunation
convention. The symbols ¢, /? P f are
all used ror the snatial indices and sumnation over
repeated Grees indices ranging from 7 to 3 is

understood.

OCther symtols used in the last chaptier will have
their original meaning.
The ionic charge is e, , the electronic charge
is e. , the sguare of the electronic charge is ¢&° .
In the case of monovalent metals, the number of
ions ﬁ& and the number of electrons 4 are both

simply # .




el R et T e I e

_ necegsar
vurpose, it is only,t

ere of the Torm -

(6.1) WK (v) =
B

6. Homogeneous deformation as a perturbation

S e e ——— eSO RN S EE o

The perturbation theory developed in the last
chapter will now be apoplied to calculate the elastic
constangss of metals at zero temperature. For this
o] c:nsidef the homogeneous
deformation(3.10) as a perturbation.

Since both the deformed and the undeformed
lattices are periodic in the sense possessging three
translational periode, a general consideration of the
motion of the electrons in periodic lattices will be
given with the view to derive certain selection rules
for the perturbatien opeﬁiors.

Yor convenience, functions possessing the three
translational periocds of the lattice will be simply
called periodic fuictions, and opertors that can be
applied to periodic functions to yield periodie
functions will be called periodic o;yez&bors.

6.1.?116*:&0’510‘:1 of the electrons in periodie
lattices. The motion of electrons in a periodic
field ias been studied by Bloen(1928). According

to Bloch's theorem, the eigenfunctions of the electronsd

P
N B R
U Er)
i 3
v

7



in which the _zK are reduced wave vectors and
the ag gre periodic functions. In our cspe
where the field is repreesented by the o;peﬁtor Ve=) #
p(!pi?f it is easily verified that Bloeh's theorem
gives a self-~consistent solution. For , if we
assume that the Foek funetions are of the form (6.1),
158

(6:2) Yy

I
&
>
5
S

Atr) i

ve have, for the ouantity £ x; £ {2.12),

(gh. per/
(6.8) ptr;r?a"‘z\f} g ;:l/
] "

uff:) 4‘: *rf’j
From’this ani from the definitions of the oge&tors Pex)
and A@/) (4.13) - (4.16), we _see thet the latter
operabers are really periodiec. The Tield due to
the ions is also periodie.

The above theorem can te applied to voth the
deformed and the under'ormed lattices. By exactly
ihe same drguuent used in connection with the ecyelic
opertors, (§4.2.), it follows that,when the eocuations
of motion of the electrons in a deformed lattice are
transformed to the imege-mnace and expanded with
resvect to the displacements of the ions, the resultant

perturbation opertors are periodic in the undeformed

st



lattice, The eigenfunctions of the undeformed

lattice will be denoted by ‘¢ 8 ),

-.
&5 e‘F =~ o S e
{ Ny e
where the 3 are reduged wave vecltors in the

(-]
reciproecal lattice of the undeformed lattice. 4
T i ra 11l v aes o Mok : i 3 9 e
It is readily seen that for any periodic operjtor

Q) , the following scalar product

° '... 0'.];'- "'K", 4
(6.5) (5& K. Qw ¢ xm) = —”':(a"f‘.'r_r;.e‘k faié L-!uér@)

! , . / v S
vauishes in general except when _K = K . This

o . g o e L&
follows from the fact tnat for a periodic operlor

A ¥ s the following opedtor
2B - SO . "
. 4f I X s 7
(6.6) e*t- Qul e ? = Q@

is also periodic, and the fact that functions of the
form o (6.4) with different values of K are
orthogonal.

S8ince the Lerturbation operﬁtor are periodic, we
have the selection rule that the unperturbed
eigenfunctions \6.4) with different K do not cambine
under the oserturcvation of homogeneous deformation.

When tiie condition K =X is satisfied, (6.5)




can be reduced to the volume integral over the domain
of a single atomic polyhedron(cf.idott and Jones(193%6),
pD.76), say for deiiniteness, the basic po.yhedron .ﬁ.
containing the origin of cobrdinates. When it is
deeired to emphasize the limitation of the domain o
the spatial cobrdi_nates to _ﬁ , the corresponding
cobrdinates will ve denoted by E‘k s By tais

notation, (6.5) can be simply writen in the form
BT S K& G K D
6.1y (PpEE-angko) = §FT (dge-al ife)

A special selection rule whieh holds only for
the unperturbed eigenfunctions {,{_,[g ( M =000 ) may be
obtained by symmeliry consideration given bvelow.

Since these functions df ( =000 ) satisfy
the unperturbed eigenvalue problem
(6.8) HiE) —wpg)uwp =0 ( X =000)
and since the operctor l:‘ti] is invariant with respect
to the group of reflexions admitted by the crystal, i'l:.‘
follows that these eigenfunctions inay be classified
into odd or even functiones with respect to the three
refiexions in mmtually perpendicular planes. L.
it is known that the Foek function &f\ flzado)
for alxell metsls is an even-even-even funection.

in the present consideration, we need only to classify

o



these funetions into odd or even functions with res-wecﬁ
o the central reflexion. How the deforimned latticé
admits the eentral reflexion and therefae the
perturbation operator must be evern. lience we have
the selection rule that the eigenfuncit onse a(o,g K=000)
of different perity with respect to the central
reflexion do not combine under the perturbetion of
nomoganeous deformation,

There is no such selection rule for arbitrary
values of K for then the functions dg" cannot be
classified into odd and evem functione, 1T we
substitute (6.4) into the unperturbved eigenvalue

nroblean(ed,. (4.22),(4.25)), we obtain the following

]

equations for the
; 8K . P 2 =
(6.9) ([ H @) - Wgs ) 4F iy = ¢

. (A -
where Hé,::, is derived frou H ) according to (6.6).

1

. . S :
By a central reflexion, H will go toHd  which is in
2
general different from H o

6. 2. Perturbation operators. The law of the
displacements of the ions for homogeneous defomation
ie given by (<.1l0) where the strain components ﬂf

e

may be taken as constunie satislying

(6.10) ,J«,e =—-“)28;¢

The cobrdinate transfopruation to the' inage-spa&e is
nomogenesus
therefore a linear Atransi‘orm::‘oion with eonstant

cocfficients

(6.11) 2 r (&)

l

E‘ 5 /erﬂ 'r-ﬁ

&7



The Jacobilan of thie transiommztion is constant, hencq
the transforuation of the ope‘ﬁors reduces to &
substitution oi wariavles, The transformation o
the eigeniunctions consists of a substitultion of
variables together with a constant normalisation i‘act&

The transformed oper:tc?ms .are *then expanded with

rcspeet to the strain components, Successive termg

of the expansions will be denoted by symbol ¢, [ , 2

|
|
|
|
avove the letiters, following entirely the notation 1
used in the last chapter. The various terms of \|

i 2.
H) HE)Iwill be given below. :

For the expansion of @ (f), it is only necessary |

to note that tne momentu. operator is transforued
contragreaiently to the cobrdinates, By inver";ing
|

(6.14) and substituting ,f‘(_l:) for.. )5 and .05‘_ (r) for

| P we obtain the expansion

(6.18) #ule @) = B = s byirrdy S 45T

Hence the expansion of M () is

N
s
-
—
L5
St

<

" v 1

(B) = i+ T+ T d e
= / o

Ty = i = 7

I = — ( 2'5“13 fuc B ﬁr’rm)

3 e R i (f) [ &
(6.15) Ty == 5 (*3/5.‘»; 'Sﬁr/.,‘ b )

.....

-~

rx 1
(6.14) T

e

‘2



For the expansion of V (&), it is convenient to
approximate [(2z) by a lattice sun of the contribution
due to the individual ions

(6.16) he) =8 Y cr ¥

the interaction l{_-’r_ﬂ'_?f of an electron at » wita arn
ion at * being tas<en zs depending only on the
relative cobrdinates of these particles. This
neglects the change of the interaction between an ion
and an electron due to the relative displacements of
the ions which esuse a change in the core electrons of
the ions - the polarisation effect. Assune further
that 'lf_f!-[_'p) can be expanded by Taylor's series,

then the terms in the excansion of ), ¢z ) are

[y q . _(t?
(6.17) YV, er) = J} l/_‘_(’:*a: /
fa18) ie) = gy V-2

(6.19) Jir-gh = ,a{‘/‘/;-;)_‘ 3,
{ L 3,,7~?"‘5'-‘-“"16
N iy o =8
(6.&@) |l/4_€':‘5/ = 7% ig(r’;‘ﬁ'?a‘: f-’)rg_;, Jr

‘he expansion of the operators [2¢z? and A ¢ v )




ere dauble series like

1 fcr) %) A
(6.21) Piz) = )g/dclr‘; J-/)(?r)!/’(zir/o(f}"/fff) 7 S
with
A(p) T S s
(6.22) P/f'f} ~ i’ ‘[/jc:-r’) (7
(6.28) ,’4'%5,.5/, ¥ ’%}/‘,r—-g’} ,4(;:,-:?.’)
Al o p 7 R | .
- - = = S ¥
(6.24) A @) pge) =[# Az E) ¥ (B
The /Vﬁf5can.be directliy expressed in terms of the

({f:r’/ as follows,

pE,E = eZJ"'4 /VJ‘IMU‘””J”)} s

(6.25) | ( U féff/)'yg“’?f

e 5

p ( i
____‘ae‘rf;VL e“j"-:’* “y ( J (r_"ﬁutr) -+
+
{z)qérr/ 5{“ f

=UTDEY B . / i "
where (J ¢F) is derived from (J(¥/) according to(6.6)
which is still to be determined.
In the actugl caleulation of the matris elementis
oK
of the above operastors with respect to the "Pﬁ‘s, we
| - : AR AR L
need according to (6.%) the operators 77 . , etc
derived froau the corresponding operniors according to
(6.6), For the multiplication operators, e.g. |/
the superecript K, is entirely immaterial and hence

will not be writen. For the differentiasl operators

4




the operators with the superscript _K can simoly be
1

obtained from the cooresponding operators without the

Buperscript by repleacing A,(f/ Ly Jfrr o
- K . 248
(6.26) ,{ ) —_— Z‘(_):) ? %Zx

Thus ks_l.:;} ives

w

(6.27) ;’Kéf) = = a;f?‘ Wf/flf)’zg)('/{ofrf'f t/&'@
|

A

can be obtained from ¢y/ by replacing €z &9 by

i o

I° ~ -
AP - %l "J[('I‘C
(6.28) A {“g;aﬁ = fr;c’) €

i
For the integral operators A4 (¢£/) (ef.(6.24)), cr)
A

rd

1

6. S Perturbation equation and energy. 'J.’he‘
first-ordesr perturbaition energy of the electrons is
given by (4.64), whiecn, on replacing the index } Ly
the double indices £ ,J and evaluating the matrix
elements according to (6.7), becomes in the present casg
4 1 (]
y zsf cﬁfc.@)-(??éw:@) «f@y
(6.29) Ee/«st =

4
— -
- " (F=p Ao L, b o
*[%’%Jz/*%—t;iﬂrlﬂr-’f'g ;).Ef ;fLJ]
The first-order perturbation equation (4.49) gives,

epart from

7
(6.30) i/

‘gf o (K %k)

£s



| which is a consequence oi the selection rule,and

i - |

| (6,51) U&é
| which is a consequence of the normalisation e LZ n,!
/ I

| the Toll.owin: eauation for the determination of U‘g

(1) 1) ’
| ok ok 14 o AT |
» (WeWy ) Ugy + Fgy -4y =
| (6.52) ‘ 3 1t0) (to}& (8 #‘Jj

ss ~V.ogs - Tal *il;y

In these equat.ons, L’Jé, fé ,cte. are writen instead off
4k Ok g |

3‘ 4 /931; ,ete. Tor they are all disgonzl in the

superseript £ according to (6.7), whiex also shows that

7 % ’ |
(6.50) 5§ = C‘:;(&U- /i‘{‘cd/ .41,;(4}// }

and similarly for the others,
The second order Jerturvation energy of the electnons

given by (4.¢53) or (4.74«) becomes smula-_d

|
\ ( 2 A (7“*%"’(7“’+}U/‘1 "'/7’1‘ *(‘;}dj}’%
eeehrons 1) 4{{1 1{1 :
“‘A 0
| h eZJf,( 2k i) .?(Aa.t}; Pl ~{Acs) é*”ﬁ
- 2 H’?‘wm?’ww i +{’w++r7wf)u) |
J (0. 05) £r{rrfrns ™ = \‘ i ’{'
|

| % z . *—'“fzﬁ-oﬁc wc,z)/




The first form shows the origin of the inte;rends
occuring in the double integrals of the gseconc Torm,
which is prefered in actual calculatlion.

The apove eguat.ons are surficient for the
caleulation of the elastic constants; provided that
the gigenfunctdions .of the electrons 1in tne undeformed

lattice are -mown.




Ts Simple monovalent metals

e i e e e e e s e e i e
B e e L

A knowledge of the unperturbed eigenfunctions is
necessary in solving the perturbation ecuation and
evaluating the perturbation energy ziven in the last
section., This is only availavle for some monovalent
metals,for which the method of Wigner and Seitz works.

T's bin Eigenfunctions of electrons 1in the
undeforned lattice. For monovelent metals, we have
Ko =l =H . For a fixed A there are V4
eigenfunctione cbrresponding to the /V,¢ values which

i in genersl ean asswue. The _g—' 23.- Foci's
functions differ only in the index k , but not in Al
The parameter lv&f aspumes a minimum for »é E= D00 4
when the corresponding Poeik's function fZ, ( A =-2¢00)
possesses all the syumetry of the lattice.

To avoid the parenthesis ( £ = 000 ) which woéuld

o K
so often occur below, gl K =000 ) will be denoped
by J’B and M"/f ( /( = pd0 ) will be denoted by IX/ﬁ_.
That is to sey, whenever the superscript is missing, it
assumes the particular value 9420 ., For operator
this is sutomatically true according to the definition

0
(6.6). Thus 'ﬂ} satisfies

I ° -
(7.1) (Hig) — Wy ) 4yt¥) =0

23



Since k‘m is periodic, it is sufficient to solve
(7/.1) in the basic polyhedron. Ly symuetry,
setisfies the voundary condition that its normal
derivative vanisheda on the surface of the polyhedron.
Within the polyhedron, it is convenient to divide /-?Ir'g)
into two parts, the Tirst consisting of the kinetic

eniergy of the electron and the potential cnergy due to

the basic lon, Thus, V¢ have

0 : 5) 0 o7
(7.2) ra) = Pl tle-< * Hoeg)
with .

S a7 ) (2)
(7.8) Hed) = ya) +Pes) -5 Al

where the dash affixed o 1}*' serves to indaicate that
it represents the restricted lattice sum of the potent
due to al1 the other ions outside the basic polyhedron
1n the metnod of Wigner and Seitgz, {’7(’4} is treated
as ¢ constant, »‘i{}a/and ‘cd/are approximated vy funetion
e radial
O.L distance only, and the boundary condition of «J(y) is
approximated by replacing the atomic polyhedron by a
sphere of egual voluue. These approximations are
introduced to reduce the eouation to an ordinary
differential equation so that rumerical intezration is
applicavle, The other Foci functlions aﬂff'@) are
calculated by the perturbtation methods.

0
When this method 1is successful the function -ayud/

ial

'

£




is practically constant, defiating from the constaent
value only in a very small neighbourhood of the iom -
the region of this neighbourhood can be neglected in
volume integration. This is true for sodium (
Wigner and Seitz(1955)(1964)),lithiun(8eitz(1955)),
and copper(¥uchs 1955)). Andi when the function
d;/g/ does not ﬁossess the gbove simple fegature, the
method of Wigner and Seitz is not very accurate, as
shovm in the case of notassiun by Gorin(1958). The
resson for this will be given in the next paragraph.

For eigenfunctions other than the Foc« functions,
a mueh less gxact mowledge is sufficient for the
caleulation of the perturbation energy o the electrons
in the def>rmed lattice. When the parameter l-.ofg
( B %) ) is algebraically less than l&'; , the
copresponding eigenfunction may ve approximated by &
Fock's function of a core electron. For alkali
metals the Foex functionspf the cofe ekectrons
practically vanish et the boundary of the atomic
oolyhedron. »
. g

The cigenfunctionskhaving.panamehers imnediately
larger than L&Z are of the typeR:éveén-even-odd with
respect to the three reflexions in mutually perpendicu
planes and will not enter into later calculations,

because of the selection rule given in j6.1. Only

eigenfunctions of the symmetry character even-even-eve

lar
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or even-odd-odd are needed later; the parameters for
such eigenfunctions may be considered as rether high
sbove ‘those of the Foek funections. For sodiwu,
the difference ig gt least thirteen electron-volts.
(Fiz.90, Slater(1l954)p.280).

Yor sodium, there is another siuplification’ of
the Fock functions, The difference oi'ft:j amir;‘
is entirely negligible for all k : For lithiunm,
the difference is small but appreciable.

V.2, Simplification of the perturbation energy
for monovalent metals, By making use of the
snowledge given in the last paragraph, it is intended
to simplify the -erturvation ecuation and the
perturbetion ener;y to a forma couparsble to previous
works on the elastic constants oi siaple monovalent
metals., Discussion of the e¢rrors will be given
latenr,

The unperturbed Fock functions will be taken ee

' o/(' d ' " '1' 4
(2% Hy ) B AgLB) o2 B3

; o A 0 °
to the Tirst order of 7 . 1t is xnown that #4, , ¥}

may be taken as real(cf.Bardeen(1938)) and that 4& ig
even wihile Eﬁ is odd with resnect to the central
roflexion. The ouantityqﬁfa will Le treated as
e emall suantity of the it order, the second-order

)
terms will be neglected. The #«, will be treated
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as constant in volume integration.
To this accursey, it is easily verified(cf. (6.3 )

0 L .
that /?(g_’,-a;'} is a function of the relstive cobrdinates

only
' " oy
o ’ 2 lé “; ; {"i 02
, 2 EE~2 = = J ¥ Y
(7.8) e g WV

o
and that /G)is constant
ol
(7.6) ) = %

1t then follows from(6.23) and (7.5) that the Téff_; £
depend only on the relative cobrdinates, and hence the
A

) .
gperators A A(i‘/ may ve trested as constants. Far

no maiter whatever function they are applied to operat

we Always get constants. Similarly from (6.22)
Aw)
and (7.6), it follows that 7P¢£) are constants.
we have

Conaeq,uentlyﬁ'bhe foliowing simplification of the

perturbation enersy(6.85). Let us consider the
-term

</,
(7.7) At =g T et Ak
of the last line of (6.55). 8ince {gff/ ie constant
the integration over y gives a constant, The

Tinal integration over f’ wanishes by the normalisat
-
of Ler., Similsrly the term of (6.35) containing
f
P F;F) may be nezlected.

1
Since the contribution of ,0 to the energy is

(44

#.on
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h _ WY

thus negligipvle, the tern 755 _2/485 of the perturba-
tion eguation (6.52) which describes tne effect of ;
on the eigenfunction may also be considered as suall,
This is further supported by the faet that, in virtue
ol the selection rule of the central symmetry, the
cecfficient b?}é = l:/‘ of L{J;‘ is large, being 13 erVi
far sodium. Fhile it 75":5‘ is expressed in a seriep
of L’J;/y(cf.(-x.%)), the coefficients cannot be so
larze.

The above zlso shows why the method oi Wigner and
Seitz gives a fair accurate Foeck function. for simple

(o) a(a)*

monovalent metsle. For ¥ , A" are constants.
And if we sssume further that ]2_’(«_2’/ (ef.(7.8)) may be
treated as constant when the polyhedron is replaced Ly
a s. here, we arrive at the method of VWigner and Seitz.

Btriectly speaxing, coth the IZ’(Q) and the shape of
the atomic polyhecron depends on the structure of the
lattice. 1t seems to me that if the polyi:edron
could be approximated by a sphere, the ions outside
the polyhedron could be approximated by concentric
8 »hericai shells, and hence '!:’: wvould be constant by
electrostatics.

In our present case, tie basic polyhedron _5 is
in the imege space. Later it will bve approximated

by a sphere. Then the images of the ions would be

distributed on concentric spherica. shells, i.e. the
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ions in the real spece would be distributed on concenty
ellipesoidal shells, However, it is easily wverified
Ly electrostatics that the potential of such shells

ig conatant At points surrounded by them,

Hence, when the vasic polyhedron .5. is replaced by

- 1’ -~
a sphere, the |, r4),wvhere the dash cmitis the econtri-

bution dues to the basic ion, may be approximated by a
1 4 T

’ .,
constant. The contribution V4 U tw Vi (cf. (6.3

1 the
to the energy Eelectrons Vanishes byﬁnommlisatiou

condition,
"w ~ l/ 4 %
In the contribution of V, M) to & utrens »and that
= S A 3 : . 5
of V,wto &, 4as , the lattice structure will be
taken into account.

o Vs Mirst-order perturtation. Keeping the
nossible simplification given in the last paragraph in
mind, I now proceed to solve the Iirst-order
perturvation eguation (6.32);which for convenience will
now be writen, by (6.53), in the form

ek l
{W
(7.8) B I /3}
T

; l 4 od 7o ;{W"J} od _
- (,,fbrg). H’ () .ﬁJ(ij) —(«AJPHP e ) ayts))

— __[4' { ) c%gjiyf(" "‘ff{f/

c8%xb

4(0){
vhere 4’7 g stands for

T00) 4(0)

(7.9) A%y = Vlca)+ P - 34 f'-'/

ic

5 )

7%



d
and will be agpproximated by constant later.
A

It will now be shown that the scalar product
0 7  p o &
c«":gio (7eg)+V,(6) 44(a)

(7.10) 8

may ve evaluated with the help of the unpe:rturbed
eigenvalue problem
o
4 o‘( oi ) ak - ok 4 /4 .
(7.11) (Ro)~Wy) “gd) =o ; HQ™ Ta @) +H &),
L
vHere H %) stands for

pra}é

0,4 oo/ } o,

- " + P -
k'f.l:ﬂ) H ;q/ — V‘t(“') f) 5/
and will te approximsted by & constant in the method
of Wigner and Seitz.
‘ 4 S A : :

The exniicit expression ol 7'@”{4_(9') ig,by(6.19)

nd’ (6.27),
D Vc9/ £

x T e N L af it L4+ ¢ )“{'
(7.13) r@o % 3}9 " < / 4/ fj }(/‘“ /a
It is easily verified that this can be expressed S

ok
teras of H¢glof(7.11) as Tollows

(6] = ldtﬂ/h‘éf:&‘/ S ”“G’J‘ﬂ’-’f
7(@]*1/!-‘! = ]

(7.14) e '?’d{' (A,(‘f 47&1-47’

— (Fa bhe) K ladalf

7ith P
4 - ‘~9 T
' 4 o == &, =k .
g7.14a) (f!/ }’l L )'“f‘ 0k

Here the last bracket would disavpecr when H gy is

approximated by a constant, The scalar droduct of
the first bracket can be: evaluated with the heln of

(7.11) and with the help of Green's theorm as follows,




(f’ @) 175)7"s) - m/Jm)f‘bgm/)
(7.18) 3 “:/f 0;’“4&2(&) J‘zg)«_‘w})
tfé- ae ]rgjau‘(g{)) (kdfy) H’y}iy)b‘tﬁ')
by

o
(H

.-==L"f-‘°/()_« g). Jeg) ©pis)

o 4 ok Iy
fdo- e m; dgj;:%-f’a; }jcg)«,:ﬂ)
-
, T 0
- /'/,‘: mijafti/ )13_ +*]*/ (c!.}

Dm |
l[L/f:‘r)«aw) J'(g_)« q{)) —-'(4_5(:!,) A(é,) 7,}«‘ ))_/ |

where the last lime would disesppear L0 the spproximatiagn
that frad) = consitant. The purface intezrals thus
originated will play the most important r8le in the
:'-:val'ua'tion of the perturbation energy, and nay be

evaluated Ly reolaecing the polyhedron Tty a sphere.

This will be done L Lat

('."

Sutstituting (7.15) andb7.14) into (7.10), then
gavstituting (7.10) into (7.8), and then dividing (7.8
o & o & g
by w,s —~ K , We obtain

A*©l) Tee)
/{ («;@) ‘Peg) zﬁturﬁf’ﬂ)} cg) H’ kgzl wﬂ)

(9036} ooiligg . 5 n/}r':— WA vt - w§
oo _,Ap 2 i) b1 2foan
S

e a:w- )J"e)/'f 5/ - H‘?Aﬁe)f A ,rd/) . [69 r-.a‘t- sr}'-T's"r.ﬁ,/)—(n M

M T S

g - Wi > :i' ‘. i o B
o’ =485 )Tes) G ey & 2 **)"'k
sl Fodhay 42 JHig s i ,,,:{f R

4

(B * 45




vhere the second term and the third line disappear

7.9/ 0y

@ ;
when H',,e,, Him, and } ¢ are aporoximated by consiants.

The only fterm without the detewrinant is also small

-]
since «60;)13 auproxilnately

v

4
constant(the operator Jts)

{ o ; g 16 - ] & ] h
1g ﬂ;w a‘.,;; Y4 Henee, (7.16) can be solved by the

metnod of succesive approximations, the Tipst

ur; A’*)w

approximition gives, by dropping the Terus Y gy

(Q Lq_) A(&) a.lfc.))
ék = v J. ,?m‘ %‘7{3 5

—- pe -

k
(7.17) &/ Wi — Ve 4
N2 o qih 2 1tk fro) ako [l Far449) mg-zf)gw
-f{%lm) ‘Tcwf‘mv e * b, ‘l = of ;

to the Tirst-order perturbation energy,&ppI 'o::;i.rn”’t:ej ¥

(A2eg). ¢ o) ;.ezqu))-———ﬂ-——-éﬁ *7
4&. A/f /’/s /ﬁ (51‘) /ffy)afm))
+;-‘£th0' -;ff;r) E,CZ-H;“) J'ru/"wfﬂ/
- X% [ur qrdia —-= ]t 4
The total perturbgtion energy of 1
firet order is, by (6.29),

1

Eﬂé;‘!‘n-q‘
CE- f P

£
NGV ,3 cg) +/ok —*’—if‘t :

(7.19)

7 1
where (A:frgi-("é'ﬂ%fd)) -J}.:az})is given by (7.18).

7 ; S "
= art (43};/- (Tﬁgm(,f:}«‘

\\

¥
i
-

>

&
N

the uleetrons of the

Fpom (7.,14) and (¥.15) we have for the contrivutipn

4



W otks Second-order perturbation, The second

order perturvation energy is given by (6.85). The
(L

tern ((T*+Ve)U )y may be evalusted, according to the

matrix celeulus and (0.7), fr:)m

) 2a) Uk
(*1.20) (('74’412,){_’1)‘j .__Z (um) (7"1’;9})4‘5())

14 , ]
Substituting (6.51) for U“ and (7.17) Tor Ugy B+4

into (7.20), we obtain
(7.21) ((774;*/ L’j/ji = Zg sl (aéq/ ;Q/W!e/} mﬂ(ﬂ‘ﬂ J'.-gm‘aﬂ
rﬁf'a/ 17'@;*14(-')) «5@/){ ,zﬁf '47 /e/aﬁrg) e Q.th)/

Bxb Wi -w} ,,__t/;,.,,;;fg, 9,,«.7,)3-@/,.}&;
fdo— Fa1&hs) agoth’” if‘c'ﬂj

y ! 0 v ( , ;
The terus having the denocménators f ~ Wd will be
estimated later. The sun of the producis of the

scalar products will be swmned nov.

The swu will be couapleted by adding and subpiracy
It o
the missing terma. 8ince “the operator y el
is self-sdjoint and eyclie in the domein L2 , the

swn ean be evaluated by the coupleteness relation of

. _ -}

the fTunetions 4R 3 tlhus ( ‘
b (“‘N’)a(TL«J/ g—V‘_n,[)) 4.6642})(1'- CY J’ﬂ)*‘fﬂ'ﬂ

\T-98) % Bt Py etew) i) - 'f-‘a‘i’)/ “3""  Fofa)

i

(( Téa) Vet p, J‘ch) “ 4 )/

By & partisl integration, (7.22) becomes
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4 1 it LB
(7.28) (x:fa,gj . ,‘%gﬁtf«{;fdf@)»«f@l/
- 24y; vf//rfﬁ 4ts) (d;wfj“ﬁrw« ()

Y &

) [[ﬁ,tg)afz /a'{ty)] Jt«J/ﬂﬁJ)z
The incomplete swm required in (V.21) may be obtained

I'rom this oy SllL#Ll‘:,c‘ui.'l: the eingle term
, 0 S 1 0 --1, o
(7.22) c«j@- f‘?’f-_mv,ng;}df@/ ( afcgz) v Jed) ¢f¢<¢))

1 Sl

on dividing V,@/into V,_(9) and V,/cd/, and
approximating the latter by ¢ sonstant,so that

6£ 1, )]__ Déu
( wu.,‘)(ub .J'cgiaf) of (7.2&) and (a}“y- Vﬁj w/«:‘_:))
of (7.23) cancel eff, we obiain Tor the first sum ol
[ 0
(7.21)

I
L

Zﬁ# L (é}g)-,‘?’:‘yﬁémijf‘(@)/ ( tf;cg/- Jiqya‘:;‘u;y
f“’/ f’ﬂﬂ'/ +V,cf Juy “«, M/

~(u fa/' [ Fhar+ I/ijl a,wJ/(¢/J:ng i)
(7.25) —-.zj t‘é/ir)fp ‘f’(fiﬂé@ﬁ‘w‘z@ ¢

7+ ,gf 4{9) *"7;‘/«;&&/‘ J@/ 4~ rﬁu3

Substituting (7.25) into (7.21), and then

l

substituting (7.21) into the expression (L. 35) for the
gecond-order perturbation energy, wWe nave, f£té

£ -
dividing V*“[) into lZ fa)ond 72_/(9}1,

?f



. g0 o V9T g et
s = W45V, @)pe) %‘r 7 Gunfprl 3O

« ~ 17 é, i) ° ‘r

5% et frbor + Vs chalihe Twge) rerf]

-2 J.i'dj[ /H"gficﬂ; @zg);é;‘)g?g;}aidjf

ti ff/fsv*£7 shall Joo 4

Da
\ { ¢ 20

~——

o “07'] (9:21) ¥
k& sl "‘T"JT e &

w2581 [‘"’ﬂw} f?‘:«/*l/ el +(7’«-aJ*V+““))J‘Wf “5“‘)) ¥ ”7]

c;w |

where /, i stands for the sum given in
6*‘ 1/ Y X =3 el
W)
_ last
it will nov}énoan that the scalar product of
A

(7.269 can be evaluated in the same way used in the

evalution of the scalar I?O\.. 1ct (7.10). With thse
explicit expressions for ’7’ (&) (ef.(6.27)(6,15)),

A 7 :
v, ts) (ef.(6.19)(6.20)), amd J¢g/(7.14a) and the

sbbregyiation

R
; m— - __! i
(7.27) JuRgrh 2= ‘J? s @iy &“}3"‘7:
it is epsily verified thst
=
7’, ‘Vn..; @ [‘7'@/1‘ H/] J:g)
(l._l;))

o Few M eq) wﬁca‘/stU)
-,u/ *7/ //L(W;‘-fz /ch)

*ﬂ/ﬂy;h‘ fq'%j ;))(d} "'3*7
*l\muH by - rJJJ'me




which may be compared with (7.18&). The first
bracket of (/.28) contributes surface lntegrals
(ef.(7.15)), and the second tracket of (7.28) mey
be neglected in accordance with the method of Wigner

gnd Seitz. Thus we have.

(«5@) f’?’wut& ca) +[7’r£gHV¢_wa J‘tw} a,an)

74
ﬁj—-ﬁf f; v (uy9) ,é," <) "‘o} “—U)}

(7.29)

—— 'Jﬂ'/l /)’}

R

§ RS
._.Z/t’fud ffﬁ f)- (4‘}'5} ]fu/&‘ ) = ~24, *7’2 C-r.‘ éfg}f&'}qﬁ

4 *I er ubcg/ J:’,Jé*'*fu ﬁﬁ?)ﬁf@)
- £ fda'" J'w/a,m) *v]%) “ “’)

o d 24

Ihe sum conteining the denominator Wy ~Wg

cannot be transforued to a fora that does not contail

—

eigenfunetions other than the Fock functions,
In the curl brdeket of (7.21), it is easily shown

_D'y Sy'jiﬁﬂ.etry gonsidevration that the first teprn depen‘ii

i

q
oruadratically on 7‘;‘, y and vaniksnes ii the
e o
aifference oi M, and is neglected. e

Sécond suriace integral vanishes 0y the approximate

condition

L
Loum‘--,,rﬁm wigner ani Seitz. And since the

vock Tunctions of the core electrons contribute

litile to the surfece integregl, the parametersg h’/_g

nay Le restricted to those which are larser than

27



W o4
b . y replacing WB by a certain sverage
value,wihich is pertainly not lese than the smaliest
v A
pargueter sumong those larger than h/b and having the
right symmetry enaracter(i.e. the corresnonding &aodo
eigenfunciion is an cven function with respect to the
s Arey \_.,_,,,1 % "
central vellexion), the sum may be swumed-up. 1t i
estinsted for sodium that this sum ‘when k=ocoeo0, is
less than ten percent of' the surface integrals
occuring in (7.26).

W e Sod iwm. The above ecalculation is
accurate enougn for all monovalent metals ior which
the method of Wigner and Seltz WOris. 1t is

. - ] ' - S ] = 0
correct to the Tirst order ol the difference of Uy

1]
and «, , and mey therciore Le applied as well toO
lithiwa(cf. (T.4)). Wor simplicity, the aifference

L e R e .
of 4, and -4 will be ne:iected from now on, 8O
that the result gpplies only to sodiwm.
-3 2 N 1 2 g ) 9

As consscuences oi thlsy the U= (ugd)e hea) wy(g))
of (7.18) vanishes DYy SyuEetry; the term having &
factor if:‘,‘ in the firet surfsce integral and the whole
of the second surface integral of (7.18) vanish by the
boundary condition ol Wigner and Seitz. iilence
(‘/.18) reduces to

(g6l 7o Ve &) i Lot A, 7‘7 1{7/1

R v 5
(7.80) % 2:%‘:/‘!«: .u"(fja z, :"—'—i 0-(5?/ ‘“"Lﬂj
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Similarly (7.89) reduces to

%
S e kil it
(7.81)  (4f9)r f 7 s vls Vo Jef dyes) ‘"""'J?’ﬁ/ om

P

Rac -?/@if %Z ,_—;/ ( “5"‘” J(_Q}a‘ly}j "*}00’ /17(‘_.‘1"1& }J{QJ qtﬁ)

wiiere the pure imasinary term may be neglected when we

substitute (7.31) into (7.26). The complete
expression (7.%5) becomnes - - i
ke s VCEx)
(7.52) £ = )T, c..,//ctw%/z Lide tffr-§ faif ]
e,/ec?‘rdu 1.
with 8 I £i

s 2
"\!.ua) Ef o /JT&% ?)’? ;/ -/— /:ff,qﬂl)) — \Ja“/ t&OﬂJ

/

et o S o
* /)E* “ 1) X )f J' 8/ ":;‘”/ X ( Va“?)'lfca) 4:1‘”)
o

1
4 = _ o boom
’J/zi /‘&: '7) dl‘ﬂjg’% Jes/ wte)

-’E{J

grnd X dobg
+Z fw S ’f’wa"f}*fa‘ﬂ‘f 4,- « c,, L5z Ju) )

In comformity with the sbove notetion, (7.19) may be

writen in the foru

f a > &
‘ d = W[dT VTP * Jd;"’" ZY RPN
(7.564) Ee(ed:nj Aﬂ'«/ "" * jk ‘ W 2
\ t25° &,
wighn
'ﬁ.‘éfoi ‘il.-—o "',_._é"-"
4 o it b= Je)wa/

I1f the parameters o:L‘ the equation of Wigner and

v4
Seitz for the undeformed nolynedron be denoted by E;

18,

(7.86) (7‘7

%)

a3



Fi
then the parameters Wy of the Fock ecuations are

given, on comparing (7.36) and (?-9): by

('f. 37) -n}'i = éf # (4,(;((&/ | Ve (tuf fpt«-) ‘jﬁ/fa‘,fl:)

Tne totel energy of the electrons in tne
undeformed lattice (ef.(2.26)) mey thererore be calcula

v
from the paramcters £; sccording o

0 g R
(7.58) é{ = ”ﬁQ Vj-:ﬂ/g@/ +2f‘(*;§+7'f/¥“) ‘j{’d “3}12"'6"16) *ﬂ‘ﬁ:
. < elec

e aer e 7% ot
or, by the definitions af the and

{2 59') ‘E"/“% -.-—:A//?ﬁ I?";JJ/VIQ} J/Mf" &g‘ go,‘?.t,-f
& o2 S' ,&5

On comparing (47.32),(7.64) witn (7.3%39), we see tha
74
&‘Z, and gf mey be congidered as the perturbation of
the parameters of Wigner and Seitsz. This is of

course to be expected, for the approxiuations mmde

’ ; 1/ :
above(i.,e. treating /.« as cons tant and regarding

A LA | a2 el

8 2784 as smell in solving the perturbaticn
eguation) is egquivalent to replacing the perturbed
eouationdof Fock and Dirac by the perturbed equstions
of Viigner and Seitz.

In (7.59), since the difference of «, and ‘:z

o
TF\-

=

t

2

F#



mgy be neglected for sodiun, we take, by (7.356),simply

4

° e o
(7.40) E_f == &y -‘{?«'

Similerly (7.33) and (7.35) may be writen in the forms

2z L '(
(7.41) E4 = £, ¢4 M ‘gﬂ’ f)’ f}f
(Fad2) £ = & = 'L’J‘/’t /V

- ' &
where &, and £4 etands for £, (A =207 ) and
f ( A =veco e
it is 1o be noted that when we add together (7.40)
: ) ) 2.4
[ 7.41)and(7.42), the terms Gepending on #f,, may be
swmned wp sccording to the expansion (ef,(6.12)) of

the wave vectors in the real srace, thus

(‘(.::L{s) "f/( J{[} e f]_‘ 4‘/4. —.Z,J :{7“ éj‘ f-Sa’ f/

4

Similerly when ve add together (7.%2),(7.84) and (7.39)

, : P Sn B
the various order terus of the Yrfand the V. (£-¥7
may be swmmed according bo,e. .

O CFh BBt s = l;(l""':i' =Y.t~z

(7.44) Voo CE-Z5 #+ VSE-Z)#VSEE) 1oe = VIEE L

where the last expression denotes the npotential functién
in the real space. 1T we abireviate the suu of the
v.ﬁr'mus order terms of 5‘} by Ef , though Etf and
E; are to be calculated from (7.33) and (7.35),

the total energy of the electrons in a deformed lattice




of sodium becomes
(7.45) I /V/JJME!@/;Q/ *"”‘ #lffl

£ o - 1
# [z V22 feep - L]+ Ve

whicnh is similar to (7.59), the total energy of the
electrons in the undelormed lattice of sodium.

Phe actusl evaluation of this expression (7.45)
will be given in the nexv section. All the suffece
integrals can ve evaluated with the ueJ.-p of the
eguation (7.56) of Wigner and Seitz. The other
temas of (7.45), when combined witi the Snergy due to
the interaction between the ions, will be transformcd
in the ssue way as Wigner and Seitz did in the case of

then
the undeforned lattice of sodiun, and yevaluated.

In the casc of lithium, a similer expression lixe

(7.45) may be obtained, only with the difference bhat

there are additional terme quadratically in the 1(‘/

L
arising from the 4ir ence of A, and 4 .




8, Elastic constants at zero temperature

——
T T mmem e e e e e e e e o e e e
SR —_—= SIS SEEE mEEEEEEEEs=

Yor the calculstion of the elastie constants at
zero temperature, we need only to expend the potential
energy of the lattice with wesnect to the elastie
deformations. The expsnsion will be postponed to

$8.2. after the notential energy of the lattice has
been transformed to & convenient fomn for actual
ealculation.

B 1% Analysis of the potential energy of the
lattice. 1t hes shown sbove (3.7, that the
potential energy of the lattice consists of the total
enerzy of the electrons plus the interaction between
the ions. Denoting the potential energy of the
deformed Lattice by P , the interesction between ions
at their deforu@d positions by I Cél'i), and using the
epproximate expression (7.45) for the total energy of
the electrons in the deformed latitice oi sodiwa, ve

have

£ fgk #ok alall
F = WE, 445 .‘iﬁx‘ R ‘Pt’ Y, (a2
(8.1) mﬂwr/@,omu LA v oS- e =2

1t is convenienl to divide up this into several items
as follows, in much the same msnner that the energy of

the undeformed lattice has been divided up by Wigner

7



and Seitz(cf.dott and Jones( 1956 )pp. 136-140).

Phe First «nd the second terms of (8.1) will be
sezarded ae two itews of the energy, the first will be
referred as the Wigner-Seitz energy, wnile the second,
as the Fermi energy. The energy arising from the
fact that the prokability of finding = pair of eLectronf
.deviates from the product of the probabilties of findink
them independently will::in general,veferred to as the

correlation enerzgy, in the Fock-Dirsc approximation

only correlation between electirons with parsllel spins

has been taken into account. The last term of (8.1)
. t
will therefore be referred as the correlation energy
and

for parallel spins, Uenovcd by 7}”‘”’( shins 1 d.8.

_ j=7 e .—‘;/ ’_..:-
(8.2) [;m&,’/‘h = —éﬂd’rﬂ(r Y o) peiet ot E)
or,by (7.5),
_ )=/ ;,/ JS"'O-JQ_:-_E’J egyl
S ..,MJ%V&»«_//?J &Y

o

(8.3 ) ,;drz//e/ 5‘“!

The energy arising from the interaction of the core
electrong ol the ions will alsor%onsidereu as an item,
:9) T = 40y fheddd - ]
(8.4) £ ﬁiﬁé!/ :
thouzh this moy sgain be seperated into the van der
Vasls energy andl the overlap energy. The rest of

(6.1) then consists solely of Coulomb interactlons, for




the interaction of an electron ingide the basic
polyhedron (2 with the ions outside the sohedron

may be appricimated by such,i.e.(ef.(2.1.)),

/ Ci -
DA ‘——_—-
(B.56) VJ-N.U o S[} /a 4)/

m . . i o
‘hese Coulomb interactions may be expressed as the

L

difference of the ener;;oni' positive point charges

ellbedded in ¢

§.

negative charge distritution and the
interaction of the point charges with the charge
distributions within thsir polyhedra,

~

Collecting the above, we have altogether six items

(8.86) F = E +F * T Dutigas *L ~ S

wheres .I rall are given by (8.4),(8.5),and £ ,
}J‘ ({ ‘4—' >

F,L , 3§ are given by
(8.7) E = N§
&

(d.b)

Lol L Cske ~ =€, ]
2 Sy g “Z/% (x-7) f‘j"&;{
(8.9) L =

gt
dr/cn,j}&“
(8.10) g = /ij,g(or") e,.c .

|
|
|
|
|

7



8.2, Three independent elastic constantes of
cubic lattices. The general expres@don of the

expansion of GP is, to the second order in “1

o s PF
(8.11) P = 5 J/,“B/‘ 7544 24

Yor cubic lattices tne svove must reduce to

3o / 2 &
AP,y = E 4 FY L Y P

where g'a';, s ‘fn_ and @}4, are connected with the three
usual elastic constants €, , & &nd  Cas of cubic
lattices by

Lo Fyi G = D0 = 2y Coy = #A
(8.14)

J
A/.O__ being the volume of the undeformueed lattice.

In an earlier attempt of calculating the elastic
constants of metals, Fuchs(1l356) introduced the followi
three independent clastic deilormations: (A) compressi
and expansion in two divections parallel to two of the
cube edres, keeping the volume unchanged, (B) shear in
one piene parallel to one face of the cube, and
(¢) uniform compression. Each of these deformations

depend. on one paraueter. The parameter of the

lderformation (A) is the fractional inerease of the lengt]

(8,12) d = cf +¢(f T)f‘f,‘)fé;'fa{f‘#,{/+ 4, * L;’Hﬂl/
with RPyy (A’"uf‘ d,)
(E.28) @}_—.:5”; .;Q-:” = Q'””; é; ‘EIML 221 |

17

=

o



of one edge, that of the deformation (B) is the angle
of shear and that of the deformation (C) is the
fractional inecresse of the volwae. If these
paraieters are denoted respectively by 4‘7‘4 » &, &
and if S'._’FA - Cfd 3 é(’. are defined by

4
(8.15) ¢, = z s e

then it may be verified that $,, 95 , % are |
connected with 96, 3 @ll > 2, @;’m as Tollows.

5}’: @}* g”-g& .2é-£ = %4 §¢'" s

zé}/ == _..é/t.g_é;l._:_‘?i

4

(8.16)

Deviding bot..lsirles of the above equations by the

volumne oif* the undeformed lattice, we optain

[y
_ €y = €+, ~C CTIOE
(b.l{') A e 6 ' 2
C, »2C, — 2¢,
2 o= ’ /L /
c — e ———

"
where €4, % , ¢ ere defimed similar to (8.14).

A r
.!.cb . acc ; serve as another set of thres independer

For ordinary pressures €, 1is negligicle, and ¢

elastic constants for cubic lattices.

The avove expansion oi @. may pe applied to
each item(cf,(8.6)) of @ with similar notation as
that introauced in (8.11){8.12)(8.13) and (8.15),(8.16)

For an isotropic body it is well-known that the

elastic constents satisfy the condition 1,

#

Lt

L




¢ 4

(8.18) "’L_z:c‘.{"z == (g or, by(8.17), 4 =3hs
In the present case sone terms of @- will satisfy
the isotropic condition when the atomic polyhedron is
replaced by a sphere,

8.0 Fermi energy and the correlation energy.
It will be snown in this paragrapn that for esodiwa the
Fermi energy snd the correlation energy depend only on
the voluwae of the metal The reason for this, it

wili be geen immediately, lies in the fact that Tor

The exuression for the Fermi energy F of the
electrons in the deformed lattice of sodium is glven
by (6.8) in waieh the range oI the swamation &S* is
determined, for practically all teumperatures up €0 the
melting point of the metal, by tnat r is minimun,
As this expression is the same as that for free eleciro
with momonta 'fﬂ,( , the result is given by
Somierfeld's formula (1928)

(8.19) gt P (G
atomic
vhere 42 is the Nolume of the deformed labiice.

It 'is convenient to introduce a length /% , the

stomic rsdius, to measure the stomic volume, defined by

er 93

(8.20) B R o

godiuu, the electrons in the metal are practically free}

s

]2



e F . . z <

1f we measure % 1in the Bohr unit| fﬂﬂﬁe = 0;528%A.)

and measure the Ferni energy F in the Rydberg unit
& &

( ™e /23{‘ = 15,58 electiron volts), Sommerfeld's

formuls asswnes the numerical i‘or:u(l«‘rbhlich(lg.;%}:3.2‘”’)

(8.21) - 1L

’;-!
where # measures the deformed atomic volune,
in the expression (8.5) f‘or the correlation
energy of the electrons with parallel spins, ao; may
be replaced by the constant s The integral

may then bve tpansformed to the real space, and the

tpansformed expression

\ l ¥ &
_— - -[ _____df' 4!_( _camil 3 A 1_;' . O
i /;'rzfe/ﬁ; i L a2 Voer {}/yf € /

ie identical with that for Iree electrons. This
has been evaluated by Wigner and Seitz((1984)p.51%)
with the result
et
2:28) - Lptlf g = TN i
of(8.22)

Sinece the integrand depends only on the volume of the
metal, the energy (8.26) depends only on the volume.

The asbove results that the rermi energy and the
correlation energy for elecirons with parallel spins
@éenend only on the volume hold only for sodium.

In the Fermi energy . .or lithiwn, there are additional

93



terms erising froum the difference of -ff and 4; which
may not be expressivle in terms of the volwue alone.
A change in .ihe expression for Ferul energy will cause
a change in the range of swmnation AS‘OT (8.22) and

consecuently a change in the resultant correlation

energy(6.23) for electrons with parallel spins,

o

o ke The Wigner-Seitz ensrgy. The Tfirst and
the secondi-order ensrgy of Wigner and Seitz sre given
vy (f.ﬁs) and(7,5%) where the terms depending on *7“
are to be dropoed. All the surface integrals can
pe evaluabed with the help of th. eoustion of Wigner
and Seitz

L]
tt{ﬂl ’ ;"Z'in"/ $Y,5) ~Ey § s ©) =3

(8.24) A3t

and the boundasry condition

Ay o7
(8.24a) [ -2:;1 )

F=r,
by revlacing the basic polynedron 13 in the luaage-

space by a sphere of soual volwae,

a

$r
(Be28b) J 3
except the last texma of (7.55) which needs the
tnowledge of other eigenfunctions,
in evaluatin: tne surface integrals, 1o cubstitutg

for the derivatives at the voupdary of the sphere their

values calculsted from the equation(&.24) and average

Fa



. & @ i 1\ o
over the angles, 8ince #ys/is a Tunctlon of the
radial distance only, sll the derivatives needed can

be expressed in terms of the following ones :

a* «,cr/ P, Bed ®
(8.28¢c) g Joe = [Vicr) €4 %4
2”- a”f«.a;tr‘/ [Jﬁ,‘r (V‘J-EJ
B s 8 - A », J}
(_1.24:(1) 1A / 'I)’d /)'_'y-; ( /'?o )’g
Wnich are consecuences of (8.24),(8.24a) There will

be always a factor
- 02 _
(8.248) AR

vhich is denoted oy 3)) so thet 3‘) represenits the
ratio of the density of electron at the boundary of
the atomic polynedron to the mean density*j./zi.
Since /d‘cm is practically constant over the whole
domain of tihe atomic sphere, f is sporoximately one.
The munerical value of ) is 1,005 for the actual
lattice distance of sodium and decreasesclovly when
the mietal expands(ef.Bardeen(1958)).

In the second-order enc rg; (7.58) we have also &hg
temn proporiional to ("*Jfﬂ) f“‘) ‘U;fﬁ) This scalar
product can be easily evalustied by a partial intezratig

with the result expressible again in )/

7
(8. 24f1) _c-t:‘:s'u v Jed) A:;NJJ/ = f U’"’/ }{

gnd &s small.

try)

1.
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The

average ol

four direction cosines.: These averages vanish
except the Tollowing
[ - -./ )I = = &
3, = 3 ; Mo, = #da /7L 5"
Q. D |
(J o S ) |
dence the expansion ol £ igs of the torm (8.19) with

(8.28)

('730 JJ)

|
|

(‘-5'- QC’:’

(S.Ql)

The 1ast te

AT u‘.J)

The combinations &

resulbs are given below® (ef.(8.11))
= 0
E;/s _senig ,:23 {4 et =& /
7 ’pyi-("’ - ve) & |
@«/s/ y {4z yf[r( YRl UL 2]

s incd, rrw—w s wv'j&) £

(“‘I@"” (- % - I 0
b )2 I ——— [ g N
(J B4 W W /‘ ‘h { {

aenote respectively tne w

*‘5/5 27

the products of two direction cosines and

Ef ///V = )) (lé_ﬂ;’:,) - :‘:J/

.{L’ NV = = 3,(4“4 tr?) 'gu/cr)-g‘,f ‘2}() W Ver
.Z /

o =V izﬁrg‘g; i PO
z@,,/n/ y f 2 mCEL) ~ (G- ,))

ma of (8.26) has been negLected.

& 1 285

-/Vr

LER/ N :.—..)"5". Yo (_7;—__-:/;‘_’ = -,\"r

are

particularly simple,

e‘,P

=
2

.'17

s

w

o
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‘ It is easily verified that & , G , and £
!
satiefy the isotropic condition, or more directly seen

|Trom £ , &g ,

In the particular case of uniform dilatation, when

|
we have 1

dr
(8.808) /"a/u i l:'/s = >

|
|

lit then followe from Teylor's theorem that(ecf.(8.12))

y Iz |
3E, = § &l =748 J
(8.54) | 4

W gy = b

Wiith the expasnsion coefficients calculated by the
serturbation metiod, given in (8.28) + (8.51), we have

therefore the differential equations

(g - e 1 3, W )

o &
)-8, - p ()f« G
(V,,‘ 62‘6’*5 ‘}5 ""\/5 fr'u “ 4

It is easily verified By (8.55),(8.56) that the terms
e s 0 L 3 N
with the denominators Wy -;./6 represent the change
pf the factor )) introduced by (8.28), i.e.

2_‘_‘( y ?,%"f" »&ﬁ /

(L 5) f-
B. &T) ér_'uj - 'I ) J&a,wru;@
PN A “Rs s

Wy~ w a

4 [
‘-Jo L’b y: _/_?1 = X(V*_‘};} - é‘ / I
o
i " ' Ly
v A = ¥)= .-‘3 ¥s) =3
(3. 56) {- ot 47/;_5;5 :.3/[('[ (1‘4 -. ’Z(V,;.(. o) EI/ Z—O)-Ud/;.f o/ ZJ)}
(]

i



The first differential equation (8.35) has been

derived by ¥rthlieh (1987)(1938) by the method of the

perturbtation of the boundary condition, 1t has beeﬁ

applied to the calculation of compressibvility(Fuchs(19]

asswuning ‘the Tactor )/ to be constant. In the
sresent perturbation method, the change of the

boundery condition has been compensated by the

cobrdinate transfornation to the iﬂage~5péce, so that
E, . B, XAycan be calculated seperately.

8. 5. The temm \S ‘ In this paragraph, I
intend to shov that the combination B depends
only on the volwuse for most monova.ent metals.

Since EA and 2& nave Leen caleulated in the
oreceding paragreph, we need only consider the tem S S

Bxoanding Ede.ﬁiTOf d.lo) in the image-space,
we have, saccording Eg the notation of (8.11), the
followin: intezrals over the domain of a sphere in the

imege-space,

{s] . 0 - E’,.(’:
(e.38) s/ = [l o) .
- BT
(8.59) SPIN = S P 4. '_Ji.'/‘
./3.2,_9_10_.
L/ f - Vo T - i -
(8.40) J/gﬂt/ “f P 51wy 3;,‘3J_

There is really no need to integrate xii of them, for

there are aigebraic relations auong them,e.g. the

’Ga))

24



isotropic condition,
/ =
(80“9‘1) ,Z {J:'I y J‘h. } " ff##

Three other algebraic relations may be derived as
Tollows which will enalle us to express S, y S,, ; r,,_
and qu in verms of .S: which may be directly
integ-;ratcd..

It follows Trom (853) and Buler's theorem on

nomogeneous lunctions, that

(8.42) $ET iy

Similarly, eoplying Buler's theorem to (8.40), we have|

vl YV ARBN &) 0
A [ < i

(84+48) = &

While applying Poisson's equatlon

(8. a4) __:3.2._'_ SR S ) S
068 0w /af

vhere S\(g) denotes Dirac's delta function, we get

another relation Trom (8.40),

(8.45) S e i A

Adding (8.48) and (8.45), ‘I shall replace (8.45) by
{Be40) ,J"r/g"/“ ‘ 57’/" ==, ij

According to the notation of (8.18); (8.42),(8.43),and

(B.«6) may be expressed in temms of 3 ieeaaey Sats Sey
o
and § , algebraically as followe.
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|
|

0

(B8.47) Jofiie = s
(8,48) 34 %a,, I S,
(6.49) o T I

which togetner with (8.41) can be solved for S R )
v

S, and fw in teras of § which may Le integra ated

directly. The results are a
0 - R -
(8.50) Sayo= ZVEE L IN = F5Hy = 40
ot Pw %
(8.51) Sop = ESW = Loyt |
(8.52) S, = t8m =3 /_—S_- |
(8.58) H8,. = Yoy ~= ,Jb_y :ef_-.
with 62 combinat.ons
e ¢ |

; S = = SN = - FI=E
R =A 3 " - E €..
(8.54) o = —p S =% L e

The factor ) arises from the fact that in tae
division of the Coulorﬁb interaction of the lattice
into L — S, only the electron density at the
boundery of the polyhedron playe important rBle.
The term [. is also to be immltiplied by the factor
) .(cf.Fuchs(1956)p.629).

on comparing (8.54) with (8.32), we see that the
combinetion & — § depends only on the voluwue.
The reason for this is that the zinetic ehergy of the
electron (this is contained in E4 , by (8.28)) 1is
sractically mnot affected by the distortions keeping
the volume unchanged, while that the change of the

sotentiel energy due to distortions in E, and in

Jod



S/ sractically cancel. it may be added here thet
Wigner and Seitz have shown that the error in the
Zinetic energy iptroduced by replacing the atomic
polyhedron by the atomic sphere is extremely small
(Wigner and Seitz(1984)Appendix I)¥#

The consideration of thié paragraph apbliegdlgc?

lithium, but probably not to copper.

8+6. Blastic constants at constent volume,
Fuchse(19566) nas caleulated the elastic constants at
constant volume oi monovalent metals based on the
assunption that 5

(8.55) 2, =Lty 14,0, * 24

From the result of (5.5 that the difference E~-J

depends only on the volume and from the spproximate

result of ¢8.5 that the Fermi energy and the

correlation energy between electrons with parallel sgink

depend, ror sodiuwn, only on the voluue, we see that

Fuens' asswuption is completely justified in tie case

of sodiuwn. For litniwa, some correctlion is necessary

for the Permi energy or the defommed lattice arising
[}

4
from the difference of M, and <y may not be

expressible in teems of the volume alone.

% 1t is further estimated that the neglected term, the

last one oi (8.26), does not affect this conclusion.

vi



8.7, Bulk moduli of monovalent metals, The
bul« moduli can be calculaed if the binding energy as
a function of the wvolume is nown. In order to
avoid numerical calculations of the binding energy for
various lattice distances, Fréhlich (1937)(1938)
developed a method of “perturbation of the boundary
condition" and derived the first order differentizl
equation (8.85). Fuchs(1936a) then applied this
formula, assuming the factor / to be constant and
eaqual to one, e took,as the totsl energy of the
lattice, simply

ol S ]

(8.56)

and calculated the buli moduli of monovalent metals by
differentiations, assuming tha t tThe “'n"‘en.xi energy is
given by Sommerfeld's formmuls for free electrons,

The corrections to Erbhlich's formula for E and
Sommerfeld's fomula for F will not be considered

here, though the perturvation method given above is

surficient Tor this, 1t is only intended to

T R ) +/;m”e/ spiss ,Wnich must be added to
(8.56) in the Foec -Dirac approximation; and furthermore
the correction éue to the correlation energy for

electrons with antiparallel spins, which has not been

taken into sccount in the Fock-Dirac approximation but

examnine the corrections due to the other items of (8.6){
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has been shown to be very important in the heat of

sublimation of metals.

due to the correlation of electrons with antiparallel

spine has been investigated vy Wigner(
be denoteda by /-’ d.;,t‘.}m//e[ shiks .
FPuchs' original calculation of the
may be repested here.

¢ have, at zero Dressure,

ST | 12 4F
(C.67) f,( o = le. 7= g 7
e

With the help of Frbhlich's fommla and

formmula, this becomes

AEN

(8.58) _—— =
K92 dr,

3V ) &) Zxd

o

The bulk modulus is then calculated
differentiation,

R !
_},____f_,,:‘-,_‘{fﬁ{

(B8] i i L
= il dV;.5/, . 4
47 8 £ (_) /-4 V%) E‘)

]
K_cr;/ ~&4

vhere
’iﬁ Stabb‘\luo 5é)|

therefore

o it [-—a’k..m/ i 227 L ¥e
(€.60) A 4753 3 52 3"

This additional energy

1934) and will

From the eocouation ol state

o /3

,u*,zzf jﬁgff//l(]

may be eliminated by the ecquation

The final expression for L e

bullk modulus

Somnerfeld's

o7 {Z/f/ o

+ e

by ancther

J ﬂ

X

‘(2/,&.*_ 4 ...LJ‘M’
= ‘N
A7, Y
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If/we interpret the J in (8.56) differently by
ineluding the sdditional terms [—-F=+[ the f{inal
expression for -}Q‘ will be still of the form (8.60).
Henece the correction to the bulk modulus due Lo L=%

+ I is

i 1;»;(: ,..1,-5*._;“] 4“5’5,%/:;5@’4&/4;«
30l 3 A

~p
3

oY
.
|
a
&)
b

4, L ) 05 P lanlel i
L+ ok oL
b N

gccording to whether the correlation energy for
glectrons with antiparsllel spins is taken into
account or not. The numerical value originally
calculated by Fuchs and the values corrected according
to (8.61) and (8.62) are summarized in the teble below
where the experimental value extrapolated by
Bardeen(1958) to zero temperature and pressure ig also
included for comparison.

. LB : 1
Bulk modulus of sodiwm in c.g.s.units X 11.01r

Value calc. from F = B+F+ L 0.878
Value calc., from _@? =EtFrl+(~S *Z"l‘fc(#‘;.r 0. 781

Value cale. frou P ==EfF"I*fi—5'~f7? ﬁfﬂz%’ﬂim 0.825

Extrapolated experimental value 0.813

Joé



The numerical value of L is taxen from
Wigner and Seitz(1934)Avpendix II, namely

(8.65) Ly = =o t)&f3 =

L)

The dependence of the correlation energy for electrons
QR g
with antiparsllel spins,is given by Fig.7 (Wigner(1934)

which may ve represented by the internolation fommula

¢ S ~
: = ~ (0 £ 00295 ¥, —000/8 75
(8.b4) 7;,#.}‘”#‘{ ¢~.\j /A/ r; (0 0/20 7 ) a )
vithin the range 71, =1 to ;‘:, = &, The

actual value of 73 is taken as¢ 3.94 Bohr units.
gl
The nuuerical expressions for 5 e }Jﬁ(fc/ s,'én._r
, = g 4 L 2 - o 1
are given in (8.%23) and (8.50), in which ¢* takes the

muerical value 2 in the atoanic units uséd albove,
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LXIL
THERMAL OSCILLATIONS OF METALLIC LATTICES

9. Notation

===s=====

In this ghagter tie unperturved lsttice is periodie

in the sense /vossed sing three translational periods.

All periodic cuantities reler to these periods.

by two indices X end B8 , or vy three indices & , (X)
and 8 , or by another set of three indices A/, € 31’1::1‘
5 ; The indices & and © assume Ltwo values each,
while (K ) aésmaes one half of the values which JAC
ceswne.

The Fock functions are distinguished by small
letters K , 6 or & ,k), & or K ,e b peilacing

the capital letters in the indices. The index &

foes not sssuue all the values which K assume,

! . K > : :
The summation sign covers all the eigenfunctions
] B »

The perturved lattice formed by the displaced
positions of the ions is not periodie, but it is eyelic
The displacements of the ions are anaslyzed into thermal
waves. The sunmation sign S,,, covers all modes of

themnal waves.

The perturbed eigenfunctions are only enumerated by

The unperturbed eigenfunctions are erumerated eithér

The swmmation sign Sf covers all the Fock i‘unetioLﬁs,

<

(K’, e, B , and the perturbed Fock funetions, byfk),e,% 5

/o(



10. Thermal displacements as a perturbation

. o e et T e S o . et S o e e i e e S S e e e S e . e e o et
SENSSI D DD oSO oSS D D emsmmmmmm=mee—

The pgenersl procedure of treating the displacement

L#/]

ol the ions as & perteurbvation to the motion of the
electrons has been described in §4. This will now
be applied to the case of thermal displacements of the

ions described by

(18.31) o dﬁ g

o

- agtal
e n
where the wave amplitudes ‘Z()' patisty
(10.2) 2=
(10.3) ZJJ = o h =0 0

fhe eoquation (10.2) expresses the condition that the
displacements of the ions are real while (10.3)
eliminates the translation of the cdftal as a whole.
The first step of the perturbation method is the
contact transioranation to the lmage-space. This
transformation is deteruined by the law of the displace-+
ments of the ions. In the present case, the
cobrdinate transformation to the image-space is
2494 F
(10, 4) ' = +-J“ %: e ;.._
from which the transformation of the operators and the

eigenfunctions may be derived according to (4.6),(4.7).

(o]




The transformed ouantities in the luage-space,
distinguished by the bars above the letters and in the
argunents, are then to be expanded with respect to the
parameters ?{: .

0. L, Perturbation operators. The expansion
of the various operators contained in the perturbed=t
eigenvalue provlem (4. 25) will now ve given, term by

teri. The general form of tne}axz;vansion is writen as
= 0 I -

( e 3 W 22 0 ey

(10.5) Hir) Her) » HE) I‘? ]

or, in detaiils,
~ o 2 4 - A’ A%
(10.6) Giro — 1@ + 8, U AHE) 1, U

where the summation over repeated Greex indices is
understood. The indices # , « have been writen on
the left corners of the operators j Hee/) ete. in
order to avoid any confusion with the notation of matri
elements. The cuantities Her, wHCZ) ,:::, Hie/
etec., will be refe:z'ed?as the expansion coefficients of
HZ).

To begin with, the potentiel energy Vite )in the
real space will be asswued to te of the form of &

lattice sum,

—_—

o L)
(10.7) Vewr = §p Ve-t2-L

By substituting (10.1),(10.4) into (10.7) and expanding

the result by Taylor's series, we optain the Tollowing

N
i

9

l:jf..
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expansion coefficients of l/,, & 3 ; ]

v - 0 (f-ah)

(10.8)
. ‘9l ¥ 14f >|/ (r- -i
% - pro gl
(10.9) x% Er o= jf’ A ot )n-af'!
37 /
_ 37 v aeVal ek it P ‘4’!_’;"
(10.10) oy Y4 187 -Lfﬂf‘z- P il

£t 18 sesq from (10.8) thak, e Jic£/ 18 the product of

vgtr s SR -
}¥£ and e periodic function of ¥ »
being the lattice vectors of the undisplaced lattice.
For convenience, suci functions will be called "“eyelic
h ‘.1.
gimilarly it is seen 11Ol (.LO.J.O) that ., V )/

functions of the class

are cycliec functions ol the class A»'+n . The

gero-order term &;(E) ig of course a perioalc

function, or & cyclic sunction of the class o0 .
is

Next, the transiormed cinetic energy T (E/

to be calculated froi
B i s e R E N {weslf

v

(10.11) Ve
stor obtasineda f{rom

7?rfiﬂ denotes the op
(10.4),

by the gubstitution of variable
tne

7’ (v)
root of the Jacoblian oF

J(£), the souare
substitution. By a substitution oI veriables, we
have,
el ———
oy .2 : | IQ_J:;
(10.12) v R Tl R T (X
e F




from which 7 ¢¥) can be caleulsted. It is
easily seen from (10,12) that ;'nglfj) (ef.(10.6) for
’ S Lo SENE i F
the notation) is the product of @ -; L and @&
homogenecus cuadratic form of } (E), and theat ,fld' (E)
- l: ~l }'_ /‘ :
is the oroduct of e 1" £ and a constant. Hence
tah ~
:’ c¥) is the product of e‘;'-f and an inhomogeneous
" - & s SRl A’ e
ouadratic fomn of 7/‘(1:./ and similarly “,: 7’(!:./
_ : L gy My :
is the product of e';-'t e '}- 4 and an innomogeneous
quadratic foru of ¢/’ 2
The explicit expressions Ol some off the expansion
coefficients of 7 0/ are given below wuich are
sufficient for the later caleculations:

710y
(0,08)  JME) = i b2 &'};{%zfﬂtz:}//jf/ff};‘)

i A T L Jaad peb Y 1 LAY A -
(10.18) s /7E) = Tza../{’;"; L) 2LE A
L fq% {9} A ,{. h
+ et Jz' i;z' foc
Since é(g/ may be considered as & periodic
operator, i.e. an operator which can ve applied to
~eriodic functions to yield periodic funct_.ons, it
follows from (10,18) that a;’ ’7’(::} is the product of
b
e‘p" 'Y and a periodic operatar. Yor convenience,
such operstors will be called"cyclic operators of the
class 2 ", 1t follows from (10,12), by direct
. ‘ ! P o X .
calculation, that the 7¢Z) arc cyelic functions of

the class 4+ A , etc. In particular, 4} P/

/70




is a cyclic pperator ol the class gag vy Ve & 777
periodic operator.

The general Torm of the exr ension coefficients of

V, (2] and ’7’ ¢£) naturally suggests that the expansion
* .
- TR |
coefficients of 2¢¥rl and A ¢E/may be of the same

o 1 5 K% - / - . . 5
form, deew wtherig Peid :’,: PcE/) ,ete. may be cyelid

| functions of the clase 4 , 2% n , etec., and the

A » ‘4 o " . PR
s A, X2AE) ,etc, may be cyelic operators of tnd‘

J
1

icla-;s:-: B 3 1;’1‘ A It is resdily seen, \
r

1
{4.14)=-(4.16)) and with the help of the ex ansion of |

o
(
e
C

| from the definitions of the [ (£) and the Ace/

(BOED, |

b i QV.-"'L'?
3 ‘_ V(£ r/ V“‘ - f ‘?Zé 33 3;- i

1 4 4 e X/ i V._ch/
| )‘, /4% ﬂq 1€7E 5, JJ’ ’ ’},_, }r__ﬁ Jr’r‘

O i s % F
= [ +J; AR AR 1o WA i T

that the expansion coefficients of the P (¥/and the

A €€] will ve of the suggested form provided that the

——

4 - : ke Al fale ~ > %
expansion coefficients of tie cuantvity /o jl:ﬁ' are of

| the following forme

! - & - 2l ll u.c-_ — ‘,r-_ ﬂ*‘/
l{LC‘.;.u‘-‘ :{0“:)”:/ "‘“ei ?,CZ- }}' / =
| f 474 o f IYE s¥E {;;”/
| (10.17) ok P = 9; ' r fce-c.; vy Ler/
where % denotes an arbitrary function and

Jv " { denote sruitrary periodic funciions.
Conversely, hovever, if we assume that the

’ -~
expension coefficients :’Aﬁf/ and  « F?j,;/ : 3,:,4(:/




and ;'2. /)(_i/ , etec. are cyclic operators and cyelie
functions of the class A , a%4 ,etec., it can be
shown by perturbation calculations, which will be done
below, thet thne expansion coeffTicients of F (r ; f:/} are
really of the forn anticipated above(l0.18),(10,17).
Hence the sbove particular forms of ;”ﬂﬁ;ff%:.
and :'/’O(;j) ete. give o self-consistent general
golution for the motion of electrons in displaced
lattices.
It folilows from (10.16),(10.17), by putting
¥ = F’ +that the ex-ansion coefficients o /"(E’? )
::3 f(i’) ,ete. are cyeclic functions of the class » ,
u’s n ,etec. dence we heve the theoren that both
the potential and the density of the elecirons in the
displaced lattice are superpositions of periodic
guantities modulsted by the various thermal waves.
10. 2. Selection rules. Bince tie undisplaced
lattize is periodic in the senae possessing three
translational periods, the unperturbed eirenfunciions

are given by Bloch's theorem,

K -
: Y e c‘; S ,(.(E(")
(l0.18) /7#5 = —-m/?*— 8 £

where the ’;—E are the reduced wave vectars and the
2

*“ A are periodic functions, all referring to the

undisplaced latiice. When the metal carriés no

L

e



current, it is .nown that, corresponding to every Foc‘c' B
, ,
function /ilé ¢! there is another Fo c ‘s Tunction ’%‘ (r)

belonging to the same parameter p,/ b= h/}

1

- g - o -
in fact, it follows from (10.18) and the fact that A/
; e e g - 24 ¥ . ”
ie real, that we may out ’Vv‘ = YJ ,0r, in general,

(10,19) ‘)f‘/f:q;f*j M:}f/’g

- ts
ilig will be rei‘urred4 as the de"anf tion of the sense

of the wave vectorsv&?{' .
Let us now consider the first-order perturbation

operator due to the therual displacements of the ions,
Je5) = §, %L 2Hex)
(10.20) Hd = 9, @ax «/1¢E

Where, as shown above, the o H(€) are cyclic operators
bf the classes = , It follows directly Trom the
gefinitions of the classes of the cyclic operators and
bhe cyeclie functions that, e.g. df/n:} ";”5 is a gyeclic
function of the class 'h--_K . As eyclic

£

functions of different classes are orthogonal, the
matrix element HK:S& reduces to a single tern
¢ontributed by that particular 3(‘/(&} for which the
eguation

(10.21) wutK, Ko = LRV (xnes)

can be satisfied by some intezral velues of ﬂ

£
Since all the three integers % , K;, £.< are limited to

‘3



the range ~'£, <t/--0,1, -/ ; {,, an only be -7,90,
on' L - it is eamsily seen from (10,21) that
h - Z .
roy given values of ]f;, and ]fo( , bath tne {., anc
the 7N, are determined uniouely.
VWie may therefore write
’ /
LR L z& ﬂ/_/l’ A
Heg = 4o 158
(10.22) 86
- o /7 C -
where the superscripts 2 , £ , & are understood to
 eatisfy the selection rule (10.21). It is more
rule
convenient to regard (10.21) as the selection for the
/ - - ¥
¢hoice of any one of »n , K ’ K when the obher two
are giwven.
The following particular cases deserve to be
/
snecially mentioned. (A) When K.—.-..—.._K s 4%
follows from (10.21),(10.22) and (10.5) that
(10.28)) I_‘,’, B eiits
’
BB

It will gppear later that the condition (10.3) is

Bt 7KK - T
unnecessary Ior that H B8 should vanish identicall

for the exnansion coefficient Z’ /-{ci'/ , involving a

fector ;" , vanishes identicalily itself for % =00 .

(ef. the expangion coefficients of xV.©)(10.9) and of
® T8/ (10s18)) The equation (10.23), may be

descrived by saying that the cyelic functions 1$§

of the smmne class do not combine under the Tirst-order

perturbation due to the displacements of the ions,

s

e



We have also the case (B) vwhen B =8, it
\ ! ,
follows fOpm (10.2F) that in general Hg g’ by no

means vanishes. The difference of the parameters

o, K /

aRE" : ok
1//6 and HB becomes very small for small difference

/
of A ana =X |, vut the corresponiing

. ‘ yid K’ ; ’ .
eigenfunctlons ’\ﬁ‘ﬁ " ";8 do still combine, in
T . 4 A i
particular, when K = -K , the degenerate eigen-

functions ]ff and }2;3E always combine under the firest

order perturbation for there exists always such an 7 ,

resoponsitle for this, satisfying

(10.24) 2y ARG = 4.» (2L7) tesd

It is to be noted that for a given 2 ,(10.24)

givee a uninue KA , and viee versa, - & one-to-one

correspondence between the reduced thermnal wave veciors
f)" and the reduced wave vectors ‘z}c of the

eigenfunctions.

For the second-order perturbation operator,

ot 7
(10.25) Hez) =J.. &} s, rXH)

the penersl selection rule for the matrix elements
L g7 42 / .
/-{{f,g is similar to (10.21) with 274 replacing
BCE r Limited to the second~-order perturbation

£ &

order perturbstion operstar need to be considered. y
t‘ :

The selection rule for the diagonal elements Id F

|

2
energy, only the diagonal elements /& 4 g of the secom}-

18



v’

is, by weplacing # of (10.21) by 273 , and by
outting X =k’ in (10.21), simply

1P o T

(10.26) Uy 40, = Ky ¢ 2L*7) ; wwg.3)

. . - 7 s
Since both %, and 4, are limited to the range

o ¢l , this equation can only satisfied by
. . /
(_I.CJ.:d'() “,t %‘/ I i.e. h, = i 7 ((:4:,}/
|

i
Hence, we have Tor the diagonal element Hﬁj - the|
|

simple swmation
y 4 - kA
(lo.28) Hﬁ( = e ) s M,

It is for this reason that the expansion coefficlents
of the second order of 7 ¢E) other than 27 T <&/
have not been given in connexion with (10.14).

By (10.2),(10.1), the wave amplitudes g" and

%-‘ refer to the same thermal wave, only running
in opposite senses. Owing - to the selection rules

given above, (ef.(10.22)and (10.25)) these thermal
waves are indenendent to the second order terms in
the wave smplitudes @/4 .

10. 9% Prenaration of the unperturbed
eigenfunctions. It hasi';imvm above that the degene
eigenfunctions ’)Zg and ?f-g do coubine under the
first-order perturbation. It is xnown, then, the

perturbed eigenfuncthons will approach neither of

pate

by



these eigenfunctions vwhen the perturbation paramelers
¥ : . .

?{ , 2pproacilh zZero, but they will approach certain

: 2 ; ok k o~&
linear combinations of the ’}46 and the 9«6 .

Since sll normalised eigenfunctions are only

determined to within arbitrary constant factors of
moduli unity, the "phase factors", the regquired"linear

O&' =) __g
combinations of tie '}“8- and the 7P, cannot be

specified definitely without specifying the choice of
these phase Tactiors. By (10.19), we may regard \
] b |
the phase factors of the g as Cixed provided l
tne ’ Ak 1o : ')fo T LS wal f
ne phase factors ol the 3 are fixed. The
: (4
phage factors of the "/’f will now be fixed in the
following way.
i . been - : N '
1t has shown above that for a given n , there
exists a unioue J , such that (10.24) is satisfied.
We then heave,

- I -
HXK ::ZC::HKK

(10.29) g8 8 A

If the right hand side of this is writen out in the
form of a volume integral, it will be seen, by (10.19),

v
that it contains only the eigenfunction '}Vg , namely,
- 1-E oK 0 P
(10. 30) H Jf = /’Pgrﬂ & j//n:v v:f:) o7

_ 4
Since the phase factors of the 2{.. are given and

since the correspondence (10.24) between the 2 and

the X  is one-to-one, we may £ix the phase factors

o2



& -4 ol ' . 4
of the ’Y/B such that the H g e

| K .8, 1t is possible ©o do so, Tor corresponding

|

| to a given X  we have,by (10.2+%),a particular i

are real for all

and since the phase factors of the various ¢} are
- S . T &

entirely independent, the conditions that the #

are real for the various X, A can be fulfilled

independently.

l It follows from (10.19) and the fact that the
4

perturbation operator H(Z/ is real, that, once the t

b KK HE K |

B A are real, the 3 g Bave alss real.

In general, they are conjugate complex.

Now let us divide the doman of the reduced wave
vectors KM  into two equal parts by a plane passing
the origin J} =édo . Let the left half be
denoted by -(X) , and the right half, by +(X ), the
domain of [/ bveing only one-half of that of K .

g 3
The unperturbed eigenfunctions ¥ a Wwill be divided

0 )
according to the wave vectors, and denoted by ¥ Egc
A AR The preparation of the unperturbed

eigenfunctions then consists oi the transformation of
the following matrix of two rows and two colwans to

diagonal Torm!

1 &) ~K 1 +#) =K ]
H ‘:’ B) H s & - ( AaK):’cK)
(10.31) Iff"‘;' ﬂ:‘;{} f; HE“V *":;V g B 8

§5 =+~
Since the matrix (10.51) is, by the above choice

of fhe phase Tactors and by the selection rule (10.23),

/f



|
| . -~
| ol the Drm

A (O 1 ) r"{(l\’)

“\ o G 7 9, 5

| with

B 1K) A-KK  _ K

| (10.33) by AT H/&B B 8 |

\'i:;ein{:; real, the transformation to diagonal form may be

|
| accomplished by the following change of basis,

f ‘.
s (ke iy L SR Ve iy mE =72/ |
1S T i P R e e
| |
: We then have |
T&e  (Kle _ f](}e C’Uije _
(10.35) gt mppa \2 / .
o (~)'~fc~)f”b?l e |
or, in matrix fom, < R o [‘e. HG
1(K)) (K2
L VLT =10, &)
LU.O'OU) 1 Jz (/f}; Hckh K2 0 7 / H[S
| ¢ -
| H R ] 8 8 }

unperturbed eigenfunctions

J
| to the R "?34 e =14

i
|t11°
1

¥ gf‘q Z=4~ ) with
= oy . J
10, &7 =
( ) § 4 =z

mixed uo.

subseocuent perturbation calculations.

a unitary transformation from the 3 ( E=d= )

e
‘ive the transforng tion from the "‘2(8 ( e ) to

the result,

81, 002 A
f—z’yf(ﬁ)”tvag} &=*)

It is hoped that the indices £ s&and €

The ecuation (10.94) gives, therefore, the preparelfi

which are to be used in the

1t expresses
v

S (K
¥

), and may be inverted to

will not be

Vg4



10, 4. Perturbation ecuation and perturbagtion
Energy. Substituting (4.62) into (4.58) and then
replacing the single index / by the triple indices

(A‘/ y B b , we have for the first-odder

perturbvation energy of the electrons

| k) 1k
1 éiﬁa%m ‘=‘?Jﬂ 2. W ﬁe

4{;}

/20

:
1{10.38) 4 ) M. A ‘
—rc s ﬁiye Pir - ME +Ped) - }2“"'_)‘
S MG St af
|
The swaunation over e is complete, since we have

The first-order perturbvetion equation will be

writen in the matrix foma,(¢f. (4.41),),.

1 1
(10.59) wWir-Uw + H-W =»
BOsLeplpaddnyy, i T tel e E
| AV TR [ NS AR o L
(10.40) wy-gw + P34 2l & 2%

Because of the degeneracy of the sense of the wave
/ ’
vectors J_K , the matrix elements U‘ge ‘28 cannot be

determined By the first-order perturbation eaquation.

Ll‘"ney are to be deteranined by the second-order

yerturbation ecuation. (ef.Born and Jordan(1930)p.208. ).

Tt will be shown in the next section that for the

balcuiation of the perturvation energy of the second

order, these matrix elements will not be needed.
-opder . , .

. The second,perturbation energy is given , by

replacing the index ) of (4.74) by the triple indices

originally Fock's functions ¥ 1;!'4/ and ¥ 'f,'f’ «(ief. }10.{-2}.




s il e e
2 P ('ﬁ l{,f(’FfoJ ‘/cd’ff(%{/ 4(7W4z,y ¢

l.\ loo "-‘:l)

p(ectrons

4/;@};’ _E-_?—E’l [piElpe) = 5,3.;—,-55,3@;5))
4 AE V.28 Kz piel ~ EARE) AESE))
i 2

—
The expansion of V_¢#;€)

nas been given above(l0.15).

To obtain the potential energy of the latitice,
we must add to the above energy of the electrons the
energy of the pairs of the lions. The latter is

represented by a lattice sua,

7 |
(10.42) &, G-/

!/
vm ne 4 s 3 ’ . ﬂ \ .
ere the interaction between an ion at r' and an lon
’
at rf depends only on the relative cobrdinates.

Substituting (10.1) into (10.42) and expanding fhe

result by Taylor's series, we obtain the following

gxpangion co2llioluit )3 =E. 20T SO
/ g ¥
£ 15, m—_»/_ ) = 485 V-
A n i QQ/ 4' '!_ DVH“ '
(10.48) +§, 2. j e'f -
2
7 ,It v é!’g !(g Kf-( }___
o LN fFf*“ P et b,

It will be shown in the next section that the
first-order potential energy of the labtice vanishes
identically, The second-order potential energy
of t‘ne\l.attice then gives the normnal frequencies of the

metal.

.l d



11, Perturbation caslculations

i P g I First-order potential energy of the
lattice. It will be showm in this paragraph that
the first-order votential energy of the lattice
vanishes identically.

The Tirst-order perturbation energy of the

electrons is given by (10.38). The firgt tema of
1 (s . .
(10, 38) vanishes by (10.56), for W .&f is, by (10.39/}
/
simply H(fe d;’ . The rest of (10.38) vanishes

by the selection rule (10.25%), for, by hypothesis, the
expansion coefficients JA% and 2P are cyclie
quantities of the class 7 .,

The first-order energy of the ions (ef.(10.43))
vanishes as usual, If one of the double swmnation
is evaluated, then the second swmnation vanishes by

(6.16).

! ke’ rd/e
1 - ul:munatmn of the matrix element U ; 0 :

it will be shown in this paragraph thnat for the

caleulation of the second-order perturvation energy of

: : 1 e’ (ke
the electrons, the matrix element & y is not

heeded. ¥or this, cf.(10.41), we have to show that

the matrix eleament UMe dz' really disappears in

btoth the quantity ; (5;F? and the quantity

4 1T iye e
Ty M el O “"'; (erevof TN L

122



\ /
Let a matrix

hC~

be defined by the Tollowing

matrix elements:

; 17 kre’ ¢ s
(11,1) gt 41" =0

1, Kher (K)e (B! (Be
[(11.2) Lr e é‘ﬁ 8 = U, g *%g

where the second part of the definition covers all

cases for wnich the first g 7t of the definition cannot

Bince the swumnationsover &k)e and ve are both complete,

the indices We and 4)¢” may be interchanged in the last

of (11.4) then vanishes by the normalisstion condition
f o : _
o L =s ,cf.(4.42).
g {7
S8imilarly, let (J g/ represent the operator
5.9 . £ Xt : - =5

gssocigted with the matrix g , the guantity pFlr«
Bay be writen in the form,(cf.(4.61)and (4£.69)),

(11.8)  AegE =4y, Pl jbeF i) " GrerfSiol

’ 1/ P Ytk
e 2 g, s 5o Pl M Y S Ul e “"’f

Here the last line disappears exactly as above.

pbe applied, Then the combination
(‘(/e (“/e
(11.3) 0 fl’f*V )& STV Y f 4
can be writen in the form _ . &
41 ke We
5"’: {c'i’?4l/,+)d1’ -ﬁ[(’;’*\f&)Ul’J } ek
(11l.4) e
M’ 1 e’ (Troedde 4, 1 (S
4 5W1, 5%, din oS O T

term of the second line of (1ll¢4). The second line

-._,

/23



11, &, First order nerturbabion ecuation.
i S 7 e o 2
The matrix (J introduced above(lli.l)(1l.2) can be
completely determined by the first order perturvation

gouation

Ny,

1009, 115 7 i
. 3 l s s
(11, 6) wo'-di +P A = -1 Z’Zw

i f.\
(]""-

where the dssh affixed to the bracketed numeral

emphasize the fact that only the matrix elements of

il

/7 _ k= ¢t -m{j

are contained in the operators Pz and A &/
= \ - WPTLE -k i o e Sk )
The latter operators involve. tihie gquantity P S/

A s Tis . / ¢
but in ,oh‘:: the mateix element Udje/ ijp does not

appear
It is convenient to solve the matrix egustion
. . . . ; v e(&) ol oo
(11.68) with the eigenfunctions Y A as the basis.

The index ¢ mey again be included in the wave vector

of (11,B) with respect to the eigenfunctions "ﬁg

and ¥y ; . we haye

o ok /K 7 4, K4 ur
(1. 7) (Wg-'lf/f/ U/gf .—1—?(“ .,,H,A ( )

Which shows that the expansion coefficent . bl “E)of the
operator U (¥/ is a eyeclic operator of the eclass
e s
This result justifies the asswuption (10.16).
According to (11.5), (the last line of (11.5) being

identically zero,), by a change of basis(10.54) we

A without the bracket. Thus, taking the elemen
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have for the expansion coeificlent “/{F ¢ N

aney 28502 LU ko 1 e A

. % ¢ 2 . A
Since 2 ') is a cyclic operator of ihe class i ,
LY . fp iy PA Lo .
the function g{/eP#¥4cz)is a cyclic Tunetion of the
. e Qh
class #+ & . The product JUCE) yue2) V‘f o)
is therefore of the form (10.16). And similarly
the second term of (11.8) is also of the Torm (10.16).
It will be shown later that explicit solution of

(11.7) demands much knowledge of the unnerturbed

eigenfunctions. Nevertheless, some general theorem

[47]

sbout the thermal oscillation of the ions can be derived
without solving (11.7) in details. I therefore
now

nroceed Lo the second-order potential energy of the
lattice.

11. 4. Second-order potentisl energy of tie

been

lattice. 1t has sshown above that the matrix glement

{é i dJe

o does not really appear in the expression

(10.41) fopr the second-order perturvation energy of
the eletrons. 3ince the swunation over the index

e is complete in the Tfirst tera of (10.41), by a

change of basis from the ,)thle to the ";2':‘4/ (ef.(10.34)),
. ‘o T 44
we nave, ¢ 7;") {9 ﬁu,‘(M}U)r“;
EL == 2.)" =
fo:m V " ~
(11.9) + [JAe ""'” Azmn/ ;{/SCE £ fe)]

Hf sk L "—-‘* Vo) pfos e 4 A PEE




1

!

(11,200 & #ol, 2S5 2L . ‘

|
|
|

with o P ¢!denoting the expansion coefficient of P )%

where the index £ has been reesbsorbed in the wave

vector /é without the bracket, Because of the

Se.LCCblO.ll rule (10.208) and because of the fact that
"’U ¢¥) is a cyeclic operator of the class & , the ;

over N
first term of (11l.2) becomes a simple swi as folWOVS,

} _HTA‘ -u

Similarly the rest of (11l.9) gives only 1

%J’Z{q//ﬁi’”h/ 4‘(/’_(3.’;6)/&\,#” I’&,r//-gq_,c}j

i’ "l__f_.- ,ﬂf’jﬁcr! ?O(r} ,F |

(13,11)

by direet integration, with the help of (10.16),(10.17)

A siuplér procedure is to transformn the rest of (11.9)

\
I
into the following form, (ef.(4.74) - (4.76)), !
|
5. /| A |
(/” f ) e Céle ‘
e (4 |

1( // f{()f f;‘je (/%d}l (d)/U/./ e 09

mj
fsz/" G o o5

;J‘ff
e

wWhich becomes, exactly as above,
—4 4 ;3’4;& FAd (0’4( 1
Z{ > x"S w1 ik IR

B I e L
125(.2”:_‘5«' i5)3Uas * oy

ETL, 13) ey _

"

|
o) Ao

Q
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| The results (11.11) and (11.15) are eguivalent. | 2]

It can be easily verified, furthermore, that the |

| second-order energy of the ions (ef.(10.43)) is also
}of the form of a simple summation over the therual

\waves & . For, if one summation of the double
|

"' . - - -
| sumnation over / y (4 has been evaluated, the second |
| - - - - -
swunation may then be evaluated by (3.16). The

L
lresult is, |

o g P S
(.1e) S22 i, —rle ~ 157 i

\ .

Collecting (11.109),(11.13) and (11.14), we have |

'for the second order potential energy of the lattice
!
|

(11.15) S Al 4 e |

|
with » i '”M b ;
»r 5 A Zf(?ﬂ’w v Vk&':ﬁp‘gg 4 Mf“’.)_" _{LJ’L i '3
’(ll. 16) y"/ Lf e 2 |
»s DL L -u%’l{ v
- =y «R A ]
1 4 oZJf )( ::“) Tff " ..‘.,9}4 ff + Y™ ik 2 643 ,jf‘!} Jl/“ld‘gq_
I‘i.-nufe \...,' b ale? 10/,,, * 7 f/
| V‘_Jp = (€ -1:"7/'?} -—'//—!?K'*(t-‘t
w"n( e

|
|
i

IThe connection of the expansion coefficients- (11.16)

p:'c the potential energy of the lattice with the normal

| frequencies of the metal will be given immediately.




1X: 6, Normal f'reguencies of metals. The

Hemiltonian describing the motion of the ions 1s, by

(3.7), the sum of the kinetic energy of the lons and

|
the solential energy of the lattice. The kinetic |

|
energy of the ions is given by |
|

5, # ol |

(11.17)
2M
Where the momentua \/’;f of the ¥-tn ion is
\
7 Arf
s’ oy L |
(11.18) 0 4 |
|

El g : 7 : . .
Substituting (o.12) for /) and evaluating the
summation over v by (6.16), we have for the kinetic

energy of the ions,
4

(11.19) =5 M ST At '
|
|
The Hamiltonian describing the small motion of the io'n?
is therefore i
-' ; o
, ) 4%: 4% syt e
(11,20) ;;445. W ro by Mol

where 5 denotes the potential energy of the non-
vibrating lattice g_p . : l

Wow it is easily verified that the transformation
(5.12) may be interpreted as a contact transformation

from the "generalised cobrdinates" )"ﬁ ~to the

generaslised cobrdinates %‘3(’ , —the generaliscd momenta

2!



3 4
canonlcally conjugate to the %x are

dae
{1l.21) Po = MM —"

veing determined from the following condition
|

(11, 22) J\f Pfa/rf = [ Ped Uy

The transformed Hamiltonian ecuations are then,
-
(11.23) /Z(j = %// > jg"
11,82 t op) e
\which is the same as (11.,21), and

dn My s S
S R AL AT

J

(11.24)

x L o - 5 : - -
‘Whnlch gives the eguation of motion of the f(v -
|

2 9,74

z ~kh =k 4 -
o8y el Ul (BIE LR

Putting

1 ~&
Yy <y’ _dolt
-1

where #°* denotes the amplitude, i.e. the peak

] o = = 3 . - 4 .
value of #.' , and @ , the normal frecuencies,

we have, from (11.26), the following secular equation

Tor the determination of the normal freguencies

|
| ke Aty
|

£ g3 P ~* V5 +:':§

—_— = = 2T —
ty. /; : Ne 1y ‘ M 1Y
> - .. 1 s ‘ea
| (1. 87) :;@fg; ::Q&;zf_( -4)2 ;;9"',34&
”‘i"M : ”q-ﬁf # W.‘_ﬂ,
= + - o ¥ A = -
WEE NEAYE gl
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|
|

|
|

would be verilied if the Tollowing relations can be

1156, Smell wave vectors. in this paragrap

the
it is intended to verify the theorem that ,three normal
frequencies @ should vanish with vanishingly small

wave vectors. The wave vector ;” will be treated

|

l

|

|

|

as a small quantity of the first order. If the I
leading term of a quantity is of the first order in ’
}: , the cuantity will be referred as to be of the !
first order and will be denoted by -~ OCZﬂ ) |
Similarly cuantities of the second brder will be
denoted by -~ (¢ (;:;;/ . |

It follows from (11.16) end (11.27) that the theon

verified.

ok -1 7Y
. ek
(11.28) -?f ««Tﬁ"*“:yu T i ‘
4 ? St . § 4 )
e Nt yhtet fy—% @bl 7“/}'
JJ\(I -—f € -/ 2 MCQ 2.0
l
_ _ . N}Jﬁ' L (c,f‘ ¢
(11.29) :"7’}%: *‘«"Kff ~¥Fg i Ay ~ O 7
/ b
(11.30) J’Uff ~ O/

Ine prooi of (11.29) and (11.28) are similar.

Let us consider (11:23). The lef't hand side
does not vanish only when the superseripts -« , 4 , X |
satisfy the selection rule similar to (10.21), and
when tne selection rule is satisfied, it can be reduced
to a volume integral over the domain of the basic

polyhedron, The domain of the basic polyhedron

SieT
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cobrdinates to {2

\be denoted by d,

will be denoted by (2

When it

ciiphasize the limitation of the domain of the spatial

y the corresponding

is desired to

cobrdinates will

: Hence it is to show

ﬂ-&/ )
7’(«)} P o 2 View) + 7 Peagh "e‘,ﬁ )

19 L
(11.51) ~ 0
|
I t
: ; -9 : ; :
} The operator o Tew) conteins, by (10 Vs & facto¥
{ * ma -y (d) . ! " Ll i
| }“ . The operator ! Aqiis defined by |
®) Al L e " ,,6;’ |
(L.82) 0 Aap «@) =] QWALE) PRI «iEy) ~ i
- =
: § ol ‘.--’ 9“_(’_—-7__‘ B, -/
= fiij (&,; '.’.'p ,J Lj - =7 K{r}-;’) st “
3(7" ).(/ 1
U & - . . 4 - = 1
The integral converges because the function (06’2,-1:) ‘
decreases very rapidly for inereasing »- 7/ . For
1f‘rec vlectrons, for example, vwe have
t A -7
e g 7 Y S
7z - = . e - -
(11,33) TR 3 ,
L |
Where the plane wave functions € — interfere

for large ~-7" .(ef.Fig.13,Brillouin (1934¢p.27.)
Since the integrand of (11.52) vandshes for vanishing
g

}: » the matrix element "" A/*E is of the first

E y A .
g ' |
order 'in )5 . |
(o) |
The combination ,(VMJ +.,7’ (¥/) gives a lattice sum

and a volume integral,

(0)

Vo) TP
(11.34) o % 1';,‘-3)-_3_,; ;V (U"‘f,;
LLg =/ & e lj ‘_(lj J:\((/"e } i(y._aj?.(

y e wo i 1l
| WO AT ¥ ty-2) } |

I A(U"r/‘a
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, - /
The potential K_(¥~-3") ( /% 900 ) due to ions outside /32
the basic polyhedron may be replaced by Coulomb

potential, so that (11,35) becomes,

|
eﬂl;jl"f"[o—e |'5") %ﬁfﬂ/ - Cr- e’ =) e -—;—;7
Guse) e[ Gere? 'ﬁjﬂ, v
ofurtcrdtst) 2 ) .(%._-r-r;—/‘!

m e by - r i - - -
the lgst bracket converzges for small ;‘: because the

total charge is neutrsl, and therefore vandshes with

L A 3 /5% ¢-a ri5% g
Ju« because of the factor (/-ef---)or (r-€ 7 ~ =F

The first line of (1l.06) vanishes for vanishing ;" ’
Hence (11.29) is proved.
Similarly (11,28) msy be vnroved, for the Coujomb

interaction contained in the combinatlion

/4
.2.)", ("'*V 4+ e /I’u/,t{[‘ef, “r'f'[/#w’;g‘!/ |
(11.89) =/ 22V pec ) dy #2 [ aezi? e£) ) gt

P ol =xh Z
- S.’(, oo V.:p(_c(l ‘;‘;!I

converges, and sie Vi ¢€) , 2V E7S and S0 M,.f..:{
all contain Iuctors of the second order of fa

Iin proving (11.80), two cases may be distinguished.
according to whether 5 = 4  or not. When

R % 6 , the first-order perturbation eguation




/23

. fk
v g SR
| = :715} '-?K »/)Kl e A

‘c:ﬂn be used to show (11.30). Since the right hand

(11.40) has been shown to be of the first ordes

. Fpeh g g4 9K ok |
in 2’ , and the coefficient W4 - wg (K = At ow ) |
« ' 3 ,} A |

|

is finite for vanishing ;" , it follows that
L4

Il 4 qU/&‘( O O (;:/

(11,41)

|
provided that |
|

,{ _z(.l rﬂ&l( e 6](;:} i

(.]-Ld ‘L{JT & /
: < 5 |
fhe quantity 2P/, being the coefficient of &2 in |
(1)
P’t/ is |
[
“/ g = 1
S R D) = [ LwF & e
i( Lie )
]

Yhere ,"’/rv”') is a cyelic function of the class &

| Let "'/ﬂr/ be expanded. into the Fourier seriec

8
|

1
|

(‘J

|(21.44) 2pFS = e?’?:/Z} « : e’ ridl £’

| (jt sl sl b <G 7

|then, by the fommulo® |
f 8% %~ 1o '

» K ?.: 1’10 ‘"’G 4-?“"(‘2:-

f

l ( ~I—-}—- e : zgomes
i

- _
I**Gf. Mott and Massey(1l9:6),Atomic Collisions,p.161
|




1

(7)
ddence, in order that foz/ may be of the first order

. ‘
in ;_‘ y it is necessary that

LEXa%) | for Leadea L :,r,af,-v@"/lﬁc;:/ and that
| (11.48) for £ =480 , .’,’f{ e 0(},:} :

The latter is satisfied @as a consequence of (11.41).
The former may be shown as follows.

Consider the {irsi-order perturbstion ecuation
(11.40) with 8 =t The coefficient of
'*U’fg , namely the difference of vf/f and "'/,
is , in general, of the first order in ;“ " The
right hand side of (lL.40) is also of the f irst order.
It does noﬁ follow, however, that « 7T ‘f’éls of the
zeroth-order in ’t: y Which is in fact wrong.

1
Using (11.46) for X Prz), and (10.18) for ()gd:tr..} "

we have

e W et 2 44
% /z P - ¥re yif L 4
(11.49) 4(70 /:a g )2 ,,,;g;s/ € 4‘(:}

The term ( ’f-‘—‘-aaa )

‘ L
- 4ret
/! fu f ) »ufn:)ali-‘ —fﬁ—s_‘— (C =000/
N /’Z N/
#
integral ,,"f‘,_/:«:J %¢) «jes) 4E  @pproaches unity by

(11, 50)

normalisation, noting that X =4+2 .
This saows that the first-order perturbation
equation (11.40) cannot be used to solve i’or..?U’ﬁ(, but

it can be used to solve for fo(fwﬁ Dividing

3¢



|the whole ecuation (11.40) in the case /3"5 by i
| x, 4,/ |
the large coefficient of a/f f{::m/, ve have }

oy _ &(_:wf{ |
:f{((&mjg—i/ W #Tft‘ Vss 4P :

: <)
|(11.51) P T TR AT Y ¢ 7 S L

| 7 ( ﬁM b ke
| 5 o4 3, 'BL 3 ”54 M’e o “)
I“'"‘Jlicl roves (11,47). +his completes the proof for|

» r |
I({11.30) with the exception of UK/E

K £

- o= ” -f- ~ - - s £
' +he element U5, cannot be determined from the

first-order perturbastion equation, but it is provably

4l AT A A R
of thelsécond order in the f«x » by the following |

congideration.

Prom the definition of .fffh’ the coefficient of '

2rE Aw ﬁrt/ we have
(11, 52) .ffr;/ =38 j 'V‘;‘;l ?f};f;' U?E)"/?Aéf)f * M?%
5 .?J‘ ){ %) )"E(r) E‘E - C/'Ef/'
1 2SR T S ) ¥ 2 U’§} + e }

b
|

|
'rom this, and from (1l.<4), we obtain fopr :/a ({:@ﬁﬂ))

i
(11.58) «("{{%/ JJ‘ L oo &FF JUY

i 2 P
£ pr: o fhe . VR et o
fzh Z.ut m:z,f“*’*‘; fu)‘,grr.)e; ,,’UE
+ uaj‘
small ;: » the leading term of the right hand side
pf' €11,53) is

For




(11,52) }fn_ ptauSs
while the left hand side of (1l1.53) hss been shown to
be of the third order in ]: ' Since, by
definition (11.1), ;’U"ﬁi vanishes if M = A+ is in
the domain of K , the range of summation J‘t of’
(11.54) is of the first order in }: ! Hence
QU’;Z} is of the second order in j:

That the element .?U/'ff is of higher order in 7,':
shows that in the limiting case of homogeneous

LI/ k B/

5} Arem&ins to bel

. ” !k _— ok
deformation, ~ {Jfy vanishes while
finite.

'by using the symmetry character of the functions
Ug (HK=000 ) with respect to the central
reflexion( cf.je.l. ), it can be shown that i' U’ff for|
simall _,3—* and with A =606 is of the first or second
order in _;" according to whether 5z and 4, are
of the same or opposite symmetry character. In the
limiting case of homogeneous deformation, this becomes
the selection ruls for central symmetry of §6.1.

125 % Concluding remarks. I have not carried
out the actual calculation of the normal fresuencies
for any metal. An indication of what eigenfunctions
bf the unperturbed eigenvalue problem are needed for
this calculation for alxali metals together with a

cémparison with the caleulation of the elastic constants

ziven in the last chapter will conclude this thesis.

13€



It is convenient to plot the unpsrturbed eizenvalues 137
L . - ) A X
W g VWith respect to the wave vector'_f y the
direction of which uay be asswaed as given. 8ince
the muiber of atoms in @ crystal is large, the wave
vector _}K assumes almost continuous values, For a
fiven & , the eigenvanlues Tor various ZC may be
renresented by a smooth curve. For different B

%e have different branches or "bands". Three bands

fre drewn in the diagram on the next page.

Por alxali metals, the parameters &55 of the Fock
unctions occupy the lower half of the "valence band",
he heavy portion of the lowest curve drawn on the next
age. The bands having eigenvalues lower than the
ocx parameters for the metsllic electron are not drawis
- the corresponding eigenfunctions and eigenvalues
orrespond. to the Fock functions and the Foclk parancters
or the core electrons of an isolated atom. As shown
n the calculation of the elastic constants, the final
esult of the perturvation energy may be'eXpressed by
surface integrals, to whiech the cigeunfuncti ons of these
lower bands contrivute littile. A similar trsnsform-
tion to suriace integrals can be made in the calculation
ol the perturbation energy due to the theral displace-
ments ol' the ions, and therefore these lower bands need
ot be considered.

Based on the free electron arproximation, three




bands, & , «, J are dravmn in the ﬁcco..l panying &1 2 Pal,

For 4= 600 , the eigenfunctions % and % are
o

even with respect to the central reflexion, while 4/,

is odd. The full line d

n = ~ - 3 -~
point (J indicates that the corres-
B s { - L . TELE

onding matrix elementsUgy is of the

Tirst order in z" . The dash-line

) ! . 0 " .

drawn from the point (4/ to the poinf

i wha i / ] )

(¢) indicates that JU'%4 is of the

second order in jL" ’ No line is

drswn from the point (3) to the point

L] o s ’
G, forJU 7] §

vanishes by (l1.1),
4y L 3 L L 1 Ao i o ~ 4
if the point () belongs to the heav
portion o the curve e
Bimilar lines are drawn fron the

e e el &) my - 3 = !
point (/. The full line to the

9 + X
point ("7 still represents that
,’;U/':';" 4 is of the firet order in f*
but the tmdulating line Ifrom (f} to
g R g 1 ) : !
(u/lm.‘n.cates that special investi-

1 / A : ] .
gation on QU l"‘ is needed 1n view

pb,,’l&f ’

of the small difference g

v

as sy be seen froun the diagrsin. The dash-line Trom

. . 5 ¥ . -+

the point (f/ to the poimnt (“;‘/ shieh is not on the heaV
= g e ) 1 s ]

portion of the curve, indicates that ;"U"I‘f is of the

second order)in }'

-

rawn from the point (f) to thT

J

3



A

full lines dravn on the last page are to be replaced by

Fr@rtical, lines, +the dash-lines are to be rubbed out.

For an actual calculation of the perturbetion

energy for not too suall wave vectors, it seems that the

nuantities 2 U’2 4 | U4 5 eamot be neglected. Since
e 0

the difference of Wf gnd Wf is not very large, the

- 4

Y

&
petual eigenfunctions "/‘f ’ are needed.

in the case of homoge hecus deformation, all the

[he meatrix element da‘ib (ef.the undulating line),

contributes only to the Fermi energy, which , however,
has not been calculated accurately enough in the last 5
chapter. In fact, for an accurate calculation of the
ermi energy for a deformed lattice, the eigenfunctions
’Y"f ’ ‘52} are Loth desirsble,
In conclusion, the :;ssm:iption of treating the motion

o f the]electrons and the motion of the ions separately

lattice, then it is easily seen that in the treatment

. . . A
#Jﬁen above regarding the Z(,‘ as constants, 1 have

neglected the normal frequencies QJ" of the thermesl
pscillation of the ions in comparison with the Ia’/f/f .
fhe n} f, are of the order of a few electron volis while
the ¥w” are of the order of a few hundireds of an
electron volt. The error thus introduced may be

neglected.

-*h‘;lf

ay be examined. If the time factorse” ¢ ure added

o the Fock functions of thellectrons in the non-vibrating
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