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Lay summary

In today’s world, we collect data from nearly every aspect of life — from fi-
nancial markets and environmental systems to health monitors and self-driving
cars. Much of this data changes over time and reflects complex processes that
we often cannot observe directly. For example, we may want to understand the
true position of a moving vehicle using only GPS signals, or to track changes in
an ecosystem using limited survey data. Making sense of these hidden, evolving
systems is one of the central challenges in modern science and technology.

This thesis focuses on improving a widely used class of models known as state-
space models. These models describe systems in terms of two parts: on one hand,
a hidden state that changes over time, encompasses important information about
the system; on the other, observed data coming from a measurement process,
give us indirect clues about that hidden state. State-space models are powerful
because they allow us to combine information from data with our knowledge
about how the system works. They are used across many fields — including
robotics, neuroscience, economics, and environmental science — wherever we need
to understand processes that evolve over time but are only partly observable.

Working with state-space models involves two main tasks. The first is es-
timating the hidden state of the system based on the observed data. This is
essential in tasks like tracking, forecasting, and decision-making. The second is
learning the unknown parameters that govern how the system behaves and how
the data is generated. This can help us better understand the system, improve
predictions, or design better interventions. Both tasks are challenging because
real-world systems are often complex, uncertain, and nonlinear, which makes the
necessary calculations difficult or even impossible to do exactly.

This thesis presents two new methods that help solve these problems more
effectively. The first method improves how we track hidden states in complex
systems. Traditional approaches either rely on simple approximations that may
be inaccurate or on random sampling methods that can be slow. The method
developed in this work combines the strengths of both, adapting automatically
to the nature of the system at each point in time. This results in a more reliable
and efficient way to estimate what is happening inside the system, and works well
even in situations where the system behavior is non-stationary.

The second method improves how we learn the parameters of a state-space
model by using simulations. In this approach, we simulate many possible versions
of the system and compare them to the actual observed data. This helps us
identify which parameters best explain the system’s behavior. A key insight
behind the new method is that in many systems, the effects of early conditions
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LAY SUMMARY

fade as time goes on. By using this idea, the method can extract more information
from each simulation run, making the learning process faster, more stable, and
more accurate — especially for long sequences of data.

Together, these contributions advance our ability to model, understand, and
predict complex systems that evolve over time. The methods introduced in this
thesis make state-space models more practical and effective, improving both the
accuracy of hidden state estimation and the efficiency of learning model param-
eters. These advances are valuable across a wide range of applications, from
guiding autonomous vehicles and managing financial risk to interpreting brain
activity and monitoring natural systems. By making inference in state-space
models more flexible and scalable, this work helps unlock new possibilities for
data-driven decision-making in dynamic and uncertain environments.
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Abstract

State-space models (SSMs) are a widespread framework for modeling dynamical

systems in a wide variety of fields, including signal processing, robotics, neuro-
science, and finance. These models represent systems in terms of latent variables
that evolve over time according to Markovian dynamics, and are linked to obser-
vations through a probabilistic measurement process. Bayesian inference within
SSMs comprises two core problems: state inference, which involves estimating the
latent states given data and parameters, and parameter inference, which seeks
to estimate unknown parameters of the model given observed data. Both prob-
lems are analytically tractable only in the special case of linear-Gaussian SSMs,
where Kalman filtering and smoothing provide closed-form solutions. In gen-
eral, however, practical inference in SSMs demands approximate methods due to
nonlinearities and non-Gaussianity, as well as the intractability of the marginal
likelihood over latent states.

This thesis is devoted to advancing the methodology for state and parameter
inference in general SSMs. It begins by reviewing the classical literature, covering
state inference methods such as Gaussian filters, Gaussian sum filters (GSFs), and
particle filters (PFs), as well as parameter inference methods and discusses the
limitations and trade-offs inherent to each approach. The thesis then proposes
novel solutions for both state and parameter inference.

The first main contribution of this thesis is the development of the augmented
Gaussian sum filter (AGSF'), a novel class of Bayesian filters that addresses long-
standing limitations of both GSFs and PFs. The AGSF is based on a Gaussian
splitting scheme, that exploits a convolution identity to decompose a Gaussian
distribution into a weighted mixture of lower-variance Gaussians. This repre-
sentation enables a controlled trade-off between deterministic Gaussian approxi-
mations and stochastic particle-based methods. The AGSF generalizes standard
GSFs and PFs, recovering both as limiting cases depending on the choice of aug-
mentation covariances. Furthermore, an adaptive version of the AGSF is proposed
that automatically sets these covariances via an optimization problem minimiz-
ing an upper bound on the mean squared error of moment estimates. The result
is a flexible and robust filtering algorithm that dynamically adapts to the local
nonlinearity of the model, blending the strengths of GSFs (efficiency) and PFs
(accuracy and stability). Empirical results demonstrate that the AGSF achieves
superior performance across various tasks, including maneuvering target tracking
and systems with mixed linear and nonlinear dynamics.

The second major contribution is the introduction of truncated sequential
neural likelihood (T-SNL), a new algorithm for parameter inference in SSMs
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LAY SUMMARY

based on simulation-based inference (SBI). Traditional approaches to parameter
inference suffer from high computational costs and instabilities due to the in-
tractability of the SSM likelihood. Recent advances in SBI, particularly neural
likelihood estimation via autoregressive normalizing flows have shown promise in
high-dimensional, likelihood-free settings. Sequential neural likelihood (SNL) is
a popular SBI method that learns a model of the likelihood, trained iteratively
on simulated data near the posterior.

T-SNL builds on SNL by exploiting a key structural property of many SSMs:
exponential forgetting, whereby the influence of initial conditions on the filtering
distribution decays over time. T-SNL leverages this property by truncating the
factors of the complete model likelihood. This truncation yields a significantly
larger and more diverse training dataset from each simulation, vastly improving
sample efficiency and training stability. Compared to SNL, T-SNL is able to
make more efficient use of each simulation run, reducing the number of simula-
tions required to reach high-quality posterior approximations. Moreover, T-SNL
is easier to train than SNL, scales naturally to longer temporal sequences and is
amortized. Experimental results show that T-SNL consistently outperforms ex-
isting SBI methods and classical inference techniques in both linear and nonlinear
SSMs, including stochastic volatility models, and ecological population models.

Together, these contributions advance the state of the art in both state and
parameter inference for SSMs. The AGSF provides a unified and adaptive frame-
work for filtering that is capable of robustly interpolating between Gaussian and
particle-based methods. T-SNL introduces a principled and scalable approach to
simulator-based parameter inference by taking advantage of the temporal struc-
ture of SSMs. The thesis concludes with a discussion of future research directions,
including the integration of AGSF into parameter inference frameworks, online
learning settings, and applications in real-world domains such as control, neuro-
science, and time-series forecasting.
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Chapter 1
Introduction

The digital revolution of recent decades has enabled the collection, transmission,
and analysis of information at an unprecedented scale, fundamentally changing
nearly every aspect of human activity. Scientific research, engineering, policy-
making, and even social interactions are being increasingly reshaped around the
new information infrastructure that is being integrated into our modern societies
|[Emm?21].

There are two central aspects of this revolution: data and algorithms. Data
are the fundamental currency of information that encodes representations of the
world, while algorithms provide the means to decode patterns from those repre-
sentations and make decisions based on them. Data and algorithms are two faces
of the same coin, and one cannot consider one without the other. Whether in-
forming public health policy, guiding autonomous systems or financial decisions,
the interaction between data and algorithms determines our ability to extract
actionable insights, make reliable predictions, and respond adaptively to complex

and uncertain environments.

Recently, advances in electronics and imaging have increased the scale, reso-
lution, and precision of data-gathering across scientific and industrial domains.
Moreover, the spread of smartphones, wearable devices, and high-speed wireless
telecommunications has further contributed to an unprecedented richness of high-
frequency data across all aspects of life. As a result, the size and complexity of our
datasets has exploded in recent years, and so has the complexity of the patterns
hidden within them. Modern datasets possess nontrivial structure: they may
reflect spatial or temporal relations, be embedded in complex networks, or orga-
nized hierarchically across scales. Temporal structure in particular is extremely
common in most applications. Most real-world phenomena evolve dynamically

over time, and our ability to record them in real-time at an increasing rate has re-
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INTRODUCTION

cently exploded. Examples include records of neuronal dynamics, fluctuations in
financial markets, changes in ecosystem populations, and the motion of physical
systems.

Various approaches have been developed historically in different fields to
model temporal data. In statistics and econometrics, classical time series mod-
els such as autoregressive integrated moving average and exponential smoothing
have been used extensively for modeling and forecasting economic indicators and
financial returns |[Box+15|. In engineering and signal processing, techniques like
Kalman filtering and spectral analysis have been central for real-time tracking and
control of dynamical systems [AM12]. In recent years, machine learning and arti-
ficial intelligence have contributed highly flexible models such as recurrent neural
networks (RNNs) [Sch19|, temporal convolutional networks (TCNs)[Lea+17], and
transformer-based architectures [Vas+17|, which have found widespread success
in fields like natural language processing [Bro+20], speech recognition [GMH13],
robotics [Abd+20|, and healthcare [Ner+23|. These methods differ in their inter-
pretability, and ability to incorporate domain-specific knowledge.

One important class of models for temporal data is state-space models, widely
used in robotics and signal processing. In a SSM, the system is described by an
unobserved, noisy latent state that evolves over time, which generates the ob-
served data through a separate observation model. The latent states typically
encode the variables of interest, while the observation model captures the process
by which measurements are generated conditionally on the states. The separa-
tion of the state and observation models provides two distinct advantages. First,
by using an explicit observation model, it enables the incorporation of domain
knowledge about the processes that generate the data. For example, in robotics,
sensors such as LIDAR, cameras, and inertial measurement units (IMUs) provide
indirect and noisy observations of the robot’s true position and orientation. The
observation model accounts for sensor characteristics, calibration, and environ-
mental effects [Thr02b|. Second, the latent states can serve as a compact encoding
of the data, summarizing the information in the observations. In neuroscience,
for example, latent neural dynamics inferred from high-dimensional spike train
recordings or magnetic resonance (fMRI) signals can act as low-dimensional rep-
resentations that compress the activity into interpretable neural trajectories or
cognitive states |Lin+19]. Moreover, SSMs are probabilistic methods treating all
quantities as random variables described by probability distributions. Therefore,
they are most useful in applications where we are interested in explicitly repre-
senting uncertainty in our beliefs about quantities of interest. They are widely

used in fields such as control theory, econometrics and signal processing.
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INTRODUCTION

A SSM comprises of three sets of variables that are jointly modeled proba-
bilistically: a set of latent states that capture the dynamics of the system, a set
of observations that provide information about the system states and a set of
parameters that characterize the dynamics and observation models. In most ap-
plications given the observations we aim to infer the hidden states and unknown
parameters of the model. Therefore, two main tasks that arise when working with
SSMs are state inference and parameter inference. State inference, also known as
filtering and smoothing, refers to the task of computing posterior distributions
of latent states given a sequence of observations and the model parameters. This
task is central in applications such as navigation, object tracking, and time se-
ries denoising. Parameter inference, on the other hand, deals with computing
the posterior of the static parameters that define the dynamics and observation
models, given the data.

Both state and parameter inference in SSMs present computational challenges.
For state inference, the primary difficulty comes from the intractability of proba-
bility density integrals that arise from nonlinear transformations of non-Gaussian
random variables. Approximate methods such as Gaussian sum filters and parti-
cle filters have been developed to address this, which come with trade-offs between
accuracy, computational cost, and ease of implementation. Parameter inference
is further complicated by the fact that the likelihood is analytically intractable
(also given by an intractable integral). Many parameter inference methods, such
as expectation-maximization (EM) and Markov-chain Monte-Carlo (MCMC), use
filters to obtain likelihood estimates recursively. Thus their accuracy is limited by
the accuracy of the underlying filters. This is not the case for simulation-based
methods which obtain likelihood surrogates via a number of simulations from the
SSM by sampling the state and observation models.

This thesis presents contributions in both state and parameter inference by
introducing two novel methods aimed at addressing these challenges. The first
contribution focuses on filtering in complex, nonlinear SSMs and introduces a new
algorithm that generalizes and unifies Gaussian sum filters and particle filters.
The second contribution addresses the problem of parameter inference in SSMs
through the lens of simulation-based inference. We compare SBI methods on this
task, with a focus on SNL, a novel method based on neural density estimation. We
show that SNL has limitations when applied to SSMs and propose an extension of
SNL to address those limitations. The rest of this thesis is structured as follows.

Chapter 2 provides background on state-space models, including notation,
key concepts, and a detailed overview of classical methods for state and parameter

inference. It covers filtering and smoothing algorithms such as Kalman filters,



INTRODUCTION

particle filters, and auxiliary particle filters, as well as inference methods like
MCMC and simulation-based approaches.

Chapter 3 presents the first main contribution of this thesis: the augmented
Gaussian sum filter. This chapter introduces the algorithm, provides theoretical
analysis demonstrating how AGSF interpolates between Gaussian sum filters and
particle filters, and proposes a version of the algorithm that is able to automati-
cally adapt its behavior according to the local nature of the model. The chapter
concludes with extensive empirical results illustrating the effectiveness of AGSF
across a range of filtering tasks.

In Chapter 4 we introduce the second main contribution: the truncated
sequential neural likelihood method for parameter inference in SSMs. The T-
SNL is an extension of SNL that is tailored to SSM inference. Here we motivate
T-SNL based on the exponential forgetting property of SSMs. We compare T-
SNL against other inference methods across multiple models and scenarios. We
show that T-SNL is very sample efficient, and has several advantages over SNL.

Chapter 5 concludes the thesis by summarizing the contributions, discussing
the strengths and limitations of the proposed methods, and outlining directions
for future work, including their application to online learning, model selection,

and integration into real-world systems.



Chapter 2
Background

In this chapter, we introduce the core concepts and methodologies that form the
foundation of this thesis. We begin by defining state-space models and their prob-
abilistic structure. Then we briefly present the main inference tasks associated
with SSMs, including filtering, smoothing, prediction, and parameter inference.
State and parameter inference are presented in more detail. Finally, we review
approaches to these problems that are relevant to the contributions of this the-
sis. The goal of this chapter is to provide a general overview of these problems
as well as introduce notation that is used later on. Further details and specific

algorithmic developments are given in the respective chapters.
6 ~ p(6)

po (Xt | thl)/\
X1 Xt Xt+1

po(yt | xt)

@ @

(. J

Figure 2.1: Graphical representation of a discrete-time SSM: the parameters come
from a prior distribution. Conditional on the parameters, latent states follow
Markovian dynamics (top layer) and observations (bottom layer) are generated
conditional on the states.

2.1 State-space models

State-space models - also known as hidden Markov models - are a class of prob-

abilistic models that describe the time-evolution of indirectly observed systems.
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CHAPTER 2. BACKGROUND

They are especially common in signal processing, control theory, econometrics
and time series analysis.

A SSM describes the system at discrete time ¢t by a latent state vector x; in
a state space X. The state vector carries all information of interest about the
system. A basic assumption of SSMs is that the time evolution of the state vector
in the state space is MarkovianE] for all . Consequently, the state dynamics is
modeled as a Markov chain, the kernel of which is known as the transition (or
dynamics) model.

Information about the system at each time ¢ is obtained in the form of an
observation vector y; in a space ). The observation vector carries all informa-
tion that we obtain about the system via measurement. It is assumed that the
observation vector y; only depends on x;. The measurement process is modeled
by the conditional distribution of the observation vector given the state vector,

known as the observation (or measurement) model. Formally a SSM is given by

0~ (). (21)
X Npe(Xt|Xt—1)7 t=1,....T, (22)
yi ~po(yixi), t=1,....T, (2.3)

where pg(x¢|x;_1) is the transition model and pg(y;|x;) the observation model.
The vector 8 € © with prior p(0), encompasses the parameters of the transition
and observation models of the SSM. A graphical representation of SSMs that is
commonly used is shown in Fig.

In many fields SSMs are formulated equivalently as

x; = f(x4-1,q,0), (2.4)
yi = 8(yi, 14, 6), (2.5)
fort =1,...,T, where f and g are transition and observation functions and r;, q;

are noise vectors. In this thesis we will use both formulations.

State-space models provide a flexible and principled framework for modeling
dynamic systems in which the true state of the system is only partially observ-
able. By capturing the temporal structure through Markovian dynamics and
modeling uncertainty via probabilistic observation and transition models, SSMs

can be tailored to a wide range of applications—from tracking physical systems in

1A dynamical system is said to be Markovian when each state depends on the past solely
through its immediate predecessor: P(X; | X¢—1,...,X0) = P(X: | X¢—1)

8



2.2. INFERENCE OF SSMS

engineering to modeling latent economic indicators in econometrics. The separa-
tion of transition and observation models offers two key advantages: on one hand
it allows domain knowledge to be encoded explicitly—for instance, by modeling
sensor characteristics in robotics—and on the other it enables the latent states to
serve as compact, interpretable summaries of complex data, such as neural activ-
ity in neuroscience. The dual formulation, either via conditional distributions or
state-transition functions with noise inputs, allows SSMs to accommodate both
classical parametric models and more complex nonlinear or simulation-based sys-

tems, as will be explored in the remainder of this thesis.

2.2 Inference of SSMs

When working with state-space models—as with probabilistic models more gen-
erally—the central task is inference: using observed data to update our beliefs
about latent variables and parameters. In SSMs, this involves recovering in-
formation about the hidden states and model parameters from noisy, indirect
observations. While the full joint posterior captures all such information, it is
typically intractable and rarely needed in practice. Instead, inference focuses on
marginal or conditional distributions of the full posterior, that are more relevant
to downstream tasks and more accessible through approximate methods. This
section outlines the core inference problems in SSMs and the strategies commonly

used to solve them.

The inference problem of SSMs consists of computing the posterior distribu-
tion of the parameters € and states x;.r = {X1,...,Xr} given the observations

vir ={y1,...,yr}. The full posterior is given by

p(0,x1.7,y1:7) . p(0)p(x1.7,y1:7|0)

0’ X . . = — 26
p( ! T|y1 T) p(YLT) p(Yl:T) ( )
where
T
p(X1:T7Y1:T‘9) = Hp@(xt|xt71)p9(yt|xt) (2-7>
t=1
is the joint likelihood of the SSM and
p(Yl:T) = /p(e)p(xl:T7yl:Tle)dngI:T (2-8)

is the model evidence. The full posterior in Eq. (2.6]) represents the belief of a

9



CHAPTER 2. BACKGROUND

Bayesian agent about the states and parameters of the model given the observa-
tions. In practice however this posterior, in addition to being highly intractable,
is not the quantity that is typically needed for most downstream tasks. Instead,
inference usually focuses on marginal distributions of the states or the parameters
which are more useful and more computationally accessible through approximate
methods. Below we give a brief overview of the main inference tasks that com-

monly arise in most applications of SSMs.

Filtering

The goal of Bayesian filtering is to compute the marginal posterior distribution,
called filtering distribution p(x;|y1., @) of the present state x;, given past obser-
vations, y1.4 = {y1,...,y¢} and parameters 0. Given the filtering distribution at
time ¢ — 1 and the new observation y; the filtering distribution at time ¢ can be

computed via the following equations.

Box 2.1: Bayesian filtering equations

p(ulyia1,0) = / po(u[xe (ke alyra s, O)dxe s,  (2.9)

_ pﬂ(yt‘xt)p(xtb"l:tflao)
fpﬂ(Yt|Xt)p(Xt|y1:t—17 e)dXt.

p(xt|y1+,6) (2.10)

Equation is known as the prediction and Eq. as the update step and
together they are known as the Bayesian filtering equations (for a derivation see
[SS23]). Starting from an initial distribution p(xg) the filtering equations can
be solved recursively in order to obtain the sequence of filtering distributions
{p(x¢|y1.4,0)}L,. Algorithms which provide solutions to the filtering equations

are known as Bayesian filters.

For general nonlinear SSMs the integrals that appear in Egs. - are
intractable and have to be approximatedﬂ. There are many methods for approx-
imating the solutions of the filtering equations, based on numerical integration,
enabling approximations or Monte-Carlo methods . In the next section we

review the most popular filtering algorithms.

2The filtering equations can be solved exactly only for linear-Gaussian SSMs described below.

10



2.2. INFERENCE OF SSMS

Smoothing

The goal of Bayesian smoothing is to compute the marginal posterior distribution
of a past state x; given all available observations y;.r and model parameters 6.
This distribution, known as the smoothing distribution, is denoted by p(x;|y1.7, )
for t < T. Given the full sequence of filtering distributions {p(x:|y1., 8)}_,, the
smoothing distribution can be computed recursively in a backward pass which

proceeds from t =T — 1 down to ¢t = 1 using the following relation:

po(Xe11|Xe)p(Xe11|y1r, 0)
prl:T70 :pxy:70 / dx 1- 2.11
( t‘ ) ( t| 1:t ) P(Xt+1b’1:t,9) t+ ( )
This recursion combines the forward filtering distribution at time ¢ with the
smoothed distribution at time ¢ + 1, allowing efficient computation of the full

sequence of smoothed state marginals.

Prediction

Alternatively, we may be interested in predicting future states or observations
given the current information. In this task, the goal is to compute the predictive
distribution of the future state x;,; or future observation y;,; given observa-
tions up to time ¢ and parameters 6, denoted by p(xXiix|y1.t, @) or p(¥irk|yit, @),
respectively. These distributions can be computed recursively using the transi-
tion and observation models. For state prediction, the k-step ahead predictive

distribution is obtained by repeated application of the transition model:

k
p(Xt+k’y1:ta 9) = / Tt / Hpe(xt+i‘xt+ifl)p(xtb’l:ta 9>dxt ce dXt+k71- (2-12)
i=1

The predictive distribution of a future observation y;; then follows by marginal-

izing over the predicted state:

P(Yerk|yi,0) = /pe(}’t+k‘xt+k)ap(xt+k’y1:ta9)7dXtJrk- (2.13)

These predictive distributions are essential for forecasting and decision-making

tasks under uncertainty.

Parameter inference

The tasks that we have described above assume that the parameters of the model

0 are given, and focus on inference of the latent states. In most practical ap-
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CHAPTER 2. BACKGROUND

plications however there are many parameters that are not known apriori and
have to be inferred from the observations. The goal of parameter inference is to
compute the posterior distribution over the model parameters 8 given the full set
of observations yi.r. This distribution captures our belief about 6 after observing
the data and is denoted by p(8|y1.r). Using Bayes’ rule the parameter posterior
is given by

p(yrr|0)p(9)

p(yrr)

where p(0) is the prior distribution over parameters, and p(y;.r|0) is the likeli-

p(Bly1.r) = (2.14)

hood function, given by
py1rl0) = / p(xur, yr:r|0)dxr. (2.15)

To perform inference on the parameter vector 8, we need to be able to evaluate
the likelihood for given data y;.r and parameters @, which is an integral with
respect to the latent states of the model. The integral can be computed exactly
for linear-Gaussian SSMs by the Kalman filter given in Alg. [l For nonlinear
and non-Gaussian SSMs it is intractable, requiring numerical approximations. A
common approach is particle filtering described in the next section.

The SSM likelihood can be written as a product of autoregressive conditionals,

T
p(y1.r|0) = HPG(Yt|Y1:t—1), (2.16)
t=1
where each conditional pg(y:|yi+—1) is an intractable integral given by

pO(Ytb"l:tfl) = /pe(Yt\Xt)pe(Xt|Xt1)p0(Xt1|Y1:t1)dXt1;t- (2-17)

In filtering, the likelihood factors pg(y:|yi1.:—1) are computed as normalization
constants of the filtering distribution and the factorization of Eq. (2.16)) is used
to approximate the likelihood.

2.3 Forgetting property of SSMs

Many state-space models possess the exponential forgetting property [DD04| which
states that, for any xo,x{, € X, there exist constants B € (0,00) and A € [0,1)
such that

||pe(x¢|y1:4,%0) — Po(xe|y1, %p)| |7y < B, (2.25)

12
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Algorithm 1 Kalman filter
Input: Initial mean p, initial covariance X, observations y;.p
fort=1toT do
// Prediction step

By = Aapy (2.18)
E; - At_lzt_lA:_l + Qt—l (219)
// Update step

pyo = Hopy (2:20)

¥, =HX H +R, (2.21)

K, =% H >} (2.22)

pe=py + Ky — pyy) (2.23)

=3 - KX, K/ (2.24)

end for
Output: Filtered means p,.p and covariances 3.1

where pg(X;|y1.¢,X0) is the optimal filtering distribution, i.e. the exact solution to
the filtering equations (BOX, at time ¢ when initialized at x(, with parameters
0 and observed data yi.;. || ||7v is the total variation distance. This property
occurs when the state process is uniformly ergodic and the observations satisfy
certain conditions that can be found in |[Kan-+15; DD04].

It is straightforward to show that the likelihood factors pg(y:|y1.c—1), which
depend on the filtering distributions via Eq. , also satisfy this property:
there exist constants B € (0,00) and A € [0,1) such that

1pe(yilyit Xo) — po(¥elyre, x0)||rv < BA™!, (2.26)

Intuitively this property means that the optimal filter forgets its initial condition
exponentially fast. Equivalently this means that past observations are forgotten
fast.

In Chapter 4 we exploit this property to justify a truncation of the factors
po(yi|y11-1), whereby we approximate them by a density that conditions only on

the L most recent observations

pe(}’tb’u—l) ~ p@(Ytb’t—L:t—l)- (2-27)

The logic is that if the forgetting property holds, and past observations are for-

gotten very fast, we may postulate that there exists only a window of past obser-
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vations that influence the current one, and that observations outside the window

are forgotten. We give more details on this approximation in Chapter 4.

2.4 Filters

Filtering is one of the core inference tasks in state-space models, concerned with
computing the distribution of the current latent state given all observations up to
the present. This section reviews two main computational approaches to filtering
that are used throughout this thesis: the Kalman filter (and its variants EKF,
UKF), which provides an exact solution for linear-Gaussian state-space models,
and particle filters, a widely used class of methods for nonlinear and non-Gaussian
systems. For the rest of the section we suppress explicit dependence on the
parameters @, which are held fixed. Additional details on Gaussian and Gaussian
sum filters, which form the basis of the AGSF method introduced in the next

chapter, are provided therein.

2.4.1 Kalman filter

A special case of the general state-space model that we have introduced is the
linear-Gaussian state-space model (LGSSM), defined by

X = Ayxy1 + qq, (2.28)
ye = Hixy + 1y, (2.29)

where A; and H; are sequences of real matrices, and the noise vectors follow
q: ~ N(0,Q;) and r; ~ N(0,R;). Because both the dynamics and observation
models are linear and all noise is Gaussian, the resulting joint, marginal, and
conditional distributions over states and observations remain Gaussian at every
time step [SS23|. LGSSMs are widely used in applications such as control systems,
finance, signal processing, and navigation, due to their computational efficiency
and analytical tractability [SS23].

The Kalman filter provides an exact, recursive solution to the Bayesian filter-
ing problem in LGSSMs. Introduced in [Kal60|, it updates the posterior distri-
bution over the latent state x; as new observations y, arrive, using closed-form
expressions for the predictive and updated mean and covariance. At each time t,

the filtering distribution takes the form

P(Xely1e) = N (xe |y, 2), (2.30)
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where p, and ¥, are the posterior mean and covariance. They are computed
via the Kalman filter recursion, given the mean and covariance at the previous
time step. The Kalman filter recurstion consists of two steps: the prediction
step which computes the predictive distribution p(x;|y1.,—1) given the previous
filtering distribution and the update step which does the Bayesian update from
the predictive distribution to the new filtering distribution. The Kalman filter
algorithm with its prediction and update steps is given in Alg. [I}

In addition to computing filtering distributions, the Kalman filter yields the
exact value of the marginal likelihood of the observations p(y;.7|@), which is useful
for model comparison and parameter inference. Since the predictive distribution
of y; given past observations is Gaussian, the log-likelihood can be computed

incrementally as

T
log p(y17]0) =Y " log N(yilpy ;. Sy, (2.31)
t=1

where p, , and Xy ; are computed by the Kalman filter, Eqs. (2.20)-(2.21]). For
a derivation of the Kalman filter and further details, see [SS23].

2.4.2 Extended Kalman filter

The extended Kalman filter (EKF) [SSM62| is an extension of the Kalman filter
for nonlinear SSMs. The EKF at every iteration replaces the nonlinear functions
f and g given in Egs. — by their first-order Taylor expansion around
the mean of the filtering or predictive distribution. In this way the nonlinear
SSM is approximated by a LGSSM at every timestep on which we can apply the
Kalman filter. The EKF algorithm is given in Alg. [2l More details on the linear
approximation that underlies the EKF are given in the Chapter 3.

2.4.3 Unscented Kalman filter

The unscented Kalman filter (UKF) [WVO01; JUO4b|, given in Alg. 3| was pro-
posed to mitigate the drawbacks of the EKF, in particular its reliance on the
computation of Jacobians, which can lead to significant numerical errors when
dealing with highly nonlinear systems. The UKF uses an implicit linearization
scheme known as the unscented transform (UT) [JU96|. The UT is a determinis-
tic approximation and does not rely on differentiation, making it more robust in
many applications where derivatives are not well defined or very noisy. Details

on the unscented transform and its application to filtering are given in Chapter
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Algorithm 2 Extended Kalman filter
Input: Initial mean p,, covariance ¥, observations yy.r
fort=1toT do
// Prediction step

pe =f(py) (2.32)
X7 = Vi) B VE(pe )" +Q

// Update step

ty = g(1;) (2.34)
By = Ve ) Vep,)" +R (2.35)
K, =%, Vg(u;) =) (2.36)
po=py T Ki(ye —py,) (2.37)
=3 - KX, K/ (2.38)

end for
Output: Filtered means p,., and covariances 3.1

2.4.4 Particle filters

Particle filters (PF) [GSS93; Kit96; DDG+01|, also known as sequential Monte
Carlo (SMC) methods |[CP+20], are a class of Bayesian filtering algorithms that
were developed to tackle the non-linear filtering problem when Gaussian approx-
imations are not applicable. Unlike Gaussian filters which rely on distributional
assumptions, particle filters approximate the filtering distribution using a set
of weighted particles which are propagated through the nonlinearities and their
weights updated via importance sampling [Elv+19b|. The general PF algorithm,
also known as sequential importance resampling (SIR), is given in Table .

Particle filters also provide us with an estimate of the model likelihood, given
by
TN o
P(y1r|0) = tl:[l N ; wy (2.39)
where wﬁ“ are the unnormalized weights defined in the SIR algorithm of Table
2.5 (see [DJOY] for a derivation).

16



2.4. FILTERS

Algorithm 3 Unscented Kalman filter
Input: Initial mean p,, covariance ¥, observations y.r
fort=1toT do
// Prediction step
1. Form the sigma points:

0
01(5—)1 = M1,

Uile) e \/da:—l')\[\/zt—l]z; 1= 177dm>

2. Propagate the sigma points through the dynamics:
6 =fe"), i=—-d,....d,

3. Compute predicted mean and covariance:

dg
I’l’t_ - Z wi&l(SZ)v
1=—dg
dw B .
=Y w6l —p) 6 —p)T +Q
i=—dg

// Update step

1. Form the sigma points from predicted mean and covariance:

—(0 _
o't():/-l’t’

o, = VA A AE ) i=1 . d,
2. Propagate the sigma points through the measurement model:
yt(") = g(at_(i)), 1= —dy,...,d,

3. Compute predicted observation, innovation covariance, and cross-

covariance:
de A
Ky = wiyt(1)7
i=—dy
ds '
Yy = Z @i (¥ /’l’y,t)(ytz - /J’y,t)T + R,
1=—dg
d]} . .
ny,t = Z CDZ(‘Tgl) - N;)(yt(l) - l’l’y,t‘)T
i=—dg

4. Compute Kalman gain, updated mean and covariance:
Kt - ny,tz;}fa
py = py + Ky — I’I’y,t)a
=3 - KX, K/
17
end for
Output: Filtered means p,.p and covariances 3.1
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Bootstrap Particle Filter (BPF)

The Bootstrap Particle Filter (BPF) [GSS93]| is the simplest particle filter. It is
a special case of the SIR algorithm which uses the dynamics model as proposal

distribution,

T(Xe | Xe—1, Y1) = p(Xe|Xt-1)- (2.40)

This simplifies the weights update which becomes

o ol - plye | %) (2.41)

The BPF algorithm is given in Table

Auxiliary Particle Filter (APF)

The Auxiliary Particle Filter [PS99| improves upon the BPF by incorporating a
one-step look-ahead mechanism using the observation likelihood. It introduces
an auxiliary variable to guide the resampling step with predictive weights. This
reduces weight degeneracy and improves sample efficiency. The APF is given in
Table [2.5] More details about the algorithm can be found in [Elv-+19a].
Classical approaches to parameter inference in SSMs such as the EM algorithm
and MCMC are likelihood-based. They rely on filters for likelihood evaluation,

which can provide a noisy estimate in O(T").

2.5 Parameter inference algorithms

In addition to inferring the hidden states of a state-space model, most applications
require learning some or all of the model parameters that make up the vector 0
from observed data. This task, known as parameter inference, is generally more
challenging than state inference. In the Bayesian framework, parameter inference
corresponds to approximating the posterior distribution p(@|y;.r) or sampling
from it. Thus, their accuracy is fundamentally limited by the quality of the
underlying filtering algorithm. This is not the case for simulation-based methods
such as approximate Bayesian computation (ABC) and neural-based methods,
which bypass likelihood evaluation altogether by relying on model simulations.
In this section we review two broad classes of methods for parameter inference
in SSMs that are used in this thesis: particle Markov chain Monte Carlo (MCMC)
methods, and simulation-based inference (SBI) methods such as SMC-ABC. Dis-

cussion on neural-based SBI methods is postponed until Chapter 4.
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SIR Particle Filter

Bootstrap Particle Filter

Auxiliary Particle Filter

1: Input: N, yi.1

2: for i =1to N do

3:  Sample X[(f) ~ p(x0)

4: w(()i) = %

5: end for

6: fort=1to T do

7. fori=1to N do ‘

8 Sample x\” ~ (x| X,@l, Yi:t)
p(yelx{pext” 1x(2 )

w7 x|y e

o ol =ul,.

10:  end for .
n o =), o
12:  if N.g < threshold then

13: Resample xf), set wf) =+
14:  end if
15: end for

16: Output: {Xgi), U)Ei)}

1: Input: N, yi.1

2: for i =1 to N do

3. Sample x{ ~ p(xq)

4: w[()i) = %

5: end for

6: fort=1to T do

7. fori=1to N do

8: Sample Xgi) ~ p(xy | xgi_)l)
o @ =plye | x")

10:  end for A

n wl) = o)y, @l

12:  if N.g < threshold then
13: Resample xi”, set wf) =
14:  end if

15: end for

16: Output: {Xgi), wgi)}

1

N

[
Ll i =

15:
16:
17:
18:

Input: N, y;.r

fori=1to N do
Sample x{ ~ p(xo)
wf) =

end for

fort=1toT do

fori=1to N do ‘
Yy = wy - plyn | %)
end for
Normalize w to get w
@) =
Resample a;’ ~ w
for i =1to N do

) a‘“>)

Sample x\” ~ p(x; | x\%

. (4)
th(l) _ p(ytlz:t(i)))
plyel®; * )
end for _
wy!) =/ ¥y
end for

Output: {xgi), wgi)}

61

Table 2.1: SIR, BPF and APF algorithms
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2.5.1 Markov chain Monte Carlo

Markov chain Monte Carlo (MCMC) methods are perhaps the most widely used
algorithms for sampling from a target distribution [RC99; RC11|. The key idea
behind MCMC is to construct a Markov chain whose stationary distribution is
the target, so that, after a sufficient number of iterations, samples from the chain
can be treated as approximate samples from the target. This can be done by
finding a kernel for the Markov chain which satisfies a detailed balance condition
with the target distribution.

An advantage of MCMC which makes it applicable to Bayesian inference is
that we only need to know the target up to a normalization constant. The

Bayesian posterior of a SSM is proportional to

p(Olyrr) < p(Bly1.r)p(0). (2.42)

This is convenient because we don’t have to evaluate the marginal likelihood
p(y1.r) which is an intractable integral over €. This makes MCMC a general-
purpose Bayesian inference tool.

The earliest and simplest way to ensure detailed balance is that of the Metropolis-
Hastings (MH) algorithm |[Met+53|, which works as follows: given a current sam-
ple G(i), the algorithm proposes a new candidate @' from a proposal distribution
q(0']0(i)), and accepts it with probability

o = min (1’ p(YLT‘H/)p(e/)CI(e(i)‘9/) ) ] (2.43)
p

(y1.710D)p(09)q(6'10")

If the proposal is accepted, the next state of the chain is set to 8FY = @';
otherwise, it remains at the current value, 0+ = 99, This simple acceptance-
rejection rule ensures that the resulting Markov chain satisfies detailed balance
and converges to the correct posterior distribution [RC99).

While the MH algorithm is conceptually simple and widely applicable, its
performance depends critically on the choice of the proposal distribution. A
poorly tuned proposal may result in low acceptance rates or slow exploration of
the parameter space, leading to highly correlated samples and slow convergence.
These limitations are especially pronounced in high-dimensional problems, where
naive proposals fail to capture the geometry of the posterior.

To improve sampling efficiency, more advanced MCMC methods have been
developed. One widely used class of such methods are gradient-based samplers,
including Hamiltonian Monte Carlo (HMC) |Dua+87|, which exploit gradient
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information to propose moves informed by the local curvature of the posterior.
HMC is particularly effective in high-dimensional and strongly correlated poste-
riors, as it can make distant proposals with high acceptance rates by simulating
Hamiltonian dynamics in an augmented space.

In settings where the posterior is approximately Gaussian, or when the prior
is Gaussian and the likelihood is weakly informative, the elliptical slice sampler
(ESS) offers an attractive alternative [MAM10]. ESS is a parameter-free, au-
tomatically adaptive MCMC method that does not require gradients and often
mixes well in problems where standard MH fails. It constructs proposals by slicing
through an elliptical contour defined by the prior, and can be especially effective
for models with Gaussian priors and non-conjugate likelihoods.

Overall, MCMC methods remain a foundational tool for Bayesian inference.
In the context of state-space models, their practical use is hindered by the need to
evaluate the marginal likelihood p(y1.r|@), which is intractable in nonlinear and
non-Gaussian models. The next subsection introduces particle-marginal methods

which use particle filtering to approximate the marginal likelihood within MCMC.

Particle-marginal Metropolis-Hastings (PMMH)

For state-space models where the likelihood is intractable, we can approximate
p(y1.7|0) with a particle filter using Eq. (2.39)), yielding the so-called particle-
marginal MH algorithm [ADH10]. This results in Alg. |4f given below.

Algorithm 4 Particle-marginal Metropolis-Hastings (PMMH)

1: Input: Initial parameter ), number of iterations N, proposal distribution
q(6'10)

. Evaluate p(y1.7|0) using a particle filter

: fori=1to N do

Propose 0’ ~ ¢(0'|00~V)

Evaluate p(yy.r|0") using a particle filter

@ Gk w

Compute acceptance probability:

~ / / (i—-1)19/
a=min | 1, - p(YLZ‘_?))p(O(?_ql()e ,|0(2—1)
P(yrr|0Y ) p(0 ) q(0'160" )

With probability a, set 8% = @', else 8% = 9~
end for
. Output: Samples {§D1NV,

© * X
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The performance of PMMH depends strongly on the variance of the likelihood
estimator. Too few particles lead to noisy estimates and poor acceptance, while
too many particles increase computational cost. Careful tuning of the number of

particles is thus crucial in practice.

2.5.2 Simulation-based inference and ABC

More recently, a distinct approach on the Bayesian inference problem has become
prominent which does not rely on explicit likelihood computations [Rub84]. In
this approach, called simulation-based inference (SBI), instead of trying to eval-
uate the likelihood directly, e.g. by approximating an integral like the one in Eq.
, we rely on multiple simulations from the model, which are used to obtain
a surrogate of the likelihood.

The earliest SBI methods to be introduced are the so-called approximate
Bayesian computation (ABC) methods |[Tav+97; SFB18|. ABC methods propose
parameter values repeatedly and simulate the model to generate synthetic data
vectors. In the simplest version of ABC, known as rejection ABC, a proposed
parameter is sampled from the model prior and is used to simulate a synthetic
dataset. The distance between the synthetic dataset and the observations is
quantified using an appropriate metric. If the distance is larger than a user-set
tolerance the proposed parameter value is rejected. In this way we only accept
parameters that produce datasets close to the observations. If @ and y, are the
parameter and observation vectors, respectively, and the tolerance is set to €, the

rejection ABC sampler works by repeating the steps:

1. sample candidate: 8 ~ p(8),

2. simulate dataset: y ~ p(y|@),

3. accept 0 if d(y,y,) < ¢, else reject and repeat

until the required sample sized has been reached. In this way, the ABC rejection
sampler produces samples from an approximation of the posterior, which depends
on the tolerance €. Decreasing the tolerance improves the approximation and
in fact ABC methods have been shown to asymptotically converge to the true

posterior as the tolerance goes to zero [Fra+18|.
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SMC-ABC

In practice a very small € will lead to a vanishing acceptance rate, requiring an
ever-increasing number of simulations to achieve a good posterior approximation.
For rejection ABC, this problem is particularly pronounced since the proposal
mechanism is fixed. Since the acceptance rate depends on the proposal mech-
anism as well as e, improved algorithms adapt the proposal to achieve a non-
vanishing acceptance rate while decreasing the tolerance. Notably, the ABC-
MCMC [SFT07; Mar+03| algorithm uses the ABC sampler within an MCMC
proposal kernel to perform likelihood-free MCMC, and SMC-ABC [Bea+09], uses
SMC to target intermediate ABC-posteriors for a decreasing tolerance sequence
while adapting the proposal to achieve a non-vanishing acceptance rate. In this
work we focus on SMC-ABC, given in Alg. [5], which we take as a representative of
ABC-type methods, since it has shown strong performance in the SSM inference
problem |Ton+09).

Algorithm 5 SMC-ABC

1: Initialize tolerances €1, ..., €gr
2: while r < R do
3: for:=1to N do

4 repeat
5 if r =0 then
6: Sample 8" ~ p(0)
7 else
8 Sample 6" from previous round with weights w, _;
9: Propose 0™ ~ K,(0 | 67)
10: if p(6™) =0 then
11: Continue
12: end if
13: end if
14: Simulate yi.p ~ p(y1.r | )
15: until d(y*.;, y'\%)) < e,
16: Set 61  6**
17: Compute weight:
1, ifr=0
Wl r(6!")

ifr >0

Z;Vﬂ wﬁ@th(eﬁi) | 95]—)1)

18: end for '

19:  Normalize weights {w!”}¥,
200 r<r+1

21: end while
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Chapter 3

Augmented Gaussian sum filters

3.1 Introduction

State estimation, or filtering, is the problem of sequentially inferring the hid-
den states of a SSM given a record of observations. In the Bayesian setting, this
problem is equivalent to obtaining the state posteriors, also known as the filtering
distributions [SS23|. The filtering distributions satisfy a system of integral equa-
tions, the so-called filtering equations, given in Box 2.1} The filtering equations
are not exactly solvable, except for the linear-Gaussian SSM in which dynam-
ics and observation processes are linear transformations with additive Gaussian
noise. In the LGSSM the filtering distributions are Gaussian distributions with
means and covariance computed by the celebrated Kalman filter [Kal60; KB61].

When the models are nonlinear or the noises are non-Gaussian solutions have
to be obtained by numerical approximations. There are various strategies for ap-
proximately solving the filtering equations, each relying on different assumptions
about the models and the target distributions. One of the earliest approaches is
the EKF [SSM62] which was introduced in the previous chapter. The EKF be-
longs to a larger class of algorithms known as Gaussian filters which also includes
the UKF [WVO00b]|, the quadrature and cubature Kalman filters [AHEO7; 1X00by
AHO09|. Gaussian filters assume that the filtering distributions are Gaussian,
and use moment-matching approximations to obtain the sequence of posteriors
[SS23, Chapter 8]. Gaussian filters effectively linearize the problem resulting in
algorithms that bear close resemblance to the Kalman filter (Alg. A set of
Gaussian filters can be used in parallel to form a Gaussian mixture approxima-
tion of the filtering distributions in a family of algorithms known as Gaussian
sum filters (GSF) |[AS72a]. Gaussian sum filters are universal approximators, in

the sense that in the limit of infinite components can approximate any probability
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density function [SA71a].

Although Gaussian filters and GSFs have been applied with success to various
fields for more than six decadedl] they also suffer from limitations which have
hindered their applicability in many problems [Psil3|. One major limitation is
the numerical instability of Gaussian filters (and GSFs) when applied to highly
nonlinear systems. This instability often occurs for highly nonlinear systems as
covariance matrices may become ill-conditioned, leading to numerically ill-posed
matrix inversion problems which in turn lead to filter divergence. Moreover, since
Gaussian filters effectively linearize the model, they benefit when the covariance
matrices are small compared to the characteristic scales of the nonlinearities of
the model. Practitioners have long sought of ways to limit the size of covariance
matrices [SA71al.

For these reasons, a number of works have proposed methods which try to
control the covariances of Gaussian components thus limiting the error due to ill-
conditioning or covariance size. In [DBJ13|, the authors use an entropy criterion
to detect the nonlinearity and trigger a splitting of the component during the
prediction step of continuous-time dynamical systems. In [FMKO09] and [FK10],
the authors propose a splitting scheme for models in which the dynamics and
observation noise are expressed as Gaussian mixtures. The algorithm in [VR16]
is focused on estimating the collision probability between tracked space object and
uses the Gaussian splitting scheme of [DBJ13|. The algorithm in [HC13| develops
a tracking algorithm based on a splitting scheme for application to autonomous
robots. In |[TZ18| the authors propose a Gaussian splitting scheme that can be
used in the measurement update of a filter. Other recent work tries to control
the mixture covariances by imposing linear matriz inequalities |[Psil6; PSM15].
This approach requires the complicated machinery of matrix inequalities which

is cumbersome to implement.

The limitations of the EKF and Gaussian filters more generally have led re-
searchers to develop another approach that is based on particle approximations
and Monte-Carlo and does not suffer from the limitations that come with Gaus-
sian assumptions and linearization. This approach known as particle filtering,
was reviewed in the previous chapter, and has been used widely for over two
decades with a lot of success |[GSS93; DDG+01|. Particle filters are sequential
Monte-Carlo methods [CP+20] which approximate the filtering distribution us-

Tt is historically interesting to note that the EKF was extensively used during the Apollo
program. In fact EKF-enabled navigation was essential for guidance during Apollo 11’s
lunar landing https://www.nasa.gov/wp-content/uploads/2015/04/techbul _20-03-nav_
filter_042920.pdf
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ing an ensemble of particles that is propagated and weighted using importance
sampling [Elv-+19b; EM21|. They are a flexible class of algorithms which make
few assumptions on the nature of the SSM and are relatively easy to implement
[DJ09]. Moreover they enjoy strong theoretical convergence properties [CDO02].
This has earned them success in multiple applications such as robotics [Thr02al,
finance [LT11|, and tracking |Gus+02] among others.

While particle filters offer flexibility for nonlinear filtering their main drawback

is computational complexity since a large number of particles is needed to ensure
good performance. This is especially pronounced in high dimensions due to the
curse of dimensionality which often makes them impractical since the number of
particles that are needed scales exponentially with dimension [DH03; PSM15|.
This is in contrast to GSFs which can represent complex distributions with a
small number of Gaussian components, albeit having their own drawbacks as we
discussed.
Contributions: In this work, we introduce a novel way of controlling the co-
variance of Gaussian sum filters. We do so by exploiting variable augmentation
and a convolution identity to split a Gaussian distribution into narrow compo-
nents. In this way we introduce a novel Gaussian splitting scheme, which is very
flexible, and gives the user control over filter covariances, which can be tuned
to reduce the linearization errors in Gaussian filters. In this way we arrive at
the augmented Gaussian sum filter (AGSF), a novel framework which general-
izes GSFs and PFs into a unified filtering framework. This innovative approach
blends the features of deterministic Gaussian filters and stochastic particle filters
to exploit the trade-off between bias and variance in state estimation, resulting in
an algorithm that effectively generalizes the two classes. The AGSF’s adaptabil-
ity is further enhanced by an optimization problem that automatically sets the
augmentation covariances, allowing it to dynamically switch between Gaussian
and particle filter behaviours based on the specific nonlinearities of each situa-
tion. This adaptability allows the AGSF to be very robust in a large variety of
model behaviours. We reckon that for this reason the AGSF can be successful
in many realistic scenarios such as those arising in robotics and target tracking
applications.

Our work provides an elegant solution to a long-standing problem of Gaussian
sum filtering, namely the control of covariances for the purpose of stabilizing
the filter numerically and reducing the linearization errors. Although there are
many works with a similar motivation |Psil6]-|[PSM15|, the contributions of this
work are quite distinct. Firstly, the splitting scheme that is developed in this

work is a very flexible and efficient way to split a Gaussian distribution. Its
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advantages, compared to the schemes developed in the works [Psil6|-[PSM15]
are its simplicity and flexibility, and we anticipate that it will find uses outside
the context of nonlinear filtering. Furthermore, the splitting scheme allows us
to unify the GSFs and the BPF in a common framework. The unification of the
GSF and BPF algorithms allows us to propose a novel adaptive AGSF algorithm.

The main contributions are summarized as follows:

e We propose a novel splitting scheme by reinterpreting the well known Gaus-
sian convolution identity. The scheme allows us to express a Gaussian dis-
tribution as a Gaussian mixture with narrow components, and do so in an

efficient and flexible manner, compared to existing splitting schemes.

o We propose a novel class of filtering algorithms called augmented Gaussian
sum filters which unifies the classes of Gaussian and particle filters. The
AGSF uses a novel augmented Gaussian approximation method based on a

Gaussian integral identity.

e We derive an adaptive version of the AGSF which can function like a par-
ticle filter, a Gaussian filter, or something in between, according to the
local features of the nonlinearities. The adaptive version uses a novel op-
timization problem which is used to automatically select the augmentation

covariance.

e We present simulation results showing the improved robustness of the AGSF
compared to the bootstrap particle filter and GSFs. We also demonstrate
the performance of the adaptive version of the AGSF in models possessing

linear and strong nonlinear behaviour.

The rest of the chapter is structured as follows. Section summarizes the
general Gaussian, and Gaussian sum, filtering algorithm as well as EKF and UKF
as special cases. In Section [3.3] we introduce the basic Gaussian augmentation
and the augmented Gaussian approximations that it underpins. In Section [3.3.3]
we introduce the optimization problem that is used to select the covariances
automatically. In Section we derive the novel AGSF algorithm and prove that
it unifies the GSF and the BPF. Finally in Section[3.5 we present our experimental
results comparing the AGSF to GSF and BPF.
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3.2 Background

3.2.1 Notation

We denote by N (-|u, X) the multivariate Gaussian probability density function
(PDF) with mean p and covariance . For any function ¢(x), the notation

Z[;z, A] denotes the Gaussian integral

T(p(x)iz. Al = [ GxIN(xlz, A)ix

We denote by z,,, and s,,,; the auxiliary variables introduced in the prediction
and update steps of the AGSF algorithm, respectively. We also denote by Al
and Afﬁb)n the augmentation covariances introduced at time ¢, for the prediction

and update steps of the AGSF, respectively. Finally, we denote a Ab = min(a, b).

3.2.2 General Gaussian filtering

Gaussian filters are a class of filtering algorithms which make a Gaussian assump-
tion on the filtering distributions and solve the filtering equations implicitly using
moment matching [[X00a; SS23|. In what follows we describe the general Gaus-
sian moment matching approximation and apply it to the filtering problem to
obtain the general Gaussian filter. We also describe two versions of the Gaussian
moment matching approximation that underly the EKF and the UKF that we
have introduced in Chapter [2|

Gaussian moment matching

Gaussian moment matching (GMM) is a general technique for approximating
the joint distribution of a pair of random variables by a Gaussian density which
has first and second moments equal to those of the joint the we are trying to
approximate. The Gaussian moment matching of an additive transform is given
in Box

Non-additive models. The moment matching approximation given in Box

can be applied to non-additive transformations of the form
y = f(x,r). (3.1)

This generalization is straightforward and involves treating the variable X = (x, r)
jointly, as the new state variable. The algorithm for non-additive models can be

found in [SS23| Algorithm 8.2|. For notational clarity we only consider additive
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models for the rest of the chapter and refer the reader to [SS23, Chapter 8| for

details on Gaussian filters for non-additive models.

Box 3.1: Gaussian moment matching of an additive transform

Let x € R? and y € R? be random variables defined by

X ~ N(x|pty, 2x), (3.2)
y =f(x) +r, (3.3)

where f : R? — R? and r ~ NV(0,R). The joint density of (x,y) is given
by

p(x,y) = N(y[f(x), R)N (x| p, Zxc). (3.4)

The GMM approximation of p(x,y) is the Gaussian density

B X Uy 2, Gy
(1) (2 %))

—~

3.5)

where,

oy = / N (x| 11, B )i, (3.6)
2, = [(60) — 1, )(EG0) — b, "N (<l Budx + R, (37
Cy = [ (= ) (EGC) = b1, N (i B (3.8)

Linear and unscented approximations

In order to apply the Gaussian approximation to an additive transform (Box
to practical problems, we need to approximate the integrals of Eqgs. —.
There are many ways to do this that would be valid in principle. In practice,
there is a handful of methods that are usually applied to this problem, such as
linearization, the unscented transform, and Gauss—Hermite quadrature, among
others. We focus on linearization and the unscented transform, since our work
builds on these methods.

Linearization involves approximating the nonlinear function by its first-order

Taylor expansion around the mean. The linear approximation of an additive
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Figure 3.1: Visual illustration of the linear approximation of an additive trans-
form. The prior Gaussian distribution for x (blue) is propagated through a linear
approximation to yield a joint Gaussian approximation (brown) and the marginal
of y (green)

Algorithm 6 General Gaussian filter

Input: Initial mean p, covariance ¥, observations yy.r
fort=1to T do
// Prediction step

i = [ ) Moo |y B s (3.9
X, = / (f(thl) - Nt_) (f(Xt—l) - ut_)TN(xt,l | pby_q, 1) dxe—1 + Qi1
(3.10)
// Update step
b = [ RO N | i B0 g )

Yyt / (g(xt) - Ny,t) (g(xt) - Ny,t)TN(Xt |y, 3 ) dx, + Ry (3.12)

_ T _ _

Cuvr = [ b= 1) () = 1y) " Nl | i =) (3.13)
Kt — nyiz;i (314)
= py +Ki(ye — py ) (3.15)
=3 - KX, K/ (3.16)

end for
Output: Filtered means p,.p and covariances 3.1
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transform , Alg. 7.1] is given in Box . A visual illustration of the linear
approximation is given in Fig. When this approximation is used repeatedly
in each prediction and update step of the general Gaussian filter of Alg. [6] the
resulting algorithm is the extended Kalman filter (Alg. .

The unscented transform approximates Gaussian integrals by propagating a
set of sigma points through the nonlinear function and matching the resulting mo-
ments. This method provides robust approximations for moderate nonlinearities
without requiring Jacobians, which might not be available, or be ill-conditioned.
The unscented approximation of an additive transform Alg. 8.15] is given
in Box [3.3] When this approximation is used repeatedly in each prediction and
update step of the general Gaussian filter of Alg. [6] the resulting algorithm is the
unscented Kalman filter (Alg. [3).

Box 3.2: Linear approximation of an additive transform

The linear approximation of an additive transform is a general way of ap-

proximating the joint density of a pair of random variables x and y as in
Egs. (3.2)-(3.3)) by using a linear Taylor expansion of f around p.,

f(x) >~ f(py) + VE(py) (x — py) + 1. (3.17)

Substituting Eq. (3.17)) into Egs. (3.6])-(3.8)) we obtain the moments of the

linear Gaussian approximation:

py = f(py), (3.18)
¥, = V() E V()" + R, (3.19)
Cyy = Z, V()" (3.20)

A visual illustration of the linear approximation can be found in Fig.

Gaussian filter

The Gaussian moment matching approximation defined by Egs. (3.5))-(3.8) can
be applied to filtering at time ¢ as follows:

Prediction. Assuming that the filtering distribution is Gaussian at time ¢ — 1,

P(th1|}’1;tf1) = N<Xt|u’t—17 Zt—l)a (3-21)

the prediction Eq. (2.9)) is the computation of the x;—marginal of the joint distri-

bution p(x;_1,X;|y1.4—1). Since the x;_;—marginal is assumed to be Gaussian, and
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x; = f(x;_1) + q; we are in the scenario of Egs. —. Hence we can use Eq.

to approximate the joint p(x;_1,X;|y1+—1) by a moment-matched Gaussian.

The x;—marginal is also Gaussian and is given by p(x¢|y1.:-1) = N (X¢|pey , 2;)

where p, and 3, are given in Egs. — of Alg. @

Update. Similarly, the update Eq. is the computation of the x;—conditional
of p(x¢, y¢|y1.4-1). Since the x;—marginal computed in the prediction step is Gaus-

sian, and y, = g(x;)+r; we are again in the scenario of Eqs. —. Hence we

can again use Eq. to approximate the joint p(x, y¢|y1..—1) by the moment-

matched Gaussian. Finally, the conditional is given by p(x¢|y1.) = N (x¢|p;, 2¢)

where p, and X; are given in Egs. (3.15)-(3.16) of Alg. [6]

By recursively repeating the above steps we obtain the general Gaussian filter
algorithm given in Alg. [6] The formulation of the Gaussian filter algorithm in
this generic form enables the use of many numerical integration methods for the
computation of Egs. -, leading to a variety of Gaussian filters, such as
the EKF, UKF, quadrature and cubature Kalman filters among others.

3.2.3 Gaussian sum filters

One obvious limitation of Gaussian filters is their inability to express multimodal
densities. This can be mitigated by running multiple Gaussian filters in parallel,
and weigh them accordingly, to obtain a class of algorithms that is known as
Gaussian sum filters [SAT71b|. Any Gaussian filter can be used to construct the

corresponding GSF as follows.

Let {pm(X¢|y1.e-1)}—; and {pm(x¢|y1+)}o; denote the predicted and filtering

distributions respectively of the m!* Gaussian filter for m = 1,..., M. These are
P (%ely 1) = NGl ™, 57, (3:22)
P(Xily 1) = N (x| ™, 2™, (3.23)

where (p; "™, 57 and (u{™, 2™) are computed by the m!™ Gaussian filter.
Consider the filtering distribution of the GSF at time ¢ — 1,

M M
Pese(Xe1lyre-1) = D W pm (e lyi1) = 3wl IN (g™, S (3.24)
m=1

m=1

Substituting Eq. (3.24]) into the prediction Eq. (2.9) we obtain the predicted
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Box 3.3: Unscented approximation of an additive transform

Another way to approximate p(x,y) with a Gaussian uses the so-called
unscented transform (UT) . The UT deterministically chooses a
set of sigma-points that captures the first and second order moments of
the distribution of x. The sigma-points are then propagated through the
nonlinearity f, and the resulting points are used to reconstruct the joint
Gaussian Algorithm 8.15].

Formally, 2d, + 1 sigma-points are selected as follows,

o =p, (3.25)
o® =ptd,+ A3 i=1,....d, (3.26)
where {o®") fi_ 4, are the sigma points, Eil/ ? is the " column of the matrix

square-root of the covariance ¥ and \ = o?(d, + ) — d,, where o and & are
parameters that determine the spread of the sigma-points around the mean
[WVO01]|. The sigma-points are used to construct estimates of the moments

of (3.4) as follows:

de

g = ) wile), (3.27)
i=—dy
de
7= @(f(e?) - pug)(E(e?) — )" + R, (3.28)
= |
Cly = Y @i(e® — p)(f(e?) — pg)", (3.29)
where
A A
. . |
Wo = Ty Wo dz+)\+( o+ B), (3.30)
1
=@ = i =1, dd,, 31
AV (3.31)

and where [ is an additional parameter that can be used to incorporate
prior information on the distribution of x [WVO01]. Finally, we use the
estimates of Egs. (3.27)-(3.29)) to build the Gaussian approximation

f3) %N< (y) | (:) , (Ci ‘;) ) 5
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distribution of the GSF

M=

Pase (Xelyrey) = 3 w™ / (x| )N (x| ™), S Yy (3.33)

3
Il

w )N (x| ™, 27, (3.34)

2
WE

3
I

where in the second line we used the fact that each of the Gaussian filters

approximately satisfies the prediction Eq. (2.9)). Substituting this into the update

Eq. (2.10) we obtain

plyelx) S8 wMN <xtuf<m , 3, )

pGSF(Xt|y1:t) = RING i (3.35)
I pyelxe) SN wl™IN (xol ey ™ 2™ dx,
_ qu‘\rz/[ 1 w£m1p<}’t|xt) (Xt|N_(m aEt_(m)) (3 36)
S w™ [ p(yelx)N (xel ey ™ 2 ) dx
M
~ 3w N (x|, S (3.37)

m=1

where in the last line we used the fact that the Gaussian filters approximately
satisfy the update Eq. (2.10)),

W™ — wt( 1 (yt‘u’yt7 (yt))

;= —, (3.38)
Zn]\f 1w§ 1 (Yt|.uyt> (t))

and {(uy ™. DI m) I, are computed by the m!* Gaussian filter.

Gaussian sum filters provide an expressive way for representing filtering dis-
tributions since any density can be expressed as a Gaussian mixture with a large
enough number of components [AS72b|. Their main drawback is that the com-
putational cost increases significantly with the number of components. Particle
filters described below offer an alternative way of representing multimodal densi-

ties at a much lower cost.

3.3 Augmentation-based approximations

In this section, we present a novel augmented Gaussian approzimation which gen-
eralizes the Gaussian moment-matching approximations that were summarized in
Section [3.2.2] The proposed procedure is based on a well known identity which

is used to re-express a Gaussian density as a Gaussian mixture with multiple
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components. Mirroring Sections [2.4.2 we derive the augmented linear and
unscented approximations. In Section [3.4] we apply the augmented Gaussian ap-

prozimation to filtering and derive the class of augmented Gaussian sum filters.

3.3.1 Augmentation of a Gaussian integral

The augmentation is based on the Gaussian integral identity,
N (x| py, X)) = /N(X|I‘z + ¢, AN (z|p,, X,)dz, (3.39)

where x € R% and z € R%. On the left hand side of Eq. we have a
Gaussian PDF with known mean u, and covariance 3. On the right we have
an integral over a latent variable z. The integral is interpreted as a mixture of
kernels V' (x|T'z+c, A) with weights N (z|p,, 3,). Therefore Eq.(3.39) represents
the expression of a known Gaussian density as a dense Gaussian mixture. For
Eq. to hold, the following relations need to be satisfied by the parameters
c,p,, '3, A

pe=Tp, +c, (3.40)
2, =T%,17 + A, (3.41)
A-03,>0. (3.42)

Note that Eqs. (3.40)-(3.42) are under-determined and therefore have multiple
solutions. This can be easily seen by the decomposition of Eq. (3.41]) which is not
unique and the fact that for any choice of I and w,, Eq. (3.40) can be satisfied

by selecting ¢ = p, — I'pp,,. For simplicity we make the choices

d, = d,, (3.43)
c=0, (3.44)
By = P (3.45)
r=1I (3.46)
3, = 5 — A (3.47)

With these choices, the only free parameter left to choose is the covariance matrix

A, which must satisfy 3y = A > 0. The augmentation procedure for the choice

of Egs. (3.43)-(3.47) is summarized in Box [3.4]
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Box 3.4: Gaussian augmentation

Given a Gaussian density of a random variable x € R% with known mean

U, and covariance Xy, the augmentation of x is the introduction of a new

random variable z via the equation
Nl B = [ Nxlz, AN (lag, B = A)da, (349

where z € R% and A is a free parameter such that 3, = A > 0. The
marginal of the augmentation variable is p(z) = N (z|p,, Xx — A) and the
conditional, p(x|z) = N (x|z, A), referred to as the kernel of the augmen-
tation. The covariance matrix A is a parameter of the augmentation that
is set by the user. By sampling the augmentation variable we obtain a

re-approximation of the original Gaussian by a mixture of the kernels

N
1
N<X|l'l’x7 N Z X|Zn7 7 (349>

centered at z, ~ N (p,, Xx — A) forn=1,... N.

Interpolation property of the Gaussian augmentation. The augmentation
that was introduced in Box has an important interpolation property. To
explain this property we consider the transformation in the space of probability
density functions P(R%), defined by

TNl Bx); A) = %ZN(-|ZTL, A). (3.50)

This transformation is equivalent to the approximation of Eq. (3.49) since the
right hand side of this equation is equal to T (N (x|py, Xx); A). Moreover, it is
easy to verify that as a function of the augmentation covariance A, the transfor-

mation T has the following limiting behaviors:

N
TN (e, S): A) - %;5,("(-) as A 0, (3.51)
TN (e, B); A) = N (g, Bi) as A — By, (3.52)

where x,, ~ N (., Xx). In words, as A shrinks to 0, the transformation of the

original Gaussian tends to a particle approximation whereas when A tends to
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3, the transformation tends to the identity. Thus the transformation we have
defined interpolates between a particle approximation and the identity. This

interpolation property also extends to approximations of Gaussian integrals.

Given a Gaussian integral

() N (. = / SN (x|, ), (3.53)

we consider the following approximation

TIG(); N (1t D] ~ ZId(); TN (1t Br): A)] (3.54)
1 N

=~ nzl d(X)N (x|z,, A)dx (3.55)

= & S T$(x): Nz, A (3.56)

This approximation can be expressed as a transformation

T(Z[P(x); N (-t B)]; A)) = Z[p(x); TN (-], Toc); A)], (3.57)

which as a function of the covariance A has the following limiting behaviors:

TG0 N (it )l A) = 1 3 dlox) as A =0, (3.58)

T(Z[Px); N (|1 ) s A)) = Z[P(x); N (- |t ) a8 A = e (3.59)

Therefore the integral transformation interpolates between a Monte Carlo ap-

proximation and the original integral.

3.3.2 Augmented Gaussian moment-matching

We combine the augmentation of the previous section with Gaussian moment-

matching to obtain the augmented Gaussian moment-matching approzimation of

a pair (x,y) as defined in Egs. (3.2)-(3.3]). Substituting Eq. (3.49) into Eq. (3.4))
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for the joint of (x,y) we obtain

p(x,y) = N(ylf(x), R)N (X|l'l'x7 ) (3.60)
~ N(yl|f(x ZN X|Zp, A (3.61)
_ % SN (y[E(0, RV (x]7,, A) (3.62)

1 < X Zn, A Cyyn
S0 (e 5)) o

where z, ~ N (py, x — A), and

y,, = /f(x)N(x|zn,A)dx, (3.64)
SYyn = /(f(x) — py)(F(x) — [l,y>TN(X|Zn, A)dx + R, (3.65)
Cxyn = /(X — z,)(F(x) — py) N (x|z,,, A)dx. (3.66)

In Eq. , we use the mixture approximation of Eq. , whereas in
Eq. we use for each mixture component of Eq. the Gaussian mo-
ment matching of an additive transform given in Box To generalize to a
non-additive transform we use [SS23| Algorithm 8.2| instead. The augmented

Gaussian moment-matching approximation is summarized in Box [3.5]

Box 3.5: Augmented Gaussian moment-matching

The augmented Gaussian moment-matching approximation of the joint
density of a pair of random variables (x,y) defined in Eqgs. (3.2))-(3.3)),
is given by

Pacan(X,Y) ZN ( ( ) ‘ (u ) (c? %‘““) ) (3.67)

where z,, ~ N (g, Xx — A) and Ky s Xy ns Cxyn, given in Eqgs. (3.64)-
(3.60).
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N(y’“y,rm Ey,n)

N (x| o 2k

N(x|zp, A)

Figure 3.2: Visual illustration for the augmented linear approximation. The prior
Gaussian (blue), is split into Gaussian components (magenta) which are used for
the joint approximation (brown) and the approximation of the marginal of y
(green).
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Augmented linear approximation

By applying the linear approrimation of an additive transform to approximate

the moments in Eqgs. (3.64)-(3.66)), we obtain

Py = E(20). (3.68)
EY,n = vf(zn)AVf(Zn)T +R, (369)
Cuyn = AVE(z,)", (3.70)

where Vf denotes the Jacobian of f. An illustration of the joint approximation
coming from the augmented linear approximation is shown in Fig. [3.2] Using the
non-additive version of the linear approximation [SS23, Algorithm 7.2|, we can

generalize the augmented linear approximation to non-additive models.

Augmented unscented approximation

Similarly, we can use the unscented approximation to approximate the Egs.

(3.64)-(3.66). In this way, we obtain

dy
= S whe), (3.71)
E;,n = Z a}z(f(o-nZ)) - u;,n)(f<0-s)> - l"l’;,n)T + Qv (372>
1=—dy
da . 4
C;'cy,n = Z (’DZ(US) - Zn)(f(a-nl)) - I"l’;,n>T7 (37?))
i=—dy

where {o'g) da 4, denote the sigma-points used to reconstruct N (z,, A). Using

the non-additive version of the unscented approximation [SS23, Algorithm 8.15],

we can generalize the augmented linear approximation to non-additive models.

3.3.3 Automatic selection of A

In this section, we motivate a procedure for determining the augmentation co-
variance A automatically via a semidefinite program. Our aim is to exploit the
interpolation property that was described in Sec. [3.3.2] We derive the program in
the context of the augmented linear approximation (Section , which allows

tractable analytical computations.
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The augmented linear estimator of the mean of variable y is given by

A, = %Zf(zn), (3.74)

where z, ~ N (py, Xx — A). The following theorem expresses the MSE of the
estimator in Eq. as a function of the covariance parameters 3, and A, the
number of Monte-Carlo samples N, the Jacobian, and the Hessian of the non-
linearity f. It will be exploited later to determine the augmentation covariances

automatically.

Theorem 3.1. Let f : R% — R% be twice continuously differentiable. Then the
MSE of the estimator i, defined in Eq. (3.74)) is given by

MSE(fiy) =~ %Tr ((Bx = A)VE(p) " VE(p))
0 (3.75)
Z Tr (AVf;(py)?),

i=1

+

> =

by ignoring terms of higher order in A.

Proof. Given in the [Appendix for Chapter 3| n

The mean squared error (MSE) of the estimator is given by two terms, the first
term of Eq. corresponds to the error due to Monte Carlo sampling (vari-
ance), and the second term to the error due to the linearization (bias). Thus A
can be seen as a tuning parameter which controls the trade-off between the two
sources of error. This is apparent in the two limiting cases: for A — 0 there
is pure Monte Carlo sampling (no linearization) and for A — X there is pure
linearization (no sampling).

Theorem [3.1] suggests a way for choosing A by minimizing the right-hand side
of Eq. . This leads to the semi-definite program

mAin U(A; 7, thy, i, ), (3.76)

st. A>0, T, — A >0,

where

V(A e B £) = 2T (B — A)VE(,) " VE ()

L ) (3.77)
+7 z; Tr (AV2£ (1))
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The parameter 7 is introduced to give the user control over the relative importance
of the two terms. By controlling v the user influences the behaviour of the
estimator in Eq. towards that of a Monte-Carlo or a linear estimator. We
have included an ablation study of v in the supplementary material of this paper.

For affine functions f, the second term tends to zero and the minimizer of Eq.
will be A = 3, leading to a purely linear approximation of the mean.
On the other hand, when the first term of Eq. vanishes, the program will
select a zero covariance, corresponding to a pure Monte Carlo approximation. In
general, when both terms of Eq. are active, the optimal covariance will
balance linearization and Monte Carlo error to minimize the objective. There
are many optimization algorithms that can be used to solve Eq. , such as
projected gradient descent or interior point methods [Ber97|. These algorithms
however introduce additional computational complexity to the filtering algorithm,
which solves Eq. at every iteration.

In this work we consider cases where the degree of nonlinearity of the function
f is comparable in all directions of the state space. In such cases, it is not necessary
to solve the full optimization problem, and we use Eq. to define a simpler
problem that has an analytical solution, thus reducing the complexity of the
algorithm. We arrive at the simpler problem by assuming that the augmentation
covariance is proportional to the original covariance as shown in the following

theorem.

Theorem 3.2. The program of Eq. (3.76), when A is constrained to be propor-

tional to the covariance A = p3y, is solved by,

. 2_7Tr (Efo(/J,X)TVf(/J,x))
N S Te (34 V2i ()

(3.78)

Proof. Substituting A = p3 into Eq. (3.77) we obtain the objective for p:

W(p) = (1= p) Tr (ZuVE(y) V(1)
1 dy , (3.79)
+ 077 DT (S Vi)
i=1
which is a quadratic function of p. Setting V' (p) = 0 and solving for p it is
straightforward to obtain the desired expression. Noting that the constraints of
the optimization problem are translated to 0 < p < 1, we obtain Eq.
(13.78)). [

In the context of our filtering framework presented in the next section we use Eq.
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to derive a novel adaptive filtering algorithm. Note that Theorems and
have not been proved for the case of the unscented estimator because of the
intractability of the bias. In our experiments with the unscented AGSF we use
Eq. and demonstrate its empirical success.

Finally, it is of interest to solve Eq. for the complete augmentation
covariances when the function f is highly nonlinear in some, but not all direc-
tions of the state space. In such scenarios, it becomes favorable to split the
Gaussian components along the directions of high nonlinearity. This results in
covariance matrices A which are shortened in the directions of high nonlinearity

and elongated in the directions of low nonlinearity.

3.4 Augmented Gaussian Sum Filters

We now derive a novel class of filtering algorithms, called augmented Gaussian
sum filters, by leveraging the augmented Gaussian approximations presented in
Section [3.3.2] Our framework uses the approximation at each time step in the
prediction and update steps of the filtering procedure. We note that all algorithms
presented in this section are derived for additive models for notational simplicity
and can be generalized to non-additive models straightforwardly.

In Section [3.4.1) we start by presenting a generic version of the algorithm,
which uses the generic augmented Gaussian approzimation of Section [3.3.1 We
then particularize using the augmented linear and unscented approximations, and
derive the linear-AGSF (L-AGSF) and unscented-AGSF (U-AGSF) algorithms
respectively. In Section [3.4.2] we prove that the novel AGSF algorithm inter-
polates between the well known Gaussian sum filter and bootstrap particle filter,
which are special cases of the novel algorithm. Finally, in Section [3.4.3] we discuss
strategies for selecting the parameters of the AGSF algorithm.

3.4.1 Framework description
Generic AGSF

The new filter is summarized in Alg. [7|in its basic form. The prior is initialized
as a mixture of M Gaussians and iterates over prediction and update steps,
whose derivations are given below. We assume that the augmentation covariance
matrices {AD M | and {A®) %,i\f:ﬁ are parameters of the algorithm set by the

user at run time.

Also note that at each step, the number of components of the original mixture
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grows. To ensure that our algorithm will run on fixed memory and cost, we do
a resampling step at the end of the update step (although other mechanisms are

also possible).
Prediction: Here we derive the predictive density of our filter. We assume that

the filtering distribution at time ¢ — 1 is given by the following Gaussian mixture

of M components
M
p(Xe1|yre-1) =~ Z wt([”f/\f(xt,lluﬁi”l), Eﬂ) (3.80)
m=1

Substituting into Eq. (2.9), we obtain for the predictive distribution of x;,

M
pxelyie1) = > w" pm(xily1a-1), (3.81)
m=1
where
Pon(Xel Y1) = / N (x| f(xe-1), QN (x1 |pa™), S dx 1. (3.82)

This is the marginal PDF of x; with the joint PDF being

Pt Xa|y1-1) = N (£ (x0-1), QN (3o | ™), ™). (3.83)

We will approximate the joint p,,(x;_1,X¢|y1..—1) by a Gaussian mixture using
the augmented Gaussian moment-matching approzimation of Section [3.3.2l We
will use the resulting marginal approximation for p,, (x;|y1.;—1) which will also be
given as a Gaussian mixture. Using Egs. —, we obtain for the joint,

N,
1 m
pm(Xt71;Xt|Y1:t71) =~ N_ ZNmn(Xt—hXt),
M n=1

where,
. n AV c;,
Nmn(xt—hxt) - N o Z, ) T _m'fl ) (384>
Xt p’t,mn C7_rm z:L‘m”m
and py ., 3y, are given in Egs. (3.91)-(3.92), and
Crn = Z[(Xe1 = Zinn) (E(Xe-1) = Bin) " Zmns AT (3.85)
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#components: > Nm > onm Lmn
split predict split update

m, Nm, m,n, Lmn

Figure 3.3: Splitting, prediction and update steps for a component of the AGSF.

The marginal approximation is given by

Pm (thylt 1 ZN Xt|l"’tmn7 tmn) (386)

Hence from Eq. (3.81)) we obtain the predictive distribution given in Eq. (3.90)).

Update: Here we show how the filtering PDF in Eq. (3.93) is obtained. Using the
update equation, Eq. (2.10]), with the prior given by Eq. (3.90), we approximate

the posterior of x; as

M Np

P(xe|y) o Z Zwmn (yelg(xe), R)N (X i s Zitnm)- (3.87)

m=1 n=1

As in the prediction step, we use the augmentation, to approximate the joint

pmn(Xt7 yt‘y1:t—1) - N(yt|g(xt)7 R>N<Xt‘l~’l’;mn7 E;mn)
by a Gaussian sum. Using Eq. (3.63]) we obtain
Lm’n

ZNnml<XtuYt>7 (388)

=1

1
Lmn

pmn(xt7 Yt|}’1:t—1) x~

~
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n AY Con
Nomeloe,ye) =N (T 5o S ) (3.89)
Y IJ’y,ng Cmné S)’J”WZ

and Ky mne Sy,mné and Cmnf are given in EqS. "" :
Combining Egs. (3.87)-(3.88) and applying Eq. (3.151) from the [Appendi
for Chapter 3|, we obtain Eq. (3.93) for the posterior of x;.

Resampling: During the prediction and update steps of our algorithm, the

where,

number of Gaussian components is increased. We start with M components
before the prediction step to obtain ), N, before and ), L,,, after the update
step, respectively. To ensure that our algorithm runs on a constant memory
budget, we perform resampling at the end of the update step to reduce the number
of components to M although other mechanisms could be performed, such as
Gaussian mixture reduction [SH09; Cro+11al. An iteration of the generic AGSF

algorithm for one of the mixture components is graphically illustrated in Fig. |3.3

Linear AGSF

The generic algorithm presented in Sec. [3.4.1] can not be used in practice since
the expectations of Egs. (3.91)-(3.92)) and (3.97)-(3.99) need to be approximated
using some numerical scheme. We derive the linear-AGSF (L-AGSF) algorithm by

using the linear Taylor approximation of the nonlinearities f and g for Eqs.(3.91))-

(3.92) and (3.97)-(3.99)). In this way, we obtain Eqgs. (3.102)-(3.103]) and (3.105])-
(3.107). The L-AGSF algorithm is summarized in Alg. .

Unscented AGSF

We approximate the expectations in Eqs. (3.91))-(3.92) and (3.97))-(3.99) using

the unscented approximation that we introduced in Sec. [3.3.2] For brevity, we
omit the detailed version of the unscented AGSF, which however features in the

numerical experiments in Section [3.5]
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Algorithm 7 Augmented Gaussian sum filter
1: Parameters: N,,, A,(ﬁ% and L,,,, Aﬁ,?n form=1,...,.Mn=1,...,N,,
andt=1,...,T

2: Initialization: {w{™, p{™, S{™M_
3 fort=1,...,T:
4: Prediction:
M Np
POalyre1) = D Y wnnN (el s Zinn) (3.90)
m=1 n=1
where
l“l’t_mn = Z[f(xt—l);zmn]a (391)
2;mn = I[(f(xtfl) - p’;mn)(f(xtfl) - p’;mn)T’ Zmn] + Q7 (392)

where Zp, ~ N (z|p!™), =™ - ADY and w, = 0™ /Ny, forn =1,..., Ny
m=1,..., M.

5. Update:
M N Lmn
th’l it Z Z Z wmnlN(Xt’,U'nga Emnf)a (3'93)
m=1n=1 /(=1
where
Wmnl X (wmn/Lmn>N(yt|l’l’y,mn£7 Sy,mnﬁ); (394)
Hopne = Smnt + Gmn@(yt - My,mnf)a (395)
Emn@ == Ag)n - GmnESy,mnfGﬁnéa (396)
with,
l’l‘y,mnf = I[g(xt) Smnt; As;)n], (397)

Sy,mnf = I[(g(xt) - “y,mné)(g(xt) - l’l’y,ng)T; Smnt, A1(7t1)n] + R? (398)

and,
Cmnf - I[(Xt - Smn£)<g(xt) - l'l'y,mnﬁ)T; Smnt, Airtl)n]v (399)

Gmn@ = CngSy mnd? (3100)

where Syne ~ N (S| mm> Dy mn — ADYform=1,...,M,n=1,...,N,, and
C=1,..., Lyn.

48: Resampling: For m’ = 1,..., M, sample a triplet (mnf) with probability
Wyne and set

Set w™ =1/M.
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Algorithm 8 Linear AGSF
1: Parameters: N,,, Ag,?, and L,,,, A&Z)n form=1...,.Mn=1,...,N,
andt=1,...,T
2. Initialization: {w(™, pi™ niMIM_
3 fort=1,...,T:
4: Prediction:

M Np,
p(xelyrie-1) Zzwmn (e[ 1 s ot ) (3.101)
m=1 n=1
where
P gin = £(Zmn), (3.102)
Sn = VE(Zin) ADVE(2,,)" + Q, (3.103)

for z,, ~ N(z |u£m1,2(m) - Aﬁ?),wmn = wt(:nl)/Nm, n=1...,Nn m=
1,.... M.

5: Update:
M Np Ln
th’l it Z Z Z wmnlN Xt|lJ’mn€7 mnﬁ) (3104)
m=1n=1 {=
where
Wnt X (wmn/Lmn)N<Yt‘Ny,mneu Sy,mnf);
Homne = Smnt + Gmné(}’t - l'l'y mn€)7
St = AL, — GruneSy mntG e,
with
Hoy mne = 8(Smne), (3.105)
Sy,mnﬁ = Vg(sng)A(t) vg(sng)T + R; (3106)
Gmné = Agl)an(Smné) Sy 1mn£’ (3107)

where 8ne ~ N (S| 8gmm> Dy mn — ADYform=1,...,M,n=1,...,N,, and
C=1,..., L.

6: Resampling: For m' = 1,..., M, sample a triplet (mnf) with probability
Wyne and set

1™ = e s S = S (3.108)

Set w™ =1/M. 49




CHAPTER 3. AUGMENTED GAUSSIAN SUM FILTERS

3.4.2 The AGSF unifies GSF and BPF

The AGSF has the bootstrap particle filter and the Gaussian sum fitler as special

cases. This is proved in the theorem that follows.
Theorem 3.3. The AGSF unifies the GSF and BPF in the following way:

(i) When at every timestep, the choices Ny, = 1, Ly, = 1, and Al 0,
A,(fl)n — 0 are made form=1,..., M, then Alg. E] 1s tdentical to the BPF

for an additive state-space model.

1) When at every timestep, the choices Al = E(T), AYD =%~ gre made
t—1 mn

t,mn

for all m,n, then the prediction and update steps of Alg. [7 are identical to
those of a GSF for an additive state-space model.

Proof. Given in the [Appendix for Chapter 3| O

Theorem shows that the BPF and the GSF algorithms emerge as special
cases in the AGSF framework for particular settings of the covariance parameters.
The behaviour of the AGSF for intermediate settings of the parameters is an
interpolation between the BPF and the GSF which is determined by the choice
of the augmentation covariances, is discussed in the next section. Finally, we
note that if in the definition of the augmented estimator of Eq. (3.49), instead
of vanilla Monte-Carlo we use importance sampling [EM21| with some proposal
of our choice, the resulting AGSF algorithm will be an interpolation between a
GSF and a particle filter which uses this particular proposal, this however is not

proved in this paper.

3.4.3 Strategies for setting the parameters of AGSF

The choice of the augmentation covariances plays an important role in the perfor-
mance of the AGSF algorithms Algs. [7]and[8] These covariances have to be set at
every time step of the AGSF algorithms and they have to satisfy the constraints

Al =0, 2" - Al =0, (3.109)
AY =0, 37, - AL, =0, (3.110)

form=1,..., M,n=1,...,Nyand t=1,...,T.
Moreover, the choices of AY) and AY) " at time step ¢ will determine whether

the prediction and update steps, respectively, of the AGSF will resemble that of
the BPF or the GSF, or if the AGSF operates in a novel, in between setting.
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When AY) ~ 0 and AY ~ 0 the behaviour will be more like that of a BPF,
whereas when A ~ 2™ and A®) ~ X, . more like that of a GSF. When Al
and A" are chosen in some intermediate values, i.e., not close to 0 or z:f[_”{ and

-

t,mn

Hence it is reasonable to adopt the following heuristic. At time step t:

respectively, then the behaviour of the AGSF will be in between the two.

1. if the function £ is highly nonlinear we choose AY close to 0. Iff is almost

linear we choose Al close to EY_’?, otherwise choose an intermediate ALY,

2. if the function g is highly nonlinear we choose Aq(fl)n close to 0. If g is almost

; ; - (t)
t.mn> Otherwise choose an intermediate A, .

linear we choose A,(ﬁb)n close to X

Note that this intuition behind the heuristic is captured in the optimization prob-
lem of Eq. (3.76)), where the quantification of the nonlinearity of f and g is done
through the Hessian.

In our experiments, we use two different strategies to choose the covariances:

e Proportional: A,(fl) = plZﬂ for some 0 < p; < 1 and A® po2, . for

mn t,mn

some 0 < py < 1.

o Automatic: We use the optimization problem in Eq. (3.76|) or the approxi-
mate version of Eq. (3.78) to set the covariances automatically.

In both strategies the constraints in Egs. (3.109)-(3.110) are satisfied. The two
strategies can be used in any combination for choosing ALY and Affl)n For example
we may at each time-step choose Al proportionally, i.e., Al = pEET{, while

choosing AS?,L automatically, using the optimization problem.

3.5 Numerical Experiments

In this section, we present experimental results involving the novel AGSF algo-
rithms as well as the classical GSF, BPF, and APF algorithms. In Experiment A,
we compare the performance of the various algorithms for a classical maneuvering
target tracking application. In Experiment B, we present an ablation study for
the proportionality parameters p; and ps, highlighting how the performance of
the AGSF algorithm varies, and how it interpolates between the GSF and BPF
for particular choices of p; and p,. Finally, in Experiment C, we evaluate the
performance of an adaptive AGSF algorithm which selects the augmentation co-
variances automatically by exploiting Eq. . All algorithms are implemented
in JAX |Bra+18| and the experiments are run on an Apple M2 Pro CPU.
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CHAPTER 3. AUGMENTED GAUSSIAN SUM FILTERS

Experiment A: Maneuvering target tracking

In this section, we consider a classical example from the signal processing litera-
ture, namely that of the tracking a maneuvering target. We consider the problem
of tracking an object in 2D, given measurements of its bearing with respect to
the sensor and range , i.e. its distance from the sensor. We describe this with

the following state-space model,

Xt = tht,1 + th, (3111)

2 2
+
y, = ( VAT T o ) T, (3.112)

tan™t (wor/714)

where x; = (x4, V1y, Tor, Vo) 18 the 4-dimensional state vector, (xy;, o) is the
position vector of the object and (vy4, vo;) the velocity vector.
The motion of the maneuvering object is allowed to switch between the

constant-velocity (CV) and constant-turn (CT) modes, described by the matrices,

1 dt 0
0 0
Fev = : 3.113
1o 01 a (3.113)
0 0 1
and
sin(Q"dt) 1—cos(Qf dt)
0 cos(Qfdt) 0 —sin(Qfdt)
cr t t
Fi - 1—cos(QiF dt) sin(QF dt) ) (3114)
0 Tt 1 Q:
0 sin(Qfdt) 0  cos(QFdt)
where,
Of = +—— (3.115)

VAT Ugt’
dt = 1.0,. In experiments A.1 and A.2 we choose a = 0.5 and a = 0.05 respec-
tively. The dynamics of the target are defined by the matrix,

FOT, t<2T/5
F, = Fovy, 2T/5 <t< 3T/5 ) (3.116)
FCT, 3T/5<t<T

which describes an object doing a clockwise circular motion, followed by a con-
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L-GSF L-AGSF BPF

Figure 3.4: Comparison of the estimated trajectories between L-GSF, L-AGSF,
and BPF for the same example run of Experiment A.2. The actual object tra-
jectory is shown in red.

stant velocity motion, followed by an anti-clockwise circular motion.

The dynamical noise vector q; is 2-dimensional with covariance matrix Q =
10~°T,. Finally,

05 1
1 0
G= : (3.117)
0 0.5
1

and R = 0%I,, where o2 takes values in {25 x 107125 x 103,25 x 107¢}. All
model parameters and switching behaviours are known by all filters.

We compare the estimation performance for the various algorithms. To mea-
sure estimation performance we use two metrics, the mean-squared error (MSE),
and the log-probability error (LPE), both averaged across time that are defined

below.

T
1 ~(a
MSE(alg) = 7 > [[(xe = %52 (3.118)
t=1
1 T
LPE(alg) = 7 > —log fug(xi[y14-1) (3.119)
t=1

where alg € {L-GSF, U-GSF, L-AGSF, U-AGSF, BPF, APF}, Dag(x¢|y1:1—1) is
the filtered posterior estimate of the algorithm and X; the mean estimate. The
MSE measures the accuracy of the point estimate (here, the posterior mean),
i.e. how close ﬁgilg) is to the true latent state x;; on average across time. In
contrast, the LPE allows us to assess the quality of the entire filtered distribution
Dalg(X¢ | ¥1:-1), by penalizing algorithms that assign low probability density
to the realised (true) state; this captures both miscalibration and over/under-

confidence, not just errors in the mean.
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In each experiment, we consider three different settings for each algorithm,
varying the number of components or particles used. For each algorithm setting
we do Ny, = 100 simulations of the state-space model in Egs. (3.111])-(3.112) for
T = 500 timesteps. In both experiments (A.1 and A.2), augmentation covariances
for the prediction and update steps are chosen to be proportional to the filter
covariance with p; = ps = 0.9. We report the error metrics for Experiments
A.1 and A.2 in Tables and respectively. In several runs of the L-GSF
algorithm, the filters diverged producing NAN outputs. When this happened we
have included in parentheses the percentage of successful (non-divergent) runs.

Our results show that the AGSF is the most robust method across scenarios
compared to PFs and GSFs. One the one hand, PFs often exhibit extreme particle
degeneracy (even with resampling), which leads to an overconfident posterior
estimate often localized far from the true state. On the other hand GSFs show
an opposite tendency: large component covariances assign non-vanishing weights
to small likelihood components, leading to very diffuse posteriors. The AGSF
balances these two extreme behaviors in an efficient way, using the augmentation
covariances to avoid degeneracy on the one hand, while limiting overall posterior
spread on the other. These behaviors are illustrated in the example of Fig. [3.4]

These claims are supported by our experimental results shown in Tables 3.2
and Across all scenarios the PFs exhibit degeneracy leading to overconfident
estimates, but the frequency and severity depend strongly on both the observation
noise and the particle number. In the higher- and moderate-noise settings (0% =
25 - 107! and 0% = 25 - 1073), this occurs for particle counts up to M = 10%,
and its probability decreases as M increases. In the small-noise regime (02 =
25 - 1079), however, degeneracy remains present even at M = 10° with non-
vanishing probability. This is due to the form of the weights of the BPF and
APF, which are proportional to the observation distribution p(y;|x;). When
the observation noise is very small, this is a very narrow Gaussian, and thus
it assigns non-vanishing weights to particles that are closest to the observation-
consistent manifold, while assigning essentially zero weight to the vast majority
of particles. As a result, after normalization and resampling, only a tiny subset
of particles survives, the effective sample size collapses, and the filter becomes
prone to locking onto an incorrect, overconfident mode if the proposed particles
happen to lie away from the true state. For the GSF family, there is an opposite
tendency: due to large component covariances non-negligible weights are assigned
to components with low likelihood; effectively, only a small subset of samples
meaningfully contributes to the posterior estimate at each step. This produces

very broad posterior estimates which often diverge.
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The AGSF variants sit between these two extremes in a way that bolster their
interpretation as an interpolation between PFs and GSFs. In regimes where PFs
require massive budgets to be accurate, AGSF attains much smaller LPE at mod-
est mixture sizes while keeping MSE in a reasonable range; and in the low-noise
settings where PFs collapse catastrophically, AGSF remains stable and continues
to assign high probability to the realised state, without becoming as diffuse as the
GSF. Overall, the results support the claim that AGSF interpolates between the
PF’s overly concentrated and the GSF’s overly diffuse behavior, producing poste-
rior estimates that are better balanced and more protected towards catastrophic

failure.

Experiment B: Ablation Study

In this section, we perform a systematic evaluation of the proportional AGSF

algorithms in terms of the parameters p; and p;. We use the state-space model,

Xy = @Xt,1 + q¢, (3120)

Y = utVtrt + (1 - Ut)(HXt + I't) (3121)
where,

V, = Bdiag(eXt1/7, ... eXtdal?), (3.122)

and u; € [0, 1] is a known input parameter that allows the model to switch from
a linear-Gaussian (LG) model for u; = 0, to a multivariate stochastic volatility
(MSV) model for u; = 1 [COA09|. We use the parameter values, ® = 0.81, H =1,
f=0.50c=4.0,Q=10I and R = 3 x 107?I. The observation noise vector has
mean ro = 10~*1 proportional to the all-ones vector. We set the dimensionality
of the system to d, = d, = 4 and use the inputs u;, = sin*(0.1¢). This defines
a switching behaviour that periodically shifts from LG to MSV model. For each

pair of parameters (p1, p2) in,
{0.05,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8, 0.9,0.95}2, (3.123)

we simulate the state space model for T" = 200 timesteps and run the L-AGSF
and U-AGSF algorithms with M = 10, N = 5, L = 5 for Ny, = 100 repetitions.
We report our results in the heatmaps of Fig. [3.5] To obtain each of the squares
in the 11 x 11 grids we compute the MSE, defined in Eq. , for the L-AGSF
(top) and U-AGSF (bottom) algorithms.

Moreover, we have included error values for the GSF and the BPF, as well as
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Table 3.1: Experiment B. MSE and runtime for some settings of the GSF,
BPF, and AGSF algorithms. The AGSF is run with M = 10,N = 5,L =5

components.

PARAMETERS MSE time(s)
B M=1 89.001 + 35.888(100%) 0.25 + 0.02
S M=10 66.884 + 15.829(100%) 0.32 £ 0.05
= M = 1000 66.884 + 15.829(100%)  0.60 =+ 0.05
B M=1 89.074 £+ 35.886(100%) 0.70 +1.10
S M=10 69.173 + 17.106(100%) 1.75+7.12
= M = 1000 73.668 £ 28.392(100%) 2.34 £0.10
B p1=09,p=04 6.582 +0.145(100%) 1.02+0.07
S 1 =095, =095 19.632+6.624(100%) 1.03+0.08
4 p1=0.05,p, =0.05 17.258 £ 1.587(100%) 1.02+0.09
B o0 =09,p,=04 6.582 4+ 0.141(100%)  1.30 +£0.07
Eg p1 =0.95p, =0.95 19.633 £6.621(100%) 1.35+0.11
S pr=0.05,p, =005 17.321 +2.587(100%) 1.28 +0.13
w, M =10 126.556 + 2.889(100%) 0.46 £+ 0.04
= M = 1000 58.781 £ 5.428(100%) 0.64 +0.04

M = 100000 9.184 + 1.438(100%)  6.56 +0.12

some runs of the AGSF algorithm in Table 3.1} We report the best value run of
the L-AGSF and U-AGSF algorithms which occurs for (p; = 0.9,p, = 0.4), as
well as the corner cases (p; = 0.95, po = 0.95) and (p; = 0.05, po = 0.05) which
correspond to L-GSF/U-GSF and BPF, respectively. We have included tables
with the MSE values that correspond to Fig. in the supplementary material.

Theorem suggests that the performance of the AGSF algorithms should
coincide with the GSF (with M = 10) when p; — 1 and ps — 1, and with the
BPF (with M = 10) when p; — 0 and p — 0. This is confirmed nicely in top
right corner of the plot, which corresponds to the case p; ~ 1 and p, ~ 1. It is
also confirmed in the bottom left corner corresponding to p; >~ 0 and py ~ (ﬂ
Moreover, we see that for p; = 0.05,0.1 the high error persists for all values of py.
Finally, we note that for a large range of parameter values, the AGSF algorithms
have a smaller MSE than both GSF and BPF algorithms.

2In the implementation of our algorithm, we set p; and py close to 0 and 1 instead of using
the exact values to avoid value errors due to covariance matrices.
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Experiment C: Adaptive AGSF

In this section, we present the adaptive version of the AGSF and evaluate its
performance against other algorithms. We show that by using Eq. the
adaptive AGSF algorithm is able to change its behaviour in real time to locally
match the performance of a GSF or a BPF. This allows the adaptive AGSF to
achieve better performance than the GSF and BPF in linear and nonlinear modes,

respectively.

We evaluate the algorithms in the state-space model defined by Egs. (3.120)-
(3.122]), which uses an input parameter u; € [0, 1] to switch from a linear-Gaussian
model to a multivariate stochastic volatility model. We evaluate the algorithms

for two different switching behaviours, which we call Experiment C.1 and Exper-
iment C.2, defined by

wY = (1 —sin(0.21))/2, (3.124)

= (
WP =1t > T/2), (3.125)

respectively. In both experiments we use d, = d, = 10 for the state and ob-
servation dimensions, and use R = 0.1I for the observation noise covariance. In
Experiment C.1, we gradually move from a LG to a MSV model in a periodic
fashion and run the model for T} = 140 timesteps. In Experiment C.2, we run
the model for T, = 200 timesteps and have a discontinuous change from u; = 0
to u; = 1, with the change point at ¢ = 100. The AGSF algorithms are run with
proportional augmentation covariances in the the prediction step with p; = 0.9,
e, Al = 0.9E§T_”1) for all ¢. In the update step the augmentation covariances
are chosen proportional, with p, determined via Eq. with v = 1076

We report our results for Experiment C.1 and C.2 in Table 3.6, As can be
seen in the tables the AGSF algorithms outperform the GSF and BPF algorithm
in all cases. We also plot the error in time for the various algorithms in the top
left and right panels of Fig. [3.6] As seen from the figures, the AGSF algorithm
switches its behavior to match the best algorithm for the linear and nonlinear
models. In the bottom right and left panels of Fig. we plot the coefficient
po for Experiment C.1 and C.2 respectively. As we can see the coefficients are
close to one when the model is linear and drop to zero when the model becomes

nonlinear.

To the best of our knowledge this type of adaptive behaviour is novel and does
not exist elsewhere in the literature. This experiment is a proof-of-concept for

combining two filtering algorithms in this way, and the results are encouraging.
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We are excited about the potential applications that this approach can have in

multiple fields where Bayesian filtering is routinely used.

3.6 Conclusions

We have proposed the augmented Gaussian sum filter , a novel class of Bayesian
filters which unifies Gaussian sum filters and particle filters. The algorithm uti-
lizes a novel augmented Gaussian approximation which is based on introducing
a set of latent variables and associated covariance parameters. By tuning the
covariances we are able to interpolate between GSFs and PFs which are limiting
cases in the class. The AGSF is able to have the best of both worlds, optimally
exploiting the trade-off between bias and variance. This allows for the design of
a novel adaptive algorithm which behaves more like a GSF or a PF according
to the local nature of the nonlinearities. We note that for notational simplicity
all algorithms have been derived for an additive SSM with the generalization to
non-additive being straightforward. We have demonstrated experimentally the
performance advantages of the AGSF in a target-tracking application and for
state-space models possessing linear and strong nonlinear modes. In the future
we are very interested in applying the AGSF for model selection and change-
detection problems, as well as on datasets coming from realistic applications.
Moreover, there are multiple possible extensions to the AGSF framework that we
are considering. Among these are combination with more sophisticated impor-
tance sampling strategies, as well as adaptation of the number of particles in real

time, resulting in a more efficient version of the AGSF.
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Table 3.2: Experiment A.1. Comparison between the MSE and LPE for various settings of the L-GSF, U-GSF, and BPF with the
proposed L-AGSF and U-AGSF algorithms. We compare the error metrics for a = 0.5 and three observation noise values. Lower

values are better.

02 =25x10"" 02 =25x10"3 02 =25x10"6
PARAMETERS MSE LPE MSE LPE MSE LPE
m M= 1(EKF) 201.47 £62.68 3.07 x 10* £4.16 x 103 19.42 4+ 8.65 9.13 x 10% +£2.18 x 103 0.21 +0.15 9.42 x 10% +£6.17 x 103
& M =100 62.48 +13.46  972.78 £ 84.06 (50.0%) 69.19 £35.37  3.07 x 10% £ 2.56 x 10° (95.0%) 0.44 £ 0.43 1.77 x 10* £ 1.33 x 10
= M = 1000 101.22 4 21.27 N/A (0%) 12.38 £ 11.04 92.67 + 8.42 (90.0%) 0.02 4 6.56 x 1073 1.08 x 10 + 138.07
m M=1UKF) 15.37+8.60  6.18 x 10° £ 4.68 x 10° 4.13+£1.97 9.55 x 10% £ 8.92 x 103 0.024+5.39 x 1073 713.35 + 293.59
%.) M =100 16.40 £+ 8.57 0.73 +1.46 0.25+0.13 21.29 +6.04 0.06 4 0.04 144.36 £ 79.03
= M = 1000 22.07 +9.20 0.59 +0.99 0.40 +£0.15 22.51 +6.99 710 x 1072 £1.42 x 1073 73.93 4+ 39.61
m M=2N=51L=5 75.62 +£19.18 97.68 & 30.62 1.29 + 0.67 8.32 & 8.57 0.06 +9.83 x 1073 —3.34 £ 0.06
%} M=10,N=5L=5 21.92 +5.92 17.36 £ 3.44 0.33 +0.05 —0.48 £+ 0.09 0.024+1.40 x 1073 —3.44 £ 0.03
E M =100,N =5,L =5 7.51+£2.23 5.25 4 0.45 0.33 +0.05 —0.46 +0.07 0.01+1.67 x 1073 —3.44 £0.02
m M=2N=5L=5 38.42 £13.29 108.67 £ 51.99 0.50 +0.14 1.11+£1.93 0.02+2.26 x 1073 —6.87+0.24
% M=10,N=5L=5 34.53 +10.29 72.97 £ 34.87 0.21 +0.04 —1.86 £0.13 0.01+1.27 x 1073 —7.21+0.16
; M =100,N =5,L=5 7.14+1.92 4.52+0.95 0.16 £ 0.02 —2.09 £ 0.07 0.01+1.08 x 1073 —7.00£0.17
M =100 46.03 £29.72  4.55 x 10% £ 2.49 x 10° 15.41 + 5.97 6.69 x 10° 4 2.85 x 108 40.64 4+ 21.23 1.81 x 107 + 1.09 x 107
E M = 1000 5.29 +2.94 3.99 x 10° 4+ 3.14 x 10° 3.71 £ 1.98 1.42 x 10% £ 9.45 x 10° 74.06 £ 37.09 3.82 x 107 +2.15 x 107
m M = 10000 1.46 £ 0.65 3.98 x 10 +£3.92 x 10> 0.034+7.26 x 1073 66.97 + 25.61 74.21 4+ 33.05 3.71 x 107 4 1.48 x 107
M = 100000 0.76 +0.20 98.03 + 13.06 0.034+5.06 x 1073 21.76 £+ 10.65 21.13 +£12.32 1.10 x 107 £+ 6.84 x 10°
M =100 102.30 £ 31.25 2.77 x 107 £ 8.34 x 10° 15.49 +4.21 6.38 x 10 4+ 1.94 x 108 116.62 £+ 34.29 5.94 x 107 +1.59 x 107
E: M = 1000 43.49423.42 1.12 x 107 £6.06 x 10° 20.31 +9.88 8.62 x 10° 4 3.96 x 108 158.41 £ 101.61 6.97 x 107 4+ 4.64 x 107
< M = 10000 4.29 +2.95 9.81 x 10° +1.05 x 10° 1.68 £1.37 6.48 x 10° 4+ 4.86 x 10° 62.74 4 38.49 3.45 x 107 +2.10 x 107
M = 100000 0.94 +0.23 349.70 & 90.77 0.034+9.04 x 1073 826.71 £ 712.70 0.94 +1.03 4.66 x 10° +3.94 x 10°
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Table 3.3: Experiment A.2. Comparison between the MSE and LPE for various settings of the L-GSF, U-GSF, and BPF with the
proposed L-AGSF and U-AGSF algorithms. We compare the error metrics for a = 0.05 and three observation noise values. Lower
values are better.

02 =25x 1071 02 =25x10"3 0?2 =25x10"
PARAMETERS MSE LPE MSE LPE MSE LPE
m M= l(EKF) 178.20 + 46.16 3.38 x 10° + 896.60 2.20£1.90 669.81 4+ 610.31 0.03 £0.02 465.31 + 215.72
%} M =100 52.11 +£9.41 25.12 + 3.75 0.35+0.17 15.34 £ 8.24 9.274+£9.12 4.42 x 10° + 4.69 x 10°
= M = 1000 66.80 4 20.83 4.73 £1.10 (95.0%) 0.30 £0.18 14.20 +15.84 1.21 x 1073+ 7.16 x 10~* 89.39 £ 96.67
m M=1UKF) 87.79+48.81 1.80 x 10* £ 1.60 x 10* 2.95 + 2.45 1.00 x 10° £+ 9.38 x 10* 0.07 £ 0.06 567.01 +409.18
% M =100 6.21 +4.63 7.26 £ 7.20 0.52 +£0.33 —6.95 £ 0.62 1.28 x 1073 +4.92 x 10~* —15.07£0.19
=~ M = 1000 44.40 £ 20.59 —1.59 £ 0.57 0.16 £0.05 —7.36 £0.45 1.24 x 1073 +4.46 x 10~* —15.37+0.14
m M=2N=5L=5 94.86 4 28.93 86.91 £ 36.54 6.01 £ 5.06 58.43 + 65.61 7.97 x 1073 £4.17 x 10~* —4.17+0.02
% M=10,N=5L=5 21.45 + 6.45 13.16 =6.14 0.56 £ 0.08 —1.28 £ 0.08 3.60 x 1073 £4.32 x 10~* —4.19 £+ 0.02
j M =100,N =5,L =15 9.88 £ 1.57 3.07£0.07 0.50 £ 0.07 —1.37£0.10 293 x 1073 +£3.77 x 107* —4.16 £+ 0.02
m M=2N=5L=5 54.71 + 15.30 86.04 + 30.01 16.88 £ 16.00 404.43 + 349.29 0.21 x 1073+ 1.34 x 1073 —7.49+0.17
% M=10,N=5,L=5 33.79 £ 8.33 36.29 £ 11.35 0.38 £0.07 —2.12£0.09 5.03 x 1073 +£4.49 x 1074 —7.56 £0.08
; M =100,N =5,L=5 8.49 4+ 1.72 2.52+0.21 0.33 £0.04 —2.16 £ 0.07 2.89 x 1073 £2.98 x 10~* —7.62+0.10
M =100 42.78 £21.52 1.61 x 105 £ 8.85 x 10° 57.56 £ 35.13 2.02 x 107 4+ 1.36 x 107 124.04 + 47.64 5.98 x 107 4 2.70 x 107
E M = 1000 2.21+£0.76 1.99 x 10° £ 1.29 x 103 97.77 £59.90 4.20 x 10" +2.61 x 107 151.37 £ 45.90 8.16 x 107 + 2.66 x 107
m M = 10000 1.34 £ 0.36 1.29 x 10° £ 1.24 x 103 1.74 +£1.08 4.53 x 10° + 3.82 x 10° 159.01 + 47.90 7.47 x 107 +2.10 x 107
M = 100000 1.92 4+ 0.80 90.31 £+ 27.90 0.02+3.01 x 10°° 7.95 £ 8.45 98.94 + 32.24 4.71 x 10" £+ 1.36 x 107
M =100 4540 £13.02 2.21 x 105 £ 5.56 x 10° 70.76 + 32.19 2.96 x 107 4 1.44 x 107 164.74 + 30.83 8.37 x 107 + 1.52 x 107
E M = 1000 115.32 £92.06 9.59 x 10° 4 8.30 x 106 18.87 £ 17.53 8.94 x 10 4 8.26 x 10° 159.32 £ 34.55 7.65 x 107 £+ 1.70 x 107
<. M = 10000 1.13 £ 0.50 5.80 x 10% +2.93 x 103 7.49 +6.74 3.34 x 10 + 3.18 x 10° 24.77 £12.20 1.30 x 107 £ 5.86 x 106

M = 100000 0.78 £0.24 183.63 £+ 44.74 0.024+3.31 x 1073 11.56 + 11.28 68.97 +43.13 3.61 x 107 4 2.35 x 107
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Figure 3.5: Experiment B. Ablation study for the parameters p; and ps. Each

square depicts the value of the MSE (Eq.(3.118))) for a given pair (p1, p2) (Top)
L-AGSF (Bottom) U-AGSF.
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Table 3.4: Comparison between the MSE of various settings of the L-GSF, U-GSF, and BPF with the proposed L-AGSF and U-AGSF

algorithms. Lower values are better. Best MSE in bold, second best underlined.

Experiment C.1

Experiment C.2

PARAMETERS MSE time(s)
& M =1 (EKF) 6.598 + 0.408(100%)  0.27 £0.03
S M =100 6.767 £ 0.271(98%)  0.61 = 0.05
- M = 1000 6.584 + 0.394(100%) 1.20 £ 0.05
c% M =1 (UKF) 6.670 + 0.352(100%) 0.51 £0.03
O M =100 6.697 + 0.286(97%) 1.61 £0.09
= M = 1000 6.670 + 0.353(100%)  8.11 £0.06
% M=2N=2L=2 5.733 £ 0.150(100%) 1.16 £0.07
© M=10,N=5L=5  3972+0.053(100%) 1.78+0.07
S M =100,N=5L=5 3.550+0.023(100%) 2.96 + 0.10
B M=2N=2L=2 5.724 £ 0.185(100%)  1.50 = 0.05
S M=10,N=5L=5  3974+0.055(100%) 2.45+ 0.06
=~ M=100,N=5L=5 3.566+ 0.023(100%) 5.71 + 0.08
o, M =100 14.436 +0.191(100%)  0.52 4 0.05
& M =1000 12.531 + 0.246(100%)  0.79 + 0.05

M = 50000 9.416 + 0.237(100%) 6.27 + 0.10

PARAMETERS MSE time(s)
& M =1 (EKF) 8.462 +0.031(100%)  0.28 & 0.03
O M =100 8.462 £ 0.031(100%)  0.66 & 0.06
= M =1000 8.462 +0.031(100%)  1.52 & 0.09
& M =1 (UKF) 8.536 + 0.047(99%)  0.52 +£0.05
O M =100 8.536 + 0.047(99%)  1.69 +0.07
= M =1000 8.536 £ 0.047(99%)  9.03 £0.08
B M=2N=2L=2 11.137 £0.156(100%)  1.17 £0.08
gg M=10,N=5L=5  6.01940.025(100%) 1.88+0.09
= M =100,N=5L=5 4.9214+0.015(100%) 3.65+0.13
B O M=2N=2L=2 11.134 £ 0.147(100%)  1.51 £0.08
2 M=10,N=5L=5  6.02240.023(100%) 2.58 +0.05
P M=100,N=5L=5 4.9414+0.016(100%) 6.73+0.20
= M =100 10.046 £ 0.034(100%)  0.54 £ 0.05
& M =1000 7.807 +0.019(100%)  0.87 £ 0.04

M = 50000 6.208 +0.014(100%)  8.87 £ 0.29
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Experiment C.1. (Top) MSE plotted in time for L-GSF, U-
GSF(M = 1000), L-AGSF, U-AGSF(M = 100, N = 5,L = 5),
and BPF (M = 50000). The AGSF algorithms behave as well
as the best algorithm in each mode. (Bottom) Proportionality
parameter ps. When the model is linear, AGSF behaves like
GSF; when nonlinear ps drops to zero, and AGSF behaves like a

particle filter. The plots of ps seem to coincide for L-AGSF and
U-AGSF.
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Experiment C.2. (Top) MSE of three algorithms over time,
with a change at t = 100. AGSF nearly matches the best method
in each segment. (Bottom) ps drops to zero at the change point,
switching AGSF from GSF-like to BPF-like behavior. The plots
of ps seem to coincide for L-AGSF and U-AGSF.

Figure 3.6: Comparison of AGSF behavior in Experiments C.1 and C.2.
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CHAPTER 3. AUGMENTED GAUSSIAN SUM FILTERS

3.7 Appendix for Chapter 3

Proof of Theorem 1

The theorem is an application of Taylor’s expansion to the MSE of the estimator

of Eq. (3.74). We write for the MSE,

E

(3.126)

where the first term is the error due to Monte Carlo sampling, associated to the

variance of the estimator, and the second term is the error due to linearization

which corresponds to the bias. We now make a Taylor approximation in each

term.

Variance term: We have

dy
E[Hﬁ’y - Eﬁy”%] = E[Z (ﬁ’y,i - Eﬁy,i)2:|

i=1
dy

= Z Var [ﬁyl} )
i=1

For the variance of the scalar components of ﬁy we have,

Var[fi, | = Var[ 3 fim)] =

n=1

The first order Taylor expansion of f;(z) around p is

fi(z) = fi(p) + V()" (z — p).

Substituting this into Eq. (3.129)) we obtain

Var [fiy,] ~ V()T (S — A)VE ()

64

_ Var [f,(z)} '

(3.127)

(3.128)

(3.129)

(3.130)



3.7. APPENDIX FOR CHAPTER 3

Therefore we have for the variance term

d
—~ - 1 «
E[l[iy, — Efyl[3] ~ 5 > V(1) (Sx — A) V()
i=1

(3.131)
1
= T (V) VE() (S - A)).
Bias term: Similarly, the bias term is decomposed as
dy
Bl — | = 3 (B — i1y ) (3.132)
i=1
We can approximate the terms in the sum by
EBy ] — py; = Elfi(z)] — E[E[fi(x)|2] (3.133)
= E[fi(2) — E[f;(x)|z]] (3.134)
1
~ =5 T (AE[V*f;(2)]), (3.135)

where we have used the second order Taylor expansion of f;(x) around z
1
fi(x) ~ fi(z) + VEi(z)" (x — z) + §(x —2)' V() (x — 2),

and taken the expectation with respect to p(x|z) = N (x|z, A). Finally, by using
the approximation E[V?f;(z)] ~ V?f;(u) and substituting into Eq. (3.132)), we

obtain for the bias term

dy
IEffy] — 1y~ 3 30T (AV?H, ()" (3.136)

=1

Proof of Theorem 3

(1) For an overview of the BPF algorithm we refer the reader to [SS23, Algorithm
11.9]. We initialize the AGSF recursion with a particle approximation (i.e. take
2™ 0, m=1,...,M) and show that it is identical to that of the BPF.

Prediction: When AY = 2™ — 0 we have z,, = u!™), m =1,..., M, where
we have dropped the n index since we take N,, = 1 for all m. Moreover, the

expectations of Eqgs. (3.91), (3.92)), are with respect to the delta measure, since

N (%41 |Zm, AD) = 6(x4_1 — 2n), (3.137)
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when A%) — 0. Hence, we may substitute in these expressions x; | = z,, = uﬁm)

to obtain . = f(p\™) and X, = Q for all m.

Update: In the update step of the AGSF, we have (dropping indices n, ¢), s

/\/’(f(uim%) Q), which is the PDF of the dynamical model p(-|x;—; = u,gmf)
Moreover, in Eq. the expectation is taken with respect to d(x; — s,),

since A,,, = 0, hence C,,, = 0 and the gain G,, is also zero. Hence, the update Egs.

(3-95), become, ,utm) =8, ~N(f (,ut 1) Q) and Egm) = 0. By identifying
the means uf{”) with the partlcles of the BPF, we have uim) ~ p(-| uﬂ) which is
the sampling step of the BPF. Moreover, the weights of the particles are given
by the likelihood w,, o p(yt\ugm) ), just as in the BPF, as can be verified by
Eqgs. (3.94), (3.97), (3.98). Finally, we have a resampling step with probabilities

being proportional to the weights. Hence, we have reproduced a complete BPF

recursion. Note that the use of resampling is instrumental for the AGSF to
capture the BPF as a special case.
(ii) For the m-th component of the AGSF, the choice Al = z:ﬁ’_”{ implies that
all sampled particles

~ N (™ s AD) (3.138)

m
are identical to the mean u,@f. Hence, we can set Nm = 1 for each m without

losing generality. Moreover from Egs. , we can see that the expec-
tations are taken with respect to the distribution /\/ (x¢-1] u,t 15 Egml)) which are
the original component distributions of the GSF.

Similarly for the update step, the sampled particles all coincide with the means
of the predicted distributions p,,,,,. Moreover once again, it is easy to see that

the updated means and covariances are identical to those of a GSF.

Conditional of a (Gaussian mixture

Let the joint distribution of a pair of random vectors x and y be given by the

Gaussian mixture,

px,y) =Y waNo(x,y), (3.139)

Yem C
Nm<X7 y) - N[ (X> ‘ (u}gm) ’ ( . ) )
y) | \Kym C. Zym

are the components of the mixture. Let us denote by N,,(x), N,,,(y) and N, (x|y),

the marginals of each component and the conditional of x given y, given by

where,

: (3.140)
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respectively,
Non (%) = N (X[t s B (3.141)
Nin(y) = N(ylty m> Zy,m); (3.142)
Non(x]y) = N (X[ iy > Zxly.m)s (3.143)
where,
l"l’x|y7m = IJ’x,m + sz;}n(y - H’y,m)? (3144)
Sy = Zxm — CnXy,,C (3.145)

see [SS23, Lemma A.3]. It is straightforward to see that the marginals of the

mixture are given by,

px) = wmNin(x), (3.146)
py) =D wmNn(x). (3.147)

For the conditional of x given y we have,

_p(xy)
pdy) = 27 (3.148)
_ et W (X,¥) (3.149)
> i1 WnN(y)
_ Yo @At;mNm(Y)Nm(X\Y) (3.150)
>t WinNon ()
=" nNun(xly) (3.151)
where,
- mem(Y>

Unscented AGSF algorithm

In Table [3.5| we present the algorithm for the unscented AGSF. The values of the
weights w; are given in Box. (3.3).
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U2 S0 =8 <6 S1 20
logy p2

Figure 3.7: MSE plotted for each value of log,, 7.

Ablation Study for ~

Here we include a small study for the effect of the parameter v in Eq. (47) of the
thesis. We use the setting of Experiment C.1 and we take the parameter v = 10°
for i = —14,...,—1,0,1,2. We run the L-AGSF algorithm with M = 10, N =
5, L = 5 for each of those values N, = 100 times and plot the MSE as a function
of v. We also plot the averaged value of py for the sequence of the experiment for
comparison with the bottom panels of Fig. of the thesis.
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U-AGSF': Prediction step

U-AGSF: Update and resampling steps

—_ = =
N o2

13:
14:

: Parameters: N,,, AY for m = 1,...,M; N,

sigma-points per component
Initialization: {w(™, pi™, =™y
fort=1to T do
for m =1 to M do
for n=1to N,, do

Sample Zpn ™~ N(H’t 1 2 Agl))
(0)

O'mn - Zmn

Ol = Ly £V A [AD]Y
Hin = 3 wif (0h)
Simn = L wilE(0hh) = i) (- )T+ Q
Set Wy, = ngl) /No,
end for
end for

end for

1: fort=1to T do

2 for m =1 to M do

3 for n=1to N,, do

4 for ¢ =1 to L,,, do

5 Sample Syne ~ N (K s St mn — AS,QL)

6: o fﬁle = Smnt

7 a‘%& = St £ Vdy + A - [AL ]1/2

8 Byt = i Wi8(0 )

9 Syannt = 323 (80 ng) — By mne) ()T + R
10; Connt = 34 Gi(T oy = Smnt) (B(T ) — Py mne)”
11: G = CmMSy T
12: Bonne = Smnt + Grne (¥t — Ny,mnz)

13: St =AY — GrneSy mneGT

14: Wmne X (wmn/Lmn)N(yt|Ny,mn£= Sy mne)

15: end for

16: end for

17 end for

18:  Normalize weights w,,,e

19:  Resample M triplets (m,n, ¢) proportional to we
20:  Set ™) =p, B =2 w™ =1/M

21: end for

Table 3.5: Prediction and update/resampling steps of the Unscented Augmented Gaussian Sum Filter (U-AGSF).
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Tables for Experiment B

pap1 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 095
095 823 825 823 &850 937 991 10.63 11.02 12.79 16.20 19.75
09 782 793 78 819 814 829 864 882 1042 9.74 11.51
08 730 738 736 738 7.62 763 7.73 768 7.77 813 8.40
ov 715 700 718 721 715 722 723 723 752 748 7.46
06 7.00 688 6.8 673 688 683 6.8 681 7.00 7.06 6.93
0.5 6.67 693 6.72 671 6.66 6.67 6.61 679 6.82 6.64 6.72
04 673 720 6.83 659 671 694 6.64 706 6.65 659 6.59
03 692 738 689 717 6.66 6.65 6.67 691 6.72 681 6.64
02 751 735 857 741 799 7.02 848 827 816 733 7.87
0.1 957 1221 9.65 11.09 11.81 9.43 14.14 11.44 10.15 11.39 12.98
0.05 17.56 18.31 17.63 18.02 17.68 16.70 18.32 19.79 18.15 17.05 18.50
Table 3.6: Ablation study MSE for L-AGSF
pop1 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 095
095 819 817 827 854 938 992 10.69 1098 12.80 16.15 19.81
09 792 793 7.82 823 813 830 863 893 1041 9.76 11.53
08 730 736 736 738 7.66 762 780 762 7.78 805 8.36
07 712 707 7.08 722 713 714 728 718 749 738 748
06 7.01 682 6.8 677 6.89 681 684 680 698 707 6.88
05 6.66 693 6.70 6.66 6.63 6.63 6.63 677 6.79 6.63 6.70
04 673 720 6.82 667 6.73 693 6.71 706 6.64 6.58 6.62
03 714 737 683 718 6.67 6.65 6.68 691 6.76 6.80 6.62
02 760 734 879 742 797 708 9.15 826 814 731 7.87
0.1 999 1221 10.20 11.50 11.79 943 14.13 1145 10.15 10.79 12.99
0.05 17.55 1831 17.63 18.01 17.68 16.70 18.32 19.79 18.15 17.04 18.50

Table 3.7: Ablation study MSE for U-AGSF
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Figure 3.8: Values of py plotted in time for
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Chapter 4

Simulation-based inference of

state-space models

4.1 Introduction

Parameter inference is a basic problem that arises when working with SSMs
since all algorithms, like filters and smoothers, require parameter values as in-
puts in order to operate. In many applications we may have estimates of such
values, available through direct measurement. For example, in tracking applica-
tions sensor characteristics might be available from specifications or calibration
procedures. However, in many practical scenarios parameters are unknown or
partially known. This is especially true for example in black-box methods like
neural networks, for which parameters (e.g. weights) do not have a direct associ-
ation with quantities in the real world that they can be estimated from. In such
cases parameters have to be treated as latent variables and estimated from data.

The main difficulty of SSM parameter inference is the intractability of the
likelihood function, which is a very high dimensional integral over the complete
sequence of latent states, given in Eq. . Due to the Markovian structure
of the SSM, likelihood estimates are computed recursively in linear time by fil-
ters, as described in the previous chapter. Commonly used algorithms, such as
EM and MCMC, rely on filters to obtain noisy likelihood estimates. Therefore
the accuracy of these algorithms is limited by the accuracy of the underlying fil-
ters. This is not the case for simulation-based, or likelihood-free, methods which
avoid likelihood approximations and instead rely on repeated simulations from
the generative model.

In contrast to standard methods, which rely on noisy likelihood approxima-

tions, simulation-based methods work by simulating parameters and observations
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from the model, which are used to create a surrogate of the likelihood. This ap-
proach is particularly useful when the likelihood function is intractable or expen-
sive to evaluate, but simulations from the model are readily available. Indepen-
dence from the whims of noisy likelihood estimates has made simulation-based
inference a popular alternative to standard Bayesian inference tools |Col+24].

The earliest SBI method to be introduced is approximate Bayesian compu-
tation (ABC) |[Tav+97|, which proposes parameter samples from the prior and
accepts them if they generate simulated data sufficiently close to the observed
data, as explained in Chapter 2. Many extensions of ABC have been proposed
since |SFB18; [Pes+23|, most notably MCMC-ABC |[Mar+03| and SMC-ABC
[Bea+09; Sim+21|. More recently methods based on neural density estimation
|Ger+-15|, such as sequential neural posterior (SNP) [PM16; Lue+17; (GNM19],
sequential neural likelihood (SNL) |[PSM19|, and sequential neural ratio (SNR)
|Tho-+22; [HBL20] have become the state-of-art in a variety of problems [CBL20;
Lue+21} |(Col+-24].

With the abundance of simulation tools recently available to practitioners,
such as GPUs and powerful software suites, SBI has emerged as an important
subfield of Bayesian inference that can be applied to many real-world scenarios,
with applications ranging from earthquake prediction [SLW24|, economic agent-
based models |[GR15; (GRT17|, astrophysics [Hah-+17] and biology [Ver+23|, to
name a few. SBI methods have also been used successfully for parameter inference
in SSMs [Ton-+09; Mar—+19; Dea+14; |Aus+24a]. More recently there have been
applications of neural SBI methods to SSM inference, in the context of VI and
Gaussian processes [War+-20; Ryd+21; [Doe+18|. Other works which use neural
SBI for SSMs have mainly focused on inference on the hidden states of the SSM
[KS22F |Aus+24b|. Moreover, up to date and to the best of our knowledge, there
have not been any works evaluating the performance of NDE-based methods such
as SNL or SNPE, which are the best-performing methods, to SSM parameter
inference.

In this chapter we evaluate the performance of neural SBI methods for the
parameter inference problem of SSMs. We focus on the evaluation of SNL, which
is the best-performing neural SBI method [Lue+21; [PSM19|. We show that while
SNL in many cases outperforms widely used algorithms such as SMC-ABC and
MCMC, it is not sample efficient. To address the limitations of SNL we introduce
a novel, sample efficient variant, called truncated-SNL which is specifically tai-
lored for SSMs. It is based on a well known forgetting property of SSMs, which
allows us to truncate the observation sequence and instead of learning the full

likelihood function, learning a conditional likelihood function in a much smaller
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space. T-SNL improves on SNL in several ways: it is more sample efficient, mote
stable and robust during training, it scales better to longer temporal sequences
and it is amortized.

The main contributions of this chapter are summarized as follows:

e We evaluate SNL on for parameter inference in SSMs. We compare to
current methods to assess performance and understand tradeoffs of various

approaches.

e We propose a novel variant called T-SNL, which exploits a well known

forgetting property of SSMs to simplify the learning task.

e We show that T-SNL is very sample efficient and outperforms traditional

methods. We show that T-SNL improves on SNL in several ways.

The rest of the chapter is organized as follows. In Section [4.2] we review the
basic concepts used throughout the paper and introduce notation. In Section
we motivate T-SNL and detail the methodology. In Section we present the

main experimental results of this chapter and discuss our findings.

4.2 Background

4.2.1 Neural density estimation

Neural density estimation (NDE) methods use neural networks to model an un-
known data distribution |Ger+15|, given samples from the distribution. The
model is trained on a given dataset typically by maximizing the average log-
likelihood using stochastic-gradient optimization. Recently, NDE methods have
been applied to SBI and have achieved state-of-the-art results |[Lue+21]. They
have been shown to achieve a trade-off between accuracy and simulation cost
that is optimal among current methods, being able to learn complex likelihoods
with a comparatively small number of simulations of the model [PM16; PSM19;
CBL20|. We briefly review the masked autoencoder for distribution estimation
(MADE) |Ger+15] and the masked autoregressive flow (MAF) |[PPM17| models
that form the basis of sequential neural likelihood [PSM19], reviewed in the next

section.

MADE

Given data {y,,}M_, in RP  we are interested in learning the data density p(y).

The masked autoencoder for distribution estimation model |Ger+15| is an au-
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toregressive density estimator. Autoregressive density estimators use the identity

D

p(y) = Hp(yd’ylzd—l) (4.1)

d=1

and use neural networks to parametrize the conditionals. One common choice is

to use Gaussian conditionals,

Palyra—t) = N (yalpa, o2), (4.2)

and feedforward neural networks to model the mean and variance

Hd = Guq (ylzd—l; ¢Md)7 (43)
0d = Joyu (y1:d_1; ¢0d)7 (4-4)

where ¢, and ¢, are trainable parameters of the neural networks g,, and g,,,

respectively, ford =1,..., D.

Instead of using D separate neural networks to model the conditionals, MADE

uses masking to compute all means and covariances using a single neural network:

(Nl:Da Ul:D) = gMADE(y; ¢)7 (45)

where ¢ are all trainable parameters. The function gyapr is a MLP, where the
weight matrix of each layer is multiplied by a binary mask which drops some
connections, as introduced in |Ger+15|. This ensures that py and o4, only depend
on Yi.q—1. MADE layers are stacked in series in what is known as a masked

autoregressive flow model, described bellow.

MAF

Autoregressive models such as MADE are normalizing flows’] We can see this by

writing Eq. (4.2)) as

Ya = Ua0a(Yr:a—1) + Ha(Y1:a-1), (4.6)

with ug ~ N(0,1), for d = 1,...,D. This defines an invertible transformation
y = f(u), where u ~ N(0,I). The inverse of this transformation u = f~!(y) is

'Normalizing flows are a class of generative models that transform a simple base distribution
into a complex target distribution through a sequence of invertible and differentiable mappings,
allowing both efficient sampling and exact likelihood evaluation via the change-of-variables
formula.
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given elementwise by

Ug = (Ya — ,ud(ylzdfl))o'd<ylzd71)il- (4.7)

The Jacobian of this transformation is triangular due to the autoregressive prop-
erty, and its determinant is given by
D

H Uid (4.8)

The MAF is constructed by stacking multiple MADE flows

8f1

’ det

y =fgo---fi(u), (4.9)

where each f is a MADE flow transformation as the one in Eq. (4.6]), with inverse
as the one in Eq. (4.7). This results in a very flexible model that can be trained
efficiently by standard gradient methods. Moreover, p(y) can be calculated by

- d Ofrsar 4.10
p(y) = p(u)| det oy | (4.10)

where fy o = fxo--- £, and

’ anAF’ ﬁﬁ 3}6 (4.11)

k=1d=1 %4

where aﬂ% are scale parameters computed by the k" MADE layer. More impor-

tantly, p(y) can be evaluated by doing a single pass through the model, making
it well-suited for applications where fast likelihood evaluations are needed.

Conditional NDE. Autoregressive models such as MADE and MAF can be
easily extended to conditional density estimation: the problem of estimating the

conditional density p(y|@) given examples {(0,,,yn)}_,. This can be done using

m=1"*

NDE, by treating 6 as the leading dimensions of an augmented data vector (6,y)

and only modeling the conditionals that correspond to y.

4.2.2 Sequential neural likelihood

Neural density estimation methods can be naturally applied to the problem of
SBI, since they can be employed to model unknown probability densities. There
are three classes of neural-SBI methods targeting the posterior, likelihood ratio

or likelihood of the model. Neural posterior estimation methods learn a neural
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Figure 4.1: Validation losses of SNL and T-SNL during training for an increasing
number of simulation timesteps. While for SNL the loss increases with the number
of timesteps, for T-SNL it remains constant.

estimate of the posterior by training on proposed parameter-data pairs [PM16;
Lue+17|. Neural ratio estimation methods estimate the density ratios that are
used withing MCMC or other schemes |[Tho-+22; HBL20|. Finally, neural like-
lihood estimation methods use the simulator to learn a surrogate of the model
likelihood [PSM19]. Sequential neural likelihood, which is a neural likelihood es-
timation method, has been shown to be a very sample efficient way of performing
SBI, outperforming other alternatives in various tasks [PSM19; Lue+21|.

In Alg. [0 we outline the SNL algorithm for the parameter inference problem
of state-space models. The method proceeds in rounds. At each round r, a
proposal distribution over parameters 7,.(0) is used to sample parameters 6,,, via
MCMC. For each sample, synthetic observations ygn% are drawn from the state-
space model. These parameter-observation pairs form a dataset D used to train
a MAF model ¢4(y1.7(0).

The training dataset D, can be constructed in different ways depending on
the strategy: using all past data (ALL), only the most recent batch (LAST), or
selecting the simulations that most closely match the observations (BEST). Once
trained, the surrogate likelihood is evaluated at the observed data yﬁ?ﬁﬁ), and
combined with the prior to form an updated posterior estimate. This posterior
then becomes the proposal 7,1 for the next round, focusing future simulations
on more relevant regions of parameter space. Through this iterative refinement,
SNL improves the quality of the learned likelihood and concentrates simulations
in regions supported by the posterior, resulting in more efficient and accurate

inference.
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Algorithm 9 Sequential Neural Likelihood (SNL)
1: Initialization Set 7y(0) = p(@) and Dy = ()
2: For r=0,...,R—1:
3: Simulation: Sample parameters from the proposal and observations from
the SSM:

en ~ 77—7‘(0)7 (412)
y§"% ~ p(y17|6n), (4.13)

forn=1,...,N. Set up the dataset

D = {(0,,y" )}V, (4.14)

4: Set up dataset: One of three options is used to construct the training

dataset at round 7:
- ALL: D,y =D, UD
- LAST: D, 1 =D

- BEST: D, is the set of the N datapoints from all rounds closest to the

observations.

5. Training: Train ¢4 (y1.7/6) on D,44.

6: Posterior approximation: Set

POly\%)) o qs(y\|0)p(6), (4.15)
Tr1(0) = POy, (4.16)

4.3 Neural likelihood estimation for inference in
SSMs

In this section, we introduce a novel, sample-efficient variant of SNL (Alg. @
which is tailored to the SSM inference problem. Our algorithm, denoted truncated-
SNL, like SNL, learns a neural surrogate of the model likelihood sequentially.
Unlike SNL, which uses simulations to train a MAF surrogate of the full SSM
likelihood it works by replacing the likelihood factors p(y:|yi.—1, @) of Eq. (2.16),
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by a truncated version p(y;|y;—r.t—1,0) which only conditions on the L most re-
cent observations. This is equivalent to the assumption that the observation
process is Markovian of order L. Intuitively, this is convenient because it reduces
the problem of learning T different conditionals {p(y:|y1.:_1,0)}., to that of
learning a single conditional, namely p(y:|y:—r.t—1,0). This trick allows us to
obtain a dataset for training T-SNL that is T" times larger than the SNL dataset,
for the same number of simulations. This makes the T-SNL algorithm much
more sample efficient than SNL, as we show numerically in the next section. This
section proceeds by motivating the truncation of the likelihood factors, before
introducing the T-SNL algorithm in detail.

4.3.1 Truncation of likelihood factors

A key limitation of SNL when applied to state space models is that it approx-
imates the full data likelihood p(y;.r|@) directly via simulations. Due to the
autoregressive structure of the SSM likelihood, this effectively amounts to learn-
ing T distinct conditional distributions of the form p(y;|yi.;_1,8), one for each
time step. While this strategy is general, it is inefficient: the conditionals share
structure, yet SNL does not reuse information across time steps. As a result,
each simulation yields only one training point for the surrogate model, limiting
sample efficiency.

This redundancy becomes especially apparent in light of the exponential for-
getting property of SSMs, introduced in Chapter 2. As discussed in Sec. the
likelihood factors p(y|y1..—1, @) quickly forget past observations, which motivates
a truncation of the observation sequence so that each observation only depends

on L most recent observations

P(Yelyii-1,0) = p(yelyi-r:e-1,6). (4.17)

Moreover we assume that the conditional p(y:|y; r..—1,0) is shared for all
time-steps. This is equivalent to approximating the observation process as an
L-order Markov chain. Under this approximation, all the conditional factors in
the likelihood share the same structure and can be modeled using a single neural

density estimator. This is formalized in the following approximation:

Approximation 1 (Observation process is approximately Markovian). We ap-
proximate the observation process by a Markov chain of order L. The kernel of

the chain has conditional density p(y¢|yi—r.1—1,0), such that the likelihood can be
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approximated as

}’1T|49 Hp Yt|Yt Lit—15 ) (4'18>

This truncated factorization greatly improves sample efficiency. Given a
dataset D = {(0,,y;. T)}N 1 consisting of N simulations, the kernel is trained
by minimizing the log-likelihood on the lagged set Dy, = {{(6 n,yt Lt)}t O
By comparison SNL, which targets the full likelihood, is trained on D. Thus SNL
is trained on a dataset of size |D| = N, while T-SNL is trained on a set of size
|Dr| = N x T. This multiplication of the dataset size is a main strength of T-
SNL which has the remarkable property that for some scenarios, it can tackle the
inference problem with a single simulator run, N = 1. This makes T-SNL a very
sample-efficient algorithm, as we show in the experiments section. We continue

with a detailed description of the proposed methodology.

4.3.2 The T-SNL algorithm

We now present the full T-SNL algorithm for parameter inference in state space
models. T-SNL replaces the full likelihood with a truncated factorization that
is easier to estimate and more sample-efficient. The learned likelihood is used
within an MCMC sampler to approximate the posterior. As in SNL, T-SNL uses
sequential proposal adaptation, which allows the algorithm to focus simulations

on high-probability regions of the parameter space.

Description of the algorithm

The T-SNL algorithm is detailed in Alg. [I0l Fistly the parameter proposal is
initialized as the model prior. Then for each round » = 0,..., R — 1, parame-
ter samples are drawn from the current proposal 7w, via MCMC in Eq. .
Observation sequences are drawn from the simulator as shown in Eq. (4.20)).

From the simulations a dataset Dy, is constructed in Eq. . The training
dataset D, for training in round r + 1 is then built according to one of three
strategies ALL, LAST or BEST. ALL means that all past simulations are used, LAST
than only the simulations from the current round are used and BEST means that
the N datapoints from all rounds whose trajectories are closest to the observed
data (in Euclidean distance)

Then the likelihood model is set up and trained. A MAF model is used to

model the Markov kernel of the observation process.
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Algorithm 10 Truncated SNL (T-SNL)
1: Initialization Set m(0) = p(0) and Dy = {}
2: For r=0,...,R—1:
3: Simulation: Sample parameters from the proposal and observations from
the SSM:

0, ~ 7,(0), (4.19)

forn=1,...,N. Set up the lagged dataset

D = {00,y ) a0y (4.21)

4: Set up dataset: One of three options is used to construct the training

dataset at round 7:
- ALL: Dr—i—l =D, UDy
- LAST: D,1 =Dy,

- BEST: D, is the set of the N datapoints from all rounds closest to the

observations.

5. Training: Train q((bL) (ve|yi—r4-1,0) on D, 1 and compute likelihood approx-

imation
L obs obs) obs
‘L(ﬁ) Yir Hq ( i L?t—l?e)' (4.22)

6: Posterior approximation: Set

pOly\7) owf,f)(ylo? 0)p(6), (4.23)
7r1(8) = Bl ). (124

The model, denoted q((bL) (Ve|yi—r:t-1,0), is trained by maximizing the log-likelihood

over the dataset D, 1. More specifically, we obtain ¢ by minimizing the loss func-
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tion,
loss() = = > log g (v17/60) (4.25)
N T
L), (n)..(n
- Z Z log q<(¢> )(yg )’ygf)L:tflv 0,). (4.26)

n=1 t=1

The full likelihood estimate is given in Eq. (4.22). The learned likelihood is
used to form the approximate posterior ﬁ(@]yg?;s)), given in Eq. (4.23). This

approximation is used as the proposal 7,.,1(0) in the next round.

4.3.3 Choice of lag

To choose a value for the lag L of the T-SNL algorithm we estimate the autocor-
relation function (ACF) of the observation sequence and choose L that achieves a
small ACF. The forgetting property implies that y; ,,y; should be independent
when t >> t — k, hence the ACF should be low. In particular, for a sequence of

observations (y;)_, and lag L we calculate the autocorrelation matrix

D T A (4.27

t=1

CL

which is the sample autocorrelation matrix at lag L. The frobenius norm of this

matrix 1s

|CL||r = trace(CEC)Y? (4.28)

and it is an estimate for the total autocorrelation among all dimensions of y. We
found the ACF to be a useful rule of thumb for the determination of L. In Fig.
[4.2] we plot the ACFs of the models considered in the experiments.

4.4 Experiments

To evaluate the performance of T-SNL, we conduct a series of experiments com-
paring it against established inference methods on a range of state-space models
of increasing complexity. Our goal is to assess the sample-efficiency and robust-
ness of the proposed algorithm and highlight its advantages over SNL, in a variety
of inference settings. We consider dynamical systems including the LGSSM and
stochastic volatility models with varying dimension, and nonlinear population

dynamics. For each setting, we measure the quality of posterior inference under
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Figure 4.2: ACF. Plots of the autocorrelation function for each of the state-
space models used in this work. Each plot is obtained by averaging multiple ACF
estimates.

a fixed simulation budget and compare the trade-off between accuracy and simu-
lation cost across methods. Below we describe the experimental setup, including
the algorithms and evaluation metrics. The results are presented in the follow-
ing subsection. Additional details and results are provided in the supplementary

material.

4.4.1 Setup
Algorithms.

In our experiments we evaluate and compare the following algorithms.
SMC-ABC. We use SMC-ABC with a Gaussian kernel and resampling when the
effective sample size is less than 50%. We use the adaptive method of [Sim+21|
to select the sequence of tolerances ¢, and stopping rule. Details of our imple-
mentation of this method can be found in the supplementary material.
Particle MCMC. A bootstrap particle filter estimator of the model likelihood
is used within a random walk Metropolis (RWM) kernel. We run the MCMC
chain for 1000 steps.

SNL & T-SNL. For both SNL and T-SNL we use a MAF model composed of
5 MADE layers, each composed of 5 hidden layers, each of them with 32 hidden
units and relu or tanh activations. After conducting several tests we found those
architectures to achieve the best model size to performance tradeoff. The models

are trained using the adam optimizer [KB14|. After the models are trained, we use
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RWM or elliptical slice sampling [MAMT10| to obtain samples from the posterior.

Metrics.

We use the following commonly used metrics to measure the performance of the
algorithms |[Lue+21].

Probability of true parameters One metric that we used to assess the accuracy
is the negative log probability of the true parameters under a kernel density
estimate on the posterior samples. More precisely, if 51, e ,5 K are samples from
an approximate posterior, and @ is the true parameter value we define the error

as

Expe = — longDE(00|§17 ce u/éK)7 (429>

where, pKDE(0|§1, . ,/O\K) is the pdf of a kernel density estimator with kernels
placed at the sample points 51, e ,5 k- We use standard normal kernels for the
evaluation of Expp.

Minimum distance. Another informative measure of discrepancy is the mini-

mum distance between posterior samples and the true parameter
Enin = min [|8y — B (4.30)

In the supplementary material we show that Expg is upper and lower bounded by
functions of &,,,. Advantages of &,,, over Epy are that it is independent of the
choice of kernel density and that it has an intuitive meaning.

Posterior bias and standard deviation. We also report the bias and standard

deviation of the posterior samples

bias = ||6, — 8], (4.31)
1

t.dev. = , | — 0, — 0|2 4.32

st.dev K;H e — 0l (4.32)

where 6 = Zszl /O\k /K is the sample mean. These quantities give us insight on
the distribution of the samples. The bias informs us about the distance between
the sample mean and the true parameter, while the standard deviation about the
spread of the samples around their mean. Together they give us the MSE of the
estimator which is equal to the sum of squares of bias and standard deviation.

Simulation cost. To measure the amount of data that each algorithm uses to

perform inference, i.e., the simulation cost for each algorithm, we count the num-
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ber of calls to the dynamics simulator p(x¢|x;—1). This is equal to the number of
timesteps times the number of simulations of the full model that each algorithm
uses. We choose this measure because it can be applied to all considered algo-
rithms and is a constant multiple of the number of samples, which is the usual

metric.

4.4.2 Results

We have conducted experiments on the state-space models described below. For
each SSM we considered scenarios in which we target different parameters during
inference. In each experiment we set the ground truth of the target parameters
to a fixed value, then simulate observations and run inference for each algorithm,
repeating for multiple trials. We plot the errors vs simulation cost averaged over
trials.

Below we include a part of our experimental results and discuss our findings.
Linear Gaussian model. The linear-Gaussian SSM is used to describe systems
that evolve over time with linear dynamics and observation models and Gaussian

noise. It is given by the equations,

Xt = AXt,1 + qe, (433)
y: = Hx; + 1y, (4.34)

where x, € R% and y, € R% are the state and observation vectors respec-
tively, A € R%*d and H € R%*% are real matrices and q; ~ N(qo, Q) €
Ré% 1, ~ N(ro,R) € R% are noise vectors. The initial state has distribution
xo ~ N (g, o).

We consider inference of the dynamics covariance Q of a model with d, = d, =
1, setting the ground truth to Qg = 0.1I. The plots of metrics versus simulation
cost are shown in Fig. [£.3] We see that T-SNL achieves good performance using
significantly fewer simulations than other methods. From the plot of Expr we see
that BPF-MCMC is able to achieve the best accuracy, albeit at a much higher
cost.
Stochastic volatility model. This model, which is prominent in econometrics,
describes the time-evolution of coupled financial assets. The model is defined by

the equations

Xt = AXt_l + +Qt7 (435)
yi =d+3,""r;, (4.36)
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where y; is the vector of observed asset prices at time t with covariance ¥, =
D;CD;, where D; is the matrix of volatilities which depends on the hidden state
x; by D, = diag(e**/?). Finally, C is the matrix of correlations of y;, the vectors
and d are biases, and q;, r;, are Gaussian noise vectors with covariances Q and

R respectively.

In Fig. we present the results from the inference of matrix C for a 2D
model. We take the ground truth to be

1.00 0.52
C,, = . 4.37
9t (0.52 1.00) (4.37)

T-SNL exhibits the best error-to-cost tradeoff among the evaluated methods. It
achieves similar or better accuracy than SNL while requiring significantly fewer
simulations. In contrast, SNL performs well only after a larger number of sim-
ulations and tends to be noisy when data is limited. SMC-ABC shows high
KDE error at low simulation budgets, which gradually improves as more simula-
tions are added. The bias and standard deviation plots reveal distinct behaviors:
BPF-MCMC tends to produce samples with low variance but persistent bias, sug-
gesting that its estimates are tightly clustered but systematically miss the true
parameter. In contrast, SMC-ABC produces samples with higher variance and
smaller bias, which increases the chance of covering the true parameter. How-
ever, its variance remains considerably higher than that of both SNL and T-SNL,

whose posteriors are more tightly concentrated around the ground truth.

Lotka-Volterra model. The Lotka-Volterra (LV) model |[Lot20] is a popula-
tion model for two interacting populations of predator and prey. The stochastic
version of the model can be expressed as a chemical reaction network with four

reactions

A+ B 2524,
A+ B2 A,
B 2, 2B,

A0,

where A and B are the predator and prey species respectively and p, > 0 is the
rate of reaction » = 1,...,4. The population dynamics of stochastic reaction
networks can be simulated with the Gillespie algorithm |Gil77]. Details of the
model and the algorithm can be found in [Will8].

The LV simulator begins at initial populations (n40,n50) = (50,100) and

87



CHAPTER 4. SIMULATION-BASED INFERENCE OF STATE-SPACE
MODELS

simulates a trajectory x; = (nas np.), where ng, is the population of species
s€{A,B}att=1,...,T. We take the observations to be noisy measurements
of the prey population

Yt = NBt + €, (4.38)

where eg; ~ N(0,02).

Results are shown in Fig. The overall picture is similar to that of the
other two models. T-SNL is again able to achieve the best tradeoff between error
and simulation cost. SMC-ABC is able to achieve similar performance as the
simulation cost increases. In contrast SNL does not seem able to improve the
estimate for larger samples. BPF-MCMC produces again highly confident biased

estimates.

4.4.3 Discussion

Our experiments show that T-SNL is a very sample-efficient and robust algo-
rithm for parameter inference in state-space models. The comparison between
T-SNL and SMC-ABC shows that while SMC-ABC can perform well on simple,
low-dimensional models such as the LGSSM, as the complexity of the simula-
tor increases it becomes very inefficient. In contrast, T-SNL is consistently very
sample-efficient, requiring a minimal number of samples to achieve near-optimal
performance.

This is most evident in models with nonlinear dynamics, such as the stochastic
volatility and Lotka-Volterra systems. In these cases, the rejection-based nature
of SMC-ABC becomes increasingly inefficient, and tuning the tolerance schedule
becomes critical. T-SNL, by contrast, scales naturally: its neural surrogate can
handle complex likelihoods with little manual tuning, and truncation makes more
efficient use of each simulation.

Compared to standard SNL, T-SNL offers several advantages. First, it is
significantly more sample-efficient. By leveraging the Markov property of the
observation process, T-SNL transforms each simulation into multiple training
examples, allowing it to achieve lower errors with fewer simulator calls. Second,
it is more stable and robust during training. The lower dimensionality of the
truncated likelihood factors simplifies the learning problem, leading to smaller
validation losses and fewer optimization issues. Related to that is the fact that
the input size of the T-SNL model does not grow with the sequence length T: the
conditional g4 (y¢|y:i—r+—1,0) always sees a fixed-size input window. In contrast,
SNL models the full likelihood and must process inputs of size proportional to

T, which becomes increasingly difficult to scale. T-SNL not only avoids this
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issue, but also benefits from it: as T increases, the size of the training dataset
grows proportionally, further improving performance. This can be seen in Fig.
where the validation loss of SNL increases linearly with 7" while for T-SNL
it decreases. Finally, T-SNL naturally supports amortized inference: once the
conditional likelihood model is trained, it can be reused for new observations
without retraining. For example, if a new observation yr; becomes available, the
learned conditional qg(y741|yr+1-1:7,6) can be used within an SMC or MCMC
scheme to obtain samples from the updated posterior p(@|yi.7+1). This is not the
case for SNL, which upon receiving the new observation has no way of extending
the support of the learned likelihood from y.7 to yi.741.

Overall, our results highlight the importance of exploiting temporal structure
in simulator-based inference for state-space models. By combining the flexibility
of neural likelihood estimation with the Markovian structure imposed by the
truncation, T-SNL makes better use of simulations and scales easily to longer
sequences. This leads to an inference method that is not only very sample-
efficient, but also practical to apply in complex, real-world models. Moreover,
the advantage of being amortized means that T-SNL can incorporate streaming
information as it is obtained, updating the posterior estimate along the way.
This means that it can be used as a reliable component of real-time inference
algorithms, such as nested algorithms for joint state and parameter estimation
[PMM1§].

4.5 Conclusions

In this work, we have explored parameter inference methods for state-space mod-
els, including SMC-ABC, particle MCMC, and SNL. We introduced T-SNL, a
sample-efficient variant of SNL that leverages the temporal structure of SSMs by
assuming that the observation sequence is approximately Markovian. Our exper-
iments demonstrated that T-SNL outperforms other methods in both efficiency
and robustness, particularly in complex and nonlinear models. This improvement
arises mainly from its ability to convert each simulation into multiple training
points. T-SNL improves upon SNL by being more sample-efficient, more stable
and robust during training, and more scalable to longer temporal sequences. Fi-
nally, T-SNL is amortized, allowing the trained model to be reused as new data
arrives. Overall, our findings show that T-SNL is a flexible and effective tool
for inference in SSMs, and suggest several promising directions for future work,

including applications to real-time systems and more structured neural models.
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4.6 Appendix for Chapter 4

SMC-ABC implementation details

In our implementation of SMC-ABC we have used the tolerance selection method
of |[Sim+ 21|, which introduces a rule that compares consecutive approximations
of the posterior, chooses how much to lower the tolerance at each step, and stops

the simulation once the posterior stops changing significantly.

Tolerance selection subroutine

The method works by estimating the ratio between the approximate posterior
distributions at consecutive iterations, p.,_,(0) and p,(0), using kernel-based
density ratio estimation. From this, a bound ¢ = 1/supy (@) is computed,
which reflects how much the posterior has changed. The next tolerance €1 is
then set as the ¢;-quantile of the current distances between simulated and observed
summaries. This ensures that tolerances decrease adaptively in proportion to how
much the posterior contracts, without requiring manual scheduling. Moreover,
a stopping rule is built in: when ¢, exceeds a fixed threshold (e.g. 0.99), the
procedure halts automatically, indicating that the posterior has stabilized and
further reductions in tolerance would yield diminishing returns. Numerically, the
method involves solving two optimization problems: one to fit the ratio function
and one to find its maximum. Both problems can be formulated as fixed-point

iterations, allowing for efficient, gradient-free solutions.

Fitting the ratio function

The ratio function is defined by:

r(0) = ﬁﬁ (()> (4.39)
P (6 %Z (4.40)
P %Z 00" (1.41)

We approximate the ratio by a Gaussian kernel density estimate

N
0) =3 e 10017 /207 (4.42)
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In order for r, to be a proper density ratio, it must satisfy

- / ro(0)p., . (0)d0 (4.43)
N
= Zra(agi)ﬂ (4.44)
n=1
Al () _g(m)
= Z Z (e 1001~ 0 /207 (4.45)
n=1 m=1

I
] =
] =
g
gt%

(4.46)
n=1 m=1
N N
DI (a0
n=1 m=1
=a'e’, (4.48)
where
EO = clein-em /20 (4.49)
N
e => E,. (4.50)
m=1
We set a by maximizing the following function
N
(o) = logra(8”) — M1 — a’e"), (4.51)
n=1

= Z logz U Enm — A1 — al'e?)), (4.52)

o110 —6{"] (2 /252

where E,,, = . We compute the gradient of this function

Sor = ; S ey, (4.53)

If we multiply and divide the first term with «j and set the gradient equal to

zero we obtain

1 OékEnk
= 4.54
Ak Py ; > O, (4.54)
Vectorizing we obtain
® = OE'B =f(a) (4.55)
a=a® — =f(a )
Ne?
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where ® denotes element-wise multiplication, 8 = E—la, E is the matrix with

elements F,,, and A = N to satisfy the constraint. We solve the optimization

problem by repeating the iteration

ol = f(alY) (4.56)
Finding the supremum
Our approximation of the ratio is 74+ (€) and the corresponding value of ¢; is

G = sgp Tar(0) (4.57)

To find it we follow a similar procedure to the previous subsection. Our objective

1s to maximize

T (0 Za e 110—6i12/20° (4.58)

with respect to 8. We take the gradient to obtain

ar(éf) N ‘%Zaz%lle_e || [Pel0-0iI/2e (4.59)
g

_ (n) o2
Z%aea 6™ )e10-0 A1 /20° (4.60)

Setting equal to zero we obtain the fixed point iteration

ZO‘* ~llo-6i"12/20% () (4.61)

Ta*

To find the supremum we iterate Eq. (4.61) until convergence.
Since fixed-point iterations are algebraic updates they are very efficient to
compute. This results in a very efficient implementation of SMC-ABC which

tunes the tolerance schedule and stops automatically.

Relationship between &, and &

min

Here we derive an bounds of Expy in terms of &,;,. Given samples {ak}le from

the approximate posterior we use the Gaussian KDE

K

Proe(0) = % > N (6161, 0°T). (4.62)

k=1
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The log-pdf evaluated at the true parameters @, can be approximated as follows

K
1 ~
log preo(60) = log = > N(6]6x, °T) (4.63)
k=1
K 2 /952
1 L o l160-6x]12/20
k=1
= d
= log; e N100=0kl*/20* _ 1450 | 30 log(2mo?) (4.65)
1
= LSB({ 5 41/60 — 66/} + C (4.66)

where LSE is the log-sum-exp function and C' = —log K — d—29 log(2ma?). To make

the connection to &£,;, we use the following inequality which holds identically,
max{e, i, < LSE({ex}i;) < max{e, i, + log K. (4.67)
Combining Eqs. (4.66) and (4.67)) we obtain for the error Expg:

L o dy 2 L dy 2
—&° — log(2 < < —&* 4 logK + —log(2 4.
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Chapter 5
Conclusions

This thesis has addressed two of the central challenges in Bayesian inference for
state-space models: state inference and parameter inference. These are founda-
tional problems in the modeling and understanding of dynamical systems, with
applications across a wide range of scientific and engineering disciplines. While
state-space models offer a powerful probabilistic framework for capturing systems
that evolve over time, their practical use is often limited by the computational
difficulty of performing exact inference, especially in the presence of nonlineari-
ties or non-Gaussian noise. To address these challenges, the thesis has introduced
two novel methodological contributions, each advancing the state of the art in its

respective domain.

The first contribution is the augmented Gaussian sum filter, a new class of
Bayesian filters that unifies and extends the capabilities of Gaussian sum filters
and particle filters. The AGSF framework introduces latent variables and asso-
ciated augmentation covariances to construct a Gaussian mixture approximation
to the filtering distribution. By tuning these covariances, AGSF interpolates
smoothly between the deterministic behavior of GSFs and the stochastic nature
of PFs. Moreover, the proposed adaptive AGSF variant automatically sets the
augmentation parameters by minimizing an upper bound on the mean squared
error of moment estimates, leading to a filter that dynamically adjusts to the
local structure of the problem. Empirical results demonstrated the strong perfor-
mance of AGSF in scenarios that challenge traditional filters, including systems
with both linear and nonlinear dynamics. The algorithm’s ability to combine the
efficiency of Gaussian approximations with the robustness of particle methods
offers a practical and theoretically grounded tool for state inference in complex

models.

The second contribution is truncated sequential neural likelihood, a novel pa-
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rameter inference algorithm tailored to SSMs. Building on the simulation-based
inference paradigm, T-SNL extends the sequential neural likelihood approach
by exploiting the exponential forgetting property inherent to many SSMs. This
property suggests that the influence of the past on future observations decays over
time, motivating a truncation of the model likelihood into shorter, approximately
independent temporal windows. This truncation allows each simulation to yield
multiple training samples, significantly improving the sample efficiency and sta-
bility of the likelihood learning process. The resulting algorithm is more robust
to noise and overfitting, scales better with sequence length, and it is amortized
for future observations. Experiments across a diverse set of models—including
linear-gaussian, stochastic volatility, ecological highlighted the advantages of T-
SNL over both traditional and recent SBI methods.

Together, these contributions represent complementary advances in the two
core inference tasks for SSMs. AGSF provides a flexible and adaptive framework
for online state estimation, while T-SNL offers an efficient and scalable solution
for offline parameter estimation in simulation-based settings. Although devel-
oped independently, these methods open several avenues for integration. For
example, the adaptive filtering capabilities of AGSF could be incorporated into
likelihood-based parameter estimation pipelines, or used as a proposal mechanism
in particle MCMC schemes. Likewise, the amortized inference nature of T-SNL
suggests potential for use in online parameter learning, where models must adapt
to streaming data in real time.

Looking ahead, several directions offer exciting opportunities for future work:

e Extensions of the AGSF framework: In this work, we have chosen
the word framework to address the AGSF because of its extensibility. Fu-
ture work could explore the use of more sophisticated proposal distributions
beyond simple Monte Carlo sampling, such as variational or adaptive im-
portance sampling schemes. Additionally, more advanced numerical inte-
gration methods could be incorporated to replace linearization or unscented
transformations, enabling higher accuracy in capturing nonlinear dynam-
ics. We view this plug-and-play flexibility as a strength of the framework,
giving it a very wide range of possible behaviours. This was highlighted in
this work by showing that the AGSF interpolates between Gaussian and
particle filters. Therefore, the wide range of behaviours of the AGSF makes
it likely that a practitioner will be able to find a solution to their problem

within the framework.

e Online learning and real-time inference: Extending T-SNL to stream-
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ing data settings, where model parameters are updated incrementally as
new observations arrive, could enable adaptive decision-making in envi-
ronments that change over time. This would be particularly valuable in
applications such as autonomous systems, financial forecasting, and real-
time diagnostics, where models must continually adapt to nonstationary

dynamics without the need for full retraining.

e Model selection and change detection: The AGSF framework’s ability
to adjust its approximation based on local nonlinearities makes it well suited
to detecting abrupt or gradual changes in system behavior. This opens the
door to its use in tasks such as structural break detection, regime switching,
and automatic model selection, where adaptive inference mechanisms are

essential for identifying shifts in the underlying dynamics.

e Temporal neural architectures: The current T-SNL implementation
employs a simple multilayer perceptron to model the conditional likelihood
within each truncated segment. This architecture could be replaced with
temporal neural networks such as convolutional models, which can better
capture local temporal patterns, or transformer-based models, which can
effectively handle long-range dependencies. These architectural improve-
ments could enhance the expressiveness, sample efficiency, and robustness

of the learned surrogate likelihood.

e Hierarchical modeling of multi-scale dynamics: Many real-world sys-
tems exhibit behavior across multiple timescales, such as fast fluctuations
overlaying slow trends. A promising direction is to construct hierarchical
T-SNL models, where each layer is responsible for capturing dynamics at a
different resolution. This could improve interpretability, generalization, and
predictive performance in complex systems such as climate models, neural

recordings, or macroeconomic indicators.

e Applications to real-world systems: The proposed methods are espe-
cially applicable to domains where uncertainty, limited data, and nonlinear
behavior intersect. Fields such as robotics (e.g., sensor fusion and motion
tracking), neuroscience (e.g., latent neural dynamics), and environmental
science (e.g., ecosystem monitoring) are particularly promising targets. Col-
laborations with domain experts could help tailor the algorithms for prac-

tical deployment and drive new methodological improvements.

In summary, this thesis has made methodological contributions to the field of

probabilistic modeling for dynamical systems by developing adaptive, efficient,
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and scalable tools for inference in state-space models. The proposed AGSF and
T-SNL algorithms, in addition to being effective and practical solutions that can
be readily used by practitioners, are also grounded in general principles that have
broader applicability. The idea of introducing latent augmentation in AGSF pro-
vides a flexible mechanism to interpolate between different inference regimes, and
this principle can be integrated into other filtering or smoothing algorithms be-
yond the specific setting considered here. Similarly, the truncation strategy used
in T-SNL, which exploits the natural decay of temporal dependence in many
state-space models, is a general approach that can benefit a wide range of tem-
poral models. These underlying ideas — augmentation and truncation — are
not limited to the algorithms developed in this thesis, but rather offer conceptual
tools that can inspire new methods, improve existing ones, or be adapted to other
modeling frameworks where efficiency, flexibility, and structure are required. As
such, the contributions of this thesis go beyond their immediate implementation,
and open up possibilities for further methodological development in the broader

field of sequential and probabilistic modeling.
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