The Problem of Nonlinear Filtering

Dan Ovidiu Cri§an

Ph. D.

University of Edinburgh
- 1996




The Problem Of Nonlinear Filtering
by
Dan Ovidiu Crisan

Submitted to the Department of Mathematics
on 15 July 1996, in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy

Abstract

Stochastic filtering theory studies the problem of estimating an unobservable ‘signal’
process X given the information obtained by observing an associated process Y (a ‘noisy’
observation) within a certain time window [0,¢]. It is possible to explicitly describe
the distribution of X given Y in the setting of linear/gaussian systems. Outside the
realm of the linear theory, it is known that only a few very exceptional examples have
explicitly described posterior distributions. We present in detail a class of nonlinear
filters (Benes filters) which allow explicit formulae. Using the explicit expression of the
Laplace transform of a functional of Brownian motion we give a direct computation of
the unnormalized conditional density of the signal for the Benes filter and obtain the
formula for the normalized conditional density of X for two particular filters.

In the case in which the signal X is a diffusion process and Y is given by the equation
dY; = h(s, Xs)ds+dW;, where W is a Brownian motion independent of X, Yy = 0 and A
satisfies certain conditions, the evolution of the conditional distribution of X is described
by two stochastic partial differential equations: a linear equation - the Zakai equation -
which describes the evolution of an unnormalised version of the conditional distribution
of X and a nonlinear equation - the Kushner — Stratonovitch equation - which describes
the evolution of the conditional distribution of X itself.

We construct several measure valued processes, associated with the two equations,
whose values give the conditional distribution of X (in the first case unnormalised). We
do this by means of converging sequences of branching particle systems. The particles
evolve independently, moving with the same law as X, and branch according to a mech-
anism that depends on their locations and the observation Y. The result is a cloud of
paths, with those surviving to the current time providing an estimate for the conditional
distribution of X.

The construction of these measure valued processes is new, since it involves wildly
varying branching mechanisms. But their true value stems from the fact that we can
successfully use them to solve numerically the problem of nonlinear filtering. We prove
the validity of the algorithm and show the numerical computation for several examples.
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Chapter 1

Introduction

1.1 Background

Let (Q,F,P) be a complete probability space endowed with the filtration {F;},5, and
X be a process defined on this space with values in_E, where E is a locally compact
complete separable metric space (in particular, it is a locally compact Polish space).
Let B(E) be the space of bounded, Borel measurable functions on E and P(E) is the
set of probability measures on E. We assume that {X;, Fi;t > 0} is a diffusion process
(called the ‘signal’ process), which solves the martingale problem associated with the
infinitesimal generator A : D(A) C B(E)—B(E) and the initial distribution 79 € P(E).
Let also h : [0,00) x E— R™ be a continuous Borel measurable function and W =
{Wy,Fi;t > 0} be an m-dimensional standard Brownian Motion independent of X. We

define Y to be the following stochastic process
t
Y: = / h(s,Xs)ds+W;, t2>0
JO

with the initial condition Yy = 0. The process Y is usually called the ‘observation’
process. We denote ), = o(Y;,0<s < t).
The filtering problem (within the time frame [0, T]) consists in determining the con-

ditional law of the signal given the observation process, i.e., in computing

def

7(p) = Elp(Xe)|Ve], vVt € [0,T], ¢ € B(E).



We observe here that mg - the initial distribution of X - is identical with the conditional
distribution of Xo, given )y, and that is why we use the same notation for both. To solve
the problem, first one changes the underlying measure so that Y; becomes a Brownian

motion. By assuming that

T
E [/ |h(s,Xs)|2ds] < 00
Jo
and using the definition of Y, the formula

dP _ " he(s, Xs)awWs — 2 [ Jags, X2 d
@7 P\ (5, Xo)dWs =5 J, 15 Xo)lPds

defines a new probability measure P absolutely continuous with respect to P and with

respect to which Y is a Brownian motion. The Kallianpur-Striebel formula tells us that

p
m(p) = :

(¢)
()’ P-as, (1.1)

where

7)€ E [0 Ctem [xar-3 [ s %) ds )

0

and E is the expectation with respect to P. p, is usually called the unnormalised
conditional distribution on X (one can see why from (1.1)). Under certain conditions,
to be described in detail in the next chapter, one proves that p, uniquely satisfies the

following evolution equation, called the Zakai equation

pt(¢)=7ro(s0)+/(; ps(Aw)d8+/(;ps(h*sﬂ)di’s, a.s. Vt, (1.2)

where ¢ is in the domain of the infinitesimal generator A. From (1.1) and (1.2) one ob-
tains that m;(y) satisfies the following evolution equation, called the Kushner-Stratono-

vitch equation

t -t
mi() = molp) + /0 75(Ap)ds + /0 (m5(h*0) = mo(h*)ms()) (dYs — Ta(R)ds),
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where ¢ is, again, in the domain of the infinitesimal generator A.

As we have set out above, the essential problem of stochastic filtering is to find the
conditional distribution of X; given the information obtained by measuring Y; for s in
the time window [0,¢]. The problem has considerable importance, but its usefulness is
limited to those cases where numerical solution is feasible. In the special case where the
evolution of X is given by a linear stochastic differential equation, A is also linear and X
has a Gaussian distribution one has the very nice property that the conditional distribu-
tion of X; is always Gaussian, and in consequence can be described by a finite number of
parameters (its mean and covariance). This remark has enormous computational signif-
icance: the conditional distribution can be obtained by solving an ordinary differential
equation for the covariance and a stochastic differential equation for the mean. This
approach is the well known Kalman filter ([23], [24]). One can say that the linear case is
completely understood. Hox-vever, there are many situations, where the linear/Gaussian
assumptions of this model are inappropriate; that is why we concentrate on nonlinear
filtering. |

In the nonlinear case it would seem attractive to apply the Zakai equation which
gives a linear stochastic PDE for the measure (or its density) describing the (unnor-
malised) conditional distribution of X;. Unfortunately, in real applications X is often a
multidimensional variable, even in four dimensions it can be a serious problem to solve
a PDE and more difficult to accurately solve an SPDE, in fifty dimensions it is utterly
hopeless. This has lead to attempts to find wider classes of models where the conditional
distribution lies in a finite dimensional manifold (the Benes and Ocone filters, see Chap-
ter 3), but these represent a very small class. More practical have been the approaches
were linearisation can be applied recursively using the so called eztended Kalman filter
([36]). But approaches via linearisation have strong limitations if there is significant
uncertainty in the observations. It has remained a serious problem to find good ways

to approximate 7 in the general case. It is this problem that we try to address in this

thesis.
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1.2 The main results

In high dimensions, one of the most convenient ways to describe a measure is to generate
a sample from it; in other words a sequence of points chosen at random according to its
distribution. This fact has been realised by Statisticians for many years and explains
the popularity of Gibbs Sampling (cf [18], [19], [20]). The reason is that one is often
interested in some low dimensional marginal distribution and not the measure itself.
Obtaining this directly from a density function in high dimensions is not computationally
feasible, as it involves a numerical integfation over the whole space. On the other hand,
the projection of a sample can quickly be computed, and non-parametric approaches
can be used effectively to construct approximate marginal distributions. Our idea is
that it might be possible to approach the Zakai equation and the Kushner-Stratonovitch
equation by creating a sample from the posterior measure. We do not quite succeed,
but we are able to produce arbitrarily good approximations.

Let Mp(R9) be the space of finite measures over R? and X (calligraphic X) be
a’ measure-valued branching process defined on (2, F, 13), with the property that, for

every ¢ in the domain of A, the process
. def t t
M) (x(2),0) — (X(0),0) /0 (X(s), Ap)ds — /0 (X(s),h*(s)p)dYs  (1.3)

is a square integrable martingale with respect to the filtration 7; V Y with quadratic

variation

t
< M¥(t) >= / (Xs,vs0%)ds, P —a.s. (1.4)
J0

where vs is any given bounded, positive function, continuous in time for which vy > %,
Vt € [0,1]. We make an abuse of notation here since, in fact, the process &' will be
constructed on (', F’ , P') a probability space larger than the initial one with Q C ¢/,
F'|lq = F, and P lr = P. We construct X using a sequence of branching particle sys-
tems X, with wildly varying (space and time dependent) branching mechanisms. The
particles constituting the systems &, will each have the same weight, will move indepen-
dently and according to the same law as the signal and will branch with a mean depending

on their recent past and the observation Y and variance v; if the branching occurs at
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time s. This sequence is convergent to X . One shows that E [(X(t),9) IVt] = p(e) and
lim E[(Xa(2),0) I9:] = E[(X(2),0) 1]

Therefore one can use the systems A, in order to compute numerically p,, hence the
solution of the Zakai equation. The processes X, are easy to simulate and, since the
particles involved move independently, one can use the powerful tools of parallel com-
puting to do this. This way, the dimension of the system is not so important since the
complexity of the numerical algorithms depends only polynomially on the dimension.
If we take independent copies of X, (while keeping the observation path Y, fixed) and
then integrate ¢ against the resulting measure, we can compute E [(Xn(2), ) V], and
hence approximate p,(¢). |
By slightly varying the previous construction, we produce the measure-valued branch-
ing process U whose distribution at time ¢ is exactly p,. We do this, once again, by using
a sequence of branching particle systems Uy, convergent to U. This time, the evolution
equation satisfied by the limiting measure-valued process will be
t t
U),9) = WO.9)+ [ V), ddds+ [ U1 @Y, (19)
The algorithm based on this result can be used, too, to solve numerically the Zakai
equation and, hence, the filtering problem. This result is an improvement of the previous
one, because it eliminates the extra degree of randomness introduced there. The system
of particles will move according to the law of the signal, independently of each other anci
after fixed-length intervals will branch. The mean number of offspring of a particle will
depend on the last part of its trajectory and on the observation process, but the variance
of the branching mechanism will be the minimum possible one. We can use these particle
systems to solve numerically the filtering problem since, as the number of particles is
increased, the empirical measure associated to the cloud of particles converges to the
solution of the Zakai equation. By starting with a number of particles constituting
a sample of the initial distribution of X, we allow the system to evolve up to time ¢
and then use the empirical law to estimate the required statistic ¢©. In the previous
model, the variance of the branching mechanism was a-priori given and, in this way, we

introduced an extra degree of randomness, so only the (conditional) expectation of that
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sequence converged to p,. Therefore, we needed a whole set of copies of the particles
system in order to obtain a good approximation to the solution of the Zakai equation.
Since limp 00 (Un(t), ) = (U(t), ) = p,(p), here we don’t need to estimate an average.

One may ask at this point why we present both constructions in the thesis and not
only one of them, possibly the second one since it seems to be better. First of all,
we point out that the small variation in the construction creates quite a big one in
the analysis of the processes, so one cannot produce a general construction which will
contain as particular cases both the fixed variance case and the minimal variance case.
Also, it shows the existence of a new class of measure valued branching processes. The
construction of X was ‘historically’ the first one and, although U does a better job, we
feel closer to our first ‘child’.

The individual processes are easy to simulate (particularly on parallel machines)
and the complexity of computing a single trajectory grows only polynomially with the
dimension of the state space. Combining these remarks, it is therefore feasible to pro-
duce an approximate sample in any reasonable dimension and with increasing effort an
arbitrarily accurate and arbitrarily large sample.

The last measure valued-process that we consider is the one that solves the other
important equation in nonlinear filtering, the Kushner - Stratonovitch equation. Ve
construct the probability measure-valued process a which satisfies the following evolution

equation

(@the) = (@©).9)+ [ (a(s)Ap)ds+ [ ((ale). 1) = (a(s), B)(a(5). )
x (dY; — (a(s), h)ds). (1.6)

We succeed in doing this by using a sequence a,, of branching particle systems, which
converges to a and the limit process has the same law as the conditional law of the signal,
i.e.,

Jim (aa(t), 9) = (a(t), ) = ().

This way we manage to produce a sample approximation of the conditional distri-
bution of X and therefore, based on this, we can construct a numerical algorithm for
solving directly the Kushner - Stratonovitch equation and, implicitly, the nonlinear fil-

tering problem. This way we successfully solve the nonlinear SPDE (1.6) in a direct
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fashion and not via its linearised form - the Zakai equation. Unfortunately, this time
the processes a, will no longer consist of independent particles. The mean number
of offsprings of these particles are correlated: at each branching time we compute the
branching means in a similar way to those for Uy, but then we normalize them so as
to keep their sum a martingale. In this case the limiting process @ will be a random
probability measure. This makes the use of parallel computing for numerical simulations
less effective than before, but eliminates the error resulting from normalising at the end
only. Also, this way we keep the mass under control, hence preventing it from expioding
or vanishing.

If we contrast this approach with the one where particles are weighted with expo-
nentials (the classical Monte - Carlo method), we see two important advantages over
this (largely disastrous) method. Firstly, all computations are associated with particles
that carry the same weight - one never finds oneself computing a trajectory that will
obviously have a smaller weight than another. Secondly, the paths exploring unfruitful
directions of exploration are rapidly killed. This again suggests a sifting out of poten-
tially unhelpful computation. The algorithm is feasible in the sense that one can carry
it out and get a return directly related to the amount of computational effort invested.
However, it has to be said that the convergence could still be quite slow. We have no
definite result on the rates of convergence at this point in time.

We believe that this is novel and potentially important work. Particle systems have
been used before to solve PDE’s (cf. [5], [7], [8], [40]) - the novelty here is that (i) we
use them to construct a measure and this is more useful that the density and (ii) we are
looking at technically more complicated situations than previous work. The algorithm
developed by us is different from the genetic algorithms ({11], [13], [21]). One difference is
that the breeding pattern of our algorithm is influenced by a noisy external process which
affects the analysis significantly; the algorithm is appropriate for soIving SPDE’s. Thisis
an attempt to consolidate our understanding of the bridge between two important parts
of stochastic analysis: measure valued processes and parabolic SPDE’s, particularly to
focus on those aspects of the theory that are relevant to computational efficiency in
the solution of SPDE'’s of the type that arise in non-linear filtering. Thislopens up
possibilities for a wider study of various features (existence, support, blow-up times,

etc.) for different SPDE’s using the tools that come from the theory of measure valued
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processes. The Zakai equation and the Kushner - Stratonovitch equation are only two
of the many SPDE’s which do not have reliable numerical algorithms for solving them.

We therefore hope that our results will be extended to other equations of this type.

‘Acknowledgement of colaboration
I worked jointly with my supervisor, Terry Lyons, in developing the results of this

thesis. However, the detail, presentation and proofs given here are my own.

1.3 Summary

We start Chapter 2 by setting up the notation and assumptions for defining rigorously
the stochastic filtering problem. We also present briefly the linear/Gaussian filter -
the Kalman-Bucy filter. We then go on to establish several preparatory results used
in proving that the conditional distribution of X satisfies the Kushner - Stratonovitch
equation and its unnormalised form satisfies the Zakai equation. We look also at the
uniqueness of the solution of the two equations.

Chapter 3 deals with one of the few nonlinear filters which admits explicit solutions -
the Benes filter. After the description of the filter, we explicitly compute an exponential
functional of Brownian motion. The explicit formulae help us to solve the Benes filter in
a different and, we think, a more direct way. We then observe the long time behaviour
for two particular filters. |

Chapter 4 contains results on convergence in distribution for processes with cddlag
paths with values in the space of measures over a locally compact metric space.

The main results of the thesis are contained in Chapter 5 and Chapter 6. Here
we put together the knowledge of nonlinear filtering and of measure valued branching
processes and construct three measure valued processes - X', U, a - which in turn help
us solve numerically the nonlinear filtering problem. For each of them we use a sequence
of approximating particle systems, prove that the sequence is tight and show that it
converges to the desired limit.

Using the particle systems described in Chapter 5 and 6 one can construct numerical
algorithms to solve the filtering problem. Chapter 7 contains some numerical applications
based on these algorithms. The Appendix contains a few results we use in the proofs.

Chapter 2 and Chapter 4 contain well known results, but some of the proofs might

16



be new. Chapter 3, Chapter 5 and Chapter 6 contain original work.
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Chapter 2

The Nonlinear Filtering Problem

2.1 Notation and assumptions

Let (E,d) be a locally compact complete separable metric space (in particular, it is a
locally compact Polish space) and Q! be the space of E-valued continuous functions de-
fined on [0, 00), endowed with the topology of uniform convergence on compact intervals;

let the associated Borel o-field be denoted by F!, i.e.,
Q! = C([0,00),E), F!=B(Q). (2.1)

Let X be the canonical E-valued process defined on this space, X;(w!) = w!(t), w! €
0. We observe that X, is measurable with respect to the o-field F! and consider the

filtration associated with the process X
Fi =0(Xs;s € [0,1)). (2.2)

Let Cy(E) be the space of bounded continuous functions on E endowed with the supre-
mum norm ||-]] and P(E) be the set of probability measures on E. Let also A :
Cy(E)—C},(E) be a markovian infinitesimal generator with domain D(A) with 1 € D(A)
and Al = 0, and P! be a probability measure solving the martingale problem associated
with A and initial distribution mo € P(E), i.e., under P!, the distribution of Xp is mg

and
t
MY = o(Xt) — o(Xo) — / Ap(Xs)ds, Ff, 0<t<oo, (2.3)
J0

18



is a martingale for any ¢ € D(A). Let also Q2 be defined similarly to Q!, but with
E =R™. Hence
02 = C([0,00),R™), F?=DB(Q?. (2.4)

We denote by V the canonical process in Q2, i.e., Y;(w?) = w?(t), w? € Q? and take
P? to be a probability measure under which V is an m-dimensional standard Brownian

motion on (02, F2). Consider now the following:

Q0 € alx?
F Y AR,

P PR

F S FVN,

N € {aeF;PA) =0}

(Q,F, P) is a complete probability space and, under P, X and V are two independent
processes. They can be viewed as processes on the product space (€2, F, P) in the usual

way: If W is the canonical process on €2, then

W) = wlt) = @130,
X = pl(w), wherep!: Q — Q! pl(w) =t

V = p*(w), wherep?: Q — 02, p?(w) = .
My is also a martingale with respect to the larger filtration F;, where
Fi=0(Xs, V558 €[0,t]) VN. (2.5)

Let now A : [0,00) x E— R™ be a continuous Borel measurable function with the property

that T )
E [ / |h(s, Xs)[? ds] <oo VT >0, (2.6)
JO

and take Y to be the following F;-adapted process (usually called the ‘observation’

process)
t
Y, = / h(s,X,)ds +V;, ¢>0. @2.7)
Jo
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If we also introduce the following filtration

Vi=0(Ys,s€[0,t])) VN C F, (2.8)

y=J (2.9)
teR4

then the filtering problem (within the time frame [0,T]) consists in determining the

conditional law of the signal given the observation process, i.e., in computing
mi(p) % Elp(X)IV], ¥t € [0,T), ¢ € B(E). (2.10)

We observe here that 7g - the initial distribution of X - is identical with the conditional

distribution of Xp, given ), and that is why we used the same notation for both

mo(p) = ./go(:c)d(PoXo'l).

To summarise, on a complete probability space (2, F, P) we have defined a pair
{(X:Yy), Fi;t > 0} of processes as follows:

1. X is the solution of the martingale problem associated with the infinitesimal
generator A and initial condition 7o (the signal).

2.Y, = fot h(s, Xs)ds + V;, where V is a Brownian motion independent of X and h
satisfies condition 2.6 (the observation).
Given these processes, we want to find out 7; the conditional law of the signal given the
observation.

For the nonlinear case, one changes first the underlying measure, so that Y; becomes
a Brownian motion. Next we present the solution of the filtering problem for the linear

case - the Kalman-Bucy filter.

2.2 The Kalman - Bucy Filter

Let A be the following second order differential operator
d

Alt)p(z) = Y (Fi()z + fi(t)) —5 = 390( + Z Qu(t)g 99;2

i=1

20



where F;, fi,Qi; € C([0,T)) and Q;; > 0. Under these conditions the solution X of the
martingale problem associated with the infinitesimal operator A satisfies the following

stochastic differential equation (see [38], Chapter II, Th. 2)
t t
Xt =Xo+ / (Fi(t)Xs + fi(t)) ds + / Q(s)dBs, (2.11)
Jo Jo

where {By, Ft,t € [0,T]} is a d-dimensional standard Brownian motion. We also assume

that the initial data mg is Gaussian with mean zo and covariance matrix P, i.e.,

mo(p) = /Rd ® (:L'o + Pé{) e—x-l-)((Q—;;-z—l?ng for all p € B(RY). (2.12)

Let the observation process Y; be defined as
t
V= [(HOX 4 s+, 120, (2.13)
Jo

with H and h continuous in time. Under these assumptions we have the following

Theorem 1 (Kalman-Bucy) The conditional distribution of the signal given the ob-
servation is Gaussian with mean &; and covariance matriz P, where Z; is the solution

of the SDE

di; = (F(t)& + f(t))dt + P H*(t) [dY; — (H(t)xt + h(t)) dt] (2.14)
Tp =20 '
and P; is the solution of the Ricatti equation
dPt *
- = —P,H*()H(t)P, + Q(t) + F(t)P, + P.F(t). (2.15)

with the initial condition Fy.

Remark 1 In other words, for all ¢ € B(RY), t > 0, we have

m(w)=/Rd490(x +P2> (( ? )

21



Theorem 2 The unnormalised conditional distribution of the signal given the observa-

tion is given by

[y =L

where Z; is the solution of the SDE (2.14), P, is the solution of the Ricatti equation
(2.15) and

t * S * 1 t * Py * Py
si = exp [ /0 (H'(s)as + W () dYi = 5. /0 (H*(5)&s + h*(s)) (H() 3, + h(2)) ds] .

2.3 Preparatory Results

As we indicated in the first section, first we intend to modify the probability on €2, in
order to transform the process Y; into a Brownian motion. We use Girsanov’s theorem.

For this, we introduce Z; defined by

t t
Z; = exp (-/ h*(s, X)dV; — % / |h(s,Xs)|2ds) (2.16)
J0 JO

To apply the Girsanov Theorem, we need Z; to be a martingale. For this we need to

impose the following condition:
E [Z|h(t,X:)|?] < C, for all t > 0. (2.17)

Remark 2 If h is bounded, then (2.17) holds.
We prove this in the next proposition
Proposition 1 The process {Z;, F;t > 0} is a martingale.

Proof. By differentiating (2.16) with respect to time, we obtain

dZt = —Zth*(t,Xt)dV't
t

Z = 1- / Z.h* (s, X)dV,s
Jo
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hence Z; is a positive, continuous, local martingale, and therefore a (continuous) super-
martingale. To prove that Z; is a martingale it is enough to show that it has constant
expectation. First, since Z;is a (continuous) local martingale, there exists a sequence T,
of stopping times such that lim,—,c T = 00 and Ziar, is a marting-ale (by the definition

of a local martingale). Using Fatou’s lemma (see Appendix) we obtain that
EZ=FE lirrolo Ziat, <liminf EZiaT, = 1,
n—

hence Z; is integrable and EZ; < 1. Using Itd’s formula we have that

Z 1 t Z.h*(s, Xs) /t eZ2 |h(s, X,
= SsP A\ RS gy | ZEs AT s )
1+eZ, 1+e /0 0422 V™ )y “(1+ez:) ds (2.18)

/o (‘Zaht(eTX)zl)z dS] <3F [/0 " h(e, X 4s]

and from (2.6) the integral is finite. Hence the second term in (2.18) is a martingale

Note that
F

with null expectation. By taking expectation in (2.18), we obtain

t EZS | I’(E ‘(S)|
sl A\ o 2 I
E ./ ( )3 dS (..4- 9)

Z4 1
1+eZ| 14e
We take now the limit in (2.19) as € tends to 0 and using the dominated convergence
theorem (based on (2.17)), we obtain our claim.

We can now define P a new probability measure such that the Radon-Nikodym

derivative with respect to P is

Proposition 2 Under P, the observation process Y is a Brownian motion independent

of X.

Proof. By Girsanov’s theorem (see the Appendix), the process Y; = V; + fot h(s, Xs)ds
is a Brownian motion with respect to the new probability measure. Also, for each T' > 0, ‘
the law of the process consisting of the pair (X,Y’) on the interval [0,7)] is absolutely

continuous with respect to the law of the process (X, V) on the interval [0,T} (since
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the latter is equal to the former plus a drift term) and its Radon-Nikodym derivative is

exactly Zr, i.e., for any bounded measurable function f

where in (2.20) both processes are regarded up to time T'. Hence E[f(X,Y)] = E[f(X,V)]
and therefore X and Y are independent under P .

Proposition 3 Let U be an integrable F; -measurable random variable. Then we have
E[U|Y) = E[U1Y) (2.21)

Proof. Let us denote by
YV, = 0(Yigu — Ye5u 2 0), (2.22)

then ) = Y; VY . Under the new probability measure }; C ) is independent of F;

because Y is an F;-adapted Brownian motion. Hence
E[U|y) = EUY.\/ ¥ = E[UY]

||
It is the right time to introduce a new player into the game - p, - the unnormalised
conditional distribution of X. First we introduce the notation Z, def Z; 1 Under 13, Z

satisfies the following stochastic differential equation:

dZ, = Z;h*(t, X1)dYs (2.23)
and
_ t 1 t
2, = exp ( / (5, X.)dY / |h(s,Xs)|2ds) (2.24)
JOo JO
then EZ;, = EZZ, =1, so Z, is a martingale under P and we have %11; = Z, on

F:, t > 0. For every ¢ bounded Borel measurable function, we define p,() to be
def ~ = _
() = Elp(Xe) Ze| Vi) (2.25)
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and E is the expectation with respect to P. We observe that, due to the previous
proposition, in (2.25) we can take ) instead of ).
The following formula, called the Kallianpur-Striebel formula gives us the basic iden-

tity used in the Monte-Carlo method.

Proposition 4 (Kallianpur-Striebel) For every ¢ bounded Borel measurable func-

tion we have

_ p() 5
7Tt((,9) = m, P — as.. (226)

Proof.
We show that 7:()p,(1) = p,(¢), P-a.s., which is equivalent to

T(Q)ElZ|V] = Elp(X2)Z|Y)), P -as..

Let b be an arbitrary };-measurable, bounded random variable. We have the following

sequence of identities

Em(p)b = Ep(X)b
E~7Tt((,0)b2t = E(,D(Xg)bzt

E |m(o)EZ)] = B |Elp(x)Zye],

which prove the required identity and hence the proposition.

Remark 3 Since P and P are absolutely continuous with respect to each other, we also

have

() = pule) P —as.

pe(1)’

The Kallianpur-Striebel formula explains the usage of the term unnormalised in the

definition of p,.

We end this section with several results, which we will use in the proofs in the next

section, but are also interesting in their own right.

Lemma 1 Let

t 1 t
Sy = {et = exp (z / r3dYs + 3 / r;rsds) ;7s € L™ ([O,t],R’”)} (2.27)
Jo Jo
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Then S; is a total set in LY(Q, Y, P), i.e., if a € LY(Q, ), P) and Elae;]) = 0, Ve, € Si,

then a = 0.

Proof. It is enough to show this for the set

qt
S; = {et = exp (z/ r;d}”s)}
0

since any element from S; is equal with an element from S; multiplied by a constant

(exp(% jot rirsds)). To do this, we take t;,13, ..., € (0,t); t1 < t2 < ... <1p, then

p |4 t
b = D halYiy ~ Yo = [ Bav,
h=1 h=1 0
where [y, 12, ...,l, are given, tp = 0 and
l“l‘p=lpil‘tp—1 =lp+l _1,...,IL1 =lp+...+l1

Mp, tE€ (th—lath)) h= 1,..,p
pry=9 " :
01 te (tP’T)

We have then »
E [a - exp (iZl,‘lYth)] =0 (2.28)
h=1
and also ,
_ K P .
E [a ch exp (z Zl,‘;,k}’th)] =0 (2.29)
k=1 h=1 .
VK,Vey,...,CK € C,lhx € R. Let F(z,, ...,ip) be a bounded continuous complex valued

function defined on ((R™)?. By Weierstrass’ theorem, there exists an uniformly bounded

sequence of functions of the form

K¢ P
PS(z1, ..., Zp) = Zcfcexp (2 Z(l;)k)'a:h)
k=1 h=1
such that
clirgo PS(xy,...,1p) = F(zy, .., Tp)-

Hence we have E(aF (Y, ..,Yt,)) = 0 for every F bounded continuous function and

by a further approximation argument, we can take F' to be a bounded Borel function,
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measurable with respect to the o-field o(Y;,,...,Y;,). Since t;,1s,...,, were taken arbi-
trarily, we obtain that E(ab) = 0, for any bounded );— measurable function b, which in

particular gives E(a2 An) = 0 for arbitrary n, hence a = 0, P-as. W

Lemma 2 Let {U;t > 0} be a cadlag, F;-adapted process such that
_ T
E / UZdt < oo, YT > 0, (2.30)
J0

then
t . t -~ .
FE [/ UsdY) [yt] = / E[Us|Ys)dYy; t >0, j=1,...,m. (2.31)
0 Jo A

Proof.

Every g; from the set S; (2.27)satisfies the following stochastic differential equation
t
ege=1+ / iesT3dYs
Jo
Then

t i t )
E{stE[ / Udesjlyt]] = Ele / Udeg]
JO L. JO

ropt oot ,
/ Udesj] + F [/ iesrgUsds]
L./0 J0

-~ -— t -
= F E[/ iesrgUsdsWt]J
L J0

I
e

-~ t .~v
= FE /iesrgE[UsWs]dsJ
0

[ t
= Ele / E[Us|ys]dYgJ
L 0

completes the proof of lemma. W
Since for all ¢ € D(A), {M?,F:;t > 0} (2.3) is a bounded martingale (hence square
integrable), we can define the It6 integral with respect to it. We have the following

lemma

Lemma 3 Let {U;;t > 0} be a cadlag, F¢-adapted process such that

T
E/ U2dt < 00,¥T >0
0
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then
oot
E[/ UsdM?| V) =0 (2.32)
0

Proof. The proof is similar to the previous one. We take once again ¢; from the set S;
and obtain the following sequence of identities ( we use the fact that the bracket between

Mfand Y is 0)
o[ .t 5 t
E [etE[ / Udeﬂyt]] - E [et / Ude;"]
JO J0O

T st
= E[ / ssUdef]
0
= 0.

2.4 The Zakai and Kushner - Stratonovitch Equations

We now have all the tools to prove that p, satisfies the Zakai equation and 7; the Kushner
- Stratonovitch equation. We do this in the next two theorems. For our purposes we

restrict attention to the case when A is uniformly bounded, i.e.,

Al = max sup |hi(z)| < o0
i=1,..,M zcE

Theorem 3 The process p, satisfies the following evolution equation, called the Zaka:

equation

t ot
pu(9) = () + /0 po(Ap)ds + /0 P (R Q)dYs, as. Wi, (2.33)

for all p in the domain of the infinitesimal generator A.

Proof.
The argument follows closely the one in [3] pp. 83-87. We first approximate Z; by

Z¢ given by

ge= 2
1+EZt

Using It6’s rule and integration by parts, we find

dZip(X) = [ZEAp(X) - ep(X)(1+eZ) P 2 |h(t, X)) d
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+ZEdMF + o(X:)(1 + €2:) "2 Z,h* (2, X:)dY:

By taking conditional expectation and applying (2.31) and (2.32), we get

o ()
1+¢

+ [ B[ ZeA0x) - cp(X)E + €20 G X)P 1] ds

E(Zfo(X)IV:] = +

t
+ / B [p(X,)25(1+ 2,07 (X,) 19 ] Y, (2.34)
0
Now let € tend to 0. We have

Z /4
ElZip(X)|V] — ple)  as
For almost every s € [0,t] E[ZSAp(X)|Vs] —  ps(A(y)) a.s.

and, because the last sequence remains bounded by the integrable random variable

| Ag|l E[Z| Y], which is in L}((0,T) x ;dt ® dP) we get

ot -t
/ E[ZEA()Vslds — / p(Al@))ds  as.
JO JO

Also
lin“éego(Xs)(Zf)z(l +eZ) Yh(s,X,)|?=0P —a.s., dt —ae.
£—

e [P(X) (2921 +e2) 7| IR(X < IRIP lell Ze

which is integrable o§er the space Q x [0,#] with respect to P x dt. Thus using the
Dominated Convergence Theorem we obtain that the integral [ot eE[go(Xs)(Zf)z(l +
€Zs)"t|h(s, Xs)|?|Vs]ds tends to 0 as € tends to 0.

It only remains to show that fot E[p(Xs)ZE(14€Z)"1h* (s, Xs)l‘;))s]d}’fs — [(f ps(h*©)dY;
to complete the proof of the Zakai theorem.

First note that fot Elp(Xs)ZE(1 + €Z5) " h*(s, X,)|Vs)dYs is a well defined square

integrable martingale since
=[ (2 Se 5 \=1p% 2 o 2 ian2
B[ (BlotxnZs(+e2)7h (XaI0il) ds| < 2ol 1o
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We show now that jot ps(h*p)dY; is well defined. The process E[Z,|Vs] is a martingale
with respect to the Brownian filtration ); hence it has a continuous version (see Corollary
2.3.2 in [36]). This implies that p,(1) is bounded a.s. on compact intervals and also

ps(Ph*y) is bounded on compact intervals. Hence

_rrt
P [ urrontas <oo] =1
J0
and therefore the stochastic integral is well defined and is a local martingale.

t _ t
[ Bl 250 + 27 15, XY = [ py(he)dYs =
JO JO

/ ’ E[p(Xs)eZ2(2 +€Z5)(1 + €Z5)2h* (s, X5)|Vs)dYs.
J0

In order to show that the term on the right hand side of the above inequality converges
to 0, at least for a convenient subsequence €,, we use the following property of stochastic

integrals (see, for instance [4], pp. 34)

Proposition 5 Let (02, F, P) be a probability space and { B;, F;} be a standard n-dimen-
sional Brownian motion defined on this space and ¥, , U be F;-adapted process such that

3 Wids < oo, [ ¥%ds < oo, P-a.s. and

n—oo

t
lim / (¥, — ¥)?ds =0
J0

in probability, then

t
/ (U — )dBs| = 0
J0

lim sup
n=00¢¢[0,T)

in probability.

We show that
| /0 t (E[w(xs)eZE(z + eZs)(1 + 623)'2h'(s,X3)]ys])2 ds =0, P-a.s.,
at least for a convenient sequence &,. Obviously it is enough to show that
./0: (E[523(2 +eZs)(1+ EZS)_2D)S])2 ds - 0P —as. (2.35)
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Since

t
E / EleZ2(2 + €Z5)(1 + €2,5) 72| Vs)ds
J0
- t -~ -~ -
—E / 222+ e25)(1+eZs)"2ds — 0
J0
for a convenient subsequence
EleZX(2 +€Z,)(1 +€Z5)72|Ys] — O, P—a.s., dt —a.e.
which implies, that P —as.
EleZ2(2+€eZ)(1 +€Z5)2|Vs] — 0, for almost every s € [0, ]
and, for the same subsequence
- - - 2
(E[EZE(Q +eZs)(1+ (-:Zs)_zlys]) — 0, for almost every s € [0, ]

Moreover, this is bounded by 4(E[Z,|)s])? , which is continuous in time (see Corollary
2.3.2 in [36]), hence bounded on compact intervals, and (2.35) is proved.

|

From (2.26) and (2.33) one obtains that

Theorem 4 The conditional distribution of X given the observation process Y, i.e., 7y,

satisfies the following evolution equation (called the Kushner-Stratonovitch equation)

wmmﬂM@+AMM@%+AWMw%4wﬁmwmﬂ%WWMﬂ (2.36)

where @ is in the domain of the infinitesimal generator A.

Proof.
From (2.33), one obtains that p,(1) satisfies the following equation

t
(1) =1+ /0 po(h*)dY,s

which gives
t
mm=1+4%mmwmn
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and using Itd’s rule one can prove that p,(1) is explicitly given by

() =exo (| m(wat, -3 [ t (17705

and, hence

= (— / n(h)Y, . 2/ (k)

1 1 * *
d;t(—l)‘ = m [—'ﬂ't(h )dlft +7Tt(h )ﬂ't(h)dt] ) (237)

By using (stochastic) integration by parts, (2.37), the Zakai equation for p;(¢) and the
Kallianpur-Striebel formula, we obtain the stochastic differential equation satisfied by

™

t

n(@) = alo) =

t\@P) = P\¥ pr(1)

dmi(p) = m(A(p))dt + m(h*@)dY: + () [~me(h*@)dY: + mi(h") i (h)dl]
—m(h*)m(h)dt

which gives us the result.

[ ]

The two theorems are valid for h unbounded and only satisfying (2.6), proofs for
the two theorems under wider conditions can be found in [3], [4], [36] and the references

therein.

2.5 Uniqileness Results

This section contains two similar results: if a process (belonging to a class to be specified)
satisfies the equation (2.33) (respectively (2.36)), then it is almost surely equal to p,
( respectively to m;). Let B*(E) be the space of bounded Borel functions endowed
with the bp-convergence (bounded and pointwise) topology, i.e., an € BY(E) converges
to a € BY(E), if sup;cp |an(x)| remains bounded and an(z) — a(z), for all z € E.
The bp-convergence topology is also known as the weak topology on B(E) (the space
of bounded Borel functions). Let also (LI(Q,yt,IS))”’ be the space of V;-measurable,
integrable random variables endowed with the weak topology, (L*([0, T}, B(E)))" be
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the space of uniformly bounded functions defined on [0, ] with values in B(E) endowed

with the weak topology and
240,7) = {6(t.w) € ! ((o,T) x 2 dt @ dP) , for almost all £, (¢, ") € L}(2, ), B)}

Remark 4 The unnormalised conditional probability p belongs to the class

L((L=([0,T], B(E))), (LY,(0,T))*) and for all t, p, € L(B*(E),(L}(Q, Y, P))*).

We want to prove that if p’ (respectively, 7’) belongs to same class as p (respectively,
7) and satisfies the Zakai equation (respectively, the Kushner-Stratonovitch equation)

then p and p’ coincide. For this to hold we need to introduce an extra assumption:

Assumption A. For any smooth bounded function 7 : [0,7] — R™ there exists a set M

of functions bp-dense in C(E) such that, for every ¢ € Mr,, the equation

(2.38)

SI) _ Ag(t, ) + itb(t, z)h* (¢, 2)r(t) = O
Y(T, z) = ()

has a unique solution ¥ such that ¥(¢,-) € D(A) and %tt") € Cy(E) for all t € [0,T].

Next we present a generic case where the property A holds. Let E = R? and A be

the second order elliptic differential operator
d d :
0 0?
A= = Y

where f;,a;; : R? — R, i,j = 1...d are continuous bounded functions and D(A) consists
of the set of bounded continuous functions with bounded continuous first and second
derivatives. Then we have the following theorem (with a proof similar to that of Propo-

sition 4.2.1, pp. 90, [3)),

Theorem 5 Let us assume that ¢ : R — C is a bounded continuous twice differentiable

function such that -(%";, a—ff—a%, i, _7 = 1...d are bounded and the following two conditions

are satisfied by h and the coefficients of A
i. h;, i = 1...m are bounded continuous functions differentiable in the time variable and

twice differentiable in the space variable and %’;ﬂ, g—::, gTi’;:l;’ i = 1...d are uniformly
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bounded.
ii.  fi, aij, i,j = 1...d, h; are continuous bounded functions, twice differentiable with
the property that %, -g;%, %ﬁ-, g%:%, i,7,k,1 = 1...d are uniformly bounded.

then the system (2.38) has a unique solution ¢ such that %’%, g_;ﬁ" %‘ﬁj— are bounded.

Let © denote the class of functions where we seek solutions to the two equations, i.e.,

o = {p() e L(L=(0,T), BE)*, (LH(0,T))*),
vt,p() € L(B"(E), (L', Y0 P))*) } -

Theorem 6 Assuming that A holds, then there erists a unique solution of the Zakai

equation (2.33) in the class ©.

Proof. We want to show that for arbitrary T , if we have two solutions of the Zakai

equation p and p’ then
pr(v) = pr(p), Yo € BY(E)

In fact, it is enough to show the above identity for ¢ belonging to a bp-dense subset of
B¥(E). If er € St (see (2.27)), then, using stochastic integration by parts and the Zakai

equation, we obtain

~ ~ T vis
Elpr(v(T))er] = mo(v(0)) + E [ /0 ps(v(s))es (%(S—) — Av(s) + iv(S)h*(S)T(S)) dS]

(2.39)
where v is a reasonably smooth bounded function. The analogous equation holds for 0.
Now if we take v to be the solution of (2.38) for ¢ € M, and r smooth and bounded,
then
Elpr(@)er) = mo(¥(0, ")) = Elpr(p)er]

which implies that E lor(p)er] = E[p’T((p)eT] for any Borel bounded r and using Lemma
1 we get that pr(p) = pip(p) for all ¢ € Mr,.. Since M7, is bp-dense in Cy(E) thus also
in B¥(E), we get that pp = p7 as elements in (L! (Q,yt,ﬁ))W. Since T was arbitrarily
taken, Zakai equation has a unique solution in any interval [0, T].

Before proceeding to prove the uniqueness of the solution of the Kushner-Stratonovitch

equation we need the following simple lemma
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Lemma 4 For allt € [0,T}], we have
E[ZVE[Z|Y)] =1, P - as. 4 (2.40)
Proof. Let a be a bounded yt-rﬂeasurable function, then
E[E[Z:|Yi]a] = E[Z:q]

Hence
E(E(Z|V)aZ:) = E(ZiaZ,]) = E[1- d]

which in turn implies (2.40).
n

Remark 5 Since P is absolutely continuous with respect to P, (2.40) holds also P-—a.s..

Theorem 7 Assuming that A holds, there exists a unique solution of the Kushner-

Stratonovitch equation (2.36) in the class ©.

Proof. The key point of the proof is that the integrated forms of the Zakai and Kushner
Stratonovitch equation coincide, except that P plays the role of P. But first observe

that using the notation of the previous theorem

Elor@(T)er] = Elpr(o(T))erElZ)]]
pr(o(T))er=—=

= F —_—
E[Z:| Y]
= E[nr(v(T))er]

and proving the analogous formula from the right hand side of (2.39) we obtain that

E[nr(v(T))er] = mo(v(0)) + E [./OT 7s(v(s))es (agﬁs) — Av(s) + iv(s)h*(s)r(s)) ds]

and uniqueness follows from a similar argument to before.
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2.6 The Measure Valued Processes asociated to the Filter-

ing Problem

This section contains results concerning the existence and uniqueness of the solution
of Zakai equation and Kushner Stratonovitch equation, regarded as measure valued

processes. The proof of the results can be found in [30] and the references therein.

Proposition 6 There erists a P(E)-valued, cadlag, V;-adapted process a such that
(alt),p) = m(p), forallt > 0, (2.41)

for all p € B(E), and the identity (2.41) means that the two processes are indistinguish-
able.

We define the Mg (E)-valued process U as follows
t 1 -t
0@ = esp ( [ (ato)hIar, =3 [ ats),mP s) aty (2.42)
Jo Jo
It can be shown that U(t) satisfies

(U@), ) = pe(v) (2.43)

for all o € B(F) and the identity (2.43) means that the two processes are indistinguish-
able. From (2.33) and (2.36), we have that U satisfies the equation

U, 9) = (@(0),9) + [ U(s), Ap)ds + [ (Us),hp)ae
0 JO
and « satisfies the equation
t
(e(t)¢) = (a(0),¢) +/0 (a(s), Ap)ds +
t
| /0 (als), 1*0) — (@(s), %) (e(s), @) (dYs — (ax(s), h)ds)
for every ¢ € D(A) ,t > 0.

Let Ag be the restriction of A to Co(E). We assume that the domain of A4p is a
dense algebra in Cy(E) (in particular that if f € D(Ayp), then f2 € D(Ap)) and that the
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martingale problem for Ag is well posed.

Theorem 8 Assume that Ay satisfies the conditions from above, i.e., Ay : Co(E) —
Co(E), D(Ap) is a dense algebra of Cy(E), the martingale problem for Ag is well posed
and fh; € Co(E) for all f € D(Ap), 1 < i < m. Let & be an Y;-adapted cadlag
P(E)-valued process such that
t
@O.0) = (@) + [ (@(s), Ap)ds +
t
[ (@@ h0) = (@6, 1)@ (e), )
x (dY, — (d/(s), h)ds) (2.44)

for every ¢ € D(Ag) , t <T. Then d/(t) = aft) for allt < T a.s..

Theorem 9 Assume that Ag satisfies the conditions from above, i.e., Ag : Co(E) —
Co(E), D(Ao) is a dense algebra of Co(E), the martingale problem for Ao is well posed
and fh; € Co(E) for all f € D(Ap), 1 < i < m. Let U be an Y;-adapted cadlag
P(E)-valued process such that

<U’<t),sa)=<a(0),so>+_/; (U’(s>,A<p)ds+‘/0' U'(s), B )dYs  (2.45)

for every ¢ € D(Ag) U {1} , t <T. ThenU'(t) =U(t) for allt <T a.s..

37



Chapter 3

Finite dimensional Filters

3.1 The Benes Filter

The Benes filter (see [2]) is one of the few nonlinear filters that admit explicit solutions.
In the following, we give a direct computation of the unnormalised conditional density
for the Benes filter using an explicit expression of the Laplace transform of a functional
of Brownian motion. The same functional gives us the formula for the normalized con-
ditional density for two particular filters.

Here is how we will proceed. We start by presenting the characteristics of the Benes
filter and then, in the next section we compute the Laplace transform of a functional of

Brownian motion of the form

E [exp (a(Bt) + /0 B2 (s)ds -3 /0 “|TB, 2 ds> B, = 5] ,

where a, 3 are functions and T is a matrix. Using this computation we find in the last
section an explicit form of the unnormalised conditional density for the Benes filter and
normalise in two particular cases.

We presume all the assumptions made in the previous chapter only this time E =R,
Xo = 7o € R and the drift in (2.7) is linear, i.e.,, h(z) = az + b, where a,b € R.
Because we don’t want too many indices, we will treat only the one dimensional case.

An extension to the n-dimensional case can be made along the same lines as in [2].

Let F; = o(Xs;s < t). We assume that X is the solution of the martingale problem
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associated with the infinitesimal generator

1
Ap = 59" + ¢,
that is, for any ¢ € D(A), the process
. .
MY = o(X,) — o(Xo) — / Ap(X,)ds, Fi, 0<t<oo,
J0
is a martingale. We also assume that the drift coefficient satisfies the Benes condition

f'(@) + f2(z) + (az)? = (pz)? +22g +7, p,g,r€R, z€R (3.1)

( f' is the derivative of f). Under these conditions (see [38}], Chapter II, Th. 2), the

process defined by the relation
t
Mf=X, —xg— / f(Xs)ds
J0
is an Fy-adapted local martingale with quadratic variation
< M®T>i=t

hence a standard Brownian motion. In consequence, the process X is the solution of the

following stochastic differential equation
t
Xi=x9+ / f(Xs)ds +V;
Jo

where {V;, F;t > 0} is a standard Brownian motion and, in fact we can consider the

pair {(X¢,Y:);t > 0} as the solution of the following stochastic differential system

dX, = f(X)dt+dV,, (3.2)

dY; = (aX,+b)dt+dW,, (3.3)

where V and W are independent processes, Xg = zg and Yp = 0. After the change of

measure presented in the previous chapter, for a given w €  and Y, (w) the corresponding
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path, we can express 7; using the Kallianpur-Striebel formula:

E [(,o (Xt)exp (fg(aXs + b)dYs(w) — %.[;(aXs + b)2ds)]
E [exp (fot(aXs +b)dY,(w) — 5 Jo(aXs + b)2ds)]

m(p)(w) =

In this case we are able to compute the density of the unnormalised conditional distrib-

ution of the signal

p(2)(w)dz = E [1{X¢Edz} exp (/Ot(aXs + b)dYs(w) — -;—./Ot(aXs + b)2ds)] (3.4)

and then, by normalising it, we obtain the density of =, .

3.2 The Computation of an Exponential Functional of Brown-

ian Motion

Let {B;;t > 0} be a d-dimensional Brownian motion, starting at the origin. Let also
o : RY — R be a function, 3 : [0,] — R be a continuous function, I a d x d real matrix

and 6§ € R9. In this section, we compute the following functional of B

E [exp (a(Bt) + ./Ol B?fB(s)ds — %/ot | TB; |? ds) |B; = 5] . (3.5)

To obtain a closed formula for (3.5), we use Lévy’s diagonalisation procedure, a powerful
tool for deriving explicit formulae. Other results and techniques of this kind can be found
in [44] and the references therein. For s <t the orthogonal decomposition of Bs with
respect to B; is Bs = $B; + (Bs — $B:) and using the Fourier decomposition of the

Brownian motion ( Wiener’s construction of the Brownian motion)

s 2 sin &5
B= 5+ P Ee 0ssst, 36)
t

k>1 T

where &, are standard normal random vectors with independent entries and independent

of B; and the infinite sum has a subsequence of its partial sums uniformly convergent
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almost surely (cf [32], pp. 22). Using (3.6), the expression (3.5) becomes

)

2
ds s
k>1

(3.7)

o [exp (\/‘ Sl + (- 1>'=—6*r*r15k--

k>1

where

* t 2
u=a(6)+6—/ sp(s)ds — RN t
t Jo 6

and
ksm

#k—/ 5(5)Sm—

Using the fact that

t ok k
/ sin 1ts7r sin 2S7rds =0, Vki,ko>1, k £k
0

and integrating from O to ¢, the functional becomes

k>1

2
”E%m}jﬁ[h%+(nh—4TTkk ;Qléuﬂ} (3.8)

Without loss of generality, we consider the case in which I'*T is diagonal (one can choose
the appropriate metric for this).

Let ¢ be the exponential in (3.8) and ~; be the i-th entry on the diagonal of I'*T.
Let also pi, 8; and 3; be the i-th coordinate of u,, 6 and, 3, respectively. We define the
o-fields

Using the independence of £y, ...,€,, ... and the 0-1 -Law, we get that

Em=EF

Since Gy is a decreasing sequence of o-fields, Lévy’s ‘Downward’ theorem (cf [43], pp

ﬂgk]-

k>1
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136) tells us that

ﬂ gk} = klirn E[C|Gk]-
E>1 et

E[g

Hence we can first determine E[(|Gi] and then take the limit to obtain the expectation

in (3.8). The result is

(ki + (—1)"%%2-)2.

X% (3.9)
\/Hk>1 —'17 + 1] k21 Hzh +1)

The expression (3.9) contains one infinite product and three infinite sums which we

compute using the following classical identities

12 sinh (l) 1 1 1
I1 [1 + A?] = 2wy = g otha -0

k>1 k>1

k (r—m)z —(r—m)z
e -, wrelm,

&= 22+ k%2 2z eF—e " 222
k Coskr  weF+e"? 1 )
Z(_l) 22+ k2 2ze™ —e-mF 222 vr € [-m,7]

k>1
and ) 45, == ’:3—2 (cf [34]); we finally find the closed formula for the Brownian functional

(3.5)

a(é)H smh(t V) </ / Sinh({s — ) y7T) iohls ﬁ)ﬁi(s)ﬁi(sl)ds’ds

sinh(t\/7:)\/7:
t sinh(s\/7;) \/’_Y:COth (tvi) &
5 /0 (A P = 8 + 2t> (3.10)

3.3 Application to the Filtering Problem

We use the explicit form (3.10) of (3.5) to compute the unnormalised conditional density
of the signal (3.4). We note first that, the It6 integral fot (aXs + b)dY; coincides with
the Stratonovitch integral fot (aXs + b)dYs, so we can view this integral as if it were a

Stieltjes integral with respect to a smooth function. Next we change the probability so
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that X becomes a Brownian motion. For this we introduce the process

def ¢ 1 t 2
U, 4 exp (— / FX2)dv, ~ 5 / f (Xs)ds),
Jo Jo
which is a martingale if we impose some restrictive conditions on f (linear growth for

instance). We introduce the probability measure P such that

dP
— g =U;, VE20.
dP

Again Girsanov’s theorem tells as that under P

¥y, ( / £(X0) ds)

is a standard Brownian motion and using again the Kallianpur-Striebel formula and the

independence of the processes X and Y, the expectation in (3.4) becomes

t N t ~ R
By, siics) 5P (/0 (aleo + )+ )aY() + [ (flan+ )b,

_5./0 (a(wo+Vs) +b) + (f(xo +Vs)) ds) =
eF(2)- F(Io)+bY:+zoaYg—zoabt——-_(‘_"iD)_

- Jort

__;_ ./:(f'(:ro + V) + f2(zo+ Vi) + (alzo + 175))2)ds> |172 =z- .’L‘o] , (3.11)

~

E [exp < /0 t aW,(dY;(w) — bds)

where F is an antiderivative of f. By imposing the Benes condition (3.1), (3.11) can be

written as

F2)- _a_n_w_.H,

Vant

t t
E [exp (/ Vs(adYs(w) — uds) — % /0 (pWs)2ds) Ve =2— xo] ,
Jo .

where v = bY; — F(20) + zo(aY: —abt —q) — ﬂb—ziﬂ;ﬁ-ﬂ and u = ab+ g+ p?zo. Finally,

using (3.10), we obtain the explicit form of the unnormalised conditional density
[P sinh(p(s — t)) sinh(ps’) ,
dYs(w) — ud dYs(w) — ud
pe(2)(w) = om smh(pt) (/ / psinh(pt) (adYy (w) — uds')(adYs(w) — uds)
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+v + F(2) + (z — zp) /ot -Z—ii—;%(é);—;(ad}’s — uds) — p—“’@(z — :z:o)2> . (3.12)

We observe that

sinh(p(s — t)) sinh(ps’) ,
\V 27 smh(pt ( / / psinh(pt) (adYy (w) — uds')(adYs(w) — uds)

! sinh(ps) pcoth (pt) o
+v — 2o . /0 Sinh(pt) (adYs(w) — uds) — —2——:130)

is independent of z, hence the relevant part of p,(2)(w) is

t sinh(ps) P ab+q tp pcoth (pt) ,
o (P2 (o [ )+ qnen ~ 5 g) - ).
(313)

Remark 6 We observe that, for large t, (3.13) is approzimately equal to

t .
exp (F(z) +z (a / 51'nh(ps) dYs(w) — 9?) - gzz) , th<<t
t

Jy sinh(pt)

hence the past observations become quickly (ezponentially) irrelevant.

Ifa=p,q=0and r >0 in (3.1), then the drift in the equation (3.2) satisfies the

particular Ricatti equation
fl@)+ fA(z)=r, ze€R,

which has the solution

Re\/?z — e VT

&) =V e "ER

In this case, we can explicitly normalize p(t). By normalizing, we obtain the density

m¢(2)(w) of the conditional measure ;. Namely, 7, will appear as

m(#)w) = /R B(2)m(2) (w)dz.
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If we denote with ¢(Y.(w)) the quantity

t sinh(a : t
Jo slmh ai dY (w + smh at —btanh 22-
a coth(at)

)

then the normalized conditional density has the form

mi(2) (W) = 1/~ coth(at) KeVT + V7 o~ Temoma ~ 2T (- (Y. (@))?
‘ 1 re(V@Vr + e—alV.@)VT
acoth(at T acoth(at
=4/ ——27;(——)- exp (F(Z) - F(u(Y.(w))) - Sacoth(al) 5 ( )(z - Lt(Y(w)))z)
| (3.14)

Remark 7 In this case, the conditional density of the signal, when t is very large is

a

m(2)(w) = \/;%exp (F(z) F(up(Y.(w) — 5= — 5 (z— Lt,t:(Y_(w)))z)

where 1, (Y. (w)) = [ ::::((Zf))dY (W)+z0—2 and t’ < t.

Another particular case when one can normalize is when the drift in (3.2) is linear,

that is,

f(zg)=cx+d, c,deR.
In this case, if Xg = 0, then the conditional law 7;() is Gaussian with mean
t sinh(svaZ+ 2) anh(—\/cz+a§
IO th :725-4-25 }/s(w) - ;ai-{h 2 ( b+ Cd
Va2 + ¢ coth(tva? + ¢?) —

and variance
1

vaZ ¥ c®coth(tva? +c2) — ¢’

as one would expect from computing the classical Ricatti equation for the variance and

the stochastic differential equation for the mean.

Remark 8 For large t, the conditional distribution of the signal is normal with mean

approzimately equal to

't smh!s a‘+4c?) _ _abtcd
J¥ sinh(tvaZ+c2) d},‘s(w) VaZic?

vat+c?—c
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1
and variance roughly T
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Chapter 4

Convergence Results

In this chapter we present a series of results which will be used in the next two chapters
to construct several measure valued processes arising as limits of branching particle
systems (Dawson - Watanabe processes). There are a good number of construction and
characterisations of these processes, such as [12], [22], [28], [29], [41] [42]. All the proofs
of the results presented here can be found in [1], [15] and [39]). We start with several

background results on convergence in distribution.

4.1 Convergence in distribution

Let {E,d} be a separable metric space and let B(E) denote the space of bounded Borel
functions on E, let Cy(E) denote the space of bounded continuous functions on E, Co(E)
denote the space of continuous functions vanishing at infinity (we define this set in the
case in which E is locally compact), Cx(E) the space of continuous functions with
compact support, Mp(E) the space of positive finite Borel measures, P(E) the space of
Borel probability measures on E.

We endow Cy(E), Co(E), Cx(F) with the topology generated by the supremum

norm || - [|, where

171l £ sup £ ()|
zeE

We remark that, with this norm, Cp(E), Co(E) and Ck(E) become Banach space and,
since E is separable, Co(E) and Ck(FE) are also separable, but C,(E) is not necessarily.
We also endow Mp(E) and P(F) with the weak topology, i.e., u, € Mr(E) (respec-
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tively, P(E)) converges weakly to u € Mp(E) (respectively, P(E)) if for all f € Cy(E),
limn—oo(ttn, f) = (&, f) (for v € Mp(E) (respectively, P(E)) and ¢ € Cy(E), (v, f) de-
notes the integral of f with respect to v). We denote weak convergence by g, = p. The
distribution of an E-valued random variable X, with respect to a reference probability
P, denoted by PX~1, is the probability measure given by PX~1(B) ¥ P(X € B).
A sequence X, of E-valued random variables is said to converge in distribution to the

E-valued random variable X, if PX,! converges weakly to PX ~1, or equivalently, if
lim_ E[f(Xa)] = E[f(X)], for all f € Cy(E),

where E denotes the expectation with respect to the probability measure P. We will
denote convergence in distribution by X, = X.

We introduce the Prohorov metric on P(E)
p(P,Q) =inf{e > 0; P(F) < Q(F®) +¢ forall FCE closed}, (4.1)

where F? = {z € E;d(z,F) < €}.

Remark 9 The Prohorov metric is uniformly bounded by 1, i.e.,
p(P,Q) <1, for all P,Q € P(E).

The next theorem shows us that weak convergence topology is metrisable; weak

convergence is equivalent to convergence in the Prohorov metric.

Theorem 10 Let (E,d) be a separable metric space and let {P,} C P(E) and P €
P(E). Then the following siz conditions are equivalent:

a. limp—oo p(Pn, P) = 0.

b. P, = P.

c. limp—co [ fdP, = [ fdP for all uniformly continuous f € Cy(E).

d. limsup,,_.co Pn(F) < P(F) for all closed sets F' C E.

e. liminfp—co Pn(G) = P(G) for all open sets G C E.

f. limp—oo Pn(A) = P(A) for all P-continuity sets A C E (A is a P-continuity set if
P(84) =0). .
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Corollary 1 Let P,, n =1,2,..., and P belong to P(E) and let S’ be a Borel subset of
S. Forn=1,2,..., suppose that P,(S’) = P(S’) = 1 and let P, and P’ be the restrictions
of P, and P to S'. Then P, = P on S if and only if P, = P' on §'.

Corollary 2 Let (E,d) be a metric space and let {X,}, {Ya}, n = 1,2,... and X be
E-valued random variables. If X = X and d(Xn,Ys) — 0 in probability, then Y, — X.

The next theorem is actually Theorem 1.7, pp. 101 from {15].

Theorem 11 If E is separable, then P(E) is separable. If, in addition, (E,d) is com-
plete, then (P(E), p) is complete.

For the next two chapters, we need a good criterion of convergence in distribution of
a sequence of E-valued random variables {X,}, or, equivalently, weak convergence of the
distribution of {X,}. A common approach for verifying the convergence of a sequence
{zn} of elements of a metric (metrisable) space is to first show that {z,} is contained in
some compact set and then to show that every convergent subsequence must converge
to the same element z. Since we now know that P(FE) is a metric (metrisable) space,
we can use this approach to prove that the distribution of {X,} is convergent. So we
would need to show that the sequence x, is relatively compact. Consequently, we need
criteria for relative compactness in P(E).

A probability measure P € P(E) is said to be tight if for each £ > 0 there exists
a compact set K C E such that P(K) > 1 —e. A family of probability measures
M C P(E) is said to be tight if for each € > 0 there exists a compact set K € E such
that

Plg/{/t P(K)>1-¢

Proposition 7 If (E,d) is complete and separable, then each P € P(E) is tight.

Theorem 12 (Prohorov) Let (E,d) be complete and separable, and let M C P(E).
Then M is relatively compact if and only if M is tight.

Tightness is a crucial concept since it gives us a convenient characterisation of relative
compactness. Our goal is to look at convergence in distribution for processes.
Next we apply these results to the space Dg[0,00) consisting of all right continu-

ous functions z : [0,00) — E with left limits (cadlag functions), i.e., for each ¢t > 0,
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limg_t4 z(s) = z(t) and lims_;— z(s) exists. In order to apply the previous results we
need to define a metric on Dg[0,00) under which Dg[0,00) is a complete separable
metric space.

Let (E,7) be a metric space. Let A’ be the collection of (strictly) increasing functions
A mapping [0, 00) onto [0,00) (in particular, A(0) = 0 and limg—.0 A(t) = oo, and A is

continuous). Let A be the set of Lipschitz continuous functions A € A’ such that

e — At
'y(,\) d:f sup |log MI < 00
s>t>0 s—t
For z,y € Dg[0,00), define
d(z,y) = inf ['y(/\) Y / e “d(z,y, /\,u)du] (4.2)
A€EA Jo

where

d(z,y, A\, u) = stl;g r(z(t Au),y(A(t) Au)) Al

Remark 10 The function d is a metric on Dg[0,00) and the topology induced on

DEg[0,00) by d is called the Skorohod topology.

Theorem 13 If E is separable, then Dg[0,00) is separable. If (E,r) is complete, then
(Dgl0,00),d) is complete.

In order to apply Prohorov’s theorem to P(Dg[0,00)) we need to characterise the
compact sets in Dg[0,00). The conditions for compactness are stated in terms of the

following modulus of continuity. For z € Dg [0,00), 6 > 0, and T > 0, define

w'(z,6,T) = inf max sup 7(z(s),z(t)), (4.3)
{t"}? t s,tE[t"_l,t.‘)

where {t;} ranges over all partitions of the form 0 =t <t; < ... <tn-1 <T < t, with
min) <i<n(ti —ti-1) > 6 and n > 1. Note that w'(z,8,T) is nondecreasing in 6 and in T,

and that n > 1.

Theorem 14 Let (E,r) be complete. Then the set A C Dg|0,00) relatively compact if
and only if the following two conditions hold:
a. For every rational t > 0, there ezists a compact set I'y C E such that z(t) € Ty for

50



allz € A.
b. For each T > 0,

lim supw'(z,8,T) =0
6—02cA

Remark 11 In Theorem 14 it is actually necessary that for each T > Q there ezxists a
compact set 't C E such that z(t) €Tr for all0 <t < T and all x € A.

Theorem 15 Let (E,r) be complete and separable, and let {Xn}52, be a sequence of
processes with sample paths in Dg[0,00). Then {X,}52, is relatively compact if and
only if the following conditions hold:

a. For every n > 0 and rational t < 0, there exists a compact set 'yt C E such that

liminf P(X,(t) € Tpe) 21 —-1.

n—oo

b. For everyn >0 and T > 0, there exists 6 > 0 such that

limsupP(wl(Xn: 67T) Z T’) S -

n-—00

Remark 12 In fact, if {X,}52, is relatively compact, then the stronger compact con-
tainment condition holds; that is, for every m > 0 and T > 0 there is a compact set

Iy 1 € E such that
inf P(X,(t) €Ty for 0<t<T)>1-19

Theorem 16 Let E be separable and let X,, n = 1,2,..., and X be processes with
sample paths in Dg[0,00).

a. If X, converges in distribution to X, then
(Xn(t1), - Xa(te)) = (X (t1), ..., X (t)) (4.4)

for every finite set {t1,...,tx} C [0,00), k > 0.
b. If {X,} is relatively compact and there erists a dense set D € [0, 00) such that (4.4)

holds for every finite set {t1,...,tx}, then X, converges in distribution to X.

Theorem 17 Let (E,r) be comp




processes with sample paths in Dg[0,00). Suppose that the compact containment con-
dition holds. Let H be a dense subset of Cp(E) in the topology of uniform convergence
on compact sets. Then {Xy,} is relatively compact if and only if f o {X,} is relatively
compact as a family of processes with sample paths in Dg[0,00) for each f € H.

We end this section with the following result which is contained in the proof of

Theorem 4.8.2 from {15].

Theorem 18 Let (Q,F, P) be a probability space on which we have defined the filtration
Fi and {M,,t > 0} be an Fi-adapted process. We assume that

Fi = 0(Xs,Yyu;s € [0,t],u € [0,00))

where X, Y; are processes with cadlag paths and have values in some separable complete

metric space E. Then M, is a martingale with respect to the filtration F: iff
/ (M(t+s) = M)y fi(X (8) 2y fi (Y (8))dP = 0 (4.5)

forallk,k' >0,0<t <tp <..<t <t 0<t) <ty <..<t, <oo, 820,
f17f27"'7fk7f{7fév"‘)fl€;' e Cb(E) M

4.2 Convergence in distribution for measure valued processes

We now take the general results in the previous section and apply them to processes with
values in Mp(E) with E is a locally compact complete metric space. We endow Mp(E)
with the weak topology. To be able to apply the previous results, the weak topology on
Mp(E) should be metrisable. But Mp(E) is homeomorphic with [0, c0) x P(E) with all
the elements of type 0 x P identified with a generic null element {0}, the homeomorphism
being

p € Mp(E) — (u(E), ﬁ’_)) € (0,00) x P(E) (4.6)

for p non-trivial and the null measure corresponding to 0. We introduce the following

metric on Mp(FE)

d(p,v) = p(ﬁ, @) x min((E), v(E)) + |u(E) - v(E)|

52



if p1, v are non-trivial and d(u,0) = p(F) for x non-trivial finite measures.

Remark 13 The function d is a distance and it generates the weak topology, i.e.,

limy 00 A(ttp, 1) = 0 iff imp—oo(ity, f) = (1, f) for all f € Cy(E).

Proof. In order to show that d is a distance, only the triangle rule is not be self-evident,
but it is still simple algebra. Here are the generic cases
1. 0 < pu(F) < v(E) <&(F) then
dlp,v) < |p + )LE+£E—1/E+ E) - (FE
() < (ot o) + PGy Foy)) M) + () = E) +€(E) - ()
< d(p,€) +d(E,v)

N

2. 0 < u(E) <&(F) < v(E) then

v 3 _ .
duv) < (p< b ) Pty E(E))) W(E) + v(E) = (B) +£(E) - W(E)

< d(p,€) +d(§,v)
3. 0 < &(E) < u(F) < v(FE) then

kv _ H £ v §

+v(E) — pu(E)
< d(p, &) +d(€v) + p(—= (E) (B ))(#( ) —&(E)) — (u(E) — £(E))
< d(p,§) +d(Ev)

A

4. 0= u(E) < v(E) < €(E) then

d(p,v) = v(E) < &(E) +d(§,v) < d(p, &) +d(&,v)
5. 0 = u(E) < &(E) < v(E) then

d(u,v) = v(E) < §(E) +d(§,v) < d(p,€) +d(&,v)
6. 0 = £(E) < u(E) < v(E) then

d(p,v) S V(E) S UE) + p(E) = d(p,§) +d(§,v)
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We prove now the second assertion in the Remark. If u is trivial, then
Jim d(p,, p) =0 lim p,(E) =0 lim (u,, f) = 0Vf € Gy(E).

If p is non-trivial, there exists N > 0 such that for all n > N the measure g, is non-

trivial. Obviously

N, £) = () o> Jim en(B) = u(B) and. Jim p (s, )
& lim p,(E) = p(E) and

i K
e <un(E)’f> (,u(E)’f> vf € Co(E).
& lim (4, f) = (1, f), Vf € Co(E).

Remark 14 The simpler ‘distance’ p(m“—E)—, ﬁ«ﬁ) + |u(E) — v(E)| would not be suitable,
because of the above identification. Let P and Q be two different probability measures.
Then limp—oo %P = limp—oo -Tl-LQ = 0. Hence the distance between the terms of the

sequence should tend to 0; instead it is constant and equal to p(P, Q).
From the identification (4.6) and Theorem 11 we have the following

Proposition 8 If E is separable, then P(E) is separable. If, in addition, (E,r) ts
complete, then (Mp(E),d) is complete.

Let {fx}x>0 be a sequence uniformly bounded by 1 such that sp{fi; k¥ > 0} is dense
in Ck(E) and we denote fo = 1. Then {fi}x>0 is convergence determining and the

function d’' defined by

o0

Z-lz (1, fi) = (v, f&)) (4.7)

k=0
is a metric equivalent to d. This fact leads to the following result (see [39] for a proof ).

If 74, :Mp(E) — R is defined as follows

75 (1) = (1, fi)

then we have the following
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Theorem 19 Let {X,}n>0 be a sequence of processes with sample paths in D,y (g)[0, 00).
If, for each k € N, (74, (Xn))n>0 forms a tight sequence of processes with sample paths
in DR[0,00), then {X,}ns0 is tight in Djy.(gy[0,00).

We present now a result from [1] which will be used subsequently to prove that a
sequence of processes satisfies condition b. from either Theorem 14 or Theorem 15. The
theorem is stated for E = R. Let then {X,} be processes with paths in Dg[0,c0) and
let {Tn,6n} be such that

a. for each n, 7, is a stopping time to the process {X,(¢);0 < ¢t < 1}, with respect
to the natural o-field and 7, takes only finitely many values;

b. for each n, 6, is a constant, 0 < §, <1, and 6, — 0 as n — oo.

We are interested in the following condition on {X,}:
Xn(Tn + 6n) — Xn(Tn) — O for all sequences {7,,6,} satisfying a and b (4.8)

where the convergence is in probability.

Theorem 20 (Aldous) Suppose that {X,} satisfies condition ({.8), and {X,(t)} is
tight on the line, for each t € [0,1]. Then {Xn(t)} is tight in Dg[0, 00).

By combining Theorem 19 and Theorem 20 we obtain the following criterion for tight-

ness (relative compactness) of sequences of processes with sample paths in D;..(gy[0, 00)-

Theorem 21 Let {Xn}n>0 be a sequence of processes with sample paths in Dy gy [0, 00).
If the following two conditions are satisfied
a. The mass process {(Xn(t),1)}n>0 satisfies the compact containment condition,

i.e., for all € there exists M, such that
ix;fP((Xn(t),l) < MV te[0,00)) 21—k,

b. For all k > 0 the sequence {(Xn(t), fi)}n>0 satisfies condition (4.8),

then the sequence is tight.

We present next a transcription of Theorem 16. Again its proof can be found in (39
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n=1»

Theorem 22 Let {X,}2,,X be processes with sample paths in Dy (g)[0,00) and
{fx}k>o as above. If {X,}32, form a tight sequence and for all m > 0 and each

' tl,tz, ...,tm € R+
((X‘n(tl)’ fkl)i(Xn(t2)’ sz)v"'a(Xn(tm), fkm)1)

= (X (t1), fir)s (X (82), frz)s -es (X (tm), fiem))

then X, = X.

We end the section with a weak limit theorem for stochastic integrals from [31]. Let

M¥*™ denote the real-valued, k x m matrices.

Theorem 23 (Kurtz-Protter) For each n, let (X,,Y) be an {F}*}-adapted process
with sample paths in Dygm gm[0,00) and let Y be a standard m-dimensional Brown-
ian motion. If (Xn,Y) = (X,Y) in the Skorohod topology on Dyumygm[0,00), then
(Xn,Y, [ XndYs) = (X,Y, [ XdY) in the Skorohod topology on Dygm xgm xz+[0,00). If
(Xn,Y) — (X,Y) in probability, then the triple converges in probability.
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Chapter 5

Measure Valued Processes

Associated with the. Z.akai

equation

In this section we will define two sequences of branching particle systems and then check
that they are tight. We will then show that the first one converges to the solution of a
‘filtered’ martingale problem and its (conditional) expectation to p;, the unnormalised

conditional distribution of the signal and that the second one converges as well to p;.

5.1 The Measure - Valued Process X

In this section, we restrict ourselves to E = RY. So, once again, let C(R?) be the set
of continuous functions on R¢, Cb(]Rd) be the space of continuous bounded functions on
R?, Cx (R?) be the space on continuous functions with compact support and Co(R?) be
the space of continuous functions which vanish at infinity. Let Mp(R%) be the space

of finite measures over R? and M} (R?) be the subspace of Mp(R?) comprising finitely

atomic measures:

A/[;;'(Rd) déf {y' € MF(Rd)Iu = Zqiélg) T; (S Rd’ qgi € R+, 1= 1,2, ...,n}

=1
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Let A be the following second order differential operator

d 8%p(z)

1 G (t’ :L‘) 31‘1'6.'1,‘]'

d
AWp(@) =Y A9 2 4

=1 i,j=

where a;;(t, ), fi(t,-) € C(R?) and
(ai(t, )€,€) > 0Vt € [0,T}; z,€ € RY. (5.1)

From (5.1) we deduce that there exists ¢ such that a = oo*. Under these conditions
the solution X of the martingale problem associated with the infinitesimal operator A

satisfies the following stochastic differential equation (see {38], Chapter II, Th. 2)
-t

t
Xi=Xo+ /0 f(s,Xs)ds + /0 o(s,Xs)dB; (5.2)

where {B;, F:,t € [0,T]} is a standard Brownian motion. The observation process Y;

was defined in Chapter 2 as
t
Y, = / h(s, Xo)ds + Vi, ¢ 0. (5.3)
Jo

We assume that the coefficients of the system (5.2)+(5.3) satisfy sufficient conditions for
the existence and uniqueness of the solution of the Zakai equation (see Chapter 2) and
that h is bounded. Let ||k]| be the quantity
Iall = sup [lA(t, ).
(t,z)€[0,00) x R4
We will assume that the domain D(A) C Cy(R?) of the infinitesimal generator A(t) has

the following property:

Assumption 1. For every f € D(A), there exists a sequence f, € D(A) such that
f2 € D(A), sup|| fall < oo and limp—eo frn = f pointwise and also sup [|Afa|| < co and

limp—oo Afn = Af pointwise.

For example, if the coefficients of (5.2) are bounded, and D(A) is the set of bounded

continuous functions with bounded first and second partial derivatives, then D(A) sat-
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isfies I. If the coefficients of (5.2) are continuous but not bounded, and D(A) is the set
of twice continuously differentiable functions with compact support, then, also in this
case, D(A) satisfies I. From now on, we work under the new probabilify measure P and

all the expectations and conditional expectations will be considered with respect to P.

5.1.1 The Construction of the Sequence of the Particle Systems A%’,,

Let {(Xa(t),F:), 0 <t < 1} be a sequence of branching particle systems on (2,7, P)

with values in My(R?) defined as follows:

a. Initial condition
1. X,(0) is the occupation measure of n particles (we will denote the number of particles

alive at time ¢t by Np(t)) of mass 1, ie.,

where 7' € R4, for every i,n € N.
2. Assume that the occupation measure of the particles converges weakly to the initial

distribution of the signal, i.e.,
lim (X(0), ) = Elp(€)] = mo(v), Vep € Co(R7).

b. Evolution in time
We describe the evolution of the processes in the interval [%, %] ,1=0,1,..,n—1.

1. At the time %, the process consists of the occupation measure of Nn(%) particles of

mass i.

2. During the interval the particles move independently with the same law as the signal
(5.2). Let V(s), s € [ﬁ, 14,;—1) be the trajectory of a generic particle in this interval.

3. At the end of the interval, each particle branches into a random number of particles
with a mechanism depending on its trajectory in the interval. The mechanism is chosen

so that it has finite second moment and the mean number of offspring for a particle given
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the o-field Funr_ = 0(Fs, s < 1) of events up to time &£ is

i+l

i 1 s
exp ( / B, V(E)dY: — 5 /

n n

h*h(t, V(t))dt) (5.4)

and the variance is equal to Vil The particles branch independently of each other.

In the description above vg is an arbitrary bounded, positive function, continuous in
time and v; > 1, Vt € [0,1] (see the Appendix for this). The last condition ensures the
existence of the required branching mechanism. We denote by |[|v|} the supremum of v
over the interval [0, 1], i.e.,

|[lvll = sup v.
“te(0,1)

Just before the (i + 1)-th branching, we will have Nn(%) particles. Let us denote by
Xn(2L-) the state of the process just before the (i + 1)-th branching and by Vi (s),
s € [, ££1) the trajectory of the j-th particle alive during the interval (1 < j < Nn(2)).

n?

Let also qfl(-’—';—l) be the number of offspring of the j-th particle at time il

n

Lémma 5 We have the following relations:
i. E[Nn(t)] = Npo(0) =n, VR >0, t€[0,1].
ii. BIN2(5)] < PP 5En2 4 g veel®

|2 [ntl—k

=, Vn >0,te€ (0,1 ([z] is the largest

integer smaller that x).

Proof.
i. N, does not change during the intervals (%,k—‘}f—l—), k=1,...,n—1s0 Ny(t) =

Nn(L:l). Therefore it suffices to prove that E[Nn(2)] = E[Nn(2)] for 0 < i < n.

Using (5.4), we have

i1 ) [Na() i1 _ e
E[N,,( )] = B|S exp ( / h* (8, Vi(8)dY; — = / h*h(t,v,{(t))dt)
z =RAVE 2 )

[ [ = . 1 |
= E|E|Y e ( / B, VA()dY: - 3 / h*h(t,V,{(t))dt) Fu
ji=1 - i b 7:' "
Na(d) o e | ‘
- E|S E [exp ( / (2, VA()dY: — 5 / h‘h(t,V,{(t))dt) 7
j=1 - Ja "]

)

L n
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since s — exp ([i h*(t, VA (t))dY: — 3 [2 h*h(t, V,{(t))dt) is an Fs-adapted martingale.

ii. From the construction of the branching mechanism of the particles we have that
- (141
Bl () Fu )

&l . 1 &2 . 2
= v + (exp ( / (2, VA(D)dY: — 3 / h*h(t, V,{(t))dt))

2 itl Litd
hl n . 1 n .
<wvip +€ n exp ( / 2h° (¢, Vi (1))dY: — 5 / ~ (2h)*2n(t, V,{(t))dt)

This inequality and the independence of the particles implies (as in i.)

Nn

—~
™

)

=1
Na(%)
3 gl (AL
+E 2 E E 311 If, .
15j12<;zsz [ [q (n> %]

fe (S]]

- . 2 . .
< vim + e BN (L)) + B B[N () (Na(2) — 1)
n n n n

It follows that

E.'[(Nn(i-i-l

7 < e B(Nu(2)%] + viss (5.5)

hence,

- t - tn
B = By
< elnirEl2 4 S vy ellnll? 2=
k<[nt] "
where the second inequality was obtain from (5.5). This completes the proof of the

lemma. WA

Let ¢ be a continuous bounded function. Using the Lemma 5 we see that (X,(t), ¥)

is square integrable and
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Bl(Xa(222), )1 Fisa ]
Nn(3) il _ i1
-1 )3 (V32D exp ( [ h*(t,V,{(t))dYt—%/% " h*h(t,v,{(t))dt) (5.6)
and also
Bl(X(0), 01 i - i), (5.7

In between two branches the particles move according to the prescribed SDE (5.2), hence

for ¢ in the interval [£, &1) such that ¢ € D(A)

(Xa(0),0) = (Kl D), 0) + [ (Fals), Alo)p)ds + S8, (58)

where {(S£*(t), Ft), t € [£,%£1]} is a square integrable local martingale (we use again

n’ n

Lemma 5) with the quadratic variation
) 1/t
<5pt> () = [ (o), lo Dl )ds. (5.9)
It follows that
) t
(Hal®) ) = (Xa0h0)+ [ (% (5), A(s))ds +SE(D) + M i)
| [nt]

+E<E[(X (=)o) F: ] - (Xn(%—),w)), (5.10)

where {(S%(t), F¢), t € [0,1]} is a square integrable local martingale

[nt]—1
se®) % sy + Y spiE)
i=0
which has the quadratic variation
1 t = 2
<85> M) =3 [ (o) lo" Del)ds (5.11)
0
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and {(M#Z (1), Fiza_), 1 =0,1,...,n} is a discrete martingale defined by
M2(0) ¥ o,
I

Mz 2 S (D)) - Bl ol7e )

=1

and has conditional quadratic variation
L i m 2
<My>@W) = YE [((xn(;),so) - El(D). )17, 1@_]
i=1

4 .
= 2 (Ha(a)vs) (5.12)
=1

Remark 15 The process My (l) is a martingale also with respect to the larger filtration

}'..I_-i—_l_. v).

Proof. We have

E M2 +1) |f,_+_1,_ v y] — M2()

— B[ 0 - B oiFm ) [P v
= B0 [Fa vy - BT, 0 F ]

But (Xn(l—ﬁ—l),ga) is independent of the ‘future’ observations, hence

[+1
n

Bl |m vy ] = B[ 0w vs

and since ) is a right continuous filtration Yit1 = Y1 C Fua_ hence the above

-difference is 0.
|
Using (5.6) and (5.10), we can express the process (Xn(t),¢) as

(Xn(8), ) = (Xa(0), 0} + /0 (Xn(s), A(s)p)ds + SE(t) + M ([nt])
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[nt] Nn(‘ =) i i
v ) :
+ Z Z ) (exp(. /e_-.: R (s, Vi(s)aYs - 5. /ﬂ R*h(s,VJ(s))ds) — 1) .
(5.13)
Then applying It6’s rule to the exponential in the last term of (5.13) and exploiting the

fact that Y is a Brownian motion, we get

(Xa(t),0) = (%a(0),0) + /0 (Xa(s), A(s)p)ds + S2(t) + M ([nt))

B Nl [sn]+1 - -
+1 / S o (L)) B (vd, )k (s, Vi (5))dYs (5.14)
n 0 j=1 n

where
B(Vi,p) = exp (/ h* (r, VI (1))dY, —-/ h*h(r, Vi (r ))dv*) (5.15)

5.1.2 The Existence of the Process

We show first that the seduence {X.}n>0 is tight. For this we need to prove that
{Xn}n>0 satisfies conditions a and b of Theorem 21. Condition a follows from the

following proposition.

Proposition 9 For every t € [0,1] we have

hm sup P( sup (X,(s),1) > k) =0. (5.16)

k—oo0 n>0 0<s<t

Proof. Since

E[(SUPo<s<t( (5), 1)) J
k2 ’

P(Oiligt(z\f'n(s), 1)>k) < (5.17)

it is enough to prove that sup,>¢ E [(supg<s<t(Xn(s), 1))?] is finite. Let us denote by

V(1) € E [(()sst:gt(z\’n(s), 1))) 2} _

From (5.14) we obtain

Ya(t) < 3(An(0), 1)2+3E[( Sup | Mz (2)))?]

<iL[nt]
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N 2
Na (Lol

v 3B || sup / E B:(Vi,s)h"(s, Vi(s))dY, (5.18)

o<pslnl

We prove that %, is bounded from above uniformly in n, by exploiting (5.18) and using
Gronwall’s inequality. For this we give an upper bound for each of the three terms of

the right hand side of the inequality (5.18) of the form a + 3 fot Yn(s)ds.

The first term

We have

N,(0)?
n2

(Xa(0),1)* = =1 (5.19)

The second _term

Doob’s maximal inequality (cf [25], pp. 14) gives us the following upper bound:

E[(ofilfm] IMA@?] < 4E[(Ma([n)))?] = 4E((< My > ([n]))]

IA

4||v|| ZE[(X( 1)) < 4||v||[”_:] < d4llv|. (5.20)

The third term
P ” N"(LsTnl) s(y/J 2 7, .
We find first an upper bound for E[(3_,%; " ' By(Va,p)) ]. We have that

2
N (122l ‘ Na(lnl)
Bl S B |=E| X E[Buv»BAVEP)|Fim ]
j Jng2=1
. Na ) P . .
<B| Y eMesE [xp( /M<h*(q,v,zl<q))+h*(q,v,zl<q)))dyq
11)12—1 “n

";‘ /;1 (g, Vi (q)) + h(g, V3! (q))|2> |f171”

which gives us as in Lemma 5

Na(BE)
B Y Bivian] < e,y (5.21)
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Na(i)
(Y, BviaR) < @M EnEhy (5.22)
=1 -

Finally, using Doob’s maximal inequality ( see the Appendix) and (5.22), we find

Nn (L) 2
BNl sw [0 BaVL9W (s, V)Y,
ogpll 10 5o

[tn] Np(lenly
< / Bl S BV, 9)h(s, Vi(s)| | ds
0 .

j=1

< aya? [ B (s
The last inequality gives the following upper bound on the third term of (5.18)
4 /0 o (5)ds | (5.23)
| From (5.18), (5.19), (5.20) and (5.23) we obtain
alt) < (3 1200l + 1287 [ )

Using once again Gronwall’s inequality we find that 1,(t) < c(t), where

def anan2e2lin?

coft) = (3+12||v||)e_u_u—_1+4"°" t,telo,1].

So also sup,>1 E [(supg<s<t(Xn(s), 1))?] < ¢(t) which finishes the proof of the proposition.
|

Remark 16 Using a similar argument one can prove that, Vp > 1, there ezists a func-

tion ¢p : [0,1] — Ry, such that

sup E[( sup (Xa(s),1))P] < cp(t), t € [0,1]. (5.24)
0<s<t

n>1

Condition b follows from the following
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Proposition 10 For any arbitrary sequence of stopping times {Tn}n>0 any real positive

sequence {6 }n>0 With liMp—oo6n =0 and ¢ € D(A) N Cx(R?) we have

lim B[|(Xa(Ta + 8n),9) = (Xa(ra), 9)I?) = 0 (5.25)
and hence
Jim P(|(Xa(Tn + 8n),¢) = (Xa(Tn)0) 2 €) =0 (5.26)

Proof. Let a and b be the following quantities

a2 sup  [lA®)ell <o
{(t,2)€[0,1]xR4}
be sup lo(t, ) Dy|| < oo.

{(t,x)€[0,1] xR}

Obviously, if ¢ is the constant functionl,the a = b = 0. Using (5.14) we see

Tnt+

bn
E(|(Xa(Tn + 8n),0) — (Xa(Tn),9)|*] < 4E[( / (Xn(s), A(s)p)ds)?]

JTn

HAE((SE(Tn + 8n) — S(72))7] + 4E[(ME ([T + 82))) = ME([n7a]))]

[n(rn+6n] Nn(i22)
L D R o AR AN A% BT

; n
j=1

We have, consecutively,

. [Tat+bn
6nE| (Xn(s), A(s)p)?ds]

JTn

6,21(121:3'[(033121(/\’”(8), 1))2((Tn +6n) — Tn))

62a%¢(1) (5.28)

IN

. Tn+6n
B(( / (Xa(s), A(5)p)ds)?]

IA

IN

KE[< 8¢ > (Tn + 62)— < 5% > (Tn))

_ [Tntén
% B /T (Xn(5), o () D) |%)ds

E[(Srf("'n + 6n) — Sx(’rn))zl

IN

IA

IN

KV 51 sup (%a(s), 1)(7n + 80) = 72
0<s<1

< I;—ffu +¢(1))6n (5.29)
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E[(ME([n(Tn + 62)]) = ME([na]))?] = El(ME([n(Tn + 6n)]) — MZ([n7n)))?]
[n(7n+5n)]

= LY @)
[nTa]41
v 2
< B 51 gup (o(s).1)((7 + )] = 7] = )]
< Iollle u?”c( ) 6 (5.30)

. [n!-rn+6n! Nn(l%l)

B T S eI B on s v enavy

nrn
- n Jj=1

[n(Tn+bén)] Nn(‘[ﬂl)

‘E[/l_l =Y VR Ly B (v, e (s, Vi (5))) 2

Nn('
SUPp<s<1 Z

) B3(V, 5))? ([Tt 8] _ o7l

< WPl EL L :

< IIPIBIP (1) (n + 3) (5.31)

where /(1) is obtained in a similar way to ¢(1) as an uniform upper bound for

Np(lzl ;
. (supp<s<i Zj:l( " )BZ(VT{’S))z
Ef —

]

The inequalities (5.28), (5.29), (5.30), (5.31) imply that all the terms from the right
hand side of (5.27) tend to 0 as n tends to oo, hence E[[(Xn(Tn+61),9) — (Xa(Ta), 0)I%]
tends to 0 as well, which completes the proof of the proposition.

| | | _

We know now that the sequence X, is tight, hence relatively compact. Then (Xx, Y)
is relatively compact. Let (X,Y) be the limit process of one of its convergent subse-
quences (to avoid even more cumbersome notation we reindex this sequence as {(Xn,Y)}n>0)-
We will show that X is a solution of the martingale problem (1.3)+(1.4), i.e., for every

¢ in the domain of A, the process

Mo(0) ' (X(2),0) - (X(0),0) /0 (¥(s), Ap)ds — /0 (X(s), h*(s)2)dYs
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is a square integrable martingale with respect to the filtration 7; V ) with quadratic
variation

t
< M¥#(t) >= / (Xs,ve0%)ds, P —a.s.
Jo
We need first several preliminary results.

Proposition 11 For each p > 1, t € [0,1] and bounded continuous function ¢ we have
E[|(X(2), p)P] < o0 (5.32)

Proof. Straightforward from (5.24).
[

Proposition 12 Let ¢ be a continuous bounded functz’on. Then, for allp >1
lim E(|(Xa(t),9)P] = E[|(X(2), 9)IP]- (5.33)
Proof. We prove that for all € > 0, there exists ne such that for every n > ne we have
|BlI(Xa(t), 9)P] - EI(X (D), )]l < €. (5.34)

Since limg—oo E[|(X(t),0)P A K] = E[|(X(t),)|P] there exists k; such that for every
E>Fk

[E((X(), 9)P A K] = E[I(X(2): )] < (5.35)

wlm

Also

E(%(t), @) AR — BI(Xa®, )P S Bl L 4]

< VEI(Xa®),0) ) P((Xa(2), 0)] > k?)

p+1
< %‘ cap(1)c2(1)
vP
Thus we can choose ko such that for every k > ko
~ ~ €
IE([(Xa(8), 0)IP A K] = E{[(Xa(®), #)I]l < 3 (5.36)
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Let now k = max(k, k2) and since limp—.oo E[|(Xa(t), @ )P A K] = E[|(X(2),0)IP A K],

there exists ne such that for every n > n,

E[(X(2), @) A K] = E[I(X(2), @)IP A K]| < (5.37)

wilm

From (5.35), (5.36) and (5.37) we obtain (5.34) and with it our claim.
]

Proposition 13 Let ¢ be a bounded continuous function such that ¢, p? € D(A). Then

- b N"(Iﬂl) [rn] +1 ,
lim B /u o™y pr i me (r, VI () dYs
7=1

n—oo

" ’ 2
- /s (Xn(r),h*(r)cp)dyr> ] =0 (5.38)

Proof. Firstly we observe that the last integral can be taken from I%fl to I%tl without

changing the limit. Then, using (5.21), we get

nt] Na(2)

HE [0 Y eI @i - 0w Re)ax

g | Na (1) [rn]+1 ;
/ Bl S ovi Ly Br(va,r) - Dkt r, V() Par]

MY j=1
Na(l2l) . .
< [P lel? /J_l 2 2 (BRI s VAODAY, e
j=1

< imielpire Ak ) (5.39)

Thus one can eliminate B7,(VZ,r) from the first term of (5.38) without changing the

limit. After these 2 transformations, (5.38) becomes

[z Na () [rn] +1 2
BN\ 5 fa X GORCET) — 0RO (IR0,
ij=1
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Using once again Doob’s inequality, we find the following upper bound for the sequence

— |ns 2 2 _

which completes our proof.
|

We are now able to proof that X satisfies the desired martingale problem.

Theorem 24 For ¢ € D(A) the process {(M¥#(t),F: V Y),t € [0,1]} where

Mo(0) % (X(1),9) — (X)) — /0 (X(9), Als)o)ds = /0 (X(s), h*(s))dY,s

is a square integrable martingale with the quadratic variation
t
< M?>(t)= / (X(s),v2p)ds
Jo :
Proof. We will use Theorem 18. We want to prove that for all ¢ € D(A)
E[(M?(t) — M¥(s)) T ks (X (£:) L Ki(Y (25))] = O (5.40)
and
~ ‘t 7
E[((M7(t) = M?(s))? - / (X (r), vR)dr) I k(X (8) I k(Y (£5)] =0 (5:41)
78

for al mym’ > 0,0 < t) <t < . <tm <8<t 0< ) <th<..<t,p<l
ky, ..., km € Cp(R?) and A, ..., kp, € Cy(R%) . We prove only (5.40), since (5.41) can be

done analogously. From the definition of M¥, (5.40) is equivalent to
_ t t
E[((X(t), ) — (X(s),¥) = / (X(r), A(r)p)ds — / (X(r), h*(r)p)dYr)
Js J8

X I (X IR EN =0 . (5.42)

We only need to show (5.42) for ¢ with the property that ¢? € D(A) since using
the assumption I and the dominated convergence theorem we can extend this to an

arbitrary ¢ € D(A). Using a proof analogous to the one used in Proposition 12 one
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shows, consecutively, that since (X,,Y") converges in distribution to (X,Y’)
Jim, E{(X(6), )Tk (X (B KLY (25))]

= B[(X(t), )T ki (X (8))IFZ, KCY (2))], (5.43)
lim_ E[(Xa(s), @)L ki (Xn(t:)) 7 AL
= E[(X(s), )21 k(X (8))TIZy KLY (1)), (5.44)

and

tim B [ (Fal0), Ao )T K (1)

=E{_/s (X(r), A(r)o)drTTE k(X ()T KUY (25))]. - (5.45)

Using Theorem 23, we have that, since (X,,Y’) converges in distribution to (&,Y) also
(Xn, Y, .]g(Xn(s), h*(s)y)dYs) converges in distribution to
(XY, [Ot (X (s),h*(s)p)dYs) and using (5.38) and, once again, an argument similar to

the one used in Proposition 12, we have that

g Na(2)

e
B e X e
n 1=

Lt Ly (v, ryn V)4,

XTI i (X () T KI(Y (85))

- B[ [ r @Rk DI 65)] (5.46)

Since ©? € D(A), we have that ||o*D(p)||2 = Ap? — 2pAyp is a bounded function and

hence S, is a square integrable martingale such that

BI(S9)0)] = El< 5¢ >* ()] < 142 -n2<PAsDII

and hence

Jim E[(S2(6) — SE(s) ke Xa(t))IELKY (1)) = O (5.47)
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From (5.43),(5.44),(5.45),(5.46) and (5.47) we obtain that

E[(M?(t) — M?(s))TI ki (X (£:))ITE KA (25))]
= lim B[(Mg(t) — M ()L k(X (8 I Ki(Y (25)))
=0. (5.48)

Remark 17 The martingale M¥ is also a martingale with respect to the initial filtration

F, and its conditional expectation with respect to Y is 0.

With this we conclude the existence of the process with the properties described in
the introduction. One can also prove that the martingale problem (1.3)+(1.4) has a

unique solution. Since it is not central to our objective we will not do it here.

Proposition 14 The sequence {X,}n>0 is convergent to the unique solution of the mar-

tingale problem (1.3)+ (1.4).

Proof.

From the tightness of the sequence, we have that every subsequence contains a weakly
convergent subsequence to X, the unique solution of the martingale problem (1.3)+ (1.4),
hence the whole sequence is convergent to X.

5.1.3 Application to the Nonlinear Filtering

The process X is the solution of the desired ‘filtered’ martingale problem. Hence for

© € D(A)

E[(X (), 0)12:] = E[(X(0),@)|Vo] + | E[(X(5), Ap)|Vs]ds.
J0

+ / E{(X(s), h*9) V51, (5.49)
0

In establishing (5.49), we used the fact that for every integrable JFi-measurable random
variable A we have E[A]Y] = E[A|)}] (Proposition 3) and if {Ut;¢ > 0} is a cadlag, F¢-
adapted process such that E [ U2dt < c0,V¥s > 0, then E[f; UsdYs|Vy] = [; E(Us|Vs]dYs
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(Proposition 2) and E[[Ot Usds|Yy] = [ot E[U|Ys]ds (Fubini’s theorem). One can also
obtain the corresponding evolution equation for time dependent ¢.

Let XI ) and xY®) be the processes X, and, respectively, X" given the observa-
tion path Y(w). Let also E,, be the corresponding expectations given Y (w), Zy/(t) =
E. [X,{(w) (t)], i.e., the measure obtained by integrating the measure valued random vari-
able Xy @) (t) (this is, actually, what we are computing in the computer algorithm) and

Z(t) = E,[XY“)(t)]. Using Fubini’s theorem, we have

(22(t),9) = E(X(1),0)] = E[(X (1), 0)IV](w) (5.50)
(Z2(t),¢) = E(AY(1),0) = E[(Xa(t), @) IV](w) (5.51)

Using (5.50), the evolution equation (5.49) becomes

t -t
(Z(t),¢)=(2(0),¢)+/0 (Z(S),Aw)ds-ﬁ/o (Z2(t), h*p)dYs (5.52)

From (5.52) and the fact that we assumed from the beginning that the solution of the

Zakai equation is unique, we deduce the following

Theorem 25 The unnormalised conditional distribution of the signal X given the ob-

servation Y coincides with the conditional expectation of X given the observation Y.

The next theorem is the cornerstone of the numerical algorithm. It shows that, in
order to approximate the unnormalised conditional distribution p;, we can construct the
process X, up to time t (where n is taken so that the error is as small as we want),
keeping the observation path fixed, and then compute its (conditional) expectation.

Theorem 26 There exists ! € Q with P(Q) = 1 such that for every w € Q we have

lim,—eo Z2(t) = pz"(w), i.e.,

Jim (22(0),0) = (@) (5.53)

w)

for every continuous bounded function ¢ (pr‘( is the unnormalised distribution of the

signal given the observation path Y.(w)).

Proof. Let M be a set containing a countable collection of C§°(R?) uniformly dense in

C3°(R?) and the constant function 1. To prove the theorem we only need to show that,
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for every function in M
; t Y. (w) P
lim (Zn(w),¢) =2 () P-a.s. (5.54)

(to simplify the notation we will omit the w variable from now on). For this we use the

solution of the following backward It6 equation

dipg(z) = —A(s)P,(z) — h*(s,z)Ps(2)dYs (5.55)
Y(z) = ()

From [3], pp. 126-134 or [36], we obtain that equation (5.55) has a unique solution
and p,(¥,) = po(¥g)- Since 1y is continuous and bounded P — a.s., it follows that
limp—oo(Zn(0),%0) = (T0,%0) = Po(¥o), P-a.s.. Hence, in order to show (5.54), we need

to prove that
1im (20 (t), %) = (Za(0),%0) =0 P —as. (5.56)
The first step is to prove that
nt
(@l %)) b12) = (200000 B-as. 5:57)
and then that
. nt
lim (Zn0),90) - (Zal | 5 vy =0 Poos.  (559)
e have that
(3] .

1 1—1

(2 [ 2] (2000090 = 3 Bk, 94)19] = B
=1

n

and
El(Xa(2), 9] — Bl(Xa(“0), $12)Y)
_ Na(iEh i il
SB[ Y., ws(ANGE) - b (VI
=1 .
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Since the number of offspring q]n(-:;) of the particle V{ is independent of the ‘future’ of

Y, we have that

n

BGNF V) = BlAGIF VY
= Blgi(2)IFs]

i . i .
JE, R (Vl(9))dYe—5 [{1) h*h(Vi(s))ds
e n n

Hence
) Na(322) ;
BUY, ¥ I)a(5) = iz (VA
Nn (’ =1 . 1
-~ .1 21—
- B Y wal V( JEIGA(S)IFL VI = bz (VI ()Y
j=1
_N"(i_;l) f‘ h* (Vi (s))dYa— f" h*h(V{(s))ds
= BYS wi 0B ~ Y (D)
j=1
r (i=1 .
_ A(X: )E[d) (VJ( 7 e (Vi(s))avs- L[, h*h(Vi(s))ds
j=1
. 1—1
-1.’1«'%(1/7{( - (5.59)

We prove that

. iR (Vi(s)dYe- f | h*h(Vi(s))ds i1
E lwﬁ(v,{(,—,}))e = ~ Y (VI (=) V Fiz | =0
' (5.60)
Since Vi is a Markov process, we have that
E, b (V(9)aYam} [E hh(Vi (s))ds
[w (Vi(= ))e! o vaf-—Tx]
. 4 fﬁ_ R*(Vi(s))dYs—3 f*_ h*h(V{ (s))ds i—1
=E [wﬁ-(v,{(;))e = R YVo(Vi(—=)| (561)
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We compute first

Jioy R (Vi(9)dYa—12 [i_y h*h(Vi(s))ds

Rz) = By oV (O)e By

where the expectation E~'i:_1_ is taken with respect to the probability Pi-l and 13;_1
i—1

is taken so that V{ start at time £=2 from z. This will imply that the condltlonal

- J - 3
Jisa (Vi ()dYe—g 3 Jioa hh(VA(s))ds given YV o(Vi(is)) (and,
consequently, given YV Fi-1) is R(V,{(’—;—l)) Using the fact that p,(¢) = pi=1(viz1),
we find

expectation of @(Vi(t))e

- ; Ly R (Vi (s)aYe—1 fioy h*h(Vi(s))d
B, [oi(ey)els ORI i MARED s|y]

~ B, [0 RS

SN

Hence
£ [so(V,{(t))efi%l hr (Vi()dYs=3 [ia h'h(Vg(S))dslyvf%] =¢%—1(V1{(i— 1)) (5.62)
Similarly
P [Q(V,{(t))ef% he(Vi(9)dYa—} h-h(v,{(s))dsly y fﬁ'] _ ¢§(VJ(%)) (5.69)
From (5.62) and (5.63) we get that
[ (v ( e fi R (Vi ()dYe-1 [F, h'h(vnf(s))dsly v F }
- 5[ oy 7

e I he (Vi (5))dYs—1 fi;; h‘h(V,{(s))ds‘y Y Fo ]

b))

-
=1 (Vi(—

which proves (5.60). The identity (5.57) follows now from (5.59) and (5.60). In the
analysis above we considered VZ defined up to time t, although in the description of

the branching system it is not, but obviously we can attach ‘an extension’ from % to
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t, satisfying the same SDE and independent of Y. We prove now (5.58). Using Itd’s

formula we have that

(2008 - (2ol 2] 91

&)
B /_ B V()% (Vi (5))a%e| Y]

:SI'—‘

()
Gy /_ Bl (VR@)W(VAIY V Fpagld¥alY]  (5.60)

Hence

BI((Za(0) ) = (2nl| ) g

!/\

% [( /ﬂ_ B V()9 (VA (s)IV V Flas|dYs)?)

=;12—E[ Z E[/[ ElR* (VI (&)W (VE ()Y V Flay)ldYs

X / E.[h*(VJQ(S)W(Vrf?(S))IJ’Vf[.z_t]]dYsIf[nTt]]]

[
= B /_ El* (V3 ()Y(VE ()Y V Fag)

J1 ]2 =1

x E[R* (V2 ()9 (Vi (DIVV Flaslds| Fae ]

|lh||2 ~ -N"([nTt)]) t . . .
< sl o BB OV Fig BV IV T g
Jrge=1 "l
< Mg & ([M)] \F(E[zz}(v%myvf 215 ]
= n? LJIJ2"1 (%] (]
x\/E(E[w(v,z'?(smyvf[n;eﬂ)?v[%]]ds] (5.65)
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" Using once again an argument based on the Gronwall inequality we obtain that

EERVEENYV ]-’[m]])Q lf[enz]] < Mol

and plugging this in (5.65), we get that

- n c 112 2
E[((Zn(t),'(pt) - (Zn({—”;]),dl[m]))q < M (t)\\:llll el

n

(5.66)

where c is the function introduced in section 3.

|

In conclusion, we have proved in this section the ezistence of a solution to the filtered
martingale problem (1.3)+ (1.4). This is an extension of the classical Dawson-Watanabe
construction. Averaging the particle approximations over independent evolutions leads

to the numerical approximation of the Zakal equation.

5.2 The Measure - Valued Process U

In the following we will construct a sequence of branching particle systems U,, whose

laws will approximate Py, i.e.

nlinO(Un,(P) = (U,9) = pe(®)-

The particles will move according to the law of the signal, independently of each other
and after fixed-length intervals will branch. The mean number of offspring of a particle
will depend on the last part of its trajectory and on the observation process and the
variance of the branching mechanism will be the minimum possible one.

We can use these particle systems to solve numerically the filtering problem since,
as the number of particles 18 increased, the empirical measure associated to the cloud of
particles converges to the solution of the Zakai equation. By starting with a number of
particles constituting a sample approximating the initial distribution of X, we allow the
system to evolve up to time ¢ and then use the empirical law to estimate the distribution
of the required statistic .

In the previous section, we constructed a sequence X, of similar branching particle
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systems also related to the Zakai equation. In that case, the variance of the branching
mechanism was a-priori given. In this way, we introduced an extra degree of randomness
and only the (conditional) expectation of that sequence tended to p,. Therefore, we
needed a whole set of copies of the particle system in order to obtain a good approxi-
mation to the solution of the Zakai equation. Our new approach converges directly to
p,, we don’t need to estimate an average.

In this section we revert to a general locally compact, separable metric space E and
use the notation set up in Chapter 2 and 4.

We assume that the domain of Ag - the restriction of A to Co(E) - is a dense algebra
in Co(E) and that the martingale problem for Ag is well posed so that the uniqueness

of the solution of the measure valued equation (2.45) holds.

5.2.1 The Construction of the Sequence of the Particle Systems U,

Once again, we work under the new probability measure P and all the expectations will
be considered with respect to P. We will construct the particle systems and, implicitly,
the measure valued process U, up to a fixed horizon, i.e., on the fixed interval [0,1), the
construction being identical for any interval [0,T). Then, using an argument based on
the Caratheodory extension theorem, the construction can be extended for the whole
positive axis.

Let {Un(t),Fi; 0 < t < 1} be a sequence of branching partlcle systems on (Q,F, P)
with values in M&(E) defined as follows:

Initial condition

1. Un(0) is the empirical measure of n particles of mass 1 ie, Un(0) = L5 6ap,
where z? € E, for every i,n € N.
2. The empirical measure of the particles tends weakly to 7o.

Evolution in time

Ve describe the evolution of the processes on the interval [,il, %] i1=0,1,..,n—1.

1. At the time £, the process consists of the occupation measure of mn (%) particles of
mass 1 (we will denote the number of particles alive at time t by mn(t)).

2. During the interval the partlcles move independently with the same law as the signal
X. Let V(s), s € [£, 1) be the trajectory of a generic particle in this interval.

3. At the-end of the interval, each particle branches into a random number of particles
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with a mechanism depending on its trajectory in the interval. The mechanism is chosen
o that it has finite second moment, the mean number of offspring for a particle given

the o-field Firn_ =0(Fs, s < i‘fll) of events up to time ’-tl- is

il

i def n
(V) exp ( /

and so that the variance v (V) is minimal consistent with the number of offspring being

1
B (V()aYs - 5 /_ h*h(V(t))dt) (5.67)

n

an integer. The particles branch independently of each other, given Fit1_.

We remark that 4 (V) = (£h(V) — (VD (EE(V)] + 1 — pn(V)) and so is always
less than 1 ([z] is the largest integer smaller that ).

Ve now make some preliminary estimates before showing the convergence of Ur in
the next section. Just before the (i +1)-th branching, we will have mp (%) particles. Let
us denote by Un d'—1-—) the state of the process just before the (i + 1)-th branching and
by Vi(s), s € [%, l;;i) the trajectory of the j-th particle alive during the interval. Let
also q%(l%l) be the number of offspring of the j-th particle with 1 < i< mn(%) at time
itl

n -
Proposition 15 We have the following trivial a priori upper bounds:
i. Eimy(t)l=n,¥n20,1€ [0,1].
K2

. Eim2(t)] < n 2el it 4 1 Z,K[m] e n ,¥n>0,tel0,1].

Proof. i. The number of particles does not change during the intervals (%,1‘-21*;—1),
k=1,..,n—1somu(t) = mn(l%‘l). Therefore it suffices to prove that Emn()] =
E[mn((i—zl—))] for 0 < i < n. Using (5.4), we have
i+1 m) i1
Ema(—)] = El Z g

mn( 2

Bl E

ij=1
)
= E[ Y u(Vi)]

=1
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)
= B[S Eli(vAIF)
j=1

= Efma(2)

~~
3t

Mnp

since E[ut (V)| F i ]=1 (1 (Vi) is the value at time “£ of an exponential martingale
identically equal to 1 at time ).

ii. From the construction of the branching mechanism of the particles we have that

Bl ED)2 17w ) = ) + (W)

itl
1 hy?
< —~+eﬂ‘nu"exp(

L ‘ 1 .
/ 2h*(Vi(0))dY: — 5 / (2h)*<2h>(t,v,z(t)>dt)

n

This inequality and the independence of the particles implies (asini.)

. ma(%) .
Blma(EL)) = LY. BN m )7
j=1
~ mn(%) ~ . . . .
V2] Y Bl (VI (VE)IFs)
1<51<j2<l
< % + emnﬁﬁ'[mn(%)] + e“%"EE[mn(%)(mn(i—) ~1)
It follows that . _
Bitma(1)?) < " Bl 2P + 5

hence

El(mat))?) = Elma(Z1)?) < P m20) + 3 3 45
k<|[nt]

which completes the proof .

Remark 18 For any t € [0,1] and ¢ € B(E), the processes (Un(t), ) are square inte-
grable.

Proof. Let Vi, V&, ..., Vip,. (1) e the positions of the my,(t) particles alive at time t.
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Using Proposition 3.1, we have

mn(t)

BlUa, 9 = BIE S 0¥y = Wl Bpm2e)) < oo

n?
j=1
|

Remark 19 If ¢ € D(A) U {1}, then the process (Un(t), ) satisfies the following evo-

lution equation
Un(t),9) = Ua(0)9) + [ (Un(s), Ap)ds + SE(t) + M (nt])

(nt] ma(i52)

+Z Z (VAN (h (VD) = 1. (5.68)
where {(SZ(t), Fi), t € [0,1]} is a square integrable martingale with quadratic variation
<S8 >(t) = / (Un(s), A? — 2o A)ds (5.69)

and {(MZ (1), Fiza_), 1 =0,1,...,n} is a discrete martingale with (conditional) quadratic

variation

l
<ME > (1) = = S (Un(Fm), i) (5.70)

i=1

Proof. From the construction of the particle systems we have that

B0 (D), o)l Fm == 3 eVICENAT) (5.71)
i=1

and also

[(Un(%_-*__l) ()9) If_'t_ ] - (E[(Un ﬂ) (P)l]'-_}_ ])2 = i

Va9, (5.72)

In between two branches the particles move according to the prescribed law, hence for t

i il

in the interval [, %5

n

(Un®),0) = (Unl2), ) + / (Un(s), Ag)ds + SE%(2), (5.73)
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where {(S£%(t), F.), t € [, ££L]} is a square integrable martingale (we use Remark 3.2)

with the quadratic variation

t
i

<58 > (t) == / (Un(s), Ag? — 20Ap)ds. (5.74)

In order to compute the evolution equation of (Un(t), ), we need to add all the parts
coming from the particles motion and all the parts coming from the particle branching,

which gives

(Ualt).) = (Un(O),so>+./0 (Un(s), Ag)ds + SE(2)
[nt]

+ (@0 - Un(2).90))

where {(S%(t), Ft), t € [0,1]} is the square integrable martingale

[nt]—-1 .
oy def i+l
S:f(t) = spi(t) + ZO SEH(——)
with the quadratic variation presented in (5.11). We then split the term coming from

the branching into a martingale part and a bounded variation part and obtain

(Un(t)yg) = (Un(O),so)+_/0 (Un(s), Ap)ds + S2(t) + MZ([nt])

o, i
3 (B 017 1 - W50, 5.75)
i=1

and {(MF (1), Fua_), 1 =0,1,...,n} is the square integrable martingale

M2 (0) £ o,

l

Mz 2 3 (@) - O I

i=1

with (conditional) quadratic variation

l . . 2
<Mf>@)= ZEK(Un(%),so) - BlUnE) )P ) If%_] (5.76)
i=1
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The remark follows now easily from (5.71), (5.72), (5.75) and (5.76).
|

e introduce also the notation

i (V1) % exp (/_ R (V(1))dYs -%/_ h‘h(V(t))dt) Cor ;zzl

where V is the trajectory of a particle alive in the interval [£, &l). Of course, pi (V) =

IV, H'1) Applying It6’s rule and exploiting the fact that Y is a Brownian motion, we
get from (5.13) that

(Un(8),9) = (Un(0), 0 / (Un(s), Ag)ds + S2(2) + ME((nt])
w‘mn(lﬂl) [sn] +1 : :
[ >, SR, (R, (5.77)

5.2.2 The Tightness of the Sequence U,

Once again, we need to show that conditions a and b of Theorem 21 hold true. The two

conditions follow from the following propositions.

Proposition 16 For every t € [0,1], we have

lim sup P( sup (Un(s),1) > k) =0. (5.78)
k—oon>0 0<s<t

Proof. Since _ \
- E Un(s),1
B sup (Un(s),1) > 1) < L PosetTn(eh DT,
0<s<t k

(5.79)

it is enough to show that sup,>¢ E[(supo<s<t(Un(s ))?] is finite. Let us denote by

¥,,(t) ef B [(SUPogsgt(Un(s), 1))) ] From (5.14) and the Cauchy-Schwartz inequality,

we obtain

Ya(t) < 3(Un(0), 1)2+3E[( sup |MA(@))?]

<i< nt
ma (L)

+% sup / Z sm (VI s)h* (VI (s))dYs (5.80)
n o<ps il
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‘The idea is to find an upper bound for each of the three terms from the right hand side of

the inequality (5.80) of the form a+ 3 fot 1, (s)ds and then use the Gronwall inequality.

The first term

Since we start with n particles, we have
(Un(0),1)> =1, Vn>1. (5.81)

The second term

Doob’s maximal inequality, the fact that v < 1 and the proposition 3.1 gives us the

following upper bound:

E[( sup |MLG))Y <4E(My([n))?] = 4E((< My > ([nt]))’]

0<i<|nt]

[nt] [nt} i [nt] m (t)

— A5 WG S g L AU S 3 BRI <L (68
i=1 =1 =1

The third term

Using a standard technique similar with the one employed in the previous section, we

find
mn(l%l)

BCSS (o) < P Eima(Z)2). (5.89)
j=1

Then, we obtain the following upper bound on the third term of (5.80), using (5.83) and

Burkholder’s inequality

t
211 Fey 12 /0 o(s)ds, (5.84)

where K> is a constant independent of n.

From (5.80), (5.81), (5.82) and (5.84) we obtain
t
Ylt) < 6+ 3P KB [, (5)ds
J0
Using once again the Gronwall inequality we find that ¥,,(t) < c(t), where

2
oft) & 6ed VKN ¢ 0,1 (585)
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and also SUP,z E[(5uPogs<t(Un(s), 1)?] < e(t).

Proposition 17 For any arbitrary sequence of stopping times {Tn}n>0, any real positive

sequence {6z }n0 Wwith liMp_006n =0 and p € D(Ap), we have

lim_ B{|(Un(7n+ 62),¢) = (Un(7a), )] = 0. (5.86)

Proof. Using (5.14) and the Cauchy-Schwartz ineduality we get

- - Tn+0n
E((Un(7n +6n),0) — (Un(Ta), )] < 4E(( (Un(s), Ap)ds)’]

We have, consecutively,

Tn

+FAE[(SP (T + 6n) — 52(Tn))?]

F4E|(ME([n(Tn + 62))) — ME([nTa)))?]

. ﬂf"n*l'én,‘ mn(l%l) [ ] + 1
-~ n . sn
E T
B[, X SRR

1™V, s)h* (Vi(s))dYs)?] (5.87)

- Tan+6n - Tn+6n
B[ Uae), A)as)) < SB[ (Une), Ap)ds]
< 82| AglPe(1) (5.88)
E[(S(Tn +6a) — S2(ta))?] = E[<SE> (Tn+6n)— <57 > (7))
Tn+bn
< L[ Walo), A - pAp)as
BNCOE: 1><||Aso;g 2ol acl; (s s
B{ME(fn(ra + 6)) = ME(nral))?] = EI< ME > ([n(rn +8a)])= < ME > ([n7a))
[n(Tn+6n)] .
= E| > Un(E2-), v R)
< L)+ Dl + ) (590)
In(tn+én] mn(-[’—'ll)
=, 1 " < ’[Sn]+1 [sn] j *(1/] 2
El(= (Vi(——— > Vi, s)h (V3 dY;s
67 fu. 2y PACETNIN ORI ORI
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[n(rn+6n] mn (122l

~ n

s B[ mC Y w0 o )
Jus >
< llellalPen)e e (5.91)

where ¢ is the function defined in (5.85). The inequalities (5.28), (5.29), (5.88), (5.91)
imply that all the terms from the right hand side of (5.87) tend to 0 when n goes to oo,
hence [E[|(Un(Tn + 6n),¢) — (Un(Tn),)|?] tends to 0 as well.

|

5.2.3 Application to the Nonlinear Filtering

In this section we prove the following results:

Proposition 18 Every subsequence of Un(t) contains a subsubsequence Uy, (t) such that

for o € MU {1} we have

lim (Un, (8), ¢) = pu(); P-as., (5.92)

where M is a countable and uniformly dense set in Ck(E) (the space of continuous

functions with compact support).
Proposition 18 will imply the following theorem.

Theorem 27 Every subsequence of Un(t) contains a subsubsequence Uy, (t) convergent

P-a.s. to the unnormalised distribution of the signal p;

Remark 20 Theorem 27 says much more that Proposition 18 since, for the theorem to
be true, we need (5.92) to hold with the same null set for all ¢ € Cyo(E), in other words
we need to prove that there erists cQ, wih P(QV) = 1 such that for all p € Cy(E),

we have

Jim (Un, (t),¢) = pe(p), Yw €Y (5.93)
Theorem 27 gives us the following obvious Corollary.

Corollary 3 The sequence Un(t) is convergent in measure to p,, i.e. to the law of X (t)

given the observation o-field V.
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It is based on this result that one is able to use U, to approximate numerically
U. Theorem 27 (together with the tightness of the sequence) has another corollary, of

theoretical importance.

Corollary 4 The sequence Uy, is convergent in distribution to the measure valued process

that represents the unnormalised conditional law of X given the observation Y.

Remark 21 In Corollary 4, we look at U, and p as having values in the space of cadlag,
Mg (E)-valued paths. The previous section proves that the sequence is tight over this

space.

To prove Proposition 18, we need the following lemma (the notations are those from

Section 5.2.1).

Lemma 6 Foralli=0,...,n— 1, we have

ma (%) .
e o M)
- E (V] L a2
y n ji=1 l/n( n) - \/ﬁ

where M(h) is a constant depending only on h (the function appearing in the drift of the

observation,).

Proof. We remark that, if we have an integer random variable with mean p and minimal

variance v, then v < |p — 1|. Hence

m"(i) mn(i)
- |1 S ) -1 L .
El= > wd| < Bl X -1l
=1 | J=l
- —1m"(%) S
< B2 S Bl 1|7
| =t
-lmn(%) itl ) 2
< El- E ( / A:;(VJ,s)h*(ViV(s))dn) |7+

IA
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In the following we will denote by h(r) the function z — h(r,z). We consider first

the following backward stochastic partial differential equation

dy, —Atp,ds — h* (s dY, s<t (5.94)

Yy = @
which, written in the integral form, gives us
b =, — / At dp — / B (), Yy 75 € [0,1). (5.95)
§ L]

In (5.95), we took [, h* (p)gbp(ti to be a backward It integral. Written in Stratonovitch

form, (5.95) becomes
P P 1 (P,
R A o L DT A O S CED

e will assume the following condition:

U. For all ¢ € [0, 1], there exists a countable set M, uniformly dense in Ck(E), such
that for all » € MU {1} the SPDE (5.94) has a solution ¥, € D (A) which satisfies

BYE [sup ||¢s||2} < 0. (5.97)
s€[0,t]
and
cE¥E [ sup ||Ay? — 2¢SA¢S||] < oco. (5.98)
s€f0,t]

See the Appendix for sufficient conditions on A and h, under which U holds. Let now

{Vs, Fr,7 € [s,1]} be a process solution of the martingale problem associated with the

infinitesimal generator A independent of Vi def o(Y; — Yr,r € [s,t]). From (5.96) we

obtain that

07 =0, [ W Vo) 0¥, + 5 [ hie, Vp(o)dp+ MY
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where {MyY,F. VY,r € [s,t]} is a square integrable martingale (due to (5.97)) with

quadratic variation
<M >= [ AGV) - 2, (V) Avy(V5)dp.
78
Let
" e L.
& =exp( [ B V) oYy~ 5 [ Whip. V)b,
Js 78

then

T L
& =1+ [ &n (V) odY 3 [ A0 V)
. 78

and thus
Up(Vi )€, = ¥ (Vs) + M (5.99)

where {ml, FrVY,r € [s,t]} is a square integrable martingale with quadratic variation
_11’) r 2
<TT >= / £, AY3(Vy) — 20, (V) At (Vp)dp.
JS

Hence

Bl (V)e ~ V)R] = [ Elepavi(vh) - 26, (V) Ay (V)| Jdp

IA

/ E (6,462 — 2,49, ||| F.] dp
< (r-s)C (5.100)

The last inequality holds true since Az/}?, — 2¢,A¢, is independent of £, and ¥, and
E (€517} = 1. Armed now with the inequality (5.100) we can to prove Proposition 18 .

Proof of Proposition 18

Since m’ is a martingale with respect to the filtration 7. V), from (5.99), we get that
for p € MU{1},

p(9) = E(p(X0)& 1Y) = E[(W(X0)&, |¥] = El(o(Xo0) I¥] = (m0,%0)  (5.101)
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In (5.101), we used the fact that ¥, = ¢. Also, since U, converges weakly to mo and
o € D(A) C Cy(E), P-a.s., we have that

lim (Un(0), %) = (m0,%0), P — a.s. (5.102)

Hence, in order to prove the proposition it is enough to show that

lim E[((Un(t),%1) = (Un(0),%0))?] = 0. (5.103)

We have the following identity

(Ual0) ) = Ual0)¥0) = (U(8), ) ~ Wn( D), 100)
£ Ua(2)ws) - ElU(2),80) [Fo VY] (5:104)
DICCIONNEAEIE (Un() i)

We show that all the terms from the right hand side of (5.104) converge to 0 in L?(£2).

For the first term we have the following

ma(t)
(0,00 - OBy w0) = 237 e(vA@)Q - M, 1)
i=1
10 , . [nt]
S G RNV ) — e (VD)
i=1 "

Using now (5.100) and the fact the ¢ is bounded, we get the following upper bound for

the L, norm of the first term

JILYd
2¢(1)2 llell? |R))> e =~ + C)
n

(5.105)

For the second term we have the following identity

nt]

E 2@(%),%) ~ B(Wn(2) 1) [Fa_ v )
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nt

M=E

- £ [(wn(g),@b&) - B v |Fi v ) [Fv y]

—

i=

R ke
= ;L—Z [ > vV L)) "‘(V’)]
i=1 j=1

BM(h)

< (5.106)

B

where, for the last inequality we used lemma 6. Lastly, for the third term we have the

identity
2

)¢w1)

L rma(i22) . 2
7_152 [Z [(wgv« NETN VAL 2) —bem (VA )lfi—TlvyH

and one finds the following upper bound for the L norm of the third term

[2d
E ZE (Wal2) ) [Fe v ] - O

o
= (5.107)

From (5.104), (5.105), (5.106) and (5.107) we get the required limit (5.103) and with it

the proof of the proposition.

Proof of Theorem 27

We proved that any subsequence of Uy (t) contains a subsubsequence Uy, (t) such that for
© € MU{1} we have limg_co(Un, (t), ©) = p:(¥), P-a.s. Hence, for any subsequence of
Uy (t) we can find a subsubsequence Up, (t) such that simultaneously for all o € MU{1},
limg—oo(Un, (£),©) = pe(¥), P-as., i.e., there exists ' C 2, with P(SY) = 1 such that
for all p € MU {1}, we have

Jim (Un, (t),9) = pe(), Vo € 4

We prove now that the limit holds not only for ¢ € MU {1}, but for all ¢ € Cp(E) for
all w € . The first step is to prove that the limit holds for all ¢ € Co(E) For this, we
fix an arbitrary ¢ € Co(E) and w € €. We show that for all € > 0, there exists ke(w),
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such that for all k > k¢(w), we have

|(Uni (1) (@), 9) = pel@)(W)] < & (5.108)

To simplify the notation we will omit from now on the dependence on w. Since ¢ €

Co(E), there exists ¢’ € M, such that

, €
llo - &Il < o 9

where ¢ def supgso(Unk(t),1) (it is finite since the sequence is convergent to p:(1)).

Therefore, for all £ >0

€
[(Uni (8): ) = (Un (1), &1 + |pe(90) — ()] < 5 (5.109)
Since the limit holds for ¢/, there exists ke, such that for all £ > k¢, we have .
€
[(Uni(8),¢) — P (P < 5, (5.110)

Now (5.109) and (5.110) give us (5.108).With a further approximation, on can show that

Llim (Uni (t), Ix) = pe(Ik)
m

where Iy is the characteristic function of the arbitrary compact K € E (with the

complement CK =) \ K ) and therefore for any § > 0 there exists a compact K such
that

ks_lfgo(U""(t)’ICK‘) <é (5.111)
Let now ¢ € Cp(E), 6 = 3";” and ¢" € M, such that

4 €
oIk, — "Il < m

Therefore, for all £ > 0

|(Un, (2), ©lks) — (Uni (2), ‘PHI + |oe(pIks) — pt(‘P”)l < % (5.112)
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Since the limit holds for ¢”, there exists ke, such that for all k > k¢, we have

(5.113)

wim

|(Un, (£), ") — P (")} <

Now (5.111), (5.112) and (5.113) give us (5.108) for any ¢ € Cy(E), QEE.D..

Proof of Corollary 4

Since we showed that U, is tight we only need to show that the limit of any convergent
(in distribution) subsequence of U, is p. Let Uy, be a convergent subsequence of U, and
W its limit. We need to show that the finite dimensional distributions of u coincide with

the finite dimensional distribution of p, i.e., that

E[A((u(tr), 01)) fa((lt2), @2)) - fi((ulte), )] = Elf1(pe(01)) f2(pe(02))--- fi(pe(k))]
(5.114)

for all f17 f2a---afk € Cb(R)a P1, P2 Pk € Cb(E)a 0<ti <t < .. <t <1, keN.
Obviously Uy, contains a subseqlience, which we also denote with Uy, , whose limit at

time t; is p, for all i = 1,2, ..., k. Hence the Dominated Convergence Theorem gives us
klglgoE[fl((Unk(tl),991))f2((Unk(t2),992))---fk((Unk(tk),991:))]

= E[fi(p(#1)) f2((pes92))---Fi((Pe> 0x))] (5.115)

But, since Uy, converges in distribution to u, we have that

kll’ngoE[fl((Unk (tl)a (rgl))f?((Unk (t2), 992))"'fk((Unk (tk)a ‘Pk))]

= E[fi((u(t1), 1)) fo(ulte), 2))--fie((w(tk), ¥k))] (5.116)

Finally (5.115) and (5.116) implies (5.114), Q.E.D.
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Chapter 6

A Measure Valued Process
Associated with the

Kushner-Stratonovitch Equation

6.1 Assumptions

In this chapter we construct a sequence of branching particle systems ay, convergent in
distribution to the conditional distribution of the signal given the observation - 7t - ,
i.e., to the solution of the Kushner-Stratonovitch equation. Again, the algorithm based
on this result can be used to solve numerically the filtering problem. The nonlinear
character of the equation makes direct numerical work difficult. Using the branching
particle systems a,, we produce a sample approximation of the conditional distribution
of X and, based on this, we can construct a numerical algorithm suitable for high
dimensional problems (the existing algorithms can only be used in low dimensions). We
will construct the particle systems and, implicitly, the measure valued process a, up to a
fixed horizon, in fact on the fixed interval [0, 1], the construction being identical for any
interval [0,T]. Then, using an argument based on the Carathéodory extension theorem,
the construction can be extended to the whole positive axis.

Let Ag be the restriction of A to Co(E). We assume that the domain of Ag is a dense
algebra in Co(E) (in particular that if f € D(Ay), then f? € D(A)).

Although we consider A and h to be time independent all the results remain valid
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in the time-dependent case (which can be viewed as a time independent case with the

signal process (Xt,t)).

6.2 The Branching Particle Systems ay,

Let {an(t), Ft; 0 < t < 1} be a sequence of branching particle systems on (Q,F, P) with
values in Mp(FE) defined as follows:

a. The initial state of the systems, a,(0), is the occupation measure of n particles
of mass %, ie., a,(0) = L5 18z, (s €Eforalln>0and 1<i < n) and is weakly
convergent to mg. |

b. At the time %, i=0,1,...,n ~ 1, the process consists of the occupation measure
of an(Z) particles of mass 1 (we will denote the number of particles alive at time ¢ by
an(t))-

c. During the interval [’ H’1) the particles move independently with the same law
as the signal X. Let b;(s), s € [%,in ), 1 <37 < an(: L) be the trajectories of the
a,l(%) particles alive in this interval (the number of particles remains constant during
the interval).

d. At the end of the interval, the particles branch into a random number of offspring
with a mechanism depending on the recent past of the whole system.

e. The mechanism is chosen so that it has finite second moment and the mean

number of offspring of the j-th particle given the o-field Fita_ cef o(Fs, s < ’—j:—l-) of

1+1

events up to time == is
(b ) def M (61)
Zan( )51 (bk)
where
itl
Bi.(b;) ! exp ( / h* (b;(£))dY; — = / " h*h(bj(t))dt) 6.2)

and the minimal variance 6} (b;) consistent with the number of offspring being an integer.

The particles branch independently of each other, given Fitr_.

Remark 22 The construction works also for particles which do not branch indepen-

denly.
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We observe that &,(b;) = (74 (b;) — [Va (b)) ([¥a(8;)] + 1 — ¥5(b5)) and is always less
than 1 ([z] is the largest integer smaller that ). Just before the (4 1)-th branching, we
will have a?, ef an(%)' particles. Let us denote by a, (L —) the state of the process just
before the (i + 1)-th branching and by b;.l’k(s), se kB, j=1, ...,a¥ the processes
which represents the trajectories of the particles alive during the interval [%, k—jli) corre-
sponding to the n-th particle system. As before, we will identify the particles with their
path, i.e., the particle b;-l’k is the particle whose path is the process b?’k(s), s € [%, k—'};—l)

and vice versa.
Remark 23 The branching systems an, will never die and will never ezplode.

Proof. Changes in the number of particles take place only at branching times. Due to
the fact that the variance of the branching mechanism is the minimal one, the number of
offspring for the j-th particle in the interval [£4] is either ['yfz(b;-l’k)], or ['yfl(b;-l’k)] +1.
So

a1 < SO(AE] +1) < S (G + 1) < 2d) (6:3)

Also, since Z;ﬁl ’)fl(b;."k) = a}, at least one v} is larger than or equal to 1, hence at
least one particle has offspring.

Proposition 19 The process {at,, Fir1_;i = 0,...,n} is a bounded martingale and E[(a})? <

m?2.
Proof. From the construction of the particle systems we have that

. al, ai, i b'-"i )
E[a:j—llfi_-%_] — Z__.ﬁ__(z_gl_ =a), 1=0,.,n-1
i1 gy Br(b]

and the inequality (6.3) implies that ai, < 2'n for 0 < 7 < n. Since the branching

mechanisms are independent given Fi+1_, we obtain
n

El()?] = BI< dl, >] + 1 = B3 E [(ak - Ela|Fs 175 1] +7
k=1
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i ak
=FE [ZZ&i(b?’k)} +n?< % Ela¥] + n? < 2n?,

k=1 j=1
which completes the proof of the proposition.

|
Corollary 5 The mass processes (an(t),1) form a tight sequence.
Proof. We have (a,(t),1) = %ag“] so
P(sup(an(t),1) = k) = P( sup al, > nk) < iE[al{‘T]]
t<T i<[nT] nk

and the last term is actually equal to -,1; Hence

lim sup P(sup(an(t),1) > k) =0

k—oon>0 t<T

which proves our claim.

Remark 24 For any t € [0,1] and ¢ € B(E), the processes (an(t), ) are bounded and

uniformly square integrable.

Proof. Straightforward from Proposition 19.

Proposition 20 If ¢,0? € D(A), then the process (an(t), ) satisfies the following

evolution equation

(an()p) = (an(0),9)+ /0 (an(s), Ap)ds + SE(t) + ME([nt])

[nt] an ( l—:l )

30 3 TN -,

where {(S£(t), F), t € [0,1]} is a bounded martingale with quadratic variation

t
<S>0 =1 / (an(s), Ap? — 20Ap)ds
JO
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and {(MZ(1), Fur_), 1 =0,1,...,n} is a discrete martingale with quadratic variation

=), 62¢°) (6.6)

l .
1 1+1
Vi =_§:
< M?> () - izl(an( m

Proof. From the construction of the particle systems we have that

. an(%) .
Bllen( ), o)l Fe 1= 1 3 oA (R0 (6.7)
i=1
and also
Ellan(22), 0217 ] - (Bllan(E0), ) Fisa 1) = 2 (an(om), 816%). (68)

In between two branches the particles move according to the prescribed law, hence for ¢

in the interval [£, 1)
1 t .

(an(®), ) = (@n(2),9) + |, (an(s), A)ds + SEX(®) (6.9
where {(S*(t), Ft), t € [£, %]} is a bounded martingale (we use proposition 19) with
the quadratic variation

. 1 /¢
<S§> ()= / (an(s), Ap? — 20Ag)ds. (6.10)

In order to compute the evolution equation of (an(t),¢), we need to add all the parts
coming from the particles motion and all the parts coming from the particle branching,

which gives

[nt]

t ; :
(@0(0,9) = (@n(0)9) + [ (onle) A + SEQ + 3 (o)) - (@n(=-)0))
where {(S£(t), Ft), t € [0,1]} is the bounded martingale
[nt]—1 i+1
n

Se(t) & sty + S sgi(—)
i=0
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with the quadratic variation presented in (6.5). We then split the term coming from the

branching into a martingale part and a bounded variation part and obtain

(ot @) = (an(0),)+ / (an(s), Ap)ds + S2(t) + M2 ([nt])
[nt]

> CEOEARRES 9), (6.11)
and {(MZ(l), Fia_), 1 =0,1,...,n} is the square integrable martingale

Mg(0) £

l

Mz 2 3 (a0 - Bllan) 9P 1)

i=1

with quadratic variation

. 2
<M¢><z)—ZE[((an (),60) - Bllen(E), )17y ug_} (6.12)

The proposition follows now easily from (6.7), (5.72), (6.11) and (6.12).
|

We introduce also the notation

1 1+1

i/nn A T * (11,1 1 T * 7,1
[, (7", 7) = exp <A h* (03" (t))dY: — §L h*h(b; (t))dt) , TE [—

)

n

l-; bn,ir . .
PO Y P M R A
ﬂll(b ) n n

]

Using Ité calculus, we get that

R = 1 [T ahiEn (h*(b;-“(r»—(Zu;(bz”,r)h*(bz”(r»))
“n . k=1

k=1

x (dyr - (2"3u;<bz'i,r)h(b:'f<r)))dr) (6.13)
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6.3 The Tightness of the Sequence a,

To prove the tightness we need to show that the sequence oy satisfies the conditions
of Theorem 21, i.e., to prove that the mass processes satisfy the compact containment
condition (which we did in Corollary 5) and that we can control the oscillations of the
processes {an}n>0. For this, we prove that, for a dense sequence {;}i>0 C Co(E) (we
will take them to be in the domain of Ap), any arbitrary sequence of stopping times

{Tn}n>0 and any real positive sequence {pn}n>0 with limp oo p, = 0, we have
711_1_{20 P(l(an(Tﬂ + pn)a ‘pi) - (an(T'n)$ Sot)l Z 6) = 0 (614)

As before, we have the following result.

Lemma 7 Foralli=0,...,n—1, we have

B |15 e wy| < M) (6.15)
=1

where M(h) is a constant depending only on h.

Proof. Similar to Lemma 6 from the (6.13) and the fact that if we have an integer
random variable with mean p and minimal variance v, then v < | — 1.

Corollary 6 For alln >0 andt € (0,1], we have

B {((eal) 1) - 1] < "f/(;'_:) (6.16)

Proof. Straightforward from (6.15)
|

Corollary 7 For all n > 0 we have

2
9 sup (« ————-4M(h)
E (tqog]( n(t),l)) <4+ (6.17)

Proof. Straightforward from (6.16) and Doob’s maximal inequality.
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|
The limit (6.14) follows from the next proposition.

Proposition 21 For any arbitrary sequence of stopping times {Tn}n>0, any real positive

sequence {pp }n>0 with iMoo p, = 0 and ¢ € D(Ao), we have
Jim E[|(an(mn + pn), ¢) = (an(Tn), #)[] = 0- (6.18)
Proof. Using (6.4), we get
Blon(rn + p2),) — (aalra M < Bl [ (an(s), A¢)ds]

+E(|SE(rn + pr) — SE(Ta)ll + E(IME([n(n + pp)]) — M ([n7a])]

[n(Tn +pn)]

) Z PO NG - )

i=[nTn]

(6.19)

Since the first three terms of the right hand side of (6.19) can be easily shown to converge

to 0, we only prove this for the last one. Based on the identity (6.13), we have the

following
[n’(‘r"_*_pn)]

) Z RGNl CAR B

i=[nTa]

n(rn+en) a,k"‘}

1 protnr] 7‘”] [nr] o] minr.
= E :‘P ( ))as @™, r)
/L:.ﬂ_l n Jj=1

l'"'l

x (h* (O (r) - (Z plrrl @2 R B (r))))

lm‘J

X(dY, — (37 plerl @, r)n(er (r))) dr) (6.20)
k=1

By taking the modulus then the expectation and using the fact that

Mics
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we obtain from (6.20)

ln(rn+p,,)l an(54)
E Z Z (bnz 1( ) ( z—l(bnz— )_1)
i=[nTy]
[nzaeal an 2Tnte o]
< 2y fo” BN 4 4 2l /:—“” 20
< 2llinl <\[(1 + ) O B A R [nm])

which proves that also the last term in (6.19) converges to zero (it is of order \/max(p,,, 1/n)).

6.4 The Convergence of the Sequence to the Solution of
K-S Equation

This section follows the steps of the analogoes one for the sequence U,.. Here are results:

Proposition 22 Every subsequence of an(t) contains a subsubsequence an, (t) such that

for ¢ € MU {1} we have
kli.l{.lo(ank(t),so) =m(p), P —a.s., (6.21)

where M is a countable and uniformly dense set in Cx(E) (the space of continuous

functions with compact support).

Theorem 28 FEuvery subsequence of an(t) contains a subsubsequence o, (t) convergent

P-a.s. to the conditional distribution of the signal m;

Corollary 8 The sequence an(t) is convergent in measure to m, i.e., to the law of X (t)

given the observation o-field V.

Corollary 9 The sequence oy is convergent in distribution to the measure valued process

that repméents the conditional law of X given the observation Y.
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Theorem 28, Corollary 8 and Corollary 9 have similar proofs to their analogous in
the previous chapter, so we will prove only Proposition 22.

Proof of Proposition 22

The idea of the proof is to ‘unnormalise’ a,(t) by multiplying it by a suitably chosen
‘mass’ process £,,(t). We then prove that convenient subsequences of £, a,(t) converge to
the unnormalised conditional distribution of the signal p, and simultaneously the mass
of a,(t) converges to 1. Hence an(t) converges to p, normalised, i.e., to 7,

Again we use the solution of the backward stochastic partial differential equation
(5.94) and assume that, as in the previous Chapter, the condition U holds.

U. For all t € [0, 1], there exists a countable set M, uniformly dense in Ck (E), such
that for all ¢ € M the SPDE (5.94) has a solution 9, € D (A) .which satisfies

BEE [ sup IstlI"’] < 0. : (6.22)
s€[0,t] |
and
C¥E [ sup [|Av? — 29, A || (6.23)
s€l0,t]

Obviously, the set M from above will be the set for which we will prove the limit
(6.21). From 6.22 and 5.100, we have that

#l(o o (1) - (5 Q)

forj=1,..,a% and i =0,...,n— 1 and

E b (1)) = Wmg [ B [ 2f,., sw 6.25
(5 (0) o (5 (51))) | < 225 629

for j = 1,..,a"™ and ¢ € [0,1]. Let now &,(t) = Hirit(], k"l—”‘g'b—kl The process

{€,.(t), Fi;t € [0,1]} is a positive martingale with mean 1. We have

E":lt (b’” /; Z n( h*(bnt( ))dY (6.26)

k=1 n k=1
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hence for p > 2, we get from (6.26), using Burkholder’s inequality and Gronwall’s in-

ko) .
E E "_a?i_’__ < eKellblP(r=3)
k=1 n

[nt) a, i (pi i)\ 7
E[.@0)]= HE [(Z M) ] < eflIM7 vt € [0, 1] (6.27)

equality

hence

k=1 an
We want to prove now that, at least for a subsequence of an
lim (¢n(t)an(t), ) = plp), P—as. (6.28)
As in the proof of Proposition 18, we show that
Tim_ Bl(€xan(8), %) — (€ncn(0), %0))] = 0 (6.29)

Since &,, is changing only at branching times and is constant otherwise, the inequality

(6.25) implies that
tim Fl((€nan(®), ¥0) — (€nan(2D), poa))?] = (6.30)

As in (5.104), we have

(gnan([i:LEl)an&n‘l) - (§nan(0)a¢0) = Z ((gnaﬂ(%)aw;‘;)
=1
~Blnen(Dvg) |75 v )
nt)

Fi_VvY]

+3 (Beaan ()
j ?)) (6.31)
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hence the first term from the right hand side of (6.31) is of order —= f Also we have

1] 2
[(Zn(snan( bs) |Fi vl ) %1)) }

) [(Z er (bnz(;))%(b;-“')—sn(igl)%(b?’i("ﬁl)))z}

- 35| (R S0 () v (7 ()]

and using (6.24) we get that the second term from the right hand side of (6.31) is of

ML

order =, hence

Tim_ E{(nen(), 9100) — (€ncen(0),40))% = 0 (632)

107



Finally (6.30) and (6.32) imply (6.29). We now know that out of any subsequence of
¢, an(t) we can obtain a subsubsequence such that (6.28) holds. Furthermore, since
we know that limy,_,o(an(t),1) = 1 in Ly sense, we can find a subsequence such that

simultaneously (6.28) and limp—.co(an(t),1) = 1, P—a.s. hold. For this subsequence we

have that
Jim £,(0) = lim €,()(@n(0,1) = p(1) P —as.
and hence
. Pt
— — .3
nILI& an(t) oD e (6.33)

and the limit holds £ -a.s. and hence also F-a.s., since the two measures are absolutely

continuous with respect to each other.

The process associated with the Kushner-Stratonovitch equation can be viewed as a
genetic process with infinitely-many-alleles. Its space of “types” is E and the two phe-
nomena occurring are random genetic drift (governed by the infinitesimal generator A)
and reproduction. There is no mutation or selection involved. The individuals in this
process in generation k will branch with a mean depending on their.pa,th in the “type”-

space and the observed path and with the minimal possible variance.

108



Chapter 7

Some Numerical Simulations

7.1 General Remarks

Let us first review what we have achieved in the last two chapters. We constructed
a measure valued process {X(t),t € [0,1]}, whose conditional expectation given the
observation path is exactly p, the unnormalised conditional distribution of the signal.
We proved that the cénditional mean of Xp(t) - the particle systems used to construct
X(t) - converges to p,. We then constructed a sequence of branching particle systems
{U,(t),t € [0,1]} almost surely convergent directly (without the need of taking the con-
ditional expectation) to the unnormalised conditional distribution of the signal. Lastly,
we constructed {an(t),t € [0,1]} a sequence of branching particle systems almost surely
convergent to {m;t € [0,1]} - the (normalised) conditional distribution of the signal
within the time frame [0, 1].

Each of the three constructions can be used to solve numerically the filtering problem.
Jessica Gaines from the University of Edinburgh produced computer programs for each
of the three. However, as one can expect, the algorithm based on the first construction
performs far less well than the other two, since as pointed out in Chapter 5, one needs to
take a larger number particles initially, therefore increasing the number of computation
needed . In the first algorithm (construction) we fixed the variance of the branching
mechanism beforehand, in the next two we took the minimal one which allowed the
existence of an integer valued branching mechanism. This way we introduced extra
randomness in t-he system, which leads to poorer performance.

The difference between the second and the third construction is that, while in the
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second construction we normalise only at the end (all the time, we approximate the un-
normalised conditional distribution of the signal), in the third one we normalise (almost)
as we go (all the time, we approximate the normalised conditional distribution of the -
signal). Therefore, in the third algorithm the number of particles is kept under control.
If one uses the second algorithm, the population might explode or die out. Apart from
this, there is no difference from a numerical point of view between the two algorithms.
In the following we present two examples solved with the second algorithm. The
metric space will be E = R? with d = 1 in the first case and d = 6 in the second case.
The signal/observation process will satisfy the following system of stochastic differential

equations

dX, = f(X¢)dt+ g(X,)dWi(t)
dY, = h(Xy)dt +dWy(t)

where {( W1(t), Wa(t));t > 0} is a standard Brownian motion.

 We run the algorithm up to a final time 7. As in the description of the algorithm
we divide the time interval into n equal interval_s [%, Sk—tﬁzl ,k=0,1,...n— 1. At
time t = 0, we generate n particles randomly with djstributic;n 7(0). Then during an
arbitrary interval the particles undergo two stages. In the first stage, from time &nz up
to the final time Sk_";l_)l" each particle moves along a trajectory, determined by numerical
solution of (5.2), using independent simulations of a Brownian path for each particle. In
the second stage, at time yb—}lﬁ, each particle is replaced by a number of offspring, with

the mean number of offspring being determined by the trajectory of the particle during

stage one, as given by equation (5.4) and minimal variance.

7.2 The Numerical Examples

In this section we present two numerical examples done by Jessica Gaines (Department of
Mathematics, University of Edinburgh). The first example consists of a one-dimensional

signal, z(t), and a one-dimensional observation, y(t), given by

dey = —az dt+ odw(t)

dys = arctan(z)dt + dws(t)
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where wy(t) and wa(t) are independent one-dimensional standard Brownian motions.
The parameter values used for the figures below are a = 1 and o = 0.25. The distribution
of £(0) was taken as normal with mean 1 and variance 0.25 and filtering was carried out
from t = 0 until t = 5.

In Figure 1 below, we show the historical process for a simulation with 20 particles
at the initial time. The past is shown only for particles alive at the final time. The
signal is shown in Figure 2, along with the quartiles of the distribution of particles, for
a simulation starting with 160 particles. In both pictures the simulation time has been
divided into 160 generations and the time step used to calculate the trajectories of the

particles is A = 278,

Figure 1: The historical process Figure 2: The signal and the quartiles

Figure 3 compares the expected mean of the signal calculated by numerical solution
of the Zakai equation on the one hand and by the branching particle system on the
other. The curve corresponding to the Zakai equation is lower at the final time than the
other. The conditional densities of the signal at various times as calculated by solving
the Zakai equation are shown in Figure 4 . The graphs progress with time from the right
to the left of the picture. |
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Figure 3: The conditional mean Figure 4: 'I'he conditional density

In the second example, we have a six-dimensional signal, representing the position
and velocity of an object moving in R?® and a four-dimensional observation, consisting
of angles measured by observers at two different positions. We suppose that the object
starts at time ¢p = O from an initial position and with an initial velocity both drawn
from normal distributions. The observers do not start measuring until time t; > to.
The velocity of the object is subject to white noise. The observations also include noise.
The signal (z(t),v(t)), where z,v € R® are the position and velocity of the object, is

therefore given by

dz(t) = wvdt

dv(t) = —Avdt+ B dw(t)

where w(t) is standard Brownian motion in R®. A and B are diagonal matrixes with
constant entries and A(1,1) = A(2,2) = ¢, A(3,3) = g + ¢, where g is the gravitational

constant. The observation vector, y(t) € R* is defined by

dp(t) = a (arctan T3~ pz) dt + dw (1)
Iy —n

I3 —P3
T2 — P2

dys(t) = oo (arctan ) dt + dws(t)
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) = on(

dys(t) = au (arctan

Ty —
arctan ——

q’) dt + dws(t)

Iy —q

T

3= ‘B) dt + dia(t)
2

where p,q € R3 are the positions of the two observers and the four standard Brownian

motions w;, 2 = 1,...,4 are all independent.

For the figures below, the parameter values chosen are €e = 0.01, B(%,7) = 3, a; = 1,

i=1,...,3. We started observations at ¢; = 0.5 and simulated until 7' = 3. The mean

and standard deviation of the initial values are:

T
T2
3
U1
U2

v3

Mean S.D.
100 10
100 10

0 0
-30 5

0 5

25 0

The number of generations per unit time and the time step used for simulating

the trajectories of the particles are the same as for the first example. The pictures in

Figures 4-8 show the cloud of particles at four different points in time (only the first three

coordinates, i.e., the position of the particles and without their velocity coordinates).

The signal has also been plotted in each picture (again, only the first three coordinates).
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Figure 5: 'I'he particle system: time 0

Figure 7: The particle system: time 2
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Chapter 8
Appendix

8.1 TUniform upper bounds for the solution of Zakai equa-
tion
In this section we present a generic example for which the assumption U holds. Let W be

a standard m-dimensional Brownian motion defined on probability space (2, F, P) and

A : Cy(R%) — Cy(R%) be the second order differential operator with smooth coefficients

d 2 r d z
Al(z) = ) a; () gx%x)_ +3 fil) 3§i .), ¢ € D(A) C Cy(R?)
i,j=1 I = t

It is well known that, provided the matrix a is symmetric and positive definite, for a

suitable choice of Riemannian metric on R%, A takes the form
AC=AC+ f-V¢ (8.1)

where A is the Laplace-Beltrami operator, V{ = (V( ‘),:1,_,4 is the gradient of {, f is a
smooth vector field and ‘_- _ is the usual scalar product. In the following we will work
with A as having the form described in (8.1). Let also & : [0, 00) x R* — R™ be a smooth
function. For t € [0, 00), we will denote by h(t), the function z — h(t, ).

We consider the following stochastic partial differential equation
dyp, = Adt+h*(t)Y,dW;, t>0 (8.2)
Yo = ¢
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where ¢ is a smooth bounded function. We want to prove that, under certain bounded-

ness conditions on h and f and ¢, we have that

E [ sup W] < o0 (8.3)
t€(0,T}
E [ sup |V¢t|2] < o0 (8.4)
t€(0,T7]

where E is the expectation with respect to the probability P (in (8.4) |V,|? = Vi, -

V4,). We introduce the following quantities (|| - || is the supremum norm)
Irll = sup max |lh:(t)]l, | ARl = Sup TP | AR:(2)]]
tG[OT‘]"—7 -1 , ]l"‘l, ., m
Oh;(t
|IVR|? = sup max "IVh @), U “— sup _max hl()‘l
telo, ]""‘ t€[0,T) t=1,...,m
d
IVVR|? = sup max |D |V(Vhi(?))'] , IVAR|? = sup max |||VAR|?|
tE[O,T] 1:17...,7" =1 tG[O,T] z:],,,,,m
dVh|? dhi(t) |?
|| = sup max VPOV usP = s max [I1VAOP]
tE[OT]’_ IR te(0,T] =1--1¢
Ivel* = [Ivel]

Theorem 29 If ||k], |[VR], |AR]l, ||| are finite then ¢, is uniformly bounded on
[0,T], P-a.s. and

8h
= )2 +2m||VR|? (8.5)

E [ sup wﬁ} < exp2m(JAl] + | 4B + ||
tG[O,T]

We also prove a similar theorem for the gradient of v,

Theorem 30 17 [l VA, 1441, |21, IVVAI, VAR, [[ZZ2]|, V]| are finite
then Vb, is uniformly bounded on [0,T)], P-a.s. and E [supte[O,T] |V¢t|2] is finite.

Remark 25 One can also find an explicit upper bound for E [SuPte[o,T] |V'¢)t|2].

The proofs follow the following route. One first obtains the robust form of (8.2)
which is a deterministic PDE with random coefficients. Using the maximum principle

for the operator A, one obtains an upper bound for the solution of the deterministic
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PDE, which in turn gives an uniform upper bound for v,. This is then integrated by
dividing the interval into small intervals and iterating the procedure for each interval.
The explicit upper bound is obtained by taking the limit when the length of the small
intervals goes to 0.

The Proofs

Let 9, & exp(—h*(t)W;), t > 0, and ¥, <« 1,0, then, by Itd’s rule, we have

()W, ' 1
dfy = 0, (—ih—(a%—ﬁdt — R*(t)dW; + 5[h(t)lzalt)

thus
d;/;t = otd"/’t + ¢td9t - z_/’_t|h(t)|2d"'

di — [ Oh* ()W, :
W oo, -3 (2G4 Siner) (5.6)

We want to transform (8.6) into an equation in ;. We have

8.’17,' - ¢ 8:&5 ¢ 356,’
Y _ ) Py 0, 2% Oh* ()W, 8¢, Oh* ()W, _7 O2h* ()W,
3:1:,'8033' taxiaxj tc’)a:,- 63[:]' 8xj Bx,- t axiaxj
Py _ o P o, Oh* ()W, -7 Oh* (t)W, Bh* ()W,
8.’1,',' o j t a.’l:,ax 3 827,; or 3 ¢ 8x,— or j
39, SR ()W, _7 B2h* ()W,
3.’1:_,‘ 8:1),; ¢ Ba;iaxj

Hence

6,AYy, = 0P+ -0V,
= AU, +2V(R* ()W) Vi, + B, (AR* ()W, + |V(R* (1) W3)|?)

and, if we define the quantity

Bh*(t)W,

1
— Z|h()|?
St — = |h()?,

eu(h, z) & AR ()W, + [V(R* ()W) -
and introduce the operator where
AC = AC + 2V(R* ()W) V¢
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then ), satisfies the equation

’(%pf = AT[’t +Etet(h,2) (8-7)
Eo = g

and assume that all of them are finite. We have the following inequality

‘% - AY, <Y, (( 3 max |w'|) (IlAhII + ” ”) +Z (max IW’I) VR )

where s € [0,t]. Using then the maximum principle we obtain that

Esypexp((im mlw%) (ram+ | %1) +Z(max wi) uw»u?) 55)

and hence

¥, < pexp (( 3 m[afc]nw) (imi -+ g + 15+ Z (e IW’I) ||th2)

for s € [0,f]. We observe that the exponential of (maxseo,y |WE|)? is integrable only
for ¢t small, so what we do is the following. We divide the interval [0,1] in n small
intervals [%, '“—;tl'—l-], then we proceed as before for the first interval [0, %] and then for

the interval [£, #21] we repeat the argument with exp(—h*(t)(We,, — Wt)), instead of
exp(—h*(t)W,). After doing this for all the intervals we obtain

— se(0,2]

weo Tl exp(z max (W, ~wi| (1l + 140+ 5]

.....

m 2
Wi . —Wi R 8.9
+3 (s Ws -l ) 19 ||) 89)

For big enough n the right hand side of (8.9) is integrable. By integrating its square and
taking into account that the terms under the product are independent and identically

distributed, we obtain that

ELZK]IW}SIIMF ([ exw (2= (i nani + | 52 o) +2e 1917 ey a1z )

118



where

is the density of the running maximum of Brownian motion in the interval [O, %] We
compute first the integral in the equation above. To simplify the formulae, we make the
notations d = 2(||h|| + ||AR|| + ”%”) and ¢ = 2||VA|?. Hence

/9 00 2
\/“_7? exp(dz + c2?) exp (—E;—-) dz
2
. Vv2n exp ( d2 ) /ooexp (z_ nEZC) d
NS 2(n—2c) ) Jo 2 (n—léc)
2n exp ( i ) / ~ exp 2 dz + / ’ exp Z d
= —_— - z
ﬁ 2(n 20) 0 2 (n—12c) Tn-2c 2 (n—12c)
1
. Vo & 27 (x) L _d
= Uz TP\ 2(n-20) 2 n—2c
< n d?
- n —2c 7 | <P 2(n —2¢)
Hence
nm
dv2 nmd?
E 2l < i - — YRy
t:};r’)ll [l } = oo ( e \/mr) P 2(n — 2¢)

d2
E | sup |¥,)?| < exp L
te(0,1] 2

and finally we find the required upper bound (8.5).

We also want the equation satisfied by ;ﬁt Lf V4, - Vi,. By differentiating (8.7), we

obtain
dz;bt = AV, + (VS +2VV(R* () Wh)) VY, + Vien(h, 2) + P, Ver(h, 2)
VEO = Vg



Also
Ap, = 2V, - AV, + 2|V V|2,

Hence

dVy,
dt
= A¢, — 2|[VVY)? + 2V, - (Vf + 2VV(R* ()W) VY,

g,

a = V¥

+,e0(h, 2) + 2V, - Vey(h, 2),

Yo = Ve -V,

which, in turn, implies

s€(0,]

d¢t — Ay, < ¥, (al max |PV’| +ay Z (max Wi ) + ag) +_zﬁf (8.10)

where we used Lhe following [urther notation

Sh oVh
a = 2m||Vf||+4m||VVh||+”Ah”+Ha ”+ "VA””“L” “
ay = [|VA|*+|VVA|
az = [[hf*|VR]”

Using once again the maximum principle in (8.10) and (8.8) one shows that

2
o, < 2 4 tpl? wi wi
¥, < (I|V<pll +t|lpll” exp (uz max | |+a52(12[g§]l ) ))
m 2
: 1% % w? 11
comp (3 g 9+ (s 1) +a3) s.1)
where

0 = ||Ah||+” H

as = ||Vh|?*
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We also have

m m 2
|V4p,|? < 29, exp (2 IRl max lwzl) + 207 |VA|2 ) (max IW;I> (8.12)
=1 ’

- s€[0,t]

From (8.12) and (8.11), we obtain that (8.4) in the same way as for (8.3).

8.2 The construction of a positive integer valued random

variable with given mean and variance
Let a > 0 be the given mean and v > 0 be the given variance.

Proposition 23 There erist positive integer valued random variables with mean o and

variance v if and only if the following inequality holds
a’—a+v>0.

Proof. Let us suppose that we can find A, a positive integer valued random variable

with mean o and variance v. Then

A—3]=

I
N | =

hence

—

BI(A - 5)? = E(AY] - BIA) + g = —a+v+ 7 > ]

which proves half of the claim (E is the expectation over the probability space that the
random variable is defined on). To prove the other half, we only need to construct A, a
positive integer valued random variable with mean a € (0, 1] and variance v because any
other case can be reduce to this one by adding a constant. Let § > 0 be the following
quantity

§=a’—a+v>0

and ‘,8 > 1 be a positive integer such that 8 > 1 + g. Then the random variable
A:Q — {0,1, 8} such that
ﬂA=m=1—a+%
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satisfies our requirements.

Remark 26 Ifv > 1, then

1 1
2 2
— = P —_ -

and hence we can construct a positive integer valued random variable with any mean
a>0.
8.3 Miscellaneous

In this section we state several classical results used in the thesis.

Proposition 24 (Gronwall’s inequality) Suppose that the continuous function g(t)

satisfies

0§g(t)’_<_a(t)+ﬁ/tg(s)ds; 0<t<T
0

with 3 >0 and a : [0,T] — R integrable. Then
t
g(t) < alt) + ,3/ a(s)ePt=9ds; 0 <t < T.
0

Let (X, S, u) be a measure space.

Lemma 8 (Fatou) If f, is a sequence of integrable functions such that f, > 0, a.e.,

and

liminf/f,,dp, < 00,

then there exists an integrable function f such that f =liminf f,, a.e., and one has

/ fdp < liminf / fndp.



Let (2, F, P) be a probability space and {W;, Fi;t > 0} be a d-dimensional standard
Brownian motion defined on it. Let also {X¢, F;;t > 0} be a d-dimensional adapted

process such that
‘-1‘ .
PU (X;)Zdt<oo] =1;1<i<d, 0<T < oo0.
0

We set

d t t
. .1
Zy(X) = exp [} :/0 Xidwi — §/0 1% ds] , 0<t < oo0.
1=1

Assume that Z;(X) is a martingale and define, for each 0< T < 00, a probability measure
Pr on Fr by
Pr(A) = E[14Zr(X)}; A€ .

The martingale property shows that the family of probability measures {PT;T > 0}

satisfies the consistency condition
Pr(A)=P(A), Ac F, 0<t<T.

Theorem 31 (Girsanov, Cameron, Martin) Assume that Z;(X) is a martingale and

define {W;, Fy;t > 0} by
o~ . . t -
I/VZ:W’Z—/ Xids; 1<1<d, 0<t<occ.
0

Then, for each fized T € [0,00), the process {W;, Fi;t € [0,T]} is a d-dimensional

standard Brownian motion on (2, F, P)
For a proof of Girsanov’s theorem see [25], pp 191.

Theorem 32 (Doob’s maximal inequality) Let {X;, F;t > 0} be a right-continuous

submartingale and (o, 7] a subinterval of [0,00). Then
P P
E [( sup Xt> ] < (—) E[(X.)],p>1.
o<t<T p—1
provided X; > 0 a.s. P for every t <0, and E [(X;)?] < o0.

For a proof of Doob’s maximal inequality see [25], pp 13-14.
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Theorem 33 (Burkholder-Davis-Gundy) Let M be a continuous square integrable

local martingale. For every m > 0 there exist universal posilive constants km, Km

(depending only on m), such that

b El< M >F) < Bl(max [M.))™] < KnE[< M >
_s__
holds for every stopping time T'.

For a proof of the Burkholder-Davis-Gundy inequalities, see [25], pp 166.
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