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Abstract

Earthquake catalogues are fundamental tools for understanding seismic processes and

forecasting future events. However, these catalogues are often associated with different

degrees of incompleteness, including data gaps immediately after the occurrence of large

earthquakes due to waveform overlaps and seismogram saturation, as well as long-term

gaps arising from technological and logistical limitations in the development of seismic

networks. Such incompleteness in data can lead to substantial errors and biases in

earthquake models and therefore distort our understanding of seismicity behaviour in

a region. Furthermore, statistical modelling is highly sensitive to how we select data

samples from these catalogues, and this can also significantly impact the estimations

of seismicity model parameters.

This thesis presents significant advances in the field of seismicity modelling by

enhancing the Epidemic-Type Aftershock Sequence (ETAS) model. The primary goal

is to address critical issues of temporal incompleteness and systematic biases that

affect the estimation of ETAS parameters, which are essential for accurate earthquake

forecasting and seismic hazard assessments.

In this thesis, I first address the issue of short-term incompleteness commonly

observed following large mainshocks. This period of incompleteness is critical because

it involves the initial aftershock sequence, which can provide valuable insight into the

seismicity rates and properties of a seismic sequence. I introduce a methodological

enhancement to the inversion algorithm of the ETAS model, which enables it to ef-

fectively handle incomplete data during these crucial early stages. Theoretically, this

adjustment involves defining a censorship function and integrating it into the ETAS

conditional intensity and likelihood functions to create a modified inversion solution.

For model implementation, I use a Bayesian framework with the inlabru package, which
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leverages the Integrated Nested Laplace Approximation (INLA) method to provide pos-

terior distributions of the model parameters, rather than conventional point estimates.

The performance of the modified ETAS model is extensively tested through synthetic

experiments designed to simulate realistic aftershock sequences with short-term incom-

pleteness, demonstrating its ability to accurately capture ETAS parameters and actual

aftershock rates even with significant data gaps.

Further, I explore optimising the selection of representative samples for the ETAS

inversions, which is critical for reducing bias in parameter estimation. Various sampling

strategies and their potential biases are examined, proposing a comprehensive approach

to optimise survey design. This includes evaluating the sensitivity of the ETAS model

to temporal binning strategies, conditioning the model on the run-in history before

an earthquake sequence, the role of combination of different earthquake magnitudes,

and the trade-offs between ETAS productivity parameters. I also consider the choice

of incompleteness model parameters, the impact of secondary large aftershocks, and

the spatial and temporal size of the modelling domain. By systematically analysing

these factors, I establish guidelines that identify and minimise biases and enhance the

reliability and robustness of modelling seismicity patterns when fitting the ETAS model

to real earthquake data.

Finally, I expand the model’s applicability to address long-term data incomplete-

ness, which stems from sparse network coverage and technological limitations over

extended periods. This comprehensive approach significantly improves the predictive

accuracy of the ETAS model, as evidenced by its application to both simulated data

and real earthquake sequences. By applying the same censorship approach used for ad-

dressing short-term incompleteness, I extend the model to handle incomplete long-term

data, such as century-long records from the instrumental era, that also lack distinct

aftershock sequences. As a result, with this new generic framework, the ETAS model

adapts to varying degrees of data completeness, ensuring robust parameter estimation

even when faced with extensive temporal gaps. The enhancements to the ETAS model

introduced in this thesis significantly strengthen its theoretical foundations and practi-

cal utility in delivering more reliable and flexible operational earthquake forecasts and

seismic hazard assessments.



Lay Summary

Earthquake catalogues are crucial for forecasting earthquakes and understanding their

hazards. However, these catalogues often have gaps, especially after a large earthquake

or due to long-term technological and logistical limitations. These gaps can lead to

errors in earthquake models and skew our understanding of how earthquakes behave.

My Ph.D. thesis focuses on improving earthquake models by enhancing a specific

model called the Epidemic-Type Aftershock Sequence (ETAS) model. The main goal

is to tackle the issues caused by missing data and biases that affect the accuracy of

this model, which is essential for predicting earthquakes and assessing seismic hazards.

Firstly, I address the problem of missing data right after a large earthquake. This

period is critical because the initial aftershock sequence provides valuable information

on earthquake rates. I propose a new method to improve the ETAS model’s ability

to handle incomplete data during these crucial early stages. This involves modifying

the model’s inversion algorithm to account for missing data and using a statistical

technique to provide more accurate estimates of the model’s parameters. I test this

improved model with simulated aftershock sequences and show that it can accurately

capture earthquake patterns even with significant data gaps in early aftershocks.

Next, I explore how to select the best data samples for the ETAS model to reduce

bias in parameter estimation. I examine different sampling strategies and propose an

approach to optimise survey design. This includes looking at how the model reacts

to different ways of grouping data, considering the history of earthquakes before a

sequence, combining data from different earthquake magnitudes, and balancing various

factors affecting the model’s parameters. By systematically analysing these factors, I

provide guidelines to identify and minimise biases, making the model more reliable
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when applied to real earthquake data.

Finally, I extend the model to handle long-term missing data, such as century-

long records with sparse network coverage. Using the same approach for short-term

missing data, I adapt the model to deal with long-term gaps, ensuring robust parameter

estimation even with extensive temporal gaps. This comprehensive approach signifi-

cantly improves the predictive accuracy of the ETAS model, as demonstrated by its

application to both simulated and real earthquake sequences.

In summary, the enhancements introduced in my thesis strengthen the ETAS

model, making it more reliable and flexible for operational earthquake forecasts and

seismic hazard assessments. This work contributes to a better understanding of earth-

quakes and improves our ability to forecast future events, ultimately helping to mitigate

the impact of earthquakes on society.
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Chapter 1

Introduction

1.1 An overview and problem statement

Seismicity models, which statistically describe the distribution of earthquakes in space,

time, and magnitude, provide a fundamental basis for operational earthquake fore-

casting (OEF) and probabilistic seismic hazard assessments (PSHA) (Marzocchi and

Jordan 2018), which are essential tools for assessing earthquake risk and improving

public safety. OEF refers to the practice of providing real-time forecasts of earthquake

probabilities within a specific time frame and region, thus aiding disaster preparation

and response (Jordan and Jones 2010; Jordan et al. 2011; Jordan et al. 2014; Field

et al. 2016; Schorlemmer et al. 2018). PSHA, on the other hand, involves quantifying

the likelihood that various levels of earthquake-induced ground shaking occur at a site

over a given period, which is crucial for designing earthquake-resistant structures and

mitigating potential damage (Cornell 1968; McGuire and Arabasz 1990; Bommer 2002;

Baker et al. 2021). A reliable seismicity model must accurately represent the spatio-

temporal evolution, occurrence patterns, clustering, and characteristics of earthquakes

within fault systems (Guo and Ogata 1997; Essing and Poli 2022). Despite signifi-

cant advancements in this field, several gaps, challenges, and limitations persist. This

section outlines these issues, setting the stage for the research presented in this thesis.

Earthquake catalogues form the backbone of seismicity modelling and provide

valuable data on the occurrence and characteristics of seismic events (Chen et al. 1998;

Weatherill et al. 2016). Such data usually contain two types of seismicity behaviour:
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2 Chapter 1. Introduction

(1) a long-term background which consists of independent earthquakes that form the

general seismicity rate in a region over extended periods, reflecting the tectonic loading

processes and fault interactions; and (2) a short-term clustering part which consists

of groups of earthquakes that occur dependently in the form of aftershock sequences,

often triggered by a mainshock. Earthquake catalogues are necessary for researchers

who want to understand the temporal and spatial patterns of earthquakes (Nievas et al.

2020). However, the quality and completeness of these data are often compromised by

various factors. These limitations not only hinder the accuracy of seismicity models,

but also affect the reliability of earthquake forecasts and seismic hazard models.

One major challenge in seismicity modelling is the temporal incompleteness in

earthquake catalogues. This temporal incompleteness can be short-term or long-term.

In the short term, incompleteness usually occurs after large mainshocks when over-

lapping seismic waves from numerous aftershocks saturate seismic networks, making it

difficult to detect smaller events (Kagan 2004; Omi et al. 2016; Bachura et al. 2021).

This leads to under-reporting of early aftershocks and biases the data (Hardebeck et al.

2024). In the long term, there is a step-like evolution in the development of seismic

networks, leading to an increase in recorded smaller earthquakes. Improvements in

seismic network coverage and technology mean that older data are less complete than

recent records, creating inconsistencies that challenge long-term seismicity modelling

(Arrowsmith et al. 2022). In addition to types of temporal incompleteness, the choice of

seismicity datasets used to develop and fit our statistical models can also significantly

impact their accuracy, depending on how representative the datasets are.

Widely used for modelling aftershock sequences, the Epidemic-Type Aftershock

Sequence (ETAS) model (Ogata 1988; Ogata 1998) is one of the most effective tem-

poral and spatio-temporal seismicity models. The ETAS model relies on earthquake

catalogues to estimate seismicity behaviour parameters such as background seismicity

rate, aftershock productivity, and the decay rate of aftershock activity over time and

space. The existence of temporal incompleteness in earthquake catalogues can lead

to significant errors in the ETAS parameter estimates, reducing the model’s reliability

and predictive skill (Naylor et al. 2023). Another challenge is optimising the selection

of representative samples for ETAS model inversions. Different sampling strategies
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can introduce biases that affect the accuracy of parameter estimates. For instance,

the amount of historical seismicity data prior to earthquake sequences, or the spatio-

temporal size of modelling domain, can influence the results of ETAS model inversions.

In practice, it is easy to define the spatio-temporal domain without undertaking a crit-

ical assessment of how the domain affects the ETAS parameters and the epistemic

uncertainty associated with this choice. So, developing an adaptive model capable of

dealing with different types of incompleteness while also identifying optimal strategies

to minimise biases in estimations is crucial to improving the reliability of ETAS models.

Current approaches to addressing temporal incompleteness and biases in seismic-

ity modelling often fall short. Traditional methods typically involve either excluding

incomplete data or attempting to fill in the gaps through interpolation or other es-

timation techniques. However, these methods can introduce additional biases or in-

accuracies, as they rely on assumptions about missing data that may not hold true.

Furthermore, many existing models do not adequately account for the uncertainties

inherent in sparse or incomplete data. This can lead to overconfidence in model pre-

dictions, which can be particularly problematic in seismic hazard assessments, where

the consequences of inaccurate forecasts can be severe. In this thesis, I develop a novel

method to correct ETAS parameterisations by explicitly defining the censoring process

and modifying the inversion algorithm through the application of a temporal censor-

ship function. In this context, censoring refers to the omission or partial observation of

data, particularly aftershock events, because smaller seismic events can go undetected

due to limitations like overlapping seismic waves or saturated signals following large

earthquakes. The censorship function that I define accounts for these missing or in-

complete data points by incorporating a mathematical adjustment within the ETAS

model, which helps compensate for gaps in the earthquake catalogue. By incorporat-

ing this process into the ETAS model, the method aims to address inherent biases

and uncertainties more effectively than traditional approaches. Simultaneously, a con-

temporaneous study by Li et al. (2024) also tackles censorship bias by analysing how

the apparent branching ratio changes with different cutoff magnitudes. The branching

ratio in the ETAS model refers to the proportion of earthquakes that are aftershocks,

triggered by previous events, as opposed to independent background seismicity. It is

called ‘apparent’ because it is an observed ratio that depends on the detection thresh-
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old of earthquakes. As cutoff magnitudes vary, the ratio can change, reflecting how

many smaller undetected aftershocks might be missing from the data. This indicates

the ongoing advances in the field and the relevance of addressing censorship bias. In

addition to the theoretical modifications, I will apply my approach to understand its

effects on ETAS parameters, implications for earthquake triggering, and improvements

in model interpretations and bias reduction. This new censoring approach will be crit-

ically evaluated to improve the practical application of the ETAS model. These topics

will be explored in more specific detail in research Chapters 4 to 6.

1.2 The claim

The overarching scope of this thesis is to enhance ETAS modelling by addressing critical

issues of temporal incompleteness and systematic biases. By improving the accuracy

and reliability of the ETAS model, this research aims to contribute significantly to

better seismicity modelling, operational forecasting, and seismic hazard assessment.

Here, I outline the key research questions, the overall aim, and the specific objectives

that guide this research.

1.2.1 Central questions

This research is driven by several key questions:

1. How can the ETAS model be modified to better handle short-term incompleteness

after large earthquakes?

2. What are the optimal sampling strategies for reducing biases when fitting the ETAS

model?

3. Can we use longer-term earthquake data to fit the ETAS model? If so, how can

long-term incompleteness in catalogues be addressed to improve the reliability of

the ETAS model?

4. What are the benefits of integrating a Bayesian framework into the ETAS model?

5. How do the proposed methodological enhancements improve the predictive accuracy

and reliability of the ETAS model in both synthetic and real-world applications?
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1.2.2 Overall aim

The primary goal of this research is to develop and validate a methodological enhance-

ment to the ETAS model that effectively handles the incompleteness in earthquake

catalogues on different time scales and reduces biases in parameter estimation. This

enhancement is designed to improve the model’s predictive accuracy, resulting in more

reliable forecasts of aftershock sequences and better-informed seismic hazard assess-

ments. In addition to the methodological advancement, I apply the enhanced ETAS

model to critically evaluate and challenge current practices within the field. By system-

atically analysing the results, I identify key areas where current approaches fall short

and provide actionable suggestions for improvement. These contributions indicate the

robustness and validity of my proposed method and also provide a comprehensive

framework for refining seismicity modelling practices.

1.2.3 Specific objectives

This thesis focuses on the following objectives:

• Addressing the short-term incompleteness in early aftershocks: Enhancing

the ETAS model to effectively handle short-term incompleteness following large

earthquakes. This will involve adjusting the inversion algorithm using a censorship

approach to account for the initial period of aftershock sequences, ensuring that

early aftershocks are accurately addressed in the model.

• Integrating a fast Bayesian method: Implementing the modified ETAS model in

a Bayesian framework using the Integrated Nested Laplace Approximation (INLA)

method (details about this method are presented in Section 3.7). This will allow for

more accurate estimation of model parameters by leveraging prior knowledge and

providing posterior distributions with quantified uncertainties rather than point

estimates.

• Optimising the sampling considerations: Investigating and optimising various

sampling strategies for ETAS inversions to reduce biases in parameter estimation.

This includes evaluating the sensitivity of the ETAS model to temporal binning

strategies, conditioning the model on the run-in history before an earthquake se-
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quence, the role of combination of different earthquake magnitudes, the trade-offs

between ETAS productivity parameters, impact of the choice of incompleteness

model parameters, the impact of secondary large aftershocks, and the spatial and

temporal size of the modelling domain.

• Extending the ETAS framework to incorporate long-term incomplete-

ness: Enhancing the ETAS model to handle long-term data gaps caused by limited

network coverage and technological limitations. This improved model is intended

for use when individual sequences of aftershocks are not available, making use of

any accessible regional data. The updated long-term ETAS model aims to provide

reliable forecasts across various time scales.

• Validating the model’s robustness through synthetic and real experi-

ments: Conducting an extensive testing of the modified ETAS model using syn-

thetic datasets that simulate realistic aftershock sequences and long-term seismicity.

In addition, I will apply the enhanced model to several real earthquake sequences

to validate its performance and demonstrate its practical utility.

1.3 Thesis structure

This thesis is organised into seven chapters, each building on the previous to provide

a comprehensive exploration of the advances made in enhancing the ETAS model.

In this regard, Chapter 2 provides an introduction of background on seismicity

modelling, earthquake forecasting, and seismic hazard analysis, with a focus on the

specific challenges addressed in this thesis. It covers fundamental seismicity models,

including the Gutenberg-Richter relation, declustering algorithms, the Omori law, and

the ETAS model. This chapter also discusses the remaining challenges and gaps in

current models, establishing the context for the research presented in this thesis.

In Chapter 3, the focus is on the statistical modelling techniques used in this

research. It introduces Bayesian inference, particularly the INLA method and the

inlabru package, which are central to the proposed methodological enhancements. This

chapter explains the theoretical underpinnings of these methods.

Chapter 4 presents the first major contribution of this thesis: a methodological
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enhancement to the ETAS model to account for short-term incompleteness in data

following large mainshocks. It details the development process and the improved per-

formance of the modified ETAS model through synthetic data experiments.

Chapter 5 explores optimising sampling strategies for the ETAS inversions. It

examines sampling considerations, evaluates potential biases, and provides guidelines

for selecting representative samples, crucial for accurate parameter estimation.

Chapter 6 extends the enhancements to address long-term incompleteness in data

caused by sparse network coverage and technological limitations. The modified ETAS

model is tested with both synthetic and real earthquake sequences, demonstrating its

applicability and reliability over several temporal scales.

Finally, Chapter 7 summarises the key findings and contributions of the research.

It discusses the broader implications of the enhanced ETAS model for earthquake fore-

casting and seismic hazard assessment. In addition, this chapter outlines the remaining

limitations and suggests directions for future research.
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Chapter 2

Background

2.1 Introduction

There are two complementary perspectives in earthquake seismology directly linked to

real-world challenges: ‘earthquake forecasting’ and ‘earthquake hazard modelling’. The

first, earthquake forecasting, falls primarily within the realm of statistical seismology,

while the second, earthquake hazard modelling, is more closely related to engineering

seismology, although it incorporates aspects of statistical seismology as well.

Although we cannot reliably predict earthquakes and their subsequent hazards in

the deterministic sense at present, we can estimate the probability of earthquake oc-

currences and the expected hazards with some degree of uncertainty. This is achieved

through Operational Earthquake Forecasting (OEF) (Jordan and Jones 2010; Jordan

et al. 2011; Jordan et al. 2014; Field et al. 2016; Schorlemmer et al. 2018) and Proba-

bilistic Seismic Hazard Assessment (PSHA) (Cornell 1968; McGuire and Arabasz 1990;

Bommer 2002; Baker et al. 2021). In this regard, the OEF deals with the short-term

forecast of earthquakes, relying on past seismicity to forecast future events. Its primary

goal is to provide timely warnings and reduce the impact of imminent earthquakes. In

contrast, PSHA looks at the long-term probabilities of different seismic hazards at

specific locations. This is essential for designing buildings and infrastructure that can

withstand potential earthquakes. By combining OEF and PSHA, we can harness the

strengths of both short-term alerts and long-term planning.

At the heart of these approaches are fundamental spatio-temporal seismicity mod-

9
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els. For example, the Gutenberg-Richter relation (Gutenberg and Richter 1944) helps

us understand how often earthquakes of various magnitudes occur. De-clustering tech-

niques are used to separate dependent earthquakes (clusters) from independent ones,

while the Omori law (Omori 1895a) describes how the rate of aftershocks decreases over

time. These models form the basis for the ETAS model (Ogata 1988; Ogata 1998),

which is widely used in OEF and PSHA studies to model the distribution of earthquake

sequences in space and time.

Despite many advances in seismicity modelling, significant challenges remain. Earth-

quake catalogues, which are the main input data for these models, are not fully rep-

resentative of the underlying process. As a result, seismicity models may malfunction

due to incomplete data and biases. This thesis aims to address these issues to reduce

biases and thereby enhance the reliability of seismicity models.

This chapter sets the foundation for an exploration of earthquake forecasting and

seismic hazard modelling. It highlights the need to integrate advanced methodolo-

gies to overcome existing limitations and improve the accuracy of forecasts. In the

subsequent sections, I will explain hazard assessment, earthquake forecasting, and fun-

damental seismicity models, and then discuss the remaining challenges and the role of

new methods in offering a complementary perspective.

2.2 Earthquake forecasting and seismic hazard analysis

2.2.1 Operational Earthquake Forecasting (OEF)

An earthquake forecasting study aims to determine the magnitude, location, and time

of future earthquakes using past seismicity through a probabilistic scheme. In other

words, a forecasting experiment tries to estimate the likelihood of future earthquakes

within a specified time-space-magnitude window. The current best practice for making

reliable and timely short-term forecasts involves OEF, which aims to provide a basis

for decision making to reduce the seismic risk of earthquake sequences (Jordan et al.

2011; Field et al. 2017). OEF studies are commonly interested in timescales from days

to years. In practice, the OEF provides actionable information to various stakeholders,

including emergency response agencies, government authorities, and the general public,
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about the potential for future seismic activity (Marzocchi and Zechar 2011; Jordan et

al. 2014).

In line with OEF studies, and to provide a robust basis for running and validating

fully prospective earthquake experiments, a global cyber infrastructure named the ‘Col-

laboratory for the Study of Earthquake Predictability (CSEP)’ was launched in 2009.

The CSEP platform gathers testing centres around the world to actively collaborate in

forecasting experiments (Zechar et al. 2010b; Jackson et al. 2016; Michael and Werner

2018; Schorlemmer et al. 2018). CSEP examines the accuracy of earthquake forecast

models by offering robustness tests and aims to avoid the potential for retrospective

bias when testing using past data.

Currently, there are several OEF studies in different geographic regions, for ex-

ample, including forecasts for Italy (Marzocchi et al. 2014), Canterbury, New Zealand

(Rhoades et al. 2016), Europe (Zechar et al. 2016), New Zealand (Christophersen et al.

2017), and California (Milner et al. 2020). The OEF studies and applications face

ongoing challenges. For example, large earthquakes typically have long-term return

periods, largely confining short-term forecasting using current seismicity-based models

within a low-probability environment. This low probability can be a significant obsta-

cle in trying to communicate risk effectively to the public and policy makers (Herovic

2016).

To improve the effectiveness of OEF, researchers suggest incorporating physical

information and different types of data into forecasting models (e.g., in Mancini et al.

2019). Jordan et al. (2014) recommend integrating data such as earthquake rates,

Coulomb stress changes, geodetic measurements, and electromagnetic transients to en-

hance the time-dependent probabilities of potentially damaging earthquakes. These

multidisciplinary approaches can provide a more comprehensive understanding of the

physical processes driving seismicity and improve the accuracy and reliability of fore-

casts (Dutta et al. 2013).

In addition, OEF models must address the inherent uncertainties in earthquake

forecasting. These uncertainties stem from the complex nature of earthquake processes,

the limitations of current models, and the quality and availability of seismic data. Ad-

dressing these uncertainties involves developing probabilistic models that can quantify
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the range of possible outcomes and their associated probabilities. This probabilistic

approach allows decision makers to understand the likelihood of various scenarios and

plan accordingly (Field et al. 2017).

In practice, an operational earthquake forecast should involve continuous monitor-

ing of seismic activity, updating probabilistic models in real-time, and disseminating

forecasts through various channels. The effectiveness of OEF depends on the robust-

ness of the models used, the precision of the data, and the efficiency of communication

strategies to ensure that stakeholders receive relevant and timely information.

Moreover, any earthquake forecasting study should typically be validated and pass

community-endorsed OEF tests. In this regard, CSEP conducts a variety of tests to

evaluate the performance of forecasting models to ensure their reliability and accuracy

in operational settings (Tsuruoka et al. 2012; Bayliss et al. 2022; Khawaja et al. 2023).

Here are some key types of tests conducted by CSEP:

• Number (N) Test: The N-Test evaluates the accuracy of earthquake forecasts

by comparing the total number of forecasted events with the number of observed

events. The quantile score for the N-Test represents the probability of observing at

least Nobs events, assuming a Poisson distribution. Zechar et al. (2010a) proposed

an enhanced version that checks the probability of observing at least Nobs events

with a score δ1 and at most Nobs events with a score δ2, providing a range for the

expected number of events. It is recommended to report both scores to ensure a

comprehensive evaluation of the forecast’s performance.

• Likelihood (L) Test: This test assesses the performance of earthquake forecasts

by evaluating the likelihood of observed events in individual spatial bins. Each bin’s

likelihood is calculated using a Poisson likelihood function, and the overall likeli-

hood of the forecast is obtained by multiplying these individual likelihoods across

all bins. The quantile score is determined by comparing the joint log-likelihoods

from numerous simulations to the observed log-likelihood. This score represents the

fraction of simulated joint log-likelihoods that are less than or equal to the observed

log-likelihood, indicating how well the forecast matches the observed data (Harte

2015; Taroni et al. 2018).

• Conditional Likelihood (CL) Test: This is an adaptation of the L-Test, designed
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to address the dependency of L-Test results on the total number of forecasted events.

It normalises the number of events during the simulation phase to match the ob-

served number of events, thereby reducing the impact of any significant discrepancy

between the forecasted and observed event counts.

• Magnitude (M) Test: The M-Test evaluates the accuracy of earthquake fore-

casts by focusing on the observed magnitude distributions. This test isolates the

magnitude component from the full likelihood by summing over the spatial bins,

effectively separating the magnitude information from spatial variations. The simu-

lation approach is used to generate expected distributions, and the final test statistic

is the fraction of observed log-likelihoods that fall within the range of simulated log-

likelihood values. This method ensures that the forecast’s ability to predict the

magnitude of earthquakes is rigorously tested.

• Spatial (S) Test: This test examines the accuracy of earthquake forecasts by

concentrating on the observed spatial distributions. This test isolates the spatial

component from the full likelihood by summing over all magnitude bins, thus fo-

cusing on the location information independently of the magnitude. The simulation

approach is applied to produce expected spatial distributions, and the final test

statistic is the fraction of observed log-likelihoods within the range of simulated

log-likelihood values. This approach ensures a thorough evaluation of the forecast’s

spatial accuracy.

• New CSEP tests: In addition to the previous traditional CSEP tests, some new

tests have also been established, including the negative-binomial N-test, the binary

CL- and S-tests, and the binary T-test (Bayona et al. 2022). The Negative-binomial

N-Test addresses the limitations of the Poisson distribution in capturing the vari-

ability of earthquake activity by using the negative binomial distribution, which

better accounts for spatiotemporal clustering of earthquakes. The binary CL- and

S-Tests use a binary likelihood function to reduce the sensitivity of CSEP tests to

earthquake clustering by focusing on the probability of any activity occurring in

a forecast bin rather than the likelihood of observing multiple events. The binary

T-Test evaluates the likelihood of an observation being either zero or nonzero in a

bin, providing a fairer measure to compare performance between models by con-

centrating on the presence or absence of activity rather than the exact number of
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events.

By continuously validating and refining the models through these rigorous testing pro-

cedures, CSEP helps enhance the accuracy and utility of earthquake forecasts.

2.2.2 Probabilistic Seismic Hazard Assessment (PSHA)

In parallel to earthquake forecasting, there is seismic hazard assessment, which is a

fundamental method in engineering seismology. The purpose of PSHA studies is not

only to model the occurrence of future earthquakes, but also to assess their subsequent

hazard through a probabilistic approach over longer timescales. By hazard, we mean

the ground motion parameters (e.g., Peak Ground Acceleration (PGA), Spectral Ac-

celeration (Sa), Peak Ground Velocity (PGV), etc.) produced by earthquakes. An

earthquake hazard analysis translates seismic activity into understandable engineering

parameters, and the results of this process are directly delivered to earthquake en-

gineers to calculate the seismic loading on structures, or to decision makers to adopt

appropriate strategies for construction developments and risk reduction plans (McGuire

and Arabasz 1990; Baker et al. 2021; Papadopoulos et al. 2021; Bommer 2022; Douglas

et al. 2024).

Introduced by Cornell (1968), PSHA is the most widely used method to analyse

seismic hazards probabilistically. It integrates geological, seismological, and engineer-

ing data to quantify estimates of seismic hazard parameters. A traditional PSHA

analysis usually consists of four main steps (see Fig. 2.1):

1. Identification of seismicity background and seismogenic sources (linear and area

sources),

2. Source characterisation (geology, geometry, and seismicity) and establishment of

recurrence relations and parameters (such as a-value which is the productivity pa-

rameter and it indicates the overall rate of earthquake occurrence, b-value which is

a metric for the ratio between the number of large and small earthquakes, annual

rates, etc).

3. Selection or development of proper empirical Ground Motion Models (GMMs), and

4. Combination of all probabilities and preparation of hazard maps and curves. The
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Figure 2.1: General steps of a PSHA study.

probability of exceeding a particular ground motion level at a site, considering all

potential seismic sources and their associated uncertainties, is calculated using the

total probability theorem:

P (Y > y) =
N∑

i=1

∫ mmax

mmin

∫ rmax

rmin

P (Y > y|m,r)fMi
(m)fRi

(r)dmdr (2.1)

where: P (Y > y) is the probability of ground motion Y exceeding level y; P (Y >

y|m,r) is the conditional probability of exceeding y given an earthquake of magni-

tude m at distance r; fMi
(m) is the probability density function of magnitude m

for source i; fRi
(r) is the probability density function of distance r from source i;

and N is the number of seismic sources considered. This integration accounts for

all possible magnitudes and distances, weighted by their probabilities, providing a

comprehensive assessment of the seismic hazard at the site.

Currently, there are newer physics-based methods for hazard assessment which

use numerical simulations for ground motions (e.g. Milner et al. 2021; Antonietti

et al. 2021; Stupazzini et al. 2021; Field 2022). However, this procedure requires
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Figure 2.2: The global seismic hazard map produced by the Global Earthquake Model

(GEM) Foundation (Pagani et al. 2020).

high-resolution datasets and remains a challenge for large-scale studies at present.

Depending on the precision and aim of the assessment, PSHA can be implemented

on various scales, including site-specific, microzonation, regional, national, and global

scales (e.g. in Fig. 2.2).

Although PSHA is a common practice for hazard modelling, it remains challenging

and has faced significant debates in recent years regarding the validity of such models.

A notable example was raised by Stein et al. (2012), who demonstrated that earth-

quake hazard maps can fail considerably; for example, some recent great earthquakes,

including the 2008 Wenchuan, 2010 Haiti, and 2011 Tohoku earthquakes, occurred in

areas predicted by a priori earthquake hazard maps to be relatively safe. The authors

suggest that these model/map failures may result from several underlying factors, such

as incorrect physical models about the faulting process, characteristic earthquakes, seis-

mic gaps, the seismic potential of sources, incorrect assumptions about fault activity

rates, large uncertainties associated with return periods of large earthquakes, poorly

recorded data, or perhaps only a ‘black swan’ event.

In a recent major review, Gerstenberger et al. (2020) explore the state-of-the-art

and future challenges of PSHA on regional and national scales. They emphasise the im-

portance of moving from traditional time-independent PSHA toward time-dependent

hazard forecasting and more accurate, spatially precise hazard modelling balanced with



Earthquake forecasting and seismic hazard analysis 17

the quantification of uncertainty (both aleatory and epistemic uncertainties). They also

mention that meeting current challenges requires the development of science-driven

models using novel mathematical methods to quantify the different types of uncer-

tainty in hazard models. In addition, recent advances in PSHA include the integration

of time-dependent models, which consider temporal variability in seismicity, compared

to traditional time-independent models that assume a Poisson process for earthquake

occurrence. Time-dependent models provide more accurate hazard assessments, espe-

cially in regions with well-understood seismic cycles.

2.2.3 OEF and PSHA: a quick comparison

OEF and PSHA are two distinct, yet complementary approaches used in seismology

to understand and mitigate earthquake risks. Although they share some common

principles, they differ significantly in their objectives, methodologies, and applications.

Here, I provide a comparison of these two approaches.

• Objectives and time perspective: The primary objective of PSHA is to estimate

the likelihood of various levels of earthquake-induced ground motion at a specific

site over a long period, typically spanning decades. This information is crucial to in-

form building codes, infrastructure design, and long-term risk mitigation strategies.

The purpose of PSHA is to translate seismic hazards into actionable engineering

parameters that can guide the construction and retrofitting of buildings and in-

frastructure to withstand potential earthquakes. In contrast, OEF aims to provide

short-term forecasts of earthquake probabilities, focusing on timescales ranging from

days to years. The main goal of OEF is to issue timely alerts and inform immediate

risk reduction measures, such as public warnings, emergency response planning, and

temporary evacuation or shutdown of critical facilities. OEF is more concerned with

the imminent threat posed by earthquake sequences and aftershock activity.

• Seismicity-based approaches: Both PSHA and OEF rely heavily on observed

seismicity. PSHA utilises long-term seismic records to identify stable, long-term

patterns of earthquake occurrence, providing a probabilistic assessment of ground

shaking over extended periods. This approach assumes that seismicity is relatively

stationary over the long term, which is a reasonable approximation for many tectonic
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settings. OEF, however, focuses on short-term variations in seismicity, particularly

clustering patterns that may indicate increased likelihood of future events. This

approach recognises that earthquake occurrence can be highly variable over short

timescales, with periods of heightened activity following significant events.

• Probabilistic approach and uncertainty: Both PSHA and OEF employ proba-

bilistic frameworks to quantify uncertainties inherent in earthquake forecasting and

hazard assessment. In PSHA, uncertainties arise from the variability in earthquake

occurrence, ground motion prediction, and incomplete knowledge of seismic sources.

These uncertainties are addressed using statistical methods and probabilistic mod-

els that account for different scenarios and their associated probabilities. OEF also

deals with significant uncertainties, particularly related to the short-term forecasting

of earthquake occurrences. Probabilistic models used in OEF incorporate real-time

seismic data and other geophysical information to provide estimates of earthquake

probabilities, recognising the inherent variability and unpredictability of seismic

activity over short timescales.

• Physics-based approaches: In addition to traditional probabilistic models, both

PSHA and OEF increasingly incorporate physics-based approaches. These ap-

proaches utilise physical models of stress accumulation and release, fault inter-

actions, and other geophysical processes to improve the accuracy and reliability

of forecasts. For instance, OEF models may incorporate data on Coulomb stress

changes, geodetic measurements, and electromagnetic transients to refine short-term

forecasts. Similarly, PSHA can benefit from integrating physical constraints on fault

behaviour and earthquake recurrence.

• Applications and challenges: PSHA is widely used in engineering seismology

to inform building codes, design earthquake-resistant structures, and develop long-

term risk mitigation strategies. Its long-term perspective and probabilistic nature

make it a valuable tool for ensuring the safety and resilience of infrastructure. OEF,

with its focus on short-term forecasts, is crucial for emergency preparedness and re-

sponse. It provides timely information that can be used to implement immediate

risk reduction measures, such as public warnings and evacuation plans. However,

the inherent uncertainties and low probabilities associated with short-term fore-

casts present significant challenges in effectively communicating and utilising OEF
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information.

• Earthquake prediction vs. earthquake forecasting: Earthquake prediction

involves specifying in advance, within narrow limits and above chance, the time,

magnitude, and location of a future earthquake. Such deterministic prediction is

not considered a realistic scientific goal neither in PSHA nor in OEF at present

(Main 1999; Jordan et al. 2014). In contrast, earthquake forecasting provides a

statement of the likelihood of a population of future earthquakes within a space-

time-magnitude window, expressed as a probability (Jordan et al. 2014). OEF

provides forecasts of the likelihood of future earthquakes themselves, whereas PSHA

propagates this likelihood into the resultant hazard of future earthquakes in terms

of ground motions.

2.3 Fundamental seismicity models

Seismicity models, which elucidate how earthquakes occur and behave in space and

time, are crucial to accurate earthquake forecasting and hazard assessments. In seis-

micity modelling, the distinction between temporal, spatial, and spatio-temporal ap-

proaches is important. Temporal models focus solely on the timing of seismic events,

often neglecting where these events occur. This limitation can obscure patterns that

are evident only when the spatial distribution of events is considered. Spatial models,

in contrast, concentrate on the distribution of seismicity across regions but may ignore

the timing of events. Spatio-temporal models aim to integrate these dimensions, pro-

viding a comprehensive view of seismicity patterns. However, these models are complex

and are still under development.

In seismicity modelling, different parameters might be considered depending on

the study’s objectives. Common ones include the magnitude of completeness (Mc),

which is the smallest earthquake magnitude reliably recorded in a region; and the a−

and b−values of the Gutenberg-Richter law. These parameters help determine annual

rates and also return periods for earthquakes of different magnitudes.

Distinguishing between random seismic events and those that are causally linked,

such as aftershocks or earthquake swarms, is also crucial. Background seismicity refers
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to the random, unclustered earthquakes, while aftershocks and swarms are charac-

terised by their spatio-temporal clustering. In PSHA, parameters such as maximum

magnitude (Mmax) and maximum credible earthquake (MCE) are particularly impor-

tant, as they provide upper limits on potential risk, especially if the earthquake dis-

tribution includes more large events than expected based on historical data (Main

1995). It should be noted that the maximum credible magnitude refers to the largest

earthquake that is considered physically possible along a particular fault or in a specific

seismic region, based on geological and seismological and geophysical evidence (Sokolov

2017). It represents an upper limit used for engineering and hazard assessment, taking

into account fault characteristics and historical data.

Several well-established empirical statistical models are used in seismicity mod-

elling to quantify these parameters and improve our understanding of earthquake pro-

cesses. These include:

• Gutenberg-Richter recurrence relation: This describes the relationship be-

tween the magnitude and the total number of earthquakes over a given time period.

• De-clustering algorithms: These are used to separate background seismicity from

foreshocks and aftershocks.

• Omori-Utsu law: This describes the decay rate of aftershocks following a main-

shock, indicating how the frequency of aftershocks decreases over time.

• ETAS model: This model simulates the occurrence of aftershocks based on the

concept that each earthquake can trigger additional earthquakes, creating a cascad-

ing effect.

Using these models, we can better forecast future seismic activity, assess potential

hazards, and develop strategies to mitigate earthquake risks. In the following, I briefly

explain some of these models in a bit more detail.

2.3.1 Gutenberg-Richter (G-R) relation

Introduced by Gutenberg and Richter (1944), the G − R law is one of the most fun-

damental empirical models in seismicity. It describes the relationship between earth-

quake magnitudes and their frequency in a given region and time period. The G − R
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recurrence relation states that earthquake magnitudes are distributed exponentially,

according to the formula:

log10 N = a− bM (2.2)

where M is the magnitude of earthquakes, and N is the cumulative frequency of earth-

quakes with magnitude ≥ M . The parameter a (known as the a-value) is the intercept

of the regression model and is related to the seismotectonic features, indicating the rate

of seismic events for M ≥ 0. The parameter b (known as the b-value) is the negative

slope of the model, which relates to the ratio between small and large events. The

b-value typically ranges from 0.6 to 1.2 in different regions. A higher b-value (steep

slope) indicates a higher number of small-to-moderate events relative to large ones,

while a lower b-value (gentle slope) suggests that the energy of the region is not re-

leased through frequent small events, implying a higher likelihood of large events and

thus greater hazards. The b-value is a critical parameter both in the PSHA and OEF

models (Gulia and Wiemer 2019; Elst 2021).

Since the magnitude threshold for complete reporting (Mc) is an arbitrary reference

point and it would rarely be equal to zero, we can reformulate the G−R law to include

(Mc) so that:

log10 N = a− b(M −Mc) (2.3)

One method for estimating Mc is the vertex of the curvature at the head of the

G−R plot using techniques such as Maximum Curvature (MAXC) (Wiemer and Wyss

2000). Another method of computing Mc is based on the stability of the b-value, which

demonstrates more reliable estimates of Mc (Roberts et al. 2015). Fitting an appropri-

ate model to magnitude-frequency data is challenging because the head and tail of the

fitted curve are highly influenced by the deficiency of recorded data (low-magnitude

events due to low-resolution coverage of seismic networks and large earthquakes due

to return periods longer than the lifespan of seismic networks). According to Aki’s

method (Aki 1965), the b-value can be estimated by maximum likelihood estimation

as:

b̃ = log10 e

M − (Mc −∆M/2)
(2.4)

where b̃ is the estimate of the b-value, M is the mean magnitude, Mc is the magnitude

of completeness, and ∆M is the magnitude bin size. The uncertainty of the b-value at
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one standard deviation (67% confidence) can be estimated by:

σb̃ = b̃√
Nc

(2.5)

where Nc is the number of events in the complete part of catalogue, or 1.96 times

this value at 95% confidence (Roberts et al. 2015). For this equation to be valid,

the underlying data must follow a G − R distribution, which is not always clear in

small-bandwidth datasets.

2.3.2 De-clustering algorithms

Seismicity is characterised by a complex spatio-temporal pattern of earthquakes (Utsu

2002). It is well understood that earthquakes do not usually occur as individual events,

but tend to trigger other earthquakes, forming clusters in space and time to generate

seismic sequences. Such sequences typically consist of two parts: (1) independent

earthquakes or ‘mainshocks’ which are primarily caused by tectonic loadings or stress

transients, and (2) dependent events, including ‘foreshocks’ and ‘aftershocks’, which

are triggered by static or dynamic stress changes, seismically activated fluid flow, after

slip, post-seismic stress relaxation, etc. Consequently, the time correlation and spa-

tial clustering of an earthquake sequence can reveal different aspects of the dynamic

behaviour of seismicity in a region (Telesca et al. 2016).

PSHA assumes a spatially inhomogeneous, temporally homogeneous Poisson pro-

cess model. Therefore, it is sometimes necessary to separate the independent (main-

shocks) and dependent (foreshocks and aftershocks) parts of seismic clusters in seis-

micity datasets. This process of event-type separation is called ‘declustering’. Several

traditional declustering approaches have been proposed over the years. These include

simple space-time window methods (Gardner and Knopoff 1974), link-based methods

(Reasenberg 1985), a game-theory-based clustering approach (Molchan and Dmitrieva

1992), stochastic modelling (Kagan and Jackson 1991; Zhuang et al. 2002; Zhuang

et al. 2004; Zhuang et al. 2006), model-independent stochastic declustering (Marsan

and Lengline 2008; Marsan and Lengliné 2010), single-link cluster analysis (Frohlich

and Davis 1990; Davis and Frohlich 1991), model-based inter-event-time distributions

(Hainzl et al. 2006), the coefficient of variation of inter-event times (Bottiglieri et al.
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2009), the ratios method (Frohlich and Davis 1985), correlation metric-based methods

(Baiesi and Paczuski 2004; Zaliapin et al. 2008), and the waveform similarity approach

(Barani et al. 2007). More recent studies have used additional techniques such as the

nearest-neighbour distance method, graph theory, and probabilistic identification of

clusters (Zaliapin and Ben-Zion 2013; Bayliss et al. 2019).

Declustering is crucial in seismic hazard analysis because it aims to isolate inde-

pendent seismic events, providing a clearer picture of the underlying seismicity, and

improving the accuracy of hazard assessments. One of the main challenges in declus-

tering is to effectively distinguish between mainshocks and aftershocks, especially in

complex seismic sequences where the boundaries are not clear-cut. This is particu-

larly important in regions with high seismic activity, where the interaction between

earthquakes can significantly influence hazard assessments.

Different methods offer various strengths and weaknesses. For instance, space-time

window methods are simple to implement but may not capture the complexity of seis-

mic sequences accurately. Stochastic modelling approaches, such as the ETAS model,

offer a more sophisticated representation by considering the probability of aftershock

occurrence based on the magnitude and location of previous earthquakes. However,

these models require extensive computational resources and detailed seismicity data.

Finally, the choice of declustering method depends on the specific requirements of the

study, including the complexity of the seismic region, the available data, and the com-

putational resources. As seismic data and modelling techniques continue to advance,

ongoing research is essential to refine these methods and enhance their applicability in

various contexts of seismic hazard assessment.

2.3.3 Omori law and ETAS model

The temporal decay in the rate of aftershocks following a mainshock is a crucial aspect

in seismicity modelling. This decay can be empirically described using the Omori law

(Omori 1895b; Utsu 1961), a widely-accepted relationship in seismology as:

n(t) = K

(c+ t)p
(2.6)
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where t denotes the time after the mainshock, and n(t) represents the number of

aftershocks per unit time (usually per day). This implies that the number of events

decays as an inverse power law of the exponent p after a characteristic time c, with

amplitude K proportional to the total number of aftershocks in the sequence. The

parameter c is necessary to avoid a numerical singularity at zero time, but is constrained

by the number of events that can be detected when wave trains of separate aftershocks

overlap early in the sequence. The value of c is typically a fraction of an hour or a day

(usually between 0.5 and 20 hours after the mainshock) and is inversely related to the

aftershock threshold magnitude (Mz) rather than being an intrinsic time constant in

the physical process (Utsu and Ogata 1995; Peng et al. 2007). Since small aftershocks

are not recorded in the initial part of seismic sequences, the estimation of c and K

might be strongly biased (Lippiello et al. 2019b). The parameter p represents the rate

of aftershock decay and typically has a value between 0.7 and 1.5. A higher p-value

indicates a steeper decay slope and thus a shorter time to return to the background

seismicity rate. Studies indicate no systematic relation between the p-value and the

energy released or the magnitude of the mainshock, but the p-value is more influenced

by the tectonic environment, such as structural heterogeneity, stress and temperature

(Utsu and Ogata 1995).

Although earthquakes are finite objects in space and time, earthquake catalogues

list points in space (location) and time (origin time), marked by attributes such as

magnitude. This allows seismicity to be modelled using spatio-temporal, marked point

process models. In this context, the magnitude serves as the ‘mark’. Point process

models are a class of statistical models that define the behaviour of a set of randomly

located points in a mathematical space (Rd). Examples of point processes include Pois-

son, Cox, Hawkes (self-exciting), determinantal, and geometric processes (Schoenberg

2010). Introduced by Ogata (1988) and Ogata (1998), the Epidemic-Type Aftershock

Sequence (ETAS) model is a point process belonging to the class of self-exciting Hawkes

processes (Hawkes 1971) adapted for aftershock sequences. The ETAS model can be

fitted to seismicity data from a catalogue using maximum likelihood estimation. It is

based on the idea that each earthquake, whether spontaneous or triggered, can trigger

its own aftershocks. Such point processes can be defined by a conditional intensity

function, λ, which represents the infinitesimal expected occurrence rate at a specific
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point in space and time and can be compared or optimised to those observed. The

intensity function of the ETAS model is formulated as:

λ(s, t | Ht) = µ(s)+
∑

i:ti<t

f(mi) ·g(t− ti) ·h(s− si,mi) (2.7)

where s and t denote the space and time domains, respectively, and Ht = {(si, ti,mi) ∈

X : ti < t} symbolises the history of the point process. The parameter µ(s) represents

the background seismicity rate for independent events, assumed to be stationary, that

is, constant and independent of time. The three functions within the summation kernel

{f(mi),g(t−ti),h(s−si,mi)} represent the probability density functions of magnitude,

time, and location for a direct aftershock triggered by the parent event i, respectively.

The ETAS model is a highly efficient method for characterising aftershock se-

quences in a probabilistic sense, and therefore, it serves as a powerful alternative to

identifying the background rate using de-clustering algorithms. Furthermore, the ETAS

model has been used not only for determining aftershock sequences, but also to other

areas in a practical manner. Recent studies highlight various applications of the ETAS

model in seismic hazard assessment (Reyes Canales and Baan 2020; Papadopoulos

et al. 2021; Zhang et al. 2021), probabilistic forecasting of seismicity (Gordon et al.

2021), physics-based forecasting models (Mancini et al. 2020; Hardebeck 2021), and

its application within a Bayesian framework using prior information (Ebrahimian and

Jalayer 2017; Shcherbakov et al. 2019).

2.4 Challenges and gaps

2.4.1 Earthquake catalogues and data quality

All the seismicity models and therefore PSHA and OEF models mainly depend on

earthquake catalogues that report information about occurrence time, location, mag-

nitude, depth and other seismic parameters about earthquakes. The evolution of these

catalogues reflects significant advancements in seismological methods and technologies.

Before 1900, earthquake data were predominantly derived from historical accounts

rather than scientific instruments, and these records often lacked the precision and

completeness necessary for accurate analysis. From 1900 to 1964, the early instrumen-

tal era introduced seismographs that improved the accuracy and systematic recording
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of earthquakes, although the initial sparsity of seismic networks and limited sensitivity

of instruments often missed smaller earthquakes. Over time, as technology improved

and networks expanded, the recording of these smaller events became more consistent.

Since 1964, the modern era of seismology has seen significant improvements in seismic

monitoring. The introduction of the World Wide Standardised Seismograph Network

(WWSSN) and advances in digital recording have enabled real-time, global monitoring

of seismic activity, characterised by detailed data that allow for comprehensive spatial

and temporal analyses of seismicity.

A key concept in analysing seismicity catalogues is the ‘magnitude of complete-

ness’ (Mc), which is the lowest magnitude at which all earthquakes in a region are

reliably detected. The magnitude of completeness is not a static value, but varies

between different regions and over time, influenced by changes in network sensitivity

and the deployment of new seismic monitoring technologies (Wiemer and Wyss 2000).

This variability can significantly affect seismic hazard assessments and requires regular

updates of the Mc value as seismic networks evolve.

Several techniques have been developed to estimate Mc, such as the maximum cur-

vature method, which identifies Mc at the peak of the frequency-magnitude distribution

curve (Woessner and Wiemer 2005). This method is particularly useful in regions with

well-established seismic networks and can provide a quick estimate of Mc for ongoing

seismic monitoring. Furthermore, a multiscale approach has been introduced to map

Mc across different regions, acknowledging that Mc can vary not only temporally but

also spatially within a single catalogue. This approach accommodates variations in

network coverage and geological characteristics that might affect earthquake detection

capabilities (Mignan et al. 2011).

Regular evaluation and updating of Mc are essential to maintain the integrity of

seismicity catalogues and to ensure that historical and contemporary earthquake data

are accurately interpreted for seismic hazard analysis and earthquake forecasting. In

addition, there are some particular patterns in the completeness of earthquake cata-

logues. Temporally, in the short term, especially after large earthquakes, earthquake

catalogues often become less complete. This is due to the saturation of the seismo-

grams by numerous aftershocks, making it difficult to detect and accurately locate



Challenges and gaps 27

smaller aftershocks (this issue will be addressed in research Chapter 4). Over long

periods, gradual improvements in seismic detection technology have led to step-like in-

creases in the detection of smaller earthquakes (I will address this issue in the research

Chapter 6).

The quality and completeness of the earthquake catalogues significantly influence

the accuracy of the seismicity models used in PSHA and OEF. Incomplete or biased

data can lead to incorrect assessments of seismic hazard and forecasts. Therefore,

understanding the limitations and uncertainties inherent in these catalogues is cru-

cial to developing robust models that provide reliable forecasts and assessments. As

such, ongoing improvements in data collection and processing techniques, along with

the development of sophisticated statistical methods to address data incompleteness,

are vital for advancing our understanding of seismicity patterns and spatio-temporal

evolution of earthquakes.

2.4.2 Remaining challenges for spatio-temporal seismicity, OEF and
PSHA models

Despite significant advances, both earthquake forecasting and seismic hazard models

face numerous challenges that can hinder their accuracy and reliability. Although

forecasting studies have made considerable progress in the last decade, the predominant

approach in earthquake hazard modelling remains the traditional PSHA method, which

has seen little change for more than half a century.

Developing seismicity models that effectively combine spatial and temporal data

is a critical but challenging goal in earthquake science. Ideally, these models would

provide a comprehensive understanding of how earthquakes occur and interact over

time and in different regions. However, these models are still a work in progress, with

several significant challenges that limit their practical use in OEF and PSHA. Specif-

ically, PSHA models often simplify to stationary spatial models that do not account

for temporal variations and typically rely on incomplete data sets. This simplification

can obscure the true variability and timing of seismic hazards. In contrast, OEF mod-

els mainly focus on temporal data to forecast short-term earthquake likelihood, which

significantly reduces their ability to use spatial information effectively. This tempo-
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ral emphasis diminishes the potential to leverage spatial patterns that could elucidate

the sequences and clustering of seismic events, thus limiting the models’ overall pre-

dictive power. The challenge remains to enhance these models by integrating robust

spatio-temporal analytics that can dynamically reflect both the spatial distribution and

temporal evolution of seismic activity for better accuracy in earthquake forecasting and

hazard assessment.

Another challenge is the inherent uncertainty in earthquake forecasting. Current

models often struggle to account for the complex and non-linear nature of seismic activ-

ity. Enhancing the precision of earthquake forecasts requires the integration of recent

scientific advances and novel methodologies. These include the development of more

sophisticated mathematical and computational models (specifically the next generation

of ETAS models with a nonlinear kernel) that can better capture the dynamics of seis-

mic processes. In addition, quantifying uncertainties in traditional PSHA models often

relies on simplifications and assumptions that do not fully reflect the variability in seis-

mic activity. Therefore, improved statistical methods and computational power now

allow for more comprehensive uncertainty quantification, which is essential to produce

more reliable hazard assessments.

In OEF models, we need to distinguish between triggered seismic events and back-

ground seismicity. Triggered events are typically aftershocks or earthquakes that occur

as a direct result of a previous mainshock, whereas background seismicity includes

earthquakes that are not directly linked to specific triggering events and may occur

randomly over time. Accurately partitioning between these two types of events is es-

sential for developing reliable seismicity models. Mistakes in this partitioning can lead

to significant errors in the forecasting. For example, overestimating the influence of

triggering can result in overstated earthquake probabilities, while underestimating it

can lead to unpreparedness for potential aftershocks. The challenge lies in refining the

forecasting models to better recognise and separate these phenomena, enhancing the

accuracy of both short-term earthquake forecasts and long-term seismic hazard assess-

ments. This requires a deep understanding of the underlying geophysical processes and

continuous improvements in both data collection and analytical techniques.

Building more robust seismicity models is essential. This involves not only refining
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existing models but also integrating new data sources and techniques. For example, the

combination of statistical and physics-based approaches can provide a more holistic un-

derstanding of seismic hazards (Iacoletti et al. 2021; Zhu et al. 2023). Time-dependent

modelling, as opposed to the traditional time-independent approach, offers a way to

incorporate temporal variations in seismicity, leading to more dynamic and responsive

hazard assessments.

Moreover, current practice in seismic source modelling often involves subjective

decisions by experts, which can introduce biases. Moving towards automatic, objective

approaches in constructing seismic source models can help eliminate these biases and

improve the reproducibility and reliability of hazard assessments.

Another challenge lies in the effective communication and application of these

models. Stakeholders, including policymakers, engineers, and the general public, need

accessible and actionable information derived from these advanced models. Ensuring

that the outputs of OEF and PSHA are effectively translated into practical measures

for earthquake preparedness and risk mitigation is crucial.

In summary, while OEF and PSHA have laid the foundation for understanding

and mitigating seismic hazards, addressing their limitations through advanced mod-

elling techniques, better uncertainty quantification, integration of new approaches, and

objective seismic source modelling is essential. These advances promise to improve the

accuracy and reliability of earthquake hazard forecasting, ultimately contributing to

improved safety and resilience against seismic events.

2.5 How can inlabru provide a complementary view?

A novel approach that can address some of the current gaps in spatio-temporal seis-

micity modelling is the application of the INLA method and the inlabru package. As

will be explained in Chapter 3, INLA is a robust method for fitting Bayesian models,

particularly complex hierarchical models, and for calculating uncertainties. Inlabru is

an extension of INLA and is an open-source R package specifically designed to facilitate

spatial modelling. Here, I will address how inlabru can provide a complementary per-

spective to spatio-temporal seismicity modelling and advance the current boundaries
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in earthquake hazard assessment.

As a recently developed approach, inlabru has proven to be a valuable tool for

spatial modelling of point processes, particularly in ecological datasets (Bachl et al.

2019). Borrowing from ecological applications, Bayliss et al. (2020) recently applied

inlabru to seismology, using Log-Gaussian Cox Process (LGCP) models to describe the

spatially varying intensity of earthquake locations in a 2D time-independent framework.

This approach can be used in OEF studies to improve the spatial accuracy of earthquake

forecasts.

Given that earthquake occurrences exhibit clustering behaviour in both space and

time, they can be effectively modelled by the Hawkes process (Hawkes 1971), an exten-

sion of the Poisson process with a self-exciting property. By customising and extending

the inlabru model, we can implement time-dependent analyses of seismicity, enabling

us to model both ‘background’ seismicity and ‘clustering’ effects with their associated

uncertainties (Naylor et al. 2023). This is crucial for accurate forecasting.

Current declustering algorithms often rely on assumptions about data clustering,

leading to biased representations rather than models with estimated uncertainties.

This issue is also present in background seismicity models, which often lack expres-

sions of uncertainty. To address these deficits, we can develop declustering models by

calculating the posterior distributions of parameters for background seismicity (e.g.,

abundance rate) and clustering (e.g., ETAS parameters and anisotropic spatial kernels)

using INLA and inlabru. The Matérn covariance function, in particular, can enhance

the accuracy of event occurrence modelling based on spatial distance.

Specific Applications of inlabru in OEF:

• Improving Spatial Accuracy: By utilising LGCP models within inlabru, we can

achieve a more detailed and accurate spatial representation of earthquake intensity.

This is particularly useful for identifying regions of higher seismic hazard and refining

spatial forecasts.

• Time-Dependent Modelling: Extending inlabru to handle time-dependent seismic-

ity allows for dynamic updating of forecasts as new data become available. This

enhances the responsiveness of OEF models to recent seismic activity.
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• Uncertainty Quantification: inlabru’s Bayesian framework naturally incorporates

uncertainty quantification. This provides probabilistic forecasts that can inform

risk assessments and decision-making processes more effectively than deterministic

models.

• Integration of Spatial Covariates: inlabru facilitates the inclusion of spatial covari-

ates (e.g., fault lines, strain rates, soil types) into seismicity models. This integration

can improve the understanding of how these factors influence seismic activity and

contribute to more accurate hazard assessments.

Specific Applications of inlabru in PSHA:

• Probabilistic Characterisation of Background Seismicity: inlabru allows for the mod-

elling of background seismicity rates and abundances in a probabilistic manner. This

includes estimating uncertainties, which is critical for robust PSHA.

• Modelling Critical Parameters: Parameters such as the variability of the magnitude

of completeness over time and space, and the b-value, can be incorporated into

inlabru models. This provides a more nuanced understanding of seismic hazards.

• Historical and Modern Data Integration: inlabru can combine historical and modern

seismicity data to create comprehensive models that account for long-term trends

and recent activity. This results in more reliable hazard assessments.

• Enhanced Declustering Models: By using INLA and inlabru, we can develop declus-

tering models that accurately represent both background seismicity and clustering

effects, complete with uncertainty estimates. This reduces biases inherent in tradi-

tional declustering algorithms.

• Spatial Pattern Analysis: inlabru can model spatio-temporal patterns of seismicity,

revealing how anisotropy orientations vary over time and space. This information

is crucial for understanding the underlying processes driving seismicity and for im-

proving hazard models.

Integration into PSHA and OEF frameworks:

By integrating inlabru capabilities with seismicity models from a time-dependent

perspective, we can, in principle, enhance the PSHA and OEF frameworks. Figure 2.3

illustrates how inlabru could be integrated with OEF and PSHA studies.
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Figure 2.3: Integrating inlabru with OEF and PSHA studies.

2.6 Contribution to knowledge

This thesis makes several innovative contributions to the existing knowledge in the field

of seismicity modelling:

• Methodological enhancements: The proposed enhancements to the ETAS model

improve its theoretical foundations and practical utility, providing more accurate

and reliable forecasts of aftershock sequences.

• Bayesian inference: The application of a Bayesian method using the inlabru

package and the INLA method represents a novel approach to address data incom-

pleteness and bias in seismicity modelling.

• Comprehensive testing: The validation of the modified ETAS model through

extensive tests with synthetic and real data provides a new standard to evaluate

seismicity models.

• Guidelines for sampling strategies: This research establishes guidelines for op-

timising sampling strategies in ETAS model inversions, contributing to more robust

and unbiased parameter estimation.

• Addressing long-term incompleteness: The expansion of the model’s applica-

bility to long-term data incompleteness fills a critical gap in seismicity modelling,

enhancing its relevance for seismic hazard assessments over extended periods.
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Methods

3.1 Statistical Modelling

Statistical modelling plays an important role in understanding and predicting complex

phenomena in various scientific disciplines. At its core, statistical modelling involves

the construction and analysis of mathematical models to represent data and underlying

processes. These models are useful tools for extracting information, making predictions

and informing decision makers. Statistical modelling usually involves several general

steps:

1. Observation: Recording observations of the phenomena of interest (e.g. earthquakes)

as a dataset.

2. Dependency: Assuming/diagnosing dependency structures between variables in the

dataset.

3. Data visualisation: Creating data plots for visual inspection of distributions.

4. Model fitting: Determining an optimal statistical model, fitting this to the data,

determining the model parameters, and understanding the relations between variables.

5. Goodness-of-fit: Assessing how well the model fits the data.

6. Prediction: Using the optimal model to predict outcomes outside the data set used

to condition the model.

7. Validation: Assessing the accuracy of the predictions made by the fitted model.

33
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8. Verification: Checking whether the model assumptions are still in place.

9. Model visualisation: Providing the final visualisations of the model (maps and dia-

grams).

10. Interpretation: Interpreting the outputs of the model and its strengths and weak-

nesses.

11. Simulation: Making simulations from a model.

Statistical modelling is crucial for several reasons. Firstly, it offers a structured

way to quantify the relationships between different variables, helping researchers to

test their hypotheses and understand the underlying processes better. Secondly, it en-

ables us to predict future outcomes by analysing historical data, which is invaluable in

many fields. In addition, these models help us to grasp the variability and uncertainty

present in the data, which guide better decision-making in uncertain situations. Statis-

tical models are especially important when dealing with complex and high-dimensional

data, where simple analysis falls short. By applying advanced statistical techniques,

we can discover patterns, spot anomalies, and identify the key factors driving the ob-

served phenomena. This is particularly useful in areas like spatio-temporal modelling

of earthquake patterns, where understanding the dynamics over space and time is es-

sential.

Despite their benefits, statistical modelling presents several challenges. Selecting

and validating the right model is crucial because an inappropriate model can lead to

biased results and wrong conclusions. Overfitting is another common issue, where the

model ends up capturing noise instead of the actual signal, especially with complex

models. It is also important to ensure that models are interpretable and transparent,

particularly in fields where decisions based on model results have significant conse-

quences. The development of advanced computational methods and the availability

of large datasets have led to more sophisticated statistical models. Techniques like

Bayesian inference and Machine Learning (ML) provide powerful tools for handling

complex data and making robust predictions. In a nutshell, statistical modelling is a

cornerstone of modern data analysis, helping us understand and predict complex phe-

nomena across various fields. As data becomes increasingly abundant and complex, the
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need for advanced methodologies and computational tools to fully utilise their potential

becomes even more critical.

3.2 Maximum Likelihood Estimation (MLE)

Maximum Likelihood Estimation (MLE) (Fisher 1922) is a commonly used method for

estimating parameters in many statistical models (Dastile et al. 2020). In MLE, the

goal is to find the best fit model and to determine the parameter values that make the

observed data the most likely (Struben et al. 2015). An MLE analysis consists of three

elements:

• Statistical model: A mathematical representation that describes the relation-

ship between observed data and model parameters through a specific distribution

or functional form. For example, the Omori relation (Eq. 2.6) has a power-law

model.

• Parameters: The model parameters are the values we want to estimate. In my

Omori example, these parameters are K, c, and p.

• Likelihood: This is a function that measures how likely it is to observe the given

data under different parameter values.

To fit a model using the MLE method, we usually take the following general steps (Pan

et al. 2002):

1. Choosing a proper probability distribution: we start by selecting a proba-

bility distribution that we believe best describes the data. For example, a Hawkes

process model for aftershock sequences.

2. Writing the likelihood function: This function is based on the chosen distri-

bution and the data. For a set of observations X = {x1,x2, . . . ,xn}, the likelihood

function L(θ) is the product of the probabilities of each data point in the model.

If the data points are independent, it is given by:

L(θ) = P (X|θ) =
n∏

i=1
P (xi|θ) (3.1)

Here, θ represents the parameters of the distribution.



36 Chapter 3. Methods

3. Log-likelihood: It is often easier to work with the natural logarithm of the

likelihood function, called the log-likelihood, because it converts the product into

a sum:

logL(θ) =
n∑

i=1
logP (xi|θ) (3.2)

4. Maximising the log-likelihood: Finding the parameter values that max-

imise the log-likelihood function. This involves taking the derivative of the log-

likelihood with respect to the parameters and setting it to zero:

d

dθ
logL(θ) = 0 (3.3)

By solving this set of equations, we can find the maximum-likelihood estimation

of the model parameters. Consequently, the MLE method treats parameter estimation

as an optimisation problem, seeking the set of parameters that best fits the joint

probability of the data sample.

This is a powerful and popular method because of its flexibility, consistency, and

efficiency. It is flexible because it can be used for a wide range of models. In terms

of consistency, as the sample size increases, the MLE estimates converge to the true

parameter values. Regarding efficiency, MLE makes full use of the data and often

exhibits desirable statistical properties, such as asymptotic unbiasedness and minimal

variance among unbiased estimators.

Although MLE is a general and effective approach that underlies many statistical

algorithms, it has some limitations. One notable limitation is that it assumes that the

data set is complete, which means that all relevant variables are present. This does not

mean that the model has all the data, but that all important variables for the problem

are included. However, this is not always true. Sometimes, some relevant variables are

hidden and cannot be observed in the dataset, though they still affect other variables.

These hidden variables are known as ‘latent variables’. Many real-world problems

have latent variables that are not observable in the available data. Typically, latent

variables are indirectly inferred through their relationships with observable variables.

In statistical models, this identification process often involves defining the structure

of dependencies between the observed data and the latent variables, based on prior

knowledge or assumptions about the system being modelled. For example, in mod-
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els such as factor analysis or hidden Markov models, latent variables are identified

by their influence on the variance of observed variables or the sequential structure

(Bartholomew et al. 2011). When we have missing data or latent variables, computing

the MLE becomes difficult. In such cases, an alternative method to MLE is needed.

The Expectation-Maximisation algorithm is one such approach, which I will explain in

the next section.

3.3 Expectation-Maximisation (EM) algorithm

As mentioned above, the MLE approach requires the selected dataset to be complete,

which means that all relevant variables must be included. This becomes intractable if

there are variables that interact with those in the dataset but are hidden or not ob-

served, the so-called latent variables. To deal with this, the Expectation Maximisation

(EM) technique (Dempster et al. 1977) is used to perform MLE when there are miss-

ing or incomplete data with latent variables, which are variables that are not directly

observed but are ‘inferred’ from the observed data.

The EM algorithm is an iterative process that operates in two main steps: the

Expectation (E) step and the Maximisation (M) step (Moon 1996; Gupta and Chen

2011). These steps are applied iteratively until the algorithm converges to a set of

parameter values (Ng et al. 2012; Daskalakis et al. 2017). So the process includes:

1. Initialisation: Starting with initial guesses for the model parameters.

2. E-Step (Expectation): Estimating the expected value of the latent variables

with respect to the observed data and the current estimate of the parameters. In

this step, we, in fact, compute the expectation of the log-likelihood function of

the complete data, given the observed data and the current parameter estimates.

This step effectively fills in missing data or latent variables with their expected

values. Mathematically, if θ(t) are the current parameter estimates at iteration t,

the E-step computes the expected value:

Q(θ|θ(t)) = EZ|X,θ(t) [logL(θ;X,Z)] (3.4)

where X are the observed data; Z represents the latent variables; θ are the pa-
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rameters to be estimated; and L(θ;X,Z) is the likelihood function of the complete

data.

3. M-Step (Maximisation): Optimising the model’s parameters to best fit the

available data and maximise the expected log-likelihood found in the E-Step.

In this step, we find the parameter values θ that maximise the expected log-

likelihood computed in the E-Step.

θ(t+1) = argmax
θ

Q(θ|θ(t)) (3.5)

4. Convergence: Repeating the E-step and M-step until the parameters converge,

meaning that the changes in the parameter estimates are smaller than a prede-

fined threshold.

A common application of the EM algorithm is in Gaussian Mixture Models (GMMs)

(Bilmes et al. 1998; Sridharan 2014; Santos et al. 2017), which assume that the data

are generated from a combination of Gaussian (Normal) probability distributions with

unknown parameters. Each Gaussian represents a cluster in the data. For a single

Gaussian distribution, the probability density function (PDF) is given by:

f(x|µ,σ) = 1
σ

√
2π

e
− (x−µ)2

2σ2 (3.6)

where x is the data point; µ is the mean of the Gaussian, and σ is the standard

deviation of the Gaussian. Using the EM algorithm, we follow the estimation steps as:

• Initialisation: We start by guessing the number of Gaussian distributions (clus-

ters) K and their initial parameters: means µk, covariances Σk, and mixing

coefficients πk.

• E-Step: For each data point xi, we calculate the probability that it belongs to

each Gaussian component k using Bayes’ theorem:

γik = πk N (xi|µk,Σk)∑K
j=1 πj N (xi|µj ,Σj)

(3.7)

where πk is the mixing coefficient for cluster k, and N (xi|µk,Σk) is the proba-

bility density function of Gaussian k.
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• M-Step: Updating the parameters of each Gaussian to maximise the expected

log-likelihood with respect to the current estimates from the E-step:

π
(t+1)
k = 1

N

N∑
i=1

γik

µ
(t+1)
k =

∑N
i=1 γikxi∑N

i=1 γik

Σ(t+1)
k =

∑N
i=1 γik(xi −µ

(t+1)
k )(xi −µ

(t+1)
k )T∑N

i=1 γik

(3.7)

• Convergence: Repeating the E-step and M-step until the parameters stabilise.

The EM algorithm provides several key advantages, making it a popular tool in

statistical modelling. Firstly, it is highly effective in handling datasets with missing

or incomplete data, providing solutions even when significant portions of the data are

unavailable. Secondly, it is very efficient in modelling scenarios involving latent vari-

ables. This capability simplifies complex problems by estimating these latent variables,

thereby enhancing the overall accuracy of the model. Furthermore, the EM algorithm

is versatile and can be applied to a wide range of statistical models beyond GMMs.

Its iterative approach, characterised by alternating steps of expectation and maximi-

sation until convergence, ensures robust parameter estimation, even in the presence of

incomplete data or latent variables (O’Hagan et al. 2012). However, the algorithm’s

performance can depend on the initial parameter values, as it may converge to local

rather than global optima. To mitigate this, the EM algorithm is often run with mul-

tiple initialisations to explore different solutions and ensure robustness. Initial guesses

for parameter values can be generated randomly or based on domain knowledge. For

example, in GMMs, K-means clustering results are often used for initialisation. Run-

ning the algorithm multiple times reduces the risk of convergence to suboptimal so-

lutions (McLachlan and Krishnan 2007). In summary, while initial parameter choices

can influence the outcome, the EM algorithm remains a potent and adaptable tool for

maximum likelihood estimation, capable of addressing complex modelling challenges

involving missing data or latent variables.
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3.4 Fitting ETAS with EM: approach and limitations

The ETAS models are commonly fitted using the EM method. In the context of ETAS,

the EM method addresses the incomplete data problem by treating the branching struc-

ture of aftershocks (i.e., which event triggers which) as latent variables. This approach

was notably advanced by Veen and Schoenberg (2008), who demonstrated its robust-

ness and accuracy for seismic data analysis. Consequently, the EM algorithm is well

suited for ETAS models due to the latent nature of aftershock-triggering relationships.

Several studies have used the EM method as a reliable point estimation technique for

ETAS modelling using different formulations (e.g., in Wang et al. 2010; Chu et al.

2011; Lombardi 2015; Nandan et al. 2017; Stindl and Chen 2023; Mizrahi et al. 2023;

Li et al. 2024). The following steps are usually undertaken for the EM algorithm in

ETAS modelling:

1. Initialisation: Starting with initial guesses for the parameters (µ, K, α, c, p).

2. E-Step: For each earthquake, computing the probability that it is a background

event or an aftershock. This is done using the current parameter estimates.

For each earthquake, if it is considered an aftershock, estimate how much it

contributes to the triggering of subsequent aftershocks.

3. M-Step: Using the probabilities calculated in the E-Step, updating the param-

eters to maximise the likelihood of observing the given earthquake sequence.

Specifically, updating µ based on the expected number of background events

and updating K, α, c and p based on the expected number and distribution of

aftershocks.

4. Iteration: Repeating the E-Step and M-Step until the parameters converge.

More technical details on ETAS formulation and the use of the EM algorithm can

be found in Veen and Schoenberg (2008).

The EM algorithm offers several advantages for ETAS modelling. It is robust, less

sensitive to initial parameter estimates compared to direct maximisation of the incom-

plete data likelihood, and provides stable estimates even when the likelihood function

is flat or multimodal. Flat or multimodal likelihood functions can occur in complex
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models like ETAS (Kolev and Ross 2019), particularly when dealing with incomplete

or noisy data, sparse datasets, or when the parameters are poorly constrained. Multi-

modality can also arise due to the existence of multiple plausible parameter sets that fit

the data equally well. These challenges are more common when modelling seismicity in

regions with low event counts or when aftershock sequences are difficult to distinguish.

In addition, the algorithm converges relatively quickly, making it efficient for complex

models such as the ETAS model.

Despite its advantages, the EM algorithm also has limitations. One significant

drawback is its reliance on point estimates, which do not provide a full probabilistic

description of uncertainty. Although the EM algorithm handles uncertainty through

probabilistic expectations and iterative refinement during the estimation process, it

ultimately provides single-point estimates for the parameters. The algorithm considers

uncertainty by summarising the variability of the estimated parameters with summary

statistics and measures such as the mean, standard deviation, quantiles, interquartile

range, etc. These can be illustrated using common tools like violin plots or box plots,

which show the distribution and spread of the parameter estimates, indicating their

variability. However, these plots do not provide the full posterior distribution, which

gives a complete probabilistic description of the parameter uncertainty. This limitation

is critical, especially in ETAS modelling, where the ability to provide detailed uncer-

tainty quantification of parameter estimates can significantly impact the reliability and

robustness of seismic hazard assessments and forecasts.

Furthermore, the EM algorithm does not naturally incorporate prior information,

which can be beneficial in modelling. The available information and expert knowledge

can inform the model parameters, leading to more accurate and reliable estimates. The

EM framework makes it challenging to integrate such prior information effectively.

Another limitation is the flexibility of the model specification. The EM algo-

rithm can struggle with complex dependencies and hierarchical structures that are

often present in seismic data. These complexities might be cumbersome or infeasible

to model accurately using the EM approach.

Given these limitations, a Bayesian approach is preferable for ETAS modelling.

Bayesian methods provide a robust framework for uncertainty quantification, offering
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posterior distributions for all parameters. This probabilistic description is essential

for a complete analysis. Additionally, Bayesian methods allow for the incorporation

of prior information, enhancing the accuracy and reliability of the model. Bayesian

approaches also offer greater flexibility in model specification, accommodating complex

dependencies and hierarchical structures with ease. Spatial and temporal smoothing,

which is crucial for accurately modelling the space-time dynamics of aftershocks, is

more naturally handled within a Bayesian framework. In the following sections, I will

introduce Bayesian inference in more detail.

3.5 Bayesian thinking and uncertainty

‘Bayesian’ analysis is a statistical modelling technique, named after the statistician

Thomas Bayes (1702–1761), who was the first to use probability in statistics. The term

‘Bayesian inference’ does not clearly indicate what it involves, so a better term might

be ‘probabilistic inference’ (Robert et al. 2009). In general, there are some differences

between the classic ‘frequentist’ statistics and the ‘Bayesian’ approach (Table 3.1). Two

main differences are:

1. In the traditional ‘frequentist’ approach, models are built using only data from

the current experiments without any prior judgment. In contrast, the ‘Bayesian’

approach incorporates relevant prior knowledge (expressed as an inferred prob-

ability distribution). We then analyse the data, learn from them, update our

knowledge, and adjust our model accordingly.

2. In the ‘frequentist’ analysis, model parameters are calculated as fixed values,

while in the ‘Bayesian’ method, these parameters are expressed as probability

distributions. This means that we view each parameter as a random variable

and obtain a posterior distribution for it, from which we can provide summary

statistics (mean, median, mode) and quantiles to directly obtain credible inter-

vals and uncertainties. Therefore, in a Bayesian approach, we generally aim to

obtain posterior distributions for our models, representing the distribution of the

parameters given the data.

To better understand how the ‘Bayesian’ approach works, we first need to look
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Table 3.1: Comparison between the “Frequentist” and the “Bayesian” inferences.

Frequentist analysis Bayesian analysis

Inputs Data Data + prior knowledge/belief

Outputs (model param-

eters)

Fixed values Posterior probability distribution

Essential characteristic Data driven Explicit use of probability

Advantages Being objective Full uncertainty quantification

(aleatory and epistemic)

Disadvantages Partial uncertainty quantifica-

tion (aleatory only)

Being semi-subjective

Major challenge Handling the effect of sampling Specifying appropriate priors,

and computationally more de-

manding

at Bayes’ theorem. This theorem is derived from the fundamental laws of conditional

probabilities in probability theory, particularly the sum rule and the multiplication rule

(Von Toussaint 2011). In its final formulation:

P (θ | data) = P (data | θ)P (θ)
P (data) ∝ P (data | θ)P (θ) (3.8)

in which θ, P , and L symbolise the model parameters, probability, and likelihood,

respectively. So:

• P (θ) = prior = probability of different parameter values before seeing the data.

• P (θ | data) = posterior = probability of different parameter values given the data.

• P (data | θ) = likelihood of the data given different parameter values.

• P (data) = This is only a scaling factor (normalising constant) and is often com-

putationally prohibitive to calculate. It is sometimes called the ‘evidence’ or

‘marginal’, and indicates how probable the new evidence is under all possible

hypotheses. It can be used in model selection, notably to define the Bayes factor

between competing models (Jeffreys 1998). As in many contemporary applica-
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tions, we simplify the calculation by treating it as an undetermined constant and

using the proportionality sign ∝ instead.

The steps involved in Bayesian modelling are illustrated in Fig. 3.1. It is worth

mentioning that the likelihood function of the data and the probability distributions of

priors are usually selected from common statistical distributions (e.g., Gaussian, Pois-

son, gamma, Bernoulli, etc.). Ultimately, we sample from the posterior distribution and

calculate its mean value and summary statistics. Currently, there are several methods

for fitting Bayesian models (i.e., calculating posterior probability distributions), includ-

ing the analytical method (conjugate priors) for the simplest models, machine learning

approaches (variational Bayes), numerical simulation Markov chain Monte Carlo or

MCMC) and an approximation solution (INLA). Among these, MCMC has been the

most widely used approach, but it has significant limitations in terms of computational

costs, as well as model convergence and performance for some classes of models. In the

next sections (3.6 and 3.7), I will explain the logic behind the two MCMC and INLA

methods and compare them in section 3.8.

Figure 3.1: The overall framework of Bayesian approach in statistical modelling.

3.6 Markov Chain Monte Carlo (MCMC)

Markov Chain Monte Carlo (MCMC) is a powerful computational technique used

in Bayesian statistics to estimate the posterior distribution of a model’s parameters.
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Bayesian methods involve updating the probability of a hypothesis as more evidence

or information becomes available. The goal is to compute the posterior distribution,

which combines the prior distribution (initial beliefs about the parameters) and the

likelihood (the probability of the observed data given the parameters).

MCMC methods generate samples from the posterior distribution without requir-

ing the distribution to be analytically tractable. The core idea is to create a Markov

chain that has the desired posterior distribution as its equilibrium distribution. A

Markov chain is a stochastic process in which the next state depends only on the

current state, not on the sequence of events that preceded it.

Two widely used MCMC algorithms are the Metropolis-Hastings algorithm and

the Gibbs sampler.

• Metropolis-Hastings algorithm: This algorithm generates a sequence of sam-

ple values from the posterior distribution. It works by proposing a new state and

then deciding whether to accept or reject it on the basis of a probability ratio.

The accepted values form a Markov chain that converges to the posteriors.

• Gibbs sampling: This is a special case of the Metropolis-Hastings algorithm,

particularly useful when the posterior distribution is high-dimensional. In Gibbs

sampling, each parameter is updated in turn by sampling from its conditional

distribution given the current values of the other parameters.

Here is a simplified outline of the steps involved in using MCMC to estimate the

posterior distribution of model parameters:

1. Define the model: Specify the prior distribution and the likelihood function.

The prior reflects any existing beliefs about the parameters before observing the

data, and the likelihood represents the probability of the observed data given the

parameters.

2. Initialise the chain: Start with an initial set of parameter values. These can

be chosen randomly or based on some heuristic.

3. Propose a new state: For the Metropolis-Hastings algorithm, generate a new

set of parameters (the ‘proposal’) from a proposal distribution, which is often a

normal distribution centred around the current state.
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4. Calculate the acceptance probability: Compute the acceptance probability,

which is the ratio of the posterior probabilities of the proposed and current states.

This step ensures that the chain converges to the target posterior distribution.

5. Accept or reject the proposal: The decision to accept the new state is based

on the Metropolis-Hastings acceptance criterion. Specifically, the new state is

accepted if the computed probability ratio (the ratio of the posterior probability

of the new state to the current state) is greater than or equal to 1. If the ratio is

less than 1, the new state is accepted with a probability equal to this ratio. The

Metropolis-Hastings criterion ensures that states with higher probabilities are

accepted more frequently, but even lower-probability states can be accepted to

explore the parameter space and avoid getting stuck in local maxima. If rejected,

the current state is retained. This ensures that the chain spends more time

in regions of higher posterior probability, thereby approximating the posterior

distribution more accurately.

6. Iterate: Repeat the proposal and acceptance steps for a large number of iter-

ations. The initial samples (burn-in period) are usually discarded to allow the

chain to reach equilibrium.

7. Collect samples: The remaining samples after the burn-in period are used to

approximate the posteriors. These samples can be used to estimate summary

statistics, such as the mean and variance, or to make probabilistic predictions.

Fig. 3.2 shows a schematic illustration of the MCMC method to estimate poste-

riors of the model parameters. MCMC methods, through algorithms like Metropolis-

Hastings and Gibbs sampling, provide a practical means to approximate posterior

distributions in Bayesian inference. There are recent studies that use MCMC to pro-

vide Bayesian estimation of ETAS parameters (e.g. Ross 2021; Ross and Kolev 2022).

MCMC methods often assume a latent structure for parent events, which helps to

understand parent-daughter relationships in the ETAS model and also allows for un-

certainty in this assignment. Although MCMC techniques can be accurate, they are

often computationally expensive and less robust for some complex hierarchical models.

To address these limitations, INLA was introduced as an alternative method, which I

will explain in the next section.
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Figure 3.2: The MCMC approach for estimation of model posteriors.
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3.7 Integrated Nested Laplace Approximation (INLA)

In the last decade, a novel approach called ‘Integrated Nested Laplace Approximation’

or INLA has been developed and proposed as a substitute for MCMC (Rue et al. 2009).

INLA is a capable and fast alternative to MCMC for Bayesian analysis, especially for

fitting latent Gaussian models (LGM). Many familiar models can be recast to resemble

LGMs, such as generalised linear models (GLM), generalised linear mixed-effect models

(GLMM), generalised additive models (GAM), generalised additive mixed-effect models

(GAMM), spatial models, time series, and zero-inflated models (Morrison 2017).

INLA incorporates several mathematical concepts. In the following sections, I

will introduce these concepts which may initially appear unrelated but are, in fact,

complementary pieces of a larger puzzle. To avoid delving into the intricate details

and complexities of INLA, which are beyond the scope of this thesis, I will keep the

explanations concise and clear. More details can be found in the original paper by Rue

et al. (2009) and other references, such as Blangiardo and Cameletti (2015), Krainski

et al. (2018), and Zuur et al. (2017).

3.7.1 Latent Gaussian Models (LGM) and Gaussian Markov Ran-
dom Fields (GMRF)

As mentioned earlier, INLA is particularly effective for the class of latent Gaussian

models (LGMs), which include a wide range of statistical models. LGMs are espe-

cially useful when there are complex dependency structures between observations and

covariates, as well as among the observations themselves. An LGM consists of three

hierarchical components:

• Likelihood:

y | x,θ1 ∼
∏
i

p(yi | xj , θ1) (3.9)

• Latent Field:

x | θ2 ∼ N(µ(θ2),Σ(θ2)) = p(x | θ2) (3.10)

• Hyperpriors:

θ = [θ1, θ2]T ∼ p(θ) (3.11)
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Hyperpriors are priors placed on the parameters θ1 and θ2, which control the un-

certainty in both likelihood (through θ1) and latent field (through θ2). These hyperpa-

rameters reflect higher-level assumptions about the model and are crucial in Bayesian

analysis because they allow the model to account for uncertainty in the underlying

parameters.

In these equations, y represents the observed data described by likelihood, x de-

notes the latent field, which is the joint distribution of all model parameters in the

linear predictor, and θ are the non-Gaussian hyperparameters (variance parameters)

of the latent field. The distinction between θ1 and θ2 is that θ1 represents non-latent

parameters directly influencing the likelihood, while θ2 governs the latent field, which

indirectly influences the likelihood through its relationship with the unobserved latent

variables. Since we are performing a Bayesian analysis, our goal is to find the posterior

distribution of the model, which is the product of the prior for hyperparameters, the

prior for model parameters given the hyperparameters, and the likelihood of observa-

tions given all parameters and hyperparameters.

Therefore, the joint posterior distribution is:

p(x,θ | y) ∝ p(θ) p(x | θ2)
∏
i

p(yi | xj , θ1) (3.12)

It is important to note that we are interested in obtaining the marginal posterior

distribution of each model parameter, namely p(xj | y) and p(θk | y), rather than the

joint posterior distribution of all parameters together, p(x,θ | y). Later, I will explain

how we use the numerical Laplace method to derive marginal posteriors from the joint

posterior distribution.

In an LGM, observations (the vector y) are assumed to be independent of each

other (e.g., yi does not directly affect yj), but are correlated through an unobserved

latent field (the vector x), which has dependencies among its elements (xi and xj).

The latent field x includes the joint distribution of all model parameters in the linear

predictor (ηi). This predictor can be expressed in the general form of a generalised

additive mixed model as follows:

ηi = α +
∑
j∈J

βjzij +
∑

k∈K

fk,jk(i) + ϵi (3.13)
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In this equation, α is the model intercept, z is the vector of covariates with coef-

ficients β in a linear regression, and f represents a set of functions on some covariates

that may be non-linear. Therefore, the latent field x will be a set of the model param-

eters as:

x = (η,α,β,f1,f2, . . .) (3.14)

The latent field x is also assumed to be a Gaussian Markov Random Field (GMRF).

Thus, it takes the form:

x | θ2 ∼ p(x | θ2) = N(µ(θ2),Q−1(θ2)) (3.15)

Here, θ1 is a vector of hyperparameters of the model. Σ and Q are the covariance and

precision matrices, respectively, which are the inverses of each other (Σ = Q−1,Q = Σ−1)

and describe the dependency structures of the process and, possibly, the observations.

When two elements i and j are independent, Qij = 0. Later, I will discuss how the

elements of a covariance matrix are specified by a Matérn covariance function for spatial

models.

3.7.2 Laplace approximations

Introduced by Pierre-Simon Laplace in 1774, Laplace’s method is an established numer-

ical technique to approximate integrals of exponential functions. The method applies

to integrals of the form:

In =
∫

enf(x) dx (3.16)

where f(x) is a twice-differentiable function, and n is a large number (n → ∞). If we

assume that x0 is the point at which f(x) attains its maximum, we can use Taylor’s

series expansion to approximate f(x) by its first three terms. Since f(x) has a global

maximum at x0 (a stationary point, not an endpoint), the first derivative f ′(x0) in the

second term of Taylor’s expansion vanishes at x0. Therefore, the function f(x) can be

simplified and approximated in quadratic order:

In ≈
∫

exp
(

n

(
f(x0)+ (x−x0)2

2 f ′′(x0)
))

dx (3.17)

The integral above is in the form of a Gaussian integral and can be evaluated as:
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In ≈ enf(x0)
√

2π

−nf ′′(x0) = Ĩn (3.18)

3.7.3 Gluing all together: INLA approach

As mentioned earlier, in Bayesian analysis, we are interested in computing the marginal

posterior distribution of each model parameter rather than the joint posterior distribu-

tion of all parameters together. The Laplace approximation is particularly useful for

this purpose, as it allows us to extract the marginals from the joint posteriors. Assume

that p(xj | y) and p(θk | y) are the marginal posterior distributions of the latent field

and the hyperparameters, respectively (xj ∈ x and θk ∈ θ). For examples of model

parameters, see the vector x in Eq. 3.14. The vector θ is low-dimensional, typically

consisting of 2 to 5 hyperparameters for LGM models, and not exceeding 20. The

marginal posterior distributions are given by:

p(xj | y) =
∫

p(xj , θ | y)dθ =
∫

p(xj | θ,y) p(θ | y)dθ (3.19)

p(θk | y) =
∫

p(θ | y)dθ−k (3.20)

According to the Laplace approximation for integrals (In ≈ Ĩn as in Eqs. 3.17 and

3.18), the final form of the posteriors can be rewritten as:

p(xj | y) =
∫

p(xj | θ,y) p(θ | y)dθ ≈ p̃(xj | y) =
∑
k

p̃(xj | θk,y) p̃(θk | y)∆k (3.21)

p(θk | y) ≈ p̃(θk | y) =
∫

p(θ | y)dθ−k (3.22)

p(θ | y) ≈ p̃(θ | y) = p(θ) p(x | θ) p(y | x,θ)
p̃(x | θ,y)

∣∣∣∣∣
x=x0(θ)

(3.23)

p(xj | θ,y) ∝ p(θ) p(x | θ) p(y | x)
p(x−j | xj , θ,y) (3.24)
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As can be seen, these expressions involve nested structures, and we need to use

the Laplace approximation to obtain the marginal posterior distributions for model

parameters and hyperparameters.

3.7.4 Dependency structures: Mesh, Matérn covariance and SPDE
approach

Some statistical datasets not only exhibit dependencies between their values but also

may contain spatial, temporal or spatio-temporal dependency structures. This means

that there are correlations between the time and / or location of the observations

and covariates (Jiang 2020). For example, earthquakes often occur in sequences and

clusters within fault zones, with their locations influenced by underlying factors such

as tectonic stress fields, stress redistribution by large events, fluid injection, and the

rheological structure of the lithosphere (Hager et al. 2021). Here, I briefly explain the

spatial models that capture this systematic variability, which can then be extended to

spatio-temporal models through similar procedures.

When considering a spatial model, it is essential to use a mesh to investigate the

relationships between points, discover dependencies, and predict the Gaussian Markov

random field (GMRF) of our model (Hristopulos 2020). In INLA, a mesh is constructed

in the study area, commonly using Delaunay triangulation (Lee and Schachter 1980;

Liu and Yin 2020). It is crucial to construct a mesh that can resolve the intensity of

the GMRF model, estimated at the vertices of the mesh, at an appropriate resolution

(Juan Verdoy 2021).

The latent field x in an LGM model is assumed to be a Gaussian Markov Ran-

dom Field (GMRF), as defined in Section 2.4.3, with a covariance matrix Σ (see Eq.

3.15). Since this covariance matrix is usually large, calculating it can be time consum-

ing. To simplify the calculation, a mathematical function is imposed on its structure.

Specifically, a Matérn correlation function is used to define the covariance:

Σ = σ2CorrMatérn (3.25)

where σ2 is the variance parameter and CorMatérn is the Matérn correlation function
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defined by:

CovMatérn(si, sj) = σ221−ν

Γ(ν) (κ∥si − sj∥)νKν(κ∥si − sj∥) (3.26)

In this equation, si and sj are the spatial positions of observations i and j with a

Euclidean distance ∥si − sj∥. The symbol Γ denotes the gamma function and Kν is a

Bessel function of the second kind. The parameter ν is usually fixed and determines

the smoothness of the process, while κ is a scaling parameter related to the range over

which the correlation diminishes, analogous to the range parameter in a variogram in

geostatistics. If we assume ν = 1, then Γ(ν) = 1, and the equation simplifies to depend

only on κ and the distance between points:

CovMatérn(si, sj) = σ2κ∥si − sj∥Kν(κ∥si − sj∥) (3.27)

To quantify the covariance of the underlying Gaussian random field, we only need

the two parameters σ2 and κ. However, because the covariance matrix Σ is typi-

cally large, computations can be time-consuming and impractical. This is where the

Stochastic Partial Differential Equation (SPDE) approach becomes useful. Lindgren

et al. (2011) proposed that random field models could be described by solutions to sets

of stochastic partial differential equations (SPDEs), expressed as:

(κ2 −∆)α/2S(x) = W (x) (3.28)

In this equation, κ is the same parameter as in the Matérn correlation function, ∆

is the Laplace operator, S(x) is the Gaussian field, and W (x) is the Gaussian spatial

white noise process, indicating that there is no spatial correlation in this term. The

parameters of the SPDEs are directly linked to the parameters of the Matérn correla-

tion, so solving the SPDEs provides the covariance matrix of the GMRF. The SPDE

method also works well for log-Gaussian Cox process models (Rue et al. 2009; Krainski

et al. 2018).

It should be noted that, similar to using the Matérn covariance to determine depen-

dency structures in spatial models, the first-order autoregressive process (known as the

AR1 process) can be used to calculate the residual covariance matrix and understand

dependency structures in temporal models (time series) (Yan et al. 2021).
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3.8 Comparison between MCMC and INLA

While both MCMC and INLA have their own advantages and disadvantages, INLA

has demonstrated several benefits over MCMC. Below is a detailed comparison between

INLA and MCMC:

• Computational approach: MCMC is a simulation-based method that is intuitive

to learn and apply. It involves generating samples from the posterior distribution

through iterative sampling methods such as the Metropolis-Hastings algorithm or

Gibbs sampling. In contrast, INLA employs a deterministic mathematical algorithm

that solves nested posterior structures and integrals using the Laplace approxima-

tion, making the process more direct and often less computationally intensive.

• Computational costs: MCMC can be computationally expensive, especially for

complex models with high-dimensional parameter spaces. The computation can take

weeks to months, depending on the complexity of the model and the convergence

rate of the algorithm. INLA, however, performs calculations much faster, often in

seconds to minutes, by approximating the integrals required for Bayesian inference,

thus significantly reducing computational time and resource requirements.

• Accuracy: MCMC is considered an exact method for Bayesian inference as it fully

explores the posterior distribution given enough time and iterations. INLA is an

approximate method that uses the Laplace approximation to estimate posteriors.

Despite being an approximation, studies (e.g. in Gómez-Rubio (2020) and Khan

et al. (2021)) have shown that INLA achieves an accuracy comparable to MCMC,

with similar errors in the final models.

• Generality: INLA is highly efficient and automated, making it particularly suitable

for large-scale problems and complex hierarchical models. MCMC, although very

flexible, may not scale well with the complexity of the model and the number of

parameters, especially when there are many correlated parameters, which can lead

to slow convergence and the need for extensive tuning.

• Robustness: When constructing hierarchical models with complex dependency

structures, such as Latent Gaussian Models (LGMs), MCMC may encounter con-

vergence issues and poor performance due to the intricacies of the model and the

dependency among parameters. However, INLA has been specifically designed to
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support LGMs and facilitate the direct computation of their posterior marginals,

offering a more robust solution for these types of models.

• Model comparison: INLA not only computes posterior marginals, but also pro-

vides tools for model comparison and selection using common information criteria

such as the Deviance Information Criterion (DIC) (Spiegelhalter et al. 2002) and

the Watanabe-Akaike Information Criterion (WAIC) (Watanabe and Opper 2010).

These criteria allow for practical model comparison and ranking, compensating for

the fact that the Bayes factor cannot be used because the evidence term is not

computed.

• Predictive measures: INLA utilises its marginal posteriors to compute Bayesian

predictive measures, which are essential for model validation and comparison. These

measures help detect outliers or surprising observations and ensure the model’s pre-

dictive performance. Unlike the common practice of using the predictive density for

each observation yi based on all other observations, INLA approximates this quan-

tity without reanalysing the model, making the process more efficient and straight-

forward.

3.9 The inlabru package

3.9.1 Introduction to inlabru

The inlabru package (Bachl et al. 2019) is an extension of the INLA methodology,

specifically designed to facilitate the implementation of complex spatial and spatio-

temporal models. Developed with a user-friendly interface, inlabru aims to simplify

the specification of Bayesian hierarchical models, making advanced statistical tools

more accessible to researchers.

The core strength of inlabru lies in its ability to handle latent Gaussian models

(LGMs) with greater flexibility compared to traditional INLA approaches. It integrates

seamlessly with the R-INLA package, leveraging its computational efficiency while

providing an intuitive syntax for model formulation. This combination allows users

to define intricate dependency structures and incorporate various types of data and

covariates without the need for extensive programming knowledge.
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One of the key features of inlabru is its ability to model complex spatial dependen-

cies using Gaussian Markov Random Fields (GMRFs). It supports the construction

of spatial meshes, which are essential for approximating continuous spatial processes.

The package also facilitates the inclusion of different types of boundary conditions and

constraints, enhancing the accuracy of spatial predictions.

In addition, inlabru offers tools for handling large datasets and high-dimensional

models, which are common in ecological and environmental studies. Its integration with

the R ecosystem allows easy manipulation of data and results, providing a streamlined

workflow for data analysis and model validation.

To illustrate its capabilities, consider a scenario in which researchers need to model

the distribution of a species across a heterogeneous landscape. Using inlabru, they can

easily incorporate environmental covariates, spatial random effects, and measurement

error into their model. The syntax of inlabru enables the specification of these com-

ponents in a concise manner, facilitating the interpretation and communication of the

model results.

In recent years, several studies have used inlabru for modelling in various fields,

including ecology and environmental sciences (Adde et al. 2020; Bell et al. 2021; Cun-

ningham et al. 2021a; Cunningham et al. 2021b; Jullum et al. 2020; Williamson et al.

2022), biology (Martino et al. 2021), seismology (Bayliss et al. 2020), and social sci-

ences (Becker et al. 2021; D’Angelo et al. 2020; Ferraccioli et al. 2021; Hu et al. 2021).

These applications demonstrate the versatility and robustness of inlabru in handling

complex spatial data. Fig. 3.3 shows a general workflow for 2D time-independent

seismicity modelling with inlabru (Bayliss et al. 2022).

3.9.2 Model implementation using iterative linearised method

The iterative linearised method in inlabru is designed to handle Bayesian generalised

additive models with non-linear predictors. This approach first linearises the model

and, once linearised, systematically seeks the solution through iterative refinement.

This method builds on the standard INLA, which is efficient for models with linear

predictors, and extends it to manage non-linear predictors effectively.
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Figure 3.3: The workflow for 2D time-independent seismicity modelling with inlabru. This

figure is the same as Figure 1 of Bayliss et al. (2022). Abbreviations: CRS (Coordinate

Reference System), GR (Gutenberg-Richter), TGR (Truncated Gutenberg-Richter), SPDE

(Stochastic Partial Differential Equation), RF (Random Field), LGCP (Log-Gaussian Cox

Process), GAM (Generalised Additive Model), GLMM (Generalised Linear Mixed Model),

DIC (Deviance Information Criterion), WAIC (Watanabe-Akaike Information Criterion),

CSEP (Collaboratory for the Study of Earthquake Predictability).
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3.9.2.1 Approximation for linear predictors

INLA is used to compute fast approximate posterior distributions for Bayesian models

with latent Gaussian components. The hierarchical structure involves latent Gaussian

variables u, covariance parameters θ, and observed response variables y. Typically,

the linear predictor ηi(u) links to the distribution’s location parameter for observa-

tion yi through a link function g−1(·). In R-INLA, the observations are conditionally

independent given η and θ.

3.9.2.2 Approximation for non-linear predictors

The inlabru method extends the INLA framework by introducing a linearisation step for

nonlinear predictors. For a non-linear predictor η̃(u), a first-order Taylor approximation

around an initial point u0 is used:

η̄(u) = η̃(u0)+B(u−u0)

where B is the derivative matrix of the non-linear predictor evaluated at u0.

The nonlinear observation model is approximated by this linearised model, allow-

ing the use of standard INLA for the resulting linearised predictors. The posterior

distribution is then factorised and approximated iteratively:

p̃(θ,u | y) ≈ p̄(θ,u | y)

Fixed point iteration

The fixed point iteration seeks an optimal linearisation point u∗. The process iterates

as follows:

1. Initial linearisation: Start with an initial linearisation point u0.

2. Linearised posterior computation: Compute the linearised INLA posterior at u0.

3. Posterior mode calculation: Determine the posterior mode for θ and u given the

linearised model.

4. Line search: Adjust the linearisation point using a line search method to minimise the

difference between the non-linear and linearised predictors.
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The iteration continues until convergence to a specified tolerance.

Line search

The line search step involves finding an optimal value α that minimises the norm of the

difference between the non-linear and linearised predictors. This is achieved by con-

sidering the posterior variance of the predictors and using a quadratic approximation

to the non-linear predictor as a function of α.

3.9.2.3 Posterior non-linearity checks

To ensure the accuracy of the approximation, the method evaluates the degree of

nonlinearity in the vicinity of the optimal u∗. This can be done using sampling from

the approximate posterior distribution and checking the variance-normalised squared

deviation between the nonlinear and linearised predictors.

Accuracy

The accuracy of the approximation is assessed by comparing the true log-likelihood

with the linearised log-likelihood. A Taylor expansion is used to derive the difference,

focusing on the second-order terms. This leads to the evaluation of the Kullback-Leibler

(K-L) divergence (Kullback and Leibler 1951) between the exact and approximate

posterior distributions.

Initialisation and well-posedness

The linearisation point u0 is crucial. Any value can be used unless the gradient at u0

is zero, which might indicate a saddle point. In such cases, changing the initialisation

point or the predictor parameterisation can help. This ensures that the predictor

parameterisation does not lead to a multimodal posterior distribution or other ill-posed

issues.

In summary, the iterative linearised INLA method in inlabru efficiently handles

nonlinear predictors by iteratively refining a linear approximation, ensuring accuracy

through fixed-point iterations and posterior nonlinearity checks. This approach ex-

tends the capabilities of INLA to a broader range of Bayesian models, maintaining

computational efficiency and robust approximation accuracy. More details can be



60 Chapter 3. Methods

found in https://inlabru-org.github.io/inlabru/articles/method.html. Fig

3.4 suggests how the inlabru workflow iteratively updates a set of trial parameters

to approximate the ETAS model (Naylor et al. 2023).

Figure 3.4: Schematic diagram of the inlabru workflow for iteratively updating a set of trial

ETAS parameters. This figure is the same as Figure 2 of Naylor et al. (2023).

https://inlabru-org.github.io/inlabru/articles/method.html
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4.1 Introduction

Seismicity modelling plays a crucial role in understanding the behaviour of earthquake

sequences. This process involves fitting appropriate statistical models to effectively

describe and forecast the spatial, temporal, spatio-temporal and magnitude patterns

of earthquakes. These models build on well-recognised empirical relations, most com-

monly: (1) the Gutenberg-Richter law (Gutenberg and Richter 1944), which describes

the distribution of earthquake magnitudes and their corresponding frequencies of occur-

rence; (2) the modified Omori law (Omori 1895a; Utsu 1957; Shcherbakov et al. 2004),

which explains the decay rate of aftershocks over time following a mainshock; (3) Utsu’s

scaling productivity law (Utsu 1972; Mignan 2018; Shebalin et al. 2020), which esti-

mates aftershock productivity based on mainshock magnitude; (4) Båth’s law (Båth

1965), which determines the magnitude difference between a mainshock and its largest

aftershock; and (5) the ETAS model (Ogata 1988; Ogata and Zhuang 2006; Ogata

2011), which amalgamates elements from the aforementioned models, and expands the

modelling framework by capturing the effect of complex inter-event interactions.

During its 35-year evolution, the ETAS model has established itself as a core tool

for retrospective seismicity analysis and prospective operational earthquake forecast-

ing. Central to the ETAS model is the concept that earthquake populations can be

modelled as a marked point process and that any earthquake has the potential to

trigger subsequent aftershocks, initiating a branching pattern of seismic activity - this

class of statistical model is referred to as a self-exciting point process or a marked

Hawkes process. The ETAS model is a specific example. It characterises aftershock

sequences through two components: the background seismicity rate, representing the

average baseline rate of independent earthquakes within a specified spatial and tem-

poral domain, and the triggered seismicity, which encompasses the additional seismic

activity triggered by preceding earthquakes. Thus, the ETAS model offers a dynamic

representation of earthquake occurrences, facilitating the analysis and forecast of after-

shock sequences, and enhancing the understanding of the clustered nature of seismic

events.

Many flavours of the ETAS model exist. The majority employ a maximum like-

lihood estimation (MLE) method to produce point estimates of the model parame-
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ters through an optimisation algorithm. Important algorithms include gradient-based

methods (e.g. Ogata 1998; Jalilian 2019), expectation maximisation (EM) (e.g. Veen

and Schoenberg 2008; Mizrahi et al. 2023; Stindl and Chen 2023), nonlinear methods

(e.g. Kanazawa and Sornette 2023), machine learning likelihood-free inference (e.g.

Stockman et al. 2023), etc. Recent research studies have adopted Bayesian inference,

focusing on providing posterior probability distributions instead of point estimates for

ETAS parameters. This shift allows for the application of prior constraints on the

model parameters and facilitates a more comprehensive exploration of the uncertain-

ties associated with these parameters. Examples include Omi et al. 2015; Ebrahimian

and Jalayer 2017; Shcherbakov et al. 2019; Ross 2021; Schneider and Guttorp 2021;

Shcherbakov 2021; Laub et al. 2021; Ebrahimian et al. 2022; Molkenthin et al. 2022;

Ross and Kolev 2022; Naylor et al. 2023; Nishikawa and Nishimura 2023.

The widespread use of the ETAS model comes with a significant challenge: as-

sessing parameter estimations accurately when applied to real data is difficult. This

difficulty arises because the methods listed above usually return a set of parameters

without flagging potential issues of bias. To address this, synthetic experiments of-

fer a solution by allowing us to understand how issues, such as incomplete datasets,

influence the accuracy and precision of parameter estimations, as well as the efficacy

of the ETAS model. Once important sources of bias leading to epistemic uncertainty

(i.e., that which cannot be quantified by the random error or aleatory uncertainty) are

identified, we can identify routes to accommodate or correct such biases. Then, when

we return to real datasets, where the true underlying model remains unknown, we are

restricted to making comparative estimates of accuracy or bias against synthetic data,

where the underlying parameters are known. Consequently, by ensuring that the cor-

rections applied are consistent with those made in the synthetic experiments, we can

bolster our confidence in these corrective measures.

A number of studies have investigated some limitations, considerations, and ad-

vancements related to the ETAS model including the effect of short-term time-varying

incompleteness (Moradpour et al. 2014; Omi et al. 2014; Hainzl 2016; Page et al.

2016; Arcangelis et al. 2018; Hardebeck et al. 2019; Lippiello et al. 2019a; Hainzl 2021;

Mizrahi et al. 2021; Grimm et al. 2022; Iacoletti et al. 2022; Elst et al. 2022; Naylor et al.
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2023), model under-fitting for major mainshock-aftershock sequences and over-fitting

for regions with normal seismicity (Harte 2013), impact of triggering boundary magni-

tude (Harte 2016), the impact of sample size and temporal finiteness of catalogues on

background rate and branching ratio estimators (Seif et al. 2017), time-varying back-

ground rates (Muir and Ross 2023), the impact of run-in history before mainshock

(Naylor et al. 2023), incorporating anisotropic spatial kernels (Ogata 2011; Moradpour

et al. 2014; Zhang et al. 2018; Grimm et al. 2021; Grimm et al. 2022), restricting

infinite spatial extent (Grimm et al. 2021; Grimm et al. 2022), and including extra

covariates (Adelfio and Chiodi 2021; Chiodi et al. 2021).

In this chapter, I aim to enhance the accuracy of parameter estimations for the

ETAS model when dealing with datasets characterised by short-term, time-varying

incompleteness. I will use the (INLA) method (Rue et al. 2009), along with its exten-

sion, the inlabru package (Bachl et al. 2019), for computing posterior estimates of

the parameters of the ETAS model within a Bayesian framework. Compared to the

traditionally used Markov Chain Monte Carlo (MCMC) method, INLA and inlabru pro-

vide substantial computational benefits, notably in efficiency and speed. However, it is

important to note that the methodological improvements and investigations proposed

in this study aim to address the broader issues inherent in the ETAS model. These im-

provements are applicable regardless of the specific estimation technique used, whether

it involves point estimate methods or Bayesian implementations of the ETAS model. I

begin by introducing the fundamental concepts and modifications that I have applied

to the inversion algorithm of the ETAS model to address the issue of short-term incom-

pleteness in the data, as detailed in Section 4.2. In Section 4.3, I assess and compare

the performance of the original and my modified ETAS models using synthetic earth-

quake catalogues, demonstrating how my modifications enhance the accuracy of ETAS

parameter estimation in the presence of incomplete data.
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4.2 Methodology

4.2.1 Concept and formulation of the ETAS model

The ETAS model is a spatio-temporal statistical model used to describe and forecast the

occurrence rate of aftershocks. Aftershocks are modelled as a self-exciting point process,

often referred to as Hawkes process in statistics. Hawkes processes are non-Markovian,

meaning that the memory of the previously occurred events changes the probability

of the upcoming events. Conceptually, this means that in a sequence of aftershocks,

every earthquake can trigger other future earthquakes, which in turn generate more

earthquakes, and so on, creating a ‘cascade’ or ‘epidemic’ of events. Consequently,

unlike more basic models that assume aftershocks are directly triggered only by the

mainshock, the ETAS model takes into account the secondary, tertiary, etc., aftershocks

as well, and assumes that aftershocks can act as ‘parents’ to further ‘generations’ of

aftershocks (also known as ‘offspring’, ‘descendants’, or ‘daughters’) in a branching

process, leading to an inter-connected sequence of earthquakes. Here, I refer to them

as ‘triggering’ and ‘triggered’ events, respectively.

A Hawkes process is mathematically represented by its conditional intensity func-

tion, which provides the rate of events at any given point in time and space. In this

study, I specifically focus on the temporal model with general form

λHawkes(t|Ht) = µ+
∑

(ti,mi)∈Ht

g(t) (4.1)

where λHawkes(t|Ht) represents the expected rate of events at time t, taking into ac-

count the history of the process up to that point, denoted by Ht. The history includes

the set of past events as Ht = {(ti,mi) : ti < t, mi ≥ M0, i = 1, . . . ,n}. mi and ti corre-

spond to the magnitude and time of the ith earthquake in the history, respectively. M0

represents the explicit constant reference magnitude, ensuring that the model parame-

ters remain constant. µ is the background rate and can be regarded as the ‘base level’

of earthquakes in a region, representing the rate of spontaneous earthquake occurrences

that are independent of each other, i.e., are not triggered by other events. ∑ is the

sum over all triggering earthquakes that happened before time t; The function g(t)
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inside the summation is called the ‘triggering function’ and determines the triggering

contribution from all previous events to the occurrence of future events; g(t) can take

various functional forms, with exponential and power-law functions commonly used in

practice. Here, I consider one of the most common forms as

λHawkes(t|Ht) = µ+
∑

(ti,mi)∈Ht

Keα(mi−M0)
(

t− ti

c
+1

)−p

, (4.2)

where K, α, c, and p are the model parameters to be estimated along with µ (see Table

4.1).

The ETAS model is a specific type of marked Hawkes process with a conditional

intensity function that can be expressed as

λETAS(t, |Ht,m) =
µ+

∑
(ti,mi)∈Ht

Keα(mi−M0)
(

t− ti

c
+1

)−p
βeβ(m−M0), (4.3)

where βeβ(m−M0) is the probability density form of the Gutenberg-Richter (G-R) law

added to the Hawkes model. In this study, I focus primarily on the Hawkes part of the

model as none of the G-R parameters are optimised in the inversion, but I will later

use the properties of the magnitude model in addressing the censoring data in section

4.2.4.

Looking at Eq. (4.2), the first factor of the triggering function, Keα(mi−M0), is

often referred to as the ‘exponential magnitude-based productivity’ and is equivalent

to the Utsu scaling law. This factor determines the increase in the seismicity rate after

the ith earthquake based on its magnitude mi. This implies that a larger earthquake

will have a greater influence on the triggering of subsequent events. The second factor,(
t−ti

c +1
)−p

, also known as the ‘temporal triggering kernel’, represents the decay of

this influence over time. It follows a power-law function equivalent to the Omori law,

captures the dependence on time since the triggering event, and makes the rate decay

over time. The interplay between these two ingredients of the triggering function

ensures a balance between an increase in intensity with each event and the temporal

decay of it. In modelling aftershocks, this balance is handled by a quantity called

‘branching ratio’, which controls the average number of aftershocks directly triggered

by any given earthquake.
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Of the model parameters, both K and α jointly contribute to the productivity

of the aftershocks, but in different ways. Conceptually, K is the base productivity

parameter that quantifies the average number of direct aftershocks produced by an

earthquake of reference magnitude M0. To be exact, K is the change in intensity caused

by a new event of magnitude mi = M0. K usually ranges from 0.01 to 10 or more,

depending on the magnitude range implied by the choice of the model domain, that is,

the expected rate increases at t ≃ ti for the parent of M0. This baseline productivity is

then adjusted by eα(mi−M0), which is a factor that increases this productivity for larger

earthquakes. α is the magnitude scaling productivity parameter, dictating how much

more productive an earthquake becomes for each unit increase in its magnitude. This

allows for a magnitude-dependent increase in the intensity. There is always a trade-off

between K and α when contributing to the productivity of an earthquake sequence. I

will explore this issue in more detail in Section 5.4.

The other two parameters, c and p, control the decay of the Omori law. In the

Omori law, c is a characteristic time that represents a short temporal delay after

the mainshock during which the rate of aftershocks does not exhibit a decay trend.

c can range from a few minutes to several days, depending on the magnitude of the

mainshock and the capabilities of the seismic network involved. However, in the context

of ETAS modelling, c has a slightly different meaning and applies to all events, not

just the mainshock. Here, c represents a short-term offset in time or a delay period

immediately after each triggering earthquake. It is a small, positive value that is

used to avoid the singularity at t = ti, ensuring finite rates at all times. Typical

values for c are very small, often in the range of 0.001 to 0.1 days. Note that the

ETAS model is highly sensitive to the choice of parameter c, so that a small change

in c can significantly affect the predicted earthquake rates. Specifically, lower values

of c lead to a sharper initial increase in aftershock rates immediately after a parent

event, accompanied by a rapid temporal decay. In contrast, larger values of c result

in a milder initial increase in aftershocks, followed by a slower decrease over time.

Because c directly influences the temporal evolution of the aftershock sequence, precise

estimation of this parameter is crucial for accurate modelling and forecasting sequences.

Some studies use temporarily varying c to model incompleteness, but this mixes a

physical and a network design constraint, so it is not an ideal implementation. The
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parameter p is simply the Omori law’s exponent and measures how quickly the fading

of aftershocks happens. Empirical studies of various aftershock sequences suggest that

p typically ranges between 0.8 and 1.5, with higher values of p indicating a faster

decay in the rate of aftershocks, while lower values denote a slower decay. Physically,

p is considered a region-based parameter and can vary depending on factors such as

tectonic environment, temperature, magnitude, and depth of the mainshock, etc.

4.2.2 Approximation of parameters in the original ETAS model

In this section, I explain the approximation of the model parameters for the original

(standard or traditional) ETAS model. This serves as a preliminary step, examining

a version of the model before incorporating adjustments for the transient short-term

incompleteness observed in early aftershocks. Building on this foundation, I will further

develop and adapt the solution for my modified version of the ETAS model, which

specifically addresses the short-term incompleteness issue. This will be explored in

detail in Sections 4.2.3 and 4.2.4.

In statistical modelling, the likelihood function plays a pivotal role in estimating

the unknown model parameters. It quantifies how likely it is that a given set of model

parameters would produce the observed data. For the Hawkes process model, the

likelihood function in the interval t ∈ [T1,T2] is defined as

L(θ|H) = exp
(

−
∫ T2

T1
λ(t|Ht)dt

) ∏
(ti,mi)∈H

λ(ti|Hti) , (4.4)

or equivalently in logarithmic form as

L(θ|H) = logL(θ|H) = −
∫ T2

T1
λ(t|Ht)dt +

∑
(ti, mi) ∈ H

logλ(ti |Hti) . (4.5)

Here, λ(t|Ht) represents the intensity function as detailed in Eq. (4.2), and θ denotes

the vector of model parameters that I aim to estimate. For temporal ETAS modelling

θ = (µ , K, α, c and p). I use the logarithmic form of the likelihood function as

it effectively transforms multiplications into additions, making complex calculations

simpler and more numerically stable. By substituting Eq. (4.2) into Eq. (4.5) and then
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solving the integral, the log-likelihood function is obtained as

L(θ|H) =−µ (T2 −T1)

−
∑

(ti,mi)∈H
Keα(mi−M0) c

p−1

(max(T1, ti)− ti

c
+1

)1−p

−
(

T2 − ti

c
+1

)1−p


+
∑

(ti,mi)∈H
log

µ+
∑

(ti,mi)∈Ht

Keα(mi−M0)
(

t− ti

c
+1

)−p
 , (4.6)

where the 1st term represents the expected background rate, the 2nd term is the

expected number of triggered earthquakes by each triggering event, and the 3rd term

indicates the sum of log-intensities. However, the approximation of the 2nd term,

which considers the role of each triggering event, is not as precise as it is. This is

primarily due to the fact that a Hawkes process is naturally impulsive, and it is a

summation of exponential functions that spike after each event. Also, for each event,

the triggering function varies most rapidly for the times close to ti and becomes nearly

constant moving away from it. So, to properly handle such rate fluctuations, a time

binning strategy is usually applied (e.g., in Kirchner 2017; Cheysson and Lang 2022;

Shlomovich et al. 2022). This involves partitioning the impact interval of each event,

[ti,T2], into several discrete bins and then counting the rate in each bin, within the

model domain. To balance rapidly decreasing rates whilst maintaining reasonable bin

occupancy, I adopt an exponential binning strategy for creation of a temporal mesh as

proposed in Naylor et al. (2023):

{
ti , ti +∆ , ti +∆(1+ δ) , ti +∆(1+ δ)2 , . . . , ti +∆(1+ δ)ni , T2

}
, (4.7)

where ni ≤ nmax, ∆ > 0 and δ > 0. nmax controls the maximum number of

bins and the two constants ∆ and δ regulate the length of the first bin and the length

ratio between consecutive bins, respectively. By incorporating the binning strategy

and linearisation into calculations, the likelihood function undergoes reformulation,
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resulting in

L(θ|H) =− exp
 logµ+log(T2 −T1)


−

∑
(ti,mi)∈H

Bi−1∑
j=0

exp
{

logK +α(mi −M0)+ log
(

c

p−1

)

+ log


tbi

j − ti

c
+1

1−p

−

tbi
j+1 − ti

c
+1

1−p



+
∑

(ti,mi)∈H
log

µ+
∑

(ti,mi)∈Ht

Keα(mi−M0)
(

t− ti

c
+1

)−p
 . (4.8)

This formulation is then input into the bru function, which implements the inlabru

workflow (Bachl et al. 2019) to estimate posterior density functions from the product

of the prior distribution and likelihood function. The workflow takes the initial trial

parameters for ETAS and iteratively updates these parameters based on the likelihood

of observed earthquake data within a Bayesian context using INLA, where it makes the

calculations around the mode of the posteriors (Rue et al. 2009). Once the model pa-

rameters stop significantly changing between iterations, it returns the estimated ETAS

parameters and their approximate posterior distributions.

In the following section, I will define a modified form of the conditional intensity

function for the ETAS model that will accommodate short-term incompleteness. Then,

I will modify the solution for the likelihood function, following a process similar to the

steps explained above.

4.2.3 Model for transient short-term incompleteness in early after-
shocks, mc(t)

During an aftershock sequence, the overlap of numerous earthquake waveforms leads to

censoring of smaller events, and hence to an upward temporary shift in the magnitude of

completeness. This implies that the level of completeness, which is otherwise a constant

(M0), now varies with the activity rate and magnitude of the events. Helmstetter et al.

(2006) proposed a model describing the evolution of the completeness magnitude of

the form

mc(t) = mi −G−H log10(t− ti) (4.9)
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following some previous earthquake i. Here, mc(t) is an estimate of the level of com-

pleteness magnitude at time t, and is the maximum value of Eq. (4.9) computed over

all previous earthquakes (Elst 2021). G and H are the model parameters (G,H > 0). In

this study, to simplify the complexity of combining the ETAS and the incompleteness

models, I focus solely on the incompleteness caused by a significant mainshock, disre-

garding the influence of other events. This is reasonable as many sequences include a

single significant event. Thus, the incompleteness model is re-written as

mc(t) = Mm −G−H log10(t−Tm) (4.10)

where t denotes the time after the mainshock (t > Tm), and Mm and Tm correspond

to the magnitude and occurrence time of the mainshock, respectively. By rearranging

Eq. (4.10) and substituting mc(t) = M0, I can derive a formula to calculate the end of

an incompleteness period following a mainshock, so that

Te = Tm +10(Mm−G−M0)/H . (4.11)

where Te denotes the specific point in time when the time-varying mc(t) returns to its

constant baseline value M0.

4.2.4 Modified ETAS: incorporating short-term incompleteness in
the model

4.2.4.1 Defining a time-dependent censorship function

My approach is to define a censorship factor between 0 and 1 that reduces the rates

in the ETAS intensity function, and then modify the likelihood function accordingly,

so that I can estimate the expected number of observed events, which can be directly

compared to the catalogue. Building on section 4.2.3, I consider a catalogue which is

generally complete down to a constant threshold of M0, but is temporarily complete at

a higher threshold of mc(t). This scenario is common for a short period following large

earthquakes. Assuming constant b-value and activity rate, the Gutenberg-Richter law

provides an estimate of the expected number of events above those thresholds,

N(m ≥ M0) = a10−bM0 ,

N(m ≥ mc(t)) = a10−bmc(t).
(4.12)
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The ratio of these allows us to estimate the proportion of events above M0 that have

been observed,
N(m ≥ mc(t))
N(m ≥ M0) = 10−b(mc(t)−M0). (4.13)

A similar approach was used by Stallone and Falcone (2021), who attempted to fill

in the gaps and restore missing earthquakes, assuming that the Gutenberg-Richter law

holds with the same exponent b in the censored part of the data. Unlike their method,

my approach employs this ratio as a time-dependent censoring function, not aiming

at recovering the missing events in the data, but rather to quantify the proportion of

events observed given the censorship. Therefore, I use this to correct the estimate of the

number of expected events above M0, provided that we have a reasonable estimate of

mc(t) at that time. This approach avoids the potential inaccuracies that may arise from

trying to explicitly reconstruct the missing data, which necessitates assuming a specific

pattern of data omission, which might vary from underestimation to overestimation,

and thereby could inadvertently introduce artefacts into the analysis. Substituting

Eq. (4.10) into Eq. (4.13) for mc(t), I get

π(t) =


1, if t ≤ Tm, or t > Te,

10−b(Mm−G−H log10(t−Tm)−M0), if Tm < t ≤ Te,
(4.14)

where π(t) is a piecewise function that determines the time-dependent censorship

coefficient for my modified model. Tm is the time of the mainshock and Te is the end of

the incompleteness interval calculated in Eq. (4.11). For the period of incompleteness

(Tm,Te], the ratio varies between 0 < π(t) < 1 and represents the apparent (observed or

recorded) rates as a fraction of the actual rates (rates occurring in reality, encompassing

both observed and unobserved events with smaller magnitudes). In other words, over

the incompleteness period, the apparent rate has an increasing trend until it fully

reaches the actual rates.

4.2.4.2 Modifying the intensity and likelihood functions

To incorporate the incompleteness model into the ETAS framework, I initially modify

the ETAS conditional intensity function. This modification represents apparent rates
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rather than actual rates, as

λapparent(t|Ht,mc(t)) =
µ+

∑
(ti,mi)∈Ht

Keα(mi−M0)
(

t− ti

c
+1

)−p
π(t) (4.15)

I can assume that the correction factor has a slight effect on the background rate

within the short-term incompleteness interval; thus, I can disregard the adjustments

to µ and treat it as constant. Hence,

λmodified(t|Ht,mc(t)) ≃ µ+
∑

(ti,mi)∈Ht

Keα(mi−M0)
(

t− ti

c
+1

)−p

π(t). (4.16)

This change in the intensity function leads to changes in approximation of the likelihood

function as well. Substituting λmodified for λ in Eq. (4.5), we have

Lmodified (θ|H) =−
∫ T2

T1
µdt

−
∫ T2

T1

∑
(ti,mi)∈Ht

Keα(mi−M0)
(

t− ti

c
+1

)−p

π(t)dt

+
∑

(ti,mi)∈H
log

µ+
∑

(ti,mi)∈Ht

Keα(mi−M0)
(

t− ti

c
+1

)−p

π(t)

(4.17)

By solving the internal integral for the triggering part of Eq. (4.17) and subse-

quently incorporating the time binning strategy, along with linearisation (as previously
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explained in Section 4.2.2), the modified log-likelihood is

Lmodified(θ|H) =− exp
 logµ+log(T2 −T1)


−

∑
(ti,mi)∈H

Bi−1∑
j=0

exp
 logK +α(mi −M0)+ log

(
c

p−1

)
+

log


tbi

j − ti

c
+1

1−p

−

tbi
j+1 − ti

c
+1

1−p

 · I1(t)

−
∑

(ti,mi)∈H

Bi−1∑
j=0

exp
 logK +α(mi −M0)+ log

(
c

p−1

)
+log(10−b(Mm−G−M0))+

log
[tbi

j − ti

c
+1

1−p

(tbi
j −Tm)bH

2F1

−bH, 1, 2−p,
tbi
j − ti + c

tbi
j −Tm

]−
[tbi

j+1 − ti

c
+1

1−p

(tbi
j+1 −Tm)bH

2F1

−bH, 1, 2−p,
tbi
j+1 − ti + c

tbi
j+1 −Tm

] · I2(t)

+
∑

(ti,mi)∈H
log

µ+
∑

(ti,mi)∈Ht

Keα(mi−M0)
(

t− ti

c
+1

)−p

π(t)


(4.18)

where 2F1 denotes a Gaussian hypergeometric function (Ponnusamy and Vuorinen

2001; Aomoto 2011). This solution represents a joint demonstration of likelihood com-

prising the previous solution (Eq. 4.8) and the new one. Within the incompleteness

interval, I adhere to the new solution with the applied censorship. Outside of this in-

terval, where π(t) = 1, I switch to the original solution. To determine the appropriate

solution, I use the indicator functions I1(t) and I2(t), ensuring that the correct solution

is applied as needed. These indicators are defined as follows:

I1(t) =


1, if T1 ≤ t ≤ Tm or Te < t ≤ T2

0, otherwise,
(4.19)

and

I2(t) =


1, if Tm < t ≤ Te

0, otherwise.
(4.20)

In the following section, I elaborate on the practical implementation of the transi-

tion between the two solutions considering time binning.



Methodology 75

4.2.4.3 Considerations for time binning in the modified ETAS

As described above, I have adopted a temporal binning strategy designed specifically

to enhance the accuracy of calculating the integral of triggered events, especially when

the intensity changes rapidly following each triggering event. Here, I investigate the

sensitivity of the ETAS model parameters to the choice of time binning, and offer

insights into making an informed selection for an optimal binning strategy when fitting

the ETAS model to datasets.

Based on the exponential form of the binning defined by Eq. (4.7), the temporal

effect domain of each triggering event i is divided into several bins, such that bins closer

to ti are narrower (higher resolution) and progressively become wider as the distance

from ti increases. This approach is taken because the triggering function shows the

greatest variations at times t close to ti, and tends to stabilise or remain nearly constant

at times further away from ti. In the original ETAS model, having approximately 10

bins for each observed point is adequate in terms of accuracy and computational costs

(Naylor et al. 2023). In the modified ETAS model, the computation of integral values

over bins introduces additional complexities. These complexities are primarily due to

increased variations in the new modified triggering function and are exacerbated by

overlaps between binning intervals and critical temporal markers, Tm and Te. Moreover,

the way by which the integration solution is amalgamated, depending on the positions

of the bins, further contributes to these challenges.

Here, I divide the entire modelling domain [T1 , T2] into two phases: the com-

plete phase, which includes [T1, Tm] and (Te,T2], and the incompleteness period which

includes (Tm,Te]. A triggering event with the effect domain [ti , T2] can occur in

any of these phases. Fig. 4.1 illustrates general examples of triggering events that

can occur either before the mainshock (ti < Tm), within the incompleteness interval

(Tm < ti ≤ Te), or thereafter (ti > Te). Given that the effect domain of each triggering

event is divided into several bins, a single bin may fall either entirely within the in-

completeness period or completely outside of it, or it may cross the boundaries of the

incompleteness period and encompass parts of areas within and outside of the period.

Based on this, I identify five distinct scenarios for bins of length [T1b,T2b]:
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(1): If the whole bin is inside the complete phase (green bins in Fig. 4.1-a, b, c, and

d), such that [T1b,T2b] ≤ Tm or [T1b,T2b] > Te, I use the integral solution of the

original ETAS in order to count the expected number of events within that bin.

(2): If the whole bin is inside the incompleteness interval (purple bins in Fig. 4.1-b and

c), such that Tm < [T1b,T2b] ≤ Te, I apply the integral solution of the modified

ETAS.

(3): If the bin is long enough to encompass the whole incompleteness period and parts

of the complete intervals (orange bin in Fig. 4.1-a), so that T1b < Tm and T2b > Te,

I split the bin into three sub-bins with length of [T1b,Tm], (Tm,Te], and (Te,T2b],

and then consider the integral solution of the original, modified, and original ETAS

models, respectively.

(4): If the bin crosses the left border of the incompleteness period (yellow bin in Fig.

4.1-b), so that T1b < Tm and Tm < T2b < Te, I split the bin into two sub-bins

with length of [T1b,Tm] and (Tm,T2b], respectively. I then consider the integral

solution of the original and the modified ETAS, respectively.

(5): If the bin crosses the right border of the incompleteness period (blue bins in Fig.

4.1-b and c), so that Tm < T1b < Te and T2b > Te, I split the bin into two sub-bins

with length of [T1b,Te] and (Te,T2b], and then consider the integral solution of

the modified and original ETAS, respectively.

To ensure that the hypergeometric function remains well defined and the compu-

tations do not diverge when a bin starts precisely at the mainshock time (tbi
j = Tm),

as specified in Eq. (4.18), a small positive value, ϵ = 10−10, is added to the bin’s start-

ing time. This addition effectively shifts the starting point slightly, preventing the

likelihood calculations from approaching infinity or becoming undefined.

Conceptually, in the modified model, the bins that fall within the incompleteness

period show lower event rates compared to the original model, due to applied censor-

ship. To quantify this difference, we can calculate the expected number of events inside

each bin as a fraction of the count predicted by the original model. For bins in the

complete phase, this ratio equals 1, indicating a full capture of seismic activity without
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censorship. However, within the incompleteness period, the ratio varies between 0 and

1. Near the mainshock time (Tm), the detected events are significantly fewer than the

actual rates, resulting in greater censorship and consequently lower detection ratios.

As time progresses, our detection of individual events improves, narrowing the gap

between the observed and the actual rates, and thus the ratio increases. At the end

of the incompleteness period (Te), the detection ratio reaches 1, indicating complete

sampling of all events without missing data.

In Section 5.2, I will further investigate the model’s sensitivity to time binning and

demonstrate its practical implications.

4.2.5 Synthetic catalogue generation using the ETAS model

Since I will assess the performance of the ETAS model using both synthetic and real

earthquake catalogues in the next sections, I first detail the process of generating

synthetic data here. Synthetic catalogues are created using the ETAS model, with

specific values selected as the true parameters. I use the same algorithm applied by

Naylor et al. (2023), which follows these steps:

1. Background events: A Poisson process is used to simulate background seismicity.

The expected number of background events is determined by the ETAS parameter µ

and the total time interval [T1,T2]. Event times are uniformly sampled within this

interval, and the magnitudes are drawn from a Gutenberg-Richter (GR) distribution.

2. Aftershock generation: Each background event can trigger aftershocks based

on the ETAS triggering function. The number of aftershocks is determined by the

productivity parameter K, magnitude, and time of the parent event. Aftershock times

are sampled from Omori’s law, which describes the temporal decay of aftershock rates,

and magnitudes are again drawn from the GR distribution.

3. Historic events: If a set of known events is provided (e.g., historic or significant

seismic events), these are used to precondition the sequence. The algorithm generates

aftershocks for these events, ensuring they influence the synthetic catalogue. This

allows for the inclusion of real-world events as drivers of synthetic aftershock sequences.
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Table 4.1: Glossary and description of variables and parameters.

in text description

t a time point at which we evaluate the intensity

ti time of the ith triggering event

tbi
j start time of jth bin of the ith triggering event (left edge)

tbi
j+1 end time of jth bin of the ith triggering event (right edge)

T1 start time of the modelling domain

T2 end time of the modelling domain

max(T1, ti) time for either ‘including’ or ‘conditioning’ on history

Tm time of the mainshock (also start time of the incompleteness interval)

Te end time of the incompleteness interval

c time shift to avoid infinity at t = ti

mi magnitude of the ith triggering event

Mm magnitude of the mainshock

M0 triggering threshold: minimum magnitude capable of triggering events

mc detection threshold: magnitude above which all events are detected

mc(t) short-term time-varying magnitude of incompleteness

µ background seismicity

K base productivity parameter

α magnitude scaling productivity parameter

p decay speed of aftershock rates

b b-value of the Gutenberg-Richter relation

G baseline magnitude shift in incompleteness model

H log-time scaling parameter in incompleteness model

λ intensity or rate of aftershocks

g(t) ETAS triggering function

H time history of aftershock evolution

L likelihood of model

θ vector of all model parameters

∆ base time increment in time binning

δ growth factor in time binning

nmax maximum number of bins for each event in temporal mesh
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Figure 4.1: A schematic representation of time-binning considerations in the modified ETAS

model. Tm and Te represent the time of the mainshock and the end of the incompleteness

period, respectively. Panel (a) and (b) illustrate triggering events occurring before the main-

shock; Panel (c) demonstrates a triggering event occurring within the incompleteness period;

and Panel (d) shows a triggering event occurring after the incompleteness period. The bins

are colour-coded based on the binning strategy: the green bins entirely fall within the com-

plete interval, the purple bins entirely fall within the incompleteness period, the orange bin

starts before the mainshock and ends after the incompleteness period, the yellow bin starts

before the mainshock and ends within the incompleteness period, and the blue bins start

within the incompleteness period and end after this period. We then divide each bin into

sub-bins to apply appropriate integral solutions, as detailed in Section 4.2.4.3.

4. Generational structure: The model assigns each event a generational label:

• Generation -1: Events from the historic catalogue.

• Generation 0: Aftershocks of historic events.

• Generation 1: Background events.

• Generation 2 and beyond: Successive aftershocks triggered by first-order after-

shocks or background events.

The process continues iteratively, generating higher-order aftershocks until no new
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events are triggered within the time interval. The final catalogue is returned as a list

or data frame containing the event times, magnitudes, and generation numbers.

4.3 Performance assessment of the modified ETAS model using
synthetic data

Here, I present the results of my modified ETAS model, which extends the standard

ETAS framework by incorporating a time-dependent censorship function to address

the challenge of short-term, time-varying incompleteness in early aftershocks.

In real catalogues that exhibit short-term incompleteness after large events, the

catalogues are incomplete in the sense that there is partial observation of events below

a time-evolving threshold. The Helmstetter model (Eq. 4.10) estimates this evolving

completeness threshold. When we look at real data in Section 5.7, my strategy will be to

remove all events below this threshold and correct for this censoring using the apparent

intensity function, which tells us the proportion of events that should remain above

that threshold. Here, I first demonstrate the efficiency of my modified ETAS model

through synthetic experiments. In doing so, I generate sets of synthetic catalogues

by creating complete catalogues and then remove all events below the completeness

predicted by the Helmstetter model. Hereafter, I refer to the data before removal as

the ‘complete’ catalogue and to the data after removal as the ‘incomplete’ catalogue.

Each synthetic catalogue spans 1500 days, with a mainshock seeded on day 500. The

500-day pre-mainshock period is designed to ensure sufficient background before the

emergence of the aftershock cluster (I will discuss this later in Section 5.3), and the

1000-day sequence ensures that the sequence has ended and returned to the background,

aligning with the temporal windows for M ≤ 8 introduced by Gardner and Knopoff

(1974).

These catalogues are generated with a background rate of µ = 0.1 events per day,

a rate consistent with moderate to highly seismic regions. The Gutenberg-Richter

b-value parameter is also set to b = 1 for this study. In addition, I set a constant

magnitude threshold at which the catalogue is complete except below M0 = 2.5. The

true ETAS parameters were established as K = 0.15, α = 2.29, c = 0.05, and p = 1.08,
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shown by the vertical dashed lines in Figure 4.7. For the incompleteness models,

I adopted the parameters proposed by Helmstetter et al. (2006), with G = 4.5 and

H = 0.75. It is worth mentioning that these parameters are not universal and can vary

based on the seismicity characteristics of a particular region and the ability of seismic

networks to record and discriminate between events. In subsequent sections, I will

explore different parameters to demonstrate my model’s capability to adapt to different

incompleteness behaviours. My modified model is versatile, accommodating a wide

range of mainshock magnitudes and incompleteness parameters. As a representation, I

provide four synthetic data samples with mainshock magnitudes of 6.0, 6.5, 7.0, and 7.5,

as depicted in Fig. 4.2. In this figure, the left panel displays each sequence’s complete

data, while the right panel illustrates a close-up view around the incompleteness period.

Unobserved (missing) data points are shown with red circles, and their count is provided

at the top for each case.

Then, the original ETAS model was fitted to both the complete and incomplete

datasets, while the modified ETAS model was applied exclusively to the incomplete

dataset. For the starting values in the fitting process, I used the initial guesses for

the ETAS parameters as follows: µ = 0.3, K = 0.1, α = 1, c = 0.2, and p = 1.01.

These initial values were chosen to be in a reasonable range usually calculated for each

parameter but not exactly the same as the true values to avoid overfitting based on

prior knowledge.

The pair plot depicted in Fig. 4.3 provides a detailed visualisation of the univariate

distributions and bivariate relationships among the parameters µ, K, α, c, and p. The

marginal distributions of each parameter are displayed on the diagonal of the plot,

illustrating their individual characteristics. Off the diagonal, scatter plots and contour

plots reveal the interactions and correlations among these parameters. This plot helps

to understand the dependencies and relationships within the model parameters. The

contour and scatter plots between c and K suggest that higher values of c are associated

with slower values of K, indicating a potential link between the productivity of the

aftershock sequences and the time adjustment required to prevent singularities in the

model. Furthermore, a clear correlation between c and p suggests that when the time

shift c is smaller, the aftershock activity tends to decay more quickly. This relationship
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is important for understanding how the time shift parameter influences the overall

duration of aftershock sequences.

Figures 4.4 to 4.6 illustrate the convergence behaviour of the ETAS model parame-

ters over multiple iterations, focusing on key parameters. The top-left panel tracks the

mode estimates of each parameter across iterations, showing how they stabilise. The

mode represents the most probable value of each parameter after each update. The

top-right panel compares the current mode estimates with the linearisation-based esti-

mates, helping assess the accuracy of the linear approximations. The bottom left panel

shows the normalised changes in mode estimates relative to the standard deviation,

highlighting how rapidly each parameter converges. Finally, the bottom-right panel

compares the absolute changes in the mode estimates with the standard deviation,

indicating whether the parameter estimates are stabilising within a reasonable range

of uncertainty. These plots demonstrate the robustness of the optimisation process, as

most parameters stabilise after a small number of iterations. It should be noted that

in the convergence plots, the ETAS parameters are represented on the θ scale, which

is the internal scale used by INLA to estimate the model and follows a Gaussian dis-

tribution with a default mean of 1 and a precision of 10. For presenting the posterior

distributions, I converted the parameters from the INLA scale to the ETAS scale.

The estimated posteriors are illustrated in Fig. 4.7, with detailed information pro-

vided in Table 4.2. As the results indicate, the original ETAS model, when fitted to

complete data (blue posteriors), adeptly retrieves the true parameters. However, as

explained before, real earthquake sequences often exhibit incompleteness, and when

the original ETAS is fitted to incomplete data (red posteriors), a noticeable bias in

parameter estimations occurs. This bias becomes more pronounced as the magnitude

of the mainshock increases and the original model fails to accurately retrieve the true

parameters. In contrast, the modified model, fitted to incomplete data (green poste-

riors), demonstrates a significant reduction in this bias, so that its estimations closely

align with the true parameters and the blue posteriors from the original ETAS model

fitted to complete data. This indicates that, despite being fed incomplete data, the

modified ETAS model can achieve accurate posteriors akin to those of the original

ETAS model fitted to complete data, provided we can parameterise the censoring pro-
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Figure 4.2: (Left): Four generated 1500-day synthetic catalogues with mainshock magni-

tudes of 6.0, 6.5, 7.0, and 7.5, seeded on day 500. (Right): Zoomed-in representations showing

recorded events in black and missing events in red within the short-term incompleteness in-

terval for each sequence. The grey vertical lines represent the time of the mainshock (Tm)

and the end of the incompleteness period (Te). The incompleteness model parameters are set

as G = 4.5, H = 0.75, and b = 1. The number of events is also indicated above each figures.

Obviously, under the same parameterisation, the duration of incompleteness and the portion

of missing events increase with the magnitude of mainshock.

cess. The modified model’s posteriors not only align closely with the true values but

also fall within the uncertainty range of the original model (blue posteriors), although

they exhibit a shorter peak, indicating greater certainty in the estimates compared

to the broader uncertainty seen in the original model when fitted to incomplete data.
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Figure 4.3: Pair plot of ETAS model parameters, showcasing the univariate distributions

and bivariate relationships. This plot illustrates the distributional shapes of parameters µ, K,

α, c, and p, along with their pairwise scatter plots and contour plots that reveal correlation

patterns. Each parameter’s marginal distribution is displayed along the diagonal, with scatter

plots and contour lines capturing the interdependencies between parameters off the diagonal.

This visualisation aids in understanding the interactions and potential correlations within

the model parameters.

Although there are some small systematic differences between the true and posterior

mode values, these differences are within an acceptable range. In Bayesian analysis, the

mode is a representative point estimate, but the true parameters typically lie within

the uncertainty range of the full posterior distributions of the modified model. As the

magnitude increases, the original ETAS model exhibits a greater bias, and true values

often fall outside of its uncertainty range. This means that sampling from the original

model’s posterior may not recover the true parameters, unlike the modified model,

which consistently provides estimates closer to the true values even with incomplete

data.

The triggering function (Eq. 4.2) is presented as another piece of evidence sup-
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porting the improved performance of the modified model, as it demonstrates how the

model captures the rate of triggered events across different magnitude thresholds. An

illustrative example of this function, using the synthetic catalogue with a mainshock

magnitude of M = 7.0, is presented in Fig. 4.8. The triggering function derived from

the original ETAS model, which was fitted to incomplete data, shows a considerable

underestimation of event rates (Fig. 4.8 - middle column). In contrast, the triggering

function of the modified ETAS model fitted to incomplete data (Fig. 4.8 - right column)

closely mirrors that of the original model when fitted to complete data (Fig. 4.8 - left

column). Due to the missing portion of events in the incomplete data, the triggering

function of the modified ETAS model, fitted to these data, displays a slightly wider

uncertainty band than that of the original model fitted to complete data. However, it

still remains well within the latter’s uncertainty bounds. This demonstrates that my

modifications have enhanced the model’s ability to accurately capture the triggering

patterns of aftershocks.

Further evidence of the models’ performance, along with a consistency check, is

provided by predicted intensities within the short-term incompleteness periods. Figure

4.9 displays the actual rates (in black) and the apparent (observed/recorded) rates

(in purple) for my four selected synthetic catalogues. Then, I predict the modelled

intensities using the posterior modes of both the original (in red) and the modified

(in dashed green) ETAS models. The modified ETAS model notably outperforms the

original ETAS model in reproducing actual rates. This superiority becomes even more

pronounced for larger mainshock magnitudes, which are associated with longer periods

of incompleteness and a higher number of missing events. These findings underscore

significant differences in the results between the original ETAS and the modified ETAS

models when fitted to incomplete data, highlighting the improvements made in the

modified version.

4.4 Conclusion

In this chapter, I addressed the challenge of short-term, time-varying incompleteness

in early aftershocks by enhancing the Epidemic Type Aftershock Sequence (ETAS)

model. Traditional ETAS models often fail to account for the transient period follow-
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Figure 4.7: Posteriors presented for four simulated catalogues corresponding to mainshock

magnitudes of 6.0, 6.5, 7.0, and 7.5. The blue and red posteriors are derived from the original

ETAS model using complete and incomplete catalogues, respectively. The green posteriors

are obtained by fitting the modified ETAS model to the incomplete data. It is evident

that when working with data exhibiting short-term incompleteness, the original ETAS model

struggles to accurately estimate parameters. In contrast, the modified model performs well,

closely approximating the blue posterior, as if working with complete data.
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Table 4.2: Details on data incompleteness and parameter estimates from the original and

the modified ETAS models fitted to incomplete synthetic catalogues with different mainshock

magnitudes. True values are included for reference. Comparison of values indicates that the

modified ETAS model clearly outperforms the ETAS original model.

Mainshock magnitude 6.0 6.5 7.0 7.5

number of all events 421 1140 2708 9175

number of recorded events 413 1079 2261 6723

number of missing events 8 61 447 2452

incompleteness period (days) 0.05 0.22 1 4.64

number of events in the incompleteness period 16 106 673 3435

% missing events in the incompleteness period 50% 57.5% 66.4% 71.4%

true value 0.1 0.1 0.1 0.1

µ posterior mode (modified ETAS) 0.103 0.104 0.098 0.092

posterior mode (original ETAS) 0.103 0.099 0.080 0.066

true value 0.15 0.15 0.15 0.15

K posterior mode (modified ETAS) 0.14 0.16 0.16 0.16

posterior mode (original ETAS) 0.12 0.13 0.11 0.57

true value 2.29 2.29 2.29 2.29

α posterior mode (modified ETAS) 2.26 2.26 2.25 2.22

posterior mode (original ETAS) 2.18 2.08 1.82 1.36

true value 0.05 0.05 0.05 0.05

c posterior mode (modified ETAS) 0.07 0.05 0.06 0.07

posterior mode (original ETAS) 0.11 0.14 0.43 0.20

true value 1.08 1.08 1.08 1.08

p posterior mode (modified ETAS) 1.10 1.09 1.09 1.11

posterior mode (original ETAS) 1.14 1.15 1.26 1.29
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Figure 4.8: Triggering functions for the synthetic catalogue with mainshock magnitude of

7.0. The functions display rates and associated uncertainties for 1 day after the mainshock

at different triggering magnitude levels (6.5, 6.0, and 5.5). These triggering functions are ob-

tained from three scenarios: the original ETAS model fitted to complete data (left column),

the original ETAS model fitted to incomplete data (middle column), and the modified ETAS

model fitted to incomplete data (right column). The original model exhibits significant un-

derestimation when dealing with incomplete data. In contrast, the modified model accurately

estimates rates, resulting in slightly wider plots than the original model with complete data,

yet laying within the uncertainty range of the latter.
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Figure 4.9: The actual (in black), apparent (in purple), and predicted intensities for four

simulated catalogues with mainshock magnitudes of 6.0, 6.5, 7.0, and 7.5. The predicted

intensities are calculated using posterior modes obtained from both the original and the

modified ETAS models, each fitted to incomplete data, and applied to the conditional inten-

sity formula. Two grey vertical dashed lines mark the beginning (mainshock time) and end

of the incompleteness period. Clearly, the modified ETAS model (in dashed green) yields

predicted intensities that are closer to the actual ones, whereas the original ETAS model (in

red) significantly underestimates the intensities.
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ing a significant mainshock during which smaller aftershocks are under-recorded. My

approach introduced a time-dependent censorship function into the ETAS framework,

significantly improving the model’s accuracy in such scenarios.

The core of my modification involved defining a time-varying completeness mag-

nitude, mc(t), which dynamically adjusts based on the rate of seismic activity. This

model, introduced by Helmstetter et al. (2006), estimates the completeness level as a

function of time after a mainshock, incorporating parameters G and H to describe the

baseline change and the log-time scaling, respectively. In doing so, I effectively captured

the short-term increase in the magnitude threshold to record smaller aftershocks.

To integrate the censorship function into the ETAS framework, I modified the

conditional intensity function to reflect apparent rates rather than actual rates during

the incompleteness period. This adjustment necessitated changes to the likelihood

function, which I then solved using a combination of temporal binning and linearisation

strategies. The binning strategy, crucial for handling rapid rate fluctuations post-

mainshock, provides precise calculation of expected event numbers within each bin.

Through synthetic experiments, I demonstrated that the modified ETAS model

significantly reduces bias in parameter estimations compared to the original model

when fitted to incomplete data. The results showed that my model could accurately

retrieve the true ETAS parameters (by which I generated synthetic data) even in the

presence of incompleteness, closely aligning with the results obtained from the original

ETAS fitted to complete data. This was evident in both the posterior distributions of

ETAS parameters and the triggering functions, where my modified model consistently

outperformed the original model in estimating rates during the incompleteness period.

Additionally, I showed that the modified model’s predicted intensities are close to

actual rates, especially for larger mainshock magnitudes associated with longer periods

of incompleteness and a higher number of missing events. This indicates that the time-

dependent censorship function effectively corrected for the underrecording of smaller

aftershocks, providing more reliable forecasts of aftershock sequences.

The enhancements I introduced to the ETAS model address a significant gap in cur-

rent seismicity modelling by accounting for short-term, time-varying incompleteness.
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These improvements strengthen the model’s accuracy and reliability and offer a frame-

work adaptable to various seismicity characteristics and incompleteness behaviours,

paving the way for more robust operational earthquake forecasting and seismic hazard

assessment.

In the next chapter, I apply this model to optimise sampling strategies for ETAS

inversions. This involves addressing key considerations for sampling, evaluating poten-

tial biases, and establishing guidelines for selecting representative samples. By refining

these strategies, the goal is to achieve accurate parameter estimation, which is crucial

for the practical application of the modified ETAS model developed in this chapter.

This optimisation will be demonstrated through synthetic experiments and also real

data applications, ensuring that the methodological advances lead to tangible improve-

ments in seismic hazard assessments and forecast reliability.



Chapter 5

Considerations for selecting representative samples

and reducing bias in the ETAS inversions

95
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5.1 Introduction

Here, I consider the concept of having a representative sample so that the data being

analysed contains sufficient information to understand and parameterise the generative

processes. This is an intuitive problem when we want to, for example, understand the

distribution of heights in the adult population, where what is important is that we have

a random sample of the population from which we can estimate means and standard

deviations, etc.

However, defining a representative sample for a Hawkes process is non-trivial and

has important implications for survey design and data analysis. This is evidence in how

we choose the spatial-temporal domain to be analysed. Even a purely temporal ETAS

model has a spatial component in the sense that we chose to draw a box within which

we extract a catalogue to be modelled; and in drawing this box, we are biased towards

areas in which there are interesting active sequences. In addition, it is common to start

the analysis close to the start of the mainshock. The acts of defining domains containing

interesting sequences and excluding regions with lower productivity inherently biases

model parameters.

A truly representative sample would contain sufficient diversity that all ETAS

parameters can be well constrained. In practice, individual case studies may not have

enough data to allow this. However, by being aware of the deficits in specific case-study

data, we can anticipate the limitations of our parameter estimations.

Here, I compare the biases that arise from (i) only analysing the active sequences

and how this can be mitigated by including historic events to condition a more recent

temporal domain, (ii) what properties catalogues require in order to resolve tradeoffs

in the productivity parameters, and (iii) exploring the sensitivity of the modified ETAS

model to the accuracy of the incompleteness (Helmstetter) model parameters. I hope

that these analyses will build intuition regarding the reliability of ETAS inversion on

real data. This has important consequences for those attempting to forecast evolving

aftershock sequences.

In this section, I start with a preliminary assessment of the sensitivity of my mod-

ified ETAS model to different time-binning choices in Section 5.2, offering guidance
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in selecting an optimal temporal mesh to ensure reliable posteriors. In Sections 5.3

to 5.9, I introduce six key considerations to help practitioners select a representative

sample that results in more accurate and unbiased ETAS inversions. These include

the impacts of including and conditioning on the historic run-in period, combination

of magnitudes and trade-off between K and α, choice of incompleteness model param-

eters, presence of a secondary large aftershock, as well as size of temporal and spatial

modelling domains. In addition, in Section 5.7, I compare the efficacy of both the

original ETAS and the modified ETAS models through their application to three real

earthquake sequences.

5.2 Sensitivity of the ETAS model to time-binning

To assess the sensitivity of the original ETAS and modified ETAS models to time-

binning choices, I fit both models to an incomplete synthetic dataset using different

binning options. I first simulate a complete synthetic catalogue that spans 1500 days,

including a mainshock with magnitude M6.7 on day 500. Then, I filter out events

with magnitudes below the incompleteness model (Eq. 4.10) from the catalogue. The

parameters of the incompleteness model are specified as G = 3.8 and H = 1. Then,

I consider five temporal meshes with different binning designs and resolutions. Table

5.1 summarises the results regarding the effects of time binning on the run-time, and

the number of iterations required for model convergence. As expected, the run-time

increased for both the original and the modified models with higher binning resolutions.

However, the number of iterations only increased for the modified model. In addition,

Fig. 5.1 illustrates how binning affects the posteriors of the model parameters (µ , K,

α, c, and p) in both the original and the modified ETAS models. In this figure, the

vertical dashed lines represent the true ETAS parameters that were used to generate the

synthetic catalogue for this analysis. Therefore, any deviations from these lines indicate

biases in parameter estimations. Clearly, the accuracy of the posteriors in the modified

model increases with the refinement of mesh resolution, highlighting the significant

impact of the binning choice. In contrast, the original model remains unaffected by

changes in binning, yet it consistently shows significant biases in its posteriors (which

I will discuss in more detail in the next section). Here, my goal was merely to conduct
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Table 5.1: Runtime (in minutes) and number of iterations required for model convergence

using different binning options. The analysis was conducted on an incomplete synthetic

catalogue spanning 1500 days, featuring a mainshock of magnitude 6.7 on day 500, with

incompleteness parameters set at G = 3.8 and H = 1. I ran the models on a Windows-10

laptop with 16-GB RAM, 4 cores, and 8 logical processors.

parameters of time binning run time (minutes) no. iterations for convergence

∆ δ nmax

original

ETAS

modified

ETAS

original

ETAS

modified

ETAS

0.1 1.0 10 1.7 1.8 37 38

0.05 0.50 20 2 1.8 37 38

0.01 0.25 50 2.5 3.1 37 41

0.005 0.20 75 3.0 4.3 37 42

0.0001 0.15 100 5.3 8.8 36 63

a preliminary assessment of the model’s sensitivity to time binning, demonstrating the

importance of selecting an appropriate mesh resolution to achieve the best performance

when fitting the ETAS models. Identifying an optimal binning strategy is beyond the

scope of this thesis.

5.3 Impact of including and conditioning on the historic run-in
period

When dealing with real datasets, it is common practice to calibrate the ETAS model

using individual earthquake sequences that start from a mainshock and extend to an

inferred endpoint, cropping out the remaining data. Here, I explain how incorporating

and also conditioning the model on the history preceding the mainshock impacts the

quality of the ETAS inversions. This idea was previously demonstrated for the original

ETAS model by Naylor et al. (2023). Here, the same principle applies to the modified

ETAS model, illustrating the degree of bias that can be reduced by including and

conditioning on past seismicity. This shows the extent to which the parameters should

change under natural variability in simulations. Here, I examine two scenarios: (1)

extending the modelling domain to include run-in history prior to a mainshock, and
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Figure 5.1: Posterior distributions obtained for the original ETAS model (top row) and the

modified ETAS model (bottom row) using five temporal meshes with different binning pa-

rameters. Vertical dashed lines mark the true ETAS parameters used to generate a synthetic

earthquake catalogue for this study. This catalogue covers a 1500-day period, featuring a

mainshock of magnitude 6.7 on day 500. I then removed the incomplete data portion using

incompleteness parameters set at G = 3.8 and H = 1, and fitted both the original and the

modified models to the new incomplete catalogue. As the posterior distributions illustrate,

the original ETAS model’s performance is not influenced by the choice of binning strategy,

but shows consistent biases in the estimation of parameters across different resolutions. In

contrast, the modified ETAS model is highly sensitive to how data are binned, with the inac-

curacies in estimating ETAS parameters significantly reduced as the mesh resolution becomes

finer.

(2) conditioning the model on the historical data available before the start of the

modelling domain.

Within the modelling domain [T1,T2], there are certain events that may not be

directly related to the triggering events in the sequence or the background activity.

Instead, they are triggered by and linked to events that occurred before T1. This implies

that the intensities of these preceding events are still strongly effective, still producing

earthquakes, and thereby affecting the overall rate. Therefore, by conditioning the
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model on the history prior to the modelling domain, I take into account events before T1

and include their intensities in the prediction of the rate without evaluating themselves

in the process.

To analyse both scenarios, I generate a catalogue that spans 1,500 days, with an

M6.7 mainshock occurring on day 500.01 and M0=2.5. Then, I create several subcat-

alogues by truncating the first 250, 400, 500, and 501 days (Fig. 5.2). Subsequently,

I conduct two experiments. In the first experiment, I fit the modified ETAS model to

the five subcatalogues within their time intervals [T1,T2] with different starting dates

T1. This approach extends the modelling domain each time and incorporates some his-

torical data before the mainshock event. For the second experiment, I repeat the same

procedure as in the first one but additionally condition the model on the history before

the modelling domain [0,T1) for each case. This accounts for capturing the influence of

previous events that occurred prior to the modelling domain without including them

in the modelling process.

Fig. 5.3 and Table 5.2 display the results of the inversions using my modified

ETAS model. The results indicate that including a run-in history before the mainshock

event and conditioning on the past seismicity before our modelling domain significantly

impacts estimations of the model parameters. With an adequate run-in period, we can

reduce bias in the estimates of ETAS parameters, bringing the posteriors closer to their

true values. This consideration becomes more crucial in the presence of missing data in

the incompleteness interval, where productivity is more affected. I can conclude that

conditioning on the past history significantly enhances model performance, revealing

that even for the shortest modelling domain with start date on day 501 that lacks

the presence of the large event within the model domain - which is supposed to be

the dominant event responsible for most aftershock rates - I am still able to retrieve

accurate estimates of the ETAS parameters.

My interpretation of the bias trends with respect to the duration of the run-in

period before the mainshock, for these synthetics, depends on how well the background

rate, µ, is resolved. If µ is poorly estimated, I argue that the triggering model will need

to compensate, and hence the parameters in the triggering model will also be biased;

in these scenarios I have shown that the background rate tends to be high and the
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Figure 5.2: Setting different run-in periods for a 1500-day catalogue, by removing the first

0, 250, 400, 500, and 501 days of data.

triggering effects tend to be underestimated, which has implications for forecasting. In

my example, at the end of the model domain, T2, the rate of events has not yet decayed

to the background rate; hence, the model is entirely dependent on the information

in the period prior to the mainshock to calibrate the background rate; this is what

allows µ to have high estimates. As the duration of the period prior to the mainshock

increases, the accuracy of the estimate of µ improves as the intensity tends towards

the background intensity. In this synthetic example, µ is biased to high values even

when it contains 250 days of data before the mainshock, presumably because there was

a larger event just prior to the 250-day mark that is otherwise unaccounted for. This



102 Chapter 5. Selecting representative samples to reduce bias in ETAS inversions

Figure 5.3: (A) A 1500-day catalogue with short-term incompleteness simulated to fit the

modified ETAS model, considering “including” and “conditioning on” run-in history. The

mainshock with M6.7 was seeded on day 500.01. I extract five sub-catalogues with different

starting dates by excluding the first 0 days, 250 days, 400 days, 500 days, and 501 days. (B)

Posteriors of the ETAS parameters for each sub-catalogue without conditioning the model

on run-in history. (C) Posteriors of the ETAS parameters for each sub-catalogue with the

model conditioned on run-in history prior to T1.

highlights an important operational consideration. In an evolving aftershock sequence,

the intensity of events on any given day after the mainshock will tend to decay, and if

we do not have a sufficiently long period of data prior to the mainshock to calibrate µ

well, this decay in intensity as the sequence evolves will gradually draw the estimate

of µ down as the sequence evolves - this means that the triggering parameters will also

evolve to compensate for the bias. This would make it appear that the parameters

are time-dependent. This is problematic - particularly since we know that in this

example the parameters were actually fixed. Consequently, I recommend spending the

time to constrain µ well either through an external constraint on the prior or through
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Table 5.2: Estimation of the ETAS parameters for the five synthetic sub-catalogues with a

starting point of T1 for two scenarios: not conditioning and conditioning on history prior to

T1. The mainshock was imposed on day 500.01. The true values for each parameter are also

shown below them in the first row of the table.

Scenario T1 µ K α c p

0.1 0.089 2.29 0.11 1.08

not-conditioned on the run-in history

0 0.10 0.092 2.28 0.11 1.08

250 0.15 0.065 2.08 0.42 1.22

400 0.17 0.067 2.06 0.44 1.24

500 0.20 0.073 2.04 0.48 1.28

501 0.17 0.414 1.66 0.28 1.37

conditioned on [0,T1]

0 0.10 0.092 2.28 0.11 1.08

250 0.12 0.083 2.27 0.13 1.10

400 0.14 0.084 2.26 0.14 1.11

500 0.16 0.088 2.24 0.15 1.13

501 0.15 0.090 2.23 0.14 1.12

careful selection of the model domain. Conditioning on a history has the potential

to increase the stationarity of the analysis and account for triggers unobserved in the

target catalogue but cannot correct the background rate inaccuracies significantly. In

total, the ETAS model contains 5 parameters. One background rate and four within

the triggering function. If we can satisfactorily partition the background and triggered

events, we then have the opportunity to resolve the trade-offs between the triggering

parameters.
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5.4 Impact of combination of magnitudes and trade-off between
K and α

There exists a clear trade-off between the two productivity parameters in the triggering

component of the ETAS model. K describes the productivity at M0, and α describes

a magnitude-dependent productivity for parent events with magnitudes greater than

M0.

Here, I explore the requirements for a catalogue to have sufficient information

to resolve the trade-off between α and K. My hypothesis is that resolution of the

magnitude dependence (i.e. α) in triggering requires a sufficient number of mainshocks

of different magnitude in the selected catalogue. This will inform what a sufficiently

representative catalogue would look like if we expect to resolve all the parameters

unbiasedly.

I investigated this effect using four synthetic earthquake catalogues, each spanning

5000 days (Fig. 5.4 - top). These catalogues each feature three mainshocks seeded

on days 500, 2000, and 3500. The first catalogue has three mainshocks, each with a

magnitude of 4; the second one has three mainshocks, each of magnitude 5; the third

one has three mainshocks of magnitude 6; and the fourth one is a mix with magnitudes

of 6, 5, and 4. In generating the synthetics, I intentionally selected catalogues that did

not contain other very large events in the sequences so I could isolate the impact of

the magnitudes I prescribed.

Although the catalogue with three M6 events contains the largest number of events,

I hypothesise that the catalogue containing three different M6,M5,M4 mainshock

magnitudes will have the greatest power to resolve α and therefore do the best job in

resolving the trade-off in the productivity parameters. Upon fitting the ETAS model

to these data and analysing the posteriors (Fig. 5.4 - bottom), I can infer the following

results:

1. Although the catalogue with 3 × M4 better retrieves accurate background

rates, it is less precise when estimating ETAS triggering parameters. This

leads to broader posteriors, which exhibit biased estimates and higher un-

certainty compared to other catalogues. Consequently, sequences with lower



Impact of combination of magnitudes and trade-off between K and α 105

mainshock magnitudes and longer quiet periods provide better conditioning

for the parameter µ, but not for the triggering parameters. As the main-

shock magnitude increases, the posteriors for triggering parameters become

tighter and exhibit less bias.

2. Comparing the catalogue that combines different mainshock magnitudes

of M6,M5,M4 to the catalogues of 3 × M6 and 3 × M5, I find that the

catalogue which varies the mainshock magnitudes provides more accurate

estimates than those with identical mainshock magnitudes. Thus, resolving

the α − K trade-off when there are not sequences of different sizes is more

challenging. However, diversity in mainshock magnitudes allows for effective

conditioning of α and K, even with fewer data points.

This tradeoff has an important consequence for operational earthquake forecasting.

Since α controls the magnitude-dependent productivity, a biased estimate means that

the scaling of the number of triggered events from a future larger event could be

significantly underestimated or overestimated.

Where only a single sequence is studied, we should be aware of this bias. To miti-

gate it, we should try to use more representative samples by increasing the size of the

spatial-temporal domain. At the same time, in many regions, it would be impracti-

cal to draw a geographical and temporal boundary around a selected catalogue that

contains sufficient number of mainshocks of different magnitude for the catalogue to

be truly representative. I recommend that practitioners need to actively recognise this

tradeoff as part of their workflow, identify mitigating strategies where possible, and ac-

knowledge the residual uncertainty if it is not possible to analyse a more representative

catalogue.

To further validate the findings with a larger sample, I expand the analysis by

generating additional synthetic earthquake catalogues. Specifically, I generate ten new

synthetic catalogues: five featuring three mainshocks of magnitude 6 (3 × M6) and

five with mixed mainshock magnitudes of M6, M5, and M4. This allows for a more

comprehensive examination of the parameter estimation’s stability and accuracy across

different mainshock scenarios. Fig. 5.5, presents the magnitude time series of these ten
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Figure 5.4: Four different simulated catalogues with different combination of magnitudes

with 3 × M4, 3 × M5, 3 × M6, and combination of M6,M5,M4. Posteriors of each case

are shown below the magnitude time series.

simulated catalogues. The left panel illustrates the five 3 × M6 catalogues, while the

right panel depicts the five mixed-magnitude (M6, M5, M4) catalogues. The number

of earthquakes in each catalogue is also mentioned above each plot. Fig. 5.6 shows

the posterior distributions for the ETAS model parameters derived from these new

catalogues. The posteriors for the 3 × M6 catalogues are shown in magenta and the

posteriors for the mixed-magnitude catalogues are shown in turquoise.

In addition, the convergence plots for these examples are shown in Figs. 5.7 to

5.16. Interestingly, the different mainshock magnitude models (M6,M5,M4) converge

much more cleanly and with far fewer iterations. The 3 × M6 plots, in all cases, are

initially spiky and unstable until they find a stable convergence path, which they then

follow. It seems that the initial conditions matter more for the 3 × M6 models than

for the M6,M5,M4 models. This result again demonstrates that it is preferable to

have a less biased sample with fewer events than more events in a biased sample, at
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Figure 5.5: Magnitude plot of ten simulated catalogues with different combination of mag-

nitudes with 3×M6 (left panel) and combination of M6,M5,M4 (right panel).

least for the comparison of 3×M6 versus the combination of various magnitudes. The

former is less likely, and hence the latter more representative. This extended analysis

corroborates the findings, reinforcing the hypothesis that diversity in the magnitudes

of the mainshock significantly improves the resolution of the K −α trade-off.
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Figure 5.6: Posteriors of ten simulated catalogues with different combination of magnitudes

with 3×M6 (in magenta) and combination of M6,M5,M4 (in turquoise).

Figure 5.7: Convergence plots for the model from simulated catalogue 1 with 3×M6.
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Figure 5.8: Convergence plots for the model from simulated catalogue 2 with 3×M6.

Figure 5.9: Convergence plots for the model from simulated catalogue 3 with 3×M6.
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Figure 5.10: Convergence plots for the model from simulated catalogue 4 with 3×M6.

Figure 5.11: Convergence plots for the model from simulated catalogue 5 with 3×M6.
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Figure 5.12: Convergence plots for the model from simulated catalogue 1 with M6,M5,M4.

Figure 5.13: Convergence plots for the model from simulated catalogue 2 with M6,M5,M4.
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Figure 5.14: Convergence plots for the model from simulated catalogue 3 with M6,M5,M4.

Figure 5.15: Convergence plots for the model from simulated catalogue 4 with M6,M5,M4.
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Figure 5.16: Convergence plots for the model from simulated catalogue 5 with M6,M5,M4.



114 Chapter 5. Selecting representative samples to reduce bias in ETAS inversions

5.5 Impact of choice of incompleteness model parameters

In this section, I consider the consequences of misspecifying the incompleteness model.

Estimating mc(t) to be too high will reduce the total number of reliable data from

inversion. Underestimating will mean that there remain some incomplete data, but

perhaps we should expect asymptotic improvement as the completeness threshold is

approached from either direction.

I investigate how varying the parameters G and H of the incompleteness model

influences the posteriors of the modified ETAS model. To accomplish this, I generate a

catalogue that spans a 1500-day period with a mainshock magnitude of 6.9 and apply

truncation to create an incomplete catalogue, using G = 3.8 and H = 1 as the true

incompleteness parameters. Then, I consider five distinct scenarios in which I fit the

ETAS model with various choices for the incompleteness parameters. These scenarios

include the use of the true parameters (G = 3.8 , H = 1), inferred parameters 1 (G = 3.1

, H = 1), inferred parameters 2 (G = 4.1 , H = 0.75), inferred parameters 3 (G = 4.5

, H = 2), and inferred parameters 4 (G = 3.8 , H = 2). I deliberately select these

parameter combinations to cover a variety of choices in the incompleteness model.

This results in different decay patterns and different endpoints for the incompleteness

period, as illustrated in Fig. 5.17 (top). Then, I fit my modified ETAS model to the

incomplete catalogue considering the different incompleteness parameter sets. I also

run the original ETAS model with the true incompleteness parameters.

The posteriors for all scenarios are shown in Fig. 5.17 (bottom). In this figure,

the green posteriors, derived from the true incompleteness model, accurately capture

the true ETAS values. The blue posteriors, corresponding to the ‘inferred 1’ scenario,

wherein more events are eliminated compared to the green model, closely mirror the

ETAS estimates of the ‘true’ model but exhibit somewhat shorter peaks. This indi-

cates a similar, yet slightly increased, uncertainty expected as a result of discarding a

larger dataset above the actual incompleteness threshold, leading to precise, yet more

uncertain estimates. The amber posteriors from the ‘inferred 4’ scenario show slight de-

viations in the estimates. Examining the purple (‘inferred 2’) and salmon (‘inferred 3’)

scenarios, which significantly differ in incompleteness curves, shows bias in the ETAS

posteriors. Interestingly, all five scenarios with the modified ETAS models, including
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the extreme scenarios (purple and salmon), still outperform the original ETAS model

(dashed dark grey posteriors), calibrated with true incompleteness parameters.

Figure 5.17: Impact of the choice of incompleteness model parameters on the ETAS es-

timates. (top): five incompleteness models with different decay curves and endpoints. The

green curve represents the true incompleteness model, utilised for data truncation and prepa-

ration of the incomplete catalogue. The other four incompleteness models (’inferred 1’ to

’inferred 4’) are intentionally selected with visually different curves to assess the impact of

the choice of incompleteness parameters. (bottom): Posteriors derived from the modified

ETAS model using the five incompleteness scenarios, and posteriors obtained from the origi-

nal ETAS model (in dashed dark grey) using the true incompleteness parameters.
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5.6 Impact of presence of a secondary large aftershock

A special case in which there are mainshocks of different magnitudes is where a second

large event occurs within an aftershock sequence. Real earthquake data reveal in-

stances of sequences where either a significant aftershock with magnitude close to the

mainshock occurs or twin/multiple large events take place. Recent examples include

the 2012 Mw6.4 and Mw6.2 Ahar-Varzeghan doublet earthquakes in Iran; the 2017

Mw6.0 triplets in Hojedk, Iran; the 2019 Mw6.4 and Mw7.1 Ridgecrest sequence in the

US; the 2019 quadruplet of M6.4, 6.6, 6.5, and 6.8 in Cotabato, Philippines; the 2021

Mw6.2 and Mw6.3 Hormozgan doublet earthquakes in Iran; the 2022 Mw6.0 and Mw6.0

Hormozgan doublet earthquakes in Iran; the 2023 Mw7.8 and Mw7.5 Kahramanmaras

earthquakes in Turkey–Syria, and the recent quadruplet of M6.2-6.3 in 2023 in Herat,

Afghanistan.

I examine this scenario using a 1500-day long synthetic catalogue with a mainshock

magnitude of M6.7 occurring on day 500, followed by a large aftershock with magnitude

of M5.9 on day 570 well within the triggered aftershock sequence. The sequence com-

prises a total of 1921 events. The data were then truncated using the incompleteness

parameters G = 4.5 and H = 0.75, resulting in the removal of 164 events, leaving 1757

events in the dataset. Fig. 5.18 shows the time series and histogram of the simulated

sequence. It is important to note that the incompleteness was only applied to the

mainshock event (M6.7), and I deliberately chose not to apply it to the second large

event (M5.9), based on the assumption that most of the rates are more influenced by

the mainshock.

Then, I fitted both the original and modified models to the incomplete data, and the

results are displayed in Fig. 5.18. Upon comparing the results, it becomes evident that

the posteriors of the modified model generally offer improved estimates of the ETAS

parameters compared to the original model, resulting in less bias. This indicates that

even in the specific case of secondary large aftershocks or doublet/multiple events in

real experiments (as exemplified above), accurate estimates of the ETAS parameters

can still be obtained. However, I suggest applying the incompleteness model to the

second large event to investigate its impact on bias reduction, though this falls beyond

the scope of this thesis.
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Figure 5.18: (top): magnitude-time plot of an earthquake sequence with a mainshock

(M6.7) and a secondary large aftershock (M5.9) following the mainshock. (middle): His-

togram of the events. The red bar shows the portion of data that was eliminated as the

unobserved data in the incompleteness period. (bottom): posteriors of ETAS parameters

using the modified (in green) and original ETAS (in red) versions, respectively.
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5.7 Application to real earthquake case studies

Here, I apply both the original and the modified ETAS models to three real earthquake

sequences: the 2016 M6.5 Amatrice earthquake in Italy, the 2017 M7.3 Kermanshah

earthquake in Iran, and the 2019 M7.1 Ridgecrest earthquake in the United States.

To minimise bias and select a representative sample, I chose data one year before and

two years after the mainshock for the 2016 Amatrice and 2019 Ridgecrest earthquake

sequences, and one year before and three years after the mainshock for the 2017 Ker-

manshah earthquake sequence. This choice provides a fair amount of background data

and allows sufficient time for the sequences to return to background rates and decay

from the triggering effects, and it permits a comparison with the synthetic models I

analysed in Section 4.3. In addition, I also conduct my analysis without the one-year

period prior to the mainshocks, where the modelling domain directly starts from the

mainshcok event. This also allows a comparison with the synthetic models that I anal-

ysed in Section 5.3. The spatial domain for each case was also determined based on

published shake maps and seismicity maps.

The time series of magnitudes and the magnitude-event number plots for each

earthquake are shown in Fig. 5.19. There are some positive and negative aspects

of the nature of the sequences in terms of being able to compensate for the short-

term censoring effects. For the 2016 Amatrice sequence, the pre-mainshock period

has few events but looks reasonable for resolving background rate, and the sequence

has nearly decayed back to this by the end. The sequence encompasses a good mix

of magnitudes and only the strong period of incompleteness needs correcting. For

the 2017 Kermanshah sequence, the pre-mainshock phase looks quite active, and this

seismicity level is typical of the longer term within the Zagros mountains in Iran. There

are also quite a few events of different magnitudes. Despite considering three years of

data after the M.7.3 mainshock, the sequence is still active at the end, so I expect

that the pre-mainshock period dominates the estimate of µ. For the 2019 Ridgecrest

sequence, there are not many events in the pre-mainshock phase, and there is also only

one larger event in the aftershock sequence, which might not be sufficient to resolve

the K −α tradeoff (as discussed in Section 5.4).

To find the incompleteness model parameters for each sequence, I plot zoomed-in



Application to real earthquake case studies 119

magnitude time plots that clearly reveal the incompleteness in the early aftershock pe-

riod. I fit the most appropriate model to the observed events and obtain values of G and

H for the 2016 Amatrice earthquake as G = 5.45 and H = 1, for the 2017 Kermanshah

earthquake as G = 5.5 and H = 1, and for the 2019 Ridgecrest earthquake as G = 5.8

and H = 1, as shown in Fig. 5.20. In addition, the b-value of each sequence is estimated

using the stability of b-values plotted against the completeness threshold, as shown in

Fig. 5.21. The figure demonstrates how the b-value fluctuates over different magnitude

thresholds. To determine the final b-value, I focus on the more stable and horizontal

portion of the diagram, which typically occurs between the middle magnitude ranges

(2.6-4.4). At both the lower and upper ends of the diagram (corresponding to smaller

and larger magnitudes), fluctuations are more pronounced due to fewer available data,

making these regions less reliable for estimating the b-value. Therefore, the chosen

b-value represents the average calculated in the middle stable section of the diagram.

The average b-values calculated for different earthquake sequences are as follows: 0.85

for the 2016 Amatrice, Italy event, 0.77 for the 2017 Kermanshah, Iran event, and 0.82

for the 2019 Ridgecrest, California event.

Subsequently, I apply both the original and the modified ETAS models to the

earthquake catalogues. In Fig. 5.22, I present the posterior outcomes of both the mod-

ified (in green) and the original (in red) ETAS models. These models are fitted to two

distinct datasets: The first dataset comprises one year of data prior to the mainshock,

defining the modelling domain as T1 = Tm − 1, with the corresponding results repre-

sented by solid lines. The second dataset involves modelling without pre-mainshock

data, initiating directly from the mainshock event. In this case, the modelling domain

is set as T1 = Tm, and the results are illustrated using dashed lines. Furthermore, I

extracted the triggering functions for both models, as illustrated in Fig. 5.23, which

indicates higher rates and narrower plots (less uncertainty) for the modified model

compared to the original version.

Since I do not have access to the true parameters for the real datasets, I can assess

the performance of both original and modified models based on two key aspects: (1)

visual inspection: This involves examining whether models fitted to real data produce

patterns of underestimation and overestimation similar to those observed in synthetic
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experiments. Here, I see that the results for the real sequences are consistent with

changes seen in synthetics data. (2): goodness-of-fit metrics: Utilising quantitative

goodness-of-fit metrics can provide an additional measure of how well each model fits

the real data. Here, I use the Widely Applicable Information Criterion (WAIC), also

known as the Watanabe-Akaike Information Criterion (WAIC) score, which is a mea-

sure used in statistical modelling, particularly in the context of Bayesian analysis, to

assess the goodness of fit of a model to the data. It is used for model comparison,

where lower WAIC values generally indicate a better fitting model.

Table 5.3 displays the WAIC values for the three real sequences using both the

original ETAS and modified ETAS models. The lower WAIC values of the modified

model indicate better performance compared to those of the original model. Therefore,

I can conclude that the modified ETAS model provides more reliable estimates of

the ETAS parameters and offers a better representation of the underlying processes.

Alternatively, the forecasting ability of each model could be examined using CSEP

tests, although this falls outside the scope of the current study.

In all cases, correcting for short-term incompleteness changes the estimates of

magnitude-dependent productivity α. The background rate is consistent in all case

studies, presumably because of the adequate sampling of the pre-mainshock period.

Ridgecrest data have the greatest short-term incompleteness, and this propagates to

significant reductions in c and p; this is consistent with the changes seen in synthetics

in Fig. 4.7, so I believe the corrected estimates are more reliable.

Table 5.3: WAIC score obtained from the original and the modified ETAS models fitted to

the three selected real earthquake sequences: the 2016 Amatrice, Italy; the 2017 Kermanshah,

Iran; and the 2019 Ridgecrest, US.

ETAS version
WAIC

2016 Amatrice 2017 Kermanshah 2019 Ridgecrest

modified 13980 12695 10593

original 13998 12698 10660
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Figure 5.19: The three selected real earthquake sequences, including the 2016 Amatrice,

Italy; the 2017 Kermanshah, Iran; and the 2019 Ridgecrest, US earthquakes. (top): magni-

tude - time plots and (bottom): magnitude - event number plots.

Figure 5.20: Extracting parameters G and H with the best fit of the incompleteness model

to the three selected real earthquake sequences, including the 2016 Amatrice, Italy; the 2017

Kermanshah, Iran; and the 2019 Ridgecrest, US earthquakes. The red curves show the best

exponential fit in order to derive the incompleteness parameters.
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Figure 5.21: b-value estimate as a function of the trial completeness threshold for the 2016

Amatrice (Italy), 2017 Kermanshah (Iran), and 2019 Ridgecrest (US) sequences. The x-axis

represents the trial completeness threshold, which is the minimum magnitude above which

the earthquake catalogue is considered complete. The y-axis shows the Aki b-value estimate,

indicating the relative frequency of smaller to larger earthquakes. The solid blue line shows

the b-value estimate, while the dashed red lines represent the 95% confidence intervals. The

dashed green line marks b = 1, providing a reference to assess how much the b-value deviates

from this benchmark.
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Figure 5.22: Posteriors of the three selected real earthquake sequences, including the 2016

Amatrice, Italy; the 2017 Kermanshah, Iran; and the 2019 Ridgecrest, US earthquakes.

These posteriors are obtained using the modified (green) and the original (red) ETAS models,

respectively. The models are fitted to two different datasets: one with one year of data prior

to the mainshock (solid lines), and the other without a pre-mainshock period, starting directly

from the mainshock event (dashed lines).
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Figure 5.23: Triggering functions of the three selected real earthquake sequences, including

the 2016 Amatrice, Italy (column 1), the 2017 Kermanshah, Iran (column 2), and the 2019

Ridgecrest, US (column 3) earthquakes. The figure is divided into four rows: the first row

presents results from the original ETAS model, while the second row shows the modified ETAS

model, both derived with 1-year data prior to the mainshock event included in the analysis.

The third and fourth rows repeat the same comparison, but the modelling domain starts

from the mainshock (indicated by ‘from main’). In each plot, the solid black line represents

the event rate over time and the grey shaded area shows the 95% confidence interval.
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5.8 Impact of length of temporal modelling domain

Another consideration that we should take into account to accurately retrieve the ETAS

model parameters is understanding the impact of the length of the temporal modelling

domain on the ETAS inversions. In this regard, I select and analyse three major earth-

quake sequences that occurred in Central Italy, including the 1997 Colfiorito (Mw =

6.0), 2009 L’Aquila (Mw = 6.3) and 2016 Amatrice (Mw = 6.2) events (Fig. 5.24). I use

data from the HOmogenised instRUmental Seismic Catalogue (HORUS) of Italy (Lolli

et al. 2020). For each sequence, data were taken from one year before the mainshock

up to the end of the Gardner-Knopoff (Gardner and Knopoff 1974) temporal windows,

based on each mainshock’s magnitude. This corresponds to 510, 678, and 622 days for

the 1997 Colfiorito, 2009 L’Aquila , and 2016 Amatrice mainshocks, respectively. The

magnitude time series for these sequences are also shown in Fig. 5.25.

I then consider seven temporal windows post-mainshock to observe how the ETAS

parameters evolve: 1-day, 1-week, 2-weeks, 1-month, 3-months, 6-months, and 1-year

(Fig. 5.26). Such temporal windows are commonly used by seismologists to assess

aftershock sequences (Reasenberg and Jones 1989; Wiemer and Katsumata 1999). My

aim here is to determine whether the ETAS parameters exhibit fluctuating or stable

behaviours as the length of the temporal window varies. When considering different

periods after the mainshock, the one-year period before the mainshock is still included

in the time domain to take into account the run-in history as discussed in Section 5.3.

I also consider the spatial window radius of the Gardner and Knopoff (1974) method

to select the data for each sequence.

The results are presented in Figs. 5.27 and 5.28. Fig. 5.27 shows the posterior

distributions, while Fig. 5.28 illustrates the temporal variations of ETAS parameters

for each scenario. In the latter, the solid lines represent the mode of the posterior

distributions for each parameter, and the shaded areas indicate the uncertainty bands

using quantiles. In all scenarios, the background seismicity rate (µ) remained rela-

tively stable in all scenarios, indicating that it is less sensitive to the length of the

aftershock sequence used and is better resolved by the run-in period before the main-

shocks. However, the parameters of the triggering function (α, K, c, and p) show

significant changes in the shorter windows but tend to stabilise as the window length
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Figure 5.24: The distribution of the 1997 Colfiorito (Mw = 6.0), 2009 L’Aquila (Mw =

6.3), and 2016 Amatrice (Mw = 6.2) earthquake sequences in Central Italy. The coloured

dots represent seismic events from different sequences: green for the 1997 Colfiorito sequence,

purple for the 2009 L’Aquila sequence, and orange for the 2016 Amatrice sequence. Grey dots

represent background seismicity unrelated to these main sequences. The red lines indicate

mapped fault lines in the region. The blue circles mark the epicentres of the respective

mainshocks for each sequence.
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Figure 5.25: The magnitude time series for the 1997 Colfiorito (Mw = 6.0), 2009 L’Aquila

(Mw = 6.3) and 2016 Amatrice (Mw = 6.2) earthquake sequences in Central Italy. The

data for each sequence was taken from one year before the mainshock up to the end of the

Gardner-Knopoff (Gardner and Knopoff (1974)) temporal windows, based on each main-

shock’s magnitude.

increases. In particular, after approximately six months, the parameters became more

constant, suggesting that longer records of aftershock sequences are necessary for sta-

ble parameter estimation. This is particularly important for both ‘retrospective’ and

‘prospective’ earthquake forecasting. In prospective analysis, where the full sequence

is not available, longer-term records might be used, which I will address later in Chap-

ter 6. In summary, the findings indicate the importance of careful consideration in

selecting the temporal modelling domain for ETAS analysis, emphasising the balance

between data availability and the temporal stability of parameter estimates.
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Figure 5.27: Posteriors for three central Italy sequences with different selected temporal

windows after the mainshocks.

Figure 5.28: Temporal variation of ETAS parameters for three central Italy sequences,

analysed using different temporal windows following the mainshocks. The solid lines represent

the mode of the posteriors for each parameter, while the shaded areas indicate the uncertainty

bands using quantiles.
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5.9 Impact of extent of spatial modelling domain

In addition to previous considerations for selecting representative samples and reducing

bias in the temporal ETAS model, there are also two other key factors significantly

influencing the model’s performance in the context of spatial modelling: ‘extent of the

spatial domain’ and ‘spatial anisotropy in earthquake distributions’. Here, I briefly

address the former, as the choice of spatial area matters even in temporal modelling,

but analysing the impact of spatial anisotropy falls beyond the scope of this thesis.

The spatial size of the domain selected to fit the ETAS model can have a marked

impact on the estimated parameters. Fitting the model to data from different spatial

scales, such as a single fault, a fault system, a seismogenic source, or a tectonic macro-

zone, can yield different values of the ETAS parameter. This variation arises because

seismicity characteristics, including the background seismicity rate and aftershock pro-

ductivity, can differ substantially between these scales. A smaller domain might capture

specific local seismic behaviours but miss broader regional trends, leading to poten-

tially biased parameter estimates. Conversely, a larger domain can encompass diverse

seismicity patterns, offering a more comprehensive understanding but introducing com-

plexity in model calibration and higher computational demands. For example, fitting

the ETAS model to data from a single fault might provide precise local aftershock

parameters, yet it may fail to generalise to other faults or regions. On the other hand,

a tectonic macrozone that includes multiple fault systems can capture a wide range

of seismic activities, enhancing the robustness of parameter estimates, but potentially

diluting specific local behaviours.

In hazard and forecast studies, the spatial extent and shape of study areas are often

arbitrarily selected, with researchers using different approaches depending on the study

objectives and available data. These approaches can include circular polygons, such as

those used in declustering methods, rectangular regions based on the coverage of the

seismic network, or irregular polygons shaped by the spatial distribution of earthquake

sources. Typically, spatial extents range from as small as 10 km to as large as 200 km.

However, there is no standardised or systematic method for determining the optimal

spatial extent or shape, which can lead to significant variation in results depending on

the chosen domain.
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To examine the impact of spatial extent on ETAS inversions, I focus again on the

three earthquake sequences in central Italy: 1997 Colfiorito, 2009 L’Aquila, and 2016

Amatrice (Fig. 5.24). Data are collected from one year before the mainshock until

the end of the Gardner-Knopoff temporal windows. I select several spatial windows to

reflect common practices in seismic analysis. First, I use a circular window based on

the Gardner-Knopoff method, widely employed in declustering to remove aftershocks

and isolate mainshocks. Additionally, I define box-shaped windows with sides of 10

km, 25 km, 40 km, and 70 km to test the model’s sensitivity to the inclusion or

exclusion of events farther from the epicenter. I also consider rectangular windows

aligned with the elongation of each sequence, accounting for the directional spread

of seismicity along fault lines or geological structures. Finally, I define a non-regular

polygon based on the spatial density and elongation of the seismic events, providing a

more flexible and natural representation of earthquake distributions. These different

spatial configurations allow me to explore how varying assumptions about the region’s

geometry affect the performance of the ETAS model. Table Table 5.4 compares the

number of earthquakes within each spatial window.

Table 5.4: The number of earthquakes in each sequence considering the associated spatial

windows. For each case, data were temporally collected from one year before the mainshock

up to the end of the Gardner-Knopoff temporal windows.

Spatial window 1997 Colfiorito 2009 L’Aquila 2016 Amatrice

Gardner-Knopoff 1273 986 4256

Box (10 km) 716 594 1716

Box (25 km) 1170 947 3551

Box (40 km) 1260 976 4180

Box (70 km) 1373 1049 4283

Rectangle 1168 963 4165

Polygon 1133 960 4131

Then, I fit the ETAS model to each scenario. The modelling was started using

initial values that are in reasonable ranges, as explained in Section 4.2.1. Specifically,
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the initial values for the parameters were set as µ = 0.3, K = 0.1, α = 1.0, c = 0.2, and

p = 1.01. The convergence plots are shown in Figs. 5.30 to 5.50. These plots show how

parameter estimates evolve over the iterations of the algorithm. Specifically, the plots

track changes in the parameter values (mode) against the iteration number. In the

top-left panel of the figure (‘Tracks’), each plot shows the progression of a parameter

(µ, K, α, c, and p) over time, with the mode of the parameter stabilising as the algo-

rithm converges. The ‘Mode - Lin’ panel further illustrates the difference between the

mode and the new linearisation, with convergence indicated by the decreasing change

between iterations. The bottom panels, ‘Change / SD’ and ‘Change & SD’ show the

relative change in the mode of each parameter normalised by the standard deviation

(SD) over iterations. As the iteration progresses, the changes in parameter estimates

become smaller and stabilise, indicating that the model has converged to stable val-

ues. In these graphs, the ETAS parameters are represented on the θ scale, which is

the internal parametric scale used by INLA to estimate the model. This scale follows

a Gaussian distribution with a default mean of 1 and a precision of 10. The black

horizontal lines in the convergence plots of change/sd represent the acceptance thresh-

old, indicating that all values must drop below this threshold. The iterations continue

until the standard deviation (sd) is less than 10% and the linear search is inactive,

hence it should definitely go below 0.1. The loop terminates when the outstanding

curve of change/sd drops below the threshold. Interestingly, the parameters c and p

resolve quickly in fewer iterations compared to other parameters. It appears that the

resolution of K and α primarily controls the time for convergence. Typically, the final

iteration involves α dropping below the 0.1 threshold, but it is evident that K and α

are co-varying. For presenting posterior distributions, the parameters were converted

from the INLA scale to the ETAS scale. The posterior distributions are shown in Fig.

5.51.
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Figure 5.30: Convergence plots for the 1997 Colfiorito earthquake with a spatial G-K

window. The grey boxes at the top show the parameter estimates tracked over iterations.

See text for further details.

Figure 5.31: As for Fig. 5.30 but with a spatial 10-km box window.
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Figure 5.32: As for Fig. 5.30 but with a spatial 25-km box window.

Figure 5.33: As for Fig. 5.30 but with a spatial 40-km box window.

Figure 5.34: As for Fig. 5.30 but with a spatial 70-km box window.
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Figure 5.35: As for Fig. 5.30 but with a spatial rectangular window.

Figure 5.36: As for Fig. 5.30 but with a spatial polygon window.
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Figure 5.37: Convergence plots for the 2009 LAquila earthquake with a spatial G-K window.

The grey boxes at the top show the parameter estimates tracked over iterations. See text for

further details.

Figure 5.38: As for Fig. 5.37 but with a spatial 10-km box window.
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Figure 5.39: As for Fig. 5.37 but with a spatial 25-km box window.

Figure 5.40: As for Fig. 5.37 but with a spatial 40-km box window.

Figure 5.41: As for Fig. 5.37 but with a spatial 70-km box window.
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Figure 5.42: As for Fig. 5.37 but with a spatial rectangular window.

Figure 5.43: As for Fig. 5.37 but with a spatial polygon window.
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Figure 5.44: Convergence plots for the 2016 Amatrice earthquake with a spatial G-K

window. The grey boxes at the top show the parameter estimates tracked over iterations.

See text for further details.

Figure 5.45: As for Fig. 5.44 but with a spatial 10-km box window.
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Figure 5.46: As for Fig. 5.44 but with a spatial 25-km box window.

Figure 5.47: As for Fig. 5.44 but with a spatial 40-km box window.
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Figure 5.48: As for Fig. 5.44 but with a spatial 70-km box window.

Figure 5.49: As for Fig. 5.44 but with a spatial rectangular window.

As the posteriors indicate (Fig. 5.51), the smallest box, with a 10-km length side,

introduces a noticeable bias in all ETAS parameter estimates. While one might argue

that we do not know the true parameters and this could be the correct estimate, it is

important to consider the underlying assumptions of the ETAS model. The model is

based on a mathematical framework that assumes a triggering-triggered relationship

between events, meaning that missing data disrupt this interaction, which is fundamen-

tal to the model’s accuracy. A 10-km box may work well for sequences with smaller

mainshock magnitudes, where the spatial extent of the events is naturally limited.

However, as shown in the real data in this section, for larger sequences, a 10-km box

excludes a significant portion of events that fall both within the temporal window and
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Figure 5.50: As for Fig. 5.44 but with a spatial polygon window.

spatially cluster around the main sequence. The missing data lead to an incomplete

representation of the triggering process, as it disregards potential interactions between

the excluded events and those within the box. By selecting such a small portion of the

data, we compromise both the mathematical basis of the ETAS model and the physical

and observational characteristics of the earthquake sequence. This not only biases the

ETAS estimates, but also overlooks a critical part of the event distribution, which is

essential for accurately modelling the triggering mechanisms that are central to the

ETAS framework. When different scenarios are compared, the background parameter

(µ) shows the most variation among the parameters. The results also indicate that as

long as we consider a sufficiently large modelling domain that encompasses the major-

ity of aftershocks and captures the elongation of distributed points (e.g. by a rectangle

or a polygon), the posteriors remain similar regardless of the shape of the domain. In

this context, a ‘sufficiently large’ domain refers to one that visually fits the clustered

data, ensuring that the majority of events fall within the selected area and that the

time window is consistent with those defined by declustering algorithms.

I also analysed the entire Central Italy region to investigate the relationship be-

tween the regional ETAS model parameters and those of individual earthquake se-

quences. The analysis encompassed data within the geographical coordinates of 11.5°E

to 14.5°E and 41.5°N to 43.75°N, covering the period from one year before the 1997
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Figure 5.51: Posteriors for three central Italy sequences with different selected spatial

domains. The shape and size of the domains are shown in the legend.

Colfiorito earthquake to the end of the 2016 Amatrice sequence. This regional dataset

includes 11,937 earthquakes in total. The posterior distributions shown in Fig. 5.52

indicate that the ETAS model fitted to the entire area (represented in grey) differs

significantly from the posterior distributions of individual sequences. Consequently,

regional ETAS parameters cannot be generalised to specific individual sequences.

Given these considerations, it is crucial for modelers and practitioners to carefully

select the spatial extent of the selected domain based on the study’s specific objectives

and the seismic region’s characteristics. Testing multiple domain sizes can provide

information on their impact on the model parameters. In addition, it is advisable to

use spatial kernels that account for the anisotropic nature of earthquake distributions.

This can involve integrating directional information into the model to better capture the

true patterns of aftershock clusters. For any specific case study, a thorough validation

and sensitivity analysis should be performed by applying the ETAS model to various
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Figure 5.52: Posteriors for three central Italy sequences with different selected spatial

domains along with the added regional model (in grey).

spatial domains and comparing the results. This practice helps identify and mitigate

potential biases, enhancing the robustness of the ETAS inversions.

5.10 Conclusion

In this chapter, I focused on the critical task of selecting representative samples to

minimise biases in the ETAS inversions. The study began by investigating the model’s

sensitivity to temporal binning, revealing that an appropriate temporal mesh is essen-

tial for accurate parameter estimations. By including and conditioning on the historical

run-in period, the model’s ability to capture the complexities of seismic sequences im-

proved significantly. A comprehensive analysis of the combination of magnitudes within

the sample data highlighted that incorporating a diverse range of magnitudes, includ-

ing both small and large events, enhances the precision of key productivity parameters.

This approach ensures that the model is well calibrated in different seismic scenarios.
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Furthermore, the impact of the choice of incompleteness model parameters was evalu-

ated, demonstrating that careful selection of these parameters can substantially reduce

biases. The presence of secondary large aftershocks was also considered, indicating

that by using the modified ETAS model, accurate estimations of the model parameters

can still be achieved, even in cases involving doublet or multiple large events within an

earthquake sequence. I also provided recommendations about considering the impact

of temporal and spatial extent of modelling domains and also spatial anisotropy in

ETAS inversions. The application of these optimised sampling strategies to real earth-

quake case studies validated their effectiveness, resulting in more robust and reliable

modelling process.
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6.1 Introduction

The practice of documenting earthquakes has a long history, especially in countries

with extensive written records, where the first records of seismic activities might date

back thousands of years. With the development of seismology as a scientific discipline

in the late 19th and early 20th centuries, and the establishment of the first seismo-

graphs around 1900, modern seismology was founded. This advancement enabled sys-

tematic recording of earthquakes and provided access to earthquake catalogues. The

earthquakes documented in written references before 1900 are referred to as historical

earthquakes, while those recorded by seismic instruments are classified as instrumental

earthquakes.

One of the most significant advances in earthquake recording was the establishment

of the World-Wide Standardised Seismograph Network (WWSSN) in the 1960s. This

network revolutionised seismic monitoring by standardising data collection methods

and expanding the geographic coverage of seismographic stations. Since the establish-

ment of seismic networks, there have been gradual improvements in the recording of

events, both in terms of increasing the number of stations and enhancing the preci-

sion and accuracy of seismograms. In light of this evolution, the instrumental era is

divided into the early instrumental era (1900-1963), characterised by primary network

installations, and the modern instrumental era (1964-present), marked by significant

improvements. With the advent of digital technology, real-time monitoring became

possible in 1978, allowing more accurate recording of seismic events.

Seismic catalogues provide the foundation for hazard assessments and earthquake

forecasting. In operational earthquake forecasting and ETAS modelling, we mostly

take into account recent earthquake data over short-term periods, such as years and a

few decades, to focus on data with the highest resolution of completeness. However,

relying solely on short-term data overlooks the importance of long-term data, partic-

ularly because large mainshocks, aftershock sequences, and earthquakes with various

combinations of magnitudes typically occur over extended periods. In this regard,

developing long-term models is crucial to understand the potential recurrence inter-

vals of large earthquakes and longer-term earthquake patterns and regional seismicity

behaviour, which are critical for both PSHA and OEF.
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Given that we are interested in the largest events that have occurred, we should

want to be able to include this information within our hazards workflow, and it would

be good for it to be included within the analysis of earthquake catalogues. In a tem-

poral model, some events will affect the expected intensity; and if building towards a

spatio-temporal model, it would highlight regions of potentially high hazard within an

integrated workflow.

With regard to longer catalogues, the development of long-term models requires

a nuanced understanding of the interplay between seismicity forecasting and PSHA.

Although each field has its distinct focus, both fundamentally need to understand the

same concepts of triggering mechanisms, even if they use these concepts in different

ways. Seismicity forecasting, often operating on shorter timescales, relies on detailed

temporal models to capture the dynamic nature of earthquake sequences and imme-

diate aftershock probabilities. In contrast, PSHA requires models that integrate both

short-term seismicity data and long-term historical records to provide a comprehensive

view of seismic hazards. By revisiting and clearly delineating the boundaries between

these two approaches, we can juxtapose their methodologies, revealing how seismicity

forecasting informs the immediate response to seismic events, while PSHA underpins

structural design and long-term risk mitigation strategies. This integration of ap-

proaches allows us to develop sophisticated models that leverage the strengths of both

fields, thus enhancing our ability to predict and mitigate the impacts of earthquakes

over varying timescales. This holistic approach is pivotal in the advancement of both

operational forecasting and strategic hazard assessments, ultimately contributing to a

more flexible understanding of seismicity.

On the other hand, one of the major challenges in developing models for operating

over longer periods is the need for models that can address specific forms of long-term

incompleteness in earthquake catalogues. Due to various factors, such as technological

limitations, changes in network coverage, and historical recording practices, earthquake

catalogues often suffer from gaps and inconsistencies. In the early days of modern

seismology, many smaller earthquakes were not recorded due to the limited sensitivity of

the instruments and the sparse distribution of seismographic stations. In the long term,

gradual improvements in seismic detection technology have led to step-like increases in
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the detection of smaller earthquakes. An example of such development and the step-like

increase in data recording, and consequently, the step-like decrease in the magnitude

of completeness, is shown for the Iranian seismic network in Fig. 6.1. In this figure,

the gradual temporal decrease in the magnitude of completeness is observed with the

increase in seismic stations over 123 years of instrumental recording from 1900 to 2023.

Interestingly, there is a clear decrease in temporal peak in 1962, coinciding with the

occurrence of the Buin Zahra earthquake (Ambraseys and Melville 2005; IRSC 2024).

It is likely that a local seismic network was installed after this earthquake. Installing

temporary seismic networks a few hours after large earthquakes is a common practice

to record aftershocks and monitor seismicity over several weeks, months, or even a

few years (Margheriti et al. 2011). This is also evident in the example of the 2016

Amatrice earthquake in Italy, shown in Fig. 6.2, where after the mainshock, four Italian

institutions installed a dense temporary network of 50 seismic stations in the epicentral

area (Cara et al. 2019). In this figure, a more complicated record of events is depicted.

Initially, a short-term exponential incompleteness is observed in the early aftershocks

during the first hours following the mainshock (the red curve). As expected, once this

rate-dependent short-term incompleteness decays, the data level is expected to return

to the previous long-term completeness level of the network (the green dashed line).

But less than 48 hours after the mainshock, the temporary local seismic network was

installed. Consequently, with the increase in the number of stations in the epicentral

area, more aftershocks with smaller magnitudes were detected, resulting in a lower

long-term completeness level (the purple line). This complex case, which includes

both short-term and long-term changes in the magnitude of completeness, should be

carefully considered when developing ETAS and forecasting models.

In this chapter, I aim to develop an extended version of the ETAS model that

can operate on long-term earthquake catalogues and address step-like incompleteness

in the data. One might argue that the ETAS model is traditionally designed to only

model aftershock sequences, which typically last only months to a few years, making its

extension to longer periods seem unreasonable. However, in real-world scenarios and

in many regions, even in high-seismic areas, we usually lack a single clear individual

sequence of aftershocks for fitting the ETAS model. Therefore, we need to settle for

whatever data we have and explore the possibility of using longer-term datasets to
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Figure 6.1: Development of earthquake recording and the gradual increase in the detection

of smaller events from 1900 to 2023 for the Iranian seismic network. The red lines show the

step-like decrease in the magnitude of completeness as the number of seismic stations in-

creased over 123 years of instrumental recording. (Source of catalogue: Iranian Seismological

Centre. Data publicly available at http://irsc.ut.ac.ir/, last accessed August 2023).

retrieve ETAS parameters. Moreover, some studies suggest that the ETAS model

can be applied to long-term seismic hazard assessments, hypothesising that the ETAS

parameters should remain relatively constant over different time scales within a specific

area. In this section, I aim to develop a long-term version of the ETAS model and

investigate whether we can observe the same ETAS behaviour over different time scales,

improving our understanding of short-term and long-term seismicity behaviour and

earthquake hazards.

Before testing this hypothesis, I first need to modify the inversion algorithm of the

ETAS model to handle long-term data incompleteness, similar to the approach I used

to accommodate short-term incompleteness in Chapter 4. Therefore, the new version

of the ETAS model developed in this chapter will expand the temporal scope of the

modelling domain, making it adaptable to datasets that are incomplete over longer

periods. By developing both short-term and long-term modified ETAS models, we can

obtain model parameters that ultimately depict a relatively comprehensive picture of

seismicity behaviour in an area.

http://irsc.ut.ac.ir/
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Figure 6.2: Short-term and long-term incompleteness levels during the first week after the 24

August 2016 Amatrice earthquake in Italy. The red curve represents the short-term exponen-

tial incompleteness observed in the early aftershocks immediately following the mainshock.

The green dashed line marks the original long-term completeness level of the network before

the mainshock. The purple line indicates the lowered long-term completeness level, which

resulted from the installation of a dense temporary local seismic network within 48 hours

of the mainshock. This figure highlights the importance of considering both short-term and

long-term changes in completeness when developing ETAS and forecasting models. (Source of

catalogue: INGV. Data publicly available at https://terremoti.ingv.it/en, last accessed

August 2023).

6.2 Methodology

6.2.1 Model for long-term incompleteness in earthquake records,
Mc(t)

As explained in the previous section, there is an intermittent decrease in the level of

magnitude of completeness (Mc) over long-term periods. Since the establishment of

seismic networks, and as we have moved forward in time, our ability to detect more

events with lower magnitudes has improved. These improvements commonly result in

a step-like decrease in Mc, above which we can sample all earthquakes of magnitude

≥ Mc. So, the step function for the long-term time-varying Mc is defined as:

https://terremoti.ingv.it/en
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Mc(t) =



Mc1 if t1 ≤ t < t2

Mc2 if t2 ≤ t < t3

Mc3 if t3 ≤ t < t4

... ... ...

Mcn if tn ≤ t < tn+1

(6.1)

where t is the given time and Mc(t) is the corresponding magnitude of completeness

at that time. A simple example of long-term changes in Mc can be:

Mc(t) =



Mc1 if t < 500B.C. (paleoseismological data)

Mc2 if 500BC. ≤ t < 1900 (historical records)

Mc3 if 1900 ≤ t < 1964 (early instrumental records)

Mc4 if 1964 ≤ t < 2005 (modern instrumental records)

Mc5 if 2005 ≤ t < 2023 (latest instrumental records)

(6.2)

With decreasing values of Mc(t) over time, we have Mc1 > Mc2 > Mc3 > ... > Mcn.

It should be noted that this step-like decrease in Mc is generic but might have some

exceptions. For example, in real catalogues for some regions, there might be downward

steps at times when, after major earthquakes, temporary local seismic stations are

deployed in the epicentral region. These values will return to their previous levels once

the temporary stations are removed. Therefore, when dealing with real data, we need

to consider such exceptions on a case-by-case basis. In the next section, I will explain

how I will use this stepwise model to modify ETAS for longer-term modelling schemes.

6.2.2 Long-term censorship function

Similar to what I defined as a time-dependent censorship function in section 4.2.4.1

and Eq. 4.13, I use the same definition here for the long-term version. Specifically, I

define the ratio between the number of events above Mc(t) and the number of events

above M0 (as illustrated in Fig. 6.3). This ratio provides us with the proportion of

events above M0 that have been observed.
N(m ≥ Mc(t))
N(m ≥ M0) = 10−b(Mc(t)−M0). (6.3)
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where Mc(t) is a step model as defined in the previous section. Substituting Eq.

6.1 into Eq. 6.3 for Mc(t), we get:

π(t) =



10−b(Mc1−M0) if t1 ≤ t < t2

10−b(Mc2−M0) if t2 ≤ t < t3

10−b(Mc3−M0) if t3 ≤ t < t4

... ... ...

10−b(Mcn−M0) if tn ≤ t tn+1

(6.4)

For each incompleteness step, the ratio represents the apparent (observed or recorded)

rates as a fraction of the actual rates (rates occurring in reality, encompassing both

observed and unobserved events with smaller magnitudes). Over time, the apparent

rate has an increasing step-like trend. In the next section, I will use this censorship

factor to modify the ETAS for longer-term modelling.

Figure 6.3: Schematic concept of censorship using the Gutenberg-Richter diagram. The two

dashed grey lines show the magnitude levels for M0 (left) and Mc(t) (right). The censorship

is defined as the ratio between the number of events with magnitudes larger than Mc(t) (the

green area) to the the number of events with magnitudes above M0 (the red + green area).
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6.2.3 Modifying the inversion algorithm for long-term ETAS

To accommodate the new censorship function for long-term incompleteness in the

ETAS inversion algorithm, I first modify the ETAS conditional intensity function, as

explained in Eq. 4.15. This modification represents apparent rates rather than actual

rates. Unlike short-term incompleteness, where the correction factor had a slight effect

on the background rate and was therefore disregarded (assuming µ was constant), for

the long-term version, I apply the censorship to the background term since its apparent

changes over long periods are not negligible. Consequently, the modified conditional

intensity becomes:

λmodified(t|Ht,Mc(t)) = µ10−b(Mc(t)−M0) +
∑

(ti,mi)∈Ht

Keα(mi−M0)
(

t− ti

c
+1

)−p

10−b(Mc(t)−M0).

(6.5)

Similarly to the process for modifying short-term incompleteness in section 4.2.4.2,

this change in the intensity function for long-term incompleteness also leads to changes

in the approximation of the likelihood function. By substituting for λ from Eq. (6.5)

in Eq. (4.5), I obtain the new modified likelihood function for the long-term version of

the step ETAS model as:

L(θ|H) =−
∫ T2

T1
µ10−b(Mc(t)−M0) dt

−
∫ T2

T1

∑
(ti,mi)∈Ht

Keα(mi−M0)
(

t− ti

c
+1

)−p

10−b(Mc(t)−M0) dt

+
∑

(ti,mi)∈Ht

log

µ+
∑

(tj ,mj)∈Ht

Keα(mj−M0)
(

t− tj

c
+1

)−p

10−b(Mc(t)−M0)

(6.6)

The censorship factor has been applied to all likelihood terms, including the back-

ground rate (first line), the triggering part (second line), and the sum of log λ (third

line). Then, by solving the internal integral for the triggering part of Eq. 6.6 and subse-

quently incorporating the time binning strategy, along with linearisation (as previously

was implemented in Section 4.2.4.2), the modified log-likelihood for the long-term ver-
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sion is:

Lmodified(θ|H) =− exp
log

µ
n∑

k=1
(T2sk

−T1sk
)10−b(Mck−M0)


−

∑
(ti,mi)∈Ht

Bi−1∑
j=0

exp
{

logK +α(mi −M0)+ log
(

c

1−p

)

+log
(
10−b(Mcj−M0)

)
+log


tbi

j+1 − ti

c
+1

1−p

−

tbi
j − ti

c
+1

1−p



+
∑

(ti,mi)∈Ht

log
µ+

∑
(ti,mi)∈Ht

Keα(mi−M0)
(

t− ti

c
+1

)−p
10−b(Mc(t)−M0)

(6.7)

6.2.4 Considerations for time binning in the implementation

Similar to the implementation for short-term incompleteness, where the positions of

bins were compared to the completeness/incompleteness periods, I use a similar ap-

proach here. However, unlike the short-term version, which had only one incomplete-

ness period, this long-term model has several incompleteness steps. Therefore, the

scenarios for bins of length [T1b,T2b], as explained in Section 4.2.4.3, are more complex.

In general, I have defined a maximum of 10 steps (as an upper bound) for long-term

modelling (which can be reduced to fewer steps or even extended if necessary). Con-

sidering the temporal mesh, defined with a chosen resolution strategy and the length of

bins, each bin might completely fall within one step or span multiple steps (requiring

splitting into sub-bins). The considerations are similar to those explained in Section

4.2.4.3, but there are about 55 possible scenarios for a 10-step incompleteness model.

To avoid detail of each one, I have illustrated them with a schematic plot in Fig. 6.4.
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Figure 6.4: Schematic possible scenarios for time binning for a model with 10-step long-

term incompleteness. T1 and T2 indicate the start and end of the modelling domain, and Tc1

to Tc9 represent the times of step changes. Coloured lines illustrate the length of possible

bins located within or passing through different steps of a 10-step incompleteness model.
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6.3 Assessing model performance by synthetic experiments

6.3.1 Comparing the ‘original’ and the ‘modified’ ETAS models

Here, I compare the performance of the original ETAS model with the modified ETAS

model using long-term synthetic data. The comparison focuses on how well each model

handles long-term incompleteness in earthquake catalogues and the impact of this on

parameter estimation.

First, I simulate a sample synthetic catalogue spanning 124 years, equivalent to

the instrumental era from 1900 to 2024. In generating these data, I deliberately kept

the seismicity of recent decades almost quiet, without any clear aftershock sequences.

The magnitude time series of this synthetic catalogue is shown in Fig. 6.5. Since

the presence of individual aftershock sequences helps reduce bias, the objective is to

test the model in the absence of such specific patterns to evaluate its performance

under conditions where clear triggering behaviour of aftershocks is unavailable. For

the simulated catalogue, I seed one large event (M7.1) in the early years around 1905.

This catalogue is generated with a background rate of µ = 0.05, a constant magnitude

threshold of M0 = 2.5, and b = 0.85. Furthermore, the true ETAS parameters used to

generate the catalogue are set as K = 0.4, α = 1.7, c = 0.05, and p = 1.08.

Figure 6.5: Magnitude time series for a synthetic catalogue spanning 124 years (1900-2024),

containing 6552 events, with a large event (M7.1) seeded around the year 1905.
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Then, I truncate this complete catalogue to create subcatalogues with long-term

incompleteness. To achieve this, I define different long-term incompleteness models

with various step lengths and values, including 3-step, 4-step, and 5-step models. The

Mc values over the specified year ranges for each step model are presented in Table 6.1.

For each scenario, I remove all events below the steps, assuming these to be unobserved

(unrecorded) earthquakes. The magnitude time-series plots for each subcatalogue are

shown in Fig. 6.6. In these plots, the removed and remaining earthquakes are shown by

grey and black points, respectively. Above each plot, the number of all occurred earth-

quakes and the number of observed (recorded) earthquakes during 1900-2024 are also

mentioned. The number of observed earthquakes is a small portion of all earthquakes

that occurred, comprising about 5-8% of all data for different scenarios, meaning that

92-95% of events remain unrecorded. These scenarios may well reflect real-world con-

ditions, where seismic networks have recorded only a small portion of events over the

past century.

Table 6.1: Mc values over specified year ranges for different scenarios including 3-step, 4-

step, and 5-step long-term incompleteness models.

Scenario Year Range Mc

1900-1940 5.0

Scenario 1: 3-step incompleteness model 1940-1980 4.1

1980-2024 3.3

1900-1930 5.0

Scenario 2: 4-step incompleteness model 1930-1960 4.4

1960-1990 3.8

1990-2024 3.2

1900-1925 5.0

1925-1950 4.5

Scenario 3: 5-step incompleteness model 1950-1975 4.0

1975-2000 3.5

2000-2024 3.0
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Figure 6.6: Magnitude time series plots for three different scenarios of 3-step, 4-step, and

5-step long-term incompleteness model.

Subsequently, I fit both the original and the modified ETAS models to the in-

complete catalogues (with only observed earthquakes). During the model fitting and

iterations, the original model struggled to converge for all three scenarios (Fig. 6.7),

while the modified model converged well (Fig. 6.8).

The results of both models are presented as estimated posteriors in Fig. 6.9. For

each scenario, the true ETAS parameters used to generate the synthetic catalogue are

marked by vertical dashed lines. The results show that the original ETAS model, when

applied to incomplete long-term data, produces parameter estimates with significant

bias (red posteriors). Specifically, the original model has difficulty recovering α, µ,

and p, yielding posteriors that are pushed towards the edges of the prior distributions.

In contrast, the modified model, even when fitted to incomplete data, substantially

reduces this bias, with its estimates (green posteriors) closely aligning with the true
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parameters (vertical dashed lines). However, in Fig. 6.9, the biased red posteriors

obscure the green posteriors of µ and p, making them difficult to see. To address

this, I have provided a separate plot showing only the posteriors for the modified

model in Fig. 6.10. As shown in this figure, in all cases, except for µ, the posterior

distributions of the triggering parameters encompass the true values, keeping them

within the uncertainty bounds of these distributions. For µ, the bias is minimal and

still provides a close approximation to the true parameter. This indicates that despite

being fed such incomplete long-term data, my inversion algorithm has performed well,

enabling the modified ETAS model to accurately estimate the ETAS parameters.
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Figure 6.7: Convergence plots from fitting the ‘original’ ETAS model under three different

scenarios of incompleteness models: 3-step (top), 4-step (middle), and 5-step (bottom). This

is an example of the model struggling to converge.
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Figure 6.8: Convergence plots from fitting the ‘modified’ ETAS model under three different

scenarios of incompleteness models: 3-step (top), 4-step (middle), and 5-step (bottom). This

is an example of the model converging well.
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Figure 6.9: Posteriors from fitting the original (red) and the modified (green) ETAS models

under three different scenarios of incompleteness models: 3-step (top), 4-step (middle), and

5-step (bottom) as shown in Fig. 6.6.
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Figure 6.10: Posteriors from fitting the modified ETAS model under three different scenarios

of incompleteness models: 3-step (top), 4-step (middle), and 5-step (bottom) as shown in Fig.

6.6.
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6.3.2 Testing the robustness of the long-term modified ETAS model
with diverse catalogue scenarios

To further test and demonstrate the efficiency and applicability of the long-term version

of my modified ETAS model, I fit it to various synthetic catalogues with different

seismicity patterns and validate the results by comparing the parameter estimates to

the true values used to generate the synthetic catalogues. First, I simulate 10 different

synthetic datasets for an instrumental period of 124 years, each with a large event of

magnitude 7.1, seeded in different years (1905, 1922, 1929, 1945, 1952, 1970, 1979,

1996, 2004, 2021). These catalogues represent a range of possible scenarios during the

instrumental era. The true ETAS parameters used to simulate the catalogues are fixed

for all scenarios and include µ = 0.05, K = 0.4, α = 1.7, c = 0.05, and p = 1.08. As in

the previous section, I define a 5-step incompleteness model for Mc(t) and use it to

truncate the catalogues.

The magnitude time series of the synthetic catalogues are shown in Figs. 6.11 and

6.12. In each case, the red line indicates the long-term incompleteness model that has

five steps. The grey points below the step models represent earthquakes that were not

detected because their magnitude was lower than the corresponding Mc at the time of

their occurrence. Earthquakes above the step models represent the observed (recorded)

events, shown as black points, with one large event (M7.1) highlighted in blue. The

total number of events (observed + unobserved) and the number of observed events

are also provided above each time series for each catalogue.

Then, I fit the modified ETAS model to evaluate the accuracy of the parameter

estimates. The posteriors for the ten scenarios are shown in Fig. 6.13. The results

for most synthetic catalogues demonstrate a high level of consistency and accuracy,

with the estimated parameters closely aligning with the true values used to generate

the catalogues, as indicated by the vertical dashed lines. When large events occur in

more recent years, allowing part of their aftershock sequence to be captured above the

step model, the triggering parameters are resolved more accurately. For large events in

earlier years, where much of their aftershock activity is censored, the model shows slight

bias but still provides acceptable parameter estimates. This highlights the importance

of large events, even without their dependents, in improving parameter estimation. In
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all cases, the model consistently captures large events well, demonstrating its ability

to handle significant seismicity accurately. Additionally, when background events are

better captured, the posteriors of µ are more precise, reflecting the model’s robustness

in retrieving background seismicity rates for long-term periods.

The results suggest that the long-term modified ETAS model is highly effective in

accurately estimating parameters for a wide range of catalogue scenarios. The model’s

ability to produce reliable parameter estimates despite variations in data completeness

indicates its potential applicability to real-world seismic data, where such incomplete-

ness is common. This robust performance validates the modifications made to the

original ETAS model, confirming that it can be a valuable tool specifically for long-

term seismicity analysis, hazard assessment, and long-term forecasting.
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Figure 6.11: Magnitude time series of 10 different synthetic catalogues over a 124-year

instrumental period. Each catalogue includes one large event with a magnitude of 7.1, seeded

in different years: 1905, 1922, 1929, 1945, 1952, 1970, 1979, 1996, 2004, and 2021.
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Figure 6.12: Continuation of Fig. 6.11.
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Figure 6.13: Posteriors of the modified ETAS model using 10 different synthetic catalogues

over a 124-year instrumental period. Each catalogue includes one large event with a mag-

nitude of 7.1, seeded in different years: catalogue 1 (1905), catalogue 2 (1922), catalogue 3

(1929), catalogue 4 (1945), catalogue 5 (1952), catalogue 6 (1970), catalogue 7 (1979), cata-

logue 8 (1996), catalogue 9 (2004), and catalogue 10 (2021).

6.3.3 Contribution level of step intervals

Although I demonstrated in the previous section that the long-term version of the

modified ETAS model performs well on different sequences with a large mainshock at

various time positions, one might hypothesise that the final steps with lower values

of Mc have a greater influence on the ETAS inversions, since the probability of cap-

turing aftershock behaviour in the last steps is higher than in the earlier steps, which

include only a few events. To test this hypothesis, I first generate 10 random synthetic

catalogues. Then, I define and apply a fixed 5-step incompleteness model to all the

catalogues to extract incomplete sub-catalogues. The five steps are defined for 1900-

1925, 1925-1950, 1950-1975, 1975-2000, and 2000-2024, with Mc values of 5.5, 5, 4.6,

4, and 3, respectively. All catalogues include one or two large events seeded within the

first step, and seismicity is kept relatively quiet in the subsequent steps.

Next, I divide the entire modelling domain and select data with different levels

of completeness to create six scenarios for each catalogue: 1900-2024 (all 5 steps),

1925-2024 (the last 4 steps), 1950-2024 (the last 3 steps), 1975-2024 (the last 2 steps),

2000-2024 (the last step), and 1900-2000 (the first 4 steps). This approach allows me

to assess which level of incompleteness has the greatest impact on the modelling and
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whether the final step alone can accurately retrieve the ETAS parameters, or if data

from other levels are also essential. Figures 6.14 to 6.23 show the magnitude plots for

the six scenarios, with black points representing the data considered in each scenario.

In addition, the total number of events in the catalogues and the number of events

observed in each selected period are indicated above each plot.

Then, I fit the modified ETAS model to the 6 sliced datasets for each of the 10

synthetic catalogues. The results of the posteriors are shown below the magnitude plots

in Figs. 6.14 to 6.23. The results reveal some interesting patterns that are consistent

in all cases. Firstly, the posteriors of the ETAS model fitted only to the data from the

last step (2000-2024), which has the lowest Mc, show considerable bias. Interestingly,

this period has the highest number of remaining data after excluding the other steps

in all the examples. For example, after applying the step model to the entire dataset

from 1900 to 2024 (8061 events) in Fig. 6.14, 401 events remain, of which 347 belong to

2000-2024, accounting for about 87% of the data. This pattern is consistent for all the

10 examples. However, the posteriors for this period (in orange) show the highest bias,

particularly when retrieving the background (µ) and temporal decay (p) parameters.

In all cases, the posteriors for µ show underestimations compared to the true value,

and the posteriors for p are not correctly retrieved, skewed towards the left end of the

specified prior distribution. This indicates the importance and role of having large

events in the data for accurately retrieving the ETAS parameters.

The next model that exhibits some degree of bias is the one fitted to data from

1900-2000, which encompasses the highest levels of Mc and the lowest amount of data.

For example, of the 401 events in 1900-2024 in Fig. 6.14, only 54 events are located

within 1900-2000. As expected, the posteriors for this period are wider (due to fewer

data) with higher uncertainty than for the other periods. This also indicates the

importance and role of having smaller events in the data for accurately retrieving the

ETAS parameters.

All other scenarios (1900-2024, 1925-2024, 1950-2024, and 1975-2024), which in-

clude large events and a fair number of smaller events, show proper estimates. This

suggests that a balanced inclusion of both large and small events is crucial for accurate

parameter estimation in the long-term ETAS modelling.
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Figure 6.14: Magnitude plots and posterior distributions for six scenarios of data selected

from the synthetic catalogue 1: 1900-2024 (all 5 steps), 1925-2024 (last 4 steps), 1950-2024

(last 3 steps), 1975-2024 (last 2 steps), 2000-2024 (last step), and 1900-2000 (first 4 steps).
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Figure 6.15: Magnitude plots and posterior distributions for six scenarios of data selected

from the synthetic catalogue 2: 1900-2024 (all 5 steps), 1925-2024 (last 4 steps), 1950-2024

(last 3 steps), 1975-2024 (last 2 steps), 2000-2024 (last step), and 1900-2000 (first 4 steps).
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Figure 6.16: Magnitude plots and posterior distributions for six scenarios of data selected

from the synthetic catalogue 3: 1900-2024 (all 5 steps), 1925-2024 (last 4 steps), 1950-2024

(last 3 steps), 1975-2024 (last 2 steps), 2000-2024 (last step), and 1900-2000 (first 4 steps).
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Figure 6.17: Magnitude plots and posterior distributions for six scenarios of data selected

from the synthetic catalogue 4: 1900-2024 (all 5 steps), 1925-2024 (last 4 steps), 1950-2024

(last 3 steps), 1975-2024 (last 2 steps), 2000-2024 (last step), and 1900-2000 (first 4 steps).
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Figure 6.18: Magnitude plots and posterior distributions for six scenarios of data selected

from the synthetic catalogue 5: 1900-2024 (all 5 steps), 1925-2024 (last 4 steps), 1950-2024

(last 3 steps), 1975-2024 (last 2 steps), 2000-2024 (last step), and 1900-2000 (first 4 steps).



Assessing model performance by synthetic experiments 177

Figure 6.19: Magnitude plots and posterior distributions for six scenarios of data selected

from the synthetic catalogue 6: 1900-2024 (all 5 steps), 1925-2024 (last 4 steps), 1950-2024

(last 3 steps), 1975-2024 (last 2 steps), 2000-2024 (last step), and 1900-2000 (first 4 steps).
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Figure 6.20: Magnitude plots and posterior distributions for six scenarios of data selected

from the synthetic catalogue 7: 1900-2024 (all 5 steps), 1925-2024 (last 4 steps), 1950-2024

(last 3 steps), 1975-2024 (last 2 steps), 2000-2024 (last step), and 1900-2000 (first 4 steps).
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Figure 6.21: Magnitude plots and posterior distributions for six scenarios of data selected

from the synthetic catalogue 8: 1900-2024 (all 5 steps), 1925-2024 (last 4 steps), 1950-2024

(last 3 steps), 1975-2024 (last 2 steps), 2000-2024 (last step), and 1900-2000 (first 4 steps).
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Figure 6.22: Magnitude plots and posterior distributions for six scenarios of data selected

from the synthetic catalogue 9: 1900-2024 (all 5 steps), 1925-2024 (last 4 steps), 1950-2024

(last 3 steps), 1975-2024 (last 2 steps), 2000-2024 (last step), and 1900-2000 (first 4 steps).
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Figure 6.23: Magnitude plots and posterior distributions for six scenarios of data selected

from the synthetic catalogue 10: 1900-2024 (all 5 steps), 1925-2024 (last 4 steps), 1950-2024

(last 3 steps), 1975-2024 (last 2 steps), 2000-2024 (last step), and 1900-2000 (first 4 steps).
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6.4 Real tests: short- and long-term modified ETAS inversions
for central Italy

With the two developed versions of the modified ETAS model, which are capable of

addressing both short-term and long-term incompleteness in earthquake catalogues,

the objective is to test real datasets to examine the similarities and differences between

short-term and long-term modelling. This will allow me to determine the consistency

or variability of seismicity behaviour in different time scales.

To achieve this, I analyse the seismicity of central Italy as a pilot region. Generally,

Italy does not have records of large events (M ≥ 7), and there are only about ten

earthquakes with magnitudes ≥ 6. However, there is a good record of instrumental

seismicity mainly concentrated in the central area of the country. In this area, there

have been three significant sequences in recent decades, including the 26 September

1997 Colfiorito (Mw6), 6 April 2009 L’Aquila (Mw6.3), and 24 August 2016 Amatrice

sequences (Mw6.2). The instrumental seismicity of Italy along with the location of

these three recent major sequences is illustrated in Fig. 6.24.

For these known sequences, I aim to: (1) test the similarity or differences between

the ETAS parameters of the sequences in terms of spatial consistency, and (2) determine

whether the ETAS parameters calculated from the major aftershock sequences are

similar to or different from those derived using long-term seismicity data prior to these

sequences. Given the incompleteness in both short- and long-term periods, I can now

test this hypothesis with my newly modified ETAS models, which have made this

analysis possible.

I begin by selecting the appropriate spatial and temporal data for each sequence.

I first apply the window-based declustering algorithm of Gardner and Knopoff (1974),

which defines the temporal duration and spatial extent of an aftershock sequence based

on the mainshock magnitude. For the temporal window, I deliberately consider a 1-

year run-in period before each mainshock (for the reasons I discussed in Sections 5.3

and 5.7). Based on the mainshock magnitudes, I calculated temporal windows of 497,

673, and 610 days for the aftershocks following the 1997 Colfiorito, 2009 L’Aquila, and

2016 Amatrice mainshocks, respectively. The spatial extent for each case is a circular
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Figure 6.24: Instrumental seismicity in Italy from 1960 to 2024. Earthquakes with magni-

tudes between 2.5 and 6 are shown in grey, while those with magnitudes greater than 6 are

depicted in red. The three selected sequences in Central Italy, including the 1997 Colfiorito,

2009 L’Aquila, and 2016 Amatrice events, are highlighted in yellow, green, and purple, re-

spectively.

area with a radius of 53.6, 58, and 56.5 km, respectively. These details are illustrated

in Fig. 6.25, where the sequences (each with a 1-year run-in period and corresponding

spatio-temporal windows) are shown in different colours: 1997 Colfiorito in green, 2009

L’Aquila in purple, and 2016 Amatrice in orange. The black points represent the

instrumental seismicity from 1900 up to the 1-year run-in period.

Earthquakes typically tend to cluster anisotropically along fault lines. By a visual

inspection in Fig. 6.25, we can see a NW-SE trend in tectonic structures and aftershock

sequences in the Central Italy region. Therefore, the choice of circular spatial windows
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Figure 6.25: The three selected sequences in central Italy, including the 1997 Colfiorito,

2009 L’Aquila, and 2016 Amatrice events, with Gardner-Knopoff spatio-temporal windows.

is not ideal and might introduce bias in the modelling for two reasons: (1) During each

sequence, events that are spatially distant from the main cluster but fall within the

declustering algorithm’s spatial window may be included, despite not being inherently

related to the sequences. (2) Considering a long-term dataset (from 1900 to the start

of the 1-year run-in before the mainshocks), and given that the three sequences oc-

curred in close proximity, for the last mainshock (2016 Amatrice), we can clearly see

numerous events from the 1997 Colfiorito and 2009 L’Aquila sequences included within

the Amatrice spatial window. Thus, the influence of these past sequences should be

excluded from the triggering process of subsequent sequences. Therefore, I delineate

polygons (Fig. 6.26) that better fit the spatial cluster of each sequence, removing the

contributions of unwanted distributions from previous clusters.

After selecting appropriate spatial and temporal windows for each sequence and

their long-term past seismicity, I need to determine the short-term and long-term in-

completeness models in the data. To this end, I detect the short-term incompleteness

in the initial aftershocks of each sequence using the exponential model of Helmstetter

et al. (2006) as described in Eq. 4.10 as well as the long-term incompleteness in instru-

mental past seismicity using a step model (as described in Eq. 6.1). For short-term

incompleteness, we can fit the proposed exponential model to the real datasets and

select the best-fit values for the parameters G and H. However, a straightforward ap-
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Figure 6.26: The three selected sequences in Central Italy, including the 1997 Colfiorito,

2009 L’Aquila, and 2016 Amatrice events with adjusted spatial windows.

proach is to perform exploratory data analysis and through visualisations, since visual

inspections in real cases help to better determine the boundaries of completeness and

incompleteness (similar to what I explained for real sequences in Section 5.7). The

selected models are shown in Fig. 6.27 for the three sequences.

For the long-term model, I need to define appropriate step models. In Fig. 6.28,

I have plotted the three sequences in different colours (1997 Colfiorito in green, 2009

L’Aquila in purple, and 2016 Amatrice in orange), and the past seismicity for each case

from 1960 up to their 1-year run-in periods is shown with black points. Schorlemmer

et al. (2010) suggests that the Italian National Seismic Network is complete at M = 2.9

during 2005-2008 for most of the country. The plot of the data in central Italy in Fig.

6.28 reveals three possible improvements in the network and the long-term Mc values.

Consequently, I divide the instrumental seismicity into three steps with Mc = 4 for 1960-

1979, Mc = 2.9 for 1979-2009, and Mc = 2.5 for 2009-2019. This is an approximation,

and one might suggest 1-2 more steps and slightly higher or lower values for Mc.

However, as I demonstrated in Section 6.3.1 for synthetic data, as long as there is no

significant difference in the defined step model, the estimates from the modified ETAS

model remain robust.

When examining the long-term data in Fig. 6.28, we observe a significant sequence

around 1980 in both the 1997 Colfiorito and 2016 Amatrice plots. According to the
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catalogue, a large event with a magnitude of 5.8 occurred on 19 September 1979, and

some of its aftershocks are spatially located within the polygons of both the 1997

Colfiorito and 2016 Amatrice events (Fig. 6.29). This is important because part of

the 1979 sequence falls within the spatial windows of the two later events, indicating

that the triggering properties of this sequence are partially captured. Incorporating

such incomplete spatial data with partial triggering behaviour can significantly bias

the posteriors of the 1997 Colfiorito and 2016 Amatrice sequences. To avoid this,

I remove data from the 1979 mainshock and the following 422 days (based on the

Gardner-Knopoff temporal windows) that are located within the 1997 Colfiorito and

2016 Amatrice polygons. The removed data are shown in blue in Fig. 6.30, and the

magnitude time series after the removal of the 1979 data are presented in Fig. 6.31.

Figure 6.27: The selected parameters of the short-term incompleteness model for the 1997

Colfiorito, 2009 L’Aquila, and 2016 Amatrice sequences. The red curves represent the best-

fitted Helmstetter model to the data over the short-term incompleteness interval. The grey

lines indicate the constant magnitude of completeness, representing the threshold above which

all events are assumed to be detected.

Then, I fit the short- and long-term modified ETAS models to the three sequences

and the past seismicity data for each case. The results are presented as posterior

distributions in Figs. 6.32, 6.33, and 6.34 for the three cases. For the 1997 Colfiorito

and 2916 Amatrice sequences, I fit the long-term model once with (in black posteriors)

and once without (in blue posteriors) the 1979 data. As observed, the existence of the

1997 data can slightly shift the posteriors in both cases. The modes of the posteriors

are also provided in Table 6.2.

This study is the first to analyse both the short-term and long-term behaviour of

seismicity using the censorship factor, accounting for the existing incompleteness over
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Figure 6.28: Seismic sequences of the 1997 Colfiorito (green, top panel), 2009 L’Aquila

(purple, middle panel), and 2016 Amatrice (orange, bottom panel) and their past instrumen-

tal seismicity (black points). The selected step models are also illustrated with red lines.
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Figure 6.29: Spatial distribution of seismicity from 19/09/1979 to 20/11/1980, analysed

to investigate the aftershock sequence of the M5.8 event in 1979. Portions of the aftershock

sequence fall within the 1997 Colfiorito and 2016 Amatrice polygons. These need to be

removed to avoid biased contributions of partial triggering behaviour from the 1979 sequence

in the analyses of the 1997 Colfiorito and 2016 Amatrice events.

different time scales. In discussing the results, there are generally two hypotheses about

seismicity behaviour over short- and long-term scales and its regional consistency or

variations. One hypothesis posits that seismicity should exhibit stable spatio-temporal

behaviour over different times, as tectonic cycles are assumed to follow regular patterns

despite their stochastic nature. Therefore, we would expect to see almost similar ETAS

estimates not only for the three closely located aftershock sequences in the region but

also over extended periods. The other hypothesis suggests that the background and
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Figure 6.30: Spatial distribution of seismicity similar to those in Fig. 6.29. Data likely

related to the 1997 sequence, shown in blue, are intended to be excluded from the 1997

Colfiorito and 2016 Amatrice polygons.

triggering patterns of earthquakes differ during short- and long-term intervals, so we

might observe significant variations in ETAS estimates between individual sequences

and over longer timescales.

My analysis of the three individual sequences of the 1997 Colfiorito, 2009 L’Aquila,

and 2016 Amatrice earthquakes, along with their long-term past seismicity in Central

Italy, confirms the latter hypothesis. The differences in the ETAS parameters across

the short-term and long-term datasets indicate significant variability in seismicity be-

haviour over different timescales. Specifically, the parameter µ, which represents the

background seismicity rate, shows higher values for individual sequences compared to
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Figure 6.31: Seismic sequences similar to those in Fig. 6.28. In this figure, the 1979

sequence has been removed from both the 1997 Colfiorito and the 2016 Amatrice data.
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Figure 6.32: Posterior distributions for the 1997 Colfiorito sequence (in green) and the

long-term seismicity model fitted twice: once including the 1979 data (in black) and once

excluding the 1979 data (in blue). The inclusion of the 1979 data slightly shifts the posteriors.

Figure 6.33: Posterior distributions for the 2009 L’Aquila sequence (in purple) and the

long-term seismicity prior to the sequence (in black).

long-term data. This suggests an elevated level of activity during aftershock sequences,

which is not mirrored in the long-term seismicity records. The triggering coefficient

K shows notable differences between the datasets without any specific pattern. The
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Figure 6.34: Posterior distributions for the 2016 Amatrice sequence (in orange) and the

long-term seismicity model fitted twice: once including the 1979 data (in black) and once

excluding the 1979 data (in blue). The inclusion of the 1979 data slightly shifts the posteriors.

productivity law exponent α shows variations, with consistently higher values of +0.5

to +0.8 for the phases of aftershock sequences compared to the long-term data. These

variations highlight the different dynamics of aftershock generation immediately fol-

lowing a mainshock, compared to the seismicity patterns observed during extended

periods of seismic activity. Furthermore, the decay parameters of the Omori law c and

p display variations that further support the hypothesis. Short-term sequences have

lower values of c, indicating a more immediate onset of aftershocks, while p values,

although generally consistent, still exhibit slight differences.

These findings have profound implications for earthquake forecasting and seismic

hazard assessment. The observed variabilities in the ETAS parameters between short-

term and long-term datasets indicate that models based solely on long-term data may

not accurately capture the dynamics of aftershock sequences, and models based solely

on short-term data of aftershock sequences may not accurately reflect the long-term

seismicity behaviour. Consequently, incorporating the modified ETAS model, which

accounts for both short- and long-term incompleteness, and tailored modelling ap-

proaches that consider these differences are crucial for improving our understanding of

seismic hazards and improvement of forecasting models.
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Table 6.2: Mode of ETAS posteriors for the short-term (individual sequences) and long-

term (past seismicity) scenarios.

Scenario µ K α c p

past seismicity (pre 1997 Colfiorito sequence) 0.011 0.60 1.08 0.31 1.30

1997 Colfiorito sequence 0.029 0.88 1.87 0.06 1.32

past seismicity (pre 2009 L’Aquila) 0.011 0.61 1.75 0.09 1.57

2009 L’Aquila 0.032 0.42 2.24 0.04 1.20

past seismicity (pre 2016 Amatrice) 0.015 1.45 1.39 0.06 1.24

2016 Amatrice 0.013 0.65 2.19 0.04 1.18

Similar to the approach in Section 4.3 and Fig. 4.9, which tested the ability of

the estimated ETAS parameters to predict intensities for short-term incompleteness

periods, I apply the same method to assess how well the ETAS estimates for long-term

past seismicity can predict earthquake rates over 124 years. This is accomplished by

using the mode of posteriors and real seismicity in the modified conditional intensity

for the long-term version in Eq. 6.5. As a result, the magnitude time series and

the rate time series are shown in Figs. 6.35, 6.36, and 6.37 for the long-term past

seismicity preceding the 1997 Colfiorito, 2009 L’Aquila, and 2016 Amatrice sequences,

respectively. In these figures, the black lines show the observed (recorded) seismicity

and the red lines show the seismicity predicted by the modified ETAS model.

As is evident, there is a strong correlation between the peaks and densities in both

the ‘observed’ and ‘predicted’ seismicity rates. The long-term version of the ETAS

model effectively captures the occurrence of significant seismic events, demonstrating

its predictive power in regions where a large number of events are observed. Although

some discrepancies, in the form of underestimations or overestimations of peak heights,

may occur, these differences are expected in any statistical model and do not detract

from the overall performance. The model remains robust in capturing the general

patterns and rates of seismicity, providing a reliable representation of the underlying

seismic processes.
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Figure 6.35: Magnitude plot (top) and rate plot (bottom) for the long-term seismicity

preceding the 1997 Colfiorito earthquake. The bottom plot shows the histogram of observed

seismicity (in black) and the rates predicted by the modified ETAS model (in red).

Figure 6.36: Magnitude plot (top) and rate plot (bottom) for the long-term seismicity

preceding the 2009 L’Aquila earthquake. The bottom plot shows the histogram of observed

seismicity (in black) and the rates predicted by the modified ETAS model (in red).
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Figure 6.37: Magnitude plot (top) and rate plot (bottom) for the long-term seismicity

preceding the 2016 Amatrice earthquake. The bottom plot shows the histogram of observed

seismicity (in black) and the rates predicted by the modified ETAS model (in red).

6.5 Conclusion

In this chapter, I developed an ETAS model to address long-term catalogue incomplete-

ness in earthquake records. This work is essential because it allows for the inclusion of

long-term seismicity data in hazard assessments and earthquake forecasting, providing

a more comprehensive understanding of seismic activity.

I began by examining the historical context of seismic recording, from written

evidence to instrumental data, highlighting the persistent challenges of gaps and in-

consistencies in long-term earthquake catalogues. Recognising these challenges, I intro-

duced a step-like model for long-term incompleteness, which accounts for the gradual

decrease in the magnitude of completeness (Mc) over time due to advancements in

seismic detection technology and network expansions.

To accommodate long-term data incompleteness, I developed a long-term censor-

ship function that adjusts the conditional intensity and likelihood functions of the

ETAS model. This ensures that the modified ETAS model accurately reflects the

apparent rates of seismic events, providing a more realistic depiction of earthquake
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activity over extended periods.

I validated the robustness of the long-term version of the modified ETAS model

using synthetic earthquake catalogues with defined step-model incompleteness scenar-

ios. Synthetic experiments involved creating earthquake catalogues with various levels

of incompleteness to mimic real-world conditions. The model was first tested by com-

paring the original and modified ETAS models. This comparison demonstrated that

the modified model significantly reduced bias and produced parameter estimates that

closely aligned with the true values used to generate synthetic data, highlighting its

robustness in handling incomplete long-term data. Next, I tested the robustness of

the modified ETAS model with various catalogue scenarios. This involved generating

synthetic datasets with different seismicity patterns and levels of completeness. The

modified model consistently provided accurate parameter estimates across these var-

ied scenarios, showing its adaptability and potential for application in diverse seismic

settings. In addition, I investigated the contribution level of step intervals by gen-

erating synthetic catalogues with a fixed five-step incompleteness model. I examined

how different completeness levels influenced the ETAS parameter estimates. The re-

sults revealed that including large and small events across various completeness levels

is crucial for reasonable parameter estimation. The modified model effectively han-

dled these variations, further validating its comprehensive applicability in real-world

conditions where data completeness can vary significantly over time.

Real-world applications of the model involved analysing data from central Italy,

specifically the 1997 Colfiorito, 2009 L’Aquila, and 2016 Amatrice sequences. I used

both the short-term and long-term incompleteness models to assess the seismicity in

this region. The real-world data presented a more complex picture, with variations

in the completeness of records over different periods. The analysis revealed notable

differences in ETAS parameters between short- and long-term datasets. For example,

the background seismicity rate (µ) was generally higher during individual aftershock

sequences compared to long-term periods, indicating increased activity immediately fol-

lowing major events. The overall productivity coefficient (K) and the magnitude-based

productivity exponent (α) also varied, reflecting the different dynamics of the after-

shock triggering process and the long-term past seismicity. Furthermore, the Omori
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law parameters (c and p) also displayed variations, further indicating the different

behaviours observed on the short-term and long-term scales.

These findings highlight the variability in seismicity behaviour over different time

scales and emphasise the need for tailored modelling approaches that account for both

short- and long-term data. The modified ETAS models developed in this thesis, which

address short- and long-term incompleteness, provide a more nuanced and accurate

tool for understanding seismic hazards and improving earthquake forecasting.
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Chapter 7

Discussion and Conclusions

7.1 Remaining limitations and possible improvements

Although my new modified ETAS model, which handles different forms of short- to

long-term catalogue incompleteness, has demonstrated its efficacy in enhancing the

accuracy of ETAS estimates, ensuring generality, and mitigating bias in synthetic real-

isations where underlying parameters are known, there remain certain limitations that

warrant attention in future developments.

In calculating the intensity at any point, I sum over all past events. However,

I do not explicitly correct for the contributions to the intensity from events that lie

below the time-varying completeness thresholds. In the short-term modelling, these

contributions are likely small in total because they inherently come from less produc-

tive, smaller magnitude aftershocks. This could be accounted for analytically using

the assumptions presented in this thesis, but since I recover the posteriors well with

the current approach, I did not implement it here. In long-term modelling as well,

we face a greater risk as larger earthquakes might be missing, and their triggering

contributions to subsequent events are overlooked. Nevertheless, the model with the

currently applied censorship function works well. The next phase of my study will

involve developing the ETAS model to include the contributions of missing events in

the ETAS estimations.

In the modified ETAS for the short-term incompleteness, I also make the simpli-

fying assumption that the background rate during the incompleteness period was not

199
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affected by censoring. Statistically, this is reasonable because the background rate is

extremely small compared to the rate of triggered events during the period of temporal

incompleteness. However, it is not strictly physically correct.

I was only able to consider a limited number of scenarios within this thesis. I

highly recommend others conduct a similar study calibrated to their setting in order

to understand potential sources of bias and their implications when performing ETAS

inversions and seismicity forecasts.

A further area of improvement could involve the exploration of alternative models

specifically for short-term incompleteness. While the model introduced by Helmstetter

et al. (2006) remains widely adopted, my experience indicates that its incorporation

into the computational process of likelihood can be challenging, especially when result-

ing in the hypergeometric function. Looking for models with different functional forms,

such as exponential or power-law, could offer a more intuitive or computationally ef-

ficient representation. Such enhancements may elevate both the performance and the

flexibility of the ETAS model.

In terms of technical advances, there exists potential to expand the consideration

of incompleteness from purely temporal ETAS models to encompass spatio-temporal

models as well. This would provide a more comprehensive view of the dynamics of

earthquakes, taking into account the incompleteness issue for both the timing and

location of earthquake events, potentially improving predictive accuracy and offering

a better understanding of the underlying processes.

7.2 Discussion

In this thesis, I explored the impacts of different sources of bias and used this in-

formation to explore the data requirements for a selected catalogue to be sufficiently

representative of the governing processes so that it can recover the key parameters

unbiasedly.

The need for exploring these issues arises from the limitations of real datasets and

the fact that an ETAS inversion generally returns a set of parameters but provides little

information that helps us decide whether the selected data were sufficient to produce
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unbiased estimates of these parameters in the first place. Consequently, it is easy to

perform an inversion and work unquestionably with the parameters that were returned.

For example, in practice, it is easy to define the spatio-temporal domain without un-

dertaking a critical assessment of how the domain affects the ETAS parameters and the

epistemic uncertainty associated with this choice. This thesis revisited that concept,

emphasising that the true challenge lies in ensuring that the catalogue derived from

the definition of a domain meets the necessary criteria for it to be representative. The

intellectual starting point for this discussion in my thesis is representativeness, while

for practitioners and operators, the starting point is often defining a region and then

analysing it. So, this work aimed to bridge the gap between these two different starting

points by developing methods that ensure the modelling domain is critically assessed

for its representativeness, thereby minimising biases and improving the reliability of

the ETAS inversions.

I believe that we can do better than this, and the starting point needs to be un-

derstanding potential sources of bias within synthetic datasets such as those presented

here and actively considering sources of potential bias.

In practice, our datasets will always be limited by the seismic history of a region

and the practicalities of defining a space-time-magnitude domain within it. However,

we can question whether we have sufficient data to constrain key components of the

ETAS model. For example,

• Do we have sufficient data from quieter periods to constrain µ? If not, we should

anticipate that it may be biased. In my experience, when modelling productive

sequences not including sufficient background will produce systematically high es-

timates of µ and consequently underestimations of the productivity within the

triggered sequences. To evaluate whether the data from quieter periods are ‘suffi-

cient’ for reliably estimating µ, specific measures and indicators can be employed.

To do so, resampling techniques such as bootstrap or jackknife are useful for testing

the stability of µ estimates against variations in the dataset. Moreover, assessing

the stability of information criteria like the Akaike Information Criterion (AIC) or

Bayesian Information Criterion (BIC) helps gauge the impact of additional data

on model fit. If these values plateau as more data are incorporated, it suggests
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that further data would not substantially refine µ estimates. Consistent results

across these assessments indicate that the dataset is sufficiently robust for accurate

µ estimation.

• Do we have distinct mainshocks of different magnitudes in the selected data? If

not, even if µ is well calibrated, we should anticipate that the forecasts may do a

bad job when scaling to future mainshocks of very different magnitude.

• Is there short-term incompleteness following large events within the catalogue? I

have here presented an innovative solution for dealing with this as a censoring prob-

lem. If there is such incompleteness, and we do not correct for it, the synthetics

shown here suggest we will both underestimate the background rate and underes-

timate the number of triggered events. Again, this would affect the performance of

a prospective forecast.

• Are the short- and long-term incompleteness accurately modelled? The modified

ETAS model performs well provided the time varying incompleteness threshold is

reasonably estimated. As the threshold is reached from the incomplete side, it

provides asymptotic improvement. If the threshold is estimated at a higher level

than necessary, we still see good recovery of the true triggering parameters in the

synthetics.

It is reassuring that the short-term and long-term incompleteness models asymp-

totically improve as the censored events are accounted for, so that a model that approx-

imately corrects for incompleteness will be almost as good as one that perfectly finds

the boundary for the incompleteness. This makes the method robust to uncertainties

in the modelling of incompleteness, which is a desirable attribute.

Given that an ETAS inversion will generally return a set of parameters irrespec-

tive of their ‘correctness’, it is important that we can independently assess whether

selected catalogues contain sufficient information to fit a model well. Here, I pro-

vided a blueprint to achieving this, and I believe that a Bayesian approach, where we

can compare posteriors derived from different assumptions about the data, provides a

natural, flexible, and intuitive tool for achieving this.
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In addition, it is difficult to get an intuitive understanding of when differences

in triggering parameters matter individually. Some other studies (e.g., by Li et al.

2024) have partially gone down this route in considering branching ratios where the

average number of daughters is considered, but taking this approach does not take into

account the timescales upon which those daughters are produced. Therefore, I strongly

recommend routinely plotting out the triggering functions derived from sampling the

posteriors in order to decide when these differences are significant. This provides a

much better guide than simply plotting the posteriors of K, α, c, and p, as it visualises

the influence of each parameter on the overall rate of aftershocks over time, thus offering

a clearer interpretation of their practical implications.

I hope that this study gives an intuitive indication of where bias may arise in

ETAS inversions, how these biases would propagate to systematic errors in operational

earthquake forecasts, and how to correct for this bias in some cases. I believe that the

analyses I have shown offer a way forward for critiquing the performance of ETAS inver-

sions and can help practitioners anticipate how they can better define model domains

for extracting catalogues that are sufficiently representative for producing forecasts

that lie within uncertainty of real evolving sequences.

The modifications that I made to the ETAS model in this thesis demonstrated

substantial improvements in capturing the intricacies of aftershock sequences and long-

term seismic trends using a novel way of accounting for censorship of data. These

advancements mark a significant step forward in seismicity modelling. Although my

work is robust and promising, there are further avenues that could complement and

enhance the applicability of the model.

Firstly, a comprehensive evaluation of the model’s forecasting ability using the

CSEP tests would be a valuable addition. These tests, elaborated on in Section 2.2.1,

provide a rigorous framework for assessing the predictability of seismicity models. Im-

plementing these tests would offer an empirical basis for further validation of the pre-

dictive power of my modified ETAS model. Specifically, running simulations with the

enhanced model and subjecting the forecasts to N-Test, L-Test, and other relevant

CSEP evaluations would provide additional information about its operational reliabil-

ity.
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Secondly, a comparative analysis between the modified ETAS model and other

existing models (as mentioned in Section 4.1), such as those by Hainzl (2016), Mizrahi

et al. (2021), Elst et al. (2022), and Li et al. (2024), could provide further benchmarks.

Each of these models has a different ETAS formulation and functional form, as well

as unique approaches to dealing with data incompleteness and seismicity patterns.

Efforts to homogenise these models for a side-by-side performance evaluation would

yield valuable insights. Standardising input datasets and testing conditions to ensure

a fair comparison could highlight the strengths and potential integration points for the

modified ETAS model.

Moreover, the integration of spatio-temporal models represents a crucial area for

further improvement. Many tests, including those required by the CSEP, require the

use of spatial bins, underscoring the importance of incorporating spatial dimensions

into temporal forecasting models. Spatio-temporal models can significantly enhance

the accuracy and reliability of seismic predictions by accounting for both spatial and

temporal variations in seismic activity. In addition, the use of covariates, such as geo-

logical and geophysical parameters, can further refine these models. Previous studies

suggest the practical advantages of incorporating geological and geophysical covari-

ates. Research by Bayliss et al. (2020) and Bayliss et al. (2022) and Mancini et al.

(2019) and Mancini et al. (2020) on spatial seismicity modelling, together with work on

spatio-temporal ETAS models by Adelfio and Chiodi (2021) and Chiodi et al. (2021),

demonstrate that adding covariates enhances model accuracy by integrating physi-

cal insights into statistical frameworks. Moreover, the INLA and inlabru frameworks

employed in this study offer straightforward methods to implement and evaluate the

effects of covariates, similar to their use in GLMs for various phenomena. This makes

the integration of covariates both feasible and practical. Therefore, by incorporating

covariates, we can better understand the underlying factors that influence seismicity

patterns and improve the predictive abilities of the model.

7.3 Conclusion

The primary goal of this thesis was to address critical issues of temporal incompleteness

and systematic biases that affect the estimation of ETAS model parameters, which are
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essential for accurate earthquake forecasting and assessment of seismic hazards. This

research has led to the development of significant methodological enhancements to the

ETAS model, specifically targeting short-term and long-term catalogue incompleteness.

Initially, I addressed the issue of short-term incompleteness commonly observed fol-

lowing large mainshocks. This period of incompleteness is critical because it involves

the initial aftershock sequence, which can provide valuable insight into the seismic-

ity rates and properties of a seismic sequence. Traditional ETAS models often fail

to account for this transient period, leading to under-reporting of smaller aftershocks

due to waveform overlaps and seismogram saturation. To overcome this, I introduced

a methodological enhancement that involves the definition of a time-dependent cen-

sorship function. This function was integrated into the ETAS conditional intensity

and likelihood functions, creating a modified inversion solution capable of handling

incomplete data during the crucial early stages. By implementing this enhancement

within a Bayesian framework using the inlabru package and the INLA method, I was

able to provide more accurate posterior distributions of the model parameters, rather

than conventional point estimates. Extensive testing through synthetic experiments

demonstrated that the modified ETAS model significantly reduced bias in parameter

estimations compared to the original model when fitted to incomplete data. The re-

sults showed that the modified model could accurately capture ETAS parameters and

actual aftershock rates even with significant data gaps, aligning closely with the results

obtained from the original ETAS model fitted to complete data.

Beyond short-term incompleteness, I explored optimising the selection of represen-

tative samples for the ETAS inversions, which is critical for reducing bias in parameter

estimation. Various sampling strategies and their potential biases were examined,

leading to the proposal of a comprehensive approach to optimise survey design. This

included evaluating the sensitivity of the ETAS model to temporal binning strate-

gies, conditioning the model on the run-in history before an earthquake sequence, the

role of combining different earthquake magnitudes, and the trade-offs between ETAS

productivity parameters. Furthermore, considerations such as the choice of incom-

pleteness model parameters, the impact of secondary large aftershocks, and the spatial

and temporal size of the modelling domain were systematically analysed. Through this
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analysis, I established guidelines that identify and minimise biases, enhancing the re-

liability and robustness of modelling seismicity patterns when fitting the ETAS model

to real earthquake data.

Furthermore, the applicability of the ETAS model was expanded to address the

incompleteness of long-term data, which arises from lack of coverage of the network

and technological limitations over extended periods. The same censorship approach

used for short-term incompleteness was adapted to handle incomplete long-term data,

such as century-long records from the instrumental era that lack distinct aftershock

sequences. This comprehensive approach significantly improved the ETAS model’s

predictive accuracy, as evidenced by its application to both simulated data and real

earthquake sequences. The modified ETAS model was tested with synthetic earthquake

catalogues with defined step-model incompleteness scenarios, showing that it signifi-

cantly reduced bias and produced parameter estimates closely aligned with the true

values used to generate the synthetic data. This demonstrated the robustness of the

model in handling incomplete long-term data, ensuring robust parameter estimation

even when faced with extensive temporal gaps.

The robustness of the modified ETAS in handling both short- and long-term in-

completeness was further demonstrated through a real experiment in Central Italy.

The earthquake records of this region, which span several decades, present significant

long-term data gaps because of the evolution of seismic recording. By applying my

modified ETAS model, I was able to address these gaps and produce reliable parame-

ter estimates. The results showed that the modified model well captured the seismicity

patterns in Central Italy, validating its effectiveness in regions with extensive temporal

incompleteness.

Finally, this thesis has made significant advances in the field of seismicity modelling

by developing and validating modified ETAS models that effectively handle incomplete

seismic data and reduce biases in parameter estimation. These enhancements improve

the model’s predictive accuracy, providing more reliable forecasts of aftershock se-

quences and better-informed seismic hazard assessments. The contributions of this

research improve our understanding of earthquake behaviour and improve the accu-

racy of earthquake forecasts, ultimately contributing to more effective seismic hazard
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mitigation and risk reduction efforts. Future research can build on these findings by

exploring additional modifications and extensions to the ETAS model, incorporating

spatial variability, refining incompleteness models, and expanding real-world applica-

tions to further validate their effectiveness and generalisability.
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Appendix

All data, source codes, and notebooks developed for this thesis are available on GitHub

at: https://github.com/Farnaz-Kamranzad?tab=repositories.
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