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Abstract

We study slope-stable vector bundles and Bridgeland stability conditions on varieties which are a quo-
tient of a smooth projective variety by a finite group G acting freely. We show that there is an analytic
isomorphism between rep(G)-invariant geometric stability conditions on the quotient and G-invariant
geometric stability conditions on the cover. We use this to describe a connected component inside the
stability manifolds of free quotients when the cover has finite Albanese morphism. This applies to
varieties with non-finite Albanese morphism which are free quotients of varieties with finite Albanese
morphism, such as Beauville-type and bielliptic surfaces. This gives a partial answer to a question raised
by Lie Fu, Chunyi Li, and Xiaolei Zhao: If a variety X has non-finite Albanese morphism, does there
always exist a non-geometric stability condition on X ? We also give counterexamples to a conjecture of
Fu-Li-Zhao concerning the Le Potier function, which characterises Chern classes of slope-semistable
sheaves. As a result of independent interest, we give a description of the set of geometric stability con-
ditions on an arbitrary surface in terms of a refinement of the Le Potier function. This generalises a
result of Fu-Li-Zhao from Picard rank one to arbitrary Picard rank.
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Notation and Conventions

(
&(
K(D), K(

num (D) ) Knum(
Stab(D), Stab(
(

an algebraically closed field

a k-linear essentially small Ext-finite triangulated category with a Serre functor
a finite group such that (char(k), |G|) =1

the category of finite dimensional representations of G over k

the category of G-equivariant objects

a smooth connected projective variety over k

the bounded derived category of coherent sheaves on X

the bounded derived category of G-equivariant coherent sheaves

the Grothendieck group of D, resp. DP(X)

the numerical Grothendieck group of D, resp. DP(X)

the space of numerical Bridgeland stability conditions on D, resp. DP(X)

the space of geometric numerical stability conditions on D" (X)

the space of locally-finite Bridgeland stability conditions on D

the Chern character of an object £ € DP(X)

Pic(X)/Pic’(X), the Néron-Severi group of X

NS(X)®@ R

the ample cone inside NSk (X)

the effective cone inside NSg (X)

the Chow group of X, i.e. algebraic cycles on X modulo rational equivalence
the numerical Chow group of X
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Chapter 1

Introduction

Given a smooth projective complex variety X, one can construct an invariant, the complex manifold
of Bridgeland stability conditions Stab(X). This invariant plays many important roles in algebraic
geometry. In this thesis, we study how it can be used to detect geometric properties when X admits a
free action by a finite group.

1.1 Motivation: Geometric stability conditions

A Bridgeland stability condition o € Stab(X) picks out certain objects in Coh(X) — and more generally,
in DP(X) - and calls them o-stable. Let us first see an example when dim X = 1.

Example 1.1.1. Let X be a curve. The pair 5, = (Coh(X), —deg(E) + irank(E)) is a Bridgeland
stability condition. Let £/ be a non-zero coherent sheaf on X. We define the slope with respect to o,
as (E) = oo if rank(E) = 0, and pu(E) = deg(FE)/rank(E) otherwise. Then F is o, -stable if and
only if any non-zero non-trivial subsheaf F' satisfies u(F') < p(E). This is the original definition of
slope-stability which was used to classify vector bundles [Mum63]]. Examples of o,,-stable sheaves are
line bundles, O(n), and all skyscraper sheaves of points, O, for z € X.

That was an example of a so-called geometric stability condition. Such stability conditions always
pick out the points of your variety.

Definition 1.1.2. A stability condition o € Stab(X) is geometric if for all points x € X, O, is o-stable.
We denote by Stab®®®(X) the set of all geometric stability conditions.

Question 1.1.3. Do there exist non-geometric stability conditions?

The short answer is “sometimes”. We summarise what was known in the literature (before [FLZ22]))
in the table below. See Section [L.3]for further details and references.

dimX | Stab®°(X) | Stab(X) = Stab“*°(X) | Stab(X) # Stab®*’(X)
1 | =GLy(R) 0, 2CxH | g(X)>0 Stab(P1) & C?
2 controlled by invariants of | abelian surfaces P2, K3 surfaces, rational sur-
slope-stable sheaves on X faces, X D C =2 Plst. C? <0
>3 | # (forsome 3foldsand P™ | ??? P"

This raises the question: which geometric properties lead to geometric and non-geometric stability
conditions? The first general answer was given by [FLZ22, Theorem 1.1]: Lie Fu, Chunyi Li, and Xiaolei

15



Zhao showed that if X has finite Albanese morphism albx (i.e. if X admits a finite map to an abelian
variety), then Stab(X) = Stab®®®(X). This led them to pose the following question.

Question 1.1.4 ([FLZ22| Q. 4.11]). Ifalby is not finite, then is Stab(X) # Stab®*°(X)?

In all known examples (i.e. the rightmost column in the table above) the answer to Question[1.1.4|was
positive. The goal of this thesis is to study a different flavour of examples: free quotients, i.e. quotients
Y = X/G of varieties by the free action of a finite group G. In particular, suppose albx is finite
while alby is not. This occurs in several examples including Beauville-type and bielliptic surfaces (see

Examples and[1.2.2). To study Question for Y, we will compare Stab(Y") with Stab(X) in
two different ways. One crucial consequence will be the following.

Theorem|[8.3.1} Let X be a surface with finite Albanese morphism. Let G be a finite group acting freely
on X. Let S = X/G. Then Stab®®°(S) is a contractible connected component of Stab(S).

This tells us that if S is a Beauville-type or bielliptic surface, then either Question is false, or
Stab(S) is disconnected. Both of these cases would be surprising.

1.2 Summary of results

We first study the Le Potier function introduced by Fu-Li-Zhao in [FLZ22, §3.1]. In Theorem [2.4.7
we give counterexamples to the conjecture stated in [FLZ22| §4.4], and explain how a refinement of
the Le Potier function controls the set of geometric Bridgeland stability conditions on any surface in
Theorem

Our second approach is via group actions on triangulated categories. In Theorem 5.3.6) we sharpen
the correspondence between G-invariant stability conditions on D and stability conditions on the G-
equivariant category D¢ introduced by Macri-Mehrotra—Stellari in [MMS09, Theorem 1.1]. This is used
to control the set of geometric stability conditions on any free quotient by a finite group in Theorem|6.3.2]
We first consider abelian groups, and later generalise this to any finite group viarep(G) in Theorem|8.2.1|
and Theorem[8.3.1]

Chapters 2-6 are based on [D23] and Chapters 7-8 are based on [DHL24].

1.2.1 Slope-stability on free quotients via the Le Potier function

A fundamental problem in the study of stable sheaves on a variety X is to understand the set of Chern
characters of stable sheaves. This can be used to control wall-crossing and hence indirectly control
Brill-Noether phenomena as in [Bay18, Theorem 1.1] and [Fey20]. Later in this thesis, we will use the
set of Chern characters of stable sheaves to describe StabGCO(X ) for surfaces (see Theorem .

When studying slope-stable sheaves on a variety X, a natural question is for which topological
invariants (i.e. Chern character) slope-stable sheaves exist. For X = P2, Drézet and Le Potier gave a
complete solution in [DL85, Theorem B] in terms of a function of the slope, 6: R — R. In [FLZ22|
§3.1], the authors define the Le Potier function ®x p which gives a generalisation of Drézet and Le
Potier’s function to any polarised surface (X, H ). They use this to control geometric Bridgeland stability
conditions with respect to a sublattice of the numerical K-group of X, Kyum(X), coming from the
polarisation.

Let NSr(X) = NS(X) ® R, where NS(X) is the Néron-Severi group of X, and let Ampg (X)
denote the ample cone inside NSg(X). In Chapter [2| we introduce a generalisation of the Le Potier
function. We state the version for surfaces below to ease notation.

16



Definition [4.3.3] Let X be a surface. Let (H, B) € Ampg(X) x NSg(X). We define the Le Potier
function twisted by B, ®x g p: R = R, by

{ChQ(F) — B Chl(F)

H. Ch1 (F)
H2chy(F) }

: F' € Coh(X) is H-semistable with ————= = p

Ox g,p(x) = limsup H2cho(F)

pn—x

The Bogomolov-Gieseker inequality gives an upper bound for ® x x5 (see Lemmal2.2.6). If B = 0,

this is the same as [FLZ22, Definition 3.1], i.e. ®x 5,0 = ®x, g, and the upper bound is %-. The function
® x m,p naturally generalises to higher dimensions, see Deﬁnitionm

The Le Potier function partially determines the non-emptiness of moduli spaces of H-semistable
sheaves of a fixed Chern character, which in turn controls wall crossing, along with the birational ge-
ometry of these moduli spaces. Examples of this include for P? [LZ19, Theorem 0.2, Theorem 0.4], K3
surfaces [BM14, Theorem 5.7], and abelian surfaces [MYY12, Theorem 4.4.1].

The Le Potier function is known for abelian surfaces [Muk84, Corollary 0.2][Yos01f], K3 surfaces
[Huy16, Chapter 10, Theorem 2.7], del Pezzo surfaces of degrees 9 — m for m < 6 (for H = —Kx,
B = 0) [LZ23| Theorem 7.15], Hirzebruch surfaces [[CH21, Theorem 9.7], and for surfaces with finite
Albanese morphism [LR21, Example 2.12(2)].

In this thesis, we relate the Le Potier function of X to the Le Potier function of any free quotient of
X by a finite group. We state these results for surfaces with B = 0 below.

Proposition[2.3.4} Let X be a surface, and let G be a finite group acting freely on X . Consider the quotient
maprm: X — X/G =: S and let Hs € Ampg (S). Then Ps g = Px 7+ Hs-

Recall that any variety X has a map alby, the Albanese morphism, to Alb(X) := Pic’(Pic’(X)),
the Albanese variety. This map is algebraic, unique up to translation, and every morphism f: X — A
to another abelian variety A factors via albx. The dimension of Alb(X) is h'(X,Ox). When X is a

curve, alb(X) is the Abel-Jacobi map to the Jacobian of the curve. Over C, Alb(X) = % For
more details, see [Bea96| Chapter V] and [GH94| Chapter 2.6]. In Proposition [2.4.6| we compute the Le
Potier function for varieties with finite Albanese morphism. Together with Proposition[2.3.4] this allows
us to compute the Le Potier function for varieties that are finite free quotients of varieties with finite

Albanese morphism.

Theorem [2.4.7} Let X be a surface with finite Albanese morphism. Let G be a finite group acting freely
on X. Letw: X — X/G =: S denote the quotient map. Let Hx = alby H = 7*Hg € Ampg (X) be

an ample class pulled back from Alb(X) and S. Then &g g, (x) = %

In Example we explain how to choose appropriate ample classes such that Theorem applies
to the following two classes of minimal surfaces.

Example 1.2.1 (Beauville-type surfaces, ¢ = 0). Let X = C; x Cy, where C; C P? are curves of
genus g(C;) > 2. Each curve has finite Albanese morphism, and hence so does X. Suppose there is a
free action of a finite group G on X, such that S = X/G has ¢(S) = h'(S,0s) = 0 and py(S) =
h2(S,Og) = 0. This generalises a construction due to Beauville in [Bea96, Chapter X, Exercise 4], and
we call S a Beauville-type surface. These were classified in [BCG08, Theorem 0.1]. There are 17 families,
5 of which involve an abelian group. In the abelian cases, G is one of the following groups: (Z/2Z)3,
(Z/2Z)*, (Z/3Z)?, (Z/5Z)?. Since dim(Alb(S)) = ¢(S) = 0, albg is trivial for any Beauville-type
surface.

Example 1.2.2 (Bielliptic surfaces, ¢ = 1). Let S & (E x F)/G, where E, F' are elliptic curves,
and G is a finite group of translations of E acting on F' such that F//G = P!. Then ¢(S) = 1 and

Alb(S) = E/G, so albg is an elliptic fibration. Such surfaces are called bielliptic. There are 7 families,
see [Bea96} List VI1.20].
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In particular, Beauville-type surfaces provide counterexamples to the following conjecture.

Conjecture 1.2.3 ([FLZ22, §4.4]). Let (S, H) be a polarised surface with ¢ = 0, then the Le Potier function
®g g is not continuous at 0.

This conjecture was motivated by Question and the expectation that discontinuities of ®g
could be used to show the existence of a wall of the geometric chamber for regular surfaces, as in the
cases of rational and K3 surfaces.

1.2.2 The Le Potier Function and Geometric Stability Conditions

Let X be a surface and fix H € Ampg(X). In [FLZ22, Theorem 3.4, Proposition 3.6], the authors
showed that ®x g gives precise control over Stab;;°°(X), the set of geometric numerical Bridgeland
stability conditions with respect to a sublattice Ay C Kyum (X) (see Remark. When X has Picard
rank 1, Stab$® (X)) = Stab%®°(X).

In Chapter[4 we generalise this to the set of all geometric numerical Bridgeland stability conditions.

Theorem[4.3.1] Let X be a surface. There is a homeomorphism of topological spaces
Stab®°(X) = C x {(H,B,a,ﬂ) € (NSr(X))? x R : H is ample, o > @X,H,B(ﬁ)}.

In particular, Stab®®° (X) is connected. We discuss in Sectionhow Theoremcould be used to
describe the boundary of StabGCO(X )- This emphasises how ® x g p is a crucial tool for understanding
the existence of non-geometric stability conditions on surfaces. In particular, if one can compute the
Le Potier function, one should be able to tell whether the boundary of the set of geometric stability
conditions has a wall.

1.2.3 Geometric Stability Conditions and Abelian Group Actions

Let k be an algebraically closed field, and let G be a finite abelian group such that (char(k), |G|) = 1.
Let D be a k-linear idempotent complete triangulated category with an action of G in the sense of
[Del97] (see Definition|[5.1.1). This induces an action on Stab(D), the space of all numerical Bridgeland
stability conditions on D. Let D¢ denote the corresponding category of G-equivariant objects (see
Definition . There is a residual action by G = Hom(G, k*) on D¢ (see Proposition , and
(Dg)s = D by [Elals, Theorem 4.2]. Theorem describes an analytic isomorphism between G-
invariant stability conditions on D and G-invariant stability conditions on Dg. This builds on [Pol07,
Proposition 2.2.3] and [MMS09| Theorem 1.1].

In this thesis, we focus on the case where D = DP (X) for X a variety, and the action of G on D
is induced by a free action by G on X. Then (D"(X))g = D&(X) := D(Cohg(X)), the bounded
derived category of G-equivariant coherent sheaves on X. We call Y := X /G a free abelian quotient.
Recall that DP(Y) 22 D2(X). Let 7: X — Y denote the quotient morphism. There is a decomposition
of m,Ox into line bundles £, according to the 1-dimensional representations x €& G. Then — ®
L, : D*(Y) — DP(Y) describes the residual action of G.

In all known examples, the stability manifold contains an open set of geometric stability conditions
(see Definition [1.1.2). We prove that geometric stability conditions are preserved under the analytic
isomorphism of Theorem|5.3.6]

Theorem|[6.1.1} Suppose G is a finite abelian group acting freely on a variety X. Lett: X — Y = X/G
denote the quotient map. Consider the action of G on D2(X) = DP(Y) as in Proposition Then the

18



functors 7*, T, induce analytic isomorphisms between G-invariant stability conditions on DP(X) and
G-invariant stability conditions on DP(Y') which preserve geometric stability conditions:

(7)1 (Stab(X))€ 2 (Stab(Y))% : (m.)~L.

The compositions (m.) "L o (7*) =% and (7*) =% o (m,) ! fix slicings and rescale central charges by |G|.
In particular, suppose 0 = (P,,Z,) € (Stab(X))G satisfies the support property with respect to

(A, ). Then (7*)~1(0) =: 0y = (Psy, Zoy ) € (Stab(Y))Y is defined by

Poy (¢) = {€ € DP(Y) : 7°(€) € Po(e)},

*
Loy =ZLyom,

where T* is the natural induced map on K(DP(Y')), and oy satisfies the support property with respect to
(A, Aom™).

As discussed in Section very little is known about how the geometry of a variety X relates to
the geometry of Stab(X). In [FLZ22| Theorem 1.1], the authors showed that if X has finite Albanese
morphism, then all stability conditions on DP(X) are geometric. In this setup, we obtain a union of
connected components of geometric stability conditions on any free abelian quotient of X.

Theorem|6.3.2] Let X be a variety with finite Albanese morphism. Let G be a finite abelian group acting
freely on X and let Y = X/G. Then Stab*(Y)) := (Stab(Y))% 2 Stab(X)% is a union of connected

components consisting only of geometric stability conditions.
When X is a surface, we have the following stronger result.

Theorem|[6.3.3] Let X be a surface with finite Albanese morphism. Let G be a finite abelian group acting
freely on X. Let S = X/G. Then Stab*(S) = Stab®°°(S). In particular, Stab®®°(S) is a contractible
connected component of Stab(S).

Note that Theorem gives us an explicit description of Stab?(.S). Moreover, let S = X/G be
a Beauville-type or bielliptic surface with G abelian. As discussed in Examples and S has
non-finite Albanese morphism. By Theorem Stab®°(S) C Stab(S) is a connected component.
In particular, if Stab(5S) is connected, then Question [1.1.4/would have a negative answer.

1.2.4 Geometric stability conditions and fusion actions

In the rest of this thesis, we generalise the results of Section|[I.2.3]to actions of non-abelian groups. Let X
be a variety with a free action of a finite group G, and consider the quotient 7: X — Y := X/G. When
G is abelian, we saw in Theorem that the action of the group of 1-dimensional representations
G on DP(Y) can be used to relate Stab(X) and Stab(Y). When @ is non-abelian, the action of G
is too small to capture this relation. Instead, we need to use all of the (irreducible) representations of
G. In particular, m,Ox has a decomposition into vector bundles F, corresponding to the irreducible
representations p € Irr(G) (see (8.1)). There are endofunctors — ® E,: D?(Y) — DP(Y'), whose
composition corresponds to taking the tensor product in rep(G). This gives D?(Y) the structure of a
(right) module category over rep(G). We also call this an action of rep(G). In Section[7.1] we study such
structures in greater generality. In particular, we work with fusion categories — monoidal categories with
strong finiteness properties — acting on categories (see Definitions|[7.1.7]and[7.1.14).

Before we can generalise Theorem we need to understand stability conditions on the free
quotient Y = X /G that behave well with respect to the rep(G)-action, that is
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Stabyep(c) (Y) = {a = (P, Z) € Stab(Y) : ZE?) g EE::)) C: Zi(i);. 2, P € Irr(G)} .

We call such stability conditions rep(G)-equivariant. When G is abelian, an action of rep(G) is

equivalent to an action of G. Thus Stabep(c)(Y) = (Stab(Y))® is the set of fixed points of a group
action on the manifold Stab(Y). Therefore, it is a closed submanifold. In the non-abelian case, we
instead build on techniques from [Hen22] to study fusion-equivariant stability conditions in Section[7.2}
We prove that such stability conditions always form a closed submanifold in Theorem [7.2.15] which in
particular applies to Stab,cp ) (Y).

In Section|[7.3] we consider again the setting of a finite group G acting on a triangulated category D.
Theorem describes an analytic isomorphism between G-invariant stability conditions on D and
rep(G)-equivariant stability conditions on D¢. This generalises Theorem When D = DP(Y') with
Y = X/@ afree quotient, this analytic isomorphism again preserves geometric stability conditions.

Theorem Suppose G is a finite group acting freely on a variety X. Letm: X — Y := X/G denote
the quotient map. Consider the action of rep(G) on D& (X) = DP(Y) as in (7:2). Then the functors T, .
induce an analytic isomorphism between the closed submanifolds of stability conditions (Stab(X))“ and
Stabrep(G) (Y):

R

(7*)~1: (Stab(X))¥ = Stabrepa) (Y) ()7

which are mutual inverses up to rescaling the central charge by |G|. Moreover, this preserves geometric
stability conditions.

This generalises Theorem In Lemma [8.1.1] we prove that Stab,ep(qy(Y') is still open. This
allows us to generalise the remaining results from Chapter [6]

Theorem|[8.3.1} Let X be a variety with finite Albanese morphism. Let G be a finite group acting freely
on X andletY = X/G. Then
(1) Stab¥(Y) = Stabyep(a) (Y) = Stabyec, (X) is a union of connected components consisting only
of geometric stability conditions.
(2) if X is a surface, then Stab*(Y') = Stab®*°(Y)) = (Stab(X))€. In particular, Stab*(Y) is a
contractible connected component of Stab(Y").

This produces new examples of varieties with non-finite Albanese morphism whose stability man-
ifold has a connected component of only geometric stability conditions (see Examples and
[8.3.4). Since the stability manifold of any variety is expected to be connected, this provides further
evidence that Question has a negative answer.

Motivation from representation theory

The study of actions of fusion categories in Chapter|[7]was also motivated by questions in representation
theory. For example, can a group G always be realised as a symmetry of a (triangulated) category D? In
[Hen22| Chapter 2], Edmund Heng used fusion categories to construct new (faithful) categorical actions
coming from certain non-simply laced braid groups. In the upcoming work [HL], Heng and Licata study
the case where G = Byy is the braid group associated to any (non-simply laced) Coxeter system W.
They construct a triangulated category D" which has an action of a fusion category C" associated to
W. Moreover, they conjecture that Stabew (D"') is a universal covering of the hyperplane complement
associated to W, whose contractibility would prove the K (7, 1) conjecture (see [DHL24] §1.4]).
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In [DHL24]], we also studied the representation theory of so-called (separated) McKay quivers Q. This
includes many examples of wild quivers, whose stability manifolds are not well understood. In [DHL24]
Corollary 5.2] we used Theoremto describe a submanifold of Stab(DP(Rep(Q))) explicitly.

1.3 Survey: Geometric stability conditions

To give context for the results in this thesis, we survey the cases where a connected component of the
stability manifold is known, and where geometric and non-geometric stability conditions have been
described. Throughout, X is assumed to be a smooth projective variety over C.

There are the following general results:

« Varieties with albx finite: Stab(X) = Stab%*®(X) [FLZ22, Theorem 1.1]

« Quotients of varieties with albx finite: Let Y = X /G be a free quotient of X, and assume alb is
finite. If G-invariant stability conditions exist on X, then Stab®®°(Y") 2 (Stab(X))€ is a union
of connected components consisting only of geometric stability conditions, see Theorem[8.3.1]

The results for specific examples are summarised in the following table:

dim X | Stab%°(X) | Stab(X) # Stab%®*°(X)?
1 | GL, (R) Stab(P1) =~ C2
2 controlled by ®x p g P2, K3 surfaces, rational surfaces, X D C rational curve
s.t. C2 <0
>3 # () for some 3folds and P" | any variety with a complete exceptional collection

Note that the examples in the rightmost column have non-finite Albanese morphism. This gives a
positive answer to Question in those cases.

Curves: For any curve C, Stab®®(C) GNLz+ (R). Up to the action of (,}\i; (R), this corresponds
to slope-stability for Coh(C) [Mac07b| Theorem 2.7]. We saw this already in Example|[1.1.1]
« Stab(P!) 2 C? [Oka06, Theorem 1.1]. Okada’s construction uses the identification DP(P1) =
DP(Rep(K3)) where K is the Kroneker quiver with two arrows. In particular, these are not all
geometric.

« Let C be a curve of genus g(C) > 1, then Stab(C) = Stab®*°(C) = éi; (R) [Bri07, Theorem
9.1], [Mac07bl Theorem 2.7].

Surfaces: There is a construction called tilting which gives an open set of geometric stability con-

ditions on any surface, see for example [AB13}[MS17] and Chapter [4]

A connected component is known in the following cases:

« Surfaces with finite Albanese morphism: This connected component is precisely the set of ge-
ometric stability conditions which come from tilting. This follows from [FLZ22, Theorem 1.1]
together with Theorem [4.4.1]

« K3 surfaces: There is a distinguished connected component StabT(X ) described by taking the
closure and translates under autoequivalences of the open set of geometric stability conditions
[Brio8l Theorem 1.1]. By [Bri08, Theorem 12.1], at general points of the boundary of StabGeO(X),
either

— all skyscraper sheaves have a spherical vector bundle as a stable factor, or
— O, is strictly semistable if and only if € C, a smooth rational curve in X.
P2: Stab(P2) has a simply-connected component, Stab'(P2), which is a union of geometric and
algebraic stability conditions [Li17, Theorem 0.1].
« Enriques surfaces: Suppose Y is an Enriques surface with K3 cover X, and let Stab! (X) be the
connected component of Stab(X) described above. Then there exists a connected component
Stab (V) which embeds into Stab'(X) as a closed submanifold. Moreover, when Y is very
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general, Stab'(Y) 2 Stab'(X) [MMS09, Theorem 1.2]. Stab'(X) has non-geometric stability
conditions, hence by Theorem so does Stab' (V).

« Beauville-type and bielliptic surfaces: Let S = X/G. By Theorem 2) there is a connected
component Stab?(S) = Stab®®°(S) = (Stab(X))C. If Stab(S) is connected, this would give a
negative answer to Question|[1.1.4} in contrast to all previous examples.

Non-geometric stability conditions are known to exist in the following cases.

« Rational surfaces: the boundary of the geometric chamber contains points where skyscrapers
sheaves are destabilised by exceptional bundles. This is explained for Tot(Op2(—3)) in [BM11,
§5], and the arguments generalise to any rational surface.

« Surfaces which contain a smooth rational curve C' with negative self intersection: these have a
wall of the geometric chamber such that O, is stable if x ¢ C, and strictly semistable if x € C
[TX22, Lemma 7.2], [LR22| Proposition 5.3].

Threefolds: Fix H € Ampg(X). Denote by Staby (X) the space of stability conditions such
that the central charge factors via a certain lattice Ay C Kyum (X). If p(X) = 1, this gives rise to
elements of Stab(X). A strategy for constructing stability conditions in Staby (X) for threefolds was
first introduced in [BMT13| §3, §4]. This uses so-called tilt stability conditions to construct geometric
stability conditions if a stronger Bogomolov-Gieseker-type inequality is satisfied.

Geometric stability conditions in Staby (X) exist for some threefolds, see [BMS16, Theorem 1.4],
[Ber+17, Theorem 1.1], [Piy17, Theorem 1.3], [Kos18} Theorem 1.2], [Li19, Theorem 1.3], [Kos20, Theo-
rem 1.2], [Kos22, Theorem 1.3], [Liu22| Theorem 1.2].

Below we describe the only threefolds where Stab(X) is known to be non-empty. These are also
the only cases where a connected component of Staby (X) was previously known.

« Abelian threefolds: There is a distinguished connected component StabTH (X) of Staby (X). This
was completely described in [BMS16, Theorem 1.4]. These have been shown to satisfy the full
support property, in particular, they lie in a connected component Stab! (X) C Stab(X) [OPT22|
Theorem 3.21]. Abelian threefolds are also a case of [FLZ22| Theorem 1.1].

« Calabi-Yau threefolds of abelian type: Let Y be a Calabi—Yau threefold admitting an abelian three-
fold X as a finite étale cover. Then Y = X/G, where G is (Z/2)®? or D, (the dihedral group
of order 8) [[OS01, Theorem 0.1]. There is a distinguished connected component 3 of Stabz (Y)
induced from StabTH(X ) which contains only geometric stability conditions [BMS16, Corollary
10.3]. By the previous paragraph together with Theorem 8.3.1] B3 lies in a connected component
of Stab(Y"), and this connected component consists only of geometric stability conditions.

The only examples where non-geometric stability conditions are known to exist on threefolds are

those with complete exceptional collections. We explain this in greater generality below.

Exceptional collections: There are stability conditions on any triangulated category with a com-
plete exceptional collection {E1, ..., E,} called algebraic stability conditions [Mac07b, §3]. More pre-
cisely, choose p; € Z such that the exceptional collection {E1([p1],..., Ey[pn]} is Ext, ie. for all
i # j, Hom=°(E;[p:], E;[p;]) = 0. Then the extension closed subcategory, A, generated by E; [p;]
is the heart of a bounded ¢-structure on DP(X). A stability condition can then be constructed on A
by fixing Z(E;[p;]) = z; € H. On P", this construction has been used to show the existence of ge-
ometric stability conditions [Mu21} Proposition 3.5] [Pet22, §3.3]. If X is a variety with a complete
exceptional collection, non-geometric stability conditions can be constructed from hearts that do not
contain skyscraper sheaves [Mac07al §4.2].

1.4 Related works

Theorem was independently obtained in [PPZ23| Lemma 4.11]. Theorem was used to prove
that Stab~°° (X)) is contractible for any surface X in [Rek23, Theorem A]. Theorem was obtained
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independently in [[QZ23] Theorem 4.9], where the authors considered fusion-equivariant stability con-
ditions in relation to cluster theory.
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Chapter 2

Slope-stability on free quotients

We compute the Le Potier function of free abelian quotients and varieties with finite Albanese mor-
phism. We apply this to Beauville-type surfaces which provides counterexamples to Conjecture [1.2.3]
Throughout, X will be a smooth projective variety over C.

2.1 H-stability

Notation 2.1.1. Let A - B denote the intersection product of elements of Chow,,m(X) @ R.If A- B
is 0-dimensional, we define A . B := deg(A - B).

Definition 2.1.2. Let dim X = n. Fix an ample class H € Ampg (X). Given 0 # F € Coh(X), we
define the H-slope of F' as follows:

H" '.chi(F) )
p(F) = { Trao(ry o 1 cho(F) > 0;
+OO, lfCho(F) =0

We say that F' is H-(semi)stable if for every non-zero subobject £ C F/,

pu(E) < (S)pw(F).

2.2 The Le Potier function

In the study of H-stability, a natural question to ask is whether there are necessary and sufficient condi-
tions on a cohomology class v € H*(X, Q) for there to exist a H-semistable sheaf F' with ch(F') = ~.

The Bogomolov-Gieseker inequality (see [Bog79, §10], or [HL10, Theorem 3.4.1]) gives the following
necessary condition for H-semistable sheaves on surfaces:

2chg(F)chy(F) < chy (F)2.

This generalises to the following statement for any variety X of dimension n > 2 via the Mumford-
Mehta-Ramanathan restriction theorem.

Theorem 2.2.1 ([Lan04, Theorem 3.2], [HL10, Theorem 7.3.1]). Assume dim X = n > 2. Fix H €
Ampg (X). If F is a torsion-free H -semistable sheaf, then

2chg(F)(H" 2 . chy(F)) < H" 2 . chy(F)2.
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Remark 2.2.2. Let B € NSgr(X). The twisted Chern character is defined by ch® :=ch-e 5. Then
2chf (F)(H"2 . chd (F)) — H" 2 . (chZ(F))? = 2cho(F)(H" 2 . chy(F)) — H" 2. chy (F)?,
hence Theorem[2.2.1] also holds for twisted Chern characters.

Lemma 2.2.3 (Consequence of the Hodge Index Theorem). Assume dim X = n > 2. Let (H,D) €
Ampg (X) x NSg(X). Then H™ (H™2 . D?) < (H"'. D)2

Proof Let E :== D — HHI:'DH. Then H"~! . E = 0. Hence, by the Hodge Index Theorem [Luo90|

n

Theorem 1], we have H"~2 . E? < 0. Since H is ample, H™ > 0. Therefore,

Hn L,

n n—2 2\ n n—2 _ D 2 o n n—2 2\ n—1 2
0> H" (B B%) = H <H .(p - H)>_H(H D% — (5" . D).

O

Now assume dim X = n > 2 and fix (H, B) € Ampg (X ) x NSr(X). Let F be any H-semistable
torsion-free sheaf. By the twisted version of Theorem 2.2.1and the fact that H™ > 0, we have

2H"cho(F)(H" 2. chP(F)) < H"(H" % . chP(F)?) < (H" ' . chP(F))?,

where the final inequality is by Lemma Since F' is torsion-free, cho(F') > 0, and hence

2
H"=2 . chB(F) 1 (H”l .ch’f(F)>

< Z
H"Cho (F) -2 HnCho(F)

Now we expand the expressions for ch? (F) and ch? (F):

H"=2 chy(F) — H" 2. B.chy(F)+ $H" 2. B% .chy(F)

Hrchy(F)
_ L (H"' . chy(F) - H"""'. Beho(F) ?
=2 Hrcho(F)
1 H™1 . B\?
== o) [ I
B (MH( ) Hn )
Therefore,
H"2 _chy(F) — H" 2. B .chy(F) _1 H" 1. B\? 1H"2. B2
= <= -2 7)) -2 2
vi,p(F) Hncho(F) <5 (ma(E) Hr 27 Hn

(2.1)
For a given p € R, if iy (F') = p, we can therefore ask how large vy p(F') can be. These leads us to
make the following definition.

Definition 2.2.4. Assume dim X = n > 2. Let (H, B) € Ampg(X) x NSg(X). We define the Le
Potier function twisted by B, ®x g p: R = R U {—o00}, by

O x pg,p(x) =limsup {vy g(F): F € Coh(X) is H-semistable with pi (F) = pu}. (2.2)

n—x
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Remark 2.2.5. (1) If n = 2 then for every rational number 1 € Q there exists an H-stable sheaf F’
with g (F) = p [HL10| Theorem 5.2.5]. Since vy, g is bounded above by and Oy g pisa
limit supremum over values of v g, it follows that the value of ® x y g at every point is in R.
(2) For n > 2, it is an open question whether for a given 1 € Q there exists an H-semistable sheaf
F with pg (F) = u. Note that sup(f)) = —oo. This explains why we define ®x g 5 to be valued
inRU {—o0}.
(3) If B =0, we will write ®x g := ®Px p0. f n = 2, then ®x p is exactly [FLZ22| Definition 3.1].

The following result generalises the case for surfaces in [FLZ22| Proposition 3.2].

Lemma 2.2.6. Assumedim X =n > 2. Let (H, B) € Ampg (X) X NSg(X). Then ®x g, p satisfies

1 H"'.B\* H"2 B2
P <= — — 2.3
x,1.B5(T) < 5 [(33 I ) gn (23)
It is the smallest upper semi-continuous function such that
vi,B(F) < ®x B (1 (F)) (24)

for every torsion-free H -semistable sheaf F'.

Proof. The upper bound in follows from (2.1). Moreover, ® x, ;7 () is by definition the least upper
bound for vy g(F) for all torsion-free H-semistable sheaves F' with p g (F') = z. Hence the inequality
in holds.

Fix (H, B) € Ampg (X) x NSg(X). We now unpack Definition[2.2.4]to see why ®x 7, p is upper
semi-continuous. For any 6 > 0 and = € R, let B(z,d) = (x — §,x + ) C R and define

92(0) = sup {vgp(F): F € Coh(X) is H-semistable with pup (F) = p} .
neB(x,0)

Then ®x i p(x) = infs-0 g2 (9).

Now fix ¢ € R. To prove ® x g, p is upper semi-continuous, we need to show that for every real
number y > ®x 5 p(zo) there exists an open neighbourhood U of x such that y > ®x g p(z) for all
x € U. Suppose y > @x i p(xo), then there exists §o > 0 such that y > g¢,,(do). Moreover, for all
x € B(xo,9), guo (60) > Px g 5(x). Thusy > @x g p(z) forall z € U := B(xo, J). O

Example 2.2.7. Let X be a K3 surface and let H € Ampg (X). One can use [Bri08, Theorem 5.3] to
compute that

1’27

Ox mo(r) = {

M= N[

2’ — = (1 — m) if r € Q, where qy (7) = min{r € Z~¢ : rH?z € Z}
™

otherwise.

Note that the Le Potier function is indeed upper semicontinuous, but not continuous in this case.

2.3 The Le Potier function for free quotients

Let G be a finite group acting freely on X. There is an étale covering, 7: X — X/G =: Y. Then
Pic(Y) = Picg(X), the group of isomorphism classes of G-equivariant line bundles on X [MFK94,
Chapter 1.3]. Fix Hs € Ampg(Y). Then 7*Hg € Ampg(X) is G-invariant. Beauville-type and
bielliptic surfaces provide examples of such quotients.
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Example 2.3.1 (Ample classes on Beauville-type surfaces). Let S = X /G be a Beauville-type surface,
as introduced in Example Then X = Cy x Cj is a product of curves of genus g(C;) > 1,
q(S) = h'(S,05) = 0, py(S) == h*(S,0s) = 00 x(Os) = 1, and K& = 8 where Ky is the
canonical divisor of .S.

Assume that there are actions of GG on each curve C; such that the action of G on C; x Cj is the
diagonal action. This is called the unmixed case in [BCG08, Theorem 0.1] and excludes 3 families of
dimension 0. To classify ample classes on S, we follow similar arguments to [GS13} §2.2]. See also
[Sha14]. Consider the projections to each curve, p;: X — Cj and po: X — Cs. Fori,j € Z and
points ¢; € C;, consider the G-invariant divisor class

[0(i, )] = pi([Oc, (ic;)]) @ p5([Oc, (je2)]) € NSg(X).
Moreover,

(C1) - Xeop(C2) _ (1 = 9(C1))(1 — g(Cs))

Xto
Xtop(S) = = |G| B |G]

= 4x(0s) = 4.

Therefore, rank NS(S) = b3(S) = 2 and
NSq(5) = Q-[0(1,0)] © Q- [0(0, 1)].

In particular, Ampg (S) =2 Rso - [O(1,0)] & R - [O(0,1)].

Lemma 2.3.2 ([HL10, Lemma 3.2.2]). Let f: X — Y be a finite morphism of varieties of dimension
n > 2 and let E € Coh(Y). Let (Hy,By) € Ampgr(Y) x NSr(Y). Then E is Hy -semistable if
and only if f*E is f*Hy -semistable. Moreover, if cho(E) # 0, then pm, (E) = ppm, (f*E) and
Viy By (E) = Vimy By (f*E). In particular, Ox ¢-my f+By > Py Hy By -

Proof. The claim that F is Hy -semistable if and only if f*E is f* Hy -semistable follows from the same
arguments as in the proof of [HL10, Lemma 3.2.2]. If chg(F) # 0, then

ppe (FE) = deg((f*Hy)" ' - f*(chi(E)))
iy deg((f*Hy)™ - f*(cho(E)))

_ deg(f*(Hy ™" - chy(E)))
deg(f*(H3} - cho(E)))

_ deg(f) deg(Hy™" - chy(E))
deg(f) deg(Hy} - cho(E))

= pmy (F)

By the same arguments, vy gy, s+ By (f*E) = vuy By (E). O

(f is flat, so f* is a ring morphism)

(projection formula)

Lemma 2.3.3 ([D23, Lemma 4.9]). Suppose a finite group G acts freelyon X. Letm: X — Y = X/G
denote the quotient map. If F € Coh(X) is 7* Hy -semistable, then m,F is Hy -semistable. Moreover,
if cho(F') # 0, then ppg, (mF) = prepy (F) and vy, gy (TuF) = Verny o8y (F). In particular,
Ox rHy 7 By < Py Hy By-

Proof. Suppose that F' € Coh(X) is m* Hy-semistable. We will explain in Section that there is
an equivalence to the category of G-equivariant coherent sheaves, Coh(Y) = Cohg(X). There are
also functors Forg: Cohg(X) — Coh(X) and Infg: Coh(X) — Cohg(X) such that, under this
equivalence,

7" (7. (F)) & Forg o Inf(F) = P g F.
geG
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Since * Hy is G-invariant, it follows that ¢*F' is m* Hy -semistable for every ¢ € G. In particular,
@geG g*F is m* Hy -semistable. By Lemma , . F is Hy-semistable.
Now suppose cho(F') # 0. Since the Chern character is additive, fi g, (7*7 F) = pir=p, (F). By

Lemmal[2.3.2} i1y (T F) = fin= iy (77 F) = pire g1y (F), as required.
By the same arguments, vir, gy (T F') = Vp= 1y 2= By (F). O

Proposition 2.3.4 ([D23| Proposition 4.10]). Let X be a variety, and let G be a finite group acting freely
on X. Let m: X — X/G =: Y denote the quotient. Let (Hy,By) € Ampg(Y) X NSgr(Y). Then

(I)YyHyyBy = (I)X,W*Hy,ﬂ'*By .
Proof. This follows from Lemma and Lemmal[2.3.3] O

2.4 The LePotier function for varieties with finite Albanese mor
phism

The Le Potier function for surfaces with finite Albanese morphism was known previously [LR21, Exam-
ple 2.12(2)]. Below, we give a different proof which works for ® x g g in any dimension. We first need
the following definition.

Definition 2.4.1 ([Muk?78| Definitions 4.4, 5.2]). A vector bundle F on an abelian variety A is homoge-
neous if it is invariant under translations, i.e. for every x € A, T;*(E) = E, where T, is translation on

A by x. E is called semi-homogeneous if for every x € A, there exists a line bundle L on A such that
TX(E)®E® L.

See [Muk?78| Proposition 5.1] for some equivalent characterisations for when a vector bundle is semi-

homogeneous. We will need the following properties of homogeneous and semi-homogeneous vector
bundles.

Theorem 2.4.2 ([Muk78, Theorem 4.17, Lemma 6.11]). Let E be a vector bundle with cho(E) = r on an
abelian variety A.

(1) E is homogeneous if and only if E = ©F_| (P; ® U;), where each P; is a numerically trivial line

bundle, i.e. ¢1(P;) = 0, and each U; is a unipotent line bundle, i.e. an iterated self-extension of O 4.

(2) Suppose E is semihomogeneous and consider the multiplication by map,r: A — A. Thenr E =

det(E)®" @V, where V is a homogeneous vector bundle with chy(V') = cho(r* E) and ¢, (V') = 0.
There are many H -semistable semi-homogeneous vector bundles on any abelian variety.

Proposition 2.4.3 ([Muk78, Theorem 7.11]). Let A be an abelian variety and fix H € Ampg (A). For
every divisor class C' € NSq(A) there exists a H-semistable semi-homogeneous vector bundle Ec on A

with C = z}ﬁééggg and Ch(EC) = ChO(EC) . ec.

Proof. These vector bundles are constructed as follows: for any C' € NSq(A), write C' = @, where

[L] is the equivalence class of L € NS(A) and ! € Z~. Let [4: A — A denote the multiplication by
I map, and define F = (1 4).((L)®"). By [Muk78, Proposition 6.22], F' is a semi-homogeneous vector

bundle with C = §(F) = Sgig; Moreover, F' has a filtration by semi-homogeneous vector bundles
Ey,...,E,. By [Muk78| Proposition 6.15], each E; is py-semistable for any H € Ampg(A) and
satisfies C' = §(E;).

Let Ec := E; and let = cho(F¢). We claim that ch(E¢) = re“. Consider the multiplication by
rmapr4: X — X. By Theorem 2), " Ec 2 det(Ec)®" ® V, where V is a homogeneous vector

bundle, and

ch(r'y Ec) = ch(V) - ch (det(Ec)®") = cho(ry Ec)e” Fe) = cho(r4 Ec)e” ©. (2.5)
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Now recall that H* (A, C) = A* H'(A,C). On H'(A, C), % is multiplication by r. It follows that
on Chowpym' (X), 7% is multiplication by 72, In particular, 6(r*y Ec) = r25(E). Hence becomes

ch(r Eo) = cho(riBe)e 35 = 1%y (cho(B)e @) =4 (re€).

Since r 4 is flat, the claim follows. Hence z}ﬁ;gggg =C. m

Proposition 2.4.4. Let A be an abelian variety of dimensionn > 2. Fix (H, B) € Ampg (A) x NSr(A).
Then

1
2

( H"l.B)2 H"2 B2
v _

O 4mp(x) = 7 772

Proof. For any k € Q define C}, := kH + B. Then by Proposition[2.4.3] there exists a 1z -semistable

vector bundle F¢, with Cj, = ziéggg’“; and ch(E¢, ) = cho(Eg,) - €“*. Let r = cho(E¢, ). Hence
k
H" 1 rCy H"'.B
:U'H(Eck) = Hnr =k+ Hn )

and

H" 2, %ng —H*" 2 B.rCj

va,B(Ec,) = oy
B 1H" 2, (k2H2 —|—2]€HB+B2) — Hn 2, (2kH B+2B2)
=3 Hn
— 1 ]4}2 w
2 a»
1 anl B 2 Hn72 . B2
=5 <,uH(Eck) Hn ) T e

This gives a lower bound for ® 4 g7, (1111 (Ec, )), which is the same as the upper bound in Lemma|2.2.6|
Now note that for any x € Q, we can choose k so that uy(Ec,) = x. Hence ® 4 g p(x) attains its
upper bound for all z € Q. Finally, by definition of the Le Potier function, it must attain this upper
bound for all x € R. O

We next use this to compute the Le Potier function for varieties with finite Albanese morphism.

Proposition 2.4.5 ([LR21, Example 2.12(2)], [D23, Proposition 4.13]). Let X be a variety with finite
Albanese morphism a: X — Alb(X) andn = dim X > 2. Let Hx € Ampg(X). Then a*E¢ is
H x -semistable for every C' € NSq(Alb(X)).

Proof. Fix C' € NSq(Alb(X))and Hs € Ampg (Alb(X)). Let E¢ be the corresponding H 4-semistable
semi-homogeneous vector bundle on Alb(X) from Proposition [2.4.3] Let r := cho(E) and consider
the multiplication by  map roj,(x): Alb(X) — Alb(X). By Theorem

k
ram) (Bo) =L PP U,
=1

where L is a line bundle, and for all i, P; is a numerically trivial line bundle and U is an iterated self-

extension of Oy (x). Therefore, L @ r/*\lb( X)(EC) is an iterated extension of numerically trivial line
bundles.
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Now consider the fibre square:

Z = X X pm(x) Alb(X) 22 Alb(X)

|px |

X ——9¢ 5 Ab(X)

Without loss of generality, fix a connected component Z of Z. Then on Z,
(rx|z)*a™(Ec) = (palz)"ra(Ec).

The property of being an extension of numerically trivial line bundles is preserved by taking pullback.
Hence p% (L) ® (px|z)*a*(Ec) is an iterated extension of numerically trivial line bundles. Recall that
line bundles are stable with respect to any ample class. Thus p* (L) ® (px|z)*a*(Ec) is (px|z)*Hx-
semistable, hence so is (px|z)*a*(Ec). Finally, by Lemma[2.3.2] a* (Ec) is H x -semistable. O

Proposition 2.4.6 ([LR21, Example 2.12(2)], [D23| Proposition 4.14]). Let X be a variety with finite
Albanese morphism a: X — Alb(X). Fix (H,B) € Ampg(Alb(X)) x NSr(Alb(X)) and assume
n:=dim X > 2. Then

1
q)Alb(X)vaB(‘T) = q>X,a*H,g*B(l’) = — [(z —

(a*H)"'.a*B\°> (a*H)"2.(a*B)?
2 ) B

(a*H)n (a*H)n

Proof. First note that, by the projection formula, the upper bounds of ® oy, x), i, and ®x o+ p,q* B are
the same. By Lemma[2.3.2 ® o (x),1,8 < Px,a*H,a~5. Hence it suffices to show that ®s1,(x), 7,8
attains this upper bound. This follows from Proposition [2.4.4]

We now combine this with Proposition[2.3.4]

Theorem 2.4.7 ([D23| Corollary 4.15]). Let X be a variety with finite Albanese morphism a: X —
Alb(X), and let G be a finite group acting freelyon X. Let m: X — X/G =:'Y denote the quotient map.
Suppose we have:
« Hx = a*H = m*Hy : a class in Ampg (X) pulled back from Alb(X) andY, and
« Bx =a*B = 7*By :aclass in NSg(X) pulled back from Alb(X) andY'.
Then )
Hy 2. B
Hy

1 H . By

Proof. By Proposition and Proposition [2.4.6] it follows that:

1 (7*Hy)" ' .7*By\*> (7*Hy)"2. (7" By)?
q) = (D T T = - — —
v by (@) = B ety e () = & l( T ok
The result follows again by the projection formula. O

Example 2.4.8. Suppose X has finite Albanese morphism a: X — Alb(X), and let G be a finite group
acting freely on X. Then for each g € G, albx og : X — Alb(X). By the universal property of albx,
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there is a morphism g: Alb(X) — Alb(X) such that the following diagram commutes

X —9% X

J{alb X J{alb X -

Alb(X) —L— Alb(X)

In particular, this induces an action of G on NS(Alb(X)). Fix L € Amp(Alb(X)) and B = 0. Then
H = Q4ecg*L € Ampg(X) satisfies the hypotheses of Theorem In particular, this applies to
bielliptic surfaces (¢ = 1) and Beauville-type surfaces (¢ = 0). The latter provides a counterexample to

. . 2 . .
Conjecture ‘ since Py, 1, o(z) = % is continuous.
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Chapter 3

Bridgeland stability conditions

In this chapter we introduce Bridgeland stability conditions together with some of their properties which
will be used later in this thesis. We assume throughout that D is a k-linear essentially small Ext-finite
triangulated category with a Serre functor.

3.1 Stability conditions via slicings

Definition 3.1.1 ([Bri07, Definition 3.3]). A slicing P on D is a collection of full additive subcategories
P(¢) C D for each ¢ € R such that
(1) P(9)[1] = P(6 + 1);
(2) it Iy € ’P(q’)l), Fs e P((ZSQ), then ¢1 > ¢po — HOHI'D(Fl,FQ) =0
(3) every E € D has a Harder-Narasimhan (HN) filtration, i.e. there exist objects F1,... E,, € D,
real numbers ¢ > ¢ > -+ > ¢y, and a collection of distinguished triangles

0=Ey — o — FEpg > By = F

Eq Es
. o .
Ay Ao

ATTL

where A; € P(¢;) for 1 < i < m. We call the A; the HN factors of E.

Notation 3.1.2. (1) If 0 # E € P(¢), we call ¢p(E) = ¢ the phase of E.
(2) Given an interval I C R, we denote by P(I) the smallest additive subcategory of D containing
all objects E¥ whose HN factors all have phases lying in [, i.e. ¢; € I.

The next piece of data needed to define a stability condition will be a way to assign a complex
number to every object of D which is additive on exact triangles. To ensure this we will work with the
Grothendieck group.

Definition 3.1.3. Let .4 be an abelian category. Its Grothendieck group K(.A) is the abelian group freely
generated by isomorphism classes [A] of objects A € A modulo the relation

[B] = [A] + [C]if 0—A— B— C — 0 is exact.

Similarly, for D a triangulated category, its Grothendieck group K(D) is the abelian group freely gener-
ated by isomorphism classes [X] of objects X € D modulo the relation

[Y]=[X]+[Z]if X =Y — Z — X[1] is a distinguished triangle.
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The numerical Grothendieck group, Kpum (D), is the quotient of K(D) by the null-space of the Euler form
X(E,F) = > .(—1)"dim (Hom(E, Fi])). The Euler form is finite since we assumed D is Ext-finite.
Moreover, since we assumed D has a Serre-functor, the left and right null spaces of x(—, —) coincide.

Definition 3.1.4 ([Bri07, Definition 5.1]). A Bridgeland pre-stability condition on D is a pair o = (P, Z)
such that
(1) P is aslicing, and
(2) Z: K(D) — C is a group homomorphism such that, if 0 # E € P(¢) for some ¢ € R, then
Z(|E)) = m(E)e"™®, where m(FE) € Rxy.
We call Z the central charge.

Remark 3.1.5. (1) To ease notation, we write Z(E) := Z([E)).
(2) The HN filtration in Definition[3.1.1(3) is unique up to isomorphism. We will denote by ¢} (E) :=
¢1, ¢ (E) = ¢m, and mo (E) =3, [ Z(A;)].
(3) Each P(¢) is an abelian category [Bri07, Lemma 5.2]. Non-zero objects of P(¢) are called o-
semistable of phase ¢, and non-zero simple objects of P(¢) are called o-stable of phase ¢.

Definition 3.1.6. Let A be a finite rank lattice with a surjective group homomorphism A: K(D) — A.
(1) A Bridgeland pre-stability condition o = (P, Z) on D satisfies the support property with respect
to (A, \) if

(a) Z factorsvia A, ie. Z: K(D) —/\» A — C,and
(b) there exists a quadratic form ) on A ® R such that
(i) Ker Z ® R is negative definite with respect to ), and
(ii) every o-semistable object E € D satisfies Q(A(E)) > 0.
(2) A Bridgeland pre-stability condition o on D that satisfies the support property with respect
to (A, \) is called a Bridgeland stability condition (with respect to (A, A)). If X also factors via
Kuum (D), we call o a numerical Bridgeland stability condition.

Remark 3.1.7. The support property was first introduced in [KS08| Section 2.1], and reformulated in
[BMS16, Definition A.3].

Remark 3.1.8. Suppose 0 = (P, Z) is a stability condition on D. Let E € D and let A; be its HN
factors from Definition [3.1.1(3). The support property implies that the abelian subcategories P(¢) are
finite length (i.e. noetherian and artinian) [MS17, Exercise 5.9]. Hence every HN factor A; € P(¢;)
admits finite Jordan—Holder filtrations,

0=A0C A1 C - Aim—1 S Aim, = A,

such that the quotients B; ; = A, j+1/A; ; are simple in P(¢;). Such filtrations may not be unique,
however the factors B; ; are unique up to reordering — we call these the JH factors of E (with respect
to o).

Example 3.1.9. Let X be a curve. The slope of a non-zero sheaf E € Coh(X) is defined by u(E) = +o00
ifrank(E) = 0 and u(E) = deg(E)/ rank(E) otherwise. Then E is called yi-semistable if any non-zero
non-trivial subsheaf F satisfies u(F) < pu(F).

For [E] € Kpum(X), define Z(F) = —deg([E]) + irank([E]) € C. For ¢ € (0, 1], also define

P(¢) ={0}U {0 # F € Coh(X) : E is y-semistable with %(E)) = qS} X

Then for any ¢ € R, we can uniquely write ¢ = ny + ¢y with ng € Z and ¢, € (0, 1]. Hence define
P(p) = P(1¢)[ne]. One can use the Harder-Narasimhan filtrations for pi-stability to show that P
defines a slicing. Therefore, 0 = (P, Z) is a Bridgeland pre-stability condition on D (X).

34



Now let A = H*(X,Z) ® H*(X,Z) = Z?, and consider the isomorphism
A = (rank(—),deg(—)) : Kpum (X) — A.

Note that there are no non-zero objects in K, (X) with Z(E) = 0, hence we can take @ = 0 for
Deﬁnitionl)(b). It follows that o = (P, Z) is a numerical Bridgeland stability condition on DP(X)
with respect to (A, \).

3.2 The stability manifold

The set of stability conditions with respect to (A, A) will be denoted Staby (D). Unless stated otherwise,
we will assume that all Bridgeland stability conditions are numerical. The set of numerical stability
conditions on D will be denoted by Stab(D).

As described in [Bri07, Proposition 8.1], Staba (D) has a natural topology induced by the generalised
metric

d(o1,02) = sup {|¢62(E)_¢01(E)”|¢;(E)_ ;1(E)’7 1og7;b:2gg’}.

Bridgeland’s main result tells us that the set of all stability conditions is a complex manifold, hence
it is often called the stability manifold.

Theorem 3.2.1 ([Bri07, Theorem 1.2]). The space of stability conditions Staby (D) has the natural struc-
ture of a complex manifold of dimension rank(A). The forgetful map Z defines the local homeomorphism

Z: Stabp (D) — Homz(A, C)
o= (P,Z)— Z.

In other words, the central charge gives a local system of coordinates for the stability manifold.

Remark 3.2.2. The above theorem was originally stated for locally-finite stability conditions: Suppose
o = (P,Z) is a pre-stability condition and there exists ¢ > 0 such that P(¢ — ¢, ¢ + ¢) is a quasi-
abelian category of finite length for all ¢ € R, then o is called locally-finite, see [Bri07, Definition 5.7].
Definition which instead assumes the support property, is now the standard one. The support
property implies locally-finiteness, see [BMS16, Appendix A] for details. Denote by Staby¢(D) the space
of all locally-finite stability conditions on D.

Remark 3.2.3 ([MS17, Remark 5.14]). The stability manifold comes with two commuting continuous
actions.

~+
(1) There is a right action by the universal cover GL, (R) of GLJ (R), the 2 x 2 matrices with real
entries and positive determinant. Consider the presentation

. f: R — Rincreasing, f(¢+1) = f(¢) + 1
GL, (R)={ (T,f): T eGLJ(R)
flr/2z = T|R2\{0} /R0
Each (T, F) € &;(R) acts on Stabp (D) via

(T.f)-(P.2)=(P".Z'), P'(¢)=P(f(¢), Z'(B)=T""(Z(E).

35



If we consider C* as a subgroup of GLJ (R), there is an induced action of the group C=C
(under addition) on Staba (D). Each a + ib € C acts via

(a+ib)- (P, 2)=(P.2), P(¢)=Plo+a), Z(B)=e "7Z(E).
(2) There is a left action by the group of exact autoequivalences Aut(D) via
(P, 2)=(P.Z), P(¢)=20P(e), Z'(B):=2Z(P (E)),

where ® € Aut(D) and P, is the natural isomorphism induced by ® on K(D).

3.3 Stability conditions via hearts

There is an equivalent characterisation of Bridgeland stability conditions, which uses the notion of a
t-structure on a triangulated category. The theory of ¢-structures was first introduced in [Bei+82} §1.3].
We first need the following definitions.

Definition 3.3.1. A heart of a bounded t-structure in D is a full additive subcategory A such that
(1) if ky > ko then HomD(A[kl], .A[k‘g]) =0;
(2) for any object E in D there are integers k; > ko > - -+ > k,,, and a sequence of exact triangles

0:E0 EQ*}"'*}EH_14>E“:E

By
Ay As

An

such that A; € Alk;] for 1 < i <mn.

Remark 3.3.2. Given aslicing P on D, P (¢, ¢+ 1] is the heart of a bounded ¢-structure for any ¢ € R
[Bri07} §3]. We call P(0, 1] the standard heart of the slicing P.

Definition 3.3.3 ([Bri07, Definitions 2.1, 2.2]). Let .4 be an abelian category or a triangulated category
D. A stability function for A is a group homomorphism Z: K(A) — C such that for every non-zero
object E of A,

Z([E]) e H:={m-e | m € Rso,6 € (0,1]} C C.

For every non-zero object E, we define the phase by ¢(E) = 1 arg(Z([E])) € (0,1]. We say an
object F is Z-stable (resp. Z-semistable) if E # 0 and for every proper non-zero subobject A we have

P(A) < ¢(E) (resp. ¢(A) < ¢(E)).

Definition 3.3.4 ([Bri07, Definition 2.3]). Let .4 be an abelian category and let Z: K(A) — C be a
stability function on .A. A Harder-Narasimhan (HN) filtration of a non-zero object E of A is a finite
chain of subobjects in A,

O=FCkE, C---F, 1CFE,=F,

such that each factor F; = E;/E;_1 (called a Harder—Narasimhan factor) is a Z-semistable object of A,
and ¢(F1) > ¢(Fs) > -+ > ¢(F,,). Moreover, we say that Z has the Harder-Narasimhan property if
every non-zero object of A has a Harder-Narasimhan filtration.

Remark 3.3.5. The HN filtration is again unique if it exists.

Proposition 3.3.6 ([Bri07, Proposition 5.3]). To give a Bridgeland pre-stability condition (P, Z) on D
is equivalent to giving a pair (Z 4, A), where A is the heart of a bounded t-structure on D and Z 4 is a
stability function for A which has the Harder—Narasimhan property.
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Moreover, (P, Z) is a numerical Bridgeland stability condition if and only if Z 4 factors via Kpum (D)
and satisfies the support property (Definition[3.1.6(1)) for Z o-semistable objects.

Remark 3.3.7. Given (Z 4, A) as in the statement of Proposition the corresponding slicing P
gives an object £ € D a HN filtration by combining the filtration from A in Definition[3.3.1(2) with the
HN filtration in Definition[3.3.4] In particular, the HN filtration from the slicing is a refinement of the
filtration in Definition [3.3.1]2).

To construct stability conditions in Chapter 4 we will also need the following definition.

Definition 3.3.8 ([HRS96, Chapter 1.2]). Let .4 be an abelian category. A torsion pair in A is a pair of
full additive subcategories (7, F) of A such that

(1) forany T € T and F € F, Hom(T, F') = 0, and

(2) forany E € Athereare T € T, F € F, and an exact sequence

0—-T—FEF—F—=0.

Proposition 3.3.9 ([HRS96| Proposition 2.1]). Suppose (T, F) is a torsion pair in an abelian category A.
Then
A ={E eD"(A) | HY(E) € T, H ' (E) € F, H\(E) =0 foralli #0,—1}

is the heart of a bounded t-structure on D*(A). We call A* the tilt of A with respect to (T , F).

3.4 The deformation property

In Section [4.3|and Section[7.2.2] we will need the following refinement of Theorem

Proposition 3.4.1 ([BMS16, Proposition A.5], [Bay19, Theorem 1.2]). Assumec = (P, Z) € Staby (D)
satisfies the support property with respect to (A, \) and a quadratic form @ on A ® R. Consider the open
subset of Homz (A, C) consisting of central charges whose kernel is negative definite with respect to @,
and let U be the connected component containing Z. Let Z denote the local homeomorphism from Theorem
and letU C Staby (D) be the connected component of the preimage Z~(U) containing o. Then
(1) the restriction Z|y: U — U is a covering map, and
(2) any stability condition o’ € U satisfies the support property with respect to Q.

Theorem 3.4.2 ([D23, Corollary 5.2]). Assume o = (P,Z) € Staby (D) satisfies the support property
with respect to (A, \) and a quadratic form Q on A ® R. Let U C Homgz(A, C), andU C Staby (D) be
the connected components from Proposition Suppose there is a path Z; in U parametrised byt € [0, 1]
such that Im Z, is constant and Zy, = Z for some ty € [0, 1]. Then this lifts to a unique path inU given
byoy = (Qt, Zy) fort € [0,1] such that oy, = o, Q:(0,1] = P(0, 1], and o satisfies the support property
with respect to Q).

Proof. Let Z denote the local homeomorphism from Theorem 3.2.1] By Proposition|[3.4.1(1), the restric-
tion Z|;s: U — U is a covering map. By the path lifting property, there is a unique path in U/ given by
oy = (Q, Z;) for t € [0,1] with oy, = 0. By Proposition[3.4.1(2), o¢ satisfies the support property with
respect to () for all ¢. It remains to show that Q,;(0,1] = P(0, 1].

Fix a non-zero object F € D, and define

Sp={te[0,1]: E € 0,0,1]}.

We first claim that X is open in [0, 1]. Suppose T' € X . Then the JH factors of E with respect to o,
B, are all in Q7(0,1] and satisfy Im Z7(B;) > 0. The property for an object to be stable is open in
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Staby (D) (see [BM11} Proposition 3.3]). Moreover, 0 < ¢g..(B;) which is also an open property. Thus
there is an open neighbourhood V' C [0,1] with T € V such that for all t € V, all B; are o-stable
with 0 < ¢g,(B;). Now assume for a contradiction that ¥ is not open. Therefore 1 < ¢g,(B;) for
some ¢ € V and some i. However, for V sufficiently small this would mean that Im Z;(B;) < 0 which
contradicts the assumption that Im Z; is constant. Hence X g is open.

We next claim that the complement, (X )¢ = [0, 1]\ X g is open in [0, 1]. Assume for a contradiction
that T € (X )¢ is in the closure and not the interior of ¥ ;. Recall that ™ (E) and ¢~ (E) are continuous
functions on Stab (D). Therefore ¢5T (E) < 1and ¢g, (E) > 0. However, if ¢5_(E) > 0, then
E € 97(0,1], so T would be in the interior of X which is a contradiction. Hence ¢4 _(£) = 0.
In particular, there is a JH factor of E with respect to o, B, such that B € Q7(0). Again, since the
property for an object to be stable is open, there is an open neighbourhood W C [0, 1] with T" € W such
that B is o;-stable for all ¢ € . So for all ¢ € W, E has a morphism to a o;-stable object B € Q.(0).
Therefore, £ ¢ Q;(0,1] for all t € W. But T is in the closure of X, hence W N X # (), which gives
a contradiction. Therefore, (X )¢ is open.

It follows that X g is open and closed in

[0,1], therefore ¥ = [0,1]. In particular, Q;(0,1] is
constant for all t € T'. Since Q;,(0,1] = P(0, 1],

the result follows. ]
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Chapter 4

Geometric stability conditions on
surfaces

We use the Le Potier function to describe the set of geometric stability conditions on any surface. This
was previously known for surfaces with Picard rank 1 [FLZ22, Theorem 3.4, Proposition 3.6].

4.1 Geometric stability conditions

Let X be a variety. Recall from Definition that o € Stab(X) is called geometric if all skyscraper
sheaves O, are o-stable. Denote by Stab®e° (X) the set of all (numerical) geometric stability conditions.
We now collect some useful properties.

Proposition 4.1.1 ([FLZ22, Proposition 2.9]). Let o € Stab®®®(X). Then all skyscraper sheaves are of
the same phase.

Proposition 4.1.2 ([Bri08| Proposition 9.4]). Stab®®®(X) is open in Stab(X).

Definition 4.1.3. A geometric stability condition o € Stab®*®(X) is called normalised if Z(0,) = —1
and ¢(0,) = 1. We write Stab§°®(X) for the set of all normalised geometric stability conditions.

Proposition 4.1.4. There is an isomorphism Stab®®°(X) 2 C x Stab$®°(X).

Proof. Let ¢ € Stab®®°(X). Then O, is o-stable and of the same phase for every point 2 € X by
Proposition As discussed in Remark C acts on Stab(X). In particular, there is a unique
element g € C such that g - 0 = (P’, Z’) satisfies Z'([O,]) = —1and O, € P'(1) forallz € X. O

4.2 The central charge of a geometric stability condition

For the rest of this chapter, X will be a surface. The following result tells us that normalised geometric
stability conditions on X are determined by their central charge.

Theorem 4.2.1 ([Bri08} Proposition 10.3], [D23} Theorem 5.5]). Let X be a surface, and consider a ge-
ometric stability condition o = (P, Z) € Stab“*°(X). Then o is determined by its central charge up to
shifting the slicing by [2n] for anyn € Z.

Moreover, if o € Stab%eo(X), then

39



(1) the central charge can be uniquely written in the following form
Z([E)) = (a = iB) H?cho([E]) + (B + iH) . chy([E]) — cha([E]),
where o, B € R, (H, B) € Ampg (X) x NSr(X).
(2) the heart, P(0, 1], is the tilt of Coh(X') with respect to the torsion pair (T, F), where

T = {E S Coh(X) 'part ofE Satisﬁes ImZ([FD > 0.

. _E is torsion free, and any H-semistable HN factor
7= {E € Coh(X): F of E satisfies Im Z([F]) < 0. ‘

_Any H-semistable HN factor F' of the torsion free}

Notation 4.2.2. We will use Zy p,n,3 = Z to denote central charges of the above form. Since the
imaginary part Im Z g p o g only depends on H and 3, we will write (7, g, F,3) for the torsion pair,
and Coh™?(X) for the corresponding tilted heart. Then o4 5 o5 = (Zk.B.0.5, Coh™ P (X)).

The proof of Theorem is similar to the case of K3 surfaces proved in [Bri08, §10]. We first need
the following result, the proof of which is also written for K3 surfaces but immediately generalises to
any surface.

Lemma 4.2.3 ([Bri08, Lemma 10.1]). Suppose o = (P, Z) € Stab§°°(X). Let E € D"(X). Then
a) if E € P(0,1] then H(E) = 0 unlessi € {—1,0}, and moreover H~'(E) is torsion free,
b) if E € P(1) is stable, then either E = O, for some x € X, or E[—1] is a locally-free sheaf,
¢) if E € Coh(X) is a sheaf then E € P(—1,1|; if E is a torsion sheaf then E € P(0,1],
d) the pair of subcategories

T = Coh(X) NP(0,1] and F = Coh(X) N P(—1,0]

defines a torsion pair on Coh(X) and P(0, 1] is the corresponding tilt.

Proof. (of Theorem It is enough to show that normalised geometric stability conditions are de-
termined by their central charge, since by Proposition the central charge of o € StabGeo(X ) is
unique up to shifting the slicing by [2n] for n € Z.

Now fix 0 = (P,Z) € Stab$°°(X). We will prove that o is the unique normalised geometric
stability condition with this central charge in two steps.

Ster 1 Recall that over Q the Chern character gives an isomorphism K, (X) & Q & NS(X) @ Q.
Since o is numerical, the central charge factors via Ky,,m (X), so it can be written as follows.

Z([E]) = a cho([E]) + B . chi([E]) + ¢ cho([E]) +i(d cho([E]) + H . chy ([E]) + e chy([E])),

where a,¢,d,e € Rand B, H € NSgr(X).
Since 0 € Stab$™(X), Z([0,]) = —1. Hence —1 = cand e = 0. Let C C X be a curve. By
Lemma4.2.3(c), O¢ € P(0, 1]. Since cho(O¢) = 0 and chy (O¢) = C,

Im Z([O¢]) =H.C > 0.

This holds for any curve C C X, so H € NSg(X) is nef. By Proposition Stab%°(X) is open.
Moreover, by Theorem a small deformation from & to o’ in Stab®® (X) corresponds to a small
deformation of the central charges Z to Z’, and in turn a small deformation of H to H' inside NSg (X).
In particular, H' . C' > 0 for any curve C' C X. Therefore, H lies in the interior of the nef cone, hence
H is ample.
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Now let o := 477 and 3 = I;—‘;. Then the central charge is of the form

Z([B)) = (a — iB)H?cho([E]) + (B +iH) . chy ([E]) — cha([E]).

Step 2 Consider the torsion pair (7, F) of Lemma[4.2.3(d), so P(0, 1] is the tilt of Coh(X) at (7, F).
By Lemma[4.2.3|c), all torsion sheaves lie in 7. To complete the proof, we need the following claim.

E € T ifIm Z([E]) > 0,

E e Fiflm Z([E)) < 0. )

E € Coh(X) is H-stable and torsion-free — {

This is Step 2 of the proof of [Bri08, Lemma 10.3]. Bridgeland first shows that F must lie in 7 or
F. We explain why it then follows that Im Z([E]) = 0 implies E € F. Assume F is non-zero and
E € T. Since Z([E]) € R, it follows that E € P(1). For any € Supp(E), E has a non-zero map
f: E — O,. Let E be its kernel in Coh(X). Since O,, is stable, f is a surjection in P(1). Thus E; also
lies in P(1) and hence in 7. Moreover, Z([E1]) = Z([E]) — Z(|O.]) = Z([E]) — 1. Repeating this by
replacing F with F; and so on creates a chain of strict subobjects in P(1), E 2 E1 2 F3 2 -+, such
that Z([E,]) = Z([E]) — n. If this process does not terminate, then Z([E)]) € R~¢ for some k € N,
contradicting the fact that F,, € P(1). Otherwise, E; = O,, for some i, contradicting the fact that F is
torsion-free. O

Proposition 4.2.4. Let X be a surface. Then there is an injective local homeomorphism

IT: Stab§°°(X) — Ampg (X) x NSgr(X) x R?
o= UH,B,a,ﬁ — (H,B,O&,ﬁ).

Proof. Let Z: Stab(X) — Homz (Kyum(X), C) denote the local homeomorphism from Theorem|3.2.1]
Also define N := {(P, Z) € Stab(X) : Z(O,) = —1} and consider the following diagram

Stab(X) > N 5 Stab§®(X)

/ Z‘Nl letab%eo(x))i

Hom(Kuum (X),C) > {Z:Z(0,)=—1} > ZWN) > Z(Stab$®(X))

Since Z is a local homeomorphism and restriction is injective, Z|» and 2 |Stab(1€-700( x are also local
homeomorphisms. Moreover, by the same argument as Step 1 of the proof of Theorem |4.2.1]

{Z:2(0,) = -1} = (NSg(X))? x R?
Z = ZH,B,a,ﬁ — (H,B,a,ﬁ).

Define II to be the composition of Z|g,,eo(x) With this isomorphism. Together with Theorem [4.2.1}
it follows that IT is an injective local homeomorphism with

imTI € Ampg (X) x NSr(X) x R%
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4.3 The set of all geometric stability conditions on surfaces

In this section we prove the following theorem, which is the main result of this Chapter.

Theorem 4.3.1 ([D23| Theorem 5.10]). Let X be surface. There is a homeomorphism of topological spaces
Stab“’(X) = C x {(H,B,a, ) € Ampg(X) x NSr(X) x R* : a > ®x n5(8)} .

Remark 4.3.2. We saw in Section[2.2]that any H-semistable sheaf F’ satisfies the Bogomolov-Gieseker
(BG) inequality,

2chg(F)chy(F) < chy (F)2.
In [MS17, Theorem 6.10], the authors use the BG inequality to help construct a subset of Stab®®°(X)
parametrised by (H, B) € Amppg (X) x NSgr (X). We will see that this corresponds to the range where

2
o > % {(ﬁ — %) — fl—z} in the above Theorem, see Proposition|4.3.12|for details.

In Section[4.2] we saw that any normalised geometric stability condition on a surface is determined
by parameters (H, B, a, ) € Ampg(X) x NSr(X) x R2. To characterise geometric stability con-
ditions on surfaces, we will find necessary and sufficient conditions for when these parameters define
a geometric stability condition. To do this, we will use the Le Potier function twisted by B which was
introduced in Definition Since X is a surface, the value of ®x y p at every point is in R by
Remark [2.2.5(1). Hence the definition specialises as follows.

Definition 4.3.3. Let X be a surface. Let (H, B) € Ampg(X) x NSg(X). We define the Le Potier
function twisted by B, ®x g p: R = R, by

{chg(F) — B.chi(F) F € Coh(X) is H-semistable With}

(I)XJJ,B(DC) = lim sup HQChO(F) : MH(F) — L

n—x
Notation 4.3.4. To ease notation, we define
U:={(H,B,a,B) € Ampg(X) x NSp(X) x R?* 1 a > x5y 5(5)}

Idea of the proof. By Proposition Stab®®(X) 2 C x Stab$™(X). Hence to prove Theorem
it is enough to show that there is a homeomorphism Stab]%eo(X ) = U. We will do this in the
following two steps.

SteP 1 Construct an injective, local homeomorphism, I1: Stab$(X) — U. By Proposition 4.2.4] there
is an injective local homeomorphism

IT: Stab$®(X) — Ampg (X) x NSg(X) x R?
0 = O0H,B,a,B L (H3B7a7ﬂ)'

So it remains to show that the image is contained in ¢/, which we do in Proposition [4.3.6]

StEP 2 Construct a pointwise inverse, ¥: U — Staby™(X), ie. show that oy p a5 is a stability
condition if & > ®x g (), since it will then follow by construction that o € Stab§*®(X). Our
strategy is to first show these o7 B « 3 is a stability condition for o« > 0. We then use the deformation
property to show that, as « decreases, oy B a3 is still a stability condition if & > ®x g 5(5). More
precisely:
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(1) Fix (H, B) € Ampg(X) x NSgr(X),and ap > ®x,1,5(5o)- Let 0 = 0n.B,ay,8,- T0 construct
Y it is enough to show that oy is a stability condition.

. 2 2
(2) Fix @7 > max {ao,% [(60 - %) — %] } Let 01 '= 0 ,B,a1,80-
(3) In [MS17, §6], the authors construct a subset of geometric stability conditions on X (Theo-

rem . In Propositionwe show that o lies in this subset - up to the action of éi;r (R)
on Stab(X) - so in particular it is a stability condition.
(4) In Proposition we show oy is a stability condition by decreasing « and applying Theo-
rem[3.4.2] as follows.
(a) Fort € [0,1],let oy == ap + (o1 — ap) and Z; == Zy B o, ,p,- Then {Z; }4cjo,1) is a path in
the space of central charges Homz (K,,m (X), C).
(b) Im Z; does not depend on o, hence it is constant for all ¢ € [0, 1].
(c) There is a quadratic form @) = Q‘;f B.ao.f, (S€€ Proposition i such that
(i) @ is negative definite on Ker Z; ® R (Lemma ,
(ii) o satisfies the support property with respect to ) (Lemma [4.3.25).
(d) By (a)-(c), the hypotheses of Theorem are satisfied. Therefore, for all ¢ € [0, 1] Z lifts
to oy = (Coh™#(X), Zi B.ay.p,) € Stab(X). In particular, oy is a stability condition.

4.3.1 STEP 1: Construction of the map Stab§™(X) — U.

Before we can prove that II(Stab$° (X)) C U, we need the following lemma which will help us to
vary the parameters (a, 3) € R2.

Lemma 4.3.5 ([D23| Lemma 5.16]). Suppose 0 = 05 p.ap € Stab§e°(X) is geometric. There there is
an open neighbourhood W C R? of (a, ), such that for every (o, ') € W, 05, p.o 57 € StabGe°(X).

Proof. By Proposition there is an open neighbourhood V' of ¢ in Stab(X) where skyscraper
sheaves are all stable. Let Z: Stab(X) — Homgz(Kuyum(X), C) denote the local homeomorphism
from Theorem By Proposition 3), (V) is open in Ampg (X) x NSr(X) x R2. Therefore,
W :=II(V)|Rr2 is open in R2. O

Proposition 4.3.6 ([FLZ22, Proposition 3.6], [D23, Lemma 5.13]). Let 0 = 0. 5.0.35 € Stab%™(X).
Then o > ®x i 5(B), ie. TI(Stab%™(X)) C U, where 1 is the injective local homeomorphism from
Proposition

Proof. Suppose for a contradiction that @ < ®x g p(3). Let W C R? be the open neighbourhood of
(c, B) from Lemma Recall that

O x g,5(B) =limsup{vy g(F) : F € Coh(X) is H-semistable with uy (F) = p} .
w—pB

Therefore, there exist H-semistable sheaves with slopes arbitrarily close to 3, and vy, g arbitrarily close
to ®x, i, 5(8). In particular, there exists (cp, 8p) € W and a torsion-free H-semistable sheaf F' with

o H. Ch1 (F)
~ H2cho(F)’

ChQ(F) - B. Chl(F)
H2cho(F)

60 = /J,H(F) and (7)) S VH,B(F) = (4.1)

Since (g, B0) € W, 011.B.00.8 € StabS™(X). Also chg(F) > 0, hence

In(Zp, 8,008, ([F1)) = H . chy ([F]) — BoH?chy([F]) = 0.
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By definition of the torsion pair (7,3, , F#,3, ) in Theorem itfollows that I’ € Fpg g,. This implies
that Z g 5,08, ([F]) € Rso. However, by (4.1),

Re(ZH,5,00.60 ([F]) = a0 H?cho([F]) + B . chy ([F]) — cha([F]) <0,

Hence Zy, B .8, ([F]) € R<o which is a contradiction. O

4.3.2 STEP 2: Construction of the pointwise inverse I/ — Stab$®°(X).

We will start by showing that o g o4 is a stability condition for o >> 0 by relating these to the stability
conditions constructed in [MS17, §6]. Let us first recall the construction of the latter.

Definition 4.3.7. Let X be a surface, and fix classes (H, B) € Ampg (X) x NSgr(X). Define the pair
om.p = (Coh™B(X), Zy ), where

2
Zunl(E) = (- () + 5 e ()] + it f (2]

2
= B (1 - ijr?) —z‘HH'ﬂ H?chy([E)]) + (B +iH) . chy ([E]) — cha([E]),

_Any H-semistable Harder-Narasimhan factor I of the}

Tn.p = {E € Coh(X) - torsion free part of E satisfies Im Zy g([F]) > 0.

Fup= {E € Coh(X) : E is torsion free, and any H-semistable Harder—}7

" Narasimhan factor F' of E satisfies Im Zy g ([F]) < 0.
and Coh™"%(X) is the tilt of Coh(X) at the torsion pair (7.5, F.5)-

For oy p to be a stability condition, it needs to satisfy the support property (see Definition 1)).
In particular, there should exist a quadratic form on K, (X) ® R which is positive semi-definite on
o m,p semistable objects. The follow result will be used to construct such a quadratic form.

Lemma 4.3.8 ([MS17, Exercise 6.11], [D23| Lemma 5.20]). Let X be a surface. Then there exists a con-
tinuous function C(_y: Ampg (X) — R such that, for every D € Effg (X),

Cy(H.D)?>+ D?*>0.

Proof. Cy(H . D)? 4+ D? > 0 is invariant under rescaling. If we consider Effg (X) C NSgr(X) as
normed vector spaces, it is therefore enough to look at the subspace of unit vectors U C Effg (X).

Since D € U is effective and non-zero, H . D > 0. Hence there exists C € R>¢ such that C'(H .
D)? 4+ D? > 0. Define:

Cy.p =inf{C € R>¢: C(H.D)?>+ D* > 0}.
Since Ampg (X) is open, H' . D > 0 for a small deformation H’ of H. It follows that U is strictly
contained in the subspace {E € NSg(X) : E. H > 0}. Moreover, Cy p is a continuous function

on U, and U is compact as it is a closed subset of the unit sphere in NSg (X ). Therefore, Cyy p has a
maximum, which we call C. By construction, this is a continuous function on Ampg (X). O

Definition 4.3.9. Let X be a surface. Let (H, B) € Ampg (X) x NSg(X). We define the following
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quadratic forms on Ky, (X) @ R:

QBg = ch% — 2chschg
Ag{{B =Qpc+Cu(H. ChlB)Q,

where C; € R is the constant from Lemma[4.3.8]

Theorem 4.3.10 ([MS17, Theorem 6.10]). Let X be a surface. Fix a pair of divisor classes (H, B) €
Ampg (X) x NSr(X). Then o p € StabS™°(X), and oy p satisfies the support property with respect
to Afﬁ/B/, where (H', B') € Ampg(X) x NSq(X) are nearby rational classes.

Remark 4.3.11. Theoremwas first proved for K3 surfaces in [Bri08]], along with the fact that this
gives rise to a continuous family. In [MS17, Theorem 6.10], the authors first prove the result holds for
rational classes (H, B) and sketch how to extend this to arbitrary classes. In particular, o g can be ob-
tained as a deformation of oy g for nearby rational classes (H', B'), and both o/ g and oy g satisfy

the same support property with respect to Afﬁ 'g/. This uses the fact that AgHB varies continuously
with (H, B), together with similar arguments to Proposition

We are now ready to prove that o0 g, B g is a stability condition for o > 0.

Proposition 4.3.12 ([D23, Lemma 5.24]). Let X be a surface. Let (H, B) 6 AmpR x NSg(X)
and fix ag, By € R such that ag > Px 1, p(Bo). Suppose v > % [(ﬁo — 2 } Define b =

Bo — % cRanda = +/2a — b% + %3 € Ryo. Then oy B,o,p, andoaH,B+bH are the same up to the
~+ 2
action of GL, (R). Moreover, for o > 3 [(ﬁ — £5) - fl—i} , this is a continuous family in Stab§®®(X).

Proof. Throughout this proof we abuse notation by considering central charges as homomorphisms
Kpum(X) ® R — C. We first claim that Ker Zpy g o3, = Ker Zym p+om as sub-vector spaces of
Knum(X) @ R. Fix u € Kpym (X) @ R, thenIm Z, iy g1y (u) = 0 if and only if

0 = aH . Bcho(u) + abH?cho(u) — aH . chy (u)
=a (H Bcho(u) + <50 . B) H?chy(u) — H.chl(u))

a (BoH?cho(u) — H . chy (u))
= —alm ZH$B,Q,BU(U)'

Since a > 0, Im Z, i, pypr(u) = 0if and only if Im Zg p o 8, (v) = 0. Suppose Im Z, i pypm (u) =0,
so H . chy(u) = BoH?chy(u). Then Re Z, i pyom (u) = 0 if and only if

0= % ((aH)*> — (B +bH)?) chy(u) + B . chy (u) + bH . chy (u) — cha(u)
- % <a2 % + 2b@o) H?chg(u) + B . chy (u) — chy(u).
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Moreover,

1/, (B+bH)? 1/, B B.H )
2(a T+2bﬁo —5 a m+2b Bo H? b
1 ) 2 B,
22(2“")*;12‘1{2 b
=«

It follows that u € Ker Z,y pyyn if and only if u € Ker Zy B op,- Therefore, Z,g piyr and
ZH.B.«.p, are the same up to the action of GL3 (R).

Moreover, by Theorem [4.3.10| 0o By € Stab%™(X). Together with Theorem |4.2.1] it fol-
—
lows that oy gag, = - Oar,B+or € Stab(X) for some g € GL, (R). Then, by definition,

OH,B,a,80 € Stab§°®(X). It remains to show this gives rise to a continuous family. By Proposition
and Proposition [4.3.6]

I1: Stab§*°(X) = U, om.B.as— (H,B,a,p).

H?) — H?
restriction II|i;-1(yy is still an injective local homeomorphism. Moreover, By the arguments above,
|-1(vy is surjective. Hence o7, B o5 is a continuous family. O

is an injective local homeomorphism. Let V := {(H,B,oz,ﬁ) a > % [(B — H'B)2 BQ] } The

Remark 4.3.13. Let Shy (R) C GL3 (R) denote the subgroup of shearings, i.e. transformations that

—~+
preserves the real line in C =2 R?. It is simply connected, hence it embeds as a subgroup into GL,, (R)
and acts on Stab(X). In the above proof, oy B a3, and oqm, p+sr have the same hearts, so they are
the same up to the action of Shj (R).

The next result follows from the proof of Theorem We explain this part of the argument
explicitly, as it will be essential for extending the support property to any o1 g o, g Witha > @ x 17 p(5)

in Lemma [4.3.25]

Lemma 4.3.14 ([D23| Lemma 5.26]). Let X be a surface. Let (H, B) € Ampg (X) X NSg(X). There
exists (H', B') € Ampq(X) x NSq(X) such that, fora > 1, A%’{,IB' is negative definite on Ker Z, g g ®

R. In particular, AZI,{ g gives the support property for oqm B.

Proof. By Theorem we have 0,55 € Stab§°°(X) for a > 1, and nearby to (H, B) there exist
rational classes (H', B') € Ampg(X) x NSq(X) such that Ag‘? 'g/ gives the support property for
oH.B € Stabgeo(X ). In particular, Ag’,’ ', 1s negative definite on K; := Ker Zy g @ R. By Proposition
it is enough to show AEI’,”QB, is negative definite on K, := Ker Z,y, g ® Rfora > 1.
Recall that u = (ch® (u), ch? (u), ch? (u)) € K, if and only if
o H?

a TCh{f(u) =chf(u) and H.chP(u)=0.

Let ¥, : K; — K, be the isomorphism of sub-vector spaces of K;,;,m (X) ® R given by

2
U, : v = (chf (v),ch? (v),ch? (v)) — <chOB (v), ch{ (v), ch¥ (v) + (a® — 1) %Chg (v)> ‘
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Let u € K,. Then u = ¥, (v) for some v € Kj. Clearly Ag’f"B,(O) = 0, so we may assume u # 0.

Hence v # 0, and it is enough to show that Afff)'B,(\I/a(v)) < 0. Recall that chf/ = ch; — B’ . chy,

hence Chf/ (T, (v)) = chjlg/ (v). Therefore,

2

(choB(U))2 +Cu (Hl . Ch?/(v)f

A (a(v) = (P (0))” — 2008 (0)ebf (v) 2 (a* 1) -
2

= NGl (v) =2 (a® — 1) HT (ChOB(v)>2

C ’
< AR g (v).

The last inequality uses the fact that a® — 1 > 0. Since Ag’? ‘5, 1s negative definite on Ky, it follows that
A 5 (W (v)) < 0. m

We next introduce a new quadratic form on Kpum(X) ® R. We will combine this with Qp¢ in
Proposition[4.3.19to define the quadratic form that will later give the support property for oy p s for
any o > ®x i p(f3).

Definition 4.3.15. Let X be a surface. Let (H, B) € Ampg (X ) x NSg(X). Let a > ®x u 5(f), and
let § > 0. We define the following quadratic form on K, (X) ® R.

QH,B,a,ﬁ,zs = 571(H . Ch1 — 60H2Ch0)2 — (Hzcho) (Ch2 —B. Chl - (OLO - 5)H2Ch0) .

The upper semi-continuity of the Le Potier function can now be used to prove that this new quadratic
form is positive semi-definite on H-semistable sheaves.

Lemma 4.3.16 ([D23| Lemma 5.28]). Let X be a surface. Let (H,B) € Ampg(X) x NSgr(X). Fix
ag,Bo € R such that oy > Px g, 5(00). Then there exists § > 0 such that, for every H-semistable
torsion-free sheaf F', we have Qu B, ay.8,,6 ([F']) > 0.

Proof. Since ® x g, p is upper semi-continuous and bounded above by a quadratic polynomial in z, the
same argument as in [FLZ22| Remark 3.5] applies. In particular, there exists a sufficiently small § > 0

such that )
T —
% +ag—0>Px g p(x).
Suppose Fis an H-semistable torsion-free sheaf. Let z = puy (F) = %, then

07N (H . chy (F) — BoH2cho(F))? + (ctg — 6)(Hcho(F))* > (Hcho(F))*®x 1.5 (H ' Chl(F)) :

HZ2chy(F)
From Lemma [2.2.6]it follows that

2Ch2(F) - B. Chl(F)
H2cho(F)

§~Y(H . chy(F) — BoH?cho(F))? + (ap — 8)(H?cho(F))* > (H?cho(F))

In particular,
§T(H . chy(F) — BoH?cho(F))? — (H?*cho(F)) (cha(F) — B . chy (F) — (g — §)H?cho(F)) > 0.

O
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Remark 4.3.17. Let u € Ky (X) ® R. We now consider Zy g 4,5, again as a homomorphism
Knum(X) @ R — C. Recall that u € K, = Ker Zy B ay,8, € Knum (X) ® R if and only if

aoH?chg(u) + B . chy(u) — cha(u) =0 and  H.chy(u) — BoH?chg(u) = 0.

Then )
QH,B,00,50,6(w) = =0 (H?cho(u))” <0,

for all u € Kg,. In particular, Qi B a,3,,5 is negative semi-definite on K. Hence Q. B, aq,3,,6 does
not fulfil the support property.

To construct a quadratic form which is negative definite on K., = Ker Zy g o,,3,, we will next
combine Q. B, a,,8,,6 With @ pg, the quadratic form coming from the Bogomolov-Gieseker inequality
introduced in Definition We first need the following result.

Lemma 4.3.18 ([Bog79, §10], [HL10, Theorem 3.4.1]). Let X be a surface. Let H € Ampg (X). Then
Qpc([F]) > 0 for every H-semistable torsion-free sheaf F.

Proposition 4.3.19 ([D23| Proposition 5.31]). Let X be a surface. Let (H, B) € Ampg (X) X NSg(X).
d,e

Fix o, Bo € R such that o9 > ®x g p(fo). Choose 6 > 0 as in Lemma Let QH,B7ao,50 =
QH,B,0o.80,6 + €QBc. Then there exists € > 0 such that

(1) Q?fB’aoﬁo ([F]) > 0 for every H -semistable torsion-free sheaf F,

2) Q%E-,B,aoﬁo([T]) > 0 for every torsion sheaf T, and

(3) Q%B,ao,ﬁo is negative definite on Ko, == Ker Zy B ay.8, C Knum(X) ® R.

Proof. (1) follows immediately for any € > 0 from Lemma and Lemma For (2), let Cz be
129

=S
the constant from Lemma|4.3.8] Choose £; > 0 such that 1 < ‘SC—H. Let T" be a torsion sheaf, then

QB 00 (1) = 071 (H e ([T]))? + exchy ([T])°

=g %(H.chl([T]))Q + chl([T])Q)
> &1 (Cr(H . chy([T1))* + chy ([T1)?)
Z Oa

For (3), fix a norm on Ky, (X) and let U denote the set of unit vectors in K, with respect to this

norm. It will be enough to show there exists 2 > 0 such that Qif% 0,50 v <O.

Let A = {u € U | Qu,B,a0,8,,6() = 0}. We first claim that Qe < 0 on A. For any a € A,
cho(a) = 0. The condition that Z 5 «,,8,(a) = 0 then becomes

B .chi(a) =chs(a) and H.chy(a) =0.

H is ample, so ch;(a)? < 0 by the Hodge Index Theorem. If ch?(a) = 0, then ch; (a) = 0, and hence
0 = B .chy(a) = cha(a). So a = 0, which contradicts the fact that a € U. Therefore, for all a € A,

QRpa(a) = Chl(a)2 < 0.

We next claim that there exists a sufficiently small e > 0 such that Qi}%’ao’ 8y < 0 on U. Note

J,e
that Q5 o, 4,

L EQQBC;|A < 0, so we only need to check the claim on U \ A. Now suppose the
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converse, so for every € > 0, there exists u € U \ A such that

1
Qpc(u) 2 ——QH,B.a0,50.6(1)-
Thus Q& B,a0,80,6 (1) < 0since Q. B,ag,8,6 18 Negative semi-definite on U, and u € U \ A. Therefore,

._ QBG(U')
P = s

1
> —.
€

Thus P is not bounded above on U \ A. Moreover, A is closed and QBG|A < 0 on A. Hence Qpg

is negative definite on some open neighbourhood V' of A, so P ‘V < 0. Finally, U \ V is compact,
so P must be bounded above on U \ V. In particular, P is bounded above on U \ A which gives a

contradiction. It follows that there exists e2 > 0 such that Q(;f]zg oo is negative definite on K.

Finally, let ¢ = min{ey,e2}. O

We will use Proposition [4.3.19| soon to prove that o g «,,3, Satisfies the support property with

respect to Q‘;If B.ao.fy- The following result will then help us to extend the support property to any
OH,B,a,bo with a > «y.

oo, Bo € R such that oy > ®x 17,8(8o). Choose 6, > 0 as in Proposition |4.3.194 Then Q‘S}}EB oo 1S

Lemma 4.3.20 ([D23| Lemma 5.32]). Let X be a surface. Let (H, B) € Ampl iXi x NSr(X), and fix
negative definite on K, = Ker Zy p o,5, ® R forall o > ay.

Proof. Recall that u = (chg(u), chi (u), che(u)) € Ko = Ker Zy, B.o,8, ® R if and only if
aH?chg(u) + B . chy(u) — chy(u) =0, H.chy(u) — BoH?cho(u) = 0.
Let U, : K,, — K, be the isomorphism of sub-vector spaces of K,um (X ) ® R given by
T, : v = (chg(v), chy(v),chy(v)) = (chg(v), chy(v), chy(v) 4+ (a — ag) H?chg(v)).
d,e

Let u € Ko, then u = W, (v) for some v € Kq,. Clearly Q3 5 . 5,(0) = 0, so we may assume
u # 0. Hence v # 0, and it is enough to show that Q‘;’[EBUO 50 (Ya(v)) < 0. Moreover,

Q%B,ao,go(‘l’a(”)) = QH,B,a0,80,6(¥a (V) + eQpa(¥a(v))
= QH,B,00,60,6 (V) — (@ — @) (H?cho(v))* + eQpc (v) — 2e(ar — ag) H?cho(v)?
= Q(IS‘fB,ao,ﬂo (v) — (o — ) Hcho(v)*(H? + 2e)

).

d,e
< QH.B.ag.p (v

Finally, by Proposition 3), Q%IE,B#IO,BO (v) <O0. O

We next return to studying stability conditions of the form o7 g (see Definition|4.3.7). The following
result characterises objects that are o, g, g-semistable for all @ > 0. This is sometimes called the large
volume limit.

Lemma 4.3.21 ([MS17, Lemma 6.18]). Let (H, B) € Ampg(X) x NSr(X). IfE € Coh™#(X) is
0o H,B-semistable for all a > 0, then it satisfies one of the following conditions:

(1) H~Y(E) = 0 and H°(E) is a H-semistable torsion-free sheaf.

(2) H™Y(E) = 0 and H(E) is a torsion sheaf.
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(3) H™Y(E) is a H-semistable torsion-free sheaf and H°(E) is either 0 or a torsion sheaf supported in
dimension zero.

We now combine this with Proposition [4.3.19(1) and (2) to check that Qi’[EB o, 8o 18 POsitive semi-
definite on objects that are semistable at the large volume limit.

Proposition 4.3.22 ([D23| Corollary 5.34]). Let (H, B) € Ampg (X) x NSr(X). Fix agp, o € R such
that oy > ®x g, 5(Bo). Choose §,¢ > 0 as in Proposition IfE € Coh™P(X) is 0,1 p-semistable
foralla > 0, then Qf{B’amﬁo([E]) > 0.

Proof. Let Q) = Q‘;f B,ao,8,- BY our hypotheses, E satisfies one of the three conditions in Lemma
If E satisfies (1), then Q([E]) = Q([H°(E)]), where H°(E) is a H-semistable torsion-free sheaf, and
the result follows from Proposition 1). Similarly, if E satisfies (2), then by Proposition [4.3.19(2),
Q([E]) = Q([H°(E)]) > 0. Now assume E satisfies (3). Then

ch([E]) = —ch(H Y (E)) + length(H°(E))
Hence
Qpc([B]) = Qpa([H™(E)]) — 2(—cho(H™1(E))) length(H’(E)) > Qpa(H ™' (E)).

The same argument applies to Q. 5.a0.5,,6- Hence Q([E]) > Q([H™1(E)]). The result follows by
Proposition [4.3.19(1). O

To prove the support property, we first want to extend Propositionto OH,B,as ,8,-Semistable
objects (for some a1 > avp). We will prove this in Lemmaby contradiction using the JH factors (see
Remark for the definition). The following two lemmas will be used to control how the quadratic
form behaves on JH factors.

Lemma 4.3.23 ([D23, Lemma 5.35]). Let 0 = (Z,P) € Stab(X) with support property given by a
quadratic form Q on Kyum (X) @ R. Suppose E € DP(X) is strictly o-semistable and satisfies Q(E) # 0.
Let Ay, ..., Ay, be the JH factors of E. Then Q(A;) < Q(F) foralll <i < m.

Proof. 1t is enough to prove that Q(A;) < Q(FE). Since F is o-semistable, E € P(¢) for some ¢ € R.
By definition, A; € P(¢),andhence E//A; € P(¢) also. Therefore, by the support property, Q(A1) > 0
and Q(E/A;) > 0. Moreover, since A; and E'/A; have the same phase, there exists A € R~ ¢ such that
Z(Al) — )\Z(E/Al) = 0. Hence [Al] — )\[E/Al] € KerZ ® R.

Let @ also denote the associated symmetric bilinear form. Now assume [A;] — A\[E/A;] # 0 in
Knum (X) ® R. By the support property, @ is negative definite on Ker(Z) ® R, hence

0> Q([A1] = A[E/A1]) = Q(A1) — 20Q(A1, E/A1) + N2Q(E/A,).
Moreover, A > 0 and Q(A1), Q(E/A,) > 0. It follows that Q(A,, E/A;) > 0. Therefore,
Q(E) = Q(A1) + Q(E/A1) +2Q(A1, E/Ar) > Q(Ay).
Otherwise, if [A;] = A[E/A;], then 11 = 1/A > 0 and
Q(E) = Q(A1) + p(p +2)Q(Ayr).
If Q(Ay) = 0, then Q(E) = 0 which is a contradiction. Hence Q(4;) > 0,50 Q(E) > Q(A;). O
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Lemma 4.3.24 ([Bay19 Lemma 6.1]). Let 0 = (Z,P) € Stab(X), and let Q) be a quadratic form which
is negative definite on Ker Z @ R. Suppose E € DP(X) is strictly o-semistable and let Ay, . . ., A,,, be the
JH factors of E. If Q(E) < 0, then for some 1 < j < m, Q(4,) < 0.

Proof. We will prove this result by induction on the length m of the JH filtration of E. If m = 1, then
E = A; 50 Q(A1) < 0. Now let m > 1. Assume for a contradiction that Q(A;), Q(E/A1) > 0. Let
(@ also denote the associated symmetric bilinear form. By the same argument as in the proof of Lemma

it follows that Q(A, E/A;) > 0. Therefore,
Q(E) = Q(A1) + Q(E/A1) +2Q(A1, E/A1) > 0,

which is a contradiction. Hence either Q(A;) < 0 and we are done, or Q(E/A;) < 0. The JH factors
of F are As, ... A, hence by induction Q(A4;) < 0 for some 2 < i < m. O

We can now prove that there is a stability condition 01 = 0, B,q«,,3, Which satisfies the support
property with respect to our new quadratic form Qif B.oo.fo-

Lemma 4.3.25 ([D23| Lemma 5.37]). Let X be a surface. Let (H,B) € Ampg(X) x NSr(X). Fix
ag,Bo € R such that g > ®x 1,5(B8p). Choose 6, > 0 as in Proposition Fix a; € R such
that o > max {am% {(ﬂo - %)2 - fl—i] } Assume E € DP(X) is 0 p,a, g, -Semistable. Then

QfﬁfB,ao,ﬂo ([E]) = 0. In particular, 0 B o, 3, Satisfies the support property with respect to Q(;fBﬂoﬁo'

Proof. To ease notation, let ) := QifB 0.0 From Proposition |4.3.12] we know that for every a > «a;,

2
OH,B,a,3, a0d 0o, i, B+bH, have the same heart when b = 8y — I}({f and a,, = /20 — b2 + %.

Moreover, by Lemma there exists (H', B') € Ampq (X) x NSq(X) such that Ag‘?{’B, gives

the support property for oo pyom if @ > aq,. We may assume Agﬁ{b, € 7Z, since it is true after

rescaling by some integer. Furthermore, since E'is 0, m p+bm-semistable, Afﬁ ‘5 ([E)]) € Z>y.

If E is of,B,a,8,-Stable for > 0, then by definition of a,, £ is 0,5, g-stable for a > 0. It then
follows by Proposition that Q([E]) > 0. Otherwise, there exists some ay > «; such that F
is strictly 01, B a,,5,-semistable. Let Ay, ... A, denote the JH factors of E. Then by Lemma
Ag’?{é,([Ai]) < Ag’?'B,([E]) forall 1 <14 < m. Each A; is 0y B,q,,3,-Stable, so Ag{f/B,([AiD > 0 for
alll << m.

Assume for a contradiction that Q([E]) < 0. Then it follows from Lemma [4.3.24| that Q([4;]) < 0
for some 1 < j7 < m. Let By := A;. We can now repeat this process for Ey in place of E; = E,
and so on. This gives a sequence E1, Fy, F3,...,FEg,...and o1 < as < ag... < ... such that
E) € DP(X) is 01,B,04,6,-semistable, Q(Ex) < 0,and 0 < Agﬁb/([Ek+1]) < Ag’,"B,([Ek]) for all
k > 1.But Agf”’B, ([Ek]) € Z>o for all k, so no such sequence can exist. This gives a contradiction.

Finally, by Lemma QifB o, 8o 15 Negative definite on Ker Zy,5,a,,8, ® R. O

We are finally ready to apply Theorem which will allow us to extend the support property
from 01 = 0H,B,a,,8, 10 ANY OH,Ba,8, With o > .

Proposition 4.3.26 ([D23| Proposition 5.38]). Let X be a surface. Let (H, B) € Ampg (X) x NSg(X).
Fix ag, Bo € R such that oy > @x 1, 5(5o). Then om .o, € Stab%CO(X) forall « > .

H?2
tion}4.3.12| it follows that 01 := 05, B0, .8, € Stab%eo(X). The same argument applies for any o > a1,
hence it remains to prove that o 5 a.8, € Stab%eo (X) for ay > a > ay.

Proof. Fix a; € R suchthat a; > max {ao, % {(ﬁo - H'B)2 - fl—i} } By Theorem|4.3.10|and Proposi-
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Choose d,& > 0 as in Proposition [4.3.19] Then by Lemma [4.3.25] 0, satisfies the support property
with respect to Q = (;‘fB-,Oéuﬁo' Fort € [0,1], let oy == o + t(a1 — ) and Z; == Zy .o, 8-
Consider the open subset of Homg (Kyum (X), C) consisting of central charges whose kernel is negative
definite with respect to (). Let U be the connected component containing Z;. Then for all ¢ € [0, 1],
Zy € U by Lemma Moreover, Im Zy B o 3, remains constant as o varies. In particular, Im Z;
is constant. Therefore, the hypotheses of Theorem are satisfied. It follows that for all ¢ € [0, 1]
Z lifts to oy = (Coh™P(X), Zi.B.0vy.5) € Stab(X). In particular, o 5o 5, € Stab$(X) for all
a1 > o> ap. O

Proof. (of Theorem By Proposition , it is enough to show that Stab%eo (X) =2 U, where
U={(H, B,a,B) € Ampg(X) x NSR(X) x R* 1o > ®x . 5(B)} .

This follows from Proposition |4.2.4] Proposition |4.3.6, and Proposition |4.3.26 O

4.4 Applications of Theorem [4.3.1]

Theorem 4.4.1 ([D23, Corollary 5.39]). Let X be a surface. Then StabGeO(X) is connected.

Theorem can be used to study the boundary of Stab®®°(X) as follows. If non-geometric sta-
bility conditions exist in the same connected component of Stab(X) as Stab®®°(X), then there ex-
ists 7 € Stab(X) on the boundary of Stab®®®(X). This means that for some z € X, O, is strictly
T-semistable. To test whether this happens, we can look for walls: Let vg, w € Kpum(X) \ {0} be
two non-parallel vectors. A numerical wall Wy, (vg) for vo with respect to w is a non-empty subset of
Stab(X) given by

W (v) == {o = (P, Z) € Stab(X) : Re Z(vp) - Im Z(w) = Re(w) - (vo)}.

This gives us candidate stability conditions for which an object of class vy could be strictly semistable,
if this happens, we call W, (vo) an (actual) wall. See [MS17, S 5.5] for details on the wall and chamber
structure in general. Now consider the slice N := {0 : Z(O,) = —1}. Then

Wy ([O]) NN ={o=(P,Z) e N : Im Z(w) = 0}.
Note that Im Z(w) = 0 is a linear condition in Hom(K,um(X), C). By the proof of Proposition [4.2.4]

(Z: 2(0,) = —1} = (NSg(X))? x R
Z = ZH,BA,Q,,B — (H,B,Oé,ﬁ).

If non-geometric stability conditions exist, there will be (actual) walls which intersect the boundary of
Stab$°°(X). In particular, this can only happen where the boundary of Stab$°(X) is locally linear.

There are precisely two types of (actual) walls of the geometric chamber for K3 surfaces and rational
surfaces. They either correspond to walls of the nef cone (see [TX22, Lemma 7.2] for a construction) or
to discontinuities of the Le Potier function. For K3 surfaces, the second case comes from the existence
of spherical bundles which is explained in [[Yos09, Proposition 2.7]. For rational surfaces, the disconti-
nuities correspond to exceptional bundles. This is explained for Tot(Op2(—3)) in [BM11} §5], and the
arguments generalise to any rational surface.

It seems reasonable to expect this to hold for all surfaces. The description of the geometric cham-
ber given by Theorem also supports this. Indeed, by the above discussion, a wall where O, is
destabilised corresponds locally to the boundary of U/ being linear. This boundary is exactly where
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(1) H becomes nef and not ample. We expect that this only gives rise to walls in the following cases:

« H is big and nef. Then H induces a contraction of rational curves. This can be used to
construct non-geometric stability conditions [TX22| Lemma 7.2].

« H is nef and induces a contraction to a curve whose fibres are rational curves. In this case,
we expect a wall. For example, let f: S — C be a P*-bundle over a curve. We expect the
existence of stability conditions on S such that all skyscraper sheaves are strictly semistable,
and they are destabilised by

Of—l(a:) — Om — O‘f—l(w)(—l)[l] — Of—l(g:) [1]

(2) If ®x g, p is discontinuous at 3, then Stab%eO(X ) locally has a linear boundary. We expect this
to give rise to non-geometric stability conditions.
(3) a = ®x, 1,B(8). We expect no boundary in this case.
By the above discussion, we have the following result about walls of Stab®e° (X).

Theorem 4.4.2 ([D23| Corollary 5.41]). Let X be a surface. Suppose that for all (H, B) € Ampg (X) X
NSr(X), ®x . B has no discontinuities and there exists no open U € R such that ®x g p(U) is linear.

Then any wall of Stab®®® (X)) where O, is destabilised corresponds to a class H' € NSg (X)) which is nef
and not ample.
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Chapter 5

Group actions on categories and
induced stability conditions

In this chapter we study triangulated categories D with actions of finite groups G. In Section [5.1] we
introduce Deligne’s notion of equivariant categories D which generalises the notion of equivariant
sheaves on a variety with a group action. In Section[5.3|we use [MMS09] to compare stability conditions
on D and Dg.

5.1 Equivariant categories

Let C be a pre-additive category, linear over a ring k. Let G be a finite group with (char(k), |G|) = 1.
The definition of a group action on a category and the corresponding equivariant category are due to
Deligne [Del97]. In this section we will follow the treatment by Elagin from [Ela15]).

Definition 5.1.1 ([Ela15| Definition 3.1]). A (right) action of GG on C is defined by the following data:
» afunctor ¢4: C — C, for every g € G;
+ anatural isomorphism €4 5, : ¢q¢n — @pq for every g, h € G, for which all diagrams

Grdadn — ¢ pdng

€f.9 €f,gh

Egf,h
Gordn —L bngy

are commutative.

Remark 5.1.2. Note that this definition of a G-action (first introduced in [Del97]]) is more than a group
homomorphism G — Aut(C) as there is a fixed isomorphism ¢,¢5, — ¢, for each g, h € G. This
finer notion is required to define the category of G-equivariant objects in Definition[5.1.4] See [BO23|
Section 2.2] for details on obstructions to lifting a group homomorphism G — Aut(C) to a G-action.

Example 5.1.3 ([Elal5, Example 3.4]). Let G be a group acting on a scheme X. For each g € G, let
¢g = g": Coh(X) — Coh(X). Then for all g, h € G there are canonical isomorphisms:

Ggn = g"h" = (hg)" = Gng.

Together these define an action of G on the category Coh(X).

55



Definition 5.1.4 ([Ela15} Definition 3.5]). Suppose G acts on a category C. A G-equivariant object in C
is a pair (F, (0,)4ec) where F' € ObC and (0,)4ec is a family of isomorphisms

Og: F — ¢4(F),

such that all diagrams

F—>¢

F)

Ong L%(Gh
Sng(F) <= ¢4(¢n(F))

are commutative. We call the family of isomorphisms a G-linearisation. A morphism of G-equivariant
objects from (Fy, (6;)) to (F, (62)) is a morphism f: Fy — F, compatible with 6, i.e. such that the
below diagrams commute for all g € G

1

U (R

Jf l%(f
02

F2 — ¢q F2)

The category of G-equivariant objects of C is denoted by C. We also call Cq the G-equivariantisation
of C.

Example 5.1.5. Let G be a group acting on a scheme X with ¢4 and ¢, 5, defined as in Example G-
equivariant objects in Coh(X) are G-equivariant coherent sheaves. Let Cohg(X) := (Coh(X))¢ and
D2 (X) :== DP(Cohg(X)). Suppose k = k and G acts freely on a variety X over k. Let m: X — X/G
be the quotient map. Then Coh(X/G) = Cohg(X) via £ — (7*&, (0,)), where the linearisation is
given by 0,: 7€ = (10 g)*E = g*m*E. Thus DY (X) =2 D (X/G).

There are few examples of group actions on categories which do not arise from a group action on
a variety. The following result gives one such example. It will also be key in proving that C can be
recovered from Co when G is abelian, see Theorem [5.1.10

Proposition 5.1.6 ([Elal5, p. 12]). Suppose G is an abelian group acting on C and k is algebraically
closed. Let G = Hom(G, k*) be the group of 1-dimensional representations of G. Then there is an action
ofG onCq. For every x € G, on objects ¢y, is given by

Ox((F, (0n))) = (F, () @ x = (F, (0w - x(R))),

and on morphisms ¢, is the identity. For x,3 € G the equivariant objects Oy (y((F), (6r))) and
Gy ((F,(01,))) are the same, hence we set the isomorphisms €y, to be the identities.

There are two natural functors going between C and Cg.

Definition 5.1.7. Suppose G acts on a category C. Then we denote by Forg. : C¢ — C the forgetful
functor Forgq,(F, (0,)) = F. Also let Inf¢;: C — C¢ be the inflation functor which is defined by

Infg(F) = | @ ¢q(F :

geG
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where

& P o) = @ dyon(F)

heG heG

is the collection of isomorphisms

5;}1: Gng(F) = dgdn(F).
Lemma 5.1.8. The forgetful functor Forg, is faithful, and it is left and right adjoint to Infq.

Proof. Faithfulness follows immediately from the definition of morphisms between G-equivariant ob-
jects. For the fact that Forg; is left and right adjoint to Inf see [Elal5, Lemma 3.8] 0

The following proposition builds on a result of Balmer in [Bal11 Theorem 5.17]. We will need it
later to construct Bridgeland stability conditions on equivariant categories.

Proposition 5.1.9 ([Ela15, Corollary 6.10]). Suppose G acts on a triangulated category D which has a
DG-enhancement, then Dg is triangulated in such a way that Forg, is exact.

When G is abelian, the following result tells us that C can be recovered from Cq using the resid-
ual action of G. This will be an important ingredient in the proof of the main result of this chapter,

Theorem[5.3.6

Theorem 5.1.10 ([Ela15, Theorem 4.2]). Suppose k is an algebraically closed field and let C be a k-linear
idempotent complete category. Let G be a finite abelian group with (char(k), |G|) = 1. Suppose G acts on
C. Then

(Ca)g =C.

In particular, under this equivalence Forgs: (Cq)g — Cg is identified with Infg: C — Cg, and their
adjoints Inf 5: Co — (Cq)g and Forg : Cq — C are also identified.

The proof of Theorem [5.1.10] uses comonads. In the next section we introduce the necessary back-
ground and explain why Forgs = Infs and Inf 5z = Forg; under the equivalence.

5.2 Comonads and Elagin’s reversion theorem

The following definitions are taken from [Elal5, §2]. For further details, see [BWO05, Chapter 3] and
[Mac71, Chapter 6]. We continue to assume that C is a pre-additive category, linear over a ring k.

Definition 5.2.1 ([Ela15| Definitions 2.1, 2.2]). A comonad T = (T, ¢,6) on C consists of
(1) afunctor T: C — C, and
(2) natural transformationse: T — Idc and §: T — T2 =TT

such that the following diagrams commute

T —2 T2 T — T2
6J \LTE J{(s J{T& .
0 —— T T2 2T, 73
Two comonads T; = (T1,£1,d1) and Ty = (Ts,e9,d2) on C are isomorphic if there exists an

isomorphism of functors T' — T” compatible with the natural transformations ¢; and §;.

Definition 5.2.2 ([Ela15, Definition 2.5]). Let T = (T,¢,d) be a comonad on C. A comodule over T,
also called a T-coalgebra, is a pair (F, h) consisting of
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(1) an object F € Ob(C,

(2) amorphism h: F — T(F') called the comonad structure such that
(a) the composition e(F) o h: F — T(F) — F is the identity, and
(b) the following diagram commutes

F—" 5 T(F)

I

2
T(F) SFE T2(F)
A morphism between two comodules over T, (Fy,h1) — (Fs,hs), is a morphism F; — F5 in C
compatible with the morphisms h; (and their properties (a) and (b)).

All comodules over a given comonad T on C form a category which is denoted Cr.

Definition 5.2.3. There is a forgetful functor Forgp: Ct — C which forgets the comonad structure,
ie. (F,h) — F.It has a right adjoint Inf1: C — Ct which is defined by

F = (T(F),6(F)), f=T()
for every object F' and morphism f in C.

Example 5.2.4 ([Ela15, Example 2.3]). Consider a pair of adjoint functors, P*: B — C (left) and
P.: C — B(right). Letn: Idg — P.oP*ande: P*P, — Id¢ be the unit and co-unit of the adjunction.
LetT = P*oP,and§ = P*ono P,: P*o P, — P*o P, o P*o P,. Then T(P*,P,) = (T,¢,d) isa
comonad on C.

Now suppose C is additive and G is a finite group acting on C. Then by Lemma[5.1.8} the functors
Forge: C¢ — C and Infg: C — Cg are both left and right adjoints. Hence T (Forg, Infs) defines a
comonad on C, and T(Infg, Forg.) defines a comonad on C¢.

From now on, we assume C is additive and G is a finite group acting on C. The following result
allows us to go between equivariant objects and comodules over the comonads associated to Infs and
Forg..

Proposition 5.2.5 ([Elal5, Proposition 3.11]). (1) There is an equivalence, C = C(Forgy,Ints)- Un-
der this equivalence, Forgq = Forgp(porg, i) and Infe = Infr(porg, nfe)-
(2) Suppose moreover thatC is idempotent complete. Then there is an equivalenceC = (Cq ) (inf¢ Forgy)

under which Inf¢ = Forgp 1u¢, Forg,,) and Forgg = Infr(ntg Forg,,)-

Example 5.2.6 ([Ela15, §4]). Let k[G] denote the regular representation of G with basis {e} 4e. De-
fine R: CG — CG by

R: (F, (eg)geG) = k[G] ® (F, (eg)gEG)'
The morphism of representations k[G] — k given by e, + 1 induces eg: R — id, a morphism of

functors. The morphism of representations k[G] — k[G] ® k[G] given by e, — e4 ® e4 also induces a
morphism of funtors §z: R — R2. Altogether, R := (R, e, 0r) defines a comonad on Cg.

Proof. (of Theorem We explain why Forgs; = Infg and Infs = Forgg. Elagin’s proof that
(Ca)a = C uses the following chain of equivalences.

9 @ ) @
(Ca)g = (Ca)r(Forgs mis) = (Ca)r = (Ca)Tnts Forg,) = C,
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where T (Forggs, Infz), T(Infg, Forgy), and R are the comonads on the corresponding categories
defined in Example and Example The equivalence in (1) is from Proposition [5.2.5(1) for
the action of G on Cc. The equivalence in (4) is from Proposition ). In particular, under (1),
Forgs = Forgr(porg i) and under (4), Forgynt, rorg,) = Infe. Moreover, the equivalences
(2) and (3) only change the comonad structure, hence the images of the forgetful functors for each
category of comodules are the same. Therefore, under the equivalence (Cq)s = D, Forgg = Infe.
Finally, by Lemma Forgg and Inf are left and right adjoint, and as are Forg; and Infg. Hence
Inf 5 = Forg. O

5.3 Stability conditions on equivariant categories

The goal of this section is to compare Stab(D) and Stab(D¢ ), when G is a finite group acting on a
triangulated category D. Throughout, let k be an algebraically closed field, and let D be a k-linear
essentially small Ext-finite triangulated category with a Serre functor and a DG-enhancement.

Suppose a finite group G with (char(k),|G|) = 1 acts on D by exact autoequivalences, ®,. By
Remark [3.2.3] this induces an action on the stability manifold via

Oy (P, Z) = (24(P), Z 0 (Dy); ")

where (®,).: K(D) — K(D) is the natural morphism induced by ®,. We say that a stability condition
o is G-invariant if ®, - 0 = 0. Write (Staby(D))“ for the space of all G-invariant locally-finite
stability conditions, and (Homz (Kpum (D), C))€ for the space of G-invariant central charges, i.e. Z =
Zo(®y); forallg e G.

Let o € (Staby(D))“. By Lemmaand Proposition Forg.: D — D is exact and faithful.
This means we can apply the construction from [MMS09, §2.2], which induces a (locally-finite) stability
condition on D¢ as follows.

Define Forg,,' (0) == 06 = (Poy, Zo, ), Where

Pog (@) ={E € Dg : Forgs(€) € Ps(9)},
Zgy = Zg o (Forge)s.

Here (Forgy).: K(Dg) — K(D) is the natural morphism induced by Forg.

Proposition 5.3.1 ((MMS09, Theorem 2.14]). Suppose G acts on D and o = (P, Z) € (Staby (D))< is
G-invariant. Then Forg(_;l(o) € Stabis(Dg).

Proof. By Proposition[5.1.9)and our assumptions on D, it follows that D¢ is a triangulated category and
that the assumptions stated before [MMS09] Theorem 2.14] are satisfied.

Suppose & € P(¢). Then Forg(Infa(€)) = @ e Py(€). Since o is G-invariant, @4(&) € Py(¢)
for all g € G. Moreover, P,(¢) is extension closed, hence @ .5 P4(E) € Po(¢). The result then
follows from [MMS09, Theorem 2.14]. O

Remark 5.3.2. The above result is stated in greater generality in [MMS09, Theorem 2.14]. In particular,
they use a functor F': D — D’ to induce stability conditions from D’ to D under some assumptions.
We will see this later in Section

The following result is an analog of Lemma[2.3.2]

Lemma 5.3.3 ([BO20, Lemma 4.3]). Supposea € (Staby (D)), andletog = Forg' () € Staby(Dg).
Let€ = (E,(0,)) € Dg.
(1) € is og-semistable if and only if Forg(E) is o-semistable
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(2) IfForg(E) is o-stable, then £ is o-stable.
(3) If € is o-stable, then Forg(€) = ®geq/uby, ' (Py(F)) for some subgroup H C G and o-stable
object F'. Hence Forg (&) is o-polystable, and it is o-stable if and only if it is simple.

Proof. (1) is by definition of the construction of o¢. The rest follows from [BO20, Lemma 4.3]. O

Lemma 5.3.4 ([D23, Lemma 2.21]). Suppose G'is abelian and acts on D. Consider the action ofG onDg
by tensoring as in Proposition|5.1.6, Then ForgG (o) is G-invariant.

Proof. First note that, for every class [£] = [(E, (0,))] € Knum(Da), (Forgg)«([(E, (64))]) = [E].
I(;Iefilce Zoe (f[;‘,;]) = Zgho (Forgg)«([(E, (04))]) = Z,([E]), where [E] € Kyum (D). Moreover, from the
efinition of P, , we have

Pog(¢) ={€ € D¢ : Forgq(€) € Py(9)}
={(E,(0y)) € D : E € Ps(9)}-

In particular, since the action of G on (E,(84)) € D¢ does not change E, it follows that the central
charge Z,,, and slicing P,,, are G-invariant, and hence o € (Stablf(Dg)) O

Proposition 5.3.5 ([MMS09, Proposition 2.17]). Under the hypotheses of Proposition[5.3.1, the morphism

Forgy': (Staby(D))% — (Stabi(Dg))C is continuous, and the image of Forgy,' is a closed embedded
submanifold.

Proof. The proof of [MMS09, Proposition 2.17] is for the action of a finite group G on DP(X), induced
by the action of G on X, a variety over C (i.e. &, = g*). The result follows in our setting by replacing
this with the action of exact autoequivalences ®, on D in the proof. O

In the case where G is abelian, we now describe the image of Forgal. This leads to the following
analytic isomorphism between submanifolds of Stab(D) and of Stab(D¢).

Theorem 5.3.6 ([D23, Lemma 2.23]). Suppose D has a DG-enhancement. Let G be a finite abelian group
such that (char(k), |G|) = 1. Suppose G acts on D by exact autoequivalences ®, for every g € G, and

consider the action of G on Dg as in Proposition Then the functors Forg, andInf g induce an analytic
isomorphism between G-invariant stability conditions on D and G-invariant stability conditions on D,

Forg,': (Staby(D))“ = (Stablf(DG))é :Forgél.

More precisely, the compositions Forgé1 o Forgg;1 and F‘org&1 o Forgé1 fix slicings and rescale central

charges by |G/|.

Proof. Let ¢ € (Staby;(D))“. Therefore, by Proposition and Lemma o = Forgy'(0) is
in (Stabyt(Dg))¥. We now apply Proposition again but with Forgs. In particular, let o5 =
Forgé1 (0¢), where

Pos(9) ={€ € (Dc)g : Forga(€) € Pog ()}
={€ € (Dg)g : Forgg(Forgs(€)) € Po(d)}

By Proposition [5. Forgé (o G) € Stab]f((DG) ). To complete the proof, we need to show that,

under the equlvalence (Da)a = o up to rescaling the central charge by |G|. From Theorem
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5.1.10|we know that Forgs = Infg under this equivalence. Hence we can apply the same argument as
in the proof of [MMS09, Proposition 2.17]. In particular,

Po, (¢) ={€ € D : Forg(Infe(£)) € P,(9)}

=D P Py(E) € Pa(9)

geqG

Suppose £ € P, (¢). Since P(¢) is closed under direct summands, ®,(E) € P,(¢) forall g € G.

Thus £ € P,(¢). Now suppose £ € P,(¢), then by the proof of Proposition it follows that
Forgg(Infg(€)) = Ggecdy(E) € Py(p). Therefore, £ € Py (¢). In particular, Py, = Py. Now let
[€] € Kpum (D) ® C and consider the central charge

Zs([€]) = Z5 o (Forgg). o (Infe)« (I€]) = Zo | D ([24(€)])

geG

Z, is G-invariant, hence Z,([£]) = (®4)+«Z,([€]) = Z5([®4(E)]) for all g € G. Finally, since Z, is a
homomorphism, it follows that Z,,_ () = |G| - Z,([€))-

Note that if we start instead with a stability condition o € (Stabi(Dg))®, then by a symmetric
argument it follows that g = Forgy' o Forgé1 (o), up to rescaling the central charge by |G| = |G].

Therefore, Forga1 and Forg=' are homeomorphisms since they are continuous by Proposition
and rescaling the central charge is itself a homeomorphism. In fact, rescaling the central charge by
|G| is a linear isomorphism on Homz (Kpum(D), C) and Homz (Kuum(Da), C). Hence F‘orgg,1 and
Forgé1 are analytic isomorphisms, since they are isomorphisms on the level of tangent spaces, i.e.

(Homgz (Kyum (D), C))¢ = (Homgz (Kpum(Dg), C))¢
Z v Z oForggs
7' o Forg, <+ Z'.

O

Remark 5.3.7. If D = D(X) where X is a scheme, and if the action of G on D is induced by an action
of G on X, ie. ®, = g*, then the analytic isomorphism above gives the bijection in the abelian case of
[Pol07, Proposition 2.2.3].

Remark 5.3.8. Asin [BMS16, Theorem 10.1], Theorem also goes through with the support prop-
erty. In particular, a stability condition o € (Staby (D))" satisfies support property with respect to

(A, \) if and only if the induced stability condition o € (Staby(Dg))% satisfies support property
with respect to (A, A o (Forge).).
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Chapter 6

Bridgeland stability on free abelian
quotients

We apply the methods of Section[5.3|to describe geometric stability conditions on free abelian quotients.
In particular, we show that geometric stability conditions are preserved under the analytic isomorphism
in Theorem|5.3.6] and use this to describe a union of connected components of geometric stability con-
ditions on free abelian quotients of varieties with finite Albanese morphism. In the case of surfaces, we
obtain a stronger result using a description of the set of geometric stability conditions from Chapter 4]

6.1 Inducing geometric stability conditions

Suppose G acts on a variety X. Let Y = X/G and denote by m: X — Y the quotient map. In this
section, we explain how Theorem [5.3.6|gives us a way to compare Stab(X) and Stab(Y").

Let D2 (X) denote the derived category of G-equivariant coherent sheaves on X as in Example
Recall that DP(Y') 2 D2 (X)), where the equivalence is given by

T: DP(Y) — D&(X)
Er— (m"(E), Anat)s

and Anat = {Ag}geq is the G-linearisation given by
Ng: TE S g* € = (mog) & 2 *E.

Now assume G is abelian. By Theorem there is an equivalence Q: D*(X) = (D&(X))g.
This fits into the following diagram of functors

DP(Y) ——=—— Dg(X)
nf
Tw | | 70* fnfe Forgg | [Infg (61)
Forgg



where

v

v Q v Q Q
7 2 Forgg = Infg , 7 = Infg = Forgs , me o™ = Infg o Forgy , Forgg oInfg = Inf 5 o Forg.

G

Recall that the pushforward of the structure sheaf decomposes as a direct sum of numerically trivial
line bundles m.Ox = @ 5Ly, ie c1(Ly) = 0. The residual action of G on DP(Y)is givenby —® L.

Now recall that a stability condition is called geometric if all skyscraper sheaves of points are sta-
ble (Definition [1.1.2). The following result shows that the analytic isomorphism from Theorem [5.3.6]
preserves geometric stability.

Theorem 6.1.1 ([D23| Theorem 3.3]). Suppose G is a finite abelian group acting freely on a variety X.
Letm: X — Y = X/G denote the quotient map. Consider the action of G on D(X) = DP(Y) as in
Proposition[5.1.6, Then the functors *, T, induce an analytic isomorphism between G-invariant stability
conditions on DP(X) and G-invariant stability conditions on D (Y') which preserve geometric stability
conditions,
(7)1 (Stab(X))¢ = (Stab(Y)¥ :(m,) L.

The compositions (m,) "L o (7*) ™! and (7*) =% o ()" fix slicings and rescale central charges by |G|.

In particular, suppose 0 = (P,,Z,) € (Stab(X))“ satisfies the support property with respect to
(A, N\). Then (%)~ (0) =: 0y = (Poy, Zoy ) € (Stab(Y))Y is defined by

Poy (¢) = {€ € DP(Y) : 7(€) € Po(0)},

%
Loy =ZLgoT",

where T* is the natural induced map on K(DP(Y')), and oy satisfies the support property with respect to
(A, Aom™).

Proof. Step 1 First note that m, o 7*: Kyym(Y) — Kyum (Y) is multiplication by |G/, as it sends

[€] to [5 ® @Xeé ,CX] and all £, are numerically trivial. Therefore, 7%: Kyum(Y) — Kpum(X) is
injective.Now recall that under D2 (X) = DP(Y), Forg; = 7* and Infg 2 .. Together with Theo-
rem [5.3.6| and Remark [5.3.8] it follows that (7*)~! and (7,) ! give an analytic isomorphism between

numerical Bridgeland stability conditions as described above. It remains to show that o € (Stab(X))¢
is geometric if and only if oy = (7%)~!(0) is.

STEP 2 Suppose 0 = (P,, Z,) € (Stab(X))® is geometric. Let y € Y. This corresponds to the orbit
Gz for some x € X (so x is unique up to the action of G). We need to show O, is oy -stable. Recall,

Poy () = {€ € DO(Y) : 7*(€) € Po(9)}

for every ¢ € R. Note that
™0, = P 041, € D*(X).
geG
By our assumption on o and Proposition [4.1.1] all skyscraper sheaves of points of X are o-stable and
of the same phase which we denote by ¢y . In particular, O,-1, € Py (¢sky) for all g € G. Moreover,
Po(¢sky) is extension closed, hence B, c; Oy-12 € Po(dsky), and thus Oy € Py, (dsiky). Now sup-
pose that O, is strictly semistable, then there exist objects £, F € P, (¢sky) and the following exact

sequence in Py, (¢sky)
£ 0, F
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is non-trivial, i.e. £ is not isomorphic to 0 or O,,. By definition of Py, (¢sky ), the pullbacks 7*(E), 7* (F)
are objects in P, (Psky ). Hence we have the following exact sequence in P, (pgsky ).

(&) = 7 (Oy) = @nglx — 7% (F)

geG

Then 7* () is a subobject of 7*(O,) which is a direct sum of simple objects. There can be no nontrivial
morphism from 7*(£) to any of these simples, hence 7(€) = @, . 4 Oy-1,, where A C G is a subset.
Therefore,

a€A

supp(7*(£)) ={a "'z :a € A} C {g7 2 : g € G} = supp(7*(O,)).

Note that 7*(€) is a G-invariant sheaf. But supp(7*(€)) is G-invariant if and only if A = f or A = G.
Hence & = 0 or £ = O,, which is a contradiction.

STEP 3 Suppose that oy = (Pyy, Zsy ) € (Stab(Y))é is geometric. Recall
Poy (¢) = {€ € DP(Y) : 7*(€) € Po(e)},

forall € R. Fixx € X, and let y € Y be the point corresponding to the orbit Gx. By assumption,
O, is oy-stable. Let ¢, denote its phase. Then 7*(0,) = @ 9 Oz € Po(psky). Moreover,
since Py (Psky) is closed under direct summands, ¢*O, € P, (qbskyi for all ¢ € G. In particular, O, €
Py (psky ). Now suppose that O, is strictly semistable, then there exist A, B € P, (¢siy) such that

A—= 0O, —B

is a non-trivial exact sequence in Py (¢sky ), i.e. A is not isomorphic to 0 or O,. By Step 1, (7.) ' sends
Py (Psky) t0 Poy (Psky ). Hence we have a short exact sequence in P, (¢sky ),

T4 (A) = 1, (Og) = Oy — . (B).

However, O, is stable, hence m,(A) = 0 or m,(B) = 0. But 7 is finite, hence 7, is conservative.
Therefore A = 0 or B = 0, which is a contradiction. O

6.2 Group actions and geometric stability conditions on surfaces

We next want to study the action of G on Stab®*®(X/@). In this section, we will see that when S is
a surface, this action is trivial (Proposition [6.2.4). We first consider the more general setting of finite
subgroups of Pic’(X) acting on D" (X).

Lemma 6.2.1 ([D23, Lemma 3.5]). Let X be a variety. Let G C Pic’(X) be a finite subgroup, so this acts
on DP(X) by tensor product. Then the induced action of G' on Kyum (X) is trivial.

Proof. We first recall the relation between Kyum (X) and the numerical Chow group Chowum (X).
Consider the Chern character map ch: K(X) — Chow(X), which is an isomorphism over Q. There is
a commutative diagram

K(X) —® 5 Chow(X)

b b

Ko () 208 Chowm (X)
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where ¢ is the quotient by the null-space of the Euler form x(—, —) on K(X) (see Definition[3.1.3), and
q2 is the quotient of Chow (X') by numerical equivalence. If ch|k (x)([E]) = 0, then by Hirzebruch-

Riemann-Roch x([E], F) = 0 for all ' € K(X). Hence [E] = 0 in Kyum(X), so ch|g, . (x) is
injective.
Now let £ € G and [E] € Kyum (X). The induced action of G on Ky (X) is given by
[E]— L-[E]=[E® L]
Since £ is a line bundle, ch(£) = e(£), Moreover, in the numerical Chow group Chow,um(X),
¢1(L) = 0. Therefore,
Ch [Kps ([B® L]) = ch [k ([E]) - b [y (£) = h K ([E])-

Since chlk, . (x) is injective, £ - [E] = [E ® L] = [E] in Kpum (X). O

Since G C Pic’(X/G), acts trivially on Kpum(X/G). The next result tells us that if a group acts
trivially on K,um (D), then the invariant stability conditions form a union of connected components.

Lemma 6.2.2 ([D23| Lemma 3.8]). Suppose that a finite group G acts on a triangulated category D by
exact autoequivalences such that the induced action on Ky, (D) is trivial. Then (Stab(D))€ is a union
of connected components inside Stab(D).

Proof. By Theorem[3.2.1] there is a local homeomorphism
Z: Stab(D) — Homz (Kpum (D), C).

Let g € G, and denote by (®, ). the induced action of g on K(D) and K,m (D). Recall that the action
of G on Stab(D) is given by (®y). -0 = (4(P), Z o (®,);!). The induced action of G on Kpum (D) is
trivial, hence Z (o) is G-invariant and Z(g- o) = Z(0). Furthermore, G acts continuously on Stab(D),
and the local homeomorphism Z commutes with this action. Hence the properties of being G-invariant
and not being G-invariant are open in Stab(D), so the result follows. O

Now let X be a surface. We saw in Theoremthat o € Stab®*(X) is determined by its central
charge up to shifting by [2n]. This means that, to test if o is G-invariant, we only have to check the
central charge:

Lemma 6.2.3 ([D23, Corollary 3.4]). Supposes G acts on a surface X. Then o = (P, Z) € Stab®*°(X)
is G-invariant if and only if Z is G-invariant.

Proof. If 0 = (P, Z) € Stab®*°(X) is G-invariant, then so is Z. Suppose 0 = (P, Z) € Stab®*°(X)
and Z is G-invariant. Fix g € G. Then g*o = (¢*(P), Z o (¢*)~") € Stab®*°(X). Moreover, g*O, =

Og4-15, hence skyscraper sheaves have the same phase with respect to o and g*o. By Theorem
o =go. O

Proposition 6.2.4 ([D23, Corollary 3.6]). Let X be a surface and let G C Pic’(X) be a finite subgroup.
Then every geometric stability condition on X is G-invariant.

Proof. Let o = (P, Z) € Stab®®°(X). By Lemma it is enough to show that Z is G invariant. By
Lemma G acts trivially on Ky,,m (X). Since o is numerical, Z: K(X) — C factors via Kpym (X),
hence Z is G invariant. O

Example 6.2.5. Suppose G is a finite abelian group acting freely on a surface X, and let Y := X/G.
Then by Propositionthere is also an action of G = Hom(G, C) on D& (X) = DP(Y). As discussed
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in Section the corresponding action on DP(Y") is given by tensoring with a numerically trivial line
bundle £, for each x € G. Proposition tells us that every geometric stability condition on D®(Y")
is GG invariant.

6.3 Applications to varieties with finite Albanese morphism

We now apply our results to varieties with finite Albanese morphism. Such varieties only have geometric
stability conditions.

Theorem 6.3.1 ([FLZ22| Theorem 1.1]). If X is a variety with finite Albanese morphism, then Stab(X) =
Stab®e°(X).

We now combine this with the results of Section [6.1]and Section[6.2] to study quotients of varieties
with finite Albanese morphism.

Theorem 6.3.2 ([D23, Theorem 3.9]). Let X be a variety with finite Albanese morphism. Let G be a finite
abelian group acting freely on X and let Y = X/G. Then Stab*(Y) := (Stab(Y))% 2 Stab(X)% is a
union of connected components consisting only of geometric stability conditions.

Proof. X has finite Albanese morphism, so it follows from Theorem[6.3.1]that all stability conditions on
X are geometric. In particular, all G-invariant stability conditions on X are geometric, so from Theorem
it follows that all G-invariant stability conditions on Y are geometric. Hence (Stab(Y))é C
Stab%e°(Y).

Recall from Example that G acts on DP (Y) by tensoring with numerically trivial line bundles.
Now we may apply Lemma , so it follows that G acts trivially on Kpum (Y'). Hence, by Lemma
(Stab(Y))é is a union of connected components. O

When X is a surface, we have the following stronger result.

Theorem 6.3.3 ([D23, Corollary 3.10]). Let X be a surface with finite Albanese morphism. Let G be a
finite abelian group acting freely on X. Let S = X/G. Then Stab*(S) = Stab®®°($) 2 (Stab(X))C. In
particular, Stab*(S) is a contractible connected component of Stab(S).

Proof. By Theorem (Stab(S))¥ C Stab®*(S) is a union of connected components. Moreover,
Stab®®°(S) is connected by Theorem nd contractible by [Rek23, Theorem A]. Hence Stab*(S) =
Stab%°(S), and the result follows. O

Remark 6.3.4. (1) The fact that Stab®*°(S) = (Stab(S))é also follows from Theorem to-
gether with Proposition [6.2.4]
(2) Stab*(S) = Stab®°°(S) is explicitly described in Theoremm

Example 6.3.5. Let S = (Cy x C3)/G be the quotient of a product of smooth curves such that g(Cy),
g(C2) > 1 and G is a finite abelian group acting freely on S. Then C; X C5 has finite Albanese
morphism. By Theorem StabGCO(S ) is a connected component. In particular, we could take S
to be any bielliptic surface (see Example or a Beauville-type surface with G abelian (see Example
1.2.1)).

Remark 6.3.6. For an ample class H on a variety of dimension n, consider the following surjection
from K (X),
[E] — (H"cho(E), H"™' . chy(E),...,ch,(E)) C R".
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Let Ap denote the image. The submanifold Staby (X) := Staby,, (X) C Stab(X) is often studied.
Note that these are the same when X has Picard rank 1.

Now let X be a surface with finite Albanese morphism, and let G be an abelian group acting freely
on X. Let S = X/G, and denote by m: X — S the quotient map. Moreover, let Hx be a G-invariant
polarization of X and let Hg be the corresponding polarization on S such that 7*Hg = Hx. Thenifa
homomorphism Z: K(X) — C factors via Ag, it is G-invariant. Hence by Lemmal6.2.3] all stability

conditions in Staby, (X) are G-invariant.

From Theorem it follows that Stabjgs (S) = (Staby, (X))¢ = Staby, (X). Stabg, (X) is
the same as the component described in [FLZ22, Corollary 3.7]. This gives another proof that Stabqu (9)
Staub%csO (S) is connected and contractible.

Example 6.3.7. A Calabi-Yau threefold of abelian type is an étale quotient Y = X/G of an abelian
threefold X by a finite group G acting freely on X such that the canonical line bundle of Y is trivial
and H*(Y,C) = 0. As discussed in [BMS16, Example 10.4(i)], these are classified in [0S01, Theorem
0.1]. In particular, G can be chosen to be (Z/2Z)%? or D, (the dihedral group of order 8), and the Picard
rank of Y is 3 or 2 respectively.

Fix a polarization (Y, H), and consider Staby (Y') as in Remark This has a connected com-
ponent P8 of geometric stability conditions induced from Stabg (X) [BMS16| Corollary 10.3] which is
described explicitly in [BMS16, Lemma 8.3]. When G = (Z/2)%2, by [OPT22, Theorem 3.21], the sta-
bility conditions constructed by Bayer—Macri-Stellari in Staby (X)) satisfy the full support property,
i.e. they actually lie in Stab(X). Together with Theorem it follows that o € ‘3 also satisfies the
full support property. In particular, °j3 lies in a connected component of Stab? (Y).
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Chapter 7

Fusion actions on categories and
equivariant stability conditions

In this chapter, we study categories with actions of non-abelian groups, and more generally module
categories over fusion categories — monoidal categories with strong finiteness properties. The main
result of this chapter is Theorem|7.3.10] which generalises Theorem to non-abelian groups.

We first introduce fusion categories and module categories over them in Section[7.1] In Section|[7.2]
we define fusion-equivariant stability conditions, and prove that they form a closed submanifold of the
stability manifold. This generalises the notion of G-invariant stability conditions on a triangulated
category D that we saw in Section[5.3] Finally, in Section[7.3|we prove Theorem[7.3.10] which describes
an analytic isomorphism between G-invariant stability conditions on D and rep(G)-invariant stability
conditions on the equivariant category Dg.

7.1 Preliminaries on fusion categories and module categories

7.1.1 Monoidal categories

We start by recalling the necessary definitions from the theory of monoidal categories. The following
definitions are taken from [Eti+15, Chapter 2].

Definition 7.1.1 ([Eti+15| Definition 2.1.1]). A monoidal category is a quintuple (C, ®, a, 1, ¢) where

(1) Cis a category,
(2) —®—: CxC — Cisabifunctor called the tensor product bifunctor, a: (—®@—)®@— — —@(—®—)
is a natural isomorphism:

axyz: (X@Y)®Z S X (Y ®Z), XY, ZecC

called the associativity constraint,
(3) 1 € Cis an object of C, and
(4) t: 1®1 = 1 is an isomorphism,

subject to the following two axioms.
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(1) (The pentagon axiom.) The diagram

(WeX)eY)® Z
midz um
We((XaY) ez WeX)e Y e2z)
J/UIW,X@Y,Z aW,X,Y@ZJ/

We(X0Y)®Z) dw Saxv.z We(XeYe2)

is commutative for all objects W, X, Y, Z in C.
(2) (The unit axiom.) The functors

Li: X—»1®X,
Ri: X—X®1

of left and right multiplication by 1 are autoequivalences of C. These functors are called the unit
constraints.
We equivalently say that C has a monoidal structure (®, a.t).

Definition 7.1.2 ([Eti+15| Definition 2.4.1]). Let (C,®,1,a,) and (C!, ®!, 1%, !, ') be two monoidal
categories. A monoidal functor from C to C! is a pair (F, J) where F': C — C! is a functor, and

Jxy: FX)® F(Y) S F(X®Y)

is a natural isomorphism such that (1) is isomorphic to 1 and the diagram

(F(X) @' F(Y)) @ F(Z) M)F(X) R (F(Y) &' F(Z))
Ix,v® ldF(Z)J/ J{idF(X) ®'Jy,z
FXQY)® ' F(Z) FX)F(Y®Z)

Jx®Y, Zl lJX,Y®Z

F(X®Y)® Z) Flaxv.z) F(X & (Y ® 7))

is commutative for all X, Y, Z in C.
A monoidal functor is said to be an equivalence of normal categories if it is an equivalence of ordinary
categories.

Definition 7.1.3 ([Eti+15| Definition 2.8.1]). A monoidal category (C, ®,a, 1, 1) is called strict if
1) (XeY)eZ=X® (Y ®2Z),
2 Xel=X=11 X,

and the associativity and unit constraints are the identity maps.

Example 7.1.4. Let C be a category. Consider the category End(C) of all endofunctors C — C with
tensor product given by composition. This is a strict monoidal category.

In the following definition, we suppress the unit constraints to ease notation.

Definition 7.1.5 ([Eti+15| Definition 2.10.1]). Let (C,®, a,1,¢) be a monoidal category and let X € C.
An object VX in C is said to be a left dual of X if there exists morphisms ev: VX ® X — 1 and
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coev: 1 — X ® VX, called evaluation and coevaluation, such that the compositions

coevy ®idx aAx Vx X idx Qevy

X LovxOx, (¥ pVX) @ X N X g (VX @ X) X 0X, v
VX idv x ® coevx VX®(X®VX) avx x,Vx (VX®X)®VX evx ®idv x X7

are the identity morphisms.

An object XV in C is said to be a right dual of X if there exists morphisms ev’': X ® XV — 1
and coev’: 1T — XV ® X, such that the corresponding compositions to those for left duals are also the
identities.

Example 7.1.6. In End(C), a left (resp. right) dual is the same as a left (resp. right) adjoint.

7.1.2 Fusion categories

We next review the notion of a fusion category and some of its properties. We refer the reader to
[ENOO5; Eti+15] for further details. Throughout this chapter, k& will be an algebraically closed field.

Definition 7.1.7. A (strict) fusion category C is a k-linear (i.e. hom spaces are finite-dimensional k-
vector spaces), abelian category with a (strict) monoidal structure (— ® —, 1) such that

(1) the monoidal unit 1 is simple;

(2) Cis semisimple (i.e. any object is a direct sum of finitely many simples);

(3) C has finitely many isomorphism classes of simple objects; and

(4) every object C € C has a left dual ¥C and a right dual C' with respect to the tensor product ®.

This is often called rigidity.

A (finite) set of representatives of isomorphism classes of simple objects in C will be denoted by Irr(C).

Example 7.1.8. (1) The category of finite dimensional k-vector spaces, vec, is a fusion category.
More generally, let G be a finite group. Then the category of G-graded vector spaces, vecg, is
fusion. The simples are given by g € G representing the one-dimensional vector space with
grading concentrated in g.

(2) Let G be a finite group. If (char(k), |G|) = 1, then the category of representations of G, rep(G),
is fusion. If (char(k),|G|) # 1 and |G| > 1, then rep(G) is not a fusion category since it is not
semisimple [Eti+11, Proposition 3.2].

(3) The Fibonacci fusion category Fib is the fusion category with two simple objects 1, IT and fusion
rules

Deld=1aoll (7.1)

As afusion category, Fib is unique up to equivalence. It also called the golden ratio fusion category.

Remark 7.1.9. Let C be a fusion category. Its Grothendieck group K(C) (see Definition [3.1.3) is also
a fusion category, with tensor product given by [X] ® [Y] := [X ® Y]. K(C) has a basis given by the
(finite) isomorphism classes of simples {[S;]}7_,. The tensor product defines multiplication on K(C)

by [Sk] - [Si] = [Sk ® S;]. This satisfies
[Sk] - [S:] = Zkri,j[SjL kTi,j € L0,
i=0

where 7; ; is the multiplicity of the simple S; in the direct sum decomposition of Sy, ® S;. [So] = [1]
is the multiplicative unit. Hence we call K(C) the fusion ring of C.

There is a well-defined notion of dimension for non-zero objects in a fusion category.
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Proposition 7.1.10 ([Eti+15} Proposition 3.3.6(3)]). Let C be a fusion category. Any ring homomorphism
¢: K(C) — R satisfying the following properties is unique:

(1) ¢([X]) >0 forall X € C; and

(2) ¢([X]) =0ifandonlyif X 20 € C.

The above proposition makes the following definition of dimension unique.

Definition 7.1.11. Let C be a fusion category with n+1 simple objects {.Sj, } _,. For each simple S}, we
define FPdim([Sk]) € R to be the Frobenius—Perron eigenvalue (the unique largest real eigenvalue) of
the non-negative matrix (7 ;)i,je{0,1,...,n}- This extends to a ring homomorphism [Eti+15, Proposition
3.3.6(1)] which we denote by

FPdim: K(C) —» R.

The Frobenius—Perron dimension, FPdim(X), of an object X € C is defined to be FPdim([X]).
Note that FPdim is not necessarily integral. It is unique in the following sense.
Remark 7.1.12. If X € C is non-zero, then FPdim(X) > 1 [Eti+15, Proposition 3.3.4].

Example 7.1.13. (1) In both Example and[(2)] FPdim(X) agrees with dim(X), the dimen-
sion of the underlying vector space. Indeed, dim defines a ring homomorphism dim: K(C) - R
satisfying the conditions in Proposition [7.1.10} More generally, any fusion category with a fibre
functor (i.e. an exact k-linear functor that commutes with tensor products) to the category of
vector spaces has FPdim = dim.

(2) For the fusion category Fib from Example the relation in dictates that IT must have
FPdim(IT) = (1 + V/5), i.e. the golden ratio.

7.1.3 Module categories over fusion categories

Definition 7.1.14. A left (resp. right) module category over a fusion category C is an additive category
M together with an additive monoidal functor

C (resp. C®°p> — End(M)

into the additive, monoidal category of additive endofunctors End(M). We will also say that C acts on
M. If M is moreover abelian or triangulated, then we insist that C acts on M by exact endofunctors.

Notation 7.1.15. Suppose C acts on M. Given an object C' € C, we denote the associated endofunctor
by C @ —.

Remark 7.1.16. If M is a left (resp. right) module category over C, then by definition the monoidal
structures of End(M) and C have to be compatible. This means that, for any C, D € C, there is a
fixed isomorphism of functors ec.p: C ® (D ® —) = (C ® D) ® — (resp. (D ® C) ® —), and these
morphisms are compatible with the coherence conditions for the natural transformations that are part
of the monoidal structures.

Suppose M is an abelian or triangulated category, and M is a left (resp. right) module category
over a fusion category C. Then K(M) is a left (resp. right) module category over the fusion ring K(C),
with action given by

[C]-[A] = [C ® A] € K(M).

Example 7.1.17. (1) Every additive, k-linear category .4 is naturally a module category over the
category of finite dimensional k-vector spaces vec. The action of k" € vec is defined on A € A
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by k™ X A := A®™ and every morphism A Ly A’ in As sent to k™ K i A®Sm B, gom
Each n x m matrix M € Homye(k™, k™) can be viewed as a morphism from A®™ to A®" for
each A € A (using k-linearity of A), so it defines a natural transformation. The whole category
vec acts on A by a choice of equivalence to its skeleton generated by k.

(2) Any fusion category is always a left (and right) module category over itself. Each object C gets
sent to the functor C' ® — (resp. — ® C).

The examples of module categories that we will study in more detail in Section[7.3|come from actions
of finite groups on categories (and, as we will see, actions of rep(G) on G-equivariant categories).

Definition 7.1.18. Let G be a finite group. Consider the monoidal category Cat(G) defined as follows
« objects are elements of G,
+ morphisms are identities,
» tensor product is multiplication in G (so the identity of G is the monoidal unit).

A left (resp. right) action of G' on a category M is an additive monoidal functor

®: Cat(G) (resp. Cat(G)®P) — End(M).

If M is moreover abelian or triangulated, we require that the functors ®, := ®(g) are exact.

Remark 7.1.19. (1) Definition agrees with Definition Recall that a (left) action of G
consists of an assignment of an (invertible) endofunctor &, € End(M) for each g € G, together
with an isomorphism of functors e, ,: ®, 0 ®;, — @y, for each pair g,h € G, which satisfy
Egh,k O€g.h = €g.nk ©Eh k- The compatibility data is encapsulated by the term “monoidal functor”
in Definition

(2) An action of G determines an action of vecg: We need to define an additive monoidal functor
U: vecg — End(M). Since vecg is semisimple, it is enough to specify what happens to the
simples g € G. Indeed, let ¥(g) := ®(g), then this extends to any G-graded vector space as
follows

U: @geg Vg — Y dim V,d(g) € End(M).
geG

The data of the natural isomorphisms ®(g) ® ®(h) = ®(gh) then also determines natural iso-
morphisms ¥(X) ® U(Y) = ¥(X ®Y) forany X,Y € vecg.

(3) An action of vecg determines an action of G: the action of vecq specifies an endofunctor ®(g)
for each simple g € G. The rest of the data of a G-action can again be determined by the natural
isomorphisms of the action of vecg.

7.2 The closed submanifold of fusion-equivariant stability con-
ditions

Throughout this section, let D be a k-linear essentially small Ext-finite triangulated category with a

Serre functor. Fix a surjective group homomorphism A: K(D) — A, and let Stab(D) = Staba (D). In

Section[5.3|we saw that, if a finite group G acts on a triangulated category D by exact autoequivalences,
then there is an induced action on Stab(D). Moreover, (Stab(D))€ is a closed submanifold:

Theorem 7.2.1 ((MMS09, Theorem 1.1]). The subset of G-invariant stability conditions (Stab(D))% is
a closed submanifold of Stab(D).

In this section we will generalise this to module categories over fusion categories. Without loss of
generality, we only work with left module categories.
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7.2.1 Fusion-equivariant stability conditions

Recall from Section[5.3|that o = (P, Z) € Stab(D) is called G-invariant if for all g € G,
(®4(P), Z o (®y);) = (P, 2).

This definition can be reformulated as follows.

Definition 7.2.2. Suppose D is equipped with an action of a finite group G (see Definition[7.1.18). A
stability condition (P, Z) € Stab(D) is G-invariant if:

(1) @, (P(¢)) =P(¢) forall g € G and for all ¢ € R; and

(2) Z € Homz(K (D), C)¢ C Homz(K(D),C),
where Homz (K(D), C)¢ denotes the C-linear subspace of G-invariant homomorphisms Z, i.e. those
satisfying Z(®,(X)) = Z(X) forall X € D and g € G. We use (Stab(D)) C Stab(D) to denote the
subset of all G-invariant stability conditions.

We now generalise this to the case that D is equipped with the structure of a module category over
a fusion category C. We already saw that the triangulated C-module category structure on D induces a
K(C)-module structure on its Grothendieck group K(D). On the other hand, the ring homomorphism
induced by the Frobenius—Perron dimension (see Definition ,

FPdim: K(C) >R C C,

provides C with a K(C)-module structure as well. It therefore makes sense to consider the C-linear
subspace of K(C)-module homomorphisms inside Homz(K(D), C). These are exactly the homomor-
phisms Z: K(C) — C such that

Z([C]- [X]) = 2([C @ X]) = FPdim(C) Z([X])

for all C' € C and [X] € K(D). We denote the subspace of such homomorphisms by Homz (K (D), C).
We use this to define fusion-equivariant stability conditions as follows.

Definition 7.2.3. Let D be a triangulated module category over C (see Definition [7.1.14). A stability
condition o = (P, Z) € Stab(D) is fusion-equivariant over C, or C-equivariant, if:

(1) C @ P(¢) C P(¢) forall C € C and all ¢ € R; and

(2) Z € Homg ) (K(D), C) € Homz(K(D), C).
We use Stabe (D) C Stab(D) to denote the subset of all C-equivariant stability conditions.

Example 7.2.4. (1) When C = vec acts on D, all stability conditions are vec-equivariant.
(2) Let G be a finite group acting on D; equivalently D is a module category over vecg. Then a
stability condition o € Stab(D) is G-invariant if and only if it is vecs-equivariant.

If 0 € Stabc(D), then each P(¢) is itself an abelian module category over C. It follows that the
standard heart A := P(0, 1] is an abelian module category over C; in fact any P(a, a + 1] is. Hence
the Grothendieck group K(A) = K(D) also has a module structure over K(C). With the K(C)-module
structure on C, we see that the induced stability function Z: K(A) — C on A is a K(C)-module ho-
momorphism. Motivated by this, we make the following definition.

Definition 7.2.5. Let A be an abelian module category over C. A stability function Z: K(A) — C is
C-equivariant if Z is a K(C)-module homomorphism.

The following crucial result puts restrictions on the behaviour of semistable objects under the action
of a fusion category C when a stability function is C-equivariant and satisfies the HN property. We
emphasise here that C' ® — need not be invertible.
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Proposition 7.2.6 ([Hen22, Proposition 3.3.4], [DHL24, Proposition 3.13]). Let A be an abelian module
category over a fusion category C. Suppose Z € Homycy(K(A), C) is a C-equivariant stability func-
tion on A that satisfies the Harder—-Narasimhan property. Then for any object A in A, the following are
equivalent:

(1) A is semistable of phase ¢;

(2) C ® A is semistable of phase ¢ for all non-zero C' € C; and

(3) C' ® A is semistable of phase ¢ for some non-zero C' € C.

Remark 7.2.7. The triangulated category analogue of Proposition|7.2.6/does not hold. Namely Defini-
tion[7.2.3(1) does not necessarily follow from Definition[7.2.3[2)] This can already be seen in the case of
C = vecg, i.e. there are stability conditions whose central charge is G-invariant but has some P(¢) not
closed under the action of G. This stresses the importance of the hypothesis that the abelian category
in Proposition|[7.2.6]is a module category over C.

We can now state the following variant of Proposition [3.3.6]

Theorem 7.2.8 ([Hen22, Theorem 3.3.5], [DHL24, Theorem 3.15]). A C-equivariant stability condition
on D is equivalent to the data of a heart of a bounded t-structure A on D such thatC ® A C A, together
with a C-equivariant stability function on A that satisfies the Harder—Narasimhan property.

Proof. The proof of (=) follows from the discussion before Definition The proof for (<) follows
from the usual construction of a stability condition from a heart of a bounded ¢-structure with a stability
function that satisfies the Harder-Narasimhan property together with Proposition[7.2.6 O

7.2.2 Submanifold property

The forgetful map Z in Bridgeland’s deformation theorem (Theorem maps o € Stabe(D) into
the C-linear subspace Homg ¢y (K(D), C) € Homgz(K(D), C) of K(C)-module morphisms. To show
that Stabe (D) is a submanifold, it will suffice to show that any local deformation of Z = Z(o) within
the linear subspace Homy ¢ (K(D), C) lifts to a stability condition ¢ that is still C-equivariant.

Lemma 7.2.9 ([DHL24, Lemma A.3]). Suppose o = (P, Z) € Stab(D) in Proposition is moreover
C-equivariant. Then there exists V. C U so that, if W € V is C-equivariant, the lifted stability condition
¢ =(Q,W) €U, is also C-equivariant.

Proof. Since U is open, there exists € > 0 such that the open ball V' := B.(Z) is contained in U.
Therefore, there is a path W; in V parametrised by ¢ € [0, 1] such that Wy = Z, W, = W, and there
exists T' € [0, 1] such that

(1) ImW; =Im Z for t € [0, 7],

(2) ReWy =ReW fort € [T, 1].
Furthermore, Homg ¢ (A, C) is a C-linear subspace of Homz(A, C). Hence we can choose W to be
C-equivariant for all ¢ € [0, 1]. By Proposition W, lifts to a path ¢; = (Q, Wy) in U.

It is well known that, if there is a path in Stab(D) where the imaginary part of the central charge

is constant, then the standard heart P (0, 1] doesn’t change along that path. For a proof of this see for
example Theorem Therefore, by the construction of W;, we have that

0,(0,1] =P(0,1]  fort € [0,T).

For ¢ € [T, 1], we instead consider the rotated path of stability conditions, & - ¢ = (5 - Q;, —iW}). In
this case Im —iW; = Im —iWp, which gives us

Q:(1/2,3/2] = Qr(1/2,3/2] fort e [T,1].
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Note that Q;(1/2, 3/2] is the standard heart of 5 - .

By Theorem([7.2.8] since W, is C-equivariant, ¢, = (W;, P(0, 1]) is C-equivariant for all ¢ € [0, 7. In
particular, ¢ is C-equivariant. Hence Q7(1/2, 3/2] is an abelian module category over C - in fact, any
Q(a,a + 1] is. Therefore, again by Theorem [7.2.8) we also know that 1 - ¢, = (—iW;, Qr(1/2,3/2])
is C-equivariant for all ¢ € [T, 1]. Since the C-action on Stab(D) preserves C-equivariant stability
conditions, ¢; = (Q, W) is C-equivariant as required. O

Remark 7.2.10. In [DHL24, Lemma 3.17] we gave an alternate proof of Lemma([7.2.9|under the (weaker)
assumption that o is locally-finite.

Theorem 7.2.11 ([[QZ23, Theorem 4.9], [DHL24, Theorem 3.18]). The space of C-equivariant stability
conditions, Stabe (D), is a complex submanifold of Stab(D) of dimension < rank(A). The forgetful map
Z defines a local homeomorphism

Z: Stabe (D) — HomK(c) (K(D), C) C Homg (K(D), C)
(P,Z) — Z.

Proof. This is a direct consequence of Lemma together with Theorem 3.2.1] O

7.2.3 Closed property

In this subsection, we show that Stab¢ (D) is moreover a closed subset of Stab(D). We will use the
construction of inducing stability conditions to do this. Recall that in Section [5.3|we saw how to use the
functor Forg. : De — D to induce stability conditions from Stab(D) to Stab(D¢). The construction
from [MMS09} §2.2] works more generally as follows.

Let ®: D — D’ be an exact functor between triangulated categories which satisfies

Homp (®(X),®(Y)) =0 = Homp(X,Y)=0 forall X,Y € D. (P1)

Given a locally-finite stability condition o/ = (P’, Z’) € Staby;(D’), we define an additive subcat-
egory of D for each ¢ € R by

1P (¢) = {X €D | B(X) € P(p)}.

The functor ® induces a natural morphism ®, : K(D) — K(D’). We use this to define a group homo-
morphism ®;1Z’: K(D) — C given by

[X] = Z'[@(X)].
The pair @10’ := (®~1P’, ®,1Z’) might not always define a locally-finite stability condition on

D, as one has to check if the Harder-Narasimhan property is satisfied. Nonetheless, if we restrict to
those that do, they form a closed subset.

Proposition 7.2.12 ([MMS09, Lemma 2.8, 2.9]). Suppose ® satisfies property (P1). Then the following
subset of Staby(D'),

Domy(® ") := {0’ € Staby(D’) | @ 'o’ € Staby(D)},
is closed. Moreover, the map from this subset
®~': Domy(® ') — Staby¢(D)

is continuous.
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Remark 7.2.13. The method of inducing stability conditions also works for stability conditions with
support property as follows. Let ®: D — D’ be an exact functor satisfying (P1). Given o’ = (P’, Z’) €
Stabas(D’) satisfying the support property with respect to (A’, \') and quadratic form @', we define
for each ¢ € R the following additive subcategory of D

3P (¢) ={EcD|®E) e P(s)}

and group homomorphisms @1\ := M o ®: K(D) — A’ and ;17" := Z' o @1\, As before, we
consider the pair ® 1o’ := (&P’ & 1Z’). If this is a pre-stability condition, then one can use the
same quadratic form Q' to prove that ® !¢’ satisfies the support property with respect to (A’, ®~1)\’).
Define Dom(® 1) := {0’ € Staba/(D’) | @10’ € Staba/ (D)}

Now assume D is a triangulated module category over C. We will next use the endofunctors C ® —
to induce stability conditions. This will mean we can use Proposition|7.2.12|to prove the closed property.

Lemma 7.2.14 ([DHL24, Lemma 3.21]). Let0 # C € C. Then
(1) the endofunctor C ® —: D — D satisfies (P1);
(2) for all C-equivariant stability conditions o = (P, Z) € Stab¢ (D), we have

(C®—=)""P=P and (C®-)"'Z=FPdim(C)-Z.

Hence (C ® —) ™10 is also a C-equivariant stability condition.
In particular,

Stabe (D) € Dom((C' ® —) ') = {o € Stab(D) | (C ® —)~'o € Stab(D)},
and (C ® —)~! maps Stabe(D) to itself.

Proof. (1): By [Eti+15| Proposition 2.10.8(b)], the existence of duals for C' gives the following natural
isomorphism
Homp(C ® X,C®Y) = Homp(X,C¥V 0 CRY).

By semisimplicity and duality, the monoidal unit 1 is a summand of CV ® C, so Homp(X,Y') appears
as a summand of Homp (X, CY ® C ® Y). This proves that is satisfied by C ® —.
For (2), suppose o = (P, Z) is C-equivariant. Then for all [X] € K(D),

(C®—)"'Z([X]) = Z[C ® X] = FPdim(C) - Z([X]).

It remains to show that (C ® —)~1P = P.

Suppose X € P(¢). Since o is C-equivariant, C ® X € P(¢). Thus X € (C ® —)"'P(¢).
Conversely, let X € (C®—)"'P(¢). Then by definition, C ® X € P(¢). Applying Proposition[7.2.6]to
any preferred choice of heart containing P(¢) shows that X must also be semistable of the same phase,
ie. X € P(¢) as required.

Note that (C®—) "o = (P,FPdim(C)-Z) is indeed a stability condition, since (P, FPdim(C)- Z)
is obtained from the (continuous) action of C on ¢ € Stab(D), i.e. ilog FPdim(C)/m € C applied to
0. The fact that it is C-equivariant is immediate.

The final statement in the lemma is a direct consequence of (1) and (2). O

Now we are ready to prove that Stabe (D) is a closed submanifold. This generalises Theorem

Theorem 7.2.15 ([DHL24, Theorem 3.22, Corollary 3.23]). Let D be a triangulated module category over
C. The subset Stabe (D) C Stab(D) of C-equivariant stability conditions is a closed submanifold.
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Proof. By Theorem|[7.2.11] Stab¢ (D) is a submanifold of Stab(D). It remains to prove that it is closed.

Consider the set

A= {((P,FPdim(S)-Z))Sem(c)} c J[ stab(p).
Selrr(C)

The diagonal is closed in [[ ¢y, () Stab(D) and A is obtained by the continuous action of C on the
appropriate components of Stab(D) (acted on by ilog FPdim(S) /7 € C). Hence A is a closed subset.
By Proposition it follows that U := (\geyy () Dom((S ® —)71) is a closed subset of Stab(D)
and the map
U= H S@)ty: U— H Stab(D)
Selrr(C) Selrr(C)

is continuous. We denote by I := W ~1(A) the inverse image of A through V. I is a closed subset of U.
Moreover, since U itself is closed in Stab(D), I is also a closed subset of Stab(D).

We claim that [ is exactly Stabe (D), which will then complete the proof. Lemma|7.2.14shows that
Stabe (D) is contained in I, so it remains to show the converse. Suppose o = (P, Z) € I, which means
forall S € Irr(C), we have (S ® —)~'o = (P,FPdim(S) - Z). Since FPdim is a ring homomorphism
and C is semisimple, it follows that

(C®—)"to=(P,FPdim(C) - Z) forall C € C.

Therefore, (C @ —) 1P (¢) = P(¢) forall C € C and all ¢ € R. Thus C @ P(¢) C P(¢) for all C and
all ¢. On the other hand, (C ® —)~1Z = FPdim(C) - Z. Hence Z is a K(C)-module homomorphism,
and ¢ is indeed C-equivariant. O

7.3 A duality for stability conditions

Throughout this section, we continue to assume that k is an algebraically closed field, and D is a k-linear
essentially small Ext-finite triangulated category with a Serre functor. Moreover, let G be a finite group
and suppose D is a (left) module category over vece. By Remark[7.1.19 this is equivalent to an action
of G on D. To ensure that rep(G) is a fusion category, we also assume that (char(k), |G|) = 1.

The main result of this section is to generalise Theorem 5.3.6| to non-abelian groups. In particular,
we will show that, under mild assumptions on D, the submanifold of vec-equivariant stability condi-
tions has an analytic isomorphism to the submanifold of rep(G)-equivariant stability conditions on the
category of G-equivariant objects, Dg, i.e.

Stabvecc (D) = Stabrep(G) (Dg)

7.3.1 Recap: G-equivariantisation

In Definition [5.1.4] we introduced the category of G-equivariant objects when D has a right action of
G. There is an analagous definition for a left action of G. We reformulate this for left module categories
over vecg below.

Definition 7.3.1. Let D be a k-linear (additive) module category over vece (see Definition[7.1.14). We
define the G-equivariantisation of D, denoted by D¢, as follows:
« the objects, called G-equivariant objects, are pairs (X, (64)gcc) with X € D and isomorphisms
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0y: 9 ® X — X in D such that the following diagram commutes for all g, h € G-

goheX 2% go X

mult ® idxl leg ;

0
gho X —" 5 X
+ the morphisms are those in D that commute with the isomorphisms 6, for all g € G.

The category D¢ is a k-linear (left) module category over rep(G). Recall that objects in rep(G)
are pairs (V, (¢4)gcc), where V is a k-vector space, and each ¢,: V' — V is a linear map. Then each

(Vv (‘Pg)geG) € rep(G) acts on (X’ (eg)geG) by
(v, (@g)gGG) ® (X, (QQ)QEG) = (VKX (909 X gg)geG)~ (7.2)

Note that the rep(G)-action is determined by how the irreducible representations Irr(G) act. In partic-
ular, when G is abelian, Irr(G) = G := Hom(G, k*) is a group, and describes an action of G on
D¢ in the sense of Definition[7.1.18] This is exactly the action we saw in Proposition|[5.1.6]

In Section we made the assumption that D has a DG-enhancement to ensure that D was tri-
angulated in such a way that Forg, was exact, and so that the assumptions stated before [MMS09,
Theorem 2.14] were satisfied. In this chapter, to work in greater generality, we instead make the fol-

lowing assumption.

Assumption 7.3.2. Let Forgg: Dg — D denote the forgetful functor sending (X, (6,)4ecc) — X. We
assume Dg is triangulated in such a way that Forg, preserves and reflects exact triangles. In particular,

(X, (8g)gec) = (Y, (elg)geG) —(Z, (eg)gEG) i (X, (0y)gec)[1] is exact in Dg

= X—)Y—>ZE>X[1] is exact in D.

Example 7.3.3. Assumption|[7.3.2]is satisfied in the following situations of interest:

- Let A be an abelian module category over vecg. Then DP(A) is a triangulated module category
over vecg. Moreover, (D(A))g = DP(Ag) by [Ela15, Theorem 7.1] and it follows that DP(A)
satisfies Assumption[7.3.2}

« Let D be a triangulated module category over vecg with a DG-enhancement. Then by Proposi-

tion[5.1.9] D satisfies Assumption

Remark 7.3.4. Suppose G is abelian, so that rep(G) = vecg. Then we saw in Theoremthat
(Ca)a = C. Note that this equivalence preserves the triangulated structure.

Now assume char(k) = 0 and let G be any finite group. Let vecg-MOD and rep(G)-MOD denote
the 2-category of k-linear, idempotent complete (additive) module categories over vecg and rep(G)
respectively. The 2-functor sending C € vecg-MOD to its G-equivariantisation C¢ € rep(G)-MOD
is a 2-equivalence [Dri+10, Theorem 4.4]. This is known as the (1-)categorical Morita duality of vecg
and rep(G). This is an analog of the equivalence (Cc)g = C in the abelian case, however it is not
clear whether this duality also preserves the triangulated structure. Hence we cannot use it to directly
generalise Theorem 5.3.6]

In analogy with Definition[5.1.7} we define the following functor from D to Dg.

Definition 7.3.5. Let D be a k-linear (additive) triangulated module category over vecg that satisfies
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Assumption Define the inflation functor, Infg: D — Dg, by

Infg(X) = @(9 ® X)a (fh)heG 5
g€eG

where &}, is defined on each summand by the isomorphism

hoh lge X 2edx, /o X.

Lemma 7.3.6 ([DHL24, Lemma 4.5]). Let D be a k-linear (additive) triangulated module category over
vecgq.

(1) The forgetful functor Forg, : Dg — D is faithful, and it is left and right adjoint to Inf.

(2) The inflation functor Infg: D — Dg is exact.

(3) The composite functor Infq o Forg. : Dg — D¢ is equivalent to the functor k[G] ® — given by the

action of the regular representation on Dg.
(4) The composite functor Forg. o Infi: D — D sends objects X — @geG g X.

Proof. (1) follows from the same argument as Lemmal5.1.8} (2) follows from the exactness of the action of
vecg (which is part of the definition of a module structure) and Assumption onD. (3) and (4) follow
from a standard calculation; see for example [Dem11} Dri+10] for the case of abelian categories. O

7.3.2 G-invariant and rep(G)-equivariant stability conditions

Let D be a k-linear triangulated (left) module category over vecq such that the G-equivariantisation
D¢, satisfies Assumption[7.3.2] In Section 5.3} we assumed G was abelian and used the functors Forg,
and Forgs = Infg to induce (locally-finite) stability conditions between D and Dg. For the general
case we will apply the construction from Remark 5.3.8]to the functors Forg and Inf.

Lemma 7.3.7 ([DHL24] Lemma 4.6]). Both the functors Infg: D — Dg and Forgy: Da — D satisfy
property (P1).

Proof. By Lemma(7.3.6] it follows that

Homp,, (Infg(X), Infe(Y)) = Homp (X, (Forg o Infs) (Y)) =2 Homp | X, @ gY
geG

The right-most hom space contains Homp (X, Y") as a summand (pick g to be the identity element of
G), so Inf satisfies property (PI). The same argument can be applied to Forg,, or one could use the
fact that Forg,; is faithful. O

Before we state our main theorem, we impose the following assumptions on D.

Assumption 7.3.8. (1) D satisfies Assumption|[7.3.2}
(2) The vecg action on D extends to an action on a triangulated category D (containing D), which
contains all small coproducts and satisfies Assumption

Example 7.3.9. Suppose A is an essentially small abelian category with a G-action that extends to a
G-action on an abelian category A containing all small coproducts. This includes:
« A= A-mod and A = A-Mod, where A is a finite-dimensional algebra over k equipped with a
G-action and A-Mod denotes the category of all modules; and
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« A= Coh(X) and A = QCoh(X), where X is a scheme over k equipped with a G-action.
Then the assumptions above hold for D = DP(A) (together with its induced G-action), with D = D(A),
the unbounded derived category on A.

We now generalise Theorem In particular, we apply the construction from Remark [7.2.13|to
Forg., and Inf, and show that this gives rise to analytic isomorphisms between certain submanifolds
of Stab (D) and Stab (Dg). We continue to drop A from our notation.

Theorem 7.3.10 ([DHL24| Theorem 4.8]). Suppose D satisfies Assumption[7.3.8 Then the functors Inf
and Forg induce analytic isomorphisms between Stabyec, (D) and Stab,ep o) (Da),

Forgg;": Stabyecg (D) = Stabyep(c) (Do) :Infg,

which are mutual inverses up to rescaling the central charge by |G/|.

Proof. We first show that Dom(Inf,') and Dom(Forgg') contain Stab,ep(a)(Dg) and Stabyec,; (D)
respectively. To do this we will apply [MMS09, Theorem 2.14].

By Assumtion there are triangulated categories D D D and D O D, such that D satisfies
Assumption h Hence Lemma also applies to D. Moreover, the forgetful functor Forgg and
inflation functor Infy; between D and D¢ restrict to the usual forgetful functor Forg, and inflation
functor Inf between D and Dg;.

Furthermore, Forg (X)) € D implies that X € Dg, since (Infz o Forge:)(X) = k[G] ® X and D¢
is closed under the action of rep(G). Similarly Infg;(X’) € D¢ implies X’ € D. Also, by Lemmal7.3.7]
both Forg, and Inf satisfy assumption (P1). Therefore, all the assumptions stated before [MMS09,
Theorem 2.14] are satisfied. Moreover,

« forall (P', Z’) € Stab,ep(a) (Da),

(Infe 0 Forg ) (P'(¢)) = k[G] @ P'(¢) € P'(¢);
« forall (P, Z) € Stabyecs (D),

(Forgg o Inf)(P(¢)) = @D g @ P(¢) C P(9).

geG

Hence it follows from [MMS09, Theorem 2.14] that
Dom(Infg') D Stabrep(ay (Da); Dom(Forgg') O Stabyecs (D).
We next claim that Infa1 and Forgg;1 map to the correct codomain, i.e.
Infg' (Stabyep(c) (Pa)) € Stabyecs (P);  Forgg' (Stabyecy (D)) € Stabyep(c) (Da)-

Indeed, let 0 = (P’,Z') € Stab,ep(e) (D). Since Infg(X) = Infg(g ® X) € Dg forallg € G,
it follows that Inf'o’ is G-invariant. On the other hand, let 0 = (P, Z) € Stabyec, (D). Suppose
X € Forg,'P(¢). By construction, Forg(X) € P(¢). Thus for any V = (V; (¢,)gec) € rep(G), we
have Forg,(V ® X) = X®d4m(V) Since P(¢) is an abelian category, it is closed under taking direct
sums and hence V ® X € Forgg'P(¢). Moreover, Z(Forg,(V ® X)) = dim(V) - Z(X). This shows
that Forgéla is rep(G)-equivariant. Therefore the claim holds.

Finally, we will prove that Inf al and Forgg;1 are mutual inverses up to rescaling the central charge
by |G| # 0. The fact that Infé1 and Forg(_;1 are analytic isomorphisms will then follow. Indeed, by
Propositionthey are continuous, and rescaling the central charge by |G| is a linear isomorphism
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on Homgz (K,um (D), C) and Homz (Ky,um(Dg), C). Hence Infgv1 and Forgg;1 give isomorphisms on
the level of tangent spaces, i.e.

o~

HomK(vecg)(Knum (D>7 C) é HomKnum(rep(G))(Knum (DG)7 C)
Zw— Zo InfG
Z' oForg <+ Z'.

Now suppose 0 = (P, Z) € Stabyec, (D). By Lemma 4) and the G-invariance of Z, we know
that Z((Forge o Inf¢)(X)) = |G| - Z. Furthermore, the G-invariance of o also guarantees that, for all
g€ G, X € P(¢)ifand only if g ® X € P(¢). Together with the fact that P(¢) is closed under taking
direct sums and summands, we see that (Inf' o Forgg,')P(¢) = P(¢). Hence

(Inf;' o Forggl)o = (P, |G| - Z).

On the other hand, suppose o' = (P’,Z’) € Stabepq)(Dg). By Lemma 3) together with
Lemma[7.2.142), it follows that

(Forgg' o Infg')o’ = (P, FPdim(k[G]) - Z') = (P,|G| - Z').
Therefore, Forgg;1 and Inf 51 are mutual inverses up to rescaling the central charge by |G]. O

Remark 7.3.11. If D = DP(X) where X is a scheme, and the action of G on D is induced by an action
of Gon X, ie ®, = g*, then the analytic isomorphism above gives the bijection in [Pol07, Proposition
2.2.3].
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Chapter 8

Bridgeland stability on non abelian
quotients

In this chapter, we study geometric stability conditions on free quotients of varieties by a finite group. In
particular, we will use the results from Chapter|[7)to generalise Chapter [6]to non-abelian group actions.

8.1 The action of rep(G)

Let X be a variety. We first recall the setup from Section[6.1] Let G be a finite group acting freely on
X. This induces a right action of G on Coh(X) by pullback. In this case, the G-equivariantisation
Cohg(X) = Coh(X)¢ is the category of G-equivariant coherent sheaves. Let 7: X — YV = X/G
denote the quotient morphism. Since G acts freely, Y is smooth. Moreover, D’(Y) = D2(X) =
DP(Cohg(X)). This equivalence is given by

U: DP(Y) — D& (X)
E — (7*(E), Aat),

and Anat = {Ag}geq is the G-linearisation given by:
N:T'E 5 g*n*E = (mog)*E 2 n*E.

As before, DY (X) = (DP(X))g. Under DP(Y) = D2(X), there is an isomorphism of functors
Forg, = n*, Infq = 7,

We now describe the rep(G)-action on DP(Y) = D2 (X). Recall that m.Ox splits as a direct sum
of vector bundles corresponding to the irreducible representations of G,

mnOx= P EPUm (8.1)
pelrr(rep(G))

The action of rep(G) on DP(Y) is determined by — ® E,. When G is abelian, Irr(rep(G)) = G, and this
determines a (right) G-action on D(Y"). The E, are then the line bundles £, that we saw in Section
Under the equivalence ¥: DP(Y) = D2(X),

V(. Ox) = (7" om.Ox, Anat) = (Ox,1d) ® C[G].
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The final equality can also be understood as an application of Lemma iii). The decomposition in
(8.1) corresponds to the decomposition of C[G] into irreducible representations,

Ox,id)@C[Gl = @ (Ox,id)@p)®"™”.
p€lrr(rep(G))

In particular, ¥(E,) = (Ox,id) ® p. Since pullbacks commute with tensor products and direct sums,
the equivalence V is equivariant with respect to the action of rep(G), i.e. ¥(F ® E,) = V(F') ® p for
all F € DP(Y) and p € Irr(rep(G)).

The following result generalises Lemma and Lemmal6.2.2

Lemma 8.1.1 ([DHL24}, Lemma 5.6]). Suppose a finite group G acts freelyon X. Letn: X - Y = X/G
denote the quotient. Then all central charges on DP(Y') are rep(G)-equivariant, more precisely

HomK(rep(G)) (K(Y)a C) = HomZ (K(Y)a C)

In particular, Stab,cp,) (Y') is a union of connected components of Stab(Y).
Proof. To prove that Homg (rep()) (K(Y'), C) = Homz(K(Y'), C), it is enough to show that p - [F'] =
(dim p)[F] for any [F] € K(X) and p € Irr(rep(G)).

By Hirzebruch-Riemann-Roch, the Chern character ch: K(X) — Chow(X) is injective. We first
claim that ch([E,]) = (dim p, 0, - - - ,0), where [E,] € K(X). First note that

U(r,Ox ® F,) = ((Ox,id)  C[G)) ® p = (Ox,id) & (C[G] @ p).
Since C[G] ® p =& C[G]® 4™ 7, we have
W(r.0x ® E,) = ((Ox,id) & CIG)® ™7 = B((r,05) "7

It follows that 7, Ox ® E, = (W*@X)GB dimp.
Since 7 is finite and étale, by Grothendieck-Riemann-Roch, ch([7.Ox]) = (|G|, 0, -- ,0). Hence

ch([m.Ox ® E,]) = ch([r.Ox]) - dim p = (|G| dim p, 0, - - - ,0). (8.2)
On the other hand,
ch([m.Ox @ Ep)) = ch([m.Ox]) - ch([E,]) = (|Glcho(E)), |G|chi(Ep), - -+, |Glchn(E,)).  (83)
The claim follows from comparing and (8.3). Since ch is injective, it follows that, for any [F] €
K(X),p-[F] = [F ® E,] = (dim p)[F] as required.
Since all central charges are rep(G)-equivariant, by Theorem it follows that Stab,.qp ) (Y)

is open in Stab(Y"). Moreover, Stab,cp ) (Y') is also closed by Theorem[7.2.15| hence it is a union of
connected components of Stab(Y"). O

8.2 Inducing geometric stability conditions
Recall that o € Stab(X) is called geometric if all skyscraper sheaves of points are o-stable. As before,

let StabGeO(X ) denote the set of all geometric stability conditions. We now use Theorem [7.3.10 to
generalise Theorem|6.1.1
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Theorem 8.2.1 ([DHL24, Corollary 5.5]). The functors m*, m, induce an analytic isomorphism between
the closed submanifolds of stability conditions Stabyec (X) and Stab,epc)(Y),

(Tr*)_lz Stabyece (X) = Stabyep(@) (Y) :(77*)_17

which are mutual inverses up to rescaling the central charge by |G|. Moreover, this preserves geometric
stability conditions.

In particular, suppose 0 = (Py,Z,) € Stabyecs (X) satisfies the support property with respect to
(A, X). Then (%)~ (0) = 0y = (Poy, Zoy ) € Stabyep(e (V) is defined by:

Poy (¢) = {E € D"(Y) : 7°(E) € Py (0)},
Loy = Zg O T,

where 7* is the natural induced map on K,y (Y'), and oy satisfies the support property with respect to
(A, Aom™*).

Proof. First recall that being vecg-equivariant is equivalent to being G-invariant. We first generalise
Step 1 of the proof of Theorem

Step 1 The composition 7, o 7 : Kyym (Y) = Kpum (Y) is still multiplication by |G

m. o ([E]) = [E @ m.0x] = |G|[E],

where the last equality follows from the proof of Lemma|[8.1.1] Therefore, 7 : Kpum (Y) = Kyum (X)
is still injective. Now recall that under D2 (X) = D®(Y), Forg,; & 7* and Infe 22 . Together with
Theorem it follows that (7*)~! and (m,)~! give an analytic isomorphism between numerical
Bridgeland stability conditions as described above.

STEP 2 It remains to show that ¢ € (Stab(X))“ is geometric if and only if oy = (7*)~ !0 is. This
follows from the same arguments as Step 2 and 3 of the proof Theorem[6.1.1] O

When G is abelian, being rep(G)-equivariant is equivalent to being G-invariant. Hence, in the
abelian case, Theorem is exactly Theorem

8.3 Applications to varieties with finite Albanese morphism

We can now generalise the arguments from the case that G is abelian in Theorem and Theo-
rem|6.3.3]

Theorem 8.3.1 ([DHL24, Theorem 5.7]). Let X be a variety with finite Albanese morphism. Let G be a
finite group acting freely on X and letY = X/G. Then
(1) Stab¥(Y) = Stabrep(a) (Y) = Stabyec, (X) is a union of connected components consisting only
of geometric stability conditions.
(2) if X is a surface, then Stab*(Y) = Stab®®°(Y) 22 Stabyec, (X). In particular, Stab*(Y) is a
contractible connected component of Stab(Y").

Proof. (1) X has finite Albanese morphism, so it follows from Theorem|[6.3.1]that all stability conditions
on X are geometric. In particular, Stabyec(q)(X) C StabGeo(X ). By Theorem Stabyec (X) =2

Stabep()(Y) C Stab®°®(Y). The result now follows from Lemma
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(2) Since X is a surface, StabGeo(Y) is connected by Theorem and contractible by [Rek23,
Theorem A]. Hence the result follows. O

Example 8.3.2 (Calabi-Yau threefolds of abelian type). A Calabi-Yau threefold of abelian type is an
étale quotient Y = X /G of an abelian threefold X by a finite group G acting freely on X such that the
canonical line bundle of Y is trivial and H' (Y, C) = 0. These are classified in [0S01, Theorem 0.1]. In
particular, G is (Z/2Z)®? or Dy, and the Picard rank of Y is 3 or 2 respectively.

By the same discussion in Example Theorem [8.3.1] produces a non-empty union of connected
components of Stab(Y"), which is new in the case of G = Dj,.

Example 8.3.3 (Generalised hyperelliptic varieties). A generalised hyperelliptic variety Y = A/G is a
quotient of an abelian variety A by the free action of a finite group G’ which contains no translations.
These varieties are Kahler and have Kodaira dimension zero. Theorem [8.3.1]applies to these varieties.

In dimension 3 with G = Dy, Y is a Calabi-Yau threefold of abelian type. Their construction
in [CD20] has been generalised to produce explicit examples of generalised hyperelliptic varieties in
dimension 2n + 1 with G = Dy, [Agu21, Theorem 2.1]. In this case, A = E*?" x E’, where E, E' are
elliptic curves. One can use the explicit description of the Dy, action to prove that A has non-finite
Albanese morphism.

Another way to produce examples with G non-abelian is to take semi-direct products of abelian
groups acting freely on any abelian variety [AL22, §7].

Example 8.3.4 (Non-abelian Beauville-type surfaces). Let Y = (C; x C3)/G be the quotient of a
product of curves such that g(Cy), g(C2) > 1, and G is a finite abelian group acting freely on Y. Then
Cy x C- has finite Albanese morphism. By Theorem [8.3.1(2), Stab(Y") has a contractible connected
component consisting only of geometric stability conditions. In particular, we could take Y to be a
Beauville-type or bielliptic surface (see Example and Example [1.2.2).

In the case of Beauville-type surfaces, this provides a description of a connected component of
Stab(Y) for all 17 families. The 5 families where G is abelian were studied in Example Our
result now includes the 12 other families where G is non-abelian. By [BCG08| Theorem 0.1], these are
either As, Sy, Sy X Z/2Z, Dy x Z /27 (where Dy is the dihedral group of order 8), or one of a list of
certain higher order groups: G(16), G(32), G(256,1), G(256,2). Note that the final two are the only
cases that have group elements which act by exchanging C; and Cs.

86



Chapter 9

Further Questions

Let X be a variety. There are no examples in the literature where Stab(X) is known to be disconnected.
It would be interesting to investigate the following examples.

Question 9.0.1. Let S be a Beauville-type or bielliptic surface. Is Stab(S) connected?

S has non-finite Albanese morphism and Stab®®°(S) C Stab(S) is a connected component by
Theorem 2). If Stab(.S) is connected, the following question would have a negative answer.

Question ([FLZ22, Question 4.11]). Let X be a variety whose Albanese morphism is not finite. Are
there always non-geometric stability conditions on D (X)?

If this is not the case, then which geometric properties imply the existence of non-geometric stability
conditions? Answering this could help us find new constructions of stability conditions.

It is still an open question whether geometric stability conditions exist on any variety X. As men-
tioned in Section[1.3] if X is P", then the construction of stability conditions from a strong exceptional
collection has been used to prove the existence of geometric stability conditions [Mu21} Proposition 3.5]
[Pet22} §3.3]. It would be interesting to know whether this strategy works for any strong exceptional
collection.

Question 9.0.2. Suppose DP(X) has a strong exceptional collection of vector bundles, and a corresponding
heart A that can be used to construct stability conditions as in [Mac07d, §4.2]. If O, € A, then does O,
correspond to a stable quiver representation?

Equivariant categories are a useful tool to study questions in algebraic geometry even when they
arise from actions on varieties that are not free. For example, in [DJR23|] we used equivariant categories
together with techniques from Hodge theory and topological K-theory to study cyclic branched covers,
and obtained new categorical Torelli theorems for the lowest degree prime Fano threefolds of index 1
and 2. It would be interesting to study what happens to stability conditions in this setting.

Question 9.0.3. Suppose w: X — Y is a branched Galois cover. Can we relate Stab(X) and Stab(Y")?

Let G = Aut(X/Y), thensince 7: X — Y is Galois, Y 2 X /G, and 7 factors via the coarse moduli
space map c: [X/G] — X/G. By Theorem[7.3.10] there is an analytic isomorphism Stabyec (X) =
Stab,ep () ([X/G]). Hence one strategy would be use these stability conditions on [X/G] to induce
stability conditions on Y, for example by applying Proposition [7.2.12 ¢* or c,. Note that the stability
conditions constructed on Stab(X/G) from Stab(X) use the lattice Ky, (X). But K([X/G]) can be
much larger than K(X).
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An interesting test case for Question would be when X and Y are curves and 7 is a double
cover, since Stab([X/@]) is contractible and has an explicit description [|CP10| §7].
Another setting where Theorem could be applied is the following.

Question 9.0.4. Suppose a finite group G acts on X, and Y — [X/G] is a crepant resolution of the
quotient such that D (Y') 22 DP([X/G]). Can we relate Stab(X) and Stab(Y)?

This was recently done for the case of certain product varieties in [PS24].
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