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Lay Summary

The joints problem is related to geometric questions at the heart of harmonic
analysis. In three dimensions, a joint is a point of intersection of three lines that
do not lie within a common plane. Given a collection of lines, one can ask how
many joints those lines can form – this is the joints problem.

“Duality” describes the relationship between two complementary problems that
are distinct but logically equivalent. Any two such problems are said to be dual
to one another. The problem that is dual to the joints problem looks to under-
stand geometric properties which abstract on the conventional notion of volume.
Understanding this geometric problem is the aim of this thesis.
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Abstract

This thesis studies the dual formulation of the multijoint problem – the discrete
analogue of the multilinear Kakeya problem.

Let F be a field. Given a set of lines in Fd, each coloured by one of d distinct
colours, a multijoint is a point formed by the intersection of d distinctly coloured,
linearly independent lines. The multijoint problem looks to control the number
of multijoints by the numbers of lines and can be formulated as a geometric mul-
tilinear inequality. Inequalities of this form have a dual formulation, whereby
solving the problem is equivalent to proving the existence of so-called factorisa-
tions, however this only applies if the geometry of the problem is transversal.

The multilinear Kakeya theorem in Euclidean space was proven in full generality
via the existence of factorisations. The multijoint problem was recently solved,
and while it is analogous to the multilinear Kakeya theorem, the question of the
existence of factorisations for this discrete problem remained unanswered.

In this work, we resolve the dual multijoint problem and prove the existence of
factorisations in general. Moreover, we deduce the analogue of a theorem due
to Bourgain and Guth, where the Euclidean wedge product is replaced by the
discrete one. More precisely, we show that there is a constant C = C(d) so that for
any function S : Fd → R≥0, there is a “factorising” function s : Fd × Sd−1 → R≥0

such that

(ω1 ∧ · · · ∧ ωd)S(p)d ≤
d∏
j=1

s(p, ωj),

for every p ∈ Fd and every tuple of directions (ωj)
d
j=1 ∈ (Sd−1)d, and∑

p∈l

s(p, e(l)) ≤ C‖S‖d

for every line l ⊂ Fd, where e(l) ∈ Sd−1 denotes the direction of l and ∧ de-
notes the discrete wedge product. This property is common to both the discrete
wedge product in Fd and the continuous wedge product in Rd, and establishes a
perspective from which these two geometries are “the same”.

Until now, there was no duality theorem for the multijoint problem in general,
and there was no formal duality which applied directly to the joints problem. We
conclude with a proof that there is, indeed, a duality for the joints problem.
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Notation

We write A . B to mean that there is a non-negative constant C, depending
only on dimension, so that A ≤ CB. We write A .k1,...,kd B to mean that there is
a constant C, depending only on k1, . . . , kd and the dimension, so that A ≤ CB.
We write B & A and B &k1,...,kd A to mean A . B and A .k1,...,kd B, respectively.
Moreover, by A ∼ B, we mean A . B and B . A, and finally, by A ∼k1,...,kd B,
we mean A .k1,...,kd B and B .k1,...,kd A.

Given d sets Y1, . . . , Yd and y ∈ Y1 × · · · × Yd we write yj to mean the j-th entry
of y for each 1 ≤ j ≤ d, so y = (yj)

d
j=1. We write y ∈ y to mean y ∈ {yj}dj=1.

We will use standard multi-index notation.

We write χA to denote the indicator function of a set A.

We will use boldface text to indicate that a word or phrase is being defined.

Outline

Chapter 1 and Chapter 2 contain introductory material. The substance of this
thesis can be found in Chapter 3, Chapter 4 and Chapter 5.
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Chapter 1

Introduction to Joints and
Multijoints

Let d ∈ N, let L be a finite set of lines in Rd and let p ∈ Rd. Suppose there
are d lines, l1, . . . , ld ∈ L, that all contain p and are such that their directions,
e(l1), . . . , e(ld) ∈ Sd−1, span Rd. Then we say that p is a joint and that the
d-tuple l forms a joint at p.

Given a d-tuple, l ∈ Ld, let us say that δ(p, l) = 1 if the lines l = (lj)j form a
joint at p, and δ(p, l) = 0 otherwise. Let J = {p : ∃l ∈ Ld so that δ(p, l) = 1} be
the set of joints formed by tuples l ∈ Ld. The joints problem seeks to understand
how many joints J there can be, given some set of lines L. Trivially, |J | ≤ |L|d
since |J | is bounded by the number of d-tuples of lines. Hence, we would like to
learn for which q ≥ 1,

|J | . |L| dq . (1.1)

This problem was conceived by Chazelle et al., [CEG+92], where inequality (1.1)
was proved for q = 12/7 in R3. Here, the joints problem was studied in the
context of computer science, with the aim of showing that an algorithm which
enumerates collections of rods in R3 so that the i-th element obstructs the (i+1)-
st element, as seen from a fixed viewpoint, will always terminate. A joint was
then formulated by interpreting a cycle of obstructing lines in R3, depicted in
Figure 1.1, as a point of intersection of three non-coplanar lines.

Consider the configuration of lines in R3 described by Figure 1.2. Generalising so
that for each colour there are N2 copies of each line, parallel to each coordinate
axis, we see that this forms a lattice of N3 joints using 3N2 lines. Therefore, |J | =
N3 = (N2)

3
2 ∼ |L| 32 . Hence, it was conjectured that (1.1) should hold for q =

d− 1. Further improvements in R3 were made in [EKS11,BCT06,SW04,Sha94]
until Guth and Katz proved the endpoint case, q = 2 in 2008, [GK10]. The
endpoint result was extended to Rd in [KSS10, Qui10]. Thereafter, Carbery and
Iliopoulou, Dvir and Tao generalised these results from Rd to Fd for an arbitrary
field F, [CI14, Tao14, Dvi12]. We continue our discussion with respect to an
arbitrary field, which we denote by F, unless stated otherwise.

5
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Figure 1.1: Cycle of three pairwise obstructing cylinders in R3. Figure generated
using [HBA+18].

1.1 Multiplicity

To refine our question, let us write the trivial estimate as
∑

p∈J 1 . |L|d. The
multiplicity of each joint p ∈ J is the number of tuples l which form a joint at
p. This can be expressed as

∑
l∈Ld δ(p, l), and the trivial estimate is

∑
p∈J

∑
l∈Ld

δ(p, l) .

∑
l∈L

1

d

.

Considering an arbitrary function f : L → R≥0, another trivial estimate is

∑
p∈J

∑
l∈Ld

δ(p, l)
∏
l∈l

f(l)

 .

∑
l∈L

f(l)

d

. (1.2)

In particular, we regard (1.2) as a geometric inequality. Accordingly, the joints
problem becomes a question of understanding the operator

f 7→
∑
l

δ( · , l)
∏
l∈l

f(l),

and hence, a question of understanding the joints kernel, δ.
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Figure 1.2: An example configuration of axis-parallel lines in R3. Figure gen-
erated using [HBA+18].

Remark. In other references (e.g. [Zha20, TYZ20]), instead of formulating the
joints problem as a geometric inequality, the set L is generalised to a multiset. Ar-
guments in the multiset-setting are formally equivalent to considering f -weighted
multiplicity for Z≥0-valued f only. J

Since the `q-norm decreases in q, it is well defined to ask: which is the least
q ∈ (0, 1] such that∑

p∈Fd

∑
l∈Ld

δ(p, l)
∏
l∈l

f(l)

q


1
q

.

∑
l∈L

f(l)

d

holds for arbitrary non-negative f? By the change of variables q 7→ q/d, the
question becomes: which is the least q ∈ (0, d] for which∑

p∈Fd

∑
l∈Ld

δ(p, l)
∏
l∈l

f(l)


q
d


1
q

.

∑
l∈L

f(l)

 (1.3)

holds for arbitrary non-negative f? The case of q = d corresponds to the trivial
estimate, (1.2). Examples such as the axis-parallel configuration in Figure 1.2
show that any such exponent must satisfy q ≥ d/(d − 1). Zhang proved in
[Zha20] that (1.3) holds at the endpoint q = d/(d− 1) for an arbitrary field, and
established a multilinear generalisation of (1.3). This is a strictly stronger result
than inequality (1.1), which does not account for multiplicity.
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1.2 Multilinearity

Consider d finite sets of lines, L1, . . . ,Ld ⊂ Fd. Let l ∈ L1×· · ·×Ld and suppose
p lies within the intersection of those lines. If the directions of those lines span
Fd, then we call p a multijoint. Moreover, we say that l forms a multijoint
at p. We extend the definition of δ so that δ(p, l) = 1 if l forms a multijoint
at p, and 0 otherwise. The prefix “multi” acknowledges that multijoints are the
multilinear generalisation of joints. We can now ask: which is the least q ∈ (0, d]
such that∑

p∈Fd

 ∑
l∈L1×···×Ld

δ(p, l)
d∏
j=1

fj(lj)


q
d


1
q

.
d∏
j=1

∑
lj∈Lj

fj(lj)

 1
d

(1.4)

holds for arbitrary non-negative functions fj? Considering Figure 1.2, we see
that any exponent q for which inequality (1.4) holds must satisfy q ≥ d/(d− 1).
When d = 3, the endpoint case of q = 2 was proved with F = R by Iliopoulou
in [Ili15] with fj identically equal to 1. For arbitrary dimension d, the endpoint
case q = d/(d − 1) of this multijoint inequality is precisely the multilinear gen-
eralisation that was proven by Zhang in [Zha20], where he proved the analogous
result for multisets. That is, he proved (1.4) for Z≥0-valued fj. By homogeneity,
this establishes the result for Q≥0-valued fj and by density this is sufficient for in-
equality (1.4) to hold for arbitrary R≥0-valued fj. In principle, this result appears
more general than the joints inequality (1.3) since the weights fj may be chosen
independently. However in [Zha20], Zhang also observed that the joint problem
with multiplicity and the multijoint problem with multiplicity are equivalent.

1.3 Joints of Varieties

Having considered how to count joints and multijoints formed by lines, we turn
to multijoints formed by more general algebraic objects. Let Γj be a set of kj-
dimensional varieties in Fn for each 1 ≤ j ≤ d, where k1 + . . . + kd = n. We do
not require the kj to be distinct. Since the ambient dimension is not necessarily
equal to d, we retain d as the level of multilinearity and use n to denote the
dimension of the ambient vector space. Examples of such sets Γj include sets of
affine kj-planes, which are varieties of degree 1.

Let γ ⊂ Fn be a variety. Roughly speaking, a point p ∈ γ is smooth if Tpγ,
the tangent space of γ at p, is well-defined. Suppose p ∈ Fn is such that for
each 1 ≤ j ≤ d, there is variety γj ∈ Γj for which p is a smooth point and
Tpγ1, . . . , Tpγd, the tangent spaces of each γj at p, span Fn. Then we say that p
is a multijoint and that the tuple γ forms a multijoint at p. As before, we
let δ(p,γ) = 1 if γ forms a multijoint at p, and 0 otherwise. In this setting, the
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correct generalisation of (1.4) is∑
p∈Fn

 ∑
γ∈Γ1×···×Γd

δ(p,γ)
d∏
j=1

fj(γj)


q
d


1
q

.k1,...,kd

d∏
j=1

∑
γj∈Γj

fj(γj) deg γj

 1
d

.

Note that while the ambient dimension n implicitly contributes to the implied
constant, it is only the degree of multilinearity d that features in the exponents
of this inequality. Iliopoulou proved results on joints and multijoints formed by
real algebraic curves of uniformly bounded degree in R3, [Ili13, Ili15]. A result
for planes (i.e. degree 1 varieties) of arbitrary dimensions in Rn was established
away from the endpoint by Yang, [Yan16].

Yang’s proof is among the minority of works on multijoint problems which uses
polynomial partitioning, tying his argument to the topological properties of the
Euclidean space, Rn. Earlier arguments for counting multijoints using polynomial
partitioning were developed by Iliopoulou in [Ili13, Ili15]. However, Yang’s work
is the only proof to date in the development of the joints problem which uses
polynomial partitioning to perform an induction using polynomials of bounded
degree, which in turn necessitates loss in the exponent. Later, Carbery and
Iliopulou, [CI20], and Yu and Zhao, [YZ19] independently proved estimates on
multijoints formed by (d − k) sets of lines and a single set of k-planes in Fn.
Eventually, the general problem for multijoints formed by algebraic varieties of
any dimension and degree at the endpoint,

∑
p∈Fn

 ∑
γ∈Γ1×···×Γd

δ(p,γ)
d∏
j=1

fj(γj)

 1
d−1

.k1,...,kd

d∏
j=1

∑
γj∈Γj

fj(γj) deg γj

 1
d−1

(1.5)
was solved by Tidor, Yu and Zhao, [TYZ20]. Similar to Zhang’s work, [Zha20],
their proof established the analogous result for multisets of varieties, which is
sufficient to establish (1.5) for arbitrary non-negative functions fj.
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Chapter 2

Multilinear Duality

Almost all of the arguments and techniques used to study joints and multijoints
can be understood from a dual perspective. This chapter introduces and discusses
multilinear duality, which was conceived through the study of the multilinear
Kakeya problem.

2.1 Multilinear Kakeya

Let T1, . . . , Td be sets of 1-neighbourhoods of doubly-infinite lines, which we call
tubes, in Rd. For any tube T , let e(T ) ∈ Sd−1 be a unit vector parallel to the
central line of T , and for ω1, . . . , ωd ∈ Sd−1, we adopt a non-standard definition of
the Euclidean wedge product whereby ω1 ∧ · · · ∧ ωd is equal to the non-negative
volume of the parallelepiped with edges ω1, . . . , ωd. The endpoint multilinear
Kakeya theorem, first proved by Bourgain and Guth in [BG11], states that

∫
Rd

 ∑
T∈T1×···×Td

 d∏
j=1

fj(Tj)χTj(x)

 (e(T1) ∧ · · · ∧ e(Td))


1
d−1

dx

.
d∏
j=1

∑
Tj∈Tj

fj(Tj)

 1
d−1

. (2.1)

Earlier results were proved when the sets of tubes were assumed to be transversal
in [BCT06], with near-optimal exponents, and in [Gut10], at the endpoint.

The geometry defined by this wedge product ∧ in Rd is understood to be the
continuous setting. From the left-hand side of inequality (2.1), we can extract
an integral kernel of the form

(x,T ) 7→

 d∏
j=1

χTj(x)

(e(T1) ∧ · · · ∧ e(Td)
)
.

11
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The discrete analogue of a tube is a line. Replacing instances of tubes in this
kernel with lines results in a candidate formula for the multijoint kernel δ,

(p, l) 7→

 d∏
j=1

χlj(p)

(e(l1) ∧ · · · ∧ e(ld)
)
.

By replacing the wedge product with the “discrete wedge product”, which we will
define prior to Theorem 2.1.3, below, we see that this candidate for the discrete
analogue of the multilinear Kakeya kernel gives a valid formula for δ.

Suppose in (2.1) that we substitute continuous objects and operators with their
discrete counterparts. That is, suppose we substitute the multilinear Kakeya
kernel with the multijoint kernel δ, tubes with lines and the Lebesgue measure
on Rd with the counting measure on Rd. Then the multilinear Kakeya inequality,
(2.1), corresponds precisely to (1.4) at the endpoint q = d/(d− 1) with F = R.

Guth’s proof of the transversal multilinear Kakeya Theorem, [Gut10], was subse-
quently interpreted using techniques accessible to the harmonic analyst by Car-
bery and Valdimarsson in [CV13]. The cornerstone of the Carbery–Valdimarsson
argument, also implicit in [BG11], is the following Theorem 2.1.1.

Theorem 2.1.1 (Carbery–Valdimarsson, [CV13]). Let S : Q → [1,∞) be finitely
supported, where Q is the lattice of unit cubes in Rd. There exists a function
s : Q× (T1 ∪ · · · ∪ Td)→ R≥0 so that

e(T1) ∧ · · · ∧ e(Td)S(Q)d ≤
d∏
j=1

s(Q, Tj),

for all Q ∈ Q and Tj ∈ Tj such that Tj ∩Q 6= ∅ for all 1 ≤ j ≤ d, and so that∑
Q:T∩Q 6=∅

s(Q, T ) . ‖S‖d

for all T ∈ T1 ∪ · · · ∪ Td.

We highlight two properties of the function s. Firstly, we note that despite the
multilinearity of the problem, the function s does not have have a subscript. In
other multilinear situations, we might expect that instead of a single function s,
we may need to consider d functions sj : Q×Tj → R≥0. Secondly, the arguments
of s comprise of a cube Q and a tube Tj. This indicates that for two parallel
tubes T and T ′, we may have that s(·, T ) and s(·, T ′) are distinct. Specifying a
tube T is equivalent to specifying a cube and direction, hence we may interpret
the function s in this theorem as having three arguments – two cubes and a
direction. These two observations describe additional degrees of freedom that we
might expect to be unnecessary. Indeed, a more universal dual statement, which
does not refer to any fixed sets of tubes, was found by Bourgain and Guth and
is described by the following theorem.
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Theorem 2.1.2 (Bourgain–Guth, [BG11]). Let S : Q → [1,∞) be finitely sup-
ported. Then there exists a function s : Q× Sd−1 → R≥0 so that

(∧ω∈ωω)S(Q)d ≤
∏
ω∈ω

s(Q,ω),

for all Q ∈ Q and ω ∈ (Sd−1)d, and so that∑
Q:T∩Q6=∅

s(Q, e(T )) . ‖S‖d

for any tube T ⊂ Rd.

Remark. For any given S, the factorising function s from Theorem 2.1.2 is
explicitly constructed in terms of geometric quantities associated to a particular
polynomial hypersurface. Specifically, the function s(Q, e(T )) is defined as the
directional surface area of a polynomial hypersurface within Q in the direction
e(T ). Moreover, the quantity

∏
j s(Q, e(Tj)) is realised by the “visibility” of the

polynomial hypersurface in Q. However, for any S, it is only the existence of the
polynomial hypersurface that is known, and it is not constructively identified.
The existence is a consequence of the Borsuk–Ulam Theorem. J

This theorem removes the subscript j from the factorising functions and reduces
the second argument of such functions to a direction only. While the Bourgain–
Guth theorem was used to prove the endpoint multilinear Kakeya theorem, and
the analogous multijoint problem has been resolved by Zhang, [Zha20], the dis-
crete analogue of the above Bourgain–Guth theorem has remained open until
now.

The primary aim of this thesis is to prove the discrete analogue of the Bourgain–
Guth theorem, Theorem 2.1.3, below.

For any field F, let Sd−1 denote the projective space of lines through the origin
in Fd. Given any d-tuple ω ∈ (Sd−1)d, we define the discrete wedge product
by ∧ω∈ωω = 1 if the entries of ω are linearly independent, and 0 otherwise.

Theorem 2.1.3 (Discrete Bourgian–Guth Theorem). For all finitely supported
S : Fd → R≥0 with ‖S‖d = 1, there exists a function s : Fd × Sd−1 → R≥0 so that

(ω1 ∧ · · · ∧ ωd)S(p)d .
d∏
j=1

s(p, ωj),

for all p ∈ Fd and every ω ∈ (Sd−1)d, and so that,∑
p∈l

s(p, e(l)) ≤ 1

for all lines l ⊂ Fd.
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2.2 Multilinear Duality

In the context of multilinear inequalities involving geometric means, and in light
of Theorem 2.1.2, we wish to formalise the Bourgain–Guth proof strategy for mul-
tilinear Kakeya in the abstract setting. This was achieved by Carbery, Hänninen
and Valdimarsson, [CHV20a], who proved under appropriate assumptions, that
such inequalities are indeed equivalent to factorisation statements, thus estab-
lishing the theory of multilinear duality.

Theorem 2.2.1 (Multilinear Duality, [Coc18, CHV20a]). Let X be a σ-finite
measure space and let Y1, . . . , Yd be measure spaces. For each 1 ≤ j ≤ d, let
Tj be a linear operator which maps functions on Yj to functions on X. Let
α1 + . . .+αd = 1, where αj > 0 for each 1 ≤ j ≤ d, and let A > 0. The following
are equivalent:

(i) ∥∥∥∥∥∥
d∏
j=1

(Tjfj)
αj

∥∥∥∥∥∥
Lp(X)

≤ A
d∏
j=1

∥∥fj∥∥αjL1(Yj)
(2.2)

for all non-negative fj ∈ L1(Yj) for each 1 ≤ j ≤ d.

(ii) For every non-negative S ∈ Lp′(X), there are functions Sj : X → R≥0 for
each 1 ≤ j ≤ d so that

S(x) ≤
d∏
j=1

Sj(x)αj

for a.e. x ∈ X, and so that∫
X

Tjfj(x)Sj(x) dx ≤ A‖S‖p′
∥∥fj∥∥1

for all non-negative fj ∈ L1(Yj) and all 1 ≤ j ≤ d.

(iii) For every non-negative S ∈ Lp′(X), there are functions Sj : X → R≥0 for
each 1 ≤ j ≤ d so that

S(x) ≤
d∏
j=1

Sj(x)αj

for a.e. x ∈ X, and so that

d∑
j=1

αj

∫
X

Tjfj(x)Sj(x) dx ≤ A‖S‖p′
∥∥fj∥∥1

for all non-negative f1 ∈ L1(Y1), . . . , fd ∈ L1(Yd).

(iv) For every non-negative S ∈ Lp′(X), there are functions Sj : X → R≥0 for
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each 1 ≤ j ≤ d so that

S(x) ≤
d∏
j=1

Sj(x)αj

for a.e. x ∈ X, and so that

d∏
j=1

(∫
X

Tjfj(x)Sj(x) dx

)αj
≤ A‖S‖p′

∥∥fj∥∥1

for all non-negative fj ∈ L1(Y1), . . . , fd ∈ L1(Yd).

We say that a tuple of functions (Sj)j which satisfies any one of the above items
(ii), (iii) or (iv) from Theorem 2.2.1, factorises the test function S.

Inequality (1.4) is not of the form (2.2) since δ(p, l) is not expressed as a tensor
product of kernels of linear operators. Therefore, we cannot apply Theorem 2.2.1
unless we assume that the sets of lines are transversal. We say that the sets
of lines L1, . . . ,Ld are transversal if every tuple l ∈ L1 × · · · × Ld so that there
exists p ∈ J such that p ∈ lj for all 1 ≤ j ≤ d also satisfies δ(p, l) = 1. In this
case, we can write

δ(p, l) =
d∏
j=1

χlj(p).

2.2.1 Counting Multijoints by Optimisation

For problems, such as the multijoint problem, the theory surrounding Theorem
2.2.1, as described by Carbery, Hänninen and Valdimarsson in [CHV20a], suggests
analysis by convex optimisation. Specifically, their work shows that, under the
assumption that (2.2) holds for any S : J → R≥0, it is possible to demonstrate
the existence of a tuple (Sj)j which factorises S by convex optimisation. In this
subsection, we explore this argument in the setting of multijoints.

The multijoints problem seeks to prove the inequality

∥∥∥M 1
d

∥∥∥
d
d−1

.
d∏
j=1

∑
lj∈Lj

fj(lj)

 1
d

, (2.3)

where M(p) = M [f1, . . . , fd](p) =
∑
l∈L1×···×Ld δ(p, l)

∏d
j=1 fj(lj) and f1, . . . , fd

are arbitrary non-negative functions on L1, . . . ,Ld, respectively. For each 1 ≤ j ≤
d, the operator Tj from Theorem 2.2.1 is given by Tjfj(p) =

∑
lj∈Lj fj(lj)χlj(p)

for p ∈ J .

Let us examine the left-hand side of (2.3). To evaluate the Ld/(d−1)(J)-norm, we
sum against a test function S ∈ Ld(J) with unit norm. Suppose the problem is
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transversal. Then,

∑
p∈J

S(p)M(p)
1
d =

∑
p∈J

S(p)
d∏
j=1

(
∑
lj3p

fj(lj))
1
d =

∑
p∈J

1

d

d∑
j=1

Sj(p)
∑
lj3p

fj(lj),

where

Sj(p) := S(p)

∑
lj3p

fj(lj)

−1
d∏

j′=1

∑
lj′3p

fj′(lj′)


1
d

.

By realising that this equality is an extremiser for the arithmetic mean–geometric
mean (AM–GM) inequality, we deduce that

∑
p∈J

S(p)M(p)
1
d = inf

(Sj)j∈CS

1

d

∑
p∈J

d∑
j=1

Sj(p)
∑
lj3p

fj(lj)

= inf
(Sj)j∈CS

1

d

d∑
j=1

∑
lj∈Lj

fj(lj)
∑
p∈lj∩J

Sj(p),

where CS is the set of all tuples of functions (Sj)j so that S(p) ≤ ∏j Sj(p)
1
d for

all p ∈ J . The set CS is convex, and we are infimising a linear, and hence convex,
function of (Sj)j. Therefore, the above infimum describes a convex optimisation
problem. We summarise our discussion as follows.

Lemma 2.2.2. Suppose the sets of lines L1, . . . ,Ld are transversal with associated
joints J . For any non-negative S : J → R≥0 with ‖S‖d = 1,

inf
(Sj)j∈CS

1

d

d∑
j=1

∑
lj∈Lj

fj(lj)
∑
p∈lj∩J

Sj(p) ≤
∥∥∥M 1

d

∥∥∥
L

d
d−1 (J)

.

Suppose, in addition, that (2.3) holds for any non-negative functions f1, . . . , fd
such that

∑
lj∈Lj fj(lj) = 1 for each 1 ≤ j ≤ d. Then

inf
(Sj)j∈CS

1

d

d∑
j=1

∑
lj∈Lj

fj(lj)
∑
p∈lj∩J

Sj(p) . 1. (2.4)

In particular, if (Sj)j ∈ CS realises the infimum in (2.4), then
∑

p∈lj∩J Sj(p) . 1
for every lj ∈ Lj and 1 ≤ j ≤ d.

Thus, for any fixed transversal configuration of lines, we may compute the factori-
sation of S, by finding a tuple (Sj)j which realises the infimum on the left-hand
side of (2.4). However, there are two important observations to note. Firstly,
if we compute (Sj)j in this way then the tuple will, in general, depend on the
functions f1, . . . , fd. Therefore, this approach does not guarantee the existence of
the tuple (Sj)j as described in Theorem 2.2.1. Secondly, we deduced the uniform
upper bound described by inequality (2.4) under the assumption that inequality
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(2.3) is true. Without making that assumption we cannot deduce any such upper
bound without further work.

2.2.2 Minimax

To find examples of functions as described in Theorem 2.2.1, which are inde-
pendent of f1, . . . , fd, consider the case where d = 2, so that d/(d − 1) = 2
and follow arguments that are outlined in [Coc18]. In this case, (2.3) reduces to∑

p∈JM(p) . (
∑

l1∈L1 f1(l1))(
∑

l2∈L2 f2(l2)). However, by changing the order of
summations, we deduce that this inequality is true with implied constant equal
to 1, uniformly over all f1 and f2. Indeed,

∑
p∈J

M(p) =
∑
p∈J

2∏
j=1

∑
lj∈Lj

fj(lj)χlj(p)

=
∑
l1∈L1

∑
l2∈L2

∑
p∈J

f1(l1)f2(l2)χl1∩l2(p) ≤
∑
l1∈L1

∑
l2∈L2

f1(l1)f2(l2).

Hence, we may apply Lemma 2.2.2 with normalised f1, f2, for any non-negative
S ∈ L2(J) of unit size, to deduce that

inf
S2≤S1S2

1

2

∑
l1∈L1

f1(l1)
∑
p∈l1∩J

S1(p) +
1

2

∑
l2∈L2

f2(l2)
∑
p∈l2∩J

S2(p)

 ≤ 1. (2.5)

Therefore

sup
‖fj‖

1
≤1

inf
(S1,S2)∈CS

1

2

∑
l1∈L1

f1(l1)
∑
p∈l1∩J

S1(p) +
1

2

∑
l2∈L2

f2(l2)
∑
p∈l2∩J

S2(p)

 ≤ 1.

(2.6)
We wish to assert that the “sup inf” in (2.6) can be replaced by a “min sup”.
This is valid following an application of a minimax theorem.

Theorem 2.2.3 (Lopsided Minimax, [AE84]). Let A and B be convex subsets of
vector spaces, where B additionally has a topology. Suppose that

� ∃a0 ∈ A such that b 7→ Ψ(a0, b) is inf-compact,

� ∀a ∈ A, the mapping b 7→ Ψ(a, b) is lower semi-continuous,

for a map Ψ : A×B → R which is convex in b for all a, and concave in a for all
b. Then ∃b0 ∈ B so that supa∈A Ψ(a, b0) attains the common value

sup
a∈A

inf
b∈B

Ψ(a, b) = min
b∈B

sup
a∈A

Ψ(a, b).

Remark. This minimax theorem is widely applicable, and its use here may be
considered heavy-handed. It is likely that there is a simpler minimax theorem
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that would suffice for our purpose, however, this Lopsided Minimax Theorem
adequately suits our purpose. J

To apply Theorem 2.2.3 to the left-hand side of (2.6), with A = {(f1, f2) :
‖f1‖1, ‖f2‖1 ≤ 1} and B = CS, it remains to verify that the hypotheses are
satisfied. The map

Ψ((f1, f2), (S1, S2)) :=
1

2

∑
l1∈L1

f1(l1)
∑
p∈l1∩J

S1(p) +
1

2

∑
l2∈L2

f2(l2)
∑
p∈l2∩J

S2(p)

is linear in both arguments – so the lower semi-continuity condition is verified.
For inf-compactness, let f1 and f2 be the constant functions on L1 and L2, re-
spectively, and consider the sublevel set{

(S1, S2) ∈ CS : Ψ
(
(f1, f2), (S1, S2)

)
≤ λ

}
.

We may insist that the functions S1 and S2 are non-negative. Since (2.6) holds,
both S1 and S2 are bounded above pointwise by r = 2 maxj=1,2 maxlj∈Lj fj(lj)

−1.
As Ψ is continuous, for any λ ∈ R, these sublevel sets are closed subsets of
[0, r]|J | × [0, r]|J |, which is compact. Hence, the sublevel sets are compact and
Theorem 2.2.3 applies. Therefore

min
(S1,S2)∈CS

sup
‖fj‖

1
≤1

1

2

∑
l1∈L1

f1(l1)
∑
p∈l1∩J

S1(p) +
1

2

∑
l2∈L2

f2(l2)
∑
p∈l2∩J

S2(p)

 ≤ 1.

(2.7)
Let (S1, S2) be a minimiser. The choice of minimiser is independent of the func-
tions f1, f2 and hence (S1, S2) satisfies part (ii) of Theorem 2.2.1. Therefore the
pair (S1, S2) factorises S, as desired. In conclusion, for the given sets of lines
L1,L2, computing a minimiser (S1, S2) for the min sup on the left-hand side of
(2.7) will yield a factorising pair.

2.2.3 Example Factorisations

Suppose we do not know a priori whether (2.3) holds, and let us reconsider the
discussion preceding Lemma 2.2.2. In this subsection we present some numeri-
cal experiments which demonstrate that it is, in principle, possible to establish
geometric multilinear inequalities, such as inequality (2.3), by brute force com-
putation alone and without considering any minimax theorem.

Let L1 be the set of thin lines and L2 the set of thick lines depicted in Figure
2.1. Consider the normalised test functions (S(1)(pi))1≤i≤5 = 1√

5
(1, 1, 1, 1, 1), and

(S(2)(pi))1≤i≤5 = 1√
20

(1, 1, 4, 1, 1). Since we are not using a minimax theorem, we
will not introduce a supremum over the positive functions fj as in Subsection
2.2.2. Thus, for the sake of this example, we let both f1 and f2 be constant
and normalised on L1 and L2, respectively. This choice is arbitrary. For both
of the example functions S, in order to find factorisations, we compute (using
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MATLAB) a pair (S1, S2) which minimises

min
(S1,S2)∈CS

1

6

∑
l1∈L1

∑
p∈l1∩J

S1(p) +
1

6

∑
l2∈L2

∑
p∈l2∩J

S2(p). (2.8)

p1 p2

p3

p4 p5

Figure 2.1: Example multijoint configuration with two sets of lines given by
thin and thick, respectively.

Minimisers for this problem with test functions S = S(1), S(2) – computed with
the aid of MATLAB – are described in Table 2.1 and Table 2.2, respectively. We
provide graphical representations of the respective minimisers in Figure 2.2. In
this representation, for each 1 ≤ i ≤ 5, the values of the factorising functions
S1, S2 at pi are proportional to the length of the thin and thick line segments,
respectively, which originate from pi. Further examples can be found in Appendix
A.

S
(1)
1 S

(1)
2

√
S

(1)
1 S

(1)
2 S(1)

p1 0.723 0.276 0.457 0.457
p2 0.276 0.723 0.457 0.457
p3 0.447 0.457 0.457 0.457
p4 0.276 0.723 0.457 0.457
p5 0.723 0.276 0.457 0.457

Table 2.1: Minimisers of (2.8) with S = S(1). Values rounded to 3 decimal
places.

Despite the fact that we made an arbitrary choice and fixed f1 and f2, the values
in Table 2.1 and Table 2.2 allow us to verify that the resulting minima (S1, S2)
satisfy ∑

p∈lj

Sj(p) ≤ 1 (2.9)
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for every lj ∈ Lj and j = 1, 2. For each j = 1, 2, let gj : Lj → R≥0 be such that∑
lj
gj(lj) = 1. We deduce from (2.9) that each pair (S1, S2) also satisfies∑

lj∈Lj

gj(lj)
∑
p∈lj

Sj(p) ≤ ‖S‖2.

S
(2)
1 S

(2)
2

√
S

(2)
1 S

(2)
2 S(2)

p1 0.947 0.053 0.224 0.224
p2 0.053 0.947 0.224 0.224
p3 0.894 0.894 0.894 0.894
p4 0.053 0.947 0.224 0.224
p5 0.947 0.053 0.224 0.224

Table 2.2: Minimisers of (2.8) with S = S(2). Values rounded to 3 decimal
places.

Hence, the pairs (S1, S2) satisfy part (ii) of Theorem 2.2.1, thus factorising the
test functions S(1) and S(2).

In summary, this subsection demonstrates that it is possible, in principle, to prove
inequality (2.3) by brute force computation only. This discussion remains valid
for d ≥ 2.

1√
5

1√
5

1√
5

1√
5

1√
5

1√
20

1√
20

4√
20

1√
20

1√
20

Figure 2.2: Representation of solution with (S(pi))1≤i≤5 = 1√
5
(1, 1, 1, 1, 1) (left)

and (S(pi))1≤i≤5 = 1√
20

(1, 1, 4, 1, 1) (right).
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2.3 The Dual Multijoint Problem

Having briefly considered problems of transversal lines, we return to a more gen-
eral setting. Abstractly, for any geometric multilinear inequality with some inte-
gral kernel K, we can derive the sufficiency statement Proposition 2.3.1, below.

Proposition 2.3.1. Let X, Y1, . . . , Yd be measure spaces and let K : X×Y1×· · ·×
Yd → R≥0. Suppose there is a constant A > 0 such that for every non-negative
S ∈ Lp′(X), there are functions Sj : X × Yj → R≥0 so that

K(x,y)S(x) ≤
d∏
j=1

Sj(x, yj)
αj (2.10)

for a.e. x ∈ X and y ∈ Y1 × · · · × Yd, and so that∫
X

Sj(x, yj) dx ≤ A‖S‖p′ (2.11)

for a.e. yj ∈ Yj and every 1 ≤ j ≤ d. Then∥∥∥∥∥∥
∫

Y1×···×Yd
K(·,y)

d∏
j=1

fj(yj)
αj dy

∥∥∥∥∥∥
Lp(X)

≤ A
d∏
j=1

∥∥fj∥∥αjL1(Yj)
(2.12)

for all non-negative fj ∈ L1(Yj) for each 1 ≤ j ≤ d.

If the hypotheses of Proposition 2.3.1 are satisfied, then we again say that the
functions (Sj)j factorise the test function S.

Remark. The hypotheses for Proposition 2.3.1 contain a single constant, A. It
is precisely the same constant as is in (2.12). J

Proof. We establish inequality (2.12) by integrating against an arbitrary non-
negative test function S ∈ Lp

′
(X). By hypothesis, we can find functions Sj

satisfying (2.10) and (2.11). Hence

∫
X

∫
Y1×···×Yd

K(x,y)
d∏
j=1

fj(yj)
αj dy

S(x) dx

=

∫
X

∫
Y1×···×Yd

K(x,y)S(x)
d∏
j=1

fj(yj)
αj dy dx

≤
∫
X

∫
Y1×···×Yd

d∏
j=1

(
Sj(x, yj)fj(yj)

)αj dy dx
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by (2.10). By Hölder’s inequality, this is at most

d∏
j=1

(∫
X

∫
Yj

Sj(x, yj)fj(yj) dyj dx

)αj

=
d∏
j=1

(∫
Yj

fj(yj)

∫
X

Sj(x, yj) dx dyj

)αj

≤
d∏
j=1

(
A‖S‖p′

∫
Yj

fj(yj) dyj

)αj

= A‖S‖p′
d∏
j=1

∥∥fj∥∥αj1
,

where we have applied (2.11). This concludes the proof.

Remark. Observe that the functions fj sit idly throughout the manipulations in
this proof. This motivates a heuristic whereby the functions S1, . . . , Sd describe
intrinsic properties of the kernel K. J

Stated in this generality, the converse to Proposition 2.3.1 is false. Indeed, a
counterexample is provided in [CHV20a, Proposition 8.1]. Nevertheless, we show
in Chapter 5 that there is a duality for the (non-transversal) joints problem which
encompasses Proposition 2.3.1. Specifically, we will prove Theorem 2.3.2, below.

It is of great interest that there is a duality for the joints problem, which we will
prove in Chapter 5, given that the joints problem does not express the bounded-
ness of a linear operator, nor a multilinear operator.

Theorem 2.3.2 (Duality for Joints). Let L be a set of lines in Fd and let J be
the associated set of joints. Then, there are constants C1, C2 > 0, depending only
on d, so that the following are equivalent:

(i) For all f : L → R≥0,

∑
p∈J

∑
l∈Ld

δ(p, l)
∏
l∈l

f(l)

 1
d−1

≤ C1

∑
l∈L

f(l)

 d
d−1

.

(ii) For all S : J → R≥0 there exists a function s : J × L → R≥0 so that

δ(p, l)S(p)d ≤ C2

∏
l∈l

s(p, l)

for all p ∈ J and l ∈ Ld, and∑
p∈l∩J

s(p, l) ≤ ‖S‖d

for all l ∈ L.
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In the next section, we place this notion of duality in a historical context. Moving
forward, we will reserve the prefix “multi”, for multilinear problems which account
for d sets of lines, L1, . . . ,Ld.
Remark. It follows that whether or not duality of this type holds, depends on
the spaces X, Y1, . . . , Yd, and especially the integral kernel K. In Chapter 4, we
will show that both the joints problem and the multijoint problem follow from
the existence of the factorisations detailed by Theorem 2.3.2, item (ii). Hence,
although combinatorially distinct, the joints problem and the multijoint problem
both reduce to the same dual statement which elucidates properties of the kernel
δ, or more specifically, the discrete wedge product. J

Therefore, the (multi)joint problem, with sets of lines L1, . . . ,Ld ⊂ Fd and mul-
tijoints J , is completely equivalent to the following question, which we solve
(independently of Theorem 2.3.2) in Chapter 3.

Dual Multijoint Problem. Let S : J → R≥0. For each 1 ≤ j ≤ d,
does there exist a function Sj : J × Lj → R≥0 so that:

� δ(p, l)S(p)d ≤∏d
j=1 Sj(p, lj) for all l ∈ L1 × · · · × Ld, and

�

∑
p∈lj∩J Sj(p, lj) . ‖S‖d for all 1 ≤ j ≤ d and lj ∈ Lj?

2.4 Remarks on the History of Joints – A Dual

Perspective

Dvir’s elegant proof of the finite field Kakeya conjecture, [Dvi09], is a celebrated
application of the polynomial method, which we discuss in more detail below. If
F is a finite field, then a set E ⊂ Fd is a Kakeya set if for all b ∈ Fd \ {0}, there
exists a ∈ Fd so that the line a+ bF ⊂ E.

Theorem 2.4.1 (Dvir, [Dvi09]). Let F be a finite field and let E ⊂ Fd be a
Kakeya set. Then

|E| ≥ C|F|d

where C depends only on d.

The proof of Theorem 2.4.1 is so short that its essence can be summarised in
a few sentences. Suppose for a contradiction that the conclusion does not hold.
By parameter counting, we can find a non-zero polynomial f ∈ F[x1, . . . , xd] of
degree smaller than |F| that vanishes on E. However, since E is a Kakeya set,
we deduce that f has a large number of zeros. Since f has low degree, we deduce
that it must be the zero polynomial – a contradiction.

Almost every contribution to the joints problem involves some modification of
Dvir’s method. Although not explicit in the literature, these polynomial-based
arguments can be seen to approach problems from the perspective of their re-
spective duals. Indeed, they prove the existence of functions with properties that
are very similar to those described by Theorem 2.2.1 and Theorem 2.3.2.
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Let g be an “averaging” operator of one or more arguments, such as an arithmetic
mean, geometric mean or maximum. Suppose, for any test function S, that there
exist functions (Sj)j which satisfy

� S(x) ≤ Ag[S1, . . . , Sd](x) for a.e. x ∈ X, and

�

∫
X
Tjfj(x)Sj(x, yj) dx ≤ ‖S‖p′

∥∥fj∥∥1
for all fj ∈ L1(Yj), a.e. yj ∈ Yj and

1 ≤ j ≤ d.

We say that the functions (Sj)j factorise the test function S with respect to g.
Crucially, the factorisation (Sj)j is independent of the functions (fj)j.

Consider the multijoint problem where each set Y1 = L1, . . . , Yd = Ld is finite.
Since the second bullet, above, holds for any fj supported at a singleton in Lj,
it is equivalent that there exist functions (Sj)j which satisfy

� S(p) ≤ Ag[S1, . . . , Sd](p) for all p ∈ J , and

�

∑
p∈lj∩J Sj(p, lj) ≤ ‖S‖d for all lj ∈ Lj and 1 ≤ j ≤ d.

In the remainder of this section, we revisit landmark contributions to the joints
problem. We phrase key results in a dual setting to understand those contri-
butions from a new perspective. In particular, we continue with the following
variants of the questions that we have in mind:

� What if the test function S is constant?

� How does the “size” of the averaging operator g affect the question?

� What if g is non-uniformly weighted? What do the weights depend on?

However, the hierarchy of dual statements is primarily determined by the“size” of
the averaging operator g, where small averages, such as the geometric mean, are
more challenging than large averages, such as the arithmetic mean or maximum.
Until now, a dual result for an averaging operator, given by the geometric mean
with weights depending only on dimension – Theorem 3.0.1, which we prove in
Chapter 3 – was not known.

2.4(a) Quilodrán’s Lemma

A major early contribution to the joints problem was due to Quilodrán in [Qui10].
He proved that (1.1) holds with q = d−1, thereby establishing the endpoint joints
theorem in Rd. Lemma 2.4.2, below, is precisely Quilodrán’s original result,
[Qui10, Proposition 1], written in the language of the dual problem.

Lemma 2.4.2. Let L be a set of lines in Rd. There is a function s : J×L → [0, 1]
so that

|J |− 1
d . max

l:l3p
s(p, l),
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for every p ∈ J , and so that ∑
p∈l∩J

s(p, l) ≤ 1

for all l ∈ L.

Lemma 2.4.2 is, indeed, sufficient to establish inequality (1.1) with q = d − 1,
since

|J | d−1
d =

∑
p∈J

|J |− 1
d

.
∑
p∈J

max
l3p

s(p, l)

≤
∑
p∈J

∑
l∈L:l3p

s(p, l)

=
∑
l∈L

∑
p∈l∩J

s(p, l)

≤ |L|.

Remark. With respect to the dual problem, if S(p) = |J |− 1
d for all p, then

S : J → R≥0 satisfies ‖S‖d = 1. Hence, to show that Lemma 2.4.2 is sufficient
to prove (1.1), as above, we sum the characteristic function χJ against the test

function S(p) = |J |− 1
d . That is, to deduce (1.1), which does not account for

multiplicity nor multilinearity, it suffices to factorise the constant test function
only, with respect to an averaging operator with uniform weights. J

Lemma 2.4.2 follows from the cornerstone result of Quilodrán’s original proof,
which is stated as follows in Lemma 2.4.3.

Lemma 2.4.3 (Quilodrán, [Qui10, Proposition 1]). Let L be a set of lines in Rd.
For each p ∈ J , choose a line l̃(p) ∈ L which contains p. Of all choices l̃ : J → L,
there is one such that for every l ∈ L,∣∣∣p ∈ l ∩ J : l̃(p) = l

∣∣∣ ≤ C|J | 1d , (2.13)

for a constant C, depending only on d.

For p ∈ J and l ∈ L, let us set

s(p, l) :=

{
C−1|J |− 1

d l̃(p) = l

0 otherwise.

Since every p ∈ J has some line l so that l̃(p) = l,

C−1|J |−1/d = s(p, l̃(p)) = max
l:l3p

s(p, l).

Inequality (2.13) divided by C|J |1/d becomes
∑

p∈l∩J s(p, l) ≤ 1. Hence, s satisfies
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the conclusion of Lemma 2.4.2, thus establishing the joints inequality |J | d−1
d ≤

C|L|.

2.4(b) The Lemma of Carbery and Valdimarsson

Following Quilodrán’s success, it was observed by Carbery and Valdimarsson that
Quilodrán’s method operated within this dual framework, [CV14]. The averaging
operator in Quilodrán’s result, Lemma 2.4.2, is a maximum over at most |L|
numbers. Carbery and Valdimarsson improve on this by establishing a result for
an average over . 1 arguments. More importantly, they reduced the “size” of
the averaging operator from a maximum to an arithmetic mean.

Lemma 2.4.4 (Carbery–Valdimarsson, [CV14]). Let L1, . . . ,Ld be transversal
sets of lines in Fd with multijoints J . Then there exists a constant C = C(d) > 0,
and a function κ : J → {1, . . . , d} such that∣∣{p ∈ lj ∩ J : κ(p) = j}

∣∣ ≤ C|J | 1d

for all lj ∈ Lj and 1 ≤ j ≤ d.

Remark. Interestingly, the Carbery–Valdimarsson argument did not use the
polynomial method. J

Written from the dual perspective, Lemma 2.4.4 reads as follows.

Lemma 2.4.5. Let L1, . . . ,Ld be transversal sets of lines in Fd with multijoints
J . Then for each 1 ≤ j ≤ d, there is a function Sj : J × Lj → [0, 1] so that

|J |− 1
d .

d∑
j=1

Sj(p, lj)

for all p ∈ J and l ∈ L1 × · · · × Ld which form a multijoint at p, and∑
p∈lj∩J

Sj(p, lj) ≤ 1

for all lj ∈ Lj and 1 ≤ j ≤ d.

Provided that the transversal sets of lines satisfy |L1|, . . . , |Ld| = L, Lemma 2.4.5

is sufficient to deduce that |J | . L
d
d−1 . Under the constraint |L1|, . . . , |Ld| = L,

this inequality is equivalent to the result of Quilodrán, [Qui10], despite the im-
proved dual statement. Similar to Lemma 2.4.2, the Carbery–Valdimarsson fac-
torisation lemma factorises the uniform test function with respect to an averaging
operator with uniform weights.
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2.4(c) Zhang’s Lemma

In 2017, Zhang proved the multijoint conjecture in [Zha20]. That is, he estab-
lished (1.4) with q = d/(d − 1). His proof used the polynomial method, and his
arguments can also be seen from a dual perspective. His proof of the full multi-
linear problem with multiplicity reduces the problem to one where each Lj = L
is the same set. In [Zha20], to demonstrate his new technique, Zhang proved the

weaker inequality, |J | . ∏d
j=1

∥∥fj∥∥1/(d−1)

`1(Lj)
for arbitrary functions fj : Lj → Z≥0.

The corresponding factorisation lemma is as follows in Lemma 2.4.6 and sum-
marises the critical aspects from Zhang’s proof of [Zha20, Theorem 1.2].

Lemma 2.4.6 (Zhang, [Zha20]). Let F be a field. Let L1, . . . ,Ld ⊂ Fd be sets of
lines with multijoints J . There is a function s : J × (L1 ∪ · · · ∪ Ld)→ R≥0 such
that for every p ∈ J there is an index 1 ≤ j(p) ≤ d and a line lj(p)(p) ∈ Lj(p)
containing p, so that

1(
|J |∏d

j=1

∣∣Lj∣∣) 1
d

.
1∣∣Lj(p)∣∣s(p, lj(p)(p)),

and moreover, ∑
p∈l∩J

s(p, l) ≤ 1

for all l ∈ L1 ∪ · · · ∪ Ld.

Compare Lemma 2.4.6 to Lemma 2.4.5. Both lemmas factorise the constant test
function. However, where Lemma 2.4.5 uses an averaging operator with uniform
weights, in contrast, Lemma 2.4.6 uses an “averaging” operator with weights∣∣Lj∣∣−1

.

Lemma 2.4.6 is a further multilinear generalisation of Lemma 2.4.2. Equipped
with this result, for each 1 ≤ j ≤ d, let Jj = {p : j(p) = j}. By the pigeonhole
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principle, there is an index 1 ≤ j0 ≤ d so that |J | .
∣∣Jj0∣∣. It follows that

|J | 1(
|J |∏d

j=1

∣∣Lj∣∣) 1
d

.
∣∣Jj0∣∣ 1(

|J |∏d
j=1

∣∣Lj∣∣) 1
d

=
∑
p∈Jj0

1(
|J |∏d

j=1

∣∣Lj∣∣) 1
d

.
∑
p∈Jj0

1∣∣Lj0∣∣s(p, lj0(p))
≤

∑
p∈J

∑
lj0∈Lj0 :p∈lj0

1∣∣Lj0∣∣s(p, lj0)
=

∑
lj0∈Lj0

1∣∣Lj0∣∣
∑

p∈lj0∩J

s(p, lj0)

≤
∑

lj0∈Lj0

1∣∣Lj0∣∣
= 1.

It follows that,

|J | .
d∏
j=1

∣∣Lj∣∣ 1
d−1 .

While not stated explicitly, the dual-type statement, Lemma 2.4.7 below, may
be extracted from [Zha20]. The displayed inequalities in Lemma 2.4.7 follow
from properties of a particular polynomial, as described in the discussion around
[Zha20, Inequality (5.6)].

Lemma 2.4.7 (Zhang, [Zha20]). Let L be a set of lines in Fd, and let f : L →
R≥0. Let J be the set of joints and let M [f ](p) :=

∑
l δ(p, l)

∏
l∈l f(l). There

exists a function s : J × L → R≥0 so that∑
p∈J

M [f ](p)
1
d−1

− 1
d

M [f ](p)
1
d−1 ≤ C

∑
l∈L:l3p

f(l)s(p, l)

for all p ∈ J , and ∑
p∈l∩J

s(p, l) ≤ 1

for all l ∈ L.

Lemma 2.4.7, which solved the joints problem, can now be seen as a dual state-
ment for a test function with non-constant weight and includes an f -weighted
averaging operator. In particular, the first inequality in Lemma 2.4.7 is averaged
over subsets of L, whereas the first inequality in Lemma 2.4.5 holds pointwise
over L1 × · · · × Ld.
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Remark. Compare Lemma 2.4.7 to item (ii) of Theorem 2.3.2. Both results
consider the joints problem so that only one arbitrary function f needs to be
considered, rather than a d-tuple of arbitrary functions as in the multilinear
multijoint problem. In this context, one may describe the joints problem as
“pseudo-linear”. This apparent simplification allows for the factorisation of non-
uniform test functions. J

Lemma 2.4.7 proves a stronger result than Lemma 2.4.2. The first inequality in
Lemma 2.4.2 bounds the constant function, and consequently we can only hope
to bound

∑
p∈J 1. However, the first inequality in Lemma 2.4.7 places a bound

on the multiplicity function M , which allows us to prove the stronger statement
(1.4) with q = d/(d− 1).

Indeed, Lemma 2.4.7 is sufficient to establish (1.4) with q = d/(d− 1). Applying
the first inequality yields

∥∥∥M [f ]
1
d

∥∥∥
d/d−1

=

∑
q∈J

M [f ](q)
1
d−1

− 1
d ∑
p∈J

M [f ](p)
1
d−1 ≤ C

∑
p∈J

∑
l:l3p

f(l)s(p, l).

Changing the order of summation and applying the second inequality, this is at
most

C
∑
l∈L

f(l)
∑
p∈l∩J

s(p, l) ≤ C
∑
l∈L

f(l) = C‖f‖L1(L),

as desired.

2.4(d) Yang’s Proof

In 2016, Yang established higher-dimensional analogues of the multijoint problem
with ε-loss, [Yan16]. Namely, he proved the following.

Theorem 2.4.8 (Yang, [Yan16]). Let ε > 0. Let Γ1, . . . ,Γd be sets of k1-, . . . , kd-
planes, respectively, in Rn so that k1 + . . . + kd = n, and let J be the set of
multijoints formed by tuples γ ∈ Γ1 × · · · × Γd. Then

|J | .ε,n,d,k1,...,kd

d∏
j=1

∣∣Γj∣∣ 1
d−1

+ε
.

Yang’s work is specific to Rd as it invokes polynomial partitioning, and even
implicitly, does not relate to multilinear duality, Theorem 2.2.1. In the special
case of transversal lines, he established (1.4) with q = (d− 1)− ε. However, his
argument can be adapted (without applying Theorem 2.2.1 directly) to work in
the dual setting to prove the following. We will not include a proof.

Theorem 2.4.9. Let L1, . . . ,Ld ⊂ Rd be sets of transverse lines with multijoints
J , and ε > 0. Let S : J → R≥0. Then, for all 1 ≤ j ≤ d, there are functions Sj
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so that

S(p) ≤
d∏
j=1

Sj(p)
1
d

for all p ∈ J , and ∑
p∈lj∩J

Sj(p) ≤ C

∑
p∈J

S(p)d−ε

 1
d−ε

for all lj ∈ Lj and 1 ≤ j ≤ d, where C depends only on d and ε.

Remark. This dual statement accounts for an arbitrary test function S, and
the averaging operator is the desired geometric mean. However, the inductive
nature of Yang’s arguments necessitates ε-loss in the second displayed inequality
of Theorem 2.4.9, above. J

Hablicsek provided an earlier proof of (1.4) for transversal lines in [Hab14]. This
work does not obviously present itself as relating to the dual multijoint problem.

2.4(e) The Lemma of Tidor, Yu And Zhao

In 2020, the work of Tidor, Yu and Zhao, [TYZ20], further generalised the multi-
joint problem to prove (1.5), the multijoint inequality for collections of algebraic
varieties of any degree and any dimension. A key achievement in this work is
to upgrade the arithmetic means from Lemma 2.4.2, Lemma 2.4.5 and Lemma
2.4.7 to a weighted geometric mean. While not stated explicitly in their work, the
following result, Theorem 2.4.10, may be deduced as a consequence of [TYZ20,
Lemma 5.10], stated in the special case of lines.

Theorem 2.4.10. Let L1, . . . ,Ld be finite sets of lines in Fd with associated
multijoints J , and for each 1 ≤ j ≤ d, let fj : Lj → R≥0. Then, there is a
constant C = C(d) so that for all S : J → R≥0, there exists a function s :
J × (L1 ∪ · · · ∪ Ld)→ R≥0 so that

S(p)d ≤ C
∏

l∈L1×···×Ld

 d∏
j=1

s(p, lj)

ω(l)

for all p ∈ J , where ω(l) =
δ(p,l)

∏d
j=1 fj(lj)∑

l′ δ(p,l
′)
∏d
j′=1 fj′ (l

′
j′ )

, and so that

∑
p∈l∩J

s(p, l) = ‖S‖d

for all l ∈ L1 ∪ · · · ∪ Ld.

Theorem 2.4.10 features a geometric mean as desired. However, the number of
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factors is too large and depends on the sets Lj and functions fj. Moreover, the
weights ω(l) depend on the functions f1, . . . , fd.

Remark. Consider the averages in Lemma 2.4.2, Lemma 2.4.5, Lemma 2.4.7,
Theorem 2.4.10 and Theorem 2.1.3. We can order the sizes of these averages as
follows,

Geometric Mean ≤ Arithmetic Mean ≤ Maximum,

which is the reverse of the chronological order of their respective proofs. This
agrees with the heuristic that these dual problems first look to find functions with
large averages, since this is harder to achieve for smaller averages. The earliest
result, Lemma 2.4.2, features a maximum. This was followed by Lemma 2.4.7
and Lemma 2.4.5, which feature arithmetic means and thereafter, Theorem 2.4.10
which features an f -dependent geometric mean. Finally, Theorem 2.1.3, proved
in this thesis, involves the classical geometric mean, and is independent of the
weights f . J

2.5 The Polynomial Method

It is truly remarkable that, aside from elementary functional analysis, we only re-
quire elementary facts about polynomials to handle the multijoint problem. This
section introduces the main tools we will employ, and motivates the arguments
that follow.

2.5.1 Toolkit

Moving forward, we will work in an arbitrary field F and any derivative will be
the Hasse derivative. All arguments remain valid when F = R with the usual
derivative operator.

Let f ∈ F[x1, . . . , xd] and α ∈ Nd be a multi-index. The α-th Hasse derivative
of f is the coefficient of the monomial zα = zα1

1 · · · zαdd in the polynomial p(x +
z) ∈

(
F[x1, . . . , xd]

)
[z1, . . . , zd]. This is denoted by Dαf . For further details

see [DKSS13] or [CI20].

Let λ ∈ N and define

Fλ[x1, . . . , xd] := {f ∈ F[x1, . . . , xd] : deg f ≤ λ}.

Moreover, ifX is a vector space, letX∗ denote its dual vector space. The following
fact about spaces of polynomials, Proposition 2.5.1, follows from the so-called
“stars and bars” argument which we include for completeness.

Proposition 2.5.1. For any field F and λ ∈ N, dimFλ[x1, . . . , xd] =
(
λ+d
d

)
.

Hence dim
((

Fλ[x1, . . . , xd]
)∗)

=
(
λ+d
d

)
.

Proof. The dimension of Fλ[x1, . . . , xd] is equal to the number of tuples, α =
(α1, . . . , αd), of non-negative integers so that α1 + . . . + αd ≤ λ. Such tuples are
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in one-to-one correspondence with (λ+ d)-tuples which contain precisely λ stars
and d bars. For each 1 ≤ j < d, let αj be equal to the number of stars between
the j-th and (j+ 1)-st bars, and let αd be the number of stars after the d-th line.
For example,

? ? || ? | ? ? ↔ x2x
2
3 ∈ F5[x1, x2, x3].

The number of such (λ+ d)-tuples is precisely
(
λ+d
d

)
.

We will also make use of the following property of finite dimensional vector spaces.
For a vector spaceX, let x ∈ X and φ ∈ X∗. We adopt the notation 〈φ, x〉 := φ(x)
to emphasise the role of vector space duality throughout our discussion.

Proposition 2.5.2. Let X be a finite dimensional vector space and φ1, . . . , φM ∈
X∗ be a basis. Then x ∈ X is zero if and only if 〈φm, x〉 = 0 for all 1 ≤ m ≤M .

Proof. By definition, φ ∈ Y ∗ is zero if and only if ψ(φ) = 0 for all ψ ∈ Y ∗∗.
Since X is finite dimensional, X is isomorphic to X∗∗. Hence, we may apply this
definition with Y ∗ = X and Y ∗∗ = X∗ to deduce that x ∈ X is zero if and only
if 〈φ, x〉 = 0 for all f ∈ X∗. Since X∗ is finite dimensional, this holds if and only
if 〈φm, x〉 = 0 for all 1 ≤ m ≤M .

Observe that checking whether a (Hasse) derivative of a low degree polynomial at
a point is zero, is equivalent to checking whether 〈φ, f〉 = 0 for an appropriately
chosen φ ∈

(
Fλ[x1, . . . , xd]

)∗
. By viewing Fλ[x1, . . . , xd] as a vector space and

applying Proposition 2.5.2, we arrive at Proposition 2.5.3.

Proposition 2.5.3. Let F be a field, λ ∈ N and X = Fλ[x1, . . . , xd] and suppose
φ1, . . . , φM ∈ X∗ are linearly independent. If there exists a non-zero f ∈ X that
satisfies 〈φm, f〉 = 0 for all 1 ≤ m ≤M then

M <

(
λ+ d

d

)
.

The following result, also commonly used in the polynomial method, is the con-
verse of Proposition 2.5.3.

Lemma 2.5.4 (Parameter Counting). Let F be a field and X = Fλ[x1, . . . , xd]
for λ ∈ N, and suppose φ1, . . . , φM ∈ X∗. If M <

(
d+λ
d

)
, then there is a non-zero

f ∈ X so that 〈φm, f〉 = 0, for each 1 ≤ m ≤M .

Note that linear dependence is not required in this statement.

Proof of Lemma 2.5.4. The conditions 〈φm, f〉 = 0 for each 1 ≤ m ≤M describe
precisely M homogeneous linear constraints on the coefficients of f . By Propo-
sition 2.5.1, there are

(
λ+d
d

)
coefficients. By the Rank-Nullity Theorem, the null

space has dimension at least
(
λ+d
d

)
−M and by hypothesis, this is strictly positive.

Hence, the vector space of f satisfying 〈φm, f〉 = 0 for each 1 ≤ m ≤ M is at
least 1-dimensional. In particular, there is a non-zero f ∈ Fλ[x1, . . . , xd] so that
〈φm, f〉 = 0 for all 1 ≤ m ≤M , as desired.
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Combining Proposition 2.5.3 with Lemma 2.5.4, we deduce the following.

Lemma 2.5.5. Let F be a field, λ ∈ N and X = Fλ[x1, . . . , xd] and suppose
φ1, . . . , φM ∈ X∗. Then there exists a non-zero f ∈ X that satisfies 〈φm, f〉 = 0
for all 1 ≤ m ≤M if and only if {φ1, . . . , φM} does not span X∗.

Equivalently, suppose in addition that the functionals φ1, . . . , φM are linearly in-
dependent. Then there exists a non-zero f ∈ X that satisfies 〈φm, f〉 = 0 for all
1 ≤ m ≤M if and only if

M <

(
λ+ d

d

)
.

2.5.2 Quilodrán is a Special Case of Tidor–Yu–Zhao

While the recent Tidor–Yu–Zhao refinement of the polynomial method is novel,
[TYZ20,YZ19], we can see their ideas pre-empted in Quilodrán’s proof, [Qui10].
Lemma 2.5.6, below, is the result at the heart of Quilodrán’s paper, [Qui10],
from which the aforementioned Lemma 2.4.2 follows. In this subsection, we re-
examine Quilodrán’s method and reinterpret his original proof of Lemma 2.5.6
to emphasise how it relates to the new Tidor–Yu–Zhao method.

Lemma 2.5.6 (Quilodrán, [Qui10, Lemma 1]). Let L be a set of lines in Rd with
associated joints J , and let λ ∈ N. Let J ′ ⊆ J be such that for all l ∈ L, if
l ∩ J ′ 6= ∅ then |l ∩ J ′| ≥ λ. Then |J ′| ≥ Cλd for a constant C, depending only
on d.

Lemma 2.5.6 follows from the following proposition and corollary.

Proposition 2.5.7. Suppose that J ′ is as described in Lemma 2.5.6, and f ∈
Rλ−1[x1, . . . , xd]. If f(p) = 0 for all p ∈ J ′ then f is the zero polynomial.

Equivalently, for every non-zero f ∈ Rλ−1[x1, . . . , xd], there is some p ∈ J ′ so that
f(p) 6= 0.

Corollary 2.5.7a. If J ′ is as described in Lemma 2.5.6 then |J ′| ≥
(

(λ−1)+d
d

)
.

Proof. For a contradiction, suppose otherwise. By parameter counting, we can
find a non-zero polynomial f of degree at most (λ− 1), such that f(p) = 0 for all
p ∈ J ′. By Proposition 2.5.7, f must be the zero polynomial, a contradiction.

There is a constant C depending only on d such that
(

(λ−1)+d
d

)
≥ Cλd, and hence

Lemma 2.5.6 follows.

Remark. Quilodrán’s paper, [Qui10], includes a proof that Lemma 2.5.6 implies
Lemma 2.4.3. However, we want to highlight that the proof of Lemma 2.5.6 can
be summarised by the following statement: the dual space (Rλ−1[x1, . . . , xd])

∗ is
spanned by the maps {f 7→ f(p) : p ∈ J ′}. Hence, Lemma 2.4.3, a dual joints
statement, follows from a covering statement. J
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Proof of Proposition 2.5.7. Suppose f ∈ R[x1, . . . , xd] is a polynomial of degree
at most (λ−1) which vanishes on J ′. For any p ∈ J ′ and any line l ∈ L through p,
we have that l contains at least λ points in J ′. Since f |l(p′) = 0 for all p′ ∈ l∩J ′,
the polynomial f |l has at least λ zeros. Since deg f ≤ (λ − 1), we have that f |l
must be the zero polynomial. Hence

(
(∇f) · e(l)

)
|l is the zero polynomial, where

e(l) denotes the direction of l. However, there are d lines, l1(p), . . . , ld(p) ∈ L,
which contain p such that their directions are linearly independent. Hence, ∇f(p)
is orthogonal to d linearly independent vectors, and therefore ∇f(p) = 0.

Since p ∈ J ′ was arbitrary, it follows that ∇f(p) = 0 for all p ∈ J ′. In particular,
all of the components of ∇f are zero on J ′. Thus, by repeating this argument on
each component of ∇f , we deduce that ∂r11 · · · ∂rdd f(p) = 0 for all p ∈ J ′, and all
multi-indices r = (ri)i ∈ Nd. Hence, f is the zero polynomial, as desired.

By assuming that each line l ∈ L contains at least λ points, we ensure that the
evaluation maps {f |l 7→ f(p)}p∈l∩J ′ span the dual space{

f |l : f ∈ Rλ−1[x1, . . . , xd]
}∗

for each line l ∈ L. This spanning property lies very much at the heart of the
TIdor–Yu–Zhao method.

2.6 Overview of the Thesis

Having described multilinear duality and introduced the polynomial method, we
begin our work in earnest.

In Chapter 3, we adapt the recent contributions to the polynomial method by
[YZ19,TYZ20] to establish new multijoint results in the dual domain. We simplify
the technical details from [TYZ20] to emphasise the relationship between the dual
multijoint problem and the polynomial method. Specifically, the introduction of
so-called “handicaps” allows us to choose polynomial vanishing conditions which
respect the geometry of the multijoint problem.

The structure of Chapter 4 mimics that of Chapter 3. It adapts the higher-
dimensional Tidor–Yu–Zhao generalisations, [TYZ20], to solve the analogous dual
problem in greater generality. These two chapters form the basis for a publication,
which is currently in preparation.

The results of Chapter 5 were proved jointly with Anthony Carbery. In Chapter
5, we prove Theorem 2.3.2 – a more general duality result, specifically adapted
to the joints problem. Of notable interest is Theorem 5.1.1, which describes a
property of the discrete wedge product. This theorem is simple to state, and
motivates wider questions in multilinear duality. This chapter will also form the
basis of a publication, which is currently in preparation.



Chapter 3

The Discrete Bourgain–Guth
Theorem

In this chapter we prove our discrete Bourgain–Guth theorem and discuss its
analogy to the Bourgain–Guth theorem, [BG11]. Some of the materials in the
remaining chapters of this thesis have subsequently been prepared for publication
in the preprints [CT22] and [Tan22].

Let us fix the field F, finite or otherwise. The discussion that follows is completely
independent of the cardinality of F. We define an equivalence relation ∼ on
Fd\{0} whereby x, x′ ∈ Fd satisfy x ∼ x′, if and only if there is some non-zero t ∈
F so that x = tx′. We define the sphere in Fd, written as Sd−1 := (Fd \ {0})/ ∼,
to be the set of ∼-equivalence classes of Fd. We refer to any element of Sd−1 as
a direction. Technically, Sd−1 is the projective space of lines in Fd, however it
is convenient to interpret this space as a sphere. Let ω = (ω1, . . . , ωd) ∈ (Sd−1)d.
Recall that the discrete wedge product is defined by ∧dj=1ωj = ω1 ∧ · · · ∧ ωd = 1
if representatives of ω1, . . . , ωd span Fd, and 0 otherwise.

Let L1, . . . ,Ld be sets of lines in Fd. We can now define the multijoint kernel
δ : Fd × L1 × · · · × Ld → {0, 1}. Let l = (l1, . . . , ld) ∈ L1 × · · · × Ld and p ∈ Fd.
Then

δ(p, l) :=

 d∏
j=1

χlj(p)

 ∧dj=1 e(lj),

where e(lj) ∈ Sd−1 is the direction parallel to lj. Then p ∈ Fd is a multijoint
if and only if there exists a tuple of lines l ∈ L1 × · · · × Ld so that δ(p, l) = 1,
and we define J = {p : ∃l s.t. δ(p, l) = 1} to be the set of all multijoints. The
multijoint multiplicity function M : J → N is given by M(p) =

∣∣{l : δ(p, l) = 1}
∣∣.

The multijoint problem asks if there is a constant C = C(d) so that

∑
p∈J

M(p)
1
d−1 ≤ C

d∏
j=1

∣∣Lj∣∣ 1
d−1 .

By a modification of the Tidor–Yu–Zhao perturbation argument, [TYZ20], we

35
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will establish a result that strongly relates to the key result of Carbery and
Valdimarsson, which they used to prove the multilinear Kakeya theorem, [CV13].

We will prove the following results in this chapter.

Theorem 3.0.1 (Multijoint Factorisation). Let L1, . . . ,Ld be finite sets of lines
in Fd with associated multijoints J . There is a constant C = C(d) so that for all
S : J → R≥0 with ‖S‖d = 1, there exists a function s : J × Sd−1 → R≥0 so that

δ(p, l)S(p)d ≤ C

d∏
j=1

s(p, e(lj)),

for all p ∈ J and l ∈ L1 × · · · × Ld, and so that∑
p∈l∩J

s(p, l) = 1

for all l ∈ L1 ∪ · · · ∪ Ld.
Remark. The exact equality in the second displayed conclusion is manifest from
the proof, and not an a posteriori modification. J

Thereafter, we will deduce the following, Theorem 3.0.2.

Theorem 3.0.2 (Discrete Bourgain–Guth). For all finitely supported S : Fd →
R≥0 with ‖S‖d = 1, there exists a function s : Fd × Sd−1 → R≥0 so that

(ω1 ∧ · · · ∧ ωd)S(p)d .
d∏
j=1

s(p, ωj),

for all p ∈ Fd and every ω ∈ (Sd−1)d, and so that,∑
p∈l

s(p, e(l)) ≤ 1

for all lines l ⊂ Fd.

Theorem 3.0.2 is a freestanding statement. That is, unlike Theorem 3.0.1, it does
not refer to any sets of lines Lj or multijoints. It may be interpreted as describing
a property of affine space and the discrete wedge product. One such interpretation
is that the product

∏
j s(·, uj) is a good pointwise approximation, with respect

to a weight S, for the discrete wedge product. Alternatively, the finite sets Lj
referred to in Theorem 3.0.2 may be interpreted as finitely supported functions
on Sd−1.

3.1 Multilinear Restriction in Finite Fields

Before we begin proving the main result, Theorem 3.0.1, we revisit the analogy
between the multijoint problem and the multilinear Kakeya theorem. Carbery,
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Hänninen and Valdimarsson observed that the existence of transversal factorisa-
tions for the multilinear Kakeya theorem implies that multilinear restriction es-
timates in Rd hold, conditional on the Mizohata–Takeuchi conjecture, [CHV20b,
Section 1.1]. Accordingly, in this section, we prove that multilinear restriction
estimates in Fd, for any finite field F, hold conditional on a finite field version of
the Mizohata–Takeuchi conjecture.

Let F be a finite field. For polynomials g1, . . . , gd, let Ej ⊂ {p : gj(p) = 0} for
each 1 ≤ j ≤ d, and let σj : Ej → R≥0 be the normalised surface measure on
each Ej; that is, let σj be constant on Ej and unit-normalised. Suppose that

∇g1(p1) ∧ · · · ∧ ∇gd(pd) = 1

for all p1 ∈ E1, . . . , pd ∈ Ed, where ∧ denotes the discrete wedge product. Then
we say that the sets E1, . . . , Ed are transversal.

Let γ = {x1 = x2
2 + . . . + x2

d} be the paraboloid in Fd and suppose that the
sets E1, . . . , Ed are transversal. For each 1 ≤ j ≤ d, suppose we can express
Ej = Γj(Uj) for some map Γj whose components are polynomials and Uj ⊂ Fd−1.

Remark. The sets Ej may be thought of as “local” neighbourhoods of the
paraboloid, in the sense that each Ej is covered by a single chart Uj. J

We denote the Fourier extension (dual restriction) operator, acting on a function
fj : Uj → C by

Ejfj(q) :=
∑
p∈Uj

e(2πiq · Γj(p))fj(p)σj(p),

where σj is the normalised uniform measure on Uj, and e is a non-principal
character. In analogy with the Euclidean case, [CHV20b, Section 1.1], we can
therefore ask whether or not it is true that∥∥∥∥∥∥

d∏
j=1

∣∣Ejfj∣∣ 2d
∥∥∥∥∥∥
d/(d−1)

.
d∏
j=1

∥∥fj∥∥ 2
d

L2(Uj ,dσj)

for functions fj : Uj → C. This is the transversal multilinear restriction conjec-
ture for the paraboloid in finite fields, which remains open.

From Theorem 3.0.2, taking sj(p) := minl∈Lj :l3p s(p, e(l)), we deduce Theorem
3.1.1.

Theorem 3.1.1 (Transversal Multijoint Factorisation). Let F be an arbitrary
field. For each 1 ≤ j ≤ d, let Lj be transversal sets of lines. For every S : Fd →
R≥0, there are positive functions sj : Fd → R≥0 so that

S(p) ≤
d∏
j=1

sj(p)
1
d
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for every p ∈ Fd, and so that ∑
p∈lj

sj(p) . ‖S‖d

for every 1 ≤ j ≤ d and lj ∈ Lj.

Remark. Prior to Theorem 3.0.2, Theorem 3.1.1 was already known for arbi-
trary fields. Indeed, one could apply multilinear duality, Theorem 2.2.1, to the
multijoint estimates proved by Zhang, [Zha20]. By proving Theorem 3.1.1 via
Theorem 3.0.2, we offer a new and constructive proof without any application of
duality. J

Conjecture (Finite Field Mizohata–Takeuchi Conjecture, [Tak80]). Let U ⊂
Fd−1. Suppose that there exist g ∈ F[x1, . . . , xd] and Γ : U → Fd such that
Zg = Γ(U). Let w : Fd → R≥0 be a non-negative weight. For all p ∈ U , let
l(p) ⊂ Fd be the line through Γ(p) with direction ∇g(p). Then

∑
q∈Fd

∣∣Ef(q)
∣∣2w(q) .

sup
p′∈U

 ∑
q∈l(p′)

w(q)


∑

p∈U

∣∣f(p)
∣∣2

for all f : U → C, where Ef(q) :=
∑

p∈U e(2πiq · Γ(p))f(p)σ(p), and σ is the
normalised surface measure on U .

Proposition 3.1.2. The finite field Mizohata–Takeuchi Conjecture implies the
finite field multilinear restriction conjecture.

Proof. Using a duality argument, we sum
∏d

j=1

∣∣Ejfj∣∣ 2d against a positive test
function S with ‖S‖d = 1. Since the sets E1, . . . , Ed are transversal, the vectors
∇g1(p1), . . . ,∇gd(pd) are linearly independent for p1 ∈ U1, . . . , pd ∈ Ud. For each
1 ≤ j ≤ d, let lj(pj) := pj + ∇gj(pj) · F. Let Lj = {lj(pj) : pj ∈ Uj}. By
construction, the sets of lines L1, . . . ,Ld are transversal. Hence, Theorem 3.1.1
applies and there are functions s1, . . . , sd so that

S(q)d .
d∏
j=1

sj(q),

for all q ∈ Fd, and so that ∑
q∈lj

sj(q) ≤ 1

for all lj ∈ Lj, and for all 1 ≤ j ≤ d. Hence

∑
q∈Fd

S(q)
d∏
j=1

∣∣Ejfj(q)∣∣ 2d .
∑
q∈Fd

d∏
j=1

(∣∣Ejfj(q)∣∣2sj(q)) 1
d ≤

d∏
j=1

∑
q∈Fd

∣∣Ejfj(q)∣∣2sj(q)
 1

d

.
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For each 1 ≤ j ≤ d, we apply the finite field Mizohata–Takeuchi conjecture to
each hypersurface Ej with respective weights sj to deduce

∑
q∈Fd

∣∣Ejfj(q)∣∣2sj(q) .
 sup
p′∈Uj

 ∑
q∈lj(p′)

sj(q)


∑

p∈Uj

∣∣fj(p)∣∣2 ≤ ∥∥fj∥∥2

L2(Uj ,dσj)
.

Hence ∑
q∈Fd

S(q)
d∏
j=1

∣∣Ejfj(q)∣∣ 2d .
d∏
j=1

∥∥fj∥∥2

L2(Uj ,dσj)
.

Since S ∈ Ld(Fd) was arbitrary with ‖S‖d = 1, we have deduced that∥∥∥∥∥∥
d∏
j=1

∣∣Ejfj∣∣ 2d
∥∥∥∥∥∥
Ld/(d−1)(Fd)

.
d∏
j=1

∥∥fj∥∥ 2
d

L2(Uj ,dσj)

as desired.

3.2 The Polynomial Method

This section marks the beginning of our proof of the discrete Bourgain–Guth
theorem, and we start by revisiting the polynomial method.

Many applications of the polynomial method would find a non-zero polynomial
f ∈ F[x1, . . . , xd] of low degree which vanishes at every point of J . More generally,
we may ask that f satisfies certain vanishing conditions. A vanishing condition
is an equation of the form 〈φ, f〉 = 0 where φ is a linear form on F[x1, . . . , xd].
Such conditions include evaluation at a point, or evaluation of derivatives at a
point.

It was observed in [TYZ20] that choosing vanishing conditions in the traditional
way is näıve, and unwittingly imposes more vanishing conditions than necessary.
Following [TYZ20], we will begin by choosing vanishing conditions, with some de-
grees of freedom, in an optimal way such that a vanishing lemma remains valid.
Once the vanishing lemma is established, the use of polynomials is concluded.
We then show that these vanishing conditions were chosen in a way that satis-
fies desirable uniform boundedness, monotonicity and continuity properties with
respect to these degrees of freedom. This allows for a heuristically simple pertur-
bation argument and we conclude the argument by choosing vanishing conditions
in a way that respects the geometry of the particular multijoint configuration
with which we are working. In Section 3.3, our results diverge from [TYZ20] to
establish the discrete Bourgain–Guth theorem.

The advantages of using the new Tidor–Yu–Zhao approach come in two parts.
Firstly, the careful choice of vanishing conditions allows for some degrees of free-
dom. Secondly, interpreting vanishing as elements of a dual space allows us to



40 Michael Chi Yung Tang

establish an analogue of Bézout’s Theorem which generalises from counting points
on lines, to points on varieties. In this section, we capitalise on the former.

3.2.1 Choosing Vanishing Conditions

To choose vanishing conditions, we will cycle through J , the set of multijoints,
and accumulate conditions as we do. The number of multijoints is at most |J | ≤∏

j

∣∣Lj∣∣. Indeed, the total number of d-tuples of lines is given by
∏

j

∣∣Lj∣∣. Since
this is finite, we may enumerate J = {p1, . . . , p|J |}. We equip J with a total order
according to this enumeration. That is, for pi, pi′ ∈ J , we say pi ≤ pi′ if and only
if i ≤ i′, where equality corresponds to the case of i = i′. Let α : J → Z. We say
that such a function is a handicap. For handicaps, we will denote evaluation at
a point p ∈ J by αp.

Remark. This function describes the aforementioned degrees of freedom. More
precisely, given a fixed p0 ∈ J , the degrees of freedom are the (|J | − 1) entries of
(αp0 − αp)p∈J\{p0}. J

We define a total order (called the priority order in [TYZ20]), denoted by ≺,
on J × Z≥0 as follows. We say (p, r) ≺ (p′, r′) if

� r − αp < r′ − αp′ , or

� r − αp = r′ − αp′ and p < p′.

Moreover, (p, r) = (p′, r′) if and only if p = p′ and r = r′. We write � to allow
for this equality case.

Consider the case where α is identically 0. In this case, we may list the elements
of J × Z≥0 in ≺-order as follows:

(p1, 0) ≺ (p2, 0) ≺ · · · ≺ (p|J |, 0) ≺
≺ (p1, 1) ≺ (p2, 1) ≺ · · · ≺ (p|J |, 1) ≺
≺ (p1, 2) ≺ (p2, 2) ≺ · · · ≺ (p|J |, 2) ≺ · · · .

The most convenient way to visualise handicaps is to think of Z≥0 as a column
vector. We may depict J × Z≥0 as |J | adjacent columns, each indexed by some
p ∈ J and ordered according to the total order on J . Suppose (p, r) ≺ (p′, r′).
The first bulleted condition stated above, says that (p, r) is on a lower row than
(p′, r′). The second says that if both (p, r) and (p′, r′) are on the same row, then
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p is to the left of p′. This is illustrated below in the case of the zero handicap:

...
...

...
...

g g g ≺
(p1, 2) ≺ (p2, 2) ≺ · · · ≺ (p|J |, 2)
g g g ≺

(p1, 1) ≺ (p2, 1) ≺ · · · ≺ (p|J |, 1)
g g g ≺

(p1, 0) ≺ (p2, 0) ≺ · · · ≺ (p|J |, 0),

where we use ≺ to indicate that the pairs (p|J |, r) immediately precedes (p1, r+1)
for all r ∈ Z≥0, in this example.

Passing to a general handicap α shifts the pi-th column vertically by αpi – down-
wards for αpi > 0, and upwards otherwise. Therefore, if αpi > αpi′ , then the pi-th
column sits lower than the pi′-th column. That is, columns which have a greater
handicap sit lower in this column-representation.

For a non-trivial example, let |J | = 4 and let α = (0,−1, 2, 0). We list the first
terms of J × Z≥0 under ≺α, the total order on J × Z≥0 that is determined by α,
as

(p3, 0) ≺ (p3, 1) ≺ (p1, 0) ≺ (p3, 2) ≺
≺ (p4, 0) ≺ (p1, 1) ≺ (p2, 0) ≺ (p3, 3) ≺
≺ (p4, 1) ≺ (p1, 2) ≺ (p2, 1) ≺ (p3, 4) ≺ · · · . (3.1)

Remark. Writing the elements out in this way better intuits ≺ as a total order.
J

Alternatively, writing J × Z≥0 in columns where lower rows precede higher rows
gives:

...
...

...
...

...
...

...
g g g g ≺

(p1, 3) ≺ (p2, 2) ≺ (p3, 5) ≺ (p4, 3)
g g g g ≺

(p1, 2) ≺ (p2, 1) ≺ (p3, 4) ≺ (p4, 2)
g g g g ≺

(p1, 1) ≺ (p2, 0) ≺ (p3, 3) ≺ (p4, 1)
g g g ≺

(p1, 0) ≺ (p3, 2) ≺ (p4, 0)
g

(p3, 1)
g

(p3, 0).

(3.2)

Similar to before, the symbol ≺ indicates that the pair at the end of a row
immediately precedes the first element of the row above.

As an example, we can now easily see that (p1, 0) ≺ (p3, 3) since (p1, 0) is on a
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row below (p3, 3). Similarly, (p1, 1) ≺ (p3, 3) since they are on the same row, but
(p1, 1) lies to the left of (p3, 3). From this column-representation, we can also
easily reconstruct the linear order of J×Z+, as in (3.1). Each row of the diagram
contains ≺-adjacent pairs. We start by writing the elements in the lowest row as
a block. This is directly succeeded by the elements from the row directly above
as a block. We continue to add the next row above as a block, ad infinitum.

More formally, for an arbitrary handicap α, each row is a level set of the form
{(p, r) : r − αp = t} for some t ∈ N. It follows from the definition of ≺ that if
t′ < t then every element of the level set {(p, r) : r − αp = t′} precedes every
element of the t-level set. Hence any pair (p, r) belonging to the t′-level set comes
≺-before every element of the t-level sets for every t > t′.

Remark. Writing the elements of J × Z≥0 in this way better intuits the con-
struction of the sets B(p, l, α, λ) which we will introduce in equation (3.3). J

Remark. The enumeration of J = {p1, . . . , p|J |} at the beginning of Subsection
3.2.1 is used solely to equip J with a total order, so that for any p, q ∈ J , precisely
one of p < q, p = q, or p > q is true. This total order on J is now fixed for the
entirety of this argument, and we may now erase this enumeration. Later, in
the proof of Lemma 3.3.1, we will again enumerate J for the purpose of labelling
only. In particular, this will be completely independent of our fixed total order
on J . J

To help gain intuition, we state a property of ≺.

Proposition 3.2.1. For any (p, r) ∈ J × Z≥0, we have (p, 0), . . . , (p, r − 1) ≺
(p, r).

To suggest how polynomials will enter into our discussion, observe that Propo-
sition 3.2.1 is an analogue of the fact that if a polynomial f ∈ F[t] vanishes to
order r at p, then it also vanishes to order r′ at p for every r′ ≤ r.

We now describe how to choose vanishing conditions on some fixed line l ⊂ Fd.
Recall that Fλ[x1, . . . , xd] denotes the space of d-variate polynomials of degree
less than or equal to λ ∈ N. Given f ∈ Fλ[x1, . . . , xd], we denote the restriction
of f to a line l by f |l, so that f |l(p) = f(p) for all p ∈ l. By identifying{

f |l : f ∈ Fλ[x1, . . . , xd]
}

= Fλ[t],

we may assume that l is a coordinate axis. Let Bλ be the vector space of lin-
ear forms on Fλ[t]. Then dimBλ = dimFλ[t] = (λ + 1). Suppose (p0, r0) =
(p0(α, λ), r0(α, λ)) ∈ (l ∩ J)× Z≥0 is such that1∣∣∣{(p, r) � (p0, r0) : p ∈ l ∩ J

}∣∣∣ = λ+ 1.

That is, (p0, r0) is the (λ+ 1)-st member of (l ∩ J)× Z≥0.

1This is what is meant when we say that we choose vanishing conditions optimally. We
choose them so that any given line is not associated with too many – a substitute for Bézout’s
theorem.
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Each pair, (p, r), indexes a vanishing condition. Given (p, r), let 〈φrp, f〉 := f (r)(p),

where f (r) denotes the (directional) Hasse derivative of order r (with direction
e(l)) of f . Recall that f is a d-variate polynomial restricted to l.

Proposition 3.2.2. With (p0, r0) as above,

span{φrp : (p, r) � (p0, r0) : p ∈ l ∩ J} = Bλ.

Remark. Unlike the higher-dimensional case, simply accumulating vanishing
conditions, φrp, as we increment along (l ∩ J) × Z≥0 is sufficient, as we are only
handling the set of linear forms on Fλ[t], and not a higher-dimensional space.
As such, we can omit much of the linear algebra which features in the general
argument to demonstrate which elements of the argument are strictly due to
handicaps. J

Proof. For a contradiction, suppose that the vanishing conditions, φrp, are not
spanning. Then by Lemma 2.5.5 there exists a non-zero f ∈ Fλ[t] so that 〈φrp, f〉 =
0 for all (p, r) � (p0, r0). Let P := {p ∈ l ∩ J : ∃r s.t. (p, r) � (p0, r0)}. For each
p ∈ P , let

mp = 1 + max{r : (p, r) � (p0, r0)}.
By Proposition 3.2.1, 〈φp,r′ , f〉 = 0 for all 0 ≤ r′ < mp. That is, f vanishes to
order at least mp at p. Hence f vanishes to order at least mp for all p ∈ P . Let
mult(f, p) denote the multiplicity of the zero of f at p. Then

λ ≥
∑
p∈P

mult(f, p) ≥
∑
p∈P

mp = λ+ 1,

a contradiction.

For each p ∈ l ∩ J , let us define

B(p, l, α, λ) :=
{

(p, r) ∈ (l ∩ J)× Z≥0 : (p, r) � (p0, r0)
}
, (3.3)

where (p0, r0) is the (λ + 1)-st element of (l ∩ J) × Z≥0 under ≺. We write
B(p, l, α, λ) = {(p, r) � (p0, r0)} for short. The cardinalities of these sets will be
central to our discussion. In particular, they are associated to sets of vanishing
conditions at p, with direction e(l). Hence, we define

S̃(p, l, α, λ) :=
∣∣B(p, l, α, λ)

∣∣,
for all p ∈ l ∩ J . With fixed l, α and λ, the sets B(p, l, α, λ) for p ∈ l ∩ J are
distinct, and ∑

p∈l∩J

∣∣B(p, l, α, λ)
∣∣ = λ+ 1. (3.4)

This is a fundamental property of the sets B(p, l, α, λ), and serves to replace
Bézout’s Theorem in our polynomial method.
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Remark. Let (p0, r0) be the (λ+1)-st element of ((l∩J)×Z≥0) under ≺. Observe
that we can write equation (3.3) as

B(p, l, α, λ) =
{

(p, r) : p ∈ (p+ F · e(l)) and (p, r) � (p0, r0)
}
.

In particular, since the first argument of B is a point in l, we can identify l =
p+F ·e(l). Hence, for the definition of B(p, l, α, λ), it suffices to reduce its second
argument to e(l), the direction of l. For notational convenience, we will continue
to write the second argument as a line. J

Corollary 3.2.2a. For any α and λ,

spanp∈l∩J{φrp : (p, r) ∈ B(p, l, α, λ)} = Bλ.

Corollary 3.2.2b. If f ∈ Fλ[x1, . . . , xd] is such that f |l is non-zero, then there
exists (p, r) � (p0, r0) so that 〈φrp, f |l〉 6= 0.

Proposition 3.2.3 (Translation Invariance). Let l be a line. Let α be a handicap
and c ∈ Z. Let (α + c)p := αp + c for all p ∈ J . Then

B(p, l, α, λ) = B(p, l, α + c, λ)

for all p ∈ (l ∩ J). Furthermore, S̃(p, l, α, λ) = S̃(p, l, α + c, λ).

3.2.2 Vanishing Lemma

Having chosen sets of vanishing conditions B(p, l, α, λ), we show that these sets
satisfy a vanishing lemma, Lemma 3.2.4, below.

Lemma 3.2.4 (Vanishing Lemma). Fix α and λ. For each l ∈ L1 ∪ · · · ∪Ld and
p ∈ J , build the sets B(p, l) = B(p, l, α, λ) as in Subsection 3.2.1. For each p ∈ J ,
choose lines l1(p) ∈ L1, . . . , ld(p) ∈ Ld so that δ(p, l(p)) = 1. If f ∈ Fλ[x1, . . . , xd]
is non-zero, then there exists p ∈ J and (p, rj) ∈ B(p, lj(p)) for each 1 ≤ j ≤ d
so that (

∇ · e(l1(p))
)r1 · · · (∇ · e(ld(p)))rd f(p) 6= 0.

Remark. Note the absence of a j-subscript on these sets B. Indeed, the con-
struction depends only on e(l), and not the set which contains l. J

Proof. Suppose for a contradiction that there is a non-zero f ∈ Fλ[x1, . . . , xd], so
that for all p ∈ J and all (p, rj) ∈ B(p, lj(p)) for 1 ≤ j ≤ d,(

∇ · e(l1(p))
)r1 · · · (∇ · e(ld(p)))rd f(p) = 0.

Let mult(f, p) denote the multiplicity of the zero of f at p; that is, the least
positive integer m so that there is an m-th derivative of f that does not vanish
at p. Fix a choice of p that minimises (p,mult(f, p)) with respect to ≺. By
the definition of multiplicity, there is a derivative D of order mult(f, p) so that
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Df(p) 6= 0. Since l1(p), . . . , ld(p) have directions spanning Fd, we can find non-
zero r1, . . . , rd such that r1 + . . .+ rd = mult(f, p) and

(∇ · e(l1(p)))r1 · · · (∇ · e(ld(p)))rdf(p) 6= 0. (3.5)

By hypothesis, there exists j so that (p, rj) 6∈ B(p, lj(p)). Fix such j, and by
relabelling, we may assume that j = 1 without loss of generality.

Consider (p′, r′) ≺ (p, r1) for any p′ ∈ l1(p) ∩ J . Then

(p′, r′ + r2 + . . .+ rd) ≺ (p, r1 + . . .+ rd) = (p,mult(f, p)).

The multijoint p was chosen so that (p,mult(f, p)) � (p′,mult(f, p′)). Hence

(p′, r′ + r2 + . . .+ rd) ≺ (p′,mult(f, p′)).

By the definition of ≺, we deduce that

r′ + r2 + . . .+ rd < mult(f, p′).

Therefore, (
∇ · e(l1(p))

)r′ (∇ · e(l2(p))
)r2 · · · (∇ · e(ld(p)))rd f(p′) = 0.

Let
g :=

(
∇ · e(l2(p))

)r2 · · · (∇ · e(ld(p)))rd f.
We have established that (∇ · e(l1(p′)))r

′
g(p′) = 0 for all (p′, r′) ≺ (p, r1). On the

other hand, by (3.5), g|l1(p) is not the zero polynomial. Therefore, the set{
φp′,r′ : (p′, r′) ≺ (p, r1), p′ ∈ l1(p) ∩ J

}
does not span Bλ.

By Proposition 3.2.2, we deduce that (p, r1) is in the first (λ + 1) elements of
l1(p) ∩ J under ≺, and so our construction requires (p, r1) ∈ B(p, l1(p)). This
contradicts our choice of r1, . . . , rd, concluding the proof.

A general form of this lemma can be found in [TYZ20]. However, our proof in
the special case of lines is more simple as it does not need to account for linearly
independent vanishing conditions, and counting alone is sufficient.

Corollary 3.2.4a. Fix α and λ. For each l ∈ L1 ∪ · · · ∪ Ld and p ∈ J , build
the sets B(p, l, α, λ), as in Subsection 3.2.1. For each p ∈ J , choose lines l1(p) ∈
L1, . . . , ld(p) ∈ Ld so that δ(p, l(p)) = 1. Then

∑
p∈J

d∏
j=1

S̃(p, lj(p), α, λ) ≥
(
λ+ d

d

)
.

Proof. Recall that S̃(p, l, α, λ) =
∣∣B(p, l, α, λ)

∣∣ and suppose that the conclusion
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is false. By parameter counting, there exists a non-zero f ∈ Fλ[x1, . . . , xd] so that

(∇ · e(l1(p)))r1 · · · (∇ · e(ld(p)))rdf(p) = 0

for all (p, rj) ∈ B(p, lj(p), α, λ) and all 1 ≤ j ≤ d, contrary to Lemma 3.2.4.

Remark. We follow the convention, in this proof of Corollary 3.2.4a, and hence
in Lemma 3.2.4, that if B(p, lj(p), α, λ) = ∅ for some p and j, then the set of
conditions imposed on f at p is empty. In particular, we deduce that choosing
vanishing conditions in this way prohibits situations such that for all p ∈ J , there
exists j so that B(p, lj(p), α, λ) = ∅.

The constant C in Theorem 3.0.1 is exactly the implicit constant in the inequality(
λ+d
d

)
& λd. Within this proof, for the case of lines, this inequality is the only place

where a dimensional constant occurs. Moreover, this use of parameter counting
concludes our use of the polynomial method.

Corollary 3.2.4a states that the products
∏

j S̃(p, lj(p)) are large, on average. In

Subsection 3.3.1, we will choose a handicap α so that the products
∏

j S̃(p, lj(p))

are all approximately equal as p varies, with respect to a weight given by S(p)−d.
This allows us to lift the “on average” bound to a pointwise bound over p ∈ J .

3.2.3 Vanishing Conditions as Handicap Varies

In [TYZ20], some technical linear algebra on vector spaces of polynomials is
required to precisely quantify how S̃(p, l, α, λ) changes with α, so that the nu-
merology of dimensions and degrees works out in the full generality of their result.
In the one dimensional case of lines discussed here, this is not necessary. Indeed,
Corollary 3.2.2a states that we just need to consider the first (λ + 1) terms of
(l∩J)×Z≥0 under ≺ to construct our sets B(p, l, α, λ) and there are no subtleties
to be considered.

This changes in the higher-dimensional case. Consider a 2-plane π. There is no
longer a unique choice of direction in e(π). Moreover, if there are many points in
(π∩J) that are collinear, then we may encounter issues of linear dependence before
we have accumulated

(
λ+2

2

)
vanishing conditions on π.2 Since linear independence

is easy to understand in the 1-dimensional case of lines, we may proceed by
handling the handicap α directly without a linear algebra detour.

To understand why these results are intuitive, consider how the diagram in display
3.2 changes as we increase or decrease α at some fixed p ∈ J . Indeed, consider
the effect of replacing a handicap by one which is identical, except at one point
p, where it is precisely one less. This shifts the p-th column up by one. With
reflection, we see that either S̃ is unchanged, or, S̃ reduces at p by exactly one,
increases at some other p′ by exactly one, and remains unchanged otherwise.

Lemma 3.2.5 (Uniform Boundedness). Let α be a handicap on J , λ ∈ N and

2The choice of
(
λ+2
2

)
happens to be the correct generalisation of (λ+ 1) in our discussion.
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let l be a line. Suppose there are p, q ∈ (l ∩ J) so that αp < αq − λ. Then
S̃(p, l, α, λ) = 0.

Lemma 3.2.5 is so-called since it states that there is a uniform upper bound on
αq for those q ∈ l ∩ J such that q 6= p and S̃(p, l, α, λ) 6= 0.

Proof. Recall that
S̃(p, l, α, λ) =

∣∣B(p, l, α, λ)
∣∣.

By definition (q, λ) ≺ (p, 0). By Proposition 3.2.1,

(q, 0) ≺ (q, 1) ≺ · · · ≺ (q, λ− 1) ≺ (q, λ) ≺ (p, 0)

and so there are at least (λ + 1) pairs preceding (p, 0) under ≺. By definition
B(p, l, α, λ) = ∅ and hence S(p, l, α, λ) = 0.

Lemma 3.2.6 (Monotonicity). Let λ ∈ N, and let l be a line. Suppose α(1) and

α(2) are handicaps so that ∃p ∈ l ∩ J such that α
(1)
p − α(1)

p′ ≤ α
(2)
p − α(2)

p′ for all
p′ ∈ l ∩ J . Then

S̃(p, l, α(1), λ) ≤ S̃(p, l, α(2), λ).

Proof. By Proposition 3.2.3 we can assume that α
(i)
p = 0 for i = 1, 2, so that

α
(2)
p′ ≤ α

(1)
p′ for all p′ ∈ l ∩ J and let ≺i=≺α(i) . It suffices to show that if (p, r)

is among the ≺1-first (λ + 1) elements of (l ∩ J) × Z≥0, then it is among the
≺2-first (λ + 1) elements of (l ∩ J) × Z≥0. This follows if we can show that if
(p, r) ≺1 (p′, r′), then (p, r) ≺2 (p′, r′). Equivalently, the handicaps α(1) and α(2)

are such that that there is no pair (p′, r′) which occurs ≺1-after (p, r) which also
occurs ≺2-before (p, r).

Let (p′, r′) be such that (p, r) ≺1 (p′, r′). Let us assume that r − 0 < r′ − α(1)
p′ .

Applying our hypothesis, we have that r − 0 < r′ − α(2)
p′ and therefore (p, r) ≺2

(p′, r′), as desired. Otherwise, we have the equality case r = r′ − α(1)
p′ and p < p′.

Applying our hypothesis, we deduce r ≤ r′ − α
(2)
p′ . If this inequality is strict

then the result holds. Otherwise, it is an equality and p < p′ so the result holds,
concluding the proof.

Lemma 3.2.7 (Continuity). Let λ ∈ N, l be a line, p ∈ l ∩ J , and let α(1), α(2)

be handicaps. Then∣∣∣S̃(p, l, α(1), λ)− S̃(p, l, α(2), λ)
∣∣∣ ≤ ∑

p′∈l∩J

∣∣∣(α(1)
p − α(1)

p′ )− (α(2)
p − α(2)

p′ )
∣∣∣.

Remark. By Proposition 3.2.3, we may translate α(2) so that α
(2)
p = α

(1)
p . The

conclusion of Lemma 3.2.7 thus reads as:∣∣∣S̃(p, l, α(1), λ)− S̃(p, l, α(2), λ)
∣∣∣ ≤ ∑

p′∈l∩J

∣∣∣α(1)
p′ − α

(2)
p′

∣∣∣.
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This is more easily recognisable as a Lipschitz continuity result. In fact, if desired,
we could redefine handicaps and identify α by its equivalence class, α+Z|J |, under
equivalence by translation invariance. J

Proof. By translation invariance, Proposition 3.2.3, the left-hand side of the tar-
get inequality remains unchanged if we translate α(1) and α(2) by α

(1)
p and α

(2)
p ,

respectively.

Let p ∈ l ∩ J and consider (α
(1)
p′ − α

(1)
p )p′∈J . For p′ 6= p we will incrementally

modify (α
(1)
p′ − αp) by ±1 until we get to (α

(2)
p′ − α

(2)
p ). This can be done in∣∣∣(α(1)

p′ − α
(1)
p )− (α

(2)
p′ − α

(2)
p )
∣∣∣ increments.

It therefore suffices to consider how S̃(p, l, α, λ) changes on any one increment.
However, by the paragraph preceding Lemma 3.2.5, for any handicap α, if we
increment αp′ by ±1 then S̃(p, l, α, λ) either remains unchanged, or changes by
±1. Let ep′ : J → Z be given by (ep′)q = 1 if p′ = q and (ep′)q = 0 if p′ 6= q. This
may be thought of as the p′-th basis vector for the space of maps J → Z. Then,
for an increment α 7→ α′ = α + ep′

0 ≤ S̃(p, l, α, λ)− S̃(p, l, α′, λ) ≤ 1. (3.6)

Moreover, we can reverse the roles of α and α′ for an increment of the form
α 7→ α − ep′ . Thereafter, we sum these inequalities over all increments to yield
the result.

3.3 Multijoints of Lines

We are now equipped to begin counting multijoints.

3.3.1 Choosing A Handicap

We have constructed numbers S̃(p, l, α, λ) according to the Tidor–Yu–Zhao ar-
gument in [TYZ20] but using more elementary arguments to establish “good”
properties with respect to α. We now deviate from their argument to establish a
new result.

For technical reasons, we introduce a further definition. Let p ∈ J . For each
1 ≤ j ≤ d, we say that a line l ∈ Lj contributes to p if there is a tuple
l ∈ L1 × · · · × Ld so that l = lj and δ(p, l) = 1. In particular, if l is a tuple so
that δ(p, l) = 1, then for each 1 ≤ j ≤ d, lj contributes to p.

Let E ⊂ J . We may assume that every l ∈ L1 ∪ · · · ∪ Ld contributes to some
p ∈ E. Indeed, for the purposes of Theorem 3.0.1, if l is a line which does not
contribute to any point then we may set s(·, l) ≡ 0 and so l may reasonably be
ignored.
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We say p, q ∈ J are adjacent if there is some l ∈ L1 ∪ · · · ∪Ld which contributes
to p and contributes to q. We say that p and q are connected if there is a
sequence of points p = p1, . . . , pN = q ∈ E so that pi and pi+1 are adjacent for
all 1 ≤ i < N . Connectedness defines an equivalence relation on E. Moreover,
this induces a partition of each L1, . . . ,Ld given by those lines which contribute
to any element of any one equivalence class of E.

The first result that we will prove is Theorem 3.0.1 and to do so we may assume
that suppS is connected and that every line contributes to some p ∈ suppS.
Indeed, let E ′ be a connected component of suppS and let Lj(E ′) be the subset of
lines in Lj which contribute to some p ∈ E ′. For each component E ′, assume that
for any S : E ′ → R≥0, there is a function sE′ : E ′× (L1(E ′)∪· · ·∪Ld(E ′))→ R≥0

satisfying the first display of Theorem 3.0.1 for all p ∈ E ′ and l ∈ L1(E ′)× · · · ×
Ld(E ′), and satisfying the second display for all l ∈ L1(E ′) ∪ · · · ∪ Ld(E ′). Now,
for each p ∈ suppS there is a unique set E ′ so that p ∈ E ′. Hence, we can define
s(p, l) := sE′(p, l) for every l ∈ L1, . . . ,Ld which contributes to p. This defines s
for every pair (p, l) for which p ∈ suppS and l contributes to p. Extending the
function s by zero, so that it is defined on J × L1 × · · · × Ld. By the definition
of connectedness, such s is well defined.

The first condition of Theorem 3.0.1 is satisfied by s, automatically. Furthermore,
consider the condition

∑
p∈lj∩E s(p, lj) = 1. Since all elements of the sum are

contained within a single line, they belong to the same connected component.
Therefore, in computing this sum, we need consider only one of the original
functions sE′ defined on E ′ ×L(E ′)× · · · × L(E ′). Hence, s satisfies conclusions
of Theorem 3.0.1.

It therefore suffices to assume that suppS contains a single connected component.

Lemma 3.3.1 (Handicap). Let L1, . . . ,Ld be sets of lines in Fd with associated
multijoints J . Let S : J → R≥0 and suppose that any two multijoints in suppS
are connected via a path of multijoints in suppS, and that (λ + 1) ≥ |suppS|.
There is a handicap α : J → Z so that for all p ∈ suppS, the numbers

min
l:δ(p,l)=1

1

S(p)d

 d∏
j=1

S̃(p, lj, α, λ)

λ+ 1

 (3.7)

all lie in a common interval with length ≤ h′/λ for some h′ = h′(|J |, S) depending
on S and |J |, but not λ. Furthermore, we may choose α so that S̃(p, ·, α, λ) = 0
for all p 6∈ suppS.

Remark. The definition of “contributes” is due to the fact that at each p ∈
suppS, the quantity (3.7) is equal to zero if and only if S̃(p, l, α, λ) = 0 for some
l ∈ L1 ∪ · · · ∪ Ld which contributes to p. J

Remark. The analogous result, proven by Tidor Yu and Zhao, [TYZ20, Lemma
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5.10], for any fixed tuple of functions fj : Lj → Z>0, considers the quantity

1

S(p)dM(p)

∏
l∈L1×···×Ld

 d∏
j=1

S̃(p, lj, α, λ)

λ+ 1

ω(l)

where M(p) =
∑
l δ(p, l)

∏
j fj(lj) and ω(l) =

δ(p,l)
∏d
j=1 fj(lj)∑

l′ δ(p,l
′)
∏d
j′=1 fj′ (lj′ )

. This is suffi-

cient to resolve the multijoints problem, but not the conjectured dual result.

Despite this difference, we prove Lemma 3.3.1 by appropriate modifications of
methods from [TYZ20]. J

We regard the interval length h′/λ, as given by Lemma 3.3.1, as an error bound.
In the context of the overarching argument in this chapter, the size of h′, large
or small, is completely irrelevant. However, the constant h′ can be expressed as
a function which grows polynomially in both |J | and the quantities S(p)−d over
all p ∈ J . Importantly, h′ is independent of the parameter λ, which is an input
to Lemma 3.3.1. In Subsection 3.3.2, we will let λ→∞ so that the interval has
arbitrarily small width. That is, for sufficiently large λ, all the values in (3.7)
become as close to equal as we desire.

Lemma 3.3.1 makes no assertion as to the location of the given interval. We will
examine the location of this interval in Subsection 3.3.2, using our newly adapted
polynomial method. Indeed, Lemma 3.3.1 will be paired with Corollary 3.2.4a to
deduce that the interval is bounded away from 0. Lemma 3.3.1, however, should
be considered as separate from the polynomial method section of the argument.

To prove Lemma 3.3.1 we require some notation and useful facts. Recall that if
l ∈ L1 ∪ · · · ∪ Ld, and p ∈ l ∩ J , then

S̃(p, l, α, λ) =
∣∣B(p, l, α, λ)

∣∣,
where the sets B(p, l, α, λ) are defined by (3.3), and satisfy∑

p∈l

S̃(p, l, α, λ) = λ+ 1

for every l ∈ L1 ∪ · · · ∪ Ld, by construction. Let α be a handicap. For any
p ∈ suppS, let l = (lj)j ∈ L1 × · · · × Ld be such that p = ∩jlj. We define

W (l, α) :=
1

S(p)d

 d∏
j=1

S̃(p, lj, α, λ)

λ+ 1

 .

Note that W additionally depends on λ and p. However, λ is fixed for Lemma
3.3.1, and the dependence on p is implicit through the tuple l which must satisfy
p ∈ ∩jlj. Therefore, we suppress p and λ from our definition of W . Now, for each
p ∈ J ,

wp(α) := min
l:δ(p,l)=1

W (l, α).
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Proposition 3.3.2. Let (λ + 1) ≥ |suppS|. Let w : {α : J → Z} → R|J |≥0 be the
map such that w(α) = (wp(α))p. Define A = A(λ) ⊂ {α : J → Z}, to be the set
of α such that

� S̃(p, ·, α, λ) = 0 for all p 6∈ suppS, and

� S̃(p, l, α, λ) 6= 0 for all p ∈ suppS and all l ∈ L1 ∪ · · · ∪ Ld that contribute
to p.

The image w(A) is finite and non-empty.

Remark. The first bullet of Proposition 3.3.2, above, which prescribes a con-
dition on α, is necessary for (3.17) in a later part of the argument, since we
wish to allow suppS to be a strict subset of J . This condition was not required
in [TYZ20].

The second bulleted condition, however, is not strictly necessary. Hence, it can
reasonably be ignored. However, recall the emptyset convention, remarked upon
in Subsection 3.2.1. In the case where we allow the sets B(p, l, α, λ) to be possibly
empty, we will eventually be able to deduce that α, as given by Lemma 3.3.1,
is such that every B(p, l, α, λ) 6= ∅ whenever p ∈ suppS, and l contributes to
p, via Corollary 3.2.4a. We include this technicality so as to guarantee non-
emptiness a priori with the intention of sharing a more complete understanding
of the properties of handicaps, and how to derive them. J

Proposition 3.3.3. With A as defined in Proposition 3.3.2, suppose w0 ∈ w(A).
Then ∃α ∈ A such that w(α) = w0 and for all q 6∈ suppS and lines l ∈ L1∪· · ·∪Ld
so that l 3 q, and all p ∈ l ∩ suppS, we have αq < αp − λ.

Remark. Proposition 3.3.3 is a technical result to guarantee that we may perturb
α to α′ such that the conditions S̃(q, ·, α′, λ) = 0 for all q 6∈ suppS are preserved.

J

Proof of Proposition 3.3.2. Let p ∈ suppS. By translation invariance (Proposi-
tion 3.2.3),

w(A) = w({α ∈ A : αp = 0}).
Hence, we may further insist that αp = 0 for all α ∈ A. We begin by proving
that A is non-empty. Consider

α = −(λ+ 1)
∑

q 6∈suppS

eq.

Then α satisfies the two bulleted conditions specified in Proposition 3.3.2 and
thus, A is non-empty. Indeed, to establish the first bullet, note that every line
in L1 ∪ · · · ∪ Ld intersects suppS. Hence, for any q 6∈ suppS and every line
l ∈ L1 ∪ · · · ∪ Ld such that l 3 q, there exists p ∈ l ∩ suppS. By the definition of
α,

αq = −(λ+ 1) = 0− (λ+ 1) = αp − (λ+ 1) < αp − λ.
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By uniform boundedness (Lemma 3.2.5), S̃(q, l, α, λ) = 0. Since l is arbitrary,
S̃(p, ·, α, λ) = 0, as desired.

For the second bullet, since αp = αq for all p, q ∈ suppS, the ≺-first |suppS|
elements of J ×Z≥0 are precisely {(p, 0) : p ∈ suppS}. By assumption, (λ+ 1) ≥
|suppS|. Hence (p, 0) ∈ B(p, l, α, λ) for all p ∈ suppS, as per (3.3), the definition
of B, establishing the second bullet.

We now show that w(A) is finite. Recall we have chosen p ∈ suppS so that
αp = 0. It suffices to show that if α ∈ A with αp = 0, and q ∈ suppS is such
that q 6= p, then

αq ∈ [−λ|J |, λ|J |]. (3.8)

Indeed, this implies that {α|suppS : α ∈ A} ⊆ [−λ|J |, λ|J |]suppS. Since suppS is
finite, there are finitely many possible values of (wp(α))p∈suppS. Since wq(α) = 0
for q 6∈ suppS, w(A) is finite, as desired.

To prove (3.8), let α ∈ A with αp = 0, and let q ∈ suppS \ {p}. Since suppS
is connected, there is some sequence of multijoints p = p1, . . . , pN = q so that
for every 1 ≤ i < N , multijoints pi and pi+1 are adjacent, and each p1, . . . , pN ∈
suppS. For each 1 ≤ i ≤ N , let αi := αpi . We claim that

αi − λ ≤ αi+1 ≤ αi + λ, (3.9)

for all 1 ≤ i < N . Indeed, by uniform boundedness (Lemma 3.2.5), if either
the first or the second inequality is violated, and l is any line contributing to
both pi and pi+1, then S̃(pi+1, l, α, λ) = 0 or S̃(pi, l, α, λ) = 0, respectively. This
contradicts the second bullet of Proposition 3.3.2, in the definition of A.

Since (3.9) holds for all 1 ≤ i < N and N ≤ |J |, this implies (3.8), concluding
the proof.

Recall the representation of (J × Z≥0,≺) as adjacent columns. To intuit why
Proposition 3.3.3 is true, draw such a representation and highlight the ≺-first
(λ+1) pairs (p, r) ∈ J×Z≥0. Since S̃(q, l, α, λ) = 0 for q 6∈ suppS, we deduce that
none of the highlighted pairs (p, r) satisfy p = q. Hence, there are no highlighted
pairs in the quadrant whose bottom left corner is (q, 0). Furthermore, if we reduce
the handicap at q by one, we shift the q-th column vertically up and still there are
no highlighted pairs in the quadrant whose bottom left corner is (q, 0). Hence,
the first (λ+ 1) elements under the handicap (α− eq) remain the same. We can
repeat the argument to deduce that the first (λ+ 1) elements remain unchanged
when we change the handicap from α to (α− ceq), for any c ∈ N.

Proof of Proposition 3.3.3. Since w0 ∈ w(A), we can find some β ∈ A so that
w(β) = w0. Let p ∈ suppS. By translation invariance (Proposition 3.2.3), we
may assume that βp = 0.

Let c ∈ N and define α = β − c
∑

q 6∈suppS eq. By the definition of A, for all

q 6∈ suppS, and l 3 q, we have S̃(q, l, β, λ) = 0. Since S̃(·, ·, β, λ) =
∣∣B(·, ·, β, λ)

∣∣,
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by (3.3), the definition of B, we deduce that∣∣(p′, r′) : p′ ∈ l ∩ J and (p′, r′) ≺ (q, 0)
∣∣ ≥ λ+ 1, (3.10)

for all q 6∈ suppS, and l ∈ L1 ∪ · · · ∪ Ld such that l 3 q. For any c > 0,
inequality (3.10) remains valid if we replace ≺=≺β with ≺α. Furthermore, for
every l ∈ L1, . . . ,Ld, the ≺β-first (λ + 1) elements of (l ∩ J) × Z≥0 are also the
≺α-first elements of (l ∩ J)× Z≥0. Hence,

S̃(·, ·, β, λ) = S̃(·, ·, α, λ),

and therefore (wp(α))p = (wp(β))p. Therefore, we may take c sufficiently large
to ensure that for all q 6∈ suppS, l ∈ L1 ∪ · · · ∪ Ld such that l 3 q, and for all
p ∈ l ∩ suppS,

αq < αp − λ.
This is possible since there are finitely many such choices of q, l and p. This gives
the desired α.

Let us label each p ∈ J so that J = {p1, . . . , p|J |}. For any α, there is a permu-
tation σ = σα ∈ S|J | so that wpσ(1)(α) ≥ · · · ≥ wpσ(|J|)(α). By Proposition 3.3.2,
the set w(A) is finite. Therefore, of all w(α) ∈ w(A), we can choose one so that

(wpσ(i)(α))1≤i≤|J | ∈ R|J |≥0 is minimal with respect to lexicographical order on R|J |.3

Let
w(α) = (wpσ(i)(α))1≤i≤|J | (3.11)

be such a minimum with corresponding minimiser α. By relabelling the indices
of each p ∈ J , we may assume that σ is the identity permutation so that

wp1(α) ≥ · · · ≥ wp|J|(α) ≥ 0.

For ease of notation, let wi := wpi(α) for each 1 ≤ i ≤ |J |.

Remark. Uniform boundedness has allowed us to choose a minimal α, for an
appropriate notion of minimum, via a compactness-type argument. This α is the
candidate we will use to conclude the proof of Lemma 3.3.1. J

Proposition 3.3.4 (Continuity of Perturbations). Let 1 ≤ t ≤ |J |. Let

v =
∑

1≤i≤t:
pi∈suppS

ei +
∑
i:

pi 6∈suppS

ei

and α′ = α − v. There is a constant h = h(|J |, S), which does not depend on λ,
so that ∣∣wi(α)− wi(α′)

∣∣ ≤ h

2λ
3Consider tuples a = (a1, . . . , aN ) and b = (b1, . . . , bN ). If ai = bi for all 1 ≤ i ≤ N ,

then a = b under lexicographical order. Otherwise, there is some i so that ai 6= bi. Let i0 be
the least such index. If ai0 < bi0 then a < b under lexicographical order. Otherwise b > a.
Lexicographical order is a total order on RN .
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for all 1 ≤ i ≤ N , where N = |suppS|.

The first summation in the definition of v, in Proposition 3.3.4, is of most impor-
tance. The second summation is included only for technical reasons and one may
assume suppS = J on first reading. The constant h described here is related,
but not equal to h′ in Lemma 3.3.1.

Proof of Proposition 3.3.4. We construct h directly. Fix 1 ≤ i ≤ N , fix a d-tuple
of lines l which realises wi(α), and fix l′ which realises wi(α

′). Consider∣∣wi(α)− wi(α′)
∣∣ =

∣∣W (l, α)−W (l′, α′)
∣∣.

If l = l′ then
∣∣wi(α)− wi(α′)

∣∣ =
∣∣W (l, α)−W (l, α′)

∣∣. Otherwise, l 6= l′, in which
case ∣∣wi(α)− wi(α)

∣∣ =
∣∣W (l, α)−W (l′, α′)

∣∣ ≤ max
l̃

∣∣∣W (l̃, α)−W (l̃, α′)
∣∣∣,

where the maximum is over all l̃ ∈ (arg minW (·, α) ∪ arg minW (·, α′)).4 This is
an application of the following elementary fact, Proposition 3.3.5.

Proposition 3.3.5. Let φ, ψ : X → R≥0 be functions for some finite set X.
Then ∣∣∣∣min

x
φ(x)−min

x
ψ(x)

∣∣∣∣ ≤ max
x∈(arg minφ∪arg minψ)

∣∣φ(x)− ψ(x)
∣∣.

Proof. Without loss of generality, we may assume minφ ≥ minψ. Let φ(a) =
minφ and let ψ(b) = minψ. Then

|minφ−minψ| = φ(a)− ψ(b)

≤ φ(b)− ψ(b)

≤ max
x∈(arg minφ∪arg minψ)

∣∣φ(x)− ψ(x)
∣∣.

Whether or not l = l′, we may assume∣∣wi(α)− wi(α′)
∣∣ ≤ ∣∣∣W (l̃, α)−W (l̃, α′)

∣∣∣,
for some l̃ which minimises W (·, α) or W (·, α′). However, for any l ∈ L1×· · ·×Ld
which forms a multijoint at p = pi,

S(p)d(λ+ 1)d
∣∣W (l, α)−W (l, α′)

∣∣
=

∣∣∣∣∣∣
d∏
j=1

(
S̃(p, lj, α

′, λ)− (S̃(p, lj, α
′, λ)− S̃(p, lj, α, λ))

)
−

d∏
j=1

S̃(p, lj, α
′, λ)

∣∣∣∣∣∣.
(3.12)

4For a function φ : X → R we let arg minφ = {x ∈ X : φ(x) = minφ}.
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Taking the right-hand side of equality (3.12), we expand the first product. In this
expansion, there is precisely one occurrence of the term

∏
j S̃(p, lj, α

′, λ), which
now cancels the second product of (3.12). We are left with terms of the form∏

j∈A

S̃(p, lj, α
′, λ)

∏
j′∈B

(S̃(p, lj, α
′, λ)− S̃(p, lj, α, λ))

 (3.13)

where A t B = {1, . . . , d} and B 6= ∅. To establish an upper bound on (3.12),
by the triangle inequality, it suffices to bound each such term of the form (3.13)
separately. By continuity (Lemma 3.2.7), for any l ∈ L1 ∪ · · · ∪ Ld and p ∈ l ∩ J ,∣∣∣S̃(p, l, α, λ)− S̃(p, l, α′, λ)

∣∣∣ ≤ |J |,
since ‖α− α′‖`1(J) = ‖v‖`1(J) ≤ |J |. Combining this with the fact that each

S̃(p, l, α′, λ) ≤ (λ+1) by construction, each term (3.13) is bounded by (λ+1)a|J |b
for non-negative integers a+ b = d. Hence, (3.12) is bounded by a polynomial in
(λ + 1) and |J |, and can be dominated by the term which contains (λ + 1)(d−1).
Hence

S(p)d(λ+ 1)d
∣∣W (l, α)−W (l, α′)

∣∣ ≤ hd−1(λ+ 1)d−1 + . . .+ h1(λ+ 1) + h0.

This in turn is at most h
2
(λ+ 1)d−1 provided that h is sufficiently large. We can

express h as a polynomial in |J | that does not depend on λ. Dividing by (λ+ 1)d

and updating h to be additionally depend on S(p)−d, we deduce∣∣wi(α)− wi(α′)
∣∣ ≤ ∣∣W (l, α)−W (l, α′)

∣∣ ≤ h

2λ

for some h which can be expressed as a function in |J | and the quantities {S(p)−d :
p ∈ J}, but does not depend on λ. This defines the constant h.

The remainder of this subsection is dedicated to proving Lemma 3.3.1. Since
w1(α) ≥ . . . ≥ w|J |(α) ≥ 0, it suffices to show that all the differences wi(α)− wi+1(α)
are small. We will prove this by contradiction. To begin, we assume there is some
index 1 ≤ t < N so that wt(α)− wt+1(α) > h/λ, with h as given by Proposition
3.3.4. We construct a perturbation of the handicap α. Let α′ be the perturbed
handicap. The following three claims are established for the perturbation:

1. The large entries of the tuple w(α) remain large, and the small entries
remain small.

2. The perturbed handicap α′ is such that w(α′) ∈ w(A), so w(α) ≤ w(α′)
with respect to lexicographical order.

3. If w(α) 6= w(α′) then w(α′) < w(α). Hence, w(α′) = w(α).

Thereafter, we realise that the perturbation can be applied to α′, the already
perturbed handicap. However, by connectedness, there is a pair p, q ∈ suppS
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so that wp(α) is large, wq(α) is small and there is a line which contributes to
both p and q. If we perturb sufficiently many times, what results is a perturbed
handicap α′ so that w(α) = w(α′), and

α′p < α′q − λ.

By uniform boundedness (Lemma 3.2.5), S̃(p, l, α′, λ) = 0 and hence wp(α) = 0.
Therefore, 0 = wp(α) ≥ wq(α) ≥ 0, and hence wq(α) = 0. However, we assumed,
for a contradiction, that wp(α) is large and that wq(α) is small so that wp(α) >
wq(α), which is a contradiction.

Proof of Lemma 3.3.1. Let suppS = {p1, . . . , pN} for some N ≤ |J | be con-
nected, and let h′ = |J |h, where h is as given by Proposition 3.3.4. Since the
tuple (wi)i has at most |J | non-zero entries, it suffices to show that

wi − wi+1 ≤
h

λ
(3.14)

for all 1 ≤ i < N . Indeed, summing this inequality over all 1 ≤ i ≤ N , we deduce
maxiwi − miniwi ≤ |J |h/λ. That is, the interval containing all (wi)1≤i≤N has
width ∼J 1/λ, where the implied constant does not depend on λ.

We now prove that (3.14) holds for all 1 ≤ i < N . Suppose for a contradiction
that there is some index 1 ≤ i < N so that (3.14) is false. Let t be the least such
index. For this choice of t, define

v =
∑

1≤i≤t:
pi∈suppS

ei +
∑
i:

pi 6∈suppS

ei

and let α′ = α− v.

Let l ∈ L1 ∪ · · · ∪ Ld. Recall that
∑

p∈l S̃(p, l, α, λ) = (λ + 1) for any α. It

follows that, if S̃(p, l, α′, λ) > S̃(p, l, α, λ) for some p ∈ l ∩ J , then there exists
some p′ ∈ l ∩ J so that p′ 6= p and S̃(p′, l, α′, λ) < S̃(p′, l, α, λ). For those i such
that pi 6∈ suppS, we have that wi(α) = 0 = wi(α

′). Moreover, by monotonicity
(Lemma 3.2.6), for i such that pi ∈ suppS, we have that if i ≤ t then wi(α

′) ≤
wi(α) (where the handicap is decreased) and if i > t then wi(α

′) ≥ wi(α) (where
the handicap is unchanged). Of all the inequalities indexed by i ≤ t, at least
one is strict if and only if another inequality indexed by i > t is also strict. By
Proposition 3.3.4, the difference

∣∣wi(α)− wi(α′)
∣∣ is bounded above by h/(2λ) for

all 1 ≤ i ≤ N , and by our definition of t,

wt(α)− wt+1(α) > h/λ. (3.15)

Let σ′ ∈ S|J | be a permutation such that5

wσ′(1)(α
′) ≥ · · · ≥ wσ′(|J |)(α

′), (3.16)

5A convenient way to understand what σ′ describes is as follows: the i-th largest multijoint,
p, of the tuple (wp(α

′))p∈J has index σ′(i).
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where σ′(i) = i for N < i ≤ |J |.

Claim 3.3.6. If 1 ≤ i ≤ t, then 1 ≤ σ′(i) ≤ t, and if t < i′ ≤ N , then
t < σ′(i′) ≤ |J |.

Proof. Suppose pi, pi′ ∈ suppS are such that i ≤ t < i′. By Proposition 3.3.4,

wi(α
′)− wi′(α′) =

(
wi(α

′)− wi(α)
)

+
(
wi(α)− wi′(α)

)
+
(
wi′(α)− wi′(α′)

)
≥ − h

2λ
+
(
wi(α)− wi′(α)

)
− h

2λ
.

Using inequalities (3.15) and the fact that wi(α) is decreasing in i, this is at least

(
wt(α)− wt+1(α)

)
− h

λ
> −h

λ
+
h

λ
= 0.

Hence, if 1 ≤ i ≤ t, then wi(α
′) ≥ wi′(α

′) for all i′ > t. Therefore 1 ≤ σ′(i) ≤ t.
Similarly, if t < i ≤ N , then wi′(α

′) ≥ wi(α
′) for all 1 ≤ i′ ≤ t. Hence,

t < σ′(i) ≤ N , as desired.

Claim 3.3.7. Let the set A be as in Proposition 3.3.2. Then w(α′) ∈ w(A).
Hence w(α′) was among those considered when the minimiser w(α) was chosen.

Proof. Since w(α) ∈ W (A), we have that S̃(p, ·, α, λ) = 0 for all p 6∈ suppS.
Hence the assumptions of Proposition 3.3.3 are satisfied, and we may assume
that α is such that for all q 6∈ suppS, and all l ∈ L1 ∪ · · · ∪ Ld so that l 3 q, if
p ∈ l ∩ suppS, then

αq < αp − λ.
We will show that S̃(q, ·, α′, λ) = 0 for all q 6∈ suppS. Let q 6∈ suppS. If
l ∈ L1 ∪ · · · ∪ Ld so that l 3 q, and p ∈ l ∩ suppS, then

α′q = αq − 1 < (αp − λ)− 1 = (αp − 1)− λ ≤ α′p − λ.

We assumed, at the beginning of Subsection 3.3.1, that every line in L1∪ · · ·∪Ld
intersects suppS, so such p exists. Hence, by uniform boundedness (Lemma
3.2.5), S̃(q, l, α′, λ) = 0.

We now show that S̃(p, ·, α′, λ) ≥ 1 for all p ∈ suppS. Since w(α) ∈ W (A), we
have that wp(α) > 0 for all p ∈ suppS. We have shown that if t < i ≤ |J |, then
wi(α

′) ≥ wi(α). Hence wi(α
′) > 0 for all i such that t < i ≤ N . For 1 ≤ i ≤ t, we

have that wi(α
′) > wN(α′). Hence wi(α

′) > 0 for all 1 ≤ i ≤ N . Consequently,
S̃(p, l, α′, λ) ≥ 1 for all p ∈ suppS and all l ∈ L1 ∪ · · · ∪ Ld which contribute to
p, and w(α′) ∈ w(A).6

That is, (wp(α
′))p was among those tuples considered when (wp(α))p was chosen.

6Note that we cannot deduce the positivity of S̃(p, l, α′, λ) for those l which do not contribute
to p.
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Claim 3.3.8. If w(α′) 6= w(α) then w(α′) < w(α) with respect to lexicographical
order. Hence w(α) = w(α′).

Proof. Since w1(α) ≥ · · · ≥ w|J |(α), we have that (wi(α))1≤i≤t ≥ (wσ′(i)(α))1≤i≤t
with respect to lexicographical order.

Suppose that there is some 1 ≤ i ≤ |J | so that wi(α
′) 6= wi(α). Then there is an

i ≤ t so that wi(α
′) < wi(α) and 1 ≤ σ′(i) ≤ t. That is, wi(α

′) is strictly smaller
than wi(α) and wσ′(i)(α

′) is among the t largest values of (wi(α
′))1≤i≤|J | by Claim

3.3.6. Hence
(wσ′(i)(α))1≤i≤t > (wσ′(i)(α

′))1≤i≤t,

and therefore w(α′) is of strictly lower lexicographical order than w(α). Moreover,
by Claim 3.3.7, w(α′) ∈ w(A). This contradicts that w(α) ∈ w(A) was chosen to
be minimising.

Thus, wi(α
′) = wi(α−v) = wi(α) for all 1 ≤ i ≤ |J |. We have not yet contradicted

our assumption that (3.14) is false, however, we have deduced that a perturbation
α 7→ (α − v) must leave (wi)i unchanged. To conclude, we observe that we may
return to (3.11), use α′ = α − v as our minimiser and repeat the application
of Claim 3.3.6, Claim 3.3.7 and Claim 3.3.8. We may repeat this process ad
infinitum to deduce that

wi(α) = wi(α− v) = wi(α− 2v) = · · · = wi(α− cv)

for all 1 ≤ i ≤ |J | and any c ∈ N. By the connectedness of suppS, we can find a
line l ∈ L1 ∪ · · · ∪ Ld contributing to distinct multijoints pi, pj ∈ suppS for some
i and j satisfying i ≤ t < j ≤ N . Taking c sufficiently large (depending on λ)
forces wi(α

′) = 0 by uniform boundedness (Lemma 3.2.5) and hence wi(α) = 0.
That is, one of the large entries of the tuple (wi(α))i is zero. Since (wi)i is
decreasing in i and each wi is non-negative, wi′(α) = 0 for all i ≤ i′ ≤ |J |. This
contradicts our assumption that wt(α)− wt+1(α) > h/λ, and hence (3.14) holds
for all 1 ≤ i < N .

3.3.2 Good Vanishing Conditions Yield a Factorisation

We now deduce Theorem 3.0.1 as a corollary of Lemma 3.3.1. Let S : J → R≥0

be a test function with ‖S‖d = 1 and let λ be sufficiently large. By Lemma
3.3.1, we may choose a handicap, α = α(λ), so that the numbers S̃(p, lj, α, λ), as
constructed in Subsection 3.2.1, are such that there is an interval containing

wp(α) = min
δ(p,l)=1

1

S(p)d

 d∏
j=1

S̃(p, lj, α, λ)

λ+ 1


for all p ∈ suppS, with length proportional to 1/λ. Moreover, S̃(p, ·, α, λ) = 0 for
all p such that S(p) = 0. We now show that the upper endpoint w of the interval
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is &d 1. Thereafter, since we can choose λ so that the interval has arbitrarily
small width, we deduce that everything contained in that interval is also &d 1.

Let λ ∈ N and let ε := h/λ, where h is given by Lemma 3.3.1. We can find ω so
that

w − ε ≤ wp(α) ≤ w

for all p ∈ suppS and so that S̃(p, ·, α, λ) = 0 if S(p) = 0. For each p ∈ J , let
(lj(p))j be a choice of lines which minimises

∏d
j=1 S̃(p, lj(p), α, λ) over all tuples

l so that δ(p, l) = 1. Corollary 3.2.4a applies and hence,

w =
∑
p∈J

S(p)dw ≥
∑
p∈J

d∏
j=1

S̃(p, lj(p), α, λ)

λ+ 1
≥ 1

(λ+ 1)d

(
λ+ d

d

)
&d 1. (3.17)

This implies that w &d 1.

Remark. Our argument is such that the lower endpoint, (w − ε) will increase
with λ. In contrast, the lower bound on the upper endpoint, w, is uniform in λ.
Hence, we use the upper endpoint (and not the lower one) in order to establish
the first inequality of Theorem 3.0.1. J

Therefore, each B(p, lj, α, λ) 6= ∅ as long as ε = h/λ is sufficiently small, or
equivalently, for λ sufficiently large. Set

sλ(p, lj) := S̃(p, lj, α, λ)/(λ+ 1).

For each p ∈ J , if lj ∈ Lj is such that p 6∈ lj then set sλ(p, lj) = 0. Then for any
p ∈ suppS, we have

1 .d w ≤
h

λ
+

1

S(p)d

d∏
j=1

sλ(p, lj(p)).

Remark. As suggested previously, from the inequality above, we could deduce
that every sλ(p, lj) 6= 0, and hence sλ(p, l) 6= 0 for all p ∈ suppS and all l that
contribute to p. J

Since ‖S‖d = 1, S(p) ≤ 1 for all p ∈ J . Hence

S(p)d .d
h

λ
+

d∏
j=1

sλ(p, lj)

for a tuple of lines l that minimises the right-hand side over all tuples such that
δ(p, l) = 1. Hence

δ(p, l)S(p)d .d
h

λ
+

d∏
j=1

sλ(p, lj) (3.18)
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for all tuples of lines l. By (3.4), for all 1 ≤ j ≤ d, lj ∈ Lj,∑
p∈lj∩J

sλ(p, lj) =
1

λ+ 1

∑
p∈lj∩J

S̃(p, lj, α, λ) = 1. (3.19)

Inequality (3.18) and equation (3.19) are uniform in λ. For any λ, the function

1

S(p)
sλ(p, l) =

1

S(p)

S̃(p, l, α, λ)

λ+ 1

can be realised as an R-valued vector in [0, 1]|J |×|L1∪···∪Ld|. Hence, passing to a
subsequence if necessary, we may let s = limλ→∞ sλ. Letting λ → ∞ in (3.18)
and (3.19) shows that this s satisfies the properties stated in Theorem 3.0.1.

Remark. We could fix a sufficiently large λ to conclude the proof at (3.19).
However, taking λ→∞ yields the best dimensional constant this argument can
offer. J

3.3.3 The Discrete Bourgain–Guth Theorem

We now conclude the proof of Theorem 3.0.2. Let S : Fd → R≥0 with ‖S‖d = 1
be finitely supported. If the field F is finite, then we may set each Lj to be the
set of all lines, apply Theorem 3.0.1, and we are done. Hence, we may assume
that F is infinite.

Let L be the set of lines l which pass through at least two elements of suppS.
Since S is finitely supported, there are at most finitely many lines in L. Consider
the joints J formed by L. If suppS is not a subset of J then we supplement L
with additional lines as follows. For each p ∈ J , consider Lp = {l ∈ L : p ∈ l}.
For each 1 ≤ k ≤ d, let l1, . . . , lk ∈ Lp have linearly independent directions. Since
the field is infinite, we can find (d − k) lines, lk+1, . . . , ld which contain p and
satisfy e(l1) ∧ · · · ∧ e(ld) = 1. We repeat this procedure for all of the k-tuples of
linearly independent lines in Lp for all 1 ≤ k ≤ d, and for all p ∈ suppS \ J . In
doing so, we add at most finitely many lines to L.

Now, let Lj = L for each 1 ≤ j ≤ d. Then each Lj is a finite set of lines and the
associated set of joints J is such that suppS ⊆ J and ‖S‖d = 1. Hence Theorem
3.0.1 applies, so there exists a function s : J × Sd−1 → R≥0 so that

δ(p, l)S(p)d ≤ C
d∏
j=1

s(p, e(lj)), (3.20)

for all p ∈ J and l ∈ L1 × · · · × Ld, and so that∑
p∈l∩J

s(p, e(l)) = 1 (3.21)

for all l ∈ L1 ∪ · · · ∪ Ld.
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We now extend s so that it is defined on Fd × Sd−1. Observe from Subsection
3.2.1 that if l ∩ J = {p}, then S̃(p, l, α, λ) = λ + 1 for any handicap α and
any λ ∈ N. Therefore, s is such that for any line l ∈ L1 ∪ · · · ∪ Ld so that
l ∩ J = {p}, s(p, e(l)) = 1. Every line which contains at least two elements of
suppS is an element of L1∪· · ·∪Ld. Hence, any line not in L1∪· · ·∪Ld contains
at most 1 element of suppS. If l ∩ suppS = {p} then we define s(p, e(l)) = 1,
and if l ∩ suppS = ∅, then we define s(p, e(l)) = 0 for all p ∈ l. Finally, for
any p 6∈ suppS, we set s(p, ·) = 0. Thus s is defined on Fd × Sd−1. For any
l 6∈ L1 ∪ · · · ∪ Ld, we have that ∑

p∈F

s(p, e(l)) ≤ 1.

Since we already have that (3.21) holds for all l ∈ L1∪· · ·∪Ld, the second display
of Theorem 3.0.2 follows. Turning to the first display, let ω1, . . . , ωd ∈ Sd−1 be
such that ω1 ∧ · · · ∧ωd = 1 and let p ∈ Fd. For each 1 ≤ j ≤ d, let lj = p+F ·ωj.
Suppose that lj ∈ Lj for each 1 ≤ j ≤ k and lj 6∈ Lj for k < j ≤ d. By
construction, there are lines l′j ∈ Lj so that l′j = lj for each 1 ≤ j ≤ k and
so that δ(p, l′) = 1. Since (3.21) holds for all l ∈ L1 ∪ · · · ∪ Ld we have that
s(p, e(l)) ≤ 1 for all such lines. If k < j ≤ d, then lj 6∈ Lj and so s(p, ωj) = 1.
Thus s(p, e(l′j)) ≤ s(p, ωj) for j < k ≤ d. Hence,

(ω1 ∧ · · · ∧ ωd)S(p)d = δ(p, l′)S(p)d .
d∏
j=1

s(p, e(l′)) ≤
d∏
j=1

s(p, ωj).

This verifies the first display, as desired.

3.4 Abstracting the Argument

Recall that the multijoint problem is the discrete analogue of the multilinear
Kakeya theorem. Now that we have a proof of the discrete Bourgain–Guth the-
orem, further to being analogous to the multilinear Kakeya theorem, we can see
that the proof of the discrete Bourgain–Guth theorem is also analogous to the
Carbery–Valdimarsson proof of the Bourgain–Guth theorem, [CV13]. Indeed, in
both proofs, the implied constants are derived from covering lemmas. In the
continuous case, we use the Borsuk–Ulam theorem via the equivalent Lusternik–
Schnirelmann lemma, and the analogous covering statement for the discrete case
is parameter counting. This suggests that to prove other multilinear problems,
for example counting multijoints where the ambient space Fd is replaced with
a d-dimensional algebraic variety or multilinear Kakeya on a manifold, it should
suffice to find an appropriate covering lemma. However, the analogous Bourgain–
Guth-type results are interesting in their own right.
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Continuous Discrete Other ∧
Lusternik–

Schnirelmann
Parameter Counting Covering Lemma

⇓ ⇓ ⇓
Bourgain–Guth

Discrete
Bourgain–Guth

Analogous
Bourgain–Guth

⇓ ⇓ ⇓
Multilinear Kakeya

Theorem
Multijoint Problem

Geometric Multilinear
Inequality

3.4.1 Parameter Counting as a Covering Lemma

Parameter counting is traditionally viewed as an existence statement. However, it
can be easily interpreted as a covering lemma. Consider the key lemmas, Lemma
3.4.1 and Lemma 3.4.2, for the multilinear Kakeya and discrete Bourgain–Guth
theorems, respectively.

Lemma 3.4.1 (Lusternik–Schnirelmann). Suppose that Ai ⊂ SN for 1 ≤ i ≤ m,
and suppose that for each i, Ai∩(−Ai) = ∅. If m ≤ N , then there is some x ∈ SN
not contained in the union of the 2m sets Ai and −Ai.
Lemma 3.4.2 (Parameter Counting). Let φ1, . . . , φm be homogeneous linear func-
tionals which act on Fλ[x1, . . . , xd]. If m <

(
d+λ
d

)
then there is a non-zero

f ∈ Fλ[x1, . . . , xd] so that 〈φi, f〉 = 0 for each 1 ≤ i ≤ m.

Recall that one definition of the sphere SN , with respect to R, is as a quotient of
RN+1 \ {0} under the equivalence relation x ∼ y if and only if x = ty for some
t ∈ R. Suppose that f ∈ Fλ[x1, . . . , xd], and φ is a linear functional acting on
Fλ[x1, . . . , xd]. Similarly, if 〈φ, f〉 = 0 then 〈φ, tf〉 = 0. That is, when we apply
parameter counting, we are choosing a 1-dimensional vector space of polynomi-
als, all of which may be thought of as being “the same” from the perspective
of φ1, . . . , φm. In particular, we may regard Fλ[x1, . . . , xd] as Gr(1,Fd), or a((

λ+d
d

)
− 1
)

-sphere. Under this analogy, the Lusternik–Shnirelmann and param-

eter counting lemmas are different statements of the same covering lemma when
F = R. Indeed, the set {f : 〈φi, f〉 = 0} describes a great circle in Fλ[x1, . . . , xd].
Hence the sets {f : 〈φi, f〉 < 0} replace Ai, where Ai ∩ (−Ai) = ∅, as in the
hypothesis of the Lusternik–Schnirelmann Lemma, Lemma 3.4.1. Therefore, the
statement that the sets Ai and −Ai do not cover SN is equivalent to saying that
there is a point in the intersection of all the great circles ({f : 〈φi, f〉 = 0})mi=1.

For the multilinear Kakeya theorem and multijoints problem, the sets to which
the covering lemma is applied are defined by sets of bisecting polynomials and
polynomials vanishing to high order, respectively.

The Lusternik–Schnirelmann lemma is equivalent to the Borsuk–Ulam Theorem,
which is a profoundly topological result that is specific to the real numbers. In
contrast, the parameter counting lemma relies only on linear algebra and is valid
for any field.



Chapter 4

The Generalised Discrete
Bourgain–Guth Theorem

Regarding lines as degree 1 varieties of dimension 1, Theorem 3.0.1 and Theorem
3.0.2 can be generalised in both dimension and degree. Given a k-plane π, let us
define the direction of π to be the k-dimensional vector space that is parallel
to π, and denote it by e(π). Suppose π1, . . . , πd are k1-, . . . , kd-planes in Fn,
respectively, where k1 + . . . + kd = n. We define the discrete wedge product on
kj-planes by

∧dj=1e(πj) := ∧dj=1 ∧
kj
k=1 ωj,k,

where ωj,1, . . . , ωj,kj ∈ Sn−1 is a choice of kj vectors which form a basis for e(πj)
for each 1 ≤ j ≤ d. We define δ at p ∈ Fn by

δ(p,π) :=

 d∏
j=1

χπj(p)

 ∧dj=1 e(πj).

For p ∈ Fn, if there is a tuple π so that δ(p,π) = 1, we say that p is a k-
multijoint, or multijoint in short.

Theorem 4.0.1 (k-Multijoint Factorisation). Let Π1, . . . ,Πd be finite sets of k1-
, . . . , kd-planes in Fn, respectively, so that k1 + . . . + kd = n, and define J = {p :
∃π so that δ(p,π) = 1}. There is a constant C = C(k1, . . . , kd) so that for all
S : J → R≥0 with ‖S‖d = 1 there exists a function sk : J ×Gr(kj,Fn)→ R≥0 for
each k ∈ {k1, . . . , kd} so that

δ(p,π)S(p)d ≤ C

d∏
j=1

skj(p, e(πj)),

for all p ∈ J and π ∈ Π1 × · · · × Πd, and so that∑
p∈πj∩J

skj(p, πj) = 1

63



64 Michael Chi Yung Tang

for all πj ∈ Πj and all 1 ≤ j ≤ d.

As in the case for lines, we will deduce the stronger freestanding result, Theorem
4.0.2, below:

Theorem 4.0.2 (Discrete Bourgain–Guth for kj-Planes). Let k1 + . . .+ kd = n.
For all finitely supported S : Fn → R≥0 with ‖S‖d = 1, for each 1 ≤ j ≤ d there
exists a function skj : Fn ×Gr(kj,Fn)→ R≥0 for each 1 ≤ j ≤ d so that

(V1 ∧ · · · ∧ Vd)S(p)d .k1,...,kd

d∏
j=1

skj(p, Vj),

for all p ∈ Fn and Vj ∈ Gr(kj,Fn) for 1 ≤ j ≤ d, and so that for any 1 ≤ j ≤ d,∑
p∈πj

skj(p, e(πj)) ≤ 1

for all affine kj-subspaces πj ⊂ Fn.

The factorising functions skj have a subscript, kj since the domain of the second
argument of the function, Gr(kj,Fn), depends on j in contrast to Theorem 3.0.2
where each of these Grassmannian spaces is Sd−1 = Gr(1,Fd).
Remark. Let d = 2. Then every multijoint problem with two sets of lines (1-
dimensional (over C) affine subspaces) in C2 is equivalent to a multijoint problem
with two sets of 2-dimensional (with respect to R) planes in R4. In each setting,
we can construct two sets of N lines or planes in C2 or R4, respectively, such
that every pair of distinct lines or planes intersect and form a multijoint. Such
configurations therefore have

(
N
2

)
multijoints. As N becomes large, this is ap-

proximately N2/2. Hence, the optimal constant for both of these problems is 1/2.
However, the implied constant from Theorem 4.0.2 is a function of k1, . . . , kd and
therefore, our argument would yield different constants for these two problems.
This difference is due to varying dimensions of polynomial vector spaces and not
properties of the field we are working with. J

We can use this to establish the combinatorially more general result, also dis-
cussed by Tidor, Yu and Zhao in [TYZ20].

Let m = (m1, . . . ,mr) and k = (k1, . . . , kr) be tuples of positive integers and let
m1k1 + . . .+mrkr = n be the ambient dimension and m1 + . . .+mr = d be the
level of multilinearity.

Remark. To retain the integer d as the level of multilinearity, we use r ∈ N to
denote the number of sets of planes. J

Let Πj be a set of kj-planes in Fn for each 1 ≤ j ≤ r. Let p ∈ Fn and π =
(πj,m)1≤j≤r,1≤m≤mj be such that πj,m ∈ Πj for each 1 ≤ m ≤ mj and 1 ≤ j ≤ r.
Define

δ(p,π) :=

 r∏
j=1

mj∏
m=1

χπj,m(p)

 ∧rj=1 ∧
mj
m=1e(πj,m).
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If δ(p,π) = 1, we say that the planes π form an (m,k)-multijoint at p. That
is to say, p ∈ Fn is an (m,k)-multijoint formed by π if πj,m contains p for each
1 ≤ j ≤ r and 1 ≤ m ≤ mj, and the directions (e(πj,m))j,m span Fn. The
definition of (m,k)-multijoints is a generalisation of both joints and multijoints.

Let J be the set of associated (m,k)-multijoints. For each 1 ≤ j ≤ r, let
Π̃j,m = Πj for each 1 ≤ m ≤ mj. The collections of planes (Π̃j,m)j,m defines
a multijoint problem. Hence, by Theorem 4.0.2, for any S : J → R≥0 with
‖S‖d = 1, there are functions skj : J ×Gr(kj,Fn)→ R≥0, for each 1 ≤ j ≤ d, so
that

δ(p,π)S(p)d ≤ C
d∏
j=1

skj(p, e(πj)),

for all p ∈ J and π ∈ Πm1
1 × · · · × Πmr

r , and so that∑
p∈πj∩J

skj(p, e(πj)) = 1 (4.1)

for all πj ∈ Πj and all 1 ≤ j ≤ d. We define M(m,k)(p), the associated (m,k)-
multijoint operator by

M(m,k)[f1, . . . , fr](p) =
∑

(π1,t1 )
m1
t1=1∈Π

m1
1

· · ·
∑

(πr,tr )mrtr=1∈Πmrr

δ(p,π)
r∏
j=1

1

mj!

mj∏
tj=1

fj(πj,tj)

for arbitrary fj : Πj → R≥0, and where we temporarily use π to denote the d-tuple
of planes

(
(πj,tj)1≤tj≤mj

)
1≤j≤r. We include the factors of mj! so that (unordered)

mj-tuples are not double counted. Then

∑
p∈J


 r∏
j=1

mj!

M(m,k)[f1, . . . , fr](p)


1
d

S(p)

=
∑
p∈J

 ∑
(π1,t1 )

m1
t1=1∈Π

m1
1

· · ·
∑

(πr,tr )mrtr=1∈Πmrr

δ(p,π)
r∏
j=1

mj∏
tj=1

fj(πj,tj)S(p)d


1
d

By the properties of skj , up to a constant C = C(k1,m1, . . . , kr,mr) given by
Theorem 4.0.2, this is at most

∑
p∈J

 ∑
(π1,t1 )

m1
t1=1∈Π

m1
1

· · ·
∑

(πr,tr )mrtr=1∈Πmrr

r∏
j=1

mj∏
tj=1

fj(πj,tj)skj(p, e(πj,tj))


1
d

.
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Applying Hölder’s inequality, we bound this from above by

r∏
j=1

mj∏
tj=1


∑
p∈J

∑
πj,tj∈Πj :

p∈πj,tj

fj(πj,tj)skj(p, e(πj,tj))


1
d

.

Note that each multiplicand of the inner product no longer depends on tj. Hence,
this is equal to

r∏
j=1

∑
p∈J

∑
πj∈Πj :
p∈πj

fj(πj)skj(p, e(πj))


mj
d

.

Additionally changing the order of summation and then applying (4.1), this is
equal to

r∏
j=1

∑
πj∈Πj

fj(πj)
∑

p∈πj∩J

skj(p, e(πj))


mj
d

=
r∏
j=1

∑
πj∈Πj

fj(πj)


mj
d

=
r∏
j=1

∥∥fj∥∥mjd1
.

Since S was arbitrary, we have shown that∑
p∈J


 r∏
j=1

mj!

M(m,k)[f1, . . . , fr](p)


1
d

d
d−1


d−1
d

≤ C(k1, . . . , kr)
r∏
j=1

∥∥fj∥∥mjd1
.

Hence, we have established the (m,k)-multijoint inequality,

∑
p∈J

M(m,k)[f1, . . . , fr](p)
1
d−1 ≤

(
C(k1, . . . , kr)∏r

j=1mj!

) 1
d−1 r∏

j=1

∥∥fj∥∥ mj
d−1

1
.

By establishing the (m,k)-multijoint inequality in this way we have explicitly
identified the m-dependence and k-dependence in this combinatorial variant of
the multijoints problem. In particular, we account for these combinatorial differ-
ences in the calculations above, without modifying the multilinear dual statement,
Theorem 4.0.2. This generalises Zhang’s observation, in [Zha20], that the joint
and multijoint problems are equivalent.

More generally, the new Tidor–Yu–Zhao polynomial method used in Chapter
3 applies equally well to varieties, [TYZ20]. Hence, we expect that a discrete
Bourgain–Guth result should hold for kj-dimensional varieties and in this chapter
we prove that this is indeed the case.

Theorem 4.0.3. Given a k-dimensional variety γ ⊂ Fn, let p be a non-singular
point in γ and let Tpγ denote the tangent plane to γ at p. Let Γ1, . . . ,Γd be sets
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of k1-, . . . , kd-dimensional varieties in Fn, respectively, with k1 + . . .+kd = n. We
define δ by

δ(p,γ) :=

 d∏
j=1

χγj(p)

 ∧dj=1 e(Tpγj).

Let J = {p : ∃γ so that δ(p,γ) = 1}. There is a constant C = C(k1, . . . , kd) so
that for all S : J → R≥0 with ‖S‖d = 1 there exist functions sk : J×

(
∪j:kj=kΓj

)
→

R≥0 for each k ∈ {k1, . . . , kd}, so that

δ(p,γ)S(p)d ≤ C

d∏
j=1

skj(p, γj),

for all p ∈ J and γ ∈ Γ1 × · · · × Γd, and so that∑
p∈γj∩J

skj(p, γj) = deg γj

for all γj ∈ Γj and all 1 ≤ j ≤ d.

Remark. The subscript on each function sk denotes the dimension of the ele-
ments of the set of objects it acts on. Additionally, Theorem 4.0.3 allows for
objects of differing degree within the same set Γj. J

Lemma 3.2.5, Lemma 3.2.6 and Lemma 3.2.7, for any line-multijoint problem,
were simple to prove without any reference to polynomials. However, for the
generalisations considered in Theorem 4.0.3, Tidor, Yu and Zhao realised that
the correct numerology could be achieved by deriving preliminary linear algebra
results. In fact, we are also required to be more precise about how the numbers
S̃(p, l, α, λ) are chosen.

Before proceeding, we make a comment on the field, F; specifically, regarding
our freedom to consider a field extension without loss of generality and without
changing the problem in any meaningful way. A k-plane π ⊂ Fn can be identified
by a k-tuple of vectors (ω1, . . . , ωk) which span e(π) and a point p ∈ π. If we
extend our field to a larger one, F̃, we can embed Fn ⊂ F̃n, and hence we can
realise the vectors ω1, . . . , ωk and the point p as elements of F̃n. Hence, we can
embed any multijoint problem of kj-planes in Fn as a multijoint problem of kj-
planes in F̃n. In particular, the set of multijoints is preserved since this embedding
preserves linear independence. However, we may find additional points for which
there is a tuple π such that δ(p,π) = 1. Therefore, there may be more joints
in F̃n than in Fn, and we may find more multijoints on each π ∈ Π1 ∪ · · · ∪ Πd.
Hence, by restricting our attention to test functions S such that suppS is a
subset of the F-multijoints, any tuple of functions sk that satisfies the conclusion
of Theorem 4.0.1, defined over F̃, will satisfy the same conditions restricted to
multijoints defined over F. Therefore, at any point, we can extend the field F
where necessary.
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4.1 The Polynomial Method

In this section, we discuss the results required to extend the polynomial method
to apply to higher-dimensional affine planes.

4.1.1 Preliminary Results

The proof of Theorem 4.0.1 generalises that of Theorem 3.0.1. In particular, we
establish uniform boundedness, monotonicity and continuity properties, similar
to Subsection 3.2.3, for numbers S̃k, which we will define in Subsection 4.1.2.
In order to generalise our work in Chapter 3 with the correct numerology, we
follow [TYZ20] to establish preliminary facts on vector spaces of polynomials.
This subsection, Subsection 4.1.1, is independent from any properties of joints,
and as such, may be omitted on first reading.

Let U be a vector space and let V ≤ U . The codimension of V in U is given by

codimU V := dimU − dimV.

An elementary fact about codimension is that it decreases as we restrict to sub-
spaces. That is, if U,W ≤ V then

codimU(W ∩ U) ≤ codimV W. (4.2)

Let P ⊂ Fk be a finite set of points and λ ∈ N. Let v = (vp)p∈P ∈ ZP≥0. We
say that f vanishes to order at least vp at p ∈ P if Df(p) = 0, for all derivative
operators D of order r for each 0 ≤ r < vp. Define

T(v, λ) :=
{
f ∈ Fλ[x1, . . . , xk] : f vanishes to order ≥ vp at p, ∀p ∈ P

}
.

Remark. In Chapter 3 we considered the case where k = 1. We did not need to
introduce the set T(v, λ) in that chapter, but our observations there would show
that dimT(v, λ) changes by −1, 0 or +1 when we replace v with (v± eq) for some
q ∈ P , where eq ∈ ZP≥0 has entry 1 at q, and 0 for all p 6= q. J

For p ∈ P , the vector space T(v + ep, λ) is a subspace of T(v, λ). Hence, we may
define

bp(v, λ) := codimT(v,λ) T(v + ep, λ).

Lemma 4.1.1 (Preliminary Uniform Boundedness). Let λ ∈ N. If v ∈ ZP≥0 is
such that vp > λ for some p ∈ P then dimT(v, λ) = 0.

Proof. This is the fact that the only polynomial of degree at most λ, which
vanishes to order more than λ at a point, is the zero polynomial.

Lemma 4.1.2 (Preliminary Monotonicity). Let p ∈ P. If v(1), v(2) ∈ ZP≥0 satisfy

v(1) ≥ v(2) pointwise with equality at p, then bp(v
(1), λ) ≤ bp(v

(2), λ) for all λ ∈ N.
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Proof. Let 1 ≤ i ≤ 2 and recall that p is given. Let f ∈ T(v(i), λ) and consider
the map f 7→ (Df(p))D where D varies over all derivative operators of order

v
(1)
p = v

(2)
p at p. This map sends f to all its v

(1)
p = v

(2)
p -th order derivatives at p.

By the definition of vanishing order, the kernel of this map is precisely the vector
space of polynomials in T(v, λ) which vanish to order at least v

(1)
p + 1 = v

(2)
p + 1

at p, which we can write as T(v(i) + ep, λ). Therefore, this map has rank

codimT(v(i),λ) T(v(i) + ep, λ) = bp(v
(i), λ).

Since v(1) ≥ v(2), if f ∈ T(v(1), λ), then f ∈ T(v(2), λ) and hence T(v(1), λ) is a
subspace of T(v(2), λ). So

T(v(1) + ep, λ) ≤ T(v(1), λ) ≤ T(v(2), λ).

Hence,

bp(v
(1), λ) = codimT(v(1),λ) T(v(1) + ep, λ)

= codimT(v(1),λ)∩T(v(2),λ)

(
T(v(1) + ep, λ) ∩ T(v(2), λ)

)
≤ codimT(v(2),λ) T(v(2), λ)

= bp(v
(2), λ),

where the inequality follows from (4.2).

Lemma 4.1.3 (Preliminary Continuity). Let p, q ∈ P be distinct. Suppose the
sequence of P-tuples v(0), v(1), . . . ∈ ZP≥0 is increasing pointwise and does so strictly
at p. Then

0 ≤
∑
r≥0

bp(v
(r), λ)−

∑
r≥0

bp(v
(r) + eq, λ) ≤

(
λ+ k − 1

k − 1

)
.

Remark. Crucially,
(
λ+k−1
k−1

)
∼k λk−1 so that λ−k

(
λ+(k−1)
k−1

)
→ 0 as λ→∞. J

Proof of Lower Bound for Lemma 4.1.3. For every r ≥ 0, apply Lemma 4.1.2
with v(r) and v(r) + eq. Since q 6= p, we have that v(r) + eq ≥ v(r) with equality at
p and therefore bp(v

(r) + eq, λ) ≤ bp(v
(r), λ). Hence

0 ≤
∑
r≥0

bp(v
(r), λ)− bp(v(r) + eq, λ) =

∑
r≥0

bp(v
(r), λ)−

∑
r≥0

bp(v
(r) + eq, λ).

To establish the upper bound for Lemma 4.1.3, we consider the following useful
fact, Proposition 4.1.4.

Proposition 4.1.4 (Useful Fact). For any v ∈ ZP≥0, bp(v + eq, λ) ≥ bp(v, λ− 1).

Proof. Suppose the field F is large enough so that there is a linear polynomial
g ∈ F[x1, . . . , xk] which vanishes at q, and not at any other element of P . The
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space of polynomials which are in T(v+ eq, λ) and divisible by g is isomorphic to
g ·T(v, λ− 1) for any v ∈ ZP≥0. Since g ·T(v, λ− 1) ≤ T(v+ eq, λ), we may apply
(4.2) so that

bp(v + eq, λ) = codimT(v+eq ,λ) T(v + eq + ep, λ)

≥ codimg·T(v,λ−1)

(
g · T(v + ep, λ− 1)

)
= codimT(v,λ−1)

(
T(v + ep, λ− 1)

)
= bp(v, λ− 1),

where we use that g · T(v, λ − 1) is isomorphic to T(v, λ − 1), and similarly for
g · T(v + eq, λ− 1).

Proof of Upper Bound for Lemma 4.1.3. By Proposition 4.1.4,∑
r≥0

bp(v
(r), λ)−

∑
r≥0

bp(v
(r) + eq, λ) ≤

∑
r≥0

bp(v
(r), λ)−

∑
r≥0

bp(v
(r), λ− 1).

So for the upper bound, it suffices to show that∑
r≥0

bp(v
(r), λ)−

∑
r≥0

bp(v
(r), λ− 1) ≤

(
λ+ k − 1

k − 1

)
.

Let r ≥ 0. Then

bp(v
(r), λ)− bp(v(r), λ− 1)

= codimT(v(r),λ) T(v(r) + ep, λ)− codimT(v(r),λ−1) T(v(r) + ep, λ− 1)

=
(

dimT(v(r), λ)− dimT(v(r) + ep, λ)
)

−
(

dimT(v(r), λ− 1)− dimT(v(r) + ep, λ− 1)
)

=
(

dimT(v(r), λ)− dimT(v(r), λ− 1)
)

−
(

dimT(v(r) + ep, λ)− dimT(v(r) + ep, λ− 1)
)

= codimT(v(r),λ) T(v(r), λ− 1)− codimT(v(r)+ep,λ) T(v(r) + ep, λ− 1).

Inequality (4.2) gives

codimT(v(r)+ep,λ) T(v(r) + ep, λ− 1) ≥ codimT(v(r+1),λ) T(v(r+1), λ− 1)

since v(r) + ep ≤ v(r+1), by hypothesis. Hence

bp(v
(r), λ)− bp(v(r), λ− 1)

≤ codimT(v(r),λ) T(v(r), λ− 1)− codimT(v(r+1),λ) T(v(r+1), λ− 1).
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Hence ∑
r≥0

bp(v
(r), λ)−

∑
r≥0

bp(v
(r), λ− 1)

≤
∑
r≥0

(
codimT(v(r),λ) T(v(r), λ− 1)− codimT(v(r+1),λ) T(v(r+1), λ− 1)

)
= codimT(v(0),λ) T(v(0), λ− 1)

≤ codimT(0,λ) T(0, λ− 1)

= dimFλ[x1, . . . , xk]− dimF(λ−1)[x1, . . . , xk].

This is equal to the number of monomials in k variables of degree precisely λ,
which is equal to

(
λ+k−1
k−1

)
.

Remark. This proof is the only instance where a field extension may be required.
J

4.1.2 Choosing Vanishing Conditions

Let Π1, . . . ,Πd be sets of k1-, . . . , kd-dimensional planes in Fn, respectively, where
k1 + . . . + kd = n. Let J = {p : ∃π so that δ(p,π) = 1} be the associated set
of k-multijoints. Let λ ∈ N be a parameter and let α : J → Z be a handicap.
Choose an ordering of the set J and thereafter, define the total order ≺=≺α on
J × Z≥0, as in Subsection 3.2.1.

Let π ⊂ Fn be a k-plane which we fix for the remainder of Chapter 4. Without loss
of generality, we assume that π is spanned by the coordinate vectors e1, . . . , ek,
so we identify {

f |π : f ∈ F[x1, . . . , xn]
}

= F[x1, . . . , xk]. (4.3)

For each (p, r), we define Br(p, π, λ) to be the vector space of linear functionals
which act on Fλ[x1, . . . , xk] of the form f 7→ Df(p) for some differential operator
D, of order r, acting on k-variate polynomials.

To define the sets B(p, π, α, λ) in this general setting, we perform an iterative
procedure starting with the ≺-least element of (π ∩ J) × Z≥0 and proceeding
to the ≺-next element on each iteration. Starting with (p, 0), the least element
of (π ∩ J) × Z≥0, we choose a set B0(p, π, α, λ) ⊂ B0(p, π, λ) that is a basis for
B0(p, π, λ).

Assume for each (p′, r′) ≺ (p, r), we have chosen sets Br′(p
′, π, α, λ) so that the

disjoint union, ∪(p′,r′)≺(p,r)Br′(p
′, π, α, λ) is a basis for span(p′,r′)≺(p,r) Br′(p′, π, , λ).

Thereafter, choose Br(p, π, α, λ) ⊂ Br(p, π, λ) so that the disjoint union⋃
(p′,r′)�(p,r)

Br′(p
′, π, α, λ)

is a basis for span(p′,r′)�(p,r) Br′(p′, π, λ).
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Remark. Writing these unions out with more complete notation yields⋃
(p′,r′)�(p,r)

Br′(p
′, π, α, λ) =

⋃
(p′,r′)∈(π∩J)×Z≥0:

(p′,r′)�(p,r)

Br′(p
′, π, α, λ).

Similar to the case for lines, observe that we can write these unions as⋃
p′∈(p+e(π))∩J, r′∈Z≥0:

(p′,r′)�(p,r)

Br′(p
′, π, α, λ),

since π = p + e(π). Since the first argument of B is p, the only information this
construction requires from the second argument of B is which vector space is
parallel to π, namely, e(π) ∈ Gr(k,Fn). It follows that for this k-plane construc-
tion, we may also reduce the second argument to e(π), although for notational
convenience, we again continue to simply write B(p, π, α, λ). J

Let
B(p, π, α, λ) =

⋃
r≥0

Br(p, π, α, λ).

By construction, the disjoint union⋃
p∈π∩J

B(p, π, α, λ)

is a basis for the space of linear functionals on Fλ[x1, . . . , xk]. Hence∑
p∈π∩J

∣∣B(p, π, α, λ)
∣∣ = dimFλ[x1, . . . , xk] =

(
λ+ k

k

)
. (4.4)

As in Subsection 3.2.3, let

S̃k(p, π, α, λ) =
∣∣B(p, π, α, λ)

∣∣
for π ∈ ∪j:kj=kΠj and p ∈ π ∩ J . Note that if π′ ⊂ Fn is a k-plane so that
π′ ∩ J = π ∩ J and π′ 6= π, then

S̃k(·, π′, α, λ) = S̃k(·, π, α, λ). (4.5)

Our analysis will only consider pairs (p, π) so that p ∈ π. Therefore, it is not
necessary to define S̃k for pairs such that p 6∈ π. These quantities remain central
to our analysis. Moreover, it follows immediately from (4.4) that∑

p∈π∩J

S̃k(p, π, α, λ) = dimFλ[x1, . . . , xk] =

(
λ+ k

k

)
.

Given a polynomial f ∈ Fλ[x1, . . . xk], each set B(p, π, α, λ) indexes a set of
vanishing conditions, 〈φ, f〉 = 0 for φ ∈ B(p, π, λ). We will relate the preliminary
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lemmas from Subsection 4.1.1 to the numbers

S̃(p, π, α, λ) =
∣∣B(p, π, α, λ)

∣∣ =
∑
r≥0

∣∣Br(p, π, α, λ)
∣∣

by considering a vector v = v(p,r)(α), chosen so that bp(v, λ) =
∣∣Br(p, π, α, λ)

∣∣.
Recall that we fixed the k-plane π, and assumed that is it spanned by the first k
standard basis vectors so that (4.3) is valid.

Let α : J → Z be a handicap, and let (p, r) ∈ (π ∩ J) × Z≥0. Define the vector
v(p,r)(α) ∈ ZJ≥0 by choosing its p′-th entry

v
(p,r)
p′ (α) := min{r′ : (p, r) � (p′, r′)}.

In particular, for this vector v, we have the following.

Proposition 4.1.5. Let (p, r) ∈ (π ∩ J)× Z≥0 and v := v(p,r)(α). Then{
f ∈ Fλ[x1, . . . , xk] : 〈φ, f〉 = 0, ∀φ ∈ ∪(p′,r′)≺(p,r)Br′(p

′, π, α, λ)
}

= T(v, λ).

Remark. The set T(v, λ) contains precisely those polynomials which satisfy the
vanishing conditions that we have chosen for each pair, (p′, r′) ≺ (p, r). J

Proof. Denote the set on the left-hand side by X. By construction, for any
p′ ∈ π ∩ J ,

v
(p,r)
p′ (α) = min{r′ : (p, r) � (p′, r′)} =

∣∣{r′ : (p′, r′) ≺ (p, r)}
∣∣+ 1.

By the spanning property of the sets Br′(p
′, π, α, λ), f ∈ X if and only if Df(p′) =

0 for all derivatives D, of order smaller than vp′ acting on polynomials of degree
at most λ restricted to π for all p′ ∈ π ∩ J . That is, f ∈ X if and only if f
vanishes to order vp′ at p′ for every p′ ∈ π ∩ J . So X = T(v, λ).

It follows that ∣∣Br(p, π, α, λ)
∣∣ = codimT(v,λ) T(v + ep, λ) = bp(v, λ). (4.6)

Indeed, by modifying the argument for Proposition 4.1.5,{
f : 〈φ, f〉 = 0, ∀φ ∈ ∪(p′,r′)�(p,r)Br′(p

′, π, α, λ)
}

= T(v + ep, λ),

where the union on the left-hand side now includes (p, r). Hence, the set of linear
functionals Br(p, π, α, λ) is chosen to comprise of linearly independent dual maps
so that if f ∈ T(v, λ) and 〈φ, f〉 = 0 for all φ ∈ Br(p, π, α, λ), then f ∈ T(v+ep, λ).
The least number of such dual maps required is precisely codimT(v,λ) T(v+ ep, λ).
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4.1.3 Example

Recall the example directly preceding (3.1), where |J | = 4 and α = (0,−1, 2, 0).
The first terms of J × Z≥0 under ≺α are

(p3, 0) ≺ (p3, 1) ≺ (p1, 0) ≺ (p3, 2) ≺
≺ (p4, 0) ≺ (p1, 1) ≺ (p2, 0) ≺ (p3, 3) ≺
≺ (p4, 1) ≺ (p1, 2) ≺ (p2, 1) ≺ (p3, 4) ≺ · · · ,

which can also be written as

...
...

...
...

...
...

...
g g g g ≺

(p1, 3) ≺ (p2, 2) ≺ (p3, 5) ≺ (p4, 3)
g g g g ≺

(p1, 2) ≺ (p2, 1) ≺ (p3, 4) ≺ (p4, 2)
g g g g ≺

(p1, 1) ≺ (p2, 0) ≺ (p3, 3) ≺ (p4, 1)
g g g ≺

(p1, 0) ≺ (p3, 2) ≺ (p4, 0)
g

(p3, 1)
g

(p3, 0).

Let us retain this column layout and replace each pair (p, r) by the integer
bp(v

(p,r)) = bp(v
(p,r)(α), λ).

...
...

...
...

+ + + +
bp1(v

(p1,3)) bp2(v
(p2,2)) bp3(v

(p3,5)) bp4(v
(p4,3))

+ + + +
bp1(v

(p1,2)) bp2(v
(p2,1)) bp3(v

(p3,4)) bp4(v
(p4,2))

+ + + +
bp1(v

(p1,1)) bp2(v
(p2,0)) bp3(v

(p3,3)) bp4(v
(p4,1)

+ + +
bp1(v

(p1,0)) bp3(v
(p3,2)) bp4(v

(p4,0))
+

bp3(v
(p3,1))

+
bp3(v

(p3,0))

Since S̃(p, π, α, λ) =
∣∣B(p, π, α, λ)

∣∣ =
∑

r≥0

∣∣Br(p, π, α, λ)
∣∣, we may compute

S̃(p, π, α, λ) by summing all entries in the p-th column of this diagram. Given that
the quantity bp(v, λ) satisfies uniform boundedness, monotonicity and continuity
properties, it is reasonable to expect that S̃(p, π, α, λ) does too.
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In the case where k = 1, as in Subsection 3.2.1, each bp(v
(p,r)) = bp(v

(p,r)(α, λ))
was either 1 or 0 depending on whether or not (p, r) was within the ≺α-first
(λ + 1) elements of J × Z≥0. Hence, for k = 1, this diagram contains precisely
(λ+ 1) 1’s, and all other entries are 0.

4.1.4 Uniform Boundedness, Monotonicity and Continu-
ity

This subsection utilises the preliminary results from Subsection 4.1.1 to estab-
lish the uniform boundedness, monotonicity and continuity results for higher-
dimensional planes. Upon first reading, we may take these properties as given
and omit this subsection.

For the remainder of this subsection, let π ⊂ Fn be a k-plane.

Lemma 4.1.6 (k-plane Uniform Boundedness). Let λ ∈ N and α : J → Z
be a handicap. If α is such that αp < αq − λ for some p, q ∈ π ∩ J , then
S̃k(p, π, α, λ) = 0.

Proof. Let r ∈ Z≥0 and v = v(p,r)(α). Then vq > λ and bp(v, λ) = 0 by prelimi-
nary uniform boundedness (Lemma 4.1.1). The result follows from (4.6).

Lemma 4.1.7 (k-plane Monotonicity). Let λ ∈ N, and α(1), α(2) ∈ ZJ be two

handicaps. Suppose ∃p ∈ π ∩ J so that α
(1)
p −α(1)

p′ ≤ α
(2)
p −α(2)

p′ for all p′ ∈ π ∩ J .
Then

S̃k(p, π, α
(1), λ) ≤ S̃k(p, π, α

(2), λ).

Proof. For 1 ≤ i ≤ 2 and r ≥ 0, let v
(i)
r = v(p,r)(α(i)). We write v

(i)
r explicitly as

v
(p,r)
p′ (α(i)) =

{
max(r − α(i)

p + α
(i)
p′ + 1, 0) if p′ < p,

max(r − α(i)
p + α

(i)
p′ , 0) otherwise.

The conditions on α(i) give that v
(1)
r ≥ v

(2)
r , coordinate-wise, with equality at p.

By (4.6), S̃k(p, π, α
(i), λ) =

∑
r≥0

∣∣∣Br(p, π, α
(i), λ)

∣∣∣. Hence, it suffices to show that

bp(v
(1)
r , λ) ≤ bp(v

(2)
r , λ),

which follows from Lemma 4.1.2.

Lemma 4.1.8 (k-plane Continuity). Let p ∈ π∩J , let α(1), α(2) ∈ ZJ be handicaps
and λ ∈ N. Then∣∣∣S̃(p, π, α(1), λ)− S̃(p, π, α(2), λ)

∣∣∣
≤
(
λ+ k − 1

k − 1

)∑
p′∈J

∣∣∣(α(1)
p − α(1)

p′ )− (α(2)
p − α(2)

p′ )
∣∣∣.
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Remark. By translation invariance, Proposition 3.2.3, we may choose α
(i)
p = 0

for i = 1, 2. The resulting inequality reads as∣∣∣S̃(p, π, α(1), λ)− S̃(p, π, α(2), λ)
∣∣∣ ≤ (λ+ k − 1

k − 1

)∑
p′∈J

∣∣∣α(1)
p′ − α

(2)
p′

∣∣∣.
J

Proof. By translation invariance, Proposition 3.2.3, the left-hand side of the tar-
get inequality remains unchanged if we translate α(1) and α(2) by α

(1)
p and α

(2)
p ,

respectively.

Let p ∈ π∩J and consider (αp′−αp)p′∈J . For any p′ 6= p, can perform a sequence

of precisely
∣∣∣(α(1)

p − α(1)
p′ )− (α

(2)
p − α(2)

p′ )
∣∣∣ pointwise modifications of ±1 in order

to change (α
(1)
p − α(1)

p′ ) into (α
(2)
p′ − α

(2)
p ). Suppose at some increment we modify

α 7→ α + ep′ for p′ 6= p, and have that

0 ≤ S̃k(p, π, α, λ)− S̃k(p, π, α + ep′ , λ) ≤
(
λ+ k − 1

k − 1

)
. (4.7)

Summing (4.7) over all modifications, the sum collapses to the desired left-hand
side. This yields an upper bound given by the number of modifications, the
desired right-hand side. Hence, if suffices to establish (4.7) for p′ 6= p.

The lower bound in (4.7) follows from Lemma 4.1.7 with α and α+ ep′ , since for
p′ 6= p and any q ∈ J ,

(αp + (ep′)p)− (αq + (ep′)q) = (αp − αq) + (0− (ep′)q) ≤ (αp − αq).

For the upper bound, recall that S̃k(p, π, α
(i), λ) =

∑
r≥0

∣∣∣Br(p, π, α
(i), λ)

∣∣∣. By

(4.6), it remains to show that for all q 6= p∑
r≥0

bp(v
(p,r)(α), λ)−

∑
r≥0

bp(v
(p,r)(α + eq), λ) ≤

(
λ+ k − 1

k − 1

)
.

Recall the formula

v
(p,r)
p′ (α) =

{
max(r − αp + αp′ + 1, 0) if p′ < p,

max(r − αp + αp′ , 0) otherwise.

Hence, if r is sufficiently large, for example r − αp + αq ≥ 0, then v(p,r)(α +
eq) = v(p,r)(α) + eq. Let r0 be the least such r. For r < r0, we have that
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v(p,r)(α + eq) = v(p,r)(α), and hence∑
r≥0

bp(v
(p,r)(α), λ)−

∑
r≥0

bp(v
(p,r)(α + eq), λ)

≤
∑
r≥0

bp(v
(p,r)(α), λ)−

∑
r≥0

bp(v
(p,r)(α) + eq, λ).

The result follows as Lemma 4.1.3 gives∑
r≥0

bp(v
(p,r)(α), λ)−

∑
r≥0

bp(v
(p,r)(α) + eq, λ) ≤

(
λ+ k − 1

k − 1

)
.

4.2 Multijoints of kj-Planes

We are now equipped to count multijoints formed by kj-planes.

4.2.1 Choosing A Handicap

In this subsection, we state and prove the generalisation of Lemma 3.3.1. We
previously remarked, in Subsection 3.3.1, that it is not necessary to choose α
so that S̃kj(p, l, α, λ) > 0, a priori, for all l that contribute to p. We have
already determined in Chapter 3 how to choose α to satisfy these conditions before
applying Corollary 4.2.9a. In this subsection we relax these a priori assumptions
and deduce that that these conditions are satisfied for the chosen α, after the
fact. This allows us to remove some technicalities from the argument.

We generalise the definition of connectedness to apply to kj-planes. We say π ∈
Π1∪· · ·∪Πd contributes to a multijoint p if there is some tuple π ∈ Π1×· · ·×Πd

so that π 3 π and δ(p,π) = 1. We say that p, q ∈ J are adjacent if there is
some π ∈ Π1 ∪ · · · ∪ Πd that contributes to p and contributes to q. We say a
set E ⊆ J is connected if given any p, q ∈ E, there is a sequence of points
p = p(1), . . . , p(N) = q ∈ E so that p(i) and p(i+1) are adjacent for all 1 ≤ i < N .
This defines an equivalence relation on any E ⊆ J . As for Theorem 3.0.1, we
may assume that suppS is itself connected.

Lemma 4.2.1 (k-Plane Handicap). Let λ ∈ N, and Π1, . . . ,Πd be sets of k1-
, . . . , kd-planes in Fn where k1 + . . . + kd = n, with associated multijoints J . Let
S : J → R≥0 and suppose that any two multijoints in suppS are connected via a
path of multijoints in suppS. Then there is a handicap α : J → Z so that for all
p ∈ suppS,

min
π:δ(p,π)=1

1

S(p)d

 d∏
j=1

S̃kj(p, πj, α, λ)(
λ+kj
kj

)
 (4.8)
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lies in a common interval with length ≤ h′/λ for some h′ = h′(S, J, k1, . . . , kd),
which does not depend on λ. Furthermore, we may choose α so that S̃(p, ·, α, λ) =
0 for all p 6∈ suppS.

Remark. The structure of this proof is identical to that of Lemma 3.3.1 except
for the numerology in (4.8), which is a consequence of generalising Lemmas 3.2.5-
3.2.7 to Lemmas 4.1.6-4.1.8. J

Let α be a handicap. For any p ∈ J and any tuple of planes π ∈ Π1 × · · · × Πd

so that δ(p,π) = 1, let

W (π, α) :=
1

S(p)d

 d∏
j=1

S̃kj(p, πj, α, λ)(
λ+kj
kj

)
 .

Note that W additionally depends on λ and p. However, λ is fixed for this Lemma
4.2.1 and the dependence on p is implicit through the tuples π which must form
a multijoint at p. Now, for each p ∈ J , we define

wp(α) := min
π:δ(p,π)=1

W (π, α).

Proposition 4.2.2. Let λ ∈ N. Let w : {α : J → Z} → R|J |≥0 be the map such
that w(α) = (wp(α))p. Define A = A(λ) ⊂ {α : J → Z} to be the set of α such
that S̃kj(p, ·, α, λ) = 0 for all p 6∈ suppS and 1 ≤ j ≤ d. The image w(A) is finite
and non-empty.

Remark. Proposition 4.2.2 contains fewer conditions on α than its precursor,
Proposition 3.3.2. J

Proof. Let p ∈ suppS. By translation invariance (Proposition 3.2.3),

w(A) = w({α ∈ A : αp = 0}).

Hence we may further insist that αp = 0 for all α ∈ A. We begin by proving that
A is non-empty. Consider

α = −(λ+ 1)
∑

q 6∈suppS

eq.

Then α ∈ A. Indeed, every plane in Π1 ∪ · · · ∪ Πd intersects suppS. Hence, for
any q 6∈ suppS, every plane π ∈ Π1 ∪ · · · ∪ Πd such that π 3 q, there exists
p ∈ π ∩ suppS. By the definition of α,

αq = −(λ+ 1) = 0− (λ+ 1) = αp − (λ+ 1) < αp − λ.

For each 1 ≤ j ≤ d, by uniform boundedness (Lemma 4.1.6), S̃kj(q, πj, α, λ) = 0.

Since πj is arbitrary, S̃kj(p, ·, α, λ) = 0, as desired.

We now prove that w(A) is finite. Let q, q′ ∈ suppS and suppose that π con-
tributes to both q and q′. By uniform boundedness (Lemma 4.1.6), there are
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only finitely many differences (αq − αq′) such that S̃kj(q
′, π, α, λ) 6= 0. Given

any q ∈ suppS \ {p}, there is a finite sequence of adjacent multijoints p =
p0, p1, . . . , pi = q. The number of choices for αq such that S̃kj(q, πj, α, λ) 6= 0 for
some πj ∈ Πj contributing to q and pi−1 is a product of finitely many numbers
(an i-fold product to be precise), and hence, it is finite. Since suppS is finite, we
conclude that there are at most finitely many possible values of (wp(α))p∈suppS,
as desired.

Proposition 4.2.3. With A as in Proposition 4.2.2, suppose w0 ∈ w(A). Then
∃α ∈ A such that w(α) = w0 and for all q 6∈ suppS, all planes π ∈ Π1 ∪ · · · ∪Πd

so that π 3 q, and all p ∈ Π ∩ suppS, we have αq < αp − λ.

Proof. The proof is identical to that of Proposition 3.3.3.

Let us label each p ∈ J so that J = {p1, . . . , p|J |}. For any α, there exists a
permutation σ = σα ∈ S|J | so that wpσ(1)(α) ≥ · · · ≥ wpσ(|J|)(α). By Proposition
4.2.2, the set w(A) is finite. Therefore, of all w(α) ∈ w(A), we can choose one so

that (wpσ(i)(α))1≤i≤|J | ∈ R|J |≥0 is minimal with respect to lexicographical order on

R|J |.

Let
w(α) = (wpσ(i)(α))1≤i≤|J | (4.9)

be such a minimum and let α be a minimiser. By relabelling the indices of each
p ∈ J , we may assume that σ is the identity permutation so that

wp1(α) ≥ · · · ≥ wp|J|(α) ≥ 0.

For ease of notation, let wi := wpi(α) for each 1 ≤ i ≤ |J |.

Proposition 4.2.4 (Continuity of Perturbations). Let 1 ≤ t ≤ |J |. Let

v =
∑

1≤i≤t:
pi∈suppS

ei +
∑
i:

pi 6∈suppS

ei

and α′ = α− v. There is a constant h which depends on S, k1, . . . , kd and |J |, but
not on λ, so that ∣∣wi(α)− wi(α′)

∣∣ ≤ h

2λ

for all 1 ≤ i ≤ N , where N = |suppS|.

Remark. The conclusion of the generalised numerology in the preliminary lem-
mas is that the upper bound in Proposition 4.2.4 is still proportional to λ−1. Note
that the constant of proportionality depends on S and |J |. J

Proof. We construct h directly. Fix 1 ≤ i ≤ N , fix a d-tuple of planes π, which
realises wi(α), and fix π′, which realises wi(α

′). Consider∣∣wi(α)− wi(α′)
∣∣ =

∣∣W (π, α)−W (π′, α′)
∣∣.
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If π = π′ then
∣∣wi(α)− wi(α′)

∣∣ =
∣∣W (π, α)−W (π, α′)

∣∣. Otherwise, π 6= π′, in
which case∣∣wi(α)− wi(α)

∣∣ =
∣∣W (π, α)−W (π′, α′)

∣∣ ≤ max
π̃

∣∣W (π̃, α)−W (π̃, α′)
∣∣,

where the maximum is over all π̃ ∈ (arg minW (·, α) ∪ arg minW (·, α′)). Hence,
we may assume ∣∣wi(α)− wi(α′)

∣∣ ≤ ∣∣W (π̃, α)−W (π̃, α′)
∣∣,

for some π̃, which minimises either W (·, α) or W (·, α′). However, for any π ∈
Π1 ∪ · · · ∪ Πd which forms a multijoint at p = pi,

S(p)d

 d∏
j=1

(
λ+ kj
kj

)∣∣W (π, α)−W (π, α′)
∣∣

=

∣∣∣∣∣∣
d∏
j=1

(
S̃kj(p, πj, α

′, λ)−
(
S̃kj(p, πj, α

′, λ)− S̃kj(p, πj, α, λ)
))
−

d∏
j=1

S̃kj(p, πj, α
′, λ)

∣∣∣∣∣∣.
(4.10)

Taking (4.10), we expand the first product so that we can cancel both occurrences
of
∏

j S̃kj(p, πj, α
′, λ). We are then left with terms of the following form:∏

j∈A

S̃kj(p, πj, α
′, λ)

∏
j′∈B

(S̃kj(p, πj, α
′, λ)− S̃kj(p, πj, α, λ))

 , (4.11)

where A t B = {1, . . . , d} and B 6= ∅. To establish an upper bound on (4.10),
by the triangle inequality, it suffices to bound each such term of the form (4.11)
separately. By continuity (Lemma 4.1.8), for any πj ∈ Πj and p ∈ πj ∩ J ,∣∣∣S̃kj(p, πj, α, λ)− S̃kj(p, πj, α′, λ)

∣∣∣ ≤ (λ+ kj − 1

kj − 1

)
|J |,

since ‖α− α′‖`1(J) = ‖v‖`1(J) ≤ |J |. Combining this with the fact that each

S̃kj(p, π, α
′, λ) =

(
λ+kj
kj

)
by construction, each term of the form (4.11) is bounded

by ∏
j∈A

(
λ+ kj
kj

)∏
j∈B

(
λ+ kj − 1

kj − 1

)
|J | ∼k1,...,kd,J λ

∑
j∈A kj+

∑
j′∈B(kj′−1),

for sets A,B so that A t B = {1, . . . , d} and B 6= ∅. Hence, (4.10) can be
dominated by

S(p)d

 d∏
j=1

(
λ+ kj
kj

)∣∣W (π, α)−W (π, α′)
∣∣ ≤ hn−1λ

n−1 + . . .+ h1λ+ h0

for hn−1, . . . , h0 sufficiently large, depending on S, k1, . . . , kd and |J |. This is in
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turn at most h
2
λn−1 for some h which can be expressed as a function of S, |J | and

k1, . . . , kd, that does not depend on λ. Dividing by d∏
j=1

(
λ+ kj
kj

) ∼k1,...,kd λn
and possibly updating h further, depending on S(p)−d, we deduce∣∣wi(α)− wi(α′)

∣∣ ≤ ∣∣W (π, α)−W (π, α′)
∣∣ ≤ h

2λ

for some h which can be expressed as a function in |J |, k1, . . . , kd and the quan-
tities {S(p)−d : p ∈ J}, but does not depend on λ. This defines h.

The remainder of this subsection is dedicated to proving Lemma 4.2.1. The proof
is analogous to that of Lemma 3.3.1. Since w1(α) ≥ . . . ≥ w|J |(α) ≥ 0, it suffices
to show that all the differences wi(α)− wi+1(α) are small. We will prove this
by contradiction. To begin, we assume there is some index 1 ≤ t < N so that
wt(α)− wt+1(α) > h/λ, with h as given by Proposition 4.2.4. We construct a
perturbation of the handicap α. Let α′ be the perturbed handicap. The following
three claims are established for the perturbation:

1. The large entries of the tuple w(α) remain large, and the small entries
remain small.

2. The perturbed handicap α′ is such that w(α′) ∈ w(A), so w(α) ≤ w(α′).

3. If w(α) 6= w(α′) then w(α′) < w(α). Hence, w(α′) = w(α).

Thereafter, we realise that the perturbation can be applied to α′, the already
perturbed handicap. Moreover, by the connectedness of suppS, there is a pair
p, q ∈ suppS so that wp(α) is large, wq(α) is small and there is a plane which
contributes to both p and q. If we perturb sufficiently many times, what results
is a perturbed handicap α′ so that w(α) = w(α′), and

α′p < α′q − λ.

By uniform boundedness (Lemma 4.1.6), S̃kj(p, πj, α
′, λ) = 0, and hence wp(α) =

0. So 0 = wp(α) ≥ wq(α) ≥ 0 and hence wq(α) = 0. However, we assumed for
a contradiction that wp(α) was large and that wq(α) was small so that wp(α) >
wq(α), which is a contradiction.

Proof of Lemma 4.2.1. Let suppS = {p1, . . . , pN} for some N ≤ |J | be con-
nected, and let h′ = |J |h, where h is given by Proposition 4.2.4. Since the tuple
(wi)i has at most |J | non-zero entries, it suffices to show that

wi − wi+1 ≤
h

λ
(4.12)
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for all 1 ≤ i < N . Indeed, summing this inequality over all 1 ≤ i ≤ N , we deduce
maxiwi − miniwi ≤ |J |h/λ. That is, the interval containing all (wi)1≤i≤N has
width ∼kj ,J,S 1/λ, where the implied constant does not depend on λ.

We now prove that (4.12) holds for all 1 ≤ i < N . Suppose for a contradiction
that there is some index 1 ≤ i < N so that (4.12) does not hold. Let t be the
least such index, and for this choice of t, define

v =
∑

1≤i≤t:
pi∈suppS

ei +
∑
i:

pi 6∈suppS

ei

and let α′ = α− v.

Let π ∈ Πj for some 1 ≤ j ≤ d. Recall that
∑

p∈π S̃kj(p, π, α, λ) =
(
λ+kj
kj

)
for

any α. It follows that, if S̃kj(p, π, α
′, λ) > S̃kj(p, π, α, λ) for some p ∈ π ∩ J , then

there exists some p′ ∈ π ∩ J so that p′ 6= p and S̃kj(p
′, π, α′, λ) < S̃kj(p

′, π, α, λ).
For those i such that pi 6∈ suppS, we have that wi(α) = 0 = wi(α

′). Moreover,
by monotonicity (Lemma 4.1.7), for i such that pi ∈ suppS, we have that if
i ≤ t then wi(α

′) ≤ wi(α) (where the handicap is decreased) and if i > t then
wi(α

′) ≥ wi(α) (where the handicap is unchanged). One inequality is strict if
and only if the other is too. By Proposition 4.2.4, the difference

∣∣wi(α)− wi(α′)
∣∣

is bounded above by h/(2λ) for all 1 ≤ i ≤ N , and by the definition of t,

wt(α)− wt+1(α) > h/λ. (4.13)

Let σ′ ∈ S|J | be a permutation such that

wσ′(1)(α
′) ≥ · · · ≥ wσ′(|J |)(α

′), (4.14)

where σ′(i) = i for N < i ≤ |J |.

Claim 4.2.5. If 1 ≤ i ≤ t, then 1 ≤ σ′(i) ≤ t, and if t < i′ ≤ N , then
t < σ′(i′) ≤ |J |.

Proof. Suppose pi, pi′ ∈ suppS are such that i ≤ t < i′. By Proposition 4.2.4,

wi(α
′)− wi′(α′) =

(
wi(α

′)− wi(α)
)

+
(
wi(α)− wi′(α)

)
+
(
wi′(α)− wi′(α′)

)
≥ − h

2λ
+
(
wi(α)− wi′(α)

)
− h

2λ
.

Using inequalities (4.13) and the fact that wi(α) is decreasing in i, this is at least

(
wt(α)− wt+1(α)

)
− h

λ
>
h

λ
− h

λ
= 0.

Hence, if 1 ≤ i ≤ t, then wi(α
′) ≥ wi′(α

′) for all i′ > t. Therefore 1 ≤ σ′(i) ≤ t.
Similarly, if t < i ≤ N , then wi′(α

′) ≥ wi(α
′) for all 1 ≤ i′ ≤ t. Hence,

t < σ′(i) ≤ N , as desired.
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Claim 4.2.6. Let the set A be as in Proposition 4.2.2. Then w(α′) ∈ w(A).
Hence w(α′) was among those considered when the minimiser w(α) was chosen.

Proof. Since w(α) ∈ w(A), we have that S̃kj(p, ·, α, λ) = 0 for all 1 ≤ j ≤ d and
p 6∈ suppS. Since Proposition 4.2.3 applies, we may assume that α is such that
for all q 6∈ suppS, and all π ∈ Π1 ∪ · · · ∪Πd so that π 3 q, if p ∈ π ∩ suppS, then

αq < αp − λ.

We will show that S̃kj(q, ·, α′, λ) = 0 for all 1 ≤ j ≤ d and q 6∈ suppS. Let
q 6∈ suppS. If π ∈ Π1∪· · ·∪Πd is a kj-plane such that π 3 q, and p ∈ π∩ suppS,
then

α′q = αq − 1 < (αp − λ)− 1 = (αp − 1)− λ ≤ α′p − λ.
We may assume that every plane in Π1 ∪ · · · ∪ Πd intersects suppS, so such p
exists. Hence, by uniform boundedness (Lemma 4.1.6), S̃kj(q, π, α

′, λ) = 0. Hence
w(α′) ∈ w(A) and so (wp(α

′))p was among those tuples considered when (wp(α))p
was chosen.

Claim 4.2.7. If w(α′) 6= w(α), then w(α′) < w(α). Hence w(α) = w(α′).

Proof. Suppose that there is some 1 ≤ i ≤ |J | so that wi(α
′) 6= wi(α). Then there

is an i ≤ t so that wi(α
′) < wi(α) and 1 ≤ σ′(i) ≤ t. That is, wi(α

′) is strictly
smaller than wi(α) and wσ′(i)(α

′) is among the t largest values of (wi(α
′))1≤i≤|J |

by Claim 4.2.5. Hence

(wσ′(i)(α
′))1≤i≤t <lex (wi(α))1≤i≤t,

and therefore, w(α′) is of strictly lower lexicographical order than w(α). More-
over, by Claim 4.2.6, w(α′) ∈ w(A). This contradicts that w(α) ∈ w(A) was
chosen to be minimising.

Thus, wi(α
′) = wi(α − v) = wi(α) for all 1 ≤ i ≤ |J |. We have not yet con-

tradicted our assumption that (4.12) is false, however we have deduced that the
perturbation α 7→ (α − v) must leave (wi)i unchanged. To conclude, we observe
that we may return to (4.9), use α′ = α− v, and repeat the application of Claim
4.2.5, Claim 4.2.6 and Claim 4.2.7. We may repeat this process ad infinitum to
deduce that

wi(α) = wi(α− v) = wi(α− 2v) = · · · = wi(α− cv)

for all 1 ≤ i ≤ |J |. By connectedness of suppS, we can find a plane π ∈ Πj

for some 1 ≤ j ≤ d contributing to distinct multijoints pi, pj ∈ suppS for some
i and j satisfying i ≤ t < j ≤ N . Taking c sufficiently large (depending on λ)
forces wi(α

′) = 0 by uniform boundedness (Lemma 4.1.6) and hence wi(α) = 0.
That is, one of the large entries of the tuple (wi(α))i is zero. Since (wi)i is
decreasing in i and each wi is non-negative, wi′(α) = 0 for all i ≤ i′ ≤ |J |. This
contradicts our assumption that wt(α)− wt+1(α) > h/λ, and hence (4.12) holds
for all 1 ≤ i < N .
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4.2.2 Vanishing Lemma

To conclude, we lift Lemma 3.2.4 to a kj-plane generalisation. Recall (Subsection
4.1.2) that the sets B(p, π, α, λ) are sets of dual maps of the form Df(p) for
some derivative operators which act on polynomials restricted to π. Let us abuse
notation and write D ∈ B(p, π, α, λ) to mean a derivative operator D, so that
Df(p) = 〈φ, f〉, for some φ ∈ B(p, π, α, λ).

To prove the higher-dimensional vanishing lemma, we first require an intermediate
result on compositions of Hasse derivatives.

Lemma 4.2.8. Suppose that p ∈ Fn is a joint formed by π where dim πj = kj for
each 1 ≤ j ≤ d and k1 + . . .+ kd = n. Suppose that f ∈ F[x1, . . . , xn] is non-zero
and vanishes to order precisely r at p. Then there exist r1, . . . , rd ∈ Z≥0 such that
r1 + . . .+ rd = r, and there exist Dj ∈ Brj(p, πj(p)) for each 1 ≤ j ≤ d so that

(D1 · · ·Dd)f(p) 6= 0.

Proof. Without loss of generality, assume that each πj contains the coordinate
vectors ek1+...+kj−1+1, . . . , ek1+...+kj , and that p is at the origin. Let µxγ be a
monomial of f of lowest degree so that the coefficient µ 6= 0. This is possible since
f is non-zero. Since f vanishes to order r at p, then γ1+. . .+γd = r. Let r1 = γ1+
. . .+γk1 , let r2 = γk1+1 + . . .+γk1+k2 and so on, until rd = γk1+...+kd−1+1 + . . .+γn.
For each 1 ≤ j ≤ d, let Dj be the (0, . . . , 0, γk1+...+kj−1+1, . . . , γk1+...+kj , 0, . . . , 0)-th
Hasse derivative. Then each Dj is of order rj and r1 + . . .+ rd = r. Moreover,

(D1 · · ·Dd)f(p) = µ 6= 0,

as desired.

Lemma 4.2.9 (Vanishing Lemma). Fix α and λ. For each 1 ≤ j ≤ d, πj ∈ Πj

and p ∈ J , build the sets B(p, πj) = B(p, πj, α, λ) and Br(p, πj) = Br(p, πj, α, λ)
as above, in Subsection 4.1.2. For each p ∈ J , choose planes πj(p) ∈ Πj for
1 ≤ j ≤ d so that δ(p,π(p)) = 1. If f ∈ Fλ[x1, . . . , xn] is non-zero then there
exists p ∈ J and Dj ∈ B(p, πj(p)) for 1 ≤ j ≤ d so that

D1 · · ·Ddf(p) 6= 0.

Proof. Suppose for a contradiction that there is a non-zero f ∈ Fλ[x1, . . . , xn], so
that for all p ∈ J and all Dj ∈ B(p, πj(p)) for 1 ≤ j ≤ d,

D1 · · ·Ddf(p) = 0.

Let mult(f, p) denote the multiplicity of the zero of f at p; that is, the least
positive integer m, so that there is an m-th derivative of f that does not vanish
at p. Fix a choice of p that minimises (p,mult(f, p)) with respect to ≺. By
Lemma 4.2.8 there are Dj ∈ Brj(p, πj(p)) so that r1 + . . . + rd = mult(f, p), so
that

D1 · · ·Ddf(p) 6= 0. (4.15)
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Of all possible choices of r1 + . . .+ rd = mult(f, p), choose one that maximises∣∣∣{j′ ∈ {1, . . . , d} : Dj ∈ Brj(p, πj′(p))
}∣∣∣. (4.16)

By hypothesis, there exists j so that Dj 6∈ B(p, πj(p)), which we fix. By rela-
belling, we can assume that j = 1, without loss of generality.

Consider (p′, r′) ≺ (p, r1) for some p′ ∈ π1(p) ∩ J . Then

(p′, r′ + r2 + . . .+ rd) ≺ (p, r1 + . . .+ rd) = (p,mult(f, p)).

The multijoint p was chosen so that (p,mult(f, p)) ≺ (p′,mult(f, p′)). Hence

(p′, r′ + r2 + . . .+ rd) ≺ (p′,mult(f, p′)).

By the definition of ≺, we deduce that

r′ + r2 + . . .+ rd < mult(f, p′).

Therefore,
DD2 · · ·Ddf(p) = 0

for all D ∈ Br′(p, π1) and all 1 ≤ r′ ≤ r1.

Let
g := D2 · · ·Ddf.

We have established that Dg(p′) = 0 for all D ∈ Br′(p
′, π1) for (p′, r′) ≺ (p, r1),

and by (4.15), g|π1(p) is not the zero polynomial and moreover, D1g|π1(p) is non-
zero, where D1 has order r1. Therefore, the set⋃

(p′,r′)≺(p,r1)

Br′(p
′, π1(p′))

does not span
(
f |π1(p) : f ∈ Fλ[x1, . . . , xn]

)∗
. Hence, by construction, Br1(p, π1(p))

is non-empty and

span∪(p′,r′)�(p,r1)Br′(p
′, π1(p), α, λ) = span∪(p′,r′)�(p,r1)Br′(p′, π1(p), λ).

Hence, we can find a linear combination of elements in Br1(p, π1(p)) that realises
D. In particular, there must exist D1 ∈ Br1(p, π1(p)) so that D1g(p) 6= 0. This
contradicts our choice of r1, . . . , rd, concluding the proof.

Corollary 4.2.9a. Fix α and λ. For each 1 ≤ j ≤ d, πj ∈ Πj and p ∈ J ,
build the sets B(p, πj, α, λ) as above, in Subsection 4.1.2. For each p ∈ J , choose
planes π1(p) ∈ Π1, . . . , πd(p) ∈ Πd so that δ(p,π(p)) = 1. Let S̃kj(p, πj, α, λ) :=∣∣B(p, πj, α, λ)

∣∣. Then

∑
p∈J

d∏
j=1

S̃kj(p, πj(p), α, λ) ≥
(
λ+ n

n

)
.
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Proof. For a contradiction, suppose that the conclusion is false. By parameter
counting, there exists a non-zero f ∈ Fλ[x1, . . . , xn] so that

D1 · · ·Ddf(p) = 0

for all Dj ∈ B(p, πj(p), α, λ), and all 1 ≤ j ≤ d. This contradicts Lemma
4.2.9.

4.2.3 Good Vanishing Conditions Yield A Factorisation

We now deduce Theorem 4.0.1 as a corollary of Lemma 4.2.1. Let S : J → R≥0

be non-negative with ‖S‖d = 1 and let λ be sufficiently large. By Lemma 4.2.1,
we may choose a handicap α = α(λ), so that the numbers S̃kj(p, πj, α, λ), as
constructed in Subsection 4.1.2, are such that there is an interval containing

wp(α) = min
δ(p,π)=1

1

S(p)d

 d∏
j=1

S̃(p, πj, α, λ)(
λ+kj
kj

)


for all p ∈ suppS with length at most h′/λ. Moreover, S̃(p, ·, α, λ) = 0 for all p
such that S(p) = 0. We conclude as in the case for lines.

Let λ ∈ N and let ε = h′/λ, where h′ is the constant given in Lemma 4.2.1. Then
we can find ω so that

w − ε ≤ wp(α) ≤ w

for all p ∈ suppS and so that S̃(p, ·, α, λ) = 0 if S(p) = 0. The sets B(p, πj, α, λ)
satisfy the hypothesis of Lemma 4.2.9 and therefore Corollary 4.2.9a applies. For
each p ∈ J , let (πj(p))j be a choice of planes which minimises

∏d
j=1 S̃(p, πj(p), α, λ)

over all tuples π so that δ(p,π) = 1. Then,

w =
∑
p∈J

S(p)dw ≥
∑
p∈J

d∏
j=1

S̃(p, πj(p), α, λ)(
λ+kj
kj

) ≥ 1∏d
j=1

(
λ+kj
kj

)(λ+ n

n

)
&k1,...,kd 1,

(4.17)
where we have used the fact that k1 + . . .+kd = n. This implies that w &k1,...,kd 1.

Remark. The implied constant in (4.17), depending only on k1, . . . , kd, is pre-
cisely the one that appears in Theorem 4.0.1. J

If λ is large enough, then the length of the interval ε = h′/λ < w so that the
left endpoint w − ε will be strictly positive. Hence, each B(p, π, α, λ) 6= ∅ for all
p ∈ J and every π that contributes to p.

Define

skj ,λ(p, πj) :=
S̃(p, πj, α, λ)(

λ+kj
kj

) .

For each p ∈ J , if πj ∈ Πj is such that p 6∈ πj, then set skj ,λ(p, πj) = 0. Thus, for
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any p ∈ suppS we have

1 .k1,...,kd w ≤
h

λ
+

1

S(p)d

d∏
j=1

skj ,λ(p, πj(p)).

Since ‖S‖d = 1, S(p) ≤ 1 for all p ∈ J . Hence

Sd(p) .k1,...,kd

h

λ
+

d∏
j=1

skj ,λ(p, πj(p))

for a tuple of planes π(p) that minimises the right-hand side over all tuples such
that δ(p,π) = 1. Hence

δ(p,π)Sd(p) .k1,...,kd

h

λ
+

d∏
j=1

skj ,λ(p, πj) (4.18)

for all tuples of planes π. By construction, for all 1 ≤ j ≤ d, πj ∈ Πj,∑
p∈πj∩J

skj ,λ(p, πj) =
1(

λ+kj
kj

) ∑
p∈πj∩J

S̃kj(p, πj(p), α(λ), λ) = 1. (4.19)

Both inequality (4.18) and equation (4.19) are uniform in ε and each function

1

S(p)
skj ,λ(p, πj) =

1

S(p)

S̃kj(p, πj, α, λ)(
λ+kj
kj

)
can be realised as an R-valued vector in [0, 1]|J |×|Πj|. Hence, passing to a subse-
quence if necessary, we may let skj = limλ→∞ skj ,λ for each 1 ≤ j ≤ d. Letting
λ → ∞ in (4.18) and (4.19) shows that this s satisfies the properties stated in
Theorem 4.0.1.

We will not include a proof of Theorem 4.0.3, but we will highlight the necessary
modifications of the arguments to follow to establish the result. The proof differs
from the arguments in this chapter in only three places. Firstly, the definition
of the sets Br(p, π, λ), above, change so as to be defined more generally for a
k-dimensional variety γ, rather than for a k-plane π. Secondly, we generalise
equation (4.4), above, to∑

p∈γ∩J

∣∣B(p, γ, α, λ)
∣∣ = dim γ

(
λ

k

)
+Oγ(λ

dim γ−1).

Finally, a generalisation of Lemma 4.2.9 and Corollary 4.2.9a, to follow, with
kj-dimensional varieties replacing kj-planes, is required. This updated definition
and two updated results are detailed in Section 4 and Section 5 of [TYZ20], and
the remaining argument does not require any modification.
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4.2.4 The Discrete Bourgain–Guth Theorem for kj-Planes

With Theorem 4.0.1 proved, we turn to Theorem 4.0.2. If the field F is finite,
then we can apply Theorem 4.0.1 with each πj = Gr(kj,Fn). Hence, we may
assume that the field is infinite.

Let S : Fn → R≥0 be finitely supported. Consider

O :=
{(
πj ∩ suppS

)
j

: δ(p,π) = 1, p ∈ Fn, πj ⊂ Fn
}
,

where in the definition of O, we consider any tuple of kj-planes of which there
may be infinitely many and any p ∈ suppS. However, since suppS is finite, so
too is O. For every (Ej)j ∈ O, choose a tuple of kj-planes π so that δ(p,π) = 1
and πj ∩ suppS = Ej for every 1 ≤ j ≤ d. Hence, we define the finite sets Πj

to consist of all such planes πj. In particular, since the field is infinite, for each
p ∈ suppS, the tuple ({p})j belongs to O and hence suppS is a subset of the
multijoints formed by the finite sets Π1, . . . ,Πd. Hence, there exist factorising
functions s̃kj that satisfy the displays described in Theorem 4.0.2.

Recall from (4.5) that if two kj-planes, π and π′, are distinct and satisfy π ∩
suppS = π′ ∩ suppS, then S̃kj(·, π, α, λ) = S̃kj(·, π′, α, λ). Hence, the functions
s̃kj satisfy s̃kj(·, e(π)) = s̃kj(·, e(π′)).
Now, consider the pairs (p, Vj) ∈ suppS × Gr(kj,Fn). By construction, there
exists πj ∈ Πj so that πj ∩ suppS = (p+Vj)∩ suppS and it is well-defined to set
skj(p, Vj) := s̃kj(p, e(πj)). We additionally set skj(p, ·) = 0 for any p 6∈ suppS,
whereby each skj is finitely supported and defined on Fn × Gr(kj,Fn). Each skj
automatically satisfies∑

p∈πj

skj(p, e(πj)) =
∑

p∈πj∩J

skj(p, e(πj)) = 1

for any kj-plane πj ⊂ Fn, establishing the second display of Theorem 4.0.2.

Turning to the first display, let p ∈ suppS and let Vj ∈ Gr(kj,Fn) be such
that V1 ∧ · · · ∧ Vd = 1. For each 1 ≤ j ≤ d there exists πj ∈ Πj so that
(p+ Vj) ∩ suppS = πj ∩ suppS and δ(p, π1, . . . , πd) = 1, by construction. Hence

(V1 ∧ · · · ∧ Vd)S(p)d = δ(p,π)S(p)d

.k1,...,kd

d∏
j=1

s̃kj(p, e(πj))

=
d∏
j=1

skj(p, Vj).

This concludes the proof of Theorem 4.0.2.



Chapter 5

The (Multi)Joint Duality
Theorem

The results in this chapter were developed in collaboration with Anthony Carbery.

In Chapter 3, we proved the dual multijoint theorem, Theorem 3.0.1, for arbitrary
sets of lines L1, . . . ,Ld ⊂ Fd. Considering the joints problem, let each Lj = L for
1 ≤ j ≤ d. We can use Theorem 3.0.1 to conclude, via Proposition 2.3.1, that

∑
p∈J

∑
l

δ(p, l)
∏
l∈l

f(l)

 1
d−1

.

∑
l∈L

f(l)

 d
d−1

. (5.1)

In this chapter, we prove Theorem 2.3.2 – that there is a duality for the (non-
transversal) joints problem. By Proposition 2.3.1, it suffices to prove Theorem
5.0.1, which states that the joints inequality (5.1) implies the dual joints theorem.

Theorem 5.0.1 (Joints Factorisations are Necessary). Let L be a finite set of
lines in Fd with joints J . Suppose that

∑
p∈J

∑
l

δ(p, l)
∏
l∈l

f(l)

 1
d−1

.

∑
l∈L

f(l)

 d
d−1

for every f : L → R≥0. Then for any S : J → R≥0, there is a function s :
J × L → R≥0 such that

δ(p, l)S(p)d ≤
∏
l∈l

s(p, l)

for all p ∈ J and l ∈ Ld, and ∑
p∈l∩J

s(p, l) . ‖S‖d

for all l ∈ L.

89
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Theorem 5.0.1 is stated with respect to a single set of lines L, and hence, it
describes duality for the joints problem. This is somewhat surprising, given that
the corresponding inequality for joints (5.1) describes the boundedness of an
operator which is neither linear nor multilinear and so we are, a priori, less
inclined to expect a duality result to hold in this setting.

In contrast, the multijoints problem is described by multilinear inequality (1.4),
and so we do expect that some form of duality should hold. We deduce this
multijoint duality as a consequence of Theorem 5.0.1. Indeed, for any sets of lines
L1, . . . ,Ld ⊂ Fd with multijoints J , the joints problem with lines L = L1∪· · ·∪Ld
also has joints J . Therefore, since these duality statements are independent of the
functions f and fj, which feature in the inequalities, the analogous multilinear
statement, Corollary 5.0.1a below, holds.

Corollary 5.0.1a. Suppose that for any finite sets of lines, L1, . . . ,Ld ⊂ Fd,
with multijoints J ,

∑
p∈J

 ∑
l∈L1×···×Ld

δ(p, l)
d∏
j=1

fj(lj)

 1
d−1

.
d∏
j=1

∑
lj∈Lj

fj(lj)

 1
d−1

,

for every fj : L → R≥0 for 1 ≤ j ≤ d. Then for any sets of lines L1, . . . ,Ld ⊂ Fd
with multijoints J , and any S : J → R≥0, there is a function s : J × (L1 ∪ · · · ∪
Ld)→ R≥0 such that

δ(p, l)S(p)d ≤
d∏
j=1

s(p, lj)

for all p ∈ J and l ∈ L1 × · · · × Ld, and∑
p∈l∩J

s(p, l) . ‖S‖d

for all l ∈ L1 ∪ · · · ∪ Ld.

Remark. Zhang proved that the multijoint problem is equivalent to the joints
problem, [Zha20]. Therefore, the hypotheses of Theorem 5.0.1 and Corollary
5.0.1a are logically equivalent. Similarly, any theorem that is dual to the mul-
tijoint problem is also dual to the joints problem, and vice versa. In particular,
Theorem 5.0.1 establishes duality for both the joints problem and the multijoint
problem.

J

5.1 Reduction to a Geometric Problem

In this section, we reduce the proof of Theorem 5.0.1 to a geometric result on
the properties of the kernel δ. This reductive discussion invokes methods from
convex optimisation.
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Let F be a field, let L ⊂ Fd be a set of lines with associated joints J and let
Sd−1 be the sphere in Fd. For l ∈ Ld recall that the joints kernel δ is given by
δ(p, l) = 1 if the tuple l forms a joint at p, and 0 otherwise. Moreover, δ can be
written as

δ(p, l) =

∏
l∈l

χl(p)

 ∧l∈l e(l),
where we use ∧ to denote the discrete wedge product and, given any line l,
e(l) ∈ Sd−1 is its direction. For p ∈ Fd, let L(p) be the set of all lines l ∈ L such
that p ∈ l. Without loss of generality, we may assume that 0 ∈ J and our proof
of Theorem 5.0.1 will reduce to the following.

Theorem 5.1.1 (Discrete Wedge Product Theorem). For each f : L(0) → R≥0

there is a function s : L(0)→ R≥0 such that

∧l∈le(l) ≤
∏
l∈l

s(l)

for all l ∈ L(0)d, and

∑
l∈L(0)

s(l)f(l) .

 ∑
l∈L(0)d

(
∧l∈le(l)

)∏
l∈l

f(l)

1/d

.

In summary, Theorem 5.1.1 states that the discrete wedge product can be well-
approximated by a map l 7→∏

l∈l s(l). Recall that the discrete wedge product is
a discrete analogue of the Euclidean wedge product. Therefore, we may interpret
the discrete wedge product as a measure of angle or volume and so we may
understand Theorem 5.1.1 as a geometric result which describes a property of
the pair (Fd,∧).

Remark. We expect that appropriate modifications of the arguments in this
chapter will be sufficient to prove a generalisation of Theorem 5.1.1 for sets of
kj-planes in Fn, where k1 + . . .+ kd = n. J

Our main purpose is to derive Theorem 5.0.1. However, in contrast to the purely
abstract formulation of multilinear duality principles (as in [CHV20a]), which
applies to situations where the geometry is essentially transversal – for joints,
this would mean that δ(p, l) = 1 for every l ∈ L(p)d – we will require use of
the explicit form of the joint kernel δ, or more specifically, the discrete wedge
product, in our analysis.

Fix S : J → R≥0. Let

C =

s : J × L → R≥0 : δ(p, l)S(p)d ≤
∏
l∈l

s(p, l),∀p ∈ J,∀l ∈ Ld


denote our set of candidate functions s. We seek an s ∈ C such that for all l ∈ L,
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∑
p∈l∩J

s(p, l) . ‖S‖d. (5.2)

Remark. In contrast to the displayed inequalities in Theorem 5.0.1, we work
with a dimensional constant in inequality (5.2) (which bounds a sum from above),
and constant 1 in the definition of C (which bounds a product from below). By
scaling the function s, these conditions are equivalent. However, for our analysis,
it is convenient to define C in this way. J

Inequality (5.2) is equivalent to∑
l∈L

f(l)
∑
p∈l∩J

s(p, l) . ‖S‖d

for all non-negative f defined on L, such that
∑

l∈L f(l) ≤ 1. Moreover, this
equivalence is preserved if we restrict our attention to strictly positive f .

Let

F =

f : L → R>0 :
∑
l∈L

f(l) ≤ 1

 .

Therefore, it suffices to prove that

min
s∈C

sup
f∈F

∑
l∈L

∑
p∈l∩J

f(l)s(p, l) . ‖S‖d.

Note that the mappings

f 7→
∑
l∈L

∑
p∈l∩J

f(l)s(p, l)

for s ∈ C fixed and
s 7→

∑
l∈L

∑
p∈l∩J

f(l)s(p, l)

for f ∈ F fixed are linear. In particular they are concave, convex and continuous
with respect to the standard topology on finite dimensional vector spaces.

Recall the lopsided minimax theorem, below.

Theorem 5.1.2 (Lopsided Minimax, [AE84]). Let A and B be convex subsets of
vector spaces, where B additionally has a topology. Suppose that

� ∃a0 ∈ A such that b 7→ Ψ(a0, b) is inf-compact,

� ∀a ∈ A the mapping b 7→ Ψ(a, b) is lower semi-continuous,

for a map Ψ : A × B → R, which is convex in b for all a, and concave in a for
all b. Then ∃b0 ∈ B so that supa∈A Ψ(a, b0) attains the common value

sup
a∈A

inf
b∈B

Ψ(a, b) = min
b∈B

sup
a∈A

Ψ(a, b).
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The set F is convex, and likewise, C is convex by the AM–GM inequality, a1−θbθ ≤
(1− θ)a+ θb. Moreover, we endow C with the standard finite dimensional vector
space topology. Hence, to apply Theorem 5.1.2 to the map Ψ : F × C → R, with

Ψ(f, s) =
∑
l∈L

∑
p∈l∩J

f(l)s(p, l),

it remains to verify that there exists f0 : L → R≥0 so that Ψ(f0, ·) : C → R is inf-
compact. To do so, let f0 : L → R≥0 be the constant function with

∑
l f0(l) = 1

and let λ ∈ R. Consider the sublevel set

C(λ) :=
{
s ∈ C : Ψ(f0, s) ≤ λ

}
.

If s ∈ C(λ) then 0 ≤ s(p, l) ≤ λ for all p ∈ J and l ∈ L. Hence, C(λ) ⊆ [0, λ]|J |×|L|

and therefore C(λ) is a subset of a compact set. Since Ψ is continuous, and C(λ)
is the Ψ(f0, ·)-pre-image of the closed set (−∞, λ], we deduce that C(λ) is a closed
subset of a compact set in a finite-dimensional R-vector space. Hence, C(λ) is
compact, and the hypotheses of Theorem 5.1.2 are verified.

Hence, it follows that

min
s∈C

sup
f∈F

∑
l∈L

∑
p∈l∩J

f(l)s(p, l) = sup
f∈F

inf
s∈C

∑
l∈L

∑
p∈l∩J

f(l)s(p, l).

Matters have thus reduced to proving that

inf
s∈C

∑
p∈J

∑
l∈L(p)

f(l)s(p, l) . ‖S‖d, (5.3)

for any f ∈ F .

Fix f ∈ F . The constraints that define C for each p ∈ J are independent of each
other. Therefore, with

Cp =

s(p, ·) : L(p)→ R≥0 : δ(p, l) ≤
∏
l∈l

s(p, l) for all l ∈ L(p)d

 ,

we have
inf
s∈C

∑
p∈J

∑
l∈Lp

f(l)s(p, l) =
∑
p∈J

S(p) inf
s∈Cp

∑
l∈L(p)

f(l)s(p, l).

To complete our reduction, suppose that Theorem 5.1.1 holds, and apply it with
p in the role of 0 so that

inf
s∈C

∑
p∈J

S(p)
∑
l∈L(p)

f(l)s(p, l) .
∑
p∈J

S(p)

∑
l∈Ld

δ(p, l)
∏
l∈l

f(l)

1/d

.
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By Hölder’s inequality, this is at most

‖S‖d

∑
p

∑
l∈Ld

δ(p, l)
∏
l∈l

f(l)

 1
d−1


d−1
d

.

Finally, we apply (5.1) to bound the above display by

‖S‖d
∑
l∈L

f(l) ≤ ‖S‖d,

where we have used the fact that f satisfies
∑

l∈L f(l) ≤ 1. Thus (5.3) is estab-
lished, subject to Theorem 5.1.1.

5.2 The Discrete Wedge Product (d = 3)

The proof of Theorem 5.1.1 is notationally dense. Thus, we begin by detailing
the proof when d = 3 so that calculations are more explicit.

Let L ⊂ F3 be a set of lines with joints J . Suppose that 0 ∈ J , assume that
L = L(0) and fix f : L(0)→ R≥0. Let s : L → R≥0. We say that s is admissible
if

∧l∈le(l) ≤
∏
l∈l

s(l)

for all l ∈ L3. Then we will show that there is an admissible s so that∑
l∈L

s(l)f(l)

3

.
∑
l∈L3

(
∧l∈le(l)

)∏
l∈l

f(l). (5.4)

We proceed in a case-by-case analysis and implicitly assume that every line in
this section, which appears in a summation index, is an element of L = L(0).
The cases we consider, indexed by subsection and with notions of heaviness to be
defined, are as follows:

5.2.1 There is a heavy line.

5.2.1(a) There is a heavy plane.

5.2.1(b) Every plane is not heavy.

5.2.2 Every line is not heavy.

5.2.2(a) There is a heavy plane.

5.2.2(b) Every plane is not heavy.

In each case, we explicitly construct an admissible s such that the conclusion
holds.
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5.2.1 There is a heavy line.

Suppose there is a line l1 ∈ L so that

f(l1) >
∑
l 6=l1

f(l).

The line l1 is said to be heavy.

5.2.1(a) There is a heavy plane.

Suppose there is a plane π such that l1 ⊂ π and∑
l⊂π,l 6=l1

f(l) > 4
∑
l 6⊂π

f(l).

Such π is said to be heavy. Let F1 = f(l1), F2 =
∑

l⊂π,l 6=l1 f(l) and let F3 =∑
l 6⊂π f(l). Since f is positive, each Fj > 0. We define s by

s(l) =



∏3
j=1 F

1
3
j

F1
l = l1∏3

j=1 F
1
3
j

F2
l ⊂ π, l 6= l1∏3

j=1 F
1
3
j

F3
l 6⊂ π.

By the definition of s,

∑
l∈L

s(l)f(l) =

∏3
j=1 F

1
3
j

F1

f(l1) +

∏3
j=1 F

1
3
j

F2

∑
l⊂π,l 6=l1

f(l) +

∏3
j=1 F

1
3
j

F3

∑
l 6⊂π

f(l)

.
3∏
j=1

F
1
3
j

= f(l1)
1
3

 ∑
l⊂π,l 6=l1

f(l)

 1
3
∑

l 6⊂π

f(l)

 1
3

.

The tuples l featuring in this expression form a subset of those such that ∧l∈le(l) =
1 and hence (5.4) is satisfied, as desired. It remains to verify that s is admissible.

Since l1 is heavy, F1 > F2 and since π is heavy, F2 > 4F3. Let l ∈ L3 satisfy
∧l∈le(l) = 1. Let m1 =

∣∣{l ∈ l : l = l1}
∣∣, m2 =

∣∣{l ∈ l : l ⊂ π and l 6= l1}
∣∣ and

m3 =
∣∣{l ∈ l : l 6⊂ π}

∣∣. Then

∏
l∈l

s(l) =

∏3
j=1 Fj

Fm1
1 Fm2

2 Fm3
3

.
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Since ∧l∈le(l) = 1, each mj ≤ j. If each mj = 1, then we are done. Otherwise,
(m1,m2,m3) ∈ {(0, 2, 1), (0, 1, 2), (0, 0, 3)}. If (m1,m2,m3) = (0, 2, 1) then∏

l∈l

s(l) =
F1

F2

> 1.

If (m1,m2,m3) = (0, 1, 2) then∏
l∈l

s(l) =
F1

F3

>
F2

F3

> 4.

Finally, if (m1,m2,m3) = (0, 0, 3) then∏
l∈l

s(l) =
F1

F3

F2

F3

>
F 2

2

F 2
3

> 42.

Hence s is admissible.

5.2.1(b) Every plane is not heavy.

Suppose that every plane π, such that l1 ⊂ π, satisfies∑
l⊂π,l 6=l1

f(l) ≤ 4
∑
l 6⊂π

f(l).

Let

ρ =

(∑
l 6=l1 f(l)

f(l1)

) 2
3

.

Then ρ < 1 since l1 is heavy, and ρ > 0 since f is positive. Let

s(l) =

{
ρ l = l1

ρ−
1
2 l 6= l1.

Then ∑
l∈L

s(l)f(l) = ρf(l1) + ρ−
1
2

∑
l 6=l1

f(l) . f(l1)
1
3

∑
l 6=l1

f(l)

 2
3

.

It remains to show that s is admissible, and that∑
l 6=l1

f(l)

2

.
∑

l2,l3 6=l1

(∧3
j=1e(lj))

3∏
j=2

f(lj). (5.5)

Checking s, if l satisfies ∧l∈le(l) = 1, then
∣∣{l ∈ l : l = l1}

∣∣ ≤ 1. If l1 ∈ l, then∏
l∈l s(l) = ρρ−

1
2ρ−

1
2 = 1. Otherwise, since ρ < 1,

∏
l∈l s(l) = ρ−

3
2 > 1, as

desired.
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In this subcase, it remains to prove (5.5). Given lines l2 6= l1, let π(l1, l2) be the
unique plane that contains l1 and l2. Then∑

l 6=l1

f(l)

2

=
∑
l2,l3

(∧3
j=1e(lj))f(l2)f(l3) +

∑
l2 6=l1

∑
l3⊂π(l1,l2)

f(l2)f(l3).

However, since every plane containing l1 is not heavy,∑
l2 6=l1

∑
l3⊂π(l1,l2)

f(l2)f(l3) ≤ 4
∑
l2 6=l1

∑
l3 6⊂π(l1,l2)

f(l2)f(l3)

=
∑
l2,l3

(∧3
j=1e(lj))f(l2)f(l3).

Hence (5.5) holds, concluding the case of heavy lines.

5.2.2 Every line is not heavy.

Suppose that there are no heavy lines. That is, for every l1 ∈ L,

f(l1) ≤
∑
l 6=l1

f(l1).

5.2.2(a) There is a heavy plane.

Suppose there is a plane π so that∑
l⊂π

f(l) > 4
∑
l 6⊂π

f(l).

Such π is said to be a heavy plane. Let

ρ =

(∑
l 6⊂π f(l)∑
l⊂π f(l)

) 1
3

,

and define

s(l) =

{
ρ l ⊂ π

ρ−2 l 6⊂ π.

Then

∑
l∈L

s(l)f(l) = ρ
∑
l⊂π

f(l) + ρ−2
∑
l 6⊂π

f(l) .

∑
l⊂π

f(l)

 2
3
∑

l 6⊂π

f(l)

 1
3

.

To check that s is admissible, we note that ρ3 < 1/4 since π is heavy. If l satisfies
∧l∈le(l) = 1 then

∣∣{l ∈ l : l ⊂ π}
∣∣ ≤ 2. If there are no l ∈ l such that l ⊂ π
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then
∏

l∈l s(l) = ρ−6 > 1. If there is a unique l ∈ l such that l ⊂ π, then∏
l∈l = ρρ−2ρ−2 = ρ−3 > 1. Finally, if there are precisely two lines l ∈ l so that

l ⊂ π, then
∏

l∈l s(l) = ρρρ−2 = 1. To conclude this subcase, it remains to check∑
l⊂π

f(l)

2

.
∑
l1,l2⊂π

(e(l1) ∧ e(l2))f(l1)f(l2), (5.6)

where e(l) ∧ e(l′) = 1 if the lines l and l′ are distinct, and 0 otherwise. To prove
(5.6), we first show that,

f(l1) ≤ 4
∑

l⊂π,l 6=l1

f(l) (5.7)

for all l1 ⊂ π. Let l1 ⊂ π. Since l1 is not heavy

f(l1) ≤
∑
l 6=l1

f(l) =
∑

l⊂π,l 6=l1

f(l) +
∑
l 6⊂π

f(l).

Since π is heavy, this is bounded above by

∑
l⊂π,l 6=l1

f(l) +
1

4

∑
l⊂π

f(l) =
∑

l⊂π,l 6=l1

f(l) +
1

4

f(l1) +
∑

l⊂π,l 6=l1

f(l)

 .

Rearranging, we deduce that

f(l1) ≤ 5

3

∑
l⊂π,l 6=l1

f(l),

thus proving (5.7).

To conclude, we prove (5.6) directly, as follows:∑
l⊂π

f(l)

2

=
∑
l1,l2⊂π

(e(l1) ∧ e(l2))f(l1)f(l2) +
∑
l⊂π

f(l)2

.
∑
l1,l2⊂π

(e(l1) ∧ e(l2))f(l1)f(l2) +
∑
l⊂π

f(l)
∑

l⊂π,l 6=l1

f(l)

.
∑
l1,l2⊂π

(e(l1) ∧ e(l2))f(l1)f(l2),

hence concluding this subcase.

5.2.2(b) Every plane is not heavy.

Suppose that every plane π is such that∑
l⊂π

f(l) ≤ 4
∑
l 6⊂π

f(l).
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Then the result holds with the admissible choice of s(l) = 1 for all l ∈ L. Indeed,∑
l∈L

f(l)

3

=
∑
l∈L3

(∧l∈le(l))
∏
l∈l

f(l) +
2∑
t=1

∑
l∈L3:

dim span{e(l):l∈l}=t

∏
l∈l

f(l).

The result follows from the inequality,∑
l∈L3:

dim span{e(l):l∈l}=t

∏
l∈l

f(l) .
∑
l∈L3:

dim span{e(l):l∈l}=t+1

∏
l∈l

f(l),

for t = 1, 2. This is a special case of Lemma 5.3.2. Proving this concrete case is
not more informative than the general case, and so we will not prove this special
case separately.

This concludes our analysis of the problem for d = 3, subject to a proof of Lemma
5.3.2, which we reserve until the end of this chapter.

Remark. At the heart of this d = 3 argument is a sequence of nested subspaces.
If there is a heavy line and a heavy plane, then the sequence is given by {0} ⊂
l1 ⊂ π ⊂ F3. If there is a heavy line, but no heavy planes, then the sequence is
{0} ⊂ l1 ⊂ F3. These sequences are used to identify a subset {l ∈ L3 : ∧l∈le(l) =
1}, on which

∏
l∈l f(l) is large, which we can exploit. This structure is, perhaps,

more illuminating when d = 4 as demonstrated, below. In general, there are 2d−1

subcases to consider. We will choose admissible weights s to partition L into
“layers”, each of which are easy to handle, as a result of the forthcoming Lemma
5.3.2. J

5.2.3 Brief Overview when d = 4

Before moving to the general case, we give a schematic overview of the case-
structure for the argument when d = 4. On the one hand, we see the nested
subspace-structure emerge in a further concrete setting. On the other, it is infor-
mative to see how the structure manifests within the proof.
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The nested lists below detail the subcase-structure and the expression which
dominates (

∑
l s(l)f(l))4 for to each subcase, when d = 4.

� There is a heavy line l1.

– There is a heavy 2-plane π containing l1.

* There is a heavy 3-plane H containing π.

· f(l1)

 ∑
l2⊂π,l2 6=l1

f(l2)

 ∑
l3⊂H,l3 6⊂π

f(l3)

∑
l4 6⊂H

f(l4)


* Every 3-plane containing π is not heavy.

· f(l1)

 ∑
l2⊂π,l2 6=l1

f(l2)

 ∑
l3,l4 6⊂π

(
e(l3) ∧ e(l4)

)
f(l3)f(l4)


– Every 2-plane containing l1 is not heavy.

* There is a heavy 3-plane H containing l1.

· f(l1)

 ∑
l2,l3⊂H,l2,l3 6=l1

(
∧3
j=1e(lj)

)
f(l2)f(l3)

∑
l4 6⊂H

f(l4)


* Every 3-plane containing l1 is not heavy.

· f(l1)

 ∑
l2,l3,l4 6=l1

(∧4
j=1e(lj))f(l2)f(l3)f(l4)


� Every line is not heavy.

– There is a heavy 2-plane π.

* There is a heavy 3-plane H containing π.

·

 ∑
l1,l2⊂π

(
e(l1) ∧ e(l2)

)
f(l1)f(l2)

 ∑
l3⊂H,l3 6⊂π

f(l3)

∑
l4 6⊂H

f(l4)


* Every 3-plane containing π is not heavy.

·

 ∑
l1,l2⊂π

(
e(l1) ∧ e(l2)

)
f(l1)f(l2)

 ∑
l3,l4 6⊂π

(
e(l3) ∧ e(l4)

)
f(l3)f(l4)


– Every 2-plane is not heavy.

* There is a heavy 3-plane H.

·

 ∑
l1,l2,l3⊂H

(∧3
j=1e(lj))f(l1)f(l2)f(l3)

∑
l4 6⊂H

f(l4)


* Every 3-plane is not heavy.

·

∑
l

(∧4
j=1e(lj))

∏
l∈l

f(l)
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5.3 The Discrete Wedge Product (d ≥ 3)

Let L ⊂ Fd be a set of lines with joints J . Suppose that 0 ∈ J and assume
that every l ∈ L is such that 0 ∈ l. Let f : L → R>0. We say that a function
s : L → R≥0 is admissible if

∧l∈le(l) ≤
∏
l∈l

s(l)

for all l ∈ Ld. We will show that there is an admissible s so that∑
l∈L

s(l)f(l)

d

.
∑
l∈Ld

(∧l∈le(l))
∏
l∈l

f(l). (5.8)

5.3.1 Constructing a Flag with Good Properties

Let 1 = α1 < α2 < · · · < αd−1 be defined by αk = 2k−1. Choose k1 to be the least
integer, such that 1 ≤ k1 ≤ d− 1, for which there is an αk1-heavy k1-plane π1;
that is, for which ∑

l⊂π1

f(l) > αk1
∑
l 6⊂π1

f(l).

There may be no such π1. However, if one exists, then we continue by choosing
the smallest k2, with k1 < k2 ≤ d− 1, for which there is an αk2-heavy k2-plane
π2 which contains π1; that is, for which∑

l⊂π2,l 6⊂π1

f(l) > αk2
∑
l 6⊂π2

f(l).

Again, there may be no such π2. However, if one exists, then we continue by
choosing the smallest k3, with k2 < k3 ≤ d− 1, for which there is an αk3-heavy
k3-plane π3 which contains π2. That is, for which∑

l⊂π3,l 6⊂π2

f(l) > αk3
∑
l 6⊂π3

f(l).

We continue this process until we are forced to stop and one of the following
occurs:

1. There are no αk-heavy planes of any dimension k < d;

2. We have arrived at some πN of dimension kN = d− 1; or,

3. We have a πN of dimension kN < d− 1, and there are no αk-heavy k-planes
for any kN < k ≤ d− 1.

The result of this process is a (possibly empty) flag (πn)1≤n≤N of subspaces. We
will deduce a useful property, Lemma 5.3.1, which improves the above inequalities
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that we have introduced to define the flag.

The case in which the sequence of subspaces is empty, will be accounted for later.
Therefore, we assume that we have π1 ⊂ π2 ⊂ · · · ⊂ πN (with N ≥ 1), a non-
empty maximal1 increasing sequence of subspaces of dimensions 1 ≤ k1 < k2 <
· · · < kN ≤ d− 1, respectively, such that for each 1 ≤ n ≤ N ,2∑

l⊂πn,l 6⊂πn−1

f(l) > αkn
∑
l 6⊂πn

f(l), (5.9)

and such that for all subspaces π, which contain πn−1 and which satisfy kn−1 <
dim π < kn, ∑

l⊂π,l 6⊂πn−1

f(l) ≤ αdimπ

∑
l 6⊂π

f(l),

and thus ∑
l⊂π,l 6⊂πn−1

f(l) ≤ αkn−1

∑
l 6⊂π

f(l). (5.10)

We can qualitatively improve the right-hand side of inequality (5.10) to include
the additional constraint that l ⊂ πn at the expense of a multiplicative constant:

Lemma 5.3.1. For every 1 ≤ n ≤ N , and every subspace π such that kn−1 <
dim π < kn and πn−1 ⊂ π ⊂ πn,∑

l⊂π,l 6⊂πn−1

f(l) ≤ 4αkn−1

∑
l⊂πn,l 6⊂π

f(l). (5.11)

Proof. For each 1 ≤ n ≤ N and for each subspace π such that πn−1 ( π ( πn
and kn−1 < dim π < kn, we have, by (5.10) and (5.9),∑
l⊂π,l 6⊂πn−1

f(l) ≤ αkn−1

∑
l 6⊂π

f(l)

= αkn−1

∑
l 6⊂π,l⊂πn

f(l) + αkn−1

∑
l 6⊂πn

f(l)

< αkn−1

∑
l 6⊂π,l⊂πn

f(l) +
αkn−1

αkn

∑
l⊂πn,l 6⊂πn−1

f(l)

= αkn−1

∑
l 6⊂π,l⊂πn

f(l) +
αkn−1

αkn

 ∑
l⊂πn,l 6⊂π

f(l) +
∑

l⊂π,l 6⊂πn−1

f(l)

 .

Rearranging the resulting inequality gives(
1− αkn−1

αkn

) ∑
l⊂π,l 6⊂πn−1

f(l) ≤ αkn−1

(
1 +

1

αkn

) ∑
l⊂πn,l 6⊂π

f(l),

1Maximal in the sense that there is no flag, which contains this one, and has length > N .
2We interpret the condition l 6⊂ π0 to be the void condition.
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or equivalently, ∑
l⊂π,l 6⊂πn−1

f(l) ≤ αkn−1

(
αkn + 1

αkn − αkn−1

) ∑
l⊂πn,l 6⊂π

f(l).

With αk = 2k−1 we have

1 <
αkn + 1

αkn − αkn−1

≤ 4,

as required.

5.3.2 Arranging the f-Mass According to the Flag

For 1 ≤ n ≤ N + 1, let

Fn =
∑

l⊂πn,l 6⊂πn−1

f(l),

where we interpret the conditions l 6⊂ π0 and l ⊂ πN+1 as being void. Therefore,
(5.9) reads as

Fn > αknFn+1. (5.12)

Moreover, since f > 0, each Fn > 0.

Suppose we have 1 < r ≤ d directions ω1, . . . , ωr ∈ Sd−1. We define the discrete
wedge product on r-tuples of directions by ω1 ∧ · · · ∧ ωr = 1 if the r vectors are
linearly independent, and 0 otherwise.

The following lemma, Lemma 5.3.2, handles the subspaces between adjacent
heavy subspaces.

Lemma 5.3.2. There are constants βn = βn(d) such that for 1 ≤ n ≤ N + 1,

F kn−kn−1
n ≤ βn

∑
lkn−1+1,...,lkn⊂πn,
lkn−1+1,...,lkn 6⊂πn−1

(∧knj=kn−1+1e(lj))
kn∏

j=kn−1+1

f(lj),

where we define k0 = 0 and kN+1 = d.

In particular, Lemma 5.3.2 applies in the exceptional case that the sequence of
subspaces is empty, in which case its conclusion reads as follows:∑

l

f(l)

d

.
∑
l∈Ld

(∧l∈le(l))
∏
l∈l

f(l).

That is, the choice s(l) = 1 for all l ∈ L is an admissible choice of weight s that
satisfies (5.8), verifying the desired condition in the exceptional case. Hence, we
assume that the flag (πn)1≤n≤N is non-empty until the proof of Lemma 5.3.2.

We momentarily postpone the proof of Lemma 5.3.2 to conclude the overarching
structure in the proof of Theorem 5.1.1, and hence Theorem 5.0.1.
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For parameters ρ1, . . . , ρN+1 to be defined, we define s by

s(l) =



ρ1 l ⊂ π1,

ρ2 l ⊂ π2, l 6⊂ π1,
...

ρn l ⊂ πn, l 6⊂ πn−1,
...

ρN l ⊂ πN , l 6⊂ πN−1,

ρN+1 l 6⊂ πN .

Using the arrangement of the mass of f into layers, we therefore have∑
l

s(l)f(l) = ρ1F1 + · · ·+ ρnFn + · · ·+ ρN+1FN+1.

A direct consequence of Lemma 5.3.2 is that

F k1−k0
1 · · ·F kn−kn−1

n · · ·F d−kN
N+1 ≤

N+1∏
n=1

βn

∑
l∈Ld

(∧l∈le(l))
∏
l∈l

f(l). (5.13)

In light of inequality (5.13), we consider

ρn = F−1
n

N+1∏
n′=1

F
kn′−kn′−1

d

n′ (5.14)

where k0 = 0 and kN+1 = d, which verifies (5.8), as desired.

5.3.3 Concluding Detail

Our proof of Theorem 5.1.1 is now complete, up to a proof of Lemma 5.3.2 and
showing that s is admissible. We first prove that s is admissible. Recall that s is
admissible if it satisfies

1 ≤
∏
l∈l

s(l)

for all l ∈ Ld such that ∧l∈le(l) = 1.

Let l ∈ Ld satisfy ∧l∈le(l) = 1. For each 1 ≤ n ≤ N , let

mn =
∣∣{l ∈ l : l ⊂ πn and l 6⊂ πn−1}

∣∣.
Since ∧l∈le(l) = 1, we have that mn ≤ kn for each 1 ≤ n ≤ N . Indeed, suppose
that mn > kn for some n. Then the number of lines contained in πn exceeds
dim πn. Hence such mn lines are linearly dependent, and consequently the whole
tuple l must be linearly dependent. Admissibility of the function s, therefore,
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follows from Lemma 5.3.3, below.

Lemma 5.3.3 (Admissibility). Suppose that m1 + · · ·+mN+1 = d and mn ≤ kn
for all 1 ≤ n ≤ N + 1. Then

ρm1
1 · · · ρmnn · · · ρmN+1

N+1 ≥ 1.

Proof. Rearranging the exponents on each ρn gives

ρm1
1 · · · ρmnn · · · ρmN+1

N+1

=
(
ρk11 · · · ρkn−kn−1

n · · · ρd−kNN+1

)(
ρm1−k1

1 · · · ρmn−(kn−kn−1)
n · · · ρmN+1−(d−kN )

N+1

)
= ρm1−k1

1 · · · ρmn−(kn−kn−1)
n · · · ρmN+1−(d−kN )

N+1 .

By equation (5.14), the definition of each ρn, this is equal to

= F
−(m1−k1)
1 · · ·F−(mn−(kn−kn−1))

n · · ·F−(mN+1−(d−kN ))
N+1

×

N+1∏
n=1

F
kn−kn−1

d
n

m1−k1+...+mn−(kn−kn−1)+...+mN+1−(d−kN )

= F
−(m1−k1)
1 · · ·F−(mn−(kn−kn−1))

n · · ·F−(mN+1−(d−kN ))
N+1

×

N+1∏
n=1

F
kn−kn−1

d
n

m1+...+mN+1−d

= F k1−m1
1 · · ·F kn−kn−1−mn

n · · ·F d−kN−mN+1

N+1 .

We claim that ρm1
1 · · · ρmN+1

N+1 is minimised when (mn)1
n=N+1 = (kn − kn−1)1

n=N+1,
whereby

ρm1
1 · · · ρmnn · · · ρmNN+1 = F

k1−(k1−0)
1 · · ·F d−kN−(kN+1−kN )

N+1 = 1.

Indeed, if (mn)1
n=N+1 6= (kn − kn−1)1

n=N+1 then there exists n such that mn >
(kn − kn−1). Of all such n ≤ N + 1, let us choose the maximal one and call it
n0. Since m1 + . . . + mN+1 = d, there exists n 6= n0 so that mn < (kn − kn−1).
Suppose that n > n0 (this is void in the case where n0 = N +1). By the maximal
choice of n0, we have that mn′ ≤ (kn′ − kn′−1) for all n′ > n0, and since n > n0,
one of these inequalities is strict. Hence,∣∣{l ∈ l : l 6⊂ πn0}

∣∣ =
∑
n′>n0

mn <
∑
n>n0

(kn − kn−1) = d− kn0 .

Hence,
∣∣{l ∈ l : l ⊂ πn0}

∣∣ > kn0 , and so ∧l∈le(l) = 0, contrary to the choice of l.

Therefore n is such that, n < n0 and hence every n′ > n0 satisfies mn′ ≥
(kn′ − kn′−1). However, it follows from the maximality property of n0 that these
are all satisfied with equality. Hence, (mn)1

n=N+1 is of a greater lexicographi-
cal order than (kn − kn−1)n. Considering (5.12), ρm1

1 · · · ρmN+1

N+1 is reduced if the
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tuple (mN+1, . . . ,m1) is replaced by another tuple (m′N+1, . . .m
′
1) of a lower lex-

icographical order, and satisfies m′1 + . . . + m′N+1 = d, and m′n ≤ kn for each
1 ≤ n ≤ N + 1. Hence,

ρm1 · · · ρmN+1 ≥ ρk1−k0 · · · ρkN+1−kN ,

completing this proof.

It only remains to prove Lemma 5.3.2, and we do so now.

Proof of Lemma 5.3.2. It is here that we finally use Lemma 5.3.1, the fact that
for all subspaces π which contain πn−1 and which are strictly contained in πn,
inequality (5.11) holds.

For convenience, fix n, let kn−1 = k and let kn = k + r. Relabel πn−1 as Π0 and
πn as Π1. Let ∆ be the set of all lines which are contained in Π1, but which are
not contained in Π0.

Thus, inequality (5.11) of Lemma 5.3.1 reads as follows: for all subspaces π with
Π0 ⊂ π ⊂ Π1 ∑

l⊂π,l 6⊂Π0

f(l) ≤ 4αkn−1

∑
l 6⊂π,l⊆Π1

f(l). (5.15)

Similarly, the conclusion of Lemma 5.3.2 reads as∑
l∈∆

f(l)

r

≤ βn
∑

l1,...,lr∈∆

(∧rj=1e(lj))f(l1) · · · f(lr). (5.16)

Let (l1, . . . , lr) be an r-tuple of lines, each of which lies in ∆. Then, together with
Π0, they span a subspace of Π1, with dimension k + t, for some t ∈ {1, . . . , r}.
For 1 ≤ t ≤ r let

Γt = {(l1, . . . , lr) ∈ ∆r : dim span{e(l1), . . . , e(lr)} = t}.

Note that e(l1) ∧ · · · ∧ e(lr) = 1 for lines lj ⊂ Π1 such that lj 6⊂ Π0 if and only if
(l1, . . . , lr) ∈ Γr.

We expand the left-hand side of (5.16) as follows:

r∑
t=1

∑
(l1,...,lr)∈Γt

f(l1) · · · f(lr).

Therefore, to prove (5.16) it suffices to show that for 1 ≤ t ≤ r,∑
(l1,...,lr)∈Γt

f(l1) · · · f(lr) .
∑

(l1,...,lr)∈Γr

f(l1) · · · f(lr).
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Similarly, the above inequality follows if we can show that for 1 ≤ t < r,∑
(l1,...,lr)∈Γt

f(l1) · · · f(lr) .
∑

(l1,...,lr)∈Γt+1

f(l1) · · · f(lr).

If (l1, . . . , lr) ∈ Γt, then for some t-tuple – which is without loss of generality
(l1, . . . , lt) – we have that {Π0, l1, . . . , lt} spans a (k + t)-plane H(l1, . . . , lt) satis-
fying Π0 ⊂ H(l1, . . . , lt) ⊂ Π1. Therefore∑

(l1,...,lr)∈Γt

f(l1) · · · f(lr)

≤
(
r

t

) ∑
l1,...,lt∈∆t:

e(l1)∧···∧e(lt)=1

f(l1) · · · f(lt)
∑

lt+1,...,lr⊂H(l1,...,lt):
lt+1,...,lr 6⊂Π0

f(lt+1) · · · f(lr)

=

(
r

t

) ∑
l1,...,lt∈∆t:

e(l1)∧···∧e(lt)=1

f(l1) · · · f(lt)

 ∑
l⊂H(l1,...,lt):
lt+1,...,lr 6⊂Π0

f(l)


r−t

.

Since Π0 ⊂ H(l1, . . . , lt) ⊂ Π1, we use Lemma 5.3.1, via (5.15), to estimate the
bracketed expression above by

4αk

 ∑
l⊂H(l1,...,lt):

l 6⊂Π0

f(l)


r−t−1 ∑

l 6⊂H(l1,...,lt), l⊂Π1

f(l)

 .

This shows that ∑
(l1,...,lr)∈Γt

f(l1) · · · f(lr) .
∑

(l1,...,lr)∈Γt+1

f(l1) · · · f(lr),

as desired.

5.4 Topics for Further Investigation

Let X, Y1, . . . , Yd be measure spaces, subject to appropriate hypotheses. Let
K : X × Y1× · · · × Yd → R≥0. The results in this chapter suggest that we should
expect some form of duality to hold for nice kernels K. More specifically, and in
light of Theorem 5.0.1, we say that K is nice if

inf
(ωj)j∈C(x)

d∏
j=1

(∫
Yj

ωj(yj)fj(yj) dyj

)αj

.
∫
Y1×···×Yd

K(x,y)
d∏
j=1

fj(yj)
αj dy,
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for all non-negative fj : Yj → R≥0, where

C(x) =

ωj : Yj → R≥0 : K(x,y) ≤
∏
j

ωj(yj)
αj

 ,

and α1 + . . . + αd = 1. Suppose that K is a nice kernel. Following technical
adaptations of arguments in [Coc18] and [CHV20a], we expect the following to
be equivalent:

(i) For all non-negative fj ∈ L1(Yj), for each 1 ≤ j ≤ d,∥∥∥∥∥∥
∫

Y1×···×Yd
K(·,y)

d∏
j=1

fj(yj)
αj dy

∥∥∥∥∥∥
Lp(X)

.
d∏
j=1

∥∥fj∥∥αjL1(Yj)
.

(ii) For every non-negative S ∈ Lp′(X), there are functions Sj : X × Yj → R≥0

so that

K(x,y)S(x) ≤
d∏
j=1

Sj(x, yj)
αj

for a.e. x ∈ X and a.e. y ∈ Y1 × · · · × Yd, and so that∫
X

Sj(x, yj) dx . ‖S‖p′

for a.e. yj ∈ Yj and every 1 ≤ j ≤ d.

However, of greater interest would be to understand which kernels K are nice.
Perhaps the most immediate example to consider, given our work here on the
multijoint problem, is the multilinear Kakeya kernel. In particular, denoting the
Euclidean wedge product by ∧, we do not currently know whether the kernel
associated to the operator

T 7→

 d∏
j=1

χTj(·)

 (e(T1) ∧ · · · ∧ e(Td))

is nice, where each Tj is a tube in Rd.

More generally, it may be interesting to examine the entire class of nice kernels.
For example, are there any nice kernels which are not geometric in nature? Al-
ternatively, it would also be of interest to find examples of kernels which are not
nice, as suggested in the discussion following [CHV20a, Proposition 8.1].

Both the multilinear Kakeya kernel and the multijoints kernel have symmetry in
common. In contrast, the kernel for the higher-dimensional multijoint problem
of k1-, . . . , kd-planes will not be symmetric, in general. We expect that our
arguments from this chapter will generalise to establish a duality theorem for
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k-multijoints, and hopefully this will be informative as to the role of symmetry
within this type of duality.

With regards to questions raised by Chapter 3 and Chapter 4, in Section 3.4 we
described a framework in which our proof of the discrete Bourgain–Guth theorem
ran parallel to the Carbery–Valdimarsson proof of the Bourgain–Guth theorem.
As suggested in Section 3.4, it would be of interest to discover what further
variants of the multijoint problem could be proven by considering covering lemmas
for polynomials defined on algebraic varieties. For example, we may consider
counting joints formed by lines, all contained in a particular ruled surface – a joints
problem where the ambient space, usually Fd, is generalised to a d-dimensional
variety.

We have not discussed in any detail the notion of “visibility” which is central
to the Carbery–Valdimarsson and Bourgain–Guth arguments, [CV14, BG11]. A
salient point of visibility is that the factorising function s is constructed via a
particular algebraic hypersurface Z with large visibility. For any cube Q and
tube T , the value of s is given by the directional surface area of Z with respect to
Q and e(T ), and the first inequality in item (ii), above, manifests as an estimate
on visibility. No such “universal” hypersurface arose in Chapter 3 or Chapter 4,
and this warrants further research to search for a corresponding geometric object
in the discrete setting.
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[CV13] Anthony Carbery and Stéfan Ingi Valdimarsson. The endpoint mul-
tilinear Kakeya theorem via the Borsuk–Ulam theorem. Journal of
Functional Analysis, 264(7):1643–1663, 2013.

[CV14] Anthony Carbery and Stefán Ingi Valdimarsson. Colouring multi-
joints. Discrete & Computational Geometry, 52(4):730–742, 2014.

[DKSS13] Zeev Dvir, Swastik Kopparty, Shubhangi Saraf, and Madhu Su-
dan. Extensions to the method of multiplicities, with applications to
Kakeya sets and mergers. SIAM Journal on Computing, 42(6):2305–
2328, 2013.

[Dvi09] Zeev Dvir. On the size of Kakeya sets in finite fields. Journal of the
American Mathematical Society, 22(4):1093–1097, 2009.

[Dvi12] Zeev Dvir. Incidence theorems and their applications. Foundations
and Trends in Theoretical Computer Science, 6(4):257–393, 2012.

[EKS11] György Elekes, Haim Kaplan, and Micha Sharir. On lines, joints,
and incidences in three dimensions. Journal of Combinatorial Theory,
Series A, 118(3):962–977, 2011.

[GK10] Larry Guth and Nets Hawk Katz. Algebraic methods in dis-
crete analogs of the Kakeya problem. Advances in Mathematics,
225(5):2828–2839, 2010.

[Gut10] Larry Guth. The endpoint case of the Bennett–Carbery–Tao multi-
linear Kakeya conjecture. Acta Mathematica, 205(2):263–286, 2010.

[Hab14] Márton Hablicsek. On the joints problem with multiplicities.
arXiv:1408.5791, 2014.

[HBA+18] M. Hohenwarter, M. Borcherds, G. Ancsin, B. Bencze, M. Blossier,
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Appendix A

Additional Numerical Examples

S
(1)
1 S

(1)
2

√
S

(1)
1 S

(1)
2 S(1)

p1 0.946 0.846 0.0.894 0.894
p2 0.054 0.926 0.223 0.223
p3 0.622 0.080 0.223 0.223
p4 0.324 0.154 0.223 0.223
p5 0.676 0.074 0.223 0.223

Table A.1: Minimisers of (2.8) with S = 1√
20

(4, 1, 1, 1, 1). Values rounded to 3
decimal places.

S
(1)
1 S

(1)
2

√
S

(1)
1 S

(1)
2 S(1)

p1 0.525 0.870 0.676 0.676
p2 0.475 0.963 0.676 0.676
p3 0.306 0.093 0.169 0.169
p4 0.220 0.130 0.169 0.169
p5 0.780 0.034 0.169 0.169

Table A.2: Minimisers of (2.8) with S = 1√
35

(4, 4, 1, 1, 1). Values rounded to 3
decimal places.
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S
(1)
1 S

(1)
2

√
S

(1)
1 S

(1)
2 S(1)

p1 0.154 0.324 0.224 0.224
p2 0.846 0.946 0.894 0.894
p3 0.080 0.622 0.224 0.224
p4 0.074 0.676 0.224 0.224
p5 0.926 0.054 0.224 0.224

Table A.3: Minimisers of (2.8) with S = 1√
20

(1, 4, 1, 1, 1). Values rounded to 3
decimal places.

S
(1)
1 S

(1)
2

√
S

(1)
1 S

(1)
2 S(1)

p1 0.963 0.475 0.676 0.676
p2 0.037 0.780 0.169 0.169
p3 0.093 0.306 0.169 0.169
p4 0.870 0.525 0.676 0.676
p5 0.130 0.220 0.169 0.169

Table A.4: Minimisers of (2.8) with S = 1√
35

(4, 1, 1, 4, 1). Values rounded to 3
decimal places.

S
(1)
1 S

(1)
2

√
S

(1)
1 S

(1)
2 S(1)

p1 0.971 0.471 0.676 0.676
p2 0.029 0.970 0.169 0.169
p3 0.917 0.499 0.676 0.676
p4 0.054 0.529 0.169 0.169
p5 0.946 0.030 0.169 0.169

Table A.5: Minimisers of (2.8) with S = 1√
35

(4, 1, 4, 1, 1). Values rounded to 3
decimal places.

S
(1)
1 S

(1)
2

√
S

(1)
1 S

(1)
2 S(1)

p1 0.529 0.054 0.169 0.169
p2 0.471 0.971 0.676 0.676
p3 0.499 0.917 0.676 0.676
p4 0.030 0.946 0.169 0.169
p5 0.970 0.029 0.169 0.169

Table A.6: Minimisers of (2.8) with S = 1√
35

(1, 4, 4, 1, 1). Values rounded to 3
decimal places.
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Figure A.1: Further graphical representations of example minimisers for various
test functions whose values are shown for each minimiser.
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