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Lay Summary

The joints problem is related to geometric questions at the heart of harmonic
analysis. In three dimensions, a joint is a point of intersection of three lines that
do not lie within a common plane. Given a collection of lines, one can ask how
many joints those lines can form — this is the joints problem.

“Duality” describes the relationship between two complementary problems that
are distinct but logically equivalent. Any two such problems are said to be dual
to one another. The problem that is dual to the joints problem looks to under-
stand geometric properties which abstract on the conventional notion of volume.
Understanding this geometric problem is the aim of this thesis.
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Abstract

This thesis studies the dual formulation of the multijoint problem — the discrete
analogue of the multilinear Kakeya problem.

Let IF be a field. Given a set of lines in F?, each coloured by one of d distinct
colours, a multijoint is a point formed by the intersection of d distinctly coloured,
linearly independent lines. The multijoint problem looks to control the number
of multijoints by the numbers of lines and can be formulated as a geometric mul-
tilinear inequality. Inequalities of this form have a dual formulation, whereby
solving the problem is equivalent to proving the existence of so-called factorisa-
tions, however this only applies if the geometry of the problem is transversal.

The multilinear Kakeya theorem in Euclidean space was proven in full generality
via the existence of factorisations. The multijoint problem was recently solved,
and while it is analogous to the multilinear Kakeya theorem, the question of the
existence of factorisations for this discrete problem remained unanswered.

In this work, we resolve the dual multijoint problem and prove the existence of
factorisations in general. Moreover, we deduce the analogue of a theorem due
to Bourgain and Guth, where the Euclidean wedge product is replaced by the
discrete one. More precisely, we show that there is a constant C' = C(d) so that for
any function S : F? — R, there is a “factorising” function s : F4 x S71 — R,
such that

d
(W1 A Awg)S H s(p, wj),
j:
for every p € F* and every tuple of directions (w;)i_, € (S*')¢, and

> slp.e() < ClIS|,

pEl

for every line [ C F?, where e(l) € S* ! denotes the direction of [ and A de-
notes the discrete wedge product. This property is common to both the discrete
wedge product in F¢ and the continuous wedge product in R?, and establishes a
perspective from which these two geometries are “the same”.

Until now, there was no duality theorem for the multijoint problem in general,
and there was no formal duality which applied directly to the joints problem. We
conclude with a proof that there is, indeed, a duality for the joints problem.

X
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Notation

We write A < B to mean that there is a non-negative constant C, depending
only on dimension, so that A < CB. We write A Sy, x, B to mean that there is
a constant C', depending only on k1, ..., k; and the dimension, so that A < CB.
We write B 2 Aand B 2k, ., Atomean A S B and A Sy, x, B, respectively.
Moreover, by A ~ B, we mean A < B and B < A, and finally, by A ~, &, B,
we mean A g,y Band B Sy, ok, A

Given d sets Yi,...,Ygand y € Y; x --- x Y we write y; to mean the j-th entry
of y for each 1 < j < d, so y = (y;)9_,. We write y € y to mean y € {y;}7_,.
We will use standard multi-index notation.

We write x4 to denote the indicator function of a set A.

We will use boldface text to indicate that a word or phrase is being defined.

Outline

Chapter [I] and Chapter [2] contain introductory material. The substance of this
thesis can be found in Chapter [3] Chapter [l and Chapter
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Chapter 1

Introduction to Joints and
Multijoints

Let d € N, let £ be a finite set of lines in R? and let p € R%. Suppose there
are d lines, ly,...,l; € L, that all contain p and are such that their directions,
e(ly),...,e(lg) € S¥1, span RY. Then we say that p is a joint and that the
d-tuple I forms a joint at p.

Given a d-tuple, I € £% let us say that d(p,1) = 1 if the lines I = (I;); form a
joint at p, and &(p,1) = 0 otherwise. Let J = {p: 3l € L% so that §(p,l) = 1} be
the set of joints formed by tuples I € £¢. The joints problem seeks to understand
how many joints .J there can be, given some set of lines £. Trivially, |.J| < |£|*
since |J| is bounded by the number of d-tuples of lines. Hence, we would like to
learn for which ¢ > 1,

7S 1L, (L1)

This problem was conceived by Chazelle et al., [CEGT92|, where inequality
was proved for ¢ = 12/7 in R3. Here, the joints problem was studied in the
context of computer science, with the aim of showing that an algorithm which
enumerates collections of rods in R? so that the i-th element obstructs the (i+1)-
st element, as seen from a fixed viewpoint, will always terminate. A joint was
then formulated by interpreting a cycle of obstructing lines in R?, depicted in
Figure [1.1], as a point of intersection of three non-coplanar lines.

Consider the configuration of lines in R? described by Figure[l.2} Generalising so
that for each colour there are N? copies of each line, parallel to each coordinate
axis, we see that this forms a lattice of N® joints using 3N? lines. Therefore, |J| =
N3 = (N2)2 ~ |£|% Hence, it was conjectured that should hold for g =
d — 1. Further improvements in R?® were made in [EKS11, BCT06,[SW04,Sha94]
until Guth and Katz proved the endpoint case, ¢ = 2 in 2008, [GK10]. The
endpoint result was extended to R? in [KSS10,|Quil0]. Thereafter, Carbery and
Iliopoulou, Dvir and Tao generalised these results from R? to F¢ for an arbitrary
field F, |CI14, Taol4,Dvil2]. We continue our discussion with respect to an
arbitrary field, which we denote by [F, unless stated otherwise.
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Figure 1.1: Cycle of three pairwise obstructing cylinders in R?. Figure generated

using [HBA*18].
1.1  Multiplicity

To refine our question, let us write the trivial estimate as > ;1 < 1£]°. The
multiplicity of each joint p € J is the number of tuples I which form a joint at
p. This can be expressed as ) ;... d(p,1), and the trivial estimate is

d

PP IRIAIBN DS

peJ leLd leL

Considering an arbitrary function f : £ — R, another trivial estimate is

d

S wnIlro] s (X o] - (12)

peJ \leLd lel leL

In particular, we regard ((1.2) as a geometric inequality. Accordingly, the joints
problem becomes a question of understanding the operator

DI FiUL

and hence, a question of understanding the joints kernel, 4.
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Figure 1.2: An example configuration of axis-parallel lines in R3. Figure gen-
erated using [HBAT18].

Remark. In other references (e.g. [Zha20,TYZ20]), instead of formulating the
joints problem as a geometric inequality, the set L is generalised to a multiset. Ar-
guments in the multiset-setting are formally equivalent to considering f-weighted
multiplicity for Zs(-valued f only. <

Since the (?-norm decreases in ¢, it is well defined to ask: which is the least
q € (0, 1] such that

1
q\ 4 d

YA s ][0 S

pEFfd \lcLd lel leL

holds for arbitrary non-negative f7 By the change of variables ¢ — ¢/d, the
question becomes: which is the least ¢ € (0, d] for which

g\
d q

| 2w ]frw S0 (1.3)

peFd \leLd lel leL

holds for arbitrary non-negative f? The case of ¢ = d corresponds to the trivial
estimate, . Examples such as the axis-parallel configuration in Figure
show that any such exponent must satisfy ¢ > d/(d — 1). Zhang proved in
[Zha20] that holds at the endpoint ¢ = d/(d — 1) for an arbitrary field, and
established a multilinear generalisation of . This is a strictly stronger result
than inequality , which does not account for multiplicity.
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1.2 Multilinearity

Consider d finite sets of lines, £y,...,Lq CF% Letl € £, x --- x L4 and suppose
p lies within the intersection of those lines. If the directions of those lines span
F?, then we call p a multijoint. Moreover, we say that I forms a multijoint
at p. We extend the definition of § so that §(p,1) = 1 if I forms a multijoint
at p, and 0 otherwise. The prefix “multi” acknowledges that multijoints are the
multilinear generalisation of joints. We can now ask: which is the least ¢ € (0, d]
such that

q q 1
d\ ¢ d

I X senlsw] | <IT{ X 4@ (14)

peFd \leLyx--XLg Jj=1 \[l;eL;

holds for arbitrary non-negative functions f;? Considering Figure [[.2] we see
that any exponent ¢ for which inequality holds must satisfy ¢ > d/(d — 1).
When d = 3, the endpoint case of ¢ = 2 was proved with F = R by Iliopoulou
in [Ili15] with f; identically equal to 1. For arbitrary dimension d, the endpoint
case ¢ = d/(d — 1) of this multijoint inequality is precisely the multilinear gen-
eralisation that was proven by Zhang in |Zha20], where he proved the analogous
result for multisets. That is, he proved for Z>o-valued f;. By homogeneity,
this establishes the result for Qs(-valued f; and by density this is sufficient for in-
equality to hold for arbitrary R>¢-valued f;. In principle, this result appears
more general than the joints inequality since the weights f; may be chosen
independently. However in [Zha20], Zhang also observed that the joint problem
with multiplicity and the multijoint problem with multiplicity are equivalent.

1.3 Joints of Varieties

Having considered how to count joints and multijoints formed by lines, we turn
to multijoints formed by more general algebraic objects. Let I'; be a set of kj-
dimensional varieties in F" for each 1 < j < d, where k1 + ... + kg = n. We do
not require the k; to be distinct. Since the ambient dimension is not necessarily
equal to d, we retain d as the level of multilinearity and use n to denote the
dimension of the ambient vector space. Examples of such sets I'; include sets of
affine kj;-planes, which are varieties of degree 1.

Let v C F™ be a variety. Roughly speaking, a point p € 7 is smooth if Ty,
the tangent space of v at p, is well-defined. Suppose p € F" is such that for
each 1 < j < d, there is variety v; € I'; for which p is a smooth point and
Tyvis - -5 Tpya, the tangent spaces of each 7; at p, span F". Then we say that p
is a multijoint and that the tuple v forms a multijoint at p. As before, we
let 6(p,~v) = 1 if v forms a multijoint at p, and 0 otherwise. In this setting, the
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correct generalisation of (|1.4)) is

ke
Q=
al

d d

> > s ] Hm) Skaka [ DL £i(3y) deg;

peF™ \ vel'1 x--xT'y j=1 Jj=1 \v;el’;

Note that while the ambient dimension n implicitly contributes to the implied
constant, it is only the degree of multilinearity d that features in the exponents
of this inequality. Iliopoulou proved results on joints and multijoints formed by
real algebraic curves of uniformly bounded degree in R3, [[li13,[[li15]. A result
for planes (i.e. degree 1 varieties) of arbitrary dimensions in R" was established
away from the endpoint by Yang, [Yanl6).

Yang’s proof is among the minority of works on multijoint problems which uses
polynomial partitioning, tying his argument to the topological properties of the
Euclidean space, R™. Earlier arguments for counting multijoints using polynomial
partitioning were developed by Iliopoulou in [lli13}|Ili15]. However, Yang’s work
is the only proof to date in the development of the joints problem which uses
polynomial partitioning to perform an induction using polynomials of bounded
degree, which in turn necessitates loss in the exponent. Later, Carbery and
Hiopulou, [CI20], and Yu and Zhao, [YZ19] independently proved estimates on
multijoints formed by (d — k) sets of lines and a single set of k-planes in F™.
Eventually, the general problem for multijoints formed by algebraic varieties of
any dimension and degree at the endpoint,

d d—1 d d—1
> > s o) Stk LT D2 £il35) deg
peF \ v€T x--xTy j=1 j=1 \y,€r;

(1.5)
was solved by Tidor, Yu and Zhao, [TYZ20]. Similar to Zhang’s work, [Zha20],
their proof established the analogous result for multisets of varieties, which is
sufficient to establish for arbitrary non-negative functions f;.



10



Chapter 2

Multilinear Duality

Almost all of the arguments and techniques used to study joints and multijoints
can be understood from a dual perspective. This chapter introduces and discusses
multilinear duality, which was conceived through the study of the multilinear
Kakeya problem.

2.1 Multilinear Kakeya

Let T1,...,7T4 be sets of 1-neighbourhoods of doubly-infinite lines, which we call
tubes, in R%. For any tube T, let e(T) € S*! be a unit vector parallel to the

central line of 7', and for wy, ..., wy € S*!, we adopt a non-standard definition of
the Euclidean wedge product whereby wy A --- A wy is equal to the non-negative
volume of the parallelepiped with edges wy,...,wy. The endpoint multilinear

Kakeya theorem, first proved by Bourgain and Guth in [BG11], states that

1
d—1

/Rd Z H [i(Ty)xr, (z) | (e(Th) A -+ Ne(Ty)) dz

TeTixxTg \j=1

I X sm) - e

Earlier results were proved when the sets of tubes were assumed to be transversal
in [BCT06], with near-optimal exponents, and in [Gut10], at the endpoint.

The geometry defined by this wedge product A in R? is understood to be the
continuous setting. From the left-hand side of inequality (2.1]), we can extract
an integral kernel of the form

(2, T) — HXTj (@) | (e(T) A+~ Ne(Ty)).

11



12 Michael Chi Yung Tang

The discrete analogue of a tube is a line. Replacing instances of tubes in this
kernel with lines results in a candidate formula for the multijoint kernel 9,

p, 1) — Hij(p) (e(b) A+ Nella)) -

By replacing the wedge product with the “discrete wedge product”, which we will
define prior to Theorem [2.1.3] below, we see that this candidate for the discrete
analogue of the multilinear Kakeya kernel gives a valid formula for 9.

Suppose in that we substitute continuous objects and operators with their
discrete counterparts. That is, suppose we substitute the multilinear Kakeya
kernel with the multijoint kernel o, tubes with lines and the Lebesgue measure
on R? with the counting measure on R?. Then the multilinear Kakeya inequality,
([2-1), corresponds precisely to at the endpoint ¢ = d/(d — 1) with F = R.

Guth’s proof of the transversal multilinear Kakeya Theorem, [Gut10], was subse-
quently interpreted using techniques accessible to the harmonic analyst by Car-
bery and Valdimarsson in [CV13]. The cornerstone of the Carbery—Valdimarsson
argument, also implicit in [BG11], is the following Theorem [2.1.1]

Theorem 2.1.1 (Carbery—Valdimarsson, |[CV13]). Let S : Q — [1,00) be finitely
supported, where Q is the lattice of unit cubes in RY. There exists a function
s: QX (THU---UTy) = Rxg so that

e(T1) A+ Ne(Ty)S(Q) < H s(Q, Tj),

for all Q@ € Q and T; € T; such that T;NQ # 0 for all 1 < j < d, and so that

Y. s@1) SIS,

Q:TNQRHAD
forall T €T, U---UT,.

We highlight two properties of the function s. Firstly, we note that despite the
multilinearity of the problem, the function s does not have have a subscript. In
other multilinear situations, we might expect that instead of a single function s,
we may need to consider d functions s; : @ x T; — R>¢. Secondly, the arguments
of s comprise of a cube @) and a tube T;. This indicates that for two parallel
tubes T" and 7", we may have that s(-,7") and s(-,7") are distinct. Specifying a
tube T is equivalent to specifying a cube and direction, hence we may interpret
the function s in this theorem as having three arguments — two cubes and a
direction. These two observations describe additional degrees of freedom that we
might expect to be unnecessary. Indeed, a more universal dual statement, which
does not refer to any fixed sets of tubes, was found by Bourgain and Guth and
is described by the following theorem.
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Theorem 2.1.2 (Bourgain—-Guth, [BG11]). Let S : Q — [1,00) be finitely sup-
ported. Then there exists a function s : @ x S — Rs¢ so that

(Aweww)S(Q)d < H S(Q7w)7

weEw

for all Q € Q and w € (S* 1), and so that

Y. s(@eM) SIS,

Q:TNRHAD

for any tube T C R,

Remark. For any given S, the factorising function s from Theorem is
explicitly constructed in terms of geometric quantities associated to a particular
polynomial hypersurface. Specifically, the function s(Q,e(T")) is defined as the
directional surface area of a polynomial hypersurface within () in the direction
e(T'). Moreover, the quantity []; s(Q,e(T})) is realised by the “visibility” of the
polynomial hypersurface in ). However, for any S, it is only the existence of the
polynomial hypersurface that is known, and it is not constructively identified.
The existence is a consequence of the Borsuk—Ulam Theorem. <

This theorem removes the subscript j from the factorising functions and reduces
the second argument of such functions to a direction only. While the Bourgain—
Guth theorem was used to prove the endpoint multilinear Kakeya theorem, and
the analogous multijoint problem has been resolved by Zhang, |[Zha20], the dis-
crete analogue of the above Bourgain-Guth theorem has remained open until
now.

The primary aim of this thesis is to prove the discrete analogue of the Bourgain—
Guth theorem, Theorem [2.1.3] below.

For any field F, let S*"! denote the projective space of lines through the origin
in F?. Given any d-tuple w € (S 1), we define the discrete wedge product
by NAueww = 1 if the entries of w are linearly independent, and 0 otherwise.

Theorem 2.1.3 (Discrete Bourgian—-Guth Theorem). For all finitely supported
S F? — Rso with ||S||, = 1, there exists a function s : F4 x ST — Rsq so that

(Wi A Awa)S(p)?* S HS(]?7 wj),

for all p € F* and every w € (ST 1), and so that,

Y speh) <1

peEl

for all lines | C F9.
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2.2 Multilinear Duality

In the context of multilinear inequalities involving geometric means, and in light
of Theorem we wish to formalise the Bourgain—Guth proof strategy for mul-
tilinear Kakeya in the abstract setting. This was achieved by Carbery, Hanninen
and Valdimarsson, [CHV20a], who proved under appropriate assumptions, that
such inequalities are indeed equivalent to factorisation statements, thus estab-
lishing the theory of multilinear duality.

Theorem 2.2.1 (Multilinear Duality, [Cocl8,|CHV20a]). Let X be a o-finite
measure space and let Yi,...,Y, be measure spaces. For each 1 < 7 < d, let
T; be a linear operator which maps functions on Y; to functions on X. Let
ay+...+ag =1, where a;j > 0 for each 1 < j <d, and let A > 0. The following
are equivalent:

(i)
NEON AH 1ill e, (2.2

LP(X)

for all non-negative f; € L*(Y;) for each 1 < j <d.

(ii) For every non-negative S € LP (X), there are functions S; : X — Rsq for

each 1 < 5 < d so that
d
< HSJ (z)
j=1

for a.e. x € X, and so that

| TSy < NSl 5],
for all non-negative f; € L'(Y;) and all 1 < j < d.

(iii) For every non-negative S € L¥ (X), there are functions S; : X — Rsq for

each 1 <75 <d so that
d
< HSJ (z)
j=1

for a.e. x € X, and so that

Za] | Tty < alsi, |51,

for all non-negative f1 € L*(Y1),..., fa € L*(Ya).

(iv) For every non-negative S € L¥ (X), there are functions S; : X — Rsq for
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each 1 < j <d so that
d
S(z) <[] Si(x)™
j=1

for a.e. x € X, and so that

fjHl

d
=

( | TS d) < Als,

1

for all non-negative f; € L'(Y1),..., fa € L*(Ya).

We say that a tuple of functions (S5;); which satisfies any one of the above items
(i), (iii) or (iv) from Theorem factorises the test function S.

Inequality is not of the form since d(p, 1) is not expressed as a tensor
product of kernels of linear operators. Therefore, we cannot apply Theorem
unless we assume that the sets of lines are transversal. We say that the sets
of lines Ly, ..., L, are transversal if every tuple Il € £; x --- x L, so that there
exists p € J such that p € [; for all 1 < j < d also satisfies d(p,l) = 1. In this
case, we can write

S(p,1) = Hij(p>-

2.2.1 Counting Multijoints by Optimisation

For problems, such as the multijoint problem, the theory surrounding Theorem
[2.2.1] as described by Carbery, Hanninen and Valdimarsson in [CHV20a], suggests
analysis by convex optimisation. Specifically, their work shows that, under the
assumption that holds for any S : J — Ry, it is possible to demonstrate
the existence of a tuple (.S;); which factorises S by convex optimisation. In this
subsection, we explore this argument in the setting of multijoints.

The multijoints problem seeks to prove the inequality

d d

] SH lz;.fj(lj) : (2.3)

_d_ i1

|

d—1

where M(p> = M[fh SR fd](p) = Eleﬁlxmxﬁd 5([), l) H?:l f](lj) and f17 s 7fd
are arbitrary non-negative functions on L, ..., L4, respectively. Foreach 1 < j <

d, the operator T; from Theorem is given by T} f;(p) = leeﬁj fili)x, (p)
for p € J.

Let us examine the left-hand side of (2.3). To evaluate the L@~ (.J)-norm, we
sum against a test function S € L4(J) with unit norm. Suppose the problem is
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transversal. Then,

Y s)Mp)E =S Sm ] fj(lj))é:Zézsj(p)zfj(lj)’

peJ peJ Jj=1 1;3p peJ j=1 lj>p

—

where

=

-1

Sitp) =S [ D_ L) | 111D )

lj>p j'=1 lj/3p

By realising that this equality is an extremiser for the arithmetic mean—geometric
mean (AM-GM) inequality, we deduce that

d
1 . 1

Y SpMp): = inf =>">"Si(p) Y fi(ly)

(Sj);€Cs d — )
peJ ped j=1 lj>p

d
Y 0 Y s
(S5)5€€s &5 " er, pel;nJ

where Cs is the set of all tuples of functions (S;); so that S(p) < [I; Sj(pﬁ for
all p € J. The set Cg is convex, and we are infimising a linear, and hence convex,
function of (S;);. Therefore, the above infimum describes a convex optimisation
problem. We summarise our discussion as follows.

Lemma 2.2.2. Suppose the sets of lines L1, ..., Lq are transversal with associated
joints J. For any non-negative S : J — Rxq with ||S], =1,

ecsdzzfﬂ > S < art

Jj=11;eL; pel;NJ

131 (y)

Suppose, in addition, that (2.3) holds for any non-negative functions fi,..., fq
such that 3= o fi(l;) =1 for each 1 < j < d. Then

m&s dz S Y Sip (2.4)

Jj=11;eL; pEl;NJ

In particular, if (S;); € Cs realises the infimum in , then Zpel A 5ip) St
for everyl; € L; and 1 < j < d.

Thus, for any fixed transversal configuration of lines, we may compute the factori-
sation of S, by finding a tuple (5;); which realises the infimum on the left-hand
side of . However, there are two important observations to note. Firstly,
if we compute (5;); in this way then the tuple will, in general, depend on the
functions f1, ..., f4. Therefore, this approach does not guarantee the existence of
the tuple (S;); as described in Theorem [2.2.1] Secondly, we deduced the uniform
upper bound described by inequality under the assumption that inequality
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(2.3) is true. Without making that assumption we cannot deduce any such upper
bound without further work.

2.2.2 Minimax

To find examples of functions as described in Theorem [2.2.1] which are inde-
pendent of fi,..., fq, consider the case where d = 2, so that d/(d — 1) = 2
and follow arguments that are outlined in [Cocl8]. In this case, (2.3]) reduces to

Y opes M) S Qi er, [illh) (Do y,er, f2(l2)). However, by changing the order of
summations, we deduce that this inequality is true with implied constant equal

to 1, uniformly over all f; and f5. Indeed,

S Mmp) = Y I £ k)

peJ peJ j=11;€L;
= > Y > AW A < YD Alh)fal).
l1€L1 la€Lo pEJ l1€L1 12€Lo

Hence, we may apply Lemma with normalised f;, fo, for any non-negative
S € L?(J) of unit size, to deduce that

s2<5152 Z filla) Z S1(p) +% Z fo(l2) Z Sa(p)| < 1. (2.5)

heLly pelinJ lo€Lo pelanJ
Therefore
1
w55 A0 S S0+ E a0 X s <
||f7|| <1 1.52)€Cs lhely pelinJ l2€Lo pElanJ

(2.6)
We wish to assert that the “supinf” in (2.6)) can be replaced by a “minsup”.
This is valid following an application of a minimax theorem.

Theorem 2.2.3 (Lopsided Minimax, |[AE84]). Let A and B be convex subsets of
vector spaces, where B additionally has a topology. Suppose that

e Jdag € A such that b— U(ag,b) is inf-compact,

e Va € A, the mapping b — V(a,b) is lower semi-continuous,

for a map ¥ : Ax B — R which is convex in b for all a, and concave in a for all
b. Then 3by € B so that sup,c4 Y(a,by) attains the common value

igg 1é1f U(a,b) = Iglelél ilelg\lf(a,b).

Remark. This minimax theorem is widely applicable, and its use here may be
considered heavy-handed. It is likely that there is a simpler minimax theorem
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that would suffice for our purpose, however, this Lopsided Minimax Theorem
adequately suits our purpose. <

To apply Theorem to the left-hand side of (2.6), with A = {(fi, f2) :
| fillys 1 f2ll; < 1} and B = Cg, it remains to verify that the hypotheses are
satisfied. The map

V() (5092) = £ 3 A0 Y S+ 5 3 Rlla) Y Si(0)

lhely pelNJ I12€Lo pElaNJ

is linear in both arguments — so the lower semi-continuity condition is verified.
For inf-compactness, let f; and f, be the constant functions on £; and L, re-
spectively, and consider the sublevel set

{(Slas2) €Cs: U ((f1, f2),(51,52)) < A} :

We may insist that the functions S; and S5 are non-negative. Since holds,
both Sy and S, are bounded above pointwise by r = 2 max;—; » max;;cr, i)
As W is continuous, for any A € R, these sublevel sets are closed subsets of
[0,7]”1 x [0,7]1”, which is compact. Hence, the sublevel sets are compact and
Theorem [2.2.3| applies. Therefore

min s 530 A1) Y S04y Y A Y S| <1

(81,52)€Cs 150l,<1 | e pelind 12€Ls pElanJ
(2.7)

Let (S,S2) be a minimiser. The choice of minimiser is independent of the func-
tions fi, f> and hence (S, S2) satisfies part (4i) of Theorem [2.2.1] Therefore the
pair (S, 5;) factorises S, as desired. In conclusion, for the given sets of lines
Ly, Ly, computing a minimiser (S, 53) for the minsup on the left-hand side of

(2.7) will yield a factorising pair.

2.2.3 Example Factorisations

Suppose we do not know a priori whether holds, and let us reconsider the
discussion preceding Lemma [2.2.2] In this subsection we present some numeri-
cal experiments which demonstrate that it is, in principle, possible to establish
geometric multilinear inequalities, such as inequality , by brute force com-
putation alone and without considering any minimax theorem.

Let £, be the set of thin lines and L, the set of thick lines depicted in Figure

. Consider the normalised test functions (S™ (p;))1<ics = \/ig(l, 1,1,1,1), and
(S

2 (pi))1<i<s = J%(l, 1,4,1,1). Since we are not using a minimax theorem, we
will not introduce a supremum over the positive functions f; as in Subsection
2.2.2, Thus, for the sake of this example, we let both f; and f; be constant
and normalised on £y and Ls, respectively. This choice is arbitrary. For both
of the example functions S, in order to find factorisations, we compute (using
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MATLAB) a pair (51, 52) which minimises

<51%§ﬁc5% > 2 Sl(p”é > S (2.8)

LheLy pelind lo€L2 pEloNJ

P p2

P3

Y2 b5

Figure 2.1: Example multijoint configuration with two sets of lines given by
thin and thick, respectively.

Minimisers for this problem with test functions S = S, S® — computed with
the aid of MATLAB — are described in Table 2.1 and Table respectively. We
provide graphical representations of the respective minimisers in Figure 2.2} In
this representation, for each 1 < ¢ < 5, the values of the factorising functions
S1, 59 at p; are proportional to the length of the thin and thick line segments,
respectively, which originate from p;. Further examples can be found in Appendix

Al

S s [ /sis | sm

p1 || 0.723 | 0.276 0.457 0.457
p2 || 0.276 | 0.723 0.457 0.457
ps || 0.447 | 0.457 0.457 0.457
pa || 0.276 | 0.723 0.457 0.457
ps || 0.723 | 0.276 0.457 0.457

Table 2.1: Minimisers of (2.8) with S = SW. Values rounded to 3 decimal
places.

Despite the fact that we made an arbitrary choice and fixed f; and fs, the values
in Table [2.1] and Table [2.2] allow us to verify that the resulting minima (Si, S)
satisfy

> Sip) <1 (2.9)

pElj
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for every [; € £; and 7 = 1,2. For each j = 1,2, let g; : £; — R5( be such that
le gi(1;) = 1. We deduce from ([2.9) that each pair (Si, S2) also satisfies

> gl Y Sip) < 1ISll,.

l;€L; pEL;

S| 8P [ \/SsPsP | 5@
pr [ 0.947 [0.053] 0224 |0.224
po || 0.053 | 0.947 | 0224 | 0.224
ps | 0.894 | 0.894 | 0894 | 0.894
pa || 0.053 | 0.947 | 0224 | 0.224
ps || 0.947 | 0.053 | 0.224 | 0.224

Table 2.2: Minimisers of ([2.8) with S = S®. Values rounded to 3 decimal
places.

Hence, the pairs (S7,S) satisfy part (ii) of Theorem [2.2.1] thus factorising the
test functions S and S@.

In summary, this subsection demonstrates that it is possible, in principle, to prove
inequality (2.3) by brute force computation only. This discussion remains valid
for d > 2.

r b -
1 4
N\ \
A | )
1 11 1
NG Vs V20 20

Figure 2.2: Representation of solution with (S(p;))i<i<s = \/ig(l, 1,1,1,1) (left)

and (S(pi))i<iss = 755(1, 1,4, 1, 1) (right).
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2.3 The Dual Multijoint Problem

Having briefly considered problems of transversal lines, we return to a more gen-
eral setting. Abstractly, for any geometric multilinear inequality with some inte-
gral kernel K, we can derive the sufficiency statement Proposition [2.3.1] below.

Proposition 2.3.1. Let X,Y1,...,Y,; be measure spaces and let K : X XY} XX
Yy — Rso. Suppose there is a constant A > 0 such that for every non-negative
S € LV (X), there are functions S; : X x Y; — Rsq so that

d
K(z,y)S(x) < [ Si(x. y))> (2.10)
j=1
forae xe€ X andy €Y, X -+ x Yy, and so that

/ 8;(z,y;) dz < A|IS]), (2.11)
X

for a.e. y; € Y; and every 1 < j < d. Then

d d
H / K(,y) [ fily) dy = AHHfJ'Hzi(Yj) (2.12)
Y1 Xx--xXYy j=1 j=1

LP(X)

for all non-negative f; € L'(Y;) for each 1 < j <d.

If the hypotheses of Proposition [2.3.1] are satisfied, then we again say that the
functions (5;); factorise the test function S.

Remark. The hypotheses for Proposition [2.3.1] contain a single constant, A. It
is precisely the same constant as is in (2.12)). <

Proof. We establish inequality (2.12) by integrating against an arbitrary non-
negative test function S € LP(X). By hypothesis, we can find functions S

satisfying (2.10) and (2.11). Hence
d
[ KewIlaw®dy ] sed
X Y1><~~><Yd j:1
d
- [ [ Kews@]Hw) dyis
X Y1><~~><Yd j:1

/X/Y1><~~><Yd ﬁl (S;(w, ;) f5(y;))" dy da

IN
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by (2.10). By Holder’s inequality, this is at most

(/ / (2, y;) f3(y;) dy; dx)
(/ fj yg/ xyg)dl’dy]>
(AIISII /fg Yj) dyg>aj

= AHSHpH 1751177
j=1

Aj

=

<.
Il

Aj

|
=

<.
Il

IN
=

<.
Il

where we have applied (2.11)). This concludes the proof. ]
Remark. Observe that the functions f; sit idly throughout the manipulations in
this proof. This motivates a heuristic whereby the functions 57, ..., Sy describe
intrinsic properties of the kernel K. <

Stated in this generality, the converse to Proposition is false. Indeed, a
counterexample is provided in [CHV20a), Proposition 8.1]. Nevertheless, we show
in Chapterthat there is a duality for the (non-transversal) joints problem which
encompasses Proposition [2.3.1] Specifically, we will prove Theorem [2.3.2] below.

It is of great interest that there is a duality for the joints problem, which we will
prove in Chapter [ given that the joints problem does not express the bounded-
ness of a linear operator, nor a multilinear operator.

Theorem 2.3.2 (Duality for Joints). Let £ be a set of lines in F¢ and let J be
the associated set of joints. Then, there are constants Cy,Cy > 0, depending only
on d, so that the following are equivalent:

(i) For all f: L — Ry,

_1 _d_
d—1 d—1

SIS sen][ro| <alXrw

peJ \leLd lel lel
(it) For all S : J — Rxq there exists a function s : J x L — Rxq so that

S(p.1)S(p)* < C2 [ [ s(p. 1)

lel

forallp € J andl € L%, and

> s <8l

pelnJ

foralll € L.
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In the next section, we place this notion of duality in a historical context. Moving
forward, we will reserve the prefix “multi”, for multilinear problems which account
for d sets of lines, L1, ..., Ly.

Remark. It follows that whether or not duality of this type holds, depends on
the spaces X, Y7,..., Yy, and especially the integral kernel K. In Chapter {4} we
will show that both the joints problem and the multijoint problem follow from
the existence of the factorisations detailed by Theorem [2.3.2] item (ii). Hence,
although combinatorially distinct, the joints problem and the multijoint problem
both reduce to the same dual statement which elucidates properties of the kernel
0, or more specifically, the discrete wedge product. <

Therefore, the (multi)joint problem, with sets of lines £y,...,£; C F¢ and mul-
tijoints J, is completely equivalent to the following question, which we solve

(independently of Theorem [2.3.2) in Chapter

Dual Multijoint Problem. Let S : J — R>(. For each 1 < j <d,
does there exist a function S; : J x L; = Rsq so that:

o 5(p.1)S(p)! <TI5, Si(p.1y) for alll € L1 x -+ x Lq, and

© > e, Si0 ) SISl for all1 < j < d and l; € L;?

2.4 Remarks on the History of Joints — A Dual
Perspective

Dvir’s elegant proof of the finite field Kakeya conjecture, [Dvi09], is a celebrated
application of the polynomial method, which we discuss in more detail below. If
[F is a finite field, then a set £ C F¢ is a Kakeya set if for all b € F?\ {0}, there
exists a € F¢ so that the line a + bF C E.

Theorem 2.4.1 (Dvir, [Dvi09]). Let F be a finite field and let E C F? be a
Kakeya set. Then
E| = C|F

where C' depends only on d.

The proof of Theorem is so short that its essence can be summarised in
a few sentences. Suppose for a contradiction that the conclusion does not hold.
By parameter counting, we can find a non-zero polynomial f € Flxq, ..., z4] of
degree smaller than |F| that vanishes on E. However, since E is a Kakeya set,
we deduce that f has a large number of zeros. Since f has low degree, we deduce
that it must be the zero polynomial — a contradiction.

Almost every contribution to the joints problem involves some modification of
Dvir’s method. Although not explicit in the literature, these polynomial-based
arguments can be seen to approach problems from the perspective of their re-
spective duals. Indeed, they prove the existence of functions with properties that
are very similar to those described by Theorem and Theorem [2.3.2]
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Let g be an “averaging” operator of one or more arguments, such as an arithmetic
mean, geometric mean or maximum. Suppose, for any test function S, that there
exist functions (5;); which satisfy

o S(z) < Ag[Sy,...,S4(z) for a.e. z € X, and

o [ T;fi(x)S;(z,y;)dx < ||S||p,HfjH1 for all f; € L'(Y;), a.e. y; € Y; and
1<j<d

We say that the functions (S;); factorise the test function S with respect to g.
Crucially, the factorisation (S;); is independent of the functions (f;);.

Consider the multijoint problem where each set Y7 = Lq,...,Y; = L, is finite.
Since the second bullet, above, holds for any f; supported at a singleton in £;,
it is equivalent that there exist functions (.S;); which satisfy

e S(p) < Ag[Si,...,S4(p) for all p € J, and
® > per;ns Si(p ;) < |8 for all [; € £ and 1 < j < d.

In the remainder of this section, we revisit landmark contributions to the joints
problem. We phrase key results in a dual setting to understand those contri-
butions from a new perspective. In particular, we continue with the following
variants of the questions that we have in mind:

e What if the test function S is constant?
e How does the “size” of the averaging operator g affect the question?

e What if g is non-uniformly weighted? What do the weights depend on?

However, the hierarchy of dual statements is primarily determined by the “size” of
the averaging operator g, where small averages, such as the geometric mean, are
more challenging than large averages, such as the arithmetic mean or maximum.
Until now, a dual result for an averaging operator, given by the geometric mean
with weights depending only on dimension — Theorem which we prove in
Chapter [3] - was not known.

2.4(a) Quilodran’s Lemma

A major early contribution to the joints problem was due to Quilodrén in |Quil0].
He proved that (1.1]) holds with ¢ = d—1, thereby establishing the endpoint joints

theorem in RY. Lemma below, is precisely Quilodran’s original result,
[Quil0, Proposition 1], written in the language of the dual problem.

Lemma 2.4.2. Let L be a set of lines in RY. There is a function s : Jx £ — [0, 1]
so that

=

T4 S maxs(p, 1),

l:15p
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for every p € J, and so that

Z s(p,l) <1

pelNJ

foralll € L.

Lemma is, indeed, sufficient to establish inequality (1.1) with ¢ = d — 1,

since

d—1 _1
T = Y |

ped

Zmaxs p, 1)
2. 2.

peJ leL:I>p

= > s

leL pelnd

< [£]

N

IN

Remark. With respect to the dual problem, if S(p) = |J ]_5 for all p, then
S i J — Ry satisfies ||S]|, = 1. Hence, to show that Lemma is sufficient
to prove (|1.1)), as above, we sum the characteristic function y; against the test

1
function S(p) = |J|” <. That is, to deduce (1.1)), which does not account for
multiplicity nor multilinearity, it suffices to factorise the constant test function
only, with respect to an averaging operator with uniform weights. <

Lemma follows from the cornerstone result of Quilodrén’s original proof,
which is stated as follows in Lemma [2.4.3]

Lemma 2.4.3 (Quilodran, [Quil0, Proposition 1]). Let £ be a set of lines in R?,
For each p € J, choose a line l(p) € L which contains p. Of all choicesl : J — L,
there is one such that for every l € L,

’pElﬂJ:Z(p):l’ < ||, (2.13)
for a constant C', depending only on d.

Forpe Jand !l € L, let us set

s(p,1) == {OC_lU’_d l(p) =1

otherwise.

Since every p € J has some line [ so that [ (p) =1,

CTHIIM = 50, 1p)) = maxs(p, D).

Inequality (2.13) divided by C|J|M* becomes > peiny (0, 1) < 1. Hence, s satisfies
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d—
the conclusion of Lemma [2.4.2) thus establishing the joints inequality |J |Tl <

clLl.

2.4(b) The Lemma of Carbery and Valdimarsson

Following Quilodran’s success, it was observed by Carbery and Valdimarsson that
Quilodran’s method operated within this dual framework, |[CV14]. The averaging
operator in Quilodran’s result, Lemma , is a maximum over at most |L|
numbers. Carbery and Valdimarsson improve on this by establishing a result for
an average over < 1 arguments. More importantly, they reduced the “size” of
the averaging operator from a maximum to an arithmetic mean.

Lemma 2.4.4 (Carbery—Valdimarsson, |CV14]). Let Ly,...,L,; be transversal
sets of lines in F¢ with multijoints J. Then there exists a constant C = C(d) > 0,
and a function k : J — {1,...,d} such that

{pel;nJ:r(p) =3} <C|JJd

foralll; € L and 1 < j <d.

Remark. Interestingly, the Carbery—Valdimarsson argument did not use the
polynomial method. <

Written from the dual perspective, Lemma reads as follows.

Lemma 2.4.5. Let £, ..., L, be transversal sets of lines in F¢ with multijoints
J. Then for each 1 < j < d, there is a function S; : J x L; — [0,1] so that

=

17170 S S, 1)

Jj=1

forallpe J andl € L1 x --- x Ly which form a multijoint at p, and

S Spl) <1

peljﬁJ
foralll; € L and 1 < j <d.
Provided that the transversal sets of lines satisfy |£4],...,[Lq| = L, Lemma[2.4.]
is sufficient to deduce that |J| < L. Under the constraint |L1], ..., |La| = L,

this inequality is equivalent to the result of Quilodrén, [Quil0O], despite the im-
proved dual statement. Similar to Lemma [2.4.2] the Carbery-Valdimarsson fac-
torisation lemma factorises the uniform test function with respect to an averaging
operator with uniform weights.
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2.4(c) Zhang’s Lemma

In 2017, Zhang proved the multijoint conjecture in [Zha20]. That is, he estab-
lished with ¢ = d/(d — 1). His proof used the polynomial method, and his
arguments can also be seen from a dual perspective. His proof of the full multi-
linear problem with multiplicity reduces the problem to one where each £; = £
is the same set. In [Zha20|, to demonstrate his new technique, Zhang proved the
weaker inequality, |J| < H?Zl H fJHZ/ ((Z_)l) for arbitrary functions f; : £; — Z>o.
The corresponding factorisation lemma is as follows in Lemma P.4.6) and sum-
marises the critical aspects from Zhang’s proof of [Zha20, Theorem 1.2].

Lemma 2.4.6 (Zhang, [Zha20]). Let F be a field. Let Ly, ...,Ls C F? be sets of
lines with multijoints J. There is a function s : J x (L;U---U Ly) — Rxq such
that for every p € J there is an index 1 < j(p) < d and a line i) (p) € Ljep
containing p, so that

1 1
S s(p,
z ‘ﬁj(p)}

(17111 [24])”

Liy(p)),

and moreover,

Z s(p,l) <1

pelnJ
foralll e LyU---ULy.

Compare Lemma to Lemma [2.4.5] Both lemmas factorise the constant test

function. However, where Lemma [2.4.5| uses an averaging operator with uniform

weights, in contrast, Lemma [2.4.6| uses an “averaging” operator with weights
~1

i

Lemma [2.4.6 is a further multilinear generalisation of Lemma [2.4.2] Equipped
with this result, for each 1 < j < d, let J; = {p : j(p) = j}. By the pigeonhole
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principle, there is an index 1 < jy < d so that |J| < |Jj0|. It follows that

1
(17111 |5

1

(1111 |
1

vt (1111 |25])

]| < |5l

=
=

-

A
-

1
SDIRD D Rl
peJ ljoeﬁjozpeljo J0
1
Lig€Ljy 17701 peljonJg
1
<
zjogc:jo }‘Cjo‘
= 1

It follows that,
d
B N
j=1

While not stated explicitly, the dual-type statement, Lemma below, may
be extracted from [Zha20]. The displayed inequalities in Lemma follow

from properties of a particular polynomial, as described in the discussion around
[Zha20, Inequality (5.6)].

Lemma 2.4.7 (Zhang, [Zha20]). Let £ be a set of lines in F¢, and let f : L —
Rso. Let J be the set of joints and let M[f](p) = >, 0(p,1) [L,e, f(1). There
exists a function s : J X L — Rsq so that

1
d

STMIfIp) | M) <C Y fD)sp,l)

peJ leL:l>p

forallp e J, and

Z s(p,l) <1

pelnJg

foralll e L.

Lemma [2.4.7, which solved the joints problem, can now be seen as a dual state-
ment for a test function with non-constant weight and includes an f-weighted
averaging operator. In particular, the first inequality in Lemma is averaged
over subsets of £, whereas the first inequality in Lemma holds pointwise
over L X --+ X L.
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Remark. Compare Lemma to item (i) of Theorem [2.3.2l Both results
consider the joints problem so that only one arbitrary function f needs to be
considered, rather than a d-tuple of arbitrary functions as in the multilinear
multijoint problem. In this context, one may describe the joints problem as
“pseudo-linear”. This apparent simplification allows for the factorisation of non-
uniform test functions. <

Lemma proves a stronger result than Lemma The first inequality in
Lemma bounds the constant function, and consequently we can only hope
to bound Zpe ;1. However, the first inequality in Lemma places a bound
on the multiplicity function M, which allows us to prove the stronger statement

(1.4) with ¢ =d/(d —1).
Indeed, Lemma is sufficient to establish (1.4)) with ¢ = d/(d —1). Applying
the first inequality yields

o = | DM@ | M@ <03 D s D).
qeJ

peJ peJ l:l>p

=

|5

Changing the order of summation and applying the second inequality, this is at

most
CY DD s ) <CD 1) =Cllf e,

lel pelnd lel

as desired.

2.4(d) Yang’s Proof

In 2016, Yang established higher-dimensional analogues of the multijoint problem
with e-loss, [Yan16|. Namely, he proved the following.

Theorem 2.4.8 (Yang, [Yanl6|). Lete > 0. LetT'y,...,T'y be sets of ki-, ..., kq-
planes, respectively, in R"™ so that ky + ... + kg = n, and let J be the set of
multijoints formed by tuples v € I'y x -+ x I'y. Then

d
1
a—1t€
| Semdbrona |]IT577

j=1

Yang’s work is specific to R? as it invokes polynomial partitioning, and even
implicitly, does not relate to multilinear duality, Theorem In the special
case of transversal lines, he established with ¢ = (d — 1) — . However, his
argument can be adapted (without applying Theorem directly) to work in
the dual setting to prove the following. We will not include a proof.

Theorem 2.4.9. Let Ly,...,L; C R? be sets of transverse lines with multijoints
J,ande>0. Let S: J — Rxg. Then, for all 1 < j < d, there are functions S;
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so that .
Sp) < [ Sitp)e
j=1
forallp € J, and
Y Sipy<c | S
peljﬁJ peJ

forallly € L and 1 < 5 < d, where C depends only on d and €.

Remark. This dual statement accounts for an arbitrary test function S, and
the averaging operator is the desired geometric mean. However, the inductive
nature of Yang’s arguments necessitates e-loss in the second displayed inequality
of Theorem [2.4.9 above. <

Hablicsek provided an earlier proof of (|1.4)) for transversal lines in [Hab14]. This
work does not obviously present itself as relating to the dual multijoint problem.

2.4(e) The Lemma of Tidor, Yu And Zhao

In 2020, the work of Tidor, Yu and Zhao, [TYZ20], further generalised the multi-
joint problem to prove , the multijoint inequality for collections of algebraic
varieties of any degree and any dimension. A key achievement in this work is
to upgrade the arithmetic means from Lemma [2.4.2] Lemma [2.4.5] and Lemma
to a weighted geometric mean. While not stated explicitly in their work, the
following result, Theorem , may be deduced as a consequence of [TYZ20,
Lemma 5.10], stated in the special case of lines.

Theorem 2.4.10. Let Ly,...,Lq be finite sets of lines in F¢ with associated
multijoints J, and for each 1 < 5 < d, let f; : L; — Rso. Then, there is a
constant C' = C(d) so that for all S : J — Rsq, there exists a function s :
J X (,ClU"'U,Cd)—)RZQ so that

; W)

spri<c I |IIs0.1)

leLix--xXLy 7=1

_ 5(p,l) H;'l:1 15 (5)
for allp € J, where w(l) = <=5 b5y

> s =15,

pelnJ

and so that

foralll € LyU---ULy.

Theorem features a geometric mean as desired. However, the number of



Chapter 2 - Multilinear Duality 31

factors is too large and depends on the sets £, and functions f;. Moreover, the
weights w(l) depend on the functions fi,..., fs.

Remark. Consider the averages in Lemma [2.4.2] Lemma [2.4.5] Lemma [2.4.7]
Theorem and Theorem [2.1.3L We can order the sizes of these averages as

follows,
Geometric Mean < Arithmetic Mean < Maximum,

which is the reverse of the chronological order of their respective proofs. This
agrees with the heuristic that these dual problems first look to find functions with
large averages, since this is harder to achieve for smaller averages. The earliest
result, Lemma features a maximum. This was followed by Lemma [2.4.

and Lemma|2.4.5, which feature arithmetic means and thereafter, Theorem [2.4.10
which features an f-dependent geometric mean. Finally, Theorem [2.1.3| proved
in this thesis, involves the classical geometric mean, and is independent of the
weights f. <

2.5 The Polynomial Method

It is truly remarkable that, aside from elementary functional analysis, we only re-
quire elementary facts about polynomials to handle the multijoint problem. This
section introduces the main tools we will employ, and motivates the arguments
that follow.

2.5.1 Toolkit

Moving forward, we will work in an arbitrary field F and any derivative will be
the Hasse derivative. All arguments remain valid when F = R with the usual
derivative operator.

Let f € Flzy,..., 24 and o € N? be a multi-index. The a-th Hasse derivative
of f is the coefficient of the monomial z* = 2" --- z;* in the polynomial p(z +
z) € (Flz1,...,24]) [21,...,24. This is denoted by D*f. For further details
see [DKSS13] or [CI20].

Let A € N and define
Falat, ... zq) = {f € Flz1,...,zq] : deg f < A}

Moreover, if X is a vector space, let X* denote its dual vector space. The following
fact about spaces of polynomials, Proposition [2.5.1] follows from the so-called
“stars and bars” argument which we include for completeness.

Proposition 2.5.1. For any field F and A € N, dimFy[zy,..., 24 = (’\+d).

Hence dim ((FA[xl, . ,a:d})*> = (’\gd). ’

Proof. The dimension of Fy[z1,...,x4] is equal to the number of tuples, a =
(v, ..., ayq), of non-negative integers so that a; + ...+ ay < A. Such tuples are
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in one-to-one correspondence with (A + d)-tuples which contain precisely A stars
and d bars. For each 1 < j < d, let a; be equal to the number of stars between
the j-th and (7 + 1)-st bars, and let oy be the number of stars after the d-th line.
For example,

*k || x| *x & 2913 € Fs[r1, 29, 73).

The number of such (A + d)-tuples is precisely (/\Zd). O

We will also make use of the following property of finite dimensional vector spaces.
For a vector space X, let € X and ¢ € X*. We adopt the notation (¢, z) := ¢(z)
to emphasise the role of vector space duality throughout our discussion.

Proposition 2.5.2. Let X be a finite dimensional vector space and ¢, ..., op €
X* be a basis. Then x € X is zero if and only if (pm,x) =0 for all1 < m < M.

Proof. By definition, ¢ € Y* is zero if and only if ¢(¢) = 0 for all ©» € Y™**.
Since X is finite dimensional, X is isomorphic to X**. Hence, we may apply this
definition with Y* = X and Y** = X* to deduce that x € X is zero if and only
if (¢, z) =0 for all f € X*. Since X* is finite dimensional, this holds if and only
if (¢, z) =0 forall 1 <m < M. O

Observe that checking whether a (Hasse) derivative of a low degree polynomial at
a point is zero, is equivalent to checking whether (¢, f) = 0 for an appropriately
chosen ¢ € (Fy[zy,... ,:z:d])*. By viewing Fy[x1,...,24] as a vector space and
applying Proposition [2.5.2] we arrive at Proposition [2.5.3]

Proposition 2.5.3. Let F be a field, A € N and X = Fy[z1,...,x4] and suppose
O1,-. ., 0 € X* are linearly independent. If there exists a non-zero f € X that
satisfies (Gm, f) =0 for all 1 < m < M then

A+d
M < .
(4)
The following result, also commonly used in the polynomial method, is the con-
verse of Proposition [2.5.3]

Lemma 2.5.4 (Parameter Counting). Let F be a field and X = Fy[z1,..., 4]
for X € N, and suppose ¢1,..., ¢y € X*. If M < (dz)‘), then there is a non-zero
f € X so that (¢, f) =0, for each 1 <m < M.

Note that linear dependence is not required in this statement.

Proof of Lemma|[2.5.4 The conditions (¢, f) = 0 for each 1 < m < M describe
precisely M homogeneous linear constraints on the coefficients of f. By Propo-

sition , there are (’\:l“d) coefficients. By the Rank-Nullity Theorem, the null

space has dimension at least (’\+d) — M and by hypothesis, this is strictly positive.

Hence, the vector space of f satisfying (¢,,, f) = 0 for each 1 < m < M is at
least 1-dimensional. In particular, there is a non-zero f € Fy[xy, ..., z4] so that
(Om, [y =0for all 1 <m < M, as desired. O
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Combining Proposition with Lemma [2.5.4] we deduce the following.

Lemma 2.5.5. Let F be a field, A € N and X = Fylzy,...,z4] and suppose
O1,-.., 00 € X*. Then there exists a non-zero f € X that satisfies (¢, f) =0
for all1 <m < M if and only if {¢1,...,on} does not span X*.

Equivalently, suppose in addition that the functionals ¢1, ..., ¢y are linearly in-
dependent. Then there exists a non-zero f € X that satisfies (¢, f) = 0 for all

1 <m < M if and only if
A+d
M :
(")

2.5.2 Quilodran is a Special Case of Tidor—Yu—Zhao

While the recent Tidor—Yu-Zhao refinement of the polynomial method is novel,
[TYZ20,YZ19], we can see their ideas pre-empted in Quilodran’s proof, [Quil0].
Lemma below, is the result at the heart of Quilodran’s paper, [Quil0],
from which the aforementioned Lemma follows. In this subsection, we re-
examine Quilodran’s method and reinterpret his original proof of Lemma [2.5.6
to emphasise how it relates to the new Tidor—-Yu-Zhao method.

Lemma 2.5.6 (Quilodran, [Quil0, Lemma 1]). Let £ be a set of lines in R? with
associated joints J, and let A € N. Let J* C J be such that for all | € L, if
INJ #0 then |INJ'| > X. Then |J'| > CA? for a constant C, depending only
on d.

Lemma follows from the following proposition and corollary.

Proposition 2.5.7. Suppose that J' is as described in Lemma and f €
Ry_1[z1, ..., zq]. If f(p) =0 for allp € J' then f is the zero polynomial.

Equivalently, for every non-zero f € Ry _1[x1, ..., z4], there is some p € J' so that

flp) # 0.
Corollary 2.5.7a. If J' is as described in Lemma then |J'| > ((’\_;Hd).

Proof. For a contradiction, suppose otherwise. By parameter counting, we can
find a non-zero polynomial f of degree at most (A —1), such that f(p) = 0 for all
p € J'. By Proposition|2.5.7, f must be the zero polynomial, a contradiction. []

There is a constant C' depending only on d such that ((’\_Cll)+d) > O\, and hence
Lemma [2.5.6] follows.

Remark. Quilodran’s paper, [Quil0], includes a proof that Lemmal[2.5.6 implies
Lemma [2.4.3. However, we want to highlight that the proof of Lemma [2.5.6 can
be summarised by the following statement: the dual space (Ry_i[z1,...,xq4])* is
spanned by the maps {f — f(p) : p € J'}. Hence, Lemma [2.4.3 a dual joints

statement, follows from a covering statement. <
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Proof of Proposition[2.5.7]. Suppose f € Rlxy,...,x4] is a polynomial of degree
at most (A—1) which vanishes on J'. For any p € J’ and any line [ € £ through p,
we have that [ contains at least A points in J’. Since f|,(p’) = 0 for all p" € IN.J’,
the polynomial f|; has at least A zeros. Since deg f < (A — 1), we have that f|,
must be the zero polynomial. Hence ((Vf) - e(l))]; is the zero polynomial, where
e(l) denotes the direction of [. However, there are d lines, l1(p),...,ls(p) € L,
which contain p such that their directions are linearly independent. Hence, V f(p)
is orthogonal to d linearly independent vectors, and therefore V f(p) = 0.

Since p € J' was arbitrary, it follows that V f(p) = 0 for all p € J'. In particular,
all of the components of V f are zero on J’. Thus, by repeating this argument on
each component of V f, we deduce that 0i" --- 9, f(p) = 0 for all p € J’, and all
multi-indices 7 = (r;); € N%. Hence, f is the zero polynomial, as desired. O

By assuming that each line [ € £ contains at least A points, we ensure that the
evaluation maps {f|; = f(p)}peins span the dual space

{fli:fe Rk_l[xl,...,xd]}*

for each line [ € £. This spanning property lies very much at the heart of the
TIdor—Yu—Zhao method.

2.6 Overview of the Thesis

Having described multilinear duality and introduced the polynomial method, we
begin our work in earnest.

In Chapter [3, we adapt the recent contributions to the polynomial method by
[YZ19,TYZ20] to establish new multijoint results in the dual domain. We simplify
the technical details from [TYZ20] to emphasise the relationship between the dual
multijoint problem and the polynomial method. Specifically, the introduction of
so-called “handicaps” allows us to choose polynomial vanishing conditions which
respect the geometry of the multijoint problem.

The structure of Chapter 4] mimics that of Chapter It adapts the higher-
dimensional Tidor—Yu-Zhao generalisations, [TYZ20], to solve the analogous dual
problem in greater generality. These two chapters form the basis for a publication,
which is currently in preparation.

The results of Chapter [b| were proved jointly with Anthony Carbery. In Chapter
bl we prove Theorem — a more general duality result, specifically adapted
to the joints problem. Of notable interest is Theorem [5.1.1] which describes a
property of the discrete wedge product. This theorem is simple to state, and
motivates wider questions in multilinear duality. This chapter will also form the
basis of a publication, which is currently in preparation.



Chapter 3

The Discrete Bourgain—(Guth
Theorem

In this chapter we prove our discrete Bourgain—Guth theorem and discuss its
analogy to the Bourgain—Guth theorem, [BG11]. Some of the materials in the
remaining chapters of this thesis have subsequently been prepared for publication
in the preprints [CT22] and [Tan22|.

Let us fix the field F, finite or otherwise. The discussion that follows is completely
independent of the cardinality of F. We define an equivalence relation ~ on
F\ {0} whereby x,2’ € F? satisfy x ~ 2/, if and only if there is some non-zero ¢ €
[F so that # = ta’. We define the sphere in F¢, written as S¢~! := (F¢\ {0})/ ~,
to be the set of ~-equivalence classes of F?. We refer to any element of S¢~! as
a direction. Technically, S*! is the projective space of lines in F?, however it

is convenient to interpret this space as a sphere. Let w = (wy,...,wy) € (S471)%
Recall that the discrete wedge product is defined by /\?lej =W A ANwg=1
if representatives of wy, ..., wy span F?, and 0 otherwise.

Let £q,...,L; be sets of lines in F¢. We can now define the multijoint kernel

§:FeX Ly x - xLy—{0,1}. Let L= (ly,...,1lg) € Ly X -+ x Ly and p € F.
Then

50 = [ TTw @) | AL ey,

where e(l;) € S is the direction parallel to ;. Then p € F¢ is a multijoint
if and only if there exists a tuple of lines I € £4 x --- x L4 so that d(p,1) = 1,
and we define J = {p : Il s.t. §(p,1) = 1} to be the set of all multijoints. The
multijoint multiplicity function M : J — N is given by M (p) = |{l: 6(p,1) = 1}|.
The multijoint problem asks if there is a constant C' = C'(d) so that

d
> M) < C[Tlel™
j=1

peJ

By a modification of the Tidor-Yu-Zhao perturbation argument, |[TYZ20|, we

35
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will establish a result that strongly relates to the key result of Carbery and
Valdimarsson, which they used to prove the multilinear Kakeya theorem, [CV13].

We will prove the following results in this chapter.

Theorem 3.0.1 (Multijoint Factorisation). Let L1,..., Ly be finite sets of lines
in T4 with associated multijoints J. There is a constant C = C(d) so that for all
S J = Rsg with ||S]|; =1, there exists a function s : J x S*™! — Rsq so that

o )S()" < C [T s(pe)),

forallpe J andl € L1 x --- X Ly, and so that

Z s(p,l) =1

pelnJ

foralll e LyU---UL,.

Remark. The exact equality in the second displayed conclusion is manifest from
the proof, and not an a posterior: modification. <

Thereafter, we will deduce the following, Theorem [3.0.2]

Theorem 3.0.2 (Discrete Bourgain-Guth). For all finitely supported S : F¢ —
R with ||S]|; =1, there exists a function s : F* x S*1 — Ry so that

(Wi A Awa)S(p)! S H s(p,wj),

J=1

for all p € F* and every w € (ST, and so that,

S s(pel) < 1

pEl

for all lines | C F9.

Theorem [3.0.2]is a freestanding statement. That is, unlike Theorem [3.0.1], it does
not refer to any sets of lines £; or multijoints. It may be interpreted as describing
a property of affine space and the discrete wedge product. One such interpretation
is that the product []; s(-,u;) is a good pointwise approximation, with respect
to a weight S, for the discrete wedge product. Alternatively, the finite sets L;
referred to in Theorem may be interpreted as finitely supported functions
on S9!,

3.1 Multilinear Restriction in Finite Fields

Before we begin proving the main result, Theorem [3.0.1] we revisit the analogy
between the multijoint problem and the multilinear Kakeya theorem. Carbery,
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Hanninen and Valdimarsson observed that the existence of transversal factorisa-
tions for the multilinear Kakeya theorem implies that multilinear restriction es-
timates in R? hold, conditional on the Mizohata—Takeuchi conjecture, [CHV20b),
Section 1.1]. Accordingly, in this section, we prove that multilinear restriction
estimates in F, for any finite field IF, hold conditional on a finite field version of
the Mizohata—Takeuchi conjecture.

Let IF be a finite field. For polynomials g1,...,gq, let E; C {p : g;(p) = 0} for
each 1 < j < d, and let 0; : £/ — R>( be the normalised surface measure on
cach Ej; that is, let o; be constant on E; and unit-normalised. Suppose that

Vgi(p1) A--- A Vga(pa) =1

for all py € Fy,...,pq € E4, where A denotes the discrete wedge product. Then
we say that the sets Fy,..., E; are transversal.

Let v = {z; = 23 + ... + 22} be the paraboloid in F¢ and suppose that the
sets Fi,...,E, are transversal. For each 1 < j < d, suppose we can express
E; = T;(U;) for some map I'; whose components are polynomials and U; C F¢~1.
Remark. The sets E; may be thought of as “local” neighbourhoods of the
paraboloid, in the sense that each Ej; is covered by a single chart Uj. <

We denote the Fourier extension (dual restriction) operator, acting on a function
Eifilq) =" e(2miqg-T;(p))f;(p)oi(p),
pGUj

where o; is the normalised uniform measure on U;, and e is a non-principal
character. In analogy with the Euclidean case, [CHV20b, Section 1.1], we can
therefore ask whether or not it is true that

d

2 2
l_ll}gjfﬂ'v SJHHfJ'HZ%Uj,daj)
]:

d/@-1 7

for functions f; : U; — C. This is the transversal multilinear restriction conjec-

ture for the paraboloid in finite fields, which remains open.

From Theorem (3.0.2} taking s;(p) := mine,;.5p s(p, (1)), we deduce Theorem

Theorem 3.1.1 (Transversal Multijoint Factorisation). Let F be an arbitrary
field. For each 1 < j <d, let L; be transversal sets of lines. For every S : F¢ —
R>q, there are positive functions s; : F¢ — Rsq so that

=

S(p) < [ s

J=1
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for every p € F, and so that

> s S 1Sy

pelj

forevery1 < j <d andl; € L;.

Remark. Prior to Theorem Theorem was already known for arbi-
trary fields. Indeed, one could apply multilinear duality, Theorem to the
multijoint estimates proved by Zhang, [Zha20]. By proving Theorem via
Theorem [3.0.2, we offer a new and constructive proof without any application of
duality:. <

Conjecture (Finite Field Mizohata—Takeuchi Conjecture, [Tak80]). Let U C
Fi=t. Suppose that there exist g € F[zy,..., x4 and T : U — F? such that
Z, =T(U). Let w: F = Rsg be a non-negative weight. For all p € U, let
I(p) C T be the line through T(p) with direction Vg(p). Then

Z |5f(Q)|2w(Q) < | sup Z w(q) Z |f(p)‘2

/
qeFd ret q€l(p’) peU

forall f U — C, where Ef(q) == >_,cye(2miqg - U'(p))f(p)o(p), and o is the

normalised surface measure on U.

Proposition 3.1.2. The finite field Mizohata—Takeuchi Conjecture implies the
finite field multilinear restriction conjecture.

Proof. Using a duality argument, we sum H;l:l |5j fj‘% against a positive test
function S with ||S||; = 1. Since the sets E, ..., E, are transversal, the vectors
Vag1(p1), ..., Vga(ps) are linearly independent for p; € Uy, ..., pg € Uy. For each
1<y <d let [j(p) := pj + Vgip;) - F. Let £; = {l;(p;) + p; € Uj}. By
construction, the sets of lines L£4,..., Ly are transversal. Hence, Theorem [3.1.1
applies and there are functions sq, ..., sq so that

S(g)" S Hsj(q),

for all ¢ € F?, and so that

D silg) <1

quj

for all [; € £;, and for all 1 < j <d. Hence

=

d

> sIlles@l s I (las@s@)" <I1 | X 1&66@] s @

q€Fd qelFd j=1 j=1 \ ¢€Fd
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For each 1 < 5 < d, we apply the finite field Mizohata—Takeuchi conjecture to
each hypersurface F; with respective weights s; to deduce

S len@Ps@ = [ sw (X 5@ ) | X 150F < 15100,

qelFd q€l; (p") peU;

Hence

d d
Sos@ITIEL@D ST 2w, a0
j=1 j=l1

g€Fd

Since S € L%(F?) was arbitrary with ||S||, = 1, we have deduced that

d d

2
H‘gjfj|d SHHJCJHBU doj)
j=1 j=1

Ld/(d—l) (Fd)

as desired. O

3.2 The Polynomial Method

This section marks the beginning of our proof of the discrete Bourgain—Guth
theorem, and we start by revisiting the polynomial method.

Many applications of the polynomial method would find a non-zero polynomial
f € Flzy,..., x4 of low degree which vanishes at every point of .J. More generally,
we may ask that f satisfies certain vanishing conditions. A vanishing condition
is an equation of the form (¢, f) = 0 where ¢ is a linear form on F[zy,. .., z4].
Such conditions include evaluation at a point, or evaluation of derivatives at a
point.

It was observed in [TYZ20] that choosing vanishing conditions in the traditional
way is naive, and unwittingly imposes more vanishing conditions than necessary.
Following [TYZ20|, we will begin by choosing vanishing conditions, with some de-
grees of freedom, in an optimal way such that a vanishing lemma remains valid.
Once the vanishing lemma is established, the use of polynomials is concluded.
We then show that these vanishing conditions were chosen in a way that satis-
fies desirable uniform boundedness, monotonicity and continuity properties with
respect to these degrees of freedom. This allows for a heuristically simple pertur-
bation argument and we conclude the argument by choosing vanishing conditions
in a way that respects the geometry of the particular multijoint configuration
with which we are working. In Section our results diverge from [TYZ20] to
establish the discrete Bourgain—Guth theorem.

The advantages of using the new Tidor-Yu-Zhao approach come in two parts.
Firstly, the careful choice of vanishing conditions allows for some degrees of free-
dom. Secondly, interpreting vanishing as elements of a dual space allows us to
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establish an analogue of Bézout’s Theorem which generalises from counting points
on lines, to points on varieties. In this section, we capitalise on the former.

3.2.1 Choosing Vanishing Conditions

To choose vanishing conditions, we will cycle through J, the set of multijoints,
and accumulate conditions as we do. The number of multijoints is at most |J| <
Hj ‘/Jj|. Indeed, the total number of d-tuples of lines is given by Hj },Cj|. Since
this is finite, we may enumerate J = {p1,...,p;s}. We equip J with a total order
according to this enumeration. That is, for p;, py € J, we say p; < py if and only
if i < i’ where equality corresponds to the case of i =¢'. Let o : J — Z. We say
that such a function is a handicap. For handicaps, we will denote evaluation at
a point p € J by .

Remark. This function describes the aforementioned degrees of freedom. More
precisely, given a fixed py € J, the degrees of freedom are the (|.J| — 1) entries of

(O‘po - O‘p)peJ\{po}- <

We define a total order (called the priority order in [TYZ20]), denoted by <,
on J X Zsq as follows. We say (p,r) < (p/,r') if

o r—ay, <r' —ay,or

o r—a,=r"—ayandp<p.

Moreover, (p,r) = (p/,r’) if and only if p = p’ and r = r’. We write < to allow
for this equality case.

Consider the case where « is identically 0. In this case, we may list the elements
of J X Z>( in <-order as follows:

(p1,0) < (p2,0) < -+ < (pg,0) <
< (p1,1) < (p2,1) <+~ < (pg, 1) <
< (p1,2) < (p2,2) <~ < (P, 2) < -+~

The most convenient way to visualise handicaps is to think of Z>, as a column
vector. We may depict J X Zsq as |J| adjacent columns, each indexed by some
p € J and ordered according to the total order on J. Suppose (p,r) < (p',77).
The first bulleted condition stated above, says that (p,r) is on a lower row than
(p',r"). The second says that if both (p,r) and (p/,7’) are on the same row, then
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p is to the left of p’. This is illustrated below in the case of the zero handicap:

Y Y Y >

(p1a2) = (p272) <= (p\J\aQ)

Y Y Y +
(p1,1) < (p2,1) << (p,1)

Y Y Y +

(p1,0) < (p2,0) <--- < (p,0),

where we use > to indicate that the pairs (p);|, r) immediately precedes (p;,7+1)
for all » € Z>y, in this example.

Passing to a general handicap a shifts the p;-th column vertically by «,,, — down-
wards for a;,, > 0, and upwards otherwise. Therefore, if o, > ,,, then the p;-th
column sits lower than the p;-th column. That is, columns which have a greater
handicap sit lower in this column-representation.

For a non-trivial example, let |J| = 4 and let = (0, —1,2,0). We list the first
terms of J X Z>( under <, the total order on J X Z>( that is determined by «,
as

(3,0) < (p3, 1) < (p1,0) < (p3,2) <
=< (94,0) < (p1,1) < (p2,0) < (p3,3) <
< (ps,1) < (p1,2) < (p2, 1) < (p3,4) < -+ . (3.1)

Remark. Writing the elements out in this way better intuits < as a total order.
<

Alternatively, writing J X Zs( in columns where lower rows precede higher rows
gives:

Y Y Y Y >

(p1,3) < (p2,2) < (p3,5) < (p1,3)
Y Y Y Y -
(p1,2) < (p2,1) < (p3,4) < (p4,2)
Y Y Y Y A~
(p1,1) < (p2,0) < (p3,3) < (pa,1) (3:2)
Y Y Y A~
(p1,0) < (p3,2) < (ps,0)

Y

(p371)

Y

(p3,0).

Similar to before, the symbol * indicates that the pair at the end of a row
immediately precedes the first element of the row above.

As an example, we can now easily see that (p;,0) < (ps,3) since (p;,0) is on a
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row below (ps,3). Similarly, (pi,1) < (ps,3) since they are on the same row, but
(p1,1) lies to the left of (ps,3). From this column-representation, we can also
easily reconstruct the linear order of J X Z,, as in (3.1]). Each row of the diagram
contains <-adjacent pairs. We start by writing the elements in the lowest row as
a block. This is directly succeeded by the elements from the row directly above
as a block. We continue to add the next row above as a block, ad infinitum.

More formally, for an arbitrary handicap «, each row is a level set of the form
{(p,r) : 7 — ay, =t} for some t € N. It follows from the definition of < that if
t" < t then every element of the level set {(p,r) : r — o, = t'} precedes every
element of the t-level set. Hence any pair (p,r) belonging to the t'-level set comes
<-before every element of the t-level sets for every t > t'.

Remark. Writing the elements of J x Z>( in this way better intuits the con-
struction of the sets B(p, [, a, \) which we will introduce in equation (3.3). <«

Remark. The enumeration of J = {py,...,ps} at the beginning of Subsection
is used solely to equip J with a total order, so that for any p, ¢ € J, precisely
one of p < ¢q, p=gq, or p > ¢ is true. This total order on J is now fixed for the
entirety of this argument, and we may now erase this enumeration. Later, in
the proof of Lemma [3.3.1] we will again enumerate J for the purpose of labelling
only. In particular, this will be completely independent of our fixed total order
on J. <

To help gain intuition, we state a property of <.

Proposition 3.2.1. For any (p,r) € J X Z>g, we have (p,0),...,(p,r — 1) <
(p,7).

To suggest how polynomials will enter into our discussion, observe that Propo-
sition is an analogue of the fact that if a polynomial f € F[t] vanishes to
order r at p, then it also vanishes to order " at p for every r’ < r.

We now describe how to choose vanishing conditions on some fixed line [ C F<.
Recall that Fy[xq,...,24] denotes the space of d-variate polynomials of degree
less than or equal to A € N. Given f € Fy[xy,..., 24|, we denote the restriction
of f to aline [ by f|;, so that f|;(p) = f(p) for all p € I. By identifying

{f|1 : f - FA[JZl, . ,ZEd]} = F)\[t],

we may assume that [ is a coordinate axis. Let B* be the vector space of lin-
ear forms on Fy[f]. Then dimB* = dimF,[t] = (A + 1). Suppose (poy,79) =
(po(a, \),ro(c, A)) € (1N J) X Zsg is such that]

’{(p,r) = (po; 7o) 1p€lﬂJ}’ =A+1.

That is, (po, 7o) is the (A 4 1)-st member of (1N J) X Zxo.

!This is what is meant when we say that we choose vanishing conditions optimally. We
choose them so that any given line is not associated with too many — a substitute for Bézout’s
theorem.
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Each pair, (p, r), indexes a vanishing condition. Given (p,r), let (¢}, f) = T (p),
where f(") denotes the (directional) Hasse derivative of order r (with direction
e(l)) of f. Recall that f is a d-variate polynomial restricted to .

Proposition 3.2.2. With (pg,ro) as above,

span{¢’ : (p,7) = (po,70) 1 p € LN J} =B

Remark. Unlike the higher-dimensional case, simply accumulating vanishing
conditions, ¢y, as we increment along (I N J) X Z> is sufficient, as we are only
handling the set of linear forms on F,[¢], and not a higher-dimensional space.
As such, we can omit much of the linear algebra which features in the general
argument to demonstrate which elements of the argument are strictly due to
handicaps. <

Proof. For a contradiction, suppose that the vanishing conditions, ¢7, are not
spanning. Then by Lemmathere exists a non-zero f € F,[t] so that ( o f) =
0 for all (p,r) < (po,ro). Let P:={pelnJ:3Irst. (p,r) = (po,70)}. For each
pE P, let
m, =1+ max{r : (p,r) < (po, 7o)}

By Proposition (Gprrs [) = 0 for all 0 < ' < m,. That is, f vanishes to
order at least m,, at p. Hence f vanishes to order at least m, for all p € P. Let
mult(f, p) denote the multiplicity of the zero of f at p. Then

A > Zmult(f,p) > Zmpz)\—l—l,

pEP peEP

a contradiction. O

For each p € [N J, let us define

B(p7laa7)‘) = {(pa ’I“) S (l N J) X ZZO : (pv T) = (p07T0)}7 (33)

where (pg,ro) is the (A + 1)-st element of (I N J) X Zso under <. We write
B(p,l,a, A) = {(p,7) = (po,70)} for short. The cardinalities of these sets will be
central to our discussion. In particular, they are associated to sets of vanishing
conditions at p, with direction e(l). Hence, we define

S(p.l,a,\) = |Blp,1,a, N,

for all p € 1N J. With fixed [, and A, the sets B(p,l,a, \) for p € LN J are
distinct, and

> |Blpla M) =A+1. (3.4)

pelnJ

This is a fundamental property of the sets B(p,l,«, \), and serves to replace
Bézout’s Theorem in our polynomial method.
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Remark. Let (pg,79) be the (A41)-st element of ((INJ)xZx() under <. Observe
that we can write equation (3.3)) as

B(p,l,a, \) = {(p, ry:p€(p+F-e(l) and (p,r) < (po,ro)}.

In particular, since the first argument of B is a point in [, we can identify | =
p+TF-e(l). Hence, for the definition of B(p, [, a, A), it suffices to reduce its second
argument to e(l), the direction of . For notational convenience, we will continue
to write the second argument as a line. <

Corollary 3.2.2a. For any o« and ),

SpanpelﬂJ{(b; : (p7 T) € B(p7 la a, )‘)} = B)\'

Corollary 3.2.2b. If f € Fy[x1,...,xq4] is such that f|; is non-zero, then there
exists (p,7) = (po,70) s0 that (¢}, fli) # 0.

Proposition 3.2.3 (Translation Invariance). Let [ be a line. Let o be a handicap
and ¢ € Z. Let (a+¢), :=a,+ ¢ for allp € J. Then

B(p,l,a, \) = B(p,l,a+ ¢, \)

for allp e (INJ). Furthermore, S(p,1,a, \) = S(p, 1, a + ¢, \).

3.2.2 Vanishing Lemma

Having chosen sets of vanishing conditions B(p, [, a, A), we show that these sets
satisfy a vanishing lemma, Lemma below.

Lemma 3.2.4 (Vanishing Lemma). Fiz o and A. For eachl € L, U---UL,; and
p € J, build the sets B(p,1) = B(p,l,a, \) as in Subsection[3.2.1, For eachp € J,
choose lines l1(p) € Lq,...,la(p) € Lq so that 6(p,l(p)) = 1. If f € Fylxy, ..., z4]
is non-zero, then there exists p € J and (p,r;) € B(p,l;(p)) for each 1 < j < d
so that

(V-e(li(p)™ -+ (V-ela(p))™ f(p) # 0.

Remark. Note the absence of a j-subscript on these sets B. Indeed, the con-
struction depends only on e(l), and not the set which contains . <

Proof. Suppose for a contradiction that there is a non-zero f € Fy[z1,..., x4, so
that for all p € J and all (p,7;) € B(p,[;(p)) for 1 < j <d,

(Vi)™ -+ (V- ela()) ™ f(p) = 0.

Let mult(f,p) denote the multiplicity of the zero of f at p; that is, the least
positive integer m so that there is an m-th derivative of f that does not vanish
at p. Fix a choice of p that minimises (p, mult(f,p)) with respect to <. By
the definition of multiplicity, there is a derivative D of order mult(f,p) so that
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Df(p) # 0. Since l1(p),...,ls(p) have directions spanning F¢, we can find non-
zero ry,...,rq such that r; + ... 4+ rg = mult(f, p) and

(V-e(l(@)™ - (V- e(la(p)) f(p) # 0. (3.5)

By hypothesis, there exists j so that (p,r;) € B(p,l;(p)). Fix such j, and by
relabelling, we may assume that j = 1 without loss of generality.

Consider (p/,7") < (p,r1) for any p’ € l;(p) N J. Then
P +ro+ .. +1g) < (pyr1+ ...+ 1) = (p,mult(f, p)).
The multijoint p was chosen so that (p, mult(f,p)) < (p/, mult(f,p’)). Hence
(P +ro+ ...+ 1) < (P, mult(f,p)).
By the definition of <, we deduce that
o4 g < mult(f,p').

Therefore,
(V-e(i)” (V- ella(p)™ - (V- e(lalp))™ f(7') = 0.
Let
g:=(V-e(la(p)”- (V-ellap)™ f.

We have established that (V -e(l1(p')))" g(p') = 0 for all (p/,7') < (p,71). On the
other hand, by (3.5), gli,(») is not the zero polynomial. Therefore, the set

{bpr: W) < (pr1), P €Li(p) N T}

does not span B*.

By Proposition [3.2.2 we deduce that (p,r;) is in the first (A + 1) elements of
l[i(p) N J under <, and so our construction requires (p,r1) € B(p,l1(p)). This
contradicts our choice of r,...,ry, concluding the proof. O

A general form of this lemma can be found in [TYZ20]. However, our proof in
the special case of lines is more simple as it does not need to account for linearly
independent vanishing conditions, and counting alone is sufficient.

Corollary 3.2.4a. Fiz o and \. For eachl € Ly U---U Ly and p € J, build
the sets B(p,l,a, \), as in Subsection[3.2.1. For each p € J, choose lines l1(p) €
Ly,...,la(p) € Ly so that §(p,l(p)) = 1. Then

Zﬁg(p’ Li(p), @, A) > (A jl_ d).

peJ j=1

Proof. Recall that S’(p, La,\) = ‘B(p, [, c, /\){ and suppose that the conclusion
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is false. By parameter counting, there exists a non-zero f € Fy[z, ..., x4] so that

(V-ell(p)™ -+ (V- ela(p))™ f(p) =0
for all (p,r;) € B(p,l;j(p),a, ) and all 1 < j < d, contrary to Lemma 3.2.4, [

Remark. We follow the convention, in this proof of Corollary and hence
in Lemma that if B(p,l;(p),a,\) = 0 for some p and j, then the set of
conditions imposed on f at p is empty. In particular, we deduce that choosing
vanishing conditions in this way prohibits situations such that for all p € J, there
exists j so that B(p,l;(p), o, A) = 0.

The constant C' in Theorem [3.0.1]is exactly the implicit constant in the inequality
(’\;d) > A4, Within this proof, for the case of lines, this inequality is the only place
where a dimensional constant occurs. Moreover, this use of parameter counting
concludes our use of the polynomial method.

Corollary (3.2.4af states that the products [, S(p,1;(p)) are large, on average. In

Subsection [3.3.1], we will choose a handicap « so that the products Hj S(p, L;(p))
are all approximately equal as p varies, with respect to a weight given by S(p)~<.
This allows us to lift the “on average” bound to a pointwise bound over p € J.

3.2.3 Vanishing Conditions as Handicap Varies

In [TYZ20], some technical linear algebra on vector spaces of polynomials is
required to precisely quantify how S (p,l,a, \) changes with «, so that the nu-
merology of dimensions and degrees works out in the full generality of their result.
In the one dimensional case of lines discussed here, this is not necessary. Indeed,
Corollary states that we just need to consider the first (A + 1) terms of
(INJ) % Z>o under < to construct our sets B(p, [, a, ) and there are no subtleties
to be considered.

This changes in the higher-dimensional case. Consider a 2-plane 7. There is no
longer a unique choice of direction in e(m). Moreover, if there are many points in
(wN.J) that are collinear, then we may encounter issues of linear dependence before
we have accumulated (’\;2) vanishing conditions on 7r Since linear independence
is easy to understand in the 1-dimensional case of lines, we may proceed by

handling the handicap « directly without a linear algebra detour.

To understand why these results are intuitive, consider how the diagram in display
3.2 changes as we increase or decrease « at some fixed p € J. Indeed, consider
the effect of replacing a handicap by one which is identical, except at one point
p, where it is precisely one less. This shifts the p-th column up by one. With
reflection, we see that either S is unchanged, or, S reduces at p by exactly one,
increases at some other p’ by exactly one, and remains unchanged otherwise.

Lemma 3.2.5 (Uniform Boundedness). Let o be a handicap on J, A € N and

€ choice o appens to be € correct generalisation o + 1n our daiscussion.
2The choice of (*]?) h to be th t lisation of (A + 1) i discussi
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let I be a line. Suppose there are p,q € (INJ) so that a, < g — A. Then
S(p,l,a,\) = 0.

Lemma [3.2.5] is so-called since it states that there is a uniform upper bound on
a, for those ¢ € I N J such that ¢ # p and S(p, [, o, A) # 0.

Proof. Recall that 3
S(p,l,a, \) = ‘B(p,l,a, )\)|
)

By definition (g, \) < (p,0). By Proposition [3.2.1]

(q70)—<(Q71)—<"'<(q7>‘_1)—<<%)‘)—<(p70)

and so there are at least (A 4 1) pairs preceding (p,0) under <. By definition
B(p,l,a,\) = 0 and hence S(p,l,a, \) = 0. ]

Lemma 3.2.6 (Monotonicity). Let A € N, and let | be a line. Suppose a® and
a® are handicaps so that Ip € 1N J such that a(l) ]9) < oz,(f) — ozl(f) for all
pelnJ. Then

S(p,1,aM, \) < S(p,1,a@ \).

Proof. By Proposition we can assume that ag) = 0 for ¢« = 1,2, so that
aff) < 0419) for all p’ € LN J and let <;==<_u. It suffices to show that if (p,r)
is among the <;-first (A + 1) elements of (I N J) X Zxq, then it is among the
<o-first (A + 1) elements of (I N J) X Z>o. This follows if we can show that if
(p,r) <1 (p',7"), then (p,7) <2 (p/,7"). Equivalently, the handicaps o™ and a(?

are such that that there is no pair (p', ') which occurs <;j-after (p,r) which also

occurs <q-before (p,r).

Let (p/,7") be such that (p,r) <1 (p,7"). Let us assume that r — 0 < ' — ozz(,}).
;,) and therefore (p,r) <2
(p', "), as desired. Otherwise, we have the equality case r = r' — ag) and p < p'.

Applying our hypothesis, we deduce r < 7' — 041(3). If this inequality is strict

then the result holds. Otherwise, it is an equality and p < p’ so the result holds,
concluding the proof. O

Applying our hypothesis, we have that r — 0 < r’ —

Lemma 3.2.7 (Continuity). Let A € N, [ be a line, p € [N J, and let oV, a®
be handicaps. Then

31,0, 3) = 5,0 0] < 3 [(af? - a) - (of? — )]

p'elnd

Remark. By Proposition , we may translate a® so that 041(02) = Ozl(;l). The
conclusion of Lemma [B3.2.7 thus reads as:

50, 1,09,0) = 5,10 V)| < 37 ol —aff)|.

p'elnd
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This is more easily recognisable as a Lipschitz continuity result. In fact, if desired,
we could redefine handicaps and identify « by its equivalence class, a+Z”!, under
equivalence by translation invariance. <

Proof. By translation invariance, Proposition the left-hand side of the tar-

get inequality remains unchanged if we translate a(" and o® by 045,1) and aéQ),

respectively.

Let p € [N J and consider (a(}) — ozz(;l))p/e ;. For p/ # p we will incrementally

p
modify (oz](;) — o) by 1 until we get to (oz](f) — o).

](j) - 041(,1)) - (041(5) — ag)) increments.

This can be done in

(c

It therefore suffices to consider how S (p,l,, \) changes on any one increment.
However, by the paragraph preceding Lemma for any handicap «, if we
increment o,y by £1 then S (p, 1, a, ) either remains unchanged, or changes by
+1. Let ey : J — Z be given by (e, ), = 1 if p’ = ¢ and (ey), = 0 if p’ # ¢. This
may be thought of as the p’-th basis vector for the space of maps J — Z. Then,
for an increment o — o = a+ ey

0<S(p,l,a,A) = Sp, 10", A) < 1. (3.6)

Moreover, we can reverse the roles of o and o’ for an increment of the form
a — o — ey. Thereafter, we sum these inequalities over all increments to yield
the result. O]

3.3 Multijoints of Lines

We are now equipped to begin counting multijoints.

3.3.1 Choosing A Handicap

We have constructed numbers S (p, 1, a, \) according to the Tidor—Yu-Zhao ar-
gument in [TYZ20] but using more elementary arguments to establish “good”
properties with respect to a. We now deviate from their argument to establish a
new result.

For technical reasons, we introduce a further definition. Let p € J. For each
1 < j < d, we say that a line [ € £, contributes to p if there is a tuple
le Ly x- - xLysothat l =1; and d(p,l) = 1. In particular, if I is a tuple so
that 0(p,l) = 1, then for each 1 < j < d, I; contributes to p.

Let E C J. We may assume that every [ € £; U ---U Ly contributes to some
p € E. Indeed, for the purposes of Theorem [3.0.1] if { is a line which does not
contribute to any point then we may set s(-,1) = 0 and so [ may reasonably be
ignored.
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We say p, q € J are adjacent if there is some [ € £, U---U L, which contributes
to p and contributes to q. We say that p and ¢ are connected if there is a

sequence of points p = p1,...,py = q € F so that p; and p;,; are adjacent for
all 1 <17 < N. Connectedness defines an equivalence relation on E. Moreover,
this induces a partition of each Lq,..., L, given by those lines which contribute

to any element of any one equivalence class of F.

The first result that we will prove is Theorem and to do so we may assume
that supp S is connected and that every line contributes to some p € suppS.
Indeed, let E’ be a connected component of supp S and let £;(E’) be the subset of
lines in £; which contribute to some p € E’. For each component E’, assume that
for any S : E' — Ry, there is a function sg : E' x (L1(E")U---UL4(E")) = Rxg
satisfying the first display of Theorem forallpe E' andl € Ly(E") x -+ X
L4(E'), and satisfying the second display for all | € L1(E')U---U L4(E’"). Now,
for each p € supp S there is a unique set E’ so that p € E’. Hence, we can define
s(p,1) == sp(p,l) for every | € Ly, ..., Ly which contributes to p. This defines s
for every pair (p,!) for which p € supp S and [ contributes to p. Extending the
function s by zero, so that it is defined on J x £; x --- x L;. By the definition
of connectedness, such s is well defined.

The first condition of Theorem [3.0.1]is satisfied by s, automatically. Furthermore,
consider the condition }° o rs(p,l;) = 1. Since all elements of the sum are
contained within a single line, they belong to the same connected component.
Therefore, in computing this sum, we need consider only one of the original
functions sp defined on E’ x L(E') x --- x L(FE'). Hence, s satisfies conclusions
of Theorem [3.0.1]

It therefore suffices to assume that supp S contains a single connected component.

Lemma 3.3.1 (Handicap). Let Ly, ..., Ly be sets of lines in F? with associated
multijoints J. Let S : J — Rsq and suppose that any two multijoints in supp S
are connected via a path of multijoints in supp S, and that (A + 1) > |supp S|.
There is a handicap o : J — 7 so that for all p € supp S, the numbers

d

) 1 S(p, lj, a, )\)
Lo s | =5 (3.7)

j=1

all lie in a common interval with length < h'/X for some b’ = W' (|J|,S) depending
on S and |J|, but not . Furthermore, we may choose a so that S(p,-,a,\) =0

for all p & supp S.

Remark. The definition of “contributes” is due to the fact that at each p €
supp S, the quantity (3.7)) is equal to zero if and only if S(p,l, o, \) = 0 for some
le LyU---ULy which contributes to p. <

Remark. The analogous result, proven by Tidor Yu and Zhao, [TYZ20, Lemma
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5.10], for any fixed tuple of functions f; : £; — Z-¢, considers the quantity

w(l)
d ~
1 S(p, L, a, \)
S(p)dMp) H H A+1

lelix--xXLy J=1

s TTC, £ ..
where M(p) = 32,8(p, ) T1, £3(5) and w(l) = = ;fp ;)H— 5:.,)(;.,)- This is suffi-
’ J'=173"\1

cient to resolve the multijoints problem, but not the conjectured dual result.

Despite this difference, we prove Lemma by appropriate modifications of
methods from [TYZ20]. <

We regard the interval length '/, as given by Lemma , as an error bound.
In the context of the overarching argument in this chapter, the size of h’, large
or small, is completely irrelevant. However, the constant A’ can be expressed as
a function which grows polynomially in both |J| and the quantities S(p)~? over
all p € J. Importantly, A’ is independent of the parameter A, which is an input
to Lemma [3.3.1] In Subsection [3.3.2] we will let A — oo so that the interval has
arbitrarily small width. That is, for sufficiently large A, all the values in ({3.7))
become as close to equal as we desire.

Lemma [3.3.1] makes no assertion as to the location of the given interval. We will
examine the location of this interval in Subsection [3.3.2] using our newly adapted
polynomial method. Indeed, Lemma will be paired with Corollary to
deduce that the interval is bounded away from 0. Lemma [3.3.1} however, should
be considered as separate from the polynomial method section of the argument.

To prove Lemma we require some notation and useful facts. Recall that if
le LiU---ULy and p €N J, then

S(p,1,a,\) = |B(p,1,a, N,

where the sets B(p, [, a, A) are defined by (3.3)), and satisfy

> Splod)=A+1

pEl

for every | € L1 U---U Ly, by construction. Let a be a handicap. For any
pesuppS, let I = (l;); € L1 x --- x L4 be such that p = N;l;. We define

d ~

1 S(p,lj,a,\)
W(l,a)._w H—AH

Note that W additionally depends on A and p. However, X is fixed for Lemma
3.3.1,, and the dependence on p is implicit through the tuple I which must satisfy
p € N;l;. Therefore, we suppress p and A from our definition of W. Now, for each
peJ,

wy(a) = l:(SI(Ipl}lI)l:l W(l, ).
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Proposition 3.3.2. Let (A +1) > |supp S|. Let w: {a:J = Z} — Rg(‘] be the
map such that w(o) = (wy(a)),. Define A= A(N) C {a:J — Z}, to be the set
of a such that

e S(p,-,,\) =0 for all p & supp S, and

° g(p, lya,\) # 0 for all p € supp S and alll € L, U---U Ly that contribute
to p.

The image w(A) is finite and non-empty.

Remark. The first bullet of Proposition [3.3.2] above, which prescribes a con-
dition on «, is necessary for in a later part of the argument, since we
wish to allow supp .S to be a strict subset of J. This condition was not required
in [TYZ20).

The second bulleted condition, however, is not strictly necessary. Hence, it can
reasonably be ignored. However, recall the emptyset convention, remarked upon
in Subsection . In the case where we allow the sets B(p, [, «, \) to be possibly
empty, we will eventually be able to deduce that «, as given by Lemma |3.3.1],
is such that every B(p,l,a,\) # 0 whenever p € supp S, and [ contributes to
p, via Corollary [3.2.4al We include this technicality so as to guarantee non-
emptiness a priori with the intention of sharing a more complete understanding
of the properties of handicaps, and how to derive them. <

Proposition 3.3.3. With A as defined in Proposition[3.3.4, suppose wo € w(A).
Then Ja € A such that w(a) = wo and for all ¢ & supp S and lines | € L1U---ULy
so that | > q, and all p € INsupp S, we have oy < oy — A.

Remark. Proposition|3.3.3)is a technical result to guarantee that we may perturb
a to o such that the conditions S(q, -, o/, \) = 0 for all ¢ & supp S are preserved.
<

Proof of Proposition[3.3.9. Let p € supp S. By translation invariance (Proposi-

tion ,
w(A) =w({a € A:a, =0}).

Hence, we may further insist that a,, = 0 for all « € A. We begin by proving
that A is non-empty. Consider

a=—(A+1) Z eq-

q¢Zsupp S

Then « satisfies the two bulleted conditions specified in Proposition and
thus, A is non-empty. Indeed, to establish the first bullet, note that every line
in £, U---U L, intersects supp S. Hence, for any ¢ ¢ supp S and every line
[l € LiU---UL;such that [ 5 g, there exists p € [Nsupp S. By the definition of
Q,

a;,=—A+1)=0-A+1)=a,—(A+1) <a,— A\
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By uniform boundedness (Lemma 3.2.5), S(¢,1,a,\) = 0. Since [ is arbitrary,
S(p,-,a,\) =0, as desired.

For the second bullet, since a,, = o for all p,q € supp S, the <-first |supp S|
elements of J x Zq are precisely {(p,0) : p € supp S}. By assumption, (A\+1) >
|supp S|. Hence (p,0) € B(p,l,«, A) for all p € supp S, as per , the definition
of B, establishing the second bullet.

We now show that w(A) is finite. Recall we have chosen p € supp S so that
a, = 0. It suffices to show that if o € A with o, = 0, and ¢ € supp S is such
that ¢ # p, then

ay € [=A|J], Al J]) (3.8)

Indeed, this implies that {a|spps : @ € A} C [=A|J], \|J|]5*PP¥. Since supp S is
finite, there are finitely many possible values of (w,(@))pesupp s- Since w,(a) =0
for ¢ & supp S, w(A) is finite, as desired.

To prove (3.8), let a € A with a;, = 0, and let ¢ € supp S \ {p}. Since supp S
is connected, there is some sequence of multijoints p = p1,...,py = ¢ so that
for every 1 < ¢ < N, multijoints p; and p;, are adjacent, and each py,...,py €
supp S. For each 1 <1i < N, let ; := a,,. We claim that

; — A S (e7AN] S oy + )\, (39)

for all 1 < i < N. Indeed, by uniform boundedness (Lemma , if either
the first or the second inequality is violated, and [ is any line contributing to
both p; and piy1, then S(pipq, 1, N) = 0 or S(p;, 1, o, \) = 0, respectively. This
contradicts the second bullet of Proposition in the definition of A.

Since (3.9)) holds for all 1 < i < N and N < |J|, this implies (3.8)), concluding
the proof. n

Recall the representation of (J X Zsg, <) as adjacent columns. To intuit why
Proposition [3.3.3| is true, draw such a representation and highlight the <-first
(A1) pairs (p,r) € JxZxq. Since S(q,1,a,\) = 0for ¢ & supp S, we deduce that
none of the highlighted pairs (p, r) satisfy p = ¢q. Hence, there are no highlighted
pairs in the quadrant whose bottom left corner is (¢, 0). Furthermore, if we reduce
the handicap at ¢ by one, we shift the ¢-th column vertically up and still there are
no highlighted pairs in the quadrant whose bottom left corner is (¢,0). Hence,
the first (A 4 1) elements under the handicap (o — e,) remain the same. We can
repeat the argument to deduce that the first (A + 1) elements remain unchanged
when we change the handicap from « to (a — ce,), for any ¢ € N.

Proof of Proposition[3.3.3. Since wy € w(A), we can find some 3 € A so that
w(fB) = wy. Let p € suppS. By translation invariance (Proposition [3.2.3)), we
may assume that 8, = 0.

Let ¢ € N and define o« = § — Czqgsuppseq- By the definition of A, for all
q € supp S, and [ 5 ¢, we have g(q,l,ﬁ, A) = 0. Since S(, B A) = ‘B(-, By A)

Y
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by (3.3)), the definition of B, we deduce that
‘(p’,r’) cpelnJand (p/,r) < (q,0)| > A+ 1, (3.10)

for all ¢ & suppS, and | € £y U---U Ly such that [ 3 ¢q. For any ¢ > 0,
inequality remains valid if we replace <=<j3 with <,. Furthermore, for
every | € Lq,..., Ly, the <g-first (A + 1) elements of (I N .J) x Zx( are also the
<-first elements of (1N J) x Zso. Hence,

S('a '767)‘) - S’(, '7057/\)7

and therefore (wy(«)), = (w,(B)),. Therefore, we may take c sufficiently large
to ensure that for all ¢ € supp S, I € £, U---U Ly such that [ 3 ¢, and for all
p €l NsuppS,

g < oy — A

This is possible since there are finitely many such choices of ¢,/ and p. This gives
the desired «. O

Let us label each p € J so that J = {pi1,...,ps}. For any «, there is a permu-
tation o = 0, € Sy so that wy, , (@) > -+ > w, ., (). By Proposition 3.3.2)
the set w(A) is finite. Therefore, of all w(«) € w(A), we can choose one so that

(Wp, ., (@))1<i<iy) € R‘g) is minimal with respect to lexicographical order on RIY |.

Let
w(a) = (wp,, (@))1<i<)] (3.11)

be such a minimum with corresponding minimiser a. By relabelling the indices
of each p € J, we may assume that ¢ is the identity permutation so that

Wp, (Oé) > 2 wpm (Oé> > 0.
For ease of notation, let w; := wy, («) for each 1 < i < |J|.

Remark. Uniform boundedness has allowed us to choose a minimal «, for an
appropriate notion of minimum, via a compactness-type argument. This « is the
candidate we will use to conclude the proof of Lemma [3.3.1] <

Proposition 3.3.4 (Continuity of Perturbations). Let 1 <t <|J|. Let

V= Zeﬂ— Zei

1<i<t: i
p;Esupp S pigsupp S

and o/ = o —v. There is a constant h = h(|J|,S), which does not depend on A,

so that "
/

. — W < —

lwi(a) — w;(a)] < )

3Consider tuples a = (a1,...,ay) and b = (by,...,bx). If a; = b; for all 1 < i < N,
then @ = b under lexicographical order. Otherwise, there is some i so that a; # b;. Let ig be
the least such index. If a;, < b;, then a < b under lexicographical order. Otherwise b > a.
Lexicographical order is a total order on RY.
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forall 1 <i < N, where N = |supp S|.

The first summation in the definition of v, in Proposition [3.3.4}, is of most impor-
tance. The second summation is included only for technical reasons and one may
assume supp S = J on first reading. The constant h described here is related,
but not equal to A’ in Lemma [3.3.1

Proof of Proposition[3.3.4, We construct h directly. Fix 1 < i < N, fix a d-tuple
of lines I which realises w;(«), and fix I’ which realises w;(a’). Consider

wi(e) — wi(e)| = [W(l,a) = W', a)|.

If 1 = U then |w;(a) — wi(e/)| = |[W(I,a) — W(I,/)|. Otherwise, I # I, in which

case

[wi(@) = wi(a)] = [W(La) = W(¥'.a")| < max ‘W(l, a) — W(l,a)

where the maximum is over all I € (argmin W (-, ) U arg min W (-, o/)). This is
an application of the following elementary fact, Proposition [3.3.5]

Proposition 3.3.5. Let ¢, : X — R5( be functions for some finite set X.
Then

kgn¢u>—nguuw < max o) —v(@)|

z€ (arg min pUarg min 1))

Proof. Without loss of generality, we may assume min¢ > mint. Let ¢(a) =
min ¢ and let ¢ (b) = minv. Then

Imin ¢ — miney| = ¢(a) —(b)
¢(b) — ¥(b)
max ‘qb(x) — z/J(x)}

z€(arg min ¢pUarg min 1)

<
<

Whether or not I =1', we may assume
[wifa) = wila)| < |W(I,a) = W(I,a)|

for some I which minimises W (-, &) or W (-, ). However, for any I € £1 % ---x Lg
which forms a multijoint at p = p;,

SN+ DWW (L a) — W(l, o)
d

H( o)) (S(p,zj,a',A)—S(p,zj,a,A))>—Hé(p,zj,o/,A).

J=1

(3.12)

4For a function ¢ : X — R we let argmin¢ = {x € X : ¢(x) = min ¢}.
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Taking the right-hand side of equality (3.12] - we expand the first product In this
expansion, there is precisely one occurrence of the term H S (p,1;,a’, \), which
now cancels the second product of (3.12 - We are left with terms of the form

[I5@ 6.0 | | TS0/, ) = S(p. 1,0, ))) (3.13)

jeA j'€B

where AU B = {1,...,d} and B # (). To establish an upper bound on (3.12)),

by the triangle inequality, it suffices to bound each such term of the form ({3.13])
separately. By continuity (Lemma|3.2.7)), for any l € £L;U---ULyand p €N J,

’S(p7laa7 )‘> - S(p,l,O/,)\)‘ < ’J|7

since |[a@ —o/[ln;y = [[vllpy < |J|. Combining this with the fact that each

S(p,1,a’,\) < (A+1) by construction, each term (3.13) is bounded by (A+1)2|J|°
for non-negative integers a + b = d. Hence, (3.12)) is bounded by a polynomial in
(A+1) and |J|, and can be dominated by the term which contains (A + 1)@V,
Hence

S A+ D)Wl a) =Wl o) < haor(A+ DT+ o+ (A + 1) + ho.

This in turn is at most g()\ + 1)471 provided that h is sufficiently large. We can
express h as a polynomial in |.J| that does not depend on \. Dividing by (A +1)¢
and updating h to be additionally depend on S(p)~¢, we deduce

h
lwi(a) — wi ()| < |[W(Ta) = W(I,ao)| < 23

for some h which can be expressed as a function in |.J| and the quantities {S(p) @
p € J}, but does not depend on \. This defines the constant h. O

The remainder of this subsection is dedicated to proving Lemma [3.3.1} Since
wi(a) > ... > wy(a) > 0, it suffices to show that all the differences w;(a) — w;41 ()
are small. We will prove this by contradiction. To begin, we assume there is some
index 1 <t < N so that w;(«) — wey1(a) > h/A, with h as given by Proposition
3.3.4 We construct a perturbation of the handicap . Let o’ be the perturbed
handicap. The following three claims are established for the perturbation:

1. The large entries of the tuple w(«) remain large, and the small entries
remain small.

2. The perturbed handicap «’ is such that w(a/) € w(A), so w(a) < w(d')
with respect to lexicographical order.

3. If w(a) # w(’) then w(a') < w(w). Hence, w(o') = w(a).

Thereafter, we realise that the perturbation can be applied to o', the already
perturbed handicap. However, by connectedness, there is a pair p,q € supp S
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so that wy(«) is large, w,(a) is small and there is a line which contributes to
both p and ¢. If we perturb sufficiently many times, what results is a perturbed
handicap o’ so that w(a) = w(a’), and

/ /
ap<aq—)\.

By uniform boundedness (Lemma , S(p,1,a’,\) = 0 and hence w,(a) = 0.
Therefore, 0 = w,(a) > wy() > 0, and hence wy(«) = 0. However, we assumed,
for a contradiction, that w,(«) is large and that w,(a) is small so that w,(a) >
wgy (), which is a contradiction.

Proof of Lemma|3.53.1 Let suppS = {p1,...,pn} for some N < |J| be con-
nected, and let A’ = |J|h, where h is as given by Proposition [3.3.4] Since the
tuple (w;); has at most |J| non-zero entries, it suffices to show that

h
W; — Wit S - (314)
A
forall 1 <4 < N. Indeed, summing this inequality over all 1 <7 < N, we deduce
max; w; — min; w; < |J|h/A. That is, the interval containing all (w;)1<;<y has
width ~; 1/A, where the implied constant does not depend on .

We now prove that (3.14) holds for all 1 < i < N. Suppose for a contradiction
that there is some index 1 <1 < N so that (3.14) is false. Let ¢ be the least such
index. For this choice of ¢, define

v = Zei—l— Zei

1<e<t: 2
p;Esupp S pigZsupp S

and let o = a — .

Let | € £, U+ ULy Recall that >, 5(p,l,a,A) = (A + 1) for any a. It
follows that, if S(p, Lo, \) > S(p,1,a,\) for some p € I N J, then there exists
some p' € [N .J so that p' # p and S(p/,1, 0o/, \) < S(p',1,a, \). For those i such
that p; & supp S, we have that w;(a) = 0 = w;(a’). Moreover, by monotonicity
(Lemma [3.2.6)), for ¢ such that p; € supp S, we have that if i < ¢ then w;(a’) <
w;(a) (where the handicap is decreased) and if ¢ > ¢ then w;(a’) > w;(«) (where
the handicap is unchanged). Of all the inequalities indexed by i < ¢, at least
one is strict if and only if another inequality indexed by ¢ > ¢ is also strict. By
Proposition , the difference |w;(ar) — w;(c)| is bounded above by h/(2)) for
all 1 <7 < N, and by our definition of ¢,

wi(a) — wpr () > h/A (3.15)
Let 0’ € S| be a permutation such thatﬂ

Wor(1) (@) > -+ > worp (@), (3.16)

A convenient way to understand what ¢’ describes is as follows: the i-th largest multijoint,
p, of the tuple (wp(a’))pes has index o’ (7).
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where o'(i) =i for N < i < |J|.

Claim 3.3.6. If 1 < i < ¢, then 1 < ¢'(i) < t, and if t < ¢ < N, then
t<o'(i) <|J|.

Proof. Suppose p;, py € supp S are such that ¢ <t < ¢. By Proposition |3.3.4],

wi(@) —wy(a) = (wi(o/) —wi(a)) + (wi(a) — wil(oz)) - (wi/(a) — wi/(o/))
> —% + (wi(@) — wy(a)) — %

Using inequalities (3.15)) and the fact that w;(«) is decreasing in 4, this is at least

h h h
- A )
(wi(@) = wita (@) \ D
Hence, if 1 < i <t, then w;(a/) > wy () for all ' > t. Therefore 1 < o’(i) < t.
Similarly, if t < i < N, then wy(a/) > w;(c/) for all 1 < ¢/ < t. Hence,
t <o'(i) < N, as desired. O

Claim 3.3.7. Let the set A be as in Proposition [3.3.2] Then w(e/) € w(A).

Hence w(a’) was among those considered when the minimiser w(a)) was chosen.

Proof. Since w(a) € W(A), we have that S(p,-,a,\) = 0 for all p & supp S.
Hence the assumptions of Proposition [3.3.3] are satisfied, and we may assume
that « is such that for all ¢ € supp S, and all [ € £, U---U Ly so that [ 3 ¢, if
p € [Nsupp S, then

ag < oy — A

We will show that S(g,-,a/,\) = 0 for all ¢ & suppS. Let ¢ & suppS. If
le L1 U---ULygsothat [ 3¢, and p € [Nsupp S, then

=g —1<(gp—=A)—1=(ap—1) =A<, -\

We assumed, at the beginning of Subsection [3.3.1] that every line in £;U---ULy
intersects supp S, so such p exists. Hence, by uniform boundedness (Lemma

B.2.3), S(g,1,a’, ) = 0.

We now show that S(p,-,o/,\) > 1 for all p € supp S. Since w(a) € W(A), we
have that w,(«) > 0 for all p € suppS. We have shown that if ¢ < ¢ < |J|, then
w;(a) > w;(«). Hence w;(a’) > 0 for all i such that ¢t <i < N. For 1 <i <t, we
have that w;(a’) > wy(a’). Hence w;(a/) > 0 for all 1 < i < N. Consequently,
S(p,1,a’,\) > 1forall pesuppS and all I € £, U---U Ly which contribute to
p, and w(a’) € w(A)[

That is, (w,(a’)), was among those tuples considered when (w,(«)), was chosen.
[

6Note that we cannot deduce the positivity of S(p,,a’, \) for those I which do not contribute
to p.
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Claim 3.3.8. If w(a’) # w(«a) then w(a') < w(a) with respect to lexicographical
order. Hence w(a) = w(a/).

Proof. Since wy(a) > -+ > wyy(a), we have that (w;(a))i1<i<t > (Wor(s) () 1<i<t
with respect to lexicographical order.

Suppose that there is some 1 <1 < |J| so that w;(a’) # w;(«). Then there is an
i <t so that w;(/) < w;(a) and 1 < ¢’(i) < t. That is, w;(’) is strictly smaller
than w;(a) and wer(;) () is among the ¢ largest values of (w;(a’))1<i<)s by Claim
3.3.0 Hence

(War(i) (@))1zizt > (Wor (i) (@) )1zt

and therefore w(a’) is of strictly lower lexicographical order than w(a)). Moreover,
by Claim [3.3.7, w(a’) € w(A). This contradicts that w(a) € w(A) was chosen to

be minimising. O

Thus, w;(a’) = w;(a—v) = w;(a) for all 1 <i < |J|. We have not yet contradicted
our assumption that is false, however, we have deduced that a perturbation
a — (o —v) must leave (w;); unchanged. To conclude, we observe that we may
return to , use &/ = a — v as our minimiser and repeat the application
of Claim Claim and Claim [3.3.8] We may repeat this process ad
infinitum to deduce that

wi(a) = wi(a —v) =wi(a —2v) = -+ = w;(a — cv)

for all 1 <14 < |J] and any ¢ € N. By the connectedness of supp S, we can find a
line [ € £, U---U Ly contributing to distinct multijoints p;, p; € supp S for some
i and j satisfying i < t < 7 < N. Taking ¢ sufficiently large (depending on \)
forces w;(a’) = 0 by uniform boundedness (Lemma and hence w;(a) = 0.
That is, one of the large entries of the tuple (w;(«)); is zero. Since (w;); is
decreasing in i and each w; is non-negative, w; () = 0 for all ¢ < ¢ < |J|. This
contradicts our assumption that w;(a) — weyq(a) > h/A, and hence holds
forall1 <i¢< N. ]

3.3.2 Good Vanishing Conditions Yield a Factorisation

We now deduce Theorem as a corollary of Lemma [3.3.1] Let S : J — Rxg
be a test function with [|S||, = 1 and let A be sufficiently large. By Lemma
3.3.1}, we may choose a handicap, a = a(\), so that the numbers S’(p, lj,a, ), as
constructed in Subsection [3.2.1] are such that there is an interval containing

d

1 Hg(paljaaa)‘)
A+1

j=1

for all p € supp S, with length proportional to 1/\. Moreover, S(p, -, a, \) = 0 for
all p such that S(p) = 0. We now show that the upper endpoint w of the interval
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is 24 1. Thereafter, since we can choose A so that the interval has arbitrarily
small width, we deduce that everything contained in that interval is also 2,4 1.

Let A € N and let ¢ := h/\, where h is given by Lemma [3.3.1L We can find w so
that
w—e < wy(a) <w

for all p € supp S and so that S(p,-,a,\) = 0 if S(p) = 0. For each p € J, let
(I;(p)); be a choice of lines which minimises H S(p,1;(p), a, \) over all tuples
l so that d(p,l) = 1. Corollary [3.2.4al applies and hence

S(p,1;(p), a, \) 1 A+d
w=>5(p) w>ZH S 2(A+1)(d>Nd1 (3.17)

peJ ped j=1

This implies that w 24 1.

Remark. Our argument is such that the lower endpoint, (w — ¢) will increase
with A. In contrast, the lower bound on the upper endpoint, w, is uniform in \.
Hence, we use the upper endpoint (and not the lower one) in order to establish
the first inequality of Theorem [3.0.1 <

Therefore, each B(p,l;j,a,\) # 0 as long as ¢ = h/\ is sufficiently small, or
equivalently, for A sufficiently large. Set

sx(p, l;) = S(p, lj,a, \) /(A +1).

For each p € J, if [; € £; is such that p & [; then set s)(p,/;) = 0. Then for any
p € supp S, we have

1 Sqw <

h 1
T+ g p)d HS,\(p, lj<p))

j=1

Remark. As suggested previously, from the inequality above, we could deduce
that every s\(p,l;) # 0, and hence s)(p,l) # 0 for all p € supp S and all [ that
contribute to p. <

Since ||S||, =1, S(p) < 1 for all p € J. Hence

h d
$)" 55+ Tt

for a tuple of lines [ that minimises the right-hand side over all tuples such that
d(p,1) = 1. Hence

3(p,H)S(p)* Sa ; +£[13A<p, ) (3.18)
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for all tuples of lines I. By (3.4), for all 1 < j <d, [; € L;,

1 N
> s ly) = N1 > Sl =1 (3.19)
pel;NJ pel;NJ

Inequality (3.18) and equation (3.19)) are uniform in A. For any A, the function

1 1 g(p,l,oz,)\)
S =5 A

can be realised as an R-valued vector in [0, 1]//1¥1£10U2dl - Hence, passing to a

subsequence if necessary, we may let s = limy_,, s). Letting A — oo in (3.18)|)
and (3.19)) shows that this s satisfies the properties stated in Theorem [3.0.1}
Remark. We could fix a sufficiently large A to conclude the proof at (3.19).

However, taking A — oo yields the best dimensional constant this argument can
offer. <

3.3.3 The Discrete Bourgain—Guth Theorem

We now conclude the proof of Theorem Let S : F¢ — Ryq with [|S]|, =1
be finitely supported. If the field I is finite, then we may set each £; to be the
set of all lines, apply Theorem [3.0.1] and we are done. Hence, we may assume
that I is infinite.

Let £ be the set of lines [ which pass through at least two elements of supp S.
Since S is finitely supported, there are at most finitely many lines in £. Consider
the joints J formed by L. If supp .S is not a subset of J then we supplement £
with additional lines as follows. For each p € J, consider £, = {l € L : p € [}.
Foreach1 <k <d,letly,...,l; € L, have linearly independent directions. Since
the field is infinite, we can find (d — k) lines, lx,1,...,l; which contain p and
satisfy e(l1) A -+ Ae(ly) = 1. We repeat this procedure for all of the k-tuples of
linearly independent lines in £, for all 1 < k < d, and for all p € supp S\ J. In
doing so, we add at most finitely many lines to L.

Now, let £; = L for each 1 < j < d. Then each £; is a finite set of lines and the
associated set of joints J is such that supp S C J and ||S||, = 1. Hence Theorem
applies, so there exists a function s : J x S¥°! — R so that

5(p,)S(p)* < CHS(p, e(l3)), (3.20)

forallpe Jandl € L1 x --- x Ly, and so that

> slpel) =1 (3.21)

pelnJ

forallle L U---UL,.
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We now extend s so that it is defined on F? x S9~!. Observe from Subsection
3.2.1| that if 1N .J = {p}, then S(p,l,a,\) = X+ 1 for any handicap o and
any A\ € N. Therefore, s is such that for any line [ € £; U--- U Ly so that
INJ = {p}, s(p,e(l)) = 1. Every line which contains at least two elements of
supp S is an element of £;U---UL,;. Hence, any line not in £, U---U L, contains
at most 1 element of supp S. If [ NsuppS = {p} then we define s(p,e(l)) = 1,
and if [ Nsupp S = (), then we define s(p,e(l)) = 0 for all p € I. Finally, for
any p & supp S, we set s(p,-) = 0. Thus s is defined on F? x S, For any
I ¢ LyU---ULy we have that

> s(pe(l)) < 1.

p€ElF

Since we already have that (3.21)) holds for all [ € £,U- - -UL,, the second display
of Theorem “ 3.0.2| follows. Turning to the first display, let wy,...,ws € S¥! be
such that wq A+ Awg =1 and let p € F?. For each 1 < j < d, let lj=p+F-wj.
Suppose that [; € £, for each 1 < j < kand [; ¢ L; for kK < j < d. By
construction, there are lines I’ € L£; so that l;- = l; for each 1 < j < k and
so that 0(p,l') = 1. Since holds for all I € £, U---U L; we have that
s(p,e(l)) <1 for all such lines. If £ < j < d, then l; ¢ £; and so s(p,w;) = 1.
Thus s(p, e(l})) < s(p,w;) for j <k < d. Hence,

:E]&

(wi A== Awg)S(p)t = 6(p, 1)S(p)?* <

d
H s(p, w))-

<.
Il
-

This verifies the first display, as desired.

3.4 Abstracting the Argument

Recall that the multijoint problem is the discrete analogue of the multilinear
Kakeya theorem. Now that we have a proof of the discrete Bourgain-Guth the-
orem, further to being analogous to the multilinear Kakeya theorem, we can see
that the proof of the discrete Bourgain—Guth theorem is also analogous to the
Carbery—Valdimarsson proof of the Bourgain—Guth theorem, [CV13]. Indeed, in
both proofs, the implied constants are derived from covering lemmas. In the
continuous case, we use the Borsuk—Ulam theorem wvia the equivalent Lusternik—
Schnirelmann lemma, and the analogous covering statement for the discrete case
is parameter counting. This suggests that to prove other multilinear problems,
for example counting multijoints where the ambient space F¢ is replaced with
a d-dimensional algebraic variety or multilinear Kakeya on a manifold, it should
suffice to find an appropriate covering lemma. However, the analogous Bourgain—
Guth-type results are interesting in their own right.
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Continuous Discrete ‘ Other A
Lus.t ernilc- Parameter Counting Covering Lemma
Schnirelmann
4 Y 4
. Discrete Analogous
Bourgain-Guth Bourgain—-Guth Bourgain-Guth
4 Y U
Multilinear Kakeya Geometric Multilinear

Multijoint Problem

Theorem Inequality

3.4.1 Parameter Counting as a Covering Lemma

Parameter counting is traditionally viewed as an existence statement. However, it
can be easily interpreted as a covering lemma. Consider the key lemmas, Lemma
and Lemma [3.4.2] for the multilinear Kakeya and discrete Bourgain—Guth
theorems, respectively.

Lemma 3.4.1 (Lusternik-Schnirelmann). Suppose that A; C SN for 1 <i <m,
and suppose that for each i, A;N(—A;) = 0. If m < N, then there is some v € S¥
not contained in the union of the 2m sets A; and —A;.

Lemma 3.4.2 (Parameter Counting). Let ¢, . .., ¢, be homogeneous linear func-
tionals which act on Fy[zy,...,24). If m < (d”;)‘) then there is a non-zero
feF\[z,...,z4] so that (¢;, f) =0 for each 1 <i<m.

Recall that one definition of the sphere SV, with respect to R, is as a quotient of
RN\ {0} under the equivalence relation z ~ y if and only if z = ty for some
t € R. Suppose that f € Fy[zq,...,z4], and ¢ is a linear functional acting on
Fy[z1,...,x4). Similarly, if (¢, f) = 0 then (¢,tf) = 0. That is, when we apply
parameter counting, we are choosing a 1-dimensional vector space of polynomi-
als, all of which may be thought of as being “the same” from the perspective
of ¢1,...,¢m. In particular, we may regard Fy[zi,..., 24 as Gr(1,F?), or a

d

eter counting lemmas are different statements of the same covering lemma when
F = R. Indeed, the set {f : (¢, f) = 0} describes a great circle in Fy[xy, ..., x4].
Hence the sets {f : (¢i, f) < 0} replace A;, where A; N (—A4;) = 0, as in the
hypothesis of the Lusternik—Schnirelmann Lemma, Lemma Therefore, the
statement that the sets A; and —A; do not cover SV is equivalent to saying that

there is a point in the intersection of all the great circles ({f : (¢;, f) = 0});.

((Hd) — 1>—Sphere. Under this analogy, the Lusternik—Shnirelmann and param-

For the multilinear Kakeya theorem and multijoints problem, the sets to which
the covering lemma is applied are defined by sets of bisecting polynomials and
polynomials vanishing to high order, respectively.

The Lusternik—Schnirelmann lemma is equivalent to the Borsuk—Ulam Theorem,
which is a profoundly topological result that is specific to the real numbers. In
contrast, the parameter counting lemma relies only on linear algebra and is valid
for any field.



Chapter 4

The Generalised Discrete
Bourgain—(Guth Theorem

Regarding lines as degree 1 varieties of dimension 1, Theorem [3.0.1] and Theorem
3.0.2| can be generalised in both dimension and degree. Given a k-plane 7, let us
define the direction of 7 to be the k-dimensional vector space that is parallel
to m, and denote it by e(w). Suppose my,...,mq are ki-, ..., kg-planes in F",
respectively, where k| + ... + kg = n. We define the discrete wedge product on
k;-planes by
d . k;

where wj1,...,wjx € S"! is a choice of k; vectors which form a basis for e(m;)
for each 1 < j < d. We define § at p € F" by

(5(p, '71') = HXNJ- (p) /\;'l:l 6(71']‘).

For p € F™, if there is a tuple 7 so that d(p,w) = 1, we say that p is a k-
multijoint, or multijoint in short.

Theorem 4.0.1 (k-Multijoint Factorisation). Let Iy,...,II; be finite sets of k-
y ooy kq-planes in ™ respectively, so that ky + ...+ kg = n, and define J = {p:
3w so that 0(p,m) = 1}. There is a constant C' = C(ky,...,kq) so that for all
S J = Rso with ||S||; =1 there exists a function sy : J x Gr(k;,F") = Rxq for
each k € {ky,...,kq} so that

d

3(p, m)S(p)* < C T s, (p. e(mr))),

i=1

forallp e J and w € Il; x --- x Iy, and so that

Z Skj(p7 7Tj) =1

pEﬂ'jmJ

63
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forallm;y € II; and all 1 < 5 <d.

As in the case for lines, we will deduce the stronger freestanding result, Theorem
4.0.2, below:

Theorem 4.0.2 (Discrete Bourgain-Guth for k;-Planes). Let ki + ...+ kg = n.
For all finitely supported S : F* — Rxso with ||S||; = 1, for each 1 < j < d there
exists a function sy, : F" x Gr(k;,F") — Rxq for each 1 < j < d so that

d
(Vi A= AVD)S (D) Shr | ] 58, (0 V),
j=1

for allp € F" and V; € Gr(k;,F") for 1 < j <d, and so that for any 1 < j <d,

Z Sk; (p7 6(71']‘)) <1

pEﬂ'j
for all affine k;-subspaces m; C F™.

The factorising functions s;, have a subscript, k; since the domain of the second
argument of the function, Gr(k;, F"), depends on j in contrast to Theorem [3.0.2]
where each of these Grassmannian spaces is S¥~ = Gr(1,F9).

Remark. Let d = 2. Then every multijoint problem with two sets of lines (1-
dimensional (over C) affine subspaces) in C? is equivalent to a multijoint problem
with two sets of 2-dimensional (with respect to R) planes in R*. In each setting,
we can construct two sets of N lines or planes in C? or R*, respectively, such
that every pair of distinct lines or planes intersect and form a multijoint. Such
configurations therefore have (]; ) multijoints. As N becomes large, this is ap-
proximately N2/2. Hence, the optimal constant for both of these problems is 1/2.
However, the implied constant from Theorem is a function of k1, ..., kg and
therefore, our argument would yield different constants for these two problems.
This difference is due to varying dimensions of polynomial vector spaces and not
properties of the field we are working with. <

We can use this to establish the combinatorially more general result, also dis-
cussed by Tidor, Yu and Zhao in [TYZ20].

Let m = (mq,...,m,) and k = (ki,...,k.) be tuples of positive integers and let
mik, + ...+ m,k, = n be the ambient dimension and m; + ...+ m, = d be the
level of multilinearity.

Remark. To retain the integer d as the level of multilinearity, we use r € N to
denote the number of sets of planes. <

Let II; be a set of kj-planes in F" for each 1 < 5 < r. Let p € F" and w =
(Tjm)1<j<ri<m<m; be such that m;,, € II; for each 1 <m < mj and 1 < j <.
Define
r  mj
5(])7 ﬂ-) = H H X7jm (p> /\;:1 /\;nzjzle(ﬂ-j,m)'

j=1m=1
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If 6(p, ) = 1, we say that the planes v form an (m, k)-multijoint at p. That
is to say, p € F" is an (m, k)-multijoint formed by 7 if 7;,, contains p for each
1 <j<randl < m < mj, and the directions (e(mjm));m span F". The
definition of (m, k)-multijoints is a generalisation of both joints and multijoints.

Let J be the set of associated (m,k)-multijoints. For each 1 < j < 7, let

II;,, = II; for each 1 < m < m;. The collections of planes (IL;,,);, defines
a multijoint problem. Hence, by Theorem [4.0.2] for any S : J — Ry with
|S]|, = 1, there are functions s, : J x Gr(k;, F") — R, for each 1 < j < d, so
that

3(p, m)S(p)* < C T sk, (p. e())),

J=1

forall p € J and 7 € II7™ x --- x I, and so that

S s (poelm)) =1 (4.1)

pem;NJ

for all 7; € II; and all 1 < j < d. We define My, k)(p), the associated (m, k)-
multijoint operator by

Mol S0 = 3 o 3 sem Lo T i)

(m1,6y) g, Ly €T (Tt ) pry €I tj=1

for arbitrary f; : II; — R>(, and where we temporarily use 7 to denote the d-tuple
of planes ((Wj,tj)lgtjgmj)1<j<r~ We include the factors of m;! so that (unordered)
mj-tuples are not double counted. Then

1
d

Do TImst) Memsolfre £ | S)

peJ

r  mj
:Z Z Z 5(p,7T)HHfj(7Tj,tj)S(p)d
PES \ (1o )IL, €M (g, )ion €T ==t

By the properties of si;, up to a constant C' = C(ki,m1, ..., k., m,) given by
Theorem {4.0.2] this is at most

=

r  mj

> S ST T £ sw, . e(ms,)

peJ (m,tl)l’f:len’f” (7r ) pr g €L j=11;=1
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Applying Holder’s inequality, we bound this from above by

r My

IIIT D X fitma)se @ e(m,)

j=1t;=1 peJ )t €ll;:
p€7rj,tj

Note that each multiplicand of the inner product no longer depends on ¢;. Hence,
this is equal to

m.;

d
r

H Z Z fj(ﬂj)skj(p=6(7rj))

7j=1 peJ m;ell;:
p€7rj

Additionally changing the order of summation and then applying (4.1]), this is
equal to

j 2
T r d

I > i) 3 setm) | =TT X st | =TI4l"

7j=1 i €ll; pem;NJ Jj=1 mi€ll;

Since S was arbitrary, we have shown that

d—1
d

> Hmj! M f1,-- - f:)(p) gC(kl,...,kr)HHfjH:dj-

peJ

Hence, we have established the (m, k)-multijoint inequality,

2 Mol SIS (W) RS

peJ j=1""

By establishing the (m, k)-multijoint inequality in this way we have explicitly
identified the m-dependence and k-dependence in this combinatorial variant of
the multijoints problem. In particular, we account for these combinatorial differ-
ences in the calculations above, without modifying the multilinear dual statement,
Theorem This generalises Zhang’s observation, in |[Zha20], that the joint
and multijoint problems are equivalent.

More generally, the new Tidor-Yu-Zhao polynomial method used in Chapter
applies equally well to varieties, [TYZ20]. Hence, we expect that a discrete
Bourgain—Guth result should hold for k;-dimensional varieties and in this chapter
we prove that this is indeed the case.

Theorem 4.0.3. Given a k-dimensional variety v C F", let p be a non-singular
point in 7y and let T,y denote the tangent plane to v at p. Let T'y,...,I'q be sets
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of k1-, ..., kqg-dimensional varieties in F™, respectively, with ki+...+ kg =n. We
define 6 by

(p, ) = Hxvj(p) NJ_y e(Ty;)-

Let J = {p : 3y so that 6(p,v) = 1}. There is a constant C' = C(ky,...,kq) so
that for all S = J — Rsq with ||S]|; = 1 there exist functions sy, = Jx (Uj;—1T;) —
Rso for each k € {ky, ..., ka}, so that

5(p.)S®)* < CT] sk, (0, ),

j=1

forallpe J and vy €T’y X --- X'y, and so that

> siy(p, ) = deg;

pEY;NJ

forallvy; €T’ and all 1 < 5 < d.

Remark. The subscript on each function s, denotes the dimension of the ele-
ments of the set of objects it acts on. Additionally, Theorem [4.0.3| allows for
objects of differing degree within the same set I';. <

Lemma (3.2.5, Lemma and Lemma [3.2.7] for any line-multijoint problem,

were simple to prove without any reference to polynomials. However, for the
generalisations considered in Theorem [£.0.3] Tidor, Yu and Zhao realised that
the correct numerology could be achieved by deriving preliminary linear algebra
results. In fact, we are also required to be more precise about how the numbers

S(p, 1, a, \) are chosen.

Before proceeding, we make a comment on the field, F; specifically, regarding
our freedom to consider a field extension without loss of generality and without
changing the problem in any meaningful way. A k-plane m# C F" can be identified
by a k-tuple of vectors (wi,...,wy) which span e(7) and a point p € 7. If we
extend our field to a larger one, F, we can embed F* C F*, and hence we can
realise the vectors wy,...,w, and the point p as elements of F". Hence, we can
embed any multijoint problem of kj-planes in F" as a multijoint problem of k;-
planes in F". In particular, the set of multijoints is preserved since this embedding
preserves linear independence. However, we may find additional points for which
there is a tuple 7 such that §(p,m) = 1. Therefore, there may be more joints
in F* than in F*, and we may find more multijoints on each 7 € II; U - - - U I,
Hence, by restricting our attention to test functions S such that supp S is a
subset of the F-multijoints, any tuple of functions s, that satisfies the conclusion
of Theorem , defined over F, will satisfy the same conditions restricted to
multijoints defined over F. Therefore, at any point, we can extend the field F
where necessary.
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4.1 The Polynomial Method

In this section, we discuss the results required to extend the polynomial method
to apply to higher-dimensional affine planes.

4.1.1 Preliminary Results

The proof of Theorem generalises that of Theorem [3.0.1] In particular, we
establish uniform boundedness, monotonicity and continuity properties, similar
to Subsection for numbers Sy, which we will define in Subsection .
In order to generalise our work in Chapter 3| with the correct numerology, we
follow [TYZ20] to establish preliminary facts on vector spaces of polynomials.
This subsection, Subsection is independent from any properties of joints,
and as such, may be omitted on first reading.

Let U be a vector space and let V' < U. The codimension of V' in U is given by
codimy V :=dimU — dim V.

An elementary fact about codimension is that it decreases as we restrict to sub-
spaces. That is, if U, W <V then

codimy (W NU) < codimy W. (4.2)

Let P C F* be a finite set of points and A € N. Let v = (v,)pep € Z7§0~ We
say that f vanishes to order at least v, at p € P if Df(p) = 0, for all derivative
operators D of order r for each 0 < r < v,. Define

T(v,\) = {f € Fy[zy,..., 2 : f vanishes to order > v, at p, Vp € 73} .

Remark. In Chapter [3| we considered the case where k& = 1. We did not need to
introduce the set T(v, A) in that chapter, but our observations there would show
that dim T'(v, A) changes by —1,0 or +1 when we replace v with (v+e,) for some
q € P, where e, € ZZ has entry 1 at ¢, and 0 for all p # q. <

For p € P, the vector space T(v + e,, A) is a subspace of T(v, ). Hence, we may
define
bp(v, A) == codimy(, x) T(v + ep, A).

Lemma 4.1.1 (Preliminary Uniform Boundedness). Let A € N. If v € ZZ, is
such that v, > X\ for some p € P then dim T (v, A) = 0.

Proof. This is the fact that the only polynomial of degree at most A\, which
vanishes to order more than A at a point, is the zero polynomial. ]

Lemma 4.1.2 (Preliminary Monotonicity). Let p € P. If vV, v® ¢ Zgo satisfy
v > 0@ pointwise with equality at p, then b,(v), \) < b,(v®, \) for all X € N.
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Proof. Let 1 < i < 2 and recall that p is given. Let f € T(v®,\) and consider
the map f — (Df(p))p where D varies over all derivative operators of order
vg(;l) = v,(f) at p. This map sends f to all its v,gl) = v,(f) th order derivatives at p.
By the definition of vanishing order, the kernel of this map is precisely the vector
space of polynomials in T(v, A) which vanish to order at least o +1 =0 +1

at p, which we can write as T(v + ep, A). Therefore, this map has rank
codimy, ) T(v® 4 e,, \) = b, (v'?, \).

Since v > v@ _if f € T(v™,\), then f € T(v®,\) and hence T(v™, \) is a
subspace of T(v®, \). So

T(v® + e, A) < T, \) <T@, \).

Hence,
b(vM,N) = codimpy, ) y) T(v® 4 e,, \)

= codimp(y() \)AT@E® 5 (']I‘(v(l) +ep, A) N T(v?, )x))

< codimy,e ) T(0®, A)

= by(v?,N),
where the inequality follows from (4.2)). O
Lemma 4.1.3 (Preliminary Continuity). Let p,q € P be distinct. Suppose the
sequence of P-tuples v v . € Zgo 18 increasing pointwise and does so strictly
at p. Then

A k—1
0< 3 b0, 0) =3 b0 +e, )g( Z_l )

r>0 r>0

Remark. Crucially, (’\+k 1) ~1 N1 so that A\~ (’\J“k(f;l)) — 0 as A — oo. <

Proof of Lower Bound for Lemmal[{.1.3. For every r > 0, apply Lemma
with v and v + eq Since g # p, we have that v + eq > v with equahty at

p and therefore b,(v(") + e, \) < b,(v™), \). Hence
0< > b0 0) = by (0" +eg, A) =D by (0 0) =D b, (1" + g, ).
>0 r>0 r>0
O
To establish the upper bound for Lemma [4.1.3] we consider the following useful

fact, Proposition [4.1.4]
Proposition 4.1.4 (Useful Fact). For any v € ZZ, b,(v + g, ) = by(v, A — 1),

Proof. Suppose the field F is large enough so that there is a linear polynomial
g € F[xq,..., 2] which vanishes at ¢, and not at any other element of P. The
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space of polynomials which are in T(v + e,, A) and divisible by g is isomorphic to
g-T(v,\—1) for any v € Zgo. Since g- T(v,A—1) < T(v+ e, A), we may apply

(4.2) so that

bp(v +eq, A) = codimrppyie,n) T(v+ g + €5, A)
codimg.p(y r—1) (g -T(v+ep, A — 1))
codimy(y r—1) (']I‘(v +ep, A — 1))
bp(vv A— 1)7

v

where we use that g - T(v, A — 1) is isomorphic to T(v, A — 1), and similarly for
g-T(v+e,A—1). O

Proof of Upper Bound for Lemmal[4.1.5. By Proposition [4.1.4]
D b 0) =) (0" e, A) <) (07, A) =D by (0 A= 1),

r>0 r>0 r>0 r>0
So for the upper bound, it suffices to show that

) ) A+ k—1
pr(v()v)‘)_sz<v()7/\_1) < < E—1 )

r>0 r>0

Let » > 0. Then

bp(v™, A) = by(v), A = 1)
= codimp,m T(v™ + e, \) — codimy,m r_1) T(w" + ey A —1)

(dimT(v(’"), A) — dim T + e, /\)>

—(&mT@mA—J)—&mT@m+fmA—U>
::(&mmMQM—dMT@mJ—lﬂ
—(&mT@W%f%Ay—&mT@m+ﬁwA—U>
= codimyp,m y) T(U(T), A—1)— codimip(y(r fe, 3 T(U(T) +ep, A —1).
Inequality gives
codimop(, () e, 1) T(v™ + e, A — 1) > codimp,ei1 ) T, = 1)
since v + e, < v+ by hypothesis. Hence

b, (v N) = b (v N — 1)
< codimpy T(v™, A —1) — codimpy, 1) y) T, A = 1).
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Hence
D b N) = (™, A 1)
r>0 r>0
< Z (codimT(v(r),,\) T(w™, A —1) - codimp, 1) y) T+, X — 1))
r>0
= COdimT(U(o))\) T('U(O), A — 1)
S COdim'ﬂ‘(07>\) T(O, A— 1)

= dimFy[@1, ..., 28] — dimFo_p 2, ... 2.

This is equal to the number of monomials in k variables of degree precisely A,

which is equal to (’\:ﬁl) O

Remark. This proof is the only instance where a field extension may be required.
<4

4.1.2 Choosing Vanishing Conditions

Let 114, ..., II; be sets of k-, ..., kg-dimensional planes in F", respectively, where
ki+ ...+ ks =mn. Let J = {p: 3w so that §(p,m) = 1} be the associated set
of k-multijoints. Let A\ € N be a parameter and let a : J — Z be a handicap.
Choose an ordering of the set J and thereafter, define the total order <=<, on
J X Z>p, as in Subsection [3.2.1]

Let m C F™ be a k-plane which we fix for the remainder of Chapter[d] Without loss
of generality, we assume that 7 is spanned by the coordinate vectors eq, ..., e,
so we identify

{flr: fEFar,... xn)} =Flzy, ...,z (4.3)
For each (p,r), we define B, (p, 7, A) to be the vector space of linear functionals
which act on Fy[xq, ..., zg] of the form f +— D f(p) for some differential operator

D, of order r, acting on k-variate polynomials.

To define the sets B(p,m, a, ) in this general setting, we perform an iterative
procedure starting with the <-least element of (m N J) x Zs, and proceeding
to the <-next element on each iteration. Starting with (p,0), the least element
of (m N J) X Zso, we choose a set By(p,m, a,\) C Bo(p,m, A) that is a basis for

BO(p7 T, /\)

Assume for each (p/,7") < (p,r), we have chosen sets B, (p/,7,a, \) so that the
disjoint union, Uy m<(pr Br (P, 7, @, A) is & basis for span, ., Br (0, 7,, A).
Thereafter, choose B, (p, 7, a, \) C B,(p,m, A) so that the disjoint union

U B (p', 7, a, \)

(") =(p;r)

is a basis for span, ., <, B (p', 7, A).
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Remark. Writing these unions out with more complete notation yields

U BT’(p/vTF’ a7)‘) = U Brx(p',ﬁ,oz,)\).
(@' )= (psr) (p' ") E(TNT) X L0
(@' ") =2(psr)

Similar to the case for lines, observe that we can write these unions as

U BT’(p/a’]BO%)‘)?
p'€(pte(m))NJ, 1’ €L>q:
(') =(pr)
since m = p + e(m). Since the first argument of B is p, the only information this
construction requires from the second argument of B is which vector space is
parallel to 7, namely, e(m) € Gr(k,F™). It follows that for this k-plane construc-
tion, we may also reduce the second argument to e(r), although for notational
convenience, we again continue to simply write B(p, w, a, \). <

Let
B(p,m,a,\) = U B.(p,m, a, \).

r>0

By construction, the disjoint union

U B(p, 7, a,\)

pemnJ
is a basis for the space of linear functionals on Fy[z1, ..., x]. Hence
A+ k
Z ’B(p,ﬂ,a, )\)‘ =dimFy[z1,..., 2] = ( —]L_ ) (4.4)

penmnJ

As in Subsection |3.2.3] let
gk(p7 T, @, )‘) = ‘B(p7 T, @, )‘)}

for m € Uji,=Il; and p € 7 N J. Note that if 7/ C F" is a k-plane so that
©NJ=nnJand 7’ # 7, then

Si(-, 7 a,\) = gk(',ﬂ',Oé7 A). (4.5)

Our analysis will only consider pairs (p,m) so that p € w. Therefore, it is not
necessary to define Sy for pairs such that p € m. These quantities remain central
to our analysis. Moreover, it follows immediately from (4.4)) that

S A+ k
2 Skww=dimw1,...,xk1=( ; )
pemnJ

Given a polynomial f € Fy[zy,...xx], each set B(p,m, a,\) indexes a set of
vanishing conditions, (¢, f) = 0 for ¢ € B(p, 7, A). We will relate the preliminary
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lemmas from Subsection [.1.1] to the numbers

S’(paﬂaaa)‘) = |B(p,7r,oz,)\)‘ = Z |Br(p77raa7)\)|

r>0

by considering a vector v = v(P")(a), chosen so that b,(v, A) = | B,(p, 7, o, A)|.

Recall that we fixed the k-plane 7, and assumed that is it spanned by the first k
standard basis vectors so that (4.3)) is valid.

Let o : J — Z be a handicap, and let (p,r) € (7 N J) X Z>. Define the vector
v (o) € Zéo by choosing its p’-th entry

vl(f’r)(a) =min{r’": (p,7) 2 (p/,7")}.

In particular, for this vector v, we have the following.

Proposition 4.1.5. Let (p,r) € (1 N J) X Zso and v :=v®")(a). Then

{f eFlzr,....ax] : (¢, f) =0, Yo € U o)<y Br (b, 0, A) } = T(v, A).

Remark. The set T(v, \) contains precisely those polynomials which satisfy the
vanishing conditions that we have chosen for each pair, (p/,7") < (p,r). <

Proof. Denote the set on the left-hand side by X. By construction, for any
pennd,

v}(f’r)(a) =min{r' : (p,r) 2 (p/,7)} = ‘{r’ (") < (p, 7’)}| + 1.

By the spanning property of the sets B,/ (p/, m,, A), f € X if and only if D f(p’) =
0 for all derivatives D, of order smaller than v, acting on polynomials of degree
at most A restricted to 7 for all p’ € # N J. That is, f € X if and only if f
vanishes to order v, at p’ for every p’ € N J. So X = T(v, ). ]

It follows that
‘Br(p, T, Q, )\)’ = codimy(yx) T(v + ep, A) = by(v, A). (4.6)
Indeed, by modifying the argument for Proposition 4.1.5|
{f:(6,£) =0,Y¢ € U )=o) B (P, m, 0, \) } = T(v + €, A),

where the union on the left-hand side now includes (p,r). Hence, the set of linear
functionals B,.(p, 7, a, A) is chosen to comprise of linearly independent dual maps
sothat if f € T(v, A) and (¢, f) = 0forall ¢ € B,(p, 7, o, A), then f € T(v+ep, A).

The least number of such dual maps required is precisely codimr, ) T(v +e€p, A).
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4.1.3 Example

Recall the example directly preceding (3.1, where |J| = 4 and « = (0, —1,2,0).
The first terms of J x Z>¢ under <, are

(p3,0) < (p3,1) < (p1,0) < (p3,2) <
=< (91,0) < (p1,1) < (p2,0) < (p3,3) <
< (pa;1) < (P1,2) < (P2, 1) < (p3,4) < -+,

which can also be written as

Y Y Y Y >

(p1,3) < (p2,2) < (p3,5) < (ps1;3)
Y Y Y Y »
(p1,2) < (p2,1) < (p3,4) < (ps,2)
Y Y Y Y +
(p1,1) < (p2,0) < (p3,3) < (ps; 1)
Y Y Y a
(p1,0) < (p3:2) < (pa,0)
Y
(PS, 1)
Y
(p37 0)-

Let us retain this column layout and replace each pair (p,r) by the integer
By(o27)) = by (07 (), ).

+ + + +

by, (VPHD) || by, (00222 [ By (v#)) |1 by, (01P22))
+ + + +

by, (VP12)) || by, (vP2 D) || by, (vPeD) || b, (vP22)
+ + + +

bp, (vP11)) by, (0(#20)) bps (v(#s3)) by, (vlPe!)
+ + +

by (01) by (052 | By, (022)

“60‘
w
o
+ S+
w
s E
S~—

S
3
@<
—
<
3
%
2
~—

Since S(p,m, a,\) = ‘B(p,w,oz,)\)} = D 0 }Br(p,w,oz, A)|, we may compute

S (p, 7, 0, A) by summing all entries in the p-th column of this diagram. Given that
the quantity b,(v, A) satisfies uniform boundedness, monotonicity and continuity

properties, it is reasonable to expect that g(p, 7, a, A) does too.
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In the case where £ = 1, as in Subsection each b,(v®") = b,(v®")(a, \))
was either 1 or 0 depending on whether or not (p,r) was within the <,-first
(A + 1) elements of J x Zso. Hence, for k = 1, this diagram contains precisely
(A+1) I’s, and all other entries are 0.

4.1.4 Uniform Boundedness, Monotonicity and Continu-
ity

This subsection utilises the preliminary results from Subsection to estab-
lish the uniform boundedness, monotonicity and continuity results for higher-
dimensional planes. Upon first reading, we may take these properties as given
and omit this subsection.

For the remainder of this subsection, let 7 C F" be a k-plane.

Lemma 4.1.6 (k-plane Uniform Boundedness). Let A € N and o : J — Z
be a handicap. If o is such that o, < og — A for some p,q € ® N J, then

Sk(p,m,a, \) = 0.

Proof. Let r € Z>o and v = v»)(a). Then v, > A and b,(v,\) = 0 by prelimi-
nary uniform boundedness (Lemma [4.1.1)). The result follows from (4.6)). O

Lemma 4.1.7 (k-plane Monotonicity). Let A € N, and oV, a? € Z7 be two
handicaps. Suppose Ip € m N J so that 041(91) — ozz(j) < oz}(,Q) 041(3) forallp e mNJ.
Then

gk:(p7 , a(l)a )‘) S Sk:(p, T, a(2)’ )\)

Proof. For 1 <i<2andr >0, let v,@ = U(”’T)(&(i)). We write U7(~i) explicitly as

V@) (o)) = max(r — oé,’:) + Oéz(,? +1,0) ifp <p,
P max(r — ab + oz;f,), 0) otherwise.

The conditions on (¥ give that U7(=1) > 1)9), coordinate-wise, with equality at p.

By (4.6)), Sk(p, m, D, \) = >0 | Br(p, 7,0, N)|. Hence, it suffices to show that

by (0, A) < by (0, N),

which follows from Lemma [4.1.2 ]

Lemma 4.1.8 (k-plane Continuity). Letp € 7N.J, let oV, a® € Z7 be handicaps
and A € N. Then

S(p. 7,0, 2) = S(p. 7,0, )|

AEk—-1
< ( b1 )Z‘(a:f,l)—Oz;}))—((xf)—ag)).

p'eJ
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Remark. By translation invariance, Proposition , we may choose oz;i) =0
for + = 1,2. The resulting inequality reads as

i ~ k—1
S(p. 7.0, 3) = S(p. 7.0, 3)| < (H ) > Joy

2
OCP/ - Oé;/)

kE—1

p'eJ

Proof. By translation invariance, Proposition the left-hand side of the tar-
get inequality remains unchanged if we translate a(" and o® by a,(,l) and oz,(,Q),

respectively.

Let p € mNJ and consider (o — ay)yes. For any p’ # p, can perform a sequence
of precisely ‘(a;(;l) — a;})) — (o} — 041(5))‘ pointwise modifications of +1 in order

to change (az(,l) - oz;()})) into (ozz(f) — a§,2)). Suppose at some increment we modify

a — o+ ey for p' # p, and have that

(4.7)

. ~ A4+ k—1
OSSk(pﬂTaO‘a)‘)_Sk(pvﬂ'a@—i_ep/’)\)S( —]:_1 )

Summing (4.7)) over all modifications, the sum collapses to the desired left-hand
side. This yields an upper bound given by the number of modifications, the
desired right-hand side. Hence, if suffices to establish (4.7]) for p’ # p.

The lower bound in (4.7) follows from Lemma with o and o + ey, since for
p' # pand any q € J,

(ap + (ep)p) — (g + (ey)g) = (p — ) + (0 = (ey)g) < (ap — ).

For the upper bound, recall that Sy(p, ) = > rs0
(4.6)), it remains to show that for all g # p

(@) ) = e < (YT,

r>0 r>0

B, (p,m, a9, A))' By

Recall the formula

o)y _ ) max(r—o, +ay +1,0) if pf <p,
vy (@) = {

max(r — o, + a, 0) otherwise.

Hence, if r is sufficiently large, for example r — o, + a4 > 0, then v®7) (o +
eq) = v®P7(a) + e, Let ry be the least such r. For r < 7y, we have that
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U(p,?") (a + eq) = ,U(p,T) (Q{)7 and hence

D b (P (@), A) = ) (0P (a + ), )

r>0 r>0

< pr( ) (a Zb @) + e, A).

r>0 r>0

The result follows as Lemma gives

At k—1
30,0 (@), 2) = 3 b, (0 +eq,A)§( 2—1 )

>0 >0

4.2 Multijoints of k;-Planes

We are now equipped to count multijoints formed by k;-planes.

4.2.1 Choosing A Handicap

In this subsection, we state and prove the generalisation of Lemma [3.3.1 We
previously remarked, in Subsection that it is not necessary to choose «
so that S'kj (p,l,a,\) > 0, a priori, for all [ that contribute to p. We have
already determined in Chapter [3|how to choose « to satisfy these conditions before
applying Corollary [4.2.9a] In this subsection we relax these a priori assumptions
and deduce that that these conditions are satisfied for the chosen «, after the
fact. This allows us to remove some technicalities from the argument.

We generalise the definition of connectedness to apply to k;-planes. We say 7 €
[T U- - -UIl; contributes to a multijoint p if there is some tuple w € Iy x - - - xIly
so that w > 7 and d(p,w) = 1. We say that p,q € J are adjacent if there is
some 7w € II; U --- UIl; that contributes to p and contributes to q. We say a
set ¥ C J is connected if given any p,q € FE, there is a sequence of points
p=p, ... pN) = ¢ € E so that p and p+Y) are adjacent for all 1 < i < N.
This defines an equivalence relation on any £ C J. As for Theorem we
may assume that supp S is itself connected.

Lemma 4.2.1 (k-Plane Handicap). Let A € N, and Ily,... 11 be sets of k-

.y kg-planes in F™ where ki + ... + kg = n, with associated multijoints J. Let
S J — Rs¢ and suppose that any two multijoints in supp S are connected via a
path of multijoints in supp S. Then there is a handicap o : J — Z so that for all
p € supp S,

1 ﬁ gkj (p,mj, a, \) (4.8)

ln_ d Atk
5(p,7f)—1 S(p) j=1 ( k’jj)
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lies in a common interval with length < W'/X for some W' = h'(S, J ki, ..., ka),
which does not depend on \. Furthermore, we may choose v so that S(p, -, o, \) =
0 for all p & supp S.

Remark. The structure of this proof is identical to that of Lemma [3.3.1] except
for the numerology in (4.8]), which is a consequence of generalising Lemmas m
B.2.7to Lemmas [4.1.6H4.1.8 <

Let a be a handicap. For any p € J and any tuple of planes 7w € I} x --- x Iy
so that o(p, ) = 1, let

.
1 Sk, (D, 5, , )
e = s \ L6

Note that W additionally depends on A and p. However, A is fixed for this Lemma
and the dependence on p is implicit through the tuples w which must form
a multijoint at p. Now, for each p € J, we define

wy(a) = ﬂ:&I(Ei‘rrn)zl W(rm, a).

Proposition 4.2.2. Let A € N. Letw : {a: J - Z} — RLJJ) be the map such
that w(a) = (wy(a)),. Define A = A(N) C {a:J — Z} to be the set of a such
that S’k]. (p,,a, A) =0 forallp € supp S and 1 < j < d. The image w(A) is finite
and non-empty.

Remark. Proposition [4.2.2] contains fewer conditions on « than its precursor,
Proposition [3.3.2 |
Proof. Let p € supp S. By translation invariance (Proposition [3.2.3)),

w(A) =w({a e A:a, =0}).

Hence we may further insist that a;,, = 0 for all &« € A. We begin by proving that
A is non-empty. Consider

a=—A+1) Z ey

g¢supp S

Then o € A. Indeed, every plane in II; U - -- U I1; intersects supp S. Hence, for
any ¢ & supp S, every plane m € II; U --- UIl; such that m > ¢, there exists
p € mNsuppS. By the definition of «,

a=—A+1)=0-A+1)=a,—(A+1) <o, — A
For each 1 < j < d, by uniform boundedness (Lemma , Skj(q, T, a, ) = 0.
Since 7; is arbitrary, S’kj (p,+,a, A) =0, as desired.

We now prove that w(A) is finite. Let ¢,¢" € supp S and suppose that 7 con-
tributes to both ¢ and ¢’. By uniform boundedness (Lemma [4.1.6)), there are
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only finitely many differences (o, — o) such that S’kj(q/ ,mya,A) # 0. Given
any ¢ € suppS \ {p}, there is a finite sequence of adjacent multijoints p =
P0s D1, - - -, Pi = ¢. The number of choices for a, such that S'kj(q, 7, o, A) # 0 for
some m; € II; contributing to ¢ and p;—; is a product of finitely many numbers
(an i-fold product to be precise), and hence, it is finite. Since supp S is finite, we
conclude that there are at most finitely many possible values of (w,(@))pesupp s
as desired. O]

Proposition 4.2.3. With A as in Proposition suppose wy € w(A). Then
Ja € A such that w(a) = wy and for all ¢ & supp S, all planes 7 € 11; U---UTl,
so that m > q, and all p € IINsupp S, we have ay < o, — A.

Proof. The proof is identical to that of Proposition [3.3.3] O

Let us label each p € J so that J = {p1,...,p;s}. For any «, there exists a
permutation o = o, € S|y so that wy, (@) > -+ > wy,_ . (). By Proposition

4.2.2) the set w(A) is finite. Therefore, of all w(a) € w(A), we can choose one so
that (wy, ., (a))i<i<iy € ]Rlz‘]!) is minimal with respect to lexicographical order on
R

Let
w(a) = (wp,, (@))1<i<)] (4.9)

be such a minimum and let o be a minimiser. By relabelling the indices of each
p € J, we may assume that o is the identity permutation so that

Wp, (Oé) > 2 wpm (CO > 0.
For ease of notation, let w; := wy, («) for each 1 < i < |J|.

Proposition 4.2.4 (Continuity of Perturbations). Let 1 <t < |J|. Let

V= Zei+ Zei

1<i<t: i
p;Esupp S piZsupp S
and o = a—wv. There is a constant h which depends on S, ky, ... kq and |J|, but

not on A, so that
h
/
(@) — w, < —
i) — ()] <
for all1 <i < N, where N = |supp S|.

Remark. The conclusion of the generalised numerology in the preliminary lem-
mas is that the upper bound in Proposition is still proportional to A~!. Note
that the constant of proportionality depends on S and |J|. <

Proof. We construct h directly. Fix 1 <1 < N, fix a d-tuple of planes 7r, which
realises w;(«), and fix 7/, which realises w;(a’). Consider

wi(e) — wi(e)| = |[W(m, a) — W(n', o).
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If m# = @' then |w;(a) — wi(a')| = |W(mw,a) — W(mw,/)|. Otherwise, w # #', in
which case

jwi(a) — wi(@)| = |[W(m, a) = W(n',o)| < max (W (7, a) = W (7, )|,

where the maximum is over all 7 € (argmin W (-, o) U arg min W(-,’)). Hence,
we may assume

‘wi(a) — wi(a'){ < ’W(fr, a) — W(ﬁ',o/)|,

for some 7r, which minimises either W (-, ) or W(-,a’). However, for any « €
[T U --- UIl; which forms a multijoint at p = p;,

S(p)* ﬁ <>\ ;:k]) (W (m, ) = W(m, )|

j=1 J

d

d
= H <gk3<p7 71-j7a,7>\) - (gkj(p7 7Tj,0é/,/\) - gkj(p7 Ty, &, A))) - Hgkj(p» Wjaalv)\> :
j=1

j=1

(4.10)

Taking (4.10), we expand the first product so that we can cancel both occurrences
of [, Sk, (p, mj, &/, A). We are then left with terms of the following form:

Hgkj<p7 7'(']',0(/,)\) H(gkj(pa 7Tj70/7)‘) - ‘gkj(pﬂ 7Tj7057)\)) ) (411>

jeA j'eB

where AU B = {1,...,d} and B # (). To establish an upper bound on (4.10)),
by the triangle inequality, it suffices to bound each such term of the form (4.11))
separately. By continuity (Lemma [4.1.8)), for any 7; € II; and p € m; N J,

- ~ Akj—1
‘Skj(paﬂ-ﬁaa)‘) _Skj(paﬂ'ja&,:)\)‘ < ( —]: ! 1 )|‘]‘7
;=

since |[a —a/[ln sy = [vllp) < |J|. Combining this with the fact that each
S'kj (p,m, /', \) = (’\Zkﬂ) by construction, each term of the form (4.11]) is bounded
J

by
A+ k; ANtk —1 | | ‘/ -
H ( i j) H ( k; i 1 )’J‘ Tk yka AXjeakityen(k; 1)7

jeA J jE€B
for sets A, B so that AUB = {1,...,d} and B # (. Hence, (4.10) can be
dominated by

1 N+ ks , .
S(p) H k- ‘W(T&',O&)—W(ﬂ',a” S hn71>\ ++h1)\+h0
J

Jj=1

for hy,_1, ..., ho sufficiently large, depending on S, k1,..., ks and |J|. This is in
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turn at most 2A"~! for some h which can be expressed as a function of S, |J| and
ki,...,kq, that does not depend on A. Dividing by

A+ K .
H k’j ~k1,.5ka A
=1

J

and possibly updating h further, depending on S(p)~¢, we deduce

h

[wi(a) = wile)] < |W(m, @) — W, a)| < o
for some h which can be expressed as a function in |J|, k1, ..., kg and the quan-
tities {S(p)~ : p € J}, but does not depend on A. This defines h. O

The remainder of this subsection is dedicated to proving Lemma [4.2.1 The proof
is analogous to that of Lemma [3.3.1} Since wy () > ... > wy (@) > 0, it suffices
to show that all the differences w;(a) — w;;1(a) are small. We will prove this
by contradiction. To begin, we assume there is some index 1 < ¢t < N so that
wi(a) — wepr(a) > h/A, with h as given by Proposition [4.2.4 We construct a
perturbation of the handicap a. Let o/ be the perturbed handicap. The following
three claims are established for the perturbation:

1. The large entries of the tuple w(a) remain large, and the small entries
remain small.

2. The perturbed handicap ' is such that w(a’) € w(A), so w(a) < w(a').
3. If w(a) # w(d’) then w(e') < w(a). Hence, w(a') = w(a).

Thereafter, we realise that the perturbation can be applied to o', the already
perturbed handicap. Moreover, by the connectedness of supp .S, there is a pair
p,q € supp S so that w,(a) is large, w,(«) is small and there is a plane which
contributes to both p and ¢. If we perturb sufficiently many times, what results
is a perturbed handicap o' so that w(a) = w(a’), and

/ /
ozp<ozq—)\.

By uniform boundedness (Lemma, Skj (p,m;,a/,A) =0, and hence w,(a) =
0. So 0 = wy(a) > wy(a) > 0 and hence wy(a) = 0. However, we assumed for
a contradiction that w,(«) was large and that w,(«) was small so that w,(a) >
wgy (), which is a contradiction.

Proof of Lemmal[{.2.1. Let suppS = {pi,...,pn} for some N < |J| be con-
nected, and let b’ = |J|h, where h is given by Proposition |4.2.4] Since the tuple

(w;); has at most |J| non-zero entries, it suffices to show that

h
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forall 1 <7 < N. Indeed, summing this inequality over all 1 <7 < N, we deduce
max; w; — min; w; < [J|h/A. That is, the interval containing all (w;);<;<y has
width ~y; 75 1/, where the implied constant does not depend on \.

We now prove that (4.12) holds for all 1 < i < N. Suppose for a contradiction
that there is some index 1 < i < N so that (4.12) does not hold. Let ¢ be the
least such index, and for this choice of ¢, define

V= Zei—l— Zei

1<i<t: i
p;Esupp S pigsupp S

and let o/ = a — 0.

Let m € II; for some 1 < j < d. Recall that ) gkj(p,ﬂ',a,)\) = (’\J,gjkj) for
any «. It follows that, if gkj (p,m, ', A) > S’kj (p, 7, , \) for some p € m N J, then
there exists some p’ € m N J so that p’ # p and S’kj (p,m ' N) < S’kj (', m a, ).
For those i such that p; & supp S, we have that w;(a) = 0 = w;(c’). Moreover,
by monotonicity (Lemma {4.1.7), for ¢ such that p; € supp S, we have that if
i <t then w;(o) < w;(a) (where the handicap is decreased) and if ¢ > ¢ then
w;(a) > w;(a) (where the handicap is unchanged). One inequality is strict if
and only if the other is too. By Proposition 7 the difference |w;(a) — w;(c)|
is bounded above by h/(2\) for all 1 < ¢ < N, and by the definition of ¢,

pe™T

wi(a) — wepr(a) > b/ (4.13)

Let o’ € S| be a permutation such that

worn) (@) = -+ = worgp (o), (4.14)
where o'(i) =i for N <i <|J|.
Claim 4.2.5. If 1 < i < ¢, then 1 < ¢'(i) < t, and if t < ¢/ < N, then

t<o'(i') < |J].

Proof. Suppose p;, py € supp S are such that ¢ <t < i’. By Proposition |4.2.4]

w;i(a) —wy(a) = (wi(o/) — wi(oz)) + (wi(a) — wi/(oz)) + (wi/(oz) — wy (O/))
> —% T (wila) — wo(a) — %

Using inequalities (4.13]) and the fact that w;(«) is decreasing in 4, this is at least

(wi(@r) — wysr (@) — h > h b 0.

ATA A
Hence, if 1 < i < t, then w;(a/) > wy (') for all ' > ¢. Therefore 1 < o’(i) < t.
Similarly, if t < ¢ < N, then wy(a/) > w;(a/) for all 1 < ¢ < ¢t. Hence,
t <o'(i) < N, as desired. O



Chapter 4 - The Generalised Discrete Bourgain—Guth Theorem 83

Claim 4.2.6. Let the set A be as in Proposition £.2.2] Then w(a’) € w(A).
Hence w(a’) was among those considered when the minimiser w(a)) was chosen.

Proof. Since w(a) € w(A), we have that S'kj (p,-ya,A\) =0forall 1 <j<dand
p & supp S. Since Proposition applies, we may assume that « is such that
for all ¢ & supp S, and all 7 € II; U---UIl, so that 7 5 ¢, if p € mNsupp .S, then

ag < oy — A

We will show that Skj(q,-,a’,)\) =0forall 1 < j < dandq ¢ suppS. Let
qg¢suppS. lf € II; U---UIl, is a kj-plane such that 7 3 ¢, and p € mNsupp S,
then

=g —1<(=A)—1=(0p—1) =A<, -\

We may assume that every plane in II; U --- U Il; intersects supp S, so such p
exists. Hence, by uniform boundedness (Lemma, Skj (g, m,a’;\) = 0. Hence
w(a') € w(A) and so (wy(a')), was among those tuples considered when (w,(a)),
was chosen. O]

Claim 4.2.7. If w(d/) # w(«), then w(o’) < w(a). Hence w(a) = w(d’).

Proof. Suppose that there is some 1 < i < |.J| so that w;(a/) # w;(«). Then there
is an ¢ <t so that w;(/) < w;(a) and 1 < ¢’(7) < ¢. That is, w;(a’) is strictly
smaller than w;(a) and w,(;)(o’) is among the ¢ largest values of (w;(a))1<i<|J

by Claim Hence
(wa/(i)(a/))lgigt <gex (Wi(@))1<i<t,

and therefore, w(a’) is of strictly lower lexicographical order than w(«). More-
over, by Claim w(a’) € w(A). This contradicts that w(a) € w(A) was

chosen to be minimising. O

Thus, w;(a’) = wi(a —v) = w;(«) for all 1 < i < |J|. We have not yet con-
tradicted our assumption that is false, however we have deduced that the
perturbation o — (o — v) must leave (w;); unchanged. To conclude, we observe
that we may return to , use o = a — v, and repeat the application of Claim

4.2.5 Claim and Claim [4.2.7] We may repeat this process ad infinitum to
deduce that

wi(a) = wi(a —v) = wi(a —2v) = -+ = w;(a — cv)

for all 1 < ¢ < |J|. By connectedness of supp S, we can find a plane = € II;
for some 1 < j < d contributing to distinct multijoints p;, p; € supp S for some
i and j satisfying ¢ <t < 7 < N. Taking ¢ sufficiently large (depending on \)
forces w;(a’) = 0 by uniform boundedness (Lemma and hence w;(a) = 0.
That is, one of the large entries of the tuple (w;(«)); is zero. Since (w;); is
decreasing in i and each w; is non-negative, wy(a) = 0 for all ¢ < ¢ < |J|. This
contradicts our assumption that w;(a) — wey1(a) > h/A, and hence holds
forall1 <7< N. ]
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4.2.2 Vanishing Lemma

To conclude, we lift Lemmato a k;-plane generalisation. Recall (Subsection
that the sets B(p, 7, a, \) are sets of dual maps of the form Df(p) for
some derivative operators which act on polynomials restricted to . Let us abuse
notation and write D € B(p, 7, «, A) to mean a derivative operator D, so that

Df(p) = (¢, f), for some ¢ € B(p, 7, a, A).

To prove the higher-dimensional vanishing lemma, we first require an intermediate
result on compositions of Hasse derivatives.

Lemma 4.2.8. Suppose that p € F" is a joint formed by ™ where dim7; = k; for
each 1 <j<dand ks + ...+ kg =n. Suppose that f € Flzy,...,x,] is non-zero
and vanishes to order precisely v at p. Then there exist ry,...,rq € Z> such that
ri+...+rqg=r, and there exist D; € B, (p,m;(p)) for each 1 < j < d so that

(D1 Da)f(p) # 0.

Proof. Without loss of generality, assume that each 7; contains the coordinate
vectors €g, . 4k, 1415 -+ Chit..tk;, and that p is at the origin. Let pz? be a
monomial of f of lowest degree so that the coefficient p # 0. This is possible since
f is non-zero. Since f vanishes to order r at p, then v, +...+7; =r. Let ry = v+
oYy, let ro =y 41+ Yk 4k, and so on, until 7y = Ve 4k, 41 e
Foreach 1 <j <d,let D;bethe (0,...,0, %k 4.4k 141 - s Vo otkys 0, .., 0)-th
Hasse derivative. Then each D; is of order r; and r; + ... 4 rq = r. Moreover,

(Dy-++Da)f(p) = pu #0,
as desired. O

Lemma 4.2.9 (Vanishing Lemma). Fiz o and X\. For each 1 < j <d, m; € I,
and p € J, build the sets B(p, ;) = B(p,m;,, A\) and B, (p, ;) = B.(p, 7j, a, )
as above, in Subsection . For each p € J, choose planes m;(p) € I, for
1 <j<dsothat 6(p,w(p)) = 1. If f € Fy[xy,...,2,] is non-zero then there
ezists p € J and Dj € B(p,m;(p)) for 1 <j <d so that

Dy -+ Daf(p) # 0.

Proof. Suppose for a contradiction that there is a non-zero f € Fy[xq,...,x,], so
that for all p € J and all D; € B(p, m;(p)) for 1 < j <d,

Dy---Daf(p) = 0.

Let mult(f,p) denote the multiplicity of the zero of f at p; that is, the least
positive integer m, so that there is an m-th derivative of f that does not vanish
at p. Fix a choice of p that minimises (p, mult(f,p)) with respect to <. By
Lemma m there are D; € B, (p, 7;(p)) so that ri 4 ... 4+ ry = mult(f,p), so
that

Dy Daf(p) #0. (4.15)
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Of all possible choices of r; + ... 4 rqy = mult(f, p), choose one that maximises

’{j,E{1,...,d}:DjEBT].(p,ﬂ'j/(p))}’. (4.16)
By hypothesis, there exists j so that D; & B(p,m;(p)), which we fix. By rela-
belling, we can assume that j = 1, without loss of generality.

Consider (p/,7") < (p,r1) for some p’ € m(p) N J. Then
(P, +re+ .. +rg) < (pyr1+ ... +714) = (p,mult(f, p)).
The multijoint p was chosen so that (p, mult(f,p)) < (p/, mult(f,p’)). Hence
(P, +re+ .. +rg) < (P, mult(f,p)).

By the definition of <, we deduce that

e 4 g < mult(f,p).
Therefore,

DD+ Daf(p) = 0

for all D € B,/(p,m) and all 1 <" <ry.

Let
g:=Dy---Dyf.

We have established that Dg(p") = 0 for all D € B, (p',m) for (p/,r") < (p,r1),
and by (4.15), g|x (p) is not the zero polynomial and moreover, D;g|r, () is non-
zero, where D; has order r;. Therefore, the set

U B.0m0)

(plvrl) '<(p,7“1)

does not span (f|r () : f € Falz1,...,2,]) . Hence, by construction, B, (p, m1(p))
is non-empty and

span U(p’,r’)j(p,rl)Br’ (pla m (p)7 «, )‘) = Span U(p’,r’)j(p,m)IBr’ (p/7 st (p)7 )‘)

Hence, we can find a linear combination of elements in B, (p, m1(p)) that realises
D. In particular, there must exist D; € B,,(p, m1(p)) so that D;g(p) # 0. This
contradicts our choice of r,...,ry, concluding the proof. O

Corollary 4.2.9a. Fiz o and \. For each 1 < j < d, m; € Il; and p € J,
build the sets B(p,m;, a, \) as above, in Subsection . For each p € J, choose
planes w1 (p) € Iy, ..., mq(p) € ly so that §(p,m(p)) = 1. Let S‘kj (p,mj, 0, \) 1=
|B(p,7rj,a,)\)|. Then

Zﬁﬁmpmxpm,m > (Ajb”).

peJ j=1
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Proof. For a contradiction, suppose that the conclusion is false. By parameter
counting, there exists a non-zero f € Fy[zy,...,z,] so that

Dy Daf(p) =0

for all D; € B(p,m;(p),a,A), and all 1 < j < d. This contradicts Lemma
4,2.9. ]

4.2.3 Good Vanishing Conditions Yield A Factorisation

We now deduce Theorem as a corollary of Lemma [£.2.1] Let S : J — Rxg
be non-negative with ||S||, = 1 and let A be sufficiently large. By Lemma [£.2.1]
we may choose a handicap a = a()), so that the numbers Sy (p, 7;, a, ), as
constructed in Subsection [£.1.2] are such that there is an interval containing

d ~
B . 1 S(p,mj, o, \)
wy(a) = 5(;{173)11:1 S(p)e jl_[l (/\:kj)

for all p € supp S with length at most h'/A. Moreover, S(p,-, o, A) = 0 for all p
such that S(p) = 0. We conclude as in the case for lines.

Let A € N and let € = i'/X, where I/ is the constant given in Lemma[4.2.1] Then
we can find w so that
w—¢e <wy(a) <w

for all p € supp S and so that g(p, - a,\) =0if S(p) = 0. The sets B(p, 7, o, A)
satisfy the hypothesis of Lemma and therefore Corollary applies. For
each p € J, let (m;(p)); be a choice of planes which minimises [[;_, S(p, 7;(p), a, A)
over all tuples 7 so that d(p, ) = 1. Then,

S(p,m;(p), o, A) 1 Atn
v S stz SIIOHIN > oo (1) 2
J= kj

peJ peJ j=1

(4.17)
where we have used the fact that ky+...4+k; = n. This implies that w 2, x, 1
Remark. The implied constant in (4.17)), depending only on ki, ..., kg, is pre-
cisely the one that appears in Theorem [£.0.1] <

If A is large enough, then the length of the interval e = h'/\ < w so that the
left endpoint w — ¢ will be strictly positive. Hence, each B(p, 7, a, \) # () for all
p € J and every 7 that contributes to p.

Define -
S(p, mj, a, A)
Sty (D 75) = —
(%)

For each p € J, if 7; € II; is such that p & 7}, then set s;; z(p, 7;) = 0. Thus, for
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any p € supp S we have

d

1
..... S ]];[1 sk A (D 75 (P))-

Since ||S]|; =1, S(p) <1 for all p € J. Hence

for a tuple of planes 7(p) that minimises the right-hand side over all tuples such
that 6(p, ) = 1. Hence

8(p, )8 (P) Shrvooka 7 + L[ 500 (02 15) (4.18)
for all tuples of planes 7. By construction, for all 1 < j <d, w; € II;,

S saem) = e 30 S omip)a(h). ) = 1. (4.19)

pem;NJ ( kj )pG?‘(‘jﬂJ

Both inequality (4.18)) and equation (4.19)) are uniform in ¢ and each function

1 s ( ) 1 *skj(p>ﬂ37(x?A)
— Sk, , M) = :
S(p) TS ()

can be realised as an R-valued vector in [0, 1]|J|X|Hf|. Hence, passing to a subse-
quence if necessary, we may let Sk; = My oo Sk 0 for each 1 < j < d. Letting
A — 00 in and shows that this s satisfies the properties stated in
Theorem A.0.11 O

We will not include a proof of Theorem [4.0.3], but we will highlight the necessary
modifications of the arguments to follow to establish the result. The proof differs
from the arguments in this chapter in only three places. Firstly, the definition
of the sets B,.(p, 7, \), above, change so as to be defined more generally for a
k-dimensional variety v, rather than for a k-plane 7w. Secondly, we generalise

equation (4.4)), above, to

Z }B(p,v,a, )\)} = dim7(2> —i—O,y()\dim’Y—l)'

peyNJ

Finally, a generalisation of Lemma and Corollary [£.2.9a] to follow, with
k;-dimensional varieties replacing kj-planes, is required. This updated definition
and two updated results are detailed in Section 4 and Section 5 of [T'YZ20], and
the remaining argument does not require any modification.
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4.2.4 The Discrete Bourgain—Guth Theorem for k;-Planes

With Theorem proved, we turn to Theorem [4.0.2] If the field F is finite,
then we can apply Theorem with each m; = Gr(k;,F"). Hence, we may
assume that the field is infinite.

Let S : F" — R>( be finitely supported. Consider
O = {(7@- N suppS)j d(p,m)=1,pelF" m; C ]F"},

where in the definition of O, we consider any tuple of k;-planes of which there
may be infinitely many and any p € supp.S. However, since supp .S is finite, so
too is O. For every (E;); € O, choose a tuple of k;-planes 7 so that §(p, ) =1
and m; Nsupp S = E; for every 1 < j < d. Hence, we define the finite sets I,
to consist of all such planes 7;. In particular, since the field is infinite, for each
p € supp S, the tuple ({p}); belongs to O and hence supp S is a subset of the
multijoints formed by the finite sets Ily,...,II;. Hence, there exist factorising
functions s, that satisfy the displays described in Theorem W

Recall from that if two kj-planes, m and 7', are distinct and satisfy = N
suppS = 7’ Nsupp S, then gkj(-,ﬂ,a, A) = Skj(',W,,Oé, A). Hence, the functions
8y, satisty i, (-, e(m)) = 5x, (-, e(n')).

Now, consider the pairs (p,V;) € supp S x Gr(k;,F"). By construction, there
exists 7; € II; so that m; Nsupp S = (p+ V;) Nsupp S and it is well-defined to set
sk, (0, Vj) = 5k, (p, e(m;)). We additionally set sy, (p,-) = 0 for any p ¢ supp S,
whereby each sy, is finitely supported and defined on F" x Gr(k;, F"). Each s,
automatically satisfies

D spe(m) = Y si(pe(n)) =1

for any kj-plane 7; C IF", establishing the second display of Theorem |4.0.2]

Turning to the first display, let p € supp S and let V; € Gr(k;,F") be such
that Vi A--- A Vy = 1. For each 1 < j < d there exists m; € II; so that
(p+V;)Nsupp S = m; Nsupp S and 6(p, 71, ..., me) = 1, by construction. Hence

(Vi A~ AVi)S(p)?

I
=
=
3
=
=
IS

This concludes the proof of Theorem [4.0.2]



Chapter 5

The (Multi)Joint Duality
Theorem

The results in this chapter were developed in collaboration with Anthony Carbery.

In Chapter [3| we proved the dual multijoint theorem, Theorem for arbitrary
sets of lines £y, ..., Ly C F? Considering the joints problem, let each £; = L for
1 < j <d. We can use Theorem to conclude, via Proposition that

1 _d_
d—1 d—1

oD s ][ro)] S(Dofw] (5.1)

peJ lel leL

In this chapter, we prove Theorem — that there is a duality for the (non-
transversal) joints problem. By Proposition m, it suffices to prove Theorem
5.0.1] which states that the joints inequality (5.1)) implies the dual joints theorem.

Theorem 5.0.1 (Joints Factorisations are Necessary). Let L be a finite set of
lines in T with joints J. Suppose that

1 _d_
d—1 d—1

I s [[ro) Do fW

peJ lel lel

for every f : L — Rso. Then for any S : J — R, there is a function s :
J x L = Ry such that

s(p.1)S(p)* < [ s(p. 1)

lel

forallp € J andl € L4, and

> s <SS,

pelnJ

foralll € L.

89
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Theorem is stated with respect to a single set of lines £, and hence, it
describes duality for the joints problem. This is somewhat surprising, given that
the corresponding inequality for joints describes the boundedness of an
operator which is neither linear nor multilinear and so we are, a priori, less
inclined to expect a duality result to hold in this setting.

In contrast, the multijoints problem is described by multilinear inequality ,
and so we do expect that some form of duality should hold. We deduce this
multijoint duality as a consequence of Theorem [5.0.1} Indeed, for any sets of lines
L1,..., Ly C F¢with multijoints .J, the joints problem with lines £ = £;U---ULy
also has joints J. Therefore, since these duality statements are independent of the
functions f and f;, which feature in the inequalities, the analogous multilinear
statement, Corollary below, holds.

Corollary 5.0.1a. Suppose that for any finite sets of lines, Li,...,Lq C F9,
with multijoints J,

_1_ 1
d d—1 d—1

> X een[lsw | sITI > Hw |

peJ leLix-xXLy 7j=1 7=1 ljeﬁ'

for every f; : L — Rsq for 1 < j < d. Then for any sets of lines Ly, ..., Ly C F¢
with multijoints J, and any S : J — Rsq, there is a function s : J x (L4 U--- U
Ly) = Rsq such that

d
5<p7l)s<p)d < H8<p7 l])
j=1
forallpe Jandl € L1 X --- X Ly, and

> s, S 1S,

pelnd
foralll e LyU---ULy.

Remark. Zhang proved that the multijoint problem is equivalent to the joints
problem, [Zha20]. Therefore, the hypotheses of Theorem and Corollary
are logically equivalent. Similarly, any theorem that is dual to the mul-
tijoint problem is also dual to the joints problem, and wice versa. In particular,
Theorem establishes duality for both the joints problem and the multijoint
problem.

<

5.1 Reduction to a Geometric Problem

In this section, we reduce the proof of Theorem to a geometric result on
the properties of the kernel . This reductive discussion invokes methods from
convex optimisation.
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Let F be a field, let £ C F? be a set of lines with associated joints J and let
S9! be the sphere in F¢. For I € £ recall that the joints kernel ¢ is given by
d(p,1) = 1 if the tuple I forms a joint at p, and 0 otherwise. Moreover, § can be

written as
H xi(p) | Neve(l),
lel

where we use A to denote the discrete wedge product and, given any line [,
e(l) € S is its direction. For p € F¢, let L(p) be the set of all lines [ € £ such
that p € [. Without loss of generality, we may assume that 0 € J and our proof
of Theorem [5.0.1] will reduce to the following.

Theorem 5.1.1 (Discrete Wedge Product Theorem). For each f : £(0) — Rxg
there is a function s : £(0) — Rsq such that

Nere(l) < T (0

lel

for alll € £(0)%, and

1/d

Z s(f(1) S Z Niere(l) Hf

1€£(0) leL(0)4 lel

In summary, Theorem [5.1.1] states that the discrete wedge product can be well-
approximated by a map I — [],, s({). Recall that the discrete wedge product is
a discrete analogue of the Euclidean wedge product. Therefore, we may interpret
the discrete wedge product as a measure of angle or volume and so we may
understand Theorem [5.1.1] as a geometric result which describes a property of
the pair (F?, A).

Remark. We expect that appropriate modifications of the arguments in this
chapter will be sufficient to prove a generalisation of Theorem for sets of
kj-planes in ", where ki + ... + kq = n. <

Our main purpose is to derive Theorem [5.0.1} However, in contrast to the purely
abstract formulation of multilinear duality principles (as in [CHV20a]), which
applies to situations where the geometry is essentially transversal — for joints,
this would mean that §(p,l) = 1 for every I € L(p)? — we will require use of
the explicit form of the joint kernel §, or more specifically, the discrete wedge
product, in our analysis.

Fix S:J — Rs. Let

C=(s:JxL—Rsg:6(p,)Sp)* <[]0 0),¥p € IV € L

lel

denote our set of candidate functions s. We seek an s € C such that for all [ € L,
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> se.) S 1Sl (5.2)

pelnJ

Remark. In contrast to the displayed inequalities in Theorem [5.0.1, we work
with a dimensional constant in inequality (which bounds a sum from above),
and constant 1 in the definition of C (which bounds a product from below). By
scaling the function s, these conditions are equivalent. However, for our analysis,
it is convenient to define C in this way. <

Inequality (5.2)) is equivalent to

YWY s ) SIS,

lel pelnJ

for all non-negative f defined on £, such that ), . f(I) < 1. Moreover, this
equivalence is preserved if we restrict our attention to strictly positive f.

Let

F=Xf:LoRu: ) f)<1

lel

Therefore, it suffices to prove that

min sup Z Z f(D)s(p, 1) < HSHd'

seC
FeF et peing

Note that the mappings

F=)) " fDsip 1)

lel pelnd

s Y > fDs(p.1)

lel pelnd

for s € C fixed and

for f € F fixed are linear. In particular they are concave, convex and continuous
with respect to the standard topology on finite dimensional vector spaces.

Recall the lopsided minimax theorem, below.

Theorem 5.1.2 (Lopsided Minimax, [AE84]). Let A and B be convex subsets of
vector spaces, where B additionally has a topology. Suppose that

e dayg € A such that b U(ag,b) is inf-compact,

e Va € A the mapping b — V(a,b) is lower semi-continuous,

for a map ¥ : Ax B — R, which is convex in b for all a, and concave in a for
all b. Then 3by € B so that sup,c 4 V(a, by) attains the common value

inf W(a,b) = mi U(a,b).
sup i V(o) = g V(e
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The set F is convex, and likewise, C is convex by the AM-GM inequality, a' =% <

(1 —0)a+ 0b. Moreover, we endow C with the standard finite dimensional vector
space topology. Hence, to apply Theorem to the map ¥ : F x C — R, with

=> > fDs(p.D)

lel pelnd

it remains to verify that there exists fo : £ — Rsq so that U(f,-) : C — R is inf-
compact. To do so, let fy : £ — R>( be the constant function with >, fo(l) =1
and let A € R. Consider the sublevel set

A)i={s€C:U(fo,s) <A}.

If s € C(A) then 0 < s(p,1) < Aforallp € J and [ € L. Hence, C(X) C [0, A]l/II]
and therefore C(\) is a subset of a compact set. Since ¥ is continuous, and C(\)
is the W( fy, -)-pre-image of the closed set (—oo, A], we deduce that C()) is a closed
subset of a compact set in a finite-dimensional R-vector space. Hence, C(\) is
compact, and the hypotheses of Theorem are verified.

Hence, it follows that

min sup Z Z f()s(p,l) = supinf Z Z f(D)s(p,1).

seC seC
FEF L peing fer leC pelnJ

Matters have thus reduced to proving that

inf > Z FDs(p,1) S 1Sy (5.3)

peJ leL(p

for any f € F.

Fix f € F. The constraints that define C for each p € J are independent of each
other. Therefore, with

Cp=1<s(p,-): L(p) = Rsp : d(p,1) < Hs(p,l) foralll € L(p)? » ,

lel

inf 303 FWsel) = > S@) inf Z 10

peJ leL, ped leL(p

we have

To complete our reduction, suppose that Theorem holds, and apply it with
p in the role of 0 so that

1/d

inf > 5(p Zf DISDSEOR IR | KU

peJ leL(p peJ lecd lel
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By Holder’s inequality, this is at most

I1SI [ DD s [0

p lecd lel

Finally, we apply (5.1) to bound the above display by

181>~ £ < 1S,

lel

where we have used the fact that f satisfies >, f(I) < 1. Thus (5.3)) is estab-
lished, subject to Theorem [5.1.1}

5.2 The Discrete Wedge Product (d = 3)

The proof of Theorem is notationally dense. Thus, we begin by detailing
the proof when d = 3 so that calculations are more explicit.

Let £ C F? be a set of lines with joints J. Suppose that 0 € J, assume that
L =L(0) and fix f: £(0) = R>g. Let s : L — R>(. We say that s is admissible

if
/\lele(l) < H 3(1)

lel

for all I € £3. Then we will show that there is an admissible s so that

s ] £ (nae®) [T ). (5.4)

leL leLs lel

We proceed in a case-by-case analysis and implicitly assume that every line in
this section, which appears in a summation index, is an element of £ = L£(0).
The cases we consider, indexed by subsection and with notions of heaviness to be
defined, are as follows:

5.2.1 There is a heavy line.

5.2.1(a) There is a heavy plane.
5.2.1(b) Every plane is not heavy.

5.2.2 Every line is not heavy.

5.2.2(a) There is a heavy plane.
5.2.2(b) Every plane is not heavy.

In each case, we explicitly construct an admissible s such that the conclusion
holds.
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5.2.1 There is a heavy line.

Suppose there is a line [; € £ so that

Fl) > f(0).

11,

The line [; is said to be heavy.

5.2.1(a) There is a heavy plane.

Suppose there is a plane 7 such that [; C 7 and
Yo >4 f).
ICml#l I¢T

Such 7 is said to be heavy. Let Iy = f(l1), Fo = > )., f(I) and let F3 =
> igx f(1). Since f is positive, each Fj > 0. We define s by

p

1
3 F3
=1
]Fl Jl =1
_ 3 F3
s() =4 s = lcmi#h
3_F3
Jj=1"7
E I & .

By the definition of s,

1
3

A L A
Sawry = Het by et s g Thmfs g
lel lCm,l#h foais

A
z o
“Ew

wl—=

= fas | > o | Do

ICm,l#l g

The tuples I featuring in this expression form a subset of those such that Aje(l) =
1 and hence (5.4)) is satisfied, as desired. It remains to verify that s is admissible.

Since [; is heavy, F} > F, and since 7 is heavy, Fy > 4F;. Let I € £3 satisfy
Nee(l) = 1. Let my = [{lel:l=0L}, m = |{lel:lCmandl+#}| and
mg=|{l €l:1¢ w}|. Then

H s(l) = M
FMFy2 Ry
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Since Ajgre(l) = 1, each m; < j. If each m; = 1, then we are done. Otherwise,
(mq, mg,m3) € {(0,2,1),(0,1,2),(0,0,3)}. If (my, mg,m3) = (0,2,1) then

10

lel

If (my, ma, m3) = (0,1,2) then

B
)=—>—>4.
||s() F3>F3>
lel

Finally, if (mq, ms, m3) = (0,0, 3) then

I F F?
Hs 1oz —22>42.
lel BB F3

Hence s is admissible.

5.2.1(b) Every plane is not heavy.

Suppose that every plane 7, such that [; C 7, satisfies

> <4 f

lcml#lh lgm

(S S0
()

Then p < 1 since [y is heavy, and p > 0 since f is positive. Let

Let

=1
sy=3", !
P 2 l?éll

Then

Wi

Wl
~
=

STs) ) = pf() + 72> F() <

leL I#h I#h
It remains to show that s is admissible, and that
2

DO S Y W) [T ). (5.5)

1#l la,l3#l1 7j=2

Checking s, if I satisfies Ajge(l) = 1, then ‘{l el:l= l1}| < 1. Ifl; €l, then
3

[Leas(l) = pp~2p~z = 1. Otherwise, since p < 1, [[ias) = p72 > 1, as
desired.
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In this subcase, it remains to prove (5.5)). Given lines ly # Iy, let w(l1, 1) be the
unique plane that contains /; and [5. Then

2

STHO | =D NLeU)fL)fU) + D> D> fl)fls).

I#l l2,l3 lo#ly I3Cn(l1,l2)

However, since every plane containing [y is not heavy,

Z Z fl)fs) < 42 Z f(l2) fs)

la#l 13C(ly,l2) la#l I3gm(l1,l2)

= SN el) ) f ().

l2,l3

Hence (/5.5 holds, concluding the case of heavy lines.

5.2.2 Every line is not heavy.

Suppose that there are no heavy lines. That is, for every [, € L,

fl) < Zf(h)-

1l

5.2.2(a) There is a heavy plane.

Suppose there is a plane 7 so that

DD >4y f).

ICm lgm

Such 7 is said to be a heavy plane. Let
1
(St
S f))

s(l):{p [Cm

and define

p 2 ¢
Then

1
3

S sfW)=p> fO+p2> fOS DO | Do F0)

lel ICm IZm ICm lgm

To check that s is admissible, we note that p3 < 1/4 since 7 is heavy. If I satisfies
Niere(l) = 1 then ’{l el:lcC W}‘ < 2. If there are no [ € [ such that | C =
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then [],;;s(l) = p7® > 1. 1If there is a unique ! € I such that [ C =, then
[T, = pp2p~% = p~2 > 1. Finally, if there are precisely two lines [ € I so that
[ C m, then [],; s(1) = ppp~? = 1. To conclude this subcase, it remains to check

2

Z ON IS Z (e(li) Ae(l2)) f(l) f (L), (5.6)

ICm I1,loCm

where e(l) A e(l’) =1 if the lines [ and {" are distinct, and 0 otherwise. To prove
(5.6]), we first show that,

fl)y <4 > @) (5.7)

lCm,l#£l

for all [; C 7. Let I; C m. Since [; is not heavy

FU) <Y = > fO+ > f).

I#l lCm,l#h lgm

Since 7 is heavy, this is bounded above by

)OINIURES DI GED DIN GRS FIO RS S0

i N Icn ICm, £l ICm £l

Rearranging, we deduce that

fay <2 S s,

ICm £l
thus proving (5.7).
To conclude, we prove directly, as follows:
2
DO = D (el) Ae() () fl) + Y )
ICm l1,loCm ety
N Z (e(li) Ae(l2)) f(l) f(l2) + Z f(@) Z f(@)
l1,loCm ICm lCm,l#lh
N Z (e(li) Ae(l2)) f(l) f(l2),
l1,loCm

hence concluding this subcase.

5.2.2(b) Every plane is not heavy.

Suppose that every plane 7 is such that

ST <43 ).

ICw g
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Then the result holds with the admissible choice of s(1) = 1 for all [ € L. Indeed,

S| = (Nae@) [ FC +Z > T

lel leLs lel lecs: lel
dlmspan{e( ):lel}=t

The result follows from the inequality,

Z [0 > I

lel leLs: lel
dim span{e( ) lel}=t dim span{e(l):l€l}=t+1

for t = 1,2. This is a special case of Lemma [5.3.2] Proving this concrete case is
not more informative than the general case, and so we will not prove this special
case separately.

This concludes our analysis of the problem for d = 3, subject to a proof of Lemma
[5.3.2 which we reserve until the end of this chapter.

Remark. At the heart of this d = 3 argument is a sequence of nested subspaces.
If there is a heavy line and a heavy plane, then the sequence is given by {0} C
[y C m C F3. If there is a heavy line, but no heavy planes, then the sequence is
{0} C Iy C F3. These sequences are used to identify a subset {I € L3 : Ajge(l) =
1}, on which [],., f(1) is large, which we can exploit. This structure is, perhaps,
more illuminating when d = 4 as demonstrated, below. In general, there are 241
subcases to consider. We will choose admissible weights s to partition £ into
“layers”, each of which are easy to handle, as a result of the forthcoming Lemma

5.3.21 <

5.2.3 Brief Overview when d =4

Before moving to the general case, we give a schematic overview of the case-
structure for the argument when d = 4. On the one hand, we see the nested
subspace-structure emerge in a further concrete setting. On the other, it is infor-
mative to see how the structure manifests within the proof.
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The nested lists below detail the subcase-structure and the expression which
dominates (>, s(1) f(1))* for to each subcase, when d = 4.

e There is a heavy line ;.

— There is a heavy 2-plane 7 containing [;.

x There is a heavy 3-plane H containing 7.

S f) DD S doors) | | DD f)

loCm,la#l I3CH,l3Zm lagH
x Every 3-plane containing 7 is not heavy.

CFW) [ DD @) || DD (ells) Ae(la)) f(ls) f(la)

laCm,la#l I3,lagm
— Every 2-plane containing /; is not heavy.

* There is a heavy 3-plane H containing [;.

)Y (M) ) fs) | Y A

la,I3CH,l2,l37#01 l4y¢H
x Every 3-plane containing /; is not heavy.

CFU DD Noae) fla) f(ls) f(l)

l2,l3,la7l
e Every line is not heavy.

— There is a heavy 2-plane 7.

*x There is a heavy 3-plane H containing 7.

3 (ell) Aells)) £ f (L) St | D] fl)

l1,loCm IsCH,lsZ™ la¢ H

x Every 3-plane containing 7 is not heavy.

Y (elb) nea) f)FU) | [ D (ells) Aela)) f(ls) f(la)

ly,l2Cm I3,lagm
— Every 2-plane is not heavy.

x There is a heavy 3-plane H.

S (W) FU) fI) FUs) | [ D f(1a)

l1,l2,l3CH lagH
x Every 3-plane is not heavy.

Y e [TF0

l lel
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5.3 The Discrete Wedge Product (d > 3)

Let £ C F? be a set of lines with joints J. Suppose that 0 € J and assume
that every [ € L is such that 0 € [. Let f : L — R.g. We say that a function
s : L = Rsg is admissible if

Neeld) < [T s(0

lel

for all I € £%. We will show that there is an admissible s so that

Y sOfO ) £ (Nee) [T 1O (5:8)

leL leLd lel

5.3.1 Constructing a Flag with Good Properties

Let 1 =a; < ag < -+ < ag_q be defined by a; = 2871, Choose k; to be the least
integer, such that 1 < k; < d — 1, for which there is an ay,-heavy k;-plane my;

that is, for which
D FW) > an Y ().

Icmy lgm

There may be no such m;. However, if one exists, then we continue by choosing
the smallest ko, with k1 < ky < d — 1, for which there is an ay,-heavy ko-plane
mo which contains 7; that is, for which

S, YO
ICma,lg T g mo

Again, there may be no such ms. However, if one exists, then we continue by
choosing the smallest ks, with ky < k3 < d — 1, for which there is an ay,-heavy
ks-plane 73 which contains m,. That is, for which

> FW) > a Y f).

lC7l'3,l¢7T2 l¢7"3

We continue this process until we are forced to stop and one of the following
occurs:

1. There are no ag-heavy planes of any dimension k < d;
2. We have arrived at some 7wy of dimension ky = d — 1; or,

3. We have a my of dimension ky < d— 1, and there are no ag-heavy k-planes
for any ky < k < d—1.

The result of this process is a (possibly empty) flag (7, )1<n<n of subspaces. We
will deduce a useful property, Lemma [5.3.1, which improves the above inequalities
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that we have introduced to define the flag.

The case in which the sequence of subspaces is empty, will be accounted for later.
Therefore, we assume that we have my C my C --+ C 7wy (with N > 1), a non-
empty maxima]ﬂ increasing sequence of subspaces of dimensions 1 < k; < ko <
-« < ky < d—1, respectively, such that for each 1 <n < NE|

> fO) >k Y fO), (5.9)
ICrp g mn—1 g7
and such that for all subspaces 7, which contain m,_; and which satisfy k,_; <

dimn < k,,
S D) < agmn Y F(D),

lCmlgmn—1 lgm

and thus

> ) < g, Y (D). (5.10)

lCm g1 g

We can qualitatively improve the right-hand side of inequality (5.10) to include
the additional constraint that [ C 7, at the expense of a multiplicative constant:

Lemma 5.3.1. For every 1 < n < N, and every subspace m such that k, 1 <
dim7 < k, and 7,1 C 7w C m,,

> F0) <dag, Y FO). (5.11)

lICm g mn—1 ICTplgm

Proof. For each 1 < n < N and for each subspace 7 such that 7,y C ™ C 7,

and k, 1 < dimw < k,, we have, by (5.10) and (5.9)),

Yo < ag Yy f)

ICmlgmn—1 g
= g ), fO+ak ) fO)
g lCmy, IZ7n
L, —
< Q-1 Z f(l)“‘% Z f()
lgmlCrn kn ICTn g1
O
= Y, fOE= D0 fO+ Y )
lgmlCrn kn ICmp,lgm ICmlgmn—1

Rearranging the resulting inequality gives

(1_M) ST F) < <1+%> > f),

8%
kn J icrig T n g

Maximal in the sense that there is no flag, which contains this one, and has length > N.
2We interpret the condition I ¢ 7y to be the void condition.
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or equivalently,

ay, +1
)DENUEPN GLER ST
ICmlgmn—1 Fon
With oy, = 27! we have

1<

as required. O

5.3.2 Arranging the f-Mass According to the Flag

For 1 <n <N +1, let

F, = Z f(l)7

lCﬂ'nvl¢7rn71

where we interpret the conditions [ ¢ 7y and | C 741 as being void. Therefore,
(5.9) reads as
F, > ap, Foy. (5.12)

Moreover, since f > 0, each F,, > 0.

Suppose we have 1 < r < d directions wy, ..., w, € S¥!. We define the discrete
wedge product on r-tuples of directions by wy A -+ Aw, = 1 if the r vectors are
linearly independent, and 0 otherwise.

The following lemma, Lemma [5.3.2] handles the subspaces between adjacent
heavy subspaces.

Lemma 5.3.2. There are constants 3, = B,(d) such that for 1 <n < N +1,

kn,
n—Rn— kn
Fpnhint <, Z (A 16(L5)) H F),
lkn,1+17~~~7lknc7"n7 j:kn—1+1

lkn_1+1,...,lkn¢ﬂ'n,1
where we define kg = 0 and knyq = d.

In particular, Lemma [5.3.2] applies in the exceptional case that the sequence of
subspaces is empty, in which case its conclusion reads as follows:

D] S (Nae) [ £

lecd lel

That is, the choice s(I) = 1 for all [ € £ is an admissible choice of weight s that
satisfies ((5.8)), verifying the desired condition in the exceptional case. Hence, we
assume that the flag (7,)1<p<n is non-empty until the proof of Lemma

We momentarily postpone the proof of Lemma to conclude the overarching
structure in the proof of Theorem [5.1.1, and hence Theorem [5.0.1}
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For parameters py, ..., pni1 to be defined, we define s by

(

P1 [ Cm,
P2 I Cml & o,

s(l) =< pn I Crmp,l & e,

PN I Crn,l & mnoy,

[ PN+1 lZ .

Using the arrangement of the mass of f into layers, we therefore have

S s () =i+ + paFut o+ pvai Fa.
l

A direct consequence of Lemma is that

N+1
Flkl—k’o .. F;];n*kn—l . F]C\l,;klN < H Ba Z(/\lele(l)) Hf(l) (5.13)
n=1 leLd lel
In light of inequality (5.13)), we consider
NAL -k

pm=F"T]Fn ° (5.14)
=1

where ky = 0 and ky,1 = d, which verifies (5.8]), as desired.

5.3.3 Concluding Detail

Our proof of Theorem is now complete, up to a proof of Lemma [5.3.2] and
showing that s is admissible. We first prove that s is admissible. Recall that s is
admissible if it satisfies

1< J[s

lel
for all 1 € £% such that Nige(l) = 1.
Let 1 € £ satisfy Ajge(l) = 1. For each 1 <n < N, let

mn:|{l€l:lC7rn andl¢7rn,1}‘.

Since Aige(l) = 1, we have that m,, < k, for each 1 < n < N. Indeed, suppose
that m,, > k, for some n. Then the number of lines contained in m, exceeds
dim m,. Hence such m,, lines are linearly dependent, and consequently the whole
tuple I must be linearly dependent. Admissibility of the function s, therefore,
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follows from Lemma below.

Lemma 5.3.3 (Admissibility). Suppose that my +---+myi1 =d and m, < k,
forall1 <n < N+1. Then

n m
Pl oyt iy > L

Proof. Rearranging the exponents on each p,, gives

mi m TMN+1
P1 P PN

= (plfl .. .plrfln*kn_l .. p?\/_fllv) <p71n1—k1 .. p?nf(kn—kn_l) . p%iil_(d_km)

—(kn—kn—-1) . my1—(d—kn)

mi—k1
" PN+1 .

=
By equation ([5.14)), the definition of each p,, this is equal to

= Fl_(ml_kl) - F;(mn—(kn—kn—l)) .. .F];i";NH*(d*kN))

NAL o mi1—ki+...4+mp—(kn—kn—1)+...+myy1—(d—kn)

X H F,
n=1

= pymh Fmn—(kn—kn-1)) . F];EFTTN+1_(d_kN))

mi+..4+myy1—d

NAL hnkny
hits
n=1
— k1—m1 kn—kpn—_1—m d*kamN_'_l
= F! N e Fah .
We claim that pi"* - -- p%ﬁf is minimised when (m,)h_n.1 = (kn — kno1)h_ni1s
whereby

pla0) _pbe vk _

I g g =
Indeed, if (my))_ni1 # (kn — kn—1)h_n41 then there exists n such that m, >
(kp, — kn—1). Of all such n < N + 1, let us choose the maximal one and call it
ng. Since my + ...+ my41 = d, there exists n # ng so that m,, < (k, — kn—1).
Suppose that n > ng (this is void in the case where ng = N +1). By the maximal
choice of ng, we have that m,, < (k, — k1) for all n’ > ng, and since n > ny,
one of these inequalities is strict. Hence,

{lel:l g mpt = mn< D (ky— knoy) = d — ky,.

n’'>ng n>ng

Hence, |{l € 1:1 C mny}| > kny, and so Ajeie(l) = 0, contrary to the choice of L.

Therefore n is such that, n < ng and hence every n’ > ng satisfies m,, >
(kp — kn—1). However, it follows from the maximality property of ny that these

are all satisfied with equality. Hence, (m,);:_y.; is of a greater lexicographi-
cal order than (k, — ky,_1),. Considering (5.12), pi"* --- pi" is reduced if the
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tuple (my41,...,m1) is replaced by another tuple (my,,,...m}) of a lower lex-
icographical order, and satisfies m} + ... + m/iy,, = d, and m], < k, for each
1 <n <N+ 1. Hence,

my MN 41 k1—ko knt1—kn
p p + Zp p + )

completing this proof. O
It only remains to prove Lemma [5.3.2, and we do so now.

Proof of Lemmal[5.3.2. Tt is here that we finally use Lemma [5.3.1] the fact that

for all subspaces m which contain m,_; and which are strictly contained in 7,
inequality ((5.11]) holds.

For convenience, fix n, let k,_; = k and let k,, = k 4+ r. Relabel m,_; as II; and
7, as II;. Let A be the set of all lines which are contained in II;, but which are
not contained in II.

Thus, inequality ([5.11)) of Lemma reads as follows: for all subspaces m with
HO CmC H1
doF0) <dag,, > f). (5.15)
ICm,1g T I¢m,ICI,
Similarly, the conclusion of Lemma reads as

r

SHD ] <Bu D Nme)fh) - f(L). (5.16)

leA l1,..,l-€A

Let (I1,...,1,) be an r-tuple of lines, each of which lies in A. Then, together with
Iy, they span a subspace of Iy, with dimension &k + ¢, for some t € {1,...,r}.
For 1 <t <rlet

Ly ={(l,...,l,) € A" : dim span{e(ly),...,e(l,)} = t}.

Note that e(l;) A --- Ae(l,) =1 for lines [; C II; such that [; ¢ Ij if and only if
(ly,...,10.) eT,.

We expand the left-hand side of ([5.16)) as follows:

Sof) - f) S YD ) f).
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Similarly, the above inequality follows if we can show that for 1 <t < r,

If (Iy,...,l.) € Ty, then for some t-tuple — which is without loss of generality
(I1,...,1;) — we have that {Ily,ly,...,l;} spans a (k +t)-plane H(ly,...,[;) satis-
tying Ily € H(ly,...,l;) C II;. Therefore

> fl) - ()

(l1 ..... lr)el“t
T
< (t) S ) f) > fliga) - f (1)
I, lieAt: lig1seenlr CH(I1,.00l):
e(ll)/\m/\e(lt):l Lt 1yeeey I-Z1p

r—t

l1,..., LLEAL: lCH(ll ..... lt):
e(l1)/\---/\e(lt)=1 lt+1 ..... lT¢H0

Since Iy € H(ly,...,l;) C II;, we use Lemma [5.3.1} via (5.15)), to estimate the
bracketed expression above by

r—t—1

ICH(ly, . le): I H(l1,.0le), ICTL

This shows that
as desired. O

5.4 Topics for Further Investigation

Let X,Y,...,Y; be measure spaces, subject to appropriate hypotheses. Let
K : X xY; x---xYy — Rsg. The results in this chapter suggest that we should
expect some form of duality to hold for nice kernels K. More specifically, and in
light of Theorem [5.0.1} we say that K is nice if

d
inf
(wj);€C(2) H (

Jj=1

/Yle(yj)fj(yj)dyj> 5/YIX...XYdK(x,y)jl_[lfj(yj)af dy,

J
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for all non-negative f; : ¥; — R, where

Clx) = w; Y = Rog: K(z,y) < [Jwil)™ ¢,
J

and a1 + ...+ ag = 1. Suppose that K is a nice kernel. Following technical
adaptations of arguments in |[Cocl8| and |[CHV20a], we expect the following to
be equivalent:

(i) For all non-negative f; € L'(Y;), for each 1 < j < d,

d

d
H / K ) [] £iw) dy ST o)
Y1 x---xYy j=1 j=1

Lp(X)

(ii) For every non-negative S € L¥ (X), there are functions S; : X x Y; — Rxg
so that

K(z,y)5(z) < H S, ;)%

for a.e. z € X and a.e. y € Y] X --- x Yy, and so that

| si@uas Shs,
X
for a.e. y; € Y; and every 1 < j <d.

However, of greater interest would be to understand which kernels K are nice.
Perhaps the most immediate example to consider, given our work here on the
multijoint problem, is the multilinear Kakeya kernel. In particular, denoting the
Fuclidean wedge product by A, we do not currently know whether the kernel
associated to the operator

T — Hij(-) (e(Ty) A=+ Ne(Tq))

is nice, where each Tj is a tube in R?.

More generally, it may be interesting to examine the entire class of nice kernels.
For example, are there any nice kernels which are not geometric in nature? Al-
ternatively, it would also be of interest to find examples of kernels which are not
nice, as suggested in the discussion following |[CHV20aj, Proposition 8.1].

Both the multilinear Kakeya kernel and the multijoints kernel have symmetry in
common. In contrast, the kernel for the higher-dimensional multijoint problem
of ki-, ..., kg-planes will not be symmetric, in general. We expect that our
arguments from this chapter will generalise to establish a duality theorem for
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k-multijoints, and hopefully this will be informative as to the role of symmetry
within this type of duality.

With regards to questions raised by Chapter [3|and Chapter [ in Section [3.4] we
described a framework in which our proof of the discrete Bourgain—Guth theorem
ran parallel to the Carbery—Valdimarsson proof of the Bourgain—-Guth theorem.
As suggested in Section [3.4] it would be of interest to discover what further
variants of the multijoint problem could be proven by considering covering lemmas
for polynomials defined on algebraic varieties. For example, we may consider
counting joints formed by lines, all contained in a particular ruled surface — a joints
problem where the ambient space, usually F¢, is generalised to a d-dimensional
variety.

We have not discussed in any detail the notion of “visibility” which is central
to the Carbery—Valdimarsson and Bourgain-Guth arguments, |[CV14,BG11]. A
salient point of visibility is that the factorising function s is constructed via a
particular algebraic hypersurface Z with large visibility. For any cube ) and
tube T', the value of s is given by the directional surface area of Z with respect to
@ and e(7T), and the first inequality in item (7i), above, manifests as an estimate
on visibility. No such “universal” hypersurface arose in Chapter [3| or Chapter [4]
and this warrants further research to search for a corresponding geometric object
in the discrete setting.
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Appendix A

Additional Numerical Examples

Values rounded to 3

S s /sis | s
p1 || 0.946 | 0.846 0.0.894 | 0.894
po || 0.054 | 0.926 0.223 0.223
ps || 0.622 | 0.080 0.223 0.223
ps || 0.324 | 0.154 0.223 0.223
ps || 0.676 | 0.074 0.223 0.223
Table A.1: Minimisers of (2.8]) with S = \/LQT)(ZL, 1,1,1,1).
decimal places.
Sil) Sél) Sfl)sél) S
p1 || 0.525 | 0.870 0.676 0.676
p2 || 0.475 | 0.963 0.676 0.676
ps || 0.306 | 0.093 0.169 0.169
pg || 0.220 | 0.130 0.169 0.169
ps || 0.780 | 0.034 0.169 0.169
Table A.2: Minimisers of (2.8)) with S = \/1:?5(

decimal places.

115

—=(4,4,1,1,1). Values rounded to 3
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Table A.3: Minimisers of (2.8]) with S =

decimal places.

Table A.4: Minimisers of (2.8)) with S =

decimal places.

Table A.5: Minimisers of (2.8)) with S =

decimal places.

Table A.6: Minimisers of (2.8)) with S =

decimal places.

Values rounded to 3

Values rounded to 3

Values rounded to 3

StV s |/ sis | sm
p | 01540324 0224 |0.224
p2 | 0.846 | 0.946 | 0.894 | 0.894
ps | 0.080 | 0.622 | 0224 | 0.224
ps | 0.074 | 0.676 | 0224 | 0.224
ps | 0.926 | 0.054 | 0224 | 0.224
1
A-(1,4,1,1,1).
StV s | /sisi | sm
pr 096310475 0.676 | 0.676
p2 | 0.037 | 0.780 | 0.169 | 0.169
ps | 0.093 | 0.306 | 0.169 | 0.169
ps || 0.870 | 0.525 | 0.676 | 0.676
ps || 0.130 | 0.220 | 0.169 | 0.169
1
L (4,1,1,4,1).
StV s |/ sis | sm
p [ 0.97L[047L] 0.676 | 0.676
p2 | 0.029 | 0.970 | 0.169 | 0.169
ps | 0.917 | 0.499 |  0.676 | 0.676
ps || 0.054 | 0520 | 0.169 | 0.169
ps || 0.946 | 0.030 | 0.169 | 0.169
1
L (4,1,4,1,1).
StV s |/ sis | sm
pr 0529 [0.054] 0169 | 0.169
p2 | 0471 [ 0.971 | 0.676 | 0.676
ps | 0.499 | 0.917 | 0.676 | 0.676
ps || 0.030 | 0.946 | 0.169 | 0.169
ps | 0.970 | 0.020 | 0.169 | 0.169
1
V35

—=(1,4,4,1,1). Values rounded to 3
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Figure A.1: Further graphical representations of example minimisers for various
test functions whose values are shown for each minimiser.
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