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L AY S U M M A RY

Legged robots such as humanoids and quadrupeds can overcome terrain irregularities

by using multiple contacts between their limbs and the environment. Such capab-

ility makes legged robots particularly useful for tasks taking place in unstructured

environments, e.g., exploring disaster zones or inspecting construction sites.

Nevertheless, when deploying legged robots in the real world, legged robots can

encounter unexpected disturbances, such as dynamic changes of the environment or

state deviations induced by external force perturbations. These disturbances can cause

the pre-planned motion to become invalid, and continuing to execute the current

motion plan will cause the robot to fall. To achieve reliable operation under these

disturbances, it is important that legged robots can online (re)-plan their motions.

To achieve this goal, Receding Horizon Planning (RHP) can be a promising solution.

RHP refers to the planning strategy that aims to constantly update the motion plan for

immediate execution based on the state of the robot and the environment. Typically,

to ensure the motion planned for execution can benefit the future operation, RHP

frameworks often need to consider an extended planning horizon, which incorporates:

1) an execution horizon that plans the motion to be executed; 2) a prediction horizon

that foresees the future. Nevertheless, given the combinatorial nature of the contact

planning problem (determining the sequence in which the limbs break and make

contact with the ground), and the high-dimensionality and non-convexity of the robot

dynamics, computing multi-contact motions over a long planning horizon is often

a time-consuming process. Such computational challenge often prevents us from

planning multi-contact motions in an online RHP fashion.

To facilitate online multi-contact RHP, in this thesis, we focus on developing novel

methods to accelerate the computation speed by finding valid simplifications to the

original planning problem. To this end, we propose to introduce model simplifications

along the planning horizon. Furthermore, we also explore the usage of machine

learning techniques to encode domain knowledge that can be used to bootstrap

the computation. We evaluate the computation performance of our methods with

rigorous simulation studies. Additionally, we also validate our approach with real-

world robot experiments on the humanoid robot Talos and the quadruped robot

ANYmal. Thanks to the improved computation efficiency, we successfully demonstrate

online multi-contact RHP in real-world experiments that consider dynamic changes in

the environment.
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A B S T R A C T

Legged robots can traverse uneven terrain by using multiple contacts between their

limbs and the environment. Nevertheless, to enable reliable operation in the real

world, legged robots necessarily require the capability to online re-plan their motions

in response to changing conditions, such as environment changes, or state deviations

due to external force perturbations. To approach this goal, Receding Horizon Planning

(RHP) can be a promising solution. RHP refers to the planning framework that can

constantly update the motion plan for immediate execution. To achieve successful

RHP, we typically need to consider an extended planning horizon, which consists of

an execution horizon that plans the motion to be executed, and a prediction horizon

that foresees the future. Although the prediction horizon is never executed, it is

important to the success of RHP. This is because the prediction horizon serves as

a value function approximation that evaluates the feasibility and the future effort

required for accomplishing the given task starting from a chosen robot state. Having

such value information can guide the execution horizon toward the states that are

beneficial for the future.

Nevertheless, computing such multi-contact motions for a legged robot to traverse

uneven terrain can be time-consuming, especially when considering a long planning

horizon. The computation complexity typically comes from the simultaneous resol-

ution of the following two sub-problems: 1) selecting a gait pattern that specifies

the sequence in which the limbs break and make contact with the environment; 2)

synthesizing the contact and motion plan that determines the robot state trajectory

along with the contact plan, i.e., contact locations and contact timings. The issue of

gait pattern selection introduces combinatorial complexity into the planning problem,

while the computation of the contact and motion plan brings high-dimensionality and

non-convexity due to the consideration of complex non-linear dynamics constraints.

To facilitate online RHP of multi-contact motions, in this thesis, we focus on ex-

ploring novel methods to address these two sub-problems efficiently. To give more

detail, we firstly consider the problem of planning contact and motion plans in an

online receding horizon fashion. In this case, we pre-specifying the gait pattern as

a priori. Although this helps us to avoid the combinatorial complexity, the resulting

planning problem is still high-dimensional and non-convex, which can hinder online

computation. To improve the computation speed, we propose to simplify the modeling

of the value function approximation that is required for guiding the RHP. This leads
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to 1) Receding Horizon Planning with Multiple Levels of Model Fidelity, where we

compute the prediction horizon with a convex relaxed model; 2) Locally- Guided

Receding Horizon Planning—where we propose to learn an oracle to predict local

objectives (intermediate goals) for completing a given task, and then we use these

local objectives to construct local value functions to guide a short-horizon RHP. We

evaluate our methods for planning centroidal trajectories of a humanoid robot walking

on moderate slopes as well as large slopes where static stability cannot be maintained.

The result of multi-fidelity RHP demonstrates that we can accelerate the computation

speed by relaxing the model accuracy in the prediction horizon. However, the relaxa-

tion cannot be arbitrary. Furthermore, owing to the shortened planning horizon, we

find that locally-guided RHP demonstrates the best computation efficiency (95%-98.6%

cycles converge online). This computation advantage enables us to demonstrate online

RHP for our real-world humanoid robot Talos walking in dynamic environments that

change on-the-fly.

To handle the combinatorial complexity that arises from the gait pattern selection

issue, we propose the idea of constructing a map from the task specifications to the

gait pattern selections for a given environment model and performance objective

(cost). We show that for a 2D half-cheetah model and a quadruped robot, a direct

mapping between a given task and an optimal gait pattern can be established. We use

supervised learning to capture the structure of this map in the form of gait regions.

Furthermore, we also find that the trajectories in each gait region are qualitatively

similar. We utilize this property to construct a warm-starting trajectory for each gait

region, i.e., the mean of the trajectories discovered in each region. We empirically

show that these warm-starting trajectories can improve the computation speed of

our trajectory optimization problem up to 60 times when compared with random

initial guesses. Moreover, we also conduct experimental trials on the ANYmal robot to

validate our method.
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1
I N T R O D U C T I O N

1.1 scope

In recent years, we have witnessed rapid growth in the development of mobile robots.

Especially, the advances in wheeled systems have enabled several real-world applica-

tions. For instance, we are seeing wheeled robots getting into household environments

to vacuum our floors; restaurants and supermarkets are deploying wheeled platforms

to handle delivery tasks; autonomous driving cars are getting matured in controlling

the steering of their wheels. Despite these successful applications, wheeled robots are

often constrained in structured environments, i.e, flat floors, and urban environments

built with roads.

Figure 1: Legged robots can traverse uneven terrain by utilizing multiple contacts between
their end-effectors and the environment. The picture of Valkyrie (middle) is taken
from the video https://youtu.be/MoHv3bRfdok.

On the other hand, another type of mobile robot—legged systems (humanoids and

quadrupeds)—has shown superior mobility than the wheeled systems. For instance,

legged robots can overcome terrain irregularities such as slopes, gaps, and stairs.

This is achieved by utilizing multiple contacts between their end-effectors and the

environment (see examples in Fig. 1). This capability makes legged robots particularly

1

https://youtu.be/MoHv3bRfdok


useful for tasks taking place in unstructured environments, i.e., exploring disaster

zones, which can be dangerous for humans [4].

In order to navigate in arbitrary environments, legged robots necessarily require the

ability to automatically plan their motions to traverse uneven terrain. Nevertheless,

planning such complex movements is often a challenging task. This planning problem—

also known as multi-contact motion planning—not only requires the computation of a

robot state trajectory, but also needs to coordinate a sequence of contact events, i.e.,

when and where a limb should create a contact [11, 81, 94, 109]. In the meantime, this

planning problem also needs to consider complex non-linear dynamics constraints

to govern the motion. These challenges together render the multi-contact motion

planning problem combinatorial, high-dimensional, and non-convex [97].

Due to these computational challenges, traditional legged robot control frameworks

usually pre-compute the multi-contact motion plans offline and then track the planned

trajectories with a controller [94, 109]. However, when deploying legged robots in the

real world, robots can encounter disturbances such as environment changes and state

deviations. These unexpected changes can cause the pre-planned motions to become

invalid, and continue executing these pre-planned motions can lead the robot to fall [5,

34, 54].

To facilitate reliable operation in the real world, it is essential that legged robots can

have the capability to online (re)-plan their motions. To approach this goal, Receding

Horizon Planning (RHP) [68, 77] is a promising solution. Borrowing the idea from

Model Predictive Control (MPC) [24, 28, 62, 73], RHP aims at constantly updating

the motion plan for immediate execution based on the state of the robot as well as

the latest observation of the environment (see Fig. 2). Such a re-planning strategy

can enable legged robots to generate adaptive behaviors in response to changing

conditions, i.e., dynamics changes of the environment and state deviations.

Typically, RHP frameworks compute the motion plan by solving a finite-horizon

Trajectory Optimization (TO) problem [8], where the planning horizon usually consists

of two parts: 1) an execution horizon that plans the optimal actions for execution; and

2) a prediction horizon that foresees the future beyond the execution horizon (see an

example in Fig. 2). Although RHP frameworks never execute the prediction horizon,

it plays a vital role in the success of RHP. Viewing the RHP problem from Bellman’s

perspective [7], the prediction horizon can be seen as an approximation of the value

function—which predicts the feasibility and the future effort for achieving the task

starting from a given robot state. Such a value function can guide the execution

horizon toward optimal actions that are beneficial for the future and avoid short-

sighted decisions, e.g., causing the robot to fall or get stuck in the local minima of the

environment.
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Execution Horizon Prediction Horizon

Motion
Execution

Robot State and
Environment Model

Re-plan

Request new
motion plan

Receding Horizon Planning (RHP)

Figure 2: The core idea of Receding Horizon Planning (RHP). RHP frameworks is designed
to constantly update the motion plan for immediate execution based on the state of
the robot and the latest observation of the environment. This planning strategy is
particularly useful for dealing with changing conditions, i.e., environment changes
and state drifts. In RHP, the planning horizon usually needs to include: i) an
execution horizon that plans the motion for immediate execution, ii) a prediction
horizon (not executed) that foresees the future. Considering the prediction horizon
is important, as it guides the execution horizon by predicting whether the motion to
be executed can benefit the future operation of the robot or not.

Nevertheless, planning multi-contact motions over an extended horizon typically

results in expensive computation. This computational challenge usually prevents

us from achieving fast multi-contact motion planning in an online receding horizon

fashion. Throughout this thesis, we will focus on exploring novel methods to accelerate

the computation speed of multi-contact motion planning.

1.2 problem statement

We consider the problem of planning multi-contact motions for a legged robot to

traverse uneven terrain. Particularly, we are interested in finding efficient planning

methods that can allow online RHP of multi-contact motions.
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However, computing multi-contact motion plans in an online setting is a challenging

task. As mentioned in Section 1.1, this planning problem is combinatorial, high-

dimensional, and non-convex. To give more detail, these computation challenges of

multi-contact motion planning mainly result from the joint resolution of the following

two sub-problems (see Fig. 3):

Sub-Prob 1: Gait Pattern Selection
(Combinatorial)

Multi-Contact Motion Planning Problem

Sub-Prob 2: Contact and Motion Planning
(High-dimensional and Non-convex)

Figure 3: Multi-contact motions planning usually requires the simultaneous resolution of the
following two sub-problems: 1) gait pattern selection which decides the sequence
in which the limbs break and make contact with the ground, 2) contact and motion
planning, which computes the robot state trajectory along with the contact plan
(contact locations and timings). In the same time, contact and motion planning also
requires the consideration of complex system dynamics constraints. The picture
illustrating the gait pattern selection problem is taken from the video https://www.
youtube.com/watch?v=PVvZKcKBTtg.

• Sub-Problem 1: Gait Pattern Selection (Combinatorial)

When planning multi-contact motions, an important issue is to make a discrete

choice on the gait pattern—the sequence in which the limbs break and make

contact with the ground. Such a discrete decision typically has a large impact

on the feasibility and optimality of the motion [83, 88, 113]. This is because the

gait pattern determines the order of contact activation, which characterizes the

dynamics and kinematics of the robot. However, finding an appropriate gait

pattern is a discrete search problem, which brings combinatorial complexity into

the problem.
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• Sub-Problem 2: Contact and Motion Planning (High-dimensional and Non-convex)

In addition to selecting the gait pattern, multi-contact motion planning also

requires contact and motion planning [11], which refers to the problem of finding

a feasible state trajectory along with a sequence of contacts (locations and timings)

that comply with the chosen gait pattern. In the meantime, the decisions of these

variables cannot be arbitrary and have to respect the complex nonlinear system

dynamics constraint that governs the motion, i.e., centroidal dynamics [16, 75]

or whole-body dynamics [62]. However, computing contact and motion plans

while considering complex dynamics typically introduces high-dimensionality

and non-convexity into the problem.

To achieve online RHP of multi-contact motions, it is critical that we can find

computationally efficient methods to address these two sub-problems.

To approach this end, we start from the case where we pre-define the gait pattern

as a priori (an ad-hoc solution of sub-problem 1), and then we focus on addressing

the contact and motion planning problem (sub-problem 2) in an online receding

horizon fashion. Although in this case, we avoid the combinatorial search of the gait

pattern, the resultant contact and motion planning problem is still high-dimensional

and non-convex, which imposes challenges for achieving online RHP. To improve the

computation speed, we propose to find simplifications to the modeling of this planning

problem. Particularly, we explore the possibility to reduce the computation complexity

introduced by the value function approximation that is required for guiding the

RHP, i.e., computing the prediction horizon with simplified models or learning an

approximated value function model from past experience. The details of our approach

and the experiment result are presented from Chapter 4 to Chapter 8.

For the issue of selecting the gait pattern (sub-problem 1), we conduct a compu-

tational study offline to investigate how the task specification and the environment

model can influence the choice of the gait pattern. Throughout this empirical study,

we find that there exists a map from the task conditions to the gait pattern selection.

We can use this map to guide the gait pattern selection during online planning, i.e.,

selecting the gait pattern by querying the map. We describe the approach and result

of this empirical study in Chapter 9. Next, we describe our contributions in detail.
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1.3 contributions

In this section, we summarize the main contributions of this thesis. These contributions

are categorized into two groups that focus on addressing the two sub-problems

involved in the multi-contact motion planning (summarized in Section 1.2 and Fig. 3):

1. Online Receding Horizon Planning of Contact and Motion Plans via Value Function

Approximation

The first part of our contributions focuses on achieving online RHP of contact and

motion plans on uneven terrain (sub-problem 2 as described in Section 1.2). In this

case, we pre-define the gait pattern as a priori, and we aim to compute the state

trajectory along with contact locations and timings in an online receding horizon

fashion.

However, computing such complex motion plans in an online receding horizon

fashion is challenging. We recall that RHP necessarily requires the consideration

of a value function that is used to direct the execution horizon (plans the motion

being executed) towards a state that is favorable for the future. Traditionally, the

value function is approximated by computing trajectories in a prediction horizon

(not executed) that foresees the future. However, approximating the value function

with the prediction horizon can significantly increase the computational complexity,

especially when planning multi-contact motions where complex nonlinear dynamics

constraints need to be considered.

To increase the computation speed, we propose to reduce the computation complex-

ity by finding computationally efficient approximations of the value function. This

leads to:

• Receding Horizon Planning with Multiple Levels of Model Fidelity, where we

follow the trajectory-based formalism that approximates the value function by

computing trajectories in the prediction horizon. However, instead of considering

an accurate dynamics model (usually non-convex), we propose to plan the

prediction horizon with convex relaxed models. This allows us to reduce the

overall computation complexity of the problem and facilitates online computation.

We explore and compare three multi-fidelity RHP candidates with different

convex relaxations employed in the prediction horizon.

• Locally-Guided Receding Horizon Planning, where we approximate the value

function with a learned oracle. This oracle is designed to predict local objectives
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as intermediate goal states for completing a given task while considering the

environment model around the robot. We use these local objectives to build local

value functions for guiding a short-horizon RHP to plan the execution horizon.

To obtain the oracle, we take a supervised learning approach, where we train the

oracle from the dataset offline generated by the traditional RHP approach which

plans the execution horizon as well as the prediction horizon with an accurate

dynamics model.

We carry out extensive evaluations and analysis on the computation performance

of multi-fidelity RHP and locally-guided RHP in the context of planning centroidal

trajectories of the humanoid robot Talos [90] walking on uneven terrain, and we use a

whole-body inverse dynamics controller [27] to validate the dynamic feasibility of the

planned trajectories in simulation. Our results show that locally-guided RHP achieves

the best computation efficiency (see our experiment results in Table 2 and Table 5). This

computation advantage enables us to demonstrate online receding horizon planning

of our real-world humanoid robot Talos walking in dynamic environments that change

on-the-fly. These contributions are also presented in our previous publications [102–

104].

2. Automatic Gait Pattern Selection for Legged Robots

In this part of the contribution, we focus on addressing the problem of selecting a gait

pattern (sub-problem 1 as described in Section 1.2). As mentioned in Section 1.2, the

choice of the gait pattern can have a large impact on the feasibility and optimality of a

motion with respect to a task. However, finding an appropriate gait pattern introduces

combinatorial complexity into the multi-contact motion planning problem, which

prevents online computation. To address this issue, we propose the idea of building

a map from task specifications to the gait pattern selection for a given environment

model and performance objective (cost). By querying the map, we can quickly decide

the gait pattern during online planning.

To generate the map, we use Mixed-Integer Non-Linear Programming (MINLP) to

compute offline a dataset of optimal gait patterns for a given set of task specifications

and environments. Then, we employ a neural network to encode the map. We use the

term "optimal" to refer to the locally optimal solutions enhanced by multiple restarts.

We establish optimal gait pattern selection maps for a 2D half-cheetah model and the

3D quadruped robot ANYmal. These maps typically form several contiguous regions

for which a particular gait pattern is optimal. Furthermore, we also observed that

the optimal trajectories within each gait region are qualitatively similar. We find the
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mean of these trajectories can be used to warm-start our optimization-based planning

algorithm. For example, when computing the motion plan for a chosen gait pattern, we

can use the mean of the discovered trajectories as a seed to initialize the optimization

solver. We empirically show that using the warm-starting trajectories can further

improve the convergence speed up to 60 times faster when compared with random

initial seeds. Lastly, we also conducted experimental trials on the ANYmal robot to

validate the dynamic feasibility of the motion discovered by our MINLP approach.

These contributions are also presented in our previous publication [101].

1.4 thesis outline

We organize the thesis as follows:

• Chapter 1 gives an introduction and overview of the thesis.

• Chapter 2 reviews the existing literature for planning multi-contact motions.

• Chapter 3 provides a formal description of the multi-contact motion planning

problem and an analysis of the associated computational challenges.

• Chapter 4 presents a general description of the RHP problem for computing

contact and motion plans, along with the core idea of our proposed value func-

tion approximation techniques for accelerating the computation speed. Further-

more, we also provide the detailed formulation of the traditional RHP approach

(baseline) in the context of finding contact and motion plans.

• Chapter 5 presents the technical detail of our multi-fidelity RHP approach.

• Chapter 6 describes the implementation detail of our locally-guided RHP ap-

proach.

• Chapter 7 presents a simulation study to evaluate the computation performance

of multi-fidelity RHP and locally-guided RHP in various multi-contact scenarios.

• Chapter 8 describes the real-world experiments that demonstrate online RHP on

our humanoid robot Talos.
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• Chapter 9 presents our approach to achieve automatic gait pattern selection

during online planning. The core idea is to leverage offline computation to

establish gait pattern selection maps that can be queried online.

• Chapter 10 summarizes our contributions and provides an outlook of future

research directions.
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2
L I T E R AT U R E R E V I E W

In the past decades, the research community has attempted various methods to address

the multi-contact motion planning problem. In this chapter, we provide an overview

of these approaches. More specifically, in Section 2.1, we first revisit the methods that

are designed for solving the contact and motion planning problem, which focuses on

finding the state trajectory and the contact plan of a legged robot traversing uneven

terrain with a pre-defined gait pattern (sub-problem 2 as described in Section 1.2).

Then, in Section 2.2, we review the approaches that could optimize the gait pattern

(sub-problem 1 as described in Section 1.2).

2.1 contact and motion planning

In this section, we present a literature review on the approaches that deal with the

contact and motion planning problem. We recall that the term "contact and motion

planning" refers to the issue of computing a feasible state trajectory and a sequence of

contacts (locations and timings) for a legged robot to traverse uneven terrain under

the assumption of following a given gait pattern (see an example in Fig. 4).

State Trajectory (CoM)

Contacts

Figure 4: Contact and motion planning refers to the problem of finding a feasible state traject-
ory, e.g., the Center of Mass (CoM) trajectory (the blue-green curve), along with a
sequence of contacts (the red and green rectangles), that can allow a legged robot to
traverse uneven terrain. Usually, the planning assumes a pre-defined gait pattern (the
order of contact activation), i.e., the bipedal walking gait that creates contact with the
left and right feet in a cyclic fashion. This picture is generated by the visualization
software called Gepetto-viewer [55].
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To address this planning problem, one of the options is to use divide-and-conquer

methods, which solve the planning problem by dividing it into a sequence of sub-

problems with smaller sizes (Section 2.1.1). Alternatively, another option for computing

contact and motion plans is to solve a Trajectory Optimization (TO) problem, which

jointly optimizes the state trajectories along with the contact locations and timings

(Section 2.1.2). In this section, we provide a thorough overview of these two families

of planning methods. Additionally, we also present a review on using learning tech-

niques to accelerate the computation of the contact and motion planning problems

(Section 2.1.3).

2.1.1 Divide-and-Conquer Methods

Computing contact and motion plans for a legged robot to traverse uneven terrain can

be a challenging task. Although the gait pattern is often fixed as a priori, solving this

planning problem is still a complex issue, as it requires simultaneous resolution of a

feasible state trajectory, along with a sequence of associated contact states (locations

and timings) to achieve that trajectory [11]. To tackle such complex planning problems,

one of the options is to employ the divide-and-conquer strategy, which splits the

contact and motion planning problem into a sequence of sub-problems that are more

tractable to solve (Fig. 5). Typical examples of using divide-and-conquer methods to

address the contact and motion planning problem can be found in [6, 32, 33, 38, 47,

52, 82, 94, 108, 110].

Generally speaking, the computation pipeline of these divide-and-conquer methods

usually consists of the following three stages (see an illustration in Fig. 5):

1. Stage 1—Guide path planning

In the first stage, the divide-and-conquer methods focus on finding a guide

path for the root of the robot (base or torso) to navigate through the given

environment, while moving towards the desired goal. To increase the chance

of finding a feasible guide path that can be achieved by the robot, divide-

and-conquer methods usually need to incorporate heuristics to examine the

feasibility constraints (robot dynamics and kinematics) at an approximate level.

For instance, [47, 52, 82, 108, 110] engineer a terrain cost-map to reflect the

traversability (roughness) of each terrain region (see an example in Fig. 6-a).

This terrain cost-map can be used to drive the guide path to avoid challenging

terrain regions that may cause failures, i.e., large slopes and gaps scored with

high cost values. Alternatively, [94] proposes to impose a reachability condition
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Task Specification: initial position, goal position,
environment model

Stage 1: Guide path
planning

Stage 2: Contact planning Stage 3: Motion
interpolation

Divide-and-Conquer Methods

Figure 5: Divide-and-conquer methods solve the contact and motion planning problem by
decomposing it into a sequence of sub-problems that are more tractable to compute.
Typically, the computation pipeline consists of the following three stages: i) Stage 1—
guide path planning, which computes an approximate path for the root of the robot
(base or torso) to go across the given terrain; ii) Stage 2—contact planning, which
generates a sequence of contact postures along the guide path, i.e., determining the
locations of each active contact; iii) Stage 3—motion interpolation, which interpolates
the motion between the planned contact postures. This figure is modified from [93].

during the guide path planning (see an example in Fig. 6-b). This reachability

condition describes the important features that a feasible guide path should

have: i) the workspace of the robot end-effectors must have intersections with

the environment to allow contact creation, and ii) the root of the robot (base or

torso) should avoid collisions with the environment.

2. Stage 2—Contact planning

In the second stage, the task of the divide-and-conquer methods is to find

a contact plan along the guide path, i.e., a sequence of footsteps. Similar to

the first stage, heuristics are often involved in guiding contact planning. For

example, [6, 33, 47, 52, 82, 108, 110] design reward terms to guide discrete search

methods to choose contact locations with desired properties, i.e., stepping on

near-flat surfaces to minimize the risk of foot slippage, being away from robot

2.1 contact and motion planning 13



kinematics limit. Similarly, [94] uses a sampling-based approach to search for

contact locations. Particularly, they are interested in finding contact locations

that can allow the robot to establish standing postures in static equilibrium. This

is achieved by using Linear Programming (LP) to check the validity of sampled

robot configurations.

a)

b)

Cost-map Guide path on terrain height-map

Figure 6: Heuristics that are used to direct the guide path planning in divide-and-conquer
methods: a) Computing the guide path with a terrain cost-map. The cost-map is
modeled as a 2D grid, where each point has an associated cost that reflects the
roughness of the local terrain around that point. The cost is computed as a linear
combination of several terrain features of the local terrain, e.g., standard deviation of
terrain heights, average slope of the terrain. This cost-map can direct the planner to
choose a guide path (the green line) that tends to move into the regions with smaller
terrain elevation and inclination changes (blue regions), while avoiding challenging
regions, i.e., large slopes and gaps (red regions). The picture is adapted from [52]. b)
Generating the guide path based on a reachability condition, which constrains the
reachable workspace of robot limbs (green spheres) to intersect with the environment
to allow contact creation, while in the meantime avoiding collisions between the root
of the robot and the environment (red boxes). The picture is adapted from [96].

3. Stage 3—Motion interpolation

In the last stage, the divide-and-conquer computes the state trajectory based on

the contact plan generated in the previous stage. This state trajectory can be a

base trajectory that satisfies the static stability [52, 82, 108], or a CoM trajectory

that can achieve dynamic locomotion behaviors
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Owing to the decomposition of the contact and motion planning problem, the divide-

and-conquer methods can achieve fast computation of the motion plan [6, 33, 35, 94,

110]. However, this decomposition also brings a feasibility issue: each sub-problem

must be addressed in the feasibility domain of the subsequent sub-problems [36].

For instance, in the first stage, we should ensure that it is always possible to find

a sequence of contacts to achieve the planned guide path [18]. Similarly, in the

second stage, we should guarantee that there always exists a feasible state trajectory

that can follow the planned contact sequence. Unfortunately, in divide-and-conquer

methods, these feasibility constraints are evaluated at an approximated level, which

can introduce the risk of failing to find a solution [18, 35, 36]. To alleviate this issue,

researchers have proposed methods to tighten the feasibility constraints in each stage,

i.e., using reinforcement learning to learn a guide path planning policy [18], using

convex optimization to examine whether a candidate contact transition (re-allocating

a contact) is dynamically feasible or not [35].

2.1.2 Trajectory Optimization (TO) Methods

Apart from the divide-and-conquer methods, another option for synthesizing contact

and motion plans is to solve a TO problem [8] that jointly optimizes the motion of the

robot, along with the contact plan, i.e., a sequence of contact locations and timings

(see an illustration in Fig. 7). Compared to divide-and-conquer methods, TO-based

methods can easily ensure the feasibility of the motion plan by imposing constraints

in the TO formulation. Typically, these TO problems can be solved by using either

direct collocation [8, 49] or Differential Dynamic Programming (DDP) [62].

Task Specification Contact and Motion

min J(π)
π

s.t.: h(π) ≤ 0

Trajectory Optimization

Figure 7: The TO methods computes the contact and motion plan (denoted as π) by solving an
optimization problem that can jointly optimize the state trajectory and the contacts
(locations and timings). The dynamic feasibility of the motion plan can be easily
ensured by imposing dynamics constraint on the TO formulation, i.e., the constraint
h. The pictures are modified from [93].
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Nevertheless, computing contact and motion plans with TO can be a time-consuming

process. This computational challenge mainly comes from the consideration of the

complex dynamics constraint that governs the motion (usually high-dimensional and

non-convex).

To give more detail, computing contact and motion plans for a legged robot to

traverse challenging terrains necessarily requires the consideration of the whole-body

dynamics of the robot (see the left figure in Fig. 8). The whole-body dynamics model

considers the mass and inertia of every link and relates the joint torques to the base

and joint accelerations. In the past, TO-based methods have demonstrated impressive

motions using the whole-body dynamics model [31, 37, 51, 53, 61, 85, 92]. However,

due to the high-dimensionality and non-convexity of the whole-body dynamics model,

these approaches often struggle to achieve online computation unless we pre-define

the contact timings and locations as a priori [62, 66, 67].

Alternatively, we can also compute the contact and motion plans using the centroidal

dynamics model [16, 75] (see the right figure in Fig. 8). Compared to the whole-

body dynamics model, the centroidal dynamic model has lower dimensionality, as

it only considers the dynamics of the total linear and angular momenta expressed

at the CoM. Moreover, approximations can be introduced on the robot kinematics

and the momentum variation that results from the motions of each individual link.

Although these approximations can lead to failures to achieve a corresponding whole-

body motion, the centroidal dynamics model is widely used for generating contact

and motion plans due to its reduced dimensionality [16, 17, 23, 35, 40, 41, 105].

Unfortunately, the centroidal dynamics model is still non-convex, except when strong

limiting assumptions are made, e.g., pre-defined gait, flat/co-planar surfaces, fixed

CoM height [30, 45, 107]. The non-convexity of the centroidal dynamics model typically

stems from the bi-linear terms resulting from the cross-product operation involved

in the angular dynamics. Such non-convexity often prevents the TO from achieving

online computation.

To improve the computation efficiency of TO-based planning methods, researchers

have explored the possibility to further reduce the complexity of the centroidal

dynamics model. In general, these approaches focus on finding convex approximations

of the centroidal dynamics model.

For instance, [14, 15, 35] propose convex inner approximation approach that searches

for a solution within a subset of all possible trajectories. Although convex inner

approximation methods can achieve fast computation, these methods may fail to find

a solution due to the reduced search space [35]. Furthermore, these convex inner

approximation approaches usually assume pre-defined contact locations and timings,

which can limit the range of the motions that can be achieved.
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Figure 8: The whole-body dynamics model (left) considers the mass and inertia of every link,
i.e., the articulated structure shown in the left picture. In contrast, the centroidal
dynamics model (right) is low-dimensional as it only considers the dynamics of the
total linear and angular momenta expressed at the CoM, where ṗCoM and kG denote
the linear and angular momentum of the CoM, respectively. In both pictures, the
purple arrow represents the contact force exerted by the robot foot. The figures are
adapted from [106].

Alternatively, [2, 22, 80] propose convex outer approximation methods that intro-

duce convex relaxations into the centroidal dynamics model. Although the model

complexity is reduced, the convex outer approximation may generate motions that

violate the system dynamics constraints and cause tracking failures. Although it

is possible to gradually tighten the convex relaxation using iterative schemes, this

requires the design of customized solvers [80].

In this thesis, we propose a multi-fidelity TO formulation tailored for achieving

online RHP of contact and motion plans. More specifically, in our formulation, we

employ an accurate model in the execution horizon (to be executed in each cycle),

while using a relaxed model to plan the prediction horizon (not executed). Such a

combination ensures the motion to be executed is always dynamically consistent, while

at the same time reducing the overall computation complexity of the TO problem.

Also, this formulation is straightforward to implement and can be interfaced directly

with off-the-shelf solvers.

A similar approach to the one we propose was introduced recently by [59]. The

authors present a MPC framework based on DDP that combines whole-body dynamics
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and a non-convex model with reduced order (single-rigid body model [105, 109]) in a

single formulation. Successful MPC of 2D quadrupedal locomotion and humanoid

running has been demonstrated on flat surfaces. In contrast, our thesis emphasizes

achieving online RHP of centroidal trajectories for uneven-terrain locomotion. This

problem requires a careful selection of contact locations and timings to modulate the

centroidal momenta. In this regard, the simplified model employed in the prediction

horizon needs to be carefully designed, as the quality of the model can significantly

affect the performance of the framework. Furthermore, instead of searching for non-

convex models with reduced order, we focus on finding appropriate convex relaxations

for the prediction horizon.

2.1.3 Learning to Accelerate Contact and Motion Planning

To accelerate the computation speed of contact and motion planning, researchers also

explored the usage of machine learning techniques to alleviate the computation burden

of the planning problem. For instance, when using discrete search algorithms to search

for contact and motion plans, an important issue is to examine the dynamic feasibility

of each candidate contact transition (creating or breaking a contact). Although we

can use TO methods to evaluate whether a contact transition is feasible or not, this

usually leads to heavy computation, especially when there are many candidate contact

transitions need to be examined. To address this issue, [60] proposes to use supervised

learning to learn a classifier to tell the feasibility of a given contact transition. This

learned model is then used to help the A* algorithm to find dynamically feasible

contact and motion plans efficiently.

Alternatively, machine learning techniques can also be used to bootstrap the TO-

based methods for computing contact and motion plans. For example, [24, 57, 68]

propose to learn near-optimal solutions to warm-start the TO solvers. The core idea

behind these approaches is to initialize the TO solver to a place that is close to a

feasible local minimum. This can lead the TO solver to converge with fewer iterations

and achieve online computation.

Furthermore, another strategy for improving the computation efficiency of TO is to

shorten its planning horizon. This can be achieved by using a learned value function

model placed as the terminal cost of the TO formulation [25, 76, 100, 118]. In this

thesis, we follow this idea and propose locally-guided RHP, which focuses on learning

a value function model for computing contact and motion plans on uneven terrain.

However, learning a value function for the contact and motion planning problem

can be challenging. The main difficulty is that the value function is defined in a

coupled state-environment space, which requires a flexible parameterization that can
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capture the landscape changes of the value function with respect to environment

variations [25]. To deal with this issue, we propose to learn an oracle to predict

intermediate goal states for completing a given task based on the current state, the

final goal, and the environment, and then we construct local value functions based on

these intermediate goal states.

From a broader point of view, the oracle can be seen as a sequential action predictor

that is designed to continuously predict immediate actions for accomplishing a given

task. However, when using a learned model to predict sequential actions, the prediction

accuracy can decrease dramatically once the robot reaches a state that is unexplored

in the training dataset. This problem is known as distribution shift [84], which can be

mitigated by data augmentation, i.e. adding demonstrations from the states that either

appeared from the roll-out of the learned policy [84, 99], or sampled from the expert

policy with injected noise [56]. In this thesis, we present a similar but more targeted

data augmentation strategy which focuses on demonstrating corrective actions from

the states that cause convergence failures, and we demonstrate this approach can

improve the prediction accuracy of the oracle.

2.2 optimizing the gait pattern

In the previous section, we revisit the methods that are designed to address the contact

and motion planning problem. Typically, these methods compute the motion plans

based on a given gait pattern—the contact sequence in which the limbs break and

make contact with the ground. Fixing the gait pattern can allow us to avoid dealing

with combinatorial complexity. However, this can also limit the range of achievable

motions, which can affect the feasibility and optimality of the motion with respect to

a given task. To allow automatic reasoning of the gait pattern selection, researchers

have proposed a couple of techniques. In this section, we will present an overview of

these approaches.

Recently, the advances in TO have enabled us to explore the modulation of gait pat-

terns through continuous optimization processes. These formulations owe their success

to techniques such as i) enforcing complementary conditions [64, 81], ii) smoothing

of the discontinuous contact events [70, 72, 109], iii) phase-based parameterization of

individual limbs [70, 109], and iv) resolving system dynamics through contacts in the

inner loop of a bi-level optimization framework [13, 92]. Generally speaking, these

methods typically require to smooth the discontinuous contact dynamics, such that

they can numerically compute a local search direction (the gradients of the problem)

between the motions characterized by different gait patterns or contact sequences.

However, Toussaint et al. [97, 98] argue that, when using continuous optimization
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techniques to optimize the gait pattern or the contact sequence, the landscape of this

optimization problem is highly non-convex, i.e., different gait patterns or contact

sequences imply different local minima. Using the gradient itself is usually insufficient

to allow the exploration of a wide range of possible gait patterns or contact sequences,

as the optimizer can get stuck in a local minimum. In the worst case, the optimizer

can be trapped in an infeasible local minimum and fail to generate valid motions.

Furthermore, none of these approaches has shown the capability to achieve online

computation.

Alternatively, a more systematic way to search for the gait pattern is to embrace

the combinatorial complexity: evaluate multi-contact motion plans with different gait

patterns and then select the feasible ones or the optimal one. The naive form of this

approach is exhaustive search. To achieve better search efficiency of the gait pattern,

we can use Mixed-Integer Programming (MIP) techniques. The MIP methods improve

the search efficiency by using Branch-and-Bound algorithm [20], which performs a

tree search among the integer variables that are used to model the gait patterns or the

contact sequences [2, 26, 79]. This Branch-and-Bound algorithm can increase search

efficiency, as it keeps pruning branches that may have high costs and restricting the

searches to the promising ones.

To further improve the computation speed with MIP, Aceituno-Cabezas et al.

[2] introduce the following assumptions: i) use a single binary value to represent

the entire foot-swing phase, ii) employ a convex approximation of the centroidal

dynamics model, and iii) fix the phase duration. These assumptions allow Aceituno-

Cabezas et al. [2] to formulate the gait pattern selection problem as a Mixed-inter

Convex Programming Problem, which can be solved with efficient mixed-integer

convex optimization algorithms [39]. However, these assumptions come with the cost

of having a limited range of achievable motions. For instance, the first assumption

cannot capture unsynchronized breaking and making of contacts, and thus it can only

model symmetrical gait patterns, e.g., walking and trotting. The second assumption

does not properly encode the typical changes of the angular momentum needed in

highly dynamic motions, i.e., bounding. The last assumption—fixing phase duration—

restricts the search space of the possible trajectories being considered. In this thesis, we

present a MINLP approach for optimizing the gait pattern. Our approach follows the

same paradigm as in [2], but our modeling can allow both symmetric (walking, trotting)

and asymmetric gait patterns (galloping). Additionally, the angular dynamics is

accurately described by a full nonlinear model, and the phase durations are considered

as decision variables. These changes allow us to consider a wide range of motions.

Generally speaking, due to the combinatorial complexity, MIP methods are usually

computationally expensive, especially when there involves a large number of integer
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variables. Such computation bottleneck often prohibits online usage. To achieve online

planning of multi-contact motions, in this thesis, we explore the possibility to extract a

gait pattern selection policy from the MINLP solutions computed offline. Then we use

supervised learning to learn a direct map from task specifications to the optimal gait

patterns for different performance objectives and environmental models. By querying

this gait pattern selection map, we can quickly decide the gait pattern during online

planning.

2.3 conclusion

In this chapter, we presented a literature review on existing methods designed for

computing multi-contact motion plans. More specifically, we firstly reviewed the meth-

ods designed for computing contact and motion plans while following a pre-defined

gait pattern. This involves two kinds of methods: 1) divide-and-conquer approach,

which decomposes the contact and motion planning problem into a sequence of sub-

problems; 2) TO-based approaches, which optimize the robot motion and the contact

plan simultaneously. The divide-and-conquer methods can achieve fast computation

owing to their decomposed structure. However, this decomposition strategy also

introduces a feasibility issue: the solution of each sub-problem will limit the search

space of the subsequent sub-problems, and this can introduce the risk of failing to find

a motion plan, if the search space of any sub-problems is too restricted. In contrast,

the TO-based methods jointly optimize all the decision variables while respecting the

dynamics constraints imposed on them. Such a holistic optimization approach avoids

the feasibility issue arising from the divide-and-conquer methods. However, given

the high-dimensionality and non-convexity of the dynamics constraints, TO-based

methods often struggle to achieve online computation. Additionally, we also presented

a review of the recent attempts to accelerate the computation speed of contact and mo-

tion planning with machine learning techniques. In this thesis, building upon previous

work, we focus on further improving the computation efficiency of TO-based methods,

such that we can achieve online RHP of contact and motion plans. To achieve this goal,

we explore the possibility to reduce the computation complexity of the TO problem.

This includes: 1) finding simplifications to the modeling of the TO; 2) shortening the

planning horizon with a learned value function model.

Furthermore, in this chapter, we also reviewed the methods that can optimize the

gait pattern. These methods include: 1) TO-based continuous optimization methods,

and 2) MIP-based discrete optimization methods. Nevertheless, researchers argue that

the continuous optimization methods may not be able to explore a wide range of

motions with different gait patterns, as they are local search methods and can get
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stuck in a local minimum. Furthermore, these continuous optimization approaches

can still take a considerable amount of time to compute. In contrast, MIP methods

provide a systematic approach to search for the gait pattern, where they use a tree-

search algorithm to explore the motion plan with different gait patterns. However,

MIP methods often feature expensive computation, which is not suitable for online

computation. To address the computation burden induced by the gait pattern selection

issue, in this thesis, we propose to build a gait pattern selection map through offline

computations. By using this map, we can quickly decide the gait pattern during online

planning.
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3
P R O B L E M D E S C R I P T I O N

In this chapter, we provide a formal description of the multi-contact motion planning

problem, and we also highlight the key computational challenges that can prevent

online computation.

Limb 1

Limb 2

f1(t)

t

t

p1(t)

f2(t)

p2(t)
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Pattern Λ

Λ2:
0
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Λ4:
0
1

Phase 1 Phase 2 Phase 3 Phase 4

X (t)

Figure 9: The multi-contact motion planning problem necessarily requires the resolution of
both discrete and continuous decisions. The discrete decision is the gait pattern Λ,
which reflects the contact configuration Λq of each contact phase, e.g., we use 0 and 1
to indicate whether a foot is in active contact or not. The continuous decisions include
the robot state trajectory X (t), the feet trajectories p1(t), and p2(t) and the control
input trajectory (contact force profile) f1(t) and f2(t). Furthermore, to ensure the
motion plan is dynamically feasible, we also need to consider feasibility constraints,
i.e., the complex nonlinear dynamics constraint, the kinematics constraint, and the
contact condition constraint characterized by the gait pattern (no force can be exerted
if the foot is not in contact, the foot also cannot move if it is in active contact).
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Without loss of generality, let us consider a legged system with NL limbs. In general

words, the multi-contact motion planning problem can be described as follows: given

a task specification κtask (for example, a goal state) and an environment model Ω, we

aim to find a motion plan over a finite horizon t ∈ [0, T], which tells how the legged

robot can achieve the desired task by utilizing the contacts between its limbs and the

environment.

As illustrated in Fig. 9, given the discrete and non-smooth nature of the contact

events, we can divide the multi-contact motion plan into Nph contact phases. In this

thesis, we consider the number of contact phases Nph as a hyper-parameter of the

motion plan and it is pre-specified by the user. In each phase, the robot exhibits a

contact configuration (which limbs are in contact with the ground and which limbs

are not in contact) that is different from the ones of adjacent phases. These contact

configurations can be seen as a structure of the motion plan, which also characterizes

the feasibility constraints imposed in each phase. To obtain such a multi-phase motion

plan, we typically need to resolve both discrete and continuous decisions.

To give more detail, the discrete decision refers to the issue of choosing a gait

pattern that specifies the contact configurations of all contact phases. More specifically,

in this thesis, we model the contact configuration of each phase q ∈ {1, ..., Nph} as

Λq = {0, 1}NL , where we use 1 to represent a foot is in contact with the ground, and

0 to indicate a foot is detached from the ground. Then, we denote the gait pattern

as Λ = [Λ1, ..., ΛNph ], which collects the contact configuration of all contact phases.

We illustrate an example gait pattern in Fig. 9. As we will discuss later, finding an

appropriate gait pattern is important, as a change in the gait pattern also switches the

feasibility constraints imposed on the multi-contact motion plan.

On the other hand, the continuous decision of the multi-contact motion planning

problem is to synthesize the contact and motion plan that complies with the chosen

gait pattern. To represent the contact and motion plan, we can use the following

task-space quantities, which include:

• The robot state trajectory X (t).

• The feet trajectory P(t) = [p1(t), ...,pNL(t)]
T that collects the foot trajectory pl(t)

of all feet l ∈ {1, ..., NL}.

• The control trajectory U (t) = [f1(t), ...,fNL(t)]
T that includes the contact force

profile fl(t) of all feet l ∈ {0, ..., NL}.

In the meantime, to ensure the motion plan is dynamically feasible, multi-contact

motion planning necessarily requires the consideration of feasibility constraints. For

example, the feet trajectory and the robot state trajectory should be consistent with
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the kinematics constraint of the robot. Furthermore, the state evolution of the robot

should also respect the system dynamics constraint. The feet trajectory and the control

trajectory (contact forces) should also meet the contact condition, i.e., the foot can

exert pushing force, only if it is staying in contact with the ground.

To model this multi-contact motion planning problem, we can formulate it as an

optimal control problem, whose general form can be written as:

min
X (t),P(t),U (t),Λ

∫ T

0
J(X (t),P(t),U (t), Λ) dt (1a)

s.t. ∀t ∈ [0, T] :

hTask(X (t),P(t),U (t),κtask) ≤ 0, (Task) (1b)

hContacts(P(t),U (t), Ω |Λ) ≤ 0, (Contacts) (1c)

hKinematics(X (t),P(t)) ≤ 0, (Kinematics) (1d)

hDynamics(X (t),P(t),U (t), Ω) ≤ 0, (Dynamics) (1e)

where J(·) is the user-defined cost function, (1b) is the task constraint that ensures

the motion plan meets the desired task specification κtask, (1c) is the contact condition

constraint whose formulation is dependent on the chosen gait pattern Λ, (1d) and (1e)

are the robot kinematics and dynamics constraints.

Typically, solving the multi-contact planning problem (1) is a time-consuming

process. The computation challenges mainly come from the following two aspects: i)

combinatorial complexity that arises from the issue of selecting an appropriate gait

pattern, and ii) high-dimensionality and non-convexity arise from the contact and

motion planning. Next, we elaborate and discuss these two computational challenges

in detail.

Challenge 1: Combinatorial Complexity due to Gait Pattern Selection

In multi-contact motion planning, choosing an appropriate gait pattern is important

to the feasibility and optimality of the motion plan with respect to the given task. This

is because the gait pattern specifies the contact configuration of each contact phase,

which in turn determines the exact formulation of the contact condition constraint (1c)

described as follows:
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• If a foot is in contact with the ground, it can exert contact forces. However, at

the same time, the velocity of the foot should be zero, and the foot should stay

stationary (assuming sliding is not allowed).

• If a foot breaks contact with the ground, it can move in the free space, but the

foot cannot exert any contact forces.

As we can imagine, different gait patterns can imply different instances of the

contact condition constraint (1c) imposed on the feet trajectories and the contact force

profiles, which can in turn affect the dynamics of the robot (1e). As a result, to find

an appropriate gait pattern, we typically need to explore a wide range of motions

characterized by different gait patterns. However, this brings combinatorial complexity

into the planning problem.

Challenge 2: High-dimensionality and Non-convexity arises from the Contact and

Motion Planning

In addition to the combinatorial complexity, another computational challenge of multi-

contact motion planning is the high-dimensionality and non-convexity coming from

the contact and motion planning, i.e., computing the robot state trajectory together

with modulation of the feet trajectories and contact force profiles. To give more detail,

when computing these trajectories, we necessarily need to consider the dynamics

constraint (1e) to ensure the motion plan is dynamically feasible. However, as discussed

in Section 2.1.2, existing dynamics models used for planning multi-contact motions are

usually high-dimensional and nonlinear, i.e., the whole-body dynamics model features

both high-dimensionality and nonlinearity, the centroidal dynamics model has reduced

dimensionality but it is intrinsically nonlinear. As a result, planning multi-contact

motions with these complex dynamics models often results in high-dimensional and

non-convex problems that are computationally expensive.

Given these computational challenges, existing multi-contact motion planning

methods often take a considerable amount of time to compute, and thus they are

limited to offline usage. In this thesis, we focus on accelerating the computation

speed of multi-contact motion planning. In particular, we are interested in achieving

multi-contact motion planning in an online receding horizon fashion. To approach

this goal, we start from the case where we compute the contact and motion plans

with a pre-defined gait pattern. Although in this case, we avoid the combinatorial

search of the gait pattern and the formulation of the contact condition (1c) is pre-

determined, the resultant planning problem is still high-dimensional and non-convex
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due to the consideration of complex nonlinear dynamics constraint (1e). To improve

the computation efficiency, our strategy is to simplify the modeling of this planning

problem. The detail of our approach is presented from Chapter 4 to Chapter 8. Then,

in Chapter 9, we explore the possibility to address the gait pattern selection problem

efficiently. To this end, we carry out offline computations to investigate how the task

specification and environment model can influence the choice of the gait pattern.

Throughout our exploration, we find that there exists a map from the task conditions

to the gait pattern selection, and we can utilize this map to select the gait pattern

during online planning.
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4
B A C K G R O U N D A N D A P P R O A C H O V E RV I E W F O R O N L I N E

M U LT I - C O N TA C T R E C E D I N G H O R I Z O N P L A N N I N G

Starting from this chapter, we present the technical details of our approaches for

achieving online Receding Horizon Planning (RHP) of contact and motion plans. We

recall that, in this case, we focus on computing the robot motion with a pre-defined

gait pattern.

In this chapter, we will focus on providing background for understanding our

methods. More specifically, in Section 4.1, we give a general introduction to the

problem of computing contact and motion plans in a receding horizon fashion, and

we also briefly introduce the concept of our proposed methods for achieving online

computation. The core idea of our methods is to accelerate the computation speed

by finding computationally efficient approximations of the value function. Next, in

Section 4.2, we provide a formal description of the RHP problem under the framework

of Bellman’s principle of optimality [7]. Furthermore, we also highlight the importance

of considering a value function approximation for RHP, and introduce the principle

of the traditional value function approximation approach, as well as our proposed

methods for achieving more efficient value function approximation. Afterwards, we

list the assumptions we made for our methods in Section 4.3. Lastly, we present the

technical detail of the traditional RHP formulation (baseline) for computing contact

and motion plans.

4.1 introduction to the rhp problem and our methods

Contact and motion planning usually requires the planner to compute a feasible

CoM trajectory, along with a sequence of contact states (locations and timings). This

problem is high-dimensional, nonlinear, and subject to discrete changes of dynamics

that arise from breaking and making contacts [81, 91, 97, 109]. Traditionally, legged

robot control methods often plan the contact and motion plans offline, and then track

them with a controller [94, 109]. However, when deploying legged robots in the real

world, robots can encounter environment changes and state drifts. These perturbations

can cause the pre-planned motion to become invalid, and online motion (re)-planning

is needed [77, 94].
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Towards this end, RHP [68, 77] can be a promising solution. Similar to MPC [24,

28, 62, 73], Receding Horizon Planning (RHP) aims to constantly update the motion

plan for immediate execution based on the state of the robot and the environment.

This is often achieved by solving a finite-horizon TO problem [8], where the planning

horizon consists of an execution horizon that plans the optimal actions for execution,

and a prediction horizon that foresees the future (Fig. 10). Although RHP frameworks

never execute the prediction horizon, it plays an important role to the success of RHP.

Viewing the RHP problem from Bellman’s perspective [7], the prediction horizon can

be seen as an approximation of the value function—which predicts the feasibility and

the future effort for achieving the task starting from a given robot state. Such a value

function is responsible for guiding the execution horizon to plan optimal actions that

are beneficial for the future operation of the robot.

Execution Horizon Prediction Horizon (not executed)

Figure 10: RHP frameworks usually compute the motion plan with an extended planning
horizon. This includes an execution horizon that plans the motion for immediate
execution, as well as a prediction horizon (not executed) that foresees the future
beyond the execution horizon. The prediction horizon serves as an approximation
of the value function, which guides the executing horizon by predicting whether
the decisions made in the execution horizon can facilitate the completion of the task
or not.

Traditionally, RHP frameworks often compute the trajectory over the entire planning

horizon with an accurate dynamics model. This ensures the execution horizon is

30 background and approach overview for online multi-contact

receding horizon planning



always dynamically consistent, while in the meantime allowing the prediction horizon

to approximate the value function as accurately as possible. However, planning

the prediction horizon with an accurate model can result in expensive computation,

especially when a long planning horizon and complex dynamics need to be considered,

i.e., planning dynamic motions to traverse large obstacles.

To accelerate the computation speed, we explore the possibility to reduce the

computation burden required for approximating the value function. Following this

idea, we propose a trajectory-based approach and a learning-based approach that can

achieve value function approximation with improved computational efficiency.

More specifically, our trajectory-based approach—which we call RHP with Multiple

Levels of Model Fidelity—follows the traditional formalism that models the value

function with the prediction horizon. However, instead of considering accurate dy-

namics models, we relax the model accuracy when planning the prediction horizon.

This allows us to reduce the overall complexity of the RHP problem.

Alternatively, we can approximate the value function with a learned model [118].

However, learning a value function for the contact and motion planning problem

can be challenging. The main difficulty is that the value function is defined in a

coupled state-environment space, which requires a flexible representation to capture

the landscape changes of the value function with respect to different environments [25].

In this thesis, we circumvent this issue by learning an oracle that can predict a local

objective—an intermediate goal state towards the completion of a given task—based on

the current robot state, goal position, and the environment model. We then construct a

local value function to guide a short-horizon TO to plan the execution horizon towards

the predicted local objectives. We refer to this approach as Locally-Guided Receding

Horizon Planning (LG-RHP).

In the next section, we focus on providing a formal description of the RHP problem

and highlighting the fact that considering an approximation of the value function is

important to the success of RHP. In addition, we also formally describe the principle

on how the value function is approximated in the traditional RHP as well as our

proposed multi-fidelity RHP and locally-guided RHP.

4.2 value function approximation for receding horizon planning

In this section, we describe the problem formulation of RHP based on a generic

dynamical system and we illustrate the importance of incorporating an approximated

value function based on the Bellman’s principle of optimality [7]. Moreover, we also

summarise the different techniques for approximating the value function. These

include: 1) the traditional RHP approach which approximates the value function by
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computing the prediction horizon with an accurate dynamics model; 2) our multi-

fidelity RHP approach which models the value function with a prediction horizon

while considering relaxed system dynamics models; 3) our locally-guided RHP that

learns a value function model from past experiences.

Without loss of generality, let us denote by x ∈ Rn the robot state and u ∈ Rm the

control input. In RHP, each cycle is required to compute a motion plan for immediate

execution in the next cycle. We define such a motion plan is composed of a state

trajectory {x0, ...,xT} starting from a given initial state x0, and a control trajectory

{u0, ...,uT}. To compute this motion plan, RHP frameworks usually need to solve a

TO problem with the general form complying with the Bellman’s equation [7]:

min
x0,...,xT ,
u0,...,uT

T−1

∑
t=0

l(xt,ut) + V(xT) (2a)

s.t. xt+1 = F (xt,ut), (2b)

where l(·) is the running cost on the state and control, V(·) is the value function

evaluated at the terminal state of the state trajectory xT, and (2b) is the system

dynamics constraint, and F (·) represents the discrete-time dynamics of the robot.

As Bellman suggests, the optimal policy—approximated by the motion plan to be

executed—should not only minimize its running cost l, but also lead to a state xT that

optimizes the value function V(xT).

By definition, the value function is modeled as the optimal cost of an infinite-horizon

trajectory starting from xT till the completion of the task, while respecting the system

dynamics constraint (Fig. 11-a):

V(xT) = min
xT ,...,x∞,
uT ,...,u∞

∞

∑
t=0

l(xt,ut) (3a)

s.t. xt+1 = F (xt,ut). (3b)

The value function V(xT) reflects the feasibility and the future effort required for

accomplishing the given task starting from any chosen state xT. Such a value function

can provide gradients to direct the optimal policy (motion to be executed) towards a

state xT that is favorable for the future operation of the robot. However, evaluating the

value function with an infinite-horizon trajectory is non-trivial, and hence we need

approximations.
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Figure 11: a) Infinite-horizon RHP problem that models the value function with the prediction horizon of an infinite length; b) Traditional RHP approach which
approximates the value function by considering a finite-length prediction horizon (from time T to Tp). Nevertheless, traditional RHP struggles to
compute online, as the prediction horizon considers an accurate dynamics model (usually non-convex); c) Multi-fidelity RHP, where we improve
the computation efficiency by relaxing the model accuracy in the prediction horizon; d) Locally-Guided RHP shortens the planning horizon by
approximating the value function with a learned model.
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Traditionally, RHP frameworks approximate the value function by considering a

finite-horizon trajectory starting from the time T to Tp ≪ ∞:

Ṽ(xT) = min
xT ,...,xTp ,
uT ,...,uTp

Tp−1

∑
t=T

l(xt,ut) + ϕ(xTp), (4a)

s.t. xt+1 = F (xt,ut), (4b)

where the optimal cost from the time Tp to infinity is lumped into the terminal cost

term ϕ(xTp). Typically, the terminal cost function is defined as a quadratic term that

attracts the terminal state xTp towards a user-defined goal state xg:

Ṽ(xTp) = (xTp − xg)
⊤(xTp − xg). (5)

By combining (4a) into (2a), we can achieve a TO problem with an extended planning

horizon (Fig. 11-b):

min
x0,...,xTp ,
u0,...,uTp

T−1

∑
t=0

l(xt,ut)︸ ︷︷ ︸
Optimal Policy (EH)

+
Tp−1

∑
t=T

l(xt,ut) + ϕ(xTp)︸ ︷︷ ︸
Value Function Approximation (PH)

(6a)

s.t. xt+1 = F (xt,ut), (6b)

where we split the planning horizon into an Execution Horizon (EH) that computes

optimal policy (the motion plan to be executed) from the time 0 to T, and a Prediction

Horizon (PH) that approximates the value function by computing trajectories from

the time T to Tp.

Although (6a) has a finite planning horizon, online computation is still challenging

for complex dynamical systems such as legged robots. The computation complexity

mainly comes from the planning of the prediction horizon under the consideration of

the nonlinear dynamics constraints (8b), which increases the dimensionality and non-

convexity of an already challenging problem. In this part of the thesis, the traditional

RHP approach is considered as the baseline.

To improve the computation efficiency, a promising direction is to mitigate the

computation burden required for value function approximation. In this thesis, we

present two novel methods that can approximate the value function with reduced

computation complexity.
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Our first method follows the trajectory-based formalism that approximates the

value function by computing a prediction horizon that looks into the future. However,

instead of considering an accurate system dynamics constraint (usually non-convex)

in the prediction horizon, we propose to plan the prediction horizon with a relaxed

system dynamics model. This gives rise to a novel type of TO formulation that features

a planning horizon with multiple levels of model fidelity (Fig. 11-c):

min
x0,...,xTp ,
u0,...,uTp

T−1

∑
t=0

l(xt,ut)︸ ︷︷ ︸
EH

+
Tp−1

∑
t=T

l(xt,ut) + ϕ(xTp)︸ ︷︷ ︸
PH

, (7a)

s.t. ∀t ∈ [0, T] :

xt+1 = F (xt,ut), (Accurate Model) (7b)

∀t ∈ [T, Tp] :

xt+1 = F̃ (xt,ut), (Relaxed Model) (7c)

where the execution horizon remains to compute the optimal polity with the accur-

ate dynamics model F (7b), while the prediction horizon approximates the value

function with the relaxed dynamics model F̃ (7c). We call this approach as Receding

Horizon Planning with Multiple Levels of Model Fidelity or Multi-Fidelity Receding

Horizon Planning (MF-RHP) for short. Compared to the traditional TO formalism

(6a), our multi-fidelity RHP ensures the execution horizon (to be executed) is always

dynamically consistent and thus can be tracked by a controller. In the meantime, our

multi-fidelity RHP also features reduced overall computation complexity, owing to the

relaxed model accuracy in the prediction horizon. In this thesis, we present and test

three candidate multi-fidelity RHPs, where the prediction horizon considers different

convex relaxations of the centroidal dynamics model.

Alternatively, another option for approximating the value function is to learn a

parametric model Ṽ(x|θ) from the past experience [118]. Given this learned value

function model, we can shorten the planning horizon to only cover the execution

horizon:

min
x0,...,xT ,
u0,...,uT

T−1

∑
t=0

l(xt,ut)︸ ︷︷ ︸
Optimal Policy (EH)

+ Ṽ(xT|θ),︸ ︷︷ ︸
Learned Value Function

(8a)

s.t. xt+1 = F (xt,ut), (8b)

4.2 value function approximation for receding horizon planning 35



However, learning a value function model for the contact and motion planning

problem can be challenging. The difficulty mainly comes from the consideration of the

environment model. This introduces the challenge of finding a flexible parameteriza-

tion that can represent the value function in the coupled state-environment space [25].

To tackle this issue, we propose to learn an oracle O that can predict intermediate

goal states x∗ for completing a given task, based on current robot state x0, the final

goal state xg, and the environment model Ω:

x∗ = O(x0,xg, Ω). (9)

We refer to these intermediate goal states as local objectives, and we use them to

construct local value functions:

Ṽ(xT|x∗) = (xT − x∗)⊤(xT − x∗). (10)

Then, we use these local value functions to guide the short-horizon TO (8a) to plan

the execution horizon towards the predicted local objectives x∗. We call this approach

as Locally-Guided Receding Horizon Planning (LG-RHP) and illustrate the idea in

(Fig. 11-d).

In this section, we illustrate the importance of considering a value function ap-

proximation in RHP from Bellman’s perspective. Furthermore, we also present the

principles of different value function approximation methods employed in traditional

RHP as well as our proposals—multi-fidelity RHP and locally-guided RHP. However,

all the descriptions are based on a generic dynamics model. In the rest of the thesis,

we focus on providing technical detail on how to apply these RHP approaches in the

context of planning contact and motion plans.

4.3 assumptions

In this section, we describe the assumptions we made for our methods:

1. We focus on computing the centroidal motion plan of a humanoid robot walking

on uneven terrain. The decision variables include a centroidal trajectory of the

CoM, along with a sequence of contact locations and timings.
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Pre-Swing Swing Post-Landing

Figure 12: We define each step is composed of three phases: pre-swing (double support),
swing (single support), and post-landing (double support)

2. We define each step consists of three phases (Fig. 12): i) pre-swing (double

support), ii) swing (single support), and iii) post-landing (double support). This

leads to a multi-phase TO formulation, which features phase-specific constraints

(dynamics and kinematics) determined by the contact configuration of each

phase.

3. We define that the execution horizon always covers the motion plan for making

a single step (the first three phases), while the prediction horizon can plan ahead

for multiple steps.

4. We neglect the impact dynamics (state jumps when creating contacts) in our

formulation. This is valid for the walking gait, as the swing foot can make contact

with near-zero velocity.

5. We model the robot feet as rectangular patches. As commonly done, we model

each vertex of the rectangle as a contact point.

6. We approximate the kinematics constraints of the CoM and the relative positions

of the contacts as convex polytopes (see an example in Fig. 13). To generate

these polytopes, we take the approach described in [95]. More specifically, we

firstly offline sample a large number of robot configurations, from which we can

extract CoM positions and foot locations in a given end-effector frame. Then,
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we compute the polytopes as the convex hull of these CoM positions and foot

locations.

7. We model the environment as a set of rectangular contact surfaces. We pre-define

the sequence of these contact surfaces in which the swing foot will land upon,

while the contact locations (within the surfaces) and the contact timings are

optimized.

8. The swing foot trajectory is interpolated after we compute the centroidal motion

plan. This is achieved by connecting the planned contact locations with a spline.

Although the kinematics constraint is not imposed when generating the swing

foot trajectory, we enforce the swing foot to move with a similar speed of the

planned CoM trajectory. This can increase the chance of obtaining a swing

foot trajectory that is kinematically feasible, and we find that the swing foot

trajectory generated with this approach is always kinematically feasible during

our experiment.

Figure 13: An example of the approximated kinematics constraints. The CoM is constrained
in a convex reachability polytope (green) with respect to the stance foot. The same
idea also applies to the relative footstep reachability, where each footstep needs to
stay inside the rechability polytope defined by the previouse footstep. The figure
takes HRP-2 as an example, and we apply the same approach for Talos. The picture
is adapted from [35].
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4.4 traditional receding horizon planning (rhp) approach for com-

puting contact and motion plans

In this section, we introduce the traditional RHP approach for computing contact and

motion plans for a humanoid robot walking on uneven terrain, and we consider the

centroidal dynamics model to govern the motion. Typically, traditional RHP computes

the motion plan by solving a TO problem while considering an accurate dynamic

model over the entire horizon. This traditional RHP is considered as the baseline of

our work. Next, we present the definition of the decision variables of the TO problem

in Section 4.4.1 as well as the complete TO formulation in Section 4.4.2. Lastly, we

discuss the computation challenges of the traditional RHP approach in Section 4.4.3.

4.4.1 Decision Variables

In each planning cycle, given a finite planning horizon of n steps, an initial robot

state xinit, a final goal state xg, and a sequence of contact surfaces {S1, ...,Sn} that

the robot will step upon, the RHP framework aims to compute a multi-phase motion

plan consists of a state trajectory X , a control trajectory U , a sequence of contact

locations P and a list of phase switching timings T . We elaborate the definition of

these decision variables as follows:

• X = {X1, ..., XNph}
State trajectory Xq of all phases q ∈ {1, ..., Nph}. In each phase, we discretize the

state trajectory into Nk knots: Xq = {xq
1, ...,xq

Nk
}. We denote the state vector as

x = [c⊤, ċ⊤,L⊤]⊤, where c ∈ R3 is the CoM position, ċ ∈ R3 is the CoM velocity,

L ∈ R3 is the total angular momentum expressed at the CoM.

• U = {U1, ..., UNph}
Control input trajectory of all phases. Same as the state trajectory, we discretize

each phase of the control trajectory into Nk knots: Uq = {uq
1, ...,uq

Nk
}. The control

input vector is defined as u = [f⊤
1 , ...,f⊤

Nc
]⊤ which collects the contact force

fc ∈ R3 of all contact points c ∈ {1, ..., Nc}.

• P = {p1, ...,pn}
A sequence of footstep locations (center of the foot), where pi ∈ R3 denotes

the contact location of the i-th step. The orientation of each footstep is defined

as a constant, where the roll and the pitch are given by the orientation of the

corresponding contact surface Si, and the yaw is set to zero degrees.
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• T = {t1, ..., tNph}
A list of phase switching timings, where tq indicates the timing when the motion

plan switches from phase q to phase q + 1. Based on these phase switching

timings, we can define the time step of each phase q as τq = (tq − tq−1)/Nk.

4.4.2 Traditional Trajectory Optimization (TO) Formulation for Computing Contact and

Motion Plans

To compute the motion plan, the traditional RHP usually solves a TO problem given

by:

min
X ,U ,T ,P

Nph

∑
q=1

Jq(Xq, Uq) + ϕ(xT) (11a)

s.t. x0 = xinit (11b)

0 ≤ t1 ≤ · · · ≤ tNph ≤ Tmax (11c)

∀i ∈ {1, ..., n}:

pi ∈ Si (11d)

pi ∈ Ri (11e)

∀q ∈ {1, ..., Nph}, ∀k ∈ {1, ..., Nk}:

c
q
k ∈ Kq

l , ∀l ∈ Lq
cnt (11f)

x
q
k+1 = F q(x

q
k,uq

k). (11g)

Cost Terms

The cost function of (11a) includes the running cost Jq of each phase and the terminal

cost ϕ(xT). We define the running cost:

Jq =
Nk

∑
k=1

τq(c̈
q
k
⊤c̈

q
k +L

q
k
⊤
L

q
k), (12)

which encourages the TO to generate smooth trajectories by penalizing large CoM

accelerations and angular momentum. The terminal cost is defined as:
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ϕ(xT) = (xT − xg)
⊤(xT − xg), (13)

which attracts the terminal state xT to approach the final goal state xg.

Constraints

To ensure the motion is dynamically consistent, we introduce constraints (11b)-(11g)

described as follows:

1. Initial condition constraint (11b) enforces the state trajectory to start from the

given initial state xinit.

2. Phase switching timing constraint (11c) guarantees the phase switching timings

tq to increase monotonically and bounds the maximum motion duration tNph by

Tmax.

3. On-surface constraint (11d) restricts each contact location pi to stay on the

pre-assigned contact surface:

Si = {p ∈ R3,dT
i p = 0, Sip ≤ si}, (14)

where the equality sets the plane containing the surface, and the inequalities

define the boundaries of the surface.

4. Relative footstep constraint (11e) implements the relative reachability constraint

of footsteps, where each contact location pi is limited by a reachable workspace

Ri with respect to the 6-D pose of the previous footstep pi−1. We represent the

reachable workspace as a convex polytope:

Ri : {pi ∈ R3,Ri(p
i − pi−1) ≤ ri}, (15)

along with the orientation aligns to the posture of the previous footstep [87].

5. In each phase q, the CoM reachability constraint (11f) restricts the CoM position

at k-th knot to stay within the reachable space Kq
l established by each foot l

in active contact. Similarly, we approximate the reachable space as a convex

polytope:
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Kq
l : {cq

k ∈ R3,Kq
l (c− p

q
l ) ≤ k

q
l }, (16)

where p
q
l ∈ R3 is the location of the active contact l in phase q. The orientations

of these polytopes are also aligned to the pose of the active contacts [87].

6. Dynamics constraint (11g) imposes the system dynamics constraint on the tra-

jectories. We approximate the integrals by the forward Euler integration scheme,

and we consider the centroidal dynamics model [35, 75]:

c
q
k+1 = c

q
k + τqċ

q
k, (17a)

ċ
q
k+1 = ċ

q
k + τq

(
1
m ∑

c∈Cq
f

q
c,k − g

)
, (17b)

L
q
k+1 = L

q
k + τq ∑

c∈Cq
(pc − c

q
k)× f

q
c,k, (17c)

where m is the total mass of the robot, g is the gravitational acceleration, pc is

the location of each active contact point c ∈ Cq (the vertices of the rectangular

foot). Furthermore, the contact forces are constrained by the linearized friction

cone:

−µf n̂
c ≤ f t̂1,t̂2

c ≤ µf n̂
c , (18)

where µ is the friction coefficient, f n̂
c and f t̂1,t̂2

c are the normal and tangential

components of the contact force, respectively.

4.4.3 Discussion

As mentioned in Section 4.2, to achieve successful RHP of contact and motion plans,

transitional RHP necessarily requires the consideration of an extended planning

horizon. That is, in addition to the execution horizon (the first step), the planning

horizon also needs to incorporate a prediction horizon that foresees the future, i.e.,

the horizon starts from the second step till the last step. Although the prediction

horizon is never executed, it serves as a trajectory-based approximation of the value

function that can provide guidance to the execution horizon. However, traditional

RHP typically plans the entire horizon with a single dynamics model. Given the
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nonlinear centroidal dynamics constraint (17), considering an extended planning

horizon can significantly increase the dimensionality and non-convexity of the TO,

which hinders online computation. Moreover, the optimization of the contact timing

(modulated by phase switching timings) also further increases the non-convexity of

the TO problem. To achieve online multi-contact RHP, in the following chapters, we

present the technical details of our methods to improve the computation efficiency of

the TO, where we focus on exploring approximated value function models that can

have reduced computation complexity.

4.5 conclusion

In this chapter, we provided the background for understanding our approach to

achieve online RHP of contact and motion plans. More specifically, we firstly gave a

formal description of the RHP problem under the framework of Bellman’s principle

of optimality. In this formal description, we highlighted the importance of considering

a value function approximation in RHP, and also introduced the concept of the tradi-

tional value function approximation approach, as well as our methods for achieving

more efficient value function approximation. Afterwards, we listed the assumptions

we made for our methods and presented the detail formulation of the traditional RHP

in the context of computing contact and motion plans. This traditional RHP often

struggles to achieve online computation, and it is considered as the baseline of our

work. In the following chapters, we will focus on describing the technical details of

our novel methods in achieving online RHP of contact and motion plans. The core

idea of our methods is to explore approximated value function models that feature

reduced computation burden.
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5
M U LT I - C O N TA C T R E C E D I N G H O R I Z O N P L A N N I N G W I T H

M U LT I P L E L E V E L S O F M O D E L F I D E L I T Y

In this chapter, we present the technical details of our first approach for achieving

online Receding Horizon Planning (RHP) of contact and motion plans. We call this

approach as Receding Horizon Planning with Multiple Levels of Model Fidelity

or Multi-Fidelity RHP for short. Compared to the traditional RHP approach, our

multi-fidelity RHP reduces the computation burden by computing the prediction

horizon with a convex relaxed model. We implement this idea in the context of

planning dynamically consistent centroidal trajectories of humanoids walking on

uneven terrain.

This chapter is organized as follows. In Section 5.1, we introduce the core idea of

our multi-fidelity RHP approach and illustrate the main differences with respect to

the traditional RHP. Afterwards, in Section 5.2, we present the three candidate convex

relaxed models employed in the prediction horizon of our multi-fidelity RHP, and

we compare their model complexity with respect to the centroidal model. Lastly, we

conclude this chapter with a discussion presented in Section 5.3.

5.1 rationale

In this section, we focus on introducing the important changes we made in multi-

fidelity RHP with respect to the traditional RHP approach. These changes help us to

reduce the overall computation complexity of the TO problem and facilitate online

computation.

We recall that the traditional RHP (Fig. 14-a) usually employs a single-fidelity model

over the entire look-ahead horizon (both the execution horizon and the prediction

horizon). However, when computing contact and motion plans, we usually need

to consider non-convex dynamics models, such as the centroidal dynamics model

considered in our case. The centroidal dynamics model is intrinsically non-convex, as

the cross products involved in the angular dynamics (17c) introduce bi-linear terms

into the TO formulation. Moreover, as [80] indicates, the selection of the contact timing

can also play an important role in achieving feasible motions. However, optimizing

the contact timings (in our case, modulated by the phase switching timings) further

increases the non-convexity of the traditional TO formulation. This is because the
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variable phase switching timings result in varying time steps when integrating the

system dynamics, which further increases the number of non-convex terms.

a) Traditional RHP

Execution Horizon
(High Complexity)

Centroidal Model

− Non-convex Dynamics

− Variable Contact Timing

Prediction Horizon
(High Complexity)

− Rectangular Foot (4 Contacts per foot)

t

b) Multi-Fidelity RHP

Execution Horizon
(High Complexity)

Centroidal Model

− Non-convex Dynamics

− Variable Contact Timing

Prediction Horizon
(Low Complexity)

Convex Relaxation

− Rectangular Foot

(4 Contacts per foot)

+ Convex Dynamics

+ Rectangular Foot or

Single-point foot

+ Fixed Contact Timing

t

Figure 14: Complexity comparison between traditional RHP and our multi-fidelity RHP. We
use orange to denote higher computation complexity, while green means lower com-
putation complexity. Our multi-fidelity RHP formulation has reduced complexity
due to the introduction of convex relaxations in the prediction horizon.

Considering the prediction horizon is never executed in RHP frameworks, while it

serves as an approximation of the value function that is used to guide to planning of the

execution horizon, we propose to improve the computation efficiency by simplifying
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the model complexity in the prediction horizon. This leads to multi-fidelity RHP

(Fig. 14-b) where we employ an accurate model of the system (in our case, the

centroidal model) in the execution horizon, while having a convex relaxation in

the prediction horizon. This setup ensures that in each RHP cycle, the motion for

execution is dynamically consistent and can be tracked by a whole-body inverse

dynamics controller, while in the meantime the overall problem complexity is reduced.

The resultant TO problems are partially non-convex, and can be efficiently solved by

off-the-shelf Non-Linear Programming (NLP) solvers.

As Fig. 14-b illustrates, to obtain a convex relaxed dynamics constraint in the

prediction horizon, we introduce the following approximations:

1. We approximate the centroidal dynamics model with convex relaxations. In this

thesis, we explore and test three convex relaxations of the centroidal dynamics

model as described in Section 5.2.

2. To address the non-convexity that arises from the contact timing optimization, we

fix the phase switching timings with empirical values in the prediction horizon

(starting from the 4-th phase to the last phase).

Furthermore, we also explore to reduce the model dimensionality in the prediction

horizon by switching the rectangular foot to a single-point foot.

Next, we focus on presenting the details of the three candidate convex relaxed

models employed in the prediction horizon.

5.2 candidate convex relaxed models for the prediction horizon

In this section, we introduce the modeling of the three convex relaxed models that are

employed in the prediction horizon of multi-fidelity RHP. To provide an intuition of

these candidate models, we illustrate their schematics in Fig. 15.

5.2.1 Candidate 1: Linear CoM Dynamics

In our first candidate (Fig. 15-a), the prediction horizon only considers the linear

CoM dynamics defined by (17a)–(17b). This allows us to remove the non-convexity

introduced by the angular dynamics (17c). As a result, in the prediction horizon, the

state vector reduces to x = [c⊤, ċ⊤]⊤ and the running cost becomes:
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Jq =
Nk

∑
k=1

τq(c̈
q
k
⊤c̈

q
k), (19)

which only penalizes the CoM accelerations. As mentioned in Section 5.1, due to the

contact timing optimization (modulated by the phase switching timings tq), the linear

CoM dynamics is still non-convex. To eliminate this non-convexity, we fix the phase

switching timings tq, ∀q ∈ [4, Nph] in the prediction horizon with empirical values.

Furthermore, we remain to model the robot foot as a rectangular patch where each

vertex is considered as a contact point.

(a) (b) (c)

Figure 15: Schematics of models used in the Prediction Horizon (PH): a) Candidate 1 only
considers the linear CoM dynamics; b) Candidate 2 considers linear CoM dynamics
as well as a convex relaxation of the angular dynamics of the centroidal model
(dashed arrow), while modeling the robot foot as a rectangular patch; c) Candidate
3 employs the same modeling of the dynamics with respect to the Candidate 2,
while switches the rectangular foot to a point foot.

5.2.2 Candidate 2: Convex Angular Dynamics with Rectangular Contacts

As we will present in Chapter 7, our first candidate usually fails to achieve successful

RHP (fail to converge after a few cycles). This observation suggests that considering

angular dynamics in the prediction horizon is important. As a result, in our second

candidate, apart from having the linear CoM dynamics, we also include a convex outer

approximation of the angular dynamics (17c) in the prediction horizon. This convex

48 multi-contact receding horizon planning with multiple levels of

model fidelity



outer approximation is based on the method described in [80]. Next, we introduce the

detailed formulation of this convex outer approximation.

In the angular dynamics (17c) of the centroidal dynamics model, the non-convexity

mainly comes from the bi-linear terms resulting from the expansion of the cross

product between the lever arm (pc − c) and the contact force vector fc. According to

the principle described in [80], these bi-linear terms αβ can be reformulated as the

different of two quadratic terms ψ+ ∈ R and ψ− ∈ R (see an example in Fig. 16):

αβ = ψ+ − ψ−, (20a)

ψ+ =
1
4
(α + β)2, (20b)

ψ− =
1
4
(α − β)2. (20c)

α
β

α
β

αβ ψ+

−ψ−

Figure 16: A bi-linear term αβ can be decomposed into the difference of two quadratic terms
ψ+ = 1

4 (α + β)2 and ψ− = 1
4 (α − β)2. The picture is modified from [80].

Nevertheless, replacing the bi-linear term αβ with the quadratic terms ψ+ and ψ−

will still result in a non-convex models. This is because (20b) and (20c) are quadratic

equality constraints which are non-convex. To simplify the model, [80] suggests to

approximate the non-convex constraints (20b) and (20c) into convex ones. To give

more detail, in [80], the authors observe that the non-convex quadratic constraint (20b)

or (20c) can be seen as the intersection of two in-equality constraints. For example,

(20b) can be regarded as the intersection between a convex in-equality constraint

ψ+ ≥ (α + β)2 and a concave one ψ+ ≤ (α + β)2 (see an example in Fig. 17). Given

this observation, [80] suggests to approximate (20b) by only considering the convex

in-equality constraint ψ+ ≥ (α + β)2, along with heuristics to limit the search space
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of ψ+ to be close to the boundary of this convex constraint. Following this idea, we

achieve the approximation by introducing a trust-region constraint established at

the point ψ+ = 0 (see the example in Fig. 17). This trust-region constraint limits the

search space of ψ+ to be close to the boundary of the convex inequality around the

point ψ+ = 0. Similarly, the same procedure can be also applied to approximate the

non-convex constraint (20c). To summarize, following the idea described above, we

can approximate the bi-linear terms αβ as:

αβ = (ψ+ − ψ−), (21a)

ψ+ ≥ 1
4
(α + β)2, ψ+ ∈ [0, ψ+

ub] (21b)

ψ− ≥ 1
4
(α − β)2, ψ− ∈ [0, ψ−

ub], (21c)

where (21b) and (21c) are the trust-region constraints placed at the points ψ+ = 0 and

ψ− = 0, ψ+
ub and ψ−

ub are the upper bounds of the trust-region constraints selected by

the user.

Approximated as

ψ+ = 1
4 (α + β)2 ψ+ ≥ 1

4 (α + β)2 ψ+ ≤ 1
4 (α + β)2

Upper bound ψ+
ub

Lower bound 0

Trust region around the point ψ+ = 0:
ψ+ ≥ 1

4 (α + β)2, ψ+ ∈ [0, ψ+
ub]

Trust-region constraint
based on the convex in-equality

Figure 17: The non-convex quadratic equality constraint ψ+ = 1
4 (α + β)2 can be seen as the

intersection between a convex inequality constraint and a concave one. As suggested
by [80], we can approximate this constraint by only considering the convex part,
while at the same time trying to restrict the search space to stay near the boundary.
Following this idea, we introduce a trust region constraint that limits the search
space of ψ+ to be close to the boundary of the convex inequality around the point
ψ+ = 0. Similarly, this approximation also applies to the other quadratic term ψ−.
The picture is adapted from [80].
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In this candidate, we apply the convex approximation (21a)-(21c) to all the bi-linear

terms arise from the cross product of the angular dynamics. Furthermore, in order to

retain a low-dimensional model with the state vector of x = [c⊤, ċ⊤]⊤, we avoid the

explicit modeling of the angular momentum L. Instead, we penalize the magnitude of

the auxiliary variables ψ+ and ψ− used for approximating the angular dynamics in

the running cost. This can help us to minimize the angular momentum rate. Moreover,

we also penalize large CoM acceleration in the running cost to encourage a smooth

trajectory. Lastly, same as the first candidate, we also fix the phase switching timings

in the prediction horizon and model the robot foot as a rectangular patch.

Compared to the centroidal dynamics model, our second candidate model has

increased dimensionality due to the introduction of the auxiliary variables ψ+ and

ψ− for approximating the angular dynamics. Nerveless, this also allows our second

candidate model to be fully convex, while at the same time considering both the linear

CoM dynamics as well as the angular dynamics.

5.2.3 Candidate 3: Convex Angular Dynamics with Point Contacts

To reduce the dimensionality of the convex approximation of the angular dynamics,

we propose our third candidate model, in which we switch the rectangular foot to

the point foot and apply the same modeling as described in the second candidate.

As a result, the control input reduces to u = [f⊤
L ,f⊤

R ]
⊤, where fL ∈ R3 and fR ∈ R3

refers to the contact force vector of the left and right foot, respectively. This reduces

the number of auxiliary variables (ψ+ and ψ−) as well as the associated trust-region

constraints (21b)-(21c).

5.2.4 Complexity Comparison of Candidate Models

To provide an intuition of the computation complexity of these candidate models,

we compare their model complexity in terms of dimensionality, and the number of

non-convex and convex constraints for each knot in Table 1.

As the table indicates, the centroidal dynamics model (baseline) introduces 36

decision variables for each knot. These decision variables cover the state vector as

well as the contact force vectors from each foot. Furthermore, for each knot, the

centroidal model also brings 12 non-convex constraints into the TO problem, which is

the main computation bottleneck that prevents online computation. In comparison,

owing to the removal of the angular dynamics, our first candidate has reduced model

complexity by only introducing 18 decision variables and 6 convex constraints for

each knot. Although our first candidate features a simple model, our experiment
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result (Chapter 7) demonstrates that ignoring the angular dynamics in the prediction

horizon can lead the robot to reach ill-posed states which cause convergence failures.

To add the consideration of angular dynamics while remaining convex, we present

our second candidate where the angular dynamics is approximated with a convex

relaxation. The convex relaxation introduces auxiliary variables and convex trust-

region constraints. As a result, our second candidate brings 78 decision variables and

48 convex constraints for each knot. Although our second candidate has more decision

variables, it is fully convex. Lastly, we also introduce our third candidate model, where

we employ the same dynamics modeling with the second candidate, while we switch

the rectangular foot to the point foot. This helps us to simplify the model complexity

by reducing the number of decision variables and convex constraints to 12.

Table 1: Knot-wise model complexity of the centroidal dynamics model and the three convex
relaxations.
XXXXXXXXXXXModel

No. of Decision
variables

Non-convex
Constraints

Convex
Constraints

Centroidal Dynamics (Baseline) 36 12 0

Candidate 1 Linear CoM
Dynamics

18 0 6

Candidate 2 Convex Angular
Dynamics with Rectangular Foot

78 0 48

Candidate 3 Convex Angular
Dynamics with Point Foot

12 0 12

5.3 conclusion

In this chapter, we presented the principle and technical details for multi-fidelity

RHP—our first approach for achieving online RHP of contact and motion plans. The

key idea of multi-fidelity RHP is to relax the model complexity employed in the

prediction horizon. To this end, we present three candidate convex relaxations of the

centroidal model.

In the literature, a similar framework to the one we propose was introduced by [59].

The authors present a MPC framework based on DDP that combines whole-body

dynamics and a non-convex model with reduced order (single-rigid body model [105,

109]) in a single formulation. Successful MPC of 2D quadrupedal locomotion and
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humanoid running has been demonstrated on flat surfaces. In contrast, the emphasis of

our work is RHP of centroidal trajectories for uneven-terrain locomotion of humanoid

robots. This problem requires careful selection of contact locations and timings to

modulate the centroidal momenta. In this regard, the simplified model applied in the

prediction horizon needs to be carefully designed, as the quality of the model can

significantly affect the performance of the framework. Further, instead of searching

for non-convex models with reduced order, we focus on finding appropriate convex

relaxations for the prediction horizon.

To evaluate the computation performance of our multi-fidelity RHP approach, we

will present rigorous experiments over a set of multi-contact scenarios in Chapter 7.
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6
L E A R N I N G T O G U I D E O N L I N E M U LT I - C O N TA C T R E C E D I N G

H O R I Z O N P L A N N I N G

In this chapter, we present the technical details of our second approach for achieving

online Receding Horizon Planning (RHP) of contact and motion plans on uneven ter-

rain. We call this approach as Locally-Guided Receding Horizon Planning (LG-RHP).

In comparison to traditional RHP and multi-fidelity RHP which approximate the

value function by computing the trajectory in the prediction horizon, our locally-

guided RHP explores the possibility of learning a value function model from past

experiences. Given this learned value function model, we can use it as the terminal

cost of the RHP problem and shorten the planning horizon only to cover the execution

horizon. This allows us to significantly reduce the complexity of the RHP problem

and thus improve the computation efficiency.

In this chapter, we organize the contents as follows. First, in Section 6.1, we provide

an approach overview to describe the core idea of our locally-guided RHP. Then, in

Section 6.2, we elaborate on the technical detail of the approach. Next, in Section 6.3,

we discuss the reasoning behind the design choices we made in our approach. Lastly,

we conclude this chapter with Section 6.4.

6.1 approach overview

In Chapter 5, we have introduced the technical details of multi-fidelity RHP, our first

approach for achieving online RHP of contact and motion plans. This approach shares

similarities with the traditional RHP in the sense that they both approximate the

value function by planning trajectories in the prediction horizon (see an illustration in

Fig. 18-a). Nevertheless, unlike the traditional RHP which computes the prediction

horizon with an accurate dynamics model, our multi-fidelity RHP chooses to plan the

prediction horizon with a convex relaxed model. This makes our multi-fidelity RHP

have reduced computation complexity. However, it is worth to note that, approximating

the value function with the prediction horizon always brings an extra computation

burden in addition to the planning of the execution horizon. Even if we plan the

prediction horizon with simplified models, such extra computation burden can still

become dominant when a long planning horizon is considered, which can in turn

make our multi-fidelity RHP struggle to compute online.
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Execution Horizon Prediction HorizonT TP0

Ṽ(xT|x∗) = (xT − x∗)⊤(xT − x∗)

xT

0 TExecution Horizon

xT

b) Learning-based Value Function Approximation (Locally-Guided RHP)

a) Trajectory-based Value Function Approximation

Oracle: x∗ = O(x0,xg, Ω)

Initial
state
x0

Local
objective x∗

Environment
Ω

Goal xg

Ṽ(xT) = min
Tp

∑
t=T

l(xt,ut)
xT , ...,xTp
uT , ...,uTp

s.t. xt+1 = F (xt,ut)

Figure 18: a) Trajectory-based value function approximation methods model the value function
by computing trajectories in the prediction horizon while considering a robot
dynamics model that governs the motion. Nevertheless, these trajectory-based
value function approximation methods bring extra computation burden, which may
prevent online computation; b) Our learning-based approach (locally-guided RHP)
learns an oracle to predict local objectives x∗ based on the initial state x0, the final
goal xg, and the environment model Ω. Given the predicted local objectives, we
construct local value functions Ṽ(xT |x∗) to guide a short-horizon RHP that only
covers the execution horizon.

To further accelerate the computation speed, in this chapter, we explore the possibil-

ity of approximating the value function without computing the prediction horizon.

To achieve this goal, one of the options is to approximate the value function with a

learned model. Nevertheless, learning a value function for the contact and motion

planning problem can be challenging. The main difficulty comes from the fact that the

value function for this problem is defined in a coupled state-environment space, which

requires a flexible parameterization that can capture the landscape changes of the
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value function with respect to environment variations [25]. To circumvent this issue,

we propose to learn an oracle that can predict local objectives—intermediate goal states

towards the completion of a given task—based on the current robot state, goal position,

and the environment model. These local objectives are then used for constructing local

value functions that guide a short-horizon TO to plan the execution horizon (see an

illustration in Fig. 18-b). We call this approach as locally-guided Receding Horizon

Planning (RHP). To obtain the oracle, we take a supervised learning approach to learn

the oracle from the expert knowledge offline computed from traditional RHP.

Next, we describe the technical details of our locally-guided RHP approach.

6.2 technical approach

In this section, we describe the technical details of locally-guided RHP in the context

of computing contact and motion plans. More specifically, in Section 6.2.1, we firstly

introduce the oracle formulation along with the definition of the associate variables

(See Fig. 19-a). Then, in Section 6.2.2, we present our supervised learning approach

for obtaining the oracle. Lastly, in Section 6.2.3, we explain how to construct a local

value function based on the output of the oracle and interface to a short-horizon TO.

6.2.1 Oracle Formulation

As mentioned in Section 4.3, we define that the execution horizon always covers the

motion plan for making one step. As a result, our oracle is designed to predict the

local objective for making one step. We define the oracle O as:

x∗,p∗,T ∗ = O(δl/r,x0,p0, Ω,xg). (22)

Variable Definitions:

The output of the oracle describes the goal configuration for making a step, which

includes:

• x∗: the target CoM state after making one step.

• p∗: the target contact location for the swing foot to reach.

• T ∗ = {t̃1, t̃2, t̃3}: the target phase switching timings for the three phases that

compose of the step.
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p∗

α2r2

α1r1 r1

r2

(b)(a)

V1

V4V3

V2

WΣ

p∗

p0

x0
x∗

Figure 19: (a) Definition of the oracle variables. x0 is the initial CoM state, and p0 is the initial
contact location of the swing foot. x∗ is the target CoM state, and p∗ is the target
contact location of the swing foot. The purple patches are the initial contact surfaces
for the left and the right foot, while the blue patches are the contact surfaces for
future n steps. We model each contact surface with its four vertices Vi. We define
all spatial terms in the contact foot frame WΣ established at the stationary foot
(non-swing foot), while the orientation of the frame is aligned to the surface in
contact. (b) The target contact location p∗ is represented as the vector sum of α1r1
and α2r2, which scale along the borders of the contact surface r1, r2 ∈ R3, with the
proportion defined by α1, α2 ∈ [0, 1].

To predict the target robot configuration, the oracle needs to take into account the

following inputs:

• δl/r ∈ {0, 1}: the swing foot indicator telling which foot (left/right) is going to

re-position its location. We use 0 to denote the left foot is going to swing to a

new location, while we use 1 to indicate the right foot is going to move to a new

place.

• x0: the initial CoM state.

• p0: the initial contact location of the swing foot.

• Ω = {Sl0,Sr0,S1, ...,Sn}: a local preview of the environment model. We define

Sl0, Sr0 as the contact surfaces that the left and right feet initially stand upon,

S1, ...,Sn as the contact surfaces that future n steps will land on. Each contact
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surface is represented by its four vertices: S = {V1, ...,V4}, where Vi ∈ R3, i ∈
{1, ..., 4} is the 3-D location of the i-th vertex.

• xg: a final goal state which is a fixed goal location in our case.

We illustrate the definition of the oracle variables in Fig. 19-a. Furthermore, as

the figure indicates, we define the spatial quantities such as the CoM states, contact

locations, and the environment model in the so-called contact-foot frame WΣ. This

frame locates at the position of the stationary foot (the non-swing foot), while having

the same orientation with respect to the surface in contact.

Additionally, we introduce an on-surface parameterization for the target contact

location (Fig. 19-b), which transforms the 3-D target contact location as the sum of

two vectors:

p∗ = α1r1 + α2r2, (23)

scaling along vectors of the surface borders r1, r2 ∈ R3, and we predict the scaling

factors α1, α2 ∈ [0, 1].

6.2.2 Learning the Oracle

To model the oracle function, we choose a Neural Network (NN) of 4 hidden layers.

We define each layer has 256 neurons with ReLu activation functions. The NN is

implemented with Tensorflow framework [1].

When using the oracle to guide the planning of the execution horizon, one of the

issues is that the oracle can have prediction errors. Such prediction error typically

comes from imperfect fitting or insufficient data coverage. These prediction errors can

lead our locally-guided RHP to arrive at ill-posed states, from which the TO can fail

to converge.

To mitigate this issue, we employ an incremental training scheme. The key idea

of our approach is to improve the prediction accuracy by incrementally adding data

points to demonstrate recovery actions from the states that cause convergence failures.

To give more detail, as illustrated in Fig. 20, in each training iteration i, we train an

oracle Oi based on the current data-set:

D = D0 ∪D∗
1 ∪ ... ∪D∗

i−1, (24)
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where D0 is the initial data-set, and D∗
1 ∪ ... ∪ D∗

i−1 are the augmented data-sets

obtained from previous training iterations. The initial data set D0 is achieved by

rolling out the traditional RHP with a 3-step prediction horizon over a set of randomly

sampled environments and then extracting the data points from the execution horizon

of each cycle. The reason why we choose traditional RHP with a 3-step prediction

horizon for data generation is that we find a longer lookahead does not improve the

quality of the motion (cost) while increasing the computation time. For computing

the augmented data set D∗
i , we firstly use locally-guided RHP with the currently

trained oracle Oi to plan trajectories in a RHP fashion on the previously sampled

environments. For the failed roll-outs, we use the traditional RHP to compute recovery

actions, which starts from 1 to 3 cycles before the locally-guided RHP fails, until the

cycle converges back to the ground-truth trajectory (roll-out of traditional RHP on

the same terrain). We repeat the process until there is no further improvement in the

convergence rate.

Initial
Data D0

Current
Data D Oracle Oi

Augmented
Data D∗

i

Compute Corrective Data-Points

Train

Ground-Truth Traj.
Add

LG-RHP Traj.

Corrective Traj.

Figure 20: The concept of the incremental training scheme. In each training iteration i, we train
an oracle Oi based on the data-set D that aggregates the initial data-set D0 and the
augmented data sets D∗

i . The augmented data set contains recovery actions (purple),
starting from 1-3 cycles before locally-guided RHP fails (dashed blue circle) until
the cycle converges back to the ground-truth trajectory (computed by the traditional
RHP).

6.2.3 Interfacing to the Short-horizon RHP

To guide the short-horizon RHP which only plans the execution horizon, we adapt

the short-horizon version of the TO problem (11a) with the following changes.
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First, we replace the terminal cost with the following quadratic term:

(xT − x∗)⊤(xT − x∗) + (p1 − p∗)⊤(p1 − p∗), (25)

This cost function encourages the terminal state xT and the contact location p1 to

approach the predicted targets x∗ and p∗.

Second, we introduce constraints to narrow down the search space of phase switch-

ing timings ti around their predicted values:

(1 − ϵ)t̃q ≤ tq ≤ (1 + ϵ)t̃q, (26)

where ϵ is a user-defined slack. This is because we empirically find that reducing the

search space of the phase switching timings can result in more efficient computation

than using cost terms to bias their decisions.

6.3 discussion on the design choices

In Section 6.2, we have presented the technical details of our locally-guided RHP

approach. As we can notice, the development of locally-guided RHP involves the

decisions on the following design choices: 1) choosing the machine learning model for

representing the oracle; and 2) finding an effective data augmentation technique. In

this section, we will discuss the reasoning behind these design choices.

6.3.1 Choosing the Machine Learning Model for Representing the Oracle

One of the design choices involved in our locally-guided RHP is to choose a machine

learning model to represent the oracle. Generally speaking, the problem of learning

the oracle can be seen as a regression task. To address this regression task, there are

several machine learning techniques that can be considered.

For instance, one of the potential options for implementing the oracle is to use the

k-Nearest Neighbor (k-NN) method [21]. The k-NN is a non-parametric method that

makes predictions based on the average of the k-nearest data points in the training

data set. However, due to the following reasons, we did not choose to use k-NN to

model the oracle. First, in order to make the prediction, k-NN necessarily requires

the selection of k data points that are similar to the input vector. However, in our

case, the input vector of the oracle involves both the robot configuration (CoM state,

6.3 discussion on the design choices 61



contact location) and the environment model, and it is unclear on how to measure the

similarity in such complex input space. Second, the choices of the hyper-parameter

k which specifies the number of neighbors to be considered can largely impact the

prediction accuracy of k-NN, and finding a correct k can be a tedious task. Lastly, the

k-NN can also struggle to achieve fast computation when searching for neighbors in a

large data set.

Alternatively, another option for modeling the oracle can be using the Gaussian

Process Regression (GPR) [86]. GPR is also a non-parametric method while it uses

Gaussian Process to capture the relationship between input and output. However,

GPR also requires hyper-parameter tuning, such as choosing the kernel function

and specifying the noise level of the data. These hyper-parameters can affect the

prediction accuracy of the GPR, and optimizing these hyper-parameters can be non-

trivial. Additionally, GPR also does not scale well on the large data set, as it requires

the inversion of a large covariance matrix, which can be computationally challenging.

Eventually, to model the oracle, we decide to use a Neural Network (NN) model—

a parametric model composed of multiple layers of inter-connected neurons. The

neurons in each layer connect to the neurons in the next layer through a set of weights.

These weights are the parameters that shape the relationship between the input and

the output, and they can be trained during the learning process. Once the training is

finished, the NN can make predictions by feeding the input vector into the model and

then passing it through the hidden layers to the output layer. In theory, NN model is

very flexible and can model any continuous functions [42], and it can learn from a

large amount of data. The computation load of the neural network typically depends

on the size of the model, i.e., the number of hidden layers, and the number of neurons

in each layer. It is believed that the neural network can become more flexible if we

choose a large number of hidden layers and neurons. In our case, in order to achieve

efficient computation, we choose to build a small-sized NN model which contains

only 4 hidden layers with 256 neurons in each layer. We tested that the computation

of this model can only take 1ms. Furthermore, we also find that this architecture is

flexible enough to model the oracle, and increasing the number of hidden layers and

neurons does not improve much on the prediction accuracy.
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6.3.2 Finding Effective Data Augmentation Techniques

As mentioned in Section 6.2.2, due to imperfect fitting, the oracle may have prediction

errors. These prediction errors can cause the locally-guided RHP to diverge from the

ground-truth trajectories demonstrated by the traditional RHP, and reach the states

that are un-explored by the training data set. When reaching these unseen states, the

prediction accuracy of the oracle can drop dramatically, and this can lead the robot

to eventually arrive at an ill-posed state that can cause convergence failures (see an

example in Fig. 21-a). To mitigate this issue, we need data augmentation techniques

that can expand the data coverage of the training data set. To achieve this goal, we

have attempted several data augmentation techniques, and we eventually converge to

the method explained in Section 6.2.2. In this section, we will present our exploration

of the data augmentation techniques and discuss our insights.

As Fig. 21-b illustrates, to expand the data coverage, the first data augmentation

technique we have tried is to sample new robot states around the ground-truth

trajectories demonstrated by the traditional RHP. These new robot states can be

generated by injecting uniformly sampled noise into the robot state vector of the

existing training data points. We assume that these newly sampled robot states do not

diverge too much away from the ground-truth trajectories, and they can return back

to the ground-truth trajectories with one RHP cycle. This means that the output vector

of these newly sampled robot states will be the same as the existing training data

points. To implement this data augmentation strategy, we can add the noise into the

input vectors of the training data set during the training process, while at the same

time maintaining the output vectors unchanged. Nevertheless, during our test, we

find that this data augmentation technique does not improve the convergence rate of

locally-guided RHP. We notice that, during the roll-out of locally-guided RHP, the

occurrence of the unseen states depends on the oracle trained at hand. Furthermore,

these unseen states can have large deviations from ground-truth trajectories. We

suspect that randomly sampling the new robot states around ground-truth trajectories

is unlikely to cover the unseen states induced by the prediction error of the oracle.

To have a better data coverage, we attempt another data augmentation technique

called DAGGER (Dataset Aggregation) [84]. As Fig. 21-c illustrates, DAGGER is

an on-policy data augmentation strategy which generates the new data points by

demonstrating recovery actions starting from all the states appeared from the roll-out

of the learned policy, until return back to the ground truth trajectories. These can

include both the states that are close to the ground-truth trajectories, and the ones that

cause convergence failures (typically, they are away from the ground-truth trajectories).

Throughout our test, we observe that the DAGGER can improve the convergence rate

6.3 discussion on the design choices 63



of locally-guided RHP after the first iteration of the data augmentation procedure.

However, if we continue to add new data points with more iterations of DAGGER, we

find that the convergence rate of locally-guided RHP will decrease. This is because

the majority of the states that appeared from the roll-out of locally-guided RHP are

close to the ground-truth trajectories. Computing recovery actions from these states

will result in more data points that are similar to the ones already exist in the training

data set. Adding these data points does not help to expand the data coverage, but in

the meantime leads to an un-balanced data set: the data points around the ground-

truth trajectories can become more dominant and appear more frequently during the

training process, while the data points telling how to recover from the states that

cause convergence failures will have less weight in the training data set and appear

less frequently during the training process. Training the Neural Network (NN) with

this in-balance data set can dramatically affect the prediction accuracy of the oracle.

To expand the data coverage in a more targeted fashion, we propose our data

augmentation technique that only adds recovery actions from the states that cause

convergence failures (see the illustration in Fig. 21-d). We decide that these recovery

actions should start from 1 to 3 cycles before the locally-guided RHP fails to converge.

We make this decision because we find that the robot usually has large state deviations

from the ground-truth trajectories at 1 to 3 cycles before the convergence failures. As

we will present in Section 7.4.4, our data augmentation strategy can continuously

improve the convergence rate of the locally-guided RHP. Nevertheless, we also notice

that it is hard to achieve a 100% convergence rate of locally-guided RHP. We believe

further investigation on how to systematically generate the data set is important.
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c) DAGGER (Data Aggregation) d) Our Data Augmentation Strategy

a) Fail due to Prediction Error b) Data Augmentation with Random Sampling

Ground-truth Traj. Locally-Guided RHP Traj. Recovery Actions

fail to converge fail to converge

fail to converge fail to convergeStates close to
the ground-truth traj.
(dominant) States with

large deviations

States with
large deviations

Figure 21: a) The prediction error of the oracle can lead locally-guided RHP to diverge from the ground-truth trajectory (demonstrated by the traditional RHP), and
eventually cause convergence failures. To improve the prediction accuracy, we need to augment the data set. b) We can augment the data set by randomly
sampling states around the ground-truth trajectories. However, we find this method is hard to cover the unseen states appeared from the roll-out of
locally-guided RHP. c) Data Aggregation (DAGGER) [84] suggests to add recovery actions starting from all the states appeared from the roll-out of the
learned policy. However, we find that, keep adding data points with DAGGER can result in a decrease of the convergence rate. This is because the majority
of the states appeared from the roll-out of locally-guided RHP are the ones close to ground-truth trajectory. Keep adding recovery actions from these states
will lead to an unbalanced data set, i.e., the data points that are similar to the ground truth trajectory will become dominant, and the oracle can struggle to
learn how to recover from large state deviations, as these actions appear less frequently in the data set. d) We propose a more targeted data augmentation
strategy where we only focus on adding recovery actions starting from the states that cause convergence failures, i.e., 1 to 3 cycles before failure, as we find
these states exhibit large deviations from the ground-truth trajectory.
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6.4 conclusion

In this chapter, we presented the technical detail of locally-guided RHP—our second

approach to achieve online RHP of contact and motion plans. Differs from traditional

RHP and multi-fidelity RHP which model the value function by a trajectory that looks

into the future, our locally-guided RHP features a learned value function model. This

helps us to reduce the planning horizon. However, learning a value function for the

contact and motion planning problem can be challenging. The major difficulty is the

landscape of the value function can vary with respect to environment changes. To

capture such landscape changes, we need a flexible parameterization that can represent

the value function in the coupled state-environment space. To tackle this issue, we

proposed the idea of learning an oracle to predict local objectives for completing a

given task. We then construct local value functions based on these local objectives

to guide the planning of the short-horizon RHP. Following this idea, we presented

the formulation and associate variable definitions for the oracle in the context of

planning contact and motion plans for a legged robot to traverse uneven terrain,

and we introduce an incremental training scheme that can iteratively improve the

prediction accuracy of the oracle. Lastly, we also discussed the reasoning behind

the design choices we made in our locally-guided RHP approach, i.e., choosing the

machine learning model for representing the oracle and finding an effective data

augmentation strategy. In the next chapter, we will present a simulation study to

evaluate the computation performance of our locally-guided RHP, in comparison to

the multi-fidelity RHP and the traditional RHP.
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7
S I M U L AT I O N S T U D Y O F O U R O N L I N E M U LT I - C O N TA C T

R E C E D I N G H O R I Z O N P L A N N I N G A P P R O A C H E S

In the previous chapters, we have introduced the principle and technical details

of our proposed methods for achieving online RHP of contact and motion plans,

namely multi-fidelity RHP and locally-guided RHP. The key idea of these two RHP

approaches is to reduce the computation complexity of the TO problem by finding

efficient approximations of the value function. To this end, our multi-fidelity RHP

relaxed the model accuracy in the prediction horizon, while our locally-guided RHP

focuses on shortening the planning horizon by learning a value function model.

In this chapter, we carry out a simulation study to evaluate the computation per-

formance of our proposed RHP approaches over a set of multi-contact scenarios.

More specifically, we firstly explain the experiment setup in Section 7.1, and then

we describe the implementation details in Section 7.2. Afterward, we evaluate each

RHP framework with the following two case studies: 1) the moderate slope case

(Section 7.3), and 2) the large slope case (Section 7.4). Additionally, in Section 7.4.4,

we also show that our incremental training scheme (Section 6.2.2) can successfully

improve the perdition accuracy of the oracle employed in locally-guided RHP. Lastly,

we discuss the advantages and disadvantages of each RHP framework in Section 7.5

and conclude the chapter in Section 7.6. Throughout our simulation studies, we find

that our multi-fidelity RHP can accelerate the computation speed by relaxing the

model accuracy in the prediction horizon. However, the relaxation cannot be arbitrary.

Moreover, owing to the shortened planning horizon, we find the locally-guided RHP

demonstrates the best computation efficiency.

7.1 experiment setup

We consider the following two types of terrains: 1) moderate slope terrain (Fig. 22-a)

and 2) large slope terrain (Fig. 22-b). Planning multi-contact motions on these terrains

can be challenging. The key issue is that the admissible contact force is limited by the

orientation of the surface in contact. As a result, in order to find a feasible momentum

trajectory of the CoM, the planning algorithm has to carefully select the contact

locations and the timings [80].
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a) Moderate Slope (5-12 degrees) b) Large Slope (17-26 degrees)

Figure 22: Our experiments consider the following two types of terrain: a) the moderate slope
terrain (5-12 degrees), and b) the large slope terrain (17-26 degrees). The large
slope terrain is more challenging as the robot cannot maintain static stability when
traversing the large slope. This is because the friction cone does not contain the
contact force vectors that can cancel the gravity.

On these terrains, we use each RHP framework to offline plan centroidal trajectories

of the humanoid robot Talos [90] in a RHP fashion. To give more detail, we consider a

RHP loop where each planning cycle aims to compute the motion plan to be executed

for the next cycle. Under the assumption that the controller can track the planned

motion without having large deviations, we enforce that the motion plan of the next

cycle always starts from the terminal state of the execution horizon planned for the

current cycle.

To highlight the computation benefit of our proposed RHP frameworks, we consider

an online setting where we impose a computation time limit in each cycle. To give

more detail, we denote a cycle achieves online computation if the TO converges within

the time budget—the duration of the motion (execution horizon) to be executed in

the current cycle. In the case of the TO failing to converge within the time budget, we

still leave the TO to compute until convergence unless no solutions are found (fail

to converge). We test all the RHP frameworks on the terrains that are unseen during
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the training of the locally-guided RHP, and we refer to the trial on each terrain as an

episode. To validate the dynamic feasibility of the planned trajectories, we track them

using a whole-body inverse dynamics controller [27] in simulation.

7.2 implementation details

In this thesis, all the TO problems are modeled using Python, and we solve them

with the interior-point method of KNITRO 10.10 [12]. Furthermore, we employ the

automatic differentiation framework CasADi [3] to provide the gradients and the

Hessians to the optimization solver. All the computations are carried out on a desktop

with an Intel i9 CPU (3.6GHz) and 64GB memory.

For locally-guided RHP, we train separate oracles for the two types of the terrains.

This is because we find the data distributions of these two types of the terrains have

different modalities, i.e., when traversing the large slopes, the robot tends to exhibit

larger momentum variations than walking on the moderate slopes. Mixing these data

points can lead to a discontinuous and unbalanced data set, on which the single

Neural Network model can struggle to interpolate. In Section 7.5, we discuss the

potential options that can generalize across these two modalities. In our experiments,

the locally-guided RHP employs the oracle with the best prediction accuracy.

7.3 case study 1 (cs1): moderate slope

In this section, we present the experiment result of our first case study: walking on

moderate slopes (Fig. 22-a). Although we can quickly find quasi-static motions for

this type of terrain (this is because the force vectors from the friction cone associated

with each contact surface can cancel the gravity [87]), we are interested in planning

dynamic walking motions using TO. This provides us with a unified approach to

handle non-quasi-static cases, such as the large slope terrain. Furthermore, walking

dynamically can also allow the robot to complete the locomotion task more efficiently.

In this case study, we set the slack of the phase switching timing constraint (26)

for locally-guided RHP as ϵ = 0.6. We find this can enlarge the search space of the

trajectories considered by locally-guided RHP, and thus increase the chance of finding

a solution, while in the meantime we do not sacrifice much computation time for

locally-guided RHP.

We evaluate the performance of each RHP framework based on episodic success

rate and cycle-wise success rate in both the offline and online settings. We declare

an episode is successful if the chosen RHP framework can compute the motion plan

for all the cycles within the episode. In this case study, we define that each episode
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contains a maximum number of 28 cycles. We list the statistics of the success rates in

Table 2.

7.3.1 Computation Performance of the Baseline (Traditional RHP)

As Table 2 indicates, in the offline mode where we consider an unlimited time budget,

the baseline can achieve a 100% episodic success rate on the moderate slope terrain

with only 1-step prediction horizon. This means the baseline can successfully find

solutions for all the cycles (100% cycle-wise success rate). However, due to the non-

convex nature of the centroidal dynamics constraint, the baseline has nearly half of

the cycles (48.69%) fail to converge online, i.e., the computation exceeds the motion

duration (time budget) of the previous cycle.

7.3.2 Computation Performance of Multi-Fidelity RHP

In Table 2, the experiment result of multi-fidelity RHP demonstrates that we can

improve the computation efficiency by trading off the model accuracy in the prediction horizon.

However, the trade-off cannot be arbitrary. For instance, although our first multi-fidelity

RHP candidate features the simplest model in the prediction horizon (only linear CoM

dynamics is considered), it always fails to complete an episode after a few cycles, no

matter how many steps lookahead we assign to the prediction horizon. This suggests

that considering the angular dynamics in the prediction horizon is critical, as the

angular dynamics can affect the accuracy of the value function approximated by the

prediction horizon. Indeed, despite we consider convex relaxed angular dynamics

constraints in our second and third multi-fidelity RHP candidate, both of them can

achieve an offline episodic success rate of 72.5% to 79.49% with only 1-step prediction

horizon. Owing to the relaxed dynamics model in the prediction horizon, our second

multi-fidelity RHP candidate can achieve 69.22% of the cycles converging online,

which outperforms the baseline (51.31% cycles computed online). This demonstrates

that reducing the non-convexity of the TO problem can improve computation effi-

ciency. Moreover, as our third multi-fidelity RHP reduces the dimensionality of the

convex relaxation by switching from rectangular foot to point foot, it further improves

computation efficiency and increases the online cycles-wise success rate to 75.11%.

To highlight the computation efficiency of our multi-fidelity RHP approach, we

compare the average computation time of our second and third multi-fidelity RHP

candidate against the baseline in Table 3. As the table indicates, when considering

1-step prediction horizon, our second and third multi-fidelity RHP candidate can

achieve averagely 2.3x to 2.6x computation time gain than the baseline. Furthermore,
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as indicated in Table 3, our multi-fidelity RHP candidates often have less time budget to

spend, since they tend to generate motions plans with shorter duration. Nevertheless,

owing to the improved computation efficiency, our multi-fidelity RHP candidates still

achieve a higher online convergence rate than the baseline (see Table 2).

On the other hand, we also notice that our second and third multi-fidelity RHP

have the risk of failing to converge. For example, when considering 1-step prediction

horizon, the second and the third multi-fidelity RHP candidate can fail during 20.52%

to 27.50% of the episodes due to convergence issues. Although we can improve the

episodic convergence rate by extending the length of the prediction horizon, this can

increase the dimensionality of the TO problem and hinders online computation. For

instance, when considering the 3-step prediction horizon, both of our second and

third multi-fidelity RHP candidates can achieve a high episodic success rate (97%)

close to the baseline. Nevertheless, due to the increased TO dimensionality, our second

multi-fidelity RHP candidate fails to achieve online computation for 94.25% cycles.

Similarly, although our third multi-fidelity RHP candidate employs a convex model

with reduced order in the prediction horizon, it still has 50.14% cycles that fail to

converge online when we consider a 3-step prediction horizon.

In Fig. 23a and Fig. 23b, we show the snapshots of the simulation results of our

second and third multi-fidelity RHP candidate with 1-step prediction horizon.

7.3.3 Computation Performance of Locally-Guided RHP

Compared to the baseline and multi-fidelity RHP, we show that locally-guided RHP

achieves the fastest computation speed, where 98.63% of the cycles converge online.

Furthermore, owing to the fast computation, our locally-guided RHP can maintain

online computation for 67.57% episodes. In contrast, the baseline and the multi-fidelity

RHP struggle to achieve online computation consecutively for a complete episode.

Additionally, as Table 4 indicates, our locally-guided RHP only consumes on average

19% of the time budget. This suggests the potential of using locally-guided RHP in real-

world robot control, as the remaining time budget can be allocated to the overheads,

e.g., trajectory interpolation and data transmission. However, due to the prediction

error of the oracle, locally-guided RHP also has the chance to fail to converge. For

example, our locally-guided RHP failed 24.43% episodes as the oracle directs the robot

towards ill-posed states from which the TO struggles to find a solution.

In Fig. 24, we show a sequence of the simulation snapshots for our locally-guided

RHP.

7.3 case study 1 (cs1): moderate slope 71



Table 2: Computation Performance for the Moderate Slope Terrain (CS1).

Method
Episodic Success Rate Cycle-wise Success Rate

Success
(Offline)

Success
(Online)

Time
Out

Fail to
Converge

Success
(Offline)

Success
(Online)

Time
Out

Fail to
Converge

Baseline 1-Step PH 100.0% 0.0% 100.0% 0.0% 100.0% 51.31% 48.69% 0.0%

MF-RHP 1

(CoM)
1 to 3-Step

PH 0.0% - - - - - - -

MF-RHP 2

(Rectangle)

1-Step PH 72.50% 0.0% 72.50% 27.50% 98.83% 69.22% 29.61% 1.17%

2-Step PH 76.32% 0.0% 76.32% 23.68% 99.05% 44.88% 54.17% 0.95%

3-Step PH 97.37% 0.0% 97.37% 2.63% 99.91% 5.66% 94.25% 0.09%

MF-RHP 3

(Point)

1-Step PH 79.49% 0.0% 79.49% 20.51% 99.16% 75.11% 24.90% 0.84%

2-Step PH 83.78% 0.0% 83.78% 16.22% 99.38% 67.08% 32.30% 0.62%

3-Step PH 97.5% 0.0% 97.5% 2.5% 99.91% 49.78% 50.14% 0.09%

LG-RHP - 75.68% 67.57% 8.11% 24.32% 99.05% 98.63% 0.42% 0.95%

The abbreviation MF-RHP refers to our Multi-Fidelity RHP approach, while LG-RHP stands for our Locally-Guided RHP method. Furthermore,

we use PH to refer to the Prediction Horizon.
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Table 3: Average computation time of the baseline and the multi-fidelity RHP candidates with 1-step prediction horizon on the moderate slope terrain (CS1)

Method Average Computation Time Average Time Budget

Baseline 2.38 +/- 2.66s 1.77 +/- 0.33s

MF-RHP 2 (Rectangular foot) 1.03 +/- 1.06s 1.20 +/- 0.40s

MF-RHP 3 (Point foot) 0.90 +/- 0.81s 1.21 +/- 0.38s

Table 4: Average computation time of locally-guided RHP v.s. average time budget for the cycles that converged online.

Terrain Average Computation Time Average Time Budget

Moderate Slope (CS1) 0.37 +/- 0.19s 1.97 +/- 0.23s

Large Slope (CS2) 0.36 +/- 0.23s 2.01 +/- 0.48s
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(a) Snapshots of the simulation for our second multi-fidelity RHP candidate with 1-step prediction horizon.

(b) Snapshots of the simulation for our third multi-fidelity RHP candidate with 1-step prediction horizon.

Figure 23: Snapshots of the simulation for our multi-fidelity RHP candidates with 1-step prediction horizon.
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0.21s
1.76s1.55s 2.2s 1.94s 1.39s

0.51s 0.18s0.36s 0.27s

Figure 24: Snapshots of simulation result for locally-guided RHP on moderate slopes (5-12 degrees). We use the orange bar to represent the motion duration of
the current cycle and the green bar as the computation time for the next cycle.
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7.4 case study 2 (cs2): large slope

In this section, we present the experiment result for the large slope terrain, where the

robot cannot maintain static stability and has to traverse the terrain dynamically. We

define each episode starts from the cycle when the large slope is captured inside the

lookahead horizon and ending at the cycle when the robot gets off the large slope. For

locally-guided RHP, we set the slack of the phase switching timing constraints (26)

as ϵ = 0.15, as empirically determined to give a good balance between the success

rate and the computation speed. We list the computation performance of each RHP

framework in Table 5.

7.4.1 Computation Performance of the Baseline (Traditional RHP)

In an offline setting (unlimited time budget), the baseline still can achieve a 100%

episodic success rate on the considered large slope terrains. However, this requires

the baseline to consider a 2-step prediction horizon, which can significantly increase

the computation complexity of the TO problem. As a consequence, the baseline has

92.01% of the cycles fail to converge within the time budget.

7.4.2 Computation Performance of Multi-Fidelity RHP

On the other hand, we find that multi-fidelity RHP candidates struggle to converge for

the large slope terrain. More specifically, similar to CS1, since our first multi-fidelity

RHP ignores the angular dynamics in the prediction horizon, it can never complete

a single episode on the large slope terrain. However, despite our second and third

multi-fidelity RHP candidates consider convex relaxations of the angular dynamics,

they still struggle to achieve a high convergence rate even in offline mode. For instance,

when considering 1-step prediction horizon, both our second and third multi-fidelity

RHP candidates fail to complete 59.87% to 63.49% episodes. Although we can slightly

improve the episodic success rate by extending the length of the prediction horizon,

our second and third multi-fidelity RHP candidates still fail to converge for almost

half of the episodes (41.81% to 46.62%). This result suggests that the convex relaxations

we employed in the prediction horizon may not be accurate enough to represent the

momentum variation of the highly dynamics motion for traversing the large slope,

and further investigation on the balance between the model accuracy and computation

complexity is needed.
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7.4.3 Computation Performance of Locally-Guided RHP

Despite the increased terrain complexity, our locally-guided RHP still achieves the highest

computation efficiency among all the RHP frameworks considered. More specifically, our

experiment result shows that our locally-guided RHP has 95.99% cycles successfully

converged, and 95.0% of the cycles achieve online computation. Owing to the fast

computation, our locally-guided RHP can also maintain online computation for 76.1%

of the episodes. For the episodes that fail to achieve online computation consecutively,

only 3.8% of them are due to time out, while the rest (20.1%) are caused by convergence

failures. Furthermore, as indicated in Table 4, similar to CS1, our locally-guided RHP

only consumes on average 18% of the time budget, demonstrating the potential of

applying for real-world robot control.

In Fig. 25 and Fig. 26, we show the simulation results for our locally-guided RHP

on the large slope terrain.
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Table 5: Computation Performance for the Large Slope Terrain (CS2).

Method
Episodic Success Rate Cycle-wise Success Rate

Success
(Offline)

Success
(Online)

Time
Out

Fail to
Converge

Success
(Offline)

Success
(Online)

Time
Out

Fail to
Converge

Baseline
1-Step PH 78.47% 0.25% 78.22% 21.53% 94.37% 22.93% 71.44% 5.63%

2-Step PH 100.0% 0.0% 100.0% 0.0% 100.0% 7.99% 92.01% 0.0%

MF-RHP 1

(CoM)
1 to 3-Step

PH 0.0% - - - - - - -

MF-RHP 2

(Rectangle)

1-Step PH 40.13% 2.36% 37.77% 59.87% 83.0% 43.63% 39.37% 17.0%

2-Step PH 52.66% 0.27% 52.39% 47.43% 89.90% 26.58% 63.32% 10.10%

3-Step PH 53.38% 0.0% 53.38% 46.62% 91.81% 8.00% 83.80% 8.19%

MF-RHP 3

(Point)

1-Step PH 36.51% 4.89% 31.62% 63.49% 81.98% 52.50% 29.48% 18.02%

2-Step PH 57.27% 0.77% 56.50% 42.73% 90.92% 37.54% 53.37% 9.08%

3-Step PH 58.19% 0.0% 58.19% 41.81% 92.64% 20.65% 71.99% 7.36%

LG-RHP - 79.9% 76.1% 3.8% 20.1% 95.99% 95.0% 0.99% 4.01%

The abbreviation MF-RHP refers to our Multi-Fidelity RHP approach, while LG-RHP stands for our Locally-Guided RHP method. Furthermore,

we use PH to refer to the Prediction Horizon.

7
8

s
i
m

u
l

a
t

i
o

n
s

t
u

d
y

o
f

o
u

r
o

n
l

i
n

e
m

u
l

t
i-

c
o

n
t

a
c

t
r

e
c

e
d

i
n

g
h

o
r

i
z

o
n

p
l

a
n

n
i
n

g

a
p

p
r

o
a

c
h

e
s



Step-D
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n

2.2s
0.38s

2.2s
0.26s

1.25s
0.47s 0.33s

0.84s

Side-w
ay

0.41s
0.81s

0.22s
1.75s

Figure 25: Simulation result for locally-guided RHP on the large slope terrain (side-way slope and step-down slope). The blue block is the large slope (25

degrees), while the rest are moderate slopes (5-12 degrees). The robot tends to build momentum to achieve dynamic balancing on the large slope. We
show that locally-guided RHP can be used online, as the computation time of the next cycle (green bar) is smaller than the motion duration of the
current cycle (orange bar).
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Step-up

2.1s
0.49s

1.77s
0.21s

1.7s
0.37s

Figure 26: Simulation result for locally-guided RHP on the large slope terrain (step-up slope). The blue block is the large slope (25 degrees), while the rest are
moderate slopes (5-12 degrees). The robot tends to build momentum to achieve dynamic balancing on the large slope. We show that locally-guided
RHP can be used online, as the computation time of the next cycle (green bar) is smaller than the motion duration of the current cycle (orange bar).
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7.4.4 Improving Prediction Accuracy with Incremental Training Scheme

In this section, we provide evidence to demonstrate our incremental training scheme

described in Section 6.2.2 can improve the prediction accuracy of the oracle employed

in locally-guided RHP.

We recall that we train separate oracles for the two case studies, namely the moderate

slope terrain and the large slope terrain. The example terrain of these two case studies

can be found in Fig. 22. In each training iteration, we test the episodic success rate of

locally-guided RHP on the training environments of these two case studies, where the

moderate slope has 3852 training environments, and the large slope has 6245 training

environments.

In Table 6, we list the episodic success rate of locally-guided RHP achieved on the

training environments with the oracle trained from different iterations of the data

augmentation process. As we can observe from the table, in the first training iteration

where we train the oracle with the initial dataset (no corrective data points are added),

the locally-guided RHP only achieves 67.2% to 71.5% episodic success rate on the

training environments. After the second and the third training iteration where we

augment the dataset with corrective data points of interest, we significantly improve

the episodic success rate of our locally-guided RHP to 80.3% and 79.5%. However, we

also notice that, after the fourth and fifth training iteration, our incremental training

scheme only marginally improves the episodic success rate to 82.1% and 81.0%.

Table 6: Episodic success rate for different iterations of the incremental training scheme de-
scribed in Section 6.2.2 and Fig. 21-d. We consider two case studies, namely moderate
slope and large slope (examples in Fig. 22), and we train separate oracles for these
two case studies. In each training iteration, we test locally-guided RHP on the training
environments of the two case studies, where we have 3852 training environments for
the moderate slope case, and 6245 training environments for the large slope case.

Iteration Number Moderate Slope (CS1) Large Slope (CS2)

1 67.2% 71.5%

2 76.2% 75.3%

3 80.3% 79.5%

4 81.8% 80.4%

5 82.1% 81.0%

7.4 case study 2 (cs2): large slope 81



7.5 discussion

In this section, we discuss the advantages and disadvantages of multi-fidelity RHP

and locally-guided RHP against the baseline (traditional RHP).

7.5.1 Discussion of Baseline (Traditional RHP)

From the result of the baseline, we first verify that considering an accurate system

dynamic model in the prediction horizon can guarantee a high convergence rate (100%

for the terrains we considered). This is expected as the accurate system dynamics

model allows the prediction horizon to approximate the value function as accurately

as possible. Furthermore, we also find that although the prediction horizon does

not need to be infinitely long, having a prediction horizon with sufficient length

is essential to the convergence of the baseline. For instance, our experiment result

shows that the baseline only requires 1-step prediction horizon to achieve successful

RHP on the moderate slope terrain. However, to traverse the large slope terrain

where static stability cannot be maintained, the baseline may need 2-step prediction

horizon. Despite the high convergence rate, the downside of the baseline is the long

computation time due to the consideration of the non-convex centroidal dynamics

model, which hinders its online usage.

7.5.2 Discussion of Multi-Fidelity RHP

To facilitate online multi-contact RHP, we explore the trade-off between the compu-

tation efficiency and the model accuracy in the prediction horizon. This gives rise

to multi-fidelity RHP, where we reduce the TO complexity by employing a convex

relaxed model in the prediction horizon. From our experiment results, we can draw

the following conclusions. First, we find that the multi-fidelity RHP always fails to

complete an episode if we only consider linear CoM dynamics in the prediction hori-

zon (Candidate 1). This suggests that the convex relaxation employed in the prediction

horizon cannot be arbitrary, and considering the angular dynamics is important. This

finding leads to our second and third multi-fidelity RHP candidate, where we model

the angular dynamics with a convex relaxation. Second, from the result of our second

and third multi-fidelity RHP candidate, we can conclude that employing a valid

convex relaxation in the prediction horizon can successfully improve the computation

efficiency and increase the chances of achieving online computation. However, plan-

ning the prediction horizon with a relaxed model can inevitably affect the accuracy
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of the value function approximated by the prediction horizon. This can introduce

the risk of failing to converge, i.e., on the moderate slope, our second and the third

multi-fidelity RHP fail to complete 27.5% and 20.52% episodes with 1-step prediction

horizon. Although we can improve the convergence rate of our multi-fidelity RHP by

extending the length of the prediction horizon, this increases the dimensionality of

the TO problem, which in turn hinders online computation. Lastly, we realize that

on the large slope terrain, our multi-fidelity RHP fails to complete about half of the

episodes, and extending the length of the prediction horizon does not improve much

on the convergence rate. This suggests that computing the prediction horizon with our

proposed convex relaxations may lead to in-accurate value function approximations

for the case of large slope terrain. We guess the inaccuracy comes from the following

two factors. First, the proposed convex relaxations may not be tight enough to capture

the momentum changes of highly dynamic motions [2]. Second, the manually fixed

phase switching timings in the prediction horizon can be invalid for describing such

dynamic motions. We believe further investigation regarding the trade-off between

the computation efficiency and model accuracy is necessary.

7.5.3 Discussion of Locally-Guided RHP

To further improve the computation efficiency of multi-contact RHP, we propose

locally-guided RHP, where we approximate the value function with a learned model.

More specifically, we introduce an oracle to predict local objectives for achieving a

given task, and we then construct local value functions to attract the execution horizon

towards these predicted local objectives. This approach features a shortened planning

horizon (only plans the execution horizon), and we demonstrate that locally-guided

RHP can achieve the best online convergence rate (95% to 98.63% cycles converged

online) compared to the baseline and the multi-fidelity RHP. Furthermore, we also

show that locally-guided RHP only consumes on average 19% of the time budget (the

motion duration of the previous cycle). This suggests that locally-guided RHP can be

used for real-world robot control, as it leaves sufficient time for other overheads, e.g.,

data transmission.

However, locally-guided RHP still struggles in the following two cases. First, the

oracle can have prediction errors due to imperfect fitting and insufficient data coverage.

This can lead to inaccurate value functions, which direct the robot towards ill-posed

states and cause convergence failures. Although we can mitigate this issue with

an incremental training scheme that demonstrates recovery actions from unseen

states, we find it hard to cover all the possible combinations of the robot state and

environment models. To further improve the convergence rate of locally-guided
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RHP, we can train the oracle with a Recurrent Neural Network (RNN) or impose

safety constraints in the short-horizon TO. Second, although locally-guided RHP only

computes execution horizon, it is still a nonlinear programming problem with no

guarantee on computation time and can fail to converge online. To alleviate this issue,

a viable option is to further reduce the number of decision variables by representing

trajectories with parameterized curvatures, e.g., Bezier Curves [35].

Moreover, as mentioned in Section 7.2, we find that the data points for the two types

of terrains exhibit different modalities. This can impose challenges when training a

single Neural Network on the combined data set. Although we capture the two mod-

alities by using separate Neural Networks, it is worthwhile to explore a more unified

approach that can handle multi-modal data, e.g., using mixture density networks [9]

or mixture of experts [116].

7.6 conclusion

In this chapter, we have provided a simulation study to compare the computation

performance of multi-fidelity RHP and locally-guided RHP against the baseline (tradi-

tional RHP). Based on the experiment result, we can draw the following conclusions.

First, the result of the multi-fidelity RHP demonstrates that it is possible to achieve

online computation by relaxing the model accuracy in the prediction horizon. However,

this can downgrade the accuracy of the value function approximated by the prediction

horizon, which may cause convergence failures. To improve the performance of multi-

fidelity RHP, we believe future investigation on the balance between the computation

efficiency and the model accuracy is important.

On the other hand, owing to the shortened planning horizon, our locally-guided

RHP achieves the best computation efficiency among all the RHP frameworks. How-

ever, we find that the oracle can have prediction errors and lead to convergence

failures. To alleviate this issue, we employ an incremental training scheme to add data

points from the states that cause convergence failures. We still find it hard to achieve

100% prediction accuracy with this approach, showing that further investigation on

improving the learning accuracy is necessary.

In our methods, we assume that the combinatorial aspect of the locomotion

problem—the gait pattern (order of contact activation) and the sequence of the contact

surfaces in which the robot will step upon—are given. Although our RHP methods

can successfully generate feasible locomotion plans on the scenarios we considered,

we believe taking into account the combinatorial aspect of the locomotion problem

is important for planning motion for more complex cases, i.e., the terrains or tasks

which require the robot to traverse with acyclic gait patterns [81, 109] or the robot has
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to decide a feasible sequence of contact surfaces that the robot will step upon among

a couple of potential options [26, 87]. In Chapter 9, we will present one step towards

addressing the combinatorial aspect of the locomotion problem, where we focus on

investigating the gait pattern selection issue of legged robots. In the next chapter, we

will focus on presenting our real-world robot experiments to demonstrate the efficacy

of the locally-guided RHP in achieving online receding horizon planning of contact

and motions plans.
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R E A L - W O R L D D E M O N S T R AT I O N O F O N L I N E M U LT I - C O N TA C T

R E C E D I N G H O R I Z O N P L A N N I N G

In the previous chapter, we have presented a simulation study that evaluates the

computation performance of our online RHP approaches for computing contact and

motion plans. Based on our simulation results, we find that locally-guided RHP fea-

tures the best computation efficiency among all the RHP frameworks considered (see

our experiment results in Table 2 and Table 5). This computation advantage suggests

the potential of using locally-guided RHP to achieve online receding horizon planning

of contact and motion plans in the real-world scenarios where online motion adaption

is critical, i.e., traversing uneven terrain with unexpected changes. In this chapter, we

carry out real-world robot experiments to demonstrate the efficacy of locally-guided

RHP in achieving online receding horizon planning of contact and motion plans.

These experiments are achieved on our torque-controlled humanoid robot platform

Talos [90]. In Section 8.1, we describe the details of the software implementation.

Then, in Section 8.2, we present the result of our real-world experiments. Furthermore,

we find that the limitations of the robot state estimator and the controller can intro-

duce challenges to achieve our robot experiments. In Section 8.3, we discuss these

challenges, as well as our engineering solutions and future directions to address them.

8.1 software implementation

To achieve our robot experiment, we build a software framework composed of the

following modules (see Fig. 27): 1) a planning node that computes the motion plan in

an online receding horizon fashion using locally-guided RHP based on the perceived

environment, 2) a plan interpreter that coordinates the execution of the motion plan,

and 3) a robot control stack that computes control commands to track planned motions.

The interplay between these modules is described as follows. At the beginning of

each cycle (t = 0), the plan interpreter will start executing the motion already planned

for the current cycle, while in the meantime requesting the planning node to compute

the motion plan for the next cycle. For the planning side, once the planning node

receives the request from the plan interpreter, it will firstly query the terrain perception

module to provide the terrain model that is currently ahead of the robot. In our work,

we realize the terrain perception based on the VICON motion capture system, where
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we detect the state of a VICON marker plate to indicate different terrain geometries.

We build our VICON system with 32 VICON Vero cameras to cover our experiment

area (12 meters × 5 meters). Given the perceived terrain model, the planning node

will use locally-guided RHP to predict the local objective and then plan the motion for

the next cycle. Similar to the setup of our simulation studies (Section 7.1), we assume

the robot can always track the planned trajectories without having large deviations.

Hence, we define the motion plan for the next cycle always starts from the terminal

state of the current cycle. To achieve online receding horizon planning, it is expected

that the planning node can compute the motion plan for the next cycle within the

duration T of the motion being executed for the current cycle. Once the planning

node finishes the computation of the motion plan for the next cycle, it will send the

computed motion plan to the plan interpreter, and the plan interpreter will store the

motion plan for the next cycle in a buffer to wait for execution.

Apart from requesting the motion plan for the next cycle, another task of the plan

interpreter is to execute the motion planned for the current cycle. This is achieved by

constantly streaming a desired robot state for the robot to reach in each control loop

of the robot at a rate of 500Hz. In our case, the desired robot state includes a reference

CoM state and a reference swing foot state. The reference CoM state is achieved by

interpolating the planned centroidal trajectory based on the time step t of the current

control loop. To decide the reference swing foot state, we firstly establish a swing foot

trajectory between the planned contact locations, and then we obtain the reference

swing foot state by querying the swing foot trajectory according to the time step t of

the current control loop. Given the desired robot state, the robot control stack will

then use a whole-body inverse dynamics controller to compute the desired torque

command for each joint based on the desired robot state from the plan interpreter and

the state feedback from the state estimator. To implement these torque commands,

each joint has a local torque controller that can track the desired torque commands

based on the torque sensor feedback from each joint at a rate of 1000Hz. Once the plan

interpreter finishes the motion execution of the current cycle, it will load the motion

plan for the next cycle from the buffer and start the motion execution of the new cycle

(reset the internal timer to t = 0). This will also trigger the plan interpreter to request

the planning node to compute a new motion plan.

Our software implementation is based on the ROS framework [89], and the commu-

nication between the planning node and the plan interpreter is achieved through the

ROS subscriber/publisher protocol. Furthermore, we implement the planning node

in Python as described in Chapter 7. The plan interpreter is a customized software

developed by ourselves and written in C++. The whole-body controller, the state

estimator, and the local joint torque controller are provided by PAL Robotics.
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Figure 27: Software implementation for our real-world robot experiments on Talos. At the beginning of each cycle, the plan interpreter will request the planning
node to compute the motion plan for the next cycle, while start executing the motion already planned for the current cycle. Once the planning node
receives the request from the plan interpreter, the planning node will use locally-guided RHP to plan the motion for the next cycle. To achieve online
receding horizon planning, it is expected that the planning node can compute the motion plan for the next cycle before the robot finishes the motion
execution of the current cycle. To execute the motion plan for the current cycle, we design the plan interpreter to constantly stream a desired robot
state for the robot to reach in each control loop of the robot at a rate of 500Hz. Given this desired robot state, the whole-body controller involved in
the robot control stack will then computes the desired torque command of each joint based on the desired robot state and the state feedback from the
state estimator. To achieve the desired torque command, each joint has a local torque controller to track the torque commands based on the torque
sensing from each joint. This local joint torque controller runs at a rate of 1000Hz.

8.
1

s
o

f
t

w
a

r
e

i
m

p
l

e
m

e
n

t
a

t
i
o

n
8

9



8.2 real-world experiment result

In this section, we present the results of our real-world robot experiments. To highlight

the benefit of achieving online receding horizon planning, we consider the scenarios

where the environment can change during run-time and the robot has to adapt its

motion on-the-fly to achieve reliable and continuous operation. The video of these

experiments can be found at https://youtu.be/oMo_50XIE24. Same as our simulation

studies (Chapter 7), we implement locally-guided RHP in Python, and we use the

interior-point method of KNITRO 10.10 [12] to solve optimization problems, along

with the automatic differentiation framework CasADi [3] to provide the gradients

and the Hessians to the optimization solver. The computations are carried out on a

desktop with an Intel i9 CPU (3.6GHz) and 64GB memory.

Specifically, as shown in Fig. 28 and Fig. 29, we firstly consider a scenario where

we change the flat surfaces to an up-and-down hill terrain along the pathway of the

robot. During the first few cycles, the preview of the environment is considered as a

flat surface (covered by a curtain). While the robot is moving forward, the flat region

changes to an up-and-down hill terrain by removing the curtain. The planning node

notices the change of the terrain by detecting the VICON marker plate, and updates

the environment model accordingly. During this experiment, locally-guided RHP

successfully achieved online computation of the contact and motion plans that are

consistent with the latest terrain condition perceived by the robot. For instance, the

average computation time of locally-guided RHP is 0.22 +/- 0.076 seconds, which is

much smaller than the time budget (3.5 seconds). This fast computation speed allows

the robot to safely traverse this changing environment. In Fig. 28 and Fig. 29, we show

the snapshots of this experiment, as well as the motion plan generated in each cycle

along with the terrain model perceived in that cycle.

In Fig. 30, we demonstrate another changing environment scenario, where we add a

stair during the robot operation. Same as in the previous scenario, the locally-guided

RHP also achieved online receding horizon planning in this scenario. The average

computation time is 0.23 +/- 0.1 seconds, while the time budget is 3.5 seconds. This

enables the robot to successfully overcome the newly introduced stair.

Furthermore, we also perform real-world experiments on challenging uneven ter-

rains, such as continuously walking on 1) random slopes where the blocks are oriented

around either the y-axis or the diagonal axis, 2) up-and-down hill terrain, and 3) the

v-shape terrain. The snapshots of these experiments can be found in Fig. 31 and Fig. 32.

The inclination of these slopes is 10 degrees. In these experiments, our locally-guided

RHP successfully achieves online computation for all the cycles, where the average

computation time is 0.21 +/- 0.06 seconds and the time budget is 3.5 seconds.
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Assume

Flat

Assume

Flat

Assume

Flat

Terrain

Changed

Real-World Motion

Motion Plan

Figure 28: Snapshots for our first real-world experiment in changing environments and the motion planned in each cycle (part A). In this scenario, we change
part of the environment from flat surfaces to an up-and-down hill terrain during run-time. We indicate this terrain change by placing a VICON
marker next to the terrain. Once the planning node detects the VICON marker plate, it will modify the terrain model accordingly. Owing to the fast
computation, our locally-guided RHP successfully achieved online receding horizon planning in this changing environment, where the average
computation time of locally-guided RHP is 0.22 +/- 0.076 seconds and the average duration of the motion being executed in each cycle (time budget)
is 3.5 seconds. This allows the robot to reliably traverse the terrain. The robot moves from left to right. The inclination of each slope is 10 degrees. This
figure shows the first part of the full motion sequence and the rest of the motion sequence is shown in Fig. 29.
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Real-World Motion

Motion Plan

Figure 29: Snapshots for our first real-world experiment in changing environments and the motion planned in each cycle (part B). This figure shows the motion
sequence of our first real-world experiment in changing environments continued from Fig. 28. Although the robot encounters an unexpected change
of the environment (changing the flat surface to an up-and-down hill), the fast computation of locally-guided RHP enables the robot to online adapt
its motion to the changed environment and safely traverse the terrain. In this experiment, the average computation time of locally-guided RHP is 0.22

+/- 0.076 seconds, and the average duration of the motion being executed in each cycle (time budget) is 3.5 seconds. The robot moves from left to right.
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Figure 30: Snapshots of our second real-world experiment in changing environment. In this case, we add a stair (4cm height) while the robot is walking.
The planning node detects the stair based on the position measurement of the VICON marker plate attached to the stair. In this experiment, our
locally-guided RHP successfully achieved online computation in each cycle, which allows the robot to safely overcome the stair. The average
computation time of locally-guided RHP is 0.23 +/- 0.1 seconds, while the average duration of the motion being executed in each cycle (time budget)
is 3.5 seconds. The robot moves from left to right, top to down.
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Figure 31: Snapshots of our real-world experiment on random slopes. The slopes are oriented around either the y-axis or the diagonal axis. The inclination of
each slope is 10 degrees. In our challenging uneven-terrain experiments, the average computation time of locally-guided RHP is 0.21 +/- 0.06 seconds,
while the average duration of the motion being executed in each cycle (time budget) is 3.5 seconds. The robot moves from left to right, top to down.
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Figure 32: Snapshots of our real-world experiments on up-and-down hill terrain (top) and the v-shape terrain (down). The inclination of each slope is 10 degrees.
In our challenging uneven-terrain experiments, the average computation time of locally-guided RHP is 0.21 +/- 0.06 seconds, while the average
duration of the motion being executed in each cycle (time budget) is 3.5 seconds. The robot moves from left to right.
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8.3 challenges in real-world experiments

To successfully execute the motion plan on the real robot, it is important to have a

state estimator that can provide accurate state feedback on the robot, and a whole-

body controller that can track the planned motion precisely. Nevertheless, during our

real-world tests, we realize that the state estimator can have drifts and the whole-body

controller can have tracking errors. Given these issues, the robot can have the risk

to fall during our real-world tests. In this section, we will discuss these real-world

challenges and present our attempts and future directions to address them. We believe

further investigations on improving the performance of the state estimator and the

whole-body controller are also important for achieving reliable legged systems in the

real world.

8.3.1 State Estimation Drifts

During motion execution, the state estimator provides state feedback in a fixed

reference frame called odometry frame, and the whole-body controller also tracks the

motion plan in this odometry frame. In our case, the odometry frame is placed in

between the two feet of the robot, and it is parallel to the ground where the robot feet

stay upon.

To execute the motion plan, we firstly need to transform the motion plan from the

planning frame to the odometry frame. For simplicity, we set the planning frame

always overlapping with the odometry frame (the transformation is an identity matrix).

As we can imagine, in order to achieve successful real-world operation, it is import-

ant to ensure that the transformation between the planning frame and the odometry

frame is always a constant, and the state estimator can also provide accurate feedback

in this odometry frame (see an example in Fig. 33-a).

Nevertheless, during our experiments, we realize that the transformation between

the planning frame and the odometry frame is often non-static. For instance, we

observe that the odometry frame defined by the state estimator can gradually drift

down along the z-axis after the robot makes a new contact. The reason of having this

drift is mainly due to the inaccurate contact detection of the robot. More specifically,

when having inaccurate contact detection, the state estimator will struggle to accurately

capture the swing foot height when it tries to make contact with the ground. Such

error in the foot height will then affect the state estimator to accurately estimate the

actual ground level based on the height of the foot staying in contact, and thus results

in drifts of the odometry frame.

96 real-world demonstration of online multi-contact receding

horizon planning



a) Ideal Case

Planning/ Odometry

Floor

b) Drifting Problem of the Odometry Frame

Planning/
(Initial) Odometry

Floor

(Drifted) Odometry
(Drifted) Odometry

Planning/
(Initial) Odometry

Floor

(Drifted) Odometry
(Drifted) Odometry

c) Compensate the Drift with Online Estimated Transformation

Drift
Compensation

Figure 33: a) Before executing the motion plan, we need to transform the motion plan from
the planning frame to the odometry frame (defined by the state estimator). During
motion execution, the transformation between these two frames should be always
static, i.e., assuming they are the same. b) In reality, the odometry frame can
gradually drift down. This will cause the robot keeps lowering its CoM, as the
motion plan is also drifting down with the odometry frame. With the robot keeps
lowering its body, the robot may hit joint limits. c) To compensate for the drift,
we can online estimate the transformation between the planning frame and the
odometry frame, and then correct the drift by applying this transformation to the
motion plan that will be sent to the controller.

Due to the drift of the odometry frame, the actual motion plan we execute will also

flow with the odometry frame to drift down (viewing from the planning frame). This

is because we assume the odometry frame is always the same as the planning frame,

and there is no compensation to cope with the drift when we transform the motion

plan from the planning frame to the odometry frame. As a consequence, in the real

world, we can observe that the robot will continue to lower its CoM position as the

target CoM position is drifting down with the odometry frame (see an example in
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Fig. 33-b). As the robot keeps lowering its body, the joints of the robot legs can hit their

kinematics limits and cause failures. Similarly, the target footstep locations are also

drifting down with the odometry frame (penetrating into the ground). However, given

the fact that the floor is always static and solid, the drifted target footstep locations

can never be reached. Instead, the robot feet exhibit early contact events. These early

contact events can generate impacts that may damage the hardware, and we definitely

prefer to avoid these damages.

To address the drifting problem of the odometry frame, a viable approach is to

constantly estimate the transformation between the planning frame and the drifted

odometry frame. Then, in every control loop, we can compensate for the drift of the

odometry frame by applying this transformation to the desired motion plan (see an

example in Fig. 33-c).

To estimate the transformation between the planning frame and the drifted odometry

frame, we firstly attempt an engineering solution. In this engineering solution, we

assume that in the real world, when the robot tries to make a step, it can always place

its foot at the planned contact location. Given this assumption, we can compute the

amount of the z-axis drift of the odometry frame by comparing the estimated foot

height in contact (in the odometry frame) against the height of the planned contact

location (in the planning frame). Then, based on this computed z-axis drift of the

odometry frame, we can construct the transformation between the planning frame

and the drift odometry frame, and apply this transformation to the desired motion

plan to compensate for the drift. This engineering solution has helped us to achieve

all the robot experiments in Section 8.2.

Nevertheless, when walking on uneven terrain, due to imperfect control and foot

slippage, the robot may place its foot in a slightly different location than the planned

location. As a result, the actual height of the foot in contact can become different from

the height of the planned contact location, and thus the z-axis drift of the odometry

frame estimated by our engineering solution may become inaccurate and introduce

instability to the robot.

To obtain a more accurate estimation of the transformation between the planning

frame and odometry frame, we also attempt a more systematical approach, in which

we use a ROS software called robot localization package [69] to estimate the trans-

formation. To give more detail, in order to compute the transformation, the robot

localization package requires the inputs of the robot states in both the planning frame

and the odometry frame. These robot states can be the 6D pose of a robot link. In

our case, we feed the robot base (pelvis) states into the robot localization package.

Then, the robot localization package will continuously fuse these robot states through

98 real-world demonstration of online multi-contact receding

horizon planning



an extended Kalman filter [44] and update the transformation between the planning

frame and the odometry frame.

Drift Compensation

Figure 34: Simulation result for correcting the drift of the odometry frame using the robot
localization package. Before making any contacts, the planning frame and the
odometry frame are consistent (they overlap in the top-left image). As the robot
starts creating new contacts, the odometry frame will start drifting down (the two
frames get separated in the top-right and bottom-left images). We recall that, if
there is no compensation to cancel this drift, the robot will continuously lower
its CoM, and then reach its kinematics limit and fail. In our case, we constantly
compensate for the drift by estimating the transformation between the planning
frame and the odometry frame, and then apply this transformation to the motion
plan being executed. For instance, as shown in the bottom-right image, the estimated
transformation can compensate the drift by lifting the motion plan in the odometry
frame (the green curve), and this can allow the robot to successfully achieve the
desired CoM as we specified in planning frame (the pink curve).

To verify the effectiveness of this approach, we firstly carry out simulation studies

with a physical simulator provided by PAL Robotics. In this simulation study, the

robot base state in the odometry frame is estimated by the robot state estimator, while

the ground-truth state provided by the simulator is regarded as the robot base state in

the planning frame (the world frame). As Fig. 34 illustrates, although the odometry

frame keeps drifting down, our method can successfully capture the transformation
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between the planning frame and the odometry frame, and then constantly compensate

for the drift to the motion plan sending to the robot for execution.

Figure 35: Placement of VICON markers. Top image: markers mounted on the front side of
the robot base. Bottom image: markers mounted on the back side of the robot base.
The markers are supported by 3D-printed frames (black).

Given the success of our simulation verification, we then start applying this approach

in the real world. In the real-world case, we still use the robot state estimator to provide

the robot base state in the odometry frame. For getting the robot base state in the

planning frame (the world frame), we use an VICON motion capture system. To give

more detail, in order to allow VICON to measure the robot base state we firstly need

to place a set of reflective markers on the robot base (see our setup in Fig. 35), and

then provide the local coordinates of these markers in the local robot base frame (the

frame which defines the 6D pose of the robot base). Then, by comparing these local
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coordinates with the global marker positions captured by the infrared cameras, the

VICON system can estimate the robot base state in the measurement frame (in our

case, the planning frame). These computations are achieved by the proprietary VICON

software.

Nevertheless, when we test our method in the real-world, we find that the trans-

formation between the planning frame and the odometry frame are often not perfectly

aligned, i.e., the orientation (roll, pitch, yaw) of these two frames can have 1-2 degrees

mismatch. Due to this mismatch, applying the transformation will result in a titled

motion plan in the odometry frame, and executing this titled motion plan will cause

the robot to fall. For example, Fig. 36 illustrates the effect of having an orientation

mismatch around the positive roll axis. As we can observe, this mismatch results in

the robot tilting its CoM towards the right foot of the robot. It is worth to note that,

although the orientation mismatch can be just around 1 degree, due to the long leg

of the robot (about 0.88m), the CoM can have about 1.5 to 2 centimeter shift on the

horizontal plane. As we can imagine, during walking, the robot can easily loose the

balance when the right foot breaks contact with the ground, as the tilt brings the CoM

away from the support region of the left foot.

The mis-alignment between the planning frame and the odometry frame can come

from multiple sources. First, we speculate that the robot base state measured by the

VICON may have errors. These errors can be the result of many reasons. For instance,

we may have in-accurate local coordinates of the VICON markers defined in the robot

base frame. Although we try to define these local coordinates as accurately as possible

(for example, calculating them based on the CAD model of the robot base), we may still

have errors due to the imperfect manufacturing of the robot base and the 3D-printed

framework used for supporting the markers. Additionally, the global marker position

measured by the infrared cameras of VICON can also have errors or jumps (due to

occlusion). These issues can together affect the accuracy of the robot base state in

the planning frame (measured by VICON). On the other hand, the robot also has an

Inertial Measurement Unit (IMU) produced by Orientus. This IMU is used to measure

the robot base orientation in the odometry frame, and it can also have measurement

errors. To give more detail, in Talos, the IMU is not directly mounted in the robot

base, but placed in the robot torso. When estimating the robot base orientation in the

odometry frame, the robot firstly gets the IMU reading of the robot torso, and then

compute the robot base orientation based on the IMU reading and the position reading

of the joint that connects the robot torso and the robot base. This calculation involves a

kinematics chain that may bring errors. Furthermore, the IMU is mounted in the robot

torso with a 3D-printed support. This support may not perfectly align with the robot

torso frame (the frame defines the robot torso orientation). To improve the accuracy of
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these measurements, we suggest to perform a calibration in the future. For instance,

we can calibrate the robot base orientation measured in both the planning frame and

the odometry frame with respect to a ground-truth orientation, i.e., constraining the

robot base in a known posture, and calibrate the readings with respect to this known

posture.

1 degree mismatch
on the roll axis

1.5 to 2 centimeters
shift

Figure 36: The mis-alignment between the planning frame and the odometry frame can tilt
the motion plan in the odometry frame. This image shows an example when the
planning frame and the odometry frame have about 1-degree orientation mismatch
around the positive roll axis. This orientation mismatch causes the CoM to have
about 1.5 to 2 centimeter shift towards the right foot. When the robot starts walking
with this titled posture, the robot can fall when the right foot breaks the contact (as
the tilt brings the CoM away from the support region of the left foot).

Although relying on VICON to correct the state estimation drift sounds promising,

the usage of VICON also constrains the robot to work inside a lab environment

that has to be fully covered by the VICON infrared cameras. Nevertheless, when

102 real-world demonstration of online multi-contact receding

horizon planning



considering real-world applications (for example, exploring unknown environments),

relying on external sensing to correct the state feedback is un-realistic. In order to

handle real-world scenarios, the robot necessarily requires the capability to achieve

accurate state feedback through the fusion of on-board sensors. Additionally, in the

real world, the state estimator also needs to capture the abrupt state deviations caused

by foot slippage and external force disturbance, which can be a challenging task. To

enable real-world operation, we believe further research on the state estimation of the

legged robot is necessary.

8.3.2 Footstep Tracking Error

Apart from the state estimation issue, we also find that the whole-body inverse

dynamics controller can have errors in the footstep tracking. For example, when the

robot creates a new contact, the foot yaw can have around 1.5 degrees divergence from

the reference (0 degrees). Moreover, compared to the planned footstep location, the

actual footstep location of the robot can also have a 1-2 centimeters deviation along

the y-axis. These deviations on the footsteps can cause the robot to lose its balance

during walking. For instance, in the presence of these footstep deviations, the desired

CoM trajectories may pass the border of the stance foot during the single support

phase. In that case, the robot may not have sufficient force to support its weight, and

the whole-body controller may fail to update a feasible solution. Then, the robot will

fail to maintain its balance and fall.

To mitigate this issue, we choose to assume a smaller foot size during our planning

stage. With this smaller foot size, the planner can generate more conservative motion

plans, as the robot will tend to support the CoM with the interior part of the foot

during the single support phase. This can make the motion plan more resilient to

the footstep divergence issue, i.e., during the motion execution, even if the footstep

diverges from the planned locations, the desired CoM trajectory can still be supported

by the interior part of the foot.

To achieve more robust operation in the real world, we believe it is necessary to

improve the footstep tracking performance of the whole-body controller. To approach

this aim, we suggest to consider the following two aspects. First, we recall that the

swing foot trajectory is interpolated after we compute the motion plan of the robot,

and we assume that the swing foot trajectory will generate zero momentum. However,

given the large inertia and mass of the robot legs, it is unlikely that the swing foot

trajectory can create zero momentum. As a result, the CoM tracking task and the swing

foot tracking task may have conflicts with each other, and the whole-body controller

has to find a compromise between the tracking of these two tasks. To address this
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issue, we suggest to switch the whole-body controller to a MPC controller based on

DDP [62]. This MPC controller can online adapt the swing foot trajectory in every

control loop while considering the whole-body dynamics of the robot. We believe this

MPC controller can improve the tracking performance of the footsteps. Furthermore,

it is also important to note that the control techniques we have are all model-based.

As a consequence, the tracking performance of these controllers is dependent on the

accuracy of the robot model. To improve the footstep tracking performance, it may

be beneficial to further refine the model of the robot, i.e., provide a more accurate

measurement of the mass and inertia of each link. This can be achieved by a more

precise system identification process [19].

8.4 conclusion

In this chapter, we have presented our real-world experiments on the humanoid

robot Talos to demonstrate the effectiveness of our locally-guided RHP approach

in achieving online multi-contact receding horizon planning on uneven terrain and

environments with dynamic changes. We show that the fast computation of locally-

guided RHP can enable our robot to online adapt its motions according to the latest

terrain condition perceived by the robot. This can allow the robot to safely traverse the

terrains that change on-the-fly. Furthermore, we also discussed the challenges we met

in real-world experiments, i.e., state estimation drift and footstep tracking errors. We

described these issues and discussed the future directions to address them. We believe

further research in state estimation and control of legged robots is also important for

further improving the performance of the legged robots.
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9
AU T O M AT I C G A I T PAT T E R N S E L E C T I O N F O R L E G G E D R O B O T S

In this chapter, we present our exploration of addressing the gait pattern selection

problem of legged robots.

When synthesizing legged locomotion plans, an important issue is the combinatorial

complexity that arises from gait pattern selection. Though it can be defined manually,

the gait pattern plays an important role in the feasibility and optimality of a motion

with respect to a task. Replacing human intuition with an automatic and efficient

approach for gait pattern selection would allow more autonomous robots, responsive

to task and environment changes. To this end, we propose the idea of building a map

from task to gait pattern selection for given environment models and performance

objectives. We carry out case studies for a 2D half-cheetah model and a quadruped

robot. We show that we can establish direct mappings between a given task and an

optimal gait pattern for these legged models. Furthermore, to validate the trajectories

planned by our method, we perform real-world robot experiments on the ANYmal

robot.

We organize this chapter as follows. In Section 9.1, we provide an overview of

the gait pattern selection problem as well as our method and findings. Next, in

Section 9.2, we present a formal description of the gait pattern selection problem.

Then, in Section 9.3, we describe our technical approach for building the gait pattern

selection map. Afterwards, we present our experiment result on a 2D half-cheetah

model and the 3D quadruped robot ANYmal. Lastly, in Section 9.5, we conclude the

chapter.

9.1 introduction

Motion and contact planning for legged locomotion in arbitrary environments is an

open problem. In particular, optimizing the gait pattern adds combinatorial complexity

to this high-dimensional problem. This complexity can be interpreted as a wide

range of possible motions for each gait pattern. However, an appropriate gait pattern

selection might be crucial to find a feasible motion [2, 80]. To avoid this challenge, most

of the traditional approaches require to pre-specify the gait pattern, e.g. [6, 16, 46, 62,

63, 77, 94, 110]. However, biological and computational studies have identified that the

choice of gait pattern has a large impact on the performance of legged locomotion [83,
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88, 111, 113]. These studies show that gait pattern selection highly depends on the

locomotion speed and task requirement. Furthermore, some of the gait patterns might

not be suitable choices in a given terrain condition, e.g., climbing [71], and manually

defining appropriate contact sequences is tedious and difficult.

To enhance autonomous operation of legged robots while allowing fast computation

of legged locomotion plans with varying gait patterns, in this chapter, we aim to build a

map from task conditions to optimal gait patterns. The main idea is to encode this map

such that we can quickly retrieve the optimal gait pattern during online computation

of legged locomotion plans, i.e., the online multi-contact RHP approaches presented

in Chapter 4 to Chapter 8, or other multi-contact planners. In this exploratory work,

we represent robots using single rigid body models. The scalability of the approach

towards more complex robot models is discussed in the last section.

Findings and method overview

We establish optimal gait pattern maps for a 2D half-cheetah model and the 3D quad-

ruped robot ANYmal [43] in a defined task descriptor space with given environment

models and performance objectives. Across this chapter, we use the term optimal to

refer to the locally optimal solutions we found by our nonlinear optimization-based

approach enhanced with multiple random restarts. Through our investigation, we find

that:

• The maps typically form several contiguous regions for which a particular gait

pattern is optimal. This property allows us to use supervised learning to capture

the structure of the map efficiently.

• The optimal trajectories within each gait region are qualitatively similar, which

implies that they are in the same basin of attraction. We empirically find that

the mean of these trajectories can be used to initialize an optimization-based

planning algorithm. By utilizing the optimal gait pattern maps along with the

obtained initial seeds, we achieve significant gains in computation time for our

trajectory optimization method, e.g., improving the computation time from hours

or minutes to 0.1-0.3 seconds.

To generate the map, we propose a nonlinear optimal control formulation based on

Mixed-Integer Non-Linear Programming (MINLP). With our formulation, we offline

compute a dataset of optimal gait patterns and state trajectories for a predefined set

of tasks with given environment models and performance objectives. We describe the
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task by the locomotion speed and cycle duration, and the environment by its slope

angle. The performance objective is defined as the cost function of the state and control

trajectories. After computing the date set, we employ a neural network to learn and

encode the map.

To validate the dynamic feasibility of the trajectories planned by our method, we

also perform real-world robot experiments on the ANYmal quadruped.

9.2 problem description

In this section, we formulate the problem of finding the optimal gait pattern selection

map.

To give more detail, we model the robot as a single rigid body along with NL

mass-less legs (See Fig. 37). While this assumption may sound limiting for hardware

execution, this is less likely to affect the decisions on the gait pattern selection. Note

that we could still rely on instantaneous or predictive controllers [65, 73, 114] to locally

adapt the motions while considering the leg inertia.

f1

p1

f2

p2

c

Θ

mg

Figure 37: We model the robot as a single rigid body with mass-less limbs. We use c ∈ R3 to
denote the CoM position of the base, and Θ ∈ R3 to represent the base orientation
modeled by Euler angles. We denote by m as the mass of the robot and g as the
gravitational acceleration. Moreover, we use p1 and p2 to represent the locations of
the feet, and define f1 and f2 as the contact force vectors subject to friction cone
(light blue regions) constraint.
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To model the robot, we define c ∈ R3 as the CoM position of the base, and Θ ∈ R3

as the base orientation represented by Euler angles (roll, pitch, and yaw angles).

Furthermore, we denote by pl ∈ R3, l ∈ {1, ..., NL} as the location of the l-th foot, and

we use fl ∈ R3 to denote the contact force vector of the foot l ∈ {1, ..., NL} (assume

each foot as a point-contact).

X (t)

P(t)

U (t)

t0 = 0 t1 t2 t3 = T

Λ1: Λ2: Λ3:

Figure 38: Example of the gait pattern and the motion plan. X (t), P(t) and U (t) refer to
the base trajectory, feet trajectories, and control trajectories (contact force profiles),
respectively. For illustration purposes, we use scalars to represent these vectors.
The motion is described using Nph phases. Each phase has an associated contact
configuration Λq and switching time tq. Here we show an example gait pattern
where 0 and 1 represent active and inactive contact, respectively. Different gait
patterns can be represented by toggling the binary values of Λq. The time t is
discretized using a variable time-step parameterization, where each phase has the
same number of integration nodes (blue and purple dots) that scale proportionally
with respect to the switching time tq.

We denote by a scenario as ξ = [κtask, J, Ω]T, where κtask is the task descriptors, J

is the performance objective—a cost function on the state and control, and Ω is the

environment model. We consider periodic locomotion task where the task descriptor

κtask = [v, T] defines the forward locomotion speed v of the CoM moving along the

tangential direction of the environment and the cycle duration T. The performance

objective J is defined as a user-specified cost function on the robot state and control
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vectors. Furthermore, we assume the environment Ω is a slope with the inclination

defined by γ.

Given a scenario specification ξ, our aim is to compute a motion plan π(t) for a

legged robot, which contains the state trajectory X (t), the control trajectory U (t) and

the foot trajectory P(t):

π(t) = [X (t),U (t),P(t)], (27)

for a finite time horizon t ∈ [0, T]. We define that the state trajectory X (t) =

[c(t), Θ(t)], which is composed of the base CoM trajectory c(t) and the base orienta-

tion trajectory Θ(t). Furthermore, we also define that the control trajectory U (t) =

[f1(t), ...,fNL(t)], which collects the contact force profiles of all feet l ∈ {1, ..., NL}.

Similarly, we denote the feet trajectory as P(t) = [p1(t), ...,pNL(t)] which includes the

trajectories of all feet l ∈ {1, ..., NL}.

We recall that, as mentioned in Chapter 3, the feet trajectories P(t) and control

trajectories (contact force profiles) U (t) of a legged robot are discontinuous at the

instants of contact transitions, i.e., a foot breaks or makes contacts (see the example in

Fig. 38). Such discrete events divide the motion plan into Nph phases, where in each

phase, the contact configuration is a constant. We model the contact configuration for

each phase q ∈ {1, ..., Nph} with binary variables Λq ∈ {0, 1}NL , which indicates the

contact states of each leg in phase q. For example, 1 means a foot is in contact with the

ground, while 0 means a foot is detached from the ground. As we can observe from

Fig. 38, these contact configurations capture the underlying structure of the motion

plan. In locomotion, we call such a structure as gait pattern, defined as:

Λ = [Λ1, ..., ΛNph ]. (28)

When planning motions for legged robots, reasoning the gait pattern selection

introduces combinatorial complexity, which can result in expensive computation. As a

result, existing approaches often rely on human intuition to supervise the gait pattern

selection. However, this can limit the autonomy of the robot, and selecting a gait

pattern for challenging environments can be tedious and difficult. To enhance the

autonomy of legged robots, while allowing efficient computation of legged locomotion

plan, we propose to leverage offline computation to build a direct mapping from

task specifications κtask to the optimal gait pattern for a given environment Ω and

performance objective J:
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Λ∗
Ω,J = gΩ,J(κtask), (29)

To build the map, we use a supervised learning approach to learn the mapping from

an offline computed data-set. This data-set demonstrates gait pattern selection for

various of tasks considering different environment models and performance objectives.

To obtain the data-set, we use MINLP to discover the gait pattern for different task

samples. Next, we describe our technical approach in detail.

9.3 technical approach

9.3.1 Overview

T

vv

TT

v

MINLP Training

1 2 3

TTT

v v v

Λ∗
2

Λ∗
1

Stage 1 Stage 2 Stage 3

Figure 39: Procedure for building the optimal gait pattern selection map. Given an envir-
onment model and performance objective, we firstly uniformly sample the task
specification space (Stage 1). We then use our MINLP approach to discover optimal
gait patterns for these task samples (Stage 2). Eventually, we use the pairs of task
samples and discovered optimal gait patterns to construct a training set and train a
neural network to learn the gait pattern selection policy (Stage 3).

As Fig. 39 indicates, we take a supervised learning approach to build the optimal

gait pattern selection map for given environment models and performance objectives.

The key component of our approach is a novel MINLP formulation that can compute

optimal gait patterns for a chosen task specification. We use this MINLP approach to

compute optimal gait patterns for a couple of task samples. These task samples and

associated optimal gait patterns are then used as a training data set to train a neural

network classifier to capture the optimal gait pattern selection policy. We introduce the
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details of our MINLP approach in Section 9.3.2 and the supervised learning approach

in Section 9.3.3.

9.3.2 Discovering Optimal Gait Pattern with Mixed-Integer Non-Linear Programming

In this section, we introduce our Mixed-Integer Non-Linear Programming (MINLP)

formulation for discovering optimal gait patterns. Our approach computes the optimal

gait pattern Λ∗ by solving a mixed-integer optimal control problem with Nph phases.

Decision Variables

The decision variables of our optimal control problem include:

• The motion plan π(t) consists of the base trajectory X (t), control trajectory

(contact force profiles) U (t), as well as the feet trajectories P (t).

• The gait pattern matrix Λ ∈ {0, 1}NL×Nph .

• The phase switching timings T = [t1, ..., tNph ], where tq ∈ R denotes the terminal

time of q-th phase (Fig. 38).

Mixed-integer Optimal Control Formulation

We formulate the mixed-integer optimal control problem as follows:

min
π,Λ,T

Nph

∑
q=1

∫ tq

tq−1
J(π) dt (30a)

s.t. h(π0,πT,κtask) ≤ 0, (task) (30b)

0 = t0 ≤ t1 ≤ · · · ≤ tNph = T, (timings) (30c)

F dyn(X ,U ,P) = 0, (dynamics) (30d)

P ∈ B(X ), (kinematics) (30e)

For t ∈ [tq−1, tq]:

hΛq(U ,P , Ω) ≤ 0, (contacts) (30f)
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where we use J(·) to denote the cost function, and h to represent a generic inequality

constraint. For simplicity, we do not explicitly write the time dependency for the

decision variables.

Constraints

To ensure the motion plan is physically consistent, we define different constraints

in (30b)-(30f). Next, we elaborate their formulations in detail:

1) Task:

In (30b), we impose the periodic task constraints based on the task specification κtask:

cT = c0 + vT, (31a)

ΘT = Θ0, (31b)

PT = P0, (31c)

where the terminal base CoM state cT is enforced to travel a distance of vT with

respect to the initial base CoM state c0. Furthermore, the periodic task constraints also

enforce the terminal base orientation ΘT and the terminal foot locations PT to return

to their initial values Θ0 and P0.

2) Timings:

We introduce in-equality constraints (30c) to ensure the phase switching times tq

are increasing monotonically. Additionally, we constrain the total motion duration

(defined by tNph ) to be the same as the cycle duration given by T.

3) Dynamics:

In (30d), we impose the system dynamics constraint using the Newton-Euler equations

for a single rigid body:

mc̈ = mg +
NL

∑
l=1

fl (32a)

Iω̇ +ω × (Iω) =
NL

∑
l=1

fl × (c− pl), (32b)
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where m is the total mass, I is the inertia tensor of the base of the robot, ω is the

angular velocity transformed from Euler angles and their rates, g is the gravitational

acceleration.

Moreover, contact forces fl is further constrained with the friction cone constraint:

−µf n̂
l ≤ f t̂1,t̂2

l ≤ µf n̂
l (33)

where µ is the friction coefficient, f n̂
l is the normal component of the contact force,

and f t̂1
l , f t̂2

l are the tangential components of the contact force.

4) Kinematics:

In (30e), we approximate the reachable space of each leg with a box placed at the

default foot position p̃l :

|R (pl − c)− p̃l | ≤ b, (34)

where the b is the half length of the box, and R is the transformation matrix from the

world frame to the robot base frame based on the current state of the base.

5) Contacts:

The contact dynamics constraint (30f) is defined as follows:

f n̂
l ≥ 0, (unilaterality) (35a)

σ(pl , Ω) ≥ 0, (non-penetration) (35b)

Λq
l = 0 ⇒ fl = 0, (inactive contact) (35c)

Λq
l = 1 ⇒ σ(pl , Ω) = 0, ṗl = 0, (active contact) (35d)

where σ(pl , Ω) measures the clearance between the foot and the environment, and Λq
l

denotes the contact configuration of a leg l at phase q. This set of constraints enforces:

• Unilateral contact forces since the robot can only push against the environ-

ment (35a).

• The foot cannot penetrate the ground (35b).
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• If the contact state is 0 (inactive contact), the contact force should be zero (35c).

• If the contact state is 1 (active contact), the distance between the foot and the

environment should be zero (the foot should stay in contact with the ground),

along with zero foot velocity (35d).

Note, the constraints (35c) and (35d) describe the complementary condition of

contacts [81] through an integer representation, and we use the standard big-M

formulation to model them [112].

Transcription to a Mixed-Integer Nonlinear Programming Problem

To solve the presented optimal control problem (30a) numerically, we transcribe it

into a MINLP problem by using a variable time-step parameterization. As Fig. 38

illustrates, each phase has the same number of uniformly distributed knots whose

time interval scales proportionally to the phase switching timings tq, and we impose

the constraints (30b)-(30f) on each knot. Furthermore, we approximate the integral

such as the system dynamics constraint and the cost function with a forward Euler

integration scheme.

9.3.3 Learning the Gait Pattern Selection

To obtain the gait pattern selection map for a chosen environment model Ω and a

performance objective J, we firstly pick D tasks {κtask,d = [vd, Td]
T} that are uniformly

sampled in the task descriptor space as illustrated in Fig. 39. Then, we compute

the optimal gait patterns Λ∗
d of these selected task samples κtask,d using our MINLP

approach. Since our approach can only guarantee local optimality due to the nonlinear

nature of the MINLP problem, we run the optimization 50 times for each sampled

task κtask,d with randomized initial seeds to increase the chances of finding the global

minimum. We use the pairs of task samples and optimal gaits {κtask,d, Λ∗
d} as the

training data set, and we train a neural network classifier to learn the optimal gait

pattern selection policy from the generated data set. Our neural network has 3 hidden

layers with a total number of 230 neurons. The implementation and training of the

neural network are achieved by scikit-learn [78].
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9.4 experiment result and discussion

In this section, we present our result for establishing the optimal gait pattern maps

for different terrains and performance objectives. Meanwhile, we also highlight their

properties and explain how they can be integrated into existing TO frameworks to

gain performance improvements.

9.4.1 Implementation Details

In all cases, we model the optimization problems using MATLAB while using the

branch-and-bound algorithm provided by KNITRO 10.10 [12] to solve the MINLP

problems. Furthermore, we provide the gradient and Hessian using the automatic

differentiation framework CasADi [3]. The dataset for training the neural network is

computed by the cluster Eddie provided by the Edinburgh Compute and Data Facility

(ECDF). For online evaluations, we use a computer with an Intel Xeon E3-1535M v6

(Maximum 4.20 GHz) and 32 GB memory.

9.4.2 Gait Pattern Discovery for a 2D Half-Cheetah Model

First, we consider a 2D half-cheetah model. We compare the results for different terrain

inclinations γ and performance objectives J. For all cases, we set the number of phases

to 4, with 10 knots per phase. Even though we use a simplified model and a small

number of phases, there are a total of 44 = 256 integer combinations for the optimizer

to consider. To avoid undesirably fast phases, we constrain each phase duration to at

least 10% of the cycle duration T.

9.4.2.1 Contact forces minimization

We start by considering a flat terrain (γ = 0) and a performance objective of minimizing

contact forces:

J1 =
∫ T

0

Nl

∑
l=1

f 2
l dt. (36)

This cost can be interpreted as the minimum effort to achieve the desired task.
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Figure 40: Optimal gait patterns for a 2D half-cheetah model on flat terrain with performance
objective J1.

The optimized gait patterns are summarized in Fig. 40, while all discovered gait

patterns are described in Fig. 41. At very low speeds (up until 0.3m/s approximately),

the model favors a walking gait. If we slightly increase the speed (0.5 to 0.7m/s), the

model switches to a gallop-walk gait. If we further increase the speed (0.9m/s and

onward), galloping is preferred. For large cycle durations (1.2 to 1.6s) and speeds

near the maximum (1.7 to 2.3m/s), bounding is preferred over galloping. Finally,

pronking and gallop-bounding gaits cover two small regions only, the former during

the transition from gallop-walk to gallop, while the latter during the transition from

galloping to bounding.
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Figure 41: Discovered gait patterns for the 2D half-cheetah model. F refers to front and H to
hind leg, 0 to inactive and 1 to active contacts. We categorize the gait patterns (e),
(f), and (g) into the gallop family, as they are asymmetric gait patterns that can
be derived from the gallop gait (b). For example, by removing the flying phase of
the gallop gait, we can obtain the gallop-walk gait (e). Furthermore, by vanishing
the front-support phase of the gallop gait, we can achieve the gallop-pronk gait (f).
Lastly, if we remove the double support phase of the gallop gait, we can obtain the
gallop-bound gait (g). The motions for some of these gait patterns can be found
https://youtu.be/ylfYnl7sZDg.

9.4.2.2 Trunk vibration minimization

We switch the performance objective to:

J2 =
∫ T

0
((vt − v)2 + v2

n + (θ − γ)2 + θ̇2) dt, (37)

where vt and vn are the tangential and normal CoM velocities with respect to the

terrain, and θ is the pitch angle. This cost encourages to minimize robot base vibration.

This is a common requirement during inspection missions, i.e., the camera on the

robot needs to remain fixed on a point of interest. Since the terms in (37) can be

infinitesimally small (approach 0), we scale all of them by 106 times to increase the

numerical stability.
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Figure 42: Optimal gait patterns for a 2D half-cheetah model on flat terrain with performance
objective J2.

The optimized gait patterns are shown in Fig. 42. We observe that some regions

of optimal gaits remain the same. However, there are some salient changes worth

discussing. For medium velocities and across the entire cycle duration range, the

bounding gait is preferred over the galloping one. This also leads to an increase in

the gallop-bound transient gait at the borders of the two regions. Additionally, the

gallop-walk gait becomes prevalent at the low-speed regime.

9.4.2.3 Trunk vibration minimization on a 20° slope

We set the terrain slope to 20° and use the performance objective J2. Fig. 43 summarizes

the results for this case. We observe that bounding gaits are replaced by galloping

gaits for low cycle duration in the medium velocity regime. Furthermore, pronking

gaits become more prominent on the boundary between these two gaits.
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Figure 43: Optimal gait patterns for a 2D half-cheetah model on 20◦ sloped terrain with
performance objective J2.

9.4.2.4 Discussion

Depending on the optimized performance objective and environment characteristics,

optimal gait pattern selection can have sufficient differences. As a result, it is unreas-

onable to expect a human operator to have the intuition to select proper gait patterns

online during motion planning. Our approach provides a precise and systematic way

to capture these differences, making automatic gait selection possible without needing

to compute gaits every time from scratch—albeit for a particular robot dynamics.

Another important observation is that optimal gait patterns exhibit structural properties.

For example, distinctive gait patterns tend to occupy similar regions, as shown on

the discovered maps (Figs. 40, 42 and 43). This observation motivates the use of ma-

chine learning techniques to capture the relationships among similar task descriptors,

without resorting to dense indexing, i.e., the simple strategy described in Section 9.3.3,

which clusters the optimal gait patterns using a neural network.

9.4.3 Fast Computation of Locomotion Plans

In this section, we explore the following question: are there substantial differences

between the state trajectories within similarly clustered task descriptor samples?
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Figure 44: Example state-space trajectories for the gallop gait region. θ is the pitch angle of the
base in radius, and z is the CoM height of the base in meters.

And if not, how can we exploit this property? In our findings, we encounter that

the trajectories do not exhibit large differences. In Fig. 44 and Fig. 45, we plot the

state-space trajectories for the CoM height z and body orientation θ for two different

gait patterns. The resulting trajectories look qualitatively similar. It seems that each

gait region has its own basin of attraction. Using this property, we can build simple

strategies to warm-start the TO problems that compute state trajectories when the

gait pattern is fixed by our gait pattern selection map. Concretely, for each optimal

gait pattern region classified by the neural network, we estimate a nominal initial

trajectory, e.g., the mean of the sampled trajectories.

Using this strategy, we perform a comparison between two TO frameworks with

pre-specified gait patterns. For both methods, we use the neural network to select the

appropriate gait pattern given the task descriptor. For the first method, we randomly

initialize the state variables. For the second method, we identify the region where the

gait pattern belongs to, and use the nominal initial trajectory as the initial seed. We

solve the resulting TO problems for 10 random task descriptors for all 3 case studies

described in Section 9.4.2.1, Section 9.4.2.2 and Section 9.4.2.3. Thus, we run each

method for 30 times. For both MINLP and TO we set 40 knots, which results in 1779

constraints for both methods. Furthermore, the MINLP has 742 variables, while the

TO has 734.
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Figure 45: Example state-space trajectories for the gallop-walk gait region. θ is the pitch angle
of the base in radius, and z is the CoM height of the base in meters. From the figure,
we can observe that the trajectories can have self-intersections. We speculate that
these self-intersections can result from the cost function we have chosen, which
aims to minimize contact forces. When possible, this cost function encourages the
optimizer to generate motions with smooth momentum changes (accelerations).
Consequently, when the motion involves reversing the momentum along a specific
axis, such as changing the base from a titling-down posture (negative pitch) to a
tilting-up posture (positive pitch), the robot tends to favor a gradual turning in the
state trajectory (resulting in self-intersection) rather than an abrupt change.

We summarize in Table 7 the results of this comparison. First, we report the results

for the MINLP approach. We use them as a baseline to compute the consistency of the

compared methods. Consistency is defined as the number of trials that the optimizer

converged to the same solution as in the MINLP case. Additionally, we report the

successful runs, which correspond to the number of trials that the optimizer was able

to output a valid locally optimal solution. There are two reasons that the optimizer

might fail: either by exceeding the maximum number of iterations (10000) or by failing

to output a feasible solution.

As we can see from Table 7, the MINLP approach takes a considerable amount of

time to compute (it needs averagely 93s to converge). This is expected as the MINLP

has to address the combinatorial aspect of the planning problem. When we fix the

gait pattern with the optimal gait pattern selection maps, we observe significant

computation time gains, where the average computation time drops to 3s. By using

the nominal initial trajectory to warm-start the optimizer, we further decrease the
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average computation time to 115ms. Furthermore, using the nominal initial trajectory

provides additional improvements. For instance, we increase the chances that the TO

converges to a feasible local minimum, and the TO can also discover more consistent

local minima with respect to MINLP results.

Table 7: Computation performance between the MINLP and the two TO methods for comput-
ing the motion plan for the 2D half-cheetah model with pre-specified optimal gait
pattern, with and without nominal state initialization. We test 10 randomly sampled
task specifications for the each of the 3 case studies described in Section 9.4.2.1, Sec-
tion 9.4.2.2 and Section 9.4.2.3.

Method
Computation

time (s)
Successful

Convergence
Consistency

MINLP 93.66±53.7 30/30 N/A

TO (Gait pattern only) 3.05±3.26 25/30 13/30

TO (Gait pattern &
warm-start)

0.115±0.02 30/30 30/30

9.4.4 Optimal Gait Pattern Discovery for the 3D Quadrupedal Robot ANYmal

We repeat the previous analysis for the 3D quadruped robot ANYmal. Our aim here

is to demonstrate scalability to more complex models, and investigate empirically

whether the previous conclusions can be extended to a 3D case. To demonstrate a

wide range of motions, we allow large contact forces (max. 500N) and foot velocity

(max. 2.5m/s).

We select flat terrain and a performance objective that penalizes simultaneously

contact forces, trunk vibration, and lateral feet displacements with respect to the

nominal position:

J3 =
∫ T

0

(
w1F

2 + w2(vt − v)2 + w2v2
n

+w2Θ2 + w2Θ̇
2
+ w2(Py − P̄y)

2
)

dt, (38)

where Py is the lateral feet displacements, P̄y is the nominal feet displacements,

w1 = 10−2 and w2 = 106. Additionally, we define the lower bound on each phase

duration as 10% of the cycle duration T.

To model all possible gait pattern combinations of the quadruped robot, we would

need 8 phases. This makes the problem challenging for the MINLP in the current form,

since there are 168 = 4 294 967 296 possible combinations. One way to handle this is by
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introducing convex relaxations as in [2, 80], which would allow us to use mixed-integer

convex optimization. This would remove the need to solve MINLP with multiple

randomized initial seeds; albeit increasing the problem size due to the introduction of

auxiliary integer variables [2, 80] needed to select convex pieces of nonlinear functions,

but could saving up time for large dimensional problems. Alternatively, we select

the same number of phases as in the 2D case, which corresponds to 164 = 65 536

possible combinations. This restricts the number of possible gait patterns but still

allows us to examine whether the 2D conclusions also occur for the 3D case. The result

is illustrated in Fig. 46, and some example motions are shown in Fig. 49.

Figure 46: Optimal gait pattern map for the 3D quadruped.

In this 3D case, we observe a structured gait pattern map too. For low speeds, the

model favors a series of gait patterns that avoid flying phases (gaits 1 to 5 as shown in

Fig. 47). In higher speed regimes, the model transits to gait patterns with noticeable

flying phases such as running trot and pace (gaits 6 and 7). Note that the number

of gait patterns we obtained is even larger now, demonstrating further the need to

automate the gait pattern selection aspect.

Next, we focus on the properties of state trajectories within individual gait pattern

regions. We noticed that, similar to the case of the 2D half-cheetah model, the shape of
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the state-space trajectories remains the same within a gait region, and only the scale

of the trajectories changes, e.g., the state-space trajectories of the running-trot gait

in Fig. 48. To test the effectiveness of the warm-staring strategy in the 3D case, we

randomly pick 10 task descriptors and solve them with the same two TO methods:

one with pre-specified gait pattern only and one with both gait pattern and nominal

state initialization.

Figure 47: Discovered gait patterns for the 3D quadruped with four phases.

We report the results of the comparison in Table 8. The optimization problems now

have 1948 decision variables and 5008 constraints, and become significantly more

challenging to solve. Still, pre-specifying gait patterns and initializing with nominal

state trajectories lead to a large computational improvements, without sacrificing the

number of convergence and the consistency.
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Figure 48: Examples of the state-space trajectory for Gait 6 (Running-Trot). θ is the pitch angle
of the base in radius, and z is the CoM height of the base in meters.

Table 8: Computation performance between the MINLP and the two TO methods for comput-
ing 3D quadruped locomotion plans with pre-specified optimal gait pattern, with and
without nominal state initialization. We test 10 randomly sampled task specifications
for the 3D quadruped case.

Method
Computation

time
Successful

Convergence
Consistency

MINLP 5+ hours 10/10 N/A

TO (Gait pattern only)
19.136±10.23

seconds
7/10 5/10

TO (Gait pattern &
warm-state)

0.3159±0.05
seconds

10/10 10/10
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Figure 49: Snapshots of different gait pattern discovered for 3D quadruped robot ANYmal: three-beat walking (Gait 1), walking trot (Gait 2), four-beat walking
(Gait 5) and running trot (Gait 6). Red arrows represent contact force vectors.
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9.4.4.1 Real-World Robot Experiment

To validate the dynamic feasibility of the trajectories computed by our method, we

adapt the limits of contact force and foot velocity to be close to the capabilities of

the ANYmal robot, and we demonstrate a real-world trial (Fig. 50) of a motion com-

puted by our MINLP approach. We use the whole-body inverse dynamics controller

developed in [114] to track the planned motion.

9.5 conclusion

In this chapter, we presented a framework that can automate gait pattern selection for

legged robots. The core idea of our approach is to build a map from task specifications

to gait pattern selection for a given environment and performance objective. This map

can allow us to quickly select gait patterns in a systematical fashion, without requiring

heuristics or input from a human operator. Following this idea, we established gait

pattern selection maps for a 2D half-cheetah model and the 3D quadruped robot

ANYmal. We show that these maps typically consist of several contiguous regions

for which a particular gait pattern is optimal, and we can use supervised learning

to encode the structure of the map efficiently. Furthermore, we also found that the

trajectories within each gait region are qualitatively similar. This suggests that these

trajectories are in the same basin of attraction. We empirically find that we can use

the mean of these trajectories to initialize our optimization-based planning algorithm.

By utilizing the gait pattern selection maps together with the obtained initial seeds,

we demonstrate a significant improvement in the computation time for our trajectory

optimization method, e.g., reducing the computation time from hours or minutes to

0.1-0.3 seconds.

To extend our work, we believe the investigation of the following two aspects is

necessary. First, we suggest to focus on addressing the scalability of high-dimensional

models (for example, consider the robot model at a whole-body level), a large number

of phases, and complex environments [26, 87]. These problems stem from either the

large number of variables that increase the complexity of the problem, or from the

non-convexity of the dynamics model.

Second, a more systematic study is required regarding the structural pattern of the

optimal gait pattern map, as well as the trajectory properties within the regions of the

map. In this work, we exploited the structure of the map and the similarity of state

trajectories to warm-start TO methods. We believe these findings can be generalized

for different tasks (for example, acceleration and deceleration), performance object-
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ives, and environments. The computational improvements that we enjoy using these

properties can allow us to achieve online motion re-planning in real-world scenarios;

the human operator will specify speed, while the gait pattern and state initialization

will be automatically selected to bootstrap the computation.
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Figure 50: Snapshots of an experimental trial on the ANYmal robot. For the performance objective given in Section 9.4.4, our proposed framework discovers
that the walking-trot gait is preferred for the locomotion task with a forward speed of 0.3m/s and cycle duration of 0.8s (Video: https://youtu.be/
BHfPymX6Hhs).
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10
C O N C L U S I O N S A N D F U T U R E W O R K

10.1 thesis summary

In this thesis, we have presented our explorations towards online Receding Horizon

Planning (RHP) of multi-contact motions. Generally speaking, computing multi-

contact motion plans is usually time-consuming, as this problem is combinatorial,

high-dimensional, and non-convex. As discussed in Section 1.2, these computational

challenges typically stem from the joint resolution of the following two sub-problems:

• Sub-problem 1: Gait pattern selection, which refers to the issue of determining

the sequence in which the limbs break and make contact with the ground. This

gait pattern selection issue is the primary source of combinatorial complexity.

• Sub-problem 2: Contact and motion planning, which refers to the problem of

finding a feasible state trajectory along with a contact plan (for example, locations

and timings) that is consistent with the chosen gait pattern. This sub-problem

typically features high-dimensionality and non-convexity due to the consideration

of complex non-linear dynamics constraints.

To facilitate online RHP of multi-contact motions, in this thesis, we have explored

several methods to address these two sub-problems efficiently. More specifically, in

Chapter 4 to Chapter 8, we focused on the case of achieving online RHP of contact

and motion plans (sub-problem 2). In this case, the gait pattern is pre-specified as a

priori (an ad-hoc solution of sub-problem 1). To enable online computation, the core

idea of our approaches is to reduce the computation burden introduced by the value

function approximation that is required for guiding the RHP framework. Then, in

Chapter 9, we focused on dealing with the combinatorial complexity that arises from

the gait pattern selection issue. To give more detail, we propose to leverage offline

computations to build a map from the task conditions to the gait pattern selection.

By querying this map, we can quickly decide the gait pattern without resolving the

combinatorial complexity.

In the following sections, we summarize the key ideas and the results presented in

Chapter 4 to Chapter 9.
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10.1.1 Summary of Online Receding Horizon Planning (RHP) of Contact and Motion Plans

When planning contact and motion plans in a receding horizon fashion, it is important

to consider a value function model to guide the execution horizon (motion being

executed) toward a state that is beneficial for the future. To model this value function,

traditional RHP approaches often approximate it by computing trajectories in a pre-

diction horizon (not executed) that foresees the future. Nevertheless, approximating

the value function with the prediction horizon typically results in expensive computa-

tions, especially when computing contact and motion plans where complex nonlinear

dynamics constraints need to be considered.

To accelerate the computation speed, we explore the possibility to find computa-

tionally efficient approximations of the value function. This leads to:

• Receding Horizon Planning with Multiple Levels of Model Fidelity, where we ap-

proximate the value function by computing the prediction horizon with convex

relaxed models. In this thesis, we explore and compare three multi-fidelity RHP

candidates with different convex relaxations employed in the prediction horizon.

• Locally-Guided Receding Horizon Planning, where we approximate the value func-

tion with a learned oracle that can predict local objectives as intermediate goals

for a given task. These local objectives are then used to construct local value

functions to guide a short-horizon RHP.

We evaluate the computation performance of multi-fidelity RHP and locally-guided

RHP in the context of planning centroidal trajectories of the humanoid robot Talos [90]

walking on uneven terrain, and we use a whole-body inverse dynamics controller [27]

to validate the dynamic feasibility of the planned trajectories in simulation. Our

experiment result shows that both multi-fidelity RHP and locally-guided RHP can

achieve online RHP of contact and motion plans. Furthermore, due to the shortened

planning horizon, the locally-guided RHP achieves the best online convergence rate.

In addition, we also validated locally-guided RHP with real-world robot experiments,

where we demonstrated online receding horizon planning of contact and motion plans

on our humanoid robot Talos [90] in dynamically changing environments.

10.1.2 Summary of Automatic Gait Pattern Selection

To address the combinatorial complexity arising from the gait pattern selection issue,

we propose the idea of establishing a map that can tell the gait pattern selection
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based on the task specifications and the environment model. To generate the map,

we employ Mixed-Integer Non-Linear Programming (MINLP) to offline compute a

dataset of optimal gait patterns for a set of task specifications and environments. Then,

we use a neural network to encode the map. Here the term "optimal" refers to the

locally optimal solutions discovered by re-starting the computation with different

initial guesses.

Following the idea, we construct optimal gait pattern selection maps for a 2D

half-cheetah model and the 3D quadruped robot ANYmal. We find that these maps

are composed of several contiguous regions for which a particular gait pattern is

optimal. Moreover, we also notice that the optimal trajectories within each gait region

are qualitatively similar. Based on this property, we find that we can use the mean

of these trajectories to warm-start our TO based planning algorithm. Lastly, we also

performed an experimental trial on the ANYmal robot to validate the motion planned

by our method.

10.2 limitations and future directions

In this section, we outline the limitations of our work and discuss the potential

directions of future research.

10.2.1 Limitations of our Online Receding Horizon Planning (RHP) Methods for Computing

Contact and Motion Plans

This section summarizes the limitations of our approaches for achieving online RHP

of contact and motion plans. Furthermore, we also highlight future research directions

that may improve their performance.

10.2.1.1 Improving the Accuracy of Value Function Approximation and Complementary

Methods to Ensure Safe Operation

In Chapter 7, we have shown that owing to the simplifications introduced into the value

function approximation, both multi-fidelity RHP and locally-guided RHP can achieve

fast computation of contact and motion plans. Nevertheless, these simplifications can

also affect the accuracy of the value function, which can sometimes cause convergence

failures, i.e., the RHP frameworks can be directed into an ill-posed state, from which

the TO can fail to find a feasible solution.

To deal with the issue of convergence failures, we believe it is important to improve

the accuracy of the value function approximation employed in our RHP methods,
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while in the meantime maintaining their efficient computation. For instance, for multi-

fidelity RHP, instead of using convex relaxed models to plan the prediction horizon

which may violate the system dynamics constraint, we can also consider using convex

inner approximation models to compute the prediction horizon [35]. We speculate that

the convex inner approximation models can provide more conservative and accurate

value function approximations, which may alleviate the convergence failure issue.

Alternatively, we can try to capture the complex system dynamics with a learned

convex parametric model. Ideally, by planning the prediction horizon with this learned

model, we could improve the accuracy of the value function approximation while

remaining efficient computation. For the locally-guided RHP, the quality of the value

function approximation heavily depends on the prediction accuracy of the oracle.

In this thesis, we have shown that we can improve the prediction accuracy of the

oracle by augmenting the data set with the data points that demonstrate corrective

actions from the states that cause convergence failures. However, we still found it hard

to achieve 100% prediction accuracy, showing that further investigation on the data

augmentation technique is necessary.

On the other hand, we should note that introducing simplifications into the value

function approximation will inevitably affect its accuracy. This trade-off implies that,

although there are still opportunities to improve the accuracy of our value function

approximation approach, we may find it difficult to achieve 100% convergence rate

of RHP. As a result, we may need to consider complementary methods to protect

the robot from convergence failures. To give more detail, the main issue arises from

convergence failures is that the robot may be led to an unstable state and start losing

balance. In that case, we can use the fall protection method to try to bring the robot to

a halt if we detect the robot is failing [29]. This can help us to minimize the damage of

the falling to the robot. Also, if the robot already falls on the ground, we can use the

fall recovery method [115] to bring the robot back to a nominal posture. We believe fall

protection and fall recovery techniques are also important to facilitate safe operation

of legged robots.

10.2.1.2 Towards More Reactive Computation

In this thesis, we test both multi-fidelity RHP and locally-guided RHP in an online

setting, where in each planning cycle, we require the planner to compute the motion

plan for the next step before finishing the execution of the current step. Such an

online setting can allow the robot to achieve reliable locomotion in response to the

environment changes, and we show that both multi-fidelity RHP and locally-guided

RHP can achieve online computation in this setting.
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Nevertheless, when deploying legged robots in the real world, the robot can meet

more instantaneous perturbations, i.e., state deviations caused by external forces

applied on the robot, footstep deviations due to imperfect control or foot slippage. To

cope with these abrupt changes, legged robots necessarily require the capability to

update their motions in a more reactive fashion. To achieve this, we need to further

improve the computation efficiency of our methods.

To be more specific, for multi-fidelity RHP, the first avenue we should explore is to

find more simplified models to plan the prediction horizon. However, as mentioned

in Section 10.2.1.1, these further simplifications should not affect the accuracy of the

value function approximation. Alternatively, we can also improve the computation

speed of multi-fidelity RHP by exploiting the structure of the RHP formulation. More

specifically, given the prediction horizon is fully convex, we can split the planning

of the execution horizon (non-convex part) and the prediction horizon (convex part)

into two sub-problems, and then we solve these two sub-problems alternatively until

convergence [10]. To further improve the computation speed of the locally-guided RHP,

we should focus on achieving more efficient computation of the execution horizon,

as the computation burden of the prediction horizon is removed by a learned value

function model. To achieve this goal, we can reduce the dimensionality of the execution

horizon by modeling the trajectories with parametric curves, i.e., bezier curve [35].

Alternatively, we can also explore the possibility to warm-start the computation of the

execution horizon [58].

10.2.1.3 Extending to Whole-body Motion Planning/Control

In this thesis, we test both multi-fidelity RHP and locally-guided RHP in the case

of planning centroidal trajectories of the humanoid robot Talos walking on uneven

terrain. As mentioned in Section 2.1.2, the centroidal dynamics model features lower

dimensionality, which can allow us to have more tractable computation. Neverthe-

less, the centroidal dynamics model introduces approximations on robot kinematics

and assumes that the robot always has sufficient joint torques to achieve the desired

centroidal momenta. These assumptions can lead to failures in achieving a correspond-

ing whole-body motion. Given this issue, we believe it is worthwhile to extend our

studies to the case of planning whole-body motion plans. Additionally, considering

the whole-body dynamics model also allows us to fully exploit the dynamics of each

individual link, which can enable the generation of more dynamics motions, i.e.,

jumping and back-flipping [62, 74].
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10.2.2 Limitations of our Automatic Gait Pattern Selection Approach

To address the combinatorial complexity of the multi-contact motion planning problem,

in this thesis, we present a learning-based framework to build maps that can select

the gait pattern based on the task specifications and the environment model. To

generate the data set, we rely on a MINLP approach to offline search for the optimal

gait patterns of different task specifications and environment models. Nevertheless,

as shown in Chapter 9, this MINLP approach does not scale with a large number

of integer variables. For example, when we switch from the half-cheetah model to

the 3D quadruped, the number of possible gait patterns increases from 256 to 65536

(although we assume the motion always contains 4 contact phases), and we witness an

exponential growth of the computation time (from 90s to 5 hours). As we can imagine,

if we further increase the combinatorial complexity of the problem by considering

more complex scenarios, the MINLP problem may even become intractable for offline

computation, i.e., increasing the number of contact phases and the number of limbs

(hexapod), taking into account more complex environments composed of disjoint

contact surfaces [2, 26, 80, 87]. To alleviate this scalability issue, we can develop

pre-processing methods to filter out the gait patterns that are kinematically infeasible.

Alternatively, we can also develop heuristics to improve the search efficiency of the

branch and bound algorithm [50].

10.2.3 Combining Our Methods for Gait Pattern Selection and Contact and Motion Planning

In an ideal case, the multi-contact motion planning problem should be solved by

jointly optimizing the discrete decisions—gait pattern selection and/or contact surface

selection, along with the continuous decisions—computing a feasible contact and

motion plan. Although in theory, Mixed-Integer Programming (MIP) is the most

general way to address such an optimization problem that involves both discrete and

continuous variables, we have shown that MIP methods suffer from long computation

time. The computational burden typically results from the Branch-and-Bound (B&B)

algorithm which deals with the combinatorial aspect of the problem: a large number of

complex inner optimization problems need to be addressed to evaluate the feasibility

and optimality of the motions characterized by different gait patterns. Although

state-of-the-art legged locomotion planning algorithms have enabled the efficient

computation of these inner problems and can significantly improve the computation

time of MIP [80], this approach still finds it difficult to achieve online computation

when there exists a large number of integer variables need to be addressed.
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Alternatively, to achieve efficient computation, we can also address the multi-contact

motion planning problem in a decoupled fashion. For instance, we can firstly decide

the discrete variables (gait pattern and/or contact surface selection), and then compute

the continuous variables (contact and motion plan). In this thesis, we have presented

novel methods that can efficiently address the discrete part and the continuous part of

the multi-contact planning problem respectively. For example, we propose to offline

build a map for selecting the gait pattern, and we also achieve online RHP of contact

and motion plans over uneven terrain (with fixed gait pattern) via efficient value

function approximation methods. In the future, we can explore the combination of

these methods to build a complete computation pipeline to achieve online multi-

contact motion planning in challenging environments. Nevertheless, as mentioned in

Section 10.2.2, a core challenge of achieving this pipeline is that the offline computation

involved in building the gait pattern selection map can become prohibitive when we

consider more complex scenarios, i.e., searching for a large number of integer variables

due to the consideration of more contact phases or limbs (using hands to assist stair

climbing), or taking into account contact surface selection [26, 87]. Probably, instead of

relying on offline computation to build the map, we could explore the possibility of

learning the map from human/animal demonstrations [48, 117]. We believe further

research in building this decoupled computation pipeline is a promising research

direction.

10.3 epilogue

In this thesis, we explored a couple of novel methods for achieving online RHP of

multi-contact motions. The core idea of our methods is to simplify the computation

complexity of the original planning problem by introducing model simplifications and

domain knowledge learned from past experiences. The impact of our methods lies in

their fast computation speed, which can enable legged robots to online adapt their

motions in response to unexpected changes, i.e., dynamic changes of the environment

or task changes from a human operator. Such capability is essential for achieving

reliable operation in uncertain environments. Looking into the future, we can further

improve the performance of our methods in the following aspects, i.e., improving

the convergence rate, achieving more reactive computation, scaling to more complex

robot models and scenarios, etc. We envision that in the near future, legged robots

can become ready for real-world applications, and undertake a wide range of tasks

that are tedious and dangerous for humans.
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